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P#in 1. DAL SO

> A. KIEN THUC VA Ki NANG CAN NAM VONG

1. BIEN DOI BIEU THUC NGUYEN

1. Céc hdng ddng thiic dang nhé
A’-B*=(A+B)}A-B)
(A+B) =A’*+2AB+B’
(A-~B)’ =A*-2AB+B’
A*+B*=(A +B) A’ -AB+B?)
A'~B'=(A-B)A’+AB+B?)
(A+B) =A’+3A°B+3AB" +B’
(A-B)’ =A*-3A’B+3AB° -B’ ,
(A+B+C) =A’+B’*+C° +2AB+2BC+2CA

X" -y =(x l%Xx:-_ +X"y Xy Ty v, vdi n nguyén duong.

X"yt = (x+ %Xxm_i =Xy L xy? Tyt v , vdi n nguyén duong.

2+t _ O 2nsl 2012

y le+5Ax§‘xN_Z<+x y l.:lxv\Ni+<u=v,<9::m5\m:aqa=m.

X

2. Phan tich da thic thanh nhén t&

- bét nhdn t¥ chung.

- Nhém cdce hang tf thinh mét nhém thich hgp 1am xudt hién dang diing
thfc hodc xudt hién nhin t& chung mdi.

- Tdch mot hang tf thinh nhiéu hang tit, thém v bdt ciing mot hang tif.

- DB&i bién d€ dua da thie bic cao vé da thite bic thap hon, khi dé dé&
dang nhan thiy cdch phin tich thanh nhan tf hon.

. - St dung phudng phdp hé sd bdt dinh.
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5 1 1 1

va = -

Xw::m +u\~::w +N~::,» I%Nc:u +V~Nccu +N~ccu NNC:u
1 1 1 1
Vay + + = (dpcm)
XN:Cw v\mcc.w NNccw vﬂNCCu + meccw +Nm=c,u
Tuong ty x +z =0 hodc y + z =0, ta ciing ¢6 diéu phidi chitng minh.
2 2 2
L. a b C . \ L a b c
Bai 4. Cho + + =1. Chitng minh riing + + =0.
b+c c+a a+b b+c c+a a+b

Huéng din giai
a b c
+ + =
b+c¢c c¢c+a a+b

ﬂv?iiyn% 4 b 4L @uTw;ernv

1

b+c c¢+a a+b
a’ +m?+nv+7N+7An+mv+ow?+5

= =a+b+c
b+c¢ c+a a+b
a* b* ¢?
= +a+ +b+ +c=a+b+c
b+c c+a a+b
a’ b? c?

= + + =0 (dpcm)
r+nc+mm+c

il

-3 (D41 2(x+6) | (x+1)
xwi.ﬁﬁiwv?wiv x*+1 [ (x+3)(4-x)

i

X —1 tNAx+ov+_ (2x+1)’
X+l xT+] (x+3)(4-x)
x—1-2x-12+x*+1  (2x+1)’
| x*+1 (x+3)(4-x)
_(x+3)(x-4)(2x+1) _-(2x+1)
(X +1)(x+3)(4-x)  x'+1

2
Vay >utmml+bl.
X°+1

x* 25 Lo X =25
10x+25""7  15x+25
+ . x+\‘,l;i .
X X—5

B&ié.Chox>5vi y=

X

Rit gon bi€u thic: >nN?]x_+“<+x|m+%+x+m

| xy |

Bdi 5. Cho biéu thiic:

Xx~3 u‘?w Imxf.wxl&?,lv

NOZ,@V 4x% +4x +1
3 +1-
X +1

x” +x7-3x* =3 xXX+1 [ (x+3)(4-x)

A= ﬁxg!x+

a) Tim diéu kién cta x &€ A xdc dinh.
by Riit gon A.

Huéng dan giai

a) Ta ¢6: x*+1=(x +1)(x* =x+1)
X' +x =3x*=3= xQAxN .szu?w +&nAxN ,:qu 1wv
Viy diéu kién d€ A xdc dinh la: x# -1, x #3,x # -3, x # 4.

tNAx+mv 4% +4x +1

+1

3 2
b)A= hxhlfw xtww.? -2x +le&?+5

x* +1 X’ +x-3x"~3 X% +1 .Ax+wv?!xv

Xy # xy =z
Hudng din giai
2 2 (v _ & _
Tacé: y= X -25 Qx -25 nxCﬁ uXxMTuvnix 5)
o 1OX+25 X +10x+25  (x+5) x+5
X X
X =25  (x=5)(x+5) (x-5)(x+5) _(x-5)
x4 ISXED T P 410x+25 T (x+5)  x+5
X—35
x*(x~5) ~10x 2x’
U Q\” T m——— — = ; [
ooy X+5 yox X+5 Xy X+5

Vix >5nén

>Hw?lx»+_u\+xim+<+x+m
[ xy || |

Xy « Xy z
20 20 4x
x(x=5) (x-5)" (x-5)
_20(x=5)+20+4x> _4(x*+10x-25)
xAxlmVN x?€m%

9
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ThiP=34 -2 A+ BiS C %
b—c¢ c—a a-b
Mit khic
a R »m@;ovTAcimummw
boc T (b L??& ac)=(b*-e)]= (b—c)be abe

b 26 ¢ o2¢

_ )=y (e x)(xe sy )
(=) )(1-)

=X+Xy—~Yy

22KhiP=x+xy-y=2 &x+xy-y-l=la(x-1)(y+1)=1

Vi x, y nguyén nén ta tim dudc (x ; y) Eu:%@: théa man 1a: (2, 0) ;
(0:;-2).

_J = 7. Tinh xm+|~m.
X" X

Bai 13. Cho x

(Trich dé thi vao lop 10 THPT Chuvén Lé Héng Phong, TP.HCM
nam hoc 2004 — 2005)

Tuong W, ta co: B= -
Hone T c—a abc ~a-b abc )
w?ﬁ.vfro ﬁ w&&féf&@
Do dé: P=3+
, abc abc
21 =3bc(b+c
HW:Tltlltl"H A vg =
abc
Bdi 12. Cho biéu thifc:
p X2 v\w ,xwv\w

Txry)(i-y) (x+y)(I+x) (1+x)(1-y)
1. Tim diéu kién x, y dé P xdc dinh. Rt gon P.
2. Tim x, y nguyén thdéa min phuong trinh P = 2.

(Trich dé thi vao 1ép 10 THPT Ning Khiéu Trdn Phi, Hdi Phong
nam hoc 2005 — 2006)

Huéng dan gia
1. Piéukién: x# -y, x = -1, y=1

J J

P Xy
?Zx?é ?ivciv (X))
Hx,A:xv&vﬁAT%vst (x+y)
(x+y)(1+x)(1-y)
X2 =y +x +yt =Xy (x+y)

(x+y)(1+x)(1-y)

Ax+<VAxiz+x~lx<+<le~<Nv

(x+y)(1+x)(1-y)

(x+y)(1- zvﬁxN §! +5+le
(x+y)(1+x)(1-y)

O G Rara
Taco: | x+— || x +J¢ux +— X

s 1 u/d 1 ;
= X +'|NH X A+ - X +|L - 'M.TX
X X ) X

X ~ . e pd
Dé dang tinh dudge cde tong sau:

\ X X X
oy 1 11 | 1
[x+— nxw+wxul+wxlu-+s4uxw+J+wxmx+lw
N VL X X X X X
3
Hv/frknhx,fWu (wﬁfrwun 18
X X X
| .

Tudng ty: x* +— =47
X

Viy xfkuw.ﬁ;;n:w
<

3a’ ~2ab-b’ 3a’-dab+b’
2a° +ab-b* 3a’+2ab-b’

(Trich dé thi vao ldp 40 Ban CD, PINK, DPHOG TP. HCM ndm hoc
2004 — 2005)

Bai 14. Rdt gon bicu thife: R =

Huéng din gidi
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Huéng din gid
Ta co 1 +M+,_| = L => abc —2007(ab+be +8v+mooqw ~2007° =
a b ¢ 2007
M2 a + b+ ¢ = 2007 nén
abc — 2007 (ab + be + ca) +2007%a + 2007 b +2007°¢ — 2007° =0

& (a—2007)(b~-2007)(c ~2007) =0

Vay trong ba s6 a, b, ¢ phdi c6 mdt sd biing 2007.

Bai 19. Céc s thuc a, b, ¢, d thda min ddng thdi cdc diéu kién:
iyac—a—c=b’-2b
ii) bd-b-d=c*-2¢
iii) b= l,c=1
Chitng minh ding thitc: ad+b+c=bc+a+d
(Trich dé thi vao I6p 10 THPT Chuyén , DHSP, Ha Noi ndm hoc 2008 — 2009)

Thay vao (1), ta duge: x* +y* =3
Do dé: A=x"+x’y’ +y"? = Ax» +%¢Xxx +y* tx»u&v;.xwum

nAxL +%JTxu +<JN wa@glfxmv\w =3(9-3)+1=19

1702 I

A. KIEN THUC VA Ki NANG CAN NAM VONG

Huéng dan gidi
Tir cdc diu kién, ta ¢6: :
ac—a-c+l=b'-2b+1 (a-1)(c-1)=(b=1)" (D)
bd~-b-d+1=c¢ xwoi ?LXQLVM?LVN (2)
Nhin v€ theo v& ctia (1) va (2), ta duge: (a—1)(d-1)=(b-1)(c-1)

Suyra ad+b+c=bc+a+d

Ba&i 20. Cédc 50 x, y thda min cic ding thic:
Xy vyt =4 xt e xty 4yt =
Hay tinh gi tri ctia biéu thite: A =x" +x’y* +y"?

(Trich dé thi vao lép 10 THPT Chuyén, PHSP, Ha Noi ndm hoc 2007 — 2008)

Huéng dan giai
=4 (D) x*+x*y*'+y* =8 ()

Ta ¢6: x* +x’y" +y?
T (1), suy ra: x? +vk =4 -x"y"
Hv? +y v =16-8x"y* +x'y*

<Pyt 2xtyt =16 -85y +x*y? (3)

T (2) va (3), suy ra: 8+x'y* =16-8x’y’ +x'y' @ x’y’ = 1= x'y' =

1. Céc chng thitc bién ddi cén bac hai

- JAT Al
o JAB=VA B (v6i A20;B20)
. .W /\l?a:yvo B>0)

JATB —|AIE (v6i B20):

AVB =JAB (v6i A>0;B20)
AVB = —JA?B (v6i A <0 :B>0)

/\M _w*/\ B (véi AB20; mﬂo,

A >,\|
* = vdi B>0
N[ ( )
+
. /\M“/\mnz\w|%ﬁ<ﬁww>wowwwo“>ﬂwv

2. Cdc cong thlc bién déi can bac ba
e A<Bo YA <¥YB
e YAB=YAYB
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| N T
| e i) E
r?\mfﬁ @?L,ﬁ A,\mvﬁrm.u,\m;\mi?\m%
) (a-b):Vab Vatvb
Jab
iﬁ ai)ﬁ @/\mﬁf\;. Ja+b
(a=b):vab A,\m+w/\wvw>\mm

T,\m + /\w% - &L

HA/\| ,\\v A\v /\lvnhx\m,v c+m»\mv7\m+z\w|m)\wv 1
a—+/blab{va+3Vb

wUA/,\M!/\melTw/\mv tmw

Bdi 3. Tinh gid tri biéu thic
2Vx +34y 6—Jxy . .
/\1| Nz\llw,\v P /\.w+m/\m+u o vdi x = 2007 va
y = 2009 .
Huéng din giai
Ao 2xedfy 6-/xy
Jxy =2dx =30y -6 Jxy +2-/x +3Jy +6
_ o 2x+3y 6—xy

(Vx-3)({y +2) (Vx+3)({y+2)
C(2dx+3y)(Vx+3) (6-+xy)(vx-3)

(Vx=3)(Jy +2)(Vx +3)  (Vx+3)(Jy+2)(Vx-3)

_2x+6Vx +3/xy +9fy -6Jx +18+xJy -3 /xy
(x-9)(Vy +2)

_2x+9 <+x/\1 ?+3A/\w+wv X+9

S (x-9)(y+2)  (x-9)(Yy+2) x-9

x+9 126
x-9 125

Véix=2007 vay=2009thi A=

Bai 4. Tinh gid tri cdc biéu thifc sau:

a) >n/\o+m,m./\w|,\,\m+/\m+,:ml\%

b) muli ;|+|, 5T
5

Huéng dan giai

a) >n,\o+2m.,\w)?mf\mf\;l\®lm
u,\fZM 3-y(V3+1)

=\6+2J2.2-/3
N

% (o) =41

jo)

+

N
—

e

um./\wf\mf\wn,\mn/\w
3

a’—a _ a’ +a

mN+ a+l mwr a+1

+m+_n7\.«|~vw

Bdi 5. a) Cho a = 0. Chéing minh riing:

+f1 i

T

1
b) Chitng minh ddng :Eﬁ
1+

Huéng din giai

ol R o g

a+va+1 a’+Ja+1

a) Ta c¢o:
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.

a) A=y7-43 —\7+43 = J2-3)* (2 +/3) -
u_waz\wwlw(.)\wv
=2-3-2-3=-23

,\M+_! /\Mt_ ,xx x+mxl?\w1m
x—4 x+&/\w+& ,\M

_ a2 (rabx-2) 6vx
Vx Jx Jx

b) B=

=0

Bdi 10. Cho biéu thitc P = (Ja=Jb)’ +4+/ab . Vab

Fds ado-bia

a) Xdc dinh a, b d€ bi€u thifc ¢6 nghia va hay rit gon P.
b) Tim gid tri cha P khi a = 15— 66 + 33126 ; b=+/24
(Trich dé thi vao 16p 10 THPT, Qudng Ngdi, ndm hoc 2008 — 2009)

1) biéu kién x > 0.

Yx ) Wx VX +1+x 1 x+/x+l

1
Tacd: P=| —=+ : = : =
Jx x4+l x+vx VxWx+D ) Vx+d Jx
hTr/\mi 7
2)Khix=4thi P=—p—=—
Ja 2
) Taco: Ped o XEVXHL_13 o jodx+3=0

3 Jx 3

= xmﬁww.wW@xmuﬂo“wv.
3 9

Bai 12. Cho biéu thite: P=

Huéng dan gidi
a) biéukién: a,b>0;a#b.

p_(a—br+aab  Vab _ a+by Vab
&f\m “avb-bda Va+vb Vab(Va-b)
e e
b) Ta ¢6: a = 15-6v6 +/33-126 =(3-6)? +/(3-26)’
-J6+2J6-3=16
<3wu7¢n,\ml\mmn,\muw,\mu)\m

x+V9x -3 Wx+l x-2
x+J/x-2  Jx+2 Jx-1
1) Riit gon biéu thitc P.

2) Tinh gid tri chia P khi x =3+22.

(Trich dé thi vao l6p 10 THPT Chuyén Phan Bi Chdu, Nghé An
nam hoc 2008 — 2009)

Béi 11. Cho biéu thite: P=

/\t Jx+1] x+Jx
1) Rit gon P.

2) Tim gid tri ca P khi x = 4.

3) Tim x dé vn%.

(Trich dé thi vao Iép 10 THPT, Ha Néi, ndm hoc 2008 — 2009)

I:@:w dan gia
1) Piéu kién: x20,x #1.
3x+3vx - 3= (Vx -1)(Vx 1) - (Vx +2)(Vx -2)
A/\MLVA/\M+NV

X+3Vx +2 A,\MiX/\MJrNVI/\MlZ

C(x-)(Vx-2) (Vx-1)(Vx+2) Vx-d

2) Khi x =3+2/2 thi viz\ii u+N,\M+HL+/\|
Jx-1 ,\m+w,\| 1

P=

Bdi 13. Riit gon biéu thic A =

=

(Trich dé thi vao l6p 10 THPT Chuyén PH Vinh ndm hoc 2005 — 2006)

Huéng din gia

Hubng dan gia

>|/\5+N,\m| 16-2415  Ji5+1 J15-1
4 4

2 2

=1
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PVx=T 1+ Nx=1-1]]
JaTa) - Ve

cji_ T\IIL: ?lif\i\;g
H,\Mﬂi_.:. Nax=1-1]  Vax-1+1-(V2x-1-1)

H/\M/\x|~ (vi Xx22 nén Jx-122vaJ2x-121)

Baii 17. Riit gon bidu thitc A =33b—1+bv8b—3 +3b—1-b\/8b—3 véi cw.w.

(Trich dé thi vao lop 10 Qic&: Nguyén Trdi, Hdi Duong ndm hoc
NQQ@ 2009)

Huéng din gid

;

VG b= thi A= /\umL.T \mmlw +w\wsaTw 82_3
8 g '3 s s\'s

V3 3

- V6i qvw,% >n$ci+?\?;wL?L;Z?aw

<A’ n@glwim\asxcwu%as;uvuoclui\yczws
=A’-3(1-2b)A-(6b-2)=0

@A>Lv_,h>+wuﬁmhc‘w =0 .

2
< (A-1)=0(vi ﬁ>+wu +mhcsnw,uvov

S A=1
ViyA=1.

Huéng dan gia

| i wuu\/\w+/\w+x,\w+,\wn,\w@7\m+,\wv+»\w+/\w
. /\mi /\wvtl;
iAz\M.T/\wv.A/\mwiv
- /\wwi ey

Aézﬁﬂl;sgaﬂw

2+ 242 -1 fm..m,\,\mafw/\mxﬁ,\mlv

=22+ 246-42 =22 +2 ANJ\MVN
nm,\m+%l\m.nw,\m£;w,\mi (Vi 2>+2)
Vay Q=2 (viQ>0). A

,\w.col\wv 3+2¢x 2-3x
x—4 2-Jx  Jx+2

.«ﬂ:\n\s dé thi vao lop 10 THPT A\S:v\mxv DHSP TP.HCM ndm hoc

Bai 19. Rt gon biéu thitc: A =

2007 ~ 2008)

Bai 18. 1. Tinh: mulv)\M+/M|wf_\W+»\l (x>0,y>0)
Xy +

2. Tinh Q= /\,\M+N,\,\ML i\,\m;m,\,\wl

(Trich dé thi vao ldp 10 THPT Chuyén Luong Thé Vinh, Déng Nai
ndm hoc 2008 — 2009)

«9w

Huédng dan giai

Fe(16-Vx) 3420k 2-3dk

28

A= 2-Jx Jx+2
Vx.(16-Vx) - (3+ 2% )(Vx +2) - (2-3Vx )(Vx - 2)
- T\wi\wx,\m»wv
_16Vx —x =3Vx —6-2x —4V/x = 2Jx +4+3x - 6Vx
A,\fmx,\m&v
k-2
A,\M+NVA;\M|&1/\M+M
. e oo o a+b fa+b b a A,\m!z\m%
wn_no.nurcgw:nrc.o.vlz\.m+/\m,hmlvtclz\mw+»\m~.m+mvl 5
via>0,b>0vaa=b.
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Il

- v = q e14dng
ST Rpx | AP A -xp |

[=2<
£=x_ Kx (MR- KPx XpE+ AP | 0=(er-1)ep e
=d , .

fo AP Afexp T AP-xp [-e-pp=[-
e1d uep Suonyy , I-e-ep= (1+¢) .vllw\zlm\/Im\/fm opo
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0=diwqg<engN -
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. Tw\zxﬂ\wu o ‘ +e)7 ¢ B
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(1= xp) (1+xp v:ic (6002 ~ 9002
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Bdi 23. Riit gon biéu thifc sau:
1 1 1 1
, = + + +ot
1445 V5449 Jo+413 J2001 ++/2005
(Trich dé thi vao l6p 10 THPT Chuyén Todn — Tin, PH Vinh ndm \Bm ]
2004 —~ 2005) X
, Huéng dan gid
P= ! + H + ! +ot !
1+V5  J5+49  Jo+V13 2001 ++/2005
_5-1 V95 /2005 -2001
5-1 9-5 2005 - 2001
A,\. 1439 =5 +...++/2005 - /2001 ) = ,...Illeow
Vay P= /\NOMM -1

Bai 24. a) Chiing minh déng thic sau: ,\mu +12410 !x\ﬁimz\w@. =32
b) Cho A =+45++2009 va B=+/45-+2009 .

Chitng minh riing: A+B =98 .

. (Trich dé thi vao l6p 10 THPT Chuyén, PHSP TP.HCM ndm hoc
’ - 2008 - 2009)

Huéng dan gid
a) V53412410 —47- 6410
= 454235242 +8 —\45- 23542 +2
~J(35+242) - (3542 =35 +242 35 -3
=35 +24/2 =35 + /2 =342 (vi 3J5 > V2) (dpem)

b) Ta c6: (A +B)’ = A’ +2AB+B?

=45+ 2009 + 2v45% — 2009 + 452009
=90+ 2/2025-2009 = 90 + 2+/16 = 98-(dpcm)

Bai 25. Ba s8 duong a, b, ¢ théa min: vﬂo,,\m+/\m#/\m via+b=

2 a+ z\mni/\M ’ 4
T\M +Vb - /\mv . Chitng minh ding thic: A VN = Ja—e .
br(Vb—ve) vb-ve
(Trich dé thi vao lop 10 THPT Chuyén Todn - Tin, DHSP Ha Noi, ndm hoc

2008 - 2009)

Huéng dan gid

Ta c6: m+7nA/\m+,\W|/\mvu

Suy ra: ¢ +2ab —2+/ac - 24/be =0
Do do. mi&lz\mvu |m+7\mr,ﬁvw+n+m/\msmlwz\m|.iwz\mm
ba(Vbove)

7+A/\WI;\mvw+n+N%Mmlm,\Mwlwz\mm
(i Ve) +adR(Va - k)
2(Vb- ,@NL,E%J@

R e
% “Je)[2Vo-2Ve +2da | b- 7z (e

Bai 26. Cho a > 2. Chitng minh diing thic:

a’—3a-(a-1)Va' -4 +2 \m+N|Tu
mw+um!?+:,\sulh+m. a~-2 l+a

(Trich dé thi vao lép 10 THPT Chuyén, PHSP Ha Néi, ndm hoc
2007 - 2008)

Hudng din gia

Ta ¢6:

a’-3a—(a-)va’-4+2 [a+2
mu+wm1?+:,\s“:a+w. a-2
\m+
?ixiséiv,\m
?1&)? NA,\u -2- ;\m+mv

(a-N(a-2)-(a-1)Va’
Am+_vz\m+w.7\m+mlz\m v/\m 2

= |Aklc - A&?Bv
a+l Trm

33
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Ngoai cdc bt diing thife thuting gdp § trén cdn ¢6 cdc bat ding thic sau:

witw > 72 (ddu “=" xdy ra khi v chi khia =b)

: a

P L

. Néu a,b>0 :: ——t—2 (ddu “=” xay ra khi vd chikhia=b)
i 3 a+b

4. Phuong U:Q_o phdn ching
P& ching minh A < B, ta gid s A > B rdi suy ra diéu vo li, tir d6 suy ra
diéu gid st 1a sai. Do d6 diéu cidn chitng minh 13 ddng.
5. Phuong phdp quy nap >
Ta Q::m phuong phdp quy nap d€ chitng BE: mdt bat ddng thic mc:m véi
mei s& o nhién n2n,, ta lam nhv sau:
. - Chitng minh bit ding thitc ding vdi moi 6 tf nhién n = no.
- Gi4 st bit ding thitc ding véi n=k >n,, ta chitng minh bat déng thic
ding véi n=k+1.
- Khi d6 bat ding thite di cho ding vdi moi s8 oy nhién n2n,.
IV. TIM GIA TRI LON NHAT VA NHO NHAT CUA BIEU THUC PAI SO
- P& tim gid tri I6n nhat chia biéu thie P, xdc dinh trén tdp D, ta cin tim
mét s6 m sao cho A <m (meR)vSi moi gid tri clia bi€n thude D, rdi

= chitng t6 A = m tai mot gid tri ndo d6 chia bi€n thudc D. Do d6 A dat gid

tri I6n nha't bing m.

- D& tim gid tri nhé nhdt cda bi€u thie P, xdc dinh trén tip D, ta cin tim
mot s8 m sao cho A=m (m e R)vdi moi gid tri cdia bién thude D, rdi
ching t A = m tai mot gid tri ndo d6 cla bi€n thudc D. Do d6 A dat gid
tri nhé nhat bing m.

a a+c _(a—b)c

a) Xét hiéu —~ e
b b+c b{b+c)
Néuw L < 1thia-b<0= 270 4
b b(b+c
a+c
Vi !A
V\T b+e

2a” +2b7 +2¢° —2ab—2bh¢ —2ca
)

_(@=b) +(b-c) +(c-a)

2

(2% +b? +cuvr?7+$c+csvn

>0

(Vi (a=b)’ 20;(b—c)’ 20:(c—ua) 20)

Viy a®+b’ +¢’ 2ab+be+ca.

Bdi 2. Cho hai s8 x, y thda didu kién: x +y = 2.

Ching minh ring: x* +y*22.

5 KR

> B. BAI TAP

I:a:mc_m:mm_
. 22 5 , &
Ta cé: Axfiv\ v 20@xt+y' 2280y @2(x 4yt ) 2 (F +yT) ()
Va (x -~ %v >0 x +y° vmxv\ﬁoﬁx +v\v Ax+<v =4 (Vix+y=2)
exT+y 22 (2)
T (1) va (2), suy ra: xfwﬁ >2

D&au “=" x4y ra khi vd chi khi x =y = 1.

Bai 1. Cho cic s0 duong a, b, ¢. Chitng minh cdc bat ding thirc sau:

a) ZrﬁﬂiAﬁﬁrwh\An‘Tn
b b b+c

b) 2° + b’ +¢? zab+be+cea.

Bdi 3. Chitng minh cdc bat ddng thic sau:
a) Ax+v\+xv“ 23(xy +yz+xz). |

b) xﬁf.%%+<NC+NVN+NHC+.¢N > OXy7.

Hudng dan gidi

36

Huéng dan gia
a) (x+y+2) 23(xy +yz+xz)

S X+Y+7+2XY +2y2+ 27X = 3xy - 3yz—-3x2.2 0

ﬂvWTx -y +(y-2) +(z-

xvdwoamzmv -
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T &+x Z+X Z+ A
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T_ A+x zZ4x Z+A
R SR iy e
T (A+X 7Z+x Z+K
=z + + (z+£+x) e

6 1 ! I

K+

L 8¢

A+X Z+X
6< +

K
: . + 2 w?ff.xvm

| :2pnp )
n.wMN+xnnw>+xnm>m€S€ ngs ony) 3uep 1gq R L (9

n
T

ra o). (e
NAﬁ.m.Tm NAMW.T

(3+3)-
12| —+= |&=

24
(wodp) g = N+N+N+mAm w?+s+mv :0p o

o/
.& 2 Supn

qe . qe
%ncmvxnwmcmf. Nsl

q 92) (e > e q
5Ol+.ﬁ|~ -+ W..T.m. + ml_..mv.*mﬂ
qQ u o e 0
ol &t
q q ®
1e13 muw onH

(0<q‘erwa) 0z

q o q @
toHI= M+M+ﬂv?+n+mv HORRANG:

(P00Z - £002
o0y wpu ‘Sugyq 1P N2y SupN &&t& 01 dpj ova 1 2p yo14])
7 K+x z+x z+K

OAN%xE>MA Sttty

’ 2 g @®© .
0<2‘QBIpA 62 M+M+Mu?+n+mv (e
| :

“. :hesony) 3ugp 1pq 5pd yuiw 3upy) “y 1pg

72A%9 2 N? +1), 2+ NAN+ 1) A+ %Tr 1) X 20np 1 *(€) vA (2) (1) Suo)

(£) zAxg = N>~x+NN
(2) 728x7 2 %%TTW@ |

1

(1) zhxg 2 2 K+ X ooel(q
Z =K =X 1 [yo gA Ty v X =, np(

(2x+78+Ax)g 2 (z+K+x) KBA




ab < ab _ 1
a’+b +ab ah (a+h)+ab mr?.rvv..:

ahc c
= = (1)
ab(a+b)+abc a+b+c
T . «
Tuong ty, ta duge: — M <—2 (2
b’ +c¢’+bc a+b+e
ca b
< 3)
b*+a’+ca a+b+c
ab be ca A
Cong (1), (2) va (3), suy ra: 4 + + <1

5 b
aeb’+ab B +c’+be ¢ +a’+ca

g »

Dau “="xdy ra khi va chikhia=b=c=1.

Bdi 7. Cho x, v,z >0 va x* + y* + 2° = . Chitng minh ring:

2 2 L2
X y zZ

+ +
JI-x° /\_lv\u J1-

eal+b et +d +N,\?u +07)(¢? +d7) 2at +et + 2ac+ b +d7 + 2hd

& J(@+67)(¢ +d*) zac+ba 2)
Néu ac + bd <0 thi (2) ding.
Néu ac+bd 20 thitr(2), taco: (a’ +b)+(c’ +d*) 2 a’c’ +bld’ +2abed
< alc? +a’d? + bl +b7d? 2 ate? + bdT + 2abed
< a’d® +b%c? - 2abed 2 0 & (ad —be)’ 20 (diing)
Do d6 (2) diing nén (1) ding. )

- a C

DAy “=" xdy.ra khi va chi khi —=-—.
b d

Hudng dan gid

Viay.z>0vax’+y'+2'=1nén0<x.y,z<1

Ta ¢6- A,\T chﬁ,_;xuif& A,\wavmwc
e l-xt+xt =2 A/\_xxuvxuvo (vi0<x <1nénx*>x%

(n

Cong (1), (2), (3) v k€t hgp X' +y 4+ 28 =1, suyra:

X

vn
+ +
J-x Ji-y i=72

> 2 (dpcm)

B@i 9. Cho a, b > 0. Chimg minh cdc bat ding thic sau:
4
a) a+b2 ub .
I+ab s

3

b) wwf+ .|v/\M+,\l

Bdi 8. Chitng minh bit diing thic: /\?ivw +(b+d)’ <va? +b> +Ve? + &

Huéng dan gia

,\Ac+ch+?+ﬁ:N <Ja?+p e+ d? M

40

Huéng dan gia
a) >c dung bat ding thite Co-si, ta durge: a+b 2 2/ab (nH
l+ab>2Jab  (2)
T (1) vd (2) suy ra: (a+b)(1+ab)=4ab
Im\pl.p_l_wu
I+ab

Ddu =" xdy ra khi vid chikhia=b = 1.

Vil+ab>0nén a+bz

b) Ap dung bat gm:: thite Co-si. ta duge:

N

Lidhz2 & %ﬁ/\,_ +Jb =2 (3)

b
b
Tudng ty. ta dugce: 2y Jaz2Ub {+)
a
TU (3) v (4), suy ras  J— + Jb + ZosJaz2da +2db

e




194
(T+)T < g2 (1H1+N)T < 4T Yuiur Junyd
ugo Aeyq ‘1 + 3 = U IDA gunp oyo gp onyy Suep 1gq yuiw Supyd reyd vy,
(1+%)2 <,z ¥ 2A) A = u1pA Bunp oyd Bp oN) ULP IEq 1S TID
“Sunp oy gp opy 3uULp Ipq ‘p = UIDA
e13 ugp Sugny

(1+u)z <,z ‘Sugs qupw Supyd “p U NS U 04D "¢l 10g

z= K= X 1P| [yo gA Iy vl Lex =, neq
vé A+xX z+x Z+K KX
z ugu <z
Z+h+x S 2 * % * X Y ‘A
A+X z24% zZ+4K
Aw+»+xv + + (z+h+x)z =
rN N\A N
A+x 74X Z+4K )
%N+>+va — ot A>+x+\+x+\+>v
ra I N

:opnp v ps-deo-v-rgu-ng onyy Sugp 1gq Sunp dy
1erd uep Sugny

sée

K+x 7+ 4K : ,
4 z + + :Fugs yuiw Sunyd

74 K+X 2 A X

Z+X

0 <z KX 0u) | 10g

9> Ax+NvN\/+AN+>vN\/+ TTLQN\/ ABA

(Z#K#X 1A

C=7+K+X

HoA) [=2=A=X& ] Yo gAY B X =, n¥d

X+Z=7+AKA=K+X

pe= x+s\(m\/+N+>\/w\/+z+x\/m\/
ugu () < x+N\/m\(+N+>\/W\/+%+x\/.m\
9g=(z+A+x)gi=(x+z+2+K+K+X){(T+T+7)S

NTIRN\/m\fr z+KMgpt \n+x\/m\/vu NT:NVN\/Jr AN+\$N\fr A\Trxvﬁé

pnp el

()P (2 P (Ref e (gpizpigp)

s 0q rey oyd 1ys-doo-e-myu-ng >py) Sugp 1eq Sunp dy

(44

213 ugp Supnyy

9> (x+ NVN\/ +(z+ CN\/ +(£+ wi\n :Bugryurw Supy)

‘g=7+K+Xea 2% K= X wy Suoyy 0s eq oy *| | 10G

6= 7Rx /g~

Z= K= X1 Yo A 1y v1 KX =, ngq
0<Z'KX1A mm.@MHMNWJrM,TM :0p o
o 6 I 117

mAA\LZﬁ.IQ M+~ ‘RIANS ‘(H) vA (€) 4
(¥) m@\wmﬁii
ZAX 7z K x z A X
R N LT AR e

:20np B} ‘15-90) oy Suep 1gq Junp dy (q
K =X 1 Yo gA 1YY BIARX =, ngd |
0<AX1A frx NM+M 10p o

4 I
Ax £ x
p= AN —"p2(A+X)] —+— | tvihns “(7) ea () &
IS,HTXA VM ~ (@) ea (1) oL
@NN\fLA

K x £ x
= uﬁ.rﬂ 73 cﬁ.+ﬂ :90np B “1s-QD) 20y} Sugp 1eq Sunp dy (e

w+z+x z K X
+—(q

6 |
A+x K xA
S—+— (v

p 1T

:Bugy yurw Jupy) [ = g+ K+ X rAQ <z L xoud gt 1og

T=q =8P YD ga 1YY BIADX =, N8

E\,A@ iAo




Ta 6 2" > qu . : Tir (1), (2) va (3), ta dugc:

1 1 i
N5 Ao Ok 2 (Vi > : “+ -+
Matkhdc 2" >2 (vi k=4 Q <y 41 v\w+Nw+~ 2 rxirl .

1 i 1
xix+%+xv+%Nﬁx+v\+wv+~x?+<+$

i

“ong v¢ theo vE hai bt diing thite trén, ta duge: 2.2° > 2(k+1)+2

: &2V > 2(k+2)

A

Viy 2" > 2(n+1) ding vdimoi neN;n24. , o Xty+z =1
Xyz(x+y+7)

Bai 14. Tum gid tri ldn nhdt cda biéu thie sau: o L .
Viy gid tri 16n nhdt cla Q 1a 1, datdugc khix=y=2z= 1.

X . . :
. Yoo T . - N
W b= (x+ ucciu vdin=0 Bdii 15. Cho bi€u thite A = —x ~y’ +xy +2x +2y
| I ! Tim cip s6 (x ; y) d& bi€u thifc A dat gid tri 16n nhdt va im gid tri
b = e + v8iXx,y,72z>0vaxyz=1 p ~
) Q eyttt oyiaster x4 Py Y In nhat.
Hudng dan giai Hung dan giai
X Tac6 —A =x"+y? —xy-2x -2y =x" —(y+2)x+y’ -2y
: Ay Vix>0nén MUHA xisiv; > () , R
e x +2004)° + 2\ .
\ _ =|x* —x(y+2)+ Il!«ww - !..lww +y? -2y
T g (x+2004)  x*+2x.2004 +2004° H
G eh: == = ‘
P X X P 2 3 5
s , = x‘E +=(y-2) -42-4
~4.2004x + (x - 2004) e , 2 ) 4
X = A<4
- 42004 4 Almaﬂw@vl > 49004 ,, : Viy g¢id tri 16n nhit cda A 12 4, dat duge khix =y =2,
A ; Ba&i 16.Choa.b,c>0via+b+c=1.
Viy gid tri nho nhit cda o 120 4.2004. dat dugc khi x =2004 Tim gid tri tho nhat cia ?w: thitc P=+Ja+b+vb+c+Jec+a.
R . . Hudng dan gidi
Suy ra gid i 16n nhdatcoa Pla MMW@M , dat dugc khi x = 2004. & 8

Ap dung bit ding thitc Co-si, ta dugc:
by Tacé: x"+y' 2xy(x+y) vi xyz=1

2 2 2
, 5 5 5 m+f?w s+c+‘» n+m+w
N N i . = N2 [T Y g - = S
Suyra: X +y +12xy(X+y+z)=— ﬁw < ! (hH) ?+3w+ Ar+nvw+ Ah+avwl 2 N 2 i 2
, Xy 1T xy(x+y+2) ,
1 | o nu/\MA/\..I:+/\7+n+,\c+mvm-+v+ci
Tudng w. ta duge: ———g— < —- (2) G N3
Y+ w1 yr(x+y+2z)
; Via+b+c=1nén Jatb+Jbrc+Jeta<V6
1 < 1 3) .

L3 3 - Aoy e 2 . - Ed . N
2 4x 1 zx(x+y+z) Déiu "= xxfﬁx?én?x?s+3n7+onc+mnwnvmncunu

1) |

44

45
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X K K =
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Nﬂmm\/fwvu on+W<ﬂmm+ £Z9q+(0+q)e+ e= C+SS+8
100 ®1 ‘0 ‘q ‘v 3upnp 0s 985 IPA SURI 19X UBYN

1213 ugp Sugny

s

9

(£00Z — 9007 20y wpu
WIOH dI DOHG v;E ULL — upo] ugdny) o dpj opa 1y gp Youy)

5 (A+ X)hx Bugs yurw Supy)

=K+ X udny NYIP ULW vOY) oAy 05 083 ¥l £ ‘X oY) "1 IDg

.AEumE d2x 10w

t (¢ L%
M+ .ﬁ.+xl~xm + x + (X~ wuﬁ+x»~x+wx|mx BICRAY

w_w ugp Supny

(600¢
= 8007 20y wipu dnyd YA upknyd IJHI 0 dp] ova 141 2p You[)

(Xt 27+ @+ AN+ K+ XM X+ D)@+ KK+ 0P S (2 + 26+ )y

Sugl yurw 3unyD) "SUPNP OAY) 08 08I B[ 2 ‘A ‘X 0YD "1 Z iPg

(900Z — 00z 20y wipu
yuiq yuig ‘uoq £nd a7 :SQEU IdHI 0I dpj ova p You4)

ASX TOWIPA O <T+X~ X+ X~ X :Fugs qurw Supy) ‘gl 1og

(£+%) Ax+ K+Ax+ X Ax+ K Ax+ X

wod z L = z +
(wodp) = ; ; S .
o q9te q @ .
:20np ey H{(quiw Supyo-fy 00p-uvg) . 2 T + T opu Sugp 1gq Junp dy
TTZQ
2L e shex rAQ<AQ<X:i0dBL

[
1ers ugp Sugnpy

(#00Z — £00T
20y wipu WOH "d Suoyd w:et 27 awxx&b or doj ova 1yp 2P YyouLL)
AX + N\m AX + X

R quIm Sunyy S A+ X vA 0 < K0 <X 0UyD "0z 109G

A

v

0=pd=qogoyg=p‘q==e I 140 BA 1Y BX APX = neq
N?Io+n_|mvN@+o+n|wv?to+nlmvu

anNAo,Tns&N%lmu,TNn:
*99 ®1 '1eq 9p 05U} A ugn opy) Sugp 1gq Sunp dy ¢
0 =Q %0y q = v [y [Y0 A 1y B ApX =, npq
02PI2Z2qze 1A Sunp owﬁpfov?twvﬂv
ow8+oa|nm..~n_ﬂvNAu+n|mvN~o+~@|Nw I

218 ugp Sugnyy

¢S et (1= &g = A XT = Axp = (AXT - p)fx= (A + 0)kx
owr=4+x0L

213 uep Supny

| U 3unyy 02 pzozq IR URW BOR p O ¢

row o 3 . (#00Z - £00Z
o MR SUCHd 1PH Moy SupN IdHL 01 dpj ova myi 2p youg)

%v:ufralmvN P-4+ q- e g
.%o+almv.N P+ A- B ]

nes oqp wcww 1Bq opo
q " oYy 9s uoq oY) /| 10g




Bai 22. Cho a, b 1a hai s8 thyc duong théa min a+b =3 .

4

o 4 1
Ching minh ring — +N:rm > 5. Ping thitc x4y ra khi nao?
; a

(Trich dé thi vao Idp 10 THPT Bdc Giang ndm hoc 2008 — 2009)

Huéng dan gia

\Awk_ A ~
,_,mcoul+!...u!+|l+>+xv..mnl ll -
AT TY m hm+§w+ﬁ?+ﬁuu 5 (D

Ap dung bat ding thitc Co-si cho hai s& dudng, ta dudc:

m+bmww \M‘Am =8 (2)
. a a
. :WLLUVM\IHLU:N (3)
. 4b T Vab

,, ) T (1), (2) va (3) suy ra: W+|W»vm+m 5=5
a 4b

Dau “=" x4y ra khi va chi khi (a; EHT ,M‘w

Diu “=" xdy ra khi vd chikhi X=Y=Zhaya=b=c=1.
2) Ap dung bdt dng thitc & phdn 1) va bat ding thic Cé-si, ta dudc:

>nm a4 b T u+ﬁw+m@+mn+wuv.ov+w+w+wr~m

b+c c¢+a a+b a b a ¢/ 2 2
, oo p .15 .
Vay gid tri nhé nhat cia bi€u thic A 1a PR datdugc khia=b=c=1.

Bdi 24. a) Choa > ¢, b > ¢, ¢ > 0. Chitng minh: \Jc(a —c) ++Je(b~c¢) < Jab

w+/\1|/\||1

(Trich dé thi vao lop 10 THPT Chuyén Lé Hong Phong TP.HCM
ndm hoc 2005 — 2006)

b) Cho a > 0, b > 0. Chitng minh:

Bai 23. Cho a, b, c 1a cdc s6 mzd:m

1) Chidng minh riing + b s W.

. v+o c+a a+h
2) Tim gi4 tri nhG nhd't cia biéu thie:
Aol b c b+c¢ c¢+a a+h

+ + + + +
b+c c¢+a a+b a b c

(Trich dé thi vao lop 10 Chuyén Todn, PH Khoa hoc Hué ndm hoc
2007 — 2008)

Huéng dan gidi
DPitb+c=X,c+a=Y,a+b=2
Ap dung bt ding thite Co-si, ta dugc:

a N b N ¢ |x+<+N X - <+N X+Y~-Z

b+c c+a a+b 2X 2Y 27

XY X 7Y
tmﬁ +,|+.|+||+|+|N1,.ww WAN+N+N1H¢

Y X Z X Z Y

3
2

Huéng din gia
a) Ap dung ba't ding thitc C6-si cho hai s¢ duong, ta dudc:

/\Qm|ov+/\09invu Mmmtou.r mhvlnw
ab ab b\ a a\ b

1{c mrnu Hho vxou :
L= —+ +—| =+ =1
2\ b a 2\a b

= /\nﬁm —c) + ,\n? —¢)<+ab (dpem)
b) Ap dung bat ding thitc Co-si cho hai s§ dudng, ta dugc:

MﬁWMmsy§Uwaﬂﬂ%m%mtT$¢mmm

Ja++/b
syﬂgé Vo (apem)

Bai 25. Cho cdc s0 duong x, y, z thdbaman: x +y +z = |
Chitng minh ring:
,\wxw +xy+2y° +/\m<~ +yz+22% 44222 +ax+2x2 245

(Trich dé thi vao lép 10 THPT Thdi Binh ndm hoc 2005 — 2006)

Huéng dan gia
Nhédn xét ring: \waw +x<+w<uvn 5(x+y)’ +3(x—y) 25(x+y)’
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b) Via>b>0thi va’ —b? +y/2ab-b> >a

o (a2 n%TANN&éJS/\?N —b?)(2ab-b7) >’

& 2b(a—b)+2,/(a® -b?)(2ab—b*) > 0 (diing)

Viy VJal - b’ +y2ab—b’ >a ding.

Do dé: P=2x*+2y° —2> =2(x> +y*)—2° 2 (x +y)* -7

=(3-2z)"-32-3

-

Dau "=" xdy ra khi va chikhiz=2.
Viy gid tri nhd nhdtcta Pbing ~3 khi x=y = ~3 viz=2

Bai 29. Cho x. y thda midn 16x° —9y* > 144

Ching minh riing 2x -y +1|2 245-1.

hoc 2008 — 2009)

(Trich dé thi vao I6p 10 THPT Chuyén Todn, Nguyén Trai, Hai Duong ndm

Bai 31. Tim gi4 tri nhé nhat cda biu thific T =(x+y)(x+2) trong d6 x,y, 7
1a ba s6 duong thay ddi ludn théa man diéu kién (x+y+z)xyz=1

(Trich dé thi vao ldp 10 THPT Chuvén PHSP, Ha N§i ndm hoc
2006 — 2007)

Huéng din giai
Ta chitng minh bat ding thitc: Amxtg% > Amu Lmv?w —y
(1) & —2axby > a’x? +b’y? < (ax —by)’ 2 0 (ding)

Dau “=" x4y ra khi va chi khi ax = by

Ap dung bat ding thite (1), ta dugc:

2 36

2x—y+122/5+1 P>
Suy ra: Y Hv_thv;:MN/\wHH
leu\imrwz\wi

(8x =9y <=

Diu “=” x4y ra khi va chi khi {2x—y=-2/5 <«
16x? —9y* =144 y=-

2
¢ (2x-y)' = T.? |W.mi > lﬁaxw —9y? v >20 (vi 16x> -9y

Hudng dan giai
Tacd: T=(X+y)X+2)=X(X+y+2)+yz2 2Yx(x+y+2)yz =2
(x+y+z)=1
- T=2¢<yz=1
X,y,2>0

+2)=1
Chony=z=1thi T=2« x?o ) ox=2-1
X >

V4ay gid tri nhd nhat cda T1a 2.

() (7 )

(x=-D(y-1)

Bai 32. Tim gid tri nhd nhdt ctia biéu thic: P=

trong

do x, y 12 nhitng 8 thye 1dn hon 1.

(Trich dé thi vao lép 10 THPT Chuyén Todn ~ Tin PHKHTN, BHQG
Ha Noi ndm hoc 2004 — 2005)

&loc &‘\c

tri nhé nhit cda biéu thite P=2x" +2y* —7".

hoc 2008 — 2009)

Bai 30. Cho cdc 6 thire X, y , z théa min didu kién x +y + 22 = 3. Tim

(Trich dé thi vao ldp 10 THPT Chuyén Lé Khiét, Qudang Ngdi niam

Huéng dan gidi
Ta cé: 2(x* +y) 2 (x+Yy)° vdi moix, y.

Diu "=" xdy ra khivachikhix=y.

52

Huéng dan giai
Ap dung ba't ddng thitc C6-si cho cdc s§ dudng, ta dugc:

vuT%:\wvi?w+<anxm?1:+<m@x:n X . y?

(x=-D(y-1) (x=1){y-1) y—1 x-—1
> Y >0 vw —Y 3

x =1y~ Xx-1+1 —~1+1
Jx=D=1) ﬁmu leu

Vay gid tri nhd nhat clia P13 8, dat duge khix =y = 2.
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a b C

N ¢ wa\ a b
Jo-1 Je-1 Ja-1 Nb-1ve-1Va-1

N o . 2 X
Nhéin xét rdng: v8i moi x > 1, ta ¢6: A/\lev >0 = ———-24

Jx -1

Ap dung nhan xét trén, ta dugc: wm\/\% b c > 334.44 =12

—1'Je-1+a-1

.

a b . C

Suy ra: + + 212 (dpcm)
Yo e 1 Jet a1
.. » R e A, 123 #-
Bdi 36. Ba s0 dudng X, v, z théa mén hé thifc: —+—+==6

X y Z
Xétbi€uthic P=x+y>+2°

1) Ching minh ring P> x +2y+3z-3.

2) Tim gid tri nhé nhat cda P.

(Trich dé thi vao ldp 10 THPT Chuyén Todn — Tin Ha 29 Chu
van An va Ha N§i Amsterdam ndm hoc 2005 — 2006)

Hudng dan giai
1) Ap dung bét ding thitc Co-si, ta dugc:
P+3=x+(y" +1)+(2’ +1+1) 2 x+2y +32 =P2x+2y+32-3 (dpem)

2) Ap dung k&t qua phidn 1) va dp dung bit ding thitc Bu-nhi-a-c&p-

ski, ta dugc:
2
1 2 3 1 2 3)
6(P+3)=(x+2y+32)| —+=+= |2| Vx.—=+ l+,\wm/ﬁ =36
ez (23 Lo 2[R 2 ]
=P2=3

Viy gi4 tri nhé nhdt ctia P13 3, datdugc khix=y=2z= 1.

a b C

Ta c¢o: + +
ab+a+1 bc+b+1 ca+c+l1

_ a N ab + abc
wv+m+~mwo+mv+mm~@n+mvn+md

a ab 1
= +
ma+m+~

+ =1
ab+a+1 ab+a+l1

Ap dung bat ding thic Bu-nhi-a-c8p-ski véia, b, ¢, x, y, z > 0, ta dugc:

2) =| Va.—=+b.- = MININMm +C MN\.,TW\MerM
CTJ\JCLV!T\).,\M ,\m/\mL:\/\mU (a+b vm b

) a + b N c
Cfab+a+1)  (be+b+1)’ (catc+1)

2 2 2
a b c
nhm?ﬁmiu +hvn+c+~w m@+n+~u

+
a b ¢
ﬁ a b ¢ WN
: - + + i 1
_ ab+a+1 bc+b+1 ca+c+ - (dpem)
at+b+c at+b+c

Bai 37. Vdi cdc s6 a, b, ¢ 1a cdc s6 thyc duong théa diéu kién abe = 1.
: 2 + & 5+ < N2 = :
?U‘;iv?n+v+51?m+o+3m+c+n

Q,ln.b&m::,:mE\%ENQﬂm%ﬂQ\E%m:GEWE%Z,EEQQE@Z&
ném hoc 2007 — 2008) )

Chitng minh ring:

. 2
o . S a+b) ¢
Bai 38. Cho hai s6 duong a, b. Chdng minh ring: { +2 M b >aJb +ba

Khi nao ding thitc x3y ra?

(Trich dé thi vao I6p 10 THPT Chuyén Nguyén Binh Khiém, Vinh Long
ndm hoc 2005 — 2006)

Hudng dan giai

56

Huéng dan giai
Ap dung ba't ding thitc C6-si cho hai s& duong, ta dugc:

P UN |
(a+b) +m+wum+cﬁm+v+wwwahm+c+$

2 4 2 2
Xét hiéu: %MngquuAs f?\mvu,\mﬂifwlmiﬂ

57
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a) Nhan xét riing vdi a, b 1a cdc s6 duong thi M.TH. > 4 Bdi 43. Cho a 1a s8 thay d8i théa min —~1<a<1. Tim gi4 tri 16n nhat cla b
a b at+b . sao cho ba't ding thitc sau ludn ding:
Lo . 1 1 4 4
, T do ta c6: + = 2 = = (*) —a* - A LI | Nv b-4<0
rry |y +xy AxN+xu\Xu\N+x%v (xty) , 2Vl1-a® +(b-1){Vi+a® —vl-a® |+
| . : X )
. R ; . . 4 . (Trich dé thi vao ldp 10 THPT Chuyén Ha NGi Chu -vdn An vd
Vix>0,y>0va x+y<1nén Ax+<v~ 24 - Ha Néi Amsterdam ndm hgc 2008 — 2009)
_ H : Huéng dan gia
b (% - :
Tir (%), suy ra: a!sls!xw+x<+< +x%vfmvoav pit t=1+a’ —J1-2%,0<1<+/2
e 2 4 & 2 N . _¢2 _ .
b) Didu kién: —x> +2x+7> 0 _ Bat ding thic d3 cho trd thanh: —t* +(b-1)t+b-2<0
. 2
o1-2J2<x<1+242 | P iwméﬁ?.ﬁifmw;MLVG
; t— +
) <2 ey 1V : . ez .
Tac6: %" +2x+7=—(x~1) +8<8 Ap dung bit dang thifc CO-si, ta cd: A2232-1
Ll ) 3 3(v2-1) . D4u “=" x4y ra khi va chi khi t>2v2 -1
L Dodo A= - >
: 24\2x=x>+7 2 Suy ra A2bVte[0;2 | khiva chi khi b<2v2 -1
3(V2-1 b PR _
Vay gid tri nhd nhdt ciia A 12 A . ) , dat duge khi x = 1. , Vay gid i 16n nhit cla b 1a 22 1.
33 .2 2 ~ z ~ ~ 2 N 2 ~ _.J u “w
— Bai 44, Gii sit a, b 13 cdc s6 nguyén duong thay doi va théa méan vl
Bai 42. Gia slr a, b, ¢ 1a cdc s thuc duong thda diéu kién b’ +¢’ <a’ ; 33 arh 2
. ’ Y . ” e .+.~
e e s e ) | S (1 : Hiy tim gid tri 16n nhit cia bi€u thitc vnm.%ilﬂ
Tim gid tri nho nhat cda biéu thie: P nsﬂ? +C v+m UN i a’+b
a

(Trich dé thi vao lép 10 THPT Chuyén PHKHTN PHQG Ha Noi

Nﬂlﬁ: dé thi vao ldp 10 THPT Chuyén Todn — Tin PHKHTN PHQG ndm hoc NQQ% 2009)

Ha N§i ndm hoc 2007 — 2008)

Huéng dan mmm
Hudng dan gia Ta cdn chitng minh riing mot trong 2 s§ a va b, phdi ¢6 it nhat mot s6

Ap dung bit ding thie ~+L> % yaix, y >0, ta ¢6: nho hdn hogc bang 2.
X That vay, gid st nguwoc lai a=3 va b23.
po w ?N ibimh _J +P~ : Khong mét tinh t8ng quat, ta c6 thé gid st 3<a<b.
a b* ¢ 2 . ab+1_3b+1_3b+1_3b 3
Ta c6: 2 2 > — == (v0 i)
b2 +c? " : a+b a+b 2b 2b 2
= 2 I+.| 2 i + 3 . 9
a’ b*+c¢® bP+ Gid st as2=ae{l; 2}
3
Veia=1,t P=2T1 oy
b’ +1

60 61




€9

) ug 0dy) Tey 5%q yuin Supnyd yueyd 19p UIq Xw + X =118@
oﬂoi?ﬁ+xﬁ+ Nvaom+xE+ Nxvﬂv
0= O..Tﬁ+x?+n_v+ NLT?ZA“I@Y‘ NLAU.
W=pP+g=0+BIPA 0=0—(P+X)O+X)(q+X)(B+X) e
"} ug 09y} Tey 0¢q yuin Supnyd Yueyl 19p UYIq Op neg
2 2l = 2p Q=0+ M+x q+ MM+ xua
e =t xe=(ezhl) pox=1m0=o+| g s
:00NP ©) ‘IQp UPIq BA ,X OYd Yuin Supnyd end 9A TRy BIYD "0 # X 19X
yutn Supnyd eno wrysu gy reyd Sugyy 0 = X AW 94

(0#e)Q0=e+Xq+ X0+ Xq+ XP e

z
0 =9 +1q + B :queyl o1 oyd gp yurn Supnyd t (021 1= ,X 18d

0=9+ Xq+ Xt e

0 =9 +1q + ;e :yuey pn oyo gp yuw Supayd wp (02 (I =1 et
, 0=2+ XM+ (x)je o

0 =9 +19 + e :yugy on oyd gp yuin upnyd wp (0 21 [(N3]=1 120
0=2+|0)3a+(x), Je

0=9+1q + Je yuey pn oyo ep guin Supayd Xy=118a
0=20+(X)Jq+(X) Je o

10y 20q yuui Buonyd aA Anb yuuy Buponyd os IO ‘¢
e

Tyt
—m CYEY =
3 d

e i
—=tx =g
q
cp (0 # ') 0=9+Xq+ Xe yuin Supnyd eno wdrysu 1ey vl ix ‘Ix ngN
 a9Ayuia
e

2 v
AM\Q:: V)T

1919 ugyd w3y rey 90 yuin Supnyd (0 <,V 98OY) <V NYN e

= ¢Ix agoy) Uiy

9

e
ogoy) :n_mu =x doy wdrysu 9o yun Supnyd ‘(0 =,y sgoy) g=v n9N e

WSy oA yuwn Supnyd < (0 >,y okoy) 0>V 09N e
(0e— ,,q=,v ogoy) sep— M=V quiLe
0#D)0=2+Xxq+ XD 1Y 00q yuuyy Bupnyg 'z
wWSu 9s 9a 05 yurn Suppyd ‘0=q‘0="e ngN e
Emec, oaquu Bupnyd ‘0= qg=-e NoN e
. ,
e =X 1gqu Anp wSu 0o quiy Juppyd * 0#e ngN e
0=q+Xe joyu 2Dq yuyj Bupnyd *|
INJA WYN NYJ ONYN _w_ VA 20HL NI Y

g=8l = ¢=q . . S e .
- dgoy W 0oNp 18p — = *™q L8A
My

q z=¢ Ie ¥
S~ 8+.z ,

€ Tigg-dWe=a1onA-

MHMHW”&M:“,NHQG\V-

$9 1+8°8 v

_umi WL =qIpA -

{€:z¢1}2q opog

T Z+49 qg+e®
AT T T I
8+.9
I+.a8

=d W T=2BIpA -




o« X T ok (k=0)
ax’+px+c  ax +qx+c

Vé&ik =0thl x#0.Chia tff vi miu clia v€ trdi cho x, ta dugc:

o L =k (k#0)

(oo or (o)
ax+ - {+p jax+-|+q
X X

bit = mmx .Tc;u, bi€n d8i thanh phuong trinh bic hai theo int.

X

o Ax+mv»+ﬁx+5g =c

Dat t=x-+- l_w, b , bi€n d6i thanh phuong trinh bic hai theo an t.
o au’(x) + bu(x)v(x) +cvi(x) =0
Pat t= chW (v(x) = 0), bi€n d3i thanh phuong trinh bic hai theo 4n t.
v(x

4. Phuong trinh chda @n dudi ddu cén

e Ning 1&n liy thira

e Bit 4n phy

e Pua vé phudng trinh chita 4n trong ddu gid tri tuyét d6i

e St dung ba't ding thitc

5. Phuong trinh cha d@n trong déu gia fri tuyét asi
Khtt ddu gid tri tuyét ddi bing cdch:

DU S . e o pe b AnfuAz0
* Xét ddu cha biéu thifc trong ddu gia tri tuy€t doi: “2 = AncuA<0
v —Anéu A<

e Binh phuong hai v€ cda phuong trinh.

Huéng dan gidi
a) x> ~11x+38=0
Tac6: A=(-11)" -4.38=-31<0
Vay phuong trinh di cho v6 smawi.
b) x> +5x~3=0
A=5-43=13>0
VAay phuong trinh di cho ¢6 hai nghiém phén biét:

_5+V13 513

2. 2
¢) X —10x*+25x* -36=0

Xy

o (x*-5x) ~36=0
@Axwlmx‘foxv%!mxlovno
X' =5x+6=0 (1)
X} ~5x-6=0 (2)

<~

(1) ¢6 hai nghiém: x =3 ;x=2
(2) c6 hainghiém: x=-1;x=6

Viy phuong trinh dd cho cé bén nghiém: x =3 ;x=2;x=~1:x

KR
> B. BAI TAP

Gidi cdc phudng trinh sau:
a)  (x+1)(x+4)(x* +5x+6)=24

b) x*+17x* +18=0

s 1 127
c) X\t X b —=—
X x 4
Z
I L
(x+3)

Bdi 1. Gidi cdc phudng trinh sau:
a) X' —11x+38=0
b) x*+5x~3=0
©) X' —10x* +25x* -36 =0

Huéng din gidi
a) (x+1)(x +4)(x* +5x+6) =24
ﬁAxN+wx+AXxM+wx+@vlwpno (*)
Pat t=x"+5x+5, (*) trd thanh: (t-1)(t+1)-24=0
StP-25=0t=15
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byV2x* —4x+1=x-1

x—120
A 2 2
2x°—4x+1=x"-2x+1
x21
x=1
&> S x=0=x=2
x* =2x =0
X=2

Viay phuong trinh dd cho c6 nghiém: x=2.

¢) Pidu kién: x>1

/\x+wz\m+/\x|wz\wﬂln -1
AU«\ANIHV+N/\x|L+H+/\?iC!N»\MH+~nxtw

ﬂ,\?ﬂivw J\A x—1-1) =x-1

. TI?_%HLTTH *)

-NEu x22,thi vx—121, (") trd thanh: Vx—-1+1+vx—-1-1=x~1
S 2Vx-1=x-1=2=Vx-1<x=5
-N&u 1£x <2, thi Vx-1<1,(")trdthanh: vx—1+1+1-Jx=1=x-1

< x =3 (loai)

Viy phuong trinh da cho ¢6 nghiém duy nhit: x=5.

Bai 4.

Gidi cdc phuong trinh sau:

a) 2%+ 3K+ V2xF +3x+9 =33
b) Qx+&m¢&xl~@“~

c) 8x” + /ﬁ: =2
x 2
Huéng din giai

a) 2x7 +3x +V2x2 +3x +9 =33 (%)
2
Ta ¢6: wxw+wx+©nwmxw+mvﬂ+mwnw x+wu +|olw >0 véi moi x
2 2 4 16
it t=v2x*+3x+9>0, thi 2 =2x>+3x+9

68

i

e

| &=
£

(F) > 2x7 +3x+9+2v2x% +3x+9-42 =0
et —t-42=0
AUA”!@XI,JHO

t=6
<
t =—7 (loai)
x=3
VEit=6,thl 2x* +3x+9=36 < 2x>+3x-27=0 < 9
X=-=
2
R N - . A 9
Vay phudng trinh d3 cho ¢6 hai nghiém: x =3 ;x = 5

b) ¥Yx+45-Yx-16 =1 )
Piatu=3Yx+45;v=3Yx-16,thi 0’ ~v’  =x+45-x+16 =61
u-—v=1

*) tr3 thanh:
(*) 6 than mwﬁu ?I<X:N+:<+<ang

=
|

<
i

u-v=1 u—v=1 u-ve=1]

< ?..<VT:1<VN+9:@H2AU u:<n@oﬂv u(-v)=-20

X=5
uva —v 1a nghi€m cla phuong trinh: X> - 5X -~ 20=0 < X =4
Néuu=5,thi 5=x+45 = x+45=125<>x =80
Néuu=-4,thi 4=3Yx+45 <= x+45=-64 < x =-109 -

Vay phuong trinh di cho ¢6 hai nghiém: x =80 ; x = —108.

<) mxff\..wnm
x 2

Piéu kién: x>0

Ap dung ba't ding thitc Co-si, ta dudc:
mx:ﬁ.&x:r\mtﬁh%%
X 4Vx 4Vx 4Vx 2

Dau “=" xdy ra khi va chi khi: 8x? HW/\M ex=t
4Vx 4

Vay phuong trinh di cho ¢6 nghiém duy nhdt: x = MN,
.69
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Bdi 8. Cho phudng trinh: x> ~2mx+4m-3=0 (1)

a) Tim m dé phudng trinh (1) ¢6 hai nghiém x,, X. Tim hé thic lién
hé gitta x,, X, khong phu thuéc vio m.

b) Tim m d€ x} +x; =6.

Huéng dan gidi
a) Phuong trinh (1) ¢6 hai nghiém & A'>0< m? ~4m+320
m<l
-1 -3}20<
o (m-1)m-3)200" 5!

e o x +x,=2m
Theo dinh 1i Vi-ét, ta c6:
i XX, =4m -3

=2(x, +X,)-%X,X, =3=0
b) Tacé: x> +x2 =(x, +%,)’ =2x,x, =(2m)’ ~2(4m-3)
=4m’ ~8m +6

m=0
Do d6: x} +x; =6<4m’ -8m =0« oo

K&t hop véai diéu kién phudng trinh ¢6 hai nghiém, ta nhdn m = 0.

Bai 10. Gidi cdc phuong trinh sau:
a) 2x*+3x-5=0
b) x'-3x*-4=0

(Trich dé thi vao lép 10 THPT, TP.HCM ndim hoc 2008 — 2009)
Huéng din giai

a) D& thdy a + b+ ¢ =2 + 3 - 5 = 0 nén phudng trinh di cho ¢6 hai
N [ 5
nghiémla x; =1;x, ===-=,
a 2
b) Pt x> =t (t>0) (1)
Phwong trinh d& cho ud thanh: t* -3t—4=0 (1)

Phudng trinh (2) ¢6 a — b + ¢ = 0 nén ¢6 hai nghiém t =—1 (loai) hodc
t=-S=4.
a

Thay vao (1), ta dugc: x> =4 = x =42
Vay phuong trinh di cho ¢6 hai nghiém: x =2 ; x = - 2.

Bdi 9. Cho phuong tiinh: x* -2(m+1)x+2m+10=0 (1)

Tim m dé€ hai nghiém x;, X, cia phuong trinh (1) théa méan
P =10x,x, +x} +x5 dat gid tri nhd nhat va tim gié tri d6.

Bdi 11. Gidi phuong trinh: x? lxlm,+\wwxuo =0
X X

(Trich dé thi vao lép 10 THPT, ©=Qu:w Ngdi ndm hgc 2008 — 2009)

Huéng dan giai
Phuong trinh (1) ¢6 hai nghiém x,, x,
S AN20e(m+1) -2m-1020

m23

ms-3

omP-920

e o« XX =2(m+1)
Theo dinh li Vi-ét, ta ¢6:

XX, =2m+10
Tac6: P=10x,x, + x> +x2 =(x, +x, )’ +8x,x,

=4(m+1)" +8(2m +10) = 4(m +3)’ + 48 > 48 v6i moi m
Viy gid tri nho nhat cia P 14 48, dat dugc khi v chi khim = -3

72

Huéng dan gidi
3 1 )
Dat t=x+— (x #0)(4), suy ra: xfTWHﬁ ~2
X X
Phudng trinh di cho trd thanh: t° ~t-12=0¢te {4;-3}.

Ti (4), ta dugc: x e NH,\WMHW%

Bai 12. Gidi phuong trinh

I,

x + wx Wm
x24x+1  x242x+1 15

(Trich dé thi vao I6p 10 THPT Chuyén Lé Khiét, @Ew% Ngdi ndm hoc
2008 - 2009)

Huéng dan giai
Piu kién: x = ~1

Dé thdy x = 0 khong phai la nghiém cla phudng trinh di cho.
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. A 5 2
Vay phuong trinh dd cho ¢6 hai nghi€ém x = ~3 P X = 3

b) 4(x +5)(x + 6)(x +10)(x +12) = 3x”
o 4(x? +17x +60)(x? +16x +60) = 3%
Nhan xét ring x = 0 khong phdi la nghiém clia phuong trinh.
Chia hai v& clia phudng trinh cho x%, ta dugc:
ﬂvpmx +m@.+3.wmx+mm+5unw
X X

Dat t=x +;m.© + 16 thi phuong trinh trd thanh: 4(t+ Dt = 3
X

412 +41-3=0

. . 3 1
Phudng trinh trén cé hai nghiém t= -3 b= >
Véi ﬁn!w.uv 2x* +35x +120=0
-35-4256 -35++256
=X = PX=

. 4 4

Vi ﬂquwxﬁw;imono

i
Uxutm“xnllm

2
Vay phuong trinh da cho ¢6 bén nghi¢m:

~35-4/256  _ -35+/256 15
b A. 3

x==8;X=——
4 2

X =

& (X +5x+4)(x7 +5x+6) =24

Pit t =x* +5x +4 thi phuong trinh trd thanh: t* +2t-24 =0
Phuong trinh trén ¢6 hai nghiém t=4;t=-6
Véit=4=x"+5x=0

=x=0;x=-5

Véi t=-6= x* +5x+10 = 0 (v nghiém)

Vay phuong trinh da cho.¢6 hai nghiém: x =0;x=-5.

Bai 17. Gidi phuong trinh: Vx ++/3x +/4x HEN.KM.
J3-1
(Trich dé thi vao lop 10 THPT Chuyén Lam Son, Thanh Héa ndm hoc

2005 - 2006)

‘ Huéng din gii
Piéu kién: x 20

®+§+ﬁ“.wlw
ﬁkwhw+)mvn%
ofre—— 2 4

A;\wuchz\wiv -

& x=1

B&i 18. Gidi cdc phuong trinh: Y2 +x +¥5-x =

(Trich dé thi vao Idp 10 THPT Chuyén Vinh Phic ndm hoc
2006 - 2007)

B&i 16. Gidi phuong trinh: AxN +3x +wv?m +TX + ﬂmv =24

(Trich dé thi vao ldp 10 THPT Chuyén PHSP, Ha N§i ndm hoc
2003 - 2004)

.

Huéng dan gid
(x? +3x+2) (x> + Tx+12) = 24
& (x+1)(x+2)(x +3)(x +4) =24
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Hudng dan gidi
P2+x+Y5-x =1
ﬁﬁw+xv+ﬁmlxv+um\w+xm\msxAN\NJ; +N\m|xvn~
& 7+33(2+x)(5-x) =1
ﬁgnim

@’ +3x+10=-8

gy
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Bai 23. Giai phuong trinh: A,\x +5—VX+ NX_ K+ TR+ Hov =3

(Trich dé thi vao ldp 10 THPT Chuyén PHKHTN, PHQG Ha Ngi
ndm hoc 2003 — 2004)

Huéng dan gidi
x+520
x+220

x2+7x+1020

biéu kién: &Sx>-2

D& thdy x* + 7x+10=(x+5)(x +2)

Nhén hai v€ phudng trinh da cho véi \/(x+5)(x+2) >0, ta dugc:
14X+ 7x+10 =X+ 5 +Vx + 2
e (Vx+5-1)(Vxr2-1)=0

Vx+5=1 x = —4 (loai)
< <~

Vx+2 =1

Vay phuong trinh da cho ¢6 nghiém la: x =-1.

x=-1

Dt u=vax? +5x+1, v=yx’ —x+1

R W —4vi=9x-3
Ta ¢6 hé phuong trinh:
u—-2v=9x-3
u—-2v=0
=u’-4vi =u-2ve (u-2v)(u+2v-1)=0 = a2y 1—0

Vi u—2v=0<>u=2v, thi Vx> +5x+1=2Vx>—x+1

ﬂvoxnuﬂvxnw

Vi u+2v—-1=0cu=1-2v thi v4x?+5x+1=1-2Jx* —x+1
3
Mitkhic 1-2Vx* —x+1=1-2 T;w%wm?,\wé
va V4x> +5x+1 >0 nén vo Ii.
1

Véy phudng trinh di cho ¢6 nghiém duy nhét x = 3

Bai 24. Gidi cdc phuong irinh sau:

D x?+x-2=x

2) Vax2 4 5% +1-2vx2 —x +1=9x -3

(Trich dé thi vao 16p 10 Chuyén Lé Quy Pén, Binh Birh ndm hoc
2007 — 2008) .

Huéng dan giai
D x*+x=-2=)x (1)
- Néu x 20, thi phwong trinh (1) trd thanh: x> -2=0
Aan;\M,xHI/\MQcﬁ vix20)
- N€u x < 0, thi phuong trinh (1) trd thanh: x* +2x~2=0
ﬂvanJf\M:oﬁ <,;A9,xur_tz\m

;<m€ phudng trinh dd cho ¢d nghiém J1a: x = /\M CX = IHI/\M.

) VA2 +5x+1-2Jx —x+1=9x=3 ()

80

Bai 25. Gidi phudng trinh:

a) TN+~wx+H_LTN|x~
12x -8
9x* +16

(Trich dé thi vao lép 10 THPT Ban (AB) Chuyén Trdn Pai Nghia
TP.HCM ndm hoc 2004 — 2005)

b)  2x+4-202-x =

»

Huéng dan gidi
a) _xN +_wx+;lg_nwixw

J mlxwwo
2-x"20 , ,
, X +R2x+1]-1=2-%°
o +2x+]-1=2-x
2-x?20

x*+2x+1|-1=x* =2 . )
X2+l -1=x" -2
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g=A+n

0= (z-a-n)(r+n) e (a+0)g= A— n DBPIEN
CHX=A+NIQ03E]

(0ZA) THXE+ XTh =4 (0T 0) ZI+ X5+ XTM =10 I1EQ
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5 20 x=-3
S 29, X2 +6x+9
T £
2
xz-3
x2-3 X = ~] x=-1
=8, = & 1
Tx“+6x—1=0 1 X ==
X = 7
7
Vay phudng trinh di cho ¢6 nghiém la: xutﬁxuw.

-2x,+2) (2m-2) ~2(2m-2)m +2m’ —4m +4
- m’ —4m+4

NB —-8m+8 NAB Nv

f-=2(m#2)
m-2)  (m-2)
, (x —2x .Qv X3 - 2%, +2) o
Viy bitu thirc . - khodng phu thude vao gia tri coa m.
XS

BGi 27. Cho v.:qo.sm trinh x> —mx+2m-2=0 (1)

» a) O,:s.:m minh ring (1) khong thé ¢6 2 nghiém déu dm.

b) Gia sl x,, X, 12 hai ngiém phén biét cdia (1). Chitng minh ring biéu
(x] —2x, + mXxw ~2x, +2)

2 2
Xy + X5

thifc khong phy thuéc vao gid tri m.

(Trich dé thi vao lop 10 Chuyén Todn - Tin, PINK, PHQG TP. HCM
ndm hoc 2008 — 2009)

Bai 28. Giadi phuong trinh: z\txu +ax =2 +4/-2x2 +8x -5 =2 +/3
(Trich dé thi vao lép 10 THPT Chuyén, TP.HCM ndm hoc 2006 — 2007)

Huéng din gia

. a) Gia stt (1) ¢6 hai nghiém phan biét déu am.
Az0 Z-8m+820 2-8m+820
Khidd, ta¢d: $S<0 <<im<0 m<0
P>0 2m~2>0 im>1

om=»4
Vay (1) khong thé ¢6 2 nghiém déu am.
Ax.w -2x, +Nv?w -2x, +Nv

b) Ta ¢6: R
Xy + X5

2

2,2 2 2 2
_ XX} ~2X0X, +2%7 ~2x,%3 +4x,X, — 4%, +2X5 —4x, + 4
X2 +x3

_ Ax_xu% -2, %, (X, +x,) +2(x, +xwv~ +4(x,+Xx,)+4

(%, +%,) =2x%,

Theo hé thitc Vi-ét,ta cd: Xy +Xo=m ;XX = 2

84

Huéng din gia
Ta ¢6:

/ﬁxw +4x -

Dau “=" x4y ra khi vii chi khi x = 2.

2 4+4/-2x7 +8x =5 n/rTBN +N+,\i?lmvw +3<V2+43

Vay phuong trinh di cho ¢6 nghiém duy nhdt x = 2.

Bai 29. Gidi va bién luin theo tham s§ m phudng trinh sau:
x+2006  x—2006
x+2006 x-2006+m

(Trich dé thi vao I6p 10 THPT Chuyén Todn, DHSFP TP.HCM, ndm hoc
2006 — 2007)

Huéng dan gid
Pidu kién: x #-2006 ; x #2006 —m
Phuong trinh di cho tuong dudng véi:
(x +2006)(x —2006 + m)= Axu - Nccm:x +2006)
< 2mx =0
V@i m =0 thi phuong trinh di cho ¢6 vo s6 szmB khdc £2006

Vi m=0 vi m 22006 thi phuong trinh di cho ¢6 nhiém x =0

Bai 30. Gidi phudng trinh: (2x +7)V2x+7 =x> +9x+7

(Trich dé thi vao Idp 10 THPT Chuyén PHKHTN, PHQG HA NOI
ndam hoc 2008 — 2009)
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- # X 19A

7—X
T—X— X

(D) 9+ X¢—= :quey o7 (1) yuen Supnyd g [— =W T (B

ie13 uep uony
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0z XX ugu gz w A
4 w = x'x
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Supnp ngp wamBu 072 00 g=w+X ([-w)- ¥
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<X X QoEI U TT W AN -
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1919 vpyd wry3u rey 9o ugnj oyd ep yuw Supnyd ugu [—=ow (A (B

1e13 uep dugny
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PTHI=X S ‘= Loxgp
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b) Piéu kién: x 2 —2m

x? +2mX — mx — 2m?

(1) = =2m-Dx+6
X+2m
- x(x+2m)-m(x+2m) —(2m-Dx+6
X+2m
o Er2m)(em) o ke
X+2m

<2(1-m)x=m+6 (3)

Tz %1
(3) c6 nghiém < § m+6 %-9m
2(m-1)
m=#1 mzl
<9, ==
m’-5m-620 |(m-2)(4m+3)=0
Viy phudng trinh ¢6 nghiém khi v chi khi m ¢ Tw 2; IWW .

Bdi 35. Cho phuong trinh béc hai: x* + px +q =0 (trong d6 p, q 1 cic tham s8 ) (1)

1) Gidi phuong trinh (1) véip=1,g=-2.

2) Tim p, q vd cdc nghiém cda (1), bi€l riing khi thém 1 vao mdi
nghiém ctia (1) thi ching td thanh nghiém clia phuong trinh
x> ~p’x+pg=0.

(Trich dé thi vao l6p 10 Chuvén Vinh Phiic, ndm hoc 2008 — 2009)

Bai 34. GiA st x,, x, 12 hai nghiém ctia phuong trinh mx” - (m +3)x + 2m + 1 =0

a) Tinh tdng S va tich P ciia hai nghiém theo m. Bi€t S — P = |, tinh
m, X, X,.

b) Tim hé thitc 1ién hé gita S va P ddc l4p vdi nhau.
(Trich dé thi vao Idp 10 Ban CD, PTNK, DHQG TP. HCM ndm hoc

0.

Huéng dan gidi
1) V6i p=1,q=-2 thi phuong trinh (1), c6 dang x* +x~-2=0
=x=lvax=2
2) Pidu kién d€ phuong trinh (1) ¢6 nghiém 12 p® 2 4q (2)
Goi u, v 13 hai nghiém cia phuong trinh (1), ta ¢6: “”l,\@n P (3)
u+v+2=p u+v+2=p’

Ta c6: = 4
(u+D(v+D=q u+v+uv+1l=pq

— 2 = ;N =1 g }
Tir (2) va (3), ta dudc: P+ p P=S P hodc p

~p+q+l=pg a=q q=-1
K&t hgp vdi diéu kién (2), ta ¢é:

-Vdip=1,g=< 1 thi phuong trinh (1) ¢6 hai nghiém: —1+/1-4q ;

4
-1-J1-4q

-Vdi p=2,q=-1 thi phuong trinh (1) c6 hai nghiém: 1+/2 ;1-2

2008 - 2009) |
Huédng dan giai | B&i 36. Cho phuong trinh dn x: x* =2(2m +1)x’ +4m* =0 (1)
) Ta co: S=M¥3 . p_2m+] : 1) Gidi phuong trinh (1) khi m = 2.
m m 2) Tim diéu kién ciia m d€ phuong trinh (1) ¢6 bon nghiém phén biét
—s_p="M*2 o X1, X2, X3, X thGa min X} +x2 +x2 +x2 =17.
m

V@i m = 1, phuong trinh di cho trd thanh: x* —4x+3=0
Khi d6: (x;3x,) € {(1;3) ; (3:1)}

b) Ta cé: lmusuFu_ulevmlwmfrwno
3 m

(Trich dé thi vao lép 10 Chuyén Nguyén Trdi, Hdi Duong ndm hoc
2008 — 2009)

Huéng dan gidi
Dat t=x7 (t20), thi (1) ud thanh: & -2(2m+1)t+4m’> =0 (2)

1) V@i m = 2, phuong triinh (2) trd thanh: © —10t+16=0<1=2;t=8
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- St dung quy tdc cOng dai s§ dé dugc hé phuong trinh m&i trong d6 ¢6
mot phudng trinh mdt 4n.

- Gidi hé phuong trinh vira thu dugc.
3. Hé phuong trinh hai dn gém mét phucng trinh béc nhét va
mdt phuong trinh bgc hai

- Tir phwong trinh bac nhdt, ta biéu dién y theo x rdi th€ vao phuong
trinh th{ hai.

- Gidi phuong trinh thit hai theo 4n x.
- Thay gid tri x vita im dugc vao biéu thitc clia y dé tim y.

4. Hé phuong trinh gém hai phudng tfrinh béc hai hai dn, trong
d6 c6 mét phudng trinh dua dudc vé phudng trinh tich
- Bi€n ddi phuong trinh c6 thé dua vé phudng trinh tich.
- T4ch thanh hai hé vé& hé & phan 3) rdi gidi.

5. Hé phuong trinh d&i xiing loqi 1
Mot hé hai phudng trinh bic hai 4n x, y dugc goi la ddi xing loai 1,
néu mdi phudng trinh cia hé khong d6i khi thay x bdi y va y bdi x.
-Ditu=x+Yy;V=xy, ta dugc mot hé phuong trinh ddi v8iu va v.
,mewsmvrsdsmﬁsrmw\w<9=<w<.

- Suy ra x, y 1a nghiém cia phuong trinh (4n X): X* — uX + v =0, tir d6
tim dugc nghiém X, y ca hé.

o

Hé phuong trinh d&i xdng loqi 2

M4t hé hai phwong trinh bic hai, hai 4n x, y dudc goi 12 461 xiing loai

2, néu thay thé ddng thdi x bdi y va y bdi x thi phuong triinh thit nhat

bi€n thanh phuong trinh thit hai va ngudc lai phuong trinh thit hai bién

thanh phuong trinh th nhat.

- Giit lai mdt phuong trinh, phudng trinh th hai ¢6 duge bing cdch trir
theo tirng v& hai phuong trinh da cho dé dugc phuong trinh tich

- Gidi hé phuong trinh vita dugc nhu § phin 4.

Néu mdt hé phuong trinh dot xitng (logi 1 va logi 2) ¢ nghiém (xy ; yo)
thi ciing ¢d nghiém (yy ; xp).
7. Hé phuong frinh c6 v& trGi déng cdp d6i voi

X, y va vé trai
khéng chiia x, y o

Mot hé hai phuong trinh hai 4n x, y ma v& trdi 1a cdc biéu thic ding
cdp d6i vdi x, y va v€ phai khong chia x, y dude goi 1a hé phudng
trinh ding cip d8i vdix, y.

- Tim nghiém thda x = 0 (hodc y = 0).
-V x#0;y=#0,tadity=tx hodcx =ty

- Khit y* (hay x?) réi tinh y theo x (hodc x theo y) vi ti€p tuc thay vao
mdt trong hai phuong trinh ¢dn lai, ta im dudc t, rdi suy ra nghiém
ctia hé di cho.

Chii .&.. Ngoai cdc dang hé phuong trinh miu myc 3 trén con c6 cic dang

khdc, ma ta linh hoat dit 4n phu d€ dua vé dang miu muc.

KR

> B. BAI TAP

‘Bai 1. Giai cdc hé phuong trinh sau:

92

1 1
X~0y =17 =X+—-y-2=0
2 mx+<swu wi3Te
y= Sx—y=11
4 1 -1
0 X+2y xsmwi
20 3 J
+ =1
x+2y x-2y
Hudng dan giai
x—-6y=17 x=17+6y - x=0y+17 Xx=35
a) &

ot “>
S5x+y=23  |5(17+6y)+y=23 " |3ly=-62 y=-2

Véay hé phuong trinh dd cho ¢6 nghiém (x ; y) 1a: (5; ~ 2).

1 1 1 1
g .IN”O — — — = = =
by 13517 ux+#Amx 11)=2  [19x=57 x=3

Viy hé phuong trinh dd cho ¢6 nghiém (x ; y) 1a: (3 ; 4).

1 1
) = v, hé phuong trinh di cho trd thanh:

c) bt =
X+2y x—2y

o
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x=-1 Bai 6. Gidi hé phuong trinh:
=72 y=2 303
(1) %N - - X' +y =152
x"-10x-11=0 X = X —xy+y* =19
y=2

Hudng din giai
Hé phuong trinh (II) c6 2 nghiém (x ; y) a:(-1:2);(11:2)

Vay hé phuong trinh da cho ¢6 bon nghiém (x;y)la: (1;7); (15— 2);

P iyi=152 + 7. *)=152
X +y Ax %Xx Xy+y v
(-~ 1;2);(11:2).

X -xy+y =19 | oxy+y’=19

Bai 5. Giii hé phuong trinh: 19(x+y)=152
. -7 =
X+y+Xy Ax+%vwluxv\n5
X +y?+xy=13
— X+y=8 Xx+y=8
Huéng dan giai ’ = ’

, 64 -3xy =19 xy =15
X+y+xy=7 (x+y)+xy=17 . ) 5
w ., & ) . Ta thay x, y 14 nghiém cla phucng trinh: X - 8X + 15=0
W x*+yt+xy=13 (x+y) -xy=13 X s
M Pitu=x+y;Vv=xy, hé da cho tuong dudng vdi: < X =3
=4 ; L R
v="7-1u Y 4 ,.; Viy hé phudng trinh di cho ¢6 hai nghiém (x ; y) 1a: (5:3);(3:5).
u+v=7 v=T7-u v=3 . . a. .
s «q &u=4 & Bai 7. Gidi hé phuong trinh:
, w-v=13 w’ +u-20=0 __s u=-5
2y’ -3y =x*-2
B x+y=4 , "
Xy =3 @ , Hudng din giai
: T x4y =5 an - 2x7 —3x =y’ -2 [2x°=3x=y'-2
m, . s 2 . 2
| xy =12 . 2y =3y =x"-2 [2(x7-y')=3(x-y) =y =X
Tir (D), ta thdy x, y 12 nghiém ctia phudng trinh: X* ~ 4X +3 =0 H 27 “3x =yt -2 M)
A
- X =1 (x=y)x+y-1)=0 (2)
X=3
| o i 2x% =3x =y* =2 x?—=3x+2=0 x =1
: Hé (1) ¢6 hai nghiém (x; y)1a: (1;3);(3; 1). N x=y x=y y=1
N 3 A 5 ié ¥ inh: +12 =0 A < A
| ch GC,.mm thdy x, y 12 nghiém ctia phudng trinh: X° + 5X %2 Ix=y -2 X —x+1=0 . . x=2
¢ (v6 nghiém) (v6 nghiém)
I . y=1-x y=1-x y=2
| Hé (II) v6 nghiém ,
W Vay hé phudng trinh da cho ¢6 hai nghiém (x ;y)1a: (1;3);(3;1). Viy hé phuong trinh d& cho ¢6 hai nghiém (x ; y) 1a: (1 ;1) 5 (15 2).
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.. . . X2 +yt +2x+2y =11
Bai 12. Cho hé phuong trinh,
) xy(x+2)(y+2)=m

a) Gidi hé phudng trinh khi m = 24,
b) Tim m dé hé phuong trinh ¢6 nghiém. -
(Trich dé thi vao 16p 10 THPT Chuyén, TP.HCM nim hoc 2007 — 2008)

A0 121
- > Pl
1820 o _ch 1™ T e pem< 2L
P>0 mEles m2-—12 4

* e

Huéng dan giai
a) Khi m = 24, hé phuong trinh dé cho trd thanh:
(x? +yr#2x+2y =11 7=

%x« (x+2)(y+2)=24

Patu=x*+2x=(x+1) -12-1

<M<N+N%HQ+CNIHNL

u+v=11 u=3 u=8

<= feg )

uv =24 v=_§ v=3

(x+1) =4 [(x+1)'=9 [x=#2-1 [x=%3-1
= S A\ 5 < \%
(y+1)'=9 |(y+1)'=4 (y=23-1 {y=%2-1

Viy khi m = 24 thi hé phuong trinh d& cho cé nghi€ém (x ; y) la:
(1;2);(1; =4)5(=3:2)5(=3;-4);(2:1);(2; =3)5(=4:Dsva
(-4, ~3)

by Patu=x>+2x+1=(x+1)" 20

<n<N+wu\+HuC\+CNN©

Hé ph b da cho rd thanh: 10
& phuong trinh da cho r§ thanh:
- PRUCE (u-1)(v=1)=m
C+<”~\vw C..T/\”H”w
<> <>
rluv—(u+v)+l=m uv=m+12

Do d6 u, v 13 nhiém ctia phuong trinh x* ~13x+m+12=0 (¥)

Heé di cho ¢ nghiém khi va chi khi (*) ¢6 2 nghiém x,,x, 20

B&i 13. Gidi hé phuong winh 1¥ Y = y)
X+y=-1

(Trich dé thi vao lép 10 THPT Chuyén Todn Lé Hong Phong, TP.HCM
ndm hoc 2005 — 2006)

Huéng dan giai
LR _ _ 2 22\
X’ -y’ =3(x %vﬂv (x %Xx +Xy+y uv 0

X+y=-1 X+y=-1

(x-y)=0
Xx+y=-1

M

X' +xy+y -3=0
y+y 2)
X+y=-1

3

22

Xét hé (2), tir phuong trinh cudi x+y=-1=>y=-1-x

Gidi hé (1), ta duge nghiém (x ;y) = hlw ; i.J

Thay vio phuong trinh du, ta duge x* +x —2 =0 =>hé (2) ¢6 hai nghiém:
xsy)=00:=-2),(-2;1

Viy hé da cho ¢6 3 nghiém la hlww.:gwﬁ 3 —=2)5 (=25 1.

27 2)

Bai 14. Gidi hé phuong tinh >
Axw ,ZVC\H + &;rmxv\ =0

X y 1
3 + M
X+l oy +1 4

(Trich dé thi vao dp 10 THPT Chuvén Nguyén Trdi, Hdii Ditong
ndm hoc 2007 — 2008)

Hudéng dan giai
Vi AxN +._X<N ivvo nén tir phuong trinh thit nhat cla hé, suy ra
xy#0 ,
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1) Gidi hé phuong trinh khi m = —10.

2) Chitng minh ring khong t6n tai gid trj clla m dé hé c6 nghiém
duy nhélt.

(Trich dé thi vao 16p 10 THPT Chuyén Todn - Tin Ha N6i Chu vdn An

va Ha Néi Amsterdam ndm hoc 2005 - 2006)

Huéng din giai

(x+y) +13=6x"y* +m

L

xixm +%JH8
i34t cn?w +%NY v =Xy

w+6vi+23=0 (1)
-10 (@)

Vdim=

—10, hé di cho c6 dang

Q
uv-2v-

2 .
T (2), tacd: u= v -10 , thay vao (1) ta duge: 2v* +17v? =100=0 (3)
v

Tir 13), ta duge v==2
"), tathfy v<Onénchonv= -2
Vi

INHTWCH uHVx'TV\”H SCM..MC ¥+v\”[~

Xx+y=1 x+y=-1

N

va , ta dugce cde nghiém la:

Xy =~2 Xy =-2
(-1:2);@; =Dy -2yva(-2;1)

2) N€u (x ; y) la nghiém cla hé H.E (~x; —y)cling 1a nghiém.
Do d6 hé ¢6 nghiém duy nhatthix =y =0

Thay x = y.= 0 vao hé ta thi'y khong thda.

Viy khong 6 gid tri ndo cia m dé hé c6 nghiém duy nhit.

. X+y+xy=3
18. Gidi hé phuong trinh: < |

X4y =2

(Trich dé thi vao ldp 10 THPT Chuyén BPHKHTN, DHQG Ha Néi ndm
hoc 2005 - 2006)

Hudng dan gidi

104

Patu=x+y;v=xy
u+v=73

Hé da cho ¢é dang , M
u'-2v=2 (2)

Tr () =>v=3-u (3)

Thay (3) vao (2), ta dugc: w =23 -u)=2

<u'+2u-8=0

=u=2;u=-4

Véiu=2=v=1

Véiu=—4=v=T
. . u=2 u=—4
Hé trén ¢6 nghiém hodc
v=1 =17
Cju=2
Véi =>x=y=1
v=l
o tu=-4 N .
Vi 4 => Khong ton tai
V=

Viy hé phuong trinh da cho ¢ nghiém la (x; y)=(1: 1)

| B&i 19. Gidi hé¢ phudng trinh:

X'y —xy =1

4x* +yt =dx+y

(Trich dé thi vao lop 10 THPT Chuyén Todn — Tin DHKHTN, DHQG
Ha Noi ndm hoc 2005 — 2006)

Huéng dan giai
Tﬁfu\.ﬂzxv\uu_ (H
fx& syt =dx+y (2)

(= dxt+yt = A.?LJQT% +vu|x<uv

= szu&\u lﬁGIrxJMC

x=0
<>ly=0
3yt —dxy +x7 =0 (%)
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Huéng dan gid
?i:énm 6}
T@+<.~+x+%na (2)
vaﬂv?;&\v.ﬂ1wxix+5+x+@nn
e (x+y) +(x+y)-10=0
Ditu=x+y < uw +u-10=0
e (u-2)(u* +2u+5)=0

(u=2)=0=u=2

—

(u” +2u L.wvn 0 (v6 nghiém)

. . o ix+y=2
K&t hgp vdi (1), ta ¢ hé | =x=y=1
Xy =

Viy hé da cho cd nghiém (x5 y)1a (1 1).

Bdi 24. Gidi hé phudng trinh:

JxZ Yy +2xy =82
x4y =4

(Trich dé thi vao l¢p 10 Chuyén Todn — Tin Lam Son, Thanh Héa ndm
hoc 2005 — 2006)

Bai 23. Gidi h¢ phuong trinh:

X +4y’ =
4xy+x+2y=7

(Trich dé thi vao iép 10 THPT Chuyén Todn — Tin PHKHTN, DHQG
Hi NOi ndm hoce 2007 - 2008)

Huéng dan giai
T +4y* =5 h
?yu\+>+wv|\\ (2)
Lay (1) + (2), ta dugic: ?+u5u+?+m5n_w

T:.rvinw
=
,T:,wv\nluﬂ

Ta dudc hai hé phuong trinh sau:

?l_‘w%nw x+2y=3 X = 2
(I 4 &> &> ; 1
[Axy+x+2y=7 Xy =1 y=1 y==
x+2y=-4 (x+2y=—4 .
(I & (v6 nghiém)
4xy +Xx+2y =7 thwng ‘

Huéng dan gia
Piéukién: x 20,y =20.

Pit u=/xy 20

Khi d6 ta ¢o,

2 2 s .
xN:Nu?i%rwénf,\w*.%v,;mz\@@ ~2xy =(16-2u) - 2u’
=20’ ~ 64u + 256
= X2 +y? +2xy =2u —64u+256 +uv2 =82
w-32u+128 =8—-u
8—-uz20

&> Su=4
u-32u+128 =64 —16u+u’

Hé phudng trinh da cho tudng dudng vdi:
/\M + /\.l N_. X = A,
,\ =4 y=4

Viy hé phuong trinh dd cho ¢6 nghiém (x :y) la: (4 ; 4).

Bai 25. Cho hé phuong trinh

VX+14+y9-y=m
Jy+1++49-x=m
1) Giai hé phuong trinh khi m =25 .

2) Tim m dé hé trén cé nghiém duy nhat.

vGi m 12 tham s&

(Frich dé thi vao ldp 10 Chuyén Nguyén Trai, Hdi Duong ndm hoc
2008 — 2009}

Hudng dan giai
Piéu kién: ~1€x<9;-1<y <9,

x# 1+ 9~y =m ()
,\<+_+/\c[xn5 (2)
'y (1) - (2), ta duge: Jx+1+ \o y = /\<+_+/\© X
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i

x=1
:<Ac+<vnww u+v=4 y =27
&> s = =
(u+v) =3uv{u+v)=28 uv =3 x =27
y=1

Vay hé phudng trinh dd cho ¢6 nghiém (x ; y) 1a: (1;27); (27 ; 1).

Viy hé phuong trinh dd cho ¢6 nghiém (x ; y) 1a: (0 ; 0) ; (—1; 1)
8 6

e B

37 Y9

2 2
. ey N Xy  —-2y+3x° =0
Bai 29. Gidi hé phuung trinh: Y yrox

v +xly+2x=0

(Trich dé thi vao ldp 10 THPT Chuyén Lé Héng Phong, TP.HCM
ndm hoc 2002 — 2003)

3xy =2(x+y)
Bdi 30. Gidi h¢ phuong trinh: § Syz=6(y +2)
4zx =3(z+x)

(Trich dé thi vao ldp 10 Chuyén Lam Son, Thanh Hda ndm hoc
2007 - 2008)

Huéng dan gidi
-Vdix=0thiy =0, hé ¢é mdt nghiém (x ; y) 1a: (0; 0)

-Vai x=0
. A X2 2 X2
xy” =2y +3x° =0 X| ~5 —2| — +3x7 =0
- 2 P XT+2 X +2
Es 2
Y xw.fN y= X
x'+2
x* 2 3 3 3 3
—— =+ 3=0 X xNAx +Nv+wa +Nv =0
xTH+2 X +2
<> R < 2
X" y = X
Y2 X +2

X" +1=0
311> +8=0 ?wiT?xf&uo ,
= 52 P, 2 13X +8=0
v\|xu+N %“Xu+N %HIMVMWII
X +2
[ (x=-1
X =]
y=1
8
X = 3}—— Mw
<> 3 &= X = — 3
s 3
e
V\H.ﬂ+w 0
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9.

Huéng dan gidi
N&u xyz = 0, thi tir hé phudng trinh suyrax =y=2=0
Véi xyz =0, thi tir hé d3 cho twong dudng vai:

x+y 3 (1,13
Xy 2 Xy 2
yrr S 1,15 o
yz 6 y z 6
rex 4 1,14 5
X 3 7z x 3
N - v N I 1 1 1t
Cdong v€ theo v&€ clia (1), (2) va (3), ta dude: —+—+— = —
Xy z 6

=x=lLy=2,72=3

Viy hé da cho ¢6 hai nghiém (x 1y ;2) 1a:(050;0): (1525 3)

Bai 31. Gidi hé phudng trinh

X7Z=X+4

2y = Txz-3x~14
X 427 =35-y"

(Trich dé thi vao l6p 10 THPT Chuvén PHSP, Ha N§i ndm hoc
2006 = 2007)

Huéng din giai

Xz =X+4 h
2yt =Txz-3x~14  (2)
x* 477 =35-y° (3

The (1) vdo (2), ta duge: y* =2x+7 (4
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Py

iy hé phuong trinh di cho ¢6 nghiém (x 5y

Viy h sz las (0,0 0y,
Hl
2272

4x* =2y* +y+1
Bdi 34. Gidi hé phuong tiinh: {4y’ =227 +z+1

47> = 2% +x +1

2008 — 2009)

A. KIEN THUC VA Ki NANG CAN NAM VONG

(Trich dé thi vao lép 10 THPT Chuyén Todn - Tin, Ha Tdy ndm hoc

Huéng din g
4x* =2y"+y+1 (1)
a4y’ =272 +z+1  (2)
477 =2x* +x+1  (3)
Taco 2y’ +y+1= v:rw biwao Yy nén 4x' >0=x">0=x>0

Tuong ty, tacdy>0vaz>0
Gid st x<y<7z (4)

Tir (1) va (3), suy ra: 4(x :xv?w - X7+ NJ =(y-x)(2y+2x + 1) (5)

Nhin xét riing v& trdi (5) <0 :m.:.@!xv@v?rwx,f 1)<0

M 2y +2x+1<0=y-x<0=y=<x (6)
T (4) va(6),suyrax =y

Tudng ty, tacd:y =2

O:uaxnv\nx

Thay vio (1), ta dude: 4x’ —=2x° —x-1=0
< (x=1)(4x7 +2x+1)=0 & Mx“ﬁwinczzv

Viy hé phudng trinh di cho ¢6 nghiém duy nhdt 1a x

1722 I

e Budc 1: Chon An (mo6t &n hodc nhiéu 4n) va dit diéu kién cho ching.

3

e Budc 2: Bi€u dién cdc dai lugng chua bi€t theo cdce an vira ddt va céc
dai lugng di biét

s Budc 3: Lip phudng trinh (hé phuong trinh) dya vao cdc mdi quan hé
gitta cdc dai lugng.

e Bugc 4: Gidi phuong trinh (hé phuong trinh) va kiém tra didu kién cfia dn.

e Budce 5: Két lu

> B. BAI TAP

Bai 1. Mot 6t chuyén dong déu vdi véan 8¢ di dinh d€ di hét quang dudng
120 km. Di duge nita dudng, xe nghi 3 phit, n€u d€ dén noi ding gid
xe phéi chay ting t¢ thém 2km/h trén quiang dudng con lai. Tinh thdi
gian xe chay.

Huéng dan giai

Goi x (km/h) 12 van t0c dy dinh cda 6t6 (x > 0)

Ta ¢6 phudng trinh: 120 H@‘T 60 +\w..

X x x+2 20

e X +2x=2=0

Gidi phuong trinh trén, ta duge: x = 48 ; x = — 50 (loai)

. 120 1
Thai gian xe chay 1l ———= 2 ¢id 27 phiit
: WS Ty T tEOSD

Bai 2. Mot hinh chit nhit ¢6 chu vi

12 24m. N&u tang chiéu rong thém 2m vi

gidm chiéu dai di 2m thi di¢n tich hinh chit nhit d6 khéng thay déi.
Tinh dién tich hinh chiy nhit dé.

Hudng dan giai
Goi x (m) 1 chidu rong clia hinh ¢hit nhit (0 < x < 12).

~x)=(x+2)(10-x)

Theo dé bai, ta ¢ phudng trinh: x(12
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Bdi 6. D& chuyén hét s6 hang trong mot kho, ngudi ta ¢ thé ding xe tdi chd
12 chuyén hodc sit dung ba gic chd 15 chuyén. Nhung do bin chuyén
hang cho ndi khic nita nén xe tai chi chd mot chuy€n roi di noi khic,
khong chd nita. Ngudi ta phdi ding ba gic chuyén hét s0 hang con lai.
Ngudi ta d€m dugc tdng s6 chuy&n clia xe tai va ba gdc da chuyén 1a 14
chuy&n. Hdi xe tii va ba gdc da chuyén may chuyé&n?

Huéng dan giai
Goi x (chuyé&n) & s& chuyén ma xe tai da chd hang (x 1a s§ nguyén duong)
y ( chuy€n) 12 s& chuy&n ma ba gic dd chd hang (y 1a s6 nguyén dudng)
Tdng s5 chuy€n clia xe tdi va ba gdcchd la:x +y = 14

Bi¢t riing 12 chuy&n xe tdi chd hét s3 hang, nén mdi chuyén xe tdi chd

. N N
duge: — sO hang
12
Do d6 x chuy€n xe tdi chd duge WM s hang trong kho.
Vi y chuyén xe ba gdc chd duge _v\lm s6 hang trong kho.
x+y=14
Theo dé bai, ta ¢6 hé phuong trinh: ¢ x  y |
Ly =
12 13

Gidi hé phugng trinh trén, ta dugc: x =4 ;y = 10

Viy xe tdi dd chd 4 chuyén va xe ba gdc chd 10 chuyén.

(x+y=110
Theo dé bii, ta ¢6 hé phuong trinh: 14 10

X+——X+y+——y=123
100" Y 1007

Gidi hé phuong trinh trén, ta duge: x = 50 1y = 60.

Viy theo k& hoach t8 A may duge 50 chi€e do dai, t6 B may duge 60
chi€c do dai.

Bai 8. Mot ngudi di 6t6 du dinh di tir thinh phd A d€n thanh phd B trong
mot thdi gian nhat dinh. Ngudi dé tinh ring néu di vdi van ¢
45km/h thi t§i thinh phd B s& chim mdt nra ¢ids, nhung di vdi vin
té¢ 60km/h thi s& tdi thanh phd B sdm hon 45 phit. Tinh quang
dudng AB va thdi gian dy dinh di.

Bai 7. Hai td ¢ong nhin A va B theo k&€ hoach phdi may xong 110 chiéce
do dai. Do thi dua ting ning sudl t0 A vugt mic 14%, t8 B vuat
mtte 10% nén dd may duge 123 chi€e 4o dai. Hi theo k€ hoach
mdi t& phiii may bao nhiéu chi€c do dai.

Huéng din giai
Goi x (km) 1a dd dai quing dudng AB (x> 0)
y (gior) 1a thoi gian dy dinh di (y > 0)

Thosi gian di vdi vin t6c 45km/h 1a: — gid

45

Théi gian di v6i van tdc 60km/h 1a: (Mm gid
X 1
—_— v\ e —
13 Wi PN o )45 2
Theo dé bii, ta ¢6 hé phuong trinh: 3
X :
0 4

Gidi hé phuong trinh trén, ta duge: x = 225 ;y =4,5.
Viy quing dudng AB 12 225km va thdi gian dy dinh di 3 4,5 gid.

Hudng din giai

Goi x (chi€ce) 1 s8 chiée do dai mi 8 A may duge (x 1a s8 nguyén dudng)

a
y (chide) 1a s§ chi€c do dai ma & B may dugc (y la s6 nguyén dudng)
v 2 14 e
Trong thyc t€, 10 A may dudce: x +._|cdx (chiée)
o 10 e
Trong thyc t&, t&6 B may dugce: y +t~a< (chiéc)

120

Bai 9. Hai b sdéng A va B cdch nhau 40km. Mot cand xudi tr A dén B rdi
quay ngay vé A vdi vin téc riéng khdng ddi hét tdt ¢d 2 gidy 15 phit.
Khi cand khdi hiinh tir A thi cing ldc d6, mdt khiic gb cling trdi wr do
tir A theo dong nude va gip cand trén dudng trd vé tai mot diém cdch
A 12 8km. Tinh vin t0c¢ riéng clia cand va ddng nudc.

Huéng dan giai
Goi x (km/h) 12 vin tac riéng cia cand,
y (km/h) 12 viin tGc riéng cda dong nudc (x >y > 0).
Vin t6¢ cand khi xudi dong 1a x + y (km/h)

Vin td¢ cand khi nguge dong 1a x — y (km/h)

121
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B&i 13. M{t 6t6 di quing dudng dai 80km trong thdi gian dd dinh. Ba phan
tr quing dudng diu 61O chay vdi vin t0c¢ nhanh hon dy dinh 1a
10km/h, quiing dudng con lai 616 chay chdm hon dy dinh 10km/h. Biét
ring 0t6 di hét quang dudng AB.

(Trich dé thi vao idp 10 THPT, Qudng Ngdi ndm hoc 2008 — 2009)

90

Hudng dan gidi

Goi vin t8c dy dinh ctia 6t6 12 x (km/h) (x > 15).
Ta c6 phuong trinh: Iw%|+|m\@1 = 80
x+10 x-15 x
Gidi phuong trinh trén |, ta duge: x = 40

Vay thdi gian 616 di hét quing duimg 1 2 gid.

Bai 16. Khodng cich gitta hai b&n séng A va B 1a 60km. MOt xudng Emwﬂ
xudi dong tir bén A dén bén B. nghi 30 phit tai b&n B r6i quay td lai
ngude dong 25km dé dén bén C. Thai gian ké tir lic di dén lic quay
trd lai d€n bén C hét tat ¢ 1a § gio. Tinh vin t0c xudng mdy khi nude
yén ling, bi€t ring vin t6¢ nude chdy 1a 1km/h.

(Trich dé thi vao lop 10 THPT, TP.Hué ndm hoc 2007 — 2008)

Bai 14. M4t cand xudi dong trén mot khic séng tf bén A d€rbén B dai
80 km, sau d6 lai nguge dong dé€n dia di€m C cdch bén B 72km,
thoi gian ca né xudi dong it hon thdi gian ngude dong 1a 15 phat
Tinh vdn t6¢ riéng cda cand, bi€t vin toc¢ clia dong nudce 1a 4km/h.

(Trich dé thi vao 16p 10 THPT, Ha Néi ndm hoc 2007 — 2008)

Hudng dan gidi
Goi vin t0c cand 13 x (km/h), x > 4
72 80 1

Theo dé bii, ta ¢6 phuong trinh: =
, x—-4 x+4

Gidi phuong trinh trén, ta duge: x =36 ; x = —68 (loai)

Viy van tdc riéng clia cand 1a 36km/h.

Huéng dan giai

Goi x(km/h) 4 van toc clia xudng khi nudc yén ling (x >1)

N o - 60
Thoi gian xudng mdy di tif A dén B: us
X+
St Lt A 4 N N A 25
Thdi gian xudng nude ngude dong tf B vé C: ——h
x —
N N 60 25 1
Theo dé bai, ta ¢é phudng trinh: Y a2 - =8
. x+1 x-1 2
.« ~ Py _
Giai phuong trinh tén, taduge: x, = 11, %= w

Vix>lnénchonx=11.

Viy vin t6c ctia xudng khi nude ding yén 1a 11km/h.

Bai 15. Mot ngudsi di xe dap tir A dén B cdch nhau 24 km. Khitir Btrd vé A
ngudi d6 ting viin tdc thém 4km/h so vdi lic di, vi vy thdi gian vE it
hon thai gian di 30 phut. Tinh vin tdc cda xe dap khi di tr A dén B,
(Trich dé thi vao 1op 10 THPT, Ha Néi ndm hoc 2006 — 2007)

Bai 17. MOt doi c¢ong nhdn cin quét voi vdi hai mit tdng bao clia mot
khu trudng hinh chit nhdt, véi chidu cao cla tudng 12 2m vi chiéu
rong ngdn hon chidu dai 1a 100m. Gid c6ng quét voi la 1000dng/m?.
Bi€t c¢dng trudng ¢ chiéu rong 5m khong cin quét voi. Hay tim cdce
kich thudc clia khu trudng, bi€t tién ¢6ng ma nhd trudng cin trd 1a
5580000 ddng. \

(Trich dé thi vao lop 10 THPT, Hoa Binh ndm hoc 2008 — 2009)

Huéng din giai
Goi vin toc clia xe dap khi di tir A dén B 1a x (km/h), x > 0.
24 24 |

Theo dé bai, ta ¢6 phuong trinh: == = +—
x  x+4 2

Gidi phuong trinh trén, ta duge: x = 12 x = — 16 (loai)

Viy van 8¢ cia xe dap 1a 36km/h.

124 R

Huéng din gidi
Goi chiéu rong khu truting hinh chi nhit la x (m), x > 0.
Theo dé, ta ¢6 phudng triinh: 2.2(x +x +100 - wv. 1000 = 5580000
< x = 650 (thda didu kién)

Viy khu truding hinh chit nhit ¢6 chidu rong 12 650 (m), chiéu dai 1a
750 (m), dién tich 13 650.750 = 487 mccﬁz,.uv.
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Ta ¢6 phuong winh: L15x + L1900 -%x)=1010
Gidi phuong trinh trén, ta duge x = 400

Vay thang thi nhit 15 1 sdn xudt duge 400 chi ti€t mdy va 8 11 sdn
xud't duge 500 chi &t may.

Bai 21. Mot sinh vién k&: “ Khi dang di trén cdy cdu sdt (st dung cho tau
hda) dai 120m thi 16i thd'y mot chi€e tau hda dang lao dén. Toi chay
ngude chiéu thu hda vdi vin t0c 18km/gid. Khi toi chay d€n cidu bén
niy thi 2 gidy sau thu hda mai d&€n nén 161 da kip trdnh sdng bén kia.
Khi hoan hdn lai, t6i tinh duge riing néu t6i chay ciing chiéu vdéi tau
hda tht ngay khi dén diu cdu bén kia t6i sé bi tau hdéa dung. May
that '”. Bi€l tau hda chay vdi vin tdc 72km/gid, hoi khi bit diu
chay, anh sinh vién dang & cdch ddu c¢fu bén nay bao nhiéu mét?
(Trich dé thi vao lop 10 Ban CD, PTNK, DHQG TP. HCM ndm hoc
2008 - 2009)

Gidi phuong trinh trén, ta dugce: x = 80.

Viy nang suit dy dinh ciia t& sin xuat 12 80 sdn phim / ngay.

Bai 23. Mot nhém hoc sinh cdn chia déu mot lugng keo thanh cdc phin qua.
Né&u mbi phin qua gidm 6 vién keo thi cdc em s& c6 thém 5 phin qua
nita, cdn n€u mdi phdn qua gidm 10 vién keo thi cdc em s& c¢6 thém 10
phin qua nita. H3i nhém hoc sinh trén ¢6 bao nhiéu vién keo?
(Trich dé thi vao lop 10 Ban AB, PTNK, PHQG TP. HCM ndm hoc
2008 — 2009)

Huéng dan gidi
Goi khodng cdch cdn Gm 12 x (km) (0 < x < 12).
N A2 0,12~
Theo dé bii, ta ¢6 phuong trinh: R 2 + 0 = X
18 3600 72 18

Gidi phuong trinh rén, ta duge: x = 0,04

Hudng dan gidi
Goi s8 vién keo & mbi phin qua 12 x ; s6 phdn qua la y (x;y e N*)
(x=6)(y+35)=xy
(x~-10)(y +10)=xy
x =30
y=20

Theo dé€ bai, ta c6 hé phuong trinh:

Gidi hé phuong trinh trén, ta dugc:

Viy tdng s6 vién keo 13 xy = 600 vién.

Bai 22. Mot 8 sin xudt theo k& hoach phdi lam duge 720 sdn phim, Néu
ting ning sudt 1&n 10 sin phdm mdi ngdy thi so v6i gidm ning sudt 20
sén phim mdi ngay thi thdi gian hoin thinh ngdn hon 4 ngdy. Tinh
ning sudt du dinh.

(Trich dé thi vao lép 10 THPT Tién Giang, ndm hoc 2008 — 2009)

IxT)

Huéng dan gidi
Goi x (sin phdm / ngdly) 1a ning sudt dy dinh (x > 20)
Thdfi gian hodn thinh cong viée khi ting ning sudt 1én 10 sdn phim

. 720 N
I ——

Thai gian hoiin thanh ¢ong viéce khi gidm ning sudt di 20 sdn phim la:

720 Hed
x_20
. 2
Theo dé bai, ta ¢6 phudng trinh: 120 720 4

x-20 x+10

Bai 24. Cung mot thoi di€ém, mot chi€c 6t6 X, xuit phat t thanh phd A vé
hudng thanh phd B va mot chi€e xe khdc Xp xudt phét tir thanh phé B
hudng vé thanh phd A. Chiing chuyén dong véi vén t6c riéng khong
ddi va gap nhau 1dn diu tai mot diém cdch A 1a 20km. Ca hai chi€c
xe, sau khi dén B va A tuong ng, lap tic quay trd lai va ching gip
nhau l4n tht hai tai mot di€m C. Biét thdi gian xe X; di tir C dén B 1a
10 phiit va thdi gian gitta hai 1dn gdp nhau 1a 1gid, hiy tinh van 5c
clia tirng chiéc 6t0.

(Trich dé thi vao ldp 10 Ban AB, PTNK, PHQG TP. HCM ndm hoc
2004 — 2005)

Huéng dan giai
Goi M 1a chd gip nhau ldn ddu, vin t8c 6t6 di tr A 1a x (km/h), van
toc clia 616 di tir B 1a y (km/h)
Thdi gian xe X, di tir A dén M 1 20 h)
X

Thdi gian nay cling 14 thi gian xe Xp di tir B d€n M. Ta ¢6:

Khodng cdch BM fa: 22y = 2% (xm)
X

X
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Xx—8 x+43

1 Vay ta c¢6 phuong trinh:
W 8 x=3

x=0 (loai)
x=19

e x> —11x+24 =8x +24 & x(x~19) =0

Viy quing dudng AB dai 19km. A. KIEN THUC VA Ki NANG CAN NAM V(NG

1. Ham s6 bac nhét: y=ax+b (a=0)

Bai 28. Hai bac nong dan dem trimg ra chg ban vdi tdng s tring cda hai
ngudi 12 100 qui. S8 tridng cla hai ngudi khong bing nhau, nhung hai
ngudi ban dudgc mot 6 tién bing nhau. Mot ngudi néi véi ngudi kia: “
Né&u sd triing cda toi biing s0 tritng clia anh thi t6i bdn dugc 90000

* Ham s6 dong bi€n né€u a > 0, nghich bi€n néua < 0.

e Dudng thing c6 phuong trinh y=ax+b (a#0) ¢6 tung d6 gdc 1a b

2

déng”. Ngudi kia néi: “ N&u sd tritng clia t6i biing 8 trifng cda chi thi honh 46 sée 11 D .
t6i chi ban dugc 40000 ddng théi”. Héi mdi ngudi ¢6 bao nhiéu tring oanh do goc la ——.

va gid ban mbi qud triing cla mdi ngudi 12 bao nhiéu?
(Trich dé thi vao lop 10 THPT Chuyén Tin, Quéc Hoc Hué ndm hoc
2008 — 2009)

* Hai dudng thing song song ¢ hé s8 géc bing nhau.

* Hai duding thdng vudng géc v6i nhau ¢6 tich hai hé s6 géc bing —1.

HuGng din giai e Giao ciia hai dudng thing y =a,x+b, vd y=a,x+b, 12 nghiém ciia h¢

: - ) - . . N a,x+b, =a,x+b,

Goi x 12 s8 tritng ctia ngudi thit nhdt (0 <x <100, xeN va x#50) phudng trinh y ‘b
=a,X+b,

S& tritng clia ngudi tht hai 1a: 100 - x 5 He S bac h X

. A N A A PR X s . a . . Hom s6 béc hai: y =

Goi a (d6ng) va b (dong) lan lugt 1a gid bdn mo1 qua tring cua ngudi y=ax"(a#0)

thit nha't va clia ngudi thit hai. * B3 thi 1a parabol ¢6 dinh Ia (05 0)

Theo d& bai, ta 6: (100 x)a=90000 = a - 90000 ® DO thi ¢6 bé 16m quay 1én trén n€u a > 0, bé 16m quay xudng dudi néu
100 —-x a<0.
Vi xb = 40000 = b = 40000 e Dudng thing y HQWx + b ti€p xidc vdi y=ax’ (a#0) néu phudng trinh
x hoanh dé giao di€m: ax® - kx - b = 0 ¢6 nghiém kép.
Vi s8 tién bén tritng biing nhau, nén: * Giao ciia hai d6 thi y = kx + b vd y =ax? (a #0) 1a nghiém ciia phuong
trinh hoanh d6 giao diém: ax’ -~ kx - b=0
40000(100 — 08 :
xa = (100 - x)b > 20000 _ (100=%) . v 4 160x 800 =0

N A 2 Y e A (e . (e
* Ham s6 y=ax"n€u a > 0: ham s§ ddng bi€n Vx>0, nghich bi€n
Vx<0.

100 -x X

Giai phuong trinh trén, ta dudge x = 40

. h ; . e Ham s6 y=ax’néu a < 0: ham s& déng bi€n Vx <0, nghich bién

Viy ngudi thif nhit ¢6 40 qua trifng va ngudi thit hai ¢é 60 qua tritng. Vx>0,

Gi4 bdn mdi qui tritng clia ngudi thi nhat 13 1500 ddng va clia ngudi . 2 .
: . w- .—.——J—J » . - 7 - .n - s

{1 hai 12 1000 déng, khoang cach gitra hai diém, chu vi, dién tich da gidc

Khodng cdch giita hai di€ém: Ti hai diém k& cdc dudng thing vudng géc

xudng hai truc toa d6 d€ tao ra cic tam gidc vudng, sau d6 dung dinh i

X R Pitago.
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a) Duding thing: y = (m + 3)x + n di qua hai di€ém A(1 ;- 3) va B (- 2;3)
khi va chi khi

A5+wv.u+snlm - m+n=-6 - m=-5
(m+n)(-2)+n=3 ~2m~-n=9 n=-I

Vay v8i m=-5 va n=-1 thi (d) di qua hai di€ém A va B.
b) (d) di qua Ao?\ms_v khi va chi khi: n=~/3-1

(d) di qua (3++3 ;0) khi va chi khi: (m+3)(3+V3)+n=0
AUABJQVA/\W,&T,\MLHO
1-43 1-/3 AT,\MVN

@Buw+,\wnun»\wc+,\wv;wn,,\wﬁa&xw
4-2J3 wllwz\whz\w,:v

N 3

Vay BHE va zu/\wL_.

3

) Vi(Pydiqua A(2;- 1), néntacod: —1=a.2>=a HGW
b) Phuong trinh dudng thiing (d) ¢6 hé s6 géc k 1a: y=kx+b
(d)ydiquaB(0;1),tacs:1=0x+b =b=1
Viy (d) ¢6 phuong trinh la: y = kx + |
¢) Phuong trinh hoanh do giao di€m cta (d) va (P):
1

lMxN =kx+1x* +4kx+4=0 (%)

(d) cdt (P) tai hai diém phin biét khi va chi khi (*) ¢6 hai nghiém
phin biét:
k>1

A=(-2k) ~4>0 24K -4>0 k> > 1 < k<1
AI

Bdi 6. Cho (P y= x” va dudng thing (d) ¢6 phuong trinh y = mx + 1.

a) Ching minh ring vdi moi m thi (d) ludn cdt (P) tai hai di€m phan
biét A, B. .

b) Xdc dinh m d€ tam gidc OAB ¢6 dién tich bing 3.

Bai 4. Trong mit phing toa @6 Oxy, xét ba dudng thing c¢6 phuong trinh Ja:

(d):x~y+5=0
(da): ANWlwvx+WA<ICHo
(d3): (k+1)x—y+1=0

Tim cdc gid tri cia k dé€ ba dudng thing trén ddng quy.

2

Huéng dan gidi

Nhin xét ring (dy) va (ds) ludn di qua (0 ; 1) nén ba dudng Ew,nm amsm

. 1
quy khi va chi khi diém nay thudc (d,):0- 1+ 5k =0 =k n.w.

Béi 5. Cho (P): y =ax® va difém A(2 ;- 1).

a) Biét (P) di qua A, xdc dinh a.
b) Vi€t phuong trinh dudng thing (d) di qua B (0 ; 1) ¢6 hé s& géc k.
¢) Xdc dinh k d€ (d) ¢t (P) tai hai di€m phan biét.

33

Hudng din giai
a) Phuong trinh hodnh do giao diém cha (d) va (P):
X=mx+lox’—mx~1=0 %)
{(*)ycdac=-1=A>0= (*)cs hai nghiém trdi ddu vGdi moi m
Vay (d) luén cdt (P) tai hai diém phin biét A, B v8i xo <0 < x5
b) Goi L 1a giao di€m cia (d) va tryc Oy.

Vixa <0< x3nénlthude doan AB

Siaon = Son +So = wx\/w.Ou +7L.O~ = _x>~+_xL =X 7% !K!W “EN +4
a

2 2 2 T
=+m’ +4

Theo dé, ta ¢6: Swop=3=Vm’+4=3om’=5cmn=+/5

BAI 7. Tim m d€ (P): y = x” + 2mx — m + 2 ti€p xdc vdi duding thing (d):

y =X+ m. .

22

Huéng dan giai

136

)

Huéng dan giai

Phudng trinh hodnh d6 gino diém clia (d)y va (P):

137
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2 4=-a+b
em=——m=2(y2-1)=242-2 Gidi hé phuong trinh
w20 R P PR
Vay m=22-2 va n=3+3V2. Viy phuong trinh dudng ay
2.V6in=0,tacé (d): y=(2m-3)-4 thing BC la: wnl.wx‘rN . )
2 2 4]Bi-1:4)
e o Jy=(2m-3)x -4 : X
Toa do clia di€ém M thoa hé: 3. Phuong trinh dudng
x—y+2=0 thing song song véi Ci3-
3 2m-1 BCla: v=—Lx+b =l
)= = BT (=2 ary X + N
@Axv,v\v hB!N, B%NWA v N |W n\\.\\\\\ ! ,
ym 1Y 3 4m? —dm—17 Phuong trinh dudng thing e ___0 ] 3 X
JPUIRSINE S SO S ot i B | S, g e di qua A song song v6i A{-3: -1} )
Tacé: P=y —2X halmu_ AEIMU o 4ma+ 4 q g g { .
R 1.7
BCla: y=——X—=
= (m?—4m+4)P =4m’ —4m -17 27 2
ﬂvﬁulbva!bﬁuldLl:u‘fzuo ) budng E.wmm di qua B song song vdi tryc Oy ¢6 phuong trinh 1a x =-1
11 ' . . v\nn.wxlm X =1
Vi P=4d=>m=— Gidi hé phuong trinh o IR 3
4 = —
x=-1
Vdi P24, (1) c6 nghiém SAN=T2-9P20P<8

Vay D(-1; —3)la diém cin tim.

T
Vay P dat gid tr 16n nhdt 13 8, dat duge khi m = 2 Bai 12. Tim cdc gid tri clia m d€ ham s6 y =(2m +1)x +3 nghich bi€n va
Bai 11. Trong mit phing toa dd Oxy cho 3 diém A(=5; —1), B(-1;4), do thi né di qua di€m (1 ; 2).

C(3; wv..
1. V& tam gidc ABC.

(Trich dé thi vao 16p 10 THPT Chuyén Lé Khiét, Q:Q\:% Ngdi ndm hoc
2005 ~ 2006)

2. Viét phuong trinh dudng thing BC. Huéng dan gia

3. Khéng ding dd thi, hily xdc dinh toa do diém D vdi D 1a giao diém Ham s8 y=(2m+1)+3 nghich bi€n va dd thi né di qua diém (1; 2)

fa dud 3 s 5i BC va dudng thing qua B , 2m+1<0
ctia dudng thang qua A song song vl ang £4q Khi va chi Khi:

. S m=-1
song song vdi Oy. 2=(2m+1)+3
(Trich dé thi vao lop 10 THPT, Ha Nam ndm hoc 2005 — 2006) - 3
Hubng dan giai Bai 13. Vi gid tri ndo cla m thi dudng thang (d): y= Mx +2m cdt parabol
~ 3 Sy g .
1. Hinh vé. Pry= !Mx~ tai hai di€m phin biét?

2. Phuong trinh dudng thing BC ¢6 dang:y =ax +b

Pidm B thudc dudng thing BC nén: 4 a+b (Trich dé thi vao lép 10 THPT Chuyén, TP.HCM ndm hoc 2006 — 2007)
iém ¢ én: 4 = —

4 2 ~ I:.Aw = o
Piém C thudc dudng thing BC nén: 2=3a+b ng dan giai . u
Phuong trinh hoanh d6 giao di€m cia (d) va (P) la: Wx +2m = “a X2

140 T
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Huéng dan giai
a) Vi (D) c¢6 hé s géc k, nén c6 phuong trinh la: y = kx + b
(D) di qua diém M(0;2) ©2=k0+beob=2
Viy (D) cé phudng trinh la: y = kx + 2
Phuong trinh hoanh d6 giao di€m cta (D) va (P):

;wm k42 e x2+2kx+4 =0 (%)

(D) ti€p xiic véi (P) khi va chi khi (*) ¢6 nghiém kép:
AN=k-4=0K=4ck=12
b) (D) cdt (P) tai hai diém phan biét A(X, ; y1) ; B (X2 5 ¥2).
Ta ¢6 x4, X, 12 hai nghiém cda (*).
Theo dé bai, tacé: x;>0; x>0 x, #Xx,
(*) ¢6 hai nghiém duong v:w‘: biét
k>2
A>0 [k*-4>0 k<=2
=48>0 =1-2k>0 <k<0 «k<-2
P>0 4>0 4>0

Vi AeD nény, =kx;+2
Vi BeD nény,;=kx; +2.
X, +X, ==2k

Ta c6: )
X, =4

0ﬁuwwNLonoﬁww?wsmv.&?N zmvuo

Vayk= -242 .

Bai 17. Trén mit phiing toa d6 cho dudng thing (d) ¢6 phudng trinh:

2kx +(k—~1)y =2 (k 1a tham s&)
1. V6i gid tri ndo ctia k thi dudng thing (d) song song vdi dudng thing
y =x+/3 7 Khi d6 hiy tinh gbc tao bdi (d) vdi tia Ox.
2. Tim k d€ khodng c4ch tir gdc toa d d&€n dudng thing (d) 1a 16n nhat.

(Trich dé thi vao ldp 10 THPT Ha Noi Chu van An va Ha Néi
Amsterdam ndm hoc 2004 — 2005)

Ma >wn,\? LLM +(y,-y,) = /\? ;NVN +(kx, —kx,)’
= ,\?: |xNv~ f + wwv = ,\wa +xNv~ i.f:xL? +xmv
- /\T‘wx% -16)(1+1) =2,f(k? - 4)(1+%?)

Theo dé bai, ta ¢6: AB = 12
k*—4)(1+k7) =12 (K LxIwMTuo

2J2 (loai)
22

il

ﬁcm ;mxﬁavno@w“;mno@v M

it

144

Hudng dan giai
1. V@i k = 1 thi phuong trinh dudng thing (d) 1a: x = 1, (d) khong song
song vdi dudng thing y = x+/3 .

-2k 2
X +

k-1 k-1
Diéu kién cin va dd d€ (d) song song v6i dudng thing y =x+/3 1a:

mﬂmu,\wnku,\wﬁ)\wv

V6i k #1 thi phuong trinh dudng thing (d) ¢6 dang: y =

(*)

Khi d6 géc nhon o tao bdi (d) vé6i tia Ox ¢6 tana = 3 = o = 60"

2.V8ik=1. Khodng cdch tit O dén (d) 1a 1.

Vi k = 0. Phuong trinh dudng thing (d) ¢6 dang y = — 2

Khodng cdch tir O dé€n (d) 1a 2.

V3i k=0 va k=1.Goi A, B lan lugt 1a giao di€ém clia (d) vdi Ox, Oy
1 1

Hsmv\%uo<woh%v“x>nmuo>uwx

Thay x =0 vao (*):y, NWIWMHVOwH”wwl;

R& rang (d) khong di qua g6c toa do vdimoi k=0 va k=1,
1 1 1

7T R
OIO>Ow

Trong tam gidc vudng AOB, ta c6:

2

= OH = =
S5k -2k +1
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- X =kx+2-k e x> —kx—2+k=0 (1)

DPhian 1. SG HOC

(1) c6 A=k —4(k—-2)=(k+2)" +4>Vk nén (1) ludn c6 hai nghi¢m
phéan biét xc, Xp.

. — . ix,+x, =k
b) Theo dinh li Vi-et, ta c6:

— 1.
XX, =k-2

Khik =2, thi x, +X, =2 hay X¢ +X, =2x, A. KIEN THUC VA Ki NANG CAN NAM VONG

Vi ye+yp =x2+x3 = (%, +x,) —2xx, =k’ —2(k-2) =4 =2y, 1. Phép chia hét n

Cho a, b 13 hai 56 nguyén (b#0). Ta néi a chia hét cho b va ki hiéu la
a‘b, n€u tdn tai m6t sO nguyén g sao choa =b.q.

Khi a chia hét cho b, ta néi b 12 wdc clia a hay b chia h&€t cho a va ki hiéu
b/a . Ngoai ra ta c6 thé néi a 1a bdi cla b.

Tinh chat:

-N&u atb va'bic thi aic

Vay A la trung diém cta CD.

£ R R

-N&u a‘m va bim,thi(a+b)im

-Né&u aim va bin thi.abimn

2. Phép chia cé du

Cho a, b 12 hai s6 nguyén (b # 0). N&u a khong chia h&t cho b thi ludn ¢ cdc
caip s6 nguyén (q ; 1) v6i (0 < <|b]) sao choa =bq+r, r dugc goi 1a s0 du.
3. bong du thic

Cho a, b 12 cdc s6 nguyén va m la s nguyén duong. Ta ndi, a dong du
v6i b theo mddun m va ki hiéu 12 a =b (mod m) n€u a va b ¢6 cling s§ du
khi chia cho m.

Tinh chat:

-a=a(modm), VYa

a=b(mod m)thi b=a(mod m)

a=b(mod m), b=c(mod m) thi a=c(mod m)

a=b(modm)thi a+c=b+c(modm), VceZ

[l

a = b (mod m) thi ac = bc{mod m)
-ac=bc(modm) va (c,m)=1thi a=b(mod m)
- a=b(mod m) thi a* =b*(mod m), Vk =1
{(a+b)" =b"(mod a) (a>0)

1
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Do d6 4n® +12n+9:11=> (2n+3)’i11=>2n+3i11
Vi ﬁzw +w:+wvqu=+w% +11 khong chia hét cho 121 (v6 1)

Vay n® +3n+5 khong chia hét cho 121.

Bai 7. Ching minh riing 177 +2° + . +2002*" 11

“De

Hudng dan giai

Ta c6: a'' =a(mod 11) = a*™ =a(mod 11)

i

Suy ra: T2 402002 4 950222 =142 4 +2002
=1001.2003 =0 (mod 11) (dpcm)

004"

Bdi 8. Chitng minh ring 1924 11920 chia hétcho 124, ne N’

Huéng din gidi
Ta c6: 124 =431

004"

Dat P = 1924™ +1920

Vi 1924 =2 (mod 31) nén P= 22" _2 (mod 31) (1)

Do 2° =32 =1(mod 31) nén ta cin tim s0 dir ctia 2003’ khi chia cho 5.
That viy, ta c6: 2004"i4 = 2004" = 4k (k e N") = 2003*"" = 2003**
Vi 2003 =3(mod 5) nén 2003** =3* =81* =1(mod 5)

Vay 2003*" =1 (mod 5)

Suy ra: 2003*"*" =5m+1(meN")

Do d6: 22" =21 =2,(2°)" = 2(mod 31)

K&t hgp v6i (1), suy ra P =0 (mod 31).
Dé dang ching minh duge P chia hét cho 4.

Vay 192429 11920 chia hét cho 124.

B@i 9. Chitng minh riing, s6 ty nhién

>H_.M.w.:wccw.woouwé+M+M+.:+ w + ~

2 3 2003 2004

(Trich dé thi vao 1ép 10 THPT Chuyén Todn — Tin Ha Noi Chu van An va
Ha Ngi Amsterdam ndm hoc 2004 — 2005)

w chia hét cho 2005.

152

Huéng din giai

. 1 1 1 1 1
Taco: A={1+ | — |
2004 2 2003 2003 2004

nmoomm _ + ! +ot ! uuNoowW
2004 2.2003 1002.1003
Vi A =KB(vdi B =1.2.3.2004) ma KB Ia s& nguyén nén A chia hét

cho 2005.

Bai 10. V3i a, b 1a cdc s8 nguyén dudng sao cho a + 1 va b + 2007 chia hét
~""cho 6. Chitng minh riing: 4" +a+b chia h&t cho 6.

(Trich dé thi vao lép 10 THPT Chuyén PHKHTN, PHOG Ha Néi
ndm hoc 2007 - 2008)

Huéng din giai
Tac6: 4' +a+b=(4"+2)+(a+1)+(b+2007)-2010
442 =4 =1)+3=(4-1)+(4"" + . +4+1)+333

Mait khdc: 4° +2 13 s8 chdn, suy ra 4 +2:6

4" +a+b 12 t6ng cda cdc s6 hang déu chia hét cho 6 (dpem).
Bai 11. Cho p>5 1a s6 nguyén td sao cho 2p + | cling 13 s6 nguyén (6.
| P guy p g guy

Chtng minh ring p + 1 chia hét cho 6 va 2p® + 1 khong phai 1a s
nguyén 4.

(Trich dé thi vao I6p 10 Chuyén Todn - Tin, PINK, PHOG TP. HCM
ndm hoc 2005 — 2006)

Huéng dan giai
Vi p25, pla s nguyén 6 nénp 1é va khong chia hét cho 3
-plé = p+1chin=(p+1)i2
- p khéng chia hét cho 3 nén p chia hét cho 3 du 1 hoic 2.
Néu p chia hét cho 3 du 1 thi (2p+1)i3, ma 2p + 1 > 3 nén 2p + |

khong phdi 1a s6 nguyén t8 (trdi vdi dé bai). Do d6 p chia hét cho 3 du
2, nghia 12 (p+1):3.

Suy ra (p+1)i6

Pitp+ 1=6a (ac?Z), ta cé: NUN+_HNA@mt~vN+~nqmmmlwam+w
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Bai 17. Chitng minh riing n” +n+2 khdng chia hé&t cho 3.

(Trich dé thi vao 16p 10 THPT Chuyén, DH Vinh ndm hoc 2006 — 2007)

Huéng dan giai
bat :wa+_‘?mw\:nmﬁowrw$
Tacé:r=0thi n®> +n+2=9k*+3k+2 chia 3 du?2
r=1thi n* +n+2=9k’ +9k +4 chia 3du |
r=2thi n” +n+2=9k’+15k +8 chia 3 du 2.

400

=Y [(k+2)1-k!]=(31+ 41 +...+ 4021) — (1 +2! -+ ..+ 4001)
k=1

= (401! + 4021) - (11 +21) = (4011.4031) - 2005 + 2002
Vi 2005 = 5.401 nén 401!:2005
Vay s6 du clia phép chia Sag cho 2005 14 2002.

Bai 18. Tim s& nhd nhat trong cdc s0 nguyén dudng 13 boi ciia 2007 va ¢6

bdn chif s6 cudi ciing 13 2008.

(Trich dé thi vao ldp 10 THPT Chuyén Ha Néi Chu vin An va Ha Noi
Amsterdam ndm hoc 2007 — 2008)

Bai 20. Cho x, y, z 1a cdc sO nguyén théa min phuong trinh: x> + y2 = 72,

a) Chitng minh riing trong hai s8 x, y ¢6 it nhdt mot s6 chia hét cho 3.
b) Chitrng minh riing tich xy chia hét cho 12,

(Trich dé thi vao I6p 10 Chuyén Todn - Tin, PTNK, DHQOG TP. HCM
ndm hoc 2002 ~ 2003)

Huéng din giai
Goi s6 phdi tim 12 10000A + 2008 (v6i AeN).

Ta c6: (10000A +2008):2007 <> 1972A +1:2007
< 1972A+1=2007k, ke N’
2007k —1 35k ~1
= =k+
1972 1972
Vi AeN nén35k~1=1972m, véi me N’

=1972m +1:35=12m +1:35

= A

=>m =32 12 s nhd nh4t théa min. Suy ra A = 1835
Vi s6 cidn tim 12 nhd nhdt khi A nhd nhat, nén m 1a nhd nhit.

Viy s8 nhd nhat can tim 14 18352008.

B

a

19. Vi n 1a s8 nguyén duong, dat S, = ME?N +3k+ & , trong d6
k=1 .

k!=1.2.kvd D a, =a +a,+..+a,. Tim s6 du khi chia S cho 2005,
" k=l

(Trich dé thi vao 6p 10 THPT Néng khiéu Trdn Phii, Hai Phong ndm hoc

2002 - 2003)

Huéng dan giai
Nhén xét riing:
-VéiaeZ thi a’ =0(mod 3) hodc a’ =1 (mod 3)
- a> =0(mod 4) hoic a’ =1 (mod 4)
a) N&u c4 hai s6 x, y d&u khdng chia hét cho 3 thi x*, y? cho s6 du 12 1,
suy ra z> = x% + V\N chia cho 3 ¢6 s& du z (v6 1f).
Viy trong hai s6 x, y ¢6 it nhdt mot s& chia hét cho 3. ~7

b) Ta xét cdc trudng hgp sau:

/\,

“b

- X, y cing 1&: ta ¢6 x’=l(mod 4), 'y =1(mod 4), suy ra
7' =x* +y? =2 (mod 4) (v6 1) ,

- X, y cling chin: thi xy =1(mod 4), ma theo a) thi xy =0 (mod 3), suy
ra xy =0 (mod 2)

- X, y khéc tinh chdn 1é: khong m4t tinh tdng qudt, ta gid sit x chin, y
1é, do dé z 18.

Dity=2p+1,2=2q+1(p,qeZ).
Tacs: x* =2"—y* =(2q+1)° ~(2p+1)’ =[4q(q+1)-4p(p+1)]:8

Do d6: x chia hét cho 4. Theo a) thi xy chia hét cho 3 nén Xy cling chia
hét cho 12.

Huéng dan giai
400 400

Ta c6: Sy = 3 k(K +3k +1) = > K (k+1)(k +2)~1]
k=] k=]

156

{ Bai 21. 1. Chitng minh riing s6 n=18%

204 PR TY A . . ~ N
¢6 tinh chat 1a tOn tai hai s6 nguyén
duong p va q thda mén diéu kién:
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> B. BAI TAP

Bai 1. Tim nghiém nguyén cla phuong trinh: x+xy+y=9

Huéng din gidi
x+5\+<n©ﬂv?+:Q4+C.n5 *)
Tir (*), suy ra Axllv\_w ude s8 cia 10 hay x+1e{tl;£2;+5;+10}
Do d6 nghiém ctia phuong trinh la:
(1:4);(451)5(-3:-6); (=65 -3)3(0;9);(9:0);(=2; -11); (115 -2)

Dé thdy v€ trdi cdia (1) 1a mdt s& chinh phuong 1é nén chia cho § du 1
V& phai cda (1) c6: 8y*:8
2z° chia hé&t cho 8 néu z chéin, chia hét cho 8 du 2 néu z 1&.

Viay v& phdi clia (1) chia hé t cho 8 du 5 hodic du 7. Do dé phudng trinh
(1) khong c6 nghi€ém nguyén nén phuong trinh di cho khéng co6
nghi€ém nguyén.

Bdi 4. Tim nghiém nguyén duong cta phuong trinh: 5x+7y =112 .

Bdi 2. Tim nghiém nguyén ciia phuong tiinh: x* —4xy +5y* =169

Huéng dan gid
~4xy +5y> =169 < (x-2y)’ +y* =169

Vi 169 = 0% + 13% = 5% + 12? nén x4y ra 4 trudng hgp sau:

R Cl(x-2y)’' =0 [x-2y=0 _[x=%26
- Trudng hgp 1: < =
y? =13? y==*13 y =213

Teudne hon 2 (x-2y)' =13 _ [x-2y=#I3 _ [x=213
- irudng nop £ %Nno y=0 y=0

-2y) = X -2y =15
- Truding hdp 3: (x-2) == y

%NHHNN y=%12
~2y) =127 _2y=+12  [x=+22
- Truong hgp 3: :x y) <> Xmey <

Vay phuong trinh ¢6 8 nghi€ém nguyén (x ; y) la:

(26:13);(=26;-13);(13;0); (- Suovlwolwv,llmow;Sv“

(22:5);(-~22;-5).

Huéng dan gia

2(1~y) .
=M

Dé€ x 1a s6 nguyén thi 2(1-y)i5, ma (2;5)=1nén 1-y:5.

Sx+Ty=112=>x =22 -y +——>%

Do dé y tdn cling bdi 1 hodc 6 (2)

Vix,y la s0 nguyén dudng nén 5x > 0, suy ra
0<7y<112 =20<y<16 (3)

T (2) va (3),suyra:y=1,y =6, hoacy = 16.
Thay gid triy vao (1), ta dudgc: x =21, x = 14 hodicx =7

Vay phuong trinh c6 3 nghiém nguyén dudng (x ; y) 1a: (21; 1) ;(14;6) ;
(7; 1.

BaGi 5. Tim nghiém nguyén duong clia phuong trinh: W+M H.Hw.
L

Bdi 3. Ching minh riing phuong trinh: 4x* +4x =8y’ -2z’ +4 khong
nghiém nguyén.

Huéng din gid
4> +4x =8y’ -27° +4
< 4x® +4x+1=8y’ =227 +5
& (2x+1) =8y’ -27°+5 (1)

160

0.

Huéng din gidi

Do vai-tro cha x va y ﬁazm phuong irinh dd cho 14 nhu nhau, nén gia
s x2y. -

Vix>0=— ! A~U<vw (hH

y 2
Mait khéc xwu\vonvwmwuvwivm.mmjrwﬁwA 2 %AA (2)
X'y xy yy 2y
T (1) <w,§, suyra: 2<y<4
Viyy=3holicy=4
Thay gid tri y vao phudng trinh da cho, ta m:ao,“ x=6hodcx=4
Viy phuong trinh ¢6 2 nghiém nguyén dudng (x ; y) 1a: (6:3);(4;4).
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Bai 11. Tim nghiém nguyén x, y clia phuong trinh: x* —xy =6x — 5y —8 y=1
. Vix=2,x=0tr(Qtacd: 2y’ —y-1=0< —
(Trich dé thi vao 16p 10 THPT Chuyén, TP.HCM néim hoc 2007 — 2008) ) oy y= .m_, (loai vi y nguyén)

Hubdng dan giai . )
Vay cdc s6 nguyén (x ; y) thda min dang thirc d& cho 1a: (2; 1) va (0 ; 1).

x> —Xy =6Xx -5y ~8

Bdi 13. i 2 -3y? —2X — 4=0 (1
o x—6x+8=y(x=5) () 3. Cho phudng trinh x* ~3y* +2xy -2x—10y+4=0 (1)

x? —6%x +8 1) Tim nghiém (x ; y) cta phudng trinh (1) thda min x* +y* =10.
&y =—————— (vi x =5 khOng phdi 1a nghiém cia (1)) . o, .
(x-5) 2) Tim nghiém nguyén clia phuong trinh (1).
evmx_l4 3 (Trich dé thi vao 16p 10 THPT Chuyén Ha Noi Chu van An va Ha N§i
Y= x-5 Amsterdam ndm hoc 2007 — 2008)

Vix, ynguyénnén x—5e{-1;1;3;-3}hay xe{4;6;8;2} Huéng din gidi
-Khi x =-2 thiy =0 (thda)

- Khi x =4 thi y = 0 (thda)

1) Tacéd: x* +y* =10=>x? =10y’ thay vao phudng trinh (1), ta dudgc:
2y* +(5-x)y+(x=7)=0 (2)

-Khi x=6 thiy =8 (thda . ) -
nx H (thoa) Gidi phudng trinh (2) theo an y, ta duge: y=1;y = x—7
- Khi x = 8 thi y = 8 (thda) 2
Viay cdc nghiém nguyén (x ; y) clia phudng trinh da cho 1a: (2;0) ; -V6iy=1=x"=10-y’* =9 x =13
4,0);(6;8)va(8;8) ) -
4:9:0:8 : Voi y =221 o 5x? _1ax49=0e x=1 x=2
Bdi 12. Tim cdc sO nguyén x, y thda min dang thirc: 2 5
2y X+ x+y+1=x2+2y° +xy U%n!w,v\u%
(Trich dé thi vao 16p 10 THPT Chuyén PHKHTN, DHQG Ha Néi ndam ]
hoc 2003 — 2004) Véy phuong trinh da cho ¢6 b6n nghiém (x ; y ) la:

Huéng dan gidi Aulvélwwcuﬁuwuv%wwLJ

55

2) (1) = (x+3y+1)(x-y-3)=-7

2y°x+x+y+1=x>+2y° +xy

<2y (x-1)=x(x=1)-y(x~1)+1=0 (1)

Nhén xét ring x = 1 khdng phéi 1a nghiém cdia (1), chia hai v& cta (1) Do x,y €7 nén xdy ra cic trudng hgp sau:
) 1

chox — 1, ta dugc: 2y’ —x—y+——=0 2) - Trudng hop 1: x+3y+l=1 _ Jx=-3
x~1 . X—y=3=-7 y=1
Phuong trinh ¢6 nghiém x, y nguyén, suy ra L nguyén nén ta c6: X+3y+1=-1 x =7
x—1 - Trudng hop 2: <
X =2 x-y=-3=7 y=-3

xlﬁmﬁwiiﬂv X+3y+1=7 x=3

=
X~y-3=-1 y=1

x=0

- Trudng hdp 3:




L9

WP ¢1 upy 31 SuQyy epyd [ Sugq Yupf ugq 92 uQn
Yuiy 1Qw 18 uQl qurw Supyd [ upy 9ys yord SUROLR 09 WP 7 2Onp wWh
Sunyo s Juon £ 18q WP ¢ 11 OYd O'S WIP GT OYd Supyd 19w URLL "y 1Dg

‘neyu 191q uonb ngp op woyu uon

3 ionSu 4 Suon woyu JOW 1Y 11 00 ABA

1ondu tey 1 1gq BUW (§ °¢ ‘T 1)

(1 QA “1QN3U L9 > 99 = $€ ~ 001
1gyu nryu uanb Yo x Juon 1ndu row 1Y) ‘neyu usnb ogu NSy 1eY 03
Suouy X Suon ngu 1) neyu uanb ¢ 1en3u eA ¢ 1Pn3u dBo 1eyu I 9o 1eYd X
op §uoi}, 'z 1pndu va 1 1Qndu eno Junyo :omw on8u opo dpy dey vy ¥ 100

i

4

NBU (QOT — L9 + L9 =) HE ¥I18YU I T 13U gA | 1Qn3u BOo Funyd
uonb 1ndu 9s up ‘neyu udnb g 1pndu ga 1 10n3u 1Ry 00 ngu Apyl Qg

1e18 uep Sugny

B

‘neyu 191q uanb ngp woyu Suoxn 1En3u 7 By 1gq guw 1ondu § woyu
10w oHpnp wi 9y 99 Fugr yunw Junyd 1en3u /9 1eyu 11 191q udnb ngp 1ondu

S

tow gs pIoy “Ap weyy 1gnSu o1 92 20y Boyy opy 19y 29no 10w Suol] '¢ g

"0y Bp wgip 9pd
Zuon wIp ¢ 1BYU I BAYD $ Tugq YU upq 95 uQn JuQnp 1QW 181 uQl ABA
"p Surq quny

4
75
12030 uQay SuQnp BRO Yup| UBq 90 U HI) WP § = [ + ¢ BOYD oyu 3ugna
Uiy 1QW 1PYU 1L 03 11 I9[YOLI OB upAn3u 0o UPU | + 9 = 1§ (A

ugq 95 uQy Junp vy wigu Agu uQn upng -

g[ Suona yuyy dgn

TS e 3ugna quiy 1ow BNo 0942 JuQAp op 1Y "(PAD)
Jupq yued 0o neyu 3ugq oyu SUQnA Yyuy 91 yueyl eI uQna yuiy vIyd vy,
G sug 24 04 quig g1 g

)

_m_w. ugp Suony N

"0yd Bp WIPIP 0pd Fuox WP 9
1BYU L ey $ SULq yupy ugq 0o uQen Sugap 1w 181 ugy ugt yuiw Supyd
wRIp 8 99 vA (PAP) (7 Sugq yuko 0o Jugna yuiy 1w Fuon ugg ‘g 10g

991

97"999"'999 ‘99 ‘g :JUEP 95 HOOT 19X
te13 uep Sugny

; 00T oYd 1Ry
mEom>ommbnu:mBE@wc@EcE\@foEmﬁ a@wcmh:EEwE\EU.—_g

dVl 1vg '8 <

“Bunyo ugyd 99 op yuIY 9p 28O 9s oK IBY JPYU 1 00 [y [ upy

UpL 4on uIp SuQl 92 YuIY OS IQW IEP ‘[ Yon uIp yuiy 10w Fuon ngN e
‘neyqu 3ugq 9s [ + U

1equ 31 09 op 1y ugyd ) wed doy dg11our oony) DAY S [ + WY ogD e
*Anb Fugp
Jugy 3uenp [ + uagyu It 95 op Wy "op Sury SuQap opd Suon Ww

184Ul 00Nyl N9p WYIP 19w OYo 0S WIIP N gA BUBYl SuQnp [ + wy oyd e
‘(LN 2 u) uoyoigy eiyo Sunyd

B0 NJIY Bur OS ey I 2Onp uoyd Fund QI3 ovq ‘uQmyu i3 9s [ + u FuoIry e

:3unp dp 95 10N -

"I UOS [+ Y 1BYU L 1QYU FUQ[ 18I IQUI 0D 25 1BYU I 1

(u>d>@)d+ yu=uipa ‘BUQ[ IBO U OBA QU] UOD W 1QyU nQN 1pnb dugy,

"OU) Ty 1YU )L BAYD FUQT 1D 10U 0O URYD
opyd 1 (3upnp uPAn3u Os B] U) BuQ| IPO U OBA QU) UOD [ + U JQYU NN

‘nes ayu ngiq 1pyd 20np 19[yoLI 081 ugAnsN -

'ONOA WYN NYD BNYN I YA 90HL NI Y

N~
£00T 042194 PO 5799 = O~ d ugu [=(,01°€00T) 190 B OBy 1EW
11:
£00T 0U2 194 BIYO ,01'979G =0~ d 92 BL

u
Ny

—
A<UIPA 97799 =0 BA 999 = 1¥[ OP 08 Tey 1S TID "¢00T OYd
RIYD 1YY BIYO NP 08 Fund 0O 0S 1Ry 181 UQY 1 I_[YOUI O uAnSu oayy,

(€=t () (e-0) (i g-)
2] oyo p yuin Supnyd end (A ¢ x) ugdnSu wdrgBu opd KA
g-=4

<>
=X

[=¢—A-X

1 doy Sugnu g, -
L—=1+Ag+X




e

Huéng din giai
Xét di€m A trong hinh ;s&s (C)) ¢6 tAm A va bédn kinh bing 1.
N&u 14t cd 24 di€ém con lai déu niim trong (C)) thi ta ¢6 diéu phai
chiéng minh. ‘
Xét trudng hgp diém B ndim ngoai dudng tron (C)).
Ta ¢6 AB > 1 xét hinh tron (Cz) tdim B va ban kinh biing 1.
Gia st C 1a mot diém bat kv khdc A va B. Ta cin chitng minh C thudc
mot trong hai hinh tron (C,) hodc (Cy).
That vy, gid st diéu ngude lai diém C khong thudc (C)) va (Cy). Do d6
AC>1va
BC > 1, ma AB > 1 suy ra c¢é ba 9%8 A, B, C trong d6 khéng c6 bat
k¥ 2 di€m niao c6 khodng cdch gifta ching nhd hon 1 (v6 1i). Do d6 C
thudc vao (Cy) hodc C thudce vao (Cp). Vay c6 cd 25 diém thudc vao
(C)) va (Cy).
Theo nguyén li Dirichlet thi phi ¢6 it nhit mdt hinh trdn chifa khong it
hon 13 diém.

Tacé: DG = CJ = 2(AG + BJ)
Hay (a — AG) + (a — B]) = 2AG + 2BJ

Suy ra: AG=BIJ H.mm hay EM =2

3 3
Do d6 M 1a diém c8 dinh. Lay N trén EF, cdc di€m c& dinh P, Q wén HK
sao cho N
EM =MN =NF=HP = PQ = QK = w

Tuong ty nhu trén, ta thdy cdc dudng thing thda min diéu kién cta dé
bai la phdi di qua m6t trong bdn di€m ¢6 dinh M, N, P, Q.

Theo nguyén li Dirichlet tir 2005 dudng thing théa min diéu kién cda dé
bai c6 it nhdt 502 = ﬁmocm

4
trén, tifc 12 502 dudng thdng d6 dong quy.

H—+_ dudng thing di qua mot trong bon diém

B&i 5. Cho hinh vudéng ABCD va 2005 dudng thing dong thoi théa min hai

diéu kién:
1. M&i dudng thing déu cdt hai canh ddi clia hinh vudng.
2. Mdi dudng thing déu chia hinh vudng thinh hai phan ¢6 ti s6 dién tich

Ja 0,5. Chitng minh riing trong 2005 dudng thing dé c6 it nhit 502
dudng ddng quy.

(Trich dé thi vao lop 10 THPT Chuyén Todn — Tin Ha Néi Chu védn An va
Ha Néi Amsterdam ndm hoc 2005 - 2006)

Bdi 6. Cho mdt ludi vudng kich thudc 5 x 5. Ngudi ta dién vho mdi 6 clia
lu6i mot trong cdcs6 —1;0; 1. Xét &:m clia cdc s8 dugc tinh theo tirng
cOt, theo titng hang va theo tirng dudng chéo. Chitng minh riing trong tat
cd cdc tdng d6 ludn tdn tai hai tdng 6 gid tri bing nhau.

(Trich dé thi vao Iop 10 THPT Chuyén Ha Noi Chu vin An va Ha Noi

Amsterdam ndm hoc 2007 — 2008)

Huéng dan giai
PatAB = AD =a.

A E B
Goi EF va HK 14 hai truc ddi xdng

ctia hinh vudng ABCD (EF // AD, M —] I
HK //AB) GL—7 | Q

Gid si mot doan thing cdt cic H K
doan AD, BC, EF lan lugt tai G, J, N

M sao cho

Scrcs = 2Sanic. b F C

168

Huéng din gidi
R& rang c6 tdt cd tdng (5 c6t, 5 hang, 2 dudng chéo).

Do chon di€én vao 6 cdc s6 ~1;0; 1 nén gid tri mdi tdng S 1 s nguyén
thda man ~5<S8<5.

Vay S ¢6 thé nhan 11 gid tri.

Theo nguyén i Dirichlet tén tai hai tdng ¢6 gi4 tri bing nhau.

Bdi 7. Ching minh riing ludn tdn tai mét s ¢ dang 20022002..2002, ma s8
chia hét cho 2003.

(Trich dé thi vao l6p 10 THPT ,ﬁwsv\m: Todn — Tin, DH Vinh ndm hoc 2002
—2003)

Hudng dan gidi
Ta xét 2004 56 dang: a, = 20022002..2002, gém n s 2002 viét lién ti€p
bén nhau, v8i 1<n <2004 .

169




[L1

0Ll

te1d uep Supny

OPECH

un uQn
yuyy eq epo Sunyd ugyd Suon wgu ) ‘g ‘v wIp vq ugu OJININ Sugna

(£00T ~ 900T 20y wipu wop12isuy 19N P
pA Uy UpA nYD ION PH ul] — upo] ugdny) [JHI OI dp] opa 1y 2p youi)

> | A —

M| > 0

{90077 T} = v
1 neyu opyy 08 007 Juon Sugr quiw Supy) -6 10g

upwt  evoyl A ‘X 08

i oo

z ¥

ey Jgqu

doy doym Az £ A

quiy eoyd n9p ¢ YUy UBY Sund 09 BA D ‘g 'V WE) 00 UQM quIY vy AFA ~

. "OdNIN 3ugna yuyy oq ugor nyd gA yupy

upq ‘D wel uQn JuQnp A 7N YUPY UBQ ‘g WEl uQn yuiy dpd ‘M Supng,
"OdNIA Sugna

quiy ¢q ugol pud A qupy upq 'y Wy uen yuiy 9p od IV LW =g
W OANIA 3UQnA YuIy 50y J WIp [OUl IpA BA N = NIN 99 B1 0P 143
‘OdNI ia upp

909 'V Wolp »q ¢] 9p s vIn
“IA upp Zugna yury 10w vno qued upx 2oy Juol

WU WIIp € 1BYU 1] 12 UQY 1) 19[YdUI( §[ ugAnSu 081 UYU 791 < €€ IA

Fugna yuiy e0d yuid ugn wru dgoy Juon

"I Sugq 1gp Op 09 TA 0o Bp FuQnA Yuiy qued 8o 19A Fuos
guos queo 0pd 9o ia upp Fugna quiy 91 yueyl oyd gp Fugna yuwy viyd

1e13 uep Sugnyy

(6002 — 00T 20Y wpu
uy QYSN ‘mpyD 10g uvyd upol ugsnyd [4HI 01 dep ova w1 ap you])

£OTS (A {OP WP BQ [ yuIyo Suno wgl 95 uQn

"6=K-x p L °x

123 UQl Op Op ‘neyu IULY D) BA ¥ BN ugyd 10y 90 2%oy ¢ doy Jupniy -

"g=AK-x gp A X
181 uQ1 Op Op ‘neyu Fugy D vA g epd M upyd tey 93 agoy iz doy m:rE.F -
9=A-x gp L °x
:; uQ1 Op op :E: supq g vA v o moupyd tey 9o okoy ] doy Fugna], -
nes doy
3uQniy 0pd 95 UPU neyu Sy 19w 1op M upyd dpd dpy dir v D gV 1A
‘neyu 3uty
m upyd rey 93 W IB[UILIQ P URANTU 0IYL "STOT = 6 + 90T Bnb 1OnA
Fuouyy m ueyd row ‘pmy upyd 001z w3 D g ‘v doy diy vg vnd doy 0o v

. m@&- ::wﬁf.?&»* ip ¢@+ :\JNH 9

pee-es Ty ,_& =y :nes dpy dg owo 19y

M©+:::u. ©+ ip c+ 1w q ,”:c

Uole >> e > e gl 1gq 9P UBW vyl Supnp ugAndu 9s 0L 1S LD

1213 ugp Sugny

yuty eg end Junyd ugyd dony) ngp Sunyd oyo ors oyd Bp wIp 5pd Fuon
wtp vq 3uouy ATY 03 LOH "OYD Bp WIP Opd ¥l WEl vA 7N Supq yury
ugq 00 op uQn JuQnp oBd 24 v1 1IPnIN Juey Sury) ovu wWIp vq 0o Bugyy
Op Suon ‘¢ ugq yuwo 1ep Op 9o Jugna yuy uon weu wp ¢¢ oy ‘gf 10g

(£00Z — 900 290y
wpu 19N OH ‘JSHA ‘Ul — upo] ugknyy [dHIL O 9] opa 1yi ap youig)

.Ao gt mw =9 doydgrsonys £ — x oyo oes £ “x my upyd 1ey
opnp er wy uonp ¥ doy dgy Suon Bugs yuiw Funyd ‘9007 upy up] Juoyy
08 tow ‘neyu opyy Jupnp ugdndu 9s oL wes doy dg) 1w g X 0yD "¢ 10g

(wodp) Mvvv\M\w::mll\wx.m >0 90

v op gy A Cx gl op os tey 100 "doy doggw Funs 29nyr 9s ey 1pyu
LR U0 1) IBydLI 1 ugAnBu oy 'ugn A1 9OOz dONY 08 L00T 1)

03 g {900z} (9002 tsooz) s (b e (et 2] (2

9007 > Xfc S | {09002 €

1] doy dir 9007 19X

) V22X 10WIpA zw Vv 19X

“(wadp) £00T
oUd 1Y BIY> ' e ugu uu neyu 3und 91 uzAndu 9s Bl €007 BA +01 BN

1~ " — .
e 0 =" - e go e

POOTS AS !
0y2 19y BIYD 'e — e NIy gw v e 08 [y 18] U 19 [ydLI( 1

ST 10A€00T
ugAngdu 0ayj




Vi s6 ngudi quen trong ddi béng 13 hitu han nén c6 thé tim dudc mot clu
thi A ¢6 s& ngudi quen nhiéu nhat.

Gid st A quen By, Bs, ..., By va B; quen n; ngudi.

Theo dé, thi hai cdu thii ¢ cling s6 lugng ngudi quen thi khéng c6 ngudi
guen chung nén ny, ny, ..., ng d6i mdt khdc nhau.

A. KIEN THUC VA Ki NANG CAN NAM VONG

Nguyén tic cuc han 1a nguyén tic st dung phén t 16n nhat hay nhd nhét
cfia mot tap hop clia cdc 3 thyc d€ gidi todn.

Céc s6 1y, Ny, ..., N d6i mot khéc nhau va chi nhdn gid ti trong khoédng tir
1 d&€n k nén tdn tai n; = 1. Do d6 trong ddi béng ¢6 cdu thi chi quen ding
mdt ngudi.

Mbét s8 dp dung: Bdi 3. Cho dudng tron (O) ¢6 ban kinh biing 1. Gid st A, Ay, ..., Agla 8 diém

bat ki nim trong hinh tron (k€ c4 trén bién). Chitng minh riing trong cdc

n s6 ¢6 téng bing S, thi ludn tdn tai mot s8 18n hon hodc bing e R T - \ ) & ;i ,
di€m di cho ludn ton tai hai di€m ma khodng cdch giffa chiing nho hon 1.

- Néu
S ;o S
n

v mot s6 nhé hon hodc bang —.
n

Huéng din giai
- C6 n doan thing trén mit phing, khi d6 luén tdn tai mot doan 6 4o dai

Nhan xét ring ludn tdn tai 7 diém khéng triing tim, c6 thé gid sit 7 diém
16n nhéat va mot doan ¢6 d6 dai nhd nhat.

dé la Ay, A, .., Aq.

N g R T . N P A 2 . . g R
N6i di€m O v3i cdc difm trén, ta thay ludn ton tai hai diém A, A;sao cho

0
AOA < w@,\o

. > B. BAI TAP

Bdi 1. Ching minh riing 4 hinh trdn dudng kinh 1a 4 canh clia mot tf gidc thi
phii kin mién uf gidc ABCD.

<60’ (1<1,j<7,i#j)

a0

. Xét tam gidc AjOA; c6 A,0A, <60° = A,A, nhd hon gid tri 16n nhdt ciia
‘. Huéng dan giai : :

o . AOva AOnén AA, <1.
Goi M 1a mot di€m bat ki bén trong tf gidc ABCD. .

Ta ¢6: AMB+BMC + CMD+DMA =360° Vi géc 16n nhélt trong 4 géc
trén khéng nhd hon
90" nén khong mat
tinh tOng quét, gid s
g6c BMC 16n nhdt.

Hay BMC < 90"

Suy ra M ndm trong
dudng tron  dudng c
kinh BC. B . :

Bai 4. Trén mit phiing ké 1992 dudng thing sao cho khéng c6 ba duding nao
déng quy. Tam gidc tao bdi ba dudng thdng trong s§ cdc dudng thing da
cho goi 12 “tam gidc xanh” bdi né€u né Wrozm bi dudng thing nio trong s&
cdc dudng thing con lai cit.

a) Ching minh ring s6 tam gidc xanh khong it hon 664.
b) Chitng minh riing s tam gidc xanh khong it hon 1328.
Huéng dan gia

a) Liy dudng thing d ”
bat ki. »

Qi 2. Trong mot dodi béng dd mdi thanh 14p c6 it nhé't hai cdu thi quen
nhau. Biét ring néu hai cdu thii ¢6 cing mot s& lugng ngudi quen thi
khong ¢6 ngudi quen chung. Chitng minh riing trong ddi béng cb cdu thd
chi quen ddng mot ngudi.

Xét cac giao diém cia
cdc dudng thing khac d.
Tn tai mot giao diém c6
khodng cach d&€n d nhd
nhit, d6 chinh & dinh
ctia mot tam gidc xanh

Huéng din g
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Xét ddi A, theo nguyén tdc Dirichlet thi A, phéi ddu hodc khong dadu
v6i it nhat 3 d6i khdc. Khong m4t tinh tdng qudt, gid st A; ddu véi A,,
>w va >».

Né&u A,, As, A4 tiing cip chua ddu vdi nhau thi ta ¢ diéu phai chitng minh.
NEu A,, Az, Ag c6 hai ddi ddu v6i nhau, gid st A, va A thi 3 doi A, A,
As tirng cip di ddu vdi nhau.

Viy bat cf lic nao ciing c6 3 doi trong d6 titng cap da ddu véi nhau roi
hoic chua ddu véi nhau trin nao.

Bdi 4. Trén mit phing cho 6 di€m sao cho vdi ba diém bét ki trong chiing 1a
dinh ca mot tam gidc khong cin. Xét tdt cd cdc tam gidc c6 ba dinh 1a 3
diém trong 6 di€m nay. Ching minh ring tOn tai mét canh ma né 1a canh
bé nhat clia mot tam gidc ddng thdi lai 13 canh 16n nhat cla mot tam gidc
khdc trong s6 cdc tam gidc dang xét.

Huéng dan gia
Gi3 st 6 di€m trén mit phing 1a: Ay, Ay, ..., As.
V6i mbi tam gidc AiA;Ax ta t6 mau dd canh nhd nhat clia tam gidc.
Ta cin chitng minh t3n tai mdt tam gidc ¢6 cd 3 canh déu 1a mau dé. Khi
dé canh 16n nhét cia tam gidc théa man y&u cdu bai todn.

Trong nim doan A1Ay, AzAs, .., AjAs néu cé 3 doan mau dd. Orm:m han
A A, AA;, AjA4 Khi do6 két sam véi tam gidc AjA3A4 ¢6 canh mau do,
orm:m han AsA,, ta dugc tam gidc AjAzAx ¢4 3 canh mau do.

Né&u trong nim doan thdng trén khong c6 t6i 3 doan mau d6 suy ra c6 3
- doan chua dudc td mau, o:msm han A 1A, AxA;, AjAs

Khi d6 tam gidc AsA3A4 ¢6 ¢d 3 canh mau do.

Sau khi gidi ddu k&t thic, s6 vdn c¢¥ da thi ddu m:S 4 xy Ec x&p cudi
cing la 43 =6
1.2
Sau mdi vdn t8ng s di€m clia hai ky thi nhan dude 12 1. Goi S 1a tdng s&
&mE ciia 4 k¥ thi oc@m ciing 1a S, ta ¢6 S khong it hon 6. N€u $26,5 th
& diém cla k¥ thi x&p thit haild $26,5.

Do 8 ky thi dugc cdc s6 diém khadc nhau nén ky thd x&p thit nhit ¢ s
di€m khong it hon S+0,52 7.

Do ky thi x&p thit nhat ddu 7 trAn nén diéu nay x3y ra khi S + 0,5 = 7 hay
S=65va W% thii x&p thit nhi't thing cd 7 vdn. Suy ra k¥ thd x&p thtt hai
thing khong qué 6 vén va ¢ 6 diém (vo livi6 < S).

Vay S = 6. Khi d6 cdc k¥ thi x&p tif ndm dé&n tdm chi danh dugc diém khi
thi ddu vdi nhau, ngoai ra thua tdt ci cdc k¥ thé khdc. Do vay ky thi x€p

tht tr da thdng k¥ thi x&p thit nam trong tran ddi ddu tryc tiép.

Bdi 5. Trong mdt gidi c& vua ¢6 8 ky thii tham gia, thi ddu vong trdn mdt
s .2 N w 3 .2 NPV
lugt, thing duge 1 di€m, hoa duge — di€m, thua dugc O diém. Bi€t rang

2
sau khi tdt c& cdc trAn ddu k&t thic thi cd 8 ky thi nhin dudc s6 di€m
khdc nhau va k¥ thi ¢6 s6 di€m th@ hai dw:m tdng $6 di€m cda 4 k¥ thl
x€p cudi ciing. Héi vdn diu giita k¥ thit x&p thit tr va k¥ thi x€p thd nim
d4 két thiic va k&t qud nhu thé ndo?

(Trich dé thi vao lop 10 PTNK Ban AB, PHQG TPHCM nim hoc 2001 — 2002)

Bai 6. Trong mot gidi béng dd c6 N doi tham gia thi ddu theo thé thirc vong

tron mot lugt (hai ddi déu gdp nhau ding mot 14n) . Sau mbi trin ddu, doi
thing duoc 3 diém, ddi thua khong duge diém nao, con néu trin ddu c6
k€&t qua hoa thi m&i ddi ciing duge mot diém. Cdc ddi x€p hang dya theo
téng diém. Trong trudng hgp mot s& d6i c6 tdng di€m bing nhau thi cdc
ddi ndy dugc x€p hang theo cd¢ chi s6 phu. K&t thic gidi ngudi ta nhin
thay ring khong c6 tran ddu ndo k& t thiic v6i ti s& hda; cdc doi x€p thi
nhat, nhi, ba ¢6 t8ng diém 1dn lugt 1a 15, 12, 12 va it cd cdc doi x€p ti€p
theo ¢6 tdng di€ém ddi mot khdc nhau.

a) Chitng minh riing N2> 7.

b) Tim N va t8ng di€m clia mdi doi tham gia gidi.

(Trich dé thi vao ldp 10 PTNK Chuyén Todn — Tin, DPHQG TP.HCM
ndm hoc 2002 — 2003)

Huéng din gid

176

Hudng dan gia
a) Poi x&p thit nhd't duge 15 di€m nén dau it nhat vdi 5 dbi khac.
Dodo N25+1<>N26

NE&u N = 6 thi doi thit nhd't dat 15 diém nén ddi ndy Eazm ddi con lal,
do1 x&p thit nhi dat 12 di€m nén Em:m 4 doi trir doi thit nhat. D1 x&p thir
ba thua doi xép tht nhdt va nhi nén s6 diém t01 da 12 3.3 =9 (vO 19).

Vay N 27 (dpcm).

S t]M -\.Wﬂ .
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Vic6 81 chif s6 nén cdc chit s§ dd cho déu niim gifta hai chi s6 9 ndy.

& mdi khodng giita hai chit s6 9 lién ti€p c6 nhidu nhat 12 mot chit s3 8 vi
néu c6 tir hai chif s6 8 trd 1&n thi gid sit trén sai. Do d6 trén ddy nay ¢6
nhidu nhat 12 8 chit s6 (v6 1i). Vay diéu gid st trén 1a sai.

Viy khong thé x&p dudc cdc chit s& di cho thanh mdt day, sao cho vdi
moi k =1, 2,.., 9 ma trong mbi khodng gitta hai chif s6 k lién ti€p & trén,
ddy c6 ding k chif s6.

Bd&i 10. C6 bao nhiéu phin s& t5i gidn M 16n hon 1 (m, n 1a s6 nguyén
n

duong) théa man m.n = 13860.

(Trich dé thi vao Eﬁ 10 THPT Chuyén Todn — Tin DHKHTN, DPHQG
Ha Néi ndm hoc 2005 — 2006)

Huéng dan giai
Ta cé: 13860 = 2.2.3.3.5.7.11
Vim.n = 13680 nén m phdi 1 udc s6 clia 13680, titc 1a tich s6 cla mot s6
nhin ti trong 7 nhin tf trén, cdn n 12 tich s6 clia cdc nhdn ti con lai.
N&u m ¢6 chita nhin ti¥ 2 (hodc 3) thi n6 phdi chita 2% (hodc 3%) vi ngudc
- ~ E s s 3
lai thi — khoéng to1 gian.
. n
Do d6, néu ta ki hidu: a; =2% a;=3% a;=5,a,=7, as = 11 thi m la tich
clia mot s6 nhin tf trong cdc s8 a;, ag, as, a4, a5 cOn n 12 tich cdc nhin
con lai. Ta ¢ cédc trudng hgp sau:
- C6 6 phén 1 13 58 1, (mlu s6 14 13860) .
- C6 5 phin tif ¢6 1t 56 12 mot trong 5 G ay, ay, .., as (miu s6 1a tich clia
b6n nhin tf con lai).
- C6 10 phin s8 ¢6 tl s8 1 tich clia hai nhén tl trong nim s& a;, ay, ..., as
(miu s8 1a tich ¢lia ba nhin tf con lai).
- C6 10 phin s8 c6 tif s6 1a tich ciia ba nhin tif trong nim s& ay, a,, ..., as
(mAu s6 12 tich clia hai nhén tf con lai).
- C6 5 phin s6 ¢6 tif s 1a tich cla ba nhin t& trong nim s8 a,, ay, ..., as
(miu s 1a tich ca ba nhin t& con lai).
- C6 1 phn s8 ¢6 t s8 12 tich cia c& nim s6 trén (miu s6 1a 1)
A < S a A pd m 2 ~ ~
Véy ¢6 phin s6 t01 gian — thdéa mén m.n = 13860 la:
n
I+5+10+10+5+1=32

180

Céc phin s6 trén dugc chia thanh tirng cip nghich ddo cla nhau va khic
I nénphinsd l6nhonla 1la mwmtna.

T

a

i 11. K&t thidc giai doan 1 cda mét gidi béng dd EURO (nghia 12 sau khi

mdi doi déu di d4 vdi mdi doi khdc cling bdng mot trdn), ngudi ta ¢o

nhén xét vé k&t qui bang Y (c6-4 d6i tham gia) nhu sau:

a) Téng s& diém cha c4 4 doi trong bang Y 1a 16 (sau mdi tran, doi thing
dudc 3 diém, doi hoa duge 1 diém, doi thua khong duge diém nao).

b) Doi nha't bang 13 doi duy nht dude 6 diém.

Hobi két qué tran ddu (thdng, hoa, thua) gifta doi nhi bang va doi cudi

bing? Bi&t rling ngdi thit hai cla doi ¢6 s6 di€m bliing nhau dugc quyét

dinh theo hidu s ban thdng tri s6 ban thua. N€u hiéu s6 nay ciing bing

nhau thi theo s& ban thing va n€u vin khong xong thl boc thim.

(Trich dé thi vao i6p 10 THPT Chuyén Todn, Ha Tay ndm hoc 2004 — 2005)

0.

Hudng dan gidi
Goi d6i nhit bang 12 A, 3 ddi con lai 1a nhém hai.
P6i A dau 3 trdn vSi 3 doi nhém hai. S§ di€ém ma doéi A thu dudc trong
mdt trin 12 mot trong cdc s6 05 1; 3. Téng s8 di€m cta ba trin ddu 12 d6
d6i A dugc 6 di€m. Do d6 chi ¢6 thé 1a 3 + 3 + 0 = 6. Vay doi A thing 2
trin va thua 1 trdn.
Goi B 1a doi thing do6i A. .
Tng s6 diém ma cdc ddi nhém hai 1a: 16 — 6 = 10. Doi B dugce 3 di€m tir
trin thing doi A. Do d6, trong cdc trin ddu vdi nhau, tdng s6 diém nhém
hai'la 7 diém.
Do s8 diém trong m&i tran ddu chi 1a mot trong hai s8 1a 3 hodc 2. Mat
khdc 3 d5i nhom hai d&4u v6i nhau trdn nén s di€m cda 3 trén 1a ba s6 o
nhién x, y, z v&i
x +y+z=7.Dodé chicé thé c6 2 trin hoz, 1 trin thing.
P6i B khong thé thing, vi néu thing doi B sé ¢6 s diém 16n hon hodc
bing 6 (vo li vi s§ di€ém cla doi B nhd hon 6). Do dé do6i A la doi duy
nhat duge 6 diém va s6 di€m clia doi B nhd hon hodc bing s diém cla
4oi A.
Viy xdy ra hai trudong hgp sauw:
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Nhu vidy mdi 14n 14t ding 2000 ddng tién 1ién nhau biing 400 lan 14t 5
ddng tién canh nhau. Sau 5 14n 14t trén, cdn lai 5 ddng tién lién ti€p canh
nhau c6 mau xanh, da mat 2000 I4n I4t.

~Trong ldn thit 2001 chi 13t xong 5 ddng tién mau xanh lién ti€p canh nhau
thi tit cd cdc ddng tién c6 mit dé ngita 1én phia trén.

Bdi 14. Tim s8 ty nhién nhd nhét bdt ddu tir chit s& 1 sao cho néu chuyén 1
xudng vi tri cudi cling thi s& di cho ting 1én ba 1an.

(Trich dé thi vao ldp 10 THPT Chuyén Todn, Tién Giang ndm hoc
2008 ~.2009)

Huéng dan giai
GoisScintimla A=laa,..a,
bit B=aa,..a,

Tacé: A=1B
Theo dé bai, ta c6: 1B =3.1B-

10" -1
Suy ra: 10B+1=3(10" +vamuw|w.lu
Thit véin = 5, ta dugc B = 42857
Khi d6 s6 bé nhit cdn im 13: A = 142857

- Né€u A thdng y trn, hdoa 1 trtdn va thua 8 — y trtdn v8iy = 1,2 3, .., 8
nén s diém A c6 thé dat dugc 1a 1,4, 7, ..., 22, 25.

- N€u A thing z trin, hda 2 trdin va thua 7 — z trdin v6iz =0, 1, 2, ... 7 thi
$6 diém A c6 thé datduge 1a 2, 5, 8, ..., 20, 23.

b) Vi A xép thit nhi nén A khéng thé thing c 9 trin.

<m,< s6 diém A t6i da 14 25 di€m (thing tit c& cdc d6i con lai va hoa doi

x&p thi nhal).

S8 diém ctia A khong nhd hon s6 diém cia 8 d6i con lai.

D6i A va 8 ddi con lai thi ddu cd thdy wwim =736 trin. S6 di€m it nhat cGa
9 d6i nay dat dudc 1a 2.36 = 72 diém
S6 diém it nhat ma doi A dat dugc 1a .N% =8 diém

Diéu nay xdy ra khi ddi x&p nhét bang thing ¢4 9 doi con lai déu hda nhau.
Vay s6 diém 161 da ma d6i A dat dudc 13 25 diém va s§ diém t8i thiéu
ma d6i A dat dugc 13 8 diém.

Bai 15. Trong mot gidi béng dd cé 10 doi bong thi ddu vong trdon mot lyot.
Trong mdi trin, doi thing dudc 3 di€m, ddi hoa dude 1 diém va do6i thua
khéng c6 di€m. Cdc ddi c6 cling s6 di€m sé duoe x&p hang theo cdc chi
& phu nio d6.

a) Goi A 12 mdt doi béng tham du gidi, hdi d6i béng A ¢ thé dat nhitng
diém s6 nao.

b) Gia st d6i béng A x&p thit nhi khi k&t thic gidi Tim s6 di€m t8i da va
s6 diém t81 thi€u ma ddi béng A c6 thé dat dudc.

(Trich dé thi vao ldp 10 PTNK Ban AB, PHQG. TPHCM ndm hoc
2000 - 2001)

Bdi 16. Trén mit ban c¢6 2005 ddng xu kich thudc bing nhau, mdi dong xu

¢6 hai mit: mot mit mau xanh, mot mit mau dd, tit cd cdc ddng xu déu
nglta mit xanh 1én trén. Thuc hién trd choi sau ddy: mdi lugt choi phéi
d6i miat bén ddng xu nao d6 trén mat ban. H3i sau 2006 lugt chdi ¢6 thé
nhin dugc tdt cd 2005 déng xu trén mit ban déu nglta mit dé 1én trén
hay khong? Giai thich tai sao?

(Trich dé thi vao l6p 10 THPT Chuyén Todn — Tin, DHSP Ha N§i ndm hoc
2005 - 2006) .

Hudng dan giai
a) Theo dé bai thi s6 di€m ctia doi béng A 1a mot s6 ty nhién.
Vidoi A ddu 9 tran:

-N€u A thing x trdn v thua 9 — x trAn véix = 0, 1, 2, .., 9 thi s6 difm A
c6 thé datduge 12 0,3,6,9,...,24,2

184
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Huéng din giai .
LAn thit nhdt c6 4 déng xu mau xanh thanh d6. Do d6 sau 1dn thit nhit c6
2001 dong xu mau xanh va 4 ddng xu mau dd ngifta mit 1én trén.
Gid st trong 1an 14t th hai ¢6 x, ddng xu mau xanh thanh mau d3d, do d6
€ ¢6 (4 — x,) ddng xu mau dd thanh xanh (0 < x, <4).
S& ddng xu c6 mau xanh ngita 1én phia trén 1a:
(2000 — x1) + (4 - X;) = 2005 - 2x,
C4 nhv thé sau bao nhiéu 14n di nita thi s ddng xu c6 mit mau xanh
ngita 1&n phia trén ludn 1a s6 1&.

Viy sau 2006 1dn chdi khéng thé nhan duge 2005 ddng xu c¢6 mit mau dé
ngira 1&n phia trén.
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@sn IH. HINH HOC

A. KIEN THGUC VA Ki NANG CAN NAM VONG

1. Hé thiic lugng trong tam gidc vudng

‘Cho tam gidc vudng ABC nhv hinh vé. Ta ¢6 cdc hé thic sau:

e b’ =ab’ A
o ¢’ =ac
o h’ =b'¢’
e ha=bc
1 1 1
ETEE 2

Pinh 1i Pitago: a> =b” +¢’
2. Ti s6 lugng gidc clia géc nhon

® SinQL=
© COSOL=

® tanc =

6olo milo Pl

® cota=

ol

Tinh chat:
.2 2
sin“o+cos =1

tanol.cota =1

sino
tano =
cosa
1
—=1+tan’a
cos® o

1
sin‘a

=1+cot’ o

Mot sd ti 6 lugng gidc thudng gip:

sin30° = cos60° =
sin45" =cos45" =

c0s30" =5sin60" =

cot60° = tan30° =

Sl- vl s T

tan45" =cot45’ =1
cot30° = tan60° = /3

> B. BAI TAP

Bai 1. Cho tam gidc vudng APN vudng tai A, ¢6 duding cao AD. Trén nifa
mit phiing by AD khong chifa P vé hinh vuéng ABCD. Canh AN cit BC
tai M. Chitng minh ring:

a) BM = PD.
b) AAPM cén tai A.
1 1 i

+

C = - .
V>UN AN?  AM?

Huéng dan gidi
a) Ta co: PAD =BAM (ctng phu véi. DAM )
ADP = ABM = 90"
AD =BC
Do d6: AAPD = AAMB
Suy ra: BM =PD (dpcm)
b) Tir AAPD = AAMB,, ta ¢6:
AP = AM -
Viy AAPM cintaiA. P D C N

A B

[

¢) Vi tam gidc APN vudng tai A, vdi dudng cac AD, ta ¢6+
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DatAB = x: AC=y b) Ap dung ti s6 luong gidc trong tam gidc vudng ABC, ta cé:

A

\.\/v dung hé thic lugng Z:wn:@manMHu\M : oo.wwuwm”.mn‘w
vao trong tam gidc vudng BC 8 2 BC 8 2
ABC, ta ¢o: AC

HNSWN!HIIA)\WH/\W ; OOHWHW@.H‘!A. HIIHIo
AB.AC = AH.BC AB 4 AC 43 /3

12a N

Hay xv\nl.ml.mmuﬁwmm ¢y ¢) Ta c6: mw:wu%Umnacc

Ap dung dinh li Pitago vao
trong tam gidc vudng

Mit khde: B+C =90° = C =90° - 60° =30°

ABC., ta c6: Bdi 7. Khong diing mdy tinh, hay tinh gid tri ctia cdc biéu thic sau:
BC? = AB? + AC? a) sin”10° +sin” 20° +sin” 45° +sin® 70" + sin® 80°
Hay 252° = x> +y° 2)

b) sin28" —cos62° +cot 45°
T (1) va (2), suy ra: ¢) tan38".tan 52°.tan 60"

(x+y) =x*+2xy+y’ =25a" +24a’ = 49a’ - x+y=Ta

Huéng din giai
Axtu\%nxuiwx%xvvxuwmmmtw&mmumw X-y=a

a) sin?10” +sin? 20" +sin® 45° +sin? 70° +sin® 80"
X =4a ? =3a

= ha
y=3a Y #v\n»m

= Am.EN 10° +sin” 80° v + Amwsw 20° +5sin” 70" v +sin” 45°
= TEN 10° +cos® 10° v + Amwsw 20" + cos® 20° v +sin” 45°
Viy hai canh géc vudng cla tam gidc vudéng ABC c6 do daila 4a va 3a.
Bai 6. Cho tam gidc ABC vuong can tai A, AH Ia dudng cao.
Cho BH = 2cm, HC = 6cm.
a) Tinh AB, AC.
b) Tinh sinB, cosB, tanB va cotB.
¢) Tinh BvaC.

HNLTE =

b) sin28" —cos62° +cotd5’ = cos Goo 28" V —c0s62° +cot45°

= c0s62° —c0s62° +cot45” =cot 45" =1
¢) tan38".tan52" tan 60" = tan 38" cot Aocc —~52° v tan 60°

Huéng dan giai
a)Tac6: BC=BH+HC=2+6=8cm
Ap dung hé thitc Iugng vao A
trong tam gidc vudng ABC,
ta cé:
AB? = BH.BC = 2.8 = 16¢cm

=tan38".cot38".tan60° =1.4/3 = /3

Bai 8. Chitng minh riing:
l-coso  sina
sina 1+cosa

a)

b) sin®®+cosa <3 voian géc nhon.
= AB=4cm . 4 ’
AC? = HC.BC = 6.8 =48cm B H C Hudng dan gidi
= AC =4/3cm

192

193




HEg~- 0 el Ans ‘(7)) ea (D) RL

(T) HA~ ,P=HV
100 e} ‘(QHVY Fuona
opi8 wey Juon Ny Jupny,

(D) ,HE- 2= HV <
AV = Hd + HV

<

200np vl ‘gHV Sugna 5p13 we)
guon ofend 1 yuip Junp dy

OH utop upn weu g doy Fupniy 19X -

DETHY 91
1218 uep Supny

(200Z — 100T 20y wpu
WOH dL ‘Suoyqd SugH 27 uadnyDd LJHIL 01 dp] ova 1Y1 2p Y234 [)

OV Y > AV Yuiw 3upy) v 293 Suon opi3 ugyd B AV IR 0UD T
Tuwe - ud+ WL = ep yulnl supy) 'y

u=)qw=gqP=av ‘4=vD 't=Dd1td
‘g utop upn WIp 1w ¢ g ‘uoyu 208 vq 93 DEV IPIS wWey oyd '1| 108

S 1 =0S000UIS S = (08 18) A¢
(wodp) guis+[=10S0dDUIST +D SOI+D U8 NGoJou+d=.v EA

psodoUIST =guls (vl Ans () TA (1) AL
(Z) 0s0d DU DY = VU DV = HV

DR IRN
D N H ol

z
(I mé.umﬁu%a.z,ﬂ =HV
Qoel

Of ugop

a0np H ugu DV > gv od
¥ DA THY M

1213 ugp Suony

P61

o8V
S

KBA

‘(wadp) D SO0~ SO0 — VY SO0~ = g A2

Um<w Uma\m
D, S00= g 1 g s00= G 2opnp vy ) fupn g,

Um/am
V S0 = g 1R Ang
S
WAMI V500 BA W..N.. V $02
v MY

100 B} ‘gV €A DMV dugna ovid wrey rey Suol ],

av OV _ovav _"s

Iv IV VIV VS
:upu Junyd
V 998 05 DFV P13 we) vA [V OpI3 we],

MV oav o4V Sav
S S S S

Mg~ g - Mg —I= RICPS ‘ex Ang

HO@ _ MG _ DIV _ D8V _ MiHg -
S—77S- S-S =TS 00 el

1e13 ugp 3ugny

oty
S
"D 800~ S0~y S0 = TG :3ugs yuiwr Suny)) ORIS wey vo owd

Supnp 5po Bl MO ‘14 “HY 10D "UOyu ngp 997 vq 09 DEY O3 wel oy *§ 10g

(S00Z — POOT 20U WU WUDPARISULY
10N PH D& uy ups ny) 19N PH 4gAnyD [dHI O dp] ova 1yl 2p Y2341)

dJuis+ 1= ;Admc?rd:...f.v Fugs yuiw Suny) " g=gqgNy 0= 40v ‘WY
ughm unn va 3V > gV 00 V © Suona DEV Sugna apid wwel oy) "gl 109

AEJQE.vlv+ hm dﬁo\vw v+m¢+dwoa 0 noau
. — 5~ —_—— SOT — T — - 102 —_—
c S . S I ¢

0

SO+ mwcu —[=0S800+0 mcmm > 0509 +:::m:mw 0p oq

[>ous>() 0de] (4

VSO + | nus
(wadpy =

= Ae
nurs VSO — | eA
(Fupp) 0 SO00+D WS = | <>

0V UIS =10 .SO)— [ <>
< . «

NSO+ nums

© mEmHAdmoquGAdmcu{Cﬂv oo e (L

DUS  DSOI—]




=d* =c* + DH’ - BH’

=d’ =¢’ + BD(DH - BH)

=d’n=c’n+mn(DH-BH)

Chitng minh tuong ty, ta ¢6: d’m = b’m + mn(-DH - CH)
Do d6: d’m +d’n =b’m +c’n+ mn(~DH ~CH + DH - BH)
= d*(m+n)=b’m+c’n+mn(-CH-BH)

= d’a=b’m+c’n-amn

- Xét trudng hdp D niim trén doan thing HB:

Chitng minh tuwong ty, ta ¢6: d’a =b’m +c’n—amn

2. Vi ADC > ABC , do d6 ké DE sao cho ADE = ABC
Tacé: AE<AC

Xét AABD va AADE c6:

BAD = DAE (vi AD 12 phén gidc) va ABD = ADE

Do d6: AABD~ AADE

Suy ra: AD _AB L AD? = ABAE
AE  AD " |

Viy AD?> < AB.AC

+

Bai 13. Cho tam gidc ABC vudng tai A ¢6 AD 12 dudng phin gidc clia géc A.
1

n
Cho bi€t AB = ¢, AC = b va AD = d. Chtng minh: % !;W -
¢
(Trich dé thi vao lép 10 THPT Chuyén Lé Khiét, Qudng Ngdi ndm hoc
2005 - 2006)

Bai 12. Gid sit H 1a tryc tdm clia tam gidc nhon ABC. Trén doan HB va HC
18y hai di€m M, N sao cho cdc géc AMC va ANB déu vudng. Chifng
minh ring AN = AM.

(Trich dé thi vao.ldp 10 THPT Chuyén Todn — Tin PH Vinh, ndm hoc
2002 — 2003)

Hudng dan gidi
Ké DE L AC (véi E thudc doan AC).

Tam gidc AED vudng cén tai E nén AD = AE~2 (H
Ta cé: mﬂlﬂ.mmuspmuwl%xﬂwm“v%wm ||Ha!+l|ul =1 2)
AC AB AC AB AB AC
Tix (1) va (2), suy ra N2 11 hay N2 1.1
AD AB AC d b ¢

A. KIEN THUC VA Ki NANG CAN NAM VUNG

Huéng din giai
Vi tam gidc ANB vudng tai N, vdi
dudng cao NF, ta cé:
AN’ = AF.AB (1)
Vi tam gidc AMC vudng tai M, vdi
dudng cao ME, ta ¢c6: AM” = AE.AC (2)

D& thiy AAEB ~ AAFC (g - g) nén
AE AF

e (3)

AB  AC

Twr (1), (2) va (3) suy ra: AM = AN (dpcm)
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1. Pinh ii Ta - lét trong tam gidic

a) Pinh li thudn: Néu mot dudng Em:m song song v4i mot canh cia tam
gidc va cit hai canh con lai thi né dinh ra trén hai canh d6 nhitng doan
thing twong Gng ti 1&. ]

b) Pinh li ddo: Néu mdt dudng thing cit hai canh clia mdt tam gidc va
dinh ra trén hai canh ndy nhitng doan thdng tudng dng ti 1& thi dudng
thing d6 song song vdi canh con lai clia tam gidc.

¢) Hé qud: N€u mot dudng thing cit hai canh clia mot tam gidc va song
song v6i canh codn lai thi né tao thanh mot tam gide mdi ¢é ba canh
twdng @ng ti 1€ vdi ba canh cia tam gidc di cho.

2. Tam gidc déng dang

AABC ~ AA'B'C’ néu:

-~ )\ ~ \/» - \./~ >- ! 12 7 14 1

A=A, B=B;C=C, AB_BC _CA

AB BC CA

=k (k12 ti s6 ddng dang)
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aAM_ AM _ AMMB __ k
“"AB AM+AB (AM+MB)MB k+1
AP
vaAP__ AP ap 1
AC AP+PC (AP+PC) k+1
AP
vay Sae_ K1 K

S ,5c Jﬁ;.win?i%

wn.,: 4. Cho hinh vudéng ABCD. Goi E 12 m6t di€ém trén canh BC. Qua A ké
tia Ax vudng géc v6i AE, Ax cit CD tai F. Trung tuyén Al clia tam gidc
AEF ¢4t CD tai K. Qua E k& dudng thdng song song v6i AB, cidt Al tai G.
Ching minh:
a) AE = AF va t gidc EGKF la hinh thoi.
b) AAKF ~ ACAF va AF’ = FK.FC.
¢) Khi E thay d8i trén BC, chitng minh EK = BE + DK va chu vi tam gidc

EKC khong déi.

Huéng din gidi
a) D& thdy AABE = AADF (g-c~ g)
Suy ra: AE = AF
Tam gidc AEF vudng cin tai A nén AI L AF
Laic6 AIEG=AIFK (g-c—g)
Suyra: 1IG=1K
T# gidc EGFK ¢6 hai-dudng chéo cit nhau tai trung di€m mdi dudng, va
ddng thai vudng gée vdi nhau nén 1a hinh thoi (dpem).
b) Ta c6: KAR = ACF = 45" E
Nén AAKF ~ ACAF (g-g) B

Suyra: 2F _KF _ Ap? _KF.CF
CF AF
¢) Vi tit gide EGFK 1a hinh thoi nén
KE = KF =KD + DF =KD + BE
Nén chu vi cfia tam gidc EK 1a:

KC+CE+EK =KC +CE + KD + BE
= 2BC =const

Bai 5. Cho hinh thang ABCD c¢6 ddy 16n 12 CD va E Ia trung diém ctia CD.
Goi M la giao di€m ctia AE va BD, N Ia giao diém ciia BE va AC. Ching
minh ring MN // AB. Cho AB = a, CD = b. Hay tinh MN.

Huéng dan giai
Ta ¢6 AB // DE nén JE _ ED
MA  AB
Ma ED = EC nen JE _ EC
MA  AB

Mt khic AB // EC nén NE_EC

NB AB

H

Twr (1) va (2), suy ra:

EHIZWHV MN // AB
MA NB

Laicéd MN // EC nén %n:&m 3)

EC AC

Va AB // EC nén W:an.\.y'mnv

NC EC

AN

__AB
AN+NC AB+EC

S . (4)
AC ., b 2a+b
2
MC  2a
T (3) va (4), suy ra;: —— =
Y EC TTavh
Mi EC=2 nen MN=_2P
2 2a+b

Bai 6. Cho tam gidc ABC ¢6 cdc dudng phan gidc BE, CF ¢4t nhau tai O va
"BOCO 1 . Ly . .
=—. Chifng minh rdng tam gidc ABC vudng tai A.

Huéng din gidi
PitBC=a; AC=b;AB=¢c A
Ap dung tinh chdt clia dudng phan gidc
ta c6: E
ab BO a+c BO a+c
¢’OE b 'BE a+b+c
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Tam gidc AHD ddng dang vdi tam gidc GMB (c - g—¢)
Suy ra: AHD = GMB = AHB = GMB = MG // AH (dpcm)

B&i 10. Cho tam gidc ABC. Trén canh AB 14y cdc di€m 1 va K sao cho
Al = IK = KB, trén canh BC 14y cdc diém E va D sao cho BD = DE =
EC, trén canh AC 18y cdc di€m F va G sao cho AF = FG = GC. Goi M
1a giao diém cta AD va BF, N 1a giao di€m cta BG va CK, P la giao
diém clia AE va CL

a) Ching minh riing cdc canh clia tam gidc MNP song song v3i cdc canh
ctia tam gidc ABC.

b) Tinh dién tich tam gidc MNP theo dién tich tam gidc ABC.

Hudng dan gidi

.ﬁwvAJmo@“;\WHMn%nWUWO\\wO,\w

AB AC 3
WQHWwG

3
. 2 2

Do dé ZTHWZGHVGZHMOW

e , N 3 B

Twong tu, ta ¢6: NP // IK va NB= WEA

Tudng ty nhy rén, ta ¢6: MP // BC, MN // AC
Viy cdc canh clia tam gidc MNP song song véi cdc canh cha tam gidc ABC.
3 31 1

M Tach: NP==IK==-AB=—AB
5 573 5

1

Do dé: Sy = Mwaﬁ

Ap dung nhén xét v€ ti s& dién tich clia hai tam gidc ¢é chung dudng cao,
ta Oh\v” m0>w — WCZ\w

mOZw m07\:

Vi S, khong d6i = Soua:Soun khong ddi
m0>m
= Soan khong doi

mO§> .mozm

_, Sous " Some 1nang adi
mOZTP .mozw

1 1
-+

MOZ; mOgm

g

khéng ddi

A. KIEN THUC VA I NANG CAN NAM VNG

Bai 11. Cho mot di€m M & trong géc xOy. Mot dudng thdng d di qua M cit

1 1
+

wOZ> mogw

hai canh ciia géc & A vd B. Chéng minh ring tSng khéng

phu thudc vao vi tri clia dudng thing d.

Huéng dan gidi
K& Mi // Oy
. AB AO

%moo“l»!nxilawssm%m;@s
MB 10O .

204

1. Hinh thang
- Hinh thang 13 t¥ gidc ¢6 hai canh d6i song song véi nhau.
- Hai géc ké ctia mdt canh bén hinh thang thi bd nhau.

- Hinh thang cén 13 hinh thang c¢6 hai géc ké mot ddy biing nhau. Trong
hinh thang cén, hai canhbén th biing nhau.

- Hinh thang c6 hai dudng chéo bling nhau 1a hinh thang cén.

- Hinh thang vudng 1a hinh thang ¢6 mot géc vudng.

- Putng trung binh clia hinh thang 13 doan thing néi trung diém cta hai

canh bén clia hinh thang.

- Dién tich cda hinh thang ABCD (AB //CD) 1a: S u@w&ﬂ:@.r (véihia
dd dai duding cao).
2. Hinh binh hdnh

Hinh binh hanh 13 6 gidc ¢6 hai ciip canh d6i song song vdi nhau.

205~




LOT

(8 -2-9) HOVYV=qdvV ei4ns

(v 12

ugo DEY 088 wel) DV = gV ¥l 1EW
4oV =ady 9

od ‘D=g Uu V 18 upd DGV P18 Wel
. LSERER AL
Dgd=ady ueu D ¥
g grAD eA A9 A (B

90¢

Bugy Bugm O [ 1V WP uod
Da=aa=4d4d
‘ugo Fuew yuyy vl DAAE dWE L (¢

wquiwr Fupy) gD ea dd
vRo wIp ovrd 8] O vA (3 BRO wlp Sund gp [ DE TR0 wip Junn g

1100 g0 tA (g opid ugyd 00 ((QV = V) DLV Ul spid we) oy) " 109

dyl 1ya <
u
: B[ quBo U Q[ OBI3 ¥p BOO 09O TUQNP OF -
L081(g-u)u ; ’
: c Fueq yueo u NP HBIT BP BNO DOT [QU 0P 0S -
081(z-w) ¢ v TR

‘neyu Surq 008 dBO A NRYU SUR] [queo 0Bd £ 081 90

%1 00 9p13 B v] NQP OYI8 B -
"op opiF Bp BOO ORU YUBD 1 1By BRUD < Fuypy Sunp

wcm:g 1BW Bnu W Fuony Wy ugny opte 13 ep w19l opid ed. -

&3
L
L
=

onib pa 9

YUED IPA URYU YuBd Fugq Sugna yuiy yon udiqg

‘neyu ugg 09yd FuQAp vy 9O 10Y) YUIH -

-guona yury ef Fugna 50T 10W 02 101 YUIH -

“Fugna yuiy g 203 10w vpo ov1d ugyd g 09yd FuQAP 93 1FYU [YD YULH -
“FUOnA quiy gy neyuipa 203 Fugna 0yd FuEnp 1By 9 1YL AYd YULH -
“Fugna uiy g neyu 3ugq Py quwd rey 9o 18U DYO YUiH -

[191q upiu ngny np(

LOYT YUty uA 1RGHU S JUIY AU RYD U 9P 8183 00 Fugna quiy -
neyu upq quen uog va Sugna 06¥ uggq 9o optd m gl Sugna yuiy -
Buona yuiH ‘g

OB NYIYD 1PA UPYL ATP IBOY 09D TUQAP 11y Yo1 Fuyy 1oyl Yuiy yon udi(

TOYY YULY B nRYU 1pA 507 Fugna 00 Jupnp 18y 00 yury yuiq yury -

. oyl yuiy
203 10w vno opid ugyd Supnp vl 0ayd Fupnp QW 05 yuey yuig yury -

oy quiy g neyu Jugq 93 Yuid 1ey 9> quey yuiq quig -
“121q ubyu ngry npcq
“Yuey yuiq quiy eno 508 01 £ 181 09 1043 YUy -

1043 quiyg 508 oo Bnd opI8
upyd Zupnp 280 vl A neyu 1pA 508 ZuQna 09yd JuRNp 1vY 0D 10y YUIH -

neyn Jugq yueo uoq 00 ov1d M1 gy 1oy Yuiy -

1oy} YuiH v

"BUQI NYIYD 1A UBYU TP NYUYD FURY JTYU YD quiy Yoy uid

1yu pud quiy gl neyu Jugq 09yd JuQnp 18y 09 yury yuiq yuiy -

TEYU By yuty ef Sugna 59T 10w 99 yuey yuiq yuiy -

1gyu pyd yuiy g uona 003 10w 9o ugod Fuey yuiy -

“121q upyu Ny npcl

“Bueyl quiy ga quRY Yulq Yyuiy nyu gy qui ogd 89 181 99 184U QYD Yuiy -

"3uQnp 1w vRd
21p Junyy 1) neyu 1¥d BA nRYU w:E 09> FuQnp rey 09 1PYU AYd YUy -

"BUQNA 59T uoq 09 dBIZ M) B I1LYU QYD YUIH -
$OUU NYD YUK ¢

0D NYIYD I9A UYL Avp Fuyy Yury Yuig yury yon uiq

- quey quiq guiy
v] SUQNp ow vd wIp Juna 1) negu 1o 0pyd Jupnp ey oo owmg ny -

quey yuig quty g nequ dugq pp 208 ey 9o owid -
YURY Yulg yuiy vf neyu sugq 1op yurao destey od owmd 0y -

quey yulq yuiy gy Juos uos 19p quid deo ey 9o opid ng, -

1121q upyu nvy nogy




. . ——  180°-A
Do d6 AE = AD nén tam gidc ADE cin tai A = ABD = ammml> (1

Tam gidc ABC cAn § A nén ABC = 'H.mvaUmm 2)

Tix (1) va (2) suy ra AED = ABC =ED // BC

Do d6 t& gisc BEDC I hinh thang.

Mit khdc, ta ¢6: B=C

Vay uf gidc BEDC 1a hinh thang cén.

b) Do ED // BC nén DBC = EDB

Ma @unmxm/n,m:%nm DBC = ABD

Tam gidc BED cén tai E nén BE = ED

Ma BE = DC (hai canh bén ctia hinh thang cén BEDC)nén BE =ED =DC

¢) Vi1 la trung diém céia BC nén Al 12 trung tuyén cia tam gidc cin
ABC, do d6 Al 1 tia phan gidc ctia géc A (1)

Tudng ty, ta ¢ AJ 1a tia phan gidc cia géc A (2)

Ta ¢6: OBC = OCB = ABOC cin tai O nén OB = OC

AAOB = AAOC (c — g — ¢) nén OAB=O0AC (3)

T (1), (2) va (3) suy ra Al, AJ, AO triing nhau.

Vay bon diém A, I, O, J thing hang.

Suy ra ABMD = ABCN = BM =BN (1)

Lai ¢é: @\WM/TZ/\HW/ON@OG va MBD = NBC

Suy ra: MBN =60° (1) .

Tir (1) va (2), suy ra tam gidc BMN déu.

b)Ké MB L CD va PF LCD.

Vitam gidc NPC cAn nén MD =NC =CP (3)

Mit khdc: MDE = 180° — ADF = 60° va PCF =180" — NCP = 60"
Do d6 MDE = BCFE = 60" (4)
“Tir (3) va (4), suy ra AMED = APCF => ME = PF

Mait khdc ME // PF nén tit gidc MPEF la hinh binh hanh.
Do dé MP // CD (dpem)

B&i 3. Cho hinh thoi ABCD ¢6 géc BAD =40, O la giao di€m hai
dudng chéo. Goi H 13 hinh chi€u vudng géc clia O trén canh AB,
Trén tia d&i clia tia BC, tia d8i clia tia DC 14n lugt 14y cdc di€m M,
N sao cho HM // AN. Tinh s do cda g6c MON.

(Trich dé thi vao 16p 10 THPT Qudc Hoc Hué ndm hoc 2002 — 2003)

Bai 2. Cho hinh thoi ABCD c6 géc A =60°. Trén cdc canh AD va CD, 1y
cdc di€m M va N sao cho AM + CN = AD.
a) Ching minh ring tam gidc BMN déu.
b) Goi P 1a di€m xing cia N qua BC. Chitng minh MP song song vdi CD.

Huéng dan giai
ayTacé6: AM+CN=AD =AM+ MD
Suy ra CN = MD va AM = DN
Tam gidc ABD cén tai A va cé goc
A =60 nén la tam gidc déu.
Do d6, ta ¢6: BD = AB = BC va
ADB = 60"
Mit  khic: BD = BC;
BDM = BCN =60"; DM = CN

208

Huéng dan giai
Tac6 AMBH ~ AADN

= MB.DN = BH.AD (1) A,
AOHB ~AAOD

=DO.ON=BHAD (2)
Tir (1) va (2), suy ra: MB.DN =DO.OB= MB = Do
OB DN

Mit khdc: MBO = 180" —CBD = ODN

Nén AMBO ~ AODN = OMB = NOD

Do d6: MON =180" A@ia\olov =180" AQ@/TO\Z/&
| =180° ~OBC =110°
" Viy s6 do clia g6c MON 1a 110°

209
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Mt khic M 1 tryc tdm clia tam gidec NPQ nén QR LNP = R =90"
T gisc EIRK c6 ba goc vudng nén 12 hinh chif nhat

¢) Ta ¢6: IG = IE ; KG = KE (tinh ché 't dudng trung tuy€n ciia canh huyén
trong tam gidc vudng)

Do d6 IK 12 dudng trung tryc cia EG.
Mait khdc FH 13 dudng trung tryc cia
Viy bdn diédmI,FK H thing hang va IK ¢8 dinh.

BGi 7. Cho hinh vu6ng ABCD va diém P nim trong tam gidc ABC.

| Gi4 sit BPC =135". Chitng minh ring 2PB? + PC* = PA”.

2. Cac duding thing AP va CP cdt canh BC va BA twong dng tai cac diém M,
N. Goi Q 1a diém doi xting v3i B qua trung diém ctia doan MN. Chitng minh
rang khi P thay déi trong tam gidc ABC, duting théng PQ ludn di qua D.

(Trich dé thi vao ldp 10 THPT Chuyén Todn — Tin BHKHTN, bDHOG
Ha NGi ndm hec 2005 — 2006)

IN 1 N
S IN_1Q_NC _ A\MAI ~ aNIC

IM IP MA A S R D
DoM, I, N H:m:m hang nén A, I, C
thing hang.
Trd vé bai todn, ta dé thdy tf gidc E
NBMQ la hinh chit nhit. QuaPva QG N Q H
vé cdc duding thdng song song vdi cdc K mu;lw T
canh céia hinh vudng. Do P thudc V/
dudng chéo AM clia hinh chit nhat

£ et pRate g T M C

ABMR nén wwrvx = wmv_zm. P SJCOO
QC\QSW chéo CN ciia hinh chi¥ 35%.: NBCH nén merA = MB,ET

Do d6 Sprpk = Serur n€n wmoﬁ, = moi:

Theo chirng minh trén thi Q thudc dudng chéo PD ctia hinh chi nhat SPTD.
Vay PQ di qua diém D.

Hudng dan gid
1. L4y diém P’ khdc phia v6i diém P d&i v6i A P
duong thing AB sao cho tam gidc BPP'
vudng cin tai B.
Tacé: ABPP = ABP'A (c-g—c¢)

R,

Suy ra BP'C =135"

Vi BPP = 45" nén PP'A =90°

Ap dung dinh li Pitago, ta dugc:

PA%?= AP? + PP* =PC? +2PB’ (dpcm)

2. Nhin xét ring: Gid si I 12 mot diém
nim trong hinh chit nhat ABCD. Qua I v& A p B
céc dudng thing MN, PQ tudng dng song S
song v&i AB, AD. Goi dién tich hinh ¢chitt M 1 N
nhat IODM 1a S,. Khi d6 S, = S, khi va chi
khi 1 thudc dudng chéo AC. That vy, gid S,
s T thudce dudng chéo AC. Vi dudng chéo
clia hinh chit nhat chia hinh ch@ nhit thanh

hai phin c6 dién tich bing nhau nén cdc
hinh ABCD, APIM, INCQ ta ¢6: S, = S,.
Nguge lai, gid st S; = S,. Suy ra IN.IP =IM.IQ

212

Bai 8. Cho géc xAy vudng va hai diém B, C lan lugt rén cdc tia Ax, Ay.

Hinh vuéng MNPQ ¢4 cdc dinh M thudc canh AB, dinh N thudc canh AC
va cac dinh P, Q thudc canh BC.

a) Tinh canh hinh vuéng MNPQ theo canh BC = a va dudng cao AH =k
cda tam gidc ABC.

b) Cho B va C thay d8i 1an Iugt trén céc tia Ax, Ay sao cho tich AB.AC =k
(k khong d8i). Tinh gi4 tri 16n nhét cia hinh vudng MNPQ.

(Trich dé thi vao ldp 16 PTNK Chuyén Todn - Tin, PHQG TP.HCM
ndm hoc 2008 — 2 009)

Huéng din gia
a) Pdt x 12 dO dai clia canh hinh vubng,.
ViMN // BC, suyra En@ (H
BC AB
Mit khdc AH L BC va MQ 1 BC C

ZO Ew
= AH/MQ = —— 2
Q AH >w @) £
T (1) va (2), ta ¢c6:

MN MQ_AM MB N Q

+ +—
BC AH AB AB

Suy ra: X x
a h
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Bai 11. Cho hinh vuéng ABCD tdm O. Mgt dudng thing d di dong qua
di€m O. Ching minh ring téng binh phudng cdc khodng cdch tir cdc
dinh hinh vudng dé€n dudng thing d biing mot hing s6.

(Trich dé thi vao 16p 10 THPT Chuyén, Phii Yén ndm hoc 2008 — 2009)

Huéng dan gidi
T céc dinh hinh vudng, ta ké cdc doan AA’, BB',CC/, DD’ vudng géc
vdid.
Dit A D
T=AA"” + BB? + CC”? + DD"”
Ta c¢6: AOAA' =AODD’ ,
Suy ra: AA'=CC’ D
Tuong ty, ta c6: BB =DD’ B
Suyra: T= NT(%N + ww;v (1)

A

Zm;rmnggoo“ m ﬂ
A'AO =B'BO (hai géc nhon

¢6 canh tuong Ung vudng géc) va AO =BO nén AOAA'= AOBB’

Suy ra BB'=A'0(2)

Thay (2) vao (1) va dp dung dinh li Pitago vao trong tam gidc vudng
OAA', ta dugc:

AC*  AC?

T= NT(&M + A'O? v =2A0% =2
4 2

= AB? = const (dpcm)

Suy ra t gidc NPIQ 12 hinh binh hanh nén NI di qua trung di€m cda PQ,
hay MN di qua trung diém ctia PQ.

+ Diéu kign dii: ,

N&u MN di qua trung diém cda PQ thi MN // CD

Goi O 12 giao di€m clia MN va PQ, ta ¢6: OP = OQ.

Goi U 1a trung diém cda BD. T¢ gidc PI'QN la hinh binh hanh, do d6 N,
O, I' thing hang. ,

Vay I tring v6i I. Khi d6 trong tam gidc ABC, ta ¢6 IM // CD, hay

MN // CD. ‘

@

Bai 13. Cho da gidc déu c6 n canh va m canh, ¢6 ti s6 gilta hai géc trong
) . 5 9 ” ) . A
cia ching bang 7 Tim sd canh cia hai da gidc trén.

Bai 12..Cho ngii gidc 16i ABCDE. Goi M, N, P, Q 14n lugt 1a trung diém CB,
AE, BA, ED. Ching minh ring diéu kién cin va di daé MN // CD 1a
dudng thing MN di qua trung dié€m cla PQ.

Huéng dan gidi

+ Diéu kign cdn: M C

Né&u MN song song vdi CD thi MN

di qua trung diém clia PQ. B ar

Goi I 1a giao diém ctia MN va CD,

ta ¢6 113 trung di€m cta BD. D
P 19

Trong tam gidc ABD va ADE ta ¢6:
"PI//INQva PI=NQ.

216
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Huéng dan giai

. . . X -2)180°
S8 do mbi géc clia da gide déu ncanh la F&W‘Iﬂ
. x. . ~2)180"
S& do mbi géc ciia da gidc déu m canh la hB‘llell
(n-2)180°
Theo dé bai, ta c6: ln!im.l..!c.um (n,m2=3;nmeZ)
(m-2)180" 7
m

< 7(n-2)m =5(m-2)n

em(n-7)+5(n-7)=-35

& (7-n)(m+5)=35

Vi m23=>m+528. Do dé 35 chi phén tich thanh 1.35, tdcla 7~ n =1
vam+5 =235

Viyn=6va m=30.

Bai 14. Mot da gidc 18i 34 dinh, ¢6 dién tich S = 100. Lay 34 di€m bdt ki &
trong da gidc sao cho 34 diém nay va 34 dinh clia da gidc khong cé ba
diém nao thdng hang. Chi¥ng minh riing c6 it nhdt mot tam gidc vdi ba
dinh 12 ba trong s8 céc di€m di cho ¢6 dién tich khong nhd hon 1.

Huéng din gidi
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Hudng dan w&;
a) Goi M va N lan lugt a
trung diém ctia OO’ va AB.
Hinh thang ABO'O c6

- §& do cda cung 16n bing 360" trir di s§ do cda cung nhd.

- Gé6c ndi ti€p 1a géc ¢6 dinh ndm trén dudng tron va hai canh chia hai day
cung clia dudng tron d6. Cic gée ndi ti€p (hodc géc tao bdi tia ti€p tuyén
va day cung) ciing chdn modt cung hoic hai cung biing nhau thi bing nhau.
Géc ndi tiép chin nita dudng tron 12 géc vudng. Géc ndi té€p (c6 s8 do

nhé hon 90°%) ¢6 s8 do biing nita s6 do clia géc & tdm cliing chin mot cung. MN la dudng trung binh
g 2 2 ~ \ ) )\ . H 5@5 zz 1~| AB
- S8 do clia géc ¢6 dinh & bén trong dudng tron bing nita s6 do hai cung
bi chin. S& do ciia géc c6 dinh & bén ngoai duding tron bing nifa higus6 | | Suy ra: MA = MB
do hai cung bi chin. Tuong ty, ta ¢6: MC = MD
- Tt gidc noi ti€p 12 mot ti gide ¢6 bon dinh ndm trén mot dudng tron. Mit khdc MA = MC nén
- Trong mot tf gidc ndi ti€p, tdng s§ do hai géc ddi dién bing 180" MA = MB = MC = MD.

Suy ra bdn diém A, B, C, D ciing ndm trén ciing mot dudng tron ¢6 tim M.
b) Ké OH, O'K, Ml ctuing vudng géc véi AD

Nguoc lai, néu mot t gide c6 t8ng s8 do hai géc d6i dién biing 180° thi
tf gidc ndi ti€p. ,

> BAI TAP V6i dudng tron tAim M, ta ¢6: IA = IB ; IH = IK
| Bai 1. Cho tam gidc nhon ABC. K& dudng cao BE va CF. Chitng minh: Suy ra: HA = KD
a) Bon diém B, F, E, C cling nim trén mot dudng tron. Mait khdac: HA = HE ; KD = KF

b) EF < BC. - Do dé: AE = DF
. Hudng dan gidi Bai 3. Tir mot di€m M trén dudng kinh AB clia dudng trdn tdm O, ké hai
a) Goi I 1 trung di€m céia BC, thi FI va A awwwﬂ_u, <w.~ EF .mwo <M$ dudng .Esr AB hai géc bing nhau. Goi I, H theo
EI 12 hai trung tuy&n cda cdc tam gidc tht ty 12 giao di€m cia AB v6i DE, CF.
vudng BFC va CEB ng v6i canh huyén. E a) Chitng minh riing I 12 trung diém ciéia DE ; H la trung di€m cta CF va
F _
Ta c6:1B = IF = IE = IC. CD =EF.
Cic diém B, F, E. C cdch déu I mét b) Chitng minh DE // CF.

doan khéng dSi nén ching nim trén g
cling mOt dudng tron dudng kinh IB.

b) Pudng tron di qua bén di€m B, F, E, C ¢6 dudng kinh BC nén FE 1a
mot diy.

Suy ra: EF < BC.

. Huédng din giai
a) Ta ¢c6 MB 1a tia phdn gidc cia
DME nén MD va ME déi xting nhau

D

qua AB.

K&t hop vdi tinh chidt d&i xdng cla m

dudng tron, ta ¢6 hai diém D va E d6i - B
r

Bai 2. Cho hai dudng trdn (O) va (0'). Goi AB va CD la cdc tiép tuyén chung
ngoai trong d6 A, C thudc duding tron (O) va B, D thudc vao dudng tron (O').
- Pudng thing AD cit dudng tron (O) va (O') tai E va F. Chitng minh ring:

xfng nhau qua AB. Suy ra
DE 1 AB;ID=1IE

Tuong ty, ta ¢6: FC L AB; HF =HC

a) B&n di€m A, B, C, D cling thudc mot dudng tron.
b) AE = AF.

Tam gidc MDE cédn nén MD = ME (1)
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BP UO
PE QC

Suy ra ba duong thing BD, CE va PQ déng quy, hay PQ di qua diém A
Tam gidc AEB vudng tai A va P 1a trung diém ctia PE nén PA = PB

DoBE//CD nén —

PB 1 ti€p tuyén ciia nita dudng trdon dudng kinh AB, suy ra PA 1a ti€p
tuy€n ctia nita dudng tron dudng kinh AB.

Ba@i 7. Cho tam gidc ABC vudng tai A, dudng cao AH. Goir, ry, rp 14n lugt 12

bdn kinh cdc dudng tron ndi ti€p cdc tam gidc ABC, AHB va AHC.
Chittng minh 1* =17 +17.

Bdi 6. Cho nita dudng tron dudng kinh BC. A 1a mdt diém trén nita dudng

tron d6 sao cho AB < AC. Trén nita mit phing b3 AC khong chifa B, vé
hinh vuéng ACDE. DPudng chéo AD cit nita dudng trdn tai mot diém thi
hai 12 M. Tia BM cit DE tai F. Ching minh ring:

a) Tam gidc MBC vudng can.
b) T gidc BEFC 12 tf gidc ndi ti€p.
¢) CF 1a ti€p tuyén clia nf¥a dudng tron (O).

Huéng dan giai
a) Ta c6: MAC = 45" = sdCM = 90°
Suy ra: CM = BM = CM = BM
Mit khdc BMC =90° E

Do d6 tam gidc MBC F

vudng cdn

by Tg gidc FDCM c6 D
FDC + FMC =180° nén T

ndi ti€p duge dudng tron , A M

Suy ra: o

FMC = MDC = 45

Do d6: BEC = BFC = 45°

Suy ra ¢ gidc BEFC a B 0 C
¢ gidc ndi ti€p.

c) Ta ¢cé: W\m/mlrwmu/m =180"

Suy ra BCF =90°

Do dé CF L BC

Vay CF la ti€p tuyén cia nita dudng tron (O).
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Huéng din giai
Dé thdy AABC ~ AHBA (g - g)

BC r A
Suyra: — = —
BA 1
Hv:mru.ll 6}
BA BC
Tuong E., ta co:
L
LI
AC wn 2)
Tir (1) va (2), suy ra: ——=-2_-_L_
Y% BATAC BC
2 2 2
Do d6 —bs=—2— =1
BAZ ACZ BC?
2 2 2 2 2 w
Suyra—ath T _ 5*h _ T AR+ AC?=BC?

BA? + AC* B(C? BC®* BC?

A 2 2 2
Vay ri=1 +1,

Bdi 8. Cho tam giidc nhon ABC va mot diém M niim gita B va C. Qua M

ding dudng tron (O) ti€p xidc vdi AB tai B va dung dudng tron (O') ti€p

_xtic v6i AC tai C. Goi N 14 giao di€m thit hai clia chiing.

a) Chitng minh ring ¢ gide ABNC noi ti€p dugc.

b) Chitng minh ring dudng thing MN ludn luén di qua mot diém c6 dinh
khi di€m M di dong trén BC.,

c) Gid st dudng thing MN cit c4c tia AB, AC I4n lugt tai cdc diém Q, R.
Qua R ké dudng thing ti€p xic vdi (O) cit tia AB tai S. Qua Q ké
dudng thdng ti€p xdc v6i (O') cit tia AC tai T. Ching minh riing ti
gidc QSRT ngoai ti€p dugc.

Huéng din giai
a) Ta c6: MNB = ABC ; MNC = ACB

i e

~ Suy ra: BNC = MNB + MNC = ABC + ACB = 180° — BAC
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¢) Vi AMAO vudng tai A va AH 1L MO nén MA? = MH.MO
Theo c4u a) thi MA? =MC.MD

MH_MC_ AMHC~ AMDO (c- g - )
MD MO

— MHC = MDO

Viy ti gidc CHOD la tif gidc ndi ti€p dudng trdn.

Suy ra: OCD = ODC (do AOCD cén tai O) va ODC = MHC (chitng minh
trén) nén OHD = MHC

Do dé: 90° — OHD = 90° — MHC => AHD = AHC

Viay AB 1a dudng phén gidc clia géc CHD.

d) Vi KCO=KDO=90° nén tif gisc CHOD noi ti€p dudng tron dudng
kinh KO.

Suy ra KHO =90°, hay KH 1L MO.

Ma AB.L MO tai HnénK, A, B thing hang.

'Bai 11. Cho t¢ gidc ABCD c6 hai dinh B va C & trén nita dudng tron
dudng kinh AD, tdm O. Hai dudng chéo BD va AC cdt nhau tai E. Goi
H 12 hinh chi€u vudng géc cia E xudng AD va I 12 trung diém cia DE.
Ching minh ring:

a) Céc tt gisdc ABEH, DCEH néi tiép dudgc.

b) E 12 tdm dudng tron ndi ti€p tam gidc BCH.

¢) Nam diém B, C, I, O, H ciing niim trén mot dudng tron.

(Trich dé thi vao Idp 10 THPT, TP.Hué ndm hoc 2005 — 2006)

Suy ra HMWII =EBC

Do d6 BE Ia tia phdn gidc cla goc HBC

Tuong tv, ta 6 ECH = BDA = BCE

Do d6 CE 1a tia phén gidc ciia géc BCH

Viy E 12 tAim dudng tron ndi ti€p tam gidc BCH
Suy ra EH 14 tia phén gidc cda géc BHC

¢) Ta c6 112 tAm clia dudng tron ngoai ti€p tam gidc vudng ECD, nén
BIC =2EDC (géc ndi ti€p ciing chdn cung EC).

Ma EDC = EHC

Suy ra BIC = BHC

Trong dudng tron (0), ta ¢ BOC = 2BDC = BHC (géc ndi ti€p va goéc &
tAm cing chin cung BC).

Suy ra H, O, I § trén cung chia géc BHC dyng trén doan BC, hay ndm
diém B, C, H, O, I ciing nim trén mdt dudng tron.

Huéng din gidi

a) Tt gidc ABEH c6: B=90°va H=90°
Suy ra tif giic ABEH ndi tiép duge.

C
Tuong ty, td gidc DCEH c6 B Q\
C=H=90° nén ndi ti€p duge. ( \
b) Ta cé: EBH = EAH (cliing
chin cung EH) ’
A H O

Trong dudng tron (O), ta c6:
EAH = CAD = CBD (ciing chdn
cung CD)

Bdi 12. Cho diém A nim ngoai dudng trdn (O ; R). Tir A ké dudng thang d
khéng di qua tim O, cit dudng trdn (O, R) tai B va C (B niim giita A va C).
Céc ti€p tuyén vdi (O, R) tai C va B cit nhau tai D. Tir D ké DH vudng goc
v6i AO (H nim trén AO) cit cung nhd BC tai M. Goi E 1a giao di€ém cla
DO va BC.

1. Chitng minh DHOC 1a tf gidc noi ti€p.
2. Chiéng minh OH.OA = OE.OD.
3. Chung minh AM 13 tiép tuyén clia (O, R).

(Trich dé thi vao lép 10 THPT, Ha Nam ndm hoc 2005 — 2006)

Huéng din giai

1. Vi DC 14 ti€p tuyé€n cia
dudng tron (O, R) nén
DCO =90°.

Zm: khdc

AO 1 DH = DHO = 90°
Vay tif gisc DHOC ndi tiép
dudng tron dudng kinh DO.
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T (1), ta c6: SH _AC_BC
HA AD BA

Vay AAHN ~ AABC

3) Ta c6: AAOD ~ AAO,C

Tix (2), ta co: DBA = CBM hay BM 1a phén gidc cla DBC nén
MC BC .

MD BD
. 2
. . MC BC BA R,
P 2 w et B
K&t hgp véi (3), suy ra MD _ BA BD TN_ w

4) Goi P 1a giao diém cta AE va CO; thi APC =90° va PA =PE

Ta c6: PJ // EF nén KIP = KFE

Ma KFE = KAE = KJP = KAP _

Do d6 tit gidc AJPK ndi tié€p nén CPK = KAE = KEC

Vay tit gidc PKCE ndi tiép, t¥ d6 PCK = AEK =CAK hay s6 do goc

PCK bing nita s6 do cung CK clia dudng tron ngoai ti€p tam gidc AKC.
Vay FC 12 ti€p tuy€n clia dudng tron ngoai ti€p tam gidc AKC.

Suy ra Al 1a phén gidc trong cta

tam gidc FAK do d6 .mw = AF H
IK AK

Vi AB L Al nén AB la phén gidc

ngoai cfia tam gidc FAK

Hvbw.utwlm )
AK BK
IF BF
T (1) va (2), suy ra: — =——
(2), suy ra: 1 =BK
3) Ta c6: AFB = AEB
=180° ~130° = 50"

B e ey

Mit khic AFB = ABD = ACB +DBC = MAC + DAF = NAF
Do d6: ANB = ABF + NAF = 50° + 50° =100°

Bdi 15. Cho tam gidc ABC vudng tai A. L4y diém D trén canh AC (sao cho
- AC > 2DC) lam tim v& dudng tron ti€p xiic v6i BC tai E. Tit B ké ti€p
tuy&n th hai BF, ct AD tai I va cdt AE tai K. Trung tuyén AM ciia tam
gidc ABC cit BFtaiN. ‘

1) Chitng minh riing A, B, E, D, F ciing nim trén mot dudng tron.

IF BF

2) Chat inh ring — = ——.
) ng minh rang K~ BK

3) Cho AEC =130°, tinh ANB.
(Trich dé thi vao ldp 10 THPT Chuyén Vinh Phiic ndm hoc 2008 — 2009)

Bdi 16. Cho hai dudng tron (O) va (O’) cdt nhau tai A vd B. Mot dudng
thing qua B cdt (O) va (O') theo thif tf tai C va D.
a) Chitng té géc CAD c6 s& do khong ddi.
b) Ti€p tuyén cda (O) tai C va (O') tai D cdt nbau tai E. Chiéing minh
ring bon diém A, C, D, E cling nim trén mot dudng tron.

(Trich dé thi vao I6p 10 THPT Chuyén Lé Quy Ddn, Binh Dinh ndm hoc
2006 - 2007)

Huéng din giai
1) Ta c6: BAD = BFD = BED = 90"
Do d6 nim diém A, B, D, E, F cling niim trén dudng tron dudng kinh BD.
2) Ta c6: DE = DF nén FAD = EAD

232

Huéng dan giai
C6 hai trudng hgp x4y ra sau diy:

- Trudng hop 1: B nim uén
doan CD

a) Trong tam gidc ACD, ta ¢cé:
CAD =180° A@ngv

~ \) )
u;oo ;mAa >xw+a 3&

Viay goéc CAD ¢6 s6 do
khong ddi.

b) Ta c6: ECD =BAC :

EDC = BAD
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e,

BDF = W%ﬂ@ i\wﬂ

- ,_.a?\@ n ﬂ;wv - LaMBE (2)
2 2

Tir (1) va (2), suy ra: CEF = BDF

Do d6: CEF + CDF =180° =t gidc CEFD
ndi Gép

Viy bén diém C, D, E, F cing nim trén
mot dudng tron.

2. Vi MAB=AEM (chin hai cung bing
nhau) nén ta c6 MA ti€p xtc vdi dudng tron ngoai ti€p tam gidc ACE, suy
ra MA 1L AO,. Do dé6 néu kéo dii AO, cdt dudng tron (O) tai N thi MN la
dudng kinh clia dudng tron (O). Do d6 M ¢6 dinh, suy ra N c6 dinh.

Tuong ty MB ti€p xiic véi dudng tron ngoai ti€p tam gidc BDF nén BO;
phdi di qua N.

Viy khi C, D thay d6i trén doan AB céc dudng thing AO; va BO; ludn
cit nhau tai mot diém c& dinh.

.Bai 19. Cho tam gidc ABC ¢6 ba g6c nhon ndi ti€p trong dudng tron (O)
(AB < AC). Cédc ti€p tuyén voi (O) tai B va C cit nhau tai N. V& day
AM song song véi BC. Pudng thing MN cdt dudng tron (O) tai P.

2) Cho biét —=> + —— =, tinh 40 dai doan BC.
OB’ NC* 16
b) Chitng minh 20 =S8
AC AB

¢) Chitng minh BC, ON va AP ddng quy.
(Trich dé thi vao lop 10 THPT Chuyén, TP.HCM ndm hoc 2007 - 2008)

=20

Huéng dan gidi .
a) Ta c6: NB = NC (tinh ch4't hai ti€p tuyén cidt nhau) va OB = OC =R
Do d6 ON 1a trung tryc cta BC.

Goi K 1a giao di€ém ctia ON va BC, ta c6:
BK =KC
Tam gidc OBN vuodng tai B va ¢6 BK 1a dudng cao nén:

S SRS W S .
OB’ NC®> OB’ NB*> BK’ )
1 ] 1

Ma theo dé bai, ta ¢6:

+ =— (2
OB*> NC* 16 @

Tw (1) va (2), suy ra:
BK?=16=>BK =4 =BC=2BK =8
b) Ta c6: ANPB ~ ANBM (g — g)

PB NB
== — (1)
MB NM
PC NC
ANCP ~ ANMC (g-g) =—=— (2 N
g-8) MC - NM (2)
Va NB =NC , 3)
Tir (1), (2) va (3), suy ra: m.u.mul nnmunm 4)
, MB MC
Mit khdc'’AM // BC nén tf gidc AMCB 1a hinh thang cin.
Do d6 MC = AB va MC = AC 5)
N N PB PC
T (4) va (5), suy ra: — =—— (dpcm
yrai o m=0g (dpcm)

¢) Goi Q 1a giao diém ctia AP va BC.
Ta cdn chitng minh BC = QC.

5. BQ PB
Ta c6: ABQP ~ AAQC (g-g) = —==—
Q QC(g-2 AQ ~ AC (6)
BQ PB
ACQP ~ AAQB (g-g) =>—==—oo
Q QB (g-g) AQ  AC )

Tt (6), (7) v k&t hop vdi két qua phén a), ta duoc: Wl@@ = ..MIOQ = BQ=CQ

Do d6 Q 13 trung diém cta BC nén Q triing vdi K.
Viy BC, ON va AP déng quy tai K. i

Bai 20. Cho hai dudng thdng A, va A, vudng géc v6i nhau tai O, v& mot phia
A, V& hai dudng tron: (O)) ti€p xtic v6i A, vd A, tuong Gng tai A, B; dudng
tron (O,) i€p xdc v6i A, va A, tidng dng tai C, D, (O) nim vé hai phia cla
A, va OB < OD. .

1. Chitng minh ring B 13 tryc tim cda tam gidc DAC.
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Mit khac BAC = MNC

(clting b vdi goc 7%7/&;3

Suy ra MNC = BCx = MN // Cx

Mit khdc Cx L OC nén MN L OC

b) D& thiy ACMN ~ ACBA, suy ra
MN CN 1

B AC = :M\.!N| {vi ACAN cantai A)

uvZZMRw,

V2

Ba&i 23. Cho hinh binh hinh ABCD ¢6 géc A nhon, AB < AD. Tia phén gidc

clia géc BAD cdt BC tai N. Goi K 12 tim clia dudng tron ngoai ti€p tam
gidc MCN.

a) Chitng minh DN =BC va CK L MN.
b) Chitng minh ring BKCD 1a mot tf gidc ndi ti€p.

(Trich dé thi vao l6p 10 Chuyén Todn THPT Chuyén Lé Héng Phong,
TPHCM ndm hoc 2005 — 2006)

Bdi 24. Cho hai dudng tron (O), (O') ndm ngoai nhau ¢6 tdm twong dng 12
O va O'. Mot ti€p tuyén chung ngoai cia hai dudng tron ti€p xiic véi (O)
tai A va (OQ') tai B. Mot ti€p tuyén chung trong ctia hai duding tron cit AB
tai I, ti€p xdc véi (O) tai C va (O') tai D. Bi€t riing C ndim gitta I va D.

1. Hai dudng thing OC, O'B cit nhau tai M. Ching minh ring
OM>O'M.

2. Kihiéu (S) 12 dudng tron di qua A, B, C va (§8') 14 dudng tron di qua A,
D, B. Pudng thing CD cit (S) tai E khdc C va (S8) tai F khéc D.
Chdng minh riing AF vudng géc vdi BE.

(Trich dé thi vao l6p 10 THPT Chuyén PHKHIN, DHQG Ha N&i ndm hoc

2005 — 2006)

Huéng dan gidi
~ayTaco BAN = DNA o N
Mit khic BAN = DAN
" Suyra DAN = DNA
= ADAN ,nwn tai D
= DN=AD=BC
Dé thdy AMAN can tai C nén
CM =CN

Lai c6 KM = KN
= CK L MN

A D

b) Xét tam gide KBC va tam gidc KDN, ta c6: BC = KN; KC = KN;
KCB = KDN (cling bing KMC)

Suy ra AKBC = AKDN = KBC = KDC

Viy it gidc BKCD 1a tif gidc ndi ti€p (dpem).

240

Huéng dan giai
1. Tacé: OM // O'D (vi OM va O'O ciing vudng géc véi CD)
Suy ra: MOO' = 00D <I0D =I0'M < OO'M
Viy OM>OM'

2. Ta ¢6 t¢ gidc ACBE
noi ti€p va IA = IC, nén
IB =1E.

Mait khiac IB = ID do dé
tam gidc BED vudng tai B
nén BD 1 BE (1)

Tt gidc ADBF ndi ti€p va
IB=ID,nénlA=1IF.
Suyra AF//BD (2)

Tuw() va(2)suyra AF L BE

Bdi 25. Cho hai dudng tron (O; ; R)) va (O, ; Ry) ¢6 Ry > Ry, ti€p xiic ngodi
v6i nhau tai A. Pudng thdng d di qua A cdt dudng tron (O, ; R)) tai M va
cdt dudng trdn (05 ; Ry) tai N (cdc diém M, N khdc A).

a) Xéc dinh vi trf clia dudng thdng d d€ d6 dai doan thing MN 16n nhat.

b) Tim tap hgp cdc trung diém I cia cdc doan thing MN khi dudng thing
d quay quanh di€m A.

(Trich dé thi vao {6p 10 THPT Chuvén, DH Vinh ndm hoc 2005 — 2006)
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J— P e AN NAAD) - X
Vi m%n%cn;wz&%nﬁyz“»%nw , b) Ta c6: MNO =MAO 5
. . MPO- MBO
c :
Suy ra: BN’ = AB? ~ AN == | Ma MAO+MBO=90" nén S
3 > ONM +MPO=90" C
. c
Ta c6: BC* =BN*+CN’ = Ml+h@1w.u =b’+c’ -be Do d6 tam gidc NOP vudng tai O. N M
_ ¢) D& thdiy ON L AM ; BD 1L AM P
= BC=+/b? +c’ —bc | —
. A Do d6 ON// BD
Trong tam gidc déu BCE, ta ¢6: .
9 2BCAB 1 Vi O Ia trung diém ctia AB nén N la
R=CE=2EM=""""== [3(b’+c’ b y diém , A O B
3 32 3 A ov trung di€m «ua AD ¢
. e a . : Tudne w, ta ¢6 P la trun diém cia BC.
4. Goi S 1a giao di€m cla FH vdi dudng ron (0). Sttt g
Ta 6 1t gidc SHIE Ia hinh chi¥ nhat nén HS = ES. Bai 28. Cho tam gidc ABC ndi tiép dudng tron tdm O ¢6 tryc tam H. Phan

gidc trong clia géc A cit dudng tron (O) tai M. Ké dudng cao AK ctia tam
gidc ABC. Chifng minh ring:

a) buldng thing OM di qua trung diém N ciia BC.

Miit khéc AB // ES nén AE=BS, ma BE =CE, do d6 EBS = AEC
—ES=AC=b=>IH=b

Goi Q 1a giao diém cia FK véi duding trdn (O), ta ¢6 tif gidc EJKQ 1a hinh b) Céc géc KAM va MAO biing nhau.
chit nhat nén JK =EQ.

¢) AH = 2NO.

(Trich dé thi vao lép 10 THPT Chuyén Lé Quy Don, Binh Pinh ndm hoc
2005 — 2006)

Mt khac EQ / AC nén AE=CQ ma BE=CE. dod6 EQ=AB
—EQ=AB=c=JK=b ,
VayIH+JK=b+c.

Huéng dan giai

Bai 27. Cho M 1a diém bat k¥ trén nifa dudng tron tim O, duGng kinh a) Ta cé: BAM = CAM

AB = 2R (M khong tring v8i A, B). V& céc 1i€p tuyén Ax, By, Mz cla
nita dudng tron d6. Pudng thing Mz cit Ax, By 1dn luot tai N va P.

; Suy ra BM =CM do d6 OM vudng géc v6i BC tai N 1a trung diém ctia BC.
Pudng thing BM cit Ax tai D. Chitng minh: | b) Ta c6: AK // OM (vi cung vuong

A
g géc véi BC)

a). T gidc AOMN ndi ti€p trong mdt dudng tron. [
b) Hw.ﬁ gidc NPO la tam gidc vudng. ,‘, Suy ra W>7\\_.H/>ZW./
¢) Céc diém N va P ldn luot 1a trung diém ciia doan thing AD va BC. | Mgt khic AMO=MAQ
(Trich dé thi vao idp 10 THPT Chuyén Lé Khiéi, Qudng Ngdi ndm hoc| | Suy ra: KAM = MAO
2005 - 2006) ¢) Goi E 1a trung diém cla AC.

Huéng dan gidi Khi d6 EN 1a dudng trung binh cia
a) Ta c6: @VIZ - O\H&ﬂ ~90° , : tam gidc ABC, suy ra EN // AB va
Do d6 1t gidc AOMN néi ti€p dugc trong mot dudng trdn. EN = ,Mm
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Nén IAD +ONA =90° = AHN =90° hay AH 1 ON

Suy ra H thuc dudng trdn dudng kinh OA ¢4 dinh.

d) Ta c6: OHI +OBI = 180°

Do d6 bon diém O, H, B, I ciing thudc dudng tron dudng kinh OI.

Suy ra tdim J dudng tron ngoai ti€p tam gidc HBI thudc dudng trung tryc
d’ ctia doan OB ¢& dinh.

Bai 31. Cho géc xOy vudng va hai diém A, B trén canh Ox (A nim gilta O
va B), diém M ba't ki trén canh Oy. DPudng tron (T) dudng kinh AB cdt tia
MA, MB 14n lugt tai diém thit hai 13 C, E. Tia OFE cét dudng tron (T) tai
diém thit hai 1a F.

1. Chtng minh 4 diém O, A, E,M nim trén mdt dudng tron, xdc dinh tdm
cuia dudng tron do.
2. Tt gidc OCFM Ia hinh gi? Tai sao?
3. Chitng minh hé thiic OE.OF + BE.BM = OB’.
4. X4c dinh vi tri cia diém M @& t¢ gidc OCFM 1a hinh binh hanh. Tim
mdi quan hé gitta OA va AB dé i gidc 1a hinh thoi.
_ (Trich d@é thi vao ldp 10 THPT Chuyén Ha Noi Chu vdn An va Ha Noi
‘- Amsterdam ndm hoc 2004 — 2005)

AOBM ~ AEBA(g—~g-g)
suyra: 22 -BM _ ppBM-BABO @
EB BA
Tir (1) va (2), suy ra: OE.OF + BEBM = OB?
4. Goil 12 giao diém ctia CM véi OE 1a I va H Ia giao diém ciia CF v6i OB.
Hinh thang OCFM Ia hinh binh hanh nén I 1a trung diém cda OF do d6 A
1a trong tAm ctia tam gidc OCF. Khi d6, ta c6: OA = 20H
Cdch dung:
- Dung diém H trén tia OA sao cho OA = 2AH
- Qua H dyng dudng thing vuéng géc v6i BC cit dudng tron (T) tai Fva C.
- N&i CA cdt Ox tai M, khi d6 M 1a di€m can dung.
Khi t& gidsc OCFM 1a hinh binh hanh, mudn né thanh hinh thoi thi
CI LOF
Suy ra tam gidc.OCF déu va A 12 tdm clia né nén CAT = 60"
AB

Do d6 O>“>OH>.H.H|M»

. . Huéng dan gidi
1. Ta c6: AMO = AEM = 90°
Do d6 tt gidc OAEM ndi ti€p
dudng tron dudng kinh AM. M
2. Tt gidc OAEM nodi ti€p nén v E
OMA = OEA

Bon diém A, E, F, C cing
nim H\q.mm_ B@\ﬁlac.@:m tron (T) H X
:m: OEA = ACF
Dod6 OMA = ACF = FC//OM
Vay OCFM la hinh thang. C
3. Tac6: AOFA ~ AOBE(c—-g-c¢)

OF OA

Suyra: — =-—-—=0E.OF =0A.0B MA
Y OB OE M

248

Bai 32. Cho dudng tron (O) tdm O, bdn kinh R va dudng tron (O) tam O,
bén kinh R, ti€p xtc ngoai tai A (R>R’). V& cdc dudng kinh AOB ciia
dudng tron (O) va AO'C ciia dudng tron (O). Ddy DE ciia dudng tron
(O) vudng géc véi BC tai trung diém K ciia BC.

1) Chitng minh tit gidc BDCE 12 hinh thoi.

2) Goi 1 1 giao di€m ciia EC véi dudng tron (O'). Chitng minh ba di€m
D, A, 1 thing hing. .

3) Chitng minh KI 13 ti€p tuyén cla dudng trdon (O').

(Trich dé thi vao l6p 10 THPT Chuyén Nguyén Binh Khiém, Vinh Long
ndm hoc 2007 — 2008)

Huéng din giai
1) Vi OKLDE nén K ia trung
diém cta DE.
T gidc BDCE c6 hai dudng chéo g
vubng géc v6i nhau tai trung diém
cia mdi dudng nén né 13 hinh thoi.
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2
+b
Ta c6: OM? =0, K’ + KM® nmw+1i®m|l~muuoz.. U<Uw+mo+vo

3. Ap dung dinh Ii Pitago trong tam gidc vudng O MO, ta c6:
00! = OM? + O,M?

hm+c+o ww ﬁw+d+o UN r’(a+b)
——r| = | 42
2 2 b2

< (a+b)er’ +b*(a+b+c)r—(a+b)ab’ =0

Xem bi€u thitc trén 12 PT bic hai vGidnr, ta ¢6:
>nc»?,vc+nv+»c~mo?+5?+0vu%??.+v+ov+mmnuw

-b? Am+v+ov+cmd?+d+nv+wm0u B

=r= 2¢(a+b) T a+b

1 1 1
R
r a b

Ap dung dinh 1i Pitago, ta ¢6: 00”? =R?+R"? (3)
Mit khdac: OO0 =EF? +(OE - EF)? = EF? +(R-R)’ (4)
T (3) va (4), suy ra: EF = +2RR’

Bdi 36. Cho tam gidc ABC cén tai A véi AB > BC. Piém D di déng
trén canh AB, khéng tring vdi A vd B. Goi (O) 12 dudng tron ngoati
ti€p tam gidc BCD. Ti€p tuy€n clia dudng tron (O) tai C va D cit
nhau tai K.

1) Chitng minh riing t& gidc ADCK ndi tiép.
2) Tt gidc ABCK la hinh gi? Tai sao?
3) Xdc dinh vi tri diém D sao cho tif gidc ABCK 12 hinh binh hanh.

(Trich dé thi vao ldp 10 THPT Chuyén Phan B$i Chdu, Nghé An ndm
hoc 2006 — 2007)

; Bai 35. Cho hai dudng trdon (O ; R) vd (O'; R’) cit nhau tai A va B. Goi EF

la cov tuyén chung ciia hai dudng tron (E thudéc (O ; R) va F thude
(0';R")). Pudng thdng AB cit EF tai K. Goi I 1a diém d6i xing cta A
» qua K (A nim giita B va I)

1) €6 nhan xét gi vé tif gisc AEIF?

. 2) Goi M 1a trung di€m ctia OO’. Cho biét §> MO’. Hay tinh d0 dai
- EFtheoRva R'.

(Trich dé thi vao Ncﬁ 10 THPT Chuyén, BH Vinh ndm hoc 2006 — 2007)

Huéng dan gidi

1) Vi AKEA ~ AKBE (g — g) nén Wﬁmnm

KB KE
= KE’ =KAKB(1)
Tuong ty, ta c6: KF?> = KAKB (2)
T (1) va (2), suy ra KE = KF
Mit khdc KA = KI nén tit gidc
AEIF 1a hinh binh hanh.
2) Vi MA = MO =MO' nén tam
gidc OAO' vudng tai A.

Huéng din gia
1) D& thdy tam wwmo ABC cin tai A va tam gidc KDC cén tai K nén ta c6:
BAC =180° - 2ABC ;
DCK =180° - 2KDC do KDC = ABC
= BAC = DKC
Viy tt gidce ADCK ndi ti€p.
NV\,W\H E%\nWUOWM@ a\m\ﬁwm: ta c6:
CAK =CDK = ABC = ACB
Suy ra: AK // BC
Do d6 tit gidc ABCK 1a hinh thang.

3. Hinh thang ABCK tré thanh hinh
binh hanh khi AB // CK, khi d6
BAC=ACK (%)
Hrmc trén, ta cé:

e . . —

KCD = KDC = ABC = ACB
= BCD = ACK

Ti¥ (*) ta thd'y BCD = BAC tir d6 suy ra cach dung diém D.
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Ma MAC + MBC = 90° = MO,C + MO,C =180°

Suy ra tf gidc CO;MO; la tf gidc ndi ti€p hay 4 diém O, O,, Oz, M ciing
nidm trén mot dudng tron.

X i 1 e R .
2. D€ thdy: CO,0, HMZO_O =CAB ; CO,0, = MZONO = ABC

P JE— —

Suy ra: CO,0, +C0,0, = CAB+CBA =90’

= 0,CO, =90°

Goi I va J 14n lugt 1a giao di€m ciia 00, va 00, vdi AC va >m, ta ¢6:

1=7=90°
Tt gidc CIOJ 12 hinh chit nhat. Suy ra 0,00, =90°

= 6,C0, + 0,00, =180°
Suy ra tif gide CO,00, 12 uf gide ndi ti€p. Do 46 diém O ciing nim trén
dutng tron (T).

3. Pudng tron (T) ¢6 dudng kinh 0,0; = 2r ludn di qua hia di€ém ¢& dinh
CvaO.

Suy ra 0,0, =2r2CO.
D#u “=" x4y ra khi va chi khi OC 1a dudng kinh cia dudng tron (T). Khi

d6 COM =90" = CM L AB, hay H la chin dudng vudng géc k& tit C
xudng AB.

1. Ta c6: ML = MN

Suy ra: %nan%n%

Do d6 t gidc ABEF 1a tf gidc ndi tiép.
Suy ra FGB =FAB (1)

Tudng ty, ta co: GED =FAB (2)

Tir (1) va (2), suy ra FGB = GED

Do d6 GF // DE A

2. a) Td gidc DEFG 13 hinh binh hanh
nén M Ia trung diém cta EG.

Tam gidc AGE c¢6 AM vira 1a dudng
phén gidc vira 1a dudng trung tuy&n nén
tam gidc AGE cén tai A va AM vudng
gbc v6i GE.

Suy ra DF vudng goc vdi EG.

b) Ta c6: AM L EG => AMB = 90"
Do d6 ALB = ANB =90"

Suy ra PNC = 90"

Viy AALP ~ AANC

Bai 40. Cho tam gidc ABC. Mot dudng tron (T) di qua diém A va B cit cdc
canh CA, CB tai céc diém L va N twong ing (L#A,L#C,N= BN=C).

Goi M l1a ::nm diém clia cung LN cta duong tron (T)y va M :wa trong-

tam gidc ABC. Pudng thing AM cit cdc dudng théng BL va BN tai cdc
diém D va F tudng Ung, dudng thing BM ct cic dudng thing AN va AL
tai céc di€m D va F wwong tng. Goi P 1a giao di€ém ciia AN va BL.

1. Ching minh DE // GF.

2. N&u tit gidc DEFG 12 hinh binh hanh, hidy chifng minh:

a) DF vudng géc vii EG.

b) Hai tam gidc ALP va ANC dong dang vdi nhau.

(Trich dé thi vao ldp 10 THPT Chuyén Todn — Tin, DHSP Ha Ngi nam
hoc 2008 — 2009)

Bai 41. Cho tam gidc ABC ndi ti€p dudng trdn (0). Gid st cdc ti€p tuyén
v6i dudng tron (0) tai B va C cdt nhau tai P nim khdc phia véi A dsi véi
BC. Trén cung BC khong chita A ta 1dy diém K (K khdc B va C). Butng
thing PK cdt dudng tron (O) 14n tht hai tai Q khdc A~
1. Chitng minh cdc dudng phin gidc clia cdc goc W\w/O va W\O/O di qua

cing mot diém trén dudng thing PQ.
2. Gia s& dudng thing AK di qua trung diém M ctda canh BC. Ching
minh ring AQ // BC.

(Trich dé thi vao lop 10 THPT Chuyén Todn — Tin, PHKHTN, DHQG
Ha Néi ndm hoc 2008 — 2009)

Huéng dan giai

256

Huéng dan gidi
1. Goi 1 1a giao diém cla phan gidc clia géc Hmu/O vdi PQ.

N&i IC, ta ching minh IC 13 phéan gidc clia goc KCQ
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-N€u x20,y>0 véix.y = const thi xy dat gid tri nho nhét khi va chi khi

X =Y.
_ B&l ding thic Co-sii N€u a20,b20 thi a+b>2Jab hodc
mwmmfrv
2

Dau “=" x4y ra khi va chi khia = b,

Suyra: AB + AC=AH - HB + AH + HC = 2AH

Ap dung dinh li Pitago trong tam gidc vudéng OAH va tam gidc vudng
OAD, ta dugc: OA” = AH? + OH’ va OD” + AD? = OA?

Suy ra: OH? + AH? = OD? + AD?*

Ma OH <R = AH > AD = AB+AC > 2AD

Viy AB + AC nhé nhdt khi dudng thing d ti€p xic véi dudng tron.

> B. BAI TAP

B@i 1. Cho hai di€ém A, B nim trong nifa mit phdng v6i by l1a dudng

thing d. Tim trén d di€m C sao cho tdng AC + BC nhd nhit.

:

.

Hudng dan giai
Goi B’ 1a diém doi x@ng cia B qua
duding thing d.
Ta ¢ ABCB' cintaiC
Suy ra: CB'=CB
Do d6: CA+CB=CA+CB'2 AB’ € d

Viy CA + CB nhd nhat khi A, C, B
thing hang, hay C la giao diém cla
AB' va dudng thing d.

B

Bdi 3. Cho dudng tron (O ; R) va dudng thing xy ¢6 dinh ngoai dudng tron.

T diém M tily ¥ trén xy, vé cdc ti€p tuyé€n MA, MB dé€n dudng tron (O)
(A, B 1a céc ti€p diém). K& OH vudng géc v6i xy. Day AB cdt OH tai 1.
X R?
a) Chitng minh ring: 10 =—.
g g OH
b) Xdc dinh vi tri ctia diém M trén xy d€ cho AB c6 d6 dai nhd nhat.

¢) X4c dinh vi tri clia diém M trén xy va N trén dudng tron (O) sao cho

B@i 2. Cho di€m A ¢d dinh niim ngoai dudng trdn (O ; R). Mot dudng thing
~d di qua A. Goi B va C la giao diém cdia dudng thing d vd dudng tron

(0). X4c dinh vi tri clia dudng thing d d€ AB + AC nhé nhat

OM, ta c6:
AHOM ~ AKOI
= OH = oM = OL.OH = OK.OM
OK 01

Hudng dan giai
V& dudng thing qua A ti€p xic véi
dudng tron tai D, ta ¢6 D ¢d dinh.
- Trudng hgp 1: N&u d tring véi AD
hoidc AD’
Khi d6 cde di€m B, C, D tring nhau,
suy ra: AB + AC = 2AD = 2 AD'

- Trudng hgp 2: N€u d khdng trung
vGi AD hoidc AD'

Ta v& OH L d v&i H thudc vio dudng thing d
Khi.d6 H 1a trung diém clia BC va OH <R

260-

MN c6 d6 dai nhd nhat.
. Huéng dan giai
a) Goi K 1a giao diém clia AB véi

Mait khdc: OK.OM = OA? = R?
Suy ra: OH.OI = R?
Hay 10 = m <R

OH
b) AB nhd nhat khi va chi khi OK~ & ul
16n nhat M H
Ma OK <01
OK 16n nhdt khi va chi khi K triing véi I, bay AB L OI, hay M triing véi H.
Vay AB nhd nhd't khi va chi khi M triing véi H.
¢) Goi C 1a giao di€m cda H v6i dudng tron (0).
Ta cé: MN 2 NO 2= OM = 0OH
= MN =2 OH-ON =0H -HC
= MN 2z HC

Vay MN nhé nhdt khi va chi khi M triing v6i H va N trang véi C.
261.
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Tuong tyf, ta €62 Syype < Sauec 5 Sace,n = Sacnr

Do d6: m%P_ + M>:m_m + m>on_z S Spmm +Ssonr £8

= mi,m_n_ ~-8<S8S=S8§ N.Wmi_m.p

Ma Sy ¢, anmww

D4u “=” x4y ra khi va chi khi (L
tring véi A;; K triing véi A) hodc
(K triing v6i By; M trung véi B) A . C
hodc (M trang véi C, hoic L A L

tring v61 C)

Vay gid tri nhé nhat clia dién tich phan chung clia hai tam gidc KLM va

AB,C la |_|
8

b) Ta c6 OM L DE

Ap dung hé thitc lugng vio tam gidc vudng ODE, ta dugc:
DM.EM = OM’ =R? (1)

Mat khdc: DM =DA va EM = EB (2)

Tir (1) va (2), ta c6: AD.BE =R?

¢) T gidc ADEB la hinh thang vudng nén dién tich ctia no ta:

-1

Srose = AB(DA + EB) anEUZ.TmZV =R.DE

Dién tich t gidc ADEB nhé nhat khi DE nhd nhit.

Ma DE la dudng xién hay dudng vudng géc ké tir D d€n By, nén DE nhd
nbat khi DE = DH . Khi d6 DE // AB nén M la diém chinh giita cung AB.

Bdi 8. Cho nita dudng tron tim O cé dudng kinh AB = 2R. Ké hai ti€p
 tuyén Ax va By cla nifa dudng trdon (Ax, By va nita dudng tron ciing
thuéc mdt ni¥a mit phing bd AB). Goi M 1a di€m thy ¥ thudc nita
dudng tron (khdc A va B). Ti€p tuyén tai M cda nita dudng tron cit Ax
tai D va cidt By tai E.
a) Chitng minh ring: ADOE la tam gidc vudng.
* b) Ching minh ring: AD.BE = R~
.-¢) Xéc dinh vi trf clia di€ém M trén nita dudng tron (O) sao cho dién tich
cda tif gidc ADEB nhd nhit.
(Trich dé thi vao dp 10 THPT, TP Hué nam hoc 2007 — 2008)

Bdi 9. Cho C 13 mot diém nim trén doan thiing AB (C # A, C = B). Trén ciing
mdt nita mit phiing bo 1a dudng thing AB ké hai tia Ax, By cling vudng goc
v6i AB. Trén tia Ax 18y diém I khdc A, tia vudng goc véi Cl tai C cit tia By
tai K. Pudng tron dudng kinh IC cdt tia IK tai P.

1) Chitng minh:

a) Tit gidc CPKB ndi ti€p 9&0 dudng tron. Xdc dinh tim va bédn kinh clia
dudng tron do.

b) ALBK = AC. BC.

¢) AAPB vudng.

2) Cho A, B, 1 ¢d dinh. Tim vi tr diém C dé dién tich tf gidc ABKI dat
gid tri 16n nhat.

(Trich ,mm» thi vao l6p 10 THPT, .Q:mw:% Ngdi ndm hoc 2008 — 2009)

Huéng dan gidi
a) Ta ¢6 DA va DM 1a hai ti€p

Mm
tuyén cit nhau tai D, nén OD 12 .
tia phin gidc AOM . E
Tuong ty, ta ¢ OE la phdn gidc
cia OMB. M
Ma AOM va OMB Ia hai goc k& H
bi nhau nén DOE = 90°
Viy ADOE vubng tai O. :

A O B

Huéng dan giai
1) a) Vi CPK=CBK=90" nén ¥

gidc CPKB ndi tiép dudng tron
dudng kinh CK. Tdm dudng tron nay 1 P v
1a trung di€m ciia CK. K
b) Vi ICK = 90" nén ICA+KCB=%"
Suy ra: ICA = CKB
Do d6: AICA ~ ACKB (g - g)

IA CB AT—C B
Suy ra: — =—— =3 ALKB=CA.CB ;

CA KB
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‘ Suy ra: EO nm = 1 (vi EF 1a dudng trung binh cla tam gidc ACD)
BD CD 2
= BD=2EO
3) Goi K va H 14n lugt 1a hinh chi€u vudng géc ciia O 1én CD va AB.
Ta c6: AB? = 4BH? = 4R? — 4HO? va CD? = 4DK” = 4R” - 4KO?
1

Do d6: S ey =5 AB.CD

=2JR* —R2.PO? + HO?.KO? (vi OH? + OK?= OP?) (2)
Tir d6, gid tri nhd nhat cda Sacep 1a 2VR? —PO? | dat dudc khi va chi khi

H tring v6i O hodc K tring v6i O <> AB hodc CD la dudng kinh cda
dudng tron (O ; R).

HO® +KO* PO’
2 2
K&t hop voi (2), ta duge S,egp < 2R = PO?

Zm: khidc, ta ¢6: HO.KO <

Viy gid tri 16n nhat clia Sacep 12 2R? —PO?, dat dugc khi va chi khi
HO = KO hay t gisc PHOK Ia hinh vudng.

Bai 12. Budng tron tim O c6 day cung AB ¢6 dinh va I 1a trung diém chinh
gifta cung 16n AB. Ldy diém M bdt ki trén cung 16n AB, dung tia Ax
vudng gée véi dudng thing MI tai H va ¢cit BM tai C.

o

+ a) Chitng minh cdc tam gidc AIB vd ACM la tam gidc cén.
__b) Khi diém M di dong wén cung 16n AB. Chitng minh ring diém C di
chuyén trén mét cung tron ¢b dinh.
¢) Xdc dinh vi tri diém M d€ chu vi tam gidc AMC dat gid tri 16n nhit.
(Trich dé thi vao lop 10 THPT Chuyén Ha N§i Chu vdn An va Ha NOi
Amsterdam ndm hoc 2005 — 2006)

T (1) va (2), suy ra tam gidc AMC cén tai M.
- Trudng hgp M thudc cung IB (khéng
chita A). Chiing minh tuong ty, ta ¢ tam
gidc AMC cén tai M.

b) Theo cdu a), ta ¢c6: IA = IC, ma [ khOng
*d81 nén C niim trén dudng trdn tAm I ban
kinh IA.

Khi M triing v&i A thi C triing v§i A, cdn khi
M wiing véi B va C tring v8i C, (v6i C, 1a o
giao diém clia dudng tron tim I ban kinh IA

v6i duding thing qua A vudng géc véi IB). Do

d6 khi M chuy&n dong trén cung 16n AB thi

diém C chuyén dong trén cung AC, (dpcm).

¢) Gia sir Cy 12 giao diém ctia Al vdi dudng tron tdm [ bdn kinh 1A, M, 1a
di€ém d6i xing cla A qua O.

Nhén xét nw:m khi tia Ax triing vdi tia Al thi M triing v8i My, lic d6 B,
Z? Oc ﬂUm.Sm —Jmpsm

Ta c6: AM < AM,,AC < AC,, (mdi lién hé gifta day cung va duding kinh)
Chu vi (AABC )< chu vi (AAM,C,)

Viy gid tri 16n nhat cda chu vi (AAMC)< chu vi (AAM,C, ), dat dugc
khi M 12 di€m xuyén tim d6i clia A d6i vdi dudng tron (O).

Hudng dan gidi
a) Vi1 1a di€m chinh gilta cung 16n AB c {
nén lA = IB hay tam gidc ABC cintai L. . 2

'&.
- Trudng hdp M thudc cung IA (khéng H “\
chita B), ta ¢6: CMH =1IMB (1) A
1

ZE_AEG\@/: umﬂaw.y/\_.vagv nww&w

= w.&_w =IMB (2

Bdi 13. Cho dudng trdn (O ; R) va ddy BC cd dinh sao cho AABC ¢6 3
g6c nhon, s& do ctia cung BC biing 120°. A 1a m4t diém chuyén dong
trén cung 16n BC. Ké BE vuéng géc véi AC (E thudc AC), CF vudng
gbéc v6i AB (F thudc AB). Cdc dudng thing BE va CF cdt dudng tron
(0) l4n lugt tai M; N (M khéng tring vdi B, N khdng tring vdi C), BE
giao v8i CF tai H.

a) Ching minh ring MN song song v&i EF va AO vudng géc véi EF.

b) Goi S, 1a dién tich cla tam gidc AEF, S, 14 dién tich cda uf gidc BFEC.
Tinh ti s6 Mr
MN

¢) Tim vi tri clia di€ém A tén cung l6n BC dé dién tich tam gidc AEH 16n nhat.

(Trich dé thi vao 16p 10 THPT Chuyén Todn — Tin, HA TAY ndm hec
2008 - 2009)
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Huéng dan giai
) Vi 4 diém A, H, M, K cing nim A
rén mot dudng tron dudng kinh AM
nén ta ¢6: MBC = MAC = MHK

vi MCB = MAB = MKH

- AMBC ~ AMHK O K
C B
b) Tir cAu a), suy ra in = ilzw\h\_m B e
. . BC H
Mi MB>MH = —=2>1 < HK<BC :
HK M

Diu “=" x4y ra khi va chi khi H tring v6i B, khi d6 ABM =90" va AM
Ja duding kinh ctia dudng won (O). Do d6 khi M 1a diém d6i xing cla A
qua O thi do dai HK 16n nhat.

'

Suy ra \,yO_ON =A0O0, = tif gidc AO,;00; ndi ti€p dudng tron ngoai tiép
tam gidc AO,0, ludn di qua di€m O c& dinh khédc A.

b) Trong dudng tron tAm 1, ta ¢6: 2102 0A < 102 WO> =const
> .

Um\cxm.n.“xww ra khi va chi khi OA 12 dudng kinh ctia dudng tron tam I, khi
dé6 OO,A =00,A=90", hay AB, BC lan lugt 1a dudng kinh clia dudng
trdon Oy va Oy, khi d6 D 1a chdn dudng vudng géc ké tir A 1én BC.

Vay khi D 1a hinh chi€u ctta A 1&én BC thi d6 dai 10 nhd nhat.

Bai 16. Cho :um gidc nhon ABC. Piém D di dong trén canh BC. Goi Oy, 02
l4n lugt 11 Lim dudng tron ngoai ti€p tam gide ABD, ACD tuong tng.

a) Chitng minh riing dudng tron ngoai ti€p tam gidc AO,O; ludn di qua
mdét diém 6 dinh khidc A.

b) Goi O la tam dudng tron ngoal tiép tam gidc ABC va I la tam dudng
tron ngoai 1i€p tam gidc AO;O.. Hiy xdc dinh vi tri diém D trén BC
a0 cho 10 nhd nhat. .

(Trich dé thi vao lép 10 PTNK Chuyén Todn ~ Tin, PHQG TP.HCM

ndm hoe 2005 — 2006)

Bai 17. Cho ntta dudng tron (O) dudng kinh AB = 2R. Trén nira mit phing
b3 AB chifa nita dudng tron, ké hai tia ti€p tuyén Ax va By. Qua diém M
thudc nira dudng tron (M khdc A v B) ké tiép tuy€n thit ba cdt Ax, By
theo thit ty 6 C, D.

1. Chirng minh:

a)CD = AC + BD.

b) AC.BD =R%.

2. Xéc dinh vi tri ca diém M d€ tt gidc ABCD ¢6 dién tich nhd nhat.

3. Cho biét R = 2cm, dién tich tif gide ABCD biing 32cm?. Tinh dién tich
tam gidc ABM. '

(Trich d@é thi vao lép 10 THPT, Thdi Binh ndm hoc 2005 — 2006)

9.

Hudng dan gia
a) Goi O 12 thm dudng oon
ngoai ti€p tam gidc ABC,
suy ra O ¢@ dinh.
Nhian xét ring 0,0, 1a
duding trung tyc cia AD
nén 0,0, LAD.

Suy ra 0,0, di qua trung
diém cGa cung AD cla
duding tron (Oy).

. s——

Ta ¢6: AO,0, = ABD va

272

s 0.

Huéng dan giai

1.a)Tac6:CD=CM +DM ;CM =CA ; DM =DB
Suy ra CD = AC +BD

b) Ta ¢6: COD = AMB = 90" (g6c ¢6 canh tudng dng vudng goc)
vVa OM 1 CD v
Suy ra ACBD=CM.DM=0OM?*=R* | . D
2. D& thi'y ABCD la hinh thang vuéng
nén: 2Sxscp = AB(AC + BD) = 2R.CD M
Suy ra Sagep = R.CD 2 RAB =2R? C
Viy tf gidec ABCD c¢é dién tich nhd

nhit 1a 2R?, dat dudc khi va chi khi
AB =CD. A 0 B

3. Theo cdutrén, ta c6: CD = m.m; =16m

2

o3
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Tir (3) va (4), suy ra: R? +R2 =R?
Ngudc lai, né€u R} +R2 =R2 thi tir (3) va (4), ta c6:

R} +R} BQ’+PC’

1=
R; PQ’

&)

(5) chi xdy ra khi Q 12 trung diém clia AB.

Bai 20. Cho nita dudng tron dudng kinh AB = 2R. Goi C 12 diém tay ¥ trén
nita dudng tron, D 12 hinh chi€u vudng géc clia C trén AB. Tia phin gidc
géc ACD cdt dudng tron dudng kinh AC tai diém tht hai 1a E, cdt tia
phan gidc géc ABCtai H. ‘

a) Ching minh AE // BH.

b) Tia phan gidc géc CAB cidt dudng tron dudng tron dudng kinh AC tai
di€ém tht hai 14 F, cdt CE tai I. Tinh dién tich tam gidc FID trong
truong hop tam gidc do 1a tam gidc déu.

“¢) Trén doan BH 14y di€m K sao cho HK = HD, goi J 1a giao diém clia AF
va BH. Xdc dinh vi tri clia C d€ t8ng khodng cdch tif cdc diém 1, J, K
dén dudng thing AB dat gid tri 16n nhat.

(Trich dé thi vao l6p 10 THPT Chuyén Todn — Tin Ha Noi Chu vin An va
Ha Noi Amsterdam ndm hoc 2006 — 2007)

1

Hudng dan giai

+a) Ta c6: ACD =CBA (gbc c6 canh tuong tng vudng géc)
Mt khdc CE 1a phan gidc clia ACD va BH la phén gidc ciia CBA , nén
CAE =CBH

Ma CAE+ECB =90" = CBH + ECB = 90" = BH L CE (1)

Vi AEC =90" nén AE LCE (2)

T (1) va (2), suy ra AE // BH

b) Vi AF la tia phan gidc cla CAD nén FC=FD =FC=FD (3)
Va CTF = CAF + ACE = L (CAB.+ ACD) - 45'

Ma AFC = 90" = ACFI vudng cidn tai F = Fl = FC (4)

T (3) va (4), suy ra FI = FD

Do d6 = AFID la tam gidc déu = AFD = 60°

= CAD =30" = CAF = 15"

A s 0o

N

T,

e

Khi d6 DF = FC = AC.sin15" = (AB.cos30%). msac R+/3sin15"

Viy Sgp = f\:wwms 715" = wN%
16

4
¢) Goi M 1a giao diém clia
CE v6i AB. Tam gidc BMC
cin tai B (¢6 BH vira la
dudng phin gide vira la
dudng cao), nén H 1a trung
diém ctia CM. Do d6 DK la
trung tuy&n thudc canh huyén
clia tam gidc vubng CDM,
suy ra HD = HC. Ma HK =

HD nén HC = HK. Do d6 tam m_mo CHK vuéng cédn tai H nén HCK =45° s

ma ACB=90° va ACE= ECD nén CK 1a phén gidc DBC. Suy ra K [
tam dudng tron ndi ti€p tam gidc vudng CDB.

B

Dé thdy I va J 12 tim dudng tron ngoai ti€p tam gidc vudng ADC, ABC.
. s o« . AB+CB-AB
B4n kinh dudng tron ndi ti€p tam gidc vudng ABC la: —
Goi d,, da, d3 14n lugt 1a khodng cdch tr I, J, K dé&n AB
- -AB CD+DB-BC
Ta c6: 9+a~+aw.n>U+OU >O+>O+Om A LED+ -CD
2 2 2
Vi CD <CO =R (v6i R la trung diém ctia AB)

Vay d, +d, +d, 16n nhat khi va chi khi C 1a diém chinh giita céia cung AB.

Bdi 21. Cho dudng tron (O ; R) va hai diém B, C ¢ dinh trén (O ; R) théa

— . o 1 . .

min BOC =120". Tim gid tri nhd nhét cda bi€u thitc I.H.l+l.| khi M di
MB MC

dong trén cung nhd BC clia dudng tron (O;R)md M#B va M#C.

(Trich dé thi vao 16p 10 THPT Chuyén Lé Quy Pén, Pa Ndng ndm hoc
2008 ~ 2009)

2.

Huéng dan giai
Goi A 12 diém chinh giita cung 16n BC, khi d6 AABC 1a tam gidc déu.
Trén canh AM 14y diém I sao cho IM = 1B.
Vi BMI = BCA =60" nén ABMI la tam gidc déu.
Ta ¢6: MBC =IBA (viciing bing 60° ~CBI)
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b) D& thdy EBQF la hinh thang vudng. Bai 25. Cho tam gidc ABC ndi tiép dudng tron. P 12 mot diém di déng trén
¢) Ta c6: : cung BC khong chita A. Ha AM, AN 1an lugt vudng géc v&i PB va PC.

Sy = HwOQum +QF) . ” 1) Chiing minh riing mamsm thing MN ludn di qua mgt n:mw: cd dinh.
2 2) Xdc dinh vi trf cda di€m P trén cung BC sao cho biéu thitc AM.PB

umeT\Eﬂmmu , + AN.PC dat gid tri 16n nhat.
- 2 2 , (Trich dé thi vao 16p 10 PTNK Chuyén Todn — Tin, DHQG TP.HCM
- WZz. AB ;, ndm hoc 2007 - 2008)

; Huéng dan giai

Vi AB khéng d8i nén dién tich t& gidc EPQF Idn nhdt khi MH 16n nhat, 1)K& AH L BC (HeBC)

hay M la diém chinh giita cung AB. [ A
~ % PRI Y ; = ; Ta cé6: MBA = BHA =90°
Badi 24. Bi€t ring mot tf gidc 161 ¢6 tong hai canh d6i va mot dudng chéo ¢ L ..
khong 16n hon 2+/2S (S 1a dién tich 1 gidc). Tinh d6 dai dudng chéo con Do d6 uf gidc AMBH noi
lai theo S. ,“; uép, suy ra AHM = VWZ 0
(Trich dé thi vao 16p 10 THPT Chuyén Phan Béi Chdu, Nghe An ndm hoc Mit khic 1f gide ABPC noi M
2007 — 2008) ! ti€p nén ABM = ACP K
. Huéng dan giai ” Suy ra: AHM = ACP (1) BNH C
Gia st tf gidc 16i ABCD théa man AD + BC + BD <24/2S. ] Lai ¢6 AHC=ANC =90 N
A , i nén tit gidc AHNC noi ti€p P
) . D+BC+BD P
“Tacé wmmmo??vmovmhl!lm{ilw w Suy ra: ACP+AHN =180" (2)
s ADABC+BD > 35 ~. Tir (1) va (2), suy ra: AHM + AHN = 180"
= &N 2 3
e . . ) ; Do d6 3 diém M, H, N thang hang.
Dédu “=7 xdy ra khi va chi khi AD .L BD, BC 1. BD va AD + BC=BD w Vay MN luén di qua diém c§ dinh H
Duyng hinh binh hanh CADE, ta ¢6 tam gidac BDE vudng cén tai B. i Nv.wm PK L BC tai K .
w bl 0
Suy ra: AC =DE = BDV/2 =2S N ] \ PK.BC
B i Ta ¢6: AMPB+AN.PC =2(S,rp +Sascr ) = 2| Spasc + —
B c E W Vi tam gidc ABC ¢6 dinh nén AM.PB + AN.PC 16n nh4t khi va chi khi PK
T , 16n nhat, hay P 13 diém chinh giita cung BC khong chita A.
A c , Bai 26. Cho tam gidc déu ABC ndi ti€p dudng trdn (0) va D 1a di€m ndim trén
. cung BC khong chita diém A. Trén tia AD 1dy diém E sao cho AE = DC.
1. Chitng minh: AABE = ACBD .
2. Xdc dinh vi tri D sao cho t&ng DA + DB + DC 18n nhat.
A / . (Trich dé thi vao Idp 10 THPT Chuyén Lé Héng Phong, Nam Dinh ndm hoc
4 ‘ D | 2004 - 2005)
W
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- Quy tich cdc diém cdch déu mot di€ém O cd dinh mdt khodng R 1a dudng
tron (O ; R)

- Quy tich cdc diém nhin doan AB ¢ dinh dudi mdt géc o khong ddi 1a
hai cung chita géc o dung trén doan thing AB (hai cung nay d6i xing
v68i nhau qua AB)

Khi o =90" thi:

Quy tich cdc di€m nhin hai diém A, B dudi mot géc vudng 1a dudng tron

dudng kinh AB.

°5% Jc
> B. BAI TAP

2
Ta ¢6: OB.OC' = OA.OD = o>..M.WM =R

Viy C' thudc vao dudng trdon (0), do d6 C' tring véGi C, suy ra BC 1a
dudng kinh clia dudng tron (O).

K&t lugn:

Quy tich clia diém I 1 dudng trung tryc clia AD.

Bai 1. Cho dudng tron (O ; R) va mot di€m A c6 dinh khéng triing vdi O.
Mot duding kinh BC quay quanh O. V& dudng tron (I) ngoai ti€p tam gidc
ABC c4t dudng thing OA tai D. .

. a) Chitng minh ring D 12 mot diém c& dinh.

b) Tim quy tich ciia diém I.

Bai 2. Cho doan thing AB. Ldy di€ém M bat ki rén doan AB va cling phia

v6i AB. Dyng hai hinh vudéng AMCD vd MBEG. Goi O va O'lan lugt 1a
tdm cla hai hinh vudng AMCD va MBEG. Tim quy tich trung di€m I clia
OO’ khi M di d6ng trén AB.

Huéng dan giai
<.a) Ta c6: OA. OD = OB.OC =R?
—Nm
+ Suy ra: OD = —— = const
OA

Diém D thudc tia ddi clia tia OA ¢§ dinh nén D 1a diém c6 dinh.
b) Phdn thudn: o

Diém I cdch déu hai ddu doan thing
AD ¢§ dinh nén I nim trén dudng
trung trye d cia AD.

Phdn ddo:

L4y diém I bat ki trén dudng trung
trife cia AD. Vé dudng tron (1 ; [A)
cdt dudng tron (O) tai cde diém B
vd C. Ta c¢in chitng minh BC 1a
duding kinh ctia dudng tron (O).

That vay, ta ¢é D thudc dudng tdn (15 1A).
Goi C' la giao di€m thit hai cia BD vdi dudng tron (O ; 1A)

Huéng dan gidi
Phdn thudn:
Ké OF L AB;IH LAB; O'K L AB

D& thdy IH 14 dudng trung binh ctia hinh thang vudng OO'KF nén
_:nwﬁ%+oﬁv

Mait khdc, ta c6: OF = ‘_MZS va O'K u«wzw

Suy ra: TH nwh,w\wglv,_a?\:w nw>w
2\2 2 4

Khodng cdch tir I dé€n AB khong ddi nén I chay irén dudng thing song

song va cdch AB mot khodng M”.\nw.

Gidi hgn: Khi M triing vdi A thl O tring véi A. Hinh vuéng MBEG la

hinh vudng canh AB, tdm O’ 14 giao di€m clia AE va BG. Trung di€m I

cia OO’ la trung di€m I, cha O'A (khi d6 O tring v&i dinh S clia tam

~gidc vudng can SAB). Do d6 1 chuyén dong trén dudng trung binh 1,1}

clia tam gidc SAB.
Phdn ddo:

Lay I' wén I I (1,1} 12 dudng trung binh clia tam gidc vudng cin SAB).
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Tam gidc CEB ¢6 C=90" va CE = CB nén tam gidc CEB vudng cn.
Suy ra: CEB = 45" va AEB =135

piém E nhin AB du6i mot géc 135" nén
E chuyén dong trén cung chda gbc 135°
dung trén doan AB (cung ndy cing phia
véi 1 doi véi AB).

- Xét diém C' thudc cung AL

Tam gidc C'E'B la tam gidc vudng cén
nén CEB =45

Diém E nhin AB duéi mot géc 45°, nén E
chuyén dong trén cung chita géc 45"
dyng trén doan AB.

Khi C' tring v6i I thi E' tring v6i A. Khi C' ti€n dé€n A thi E' ti€n dén
K (AK L AB va AK = AB).

Pidém E' chuyén dong trén cung AK clia cung chita géc 45" dung trén
doan AB (khdc phia véil dsi véi AB).

b) Phdn ddo:

- L4y diém E b4t k¥ thudc cung chita géc 135" dung trén AB, AE cit ntta
< dudng tron (O) tai C.

Ta ¢6 AEB =135", tam gidc vudng CEB c¢6 CEB=45" nén CE =CB

L4y diém E’ bat ky thudc cung AK, E'A ¢4t nita dudng tron (O) tai C'.
Tacé AEB=45", tam gidc vudng C'E'B ¢6 CEB=45" nén C'E'=C'B
¢) Két lugn:

Quy tich di€m E 13 cung chita géc 135° dung trén AB (ciing phia véi 1 d6i voi
AB) va cung AK chifa géc 45° dung trén AB (khdc phia v6i I dsi vdi AB).
Hai cung trén hop thanh nita dudng tron dudng kinh BK (vi BAK =90").

¢) Trén tia d6i clia tia AB 14y diém M sao cho AM = AC. Tim tap hgp cdc
di€m M khi A di dOng trén cung 16n AB cia dudng tron (O).

(Trich dé thi vao lop 10 Chuyén Ngoai ngit, PH Ha Néi ndam hoc
2004 — 2005)

Bai 5. Cho dudng tron (O) va day cung BC ¢d dinh. Goi A Ia diém di dong trén

cung 16n BC clia dudng trdn (O) (A khéc B, C). Tia phin gidc ciia géc ACB

cit dudng tron (O) tai diém D khac diém C, 1dy diém I thudc doan CD sao

cho DI = DB. DPudng thing BI cit dudng tron (O) tai diém K khdc diém B.

a) Chitng minh tam gidc KAC cin.

b) Chitng minh duding thing Al ludn di qua mot di€m J ¢d dinh, tir d6 hay
xédc dinh vi tri ctia A d€ d6 dai doan AI 13 16n nhit.
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Huéng dan giai
e T — =
Ta c6: sdDBK nma?\yiﬁv w acwwuwa??‘wﬁ

Ma sd BD =sd DA va tam gidc DBl ciantai D, suy ra sd AK =sdKC
Do d6 AK = CK

Viy tam gidc KAC cin
tai K (dpcm).

b) Theo cdu a), ta ¢6 I
1a tAm cha dudng tron
ndi ti€p tam gide ABC,
nén dudng thing Al \
luén di qua trung diém B ¢
Y cta cung BC.

Ma JIC =JCI nén tam

gidc JIC cdntai J.

Do d6 1J = JC (kh6ng ddi), suy ra Al 16n nhat khi va chi khi AJ 1dn nhd,
AJ 16n nh4t khi AJ 12 dudng kinh ciia dudng tron (O), hay A 1a diém chinh
gilta cung AB.
¢) Phdn thudn:

Ta ¢6 tam gidc AMC céntai A,suyra BMC = W%

Gia sit s§ do cla goc BAC la 20.(khéng ddi) thi A di ddng trén cung
16n BC, di€m M thudc cung chita géc o dyng trén doan BC vé phia
diém O.

Phédn ddo:

Ti€p tuyén Bx véi dudng tron (O) cdt cung chifa géc o dung trén doan
BC tai X. LAy di€m M bat ki trén cung CX 12 mdt phdn clia cung chita
géc X dung trén doan BC (M= X, M= C). N8i MB ciit dudng trdn (O)
tai A thi A thudc cung 16n BC. Khi dé, ta c¢6: BAC =2a, AMC = a nén
tam gidc ACM cén tai A. Suy ra AC = AM.
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