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Ldf nor dau ‘

B sach Tai liéu chuyén Todn Trung hoc co so gém 8 cudn, ti
I6p 6 dén 16p 9, mdi I6p 2 tap (tap mot: Dai sb, tap hai: Hinh hoc),
duoc bién soan nham :

- Cung cép cho cac em hoc sinh mét tai liéu cé hé théng va kha
day dl dé hoc tap chuyén sau vé mdn Toan & cap Trung hoc co sd.

- Tao nguén cho cac I8p chuyén Toan & Trung hoc phd thong va giip
cac em hoc sinh I6p 9 thi vao Idp 10 chuyén Toan.

- Gilp cac can bd chi dao mdn Toéan, cac thdy cd gido day Toan
cb thém tai liéu d& chi dao va gidng day chuyén sau vé Toan tai cac
hoat ddng chuyén dé, ngoai khéa, cac cau lac bd Toan hoc nham bdi
dudng cho hoc sinh vé kién thirc, ki nang, tu duy va nhitg phdm chét
tét trong hoc tap, nghién clu va sang tao, gbp phan vao viéc dao tao
va bdi dudng nhan tai.

Nhém tac gid clia bd sach 1a nhitng thdy cd gido da va dang giang
day @ cac I8p chuyén Toan cla cac trudng Dai hoc, cac trudng Trung
hoc co sd cé uy tin, nhing chuyén gia Toan cé kinh nghiém & Tap chi
Toan hoc & Tudi tré va Nha xuat ban Gido duc Viét Nam.

Cubn sach Tai liéu chuyén Todn Trung hoc co' sd Todn 7, tap hai :
Hinh hoc gém 11 chuyén dé co ban va 4 chuyén dé nang cao.

O méi chuyén dé co ban, cudn sach khdng 13p lai cac ndi dung da
cb trong Sach gido khoa ma chi tém tat cac kién thirc co ban, déng
théi b8 sung thém mot sd kién thitc can thiét. Do dé, khi gidng day
cac chuyén dé, cac thay cb gido nén sl dung két hap tai liéu nay véi
Sach gido khoa. Cac vi du minh hoa dugc chon loc nham giup hoc
sinh biét cach gidi va trinh bay mét s8 dang todn nang cao thudng
gap. Sau d6 la cac bai tap c6 hudng dan giai.
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Cac chuyén dé nang cao nham giup ban doc hiéu sau va rong hon
nhirng ndi dung cb lién quan dén chuong trinh, ching dugc trinh bay
dé hoc sinh c6 thé tiép thu dugc.

Chung t6i hi vong cudn sach nay sé 1a mét tai liéu thiét thuc va bd
ich giup cac em hiéu sau sic nhimg kién thirc Toan da hoc, gép phan
vao viéc nang cao chéat lugng dao tao va bdi dudng hoc sinh gidi
Toan & cap Trung hoc co sd.

Mac du cac tac gia da lam viéc nhiét tinh, nghiém tic va cb trach
nhiém, tuy nhién, cudn sach van khé tranh khdi nhimg thi€u sét.
Chung t6i rat mong nhan dugc y kién déng gép ctia ban doc. Cac gbp
y xin glfi vé

Ban Toéan - Tin, Céng ty CP Dich vu Xuét ban Gido duc Ha Néi,
Nha xuét ban Giado duc Viét Nam, 187B Gidng V6, Ha Nbi.

Chu bién
VU HUU BINH
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Chuong I

PUONG THANG VUONG GOC.
PUONG THANG SONG SONG

Chuyén d¢ 1. CAC GOC TAO BOI
HAI PUONG THANG CAT NHAU

I. KIEN THUC CO BAN

1. Hai géc do6i dinh N y

* Hai g6c d6i dinh 12 hai géc ma méi
canh cliia géc nay la tia d6i cia mot o
canh goéc kia (h.1.1). X y

* Hai géc do6i dinh thi bing nhau. Hinh 1.1
xOx' va yOy 12 hai géc d6i dinh = xOx' = yOy.
2. Hai dudng thing vuong géc

* Hai dudng thing vuong géc 12 hai y y
dudng thing cit nhau va trong cic
goéc tao thanh c¢6 moOt géc wvudng hy A L B
(h.1.2). : 5 O o O
* Pudng thing vubng géc véi mot
y' ¥

doan thing tai trung diém cia né
dugc goi la dudng trung truc cua Hinh 1.2 Hinh 1.3
doan thing 4y (h.1.3).
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3. Néu mot dudng thing cit hai dudng thing va trong cdc géc tao thanh c6 mot
cap goéc so le trong bing nhau thi :
a) Hai géc so le trong con lai bing nhau ;
b) Hai goc déng vi bang nhau.

II. Vi DU MINH HOA

Vi du 1.1. Qua diém O, vé b6n dudng thing phan biét.

a) C6 bao nhiéu géc trong hinh vé ? Trong cdc goc Ay, c6 bao nhiéu cip goéc
d6i dinh nho hon géc bet ? :

b) Ciing héi nhu cau a), trong trudmg hop c6 n dudmg thing phan biét di qua O.
Giadi.
“a) Bon dudng thing phan biét cit nhau tai O, tao thanh 8 tia chung gdc O nén

co §-2—7- = 28 goc, trong d6 c6 4 goc bet, con lai 28 — 4 = 24 géc nho hon goc bet.

Méi géc trong 24 géc nay déu c6 mot goc doi dinh véi nd, do d6 trong hinh c6 24 :
2 = 12 cap goc doi dinh.

b) C6 n dudng thing cit nhau tai O lao thanh 2n tia chung g6c, méi tia tao véi
mot trong (2n — 1) tia con lai (2n = 1) géc¢ nén 2n tia tao véi céc tia con lai 2n(2n - 1)

goc. Nhumg méi géc da duogc tinh hai 1dn. Vay cé M n(2n - 1) goc,

trong d6 c6 n géc bet, con lai n(2n — 1) — n = 2n(n — 1) géc nho hon géc bet. Moi
g6c trong 2n(n — 1) gbéc nay déu c6 mot géc d6i dinh véi né va chiing tao thanh

mot cip géc doi dinh. Vay cé -l n(n - 1) cap géc déi dinh nho hon géc bet.

Luu y : Vi c6 n géc bet nén ¢6 n cap goc bet doi dinh. Do d6, néu ké ca céc
cap géc bet d6i dinh thi ¢6 n(n = 1) + n = n” cap géc d6i dinh.

Vi du 1.2. Cho hai tia Ox, Oy vuodng géc v6i nhau. O mién trong ciia géc xOy
vé hai tia OA, OB sao cho AOx = BOy = 30°. V& tia OC sao cho tia Oy Ia tia
phan gidc cua goc AOC. Chimg 16 rang :

a) Tia OA 1a tia phan gidc cta géc BOx ;

b) OB L OC. | d B

Gidi. (h.1.4) "

al_'!‘ja Oﬂém g_i_i_i_'f hai tia Ox va Oy nén & a
BOx = xOy - BOy.

ViOx L Oy nén xOy = 90°. . X
Do d6 BOx = 90° - 30° = 60°. Hinh 1.4
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Tia OA ndm giira hai tia Ox va OB nén
BOA = BOx — AOx = 60° - 30° = 30°.
Suy ra AOx = BOA.
Tia OA ndm trong géc BOx va AOx = BOA nén tia OA 1A tia phan gidc cua

g6c BOx.
b) Tia Oy la tia phan gidc cua géc AOC nén

AOC = 2A0y = 2.60° = 120°,
Tia OB ndm giira hai tia OA va OC nén
BOC = AOC — AOB = 120° - 30° = 90°.
Do d6 OB A OC.

Vidu 1.3. Cho hinh 1.5.
a) Ké tén céc caip goéc so le trong, cap gbéc déng vi.

——— ——— e, ————

b) Cho biét thém BAD + ADC + DCB+ CBA = 360°.

Tinh x. \z
75°
Gidi. (h.1.5) L2 D
: X
a) Céc cap goc so le trong : ABC va yAB ;
ADC va DCx. . sl
. — —_— B C X
Cap gbc déng vi : BCD va ADz
Hinh 1.5

b) Ta c6 ADC = 180° — 75° = 105°.
DCB = 180° —105° = 75°. |
BAD = 360° — 90° — 75° - 105° = 90°,
D6 d6 x° = 180° — 90° = 90°,

BAI TAP

1.1. Chimg 16 ring hai tia phan gidc ctua hai géc d6i dinh 12 hai tia d6i nhau.
1.2.* Cho 6 dudng thing cét nhau tai O. Xét cdc géc khong c6 diém trong chung,
chimg to ring tén tai mot goc 16m hon 30°, tén tai mot géc nhd hon 30°.
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1.3. Trén dudng méng AA' 14y diém O. Trén mot nira mat phdng by AA’' vé tia
OB sao cho AOB = 45° ,trén nira mat phing con lai vé tia OC vuOng géc vai
tia OA.

a) Goi OB' 1a tia phan gidc cia géc A'OC. Chimg t6 ring hai gc AOB va
A'OB' 1a hai géc d6i dinh.

b) Trén nira mat phing b AA' chifa tia OB vé tia OD vudng géc v6i OB. Tinh
géc A'OD, réi suy ra OA' la tia phan gidc cia géc B'OD.

1.4. Cho hai géc ké nhau AOB va BOC c6 tdng bing 160° va AOB - BOC = 120°.
a) Tinh cdc géc AOB va BOC.

b) O mién trong ctia géc AOC, vé OD'L OC. Tia OD c6 phai 12 tia phan gidc
cua géc AOB khong ?

¢) Vé tia OC' 1a tia d6i cua tia OC. So sdnh hai gc AOC va BOC.
1.5. Chimg minh rdng hai tia phan gidc cta hai géc ké bu vudng géc véi nhau.

1.6. Cho géc AOB = 150°. & mién ngoai cua géc AOB vE cdc tia OC L OA,
OD L OB. Goi Ox la tia phan gidc ciia gbc AOB, Oy la tia d6i cua tia Ox.
a) Chimg t6 ring Oy la tia phan gidc cia géc COD.
b) So séanh hai géc xOC va yOB.

1.7. Cho g6¢ vudng AOB va tia OC nim trong g6c d6. VE tia Ox sao cho OA la tia
phan gidc cia géc xOC, vé tia Oy sao cho OB la tia phan gidc cua géc yOC.
Chimg t6 ring Ox, Oy la hai tia d6i nhau.

1.8. O mién trong ctia géc th xOy, vé céc tia Oz va Ot ldn luot vudng géc véi
Ox, Oy. Chimg t0 ring :

a) xOt = yOz ; b) xOy +.zOt = 180°.

1.9. Cho géc nhon AOB. Trén nira mat phing
chita tia OB bdr 12 dudmg thing OA vé tia

OA' L OA, trén nira mat phdng chya tia

OA bo 1a d.uﬁng thing OB vé tia OB’ L OB.
Chimg to rdng : A0
a) Hai géc AOB va A'OB' ¢6 chung tia <7t
phan gidc ;
b) AOB + A'OB = 180°.
- - 2
1.10. Cho hinh 1.6. Biét As = By. Tinh s6 do e

" céc cap goc so le trong, s6 do céc cap goc

dong vi. ' Hinh 1.6



Chuyén 22 2. HAI DPUONG THANG SONG SONG

I. KIEN THUC CO BAN

1.

Hai dudng thing song song

* Hai dudmg thing song song 12 hai dudng thing khong ¢6 diém chung.
* Hai dudng thing phan biét thi hoac cit nhau hoac song song.

D4u hiéu nhan biét hai dudng thing song song

Néu dudng thing c cét hai dudmg thing a, b va trong c4c géc tao thanh c6 mot
cap gbéc so le trong bing nhau (hoac mot cap géc déng vi bing nhau) thi hai
dudmg thing a va b song song véi nhau.

Tién dé Euclid (O-clit)

Qua mot diém & ngoai mot dudmg thing chi c6 mot dudng thing song song v6i
dudng thing dé.

Tinh chat clia hai dudng thing song song

Néu mot dudmg thing cét hai dudmg thing song song thi :
a) Hai géc so le trong bang nhau ;

b) Hai g6c déng vi bang nhau ;

¢) Hai g6c trong cung phia bu nhau.

Quan hé giira tinh vudng géc va tinh song song

* Hai dudng thing phan biét cing vuong géc véi mot dudng thing thir ba thi
chiing song song v&i nhau.

* Mot dudmg thing vuong géc véi mot trong hai dudng thing song song thi n6
ciing vuodng géc véi dudmg thing kia.

Ba dudmg thing song song

Hai dudng thing phan biét cliing song song véi mot dudng thing thit ba thi
ching song song véi nhau.

Dinh I

* Pinh 11 12 mot khing dinh suy ra tir nhimg khang dinh dugc coi 1a ding.
M&i dinh If duge phét biéu dudi dang : "Néu c6 A thi c6 B".

C6 A la phén gia thiét ; C6 B la phdn két luan.

* Chimg minh dinh If 12 ding 1ap luan dé tir gia thiét suy ra két luan.



BG sung :
Dinh Ii thuan, dinh Ii dao.

1. N6i chung trong mot dinh 1, n€u ddi két luan thanh gia thiét va déi gia thiét
thanh két luan thi dugc mot ménh dé méi goi 1a ménh dé dao cta dinh Ii da
cho. Néu ménh dé dao nay diing thi né duge goi la dinh Ii dao cia dinh 1i da
cho. Dinh Ii cho truée goi 1a dinh i thuan.

Dang téng quadt :
— Dinh Ii thuan : Néu c6 A thi ¢6 B.
— Dinh Ii dao : Néu c6 B thi c6 A.

2. Mot dinh i ¢6 thé c6 phdn gia thiét tuong d6i phic tap. Chang han : "Néu c6
Ay va A, thi ¢6 B". Khi d6 c6 nhiéu cdch 1ap ménh dé dao :

— Ddo toan b : N€u c6 B thi c6 A, va A,.
~ Dao bo phan : Néu c6 B va c6 A, thi c6 A,. Néu c6 B va c6 A, thic6 A,.

I1. Vi DU MINH HOA

Vi du 2.1. Cho hinh 2.1. Biét CAx + ACB > 180°, chimg minh ring :

a) Néu Ax // By thi xAC + ACB + CBy = 360° ;

b) Néu XAC + ACB + CBy = 360° thi Ax // By.

Giai.

a) Trén nira mat phing bd CB chifa tia By vé tia Cm // Ax (h.2.1).

Ta c6 XAC va ACm Ia hai géc trong cing phia, A 2
nén : XAC + ACm = 180° (1),

Theo dé bai : XAC + ACB > 180°. Két hop v6i _
(1)suyra: ACm < ACB, nén tia Cm nim gitra hai -
tia CA va CB, do d6 ACB = ACm + mCB. 5 oy ;
ADo ET. // Ax, ma Ax // By (theo dé bai), nén Cm // By, suy ra
mCB + CBy = 180° (2).

Tir (1) va (2) ta c6 XAC + (ACm + mCB) + CBy = 360°,

hayxﬁ+ﬁ+€l@=36ﬂ°.
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b) Giai nhu phén a) ta dugc :

——— | ——— ———

ACB = ACm + mCB va xAC + ACm = 180°.
Theo dé bai : XAC + ACB + CBy = 360°, do d6
(XAC + ACm) + mCB + CBy = 360°.

Suy ra 180° + mCB + CBy = 360°, do d6 mCB + CBy = 180°.

Hai g6c mCB va CBy 12 hai géc trong cing phia cia hai dudmg thing Cm
va By, ching bu nhau nén By // Cm.

Tur By // Cm va Cm // Ax suy ra Ax // By.

Cha y : Loi gidi cha clu a va ciu b déu c6 modt phdn chung la
ACB = ACm + mCB va xAC + ACm = 180°. Vi thé bai gidi c6 thé trinh bay

gon nhu sau :
Phédn ddu cta bai giai ti€n hanh nhu cdch giai trén dé ¢6 :

XAC + ACm = 180° (1).
ACB = ACm + mCB (2).

a) Do Cm // Ax nén néu Ax // By (theo dé bai) thi Cm // By, ta c6
mCB + CBy = 180° 3).

Tir (1), (2) va (3) ta duge xAC + ACB + CBy = 360°.
b) Néu xAC + ACB + CBy = 360° (theo dé bai) (4).

Tir (1), (2) va (4) ta dugc mCB + CBy = 180°.
~ Hai géc mCB ;vé CBy la hai gbc trong cung phfﬁ clia hai dudng thing Cm
va By, ching bi nhau nén Cm // By. Ma Ax // Cm suy ra Ax // By.

Vi du 2.2. Chimg 6 ring : Néu hai géc c6 canh ttong ing song song thi :

a) Ching bing nhau néu hai géc cing nhon hoac cling t ;

b) Chiing bl nhau néu géc nay nhon, géc kia tu.

Gidi. '

Goi xOy va x'O’y' 1a hai géc ¢6 canh tuong (mg song song :

Ox // Ox"; Oy // OYy'.

11



a) Xét hai trudng hop : Y,

* Trudng hop XOy va X'O'y déu Ia géc nhon (h.2.2). 4
Goi I 1a giao diém cuia tia Oy véi tia O'x'. "

Oy // O'y' nén xO'Y = x'Iy (hai géc déng vi). a 1
Ox // O'x" nén ;6} = ;ﬁ;' (hai géc dong vi). i
Suy ra ;6;' = x'0'y. 0

o Hinh 2.2
* Trudng hop xOy va x'O'y déu la géc t.
Chimg minh tuong tu. y y
b) Trudng hop géc nay nhon, géc kia ti. /
Ching han xOy nhon, X0y ti (h.2.3). X

M o
Goi M 1a giao diém cua tia O'x' v6i tia Oy. /
X

Chimg minh nhu cau a,tacé: O'My = ;6; o)
V1 géc O'My va gée x'O'y' 12 hai géc trong Hinh 2.3
cung phia clia hai dudng thing song song My // O'y' nén O'My + x'O'y = 180°.

Do d6 xOy + X0y = 180°.

Chit y : Trén hinh 2.2, ta ¢6 Ox // O'x’ va chiéu tir O dén x cung chiéu véi
chiéu tir O' dén x'. O'x’ va Ox dugc goi 1a hai tia song song "cung chiéu”. Tuong tu
O'y' va Oy la hai tia song song cuing chiéu.

Trén hinh 2.3, O'y' va Oy la hai tia song song cung chiéu con hai tia O'x' va
Ox song song nhumg chiéu tir O dén x nguge chiéu véi chiéu tir O' dén x' nén goi
1a hai tia song song "ngugc chiéu”.

Do vay, tir Vi du 2.2, ta ¢6 thé it ra nhan xét sau :

Néu hai gbéc ¢6 canh tuong g song song thi :

a) Chiing bang nhau néu ca hai cap canh déu 1a céc cip tia cung chiéu ;

b) Chiing bl nhau néu mot cap canh 1a cap tia cung chiéu, cap canh con lai la
cép tia ngugce chiéu.

Vi du 2.3. Cho bon dudng thing trén mot mat phing trong d6 khong ¢é hai
dudmg thdng nao song song véi nhau. Chimg t6 ring trong bon dudng thing dé,
ton tai hai dudng thing tao véi nhau mot géec khong vuot qué 45°.

12



Giai.

Goi bon dudng thing da cho 1a dy, d,, d;, d.

Qua diém O bat ki, vé bon dudng thing
d;, d,, d3, d; twong img song song vGi bén
duong thing da cho (h.2.4).

Hinh 2.4

Trong bon dudng thing d), d5,d3,d; ciing khong c6 hai dudng thing
nao tring nhau, nén ching tao thanh 8 géc dinh O khong cé diém chung ¢6 tong
bing 360°.

Néu mbi géc trong 8 géc nay déu 16n hon 45° thi tng cia ching 16n hon
45°.8 = 360°, vo Ii.

Nhu vay, phai t6n tai mot goc nho hon hodc bing 45°.

G6c ndy bing géc ¢6 canh trong img song song “cung chiéu" véi né (Vidu 2.2).

Vay trong bon dudng thing di cho, t6n tai hai dudmg thing tao véi nhau mot
gbc khong vuot qud 45°. ’

BAI TAP
2.1. Trén hinh 2.5, ba dudng thing AB, OC va A B
DE c6 song song vé&i nhau khong ? Vi sao ? 1200
2.2. Cho géc nhon xOy = a,diém A nim trén  C o -
Oy. Qua A vé tia AM. Tinh s6 do cia géc
OAm dé Am song song véGi Ox. pt 3
2.3. Cho hinh 2.6. Chimg t0 rang : Hinh 2.5
a) Ax // By ; b) Ax // Cz.
2.4. Chimg minh rang néu mot dudmg thing cit hai ;- - >
dudmg thing song song thi : o~
a) Cic tia phan gidc cha hai goéc déng vi . /TSOB y
song song vdi nhau ; 30° 4
5
b) Cic tia phan gidc cua hai géc trong
Hinh 2.6

cung phia vuong goéc véi nhau.
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2.5. Trén hinh 2.7, cho biét AB // DE, A 5

BAC = 120°, CDE = 130°. c
1300
= — . —— . — e D E
Tinh BAC + ACD + CDE.
‘ Hinh 2.7
2.6. Chimg t6 rdng : Néu hai géc ¢6 canh
tuong img vudng goc thi :
a) Chiing bing nhau néu ca hai géc cing nhon hoic cung ti.
b) Chiing bl nhau néu géc nay nhon géc kia tu.
2.7. Cho hinh 2.8, biét AB // DE. Tinh géc BCD.
A
&
P
D E
A B
1330 Q
112°
C - . D
Hinh 2.8 Hinh 2.9

2.8. Cho hinh 2.9, biét AB // CD, ABP =35°, BPQ =80°, QCD.= 20°.
Tinh (—fal;
2.9.* Dudng thing EF cit hai dudng thing AB va CD l4n luot tai M va N. Cho biét

———— — —

AME = 3EMB va AME + EMB + MND = 225°. Xic dinh quan hé giira hai
dudmg thing AB va CD.

2.10.* Cho hinh 2.10, biét Ax // By va : 2
EB; > ACB. Chimg minh ring B
;E_'C=J-EKE+TCB. Lap va chimg 4
minh bai todn dao cua bai todn nay. ¢

Hinh 2.10
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2.11. Cho hinh 2.11 va CBy > ACB.
a) Chimg minh ring néu Ax // By thi

CAx + CBy — ACB = 180°.
b) Chimg minh ring néu
CAx + CBy - ACB = 180° thi Ax // By.

2.12.* Cho bay dudmg thing trong d6 khong
c¢6 hai dudng thing ndo song song.
Chimg minh ring tén tai hai dudng
thing tao v6i nhau mot géc nhod
hon 26°. |

2.13.* Cho hinh 2.12 trong d6 vét muc da
x6a mdt dinh O cua goc xOy. Hay trinh
bay cich vé qua M dudng thing vudng
g6c vai tia phan gidc cua goc xOy.

C

Hinh 2.11

Hinh 2.12
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Chuong II

TAM GIAC

Chuyén 3¢ 3. TONG BA GOC CUA MOT TAM GIAC

I. KIEN THUC CO BAN
1. Téng ba goc clia moOt tam gidc bing 180°.
AABC => A + B + C = 180°.
2. Tam gidc vuéng la tam giac c6 mot géc vudng.
" Trong mot tam gr.’tc vuﬁng, hai géc nhon phu nhau.
AABC, A =90° = B + C = 90°.
3. Go6ce ngoai cia mot tam gidc 1a géc ké bu véi mot gée cia tam gidc Ay.

* Mbi g6c ngoai cia mot tam gidc bang tdng hai géc trong khong ké véi né.
Nhan xét : Géc ngoai cia mot tam gidc 16m hon mbi géc trong khong ké véi né.

B sung : MOt tam gidc c6 lhe c6 ba géc nhon nhung.khong thé ¢6 nhiéu hon
mot géc (.

Tam gidc c6 ba géc nhon goi la tam gidc nhon. Tam giéc c6 mot géc tu goi la
tam gidc .

II. Vi DU MINH HOA

16

Vi du 3.1. Cho tam gidc ABC, hai dudng phan gidc AD, BE. Chimg minh ring :
a) Néu ADC = BEC thi A =B

b) Néu ADB = BEC thi A + B =120°.

Gidi.

a) (h.3.1a) G6éc ADC la gbc ngoai tai dinh D cia AADB, ta ¢c6 :

ADC=§+BAD =I§+BAC

(1).



Tuong tu BEC = BAC + — (2)

Néu ADC = BEC thi tir (1) va (2),

tacélﬂ3+BAC-B.f\ﬂ_“(‘:+E

suy ra %R = %ﬁ dodé A = B. Hinh 3.1

b) (h.3.1b) Trong tam gidc ABD, ta c6 ADB + B + DAB = 180°,

o~

suy ra ADB = 180° - B — % 3).

Néu ADB = BEC thi tir (2) va (3), ta c6 A + g ~180° - B -

MI>}

suy ra: %(R+ﬁ)=180°. dodé A + B = 120°.

Vi du 3.2. Cho tam gidc ABC c6 B>C. Pudng phan gidc géc ngoai BAx cla
tam gidc cit tia CB tai E.

a) Chimg minh ring AEB = e :

b) Tinh s6 do céc géc B, C ciia tam gidc ABC, biét A = 60° va AEB = 15°.

Gidi. (h.3.2)
X
a) Géc ABC la géc ngoai tai dinh B cua A
tam gidc ABE, tacé
O R - E
ABC = £ + BAE = E + 222 B c
2 Hinh 3.2
suyra E = ﬁ-# (1).

Trong tam gidc AEC ta lai c6 E + EAC + C = 180°,

suyra E = lSO"-%E-R C (2).

17
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Tir (1) va (2), ta dugc :
2E =180° - (xAB+ A)+ B-C

_~

=180° - 180° + B-C

2E=B-C.
Vay AEB = B—Z—E
b) Tir cau a), suy ra B - C = 2AEB = 30° (3).
Theo tinh chdt tdng céc gbc cua tam gidc, ta c6 B+C=180° - A nén
B+ C=120° ).

Tir (3) va (4) suy ra 2B = 150°, do dé B = 75°, tird6 C = 45°.
Vay B =75, C = 45°.

BAI TAP

3.1. Cho tam gidc ABC va diém O nim trong tam gidc d6. Chimg minh ring
BOC > BAC.

3.2. Cho tam gidc ABCc6 A = 180° — 3C va B = 70°.

a) Tinh cdc gbc cua tam gidc ABC.
b) V& tia phan gidc cha géc B cit AC tai E. Qua E ké dudng thing song song
véi BC cit AB tai D. Chimg minh riang ED la tia phan gidc cia géc AEB.

3.3. Cho tam giac ABC (E # B). Cic tia phin gidc trong va ngoai cia géc C lin

luot cit dudng thing BA tai D va E. Tinh goc CED theo géc A va géc B cia
tam gidc ABC.

3.4. Cho tam gidc ABC. Tia phan giic ciua goc A cal BC tai D. Tinh cic géc cla
tam gidc ABC, biét ADB = 80°va B = 1,5C.

3.5.* Cho tam gidc ABC va diém O nam trong tam gidc.
a) Chimg minh ring BOC = A + ABO + ACO.

-~

b) Biét ABO + ACO = 90° - % va tia BO la tia phan gidc cua géc B, chimg

minh CO la tia phan gidc cua goc C.

18
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3.6.* Cho tam gidc ABC. Trén tia d6i cla tia AB 14y diém E, trén tia d6i cia tia

AC 14y diém D sao cho tia phan gidc cla géc C va géc AED cit nhau tai I.
Tinh géc CIE theo céc géc ABC va ADE.

3.7. Cho tam giéc ABC, c6 B-C=a ,tia phan gidc cia géc A cit BC tai D.

a) Tinh céc gbc ADC va ADB.
b) Vé AH vuong géc véi BC (H € BO), tinh géc HAD

Chuyén # 4. HAI TAM GIAC BANG NHAU

I. KIEN THUC CO BAN

Hai tam gidc bing nhau la hai tam gidc c¢6 cdc canh tuong img bing nhau va
céc géc twong img bing nhau.

AB=AB, AC=AC, BC=BC
AABC=AABCo (. . - -
A=A, B=B, C-=C

Céc trudng hgp biang nhau ciia tam gidc .
* Trudng hop biang nhau thit nh4t canh - canh - canh (c-c-c).

Néu ba canh cia tam gidc nay bang ba canh cia tam gidc kia thi hai tam gidc
d6 bing nhau.

* Trudng hop bang nhau thit hai canh — géc — ‘canh (c-g-c).

Néu hai canh va géc xen gilta clia tam gidc ndy bdng hai canh va géc xen glua
cua tam gidc kia thi hai tam gidc d6 bang nhau.

.Tr trudmg hop bing nhau canh — géc — canh néi trén, ta suy ra :

Néu hai canh géc vuodng cla tam gidc vuong ndy l14n luot bing hai canh géc
vuong ciia tam gidc vudng kia thi hai tam gidc vuong d6 bing nhau.
* Trudmg hop biang nhau thi ba géc — canh — géc (g-c-g).

Néu mot canh va hai géc ké ctia tam gidc nay bing mot canh va hai géc ké
clia tam gidc kia thi hai tam gidc d6 bing nhau.

Tir trudng hop bing nhau géc — canh — géc néi trén, ta suy ra :

Néu canh huyén va mot géc nhon clia tam gidc vuong nay bing canh huyén va
moOt géc nhon clia tam gidc vudng kia thi hai tam gidc vuong d6 bing nhau.
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II. Vi DU MINH HOA

Vi du 4.1. Cho tam gidc ABC c6 AB = AC, M 12 trung diém clia canh BC.
Trén tia d6i cua céc tia BC va CB 14y tuong tmg hai diém D va E sao cho BD = CE.
Chimg minh ring AM Ia tia phan gidc chung cta géc BAC va géc DAE.

Giai. (h4.1) A
AAMB va AAMCc6:
AB = AC (gia thiét) ;
MB = MC (gia thiét) ;

AM : canh chung. D Rl G . E
Vay AAMB = AAMC (c-c-c), Hinh 4.1
suy ra MAB = MAC.
Do d6 AM la tia phan gidc cua géc BAC (1).

AAMB = AAMC nén AMD = AME.

Theo gia thiét MB = MC, BD = CE,

suy ra MB + BD = MC + CE hay MD = ME.

Do d6 AAMD = AAME (c-g-c), suy ra MAD = MAE nén AM Ia tia phan
gidc cua géc DAE (2).

Tir (1) va (2) suy ra AM la tia phan gidc chung cua hai géc BAC va DAE.

Vi du 4.2. Cho tam gidc ABC (R # 90°). Trén nira mat phing bd AB khong

chira diém C, vé tia Ax L AB réi ldy trén d6 diém E sao cho AE = AB ; trén nira

mit phing bd AC khong chifa diém B, vé tia Ay L AC réi 14y trén d6 diém D sao
cho AD = AC.

a) Ching minh rdng BD = CE va BD L CE.

b) Hai dudmg thing AB va DE cé
vudng géc véi nhau hay khong ? Vi sao ?

Giadi. |

Xét hai trudmg hop :

* Trudmg hop A < 90° (h.4.2).

a) TacéH:

EAC = EAB + BAC = 90° + BAC,

. T e, T

BAD = BAC + CAD = 90° + BAC.
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Suy ra EAC = BAD.

AE = AB (gia thiét) ;

AC = AD (gia thiét).

Vay AAEC = AABD (c-g-c). Do d6 BD = CE.

Goi giao diém ctia BD véi AC va EC l4n lvot 1a M va N.

Tacé CMN = DMA (d6i dinh). AAEC = AABD nén MCN = MDA.

—— ——

Suy ra CMN + MCN = DMA + MDA = 90°, do d6 MNC = 90°. |

Vay BD 1 CE.

b) Néu AB L DE thi tir diém E ngoai dudng thing AB c6 hai dudng thing EA
va ED cling vudng géc véi dudmg thing AB.

Diéu nay trdi v6i tién dé Euclid vé dudng thing vﬁc:ng goc.
Vay hai dudng thing AB va DE khong vudng géc véi nhau.

* Trudng hop A > 90°, chimg minh tuong t.

Vi du 4.3. Cho tam gidc ABC, D 12 trung diém ctia canh AB, E 12 trung diém
cua canh AC. Chimg minh DE // BC va DE = %BC.

Gidi. (h.4.3) i

Trén tia d6i cua tia ED 14y diém F sao cho EF = ED.

AEAD va AECF ¢6: : D E F
EA = EC (gia thi€t) ;

AED = CEF (d6i dinh) : | A
ED = EF (thco cich vé). Hinh 4.3

Do d6 AEAD = AECF (c-g-c), suy ra EAD = ECF, CF = AD. Ma AD = DB
(gi4 thiét), nén CF = BD.

EAD = ECF, hai g6c nay lai & vi trf so le trong cuia hai dudng thing AB va
CF nén CF // AB, suy ra BDC = FCD (so le trong).
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ABCD va AFDC ¢6 :
DB = CF (chitng minh trén) ;
ﬁ'[Tc = FE (chimg minh trén) ;
CD : canh chung.
Vay ABCD = AFDC (c-g-c). Suy ra:
* BCD = CDF. M2 hai g6c ndy & vi trf so le trong clia hai dudng thing BC va
DF nén DF // BC, tirc 1a DE // BC.

* BC = DF. Ma DF = 2DE, do d6 DE = %BC.

Vay DE //BCva DE = %BC

Chi y : Doan thing DE n6i trung diém hai canh AB va AC clia tam gidc ABC
dugc goi 12 dudng trung binh clia tam gidc ABC. Vi thé ta c6 thé rit ra nhan xét
sau : Dudng trung binh cla tam gi4c thi song song véi canh thir ba va bing nira
canh 4y. '

Vi du 4.4. Cho tam gidc ABC, A = 120°. Hai dudmg phan gidc BD va CE cua
tam gidc cét nhau tai O. Trén canh BC ldy hai diém I vd K sao cho
[OB = KOC = 30°. Chimg minh ring :

a)OI LOK; b) BE + CD < BC.

Gidi. (h.4.4)

a) Xét ABOC, tacé:

—

BOC = 180° - (OBC + OCB)

e B+ C
T 180° — R. - Hinh44
- 2

= 180° - 30° = 150°.
O; = EOB = 180° — BOC = 180° - 150° = 30°, suy ra
O3 = Oy =30° (hai géc ddi dinh).
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IOK = BOC - (02 + Oa) = 150° - 30° - 30° = 90°.
Vay OI 1L OK.
b) AOEB va AOIB ¢6 :
Oy = Oz (bing 30°);
OB : canh chung ;
OBE = OBI (gié thiét).
Vay AOEB = AOIB (g-c-g), suy ra BE = BI . (1).

Tuong tu AODC = AOKC (g-c-g), suy ra CD = CK (2).
Tir (1) va (2) suyra BE + CD =Bl + CK < Bl + CK + IK = BC.

BAI TAP

* Trudng hgp béng nhau c-c-c

4.1. Cho g6c nhon xOy. Trén Ox, Oy tuong {mg 14y hai diém A va B khic O sao
cho OA = OB. V¢ hai dudng tron tam A va B c6 cung bén kinh sao cho chung
cédt nhau tai M vh N ndm trong géc xOy. Chimg minh rdng :

a) Ba diém O, M. N thing hang ;
b) MN la tia phan gidc cua géc AMB.
4.2. Cho tam gidc ABC c6 AB = AC. Goi H la trung diém cia canh BC.
a) Chimg minh riing AH la tia phan gidc cliia géc BAC va AH vuong géc véi BC.,

b) Trén tia d6i cia tia HA 1dy diém K sao cho HK = HA. Chimg minh ring
CK // AB.

4.3. Cho tam gidc ABC, dudng cao AH. Trén nira mat phing bd AC khong chira
diém B, vé tam gidc ACD sao cho AD = BC, CD = AB. Chimg minh ring
AB // CD va AH L AD. '

* Trudng hgp béng nhau c-g-¢

4.4. Cho tam gidc ABC. Goi M, N l4n luot 12 trung diém cha cdc canh AC, AB.
Trén tia d6i clia cic tia MB va NC ldy cédc diém D va E sao cho MD = MB,
NE = NC. Chimg minh ring A 12 trung diém ctia doan thing DE.
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4.5. Cho tam gidc ABC, A = 90°, BC = 2AB. Tia phan gidc cia géc B cit canh
AC1ai D.
a) Chimg minhring DB=DC;  b) Tinh géc B, géc C cua tam gidc ABC.
4.6. Cho tam gidc ABC. Goi M 1a trung diém cia BC. Chimg minh ring :

a) Néu A =90° thi MA = %BC: b) Néu MA = %BClhi A = 90°.

4.7. Cho doan thing AB va trung diém O clia doan thing d6. Trén hai nira mat
~ phéng d6i nhau by AB, ké hai tia Ax va By sao cho Ax // By. Trén tia Ax 1y
hai diém C va E (E nim giita A va C), trén tia By 14y hai diém D va F sao cho
BD = AC, BF = AE. Chimg minh ring :
a) Ba diém C, O, D thing hing va ba diém E, O, F thing hang ;
b) DE = CF va DE // CF.
4.8. Cho doan thing AB va diém C nim giita A va B (C khong tring véi trung
diém cla AB). Trén hai nira mat phing d6i nhau b AB, ké hai tia Ax L AB va
By L AB. Trén tia Ax ldy hai diém M, M’ ; trén tia By ldy hai diém N, N' sao
cho AM = BC, BN = AC, AM' = AC, BN' = BC. Chimg minh réing :
a) AN=BM'; AN'=BM ; MC=NC.
b) MN' va M'N cit nhau tai diém O 12 trung diém cla AB.

4.9. Cho tam gidc ABC c6 A = 90°, AB < AC. Trén canh AC ldy diém D sao cho
AD = AB. Trén tia d6i cta tia AB ldy diém E sao cho AE = AC.

a) Chimg minh ring DE L BC. b) Cho biét 4B = 5C, tinh AED.

4.10. Cho tam gidc ABC vudng tai A, c6 B = 45°. V& phan gidc AD. Trén tia d6i
cla tia AD ldy diém E sao cho AE = BC. Trén tia d6i cta tia CA 14y diém F
sao cho CF = AB. Chimg minh ring BE = BF va BE L BF.

4.11.* Cho géc xAy khdc géc bet, Az 1a tia phan gidc cia géc xAy, B 1a diém c6
dinh trén Ax, C 12 diém chuyén dong trén doan AB, D 12 diém chuyén dong
trén tia Ay sao cho AD = BC. Chimg minh ring dudng trung truc cta CD lu6n
di qua mot diém c¢6 dinh khi C va D chuyén dong.

4.12.* Cho tam gidc ABC. Trén nira mat phing b AB khong chifa diém C vé tia
Ax 1 AB, trén tia Ax 14y diém F sao cho AF = AB. Trén nira mat phing by
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AC khong chifa diém B, vé tia Ay L AC, trén d6 14y diém H sao cho AH = AC.
Goi D 1a trung diém ctia canh BC. Chimg minh ring :
a) FH=2AD; b) FH L AD.

4.13. Cho tam gidc ABC, AB = AC. Goi M I trung diém clha AB. V& diém D sao

cho B la trung diém cua AD. Chimg minh CM = %CD

* Trudng hgp bing nhau g-c-g

4.14. Cho tam gidc ABC. Qua A vé dudng thing xy // BC. Tir diém M trén canh
BC vé cdc dudng thing song song vdi AB, AC, ching cét xy theo thit tu tai D
va E. Chimg minh ring :

ai AABC = AMDE ; b) Ba dudng thing AM, BD, CE ddng quy.
4.15.* Cho tam gidc ABC. ( mién ngoai clia tam gidc ABC, vé hai tam gidc ABD
va ACE ]1a nhimg tam gidc vudng tai A va ¢c6 AD = AB, AE = AC. Goi H 1a

chan dudng vuong géc ké tir A xudng BC va M 12 trung diém cua BC. Tia HA
cét DE 1ai K, tia MA ciét DE tai 1. Chimg minh ring :

a)AlLDE; b) KD =KE.

* 4.16.* Cho tam gidc ABC, A = 90° vd AB = AC. Trén céc canh AB va AC lan luot

14y diém D va E sao cho AD = AE. Qua A va D ké dudng vuong géc véi BE
cédt BC 14n luot tai M va N. Tia ND cit tia CA tai I. Chimg minh ring :

a) A 1a trung diém cla CI ; b) CM = MN.

Chuyén 42 5. TAM GIAC CAN. TAM GIAC PEU

I. KIEN THUC CO BAN

1. Tam gidc can
* Tam gidc can 12 tam gidc c6 hai canh bing nhau.
* Trong mOt tam gidc can, hai géc & ddy bing nhau.
* Néu mot tam gidc ¢6 hai géc bang nhau thi tam gidc dé 1a tam gidc can.-
* Tam gidc vudng cin 1a tam gidc vudng c6 hai canh géc vudng bang nhau.
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2. Tam gidc déu
* Tam gidc déu 12 tam gidc c6 ba canh bing nhau.

* Trong mot tam gidc déu, mdi géc bing 60°.

* Néu mot tam gidc c6 ba géc bang nhau thi tam gidc d6 1a tam gidc déu.

* Néu mot tam gidc can c6 mot géc bing 60° thi tam gidc d6 12 tam gidc déu.
B6 sung :

* Trong mot tam gidc vudng c6 mot géc nhon bing 30° thi canh d6i dién véi
gb6c 4y bing nira canh huyén.

* Trong mot tam gidc vudng c6 mot canh géc vudng béng nira canh huyén thi
gbc d6i dién véi canh géc vudng 4y bing 30°.

II. Vi DU MINH HOA

_ Vi du 5.1. Hai dudng cao BE va CF cla tam gidc ABC ciét nhau tai O. Biét
OC = AB, tinh géc ACB.

Gidi.
Tru6c hét ta thdy ring géc ACB khong thé 12 géc vuong.

Vi néu ACB = 90° thi E va O tring v6i C nén CO = 0, do d6 CO # AB, tréi
véi gia thiét.

A
Xét hai truong hop :
a) Truomg hop ACB < 90° (h.5.1) 3
AEAB va AEOCcé6 * 2
AEB = OEC = 90°, B c
AB = OC (gia thiét), o

zﬁ-é_ = OCE (cing phu véi EXE).

Do d6 AEAB = AEOC (canh huyén — géc nhon).
Suy ra EB = EC. Vay AEBC vuo6ng cén tai E. F
Ta c6 ECB = 45° hay ACB = 45°.
b) Trudmg hop ACB > 90°(h.5.2)
AEAB va AEOCc¢é :

AEB = OEC = 90°,

AB = OC (gia thiét),

EAB = EOC (cung phu véi Kﬁa).

-

>

Hinh 5.2
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' Do d6 AEAB = AEOC (canh huyén — géc nhon).
Suy ra EB = EC. Vay AEBC vuong can tai E, tacé

BCE = 45°nén ACB = 180° — 45° = 135°.
Tém lai, ACB = 45° hodc ACB = 135°.

Vi du 5.2. Cho tam gidc ABC can tai A, A = 20°.Trén canh AB ldy diém D
sao cho AD = BC. Tinh BDC.

Gidi’
Theo dé bai, tam gidc ABC can tai A, A = 20° A
nén ABC = ACB = (180° - 20°) : 2 = 80°.
Cdch 1. (h.5.3) .
Trén nira mat phing bd BC, chia diém A, dung
tam gidc déu BEC thi diém E thuOc mién trong clia
tam gidc ABC, suy ra '
ACE = ACB - ECB = 80° - 60° = 20°. g !
AAEB va AAECc6: ' Hinh 5.3
AB = AC (gi thiét),
AE : canh chung,
EB = EC (vi ABEC déu).
Do d6 AAEB = AAEC (c-c-c), suy ra BAE = CAE = %R = 10°.

ADAC va AECA c6:
AD = EC (vi ciing bing BC),

DAC = ECA (ciing bing 20°),
AC : canh chung. |
Do d6 ADAC = AECA (c-g-c), suy ra ACD = EAC = 10°.
Géc BDC la géc ngoai cua tam gidc ADC, nén
BDC = DAC + ACD = 20° +10° = 30°.
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Cach 2: (h.5.4) A

Trén nira mat phang bd AB, chia diém C,
vé tam gidc déu AIB.

Tac6IA=IB=AB=AC: -
IAC = IAB - CAB = 60° - 20° = 40°; :
IBC = CBA - IBA = 80° - 60° = 20°.
Tam gidc AIC can tai A vi c6 Al = AC nén
AIC = ACI = (180° — [AC): 2 B <
= (180° - 40% :2 =70°, Hinh 5.4
suy ra BCI = BCA + ACI =80° + 70° = 150°.
AADC va ABCI ¢6:

AD = BC (gia thiét),
DAC = IBC (ciing bang 20°),
AC = BL
Do d6 AADC = ABCI (c-g-c), suy ra ADC = BCI = 150°,
do d6 BDC = 180° — ADC = 180° - 150° = 30°.

Vi du 5.3. Cho tam gidc ABC vuong tai A, BC = 2AB. Goi D 1a diém trén

—

canh AC sao cho ABD =

—

%ABC. E 12 mot diém trén canh AB sao cho
ACE = %@. BD va CE ciit nhau tai F ; I va K theo th tu 1a chan cc duimg

vuodng goc ké tir F dén BC va AC. V@ cic diém G va H sao cho I 12 trung diém cla
FG, K 1a trung diém ctia FH. Chimg minh ring ba diém H, D, G thing hang.

Gidi. (h.5.5) B N
Theo dé bai AABC vuong tai A, I
c6 BC = 2AB nén ABC = 60° : ACB = 30°.
ABD = ~ ABC = 20° nén DBC = 40° : F
3 3 c
ACE = 3ACB = 10° nén BCE = 20° A
Hinh 5.5
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ACIF va ACIG ¢6 :
IF = IG (gia thiét),

CIF = CIG = 90°,
IC : canh chung.
Do dé ACIF = ACIG (c-g-¢), suy ra CG = CF va iCG = ICF = 20°.
Tuong tu ACKF = ACKH (c-g-c), suy ra CF = CH va KCH = KCF = 10°.
Tir d6 ta ¢6 CG = CH va GCF + FCH = 2ACB = 60°, do d6 CHG = 60°.
ADKF = ADKH vi ¢6 KF = KH (gia thi¢t), DKF = DKH = 90°, canh DK
chung, do d6 DF = DH, vi th¢ ACDF = ACDH (c-c-c), suy ra 6}_{-5 = c?fi Tam
gidc ABD vuong tai A c6 ABD = 20° nén ADB = 70°,do d6 CDF = 110° suy
ra CFD = 180° — CDF — FCD = 180° - 110° - 10° = 60° vi thé CHD = 60°.
Ta c6 CHD = 60° = CHG. Ma hai tia HD va HG cing ndm trén mot nira mat

phing bd 12 duomg thing HC nén HD tring v6i HG, nghia 1a ba diém H, D, G
thing hang. :

BAI TAP
5.1. Cho tam gidc ABC, AB < AC. Qua trung diém D ctia canh BC vé dudng thing
vudng gbc vai tia phan gidc cha géc A, cit AB va AC theo thir tutai M va N,

a) Chimg minh ring BM = CN. b) Tinh BM, AM theo AC=b, AB=c.

5.2. Cho tam gidc ABC cén tai A. Trén canh AB ldy diém M, trén tia d6i cla tia
CA ldy diém N sao cho AM + AN = 2AB. Goi I 12 giao diém cua MN va BC.
Chimg minh ring I 12 trung diém ctia MN.

5.3. Cho tam gidc ABC can tai A, A =100°. Trén tia d6i cia tia BA 14y diém E
sao cho AE = BC. Tinh géc AEC.

5.4. Cho tam gidc ABC, B= 26. dudng cao AH. Trén tia d6i cha tia BA 1dy diém

E sao cho BE = BH. Chimg minh ring dudmg thing EH cit AC tai trung diém
cua AC.

5.5.* Cho tam gidc ABC, B=45°, A =15° Trén tia d6i clia tia CB 14y diém D sao
cho CD = 2BC. Vé DE L AC (E e AC).
a) Chimg minh rang EB = ED. b) Tinh ADB.
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5.6. Cho tam gidc ABC c¢6 ACB <30°. Dudng thing vudng géc véi AC tai A cit
dudng thing BC tai D. Cho biét CD = 2AB, tim mt hé thic lién he gita ABD
—
va ACB.

5.7. Cho doan thing AB va diém C nim gita A vA B. Trén cing mot nita mat
phing b AB vé hai tam gidc déu ACD va BEC. Goi M, N l4n luot 12 trung
diém cua AE va BD. Ching minh :

a) AE=BD; ' b) Tam gidc MNC la tam gidc déu.
5.8. Cho tam gidc ABC, A =75°. Mot dudng thing di qua A cit canh BC tai

M chia tam gidc ABC thanh hai tam gidc can. Tinh géc B, géc C cua tam
gidc ABC.

5.9. Cho tam gidc ABC can tai A, phan giic CD. Qua D vé dudng thing vudng géc -
v6i CD cit BC tai F ; dudng thing ké qua D va song song v6i BC cit AC tai E.
Phan gidc cua géc BAC cét DE tai M. Chimg minh ring :

a) CF = 2BD : b) MD = %CF.

5.10. Cho tam gidc ABC can tai A, A =108° Goi O 1a mot diém nim trén tia

phan gidc cia géc C sao cho OBC =12°. V& tam gidc déu OMB (M va A
thudc cing mot nira mét phing b OB). Chimg minh ring :
a) Badiém A, M, Cthing hang;  b) Tam gidc AMB Ia tam gic can.

5.11. Cho tam gidc ABC. Hiy tim trén canh AB diém E, trén canh AC dlém F sao
cho EF // BC va AE = CF,

5.12.* Cho tam gidac ABC can tai B, B = 80°. Goi I 1a diém nidm trong tam gidc sao
cho TAC = 10° va ICA = 30°. Tinh AIB. |
5.13.* Cho tam gidc ABC c¢6 BAC = BCA = 80°. O mién trong cua tam gidc vé

hai tia Ax va Cy cit BC va BA lidn luot tai D va E. Cho biét
CAD = 60°, ECA = 50°, tinh ADE.

5.14. Cho tam gidc ABC, A = 30°, hai dudng cao BH, CK (H € AC, K € AB).
Goi E va F l4n luot 12 trung diém cta AB, AC. Chimg minh ring :

a) Tam gidc BEH va tam gidc CKF la cdc tam gidc déu ;
b)EH LKF.

30



5.15.* Cho tam gidc ABC can tai A, A = 80° Trén canh BC ldy diém I sao cho

BAI = 50°; trén canh AC 14y diém K sao cho ABK = 30°. Hai doan thing Al
va BK cit nhau tai H. Chimg minh rang tam gidc HIK la tam gidc can.

5.16.* Cho tam gidic ABC c4n tai A, A = 100°,tia phan gidc ciia goc B cit AC tai D.
Chimg minh ring BC = BD + AD.

5.17. Cho tam gidc nhon ABC. Trén nira mat phing bd AB khong chira diém C, vé
tia Ax ; trén nira mat phing bd AC khong chifa diém B, vé tia Ay sao cho

BAx = CAy = 21°. Goi E, F l4n luot 12 chan dudng vuong géc ké tir diém B
va diém C dén Ax va Ay ; M Ia trung diém cla BC.

a) Ching minh ring tam giac MEF la tam gidc can.

b) Tinh cdc géc cia tam gidc MEF.

5.18.* Cho tam gidc ABC, hai dudng phan giic BD va CE cit nhau tai I. Biét
ID = IE va AD = AE. Chimg minh rdng tam gidc ABC la tam giic can.

5.19. Cho tam gidc ABC can tai A, phan giic BD (D € AC), vé phan gidc DM cua
g6c BDC (M e BC). Dudmg phan gidc cia géc ADB cit tia BC tai N. Chimg

minh BD = ::-MN.

Chuyén d¢ 6. TAM GIAC VUONG
VA PINH Li PYTHAGORE

I. KIEN THUC CO BAN

1. Dinh li Pythagore (Py-ta-go)

* Trong mot tam gidc vuodng, binh phuong
canh huyén bing téng binh phuong hai canh
g6c vudng.

* Dao lai, néu moét tam gidc c6 binh phuong
mot canh bang t6ng binh phuong hai canh kia
thi tam gidc do6 la tam gidc vudng.

AABC, A = 90° <> BC? = AB? + ACZ. Hinh 6.1
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2. Cac truong hop bang nhau cua tam giac vuong

Ngoai cdc trudng hop biang nhau clia tam gidc vudng suy ra tir cic trudng hop
bang nhau canh — géc - canh, géc — canh — géc va trudng hop canh huyén —
g6c¢ nhon, d6i véi tam gidc vuodng con ¢6 trudng hop bang nhau canh huyén —
canh géc vubdng :

Néu canh huyén va mot canh géc vudng cua tam gidc vudng nay bing canh
huyén va mot canh géc vudng clia tam gidc vuong kia thi hai tam gidc vuodng
d6 bang nhau. |

IL. VI QU MINH HOA

Vi du 6.1. Cho tam gidc ABC vuodng tai A. Goi D va E 14n luot la cdc diém trén
hai canh AB va AC (D, E khong tring véi dinh ciia tam gidc). Chimg minh ring

BE? + CD? = BC? + DE~

Gidi. (h.6.2)
Ap dung dinh i Pythagore vao cic tam gidc vudng -
ADC, ABE, ADE, ABC ta l4n luot 6 : D E
CD*= AD? + AC? (1).
BE’ = AE? + AB’ ). B
DE’ = AD? + AE? (3). ' Hinh 6.2
BC? = AB’ + AC 4).
Tu(l)va(2)suyra:
" CD? +BE%*= AD? + AC? + AE? + AB? (5).
Tu (3) va(4)suyra:
 DE?+BC?= AD?+ AE? + AB? + AC? (6).

Tir (5) va (6) ta duge CD? + BE” = DE” + BC~.

Vi du 6.2. Cho tam gidc ABC vudng Itqi A. Trén canh BC ldy diém D sao cho
BD = BA. Qua D vé& dudng vudng géc véi BC cit AC tai E.

a) So sdnh d¢ dai AE va DE.
b) Dudmg phén gidc géc ngoai tai C cit dudmg thing BE tai K. Tinh BAK.
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Gidi. (h.6.3)
a) AABE va ADBE ¢6 :

-~

A =D =90° (vi AE A AB, ED A BO),
AB = BD (gia thiét),
BE : canh chung.
Vay AABE = ADBE (canh huyén — canh
géc vudng).
Do d6 AE = DE.

b) Tir cAu a) suy ra ABE = DBE, do d6 BK 12 phan gidc clia gbc ABC.

Vé KN A BA, KH L AC, KM 1\ BC.
Tam gidc vudng KMC va tam gidc vudng KHC ¢6 :

E‘l = az (gia thiét) ; canh KC chung.
Do d6 AKMC = AKHC (canh huyén — géc nhon), tac6 KM =KH. (1)
Ta lai c6 AKMB = AKNB (canh huyén — géc nhon) nén KM = KN. (2)
Tir (1) va (2) suy ra KH = KN.
Tam gidc vudng AKH va tam gidc vuong AKN cé :

KH = KN ; canh AK chung.

Do d6 AAKH = AAKN (canh huyén - canh géc vudng),
suy ra Aj = A = 45°. Vay BAK = 135°.

BAI TAP
* Dinh li Pythagore

6.1. Cho tam gidc ABC vudng tai A, AB = 6, B = 30°. Phan gidc cua géc C cit
AB 1ai D. Tinh d6 dai cdc doan thing AD, BD.

6.2. Tam gidc vuong ABC c6 canh huyén BC = 102cm. Hai canh géc vuong ti 1¢
v@i 8 va 15. Tinh céc canh géc vudng AB, AC.

6.3. Cho tam gidc ABC, A =90°, AB = 8cm, BC = 17cm. Trén nira mat phing by

AC, khong chira diém B, vé CD L AC sao cho CD = 36¢cm. Tinh téng
AB + BC + CD + DA.

6.4. Cho tam gific vuong can ABC, A = 90°. Mot dudmg thing d ké qua A. Tir B

va C ké BH va CE vuong géc véi d (H € d, E € d). Chimg minh ring téng
BH? + CE? khong phu thuéc vao vi tri clia dudmg thing d.
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6.5.* Cho O 1a diém iy y trong tam gidc ABC. V& OA,, OB,, OC, 14n lugt vuodng
goc voi BC, CA, AB. Chimg minh réing :

AB? + BC? + CAZ = AC} + BA] + CBIZ.
6.6.* Cho tam giic ABC can tai A, A = 30°. Trén canh AC ldy diém D sao cho

CBD = 60°. Tinh do dai AD, biét BC = a.

6.7.* Cho tam gidc ABC vuong tai A, dudng cao AH va diém D nam gita A va H.
Trén tia d6i cha tia HA 14y diém E sao cho HE = AD. Dudng thing vuong géc
vGi AH tai D cit AC tai F. Chimg minh rang EB A EF.

* Cac trudng hop bing nhau clia tam giac vudng

6.8. Cho tam gidc ABC vuodng tai A, dudng cao AH. Trén canh BC ldy diém E sao
cho BE = BA. VEEK A AC (K € AC). Chimg minh ring AK = AH.

6.9.* Cho tam giac ABC vuong can tai A. Goi M la trung diém cua BC, E la diém
nam giira B va C nhung khong trung véi M. Ké BH, CK vuong géc véi AE (H
va K thuoc AE). Tam gidc MHK ¢6 dac diém gi ? Visao ?

6.10. Cho tam gidc ABC can tai A. Trén canh BC 14y diém D, trén tia d6i cla
tia CB 1dy diém E sao cho CE = BD. Du'tmg thing vuong goc vGi BC ke tr D
ciat AB tai M. Dudng thang vuodng géc véi BE ké tir E cat AC tai N. Ching
minh rang :

a) BC cit MN tai I 12 trung diém cia MN ;
b) Pudng thing vuong géc véi MN tai I luon di qua mot diém ¢6 dinh khi D
thay déi trén doan BC.

6.11. Cho tam gidc ABC can tai A. Trén tia d6i cua céc tia BC va CB tuong img
lay hai diém D va E sao cho BD = CE. Goi M la trung diém cta BC. Tu Bva C
ké BH A AD, CK A AE (H € AD, K € AE). Chiing minh ring ba dudng thing
BH, CK, AM déng quy.

6.12. Cho tam gidc ABC vudng tai A, C =30° ,dudng cao AH. Trén doan HC lay
diém D sao cho HD = HB. Tir C ké CE A AD. Chimg minh rang :
a) Tam giac ABD la tam gidc déu ; b) EH song song vé&i AC.

6.13. Cho tam gidc can ABC, A =90°. Qua A ké dudng thing d. Tir B va C ké

BD A d, CE A d. Tinh d6 dai DE theo BD va CE.

6.14. Cho tam giac ABC vuodng tai A, hai duong phan gidc BM va CN. Tt Mva N
ké MM' va NN' vuong goéc vGgi BC (M', N' thuoc BC). Chimg minh ring
M'AN' = 45°,
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Chuong IIT

QUAN HE GIUA CAC YEU TO TRONG
TAM GIAC. CAC PUONG PONG QUY
CUA TAM GIAC

Chuyén 3 7. QUAN HE GIUA GOC VA CANH
TRONG TAM GIAC. QUAN HE

GIUA PUONG VUONG GOC VA PUONG XIEN,
PUONG XIEN VA HINH CHIEU

I. KIEN THUC CO BAN

Quan hé giira géc va canh trong mot tam giac

Trong mot tam giic :

- Go6c d6i dién véi canh 16n hon 1a géc 16n hon ;

— Canh d06i dién vGi géc 16n hon 1a canh 16n hon.

Trong hinh 7.1, tam gidc ABC c6 B C

AC>AB < B> C. Hinh 7.1
Quan hé giira dudimg vudng géc va dudmg xién, dudmg xién va hinh chiéu

Xét cdc dudng vudng géc va dudng xién ké tir mot diém & ngoai dudmg thing
dén dudng thang d6, ta c6 cic dinh Ii sau :

- Dudmg vudng géc ngdn hon moi dudng xién.
— Dudng xién nao ¢6 hinh chi€u Ién hon thi 16n hon.
- Pudng xién nao 1én hon thi ¢é hinh chi€u 1én hon.

— Néu hai dudng xién bang nhau thi hai hinh chi€u bing nhau. Do lai, néu
hai hinh chiéu bang nhau thi hai dudng xién bang nhau.

B sung :
Néu hai tam gidc ¢6 hai cip canh twong img bing nhau nhumg céc géc xen

gitra khong bang nhau thi déi dién véi géc 16n hon la canh 16n hon. Dao lai,
dai dién véi canh 16n hon 1a géc 16n hon.

AABC va AABC c¢6 AB=A'B, AC=AC: B> B' & AC>AC.
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IL. VI DU MINH HOA

Vi du 7.1. Cho tam gidc ABC, AB < AC, M la trung diém ctiia canh BC.
a) Chimg minh raing MAB > MAC, tir d6 suy ra tia phan gidc cua géc BAC
cit BC tai mot diém nim giira B va M.

b) Vé tia Mx sao cho MA 12 tia phan gidc ciia géc BMx. Goi D la giao diém
cua Mx véi AC. Chimg minh MB > MD.

Giai. (h.7.2) ,
a) Trén tia d6i clia tia MA 14y diém N sao cho MN = MA,
AMCN va AMBA ¢6:
MC = MB (gia thiét)
CMN = AMB (hai géc d6i dinh)
MN = MA (theo céch vé).
Do d6 AMCN = AMBA (c-g-c), suyra:
MNC = MAB (1)
va CN = AB. Ma AB < AC (gia thi€t), do d6 CN < AC.
Khi d6 trong tam gidc CAN, tacé ANC > NAC  (2).

A

N

e —— e Hl‘nh 7.2
Tu (1) va (2) suy ra BAM > MAC
nén BAM > %m (3).

Goi I 1a giao diém ctia canh BC véi tia phan gidc cua géc BAC,

Lo

ta cé BAI = . BAC (4).

Tir (3) va (4) suy ra ﬁxl < m nén tia Al nam gitra hai tia AB va AM,
do d6 diém I ndm giira hai diém B va M.
b) Tam gidc AMD ¢6 MDC > DMA.

Ma DMA = AMB,do d6 MDC > AMB (5).
Tam gidc AMC c6 AMB > MCA hay AMB > MCD (6).
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T (5) va (6) suy ra MDC > MCD.

Khi d6 trong AMCD ta ¢6 MC > MD. Ma MC = MB.
Vay MB > MD.

Vi du 7.2. Cho tam gidc ABC, A = 90°, B = 54°. Trén canh AC 14y diém D
sao cho DBC = 18°. Chimg minh ring BD < AC.

Giai. (h.7.3) A
Do B = 54°(gia thiét), DBC = 18° (gia thiét), e
nén ABD =36°, C = 90° - 54° = 36°. T 2
VEé phan gidc BE cua géc ABD, B -
tac6 ABE = EBD = 18°. Hinh 7.3
T E ké EF L BD.
AAEB va AFEB ¢c6:

A=E=90;

BE : canh chung ;

ABE = FBE.
Vay AAEB = AFEB (canh huyén — géc nhon), suy ra AE = EF. (1)
ABEC can tai B vi ¢c6 EBC = ECB = 36° nén EB = EC. (2)
Tir (1) va (2) suy ra AC= AE + EC=EF + EB. (3)
AABD ¢6 ADB =90° -36° = 54°, tiic la EDF = 54°.
AEDF c6 EDF = 54° > DEF nén EF > FD. @)
Ta lai c6 EB > BF (§) (dudng xién 16n hon dudmg vubdng géc).
Tir (4) va (5) suy ra EF + EB> FD + BF = BD. (6)
Tir (3) va (6) suy ra AC > BD.

Vi du 7.3. Dung dinh Ii vé hai tam gidc 6 hai cap canh tuong img béng nhau
dé giai bai todn sau : Cho tam gidc ABC, AB < AC. Hai dudng cao BD va CE. So
sianh BD va CE.
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Gidi. (h.7.4)

Trén tia d6i clia tia DB 14y diém M sao cho
DM = DB, suy ra BM = 2BD.

ADMC va ADBC ¢c6 :
MD = DB,
CDM = CDB = 90°, B C
CD : canh chung. Hinh 7.4
Do d6 ADMC = ADBC (c-g-c), nén CM = CB, MCD = BCD, suy ra
MCB = 2BCA (1).
Tuong tu, trén tia d6i cla tia EC 14y diém N sao cho EN = EC, tac6 CN = 2CE ; -
BN = BC va NBC = 2ABC Q).
Vi AC > AB (gia thi€t), néen ABC > BCA, do d6 tir (1) vd (2) suy ra
NBC > MCB.
ANBC va AMCB ¢6:
NB = MC,
NBC > MCB,

BC : canh chung.

Do d6 NC > MB, suy ra CE > BD.

Nhdn xét : Trong moOt tam gidc, duomg cao img vdi canh bé 16n hon dudng cao
img véi canh 16n. _

Luu y : Néu sir dung cong thirc dién tich tam gidc, ta giai bai todn trén nhu sau :

Ta cé6 AB.CE = AC.BD (cung bing 2 14n dién tich AABC).

Do d6 néu AB < AC thi CE > BD.

BAI TAP
* Quan hé giira géc va canh trong tam giac
7.1. Cho tam gidc ABC, AB > AC. VE phan giic AD (D € BC). Chimg minh DB > DC.

7.2. Cho tam gidc ABC, B > 90°. Goi D 12 diém trén tia d6i clia tia CB. Chimg

minh ring AB < AC < AD.

7.3.Cho tam gidc ABC, AB < AC. Trén tia d6i cla tia BC 14y diém D sao cho
BD = BA. Trén tia d6i cla tia CB 14y diém E sao cho CE = CA. N6i AD, AE.

So sdnh chu vi AABD véi chu vi AACE.
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7.4. Trén canh BC cua tam gidc ABC can tai A, 1ay hai diém D va E sao cho

——— — —

BD = DE = EC. Chimg minh rang BAD = EAC < DAE.

7.5. Cho tam gidc ABC, 90° < B < 135°, C < 45°. V& AD L BC.

Chimg minh ring BD < AD < CD.

7.6. Cho tam gidc déu ABC. Goi M la trung diém cua canh BC. Trén canh AB ldy
diém D. Tia DM cét AC tai E. Chimg minh ring MD < ME.

7.7. Cho tam gidc nhon ABC, B > C, hai dudmg cao BD va CE. Chimg minh ring
AC - AB> CE - BD.

7.8. Cho tam gidc ABC c4n tai A, A =110° Trén canh BC ldy diém D, biét
ADC = 105°. Tir C ké dudmg thing song song véi AD cit tia BA tai E.

Chimg minh ring AE < CA = CE va EC < BC < BE.

7.9. Cho tam gidc ABC can tai A. Trén canh AB ldy diém E, trén tia d6i cla
tia CA 14y diém D sao cho BE = CD. Tir C ké Cx // DE ; ir E ké Ey // CD. Cic
tia Cx va Ey cit nhau tai F. So sénh BC va CF.

7.10.* Cho géc xOy. Trén hai canh Ox va Oy ldy ldn luot cdc diém A va B sao
cho OA + OB = 2a. Xdc dinh vi trf cdc diém A va B sao cho AB c6 do dai
nho nhat.

7.11.* Ching minh ring trong cic tam gidc ¢6 mét géc bang o va téng hai canh
 ké gbc 4y bing s, tam gidc can c6 chu vi nhé nhat.
7.12.* Cho tam gidc ABC cén tai A. Goi M 12 mot diém trén canh BC sao cho
MB < MC. Trén doan AM l4y diém O. Chimg minh rang AOC < AOB.
7.13.* Cho tam gidc ABC, AB < AC va diém P nidm trong tam gidc sao cho
PBA = PCA. Goi H va K l4n luot 1a chan cdc dudng vuong gbc ha tir P xudng

AB va AC, I 1a trung diém ctia canh BC. Chimg minh ring HIB < KIC.

7.14.* Cho tam gidc ABC, AB > AC. Trén cdc canh AB va AC ldy tuong img cic
diém N va'M sao cho AN = AM. Goi O la giao diém cla BM va CN. Chimg
minh ring OB > OC.

7.15.* Cho tam gidc ABC. Trén tia d6i cua cédc tia CB, AC, BA lan lugt 1ay céc
diém A, B;, C, sao cho CA, = AB, = BC,. Chimg minh ring néu A,B,C, Ia
tam gidc déu thi ABC ciing 1a tam gidc déu.
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* Dudng vudng goéc, dudng xién

7.16. Cho tam gidc ABC va diém D ndm trong tam gidc d6. Chimg minh ring néu
AD = AB thi AB < AC.

7.17. Cho tam gidc ABC, A>B>C. V& dudng cao AH r6i 14y diém O nim giita
A va H.
a) Chitng minh ring g6c B va géc C 1a cic géc nhon.
b) So sdénh OB va OC ; OD va HD.

7.18. Cho tam gidgc ABC vuong tai A. Tir trung diém K cla canh BC ké dudng
vuong géc véi AK, cit AB va AC ldn luot tai D va E. Goi I 12 trung diém ctia DE.

a) Chung minh ring Al L BC.
b) C6 thé néi DE nho hon BC duoc khong ? Vi sao ?

7.19. Cho tam gidc ABC vuong tai A, M la trung diém cta canh AC. Goi D va E
14n luot 12 hinh chiéu ciia A va C trén BM. So sdnh tdng BD + BE véi 2AB.

7.20. Cho tam gidc ABC, ké AH L BC, BK L AC. Biét raing AH khong nho hon
BC, BK khong nho hon AC. Tinh cdc gbc ciia tam gidc ABC.

7.21.* Cho tam gidc ABC, C = 90°, dudng cao CH. Chimg minh ring

AC + BC< AB + CH.

7.22.* Cho tam gidc ABC vuong tai B, phan gidc AD. Qua C ké dudng thing
vudng géc vai BC cit tia AD tai E. Chimg minh rdng chu vi AECD I6n hon
chu vi AABD.

-

7.23. Cho tam giéc ABC c6 ABC > 90°va AB = %AC. Chiing minh ring C > i;-.

7.24. Cho tam gidc ABC can tai A. Goi D 1a mot diém ty ¥ ndm trong AABC sao
cho ADB > ADC. Chimg minh ring DC > DB.
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Chupén ¢ 8. QUAN HE GIUA BA CANH
CUA MOT TAM GIAC

I. KIEN THUC CO BAN

Trong mot tam gidc, d0 dai mot canh bao
gidr ciing 16n hon hiéu va nho hon t6ng céc
do dai cua hai canh con lai. c b

Trong hinh 8.1, ta cé

Ib-c|<a<b+c. B a C

B6 sung : ' Hinh 8.1

1. Ba doan thing c6 do dai a, b, ¢ 12 do dai ba canh clia mot tam gidc néu chiing
thoa man mot trong cic diéu kién sau :

—Hodca<b+c;b<c+a;c<a+b;
-Hoic|lb-c|<a<b+c; _
— Hoac doan thing 16n nhat nho hon téng ctia hai doan thing kia.
2. Véibadiém A, B, C bt ki, bao gid ciing ¢6 :
AB < AC + CB (ddu "="xdy ra <> A, B, C thing hang va C nam giita A va B).

II. Vi DU MINH HOA
Vi du 8.1. Cho tam gidc ABC (AC > AB), tia phan gidc cua géc BAC cét BC
‘tai D, diém E nim trén doan thing AD. Chimg minh ring AC - AB > EC - EB.
Giai. (h.8.2)
Vi AC > AB (gia thiét), do d6 trén canh AC l4y diém K
sao cho AK = AB thi K nim giira A va C, ta c6
KC=AC-AB (1).
AAEB va AAEK ¢6
AB=AK; A; = A2 (gia thi€t) ; AE la canh chung. B D
Do d6 AAEB = AAEK (c-g-¢), suy ra EB = EK. ' Hinh 8.2
Xét AEKC, tacé:
KC> EC-EK nén KC>EC - EB (2).

Tur (1) va (2) suy ra AC- AB> EC - EB.

A

41



Vi du 8.2. Cho tam gidc ABC, M Ia trung diém canh BC. Chitng minh ring

AB+AC—BC<AM<AB+AC.
Gidi. (h.8.3) B D
Xét cdc tam gidc MAB va MAC, ta lan luot ¢6 o
AM> AB-BM; AM> AC - MC. Suy ra
2AM>AB+ AC-(BM + MC) = AB+ AC - BC, A o
ol A4l n DR AT SIE 1) Hinh 83

Trén tia d6i clia tia MA 14y diém D sao cho MD = MA, ta c6
AMAB = AMDC (c-g-c), suy ra CD = AB.
Xét AACD, ta ¢6 AD < AC + CD, suy ra 2AM < AC + AB, do d6

AB + AC
o S——"

AM (2)

AB + AC - BC AB + AC
< < —_—

T (1) va(2)tacéd AM

BAI TAP

8.1. Cho tam gidc ABC va diém M nim trong tam gidc d6. Chimg minh ring
MB + MC < AB + AC.
8.2. Cho O la mot diém nam trong tam gidc ABC. Chimg minh ring

AB+BC+CA . OA +0OB+0OC<AB+BC +CA.

8.3. Cho géc xOy khic gbéc bet, tia phan gidc Oz. Tir diém M trong géc xOz, vé
MH L Ox (H € Ox), MK A Oy (K € Oy). Chimg minh ring MH < MK.

8.4. Cho tam gidc ABC, M la diém trén phan gidc ngoai ctia géc C.
Chimg minh ring MA + MB > AC + BC.
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8.5. Cho doan thing AD va hai diém B, C nim giita A va D sao cho AB = CD
(B ndm gia A va C). M 12 diém nim ngodi dudng thing AD. Chimg minh ring

MA + MD > MB + MC.

8.6. Cho tam gidc déu ABC va diém O nim trong tam gidc. Chimg 10 ring ba doan
OA, OB, OC la d6 dai ba canh cia mot tam gidc.

8.7.* Cho tam gidc ABC vudng can tai A. Goi D va E 1 hai diém theo thit tu trén
hai canh AB va AC sao cho AD = AE. Goi K 12 diém thudc canh BC. Trén nira mat

phing b AC, khong chita diém B vé diém I sao cho EAI = DAK va Al = AK.
Chimg minh ring KE + KD 2 AB.
8.8.* Cho tam gidc ABC, BAC 2 60°. Chiing minh ring AB + AC < 2BC.

Chuyén d¢ 9. TINH CHAT BA PUONG TRUNG TUYEN
CUA TAM GIAC

I. KIEN THUC CO BAN

1. Puomg trung tuyén cla tam giic 12 doan thing ndi dinh ctia tam gidc véi trung
diém cua canh d6i dién.

2. Ba dudng trung tuyén cia mét tam gidc cung di qua mot diém. Diém d6 céch
mébi dinh mot khodng bing -%- do6 dai dudng trung tuyén di qua dinh dy.

Giao diém cla cdc dudng trung tuyén goi 1a trong tdm cla tam giéc.

I1. Vi DU MINH HOA

Vi du 9.1. Cho tam gidc ABC, ba dudng trung tuyén AD, BE, CF. Tir F ké
dudng thing song song véi AD cit ED tai 1.

a) Chimg minh ring IC // BE va IC = BE.

b) Cho bi€t AD L BE, chimg minh ICF la tam gidc vuéng va chu vi cia tam
gidc nay bang téng do dai ba dudng trung tuyén clia tam gidc ABC.
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Gidi. (h.9.1).

a) Vi D 1a trung diém cta BC, E 1A trung
diém cia AC (gia thiét) nén theo Vi du 4.3,

ta ¢c6 ED // AB va ED=%AB, suy ra :
ED = AF.

Do ED // AB suy ra DI // AF ; FI /| AD
(gia thiét) nén AFD = FDI (so le trong) va

ADF = IFD (so le trong), do d6 AAFD = AIDF

(g-c-g), nén ID = AF, suy ra DI = DE va | Hinh 9.1
FI = AD.
Xét ABDE va ACDI ¢6 :

ID = ED, BDE = CDI (d6i dinh), BD = DC (gia thiét).

Do d6 ABDE = ACDI (c-g-c).

Suy ra BE = CI va EBC = BCI nén BE // CL

b) Ta c6 FI // AD va CI // BE. Ma BE L AD (gia thi€t), do d6 FI A IC.

Vay AICF la tam gidc vudng tai L.

Ta c6 chu vi AICF bang : FI + IC + CF = AD + BE + CF.

Vay chu vi AICF bing t6ng d6 dai ba dudng trung tuyén cua tam gidic ABC.

Vi du 9.2. Cho tam giic ABC, hai dudng trung tuyén AM va BN vudng géc
v6i nhau tai G. Cho biét BC = a, CA = b, AB = ¢, chimg minh ring a’ + b’ = 5¢°.

Giai. (h.9.2)

Vi G la trong tam cua AABC (gia thiét) nén -
‘ GA=-2-AM;GM=-[-AM;GB=ZBN; N
3 3 3
1 G
GN = —BN.
3 B M C
bat GM = x, GN =y thi AM = 3x, BN = 3y, Hinh 9.2

GA =2x,GB = 2y.

Ap dung dinh Ii Pythagore véi AAGN va ABGM, ta l4n luot 6 :
b a’

4x? +y> = — vax? +4y? =2

y 2 y 2
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aZ +b?

Suy ra S(x2 +y2)= (1).

4
Tam gidc GAB vuodng tai G, theo dinh li Pythagore, ta c¢6
2
4(x* + yz) =c?, suyra x> +y* = CT . @)

Thay (2) vao (1) ta dugc a’ +b%=5c2

BAI TAP
9.1. Cho tam gidc ABC, hai dudong trung tuyén BM va CN. Biét AB < AC, chiing
minh ring BM < CN.

9.2. Cho tam gidc ABC, hai dudng trung tuyén BM va CN. Bi¢t BM < CN, ching
minh ring AB < AC. '

9.3. Cho G la trong tdm clia tam gidc ABC. Chitng minh rdng :
a) Néu ABC la tam gidc déu thi GA=GB=GC;
b) Néu GA = GB = GC thi ABC la tam gidc déu.
9.4. Cho tam gidc ABC, O 1a mot diém nam trong tam gidc. Chimg minh ring :

a) Néu O la trong tam cua tam gidc thi Spag = Sope = Soca :

b) N€u Syap = Sope = Soca thi O 1a trong tam cua tam gidc ABC.

9.5. Cho tam gidc ABC vuong tai A, ¢6 AB = 5cm, BC = 13cm. Tinh d6 dai cic
duong trung tuyén AM, BN, CE.

9.6. Cho tam gidc ABC, ba dudng trung tuyén AD, BE, CF cat nhau tai O. Ching
minh ring 6 tam gidc OAE, OEC, OCD, ODB, OBF va OFA c¢é dién tich
bang nhau.

9.7.* Goi G la trong tAm cia tam gidgc ABC ; M, N, P ldn luot 1a trung diém cua
cdc canh BC, CA, AB. Trén tia AG 14y diém D sao cho M la trung diém cuia GD.

a) Tinh cdc canh cua tam giic BGD theo cic duong trung tuyén cua tam gidc
ABC;
b) Tinh cdc dudng trung tuyén cua tam gidc BGD theo cdc canh cua tam gidc
ABC.
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9.8.* Chimg minh ring trong mot tam gidc, téng do dai ba dudng trung tuyén I6n

hon % chu vi va nhd hon chu vi clia tam gidc d6.

9.9. Cho tam gidc ABC vuong tai A, hai dudng trung tuyén BD va CE.

2
Chimg minh ring BD? + CE? = SB:: i

9.10. Cho tam gidc ABC. Trén nita mat phing by BC khong chifa diém A, vé tia Bx ;
trén nira mat phing b BC c6 chia diém A, vé tia Cy sao cho Cy // Bx. Trén
Bx, Cy 14n luot 14y hai diém D va E sao cho BD = CE. Goi G la trong tam cua
tam gidc ABC. Chimg minh ‘rf?mg G ciing la trong tAm cua tam
giac ADE.

9.11. Cho tam gidc ABC, AB < AC ; hai dudng trung tuyén BE, CF cit nhau tai G.
Goi D la trung diém cta BC. Chimg minh rang :

a) Badiém A, G, D thang hang ; b) BE < CF.
9.12. Cho tam gidc ABC, trung tuyén AM. Chimg minh ridng :

a) Néu AM < %BC thi A 12 géc th ;
b) Néu AM > %BC thi A 12 géc nhon ;

¢) Néu AM = %BC thi A 1a géc vuong.

9.13. Cho tam gidc déu ABC. Trén tia d6i cua céc tia CB, AC, BA 14y theo thit tu
cdc diém M, N, P sao cho CM = AN = BP = AB. Chimg minh ba diém M, N, P
cédch déu trong tdm O cua tam gidc ABC.

9.14.* Cho tam gidc ABC can tai A. Trén dudng trung tuyén BD ldy diém E sao
cho DAE = ABD. Chimg minh rang DAE = ECB.

46



Chuyén @ 10. TINH CHAT BA PUONG PHAN GIAC
CUA TAM GIAC

I. KIEN THUC CO BAN

1. Diém ndm trén tia phan gidc
cia mot géc thi cidch déu hai
canh cua géc do6. _

Pao lai, diém nim bén trong
mot géc va ciach déu hai canh

cia géc thi ndm trén tia phan
gidc cua géc d6 (h.10.1).

2. Ba dudng phan gidc cia mot tam gidc cung di qua mot diém, diém nay cich
déu ba canh cua tam gidc (h. 102).

Bé sung :

Hinh 10.1 Hinh 10.2

1. Hai dudng phan gidc clia hai géc ngoai ciia tam gidc va tia phan gidc cia géc
trong khong ké véi chiing ciing gap nhau tai mot diém.

2. DGi véitam gidc can, duong trung tuyén img véi canh ddy ciing 1a dudng phan
gidc cua tam giic dé.

II. Vi DU MINH HOA

Vi du 10.1. Cho tam gidc ABC, A =120°, dudng phan gidc AD. Puong phan

gidc goc ngoai tai C cit dudng thing AB ¢ K. Goi E la giao diém ciia DK va AC.
Tinh s6 do cua géc BED.

Giai. (h.10.3)
Vi BAC = 120° nén A3=180°-120° =60°.
AD la phan gidc cua géc BAC (gia thiét),

nén A; = Az = B—:g = 60°.

)

Hinh 10.3
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VE Ay 12 tia d6i ciia tia AD tacé As = Ay = 60° (d6i dinh).
Suyra A3 = A4 (= 60°). Viy AK Ia tia phan gidc cta géc CAy.

AADC c6 K 1a giao diém cua hai tia phan gidc géc ngodi tai C va A nén DK 1a
phén gidc ctia géc ADC, ta c6 D, = Da.

Do A2 = A3 (= 60°) nén AE 1 phan gidc ciia goc DAK.

AADB c6 E 1a giao diém cua hai tia phan gidc géc ngoai tai A va D nén BE l1a
phan gidc cua gbc B, ta ¢ B; = B2. Do d6
- o~ s (4]
B =Dy - B =t A0 ’;-D——-GOT= 30°,

Vi du 10.2. Cho tam gidic ABC ¢6 BC = 17cm, CA = 15¢cm, AB = 8cm. Ba
dudmg phan gidc clia tam gidc cét nhau tai O. Tinh téng cdc khoang céch tir O dén
ba canh ctia tam gidc.

Gidi. (h.10.4)

Tacé: AB* + AC* = 8% + 157 = 289,
BC? = 17° = 289.

Suy ra BC? = AB® + AC%.

Do d6 theo dinh i Pythagore dao, tam giac
ABC vudng tai A.

Ké OD L BC, OE L AB, OF L AC.
Do O 1a giao diém cdc dudmg phan gidc cia tam gidc ABC
nén OD = OE = OF (1).
AO 12 phan gidc cia géc A nén Aj = Az = 45°,
Suy ra AAEO vudng can tai E, AAFO vudng can tai F, tacé :

AE = AF=0E =0F ' (2).
Tir (1) va (2) suy ra OD = OE = OF = AE = AF.

AOBD va AOBE ¢6 B; = B2, canh OB chung.

Do d6 AOBD = AOBE (canh huyén — g6c nhon), suy ra BD = BE.
Tuong tu CD = CF.

B D C
Hinh 104
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Tacé: AE=AB-EB=AB-BD,
AF=AC-FC=AC-CD.
Suyra AE+ AF=AB+ AC-(BD + DC) =AB + AC - BC
hay 2AE= AB+AC-BC=8 +15-17=6(cm),do d6 AE =3 (cm).
Vay OD + OE + OF = 3.AE =9 (cm).

BAI TAP

10.1. Cho tam gidc ABC. Tir diém E trén canh AC ké ED // AB (D € BC), ké

EF // BC (F € AB). Biét ring AE = BF. Ching minh ring diém D cich déu AB
va AC.

10.2. Cho tam gidc ABC vudng can tai A, M la trung diém ctia BC. Goi D la diém
thudc doan MC ; H 1a hinh chiéu cia B trén AD. Chimg minh rang HM Ila tia
phan giic cua géc BHD.

10.3.* Cho tam gidc ABC, BC > CA > AB. Goi O 1a giao diém cta céc tia phan
gidc goc ngoai tai B va C; I 1a hinh chi€u cia O trén AB. Cho biét Al = 11cm,
tinh chu vi tam giac ABC.

10.4.* Cho tam gidc ABC vuong tai A, trung tuyén AM. Trén tia d6i cua tia MA
14y diém D sao cho MD = MA. Qua D ké dudng thing xy vuong géc véi BC.
Trén Dx 14y diém P, trén Dy 14y diém Q sao cho DP = DQ = BC. Chimg minh
AQ, AP la céc phan gidc trong, phan gidc ngoai géc BAC ciia AABC.

10.5.* Cho tam gidc ABC vudng tai A, cé B = Trén canh AC l4dy diém E sao
cho EBA = %a, trén tia d6i cua tia EB 14y diém D sao cho DE = BC. Chimg

minh tam gidc CED la tam gidc can.

10.6. Cho tam gidc ABC va diém I 1a giao diém ba dudng phan gidc cla tam gidc.
Goi H la chan dudng vuong géc ké tr B dén Al Chimg minh ring

IBH = ICA.

10.7. Cho tam gidc ABC c6 B = 50°, C = 20°, dudng cao AH. Tia phan gidc cia

géc AHC cit AC ¢ D. V@ tia Ax la tia d6i cia tia AB. Chimg minh ring diém
D ndm trén tia phan gidc cua géc ABC.
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10.8.* Cho tam giic ABC, A =90° Tren canh AC ldy diém D sao cho

ABC = 3}1_513, trén canh AB 14y diém E sao cho ACB = 3ACE. Goi F la giao
diém cua BD va CE, I 12 giao diém cdc tia phan giéc cia tam gidc BFC.

a) Tinh BFC. b) Chimg minh ring IDE la tam gidc déu.
10.9. Cho tam gidc ABC, A =120°,ba dudmg phan giéc AA', BB, CC.
Chimg minh ring A'B' L A'C'.
10.10.* Cho tam gidc ABC, B = 120°, hai dudng phan gidc BD, CE. Tia phan giac
gbc ngoai tai A cét dudng thing BC tai F. Chimg minh ring :
a) ADF = BDF : b) Ba diém D, E, F thing hang.

10.11.* Cho tam gidc ABC, dudmg cao AH, dudng phan gidc BD, AHD = 45°.
Tinh ADB.

10.12. Cho tam gidc ABC, B = 45°, dudng cao AH, dudng phan giic BD. Cho
bi€t ADB = 45°, chimg minh ring HD // AB.

10.13. Cho tam gidc ABC vuodng tai A, dudng cao AH. Trén canh AC 14y diém E
sao cho AE = AH. Trén canh BC ldy diém F sao cho BF = BA. Chimg minh
AF la tia phan gidc cia géc EAH.

10.14.* Ba xudng mdy dat tai ba dinh cia AABC, cidc canh ¢6 do dai BC = a,
CA =b, AB =c v6i a> b > c. Cong nhan cua ba xudng mdy cung & trong mot

tda nha dat tai giao diém O cla cdc dudng phan gidc cia AABC. Hang ngay
mot O to dua cong nhan tir nha & dén ba xudng mady réi trd vé O biét dudmg di

la cdc canh cia AABC hoac cic doan néi O véi cic dinh cia AABC. Hoi di
theo ciach nao thi do dai quang dudng la ngan nhat ?

10.15.*% Cho géc nhon xOy va diém A thudc tia phan gidc cia géc xOy ; diém B
thudc tia Ox sao cho OAB = 45°.Ké BH vudng goc véi Oy.
a) Chirng minh rdng HA 1a tia phan gidc cia géc BHy.
b) Tinh s6 do géc OHA.
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Chuyén & 11. TINH CHAT BA DPUONG TRUNG TRUC,

BA PUONG CAO CUA TAM GIAC

I. KIEN THUC CO BAN

1.

Diém ndm trén dudng trung truc cia mot doan thing thi cich déu hai miit cia
doan thing d6. Pio lai, diém cich déu hai miit cia mot doan thing thi nim

. trén dudmg trung truc cia doan thing dé.

Ba dudng trung truc cia mot tam gidc cing di qua mot diém. Diém ndy cich
déu ba dinh cla tam gidc va 1a tAm cla dudng tron di qua ba dinh cta tam gidc
d6 (ta goi d6 1a duomg tron ngoai tiép tam gidc).

Né¢u mot tam gidc c6 mot dudng trung tuyén déng thoi 1a dudng trung truc img
vGi cung moét canh thi tam gidc dé la tam gidc can.

Duomg cao ciia moOt tam gidc 12 doan vudng géc ké tir mot dinh dén dudng
thing chira canh déi dién.

Ba dudng cao cia mdt tam gidc cing di qua mot diém. Diém nay goi 1 truc
tam cua tam gidc dé.

Truc tAm cua tam gidc nhon ndm trong tam gidc. Truc tAm cla tam gidc vudng
ndm tai dinh géc vuodng. Truc tam cla tam gidc th ndm ngoai tam gidc.

Trong mét tam gidc can, dudng trung truc img véi canh ddy déng thoi la
dudng phan gidc, duong trung tuyén va dudng cao cing xudt phat tir dinh d6i
dién véi canh d6.

Trong mot tam gidc, n€u hai trong b6n loai duong (dudng trung tuyén, dudng
phan gidc, dudmg cao cung xudt phat tir mot dinh va dudng trung truc \mg véi
canh d6i dién cia dinh ndy) tring nhau thi tam gidc d6 1a tam gidc cén.

Trong tam gidc déu, trong tam, truc tam, diém cdch déu ba dinh, diém nim
trong tam gidc va céch déu ba canh 12 bon diém tring nhau.

IL. Vi DU MINH HOA

Vi du 11.1. Cho tam gidc ABC, c6 A =100°, C = 30°, dudng cao AH. Trén

canh AC ldy diém D sao cho CBD = 10°. V& dudng phan gidc cia géc BAD cit
BC tai E. Chimg minh ring AE 12 dudng trung truc ciia doan thing BD.
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Gidi. (h.11.1)
AABCc6 A =100°, C = 30°
nén B =180° - A — C = 50°.

Lai c6 CBD = 10°

nén ABD = B - CBD = 40°. Hinh 1.1

Mat khic géc ADB la géc ngoai tai dinh D cia tam gidac BCD

nén ADB = CBD + C = 40°. Suy ra ABD = ADB, do d6 AABD c4n tai A, ta
c6 AB = AD.

Xét AAEB va AAED ¢6 :

AB= AD, EAB = EAD (gié thiét), AE 1A canh chung.

Vay AAEB = AAED (c-g-c), suy ra EB = ED.
Tacé : AB = AD nén A thudc dudmg trung truc cua BD (1).
EB = ED nén E thudc dudng trung truc cia BD (2).
Tir (1) va (2) suy ra AE 12 dudng trung truc clia doan thing BD.
Chi ¥ : C6 thé sir dung tinh chét dudng trung tuyén img v6i canh ddy déng
th&i 12 dudmg trung truc cia tam gidc can dé 14p luan nhu sau :
Goi giao diém ctia AE v6i BD 1A I
Xét AAIB va AAID ¢6 :

AB = AD, IAB = IAD (gié thiét), Al Ia canh chung.

Viay AAIB = AAID (c-g-c), suyra IB=ID.

Tam gidc ABD cén tai A, c¢6 Al 1a dudng trung tuyén img véi canh ddy BD
nén Al 12 dudng trung truc ciia doan thing BD. Suy ra AE 12 dudmg trung truc cia
doan thing BD.

Vi du 11.2. Cho tam gidc ABC. V€ ra phia ngoai cla tam gidc hai tam gidc
vuong can ABD vA ACE (ABD = ACE = 90°). V& dudmg cao AH (H e BO).
Chimg minh ring ba dudng thing AH, BE, CD cing di qua mot diém.
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Gidi. (h.11.2) I
Trén tia d6i cla tia AH 14y diém I sao cho Al = BC.
Ta c6 TAC = 180° — HAC.
BCE = BCA + ACE
=90° — HAC + 90°

= 180° - HAC.
Suy ra IAC = BCE.
Xét AAIC va ACBE c6 - Hinh 112
IA = CB, TIAC = BCE. AC = CE (gia thié®).

Vay AAIC = ACBE (c-g-c), suy ra ACI = BEC.
Goi M la giao diém cta CI va BE, tacé:

. e,

MEC + MCE = ACI + ICE = ACE = 90°.
Suy ra EMC = 90°, do d6 BE L CI tai M.

Goi N 12 giao diém ctia Bl v6i CD, chimg minh tuong tu ta c6 CD L Bl tai N.

Xét tam giac IBC ¢6 IH, BM, CN la ba dudng cao nén chiing cing di qua moét
diém, nghia 12 ba dudmg thing AH, BE, CD cing di qua mot diém.

Vi du 11.3. Cho tam gidc ABC vuong tai A, duémg cao AH. Tia phan gidc cla
cdc g6c BAH va CAH cit BC ldn luot tai D va E. Goi O 1a giao diém cidc dudng
phan gidc cua tam gidc ABC.

a) Chimg minh ring dudng trdn tam O, ban kinh OA di qua ba diém A, D, E.
b) Tinh s6 do géc DOE. A

Giai. (h.11.3)

a) TacoH:

BAE = BAC - EAC =90° - EAC ().
AEB =90° - HAE Q).

B D H E C
Ma EAC = HAE (gia thiét), do d6 tir (1) va (2) Hinh 11.3

suy ra BAE = AEB nén AAEB can tai B.
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Vi O 12 giao diém c4c dudng phan gidc clia tam gidc ABC nén BO 12 dudng
phan gidc cua tam gidc can ABE, do d6 BO la dudng trung truc cia AE, suy ra
OA =0E (3).

Chimg minh tuong tu, CO 12 dudng trung truc cia AD, suy ra OA = OD (4).

T (3) va (4) suy ra OA = OD = OE. Diéu nay chimg to ring ba diém A, E, D
ndm trén dudng tron tAm O, badn kinh OA hay dudmng tron tAm O bén kinh OA di
qua ba diém A, D, E.

b) Tix (3) suy ra AOAE can tai O, nén OAE = OEA. V& tia Ox 12 tia d6i ciia
tia OA, ta c6 BOX = OAE + OEA = 2XAE.
" Tuong tu, XOD = 2xAD.

Do d6, DOE = 2(xAD + XAE) = 2DAE = 2(DAH + HAE)

BaH ; HAC _, B,:c_ R

=2

vay DOE = 90°.

BAI TAP
* Tinh chét ba dudng trung tryc cla tam gic
11.1. Cho tam gidc ABC can tai A, A = 40°. Dudng trung trnuc cia AB cét BC tai D.

a) Tinh s6 do géc CAD.

b) Trén tia d6i cia tia AD 14y diém M sao cho AM = CD. Ching minh ring
tam gidc BMD la tam giic can.

11.2. Chimg minh ring cdc dudng trung truc clia tam gidc vuong cit nhau tai trung
diém ctia canh huyén.

11.3.* Cho tam gi4c déu ABC. Goi D vaA E 12 hai diém 14n luot trén hai canh AB va
AC sao cho BD = AE. Ching minh rdng cdc dudng trung truc cia doan DE
lu6n di qua mot diém c¢6 dinh khi D va E di chuyén trén cdc canh AB va AC.

11.4.* Cho tam gidc ABC, AC > AB. Hai diém D va E theo thif ty di chuyén trén
cdc canh AB va AC sao cho BD = CE. Chimg minh ring cdc dudng trung truc
cta DE luon di qua mot diém 6 dinh.
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11.5. Cho doan thing AB va dudng trung truc d cia AB. L4y diém M sao cho M
va A thudc cling mot nira mat phing bd d. Goi C 12 giao diém clia MB véi d.

a) Chimg minh MA + MB > CA + CB.
b) Lay D thudc d sao cho D khong tring véi C. Chimg minh MC + AC<MD + AD.

11.6.* Cho tam gidc nhon ABC, A = 45° Cic dudng trung truc cia AB va AC cit
nhau &I va cit BC 14n luot tai Eva F.
a) Tinh s6 do géc EAF.
b) Chimg minh dudng trdn tam I, b4n kinh IA di qua ba diém A, B, C.

11.7.* Cho tam gidc nhon ABC. Trén céc dudng trung truc cua céc canh AB, AC,
BC ké tir trung diém I, K, L cla c4c canh ndy vd & mién ngodi cia tam gi4c,

ldy tuong ng céc diém M, N, P sao cho ]M=%AB, KN =%AC.

LP = %BC Chimg minh rdng :

a)IN=IPvaINLIP; b) AAIP = AMIN ; c) AP L MN.

11.8.* Cho tam gidc ABC. Hai diém M va N theo thif tu di chuyén trén hai tia BA
va CA sao cho BM + CN = BC. Ching minh rdng cdc dudng trung truc cua
MN lu6n di qua mot diém c6 dinh.

11.9. Cho tam gidc ABC vuong tai A. Trén canh BC 14y hai diém D va E sao cho
BD = BA va CE = CA.
a) Chimg minh giao diém I cdc dudng phan gidc cia tam gidc ABC 1a tam
dudmg tron ngoai ti€p tam gidc ADE.
b)* Tinh s6 do géc DIE.

11.10. Cho tam gidc ABC,B = 75°, C = 60°. V& dudng thing d 13 dudng trung
truc ciia BC, d cét BC tai M. Ldy diém O thudc d va thudc nira mat phang bd
BC chita diém A sao cho MO = MB. Chimg minh ring :

a) Tam gidc BOC vubng cantai O ;
b) BAC = ABO + ACO :
c)* OA =0B=0C.

11.11. Cho tam giéc ABC, B = 75°, C = 45°. Ve dudmg trung truc d cia BC cit
BC tai M. Goi E 12 diém thudc d va thudc nira mat phing bd BC chifa diém A
sao cho EBC = 30°. Chimg minh ring :

a) Tam gidc BEC can tai E.

——— e— e—

b) BAC = ABE + ACE.
¢)* AEB = 90°.
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11.12. Cho tam gidc ABC can tai A, canh ddy nhé hon canh bén. Pudng trung truc
cua AC cét dudmg thing BC tai M. Trén tia d6i clia tia AM 14y diém N sao cho
AN = BM.

a) Tam gidc CMN la tam gidc gi ? Vi sao ?
b)* Tam gidc ABC cho trudc phai c6 thém diéu kién gi dé CM vudng géc véi ON ?

* Tinh chat ba dudng cao cla tam giac

11.13. Cho tam gidc nhon ABC, hai dudng cao BD va CE. Trén tia d6i cia céc tia
BD va CE l4y theo thit tu hai diém I va K sao cho BI = AC, CK = AB. Chimg
minh ring tam gidc AIK 1a tam gidc vudng can.

11.14. Cho tam gidc ABC. Qua cic dinh A, B, C ké dudng thf’mgo song song v&i
canh d6i dién, ching cit nhau tao thanh tam gidc DEF. Chimg minh ring céc
dudng cao cua tam gidc ABC la cic dudng trung truc cia tam gidc DEF.

11.15.* Cho tam gidc ABC vuong tai A, dudng cao AH. Goi M, N ldn luot 1a trung
diém cta AH va BH. Chimg minh CM vuéng géc véi AN.

11.16.* Cho tam gidc ABC. Vé ra phia ngoai ctia tam gidc hai tam gidc déu ABE
va ACF. Goi I 12 trung diém ctia BC, H 12 truc tam clia tam gidc ABE. Trén tia
d6i cia tia IH 14y diém K sao cho IH = IK. Chimg minh ring tam gidc HKF la
tam gidc déu.

11.17.* Cho tam gidc ABC can tai A, dudng cao AH. V& HE L AC. Goi O val lan
luot 12 trung diém cba EH va EC. Chimg minh ring AO vudng géc v6i BE.

11.18.* Cho tam gidc ABC, dudng cao AD. VE hai diém E va F sao cho AB, AC
theo thit tr 12 dudng trung truc cia DE, DF. Goi giao diém cua EF véi AB, AC
1an qu.él 1a K va I. Chimg minh ring ba dudng thing AD, BI, CK cing di qua
mot diém.

11.19. Cho tam gidc ABC, canh BC 16n nhat. Trén canh BC 14y hai diém D va E
sao cho BD = BA va CE = CA. Tia phan gidc cua géc B cit AE tai M, tia phan
gidc cha géc C cit AD tai N. Chimg minh ring tia phan gidc cia géc BAC
vudng gbéc v MN.

11.20.* Cho tam gidc nhon ABC, truc tAim H. Chimg minh réng :

HA+HB+HC<§(AB+AC+BC).

11.21.* Chimg minh ring truc tdm, trong tam va tam dudng tron ngoai ti€p cua
moOt tam gidc cing ndm trén mot dudng thang.
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Chuyén d¢ 12. CHUNG MINH BANG PHAN CHUNG

I. THE NAO LA PHUONG PHAP CHUNG MINH PHAN CHUNG ?

Phuong phép chimg minh phéan chimg 1a phuong phédp chimg minh gidn ti€p,
trong d6 dé chimg to két luan cta bai todn 1a ding, ta chimg minh pha dinh cla
két luan 12 sai. Diéu sai nay c6 thé 1a diéu trdi véi gia thiét hoac diéu trdi véi mot
két qua ding da biét.

Trong chimg minh phan chiing, ta thuc hién cdc buéce sau :

- Buwore 1 (pha dinh két luan) : Gia sir ¢6 diéu trdi v4i két ludn cua bai todn.

- Buwoc 2 (dua dé€n mau thudn) : T diéu gia si trén va tir gia thiét cia bai todn,
ta suy ra moOt diéu mau thudn véi gia thiét hay véi céic kién thirc da hoc.
— Buwoc 3 (khdng dinh két luan) : Vay két luan cla bai todn 1a ding.

I1. VI DU MINH HOA

Vi du 12.1. Cho dinh Ii : Néu hai tam gidc ¢6 hai cap canh twong img bing nhau,
nhumg cdc géc xen giita khong bing nhau thi d6i dién véi géc 16m hon la canh 16n hon
(Vidu 15.2).

Hay lap va chimg minh dinh li ddo cua dinh Ii trén.

Giai.

Dinh li ddo : Néu hai tam gidc c6 hai cap canh tuong (ng bing nhau, nhung
cap canh thi ba khong bing nhau thi d6i dién véi canh 16n hon 1a géc¢ 16n hon.

Chimg minh : '

Xét AABC va AA'B'C' ¢6 AB = A'B, A A’

BC = B'C, AC> A'C. Ta s€ chimg minh
B>B' (h.12.1).
B C B * C

Gia sit B=B' thi AABC = AA'BC

(c-g-c) nén AC = A'C, trédi vaéi gia thiét. Hinh 12.1
Gia su B < B' thi theo dinh Ii thuan AC < A'C, trdi véi gia thiét.
Vay B>B'

57



Vi du 12.2. Chimg minh rdng néu mot tam gidc c6 hai dudng phan gidc trong
bdng nhau thi tam gidc d6 can.

Gidi. Xét AABC c6 hai dudng phan gidc trong bdng nhau BM = CN. Ta sé
- chimg minh AABC can tai A (h.12.2).

Gia sir tam gidc ABC khong can tai A.
XétB>C. Suy ra By>Cy (1). Qua M ké dudng D

thing song song véi AB, qua N ké dudng thing song
song v&i BM, hai dudng thing nay cit nhau tai D.

Khi d6 ABNM = ADMN (g-c-g). Suy ra BM = ND,

B2 = D. Theo gia thi€t BM = CN, nén ND = NC. Vay

tam gidc NCD cn tai N. Suyra NCD=NDC ~ (2). 2 C
Vi ﬁz = Bl va ﬁz > az nén 131 >E’z (3). , Hink 122

Tix (2) va (3) suy raD2 < C3, do d6 MC < MD = BN. Hai tam gidc BNC va
BMC ¢6 BC chung, CN = BM va BN > CM nén 61 > ﬁ; , mau thuldn véi (1).

Trudng hop B < C, chimg minh tuong tu ciing d4n dén mau thuin.

Vay B=C , suy ra tam gidc ABC cén tai A.

Vi du 12.3. Cho mot tam gidc ¢6 ba géc nhon. Qua moét dinh ctia tam gidc d6
vé dudng cao, qua dinh thit hai vé trung tuyén, qua dinh thi ba vé phan giic.
Chimg minh ridng né€u ba dudng da vé dugc cit nhau, tao thainh mot tam gidc thi
tam gidc d6 khong phai tam gidc déu.

Giai. Xét AABC c6 ba g6c nhon va dudng cao AH,
dudng trung tuyén BM, dudng phan gidc CN cit nhau
va tao thanh tam gidc RPQ nhu hinh 12.3. Ta phai
chimg minh ARPQ khong la tam gidc déu.

Gia sir nguge lai ARPQ déu. Khi d6 trong tam gidc
vuong CRH c6 CRH=60° nén RCH=30°. Do d6 B
C =2RCH =60°, HAC = 30° Hink 12.3

AAPM c6 PAM =30°, APM =60° nén AMP = 90° hay BM L AC.

AABC c6 dudng trung tuyén BM la dudng cao nén la tam gidc can, lai c6
C =60° nén 12 tam gidc déu. Vay ba diém R, P, Q tring nhau, trdi véi gia lhlé'l
Vay tam gidc RPQ khong thé 12 tam gidc déu.
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Vi du 12.4. Qua diém O trong mat phdng v& 5 dudng thing phan biét.
a) C6 bao nhiéu géc dinh O dugc tao thanh trong hinh vé ?
b) Chimg minh rdng trong cdc géc dinh O d6,
c6 it nhat mot géc c6 s6 do khong vuot qué 36°.
Gidi. (h.12.4) a) 5 dudmg thing cit nhau tai O — (6}
tao thanh 10 tia chung g6c O. M&i tia trong 10 tia
nay tao véi 9 tia con lai thanh 9 géc, ¢6 10 tia nén sé
c6 9.10 = 90 géc. Nhumg méi géc dd dugc tinh hai 14n
nén cé tdt cala 90 : 2 =45 gbéc dinh O duge tao thanh. Hinh 12.4
b) Trong 45 géc tao thanh c6 dinh O thi chi c6 10 géc khong c6 diém trong
chung c6 t6ng bing 360° (nhu hinh 12.4). Gia sir 14t ca c4c géc déu 16n hon 36°.

Khi d6 10 géc khong c6 diém trong chung c6 téng 1én hon 10.36° =360°, mau
thufin. Vay phai c6 ft nhat mot géc khong vuot qué 36°.

Vi du 12.5. Trén moOt mat phing c6 thé xé€p dugc 7 doan thing sao cho méi
doan thing cét ding 3 doan thing khéc dugc khong ?

Gidi. Cau tra 1oi la khong. That vay, gia sir x€p
dugc 7 doan thing sao cho mdi doan thdng cét diing
3 doan thing khéc.

Ta lap biang gém 7 hang, 7 cOt vadédnh dducdc 6: [ 0l 1x
néu hai doan thing cit nhau ta d4nh ddu x, néu 0
khong cét nhau ta ddnh d4u 0. Chidng han néu doan |7 x| 10
thing thit i cit doan thing thi j ta dinh ddu x vdo 0
giao cua dong i cOt j, va tat nhién giao ciadong jcot [ 0
i cling c6 ddu x (nhu hinh 12.5). Khi d6 vi méi dong
¢6 3 d4u x nén ci bang c6 21 d4u x. Hink 12.5

Mait khéc, bang sé c6 7 d4u 0 x&p theo dudng chéo cia hinh vudng. Nhu néi ¢
trén thi 6 12 giao clia dong i va cot j c6 d4u x thi 6 1a giao ciia dong j cot i ciing c6
d4u x, hai 6 nay d6i ximg qua dudmg chéo gém céc 6 c6 ddu 0. Vi vdy s6 6 dugc
d4nh d4u x trong bang phai 12 s6 chin. Diéu ndy mau thuin v6i khing dinh trén 12
c6 21 6 c6 ddu x. Vay gia sir trén 12 sai, suy ra diéu c4n chimg minh.

—_—
—

L
~

BAI TAP

12.1. Hiy t6ng quét két qua trong Vi du 12.4 cho n dudmg thing phan biét di qua O.

12.2. Chimg minh ring trong mot tam gi4c, géc d6i dién vGi canh nho nhat phai 12
g6c nhon.
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12.3. Chimg minh dinh Ii sau bing phan chimg :

12.4.

12.5.

Trong tam gidc vudng, dudng trung tuyén img véi canh huyén bang nira
canh huyén.

Chimg minh ring néu do dai cdc canh a, b, ¢ clia mot tam gidc lién hé véi
nhau béi diéu kién a® +b% > 5c? thi ¢ 12 do dai clia canh bé nhit.

Chimg minh ring néu mot tam gidc ¢6 mot géc bang 30° va canh déi dién
vGi goc nay bang nira mot canh khéc thi tam gidc dé 1a tam gidc vuong.

12.6. Cho tam gidc MCD ¢6 MCD =MDC =15°. Trén nira mat phing b CD chira

127,

12.8.

12.9.

diém M, V& c4c doan thing CB va DA vuéng géc véi CD va bang CD. Chimg
minh rang tam gidc ABM déu.
Cho a, b, ¢ 12 d6 dai ba canh clia m6t tam gidc. Chimg minh ring téng

a b ¢

M= + +
b+c c+a a+b

khong thé 1a s6 nguyén.

Chimg minh ring trong mot tam gidc c6 mot géc ti thi khong thé ¢6 dudng
trung tuy€n xudt phdt tir mét dinh cua géc nhon lai 1a dudng phan gidc cua
chinh géc nhon dé.

Cho 7 doan thing, mdi doan c6 d6 dai a v6i aeZ, 1 <a <13. Chimg minh

ring c6 thé chon dugc 3 trong 7 doan thing 4y dé dung moOt tam gidc. Ménh
dé trén con ding khong néu chi c6 6 doan thing?

12.10. Tén tai hay khong mot tam gidc ¢6 :

a) it ca cic dudng cao nho hon Icm, con dién tich 16n hon 100cm? ?
b) hai duong cao 16n hon 100cm, con dién tich bé hon lem??

12.11. Trén mat phing cho n diém (n > 3) thda min diéu kién bat ky dudmg thing

nao di qua hai trong nhimg diém d6 déu chita mot diém khdc trong cic diém
di cho. Chimg minh ring tit ca cdc diém di cho ciing nim trén mot dudmg thing.

12.12. Tim s6 tu nhién n 16n nhat (n > 3) sao cho trén mat phing ¢6 n diém phan

biét ma ba diém bat ky trong chiing 12 cdc dinh clia mot tam gidc vuodng.



Chuyén @2 13. NGUYEN Li DIRICHLET

I. NOI DUNG NGUYEN LI DIRICHLET

Khi gap bai todn vé chimg minh su tén tai cia mét hay nhiéu d6i tuong nao
d6, ngudi ta thuomg dung moét phuong phép rat thuan lgi —dé 12 nguyén li
Dirichlet (mang tén nha Todn hoc ngudi Piac Dirichlet (Di-rich-1¢) 1805 — 1859) :
Khong thé nhoét 7 con tho vao 3 cdi léng ma méi 1ong ¢é khéng qud 2 con tho. N6i
cich khdc, néu nhot 7 con tho vao 3 cdi long thi ton tai it nhdt mét long c6 e 3
con tho tro lén.

Mot cich tdng quat hon : Khi nhét m con tho vao k léng

+ Néum=kn +r(0<r <k —1)thitontai it nhat mér long chica khéng it hon
n + 1 con tho. That vay, gia sir 16ng nao ciing c¢6 khong qué n tho thi k 16ng c6
khong qud nk tho, it hon m tho, vo Ii.

+ Néu m = Kn thi ton tai it nhdt mot long chica khong it hom n con tho va tén
tai it nhat mot long chita khéng nhiéu hon n con tho. That vy, gia sir 16ng nao
ciing chifa it hon n tho thi k 16ng c¢6 khong qua k(n —1) tho, vo Ii. Tuong tu, gia sir
16ng nao ciing chita nhiéu hon n tho thi k 16ng ¢6 it nhat 1a k(n + 1) tho, vo Ii.

Khi sir dung nguyén Ii nay, diéu quan trong 1a phai nhén ra (hay tao ra) Ldng
hoac Tho hoac ca Long vaTho.

MOt s6 bai todn co ban thudmg gap nhu sau :

1. Néu trén mot doan thing do dai bing 1 dat moét s6 doan thing cé téng do
dai 16n hon 1 thi ¢6 it nhat hai trong s6 céc doan thing d6 ¢6 diém trong chung.

2. Néu trén dudng tron bén kinh 1 dat mot s6 cung c6 téng do dai I6n hon 2n
thi c6 it nhat hai trong s6 cédc cung d6 c6 diém trong chung.

3. Néu trong mot hinh dién tich S dat mot s6 hinh ¢6 tdng dién tich 16n hon S
thi ¢6 it nhét hai trong s6 cédc hinh dé6 ¢6 diém trong chung.

4. Néu k doan thing c6 tdng d6 dai khong nhd hon (hoac khong 16n hon) a
thi luon tén tai it nhat mot doan thing c6 do dai khong nho hon (hoac khong 16n

a
hon) —.
)k

5. N%u k géc c6 téng do6 16n khong nhd hon (hoac khong 16n hon) a° thi luén
0

t6n tai it nhat mot géc ¢6 do 16n khong nhoé hon (hodc khong 16n hon) a—k—.
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6. Néu k hinh ¢6 tdng dién tich khong nhod hon (hodc khong 16m hon) S thi
ludn tén tai it nhat mot hinh c6 dién tich khong nhé hon (hoac khong 16m hon) -—:—

1I1. MOT SO DANG TOAN VAN DUNG NGUYEN Li DIRICHLET

Dang 1. BAI TOAN LIEN QUAN DEN VI TRI TUONG DO
cUA DIEM, BUONG THANG

Vi du 13.1. (Dinh li Pasch) Chimg minh ring : Néu mot dudmg thing khong
di qua dinh ndo cla tam gidc thi né hoac khong cét canh nao cua tam gidc, hoac
cét ding hai canh cla tam gidc.

Gidi.

Gia sir cho tam gidc ABC va dudng thing d. Dudmg thing d chia mat phing
thanh hai nira mat phing I va Il b d. Vi A, B, C khong thudc d nén chiing chi c6
thé nim & mién I hodc I1. Ta c6 3 = 2.1 + 1, theo nguyén Ii Dirichlet tén tai it nhat
hai diém ciing & mot mién, ching han d6 12 hai diém A, B cing nim trong mién I.
Do d6 d khong céit canh AB.

A
A
I
: /\ B
B C
d d
Il
\ I
. : C
Hinh 13.1 Hinh 13.2

- Néu C ciing ndm ¢ mién I thi d khong cét cdc canh AC va BC (h.13.1).
— Néu C nim & mién II thi d cit ca hai canh AC va BC (h.13.2).

Vay dudng thing d khong cét canh ndo clia tam gidc, hodc cét ding hai canh
cua tam giic.

Nhan xét. D€ giai bai todn ta di van dung kién thitc : Néu A, B cing thudc nira
mat phing bd d thi d khong cit doan thing AB; néu A, B nim trén hai nira mat
phing d6i nhau bd d thi d cit doan thing AB. Trong bai to4dn nay dé van dung
nguyén If Dirichlet, ta coi 3 "thd" 1a 3 diém A, B, C; 2 "I6ng" 1a 2 nlra mat phang
b d (mién I va II).
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Vi du 13.2. Cho mot hinh vuéng va 13 dudng thing, méi dudng thing déu
chia hinh vuong thanh hai hinh thang c6 ti s6 dién tich bing % Chimg minh ring

trong 13 dudmg thing dé, c6 it nhat 4 dudng thing déng quy (cling di qua mot diém).
Gidi. (h.13.3)

Goi d 12 dudng thing chia hinh vuéng ABCD A E B
thanh hai hinh thang c6 ti s6 dién tich bang -g-
Pudng thing d phai cit hai canh d6i ctia hinh vuong, Q
gia su d cét hai canh AB va CD thir twtai M, N. Goi H W R F
E, F, G, H thi tu 1a trung diém cia cic canh AB, BC, S
CD, DA; d cit HF tai P.

i |
Gia su SAthD = 5 SBN!NC thi AD.HP = %BCPF % D N\G C
d
2

suyra HP = 3 PF. Hinh 13.3

Nhu vy mdi dudng thing di cho chia dudng trung binh cla hinh vuéng theo
ti s6 —3— C6 4 diém chia dudng trung binh HF, EG ctia hinh vuong theo ti sd — la

P,Q, R, S. C6 13 dudng théng. mdi dudmg thing di qua mot trong 4 diém P, Q, R S
Ma 13 = 4.3 + 1 nén theo nguyén I Dirichlet tdn tai it nhat 3 + 1 = 4 dudng théng
cing di qua mot diém, tic 12 4 dudng thing niy déng quy.

Nhdn xét. O bai ndy, coi "thd" 12 dudng thing va c6 13 "thd", coi "16ng" 12
diém chia dudng trung binh ctia hinh vuong theo ti s6 % vaco 4 "l6ng" (P, Q, R, S).

Sir dung cong thic tinh : Dién tich hinh thang = dudng cao x dudng trung binh.

Dang 2. BAl TOAN LIEN QUAN DEN DO DAI

Vi du 13.3. Cho 2013 diém, trong dé cir ba diém bat ki trong chiing bao
gidr ciing tim duge hai diém ma khoédng céch gilta ching nhd hon 1. Chimg minh
ring lu6n tim dugc mot diém c6 khoang céch téi it nhat 1006 diém khéc nhé hon 1.

Gidi. |

Trong 2013 diém, 14y ra mot diém A tuy y.

Néu khodng céch tir 2012 diém con lai dén A déu nho hon 1 thi két luan cla
bai todn ludn ding.
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Gia sir t6n tai diém B trong 2012 diém con lai ma AB > 1, thé thi theo diéu
kién bai ra : Mdi diém C trong 2011 diém con lai (trir A va B) hoiac ¢6 AC < 1,
hodc ¢6 BC < 1. C6 2011 diém hoac cich A hoic cdch B mot khoang nho hon 1,
ma 2011 = 2.1005 + 1, nén theo nguyén Ii Dirichlet ludn tén tai 1005 + 1 = 1006
diém hodc cich A hoidc cdch B mot khoang nhd hon 1. Bai todn dugc chimg minh.

Nhdn xét. O bai nay, ta coi 2011 diém cdn lai (trir A va B) 12 2011 "thd"; coi
khoang ciach dén A (hoac B) nhé hon 1 1a "I6ng" nén ¢6 2 "I16ng".

Vi du 13.4. Cho dudmg trdn béan kinh bing 1 va nam diém A, B, C, D, E wy ¥.
Chimg minh rang tén tai diém M ndm trén dudmg tron sao cho

MA + MB + MC + MD + ME 2 5.

Gidi. (h.13.4) B
V& dudmg kinh MN ciia dudmg tron thi MN = 2. , ‘
VGi ba diém M,N, A luon c6MA + NA2MN=2. N '
Tuong tr,tacé6 MB+NB2MN =2,
MC + NC > MN =2,
Hinh 13.4

MD+ND2MN =2,

ME + NE2 MN = 2.
Cong theo v€ 5 bat ding thitc ciing chiéu trén ta dugc
MA+MB+MC+MD+ME)+ (NA+NB+NC+ND+NE)210. (%

Theo nguyén i Dirichlet trong hai t8ng trong ngodc & v€& trdi cta (*) ludn tén
tai {t nhat mot téng khong nho hon 10 : 2 = 5. Do d6 trong hai diém M, N, tén tai
it nhat mot diém, ching han M ¢6 tinh chit MA + MB + MC + MD + ME > 5.

Vi du 13.5. Bén trong cua tam gidc déu ABC c6 do dai canh bang 2 cho nam
diém. Chimg minh ring trong nam diém dé lu6n tim duoc hai diém ma khoang
cdch giira ching nhd hon 1.



s P

Giai, A

L4y D, E, F th ty la trung diém cla céc
canh AB, AC, BC. Khi d6 ta c6 4 tam gidc déu

c6 canh bing 1 12 ADE, BDF, CEF, DEF. C6 5 E
diém ndm trong 4 tam gidc nhd ké trén, nén

theo nguyén li Dirichlet ludn tén tai mot tam G M

gidc nho chita it nhat 2 diém di cho, ching han N

tam gidc BDF chifa hai diém M va N, hai diém B H F C
nay khong tring véi B, D, F. Ta sé€ chimg minh Hinh 13.5

ring MN < 1 (h.13.5). |

That vy, MN luon cit hai canh cta tam gidc BDF, chidng han MN cit BD, BF
thir tu tai G, H. Xét tam gidc BGH c6 G + H = 120° nén tén tai mot trong hai goc
d6 khong nhé hon 60°, ching han G > 60°, thi G>B nén BH > GH.

Ta ¢6 MN < GH < BH < BF = 1, ma M, N khong tring véi B, D, F nén
MN <.

Nhédn xét. D€ van dung nguyén Ii Dirichlet, ta da phan chia mot hinh thanh

nhiéu hinh. O day coi "thd" 1a di€ém da cho nén ¢6 5 "tho", coi "I6ng" 1a tam gidc
do dai canh bang 1 nén c¢6 4 "16ng".

Bing cdch chimg minh tuong tu ta c6 két qua : Khoédng cdch 16n nhat giira hai
diém nidm bén trong hoic trén canh mot da gidc 12 do dai canh lén nhét hoac
dudmg chéo 16n nhat cua da giac.

Dang 3. BAI TOAN LIEN QUAN DEN 0 LON GOC

Vi du 13.6. Trong mat phing cho 4 diém trong d6 khong c6 3 diém nio thing
hang. Chimg minh ring t6n tai 3 diém 12 3 dinh clla mot tam gidc c6 mot géc

khong vuot qué 45°,
Gidi.
Goi 4 diém 12 A, B, C, D. Xdy ra hai trudng hop :
a) Néu ABCD la ur gidc 16i thi
ABC+ BCD+CDA + DAB = 360°, do d6 luon
ton tai it nhat mot géc c6 dd 16n khong nho
hon 90°, ching han 12 géc ABC. Khi d6, xét Hinh 13.6

D ¢
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tam gidc ABC ta suy ra BCA +CAB <90°, vi vay t-dn tai it nhat mot géc khong
vuot qué 45°. Ta chon tam gidc ABC thda man diéu kién bai todn (h.13.6).

b) Ne'u D nam trong tam gidic ABC thi
ADB+BDC+CDA =360°, do d6 luon ton tai it ¢

nhit mot géc khong nhd hon 120° ching han Ia
géc ADB. Khi d6, xét tam gidc ABD ta suy ra

ABD+BAD <60°, vi vay t6n tai it nhat mot géc A B

khong vuot qui 30° < 45°. Ta chon tam gidc ABD Hink 13.7
thoa man diéu kién bai todn (h.13.7).

Vi du 13.7. Cho 19 diém trong dé khong cé 3 diém nao thing hang nim trong
mot luc gidc déu c6é canh bang 1. Chimg minh ring luén tén tai moOt tam gidc cé

dinh 12 3 diém trong cdc diém di cho ma c6-it nhat mot géc khong 1én hon 45° va
ndm trong mot dudmg tron ¢6 bén kinh nhé hon % ‘

Gidi. (h.13.8)

Chia luc gidc déu thanh 6 tam gidc déu canh
bang 1 (c6 mot dinh 1a tam luc gidc déu, hai dinh kia
12 hai dinh lién ti€p ctia luc gi4c). 19 diém nim trong luc
gidc s€ ndm trong 6 tam gidc déunay. Do 19=3.6 + 1,
nén theo nguyén Ii Dirichlet phai c6 it nhidt mét tam
gidc déu chira 4 diém (goi 1a A, B, C, D) trong 19
diém da cho. Dé thay 4 diém nay déu nim trong
dudng tron ngoai ti€p tam gidc déu canh 1 nén cé

Hinh 13.8
bénkmhR-%—(z‘- '

5

Chimg minh trong b6n diém nay, tén tai ba diém la ba dinh clia mot tam gidc
c6 mot goc khong 16n hon 45° nhu Vi du 13.6.

Dang 4. BAI TOAN LIEN QUAN DEN DIEN TIiCH

Vi du 13.8. Bén trong hinh vuong ¢6 canh 5cm cho 51 diém, trong dé khong
c6 ba diém nao thing hang. Chimg minh ring luon tén lal mot tam gidc c6 ba dinh

la ba diém dd cho ma c6 dién tich khong 16n hon 0,5cm”>.
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Gidi. (h.13.9)

Dién tich ctia hinh vuong la 25cm?. M| - X
Ta chia hinh vu6ng canh S5cm thanh 25 j B d]
hinh vudng nhé canh 1cm (nhu hinh 13.9). Khi Q P

d6 51 diém sé ndm trong 25 hinh vudng nhd
canh Icm. Ma 51 = 25.2 + 1, nén theo nguyén
Ii Dirichlet t6n tai it nhat 3 diém nidm trong
mot hinh vuéng canh lcm, ta s€ chimg minh
ring tam gidc ¢6 3 dinh 12 3 diém nay thda
min diéu kién bai ra. Hinh 13.9

That vay, ta goi 3 diém 1a A, B, C nim trong hinh vu6ng MNPQ. V& hinh chir

nhat GHIK c6 cic canh song song v&i cdc canh cia hinh vudng MNPQ va ¢6 A, B,
C ndm trén canh cua né. Khi d6

1 1 1
Sasc S ESGHIKS '2'SM'N'PQ =3 (cm’).

(O day, coi "thd" 12 diém nén c6 51 "thd", "I6ng" 12 hinh vuong canh lcm nén
c6 25 "16ng".

Vi du 13.9. Bén trong hinh vuéng canh bing 1 ¢é 100 diém. Chimg minh ring
trong sO céc tam gidc ¢6 dinh 1a cdc diém d6 hoac 12 cdc dinh hinh vuodng, tén tai

moOt tam gidc c6 dién tich khong vuot qué -—-I—

202
Giai. (h.13.10)

Ta chia hinh vudng thanh cidc hinh tam
gidc khong c6 diém trong chung sao cho dinh
cua mdi tam gidc 1a ba trong s6 100 + 4 = 104
diém da cho. Méi diém nay 1a mot dinh cua ft
nhat mot tam gidc. Nhan thdy : Téng céc géc
c6 dinh 1a 100 diém bén trong hinh vuong .

bing 360° x 100 = 36000°. Téng cic goc cb '
dinh 12 c4c dinh hinh vuong bing 360°. Do d6
téng cic gbc cua t4t ca cic tam gidc duge tao

thanh 12 36360°. S& tam gidc duoc tao thanh 1a Hink 13.10
36360° : 180° = 202.

Téng dién tich cia 202 tam gidc bing 1. Vi vay t6n tai moOt tam gidc c6 dién

' |
tich khéng qua —.
&4 202
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Nhdn xét. Ta c6 thé phét biéu bai todn téng quét : Bén trong hinh vuodng c;anh
bing 1 cho n diém. Chimg minh ring trong s6 cic tam gidc c6 dinh 12 cic diém
d6 hoac 1a cdc dinh hinh vuong, t6n tai mot tam gidc c6 dién tich khong vuot

I

2n+2

qué

Dang 5. BAI TOAN VE HINH NAM TRONG HINH KHAC

Vi du 13.10. Cho 33 diém ndm trong hinh vu6ng c6 d¢ dai canh bing 4, trong
d6 khong c6 ba diém nao thing hang. Ngudi ta vé cdc dudmg tron c6 ban kinh

bing /2 va tam 12 cc diém da cho. Hoi ¢6 hay khong ba diém trong céc diém da
cho sao cho chiing déu thudc phidn chung ctia ba hinh tron cé tam ciing chinh 12 ba
diém d6 ? Vi sao ? .

Gidi. (h.13.11)

Chia hinh vudng da cho thanh 16 hinh
vudng don vi (cdc canh song song véi canh //

),

AN

hinh vuéng da cho va c6 do dai bang 1). Do L AM N \
33 = 216 + 1 > 2.16 nén theo nguyén i V ( ‘; B ) )
Dirichlet t6n tai it nh4t ba diém nim trong \ 7

hoac trén canh hinh vuéng dom vi. Gia sir d6 la S<V
ba diém A, B, C & trong hinh vuéng don vi =

MNPQ. Ta c¢6 MP = v/2 nén AE < MP = 2
véi moi diém E thuoc hinh vuong MNPQ. Tir d6

hinh tron (A ; /2 ) phil toan bo hinh vuéng MNPQ. Hinh 13.11
Suy ra ba hinh trdn (A ; V2), (B; v2), (C; v2) déu chia hinh vuong MNPQ
nén cé ba diém A, B, C nim trong phin chung ctia ba hinh tron néi trén.

(O day, s6 "thd" 12 s6 diém, s6 "I6ng" 12 s6 luGi 6 vudng nhd).-

BAI TAP

13.1. Cho tf gidc ABCD va dudmg thing d khong di qua dinh ndo cla i gic.
Chimg minh ring du't?mg thing d hoic khong cét canh ndo cia tf gidc hoic
cét ding hai canh cia tf gidc.

13.2. Cho dudmg tron ban kinh 1 5 va ba diém A, B, C tuy ¥. Chimg minh rdng t6n
tai mot diém S ndm trén dudng tron sao cho SA + SB + SC 2 15.
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13.3. Trén dudmg tron ban kinh 1dm dénh d4u 20 diém. Chimg minh ring t6n tai
mot diém trén dudng tron ma téng céc khoang céch tir né dén 20 diém ddnh
d4u 16n hon 20dm.

13.4. Cho tir gidc ABCD c6 hai dudmg chéo AC = 16cm, BD = 12cm. Chimg minh
rang tén tai mot canh cla t gidc c¢6 do dai nhod hon 14cm va tén tai mot
canh ciia tf gidc c6 do dai khong nhd hon 10cm.

13.5. Trong mat phing cho 12 diém tuy ¢, trong d6 khong ¢6 ba diém nio thing hang.
a) Chimg minh riing t6n tai ba diém 1a c4c dinh clia mot tam gidc ¢6 mot géc
nhé hon 18°.

b) Chimg minh ra‘mg tén tai ba diém la cdc dinh clla mOt tam g:éc ¢6 mot géc
khong vuot qué 15°.

13.6. Bén trong mot dudmg tron ¢ bén kinh bing 2 cho 7 diém. Chimg minh ring
ludn tén tai hai diém trong 7 diém d6 c6 khoang céch nhd hon 2.

13.7. Cho 17 diém trong d6 3 diém ndo ciing dugc n6i v6i nhau thanh mot tam
gidc bai cdc canh td6 mau xanh, doé hoic vang. Ching minh rdng tén tai mot
tam gidc c6 ba canh cling mau.

13.8. a) Bén trong hinh chif nhat ¢6 kich thuéc 3 x 4 cho 7 di€ém. Chimg minh ring
t6n tai hai diém trong 7 diém nay c6 khoang cich nhé hon 2,24.

b) Bén trong hinh chir nhat ¢6 kich thuéc 3 x 4 cho 6 diém. Chimg minh
rang t6n tai hai diém trong 7 diém nay c6 khoang cdch nhd hon 2,24.

13.9. Bén trong hinh tam gidc déu c6 dién tich bing 1 cho 100 diém. Chimg minh
rang trong s cdc tam gidc c6 dinh 12 c4c diém d6 hodc 12 cdc dinh tam gidc

déu, tén tai mot tam gidc c6 dién tich khong vuot qué %

13.10. Ngudi ta tréng 4500 cay thong lén mot c4nh rimg hinh vudng mdi chiéu
1km. Biét ring dudng kinh cla than cdy thong 12 50cm. Ching minh ring
trong cdnh rimg d6 c6 thé chon ra mot manh d4t tréng hinh chir nhat kich

thuéc 10m x 20m.

13.11. Cho § dudng tron ma mbi bo gém 4 dub‘ng tron déu di qua mot diém.
Chimg minh ring ca 5 dudng uon cing di qua mot diém.

13.12. Trong mot tam gidc c6 canh I6n nhit bing 2, ngudi ta 14y 5 diém phan biét.
Chimg minh ring trong 5 diém dé ludn t6n tai 2 diém ma khoadng cich giita
ching khong vuot qué 1.

13.13. Bén trong ciia mot tam gidc déu canh 6cm cho 21 diém phan biét. Chimg
minh ring luén tén tai mot hinh tréon ban kinh Icm chifa it nh4t ba diém
trong 21 diém di cho.
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Chuyén & 14. TRO CHOI VA CAU PO

Vidu 14.1. Tro choi "Tao hinh tam gidc”.

Trén t& gidy c6 vé& sin mot s6 diém, ching

han 50 diém. Hai ngudi choi 14n lugt n6i hai
diém thanh mot doan thing. Ngudi n2o néi > /
dugc mot tam gidc maéi thi lai duge di ti€p.
Ma&i tam gidc dugc tao thanh goi 12 mot "nha"

va dugc ghi mot s6 bén trong (h.14.1). Ai c6
nhiéu "nha" hon thi ngudi d6 théng.

Luuy \ .

- Khong dugc ké doan thing cit bén trong

mot doan thdng khic.

- Trd choi rén luyén 6¢ phan doédn va tim Hinh 14.1
céch choi hop Ii.

Vidu 14.2. Sdu vi tri dén thdm
Quan sét sdu vi trf d€n tham & hinh 14.2.

Nha thé hinh

Hinh 14.2

1. Nha cao tdng.

2. Nha c6 cay.

3. Trudmg hoc.

4. Nha th¢ son mau xanh.

5. Trung tam thé hinh c6 m4i mau xanh va tudng vang.
6. Cira hang nho mau héng.
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Ban s6ng & ngdi nha nho phia dudi ciia hinh vé. Dé di tir nha & dén nha cao
tdng, c6 thé mo ta dudmng di 1a : Tir chd & di thing vé phia truée, dén ché ré ddu
tién quay géc 90° theo chiéu kim déng hé.

Hay mo-ta dudng di tir nha ¢ dén :

a) Nha thé hinh ; b) Cira hang ;

¢) Nha tho ; d) Trudng hoc ;
_e) Nha c6 cay.

Giai.

a) Di dén thdm nha thé hinh

Tir chdé & di thing vé phia truéc, dén chd ré thit hai quay géc 90° nguoc
chiéu kim déng hé.

b) Dén cua hang

Di thing vé phia truéc dén chd ré déu tién, quay géc 90° theo chiéu kim déng
hé, di dén nha cao tdng, sau d6 quay géc 45° ngugc chiéu kim déng hé.

c) Pén nha tho

M0 ta dudng di dé€n cira hang nhu cau b). Sau d6é quay géc 45° nguoc chiéu
kim déng hé.

d) Dén truong hoc

Mo ta dudmg di dén cira hang nhu cau b). Sau d6 dén ché ré quay géc 90° theo
chiéu kim déng hé.

e) Dén nha cé cay

Mo ta dudng di dén trudmg hoc nhu cau d). Sau d6 quay ééc 45° nguoc chiéu

kim déng hé sé di qua nha trudng, lai quay géc 45° nguge chiéu kim déng hé & hai
chd ré tiép theo.

BAI TAP

14.1. Pung gior
Vao mot thoi diém nao d6, kim gid va
kim phit cia déng hé tao thanh géc
vuong. Sau khoang thdi gian ngén
nhat 13 bao lau thi ching lai tao thanh
goc vuong ?

14.2. Cdu d6'vé bon tam gidc
Néu cit mot hinh vuong theo hai
dudng chéo thi ta sé c6 bon tam gidc /\ /\ /\ /\

vudng can (h.14.3). Hinh 14.3
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Hay néu mot s6 cdch ghép bon tam gidc nay lai v6i nhau dé€ c¢6 duge nhimg
hinh khic nhau.
Ban chi dugc phép ghép canh dai
vGi canh dai, canh ngén vGi canh
ngén.-

14.3. Trén hinh 14.4, c6 bon du'émg nim
ngang va nam dudng thing dimg.
a) C6 bao nhiéu cap dudmg thing
song song nam ngang ?
b) C6 bao nhiéu hinh chir nhat ? Hinh 14.4

Chuyén 2 15. TIEN DE VE PUONG THANG SONG SONG

1. Dinh li va tién dé

Trong sach gido khoa Hinh hoc, cidc em thudng gap nhimg dinh Ii va chimg
minh ctia cdc dinh Ii d6. Dinh Ii 1A m6t ménh dé khing dinh mot tinh chat ma ta
chimg minh 12 diing. Mu6n chimg minh mot dinh If thi ta phai ding nhimg suy
luan c¢6 Ii va dua vao nhimg dinh Ii da chimg minh truée dé. _

Ta ldy vi du bing cdch xét ménh dé A sau day : "Hai duong thdng phan biét
¢6 nhiéu nhat la mot diém chung”. Néu ta chimg minh duge ring ménh dé d6 diing
thi n6 tro thanh mét dinh Ii.

Ta ¢6 thé chimg minh ménh dé A néu ménh dé B sau ddy da dugc chimg minh.

Ménh dé B : "C6 mot va chi mot duomg thang dl qua hai diém phdn biét
cho truoc”.

Chimg minh ménh dé A nhur sau : Gia sir cho hai dudng thing phan biét a va b.
Néu chiing ¢6 hai diém chung M va N thi ¢6 hai dudng thing khdc nhau a va b
ciing di qua hai diém M va N, trdi v6i ménh dé B. Suy ra hai dudng thing a va b ¢6
nhiéu nhat 12 mot diém chung.

Vay muén chimg minh dugc ménh dé A, ta phai chimg minh fnenh dé B.

Ménh dé B chimg minh nhu thé€ ndo ? Hiy xem chimg minh sau day c6 ding
khong : Gid sir c6 hai diém phan biét M va N. Néu c6 hai dudmg thdng a va b di
qua M va N thi héa ra hai dudng lhéng do co ha1 diém chung M va N, trdi véi

ménh dé A. Vay ménh dé B ding.
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Chimg minh trén khong én vi dinh If A chua dugc chimg minh. Ching ta gap
cdi "vong ludn qudn" : Mudn chimg minh ménh dé A thi phai chimg minh duoc
ménh dé B, nhung mu6n chimg minh dugc ménh dé B thi lai phai ching minh
ménh dé A.

N6i chung viéc chimg minh mot dinh li nao d6 déu phai dua vao mot s6 dinh 1i
da biét trudc. Gia sir muén chimg minh dinh Ii A ta phai dua vao dinh If B, mu6n
chimg minh dinh If B phai dua vao dinh If C, mu6n chimg minh dinh If C phai dua
vio dinh If D, ... . C6 nhién qu4 trinh d6 khong thé 1i€p dién mai mii, cho nén dén
mot lic n2o d6 phai dimg lai, ... . Chiing han ta dimg lai tai dinh If X, c6 nghia 12 ta
khong ti€p tuc chimg minh dinh Ii X nirta ma ta thira nhan né la ding.

Mot dinh If thira nhan nhu vy duoc goi 12 tién dé.
Chung ta ké ra day mot s& tién dé 1am vi du :

Tién dé vé diém va dudng thing : Trén mdi duimg thdng cé it nhdt la hai
diém. C6 it nhadt la mot diém khong ndm trén duomg thang.

Tién dé vé xdc dinh dudng thing : C6 mot va chi mot duomg thdng di qua hai
diém phdn biét cho truée (ménh dé B néi trén).

Tién dé vé& diém ndm giita hai diém : Trong ba diém phdn biét va thdng hang
c6 mét va chi mor diém nam giita hai diém con lai.

Tién dé vé tia : Méi diém O ndm trén duomg thdng a chia duomg thdng dé

thanh hai phdn (goi la hai tia) sao cho : Néu hai diém thuéc hai tia khdc nhau thi
O ndm giita hai diém dé, con néu hai diém thuéc cing mét tia thi O khéng ndm

giita hai diém dé.

Tién dé vé nira mat phing : Méi dwomg thdng d chia mdt phdng thanh hai phdn
(goi la hai nita mdt phdng) sao cho néu hai diém A, B thudc ciing mot nica mdt
phdng thi doan thang AB khong cdt d, con néu hai diém A, B thuéc hai nita mdt
phdng khdc nhau thi doan thdng AB cdt d.

Cha y : Pudng thing d goi 12 bd clia hai nira mat phing néi trong tién dé.
Dua vao tién dé vé nira mat phing, ta c¢6 thé chimg minh dinh If sau day :
Dinh If Pasch : Néu mot ducomg thdng khong di qua dinh ndo cia tam gidc thi
né hodc khong cdt canh nao cua tam gidc, hodc cdt diing hai canh cua tam gidc.
Chimg minh. A d
Gia sir c6 tam gidc ABC va d 1a duong
thing khong di qua A, B, va C (h.15.1). Dudng
thing d chia mat phing thianh hai nira mat 5
phing (theo tién dé vé nira mat phing).

Hinh 15.1
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Néu ca ba dinh déu thudc cing mot nira mat phing thi theo tién dé n6i trén
dudmg thdng d khong cit ca ba canh AB, BC, CA ctia tam gidc ABC.

Trong trudng hop nguoc lai, c6 mot dinh (chdng han dinh A) thudc nira mat
phing nay va hai dinh con lai (B va C) thudc nira mat phing kia thi theo tién dé d6
dudng thing d cit cdc canh AB, AC va khong cét canh BC.

Vi du 15.1. Cho b6n diém phan biét O, A, B, C nim trén dudng thing a.
Biét ring O ndm gilta A va B, B ndm gita O va C. Chimg minh ridng O nidm giita A
va C. .

Gidi.

Theo tién dé vé tia thi diém O chia dudng thing a thanh hai tia, ta ki hiéu Ox
1A tia c6 chita diém A va Oy 12 tia cdn lai (tia d6i) (h.15.2). Vi O nim giita A va B
nén B thudc tia Oy. Vi B ndm gita O va C nén (theo tién dé diém ndm giita hai
diém) O khong nidm gita B va C va do d6 B va C déu thudc tia Oy. Vi Ava C
thudc hai tia khdc nhau nén O nim giira A va C.

x A 0 B c ¥
Hinh 15.2
2. Tién dé vé sy bing nhau clia tam giac

Ta nhéc lai dinh nghia hai tam gidc bing nhau : Hai tam gidc goi la bang nhau
néu chiing cé cdc canh niong img bdng nhau va cdc géc nwong img bang nhau.

Vé su bing nhau cta hai tam gidc, ching ta thira nhan tién dé sau day :

Tién dé c-g-c. Néu hai canh va géc xen giita cia tam gidc nay bdng hai canh
va géc xen giita ciia tam gidc kia thi hai tam gidc dé bdng nhau.

Dua vao tién dé dé6 ta c6 thé chimg minh céc dinh Ii sau day :
Pinh li 1 (vé tam gidc can).

—Trong tam gidc cdn, duomg phdn gidc cua géc o dinh cing la duomg cao va
trung tuyén cua tam gidc do.

— Hai géc o ddy cua tam gidc cdn bang nhau.

Chimg minh. a
Gia sir ta ¢6 tam gidc can ABC dinh A va AD la dudng

phéan gidc cua géc A (h.15.3). Hai tam gidic ABD va ACD

c6 canh AD chung, AB = AC va BAD = CAD nén hai tam

gidc d6 bing nhau theo tién dé c-g-c. Suy ra : r D S,
+) DB = DC, vy AD la dudng trung tuyén. Sl
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+) ADB = ADC nén d6 1a céc géc vuong. Vay AD Ia dudng cao.

+) ABC = m.'Vay hai géc @ déy ciia tam gidc can ABC béng nhau.

Pinh i 2 (trudng hop g-c-g). Néu mot canh va hai géc ké cua tam gidc nay
bdng mot canh va hai géc ké cua tam gidc kia thi hai tam gidc dé bdng nhau.

Chimg minh.

Gia sit hai tam gidc ABC va A'BC c¢6 AB=A'B', ABC=A'B'C)
BAC=B'A'C' (h.15.4).

Trén tia A'C' ta ldy diém C; sao
A'C,=AC. Khi d6 hai tam gidc ABC va A

A'B'C; ¢6 AB=A'B', BAC=B'A'C,, ,{C\ A
AC = A'C,, vay ching bing nhau theo tién dé 4 .
c-g-c, suy ra ABC = m . Nhumg wi B
ABC=A'B'C' nén tac6 ﬁ'&ex"ﬁ"é‘,. ey

Vi hai tia B'C; va tia B'C' ciing nidm trong nira mat phing c6 bd 1a dudng
thing A'B' nén tir su bing nhau clia hai géc A'B'C' va m ta suy ra tia
B'C; vatia B'C' tring nhz‘m. ngoai ra vi tia A'C,va tia A'C’' ciing tring nhau
nén C; triing véi C, va nhu vay tam gidc A'B'C; chinh la tam gidic A'B'C". Vi
hai tam gidc' ABC va A'B'C, bang nhau nén hai tam gidc ABC va A'B'C' bang
nhau.

C

Pinh li 3 (trudng hop c-c-¢). Néu ba canh ciia tam gidc ndy bang ba canh cua
tam gidc kia thi hai tam gidc dé bdang nhau.

Chumg minh.

Gia sit hai tam gisc ABC va A'BC ¢6 AB=A'B,BC=B'C,CA=C'A"
(h.15.5). A

Goi A'x 1a tia ndm khéc phfa véi tia 7
A'C' d6i v6i dudmg thing A'B' sao cho ¢

B'A'x =BAC, va trén tia A'x 14y diém
C, saocho A'C; = AC. Khi d6 hai tam gidc
ABCva A'B'CI bang nhau (tiendéc-g-c) Hinh 15.5



nén B'C) = BC = B'C'". Nhu vay hai tam gidc A'C'C, va B'C'C, 1a cdc tam gidc
can tai A' va B. Tir tinh chat cia tam gidc can ta c¢6 m =§'_(51-(_',‘-' va
m = E‘E}E'. Tia C'C; c6 thé ndm trong hoic ngoai géc I‘E“E*. tuy nhién
tir su bdng nhau ctia cic géc d6 ta suy ra A'C'B'= m '. Nhu vay hai tam gidc
A'B'C' va A'B'C, bing nhau theo tién dé c-g-c. Nhung vi hai tam gidc ABC va
A'B'C, bing nhau nén ta suy ra hai tam gidc ABC va A'B'C" bing nhau.

DPinh li 4 (MQt trudng hop bing nhau cua hai tam gidc vuéng). Néu canh
huyén va mét canh géc vudng cua tam gidc vuéng nay ldn luot bdng canh huyén

va mot canh goéc vudng cua tam gidc vuodng kia thi hai tam gidc vudng dy
bdng nhau. .

Chimg minh.
Gia st ABC va A'BC la hai tam gidc vuong tai B va B, va ¢6
AC=A'C', AB=A"'B' (h.15.6).

Goi A'x 1a tia ndm khéc phia véi

tia A'C' d6i v6i duomg thing A'B'sa0 G

cho B'A'x =BAC, va trén tia A'x D’A
ldy diém C, sao cho A'C, =AC.

Khi d6 hai tam gidc ABC va G
A'B'C, bang nhau (c-g-c) nén X
A'B'C, = ABC =90°, vay ba diém Hinh 15.6

C',B',C, thing hang. Vi A'C; =AC=A'C' nén tam gidc A'C'C, 1 tam gidc
can va A'B' 12 dudng cao nén ciing 12 dudng phan gidc, do d6 B'A'C, =B'A'C'.
Vay hai tam gidc A'B'C' va A'B'C; bing nhau theo tién dé c-g-c. Tir d6 suy ra
hai tam gidc ABC va A'B'C' bing nhau.

Dinh li 5 (vé géc ngoai cla tam gidc). Méi géc ngoai cua tam gidc lom hon
cdc goc trong khong ké vai né.

Al

Chiimg minh. B 5
Gia sit BCD Ia géc ngodi cua S
tam gidc ABC (h.15.7). Ta chimg
minh ring BCD > ABC (tuong tu cb A c D
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Goi E 1a trung diém cta BC, trén tia d6i cia tia EA 14y diém F sao cho
EF = EA . Hai tam gidc CEF va BEA c6 EF = EA,EC =EB va CEF = BEA (géc

d6i dinh), nén ching bing nhau (tién dé c-g-c). Suy ra BCF = ABC. Vi doan
thing EF khong cit dudmg thing AD nén hai diém E va F nim trong nira mat
phing c6 bd 12 dudng thing AD, va do d6 hai tia CB va CF cing ndm trong nira
mit phing d6. Tir d6 suy ra tia CF ndm trong géc ACB, hoic ndm trong géc BCD.
Nhung tia CF khong thé ndm trong g6c ACB vi diém F khong nim giira hai diém
A va E. Vay tia CF phéi nam trong gbic BCD va do dé6

—

BCD = BCF+ FCD > BCF = ABC. Vay BCD > ABC.

3. Budng théng song song va tién dé Euclid
Trude uen ta chimg minh dinh If sau day :

Pinh 1i 6 (Dﬁu hiéu nhan biét hai dudmg thing song song) Néu hai duomg
thdng cdt duomg thdng thit ba tao thanh cdc géc so le trong bing nhau thi hai
duomg thdng dé song song véi nhau.

Chimg minh.

C
Gia sir hai dudng thing a va b cit dudng a A/ &
thdng c l4n luot tai A va B va tao thanh céc goc : i -
so le trong bing nhau Al =.f3| (h.158). Ta b . ! T
chimg minh ring khi d6 hai dudng thing a va b /
song song véi nhau, Hinh 15.8

That vay, néu a va b cét nhau tai C nhu hinh 15.8 thi Al 12 gbc ngoai ciia tam
gidc ABC, con B, 12 géc trong clia tam gidc d6, vay theo dinh i 5ta c6 A, > By,
trdi vGi gia thiét f\l = fll. Suy ra a va b khong cét nhau, tiic 12 song song véi nhau.

Dinh li 7. Qua diém A ndm ngoai duomg thdng b c6 it ra la mét duomg thdng
song song voi duomg thdng b.

Chimg minh.

Goi ¢ 12 dudng thing di qua A va vuong
géc v6i b (h.15.9), a 12 dudng thing di qua A -
va vuong géc véi c. Khi d6 hai dudng thing a
va b cing vudng gbéc véi ¢ nén tao véi ¢ nhimg o
géc so le trong bing nhau (vi déu bing 90°)
nén ching song song véi nhau (theo ddu hiéu
nhan biét hai dudng thing song song).

o

Hinh 15.9
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Mot cau hoi duge dat ra sau khi chimg minh dinh 1i 7 : Cé bao nhiéu diimg
thdng di qua A va song song vdi dudmg thdng b, titc la khong cdt duimg thdang b ?

Ching ta dd chimg minh duge ring c6 it nhit mot dudmg thing nhu vay.
Nhung liéu dudmg thing a nhu vay c6 phai 1a duy nhat hay khong ? Néu c6 hai
dudmg thing nhu vay thi sao ?

Trong lich sir phét trién cla hinh hoc su6t hai nghin nam, céc cau hoi 4y luon
ludbn 4m anh céc nha todn hoc. Moi ngudi déu c6 ging chimg minh ring dudng
thing a di qua A va khong cét b 12 duy nh4t. Trong tdc phdm "Co ban" clia minh,
nha todn hoc Euclid (th€ ki III truéc Cong nguyén) khong chimg minh dugc tinh
duy nhit clia dudng thing a, bdi vay Ong phai thira nhan nhu 12 mot tién dé ma
ngay nay ta thudmg goi l1a tién dé Euclid. N6 duge phét biéu nhu sau :

Tién dé Euclid vé dudimg thing song song : Qua mdt diém ndm ngodi mot
duomg thdng, chi cé6 mot duomg thdng song song véi duomg thdang dé (e la khong
cdt dimg thdng do).

Nhiéu nha todn hoc khong muén thira nhan tién dé d6 ma muén chimg minh
né nhu 1a mot dinh 1i. Nhumg moi ¢6 géng ctiia ho déu that bai. Cudi cling vao nam
1826 nha todn hoc ngudi Nga Lobachevsky (Lo-ba-sép-xki) dd chimg minh ring
khong thé chimg minh duoc tién dé Euclid. Tir d6 6ng di xay dung dugc mot mon
hinh hoc goi 12 Hinh hoc Lobachevsky, bing cédch thay tién dé cia Euclid vé
dudmg song song bai tién dé sau :

Tién dé Lobachevsky vé duimg thidng song song : Qua mor diém ndm ngodi
mot duimg thdng, c6 hai duomg thdng phdn biét khong cdt duimg thdng dé.

Bing cdch d6 Lobachevsky dd xay dung dugc mon hinh hoc goi 1a Hinh hoc
Lobachevsky. Con mon hinh hoc ma ching ta dang hoc goi 1a Hinh hoc Euclid vi
trong thit hinh hoc nay ta thira nhan tién dé Euclid vé dudng song song.

Hinh hoc Euclid va Hinh hoc Lobachevsky khédc nhau ¢ tién dé vé dudng song
song, con céc tién dé khic déu duoc thira nhan trong ca hai mon hinh hoc. Nhu
vay nhimg dinh Iif ma cdc em.da biét déu ding trong ca Hinh hoc Euclid va Hinh
hoc Lobachevsky néu chimg minh clia n6 khong dung tién dé Euclid.

Vi du 15.2. Chimg minh rdng : "Né€u hai tam gidc c6 hai cap canh tuong img
bing nhau, nhumg cédc géc xen giita khong bing nhau thi d6i dién véi géc 16n hon
la canh I6m hon".

Giai.

Gia sir hai tam gidgc ABC va A'BC ¢c6 AB=A'B', AC A'CY, A>A"
(h.15.10). Ta chimg minh ring BC > B'C".
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A’ C
Hinh 15.10

Vé tia Ax ndm cing phia v6i tia AB d6i véi dudng thing AC sao cho
CAx =C'A'B’ vatrén tia Ax 14y diém B, saocho AB; =A'B". _

Khi d6é hai tam gidic AB,C va A'B'C bang nhau (c-g-c) nén c6
AB;=A'B'=AB va B,AC=B'A'C'<BAC. Suy ra tam gidc ABB, la tam gidc
can va tia AB; ndm trong géc BAC. Xét céc trudmg hop :

+ Diém B, ndm trong tam gidc ABC. Goi E 1a giao diém ciia ia CB, vacanh AB,
F 1a giao diém cua tia AB; va canh BC. Trong cdc tam gidc BB;F va BB|E, géc

—— — —

ngoai lén hon géc trong khong ké v6i né : AB,B>BBF=BBC va
BB,C > B|BE = AB|B. Tird6 suy ra BB|C > B;BC va néu xét tam gidc BB,C thi
bat déng thirc d6 chota BC> B,C=B'C".

B

A + -
C A a3

Hinh 15.11
+ Diém B, ndm ngoai tam gidc ABC (h.15.11). Khi d6 tia BC ndm trong goc
ABB; nén (ﬁ <£§§1 , tia BjA ndm trong goc BB,C, nén EE;-E< BB-_]E
Nhung .ﬁfB:Aﬁ (hai géc & ddy cua tam gidc can ABB;) nén ta suy ra
CBB, < BB,C. Trong tam gidc CBB, d6i dién v6i géc 16n hon 1a canh 16n hon
nén BC>B,C=B'C".
+ Néu diém B, ndm trén canh BC thi ¢6 nhién BC > B/C=B'C".
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4. Vé dinh li tdng ba géc trong tam giic

Ta chimg minh cdc dinh Ii sau day ma khong dung tién dé vé dudmg song song
cua Euclid hoac cia Lobachevsky. N6i cich khéc, cdc dinh Ii 4y déu diing trong
ca hai thi hinh hoc : Euclid va Lobachevsky.

Pinh li 8 (vé bt ding thic tam giic). Téng hai canh cia mot tam gidc lon
hon canh con lai.

Chimg minh.

Cho tam gidc ABC (h.15.12), ta chimg
minh ring AB+ AC> BC.

Trén tia d6i clia tia AB 14y diém D sao 2
AD = AC. Khi d6 tam gidc ACD la tam gidc
can nén BDC = DCA <BCD. Trong tam gidc
BCD d6i dién gbc 16m hon 1a canh 16n hon nén B G
BD > BC. Hinh 15.12

" ViBD=AB+ AD=AB+ ACnéntasuyra AB+AC>BC.

Pinh li 9 (b4t ding thic ba diém). P6i véi ba diém phdn biét bdt ki
_ Al 5 Az ,A3 ta luén ludn cé

AjA; +ArA; 2 AA;.
Chimg minh.
. Néu ba diém A;,A,,A; khong thing hang thi bat ding thic d6 suy ra tr
dinh 1f vé b4t dang thiic trong tam gidc A; A, A;.
Néu ba diém A, A, ,A; thing hang thi c6 thé xay ra céc tx"ubng hop sau :
+ Diém A, ndm giita hai diém A, va A; : Khi d6 A,A; > AjA; nén
AjAs +AsA; > AjA;.

+Diém A, nim giita hai diém A, VA A3 thi AjA; +AjA3 = AjA;.
+ Diém Aj nim gita hai diém A, va A, : Khid6 AjA; > AjA; nén

' AlAs +AsA5 > AA;.

Pinh 1i 10 (b4t ding thic n diém). V& n diém phdn biét
A] 2 Az 5 AJ, seng An—l ’ An , ta luén luén co : A|A2 + A2A3 s e +An_|An 2 AIAn ;
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Chimg minh.

Theo dinh If vé bat ding thic ba diém ta c6 AjA; +A,A32AA; VA
AlA3+A3A4 2 AlA,, trdésuyra

AlAr +ArA3+AA 2 A A3 +A3A 2 AA,.

Ti€p tuc nhu vy cubicingtacéd: AjA, +AsAz+-+ A 1AL 2A1A,.

Pinh 1i 11 (vé t6ng ba géc trong tam gidc). Tong ba géc cua mot tam gidc
khong thé lom hon 180° .

Chimg minh. _

L4y mot tam gidc bat ki A\B,C, v6i A,=a, B, =8, C,=v. Ta gia si
a+B+y>180° (h.15.13).

Cn Cn+l

Hinh 15.13

Dung cic tam.giic C,B,C,, C,B;C;3, ..,C,B,;Cys1 bing tam gidc
AB|C, nhu trén hinh v& 15.13. DE& dang chimg minh dugc ring
B|B; =B;By =--=B;By,. |

bat m=ﬁ' thi a+B'+y=180° ma a+B+y>180° nén B'<P. Hai
tam gidc A;B,C, va B,C;B, c6 chung canh B|,C;, B;A;=C,B, va B'<f nén
B|B; <A|C,. Tadat d=A\C;-B,B; >0, tiic 1a B;B; =AC, —d. Theo dinh I{
vé bat ding thitc n diém ta c6 ‘

Z=A;B,+BB, +B,B3+..+ BB, +B,,,C, 2A/C,,. (*) -

Vi AB| =B, ,C, néntasuyra

T =2A,B, +nB,B, =2A,B, +n(A,C; -d) = 2A,B, +nA,C; -nd .

Chi ¥ ring nA,C; =A,C, tasuy ra £=2A;B,-nd+A,C, . Ta c6 thé chon
s6 n di 16n sao cho nd > 2A,B,. Khi d6 £ <A,C,,, trdi véi (*). Nhu vay tdng ba
gbc cia mot tam gidc khong thé 16m hon 180°.
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5. N&u céng nhan tién dé Euclid, chiing ta c¢6 thé chimg minh dudc
cacdinhlinao ? -

Du6i day ching ta néu ra mot s6 dinh 1f ma chimg minh cta ching phai dua
vao tién dé Euclid. Diéu d6 ¢6 nghia 1a néu khong thira nhan tién dé Euclid thi céc
dinh If ndy khong thé chiing minh duoc.

Dinh li 12. Néu hai duomg thang song song cdt duomg thang thit ba thi cdc géc
so le trong bang nhau.

Chimg minh.

Gia sir hai dudng thing song song a v b
cét dudmg thing c 14n luot tai A va B tao thanh
céc goc so le trong f\, va B, (h.15.14). Qua A
c6 dudng thing a; sao cho hai dudmg thing a,

va b tao v6i dudng thing ¢ cdc géc so le trong
bing nhau. Khi d6 theo ddu hiéu nhan biét hai
dudng thing song song ta suy ra hai dudmg Hinh 15.14
thing a, va b song song véi nhau.

Theo tién dé Euclid, qua A chi ¢c6 mot dudng thing song song v6i b nén hai
dudmg thing a va a, trung nhau. Nhu vay cdc géc so le trong tao thanh bdi hai

dudmg thing a, b va dudmg thing c phai bing nhau.

Pinh li 13. Hai dudmg thdng phan biét ciing song song véi mot duemg thdng
thie ba thi song song voi nhau.

Chimg minh danh cho ban doc.
Dinh li 14 (vé tdng ba géc clia mot tam gide & Hinh hoc Euclid). Téng ba géc
ctia mot tam gidc bang 180°.

X A 4
Chimg minh. 1,/V2
Cho tam gidic ABC (h.15.15). Goi xy la
dudmg thing di qua diém A va song song véi dudmg
thing BC. Khi d6 ta c6 A, =B, A, =C (céc ; X
g6c so le trong bang nhau). Hink 15 16

Tudésuyra: A+B+C=BAC+A, +A, =180°.

Chi ¥ ring trong chimg minh trén ta phai sir dung dinh li 12, ma chimg minh
dinh 1i 12 lai phai dua vao tién dé Euclid.

82

68 - TOAN 72 - HHOQC |



Vi du 15.3. Chimg minh ring néu dudng thing a vudng géc véi dudng thing b
thi n6 cling vuong géc v6i moi duding thing b’ song song véi b.

Giadi. a

Gia st ¢c6 aAb, b // b (h.15.16). Ta b M
chimg minh ring a L b".

Goi M 1A giao diém cha a va b. Dudng

bl
thing a khong thé song song vé6i b’ vi néu nhu oM
th€ thi qua diém M c6 hai dudng thing a va b
cing song song vai b’ (trdi vai tién dé Euclid). Hinh 15.16

Vay a va b' cét nhau 0 M. Vi b // b’ nén ching cit a tao thanh cic géc so le
trong bdng nhau, suy ra bén géc ¢ M' déu vuong, ticla a L b'.

6. N6i thém vé téng ba géc cla mdt tam giac

Dung tién dé Euclid, chiing ta da chimg minh dugc dinh Ii "Téng ba géc cua

mot tam gidc bang 180° . Sau day ta sé chimg to ring néu ta thira nhan dinh Ii d6
thi ta ¢6 thé chimg minh dugc tién dé Euclid nhu 12 mot dinh Ii.

Nhu vay, ta thira nhan tién dé sau day :
Tién dé vé tong ba goc trong tam gidc : Tong ba géc cua mot tam gidc
bang 180° .
Va ta s& chimg minh dinh i sau day :

Dinh li (vé dudmg song song). Qua mét diém nam ngoai mot duemg thang chi
c6 mot duong thdng song song voi dieomg thdng do.
Chimg minh.
A a X

B B, B, b Bs
Hinh 15.17

Gia sir diém A ndm ngoai dudmg thing b (h.15.17). Tavé AB L b va vé qua A
dudmg thing a vuong géc véi AB. Khid6tacéa//b.

Bay gidy goi a' 1a dudng thing ciing di qua A nhung khéc v6i dudmg thing a. Ta
chiing minh ring a’ phai cit b. :
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Ta ki hiéu Ax' 12 tia nAm trén dudmg thing a' sao cho géc BAx' 12 géc nhon,

Ax 12 tia ndm trén dudng thing a sao cho tia Ax' nim trong géc BAx , Bz Ia tia
cua dudng thing b nidm cung phia véi tia Ax d6i véi dudng thing AB.

Trén tia Bz ta 14y cc diém B,, B,, B;,... sao cho
BBl = AB, BIBZ = ABl » BzB3 = ABz,..., Bn_an = ABn_

Khi d6 tam gidc ABB; la tam gidc vuOng cin nén BAB, = BB|A . Theo tién
dé t6ng ba géc cia mot tam gidc ta c6 ABB; + BAB, + AB;B=180°, suy ra

90° +2BAB, =180°. Vay tac6 BAB, = %.90". Vivay :

XAB,; = xAB-—.90° =—.90°.
: 2 2
Trong tam gidc can AB;B, ta c6 B;AB, + AB,B, + AB;B, =180°.
1

Nhung vi B;AB, = AB,B, nén 2B,AB, =180° - AB,B, = AB;B - 90°.

Suy ra B|AB, = %.90" 1 90°,vadodé:

22
xAB, = xAB, - B|AB, =—.90° —— .90° hay xAB =—90°
2 A e 22 y 2 22
1

Hoan toan tuong ty ta tinh dugc xAB; = ; ... xAB - 2%.90“.

Bay gidr ta ¢6 thé chon s6 nguyén n di 16n sao cho xAB, =2L“.90° < XAX'.
Tir d6 suy ra BAB, > BAX', va diéu d6 chimg to ring tia Ax' ndm trong géc
BAB,, . Bdi vay tia Ax' phai cit doan thing BB, , tiic 12 cit dudng thing b.

7. B4i thoai giira thdy va tré vé chimg minh tién dé Euclid

Hoc sinh : Thua thdy, sau khi nghe thdy giang vé tién dé Euclid, mdy ngay
qua em d c6 géng thir chimg minh tién dé dé Em mudn trinh bay véi thiy dé
thdy gbp ¥ xem sai & chd ndo. -

Thdy gido : T6t qud, em hay trinh bay di.
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Hoc sinh : Cho diém C khong nim trén dudmg thing a (h.15.18).

Ta ké CA La va vé dudng thing xy di
qua C va vudng géc v6i dudng thing CA. Khi
d6 ta da biét ring xy // a.

Bay gid xét mot dudmg thing x'y' ciing di
qua C nhung khic véi duomg thing xy. Ta
chimg minh ring x'y' phai cit dudmg thing a. Hinh 15.18

Thdy gido : Dat van dé nhu th€ 12 ding. Néu em chimg minh dugc diéu d6 thi
suy ra xy 12 dudmg thing duy nhit di qua C va song song véi a, tiic 12 chimg minh
duoc tién dé Euclid. That 1a thid vi ! Em hdy trinh bay chimg minh cta em.

Hoc sinh : Em 14y mot diém M trén tia Cy va ké MN La va goi M' ]a giao
diém ctia tia MN va tia Cy'.

Bay gid ta cho diém M di chuyén trén tia Cy cang ngay cang xa diém C (tic 1a
do dai doan thing CM cang ngay cang I6n). Khi d6 d6 dai doan thing MM’ ciing
cang ngay cang Iém nén dén mot lic nao dé né Iém hon d6 dai MN, tic la MM' > MN.
Khi d6 diém N nim giita hai diém M va M, titc 12 dudng thing a cit canh MM'
ctia tam gidc CMM'. Nhung vi dudng thing a khong cdt canh CM nén a phai cit
canh CM', tiic 1a tia Cy' phéi cét dudng thing a. Thua thdy, em xin hét a!

Thdy gido : Thdy hoi em mot cau. Trén hinh vé 15.18 ta thdy c6 lic MM' <
MN. Khi cho M di chuyén cang xa diém C thi MM’ cang ngay cang 16m, cif cho 1a
nhu th€ di ! Nhumg khi d6 MN ciing ¢6 thé cang ngdy cang 1én thi sao ? VA néu
nhu thé€ thi chic gi da ¢6 lic MM'I6n hon MN ! -

Hoc sinh : Thua thdy, 6 dai MN khong thay ddi khi ta di chuyén diém M trén
tiaCya!

Thdy gido : Vi sao n6 khong thay déi ?

Hoc sinh : Thua thdy, vi n6 ludn ludn bing CA a !

Thdy gido : Em chimg minh MN = CA nhu thé nao ?

Hoc sinh : Nhu th€ nay a. Hai tam gidc
CAN va MNC c6 canh CN chung (h.15.19), >
ngoai ra vi xy // a nén ANC=MCN (hai géc
so le trong), vi CA // MN (do CA va MN cung
vuong géc vGi a) nén ACN =MNC (hai goéc A N
so le trong). Vay hai tam gidc d6 bing nhau
theo truomg hop g-c-g. Suy ra CA = MN.

Hinh 15.19
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Thdy gido : Sai 14m cta em chinh 12 & chd nay. D€ chimg minh MN = CA em
phai dua vao dinh Ii : "Néu hai duomg thdng song song cdt duomg thdng thit ba thi
cdc géc so le trong bdng nhau". Nhmg dé chimg minh dinh If d6 ta lai phai ding
tién dé Euclid. T6ém lai, em ding tién dé Euclid dé chimg minh MN = CA va tir d6
méi chimg minh duge tién dé Euclid. D6 12 mot vong ludn quédn nén khong chap
nhan dugc.

Hoc sinh : Thua thdy em da hiéu.ra réi a, ding 1a mot vong ludn qudn !

8. Thém mot ddi thoai
Chitng minh dinh li vé téng ba géc ctia mot tam gidc

Hoc sinh : Thua thdy, ching ta di chimg minh dugc dinh If vé tdng ba géc clia
mot tam gidc néu thira nhan tién dé Euclid. Nguoc lai, néu thira nhan ring téng ba

goc clia mot tam gidc bang 180° thi ta chimg minh dugc tién dé Euclid. Diéu d6
c6 y.nghia gi ?

Thdy gido : Diéu d6 n6i 1én ring tién dé Euclid va tién dé vé t8ng ba gbéc clia
mot tam gidc 12 tuong duong v6i nhau. Thira nhan tién dé nay thi chimg minh duogc
tién dé kia va nguoc lai.

Hoc sinh : Vay néu ching ta khong thira nhan tién dé Euclid ma thira nhan
tién dé vé tdng ba g6c clia mot tam gide (bing 180°) thi chdng c6 gi thay déi.
Thdy gido : Ding nhu vay. Khi d6 ta vin xay dung duge Hinh hoc Euclid.

Hoc sinh : Bay gid néu em chimg minh duoc dinh If vé téng ba géc clia mot
tam gidc ma khong dua vao tién dé Euclid thi sao a ? :

Thdy gido : Thi em dd chimg minh dugc tién dé Euclid. Toi nghi rang em sé&
gap sai 14m & mot khau 14p luan nao d6.

Hoc sinh : Em ciling nghi nhu vy, nhung em khong thdy chimg minh cla
minh ¢6 sai 14m. B&i vdy em mudn xin ¥ kién cla thdy.

A
Thdy gido : Em hdy trinh bay chimg minh cua )
minh !
Hoc sinh : Da em xin trinh bay. Ta gia sir t6ng -
ba géc cia moét tam gide 1a X. Ta vé& tam gidc ABC 5 ‘ Dz .
“va 14y diém D nidm giita hai diém B va C (h.15.20). Hht e

Xét cac tam gidc ABDva ACDtacéd:
Aj+B+D; =X va A, +C+D,=X. Cong hai ding thic d6 v€ v6i v& ta
dugc A1+A2+§+é+ﬁl+ﬁ2=zx ' ")
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Vi A +A,=BAC=A va D;+D,=180° nén (*) tr& thanh
A+B+C+180°=2X. Nhug A+B+C=X nén X+180°=2X. Suy ra
X =180°, diéu phai chimg minh. '

| Thay gido : Ching minh cla em la ding néu cé'gié thi€t 12 tam gidc nao ciing
" ¢6 16ng ba géc bang X . Nhung gia thiét 4y suy ra tir dau ?

Hoc sinh : Vay ta phai tim cdch ching minh dinh Ii "T'éng ba géc cia tam
gidc nao cing bdng nhau" hay sao ?

Thdy gido : Diing vay ! Nhung 161 e ring mudn chimg minh dinh 1i d6 ta lai
phai ding tién dé Euclid.

Hoc sinh : Thdy c6 thé cho em biét chimg minh d6 duoc khong a ?
Thdy gido : Day nhé ! Ta da dung tién dé Euclid dé chimg minh dinh i "Téng

ba géc cua tam gidc nao cing bdng 180°". Nhu vy suy ra : “Tdng ba géc cua
tam gidc nao cing bang nhau'".

‘Hoc sinh : Thua thdy, bay gid em da hiéu thé nio 12 “c4i vong ludn quin” réia !
9. Trong Hinh hoc Lobachevsky thi tdng ba géc clia tam giac bing
bao nhiéu ?

Ta bi€t rang trong Hinh hoc Euclid va Hinh hoc Lobachevsky déu c6 dinh 1i

"Tong ba géc cia mot tam gidc khong thé 16n hon180° ”, vi khi ching minh dinh
1f d6 ta khong cdn dung tién dé Euclid hoic tién dé Lobachevsky.

Mat khéc, ta.dda chimg minh rang trong Hinh hoc Euclid, tdng ba géc trong
tam gidc bang 180°. By gid ta s& chimg minh ring :

Dinh li. Trong Hinh hoc Lobachevsky, téng ba géc ciia mot tam gidc bé hon 180°

Chimg minh.

Gia sir nguoc lai ring trong hinh hoc Lobachevsky téng ba géc clia mot tam

gidc luon biang 180°. Khi dé nhu di trinh bay trong muc 6, ta suy ra qua mot diém
ndm ngoai mot dudng thing, ¢6 mot dudng thing duy nhat khong cét dudng thing
da cho, trdi v6i tién dé Lobachevsky.

Nhu vy mot cau hdi dat ra 12 : Trong Hinh hoc Lobachevsky, tdng ba géc cia
mot tam gidc bing bao nhiéu ? Bing 90° hay 150° hay 179°, ...?

Pinh nghia. D6i v6i méi tam gidc ABC ta dat (ABC)=180° -(A+B+C)
va goi 8(ABC) la géc sai ciua tam gidc ABC. Theo dinh Ii trén, géc sai cia moi
tam gidc la s6 duong.
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Bay gio ta hday xét mot tam gidac ABC (h.15.21).

Gia sir D 12 mot diém ndm giira hai diém Bva C.

Khi d6 ta c6 hai tam gidc ABD va ACB. Tac6 :
8(ABD) +8(ACD)

=180° -(A, +B+D;)+180° -(A, +C+ D)

=360°-(A,+A, +B+C+D,+D,). Hinh 1521
Vi Al +;\2 =A, f.)l+f)2 = 1800 nén
S(ABD)+3(ACD)=360° —(A + B+C+180°)=180° — (A + B+ C)=8(ABC).

Nhu vay la géc sai cua tam gidgc ABC lon hom géc sai cua méi tam gidgc ABD
va ACD.

Tir d6 suy ra t6ng cdc géc cua tam gidc ABC lom hon t6ng cdc géc cua méi
tam gidc ABD va ACD.

C6 thé néi, tam gidc cang 16n thi tdng ba géc cang bé, va nguoc lai tam gidc
cang bé thi tdng ba géc cang 16n (nhumg khong bao gidr Iém hon hay bing 180°).
Vi du 15.4. Giai bai tap sau trong Hinh hoc Lobachevsky :

a) Chimg minh ring tdng hai géc nhon ctia tam gidc vuong ludn bé hon 90°.

b) Chimg minh rdng trong tam gidc vudng dudng trung tuyén img véi canh
huyén bé hon mot nira canh huyén.

Giai.

a) Néu tdng hai géc nhon clia tam gidc vudbng I6n hay
bing 90° thi téng cdc géc cha tam gidc vuodng d6 16n hon
hay bing 180°, v6 Ii. Suy ra diéu phii chimg minh.

b) Gia sir tam gidc ABC vuong tai A va AM la dudng
trung tuyén (h.15.22). Néu AM = BM = CM thi cic tam gidc !

ABM va ACM la nhimg tam gi4c can nén B = A, va C= Az | .
nhuvay B+C=A,; +A, =A =90°, vo Ii (theo cau a)). Hinh 15.22

Néu AM>BM thi B>A,. Khi d6 AM>CM nén C>A,. Vay
B+C> A, +A, =90, vo If (theo cau a)).
Tir hai trudmg hop trén ta suy ra AM <BM .
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BAI TAP

15.1. Cho b6n diém phan biét O, A, B, C nim trén dudng thing a. Bié€t ring O nim
giira A va B, O ndm giira A va C. Chimg minh ring O khong ndm gitra B va C.

15.2. Cho tam gidc ABC. L4y diém A’ ndm giita hai diém B va C, diém B' nim
gira hai diém A va C. Chimg minh ring hai dudng thing AA' va BB' cit
nhau va giao diém cia chiing ndm giita A v A’ ciing nhu nim giira B va B'.

15.3. Chimg minh ring hai dudng phan gidc cia tam gidc luén ludn cit nhau.

15.4. Chimg minh ring hai dudng trung tuyén cta tam gidc lu6n ludn cét nhau.

15.5. Cho bon diém phan biét A, B, C, D. Mot dudng thing d khong di qua diém
nao trong b6n diém d6. Hoi dudng thing d cét nhiéu nhat 12 bao nhiéu doan
thing trong s6 séu doan thing : AB, BC, CD, DA, AC, BD ?

Hay gidi cdc bai tdp sau ddy ma khéng duwa vao tién dé song song cua
Euclid va cua Lobachevsky.

15.6. Chimg minh ring néu tam gidc c6 hai géc bing nhau thi d6 12 tam gidc can.
15.7. Chimg minh rang tam gidc c6 ba géc bang nhau la tam gidc déu.

15.8. Chimg minh riang néu dudng phan gidc cia mot tam gidc ciing 12 dudng cao
thi tam gidc d6 la tam gidc can.

15.9. Chimg minh ring néu dudng trung tuyén ciia mot tam gidc ciing li dudng
cao thi tam gidc d6 1a tam giic can.

15.10. Chimg minh ring néu canh huyén va mot géc nhon clia tam gidc vudng nay
bing canh huyén va mot géc nhon cua tam gidc vudng kia thi hai tam gidc
vuong d6 bing nhau.

15.11. Chimg minh rdng trong tam gidc, d6i dién v6i canh 16n hon l1a gé¢ 16n hon,
ddi dién véi géc 16m hon 1a canh 16n hon.

15.12. Chimg minh ring ba dudng phan giéc clia tam gidc dong quy tai mot diém
va diém d6 cich déu ba canh ciia tam gidc.

15.13. Chimg minh ring néu tam gidc c6 hai dudng phan gidc bing nhau thi tam
gidc d6 1a tam gidc can.

Hay gidi cdc bai tdp sau dday ma trong ldp ludn cho phép ding tién dé
Euclid. Hay chi ré khdu ldp ludn nao trong loi gidi da dung tién dé Euclid.

15.14. Chimg minh ring tam gidc déu c6 ba géc bing 60°.
15.15. Cho tam gidc ABC vuong tai A vd B =30°. Chimg minh ring BC = 2AC.

89



15.16. Cho géc nhon xOy va mot diém M nim trén tia Ox, d 12 dudng thing di qua
M va vuong géc v6i Ox. Chimg minh ring d va tia Oy c6 diém chung.

15.17. Cho hai dudng thing song song a va b. Chimg minh ring khoang céch tir
céc diém trén dudng thing a dén dudmg thing b luon ludn bing nhau.

15.18. Cho bon dudmg thing a, b, a', b’ trong d6 a va b cit nhau, aLa', b.Lb'.
Chimg minh rdng a' va b’ cét nhau.

Gidi cdc bai tdp sau ddy trong Hinh hoc Lobachevsky.

15.19. Chimg minh ring qua moét diém nim ngoai mot dudmg thing cho trude c6
v0 s6 dudng thing khong cét dudng thing dé.

15.20. Chimg minh f&ng g6c ngoai clia tam gidc 16n hon téng hai géc trong khong
ké v6i né. |

15.21. Chimg minh ring néu tam gi4c vuéng c6 mot géc nhon bing 30° thi canh
g6c vudng d6i dién véi géc nhon d6 16m hon nira canh huyén.

15.22. Cho tam giéc déu ABC. Goi A', B', C' 14n luot 12 trung diém clia céc canh
BC, CA, AB.

a) Chimg minh rdng A'B'C' la tam gidc déu.

b) So sdnh céc géc & dinh cia tam gidc déu ABC va tam gidc déu A'BC.
15.23. Cho hai tia Ax va By cing vuodng géc véi dudmg thing AB va cing ndm vé

mot phia so véi dudng thing d6. Trén Ax va By l4n luot 14y cdc diém M va.

N sao cho AM = BN. Chimg minh ring :

a) AMN = BNM <90°;

b) Hai dudmg thing MN va AB khong cit nhau ;

¢c) MN> AB.



Chuyén #¢ 1. CAC GOC TAO BOI
HAI PUONG THANG CAT NHAU

1.1. (h.1.7)
Goi xOy va x'Oy' 12 hai géc d6i dinh,
Om va Om' tuong Ung la tia phan gidc cua hai géc d6.
CdchJ.Tac66.=%§5§:64=]5:?6?; .

— — ~ ~ 0 ml
xOy = x'Oy nén O; = O4. g 3

Ta lai ¢6 Os +xOm' = 180° y X
nén O; + xOm' = 180°. Hinh 1.7

Vay Om va Om' 12 hai tia d6i nhau.
Cdch2.Tac6 01=02; 03=04 ; xOy x'Oy".
Ma Oy + 03 +xOy'+ 03 + 04 +x x'Oy =360°, suy ra Oy +x0y'+ O3 = 180°.

Viay Om va Om' |2 hai tia d6i nhau.
1.2.* C6 6 dudng thing cit nhau tai O, tao thanh 12 géc khong c6 diém trong

chung, téng clia ching bing 360°. Néu moi géc déu nhd hon 30° thi téng
clia chiing nhd hon 360°, v6 Ii. Vay phai c6 it nhat mot géc 16n hon 30°.,

Néu moi géc déu 16n hon 30° thi téng ciia chiing 16n hon 360°, vo 1i. Vay
phai ¢6 mot géc nhd hon 30°.

Tém lai, trong cdc géc khong c6 diém
trong chung, tén tai mot géc nhd hon

30°, tén tai mot géc 16n hon 30°.
1.3. (h.1.8)
a) A'OB = 180° — 45° = 135° A’

AOB = %A'OC - 45°.

Suyra A'OB+A'OB'=135° +45° =180°
nén hai tia OB va OB' d6i nhau.

Ta lai c6 hai tia OA va OA' d6i nhau nén hai géc AOB va A'OB' ddi dinh.

Hinh 1.8
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b) A'OD =A'OB-BOD = 135° -90° = 45°,
A'OB = A'OD (= 45°).
Ma tia OA' ndm giira hai tia OB'.va OD.
- Vay OA' 1a tia phan giéc cua géc B'OD.
1.4. (h.1.9) D
a) AOB + BOC = 160° ; AOB - BOC = 120°,

suy ra AOB = 140° va BOC = 20°.

b) COD = 90°,suy ra COB < COD nén C .
tia OB nidm gitra hai tia OC va OD. Ta ¢c6 Hinh 1.9

. e

COB + BOD = COD = 90°, suyra

BOD = 90° - 20° = 70°,do d6 AOD = BOD.
Vay OD la tia phan gidc cta géc AOB.

¢) AOC = BOC' (= 160°).

1.5. (h.1.10)

Goi AOC va COB la hai géc ké bu, cic
tia Om, On theo thir tr 12 tia phan gidc
cua cédc géc d6. Tacé :

0C + 000 = 22C OB
<. Hinh 1.10

_ AOC + COB _ 180°

= 90°.

2 2
Ta thdy tia OC ndm giira hai tia Om va On nén mOC + COn = mOn.

X

Do d6 mOn = 90°. Vay Om L On.

1.6. (h.1.11)
a) Ta thdy tia OA ndm giira hai tia Ox va OC nén

— — — AOB — e

xOC = x0A + AOC =

o y
107 L 900 - 1650,

Hinh 1.11
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Do Ox va Oy la hai tia d6i nhau nén xOC + C‘E)-} = 180°,
suy ra COy = 180° — xOC = 15°.
Tuong tu )7613 = 15°.
Vay Oy la tia phan gidc cua géc COD.
b) xOC = 165°, ya =105°,suy ra xOC > )76-11
1.7. (h.1.12) B C
Ta cé‘ﬁc + C#(S“y = 2.A0C + 2.COB
Z 2(AOC + COB) = 2AO0B = 180°. a
Do d6 Ox va Oy la hai tia d6i nhau.
1.8. (h.1.13)

a) xOt = ;6% (cung phu véi za)

Hinh 1.12

b)@+ﬁ=(f6:+ﬁy)+ﬁ

=@+(ﬁr+ﬁ)=ﬁ+§a

(9 X
Hinh 1.13

=90° + 90° = 180°.
1.9. (h.1.14)

a) Goi Om la tia phan gidc cua géc AOB. A

Ta thdy tia Om nim giira hai tia OA' va OB

Tia OA nam giira hai tia Om va OB' nén

———

mOB = mOA + AOB = 222 | 20B (1). o B

AOB ——

Tuong vy mOA' = + A'OB (2). Hinh 1.14 =

AOB = A'OB (cing phu v6iAOB)  (3).

Tir (1), (2) va (3) suy ra mOA' = mOB, lai c6 Om ndm giira hai tia OA' va
OB'. Vay Om la tia phan gidc cia géc A'OB. Do d6 Om Ia tia phan giic
chung cua hai géc AOB va A'OB’.

b) AOB+A 'OB' = AOB+(A'OB+BOB") = (AOB+ A'OB) + BOB’
= 90° +90° = 180°,
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1.10. (h.1.15) 4
24 va f31 1a hai goc so le trong. 'S -~

Tathdy A4 = A2 = 70° (hai géc d6i dinh). /’
Ma A4 = By (theo dé bai) suy ra By = 70°.

A1 va Bz 12 hai géc so le trong. Tacod 7‘3

Bz = A1 = 180° — Aq=180° - 70° = 110°. Hinh 1.15
Céc cap gbc dong vi :

Bi=A2=70°: Bs =A; =110°;
BJ-—- 4"700'A3=Bz=110°.

Chuyén d2 2. HAl DUONG THANG SONG SONG

2.1. OC_LOD,DE LODnénOC// DE (1).
AOC =360° - COD - AOD= 360° - 90° - 150° = 120° nén
AOC = OAB.

Hai g6c nay bing nhau va & vi tri so le trong, do d6 OC // AB (2).
Tir (1) va (2) suy ra AB // OC // DE.
2.2. Xét hai trudng hop :
a) (h.2.13a). Néu tia Am thuoc mién trong cua géc xOy thi phai cé

OAm = 180° - .
b) (h.2.13b). Néu tia Am thudc mlén ngoai cua géc xOy lhl phal co
OAm = a.
y
A m
a
O X X

a)
Hinh 2.13

2.3. a) Ké tia By' la tia d6i cua tia By (hoc sinh tu vé hinh).
Tacé ABy = BAx (ciing bing 45°), suy'ra Ax // By' tic 1a Ax // By.
b) (TB-;’ = BCz (cing bing 30°), suy ra Cz // By' titc 1a Cz // By.
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2-.40'

2.5.

2.6.

(h.2.14a, b)

p E
A M B A M B
Q K
|
C N D C N D
F F
a) b)
Hinh 2.14

Goi AB va CD la hai dudng thing song song.
Dudng thing EF cit ABtai M, cit CD tai N.
a) Xét hai goc déng vi EMB va MND vé6i hai tia phan gidc MP va NQ

Tact WP = 2B g - HND.

Do AB // CD nén EMB = MND (déng vi).

Suy ra EMP = MNQ. Ma hai géc nay la hai géc déng vi tao boi dudmg
thing EF cét hai dudng thing MP va NQ nén MP // NQ.

b) Xét hai géc trong cimg phia BMN va MND véi hai tia phan gidc MI

va NK. Tacél\mhl—% rvml(:MTND BMN + MND = 180°.

Suy ra NMI + MNK = 2¥ ; MND _ 900, vay M1 L NK.

Trén nira mat phang bd CA chita cdc tia AB va DE, vé tia Cm song song véi
AB (ban doc tu vé hinh). D& dang tinh duoc cic goc ACm, DCm, ACD réi
suy ra BAC + ACD + CDE = 360°.

a) Trudmg hop ca hai géc cung nhon (h.2.15). y,

Goi xOy va x'O'y' 1a cdc géc nhon c6

O'x' L Ox, O'y' L Oy.

Qua O' vé tia O'm // Ox, tia O'n // Oy. o m
Theo Vi du 2.2, ta ¢c6 mO'n = xOy. Ta lai :

€0 u a ¢c6 mO'n=x0y. Ta lai & . ==
¢6 mO'n=x'0"y" (vi cing phu véi mQO'y). y

Tir d6 suy ra ;6;' =x'0"y". Hinh 2.15

Trudng hop ca hai géc cung ti, chimg minh tuong tu.
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b) Trudng hop géc xOy nhon, géc x'O'y' td (h.2.16). y' Y
Vé tia O'z 1a tia d6i cua tia Oy'. Vi

xO'y' 12 géc th nén x'O'z 1a gbéc nhon .
va xO'yY + XO'z = 180°.
Mat khéc theo cdu a) thi x0'z = ;6; O e X
Vay xOy + xO'y' = 180°. | Hinh 2.16

2.7. (h2.17)
Qua C ké dudng thing song song vGi AB, ta ¢ D E
BCN = ABC = 112°. DoMN // AB, AB//DE, 2 ”: A

suy ra CN // DE, ta c6 DCN + CDE = 180°,

dod6 DCN = 180° — CDE = 180° - 133° = 47°.
Nhu vy tia CD ndm giita hai tiaCBvaCN,tac6: - Hinh 2.17

BCD = BCN - DCN= 112° - 47° = 65°.
2.8. (h2.18)

Tir P ké PM // AB, ta c6 BPM = ABP = 35°(so le trong).

Suy ra MPQ = 80° - 35° =45°. TtQké QN /CD. A N

Do CD // AB (gia thiét), AB // PM, suy ra PM // QN, P
do dé6

@ = MPQ = 45° (so le trong),
NQC = QCD = 20°(so le trong).

Vay CQP = NQC + PQN = 20° + 45° = 65°.
2.9.% (h.2.19) a Hinh 2.18

C{N/ 5 DE}{N C

a)

B M

| Hink 2.19
Tacé AME + EMB = 180° (1) (hai géc ké bu), suy ra
4EMB = 180° nén EMB = 45°.



Theo dé bai AME + EMB + MND = 225° 2).

Tir (1) va (2) suy ra MND = 45°. Suy ra EMB = MND.

Néu hai gbc nay & vi tri dong vi (h.2.19a) thi AB // CD

Néu hai goc EMB, MND khong ¢ vi tri déng vi, AB cit CD tai O thi
OMN + ONM = 45° + 45° = 90°, do d6 AB L CD (h.2.19b).

Tém lai AB // CD hoac AB L CD.

2.10.* (h.2.20)
Trén nira mat phing b AC khong chita diém B, vé tia Cm // Ax.

" Ta c6 ACM = xAC (so le trong). Do Cm // Ax, A
By // Ax suy ra By // Cm, ta c6 BCm = Eﬁ;r (so
le trong), tir 46 ACB < BCm nén tia CA nim B
gita hai tia CB va Cm, do d6 J
BCm = BCA + ACm. | m
Vay;fC=Ba+ZEE=Ba+HE. Hinh 2.20

Bai todn ddo :
Tir bai todn 2.10 ta c6 thé 1ap duge ba bai todn dio sau :

Bai 1. Trén hinh 2.10, cho biét yBC = xAC + ACB. Chimg minh ring
CBy > ACB va Ax // By.

Bai 2. Trén hinh 2.10, cho biét Ax // By va yBC = xAC + ACB. Chimng
minh ring ‘C—HB; > ACB.

Bai 3. Trén hinh 2.10, cho biét CBy > ACB va yBC = xAC + ACB. Chimg
minh ring Ax // By.

Bai todn 2.10 ding. Nhung cdc bai todn dao cia bai todn nﬁy c6 thé diing,
cling c6 thé sai. Ban doc tu kiém tra diéu nay.

2.11. (h.2.21)
a) Tir C ké tia Cm // Ax (Cm va CB nim trén hai nira mat phang khéc nhau
bd CA). Ta c¢6 XAC + ACm = 180° (hai gbc trong cung phia).
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Ax // Cm, Ax // By suy ra By // Cm, A X

tacod )‘;-I-E’TC = Ba(so le trong). . S

Vi CA ndm giira hai tia CB va Cm

nén BCm = ACB + ACm. C m
Do d6 ;I-BE‘ = ACB + ﬁ suy ra: Hinh 2.21

— ———

yBC + xAC = ACB + (ACm + xAC) = ACB + 180°.
Turdétacd XAC + yBC - ACB = 180°.

(Vi yBC > ACB nén yBC - ACB > 0).
b) Vé Cm // Ax (Cm va CB ndm trén hai nlra mat ph&ng khac nhau bd CA).

Ta c6 XAC + ACm = 180° (1).
Theo dé bai XAC + CBy — ACB = 180° Q).

—— e,

Tir (1) va (2) suyra CBy — ACB = ACm, do dé

—— e,

CBy = ACB + ACm = BCm nén By // Cm (hai g6c & vi tri so le trong bang
nhau). Ma Cm // Ax, suy ra Ax // By.

2.12.* Xem Vi du 2.3. Tén tai mot géc nhod hon hodc bang 360° : 14 = 25 (do).

2.13.* (h.2.22)
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Suy ra tén tai mot géc nho hon 26°.

Qua A V¢ tia Ay' // By, thé thi géc xOy
va géc xAy' 1a hai géc déng vi cia hai
dudmg thing song song Ay' va Oy.

Vé tia phan gidc Az clia géc xAy' thi Az
song song vdi tia phan gidc cua géc xOy
(bai 2.4).

Qua M dung dudmg thing d vuong géc véi Az thi d vudng goc véi tia phan
gidc cua goc xOy (h.2.22).

Hinh 2.22
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3.1.

3.2.

Chuyeén 4 3. TONG BA GOC CUA MOT TAM GIAC

(h.3.3)

Cdch 1. Goi giao diém cia BO v6i AC1a D. A

Theo tinh chat géc ngoai cla tam gidc, ta c : D

BOC > ODC ; ODC > BAD. Suy ra BOC > BAC.

Cdch 2. Sit dung tinh chat tdng cdc géc cha tam 2

gidc v6i hai tam gidc ABC va BOC, tac6: B I C
Hinh 3.3

A+ B+ C=180°;BOC + B, + C; = 180°.
SuyraR+ﬁ+E=B0C+l§|+61. Ma B, < B, 6,<6.
Do d6 BOC > BAC.

Cdch 3. Ap dung tinh chat géc ngoai chia tam gidc, ta ¢6 : BOI > BAO :

e e

10C > OAC. Suy ra BOI + I0C > BAO + OAC

hay la BOC > BAC.

(h.3.4)
= Ea " A
a) Xét tam gidc ABC,tac6: A+C=180°-B
D E
= 180° -70° =110°. (1)
Theo gia thiét A=180° -3C :
nén A + 3C = 180°. (2) o

Tir (1) va (2) suy ra C =35° - A =75

b) BE la phan giic cia B nén Bi=B2=—=C.

tolw»

ED // BC (gia thiét) nén By = E; (so le trong) ; C = E2. Tird6 tac6 E; = Ea.
Vay ED la tia phan gidc cia géc AEB.

99



3.3.

(h.3.5)

34.
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o ]

C
Hinh 3.5
Xét hai trudng hop
a) A >B (trén hinh 3.5a c6 A >90°, trén hinh 3.5b ¢c6 A =90°, trén hinh
3.5¢ c6 A <90°) :

BDC la géc ngoai ciia ADCE nén BDC = DCE + CED = 90° + CED, do dé
CED = BDC - 90°. (1

.
e, — ————

Ta lai ¢c6 BDC=BAC+ACD= A+g (g6c ngoai cua AACD) va

-~ Eal -~

90° =-'g-+g+% nén tir (1) suy ra

by Truong hop A<B, tic 12 B>A. Ching minh tuong tr ta c6

CE— B A
A
(h.3.6)
Tacé ADB = C + DAC =E+%. Ma ADB = 80°
~ 1 0 s 0 ~ B D C
nén C + —A =80", suyra A =160" - 2C.
2 Hinh 3.6

Lai c6 B=1,5Cva A + B+ C = 180°. Tir d6 tim dugc C = 40° ; B = 60°
va A = 80°.



352 (h3.7)

a) Tia CO céit ABtai D.
Géc BDC 1a géc ngoai tai dinh D ciia AADC

nén 5.=K+El.
Vay BBE=K+§|+E| hay
_ BOC = A + ABO + ACO.

b) Néu ABO+ACO=90°—%»thiWC=3+%°—%=90°+

Hinh 3.7

0| >)

Xét ABOC c6 C = 180° — (O + Ba)
- 180° — 90°+ﬁ+5 —ge-AtB
2" 2 2
_ o0 180°-C
2

Suy ra CO la tia phan gidc cua géc d
3.6.* (h.3.8) I
Goi giao diém cia CI v6i BE 1a M,
giao diém cia EI v4i CD 1a N, D

Theo tinh chét géc ngoai cua tam gidc, "

taco: , ‘
BMI = B + C; ; BMI =1 + Eu.

SuyraB+C|=l+E| (1).

Tuong tu D+ ﬁz =1+ Ez (2).

Mat khdc, theo gia thiét thi: C; = C2,E; =E2  (3).
Tu(1),(2)va(3)suyra:

N

Hinh 3.8

l—n)

21=B+D né

3.7.(h.3.9)
a) Tacé: ADC — ADB = B + BAD - (C + CAD)

=[ﬁ+BAC]-[e+BAC}=ﬁ_e.
/

Vay ADC - ADB = a (1).

O

B H D C
Hinh 3.9
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4.2

4.3.
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Mit khéc ADC + ADB = 180° Q).

Tir (1) va (2) suy ra ADC = 90°+5 ADB = 90“-%

b) Trong tam gidc HAD, ta c6:
HAD = 90° - ADH = 90° —[90° -%):%.

Chuyén 4¢ 4. HAI TAM GIAC BANG NHAU

(h.4.5)

a) AOMA = AOMB (c-c-c), suy ra i&f)‘i = i&fiﬁ.
do d6 OM la tia phan gidc cua géc xOy (1).
ANOA = ANOB (c-c-c), suy ra Ffﬁ = PTC‘)_E.

do d6 ON Ia tia phan gidc cia géc xOy (2).
Tix (1) va (2) suy ra ba diém O, M, N thing hang.

b) AMAN = AMBN (c-c-c), suy ra rTrJfR = NFB_EE Hinh 4.5
Vay MN la tia phan gidc ciia gbc AMB.

(h.4.6) A

a) AAHB = AAHC (c-c-c), suy ra HAB = I—-ix-é

do d6 AH la tia phan gidc cia géc BAC. 1
Tac6m+m=180°,mhm=m. B = C
do d6 AHB = AHC = 90°. Vay AH L BC. I
b) AHAB = AHKC (c-g-c), suy ra BAK = AKC. .
Hai géc ndy lai & vi tri so le trong cta hai dudng

thing AB va CK nén AB // CK. s
(h4.7) ‘

AABC = ACDA (c-c-c), , Suy ra ACD = CAB
nén AB // CD ; tuong tu Al -C1 /
nén AD // BC.

Ma AH L BC (gia thiét). Vay AH L AD.

Hinh 4.7



4.4.

4.5.

4.6.

(h.4.8) E A

AMBC = AMDA (c-g-c), suy ra M

AD = BC va MCB = MAD,

do d6 AD // BC. 3 .
ANBC = ANAE (c-g-¢), Hink 4.8 -

suy ra AE = BC va NBC = NAE,do d6 AE // BC.

Tir diém A ngoai dudng thing BC c6 hai dudng thing AD va AE ciing song
song vGi BC nén theo tién dé Euclid vé dudng thing song song, ta ¢ ba
diém A, E, D thing hang.

Ma A thudc DE va AD = AE nén A 1a trung diém clia doan DE.

(h.4.9) "
a) Trén BC 14y diém E sao cho BE = BA. :

Ta c6 AABD = AEBD (c-g-c), E

suy ra BED = BAD = 90°. Vi BE = AB,

ma BC = 2AB nén EC = EB. A D "

R Hinh 4.9
AEBD = AECD (c-g-c),suyraDB=DCva B; =

b) Tacé ﬁl = ﬁz, flz =C nén B= fil +'f3z = 2C.,
AABC vuong tai A nén B + C = 90° hay 3C = 90°,

>

suy ra C =30° va B = 60°.
Cha y : T bai tap nay ta rit ra nhan xét : Néu mot tam gidc vudng cé6 mét
canh g6c vuong bing nira canh huyén thi géc nhon d6i dién véi canh géc
vuong d6 bing 30°. '
(h.4.10) ‘ B N
Xét tam gidc ABC c¢6 M 1a trung diém cha BC.

: M
Trén tia d6i cha tia MA 14y diém N sao cho MN = MA.
Ta c6 AMAB = AMNC (c-g-¢), suy ra Al C
MBA = MCN ; NC= AB. Hinh 4.10

a) Do MBA = MCN nén AB // NC suy ra BAC + ACN = 180°.
Néu A =90° thi ACN = 90°. Khi d6 AABC = ACNA (c-g-c),

tac6 AN = BC, suy ra AM =-%BC.
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4.7.

4.8.
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b) Tacé MA = %AN Néu MA = %BC thi AN = BC.

Khi d6 AABC = ACNA (c-c-c), suy ra BAC = NCA.

Ma BAC + NCA = 180° (vi AB//CN) nén A = 90°.

Cha y : Doan thing AM n6i dinh A véi trung diém M clia canh huyén BC
cua tam gidc vudng ABC dugc goi 1a dudng trung tuyén g véi canh huyén
cla tam gidc vudng.

Tur bai tap nay, ta nit ra nhan xét sau :
e Trong tam gidc vudng, trung tuy€n ing véi canh huyén bing nira canh 4y.

e Néu mot tam gidc ¢6 trung tuyén img véi mot canh bing nira canh 4y thi
tam gidc do6 1a tam gidc vudng.

(h4.11)

a) AAO_(_Z_i ABOﬂc-g-c).
suy ra AOC = BOD.

Ma AOC + COB = 180°,

nén BOD + BOC = 180°,
suy ra ba diém C, O, D thing hang.

Tuong tu, ba diém E, O, F thing hang. Hinh 4.11

b) AODE = AOCF (c-g-c), suy ra DE = CF va 61_35 = (-').EE nén DE // CF.
(h4.12)

a) AAM'B = ABNA (c-g-c), suy ra AN = BM". X

AAMB = ABN'A (c-g-c), suy ra AN' = BM. M

AAMC = ABCN (c-g-¢), suy ra MC = NC.
b) Goi O 12 trung diém cia AB.

AAOM = ABON' (c-g-¢), suy ra AOM = N'OB.

Mi AOM + MOB = 180°nén MOB + N'OB = 180°.
Vay ba diém M, O, N' thing hang.
Tuong tu, ba diém M', O, N thing hang.

Suy ra hai dudng thing MN', M'N cit nhau tai y
trung diém O clia AB. Hinh 4.12




49. (h4.13) _ E
a) AAED = AACB (c-g-c), suy ra AED = ACB.

Goi giao diém cla DE v6i BC1a F. ' A

Ta c6 EBF + BEF = B + C = 90°, suy ra EFB = 90°, D

do d6 EF A BC, tiic 12 DE L BC. 4 'F\'\C
-~ — -~ 4A 2

b) Vi 4B = 5C nén C =§B, do dé6 Hinh 4.13 .

B+C=B+§-B=-§B=90 , suyra B =50 dodé C = AED = 40".

4 4.10. (h.4.14)
Tac6é Az = 45° ; ACB = 45°, suy ra A2 = ACB,

do d6 EAB = BCF (ciing b véi hai gbc
bing nhau).
AAEB = ACBF (c-g-c), suy ra E

-~
-

BE=BFva B =F

Hinh 4.14

Tam gidc ABF vuodng tai A c6 ABF + F = 90°, suy ra B + ABF = 90° hay
EBF = 90°. Vay BE A BF.

4.11.* (h.4.15)
Vé& dudng trung truc cia AB cit Ax tai
H, cit tia Az tai M suy ra diém M c6
dinh va HA = HB.
AHMA = AHMB (c-g-c), suy ra
Bi = A2 = A| vd MA = MB.
Khi d6 AAMD = ABMC (c-g-¢), tacé6 MC = MD.
Qua M ké MK vuodng géc véi CD. Ban doc dé dang chimg minh duge MK 1a

dudng trung truc cia CD. Tir d6 suy ra dudng trung truc cia CD di qua diém
- M c6 dinh.

Hinh 4.15
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4.12.* (h4.16)

Xét ba trudng hop (A < 90°, A =90°, A >90°) :
* Truong hop A <90°

a) Trén tia d6i cua tia DA 14y diém I sao cho DI = DA.
Ta c6 ABDI = ACDA (c-g-c), suy ra Bl = CA = AH

va IBD = ACD, do d6 BI // AC, ma AH A AC

nén AH A BI.

Lai c6 AF A AB, vi th€ ABI = FAH (ciing bd Hinh 4.16
v6i BAC).

Vay AABI = AFAH (c-g-c), nén FH = Al = 2AD va AFH = BAL
b) Goi giao diém ctia AD vé6i FH 12 K. Ta c6
AFK + FAK = BAI + FAK = 90°,suy ra AKF = 90°,

dodé AD A FH.

* Céc trudng hop con lai, ban doc
tu chimg minh.

4.13. (h.4.17a,b)
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Cdch 1. (h.4.17a). Goi N 1a trung B c B C
diém cha AC.

Ta c6 AAMC = AANB (c-g-c), nén E
CM = BN.

D
AACD c6 N 1a trung diém cia AC, a) b)
B 12 trung diém ctia AD. Hinh4.17

Theo Vidu4.3,tacé BN = %CD Vay CM = %CD .

Cdch 2. (h.4.17b). Goi E 1a trung diém cta CD. :
Theo Vi du 4.3, ta ¢c6 AB = BD va CE = ED, do d6 BE // AC nén
DBE = MAC (hai géc déng vi)

A BE=~AC«~AB=MA.
2 2

AAMC = ABED (c-g-c), suyraCM =DE = %CD



4.14. (h.4.18)
a) xy // BC (gia thiét), suy ra X

MAD = M(so le trong).

Tiu d6 ta c6 AAMD = AMAB (c-g-¢),
suy ra MD = AB va AD = MB.,
AAME = AMAC (c-g-c), Hinh 4.18
suy ra ME = AC va AE = MC.

Tir d6 ¢6 MD = AB, ME = AC, DE = BC.

Vay AABC = AMDE (c-c-c).

b) AAMD = AMAB nén AMD =MAB, suy ra AB // MD, ta c¢6
BDA = DBM (so le trong).

Goi O la giao diém cla BD véi AM, ta c6 AOAD = AOMB (g-c-g), suy ra
OA = OM.

Vay O 1a trung diém cia AM - (1).

Goi O, la giao diém cia CE véi AM.

Chiing minh tuong tu ta ¢6 O, 12 trung diém cia AM (2).

T (1) va (2)suyra O, =O.

Vay ba dudmg thing AM, BD, CE déng quy tai O 1a trung diém clia AM.
4.15.* a) Chimg minh Al L DE : Xem bai 4.12. E

b) Cdch 1. (h.4.19a)
D
Theo cau a, ta c6é Al L DE. AAEK va ACAM ¢6 A

E = CAM (ciing phu véi 1AE), AE = AC (gia thiét),

EAK = ACM (cung phu véi E’:Tnﬁ). B~{M C
Do d6 AAEK = ACAM (g-c-g), tacd EK = AM. Hinh 4.19a
Tuong tu AADK = ABAM (g-c-g), ta c6 DK = AM. '

Suy ra DK = KE.
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Cdch 2. (h.4.19b) F

Qua D ké dudng lhén_-g_iong song v6i AE cit AK tai F. K

AFDA va ACAB ¢6 FDA = BAC D

(cing bing 180° — DAE), A

DA = AB (gia thiét), FAD = ABC

(cung phu véi ﬁ"ﬁ“é). gl C

do d6 AFDA = ACAB (g-c-g), nén DF = AC, | H
suy ra DF = AE. ' Hinh 4.19b

Tir d6 AKAE = AKFD (g-c-g), suy ra KD = KE.
Cach 3. (h.4.19¢)
KéDF L AH,EN L AH. 5 E

AFAD va AHAB ¢6 F = H = 90°, - K 5
AD = AB (gi thiét), A
FAD = B (cing phu v6i HAB), do d6 AFAD = AHAB
(canh huyén - g6c nhon), suy ra DF = AH. (1) i
Tuong tuy ANAE = AHCA (canh huyén — géc nhon), . -
suy ra EN = AH. (2) Hinh 4.19¢

Tir (1) va (2) suy ra DF = EN. Tir d6 AFDK = ANEK (g-c-g) nén KD = KE.

4.16.* (h.4.20)
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a) AID = ABE (cung phu vai ﬁ).

AAID = AABE (g-c-g), ta c6 Al = AB.

Ma AB = AC (gia thiét), suy ra Al = AC.

Vay A 12 trung diém cua CI.

b) AM L BE, IN L BE suy ra AM // IN.

Goi giao diém clia AM v6i dudmg thing ké qua N va
song song vGi AC 1a F. Ta c6 IAN = FNA (sole

trong), Zﬁi = NAF (so le trong). Do dé
AAIN ANFA (g c-g), suy ra NF = Al AC. Lai
co CAM MFN (so le trong), ACM = MNF

(so le trong). VAdy AMAC = AMFN (g-c-g), do d6  ©
CM = MN. Hinh 4.20




S.1.

S.2.

5.3.

Chuyén d¢ 5. TAM GIAC CAN. TAM GIAC PEU

(h.5.6)

a) Qua B vé dudmg thing song song v6i AC
cit MN tai E.

Ta c6 ABED = ACND (g-c-g),
suy ra BE = NC (1).
AAHM = AAHN (g-c-g),

suy.ra AMN = ANM o
ma BEM = ANM (hai géc déng vi), nén BEM = BME, do d6
ABME can tai B, tac6 BM = BE (2).
T (1) va (2) suy ra BM = CN.
b) Ta c6 AB + BM = AN = AC - NC = AC - BM, suy ra
2BM=AC-AB=b-c,dod6 BM =2=S ib>¢);
b - c

AM = AB +BM =

(h.5.7)
Vi AM + AN = 2AB suy ra

AB-MB+AC+NC=AB+ AC
nén NC — MB =0, do 46 MB = NC. D \\

Qua M vé dudmg thing song song v&i AC cét BC tai D.

Ban doc dé dang chimg minh dugc MD = NC
va AIMD = AINC (g-c-g) dé suy ra IM = IN.

(h.5.8)

Trén nira mat phing chira C bdr 1a dudng
thing AE vé tam gidc déu AEF, ta ¢6

A
/AN
— B ae
CAF =100° - 60° = 40°. c
Vi tam gidc ABC cantai A, A = 100° nén E
ABC = (180° - 100°): 2 = 40° ;
—e e F

do d6 CAF = 40° = ABC.

Hinh 5.7

Hinh 5.8



5.4.

S5.5.

5.6.
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AABC = ACAF (c-g-c), nén AC = CF.

Tu d6 AAEC = AFEC (c-c-c), sﬁy ra AEC = FEC = %Eﬁ“ = 30°,

A
(h.5.9)

BE = BH (gia thiét). AHBE can tai B, !

suyra E = H). VH : C
E

Ma H; = H> (d6i dinh) nén E = Ha.

— L * _ Hinh 5.9
ABC la gbc ngoai tai dinh B cla tam gidc

can BEH, ta c6 ABC = 2H».Mit khic ABC = 2C,tirdé Hz = C.
Do d6 AICH can tai I (I 1a giao diém cia EH véi AC), suy ra IH = IC.
Ban doc dé dang chimg minh duoc AIAH can tai I dé ¢6 IA = IH.

Tir d6 suy ra IA = IC.
(h.5.10) D

a) Ta c6 ACD = ABC + BAC =45°+ 15° = 60°.

Tir d6 trong tam gidc vuong ECD ta ¢6 CDE = 30°

nén CD = 2CE. i E A
Talai ¢c6 CD = 2BC nén CE = BC, suy ra B
CBE = 30° = CDE. Hinh 5.10

Tam gidc EBD can tai E, suy ra EB = ED.

b) ABE = ABC - CBE =45° - 30° = 15° = EAB.
AEAB cantai E, tacé EA = EB=ED.

Suy ra AEAD vuodng can tai E nén EDA = 45°.
Vay ADB = ADE + EDB = 45° + 30° = 75°.
(h.5.11)

Khi ACB <30° thi D nim giira B va C.

Goi M 1a trung diém cua CD.



' 5'70

5.8.

Tam gidc ACD vuong tai A, A

|
suyraMA=MD=MC= ECD=AB.

Céc tam gidc MAB va MAC la

B D M C
cdc tam gidc can ldn luot tai A va M,
Hinh 5.11
suy ra ABM = AMB = 2ACM
hay ABD = 2ACB.
B
(h.5.12)
D

a) Tac6é ACE = DCB = 120°,
AACE = ADCB (c-g-¢),

suy ra AEC = DBC va AE = DB,
do d6 ME = NB. A ’ C ' B
b) AMEC = ANBC (c-g-¢),

suy ra MC = NC va MCE = NCB

Hinh 5.12 ‘

—— — e—n— p— —

nén MCE + ECN = ECN + NCB = ECB = 60°. Vay AMCN la tam gidc déu.
(h.5.13)

Khong mit tinh téng quét, gia sit AMC = AMB thi AMC >90° nén tam
gidc AMC phai can tai M.

Xét ba trudmg hop d6i v6i tam gidc AMB.

a) Trudng hop AAMB can tai M,

Truomg hop nay khong

A A |
xay ra vi néu hai tam gidc )
AMB va AMC cing la
tam gidc can tai M thi g o C v C
a) - b)

MA = MB = MC, khi d6
BAC = 90°, trdi v6i dé Hinh 5.13
bai.



59.
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b) Trudng hop AAMB cén tai A, con AAMC can tai M (h.5.13a)
Al =E;§=m = A1 +C =2C,
B+C =180° - A =180°-75° = 105°.

Suy ra C =35°va B = 70°.

¢) Trudmg hop AAMB can tai B, con AAMC can tai M (h.5.13b).

o~

Tac6é A =C:A2 = AMB = A; + C =2C.

A=Ar 4+ A=3C=175

Suyra C = 25°va B = 80°.

Do vai trd cta cdc dinh B va C nhu nhau, nén bai todn c6 4 dip s6 sau :
B=70°va C=35°; B=35°vaC=70;
B=80°vaC=25; B=25°vaC=80"

(h.5.14)

a) Goi giao diém cta FD véi AC1a K.

ACDF = ACDK (g-c-g) nén DK = DF.

Ta chimg minh dugc hai tam gidc EDC
va EDK c4n tai E.

SuyraED=EK =EC = %CK =%CF.

suy ra CF =2CE (1).
Vi DE // BC nén ADE = ABC (hai géc déng vi): F

AED = ACB (hai géc déng vi). Hinh 5.14

Ma ABC = ACB nén ADE = AED. Tam gidc ADE can tai A,
tacé AD = AE, suy ra BD = CE (2).
T (1) va (2), ta duoc CF = 2BD.

b) AAMD = AAME (c-g-c), suy ra MD = ME= -;-DE . -};CF.



5.10. (h.5.15) o
a) AABC can tai A, A = 108°, A

suyra B=C =36°; OCA = OCB = 18°.
O

ABOC c6 BOC = 180° — (OBC + OCB)
= 180° - (12° + 18%) = 150°. Hinh 5.15
Suy ra MOC = 360° - (MOB + BOC)
=360° - (60° + 150°) = 150° nén BOC = MOC.
Do d6 ABOC = AMOC (c-g-c),tacd :

——— ———— e,

OCM = OCB = OCA (= 18°) nén hai tia CM va CA tring nhau, vi th€ ba
diém A, M, C thing hang.

b) ABMC c6 CB = CM nén la tam gidc can tai C suy ra
—  _——  180°-C _ 180° - 36°

CBM = CMB = .= 72°,
2 2
MAB = 180° — 108° = 72° = AMB. Vay AAMB can tai B.
5.11. (h.5.16)

Gia sirdi tim duoc E € ABvadiém F € ACma A

EF // BC va AE = CF.
Qua E dung ED // AC cit BC tai D. E F
Ta c6 AEDF = ACFD (g-c-g),
suy ra ED = CF = EA.

Tam gidc AED can tai E nén A; = D.

Hinh 5.16
Ma D; = Az (so le trong), do d6 A = Aa.

Vay AD Ia phan gidc cha géc BAC, suy ra diém D duge xédc dinh.
Tir d6 xac dinh duoc diém E réi suy ra diém F.

Ban doc cin chimg minh ring véi cich xdc dinh cdc diém D, E, F nhu trén
bao gids cling thod man cdc diéu kién cta dé bai.
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5.12.* (h.5.17 ; h.5.18) B
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Tam gidc ABC can tai B, B = 80°
nén BAC = BCA =50°.

Vi IAC =10° ; ICA = 30°

nén IAB = 40° ; ICB = 20°.
Hinh 5.17
e Céch 1. (h.5.17)

V& phan gidc ciia goc BAI cit tia CI tai K, ta ¢6

BAK = KAl= 20° suy ra KAC = 30° = ICA.

AAKC can tai K ¢6 KAC = KCA = 30° nén AKC = 120°.
Tam gidc KAC céin tai K nén KA = KC.

AAKB = ACKB (c-c-¢), do d6

360° - AKC _ 360° —120°

AKB = BKC = -=120°.

AAKB = AAKI (g-c-g), suy ra Al = AB.
Tam gidc ABI can tai A c6 BAI = 40° nén AIB = 70°.
e Cdach 2. (h.5.18)

Trén nira mat phing b AC, chia diém B,
vé tam gidc déu ACK, ta cé

BAK = BCK = 10°.
AABK = ACBK (c-g-c)
suy ra BKA = BKC = 30°.
AABK = AAIC (g-c-g), suy ra AB = AL

Do d6 AABI can tai A, ta cé AIB = 70°. Hinh 5.18

8B - TOAN 7/2 - HHOC



5.13.*% (h.5.19)

Ké tia CF sao cho ACF = 60° (F € AB), tia CF cit
AD tai O. .

Dé dang ching minh dugc cic tam gidic AOC va
ODF la c4c tam gidc déu, suy ra OA = OC = AC;
OD = OF = DF.

AAEC ¢6 EAC =80°, ACE = 50° nén AEC = 50°
nén AAEC can tai A, suyra AE=AC= AO.

Do d6 AAOE can tai A, c¢c6 OAE =20° nén
EOA = 80°, tir d6 c6 EOF = 40°.

AFC = 180° — CAF — ACF = 180° - 80° - 60° = 40° = EOF. ""h3-#9
Vay AEOF can tai E, suy ra EO = EF nén ADOE = ADFE (c-c-c),

tacé ODE = FDE = %66?—* = %.60" = 30°. Vay ADE = 30°.

5.14. (h.5.20)
a) Tam gidc AHB vuong tai H, c6 A = 30°
nén BH = %AB. HE = %AB, suy ra

HE = EB = BH.
Vay tam gidc BEH la tam gidc déu.

Tuong tu, ta c6 ACKF la tam gidc déu. Hinh 5.20
b) Tuong tu cau a, ta ¢6 FK = FA.

Tam gidc FAK cén tai F suy ra AKF = 30°.
AEBH la tam giéc déu, ta c6 BEH = 60°,

do d6 IEK + IKE =60° +30°=90°nén EIK =90°.
Vay KF L EH.

5.15.* (h.5.21) -
AABC can tai A, A = 80°,
suyra B = C = 50°.
Trén nita mat phiang b AB,chfadinhC B c
vé tam gidc déu AMB, ta cé M

CBM = ABM - ABC =60° - 50° = 10°. Hinh 521
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ABAI can tai I vi ¢6 TAB = IBA = 50°, suy ra IA = IB.

AAMI = ABMI (c-c-¢), suy ra m = BMI = 30°.

Trén tia BK 14y diém N sao cho BN = IM, tac6 :

AABN = ABMI (c-g-c), suy ra NAB = MBI = 10°va NA = Bl = AL

ANAK cén tai N vi c6 NAK = NKA = 70°, suy ra AN =NK, do d6 Al =NK.

AHAN can tai H vi c6 HAN = HNA = 40°, suy ra HN = HA. T dé

HK = HI. Vay AHIK cAn tai H. ;
5.16.* (h.5.22)
- s = A
AABC can tai A,c6 A =100°nén B = C = 40°,
- " D
suy ra B; = B2 = 20°.
B - K E C

Trén canh BC 1dy hai diém K va E :

Hinh 5.22

5.17. (h.5.23)
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sao cho BDK = 60°, BDE = 80°,
ta c6 ABDA = ABDK (g-c-g), suy ra DA = DK (1).
ABDE c¢6 B = 20°, BDE = 80° nén BED = 80°, suy ra BE = BD.

DKE = B, + BDK = 20° + 60° = 80°, suy ra DEK = DKE, do d6 ADEK

can tai D, ta c6 DK = DE Q).
Do ECD = 40° nén ECD = EDC, suy ra AECD can tai E, ta c6
ED = EC 3).

Tir (1), (2) va (3) suy ra AD = EC. Do d6 BC = BE + EC = BD + AD.

a) Goi I la trung diém cta AB, K 12
trung diém ctia AC. Ta cé

1A=IE=MK=%AB;

KF=KA =IM = %AC.

Hinh 5.23



Céic tam gidc IAlE va AKF tuong img la cdc tam gidc can tai [ va K, suy ra
EIB = 2.xAB = 42° ; CKF = 2CAy = 42°nén EIB = CKF.
MI // AC nén BIM = BAC (hai géc déng vi) ; MK // AB nén MKC = BAC
(hai géc déng vi), suy ra BIM = MFT(C: Tir d6 ta c6 EIM = MKF.
AIEM = AKMF (c-g-c), do d6 ME = MF.
Vay AMEF can tai M. |
b) Ta c6 EMF = EMI + IMK + KMF.
Ta lai c6 IMK = BIM (vi KM // AB),
KMF = [EM (vi AKMF = AIEM)
nén EMF = EMI + BIM + [EM
= 180° ~ EIB (xét AEMI)
= 180° -42° =138°,

Suy ra MEF = MFE = 21°.

5.18.* (h.5.24) &
AADI = AAEI (¢c-c-¢),
suy ra ADI = AEIL. Do dé ' 1
DCI + DIC = EBI + EIB. C o
Hinh 5.24

Ma DIC = EIB (hai géc déi dinh), do d6 DCI = EBI,

suy ra ACB = ABC. Vay AABC can tai A.
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5.19. (h.5.25)

DM va DF la céc tia phan gidc
cta hai géc ké bu nén DM L DN.

Goi E 1a trung diém cia MN,

ta c6 DE = %MN.

AMED cn tai E nén M; = MDE,

suy ra Bi + D1=D; + D3

suy ra ﬁl = 53 (vi 61 = f)z).

-

Ei =:€B—63=2ﬁ1 —63 =ﬁ1
nén ABDE can tai D.

Suy ra BD = DE = -%-MN.

Hinh 5.25

Chuyén &2 6. TAM GIAC VUONG VA PINH L{ PYTHAGORE

6.1. (h.6.4)

AABC vuodng tai A, B = 30°nén C = 60° A
-~ ~ D
suyra C; = Cz =30° dodé B =C,.
' 30°
Tam gidc BCD can tai D nén DC = DB. g
Hinh 6.4

AACD vuong tai A ¢6 C2 = 30° nén CD = 2AD
suy ra BD = 2AD.

Tac6 BD+ AD=3AD=AB=6,

suyra AD=2vaBD=4.
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6.2.

6.3.

6.4.

Gia sir AB < AC.
AB AC AB? AC? AB?+AC? BC?
Tac) — = — suyra = = =
8 15 64 225 64+225 289
_102? [102) _¢?
T 289\ 17
(vi AB? + AC? = BC? (dinh 1f Pythagore)).
Bodd 02 0% o x ‘
8 15

Suy ra AB=48cm ; AC =9 cm.
Néu AB> AC thi AB =90cm ; AC=48cm.

(h.6.5) C "
AABC vudng tai A, theo dinh Ii Pythagore, 17
ta c6 AC? = BC? - AB® = 17% - 8% = 225, y .
suy ra AC =15 (cm). " A
Hinh 6.5

AACD wvudng tai C, theo diqh Ii Pythagore, ta c6

AD? = AC? + CD? = 15% + 36% = 1521, suy ra AD = 39 (cm).
VaiyAB+BC+CD +DA =8+ 17 + 36 + 39 = 100 (cm).
Xét cdc trudng hop sau :

d
d
At A
E
H
¢ b Ve . P
Hinh 6.6 Hinh 6.7
. Trutmg hop dub‘ng thing d khong cit canh BC (h.6.6)

Tac6 ABH = EAC (ciing phu v6i BAH).

ABAH = AACE (canh huyén — géc nhon) nén BH = AE va AH = CE.
AAHB vuéng tai H, theo dinh If Pythagore, tacé:

BH? + AH” = AB?, suy ra BH + CE = AB’ khong déi.

e Trudmg hop dudmg thing d cédt BC tai mot diém ndm gita B va C (h.6.7)
Tuong tu trdng hop trén, ta ciing ¢6 BH” + CE> = AB? khong déi.

119



o Néu dudng thing d tring v6i dudng thing AB thi H tring véi B, E tring véi
A. Khi d6 BH =0, CE = CA nén BH’ +.CE* = CA” = AB’ khong déi.

o Néu dudmg thing d tring vé6i dudmg thing AC, tuong tw BH? + CE* = AB?.
Vay téng BH? + CE? khong phu thudc vio vi trf clia dudng thing d.

6.5.* (h.6.8) .

AOAB, vuong tai B, theo dinh Ii Pythagore, ta c6
AB? = OA? - OB2. B,
2 2 2 <
Tuong tv BCy = OB - 0C;j
2 2 2
Suy ra AB? + BC} + CA? Hinh 6.8

= (0A? + OB? + 0C?)-(0OA} + OB} + OC}).
Tuong ty AC? + BAZ + CB? = (OA? + OB? +0C?) - (OA? + OB? + OC?).

Do dé AC? + BA? + CB} = AB} + BC] + CA{.

6.6.* (h.6.9) | A
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AABC can tai A, A = 30°nén ABC = ACB = 75°.

Trén nira mat phiing bdy BC, chita diém A, vé ABIC -
vuong can tai I thi I ndm trong AABC, ta cé

CBI = 45°, IBA = 30°,suy ra IBD = ABD = 15°.

|
AIAB = AIAC (c-c-¢), suy ra IAB = IAC = 15° a

AIAB = ADBA (g-c-g), suy ra IB = AD.
Tam gidc IBC vudng tai I, theo dinh i Pythagore, ta ¢6 :

Hinh 6.9
BI’ + IC* = BC? = a°, suy ra Bl = 73-2-.

d
Do d6 AD = —m.
° V2



6.7.* (h.6.10)
Vi AD = HE (theo gia thi€t) nén AH = DE.

Ap dung dinh If Pythagore vao cic tam gidc vudng
ABF, ABH, ADF, BHE, DEF ta dugc :
BF’ = AB® + AF?
= (BH® + AH?) + (AD’ + DFY) Hinh 6.10
= BH” + DE? + HE? + DF? (vi AH? = DE?, AD” = HE?)
= (BH’ + HE?) + (DE’ + DF®) = BE” + EF%.
Theo dinh Ii Pythagore dao, tam gidc BEF vuong tai E, suy ra EB L EF,

6.8. (h.6.11) A

Tam gidc ABE can tai B nén BAE = BEA.
EK // AB (vi cing vudng géc véi AC), ta c6 K
EAB = AEK (hai géc so le trong),

suy ra AEH = AEK. B H E =
Hinh 6.11

AAEH = AAEK (canh huyén - géc nhon).
Suy ra AK = AH.

6.9.* (h.6.12)
Ta cé6 ABH = CAK (cung phu véi BTK),

AHAB = AKCA (canh huyén - géc nhon),
suy ra BH = AK.
AAMB = AAMC (c-c-¢) nén

AMB = AMC = 90°,do d6 AM A BC, Hinh 6.12

suy ra MBH = MAK (cung phu véi _A.Eﬁ).

AAMB vuong tai M va ABM =45° nén MA = MB.
Do d6 AMBH = AMAK (c-g-¢) nén MH = MK va

HMB = KMA, suy ra KMH = KMA - HMA
' = HMB - HMA = AMB = 90°.
Vay AMKH vuoéng can tai M.
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6.10. (h.6.13)

a) Ta c6 MBD = NCE (cding bing ACB).

AMDB = ANEC (g-c-g),

suy ra DM = EN.

Goi I 1a giao diém clia MN véi BC.
Ta c6 AMDI = ANEI (g-c-g),

suy ra IM = IN. Vay BC cédt MN tai trung
diém I cha MN. Hinh 6.13

b) Goi H la chan dudng vuong géc ké tir A xuéng BC, ta c6 AAHB = AAHC
(canh huyén - canh géc vudng), suy ra HAB = HAC.

Goi O 1a giao diém ctia AH véi dudng thing ké qua I vudng géc v6i MN,
tacod:

AOAB = AOAC (c-g-c), suy raOBA = OCA (1).
AOIM = AOIN (c-g-c), suy ra OM = ON, tir d6 suy ra
AOBM = AOCN (c-c-¢), suy ra OBM = OCN (2).

—

Tir (1) va (2) suy ra OCA = OCN = 90°nén OC L AC, vi th€ diém O ¢6 dinh.

6.11. (h.6.14)
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AABC can tai A nén ABC = ACB,
suy ra ABD = ACE.
D B M /C E

AABD = AACE (c-g-c),tacé AD = AE.

AAMD = AAME (c-c-c), ta c6 MAD = MAE,
do d6 AM Ia tia phan gidc ctia géc DAE (1). Hinh 6.14
Goi O 1a giao diém cua BH va CK.

AAOH = AAOK (canh huyén - canh géc vudng) nén OAK = ()-Zi_-l, do dé6
AO Ia tia phan gidc cua géc HAK hay AO la tia phan gidc cua géc DAE (2).
Tu (1) va (2) suy ra AM trung vGi AO.

Vay ba dudng thing BH, CK vi AM déng quy tai O.



6.12. (h.6.15) A
a) AAHB = AAHD (c-g-c), suy ra AB = AD.

Tam gidc can ABD c6 B = 60° nén 1 tam D :
B + +
gidc déu, do d6 BAD = 60°. -
——— —— . e E
b) EAC = BAC - BAE=90° - 60° Hinh 6.15

=30° = ACB.

AAHC = ACEA (canh huyén — géc nhon), suy ra CH = AE.
AADC can tai D vi ¢6 hai géc & ddy bdng nhau nén DA = DC.
Suy ra AE - AD = CH - CD hay DE = DH. Do d6 ADEH can tai D.
Hai tam gidc can DAC va DEH c6 géc & dinh ADC = EDH nén
EAC = AEH.
Vay EH // AC.
6.13. Xét céc trudng hop sau :

d
d
e Truong hop B va C A oot A
. D
thuéc cing mot nura
mat phing by d E
B

(h.6.16a). Ta «¢6 C B\/D o
BAD = ACE (cing 2) ®)

—_— Hinh 6.16
phu v6i CAE). ¢

ADBA = AEAC (canh huyén — g6c nhon), suy ra AD = CE va BD = AE. Vay
DE =AD + AE = CE + BD.

e Trudng hop B va C thudc hai nira mat phing bd d.

Chimg minh tuong tu trudng hop trén ta vin c¢6 AD = CE va AE = BD, do d6 :
- Né’u E ndm gitta A va D thi DE = DA - AE = CE - BD (h.6.16b).

— Néu D ndm giira A va E thi DE = AE - AD = BD - CE.
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6.14. (h.6.17)

. B
ACNN' = ACNA (canh huyén - g6c nhon), suy N
ra NN' = NA. Do d6 ANAN' can tai N, ta c6 ”
NN'A = NAN. N
Tuong ty, AMM'A can tai M vda MMA = MAM. X -
Tac6 BNN = 90° — B.MaBNN = 2NAN', do d6 Hinh 6.17

]

2BAN = 90° - B, suyraBAN‘=45°—%.

-~

Tuong tu CAM' = 45° - %

Vay M'AN = BAC - BAN - CAM' =90° - [4S° - g) - (450 - %)

—90° —90° + BXC _ 450,

Chuyén & 7. QUAN HE GIUA GOC VA CANH

TRONG TAM GIAC. QUAN HE GIUA PUONG VUONG GOC

7.1.
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VA DUONG XIEN, DPUONG XIEN VA HINH CHIEU

(h.7.5)

Do AB > AC nén trén canh AB 14y diém E sao A
cho AE = AC thi E ndm giita A va B.

AAED = AACD (c-g-c), suy ra ED = DC va

AED = ACD, trd6 ACB + BED =180° (1). B D C
Hinh 7.5

Mat khic ACB + ABC < 180° Q).

Tir (1) va (2) suy ra EBD < BED, do d6 BD > DE = CD.



7.2. (h.7.6)

A
Tam gidc ABC, c6 B > 90°,
suy ra Ci < 90° nén C; < B, N2
do d6 AB < AC (1). : ¥ 9
N R n = Hinh 7.6
Vi C; + C2 =180°, ma C; < 90° nén C2 > 90°,
Vi thé trong tam gidc ACD tac6 AC<AD (2).
Tir (1) va (2) suy ra AB< AC < AD.
7.3. (h.7.7) : ‘ A
AB < AC (gié thiét) nen- i
ABC > ACB (1).
| ﬂocimaifnen}uﬁ. e T

ABC=A; +D=2D 2). prpr
Tuong tr ACB = 2E 3).
Tir (1), (2) va (3) suyra D > E.
Xét AADE ¢6 D > E, suy ra AE > AD.
Ta c6 chu vi AABD bing AD + DB + BA = AD + 2AB (4).
Chu vi AACE bing AE + AC + CE = AE + 2AC (5).
Ma AB < AC, AD < AE nén tir (4) va (5) ta ¢c6 chu vi AABD nho hon chu vi
AACE.

' 7.4. (h.7.8) A
AABD = AACE (c-g-c), suy raBAD = CAE ().
Trén tia d6i ctia DA 14y diém F sao cho DF = DA,
ta c6 AAED = AFBD (c-g-c), suy ra A2 = F va AE = BF. ToE
Vi AEC > ABC. Ma ABC = ACB nén AEC > ACE.
Vi vay trong AAEC, ta c6 AE < AC. Tir d6 trong AABF F
tac6 BF< ABnén A; < F. Ma F= Az nén A; <Az Hinh 7.8
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1.5.

7.6.

7.7-
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hay BAD < DAE (2).

T (1) va (2) ta c6 BAD = CAE < DAE.
(h.7.9)

— — A
Vi ABC < 135°nén ABD > 45°
suy ra ABD > BAD nén BD < AD.
AADC vudng tai D, ¢6 C < 45° !
C B D

nén ACD < CAD suy ra AD < CD.
Vay BD < AD < CD.

(h.7.10) N

AABC I tam gidc déu, nén A =60° Dy > A = 60°. .

Xét ADBM c6 B < Dy, suy raMD < MB (1). ¢
Trong AMCE, g6¢ MCE 16n nhit vi MCE = 120°, E

nén ME > MC Q). Hink 7.10
Tir (1) va (2) két hgp véi MB = MC, ta ¢6 MD < ME.
(h.7.11)

Hinh 7.9

Vi B > C nén AC > AB. Trén AC l4y diém M sao
cho AM = AB.

Vé MN A AB, MF A CE, tacé

AABD = AAMN (canh huyén — géc nhon),
suy ra BD = MN. Hinh 7.11

AMNE = AEFM (canh huyén — géc nhon), suy ra MN = EF, do d6
BD = MN =EF. |

Xét AFCM vuong tai F ta c6 CM > CF hay AC - AM > CE - EF.
Suy ra AC - AB > CE - BD.



7.8.- (h.7.12) | E

7.9.

7.10.* (h.7.14)

AABC can tai A, c6 A = 110° nén ABC = ACB = 35°.

Suy ra CAD = 40°. 100
— e —— e lmo
Vi CE // ADnén ACE = CAD = 40°. B D C
Ta lai c6 CAE = 70° nén E = 70°.
Hinh 7.12

AACE ¢6 ACE < CAE = £ nén AE<CE=CA.

Ta ¢6 BCE = BCA + ACE = 75°. Do d6 ABEC c6 EBC < E < BCE nén
EC <BC<BE.
(h.7.13)

ACDE = AEFC (g-c-g), suy raCDE = EFC
va EF = CD, ma CD = BE nén BE = EF.
Do d6 AEBF can tai E, suy raEBF = EFB (1).

Mat khéc, ta lai c6ABC =ACB > CDE = EFC (2).

Tu(l)va(2)suyra: Hinh 7.13

— — |

EBF + ABC > EFB+ EFC,, tic 1a CBF > CFB.
Vi thé trong ABFC, ta c6 CF > BC.

Trén tia Ox 14y diém A', trén tia Oy 14y diém
B’ sao cho OA' = OB’ = a thi A’ va B' ¢6 dinh
va A'B' khong déi.
Tac6OA'+OB'=0A +0B=2a
suy ra AA' = BB\ | Hinh 714
Goi H va K 14n luot 12 hinh chi€u clia A va B trén dudng thing A'B', ta ¢6
AHAA' = AKBB' (canh huyén — géc nhon), suy ra HA' = KB', do d6

HK = A'B". (1)

0
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Goi I 12 giao diém clia ABvéi AB. Tac6 IH<IA ;IK<IB, suyra
| HK < AB. @

Tu (1) va (2) suyra AB=2 A'B.

Dau "=" xay ra <> A tring v6i A’ va B tring véi B'.

Vay AB nho nhit bing A'B' khi OA = OB =a.

7.11.* Gidi tuong tu bai 7.10 ta suy ra trong céc tam gidc ¢6 mot géc bing a, tng

7.12.* (h.7.15)

hai canh ké géc 4y bing s thi tam gidc c4n c6 chu vi nho nhat.

AAMB va AAMC c6 AB = AC (gia thiét) ; AM
la canh chung ; MB < MC (gia thiét), nén

MAB < MAC.
Trén nira mat phing bd AC, khong chita diém B,

—

vé tia Ax sao cho CAx = MAB. Trén Ax ldy
diém E sao cho AE = AO. Hinh 7.15

Tacé AAEC = AAOB (c-g-c), suy ra EC = OB va AEC = AOB.
AAEC va AAOC c6 AC chung ; AE = AO va EAC < OAC

nén EC <OCsuyra EOC < OEC (1).
AAOQOE can tai A nén AOE = AEO (2).

Tir (1) va (2) suy ra AOC < AEC, dodé AOC < AOB.

7.13.* (h.7.16)
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Goi E va F theo thif ty 12 trung diém cua
PB va PC.

Ta chimg minh dugc AEIH = AFKI (g-c-g,
xem bai 5.17) nén EIH = FKI (1).

Vi AB < AC nén ABC > ACB. Két hgp
Vdi m - ﬁ Sl.l)' ra P-E_‘C > PCAB' dan Hinh 7.16
dén CIF > ICF.



Ma ﬁ=f§ﬁ.suy raFIC > EIB (2).
Ciing tr CIF > ICF suy ra FC > IF, ma FC = FK nén IF < FK, do d6

l‘af-’)ﬁa:hayﬁzvlﬁ (3).
Tu (2) va (3) suy ra f{—l'ﬁ - Eﬁﬁc ﬁf-‘+ ﬁé hay Iﬁ< R_IE
7.14.* (h.7.17) A
Vi AB > AC (gia thiét), nén t6n tai diém K N .
trén canh AB sao cho AK = AC. Goi I 1a giao
diém cia MK va CN. . K
Vi K thudc doan NB nén I thudc doan ON, suy o -

ra OMN > IMN. Hinh 7.17

D& dang chimg minh dugc AIMN can tai [ nén IMN = INM, tir d6 ta c6

OMN > ONM, suy ra ON > OM ).
AAKM = AACN (c-g-c), suy raKM = CN | ().
AAKC can tai A vicod AK = AC, suy ra AKC < 90°, do d6 BKM > 90°,do
d6 BKM > KBM nén BM > MK 3).
Tu (2) va (3) suyra BM >CN (4).

Tir (1) va (4) suy raBM - OM > CN - ON ha}.’ OB > OC.
7.15.*% (h.7.18)

Goi A, B, C 1a cdc géc ciia AABC. Ki hieu

cic s6 do goc x, y, z, x', ¥', ' nhu hinh 7.18.

Gia sir A;B,C, 1a tam gidc déu.

Khong mét tinh téng quit, ta gid st x 2y > z.

" A
Xét cdc tam gidc ¢6 hai canh tuong img bang &
L

nhau, tacé CB, > AC, 2 BA, B C,
hay CA 2 AB 2 BC (vi AB, = BC, =CA)). Hinh 7.18

Suyraﬁzazx. (1)

129

OA - TOAN 772 - H.HQC



Do A,B,C; 13 tam gidc déunén x + X' =y +y' = 2+ Z (= 60°)
suyrax'<y' <z,

Tacé A -—y+z‘>z+x'=f3 (2)
Tir(1)va (2)suyra B>C>A>B, dodé B=C=A.
Vay ABC la tam gidc déu.

7.16. (h.7.19)

Do AH L BD va AB = AD, suy ra HB = HD

Vé AH L BD (H € BD).

Goi E 1a giao diém cua BD véi AC. o E
D

B C
(quan hé gitra dudng xién va hinh chiéu). Hinh 7.19

Ma HD < HE, do d6 AD < AE. Suy ra AB=AD < AE < AC.

7.17. (h.7.20)

a) Néu B > 90°thi A > 90°. Khi d6 trong tam

gidc ABC ta ¢6 A + B + C >180° Diéu ndy
trdi véi tinh chét vé tdng céc géc cua tam gidc.

Vay B < 90°, do d6 C < 90°.

b)Taldn hutcd B>C = AC>AB=HC>HB B H >
= OC > OB. Hinh 7.20

Ta c6 DOH > OHC = 90°.
Khi d6 tir AOHD ta ¢6 OD < DH.

7.18. (h.7.21) A
a) Ban doc dé dang chimg minh duoc
AAIE can tai I va AAKC can tai K. Tir d6 b
suyraﬁE.:rETAvﬁﬂE:E. C H B
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y K
Ma C = IEA + CKE ; ‘Vl/
KAC = IAE + IAK | E

KAC = IAE + IAK
do d6 IAK = CKE. Hinh 7.21

Goi H 1a giao diém cia Al va BC, ta c6 HIK + HKI = AIK +IAK = 90°.
Vay Al A BC.
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b) Ta ¢6 DE = 2Al ; BC = 2AK. Ma Al 2 AK, do d6 DE 2 BC, nghla 1a DE
khong nhé hon BC.

DE-BCkh;vﬁch]khiN=AKuklhluﬁngvﬁK
> AABC vudng can tai A.
7.19. (h.7.22)
AABC vuodng tai A, tacé M
AB < BM = BD + MD. D
Mat khéic, AB < BM = BE - ME. B c
Suy ra 2AB < BD + BE + MD - ME. (D Hinh 722
AMDA = AMEC (canh huyén — géc nhon), suy ra MD = ME. (2)
Tur (1) va (2) suy ra BD + BE > 2AB.
7.20. (h.7.23) C

H K=C=H

B A
Hinh 7.23
Theo gia thiét,tac6é AH=BC; BK 2 AC (1).

Theo quan hé gitra dudng xién va duong vudng goéc, ta lai c6
AH < AC; BK<BC (2).
T (1) va (2) suyra BC< AH < AC<BK < BC.
Diéu nay ching t6 rang AH = AC = BK.
Khi d6 diém H va diém K tn‘mg véi diém C, tam gidc ABC vudng can tai C

a)

(h.7.23b), do d6 C = 90°, A = B = 45°.
C
7.21.* (h.7.24)
Tam gidc ABC vuong tai C nén AB > AC ;
BH < BC, do d6 trén BA t6n tai diém M nim
gitta H va A sao cho BM = BC. Ta ¢6 ABMC £ o, 3
can tai B nén BCM = BMC.
' Hinh 7.24
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Mia BCM + MCA =90° :
BMC + MCH = 90°,
suy ra MCA = MCH. Ké MN 1L AC.

Ta ¢c6 AMCN = AMCH (canh huyén o g6¢ nhon),

suyra MN=MH ; CH=CN va AM > AN.

Dodé AB+ CH=BM + MA + CH>BC + NA + CN =BC + AC.
Vay AB + CH > AC + BC.

Tir két qua trén, ta c6 thé nit ra nhan xét sau :

Trong mot tam gidc vudng, téng hai canh géc vudng nhd hon téng clia canh
huyén va dudng cao img véi canh dy.

Lueu y. Véi kién thiic 16p 8, ta ¢6 thé chimg minh nhan xét trén nhu sau :
Xét AABC vudng tai C ¢6 BC = a, AC=b, AB = ¢, dudng cao CH = h

(h.7.25).
Tacé c
a+b<c+hc:>(a+b)2<(c +h)2
b h a
e a’+b®+2ab<c? +h?+2ch
. A H B
< 0<h’. , ¢ - v
, Hinh 7.25
Bit dang thirc cudi diing. Vaya+b<c +h.
7.22.* (h.7.26) A

Ta c6 AB // CE (cling vuodng géc véi BC), suy ra E = A N2 P

(so le trong). Ma K] = A2 (gia thiét), nén E = Aa.

”C
Do d6 AACE can tai C, tac6é CA = CE. Ma AC > AB nén < =
CE > AB suy ra CE* > AB? (1).
Ké DF L ACtacé DC > DF = DB, suy ra CD’>DB* (2).
Ap dung dinh Ii Pythagore véi hai tam gidc vudng CQE Hinh 7.26 £

va BDA, tacé:
DE® = CE? + CD?; AD? = AB? + DB,
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7.23.

7.24.

Tir d6 két hop véi (1) va (2) ta duge DE> > AD?, suy ra DE > AD.

Vay CE + CD + DE > AB + BD + AD hay chu vi tam gidc ECD 16n hon ch
vi tam gidc ABD. :

(h.7.27) B
Goi M la trung diém cta BC, ta c6 MA = MC = AB.
Vé tia phan gidc cia goéc A cat BC1ai 1.
AABI = AAMI (c-g-c), suy ra

AMI = ABI > 90°, do d6 AMI > CMI. Hai . Hinh727
tam gidc AMI va CMI c6 canh MI chung,

MA = MC, AMI > CMI nén IA > IC.

—

AAICCcO IA > IC, suy ra C > CAl =

0| >>)

(h.7.28)
Gia sir diéu nguoc lai xay ra DC < DB.
Néu DC = DB thi AADB = AADC (c-¢c-c), suy ra

ADC = ADB,trdi véi gia thiét.

Néu DC < DB thi trong tam gidc BCD ta c6 C2 > Ba. = 2

Ma Bi + B2 = C1 + C2 nénCi < B (1). Hinh 7.28
AABD va AACD c¢6 AB = AC, AD chung, DC < DB

suyra A2 < A ' (2).

Tir (1) va (2) suy ra ADB < ANC, trii véi gid thiét.

Tém lai khong thé xiy ra DC < DB. Vay DC > DB.
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Chuyén 4 8. QUAN HE GIUA BA CANH CUA MOT TAM GIAC

8.1.

8.2.

134

f(h.8.4)

BM cit AC tai D. Vi M nim trong AABC nén D nim A
gita AvaC,tac6 AC=AD + DC.

AABDc6 DB< AB+ AD, suyra -
MB+MD< AB + AD (1).

AMDC ¢c6 MC < DC + MD (2). Hinh 84
Cong (1) va (2) theo timg V&, ta dugc
MB+MC+MD<AB+ AD + DC + MD

= MB+MC< AB+ (AD + DO)
=>MB+MC<AB+ AC.

(h.8.5)

Theo bai 8.1, tacé : A
OB+ OC<AB+AC
OA+0OB<AC+BC
OA + OC< AB + BC.

Cong theo timg v€& ba bat ding thic trén rdi suy ra Hinh 8.5
OA+0OB+0C<AB+ AC+BC. (D

Xét c4c tam gidc OAB, OAC, OBC ta l4n luot cé
OA+OB>AB; 0A +0OC> AC; OB+ 0C>BC.

Cong theo timg v& ba bét ding thic nay réi suy ra

AB + AC + BC
> .

OA +0OB+0C> (2)

Tir (1) va (2), ta duoc

AB+AC+BC<OA+OB+0C<AB+AC+BC.




8.3.

8.4.

8.5.

(h.8.6) x
Goi A 1a giao diém cta MK véi tia Oz. B
. M 4
AAOB = AAOK (canh huyén - géc nhon), ta cé »A/
AK = AB. .
' - K y

Xét AAMB, tac6 BM < AB+ MA, suy ra

BM < AK + AM Hinh 8.6
hay BM < MK.

Mait khdc MH < MB (dudng vudng géc nhé hon dudng xién).
Do d6 MH < MK.
(h.8.7)

T A vé AH vubng gbéc vGi tia phéan
gidc Cy cla géc ACx, cit tia BC tai D. " M
Ta ¢c6 AMAH = AMDH (c-g-c), suy ra
MA = MD. AMBD ¢6 MD + MB > BD

nén MA + MB > BD. Ma BD = CD + BC B C D X
=AC+BC. Hinh 8.7

Vay MA + MB > AC + BC.

(h.8.8) M

Goi I 1a trung diém clia BC, suy ra IA = ID.

Trén tia d6i cua tia IM 14y diém N sao cho

IN = IM. A & D
Tacé AIAM = AIDN (c-g-c), suy ra

MA = ND.

Xét AMDN c6 diém C ndm trong tam gidc dé,
nén theo bai 8.1, ta ¢c6 ND + MD > NC + MC.

AIBM = AICN (c-g-c), suy ra MB = NC.
Ta c6 MA = ND, MB = NC va MD + ND > MC + NC.
Do d6 MA + MD > MB + MC.
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8.6." (h.8.9) A

Trén nira mat phing bd AO, khong chia
diém B, vé tam gidc déu AOD. Ta c6 v

OAB = DAC (bing 60° — OAC).

0]
AAOB = AADC (c-g-¢), suy ra OB = CD. 8 C
Nhu vay ba doan OA, OB, OC lin luot Hinh 8.9
bing ba canh OD, CD, OC cia ACOD. '
8.7.* (h.8.10) A
AADK = AAEI (c-g-¢), suy ra DK = EI, do d6 D
KE + KD =KE + EI 2 KL (1) I
Lai c6 DAK = EAI nén KAI = BAC = 90°— X - .
Vay AAKI vudng can tai A. . Hinh 8.10
Theo dinh 1i Pythagore, ta cé K> = AK? + AP = 2AK?, suy ra

KI = AKV2 > AHV2 )
(dau "=" xdy ra khi va chi khi K = H).

AAHB vuong can tai H, ta ¢c6 AB* = AH? + BH® = 2AH’, suy ra
AB = AHV2. | 3)

Tir (1), (2), (3) suy raKE + KD > AB (ddu "=" xay ra <> K = H).

© 8.8.% Xét hai trudmg hop :

A
o Truomg hop 1. BAC = 60° (h.8.11).
Vé phan gidc AE (E € BC) cua géc BAC.
Ké BH A AE, CK L AE.
Tir hai tam gidc vudng ABH va ACK, suy ra : E
BH=—AB; CK = —AC. “
2 2 Hinh 8.11

Do d6 BH + CK =%(AB + AC) nén AB+AC=2BH+CK) (1),

Mait khdc BH < BE, CK < CE
suy ra BH + CK £ BE + CE = BC (2).
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9.1.

Tir (1) va (2) suy ra AB + AC < 2BC. A
Ding thitc xay ra khi H = E = K <> AABC déu.

o Truomg hop 2. BAC > 60° (h.8.12). B B ¢

Trén BC ldy diém B' sao cho CAB' = 60°. Hinh 8.12

Theo truomg hop 1, tacé AB'+ AC<2BC (3).
Trong tam gidc ABB/, ta lai c6 AB - AB' < BB' < 2BB' (4).

Tir (3) va (4) suy ra AB + AC < 2BC (trudmg hop 2 khong xay ra ddu ding thic).
Tém lai, ta ludn c6 AB+ AC = 2BC.

Ding thitc xay ra khi va chi khi AABC déu.

Chuyén 42 9. TINH CHAT BA PUONG TRUNG TUYEN

CUA TAM GIAC
(h.9.3)
Goi G 1a giao diém cia BM va-CN, ta ¢6
GB = 2BM : GC = 2CN. ¢ VU
3 3
Tia AG cit BCtai I thi IB = IC. Xét AAIB va B 1 C
AAIC ¢6 ¢ Hinh 9.3

Al chung, IB = IC, AB < AC (gia thiét), suy ra AIB < AIC.

Xét AGIB va AGIC ¢6 : GI chung, 1B = IC, GIB < GIC.
Suy ra GB < GC, do d6 BM < CN. |
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9.2.

9.3.

9.4.

138

(h.9.4) A

Goi G 1a giao diém ciia BM va CN ; AG cét BC tai 1.

Ta cé GB=§-BM;GC=-§—CN;IB=IC.

Theo gid thi€t BM<CNsuyraGB<GC. o
Xét AGIB va AGIC ¢6 :

GI chung ; IB = IC va GB < GC, suy ra GIB <6F3.

Xét AAIB va AAIC ¢6 : Al chung ; IB = IC va AIB < AIC suy ra AB < AC.

(h.9.5)

Xét AABC va ba dudng trung tuyén AM, BN va CP

cit nhau tai G, tac6 GA = %AM +GB = %BN .

GC = %CP. (1)

a) Néu AABC la tam gidc déu thi AB=BC=CA

va A = B =C = 60°. Khi d6, ta c6

AABN = AACP (c-g-c),
suy ra BN = CP, do d6 %BN = -g-CPnén GB = GC.
Chimg minh tuong ty, ta ¢6 GA = GC.
Tir (2) va (3) suy ra GA = GB = GC.
b) Néu GB =.GC thi GN = GP. . _
Ta c6 AGBP = AGCN (c-g-c), suy ra BP = CN, do d6 AB = AC.
Tir GA = GB, chimg minh tuong tu c6 AC = BC.

Tir (4) va (5) suy ra AB = BC = CA. Vay AABC la tam gidc déu.

(h.9.6)

a) Xét tam gidc ABC va diém O la trong
tam cua tam gidc.

Cé4c tia AO, BO, CO cit cac canh BC,
CA, AB lidn luot tai D, M, E. Vé
AH L BM,CK LBM.Tacé:

Hinh 9.5

(2)
3)

4)
(5)

AAHM = ACKM (canh huyén — g6c nhon),
suy ra AH = CK.

Hinh 9.6




9.5.

9.6.

Hai tam gidc OAB va OBC c6 ddy OB chung, AH = CK nén Sgap = Sopc-

Tuong tu, ta ¢é Sope = Spac

Tir d6 suy ra Spap = Sopc = Soac:

b) Xét AABC va diém O ndm trong tam gidc d6.

Cic tia AO, BO, CO ciit BC, CA, AB ldn luot tai D, M, E. V& AH L BM,
CK 1 BM.

Hai tam gidc AOB va BOC c6 ddy BO chung, c6 dién tich bing nhau nén
AH = CK.

Khi d6 AAHM = ACKM (canh géc vudng — géc nhon), suy ra MA = MC.

Tuong ty, ta c6 DB = DC, EA = EB. Suy ra AD, BM, CE la ba dudng trung
tuyén cia AABC nén O 1a trong tdm cua tam gidc d6.

(h.9.7) A
1 1 N
Tacé AM = —i—BC = E.IB =6,5 (cm).
AABC vuodng tai A, suyra: - " N
Hinh 9.7

AC?=BC* - AB? = 13% - 5% = 144, suy ra AC = 12 (cm).
AANB vuong tai A, ta cé :
BN? = AB? + AN’ = 5% + 6° = 61, suy ra BN = J61 (cm).

AAEC vubng tai A, tacé :
5 601 V601

2
CE’=AC*+AE* =122 + (5] = —4-,suy ra CE = > (cm).

(h.9.8)

Ké AH L BC,tacé:
1 1 1 |
S =—AH.BD = =.—AH.BC = =S 1).

Hinh 9.8

Tir (1) va (2), suy ra Sgpp = %SABC-

" Chimg minh tuong tu, dién tich cha 5 tam gidc con lai ciing bing ";'SABO
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9.7.*.(h.9.9)
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Vay 6 tam gidc néu trong dé bai c6 dién tich bing nhau va bing % dién tich

tam gidc ABC.

a) Vi MD = MG nén GD =2GM = %AM.

Ma GA = %AM. suy ra GD = GA.

AABD c¢6 P la trung diém cua AB, G 1a
trung diém cia AD nén theo Vi du 4.3,

tac6 BD = 2GP = 2.%CP = %—CP. Hinh 9.9
Lai c6 GB = %BN. Viy ba canh cua tam gidc BGD : GD, GB, BD lan luot

bing % dudng trung tuyén AM, BN, CP ciia tam gidc ABC.

b) Ta ¢c6 BM la dudng trung tuyén img vGi canh GD cia ABGD, ta cé

1
BM = —-BC.
2

Goi E 12 trung diém cua GB, ta ¢c6 AEGD = ANGA (c-g-¢)

nén ED = AN = %AC.

Goi I 12 giao diém cia BM va DE. GI cit BD tai F thi F 12 trung diém
cua BD.

Khi d6 theo Vidu 4.3,tac6 GF = -;—AB.

Vay ba dudng trung tuyén BM, DE, GF ciua ABGD lin luot bdng nira canh
BC, AC, AB cua tam gidc ABC.



9.8.* (h.9.10) A
Xét tam gidc ABC c6 cac dudng trung tuyén

E D
AM, BD, CE. :
batBC=a,CA=b,AB=c, AM=m,, B M C
BD=mb.CE.= rnc . Hinh 9.10
Theo Vidu 8.2,tacé6 AM < ADEAC
hay m, < L 3
a+c¢ a+b
Tuong tvy my, < m, < >
Suyram,+my+m.<a+b+c (1).

Goi G la trong tam cua AABC. Xét AGBC, tacé6:

GB + GC > BC hay %BD+-§CE>BC,
2 3
suy ra E(BD-&CE) > BC, do do6 BD + CE >EBC
3
hay my + m_ >5a.
3 3
Tuong tv m, + my > Ec. m, + m, >Eb.
3
Suy ra ma+mb+mc>z(a+b+c) (2).
Tiur (1) va (2) suy ra %(‘“' b+c)<m,+my+m.<a+b+c.

Vay tdng do dai ba dudmg trung tuyén clia mot tam gidc 16n hon -i—- chu vi va

nho hon chu vi caa tam gidc d6.
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2.9.

9.10.

9.11.
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AB< ACnén D < Da.

(h.9.11) A
Tam gidc AEC vubng tai A, tacé
2 D
CE = AC + AE? = AC? + 22 (1).
Tam gidc ADB vudng tai A, tacé
Hinh 9.11]

2
BD? = AB? + AD? = AB? + AC_ ).

Tu (1) va (2), suy ra

AB’ AC’ _ 5(AB’ + AC?)
4 4 4

Do AABC vuong tai A, lai ¢6 AB®> + AC? = BC?, do d6 tir (3) suy ra
BD? + CE2 = ‘SI:CZ.

(h.9.12) A

VE trung tuyén AM cia tam gidc ABC. E

Xét AMBD va AMCE c6 : MB = MC (gia thiét),

MBD = MCE (so le trong, BD // CE) va BD = CE. B\ C
Do d6 AMBD = AMCE (c-g-c), suy ra MD = ME N
va BMD = CME. :

Hinh 9.12

Tacé CME + EMB = 180°,do d6 DMB + BME = 180° nén ba diém D, M,
E thing hang, suy ra M 1a trung diém cia DE. |

Vay AM la dudng trung tuyén cia AADE.

Hai tam gidc ABC va ADE c¢6 chung dudng trung tuyén AM nén c¢6 cling
trong tam, nghia la G la trong tdm cua AADE.
(h.9.13) '

a) G la trong tam cia AABC, AD la dudng
trung tuyén nén AD di qua G, do d6 ba diém E
A, G, D thing hang.
1\2

b) AABD va AACD c6 AD chung, DB = DC, B D

BD? + CE? = AB? + AC? + 3).

Hinh 9.13



AGDB va AGDC c¢6 GD chung, DB = DC, D < D2 nén BG < GC, suy ra
%BE < -;-CF. ’
Vay BE < CF.

9.12.2a) (h.9.14) Néu AM < % BC, nghia la
AM < BM v AM < CM. A
Xét AABM c6 AM < BM nén B<Aj. /\
Xét AACM c6 AM < CM nén C < A2.
Do dé6 ﬁ+(’5<3. Suy ra

180° = A+B+C <2A nen A > 90" A

b) (h.9.15) A

Chimg minh tuong tu cau a), tacéd : /\
R = | B M C

E>Kl . E}Az.

Hinh 9.14

N e ~ ~ Hinh 9.15
Suyra B+C>A1+A2=A,nén A <90° N

¢) (h.9.16) A
1\2

Theo gia thiét AM = %BC, /\

suy ra AM = BM = CM. Do dé : Ny A —

AAMB cén tai M nén ﬁ»:R]. Hinh 9.16
AAMCcantaiMnén C=A3.
Suy ra ﬁ+6=KI+Rz=R.
Do d6 180° = A +B+C =2A, nén A = 90°.
9.13. (h.9.17)
AABC déu nén AB = AC=BC =asuyra

AP =BM = CN = 22, va A=B=C=60° \
AN
T

suy ra NAP = MBP = MCN = 120°. 7

AANP = ABPM (c-g-c) nén PN = PM. \
ABPM = ACMA (c-g-c), nén PM = MN. M P
Suy ra MN = NP = PM. Hinh 9.17
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Ban doc dé dang chimg minh dugc ba dudng trung tuyén cua tam giic déu
bang nhau, tir d6 suy ra OA = OB = OC.
Mat khidc lai c6 AO, BO, CO la céc tia phan gidc cua cic géc A, B, C cua

——— e ——— e e —

AABC nén OAB = OBC = OCA =30°, suy ra OAN = OBP = OCM = 150°.
Do d6 :

AOAN = AOBP (c-g-c), suy ra ON = OP;

AOAN = AOCM (c-g-c), suy ra ON = OM.

Suy ra OM = ON = OP. Vay ba diém M, N, P cich déu diém O.

9.14.* (h.9.18)
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VEé AF LBD,CG LBDvaCH L AE,tacé: h
AABF = ACAH (canh huyén — géc nhon),
suy ra AF = CH. G DF
AADF = ACDG (canh huyén — géc nhon) suy ra g
AF = CG, tird6 ta c6 CH = CG. H
B C

ACEH = ACEG (canh huyén - canh géc vudng),
suy ra CEH = CEG. Ma CEG = EBC + ECB;

CEH = EAC + ECA, do dé:

—— e —, e —

EBC + ECB = EAC + ECA (D).

Mat khic, EBA + EBC = ECB + ECA  (2).

L4y (1) trir (2) theo timg vé& va do EAC = EBA, ta duoc :
ECB - EBA = EBA - ECB, suyraéﬂl?:ﬁ*\=géﬁ*8.

Vay DAE = ECB.



Chuyén 4 10. TINH CHAT BA DPUONG PHAN GIAC
CUA TAM GIAC

10.1. (h.10.5)

Ta c6 ABDF = AEFD (g-c-g), suy ra
BF = ED, do d6 ED = EA. Tam giic

AED can tai E nén A2 = Dj (1). p

Ta lai cé 61 = Rl (so le trong) (2).

Tir (1) va (2) suy ra Aj = Az,do d6 AD B D
1a tia phan gidc clha géc A. Vay D cich Hinh 10.5
~ déu ABva AC.
10.2. (h.10.6)

| Ké MI L AD, MK L BH.
Ta cb ﬁ1 = ;;1 (cung phu v&i 6:).

ABKM = AAIM (canh huyén - géc
nhon), suy ra MK = MI nén M thudc tia

phan gidc cia géc BHD hay HM la tia
phén gidc cua géc BHD.

10.3.* (h.10.7)

O 12 giao diém hai tia_phan gidc g6c ngodi tai
dinh B va C nén AO la tia phan gidc cha géc

BAC, tac6 OAB = OAC.

-Hinh 10.6

Ké-OH L BC, OK L AC, ta dé dang chimg
minh dugc Al = AK, Bl = BH, CK = CH.

Dod6 Al+ AK=AB+ Bl + AC+CK
= AB+ AC + (BH + HC)
= AB+ AC + BC.

7
Suy ra chu vi AABC = 2Al = 22cm. Hinh 10
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10.4.* (h.10.8)

Gia sir P, Q & vi tri nhu trén hinh 10.8.
Ban doc dé dz'ing chung minh duqc

=D, =D ; D3 = 2A,.
ABCD c6 trung tuyén DM = %CB

nén CDB = 90°, suy ra
Di + D2 + D3 = 90° Hinh 10.8

hay 2A1 +2A2 =90°, do d6 Ai + Az =45° hay CAQ = 45°, suy ra

CAQ = BAQ.

Viy AQ la tia phan gidc cua géc BAC.
Ta c6 AP vudng gbéc vai AQ tai A nén
AP la ua phan gidc ngoél géc BAC cua

AABC.

10.5.* (h.10.9) | B

10.6.
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Ké tia phan gidc cua géc CBD réi tir C ké CI
vudng gbc vai tia phan gidc d6 tai L.
Tia CI cét BD tai F. Tam gi4c BCF can tai B vi E

c6 BI vira 1a dudng phan gidc vira 1a dudng
cao nén BF = BC, do d6 BF = ED, vi thé€ ta ¢6 F

BE = FD.

Tir hai tam gidc vudng IBF va ABE ta lai ¢6 :
D

———

CFE = CEF (bing 90° - —a) nén ACEF can tai C,
Hinh 10.9

suy ra CE = CF, vi th€ CEB = CFD.

AEBC = AFDC (c-g-¢), suy ra DC = BC.

Ma DE = BC nén DC = DE. Vay ADEC can tai D.
(h.10.10)

Xét AABH c6 H = 90° nén IBH + IBA + A; = 90°.

O B
Suy ra IB +E+ﬁ=90° (1).
2 2 ; Hinh 10.10
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+—=90° (2.

Xét AABC,tach:

A
— -
2

N |
(N o}

Ml('}}

Tir (1) va (2), suy ra IBH = —, do d6 IBH = ICA.

10.7. (h.10.11) D
Tam gidc AHC vuodng tai H, ta cé

HAC =90° - C =90° - 20° = 70°. B H C

CAx 1a gbc ngodi tai dinh A ciia AABC nén Hinh 10.11

CAx = B + C=50° + 20° = 70°. Suy ra HAC = CAx, do d6 AC 2 tia phan
gidc cua goc HAX.

AAHB c6 hai tia phan gidc géc ngoai tai dinh A va dinh H cét nhau tai D
nén BD 12 phan gidc cua g6c ABH hay BD la phan gidc cua géc ABC.

10.8.* (h.10.12)

— l.-.. — l--. B
a) ABD = -B, ACE = -C
3 3
nenﬁC-zﬁ "’c"ﬁ=2€'
3 3 . E
Do d6 BFC = 180° — (FBC + FCB) — .

- NP o) Hinh 10.12
=180° - -§-(B + C)=180° - 5.90° = 120°.
b) BFC = 120° nén EFB = 60°, DFC = 60°, EFD = 120°.
Tu gia thiét ta ¢6 FI 12 tia phan gidc cua géc BFC, suy ra
IFB = IFC = 60°nén IFE = IFD = 120°.
Tac6 : ABEF = ABIF (g-c-g), suyraFE=FI (1).
ACDF = ACIF (g-c-g), suy ra FI =FD (2).
Tir (1) va (2) suy ra FE = FD = FL.

147



Tudétaco:

AFID = AFIE (c-g-c), suyraID = IE (3).
AFID = AFDE (c-g-c), suy ra ID = DE (4).
Tir (3) va (4) suy ra ID = IE = ED. Vay AIED la tam gidc déu.

10.9. (h.10.13)

Vé tia Ax la tia d6i cua tia AB, tia Ay la
tia d6i cua tia AC.

Ban doc dé dang chimg minh dugc

= Kz = R:; = R.; = 60°. . Hinh 10.13

Xét AABA' ta ¢6 tia AB' 12 tia phan gidc g6c ngoai tai dinh A, tia BB' 1a
tia phan gidc géc trong tai dinh B nén tia A'B' 14 tia phan gidc géc ngoai tai
dinh A’ (1).
Xét tam gidc ACA', chimg minh tuong tu, ta ¢6 A'C' 1a tia phan gidc géc
ngoai tai dinh A’ ' (2).

Tir (1) va (2) suy ra A'B' L A'C (hai tia phan gidc ciia hai géc ké b).

10.10.* (h.10.14) x
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A
a) VE tia Ax 1a tia d6i cua tia AC, By la

tia d6i chia tia BD. D

Dé dang chimg minh dugc : h
" % " & F 3/B C
Bi = B2 =B3 = 60". 4

Suy ra BF la phan gidc cﬁa géc ABy. Hinh 10.14

Xét AABD c¢6 F 1a giao diém cilia hai tia phan gidc géc ngoén tai dinh A va
dinh B nén DF la tia phan gidc cua goc ADB.

Vay ADF = BDF.
b) Xét ABDC ¢6 E 1a giao diém cua tia phan gidc trong tai dinh C va tia phan
gidc gbc ngoai tai dinh B nén DE la tia phan gidc cua géc ADB.

Cic tia DE va DF déu la tia phan gidc clia géc ADB nén ba diém D, E, F
thing hang.



10.11.* (h.10.15) X

G6c HAX 1a géc ngoai tai dinh A cita AAHB, ta c6 :

HAxX = ABH + 90° = 2B> + 90°.

Lai c6 AC ]a tia phan gidc cia géc HAx

nén HAx = 232. Hinh 10.15
Do d6 2A2 = 2B + 90°,suy raAz = By + 45° (1).
Xét AABD, tac6: A2 = B2 + D ).

Tir (1) va (2) suy ra D; = ADB = 45°.

10.12. (h.10.16)

A
ADB 12 géc ngoai tai dinh D cla D
tam gidc BCD, ta c6
S . @k R &
C=ADB-B; =45° - 2. o H
2 Hinh 10.16

A11a géc ngodi tai dinh A ciia tam gidc ABC, ta 6 :

-

31=§+E=ﬁ+45°—§.suymx1=45°+g (1).
AAHC vuong tai H, tacé Az = 90° - C
B B
=90 | 45° - = |=48° + = .
[ _2} : @)

T (1) va (2) suy ra Kl = 32.

Xét AAHB c6 D 15 giao diém cua tia phan gidc trong tai dinh B v tia phan
gidc ngoai tai dinh A nén HD la tia phin gidc cia géc AHC, suy ra

DHC = 45° = ABC, do dé HD // AB.
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10.13. (h.10.17) C

AABF cantai B,tacé :
FAB=AFB=130 -B _gpo _B
2 2 H
AAHB vuodng tai H, ta c6 HAB = 90° - B.
Suy ra FAH = FAB - HAB A~ B
é fi Hinh 10.17
= 900—— - 90°—é = -— l)‘
o0 -8)-o0r -2 (
m=9oo_m=9oo_[9oo_g]=§ @

Tiur (1) va (2) suy ra FAH = IEKE

Do d6 AF la tia phan gidc cua géc EAH.
10.14.* (h.10.18)

PatBC=a,CA=b,AB=c,0A=p,OB=m,0C=n.

D¢ dua cong nhan tir O dén A, B, C 16i trd vé O, c¢6 6 dudmg di véi do dai
tuong img la :

OABCO:S§,=p+c+a+n;
OBCAO:S;=m+a+b+p;
OCABO:S3=n+b+c+m;
OACBO:S;=p+b+a+m;
OBACO:Ss=m+c+b+n;
OCBAO:S¢g=n+a+c+p.
Trong d6 S; =S ;S =S;; Sy = Ss.

Dé xét xem di theo cdch nao thi do dai quang dudng la ngin nhat, ta chi cén
so sanh §,, S,, va S, (hodc S,, S5 va S¢). ‘

Ban doc hay chimg minhring véia>b>cthin>m>p. .
Vi AC > AB nén c6 diém D thuéc AC ma AD = AB.

Hinh 10.18
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Khi 46 AOAB = AOAD (c-g-c), suy ra OD = OB = m va ODA = OBA < 90°,
do dé 6-1_)-& > 90°,suy raOD < OC =n.

Trén OC 1ay diém E sao cho OE =OD =m.

Ta ¢6 AODE can tai O nén OED < 90°, suy ra DEC > 90°, do d6 DC > EC,

suyrab-c>n-m,trdécéb+m>n +c, vi th
m+b+a+p>n+c+a+p. Vay§,>§, 4
Chimg minh tuong tu, tacé S; > S, . ‘ (2).
Tur (1) va (2) suy ra S; < §; < S,. Vay §; chinh 1a quing dudng di ngin nhat.
10.15.* (h.10.19)
a) Ta c¢6 HBx 12 g6c ngoai tai dinh B ciia AOBH nén

e

HBx = BHO + HOB

=90° + Oy + 02 = 90° + 20,

= 2(45° + Oy) (1).

Hinh 10.19

Ba 1a g6c ngoai tai dinh B cua tam gidc AOB, nén
Bz = BAO + O) = 45° + Oy (2).

Tu (1) va (2) suy ra HBx = 252 hay ﬁl + ﬁz =2f32 nén l§| = ﬁz. do d6
BA 1a tia phan gidc cia géc HBx.’

AOBH ¢6 A 12 giao diém cula tia phan gidc trong tai dinh O va tia phan gidc
g6c ngoai tai dinh B nén HA 1a tia phan gidc cia géc BHy.

b) HA 12 tia phan gi4c clia géc BHy nén AHy = 45°.

Do d6 OHA = 180° — AHy = 180° - 45° = 135°.
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Chuyen &2 11. TINH CHAT BA PUONG TRUNG TRUC,
BA DPUONG CAO CUA TAM GIAC

11.1. (h.11.4)

11.2. (h.11.5)
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a) AABC cén tai A c6 A = 40°,nén ABC = 70°. M
Vi D thudc dudng trung truc cia AB nén DA = DB.
Tam giéc ADB can tai D, suy ra BAD = ABD = 70°,

do d6 CAD = BAD - BAC = 30°. \p

B C

b) AAMB = ACDA (c-g-c), suy ra BM = AD, Hinh 11.4

ma AD = BD nén BD = BM.
Vay ABMD 1A tam gi4c can tai B.

Xét AABC vubng tai A.

V& dudng trung truc d; clia canh AB, cit AB

tai I. V& dudng trung truc d, clia canh AC, cit
AC tai H.

Hinh 11.5

Gia sir d; va d, cit nhau tai O. Ta c6 OA = OB, do d6 AOAI = AOBI (c-g-c)
nén 61 = 62. Tuong tu 63 o= 64.

Ta c6 OI // AC ma OH A AC nén IOH = 90°.

Do d6 O; + 02 + O3 + O4 = 2(0, + O3) = 2I0H = 180°.
Vay ba diém B, O, C thing hang.

Mit khdc OB = OC nén O thudc. dudng trung truc cia BC.

Viy céc dudng trung truc clia tam giéc vudbng cit nhau tai trung diém cla
canh huyén.



11.3.* (h.11.6)
Ta nhan thay ring :
Néu D tring véi B thi E tring v6i A, dudng
trung truc cua DE 1a dudng trung truc cua AB.

Néu D tring vGi A thi E tring v6i C, dudng
trung truc cua DE la dudng trung truc cua AC.

Do d6, ta vé cdc dudng trung truc cua AB va g
canh AC, chiing cét nhau tai O. Hinh 11.6

Ta sé chimg o ring duong trung truc cua DE di qua O béng cich chimg
minh OD = OE.

Goi H va I theo thif tr 12 trung diém cia AB va AC. Ban doc ch:‘fng minh

HD = [E r6i suy ra AOHD = AOIE (c-g-c) dé ¢c6 OD = OE.

Hoic chimg minh OAE = OBD r6i suy ra AOAE = AOBD (c-g-c) dé c6

OD = OE.
11.4.*% (h.11.7)

Trén canh AC 14y diém G v6i CG = AB thi
diém G c6 dinh.

Ta nhan thdy ring :

Khi D trang véi B thi E trang véi C, dudmg
trung truc cia DE 1a dudng trung truc ciua BC.

Khi D tring véi A thi E tring véi G, dudng
trung truc cia DE la dudmg trung truc cua AG.

Vé dudng trung trrc cua BC va AG chiing cit
nhau tai I thi I 12 diém c6 dinh.

Vi viy néu céc dudng trung tryc ciia DE di qua mot diém c6 dinh thi diém
c6 dinh d6 phai 12 diém I n6i trén. '

That vay, I thudc cdc dudng trung truc ciia BC va AG nén IB=IC, IA = IG.
AIAB = AIGC (c-c-¢), nén iBA = iCG, suy ra IBD = iCE.

Do d6 AIBD = AICE (c-g-c), nén ID = IE.

Diéu nay chimg 16 ring dudng trung truc cia DE lu6n di qua diém I ¢6 dinh. _

Hinh 11.7
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11.5. (h.11.8)

a) Tacé6 MA + MB = MA + (MC + CB)
= (MA + MC) + CB.

Xét AAMC, 1a c6 MA + MC > CA.

Do d6 MA + MB > CA + CB.

b) Vi C va D nim trén dudng trung truc d

cha AB, nén: Hinh 11.8
MC+CA=MC+CB=MB (1) i
MD + AD=MD + BD (2)
Xét AMBD c6 MD + BD > MB (3)

‘T (1), (2), (3) suy ra MC + AC<MD + AD.

11.6.* (h.11.9)

a) Tur hai tam gidc vuong AIM va AIN, A

ban doc dé dang c6 MAN + MIN = 180°.

Tir d6 suy ra MIN = 180° — MAN : :

_180°-45°= 135°,do d6 EIF =135°, ' 8 s
Hinh 11.9

suy ra Ei + F| = 45° hay%+

nén E + F = 90°, do dé EAF = 90°.

b) I la giao diém hai dudmg trung truc cia ABva ACnéntaco IA=1B=IC.
Suy ra dudmg tron tam I, ban kinh IA di qua ba diém A, B, C. '

11.7.* (h.11.10)
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a) Theo dé bai I, K, L theo thit tu 1a trung

A
N
diém cla cdc canh AB, AC, BC nén theo
Vidu4.3,tacd: M
I = LB, IL =~ AC, i K
2 2
suyralK=LP,IL=KNvalK //BC,IL // AC L L 3
\L

nén C = AKI (déng vi), C=1ILB (d6ng vi),
suy ra AKI = LB, do d6 IKN = ILP.

Vay AIKN = APLI (c-g-c), suy raIN = IP Hinh 11.10



vhm=ﬁ. dod6 NIP= NIK + KIL + LIP = IPL + ILB +LIP = 90° -
(xét AIPL), suy ra IN L IP.

b) MIN = AIP (bing 90° + AIN).
Ta c6 AAIP = AMIN (c-g-c).

¢) Tircau b) ta cd ﬁfﬁ = Kﬁ

Goi giao diém ciia AP v6i MN 1A Q, AP vé6i IN 12 E, ta c6 NEQ = iEP (46
dinh), suy ra ENQ + NEQ = Ed':-l;i + lff’ = 90°, nén EQN = 90°.
Vay AP vudng géc véi MN.

11.8.* (h.11.11)
VE tia phan gidc cia goc B va goc C, ching
cét nhau tai O thi diém O c6 dinh.

Trén canh BC 14y diém D sao cho BD = BM,
ta c6 CD = CN.

Hinh 11.11
AOMB = AODB (c-g-¢), suy raOM =0D (1).

AODC = AONC (c-g-c),suyraOD=0ON (2).
Tu (1) va (2) suy ra OM = ON.

Vay dudng trung truc cia MN ludn di qua
diém O c6 dinh.

11.9. (h.11.12)

Giai tuong tu Vidu 11.3. Hinh 11.12
11.10. (h.11.13) |

a) D& dang chimg minh dugc OBC = OCB = 45°.

Suy ra ABOC vudng cén tai O.
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b) AABC ¢6 B = 75°, C = 60°,

suy ra BAC = 45° (1).
Dé dang chimg minh duoc
ABO + ACO = 30° + 15° = 45°.

Vay BAC = ABO + ACO.

c*) Vi OB = OC, nén dé chimg minh C
g::;;OB=OCtachicﬁnchﬁngminh0A=0B ik LD

Néu OA > OB thi tir AOAB suy ra A; < 30° ).
Lai do OC = OB nén OA > OC, vi thé tir AOAC suy raAz < 15° 3).

Tir (2) va (3) suy ra BAC < 45°, mau thuin véi (1).

Néu OA < OB, chimg minh tuong tr duge BAC > 45°, ciing mau thudn véi (1).
Vay OA = OB, do 46 OA = OB = OC.

11.11. (h.11.14)
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a) Ban doc tu giai.

b) D& dang tinh dugc BAC =60° (1),
ABE = 45°, ACE =15°

Suy ra BAC = ABE + ACE.

c*) D€ chimg minh AEB =90° ta
chimg minh géc AEB khong thé 16m hon
90°, ciing khong thé nhd hon 90°.

That vay :

Né&uAEB > 90°thi trong AAEB ta c6 Aj<45° va EB < EA. Ta lai c6
EB = EC nén EC < EA.

Khi d6 tir tam gidc AECtacé A2 < ECA = 15°.

Vithé BAC = A; + Az <45° + 15° = 60°, tréi véi (1).

Néu AEB < 90°,chimg minh tuong tr ta c6 BAC > 60°, tréi véi (1).
Viy AEB=90°.

Hinh 11.14



1112, (h.11.15) N

11.13. (h.11.16)

11.14, (h.11.17)

a) M ndm trén trung truc cia AC nén MA = MC,

do d6 AAMC can tai M.
Hai tam gidc can ABC va MCA ¢6 chung géc diy MCA

nén hai géc & dinh bing nhau AMC = BAC.
Suyra: ABC = AMC + MAB

= BAC + MAB = MAC, M B C
do d6 ABM = CAN. '

AABM = ACAN (c-g-c), suy ra AM = CN, ma AM = CM nén CM = CN.
Vay AMNC la tam gidc can tai C
b) ACMN cén tai C

CM L CN < MCN = 90° <> AMC = 45°
& BAC = 45° (vi BAC = AMC) < AABC can tai A vd c6 A =45°.
Vay, néu tam gidc ABC can tai A va c6 A =45° thi CM L CN.

Hinh 11.15

Tac6 ABD = ACE (ciing pht_i véi ERE),
suy ra ABI = ACK.

AABI = AKCA (c-g-c), suy ra Al = AK
va AIB = CAK. Do d6 :

IAK = IAB + BAC + CAK - Hinh 11.16

= [AB + BAC + AIB = 90° (xét AAID).
Vay AAIK vudng cén tai A. . D

Ké AH L BC, BI A AC, CK A AB.
D& dang chimg minh dugc AADB = ABCA (g-c-g),
suy ra AD =BC (1).
Tuong tr AE = BC (2).

Hinh 11.17
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Tu (1) va (2) suy ra AD = AE hay A 1a trung diém cta DE.

Tacé AH L BC, ma DE // BC nén AH L DE.

Vay AH la dudng trung truc cua DE.

Chimg minh tuong tu ta ¢6 BI 12 dudng trung truc cia DF, CK 12 dudng
trung truc cta EF. ‘

Vay ba dudmg cao cua AABC la ba dudmng trung truc cia ADEF.

11.15.* (h.11.18)

Vi M 12 trung diém cla AH, N 12 trung diém %
cua BH nén theo Vi du 4.3 thi MN // AB, ma H
AB L ACnén MN L AC,

Tam gidc ANC c6 MN L AC va AH L NC,
MN va AH cit nhau tai M nén M 12 truc tam

cua tam gidc ANC, suy raCM L AN. A

11.16.* (h.11.19) Hinh 11.18
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H 1 truc tam cla tam gidc déu ABE nén
AH va BH la céc tia phan gidc cua géc
EAB va goc EBA, ta c6

HAB = HBA = 30°.

AIBH = AICK (c-g-c), suy ra CK = BH,
nhung BH = AH

nén CK = AH va-KCI = IBH = CBA + 30°.

V& tia Cx 12 tia d6i cia tia CB, ta c6 e
KCF = KCx + xCF

= 180° - KCI + 180° - BCF

= 180° — (CBA + 30°) + 180° — (BCA + 60°)

= 180° — CBA - 30° + 180° — BCA - 60°

= 270° - (CBA + BCA) = 270° - (180° - BAC)

= 90° + BAC = HAF.

Do d6 AAHF = ACKEF (c-g-c), suy ra FH = FK (1).
Va AFH = CFK nén

KFH = CFK + CFH = AFH + CFH = CFA = 60° ).
Tir (1) va (2) ta c6 HKF la tam gidc déu. :



11.17.* (h.11.20) A

I 12 trung diém cta EC, H 1a trung diém cua
BC nén HI // BE (Vi du 4.3).

O la trung diém cta HE, I 1a trung diém cua

EC nén OI //HC nic 1a O1 // BC, ma AH A BC E
nén OI L AH. = I
AAHI c6 HE L AL 10 L AH nén O ]a truc B H C

tam cia AAHI, suy ra AO L HI, nhung
HI // BE, vi thé AO L BE.

11.18.* Xét ba trudmg hop :

Hinh 11.21
e Trudng hop A <90° (h.11.21a)

Diém K ndm trén dudng trung truc cia DE nén KD = KE suy ra ADEK can
tai K, do d6 KB la tia phan gidc cia géc EKD.

Chitng minh tuong tu, ta c6 IC la tia phan gidc cia goéc DIF.

Xét ADIK c6 hai dudng phan gidc géc ngoai tai K va I cét nhau tai A nén
DA la phan giic cia goc IDK (1).

Do DA la phan gidc cua géc IDK, ma BD L AD nén DB la tia phan gidc géc
ngoai tai D ; B 12 giao diém hai tia phan gidc ngoai tai K va D cla ADIK,
suy ra IB Ia tia phan gidc cua géc DIK (2).

Tuong tu, KC la tia phan gidc cia géc IKD (3).
Tu (1), (2) va (3) suy ra AD, BI va CK cing di qua mot diém.

e Trudng hop A = 90° (h.11.21b)

Ban doc dé dang chimg minh dugc ba diém A, E, F thing hang.

Khi d6 hai diém I va K tring v6i A nén ba dudng thing AD, BI va CK clng
di qua diém A.

e Truomg hop A > 90°, ban doc tu chimg minh.
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11.19. (h.11.24) A

Goi O 1a giao diém céc tia phan gidc cla
goéc B va goc C, suy ra AO la tia phan
gidc cua goc A.

B E D
Tam gidc ABD can tai B nén BO L AD.

Hinh 1122

Tam gidc ACE can tai C nén CO L AE.
Xét AAMN c6 O la truc tam, do d6 AO L MN.

11.20.* (h.11.23)
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Qua H ké dudng thing.song song véi AB
cat AC tai D, ké dudmg thing song song
véi AC cit ABtai E.

Ta ¢c6 AADH = AHEA (g-c-g), suy ra
AD = HE va AE = HD.

Xét AAHD ¢6 HA <HD + AD, do d6 Hinh 1123
HA < AE + AD (1).

Vi HE // AC, ma AC L BH nén HE L BH.

Xét tam gidc vuong HBEc6 HB<BE  (2).

Tuong tuv HC < DC (3).
Tu(l),(2)va(3)suyra:

HA + HB+ HC < (AE + EB) + (AD + DC) = AB + AC.

Vay HA + HB+ HC< AB + AC (4).
Tuong tv: HA + HB+ HC< AB + BC (5).
HA + HB+ HC< AC + BC (6).

Tir (4), (5), (6) suy ra 3(HA + HB + HC) <2 (AB + AC + BC).

Vay HA + HB + HC < %(AB + AC + BC).



11.21.* (h.11.24)

RLl.

Xét AABC, trung tuyén AM.

Goi H 1a truc tam, O 12 giao diém céc N
dudng trung truc, G 12 giao diém cua
AM va OH.
Ta chimg minh G la trong tdm ciha tam g C
; M
gidc ABC.
Hinh 11.24

Trén tia d6i cua tia OC ldy diém D sao cho OD = OC, ta ¢6 OM = %BD va

BD // OM (Vi du 4.3), suy ra BD // AH.
AADB = ABHA (g-c-g), tac6é BD = AH, suy ra OM = %AH.

Goi I 1a trung diém cia AG, K 12 trung diém cia HG thi IK // AH va
IK = %AH. dod6IK //OM va IK = OM.

Ta ¢6 AOGM = AKGI (g-c-g), suyraGM =Gl = %GA nén GM = %AM.

Do d6 G la trong tam cua tam gidc ABC.

Dudmg thing di qua ba diém H, G, O dugc goi 1a dudng thing Euler ctia
tam gidc. '

Chuyén 42 12. CHUNG MINH BANG PHAN CHUNG

Néu qua diém O ta vé n dudmg thing phan biét thi s6 goc tao thanh ¢6 dinh

O1la @ =n(2n-1) géc. Trong nhimg géc nay thi c¢6 2n géc khong

c6 diém trong chung. Téng clia 2n géc ndy 12 360°. Vay trong céc géc duge

o 0
tao thanh sé€ c6 it nhat mot géc khong vuot qua 320 = ( 180] y
n n

12.2. Xét AABC c6 AB 12 canh nhd nht. Ta sé chimg minh C < 90°.

Gia suir C 2 90°.
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Tacé AC> ABnén B2 C > 90°.
Tac6 BC2 ABnén A 2 C 2> 90°.

Suy ra C+B+A =90°+90° +90° =270°, trdi véi dinh Ii vé téng ba géc
trong tam giac.

12.3. (h.12.6)

Vay C < 90°.
Xét AABC vuong tai A, dudng trung tuyén AM. 1
Ta sé chimg minh AM = lBC
2 Bf—= C
; M
Gia sit AM > %BC thi AM > MB va AM > MC. sasllss

Do AM > MB nén ﬁ>f&,. Do AM > MC nén C>Aa. Suy ra
B+C>A1+A2 =90°, trdi véi B+C =90°.

Gia st AM < -%-BC, tuong tr suy ra B+C<A+A2 =90°, trdi véi
B+C =90°.

Viy AM = %BC

12.4. Gia sir ¢ khong 12 canh bé nhat, ching hana <c.

Khi d6 a* <c? (1).

Vi a<c nénb<a+c<c+c=2c. Dodé b® <4c? (2). Tur (1) va (2) suy ra
a +b% < 5¢2, tréi véi gia thiét.

A A

Suy ra diéu phai chimg minh.

12.5. Xét AABC c6 A '=30°,BC =-,;_ AC.
‘ B
Ta sé& chimg minh B =90°. H C H c
- B
Glé Sl.l' Bz 900 é . Hinh 12.7
Ké CH L AB thi H #B (hinh 12.7). Khi d6 CH < BC (*).
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12.6.

Tam gidc vuong HAC ¢6 A =30° nén CH=%AC. Ma BC=-;—A(..‘. nén
CH = BC, mau thuin véi (*).

VayB =90°. -

(h.12.8) AAMD = ABMC (vi AD = BC, MD = MC, A - B
ADM =BCM =75°) = MA = MB. Ban doc

tu chimg minh AB = CD. . y L
Pit AB=CD=AD=BC=2a, MA=MB=b.

Ta phai chimg minh AABM déu, tic 1a cédn ~ 1
chimg minha=b. D a G
That viy, gia sra# b, khidéa>bhoaca<b. Hinh 12.8

- Néu a> b thi AMD >75°, do d6 DAM <30°. Suy ra MAB = MBA > 60°,
nén AMB <60°. Trong tam gidc ABM, d6i dién véi canh a 16n hon b, ta lai
c6 AMB < MAB, mau thuén.

— Néu a < b thi 1ap luan twong tu nhu trén ta cé DAM > 30°. Suy ra
MAB = MBA <60°, nén AMB >60°. Trong tam gidc ABM, d6i dién véi
canh a nho hon b, ta lai c6 AMB > m, mau thuin.

Vaya=b, suy ra AABM déu.

Nhdn xét : C6 thé chimg minh truc ti€p bai
nay nhu sau :

Dung tam gi4c can BNC ¢6 NBC = NCB = 15°
(h.12.9). Khi d6 ABNC =ADMC (g-c-g) =

NC = MC. Tam giéc con MNCc6 MCN=60°  D<———>¢
nén 12 tam gidc déu. Hinh 12.9

Vay NM = NC va NMC =60°. Nhung MNB =150° nén ABNC = ABNM
(c-g-c), suy ra BM = BC.

Mat khdc ABMC = AAMD (c-g-¢) nén MA = MB. Vay AABM déu.

A B

12.7. Ta chimg minh 1<M <2 (*). Cu thé Ia

a>a b:»b c:>c=l.’~-4l>l.

b+c a+b+c c+a c+a+b a+b a+b+c
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Ap dung tinh chit : Néu x, y, z> 0, LT T (ban doc tu chimg

y y y+z
minh). Khi d6

a a+a 2a b 2b c 2c
< = : < E < =M<2.
b+c b+c+a a+b+c c+a a+b+c a+b a+b+c
Vay né€u M nguyén thi mau thudn véi (*).

Suy ra M khong nguyén.

12.8. Xét tam gidc ABCc6 A>90°. Khid6 BvaC g

12 cdc géc nhon. VE trung tuyén BM. Ta phai
chimg minh BM khong thé 1a phan gidc cua
géc B (h.12.10).

Gia sir nguoc lai BM 12 phan gidc géc B. N

e . 2
Do A>90° nén BC > AB. Trén BC liy N ‘ _
sao cho BN = BA. Khi d6 ABMA = ABMN R " R
(c-g-c). Suy ra MA = MN = MC. Vay ANMC Hinh 12.10
cantai M. Dodé N2 =C (1).
Ta ciling c6 :

L)

A=N; (2) (doABMA =ABMN).

Tir (1) va (2) suy raA +C =Nj + N2 =180°, mau thuin.
Suy ra diéu phai ching minh. |

12.9. Ta da biét :
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Ba s6 duong 12 s6 do ba canh ciia mot tam gidc khi s6 16n nhit trong ba s6
d6 nho hon téng cha hai s6 cdn lai.

Quay trd lai bai toan, goi 7 doan thing da cho 12 a,,a,,. . .,a, va gia thiét ring
lSal Saz S...Sa-,<l3.

Néu khong chon duge 3 trong 7 doan thing trén 1am ba canh clia mot tam
gidc thi theo nhan xét trén ta c6 : :

aj;2a;+a,21+1=2,a,2a,+a;21+2=3,a52a,+a,22+3=3,
ag 2a4+a523+5=8, a; 2ag+ag > 5+8 =13, trdi véi gia thit a; <13.
Vay t6n tai ba doan thing 12 ba canh clia tam gic.



e Néu chi ¢6 6 doan thing thi m¢nh dé trén khong ding, ching han véi
ay=ay=1,a3=2,a4=3, a5="5,a5 =8 thi khong thé chon dugc 3 trong
6 doan thing nay dé dung mot tam gidc.

12.10. a) (h.12.11) Dung tam gidc can ABC c¢6 canh ddy a =510cm, dudng cao

h, =0,4cm. A
b

Khi d6 : 0.4

I l . H *
S= SMK =—aha =—5]00,4 € 510 >

2 2

=102cm? > 100cm?. Hinh 12.11

Mait khic, do b=c>255cm nén hy =h_ = ZbS < 2;_:;2 <lcm. Vay ton tai
AABC c¢6 cdc dudmg cao nho hon Iem, con dién tich 16m hon 100cm’.
b) Gii st AABC c6 hai A

dudmg cao h,,hy >100cm,

AN, h A
2 ' h b
nhung S,apc <lem”® (*). a ha
ke B a =

Tac6 h, >100cm, hy >100cm

Hinh 12.12
= a2hy>100cm, b2h, >100cm (h.12.12).

Khi d6 S, pc = %a.ha >%.i00.100 > 1em®, mau thulin véi (*).

Vay khong tén tai tam gidc nao thoa man diéu kién bai todn.
12.11. (h.12.13) Gia sir t4t ca cic diém khong cing nim trén mot dudng thing.

Qua méi cap diém vé mot dudmg thing (c6 hitu A
han céc dudng thing nay) va xét cdc khoing
cdch (khdc 0) wr cdc diém di cho dén cic
dudng thing nay. Gia sir khoang cich tir diém
A dén dudng thing BC 1a nho nhdt (A,B,Cl1a ~ B H C D
cdc diém da cho). Theo gia thiét, trén dudmg
~ thing BC ¢6 chira mot diém D nao d6. Mb LA
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Ké AH L BC (H € BC) thi hai trong ba diém B, C, D sé nim cing mét phia
déi véi diém H, ching han 1a C va D nhu hinh vé&. Khi d6 ta ¢c6 HC < HD.,
Ké CK L AD (K e AD).

Tacé CK.AD = CD.AH (3 2SﬁACD ).

Do AD > CD nén CK < AH, mau thuldn véi cdch xdc dinh & trén 12 AH
nho nhat.

Suy ra diéu phai chimg minh.

12.12. Gia sir ¢6 n diém phan biét A,,A,,...,A (n > 3) e

thod man ddu bai. Vi s6 cdc cic doan thing n6i cic 4 A,
diém trén 1a hiru han va vai tro cdc diém 1a nhu nhau
nén ta c6 thé gia sir A;A, 1a doan thing dai nhit Aa

Hinh 12.14

trong cic doan d6 (h.12.14).
Khi d6 A A,A; (i =3,4, ... n)lacdc tam gidc vuong c6 canh huyén
laAA,. Do d6 cic diém A,,A,,...,A déu nim trén dudng tron dudng

kinh A|A, vi chiing cich déu trung diém cia A A,.

Néu trong cdc diém A3, A,,...,A c6 hai diém cling ndm trén nira dudmg
tron dudmg kinh A A,, ching han 12 A; va A, thi dé thdy tam gidc

A A3A 1 tam gidc th Vi A|A3A, > AjA3A, =907, trdi véi gia thiét. Vay
‘trén m&i nira dudmg tron dudng kinh A, A, c6 nhiéu nhat mot diém thudc

tap hop {A3.A,.....A,}. Vlyn<4,

A, Aq
Véi n = 4 thi bon diém A,, A,, A;, Ay trén hinh %
12.15 thoa man diéu kién bai todn. Vay s6 n 16n nhat A Az
cdn tim 12 4. Hinh 12.15
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Chuyén #2 13. NGUYEN L{ DIRICHLET

13.1. Cich lam tuong tu Vidu 13.1.

13.2. Tuong tr Vi du 13.4. V& dudng kinh SS’ clia dudng tron. Chimg minh ring S
hoac S’ 12 diém cén tim.

13.3. Tuong tu Vi du 13.4. V€ dudong kinh AB sao cho A, B khong trung vao 20
diém M,, M,, ..., M, di cho. Hiy chimg minh ring mot trong hai diém A,
B 1a diém phai tim.

13.4. (h.13.12)

B
Goi O la giao diém cia AC va BD. Ap dung bit o
dang thirc tam gidc, ta c6 ¢
AB + CD < (AO + OB) + (CO + OD)
=AC+BD=16+ 12 =28 (cm). A D
Vay ton tai mot trong hai canh AB, CD c6 do6 dai ki1

nho hon 28: 2 = 14 (cm). Ching han AB < 14cm.

| Liy M la trung diém cua BD. Vi ba diém A, M, Cluéncé MA + MC 2 AC=16cm
nén tén tai mot trong hai doan MA, MC lén hon hoic bing 16 : 2 = 8 (cm),

ching han MC > 8cm. Trong hai géc ké bt CMB va CMD luén tén tai mot
g6c 16n hon hodc bing 90°, ching han CMD > 90°, khi d6
CD*> MC? + MD*> 8% + 6% = 10°
Vay CD = 10cm.
13.5. (h.13.13) D

B A
Hinh 13.13

a) Trong 12 diém da cho luén tim dugc ba diém goi 1a A, B, C sao cho
ABC < 180° va 9 diém con lai ndm bén trong géc d6. NGi B véi 9 diém con
lai duge 9 tia, chia géc ABC ra 10 géc chung dinh B va khong ¢6 diém trong
chung. Téng 46 16n ctia 10 géc nay bang géc ABC nén nhd hon 180°. Do d6
lu6n t6n tai mot géc nhd hon 180° : 10 = 18°, ching han 1a géc DBE, khi d6
ta chon ba diém D, B, E thoa min diéu kién bai ra.
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b) Néu ABC < 150° thi trong 10 géc nho néi trén, t6n tai mot gbc khong
vuot qua 150° : 10 = 15° chéng han 1a géc DBE, khi d6 ta chon ba diém D,
B, E thoa man diéu kién bai ra.

Néu ABC > 150° thi trong tam gidc ABC c6 BAC + BCA < 30°. Do d6 tén

tai géc .nh(') hon 30° : 2 = 15°, khi d6 ta chon ba diém A, B, C thod min diéu
kién bai ra.

13.6. (h.13.14)

13.7.
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Hinh 13.14

Chia dudmg tron tam O ra 6 hinh quat bing nhau thi 7 diém da cho phéi nim
trong 6 hinh quat ndy. Theo nguyén li Dirichlet tdn tai 2 diém da cho nim
trong cung mot hinh quat, ching han A, B thudc hinh quat COD.

Néu mot trong hai diém A, B trung v6i O thi AB < 2.

Néu ca hai diém A, B déu khong tring v6i O. Tam gidc AOB ¢6 AOB < 60°
nén OAB+OBA > 120°. Theo nguyén Ii Dirichlet, tén tai mot trong hai géc
OAB, OBA khong nhé hon 60° ching han OBA >60°. Do OBA > AOB
nén OA 2 AB. Ké ban kinh OE di qua A thiOA <OE =2. Vay AB< 2.

Gia sir A 1a mot trong 17 diém di cho. Khi d6 c6 16 doan thing chung déu
miit A duoe t6 boi 3 mau (xanh, do, vang), ma 16 = 3.5 + | nén theo nguyén li
Dirichlet tén tai 5 + 1 = 6 doan thing ciing mau, ching han mau xanh.

Gia sir 6 doan thing d6 12 AB, AC, AD, AE, AF, AG. Xét 6 diém B, C, D,
E,F,G.

+ Né€u t6n tai 2 diém duoc ndi v6i nhau bdi mau xanh, ching han BC thi tam
gidc ABC c¢6 ba canh cing mau (xanh).

+ Néu khong t6n tai thi 6 diém B, C, D, E, F, G duge n6i v6i nhau bdi céc
doan thing dugc t6 bdi hai mau do hoic vang. Khi dé c6 5 doan thing chung



13.8. a) Chia hinh chir nhat 3 x 4 thanh 6 hinh chir

13.90

ddu miit B dugc t6 boi hai mau (do, vang), ma 5 = 2.2 + 1 nén theo nguyén Ii
Dirichlet tén tai 2 + 1 = 3 doan thing cing mau, ching han mau do.

Gia sir 3 doan thing d6 12 BC, BD, BE. Xét 3 diém C, D, E. Néu tén tai 2
diém duogc n6i v6i nhau bdi mau do, ching han C, D thi tam gidc BCD c6 ba
canh cing mau (d6). Néu khong tén tai thi 3 diém C, D, E dugce n6i v6i nhau
bdi céc doan thing duge t6 bdi mau vang, khi d6 tam gidc CDE c6 ba canh
cung mau vang.

Nhu vay bai todn da duge chimg minh.

nhat nho kich thuée 1 x 2 (hinh 13.15). Khi A B
d6 7 diém di cho nim trong 6 hinh chir nhat
nay, ma 7 = 6.1 + 1, nén theo nguyén Ii
Dirichlet t6n tai it nhat hai diém cung thudc
mot hinh, ching han d6 1a hai diém A, B.
Dé chimg minh dugc AB khong vuot qua do
dai dudng chéo cua hinh chir nhat kich

thuée 1 x 2, titc 12 AB < /S < 2,24,

b) Chia hinh chir nhat 3 x 4 thanh S phén
nhu hinh 13.16 gém ba hinh "ngoi nha" va
hai hinh "nira ngoi nha". Khi d6 6 diém da
cho ndm trong S hinh ndy, ma 6 = 5.1 + 1,
nén theo nguyén li Dirichlet t6n tai it nhat )
hai diém cling thuéc moét hinh, ching han A B
d6 1a hai diém A, B. D& chimg minh dugc
AB < J5< 2,24. Do d6 két qua bai todn
vin dling Hinh 13.16

Ta chia tam gidc déu thanh c4c hinh tam gidc khong cé diém trong chung
sao cho dinh clla méi tam gidc 12 ba trong s6 100 + 3 = 103 diém di cho.
M&i di€ém nay 12 mot dinh cia it nhat mot tam gidc. Téng cédc gbée c6 dinh 1a

100 diém bén trong tam gidc déu bing 360°.100 = 36000°. Téng cic gbc
¢6 dinh 1 cdc dinh tam gidc déu bing 180°. Do d6 téng céc gbc cla tat
ca céc tam gidc duoc tao thanh 13 36180°. S6 tam gidc duoc tao thanh I
36180°: 180° = 201.

T6ng dién tich clia 201 tam gidc bing 1. Vi vay t6n tai mot tam gidc c6 dién

Hinh 13.15

|
tich khéng qua —.
& 9% 201
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Phét biéu bai todn téng quét: Bén trong hinh tam gidc déu cé dién tich bing
1 cho n diém. Chimg minh ring trong s6 c4c tam gidc c6 dinh'1a c4c diém d6
hoac 12 cdc dinh tam gidc déu, t6n tai mot tam gidc c6 dién tich khong vuot

qué

2n+1

13.10. Tac6 1000 =48.20 +0,6.47 +2.5,9;

1000 =95.10 + 0,5.94 + 2.1,5.

Ta chia cdnh rimg hinh vu6ng thanh cic 0 hinh chir nhat kich thuée
10m x 20m va khoang cich gitra chiing theo céch sau:

— Trén mot canh hinh vuong ta vach 48 doan dai 20m, khodng cich giira hai
doan 12 0,6m va & hai bién ta dé chira ra 5,9m.

— Trén canh hinh vuéng con lai ta vach 95 doan dai 10m, khoang cédch giira
hai doan 12 0,5m va & hai bién ta dé chirara 1,5m.

Nhu vay sé c6 48.95 = 4560 hinh chir nhat ma hinh ndy phan cich véi hinh
kia mot khoang khong nho hon 0,5m. Véi céch phan chia nay, bat ki mot
cdy thong nao d6é dia ndm & hinh chir nhat ndy déu khong ndm cham vao hinh
chir nhat kia. Trén cdnh nmg d6 c6 4500 cdy thong, ma & day ta c6 4560
hinh chir nhat, theo nguyén Ii Dirichlet t6n tai it nhat mot hinh chir nhat trén
d6 khong c6 mot cay thong nao, tic 12 ¢6 thé chon duge manh dat tréng kich
thuéc 10m x 20m.

13.11. Goi 5 dudmg tron 1a C;, C,, C3, C;, Cs. Theo bai ra ta ¢6 bd 4 dudng tron

C,, G, C3, C4 di qua diém A; C,, G;, Cy, Cs di qua diém B; C,, C;, C;, Cs di
qua diém C. Ta thdy ba diém A, B, C ciing nim trén hai dudng tron C;, C,

nén theo nguyén If Dirichlet t6n tai hai diém tring nhau, ching han 1A diém A.
Ca 5 dudng tron sé di qua diém A nay.

13.12. Ta chia tam gidc ABC thanh 4 tam gidc nho bédng A

nhau va c6 canh 16n nhat bang 1 (nhu hinh 13.17, véi
D, E, F 12 trung diém cua c4c canh AB, BC, CA).
Khi d6 5 diém da cho sé nim trong 4 tam gidc nhd D
nay. Theo nguyeén If Dirichlet, t6n tai it nhat 2 diém
ndm trong mot tam gidc nhd, khodng cdch giita &
chiing s& khong 16n hon d6 dai canh l6n nhdt cha tam G z
gidc nhd (tic 12 1). Bai todn duge chimg minh. Hinh 13.17

13.13. Chia tam gidc da cho thanh céc luc gidc déu canh lcm hoic mot phédn cua
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luc gidc déu canh Icm nhu hinh 13.18, t4t cd gédm 10 phén, 21 diém da cho
s& ndm trong 10 phédn nay. Vi 21 = 10.2+ 1 nén theo nguyén i Dirichlet t6n tai



it nhat 3 diém cling nim trong mot phén,
phdn nay hoac 1a luc gidc déu canh lcm
hodc 1a mot phén luc gidc déu canh Icm.
Dudng tron véi tdm 1a tdm cua luc gidc,
bén kinh lcm, s& chira ca 3 diém nay.

Hinh 13.18

Chuyén 4 14. TRO CHOI VA CAU PO

14.1. Méi phit kim gid quay mot géc 0,5 do, kim phit quay mot gée 6 do, nhu
vay géc chénh gilta cdc kim 12 6 — 0,5 = 5,5 d0. Do cén thu hep ddn khoang

céch réi tao thanh géc vudng mot 14n nira nén cédn 180: 5,5 = 32% (phuit).

Hinh 14.5
14.2. Duéi day 12 mot s6 hinh ghép tir bon tam gidc vuong can (h.14.6).

. /\/\//Vq

Hinh 14.6

14.3. (h.14.7)

a) Cdch 1. C6 6 cap dudng thing song song nim ngang laa//b,a//c,a//d,
b//c,b/ld, c//d.
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Cdch 2. MOt dudng nam ngang lan lugt tao
vGi ba dudmg ndm ngang con lai thanh 3 cap
dudng thing song song.

C6 4 dudng nam ngang nén ¢6 3.4 = 12 cap
dudng thing song song, trong d6 mdi cap
duoc tinh hai l4n nén s6 cap dudng thing

a o |O |»

song song nam ngang la -1; =6 (cap). Hinh 14.7

b) Tuong tur cau a, s6 cap dudmg thing song song thing dimg 1a
—S-f- =10 (cap).

Mot cap dudng thing song song ndm ngang va mot cap dudmg thing song
song thang dimg tao thanh mot hinh chir-nhat. Vay s6 hinh chir nhat 1a

6.10 = 60.

Luu y. Téng quét, néu c6 m dudng ndm ngang va n dudng thing dimg thi s6
hinh chir nhat c6 la

m(m-1) n(n-1)
2 "R

Chupen 2 15. TIEN DE VE PUONG THANG SONG SONG

15.1. Theo tién dé vé tia thi diém O chia dudng thing a thanh hai tia, ta ki hiéu Ox

15.2. Dudmg thing AA' khong di qua dinh nio cla
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1a tia ¢6 chira diém A va Oy la tia con lai (tia d6i) (h.15.23).
X A_0C By

g

Hinh 15.23

Vi O nam giita A va B nén B thudc tia Oy, vi O nam giita A va C nén C
thudc tia Oy. Hai diém B va C déu thudc tia Oy nén diém O khong ndm gitra
BvaC.

A

tam gidac BB'C (h.15.24). N6 cit canh BC tai
A', nhung khong cit canh B'C (vi A khong
ndm giira B' va C). Vay theo dinh Ii Pasch,
dudng thing AA' cét canh BB’ tai diém I
(ndm gitra B va B'). Tuong tu, 4p dung dinh Ii
Pasch vio tam gidc AA'C va dudng thing
BB'ta ¢6 diém I phdi nim giita A va A",

Hinh 15.24



15.3. Suy ra tir bai 15.2.
15.4. Suy ra tir bai 15.2.
15.5. Xét hai nira mat phing c6 bd 1a dudmg thing d (h.15.25).

A B
: AN A ><
A d
[ AN\ °
D c B D d
d W
¢
a) b) c)
Hinh 1525 °

+ Néu ca bon diém da cho déu thudc ciing mot nira mat phing (h.15.25a) thi
d khong cit doan thing nao ca.

+ Néu c6 mot diém (A ching han) thudc nira mat phing nay va ba diém con
lai (B, C va D) thudc nira mat phing kia (h.15.25b) thi dudng thing d cét ba
doan thing AB, AC, AD.

+ Néu ¢6 hai diém (A va B ching han) thu6c mot nira mat phing nay va céc
diém con lai (C va D) thudc nira mat phéng kia (h.15.25¢) thi d cit bon doan
thing AC, AD, BC, BD.

Vay d cét nhiéu nhat 12 b6n doan thing.

15.6. Gia sir tam gidc ABC ¢6 B =C (h.15.26).
Hai tam giic-ABC va ACB c6 chung
canh BC va c6 cic goc B va C (cha tam

gidc ABC) l4n luot bing géc Cva B (cha B
tam gidc ACB) nén bang nhau (g-c-g). Hinh 15.26
Suy ra AB = AC, titc ABC la tam gidc can.

15.7. Suy ra tir bai 15.6.

15.8. Gia sir tam gidc ABC c6 dudng phan giic
AM cua gbc A ciing 1a dudng cao, tirc 1a
A=A, va M; =M, =90° (h.15.27).
Nhu vay hai tam gidc ABM va ACM

bang nhau theo trudmg hop g-c-g. Suy ra
AB = AC va do d6 ABC la tam gidc can.

\2

Hinh 15.27
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15.9. Gia sir tam gidc ABC c6 dudng trung A
tuyén AD ciing 1a dudng cao, tic la

BD = CD va Dy =D2=90° (h.15.28).
Nhu vay hai tam gidc ABD va ACD bing

nhau theo tién dé c-g-c. Suy ra AB = AC 12

_ B D c
va do d6 ABC la tam gidc can. Hinh 15.28

15.10. Gia sir hai tam gidc ABC va A'B'C 14 cdc tam gidc vuOng tai A va A', ngoai
ra BC = BC va B=B'. Trén tia BA ta 14y diém A, saocho AJB=A'B'.
Khi d6 hai tam gidc A;BC va A'B'C’' bdng nhau (c-g-c). Tir d6 suy ra

BA,C = B'A'C'=90° va nhu vy hai dudng thing CA va CA, clmg vuodng

gbéc v6i ABnén A, tring v6i A. Vay hai tam gidc ABC va A'B'C bing nhau.
15.11. a) Gia sir tam gidc ABC ¢6 AC > AB

(h.15.29). Goi AM Ila phan gidc cua goéc A

A va goi B' 12 diém ndm trén tia AC sao

cho AB'=AB. Khi d6 hai tam gidc B
ABM va AB'M bing nhau theo trudng

hop c-g-c, suy ra B=AB'M. Mat khéc, B M C
géc AB'M la géc ngoai cua tam gidc

MB'Cnén AB'M>C. Vaytacé B>C.
b) Gia sir tam gidc ABC ¢6 B> C. Khi d6:
+ Néu AC = AB thi ABC la tam gidc can nén B=C, vo I .

Hinh 15.29

+ Néu AC < AB thi theo chilng minh & a), ta ¢6 C>B, v Ii.
Vay ta phai ¢6 AC > AB.

15.12. Xem séch gido khoa Todn 7 (tap hai).

15.13. Xem Vidu 15.2.

15.14. Gia sir ABC la tam gidc déu, nic 1a AB=BC =CA. Vi trong tam gidc can
hai géc ddy bing nhau néntacé A=B=C. Nhmg A +B+C=180° nén
A=B=C=60°.

Ta di dung dinh If "T'éng ba géc ciia mot tam gide bing 180°" ma chimg
minh ctia n6 phai ding tién dé Euclid.
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15.15. (h.15.30) Ta c6 A+B+C=180°, ma B
A=90°,B=30° nén C=60°. Liy
diém C' sao cho A 12 trung diém cia CC

ta dé dang chimg minh dugc BCC' 12 tam
gidc déu nén BC=CC'=2AC.

Ta da dung dinh I "Téng ba géc cia mot

tam gidc bdng 180°" ma chimg minh
cia né phai dung tién dé Euclid.

15.16. Goi d' 12 dudng thing di qua O va y
vuodng géc véi Ox (h.15.31). ¢ d
Khi d6 d // d'. Vi géc xOy la géc nhon
nén dudng thing Oy khic v6i dudng
thing d. Vi qua O chi ¢c6 mot dudng 0
thing d' song song véi d (tién dé Euclid)
nén dudng thing Oy khong song song
v6i d, né phai cit dudng thing d tai diém N. Hinh 15.31
Hay chiing minh ring diém N nim trén
tia Oy. a M Az

15.17. Ta ldy hai diém khidc nhau A, va A,

trén dudng thing a (h.15.32) va ké b
AB, Lb,A3B, Lb. Ta chimg minh B, B,

féﬂg AIBI - Asz . Hinh 15.32

A
Hinh 15.30

gJ

Vi a// bnén A,AB, =A;B,B, (hai géc so le trong). Hai duémg thing
AB, va A,B, ciing song song vi cing vubng géc véi b, do db

AB,A, =B,A B, (hai géc so le trong). Tir d6 hai tam gidc A,A B, va
B,B,A, bing nhau va do dé6 A,B, = A,B,.

Ta di dung dinh If "Hai dudmg thdng song song cdt duomg thdng thit ba
tao thanh cdc géc so le trong bang nhau" ma chimg minh né phai dung tién
dé Euclid. '
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15.18. (h.15.33). Hai dudmg thing a' va b’
khong trung nhau vi khi d6 a va b cung
vuong géc vGi a'(=b") nén a // b, trdi
gia thiét.

Ta chimg to ring hai dudmg thing a' va b’
khong song song.

That vay, giasira' /b thivi bLb' (gia
thi€t) nén b L a' (theo Vi du 15.3). Nhu
vay hai dudmg thing a va b cing vuong
goc vGi a' nén a // b, trdi vGi gia thict a va
b cit nhau.

Hinh 15.33

Vi a' va b’ khong tring nhau, ciing khong song song v&i nhau nén a' va b’

cét nhau.

Trong lon giai trén ta da si dung két quad cua Vidu 15.3.
15.19. Gia sir diém A ndm ngoai dudng thing a

(h.15.34). Theo tién dé Lobachevsky thi

qua A c6 it nhat hai dudmg thing xy va

x'y' khong cét a. Hai dudmg thing d6 tao

thanh bon géc c6 dinh 12 A, trong d6 c6 a

géc x'Ay chifa toan bd dudng thing a, ba

géc cdn lai thi khong chira dudng thing a.

Goi d 1a mot dudng thing b4t ki di qua A va nim trong hai géc d6i dinh

xAX' v yAy'. Vi a khong nam trong hai géc d6i dinh d6 nén d va a khong c6

diém chung, vay d khong cit a.

Hinh 15.34

'15.20. Gidz st xAB 1a g6c ngodi ctia tam gidc ABC. Khi d6
XxAB+A =180°>A+B+C,
suy ra xAB>B+C.
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15.21. Gia sir tam gidc ABC vuOng tai A va
B=30° (h.15.35). Theo Vi du 15.4 thi
B+C <90° nen C <60°. Goi C 1 diém
sao cho A 1a trung diém cua CC', khi d6
hai tam gidc ABC va ABC' bing nhau
theo truong hgp c-g-c. Vay BC = BC. I
Tam gis&c BCC c¢6 C<CBC' nén Hinh 15.35

CC'> BC'=BC, thc 12 AC>.B’2_C.

®l
\

15.22. a) Dé chimg minh ring ba tam giic
AB'C, BCA', CB'A’ la nhimg tam gidc
can va bing nhau (c-g-c) (h.15.36). Tu
dé suyra AB'=B'C' =CA"'dod6 ABC C B
1a tam gidc déu.
b) Xét tam gidc AB'C, theo tinh chét géc
ngodi I6m hon tdng hai géc trong khong
ké vai nd, tacod Hinh 15.36

CB'A'+A'B'C'=CB'C'>B'AC'+ AC'B’'.

Nhung CB'A'=AC'B' (géc & ddy cuia hai tam gidc can bang nhau CA'B’
va AB'C). :

Tudésuyra A'B'C'> B'AC" tic 1a géc ¢ dinh cia tam gidc déu A'B'C' 16m
hon géc & dinh cia tam gidc déu ABC.

15.23. a) Hai tam gidc vuong MAB va NBA " .
bdng nhau vi‘cé cdc canh géc vuodng o I "
tuong Umg béng nhau (h.15.37), vay o~ Vs
AN = BM, fk|=l§|. tr dé suy ra T 5
A, =B,. Hai tam gidc AMN wva " i | N
BNM biéng nhau theo trudmg hgp c-g-c,

Hinh 15.37
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suy ra AMN = BNM. Vi téng ba g6c trong mbi tam gidc AMB va NMB déu
bé hon 180° nén |

90° + M, + B, + B, + M, + BNM < 360°.
Nhung vi M, +M, =AMN =BNM, B, +B, =90° nén tir bat ding thitc
trén ta suy ra 180° + 2AMN < 360° hay AMN = BNM <90°.

b) Goi I va J 14n luot 12 trung diém cha AB va MN, ta dé dang chimg minh
dugc cdc tam gidc IMN va JAB la nhilng tam gidc can, vi viy 1IJ L MN,

1J L AB. Hai dudmg thing MN va AB ciing vudng géc v6i dudng thing 1J
nén ching-khong cét nhau.

c¢) Ta ¢6 JN va IB cliing vuong goc véi 1J nén néu trén tia JN ta 1y diém N'
sao cho JN' = IB thi theo ching minh & cau a) ta ¢6 IBN' 1a géc nhon, ma vi

IBN Ia gbc vuodng nén tia BN' phai nim trong géc vuong d6, tirc 1a diém N’
nam giira hai diém J va N. Suy ra JN > JN' = IB, do d6 MN > AB.
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