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Ldr’ noi dau

BO sach Tai liéu chuyén Toan Trung hoc co sd gém 8 cudn, tu
Iép 6 dén 16p 9, mdi l6p 2 tap (tap mot: Dai s6, tap hai: Hinh hoc),
duoc bién soan nham :

- Cung cap cho cac em hoc sinh mét tai liéu cé hé théng va kha
ddy di dé hoc tap chuyén sau vé mon Toan d cap Trung hoc cd sd.

- Tao ngudn cho cac Idp chuyén Toan & Trung hoc phd théng va giup
cac em hoc sinh I&p 9 thi vao Idp 10 chuyén Toan.

- GiGp cac can bd chi dao mén Toan, cac thdy co giao day Toan
c6 thém tai lieu dé chi dao va giang day chuyén sau vé Toan tai cac
hoat dong chuyén dé, ngoai khéa, cac cau lac bd Toan hoc nham boi
dudng cho hoc sinh vé kién thirc, ki nang, tu duy va nhimg pham chat
t6t trong hoc tap, nghién clu va sang tao, gép phan vao viéc dao tao
va bdi dudng nhan tai.

Nhém tac gia clia bd sach 1a nhiig thdy cb giao da va dang giang
day & cac 16p chuyén Toan cla cac truong Dai hoc, cac truong Trung
hoc ca sd cb uy tin, nhitng chuyén gia Toan c6 kinh nghiém & Tap chi
Toan hoc & Tudi tré va Nha xuét ban Giao duc Viét Nam.

Cubn sach Tai liéu chuyén Toan Trung hoc co so Toadn 7, tap
mot: Dai s6 gdém 10 chuyén dé co ban va 3 chuyén dé nang cao.

O médi chuyén dé ca ban, cudn sach khong lap lai cac ndi dung da
c6 trong Sach gido khoa ma chi tém tat cac kién thirc co ban, dong
thdi b8 sung thém mot s6 kién thirc can thiét. Do dé, khi giang day
cac chuyén dé, cac thay cé giao nén s dung két hop tai ligu nay vai
Sach giao khoa. Cac vi du minh hoa dugc chon loc nham gitp hoc
sinh biét cach giai va trinh bay mét s6 dang toan nang cao thuong
gap. Sau d6 1a cac bai tap c6 hudng dan giai.
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Céac chuyén dé nang cao nham gidp ban doc hiéu sau va rong han
nhirng ndi dung cb lién quan dén chuong trinh, ching dugc trinh bay
dé hoc sinh c6 thé tiép thu duac.

Chuang téi hi vong cudn sach nay sé la mot tai liéu thiét thuc va bd
ich giup cac em hiéu sau sic nhimng kién thirc Toan da hoc, gép phan
vao viéc nang cao chat lugng dao tao va bdi dudng hoc sinh gioi
Toan & cap Trung hoc co sd.

Mac du cac tac gia da lam viéc nhiét tinh, nghiém tuc va cé trach
nhiém, tuy nhién, cudn sach van khé tranh khdi nhimg thiéu sét.
Chung t6i rat mong nhan duogc y kién déng gbp cla ban doc. Cac gbp
y Xin gufi vé :

Ban Toén - Tin, Cdng ty CP Dich vu Xuét ban Gido duc Ha Noi,
Nha xuét ban Giao duc Viét Nam, 1878 Gidng Vo, Ha Noi.

Chu bién
VU HOU BINH
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CAC CHUYEN DE CO BAN

Chuong 1

SO HUU Ti. SO THUC

Chuyén @ 1. CAC PHEP TINH
TRONG TAP HOP SO HUU Ti

Dang 1. SO SANH HAI SO HOU Ti

I. KIEN THUC CO BAN

s

S6 hiru ti 12 56 ¢6 thé viét duge dudi dang % véia,be Zvab=0.

e Tap hop s6 hiru ti duoc ki hiéu la Q.

e Moi s6 hiru ti déu c6 thé biéu dién trén truc so.

So sanh hai s6 hiru ti:

* V@i hai s6 hiru ti bat Ki x va y ta ludn ¢6 hodc x =y, hoiac x <y, hoac x > y.
® S6 hiru ti &m < 0 < s6 hiru ti duong.

® So sdnh hai s6 hiru ti am bang cdch so sanh hai gid tri tuyét déi cua ching
v@l nhau.

Kién thirc b6 sung: Ciic phuong phip so sinh hai s6 hiu ti % va -3 V6 b,d>0:

So sdnh hai s6 hiru ti bing cich quy déng méu hoidc quy déng tu.
So sdnh hai s6 hiru ti khong qua quy déng miu hoac quy doéng tir :

¢ Phuong phdp nhan chéo: % < -:j <> ad <bc,vaib,d>0.

* So sanh véi mot s6 hiru ti trung gian.
e So sdnh vai phin bu (dé€n don vi), so sdnh véi phdn hon (so véi don vi), ... .
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5. Mot s6 truomg hop dic biét:

a+ a+l
< b thi —<—— néua>bthl—>——
e Chob>0.N¢ua<b lb 5 L
a+cC C
Cho b, d > 0. Né& -—<—th—< < -,
s 259 "o b+d ¢
1. VI DU MINH HOA
Vi DU 1.1. So sdnh cdc s6 hitu ti sau:
2 s T
17 21 19 =23
Giai
a)Cach 1: C6 (- 15).21 ==-315va 17.(- 19) = - 323,
-15§ =19
Ma-315>- 33euyra—-—->-——.
17 21
-15 2 19 2 2 2
‘ach 2: — i — ] h—w=——l.M.’1— > —, Suy ra
Ry & 8 ety ) W TR Thls
-15 =19
— D —
17 21

b) Viét lai cdc s6 hiru ti di cho thanh ':: vil “"39 (4¢ mau 12 56 duong).

C6 (=13).23 = = 299 va 19.(=19) = - 361, md - 299 > - 361, suy ra

-13 19
> .
19 -23
VIiDU 1.2.
a) SO ndo 16n hon trong hai s6 hiru 4 sau:
=23 -25 317 371 =24 =19
va ) - N - va :
49 47 633 743 35 30

b) Sap x€p cdc s6 hiru ti sau theo tha w wr nho dén 1om:
:_13.-_5.0_ =25 124 -24 -23
3079 7T 47720117 35 T 49

Giai
a) Ta co:
] . 25 23 25 25 -23 =25
e Chon phian s6 trung gian [d — ,lachd; — <—<—, su > .
st 29 29 a1 ™ 9 T g
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) 73 9
(C6 thé chon phan s6 trung gian Ia—g- Tacé — = -—:i —5)
47 49 47 47
317 634 5 371 742 317 371
2i—=—> r— = —— < | nén — > —,
633 633 ?43 743 633 743
Suy ra: —11—1‘:-&.
633 743
5
-Sudungphfmbudéndanw—‘i-l—-I—I- h-l—g-= =
35 35 30 30
. 11 I 24 19
Ta ¢ — <— nén |- — > | -— hay — > —. Suy ra:
35 30 35 n T ETWe T
-24 -19
< .
35 30
2§ 24 2
b) Ta chi c¢dn so sdnh cdc s0: —l(—)i —i 4:—'ﬁ.
30°9" 47735 49
9 p . C
Theo cdu a), ta co: —§>-1 3'4 >Q.
47 49 35 30
; B 19 i3
So sdnh cdc s6 — va — vadi phan s6 — :
47 30 9
23 25 5 S 1 - | 17 19
— === V) —=—4 == === =
47 45 9 9 2 I8 2 15 30 30
19 § 25 23
Suyra —>—>=>—>—,
30 9 47 49
il I | — — | = | )
Viy ta c6: "4< ”< 5< "5< "3<()< l"4.
35 30 9 47 49 2011
VI DU 1.3. So sdnh A va B, néu:
3 5 h 3
a)A= - - = - 1-7 vi B= - : -7.,—- g —
2001 102 1* 2000 117 11 o
. 3
Wi i 2006 2007 2008 2009 i e 1 - I ‘
2007 2008 2009 2010 2006-2007 20082009
Giai
a) Ta chi phai so sinh A’ ——i,-% va B’ -—i.,-—i.‘.
™ 1) 1= 11
CéA'=—3-4—3:B'=—3-4—3mE: 4 4

— >_
7 2 B 9
1 11* 1! 1 1 1 T | &

=A>B =A>B
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o a-{ ) (1) (1513

TR | 1
"[2003 2007) d (2010 2009] - (2007.2003 . 2009.2010]'
| | | |
a < nén - > - -
2007.2008  2006.2007 2007.2008  2006.2007
) < : nén - ! > - l .
2009.2010  2008.2009 20092010 ~ 2008.2009
Vay A > B.

M

Vi DU 1.4. So sdnh cédc s6 hir ti sau:

a)Evé E: b)"—”vh:—lg; c)—givh -337.
17 18 26 27 -83 331
Giai
12 12 12+1 13
< = —

a)C6 — < | nén — = —,
17 17 17+1 18

) S A N 1 s L s .
26 26 26+1 27

-337 -337  -337+1 =336 -84 84  -337
¢) C6 —— < | nén < = = hay > :

331 331 331 +1 332 83 -83 331
ViDU LS.

a) Vi€t ba s6 hiru ti ¢6 méu khéc nhau, 16n hon -Tl nhung nhé hon % ;

b) Tim céc s6 hiu ti c6 dang — biét ring gid trj ciia s6 d6 16n ho '1—19 va nho
a

-9

hon —.

13

¢) C6 bao nhiéu phan s6 c6 tir s6 bang 9, 16n hon :32 va nhé hon -_‘)—4 ?
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Giai

.a)C‘L‘o_—I«:i i WP & P
3 3 3 3+5 8 5
Talaic6—<§ e _1+3=2—<2.
3 3+8 11 8
-1 1 2 -1
Tuong tu, ta dugc — < — < — . Vy ta ¢6 ba s6 hiru ti ndm gilta — va -
3 14 11 3 5
lﬁ:-ﬂ<i<i<§- i
3 14 11 8 5
b) Ta xét phan l 32<1<2vﬁixel\l..
X 13 x
63 63 63
déng cdc tir sO ta duge: —
Quy dbng céc ur s6 ta duoc: o1 9x _”

Suyra77<9x <91, max € N nén x € (9; 10).

Vaytacé--2<-—7 :-?-cz-—g
19 10 13

¢) Ta xét phan s6 — mii-i~<'9<2 véix e N
X A -

36 36 36

dbng céc trso, tad —_—<—<—
Quy dong cac s alfQC8|<4x R

Ta c6: 60 <4x < 81.

Suyra 15 <x<20%. ma x € N nén x e(16; 17; 18; 19; 20}.

Vay ta ¢6 5 phan s6 thoa man bai todn:
-3 9 9 9 9 9 -4
<—< < < < <—.
5 -16 -17 -18 -19 =20 9




Dang 2. CONG, TRU, NHAN VA CHIA CAC SO HOU Ti

I. KIEN THUC CO BAN

Trén tap hop s6 hiru ti Q xdc dinh hai phép todn:
Phép cOng hai s6 hiru u: 24 - il .
b d b.d
* Phép cOng c6 cdc tinh chat giao hodn, két hop.
® PhépcOng véi s6 0: Tacd x +0=0+x =x,
* Hai s6 hiru ti ¢6 t6ng bing 0 12 hai s6 d6i nhau. Nhu vay moi s6 hiru ti déu
c6 56 don.

Phép nhan hai s6 hiru ti: — - % =

® Phép nhan c¢6 cidc tinh chat giao hodn, két hop, phan phdi doi vai phép cong.
® Phép nhdn véi s6 1: Tacéd x.1 =1.x =x.

* Hai s6 hiru ti ¢6 tich bang 1 la hai s6 nghich dio nhau. Nhu vay moi s6 hinu
ti khdc 0 déu c6 s6 nghich dio.

» Trén 1ap hop s6 hiru ti Q, phép todn trir va phép chia duoc hiéu nhu sau:
Phép trir s6 hiru ti x cho s6 hiru ti y duge thay thé bing phép cong cla x vai s6
doicuay, taviét nhusau: x-y=x+(-y).

Phép chia s6 hitu ti x cho s6 hitu ti y (y # 0) dugc thay thé bing phép nhin cia

X v@i s6 nghich ddo cha y, ta viét nhu sau: x:y = x-l (y #0).
y

» Lwu y trén tap hop s6 hiru ti Q:

Céc phép todn cong, trir v nhan hai s6 hiru ti luon cho ta cho két qua 1a mot
sO hiru 1.

Phép chia s6 hiru ti x cho s6 hitu ti y ¢6 két qua 12 mot s6 hiru ti khi y # 0.

IL. VI DU MINH HOA

10

Vi DU 1.6. Thuc hién cdc phép tinh sau:

a)A=(_—5+i-— -—4-—5—]:(38—1—-—39lj: B=1- :
I 22 22 .

I | 1 | |
10 100 1000 10000 100000 1000000




Giai
a) Ta co6:

A=(F—5+l+i+“—5]:[38+L-39-—7— =——”:[—Il)=l7—.
Il 22 33 48 22 22) 132 11) 168

Cach I: Viét lai phéptinh: B=1-1:{1 +2:[1 = 3:(1 - 4)]} = %
Cdch 2: Tinh nguoc tir cudi lén:
I I 1 (I
B=1- =] - =] - =l -==—,
2
Bk e v 4 2 1 +1 2 2
- 3 1 +1
1-4

byC= - (0,1 +0,01 + 0,001 + ... +0,000001)=~-0,111111.
Vi DU 1.7. Thuc hién cdc phép tinh sau mot céch hop li:

s 5 5 3 F % 9

7 17737 .2 3 4 s
hiem =% A

T 17T 37 8§ 4 3 2

2 1 2 2 5

e e |+ -
B=239 15 153. 7 21

I 3 3 65 26 '

MO R ... ...

4 20 26 121 71

2

by C = 2  n2 12 112

1320 20.27 27.34 62.69

(s 7 13 3l
1 913 925 19.25 19.69)
2.2012

¢} P= | 1 1 |

l+—t——t—+...+ -

142 14243 1+2+3+4 14243+...42012
Siai

[l--'_ iy L 3.9 d
P 3 273%3"s 3. 1_16
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S e

2013 10 51 121
bybaaC=P:Q.

\

C6 P=16. ! + ! + ’ +...+—7-'.

13.20 20.27 27.34 62.69 )

=.6[_'_...L L . .6.(_'__LJ_
13 20 20 27 ~ 62 69 13 69
5 7) L(IS 3|) 1.125+91 1 897+775
19

O Qo= St |
Q (13 25 25 69) 9 1325 19 2569

__24 88 ;{L-L _I._L) Z(L_L)
1325 2569 (13 25 25 69) “L13 69)
Suyra:C=-8§.

¢)Co:1+2+3+...4+n= %.(I + n)n, v n la s6 tu nhién khac 0.

Do dé : B . |
1+2+3+..4n  n.(l+n) n n+l
Suyra-]—=—2—=2[l—-l-]. I . =2.[l—-—-.
1+2 23 2 3 1+243+..+n n(n+1) n n+l

| " | —__ l
142 14243 1+24+3+...+2012

ﬂ”'[[%"%)*(%"%] "'+{20|:2’20|t3)]'

Vay: 1+

_ 2.2012
142. (1-1)+(1_l]+...+[ - )
2 3)(3 4 2012 2013

22012 22012.2013

=2013.

+2.[1_ [ ) 2.2012
2 2013



Dang 3. LUY THUA CUA MOT SO HOU Ti

I. KIEN THUC CO BAN

Luy thirabac n (n € N") clia mot s6 hiru ti x (ki hiéu: x") 12 tich cta n thira s6
bang x:

x" = x.x.x...x (ncon dugc goi 1a s6 mi, x goi 1a co s0).
n

2. Quy udc: x'=1 (x#0) va x' = x.
3. Quy tic:
e Tich va thuong cua hai luy thira cing co s6:
xT.x"=x""": XM x"=x""" (x#0;m2n).
e Luy thira cia mét tich, cua mot thuong:
n n
xy)"=x"y"; [i] - (y=0).
y y"
e Luy thira cia mot luy thira:  (x™)" = x™".
Kién thirc b8 sung
4, Tact: xX™"=x""%x™ =x o va x " =—.
X
5. Quy tic dau "~" trong mot tich hoac mot thuong:
e Néu s6 thira s6 4m 12 s6 chén thi chic chin két qua sé la mot s6 duong, nén
ta ¢6 thé bo hét ddu "-" di dé thuan tién trong khi thuc hién phép tinh.
e Néu s6 thira s6 am 1a s6 1€ thi két qua sé 1a mot s6 am, nén ta ciing bo hét
ddu "-" di va dat & truéc toan bo phép tinh mot ddu "-", ciing dé thuln ti¢n
trong khi thuc hién phép tinh.
I1. Vi DU MINH HOA

ViDU18.Choa e {-1: -%: -%; 0;1;,0,2; %}.Tinh a_s; az; a3; a4.

13



Giai

Ta lap bang:
a =i —-«,'E -% 0 1| 02 %
a’ 1 % % 0 1 | 004 g
s | ~1] = % - :,;7 0 1 | 0008 -%
a’ [ % s_li 0 1 | 0,0016 5
a? | -1 | -8 | -27 x';:g?fh L o12s %

VI DU 1.9. Nam dnh sing 1a don vi do khodng cdch trong thién van hoc.
Mot nam dnh sdng la quing dudng dnh sing di dugc trong mot nam va bing
9 460 730 472 580 (km), d6 la mot con s6 rét 16n nén ngudi ta sir dung luy thira dé
viét cho gon lai.

e Vi€t | nam dnh sing cho gon lai theo mot luy thira cta 10.

* Sao Proxima Centauri gin Trdi D4t nhit ma con cich cich Trai Dat 1a 4,22
nam dnh sdng. Khoang cich d6 bing bao nhiéu kilomet ?

Giai
* | nam dnh sdng xap xi 9 460 730 472 580 (km) = 0,946.10" (km).
* Sao Proxima Centauri cich Trdi D4t 4,22 (nam dnh sing) = 3.99212.10" (km).

VI DU 1.10. Sip x&p cdc s6 sau tir nho dén I6n dudi dang lu§ thira cia 2:

32:0,125:—128; - :1: L.
62" 16
Giai

C6:32=2%0,125= ==2"2; — 128=-2% —=25;1=2% L2~

L
8

Sipxép: -2'< 2% <2 < 2P <P < S

14



Vi DU L11. Riit gon cdc biéu thifc sau:

T ] et
Ao 28277 446 p\3) L4
2767 +27.409%" - (2} 3
Y, e 2) (.5
(5)-(-&)
Giai
11 76 (42 3
A_ 2.84.272 +4.69 - 2[336 +2l|.39 - 2 .3 .(2 +3 ) N 2

2767 +27409% 2437 4210385 M s 3.5) 3

P 3*
o S
- ¥t ) 2305

2
= = =14—.
(23 53 J 2633 53 5

52 2633

Vi DU 1.12. Céc ménh dé sau ding hay sai véi moi s6 hiru ti x va y?

a) - x = (- )% b) (x - y)* = (y - x)*;
c)x<0=x2>x; d) Néu x>>0 thi x>0;
c)lxl=y3véxy<0:x<0: g)x=)-5=>x>0véy<0:
h) (x - y)’ = (y - x)".

Giai

a) Ménh dé sai, vi v6i x = | thi - x = - | khdc véi (- x)* = (- 1)’ = 1.
b) Ménh dé ditng, vi | x-yl=ly-x|

¢) Ménh dé diing, vi v6i moi x < 0 thi x <0 < x°.
d)M¢nhdésai.vfduxz={—I):=l>0nhu‘ngx=-l<0.

¢) Ménh dé ding, vi:

oexy<0=>x=0=Ixl >0=:»y3 >0=>y>0.

e Tuxy<Ovay>0=x<0.

g) Ménh dé sai, vi khi x = y° thi x va y cing d4u.

h) Ménh dé ding, vi x—y=—(y-X)=>(K-¥)3=-(Y-1)3-

15



Vi DU 1.13. Cho s6 A=-9-99-999~..-999 9. Hoi sau khi thuc hién
2011
phép tinh, chir s6 1 xudt hién bao nhiéu ldn trong s6 A ?

Giai
Tacé: —A=10"+10%+10%+... + 10" = 2011

=111...110 = 2011 = 111...1109099..
2012 2012

Vay chir s6 1 xudt hién 2007 l4n.
Vi DU 1.14. So sénh:

1 1 1 1 1 :
a)A=2—l+2—2 +2—3+...+2T9+2—50 va 1.

1 1 1 1 1 . 3
b)B=3—|+3_2 +3_3+"'+3?+3I_00 v E.

1 1 1 1 1 1
C)C—4—l+'4—2 +-4j+...+4999+4lm Vé'ls.
Giai
a)A=2A-A
St B o L 8 11 L
T T2 LT N GNP AP AP P )
Suy ra: A=1-L<lnenA<l.

250

b)2B=3B-B
—l+i+i+ +L+-I_ - l ..l_.q.L l+_l.
B T I Bl SIS B I g

Suy ra: 2B=l-—3l%<1 nén B<-;-.

c)3C=4C-C

Suyra: 3C=1- <lnenC<-3-.

41000

16



Luu y:

l +Lv6iaEN
an-l an

Mot ciach t6ng quit: Néu P=—l]- + a - L3+ -
a a

2
a

vaa> .
Xét(a-1)P=aP-P

-I+l+l++ . l-4-l+l-1--1-
- 1 - n-2 n-1 2 s
a a a a

Suy ra: (a-l).P=I—-—l—-<lnen P< ! :
an a-|1

Vi DU 1.15. Tim ti€p s6 hang thit nam ctia day s6 sau:

..

L A L
Giai
: > n n!
S6 hang tong quitu, = (-1)". ——

a
’ g 5! 120
Vay, s6 hang thif nam cua day s6 trén: ug = - e 3
a a

Luuy:
e Luy thira cia s6 - 1 duoc sir dung dé déi ddu cua s6 hang.

¢ (-1)" mang ddu "-" néu n 1é va mang diu "+" néu n chin.

Dang 4. TIM SO HOU Ti CHUA BIET TRONG MOT DANG THUC

I. KIEN THUC CO BAN

1. Néu s6 hiru ti chua biét ndm & miu, ta phai dat diéu kién cho s6 d6 khic 0. Réi
sau khi tim dugc két qua phai so sdnh véi diéu kién.
2. Trong qud trinh thuc hién cic phép tinh cdn luu ¥ dén dau phép tinh.

2A -TOAN 711 - 0.80 17



IL. VI DU MINH HOA

VI DU 1.16. Tim s6 hitu ti x, biét rang:

2 11 3 g = X 5
8)| T RSt =i h){-3+———]: I+—+—J=-—.:
5 3 2 x 3 5 3 4
I 1
-3 2 & 2
)——i[l+—}=0 d) 3 - 3l=3_
R X 7 W 3
X
Giai

.
a) - X =(-4—-I-)-Il=—6.nenx= 6.
5 2) 3 5

b) Vi x nim & mu nén x = 0.
" 9
Ta c¢6: 1 =[-2]-(I+1+1W-[-3 -l) = i nén x = 4 (thoa man di¢u Kién
X 4 3 3) 3 4

x#0).
¢) Vi x nim 0 miu nén x # 0.

Tich cua hai thira s6 bang 0, do d6 mét trong hai thira s6 bang 0. Biét x # 0

= 2
nén ta ¢ —%’i # 0, vay l+§'}- =0.Suyrax= -% (thoa man diéu kién x # 0).
X

S

d) Vi x nim o miu nén x = 0.

4
Taco: | + : =(I —lW:{3-21]= | + -l- suy ra x = 2 (thoa man diéu kién

X 2) 3 2
x#20).
Vi DU 1.17. Tim x, bi¢t:
a)(x-3)°=16: b) (1 -3x)’=-64:
c)x'3=27x'0: d) (4x - I)z=(l—4x)4.

Giai
a)Cé:Ix-31=4,suyrax-3 e {-4:4)nénx e |- 1;7}.
b) Cé: (1 —3x)3=(—4)3.suyra | -3x=-4nénx= %

¢) Xét hiéu: x' = 27x%= x":'.(x3 -27)=0.Suyrax € {0; 3}).
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d) Xét hieu: (1 - 4x)* = (4x = 1)* = (1 = 4x)* = (1 - 4x)’
> 2
=(1 -4x)".[@x-1)"=1]=0.

}.

ldld—

1.
4"’
‘"Vi DU 1.18. Tim s6 tu nhién x, biét:

Suyrax € {0;

a)d* +4"%=4160: b)2"-'+5.2"_2=—z—.
32
Giai
a)C64"{l+43)=4l60nén4’=64.3uyra:x=3.
-1 7 = | -
b)C62* “(2+5)=— nén2' ‘= — =2 . Suyra:x=-3.
) ( ) 32!1 1 uy ra: X

VI DU 1.19. Tim céc s6 hitu ti x, y va z, biét:
a)xy= %: yz=0,6 va zx =0,625 ;

b)x(x-y+2z)==11;y(y-z-x)=25 va Z(z+x-y)=35;
c)(x+2)2+(y-3)4+(z-5)6=0.

Giai

a) Nhan ba ding thic v6i nhau, ta duge (xyz)” = 0,25, do d6 xyz = £ 0,5.
543 5 4 3

Suy ra: (x: y; —;—:— | hoac (x Ll R i

"yr(yz)(es]o(yz)[ssrt)

b) Cong ci ba ding thiic véi nhau, ta duge (x -y +2)° =49,dodox—y+z=2%7.

11 25 11 25
txy: —;—:-5| hodc (x; y; -——i=-—15].
Suy ra: (x;y: 2)= [7 - ] odc (x;y: 2)= ( - )
O Vi(x + 2% (y-3). (z- 5)° khong am, ma (x + 2> + (y - 3)* + 2= 5)° =0
nén: (x+2)2=0;(y—3}4=0;(z-5}6=0.3uyra:x=—2; y=3 va z=5.

Vi DU 1.20. Tim s6 hiru ti x, biét:

. x-l00+x—98+ x-96__3_ b) x-l+x-3 _ x—5+ x=-7
24 26 28 ' 65 63 61 59 °
x-28-124 x-124-2011 x-2011-28
c) + + =3.

2011 28 124
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Giai

x—124+x—124 x—-124

a) Trir mdi phan s6 cho 1, ta duoc +
24 26 28

Suy ra: (x - 124)-(-—— — —)—O.Vayx=l24.

b) Trir mdi phan s6 cia ca hai v€& cho 1, ta duoc

x——66+x—66 N x-66+ x-66'

65 63 61 59

Suy ra: (x—66) [i —]——i—L] 0. Vay x = 66.

65 63 61 59 )
¢) Trir mbi phan s6 cho 1 ta duge

. x—28—|24-201|+x-l24—2011—28+ x-2011-28-124
2011 28 124

Suy ra: (x-28-124- 2011)-(— Fe —-I—)-O.

=0.

28 124 2011
Vay: x =28+ 124 + 2011 = 2163.

Dang 5. GIA TRI TUYET 61 CUA MOT SO HOU Ti

I. KIEN THUC CO BAN

1. Gid tri tuyét d6i cia mot s6 hiru ti x, ki hiéu 1a | x |, 12 s6 do khoang céch tir
diém x 16i diém goc (di€m 0) trén truc s6.

1 2 . é 2
2. Dinh nghia trén dugc viét duéi dang: | x| ad & R 0
-x néu x<0.
® Ki hiéu - x duogc doc la s6 d6i cua x.

3. VéimoixeQ,taluoned |x|20; [x| =|=x| va |x|2x.

Kién thirc b6 sung

4. Néum >0 thi:
*lX|Sm&eS-mSxSm;
e|x|2m<e<x2m hoic x<-m.
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IL. Vi DU MINH HOA

VI DU 1.21. Tinh gid tri cta cdc biéu thic A, B, C:

a)A=|x+y-z vVoiix=-1;, y=2vaz=4
b)B=|x|+|x = 1]+ |x-2| véix=-0,25.

¢)C= 4x*-2x -1 v6i | x| =0,5.

Giai

a)Taco: A=|(-1)+2-4|=|-3|=3.

b) Ta c6: B= |- 0,25| + |(- 0,25) - 1| + |(- 0,25) - 2| = 3,75.
¢)Vi:|x| =0,5nénx =£0,5.

Néu x = 0,5 thi C=4.(0.5)° - 2.(0.5) - 1 =~ 1.
Néux=-0,5thiC=4.(-0,5)°-2(-05)-1=1.
ViyC=-1hoacC= 1.

VI DU 1.22. Riit gon céc biéu thifc sau:

aA)A=x+|x]|; b)B=|x|- x;
c)C=2.3x-1)-|5-x|; d)D=2)2x - 1| - 3.12x + 3|.
Giai

a) Ta x¢ét hai trudng hop:

Néux20thi|x|=x,tac6 A=x+x = 2x.
Néux<Othi|x|=-x,tac6A=x+(-x)=0.
ViyA=2xnéux20vaA=0néux<0.

b) Tuong tu xét hai truomg hop. Ta c6: B=0néu x 20 va B = - 2x néu x < 0.
¢) Ta xét hai trudmg hop:
Néux25thi|S-x|=-(5-x)=x-5,1ac6C=23x - 1) - (x = 5) = 5x + 3.
Néux<5thi|5-x|=5-x,tac6C=23x-1)-(5-x)=7x-17.
ViyC=5x+3nfux25vaC=7x-7néux<5.

d) Ta xét ba truomg hop:
Néux205thi|2x - 1|=2x-1va2x +3|=2x+3nénD=-2x - 1.
Néu-15<x<05thi|2x=1]=1=-2xva|2x+3|=2x+3nénD=- 10x - 7.

Néuxs -1 5thi2x-1|=1-2xva|2x+3|=-2x+3)nénD=2x + 11.
Vidy: D=-2x-11néux=20.,5;

D=-10x-7néu-15<x<0,5;

D=2x+11nfuxs-1,5.
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Vi DU 1.23. Tim x, biét:

a)3.dx-1-2=19; b)|x+2|-6x=1;
)15 +x|+x=~-15; dx=-3+x+2| =7,
e)2x + 1] + |x + 8] =4x; g)|x2-2x| =X;
h)|x| ==x-35.

Giai

a)C64x —1|=Tnénd4x - 1=%7.Suyra:x € {- 1.5; 2}.
b) Xétx2-2thi(x+2)-6x=1nénx=0.2>-2(chon).

Xéix<=2thi-(x+2)-6x=1nénx = -% > = 2 (loai).

Suyrax=0,.2.

¢) Cach 1: Xétx 2= 15thi (15 + x) + x=- 15 nén x = - 15 (chon).
Xét x <= 15 thi = (15 + x) + x = = 15, diing v6i moi x < - 15 (chon).
Suyraxs - 15.

Cdch 2: [I5+x|+x==15 < [x + 15| = = (x + 15).

Tabiétring |JA|=-A < A<0.Dodéx + 15<0.

Viay x s - 15.

d) Xétbatrubmg hgpx<-2;-2<sxs3vax>3.Suyrax € {-3;4}.

e)CO2x+1/20va|x+8/20nén|2x+ 1|+ |x +8| 20,suyrax 20.

VG x20thi2x + 1/=2x+ 1;|x +8/=x+8nén (2x + 1) + (x + 8) =4x, do
d6 x =9>0 (chon).

Vay x =9.

g) Ta c6: |x* — 2x| 20 nén x 2 0.

Suy ra: |x2—2x|= IX(x = 2)|=x.]x-2| dox20.

Vay: xJx -2 =x & x(x-2|-1)=0<x € (0; I; 3}.

h)Tacéd: |x|20,ma|[x|==-x-5 nén-x-520=>xS-5=|x| ==X

Viy |x|=z=-x-5&-x=-x-50x=-5.Vay: x € @.

Vi DU 1.24. Tim x va y, biét:

a)lx-y| + |ly+0,28/=0; b) 0,1 - 0,01 —=x|=-0,001 -y
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Giai

a)Taco|x —y|20valy+0.28/ 20,

majx -yl +|y+028/=0nén|x-y|=|y +0,28| = 0.
Suy ra: y =- 0,28 va x = - 0,28.

b) Tac6: |0,1 = 0,01 = x| +|y|=-0,001 <0,

ma [0,1 = 0,01 —=x|20 valy| 20,

Suyra: x,y € @.

Dang 6. TIM SO HUU Ti CHUA BIET TRONG MOT BAT DANG THUC

I. KIEN THUC CO BAN

L.

Néu hai s6 a, b khic nhau, ta ¢c6 mot bat ding thic a > b (hoac a < b). Bi
dingthica>besa-b>0.
Tinh chat:
e Cong cling mot s6 vao hai v& cia mot bat ding thic
a>bea+c>b+c.
e Nhan hai v& ciia mot bat ddng thic véi cing mot s6 duong
a>be>ac >be,vaic>0.
e Nhan hai v& coa mot bt ding thic vai cing mot s6 am va doi chiéu bat
dang thic
a>be>ac <be,vaic <0.

I1. VI DU MINH HOA

Vi DU 1.25. Tim s6 hitu ti x, bi¢t ring:

a)3x+427; b)-5x+1<1l; c)

X-3 ' 2-X
Giai

a)C6 3x+427=3x27-43x23ox2 .

b)C6 -5x+1<1]I.

Cachl: =5x+1<lleo=-5x<ll-1-5x<10x>-2,
Cdach2: =5x+1<llo1-11<5x-10<5x e -2<X.

Luu y: V6i céch giai thi nhat, khi nhan hai v¢ cia mot bat ding thic véi mot

s6 4m ta phai déi chiéu cua bit ding thic.
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c)C6-—-5—3<0.Diéuki¢n:x-—3¢0<:>x¢3.
x—

Tur s6 1a mot s6 duong, nén ta ¢6: x — 3 < 0 < x < 3 (thoa man diéu kién).

d) Co 2_—7-20.Tu0'ngtu.tac6x>2.
-X

Vi DU 1.26.
aA)BittA=x(x-2).Timxdé: A20;: A <0.

b) Biét B=;—+2.T|mxd¢'5:B>0:BSO.
-

¢)Bi€tC=(x = 1)(x +2)(3 - x). Tim x sao cho C <0,

d) Bi€t D = (x* - 2)(16 - x°). Tim x sao cho D 2 0.

Giai

a) Cdach I: Xéthai trubmg hop (x SOvax-2s0)va(x20vax-220).
Cach 2: Phuong phép 1ap biang xét ddu:

X P 0 | 2
X - 0 + + +
X =2 - - - 0 +
A + 0 - 0 +
ViyA20&= (x<0hoacx22)va A< 0<x <2,
2
b) CéB=;+;.Diéu kién dé méiu s6 khéc 0 1a x # 3.
Lap bang xét dau:
X -2 3
X+ 2 - 0 + + .
3-x + + + 0 -
B - 0 + [ -

VayB>0&=-2<x<3;
B0 x<-2hoic x > 3.



¢)Biét C=(x = 1)(x +2)(3 - x).

Lap bang xét ddu:
X -2 1 3
x=-1 - - - 0 + + +
X+2 - 0 + + o+ + +
3-x + + o+ +  + 0 -
C + 0 - 0 + 0 -
ViyC<0& -2<x< 1 hoidcx>3.
d) Biét D = (x* - 2)(16 - x°).
Lap bang xét dau:
x’ 2 16
v ¥¥=3 - 0 + + +
16 - x* + + + 0 -
D - 0 + -

Suyra:D20¢2Sx2516.
Co:x*S 16> -4S x SA4 vax 22 xS-2 hoacxzﬁ.

Vayke'lhqplgilacé:DZO¢-4st-—J5 hoic S2sxs4.

Vi DU 1.27. Tim s6 nguyén x, biét:
I

a) 32 < 2% < 128; NI~ %2 e —

243

4 g 2

c)I3x-1|$5; d) —<|x-—=|< —.

)| | )7 |x 7I 7
Giai

a) C62° <2* <2’ Suyra: x = 6.
b)C63 ¥<3*<37° Suyra:x € {-8;-7: - 6).



¢) Co |3x - l|55<=>—553x—155¢—§s:t$ 2.Vayx € {-1:0; 1; 2).

d)Chli)'rghépcécb.’h’tdénglhﬁc.lacé%< X < ; hoac _|73 <X < -I;; DoxeZ
nénx € Q.
Dang 7. NHUNG BAI TOAN VAN DUNG
CAC PHEP TINH VE SO HOU Ti
Vi DU 1.28.

a) Vi€t 60 s6 hiru ti =1 hodc 1 thanh mot vong tron theo chiéu kim dong hé
sao cho tich cha ba s6 bat ki canh nhau bang —1. Tim t6ng ciia 60 s6 d6.

b) Vi€t 11 s6 hiru ti thanh mo6t vong tron theo chiéu kim déng hé sao cho tich
cua hai s6 bat ki canh nhau biang 9. Tim t6ng cta 11 s6 dé.

Giai
a) Vi tich cua ba s6 canh nhau bing -1 nén ¢6 hai trudmg hop xay ra:

Truomg hop I: Ba s6 déu bing -1 suy ra ca 60 s6 déu bing -1 va xép
nhusau: -1, -1, -1, -1, ...,= 1, = 1, - 1. Vay tdng cia 60 sé biang —60.

Truomg hgp 2: Trong ba s6 ¢6 hai s6 1 va mot s6 —1 ching duoc xép theo thir u:
-L, 1L, 1L,-1,1,1,-1, ...

C6 60 s6 x€p vong tron nén ¢6 40 s6 1 va 20 s6 —1. Vay tdng cia 60 s6
bang 20.

Vay t6ng bang — 60 hoac 20.

b) Ki hi¢u 11 s6 hitu ti x€p theo vong tron 1dn luot 1a a,, a,, ay, ag, ..., a,;. Do
tich cha hai s6 bat ki canh nhau biang 9 nén ca 11.s6 déu khéc 0.

Coéaja;=aja3=a3a;=...=ay,pa,, =2a,,.4,.

Suy ra: ay.(a; —a3) =0;a3.(ay-ay) =0;a5(a3-25)=0: ... ; a,.(a;, = a,) = 0.

Docall s6 déukhicO,néna, =ay=ag=...=a;;=a,vaa,=a,; =234 =...
=ap=a,.
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Suy ra: a, = a, = a3=a; = ... = a,,. Vay ca 11 s6 déu bing nhau, ma tich cia
hai s6 canh nhau bing 9, nén 11 s6 dé cung bing 3 hoac cung bang -3. Suy ra
t6ng 11 s6 d6 bing 33 hoac -33.

ViDU 1.29.

a) Cho 13 s6 hiru ti, trong d6 t6ng cua 4 s6 bat ki nao ciing 1a mot s6 duong.
Hoi téng cua 13 s6 d6 la s6 duong hay s6 am ?

b) Cho 13 s6 hiru ti, trong dé tich cia 3 s6 bt ki nao cling 1a mot s6 am.
Chimg minh ring 13 s6 di cho déu 1a s6 am.

Giai
Trude hét ta ki hiéu 13 s6 di cho 1dn luot la ay; ay; aq ...oag)) 4y
a) Xét 13 16ng sau:

a+ay+ay+ay>0

a +aytag+ag>0

ay+ag+ag+ag>0

a3+a; +a, + u3>0

Suy ra d(ay+ay+ay+...+a,3)>0.

Viy: ay+ay+ag+ ... +a;3>0.

Téng cia 13 s6 dd cho la mot s6 duong.

b) Xét 13 tich sau: a,.a,.a3 <0, a5.a3.04<0, ... ,a;3.2,.3, <0.

3
Suy ra: (a;.a5.a3...2)3)" <0 nén aj.a;.a;5...a;3<0.

Tédch riéng mot s6 tr tich 13 s6 trén, 12 s6 con lai chia thanh 4 nhém
ba s0, ta c6
(a).a5.a3).(a4.05.8¢).(a7.0g.29).(2)9.2).812). )3 < 0.
Ta thay tich ciia méi nhém ba s6 1a mot s6 am nén tich cia 4 nhém nhur viy la
s duong va suy ra s6 dugc tich riéng 1a mot s6 am.
Tuong tu cho 13 s6 va ta dugc 13 s6 di cho déu 1a s6 am.
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VI DU 1.30. Chimg minh ring khong thé viét duoc mot ddy gém 12 s6 sao cho
thoda mén dong thai ca hai diéu kién sau:

Tong clia 9 s6 bt ki lién ti€p 1a mot s6 duong (diéu kién 1);

Téng ctia 6 s6 bat ki lién tiép 12 mot s6 am (diéu kién 2).

Giai

Trude hét ta ki hiéu 12 56 da cho ldn luot Ja: ay; ay; aq; ...; ap,5 a4y

Gia sur viét duge 12 s6 thoa min ca diéu kién 1 va diéu kién 2.

Theo diéukién 1, tacéd:  a) +ay+as+a,+ag+ag+a; +ag+a9 >0. (i)

Theo diéu kién 2, tac6:  ay + ag+ ag + a; + ag + ag < 0. ()

Tu (i) va (j), tacéd: a; +a, + a, > 0. (1)

Tuong 1y, ta cling ¢6: ay + ag + a5+ a; + ag + ag + a,o + a,, +a;,>0.
Gqrag+ag+ag+a, +a,<0.

Suy ra: ay +ag +a,>0. (2)

Tu (1) va (2) suy ra a + ay +ay + a4 + ag + ag > 0. VO Ii, vi trdi v6i gia thiét 1a
tng ctia 6 s6 bat ki lién tiép 1a mot s6 am.

Vay, khong thé viét duoc 12 s6 déng thoi thod min ca diéu kién 1 va diéu kién
2 g trén,

ViDU 1.31.

a) Cho 556 ay, a,, a5, a; vd ag ma mbi s6 bing 1 hoac - 1.

Chimg minh ring S¢ # 0 néu S = a,.a, + ay.a3 + ay.a, + a,.a5 + ..

b) Cho 6 56 a,, a,, a4, a,, a5 va a, ma mbi s6 bang 1 hoac - 1.

Chimg minh ring S, # 0 néu Sy = a|.a, + ay.ay + ag.a, + a4.a5 + ag.a4 + 2g.2).

¢) Cho n s6 a,, a,, a, ay, ..., a, ma mbi s6 bing 1 hoic - 1.

Chimg minh ring S, = a,.a, + ay.ay + a3.a, + ... + a,.a; = 0 khi va chi khi n
chia hét cho 4.

Giai

a) Vi 5 56 di cho bang 1 hodic —1 nén 5 tich a,.a,, a,.a4, ay.a,, a4.24, a5.2, cling
bang 1 hoac -1.
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Trong Sq ta ¢6 5 s6 hang bang 1 hodc —1 nén s6 s6 hang 1 va - | khong bang
nhau va nhu vay t6ng clia ching khong thé bing 0, hay S5 # 0.

b) Tuong tu cdu a), ta ¢6 6 tich a;.a,, ay.a3, a3.a4, a4.a5, a5.24 va ag.a, cling
bing 1 hoac -1.

Dé thay so6 tich bing —1 12 mot s6 chin, vi:

Néu chi ¢c6 a; = -1, cic s6 con lai la 1 thi ta c6 hai tich la a,.a, = aga; = - 1.

Néu ¢6 hai s6 canh nhau, ching han nhu a, va a, bing ~1, cdc s6 con lai la 1 thi
ta ¢6 duoc hai tich la a,.a; = ag.a; = -1.

Néu c6 hai s6 khong canh nhau, ching han nhu a, va ay bing —1, cdc s6 con
lai 1a 1 thi ta c6 bon tich 1a a,.a,, a,.a3, a;.a, va ag.a, bang 1.

Tuong tu, két ludn duoc s6 tich bang — 1 1a mot s6 chén.

C6 6 tich bang 1 hoac —1, ma s6 tich bang -1 1a s6 chidn nén s6 s6 hang | va
—1 khong bing nhau va téng cua 6 s6 d6 khong thé bing 0, hay ta c6 S, # 0.

¢) Téng cua n s6 hang, ma méi s6 hang hoac bing 1 hoic bing —1, bing 0 khi
va chi khi s6 s6 hang | bing s6 s6 hang —1. Suy ra n la s6 chidn (= 2k), hay c6 k s6
hang la -1.

Ta c6: (a,.a,).(ay.a3).(a3.2y)...(a,.a)) = (a.l.az.a}...an)2 = |, suy ra sO s6 hang
bing —1 phai la s6 chdn hay k = 2k".

Vay n = 2k = 4k’, tire la n chia hét cho 4.

ViDU 1.32.

Céc ban A, B, C, D, E choi mot tro choi ma trong dé méi ngudi sé nhan dugc
mot s6 1 hoac —1. Ai nhan dugc s6 1 thi luén phai néi ding con ai nhan dugc
s6 —1 thi ludn phai néi sai. Biét cic ban ¢6 ¥ kién nhu sau:

A: B nhan duoc s6 1; B: C nhan duoc s6 -1

C: D nhéan duoc s6 -1; D: A va E nhan dugc hai s6 trdi ddu nhau;
E: A nhan duocsé 1.

Hoi téng céc s6 ma nam ban nhan duoc 1a bao nhiéu ?

Giai

e Néu ban A 1a ngudi néi ding (A nhan s6 1) thi theo trinh tu ta ¢6:

A néi diing = B nhéan s6 1 va B la ngudi néi ding;

B néi ding = C nhén s6 ~1 va C la ngudi néi sai;
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C né6i sai = D nhan s6 1 va D la nguoi néi ding;

D néi ding = E nhin s6 -1 vi A va E nhan hai s6 trdi dau nén E 1a ngudi néi sai;
E néi sai = A nhdn s6 -1, trdi v6i A nhan s6 1.

Vay phuong dn "A n6i diing” la phuong dn sai, loai.

e Né€u ban A la ngudi néi sai (A nhdn s6 -1), twong tu nhu trén ta c6:

B nhdn s6 -1, C nhan s6 1, D nhan s6 —1, E nhan s6 1. Két qua ding.

e Vay ban A néi sai, tirc 1a ¢6 4 ngudi nhan s6 —1, mét ngudi nhan s6 1 nén

tong cdc s6 ma 5 ban nhan dugc bing (=1).4 + 1 = - 3.

Vi DU 1.33.
a) Cho 13 s6 nguyén a,, a,, a3, a4, s, ..., aj3 va 13 s6 by, by, by, by, bs, ..., b3

cung la cdac s6 nguyén d6 nhung duoc viét theo mot thir tu khac. Hoi tich T la so
chdn hay ¢, néu:

T =(a, - b)).(a, = by).(a3 = by)...(a;3 = b,3).
b) Cho 5 s6 tu nhién khédc 0 la a, b, x, y, z thoa min az+b2=x2+y3+z2.
Hoi téng S ¢6 1a s6 nguyén 16 khong, néu: S=a+b+x+y+2?
Giai
a) Xét t6ng cua 13 hiéu:
(aj=b))+(ay—by) +(ay = by) + ... +(a;3-by3) =
=(a +ay+a3+...+a;3)—(by+by+by+... +b;3)=0.

Suy ra trong 13 hi¢u trén phai ¢6 it nhat moét s6 chidn, vi néu tat ca cdc hiéu dé

déu 12 s6 1€ thi tng cha ca 13 hiéu la s6 1é va khong thé bang 0 duoc.
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Vi ¢6 it nhat mot hi¢u 1a s6 chdn nén

T= (a, = bl).(az — b:).(a3 o b3)...(a13 = bll)
la s6 chin.
b) Xét hiéu:

2
(a2+ b+ x°

+y2+zz)-(a+b+x+y+z)=

=@’ -a)+ B -b)+ (X -x)+ (Y -y) +(Z-2) =k.

Dé thdy k chia hét cho 2 vi n® - n ludn chia hét cho 2 véi moi n la s6 tr nhién.
Mat khic, theo dé bai ta cé a®+b’ = x> + y* + 2%,



nén a+b +x*+ y2 +72° =2(a’ + b%) chia hét cho 2.

Suy ra a+b+x+y+z chia hét cho 2. (1)
Doa,b,x,y,zla5s6tunhiénkhicOnéna+b+x+y+2z2>2. (2)
Tir (1) va (2) ta ¢6 tong S khong la s6 nguyén 16.

Dang 8. HINH VUONG Ki DIEU

I. KIEN THUC CO BAN

Hinh vuong kich thude 3 x 3 (tao thanh 9 hinh vuéng nho) chira 9 s6 ma 16ng
cdc sO trong mdi hang, trong mdi cot va trong mdi dudmg chéo déu bang nhau
duoc goi la mot hinh vuong ki diéu. Hinh vuéng 1.1 12 moét hinh vuong Ki diéu
vi tOng cdc s6 @ moi hang, mbi cot va mdi dudmg chéo déu bang 15.

2 9 4 a m b

7 5 3 p a q

6 1 8 d n C
Hinh 1.] Hinh 1.2

Chin 6 vudng nho trong mot hinh vuong ki diéu duoc chia thanh ba loai 6:
e Chi ¢c6 moOt 6 & 1am, bon 6 & bon géc va bén 6 con lai.

e Dat tdng ctia 9 s6 trong mot hinh vuong ki diéu 1a S va t6ng bang nhau cua
mdi hang, mdi cot va mbi dudng chéo 1a T. Tacé T = S : 3. Nhu vay néu céc
s6 trong mbi 6 déu 1a s6 nguyén thi S phai chia hét cho 3 ta méi ¢6 mét hinh
vuong ki diéu.

Trong hinh 1.2, 6 & tam 1a o, bon 6 ¢ géc la a, b, ¢ va d: cic 6 con lai lam, n
vap,q.
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I1. Vi DU MINH HOA

VI DU 1.34. Dién cic s6 du6i day viao mot hinh vuong kich thudc 3 x 3 dé
hinh vuéng dé thanh mot hinh vuong ki diéu:

a)-1,-2,-3,-4,-5,-6,-7,-8,-9:
b)-2:-4.-6;,-8;-10;-12; - 14; - 16; - 18.

Giai
=3 | =9 | ~4 = | =18] =8
7 | =3 | =8 -14|-10]| -6
6 | =1 | ~8 -12] -2 |~16
Hinh | .3 Hinh 1 4

a) Ta c6 két qua & hinh 1.3.
b) Ta ¢6 két qua & hinh 1.4,
Vi DU 1.35.

Dién céc s6 con thi€u vao cdc 6 trong hinh 1.5 va hinh 1.6 dé duoc hinh vuong
ki diéu:

35
39 -18 -2
13 - 14
Hinh 1.5 Hinh 1.6

Giai

a) Vi t6ng cic s6 & hang ngang, hang doc va dudmg chéo déu bing nhau, ta c6:
V6i coOt thit hai va hang ngang thirhai: 35+ + 13=39+a +pnénp=9.
V&i dudmg chéo thir nhat va hang ngang thit hai:

a+o+c=p+a+39=9+a+39néna+c=48.
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V61 hang ngang thir nhat va cot thi ba:

a+35+b=b+3%9+c,néna-c=4.
Suyraa=26vac=22
V@i dutmg chéo thi hai vacOt thihai: b+a+d=35+a+ 13 nénb + d = 48.

V6i hang ngang thit nhét va hang ngang thitba: a+ 35+ b=d+ 13 +¢c,maa=26
vic=22nénd-b=26.Suyrab=11vad=37.

CoT=26+35+11=72néna=72-(35+13)=24.
Ta duogc moét hinh vuéng ki diéu ¢ hinh 1.7.

26 | 35 I -8 -6 |-16

9 24 | 39 -18 | -10| -2

37 13] 22 -4 | -14]|-12
Hinh 1.7 Hinh 1.8

b) Tuong tu cau a), ta c6 két qua ¢ hinh 1.8.

VI DU 1.36. Céc s6 tu nhién tir | dén 9 duoc dién vao cdc 6 vudng dé ta c6 mot
hinh vuéng ki di¢u. Hoi néu khong dién truc tiép, 6 thé biét s6 nao duge dién vao
6 vudng ¢ tam khong ?

Giai
Cdch 1:C6S=45nén T = 15, 1a sé chimg minh a = 5.

Néu a > 5, tiic 1a a 2 6. Xét s6 9 nim & mot trong cdc 6 con lai, ching han
m=9. ThéthidcOtththainsS15-(m+a)=15-(9+6)=0. Vo li!

Néu a < 5, tirc 12 a < 4. Xét s6 | ndm & mot trong cdc O con lai, ching han
m=1.Thé¢thiocotththain215-(m+a)=15-(1+4)=10. Voli!

Vay a = 5.
Cdach2:ViS=45nenT=15tac615~-a=a+c=b+d=m+n=p+q.
Cod4(l5-a)=(a+c)+(b+d)+(m+n)+(p+q).
Suyra60-4o=(a+b+c+d+m+n+p+q+a)-a=S-a=45-q.
Viy 3a =15, hay a = 5.
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Vi DU 1.37. Hinh 1.9 1a mot hinh vuong ki diéu. Hoi a la s6 nio ?

-5

-23

Hinh 19
Giai
Theo cich gidgi 2cha vidu 1.36,tacé: T-a=a+c=b+d=m+n=p+q.
Suyra: AT-a)=(@+b+c+d+m+n+p+q+a)-a

4T_S=% (do 3T =8).

=4T-4a=S-a=a=

Gia sur x vd y 12 hai so con lai cung hang, hoiac cang ¢ot, hoac cung dudmg
chéo v so a, ta ¢cé:

T a+x+ X +
aq=—= y=>ﬂ= y

3 3

Viy gid tri cua s6 a ¢ tAm cia mot hinh vuong Ki di¢u bing trung binh cong
cua hai s6 con lai cing hang, hoac ciing cot, hoac cing dudmg chéo.

V@i hinh vuong ki diéu & hinh 1.9, tac6 a = [(=5) + (=23)):2 = - 14,

[ S

Luu y: VG mot hinh vuong ki di¢u, s6 & tam bing trung binh cOng cua hai s0
con lai cung hang, hoac cung cot, hoac cung dudmg chéo. Ta c6 thé sir dung quy
tic nay d¢ giai todn,

BAI TAP

1.1. So sinh nhanh cdc s hiru 1 sau:
-1941 <2011 -=1930 . -1996 37 47 =25 - 27
va : v = VA —; va :
1931 2001 1945 2011 59 69 124 100
-97 -194 ~|89 -187 -289 -208
va - va ~ va ;
201 399 398 394 403 401

a)

b)
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1.2. Sap x&p cdc s6 hiru ti sau theo thit tu tir nhd dén 16m:
-15 -37 76 -5 23 =17
19 " 41 " -89 9 '-277 11~
-1 - 10

13.Biftp= — ;q= —— var= _—:i trong cic ménh dé (MD) sau, ¢6 bao
3 3 10

nhiéu ménh dé ding ?
MD1: q>r va p>q;

MD2: p>qvar>p;
MD3: q>rvar>p;
MD4: r>qvar>p;
MDS5: p>r va q>p.
1 -8 2 -4 |

- ! , =
1.4.56 ndo t dc sO : . : X nam gitra hai s6 —
peieie. Lol T T AT R 8 3

va -I—

1.5.Cho A = (- 28; 37; = 138; 19; - 42). Tim hai s6 khdc nhau a va b thudc tap
hop Asaocho: - 10l <a+b<~8.

1.6. Tinh:

f= 2. &Y [4 e ( 3 l)( 2 2)
A=|l-=4=|=|==1|+|=+2|; B=|=-3+——==|:|5+=--—|i
55 33453

e A [

1.7. Tinh:
)
(2428 3t
10 15 20) 19 3 I
= ¢: Em= : G=l - ;
0(11-3)4 o ) T -
e | -———-— 3
14 7 35)3 3 4l .
1
]
4
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1.8. Tinh:

r 1.1 22 2 2
_11 13 17,3 9 27 8i
e W T
i1 13 17 3 9 271 8
2 2 2 2 2
b)l5l=5 +5 +5 +5 +---+5 :
11.16 1621 21.26 26.31 56.61
S IO D . . O
36 10 15 1225
1.9. Tim x, biét:

a) -3-x+4=—12;
3

b) -i+—l-:x=—3;
4 4
X+l x+] x+1 x+1 x+I
) + + = + -
2 3 4 5 6
X+l x+2 x+3 x+10 x+11 x+12
d) + + = + + .
2009 2008 2007 2000 1999 1998
1.10. Tinh:
5 ob 9
il 4°.9"=-2.6"

2103868 20"
DB 3® W, 520
C)C=3100_399+393_391+ +32_3:
d)D=S3s+ S+ S;00VOi Sy=1-2+3-4+...+(-1)"""n; neN*.
1.11. Tim s6 nguyén x, biét: 2.22.2%2%...2* = 1024.

9

1.12. Sip x&p céc s6 sau tir nhd dén 16n: - 222, - 22%, 2272, - 222,272, 7

1.13. Cho 31 s6 hiru ti, trong d6 bét ki ndm s6 nao ciing c6 tich 12 mot s6 duong.
Chimg minh ring tich ctia 31 s6 d6 ciing 1a mot s6 duong.

1.14. Cho 51 s6 hitu ti, biét rdng tich cia ca 51 s6 d6 va tich clia 4 s6 bat ki trong
ching 12 s6 duong. Chimg minh ring 51 s6 d cho déu 12 s6 duong.
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1.15. Viét 120 s6 1 hodc 1 theo mot vong ‘tr(’m. Biét rang tich cua ba s bat ki
canh nhau trong vong tron dé bang —1. Tim t6ng cta 120-s6 do6.

1.16. Cho 30 s6 nguyén am: — 30; — 29; — 28; - 27; ...; —=2; - 1. Tir 30 s6 d6 ta
chon ra mét nhém céc s6 sao cho tich nhimg s6 trong nhém cho ta mot binh
phuong ding. Hoi phai loai di it nhat bao nhiéu s6 va 1a nhimg s6 nao dé ¢
duoc két qua la mét binh phuong ding ?

1.17. Tich cta hai s6 hiru ti bang hi¢u cia ching. Tim hiéu hai s6 nghich dao cia
hai s6 hiru ti da cho.

1.18. Tim s6 hiru ti x, biét:

-5

a)|l -2x|>7; b)—3<0; ) (x = 2)(x + 2)(@ - x)(x - 1)* < 0.
x—

Chuyén d¢ 2. TI LE THUC. DAY Ti SO BANG NHAU

Dang 1. Ti LE THUC
I. KIEN THUC CO BAN

1. T71é thiee 1a mot ddng thie gilra hai ti s6.

, hoac ¢6 thé

2. Néu cic ti s6 % =k va g = k (k # 0) thi ta c6 ti 1é thic:

alo

2

b
vieta:b=c:d (b,d=0).

3. Céc s6 hiru ti a, b, ¢ va d con duoc goi la cic s6 hang. Cic s6 hang a va d nim
0 "bén ngoai” dugc goi la cic ngoai 1, cic s6 hang b va ¢ nam & "bén trong”
duoc goi la cdc trung ti.

4. Trong mot ti 1¢ thic, tich cdc trung ti bing tich cdc ngoai ti. Tir ti 1& thic
LI suy ra a.d = b.c.

b d
5. Nguoc lai, néu bon s6 a, b, ¢ v d khdc 0 ma a.d = b.c thi ta ¢6 cic t1 1¢ thifc sau:

a ¢ a b d ¢ d b

b d'c d'b a ¢ a
C6 thé hodn vi (d6i vi tri) cdac ngoai ti, hoac hodn vi cdc trung ti, hoac hodn vi
ca ngoai i va trung ti.
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Kién thirc b8 sung

C6 thé thay thé ti s6 gilta cdc s6 hiru ti x =% vay = % béng ti s6 gilra cdc

sO nguyén:

véi m 1a BONN(b, d) va n 1a UCLN(a, c).

C6 thé phat hién nhanh bon s6 1ap thanh mot ti 1¢ thirc néu nhu thdy duoc tich
cuia hai s6 nao d6 bing tich clia hai s6 con lai. Trudng hop téng quat, phai so
sdnh 14n luot timg céap tich hai s6 mot dé kiém tra, hodc ¢6 thé sir dung tinh
chat day ti s6 bing nhau dé kiém tra.

IL. Vi DU MINH HOA

VI DU 2.1. Tim cdc ti s6 bang nhau trong cdc ti s6 sau réi lap thanh mot t

l¢é thic:
152929 124 1515 124124 5
26 37037 281" 2626 281281 g2
3
Giai
Ta ¢6 céc ti 1é thirc: - m; 1t = - :
26 2626 2626 2
3
E- 1 - 1 124 124124
g2 26 281  281281°
3
VI DU 2.2. Thay ti s6 giira cdc s6 hitu ti sau bing ti s6 giita cdc s6 nguyén:
a) 3,75: 18> ; b) 2,16 : 9,3; ¢) 64:732.
4 2 3
Giai
a) Cdch I: 3,75:18> = E:E{lﬁ-i):[ﬁ.i] )
4 4 4 4 15)'4 15
Cdch 2: 3,75: 133-E I L s
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Cdch 3:3,75: lS% =375:18715=1:85.

b) Tuong tr: 2,16: 9.3 =36: 155.
c) 61:"’33 = 3:34.
2 3
VI DU 2.3. Céch giai sau diing hay sai? Giai thich.

a) Bon s0 1,05 ; 1,47 ; 42 ; 30 lap thanh mot i 1¢ thic vi néu sip x€p cic s6
theo thir tr ting ddn 1,05 < 1,47 <30<42,1a¢c6 1,05.42 =147 .30 (=44,1).

b) Bon s6 - 0,2; 0,1 ; = 0,1 : 0,2 khong 1ap thanh mot ti 1¢ thice vi néu sip xép
theo thit tr tang ddn - 02 < - 0,1 <0,1 <02, tac6 (- 0.2) .02 = (- 0,1). 0,1
(vi—0,04 # - 0,01).

Giai

a) Ping, vi da chi ra dugc tich cua hai cap s6 bang nhau, nhumg khong cin
sap x€p theo thi w ting dan.

b) Sai, vi (-0,1).0,2 =(-0,2) . 0,1 (= -0,02) nén ta ¢6 ti 1¢ thic:

-0.1 _-0.2
01 02

VI DU 2.4. C6 thé 1ap duge mot i 1¢ thire tir cdc s6 sau hay khong, néu duogc
hay viét ti 1¢ thic d6 (chi viét mot ti 1¢ thic dai dién cua nhém)?

a)0,7; 0,3; 09va2l;

b)1.1; 022; 3,3 va0,66:

2
C)'.;;.

Sl
il

d)l;li;lé:l:

4 16 4 6

e)—-6; 4,15; 2075va -0.3;
g)a=(l+2+3)3: b=3"+4"+5";

c=1P+22+33+4%: d=(1+2+3+4)>
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40

Giai

; 9
a)Co 03.2,1=063va0,7.09=0,63. Taco u lé thic: g—?’ = %—l-
0,22 1,1
022.33=066.1.1 (=0,726). Taco i lé thirc: — = —
b)C6 0,22.33 6.1.1 (=0,726). Taco 1 1¢ CO.(:() 33
2
c)Cd-—I--g-=l'l( l)Tacélllélh - l=l::.
12 3 63 18 ) 12 3 63
d) Xét timg cap tich:
o 05 o |2 e KW A I m
6 4 24 4 16 64
A R L T R S
6 16 32 4 4 16
08 v ool 120 22
6 4 24 16 64

Viy bon s6 di cho khong 1ap thanh mot i 1¢ thire,

¢) Xét timg cap tich:

e C6 (- 6).4,15=~249 khic véi 2,075 . (- 0,3) = - 0,6225 ;

e C6 (- 6).2,075 =~ 12,45 khéc véi (-0,3).4,15=~1,245;

e C6 (- 6).(-03) = 1,8 khic véi 4,15.2,075 =8,61125.

Vay bon s0 di cho khong lap thanh mot ti 1¢ thiic,
g)Coa=(142+3)’=6"=216;b=3"+4"+5"=27+64+125=216;
c=1P+22 43+ =148+27+64=100vad=(1 +2+3 +4)°=10"= 100.

3
(1+2+3)  3P+4°+5°
(l+2+3+4_)2 l"+ 23+ 33+43‘

Cé ac = bd. Vay ta c6 ti 1é thirc:

Vi DU 2.5. Tim s6 hitu ti x trong cdc ti 1¢ thic sau:

2) x:4==T=:2+; b) 7.5: 3+ = (48x): 5~ :
6 '2°4 3 1
c)l():x2=x:(-4): d)x:027T=3:x:



16

X
081: —= —:(-0.9) :
C) 2 X4 ( )

gXx:y=3:2; y:z=24:1 va z:l=l:l%.

h)7:8x)=10:y;: 9:2y)=5:(32); 10:z2=9:4.
Giai. Ap dung tinh chat nhan chéo, ta c6

a)x=(4—l—-71];2l=|_25.=|3§_

6§ 204 9 9

b)48x=[7.5-5i]:31=ﬂ=x=ﬂ
4)°8 5 8

c)x3=—64=>x=~—4.
d)x2=0.81 =x=%0.9.

2

16
e) —— =0,81.(-09). = x=-2—.

ol
2
g)z=08vay=16=>x=24.

h)z=4%=>y=l2:x=l.05.

Vi DU 2.6. Tim s6 hang thit tu 1ap thanh mot ti 1¢ thirc véi ba s6 hang sau:

-2 7
36: 324 : 9; b) —: 0,03; 1-—.

a) 36; 3 ) 3 5

=2 = i) dy1!; 2130

Giai

a) Goi x la s6 hang thir tr cia ti 1¢ thirc, ta xét cdc truomg hop sau:
x=(36.324):9=1296. Taco ti l& thic: 1296: 324 =36:9.
x=(324.9):36=81.Taco tilé thic: 81 :9=2324:36.
x=(9.36):324=1.Tacétil¢ thic: 1:36=9:324,

Vay x € {1; 81; 1296).
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b) Goi x 1a s6 hang thif tu cua ti 1€ thic, ta xét cdc trudng hop sau:

-2 Y.7_+9 -2)..7
=|—-0,03|:]—=—— ti lé th 0,03= 1=
X (30 )19 SOOTaC6l uc[SOO) (3)9
) - = i
::<=[ll).03-lz :-—2=—2- Ta ¢6 ti 1¢ thuc: (-EJIZ = (,03: —2J
97 3 25 25 9 e
x=[lz 2) 003-—39— Ta ¢6 ti 1é thic: [—39 J l-?- =_—2:0.03.
9 81 9 3
Vay xe{-aoﬂ. - --9—}
81 25 800

¢) Tuong tu, xét ba trudng hoptacé x € {(-2)”: (-2)° ;- 2).

d) Tuong tu, xét ba trudmg hoptacé x € l% vz 18}

VI DU 2.7. Cho ti 1¢ thirc a5 =27 o g- Tinhtis6x:y.
Ix+4y 4
Giai
5 ¥ . " . » . SK — 2y
Dé thdy y # 0 nén ta c6 thé chia ca hai s6 hang ctia ti s6 =1 cho y. Ta cé:
X + 4y
5=« .
b4 = -, Ap dung tinh chat nhan chéo, ta c6 4(5t = 2) = 3(3t + 4), vhi t = —
X 4 y
3= +4 :
y
Tacot= 22 dods 2= 20
11 y 1l
Vi DU 2.8. Tim s6 nguyén x ma:
a) Cing thém vao tr va miu cla phan s6 -i—g ta duoc mot phan s6 méi c6 gid
6
tri bing —.
| bang g
b) Thém vao tir va b6t & miu cla phan s6 % ta dugc mot phan s6 méi ¢6 gid
T
tri bang —.
| g 7
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Giai

26
a) Co 39 :: = g.suyra7.(26+x)=6.(39+x). Suy ra x = 52.
b) C6 :gi :: = g—.suy ra7.(26 +x)=6.(39 -x).Suyrax =4.
VI DU 2.9. So sdnh céc s6 hitu ti sau bing cdch nhan chéo:
18 -2 -23 18
a va : b) — va -—.
TR T
Giai
a) Viét lai ti s6 L3 = ﬁ Ta phai so sdnh — va —-3-
-91 9] 91 7

Cé (- 18).7 = - 126 va 91.(- 2) = - 182. Ma - 126 > - 182, suy ra
18 -2

91" 1

b) Viet 13 186 =22 w =22 Ty phii $0 sénh == vk =22
. 97 = 97 na 97

Co6 (- 23).97 = - 2231 va 114.(- 18) = - 2052. Ma - 2231 < - 2052, suy ra
-23 18

=,
114 97

Dang 2. DAY TI SO BANG NHAU

I. KIEN THUC CO BAN

1. Khi c6 nhiéu ti s6 bing nhau ghép lai, ta dugc mot diy ti s bing nhau:
a b c

X y =z

2. Khicédﬂytimﬁi:E=E.lanéicécsda.ﬁ.ctilgvéix.y.zvhviél
x ¥ 2

a:b:c=x:y:z
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3. Tinh chat cia day ti s6 bing nhau: Néu LI thi
X

y z
Ba DS ARUEE Wb (véi gia thiét cdc ti s6 déu c6 nghia).
X Y Z X+y+2z X-y+z
Kién thic bé sung
4. Nwl=2_3_ =2 1hi
1 by b3 n
a_]_iz___il_ _an_a|+a2+a3+...+an
bl b2 b3 - bn bl +b2 + b3 +"'+bl1
_a,+a2—a3+...+an
by +by~by+..+b,
5. Tinh chat md rong cia day ti s6 bing nhau: Ne'u3=2=£ thi
X ¥ Z

X y 2z Xxm-yn+zp

IL. Vi DU MINH HOA
VI DU 2.10. Tinh gid tri cia k, biét ring:
a)k:i:i:i; b)k:_abc =£==ﬂ‘
abc bca cab ab+c bc+a ca+b
Giai

Do ab, be, ca va abc, bea, cab 12 cdc s6 ¢6 hai va ba chir s6 nén a, b, ¢ > 0,
suyraa+b+c#0.
Via+ b+ c#0nén dp dung tinh chat diy ti s6 bing nhau, ta c6:
ab bc _ca  ab+bctca _ Il{atb+c)

a)k==!=====-=

abc bca cab abc+bca+cab Ill(a+b+c) 111
abc bea cab abc + bca + cab

ab+c bc+a ca+ ab +¢c+bc+a+ca+b
~ lll(a+b+c)_ 111

C 12(a+b+c) 12

b
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Vi DU 2.11. Tim cdc s6 x, y, z, biét ring:

vax-2y+4z=13;

c)5=—5-=— va3x+S5y+7z=123
d)i=3§-=— vaxyz=- 108
Giai

Ap dung tinh ch4t day ti s6 bang nhau, ta c6:

)__l_i_ X—2y+ 4z E

=— suyrax=10;y=45vaz=3.

20 9 6 20-29+46 26 2
b)i=lvﬁi=£=>i=i=z= ears —_46=—2.
3 4 5 13 2 28 15-20+28 23

Suyra—-l-i- 3x+5y+72
8 10 7 38+5.10+77
Dok teLeBZak i Pl
3" 3 4 2

Vayx=-6,y=-45vaz=-4.
Vi DU 2.12. Tim x, biét:
ay(x+15):x=4:3;
bD)(7.5-x):35+x)=5:6;

123

- =]. Viyx=8:y=10vaz=7.
123 R

2y 3z_xyz -108 -27, suy ra
3 4 4 4

c)(x=20):(x=10)=(x+40): (x + 70).

Giai

a) Tir a), hodn vi céc trung ti: x_:l‘_j_ -

E_(X+13)-x

3 4-3

=15, suyrax =45.
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b) Tir b), hodn vi cédc trung ti:
— 71 i ]

7,5 x=3.5+x=( 5 x)+(35+x)=”=l,suyrax=2,5.
5 6 5+6 11

¢) Theo tinh chat day ti s6 bing nhau, ta ¢6

Xx-20 x+40 (x+40)-(x-20) 3
x=10 x+70 (x+70)-(x-10) 4’
. Tuong tu x+40='_3_ :x+40=x+70=£=30=’x=50.
x+70 4 3 R I
ViDU 2.13.
Yy _ Z

Timx,yvaz néu: x+y+z=

—_—

y+z-2 z+x-3 X+y+5
Giai
Dé thiyn€ux =0thiy=2z=0,suyrax =y =z =0 lamot b gia tri phai tim.

Gia s x, y va z khéc 0 thi theo dé bai ra x + y + z # 0. Sir dung tinh chat day ti
s6 bing nhau, ta cé:

X y rd X+y+2z |
X+y+z= = —. = = =
y+z-2 z+x-3 XxX+y+S5 2Ax+y+z) 2
Thay két qua vao day ti s6 ban ddu, ta duoc: x = —%; y= -%; z= %
Vaytacé:x=y=z=0ho.’acx=—l;y=-2;z=u.
' ' 2 6 6
Vi DU 2.14. Cho dy ti s6 bing nhay ——— = —Y - %
a+2b+c 2a+b-c 4da-4b+c

a b

Chimg minh ring = =
x+2y+z 2x+y-z 4x-4y+z

(gia thiét cdc ti s6 déu

¢6 nghia).
Giai
Ap dung tinh chat day ti s6 béng nhau (cong cdc s6 hang tuong img), ta c6:
X B y N z
a+2b+c 2a+b-c 4da-db+c
_ X+2y+2 _X+2y+z
- (a+2b+c]+(4a+2b-—2c)+(4a—4b+c) 92
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X+2y4+z 2x4y=2 4x-4dy+2
9a 9%  9¢
a 3 b . C
x+2y+z_2x+y—z_4x—4y+_z'

Tuong tu ta ¢6 két qua

Do cic ti s6 déu c6 nghia ta suy ra:

ViDYZIS Cho =L o B0 00 by misilidog: S L w2,
a b c a b c
Giai
Tir gia thiét, ta c6 a, b va ¢ déu khdc 0 nén a® + b’ + ¢ # 0.
Ap dung tinh chat diy ti s6 bing nhau, ta ¢6 (do a, b, ¢ # 0):
a(bz -cy) e b(cx —az) = c(ay —bx) < 0 -0
a’ b2 c? a’ +b% +¢? '
Do a, b va ¢ déu khéc 0 suy ra bz - cy = 0, nén %=§.Tuongu_r.tac6 %=-:—.
X z
Suyra: —= % e

Vi DU 2.16. Chimg minh ring néu c6 diy ti s6 L thi gid tri coa ti s6
X ¥y 2

ak? +bk +¢
xk? + yk+z
Giai

khong phu thudc vao gid tri cua k.

2
Nl & = O thi bidoy nhiien ta o 2= T0EFE €
Z

xk2+yk+z

Néu k # 0, ap dung tinh chat day ti s6 bang nhau ta c6:

—_— —_—, =
-_— — =

X y z xk? YKk xkP+yk+z

2
Trong c hai trudmg hop thi gid tri ciia ti s6 "‘kz +0k+¢ gou bing gif 1 cita
xk“+yk+z
day ti s6 ban ddu L , nghia 1a khong phu thudc vao gia tri cua k.
X y z
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Vi DU 2.17. Biét cdc s6 tu nhién a, b, ¢, X, y, z khédc 0 va 1ap thanh mot day t
s6 bing nhau . . Chimg minh ring néu ¢ 1a s6 du cia phép chia s6 a cho
X y 2z
s b thi z 1a s6 du cua phép chia s6 x choso y.
Giai
Theo dé bai, ¢ 1a s6 du ciia phép chia s6 a cho s6 b nén theo dinh nghia phép
chia ¢6 du, t6n tai mot s6 e nhién q =0mha=bq +cvbdic<b.

Ap dung tinh chét ddy ti s6 bing nhau, tacé: —=—=—= L. L
X y z yq+z

Via=bq+cvic<b(ge N*)nénx=yq+zvaz<y(qe N*),suyrazla
s du cua phép chia s6 x cho s y.

Dang 3. CAC BAI TOAN VAN DUNG TINH CHAT
CUA Ti LE THUC VA DAY Ti SO BANG NHAU

I. KIEN THUC CO BAN

C6 thé van dung céc tinh chat cta ti 1¢ thitc hodc ddy ti s6 bing nhau theo mot
trong cdc cdch nhur sau:

1. Cdch I: Néu ad = bc ma bon s6 a, b, ¢, d khéc 0, thi ching 1ap thanh mot ti 1&
thire (phuong phdp nhan chéo).

2. Cadch 2: Sl dung tinh chat day ti s6 bang nhau bdng céch hodn vi ngoai ti,
hoac hodn vi trung ti, hodc hodn vi ca ngoai ti va trung ti dua vé ti 1¢ thirc phai
ching minh.

3. Cdch 3: Chimg minh céc ti s6 cing bang mot gid tri nao d6 (phuong phép dinh
nghia).
Kién thirc b8 sung
4. Céc cdch khéc:
e Cing thém hodc b6t mot hing s6 vao hai v€& chia mot ti 1€ thirc.
e Sir dung cdch hodn vi ca trung ti va ngoai ti cia mot ti 1¢ thic (nghich déao

ti s6).
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II. VI DU MINH HOA

Vi DU 2.18. Cho ti 1 thitc - chimg minh 1 1¢ thic .
b d a+b c+d
Giai
Gia thiét 14t ca cic ti s6 da cho déu c6 nghia.
Cach 1: Phuong phidp nhéan chéo.
Xét cic tich: a(c+d)=ac+ad va (a+b)c=ac+bc.
Ma ad = bc do = = =, nén a(c + d) = (a + b)c hay -
b d a+b c+d
Cdch 2: St dung tinh chit day u s6 bing nhau.
Hodn vi trung ti cua i 1¢ thic A ta duge T ... b.
b d ¢c d c+d
Lai hodn vi trung ti cua ti 1¢ thic A x4 g ta duoc L S
c c+d a+b c+d
Cdch 3: Phuong phép dinh nghia.
Dat u 1é thic % = % =k, suyraa=Dbk vac=dk.
a_bk_kvhc_dk_k
a+b bk+b k+1 c+d dk+d k+1
a c k )
Suy ra = = '
a+b c+d k+1)
Cach 4: Phuong phdp khic.
Hodn vi ca trung ti va ngoai ti cua ti 1¢ thire 22l ta duoc L. E
b d c a
d b
Cong vao hai vé ciia déing thic trén véi 1 ta duoc ; +1= = + |
B+e b+a
—
c a
: - . L, GRS b+a a
Lai hodn vi ca trung ti va ngoai ti cua ta duoc .
c a c+d a+b
49
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VI DU 2.19. Cho ti 1¢ thirc -_ll Em:xic:ttﬂ
bc ¢

a~ +b> a
Chimg minh ti 1¢ thitc ———- = —.

b +¢~ ¢
Giai
Tu £=P—w&ic#O::»E:Evha.b.c:»(].tasuyraduqc?—:—tl.

bc ¢ b C b ¢

“Cdch I: Phuong phép nhan chéo.

Tir i 1¢ thire -E— = E hay ac = bz. ta co (az . bz)c = (a2 + ac)c= a’c +ac’.
c

Tuong tu céd (b2 + cz)a =a’c +ac’.

5

%yra(a +bH)c = (b’ +c)ahay'-+b_:=£.
b-+¢~ ¢
Cdch 2: St dung tinh chat day ti s6 bang nhau.
a b azbzaz+b2,ab a> a a ab a
C6-—=—::> _)= ~ = ~ 5 Vil ™ = = 5 = = e s o= = e o= =
b ¢ b~ c” b” + ¢~ b ¢ b2 b b b ¢ ¢
2 2
Suyraa,+b., _a
b"+¢c* C

Cdch 3: Phuong phdp dinh nghia.

bat ui 1¢ thic %=P- = K,suyraa=bk vab=ck.
c

a?+b? _(bk)*+b® b2al+n b2 (k)

Coé = = -
b2+C?' (ck)2+c2 Cz(k2+|) C2 C2
ck)k 2 4 b?
va 2= bk—(—l—-kj.suyma,erﬁ =2
C C C b- +c¢~ C
ab bc ca
Vi DU 2.20. Cho ddy ti s6 bing nhau — = — = £2

Chimg minh ringa=b =c.
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Giai

Tirﬂb-E=E.lasuyradu‘c_s-::3 =Evc'ria.b.c>0viia+b+c¢0.
b ¢ a b a

Cach I: St dung tinh chat day ti s6 bing nhau.

Co i:E:E:M:Idoa+b+c¢0,nénsuyraa=b=c.
b ¢ a b+c+a

b
c

Cach 2: Phucmg ph:ip nhin chéo.
Tir gia thiét E = E = =, nhan chéo ta ¢6 b” = ca, ¢> = ab, a’ = bc.

Doa,bvackhicOnéntacé b’ =b.ca;c =cab:a =abc.
Suyrab3=c"=a'1 (=abc). Vaiya=b=c.
Cdach 3: Phuong phip dinh nghia.
D.’ndaytnédachog-k-—-k suy raa=bk,b=ck, c=ak.

c a
Do a, b, ¢ > 0 nén ta sé chimg minh k = 1, tir d6 suy ra a = b = ¢, bing cic

cich sau:
oHoidcabc =abck’ =k’ =1 =k =1I.
oHoica+b+c=(a+b+c)k=k=1.
oHoica=bk=ck’=ak’ >k’ =1 =k=1.
Cdch 4: Phuong phdp so sdnh.
Céa,b.c>0nennc'ua<b=,-;—l-<l=>E<I.—c—<I=>a<b<c<a(voli).
c a

Tuong tu, n€u a > b ta sé suy ra dugc a > b > ¢ > a (vo li).
Vidya=b,suyraa=b=c.

VI DU 2.21. Cho ti I¢ thic . = o . Chimg minh ti & thirc L. vai gia
a+b b+c b ¢
thiétc = 0.
Giai

Tir gia thiét ¢ # 0 va ab, be 12 cdc s6 ¢6 hai chi s6 nén a, b, ¢ > 0. Hodn vi
cac trung ti va ép dung tinh chat day ti s6 bang nhau, ta ¢6
ab _a+b ab (a+b) 9a a (a+b)-a b :a be

 em— i e e e T

a
bc " b+c bc—(b+c) 99 b (b+c)-b ¢ b ¢ b

. .
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Vi DU 2.22. Cho % = % vai a, b, ¢ va d 1a cic s6 tu nhién khac 0. Ki hi¢u (x: v)

va [x; y] tvong (mg 1a u6c chung I6n nhat va boi chung nho nhit cia hai s6

nhién x va y.
Chimg minh ring (a:d) _ Lbic] ;
(bic) [a:d]
Giai

Str dung tinh chdt cua hai s6 tu nhién khac 0 1a (x; y).[x; y] = x.y, ta ¢6:
(a; d).[a; d] = ad va (b; ¢).[b; c] = bc, ma ad = bc (vi % = %]

(a;d) _ [bic]

;d. ;d:b; .b; .
= (a;d).[a;d] = (b; c).[ cl:’(b;c) [a;d]

Vi DU 2.23. Cho a, b, ¢ d6i mot khic nhau va khac 0. Biét ab 1a s6 nguyén 16
ab b

vi ==-—_.Tim 56 ;k—.

52

bc ¢
Giai

C6a,b,c>0, tuong tu vi du 2.21,ta ¢ E=E nén ac = b’.
C

Biét ab 12 mot s6 nguyén t6 c6 hai chirsénénb € {1; 3;7; 9}.

Do ac = b’, ta xét timg trudng hop xay ra:
eb=1=ac=1vaaclacicchirsd = a=c =1 (loai, do a = c trdi dé bai).
eb=3=ac=9=19(doa=c)= ab =13do93 khong la s0 nguyén 10.

C6£=E=l-_—z=2 (Ch(_)n).
be 39 3 9 ¢

eb=7vab=9déubiloaidodindéna=c.

Vay abc = 139.
viDU 2.24.
2 2 ad+b>+c® a
Cho abed # 0, b” = ca va ¢” = bd. Chimg minh ti 1 thic = -,
b+ +d d



Giai

bb ¢ 2 b ¢
Tir gia thiét suy ra L3 == —=—nén —=—=—, l
8 yra b ¢c¢ d b ¢ d (h
3
a abc a
Te(l)suyra —=—,—, —==—, 2
y b bcd d @
3 3 3 3 3 3
Ciing tir (1) suy ra o _t_a__=c_1=a i (3)

b3 ¢ o b3+c3+d3.

Tu (2) va (3) suy ra i 3. =

BAI TAP

2.1. Thay ti s0 giira cdc sO hiru ti sau bing ti s0 giita cdc sO nguyén:
0,1:0,108; 1 :0,004; 18,75 : 0,0375; 46,2 : 0,1232.
2.2, C6 thé 1ap duge mot ti 1¢ thire tir cdc nhom bén s6 sau khong?
a)4.2; 77%: 0,03 va %; b) 15,381125; 5,35; 2,3 va 0,8;
¢)34; 17; 0,312 va 1,56; d)3%: 2% 11421431 va2l 4+ 31 4+ 40,

2.3. Tim 506 x sao cho x cing véi ba s6 12, 16 va 48 1ap thanh mot i 1¢ thuc.
2.4. C6 thé chon ra bon trong nhém nam s6 (mdi s6 chi chon mot 14n) dé€ 1ap thanh

mot ti 1¢ thic duoc khong?

2 1:3:9:27 81 B)4:5:0:7;8

c)2';2%;2%;24; 2% "398 5",

& ﬂ 181818 1818 3131 18
57" 292929 ' 2929 " 5757 29

2.5. Tim s06 hiru u x, néu:

a)(x—Z.S):l%— b B b)[l+x}(x+%)=

2.6. Tim x, néu:
a)y:40=36:26; z:y=25:20; x:2z=065:1;
b) (x.y.z) : (y.2.72) = 6300 : 7500,

O~
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¢) (17.16.12) : (z.12x.y) = (3.51.32) : (y.6.2);
dyx:y=3:2: y:z=2:1vkz:1=1:125.

2.7.Timxnéu:x:y=2:3vaxy=>54.
2.8. Tim s06 hiru 11 X ma:

T .

a) Cung thém x vao s hang trén va s6 hang dudi cua t1 sO 30 ta duge mot t
o el o o 6
sO c6 gid tri bang 4
- - L ] L] - 26

b) Thém x vao sO hang trén va bét x 0 s6 hang dudi cua 1 sO 39 ta duge mot
- . = 5
ti sO bang 3

A R . 38 : .
2.9. B4t ¢ s6 hang trén va duGi cua ca hai ti s6 %—g vil r cung mot sO tu nhién x

nao d¢ ta dugc hai ti s6 maéi 1ap thanh mot ti 1¢ thic ?
2.10. Tim céc s6 a, b, ¢ néu:

a)Sa-3b-3c=-536 va £=E,2=£_
4 6 5 8
oD G
6) kb4 Tomtil v 2E2, D =E B
5 3 7
c)a-2b+c=46 va 3:2'!).:5_
7 &5 @8

d)Sa=8b=3cvaa-2b+c=34.
¢)3a=7bvaa’ -b* = 160.
g) 15a = 10b = 6¢ va abc = - 1920.

h)a’ +3b°-2c>=-16 va Rt
3 3 d
i)a3+b3+c3=792 va E=E=£.
5 3 4

2.11. Cho ti 1¢ thirc

. Chimg minh céc ti 1¢ thic sau:

aln

-
b

aZ -b? - ¢ -d? (a +b)2 K (c+d)2

ab ed  alsib®  ad®

54



2.12. Cho ti 18 thic 2 = <. Chimg minh ring: _“ +b’
b d d c +¢:i3
2.13. Chig minh ring néu a+b=a—b [h[izs
c+d c¢c-d b d

S Rt e D22 W ST s b o il Sl avline

b+c¢c d+a

4 thi

2.15. Chimg minh ring néu L L T
a a3 ay An+l

n
a,+a,+az+..+a, _a
!

a5 +a3 +ay -r...-i-am adn 4

2.16. Cho ti 1& thire abc_ - bca . chimg minh ti 1¢ thic = - i

a+bc b+ca bc ca
2.17. Cho day ti s6 DX e —— ab.chl’mgminh ringa=b=c.

a+b b+c c+a

- abbb...b
2.18. Cho ti 1¢ thirc =b - . chimg minh ring —f— = 2 véinlase tu nhién.

bc ¢ bbb.. hc ¢

\—-\’-—-!

n
2.19. Cung thém mot s6 khéc 0 vao tr va miu cia mot phan s6 ma gid tri cia phan
s khong déi. Tim phan s6 da cho.

2.20. Cho 2x + 1 = 3y -2 = 2x+3y-1
7 6x
2.21. Chimg minh ring néu ¢6
(a+b+c+d)(a-b-c+d)=(a-b+c-d)i(a+b-c—-d)
thi bon s6 a, b, ¢ va d 1ap thanh moét i 1¢ thirc.

a+b-c b+c-a c+a-b

.Timxvay.

2.22. Cho abc # 0 va

¢ a b

w52
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Chuyén d¢ 3. SO THUC

Dang 1. SO THAP PHAN HUU HAN.
SO THAP PHAN VO HAN TUAN HOAN

I. KIEN THUC CO BAN

f
-

56

Cic s nhu 0,15 ; =148 ; ... duoc goi 1a s6 thip phan hiu han. Cic s6 nhu
~0,333...; 1,7545454. .. ; ... dugc goi la sO thap phan vo han tudn hoan.

Mot phan s6 161 gian vai mau sO duong ma:

e Miu s6 khong ¢6 ude nguyén 10 khic 2 va 5 thi viét duge dud dang mot 5O
. 3 37
thap phan hiru han, chang han: — =0,15; = — = ~1,48,
20 25
e Miu s0 ¢6 cdc ude nguyén 16 khdac 2 va 5 thi khong viét duoe dudi dang mot
sO thap phan hiru han, ma 1a s6 thap phin vo han tudn hoan, ching han:

747
N I L.
3 990

Moi s6 hitu ti duge bi¢u dién boi mot s6 thap phan hiru han hodc mot so thap
phan vo han tudn hoan. Nguge lai, mbi s6 thap phan hiru han hodc so6 thap
phan vo han tudn hoan bi¢u dién mot s6 hiru ti.

1.7545454....

Kién thirc b6 sung

SO thap phan vo han tudn hoan la s6 thap phian ¢6 nhimg nhém chir s6 duoc 1ap
lai.

e Nhom chir so lap lai duge goi la chu ki cua s6 thip phan vo han tudn hoan.
D¢ viet mot s6 thap phan vo han widn hoan, ngudi ta dat chu Ki trong didu ngodc:

e w333, m=0(3); 12l ul 7545454... = 1.7(54).
3 990

e Né¢u chu ki bit ddu ngay sau ddu phiy, nhu —0,(3), ta ¢6 s6 thap phan vo han
tudn hoan don.

e Néu chu ki khong bit ddu ngay sau didu phdy, nhu 1,7(54), ta ¢6 s

thap phan vo han tudn hoan tap, phin thip phan trude chu ki duge goi la phin
bat thuong.



S6 thap phan c6 nguén gdc tir phan s6 néu vo han thi tdn hoan. Ching han,
khi chia 1 cho 7. ta duoc mot s6 thap phan, s6 du trong phép chia nay phai nho
hon 7 nén nhiéu nhat dén s6 du tha bay thi s6 du phai lap lai va nhoém chir s6 o
thuong cing lap lai, do dé ta ¢6 s6 thap phan vo han tudn hoan.

Minh hoa cdch viét sé thap phan vo han tudn hoan don dudi dang phin so:

e Tir s6 thap phan vo han tdn hoan x = 0,45) = 0.454545..., suy ra
100x = 45,454545... .

Tacé: 100x = x=45.nén x = % = I_SI Mot cich tong quat:

a;a,..4a,
999..9
—_——

n

e D¢ viét phdn thap phan cua s6 thap phan vé han tudn hoan don dudi dang
phan s6, ta viét mot phan s6 ¢6 tr s6 1a chu ki va miu s6 1a mot 6 gém cic
chir s6 9, vai s chir s6 9 la so chir s6 cua chu Ki.

Minh hoa cdch viét s6 thap phan vo han tudn hoan tap du6i dang phén s6:

e Tir 56 thap phan vo han tuén hoan y = 0,1(2) = 0,1222..., ta tinh dugc két

qua 100y =12.222...va 10y =1222.... Suyra 100y - 10y=1l,nény = %

0.(aa,..a, )=

e Mot céch 16ng quat:

b|b2 ...bmalaz...an - blb;bm

U.blbz...bm (alaz...an ) =

999...9000...0
e et s et
n m

e Nhur vdy, mu6n viét phin thap phan cta s thap phan vo han tudn hoan tap
dudi dang phan s, ta viét mot phan s6 ¢6 tir s6 1 hi¢u gira mot s6 tao boi
phén bat thuong ciing chu Ki trir di phéin bat thuong, con miu s6 la mot sO gébm
cic chir 6 9 kém theo cdc chir s6 0, véi s6 chir s6 9 bang s6 chir s6 cua chu ki
va sO chir s6 0 bing s0O chir s6 cua phin bit thudmg.

Cic minh hoa trén khong phai 1a cdc cich chimg minh, viéc nay s¢ dugc
nghién ciu & cic 1Gp trén. Ta coi d6 1a cic quy tic dé viél s6 thap phan vo han
tudn hoan dudi dang mot phan so.

Trong trudmg hop s6 thap phan vo han tudn hoan ¢6 miu s6 chia thia s6
nguyén 6 2 hodc 5 thi phan s6 d6 viét duge thanh s6 thap phin vo han tudn
hoan tap.
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I1. VI DU MINH HOA

VIDU 3.1. Viét cdc phan s6 sau du6i dang s6 thap phan:

3. 17 -72 2 11 1016 -23
-8 520" 75 ' -9'90" 999 " 161

Giai
3
Ta c6: i=—-3—=— 3.5 = - 315 =-=(),37S.
-8 23 ,3g3 1000
Tuong m=0.225 va ——n=-2—4=-0.96.
520 75 25

Ta cé6: z = - % == 0,222...=-0,(2).

11 1016 =23
T tw: —=0,1(2); —— = 1,(017); — = - 0,(142857).
UO‘ngl,l’% (2) 999 (017) 6l ( )

Luu y:
* C6 hai cdch dé viét mot phan s6 du6i dang s6 thap phan hitu han:
Cach I: Chia truc tiép ur s6 cho miu s6.

Cdch 2: Phan tich mdu s6 ra thira s6 nguyén (6 va b6 sung céc thira s6 phu dé
mdu s6 1a mot luy thira coa 10.

* Khi vi€t mot s6 thanh s6 thap phan, ta thuc hién 14n luot céc trinh tu:
Bucoc I: Rut gon phan s6 (néu c6 thé), dua phan s6 di cho vé mot phan s6 161 gian.

Buoc 2: Kiém tra miu s6 ¢6 chifa thira s6 nguyén t6 khac 2 va S hay khong dé
biét dugc s6 thap phan phai tim 1a s6 thap phan hiru han hay s6 thap phan vo han
tudn hoan.

VI DU 3.2. Viét cdc s6 thap phan vo han tudn hoan sau duéi dang phan s6
(ngudi ta con goi 1a di tim "phan s6 me” cuia s6 thap phan vo han tudn hoan):

a) - 0,363636... : b) 0.(5); -0,(15): 0,(135);
€)0,2333...: d) -1,4(51); 0,15(432).
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Giai
a) S6 - 0.363636... = — 0,(36) 12 mot s& thap phan vo han tudn hoan don ma

chu ki ¢6 2 chir s6, theo quy tic viét s6 thap phan vo han tudn hoan duéi dang
phén s6 ta co:

T = e,

99 11
b) Tuong tr: 0,(5) = E ..0(|5)-_i- 0(135)_1
A j 33’ ' 37

¢) $6 0,2333... = 0,2(3) la mot s6 thap phan vo han tudn hoan tap c6 phén bat
thudmg bang 2 va chu Ki ¢6 | chir s6, theo quy tdc viét s6 thap phan vo han tudn
hoan duéi dang phan s6 ta c6:

~23-2 21

0203) L.
%0 90 30
57

149 |
d) Tuong r: = 1. 4(51)= -1—:; 0,15(432) = —.
) g (51) 330 (432) 3700

Vi DU 3.3. Viét cdc phan s6 sau dudi dang s6 thap ph han tudn hoan,
3
7 .

an vo
- oo coa A 4 5 6
nhan xét cdc chir so trong chu ki cua ching: —; —; - — -
T 7 i@ 7 3
Giai
2 3
= = 0,(285714); = = 0,(428571);
7 7
% = 0.(714285); % = 0,(857142).

Tacé: —=0,(142857);

NUY [ S

= 0,(571428);

Nhan xét:

Chu Ki cia t4t ca 6 s6 thap phan vo han tudn hoan trén déu ¢6 6 chir s6 va la
nhimg chir s6 khac nhau: 1; 2; 4; 5; 7; 8, khong ¢6 cdc chirs6 3 va 6.

Thit tu cédc chir s6 trong chu ki ciia cdc s6 thap phan vo han tudn hoan déu
khdc nhau.

VI DU 3.4.

a) Khi viét phan s6 % duéi dang s6 thap phan, hoi chir s6 thir 2012 sau dau
phdy la chir s6 nao ?

g ; ; o i .

b) Tim chir s6 thap phan thir 100 sau ddu phdy cua phéan s6 900 (viét dudi

dang so6 thap phén).
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; i o o
¢) Tim chir s6 thap phan thit 2'Y sau dau phdy cua phan s6 7 (viét dud dang
s6 thap phan).

Giai

2
Ca ba phan s6 :5’- % 'l'—: déu la cdc phan s6 161 gian ¢6 miu s6 chira thira

sO nguyén 16 khdc 2 va 5 nén viét duoe du6i dang mot s6 thap phan vo han tudn hoan,
a) Ta cé: ; = 0,(714285) =0,714285 714285 714285....

S0 thap phan 0,(714285) 1a so thap phan vo han tudn hoan ¢6 chu ki gém 6
chir so.

Ta lai ¢6 2012 chia cho 6 du 2 (vi 2012 = 6 . 335 + 2), nén chir s5 thap phan
thir 2012 sau diu phdy cta s6 0.(714285) 1a 1.

b) Ta cé: % = 0,01(8)= 0,01888... . S6 thap phan 0,01(8) la s6 thap phan

vO han tudn hoan tap ma phén bt thudmg ¢6 2 chir s6 va chu ki ¢6 1 chir so.

Ta lai ¢6 100 > 2 nén chir s6 thap phan thir 100 sau ddu phdy cua s6 0.01(8)
la 8.

¢) Ta cé: ?—: = 1,(4117647058823529) 1a s6 thap phan vo han tudn hoan don

mi chu ki gém ¢6 16 chir s6. Ta lai ¢6 2'" = 1024 va 1024 chia hét cho 16 hay
chia cho 16 du 0, nén chir s6 thap phan thi 2" sau dau phdy 1a 9.

VI DU 3.5. So sdnh cdc s6 thap phan sau:

a) 0.(26) va 0,261 ;

b) 0,(aja;): 0,a)(ajza)) va 0,(ajajzaja,) ;

¢) 0,15 va 0,14(9).

Giai

26 2626 . 2620 . 2620

99 9999 9999 10000
2 2

v 0261 = 261 _ 2610 3 2620 '

1000 10000 10000

Suy ra 0,(26) > 0,261.

a) Taco: 0,(26) =




Luu y: C6 thé hiéu 0,(26) = 0,262626... > 0,261000... (xem phdn Dang 2 -
Lam tron so).

iy S 4@, -a a,a,0 aa,
b)Tacsé: 0.(a,a,)=—12: 0a(ara)=—1-0-L_"1 - 192" 172
132 99 1(aza;) 590 S =
Tuong t: 0.(aja,2,a,) = —2-2_ = 10l.aja, _ aja;
T 9999 101.99 99

Suyra 0,(aja;) = 0,a)(aja;) = 0,(aaa;a,).

Luu ¥: Ta c6 thé thiy phan s6 9-}’%& ¢6 thé viét duge dudi cic dang khdc

nhau, nhung cdch viét 0,(a;a,) thudn tién hon tt ca, do d6 ngudi ta thudmg chon
cdch viét nay.
149-14 135 15
900 900 100
Luu y: C6 thé hiéu 0,14(9) = 0,14999... = 0,15 (xem phidn Dang 2 - Lam
tron s0).

VI DU 3.6. Viét céc phén s6 sau dudi dang s6 thap phan ta dugc mot s6 thap
phan hiru han, mét s6 thap phan v6 han tudn hoan don hay mot s6 thap phan vo
han tuéin hoan tap (n la s6 tu nhién khic 0) ?

¢) Taco: 0,14(9) = =0,15.

2 ' 2
2) 7n® +2In : b) 83!+1 o) 3n +2In_

56n 1328n 45n

Giai

7n? +21n _In(n+3) n+3
56n 56n 8
Do miu s6 chi chita thira s6 nguyén t6 1a 2 nén phan s6 nay viét dugc dudi
dang s6 thap phan hiru han.

b) Tir s6 (83! + 1) khong chia hét cho 83 (do 83! = 1.2.3...83), miu s6 1328n
chia hét cho 83 véi moi s6 tu nhién n khdc 0 (vi 1328 = 83.16) nén khi phan s6 161

!
gian thi méu s6 vin c6 uéc nguyén t6 1a 83. Do vay phan s6 18;’2? viét thanh

a) Tacé

n
s6 thap phan vo han tudn hoan. Tu s6 khong chia hét cho 2 va mdu s6 lai chia hét
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Sl viél thanh sO
28n

: ; . . B
cho 2 nén mdu s6 chifa thira s6 nguyén 16 2. Vay phan s6 T
thap phan v6 han tudn hoan tap.

3n’ + 21n_n+7
45n 15

¢) Tacod

n+7

o Néu n chia cho 3 du 2 thi (n+7):3, ta c6 miu s6 cia phan s6 chi chira

thira s6 nguyén t6 5 nén phan s6 d6 viét thanh mot s6 thap phan hiru han.
oNéu n chia cho 3 ¢6 s6 du khdc 2 thi (n + 7) khong chia hét cho 3, miu so

cua phéan s6 nl_;? 6 chia thira s6 nguyén t6 3 nén phan s6 d6 viét thanh mot s6

thap phan vo han tudn hoan.
* Néu lai ¢6 n chia cho 5 du 3, ta ¢6 s6 thap phan vo han tudn hoan don.
* Né€u n chia cho 5 ¢6 s6 du khdc 3, ta ¢6 s6 thap phan vo han tudn hoan lap.

Dang 2. LAM TRON SO

I. KIEN THUC CO BAN

1. Quy woc 1: Néu chir s6 ddu tién trong cdc chir s6 bi bo di nho hon S thi ta gl
nguyén bo phin con lai. Trong truomg hop s6 nguyén thi ta thay cic chir s6 bo
di bang cdc chir 6 0.

2. Quy woc 2 : Néu chir s6 ddu tién trong cdc chir s6 bi bo di 16n hon hodc bing 5
thi ta cong thém | vao chir s6 cudi cing ciia bo phan con lai. Trong trudng hop
s6 nguyén thi ta thay cdc chir s6 bo di bing céc chir s6 0.

3. Ki hiéu "gén bing" (hodc "x4p xi") duge viét 1a "~". Nhu vay: 49123 =~ §:
43432 = 40000.

4. Muc dich cua viéc 1am tron s6 dé dé nhd, dé ude luong, dé tinh todn véi cic s6
¢6 nhiéu chir so.

Kién thirc bd sung
S. Sais6: a=0,1314£0,012= 0,1194 Sa<0.1434.
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I1. VI DU MINH HOA

Vi DU 3.7. Viét cdc phan s6 sau thanh s6 thap phan, réi 1am tron l4n luot cic

$6 d6 dén chir s6 thap phan thit ba, tha hai, thi nhdt: —; —; —; —; —.
33 111 24 82 13

Giai
_ , Lam tron dén chir s6 thap phan
Phan s60 | So thap phan
thir ba thir hai | thir nhat
8
= 0.(24) = 0,242 = 0,24 =0,2
26
Il_l 0.(234) = (0,234 = (0,23 = (,2
5
2% 0,208(3) = (0,208 = 0,21 = 0,2
15
= 0,1(82926) = 0,183 = 0,18 =02
2
= 0,(153846) = (),154 =0,15 0,2

Vi DU 3.8. Lam tron chue, tron tram va tron nghin cdc s6 sau: $7365; 1946,78.
Giai

Lam tron

So
chuc tram nghin
57365 = 57370 = 57400 = 57000
1946,78 = 1950 = 2000 = 2000
Vi DU 3.9.

a) Tinh gid tri gdn ding (lam tron dén chir s6 thap phan thir nhat) chiéu dai
mot san bong d4 (theo tiéu chudn cua FIFA - chiéu dai 161 da mot san béng da 11
ngudi la 120m) sau S ldn do 1a 121,27; 119,25; 120,28; 121,15 va 119,26 mét.
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b) Tinh gid tri gdn ding (1am tron dén chir s6 thap phan thit nhit) chu vi va
dién tich mot san 16p hoc hinh chir nhét ¢6 cic canh do duge 1a 12,4 va 7.12 mét.

¢) Mot van dong vién gianh huy chuong vang ¢ cu li 200m. Biét ring van
dong vién d6 chay 200m hét 23% gidy. Hoi thn gian gdn ding chinh xic t6i

hang phdn tram la bao nhiéu ?

d) Ban Phuc di bd véi van téc 3km/h, ban Quang di bd véi van toc 4km/h. Ho
xudt phét tir cing mot diém di doc theo mot dudmg tron quanh cong vién vai chiéu
nguoc nhau. Sau 6 phit ho gap nhau. Tinh gin ding dudng kinh cua duong tron
chinh xdc t6i chir s6 thap phan thit ba (chon n = 3,1416).

Giai
a) Tong chiéu dai sau 5 l4n do bing

121,27 + 119,25 + 120,28 + 121.15 + 119.26 = 601.21 (m).
Chiéu dai san sau 5 14n do bing 601,21 : 5 = 120,242 = 120.2 (m).
b) Chu vi san 16p hoc bang (12.4 + 7,12).2 = 39,04 = 39.0 (m).
Dién tich san 16p hoc bing 12,4 . 7,12 = 88,288 ~ 88,3 (m°).

¢) Ta cé: 23% = 23,31(6) = 23,32 (giay).

d) Chu vi dudmg tron quanh cong vién bang 700 (m).
Pudng kinh dudng tron quanh cong vién bang 700:3,1416 = 222,816 (m).

VI DU 3.10. In-so (inch, s6 nhiéu 1a inches), ki hiéu 12 "in", 12 don vi do chiéu
dai thudc hé thong do ludng cua Anh, My. Biét lin = 2,54cm.
a) Hoi 1cm gén bang bao nhiéu in-so (1am tron dén chir s6 thap phan thi hai) ?

b) Khi néi "Ti vi 21 in”, ta hiéu 12 mot loai ti vi ¢6 dudng chéo man hinh bing
21lin. Vay cdc mdy ti vi 21 in, 23 in, 27 in va 29 in c6 dudng chéo man hinh gén
bang bao nhiéu xentimet (lJam tron dén chir s6 thap phan thi nhat) ?

Giai

a) Vi lin = 2,54cm nén lem = 1 : 2,54 (in) va lcm = 0,39in.
b) Ta cé:

21 in=53,3cm; 23in = 58,4 cm;

27 in = 68,6 cm; 29in=73,7 cm.



VI DU 3.11. Mot s6 a dugc lam tron dén hang nghin bing 75000. Hoi gid tri
I6n nhit va nho nhdt cia a l1a bao nhi¢u ?

Giai
C6 6 a = 75000 (lam tron dén hang nghin).
Vay max(a) = 75499 va min(a) = 74500.

VI DU 3.12. Trong mot thi nghiém khoa hoc, mét hing sé khoa hoc C duoc
xdc dinh bang 2,43865 vai sai s6 + 0,00312. Ngudi lam thi nghi¢ém mong muén
duoc mot gid tri cua C ¢6 cdc chir s6 ¢6 nghia. Hay lam tron C véi mong muén do6 :

A.20 B.24 C.243 D. 2,44,
Giai

Tac6 C =2,43865 £ 0,00312 nén 2,43553 s C<2,44177.

Vi vay phédn nguyén cua C la 2.

Chir s6 thap phéan thit nhat 1a 4. Chir s6 thap phan thir hai phai 1a 4, khong thé
la3vi243<243553<C.

Chir s6 thap phan thi ba phai 1am cho 2,436 < C < 2,442 suy ra chon phuong
an D.

Dang 3. SO vO Ti. CAN BAC HAI

I. KIEN THUC CO BAN

1. S6 vo ti la 56 viét duge dudi dang s6 thap phan vo han khong tudn hoan. Tap
hop céc s6 vo ti duge ki hiéu la 1.

2. Cho s6 a khong am (a 2 0). Can bac hai cua a 12 s6 x ma %’ =a.
Can bac hai khong am cua a duoc ki hiéu 12 a . Khi viét va ta phiic6a2 0.

3. S6 duong a c6 ding hai can bac hai 1a va va —+v/a. S6 0 chi c6 mot can bac
hai 1256 0: Y0 = 0.
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Kién thirc bd sung
4. Nhimg s6 vo ti dic biét:
¢ 0,101001000100001...
o V2= 141421 35623 73095 04880...
o = 3,/4159 26535 89793 23846... (trong nhiéu truémg hop ¢6 thé chon s6

22
= —7—).

II. VI DU MINH HOA

VIDU 3.13. Khoanh tron vio chir cdi dimg truée phuong 4n diing:

a) Can béc hai cia 25 1a: A. 5; B. - 5; C. 5 va - 5; D. 625.

b) S6 ¢6 can bac hai biang 16 1a: A. 4; B. 256; C. - 4: D. 16

¢) SO ¢6 can bac hai la:

A x=14+2-3-4+54+6-7-8+9+...-100.

B.y = (10 - 1).(10* = 2%).(10* - 3%) ... (10% - 100%).

C.z=(121 + 12321 + 1234321) - (12° + 1122 + 1112?).

Giai

a) Chon phuong 4n C, vi 5° = 25 va (=5)° = 25.

b) Chon phuong 4n B, vi V256 = 16, do 16° = 256.

¢) Chon phuong dn B, vi:

*Xx=14+(2-3-4+5)+ (6-7-8+9)+...+(98-99- 100+ 101) - 101
=1-101=-100<0.

oy =(10° - 1).(10° - 2%).(10* = 3%)...(10% - 10%)...(10% - 100%) = 0.

o z=(121 - 12%) + (12321 - 112%) + (1234321 - 1112} <0,
Nhu vay chon phuong dn B (chon y) vix <0 vaz<0nén khong ¢6 can bic hai.
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Vi DU 3.14. Dién s6 con thi€u trong bang sau:

X 9 | 049 2| -4
Vx 0,49
|
T 1
X
-Jx
Giai
X 9 | 049 02401 | 1 | (-2* -4
Jx 3 07 | 0,49 [ 4 Khong ¢6
[ 1 10 | 100 |
7; 3 = 20 1 "y Khong c6
Jx | -3 | -07]-049| -1 | -4 | Khongcé

Vi DU 3.15. Khoanh tron vao chir cdi dimg truée phuong dn dung:

a) S6 ndo khong bing 2- ?

(-57% J25 +7225 o J25 - J(-85)>

b) S6 nao khong bang ZLS ?

A. 1(0,05)% -(0,03)% ; B. |/(0,05-0,03)(0,05+0,03) ;
2
C. V(0,05+0,03)% ; D. (O.IG.M) .
0,05+0,03
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Giai

a) Chon phuong én D vi ,: IBSS -J: #—, trong khi ba biéu thitc con lai déu

bang -

b) Chon phuong 4n C, vi y/(0,05+0,03)? =1/0,08? =0,08+0.04 , trong khi

céc biéu thirc con lai déu bing 0,04 =2L5 .

Vi DU 3.16. Trong céc tap hop sau, tap nao c6 it nhat mot phén tir 1a s6 vo ti:
1.A= {1024 ; V1369 : V6889 ;: V16641 }:
2. B= {121 V12321 1234321 :...: J12345678987654321 }:

= {0,01 ; 0,01001 ; 0,010010001 ; ...; 0,010010001...01000...01 ;
100

0,01001000100001... };

ST T LT

35 5T 8 11
Giai
. Céc s6 1024 = 327 1369 = 37% 6889 = 83% va 16641 = 129° déu la cdc s6
chinh phuong nén tap hop A chi gém céc s6 hiru ti.
2. Céc s6 121, 12321, 1234321, ..., 12345678987654321 14n luot bing 117,
1113, 11113, .., 1111111117 va déu 1a cdc s6 chinh phuong nén tap hop B chi
gém céc s6 hitu ti.

3. C4c s6 0,01; 0,01001; 0,010010001; ...; 0,010010001...01000...01 déu la
100
cdc s6 thap phan hinn han nén khong c6 s6 ndo l1a s6 vo ti. Riéng s6
0,01001000100001... 1a s6 thap phan v6 han khong tudn hoan nén 12 s6 vo ti.

4 Chols <mpati ot '1_'1 hodc 1A s6 thap phan hitu han, hoc 12 6 thap

3 579
phéan v6 han tudn hoan nén khong c6 s6 nao 12 s vo ti.

Vay trong 4 tap hop trén chi c6 tap C la tap ¢6 it nhat mot phdn tir 12 s6 vo ti.
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VI DU 3.17. So sdnh céc s6 x va y, néu:

a)x=\f96_l-(7g ]vhy J1089 - [T ]
b)x = J0.0I+J0.04+J0.09+J0.16+...+J(m va y=m;

ore i) -)o-) -

Giai
I

1 | |
: = - J— = — - _— l =32— .
Ma V6 <7 nén 7[;>71_7.suyra 32-7'g<32-7'; hay x < y.

b)Tac6x=0,1+02+03+...+09=45

va y =4/20+0,25 =/20,25 =

do x > 0.

Vay x =y.

¢) Tacé: x-lgzz 9
2468 I0

Ta lai c6: xz<(l 3 2 L 9)(3.1.E.§.E)=—L<l=0.l = x < /0,1
246810)357911) 11 10

Suyra:x<y.

Vi DU 3.18. Tim x, néu:

2
a) x* = 256; b) (JI -1) =0.5625;
¢) 2Jx -x =0; d) x+vx =0;
e)x2= (13 +2% +3° + 4° + 5%).123454321.
Giai

a)Tacé: x=214.

b) Tachd: x € [L 3-—]
16 16
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¢c)Tacé: x €{0; 4).

d) Diéu kién x 20, suy ra x + vx 20. Vay x =0.

e) Ta cé:

1?+2° + 3% +4% + 57 =225 = 15% va 123454321 = 11111°%,
Suyra:x =% 15.11111 = £ 166665.

Dang 4. SO THUC

I. KIEN THUC CO BAN

l'

70

S6 hiru ti va s6 voO ti duoc goi chung 1a 56 thuc. Tap hop cic s6 thuc duge ki
hiéu la R.

Néu a 1a mot s6 thuc thi a ¢6 thé duge biéu dién dudi dang mot s6 thap phan
hiru han, hodc mot s6 thap phan vo han tudn hoan, hoic mot s6 thap phan vo
han khong tudn hoan.

Viéc so sdnh hai s6 thuc tuong tu viéc so sanh hai s6 hiru ti viét dudi dang s6
thap phan.

M&i s6 thuc duoc biéu dién bdi mot diém trén truc s6, nguoc lai moi diém trén
truc s6 déu biéu dién mot s6 thuc. Cic diém biéu dién s6 thuc 14p ddy truc s6.

Céac phép todn trong tap hop s6 thuc ¢6 cdc tinh chat twong tu cdc phép todn
trong tap hop s6 hiru ti.
Kién thirc b8 sung

Cho moét s6 thuc a, néu a la s6 chinh phuong thi Ja 1a mot s6 hitu ti, néu a
kKhong la s6 chinh phuong thi Va 1a mot sO vo ti.

That vay, gia sir a khong la s6 chinh phuong nhung Ja 12 mot s6 hitu i, hay

Ja € Q, thi J;:—"l viim,ne N(n>1)va(m,n) =1 nenm2=an2.GQip
n

l1a mot uSc nguyén t6 cia n thi n Ep::a-m2 p=>m:p=>(m,n)=p#I,trdi
vGi diéu gia su. Vay Ja 156 vo ti.



II. VI DU MINH HOA

VI DU 3.19. Thuc hién phép tinh:

% . [31
A= (6.25-5./0.49). 19.,f—--17.,f_ ;
sl )[ 361 289]
14 14 14
B=|,2—-J1,21 || ,21+2— 21.2—|.
b) [ 55 v ](IZ +225+1/I 25]

Giai
a)Tacé6 A=3. b) Tac6é B=2,765.
VI DU 3.20. Sip x€p cdc s6 sau tir nho dén Ion:

" _5i A, moo 3. & 3

- 0y =— == ==
5 4° 5" 4
| | | |
b) V625 ——=; V484 - : 576 ——=: 529 - :
J8 5 N J6
Giai
a) Ta c6: —E <:—é < 2 < —3 <0<+8 <n< jf—
4 5 5 4 17
| | | |
b) C6: V484 ——== 22~ : 7529 —— = 23- Mit khic —=
’ " s L -
]
nén 22 - <22—-—-<23--—-——.
5 J6 J6
| 1 | |
Tuong tu, ta suy ra: 22— <23~ <24 - <25- "
R PO B R 7 8

VI DU 3.21. So sdnh hai téng A va B, néu:

a)A= 1./2l2)+l . 1/404-2 + ,f60+3
va B=(ﬁ+ﬁ+ﬁ)+(J2_0+JE+J6_O).

b) A=

va B=0I11111111.

| 1 1 1
B
V121 412321 V1234321 V12345678987654321
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Giai
a) Co ,/20+ =~/2_l <\/2_5 =5.mh5=4+|=ﬁ+ﬁ< J2_0+Jf
:>J20+l <JE+JI_.

Tuong ur, suy ra A < B.

100y VTS S IS I

— ot < —t—t ..+ =0,111111111 =B.
111 111...1 10 100 1000...0
_N'_’ —v—d
9 9
Viay A<B.
Vi DU 3.22. Cho y = LeVx
1-vx
Chimg minh ring v6i moi xe A= E Eﬁﬁ aa ﬂ 100} thi y la so
916 25736 49 64 8l
nguyeén.
Giai
Ta c6 bang tinh cdc gid tricua y :
. 16 | 25 | 36 | 49 | 64 | 81 | 100
9 16 25 36 49 64 81
4 5 6 7 8 9 10
Vx 3 4 5 6 7 8 9
7 9 11 13 15 17 19
edx |3 4 5 6 7 8 9
| 1 1 | | | |
ol s Bl e e e A e
y -7 -9 | =11 | =13 |=-15| =17 | -19

Viyvoimoix € Athiy € Z.
Vi DU 3.23. Chimg minh ring 1+v/2 1256 vo ti.
Giai

Giasirss 1+v2 las6hiuti,ticlal + V2 =aeQ.Suyrav2 =a-1¢€Q.

Vo li.
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VI DU 3.24. Cho bon ménh dé sau:

Téng ctia mot s6 hitu ti va mot s6 vo ti la mot s6 vo ti. (1)
Tich cia mot s6 vO ti vai mot s6 hiru ti khidc 0 1a mot s6 vo . (2)
Thuong clia mot s6 vo ti véi mot s6 hiru ti khac 0 1a mot s6 vo ti. (3)
Tong cla hai s6 vo ti 1a mot s6 vo ti. (4)

Khoanh tron vao chir ¢di dimg truée khing dinh chinh xdc vé s6 ménh dé ding
trong s6 bon ménh dé noi trén: A.1;  B.2; C.3; D.4.

Giai

Kihi¢uhai soOhiuti laava b, haisovotilax vay.

e Ménh dé (1) ding.

Gia sit "Téng cia mot s6 hiru ti vd mot s6 vo ti la mot s6 hiru 6", wic la c6
a+x=beQ.

Suyrax=b-ae Q. Voli

e Ménh dé (2) ding.

Gia sir "Tich ctia mot s6 vo ti véi mot s6 hiru ti khédc 0 1a mot s6 hinu 11", tic la
cox.a=beQ.

Suyrax=b:ae Q. VolIi

e Ménh dé (3) ding.

Gia sir “Thuong ctia mot s6 vO ti véi mot s6 hiru ti khic 0 la mot s6 hiru 1", tic
lacox:a=be Q.

Suyrax=a.be Q. Voli

e Ménh dé (4) sai, ching han (1 + V2)+(-V2)=1€Q.

e Nhu vay trong bon ménh dé trén ¢6 ba ménh dé diing. Ta chon phuong én C.

Dang 5. PHAN NGUYEN VA PHAN LE CUA MOT SO

I. KIEN THUC CO BAN

1. Phdn nguyén cia mot s6 x, ki hi¢u 1a [x], 1a s6 nguyén Ién nhat khong vuot
qud x, ching han :
[0,15] =0; (- 148])=-2; (18] = 18.
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2. Phdn lé (con goi la phdan phan) ciia mot s6 x, ki hiéu 12 {x}, thoa man diéu
kién {x} =x - [x]. Nhuvay 0 < {x} < 1.

Kién thirc bé sung

3. Néu[x]=athiaeZvax=a+q,v40sq<l.
4. Néu([x]=athiaeZvaasx<a+l,hay0OsSx-a<l.Tacé[x] <x<[x]+].

IL. VI DU MINH HOA
Vi DU 3.25. Tim phdn nguyén
5 -53
— i |-3.4}; s 112,4]: | — .
S ok (o) D2 [ 2]

Giai

Tacé6 cic kétquasau: - 1; - 4; 0; 12; - 6.

Vim0336. g <[ 18] 0], 100, 1001, 100, ]

Giai
st ot} o]} 2]

=50+25+12+6+3+1=97.

Luu y:

e Xéttich P=1.2.34...100 = 100! thi s6 97 img vai s6 thira s6 2 duoc chia
trong 100!, tic 1a 100! = 2" mvéime N, m I2

® Tuong tu cich giai trén, ta sé tinh dugc s6 thira s6 nao d6 duoc chira trong
tich P:

S0 thira s6 3 chira trong 100! 1a:

S IFHF s R 5

=33+11+3+1=48.

S6 thira s6 4 chira trong 100! 1a:

L]
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Vi DU 3.27. Tinh téng:
B=[Jl-]+[s/§]+[\5]+[ﬁ]+ +[J9_9]+[J1703]

Giai

Tacé[x]=a.thlanvaan<a+lncn[\/;]=athias Jn <a+1.

Néu: 1sn<s3thilsJn <2.suyra[JE}= 1 va c6 3 s6 nhu vay;
4<sns8thi2< vn <3,suyra[vVn]=2vac6 5 s6 nhu vay;
9<n<15thi3< Vn <4, suyra(vn)=23vacé7 s6nhu vay;
16€n<24thids Jn <5.suyra[J-r;]=4vhc69sdnhuvay:

81<n<99thi9s vn <10, suyra[v/n]=9vavacé 19 s nhu vay.
3\

Vay: B=|[VI]+[VE]+[B] | +|[] +..+[E]

.

! ~
w v

3 / 5
{

o] [T ]+ [VG8] [+ [T00].

-

\ 19
B=134+25+37+49+5.11+6.13+7.15+8.17+9.19 + 10 = 625.

Vi DU 3.28. Tim x, néu:

a)3.[x]-2=4; b)2[x] +3=-S5; ¢) (3 - [x]).2[x] + 5)* = 0.
Giai

a)3.[x]-2=4[x]=22sx<3.
b)2[x]+3=-5[x]=-4o-4Sx<-3.
¢)3-[x]=0&[x]=3<3sx<4.

Trudng hop 2[x] + S=0loaido [x]=-2,5 ¢ Z.

Vi DU 3.29. Tim s6 nguyén x ma:

a)[3"+']=|; ‘ b) [7:;-5]:_2.
5 3

75



Giai

a) Ta co: [3x5+l]=l &1 < 3’(;1 s I%Sx <3ISx=2MxeZ

=-2& =25

b) Ta cé: [7:&—5] Ix=3

<-1] c:>-—_l;s X <%c::>x=0.vi xelZ.

BAI TAP

3.1. Viét cdc phan s6 sau duéi dang s6 thap phan:

9 .13 148 133 15 73 10987654321
337917518 418 " 82" 81 504 '
. I .
3.2. Viét s6 ——— dudi dang s6 thap phan.
S Ll T eainp s
\—w_ﬂ

9
3.3. Viét cdc 50 thap phan vo han tudn hoan sau dudi dang phan s6:

0,000(1); —0,3(18); —2,37(1); 3,24(81).
3.4.Tim chir s6 thap phan thi 2012 cba phan s6 :—Z— khi viét duéi dang so

thap phan.

3.5. LAy n = 3,14,
a) Cac banh xe cua mot chiéc xe tai chay véi van t6c 60km/h thuc hién 4 vong
quay trong mot gidy. Hoi dudmg kinh cua banh xe bing bao nhiéu ?

b) Mot hinh tron ndm bén trong mot hinh vuong. Biét canh hinh vuong bing
3,72cm va dudmg kinh hinh tron bing 2.48cm. Tinh dién tich phin hinh vuong
con lai khong bi hinh tron che.

¢) Mot v¢ tinh bay trén quy dao tron vong quanh Trii Dat. Quy dao ¢6 do dai
1a 60000km. Hoi do dai quy dao sé tang thém bao nhiéu kildmet néu biét ban
kinh cua quy dao tang lén 1km ?

3.6. Tinh: g.oooa V10,24 ; 0,64 + J0,81; 1,2321 + \}|3+23+33 .

0121
3.7. So sanh hai t6ng A va B, néu:

2011 2012

A= + va B=+2011 + 2012.
J2012 J2011
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3.8. Thuc hién phép tinh:

y)
A = (10,0289 + /06889 )(1 349, /5%1 -1422, ’63_2% ] |

3.9.Chox=a+bvay=ab. Biét x va y la cic s6 vo ti. Hoi trong hai s6 a va b, ¢6
thé c6 mot s6 1 s6 hiru ti duge khong ?
3.10. Sip xé€p céc s6 sau tr nho dén 16n:

1 V121 12321 J123456787654321
J121° V12321 1238321 J12345678987654321

3.11. Khi phan tich 1000! ra thira s6 nguyén t6 s& c6 bao nhi¢u thira s6 2, thira
s6 3, thiras6 5 ?

3.12. Cho bay s6 thAp phana, =2,56;2a, =261 ;2a3=265;a,=271;a5=2,79;
ag = 2,82 ; a; = 2,86. Thay mdi s6 a; (1 S1<7 vai € N) bing mot s6 nguyén
b; x4p xi sO a, tuong (mg ma téng céc s6 b, bing 10ng cdc sO a; va sai s6
M =b; —a;| 12 nho nhat. Tinh gid tri cia 100M.

3.13. Biéta+b=9. Tinh 0,a(b) + 0,b(a).

3.14. Tim x va y, néu: 0,xy(x) — 0,yx(y) = 0,4(5) va xy + yx = 99.

3.15. Cho phan s6 %. Viét phan s6 d6 dudi dang s6 thap phan, biét n 12 s6

nguyén duong nho nhat chia hét cho 15 ma trong cédch viét chi dung céc chir
s6 0 hoac 8.
3.16. Tim [x], néu:

a)3<x<£; b) — <x <-4, C) — <x< —,
5 2 3
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Chuong II

HAM SO VA DO THI

Chuyén 3¢ 4. DAl LUQONG Ti LE THUAN.
PAI LUONG Ti LE NGHICH

Dang 1. DAl LUONG Ti LE THUAN. DAI LUONG Ti LE NGHICH

I. KIEN THUC CO BAN

1.

78

Dai luong ti 1é thuan

Dinh nghia: Néu dai lugng y lién h¢ v6i dai lugng x theo cong thirc y = kx
(v@i k 1a hang s6 khdc 0) thi ta n6i y ti 1¢ thuan véi x theo hé s ti 1é k.
Néu hai dai luong ti 1¢ thuan véi nhau thi :

~ Ti 6 hai gid tri tuong (g cta ching luon khong déi:

ll.=12.=1l=___=-¥_=k_

K] X: 13 Kn

~ Ti 6 hai gid tri bdt ki cia dai lugng ndy bang ti s6 hai gid tri twong (mg cua
dai luong kia:
Nl N 2.
X2 Y2 X3 ¥y
Dai luong ti 1é nghich

Pinh nghia: Néu dai lugng y lien he véi dai luong x theo cong thic y = =
X

hay xy =a (vdi a la hing s6 khic 0) thi ta n6i y ti 1¢ nghich véi x theo hé s6 ti
1¢ a.
Néu hai dai lugng ti 1¢ nghich véi nhau thi :

~ Tich hai gi4 tri twong {ng ctia ching luon khong déi:

XI-Y1 = X2Y2= o0 = XY, = 2.



~ Ti s6 hai gid tri bat ki cta dai luong nay bing nghich ddo cua ti s6 hai gid tri
trong img cua dai luong kia:

B Ok 2 S

Ys X1 Y7 X3

Kién thic bé sung

Quan hé giira hai dai luong ti 1é thuan
e Khi dai lugng y ti 1¢ thudn véi dai lugng x theo hé s6 ti ¢ k # O thi dai luong

X 11 1¢ thuan véi dai lugng y theo hé so ti 1é -&-

e Dai lugng z ti 1¢ thuan véi dai luong y theo hé s6 ti 1€ k; (k, # 0), dai luong y
ti 1¢ thudn véi dai lugng x theo hé so ti 1€ k, (ky # 0), thi z t 1€ thudn véi x
theo hé s6 ti 1€ k, .k,.

Quan hé gitra hai dai luong ti 1é nghich

e Khi dai luong y ti 1¢ nghich véi dai lugng x theo hé s6 ti 1¢ a # 0 thi dai
lugng x ti 1& nghich véi dai lugng y cling theo hé s6 ti 1¢ a.

e Dai luong z ti 1¢ nghich véi dai lugng y theo hé so ti 1€ a; (a; # 0), dai luong
y ti 1¢ nghich véi dai lugng x theo hé s ti 1¢ a, (a, # 0), thi z ti 1¢ thuan véi x

theo hé so ti ¢ . 1
a2

I1. Vi DU MINH HOA

VI DU 4.1. Cic gi4 tri twong img cua x va y duge cho trong cdc bang dudi. Hoi

hai dai luong y va x ti 1¢ thuan hay ti 1¢ nghich v6i nhau ? Néu ¢6, chi ra hé sé ti 1¢
cua y doi véi x.

a)

X 1 2 3 4 5

y [-06)]-1.3)] -2 |-2.6)|-3.3)
b)

X - 2 <3 | o /i

y 4 =% | 32 64 | -128
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Giai
~0.(6) _ -1.(3) _-2.(6) _ -3.3) _ -2
2 4 5

a) Ta co:

. Vay tong quan gitra hai

dai luong y va x la twong quan ti 1& thuan, véi hé s6 ti ¢ 1a —--§~.

"26=32 04 =“23=-4cbni=—2ma-4¢-z.
22 23 4 9 -
Mat khdc: 4.(-= 2") # (- 16).22 # 32.(- 2°) # 64.(- 2%) = (- 128).2°.

Vay tuong quan gitra hai dai lugng y va x khong la tuong quan ti 1¢ thudn va
ciing khong la tuong quan ti 1é nghich.

Vi DU 4.2. Viét cong thic biéu thi su phu thudc giira cic dai luong sau va cho
bi€t tvong quan giira ching la ti 1& thuan hay ti 1& nghich:

a) Chu vi C va canh a cia mét hinh vudng.

b) Chu vi C va ban kinh R cia mot dudng tron.

¢) Mot s6 hiru ti x khac 0 va s6 d6i cia né.

d) Mot s6 hiru ti x khdc 0 va s6 nghich dao cta né.

e) Quing dudng 4nh sdng di dugc (S km) va thoi gian di quang dudng do (1
giay).

g) SO vong quay y cua kim gid véi s6 vong quay x cua kim phiit trong clng
mot thoi gian.

h) Dién tich ddy S va chiéu cao h cia hai bé nuéc hinh hop chir nhat biét
chiing c6 cuing thé tich.

i) S6 do canh ddy a va s6 do chiéu cao tuong img h cla cdc tam gidc ¢6 clng
dién tich.

Giai

b) Ta cé:

e TacHtisd E = 4 (hang s06), do d6 chu vi C va canh a cia mét hinh vuéng 1a
a

hai dai lugng ti 1& thuan v6i hé s6 ti e 1a 4.
Tuong tu, cdc dai lugng c6 tuong quan ti 1¢ thuan la:

— Chu vi C va ban kinh R cia mot dudng trén, vi % = 2.1 (hang s6).

.

- Quang dudng 4nh sdng di dugc va thoi gian di quang dudng do6, vi :

=vma

van toc 4nh sdng 12 mot hing s6 (= 300 000 km/s).
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~ Mot 6 hiru ti x khdc 0 va s6 d6i cia n6, vi — = — 1 (hing s6).
-X

- SO vong quay y cua kim gio vdi s6 vong quay x cua kim phut trong cing

y

mot thin gian, vi = = é (hdng s0).
X

e Ta c6 tich x.—l- = | (hing s6), do d6 mot s6 hiru ti khiac 0 va s6 nghich dao
X

cua né 1a hai dai lugng ti 1¢ nghich.
Tuong tu, cic dai luong c6 twong quan ti 1¢ nghich la:

~ Dién tich ddy S va chiéu cao h cla hai bé nuéc hinh hop chir nhat ¢cé clng
thé tich V, vi S.h =V (hidng s6).

- S0 do canh ddy a va chiéu cao tuong img h cia cdc tam gidc c6 cing dién
tich S, vi ah = 2S (hing s6).

vViDU 4.3.

a) Cho x va y la hai dai luong ti 1¢ thuan. Biét t6ng hai gid tri ndo d6 cla x
bing 1 va tdng hai gi4 tri tuong (mg cua y bang — 2. Viét cong thirc lién hé gilta y
va X.

b) Cho x va y la hai dai lugng t1 1¢ nghich. Khi x nhan céc gid tri x; = - 3 va
X, = 2 thi cdc gid tri twong (mg y,, y> ¢6 hi¢u bing 13. Viét cong thirc lién hé giira
y va x.

¢) Cho x va y l1a hai dai lugng ti 1& nghich vé hé s6 ti 1¢ duong. Biét ring tich
hai gid tri nao d6 cua x 1a 2 va hi¢u binh phuong cua hai gia tri d6 cua x 1a 3; con
hi¢u binh phuong hai gid tri tuong (mg cua y la - 12, Vi€t cong thirc lién hé gilra y
va X.

Giai

a) Biét x va y 1a hai dai lugng ti 1é thudn, tacéy = kx (k = 0).

Goi hai gid tri cia x 12 x; , X, va hai gid tri twuong img cha y la y,, y,.

Ta c6: k=ﬂ=h=m=:2—=-2.
Xy X2 X;+Xxy |

Vaytacécong thiuc: y = - 2.x.
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b) Biét x va y 1a hai dai luong ti 1¢ nghich, ta ¢6 xy = a (a = 0).

Goi hai gid tri cua x Ia x; , x5 va hai gid tri tuong img cua y la y,. v,.

Tacﬁ:y—l=-x—l=i=>'\-—'=ll=y'_}.:=£.
Y X, -3 2 =3 2-(-3) 5
Suyra y,=52=x..y,=(-3).52=-15.
-135,6

Viy ta c6 cong thic: y = :
\

¢) Bi€t x va y 1a hai dai luong ti 1é nghich, ta cé xy =a (a > 0).
Goi hai gid tri cia x la x; . x5 va hai gid tri tvong img cha y la y, va y, , ta cé:

2 5 2 2
X|-X2=2: X[ =X3=3.y7-y5 =~12.

3 ~5 9 = a 12
pub=dl =R 2N R NN NN _° g
Suyra b=2%2,

e VGib=2thiy, = 2x, vay, = 2X,.
4
Max,x;=2=a=y..X; =(2X5).X; = 2.(x5.X;) =4 >0 (chon) => y = —.
X

eV b=-2thi }'1=-?.X:\'slyz=-2xl.

Ma x,.x =2 = a=y,X, =(-2X5).X; == 2.(x5.X)) =-4<0(loai).

Viy ta c¢6 cong thic: y = e :
X

Dang 2. CAC BAI TOAN Ti LE THUAN VA Ti LE NGHICH

I. KIEN THUC CO BAN

Céc budc trinh bay cia dang todn hai dai luong ti 1¢ thuan hay ti 1¢ nghich:

1. Buoc 1: Chi ra tuong quan gitra cic dai luong la ti 1¢ thuan hoac ui 1¢ nghich.
e Néu y = kx (vai k la hing s6 Khdc 0) thi y va x 1a hai dai lugng ti 1¢ thuan.

e Néu xy = a (vai a la hang s6 khic 0) thi y va x 1a hai dai lugng t1 1¢ nghich.

2. Buoe 2: Ap dung cic tinh chit cia dai luong ti I¢ thuan hodc ti 1¢ nghich dé
giai toan.
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IL. VI DU MINH HOA

VI DU 4.4. C6 hai doi cong nhan. Doi mot ¢6 35 ngudi, néu moi ngudi lam
trong 16 ngay thi dao duoc 864m° dit. Hoi 20 ngudi cia doi hai, méi ngudi lam
trong 14 ngay s& ddo duoc bao nhiéu mét khoi ddt ? (Gia thi€t nang sudt lao dong
cua moi ngudi 1a nhu nhau).

Giai

Mot ngudn dao dat trong mot ngay duoc tinh 1a 1 cong lao dong.
Vi (S0 dat dao duoc) : (SO cong) = Nang sudt lao dong = Const,
nén s6 dit dao duge va s6 cong la hai dai luong ti 1€ thuan. Ta c6

So dat dao duoc (m"‘ ) S6 cong lao dong
Poi mot 864 560 (= 35.16)
boi hai X 280 (=20.14)

Theo tinh chat cia dai luong ti 1¢ thudn, ta ¢c6
864 560  864.280

— T — —

x 280 560

Vay 20 nguisi ciia doi hai méi ngudi 1am trong 14 ngay sé do duge 432m” dat.

Vi DU 4.5. Bi¢t 78 ngudi hoan thinh mot cong viéc trong 65 ngay.

a) Néu nang sudt lao dong cua mdi ngudi nhu nhau thi cdn thém bao nhiéu
ngudi nita dé hoan thanh cong viéc d6 trong 39 ngay ?

b) Né€u cai tién cong cu dé nang sudt lao dong tang thém 20% thi cidn giam
bao nhiéu ngudi ma vin hoan thanh cong viéc dé trong 65 ngay ?

Giai

a) Cing mot cong viée thi s6 ngudi va s6 ngay lam vice 1a hai dai luong ti 1¢
nghich. Ta c6:

=432

S6 ngud S6 ngay lam viée
Lauc trudc 78 65
Lic sau X 39
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78 39 78.65

Theo tinh chat cua dai lugng ti 1€ nghich, ta ¢c6: — = 6: X= = 130.
X

Vay dé hoan thanh cong viéc d6 trong 39 ngay thi cdn c6 130 ngudi va s6
ngudi cdn thém la: 130 - 78 = 52 (ngudn).

b) Cing mot cong viéc va s6 ngdy lam viéc nhu nhau thi nang sudt lao dong va
s& ngudni la hai dai lugng ti 1€ nghich. Ta cé:

Nang suat lao dong S6 ngudi
Luc truée 100% 78
Lic sau 120% X

Theo tinh chét cua dai luong ti 18 nghich, ta c6:
100% «x _ 100%.78 - 65

120% 78~ 120%
Khi cdi ti€n cong cu dé nang sudt lao dong tang thém 20%, thi chi cdn 65
ngudi vin hoan thanh cong viéc ma 78 ngudi 1am trong 65 ngay .
Viy s6 ngudi cdn giam: 78 - 65 = 13 (ngudi).
(Trong bai todn ndy con s& 65 ngay chi dé minh hoa cho s6 ngay 1a mot s6
khong d6i).

Vi DU 4.6. Ca phe ha gi4 23%%. Véi s6 tién truée day mua duge 53,8kg ca

phé thi nay mua dugc bao nhiéu kilégam ca phé ha gid ?
Giai
Theo dé bai ta c6 s6 tién khong dbi (Const).
Ma: (S6 hang) . (Gid hang) = S6 tién = Const.
Nén s6 hang va gid hang la hai dai lugng ti 1¢ nghich. Ta cé:

S6 hang (kg) Gid hang

Lic truée 53,8 100%

Liuc sau X 76% %
Theo tinh chat ciia dai lugng ti 1¢ nghich, ta cé:

6
53,8 '05% 53,8.100%
= = X = —— =70,
X 100% 6

76 =%
7

Vay v6i s6 tién truéc day mua dugc 53,8kg ca phé thi nay mua duge 70kg ca
phe ha gi4.
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Vi DU 4.7. D€ truyén mot chuyén dong, ngudi ta ¢6 thé ding day cu-roa
(courroie), dung xich hoac ding binh xe c6 rang. Ta xét mdt bd mdy truyén
chuyén dong c6 hai bénh xe rang dugc khdp vao nhau dudi day:

a) Néu bianh xe thir nhat cé 65 rang va quay 36 vong/phiit thi banh xe thir hai
¢6 45 rang s¢€ quay dugc bao nhiéu vong/phut ?

b) Mu6n banh xe thir hai quay 78 vong/phiit thi banh xe thir hai cin thiét ké ¢6
bao nhi¢u rang ?

Giai
Do hai banh xe rang khdp vao nhau trong qud trinh chuyén dong nén s6 rang
va s6 vong quay cua banh xe la hai dai lugng ti 1¢& nghich.

a) Ta cé:
SO rang banh xe SO vong quay
Banh xe thir nhat 65 36
Banh xe thi hai 45 X
65

Theo tinh chédt coa dai luong ti 1¢ nghich ta cé: T = nén sO vong quay

36
65.36

cua banh xe thir hai la: x = = 52 (vong/phut).

b) Tuong tu, ta c6 banh xe thir hai cdn thiét k€ c6 30 rang.

Dang 3. BAI TOAN CHUYEN DONG

Vi DU 4.8. Mot ngudi di xe dap va mot ngudi di xe mdy cung di mot lic tr A
té B. Vi van t6¢ xe dap nho hon vin 16¢ xe mdy la 18km/h nén khi xe dap & C
thi xe may da té1 D qua C mot quiang duong bang 0,6 quing dudng AD. Tinh van
t6c mdi xe.

Giai
Ki hi¢u quiang dudmg S, = ACva S, = AD, ‘
A C D B
el et . do s At =
e ’ S AD 3 Hinh 4.1
(h4.1).
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Goi van t6¢ va thin gian xe dap di tir A t61 C la v, va ty, van t6¢ va thoi gian
xe mdy di tlr A 161 D 1a v, va t,. Theo dé bai ta c6: v, = v, = 18 (km/h).
Hai xe khoi hanh cung mot lic tr A, mot xe téi C va mot xe 161 D nén cung
thoi gian thi quang dudmg di dugc va van toc 1a hai dai luong ti 1¢ thudn.
_5

Tacéﬂ-—zz.Suyraﬂ=f—3-=——=—=6.
Vs S, 5 % 3 5=2 3

Vay van t6c xe dap: v; = 6.2 = 12 (km/h) va van t6c xe mdy: v, = 6.5 = 30
(km/h).

VI DU 4.9. Di bo tir nha A dén xudng B anh Toan cin 50 phiit, con di xe dap
chi ¢dn 0,3 gid. Tinh quing dudng tir nha A dén xuong B, biét vin 16¢ xe dap Idn
hon van t6¢ di bo 1a Skm/h.

Giai
Goi van 16¢ va thin gian cua anh Toan di tr nha & xuomg khi di bo la v, va t;

. 5
khi di bang xe dap la v, va t,. Theo dé bai tacé: v = v, =8 (km/h), 1, = P (h) va

t; =03 (h).
Trén cing quang dudmg AB, vin t6c¢ va thoi gian 14 hai dai luong ti 1€ nghich:
B-B.g3:2=2.
Vz ll 6 5

v v Vo =V 8
Suyra Lt =—=2=—=2—1-_"_2-0,5 hay v, =0,5. 25 = 12,5 (km/h).
Yy =25 259 16 Y2

Vay quing dudmg tir nha dén xuomg: AB=v,. 1, =12,5.0,3 = 3,75 (km).

VI DU 4.10. Lic 8 gior sing mot ngudi di 616 tir nha A dén phi truomg B. Néu
di vGi van t6c 40km/h thi dé€n cham 30 phit so véi lic mdy bay ha cdanh, nhung
néu di véi van téc SOkm/h thi sé dén trude 2 gidr so vai hic mdy bay ha canh. Tim
quang dudng tir nha dén phi truomg va than gian hic mdy bay ha cénh.

Giai

Goi van t6¢ va thn gian cia ngudi dé di tr nha dén phi trudmg véi van 16¢
40km/h la v, va ty; véi van t6c SOkm/h 1a v, va t,.

Tacév, =40 (km/); t; =t + 0,5 (h) vd v, = 50 (km/h); t, =t =2 (h) véitla
thn gian ngudi d6 di tr nha dén phi truomg ding lic mdy bay ha cdnh.
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Trén cing quing dudmg AB thi thoi gian va vin toc 1a hai dai lugng ti 1€ nghich:
L:=v;:v,=40:50=4:5.

o YU_L_bH-bh _ (+05-0-2)
S 4 5-4 |

.5 hay 1,=2,5.4=10(h).

Vay quing dudmg tir nha dén phi trudomg 1a AB = v,. 1, = 50.10 = 500 (km).

Va thoi gian ngudi d6 di tir nha dén phi tnromg diing lic mdy bay ha cdnh la
t =1ty + 2 = 12 (gid), hay mdy bay ha cinh lic 8 + 12 = 20 (gid), tic 1a 8 giv 161,

Vi DU 4.11. Mot dong tir (vat chuyén dong) phai di mot quing dudmg 900km
v6i van t16¢ 10km/h. Mot dong ur thit hai phai di mot quing dudmg 400km nhung
véi van t6¢ 20km/h. Néu ca hai cang khaoi hanh mot lic thi sau bao lau quing
dudmg con lai cia dong tr thir nhét gap 4 14n quing dudmg con lai cua dong tr thir hai ?

Giai

Gia sir dong tir thir nhat phai di mot quang dudng AB = 900 (km) va dong
thit hai phai di mot quing dutmg AC = 400 (km) (h.4.2).

Néu ca hai dong r cing khoi hinh mot lic tir A va sau t gids thi dong ur tha
nhat 161 M va dong tr thir hai tii N ma MB = 4.NC.

A M B

A N C
A H

O

Hinh 42

Ta xét mot dong tr thir ba di mot quing dudng AD = 1600km véi van 16¢
80km/h. Nhu vay quiang dudmg va van t6c cua dong ur thir ba déu gip 4 lin quéang
dudmg va van t6¢ clia dong tir thir hai. Néu khoi hanh cing mot hic véi hai dong
trén thi sau t gio dong ur thir ba sé t6i H. Do trong cung thoi gian t, quang dudng
va van toc 1a hai dai luong ti 1¢ thudn nén sau t gids ké tir khi khai hanh cang mot
lic v6i hai dong ur trén thi quing dudng con lai cua dong tir tha ba gip 4 ldn
quing dudmg con lai cia dong tr thir hai, do d6 HD = 4NC = MB.

Xét bai todn véi dong tr thir nhat va dong tr thir ba. Goi quing duimg va
van t6¢ ma dong i thir nhat va dong tr thir ba ciing di trong thai gian t1a: Sy, vy,
va S3. 13.

Cung khoi hanh, sau mot thoi gian t, quing dudmg va vin 16¢ 13 hai dai luong
tilé¢thudn: S, :Sy=v, :vy;=10:80=1:8.
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Vi hai quing dudmg con lai bing nhau nén S; - S, = 1600 - 900 = 700 (km).

Taco 31 = L = S s = L
8 8-1 |

Suy ra quang dudng dong tir thir nhat di trong t gidr 1a: S; = 100.1 = 100 (km),

Vay thoi gian d¢ quiang dudng con lai ctia dong tr thir nhat gap 4 lin quing

dudmg cdn lai ctia dong wr thir hai la: t=S, : v, = 100: 10 = 10 (gid).

That vay, sau 10 gids ké tir lic khéi hanh thi quing dudmg con lai coa:

~ Dong tlr thir nhat: 900 - 100 = 800 (km);

- Dong ur thir hai: 400 - 20.10 = 200 (km).

Quéng dudmg con lai cha dong tr thit nhat gép 4 1dn quing dudmg con lai cla
dong tr thit hai.

Luu y: Bai todn nay con c6 thé gidi bing nhiéu cdch khdc, cich gidi trén minh
hoa cho cdch sir dung dai luong ti 1 thuan.

= 100.

BAI TAP

4.1. Cic gid tri tuong img cua x va y duoc cho trong bang dudi. Hoi hai dai lugng
y va x ti ¢ thuan hay ti 1¢ nghich v&i nhau ? Néu ¢6, chi ra hé s6 ti 1¢ cia y
doi vén x.

a)
- 15 -3 5 60 120
y 2 10 -6 -05 | -025
b)
X 2 5 13 7 -4
y 5.2 13 33.8 18,2 20,8

4.2. Goi x, y va z theo thit tu la s6 vong quay clia kim giay, kim phit va kim gids
trong cung mot thii gian. Viét cong thire biéu dién x theo z, rdi dién céc s6
thich hop vao bang sau:

X |

y |
z 1 0,5 5
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4.3.

4.4.

4.5.

4.6.

Vai s tién trude day mua duge 32,9kg bot my thi nay mua duge 40kg bot
my. Hoi bot my duge ha gid bao nhi¢u phén tram ?

Hai ngudi cing 1am xong mot cong viée sau 3 gid. Néu ngudi A lam s6m hon
I gitr va ngudi B 1am cham di nira gior thi ho hoan thanh cong viéc dé som
hon 18 phiit. Néu ngudi B lam sém hon 1 gid va ngudi A lam cham di nua gio
thi ngudi A nhan tién cong it hon so véi thuc t& la 56000 déng. Hoi thuc &
ngudi A nhan duoc bao nhiéu tién cong ?

Khoang cédch giita hai ga A va B bing 48km. Ciing mot lic ¢6 hai doan tau tr
A v B di theo mot huéng thi sau mot thoi gian tau A dudi kip tau B. Néu hai

doan tau di nguoc chiéu nhau thi thdi gian gap nhau chi bing % thon gian

dudi kip. Hoi hai doan tau gap nhau tai dau trén quing dudng AB?

Mot ngudi di ngua tir A 16i B vai van t6c 7km/h. Cling lic d6 mot ngudi di xe
dap tir B vé A véi van t6c 13km/h. Biét quing dudmg AB bing 48km.

a) Hoi sau bao lau ké tir khi khén hanh, quing dudng con lai cua ngudi di ngua
bing 3 14n quing dudmg con lai cua ngudi di xe dap ?

b) Gia sir M 1a diém chinh giira cia quing dudng AB (trung diém cua AB) thi
sau bao 1au ké tir khi khai hanh ngudi di xe dap sé cdich M mot khoang bang

% khoang cédch tir ngudn di ngua t6i M ?

Chuyén d¢ 5. CHIATI LE

Dang 1. DUA VE Ti LE GIUA CAC SO NGUYEN

I. KIEN THUC CO BAN

1.

X, ¥, Z li 1¢ (thudn) vGi cdc s6 a, b, ¢ ¢6 thé thay bang ti 1¢ gilra cdc s6 nguyén:
Né&u céc s0 a, b, ¢ 1a cic s6 thap phan véi s6 chir s6 phin thap phan lin luot
la ny. ny. ny thi thue hién a : b : ¢ = (a.10" : (b.10") : (c.10"). trong d6
n=max{ng, ny, ny}.

Néu a, b, ¢ 12 cdc phan s6 thi thuc hién a:b:c =(a-l“— ]: (b-—"l ]:(c-ﬂj.
n n n

trong d6 m la BCNN ctia cdc mdu s6 va n la UCLN cua cdc ur so.
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2. Xx,y.zll¢nghichvéicics6a,bcedx:y:z= 2 %l roi thuc hién nhu
a c

phén 1.

Kién thirc b6 sung
3. Néu céc s6 a, b, ¢ la s6 thap phan v6 han tudn hoan thi déi thanh phan s6 va

thuc hién nhu phén 1.
IL. VI DU MINH HOA

VI DU 5.1. Thay céc ti 1¢ sau bing ti ¢ giira cdc s6 nguyén:

2)0,12: 1,5 : 0,432. )%-% % ¢) 0.(6) : 1.5: 0,1(6).

Giai

a)0,12:1,5:0432=(0,12.1000) : (1,5. 1000) : (0,432 . 1000)

=120:1500:432=10:125: 36.
b)3 21:(-2-60J(260)(i60] =40:45:48.
3 45 3 4 5
2
¢)0(6):1,5:0,1(6)= E 2 £=::1:1=4:9:1 (nhan céc u s6 v 6).
29 326

VI DU 5.2. Thay ti ¢ giita cdc s6 a, b, ¢ bing ti 1¢ giira cic s6 nguyén, néu:

a)a,b;cu Ignghichvéicécsdg: 0.7;1-;—.

b) a; b; ¢ ti 1¢& nghich vai cic s6 0,(2) ; 0,0(4) ; 0,00(6).

Giai

a)a:b:c=l:L:—|-=§:£ 3—=63 60 : 28 (nhan cic u s6 vai 42).

2 0,7 ll 2 7 3
3 2
| l 1 9 45 150

bla:b:c= s T —l——=3 : 100 (nhan c4

) 0.2) 0.04) 0,006) 2 2 1 o
11 6 vin 3).

3
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VI DU 5.3. Hoi cdc sO a, b, ¢ ti ¢ theo cdc s6 nguyén nio, néu:

a) SO a va s6 b ti 1¢ theo 0,8 va 0,375; con s6 b va s6 ¢ ti 1¢ theo 0,25 va 1,757
b) S6 a va s6 b ti 1¢ theo 1,(3) va 1,(6); con s6 b va s6 ¢ ti 1¢ theo 0,125 va 0.2 7
Giai

a)C6a:b=08:0375=32:15va b:¢=025:175=1:7=15:105.
Suyraa:b:c=32:15:105.

b)Céa:b=1,3):1(6)=4:5 va b:c=0,125:02=5:8.
Suyraa:b:c=4:5:8.

Dang 2. CHIA MOT SO THANH CAC PHAN
Ti LE vOI CAC SO CHO TRUGC

I. KIEN THUC CO BAN

l'

X, ¥, z ti 1& (thuan) véi céc s6 a, b, ¢ c6 thé thay bing ti I¢ gilra cic s6 nguyén:
e Néu céc s6 a, b, ¢ 1a cdc s6 thap phan véi s6 chit s6 phdn thap phan ldn lugt
la ny, Ny, Ny thi thuc hiégna : b: ¢ = (a.10") : (b.10") : (c.10") trong d6 n =
max{n;, n,y, ny}.

o Néu a. b, ¢ la cic phan s6 thi thuc hién a:b:c=(a-£ ]:(b--“l):(c--"l).
n n n

trong d6 m 1a BCNN ciia cic miu s6 va n 1a UCLN cua cic wr so.
e Sau khi di c6 ddy ti s6 bing nhau, dp dung tinh chat ddy ti s6 bing nhau d¢
giai todn.

: l r6i thuc hién nhu
c

x.y.zliI¢nghichv6ic:§cso'a.b.cc:>x:y:z=l:%
a

phén 1.

I1. VI DU MINH HOA

ViDUy 5.4,
a) Chia s6 330 thanh ba s6 ti 1¢& véi 0.4; 0,6 va 1,2.
b) Chia s6 1208 thanh ba s6 ti 1¢ nghich véi 0,(6); 0,7 va 1.,5.
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¢) Ba s6 ti 1¢ theo 0.8; ; » v 0,05. Tim ba s6 biét s6 thit nhat 16n hon tdng hai

sO con lai 1a 7.5.

d) Chia s6 4500 thanh ba s6 ma 80% s6 thit nhat bing 53,(3)% s6 thir hai va

bing 40% s6 thif ba.

Giai

Goi ba s6 phai tim la x, y, z.

a)Tacox +y+2z=330.

Theo dé bai,c6 x:y:z2 =04:06:12=2:3:6.

Ap dung tinh ch4t diy ti s6 bing nhau, ta c6:

z_x+y+z=330=
2 3 6 11 11

Suyra x =60,y =90, z=180.

30.

11
0.(6) 0,7 1,5

Tuong tu, c6 k = 8. Suy ra: x = 504, y = 480, z = 224,

= 63:60:28.

b)TacOx+y+2=1208 vaix:y:z =

c)Tac6x-(y+2)=75va x:y:z =0.8:§:0.05=48:40:3.

Tuong v, c6k=1.5.Suyrax=72,y=60; z=45.
l . l - l —
80% 53.3)% 40%

Tuong tu, c6 k =500. Suyra  x = 1000, y = 1500, z = 2000.
VI DU 5.5. Mot cira hang ¢6 ba stic vai dai 1t ca 12 86,1m. Khi bén 28% siic

2:3:4,

d)Tacox+y+2z=4500va x:y:z =

vai thit nhit, 40% stc vai thir hai va 64% sic vai thit ba thi chiéu dai ba sic vai
con lai bang nhau. Hoi chiéu dai méi sdc vai khi chua ban ?
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Giai
Goi chiéu dai ba stic vii khi chua bdn la x, y, z(m). Taco x + y + z = 86,1 (m).
Sau-khi bdn, ta ¢6 72%.x = 60%.y = 36%.z
I : l : : =5:6:10. Vay i=-}-'-=i=l(.
72% 60% 36% 5 6 10
Ap dung tinh chat ddy ti s6 bing nhau,tacé k =4.1.
Chiéu dai ba sic vai l4n luot 12 20,5m: 24.6m: 41m.

hay X:y:z =



Vi DU 5.6. Biét 16ng hai s6 ddu hon s6 thir ba 1a 2000. Tim ba s6, néu s6 thi
nhét bang 45% s6 thir hai va s6 thit ba bing 135% so6 thir hai.

Giai

Goi ba s6 phai tim la x, y, z. Tacé x + y — z = 2000.

Theodé bai, cOx:y=45% =>x:y=9:20vaz:y=135% =>2z:y=27:20.

Suy ra ddy ti s6 bang nhau = = X = =

Ap dung tinh chat day ti s6 bing nhau, ta c6:

k=£_i=f_= X+y-2 =2000=1000‘
9 20 27 9+20-27 2

Suy ra x = 9000, y = 20000, z = 27000.

Vi DU 5.7. Mot xe tai chay tir thinh ph6 A dén hdi cang B gém ba chang
dudmg dai bing nhau, nhung chat lugng mat dudng x4u t6t khdc nhau nén van tc
trén mdi chang dudmg l4n luot bing 40, 24 va 60 (km/h). Biét t6ng thai gian di tir
A dén B1a 5 gid, tinh do dai quang dudmg AB.

Giai

Goi van t6c va thon gian xe tai di trén ba chang dudmg lan luot 1a v, v,, vy 1y,

Vi ba chiang dudmg dai bing nhau nén cung quing dudng, van t6¢ va thdi gian
12 hai dai luong ti 1& nghich. Ta cé
| 1 1

1 1
Gl il = e - g S—
1252273 Vl Vz V3 40 24 60

Ap dung tinh ch4t diy ti s6 bing nhau, ta c6:

h=h=h=m=i=0,5.
3 O 2 10 10

Suyra t; =0,5.3 = 1,5 (h) va quing dudng AB = 3.(40.1,5) = 180 (km).

Vi DU 5.8. MOt ngudi mang mot s6 tién vao siéu thi hoa qua va nhdm tinh thay
v s6 tién d6 c6 thé mua duoc 3kg nho, hoac 4kg tdo, hodc Skg man. Tinh gid tién
méi loai, biét 3kg tdo dit hon 2kg man la 210 000 déng.
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Giai
Goi gid tién nho, tdo va man la x, y, z (d/kg). Ta ¢6 3y = 2z = 210000.

Vi cing mot s6 tién c6 thé mua duoc 3kg nho, hoiac 4kg tio, hoac Skg man
nén gid tién va khai luong 12 hai dai lugng i 1¢ nghich. Ta ¢6 3x = 4y = 5z

Suyra x:y:z = = 20:15:12

11,1
S 4 5

(hoac ¢6 thé bién do6i nhu sau: 3x.L = 4y.—]- = .’nz.l=:>l =L=2 ).
60 60 60 20 15 12

Ap dung tinh chat diy ti s bing nhau, ta cé:
X y _z _3y-2z 210000
20 15 12 45-24 21

Suy ra gid nho, tdo va man twong img la 200000 (d/kg), 150000 (d/kg).
120000 (d/kg).

= 10000.

Dang 3. TAO NEN MOT DAY Ti SO BANG NHAU

I. KIEN THUC CO BAN

1. Néu trong mot bai todn ¢6 tong hoac hiéu clia mot s6 dai luong ma ta tao nén
dugce cic ddy ti s6 bang nhau thi ¢6 thé sir dung tinh chét cla ddy ti s6 bang
nhau d¢ giai bai todn dé.

2. Chi y nén dua cdc ti 1¢ vé ti 1¢ gilra cdc s6 nguyén.

IL. Vi DU MINH HOA
VI DU 5.9. Chia s6 38 thanh ba s6 sao cho s6 thit nhat va s6 thit hai ti 1¢ theo
0,8 va 0,375; con s6 thir hai va s6 thi ba ti 1¢ theo 0,25 va 1,75.
Giai
Goi s6 thir nhat, s6 thi hai va s6 thit ba I4dn luot la x, y, z Diéu kién x, y, z # 0.
Theodébai,tac6x:y=08:0375=32:15vay:2=0,25:1,75=15: 105.
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Suyra_x__y__z=x+y+z=38
32 15 105 152 152
Viy s6 thit nhat 1a 8, sO thit hai la 3,75 va so6 thir ba la 26,25.

Vi DU 5.10. Tim t6ng cla nam s6, biét ring s6 thir nhat va so thi ba ti 1€ theo
S va 9: s6 thir hai va s6 tha tu ti 1€ theo 0,2 va 0,(3); s6 thir hai va s6 thir ba ti 1¢
theo 3 va 4.5; s6 thit nam va s6 thir tu ti 1€ theo 1 va 2,5: con tong cua s6 thit ba va
sO tha wr la 3.8.

- Giai
Goi nam s6 phai tim ldn luot la a, b, ¢, d vae. Diéuki¢na, b, c,d, e # 0.
Theo dé bai, c6:

=0,25.

a:c=5:9; b:¢c=3:45=2:3;

b:d=02:0,3)=3:5; e:d=]:285=2:5; c+d=38.

Suy ra E_E_E_i=£=“"’b+c*d+° c+d 3.8__-0.2.
s 6 9 10 4 34 19 19

Viy t6ng nam s6 bing 6.8.

VI DU 5.11. Mot nong trudmg tréng rimg trén ba 16 dat. Biét dién tich 16 dat
thir nhat bing 40% dién tich ca ba 16 dat, con dién tich 16 dat thi hai va thir ba 1 1¢
theo 1.5 va 1,(3). Néu dién tich 16 dat thir nhat 16n hon dién tich 16 dat thi ba 1a
12ha thi dién tich ca ba 16 ddt la bao nhiéu ?

Giai

Goi dién tich ba 10 dat ldn luot 1a x, y, z (ha). Diéu kién x, y,.z > 0.
Theo dé bai, taco: x =40%(x +y +2) ;

y:z=15:1,3)=9:8 va x-z=12(ha).

2
Suy ra x=:.(x+y+z)='i=x+y+z=y+z=’ X =y+z;
-3 2 5 3 34 Sl

A b y T Yy*z

9 8 17 27 24 |

YL A T o i Nl P RS
34 27 24 85 10 10

Vay diéntichcabalodatla: x +y +z=1.2.85= 102 (ha).

Vi DU 5.12. Nha truimg du dinh chia va viét cho ba 16p 7A, 7B va 7C ti 1¢ theo
s6 hoc sinh 1a 7 : 6 : 5. Nhung sau d6 vi ¢6 hoc sinh thuyén chuyén giira ba 16p
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nén phai chia lai theo ti 1€ 6 : 5 : 4. Nhu vy ¢6 16p di nhan duoc it hon theo du
dinh 1a 12 quyén va. Tinh s6 va méi I6p nhan duoc.

Giai
Goi 56 vo ba I6p 7A, 7B, 7C nhan dugc theo du dinh tuong img 1 x, y, z va s6
v ba 16p nhan duge trong thuc t€1a a, b, c. C6 x, .z, a. b,c € N,

Theodé bai,tacé x:y:z=7:6:5 hay S i e il

7 6 5 18
al'.nc=6:5:4hay-‘-’l-=£’-=-‘-:-=a+|:"'+C
6 5 4 15

X _ Y _zZ _X+ty+z a b ¢ a+b+c
Suyra —=-—= Vil —=—=—=

35 30 25 90 36 30 24 90

Do s6 hoc sinh chi thuyén chuyén giita cdc 16p nén téng s6 hoc sinh khong
d6i, kéo theo t6ng s6 vo ciing khong d6i x +y+z=a+b+cvataco

35 30 25 36 30 24

Tir day ti s6 bing nhau trén, ta nhan xét -;—5 = %. do d6 x < a nén s6 vo lGp

7A nhan dugc nhiéu hon so v6i du dinh. Tuong ty, s6 va 16p 7B nhan dugc khong
thay déi va s6 vo Iép 7C nhan duoc it hon so véi du dinh.

- C
2524

Vay 16p 7A nhan duoc 432 v, 16p 7B nhan dugc 360 va, 16p 7C duge 288 va.

Suyra: k= =12.

Vi DU 5.13. Tim ba phan s6 c6 tdng bing 9%.bié’tcﬁc rsétilétheo3:4:5

va cdc mdu s6 tuong img ti lé theo 5:1: 2.
Giai
Goibaphansdphiiﬂmlﬁnhrmlax=i_.y=% vaz =-c- .Coa,b,c'=0.

a ¢
Tac6éa:b:c=3:4:5 hay a=3k,b=4k vac =5k (k #0);
a:b:c'=5:1:2 hay a'=5h,b'=hvac'=2h(h=0).
3k 4k 5k 4
I

3
Suyra:x:y:z= . - = -
B LRI e e

:2 = 6:40:25.
2
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9

co XY _Z_x+y+z_ 230 _9
6 40 25 71 71 70
27 I 3
Viyx=—_,y=5—.,2=3—.
24 35 y 7 14

VI DU 5.14. Mot ngudi tho lam mot chiée hop hinh hop chir nhat ¢6 dung tich

8900cm”. Biét chiéu dai va chiéu cao ti Ié theo 5 va 2, con chiéu rong va chiéu cao
t1 1¢ theo 7 va 8. Tim kich thuée cua chiée hop.

Giai
Goi chiéu dai, chiéu rong, chiéu cao cua hinh hop ldn luot 1a x, y, z (cm). C6
5. Y 2k

Tacéd x:z2=5:2 va y:z=7:8. Suyra zio=l=—z-=k va x = 20k,

y =7k, z=8k (k>0).
Thé tich hinh hop: V = (20k).(7k).(8k) = 1 120.k° = 8960, dod6 k = 2.
Vay kich thuéc cua hinh hop chir nhat bing 40cm, 14cm va 16cm.
Vi DU 5.15. Hién nay tudi cha bing 2,2 1dn twéi con. Truéc day 25 nam tudi

con bing % tudi cha. Hoi khi tudi cha gép 3 14n tudi con thi con bao nhiéu tudi ?

Giai
Goi tudi cha va tdi con hién nay ldn luot 1a x va y. Diéu kién x, y € Z va x,
y>0.

Ta ¢6 ti s6 gilra i cha va con hién nay 2a22= L1 va truée day 25 nam

y "
x-25 =ﬂ

y-25 S5
Ap dung tinh chét day ti s6 bing nhau, ta c¢6

la

-5 6 al 5 36
X y x-25 y-25 x-y
Su —_—= = = = =k
Y6 T30 al 5 36
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I

x-(x-23) 2 o

66 - 41 25
Viy hién nay tudi cha 1a 66, woéi con la 30.
e Cdch thie nhat: Gia st trude (hoac sau) t nam nira thi téi cha gip 3 lan woi

con (t > 0 la sau t nam, con t < 0 la trude t nam, do ti s6 gilra di cha va con hi¢n
66

nayli&i=:’zj—¢3).

Dodo k =

(’63“ . ml” =§ = 18. Suy ra t = — 12. Nhu vdy, truéc ddy 12 nim

tudi cha gap 3 1dn tudi con. Khi d6 tudi con 1a 18.
e Cdach thic hai: Tk = 1 ta c6 x — y = 36. Goi tu6i cha va con khi tuéi cha gip
3 14n w61 con twong img la X’ va y', ta cé x' - y' = x — y (hi¢u gilra wéi cha va con

khong doi). C %=Y—=x = =36=18.Suyrakhid6con 18 tdi.

| 3-1 2
Viy khi wéi cha gdp 3 ldn tdi con thi con 18 tudi.

Vi DU 5.16. Anh hon em 3 wéi. Tim wdi anh va wéi em, biét woi anh hién
nay bang 2 ldn tuéi em khi tudi anh bang tudi em hién nay.

Giai

Goi tdi anh va éi em hién nay ldn luot 1a x va y. Diéu kién x, y € Z va x,
y > 0. Anh hon em 3 tuéi nén x =y + 3.

Co

Khi tudi anh bing twdi em hién nay thi wdi anh 13 y va twéi em lay - 3. Ta lap
bang so sdnh sau:

Hi¢n na AT0COhy
NI 1 khi wéi anh bing tudi em hién nay
Tudi anh X y
Tubi em y y-3
Bi¢t tu6i anh hién nay bing 2 1dn wéi em khi twéi anh bing tdi em hién nay,
tacé = = Y—_B
2 1

98
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Taco W o) le=y+3.Dod6-i= i =E=6 Suy rax =12
2 2 2 1 1
vay=9.
Vay hién nay tudi anh bang 12 va wéi em bing 9.
BAI TAP
5.1. Thay céc ti 1¢ sau bing ti 1¢ gilta cdc sO nguyén:
a)04:006:1,2; b) 0,(3) : 0,(5) : 0,(7);

"
¢) 0.(12) : 0,0(6) : 0,01(72); d)0.8: —;:0.05.
5.2. Thay ti 1¢ giia cdc s6 a, b, ¢ sau bang ti 1¢ giita cdc s6 nguyén, néu:
b,
a) a, b, ¢ ti 1& nghich véi cic s6 i; 0,75: 0.8;

b) a, b, ¢ ti 1& thudn vai cic s6 0,8; %: 0.05.

5.3.Hoi ba s6 a, b, ¢ ti 1¢ theo cidc s6 nguyén nao, néu:
a) 5% s06 a bing 7% sO b va bing 8% sé ¢ ?
b) 80% s6 a biang 53,(3)% s06 b va bang 40% s6 ¢ ?
¢) 0,(6) s6 a bang 0,75 s6 b va bang 80% s6 ¢ ?
54.S6avasSctilétheoSva9;sobvasodtileétheo02va0,3);s6evasddi
1é theo 1 va 2,5; con s6 b va sO ¢ ti 1€ theo 3 va 4,5. Hoi cdc s6 a, b, ¢, d, e ti l¢
theo cdc s6 nguyén nao ?

5.5.Chia s6 85 thanh ba s6 sao cho s6 thif nhat va s6 thit hai ti 1¢ theo 4 va 5; con
sO thir hai va so thi ba ti 1€ theo 0,125 va 0,2.

5.6. Tim t6ng cua ndm sO biét s6 thit nhat va s6 thi hai ti 1¢ theo 0,75 va 0,(6); s6
thit hai va s6 thi ba ti 1¢ theo 2 va 2,(3); s6 thir ba va s6 tha tr ti 1€ theo 0,4 va
0.5: s6 thi tr va s6 thit nam ti 1¢ theo 0,375 va 0,(714285); con hiéu giira s6
thar tur va sO thar hai 1a 66.

5.7.Ba doi thiu nién tham gia tréng cay. Doi thit nhat réng toan bo 32,5% so
cdy. Biét s6 cdy doi ini hai va Goi thif ba tréng duogc ti 1¢ theo 1.5 va 1.2. Hoi
s& cAy ca ba doi tréng duoc 1 bao nhiéu, biét s6 cay doi thir nhat tréng duoc it
hon s6 cay doi thir hai tréng dugc 1a 120 cay ?

5.8. Tim ba phan s6 biét trung binh cong cuia chiing bing l;%% céc tr so ti 1 theo
1 :2: 3 vacic miu s6 twong tmg ti 1¢ nghich theo 1 : 0,(3) : 0,2.



5.9.Tim dién tich ba thira rudng biét dién tich thira rudng thit nhat bing 40% dién
tich ca ba thira ruéng; dién tich thira rudng thit hai va thi ba ti 1¢ theo 1,5 va
1.(3); con dién tich thira ruong thir nhat 16n hon dién tich thira rudng thir ba 1a
12ha.

5.10. Hién nay tudi cha bing 4 1dn wdi con. Truéc day 6 nam tudi cha gip 13 ldn
tudi con. Tim tudi cha va tudi con hién nay.

5.11. Tim tudi cha va con hién nay, biét 10 nam trude thi tudi cha bing 10 14n i
con, nhung 22 nam sau thi tuéi con bing mot nira tudi cha.

5.12. Tubi ctia ban A bing 0,25 18ng s6 tuéi clia cdc ban va ti s6 nay khong thay
d6i theo thdi gian. Hoi ban A ¢6 bao nhiéu ban ?

5.13. Bi€t A c6 nhiéu hon B 1a 80% s6 tem, con s6 tem ciia B bing 60% cua C.
Néu B chuyén 150 con tem clia minh cho C thi s6 tem cia C s& gp 3 l4n s6
tem con lai cua B. Hoi ba ban ¢6 bao nhiéu con tem ?

Chuyén 3¢ 6. HAM SO. PO THI CUA HAM SO

Dang 1. HAM SO

I. KIEN THUC CO BAN

1. Néu dai lugng y phu thudc vao dai lugng thay déi x sao cho véi méi gid tri cua
X ta ludn xdc dinh dugc chi mot gid tri tuong img cia y thi y duge goi 1a ham
s6 clia x va x duoe goi 1a bién s6.
* Céc dai lugng x va y déu nhan gi4 tri s6.
* Dai lugng y phu thudc vao dai luong x.
* V6i mdi gid tri clia x luon tim duge mot gid tri twong timg duy nh4t cia dai
lugng y.
Khi dai lugng y 12 ham s6 clia dai lugng x, ta c6 thé viét y = f(x); y = h(x); ... .
3. Ham s6 c6 thé cho bang bang, bing cong thic,... .
* Qua bang, qua cong thic, ... ta biét dugc dai lugng ndy c6 phai 12 ham s6
cua dai luong kia hay khong.
* Vi bang, v6i cong thic, ... khi biét gid tri cha bién s6 x ta tim dugc gid tri
tuong (ng ciia ham s6 y va nguoc lai.
* V6iham s6y = - 3x + 2, tai x = 0 thi y = 2 ta ¢6 thé viét gon nhu sau y(0) = 2.
4. Khi x thay d6i ma y luon chi nhan mot gié tri thi y duoc goi 12 ham hing.
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I1. VI DU MINH HOA

Vi DU 6.1. Tinh f(=2); f(0); f(1) va f(2), biét:

a)y=f(x)=x3—3x2+3x-l: b)y=f(x)=(x=1):(x+1),
) y=f(x)=5:(-x) d) y=f(x)=|x-1.
Giai
y = f(x) -2 0 1 2
a)y=x3——3x2+3x-l - 27 -1 0 1
b)y=(x=-1:(x+1) 3 -1 0 0.(3)
c)y=5:(-x) 25 | khonge6 | -5 -25
d) y=|x-1 3 1 0 l

VI DU 6.2. Cho ham s6 y = f(x) duge xédc dinh bdi cong thic f(x) = =2,

a) Tinh f(- 0,5); f(- 0,2); f(0,4); f(1); f(25).

b) Tim x dé f(x) = - 2; f(x) = 3.

¢) Chimg 16 rdng véi moi x € R thi f(x) = f(- x).

Giai

a)Taco: f(-05)=5.(-057°-2=-075;
f(-02)=5.(-02)>-2=~18;
f(04)=5(04)°-2=-12;
f(1)=5(1)"-2=3;
f(25) = 5.(25)° - 2 = 3123.

b) Ta cé: f(x)=-2¢:>5x2—2=—2<=x=0;
f(x)=3<:5x2-2=3c>x=i 1.

¢) Ta cé: f(= x) = 5(- :t;)2 -2=5x%- 2. maf(x) = 5x° - 2, suy ra f(- x) = f(x).
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Vi DU 6.3.
: 2 2
a) Biét f(x) = =. Tinh gid tri l'(-l;) r(-—)

_]_
3

3
b) Biét f(x) = (1 = x)(x + 1). Tinh [f(-l%]:l .

¢) Biét f(x) = (1 = x).f(x = 1) véi x > 1. Tinh f(4) néu f(1) = 1.
Giai

a) Ta cé: f(~ I—) f(—) 0,36.

12
3
4096 451
b) Ta cé: [f |- . L
) Tac6: [f(=13)F 729 729
&) Tacd: f(2)=(1-2)f(1)=~1:

f(3)=(1-3).f(2)= 2
f(4)=(1-4)1(3)=-6.
Vay f(4)=-6.

Vi DU 6.4. Cho hai ham s6 y = f(x) va y = h(x) dugc xdc dinh bai cong thirc
f(x) = [x] va h(x) = {x}.

a) Tinh f(x) va h(x) biét x € {-4,2; -3,24; - 1,15; -0,2: 0,2; 1,15; 3.24: 4.2}.
b) Tim x dé: f(x) = + 3.
¢) Timx dé: h(x)=0; h(x)=0,1.
Giai
a)Taco: [x]SxS[x] +1 va {x]=x-[x].
Co: [-42)]=-5 vi -5<~-42<~-4;
(-42)=-42- |-42]=-42+5=08.
Tuong tu, ta ¢c6:

42 | -324|-1,15| 0,2 | 0,2 1,15 | 324 | 42
f(x) = [x] -3 -4 -2 -1 0 l 3 B
f(x) = {x) 08 | 076 | 0,85 | 08 02 | 05| 024 | 02
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b) Tach: [x] Sx S |[x] + 1.

Vay f(x) = [x]=3khi3Sx<4: f(x)=[x]=-3khi-3sSx<-2.
c)Taco: Neux=a+gqmaae Zva0sqg<Ithi{x]=q.
Véilxl=0|hix=a+(}=aeZsuyrakhih{x)=|x|=01hier.
Vi {x} =01 thix=a+0,1 vaa € Z suy ra:

eNéua20thixe {0,1:1,1:2,1;...: nl véin € NJ.
eNéua<Othixe {-09: -19; -2.9;...;-?9 véin € NJ.
VI DU 6.5. Cho ham s6 y = [(x) duge xdc dinh bai cong thic:

o il {0.5::—3 ne"u x26
3-0.5x néux<6.

a) Tinh: f(- 2); 1(0); £(7); 1(6).

b) Ham s6 y = f(x) ¢6 thé vi¢t gon nhu thé ndo ?

¢) Pai lugng x ¢6 1a ham s6 cua dai lugng y khong ?

Giai

a)TacHé: Do-2<6nénf(-2)=3-05.(-2)=4;
Do0<6nénf(0)=3-050=3;
Do7>6nénf(7)=057-3=0,5;
Do6=6nénf(6)=056-3=0.

b) Ham s6 y = f(x) ¢6 thé viét gon nhu sau: y = f(x) = |0,5x - 3.

¢) Pai luong x khong thé 1a ham s6 cua dai luong y vi img vGi mot gid tri cua
y ta ¢6 hai gid tri tuong (mg cua x nén theo dinh nghia ham s6 ta khong c6 tuong
quan ham cua x dé1 vl y.

VI DU 6.6. Cho cap s6 (x ; y) ma x €{2; 0.2:—|-§-: 0: 1} va y thoa man mot
trong cdc diéu kién sau:
xy=1; x+y=0; §=3: ly]=x.
a) Lap bang tinh gid tri y tuong (mg cua x trong bon truong hop trén.

b) Trong bon tuong quan trén, twong quan nao cho ta mot ham s6 ? Trong
trudng hop nay viét cong thirc biéu dién.
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Giai

a) Ta cé:
2
X -1= 0 0.2 1 2
3
| xy=1 |y=-06|khongcé | y= 5 y= | y=05
2
2 | x+y=0 y=l§ y=0 |y=-02]| y=-1 y=-2
3| yizx=3 =~5 |khongcé | y= 06| y= 3 y= 6
4 fy[=x khonge6 | y=0 |y=202| y=%1 y=%2

b) Ta cé:

* Trong céc trudmg hop 1, 3 va 4 thi wong quan gilta hai dai luong x va y
khong cho ta mét ham s6 vi tén tai gid tri cia x nhumg khong c6 gid tri tuong img
cuay.,

* Truomg hop 2 cho ta mot twong quan ham s6 véi cong thic y = - x.

VIDU 6.7. Trhai tap hop s6 X = {22:23;24;25)va Y = {2:3:4:58} cd
thé tim dugc mot ham s6 biéu thi sy twong quan sau khong (néu duoc hay viét
cong thirc biéu dién):

a) Cap s6 (x; y) thoamin x € X vd y € Y sao cho x + y chia hét cho 9 ?
b) Cap s6 (x; y) thoa min x € X vad y € Y sao cho y 1a uéc ciia x ?
Giai

a)Tac6:22 € Xva5 € Yva22+5=27:9ma22+2; 22+ 3; 22 + 4 khong
chia hét cho 9.

Tumg e: 23 € X vid € YVa23 44 =27 :9ma23+5:23+2:23+3
khong chia hét cho 9.

24eXva3eYva24+3=27:9ma24 +4;24 +5; 24 + 2 khong chia hét
cho 9.

25€Xva2e Yva25+2=27:9ma25+3;25+4; 25 + 5 khong chia hét
cho 9.
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Nhu vay, timg vGi mbi phin tr x € X ta tim duge duy nhdt mot phdntry € Y
ma (X +y) : 9. Vay tuong quan d6 1a mot ham s6.

Ta c6 cong thic biéu dién ham s6 d6:  y =27 - x.

b) Tac6 24 € X va tim duoc ba phdn tr 2; 3 va 4 thuéc tap Y ma 2, 3 va 4 la
ude s6 cua 24 nén tuong quan nay khong cho ta mot ham so.

VIDU 6.8. Chotaphop A = {10:20; 30:40; 50 ; 60 ; 70). Ham s6 y = f(x)
dugce xdc dinh boi cong thirc ndo ma x va y déu thudc tap A.

Giai
Ta c6 céc cong thic bi¢u dién cua cdc ham s6 nhu sau:

ey=f(x)=x viixvay € A.
ey=f(x)=80-x viixvay € A.

VI DU 6.9. Cho ham s6 y = f(x) = ax (a # 0) xdc dinh véi moi x € Q.

a) Chimg minh rang f(x; + x,) = f(x,) + f(x,).

b) Chimg minh ring f(kx) = k.f(x) véi k # 0.

¢) Tim gid tri cia a dé f(x,).f(x,) = f(x,.x,).

Giai

a) Ta cé: f(x; + x5) = a(x| + X;5) = ax; + ax, = f(x,) + f(x,).

b) Dok # 0, ta c6: f(kx) = a.(kx) = k.(ax) = k.f(x).

¢) Ta c6: f(x,).f(xy) = (ax,).(ax,) = az(x 1-X5). Mat khic f(x,;.x,) = a.(x,.X,).

Ta ¢6 1(x).f(x,) = f(x,.x5) khi az(xl.xz) =a(x;.x)=>a=1lviaz0.

Vay vai a = | thi f(x,).f(x5) = f(x,.x5).

VI DU 6.10. Cho ham s6 y = f(x) xdc dinh véi moi x € Q va ¢6 tinh chat
f(x, + x5) = f(x;) + f(x;) v6i moi x; va x, thuoc Q. Chimg minh ring
f(-= x) =~ f(x) vdi moi x € Q.

Giai

Ta c6: f(0)=f(0+0)=1(0)+ f(0) = f(0) = 0.

Mat khdc: f(0) = f(x + (= x)) = f(x) + f(- x) = 0, do f(0) = 0.

= f(x) = = f(— x) = (- x) = = f(x), véi moi x € Q.
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VI DU 6.11. Cho ham s6 y = f(x) xdc dinh v&i moi x € Q va ¢6 tinh chat
f(x;.x5) = x;.f(x;) vé1 moi x,; va x, € Q. Chimg minh rang né¢u f(1) = a (a = 0) thi
y = f(x) = ax vdi moi x € Q.

Giai

V‘nccrsQnéntau:tfv:x:E viiom,ne Z,n#0va(m,n)=l.
n

Xétx=n,n € Z va f(x,.X5) = x.f(x5) v6i moi x, va x, € Q = f(n) = f(n.1)
=n.f(1)=n.a dof(l) =a.

Véine Z, n#0,taxét f(l)=f(n.l)=n.f(l)=a=>f{—l-)= 3.
n n n n
Véix = ﬂ.ta xét f(x) = l'(ﬂ)=f(m-l)r-m.l'(l)=m+E — I'(Jl()::l.E =
n n n n n n

ax vai x € Q.

Vi DU 6.12. Ham s6 y = f(x) duoc xdc dinh nhu sau: Ung v6i méi s6 tr nhién
6 ba chir s6 12 16ng cdc chir s6 clia s6 di cho.

a) Tinh f(123); f(212); (999). b) Tim x, biét f(x) = 3.

Giai

a)Taco: f(124)=14+2+4=7=1(124)=7.
f(212)=2+1+2=5=1(212)=5.
f(999)=9+9 + 9 =27 = 1(999) = 27.

b) Bi¢t x = abc =f(x)=a+b+c=3vaaz0.

TacHx = abc € (102:111;120;201;210; 300}.

Dang 2. MAT PHANG TOA BO. DO THIHAM SG y = ax VA y = % (a=0)

I. KIEN THUC CO BAN

1. Mat phing toa do Oxy dugc xdc dinh bai hai truc s6 Ox va Oy vudng géc véi
nhau (h.6.1).

¢ Cic truc Ox, Oy la cdc truc toa do: Ox la truc hoanh, Oy la truc tung. Cic
don vi dai trén hai truc toa do duge chon bing nhau.
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e Diém O la géc toa do.

A
e Hai truc toa do chia mit phing thanh bon i r
goc 1a goc phin wr tha 1, I, HI va IV (theo 3
thit tr nguoc chiéu quay cia kim dong ho). 2}
. Toa do cia diém M trong mat phing toa N
do Oxy: —— . —
o Diém M c6 toa d0 (xg yo) viét la —43-2-131 1 23 47
M(xg: ¥g). trong d6 x, la hoanh do cua -2t
diém M va y, 12 tung do cia diém M. j
e Moi diém M xéc dinh mot cap s6 (g Yo).
Hinh 6.1

nguoc lai mdi cap s6 (Xq: ¥g) xdc dinh mot
diém M trén mat phing toa do Oxy.
D6 thi ctia ham s6 y = f(x) 1a tap hop tdt ca cdc diém biéu dién cdc cap gid tri
twong mg (x; y) trén mat phang toa do.
e Mot diém M thudc d6 thi (F) cia mot
ham s6 y = f(x) thi toa do cua diém M thoa
min ding thic y = f(x). Nguoce lai, mot
diém M c6 toa do thoa min ding thic
= f(x) thi diém M thudc dé thi (F) cua
ham s6 y = f(x).
e Po6 thi cua ham s6 y = ax (a # 0) la mot
dudmg thing di qua goc toa do. Do do, dé
vé d6 thi cua ham s6 ta chi cin vé mot
dudng thing di qua hai diém la goc toa do
O(0; 0) c6 sén va diém M(1; a) nhu trén
hinh 6.2. Hinh 6.2

o D6 thi ciia him s6 y =— (a # 0) 1A duimg cong (hypebol) gém hai nhénh
X

(h.6.3). Né€u a > 0 thi dé thi 1a dudmg hypebol nhu hinh 6.3a, néu a < 0 thi d6
thi la dudmg hypebol nhu hinh 6.3b.
v

v
@l >0) J

O x X
\ F-i-(a <0)

?) Hinh 6.3 b)
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Kién thirc bé sung
4. Trén mat phing toa do Oxy:

® Truc tung la tap hop cdc diém c6 hoanh d6 bang 0 va truc hoanh la tap hop
cdc diém c6 tung do bang 0.

e Duomg thing vuong géc véi truc hoanh va cit truc hoanh tai diém a 12 tap
hop cdc diém c6 hoanh do bang a. Pudmg thing vudng géc véi truc tung va cit
truc tung tai diém b 1a tap hop cdc diém c6 tung do bing b (h.6.4a).

}'T y4
b y=b 1 y=x
0 a x’ 1 x’
X=3a
a) b) c)
Hinh64

* D6 thi clia ham s6 y = x 14 tap hop cic diém ndm trén dudng phan gidc cla
g6c phan tr thit I va III (h.6.4b). D6 thi cha ham s6 y = — x la tap hop cic diém
ndm trén dudmg phan gidc cua géc phin t thir 11 va IV (h.6.4¢).

IL. VI DU MINH HOA

Vi DU 6.13. Cho ba diém A(2; 6), B(2 ; 2) va C(6 : 2).
a) V& cdc diém A, B, C trén mat phing toa
do Oxy. v

b) Xdc dinh toa do diém D sao cho ABCD &3 D
la mot hinh vuong.

5
¢) Tinh chu vi va dién tich hinh vuong 44
ABCD. 34
2
1

d) Chimg 16 rang diém D thudc phan giic
cua géc phin tu tha I va tha 1.

.

¢) Hoi ba diém O, B va D ¢6 thing hang S0 2 3 4 5 6
khong ? -1t

g) Chimg 16 ring tam gidc AOC khong la
tam gidc déu. Hinh 6.5
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Giai

a) Cac diém A, B va C duogc vé trén mot mat phiang toa do Oxy (h.6.5).

b) D& ABCD la mot hinh vuong thi toa do cia diém D la (6; 6).

¢) C6 BC = 4 (don vi do dai) nén chu vi hinh vuong ABCD bang 4.4 = 16 (don
vi d0 dai) va dién tich hinh vuong bing 4*=16 (don vi dién tich).

d) Diém D ¢6 toa do (6; 6) tic 1a f(6) = 6 thoa man f(x) = x, nén diém D thude
dudmg phan gidc cua goc phdn tu tha I va I11.

e) Diém B ¢6 toa do (2: 2) ciing thudc dudng phan gidc cua géc phdn tu thir 1
va III. Cic diém B va D déu thudc dé thi ham s6 y = x di qua diém gdc toa do O
nén ba diém O, B va D thing hang.

g) C6 OC” = 6% + 2% = 40 va OA? = 6% + 2° = 40, suy ra OC = OA.

Nhung AC? = 4% + 4> = 32 # 40 nén AC = OC va AC = OA. Viy tam gidc
AOC khong la tam gidc déu.

Vi DU 6.14. V& trén mat phing toa do Oxy cdc diém A, B va C. Tinh dién tich
cua tam gidc ABC, biét:

Diém A c6 t0a do (xg: o) ma xg+ 1 =0 va yy - 2 = 0;

Diém B c6 toa do (x,; y;) ma (x, - N (y, + 3)* = 0;

Diém Cc6 10a do (x5 y,) ma | x, - 4| + Jy, -3 =0.

Giai

Tir dé bai ta suy ra toa do cta cic diém A(- 1; 2), B(2; - 3) ,C(4; 3).

Qua diém A va C v& cdc dudmg thing song
song véi truc tung, qua diém B va C vé céc
dudng thing song song véi truc hoanh. Goi
giao diém cla céc dudng thing d6 1a M, N, P
nhu hinh 6.6.

Cé: Smxp =56=30:;

S = % S1 925 Spnn -;-.5.3 =75;

SB,,C=%.2.6=6.

Vay Sppe =30-(2,5 + 7,5 + 6) = 14 (don vi dién tich).

Hinh 6.6
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VI DU 6.15. V& d6 thi cta cic ham s0:

a)y=|[x];
_|=2x néu x20
d 0,5x néu x<0.
Giai
a) D6 thi ham s6 y = [x] duoc biéu dién trén hinh 6.7.
(=2x néu x 20 .
b)Dthihamss y =4 — " ~ " duoc biéu dién trén hinh 6.8.
0,5x néu x<0
yl
=X
o
" Sl T : y
ot |
=) =& =1 s i & 4 o . 2
: i (1O 1 2 3 4 % 3 3 =%
. ] )
E el
T S L3
Hinh 6.7 Hinh 6.8
BAI TAP

6.1. Cic diém sau cung thudc dé thi ciia ham s6 ndo trong céc ham s6: y = kx (k # 0)
vay= 2 (a=0):
X

a) A(l: 2) va B(0; 0);
b) C(1; 2) va D(- I; = 2);
c) E(1; 2) va F(0; 1).
6.2. Cho ham s6 y = f(x) = mx + n. Xdc dinh cdc gid tri m, n biét dé thi cia ham s6

f(x) di qua cdc diém M(- 3; 2) va N( %: -Z— ).
6.3.Cho ham s6 y = f(x) = 3x - 2x + 5. Tinh £(0); f(- 2): f(10).
6.4.Ham s6 y = f(x) dugc xdc dinh nhu sau: Ung véi méi s6 tu nhién n la s6 du r

cua n khi chia cho 3.
a) Tinh £(124); f(2012); (999). b) Tim x, néu f(x) = 3.
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6.5.Chohamséy =f(x) = Ix® + 2. Chimg minh ring vé moi x thi f(-x)=f(x).

6.6.Cho him s6 y = f(x) = 4x> - 2x. Chimg minh rang vé moi x thi
f(=x)=-f(x).
6

6.7.Cho him s6 y = f(x) = Hes. Chimg minh rang f( -I-) = f(x), véimoi x = 0.
X

3
X

6.8.Choham séy =f(x) = x* +-1.,- . Chimg minh rdng f(x) = f(- x), véi moi x = 0.
x2

6.9.Cho ham s6 y = f(x) = 5*. Tinh f(x + 1) - f(x).
6.10. Cho ham dau y = Sgn(x) dugc xdc dinh nhu sau:

I néux>0
Sgn(x) =4 0 néux=0
-1 néu x<0.

Tinh Sgn(xz-r 1): Sgn(- (I)z"); Sgn((- I)Z“ : ').

6.11. Xdc dinh cdc hé s6 a, b, ¢ clia ham s6 y = f(x) = ax> + bx + ¢, biét f(0) = 1,
f{1)=2vaAR2)=4.

6.12. Ham s6 y = f(x) xdc dinh véi moi x > 1. Bi€t f(n) = (n = 1).f(n = 1) va f(1) = I.
Tinh {(4).

6.13. Cho ham s6 y = f(x) dugc xdc dinh boi cong thirc:

r

;-x-3 néu x26
y:f(x)=q =

3—lx néu x<6.
2

a) Dai lugng x ¢6 la ham s6 cua dai luong y khong ? vA

b) Tinh f(- 2); f(0); (7).

¢) Ham s6 f(x) c6 thé viét gon bing cong thirc nao ?
6.14. Dudng thing y = - x cling véi truc tung va truc

hoanh chia mat phing thanh sdu mién nhu hinh
6.9 (khong ké cdc dudmg bién). Hiy chi ra mién

nao thoa min déng thdi x <0,y >0,y > - x.
6.15. V& dé thi cic ham s6: Hinh 6.9
a)y={x} by=-|x| ¢) y = Sgn(x).




Chuong IIT

THONG KE

Chuyén @ 7. THONG KE. TAN SO. TAN SUAT

Dang 1. THONG KE. TAN SO. TAN SUAT

I. KIEN THUC CO BAN

112

Cic s6 liéu thu thap duogc khi diéu tra vé mot dau hiéu X goi 1a o' liéu thong
ké. Mdi 56 liéu dugc théng ké goi 1a mot gid tri cua dau hiéu X.

e Cic s6 liéu thong ké duogc ghi lai trong mot bang, goi la bdng s6 liéu thong
ké ban dadu.

® SO cdc gid tri cua d4u hi¢u ding bang s6 cdc don vi diéu tra (ki hiéu 1a N).
S6 14n xuat hién ctia mot gid tri trong ddy gid tri cha ddu hiéu 12 tdn 56 cua gid
tri d6 (ki hiéu la n).

e Cic gid tri khic nhau cia ddu hiéu (theo thir tv tang ddn) va cdc tdn s6
tuong img véi mébi gid tri d6 dyoc ghi lai trong mot bang goi 1a bang “tdn s6”
(bang 2).

* Bing "tdn 56" c6 thé viét theo dang "ngang” (bng 5), hoac dang "doc” (bang 2).

* Bing "tdn s6" gitip ngudi diéu tra c¢6 duge nhimg nhan xét chung vé su phan
ph6i cic gid tri cua ddu hi¢u va thuan loi cho viéc tinh todn.

Tén sudt mot gid tri ctia ddu hiéu duoc tinh theo cong thite f = =

® N 1a s6 cdc gid tri; n 1 tdn s6 cia mot gid tri; f 1 tdn sudt cha gid tri do.
e Téin suat thudng duoc tinh duéi dang ti s6 phin tram.

Ngudi ta dung biéu dé minh hoa mot hinh anh cu thé vé gid tri ciia d4u hiéu va
tdn s6. Cdc biéu d6 thudmg dung: bifu dé doan thing, bi€u dé hinh chir nhat,
biéu dé hinh quat.



Kién thirc bé sung

5. Ngudi ta ¢6 thé nhém cdc gid tri ddu hiéu khi gdn nhau thanh timg 16p (Vi
du 7.3).

I1. VI DU MINH HOA

Vi DU 7.1. K& qua diém (theo thang diém 20) cta 120 hoc sinh mot truomg
trong dot thi hoc sinh gioi Todn dugc viét o bang | duéd day:

15112 8| 4 |18[17|9 |3 |S5(|(10(11}]2)]10)]7]13
16| 0 (I18B|16]|12]| 6 | 6| 7 1215|134 3|9 (10
1|9 (141 2 113(1]|710(18(16]14[10]|11| 8|1l
1| 8 (11|12 3 |7 (17(14[11]11]10}] 9|6 ]|16] 1
B2 1S54 (5|41 (17]19]14]9([10|11] 7
(1] 1| S|110]1011 |7 [ 13|17|12|11|14]| 0| 8
716 |14|15|10]19(1819 |10 2 [I18[17 |11 ]|10]13
16 (15| 8 |2 S |16|11[11|[11}|10(13]3]7]|17]16

Bang |
a) Ddu hiéu ¢ day la gi ? SO tdt ca cdc gid tri 1a bao nhiéu ?
b) Lap bang “tdn s6™ va tdn sudt cua moi gid tri.

Ciéch thong ké: Mbi hoc sinh nhian duge mot diém duoc ddnh dau hai mot
gach. Ching han, kiém tra ldn luot timg hoc sinh tir trén xuéng dudi, tir trdi qua
phai, hoc sinh nhin duoc diém nio thi dinh ddu vao 6 tuong img. Vi du sau khi
kiém tra ¢6 11 hoc sinh nhan duoc diém 10 thi & cot 6 dong diém 10 s& duge ddnh
diu: NN | (Bang 2).

Giai

a) Dau hiéu X ¢ bang 1 la diém s6 ciia mbi hoc sinh. Bang 1 ¢6 120 gid tri.

b) Céch thong ké diém (Bang 2) guip thong ké mot cach chinh xic:

8A - TOAN 711 - 0.80 13



Diém | Dém | Diém | Dém | Dicm | Dém [ Diém | Dém | Diém | Bém
L IN | 6 NN 6 N
2 O 1 718U 2 NI 7 N
3 3 N B INL | B8 [N
4 9 NI 4N 19 |
0 gl s [@ [ 10 [N IS5 20
Bang 2
Bang "tdn s6", tdn sudt (Bang 3).
Gid tri | Tin s6 Tin sudt Gid tri | Tdn s6 Tén sudt
(x) (n) (N X (n) (N
[
0 4 = ;
30 3.(3)%
1 |
1 — 1 1 - 12.5%
6 | = 5% 5 :
[ [
2 4 — 3.(3)% 12 6 —_— 5%
30 | > 20
[ 7
— ] 7 — |58
3 4 = 3.3)% 13 oo | 383)%
[ [
4 4 - ; 4 - %
30 3.(3)% | 6 20 5
[ |
5 — 4, — 3.(3)%
5 >a 1(6)% 15 4 30 (3)
[ 7
6 4 — | 3. 7 — |58
30 (3)% 16 120 5,.8(3)%
[ 1
7 - : - %
8 = 6.(6)% 17 6 = 5
[ I
8 6 = 5% 18 5 | #16%
I I
9 6 — i ‘
= 5% 19 2 = 1.(6)%
I
10 1 | — | 9.16)% 20 0
120 (6) 0 0%
N=120
Bang 3
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VI DU 7.2. S6 dai biéu Quoc hoi khod XIII cia tdt ca cdc tinh, thanh pho trong
ca nudc duge cho trong bang 4 dudi day.

a) Ddu hiéu & day 1a gi ? S6 14t cé cdc gid tri 12 bao nhiéu ?
b) Lap bang “tdn s6” va tdn sudt cha mbi gid tri (img véi sO dai bicu).
¢) Lap bang “tdn s6” va tdn sudt cha mbi gid tri (img vai so dai bicu ni).

SO | pal sO | pal

TT | TINH, THANH PHO | DAL | BIEU TT | TINH. THANH PHO | DAI BIEU

BIEU | NU BIEU | NU
1 TP Ha Noi 30 8 a3 Kién Giang e 3
2 TP Hb Chi Minh 30 8 34 Kon Tum 6 2
3 TP Hai Phong 9 1 35 Lai Chau 3 2
4 TP Da Ning 6 1 36 Lang Son 6 2
5 TP Cén Tho 7 2 37 Lao Cai 6 2
6 An Giang 10 2 38 Lam Déng 7 3
7 | BaRia-Ving Tau 6 2 39 Long An 8 2
8 Bic Giang 8 2 40 Nam Binh 9 2
El Bac Kan 6 2 41 Nghé An 13 3
10 Bac Liéu 6 1 42 Ninh Binh " 3
1 Béc Ninh 6 2 43 Ninh Thuan 6 1
12 Bén Tre 7 3 44 Phu Tho 7 2
13 Binh Duong 8 0 45 Pha Yén 6 1
14 Binh Dinh 8 2 46 Quang Binh 6 1
15 Binh Phudc 6 2 47 Quang Nam 3 1
16 Binh Thuan 7 1 48 Quang Ngai 7 1
17 Ca Mau 7 1 49 Quang Ninh 7 2
18 Cao Béng 6 2 50 Quang Tri 6 1
19 Déc Lk 9 3 51 Séc Trang 7 2
20 Dak Nong 6 1 52 Son La 7 1
21 Dién Bién 6 2 53 Tay Ninh 6 0
22 Dbéng Nai 1 2 54 Thai Binh 9 2
23 Doéng Thap 8 1 55 Thai Nguyén 7 2
24 Gia Lai 7 1 56 Thanh Hoa 16 3
25 Ha Giang 6 3 57 | Thita Thién-Hué | 7 0
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26 Ha Nam 6 2 58 Tién Giang 8 1
27 Ha Tinh 7 1 59 Tra Vinh 6 2
28 Hai Duong 9 2 60 Tuyén Quang 6 2
29 Hau Giang 6 1 61 Vinh Long 6 1
30 Hoa Binh 6 2 62 Vinh Phuc 6 2
31 Hung Yén 7 3 63 Yén Bai 6 2
32 Khanh Hoa 7 2
Bang 4

Giai

a) Ddu hiéu X ¢ bang 4 la s6 dai biéu cua mbi tinh thanh. Bang 4 ¢6 tit ca la
63 gid tri.

b) Bang "tdn s6”, tdn sudt ing véi s6 dai biéu (Bang 5).

Gidwm | ¢ 7 8 9 o | n | 13| 16| 30
(x)
Tins6 [ g 6 | 7 6 ! | | I 2 [N=63
(n)
B [ 7]6|L|L|L|1]z
™l G lalala|la|lasalal|leals
sua‘ AL LR T T T Ry FISI A A ——— Te— -— P R T R ————— - B e T T T
0 | 44449 22:0 “q'r.,“ 9.52% | 1.59% | 1.59% | 1.59% | 1.59% | 3.17% | 100%

Bang 5
c) Bang "tdn s6", tdn sudt img véi s6 dai biéu nir (Bing 6).

Gid tri (x) 0 1 2 3 8
Tén s6 (n) 3 19 30 9 2 N=63
S L4 0 - 2
Tén sudt (f) 63 63 63 63 63
C476% | 30,16% | 47.62% | 14.29% | 3.17% | 100%

Bang 6
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Dang 2. SO TRUNG BINH CONG. MOT

I. KIEN THUC CO BAN

1.

S6 trung binh cong thudmg duge dung lam “dai dién” cho dau hi¢u, dic biét
la khi muoén so sianh cic ddu hiéu cung loai. SO trung binh cong duoc ki hiéu
h X.

e Khi cic gid tri cua ddu hiéu c6 khoang chénh léch rat 1én véi nhau thi khong
nén ldy s6 trung binh cong lam “dai dién” cho dau hiéu dé.

e SG trung binh cong ¢6 thé khong thudc diy gid tri cua ddu hiéu.

2. Cong thic tinh s6 trung binh cOng cua diu hiéu:
X = X1+ Xa0p + X303 +.. 4 X0y
N
Trong dé: X, X5, X3, ..., X la k gid tri khic nhau cua diu hiéu;
Ny, Ny, Ny, ..o Ny laK tin SO trong img;
NlasocicgidnmvaN=n+n,+n3+...+n
3. Mot cua ddu hicu la gid tri ¢6 tdn s6 16n nhat trong bang “tdn s6” va dugc ki
hi¢u la M.
IL VI DU MINH HOA

VI DU 7.3. S6 diém kiém tra mon Todn thi hoc ki I ctia hoc sinh khai 16p 7 cua

mot trudmg THCS duoc cho trong bang 7.

| 2 3 4 5 6 7 8 9 10
9 7 10 | 21 60 | 84 | 72 | 38 15 8

Bang 7
a) Cho biét dau hi¢u la gi ? Cic gid tri khic nhau cua diu hiéu.
b) Lap bang “tdn s6" cha mébi gid tri.
¢) Lap bing "tdn s6" clia ddu hi¢u diém kiém tra theo quy dinh phan loai diém,

trong d6 thém cot tén sudt biéu dién dudi dang %, biét cich phan loai diém nhu sau:
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Diém kém 0sx<35
Diém yéu 358 x<5§
Diém trung binh 55 x<6,5
Diém kha 65s x<8
Diém gioi 8< x

d) Tinh diém trung binh cong moén Todn thi hoc ki I cia khéi lap 7.

¢) Tir bang "tdn s6" dau hi¢u diém kiém tra theo timg loai hdy bi¢u dién bang

biéu dé hinh chir nhat.

g) Diing biéu dé hinh quat biéu dién tn suat ti 1¢ % c4c loai diém theo phan loai.

Giai

a) Ddu hiéu X & bang 7 1a s6 diém kiém tra mon Todn thi hoc ki | theo timg

diém s0.

Cic gid tri khdc nhau cia ddu hieula 1; 2; 3; 4; 5; 6 7, 8, 9; 10.
b) Bang "tdn s6" (Bang 8):

Diém (x) 2 |3 |4 1|56 |7 |8 |9 |10
Tdns6(n) |9 |7 |10|21 |60 |84 |72|38|15|8 |N=324
Bdng 8
¢) Bing tdn s6 c6 thém cOt tdn sudt theo timg loai diém (Bang 9):
TT | Loai diém Diém Téan s6 Téan suat
26
< —=8,03%
1 Kém 0sx<35 26 324==
21
2 | Yéu 35sx<5 21 —=6,48%
324
144
3 | Trungbinh | 5sx<6,5 144 EzM.M%
4 |Kns 65sx<8 | 72 | 2~2222%
‘ 324
— 61
5 | Gioi 8<x 61 —=18,83%
324
Bdng 9
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d) Diém trung binh cong:

X =

1.9427+3.10+4.21+5.60+6.84 +7.72+8.38+9.15+

10.8

9+7+10+21+60+84+72+38+15+8

¢) Biéu dé tin so:

= 6,06.

|
|
|

160

140 -

120
100
80
60
40
2

o O

Tan so

= Ill

Trung binh

|0|

g) Biéu d6 tdn suat:

Téan suat

Kém
8.03%

Yé&u
6.48%
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VI DU 7.4. Ria v Thé chay thi véi nhau nhiéu 14n. Trong moét cudce thi chay
ma yéu cdu 1a phai chay 20 ldn - méi l4n trong ciing mot don vi thai gian (phiit),
roi so sdnh trung binh két qua quang duimg chay duoc (don vi mét). Tho ¢y minh
chay nhanh ma thi nhimg 20 ldn nén rdt nhiéu l4n khong chay. chi nim choi hoac
la ca hdi hoa bit buém nghich, trong khi d6 Rua biét siic yéu hon nén cham chi
chay. Quing dudmg chay trong 20 1dn (1 phit méi 14n) duoc ghi trong bang 10.

Rua Tho
15 14 13 14 12 0 0 0 5
13 13 14 4 10 0 0 0 7 0
11 12 13 12 10 10 9 0 0 8
15 13 14 15 14 10 45 50 51 51
Bang 10

a) Lap bang "idn s6” médi gid tri cua Ria, réi cta Tho.

b) Tinh van téc¢ trung binh cia Rua va Tho.

¢) Trong qud trinh thi, Ruia va Tho ai chay duge quing duimg nhiéu hon ?
d) Tim mot dau hiéu cua Rua va Tho.

Giai

a) Bang "tdn s6” cha Rua (bang 11) va Tho (bang 12):

Ria Quang duomg (x) | 10 | 11 12113 |14 | 15
Tan s6 (n) 2 l 3 5 6 3 N=20
Bing 11
e Quingdudmg(x) | 0 | 5|7 | 8|9 |10|45!/50] 51
Tén s6 (n) lOllll21112N=20
Bang 12
b) Van t6¢ trung binh cua Rua:
;- 10.2+11.1+12.3+13.5+14.6+15.3 = 13.05 (m/phi)

24143454643
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Van 16¢ trung binh cua Tho:

0.10+5.1+7.1+8.1+9.1410.2+45.1+50.1+51.2 _
10414141 +14+241+1+2

X =

12.30 (m/phiit).

¢) Quiing duimg cua Rua chay duoc: 13,05.20 = 261 (m).

Qudng dudmg cua Tho chay duoc: 12,30.20 = 246 (m).

Nhu vay trong cudc thi, 16ng quing dudmg chay duoc ctia Ria nhiéu hon cua
Tho (261 > 246).

d) M (Ria) = 14 ; M(Thé) = 0.

Nhan xét:

Nhin vio cdc s6 licu & bang 11 va 12 ta thdy trong mdi phit Rua chay duoc
mot quing dudmg ngdn hon cua Thé nhumg Rua luon cham chi chay (theo dang
kién tha lau d8y 16). Trong khi d6 cdy c6 sic, Thé nhin nho choi dia nén s6 ldn
chay duoc quing dudmg nhiéu hon cia Rua rdt it (chi ¢6 4 1dn). Chinh vi vay van
toc trung binh clia Tho kém cia Rua. Cing mot thdi gian ma van té¢ nho hon thi
quing dudmg chay duoc ciing nho hon va két cuc Thé thua Rua (ta ¢6 thé nhan
thay qua M_(Rua) > M_(Tho) khi s6 14n khong choi cia Tho nhiéu qué ! Bai todn
trén cho chiing ta mot bai hoc: Phai kién tri khong nin 1ong va cling phai cham chi
néu khong vdi 16 chiit ¢6 sdn cling s€ bo phi.

Dang 3. CAC BAI TOAN LIEN QUAN DEN SO TRUNG BINH CONG

Vi DU 7.5. Cén loai di s6 nao trong tp hop A = {1:2: 3; ...; 9: 10; 11} d€ gia
tri trung binh cta céc s6 con lai bang 6,1 ?

Giai

Goi s6 phai loai di la x.

(11
e
Téng 10 s6 cua tap hop A sau khi loai di s6 x bing: §'=6,1.10 = 61.
Viy s6 phai loaidila: x=S-S=66-61=5.

VIiDU 7.6.

a) Biét trung binh cong clia 16 s6 bang 4. Thém s6 thi mudi bay thi trung binh
cong cua ching bing 5. Tim s6 thir mudi bay.

Tong 11 s6cuatdphop Abing: S=1+2+3+ ...+ 11l 66.
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b) Mot bang thong ké dan s6 cha quan cho thiy ti s6 gilta s6 nif va s6 nam
bang -:—? N€u tudi trung binh cha nif 1a 34 va ctia nam 1a 32 thi téi trung binh

cua ngudi dan trong quin bing bao nhiéu ?

Giai

a) Biét trung binh cong clia 16 s6 bing 4, nén t6ng 16 s6 d6 bing 4.16 = 64,

Goi s6 thit 17 1a x, ¢6 trung binh cOng cua 17 s6 bing 5, uic 1a

64 +x
17

Vay s6 thir 17 cdn thém vio la 21 d€ trung binh cOng cia 17 s6 bang 5.

10.34+11.32 -3 20

10+11 21

Vi DU 7.7. Ban A di c6 mot s6 bai kiém tra mon Todn. D€ ¢6 duoc diém trung
binh 12 9 thi bai kiém tra 16i phai duoc diém 10, nhung khong may bai d6 A chi
duoc 7,5 diém nén diém trung binh 1a 8,5. Hoi A di c6 truéc dé bao nhiéu bai
kiém tra ?

Giai

Goi s6 bai kiém tra mon Todn cua A c6 truée d6 1a x (x € Z va x > 0) va t6ng
diém xbaidécua AlaS.

Bi€t n€u thém mot diém 10 thi diém trung binh bing 9, nén téng diém cua
A khi d6 l1a

=5=>x=5.17-64=2l.

b) Tudi trung binh cua ngudi dan trong quan bing:

S+10=9.(x +1).

Nhung vi chi duge 7,5 diém nén diém trung binh bing 8,5, do d6 tong diém
cuaAla: S+75=85.(x+1).

Suyra (S+10)-(S+7.5)=9.x+1)-85.x+1)=05x=2=x=4.
Vay ban A di c6 4 bai kiém tra Todn.

VI DU 7.8. Trong 14n sau ciing choi béng g (bowling) véi 10 con ky, ban H
dat dugc 199 diém va s6 diém nay nang mitc diém trung binh clia ban H trong céc
lan chai tir 177 1én 178. D€ nang diém trung binh 1én 179 thi véi ldn choi tiép theo
ban H phai c6 s6 diém 1a bao nhiéu ?

Giai

Gia st ban H di choi duge n tran véi diém trung binh cha n tran 12 177.
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Dén tran 1i€p theo ban H nang diém trung binh lén 178, ta cé:
177n+199

n+l

Suy ra ban H da choi tdt can = 21 trdn.

Nhu vdy, ban H di choi 21 tran dat duge trung binh 12 177 diém, dén tran thi
22 ban H di nang diém trung binh lén 178.

=178.

. ‘B .8 Jeae o _ut 178.22 +x
Néu x 12 diém cia 14n choi k€ tiép thi ta ¢6: ————=179, suy ra x = 201.

22+1
Vay d¢ nang diém trung binh Ién 179 thi vai 1dn choi tiép theo (trdn thir 23)
ban H phai c6 s6 diém dat duoc 1a 201.

Vi DU 7.9. Mot 616 di véi van téc 40km/h trong 20km ddu va di v6i van t6¢
60km/h trong 20km sau. Héi van t6¢ trung binh clia 6t6 trong cd hanh trinh d6 1a
bao nhiéu ?

Giai

Ta bi¢t van t6¢ trung binh dugc tinh bang cong thic sau:

= St *ﬁz +S3 +...+Sn
G+l +ly+otl,

V1

Vay van t6c trung binh cua 6106:

20+20 2
V. = = = L
T I
40 60 40 60

Vi DU 7.10. Mot ngudi leo nii véi van t6¢ 2km/h, lic xudng nui véi van t6c
6km/h. Tim van t6c¢ trung binh clia ngudi d6 trong toan hanh trinh 1én va xuéng nii.

Giai
Vi khong biét quing dudmg di nén ta s& tinh trong cing mot don vi quang
dudng leo nii 1km va xu6ng ndi 1km.

Thoi gian ngudi d6 leo ndi 1km bang 1:2= -;- (h).
Thoi gian ngudi d6 xudng nii 1km bang 1:6= % (h).

Théi gian ngudi d6 leo nidi 1km va xudng nii 1km bing — +

n
W
—
— 2
el

1| =
= 0
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Vay vin t6c¢ trung binh cua nguin d6 trong hanh trinh 1én va xudng nii bang
2
‘ § = 3 (km/h).
VI DU 7.11. Cho bon s6 nguyén duong a, b, ¢, d ma trong d6 b la trung binh
cong cia hai s6 a va ¢. Chimg minh ring bon s6 a, b, ¢, d 1ap thanh mot ti 1¢ thie

.
u—=—+-—,
¢c b d
Giai
Vi s6 b la trung binh cong cua hai s avacnéna + ¢ = 2b. (n
Mattac6:3=%+l:hc+cd=2bd. (2)
c

Thay 2b=a + ¢ tir (1) vio (2) suy ra:
bc + cd = (2b)d = (a + ¢)d = ad + cd = bc = ad.
Vay bon s6 a, b, ¢, d 1ap thainh mot u 1¢ thi.
BAI TAP

7.1. Thong ké cdp do va s6 tran bio d6 bo vao Viét Nam trong thap nién déu tién
cua thé ki XXI duge ghi lai trong bang 13.

Nam - éﬁﬁo Cap d0 bio timg trdn
2000 3 [6|n|s8]
2002 2 6|6
2003 3 66|11
2004 2 6|7
2005 7 9171121987110
2006 3 13| 816
2007 8 126 | 6 1198 8
2008 14 716|717 |8(9|6|6|8|10]7]13 6
2009 13 6|66 6| 6|8|[6|6]|6 8 |7
2010 7 6 |12|9|10]17 17| 6
Bang 13
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1. Chon cOt thir nhilt va ¢Ot tha hai cia bang 13.
a) Cho bi¢t ddu hiéu la gi ?
b) Lap bang "tdn s6" va tinh trong vong 10 nam cua thap nién thit nhit cua

thé ki XXI, méi nam trung binh ¢6 bao nhiéu trn bio dé bo vao Viét Nam ?
Tim mot.

2. Chen cOt thir nhat va cot ba (gém 14 ¢ot nho) theo timg hang ngang ta duoc
mot bang.
a) Cho biét dau hi¢u o day la gi ?
b) Lap bang “tdn s6” va tim trung binh cip do bio d6 bo vao Viét Nam.

7.2. SO ban thiang trong méi trdn ddu & vong ddu bang World Cup 2010 duge ghi
trong bang 14:

0

2

|- bW
N | W O
— D | | -
— b | -] D
— 0D | |
22|

Wln|=—| &
SiIo|w

3
1
3
3

o|ls|=|=—

(NN SEESEES

1
|
3

Bang 14

a) Dau hiéu o day lagi ?
b) Lap bang “tdn s6" va tinh trung binh s6 ban thing trong mot tran diu ¢
vong bang.

7.3. Diém trung binh mon Todn cua mot nhoém chua gioi Todn trong mot dot kiém
tra la 5,2. C6 mot ban duoc diém 7 chuyén sang nhém khd nén diém trung
binh cua cdc ban con lai bang 5. Vay trong nhém chua gioi Todn con bao
nhiéu ban ?

7.4. Cho 7 s6 x&p theo thir wr giam dédn. Biét trung binh cOng cta 7 s6 bing 40,
trung binh cOng ctia 4 s6 ddu bing 50 va trung binh cong cla 4 s6 sau bang 31.
Hoi s6 dimg chinh gilta bang bao nhi¢u ?

7.5. Ban Nam di ¢6 mot s6 bai kiém tra mon Todn. Ban Nam thay néu duge thém
3 diém 10 va 3 diém 9 thi diém trung binh cia minh bing 8. Néu chi dugc
thém 2 diém 10 va 1 diém 9 thi diém trung binh bing 7,5. Hoi diém trung
binh cua ban Nam hién tai la bao nhiéu ?

7.6. Mot 16p ¢6 ba 16 1, 2, 3. Diém trung binh ctia cic 16 trong mot bai kiém tra

nhu sau:
To | 2 3 Iva2 | 2va3
Diém trung binh 9.0 8.8 7.8 8.9 8.2

Bi€t 16 1 ¢6 10 hoc sinh. Tinh s6 hoc sinh cua cdc 16 2, 3 va diém trung binh
cua ca lap.
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Chuong IV ]

BIEU THUC DAI SO

Chuyén d¢ 8. GIA TRI CUA MOT BIEU THUC PAI SO

Dang 1. GIA TRI CUA MOT BIEU THUC

. KIEN THUC CO BAN

Bi€u thirc ma trong d6 ngoai cdc s6, cic ki hiéu phép tinh cong, trir, nhan,
chia, nang 1én mot luy thira con ¢6 cic chir dai dién cho cic s6 duoc goi 1a
biéu thite dai so.

2. Trong mot biéu thire dai so:

Cic chir c6 thé dai dién cho nhimg s6 tuy ¥ nao dé va nhimg chir nhu vy duoc
£oi la cdc bién so'(goi tat 12 bién).
Vi chir dai dién cho s6 nén khi thuc hién cdc phép todn trén cic chir, ta ¢6 thé
ap dung nhimg tinh chét, quy tic phép todn nhu trén cic so.
D¢ tinh gid tri cia mot bidu thic dai s6 img véi gid tri nao d6 cia bién s0, ta
thudmg thay gid tri d6 cia bi¢n vao biéu thic réi lam phép tinh theo thir tu thuc
hién di duoc quy ude.

Kién thuc bd sung

3. Méi bicu thiic dai s6 la mot cong thie Todn hoc, Vat li,... .
4. Trong cic bidu thic dai s6, dom vi do duge cho vao trong ddu ngodc ¢6 dung ¥:

C6 thé thay bing cdc boi s6 hodc udc s6 ciia cdc don vi do.

Trong phép todn khi thuc hién khong ghi don vi. dén két qua cudi cing méi
ghi don vi.

Mot bi€u thic dai s6 6 thé chira bién & miu s6, véi diéu kién phai loai trir gid
tri ctia bi€n 1am biéu thitc thanh vo nghia.
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I1. VI DU MINH HOA

Vi DU 8.1. Viét cic biéu thic dai s6 thoa midn mot trong cdc diéu Kién sau:

a) SO nho hon 3 ldn mot s6 a cho trude 2 don vi.

b) Tich cha tong hai s6 vdi hi¢u gilta 10ng binh phuong cua hai s6 véi tich
cua ching.

¢) Binh phuong ctda mot s6 tu nhién goi 1a mot s6 chinh phuong. Néu a 1a mot
s6 chinh phuong thi s6 chinh phuong lién ngay sau s6 a la s6 nao ?

d) Dién tich cha mot hinh tron ¢6 chu vi la p duge viét nhu thé ndo ?

Giai

a) SO nho hon 3 14n mot s6 a cho trude 2 don vi duge viét: 3a - 2.

b) Goi hai s6 di cho 1a a va b, thi tich ctia téng hai s6 véi hiéu giira tong binh
phuong cua hai s6 vai tich cua ching duge viét: (a + b)(al2 - I:r2 - ab).

¢) Goi a va b 12 hai s6 chinh phuong lién tiép thi s6 chinh phuong b c6 thé viét
bang hai cich:

Cachl: a= n: thib=(n+ I)z.
Cich2: a=(va) thib=(Va+1) .
d) Goi dién tich cta hinh tron ¢6 ban kinh R, dudmg kinh d 14 S, thi:

d2_ (x-d)” _p

2 4 4n
vi DU 8.2. Tinh gid tri ciia biéu thitc A = x* - 6x%y + 12xy” - 8y”, néu:
a)x=2vay=I; b)2x=3yvax-2y=-1I; c) |x|=1valy|=0,5.

S=nR’=n(

Giai
a) Thay x = 2 vd y = | vao biéu thiic A, ta c6:
A=22-6221+12212-8.17=0.

X y x-2y -l
b)C62x=3ynén —==-=——=—=—z=],,suyrax=3vay=2.
¢ YR 3I=2" 34 y y

Thay x = 3 va y = 2 vao biéu thirc Ataco: A=3"-63°2+ 232 =82 n=1.
¢)Do |x|=1nénx=2%1va|y|=0,5 nény=20,5. Ta xét bon trudmg hop sau:
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X y Gid tri biéu thic A

1 [ 05 [A=17-6.1700.5 + 12.1.005) - 8.0.5) = 0

I | -05|A=1"-6.1°(-05) + 12.1.(-0.5)° - 8.(-0.5)" = 8
1| 05 |A=(=1)'-6.=1)%(0.5) + 12.(=1).0.5)° - 8.0,5)" = - 8
1 [ =05 | A=(=1) - 6.(-1)(=0.5) + 12.(-1).(-0.5)" - 8.(-0.5) =0

VI DU 8.3. Tinh gid tri cta cdc biéu thiic sau:

, Vi x = = 0,3)

-
DAm220 ad 3
2a-3b b 6
b)B=—2=0 _3b-a o b=13vaa®-65.b=65.
2a+13 2b-13
(13+23+33+...+I03)-(x3+y3)»(x3+y3)-(x4+y")
C)C= 2 ) 2 2
1“4+2°+3°+...+10°
Vil y =~
Giai
a)Tt‘r%=%.céa:Ovﬁb:O.Chiacitirvﬁméuc&aAchob.lacé:
5
T
2.3_3 233 8
b 6
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b)Doa-b=13mntacothé thaya=b+ 13, hodcb=a~-13,hoic 13=a-b.
Cach l: Thay a-b=13;¢c62a+1320va2b-1320:

2a+(a-b) 2b-(a-b) _2a+13 2b-13

B=

2a+13

2b-13  2a+13 2b-13

=1=-1=0.

Cach2: Thayb=a-13vaa=b+13;c62a+1320va2b-13=0:
B = 3a-(a-13) 3b-(b+13) 2a+I13 2b-13

2a+13

2b-13  2a+13 2b-13

=1-1=0.



Cdach3:Thay 13=a-b.c63a-b=x0va3b-a=0:
B = 3a-b  3b-a =3a—-b 3b-a .
2a+(a=b) 2b-(a-b) 3a-b 3b-a

3 3 3
¢) Nhan thiy: x° + y° =(-().(3))3 . [%J =[-1J + (-I-J =0.

3 3
Trong biéu thitc C, biéu thitc & miu s6 khic 0. Biéu thitc & tr s6 1a mot tich

ctia nhiéu thira s6, ma trong d6 c6 mot thita s6 x° + y° = 0, nén tich cuia cic thira s6
O trbang 0. Suy ra C= 0.

Dang 2. DON THUC. DPON THUC BONG DANG

I. KIEN THUC CO BAN

1.

Don thiee 1a biéu thic dai s6 chi gdm mot s6, hoac mot bién, hodc mot tich
gitra cdc s6 va cac bién.

Don thitc thu gon 13 don thitc chi gébm tich cua mot s6 véi cac bién, ma mdi
bi€n da duoc nang 1én mot luy thira véi s6 mi nguyén duong, trong d6 phén s
dugc goi 1a hé s6 va phdn con lai duoc goi 1a phdn bién cua don thirc thu gon.

® MOt s6 ciing duoc coi 12 mot don thire thu gon.

e Trong don thitc thu gon, mdi bién chi dugc viét mot 14n. Céic bién dugc viét
theo thit tr bang chir cdi.

« D¢ nhan hai don thic ta nhan céc hé s6 véi nhau va nhan cédc phdn bién véi nhau.

Bac cla don thitc c6 hé s6 khic 0 12 tdng s6 mil cha t4t ca cdc bién c6 trong
don thire dé.

¢ S6 0 dugce coi 1a don thic khong ¢6 bac.

e S6 thuc khéc 0 1a don thirc bac khong.
Hai don thic déng dang 12 hai don thirc ¢6 hé s6 khéac 0 va c6 cung phén bién.

e Cic s6 khéc 0 dugc coi la cdc don thic déng dang.

e D¢ cong (hay trir) cdc don thirc ddng dang, ta cOng (hay trir) cic h¢ s6 vai
nhau va giir nguyén phén bién.

Kién thirc bd sung

Luy thira cia mot don thic duge dua vé nhan hai don thic déng dang
véi nhau.

129

9A - TOAN 711 - 0.80



1. VI DU MINH HOA

Vi DU 8.4. Cho céc biéu thirc sau:
A= 0257 -05.x% +ax%y

B = I.S.(xyz)J.xzy - 2(x)')".x:y" + [0.(3):&2)-]2.:&)"":
C= (O.S.xy).(—%--xyz]:

2 >
[£-x3y5 1.(0,6.xy)".
3 )

a) Thu gon céc biéu thic trén dé duoc cdc don thic.

b) Chi ra cdc don thirc déng dang.

D=

¢) Tinh gid tri ciia cdc don thirc sau khi thu gon tai x =% via y=-1.

Giai

a)Co: A= 3.75.x2y3: B= —% xsy?: C =—-é- xzya; D =g x5y7.

b) Cic don thic déng dang 1a A va C; Bva D.

¢) Gid tri cua cdc don thic sau khi thu gon tai x =% vi y=-1la:

12 4374 54 1215

VI DU 8.5. Tim gi4 tri cta cdc don thirc sau:

a) P=0,007.a>b°, véia=-5vab=2.

b) Q=0,0625.a" b, véia= -4 vab=025.

Giai

a) P =0,007.(ab)>b” = 0,007.((- 5).2)°.27 = 0,007.100.128 = 89.6.

b) Q = 0,0625.(ab)".a? = 0,0625.((~ 4).0,25)".(~ 4)* = 0.0625.(- 1).16 = - 1.
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VI DU 8.6.
a) Xdc dinh du clia a. biét ring x = - 2abc’ tréi ddu véi y = 3a’b’c .

b) Biét ring hai don thitc x = - Iéajb vay = % a’b’ cung ddu. Xic dinh d4u

cua a.

¢) Hai don thic x = - 52°"b va y = 3a""b’ ¢6 thé ¢6 cung gid tri am duge
khong ?

Giai

a) Vi x va y trdi dau nén xy < 0 véi a, b va ¢ khic 0.

Cé: xy = (- 2abc’).(3a°b’c’) = - 6a’b'c® < 0.

Lai c6 b*c® > 0 (do b va c khic 0) nén — 6a° <0 hay a> > 0 tiic laa > 0.

b) Vi x va y cung ddu nén xy > 0 véi a va b khic 0.

Cé: xy = (-1 % a’b).( % a’b’)=-03.a’b > 0.

Lai c6 b* >0 (do b khdc 0) nén - 0,3.a° > 0 hay a’ <0, tiic la a <.
¢) Xét tich ctia hai don thiic xy = (- 5a”"b).(3a*"b’) = - 152™b" = - 15.(a"b)°.

C6 (a")° > 0 nén xy = - 15.(a"b)" < 0, tifc la x va y trdi ddu nhau, hay x va y
khong thé cing am duoc.

Vi DU 8.7. Cho 9 s6 a,, a,, a3: by, by, by: ¢}, 5, ¢3 khdc 0. Hoi t4t cd 6 s6 sau

X; = a;bycy: Xy = abyc; i X3 =a3bcy vay, = —ajbycy s yo = — aybiey; y3 = - asbycy
¢6 thé cung am hodc cung duong duge khong ?

Giai

Xét tich cua sdu don thic x;.X5.X3.y,.¥2.¥3 = — (al.az.a3.b,.b2.b3.c,.cz.c3)2 <0.
Vay ca 6 don thirc trén khong thé cuing 4m hodc cung duong dugc.

Vi DU 8.8.

a) Cho a’* = - 5. Tinh 2a® - 4.

b) Cho phép todn * nhusau:a*b = a” + b*, véi a, b 12 cic s6 nguyén duong.
Bi¢t 2 * x = 100. Tinh x.

¢) Tim x, y, z, néu: (Snlcly")3 + (- 7y3‘zs)2 = 0.
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Giai

a) C62a%* -4 =2(*)’-4=2(-5)"-4 =-254.

b) Thay a =2 va b = x vio ding thic di cho, ta c6: 2* + x* =2 * x = 100.

Tir 2° + x> = 100, ta nhan xét thiy x # |, vinéu x = | thi

2*1=2"+17=24+1=32100.

C6 x 12 s6 nguyén duong va Ién hon 1 nén x 2 2, nén 2" chia hét cho 4. Ma
100 chia hét cho 4 nén suy ra x> ciing chia hét cho 4. Vay x la s0 chin.

Lai ¢6 x < 10, vi néu x = 10 thi

2%10=2""+10%= 1024 + 100 = 1124 > 100.

Suyra2sxs10vaxlasdchin nénx € {2; 4;6; 8).

Tudésuyrax=6dé 2*6=2%+6" =64 + 36 = 100.

) Co: (5x%yY)’ + (= 1y’2) = 125(xy%)? + 49(y’ ) = 0 ma (x*y®)* 2 0 va
(y:’z!’)z 2 0. Suy ra: (x:‘y"")2 = (3,r3zs):l =0 hay xy=yz=0.

Vay y = 0 va x, z bang bat ki s6 nao hoac x = z = 0 va y bing bat ki s6 nao.

Dang 3. GIA TRI LON NHAT, GIA TRI NHO NHAT CUA MOT BIEU THUC

I. KIEN THUC CO BAN

1. Cho ham s6 f(x) x4dc dinh trén tap hop D.
Néu f(x) 2 m, ma m la mot hang s6 (m = Const) va f(x) = m tai x = x;, € D thi
gid tri nho nhat cua f(x) 1a m, dat duoc tai x = xg, khi d6 ta viét min(f(x)) = m
tai x = X,,.

2. Cho ham s6 f(x) xdc dinh trén tap hop D.
Néu f(x) S M, ma M 1a mot hing s6 (M = Const) va f(x) =M taix = x5 € D
thi gid tri 16n nhat cua f(x) 1a M, dat dugc tai x = x,, khi d6 ta viét max(f(x)) = M
lai x = x,.
Chu y:
Dé f(x) = m, c6 thé c¢6 nhiéu gid tri clia x.
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II. VI DU MINH HOA

VI DU 8.9. Tim gi4 tri nhé nhat cia céc biéu thic sau:

a)A=T7(x+5)7+3; b)B=x+ Jx -§5;
c)C= J92—x + J2_9; d)D=(x‘+4)‘.
Giai

a)C6: 7(x +5)°+323do7(x +5720nén A2 3.
LaicOA=3khivachikhix=-5SuyraA23viA=3taix=-5.
Vay minA =3 taix = -5,

b) Diéu kién x 2 0 d¢ can thic ¢6 nghia.

Co:x+Vx =52-5dox20vaVx 20nénB2-5.

Lai ¢6 B = - 5 khi va chi khi x = 0 (thoa mén diéu kién).
SuyraB2-5vaB=-5taix=0.ViyminB=-5taix=0.

¢) Diéu kién x $92 dé can thic J‘E—_x c6 nghia.

C6: J92-x + 29 2 V29 do J92-x20nenC2 V29.

Laic6 C= /29 khi va chi khi x = 92 (thoa min diéu kién).

Suy ra C2 29 va C= v/29 khi va chi khi x = 92. Vay minC = v29 tai x = 92.
d)Co: x* +424dox*20nen D= (x* +4)*24* = 256.

Lai ¢6 D = 256 khi va chi khi x = 0. Suy ra D 2 256 va D = 256 tai x = 0.
Vay minD = 256 tai x = 0.

Chi y: Trénh sai 14m khi 1ap luan: D = (x* + 4)* 2 0 nhung déng thic khong
xay ra nén két luan 1a khong tim duoc gid tri nho nhat cia biéu thie D !

Vi DU 8.10. Tim gid tri I6n nhat cia cdc biéu thic sau:

a) A =421 - J124—x; b) B=|-J§.(J§—J5)2.
" Giai

a) Diéu kién x < 124 dé can thic /124—x ¢6 nghia.

Céo: J42! - \fl24-—x < J421 do ,/124-:( 20nén A S J42|.
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Lai c6 A = 421 khi va chi khi x = 124 (thod mén diéu kién).
Suyra A S V421 va A =421 khi va chi khi x = 124.

Vay maxA =421 tai x = 124,

b) Diéu kién x 2 0 dé can thicc Vx 6 nghia.

Cé:l-JE.(J'—Ji)zs Ido\/g.(f-ﬁ)zzﬁ.nenle.

2
Laic6 B=1& \@(J; - ﬁ) =0 < x =3 >0 (thoa min diéu kién).

SuyraBs 1 vaB=1khivachikhi x=3. Viy maxB = | 1ai x = 3.
VI DU 8.11. Tim s6 nguyén x dé:

a) Biéu thirc A dat gid tri l6n nhit, véi A = ]_;3 :
-X
b) Biéu thirc B dat gid tri nho nhit, véi B = i? :
x —
¢) Biéu thic C dat gid tri Iém nhat, véi C = 4:;_ X,
-X
. e g : 20-x
d) Biéu thirc D dat gid tri nho nhdt, v6i D = T
x —

Giai

a) Didu kién x = 17, ta xét hai trudmg hop sau:

eNEux<I17thil7=x>0,ma13>0nén A >0.

eNéux>17thil7-x<0.mal13>0nén A <0.

Do dé mudn A, ta phai chon x sao cho A > 0, tic 1a chon x < 17. Khi d6
Apmax khi va chi khi (17 = x),,i, do 13 1a hiing s6 duong.

Co17-x>0max € Znén (17 - x),,;, <> 17 - x = 1, hay x = 16 (thoa min
diéu kién).

Vay A=

T dat gid tri 16n nhat bang 13 khi va chi khi x = 16.
-X
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b) Diéu kién x # 7, ta xét hai trudmg hop sau:

eNéux<7thi x-7<0,ma3 >0nénB <0.

eNéux>7thi x-7>0,ma3 >0nénB >0.

Nhu vay, mudn B, ta phai chon x sao cho B < 0, tic la chon x < 7. Khi d6

B, khi s0 d6i cua B, <> (%} &> (7 = X)min d0 3 1a hing s6 duong.
-X
max

Giai twong tu nhu trén, ta ¢6 B, = - 3 khi va chi khi x = 6.

(39-3x)+1 _ 14 1

=3+ P, voi
13-x 13-x

¢) Diu kién x # 13, ta c6 C =

P= ’
13-x

Suy ra C,,, khi va chi khi P_,.. Gidi twong tu cdu a), ta ¢6 G, = 4 khi va chi
khi x = 12.
8-(x-12) 8
x=12 x=12

d) Diéu kién x # 12, tac6 D = -1 =Q -1, véi

8

o o

Suy ra D, khi va chi khi Q..
Giai tuong tu cdu b), ta ¢6 Dy, =~ 9 khi va chi khix = 1 1.

VIiDU 8.12. Cho (a - b)? + 6ab = 36. Tim gid tr1 Iém nhat cua x = ab.

Giai

C6 x =ab=[36~-(a-b)’]:656do(a-b)’ 20 vax =6 khiva chi khi
a=b=+6 hoica=b= V6.

Vay gid tri 16n nhat ctia x bing 6 khi va chikhia=b= V6 hoaca=b= -6

a
Vi DU 8.13. Cho a, b va ¢ 1a cic s6 tu nhién khdc 0. Biét '2'—2 < " % + 2 <l.
a c

Tim gid tri nho nhatcha téng S=a+b +c.
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Giai
Dé (a + b +¢),,;, ta phai cuc tiéu hod cdc gid tri a, b va c. (1)

Khong mat tinh tdng quit, tadat 1 <a<b<c. Suyra 2 2 =2

1
a b
Tac6-|—+-|-+ls§-.dod6-2-§<§.8uyra:I<a<31:aeI2:3|v‘|
a b ¢ a 29 a 28
ae N.

-Né'ua=2=>b>2.v‘|ne'ub=a=2th'i1+
a

I
o

%=I.Thco(i)lachqnh=3v:‘l
»
c:?.\’i—-i--l--i-l:ﬂmﬁ-—s(il"(!-
3 7 42 29 42
1 1

; ; U
eNéua=3=>c2b23;nfua=b=c=3thi—+—+—=1:nfua=3va

a b ¢
b.czdthil+l+lsl+l+l=£<3§.Dodélo:_:ia=3.
a bc¢c 3 4 4 6 2

Viymin(a+b+c)=2+3+7=12.

Vi DU 8.14. Cho céic s6 nguyén a, b, ¢, d. Bi€ta<2b;b<3c;c<4d vad < 5.
Tim gid tri 16n nhat coa s6 a.

Giai

Tacéd € Z vad <5 nén max(d) = 4.

Ta lai ¢6 ¢ < 4d ma max(d) =4 nén ¢ < 16, ma ¢ € Z nén max(c) = 15.

Tuongtr b<3c=>b<45mab € Z nén max(b) = 44.

a<2b=>a<88maae Znén max(a) = 87.
Vay gid tri 16n nhat cua a 1a 87.

VI DU 8.15. Cho hinh vuong kich thuéc 3 x 3, ta chia duoc 9 6 vuong nho
bing nhau. Dién cic 56 1,2,3,4,5,6,7, 8, 9 vao 9 6 vuong nho. Goi “téng lon" 1a
tong cdc s6 trén tdt ci cdc hang, cdc cot va cic dudmg chéo. Tim gid tri Ién nhat
cla tong 1ém do.

Giai
Dién cdc chir cdi vao cic 0 s6 cha hinh vuong (h.8.1) va goi T 1a “tong lén”,
ta cé:

T=[@+m+b)+(pra+q+d+n+c))+[(a+p+d)+(m+a+n)
+(b+q+o))+[(a+a+c)+(d+a+b)]

=4a+3@a+b+c+d)+2(m+n+p+q).
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Nhu vy, s6 a duoge tinh 4 14n; cdc s6 a, b, ¢, d duge tinh 3 14n va céc s6 m, n,
p, q duoc tinh 2 14n. DE T dat gid tri Ién nhat tachona =9;a=8,b=7,¢=6,d =5,
m=4,n=3,p=2vaq=1.

Vaymax(T)=49+3.(8+7+6+5)+2.4+3+2+1)=134.

a m b

p a q

d n c
Hinh 8.1

Dang 4. GIA TRI LON NHAT, GIA TRI NHO NHAT CUA BIEU THUC
CHUA DAU GIA TRI TUYET DO

I. KIEN THUC CO BAN

Chox,y € R,tacé: |x +y| S| x|+ | y|. Diu ding thirc xay ra khi va chi khi
xy 2 0.

Thatvay,tacéd: ([ x |2=xva|y|2-ynén|x|+|y|2-(x+Y)

=-(x|+|yDsx+y.

xS|x|vaysS|y|ménx+yS|x|+]|yl

Suyra: - (Ix|+|yDSx+yS|x|+]|y| hay|x+y|S|x|+]|y]

D¢ thay, ddu bang xay ra khi va chi khi xy 2 0.

Vay, gid tri tuyét d6i cia mot téng khong 1én hon tdng cdc gid tri tuyét doi.

IL. VI DU MINH HOA

VI DU 8.16. Tim gid tri nho nhat cia cdc biéu thic sau:
a)A=|x-2012] + 2011 - x]|; b)B=|x-456| + |x-789].
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Giai

a)Tac6 A=|x-2012]+]2011 -x|2|(x-2012) + 2011 -x)| =1 => A 2.
Ma A = | khi va chi khi (x = 2012)(2011 = x) 20, suyra 2011 < x <2012
Vay min(A) = 1 khi 2011 € x S2012. |

Luu y: Khong sir dung duoc | x - 2012|2 0 val2011 - x|2 0, vi diu ding
thirc khong xay ra dong thoi:

|x=2012|=0ex=2012va |2011 - x| =0 <> x = 2011, nhung 2012 # 2011.
b) Ta c6: B=|x—456|+|x—789|
=|x-456|+]789 - x| 2| (x - 456) + (789 - x) | = 333.

Co6 B 2 333, ma B = 333 khi va chi khi (x - 456)(789 - x) 2 0, suy ra
456 < x < 789.

Vay min(B) = 333 khi 456 < x < 789.

Luu y: Diém hay cla cdch gidi ndy la & chd sir dung|x - 789|=|789 - x|
(hai s0 d6i nhau c6 gid tri tuyét d6i bing nhau) dé triét tiéu x khi ddnh gid B.

VI DU 8.17. Tim gid tri nho nhat cta cdc biéu thic sau:

a)A=|x-1]|+|x-2]+|x-3];

b)B=|x—I|+|x-2|+|x-3| +|x-4].

Giai

a) Taco

As(-x+1|+x=-3D)+x=2|2|-x+1+x=-3|+|x=-2|=2+|x-2|22.

xs1)-(x=
(—x+1)-(x 3)20@{15:&53@)(:2.

x=2 X=2

Vay A 22 va A = 2 khi va chi khi x = 2.
Suy ra min(A) =2 khi x = 2.
Luu y: Khong thuc hién duge cédc cdch ghép khéc, ching han

Ma A =2 khi va chi khi {

A=(-x+1|+|x=2D+|x=3|2|-x+1+x=-2|+|x=-3|=1+x-3/21.
) -X+1)(x=2)20 1sx<2
Ma A = | khi va chi khi {( "3 y45-2) c:{ ’; . khong c6 gid tri
X= X==

nao cua x thoa man.
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Vay A 2 | nhung ddu ding thic khong xdy ra, do d6 khong tim dugc gid tri
nho nhat cua A.

b)Taco: B =(|-x+ 1|+ |x-4)+(=-x+2|+|x-3)) 24,
(=x+1)-(x-4)20 - l<x<4
(-x+2)-(x=3)20 25x<3

MhB=4khivhchikhi{ &>2SxS3.

VayB24vaB=4khivachikhi2sxs3.

Suyra min(B)=4khi2<sx s 3.

Luu y: Khong thue hién duge cdc cdch ghép khéc, ching han

B=(-x+1|+x=-2)+(-x+3+|x-4)22.

(=x+1)-(x=2)20 {]5;52
=

. khong c6 gia tn
(-x+3):(x-4)20 [3sxs=4

Ma B = 2 khi va chi khi{

nao cua x thoa min.

Vay B 2 2 nhumg ddu ddng thic khong xay ra, do d6 khong tim duge gid tri
nho nhdt cua B.

viDU 8.18.
a) Tim gid tri nhé nhit coa A, biét
A=|7x-5y| +122-3x| + |xy+yz+zx—2000|.

b) Tim i tri 16n nhat ciia B, biét B=124-5|x-7].
Giai
a) Taco

7x - Sy| 20,2z - 3x| 20 va | xy + yz + zx = 2000/ 2 0.
Suy ra A =|7x — 5y | + |2z - 3x| + |xy + yz + zx — 2000| 2 0.
Ma A = 0 khi va chi khi |7x = S5y| = |2z = 3x| = |[xy + yz + zx = 2000| = 0.

Co: |7x -5y |=0T7x=5y &< %;-:

X
5
z.
3.
IxXy + yz + zx — 2000 = 0 <> xy + yz + zx = 2000.

|22—3x|=0¢:>2z=3x@i=
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Suyra%:%: %:% va Xy + yz + zx = 2000.
Ta c6 day ti s6 bang nhau = il m
10 14 15

Ap dung tinh chat day ti s6 bing nhau, ta ¢é

= m——

v LN g o]
10 14 14 15

X Xy + yZ+2X _200(}_4

=%m 140+210+150 500
Tacok=22nénx=20,y=28,z=30hoic x =-20, y =-28, z=-30.
C6 A20,maA=0e(x;y;2)=(20; 28; 30) hoac (x; y; z) = (-20; -28; -30).
Viy min(A) =0 <> (x; y: 2) : (20; 28; 30) hoac (x; y; z) = (=20; -28; - 30).

b) Tac6|x-7/20,suyraB=124 - 5|x - 7| S 124. (1
MaB=0khivachikhi5|x-7|=0¢ex=7. (2)

Vay tir (1) va (2), tacé6 max(B) = 124 khi x = 7.

BAI TAP
8.1. Tinh gid tri cdc biéu thic sau:

a)A=x3-Sx2+IOx-2 vdix=--;-.

b)B=x’-4x’=7x - 10 véix e{-0,5; 0: 0.(6): 1).

¢)C=2x"-3x| +5 v6i x €(-2; - 0,(6)}.
8.2. Cho biéu thirc: P = a’ - 12a°b + 48ab® - 64b°.

a) Tinh gid tri cha biéu thitc Pvdia =1 va b = 0,25.

b) Tinh gid tri cia bi¢u thirc Pkhi3a=2bvaa-b=1,

8.3. Tinh gid tri cta biéu thic Q = " 2xy - 8y2 vé | x | =%— va|y| =%.
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8.4. Tinh gid tri cdc biéu thic sau:

2 2 3 3
X=y){x“=y“)|x" -y
a)A=( )( - 2( ) vix=1vay=0,l.
- St
b)B= 3b+28_38-3a viia-b=1lvaa=# E.bx 2
3a-5 5-3b 3 3
5_a.8
) Ce 0.25; 4; i 6x +y véi 5_:_4.
3x° +7y 5x -2y y

8.5. So sénh gi4 tri clia cdc biéu thic saukhia=-5vab=3:
A=a2—ab+b2; B=(a+b)2-3ab; C=(a3+b3):(a+b).

8.6. Cho ba don thiic A = 2xy?, B = - 2y°z* va C = 2z°x. Hdi ca ba don thic A, B
va C ¢6 thé cung duong duoc khong ?

8.7. Tim gid tri nhd nhdt cia cic biéu thic sau:
aA)A=|x+11]+|x+21|+|x+500|+|x+ 1012 +|x+1032|;

B)B=1vx =71+1Jx =51

8.8, Tim gid tri 16n nhat ca biéu thitc A = ————— .
(3x-2)" +11
8.9. Tim gi4 tri nhé nhat cla cdc biéu thic sau véi x 1 s6 nguyén:
o 17 ; b)B=”-x.
x=13 x=11
8.10. Tim gi4 tri 16n nh4t cia cdc biéu thitc sau véi x 12 s6 nguyén:
Sk 17 ; b) B = 32-21.
13-x 11-x

8.11. Xét phép todna * b= a”+ b véi moi s6 nguyén duong a, b.
Tim s6 nguyén duong x, néu 2 * x = 31.
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Chuyén 3¢ 9. CONG VA TRU PA THUC

Dang 1. CONG VA TRU DON THUC, DA THUC

I. KIEN THUC CO BAN

1. Da thic 1a mot tong cia nhimg don thic. Mbi don thic trong téng goi 12 mot
hang tr cua da thire dé.

a) Méi don thic ciing duogce coi 12 mot da thic.

b) Bic cua da thirc 1 bac cia hang tir ¢6 bac cao nhat trong dang thu gon cua
da thic dé.

2. D¢ cong (hay trir) cdc don thitc déng dang, ta cong (hay trir) cic hé s6 véi
nhau va giit nguyén phén bién.

3. C6 thé thuc hién cdc phép tinh cong (hay trir) hai hay nhiéu da thic dua trén
quy tic “ddu ngodc” va tinh chét clia cic phép tinh.

4. Phép cong cdc da thitc ¢6 cic tinh chit giao hodn, két hop.
Kién thirc bd sung
5. Hai da thic la d6ng nhat néu ching ¢6 gid tri bing nhau véi moi gid tri cia bién.

IL. VI DU MINH HOA

VIDU9.L. Tinh P=A +B+C; Q=A+B-C;
=-A+B+C S=A-B+C.
a) Biét cic dathic: A =3x" —4x + 5; B=2x>+5x - 4: C=4x° - x + 3.
b) Biét cdc da thic: A = 5a° - 3ab + 7b%; B = 6a* — 8ab + 9b%: C = 4a> — 3ab — 7b°.
Giai
a) Cé: P=9x2+4; Q=x2+2x—2;
R =3x"+8x - 6; S=5x"-10x + 12.
b) Cé: P=15a° - 14ab+9b%  Q = 7a® - 8ab + 23b%
R=5a"-8ab-5b%  S=3a’+2ab- b’
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VI DU 9.2. Thu gon cdc biéu thic sau:

a)M=a-{2b+[c-(d-a)]}+d-[(a=-b)-c]

b)N=1l-[(m=1)-(m+2)]-3m+ {5m - [2m - (3m - 4)]}.

Giai

a)CoOM=a-[2b+(c-d+a))+d-(a-b-¢)
=a-2b-c+d-a+d-a+b+c.

ViyM=-a-b+2d

b)CON=1-(m=1-m=2)-3m+[5m~-(2m - 3m + 4)]

=l =(-3)-3m+[Sm-(-m+4)]=14+3-3m+6m-4=3m.

Vi DU 9.3. Tim da thic P, biét :

a)P+(4x2-3xy)= y2—9xy+6x2:

b)(3yz-4xy)—P= 4x2—I2xy+Syz:

c)P-(2x*- 3y2 +TI+ -y 4 2°) = 5x° - 23,'2 -32.

Giai

a)P=(y2-9xy+6x2)—(4x2—31y)=2x2—61y+y2.

b)P=(3y2—4xy)-(4x2-l2xy+5y2)=-4x2+81y—2y2.

c)P=(5xz-2y2-3zz)+(2x2-—3y2+zz)—(x2—y2+zz)=6x2-4y2—3zz.

Vi DU 9.4. Xdc dinh a, b, ¢ d¢ hai da thiic sau la hai da thic déng nhat:

A=ax’-9x +6x° - (4x - 3x) va B=2x’-3bx+c - 1.

Giai

Thu gon hai da thiic dugc A = (a+ 2)x> - 6x vd B=2x>-3bx +(c - I).

a+2=2 a=0
C6 hai da thirc dong nhit: A=B e {-6=-3b < {b=2.
0=c-1 c=]

Vi DU 9.5. Biét uy=auwm= b. Upe2 = U0 — U, v(in € N*, Tinh Ujas-
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Giai

Céc so hang Phép tinh Chu ki

u, a = a

uy b = b

uy b-a = b-a

uy (b-a)-b = -a

Chu ki cua day s6 1a 6

Us (-a)-(b-a) = =b

Ug (-b)-(-a) = a-b

uy (a=b)=(=b) = a

ug a-(a-b) = b

Tacéd 124=6-20+4=5ul24 ==-a.

Vi DU 9.6. Cho hai don thic A = (- 2x°y’)* va B=(@x2")’. Timx, y v z
biét A + B=0.

Giai

C6 A +B=4x""%" +64x°2° =0, mat khac 4x'%° 2 0 va 64x°2° 2 0.
x=0

Suy ra 4x'°y6=0v&641626=0= [
y=z=0,

Vi DU 9.7. Chimg minh ring:

a) Téng clia ba s6 nguyén lién ti€p ludn chia hét cho 3.

b) Téng chia nam s6 nguyén lién ti€p ludn chia hét cho 5.

¢) Tim gi4 tri cia n d€ t6ng cla n s& nguyén lién 1i€p chia hét cho n.

Giai

a) Goi ba s6 nguyén liénti€plaa-1,a,a+ | (ae Z),tachd
S=(a-D+a+(a+1)=3a:3 viae Z.
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b) Goi nam s6 nguyén lién tiplaa-2,a~l,a,a+ l,a+2(ae Z),1acod
S=5a:5.

¢) Theo cich giai trén, ta du dodn téng cla n s6 nguyén lién ti€p chia hét cho n
néu n lé.

Xét 2k - 1 s6 nguyén lién uép:

a-k,a-(k-1).....a-l,a,a+1l,...,a+(k-1),a+k.

Téng cua 2k — 1 s6 nguyén lién tiép do6 la:

S=(a-k)+la=-(k-D]+...+@-D+a+@+D+...+[a+(k=1D]+(a+k)

S=(2k-Da:(2k-1).

Dé thdy t6ng cua hai s6 nguyén lién ti€p khong chia hét cho 2.

Vay dé t6ng ctia n s6 nguyén lién tiép chia hét cho n thi n phai la so 1¢.

Dang 2. BAI TOAN VE CHU SO

I. KIEN THUC CO BAN

Dang t6ng quét cia mot s6 tu nhién ¢6 nhiéu chir s6:

a,3,_13q_2.-213 = a,.10" +a,_,.10" " +a__,.10"% +...+2,.10+2y (a, #0).

Cicsba, a,_|,....a, 8 lacicchrs6 (02a,59,i€{0;1:2;...;n} vaa, =0).

II. VI DU MINH HOA

vi DU 9.8. Tim s6 tu nhién ab, biét:

a) C = ab + ba 12 mot s6 chinh phuong.

B)M=1+2+3+4+..+ bc = abc.

Giai

a)C6C=ab + ba =(10a+b)+(10b+a)=11(a+b).

Bi¢t C l1a mot s6 chinh phuong va C = 11(a + b), ma 11 la moOt s6 nguyén 16
nén C:11.

10A - TOAN 711 - .50 145



Suyra(a+b):11=>a+b=11. Via, blacdc chirso, ta c6 bang:

a+b 11

a 2 3 4 5 6 7 8 9
b 9 8 7 6 5 4 3 2
ab 29 | 38 | 47 [ 56 | 65 | 74 | 83 | 92
ba 92 | 83 | 74 | 65 | 56 | 47 | 38 | 29
ab + ba 121=11°

Viy ab € {29; 38; 47; 56: 65; 74; 83; 92}.

(E+ l).E
2

Suy ra (bc+1).bc =2.abc =200a + 2.bc = (bc—1).bc =200a=8.25.a.
Do (bc - 1).be 1a tich cuia hai s6 tu nhién lién ti€p nén

(8a).25 = (8.3).25=2425 > a=3.
Vay:a=3va bc =25 (That vay M = 1 +2 + 3 + ... + 25 = 325).
Vi DU 9.9. Tim s6 abe , biét a, b, ¢ 1 céc chir s6 khéc nhau ma:
a) S abe bing 11 14n t6ng cdc chir s6 cha nd;
b) Tong S = abc + bca + cab 12 mot s6 chinh phuong;
¢) Téng abc + bca + cab bing 777.
Giai
a)Céabc =11.(a+b+c)=>100a+ 10b+c=11a+11b+ 1lc.
Suyra 89a=cb =a=1vacb =89 (vi cb 12 s6 c6 hai chir s5).
Viy abc = 198.
b) Téng S= abc + bca + cab =111(a+b+c)=3.37(a+ b +¢).

Vi S 1a moét s6 chinh phuong ma 37 1a mot s6 nguyén & t6 nén S:37. Nhung

a+b+c khong chia hét cho 37. Vay S = abc + bca + cab khong 12 mot so
chinh phuong. Do d6 khong t16n tai s6 thoa mian bai todn.

b)Tac6M=14+2+3+4+..+ bc = = abc.
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c)Céabc + bca + cab =777=11l(a+b+¢c)=77TT=>a+b+c=7.
Khong mat tinh téng qudt, gia sira < b < c. Biét a, b va ¢ 1a céc chir s6 khic nhau
néntac6a=1,b=2vac=4. Viy abc = 124 (That vay: 124 + 241 + 412 ="T777).

BAI TAP
9.1.Tinh P=A+B+C Q=A+B-C;
R=-A+B+C; S=A-B+C
a) Biétcic dathic: A= 4x’ - 2x+ ;B =2x*+x -4, C= x* - 4x + 2,
b) Biét céc da thiic: A = 3a’ - Sab + 7b%; B = 5a’ - 7ab + 9b’;
C=7a’-9ab- 11b’.

9.2. Thu gon céc biéu thirc sau:
a)M=2a-[(2b-3c)-d]+a-[2b-(c-d)]+a+[2b-(c + 2d)).
b}N=a+(2a+c)—3az+[(a+3a-7a)+c]-2a2.

9.3. Tinh t6ng va hiéu cla hai da thic P va Q:
aA)P=[x+(y-2)-2x)+y+z-(z-x-y)vaQ=x~-[x-(y-2) - xJ;
b)P=2a"+ab-b’ - (-a’-ab+b’) va Q=3a’+b’ - (ab-a’).

9.4. Tim da thirc P, biét :
a)P+(3x* - 4xy) = 6y2 - Oxy + X%

b) (4y° - 8xy) - P= 5x° - 12xy + 4y*;

)P-(x*-2y* +329) + 3x* -y + 229 = 2x* - 3y* - 2%,
9.5. Xdc dinh a, b va ¢ d¢ hai da thic sau 12 hai da thirc ddng nhat:

A=ax2-6x+9x2—(3x2—4x) vi B=2x*-bx+c-3.

9.6. Bi€tu; =a, uy =-b,u,,, =u,,, = u, vdi n € N*. Tinh uy,,.
9.7. Tim s6 ab, biét:

a) C = ab — ba 12 mot s6 chinh phuong;

b) ab = 2ab;

c) ab =8(a +b).
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9.8. Tim cdc chit s0 a, b, ¢, biét:

M=014+02+03+04+ ...+ 57: = ab,c.

9.9. Tim s6 abc, biét a, b, ¢ 12 cic chif s6 khdc nhau va khic 0, ma:

a) abc = ab + bc + 5;
b) S6 abc Ia trung binh cOng cua hai s6 bca va cab;

c) S6 abc la trung binh cOng cua tat ca cdc s6 c¢6 ba chir s6 khac nhau duogc
lap tir cdc chirs6 a, b, c;

d) 3a + 5b = 8c.

9.10. Téng S= abc + bca + cab + ab + be + ca 6 1a mot s6 chinh phuong khong ?

Chuyén d 10. DA THUC MOT BIEN

Dang 1. DA THUC MOT BIEN

1. KIEN THUC CO BAN
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Da thizc mot bién 1a 16ng cua nhimg don thic cha cing mot bién.

e Da thirc mot bi€n x duge ki hiéu 1a f(x), hoac g(x), hodc h(x), ... .
e Mdi s6 ciing dugc coi 1a mot da thire mot bién.,

¢ Gid tri cua da thirc mot bién f(x) tai x = a duoc ki hiéu 1a f(a).

Da thirc mot bién (sau khi thu gon) thuémg duge sdp theo luy thira giam din
hoic tang dan cua bién.

e Bic cta da thitc mot bién (khéc véi da thire khong) 1 s6 mii cao nhdt cia bién.,

Da thirc mo6t bién bac n c6 dang thu gon:

f(x)=a,x"+a,. ;X" '+...+ax +a,.x+ay (Vdia,#0)

2

hoac f(x) = ag+ a;.X + 4.X" + ... +a, - ;.x" ' +a,x" (v6ia,#0).

e Cic s6 a;, a, ..., a, 1a cdc hé s6. SO a, duoc goi 1a s6 hang doc lap hay hé s6
tu do.



e Da thire f(x) = ax + b (a # 0) duge goi 1a nhi thic bac nhat.
* Da thiic f(x) = ax> + bx + ¢ (a # 0) duoc goi 12 tam thiic bac hai.
4. Cic phép tinh vé da thitc mot bi€n ciing twong tu nhu d6i véi cic da thic nhiéu
bién.
Kién thurc bd sung

5. Taix=lthif(l)=a,+a,_,+a,_,+ ... +ay +a, +a, Nhu viy, tong cic h¢
s0 cua da thic f(x) chinh 14 gid tri cua da thiac d6 tai x = 1.

I1. VI DU MINH HOA

Vi DU 10.1. Cho da thic: f(x)=—x-7x2+6x3-3x4-2xz—6x " =1,
a) Thu gon réi sdp x€p céc s6 hang ciia da thic theo luy thira giam din cua bién.
b) X4c dinh bic cua da thirc, hé s6 wr do, hé s6 cao nhat.

¢) Tinh f(- 1), f(0), f(1), f(- a).

Giai

a) Co f(x)=-x"*+6x> -9x* - 7x - 1.

b) Pa thirc f(x) c6 bac 4, hé s6 twdo la - 1, hé s6 cao nhat 1a - 1.

¢) Ta co:

f- === 1D +6(=1) =9 1)*=7(=1)- 1=~ 10;

f0)=-1;

(M=-14+6.12-912-71-1=-12;
f(-a)=-(-a)4+6(-a)3-9(-a)3-7(-a)— Joiil = 6a’ —9a> +7a~— 1.
viDU 10.2.

a) Cho da thic f(x) = x° - 2x" + 3x” = x + 1. Tinh f(0), f(1), f(- 1), f(a), f(~ a).
b) Cho céic da thuac f(x)=x3+x +1 va g(x)=x‘-2x2+ 1.

Tinh f(a) + f(- a) va g(a) - g(- a).
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Giai

a) Cé: f(0)=1;

f(=1-21"+3.17-1+1=2

f=D)=(-1=-2-D'+3¢1P -D+1=-4;

f(a)=a5-2a‘+3a3—a+1:

f(~a)=(-a)-2(-a) +3(-a)’ - (~a)+ 1=-a"-2a" -3  +a+1.

b)C6 fa)+f(-a)=(’+a+1)+[(-a) +(=a)+1]=2;

ga)-g(-a)=(a'-2a%+ 1) - [(~a)* -2(-a)* + 1] = 0.

viDU 10.3.

a) Cho da thiic f(x) = 100x'® + 99x* + 98x™® + ... + 2x% + x + 1. Tinh f(1).

b) Cho da thic g(x) = 1 + x + x> + x> + ... + x20' 4 x® 2 Tinh g(1)
va g(-1).

c)Chodathic @(x)=1+x + o Y x"(n € N"). Tinh ©(0), @(1) va
o~ 1).

d) Chodathic h(x) =1 = x + x> = x> + ... + (=<1)"x" (n € N°). Tinh h(0),
h(-1).

Giai

a)Cof(1)=(100+99+98+...+2+ 1)+ 1 =5050 + 1 = 5051.

b)Cog(l)=1+(1+ 1%+ 12+ ...+ 12" 4123 - 2013

Cog(-1)= 1+ [(=1) + (-1)* + (=1)’ + ... + -1)®" 4 (-1)P1})

=l +[(1-D+(1-D+(1-D+...+(1=-D]=1+[0+0+0+...+0]=1.

c) C6 9(0) = 1.

 Xétn chin = n = 2k (k € N"), da thic @(x) ¢6 (n + 1) hang tir hay (2k + 1)
hang tr.
o()=1+ (!+l+l+...+!) =1+1.2k)=1+n;
2k

P-D=1+[D+ D+ (1’ + ..+ =D )= 1+ (0+040+..40) = 1.
k
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e Xétnlé=>n=2k -1 (k e N'),dathiic g(x) c6 (n + 1) hang tir hay 2k hang tir.

=1+ (+1+1+..+1) = 1+1.2k-1)=1+n
2k-1

o=-D=l+[=D)+(-1D2+1P+...+(=D*")

=1+ (0+040+...+0) -1 =0.
k1
Vay @(1) = | +n; @(=1) = | néu n chin va (= 1) =0 néu n lé.
d) C6 h(0) = 1.
e Xét nchin => n = 2k (k € N‘) => hang tr cudi cung khi x = -1 l&
=D"x"= (-1,
h(=1) =1+ [= (=) + (=1} = (=1} + ... + (-1
=1+ (1+l+1+.+]) = 1 +n.
2k

eXétnlée =>n=2-1( eN) = hang tir cudi cing khi x = -1 I:

= l)nxn=_(_ I)Zk- I-

M=1)=14+[- D+ D=2 e = -DFTY

=]+ (}+l+|+...+l) =1+n
2k-1

Vayh(-=1)=n+1vdimoin e N’
Vi DU 10.4. Tim tdng cdc hé s6 cua da thic sau khi phd ngodc va sap x€p, biét:
a) Pa thic f(x) = (2x3 -3+ 2x + l)w:

b) Da thirc g(x) = O{Z'nc2 -1lx + 9)20”. (5x" + 43+ 3x° - 12x - ”zmz.

Giai

Ta biét ring tdng cdc hé s6 cha da thic bing gid tri cua da thic d6 tai x = 1.
a)Tace: f(1) = (2.1°=3.17+ 2.1+ D' =2""=1024.

b) C6: g(1) = (3.12 = 11.1 + 9", (5.1% + 4.1%+ 3.12 = 12.1 - 1)

20
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Dang 2. CONG VA TRU DA THUC MOT BIEN

I. KIEN THUC CO BAN

1. Da thic mot bién 12 téng ciia nhimg dom thic cha ciing mot bién.
2. Cong hay trir da thirc mot bién tuong tu nhu cong hay trir da thic nhiéu bién.

IL Vi DU MINH HOA

VI DU 10.5. Cho cic da thic:
f(x)=3x" +3x° - 5x* +x - 3;
gx)=x"+3x* - 3%+ 5x - 7

va h(x)=5x" + x> + x> + 3x - 5.

a) Tinh f(x) - g(x) va g(x) + h(x).

b) Tim céc da thic P(x) va Q(x), biét:

P(x) + Q(x) = f(x) = g(x) vd P(x) - Q(x) = g(x) + h(x).

Giai

a) Sir dung phuong phép cong theo cot doc:

f(x) It + 3% - 5X2 + X — 3
g(x) . x* +3x° - 3x° +5x -7
f(x) - g(x) 2x* - 2x° -4x +4
g(x) x' +3x° - 3x° + 5x -7
h(x) i sx'+ x° 4+ x° + 3x -5
g(x) + h(x) 6x" + 4x’ - 2x* + 8x - 12
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b) Tacéd

P(x) + Q(x) = f(x) = g(x) = 2x* - 2x% - 4x +4.

P(x) - Q(x) = g(x) + h(x) = 6x* +4x® - 2x% + 8x - 12.

Suy ra 2.P(x)=8x‘+4x3—4x2+4x —8=:-P(:|c)=4rx"+2:~t3 2% 4 2% - 4.

Ta céd 2.Q(x)=-4x4-4x3— 12x + 16=>Q(1)=-2x4—2x3-6x+8.

Vi DU 10.6.
Mo f)=xP=x*'ex¥2 - . ax?=-x+1
va g(x)=1 R BT = s PR T N Ly

Tinh gid tri cha da thirc h(x) tai x = 2012, biét h(x) = [f(x) + g(x)].[g(x) = f(x)].
Giai

Ta c6 g(x) = f(x) = 0 nén h(x) = [f(x) + g(x)].[g(x) - f(x)] =

Vay h(x) = 0 véi moi x nén h(2012) = 0.

viDu 10.7.

a) Tinh f(- 0,5), biét f(x) = x> + 0,125x* - 0,5.

b) Tinh g(12), bict g(x) =x"* = 13x" + 13x"? = ... + 13x% = 13x + 13,

Giai

a)Céf(x)-x -(-05):& -05= X - xx% -0,5=-0,5 (thay - 0,5 =

Vay (-0,5) = -0.,5.

b) Ta cé

g)=x" =12+ DX+ (124 DxP - L+ 124+ DXP =12+ Dx+(12+ 1)
=x“-(x + l).x"”q-(x + l).xu- e H (X + I).xz-(x-i- x+(x+1)
=x“—x“-x”+x”+xlz-...+x3+xz-xz—x+x+ 1=1

(tathay 13=12+1=x+1). Vayg(12) = 1.
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VI DU 10.8. Xdc dinh cdc da thic sau:
a) Nhi thic bac nhat f(x) =ax +bvdia= 0, biétf(- )= 1vaf(l)=- 1.
b) Tam thitc bac hai g(x) = ax® + bx + ¢ véi a # 0, biét g(-2)=9, g(-1) =2,

g(l)=6.

Giai
a)Cof(l)=a+b==1vaf(-l)=-a+b=1Lsuyra2b=0=b=0va

a=-1.

Vay da thie f(x) = - x.
b)Cog(-2)=4a-2b+c=9:g(-1)=a-b+c=2;g(l)=a+b+c=6.
Suyraa+c=4vab=2
Tuib=2=4a+c=13,wrdbtacéa=3vac=1.
Vaydathfrcg(x)=3x2+23+ ks

Vi DU 10.9.
a) Da thic f(x) = ax + b (a # 0). Bié¢t f(0) = 0. Chimg minh ring f(x) = - f(-x) véi

moi Xx.

b) Da thic f(x) = ax” + bx + ¢ (a # 0). Biét f(1) = f(-1). Chimg minh ring

f(x) = f(—x) v6i moi x.
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Giai

a) C6 f(0) = b.

Vi f(0)=0nénsuyrab=0.

Vay da thire da cho 1a f(x) = ax (a 2 0).

Ta lai ¢6 ax = - a(- x), suy ra f(x) = — f(- x) vdi moi x.
b)Céf(l)=a+b+c va f(-1)=a-b+c.
Vif(l)=f(-1)néna+b+c=a-b+c,suyrab=0.
Vay da thirc da cho 1 f(x) = ax’ + ¢ (a # 0).

Ta lai ¢6 ax’+c= a(- x)z + ¢, suy ra f(x) = f(— x) véi moi x.



Vi DU 10.10. Cho da thirc
f(x) =a,x" +a,- I.x"" + .. ~i-5|2.:c2 +a,.x+2, (a,#0).

Biét a,, a,, a,, ..., &, 12 cdc s6 nguyén. Chimg minh ring néu xo € Z ma
f(xg) = O thi xg 12 mot udc cua a,,
Giai

- g
Cé f(xg)=a,.Xg +a,_1-Xg +..+27.Xp+a;.Xg+29=0.

Ta lai ¢6 a,.xg,a,_1.X0 .....az.xf,. a;.xo déu chia hét cho x, ma 0 chia hét

cho x,, nén a, chia hét cho x,, hay x, 1a mot uéce cia a,,

Vi DU 10.11. Chimg minh ring khong t6n tai da thirc f(x) c6 cdc hé s6 nguyén
ma f(8!) = 2012 va f(9!) = 2072.

Giai
C6 £(9") - f(8") =a_.((9)" - (8)™) + a,_.(9N™ " - (8)" ") +...+2,.(9! - 8!)
= 2072 - 2012 = 60.

Ta nhan thdy 9! = 1.2.3.4.5.6.7.89 va 8! = 1.2.3.4.5.6.7.8 nén v¢€ trdi cla
ding thitc chia hét cho 7, nhung v€ phai 12 60 khong chia hét cho 7.

Vay khong t6n tai da thic f(x) cé cdc hé s 1a s6 nguyén ma f(8!) = 2012 va
f(9!)=2072.

Dang 3. NGHIEM CUA DA THUC MOT BIEN

I. KIEN THUC CO BAN
1. Néutai x = a, da thic f(x) ¢6 gid tri bing 0 thi ta n6i a (hodc x = a) la moOt
nghiém cua da thic f(x).
e a 1a mot nghiém cua da thie f(x) < f(a) = 0.
e Khi f(x) = 0 tai x = a, ta n6i da thic f(x) triét tiéu ta1 x = a.
« Tim nghiém cta da thic f(x) 1a tim céc gid tri cua x dé f(x) = 0.

155



2.

Mot da thire (khic véi da thire khong) ¢6 thé ¢6 | nghiém, 2 nghiém, ... hoac
kKhong ¢6 nghiém nao.

* S0 nghi¢m cua da thic (khdc v6i da thic khong) khong vuot qué bic cia no.
* Mot da thirc khong c6 nghiém (vO nghiém) néu f(x) # 0 véi moi x.

Kién thirc bd sung

Cho da thitc f(x) = a,.x" + 2, - | .X"' + ... + a,.x> + a,.x + a9 (a, #0).

* Néu 16ng cdc h¢ s6 cua cdc hang tir bang 0 thi da thitc c6 mot nghiém 12 1.
Néuag+a, +a, + ...+ a,=0thi f(1) =0 va | 1a mot nghiém cua da thic.

* Néu t0ng cdc he¢ s6 cua cdc hang tir c6 bac 1¢ bing 16ng cdc hé s6 cua cdc
hang tir ¢6 bac chin thi da thic ¢c6 mot nghiém la - 1.

Néuag+ay+a,+...=a) +ay+ag+ ... thi f(=1)=0 va -1 12 mot nghiém
cua da thirec.

Néu da thic f(x) véi hé s6 nguyén c6 nghiém nguyén thi nghiém dé 12 uéc cua
hé s6 tr do.

IL. VI DU MINH HOA
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Vi DU 10.12. Tim nghiém cta céc da thitc:

a) f(x) = x° - 2x; b) f(x) = x* + 8;

o) f(x)=x+ V2 d) f(x) = x* - 5x +6;

e)f(x)= x>+ x>+ x+1.

Giai

a) Xét f(x)=x3-2x=0+ Suyrax3—2x=x(x2—2)=0.
Tac6 x =0 hoac x> -2 =0.

Vay tap hgp nghiém ciia da thic f(x) 1A S= [-v2 :0: V2 ).
b)Xétf(x)=x3+8=0.Suyrax3= -8 x=-2,

Vay tap hop nghiém cia da thic f(x) 1a S = |- 2).



¢) Nhan xétx*20va 250 nén x° + Jiz ﬁ > 0.

Vay da thic f(x) = x> +J2 # 0 véi moi x. Suy ra da thuc f(x) = x> +J2 vo
nghiém.

Viy tp hop nghiém cua da thic f(x) 1a S= .

d) Xét f(x) = x" = 5x + 6 =0.

Taco f(x)=x> - 5x +6=x" = 2x = 3x + 6= x(x = 2) = 3(x - 2)
=(x=-2)x-3)=0.

Vay tap hop nghiém cua da thic f(x) laS={2; 3).

e) Xétf(x)=x"+x" +x+1=0.

Taco f(X)=x>+ x> +x + 1 =x*(x + )+ (x+ 1) =(x+ D(x*+ 1) =0.

Viy tap hop nghiém cia da thic f(x) 1A S = {- 1}, do x> + 1 > 0.

Vi DU 10.13.
a) Tim gid tri cua m d¢ da thic f(x) = mx” +2x + 8 ¢6 mot nghiém la -1.

b) Tim gid tri ciia m dé da thic g(x) = x* + 3m’x’ + 2mx” + mx - | c6 mot
nghi¢m la 1.

¢) Tim gid tri cia m dé da thirc h(x) = x> - 3x° +mco mot nghiém la - 2.

d) Cho da thic k(x) =d + cx +bx>+ax véiaz0.

e Tim gid tri cba a, b, ¢, d d¢ da thirc k(x) c6 cdc nghiém 1a 1 va -1,

e Tim nghiém thir ba con lai cua da thic dé.

Giai

a) Da thic f(x) = mx® + 2x + 8 c6 mot nghiém 12 ~1 khi
m-2+8=0<m=-6.

Vay da thic f(x) = mx’ + 2x + 8 ¢6 mot nghiém 1a =1 khim = - 6.

b) Da thirc g(x) = x* +3m*x’ + 2mx> + mx - 1 ¢6 mot nghiém la | khi

l+3m’°+2m+m-1=0<3mm+1)=0cme |- 1;0).
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Vay da thic g(x) = x* + 3m®’ + 2mx® + mx - 1 c6 mot nghiém 12 1 khi
me {-1;0).

¢) Pa thic h(x) = x° - 3x* + m ¢6 mot nghiém 13 -2 khi
(-2’ - 3.2 +m=0<>m =44,

Vay da thirc h(x)=xs—3x2+mc6 mot nghiém la -2 khim = 4.
d) Da thirc k(x) = d + cx + bx” + ax” véi a = 0 c6 nghiém 12 1 va —1 khi

a+b+c+d=0 vi a-b+c-d=0a=-c vda b=-4d.
Vay khi a= - c va b= d thi da thic k(x) = d + cx + bx + ax’ ¢6 hai nghiém # 1.
Ta c6 da thiic k(x) = ax’ + bx? - ax - b ¢6 hai nghiém # 1.
Xétk(x)=ax3+bx2——ax—b=0¢:>(ax+b)(x2—l)=0.ngohix=tllacbn

b

¢6 moOt nghiém khéc la x = - —.
a

Vay tép hop nghiém cua da thirc k(x) 1a S={% 1; - ).
a

Vi DU 10.14. Chimg minh ring da thiic f(x) = x> — 1 ¢6 duy nh4t mot nghiém
lax=1.

Giai
Gia sir a 1a mot nghiém cba da thic f(x) = x° - 1 va tap hop nghiém cua da
thire f(x) 1a S.

Xét cac khodng gid tri cla a:

~Néua<Othia’<0,dod6f(a)=a" - 1 <Onénkhia<Othia g S.
-NéuO<a<Ithi0<a <1,dod6f(a)=a’-1<0OnénkhiO<a<lthiags.
~Néua=1thif()=1"-1=0nén1eS.
~-Néua>1thia’>1,dod6f(a)=a’~1>0nenkhia>1thiagS.

Vay da thic f(x) = x>~ 1c¢6 nghiém duy nhat 1a 1.

Vi DU 10.15. Chimg minh ring da thic f(x) = - x4+ 3 -2+ x -1
khong c6 nghiém nguyén.,
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Giai
Néu da thic f(x) = — 4x" + 3x> = 2x” + x - 1 ¢6 nghiém nguyén thi nghi¢m d6
la u6c ciia — 1. Mat khic -1 ¢6 hai u6c 1a 1.
Tact: f-D)=-4(- ' +3=11-2- 1) +(-1)-1==1120;
K)=-41*+3.7-212+1-1=-3%0.

Vay da thie f(x) = - ax*+3x° -2 +x -1 khong ¢6 nghiém nguyén.
BAI TAP

10.1. Cho da thitc: f(x) = 4x> - 7x° + 4x - 5x* = x? + 6x” + 5x* - 5.
a) Thu gon réi sdp xép céc hang tr cua da thirc theo luy thira giam dédn cua bién.
b) Xdc dinh bac cua da thirc, hé s6 tu do, hé s6 cao nhat.
¢) Tinh f(- 1), £(0), f(0,5), f(1).
10.2. 2) Cho f(x) = 99x + 98x> + 97x" + ... + 2x"" + x” + 1. Tinh f(- 1).
b) Cho g(x) =1 PR T T e JE N x'm.T{nhg(— 1).

¢) Cho h(x)=0,1x +0.0lx2 + 0.()0I:r.3 + ...+ 0,000..01x"(n € N').

n
Tinh h(=1), h(1).

10.3. Tim tdng cdc hé s6 cia da thic sau khi phd ngodc va sip xép, biét:
a) Da thie f(x) = (x3 = 0% 4 3% = 4)'0:
b) Da thic g(x) = (.’am2 - 12x + 8)“". (4x5 +3xY + 2+ X2 - 12x + I)nn.

10.4. Cho céc da thifc: A = — 4x” - 2x + 2; B=4x - 6x° + 5% - 2,
a) Tinh: A+ B; A-B.
b) Tinhgidtricia A, B,A+ B, A-Bvéi x=2.

10.5. Tim nghiém cua cdc da thic sau:

a) f(x) = g = xz: b) g(x) = 13 - X,
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c)h(x)=x3-xz+x-l; d)k(x)=x2—7x+l2.

10.6. Tim gid tri cia m dé :

34 x> + x + 1 c6 nghiém 1a -1.

2+ mx® + mx - 1¢6 nghi¢m la 1.

a) Da thic f(x) = mx
b) Pa thic g(x) = x* + m
¢) Pa thiic h(x) = X~ 2x* + m ¢6 nghiém la 3.

10.7. Cho da thitc f(x) = ax’+ bx” + cx + d (a # 0).
a) Tim a, b, ¢, d d€ da thic f(x) c6 hai nghiém 12 - 2 va 2.
b) Tim nghi¢m con lai cua f(x).

10.8. Tim céc hé s6 a, b, ¢, d clia da thic f(x) = ax’ + bx + cx + d, biét
f(0)=-5:f(1)=4; f(2) = 31; f(3) = 88.

l0.9_. Cho cédc da thire bac nhat: f(x) = ax + b va g(x) = bx + a (a va b khic 0). Gia
str da thic f(x) c6 nghiém 12 x,, tim nghiém cua da thic g(x).

10.10. Chimg t6 ring da thic f(x) = - 8x" + 6x° — 4x* + 2x - | khong ¢6 nghi¢m
nguyén.

10.11. Cho da thic f(x) = ax’ + bx’ + cx + d ¢6 gid tri nguyén véi moi x € Z.
Chimg t6 riing 6a va 2b 1a cdc s6 nguyén.
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CAC CHUYEN DE NANG CAO

Chuyén d¢ 11. CHUNG MINH BANG PHAN CHUNG

I. CHUNG MINH BANG PHAN CHUNG LA GI?

Trong chimg minh bang phan chimg (tiéng La tinh la reductio ad absurdum,
c6 nghia 1a "thu giam dén su vo 1i"), nguin ta s¢ chimg minh néu mot phit
biéu ndo d6 xay ra, thi din dén mau thudn vé logic, vi vay phdt biéu dé khong
duge xay ra. Phuong phdp nay c6 1& 1a phuong phdp pho bién nhit trong chimg
minh todn hoc.

IL. BA BUGC CUA CHUNG MINH BANG PHAN CHUNG

Bure | (phu dinh két luan): Gia sir ¢6 diéu trdi vai két luln cua bdi todn.

Bucoe 2 (dua dén mau thudn): Tir diéu gia sir trén va tir gia thiét cua bai todn, ta
suy ra mot di¢u mau thudn véi gia thi¢t hay véi cic Kién thire da hoc.
Bucre 3 (khdng dinh két luan): Vay két ludn cha bai todn 1a ding.

L VI DU MINH HOA

Mot vi du ndi tiéng vé cich chimg minh phan chimg la chimg minh J2 1a mot
sO VO 1.

Vi DU 11.1. Chimg minh ring V2 1as6 voti.

Giai

Gia sit V2 12 s6 hiru ti. 1a sé bidu dién duge 2 =% véi a. b e Z.b=0,
(a,b)=1.

Do d6 a=by2 . Binh phuong hai vé ta duoc: a® =2b". Vi v& phai chia hét
cho 2 nén v€ trdi cing phai chia hét cho 2 (vi ching bing nhau va déu la s
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nguyén). Do d6 a* I s6 chin, c6 nghia 12 a ciing phai Ia s6 chdn. Do vy ta ¢6 thé
viét a =2c, trong do6 ¢ ciing 1a s6 nguyén. Thay vio phuong trinh ban diu ta c6:

(2¢)* =2b? hay b® = 2¢®. Nhumg khi d6, tuong tw nhu trén, b2 chia hét cho 2
nén b phai la s6 chan. Nhumg néu a va b déu la s6 chin thi chiing s& c6 chung mot
uGe sO 1a 2. Diéu nay trdi vai gia thiét (a,b) = 1. Viy gia sl V2 12 56 hiru ti 12 sai.
Do d6 2 13 56 vé ti.
y & o . . . |

VI DU 11.2. Khong dung miy tinh, hiy chimg minh 6-+/35 < o

Giai

Gia sir 6-+/35 2 %. Khi d6 6-—-|-'6 > /35 hay 59 > 10y/35 . Binh phuong hai
vé€ ta c6: 59% 2100.35 hay 348123500, diéu ndy la vo 1i. Vay gia si trén 1a sai,
do d6 6-+/35 < T|6'

Vi DU 11.3. Chimg minh ring khong t6n tai cic sO nguyén duong x. v, z, t
théa mén déng thai cic ding thirc sau:

X +xyzt = 1987 (1
y +xyzt =987 (2)
z+xyzt =87 (3)
t+xyzt=7, (4)

Giai

Gia sir tén tai cic s6 nguyén duong x. y, z t thoa min cdc ding thic (1), (2).
(3). (4). Trir img v€ cdc dang thirc nay ta duoc:

x=y=1000, y-2=900, z-1=280.

Suy ra x, y, z, t ¢6 cung tinh chin lé.

Né€u x, y, z, t cing chin thi x + xyzt 14 s6 chdn, mau thudn vai (1).

Néu x, y, z, tcung lé thi x +xyzt vin 1A s6 chin, mau thuin vai (1).

Diéu nay chimg 16 gia sir trén 12 sai. Vay ta c6 diéu phai chimg minh.

Vi DU 11.4. Chimg minh ring néu n 1a s6 nguyén duong thi s6 2010" -1
khong chia hét cho 1000" - 1.

162 118 - TOAN 711 - .80



Giai
Gia sir vai n la s6 nguyén duong thi 2010" -1 chia hét cho 1000" 1.

Khi d6, do 1000™ —1 chia hét cho 3 nén 2010" -1 chia hét cho 3. Diéu nay la
vo 1i vi 2010" —1 khong chia hét cho 3. Vay diéu gia sit 2010 -1 chia hét cho
1000" —1 1a sai. Suy ra 2010" -1 khong chia hét cho 1000" -1.

VI DU 11.5. Néu a,.a,,....a, 1a mot hodn vi thy ¥ chacdc s6 1,2, ...,nvdin
la s6 1é, thi tich (a; - 1)(a —2)...(a, —n) 12 s6 chén.
Giai

Ddu tién, ta ¢6 nhan xét ring tdng ctia mot s6 1é cic s6 1é 1a mot s6 1é. DE
chimg minh bai todn ta chi cin chimg minh rang t6n tai mot hi¢u a, —k nao dé la

s6 chin. Gia sir ring tat ¢ cdc hiéu a, -k déu la s6 1é. Khi d6 t6ng
S=(a;-D+(a,-2)+..+(a, -n)=0,

vi cdc s6 ay 1a sdp x¢€p lai cua cdc s6 1, 2, ..., n. Nhumg theo nhan xét trén thi S la
sO 1€ vi 1a 16ng clia mot s6 1é cic s6 1é. Diéu nay mau thuln. Do d6 gia sir tat ca
cdc hiéu ag =k déu 1a so6 I¢ 1a sai. Vay sé c6 it nhat mot hiéu ay, ~k 12 s6 chdn,
suy ra tich (a; —1)(ay —=2)...(a, —n) la s6 chan.

¢ C6 nhiéu cach chimg minh v¢ su t6n tai vo han cic s6 nguyén t6, vi du sau
dua ra cidch chimg minh bing phan chimg cua Euclid cho két qua nay.

Vi DU 11.6. Chimg minh ring t6n tai vo han cdc s nguyén (8.

Giai

Gia sit chi ¢6 hiru han cic s6 nguyén 10 1a p, Ps..... Py V2 gid si
P €P2 €...< P, - Xéttich A =p,.py..p, +1. Rorang A >p, nén A la hop s6, do
dé A c¢6 it nhat moOt uée nguyén 16 p. Khi d6 do p;.ps..... p, 12 tdt ca céc s6
nguyén t6 nén tén tai i€(1,2,...,n} saocho p=p,.

Nhuvay Aip: (p;.P2---Pn):P nén 1:p, mau thuin.
Do d6 gia sir chi ¢6 hiru han s6 nguyén 16 1a sai. Vay ¢6 vo han céc s6 nguyén t6.

VI DU 11.7. Cho s6 nguyén n la hop s6, n > 1. Chimg minh ring n ¢6 uéc
nguyénté p< Jn.
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Giai

Do n la hop s6 nén n c6 thé viét dudi dang n=ab véi a,beN,a>1, b>1.
Bay git néu ca a>+v/n va b>n thi ab>Vn.v/n =n, mau thuin. Do dé phai
¢6 a<Vn hoacb<+/n, va do d6 n c6 uée nguyén 10 pSJ;. Bai todn duge
chimg minh.

Nhdn xét: Két qua trong vi du ndy c6 thé dung lam tiéu chuidn d¢ kiém tra
mot s6 c6 la s6 nguyén 16 hay khong. Vi du: D€ kiém tra s6 101 ¢6 1a s6 nguyén

16 hay khong, trude tién ta tinh V101 = 10,04 . Khi d6, theo Vi du 11.7 thi hoac
101 1a s6 nguyén t6 hoac 101 chia hét cho 2, 3, 5 hoac 7 (la cdc s6 nguyén 16 nho

hon 10,04). Do khong c6 s6 ndo trong cdc s6 2, 3, 5, 7 la udc coa 101 nén 101 la
sO nguyén 0.

Vi DU 11.8. Chimg minh ring:

a) Tich cia nhimg s6 nguyén c6 dang 4k +1 12 s6 c6 dang 4k +1;

b) Tén tai vo s6 cdc s6 nguyén 16 c¢6 dang 4k + 3.

Giai

a) Vivéi k;.k, € Z thi

(4k; + 1)(4ky +1) = 16k k4 + 4Kk, +4k, +1 =4(4k k) +k; +ky) +1 =4k + 1,

do d6 tich cua nhimg s6 nguyén c6 dang 4k +1 la s6 c6 dang 4k +1.
b) Nhdn xét: Mbi s6 dang n = 4k + 3 s& ¢6 it nhat mot uée nguyén 16 ¢ dang do.

That vay, rd rang n ¢6 udc cung dang véi né vi ban than n 1a uéc cua n. Goi p
la uéc nho nhat trong cdc uée nhu thé. Néu p la s6 nguyen t6 thi nhan xét duge
chimg minh. Néu p la hop s6 thi p phan tich duge thanh tich cédc thira s6 nguyén 16
1€ (do p 1é). Céc thira s& nay khong thé ¢6 cing dang 4m +1 (vi khi d6 theo cdu a,
p s€ c¢6 dang 4m+1). Vay it nhit mot thira s6 nguyén t6 ¢6 dang 4k + 3. Do udc
cla p ciling 1a ude cia n nén n c6 ude nguyén t6 dang 4k +3.

Bay gio ta s€ chimg minh ¢6 vo 56 cdc s6 nguyén 16 cé6 dang 4k +3 .

Gia sur chi ¢6 hiru han cdc s6 nguyén 16 ¢6 dang 4k +3 1a p,.ps, .. ., Dy

Xétsé N =4p,p,...p, =1 thi N cé dang 4k + 3. Theo nhan xét trén thi N ¢6 it

nhat mot uéc nguyén 6 c6 dang 4k + 3. Nhumg tir cich xdc dinh N thi N khong
chia hét cho bat cir s6 nguyén t6 nao ¢6 dang 4k + 3. Diéu mau thudn nay chimg
16 gia sir trén 1a sai. Vay c6 vo s6 cdc s6 nguyén 16 c6 dang 4k + 3.
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VI DU 11.9. Cho a, b 12 hai s6 thuc sao cho véi moi s6 thuc € >0 ta ludn ¢6
a<b+e.Chimg minhranga<b.

Giai
Gia sur nguoc lai la a > b. Khi d6 -a—;2>0. Do a<b+g vdi moi €>0 nén

a-b a-b

Jach: a<b+ hay a < b. Diéu ndy mau thudn véi gia sira > b,

vl £ =

Suyragiasira>b lasai. Vaya<b.

Vi DU 11.10. Cho a, b 1a hai s6 nguyén duong nguyén t6 cing nhau. Chimg
minh ring khong t6n tai cdc s6 nguyén duong x, y dé ax + by = ax.

Giai

Gia sir 16n tai cdc s6 nguyén duong X,y thoa min ding thirc da cho, tic la:
axg+byg =ab  (I).

Tacé: axy =ab-byy =b(a-y,):b. Vi (a,b)=1 nén x;:b.
Do d6, 16n tai x; € N sao cho x, = bx, .

Tuong tu, t6n tai y, € N" sao cho yo = ay, . Thay vio ding thirc (1) ta duge
abx, +aby, =ab hay x, +y, =1. Diéu nay vo li vi x;y, 2 1. Vay diéu gia sir trén
la sai. Ta ¢6 diéu phai chimg minh.

VI DU 11.11. Chimg minh ring véi moi s6 nguyén a, b, ¢, ta ludn tim dugc s
nguyén duomg n sao cho s6 f(n)= n° +an> +bn+c khong phai la s6 chinh
phuong.

Giai

Gia sir nguoc lai, tén tai a, b, ¢ € Z d€ véi moi s6 nguyén duong n thi f(n) 1a
sO chinh phuong.

Khi dé6 ; f(l)=1+a+b+c, f(2)=8+4a+2b+c,
f(3)=27+9a+3b+c, f(4)=64+16a+4b+c
la cdc s6 chinh phuong.
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Nhan xét rang: Mot s6 chinh phuong khi chia cho 4 chi ¢6 s6 du 1a 0 hoac 1.
Do d6 s6 du trong phép chia hiéu cta hai s6 chinh phuong cho 4 chi c6 thé 12 0, |
hoac ~1.

Tacé: f(4)-f(2)=12a+2b+56=4(3a+14)+2b, ma 2b la s6 chan nén theo

nhan xét trén thi 2b:4. (1
Tuong tr, f(3)-f(1)=8a+2b+26=4(2a+6)+2b+2, ma 2b+2 cing la s6
chin nén (2b+2):4. (2)

Tir (1) va (2) suy ra 2:4, vo li. Do dé gia sir trén la sai. Vay véi moi s6 nguyén a,

b, ¢ ludn tim duoc s6 nguyén duong n sao cho s6 f(n) = n® +an> +bn+c khong
phai 1a s6 chinh phuong.

BAI TAP

11.1. Chimg minh ring:
a) Téng clia moOt s6 hitu ti va mot s6 vo ti 1a mot s6 vo ti.
b) Khong t6n tai s6 hiru ti duong nho nhat.

12n+1
30n+2

la

11.2. Chimg minh ring véi moi s6 nguyén duong n thi phan s6
t61 gian.

11.3. Tich cia 34 s6 nguyén cho truée bing 1. Chimg minh ring téng cla chiing
khong thé bang 0.

11.4. Goi aj, a,,..., a0 |2 cdc s6 tr nhién thoa min

1 1 1
_+_+li.+ =l|

a & 42000
Chimg minh rdng tn tai it nhit mot s6 ay 1a s6 chin,

11.5. S6 palindrome (con goi 1a s6 xudi nguoc hay sé doi ximg) 1a s6 ma doc xuoi
hay doc nguoc déu nhu nhau, vi du cdc s6 151, 1991, 1211121, 15677651 la
nhimg s6 d6i ximg. Chimg minh ring khong tén tai s6 do6i ximg duong chia
hét cho 10.

11.6. Chimg minh rdng v&i moi s6 ur nhién n ta ludn cé6 A = n’ +3n-38 khong
chia hét cho 49.
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11.7. Cho n 1a s& tr nhién khéc 0; a la u6c nguyén duong ciia 2n” . Chimg minh
rang n” +a khong thé la s6 chinh phuong.

11.8. Chimg minh ring v&i n € N, n > 2 thi gifta n va n! ¢6 it nhat mot s6 nguyén
t6. Tir d6 suy ra ¢6 vo han cdc so nguyén 6.

11.9. Pat cic s6 1, 2, 3. .... 25 trén mot vong tron theo mot thir tu ty y. Chimg
minh ring luon ¢6 3 s6 lién tiép ¢é tong 16n hon hoac bang 39.

11.10. Cho cic day so: 3,7, 11,15,19, 23, ... (1)
va: 5,11,17,23,29,35..... (2)
Chimg minh ring trong nhimg s6 hang cia mdi ddy so trén ¢6 vo sO cdc s6
nguyén 6.

Chuyén @ 12. NGUYEN LI DIRICHLET

I. GIOI THIEU VE NGUYEN LI DIRICHLET

Dirichlet (Di-rich-1¢) (1805 — 1859) la nha todn hoc ngudi Dirc, duoc cho la
ngudi dua ra dinh nghia hién dai vé ham so. Trén co s& quan sdt thuc 1€, 6ng di
phait biéu thanh mot nguyén li mang @n 6ng — nguyén |i Dirichlet : Khong thé
nhét 7 con tho vao 3 cdi ldng ma méi long co khong qua 2 con tho. Néi cdch khéc,
néu nhot 7 con tho vao 3 cdi long thi tén tai it nhdt mot long c¢é tie 3 con tho tro
lén. Mot cich tdng qudt hon, néu cé k long dé nhot m con the (véi m = Kkn + r
(0 < r S k = 1)) thi tén tai it nhat mét long co chica tic n + 1 con tho tro lén.

Ta ¢6 thé dé dang chimg minh nguyén |i Dirichlet bing phuong phédp
phan chimg nhu sau: Gia sir khong ¢6 mot 16ng nao chira tir n + 1 con tho trg lén,

wic 1a mdi 16ng chia nhiéu nhat n con tho, thi s6 con tho chira trong k 16ng
nhiéu nhat chi ¢6 thé 1a kn con. Diéu ndy mau thuldn vi c6 m con thé véi m =kn +r

0O<r<sk=1).

Nguyén Ii Dirichlet that don gian, dé hiéu nhumg duge van dung vao giai rdt
nhiéu bai todn trong s6 hoc, dai s6, hinh hoc vé viée chi ra su t6n tai cia mot hay
nhiéu doi tuong thoa man mot diéu kién dat ra.

Khi sir dung nguyén Ii Dirichlet vao bai todn cu thé, diéu quan trong la phai
nhén ra (hay tao ra) Léng hoac Tho hoac ca Long vaTho.
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I1. MOT SO DANG TOAN THUONG GAP

Dang 1. CHUNG MINH SU TON TAI CHIA HET

Thong thudmg ta coi m s6 tr nhién di cho la m “con tho”, cdc s6 du trong phép
chia cdc sO wr nhién d6 cho n la nhimg “16ng"; nhu vay sé ¢6 n cdi long: Long i
(0 <1< n) gébm nhimg s6 t nhién da cho chia cho n du .

Vi DU 42.1. Chimg minh ring :

a) Trong 2012 s6 tu nhién bat ki ludén tim duge hai so chia cho 2011 ¢6 cung
sO dur (hay hi¢u cua ching chia hét cho 2011).

b) Trong 2012 s6 tr nhién bat ki ludn tim dugec mot sO chia hét cho 2012 hoic
ludn tim duoc hai s6 chia cho 2012 ¢6 clung so du.

Giai

a) Ta coi 2012 s6 tr nhién da cho 1a 2012 “con the™; “1éng 1" gém cic s6 chia
cho 2011 dui (0 <i<2011) nén c6 2011 I6ng: 16ng 0, I6ng 1, .... 16ng 2010. Nhu
vy ¢6 2011 16ng chira 2012 con tho nén theo nguyén Ii Dirichlet tén tai it nhit
mot 16ng chira khong it hon hai con tho, tic 1a ¢6 it nhat hai s6 chia cho 2011 ¢6
cung so du.

b) Néu trong 2012 s6 did cho ¢6 it nhit mot s6 chia hét cho 2012 thi ta chon
ludn s6 nay. Néu khong ¢6 s6 nao chia hét cho 2012 thi khi chia cho 2012 chi
nhan nhiéu nhét 2011 s6 du khdc nhau 1a 1, 2. ..., 2011. Theo nguyén li Dirichlet,
ton tai it nhdt hai s6 chia cho 2012 ¢6 cung s6 du.

Nhdén xét. Ta c6 thé t6ng quit bai todn trén nhu sau :

I) Trong n + 1 s6 tr nhi¢n bat Ki luon tim duge hai s6 chia cho n ¢6 cung s
du (hay hiéu cua chiing chia hét cho n).

2) Trong n s6 tr nhién bat ki luon tim duoc mot s6 chia hét cho n hoac luon
tim duoc hai s6 chia cho n ¢6 cung s6 du.

VI DU 12.2. Chimg minh ring luon tim duge s6 ¢6 dang 20122012...2012
(26m cdc 56 2012 viét lién 1iép nhau) chia hét cho 2013.

Giai

X¢é1 2014 s6 sau : 2012, 20122012, ..., 2012...2012 (gém 2014 bo s6 2012).

Dem 2014 s6 nay ldn luot chia cho 2013, ¢6 2014 s6 ma chi ¢6 2013 s6 du
trong phép chia cho 2013 (Ja 0, 1, 2, ..., 2012) nén ludn t6n tai hai s chia cho
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2013 ¢6 cung s6 du, ching han dé6 la a = 2012...2012 (gém i bo 2012) va
b=2012...2012 (gém j bo 2012) véi | <i<j<2014. Khi d6

b-a=2012...2012. 10" (26m j - i bo 2012) sé& chia hét cho 2013.
Lai ¢6 UCLN(10* , 2013) = 1 nén s6 2012...2012 (gém j — i bd 2012) s& chia
hét cho 2013. Bai todn duge chimg minh.

(O day "the" 1a s6 ¢6 dang 2012...2012, “I6ng" la s6 du trong phép chia cho
2013).

Nhan xét. Mau chot cia bai todn 1a chon ra 2014 (= 2013 + 1) s6 ty nhién ¢6
dang di cho. Tir d6 ta ¢6 thé phit bi¢u nhiéu bai todn trong tu, ching han nhu:
Chimg minh rang luon tim duoc s6 ¢6 dang 111...1 chia hét cho 29.

VI DU 12.3. Cho sdu s6 tu nhién a, b, ¢, d. e, g. Chimg minh ring trong sdu s6
dy, 16n tai mot s6 chia hét cho 6 hodc 16n tai mot vai s6 ¢6 tong chia hét cho 6.

Giai
Truimg hop ¢6 mot s6 bing 0 thi ta chon 56 0 thoa min yéu ciu dé ra.
Trudmg hop siu s6 déu 1dm hon 0. Xét 6 s6 sau

S;=a

S;=a+b

S;=a+b+c

Sq=a+b+c+d

Ss=a+b+c+d+e

Se=a+b+c+d+e+g.
Pem mdi s6 nay chia cho 6 ta nhan duge s6 du thuoc tap (0, 1, 2, 3,4, 5].
Néutoén tai S, (i = 1, 2...., 6) chia hét cho 6 thi bai todn di dugc chimg minh.

Néu khong ¢6 S, nao chia hét cho 6 thi ta ¢6 6 s6 chia cho 6 chi nhan 5 loai s6
du khdc nhau (1, 2, 3. 4, 5); theo nguyén Ii Dirichlet tén tai hai s6 chia cho 6 ¢6
cung sO du, ching han 1a S, va Sg do d6 hi¢u ciia hai s6 nay s& chia hét cho 6, uic
la ¢ + d + ¢ chia hét cho 6. Bai todn di duge chimg minh.

(O day "tho" la cdc 50 S, , "16ng” 1a s6 du trong phép chia cho 6).
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Nhdn xét. Ta c6 thé phat biéu bai todn tdng quat sau:

Cho n s6 wr nhién a,, a,, ..., a, . Chimg minh ring tén tai mot s6 chia hét cho
n hodc t6n tai mot vai s6 ¢6 téng chia hét cho n.

VI DU 12.4. Chimg minh ring :

a) Trong n s6 wr nhién lién ti€p ludn tim duoc mot s6 chia hét cho n.

b) Trong 39 s6 tu nhién lién tiép luon tim duoc mot s6 ma tong cdc chir s6 cla
né chia hétcho 11.

Giai

a) Gia sur khong tim duoc s6 ndo trong n s6 tu nhién lién ti€p di cho ma chia
hét cho n. Khi d6 n s6 niy chia cho n chi nhan duoc nhiéu nhat 1a n = | s6 du khic
nhau (1, 2, 3, ..., n = 1), theo nguyén li Dirichlet tén tai hai s6 chia cho n ¢6
cung s6 du, ching han 13 a va b véi a > b, khi d6 a - b chia hét cho n. diéu nay
mau thudn véi 0 < a - b < n. Tir d6 suy ra diéu phai chimg minh.

b) Lay 20 s6 tu nhién lién ti€p ddu cia ddy, ta ludn tim duoc mot s6 ¢6 chir s6
hang dom vi 1a 0 va ¢6 chir s6 hang chuc khic 9.

Gia sirs6 d6 1a N va téng cdc chirsé ctaN las. Khidé 11 s6 N N+ I, N + 2,
N+3, ..N+9 N+ 19 s¢ ndm trong 39 s6 di cho. Vi N tan cing bang 0 nén
tong cic chit s6 cha N, N+ ILN+2, .. N+9lin luot bing s. s + |. s + 2, ...,
s + 9. Vi N 1dn cing bing 0 va ¢6 chir s6-hang chuc khdc 9 nén t6ng cic chir s6
cia N + 10 biang s + 1, t6ng cic chirsé cia N + 19 bang s + 10.

Il s6chadiy NNN+ ILN+2 N+3,....N+9 N+ 19cé t6ng cic chir s6 ldn
lwotlas, s+ 1,s+2,s+3,....s+9,s+ 10.

Trong 11 s6 tu nhién lign ti€ps, s+ L.s+ 2,5+ 3, ....s + 9,5 + 10 luon tim
duoc mot s6 chia hét cho 11. Ching han s6 d6 las +i (0<i<10): Neu0<i<9
thi ta chon duge s6 N + i théa min yéu cdu bai todn; néu i = 10 thi ta chon duoc s6
N + 19 thoa man yéu cdu bai todn.

Nhan xét. Miu chot dé giai bai todn cau b) 1 phai tim ra 11 s6 trong 39 s6 di
cho ¢6 16ng cdc chir s6 thit tr 1a 11 s6 tu nhién lién tiép, déng thoi sir dung két qua
clu a).

VI DU 12.5. Cho céc s6 tu nhién tir 1 dén 2012. Hoi ¢6 thé chon ra duoc nhiéu
nhit bao nhi¢u s6 sao cho t6ng cha hai s6 bat ki trong chiing khong chia hét cho
hiéu cua né ?
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Giai
Nhan thay, néu hai s6 chia cho 3 cung dur 2 thi hi¢u cia ching chia hét cho 3,

con 16ng cha ching chia cho 3 du 1; nén tong cua chiing khong chia hét cho hi¢u
cua ching.

Trong cdc s6 tr nhién tir | dén 2012, s& ¢6 671 s6 chia cho 3 du 2 la cdc s6 ¢
dang 3k + 2 (k = 0, 1. 2, .... 670). Khi d6 hai s6 bat ki trong 671 s6 nay c6 t6ng
chia 3 du 1, hiéu chia hét cho 3. nén tdng khong chia hét cho hi¢u cua ching. Ta
sé chimg minh ring chon dugc nhiéu nhét 1a 671 s6 thoa min di¢u Kién bai todn.

That vy, néu chon 672 (= 671 + 1) sO trong cdc sO tir 1 dén 2012, thi trong
672 s6 nay luon tim dugc a, b (a > b) sao cho a = b < 2 (That vay, gia su nguoc lai
thi hiéu giira s6 nho nhat va s6 16n nhat trong céic s6 da chon sé khong nho hon
hon 3.671 = 2013. Diéu ndy mau thuldn véi hiéu gilra s6 Idn nhit va s6 nho nhat
khong vuot qua 2012 — 1 = 2011), nghia la a - b bang | hoic 2.

— Néua~—b=1thi hién nhién a + bchiahétchoa-b (= 1).

— Néua-b=2thia+blaséchinnéna+bchiahfichoa-b(=2).

Nhu vay tir 2012 s6 di cho khong thé chon duge hon 671 s6 thoa min diéu
kién bai todn. Suy ra so lugng 16n nhat cac s6 phai tim la 671.

Dang 2. BAI TOAN VE TINH CHAT CUA CAC PHAN TU
TRONG TAP HOP

Thong thuémg ta phai 1ap ra nhimg tap hop ¢6 tinh chét cdn thiét réi sir dung
nguyén li Dirichlet dé chimg t6 ¢6 hai phdn tir ctia hai tap hop bing nhau.

Vi DU 12.6. Cho sdu s6 nguyén duong doi mot khic nhau va déu nho hon 10.
Chimg minh ring luén tim dugc ba s6 trong dé ¢6 mot s6 bing tong hai s6 con lai.

Giai

Goi sdu s0 nguyén duong da cho la a,, a,, a3, ag. 2, 2 vl 0 <a; <a, <. <33 < 10.

Dit A = [a,, a3, ay, a5, g} 26m 5 phdn wrcé dang a, véim € {2, 3.4,5, 6}.

Dat B= {a, - aj, a3 — aj, a3 — 2, a5 — a), & — a,} gém 5 phén ur c6 dang a, - a,
voine (2,3,4,5,6].

Ta thdy cdc phdn tir clia hai tap hop A va B déu thudc tap hop gébm 9 phén wr
(1,2, 3, ....9) trong khi t6ng s6 phin tir cia hai taphop Ava Bla5 + 5 = 10.
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Theo nguyén 1i Dirichlet t6n tai hai s6 bang nhau ma ching khong thé thuoc cing
mot tdp hop, nén ¢6 mot s6 thude tap hop A bing mot s6 thude tap hop B, uic 1a
ay, =a,-a,dodéa, =a, +a,.

Ba 50 a,, a,, a; doi mot khic nhau. That vy, a,, # a, va a, # a, theo cich dat
cic thp hop A va B, c¢on a, # a, vi n€u a,, = a, thi a, = 0, trdi vdi gia thiét cha bai
todn.

Vay 16n tai ba s6 a,, a,, a, trong cdc s6 di cho ma a, = a_, + a, (dpcm).

(O day, ¢6 10 "thd" Ia 1050 a,, ay, a4, ag, g, a3 — ), a3 = ), &3 — A, A — ), & — 4,
vicod 9 "long" 149s61,2,3,4,5.6,7,8,9).

Nhan xét. DE giai bai todn nay, ta cin tao ra hai tap hop gém cic phin tr nhod
hon 10 va t6ng s6 phén 1 ca hai tap hop phaii khong nho hon 10. Tir d6 suy ra t6n
tai hai phin tr cia hai tp hop bing nhau.

VI DU 12.7. Cho X la tap hop gém 700 s6 nguyén duong khéic nhau, mdi s6
khong I6n hon 2006. Chimg minh ring trong tap hop X luon tim duoc hai phin tr
X,y saocho x =y thuoc taphopE = {3:6:9).

Giai

Gia sur 700 s6 nguyén duong di cho la a,, a, , ..., 8559 Ta xét cdc tap hop sau:

A= Ial, 32. g ﬂ7ml;
B= Ia, + 6, a + S A0 + 6).
C=la;+9,a,+9,...,a5,+9).

Téng s6 phin tr ctia ba tap hop A, B, C 1a 700 . 3 = 2100, trong d6 méi phén
tr déu khong vugt qui 2006 + 9 = 2015, ma 2100 > 2015 nén theo nguyén li
Dirichlet t6n tai hai phén tir bing nhau. Vi trong méi tap hop A, B, C ¢6 cic phin
tr d6i mot khdc nhau nén hai phin tr bing nhau dé phai thudc hai tap hop: A va B,
hodc A va C, hoic B va C.

— Néu hai phdn ur thuoc A va B, chang han a, = a;, + 6 suy ra a, -a;=6.
— N¢u hai phén tir thuoe A va C, ching han a;=a; + 9 suyra a; —a; =9.
— Néu hai phdn tir thuoc B va C. ching han a, + 3=a, + 6 suy ra a, -a;=3.

Nhu vay ludn t6n tai hai s6 thudc tap hop A ¢6 hiéu la 3, 6, 9. Ta duoc diéu
phai chimg minh.
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(O day 2100 “thé" 1a 2100 phén tir ciia ba tap hop A, B, C: 2015 “l6ng" la cic
sO tr 1 dén 2015).

Nhan xét. Ta con ¢6 két qua manh hon nhu sau :

Cho X la tap hop gdm 505 s6 nguyén duong khdc nhau, méi s6 khong 1én hon
2006. Trong tap hop X luon tim duge hai phdn tr x, y sao cho x — y thudc tp hop
E={3:6.9).

Chimg minh.

Goi A la tap hop cic s6 thuoc X ma chia hét cho 3, goi B la tap hop cdc s6
thudc X ma chia cho 3 du 1, goi C i tdp hop cic s6 thude X ma chia cho 3 du 2.

C6 505 s6 x€p vao ba 1ap hop, ma 505 = 3.168 + 1 nén theo nguyén li
Dirichlet tén tai mot tap hop ¢6 chira tir 169 s6 tro 1én.

Trong tap hop nay, hai s6 bat ki ¢6 hiéu 1a mot boi cta 3. Toén tai hai s6 x, y ¢6
hiéu nho hon 12. That viy, néu moi s& trong tap hop nay déu c6 hiéu khong nho
hom 12 thi s6 16n nhét trong tap hop khong nho hon 12,168 = 2016 > 2006, trdi véi
dé bai.

Vay trong tap hop X t6n tai hai phdn tr x, yma x -y € E.

Vi DU 12.8. Cho hai tap hop s6 nguyén duong phan bié¢t mad méi s6 déu nho
hon n. Chimg minh ring néu tdng s6 phdn tr cua hai tap hop khong nho hon n thi
¢6 thé chon duoc trong mbi tap hop mot phén tr sao cho téng cua ching bang n.

Giai

Gia sir hai tap hop s6 nguyén duong di cho la
A={a,a,..,a,} vd B={b;, by ....b}

via<n(i=12..m),b <n(=12....kK)vam+k 2n.

XéttaphopC={n-b;,n=b,y, ...,n- b}

Nhan thdy, ¢6 tat ca n - 1 s6 nguyén duong phan biét nho hon n, céc phin ur
cua A va C déu nho hon n va tdng s6 phén tr cia A va C khong nho hon n. Theo
nguyén Ii Dirichlet. tén tai it nhat hai phin tr bang nhau, ching khong cung thudc
A va C. do d6 mot phén tlr thude A va mot phin tir thuoe C. i 1a t6n tai hai s6 a
van - b, maa;=n-b, < as+ b, =n (dicu phai chimg minh).

(O day coi m + k "tho" 1a cdc s6 nguyén duong thudc tap hop A hoac C.n - |
"I6ng" 1a cdc s6 nguyén duong tir | dénn ~1).
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Dang 3. BAI TOAN LIEN QUAN DEN BANG O VUONG

Mot bang 6 vudng kich thude n x n gém ¢6 n dong, n cot va 2 dudmg chéo.
Moi dong, méi cot, mbi dudmg chéo déu c6 n 6 vuong.

Mot bang cdc 6 vuong kich thude m x n gém m dong va n cot.

VI DU 12.9. Cho mot bang 6 vudng kich thudc 5 x 5. Ngudi ta viét viao moi 6
cta bang mot trong cdc s6 -1, 0, 1: sau do tinh téng cia cdc s6 theo timg cot, theo
timg dong va theo timg dudng chéo. Chimg minh ring trong tit ca cic tong d6
ludn ton tai hai t6ng ¢6 gid tri bing nhau.

Giai

Bang 6 vuong kich thude 5 x 5 ¢6 5 dong., 5 cot, 2 dudmg chéo nén sé ¢6 12
1ong cia cdc s6 dugc tinh theo dong, theo cot va theo dudmg chéo. Mbi dong, cot
va dudmg chéo déu ¢6 ghi 5 s6 thuoc tap (~1; 0; 1). Vi vay gid tri mdi 16ng thuoc
Wp hop {-5: -4; -3: =2: -1: 0; 1; 2; 3;4; 5) ¢6 11 phédn tlr. C6 12 t6ng nhan trong
tp 11 gid tri khic nhau nén theo nguyén Ii Dirichlet t6n tai it nhat hai téng nhan
cung mot gid tri. Bai todn duge chimg minh.

(O day “thd" 1a 18ng nén c6 12 “thd", “Iéng" 1a gid tri ciia téng nén ¢6 11 "léng™).

Nhan xét. V& cach giai tuong tu, ta ¢6 bai todn 1dng quét sau:

Cho mot bing 6 vuong kich thude n x n. Ngudi ta viét viao mbi 6 ctia bang mot
trong cic s6 -1, 0, 1 sau d6 tinh téng ctia cdc s6 theo timg cot, theo timg dong va

theo timg dudmg chéo. Chimg minh ring trong 14t ¢ cdc t6ng d6 luodn t6n tai hai
tong ¢6 gid tri bing nhau.

VI DU 12.10. Trén bing 6 vuong kich thuéc 8 x 8, ta viét cdc s6 tr nhién tir |
dén 64, moi 5O viél vao mot 6 mot céch iy y. Chimg minh rang luon tén tai hai 6
vudng chung canh ma hi¢u céc s6 ghi trong ching khong nhé hon 5.

Giai

Ta xéthang ¢6 6 ghi s6 1 va cot ¢6 6 ghi s6 64. Hi¢u giira hai s0 nay la 63.

S6 cap 6 ké nhau tir 6 ghi s6 1 dén 6 ghi s6 64 nhiéu nhat 1a 14 (g6m 7 cap O
chung canh tinh theo hang va 7 cap 6 chung canh tinh theo cot).

Tac6 63 =14 .4 + 7 nén theo nguyén If Dirichlet, tén tai it nhat hai 6 ké nhau
ma hai s6 ghi trén d6 ¢6 hiéu khong nho hon 4 + 1 = 5. Bai todn dugc chimg minh.

(O day, “thd" 1a hiéu cua hai s6 trong 64 s6 (tir 1 dén 64) nén ¢6 63 tho :
“16ng" 1a s6 cap 6 vuong ké nhau tir 6 ghi s6 | dén 6 ghi s6 64 nén ¢6 nhiéu nht 1a
14 16ng).
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Nhan xét.

e Mdiu chot cia bai todn 1a quan tam dén hai 6 vuong ghi s6 nho nhdt (so 1) va
sO 16m nhit (s6 64) s& ¢6 hi¢u 16n nhat 12 63; déng thoi xét tir 6 ghi s6 1 dén 0 ghi
s6 64 chi cdn 16i da la (8 = 1) + (8 = 1) = 14 6. O day ta da van dung nguyén I
Dirichlet tong quat: C6 m tho, nhot vao k Ing mam=kn +r(l Sr<k - 1) thi
t6n tai it nhat mot 16ng chira khong it hon n + 1 con tho.

¢ Néu thay bai bang chir nhat gém 8 x 10 6 vuong, trén dé ghi cic s6 tir 1 dén 80
khong lap mot céch ty ¥ thi két qua cua bai todn con ding khong ? Hiy chimg minh.

Dang 4. BAI TOAN LIEN QUAN DEN THUC TE

Khi chimg minh su tén tai mot s6 d6i tuong théa man di¢u kién nao dé, ta
thudmg sir dung nguyén Ii Dirichlet.

Diéu quan trong nhdt 1a phai xdc dinh duge “tho™ va "long”.

Vi DU 12.11. Mot 16 hoc tap ¢6 10 hoc sinh. Khi viét chinh ta, ca t6 déu mic
16i, trong d6 ban Binh mic nhiéu 16i nhat (méc 5 16i). Chimg minh ring trong 16
Ay ¢6 it nhat 3 ban da mic mot s6 161 bang nhau.

Giai

Ta coi "thd" 12 hoc sinh (trir ban Binh) nén ¢6 9 tho; "I6ng" la s6 16i chinh ta
hoc sinh méc phai nén ¢6 4 16ng: Léng i gdm nhimg hoc sinh méac i 16i (i= 1,2, 3, 4).
C6 9 tho nhét vao 4 16ng, ma 9 = 4.2 + 1, nén theo nguyén Ii Dirichlet ton tai it
nhat mot 16ng chita khong it hon 2 + 1 = 3 tho, uic 12 ¢6 it nhdt 3 ban mic mot s6
16i bang nhau.

Vi DU 12.12. & mot vong chung két c&r vua c6 8 ddu thi tham gia. Mdi ddu thu
déu phai gap di 7 dau tha con lai, méi ngudi mot tran. Chimg minh ring, trong
moi thdi diém gida cdc cudc diu, bao gidr ciing ¢6 hai diu tha di ddu mot s6 trin
nhu nhau.

Giai

Ta coi "tho” 1a ddu thi nén cé 8 tho; "16ng” 1a s& tran ddu cua ddu thu nén ¢6
8 16ng : "16ng i" gébm cdc ddu thi di ddu i trdn (v6i1=0,1,2,3,4,5,6,7).

Ta thdy 16ng 0 va 16ng 7 khong déng thai t6n tai, vi néu ¢6 mot ddu thu chua
dau tran ndo thi sé khong c6 dau thu nao did dau du 7 trdn, ciing nhu néu ¢6 diu
thu di dau du 7 trdn thi khong ¢6 ai chua dau trdn nao.
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Nhu vay, ¢6 7 16ng chita 8 con thd nén theo nguyén Ii Dirichlet tén tai mot
l6ng chira khong it hon 2 con tho, tic 1a trong moi thai diém gilta cdc cuoc diu
ludn tim duge 2 dau thu da diu cung mot s6 tran.

VI DU 12.13. C6 6 nha khoa hoc viét thu trao doi véi nhau vé mot trong hai dé
tai : bao vé moi trudmg va chuong trinh dan s6. Chimg minh rdng ¢6 it nhit ba nha
khoa hoc cung trao doi vé mot dé tai.

Giai

Goi 6 nha khoahoc la A, B,C, D, E, F.

Nhi khoa hoc A s& viét thu trao déi vai 5 nhia khoa hoc con lai vé 2 dé tai,
c6 5 = 2.2+ | nén theo nguyén Ii Dirichlet tén tai it nhat 3 nha khoa hoc (ching
han la B, C, D) dugc nha khoa hoc A trao d6i vé cing mot dé tai (chang han dé tai
moi trudmg).

Trong ba nha khoa hoc B, C, D néu c¢6 hai ngudi ndo cing trao déi vé dé
tai moi truémg (ching han 1a B, C) thi ta chon duge A, B, C ciing trao ddi vé mot
dé rai.

Néu trong ba nha khoa hoc B, C, D khong ¢6 hai nguoi nio trao doi vé dé tai
moi trudng thi ho s& trao déi véi nhau vé dé tai dan so, ta sé chon duge B, C, D
cung trao d6i vé mot dé tai.

(O day coi nha khoa hoc (trir A) 12 “thé" nén ¢6 5 tho, coi dé tai 1a "16ng” nén
¢6 2 16ng va van dung nguyén li Dirichlet tong qudt).

Dang 5. BAI TOAN LIEN QUAN DEN SU SAP XEP

Cdc bai todn vé sip xép chd. phan cong cong viée khong doi hoi nhiéu vé kién
thirc va Ki nang tinh todn, chiing chi yéu két hop suy luan logic dé xét cdc kha
nang c6 thé xdy ra véi nguyén Ii Dirichlet.

Vi DU 12.14. C6 20 ngudi quyét dinh di boi thuyén bang 10 chiéc thuyén doi.
Bi¢t rang n€u hai ngudi A va B ma khong quen nhau thi t6ng s6 nhimg nguai quen
cua A va nhimg ngudi quen ciua B khong nho hon 19. Chimg minh ring ¢6 thé
phan cong vao cdc thuyén doi sao cho méi thuyén déu 1a hai ngudi quen nhau.

Giai

Néu trong 20 ngudi khong ¢6 hai ngudi nao quen nhau thi tong s6 ngudi quen
cua hai ngud bat ki 12 0. Diéu ngady mau thudn véi gia thiét 1a 1dng s6 ngudi quen
cua hai nguoi khong nho hon 19. Vay t6n tai mot s6 cap quen nhau.
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Ta x&p mdi cap quen nhau dé vao mot thuyén doi. Goi k 1a s6 luong thuyén
I6n nhit ma trong d6 ta c6 thé xép duge nhimg cap quen nhau vao mot thuyén va
ki hi¢u thuyén thit i x€p hai ngudn A, va B, quen nhau (1 €1 £ k).

Gia sirk <9, ki hi¢u tap hop M gém nhimg ngudi chua duge x€p vio thuyén
ndo, trc 1a gdbm nhimg ngud doi mot khong quen nhau. Chon hai ngudi A va B
trong tap hop M. Theo bai ra thi tong s6 ngudi quen cua A va s6 ngudi quen cua B
khong nho hon 19 va nhimg ngudi quen A hoac quen B dd duge x€p viao thuyén
roi. Nhu vdy ¢6 19 ngudi quan h¢ quen A hodc B duoc x¢ép vao nhiéu nhdt 1a 9
thuyén doi (trir | thuyén vi A, B chua duoc x€p), ma 19 = 9 . 2 + | nén theo
nguyén Ii Dirichlet t6n tai it nhat mot thuyén chd 2 ngutn quen ca A va B. Nhung
khi d6 ta c6 thé x€p lai nhu sau : trong k — | thuyén ddu tién vin giit nguyén, con
thuyén thir k xép Ay va B, con thuyén thir k + | xép A va B, . Diéu ndy méau thuin
vai gia sur.

Theo cdch x€p nay ta ti€p tuc xép dén hét 10 thuyén sao cho trong mébi thuyén
hai ngui déu quen nhau.

Dang 6. CHUNG MINH BAT DANG THUC

Vi DU 12.15. Chimg minh ring trong ba s6 thuc bat ki luén tim dugc hai s6 ¢6
tich khong am.

Giai
Ta coi "tho" la s6 thuc nén ¢6 3 con tho; coi “léng” la loai s6 (s6 khong am
hodc s6 am) nén ¢6 2 16ng. C6 3 con tho nhét vao 2 16ng nén theo nguyén Ii

Dirichlet t6n tai it nhat 2 tho chira trong mot 16ng, tic 1a tén tai hai s6 khong am
(hoac hai s6 am), khi d6 tich cua chiing sé la s6 khong am.

Vi DU 12.16. Chimg minh ring trong b6n s6 khéc nhau tuy ¥ dugc ldy ra tir
tap hop
A={1,23,..3%,

¢6 it nhat hai s6 x, y thoa méan 0<|ﬂ-ﬂ§|<l.

Giai

Tac6 Vx € Athi 1 < ¥x <3.
Xétbatdphop:B={bl1<b<2};C=(cl2<c<3}vaD={3}). V& 4s6cod

dang Yx (v6i xe A) s& thude viio mot trong ba tp hop B, C, D ¢ trén nén theo
nguyén Ii Dirichlet t6n tai it nhdt hai s6 thudc cing mot tap hop, tap hop dé 12 B

hodc C. Goi hai 56 d6 1a ¥Yx, ;‘/;. tac60<|ﬂ—%|<l.
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BAI TAP

12.1. Trong mot cura hing hoa qua ¢6 28 sot cam gém ba loai cam khdc nhau, biét
rang mébi sot chi chita mot loai cam. Chimg minh rang it nhat ¢6 10 sot chira
cung mot loai cam.

12.2. Trong mot I6p hoc ¢6 50 hoc sinh, biét rang tdt ca hoc sinh déu sinh cung
moOt ndm. Chimg minh riang ¢6 khong dudi 5 ban sinh cing mot thing.

12.3. Cho 12 56 ¢6 hai chit s6. Chimg minh ring trong 12 s6 d6 ¢6 hai s6 ma hi¢u
cua chiing la so ¢6 hai chir s6 giéng nhau.

12.4. Chimg minh ring trong 27 s6 tu nhién thy ¥ luon tén tai hai s6 sao cho tong
hodc hi¢u cua ching chia hét cho 50.

12.5. Cho n + | s6 nguyén duong khic nhau nhé hon 2n. Chimg minh ring ta c6
thé chon ra 3 s6 ma mot s6 bing t6ng ctia hai s6 con lai.

12.6. Chimg minh rdng véi moi s6 wr nhién n khéc 0, ta déu tim duoc sO tu nhién
biéu dién bai cic chir sé 1 va 0, chia hét cho n.

12.7. Hoi ¢6 thé tim duge mot s6 tu nhién 12 liy thira cha 9 ma ¢6 tan cung 13 0001 ?
12.8. Chimg minh dinh li: Néu m, n nguyén 16 cung nhau thi luon tim duoc so
nhién k sao cho m* - 1 chia hét cho n.

12.9. Chimg minh ring t6n tai s6 tr nhién n khdc 0 thoa min (13579 - 1) chia hét

57
cho 3""‘i il

12.10. Viét cdc sO tr nhién tir 1 dén 10 thanh mot hang ngang theo thit tu wy y,
ti€p d6 cOng mdi mot s6 vai chi s6 thit tu cia né ta sé duoc 10 tdng. Chimg
minh rdng c6 it nhat hai 16ng ¢6 chir s6 1an cung gidng nhau.

12.11. C6 mot ngudi ngay nao ciing choi ¢, nhung mot tudn choi khong quéd 13
vin. Chimg minh ring c6 mot s6 ngay lién tuc ma tong s vén cd ngudi ndy
choi ding bang 20.

12.12. C6 6 ban hoc sinh thi ddu béng ban véi nhau, mdi ngudi phai ddu ding mot
trdn véi moi ban khic. Chimg minh ring vao bt cir lic nao giira cic trn ddu
cung ¢6 3 ban trong d6 timg cap da dau véi nhau réi hodc chua ddu véi nhau
trdn ndo.

12.13. Cho A la tap hop gém 500 s6 nguyén duong khic nhau, mdi s6 khong I1én
hon 1900. Chimg minh ring trong tap A luon tim duge hai phén tr x, y sao
cho x = y thuéc tap hop E = {2; 4; 6; 8.
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12.14. Trén bang 9 x 9 6 vuodng, ta ghi cdc s6 e nhién tir 1 dén 81, mdi s6 viét vao
mot 6 mot cdch tdy ¥. Chimg minh ring tén tai hai 6 vuong chung canh ma
hi¢u cdc s6 ghi trong chiing khong nho hon .

12.15. Trén bang 10 x 12 6 vudng, ta ghi cc so tu nhién tir | dén 120, mébi s6 viét
vao moOt 6 mot cich tay ¥. Chimg minh rdng t6n tai hai 6 vudng chung canh
ma hiéu cdc s6 ghi trong chiing khong nho hon 6.

12.16. Hay tim s6 tr nhién n nho nhat sao cho gita méi bd n s6 tu nhién ¢6 hai s6
ma hi¢u cua ching chia hét cho 5.

12.17. Cho cdc s6 tr nhién tir 1 dén 2000. Hoi ¢6 thé chon ra nhiéu nhat la bao
nhi¢u s6 sao cho t6ng cla hai s6 bat ki trong ching khong chia hét cho hi¢u
cuané ?

12.18. Chimg minh ring v6i 6 ngudi tiy ¥ ludn c6 thé chon ra 3 ngudi doi mot
quen nhau hodc doi mot khong quen nhau.

12.19. Chimg minh ring trong 2012 s6 khéc nhau tuy ¥ dugc 1dy ra tir tap hgp

A={1:2:3;..,2011%%,

c6 it nhat hai s6 x, y thoa min 0 < |3°'%(I-2°'y§|< L,

Chupén d 13. TRO CHOI VA CAU PO

Vi DU 13.1. Trd choi “LAY QUAN BAI CUOI CUNG".

Mot bo bai ¢6 43 quan bai. Hai ngudi 14n luot 1dy tir 1 dén a quan bai, s6 a
duoc quy dinh trong timg vén bang céch rit tham, a € {2: 3 ;4 5). Ai ldy duoc
quan bai cudi cung thi ngudi dé thang.

Hay néu cdch choi dé ngudi di trude 1a ngudi thing cudc.
Luu y:
— Xdc dinh ai 1a ngudi di truée bang cdch nit tham.

~ P& cudc choi thém sinh done . trong 43 quan bai ¢ hai quan bai ghi chir
“May min". Ai nit dugc quan bai “May min” dugc quyén di ti€p mot luot nira
(né€u mudn).

Giai

Ngudi thing cudc 1 ngudi luon dé lai cho d6i phuong s6 quan bai 1a boi cla
a + 1. Sau d6, néu doi phuong 1dy x quan bai (1 < x < a) thi minh ldy a + 1 - x
quan bai.
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Cu thé 1a ngudi di trude cdn choi nhu sau :

a . - . x| SO quan bai 1dy sau
(S quan bi nhiéy | B0} Innhitcia | SOquinblilly | )0 o Iy
; . a+l ldn ddu tién
nhét duoc 1dy) X quén
2 42 1 J-x
3 40 3 4-x
4 40 3 S5-x
5 42 | 6-x
Luu y:

- D€ cudc choi da dang, s6 quan bai c6 thé thay déi : thay 43 quan bai boi

42,41, 40,... quan bai.

— Trd choi rén luyén kha nang tinh todn va tu duy linh hoat.

VI DU 13.2. Thodt ra tir ldu dai.
Cau bé A bi nhét trong mot phong &
tdng trén cua mot toa lau dai (h.13.1).
Phong nay ciling nhu tdt ca cic phong
khdc déu bi khéa — mdi phong theo
mot s6, thuc ra mdi s6 ndy 1a mot bai
todn. Em hdy gidp cau bé thoit ra
"khéi 1au dai bing cdch tim ma khéa
cua timg phong (tic 12 tim ddp s6 cla
timg bai todn).

Sau khi bi€t ma khéa cia phong
ddu tién, cdn biét ma khéa phong lién
ké,... cho dén phong cudi clng.

* Phong thit nhat

C6 mot nhém cdc quan sic sic.
ba trong cdc quan sic sic d6 xép
thanh mot hang. Téng s6 chdm & céc
mat trén cua ba quan siic sic nay bing 8.
Téng s6 chdm & cdc mat dudi (khong
nhin thdy) cia ba quan siic sic nay la
bao nhi¢u ? (Hinh13.2 chi ¢6 tinh chat
minh hoa).

Dép s6 tim duoc 1a ma khéa cla
phong thir nhat.
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* Phong thit hai

C6 nam tam bia, méi tdm bia ghi mot s6. Dat dp mat nam 4m bia xudng phia
dudi (h.13.3).

4 [ 3

—

Hinh 133

Xét cdc tdm bia theo thir w tir trdi sang phai. Biét ring :

- Tong cdc s6 trén hai tdm bia ddu 1a ma khéa ciia phong thi nhat;

~ Téng céc s6 trén hai tdm bia thit hai va thit ba 12 9;

— Tong céc s6 trén hai tdm bia thirba va thawr la 11;

~ Téng cdc s6 trén hai t4m bia thi wr va thi nam la 16;

— Téng céc sO trén hai tAm bia thif nam va thit nhat 1a 17.

S6 ¢ tdm bia cudi cing 1a bao nhi¢u ? Day 1a ma khod cua phong thit hai.

* Phong thit ba

Bén trong mot hinh chir nhat ¢6 hai / j\
hinh tron giao nhau (h.13.4).

Chiéu dai cta hinh chir nhat bing ma \OXOJ
khéa cua phong thit hai, chiéu cao cua né
la 5. Khoang cédch giira hai tam cua cic
hinh tron la bao nhiéu ?

Hinh 134

Binh phuong két qua va trir di 1 1a ma khéa cua phong thi ba.

* Phong thie tue

Trén mat san cda can phong ¢c6 mot

hinh vé& (h.13.5). Cin x&p tdm s6 tu nhién I

tr 1 dén 8 vao cic 6 vuodng sao cho khi

cOng cic sO trén mdbi canh thi bing ma

khoéa cua phong thir ba. I
D¢ tim ma khéa cua phong thi tw,

hiy cong bon s6 & cic goc cua hinh vé /

roi trir di 10. Hinh 13.5
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* Phong thit ndm

Trén mot chiéc ban, c6 mot s6 khay ,r'.
nho dé 1am banh. Ngudi ta x€p banh vao
mot s6 khay (h.13.6). Néu xép vao mot
s0 khay médi khay 8 chi€c banh thi con
thira 3 chi€c bdanh. Néu xép vao mot sb y
khay méi khay 7 chiéc banh thi con thira .
5 chi€c bdanh. Néu xé&p vao mot s6 khay
mébi khay 3 chiéc banh thi con thira |
chiéc banh. Hinh 13.6

Biét s6 banh chua dén 100.

Cé t4t ca bao nhiéu chiéc banh ? D6 1a ma khéa cua phong thir nam.

* Cdu hoi cudi cing

Trude khi rin 1au dai, cdn phai tra 161 cau hoi :

Tén thuc clia A 1a gi ? Dung bang chir cdi tiéng Anh vathay 1 = A, 2=B,3=C,
., 26 = Z dé chuyén toan bd ma khéa sang chir. Lay cdc ma khod dang chir tha
cua cdc phong 5,2, 1,3, 4 xé‘p lai, ta dugc tén thue cua A.

Giai
* Phong thir nhat

Dé ¥ ring, tdng s6 cham trén hai mat d6i dién cha moOt quan sic sic ludn bing 7.
Do t6ng s& chdm & cdc mat trén cia ba quan sic sic 12 8 nén t6ng s6 chdm ¢ cic
mat duéi cia ba quan stic sic nay la :

21 -8=13.
Ma khéa cua phong thir nhat la 13.
* Phong thi hai

Goi cdc s6 ghi trén cdc tdm bia thir nhdt, thi hai, tha ba, tha wr, thit nam ldn
luot 1 a, a,, a3, a4, a5. Tacod :

a,+a,=13
a,+a;=9
a;+ag=11
ag;+ag=16
ag+a, =17
NEN &y + 8y + 8y + 8¢ + i = l3+9+ll+16+l7=33'

-
Dodéag=33-(a;+a+a;+a,)=33-(13+11)=09.
Mai khod cua phong thit hai la 9.
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* Phong thit ba

Bin kinh cua cdc duong tron la 2.5. Chiéu dai cua hinh chir nhat 1a 9.
Ta c6 khoang céch gitra hai tim 1A 00’ =9 -5 =4,

Mai khéa cua phong thir ba la 4#-1=15

* Phong thit e

Goicic s6 gtdmolaa, b, c,d. e, g h, 1 (h.13.7). = b c
Taco:
a+b+c=15 d .
g+h+i=15
a+d+g=15 - - i
c+e+i=15. PRgeise

Suyra(a+c+g+i)+(a+b+c+d+c+g+h+1)=060.

Tong tims6a,b,c.d.c.g. h.ibing: 1 +2+3+4+5+6+7 +8=36.
Néna+c+g+i=060-36=24.

Mai khéa cua phong tha e la 24 - 10 = 14.

Luu y. Ta ¢6 thé tim duge cidc s6 0 moi O nhu sau :

Trong bon 6 & goc phai ¢6 s6 8, vi néu khong ¢6 56 8 thi

a+c+g+1<T+6+5+4 =22<24,

Chéng han g = 8. a b 7
Trong ba 6 & géc con lai, phai ¢6 56 7,
vi néu khong ¢6 s6 7 thi d c
a+c+g+is8+6+5+4=23<24.
Ta ¢6 ¢ = 7 (khong thé a = 7 hay : = '
Hinh 138

i=7). Tacé hinh 13.8.
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a+1=24-8~-7=9nénavaicod 6 2 -
thé 12 6 va 3 hodc 5 va 4.
Néua=6vai=31acéhinh 139 : 5
thoa man bai todn.
Truomg hop a =S5, i =4 khong xdy ra g 4 ]
(vikhido e =4).
Hinh 139

* Phong thit nam

Goi s0 banh 1a a.

Vi a chia cho 8 du 3, chia cho 3 du | nén a + 5 chia hét cho 8 va cho 3.
Suyra(a+5):24, uiclaa=24k-5(k e N).

Doa<100nénae {19;43;67;91).

Trong bon s6 trén, chi ¢6 19 chia cho 7 du 5.

Viy s6 binh 1a 19. Ma khéa cia phong thi nam la 19.
Dai chiéu véi bang chir cdi tiéng Anh, ta ¢6 :

13 1a M
9 la |
15 la O
14 la N
Bit ddu
19 la S l

Tén cau bé A 1a SIMON.

BAI TAP 3 7|1 6 5|4

13.1. Hiy tim duomg di wong mé 1o | 7 | -« B4 & |
(h.13.10) bit ddu tr géc trdiphia | , s 3 s |6 4
trén va két thic ¢ goc phai phia
dudi sao cho t6ng céc s6 & cdc O di
qua ding bang 100. Hinh 13.10

Két
thic
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13.2. Cay muen canh.

O mot khu vuom ¢6 10 cdy (h.13.11a), mot cdy ¢6 10 canh (h.13.11b). Trén
moi canh ¢6 10 nhdnh (h.13.11c¢). Trén mbi nhdnh ¢6 10 14 (h.13.11d). Mot
ngay nao d6, ngudi tiéu phu dén vudm va chat mot cdy rdi cit ra mot canh &
mot cdy khdc, k€ d6 1a cat mot nhanh tr mot canh khac. Cudi cing anh ta
ngat mot chiée 1a @ mot nhianh khéc.

Vudn cay con lai bao nhiéu 14 ?
a) b)

C) d)

Hinh 13.11
13.3. Mot s6 hoc sinh trao déi véi nhau vé s6 diém 10 dat duoc. Biét ring
a ban ¢6 s6 diém 10 wr | tro Ién ;
b ban ¢6 s6 diém 10 tir 2 trd én ;
¢ ban ¢6 s6 diém 10 tir 3 tro 1én ;
d ban c6 s6 diém 1012 4 ;
Khong ¢6 ai ¢6 hon 4 diém 10.

Tinh t6ng s6 diém 10 ma cdc ban hoc sinh ¢6, bi¢tring :a+ b +c+d = I5.
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% ?1
CHUYEN DE 1
-1941 -2011 ~-1930 -1996 37 47
1.1. a) < - > P — L —
1931 2001 1945 2011 59 69
-97 -194 -189 -187 -289 -298
b) > - < $ > ’
201 399 398 394 403 401
- 37 76 23 - 15 -7 -5
 §0 3 < < < < < L
41 -80 =27 19 11 0

1.3. C6 hai ménh d¢ ding (MD 2 va MD 4).

14. C6 hai s6 ndm giita cic 56 — va — a —, =L
3 -5 15 4
1.5. Cbécictapcon [(—42;19); {-28: 19).
1.6. A=5—4-: B=—£: C= 83 :
15 284 15120
5 2
1.7. D= —; E=-17; G= -
24 5
17 250 24
1.8. A=—: b)B= —; = -]1—.
VA= DBEG B =l
1.9. a)x=24; b) =-%: c)x=-1;

1.10. a) A = --;—: b)B= E(2'00—1):

3

'HUGNG DAN GIAI - AP SO

3 100
C=-3"-I:
c) 4( )

-25 =27
: > "
124 ~ 100
d) x = - 2010.

111 C622°2°2% .. 2" =104 21 *2*3**X L 1024 = x =4,
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-

L12. C6-28 <202 <-22 <27 < 2R <22

1.13. Xem cdch giai ¢ Vi du 1.29.

1.14. Xem cdch giai ¢ Vi du 1.29.

1.15. Xem céch giai & Vi du 1.28.

1.16. Loai s6 - 5 va s6 - 4.

1.17. Hiéu hai s6 nghich dao bang 1 hoac -1.

1.18. a) x < - 3 hoac x > 4; b) x> 3:
c¢) Lap bang xét dau, ta dugc: -2 S x S2 hoac x 2 4.

CHUYEN PE 2
2.1. C6:0.1:0,105 =20:21; 1:0.004 =250:1:
18,75 : 0,0375=500:1; 462:0,1232=375:1.
7 7 S

2.2. a) Lap dugc mot ti 1¢ thie vi: 776 .0,03 = 2 va 4.2. >

w3

b) Khong 1ap dugc mot ti 1€ thirc ndo (xét ba trudmg hop).
¢) Lap duoc mot ti 1¢ thire vi: 3.4.1,56 = 5,304 va 17.0,312 = 5,304.
d) Lap dugc mot ti 1¢ thie vi:
320 +31 +41) =932 va2’ (1! + 2! + 3!) =329,
23. x e {4;36.64).
2.4. a) Co6 thé 1ap dugc mot ti & thirc vi ching han: 1.27 = 3.9,
b) Khong 1ap dugc mot ti 1¢ thirc nao.
¢) C6 thé 1p duge mot ti 18 thitc vi ching han 2'.2% =2%. 27,

d) C6 thé 1ap duoc mot ti 16 thic vi chinghan 37 .37 =37".3

. . , 31 181818 1818 3131
81 ti 16 thiic vi ching han = . o a8 NI
IR TRl NS & 292 S5

="

25. a)x=10; b) x = 1,1285.

2.6. a)x=45; b) x = 60.48; c)x= d)x=24.

1.
3
27. Co6x=-6;y=-9hoacx=6;y=9.

28. a)x=352; byx=-1.
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26

2.9. Khong cin bat s6 nao ca vi 1 g Sir dung tinh chat day ti s6 bing nhau

ta tim duoc x = ().

2.10. C6:
a b ¢ a b ¢
a) | 80 | 120 | 192 o | t14 | 26
by | 7 8 15 e | -8 | -12 | -20 |
o | 70 | 60 | 9 hy | 8 | £12 | £16
d | 24 | 15 | a0 i) 4 6 X

2.11. Sir dung tinh chat ddy ti s6 bang nhau.
2.12. Su dung tinh chat ddy ti s6 bing nhau.
2.13. Su dung tinh chat ddy ti s6 bang nhau.
2.14. Via,b,c,d>0nén a+b+c+d=0
a+b _c+d a+b+c+d

= = =]l =a=c.
b+c d+a b+c+d+a
2.15. Su dung tinh chat day ti s6 bing nhau.
2.16. Sir dung tinh chat day ti s6 bing nhau.
2.17. Sir dung tinh chat ddy ti s6 bing nhau.
LK T D B 0000 _OAaD OB b BT
bc ¢ ¢ 10b+c 10b 10bk e
o— a_ (10" =1)a+ bk _ 10" a + bk = n_
e 10bk 10bk +¢ bbb...bc
\—~—1
n

do9k = 10"~ 1.
2.19. D6 la phan s6 ¢6 i s6 bing miu s6.
2.20. Cox=2;y=3hoicx = -%;y: %

2.21. Sir dung tinh chat day ti s6 bang nhau.
2.22. P=8 hoic P =~ 1.
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CHUYEN PE 3

9 13 148
3.1, — =0.27); — =0,(142857); — =0,(285714);
33 (27) 91 ( ) 518 ( )
133 15 73
418 (18) 82 ( ) 81 ( )
10987654321 = 21800901,430(5).
504
32. S6 ———— =0999.9. -
1,000...01 o, i
N e IO.
9
33 T 0(0001)‘;' -03(13)""7_'
- - L] - 9m L ] L] 22 L]

2371 = 237, 32401 = 325
250 1100

34. C6 % = 0,(78947 36842 10526 315).

S6 thap phan trén ¢6 chu ki gébm 18 chir s6, ma 2012 = 18.111 + 14, suy ra
chir s6 thap phan thir 2012 1a 2.

35, a)d=1.33(m); b) Dién tich phan con lai = 9,01 (cm”);
¢) Do dai qu¥ dao tang thém = 6,28 (km).
36 O 20009 3. [10.24=32:
0,0121 11

J0.64 +J0.81 =1.7;  J1.2321 + J1P+23 433 = 1,11+ 6=7,11.
2011 2012 2012-1 2011+l

3.7. C6A= =
320!2 X :/20[! :/2012 ' 320!1

- (.
- 20'. m-i- 20“ m
A= (Jzon + Jﬁnz) +[7%“. - 72:)7] > J2011 + 42012 =B.

Vay A > B.

' 361 324
8. A=(0, . . 49.1’—--1422.,’— = 37.
38. A (Jo 0289 +./0 6889) [13 o 6241]
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3.9.

3.10.

3.11.

3.12.

3.13.

3.14.
3.15.

3.16.

190

Cothé, vidux=1+ 2 vay=1.y/2 =a=1¢€0Q.

AT Ji21 5 V12321 I J123456787654321
12t i3zt N2z J12345678987654321
s I | 10 100 V121 1 100
Chang han = —=]l-—=] -— vi =—=] - —,
e Ji21 11 | 110 12321 11 111
uy ra E_ 121
Ji2t i3

Sir dung Vi du 3.26. S5 1000! Chita 994 thira s6 2, chita 498 thira s6 3, chifa
249 thira s6 5.

Ki hi¢u tong clia cic s6 a,va b, (1Sis7;i e N) tuong img 1a S(a,). S(b,).
tacéd

S(a,) = &b.) = 19.
Theo dé bai ta ¢6 s6 nguyén b, € {2; 3) d€ M <.

C6 bay s6 2 va 3 ma t6ng bing 19, suy ra ¢6 hai s6 2 va nim s6 3 (phuong
phdp gia thiét tam).

D& M nho nhit ta chon hai s6 ¢6 phén thap phan nho nhat bing 2 va céc s6
con lai bing 3.

M =Max({lay-21;1a; - 31} = Max{0,61: 0,35} = 0.61.

Vay 100M = 61.

0.a(b) + 0,b(a)=1.
Cox+y=9vax-y=5=x=7Tvay=2
Vi trong cdch viét chi dung chir s6 0 hodc 8, nén n:15 thi chir s6 tan cling

cua n bing 0, n:3 nén n c6 s6 chir s6 8 chia hét cho 3 va 6 chir s6 0 tuy v.

Do n la s6 nho nhat, suy ra n = 8880 = %z-&%g=9&(6).

7 -
a)3<x<l?=3%=>lx]=3; b)-Eg<x<-—4=>[x]=-5;

c)-Tl-<x<-1—(;-=>[x]=—4.



4.1

4.2,

4.3.
44.

4.5,
4.6.

CHUYEN DE 4

a) Tuong quan giira hai dai luong y va x 1a twomg quan ti 1¢ nghich, véi hé s6
tlé - 30.

b) Tuong quan giira hai dai luong y va x la tuong quan ti |& thuln, véi hé s6
tlé26.

Trong mot gid, kim gio quay duge -1-]5 vong, kim phit quay duoc | vong va

kim gidy quay dugc 60 vong. Cong thirc biéu dién x theo z 1a x = 720z. Ta
dién vao bing nhu sau:

X | 60 720 360 | 3600
3 1 12 6 60
y 60
I 1
. ! 5
‘ 720 12 ' s

Bot my da duoc ha gia 100% - 82,25% = 17,75%.
Ta tinh dugc trong 1 gid, ngudi A lam duoc % cOng viéc, ngudi B lam

duoc A cong viéc.

45
Né€u ngudi B 1am sém hon 1 gio vi A lam chdm nira gids thi hai ngudi lam
chung duoc %3— cong viéc. Khi d6 mot minh nguin A lam duge % cong

viéc, tir dé tinh duge ngudi A thuc 1€ dugc linh 450000d.

Hai doan tau gap nhau cich mot ga (ga B) la 18km.

a) Sau 3 gidr khai hanh thi quang dudng con lai ciia ngudi di ngua bing 3 ldn
quing dudng con lai cua ngudi di xe dap.

b) Néu M 1a diém chinh giita ca quing dudmg AB (trung diém cua AB) thi
sau 1,5 gir k€ tir khi khoi hanh ngudi di xe dap sé cich M mot khoang bing

% khoang cédch tir ngudi di ngua 161 M.
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CHUYEN DE 5

S.1. a)04:0,06:1,2=20:3:60; b)0.(3):0(5):0(M=3:5:7;
¢)0,(12):0,0(6) : 0,01(72) =400 : 220 : 57:;

d)08: %:0.05=48:40:3.

52. a)a:b:c=18:16:1S5: b)a:b:c=48:40:3.
33. a)a:b:c=56:40:13S: D)a:bic=2r3:4

c)a:b:c=18:16:1S.

SA. Coa:b:c:d:e=5:6:9:10:4.

5.5. C6a=20,b=25vac=40.

5.6. C6a:b:c:d:e=81:72:84:105:200=>a+b+c+d+e=1084.
5.7. S=2400 (cay).

4 8 12 .
58. BaphtnsSosin 2. 2w ls
Iy 7' 21 " 35

5.9. Dién tich ba thira rudng l4n lugt bing 40,8ha; 32,4ha va 28 8ha.
5.10. Tudi cha va twéi con hién nay 1a 32 va 8.
5.11. Tubi cha va téi con hién nay la 50 va 14.

5.12. Gia sirban A c6 x ban, tudi ciia A 12 a va t6ng tdi x ban 12 S. Ta ¢6 -;— = Tl-

a+n |

Biét ti s6 d6 khong d6i theo thdi gian nén sau n nam ta ¢6 :
S+nx 4

=-=—-=—=-:I = x =4. Viy ban A ¢6 4 ngudi ban.

5.13. Ba ban c¢6 3450 con tem.

CHUYEN DE 6

6.1. a) Céc diém A(1; 2) va B(0; 0) chi ciing thudc d6 thi ham s6 y =kx (k = 0).
b) Céc diém C(1; 2) va D(~ 1; - 2) thudc d6 thi hai ham s6 y = kx (k = 0) va

y== (a=0).
X
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6.2.

6.3.
6.4.

6.5.
6.6.

6.7.

6.8.

6.9.
6.10.

6.11.

6.12.
6.13.

¢) Hai diém E(1; 2) va F(0; 1) khong cing thudc dé thi cdc ham s6 y = kx
(kz0)vay= & (a=0).
X

H.’iﬂlsb’y=f(x)=-—%x+l.

Coé: f(0)=5; f(-2)=21; f(10) = 285.

a)Co: 124=413+1=1(124)=1;
2012=670.3 + 2 = f(2012) = 2;
999 =333.3+0=1(999)=0.

b) Vi s6 du cia mot s6 khi chia cho 3 nhoé hon 3, nén khong t6n tai gid tri x
ma f(x) = 3.

C6 (- x) = 3(- x)* + 2 = 3x° + 2 =1f(x) = f(x) = f(- x). Vx.
C6 f(- x) = 4(- x)* = 2(= X) = = 4x° + 2x =~ (4x° = 2x) = - f(x)
= f(-x) = - f(x), Vx.

6

lJ

(_ +1 1+x8) %3 3
Céf(l)= X =( ) _I+x

x (l ]3 i X3
X
5= x> +-lf = f(x) = f(x) = f(- x), Vx = 0.
(=x) X

Haims6y =f(x)=5". Tac6 fix + 1) - f(x) = 5**' = 5" =5"(5 - 1) =4.5".
C6 Sgn(x*+ 1) = 1; Sgn(- ()™ =~ 1; Sgn((- )*" " H=-1.

= f(x) = f(%) = f(x), Vx = 0.

Cof(-x)= (-x)2 +

Ham s6 y = f(x) = %x2+-;-x+ 1.

C6 f(4) =3.f(3): f(3) =2.f(2): f(2)=1.f(1) =1 = f(4)=3.2=6.
Ham s6

%x -3 néu x26
y= f(x) = {

3—%:& néu x <6.

\
a) Dai luong x khong 12 ham s6 cua dai luong y, ching han img v6iy =3 ta
tim dugc hai gid tri cua x 1a 0 va 12.
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b) C6f(-2)=4: f(0)=3: f(7)=0,5. vt
¢) Ham s6 f(x) c6 thé viét gon bing cong thirc:
f(x)=]05x - 3|.

6.14. (h.6.10) Ciac mién 1 va 2 thoamin x <0,y > 0.
O mién | thiy <—-x,dmién 2 thiy > - x.
Viay mién 2 théa min déng thdi cdc diéu kién
x<0,y>0,y>-x.

6.15. D6 thi cdc ham s6 : (h.6.11)

Hinh 6.10
a)y={x);b)y==|x|: ¢)y=Sgn(x).
Y‘
: y = Sgn(x)
ﬂ_l x
a) b) c)
Hinh 6.11
CHUYEN PE 7

7.1. 1. Chon coOt thit nhat va thit hai:
a) Ddu hi¢u X 1a s6 tran bido d6é bo vao Viét Nam trong thap nién ddu cla
thé ki XXI.
b) Bang "tdn s6":

S6 tran bio | 2 3 7 8 13 |14
S6 nam 2 3 | | 1 N

(3]

10

Trung binh s6 tran bdo d6 bo vio Viét Nam hang nam:

22+33+7.2+8.1+13.1+14.1 _
10

X =

6.2.
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1.2.

y . =
74.
7.5.
7.6.

Moti: M, =3.

2. Chon cot thir nhat va c6t ba (gém 14 cot nho):

a) Ddu hiéu X & day la cap do bido d6 bod vao Viét Nam trong thap nién ddu
thé ki XXI.

b) Bang tdn s6:

Cipdobiao | 6 [ 7| 8 |9 [10]|11|12]13

S6 tran 27110 9| 5| 33| 3]|2|N=62

Trung binh cdp d6 bdo d6 bo vao Viét Nam

- 627+7.10+89+95+103+11.3+12.3+13.2

X= = 7.6.

62

a) D4u hi¢u X ¢ bang 14 1a s6 ban thing trong mdi tran ddu ¢ vong ddu bang
World Cup 2010.
b) Bang "tdn s6™:

Sobanthing | 0 | 1 21314317

S6 trin diu 6 |13]1219 ]| 5] 2 1 | N=48

Trung binh s6 ban thing trong mot tran:

06+1.13+2.12+3.9+45+5.2+7.1 »
6+13+12494+5+2+1

Chi c6 duy nhat mot tran ¢6 7 ban thing. S& tran ¢6 1 ban thing nhiéu nhat
(13 tran).

Trong nhém con lai 9 ban.

S6 dimg chinh gira bing 44,

Diém trung binh hién tai cia ban Nam 12 6,2.

Goi x 1a s6 hoc sinh ctia t8 2, y 12 s6 hoc sinh cta t6 3.

X= 21.

o 210+88X 5.9 dioe x = 10.
10+ x
o $810+7.8Y g2 tadugcy=1s.
10+y

Diém trung binh cla ca 16p bang 8.4.
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CHUYEN DE 8

81. a) A= -SE.
27
b) B(-0,5) = —7-;-; B(0) =~ 10; B(0,(6)) = —]6-24—?; B(1) = - 20.
¢) C(- 2) = 7; C(- 0,(6)) = 3%.
8.2. a)P=0; b) P = 1000.
8.3. Gid tri cia biéu thic Q thuoc tap |—18-§-; -16% ).
8991 1
4. = — =0, C=1—.
84. a)A . b)B=0 ¢) =

85. Tac6 A=B=C(=49).
86. Tacé ABC = - szy“zﬁ < 0 nén ca ba don thirc da cho khong thé cung

duong duoc.
8.7. a)MinA=2012¢x=-500; b)MinB=2¢>255x 549,
8.8. MuA=Eax=-2-.
11 3
89. a)MinA=-17x=12: b) MinB=-7 & x = 10.
8.10. a) MaxA =17 x=12; b)MaxB= 12 & x = 10.

8.11. C6 x=3.

CHUYENPE 9

9.1. a)P=7x"-5x-1; Q=5x+3x-5;
R=-x2-x-—3; S=3xz-7x+7.
b) P=15a” - 21ab + 5b% Q =a’ - 3ab + 27b%:
R=9a’-11ab-9b%  S=5a%—7ab- 13b>.
9.2. a)M=4da-2b+3c-2d: b) N =— 5a° + 2c.
93. a)P+Q=x+4y-2z;, P-Q=-x+2y.
b)P+Q=7a"+ab-b% P-Q=-a’+3ab- 3b°
94. a)P=-212-—5xy+6y2: b)P= -Sx2+4xy; c)P=-4y2.
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9.5. Haidathic déng nhdtkhia=-4,b=2,¢=3.

9.6. C6 uyy,=-b.

9.7. a) ab e {21; 32; 43; 54; 65; 76; 87 98; 51; 62; 73; 84; 95).
b) ab =36. c¢) ab = 72;

98. Ddpso:a=3, b=2;, c=S5.

9.9. a) abc = 198; b) c) abc e {481; 592};
d) Khong t6n tai do a, b va ¢ khic nhau.

9.10. Téng S = abc + bca + cab + ab + bc + ca = 2.61(a + b + c) khong 12 mot
s6 chinh phuong.

CHUYEN DE 10

10.1. a) f(x) = 6x° — 4x” + 4x - 5.
b) Bac cua f(x) 1a 3, hé s6 tr do 1a - 5, hé s6 cao nhdt 1a 6.
f(=1)=-=19; f(0)=-5; f(0,5)=-3,25; f(1)=1.

10.2. a) f(x)=(x99+2x93+3x97+...+99x)+l
=f(-D=(-14+2-34+4-...498-99)+1=-49,
b g-D=(-1-1+D+0=1=1+1) +...+(A=1=1+1)+(=D'"

= ],

¢)h(1)=0,1 +0,01 + 0,001 + ... + 0,000...01 = OM

n n

Xét n chdn van lé:

Néu n = 2k thi h(- 1) = - 0,090909...09 véi k nhém (09).

Néun =2k - | thi h(- 1) = - 0,090909...091 vGi k — 1 nhém (09).
10.3. Téng cdc hé s6 cia da thic sau khi phd ngoac va sip xép:

a) f(1)=(1-2+3-4)'""=(-2)'=1024.

begh=G-12+8)" @+3+2+1-12+1) =1
10.4.a)A+B=x3—6x2+21; A—B=—9x3+6xz—6x+4.

b)A2)=-34; B(2)=22; (A+B)2)=-12; (A-BX2)=-56.
lﬂ.S.a}f(x):x‘-xz=0=>xeIO;ill:

b)g(x)=x3—x=0=xe|0;ill;

c)h(x)=x3

d)k(x)=x2

222 _

—x2+x-l=0=>x=l;
-Tx+12=0=>x € {3;4).
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10.6. a) f(=1)=0khim= 1, b)g(l1)=0khim e (-2:0).
¢) h(=3) = 0 khi m = 45.

10.7. a) f(x) = ax3+ bx2 + cx + d (a # 0) c6 nghiém bdng + 2 khi ¢ = —4a va
d=—4b. Tacé f(x) = ax> + bx*> — dax —4b.
b) Khi d6 ax® + bx? —4ax -4b =0
@u(xz—4)+b(x2 -4)=0
& (ax+b) (x> -4)=0.

Ngoai nghi¢m * 2, da thie f(x) con ¢6 nghiém x = -E (doa=0).
a

10.8. C6 da thiic f(x) = 2x° + 3x° +4x - 5.
10.9. Nghiém cua da thic g(x) 1a .5 i
X0

10.10. Néu da thic f(x) = - 8x° + 6x° - 4x* + 2x - 1 ¢ nghiém nguyén thi
nghiém d6 1a uéc s6 cia - 1. Nhumg f(- 1) =-21 #0vaf(l)=-5#0. Vay
da thic da cho khong ¢6 nghiém nguyén.

10.11. Vi da thirc f(x) = ax® + bx> +cx +d c6 gid tn nguyén véi moi x € Z nén da
thire f(x) cling ¢6 gid tri nguyén véi x € {0; £ 1; 2}. Thay x bing céc gid tri
détaséc62be Zvabae Z.

CHUYEN DE 11

11.1. a) Gia sir tdng ctia s6 hitu ti a va s6 vo ti b 1a s6 hitu ti c.

Tacé: b=c—a. Vihiéu cia hai s6 hiru ti ¢ va a 1a moét s6 hiru ti nén b 1a s6
hitu ti. trdi v&i gia thi€t. Vay c phai 14 s6 vo ti.

b) Gia sir q 1a s6 hitu ti duong nhé nhat. Viét q =% v6i a,beZ,bz0. Do

q>0 nén c6 thé gii sir a>0,b>0. Xét s6 r=ﬁ thi reQ,r>0. Mat
+

khic q-r=£— a ab+a-ab  a

b b+l bb+1) b(b+1)

>0, do d6 g>r. Diéu nay
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11.2.

11.3.

114. Ty —+—+...+

mau thudn véi q 1a s6 hiru ti duong nho nhat. Do dé gia sir trén la sai. Vay
khong t6n tai s6 hiru ti duong nho nhat.

12n+1

On+2

Gia su phan s6 khong t6i gian, nghia la néu d ={12n+1,30n +2)

thi d>1.Tacé: (I12n+1):d. (30n+2):d = 5(12n+1)=-2(30n+2)=1:d,
vo li.

2n+1 .
101 gian.

Va an sO
Ay ph 30n+2

Do tich ctia 34 s6 nguyén cho truée bing 1 nén cdc s6 nguyén d6 1a £1 va
phai ¢6 s6 chin cdc s6 1a —1. Goi k 1a s6 cdc s6 nguyén bing -1. D€ t6ng
cua ching bing 0 thi phdi ¢6 k s6 nguyén 1a 1. Nhu vay ta ¢6 k+k =34,
suy ra k=17, khong phai 1a s6 chin, mau thudn. Vay tdng cua cdc s6
nguyén dé khong thé bang 0.

b -

=] suyra
4 a 42000

a5a3...a5000 +2123...27000 *---+2)23...2)999 = 3)23 ... 22000 (1).

Gia sir t4t ca cdc s6 a;.a,,....a5500 12 50 1¢, khi d6 vé trdi cia (1) la tong cia

2000 s6 1é nén l1a s6 chin, v€ phai cua (1) la s6 1¢, miu thudn. Suy ra diéu
phai chimg minh.

11.5. Gia sir tén tai s6 palindrome chia hét cho 10, vay s6 d6 ¢6 tn cung la 0. Khi

d6 s6 nay khong thoa min dinh nghia cia s6 palindrome. Suy ra diéu phai
chimg minh.

11.6. Gia sirtén tain € N dé A =n” +3n-38 chia hét cho 49.

Khi d6: n> =4n+4 =n> +3n-38-7(n-6) chia hét cho 7. Mat khic
n®-4n+4 =n’ -2n—2n+4=n(n-—2)--2(n—2)=(n-2)a(n-2)=(n-2)2
nén (n-2)%:7. Suy ra (n-2):7. Vay n=Tt+2,t € N. Thay vao A ta duoc:
A =(Tt+2)% +3(T1+2)-38 = 491% + 491 - 28 = 49(t* +1)-28.

Do d6 Al49,trdi vGi gia sir trén. Vay véi moin € N thi AZ49.
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11.7. Gid sit n® +a=x> (1) véi x € Z. Do a 1 wéc nguyén duong cua 2n° nén

2 2
2n® =ka,k € N . Khi d6: x2=n2+a=n2+2: :(k") =k?+2keN".
n

Vay k? + 2k 1a s6 chinh phuong. Diéu nay 1a vo 1i vi k% < k2 +2k < (k +1)°.
Suy ra diéu cdn chimg minh.

11.8. Do n>2 nén n!=1> 1. Goi p 1a mot uéc nguyén 16 ciia a =n'-1, khi d6 ta

11.9.

co:psa= p<n!.

Bay gidrta sé chimg minh p>n. Giast p<n,suyra n!:p.
Talaicé a:p nén lip, voli.

Vay pla s6 théaman n<p<n!.

Do n la s6 nguyén duong tuy ¥ 16n hon 2, nén ¢6 vo han cic s6 nguyén t6.

Gia sir khong c6 3 s6 lién ti€p nao ma téng Im hon hoac bang 39. Khong
mdt tinh téng quét, gid sir ching duoc sip x&p theo thir tr vong tron 1a

a),2a3,...,875.
Xét 16ng

A=(ay+ay+a3)+(ay+az+ay)+...+(ayy +arg+a;)+(ars +a; +a,).
Theo gia sirthi A <25.39 =975 (1).
Miatkhic A=3(1+2+3+...+25)=3.325=975 (2).

Tur (1) va (2) suy ra vo Ii. Ta c6 diéu cdn chimg minh.

11.10. S5 hang t6ng quét cia ddy (1) 1a 4k —1, k € N*. Gia sir cdc s6 hang cua diy
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(1) chi ¢6 hiru han cédc s6 nguyén t61a 3,7, 11, 19, .. ., p,. Bing cich dat
N =4(3.7.11.19...p,) =1 thi nhu Vi du 11.8 s& din 16i su mau thudn. Vay c6
v0 50 cdc s6 hang cua ddy (1) 1a cdc s6 nguyén 1.

S6 hang 16ng quét cta diy (2) 1a 6k -1, keN". Lap luan tuong tu nhu doi
vGi ddy (1), ta cling thay ddy (2) c6 vo s6 cdc s6 hang 1a cdc s6 nguyén 16.



12.1.

12.2.

12.3.

12.4.

Nhan xét: Didy s6 (1) va (2) déu ¢6 chung mot dic diém la: Céc s6 hang cua
mdi day, ké tir s6 hang thir hai, déu bang s6 hang dimg ngay truéc né cong
vGi mot s6 khong déi. Diy s6 nhu vay duge goi la cdp s6 cong, s6 khong déi
doé goi l1a cong sai.

K&t qua tdng quét hon cua vi du nay la: Bat ky cdp s6 cOng nao ¢6 s6 hang
ddu tién va cong sai nguyén 16 cing nhau ciing chira vo han cidc s6 nguyén

t6. Nha todn hoc A. Selberg ngudi Na Uy la nguti ddu tién (khong dang
todn cao clip) chimg minh két qua nay.

CHUYEN DE 12

C6 28 sot cam gém 3 loai cam khic nhau. Ta thdy 28 = 3.9 + 1, theo nguyén
Ii Dirichlet, t6n tai it nhdt 9 + 1 = 10 sot chira cung mot loai cam.

C6 thé 1ap luan bing phuong phdp phan chimg nhu sau: Gia sir mdi loai cam
déu c6 khong qud 9 sot thi s6 lugng sot cam sé khong vuot qua 9.3 = 27.
Diéu nay trdi vén gia thiét da cho 28 sot. Suy ra phai c6 mot loai cam chifa it
nhat trong 10 sot.

C6 50 ban sinh vao 12 thing trong nim. Nhin thdy 50 = 124 + 2, theo
nguyén i Dirichlet, tén tai it nhat 4 + 1 = 5 ban sinh cung thang.

Pem 12 s6 di cho 1dn luot chia cho 11 nhan dugce 12 s6 du trong d6 ¢6 nhiéu
nhét 11 s6 du khidc nhau (0, 1, ..., 10). Theo nguyén li Dirichlet, t6n tai it
nhdt hai s6 chia cho 11 ¢6 ciing s6 du, ching han d6 1a a, b (a > b), khi d6
a — b chia hét cho 11. Nhung a, b 12 cic s6 c¢6 hai chil s6 nén a — b chi ¢6 thé
la 11,22, 33,44, 55, 66, 77, 88.
Mot s6 tu nhién chia cho 50 ¢c6 mot trong cdc s6 du 0, 1, ..., 49,
T4t ca cdc sO du trong phép chia cho 50 duoc chia thanh 26 nhém sau:

(0), (1: 49),(2; 48), ..., (24 ; 26), (25).
Dem 27 s6 tu nhién chia cho 50 nhan duge 27 s6 du, 27 s6 du nay sé thudc

vao 26 nhém trén. Theo nguyén i Dirichlet ton tai it nhat hai s6 du thudc
vao mot nhém, tirc 12 tén tai hai s6 ¢6 téng s6 du trong phép chia cho 50
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bing 50 hodc hi¢u s& du trong phép chia cho 50 bing 0. Hai s6 nay c6 tong
hoac hiéu chia hét cho 50.

12.5. Giai theo cdch cua Vi du 12.6.
12.6. Xét ddy gébm n + 1 s6 sau

be M0 B0 0y ns DY s X
\_V'd
n+l
Dem n + 1 s6 ndy l4n luot chia cho n, ta nhan dugc n + 1 6 du trong dé ¢6
nhiéu nhat n s6 du khdc nhau (1a 0, 1, ..., n = 1). Theo nguyén li Dirichlet
t6n tai it nhat hai s6 khi chia cho n ¢6 cung s6 du, nén hi¢u cua ching sé
chia hét cho n. Hién nhién hiéu nay 1a mot s6 tu nhién duge biéu dién boi
cdcchirso 1 va 0.

12.7. Xét 10001 s6 9, 9%, 9%, ... 9'%%" Hem 10001 s6 nay 14n luot chia cho 10°.

Theo nguyén If Dirichlet, t6n tai hai s6 chia cho 10* ¢6 ciing s6 du, ching
han hai s6 d6 12 9™ va 9" (véi m > n). Khi dé

9™ —9"=9"9™™ - 1)=10"q (qa s6 t nhién)

ma (9", 10%) = 1 nén 9™ ™ - | chia hét cho 10*. Suy ra 9™ ™ ¢6 tan cing
la 0001. Vay c¢6 thé tim duoc s6 tu nhién 1 ldy thira cha 9 ma ¢6 tan cing
1a 0001.

12.8. Xétn+ 1 s6m, m’, ...,m"* ', ta luon tim duoc hai s6 c6 ciing s6 du khi chia

cho n, suy ra hiéu cua ching chia hét cho n. Khi dé6

mk—m":m"(mh‘—I)chiahe'tchon(l <q<ksn+1).Vi(mn)=1

nén m* 9 - 1 chia hét chon. S6 m* ™9 -1 1a 56 phai tim.

12.9. bat 3'*" = m. Do (3, 13579) = 1 nén (13579%, m) = 1 v6i moi s6 tw nhién k.
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Dem m + 1 s6 13579, 13579%, ..., 13579™" chia cho m. Theo nguyén If
Dirichlet trong m + 1 s6 trén c6 it nhat hai s6 khi chia cho m ¢6 cling s6 du.

Tic 1a t6n tai hai s6 tu nhién p, q (p > q) dé (13579° — 13579%) chia hét

cho m. Do d6 suy ra (135797 9 — 1) chia hét cho m. Pat n = p - q, ta duoc
diéu phai chimg minh.



12.10. Gia sir 10 s6 dugc viét theo thir ty aj, ay, ..., a)p Vi | < a; < 10, a; # a; v6i
1#). Talapddy b;, b,, ..., bjg vOi b; = a; + 1.
Néu trong 10 s6 by, b,, ..., b,y d6i mot ¢6 tan cing khéc nhau thi tong cla
ching c6 tan cung bing chirsétancung cua 0 + 1 + 2 + ... + 9 =45, uic la
bing 5. (1)
Matkhé‘:bl +b2+ i +b10=(al+32+ +a|0)+(l +24 ...+ i0)= 110. (2)

Vi (1) va (2) mau thuin nhau nén phai tén tai hai téng c6 chir s6 tan cing
nhu nhau.

12.11. Xét s6 vdn cd cla ba tudn lién ti€p. Gia sir ngay thi k s6 van c& danh dugc
la a, (1 £k £21). Vis6 van cd ddnh mdi tudn khong qué 13 nén

a,+2a,+...+2,;,<3.13=39

Ta xét dy t16ng sau:

Sn: at+a+... +ay.
Theo nguyén 1i Dirichlet, trong céc s6 Sy, S,, ..., Sy, n6i trén thi t6n tai hai
s6 chia cho 20 ¢6 cung s6 du nén hiéu cla chiing chia hét cho 20. Vi cic s6
S;. Sy ..., S5; déu khac nhau va khong vuot qud 39 nén tén tai hai s6 c6 hi¢u
bang 20, ta ¢6 diéu phai chimg minh.

12.12. Gia sir 6 ban thi ddu béng ban 12 A, B, C, D, E, F. Tai mbi tht diém,
ban A c¢6 thé thi ddu hoac chua thi ddu véi mdi ban trong 5 ngudi con lai. Ta
c6 5 = 2.2 + 1, theo nguyén Ii Dirichlet thi A phai chua ddu véi it nhat ba
ban khéc hodc di ddu véi it nhat ba ban khic.

Truémg hop 1: Gia st A di thi ddu véi ba ban B, C, D.
— Néu B, C, D timg cap chua dau véi nhau thi ta chon luon B, C, D.

— Néu B, C, D c6 mot cap di thi ddu v6i nhau, chiang han B va C thi chon ba
ban A, B, C c6 timg cap da dau véi nhau.
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Truemg hop 2: Gia sir A chua ddu vaéi B, C, D.
- Néu B, C, D timg cap dau véi nhau thi ta chon luon B, C, D.

- Néu B, C, D ¢6 mot cip chua d4u v6i nhau, ching han B va C thi chon ba
ban A, B, C ¢6 timg cap chua d4u véi nhau.

12.13. Gia sur 500 s6 nguyén duong di cho 1a a,, a,, ..., as. Ta xét cdc tap
hop sau:

A= lal.az. o asml
B= |a| +4,az+4,.... asm+4|
C={a;+6,a,+6, ...,a09+ 6] -

D={a, +8,a,+8, ..., a5+ 8).

Tdng s6 phdn tir cba A, B, C, D 1a 2000, trong d6 mdi phdn tir déu khong
vuot qud 1900 + 8 = 1908, nén theo nguyén If Dirichlet ¢6 it nhat hai phén tir
bang nhau. Vi trong méi tap hop A, B, C, D c6 cic phén tir d6i mot khic
nhau nén hai phdn tir bing nhau d6 thuoc AvaB; BvaC; CvaD; AvaC; A
va D; B va D. Khi d6 t6n tai hai s6 thudc A c6 hiéu la 2, 4, 6, 8. Ta dugc
diéu phai chimg minh.

Luu y. Bai todn vin ding néu thay 500 s6 boi 383 s6. Gidi twong tu phén
Nhan xét cua Vidu 12.7.

12.14. Ta xét hang c6 6 chita s6 1 va cot ¢6 6 chira s6 81. Hiéu gilta hai s nay
1a 80.

S6 cap 0 ké nhau lien tiép tir 0 chita s6 1 dén 0 chita s6 81 nhiéu nhat 12 16
(g6m 8 cap 6 tinh theo hang va 8 cap 0 tinh theo cot). Ta c6 80 = 16.5 nén
theo nguyén Ii Dirichlet, tén tai ft nhat hai 6 ké nhau c6 hiéu hai s6 ghi trén
d6 khong nho hon 5. Bai todn duge chimg minh.

12.15. Ta xét hang ¢6 6 chira s6 1 va cot ¢6 6 chira s6 120. Hiéu gitra hai s6 nay
la 119,
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S6 cap 6 ké nhau lién ti€p tr 6 chira s6 1 d€n 6 chia s6 119 nhiéu nhat 1a 20
(g6m 9 cap 0 tinh theo hang va 11 cap 0 tinh theo cOt). Tacé 119 =20.5 + 19.
Nén theo nguyén li Dirichlet, t16n tai it nhat hai 6 ké nhau c6 hi¢u hai s6 ghi
trén d6 khong nho hon 5 + 1 = 6. Bai todan dugc chimg minh.

12.16. Ta chia tap hop cdc s6 tu nhién thanh 5 tdp hopcon A; (1 =0, 1, 2, 3, 4) sao

cho A, gém céc s6 clia cho 5 du i. N&u ta 1dy S s6 tr nhién thi ¢6 kha nang
xay ra chiing roi vao 5 tap con khéc nhau, khi dé hi¢u cua hai s6 bat ki trong
chiing déu khong chia hét cho 5. Néu ta 1dy 6 s6 wr nhién bat ki thi theo
nguyén Ii Dirichlet ¢6 it nhat 2 s6 ndm trong cung mot tap hop con trén. Suy
ra hiéu cua hai s6 ndy chia hét cho 5. Nhu vay s6 tr nhién nhé nhat n phai
tim 12 6.

12.17. Céch giai tuong tu Vi du 12.5. Chon duge nhiéu nhat 12 667 s0.

12.18. Xét ngudi A bat ki trong 6 ngudi dé thi A quen hoac khong quen véi méi
ngudi trong 5 ngudi con lai. Ta ¢6 5 = 2.2 + 1, theo nguyén Ii Dirichlet t6n
tai it nhat 2 + 1 = 3 ngudi quen A hodc khong quen A.

+ Gia sir A quen 3 ngudi B, C, D. Néu B, C, D d6i mot khong quen nhau thi
ta chon lu6n 3 ngudi nay. Néu trong B, C, D c6 hai ngudi quen nhau; ching
han B, C thi chon luén 3 ngudi A, B, C d6i moét quen nhau.

+ Gia sir A khong quen 3 ngudi B, C, D. Néu B, C, D d6i mét quen nhau
chon ludn 3 ngudi nay. Néu trong B, C, D cé hai ngudi khong quen nhau;
chidng han B, C thi chon ludn 3 ngudi A, B, C d6i mot khong quen nhau.

12.19. Xét A = {1:2:3:..:2011%°"%), wx € A thi 1 < 221¥x <2011.

Xé12011 tap hop: (1;2),[2:3),(3:4),...,[2010; 2011), {2011}, do c6 16i
2012 s6 thudc 2011 tap hop trén nén theo nguyén If Dirichlet t6n tai it nhat
hai s6 thuoc cing mot tdp hop. Goi hai s6 d6 la x, y, ta ¢6

0<|2°'y;-2°'€/;|<l.
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CHUYEN DPE 13

13.1. Xem hinh 13.12. Téng céc s6 trén dudmg di bing :

1 +54+74+44+24+64+54+2+3+4+14+6+7+5

+3+5+1+4+6+2+7+1+6+4+3=100.
Bét ddu

R

Hinh 13.12

13.2. Trén mébi nhdnh c6 10 14,

Trén méi canh ¢6 10 nhdnh nén ¢6 10.10 = 100 (14).
C6 10 canh 0 mbi cay, vay & mbi cay c6 100.10 = 1000 (14).
Vudm cdy ¢6 10 cay nén ¢6 1000.10 = 10 000 (14).

Cat ra mot cay (c6 1000 1d), mot canh (c6 100 14), mot nhinh (c6 10 14) va
mot chiéc 14 thi vudm cay mat di

1000 + 100 + 10+ 1 = 1111 (14).
Vudm cay con lai : 10000 - 1111 = 8889 (14).

13.3. S6 ban ¢6 diing 1 diém 1012 a - b.
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S6 ban c6 ding 2 diém 101a b - c.
S6 ban c6 ding 3 diém 101lac - d.
S6 ban ¢6 diing 4 diém 10 12 d.
Téng s6 diém 10 1a :

(a=-b)+2(b-¢c)+3(c-d)+4d=a+b+c+d=15.
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Chuong Il. HAM SO VA DO TH|
Chuyén dé 4. DAl LUONG TI LE THUAN.

DAI LUONG TI LE NGHICH 78 191

Chuyén dé 5. CHIA TI LE 89 192
Chuyén dé 6. HAM SO. DO THI CUA HAM SO 100 192

Chuong lll. THONG KE
Chuyén dé 7. THONG KE. TAN SO. TAN SUAT 112 194

Chuong IV. BIEU THUC DAI SO
Chuyén dé 8. GIA TR1 CUA MOT BIEU THUC DAI SO 126 196
Chuyén dé 9. CONG VA TRU DA THUC 142 196
Chuyén dé 10. DA THUC MOT BIEN 148 197

CAC CHUYEN DE NANG CAO

Chuyén dé 11. CHUNG MINH BANG PHAN CHUNG 161 198
Chuyén dé 12. NGUYEN LI DIRICHLET 167 201
Chuyén dé 13. TRO CHOI VA CAU PO 179 206
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Chiu trdch nhiém xudt ban : Chi tich Hoi déng Thanh vien kiém Téng Gidm d6c NGO TRAN Al

T 6 chite ban thdo

va chiu trdch nhiém noi dung :

Bién tdp ldn ddu va tdi ban :

Trinh bay bia :
Suaa ban in :
Thiét ké sdch :
Ché badn :

Téng bién tap kiem Phé Téng Gidm d6c NGUYEN QUY THAO

Phé Téng bién tap PHAN XUAN THANH
Gidm doc CTCP Dich vu xufit bin Gifio duc Ha Noi PHAN KE THAI

DANG VAN TUYEN
LUONG QUOC HIEP
DANG VAN TUYEN
NGUYEN THANH THUY

PHONG CHE BAN CTCP DICH VU XUAT BAN GIAO DUC
HA NOI

Céng ty CP Dich vy xuét ban Gido duc Ha Noi -
Nha xuat ban Gido duc Viét Nam gilr quyén cong b tac pham.
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TAI LIEU CHUYEN TOAN TRUNG HOC COSO TOAN 7
TAP MOT - DAI SO

Maé s8: T7T66h3 - SBE

S8 DKKH xu#t ban: 124-2013/CXB/186-116/GD.

In 5.000 ban (QD: 62), khd 17 x 24 cm.

In tai Cdng ty C& phén In & Bao bl Déng Thap: 212 L& Lgi -
Phudng 3 - Thj xa Sa Déc - Tinh Déng Thép.

In xong va ndp Iuu chiéu thang 03 nam 2013.



