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GIOI THIEU CHUNG

Xin tran trong gioi thieu toi cde Thay, Co gido, cdc Phu huxnl, ciing
toan thé cac Em hoc sinh bo sach:

REN LUYEN KY NANG GIAI TOAN THCS
doThac si Todn hoc L.é Honge Dire ¢hin bien.
Bo tai liéw gom 9 cuon

Cuon 1: Toin 6 — Tap |

Cuon 2: Toin 6 — Tap 2

Cuon 3: Toin 7 — Tap |

Cuéond: Toin 7 —Tap2

Cuon 5: Toin 8 — Tip |

Cuéon 6: Toin 8 — Tap 2

Cuon7: Toin 9 — Tap |

Cuon 8: Toin 9 — Tap 2 .

Cuon 9: 81 dé Toin mdu luyén thi Tot nghiép THCS

Bo sdach dwoc viér theo clucong trinh sdch gidgo khoa maoi cia B Gido
duc va Dao tao dita trén mot ne tiweong hoan toan mai me, cé tinh sie pham,
o tinh 1ong hop cao, 1an dung dicoc day dii theé” manh ciia cdac phiong
phdp giai Todan THCS.

Muc tién cria bo sdch:

. Cung cap cho cde Thay. Co gido, cdac Phic iyl mot ho gldo an ¢é
chat licong veé mat sie pham va cluta ding day dii kien thiee co ban
ciing nhie chuyen sdu, dé san khi tham khdo <6 thé chuyén dor ngay
thanh gico an mang di giang day cho hoc sinh cia minh.

2. Cung cdp cho cac em hoc sinh THCS yéu thich mon Todn mot ho
sach te hoc tap dé hién va bo ich. No chae chan sé tro thanh nguoi
ban dong hanh dé’ gitip cac Em chi déng hom trong viée hoe Todn
theo chicong winh sdch gido khoa va md mang kién thirc Todn
THCS ctia ban than.

Cdac cuon Todan 6, Toan 7, Todan 8, Todn 9 déu ¢é chung mét cdu triic,
hao gom hai phdan:
Phan I — 56 hoc hodc dai s6
» Kler Phan 1l - Hinh hoc
Moi phan chnia ding cac chicong (chidong 1, chieomg H, ). O méi

chiomyg cluia dinyg cdae chi dé (chi deé |, cine deé 2, ...) theo noi dung ciia
sach gido khoa.



Maéi chii dé déu dicoe chia thanh § nuc:

I. Kién thitc co ban ;
Trinh bay ¢6 trar ue noi dung kién thiee lien quan (trong hau
hét cac tricomg hop cliing dioc bat dan bang phicong phdp deit
van dé) cling vor nhitng thi du minr hoa ngay san do.

I1. Cdc vi du minh hoa
Gom cde vi du dige tuyén chon ¢é chon loc nhdam gitip hoan
thién kién thitc co ban va ndang cao ky nang giai Todan.

I11. Cadu hoi on tap 1y thuyét

1V. Bai tap dé nghi

V. Huérg dan - Pap so

Nhe vay, 0 méi clui dé:

1

Var viée trinh bay kién thnic co ban theo kién ddt van dé, cing thi du
minh hou ngay sau do, sé gitip tang cht lirong bai giang cho cac Thay,
Co gico. Va vor cac em hoc sinh sé thady dé hiéu kién thiec moni dé roi
biét cdch winh bay bai. Diéu nay phi hop véi xu lutomyg gido duc mai
trong cong cudc cdi cach phicong phdp day va hoc theo hieéng " Ldy
hoc tro lam trung tam "

Tiép do, téi cdac vi du minh hoa 6 chon loc, sé gip cac Thay, Co
gido ddn ddt cdc em hoe sinh hoan thién kién thirc.

Ddc biét la noi dung ciia cde chit ¥, nhan xét va yéu cau sau mor kién
thite ciing voi mot vai thi du va vi du sé ginip cdc Thay, Co giao cling
c6 nhimg hiéu biét chea that thiu dao cho cde em hoc sinh, ciing vai
cdch nhin nhan van dé dat ra cho cdac em hoc sinh, dé’ trei loi mot cach
thod ddng cau hoi " Tai sao lai nghi va lam nhwvay ? .

Ngodai ra, con ¢é rdt nhiéu bai todn dicoc giai bang nhién cach
khdac nhau sé giip cac hoc sinh o nén linh hoat trong viee lia
chon phuong phap gidi. . |

Chitng téi ciing xin tran trong cam on cac ban dong nghiép dd nhan loi
doc ban thdao, nhan 101 101 die gior trong cde tiét giang thie cria cliing 101 theo
gido trinh nay o trén cac lap 6, 7, 8, 9 tai mot s6 trieomg THCS cia Ha Noi
va tir do doéng gép nhimg nhan xét qui bau dé’ gitip ¢ning 101 1 ngay hom nay
hoan thién ditoe bo sdach nay.

Cudi ciing, cho di dd rdat 6 gdang, ninmg that khé vanh khoi nhimg

thiéu sot boi nhitng hiéu bhiét va kinh nghiém con han ché. rat mong nhan
dicoe nhitmg v kién déng gdp quy bau ctia ban doc ¢an xa. Moi y kién dong
Op xin lién hé toi:
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oni pi

! CAN BAC HAI

I. KIEN THUC CO BAN
1. NHAC LAI MOT SO TINH CHAT CUA LUY THUA BAC HAI

Ta ¢co mot so tinh chat sau:

T'inh chatr 1. Binh phuong hay luy thira bac hai ciia moi s6 déu khong am.
Tuc la, ta luon co:

a’>0, Va e R.

Tinh ¢har 2. Hai s6 bang nhau hodc d6i nhau ¢6 binh phuong biang
nhau. Nguoc lai, néu hai s6 ¢é binh phuong bang nhau
thi ching bang nhau hoic doi nhau.

Tire 1a, ta luén co:
a b

a=b o lal=1bl o h;
(O

Tinh chgr 3. Vi hai s6 duong a, b, ta co:
a’>b’ < a>b.
Tinh char4. Binh phuong cia mot tich bang tich cac binh phuong
cua moi thira s0.
Tuc 1a, ta ludn co:
(ab)* = a’b’,
Tinh chdr 5. Binh phuong cua mot thuong bing thuong cia binh
phuong cta sé bi chia véi binh phuong s6 chia.
Tirc 14, ta ludn cé:

(a]'_a:
b bl

a. 33'.(—-2—] , b. (—0,05)3:( l--} :
3 100
Giui ' .
a. Tacd ngay:
32.[--2] =35 e@ey
3 3°



b.

2,

Ta co ngay:

b} ) ) y

8 1Y (5Y P Y 5 :
(-0.05)" [ ) = [ : ] : J = N0 = 25,
100 100 100 100

CAN BAC HAI CUA MOT SO

bé xay dung khdi niém can bac hai ciia mot so, chiing ta & bat diu

3]

vai hat bai toin sau:

Bai todn 1: 'I'im canh cua hinh vuong cé dién tich bing 16.

Giai

Goi canh ctia hinh vuong la x. diéu kién x > 0.
TUr gia thiét, ta co:

x*= 16 = x, =4 hodc X, = -4, vi 4 =(-4) = 16.

Vay. canh hinh vuong bang 4.

Bai todn 2: Cho s6 thuc a. Hiy tim s6 thue x sao cho x° = a.

Giai

Xc¢t phuong trinh: x" =2

ta ¢o nhan x¢t:

= Néu a <0, thi theo tinh chat 1. ta co x™ = 0 do dé khong ton tai x.
«  N¢u a >0, thi theo bai toin 1 ta thiy ton tin hai 86 thue:

X, >0va x; =a

x,<Ova x5 =a

hon nita, ta con cé co x, va x, doi nhau.

Chi y:  Ngudi ta chimg, minh dudc rang, véi moi so thue a > 0 luon

— — it bbb - S . Y

16n tai 80 thue duy nhit x > 0 thoa min x* = a. Ta ki hicu

X = J a va goi 1 can biac hai s6 hoc cua a.

Tur do, ta ¢o dinh nghia cin bic hai s6 hoc:

Pinh nghia: Can bac hai s6 hoc clia moét s6 a 2 0 1a mot so x khong
am ma binh phuong ctia né bang a. Ki hiéu Vo .

x20 )
x=+a & ,voiaz=0.

5
X =a

Thidu 2: Taco:



f
]

VI6 =34vid>0viad =16,
JL44 = 12vi1250va(1.2) = 144,
J(-8)? = J64 =8vis>0vi s =64,
Chia y:  Ratnhiéu hoc sinh nham lan cong, thice:
\/il =4, dan i cho rang, ‘J( -R) =-8,

Can chu v rang;

\/{l 1'

= lal, dodo Jh H}: = |-8l = &.
Thidy 3: Tinh gid tri cua bicu thic:
4 Y
M=JMN~J # .41
25 V16
Giai _
Ta bién dor biéu thic vé dang:
} j 1 ' . 3
) 2\ Sy 2 5
M= 4(03) - + J T |,
/ \(5) \/[ 4 5 4

3 2 5 6=8+25 23
s = + = - .
1o 5 4 20 20

Chay: |, thav rang, so - Va <0 la s6 doi cua Va, vdia > 0. Va so
—+a dudgce poi la can bac hai am cua a. Vay, moi so thue
a > 0 ¢0 2 ¢an bac hai la hat <6 doi nhau, trong, do:

. \/u > () goi la can bac hai s& hoc hav con goi la can
- . ?
bac hai duong, cua a.

= —Ja <0 goi la can bac hai dm cua a.
s 3 Lfsd i ana b3 e o i
Thidud:. Trong cdc so (=3)" . V37, —4/(-3) |, - V3% $0 ndo 1a can
bic hai $0 hoc ctua 9.
Giai
- At 2 J‘ 1 o - A . at ( . -,
Cac s0 /(-3)" , Y37, la can bic hai s6 hoc cua 9 boi vi:

V9 = J(-3)2 =350va 9 =32 =350,
Tém lai:

13



Mot cach tdng quat trén R:
1. Moi s6 duong a > 0 ¢6 hai can bic hai la hai s6 doi nhau:
= VJa>0 goi la can bac hai s6 hoc hay con goi la can bac hai
duong cua a.
= —+a <0 goilacan bac hai am cua a.
2. S8 0 c6 cin bac hai duy nhat 1a 0.
3. S6 am khéng c6 can bac hai.

I1. CAC VI DU MINH HOA
Vidu 1. Tinh gid tri cua céic biéu thiic sau:

a. J0,16+J-2%. b. \/3 Lo J6RE

16
Giai
a. Taco: . _
\[016 +\f245 = \/(0,4)A2'+\/(§J— =04 + g = i - ;Z = :
b. Tacé:

—

I 7 g . & 23

3—-4036 = || | —-4(06)" =— - —=_—,

J 16 \/(4J \/I : 4 5 20
Vidu 2. Tim x, biét:

16 c. 4x°=0,16.
a. X' = -9 ; I
b. K:=3. d. (X—l)_:(-).
Giuai
a. Taco:
X' = 1% = [i%] o x =+ i
9 3 3

Viy, tap hop nghiém cia phuong trinh [a S = {j :} -
b. Tacd:

14




X1z F = (£+f3) e x =443,
Vay, tap hop nghiém cua phuong trinh la S =| 433443 1.
¢. Taco thé bién déi theo hai cich: :
Cach I: Ta co:
4x* = 0,16 e>x*=0/04 =(+ 02 > x =402
Vay, tap hop nghiém cua phuong trinh 1a S ={0,2; -0,2}.
Cdach 2: Ta cé:
4x°=0,16 2 (2x)=(204) ©2x=+04 =>x=10,2.
Vay, tap hop nghiém cua phuong trinh 1a S ={0,2; -0,2}.
d. Taco:
¢

;o . I 4 2
(x=1)y=- = tl o X-1l=t - x=- hoicx = -
9 3 3 3 3

Vay, tap hop nghiém cua phuong trinh 1a S = {4; i—} .

-

Nhéan xét:  Nhu vay, thong qua vi du trén chung, ta da lam quen dugc
véi viée sir dung khai niém can bac hai dé tim nghiém
cua phuong trinh, Tuy nhién, chung ta mai chi bat dau vai
phuong trinh dang x* = a® hodc can bién d6i doi chit dé co
dugc dang nay. Vi du tiép theo sé nang muc tiép can cho

chung ta. '
Vidul3. Timx,biét:
a. x1=4-2./3. c. 2x-1)Y=]1-2x].
b. x*+4x=23-102. d. (x=2Y +Q2x+1)=0.

Giuat
a. Ta bién doi phuong trinh:
xX}=4-243 =3-2/3 +1=(J3) =243 +1=(J3- 1)
x=+(V3-1)ex=+3 -lhoacx=1-+3.
Vay, tap hop nghiém cua phuong trinh 1a S ={ B-11-43)

b. Ta bién doi phuong trinh:
15



X2+4x +4=25-1012 +2(x+2)=(5- V2 )
ox+2=+5-V2)ex=3-42 I]O{ICX=\[2 - 7.
Vy, tap hop nghiém cua phuong trinh 1a S ={3 - S22 - T
c. Nhan xétrang (2x - 1’ = |1 = 2x|° do dé phuong trinh dugc viét dudi
dang:
l-2xI*=l1-2x| e l1-2x|(l1-2x] -1)=0
1-2x=0 x=1/2

[=2x=1 & {x=0

1-2x1=0
I1-2xI=1

1 -2x =-1 S8 |

Vy, 1ap hop nghiém cua phuong trinh 1a S ={0; _]) s bk

d. Vi v€ trdi 12 tdng ctia hai binh phuong (hai s6 khong am) nén phuong
trinh tuong duong véi:

x-2=0 K=2 _m ,
{Zx el<0 — ond _l,dléu nay khong xay ra.
_ 2
Vay, phirong trinh vo nghiém.
m: Chung ta da biét rang;
a?>0vab’>0=>a’+b’>0
diéu do cho thay:
a’+b’=0¢>a=0vab=0.
Vidud4. Timx,biét:
x* = a (hing s0).
Gidi
Véi phuong trinh:
x* = a (hang s6)
ta di xét ba trudng hop cua a.
= Né&u a > 0 thi tap hop nghiém ctia phuong trinh 1a S=( va; —Va }.
= Néu a = 0 thi tdp hop nghiém cua phuong trinh 1a S ={ 0}.
= Néu a <0 thi tap hop nghi¢ém cua phuong trinh 1a S = .

16



Vidu3s. So sinh cic so sau:
x =443 vily:3\/4.
Giai
Ta co:
x'=(443) =163 =48,
y'=(3VJ4) =94=36.
Nhan thiy x*> y*, ma x va y duong nén x > y.
Nhan xét: D¢ so sanh hai 56, nhiéu khi ta can so sanh binh phuong,
cua chuang,. Khi do, ¢an luu v:
b

a’=b> < |al = |b] |
d

> |bl.

Cic ket qua trén sé cho phép ching ta tim duoc nghiém
cua bat phuong trinh. |

a>b < |a

Vidu 6, Tim gid tri cua x, biét:

a: X >16. c. x°< l_‘
b. x*<28. 3
d (x-1)y=4
Giuai

Ta biét vai a > 0 thi:
x'>ates [xl>a v x*<ate x| <a
a. Taco:
: ; x>4
X'>16=4'<:»|x|>4<:>|
'x«: 4
b. Taco:
x’<25=5" x| <5 —5<x <5,
¢. Taco:
e ! =['l) & - g <X < l..
3 3 V3 J3
d. Taco:
. ; x—=1>2 x>3
{x—l)“24=2‘¢:>|x-ll>2<:> & "
x—1<=2 X < —|

17



Chu y:  Cac em hoc sinh can than trong, khi giai dang bai nay vi ¢o
thé mdc phai sai 1dm dan dén lam mat nghiém
>4 o>x>4
hodac thira nghiém
L5 sang b,
Chung, ta sé tiép tuc vdi cac bat phuong trinh phac tap hon
trong vi du sau.
Vidu7. Tim gid tri cua x, biét:
a. X +2x-3>0. b. 4x° —4x < 8.
Giai
a. Tabién doi:

X2+2X-350 2 +2x+1>4 e (x+ 1) > 2

x+1>2 x> 1
= = ;
x+1<-2 X <=3
b. Ta bién doi:
4’ —4x <10 =2 4x*  -4x + 1 <9 (2x - 1) < 3°
& -3<2x-1<3&-1<x<2.
Vidu8. Ching minh rang gia tri cta cic biéu thic sau khong am:
a. A=I15x"+(x*-4x +4).
b. B=x(x"+6x+9).
Giai
a. Vieét lai:
A = 15x% + (x=2)".
Ta co:
15x*>0;
(x =2y 20.
suy ra:
A=15x"+(x-2) 20.
Trong truong hop nay ddu " =" khong xay ra do x khong thé dong
thoi nhan hai gid tri: x=0 va x=2. Vay, ta duoc:
A=15x"+(x - 2)' >0 - dpcm.

18



b. Ta co:
x* =0
X“+6x+9=(x+3)72>0.
suy ra:
B=x(x+3)2>0.
Dau " =" xay ra khi va chi khi:

x? =0 {x=0
5 ki i
(x+3)"=0 Xx=-3

Chi y:  Trong bai toan ching minh gia tri cac biéu thie khong am
chuing ta c6 ging phan tich biéu thuc thanh tong, hay tich
cac binh phuong. Cang c6 thé sir dung phuong phap nay dé
tim gia tri l6n nhat, nhé nhat cua mét biéu thie nhu trong,
vi du sau.

Vidu9. Tim gid tri nho nhat cua biéu thic:
A=x"—8x +3.
Giual
Ta co:
A=x"-24x+4-13=(x-4)"-13.
Do (x —4)°>0, suy ra:
A=(x-4Y-132-13.
Vay min A = —13 khi vachi khi (x - 4)’'=0 < x =4.
Nhan xét: T dinh nghia vé can béc hai, ching ta ¢6 md rong;
JABes {BZ", |
A=B

JA =VB& A=B20.
Két qua trén sé duge su dung nhiéu trong bai toan giai
phu'o‘ng trinh.

Vi du 10. Giai cic phuong trinh sau: -
o L B v
b. v2x+1 =x+1.
Gidi
a. Bién déi tuong duong phuong trinh vé dang:
(Vx-1y¥=3eox-1=9cx=10.

Vay, phuong trinh c¢6 nghiém x = 10.
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b. Bién doi tuong duong phuong trinh vé dang:

x+120 x2 -1 x2-1
.- s = <> x =0.
2x+1=(x+1)" 2Xx+1=x"+2x+ 1 X~ =10
Vay, phuong trinh c¢6 nghiém x = 0.
¢. Bién déi tuong duong phuong trinh vé dang:
x*=3x+220

X*-3x +2=2x-3x+ 1204 . i
X" =3x+2=2x" ~3x +1

-

x* =]

{x:—3x+220 {xf—3x+2zu
e <>

Vay, phuong trinh ¢6 hai nghiém x = 1.

I11. CAU HOI ON TAP LY THUYET

Cau hoi 1: Nhic lai mot s6 tinh chidt cia luy thira bac hai va chimg

minh cac tinh chat do.
Cau hoi 2: 11ay xay dung khai niém can bac hai ciia mot sé.
Cau hoi 3:  Phit biéu dinh nghia can bac hai s6 hoc clia mot s6.
Cau hoi 4:  Neéu két qua tong quat trén R.
IV. BAI TAP PE NGHI
Bai tap 1. Thure hién phép tinh:

a. (5| -7] . b. (-0,25)3:[ & ) _
\ 5 1O0)
Bai tap 2. Tim x, bict:

VX =Y. c. dx2+1=8-2J6.
.‘= ’)- 1 >
b. x =¢ 2. d xXX+1=6-2+6.

Bai tap 3. So <anh cdc cap so sau:

o l) 3 Vi (J, :l.:)_ C. 2 \/3 vfl 3JZ
T O : ;
L 1} va 2 . 2
V2 Vs d. 6‘]_} Vd7J-6
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Bai tap 4. Chimg minh cac bat phuong trinh sau nghiém ding véi moi x

a. x“+122x. g Xlwr=IDEgt=1

b. 2x*+2x-1> - 15 d. 9x*+ 6ax+ a +8 >0, a la hang s0.
Bai tap 5. Tim gia tri cua x biét:

a. x> 225:x° <25 c. x’-1<9:

b. x*+2x-520: d. x*+ 6ax +9a’ — 4 >0, a la hang so.
Bai tap 6. Tim gia tri nho nhit cia biéu thiic:

A=8+ \fx" +3x -4 .
Bai tap 7. Tim gia tri 1on nhat cha biéu thiic:
 A=11- Vx2+7x+6.

Bai tap 8. Tim gid tri nho nhat ctia biéu thic:

a. A=5+ J;cz-—fixh:d, C. C=Jx2—7x+(;-—25

b. B=vx?-7x+5. i DeE-or il
Bai tap 9. Tim gi4 tri 16n nhat cta biéu thic:

0, A= 5~ Vx? 4% £ 13, 8. O 12w NP =D 41
b. B=-3x"+6x-15. d. D=17+ 10x - x°.

Bai tap 10.  Giai cdc phuong trinh sau:
a. J2x-1=1. c. vx’-4 =+x*-2x.

b VxTHS =x 4.

V. HUGNG DAN - PAP SO
Bai tap 1: /Hoc sinh ne lam.

a. 49 b. 62—5
9
Bai tap 2: <
a. S={3;:-3}.
b. S={2;=-2),
c. Tacé:

' +1=8-2J6 & 2x)P=7-26 =6-2J6 +1=(/6-1)
¢:>2x=i(x/6—~l)¢:>x=i-;lz-(x/6 - 1).

Vay, tap hop nghiém cua phuong trinh [a S = | ; (V6 - 1); - ,l) (V6 — 1))



d. Taco:
X+ 1=6-26 < x*=5-26 =3-23.42 +2=(J/3-2)
o x=1(3-2).
Vay, tap hop nghiém ciia phuong trinh 14 S= { /3 - V2 ; V2-43 ).
Bai tap 3:

a. 0,3>0,2(5). & 243 €342,
1 1 ' 9
b 4. - >2.1-. 2 2
\[2 \/3 d. 6 7 <7J6.
Bai tap 4:
a. Taco:

X+122%Xxox-2x+120=(x-1)20
Viy, bat phuong trinh c¢6 nghiém ding véi moi x.
b. Tacé:
2X*+2x-12 - 15 2x*+2x-1+1520
S22+ 22X+ 1420 2(x*+x+7)20

& X2+ 2. lx+l +7-—l 20¢:>(x+-'— ¥ * 37* >0
2 4 4 2 4

Vay, bat phuong trinh ¢6 nghiém ding véi moi x.
c. Tacé:
- Dz -lexid-1)- - 1)20
S -DE-1D20x -1)20
Vay, bat phuong trinh ¢6 nghiém ding véi moi x.
d. Tacé:

Ox*+6ax + a°+8 >0 (3x +a)’+8>0
Vay, bat phuong trinh c¢é nghiém diing vdi moi x.
Bai tap 5:
a.-Taco:

x2225<:>[ vax? <25 & -S<x<S.

Do d6, khong tén tai x.
b. Tacé:
X24+2X-520 x4+ 2X+1-620 (x+1)P°-620

x+1>6 |:x2\/g—l_

o x+)26 o =
[x+l£—~/€ xg-\/g—l,

c.. Tach: _ __
1"§9¢:>x2<'10<::> —-wflﬁ <x<10.
2 o



d. Taco: P
x*+ 6ax+9a’ —4>0< (x+3a) -4>0
X+3a>2 {x>233
&5

< (x+3a)y >4 .
X <—-2-3a

X+3a<-2
Bai tap 6: Ta co:

VX +3x-4 20=>8+ Vx> +3x-4 28,
Vay, Ao = 8, dat duoc khi:

J;E_:B;——_ct_ =0ex+3x-4=0 {

X =—4

Bai tap 7: Ta c6:

X2 +7x 46 20 =5 —x 2+ Tx +6 <O = 11— yxZ +Tx +6 =11,

Vay, B, .., = | 1, dat duoc khi:
e . ) X = “'“].
\/x“+7x+6=0<:>x“+7x+6=0<:>[ .
X =-6
Bai tap 8:
a. Taco: _
x1=3x+9>0<>5+ VX2 -3x+9 >5
Viy, A khong c¢6 gia tri nho nhat.
b. Ta co:
Jx2 =7x +5 20.
VY, A g iy = 0. dat duoe khi:
x3-7x+5=()<:>x2—2.7x S =
2 4 4
( 49]2 29 [ 49}2 29
o 3 X — - S aewin e 0 &7 i S _—
\ 4 4 4 4
V29,49 | _2J29+49
e 2 o 4 o 4 )
__¥29 49 | _-2429+49
L 2 4 1 4
¢. Taico:

VX2 —7x+6 20 VX2 —=7x+6 —25> — 25
va% Anhé nhat = —25‘ dﬂt dU'UC khi'

" x =1
X~ — 7x +6=0c>[

x =6
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d. Taco: |
X2—6x +11=x*=23x+9+2=(x-3)+22>2
Vay, Ao o = 2, dat duoge khi:
(x-3y=0&x=3.
Bai tap 9:
a. Tacé:
VX2 —4x+13 >0(dox*—dx+13>0)e> 15—yx? —dx +13 <0
Vay, A khong c6 gid tri 16n nhat.
b. Taco:
—3x*+6x — 15 =-3(x"-2x + 3)
=-3(x-17+3.2=-3(x-1) +656
Vay, By, g = 6, dat dugc khi:
x-1Y=0=x=1.
c. Tacé:

—_ e m——

12 -JxZ—2x +1 S 12
VaY’ C'Ién nhat = 12, dat dlfUC khl

Vx2=2x+1 =0x=1.
d. Tacé:
17+ 10x —x*= - (x - 5)° +48 <48
Vay, Dy, wa = 48, dat duoge khi:
(x-5V=0x=5.
-~ Bai tap 10:
a. Bién déi tuong duong phuong trinh vé dang:
(\fo—lf: Pe2x-1l=l12x=2&x=1.
Vay, phuong trinh ¢6 nghiém x = 1.
b. Bién déi tuong duong phuong trinh vé dang:

x+120 | x> -1
g , & 5 « D
X" +S5=(x+1) X" +5=x"+2x+1 2X =4

X =2,
Vay, phuong trinh c6 nghiém x = 2.
c. Bi€n déi twong duong phuong trinh vé dang:
x* =420 {xz >4
>

x> —4=x"-2x

x2—4=x2—2x20¢¢{

‘Vay, phuong trinh ¢6 nghiém x = 2.
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cnvu BE CAN THUC BAC 1Al
2 HANG BDANG THUC J/A° =1

I. KIEN THUC CO BAN
1. NHAC LAI GIA TRI TUYET POl

Ta co:

Gid tri tuyét déi ciia biéu thite a duge xdc dinh nhie sau:

a n€u a'zo
| al =
-anéua<0

Thidy l: Taco: .
x—1 néux-1 20_

T x—1néux >1
X=]1l= = -
—(x=-Dnfux-1<0 |[l-x néux <]l

2. DPIEUKIEN PE VA CONGHIA

Ta cé ngay:

[ﬁ:'hfré‘nghﬁfu khi va chi khi A 20. e
Thidy 2: Véi gid tri nao cua x thi V2 -x c6 nghia ?
Gidi '

Dé 2 -x c6 nghia, didu kién 1a:

2—x20e=x<2.

Vay, vdi x < 2 thi J2-x ¢6 nghia.
Thidy 3: Tim diéu kién ciia x dé V- 2x + 1 t6n tai ?
Giai

Pé - 2x +1 16n tai, didu kién la:

-2+ 12092x- 10 x <

[

Viy, \/—ix +1 16n tai khi va chi khi x < ; .



»

3. HANG PANG THUC VvA? = |A|
Ta c6 két qua:

¥ Anfu A20
VA© =IAl = ;
~ A néu A<O

T'hidu 4: Tir két qua trén ta thay:

J8) =18l =8,

\f(ﬁ;n?=Iﬁ-1|=\/§—~1,v‘1\/3—1>0. |
Job -y =B -Pledf - BB -0

Thidu S: Tinh:
a. \/a" ; b. J(K—B)z 3
Giai
a. Taco:
\/zi" = \ﬁal)2 =| a’| = a, via’ >0 véi moi a.
b. Taco:

N X=3néux-320 X-3néux>3
Jix-3)? =[x-3|= | " x
—(x=3)néux-3<0 3-x néux<3

Thidu 6: Tim x, biét:

o s =9 b V=37 =3-x
Giai
a. Tacé:

Jx+D? =9 ix+11=9

[x+l:9n€ux+I20 x =8néux > -1
="

: = :
—-(x+1)=9néux+1<0 X = —10 néux < —1

Viy, ta nhan duoc hai gidtrix =8 vax = —10.
b. Tacé:

\[{‘ﬁ-;3)2 =3-x|x-3|=3-xo=x-3<0ex<3.

Vay, nghiém cua phuong trinh la x < 3.

Cha y:
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1. CAC VI DU MINH HOA
Vidul, Tinh [x*-3x+2].
Giar

Ta co:

] 7 b
- X" =3x+2néux- =-3x+22>20
|x*=3x +2| =

—(x* =3x+2)néux- —3x+2<0

sz ~3x +2néux>2hoacx <1

B l—xz +3x-2néul <x <2

Vidu 2. Tim cac gid tri caa x dé biéu thic sau ¢6 nghia:

a. A :——-Tf:l e | b. B=-- szjl

V5% + 10
Giai
a. Deé A c6 nghia, diéu kién la:
5x+10>0=x>-2.

Viy, vai x > -2 thi A ¢6 nghia.

b. D€ B c6 nghia, diéu kién la:

2% +12 0 X2
b <:><
3x"-5x+2#0

p:
X#hxz-—
3

Pl l 5 2 . 4 o~
Vay, véi x 2 - 5 vax# I; x # = thi B c6 nghia.

Vidu 3. Tim cdc gid tri cua x dé biéu thirc sau ¢6 nghia:
1 = D=
a. A:\/xz-36. c. Cz\/-'-' &
X =

b. B= vVx?—4x+3
Gidi
a. Dé A c6 nghia, diéu kién la:
x’-3620 %26 |x|>6.

Vay, v6i | x| > 6 thi A c6 nghia.

3x% —Sx+2

&l



b. Dé B co nghia, diéu kién la:
X —dx+320x -dx+42 1 x-2021x-2]21
x-221 X =3
<:>|i):;--25—l Q{x?l'
Vay, vdi x > 3 hoic x < | thi B c6 nghia.
c. DE C o nghia, diéu kién la:
2-x
%x=3
ta di 1ap bang x¢ét dau, dua trén:

>0

2-x=0x=2
x~—3=()¢_:>x=3

nhu sau:

- 2 3
3 _ % £ O .. - "] .
X -3 [ s 0 +
2-X it PO -
Xx—23

Tir d6, suy ra:
o T DR Y
x-3

Vay, voi 2 < x <3 thi C c6 nghia.
Vidy4. Tinh:
a J((),OQ)J . _ ‘/( JZI B 152 _

b2 3'. d. JW3-2)
{3 -

Giu'i
a. Taco: )
J0.09)? =10,09 | =0.09.

b. Taco:

(o}



c. Taco:

JW2-1? =1V2 -1l = V2 - 1,vi V2 - 150,
d. Taco:

J&B-27 =143 -21=2-3.v2-3 <0.
VYidu3. Tinh:

Vx© . x+Vx1-2x+1.

b. Jx2-4x+4 d. x+y+\/(-x.;.)_f-)-3.
Gf:ff
a. Taco:

3 i 3 3 o
néux <40 —x néux <0

NN . x* néux' =0 x' néux >0
- = 1 = |
- X
b. Ta co:
\/_ —4x+4-\/(x—2) =Ix - 2l

~ X—=2néux-220 B X—=2néux =2
—(x~2)né’ux-2<0ﬂ 2-x néux <2

c. TlacH:

X+ Vx°© —”x+l—x+\/(x—-l) =x+[x-1]

B X +x-—1 néux,—lzo_ 2Xx =1 néux >1
x—(x—l)né’ux—l<0— l néux <1

d. Taco:

x+y+ J(x-y)? =x+y+|x-yl
_{x+y+x—y néux—yzﬂ_{ané’uxay

x+y—-(x-y)nfux-y<0 |2y néux<y
Vidu 6. Ching minh ring:
Y AP g S s {N? 1 o2l
2 néul <x<2
Giai
Ta cé:

P Jx——l+2~/x'—|+l + x—l-—"\/x—l+l
29



ST+ + (W= -1E = Vx—T + 1 +1Yx -1 -1
x=T1+1+Vx=1=1nuvx-1-120
fx =14 1=afx=1+1 nfufx=1=1<0

2Vx T néuvx ST 21 [2¥T néux—131
2 néuvx -1<1 2 nu0<x-1<l1

(24X -1 néux =2

A

.

= " d m.
2 néul <x <2 W
Vidu7. Cho biéu thic:
oot et
Ox~ -1

a. Tim tap xdc dinh cta A.
b. Riit gon biéu thiic A.
¢. Tinhgidtricha Ataix = 1.
d. Timgiatricoax dé A = ] :
e. Tim gid tri cua x dé A < 0.
Giai
a. Diéu kién dé biéu thic A c6 nghia:

9x% —-6x+120 Bx-1*=20 |
: & ol G
Ox° -120 Bx-D3x+DH=0 3
b. Ta cé:
Ao VOxT-6xrl _JBx-n? _ Px-i
9x2 -1 9x> -1 (Bx=-D3x+1)
——l— néuldx-1>0 ~-l-- - néux > J
. 3x +1 =¢3x+l
i, 3 néuldx -1<0 i néux < L]
[ 3x + 1 (3x + 1 3

c. Véix=1> ;)-,laduqc:

A=- ] =—l.
31+1 4
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; 1 o
d bDeA= 3 ta ¢o hai truong hop:

'rwong hop 12 Néu

LY. 3=3x+1
3x+1 3 2
| = EX= —.
X>'] X):{- 3
3 :
Triong hop 2: Néu
S J—3:3x+l
3x+1 3
9 Lo ] X =— -,
x(' lx<3 3
3
- . 2. 4 . |
Vay, voi x = 3 hoacx:—-i thiA= —
e. Taco:
]3x*l‘
AN<€O &~ €l (1)
9x~ -1

3x-1%0 L I I |
& , 0% = | €0 &3] xl € = B-sdng—.
9%~ -1<0 3 3 3

. 1

Vay, vé —--<x< - thi A<0.

3 3

ChiV: O caunay ta co thé lam cach khac nhanh hon nhé viée danh
gia dugc: '

13x =1/ >0 (TXDb: xii_—;)

Do do:

1o -1<0 | x| < 3 - ~§~<x<—l—

ot T 3
Téng quat: Trong trudng hop bat phuong trinh tich phic tap ta c6 thé lap
bang xét dau.
Vidu3.
a. Ching minh bat dang thic:

Va2 +¥b? 2 Ja+b) .
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b. Tim gid tri nho nhat cta biéu thic:
A = (2006 - x)* + /(2005 - x)° .
Gidi
a. Xét bat dang thiic, vi hai vé khong am nén binh phuong hai v& ta duoc:
a’+ b’ +2va? ./b? >(a+b) <2 abl>2ab, luon diing.
Vay, bit ddng thic duge chimg minh va dau " = " xay ra khi:
a.b 2 0, tic la khi a va b cung dau.
b. Taviét:
A= (2006 - x) ++/(x - 2005)> > /(2006 — x + x —2005)* =1.
Vay, A,,,, = |, dat dugc khi:
(2006 - x)(2005 - x) > 0 <> 2005 < x < 2006. |
Nhan xét:  Trong, cau a), ching ta da sit dung phép binh phuong dé
khu cin, r6i tir d6 nhan duge bat dang thic ding. Tuy
nhién, ta ciing ¢6 thé ching minh bing cach bién d6i:
J“'.z' + \/b2 2 \/&a}—b)-é <> |a|l +|b|>|a+b]

Ta thay ngay, bat ding thitc trén luon ding (vi da dugc chimg
minh trong, phan bat ding thuc chita dau tri tuyét d6i).

Vidu9. Giiicic phuong trinh sau: -
a. Jx_:i\/;+l = 2. b. \/;3\7;-—:|:=\&——*|—l
Gidi

a. Bién déi phuong trinh vé dang:
JWx =1 =21 Jx —11=2
Jx -1=2 Jx =3
= ) — . <>x =0
Jx —1=-2 x/xz—lvﬁnghié;m

Viy, phuong trinh c6 nghiém x = 9.
b. Bién doi phuong trinh vé dang:

\ﬁ;:lshbﬁ(—ﬁﬂ =Jx-1-l1e \/(\/x -l-— ) =Jx-1-1
SIVx-1-ll=JYx-1-1o Jx-1-120 Jx-1 21

&x-l121leax22.
Vay, phuong trinh ¢6 nghiém x > 2.
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Viduy 10. Tim x, biét:
a. '\/?;‘—.2 +2=x. b. \/X—.l + 1 <x.

Giai
a. Diéu kién c6 nghia:
x=220x22 (*)
Bién déi phuong trinh vé dz_mg:‘
Vx-2 =x- 2o Jx-2 =(Jx-2Y e Jx-2(Vx-2-1)=0

Jx-2=0 % =2=0 x=2
&5 &> p_—— > , thoa man (*).
\/x—2—l:0 _.\/x—2=l X =3

Vay, phuong trinh ¢6 hai nghiém x = 2 va x = 3.
b. Diéu kién c6 nghia:
x-120=x21. (™)
Bién doi bat phuong trinh vé dang:
V-1 gx-1e Jx-1 s(Jx-11e Jx-1(x-1-1)20

Jx=1=0 x-1=0 ] |
&> o &S s <D , thoa man (*).
lx=1-120  [Wx-121  {x22 |

Vay, bat phuong trinh c¢6 nghiém x = | hoac x > 2.
L. CAU HOI ON TAP LY THUYET
Cau hoi 1:  Neéu dinh nghia gi4 tri tuyét déi ctia a. Ap dung dé tinh 12x - 5.
Cau hoi 2:  Viét diéu kien cia A dé VA ¢6 nghia.
Cauhéi3: Vict hing ding thic VA= |Al. Ap dung dé tinh
Jax-1? .
IV. BAI TAP PE NGHI

Bai tap 1. Tim tap xdc dinh ciia cic biéu thiic.

‘ T s
a. A-J5x+40. c C= :/..x»t__z{_
2 5 3 l X~ -6x+9
£ ¥
b. li= '¥’ .:‘:—E“_:’t—- 3)({ I
Jx2_4 d- D=_ .‘.'Z.'_::"__..'-
Jx2l 423



Bai tap 2. Rut gon biéu thiic:

A= _\jx_+j:i§x+3 . c. C= \{(x : 4)
x* -3 X -5x+4
b B= __\[X‘?_—S_;f +6 d. Dz — x+1

T x—2 Vox? +6x +1

Bai tap 3. Giai phuong trinh:

a Yx+2Jx+1 =3, . Vx-2dx+1 =x-I.

b. Vax?-dx+1 =1-2x & xSk D] sk =B
Bai tap 4. Cho biéu thic: |

A=6x-1+ Jx“’ -4x +4
a. Rut gon biéu thic A.
b. Tinh gid tri biéu thic A véi x = 5.
c. Tim gid tri cua x dé biéu thic A = 1.
Bai tap 5. Cho biéu thiic:

_ A=x+8—- x> -6x+9

a. Ruit gon biéu thic A.

_b. Tinh gid tri biéu thitc A véi x =— 1.
c. - Tim gid tri cua x dé biéu thic A = 0.
Bai tap 6. Tim x, biét:

a. V2x-1 +1=2x b. V3x-2 +4<6x
Bai tap 7. Giai phuong trinh:

S e Y b KT -2 =0
Bai tap 8. Giai phuong trinh:

a. Vxi-x+l=x+1. b. Jx3—2x+3=x+5.
Bai tap 9. Giai phuong trinh:

a 5Vx-2=x+2. b. 3¥2x-1=2x - 5.
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V. HUGONG DAN - PAP SO
Bai tap 1: Tim tip xdc dinh cua cic biéu thic.
a. Dé A co nghia:
5 +4020=x >2-8.
Vay, TXD: x 2 - 8.
b. B¢ B co nghia:
. X >2
X —4>0 { :
X < -2
Viy, TXD: | xI > 2.
¢. bé Cconghia:
]Zx +4>0 X
¥ . c::)
lx“—6x+9¢{) X #3

i
&> =-2<x #3.

v

Vay, TXD: -2 <x # 3.
d. Bé D cé nghia:
X+ 123 0, Vx
Viy, TXD: xe R.
Bai tap 2:

a. TXD:
X*-3#0ex#++/3.
Ta co:
el ooy o

x* =3 %" -3 x* 3
Ta xét hai truong hop:
Tricong hop 1: Néu x + /3 >0 x >-+/3.
Ta (-quc:
x+v3

As ===l B )
(x+~/3)(x—-w/3) x — /3
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Tricomg hop 2: Néu x + V3 <0 x<-4/3.

Ta duoc:
A= —(x+J?) ____!___
x+¥3x-43) x-
TXD:
X=>2
Ta cé
po VO Suie _Jx-2x-3 g o
Jx-Z \/x—2
TXD:
X =5x+4z20=x21,x#4.
Ta cé:
oo J(x 4y Jix-4)7 _ Ix-4l

X* -5x+4 (x—l)(x 4) (x=1)}x-4)
Ta xét hai truong hop:
Tricong hop 1: Néeux —4> 0 x >4,
Ta duoc:

R vec. ALY
(x=1)x-4) x-1

Triong hop 2: Néux -4 <0 ¢ x <4,

Ta duoc:
c=_—&x-4 _ -1
(x—l)(x 4) X — |
TXD:
Vx € R\[-1/3} (do9x*+ 6x + | =(3x + 1)’ > 0).
Ta cé:
D = 3x +1 3x + 1 __3x+l

VO  x6x+1 Oxel)y 13410



Ta xét hai truong hop:
Tricong hop 1: Néu3x + 1 >0 x> - ;

Ta duoc:
pD=3X*1_,
3x + 1

. |
Triong hop 2: Néu3x + 1 <0 x < — B

Ta duoc:
D= _2X*l _
—(3x+1)
Bai tap 3:
a. Bién doi phuong trinh vé dang:
Jx+1)? =3 |Jx +1l=3cx +1=3

o Jx =2 x=4.
Viy, phuong trinh ¢6 nghiém x = 4.
b. Bién déi phuong trinh vé dang:

Jox 1 =12 [ 2x-1] = 1-2x > 1 - 2x <0 > x>

Viy, phuong trinh ¢6 nghiém x >

L]
=
c. Bién d6i phuong trinh vé dang:

Jx =17 =Jx-l1e | Jx=1] = Jx-1 & Jx-120

o Jx2lex2l.
Viy, phuong trinh ¢6 nghiém x > 1.
d. Bién d6i phuong trinh vé dang:

Ix=2=20x=2 +1 =X ~Z-1.& J(x-2 =1} = fx=2 =l

o |Vx=2-1l=Vx-2-1 Jx-2-120 Jx-2 > 1
oOx-221x23.

Vay, phuong trinh c6é nghiém x > 3.
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Bai tap 4:

HE

biéu kién Vx € R do:
X>—4x +4>0¢ (x — 2) 20 luon ding.

Ta co:

[ 5 / )
A =6x-1+ v;x‘ -dx+4 =6x -1+ 4(x-2)

=6x—1+|x-2| =
Ta xét hai truong hop:
Tricong hop [: Néux-2>0< x> 2.
Ta duoc:
A=b6x -1l +x=2=7x-3.
Triwong hop 2: Néu x —2<0¢>x < 2.

Ta duoc:

A=6x-1-(x-2)=5x+1.

Vo1 x =5, ta co:
Nel.§=3=32.
bé A =1, ta co:

Trieong hop 1: Vi x 2 2 thi
4
Ix-3=lox= - khong thoa min.

Tricong hop 2: Vai x < 2 thi
*Sx+ 1 =1 x =0, thoa min.

Vay, x =0 thoa man di¢u Kién dau bai.

Bai tap 5:

d.

38

biéu kién:
x* = 6x + 9 >0, luon ding.

Ta co:

A=x+8—YxT=6x+9 =x+8—f(x=3)’

Ta xét hai truong hop:
Triong hop [: Néu x =320 <> x > 3.
Ta duoc:

A=x+8-(x-3)=11I.

=X +8-1x - 3|



Tricong hop 2: Néu x - 3 <0< x < 3.
Ta duoc:
A=x+8-3-x)=2x+35.
b Yaoix =3 mdaoec A= 11,

C. PDEA=0VvO1IX < 3,10 ¢O:

2xXx+5=0=x =~

19 "h

Viy. x = thoa man di¢u Kién dau bai.

Bai tap 6:
a.  Bicu kien ¢6 nghia:
2x - 120¢>x 2 (*)

Bién doi phuong trinh vé dang:
V2x -1 =2x-1 & 2x -1 =(J2x -1’

<> \/'.Zx.-;-l_(\[;—-j—l)=()

V2x-1=0 2x-1=0 gy
el e - = 2 , thoa man (*).
I =] =0 Y2x-1=1 o 1

Vay, phuong trinh ¢6 hai nghiém x = ; vax = |.

b. Diéu kién c6 nghia:

3Ix-220x> =

[ 39]

(*)

[y

Bién doi bat phuong trinh vé dang:
VIx-2 €23x -2) > V3x -2 <23x -2 )

& V3x-2@2V3x-2 - 1)20

. Ix =2 = 2
J3x-2=0 x-2=0 X =" -
= . &> \H---m? . K 3 ., thoa mian (¥*).
2'\/3X“2'—120 ‘x"—"-——z X23/4
; ; 7. 3
Viy, bt phuong trinh ¢6 nghiém x = : hoac x > 5
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Bai tap 7:

a. Ta cé thé lua chon mot trong hai cach trinh bay sau:

Cdch 1: Gidi theo kiéu ddt diéu kién cé nghia 16i bién do.
Diéu kién: Vx € R do

X" —-5x+8=(x- . ) + )

2 4

Ta co:

Vx? —5x+8=2¢ Vx? —5x+8=2

bl hl x
¢:>x'—5x+8=4<::>x'—5x+4=()<:3{ 4
x:

Vay, phuong trinh ¢6 hai nghiém x = 1 va x = 4.
Cdach 2: Gidi theo kiéu bién doi rong dicong.

x3_5x+8=4<:>x3—5x+4=0<:>|:
X =4

Vay, phuong trinh ¢6 hai nghiém x = | va x =4,

b. Diéukién:
x+120
{2 -x20

o~ €£x 2.

Ta co:

\/x+l-\/2—x=0c> Jx+1 = \ﬁ':‘;{

c>x+l=2—x¢:>2x=l<:>x—%.

Vay, phuong trinh c6 mét nghiém x = % ;

Cach 2: Gidi theo kiéu bién doi heong dicong.
X+l =+v2-x @x+1=2-x20

x 2 -1

{x+120
=N | .

=
x+¥l=2-x X = -
2

Vay, phuong trinh ¢6 mot nghiém x = % .
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Bai tap 8:
a. 'Ta c6 thé lua chon mot trong hai cich trinh bay sau:
Cach 1: Gidi theo kiéu ddt diéu kién 6 nghia réi hién doi.
Piéu kién ¥x € R do:
§ l ., 3
X —X+l=(x--)y+ - 20.
2 4

Ta cé:
Vel cx+l=x+loxi-x+1=(x+1)
SX-x+1=x"+2x+1©3x=0x=0.

Vay, phuong trinh cé mdt nghiém x = 0.

Cach 2: Giai theo kiéu bién doi tiiong dicong.
x+120 {x > -1
<

e X =0,

X' =x+l=(x+1)° 3x =0

Vay, phuong trinh ¢6 mét nghiém x = 0.
b. Ta c6 thé lua chon mot trong hai cich trinh bay sau:
Cdach 1: Gidi theo kiéu ddat diéu kién 6 nghia réi bién doi.
biéu kién Vx € R do:
X" -2x+3=(x~-1Y+220.
Ta cé:

- e —————

\/)-r.: 2 +3=Xx+5 x> =-2Xx+3=(x +5F
<::>x3—2x+3_=x3+10x+?.5¢::~ | 2x =-22 &% =

: [
Vay, phuong trinh c6 mét nghiém x = g

Cdch 2: Gidi theo kiéu bién doéi hiong dicony.

{Hszo {xz—s 11
—

ESX=—— .

X* =2x+3=(x+5)° 12x = -22 6

. |
Viy, phuong trinh c6 mot nghiém x =+ 16

11
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Bai tap 9: D¢ nghi cic em hoc sinh giai theo hai cdach da biét:

Cach 1: Giai theo kiéu dat diéu kién ¢o nehia réi bién doi.
- - 1g

Cdch 2: Giai theo kiéu bién doi ncong dicong.

.

0 day trinh bay theo cich dat an phu dé cdc em lam quen.

bicu ki¢n ¢d nghia:
x-220<x2 2

Viét lai phuong trinh dudi dang:
x-2-5Vx-2+4=0(Jx-2)=-5Jx-2+4=0. (1)

Pat t = v/x = 2, diéu kién t > 0. Khi dé phuong trinh (1) ¢6 dang:
F-51+4=01-1)1-4)=0

1=1 x-2=1 [x=3
&5 - < ;
t=4 Jes Y el x=18
Viay, phuong trinh ¢6 nghiém x =3 va x = 8.
bicu kién ¢6 nghia:

|
21—‘120@){27

Viét lai phuong trinh dudi dang:
batt= J2x - 1, diéu kién t 2 0. Khi d6 phuong trinh (1) ¢6 dang:
r-3t-4=00+1)(t-4)=0
t = ~1loai

e ¢:>\/2}:i_=4<:>2x—-l=16<:>x= =

[ = 2

17
Viay, phuong trinh c6 nghiém x = 'k



cny BE  LIEN IE GIUA PHEP NIIAN
3 VA PHEP KIAI PHUONG

I. KIEN THUC CO BAN
1. MOPAU
Chting ta bat diu vai phép so sanh v4.16 va V4 .16 .
Ta co:
J4.16 = Joa = V8* =3
Ja .16 =22 42 =24=38
tue la, ta co:
Ja.1e = Ja 16
Tong quat hoa, ta ¢6:
V6i A 20,B 20 thi:
IRB =R 5.

Két qua trén cho phép chiing ta phit bic¢u duge hai quy tac theo hai
chiéu cua bicu thuce trén.

2. KHAI PHUONG MOT TICH

Ta ¢6 quy tac:

Quy tac khai phuong mot tich: Mudn khai phuwong mét tich cdc
biéu thitc khong dam, ta ¢é thé khai phitong timg biéu thite réi nhan
két qud voi nhau.

Thiduy 1: Sudung quy tac khai phuong mot tich, tinh:

a. 2549 . c. 2748
b. J9.16.36 . d /%la? .
Giai

a. Taco ngay:
V2549 =+/2549 =5.7=35.
b. Taco ngay:
V9.16.36 = V9.416.4/36 =3.4.6=72.
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c. Ta viét lai:
J27.48 = V27.3.16 = V81.16 =9.4 = 36.
d. Tacé ngay:

J81a® = V8i1Ja2 =9.al.

Nhan xét: Trong cau ¢), néu chung ta van dung, mét cach may moc quy
tic khai phuong mét tich sé khong nhan dugc két qua gon.

3. NHAN CAC CAN THUC BAC HAI

Ta c6 quy tac:
Quy tdc nhdn cdc cdn thicc bdc hai: Muén nhdn cde cdan thite bac
hai ciia cdc biéu thite khéng dm ta 6 thé nhdn cde biéu thite didi
ddu cdn véi nhau réi ldy cdn bdc hai clia két qud dé.

Thidu 2: Sirdung quy tac nhan cdc can thic bac hai, tinh:

@ V28, ¢ Bt

b JLI44.410. d. V273, Vi a > 0.
Giai
a. Taco:
V218 =42.18 = /36 = 6.
b. Taco:
JL1V44.410 = 1,1.44.10 = V11.11.4 =22.
¢c. Taco:

I Al et o J6B =G240 =3=1 = 1.

d. Tacé:
th\x/ﬁ%d = \/Sld’ =9lal=9a,doa>0.

Nhén xét:  Trong cdu c), ching ta da su dung hang ddng thu:
(a-b)a+b)y=a’-b".

44



1. CAC VI DU MINH HOA
Vidu 1. Rt gon cic bicu thic sau:

a. Ja'(3-a)’,via>3

b. ———l—b—.Jah(a -b)? ,vdia<b<O.

Giuai
a. Ta co:

>3

\fd‘(i_—a)2 = \fz;‘_l \/(3-a)" =a13 »al - a‘(a - 3).

b. Taco:

l Sl e 1
—andd®a—0) = HaAJa-b) = e | a*] o la~b
=fa’(a=b) bJ' Ja-b) . | Ja—-bl

a-— a— a—
a<b<0 |
2 ——(-a").(b~a)=a"
a—
Vidu 2. Thuc hién phép tinh:

a. A=(V8+J72-2)\2.

b. B=(Vd++7 —Ja-+7 )

c. C=3BV5+v2)3V5-2).
Giai
a. Taco:

A= \/g.xf?:+\f52.\f§ - V2. 2=V16++144 -2
=4+12-2=14

h Tacé:

B = [Jﬂ“ﬁ)z-2J4+ﬁ.\/4_\/§+(ﬁ_"§ﬁf

244 ST =2 @ ATHE =T $8=+T
=8-2416-7 =§-23=2.

c. Tacé:
C=(3V5)'-2=45-2=43.
’ Nhén xét: Nhu vdy, trong c4u c), bang viéc su dung hing ddng thic

chiing ta da giam dugc dang ké d6 phic tap.
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Vidu 3. Tinh:

PR v - SRR S - vprc i
b B 1312 . d. D= JII7F - 1087
Giai =
a. Taco:

A=1-T+2J6 =1 -6 +2V61 +1 = 1-/(V6)> +2V6 + 1
£ |- (64D =1-(6 + 1)==6.

b. Taco:

B= y7-2V12 = Y3-23v4 + 4 =4/(¥3)? - 2434 + (4)?
BT 45 - et B

c. Taco:
C=V2x+2V2x -1 = {2x -1+ 22— 1 + |
= 2T = VBT L.
d. Ta cé:

D= J(117-108)(117 + 108) = +/9.225 =3.15 = 45.

Chi y:  Cac em hoc sinh cdn than trong khi khai can, néu chua chic
chén thi phai ¢6 ddu tri tuyét doi.

Vidu 4.
a. So sanh JIB;H& vOi \/lg+\/4. .
b. Chimg minh ring Ja+b < va++/b . véi moi a, b duong.
Giai
a. Nhan xét rang:
(V16 +4 Y =20
(V16 + V4 > = (4 + 2)* = 36
suy ra:

(V1644 P < (Ji6 +4 ) = 1644 < V16 +V4.

46



b. 1ai v¢ cua bat Jing thie khong dm nén binh phuong hai vé, ta duoc:
(Vatb)y<(VJa+vb)yesa+b<a+b+2/ab
/ o
<> 0 < 2vab, luon dung.

' Nhan xét:  Cach dat van dé cua vi du trén, giup chung, ta Giép can vai bat
dang thue trudge khi di chimg, minh no. Tuy nhién, néu dat van
dé theo kicu nguoc lai, chung, ta sé dugc quyén su dung, bat

déang thuc nay dé dua ra danh gia cho phép so sanh.

a.  Ching minh bat diang thic:
lac + bdl < J(a® +b ) +d° ) — Bail cliing thuie: Brsicae o
b. Bi¢t x* + y* = 52. Tim gid tri I6n nhat va nho nhat cua bicu thite:
A =3x + 2y.
Giai
a. Hai vé cua bat dang thitc khong am nén binh phuong hai vé, ta duoc:
(ac + bd)” < (a” + b )¢ + dY)
&> a'ct + bd7 + 2achd < a'c’ + bie” + a’d’ + b'd’
& bie” + a'd” — 2achd > 0 < (be — ad)” 2 0, luon dung.
Dau ** =" xay ra khi:
a b

¢ d

Il

be = ad &

b. Nhan xét riang:
[Al=13x + 2yl < J(3 427 x> +y7) = V13.52 =26

< -26<AL26.

Dau ™ =" xay ra khi:

LA =t<>x=3tvay=2
3 2
do do:
- ; , y x=6vay=4
2=x"+y =3+ =13ror=41=12 :
x=-6vay=-4

Viy, ta dugc: .
* Ay.=26,datdugckhix =6vay=4.
= Ay, =26, dat dugc khi x =-6 vay = —-4.
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Vidu 6. Cho biéu thiic:

x? - Sax + Sa
a. Rut gon biéu thrc A.

b. Ching minhrang A =(a+ va® +1 )Y khix= a® +1
Giui
a. Taco:
2x —ax — 3a’ 2x + 2ax — 3ax 3a

2x *Sax+3a 2x —2ax — 34x+3d
2x{x+a) 3a(x+a) _{x__+a)(2x 3a) _Xx+ta
2x(x —a)-3a(x —a) (2x-3a)(x—a) x-—a

—

b. 'l'hayx=\(a2.+l vao A = i

X—a
Ta co:

i:i_+l+a (J;“+#l+a)\/a +_l4_»__a) Jd +I+a)
Jal+l-a (Va2 +1)? -2’ a® % [=n’

=+ Jat #] )* (dpcm)
Vidu 7., Cho biéu thic:
a+b-vab Ja-b-1

B 20 N M

ava +byb a-b

a. Rt gon biéu thitc A.
b. Tinhgiatricua A,bi€ta—-b=1.
Giai
a. Nhan xét rang:
ava +byb = (Va)' +(¥b)’ = (va +b) (a + b Vab)
do dé, biéu thic A, dugc bién déi nhu sau:
~_a+b-+ab va-+/b-1
T (Wat+Jb)atb-+ab)  a-b
_ 1 Na-Jb-1_+Va-vb  Ja-b-I
S Jasl - a—b a-b a-b
Va-vb-(Ja-+b-1) _ I
a—b Tacb’
b. Voia-b=1,tasuyraA=1.
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Vidyu 8. Cho hai biéu thirc:

A= x/:t.3 -3x+2 vaB= inJx:Z

a. Tim x dé A c6 nghia.
b. Tim x dé B ¢6 nghia.
c. VoigiatrinaiocuaxthiA=B?

d. Vai gia tri nao cua x thi chi A c6 nghia, con B khong c6 nghia ?

Giual
a. Viét lai A dudi dang:
A= J(x-1(x-2).
Dé A co nghia diéu kién la:
(x=1)x-2)=20
ta di lap bang xét dau, dua trén:
x-1=0x=1

X=2=0c>x=2

nhu sau:
N S D NI S
x=) | = 9 ¥ b
X —2 — | = 0 +
(x=1)(x=2)| + 0 - 0 -

Tur do, suy ra:
(x=1)x-2)20<= x <1 hoac x = 2.
Vay, voi x < | hoic x 2 2 thi A c6 nghia.
b. BDé B ¢6 nghia diéu kién la:

x-120 x2>1
o oxz2
x—-220 x 22

Vay, vdi x = 2 thi B c6 nghia.
c. Déco A =B, ic la:

JG;RRX~§5=JZHIJX:2¢${x—120

&
x—220

Vay. véi x > 2 thi A =B.

|

x 21

X222

—% A

d. Tacé ngay, védi x < | thi chi A cé nghia, con B khong ¢6 nghia.
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Vidu9, Choa,b,cvaa’,b’, ¢ laso dociccanh twong tng cia hai
tam gidc dong dang. Chirng minh rang:
Jaa' + Jbb + Vee = \/(il +b+c)la'+b'+c’).
Giai
Gia sur hai tam gidce dong dang vai ti so k, suy ra:
a b . . .
=-- =—=k<pa =k b =kb, ¢’ =ke.
a b ¢
Khi dé, ta bién déi dugc ding thic can ching minh vé dang:

Jka® + Vkb® + Vke* = J(a+b+c)ka+kb+ke)
e>avk +bvk +cvk = Jk(il+h+C):
e Jk (a+b+c)=Jk (a+b+0), luon ding.

Nhan xét: 1. Nhu vay, trong 13i giai *én dé chimg minh dt’;ng thuc
ching, ta da st dung cach " Bién dor tuong duong ddng
thue vé mot dang thue dung . Tuy nhién, ta cang, co thé
st dung cach bién d6i mot vé thanh vé con lai, cu thé:

Jaa' + Jbb + Yo' = \/ka3 + \./I-:h3 + \/kc':
=avk +bvk +cvk = VK (a+b+¢)
= Jk(a+b+c)’ = f(a+b+c)ka+kb+ke)
= \/(a +b+c)a'+b'+c’), dpem.

2. Qua cach bién dai trén, ching ta thay ngay rang, viéc
sur dung, quy tdc khai phuong mat tich ¢6 thé giap lam
xual hién nhan tr chung trong, mot bicu thae. Nhan
dinh nay sé giup chung la trong, viée bién doi biéu thue
vé dang, tich va dudc st dung nhiéu trong dang toin
" Grai phuong trinh chia can bac hai .

Vidu 10, Giai phumx.g trinh sau:
JxP-9-Jx=3 =0
Giui
Diéu kién:

x*-92>0 x*>9
= ex 23,
x-320 x>3
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Bi¢n doi phuong trinh vé dung‘

JXx=3/x+3-Vx-3 =0 JYx-3(Jx+3 = 1)=0
\/,\-3:(} x—-3=0 X =3

— &> &> _
Jx+3=1 x %=1 x =-2(loai)

Vay, phuong trinh ¢o nghiém x = 3.

Nhan xét:  Nhu chung ta da biét, phuong trinh trén con ¢o thé dugc
giai bang phuong phap bién d6i tuong, duong, cu thé:

\/\( ~‘) Jx—% =0¢> \/x 4—9 --JX—

Jx—32(] Ix23

" o .
lx‘—‘):x—S 1(x—3)(x+3):x—~3
x23 X 23

s T L
(x=3H)x+3-1)=0 x = 3hodac x = -2

e xiz 3,

Viy, phuong trinh ¢6 nghiém x = 3.

L. CAU HOI ON TAP LY THUYET

Cau hoi 1:  Chimg minh ring VAB = VA .V/B véi A, B khong am.
Cau hoi 2:  Phat biéu quy tic khai phuong mot tich. Lay vi du minh hoa.

Cau hoi 3:  Phit biéu quy tic nhan cdc can thire bac hai, l&y vi du
minh hoa.

IV. BAI TAP PE NGHI
Bai tap 1. Tinh:

a. /49.100 . c. V7232.
b, 2'.(-9) . d. V12:1.490.
Bai tap 2. Rut gon cic biéu thirc sau:
J27.48a-3) . b. V48.75a
Bai tap 3. Rut gon céc biéu thic sau:
G2 vgiaxo o R ia¥ i a <0
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Bai tap 4. Thuc hién phép tinh:
a A=72 \I§. 5 5 ) .
y ‘/_ ‘[__ . c:[\/z-+\}- —JzJ\/z.
b Bzﬁé_\[l.

7 V16

Bai tap 5. Thuc hién phép tinh:
a. A=(J§+J'j+ l)(JS —-1).
b. B=(v2+1+ J3)({2+1-43).

c. C= (\/4 wnfd = §a43 )
Bai tap 6. Chimg minh céc dang thiic:

a. 'J5+'\/3=\j§+2‘\/5. b. s/5+2=\[9+4~/5'.
Bai tap 7. Cho a > 0. Chimg minh rang:
da#l s Javl.
Bai tap 8. Cho a > 1. Chimg minh rang:
Ja-1<+a.
Bai tap 9. Chimg minh ring:
J6 —15 43 -42.
Bai tap 10. Tinh gid tri cta bicu thitc:
a. A=x'+2x+16véix=+2 - 1.
b. B= x>+ 12x - 14 véix =52 - 6.
Bai tap 11. Cho hai biéu thiic:
A=V2xT-3x+1 vaB=Jx—1+42x - 1|.

a. Tim x dé A ¢ nghia.

W

b. Tim x dé B ¢6 nghia.

c. VéaigiatrinaocuaxthiA=18"?

d. Vi gid tri nao cua x thi chi A ¢6 nghia; con B khong ¢o nghia ?
Bai tap 12. Biét x” + y* = 117. Tim gid tri 16n nhat va nho nhat cta biéu
thiic A = 2x + 3y.
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Bai tap 13. Cho a, b, ¢ 1a do dai ba canh ciia mot tam giac, p la mot nuira
chu vi, Ching minh réng

b. Vx+4 - VI-x = J1-2x.

V. HUONG DAN - DAP SO
Bai tap 1:

a. 70. - c. 48.

b. 36 d 77
Bai tap 2:

a. 36la- 3l b. 60lal.
Bai tap 3:
a. Ta bién déi:

,/;.fi= NI
a a
b. Ta bién déi:

s s a<(
V8a2 V18a% = V8a2.18a% = V1442% =12.|a'| = -12a"

Bai tap 4:
a. Taco:

A=v72.\18 = V8929 =3.499 =49 = 36.

b. Taco:

e
C=[\jg+\j§'¢5]Jz=Jz\/ m\/ 22

S . |
» ‘[9'2+ 3_;_\/5_2 =9 +¥3-2=1+43.
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Bai tap 5:
a. Taco:
A=(V5+42+ )5 - 1)
= 5. S5+45 245521
25403 1=44+ 1043
b. Taco:
B=(V2+ 1+ 3)(V2+1-43)
=(V2+ 1) =(3)Y=2+22 +1-3=242.
c. Taco:

c=(Va-V3-Vaeis)

STy T 2\[-:;:73\/44: JS
= §= B A~ VRN A+ 3 = B=A16~3 =813,
Bai tap 6:
a. Taco:
 VT=v8+245 = 3+5+2v5 = (W3 +5)* =3 +45 =vp
b. Tacd: |
VT=y9+4¥5 = 4+5+22J5 =2+ 5)
=4J5+2=VP.
Bai tap 7: Vaia> 0, ta cé:
(Va+l¥=a+2Va +1;

(Ja+l)y=a+l.
Nhan thay:

a+1+2Ja>a+1>0& (Va+l1) >(Va+ 1)
Vay, Ja+1> Ja+ 1.

Bai tap 8: Véia2> ! tacé:
(Va-1)Y=a-1;
(Ya)' =a.
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Nhan thay:
a»a-1>0& (\/I 1) <(\/a ).
Vay, Ja=1 < v"’u .
Bai tap 9: Ta co:
(V3-V2)=3+2-2.3.42 =5-26:
(V6 -1 =1+6-2.46 =7-246.
Dé thay, 5 - 26 <7-2+6.
Vay, 46 — [ 3 3 = /2.
Bai tap 10:
a. Thay x = V2 - 1 vio A, ta duoc:
=(V2 - 1P+ 22 -1+ 16=2-22 +1+2J2-2+16 =17.
b. Thayx =35 V2 = 6 vio B. ta duogc:
J ~6 '+ 12(5+2 - 6) -
=50 -60+2 +36+60v2-72-14=0.
Bai tap 11:
a.  Viét lai A dudi dang:
A= J(x-DH2x-1).
bé A c¢6 nghia diéu kién la:
x-1D2x-1)=20
ta di lap bang xét dau, dua trén:
x-l=0=x=1

X =l=20ex=

g
nhu sau:
X 1/2 I
x-1 |- T -0+
_ 'Jx - “ iyt oo
(x—-l)(x~—2) + 0 - 0 +

Tur do, suy ra:

x-1D2x-1)20=x < _l) hoac x > 1.

e

l -
Viy, véi x < 5 hoac x > | thi A ¢6 nghia.
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b. Pé B co nghia diéu kién la:

x> 1
x-1>0
= | &x2 .
2x-120 XZ—Z'

Vay, véi x > 1 thi B c6 nghia.
c. Déco A =B, tic 1a:

i T—— el -120
\[2x'~3x+1=\fx-—t~/2x—lc:» * = | &x21.
2x-120 X2

(RS

Vay, vor x> 1 thi A=B.
; P . T . . =
d. Tacé ngay, voi x < 5 thi chi A ¢6 nghia, con B khong ¢6 nghia.

Bai tap 12: Nhan xét rang:
Al = 12x + 3yl < J22 +3)x? +y?) = VI13.117 =39
<> -39<A <39
Dau *“ =" xay ra khi:

LA =t x=2tvay =3t
2 3

do do:
3 3 3 3 2 5 X :6\"21)/ :9
H7=x"+y =2y +Q@)y=13r&r=91=13= :
Xx=-6vay=-9
Vay, ta duoc:
* A, =39, datdugc khix=6vay=9.
* Ay, =39, dat duge khi x = -6 vay =-9.
Bai tap 13:
®* Tacé:
(Jp-a + {p-b + Jp-c)’
gl fioa + Lfpoh # 1. sl
<P+ 1P+ 1) (p-a+p-b+p-c)=3p

& \[I:;:z; + Jp—h + \[p—(. < \hp
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Dau dang thic xay ra khi

— = —
Jp-a _p-b _p-c _ _
l | 1
* Ta di chimg minh
\/p < \[p——a + \/p-h + \/p—c
bang phép bién doi twong duong, cu thé:
VP <\p-a +p-b +p-c
>p<p-a+p-b+p-c +
+2/(p-a)p-b) +2/(p-cXp-a) +2/(p-b)p-c)
e 0« ZJ(p—ai}(p'—b) +2J('p-—d(-:_)(-p--a) +2,[(p—b)(p-c) )
Bai tap 14:
a. Dicu kién:
xX+2>0x>~-2.

(*)
Bié¢n ddi phuong trinh vé dang:

3x +2=2(Jx+2 ) & 3x +2=2(x + 2) < x = 2, thoa min (¥)
Vay, phuong trinh c6 nghiém x = 2.
b. Diéu kién:

. ]

s 2 .
ix*-isg |* 53 |*%5
> 3 L .
2x+120 | |
3 D X = ——

2 | 2

Bién doi phuong trinh vé dang:

V2Xx = 12x 41 -22x +1 =0 V2x + 1 (V2x -1 =2)=0

]
mem— X=——
2x+1 =0 2x+1=0 _
o J__’_(____ & X o 2.lho{1mz‘m (*).
\/2)(—1:2 2)("‘[34

Vay, phuong trinh cé nghiém x = - > vax = :
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Bai tap 15:
a. Bién doi phuong trinh vé dang:

T3+ i - 2 ‘j?f..(x_z) 4
o Vx-2+2Vx-2 - Jx-2 =4 eVx-2 =2
S Xx—-2=4ex=6.
Vay, phuong trinh ¢é nghiém x = 6.
b. bDiéu kién:
x+42>0
1-x20 c:>-4£x£—_|j.
1-2x20
Phuong trinh viét lai dudi dang:
Vi-x + V1-2x = Yx+4 . J(1-x)(1-2x) =2x + |

{2x+120 xz—!
o

, & 2 &=
(I=x)(1=-2x)=(2x+1) B o ) .

Viy phuong trinh ¢6 nghiém x = 0.
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nU BE  LIEN HE GIUA PHEP CIIA
4 VA PHEP KHAI PIIUONG

I. KIEN THUC CO BAN
1. MODAU
4 4

~ » - - e ’ - { g 2
Cliing ta bat dau vai phép so sanh va . Taco:
Vs ™ yas

[ 4 4 2
|— =016 =04 v = == =04
Y25 42§ 5

ure la, ta ¢o:

| 4 J4
Va5 = a5

Tong quit hod, ta co:

Vi A 20,B > 0 thi:

& _ JA
Két qua trén, cho phép chiing ta phat biéu duge hai quy tac theo hai
chiéu cua biéu thiic trén.

2. KHAI PHUONG .'\I(T)'I' THUONG
Ta c6 quy lac sau:
Quy tdac khai phuong mot thuong: Muén khai pliong ingt thicong

A » . aar ’ ’ . &

— ctia hai biéu thite A 20, B > 0, ta ¢6 thé khai phitong ldn Lot
biéw thuic bi chia A va biéu thite chia B. Sau dé ldy két qud thi
nhdt chia cho két qua thir hai.

Thiduy 1: Sirdung quy tac khai phuong mot thuong, tinh:

16 ' " 0a°
a. J . b. 2\/)d .
25 4

Gidi
a. Taco ngay:

we_ﬁa

25 J25 5
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b. Tacd ngay:
5 Jf)a‘ s \/‘);1“ > .3|a{
4 Ja 2
Thidy 2: St dung quy tac khai phuong mot thuong, tinh:

J-“_ .\/9-‘ Vi b >0,
b Vb
Giai

Trudc hél ta str dung quy tac nhan hai cin bic hai, roi bién doi tiép:

\/93 Ja‘i _ J_af a’ _ J Y
b Vb’ bbb Vb' b

Nhan xét: Nhu vay, néu ching ta van dung quy tic khai phuong,
mot thuong moét cach may moc sé khong, nhan duge két
qua gon.

| Ja néua >0
al = _ .
-3a néua <0

3. CHIA HAI CAN THUC BAC HAI

Quy tdc chia hai cdn thicc bdc hai: Muén chia can thite bac hai
ctia biéu thite khéng am A cho can thite bdac hai ciia biéu thi
d;rang B, ta ¢6 thé chia biéu thitc A cho biéu thite B réi ldy cdn bdc
hat cua thuong dé.

o e e s — o ———— R

m St dung quy tﬁc chlzl hal can lhlIC b[lc h'u tmh

V2 942ab"

a. s b

J72 JI8
Giui
a. Taco ngay'

J72 \[72 J?JG 6

b. Tacd ngay:

9v2a%b" 2a°b" a’b' _ 9lalb’
s B R o PR s S0 2 K
NTY 18 9 3

. 3ab® néua >0
Jalbi=q ~ 0 A=
—3ab- néua <0




I1. CAC VI DU MINH HOA
Vidu l. Thuc hién phép tinh:

a. A=72:42. c. C=(5v3+3J5) 4I5.
b. B=(V12-v27+3):43. 4 D= {2701 =3P+ 3415,

Giui
a. Taco ngay:

A=+72:J2 =72:2= 36 =6.
b. Tacd ngay:

C.

d.

B= (12 «/27 5431 43 = J12:3 <07 :3 4/3:3
= V4 -J9 +1 =0.
Ta C viét dudi dang:
Co(5v3+305 ) B5 = SB35 _ 5, A
Baifs 345

Ta D viét dudi dang:
CN3WB- 33651 W3-

WIS 335 s

Nhan xét: 1. Trong cac cau a) va b), chung ta thuc hién phép bing

bang viéc st dung ngay quy tic chia hai can thic bac hai.
Tuy nhién, cdu b) ¢6 thé thuc hién theo cach bién d6i:

12=27+3 = /43 J93 + 3
=243 -343 + 3 =0

=>B=0.

2. Trong cau c¢), chung ta thuc hién tach JI5 = V3.45.
Tuy nhién, ciing ¢6 thé thuc hién nhu sau: ;

C=(\523 +35): JI5 = \[5.‘.-3+ \[3'-5
. 15 15
=J5+43.
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Vidu 2. Riit gon biéu thic:

L V9-44s 3445
Pl . J2 o

a.

Giai
a. Tacongay:

V9-4v5 _a-225+(5° _y2-+5)

Am S

-5 F™ 3 o5
_12- Jﬁi

2-5

b. Tacoé ngay:

- \/_3+_J5 _ \/6+_2~/5=\/5+2_{5+ Vo5 ny _Jsan
2 4 2 2 2
Chiy: 1. Trong loi giai cAu a), cac em hoc sinh ¢an cha y tdi dau
ctia2- /5 <0dé xdc dinh dugc ding, gid tri cho A.
2. Trong l6i giai cau b), bing viéc nhan ca tr va mau vai 2
chung ta dat dugc hai muc dich:
*  Mau s6 trd thanh s6 chinh phuong,
» T 56 dugc bién d6i vé dang binh phuong mot nhi thic.

X! gg ;! Rut gon cic blél.l thirc:
a. A=ab’ —,i b. B=b’ d+6a+9
ab’ b®
Giai
a. Ta bién déi:
A= db s 'db", s e e I - -
\/d b 1a|.b2 ~J3 néua <0
b. Ta bién déi:

B=b5\/m—+£ W |f'_i,3_|=b,|a+3[

bﬂ ’ b“

V3 .3 ][ V3 néua >0

__{ b(a+3)néua+320 _{ b(a+3) néua > -3

- -b(a+3)néua+3<0 ~b(a+3) néua<-3
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Vidud., Rt gon cic biéu thiic:
a—b 1+b 7th

a A= — '
Jasdb " a-b
b e x+}+~\’rw |
x\/x_y\/y+x\/y y\/x
Giar
a. Taco:
A (\[l- fh)(x/d+\/h) (\/"“‘/b)-
d+\/b \f \/b
:(x/;l-\/b )*(\/il"\/h):(l-
b. Taco:
- X +y +24/xy (\/""f\/))

x\/£~y\[y+xvfy—y\/x x(\/x+\/y)—y(\/y+\[x)

_ Gy (Vx +y) o
(»x +\/y)(x —y) \/x —\/y)h/x + \/y) J;—\/y_'

Nhan xét: 1. Trong 15i giai cdu a), chung ta da lua chon cach don
gian tung biéu thic, dua trén viée phan tach tw s6
thanh cac hang, dény thuc. Tat nhién, biéu thic Lunp O
thé duge don glan bing viéc quy déng mau sd, xong,
cach giai nay han phuc tap hon.

2. Trong l5i giai cau b), chung ta danh gia dugc i s6 la
moét hing ddng thic, tuy nhién mau s6 khong phai la
hing dang thitc, do do chiing ta sit dung phuong phap
nhom sd hang dé phan tich né thanh tich.

<!

Ldy .
a. So sanh JQ‘S— iﬁ. val JL;S - Jlé ;
b. Chimg minh rang vdi a > b > 0 ludn cé:
Jab > a-+b.
Gidi
a. Ta nhin thiy:

J25-16 = 9 =3va V25 -416 =5-4=1

suy ra V2516 > V25 -4/16 .
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b. Hai v& clia bat ding thiic khong am nén binh phuong hai vé, ta dugc:
(\/a—lb)3>(\fa‘fJb)3<:>a~b>a+b—2Ja.5
&> 2+/ab >0, luén diing véi a > b > 0.

Nhén xét: Cach dat van dé cua vi du trén, gitp chung ta tiép can voi bat
déng thute trude khi di ching minh no. Tuy nhién, néu dat van
dé theo kiéu nguoc lai, chiing ta sé dugc quyén sur dung, bat
dﬁng thitc nay dé dua ra danh gia cho phép so sanh.

Vidu 6. Cho biéu thiic:

7 ,l_____.__ . _l. g ‘/X s
yx=1-+x \J \fx \/X -~ l

a. Tim diéu kién dé biéu thic A c6 nghla.

b. Ruit gon biéu thiic.

c. Tinh gid tri cua biéu thiic A khi x -———5~-3-
9-247"
Giuai
a. Diéu kién dé biéu thic A c6 nghia:
x-120 x21
x20 S x20 x> 1.

Jx =120  |x#1
Vay, tidp xac dinhcuia Alax > |,
b. Ta cé:
x-1+Vx)+(x=1-x) :xi(Jx-l)
(Jx—l——f)(Jx-l+Jx) =1

A=

= 2‘—/’5_—1 +x==2Vx-1 +x=(x-1)-2vx -1 +1
X=-1-x
=(Vx-1-1)
c. Trude hét, ta di don gidn biéu thic gid tri cua x, bang cich:
( -
. 53(9+2v7) 53__()+2J7) e
9-2J7  (9-2v7)9 +2V7) =28



Khi do:
A=(N9+2V7 —1- 1y = (8 + 2T - 1)
= (VT4 24T+ 1= P = (YT + 1) = 1P = (T +1-1=7.

Vay,voix= -— - thiA=T7.
9247
Nhan xét: 1. Trong li giai cdu b), & budc bién doi thu hai, ta bo

dugc dau tri tuyét déi do diéu kién x > 1 da xac dinh

d cau a).

2. Trong 13i giai cau c), dé nhan dudc két qua A = 7,
chiing ta da phai thuc hién hai cong vigc:

»  Don gian biéu thuc gid tri cua x, bang, cach nh@l'l-
ca tu va mau véi 9 + 2 \/7 . Ban chat cta viée lam
nay duoc goi la " Phép nhédn Iién hop" va chung ta
sé nghién ciu ki trong chu dé sau.

»  Don gian biéu thuc gid tri cua A, bang, cach tach
8 + 247 thanh 7 + 27 + 1 d€ nhan dudgc mot nhi
thitc binh phuong, tir dé khu dugc cin thie.

Vidu 7. Cho hai biéu thuc:

[ e i
A= |—— vaB= ——uw.
x-3 Jx -3

Tim x dé A ¢6 nghia.
b. Tim x dé B ¢6 nghia.

=

c. VéigidtrindlocuaxthiA=B?
d. Véi gia tri nao cua x thi chi A ¢6 nghia, con B khong ¢6 nghia ?
Gidi
a. D€ A c6 nghia diéu kién la:
=10
x-3
ta di 1ap bang xét dau, dura trén:
X-l=0e>x=1

Xx=3=02x=3
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nhu cau:

2 A3
x - | - 0 + I -
x-3 | - | I #
=l '
el e 8 = A +
X—3

Tir do, suy ra:
x—1 -
- 20¢>%x < | hodc x > 3.
x—3
Viy, vl x £ 1 hoac x > 3 tht A co nghia.
b. D¢ B co nghia diéu kién la:

x-120 x2|
& ES NI,
{x—3>0 {x>3

Viy, voi x > 3 thi B ¢6 nghia.
c. Pé co A =B, i la:
J:{———lu Jx=1 x-1>0  [x>1
= —e & >
x-3 Jx-3 x-3>0 1x>3

Vay, vdi x > 3 thi A =B.

d. Taco ngay, vdi x < | thi chi A ¢6 nghia, con B khong ¢6 nghia.

I11. CAU HOI ON TAP LY THUYET
Cau hoi 1: Ching minh ring véi A 20, B> 0 luon cé:
A _JA

B VB

Cau hoi 2:  Phét biéu quy tic khai phuong mét thuong. LAy vi du minh hoa.
Cau hoi 3:  Phit biéu quy tic chia hai can thic bac hai. Ly vi du minh hoa.

IV. BAI TAP PE NGHI
Bai tap 1. Thyc hién phép tinh:

a. A=+72:418. B 7] 18 =
o Bod53 T c. C-[Jg—‘j%+2«/§}.\/5.
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Bai tap 2. Rut gon cic bicu thiie:

3 } Il."3 i 1 /
T "‘\f ‘ d D= \,fﬁ;+ 2+/5 |
\.f3 \-’5 + 1
9 rrj . ,’J i
b. B= _v..*r’\() . o = VY FVE
4 + r\/E-l Y J3
[ 1 1 o
&, (ﬁ = -l--_ \f_'d . [‘ I; £= \‘If? - 4\H3
a-1 ‘ J3 -2
Bai tap 3. Ruit gon cdc bicu thic:
3 |
17 ‘ = |I ll
/"‘ b B=(-by | "
\ 27 \ (a—b)’

Bai tap 4. Cho bicu thic:
A=x-xV10.

]

PP . K
Tinh gid tri bicu thiic A véi x = \,ﬁ +\/ .
Bai tap 5. Cho hif"u lhl'rC'
’ [!h T ( a b J
l Vb k l.l ' h d {

a. Rut gon bi¢u thic A.
b. Cho b =1, tim a dé biéu thic A =
Bai tap 6. Cho bicu thic:

F -
| 2vx -2 | 2
A= - e : - -
\/.‘(41 XvX ~ VX +x - | vx =1 X-

a. Rt gon bicu thic A.
s : |
b. Timxd¢ A = :

Bai tap 7. Cho hai biéu thic:

2x -3 V2x -3
a. Tim x dé A ¢o nghia.
b. Tim x dé B ¢6 nghia.

¢. VaigidtrinaocuaxthiA=B?

d. Vi gid tri ndo cua x thi chi A ¢6 nghia, con B khong c6 nghia ?

67



Bai tap 8. Cho biéu thitc:

(e

a. Tim x dé A c6 nghia.
b. Riit gon biéu thirc. A.

c. Tinh gid tri cia biéu thic véi x = 19 — 8 /3 .

V. HUONG DAN - DAP SO
Bai tap 1:

a. Taco:
Ax T2 1% = JT2:18 =4 =2
b. Taco:
52:13 Z
B=452:J117 = = )
J \/ ‘jll? Jll? 13 \{9 3
c. Taco:

2 18 . 25 185
C={JS-J.5 +2J5).J5 =J5 Vs +25.5
=2-312+2=2-22.

Bai tap 2:
a. Taco:
3-43
70 Jj N
b. Tacé:
po 2V2+46_V202+43) _ V2
4++12 2(2++/3) 2
c. Taco
Ca I_-_—_\(;}"-_ . (l—\/d)(l-i-\/d +a) _ -—(\/d = 1)1+ \/¢l+d)
a-|l (Va =1ya + 1) (Va—a +
—(I+Ja+a}
Va4l
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d. Taco:

\f6+2\/5 \[5+2J3+1 N;H_

Js+1 Js+1 J5+
¢ [aco:
_seave _ V2424643 (2443
3 53 V2+43 § 2 ieal3

_;

f. Taco:

J? 43 _3-223+4 _J(B-2) 13- 21 _

JB -2 - -2  AB-3

Bai tap 3:
a. Ta bién déi:

A=3. \[4(“ 2) =3.--2.1-a_131 =2|a-2|
9 S

_ 2@-2)néua-220 _ 2(a—2) néua =2
N -2(a=-2)néua-2<0 - ~-2(a-2)nfua<?2
b. Ta bién doi; '

B = (a-b).

J_E Jab néua—-b >0 2 Jab néua>b
[a bl —Jab néua-b<0 ~Jab néua<b‘

Bai tap 4: Thay x = J§+J: vao A, taduoc A = lgtl)

Bai tap 5:
a. Tacé:

(ol )G

LR i

(-6 6-)

={J%— G-I ]]=~—a s

69

I




b. Vdib =1 dugc A =2, vay:

| \/d

_ ___]_.:2 =D
\/Zl.+ a+l
Ja
¢:>J§1=2(a+l)<:>2a1—\/ii+2:ﬂ. (1)
Ta thay:

(1> (VI VaY-2.42.—— +l+lg_=(,

@(\/2-5 - FL-J - H > i > ()
242 8
Do dé, (1) khong thoa man.
Vay, khong ¢6 gid tri nao ciaa dé véib =1 thi A =2,
Bai tap 6:
a. Tacé:

Al l 2vx -2 [! o2
Jxl dxx-D+GE=1) Ldx =1 tfx ~Ixvx 4 1)
I 23/;(—_2____ o412
il -DWx 1) x = Didx +1)
x~l-—’>\fx+” VX +1-2
G=DWx+1) (Wx=IXvx +1)

X —2vx +1 e Jx -1 _ (\/3{—1)"_ o
T ST TN g (x = DX +1) Vx +1
& ..,‘./._x_.fl (Vx +1 .‘[f(_l

(\/x+l)' \[x+l

b. Taco:
LS & S(Vx-D=Vx+1 & 4x -6=0
Jx+1 5
~ ‘\/X = g <:>X=?—.

Viy, vai x = Z thi A = :
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Bai tap 7:
a. D¢ A o nghia diéu Kien la:

=l so
5.3

ta di lap bang xét dau, dua trén:

x— l=0¢>x=1
3

2x=J=ledxs —
2

nhur sau:

ox=1 - 0 + 1
2x - 3 - I _ 0
RInb I B T
2x -3

Tir do, suy ra:

Bl 20 x <1 hoac x > E :
2x -3 2

Vay, vor x < | hodc x > - thi A c6 nghia.

3
2

b. B¢ B c6 nghia diéu kién la:

X 21

x=120
& 3 HRD
2X"3>0 X>'2—

ta | Wl

3 "
Viay, v6i x > 5 thi B ¢6 nghia.

c. PécoA=B. e la:

— : . >
Jx—l = | {x—lzo 3
, : ot 3¢:>x>i

= e 6D
-3  wfOx~3 2x-3>0  |x>

Vay, voi x > % thi A =B.

N

d. Tacd ngay, v6i x < 1 thi chi A ¢6 nghia, con B khong c6 nghia.



Bai tap 8:
a. Dé A c6 nghia dicu kién la:

x>0 x>0
J:—hﬂ%w J;>lcm>l.
e ) x> '

b. Bién ddi A vé dang:

[ﬁﬁ—n+&ﬁ+n] ;5

JVx +14Vx -1 Vx-1
[IJX—IIHIHI] ) l
\[\[x -1 Vx-1
“J;c—l+\/x+l : s
i CVx-1=2Vx.

c. Vdix= 19—843,121 cO:
Jx =19-843 = 4 -2443 +(3)°
=J@-43) =14-31=4- 3
do do:
A=24-+3)=8-243.
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cnUBE BIEN POI PON GIAN
5 CAN THUC BAC HAI

I. KIEN THUC CO BAN
1. PUA MOT THUA SO RA NGOAI DAU CAN
Chiing ta sé bét dau véi cdc phép bién déi:
Va1 =241 , 0 day ta dua dugc 4 ra ngoai dau can.
JI8 =492 =32, ¢ day ta dua dugc 9 ra ngoai dau cian sau
phép tich 18 =9.2.
J6.15 = V2335 =3410, & day ta dua dugc 9 ra ngoai dau
can sau phép két hop. «

V322%b = V16.a°2b = V16.va> .{2b =4]al V2b.

Nhur viy, néu bi¢u thitc dudi diu can c¢é dang tich hoac phan tich dugc
dudgi dang tich cdc thira s6, trong do cé thira s6 la binh phuong ciia mot
s6 hoac mot biéu thirc. Thira s6 d6 ¢6 thé dua ra ngoai dau can va phai ¢6
tri tuyét doi.

Tong quat, ta co:

JA'B = |Al VB , véi B20.
Thiduy 1: Rat gon biéu thic sau:

=2 ata—4a+d).
a—2
Griut
Ta bién ddi A vé dang:
2 Y 2J§a4.|a - 2|
=B S oy e TOE R
A a-2 \fq 2] &2
22a‘(a-2) .
I T néua-2>0 242a* néua >2
= < = .
'“‘ 4 _n _ T
2t @-2) néua-2<0 222" néua <2
\ a —

Nhan xét: Nhu vay, & trong A c6 thé dua dugc a® va (a-2)’ ra ngoai
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dau can. Tuy nhién, ta thay r;’mg:
;{' ey ..;. ,
‘/“ = \/(zl“4 )" =a', boia' >0 vdi moi a.

J@=2) = |a 2], bdi ta chua xdc dinh duoc

at ?
ddu cuaa 2.

2. DUA MOT THUA SO VAO TRONG DAU CAN -~

Chiing *a s& bat diu vdi cic phép bien doi:

2\/" 3 w./”‘ «/:7 — \[47 — J._H ta dua 2 vio can, dé thanh 2.

92 6 , ;
— \X = .|— . tadua 2 vao can, dé thanh 3.
l‘i lS 5

a’Vab' = \/(a“’)z Aab’ =\fa Lab® =+ya’b’
Nhu vay, muén dua mot thita s6 A > 0 ¢ ngoai diu ¢iin bic hai ¢6 thé
dua vio trong ddu can va trg thanh thira s6 A°
Tong qudt, ta co:

| |A|\/_ \/;\B vm B>0 ’

Ta c6 hai truong h(}p.

I. NNuA20thiAVB = VA’B ,véi B2 0.
2. NeuA<OthiAVB =-|A|l VB =-vA’B , véi B>0.
Thidu 2: Ching minh mn‘g

ﬂ-—b J tl h l e
win s — = |al, v@ia>bh.
b~ T - Zdb + h

Ta ¢6 thé lua chon mot trong hai cach sau:

Giui

Cdach 1= St dung quy tac dua mot thira so vao trong diu can.

Via>bnén i!-—_-,h- > (), do do:

d—b [' Zi:h'i - ) (d*bi:_ = a b ‘- Ja%_ _

b Vu“—Buh-}h: \ b”’ b —2ab+h B

Cdchi 2: St dung guy tac dua mot thira $O ra ngoai dau can.
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Ta co:

A—b / _.zlzbl B

a—-b / a’b’ a-b lalb”
b- Va’ =2ab+b° b- V(a-b) b> la-bl

b a-~b |a| .b* ~

al.dpem.

(a b)

Nhan xét:  Nhu vay, phép bicn doi dua thia s6 vao trong dau can
da giup ching ta ¢6 thé ching minh dudc dfmy_ thuc.
Ngoai ra, no con rat can thiét trong cac phép tinh toan,
thi du:

1. D@ so sanh \ﬁ] va E\E’ _ta bien doi:
147 =277 = 38 <« 31
Khi tinh 32

19

* Néutatinh v2 =141 (sai chua dén 0,01) roi nhan
3 thi sai s0 s¢ gap 3 lan sai s6 cua gia tri gan dung,
cua J’z ma ta da lﬁ}’.

*  (Con néu ta thuc hién 3\/2 = \/33.2 = \/18 , 101

dung bang tim gia tri gan dung, cua V18 thi sai s6
khong, bi nhan 1én 3 lan nhu cach lam trén.

Thidu 3: Sap xép cic s6 sau theo thi thy giam dan:

62, 445, 2413, 347,
(;l‘(ﬁ }
Str dung quy tac dua mot thira s6 vao trong dau cin, ta viét lai diy sé
dudi dang:

6v2 =72,
45 = /80,
2J13 = /52,
3J7 = 63,

do do, ta c6 sap xép:

45, 642, 37, 2413.
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3. KHUMAU CUA BIEU THUC LAY CAN
Chiing ta sé bat diu vdi cic phép bién doi:

\/? V33

, 0 day, ta ¢é ngay miu s0 J16 =4.

16 Jie 4
2 25 Yo
3 = e = s . 0 diy vi 5 khong phai la binh phuong nén

ta thuc hién nhan ca to va mau vai S.

7 12 Jia
- = = -, 0 day vi 8 khong phai la binh phuon
\/8 \/H 5 4 4 ep P g

nhung ta chi cin nhan ca tur va miu véi 2.

‘[ 6ab' \/fmb

d h il

Nhu vz_}y, néu miu cua biéu thic dudi dau can 1a binh phuong ctiia mot
s6 hodc mot biéu thire, ta khai phuong riéng mau réi dua ra ngoai diu
can. Trong truomg hop mau khong phai 1a binh phuong cua mét s6 hoac
mot biéu thic, ta ¢6 ging bi¢n doi bi¢u thic dé sao cho ¢6 miu ¢6 dang
binh phuong réi khai phuong vi dua ra ngoai diu can.

Téng quit, ta ¢o:

\fﬁ _ ’“‘ JAB v6i AB>0.B#0.
B \/B ‘

Thidu 4: Khll’ mau sO cla cic bléu thirc dudi dau can:

a, ‘/7 . ' o th ,vOoia,b>0.
12 b’

J 1 |1
R o L
18 a a
Giai
a. Ta bién doi:

[1 \/473 \f %f‘

b. Ta bién doi:

W2 _lG2-1 \/2—@:}1 J@ 12 2

36 )

36 6

76



¢. Ta bién déi:

Jab

. =ab+/ab .

[ s b0
ab | = ab’ dl? = ab’ E = ab” -
Vb \/ b- [b| b
d. Ta bién doi:
\/rl' 1 Ju-l a3
a a’ '
4. TRUC CAN THUC (6 MAU
Truc can thitc ¢ mau la phép bién déi duge su dung rat nhiéu trong
qué trinh hoc. D€ hiéu thé nao 12 phép truc can thitc ciing nhu phuong
phip dé thuc hién diéu nay, chiing ta sé bat ddu vai cic phép bién doi:
6 _ 23 _2(3) 6 _ 6J3 643 -

N R S - - W

707 71 _ T3 73
Vi Va3 23 233 6
L2 262k 23240
V2-1  (f2-DW2+1) .+ 2-

1 V5 -3 _V5-V3  J5-43
B3 (Seds-B -3 T 2

Nhu vay, dé truc can thiic & méu, ta lua chon mét trong hai cich sau:

=2(\/ﬁ2 + 1).

Cdch 1: Phan tich tir vd miu ra thira s6 chung chifa cin réi nit
~ gon thira s dé.
Cdch 2:  Nhan tir vi miu vdi thira s6 thich hop dé 1am mat can
thic ¢ mau. C6 cic dang co ban sau:

4§ \%:Af (B> 0).
Lroay - Ven VA -VB 5
" JA+¥B (VA +VB)WA -vB)
" YAASOBS0,ARB. | -
3' S0 JA + VB =J}{+J§
" JA-YB (YA+VB)JA-VB) A-B ’

v6i A>0,B>0,A+#B.

L]

> (>

_JB

B
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l Lﬂ! Hai phe F’ bién doi dang 2 va dang 3 goi la phép nhan lien hgp.
ﬁ_#_d_,L_i Truc can thitc 0 miu:

a+l a- =p°
;‘- ; e i Y L C- -
\/u'—l \/a+Jh
Jn—1+1 l-a
b. .
Giai

a. Ta bién di:
a+l (a+1)\/d'__ -1 _at~1

\/a ~1 T | T a-l

b. Ta bién do6i:
Ja-1+1 (Va-1+1) Na-1+1)° _(Ja-1+1)
Ja—i-1 (a—l-DJa-t+1) a-1-1i g

c. Ta bién doi:

a- -—b" _ d—b)(d+b) 2 (\/;—\/l_))(\/d +\/-h)(d+b)
Va+vb  Ja+ib Va+b
=(va-+b)@a+b) i

hodc ¢6 thé bién doi:
a’-b’ (@@’ -b)a-+vb) _ (@ -b')a-b)

Vatvb  (Ja+yb)Ja—b) a-b

= (a+ b Ja —Jb ).

d. Ta bién doi:
_1__wel i (l~(t)\/l+\/a (l—_d)\/lu_:ja (]“\jd)

Jisda  1+4a (1 +a)(1 - a)
_ (1-a1+Ya.(1-va)

sl da =y,

Nhan xét: Trong ldi giai cau d), chung ta phai di truc can thic hai lan.
Cac em hoc sinh ¢6 thé thuc hién theo chiéu ngudc lai.

l-a
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1. CAC VI DU MINH HOA

Vidu I, Viet gon ciic bicu thiie sau:

a. A= 2590 I S
i | i = ; v27a"b ¢ (. b, ex30).
b. B= 7554 . Jab
Cricii

a. Taco:
A=v2590 = /25910 =5.3J10=15V10.
b, Taco:
B=475.54 = /25396 =53+3.23 =45.2.

¢. Taco:

I T o0 3abie
C=_ V27a’b’c¢'=_ J93a'b¢' = V3be =hey3be .
3ab 3ab Jab
Vidu 2., Khi mau cua cic bi¢u thite dudi dau can
| 7 Ja‘s
a . e, ;
\ 250 Vi2
7 6
B of - s < A
\3 Vis
Girar

a.  Taco:
|

770
\fzsn V25100 50 '
b. Taco:

17 /7.3 |

|I p—

V3 ~ V33 3
¢ TATCO:

/5 _J 53 _1 s

Vi2 V433 6

d. Tac¢o:

6 6.15 ¢ 9.10 /
\/ :\/_)I =J 0 =J 0 _1 40
15 V1515 V1515 15.15 5

/
\le .
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Vidu 3. Rt gon biéu thirc:
4 2

A=~ S SRS
V1-43 V5443
Giar
Ta co:
4 2
A= : Tl S
VI1-43  J5+43
47 +43) 2(v/S - V/3)
T (W= BT J3> (V5 + J%){Js V3)
_ 4(\/7 f\/;”_) 2(~/5 —\/3) V7 e Y35 - ,/‘4 :
7-3 53 -
=J7 +45.
Chuy:  Néu thuc hién theo phucr\g phdp " un dong mau s6° ", \a
dugc:

45 +3)+2(7-V3) _ 45 +23+247
WT-IDN5+43) (T -V35+43)

bai toan s€ dimg lai 0 day.
Vidu4. Vaigid tri nao cia x thi ta co:

A=-

V3x? =x43. b. Va(l-3x) =(@3x-1)va.
Giai
a. Ta bién doi twong duong:

V3x? =xv3 o lV3 =x/3 & Ixl =xe>x20.

Viy. vai x 2 0 1a ¢6 duge diang thire da cho.
b. Ta bi¢n déi twong duong:

Ja(l=3x)* =(3x-Dva < 11 -3x] Va = (3x=1)a

¢=>|I—-3x|=3x---l<::>l—-3x$0¢r>x2;

; Lo s ok : s
Vay, voi x 2 3 ta co duce dang "hire da cho.
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V.dus, Ching minh rang:

’, ,
ava + byb .
wfl ' :/ —ab = ( w.:'!:t ~Vb ). vaia, b> 0.
va +4/b '
(J:tfl-"l
Nhan x¢ét rang:
ava +bvb =(va) +(Vb) =(Va + Vb)) - Vab +b).

T do. suy ra:

il\,'fil + I'?\/b \/‘lh B (\jil + \r;b )a - \f“h +b) ‘I'Ih
—vab = Vi

i \/h «./u + \/h
=4 - \/'uh +b - \/zlh =3 —2vfaih +b
=(Va ¥=2vab + (Vb y=(+a-b ), dpem.

Nian xét:  ‘Trong 10i giai trén, chung, ta dua trén hang, dﬁng thue dé
phan tichtu s6 ra thita s6 chung, tir d6 rat gon dugc can
thic & madu. Tat nhién, chung ta ¢6 thé lua chon phep
nhan lien hgp xong cach giai nay phuc tap hon.

Y.du 6. Chimg minh ring:
I I I /
. FET. NI SE— "
1442 V2443 Y2008 + V2009
Gui
Nhin x¢t rang:
| V2 -} i

N2 (ev2-1 2-1
I N3 -42 _\/3*\/2 /3 -

a3 (2B -y2)  3-2

= \-’2 =

[S¥]

I
V2008 + 2009
Thue hién phép cong theo vé va it gon, ta duok :
I | |
Is L - / .‘u +
V2 2442 V2008 + V2609

= J2009 - 2008

= 2000 1. dpem



Nhian xét:  Trong 15i giai trén, dé chang, minh dang thie ching ta
lua chon phép nhan lien hop dé kha can thae 6 mau cho
timg, phan <6. Nhu vy, o dav chang, ta su dung, phép
bién doi cuc bo.

Vidu7. Giaicic phuong trinh sau:

-
3 - X -2
a. -\/4x—8—9] .

2 \

b. .- R +2=0.
\/x‘+l+x g~ | =g

c. 2x—Savx-a + 20 -2a=0, vdia> 0.
Giui
a. Bién doi phuong trinh vé dang:
-2

V 9’

3 1
% - Fadw 3 0L =D =k
2 9

me 2) -9 =6

S3Vx-2 - Vx-2=62Vx-2 =6 Jx 2 =3
oOx-2=9x=11.
Viy, phuong trinh ¢6 nghi¢cm x = 1 1.
b. Bi¢n ddi phuong trinh vé dang:

Jx +I—x-(\/x +l+v.}

+2=0
\/x +l+x){JX'+l—x)
_9
& s S +2=0
X" +1=-x-

S-x+2=0 =2 x=1
Viy, ph rong trinh ¢6 nghi¢ém x = 1.
c. Patt=vx-a,diéukicnt>0. Sy ra:

4

t'::x —a<rx=0+a.



Khi do. phuong trinh co dang:
e 4a) - St 42w Ja=0

¢s N S+ 20 =0<¢s(t-2a)2t- a)=0

; {=2a
'|I -2a=0
< 7’ | < > ‘l
12t-a 0 { ,,
] . [ 3
]{\ X af=dn ! X —a = da” | X =4a” +a
] . I .
L= a ‘ a” a +4a
\_'\-‘ o | ‘ 2 d x =
2 L 4 |_ 4
a4+ 4n

Nhan xét:  Nhu vay:

L. Vai phuong trinh trong cau a), chung ta su dung quy
tac dua mot thira so ra ngoai dau can dé bi¢n doi no vé
damg Jio= g. Tat nhién. chung ta ciing ¢6 thé si
dung quy tac duva mot thira s6 vao trong dau can dé
g, cu the:

3 /l :
j\f.n-x:.l’ dx K =3ddx=2.

2 V4

qJ“7?= FHXWl):\R—E.
81 \ Rl

Xong cdch bién doi Kicu nay rat thu dong.

2. Vi phuong trinh trong cau b). ching ta si dung phép
quy dong cuc bo vi nhian thiy mau s6 cua phan so thi
nhat 1a lién hop cua mau so cua phin s thit hai.

3. Vi phuong trinh trong cdu ¢), ¢ wing ta su dung phép
dat an phu d¢ nhan duge mot ph rong trinh bic hai, tir
do st dung kién thite vé phin tich da thire thanh nhan
tu dé bién doi no vé dang tich vi nhan duge hai

L - . “ # o ] * . by
nghicmt= Zavat= K (Ivu y ring ca hai nghi *m nay

.

déu thoa man t > 0 do gia thi¢ta> 0.




Vidu8, Cho biéu thic:

(‘“““JM} [‘JI‘J

a. Tim diéu kién dé A cé nghia.

b. Rut gon A.
I

V3

c. Tinh gid tri cua A khi x =

_ 2443
d. Timxdé VA >A.
Giai
a. Diéu kién dé A ¢6 nghia:
1-x20 x <1
l+x>0 < {x>-I S -l<x< . (¥)
]—x: >0 -l<x <l

Vly dicukiéntontaicuaAla-1<x <1,
b. Bién doi biéu thic vé dang:
J(l —x)(l+x)+3 \/l—;x +3
v l + X ' \/l
Vi-x* 43 J1-x* -
& St R
\/_l + X \/l -X"+3
¢. Trudc tién, ta viét lai x dudi dang:
V32-43)  _2V3-3 _
2B - 43
Khi do, ta suy ra:
A=ﬁ—a@—m=ﬁpqﬁ+3=Juﬂhf
=1~ 3}=+3 -1
d. B¢ VA > A, diéu kien la:
A<l Jl-x <leal-x<lex>0.
Két hop vai (*). ta duge 0 < x < 1.
Vay, vii 0 < x < 1 thi YA > A
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d.

Vidy 9,

Cho bicu thic:

9-x-

Tim diéu kién dé A c6 nghia.

b. Rt gon réi tinh gid tri biéu thic A khix = 1.

Giai

a. Diéu kién dé A cénghia:

X X

e >() e S I
9—-x° &> (3—x)(3+x)

9-x*#0 B-x)3+x)20

LLap bang xét diu tir d6 thu duge x <-3 hoac 0 < x < 3.
Vay, diéu kién tén tai cia A la x < -3 hoac 0 £ x < 3.

b. Tirkét qua cau a), suy ra x — 3 <0, do dé:

A:(x_3)J_ s =—Ix—3l\[-—j—(———,—
9-x" 9-x°

_ \/-E(E}EL _ ‘/"'(.34;)
(3-x)3+x) 3+x

Thay x = | vao A, ta duoc:

Cho y:

R ——

A=_J1(3—_Q_ 2 2

3+1 Va2
Bai toan sé c6 mot két qua sai néu cac em hoc sinh khong
danh gia diéu kién 0 < x < 3, ddn dén sai lam trong qua
trinh bién d6i.

X x(x - 3)° x(3-x)
=(x-3) **—:'“ ‘-"\/ fir
9-x- \/(3—x)(3+x) 3+x

Vi bién d6i nhu vay thi két qua cau b) sé la:

V2.

A= -
2

L. CAU HOI ON TAP LY THUYET

Cau hoi 1:
Cau hoi 2:

Néu quy tiac dua mot thira s6 ra ngoai diu can.

Néu quy tic dua mot thira s6 vao trong dau can.
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Cau hoi 3: Néu quy tac khir miu caa bicu thire 1y can.
Cau hoi 4:  Néu quy tic truc can thic ¢ miu.
Cau hoi 5:  Viét bing t6m tat mot s6 phép tinh va phép bi¢n doi can.
IV. BAI TAP TU LUYEN
Bai tap 1. So sdnh cdc cap s6 sau:
a 447 va34i3. c. 35w LT,
b. 5411 va3+21. 4 3

Bai tap 2. So sdnh cap s6 sau:

9
P LR IT I L
Jo+1 J6-2 3-v6
Bai tap 3. Truc can thirc ¢ miu:
e i l_-—jl_\/i : C_\/‘|+3+y’(rt~3

| —\/_ ' ' J‘l +3 - \/d ~
| 2

B fadio2v3 ol e Jiﬂ 7
Bai tap 4. Ruit gon biéu thuc:
e O R

ﬁ*2J3 \/:f ‘*2\55-

V24l V2-2

A

Bai tap 5. Vi gid tri nao cua x thi ta ¢o:
A7 =i S e
Bai tap 6. Chimg mir:h ring:

\/; - \/l; _a+b
Va-vb Ja+yb a-b

(avb +b)(+a +vVb) Jab+ b? - 24/ab’

a.

b. B=

,viota,b>20 vaa=zbh.

b.

...... =b, viia>b>0.
a-b a(a+2Jb)+b
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Bai tap 7. Giai cac phuong trinh sau:

a. \/4x—'16+\/x~4—;\/9x-% 4.

i
|
r

b. -9 — Jax-4 + V16x-16 ~3Jx -1 =
Bai t._lp 8. Giai cac phuong trinh sau:
I _
E.l Ifr - T == = 'T'.._l'_'""_” + 2 = {J
Ix+1+1 Jx+1—1
D
h. B _'_x T g e - = \[S + l

=8 Jj ‘1
Bai tap 9. Giai cac phuong trinh sau:
a. 2x - 7vJx +5=0.
b. x-64/x-3 —=10=0.
Bai tap 10.  Cho biéu thiic:
%" 4 Jx 2x + Jx

A= + 1.
x—\/x+l Jx

a. Tim diéu kién dé A ¢6 nghia.

b. Rut gon A.

¢. Hay so sdnh [A] véi A, biét x > 1.
d. TimxdéA=2.

¢. Tim gid tri nho nhat cua A.

V. HUONG DAN - PAP SO
Bai tap 1:

8. 10
47 =47 =112,
313 = J3P 13 =117,

Vay, ta duoc 4 T <3 J13.

b. Taco:
511 = 511 =4275;
321 = 3721 = /189 .
Vay, ta duoc 5 Jﬁ >3421.

16.
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s
3 J5 = 3 LT \[45
4 \4) 16

‘f,f: 4 7:\}.1_12

9 \9 )

Vay, ta dugc EJB > g-ﬁ

d. Taco: |
Iﬁ‘é_{fa 7_4"@);/\;3«{«!3) 4(\/77 +?J3) el
Vay, ta ducc f - ?f?i_ffi"

Bai tap 2: Ta cé:

PR - Ly NP ¢ e 46 +2)

J6+1 Jo-2 Wo+xde—1 (J6-2x6+2)
_15(J6 - 1) 4(J6+2)

_3(f - 1)+2(J6 +2)=+6 +1.

6-1 6-4
12 123+46) _ 123+6)
Ba il 46 =l
3-J6 3-V6)3+v6)  9-6
=43+ V6).
Vay, ta dugc A < B.
Bai tap 3:
a. Tacé:
A=L:£_Q_tf)(*+f+d),.+J;'+a
| 1-va 1-va .
b. Tacé: _
S A [ 148

V18 +J8 J2i2 JIS+J8-V8  Vis 18
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c. Taco:

(+/a ;_§+\/a—' 3)Va+3++va-3)

©= (\/a+3 Jd—3)(x/a+3+\/a—3)
(\[d+3+\[¢l ’G) _a+?+'>\,/u4 %\/a +a—1_
(a+3)- (a—?) a+3-a+3
_2a+2a’ -9 2a+2a’ -y
a+3-a+3 6
d. Tacdo:
D = \/2 V2(1+ V2 + V3)

1442 -3 (1442 =31 +42 +43)
J"(I+J”+\/3) V20 +2 +4/3)
(#3023 - - (202 +23~3
V2424432 1442443
- MR SRR,
Bai tap 4: -

a. Taco:

VI423+47-243 _ 2y7 _ 2J7

AWl T 143 s
b. Taco:
po V24144222 22-1_@d2-124D)
{3 \/2*l (V2 -2 +1)
- 22+%g2_1 ‘/" =32
Bai tap 5:

a. Ta bién doi twong duong:

JIx? 2= xaf] ST 2x T e ixlsxesx <0,

Viy, vai x <0 ta ¢é duge dang thic da cho.
b. Ta bién doi tvong duong:
\/a(;c w2y = (3~ x)Va < Ix=2iva =(2-x) Va
SIx=A=2-xH2-xs0=x22,

Vay. vai x 2 2 ta ¢6 duoe ding thite di cho.
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Bai tap 6:
a. Thuc hién phép quy dong mau s6 cho vé trai (VT), ta duge:
x[d o \/b '\/d('\/d-i-\ﬁ))—\fb(\/d —\/h) a+b
Ja-vb Va+db  (Ja-vb)Wa+ib) - a-b’
b. Nhin xét rang:
(avb + b)(Wa +vb) _ Vb(a+Vb)Wa +b)
R i e SR
\Fb+h —'H/.Jb ~ J_l?[j\/?l)z—z\/ilh-i (Vb)’]
a(1+2\/h)+b - a’ +2avb + (Vb)’

_ \/b(‘/“ _—-'_w/h)“j 3 Vb(va b

(zl+\,-’rh): a+ v'fh ,
Do do:
vi< VP Vo)va ++b) Vb(va—b)
a-b a++/b
_ bWasyb)a-vb)
= el = b, dpcm.

Bai tap 7:
a. Bién doi phuong trinh vé dang:
2Jx -4 + Vx4 - Jx-4 =4e2Yx-4 =4
¢> Jx—-4 =2erx-d=4ex =8
Viy, phuong trinh co nghicm x = 8.
b. Bién doi phuong trinh vé dang:
3Vx =1 =2Jx =1 +4Jx -1 -3Jx -1 =
&2dx-1 =16 Jx-1 =8 x- 1 =64 & x =65
Vay, phuong trinh ¢6 nghiém x = 65.

Bai tap 8:
a. Bién doi phuong trinh vé dang:
-1 - o, 2
Ix+1-1 (\/x+l+i) D Y s B b S D
WX+ -1 x+1-1 X
o x=1.

Viy, phuong trinh ¢o nghi¢m x = 1.
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b. Nhan x¢ét rang:

iy I /3 ', 3 ;
s e s .“".‘.‘;_./:Sf.‘_.“.).f WSV s g,
V543 (V5 - V35 + 3 53

2x . 2x(V3-h) _ 2x(V3-1 -
3+l (3+D3E-1) 3-1 o

Do d6, phuong trinh duoe chuyen vé dang:

X( \JS + \f'3 ) — x( v’f3 —}) = x-ffﬁ + |

SxV5+V3-V3i+h=VS +1ox(V/S+D) =5 +1

<> x=1
Vay, phuong trinh co nghiem x = .
Bai tap 9:
a. Datt= Vx . diéu Kient > 0.
Khi do. phuong trinh ¢o dang:

W-TN+S5S=0a0~I)2U=-5)=0

. (=1 - [x =1
{~1=0 vx =1

s &5 5 <| , e 25
2t-5=0 t:j / >

|
19
o

25"
Viay, phuong trinh ¢6 hai nghiém x = | va x = ;

b. Diatt= Jx -3 diéu Kién t > 0. Suy ra:
P x~Femx s +3
Khi do. phuong trinh co dang:
C+3-61-10=0
S -61-7=0 0+ DHt-7)=0

t+1=0vonghiém

o 3 1A
t1=7=0

o Jx-3 =T x-3=49 x=52.

Vay. phuong trinh ¢6 nghicm x = 52.
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Bai tap 10:
a. Diéu kién dé A c¢o nghia:
x>0

x>0 5 5
o T i il < x> 0.
x-—\/x+l¢() (\fx—;) +4—¢0

Vay, vai x > 0 thi A ¢6 nghia.
b. Nhan xét ring:
x4+ Vx = Yx (xvx + 1) = X (Vx )+ 1]
= Jx (Jx + 1)(x - + )
2X + \/x = \/x'(2\/x +1).
‘ Do dé, biéu thiic A dugc bién déi vé dang:

7 A -3
A = VR D-Vx+ ) Vx@Yx+D

x—vx +1 v x
=J£(_\/i'+l)—(2x/k + 1)+ 1=x- Jx.
c. Nhan xét rang,.vdi x > |, ta cé ngay:
x>Vx @x-Jx >0 A>0=1AI=A. .
d. Dé A =2, diéu kién la:
Cx-Yx=2ox-4x -2=0
batt = Jx , diéukién 1> 0. g
Khi do, phuong trinh ¢6 dang:
| t+1=0vonghi¢m
t-2=0

tl-l-2=0c:>(l+l)(t—2)=0c>[ cht=2

& Jx m2AeHa=4.
Vay, diéu kién la x = 4.
e. Tacé:

Azxe =(J;}; sl

4

Do dé A,,, = —i- . dat duge khi:

Ji—--;-=0¢x=

B g

92



CHUBE  1yyc miiN PHEP TINIL RUT GON
6 BIEU THUC €O CNUA CAN BAC BAI

L. KIEN THUC CO BAN
D¢ it gon biéu thitc ¢é chita can bac hai ta thuc hién theo cic budc:
Biocl: Thuc hién cdc phép bién ddi don gian: '

. Dua mot thira s6 ra ngoai dau can.
2. Dua mdt thita s6 vao trong diu can.
3. Khir mdu ctia biéu thic duéi dau cin.
4. Truc can thitc ¢ mau.
Bieoe2:  ‘Thuc hién phép tinh.
Ta cé két qua: .
avA -b~/§ +c«[ﬁ: +d=(a-b+¢) JK +d
véi A>0vaa,b,c,deR. '

Bay gig, ching ta s€ xem xét cic dang todn lién quan thong qua cic
thi du sau.

Thidy 1: Thuc hién phép tinh:
a. 348 — VI8 SJL + V50 .

b 2 V. .2
V2. J3-V2 0 3
Giai

a. Ta bién déi:

148 - Ji8 5\[; + 50 =343 — {93 _s‘j; - J553

~642 -343 SN RN

5 . ]
=(6-3- — 5 ? = -,
( 4 )+ ;
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b. Ta bién doi timg thanh phin trong biéu thic:

2 2y

pom = S = J-,o‘d{i ta str dung phép phin tich tur so.
Jz W2 4 skia

| V3442

ssci - . oday ta strdung phép nhan lien hop

G-z (BB v)
=-\/3+-7/2 =v3+42.

32
2 3-1 (ann(\/nn B
A=l - e J3 =1 B
Nhur viy:
)

B S s vt el =
= J3J2 J3-1‘/ (V3 +J2)+ V3 +1=1.

Nhan xét:  Nhu vay, vdi yéu cau " Thue hién phép tinh " cua cac
biéu thuc chda can bac hai ching ta can linh hoat su
dung, bon quy tdc bien doi da biét, cu thé:

1. O cau a), ching ta da su dung, quy tac dua mot thira so
ra ngoai ddu can cho 38, - VI8, V50 . Con d6i voi

I 5. : g 2
5 \/ sy T IABITERETID W g O0 s o0tk pheng (1.5 \/ 3

~ t1at nhién cling ¢6 thé bién doi:
1 _5 _5V2
5 '
9. 3 B

2. O cau b), méi thanh phan déu ¢6 nhiéu cach bién doi,
cu thé ngoai cach da trinh bay trong l0i giai trén
chung ta con ¢6 thé thuc hién nhu sau:

p) p) f‘) 2J2 -

_ __'____‘. _3-2  (3-V2)W3+42)
Wl alRegr 32
a3 aafd.
2 2(¥3 +1) 2(\/3-“) =34
| G-l (SB-DB+n 3-1 ‘
94



Thidu 2: Rut gon cic bicu thic sau:
A, A=243x + 27x = JBx + V50x + Vx.

B= /X + \f:{.y e [y.vrjix.y>().
\y y Vx
Giar
a. Ta bién doi:
A =23x +3v3x —2/2x +5V2x + Jx
=(2+3)V3x +(-2+5)v2x + Vx
=5+/3x +3/2x + Vx

=(5+3 +34J2 + )Vx.
b. Ta bién doi:

ae (52

S RN R
y Ix Ty

+ l]\/xy néux,y >0
y

1 | T
— = .-J\/xy néux,y <0
N Y y

(y_ + 2)\/)(

——<-=— néux,y >0
y

(y = 2)y/xy

" néux,y <0
:

Nhin xét:  Nhu vay, vdi yéu cau " Rit gon " cac biéu thie chia can
bac hai chiing ta van linh hoat su dung bon quy tic bién
d6i da biét. Tuy nhién, trong céu b) ching ta luu y tdi

Va® = |a|, tirdé thuc hién thém viée pha dau tri tuyét doi
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Thiduy 3;: Chimg minh rang:

s+2v6 ) (5-246) _
(Jadz} [Jﬁ Jz} e

Giai
Nhan xét rang:

5426 w(V3Y +2V3.2 + (2 =(S3 +42)

5+2v6 (V3 ++2)? - -
[mr] [ NP J wiOyAtry A es + 248,

5-2J6 =(3Y-23.42 +(V2)y=(3 -2 )
- (52 ”6] & ‘@} ~(fB 2y =5-246.

V3-42 V3-2
Do d6:
VT=5+26 —(5-26)=4+6,dpcm.
Nhan xét: D6i vdi bicu thic da cho, néu khong khéo léo danh gia

duge 5+2V6= (V3 + V2 va5-2J6= (V3 - V2 )
ma thuc hién phép nhan lién hop dé khir mdu thi sé nhan
duogc két qua rat phiic tap.

Thi du 4: Giai phuong trinh:
a. 3v2x - \[18;‘_ +4 3’5 - ;:_ J128x =0.

Gidi
a. Diéukién x > 0.
Bicn d6i phuong trinh vé dang:
3/2x = 3xV2x +242x —2V2x =0 3V2x (1 -x) =0

2“: x=0 . — ,
= fx 0 — |: , thoa man diéu kién.
l-x=0 - |X

Vay, phuong trinh ¢6 cdc nghiémx =0 vax = 1.
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b. Diéu kién x > 0.
Bién ddi phuong trinh vé dang:

) . - ;
W AT g I . S
3 3 2 2

& - 7
<:>(---+l«~§-)\f;=l+--- ~5
3 2 3 2

N é Jx = '?; & Jx =5« x =25, thoa man diéu kién.

Vay, phuong trinh ¢6 nghiém x = 25.

I1. CAC Vi DU MINH HOA

Vidul. Thuc hién cdc phép tinh:
a. A=+72+/50-98. Bl TP s 2 et e i B
- 2443 2-43
3 3 5 e e
b. B=15 — i Je | 7*\/6 7+J()
5 3 d D= fiwados wi feiediis
7+6 7-J6
Giui
a. Taco:

A=v72 + J45 - J96 = V362 + V252 + J49.2
2642 542 =742 =442.

b. Ta cé:
B=15[J-§+E)=15(é\f IJlSJ-IS- ﬁs_les
c. Tacé:
“HE TR

8(2 - f) 5(2+J3)+?\/_3(2+\/1)()_ .

2+V3)2-V3)

. |
16-8Y3-10-5V343V3(4-3)_¢ (73

4-3
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d. Ta ¢ thé lam theo 2 cich:
Cdclr 1 S dung phuong phip quy dong mau s0, ta ¢6:
/ - /
_J6 7+\/6 J1=+v6 7++/6
D= & 5y
7+\/6 sl \/7 +V6  V7-6

L) L] ader
1o T Ja+J6)7~6).
=-26.

Cdch 2. Stir dung phuong phip truc can thie 0 mau, ta co:

D= \/7 \/6 \/7+\ﬂ5
7+6 J6

) / s vﬁ_]__.___.. [ 7+v6)y
V7+J6)7-+6)  \(7+6)7-6)

" /‘7 Vo) _ ‘7“/6’--_%\/6 _7-+J6 =—2+6.
Y 7-6 7-6

Cac em hoe sinh ¢an phai linh hoat trong, viée lua chon cach

- e = - P P S . ? = -
bi¢n doi. Trong nhicu bai toan viéc truc can thue 0 mau sé
lam cho cac bude quy déng don gian hon nhiéu.

Cho biéu thic:
-1 X+ 2 Jx+l_ \/x+l
: x\/x—l x+\/x+l x -1

a. Tim tap xdc dinh cua A.
b. Ruit gon biéu thic A.
c. So sdanh A véi 3.

Giai
a. Diéu kién dé biéu thic A ¢6 nghia:
x>0
- x>0
xvx —120 < { .
x %]
x+120

9%



b. Ta co:

A=l-( X+2 N Vx+1 x/xH]

xvx -1 x+\/x_+t kil

. x+2 «/x+l \/x+l
(\/x—l)(x+\/x+l) x+\/x+] (\/x+l)(s/x—l)
__ x+2 Yx+l
(JI—nu+J§+n x+vx 4l Vx-1

x+7+(\/x+l)(\[>t~l)- x+~/x+l)
(Vx «I)(x«h/x +1)

(\/x “Ix+x + 1)

2=k }
{fx—l)x+\&+l)

x+2+x—lhx—\/’>—(—i:|

b

_l.{ _ \/X(N/KLI) j|_x+\/x+].

(\fx—l)(x+\fx+l) \/x
c. Xét hi¢u:
T X +/x +1 3 f‘fl/;_f_l‘_g’_‘/f(
& G
X2kl (x- D
Vx Jx
Nhan thay:
(\/x -1 20 i
Jx >0 P (Vx=1)? >0 o G-
0<x#1 Vx>0 Y
<> A-320.
Vay A 2 3.
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Nhan xét:  Ta c6 thé thuc hién rit gon biéu thic A vai cach khac nhu sau:
Dat: Jx =a 0<azl.
Ta dugc:

et ] B, +2+_d+l _*_u1+l_
a—l a-+a+1 a -1

—

=1: + - -

d +2 a+l 1 ..
(d—l](d +a+1) a’+a+l a-1

-1 a -a B z_t‘_‘_fufl
‘ (a-l)(a +d+l) a '

Thay a = \fx vao biéu thic A vira rat gon, ta dugc:
X+ X +1
Jx

A=

Vidu 3. Cho biéu thiic:

l—d\/a ‘ I+a\ﬂ:— .
e (I_Jd ‘/]'['wﬂ“/"]‘

a. Rut gon biéu thic P.
b. TimadéP<7-443.

Giui
a. Diéu kién:
a=0
- a>0
I-Ja:t0 & ) e 0<a# .
- le(\/a -1=0
I+~/a 0
Ta co:

_ I-—a_{i ’ l+d\/d .
i ‘/Nwd ‘/‘]

(_1____Jd)(l+\/a +a)+\/‘l}'((l+s/u)(l-\/a +a_)_\[a~
|+\/il

I

\ -
= { l+\/a+a+ w/a ) l—\/ai+;|—vf;|)
= ¢ 16 2nla +adl ~ Fda 4 8 = (o il=Ja X =1 - 42)°
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b. Ta co:
P<7-43 o> (1-2)2<7-4v3 &1 -2)2<4-22+3 +3
o (1-a0<2-V3V o l1-al <2-43
V3 -2<a-1<2-Y3of3-1<a<c3- 3.
Vay, v6i V3 — 1< a<3- 43 thi P<7-443.
Chi y:  Tacanchay tinh chat:
Al <a¢> —-a<A<a
Vidud4. Cho biéu thic:
P (2\[)( _Jx 3x+3} (2\/)(— 1)'
Jx +3  Vx - x=9 vx -

a. Rut gon biéu thirc P.

b. TimxdéP< - ;

c. Tim gia tri nho nhat cua bicu thirc B.

Giai
a. Diéu Kién:
ik < 0<x29.
x-970
Ta co:
_‘.\/gc_(__«@_—-fi}t_}/_x_(_:fx+3)-3x--3 2Jx—g s/_x_+3
K—() Jx....
__2x:6_{i+xt3_\fx_;3x_w3 \/x+l
x =9 Jx—
3 —3\/x m_3 \/x +_l w?(\[anrl) \/x __:_'__’a___
% =9 \/x— x-9 \/x+l Jx +3
b. Taco:
P<—--l- o e o i R B D
Jx +3 2 Jx+3 2
'6“/—*3 20e Y272 cges % -320
2(Jx +3) 2Jx +3)

o Jx <3 0<x<9.
Vay, v 0 < x <9 thiP< - %
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.3
Jx +3
Nhan xét:
x20e Vx 20 &Vx+323 - : <
x+3 3
e 200 S 1O L =d s esprad
Jx+3 3 Jx +3
Vay, suyra P, = — | dat duoc khi x =0
Chi ¥:  Bat ding thic di chiéu khi d6i ngudc phan s6 hodc nhan

ca hai vé& vdi mot s6 am.

I1l. BAI TAP DE NGHI
Bai tap 1. Thuc hién phép tinh:
a. A =+6+2J5-16-245.

b. B=7+4V3 -\7-443.
" C=|2[\/§+\/§].
d. D=VJ72 +4,5J;§—JS_;+2J23.

Bai tap 2. Riit gon biéu thic:
| 1

a. A= ——o— — ——- +].
\/xnl Jx+l
be B X~ 2% ok
Jx+2
i O 2 & \/x
\/_+3 Vx -3

4 D= ny_‘/f+\P+z\[
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Bai tap 3. Cho biéu thiic:

AZ{X—L& IJ[ 9-X \/X—? \&+’?

x+)x-2) dx-2 Jx+3

a. Rt gon biéu thirc A.

b. Timxdé A<-1.
Bai tap 4. Cho biéu thiic:
I5Vx—11  3Jx-2 2Jx+3
x+2Vx -3 1-vx  Jx+3

a. Rut gon biéu thirc A.

A =

b. Timxdé A= —.

b | =

c. Chitng minh ring A < -i ;

Bai tap 5. Cho biéu thiic:

Az[\fﬁ_ ! NJ;_]”J;HJ
2 2Ja) (Ja+l Va-1)

a. Rut gon biéu thirc A.
b. Timadé A <O.
c. TimadéA=-2.
Bai tap 6. Ching minh rang biéu thitc sau 12 hing s6 véi moi gid tri x vay

{2 B

Bai tap 7. Giai phuong trinh:

a. (\/;—3)(4-\/;]=9~x.
 » S— i — + 3 — =0.
2x” +1 X —nf2%" 41

C. -—==

JxZE k=2
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IV. HUONG DAN - DAP SO
Bai tap 1:
a. Taco:
A = !+2';/-§;-5 = '\fl_-Z\,Fi +-SI o -\/[”4- JS): g \/(_]"-:JS)j
=1+ Js—(vri 1) =2
b. Taco:
B= 74443 V7443 = V4422 343 -4-22/3+3
=J2+3)7 —J2-V3) =2+ 3 -2-3)=243.

c. Taco
C=12 \/3+ =12 \[-t—+\/3 = A3 4128 = 16:3.
6 \2) V3
Bai tap 2:
a. Taco:
Ac (VXD -Gx =D+ - x +1)
(Vx = )(¥x +1)
g+x—l_ytl
K=l = Rl
b. Ta co:
g 10-x+ (X +2)(x-2) _ 10-x+x-4 __ 6
J;+2 J;-I-Z J;+2.
c. Taco:
. 1 Jx

Jx +3 - Jx -3 " (3—&-)(3+\/_:3
_ 23 -Vx)+ B+ Vx) +Vx _ 6-2Vx +3+Vx +Vx

B -Vx)3+Vx) (3-Vx)3+Vx)

=}

©
I
>
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Bai tap 3:
a. bDicukién:
x>0 x>0
Xx=920 &<x29.
Jx -220 (x=#4
Ta co:
X - 3\/x~(x 9) 9—x +(Vx =3)(v/x +3)- (\/x +"){~/x-2)

Rime et e,
Xx—-9 (\/x +3)(\[x -2)

“3Vx 49 9-x+(x-9)-(x-4)
x-9 («/x+3)(~f— 2)

II

N T et
x=9 (x4 3)x -2)
—3 J;+3 -3

\/x +3 \/x +2_ Jx +2_

b. Pé A< -1, tacé:

IWx+3) -

(Jx ~3)(Jx +2)

3(Vx +3)+ (Vx =3)(x +2)
- e i, SO

(Jx - 3)(Jx +2)

- 3Wx +)+x-Vx -6 i

T Wx -3)x +2)

X + 2\& + 1
C W -3x+2)
Nhan thay:

x+2\/x +3>0va \/x +2>0
Do do,

< 0.

] x+2\/)_t +3
(Vx - 3)(Wx +2)

Viay, voi0<x <9, A< -1..

<0< f -3I<0& ‘\/X <3 0<x<9.



Bai tap 4:

a. Diéu kién:
x>0
- >0
l~a\fx;t()<:::>{x X
) x# ]
Jx+3¢0
Tach
Ao 15Vx-1 Wx-2  2Vx +3

o et e Ml
(\/x—l)(\/x +3) - Vx Jx +3
15\/;—1{—(3Jx—2)(\&+3) (2Vx +3)(Vx - 1)

(Vx = X +3)

154X =11 =3x = 7J/x +6 — Zx—Jx +3

e e e e bl

) (Wx ~)(Wx +3)

~5x+TVx -2 (Vx - I) 5Jx+2) -5vx +2
(JX*])(JX%-?)) (Jx—-l)(wfx#%) Jx+% '

b. DéA= %,tacé:

=5k +2 | & 2-5Vx +2)=Vx +3
Jx +3 2
1

&> -10VX +4-Jx-3=0=11Jx =1l &x= TR

Vay, voi x = & , taduoc A = -l
121’ 2"
c. Xét hiéu:
= 5Jx +2
Jx+3
Nhan thay:
3(Vx +3)>0.
Do dé:
“17Jx
3Wa+d)

~15Vx +6-2vx -6 _ -17x

3(x +3) T

s i
3

0=>AL

(FSH 8]
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Bai tap 5:

a. DiéuKkién:

a>0 a>0
_ &> .
Ja-120 la=#l

Ta co:
o [a—l] ((\/l—l)(\/l—l)—(\,l+])(\/d+]}

24  (a+Da-1)

(a—l) [a—')\/dwhlav’\/d—l}

i s A

(-1’ -4va _a-1
4a a-l| Ja

b. Pé A <0, ta co:

a—|
-— <0=a-1<0=ac<l.
a

a-—|

Két hop véi diéu kién, taduogc: O <a < |.
c. DA =-2 tacé:

|

= 2oa-1+2Va=0=a +2Va+1-2=0

= ]
(Va+1)? —2=0e(Ja +1)2=2

Ja +1==2(loai)

Vay, véia=(v2 -17 thiA=-2.
Bai tap 6: Ta co:

c:>|:\[a+|:\/E s Va=V2-1 oa=(2-1)

{ Jx 2J;+f \/_(J_-\/;).

\/}(x/_-qu) Vx({y -Vx) | (x+4Jy)’
. l[xx/; +2Vx +Jy)Wy \/_y(Jx_Jy)
Jxyx = y). x +y)*

=x+2\/§+y___(ﬁ+\&)

Vx+4y)  (x+yy)

=| —dpcm.
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Bai tap 7:
a. Diéukién: x 2 0.
Ta co:
—x+7Yx -12=9-x=7Jx =2l & x=9
b. Diéu kién:

=
2x* +120 xz;\]__
=

{ :
] 3
B =an 410 (I=x)2x*+x+1)=20

Ta co:

. -i‘;;_trf b b --3_—-- - = 0

X +\/’2x“ +1 X —\fZ;‘;-%i
c. Taco:
Va+x _Vx+3

\-fx +5 \11*2
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CAN BAC BA - CAN BACN

I. KIEN THUC CU BAN
1. CANBAC BA

Pé xay dung khdi niém cin bac ba cua mot s@, ching ta sé bat ddu véi
bai todn sau:
Bai todn: Tim canh cta hinh 1ap phuong ¢6 thé tich bang 8.
Giar ) |

Goi canh cua hinh lap phuong la x, diéu kién x > 0.

T gia thiét, ta cé:

x' 28 =22 Hxmdl

Vay. canh hinh lap phuong bang 2.

Nhan xét:  Khi lam quen vdi khai niém can bac hai, chung, ta nhd rang;
X>=a<>x = a, voia0.
Vay, d6i vdi phuong trinh x* = &, ta ciing ¢6 ki hi¢u:

x=lf=]\/5.{ = 7,

Tir dé, ta ¢é dinh nghia can bac ba:

Pinh nghia: Cin bac ba ciia mot 6 a, ki hiéu a , 1a mot s6 ma luy
thira bac ba clia né bing a

| x=VYa @x’=a(uyra(Va) =a).

Thidu 1: Tacé:
V8 =2vi2'=8.
10,027 =0,3 vi (0,3)' = 0,027.
V=125 =-5vi (-5)' =-125.

J64 _4 3)"_£_9_4_
343 7 7 7 343
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Tom lai, voi moi aeR luén ton tai VYa.

» Néua>0thi Ya>0.

* Néua<0thi Ya<0.

* Néua=0thi Ya=0.

Chii y:  Ching ta déu biét rang;
a=ba=b
do do, ta ghi nhan dugc hai két qua:
Va b = Vab.
:/fi = %,véibiﬂ.
Thidu 2: Thuc hién phép tinh:

" .‘_%m -3,
b. (VY-2 +1)(i[4- +4P + 1)
Gidi
a. Tabién dobi:
-‘—%."Jl_ -Y3 = #-%.13.(-3)= Y27 =3.
b. Ta bién ddi:
V2 +)Va + V2 +)=(V=2 + DY-27 - V=2 +1)

____(v;f_)")]+l=—2+l=—].

Nhan xét: Nhu vay:
1. Trong l3i giai cta cau a), chiing ta da si dung két qua:
Ya . Yb . Yc = Vabe.
2. Trong 10i giai cua cau b), ching ta da st dung hing
dang thuc:
a'+b'=(a+Db)a’-ab+b).
Nha ri’mg, ngoai ra ta con co:
a' - b'=(a-b)a>+ab+b?).
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Thidy d: Grar cac phuong trinh sau:

a. V2x+1=3. b Yeal=2x"=1.
Giat
a. Bi¢n doi tuong duong phuong trinh vé dang:
(V2x+1)' =3' @ 2x+1=27&2x =26 > x = 13.
Vay, phuong trinh ¢6 nghiém x = 13.
b. Bién ddi tuong duong phuong trinh vé dang:
Ax+1)' =@Ax - @x+l=x-lox+1=(x-Dx+1)
X =1

x+1=0
Sx+)x-1-1=0& P
L-—Z:U {

x=2

Vay, phuong trinh ¢6 hai nghiém x = -1 vax = 2.
2. CANBACN

Can bac n (n € N, n>2) ctia mot s¢ a la mot day ma luy thira n bang a.
Tong quat:

»  Boi voi can bac le (n = 2k+1): Moi s0 déu c¢é mot can bac ¢ duy
nhat. Can bac l¢ cta s6 duong la duong, cuia s6 0 1a 0, cua s am la am.

Ki hiéu: **</a 1a gid tri ciia can bac 1¢é

»  Doi véi can bdc chan (n = 2k): S6-am khong ¢6 can bac chian. S6 0
c6 can bac chan 14 0. S6 duong ¢6 hai can bac chan la hai s6 déi nhau.

Ki hiéu: %a va - ¥a (trong do %a>0 ) la gid tri cla cdc can
- bac chin ciia moét s6 a khong am.

Thidu 4: Thuc hién cac phép tinh:
a. A=481-27.

b. B=47-4v3 +2-43.

Giai
a. Taco:

A=481 - 127 =43333 - 4333 =0.
b. Taco:

B {7405 + V25 = {1 224343 + N2
= ‘{'/(2—«/3)2 + \/2—-./_3: = ﬁjﬁ+\[2—_\/§= Z\fz‘:ﬂ\/ﬁ
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II. CAC VI DU MINH HOA
Yidu 1. Thuc hién cic phép tinh:
a. A=3V-64 +27 - 8.
b. B= 125 - V54 - V-128.
c. C=YW3-1)4-243).
Giai
a. Taco:
A=V-64+327 -8 =-4+3-2=-3.
b. Tacé:
B= V125 - Y54 - ¥-128 =5-4272 - Y-642=5-7V2

¢. Taco:

C= Y3 -1)4-23) = Y3 -DB-243 + 1)
=YW3-0B-1 =YW3-1' =43 -1
Nhan xét: Nhu vay, trong 13i giai cta vi du trén dé thue hién cac
phép tinh ching, ta mdi chi su dung tdi dinh nghia cua can

bac ba. Vi du tiép theo sé minh hoa viée su dung cac hang,
dang, thic bac ba, bao gém:

a'+b'=(a+b)a’- ab+ b’)=(a+b)'- 3abfa + b).
a'-b'=(a-b)@+ab+b’)=(a- b)'+3ab(a b).
(@a+b)'=a'+3a’b+3ab’+b".

(@ b)'=a'- 3a’b+3ab’- b

Vidu 2. Thuc hién cic phép tinh:

a. A=(VY3 +V2) V9 - Vo + V4).

b. B=(V5 - 1)V25 - V5 + ).

c. C=(1-Y3y++4i3).
Giai
a. Tabién doi:

A=(V3+ V0 NAB3y-V3. V2 +(201=3)y+2)
=34+2=5.

112



b. Ta bién doéi:
B=(¥5 - DY5)P-¥5 +11=(Y5) -1=5-1=4.
¢. Ta bién doi:
C=(1-3Y3 +1+V3)-301- V31 +V3)1- V3 +1+3)
=2'-3[1-(V3)]2=8-6 +69 :2+6:J9.
Vidu 3. Ching minh rang:

Ll WO 0 )

Giui
Ta co:
3

J5 =1 5V5-15+3J5-1  8J5-16 :

SRt S R oo B p it B L B D
2 8 )
S = g T

p ‘[’ = ‘[\/q -2, dpem.

2

Vidud4. Bi¢tring nfua=>bthia =b'vanguoclaia’'=b'thia=b.
Chimg minh rang:

\/‘ " st'. VG b 2 0.
Vb Vb
Gidi

Ta co:
[Va]‘ _(Va)' _a
Vb)  @b)' b

Viy: _
Va \ja
i 3} {d .m)_
b pe

Vb
Chi y:  Chung ta déu biét tdi phuong, phap nhan lien hgp dé khi can
bac hai & mau, va cau hoi duge dat ra la " Vi cdn bdc ba thi
sao?", cau tra loi la " Cang nhédn licn hop ", tuy nhién o day:
a+bcolienhgplaa® ab+ b’ va nguoc lai.

a - bealien hop la a® + ab + b* va nguoc lai.
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Vidus. Khircan thic 6 mau:
V3-12 S s-Vs+1
Giuai
a. Thuc hién phép nhan lién hop, ta duoc:
| V9+‘\/6+§/4 Y9+ 36 + V4
V-2 G-V +Ve+Vay 3-2
- U5+ Y6 + Vd.

b.  Thuc hién phép nhan lién hop, ta duoc:
6 6(V5 + 1) _6S D s,

Vas-Us+1 (5+npV2s- s+ 5+
Nhan xét: Nhu vay, trong 16i giai cta vi du trén dé thue hién khit can
thic 0 mau chung ta st dung, phuong, phap nhan lién hop.
Tuy nhién, ta con ¢6 thé trinh bay theo phuong phap tach,
cu theé:
1 3-2  AB3-Vnde+Ve+V4)
V3-V2 3-V2 V3 -2
-9 + Y6 + VYa.

Vidu 6, Giai cac phuong trinh sau:
a. x*-5x'-24=0,
b. 3-Y3x+6 =0.
c. V2x+1-1=2x.
Giai
a. Bién doi phuong trinh vé dang:
X°+3x' -8x'-24=0x'"x*'+3)-8(x'+3)=0

SX+3)(x'-8)=0 o x;:_"’ o ":‘/_3_
X =8 X =2

Vay, phuong trinh ¢6 2 nghiém x = Y-3 vax=2.
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b. Bién doi phuong trinh vé dang:
Vix+6 =3 3x+6=33x=21ex=7
Vay, phuong trinh ¢6 nghiém x = 7.
c¢. Bién doi phuong trinh vé dang:
Vax+1 =2x+ 1> (V2x + 1) = (2x + 1)’

S+ 1=2x+ D' 2x+ D[2x+ 1)’-1]=0

2% +1=0 x=-=1/2
2x+1=0
> ] & |2x+l=]1 &|x=0
(2% +1) =1
2x+1=-1 X =—1

g , : ! .
Vay, phuong trinh ¢6 3 nghiém x = —3 x=0vax=-l.

111. CAU HOI ON TAP Li THUYET

Cau hoi 1:
Cau hoi 2:
Cau hoi 3:

Cau hoi 4:

Hay xdy dung khai niém can bac ba cia mot so.
Phit biéu dinh nghia can bac ba cia mot s6.
Néu két qua tong quat trén R.

Phét biéu dinh nghia can bac n ciia mot s6 (néu cac truong
hop can béc 1¢ va can bic chan).

IV. BAI TAP TU LUYEN
Bai tap 1. Thuc hién phép tinh:
a. A=§f6i-m—{f§.
b. BzV:l—°.j_+Vl§§—K5.
c. C=481 -327 -343.
Bai tap 2. Thuc hién phép tinh:
a. A=YW2+D3+242).
b. B=(V3-1)'+(V3 + 1)\
c. C=@B-1(VI+¥3+1).
d. D=(V3 -¥2) /9 + V6 + V4).
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Bai tap 3. Rt gon cdc biéu thirc:
a. A=(Va +1P-@a-1)

B Bmspue 8

v

c. C= {[lﬁ—x’ ¥3x(x —ﬁ
Bai tap 4. Giai ciac phuong trinh:

a. 2+Yx+5=0.

b. 3-32x-7=0.

c. Vx®+6x'=x1+2.

d. VYx-1+1=x

e. Yx+5-VYx-5=1

V. HUGNG DAN VA DAP SO
Bai tap 1.
a. Ta co:
A=364- V1000 -8 =4-10-2=-8.
b. Tacé:
B=¥-125 + V128 - Y2 =-5+442 - 2 =332 -5.
c. Tacé:
C=¥81-427 -33¥3 =343 -3-V3 =-3.
Bai tap 2.
a. Taco:
A = Y2 +DB+2v2) = V(W2 + D2 +2¥2 +1)
= Y2+ 2 +1) = Y2410 =2 + 1.
b. Tacé:
B=(V3-1+3¥3+1)'-33B-DV3+DAB -1+33 +1)
=2V3y-6Y3(V9 - 1)=24-18+6Y3 =6+63.
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c. fachd:
C=(NM3-1V9+3 +1)=(¥3)y-1=3-1=2.

d. Taco:

D=3 -¥2)i0 +¥6 + V4 =3P -(V2y=3-2=1.

Bai tap 3.

a. Taco:

A=[(¥a +1) - (Va-DP+3Va +1xYa - D[V +1)= (Va= 1))

=2y +6(3a’ -1)=2+6Va’ .
b. Taco:
po__lta =(|+Ja}(_j\fa-—--«/a+|):l+%.
Va? ~Va +1 Va?’ —Va +1

c. Taco:

C= iﬁ«x‘ +?;x(x—1) =31 -3x +3x* = x°

i A =1
Bai tap 4.
a. Bién d6i phuong trinh vé dang:
Vx+5 =2 (Yx+5)' =(-2)
Sx+5=-8x=-13.
Vay, phuong trinh ¢6 nghiém x = -13.
b. Bién ddi phuong trinh vé dang:
V2x-7 =3 V2x-7) =3 2% -7=27ex=17.
Vay, phuong trinh ¢6 nghiém x = 17.
c. Bién d6i phuong trinh vé dang:
Ux® +6x* =x2+2 o (Vx© +6x* )'= (x*+ 2)
S xP+6x ' =x"+6x"+12x° + 8
< 12x7 + 8 = 0, vo nghiém.
Vay, phuong trinh vé nghiém.
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Bién déi phuong trinh vé dang:

V=1 =x-lox-1=(x-1)
& (x=Dix=1yY=-1]=0
x-1=0 X =]
x—-1=0

o , @lx=-1=1 &|x=2.
x=-1)" =1

<

x—-1=-1 X =

Vay, phuong trinh ¢6 3 nghitmx =1, x=2vax =0.

Nhom Cie Mon cliing toi dia va dung theo dudi muc tiéu viét ra dioc
mét bo gido trinh Todn phé théng (PTCS va PITH) voi noi dung bao gom:

1.
2.

Ddy chi cdc kién thuie theo quy chudn ctia BGD va PT.
Kién thite dicoc trinh bay theo kiéu ddat vin dé va cdc yéu cdu
hanh déng dé'thay doi kiéu day hoc theo 167 thu dong.

Sau méi chii dé kién thite déu 6 phdan hiong dan sie dung mdy
tinh Casio Fx570 Ms hodac cdc phdn mén mdy vi tinh dé tro gitip
cho viéc gidi todn (giam thiéu cdc bai todn tin todn phitc tap).

Nhitmg chii dé kién thite can thiét sé dugc chia nho thanh phan ly
thuyét va cac dung toan dé giip cho viéc day va hoc nang cao.

Cé diu CD kém theo dé:
»  Gido vién ¢6 thé thue hién bai gidng bdang mdy chiéu.

s Hoc sinh ¢6 thé hoc ngay trén mdy tinh.

Do vay, chiing téi rat mong nhdan dicoc nhitng y kién déng gép 6 tinh
xdy dimg cta tdt ca cdce Thay gido, Co gido, Nha nghién ciu, Phy huynh
va Hoc sinh trén toa: moc.
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cnv Bi SO LUGC VE
NANG CAQ PHUONG TRINII -BAT PHUGNG TRINH
CHUA CAN BAC HAI

I. PHUONG TRINH VO TI

Chiing ta han di duoc 1am quen vai viéc giai phuong trinh chira can
bac hai va thdy rang c¢6 hai phuong phép thuong duoc sir dung, bao gom:

1. Phuong phip bién déi tuong duong.
2. Phuong phdp dat an phu.

P¢ gitip cic em hoc sinh muén nang cao kién thirc cua ban than, o
phan nay sé trinh bay cu thé hai phuong phép trén.

1. PHUONG PHAP BIEN POI TUONG PUONG
Ta sir dung cdc phép bién déi co ban sau:

JIx) =4/g(x) & f(x) = g(x) 2 0 véi diéu kien f(x), g(x) ¢ nghia.
Jg(x)co nghia & g(x)=0

|f(x) = g*(x) '

khong cén dat diéu kién f(x) > 0.

\/f(x):g(x)w

f(x),g(x),h(x)conghia
JI(x) +4/g(x) =/h(x) < {f(x) 2 0, g(x) 2 0
f(x) + g(x) + 2,/f(x)g(x) = h(x)

Truge tién, chung ta xem xét cic phuong trinh dang \/f(x) = \/;E(_;)_.
Vidu 1. Giai cdc phuong trinh sau:

a. V2x+1 = x+6. b. vVax+2 =x? +4x +1.
Giai
a. Bién doi wong duong phuong trinh:

\/2_3;.4'1' = \/K+-6 S22+ 1=x+620

X+6=20 X =>-6
&5 & X =y,
2x+1=x+6 X3

Viy, phuong trinh ¢é nghiém x = 5.
119



b. Bién déi tuong duong phuong trinh:
Vax+2 =x? +4x +1 @ dx+2=x+4dx+ 120

4x+220 i5.0 " lem.]
& & 2 & 2 &5 X =],

4x +2=x"+4x+1 2 o 4

Vay, phuong trinh ¢6 nghiém x = 1.

g .‘,z,‘._ % -3 ,
M{ Trong 19i giai cua vi du trén: .
¥ 1. Ocau a), chung ta lua chon diéu kién la x + 6 > 0 hoac
2x + 1 20 la nhu nhau vé dé phiic tap.
2. O cau b), dé thay ring dé giam dé phiic tap chung ta
lua chon diéu kién la4x+22 0.
Nhan xét trén s€ rat cé ich véi ciac phuong trinh chia tham
$0. Vi du sau sé minh hoa diéu nay.

Vidu2. Cho phuong trinh:
Jm-2x =x-1. (1)
a. Giai phuong trinh vdi m=5. -
b. Tim m dé phuong trinh c6 nghiém.
Gidi
Phuong trinh tuong duong véi:

m-2x=x-120

On x=120 x 21 x &1 0
=) =" :
m-2x=x-1 Ix=m+l| x:-m;l
a. Véi m=S, ta duox:
21
(I)<::::»{x b S
X &=2

Vay, v6i m = 5 phuong trinh c6 nghiém x = 2.
b. Phuong trinh cé nghiém

& (I) 6 nghiém < -"—’3*-'— >lom+l23om2.

Vay, véi m 2 2 phuong trinh cé nghiém.
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Vidy 3. Tim m dé phuong trinh sau c6 nghiém:
IS g e fm .
Gial
Phuong trinh duoc bién doi tuong duong vé dang:
—Xx*+3x-2=2m+x -x’20
~x*+3x-220 I<x<2
= g .
X=m+l| X=m+l
Do dé dé phuong trinh ¢6 nghiém, diéu kién la:
l<m+1<2<0<m<l.
Vay, vd1 0 < m < |, phuong trinh ¢6 nghiém.

Nhan xét: Trong trudng hgp, viéc luva chon hai biéu thie diéu kién
la f(x) > 0 hoac g(x) > 0 cé do phic tap nhu nhau va déu
khoé giai, khi d6 ching ta sé khong di giai bat phuong
trinh diéu ki¢n ma sir dung phép thur lai.

Vidu 4. Giai phuong trinh:

\/2:(" K K] = Jx* +x7 -1,

Giai

Phuong trinh dugc bién déi tuong duong vé dang:
2x - X - x+l=x'+x'-120

{x‘+x3—120 {x‘+x3—I20
& Lo
1

2x ' = x P =x+1l=x" +x* - x'=2x* -x4+2=0

K" ExF =120

x'+x1-120 I:)c:l
Lo . <9 x =1l = :
(x =-I)x-2)=0 [
X =2

Viy. phuong trinh cé nghiém x = | vax = 2.

Chiy:  Nhu vay, phuong phap giai cac phuong trinh vo i dang,
Jl;(x) =Jg(x) da dugc miéu ta kha chi tiét. Tiép theo, chung,
ta quan tdm tdi cac phuong, trinh dang, J f(x) =g(x).
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Vidu 3. Giai phuong trinh:

Giai

W Trag=3-x

Phuong trinh twong duong voi:

IA

3-x20 X<3 x<3
. .~ oy > x=l.
X" +Xx+2=(3-x)" 7x-7=0 1

P
il

Vay, phuong trinh c6 nghiém x = 1.

Nhén xét: Trong 16i giai caa vi du trén, viéc su dung phép binh

phuong dé khit can ching ta thu nhan duge mét phuong,
trinh bac nhat (da dugc hoc cach giai). Tuy nhién, trong
nhiéu trudng hop ching ta sé nhan duge mot phuong, trinh
béac cao va khi do can van dung, tot phuong, phap phan tich
da thic thanh nhan tir dé dua phuong, trinh vé dang, tich.

Vidu 6. Giai cic phuong trinh sau:
a. x—-v2x+3 =0. b. x*+ Jx+1 =1.
Gidi
a. Phuong trinh twong duong voi:
N x>0 x >0
J2x+3 =x < e —
2X+3=x" X" —2x-3=4(
x>0
x20 x:2 0 :
=2 < < 4 x =1
X" =1-2x-2=0 (x+1)(x-1-2)=0 [ s
x e

g w3,

Vay, phuong trinh cé nghiém x = 3.
b. Phuong trinh tuong duong véi:

—-x° >
Jx+l=1-x & Bl -
x+1l=(0-x") (*)

Giai phuong trinh (*):
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X+D=x+1Px-1Veox+ DX+ DE=-1)1-1]=0
& (X + 1)(x--‘—x3—x):-—0@x(x3-x— Dix+1)=0

x=0 x =0
x =1 3 »
S xP~x-1=0 (x-—l-] =-5c> x:li\/s
2 4 2
x+1=0
x=-~] K="l




Kiém tra cic nghiém tim duge cho diéu kién 1 — x~ = 0, ta thu dugc

_1-45

cac nghiem x =0, x=-1,x
5
- . : . | -5
Vay, phuong trinh ¢6 nghitgmx =0, x =-1,x = :

Vidu7.

Giai

Nhan xét:

Trong 10i giai cua vi du trén:

1. O caua), dé giai phuong trinh x* - 2x - 3 = 0 chung ta
da su dung phuong phap tach dé€ phan tich da thic
VT vé dang tich, tuy nhién cach lam hay nhat van la
bién doi vé dang binh phuong, cu theé:

A

x> 2% -3=0¢>(x*~-2x+1)- 4=0

2. O cau b), dé giai phuong, trinh (*) chung ta da lan lugt
st dung, phép nhom nhan ta chung, tiép i la khai
trien da thide dé nhan dudge nhan tir chung, x, va cudi
cung, la st dung phép bién doi vé dang, binh phuong,

Giai phuong trinh:

(x+3]\/l_u->{3 =x-x-12.

Piéu ki¢n:

10-x">0 x| <10, (*)

Nhan xét rang:

=% —12=x"-9-x-3=(x+3)(x —4)

do do, phuong trinh duoce viét lai:

(x + 3)V10-x* =(x +3)(x — 4)

o x+V10-x2 —(x=4)]=0

x+3=0 (1)

JI0-x* —(x=4)=0 - (2)

= Giai (1), ta duge nghiém x = -3, thoa min di¢u kién (¥).
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* Giai (2), bing phép bién ddi tuong duong:

P x-42>0
c_—:>\[l0—x‘ =X-4& . ,
10-x" =(x-4)

x >4

x =>4 Xx >4 | 1ghm1
4 = <4 x =1, vonghi
X" -4x+3=0 (x=I(x-3)=0 [

x =3

Vay, phuong trinh c6 nghiém x = -3.

Nhan xét: Nhu vay, vi du trén la mét dang, mo rong, chinh vi vay
chung ta can thiét lap diéu kién cé nghia cho phuong
trinh trudc khi di bién d6i noé.

Tiép theo, chung ta quan tam tdi cac phuong, trinh dang;:
\/f(X)+\/g(X)=Jh(X)

va dé tranh phai bi¢n doi mot hé phuc tap, trong nhiéu

truong hop chung ta di thiét lap diéu kién ¢6 nghia cho

phuong trinh trudc. '

Vidy 8. Giaicdc phuong trinh sau:
a. Vx-2 +x+1 =3. b. Vx+4 —v1-x =1-2x.
Giai
a. Diéukién:
x-220 X2
— exz2. (*)
x+120 x2-I

Phuong trinh tvong duong véi:
(dx =3 % Jxxl y=9
= 2+2J(x »_2")('){41) +x+1=9
RS s e 5-x20
o Jx-x+l) =5-xe i *
(x=2)x+1)=(5-x)"

X €3 KES .
o & <> x = 3, thoa man (*).
9x-27=0 X3

Vay, phuong trinh cé nghiém x = 3.
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b. Phuong trinh viét lai duéi dang:
VI-x +V1-2x =y/x +4
l-x20
<> <1-2x20

=x+1=2x+2(1 - x)(1 -2x) = x +4

x <1 o
1 2
<::HXS") &S 2x+120
N S :
VU =x)(1-2x) =2x +1 (1=x)(1-2x) = (2x +1)

.

—I-st-l
& 2 2 &x=0.

2% +Tx =0
Viy, phuong trinh ¢o nghiém x = 0.

Chi y:  Néu cdac em hoc sinh thay cach thuc hién nhu vay hai go bo
thi co thé trinh bay nhu sau:

Diéu kién:

x+42>20
l-x20 ¢->—---4<.x<},-
| -2x20 -

Phuong trinh viét lai dudi dang;:
JI-x +J1-2x =x +4

e JT— RN S2%) =8+ 1

2x+120 xz—l
&S 5 g y &R 2
(h=xKl~2x)=(x +1) 2x" +7x =0

|

l
R =

> dx=0 <<>x=0.

7
X=—-
2

Vay, phuong trinh ¢6 nghié¢m x = 0.
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2. PHUONG PHAP PAT AN PHU
Phicong phdp ding an phu 1a viée si dung an phu dé chuyén phuong
trinh ban dau thanh mot phuong trinh da thic véi mot an phu.

Ta ¢6 cic dang dat an phu thuong gap sau:

1. Néu bai toin chira Jf{x) va f(x) ta dat 1= \/Jf(x) . dicu kién toi
thiéu t > 0, khi d6 f(x) = ".

2. Neéu bai toan chira \/f(x) Jg(x) va \/f(x) .\/g(x) =k khong doi,

sl e A : -k
ta dat Iz\/f(x] , diéu kién t6i thiéu t 2 0, khi do \/g(x) =- .
t

3. Néu bai todn chita {/f(x) + \Jg(x), Jf(x).g(x) vaf(x) + g(x) =k

khong ddi, ta dat t=+/f(x) + Ja(x) . khi d6 JF(x).g0x) =" -~

Chi y: V@i cac phuong trinh can thire chida tham so st dung phuong,
phap dat an phu, nhat thiét ta phai di im didu kién ding cho
an phu.

D& tim diéu kién dung, cho an phu déi vdi cac phuong
trinh vo U, ta ¢d thé lua chon mot trong, cac phuong, phap sau:
* S dung tam thirc bac hai, thi du:
t=Vx® —2x+5 =\/()~zwl)2 +42>2
»  Surdung cac bat ddng thire, thi du:

=3+ x +46~-x

Khi do:
C=(V34+x+V6-x)<B+x+6 x)(1+1)=18
2 ¢4 342,
E=(v/3+ X +/6—X P=3+x+6-x+2/3+x)(6-x) >9
(>3

Vay, diéu kién cho an phutla3d<t< 3\/2' .
Vidu l. Giaicidc phuong trinh:
a. 4x + V2x -1 =5.
b. 2(x*-2x)+ Vx’ =2x-3 =9=0,
Gidi
a. Patt=4/2x-1,1>0. .
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Khi do, phuong trinh duogc viét lai:
H2% ~ 1)+ 2% ~1 ~3=063 2 4i~3 =0
SAW-2+t-1=00-D20+D+1]=0
l:I e
St-D2t+3) =0 3 _<:>t:l¢:>\-52x—l=l
t = ——loai
5 108
SXkxkx~-l=1lox=1.

Vay, phuong trinh ¢6 nghiém x = 1.

b. Datt=Vx-2x-3,1>0.
Khi do phuong trinh ¢6 dang:

X —2% - N+ Yx* -2x-3 = 3=0 20+t -3=0

& 3 <:>t=l<:>\/;.:——2x-—3=l<:>x:~2x—4=0

S x= 1k \/5_ i
Viy, phuong trinh c6 nghicm x = 1 + V5.
Nhan xét:  Chung ta cang c6 thé lua chon cach trinh bay:
1. Ocau a), khidatt= V2x -1, suy ra:
t=2x-1ox= -12—(t3+1).

2. Ocau b), khi datt= \/x1~2x -3 , suy ra:
t=x"-2x-3ox - 2x=t"+3.

Vidu 2. Giai phuong trinh:

(x =3)(x + l)+4(x—3)\[~—-- = -3,
Xx-3
Gidi
biéu kién:
i'fl_ >0 x>3 (#)
x-3 X <-1
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batt=(x - 3)\/75--4-:;-, ,suyra(x —=3)(x + 1)="r".

Khi do phuong trinh ¢6 dang:
) t=-3
t+4+3=0& L e

e Vai t=-3, tadugc:

x+1 x-3<0 x <3
(x-3) =-3¢& -
-3 (x=-3)(x+1)=9 X°=2x~12=0

x <3 . ‘
= e x=] - sﬁB , thoa man diéu kién (*).
x=li\/l3

e Véi t=-1, ta dugc:

J;:T x-3<0 Xx<3
(X = 3)J—— =1 o
-3 (x=3)x+1)=1 X' =2x-4=0

x<3 e s
o eox=1-45 , thoa man diéu kién (*).
x=1++5

Vay, phuong trinh ¢6 hai nghiém x = | - V13 vax = } - V5.

Chi¥:  Nhiéu em hoc sinh khi thuc hién bai toan trén méc phai sai
14m tir phép bién d6i:

(x--3)‘/£+—-;— = J(x=3)x+1),
x —

d6 duong nhién khong phai la phép biéh doi tuong duong,
Céan nhd rang;

x+1 Jx=3)x+1) néux-3>0
(M= Fh-c L s e .
Vx=3 - Jx=3)x+1) néux-3<0
Vidu 3. Giai phuong trinh:

WWx+9+4x + J¥x+9-Vx =4.
Gidi
biéukién x 2 0.
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Nhan xét rang:
JVx+9 +Vx YVx+9-Vx = J(x+9)’ —(x)’
=Jx+9-x =9 =73

do do, néu datt = \/:fx +9+x 123, suy ra:

L e o

Khi do, phuong trinh co dang:

t+ - =4St -M+3=0"-1-3U+3=0
t

1 = lloai
¢:>(t—l)(l—3)=0¢:>['_3 Y ait=3

X +9+x+2ﬁ(x;9)' = §1

R 72-2x 20 x <36
<:>2Jx(x+9)=72—2x<::> .
4x(x +9)=(72 -2x)" X =16

<> x = 16.
Viy, phuong trinh cé nghiém x = 16.

Nhan xét: Nhu vay, ching ta da trinh bay vi du minh hoa cho
phuong phap dat an phu dang 2. Tiép theo, ching ta sé
minh hoa vi du st dung phuong phap dat an phu dang, 3.

Vidud4. Giai phuong trinh:
Jx+3 + JT-x +8Jx+3)1—x) =2.
Giuai :
Diéu kién:
x+320
l-x>0 o -3<x<l. (*)
(x+3)1-x)=20
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batt = Jx +3 + \/l «x , 120, suy ra:

EoxtIH -4 2T =3 e fix + 3= x) = @4

Khi do phuong trinh ¢6 dang:

t+8.;—(t3-4)=2<:>413+l—18=U<:>413- 6+1-2=0

t20

S (1 -2)@M+9)=0 o 122 Jx+3)(-x) = ; (22— 4)=0
Xx+3=0 X = -3 o

o &> , thoa man diéu kién (*).
l-x=0 ¥ = ]

Vay, phuong trinh c6 hai nghiém x = 1, x = -3.
ViduS. Giai phuong trinh: '

VxP =3x+3 + Jx* -3x+6 =3,

Giui
Patt =x* - 3x + 3, ta cé:
S N
4 4

: ; 3
do do6 diéu kién cho anphutlat> 4

Khi do phuong trinh c6 dang:

Ji+t+3 =3 t+t1+3+2t(1+3) =9 & Jt(1+3) =3 -1

3-t20 t<3 . x= 1
&> LD ot=]l & x-3x+3=l
t(t+3)=(3-1t)" t=1 Xz=2
Vay, phuong trinh c6 hai nghiém x = |, x = 2.
Vidu 6. Giai phuong trinh:

\/3x—2 + «/x—l =4x—9+2\/3x2-5_x-:-—§. .

Gidi
Diéu kién:
3x-220
axzl. {r
x=120
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Viét lai phuong trinh dudi dang:

V3x =2 +4x=1 = [(3x = 2) + 23x> =5x+2 + (x

o I =2+x =1 =(3x-2+Jx-1) -6
bat I=\f’>x ;2+\,/x —1,t21.
Khi do:

E-1-6=0¢ &% J3% ~Dfnf%~1 =3
t=-2 (1)

= 3x-24+x-1+2J3x-2)(x-1) =9

o JOx-2)(x-1) =6 - 2x

6-2x>0 {xs3
Lo}

¢-> 3 3
(3% = 2)(x = 1) =(6—-2x)" X" —=19x+34=0

<> x = 2, thoa man dic¢u kién (*).
Vay, phuong trinh cé nghiém x = 2.

I1. BAT PHUONG TRINH VO TI

=1J] = ©

Chiing ta han da dugce lam quen vai viéc giai bat phuong trinh chira
can bac hai dang don gian va thay rang ¢6 hai phuong phip thuong duoc

str dung, bao gom:
[. Phuong phdp bién doi tuong duong.
2. Phuong phip dat an phu.

Pé gitp cic em hoc sinh muon nang cao kién thirc cta ban than, &

phan ndy sé€ trinh bay cu thé hai phuong phdp trén.
I. PHUONG PHAP BIEN DOI TUONG PUONG

Ta st dung cic phép bién doi co bin sau:

Dang 1: Vairdang:
g(x)>0

[
M(x)<g(x) < .
v {Usfu)<g(x)

Dang 2. Véi dang:

—
f

g(x)<0
o {f(x)?()
VI(X) > g(x) &
{g(x)ZU
| [1(x) > g7 (x)
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Vidu l, Giai cic bat phuong trinh:
8 “Nx=T7 »3 b. v2x-1 <1.
Giai
a. Bién doi bit phuong trinh vé dang:
X=7>9<>x>16.
Vay, bt phuong trinh ¢6 nghicm x > 16.
b. Bién déi bat phuong trinh vé dang:

{2:4—120 x?l |
= > <x<l

&>
2x -1 < £
x <]

: g N
Vay. bit phuong trinh ¢6 nghicm , Sx<l
Nhan xét:  Nhu vay, vi du tren chi mang, tmh minh hoa kho dau de
chung ta dan ticp can vai cac bat phuong, trinh vo tt phuc
tap hon, vi ¢ do bao gém nhicu bat phuong, trinh bac cao.

Vidu 2. Giai bat phuong trinh:
20 -1 <x+ 1

Giai
Bat phuong trinh twong duong voéi:
Xx+120 x> -1
x+120 .
_ ,9x" =120 i x izl
0<2(x" -1)<(x+1)" ; . .
Ax =D <(x+1) X" —=2x-3<0()
| X 2-1
X = — |
&S4xi e ex <>L
I<x<3
(x+1)(x-3)<0 ~]1€xs3

Viy, nghi¢m cua bat phuong trinh la tap {1 }U] 1. 3].

Nhan xét: Trong 18 giai cua vi du trén, dé nhan dudc cac nghiém
cua mot bat phuong trinh bac hai ching ta s dung
phuong phap phan tich da thuc thanh nhan tu réi lap
bang, xét dau. :




Vidu 3. Giaicac bat phuong trinh:

a. Yx*-3>x-1. b. V-x*+4x-3 >2x-5.
Giai
a. Bién do6i bat phuong trinh vé dang:

—x—lc{) %< |
22330 Ix 1> +/3 X € —/3
p— o .
x—120 x| X2
] :(3—3>(x_—l)2 i %52

Viy, bat phuong trinh ¢6 nghiém (-0, - V3)u(2, +o).
b. Bat phuong trinh tuong duong voi:

[ (2x=5<0 x<5/2
X +4x-3>0 1<x<3
<
2x-520 x=>5/2
—x*+4x-3>(2x-5) [ [5x7-24x+28<0
[ 5
| <x <--
= xzs <::>l$x<-l~4
< 2 5
2<x<l-é—‘-
R 5

Vay, bat phuong trinh ¢6 nghiém | < x < —lg ;
Nhan xét:  Npy vay, vai bat phuong trinh dang, ﬁ(;) > g(x) chung
ta thudng, phai giai mot hé gém nhiéu bat phuong trinh. Dé
tranh viéc sai sot khi két hap nghitf‘n} ching ta c6 thé trinh
bay theo kiéu chia trudng hgp, cu thé vadi cau a), ta xet:
Truong hop I Néux 1<0<> x<1.
Khi d6, ta chi can:

Xx*—-3>0¢xx*>3¢> | x| >w/§

Két hop vdi truong hop dang xét, ta duge x < - v3.
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Truong hop 2 Néu x -1>0¢> x> 1,
Khi do, ta binh phuong hai vé:
X 3> (x 1) 2x >4 <> x> 2, thoa man trudmy, hop.

Vay, bat phuong trinh ¢6 nghiém x < - J3 hode x> 2.

Vidu 4, Giai bat phuong trinh:

k-

22X+ —.
Giuai
Bién doi bat phuong trinh vé dang:
X &= r [
: 2 >
( l 2
X > =
[ 2 e
x+—-<0 I | 2
2 X < - I
I 4 X <
X+—>0 P | R e q 4
4 < __XE(’H‘ ) |x~ +2x <0
1 1) 4 r
e 0] 2| R ]
L4 2 I X >
- x24 ' 4
1 (Y le <0
X - 2[x+—} L 2
4 2 -
ALY
s x <0,

Vay, nghiém cua bat phuong trinh 12 x < 0.

Yéucdu: Cac em hoc sinh hay trinh bay lai vi du trén theo kiéu
. chia truong hop.

Vidu S, Giaicic bat phuong trinh:
a. Vx+3>2V2x-8+7-x. b 5x+1 - Jax-1 <3Vx.
Giai
a. Diéu kién:
x+320
2x-820&=4<x<T. (*)
7-x20

134



Bait phuong trinh twong duong véi:

(2% ~ 8) # (T -+ ZJ(@x~BUT~K) %43

- S : x26
< J2x-8)(7T-x) 2o x - 11x+3020«
X435
Két hop vai dicu kién (*) ta duoc
4<x<5
6<x<7T
Vay, nghiém cua bat phuong trinh la [4, 5]U[6, 7].
b. Diéu kién:
Sx+120
4x—12()<:‘>x2;1-. (*)
x>0 .
Bat phuong trinh tuong duong voi:
3Vx + Jax-1 2 J5x+1
& 9x +(4x = 1) + 6. /x(4x —1) 25x + |
<3 \/x(4x_—_l) > | = 4x luon ding boi (*).
Vay, bat phuong trinh ¢6 nghiém x 2 i
Viduy 6. Giai cic bat phuong trinh:
Lol=A1-ae b —m2t  S2x 42,
X ‘ V2x+1-1
Giui
a. Diéu kién:
[ 1
3 et
{l —4x- 20 9 el
x#0 D<x < ?

Cachi I: Thue hién phép nhan lién hop:
(I=v1-ax )1 +1-4x")
<:> o . C . g e . e by e = 8 e
X

dx<e3+ Ifl-dx' e31-4x° 543 -3

(1) <31+ VI-dx*)
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!.;‘ <
dx -3 <0 | ) 4
<4z 0 I x I<
- o | 2
4x -320 , 3
9a-4x?)>@x-3)° [}
91 -4x7) > (4x - 3)°
—15x<0
x=z( 2
|
O<x £-
7

Cdch 2: Xét hai truomg hop dua trén diéu kién.

e Véi "3 < x <0, bat phuong trinh twrong duong:

e [1~3x>0 x<!
-s/l_—4x'<l-+3x«:>-| 253 ! , & 3
) T Sl 2k 13x* ~6x >0
o x <0,
Ké&t hop vai dicu kién dang xét duoc nghiém 1a - ; <x <0
e Véil<x< ; , bt phuong trinh tvong duong:
Ji:3;;>l—3x
!
i X > -
1-3x <0 ! 3 Y l
> 1 I i
1-4x> 20 . LT g SXEg
= el 2 2. ey i'
I=exed ' ol 0<x<
1-4x? >(1-3x)*  [)*=3 : 3
{137 -6x <0
<0<x< ~l+
Két hop véi diéu kién dang xét duge nghiém la 0 < x < %
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; . ; T 1
Viy bat phuong trinh ¢o nghiém 1a |- % , (0. 5 ).

b. BDiéu kicn:
2x+120

’ ¢>()52x+1¢lc:>—-l-£x¢(). (*)
V2x+1=120 2

Truc can thire, ta bién déi bat phuong trinh vé dang:

/ e o S
V2x+1l +1>2x+2 & J?.xH S2x+ 1 ¢ 4x +2x <0

|
o—---<x<()
.

—

: N NI |
Viy, nghiém cua bat phuong trinh la - S <x< 0.

Chu y: I. Trong cach giai 2 trong cau a) ta da dua vao diéu kién
cua an sd deé bién doi tuong duong bat phuong, trinh.
2. Vi du 1i¢p theo minh hoa viéce su dung hing dgng
thie dé kha dau can.
Vidu 7. Giai bat phuong trinh:

\f;(: IVx -1 + \/;c.—:?.\/:—ml > 3 .

| B

Giai
Viét lai bat phuong trinh dudi dang:

g e a7 LT SRR 3
Vx =14 20— Lo L eyx = 1-24x =T+ 1>
e R T \ R e L : 3
o J(«/x—l +1)" + \[(sfx-lal)“ > 5
bicu kien:
x-120ex21. (*)
Khi do, bat phuong trinh tro thanh:

[Vx=1-120
9 o 3
2lx=13=
' 3 L 2 X2
Jx=1 +1+ldx=1 = lI> 2 & ; - < < Vx.
: Yx-1-1<0 [x<2
2>3
. 2

Két hop véi diéu kién (*) duge x 2 1 1a nghiém ctiia bat phuong trinh.
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Nhén xét:  Trong vi du trén bing viéc thém bat 1 vao cac biéu thic
trong, can, chung ta da nhan ra duoc rang cac biéu thue

. - Al ] A 3 i - " -~
do o dang A dé roi \/ = =|A|, tuy nhién sé co nhung,
biéu thuc nhu vay nhung dudi dang, ¢o an hon, vi du:

=
X i \/2ux a4

cac em hoc sinh hay thuc hién viéc bién no vé dang A°.

Yiduy8. G aibat phuong trinh:
Vx?o3x+2 4% —ax +322x7 —5x+4.
Giai
‘Diéu kién:
x> =3x+2>0
” x24
X" —-4x+320 & [
x%l

x> —5x+420

Triong hop 1: Vi x 2 4 thi bat phuong trinh duge bién doi:

Jix=D(x=2) +J/(x=D(x-3) 22/(x-x-4)
e Vx-2 + Jx-3 22Jx-4
&N m - J;—‘E 2 \/x_—_ e \/;:5 N
luén ding vi véi x 2 4 taduge VT >0 va VP <0.
Vay. x 2 4, la nghiém bat phuong trinh.
Truieomg hop 2: V@i x < | thi bat phuong trinh duoce bién doi:

Ja=x)2=x) +J(1=-x)3=-x) 22,/(1 - x}(4 -x) "
Véi x = |, bat phuong trinh nghiém diing.
Véi x < 1, bat phuong trinh cé dang
" J2-x + V3-x > 2J4-x
& J2-x - Ja—x 24-x - f3-x
 Nhan xét ring véi x < | thi V<02 VP> 0, bilt phuong trinh vo nghiém.
Vay. bat phuong trinh ¢6 nghiém x = 1 hoac x 2 4.
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Chay: Khong dugc nham lan \[xy =/x. \[y .
Nén nhd rang, diéu trén chi dung, khi x, y > 0, con véi
x, y <0 thi ny =/ x .\f—y :

2. Phép nhan lién hop trong nhiéu truong hap to ra rat
hiéu qua.

2. PHWONG PHAP PAT AN PHU
Vidu 1. Giai bat phuong trinh:
(x = D2x -1 <3(x - 1).
Giai
‘ Diéu kién:
(*)

2x—120<:>x.21.
2

batt= ﬁx_é_l-,lz():n: -%([3+ L)

Khi dé bat phuong trinh ¢6 dang:
l a l 2
—(C+D=1p<3[=("+1) -]
[2( =1 [2( y~i]

-3 -t+3<0 (t+ )(t-1)1-3)<0
Sl<te3o1<2x-1<3
&> | £ x £5 thoa man diéu kién (*).
Vay, nghiém cua bit phuong trinh 14 1 <x < 5.
Chu y: I. Ta khﬁr}g thé binh phuong hai vé& cua bat phuong,
trinh ban dau vi chua khdng dinh dugc dau cuaa hai vé.

2. Hoan toan c¢6 thé sir dung phép bién d6i tuong duong
d€ thuc hién vi du trén, cu thé:

{x*l?_'()
- 1)(V2x -1 ~3) <0 > V2x-1-3<0

x-1<0
V2x-1-320
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x21 (x> 1
J2x-1<3 0<2x-1<9

¢S &y ¢>1<x<b.

x <l x <1
J2x~-123 | [2x=129

Vay, nghiém cua bat phuong, trinh la 1 <x < 5.
Vidu 2. Giai bat phuong trinh:
(x+ I)(x+3)< ~Jx? +4x+5.

Giui

Viét lai bat phuong trinh duéi dang:
(P+4x +3) + Vx* +4x45 <0
e (X +4x+5)+ VxT +4x+5-2<0

Patt= X +4x+5.12 1.

Khi dé bat phuong trinh ¢6 dang:
C41—2<0-3<t<1=0<1<1 e Jx*+4x+5 <1
S X +AXx+4<0=x=-2,

Viy, bit phuong trinh ¢6 nghiém x = -2.
VidyJd. Cho bat phuong trinh:

SVx + - <2+ P 4. (1)
2-/x
Diéu kién x > 0. (*)
Viét lai phuong trinh dudi dang:
T M SR N ()
ZJ){ 4x
bat :
Cos
=D NP -
2Vx
vay diéu kién la t > \/5 . (**)
Ta suy ra: :

Jx+~+-~ x+—l---+I::>x+-l- =t -1.
2% 4x 4x
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Khi do bat phiong trinh co dang:
St<2(t - +4 220 -5+ 23>0
t>2 (4% ; |

&5 <> 1>25 VX + > 2.
t<1/2 24/x

bat X=Vx . X>0. khi dé:
X 4 ql >2&2X° -4X + 130

[ SN D P T g
X>--'+;/" Jx >-T--+_;X—” T2
= ¢ & ;
-2 . - 3 :
2 i 2 A
3
Vay, bat phuong trinh cé nghiém (0, e V2 )u( : +J7 +o0).
Vidud. Giaibat phlro’ng trinh:
Lo >3v% (1
Jx
Giui
bDiéu kién:
x*-4>0e |x| >2. (*)

Triong hop 1 : Vi x < =2, bat phuong trinh vo nghiém (do vé trdi am).
Trieong hop 2 : Véi x > 2, binh phuong 2 vé phuong trinh (1) ta duoe :

X 4 — o 4 - > 45
x* -4 Jx-4
4 ]
& N 4 545 2)
X~ -4 J;l -4
Pa (= -,-’_‘;;_ (>0

Khi dé bat phuong trinh (2) cé dang:

t+4t-45>0t>5 - >5ax-25x*+100>0
\/x -4

- x:>25¢:> x| >5

|x|<J§'
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Két hop véi tniong hop dang xét, ta duge nghiém cia bat phuong trinh L
(2, V5 )U(5, +).

ViduS. Giai bat phuong trinh:
Jx>1+ VYx-1. (1)
Gidi
Diéu kién x > 0. ' (*)
Ta co:

L x>0 -O'|+‘v';!—)0 _1\[___'_3
(1) < » x> (1 +4x—1)

x> 1+2Vx=1 +(x-1)
e x—1-(Yx=1P-2¥x=~1>0. (2)
batt = "JKT—I N
Khi dé bat phuong trinh (2) ¢6 dang:
P50t -t-2)>0at(t+ 1)t-2)>0
t>2 V;(-—'I>2
= )
t<0 Vx-1<0

L I(t——2)>0<:>[

k=128 0 x>9
= G—
x—-1<0 D<x<l

Vay, bat phuong trinh ¢6 nghiém x > 9 hoic 0 < x < I.
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ON TAP CHUONG 1

I. CAC HOI ON TAP LY THUYET

On tap cdc kién thic trong chuong theo cac cau hoi sau:

Cau hoi 1:

Cau hoi 2:

Cau hoi 3:

Cau hoi 4:

Cau hoi §:

Cau hoi 6:
Cau hoi 7:

Cau hoi 8:

Cau hoi 9;

Cau hoi 10:

Néu dinh nghia va cho vi du vé so vo ti. Néu y nghia cua
cic sO VO 1.

Néu dinh nghia va cho vi du vé s¢ thuc. Phit biéu tinh chat
tha tur trén R. Néu cdc phép todn trén R va tinh chat cua
chung.

Néu dinh nghia va cho vi du vé taip s6 R, va R Chiing
minhrang R, UR =Q uU .

a. Hay giai thich tai sao ta luén co:

aa,.-4a,

99..9

h..v._.._d'
nsoY

U,(ilii-i-z_...il” )=

b. Néu phuong phidp chung dé doi mot so thap phan vo
han tuan hoan sau thanh phan so.

Nhac lai mét s6 tinh chat cua luy thira bac hai va chiing
minh cdc tinh chat dé.

Hay xay dung khdi niém can bac hai cia mét s6. Phat biéu
dinh nghia cin bac hai s6 hoc ciia mot s6. Néu két qua tong
qudt trén R.

Hay xay dung khai niém cin bac ba cia moét s6. Phit bicu
dinh nghia can bac ba cua mot s6. Néu két qua tong quit
trén R.

&
Phit biéu dinh nghia can bic n cia mot s6 (néu cac truong
hop can bac I¢ va can bac chan).

Néu dinh nghia gidc tri tuyét doi cua a. .&p dung dé tinh 12x - 5I.

a. Viét diéu kién ctia A dé VA ¢6 nghia.

b. Viét hing ding thicv/A2 =| Al. Ap dung dé tinh y/(2x - 1)?

c. Chimg minh ring VA.B = VA .VB véi A, B khong am.
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Cau hoi 11:
Cau hoi 12:

Cau hoi 13:

- Cau hoi 14:
Cau hoi 15:
Cau hoi 16:
Cau hoi 17:
Cau hoi 18:
Cau hoi 19:
Cau hoi 20:

Phit bi¢u quy tac khai phuong maét tich. Lay vi du minh hoa.

Phit biéu quy tic nhan cic cin thie bac hai. Lay vi du
minh hoa.

Ching minh rang véi A 20, B> 0 luén co:

B4

Phdt bicu quy tic khai phuong mot thuong. LAy vi du minh hoa.
Phit biéu quy tac chia hai can thitc bac hai. Lay vi du minh hoa.
Néu quy tic dua mot thira s6 ra ngoai ddu can.

Néu quy tac dua mot thira s6 vao trong diu can.

Néu quy tac khir miu cua biéu thic 1ay can.

Néu quy tac truc can thic 0 miu.

Viét bang tém tat mot s6 phép tinh va phép bién déi can
bac hai. '

I1. BAI TAP ON TAP
Bai tap 1. Thuc hién phép tinh:

NI
a. SJ-
K 5

 “in
b | V6-
\

2

N 3\/?\@}: 25,

343 +5v2 ; Jé]zJa 543

¢ (24332 ¥+ (33 « 11
d. (3-3)=2v3)+(3V3 + )"
Bai tap 2. Giai cdc phuong trinh sau:

ng; - iBs i .251/5;.

Wx+l_ 8
Wx-5 15

c. Jex-1® =3
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Bai tap 3. Chimg minh cic ding thic sau:

(2J3 -6 V216
a. : -~ -, = =1.5.
[ V8-2 3 Ve

Vid - J7+~/15—J5}_ 1
I~ -8 )i

a\/h +b\/d A
J‘Ih \/il —\/b

d. l+“+- 4 l—u_.\/a =] -a>0.a#1).
Ja+l \/il—]

Bai tap 4. Phan tich thanh thira so:

~=a-b(a,b>0,a%b).

a. x—5x +4:

b. 4x — Vx -3;

c. -8x+3VJx +5;

d. -(n/x + 8x — 14;

e. 6y’~5yx —x;

. x=24x=1-a%

g. 6\/xy—4x\&—9y\/§ + 6xy.

Bai tap 5. Thuc hién phép tinh:

5. T 8 J7-5.
a-J11 3+47 J1-2 2
V5 -3 J5'+J3 __\/5+l
Js+3 53 Vo1

. [9 2\/14"}' (9+2J14]
T P42
d. 140v2 ~571-140v2 +571;

c. J12J5-291-\11245 +291.

a.
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Bai tap 6. Chimg minh c4c dang thic:
Na+2 \/‘1-7 Ja+1 2 -
a. e = svoia>0;a= 1.
Ja a-1
g) : a -+ ;
- “:[ l»l—J - ;.”-h ,==l,vora>0,b>0:a#b.
Jab (Va Vb) (Va-+b)’
24a +3vb 6 — vab a9
Jab +2Ja-3Jb-6 Jab+2Ja+3yb+6 -9
Bai tap 7. Giai cic phuong trinh:
Vx-2 Jx-6 Jﬁxéi Jk;l
: : d. + |- =2.
x/x~4 «fx~ X+1 2x -1
- 90 = w3 lox
. x = V4x =20 =20. e_z#ﬁ_3+dyx P
c. Vx-2-3Vx%- -3 NEx-3
Bai tap 8. Giai phucmg trtnh

: (Jx Jx]+6-0

Bai tap 9. X¢t biéu thic:

e [ x=y _Vx' =4y’ }h/x\/y) e xy

+7\/a;—l a4

b.

Jx-\/y fo -Jx +\/y

a. Ruiit gon Q.

b. Chimg minh Q > 0.

¢. So sanh Q vai JQ ;
Bai tap10.  Xét biéu thic:

Ah(l ;;_T] ['\/a-l a\/a+\/aa—l]

a. Ruit gon A.
b. Tim cdc gid tri cua asaocho A > 1.

c. Tinh cdc gid tri cia A néua= 1995 -2 Jl‘)‘M )
Bai tap 11.  Xét biéu thic:
M__3x+\f9x—3 Jx +1 x/?(“_
x+\/——2 w/x+2 | —/x
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a. Tim x dé M ¢6 nghia.
b. Rut gon M.
¢. Tim cdc gia tri cua x € Z sao cho Me Z.
Bai tap 12.  Xét bicu thi:
15Vx - 11 3Wx -2 2Jx+3
x+2Vx =3 1-Vx  Vx+3
a Tim x dé P ¢6 nghia. |
b. Rut gon P.

IJ'_

c. Tim cdc gid tri cua x sao cho P = -

o)
d. So sanh P v :

Bai tap 13.  Xét biéu thiic:

Q=(}—-3'\/-x-l]-[ 9=x JX—3 Jx+”

x-9 Y

x+~fx —6 \/; -2 w/x +3

a. Rut gon Q.

b. Tim cacgid trictax dé Q< 1.
Baitap 14.  Tim GTLN (ncu ¢6) va GTNN (néu ¢6) cua cic bléu thic
sau:

g B Ot s Ot S 4 F e P L e _DnE4 Sy £ )

b. 2x — Vx '3\!?(—'33(‘)(“3\/; + 2.

c. 1+ x+9;2x-3-5:1-2/1-2x.
d Va-x?; EKE“:?;;_:G;'I—\/:X“’inx;Q
s I
Zx—Sx/x'H 1+J|Lx 3 \f|_x S
Bai tap 15.  Ching minh cic bat dang thuce:
a~ +a+2

F P —————— 3R (R 11 [
2 ;
'\/d +a+l

Ja_: 1 - \/;l < l“ - vonaz |l

2Va

c. (Va + Vb ) 2242a+bwab véiaz0:b20.
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cuvone i - HAM SO BAC NHAT

Chuong nay, bao gom:

1. Nhdc lai va bo sung cac khai niém vé ham sd
2. Ham sd bac nhat

3. D thi ciia ham sd bac nhat

4

. H@ 8 goc ciia dutng thing. Buing thang song song va duing
thang cét nhau
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i BEE NIAC LAT VA B& SUNG CAC
1 KHAI NIEM VE HAM SO

1. KIEN THUC CO BAN
1. KHAINIEM HAM SO VA PO THI

Chiing ta da dugce 1am quen voi khai niém ham s6 0 1op 7, cu thé:

Mot ham s6'f tiv tdp hop s6 X dén tap hop s6'Y la mot quy tde cho
tweomg ing moi gid tri x € X véi moét va chi mét gid tri y € Y. Ki hiéu
1a f(x), x 1a bién s6, y = f(x) 12 gid tri cha ham s6 f tai x.

Thidu 1: Ching ta da duoc lam quen véi cac him sé:

y =kx, xva ylad hai dai iegng ti 1é thudan véi nhau.

y = —, xvaylahai dai icgng ti l¢é nghich voi nhau.
X

Thidu 2: Véi ham s6 y = 2x, ta nhan thay:
a. N6 1a mot quy tic cho twong img vdi méi x € R mot s6 duy nhat
y =2x € R. Vay y = 2x 1a mét ham so tir tap hop R dén tap hop R.

b. Bang mot sé cap gid tri tuong ng cua chung la:

T g m—— ——— ey

x |-4]=2]0]1]3]ls]7
y |-8]-4/01]2]6|10]14

Trén mit phing toa d6, méi cap sG trén (thi du (1, 2)) duge
bdi mot dlém, tap hop t4t ca céc diém (x, y =2x) véi x € R gm Ia dd th{
cua ham s6 y = 2x

- =t

Chd ¥: Qua hai thi du trén ching ta da thay lai dugc rang " Hém $6'¢0
thé' duoc cho bdng bang, bdng o6ng thue ". Va mot cAu hoi
thuong dugc dit ra la " Moi quan hé £ cho trude 6 phai la ham
s6'khong ?", khi d6, chiing ta thuong dua vao dinh nghia dé tra
16i cau hoi nay.
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Thiduy 3: Cho f la mot quan h¢ tir tap R dén tip R. Hoi f c6 phai la ham
s0 khong, néu:
a. Bang cac gia tri twong tng cua chung la:
x |-4] 201 [3]5]7]
teoy| -9 s [--1fe1: ]S E_t)"_iéﬁ

b. Bang cdc gia tri tuong (ing cha ching la:
A : ' i

X | -6 -2 -1] 0 I 1

f(x) | 8 4 2 (-1} 1
c. Cé cong thic y° = 4x.
Giai
a. C6 la ham sd, bai vdi moi gid tri cha x ta luon xiic dinh dugce chi mot gia
tri tuong (mg.
b. Khong la ham sé, vi véi x = | ta xac dinh duoc hai gia tri khac nhau
cuaf(x)lal vaé.
c. Khong la ham sé, vi véi x = 4 ta duoc:
y=44=16cy=14

tire 1a, véi x = 4 ta xdc dinh duoc hai gid tri kKhic nhau cuay 1a 4 va - 4.

2. TAP XAC PINH CUA HAM SO

Lo
o

Chiing ta s¢ bat diu vdi cdc ham s6:
. V@i ham so y = 8x, ta nhan thy véi Vx € R luon tim duoc gid tri
tuong tng cua y. Khi dé, ta néi ham so y = 8x ¢6 tap xdc dinh 1a R.

2. Véihimsoy = ——!—-’— , ta nhan thay:
x A=y

e . 1 1

* Véix=lthhy= — = —

-1 0

*  Vdgi vx € R\ 1} ludn tim duge gia tri tuong tmg cuay.

khong xdc dinh.

Khi d6, ta néi ham s6 y = _1—] c6 tap xdc dinh 1a R\{1].
x ——

3. Véi ham s6 y = v/2 —x , ta nhan thiy n6 chi c6 nghia khi
2-x2P&Sx S 2 :
Khi d6, tanéi a’m s3 y = ¥/2 — x c6 tap xdc dinh 1a céc s6 thuc x < 2.
Tir d6, ta thay:

‘Tadp xdc dinh ctia ham s6'la tdp hop cdc gid tri ctia x sao cho biéu
thitc fix) ¢6 nghia.
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Vi xuat phat tir dinh nghia trén ta ¢6 quy tac:

Muén tim tdp xdc dinh ctia ham $6'y = f(x) ta phdi di tim tat ca cac
gid tri cua x sao cho biéu thite f(x) 6 nghta.

Thidu4: Tim tap xdc dinh cia cac ham s6 sau:

g | -
a. y= 6x". b. y = .{.m.___ c. y= \/2){ -3.
X+2

Giudi
a. Taco ngay, ham s6 y = 6x ¢6 tap xdc dinh 1a R.
b. Diéukién:
X+2#0¢ x# -2
Viy, ham $0 ¢6 tap xac dinh la R\{-2}.
c. biéu kién:

2x-320=x >g

N

Vay, ham s6 c6 tap xac dinh la cac so6 thuc x 2

2| W

LChﬁ V: Chung ta sé ¢ riéeng mot bai toan tim tap xac dinh cia ham s6.

3. HAM SO PONG BIEN, NGHICH BIEN
Chuing ta sé bat dau véi ham so6:
y = Xx°, ¢6 tap xdc dinh la R.

I. Trong khoang (0, 4) cho x cdc gid tri tang dan tuy ¥, chang han

x =0, |, 2 ,2, ,khidoétacé ba'mg:

.y ' 9}4 W LA
va nhanlhd)_/ r_‘{n;_. cac gm tri y cua h:u;{.so cung tang.
Khi d6, ta néi rang ham s6 y = x” donyg bién trong khoang (0, 4).

2. Trong khoang (-6, =2) cho x cdc gia tri tang dan tuy y, chang han

x = -5, -4, —%,wl, , khi dé ta cé bang:

e 16 9}4 ! _l e
va nhi;]'ﬁ\&); r;ng cac-gia tri y E[:a ham so giam.
Khi dé. ta néi ring ham s6 y = x” nghich bién trong khoang (-6, —2)
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Tir d6, ta c6 dinh nghia:

. Ham so ddng bién: Ham s6'y = f(x) la dong bién trong khodng
(a ; b) newvainioi s thude khoang (a ; b) ma x, < x, thi fix,) < fix,).

2. Ham s6 nghich bien: Hini so' v = i) la nghich bién trong khoang
(a ; b) néwvor moi x,, x, thude khoang (a ; b) ma x, < ., thi fix,) > fix,).

Thidy 5: Xét tinh chat bién thién cua ham so y = 2x + I.
Giui
Ham s6 xdc dinh trong R.
Cho x cdc gid tri thue bit K1 x, X, sao cho x, < x, (ta duge x, — x, < 0), ta
di so sanh f(x,) véi f(x,) bang cich xét:
f(x)-f(x,)=2x, + 1) - 2x,+ 1) =2(x,— x,) <0
<> f(x,) < f(x,) < ham s6 déng bién trong 1ap xic dinh cia no.
Chi ¥: 1. Trong dinh nghia trén, néu (a; b) la tap xac dinh cua ham s0,
ta noi rang ham sd dong bicn (hodc nghich bién) trong tap
xac dinh cua no.
2. Chung ta s€ <0 riéng mét bai toan x¢ét tinh dong, bién, nghich
bién (poi chung la su bién thién) cua ham so.

II. CAC DANG TOAN LIEN QUAN
Cac dang todn lién quan tGi kién thirc cua chu dé nay, bao gém:
Dang I: Su xac dinh mét ham so.
Dung 2: Tim tap xdc dinh cua ham sé
Dang 3: Xét su bién thién cua ham s6.

III. CAU HOI ON TAP Li THUYET

Cau hoi 1:  Phét biéu khdi niém ham s6. Thé nao 13 ham hing ?
Cau hoi 2: Ham s6 ¢6 thé dugc cho bang nhimg cich gi ? Cho vi du.
Cau hoi 3: Phit biéu dinh nghia dé thi ham sé.

Cau hoi 4: Néu dinh nghia tap xdc dinh cia ham s6 va quy tac dé tim
tap xac dinh cua ham s6.

Cau héi 5:  Phét biéu dinh nghia him s6 ddng bién, nghich bién va cho vi du.

Cau hoi 6: Phét biéu dinh nghia ham s6 dong bién (hoac nghich bién)
trong tap xdc dinh cua né khi nao ?
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BgiToaﬁ ’ ' " . Y 4
1 SU XAC DINH M(}’I‘ IHHAM SO
I. PHUONG PHAP

Muon xét xem moi quan hé fur tip X vao tip Y ¢o phai la ham so
khong, chiing ta thuong st dung dinh nghia ham so dé dua ra Ion két luan.

II. CAC Vi DU MINH HOA
Vidul: ChoX={-2,0.1.3.6}, flamotquan h¢ tirtap X dén tap R.

Hoi f ¢6 phai 1a ham so khong, n¢u:

a. Bang cdc gia tri twong tng cua ching la:
x| 2]0]1]3]e
fx)| 3194|809
b. Bang cdc gia tri tuong tmg cua chuing la:

e i N ..,..—.2. i

-t

g (S~ i :
fx)| 8 |26 ] 4]0

L

Gidi
a. €6 la ham sd. boi véi moi gid tri cua x ta luon xic dinh duge chi mot gid
tri tuong img f(x).
b. Khong [a ham so, vi vai x = -2 ta xdc dinh duoe hai gid trn khic nhau
cua f(x) la 8 va 4,
) ; . . 12
Vidy 2: Ham soy = f(x) duge cho boi cong thie f(x) =
X
a.  Hay dién cdc gid tri tuong ng cua him so y = f(x) vio bang sau:
.. 1 : :
X i 6 ‘ . | [ } 3 ![
|
| YT f(x) | | | l I

(]

b. Xic dinh f(-12). f(24).
Giui
a.  Ta co duge ket qua _
ol Bt S

2
>
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b. Ta co:
D) s
-12
12 _1
24 2
Vidu3: Choham $0 y = f(x) duoc cho bai cong thic f(x) = |2x - 3].
a Tinh f(-2), f(8).
b. Tinhcicgidtrictaxingvoiy=-1.y=3.
Giai
a. Talan luot c6:
f(-2)=12-2)-31 =[-4-3|=|-7] =7,
f(8)=[2x-3|=128-3l=116-3] =13.
b. Ta lan luot ¢6:

f(24) =

* Vadiy=-1thi:
|2x - 3| = =1, vo nghiém bai |2x - 3| > 0.
= Vaiy=23thi:
|x-3] =3
2x -3=3 2% =6 x=3
= [2;(3:*3 T {h wli L =0
Yidud4: Chohamsoy=3x - |. Tim cic gid tri cua x sao cho:
a. y nhan gid tri am.
b. y nhén gia tri Ién hon S.
Giai
a. PEy nhan gid tri am diéu kién 1a:

3x—l<0¢:>3x<l<$x< ;

7 b o W
Vay, véi x < 3 thi y nhén gia tri am.

b. ¢y nhan gid tri I6n hon 5 diéu kién la:
3Xx-1>53x>6¢5x>2.
Viy. voi x > 2 thi y nhin gid lon hon §.
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[11. BAI TAP DE NGHI
Bai tap 1. Cho X = {-3,-2, 1,0, 3}, fla mét quan hé tir tap X dén tap R.
Hoi f ¢o phai la ha‘lm s‘(")' l-;h(')no néu hdng__ cac gid tri tuomg tmg cua ching la:

X i |3
f(x) | -6 -4 E 210 6
Bai tap 2. Cho X = {4, 3,5, 7}, flamot quan hé tir tap X dén tap R. Hoi
f co phai [a ham s6 khong, néu bang cdc gia tri tuong ing cua ching la:

Y 8 8 8 8
Bai tap 3. Cho X = {—-4,-2,0}, flamot quan hé tir tap X dén tap R. Hoi f
co phai Ia ham s6 khong, néu bang cdc gia tri tuong tmg cta ching la:

x| -4]-a]-2] 0|
y | 4]12]6 1J

Bai tap 4. Ham so y = f(x) dugc cho boi cong thie f(x) = 0 :
X

a. Hay dién cdc gid tri trong tng cta ham so y = f(x) vao bang sau:

"?“'}?;?Ef;ifﬁf'“:
1
b. Xac dmh f( - l’) f(77)

e o
Bai tap 5. am s0 y = f(x) dugc cho boi cong thire f(x) = 2x + 9.
a. Hay dién cdc gid tri tuong umg cia ham s6 y = f(x) vao bang sau:

X Sl 1432 e [

yﬂ5+”*“ mhﬁ__“NJ

b. Xacdinhf(-8).£7). -
Bai tap 6. Cho ham s6 y = f(x) dugc cho bai cong thic f(x) = x* - 9.

a. Tinh {(—=4), {(=2), {(0), f(1), f(5).
b. Tinh cic gidtrictaximgvéiy=-8, y=-5,y=0,y=-10.

Bai tap 7. Cho ham so y = 2x — 6. Tim cdc gid tri ctia x sao cho:
a. 'y nhan gid tri duong.
b. y nhdin gia tri nho hon 3.
Bai tap 8. Cho ham s6 y = 6 — 5x. Tim cdc gi4 tri cua x sao cho:
a. ynhin gia tri am.
b. y nhan gia tri 16n hon 1.
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Bai tap 9. Cho cac ham so:
f(x)=2x"-3x + 1 vag(x)=x"- 1.
a. Tinh f(-1)vag( ! ).
b. Tim s6 a dé f(a) - 2(a)

IV. HUGNG DAN - PAP SO

Bai tap 1. C6 la ham s0.

Bai tap 2. C6 la ham s6 va day la ham hang y = 8.

Bai tap 3. Khong 1a ham s6, vi vdi x = - 4 ta xdc dinh dugc hai gia tri
khdc nhau cua y la 4 va 12.

Bai tap 4.
a. Tacodwgckétqua:
x| -9 -6] 3 [12]36
36
y= -4 -6 12 3 |
X
|

b. Tacé f(-12)= -3, f(72) = 5

Bai tap 5. Hoc sinh nr lam.
Bai tap 6.
a. Ta lan luot co:
f(-4)=(-4)-9=16-9=7,
f(-2)=(-2)-9=4-9=_5,
f0)=0-9=-9, f(1)=1"-9=1-9=-8,
f(5)=5"-9=25-9= |6.
b. Ta lan luot c6:
" Véiy=-8 thi:
xX’-9=-8e>x'=-8+9=1e>x=%1.
* Vaiy=-5thi:
X¥-9=-5x'=-5+9=4x=+2.
Véiy =0 thi:
X*-9=0=x’=9ox=13.
* Véiy=-10thi:

X*=9==-10=x’=-1, khong ton tai x.
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Bai tap 7.
a.  Pé y nhin gid tri duong diéu kién la:
2X-6>0>2x>6 x> 3.
Vay, voi x > 3 thi y nhan gia tn duong.

b. D¢y nhan gid tri nho hon 3 diéu kién la:

9
2X—6<3 ¢ 2x <Y X < y

Fa

o . P R .
Vay, véi x < - thiy nhin gid nho hon 3.

Bai tap 8.
a. Dé y nhan gid tri am diéu kién la:

6-5x<00=5x>62 x> g

; . - o
Viy, vai x > g thi y nhian gia tri am.

b. Dé y nhan gia tri Ion hon 1 diéu kién la:
6-5x>le&x<5Sex<].

Vay, vai x < | thi y nhin gia tri I6n hon 1.

Bai tap 9.
a. Taco:
f(=1)=2(-1=3(-1)+ | =6.

1 1y 3
g(z)'(ﬁ) -1= Lg:

b. Ta co:
f(a) =2a* - 3a+ |
p(a)=a’ - L.
Suy ra:

f(a) =g(a) & 2a°-3a+l=a’-leoa’ -3a+2=0
oa-2a-a+2=0a@-2)-(@aa-2)=0

o@-2a-N=0c|"

d =

Viy, vai a = 2 hoac a = | thi f(a) = g(a).
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Baitodn  TimM TAP XAC BINII
2 CUAMAMSO

I. PHUONG PHAP

Pé tim tap xdc dinh cua ham s0 y = f(x), ta lua chon mét trong hai
phuong phép sau:
Plurong phdap 1. 1im tap D cta x dé f(x) c6 nghia, tic 1 tim:

D={x e RIf(x) e R }.
Phicong phdap 2. Tim tap E cha x dé f(x) khong ¢6 nghia, khi dé tap xéc
dinh cia ham s6 la D =R\ E.

Chi y: Thong thudng f(x) cho boi biéu thirc dai s6 thi:

1. Véif(x) = -;19‘—)- diu kién 13

f,(x),f,(x)co nghia
f,(x)=0 :
' 2 Véif(x) = Af, (x) (keZ) didu kién la

f,(x)co nghia
f(x)=0 '

I1. CAC VI DU MINH HOA
Vidul: Tim tdp xdc dinh ciia cic ham s sau:
X X+1

X
a. B b. y= ——. c. T e e
= x~ +1 d x—1 Y X~ —2Xx

Gidi
a. Ham s6 xdc dinh khi:
x*+ 1 # 0 1udn ding.
Vay, tap xdc dinh cua ham sé6 la D = R.
b. Ham s6 xac dinh khi:
x=-1#0&x# 1.
Viv. idp xac dinh cia ham sé 1a D = R\{ 1 }.
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¢.  Ham s6 xdc dinh khi:

Vay, tap xdc dinh cua ham s6 1a D = R\{0, 2}.

Nhan xét: 1. Cac ham s6 trong cau a), b), ¢) déu co tur 56 ludn co
nghia, do do chi can thiét lap diéu kién cho MS ~ 0.
2. Trong cau ¢), néu cac em hoc sinh bién d6i ham s6
vé dang;

I
. Y E e,
g Xi—d

ri khdng dinh ham s6 xac dinh khi :
x-2#20x%2
va do do tap D = R\{2}. Day la 10i giai sai vi phép bién
d6i ham s6 khong phai la phép bién déi tuong duong,

Vidu2: Tim tap xdc dinh cua cidc ham s6 sau:

a. y= =% . b. y= V3+x +J6-x.
Giai
a. Ham s6 xdc dinh khi:
2-x20&x<2
Vay, tap xdc dinh cuia ham s6 l1a D = (-0, 2].
b. Ham s6 xdc dinh khi:

3+x20 X 2-3 _
o ey -3 <x56.
6-x20 X<6

Vay, tap xdc dinh cia ham sé 1a D = [-3, 6].

Nhéin xét:  Nhu vay, vi du trén da minh hoa viéc tim tap xac dinh
ctia ham s6 ¢6 chira can bac hai dang don gian (gém viéc
~ giai cac bat phuong trinh bac nhat). Vi du tiép theo sé
minh hoa cho cac biéu thirc phic tap hon, va g day
chiing ta can su dung;
* Tinhchat:
AB>0< A, Bcung dau.
AB<0 e A, B trai dau.
= Hoic lap bang xét dau.




Vidu 3:

» yed TS
Gidi
a. Ham s6 xdc dinh khi:

Tim 1ap xdc dinh cua cdc ham s6 sau:

b. y=vx+I st =3x4+2,

-x2+4x-320=x-4x+3<0

S -x-3x+3<0(x-1D)(x-3)<0

x-120
x-3<0
x-1<0
x-320

'{
|

n

x 21
xX<3

&N
x <l

x>3

| <x<3.

|

Vay, tap xdc dinh cua ham s6 1a D = [, 3].

b. Ham sé xdc dinh khi:

|

x+120

x*-3x 4220

-1

x-120

M
e x=23>0

L=
(x-1)(x-2)=0

<

x-1<0
L x-2<0
]
[[x 21 x> -1
x22
=X 1x22<:> x22 & ,
[ [—Istl
X< x <1
L{xSZ

Vay, tap xdc dinh cha ham s6 1a D = [-1, 1]U[2, +0).

Nhén xét:

Nhu vay, trong 19i giai cta vi du trén, dé giai cac bat
phuong trinh bac hai ching ta st dung phuong phép

phan tich da thic thanh nhan tr va van dung cac diéu

kién dé A.B

Cac em hoc

20,AB<0.
sinh hay kiém tra lai két qua do bing viéc

lap bang xét dau.
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Vidud4: Tim tap xic dinh cha cdc ham sé sau:
Fo

| g : . ._._h_._.w.____ S .‘_.;
a. y=22 i b. y:\{x+3+2x/x+2 +-\,[?_~x‘+2\/l—x‘

x| -
Giai
a. Ham so6 xac dinh khi:

x>0 x>0
o <> 0<x 24,
[x1-4%0 x -4 #0

Vay, tap xic dinh cia ham sé 1a D = [0, +o)\{4].
b. Bi¢n doi twvong duong ham so vé dang

y= \/x+7-+’7\/x+2+l+\[l % +"Jl x* +l

= J(Jx‘+2+l) \/(ﬁ\/I :'K ..+1)_

X’ +1|—r+2+\[l X~ 43,

Ham s6 xac dinh khi:

[, X 52
, |-x20 [(x <1
x+220 X > -2
: &5 3 |1+x20 & <) | x2-1
|-x- 20 (1-x)1+x)20
l1-x<0 e |
L 1+x<0 x<-1

o&-lsx<l
Vay, tip xac dinh cia ham sé laD = [-1, 1].
Nhan xét:  Nhu vay:

1. Trong l3i giai cda cau a), ngoai di¢u kién dé MS 2 0
chung ta con cin tdi diéu kién dé Jx o nghia. Va trong
hé bat phuong trinh didu kién, so di ta ¢ bién doi
|x| -4 #0¢>x -4 #01a do diéu kién 6 trén ta co x > 0.

2. Trong l8i giai cha cau a), vdi cac em hoc sinh chua co
kinh nghiém sé thiét lap ngay diéu kién c6 nghia la:

(x+220
-x" 20
x+3+2Ji;i20

2-x* +2V1-x% 20
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Vidy§: Tim tap xdc dinh cta cic ham s6 sau:

vx© -9 (x = 3)WWx —1
Giai
a. Ham s6 xdc dinh khi:
x-=120 x21 x> 1
: g = 8 B
X" =9>0 (x=3)x+3)>0 x-3>0

Vay, tap xac dinh cua ham s6 la D = (-0, 3).
b. Ham s6 xac dinh khi:
4-x20 x <4

1 <4
x-3z20 & x¢3<::>{ e .

odsh. lagsg P2

Vay, tap xdc dinh cta ham s6 1a D = (1, 4]\ {3}.

Nhan xét:  Nhu vay, trong 10i giai ca vi du trén, d6i vdi cac bidu
thic x*- 9 va x - 1 ngoai diéu kién dé né ¢o nghia trong,
can béac hai chung ta con ghép thém diéu kién dé no co
nghia khi la mdu cua mot ham phan thuc, do do6 phai
thiétlapx -9>0vax -1>0.

Vidu6;: Choham sé:

X+ 1

T x-m+2’
Tim m dé ham s6 xac dinh trén [-1, 1).
Giai
Ham s6 xdc dinh khi:
x-m+2#0xzm-2.
Do d¢ tap xac dinh cia ham so 1a D = R\{m - 2}.
Pé ham s6 xéc dinh trén [-1, 1) diéu kién la:
m-2<-| [m <1
&

m—ZE[—l,l)c:j[
m-221 m=>3

Vay, vdi m < | hoic m 2 3 thea man diéu kién dau bai.
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Vidy7: Choham so:

X + |

x’ =2(m-Dx+m” -2m
Tim m dé ham sé xdc dinh trén (0. 1).
Gial
Ham so xac dinh khi:

C=2m=-Dx+m =-2mz0o x -2mx +m +2x - 2m £ 0

Jx—-m#() Ixatm
Sx-—mix-m+2)20& S L= :
Ix-m+220 (X #m- 2
Do do tap xidc dinh cua ham s6 [a D = R\{m - 2, m|.
Pé ham s6 xic dinh trén (0, 1) dicu kién li:
m <0 m <0
m-2meg0,. He m-221 e imel
m-2<0<li<m l<smg2

Vay, véi m <0 hoidc 1 £ m <2 hodc m 2 3 thoa mén diéu kién dau bii.

Nhan xét:  Nhu vay, trong ldi giai cua vi du trén, dém - 2, m ¢ (0, 1)
ta xac dinh dugc ba truong hop la do danh gia dugc

m - 2 <mvdi moi m, tur do thict lap:
*  [lai diém m - 2 va m ndm ben trai (0, 1) va trong,

trudng, hop nay chi can m < (),
»  flai dicm m - 2 va m nam bén phai (0, 1) va trong,

trudng, hop nay chicanm 2 > 0.

= Diém m - 2 ndm bén trai (0, 1) va diém m ndm ben
phai (0, 1) vi khoang, cach gita hai diemm  2vam

bing, 2 don vi.
Vidy8: Choham so:
L Tk i
y—-\f"x +2m-] - -

Jx-m+2 .
Tim m dé ham s6 xic dinh trén (0, 1].
Giui
Ham s0 xdc dinh khi:
-x+2m-120 X <2m- |

&> om-2<x<2m-|.
x-m+2>0 X>m-—2

Do do 1ap xic dinh caaham so la D = (m - 2, 2m - [|].
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Pé ham s6 xdc dinh trén (0, 1] diéu kién 1a:
O llcim-2,2m-1] ©&m-2<0<1<2m- 11 <m<2.

Viy, vdi | <m <2 thoa man diéu kién diu bai.

IH. BAI TAP DE NGHI
Bai tap 1. Tim tap xic dinh cua cic ham s@ sau:
x* =1 |

a. = - . C ) g
d X~ +1 X" —-X+3 .

Bai tap 2. Tim tap xdc dinh cha cic ham sé sau:
x -1

y= - b. y

X C2x + ]
2x -6

2x" —-x -1

Bai tap 3. Tim tap xac dinh cua cic ham s6é sau:

a. y=~/x+2. b. y= V2-x +J7+x.
Bai tap 4. Tim tap xdc dinh etia cic ham s6 sau:

a. y= ‘\[—X3+5X'—6. b. y= Jx+\/x“3—x_+-l .
Bai tap 5. Tim tap xac dinh cta cdc ham sé sau:

a. y: Jl_x + ““.11,,.'....':. b y: =g JS"":ZX =
Jx‘-d» (x-—2)s/x*l

Bai tap 6. Tim tap xic dinh ctua cic ham s6 sau:

I i

[ P e — b. oo Y
xIxI-1 T

Bai tap 7. Cho ham s6:

a. Tim tap xac dinh cia ham s6.
b. Tinh f(4 + 2+/3), f(a) véi a < -2.

c. Tim x dé f(x) = /3.
d. Tim x dé f(x) = f(x°).
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Bai tap 8. Tim m dé ham s6 sau xac dinh trén [0, 1):
X + |

b= ey

Bai tap 9. Tim m dé ham s6 sau xac dinh trén (1, 3):

y=vxaamo1 - '

IV. HUONG DAN VA DAP SO
Bai tap 1.
a. Ham so6 xac dinh khi:
x>+ 1 # 0, luon ding.
Vay, tap xdc dinh cta ham si 1a D = R.
b. Ham s6 xac dinh khi-
X*-x+3z20o ’Lx - —;] - —141 # 0, luén ding.
Viy, tap xdac dinh cua ham sé la D = R.
Bai tap 2.
a. Ham s6 xac dinh khi:
2x -6z2z0=x#3
Vay, tap xidc dinh cua ham s6 1a D = R\{3}.
b. Ham s6 xac dinh khi:
2x = x-1202x-2x+x-120(x-D2x+ 1) =20

x=1#0 x#l
& & | .
2x+1#0 x¢-—2-

Viy, tap xdc dinh ciia ham s6 1a D = R\{ |, ﬂ; 1.

Bai tap 3.
a. Ham s6 xic dinh khi:
x+220&x2>-2.
Viy, tap xac dinh ciaham s6 la D = | -2, + o).
b. Ham sé xdc dinh khi:

2-x20 x<?2
& ' & -7<x<2.
T+x20 X2 -7

Viy, tap xac dinh chiahams6 laD = [ -7, 2].
165



Bai tap 4.
a. Ham so xdc dinh khi:

X +5x-620x-5x+6<0(x-3)(x-2)<0

& 2Ex <y
Vay, tap xdc dinh cua ham so 1a D = (2, 3.
b. Ham s0 xdc dinh khi:

3 -x <0
x"=-x+120 T e
<:>\/x““x+12*x¢::> {~x20

x<0
Vay, tap xac dinh cua ham s6 la R.
Bai tap 5.
a. Ham so xdc dinh khi:

|1-x20 x <1
" < DX <=2
X~ —4>0 (x=2)x+2)>0

Vay, tap xdc dinh cua ham s6 1a D = (-, -2).
b. Ham s6 xdc dinh khi:

x>0
i , luon ding.

5-2x20 x<5/2 5

| ERS -
x-22z0 o<¢xz22 o 2.
X =] i) x> 1 X *&2

"1y - 5
Vay, tap xdc dinh cia ham sé 1a D = (I, = IN{2}.

Bai tap 6.
a. Ham so6 xic dinh khi:

x>0 x=20 x 20
= = &S
xIxI=1>0 xx—=1>0 (x-D(x+1)>0

x> L .
Vay, 1ap xdc dinh cua ham s6 la D = (1, +o0).
b. Ham s6 xic dinh khi:
{4—)&320 {(x~2)(x+2)5(} {—ZSxSZ
= : > ;
X # —

x+1#0 X # -]

Vay, tap xdc dinh cta ham so la D = [-2, 2]\ {~1}.
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Bai tap 7.
a. 1lam so6 xdc dinh khi:

Jx?U x>0 x>0
e N <5 s x#1,
|Vx =120 |Vx=1  [x=#]
Viy, tap xdc dinh cua ham s6 1a D= (0, +2)\ { 1}.
b. Taco:
| . J4+v\/z+| VBT A YBaial Y342
fd+2VJ3)=-= :
Jai 2ol JWaenio1 Bei-l 43
) = \_/___1 __+_.' lal+l o —atl _a-1
Jo? =1  tal=i ~a-1 a+l

c. béf(x)= \/3 diéu kién la:

Lk R U SR SO il

<:>(\/3~I)Jx—ﬁ+l@\/_ V3+l S X = 4+2J3
_ - 4-23
d. Dé f(x) = f(x?), diéu kién la:

Vx+1 x-1 _ x+1_ (x+Dx-1)

- = =
Jx—1 ®4l e~ x+1
ox+l=(Vx 1Yo Jx =0 x=0.

Bai tap 8. Ham s6 c6 nghia khi:
x=-2m+ 120 x#2m- 1.

Pé ham s6 xdc dinh trén [0, 1) diéu kién la:

2m-1<0 m<-l-

2m-1 ¢ [0, 1) < o 7.
2m-12>1

mz21

Bai tap 9. Ham s6 c6 nghia khi:

X<2m-1

-Xx+2m-120

o m )
2x—-m>0 x>-)—

Pé ham s6 xdc dinh trén (1, 3) diéu kién la:
m mg<?2
<1<3<2m-1¢& om=2.

2 m=2
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Baitodn  XET TINI CHAT BIEN THEN
3 CUA HAM SO

I. PHUONG PHAP

Dé xét tinh chat bién thién ciia ham s6 y = f(x) trong (a, b), ta lua
chon moét trong hai phuong phép sau:
Plucong phap 1: St dung dinh nghia.
Phiurong phdp 2:  Thuc hién theo cac budc:
Buoc | LAy x,, x,€(a, b) véi x,#x, ta thiét lap ti so:
_ f(xy )= f(x;)
= m-._;.l. :;E-
Birgc 2. Khi d6:
=  Néu A>0vdimoix, x-€ (a,b)vax, #x,
thi ham s6 dong bién trong (a, b).

= Neéu A <0 vdmoi x,, X, € (a, b) va x, #x,
thi ham s6 nghich bién trong (a, b).

II. CAC Vi DU MINH HOA

Vidul: Xét subién thién cua ham s6:
y=f(x)=x-2.

Gidi

Ta c6 thé trinh bay theo hai cach sau:
Cdch 1: Ham s6 xdc dinh trong R.

Cho x céc gi4 tri thuc bét ki x,, X, sao cho x, < X, (ta dugc x, — x, < 0), ta
di so sanh f(x,) vai f(x,) bang cdch xét:
f(x,) - f(x;) =(x,-2) - (x,-2)=%x,-X,<0
& f(x,) < f(x,) < ham s6 dong bién trong tap xéac dinh cua né.
Cdch 2: Ham s6 xdc dinh trong R.
Véi x,, x, € Rvax, #x,tacé:
A= fXD-fx)) _(x,-2)-(x,-2) _,_,
X, — X, X, — X,
Vay, ham sé dong bién trén R.
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Tong quit: Xét su bién thién cua ham s6:

y =f(x) =ax+ b, vdia 0.
Giai
Ham s6 xac dinh trong R.
Vai x;, x; € R va x; # x, ta co:
f(x,)-f(x,) _(ax, +b)-(ax, +b_)_ .

b S
Xl'—xz XI—X-,

Khi do:
* Néu a > 0 thi ham s6 d6ng bién trén R.
* Néu a <0 thi ham s6 nghich bién trén R.

L
Vidy2: Xét su bién thién cia ham so:
y = f(x) = x.

Giai
Ta c6 thé trinh bay theo hai cédch sau:
Cach 1 Ham s6 xic dinh trong R.

Cho x cdc gia tri thue bat ki x,, x, sao cho x, < x, (ta dugce x, - x, <0), ta
di so sanh f(x,) vai f(x,) bang céch xét:

[(x,) = f(x,) = X; = X3 = (X, = X (X, + X,).
Khi do:
= Néux,, x,>0 (tic la x € (0, + 0)) thi:
X, + X, >0 = (X, — X)X, +X,) >0
& f(x,) - f(x,) >0 f(x,) < [(x-)
<> ham s0 dong bién trong (0. + x).
= Né&ux,x,<0(trclax e (-o2, 0)) thi:
X+ X, <0 = (x,=x.)(x, +%,) <)
&> f(x,) — f(x.) <0 ¢ K(x,) < f(x,)
&> ham s6 nghich bién trong (- o, 0).
Cdach 2: Ham sé xac dinh trong R.
Vai x,, x-eR va x, # x, ta ¢o:
f(x,)-f(x.) _ x{=x3 _

A=
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Khi do:
= Néux,, x,>0thi A> 0 suy ra him s6 dong bién trén (0, + «).

*  Néu x,. x,<0thi A <0 suy ra him s6 nghich bién trén (- . 0).

Tong quét: Xt su bién thién cua ham so:
v=[(x)=ax’, vdia#0.
Giar
IHam s0 xac dinh trong R.

Vi x,, x- ¢ Rvax, # x, ta ¢o:

f(x,)-f(x,) ax;-ax;
- ( % ( ‘)-_- b, - =d()(|+)(3).
Xi—xl Xl—X«

Khi d6:
I. Vdia>0
= Néu x;, X, > 0 thi A > 0 suy ra ham s6 dong,
bién trén (0, +o).
=  Néu x;, x,< 0 thi A <0 suy ra ham s0 nghich
bién trén (-, 0).
2. Vaa<i(
*  Néu x;, x-> 0 thi A <0 suyv ra ham so nghich
bién trén (0, +»).
*  Néu x;, x» <0 thi A > 0 suy ra ham s0 dong,
bién trén ( =, 0).

Vidu 3;  Xét subién thién cia ham so:
y =f(x) = -x".

Giai

Ta o the trinh bay theo hai cich sau:
Cdch I Ham so xac dinh rong R,

Cho x cie giit tri thue bat ke xLxcosao cho v <ons tanduge x g < O ta
di so sanh f(x ) vai fix.) Bang cich xct:

f(x,)—1(x,) =« X?i (-x3)

X S = (Xg— X x§+ \,xa-l-\.,a]‘}(l

<> [(x,) > f(x3) < ham so nghich bién trong tap xac dinh cia no.
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Cdch 2: Ham s6 xdc dinh trong R.
Vai X, X, € R vax, # x, taco:
" f(x,)=M(xy)  (=x])=(=x3) X —%a
; S OUICUE PP R — o . + . - P—

X) =X, X, =X, X, =X,

By = KX ¥ R K )

=—(X; +X,X, +x;)<0.

Vay, ham s6 nghich bién trén R.

Tong quat: X6t su bien thién cua ham so:
y = f(x) =ax’, vdia 7 0.
Giar
Ham 506 xac dinh trong R.
Vi x,, x, € Rva x, # x, ta co:

f(x,)-f(x,) _ ax, -ax§l

a(x, =X, X7 +X,X, +X3)
=a(x; +X,X, +X; ).
Khi do:
*  Néu a > 0 thi ham s0 dong, bién trén R.
] * Néu a <0 thi ham s6 nghich bién trén R.
Yidu4:; Xét subién thién cia ham so:

y=M(x)= \/xz + 1 trong (0, +m).
Giai

Ta ¢ thé trinh bay theo hai cich sau:
Cdch I: Cho x cice gid tri thue bat ki x,, x, € (0, +) sao cho x, < x, (ta
duoc  x,— ¥, <), ta di so sanh f(x,) véi {(x,) bang cach xét:
f(x,) - f(x,) = \fl"? =] -—\/xg + 1
0 ..._‘_ e _.-‘__ - r 2 PR r‘ = - -
1\/x; + 1 —Jx; + (X7 + 1 +4x3+1)

VX7 + 1 +x; +1

I

Cxp+h-(xI+D X;

L x?
= o = =231
fo+l+\/x;+l \/xfﬁ-!+\/x::+l
¢ f(x,) < f(x,) < ham s6 dong bién trong tap xdc dinh cua no.
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Cdch 2: V@i x,, x, € (0, +o0) va x, # X, ta co:

M) =) _Yxi+1=yxi+1

X -“x1

A=

X) =X,

(x +1)- (x,+l) Xy + Xy

—— T |
| =X, )(\[x +l+\[x +l) Jxl +l+\/xﬂ+l g

Viy, ham s& déng bién trén (0, +0).

Chi ¥y: Trong loi giai trén, ching ta da str dung diéu kién x,, x,€(0, +»)
dé nhan duoc két qua x, + x,> 0.
VidyS: Xétsu bién thién cua ham s6: |
y =f(x)= —x——l— trong (1, +o).
x —
Gidi
Ta cé thé trinh biy theo hai cich sau:

Cach I: Cho x cic gia tri thuc bat ki x,, x, € (1, +o0) sao cho x, < x, (ta
duge x, — x, < 0), ta di so sdnh f(x,) véi f(x.) bang cich xét:
f(x,) - [(Xs) = — ot SHNNE.. IR .. ... ST
xwl X, ] x—l)(x —I)
<> f(x,) > f(x,) < ham s6 nghich bién trong (1, 4+o0).

Cach 2: V&i x,, x,€(1, +o) va x, # X, ta co:

RO .
o f(x,) - f(x,) K, Xt - oyl E - e 0
X, =X Xy “XKs (x, =IXx,~1)

Vay, ham s6 nghich bién trén (1, +o).

Chu y: Trong 10i giai trén, ching ta da st dung diéu kién x,, x,&(1, 400)
dé nhan duoc két qua x, =1 >0, x, - 1>0.

I1L. BAI TAP PE NGHI
Bai‘tap 1. Xét sir bién thién cua cac ham so:
a. y=f(x)=2x+3. c. y=f(x)=(m*+ )x -2
b. y=f(x)=1-3x. d. y=f(x)=mx +4, véim=0.

. 172



Bai tap 2. X¢ét su bién thién cta cic ham so:
a. y=f(x)=2x"trong (0, +o0). e y=f(x)=x"+2x+3.
b. y=f(x)=-6x"trong (0, +o0). d. y=f(x)=—x"+4x + |.

Bai tap 3. Xét su bién thién cua cac ham s6:

X+ 1
a. y=I(x)= ;——l trong (1, +o0).

X
b. y=f(x)= - trong (-, -2).
£ %43 E

Bai tap 4. X¢t su bién thién cua ciac ham so:

a ye=iix)= \Gjl_. b. y=f(x)= \/2;';1.
Bai tap 5. Xét su bién thién cua cac ham so:

¢ y=f(x)= \&3—4:3 trong (0, +).

d y=fx)= x&? +AX +5 trong (-, -2).
Bai tap 6. Xét su bién thién cua ciac ham s0:

a. y=f(x)=3x" c. y=f(x)=x"'+x+1.

b. y=f(x)=x"=3x>+6x + 1. d. y=f(x)=x"+2x"+3x + |.

IV. HUONG DAN VA DAP SO
Bai tap 1.
a. Ham s6 déng bién trén R.
b. Ham s6 nghich bién trén R.
c. Ham s6 xdc dinh trong R.
- V@i x,, x;€ Rvax, #x,taco:
fx,) = f(x,) _ [(m” +Dx, 2] [(° + Dx, -2

By e SR gy

X) =X, X, =X,

_m DX -%) el s

X, =X,

Vay, ham s6 dong bién trén R.
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d. Ham s6 xdc dinh trong R.

Véi x,, x,€ Rvax, #x,taco:

4 o f(x,)-f(x;) _ (mx, +4)—(mx, +4) —m
X, =X, X, =X,

Khi do:

*  Né&um > 0 thi him s6 dong bién trén R.

* Néu m < 0 thi ham s6 nghich bién trén R.
Bai tap 2.
a. Ham s6 dong bién trong (0, +o0).
b. Ham s6 nghich bién trong (0, +0).
c. Ham s6 dong bién trén (-1, +o0) va nghich bién trén (-oo,-1).
d. Ham s6 dong bién trén (-0, 2) va nghich bién trén (2, +=).
Bai tap 3. _
a. Ham s6 nghich bién trén trong (1, +x).
b. Ham s6 déng bién trén trong (-, —2).
Bai tap 4.
a. Ham s6 c6 nghia khi:

x=-120&=x2 1.

Vay. 1ap xdc dinh cia him s6 1a D = [1, + o).

Cho X ciic gid tri thuc bat ki x, x, € [I, +oc) sao clio X, < X, (ta duge
X, — X, < 0), ta di so sdnh f(x,) véi f(x,) bing cich xét:

(%)~ f(xy) = Jx, =1 =5, ~1

s,

Jx, =1+ x, -1
_ X == =D X X,
Jx, ~T#afn, =1 ofx, ~1 4fn, =1

<> f(x,) < f(x,) < ham s6 dong bién trong tap xic dinh cta no.
b. Ham s0 c6 nghia khi.
2-x20ex<2.
Viy, tdp xdc dinh cia ham 56 1a D = (-, 2].
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Vi x,, X, € (-2, 2] va X, # X, ta co:
f(x,)-f(x,) _2-x, =y2-x,
X =X; X, =X,
(2%, = 2-x)f2-x, +42-x,)
(x, —x:){(v’r2—x, +J2-x3 )

(2=-%,)=(2~-x;)

A=

Vay, ham so nghich bién trong tap xdc dinh ctia no.

Bai tap 5.

d.

b.

Ham so dong bién trén (0, +0).

Ham s6 nghich bién trén (-o0,-2).

Bai tap 6.

a
b.
o

d.

[Tam s0 dong bién trén R.
Ham s6 dong bién trén R.
Ham s6 dong bién trén R.
Ham so xic dinh trong R.

Vi x,, x> €R va x, # x, ta ¢o:

1
s I e _— 0
(xt—x:)(\ﬁ—x]-u%\f.?hx:) J2—x|+\f2—x_.' )

f(x,)=f(x,) _ (x;=3x]46x, +1)=(x3 -3x3 +6x, +1)

A ~

Xy —Xx3)=3(x] —x3)+6(x, —X,)

Xy ~%3

=X] + XX+ X3 = 3(X,+X,)+6

= ] (xf+x])2+ ;(Xf "2 XE)‘“?!(X!+X:)+6

2
] ¥ 1 1 Rl
-~ 2[(x,+x_,)‘v6(x,+x3)+9|+ -j(x,' + X3)+

I s X, s ». 3
= =Xy F Ry =)+ (X7 * X))+~ >0
- A 2( | 2

Vay ham s6 dong bién trén R.

[ R 'Y



- 5
D570 IAM SO BAC NHAT

L. KIEN THUC CO BAN
t. DINH NGHIA
Pé xay dung dinh nghia ham s6, ching ta sé bat dau vai bai todn sau:

Bai todn: Mot 616 tir Hai Phong di Ha Noi véi van 16c 60km/h. Oto khoi
hanh & mot dia diém cach I1ai Phong 8km vé phia Ha Noi. Hoi sau x gid,
6t06 cach Hai Phong bao nhiéu kilomet ?

Giai

Goi y 1a khoang cdch tir 616 t¢i Hai Phong sau x gio.

[}

Ta co:
y = 60x + 8.

Nhu vay, ta dugc mot tuong quan ham s6 y = 60x + 8, trong d6 x la
bién s6, y 12 ham s6. Va biéu thic moé ta ham s6 ndy 1a bac nhat déi véi
bi€n x nén ta goi d6 1a ham s6 béc nhdt.

Tir do, ta ¢6 dinh nghia:

Ham s6 bdc nhdt la ham s6 ditoc cho bai conyg thitc:

y=ax + b, voiu =0,

8 trong dé a va b la cdc s6 thue xde dinh.

Thidu 1: Véicac ham so:
* y=3x-21amét ham s6 bac nhat.
= y=-6x la mot ham s bac nhat.
* y=(m- 1)x -5 1a mot ham s6 bac nhat khi m # 1.

* y=x"+x+ | khong phai 12 mot him s6 bic nhat.

| Chi ¥:  Néu b =0, ham s6 ¢6 dang y = ax la ham s6 biéu thi su tuong,

quan ti 1é thuan.
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2. TINH CHAT
* [lam s6 y = ax + b xdc dinh vdi moi gid tri x € R.
* Trong tap xdc dinh R, hamséy =ax + b
Pong bién néu a > 0.
Nghich bién néu a < 0.
Thidy 2: Cho ham so:
y=mx -m" -Xx + I. ’
a. Tim m dé ham s6 da cho 1a ham s6 bac nhat.
b. Tim m dé ham sé nghich bién trén R.
¢. Tim m dé do thi ham sé di qua géoc tea do.
Giui
Viét lai ham s6 dudi dang:
y=(m-1)x -m’+ 1.
a. am s6 trén 1a ham s6 bac nhat khi va chi khi:
m-120&m#l.
Vay, véi m # | ham s6 di cho 1a ham s6 bac nhat.
b. Ham s6 trén nghich bién trén R khi va chi khi:
m-I<0e<m<l.
Vay, véi m < | ham s6 nghich bién trén R.
c. Tabiét goc toa do O(0, 0), do dé doé thi ham s6 di qua goc toa do khi
O=m-D0-m+leom=1lm=zHl,
Viy, vdi m = +1 d6 thi ham s6 di qua goc toa do.
Chi y: ‘Trong l0i giai cau c), khi m = 1 ham s6 khong con la ham s6
bac nhat.

II. CAC Vi DU MINH HOA
Vidul: Choham so:
y=3x -2.

a. Tim tap xdc dinh cta ham sé6.

b. Xét tinh bién thién cua ham so6 trong tap xac dinh cua né.
Giui
a. Ham s6 xdc dinh trong R.
b. Via=3>0nén ham s6 dong bi¢n trong R.
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Vidu2: Choham so:

y-—mx— w/l—

a. Tim m dé him s6 da cho 12 him s bac nhat.
b. Tim m dé haim so dong bién trén R.

Giai
a. Ham so trén la ham s6 bac nhat khi'va chi khi:
m=0 m=0
= 02m<l. (*)
l-m=0 m<|

Viy, voi 0 # m < | ham s6 di cho 14 ham s6 bic nhat.

b. Ham s6 trén dong bi¢n trén R khi:
m > ().

Két hop vai diéu kién (*), tadugc 0 <m < 1.

Vay, v0i 0 <m < | ham s6 dong bién trén R.
Nhan xét:  Trong l0i giai trén:

« Ocau a), nhiéu em hoc sinh méc sai 1dm khi chi thiét
lap diéu kién m # 0.

« Ocau b), nhiéu em hoc sinh méc sai 1dam khi thiét lap
diéu kién m > 0 nhung, lai khong, két hop vai (*).

Yidu 3: Cho ham so:
y = f(x) = ax, voi a 2 0.
a. Chimg minh rang f(kx,) = kf(x,) va f(x, + x5) = f(x,) + f(x,).
b. Cic hé thic trong ciu a) con ding véi ham s6:
= g(x) = ax + b, vdi b # 0 hay khong .
Gidi
a. Tacé:
f(kx,) = a(kx,) = akx, = k(ax,) = kf(x,), dpcm.
f(x, + x,) = a(x, + Xx,) = ax, + ax, = f(x,) + f(x,) , dpcm.
b. Ta lan luot xét:
=  Véi hé thic:
g(kx,) =Kkg(x,) < a(kx,) + b =k(ax, + b)

heti

< akx, +b=akx, +bk <> bk -1)=0 < k=1.
V&y, hé thie g(kx,) = kg(x,) chi diing véi k = 0.
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= Vai hé thic:
g(x, + x,) = g(x,) + g(x,)
& a(x, + x,) + b=(ax, + b) + (ax, + b)
& ax, + ax, + b=ax, + ax, + 2b < b =0, loai.
Vay, hé thuc g(x, + x,) = g(x,) + g(x,) khong ding.
Vidu 4: Cho hai ham s6:
fx)=(m + I)x =4 vag(x)=mx + 2, vdim z 0.
Chimg minh ring:
a. Cac ham s6 f(x), f(x) + g(x), f(x) - g(x) la cic ham dong bién.
b. Ham s6 g(x) - f(x) 1a ham nghich bién.
Giai
a. Talan luot xét:
»  Ham s6 f(x) cé hé s6 a=m’ + | >0 do dé né 1a ham déng bién.
= [am so:
f(x) +gx)=(m + Dx —4+mx+2=m +m+ l)x - 2.

¢ hé so:
y TS
a=m+m+|l={m+- +4>0

do dé n6 la ham dong bién.
*  Ham so:

f(x)—gX)=Mm + Dx—4-(mx +2)=(m’*-m+ 1)x - 6.

cO hé so:

wmet=(m-3) ]
a=m-m+l=m-—| +- >0
2 4
do d6 né 1a ham déng bién.
b. Ham so:
g(x) = f(x)=mx +2 - [(m + )x —4] =—(m* ~m + 1)x +6.

co hé so:

a=-(m'-m+1)= —I:[m—lJ +3J<0
: 2 4

do d6 n6 Ia ham nghich bién.
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Vidu3: Cho ham s6:
y=f(x)=ax +b,véia=0.

a. Chimg minh rang véi mot gia tri x, tuy y cho trudc, bao gio ciing
tim duogce hai s6 m va n sao cho f(m) < f(x,) < f(n).

b. Chimg minh ring ham s6 bac nhat khong cé gid tri 16n nhat va
nho nhat.

Gidi
a. Ta biét ring vdi moi x, tuy y cho trude, bao gid ciing c6:
K= T 2 RG€ X+ 1
Ta xét hai truong hop:
Truong hop 1: Vi a > 0, khi dé ham s6 déng bién, do do:
f(x,— 1) <f(x,) < f(x,+1)
wrdo,tachonm=x,—- 1 vain=x,+ |.
Tricong hop 2: Vi a < 0, khi dé6 ham s6 nghich bién, do dé:
f(x,— 1)>f(x,)>f(x,+ 1)
tir dé, ta chonm=x,+1lvan=x,- 1.
b. Gia sur trii lai ham s6 co:
*  Giatri lon nhat f(x,) tng vai x,.
*  Gid tri nho nhat f(x,) ing vai x,.
Theo két qua cau a), luén tim duoc hai sé m va n sao cho:
[(x,) < f(n) = f(x,) khong phai la gia tri Iom nhat.

f(x,) > f(m) = f(x,) khong phai la gia tri nho nhat.

I11. CAU HO1 ON TAP Li THUYET
Cau hoi 1:  Neéu dinh nghia ham s6 bac nhat va cho vi du.

Cau hoi 2: Neéu cic tinh chat cia haim s6 bac nhat. Cho vi du vé mot him
s0 bac nhat dong bién va mot ham s6 bac nhat nghich bién.

Cau hoi 3:  Chimg minh ring trong tap xac dinh R, hams6y =ax + b
déng bién néu a > 0 va nghich bién néu a < 0.

Cau hoi 4:  Chimg minh ring ham s6y = ax + b ( a # 0 ) khong ¢6 gid
tri 16n nhat va nho nhat.

180



IV. BAI TAP DEE NGHI

Bai tap 1. Mot oto van téc S0km/h khai hanh tir bén xe phia Nam cach
Ha Noi Skm vi di vé phia Nghé An (bén xe nam trén duong Ha Noi -
Nghé An). Hoi sau khi khot hanh x gio, xe cach Ha No61 bao nhiéu ?

Bai tap 2. Cho cac ham s6:

a. y=5x+ Jj, d y=3(x-2)+x.
" b. y=2—vg.x. e. y= _!_+3.
l x
¢ YEogxte foy=24x +8

Trong cic ham s6 trén ham s6 nao 1a ham s6 bac nhit ? Xét su bién
thién cua cdc ham s6 bac nhat dé.

Bai tap 3. Cho ham s6:
y=(m- Dx + Jm.
a. Tim m dé ham s6 da cho 12 ham s6 bac nhat.
b. Tim m dé ham s6 nghich bién trén R.
Bai tap 4. Tim m dé cdc ham s6 sau 12 ham s6 bac nhat:

a. y=mx+6. c. y=mx+ Vm+2.
b. y=m3x+s/3—x. d. y:(mgmm)x:+mx+8.

Bai tap 5. Cho hai ham s¢:
| f(x)=(m" +5)x =3 vag(x) =2mx + |, véi m = 0.

Chiing minh rang:

a. Cdc ham so f(x), f(x) + g(x), f(x) — g(x) 1a cic ham doéng bién.

b. Ham s6 g(x) — f(x) 1a ham nghich bién.
Bai tap 6. Cho ham so

y=(m-1)x+2m- 3.
a. Tim m dé ham s6 1a dong bién, nghich bién, khong doi.
b. Chitng to rang khi m thay doi dé thi ham s6 luén di qua 1 diém c6 dinh.

V. HUGNG DAN VA DPAP SO
Bai tap 1. Goi y la khoang céch tir 616 t6i Ha No6i sau x gid. Ta c6:
y =50x + 5.
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Bai tap 2.
a. Hamsdy=5x+ V3 11 ham s6 bic nhadt vavinocdéa=5 >0 nén no

l1a ham s6 dong bién.

b. Himsoy =2 -~ /5 x 1a ham s6 bac nhat vaviné céa = - V5 <0
nén né la ham s6 nghich bién.

c. Himsoy=- ; X + 6 1a ham s6 bac nhat va vi no co a = - i < 0 nén

n6 l1a ham s6 nghich bién.

d. Haim s6y =3(x - 2) + x = 4x — 6 13 hiam s6 bac nhat vi vino coa =4 >0

nén no la ham s6 dong bién. '

e. Khong 1a ham s6 bac nhat.

f. Khong la ham s6 bac nhat.

Bai tap 3.

a. Ham s6 da cho 1a ham sé bac nhat khi va chi khi:
{m 120 _ [m=l

& =>0<m=# 1. (*)
m=0 lmz()

Vay, vai 0 <in # | ham s6 da cho la ham s6 bac nhat.

b. Ham s6 di cho nghich bién trén R khi:
m-!<0& m<l.

K&t hop vai dicu kien (%), tadugc 0 € m < 1.

Vay, vii 0 € m < | ham so nghich bién trén R.
Bai tap 4.
a. m=#=0.
b, .m==l,
c. =2<m=0.
d. Ham s6 da cho Ia ham s6 bac nhat khi va chi khi:
{mz—m=0 {m(m-l)=0 [m:O

— =

m=1 ©&m=1.

m=0 m#0

m=#0

Vay, véi m = | ham s6 dj cho 1a ham s6 bac nhat.
L]

Bai tap 5. Hoc sinh tie lam.
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Bai tap 6.
a. Taco:
= Ham s6 l1a dong bién khi va chi khi:
m-1>0m> 1.
= [am s6 la nghich bién khi va chi Khi:
m-1<0&emg .
=  Ham s6 1a ham hang khi va chi khi:
m-1=0em=1.
b. Gia st M(x,, ¥,) 1a diém ¢6 dinh ma dé thi ham s6 luon di qua, khi do:
Yo=(m = 1)x,+ 2m - 3, v Vim
< (Xp+2)m-Xx,-y,- 3=0, vdi Vim
{x0+2:ll (%, =2
= o :
Xo+Y,+3=0 Yo =1

Viy, dé thi ham s6 luon di qua diém ¢é dinh M(-2, -1).
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cnu BE PR T ”
3 DO T HAM SO BACNHAT

I. KIEN THUC CO BAN
1. POTHICUAHAMSOY = ax,a=0
O 16p 7, chiing ta da biét dén két qua:

Dé thi ham sd"y = ax (a #0) la mot diomg thang di qua goc dé va
diém A(1, a).

Nhu vay, dé vé d6 thi ham s6 y = ax (a # 0), ta thuc hién:
= Xdc dinh vi tri diém A(l, a).

= NG&i O védi A ta duge do thi ham s6 y = ax.

Ta ¢6 minh hoa:

a>0vab=0 . i
yDucong thang y = ax nam trong goc

phan e (1) va phan nre (H1)

Puong thang y = ax ndam trong géc
phan ne (H1) va phan e (IV)

>y

y = ax

Thidu 1: Vé dé thi ham sd y = x.

Giai yt
Pé vé d6 thi ham s6 y = x, ta thuc hién: 24 B_
* Xdc dinh thém mot di€m A(l, 1) (hoac (')
cé thé B(2, 2)). i ; >

* NG&i O véi A ta duge do thi ham s6 y = x.
Nhan xét: 1. D4 thj ham s6 y = x chinh 13 dudng phan giac cua goc
' phén tu tha I 111
2. D6 thi ham s6 y = —x chinh 1a dudng phén giac cua
goc phén tu tha 11, IV.
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2. POTHICUAHAMSOY =ax +b,a=0

Ching ta sé bat dau véi thi du sau:

Thi du 2: Cho cdc ham s6:
y=f(x)=2x, y=g(x)=2x -1, y=h(x) =2x + 2.
Voix=-2:0,1;2,3

b. C6 nhan xét gi vé gid tri cia cdc ham s6 f(x), g(x), h(x) ing voi
cung mat gid tri cua bién s x, tir d6 dua ra két luan vé do thi cac
ham s6 y = g(x) vay = h(x).

d.

Giui

a. Ta Iap bdn;:,

-

hay tinh cdc gia tri tuong tmg f(x), g(x), h(x).

x |20 1| 2]3
fx) | 4| 0| 2] 4] 6
g [ s | [ v ]3] s
hw | 2| 246 [ 8

b. FLr bdng ta nhan thay vai bat ki hoanh dé nao thi

Tung do tuong img clia diém trén do thi ham s6 y = 2x — | ciing nho
hon tung do tuong tmg clia diém trén dudng thing y = 2x 1a 1 don vi.

Tung do tuong (mg clia diém trén dé thi ham s6 y = 2x + 2 ciing Ion
hon tung do twong img ctia diém trén duong thang y = 2x 1a 2 don vi.

Viy, ta thay:

DG thi ham 56 y = 2x ~ 1 ]a mot duong Yt/ y=2x
thiing song song véi dudmg thang y = 2x va T
cit truc tung tai diém cé tung do bang —1.

D thi ham s6 y = 2x + 2 [ mot dudng
thang song song véi dudng thing y = 2x va
ct truc tung tai diém cé tung d6 béng 2.

Vay taco kél qua:

~ Song song véi diomg thdng y = ax néu b =0.
- Tr :?ng voi dlfd?!g rhang y=axnéub= 0

DJ th: cia ham s6'y = ax + b (a #0) la mét diomg thdng cdt truc
tung tai diém 6 tung do bdng b. Duomg thang ndy

y=2x+2

e ————— ——— g —
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Tir két qua trén ta thy "Néu da 6 dé thi ham s6' y = ax " thi do thi
ham s6 y = ax + b (b # 0) duoc suy ra bang céich:
= Xdc dinh vi tri diém M(0, b).

*  Puong thing qua M song song véi duong thing y = ax chinh la do
thi ham s0 y = ax + b,

3. CACH VE PO THI HAM SO BAC NHAT

Vi dé thi ham s6 bac nhat 1a mét duomg thang nén muén vé ta chi cin
xdc dinh hai diém phan biét bat ki trén duong thiang do.

Thidu 3: Cho ham sé:
y=2x + 1.
a. V@& do thi ham s6.
b. Tim tung d6 giao diém ctia truc Oy véi d6 thi ham s6.

c. Tim hoanh do6 giao diém cta truc Ox véi do thi ham s6.

Giai
a. Ta ldy hai diém thuéc dé thi ham s6 1a Yt y=2x+1
M(-1, —1) va N(I1, 3). Khi d6 d6 thi ham s6 Ia 3t /N
dudmg thing di qua M va N (hinh v&). -
b. D6 thi cit truc Oy tai A c6: . o -
! uc Uy 1 M/ O .
x=0=>y=20+1=1=A(0,1). &

c¢. D6 thi cit true Ox tai B ¢o:

y:():>()=2x+l¢:>2x=--l¢:>x=~l :::B(~;.U).

L

Chiy: Khiveddthihamsdoy=ax+b,a 0

1. Tanén chon hai diém ¢6 toa d6 chin.

2. Théng thudng, ta chon hai diém A(0 ; b) va B (- b ; 0)

d
theo thi tu la piao didm cua d6 thi véi true Oy va Ox néu
hai diém do khony, nam qua xa goc toa do (thi du y = x + 2005)
hodc tog i cua chang, khong, qua phuc tap trong tinh

foar i g .il'l_\ = \/2 x + v’:&t) )
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II. CAC VI DU MINH HOA
Vidul: Choham so:

y=-—-X.
2
a. V& do thi ham so.

b. Xdc dinh toa do diém B thuoc do6 thi ham sé sao cho x, =4y, + 2.

Giai
a. Talay thém diém A cé: by
! Y7 %
x=l=y= 2=-1. -
2 2 .5
s N A ; O
b. B thuoc do thi ham s, suy ra: X
| -1
Ia =~ 2 Xg - (1)

Thay x; = 4y, + 2vio (1), ta duoc:

I I I I
‘i,=—-~—-4 +2)& = A=) $2=——
) 2( Y ) & Y 3 B ( 3) 3

Vay, diém B(- % [ ; ) 1a diém cin tim.

Vidu l: V& trén cuing mot hé truc toa do Oxy do6 thi cua cic ham s6:
1
y = 2x va\y=~—ix.

C6 nhin xét gi vé do thi cua hai ham sé nay ?
Giai

D¢ vE do thi ham s6 y = 2x, ta thue hién:

»  Xdc dinh théem mot diém A(1, 2).

* Noi O vdi A ta duge do thi ham s6 y = 2x.

Pé vé dothihimsoy = - ; X, ta thuc hién:

*  Xic dinh thém moét diém B(-2. 1).

s ,n 3 . . - I
= Noi O vii Btaduge dothihamsoy = X

Nhin x¢ét rang, do thi cta hai ham sd nay vuong géc vai nhau.
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Vidu 2; Vé trén cing mot hé truc toa do Oxy dé thi cua cic ham so:
y=3xvay=-3x.
C6 nhan xét gi vé do thi caa hai ham s6 nay
Gidai
Pé vé& dé thi ham s6 y = 3x, ta thuc hién:
*  Xic dinh thém mot diém A(1, 3).
*  N&i O véi A ta duoc do6 thi ham s6 y = 3x.
Pé vé d6 thi ham s6 y = -3x, ta thuc hién:
»  Xdc dinh thém mot diém B(-1, 3). y=3xly
* NG&i O véi B ta duge do thi ham s6 y = -3x.

Nhan x¢ét rang, dé thi cua hai ham s()'.ne‘ly ddi ximg vdi nhau qua Oy.

Nhan xét: |. Ta biét ring;
{3:( khix >0
13x| = :
-3x khix <0
Do &6, néu lay hai phan dé thi la:
*  Phan d6 thi cua ham s0 y = 3x trong, goc phan tu thu L
*  Phan dé thi cuaham s6'y = -3x trong goc phan tu tha 1.
ta nhan dugc d6 thi cia ham s6'y = |3x]|.
2. Tirdo, dé vé dé thihamsOy = |ax| ta thut hién nhu sau:
= Ve tia OA, vai A(x,, ax,), x, > 0.
s Ve tia OB, voi B(-x,, ax,):
hodc chi cdn vé tia OA sau d6 1ay d6i ximg, OA qua Oy.

Yidy 3. Choham s6y = ax. Hay x4c dinh hé s6 a, biét:

a. D6 thi ham s6 di qua diém A(3, 2).

b. D6 thi ham s6 12 dudng phan gidc ciia gée phan tr thi 11, IV.
Gidi
a. Vidiém A(3, 2) thudc dé thi ham sé nén:

9]
2=zald&oa= 1;—

7

Vay ham s6 cé dang y = ;— X.

b. D6 thi ham s6 la duong phan gidc cua géc phan wr th I, IV, 1a ¢cé
ngay a= -l.

188



Vidud: Do thi coa him s6 y = ax nam & nhimg goc phan tu ndo cua
mat phang toa do Oxy. néu:

a. a>0. b. a<().
Grai
a. Véia> 0, tacé nhin xét rang vai diém A(x,. y,) thuoc do thi thi:
ya = aX, = X, v y, cung dau
<> D0 thi ham $6 thude goc phan tu tha 1, 11
b. Vdia <0, taco nhan xét rang véi diém A(x ,, y,) thuoc dé thi thi:
Ya = axX, = X, vay, trdi dau
<> D6 thi ham so thude gée phan tu tha 11 V.
Vidu35: Choham so:
y ==X+
a. Xdc dinh giao diém cha do6 thi ham s véi truc tung va truc hoanh.
V& do thi ham so.
b. Goi A va B theo thi tu 1a hai giao diém néi trén. Tinh di¢n tich
AOAB (O la gdc toa do).
c. Goi a la géc nhon tao bai dé thi ham s6 vaGi true Ox. Tinh 1ga,
suy ra s6 do goéc a.

d. Bang dothitimxdéy>0.y=<0.

Giai

a. D0 thi cat truc Oy tai A ¢é: y=x+3 $Y
X=0=2vyv=-0+3=3= A, 3). WA

D4 thi cit truc Ox tai B ¢cé: \
y=0=0=-x+3 e x=3= B3, 0). .
e 9] X
b. Tacé: :
| 1 9

S—\()AH = :) OA.O[} = 5 .3.3 = '2 (dUTI Vi di¢ﬂ liCh).

c. Trong AOAB, tacé ABO =a, suy ra:
tgo = Lo 1 = a=45"
OB
d. Tirdé thi suy ra:
* y>0< x <3, img vdi phhian do thi phia trén truc Ox.
* y<0< x 23, ing v6i phhin dé6 thi phia dudi truc Ox.
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Viduy 6: Cho cic ham so:
y=2x—-1, y=2-x, y=3-2x.
a. V& do thi clia ba dudng thang do trén cling mot hé truc toa do.
b. C6 nhan xét gi vé dé thi ctua cic ham so nay ?
Gidi
a. Talan luot vé:

= V6ido thiy = 2x — | ldy hai diem A(0, 1) va
A i , 0). Noi A va A, duge do thi cin dumg.

* Vi do thiy = 2 — x lay hai diém B0, 2) va
B,(2.0). Noi B va B, dugc do thi cin dung.

= V@i dothi y = 3 - 2x 1ay hai diem C(0, 3) va

3 4 s a
C( 2 , 0). Noi C va C, duoce do thi can dung.

b. D4 thi cia cic hiim so nay ddng quy tai dicm © o 1),

Vidu7: Choham so6:
y = ax — 3a.
a. Xic dinh gid tri cGa a dé dé thi ham s6 di qua diém A(0, 4). VE dé
thi ham s6 véi a vira tim duogc.
b. Tinh khoang céch tir géc toa do dén dudmg thang tim duoc trong a).
Giai
a. DO thi ham s6 di qua diém A(0, 4) khi va chi Khi:

4::;1.()—3a¢:>3a=~4<:::»a=—4, 1y
3 \B
A o 4 |
Viy, haimsé cd dang y = = X +4. “A
DE vé d6 thi ham s6 ta 14y them diém B(3, 0). O\ «x

b.  Got IT 1a hinh chi€u vuéng géc cia O 1én duong lhfin‘g.
‘Trong AOAB vuong tai O, ta ¢6:

1 ] I
) ] = = ) + "-‘"
OH' OA® OB’

)
o OAOB__ 43 1

Jontvon TV T s
7
Viy, khoang cich tir géc toa d6 dén dudmg thang bing -I‘;' ,
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Vidu8: V& do thi cic ham so sau:

a. y=|xl. b. y=Ix-2]. c. y=lx-1l+2
Cricnt
a. Tabién doi:
. ; 1y y = Ixl
, x néux >0 |
y=lxl= . . BY- - 7A
-x néux <0

Do d6, do thi ham s6 14 hai tia OA (v6i A(lL, 1))

vaOB (vor B(--1, 1)). y=: y= a
b. Ta bi¢n doi:
y=|x-2] tyY o

B =< #A

[ x-2 néux22 [x—?. néux > 2 f'l"/_'-‘
= W = & L

l”(x—z)néu,\"él 12-x néux<?2 N

Do d6, dé thi ham so L hai tia IA (vai [(2.0)  y=r 2 y=2x
va A4, 2)) va IB (vor B(O, 2)).
c. Tabién déi: N e fie)
x=1+2 ncux21 N B
yzlxﬂ-l|+2_= , N
-(x-1+2néux <1 ~Lerd
) HhTTT
X+1 néux =1 . = R R
o= ' y=a4 | o
J—-x néux <l

Do dé, dé thi hiaim s6 1a hai tia IA (vai I(1, 2) va A(2, 3)) va i (i B0, 3)).

III. CAU HOI ON TAP LI THUYET

Cau hoi 1:
Cau hoi 2:

Cau hoi 3:

Cau hoi 4:
Cau hoi 5:

Po thi haim 50 y = ax (a # 0) duge v& nhur the ndo ?

Do thi cia ham s6 y = ax nam ¢ nhimg goc phan (wr ndo cua
mat phang toa do Oxy, néu:

a. a>0.

b. a<0.

Néu vi tri trong dai cha do thi ham s y = ax + b vai do thi
himsdy=ax(az0)?

Néu cich vé do6 thi ham so bic nhat.

Néu ciach v€ do thi cic ham so:

a. y=Ixl. b y=lx-al. c y=Ixl+b.
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IV. BAI TAP PE NGHI

Bai tap 1. VEé do thi cac ham s6:
a. y=4x. d. y=-3x-3.
b. y=x+3.

e. y=—~l~x+l.
c. y=-x+6. 2

Bai tap 2. Cho ham s6 y = ax. Hay xic dinh hé s6 a, biét:
a. D4 thi ham s6 di qua diém A(1, 8).

b. D6 thi ham sé di qua diém B( i s =3).

c. D6 thi ham s6 la dudng phan gidc cua goc phan te tha 1, 111
V& dé thi ctia ham s6 trong méi truong hop.
Bai tap 3. Cho ham s6 y = (2a - 3)x. Hay xdc dinh a, dé:
a. Ham s6 luon dong bién ? Nghich bién ?
b. D6 thi ham s6 di qua diém A(2, 3).

c. D6 thi him s6 di qua diém B( i : --;- ).

d. D6 thi ham s6 1a duong phan gidc cua goc phéan tu tha 1L TV,
VE d6 thi ctia ham s6 trong moi trudng hop b), ¢), d).
Bai tap 4. Cho ham s6:
y = 2ax — 3a.
a. Xdc dinh a biét ring dé thi ham so trén di qua diém M(2 : 3).
b. V& d6 thi ham s6 tim dugc trong a).
c. Tinh khodng cich tir géc toa do dén duong thing tim duoc trong a).
Bai tap 5. Cho ham s0:
y=ax +b.

a. Xic dinh a va b biét ring dé thi ham s6 cat truc tung tai diém cé
tung do bang —4 vii cat truc hoanh tai diém ¢6 hoanh do bing 1.

b. V& do thi haim s6 tim duge trong a).

c. Tinh dién tich tam giic duwoc tao boi do thi ham so trong a) va cic
truc toa do.
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Bai tap 6. Cho ham s6y = la—1]x. Hay xac dinh a, biét:
a. D6 thi ham sé di qua diém A(l, 3).

b. D6 thi ham s6 di qua diém B(—% , 8).

VE dé thi cia ham s6 trong moéi truong hop.

Bai tap 7. Vé d6 thi cta cic ham so sau:

3 1
a. y=Ixl. d y=I"x+.
i
b. y=I2x-1]. !
c. y=Ix|+2. B s e

Bai tap 8. Tim tap hop cac diém M(x, y) sao cho:

a. y<K+2. y <X
b ¥y£~X+1. d <y<-2x+4.
c. y>-2x +2. y 2-x+]

V. HUGNG DAN VA PAP SO
Bai tap 1. Hoc sinh tie lam.

Bai tap 2. (Hoc sinh tie vé hinh)
a. Vidiém A(Il, 8) thudc dé thi ham sé nén:
_ 8=d.la=8
Viy ham sé c6 dang y = 8x.

b. Vidiém B( : . =3) thuoc do thi ham s& nén:

3
"’3=a. E <~ a= —4.

Viay ham s6 c6 dang y = —4x.
c. D6 thi ham s6 1a dudng phan gidc ctia goc phan tu th I, 1, ta ¢
ngay a = |.
Bai tap 3. (Hoc sinh tie vé hinh)
a. 1am s6 luon déng bién khi va chi khi:

23—3>0<:>a>§.
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Ham s& luon nghich bién khi va chi khi:

3
211—3<O<:'.su<-j‘

b. Vidiém A(2, 3) thuoc do thi ham s6 nén:
3=(2a-3)2=4a=9a= :
g 3
Vay haim s6 codang y = > X.

c. Vidiém B(j— . l ) thudc do thi ham s6 nén:

S
.. = (2a - 3). <‘_‘>]0£l=|3<:>it=l3.
2 4 10

5
Viy haim so codang y = ._.;, X.

d. D6 thi ham so la duong phan gidc cta géc phan e tha I1L IV, ta co:
20-3= -l=2a=2¢3a=1.
Vay ham s6 co dang y = —x.
Bai tap 4.
a. Vidio. M(2: 3) thuoe do thi ham s6 nén:
3=2a2-3a<>a=3.

Do dé, him s6 ¢6 dang y = 6x — 9.
b. Ta lay hai diémm A(0, =9) va B( g , ) = Hoc sinh ne ve hinh.

¢.  Goi H 1a hinh chi¢u vuéng géc cia O 1én duong thiang.
Trong AOAB vudng tai O, ta cé:
l I l
e ;_.{,.-__. ;
OoH- OA° OB-

9
' )
LB e OB - 27 9

J\O_A.i_ ;”di}} J__l‘. .'..:lf.";. —-— ‘J33—__.:3_" - ‘33'3 . :
9° + )

P e 1 15 B o

9 W
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, 5 : ; 9

Vay, khoang cich tir goc toa do dén duong thang bang ———E :
7

Bai tap 5. Hoc sinh tie lam.

Bai tap 6. (Hoc sinhi tie ve hinh)

a. Vidiém A(l, 3) thuoc dé thi ham sé nén:

a~l=3 a=4
3=la—1]| & o
a-1=-3

Vay ham s0 co dang y = 3x.

b. Vidiém B(—--l- , 8) thuodc do thi ﬁam sO nén:

2
8=la—1].(- I; ) vO nghiém.

Vay, khong ton tai a.
Bai tap 7. Tham khao vi du 8.
Bai tap 8. (Hoc sinhi i vé hinh)
a. Thuc hién vé d6 thi ham s6 y = x + 2.

Khi doé, tap hop cac diém M(x, y) thoa mdn y < x + 2 nam phia dudi
dé thi ham s6.

b. Thuc hién vé d6 thi ham s6 y = —x + 1.

Khi do, tap hop cdac diém M(x, y) thoa mian y £ —x + 1 nam phia duéi
d6 thi ham s6 ké ca d6 thi ham s6.

c. Thuc hién vé& d6 thi ham s6 y = -2x + 2.

Khi dé, tap hop cic diém M(x, y) thoa man y > —2x + 2 nam phia trén
d6 thi ham s6 ké ca d6 thi ham sd.
d. Thuc hién vé dé thicichams6y=x,y=-2x +4, y=-x + |.

Khi d6, tap hop cic diém M(x, y) thoa min hé thuéc phidn mat phang
gidi han badi ba dé thi trén.
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b. Dé vé dé thi ham s6 ta lay hai diém A(0, 2)
va B(2, 0). N6i A va B ta dugc d6 thi cin vé,

Khi do:

t 1
Sson= 5 OAOB=-22=2

Q Y¥: Taco,cackét qua:
1. V6idiém A0, y,) thi OA = |y,].

2. Véidiém A(x,, 0) thi OA = |x,|.

3. Voidiém A(x,, yo) thiOA = (X} + Y3 .

3. PUONG THANG CAT NHAU
Dua trén két qua da biét:

| Hai dzfd‘hg' thangy = axvay = d&’x véi a #d’ luon cit
Toadd Q.

nhau tai goc

Cht’tng ta, thu duoc két qua sau:

dem)ngﬂumgy ux-l-bvﬂy dx + bcu"rnhmtﬂu va chi khi a #d’.
Dd( biét néia #a vab="b, dumg cdt nhaw tai mot diém trén Oy.

Thidu 4: Cho hai dudng thang:
(d):y=2x+1va(d,)y=x+1

a. Chimg to rang hai dudmg thang (d,) va (d,) cat nhau.

do giao diém I clia ching va v& hai dudng thang nay
hé truc toa do.

Xac dinh toa
trén cung mot

b. Lap phuong trinh dudng thang (d) di qua I va c6 hé s6 géc bang —4.

c. Lap phuong trinh dudng thing (d’) di qua I va song song vdi

dudng thing y = % X+9.

Gi(;i yn
% f = & |
a. Nhan xét rang: Z T
: I y=x+1
* Puong thang (d,)céa, =2vab, =1. |
» Pudng thing (d,)c6a,=1vab,=1. A/J
Suy ra: /1] 10 x
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a,#a,vab =b,
= (d,) va (d,) cit nhau tai diém I trén Oy.

Gia sur giao diém cta hai duong thang ¢6 toa do 1(0, y,), vi I thudc (d,)
(hoic (d,)) nén:

Yo=20+1y,=1=10, 1).
b. DPudng thang (d) c6 hé s6 géc bang —4, cé phuong trinh:
(d): y=—4x +b.
Vi I thudc dudmg thang (d) nén:
1=-40+bob=1.
Vay, phuong trinh dudng thing (d): y = —4x + 1.

) : ; I
c. Duong thang (d’) song song vdi duong thang y = 2 X + 9, c6 phuong trinh:

d):y= é—x+b,v6ib¢9.
Vi I thuéc duomg thang (d’) nén:
i = 1.0+b¢:>b= 1.
2

Vay, phuong trinh dudng thing (d): y = %x +1.

Trong 18i giai cua thi du trén:
Pt g g cau a), dua trén nhan xét (d) va (dy) cdt nhau tai
¥ diém I trén Oy nén ta mdi gia sit 1(0, y,).
Trong trudng hop tong quat, voi hai dudng méng:
(dy):y=a;x+b,va(dy):y=ax+b,(a, #a,)
ta gia stt toa 46 giao diém I(x,, yo), réi nhan xét:

le(d)>yp=ax+Db,. (1)
[ e (d) = yo=azx + b, (2)
Tu (1) va (2), suy ra:
b, -
axgt by =ax+by > x= — b,
a, —a,

Thay x, va (1) (hodc (2)) ta nhan dugc gia tri cua y,, tir
d6 suy ra toa d6 diém 1.
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Nhén xét: Loi giai cua vi du trén, minh hoa phuong phap tim s6 do
. cta gobc tao bdi m6t dudng thing vdi tia Ox trong cac
truong hopa>0vaa<0.

Vidu 3: Lap phuong trinh dudng thing (d) ¢6 hé sé géc bing g— va:

a. Diquadiém M(-1, -1).
b. Chan trén hai truc toa d6 mot tam gidc c6 dién tich bang 24.
‘c. Khoaag cich tir O dén (d) bing % .
Gidi
~ P4 ’ a - » ¥ 4 . .
Duong thang (d) c¢6 hé s6 goc bang 7 c6 phuong trinh:
d)yy= ix +b.
3
a. ViM(-1, -1) thudc (d) nén:

-1 = %.(—-l)+b<::>b=l.

Vay, taduogc (d): y = -‘;—x + 1.
b. Goi A, Btheo thit tu 1a giao diém ctia (d) véi cic truc Oy, Ox, ta duoc:

. VéidiémA:x:O::y=§.0+b=b,dod6A(0,b).

; y 3b
: V(‘iidiémB:y=0:>0=%.x+b¢:>x=—§-;—),dodoB(—-a-,0).
Dién tich AOAB dugc cho boi:
SMAB=1.0A.OB<:>24 =i.lbl. E. =3—b; ty
2 ! 4 8 Al/
oSb=64ob=18.
B
Khi d6: _ / 9) ;

. 4
= Vaib =8, ta dugc duong thang (d,): y = 3 X + 8.
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*  V6ib = -8, ta duoc duong thang (d,): y = - 8.

m[h

Vay. 16n tai hai duong thang (d,) va (d,) thoa man diéu kién diu bai.
c. Goi A, Btheo thit tir 1a giao diém cua (d) véi cdc truc Oy, Ox, ta duoc:

: 4
* VaidémA: x=0=>y= i—.O-i-b:b,dodéA(O,b).

: 3t b
» VaidiemB:y=0=0= j;—.x+b«:::> X =—~;,dod6 B(-—%w,()).
Goi H 1a hinh chi€u vuéng géc cta O 1én duong thang (d). .
Trong AOAB vuoéng tai O, ta co:

lee Lo b s e OB

OH' OA" OB’ JOA® + OB? by

12 'b"“ 4 b /
L " H
— : T 5 B/

<lbl=4=b=14.
Khi do:

* Vi b =4, ta dugc duong thang (d,): y = % X +4.

*  V§ib =4, ta dugc duomg thang (d,): y = —g-x - 4.

Viy, tén tai hai duong thing (d,) va (d;) thoa man diéu kién ddu bai.

Nhan xét: Qua loi giai cua vi du trén, ta ghi nhan két qua " Mor duong
j théng co hé s6 goc k luén co phuong trinh y = kx + b". Khi
d6, d€ xac dinh phuong trinh dudng thing chiing ta chi c4n

xac dinh b.

Vidud4: Cho duong thang:
(A):y=x+6.
Lap phuong trinh dudng thang (d) song song v6i dudng thang (A) va:
a. Diquadiém M(1, 2).
b. Chan trén hai truc toa do mot tam giic c6 dién tich bang 2.
c. Khoang céch tir O dén (d) bang 2 12
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Gidai

a.

Pudng thang (d) song song vdi dudng thang (A) cé phuong trinh:
(dyy=x+b.
Vi M(1, 2) thudc (d) nén:
2=z1+beb=1. 2
Vay,taduoc (d):y=x + I.
Goi A, B theo thir tu 1a giao diém cua (d) véi céc truc Oy, Ox, ta duoc:
* VéidiemA:x=0=>y=0+b=Db,dodé A0, b).
* V6idimB:y=0=0=x+b ¢ x =-b, do dé B(-b, 0).
Dién tich AOAB duoc cho boi:

S.xo,\s=—;-.OA.()B<:>2=%.|b|.|—b|.—.P.2: ty

AY

P e — ) /
Khi dé: o

= Véib =2, ta dugc dudng thiang (d,): y = x + 2.

* Véi b =-2, ta dugc dudmg thang (d,): y = x - 2.

Vaiy, 16n tai hai duong thing (d,) va (d,) thoa min diéu kién diu bai.
Goi A, B theo thir tr 12 giao diém cta (d) véi céc truc Oy, Ox, ta dugc:
« Véidi€mA:x=0=y=0+b=b,dodé A, b).

* V6idiémB:y=0=0=x+b < x =-b, do dé B(-b, 0).

Goi H 12 hinh chiéu vuong géc ctia O l1én dudmg thang (d).

Trong AOAB vuong tai O, ta co:

| | | OA.OB
5 = T+ e @Ol‘l= MR e g o e
OH® OA® OB’ JOA® + OB’ /y
' A
ool B _ |
b? +(-b)? V2 Y.
, O x
< |bl=z=4=>b=+4.

Khi dé:
*  Véib =4, tadugc dudng thang (d,): y = x + 4.
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* Vdib=-4, taduge dudng thang (d,): y = x - 4.
Vay, ton tai hai duong thang (d,) va (d,) thoa min diéu kién diu bai.
Nhan xét: Qua 15i giai cua vi du trén, ta ghi nhan két qua " Moi duong
thang song song voi duong thdng y = ax + m luén o

phuong trinh y = ax + b". Khi d6, dé xac dinh phuong, trinh
dudng thang ching ta chi can xac dinh b.

Vidu5: Lap phuong trinh dudng thang (d), biét (d) di qua diém
M(1. 2) va chan trén hai truc toa do nhimg doan bing nhau.

Giui
Puong thang (d) cé phuong trinh:
(d): y=ax +b.
Vi M(1, 2) thuoc (d) nén:
2=a+boa=2-b. (1)
Goi A, B theo thi tu 12 giao diém cua (d) véi cic truc Oy, Ox, ta duogc

A(0, b) va B(— = , 0).

a
Vi diéu kién OA = OB, suy ra:
(bl = =2 &5 bl = |2 e [bgp-23] =[]
a b-2
4 P b=0
b -2b=>b b--3b=0
<, < | < |b=3.
b--2b=-b b -b=0
. b=l
Khi do:

()

= Véib=0 = a=2, tadugc duong thang (d,): y = 2x.

th
*» V6ib=3 = a=-1, tadugc duong thang (d,): y = —x +3.

o
* V6ib=1 = a=1,tadugc dudng thang (d,): y =x + 1.

Vay, tén tai ba duong thang (d,), (d,) va (d,) thoa man diéu kién diu bai.

Téng quit: Cho diém A (x,; y,), ta dé dang chimg minh dugc ring
moi duong thang (d) di qua A luén c6 phuong trinh:

(d): y = a(x - x) + yo




Vidu 6: Lap phuong trinh dudng thang (d), biét (d) cit Ox, Oy theo
thu tu tai A(a, 0), B(O, b) véia, b = 0.

Giai
Gia sir phuong trinh dudng thang (d) c6 dang y = kx + m.
= ViB(0, b) thudc (d) nén:
b=k0O+m& m=b.
= Vi A(a, 0) thudc (d) nén:

0=ka+m¢::>ka=-—m=-b<:>k=—2.
a

Vay, phuong trinh dudng thang (d) c6 dang:

y=—Ex+b<:>i+—y—=l.

a a b

Qua [0i giai cta vi du trén, ta ghi nh&n két qua " Moi duong
| thdng di qua hai diém A(a, 0) va B0, b) vdi a, b = 0 luén c6

phuong trinh =~ + L =17,
' a b

Phuong trinh trén dugc goi la phuong trinh doan chén.

* Vi du tiép theo s& minh hoa viéc sir dung phuong trinh doan
5 . chin d€ giai toan.

M Trén mat phing toa do, cho diém M(4, 1). Mot dudng thang

(d) lu6n di qua M cét Ox, Oy theo thit tu tai A(a, 0), B(0, b) véi a, b> 0.
Lap phuong trinh dudng thing (d) sao cho:

a. Dién tich AOAB nho nhat.
b. OA + OB nho nhat.
| l

e + nho nhat.
OA®* OB’
Giai
Tir gia thiét, ta duoc:
A Y
d: —+==1
(d) P
Vi M(4, 1) thudc (d) nén:
o P PTRNL, . NN (*)
a b b-1
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a. Dién tich AOAB duoc cho bai:
s= ! oaoB= 20
2 2

Tu (*), st dung bat dang thitc Cosi, ta cé:

l=i+122 fl-.-l—=—-£}:<:>ab>_*16<::>828.
a b a b ab
Suy ra, ta duoc S, = 8, dat duogc khi:

Vay, phuong trinh dudmg thang (d) ¢6 dang:
X Yy 1
d: —+==led:y=—x+2.
(d) g ¥ 3 )y 4

b. Ta co:

OR + 0B =lalé Bl 5P i = 4 had

b-1 b=l

el
ot e | HE B | enl) S S
b~1 b1

Suy ra, ta duoc (OA + OB),,,, =9, dat duoc khi:
=6
A epyodeges 270,
b-1 b=3

Vay, phuong trinh dudng thang (d) c6 dang:
X Yy 1
d: -+==lod:y=-=x+3.
(e L dry=-3

c. Taco:
1 1 | 1
"y £i 2 = 7 + v s
OA° OB° a b~
Theo bat déng thirc Bunhiacopxki, ta cO:
1

o ey B 4 )
Y+1)N—+—=)2(—+-—)=1= -
il s a> b 17
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l 1 I
Suy ra, ta duoc (-~ —+-—— ), = —— , dat duge khi:
y . (OA?’ 5 I (7% .

OB-
4 | 17
Zi—=] a=—
a b =4 4 .
4a=b b=17

Vay, phuong trinh dudng thing (d) ¢6 dang:

X y I
d — + —=lead:y=-—x+17.
e 17/4 17 WS 4

Chid y:  Sai lam thuong gap cua hoc sinh trong cau b) 1a dung lap luan:
OA+OB=a+b>2+ab >8.
Khi d6 (OA+OB),,= 8 dat dugc khia=b ——~—> a=b=5,

Yidu8:
a. Lap phuong trinh dudng thing (d) di qua diém A(-5, 5) sao cho

(d) tao Vv6i tia Ox mot géc « cb tga. = ;

b. Tim trén dudng thing (d) diém M(x,, Y») sao cho x;, + y, nho nhat.

Giai
a. Gia su phuong trinh dudng thiang (d) c6 dang:

(d:y=ax+b.

* (d)tao vai tia Ox mét goc o co tga = —; nén:
k
o
= ViA(-5, 5) thudc (d) nén:

5=a(-5)+b= -;—(-5)+b¢:>b= '25

a=lga=

Vay, phuong trinh dudng thing (d) c¢6 dang:
2
d):y= -;—x + l;)---.

=

a. Vi M(x,, yy,) thuoc (d) nén:
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Khi do:
Xu +Ymu =Qyu— 157 + yy =5y — 60y, + 225
=5(yy — 6)°+ 45 > 45.
Suy ra, ta duge (X}, + y3, Iain = 45 dat duge khi:
Yu=6=x,,=26-15=-3.
Viy ta tim duge M(-3, 6).
Nhan xét: Trong 10i giai cia vi du trén:
1. O cau a), ta sut dung kél qua " Néu duong thing
(d): v =ax + b tao voi tia Ox mot goc a thi a = tga "
2. Diém M dugc tim trong cau b) chinh la toa do hinh
chiéu vubng goc cha O 16n (d).

Vidu9: Cho ho dudmg thang (d,) c6 phuong trinh:
m-—1 m + |
Ay = om 3" 2m-3
I. Xdac dinh m dé:
a. (d,) di qua A2, 1).
b. (d,) c6 hudng di lén (ham s6 dong bién).
c. (d,) song song véi dudng thang (A): x =2y + 12 =0.
2. Tim diém c6 dinh ma ho (d,) luon di qua.
Giui
Viét lai phuong trinh ho dudmg thang (d,) dudi dang:
d)m-1)x+2m-3)y-m-1=0.
I. Talan luot ¢o: ,
a. (d,)diquaA(2, 1) khi va chi khi:
2im=-1D)+2m-3)-m-1=03m-6=0m=2.
b. (d,) c6 hudng di 1&n khi va chi khi né c6 hé s6 géc duong
m-—1 m- 1

&3>0 —— <0
2m-3 2Zm-3

[ (m-1>0 [(m>1
2m-3<0 m<3/2

3
et o <:>I<m<2.

m-1<0 mc< |
i 2m-3>0 ° » m>3/2
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c. (d,) song song vdi dudng thang (A)khi va chi khi:
m-| l 5

2m-3 2 4’
2. Gia sit M(x,, Y,) 1a diém ¢6 dinh ma (d_) Iuén di qua, khi do:
(m-Dxy+2m-3)y,~-m-1=0, véi Vm
& (Xo+ 2y, — 1)m —x,-3y,—- 1 =0, vGi Vm
o {x{,+2yn~l=0 o {xﬂ =3
Xo +3y,+1=0 Yo =—2
Vay, (d,) luon di qua diém c¢6 dinh M(5, -3
Chi ¥: Véi bai toan vé su déng quy cta ba dudng, thing
(dy): y=a;x+by, (d,) : y=a.x+b,, (d;) : y=a,x+b;,
ta thuc hién theo cac bu
Biroe 1: Xac dinh foa dé giao diém [ ctia hai dudng thing
(dy), (dy).
Bigc 2: V3iyéu cau:
= D& ching minh (d,), (d,), (d;) déng quy ta di
chung minh Ie(d,).
* D& nhan duoc gi tri cda tham s6 dé ba dudng,
thang déng quy ta thiét lap diéu kién e (d,).

SRS T IR
Vidu 10; Cho ba dudng thang:
(d):y=2x-1,
(d,): y=2-x,
(d,): y =ax + 3.

Xdc dinh a dé ba dudng thang trén déng quy, réi vé dé thi cla ba
dudmg thiang dé trén cing mot hé truc toa do.

Gidi
Gia sir giao diém I clia hai dudomg thang (d,)
va (d,) c6 toa do I(x,, y,), khi dé:
*  Vilthudc (d,) nény,=2x,— 1. (N
* Vil thudc (d,) nén y, = —x, + 2. (2)
Tur (1) va (2), suy ra:
22X~ 1==x,+2 O x,=1=2y,=1.
Vay (d,) va (d,) cit nhau tai diém I(T, 1).
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bé (d,), (d,), (d,) dong quy diéu kién la:
le(d, ) l=a+3a=-2
Vay, voi a=-2 thi (d)), (d,), (d;) déng quy va khi dé (d,): y= -2x + 3.

Vé dé thi:

»  Pé vé do thi cua (d,) ta 1dy thém diém A(0, -1).
* D¢ vé do thi cua (d,) ta 1dy thém diém B(0, 2).
*  Pé vé do thi cha (d,) ta ldy thém diém C(0, 3).

. 1II. CAU HOI ON TAP LI THUYET

Cau hoi 1:

Cau hoi 2:

Cau hoi 3:

Cau hoi 4:

Cau hoi §:

Cau hoi 6:

Néu dinh nghia hé s6 géc cua duong thing y = ax + b. Giai
thich tai sao lai ¢6 dugc dinh nghia nay ?

Néu diéu kién dé hai duomg thaing y = ax + b (a # 0) va
y=ax+b(a’#0)la:

a. Trung nhau.

b. Song song véi nhau.

c. Cit nhau.

Chimg minh ring moi dudng thing (d) di qua diém
A(X, Yo) Iuon c6 phuong trinh y = a(x — X)) + y,. -
Ching minh raing moi dudng thang di qua hai diém A(a, 0)

va B(0, b) véi a, b # 0 luén c6 phuong trinh 2 - g = ].

a

Chimg minh rang duong thang (d) di qua hai diém A (x,; y,)

va B (x,; y,) vOi X, # X,, ¥, 2,0 hé 86 goc a = ML-
' X, =X,

Cho hai dudng thing :
(d): y=ax+b, (d): y=ax+b,
Ching minh rang (d,) L (d,) & a,.a,=—1.

IV. BAI TAP PE NGHI

Bai tap 1. Lap phuong trinh dudmg théng (d), biét (d):
a. Diquadiém M (1, 2) c6 hé s6 goc bang 3.
b. Diquadiém A (-3, 2) va tao vdi tia Ox mét géc 45°.
c. Diquadiém B (3, 2) va tao véi truc Ox mot géc 60°.
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Bai tap 2. Lap phuong trinh dudng thang (d) c6 hé s6 géc bang - : va:

a. Diquadiém M(1, -1).
b. Chaén trén hai truc toa d6 mot tam gidc c6 dién tich bang 54.

c. Khoang céch tir O dén (d) bang g ;

Bai tap 3. Lap phuong trinh dudng thang (d) song song véi duong thang
(A): y = =3x va di qua diém M(1 ; 3). V& dé thi cua (d).
Bai tap 4. Cho duong thang:

(A y=—-x+2.

Lap phuong trinh dudng thing (d) song song véi dudng thing (A) va:

a. Diquadiém M(I, -2).

b. Chén trén hai truc toa dd mot tam gidc c6 dién tich bang 8.

c. Khoang céch tir O dén (d) bang 92 .

Bai tap 5. Xét vi tri tuong ddi cua hai dudng thang (d,) va (d.), biét:

a. (d)x+y+1=0; (d,):2x+2y+3=0.

b. (d):3x-y+1=0; (d,):d4x-y+1=0.

c. (d)x+2y+1=0; (d,):x+4y+3=0.

d. (d):2x+3y+1=0; (d,):4x+6y+2=0.

trong truong hop cit nhau hdy tim toa do giao diém.

Bai tap 6. Cho hai dudng thang:
d)y=2x-1va(d,): y=-x+2.

b. Chimg to ring hai dudng thing (d,) va (d,) cit nhau. Xic dinh toa
do giao diém I cua chdng vi vé hai dudng thang nay trén cling mot
hé truc toa do.

c. Lap phuong trinh dudmg thing (d) di qua I vi c6 hé-s6 géc bing 3.

d. Lap phuong trinh dudng thing (d°) di qua 1 va song song vdi
duomg thing y = 5x + 7.

Bai tap 7. Cho hai dudng thing:

(d):y=kx +k, |

_ k* <1 k*+1

d.): y = X + ,voi k = 0.
(d,):y o

a. CMR khi k thay déi (d,) luon di qua mot diém c6 dinh.
b. Va&i méi gia tri chak # 0, hdy xac dinh giao diém I cua (d,) va (d,).
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Bai tap 8. Cho ba dudng thing:
(d)y=2x+3, (d):y=3x+2, (d,): y=ax+a- 1.
Xic dinh a dé ba duong thang trén dong quy, réi vé d6 thi ciia ba
dudmg thang dé trén ciing mét hé truc toa do.
V. HUGNG DAN VA AP SO
Bai tap 1. Gia sir dudng thang (d) ¢6 phuong trinh y = ax + b.
a. Puong thing (d) ¢é hé s6 goc bang 3 nén a = 3.
Vi M(1, 2) thuéc (d) nén:
2=al+b=31+be=b=-1.
Vay, phuong trinh dudng thang (d): y = 3x - I.
b. Puong thang (d) tao véi tia Ox mot géc 45° nén:
a=1gd5"= |.
Vi A(-3, 2) thudc (d) nén:
2=a(-3)+b=1.(-3)+b&b=>5.
Vay, phuong trinh dudng thing (d): y = x + 5.
c. Ta xét hai truong hop:
Trwong hop 1: Pudng thang (d) tao véi tia Ox moét géc 60°, ta duoc:
a=1g60°= V3.
Vi B(3, 2) thuoc (d) nén:
2=al3+b=+33+bob=2-33.
Vay, phuong trinh dudng thang (d,): y = V3x+2-343.
Truong hop 2: Dudng thang (d) tao véi tia d6i clia tia Ox mét géc 60, ta duoc:
a=-1g60"= -+/3.
Vi B(3, 2) thuéc (d) nén:
2=a3+b=-v33+bob=2+343.
Vay, phuong trinh dudng thing (d,): y = - V3 x + 2+ 3+/3.
Két luan, c6 hai dudmg thing (d,) va (d,) thod man diéu kién d4u bai.

Bai tap 2. Duong thing (d) cé hé s6 géc bing —f; c6 phuong trinh:

4
d:y=——x+b.
(d):y 3"
a. ViM(l, -1) thudc (d) nén

—l=—i.l+b<:>b=l.
3
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Vay, taduge (d): y =——§x + 1.
b. Goi A, B theo thit tu 1a giao diém cua (d) véi cic truc Oy, Ox, ta duoc:
* V6idiémA:x=0=>y =—~§-.0+b=b, do d6 A(0, b).

: 3
. VéidiémB:y=0:>0=—%.x+b<:>x= %,dodéB(—;,O).

Dién tich AOAB duoc cho bai:

1 l 3b|  3b?
Sanae= —.OA OB 54 = —.|bl . | = =
T g 2 ‘4 8

oSbl=144ob=1 12
Khi dé:

g 4
= Véib=12, ta dugc duong thang (d,): y = —-Ex + 12.

= Vdib=-12, ta dugc duong lhzzmg (d):y= —%x - 12.

Vy, t6n tai hai dudng thing (d,) va (d,) thod man diéu kién diu bai.
c. Goi A, Btheo thit tr 12 giao diém cta (d) véi céc truc Oy, Ox, ta dugc:

- v&idie’mA:x=0=>y=-§.0+b=b,dod6A'(0,b).

; 3b 3b
= V& diém B:y=0=>0=—§~.x+b®x= —i-,dodé B(?,O).
Goi H 12 hinh chiéu vudng géc ciia O 1én dudng thing (d).
Trong AOAB vuong tai O, ta cé:

1 1 1 < OH OA.OB

= + =
OH’- OA’ OB’ JOA? + OB?
| 3b
ol |
<:>-:51= 4 - =3|5bI slbl=1eob=+1.
3b
b + —-]
&
Khidé, | 4

* Véib = 1, ta duge dudng théng (d,): y = —%x +1.

= V6ib=-1, ta dugc dudng th?mg d):y= —g-x-— 1.
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Vay, t6n tai hai duong thang (d,) va (d,) thoa man diéu kién ddu bai.

Biii tflp 3. A y
a. Vi(d) song song véi (A) nén c6 phuong trinh: \
AV 6
‘ (d)-)’- 3~X+b'gﬁ y=-3)(+6
Vi M(1, 3) thudc (d) nén:
3=-31+b&sb=6. >
0 2 ,
Viy, ta duoc (d): y =-3x + 6. \ X

b. V& dé thi cuia (d), ta lua chon hai diém A(0, 6) va B(2, 0).
Noi A va B ta duoc do thi cua (d).
Bai tap 4. Duong thing (d) song song véi dudng thang (A) ¢6 phuong trinh:
(d):y=-x+b.
a. ViM(l, -2) thuoc (d) nén:
2=-1+b&eb=-1.
Vay, tadugc (d): y =-x - 1.
b. Goi A, Btheo thit tu la giao diém cua (d) véi cac truc Oy, Ox, ta duoc:
* VoidiemA: x=0=y=0+b=Db,doddé A(0, b).
* VoidiemB:y=0=0=-x+b<>x =b, dodé B(b, 0).
Dién tich AOAB dugc cho bai:
1 1 b’
Soap = E.OA.OB@S— §.|b| bl = 3
e b’=16&b=14.
Khi do:
=  V6ib =4, tadugc dudng thing (d,): y = —x + 4.
*  V§i b= -4, ta dugc dudng thing (d,): y.= —x — 4,
Vay, ton tai hai dudng thang (d,) va (d,) thoa man diéu kién ddu bai.
c. Goi A, Btheo thit tu 12 giao diém cia (d) véi céc truc Oy, Ox, ta duogc:
* VoidiemA:x=0=y=0+b=b,dodé A0, b).
« VéidiémB:y=0=>0=-x +b x =b, do dé B(b, 0).
Goi H 1a hinh chiéu vuéng goc ctia O 1én dudng thing (d).
Trong AOAB vuong tai O, ta cé:

I I 1 OA.OB
o e s 65 OH =
OH® OA? OB’ JOA? +OB>
& 942 = e, R o lbl=18b=+18
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Khi dé:

* Véib = 18, tadugc dudng thing (d,):y = —x + 18.

*  Véib=-18, ta dugc dudng thang (d,): y = -x — 18.

Vay, t6n tai hai dudng thang (d,) va (d,) thoa min diéu kién déu bai.
Bai tap 5. Huong ddn: Chuyén cic cap dudng thing vé dang
(d):y=ax +b, va(d,): y = a,x +b,, tirdé xdc dinh a,, b,, a,, b, va dua
ra lon két ludn.

Bai tap 6.
a. Nhan xét ring:

* Pudng thing (d,)céa, =2vab, =-1I.

* Duodng thing (d,) c6a,=~-1vab,=2.

Suy ra:

a, #a,vab, # b, = (d,) va (d,) cit nhau tai diém 1.

Gia str giao diém cua hai dudng thing c6 toa dé 1(x,, y,), khi do:

* Vilthuéc (d,) nény,=2x,- 1. (1)

* Vil thudc (d,) nén y, = —x, + 2. (2)

Tur (1) va (2), suy ra:

g~ lz=x,+2 S x,=1 >y, =1. |
Vay hai dudng thing (d,) va (d,) cit nhau tai diém I(1, 1).
b. Dudng thing (d) c6 hé s6 géc bang 3, c6 phuong trinh:
(d):y=3x+b.
Vi I thuéc dudng thf'mg (d) nén:
1=31+beb=-2.
Vay, phuong trinh dudng thing (d): y = 3x - 2.
c. Dudng thing (d’) song song véi dudng thing y = 5x + 7, ¢6 phuong trinh:
(d’):y=5x+b,vgib=7.
Vi I thudc dudmg thang (d’) nén:
1=51+bb=-4.
Vay, phuong trinh dudng thing (d°): y = 5x — 4.
Bai tap 7.
a. (d,) luon di qua mét di€ém cé dinh M(-1, 0).

(ol <% J

b. Giao diém | -, -
1+k” 1+k-

Baitap 8. a=1.
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cavone 1 - HE THUC LUQNG
TRONG TAM GIAC VUONG

Trong chuong nay, chiing ta s€ thu nhan dugc cic hé thic luong
trong tam gidc vuong cing bang luong gidc, cu thé:

1. Mot s6 hé thiic vé canh va duong cao trong tam giac vudng
2. Ti sd lugng gidc cua goc nhon
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CMUBE  vdr SO BE THUC VE CANH VA
1 BUGNG CAO TRONG TAM GIAC VUONG

I. KIEN THUC CO BAN

1. HE 'rulis‘g GIUA CANH GOC VUONG VA HINH CHIEU CUA NO TREN
CANH HUYEN

Dinh li 1: Trong mot tam gidac vubng, binh phuong mét canh géc
vuong bang tich ciia canh huyén va hinh chiéu cia canh géc
vuéng dé trén canh huyén.

Nhur vay, trong AABC vuéng tai A, ta nhan duoc: A
AB’=BCBH & ¢’ =ac’,

AC=BCCH < b =al’, _

Thidul: Cho AABC wvuong tai A, AB = 3, 2 L” b’ #h

AC =4, AH Ia dudmg cao. Tinh BC, BH, CH vi AH. e
Gidi

Ta co:

e b

BC = JAB? + AC® = /9+16 =5.

AB° 9 A
BH = e =
BC 5 /I\
CH:&E: =1§ B T C
BC 5
AH’= AB’ - BH’ = 3* - (%J e oA jsz

2. MOT SO HE THUC LIEN QUAN TGOI PUONG CAO

Dinh li 2: Trong mot tam gide vuong, binh phuwong duong cao
tiing véi canh huyén bang tich hai hinh chiéu cia hai canh géc
vuong trén canh huyén.

Nhu viy, trong AABC vuéng tai A (hinh trong dinh li 1), ta nhan duoc:
AH’=BHCH & h*=b’c’.
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Thidu 2: Cho AABC vuong tai A. Tinh do dai cac canh va dudng cao

AH cua AABC, biét Bl =3, CH = lf :

Giai *
Ta co:
BC=BH+ClI=3+ 10 = 2
3 3 BT C
i 25
AB’ = BH.BC = 3.‘-3-- =25 AB=5.
)
AC*=CH.BC = i . 0 = A0 & AC= 0 .
3 3 9 3

AH’ = BH.CH = 3. l-:?- =16 < AH=4.

Ta co, ta cé hé thic tlép lhco duoc mc.’J la bang dmh 1i sau:
Dmh I 3 T: “ong mgt tam gidc vuong, tich hm mm’: goc vudng
hung' ru h clid « cmh Imven va d.t(d'ng cao IMJNg m:g

Nhu vay, trong AABC vuong tai A (hinh trong dinh li 1), ta nhan duoc:
AB.AC = AH.BC < bc = ah.

Dinh li 4: Trong m¢t tam gidc vudng, nghich ddo binh phiong
duomg cuo img vér canh huyén bdng téng cd: nghich ddo ciia
binh phuong hai canh géc vuéng.

Nhu vy, trong AABC vuéng tai A (hinh trong dinh Ii 1), ta nhan duoc:
| 1 1 1 T
T e e —_— P - g + i
AW’ AB® AC' R . s
Cho AABC vuong tai A, AB = 6, BC = 10. Tinh d¢ dai
dudng cao AH. x

Giai
Ta co6:

]

i
144

AC= VBC? —AB? =4100-36 =8. B~ }i s
. _.l__i_ gk __l__. = _._15.+J‘__ =B o AH = 2
AH® AB® ACC 6% 8 576 2%

Nhan xét:  Néu khong sir dung két qua trong dinh li 4, d¢ tinh dugc
AH chung ta can thuc hién tuong tu nhu trong thi du 1.
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11. CAC Vi DU MINH HOA

Vidul: Cho AABC vudng tai A; AH la duong cao. HE, HF lin luot

la cac dudmg cao cia AAHB, AAHC. Chimg minh ring:

a. BC=3AH+BE*+(CI*. C
b. ¥YBE2 +YCF =¥BC? .
Giai
a. Taco: I H
3AH*+BE*+CF’=3AH*+BH-HE+CH-HF-.
=3AIF -EF+(BH+HC)"-2HBHC. A E B
=2AH+BC-2A’= BC".
b. Trong AAHB:
BE= li}_*_z_ — BE = _B__l_ii =_B}_Ij i =E_ﬁ (1)
BA " BA? BHBC BC
Trong AAHC: ‘
(*F-__—_C.}_i_z CF= cH 14— (:l_lj C” (2)
T CA CA>  CHBC BC

Tur (1) va (2) suy ra:

YBE? + Yo =20 4.5 e e

YBC T VBC T VBC

Yidu2: Cho hai tam gidac vuéng AABC va AA B,C, vuong tai A va

A, va dong dang véi nhau. Chimg minh rang:
a. aa,=bb +cc,.

_I..-= ].+__I .
hhl bhl t‘L‘I

Gidi
a. Trong AABC , ta cé:
b=acosa, c=asina,
Trong AA,B,C,, ta co: *
b,=a,.cosa, ¢,=a,.sina
Tir d6 suy ra:

bb,+cc,=aa,.cos’a+ aa,.sin‘a=aa,.(cos’a+sin’a)=aa, , dpcm.

b. Trong AABC, ta c6:
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Trong AA,B,C,, ta co:

h
b= , €= ——.
sin & cosa
Tir d6 suy ra:
. 2 2
1 1 1 I SIN“ o+ cos” o _

b — = = - , dpcm.
bb; ooy Bhy o Wby hh, hh, E

sin‘)' o (:m;2 a

Vidu3: Cho AABC, biét
S=% (at+b-c)(a-brc). (1)
chimg minh ring AABC la vuong.
Gidi
Sir dung cong thiic Hérong, ta bién déi (1) vé dang:
Jp(p-a)(p-b)(p-c) =(p-c)(p-b)
< p(p—a)(p-b)(p—c) =(p—)’(p-b)* <= p(p-a)= (p—¢c)(p-b)
&> (a+b+c)(b+c—a)= (a+b—c)(a+c—b)
> a*+b® = ¢* < AABC la vuéng tai C.

111 BAI TAP DE NGHI

Bai tap 1. Cho AABC vuong tai A, AB=15, AC = 20, AH la dudng cao.
Tinh d6 dai BC, BH, CH, AH. _
Bai tap 2. Cho AABC vuong tai A, dudng cao AH. Biét rang

AH= 9{—3__ BC=13. Tinh AB, AC, HB va HC.

Bal tap 3. Cho AABC vuong tai A, tgC= '_ va duong cao AH =12. Tinh

dt} dai doan BH, CH, AB, AC. _

Bai tap 4. Cho AABC vu6ng tai A, duong cao AH. Biét rang BH =1,

AC=2a+/5 . Tinh d6 dai canh BC, AB, AH.

Bai tap 5. Cho AABC vuong tai A, AB=3, AC=4, dudng cao AH. Diém
I thuoc canh AB sao cho IA=2IB, CI cat AH tai E. Tinh d6 dai CE.

Bai tap 6. Cho AABC vuéng tai A; AD la phan giic trong cua A,
Ching minh ring:
V2

AD= bc.
b+c
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Bai tap 7. Cho AABC vuong ¢ A, duong cao AH; r, 1, r, lan luot la ban
kinh cac duong tron ndi tiép tam giac vuong ABC, AHB, AHC. Chimng
minh rang: '

S b
=T— VAal,=1-
a - a

tr do suy ra:

F% 5 =
Bai tap 8. Cho AABC vuong tai A; D la hinh chiéu cua A trén BC; E va
F lan luot 1a hinh chiéu cta D xuéng AB va AC. Chimg minh rang:
(AB\’ _ DB (AB)' _ BE
5~ lfe) ==
b. AD'=BC.EB.CF.

IV. HUONG DAN VA DAP SO

Baitap 1. BC=25BH=9,CH=16, AH = 12.
Bai tap 2. Ta c6 hai dap so:

AB=2 AC=3 HB= i, HC:i
13 13
hoic AB=3,AC=2, HB = %,HC—- -1‘%

Bai tap 3. HB=9, CH = 16, AB = 15, AC = 20.
Baitap 4. BC=5,AB= 5, AH=2.
16y/5

Bai tap 5. CE= —*=.
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cnU BE  Ti SO LUGNG GIAC
2  CUA GOC NHON

I. KIEN THUC CO BAN

1. Ti SO LUONG GIAC
Cho AOAB vuoéng tai O, ta c6:

: canhd6i OB
SR = andhes e,
canhhuyén AB B

canhké  0A

COSOL = —r—mmeme e e,
canhhuyén AB
oy

canhd6i OB O
goE —— =,
canhké OA

canhké 0A
canhd6i OB’

2. GIA TRI LUONG GIAC CUA CAC CUNG PAC BIET

cotga =

sl N
30° 45" 60’ 9°
1 V2 ¥
2 2 2 :
El oo TR U e oot £l
3 V2 1
cosa | —2- --i* “2‘ 0
L s B b
lpo 0| " /3 I 3 [
e L I e
coga | | V3 ! e 0

3. HAM 8O LUONG GIAC CUA HAI GOC PHU NHAU
sin(90"-a) = cosa.
c0s(90°-a) = sino.
tg(90°-a) = cotgor.
cotg(90"-a) = 1ga.



II. CAC Vi DU MINH HOA

Vidy l: Tinh gid tri cua biéu thic:
a. A =4 —sin45° + 2cos°60° - 3cotg'45°,
b. B=1gd5"cos30".cotg30’.

Gidi

a. Tacé: A=4«{"{2} +2.(-‘-]-—3=1.
2 2

b. Tacé: —1£ Jz_h.

Vidu2: Tinh gid tri cha biéu thuc:

a. A =3a.cos0’+ b.sin90° — a.

b. B=4a’sin"45" - 3(a.tgd5")’ + (2a.cos45")’.
Giai
a. Taco: A=3a+b-a=2a+b.

) :
b. Tacé: B=4a3.(-§J - 3a’+4a’. [ﬁ} =a.

I11. BA1 TAP DE NGHI
Bai tflp 1. Tinh gia tri cua biéu thiic:
A=8-cos*30"+2sin’45°- /3 tg’60".

" Bai tap 2. Tinh gid tri ctia biéu thic:

A=(a’+1).sin0’+ b.cos90°.
Bai tap 3 Tinh gi4 tri cta biéu thic:

_ a’sin90° - b’ cos0’

" a.cotg45’ —b—2a.cotg90’
Bai tap 4. Cho AABC vuong tai A, biét AB = 3, AC = 4. Hay giai AABC.

Bai tap 5. Cho AABC vuéng tai A, biét AB = 6, BC = 10. Hay giai
AABC.

Bai tap 6. Cho AABC vuong tai A duong cao AH, biét B =4, CH = 1.
Hay giai AABC.

Bai tap 7. Cho AABC vuéng tai A dudmg cao AH, biét B = 1, AH = 9.
- Hay giai AABC.

Bai tap 8. Cho AABC vuong tai A dl.rong cao AH, bi¢t BH =4, AB = 5.
Hay giai AABC.
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cavene n - PUONG TRON

Trong chuong nay, chiing ta s& thu nhan dugc khdi niém vé duong
tron cling cic kién thic lién quan, cu thé:

1. Dinh nohia va su xéc dinh duong tron

. Budng kinh va day cung

. Vi tri tuong déi ciia dudng thang va duong tron
. Tiép tuyén cua dudng tron

2
3
)
5. VI tri tuong d6i cua hal duong tron
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CHUBE  pyviy NGHIA PUONG TRON
1  SUXACHINE DUGNG TRON

I. KIEN THUC CO BAN
1. PINH NGHIA PUONG TRON

Dinh nghia: Tap hop (yuy tich) cac diém ll
cach diéem O cho trioe mét khoang cdach

khong doi R > 0 dicoe goi la dicong tron tam O

ban kinh R.

Duong tron nhu vay duge ki hicu (O : R),
trong truomg hop khong can chd y dén ban
kinh ¢6 thé sir dung ki hiéu (O).

'M

Thidyl; Chodoan thang AB, tim tap hop cdc diém M sao cho AMB = %0’.
Giai '

Goi O Ia trung diém AB, khi d6 véi diém M thoa man AMB =90’ ta duoc:

M
AABM vuong tai M = OM = ,l) AB m
l A 9] B
<> M thuéc duong tron (O, . AB). U
Cha y: 1. Cach trinh bay trén chi ¢6 tinh minh hoa, con dé ¢6 dugc

161 giai dung cua mot bar toan quy can thuc hién theo ba
budc - Diéu nay sé dugc miéu ta chi tiét trong bai toan 2.

2. Tu nay, ching ta duge quyén su dung két qua " Néu
AMB = 90 thi M thudc duong tron duong kinh AB".

2. VI TRI TUONG POI CUA PIEM VA PUGNG TRON
Cho dudmg tron (O, R) va diém M, ta cé:
= NéuOM < R < M nam trong dudng tron.
= NéuOM =R < M nam trén dudmg tron. M

*  Néu OM > R < M nam ngoai duong tron.



Thidy 2;: Cho duong tron (O; 2cm). Xdc dinh vi tri cac diém A, B, C
doi vai duong tron biét OA = lem, OB = 2cm, OC = 3cm.

Giai
Ta thuc hién phép so sZinh dé dua ra két luan:
» NéuOA <R < A nim trong dudng tron.
*= NéuOB=R < Bnam trén dudng tron.
= Néu OC >R < Cnam ngoai dudng tron.
Dinh nghia: Hinh tron 1a tap hop cic dién ¢ bén trong dudng tron va
cdc diém cua chinh dudng tron dé6.
3. CUNG VA DAY CUNG

Ta can nhd két qua:

Dutong kinh la dday cung log nhdt cua ditomg tron.

Thidy 3
a. Hay dung mot doan thang AB = 6cm va ba dudng tron phan biét
nhan AB lam mét day cung.

b. Trong tit ca cic dudng tron nhin AB laim mdt diy cung thi
duong tron nao c6 duong kinh nho nhat ? Giai thich tai sao ?
Giai
a. Talan luot thuc hién: d
» Dung doan thing AB = 6cm. "

 Dung trung truc d cia AB. Trén d 1dy bon
diém O,, O,, O,, I (I 1a trung dié¢m AB).

*  Dumg bon dudng tron (O,, O,A), (O,, O,A),
(0,, 0,A) va (1, IA).

b. Goi (O) la m(}l duong tron nhan AB lam mot T
day cung. V& duong kinh AC, ta cé:

AC > AB véi AB la hang s6.
Do d6 AC,,, = AB, dat duge khi C = B.

Vay, duong tron cé duong kinh nho nhat l1a dudong tron dudng
kinh AB.
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4. SUXAC DINH MOTDUONG TRON - PUONG TRON NGOAI TIEP TAM GIAC
Theo dinh nghia mét duong tron s¢ hoan toan dugc xac dinh khi
biét tAm va ban kinh, vay va&i cau hoi " Hdy vac dinh tam O cuia
dicong tron, biét:
a. buong tron di qua diém A va c6 ban kinh bang R.
Khi do:
AO =R
&> 0e(A, R) — Dudng tron tam A, bn kinh R.
b. Dudng tron di qua hai diém A va B.
Khi do:
OA =0B

&> O thuoce dudng e true cua doan thang AB.

c. Pudng tron di qui hu diém A, B, C khong thang hang.
Khi do:
" OA = OB ¢ O thuoc dudng trung truc cta doan thing AB.
OA = OC < O thuoc dudng trung truc cua doan thang AC.
_ OB = OC < O thuoc dudng trung truc ctia doan thing BC.
Viy, O la diém déng quy cta ba dudng trung truc cha ba canh ciia AABC.

&

Truong hop ddc biét: Néu AABC vubng thi tam cua ciia dudng tron
ngoai ti€p AABC 1a trung diém ctia canh huyén.
Ta c6 cac két qua:

1. Mot diém O cho truée va mot s6 thuc R > 0 cho truée xéc dinh |
mot duong tron (O : R).

Mot doan thing AB cho truée x4c dinh mot dudng tron dudng
kinh AB.
3. Ba diém khong thing hang A, B, C x4c dinh mét va chi mot dudng

tron di qua ba diém dé (goi 12 ditomg tron ngoui tiép AABC).

r
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Thidyd4: Chimg minh ring qua ba diém thang hang khong thé ¢6 mot
duong tron.

Giai _
Ta di chimg minh bang phan chimng.
Gia st ton tai dudng tron (O) di qua ba di¢m thing hing A, B. C.
Ta co:
A, B € (O) = OA = OB = O thudc trung truc I:x cua AB
B, C € (O) = OB = OC = O thuéc trung truc Fy cua BC
suy ra O = Ex n Fy. (¥
Mat khic, vi A, B, C thang hang nén:
Ex // Fy, diéu nay mau thudn vai (%),
Vay, qua ba diém thang hang khong thé ¢é mot duong tron.
Chi y:  Tir két qua " Ba diem khong thzin‘s; hang A, B, C xac dinh mot

va chi’ mot duong tron di qua ba diem 6", chung ta 6 thé

khai thue thém nhu sau:

1. Néu cac diém A, B, C, D thudc dudng tron (O) va A, B,
C, E thudéc duong tron (O') thi (O) = (O'), hay noi cach
khac " Ndm diéem A, B, C, D, E cung thuéc mot duong
tron".

2. M0 rong hon " Néu ta c6 A, B, C 1) thuée duong tron
(O) va A, B C FE thudc duong tron (O)) va A, B, C, F
thudc duong tron (O,) " thi (O)) = (O,) = (O,) = (O) va (O)
la dudng tron ngoai tiép ADEF.

I1. CAC DANG TOAN LIEN QUAN
Cac dang toan lién quan téi kién thirc cuia chu dé nay, bao gom:
Dang I: Chimg minh nhiéu di€m ciing ndm trén mot dudng tron.
Dang 2: Quy tich diém 13 mot dudmg tron.
Dang 3: Dung dudng tron thoa man diéu kién cho trudc.

1. CAU HOI ON TAP LY THUYET
Cau hoi 1:  Phat biéu dinh nghia dudng tron va vé hinh minh hoa.
Cau hoi 2:  Hay néu mot vi du vé quy tich 1a dudng tron va chimg minh.,
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Cau hoi 3:
Cau hoi 4:
Cau hoi §:
('au hoi 6:

Cau hoi 7:

Cau hoi 8:

Néu cic truong hop vé vi tri tuomg doi cua diém M voi
duong tron (O, R).

Phat biéu dinh nghia hinh tron.

Phat biéu dinh nghia cung va day cung.

Ching minh rang duong kinh la diay cung 16n nhat cua
duong tron.

Neéu cac ciach xac dinh mot duong tron va néu dinh nghia
duong tron ngoai ti€p mot tam gidc.

Chimg minh ring qua ba diém thang hang khéng thé co
mot duong tron.

e
(Y]



Bditodn CHIUNG MINH NIIEU DIEM
1 CUNG NAM TREN MOT BUONG TRON

I. PHUONG PHAP
Muén chimg minh nhiéu diém ciing nam trén mot duomg tron chiing
ta lva chon mét trong hai cich sau:
Cdach 1: Si dung dinh nghia, ta chimg minh cic diém niy cuing cdch
déu mot diém.

Cach 2:  Sit dung két qua " Néu ABC = 90" thi B thuéc dicomg tron
dicong kinh AC "

I1. CAC VI DU MINH HOA

Yidul: Cho AABC va M 1A trung diém cua BC. Ha MD, ME theo
thir tr vuong goc voi AB va AC. Trén tia BD va CL lin luot lay cic
diém I, K sao cho D 12 trung diém cua BI, E 1a trung diém cua CK.
Chimg minh ring bon diém B, I, K, C ciing nam trén mot duong tron.

Giai
Ta ¢6 thé Iua chon mot trong hai cédch trinh bay sau:
Caclt I: (S dung dinl nghia) Ta ¢o:

= M I trung diém BC nén:
l .
MB = MC = = BC. (1)

=  MD Ila trung truc cua Bl nén:

MI = MB. (2)
* ME la trung truc cta CK nén:
MK = MC. (3)

T (1), (2), 3)suyraMB=MC=MI=MK = %BC.

Viy bon diem B, I, K, C cung nam trén duong tron tam M, bin kinh ) BC.
Cach 2: Ta cé:
* MD la trung truc cua Bl nén Ml = MB = i—BC <> ABCI vuéng tai |

&> I thuoe duong tron dudng kinh BC. (4)

RS
Y
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= ML [a trung truc ctiia CK nén:
I
MK =MC = . BC

<> ABCK vuong tai K
<> K thuoc duomg tron duong kinh BC. (5)
Viy, bon diém B, I, K, C cling nam trén dudmg tron dudmg kinh BC.

Nhan xét:  Trong l5i giai trén, dé ching minh bon diém B, 1, K, C cuny,
thude mot dudng, tron, ta 6 thé st dung, ca hai cach va:

= Ocach 1, ta khéing dinh di€ém M (da cho sdn) cach
déu bon diém B, 1, K, C duva trén tinh chat duong
trung, truc.

« O cach 2, ta khéo léo chimg minh BIC = BKC = 90"
dua trén két qua" Trong tam giac vuong trung tuvén
bdng thudc canh huyén bang mot nua canh huyeén va
nguoc lar". Tuy nhién, cach 2 duge dé xuat thong qua
két qué cua cach 1

N

Vidu2: Cho AABC, cic duong cao BD va CE.

a.  Chimg minh rang bon diém B, C, D, E nim
trén cung mot duong tron.

b. Chimg minh rang DE < BC. :
Gidi ) ) BU('
a. Taco thé lua chon mot trong hai cich trinh bay sau:

Caich 1: Tit gia thict ta ¢6: |

*  BD L AC<> BDC =90" = D thuoe duomg tron ¢ dudng kinh BC,

* CELAB< BEC =90" = E thuoc duong tron co duong Kinh BC.

Viy bon diém B, C, D, E thudc dudmg tron co duong kinh BC.

Cacli 2: Goi O 1a trung diém cua BC, ta co:

*  ABEC vuong tai E va ¢o EO L trung tuyén, nén:

OE=08 =0C, | (1)

*  ABCD vuong tai D va ¢6 DO [a trung tuyén, nén:

OD=0B =0C. (2)

Tu (1), (2) suy ra:

OB = OE = 0D = OC < B, C, D, E thuoc duong tron (O; OB).
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b. Trong duong tron (O), ta ¢6 BC la duong kinh cua duong tron, DI
la day (khic duong kinh) nén DE < BC (dudng kinh la day 1on nhat cua
duong tron)

Nhan xét:  Trong loi giai trén, dé chung minh bon diem B, C, D, E
cung thuéc mot dudng tron, ta c6 thé su dung ca hai
cach va:

= Ovcach 1, ta co ngay:
BDC = BEC =90".
» O cach 2, ta chi ra duodc diém O cach déu bon diem B,

C, D, E. Tuy nhién, cach 2 duoc d¢é xuat thong, qua ket
qué cua cach 1.

I11. CAU HO1 ON TAP LY THUYET

Cau hoi 1: Néu céc cich dé ching minh nhiéu diém cing nam trén
mot duong tron.

Cau hoi 2: Ngudi ta ¢6 bao gid hoi " Chimg minh rdang ba diém
khiong thang hang A, B, C cting thuée mér dicong tron
khong ? Vi sao ?

IV. BAI TAP PE NGHI

Bai tap 1. Cho AABC déu. Goi M, N, P theo thir tr la cic trung diém cua
cdc canh AB, BC, CA. Chimg minh rang cic diem B, M. P, C thuoc mét
duomg tron.

Bai tap 2. Cho AABC can tai A, duomg cao All = lem, BC = 4cm.
Puomg vuong goc vai AC tai C cat duong thang A o D.

a. Chimg minh rang cic diém B, C thuoc duomg tron duong kinh AD.
b. Tinh do6 dai AD.

Bai tap 3. Cho it gidc ABCD ¢6 C + D = 90°. Goi M, N, P, Q theo thi
tu 1a trung diém ciia AB, BD, DC va CA. Chimg minh rang bén diém
M, N, P, Q cung nam trén mot duong tron.

Bai tap 4. Cho ut giic ABCD ¢6 hai duomg chéo AC va BD vuong goc véi
nhau. Goi M, N, P, Q theo thit tu 12 trung diém cua AB, BC, CD va DA.
~ Chimg minh rang bon diém M, N, P, Q cling nam trén mot duong tron.

Bai tap 5. Cho t gidc ABCD ¢6 B =D = 90°.
a.  Chimg minh rang bon dinh cua tir gidc cting thuoc mot duong tron.
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b. Ching minh rang BD < AC. T gidc ABCD ¢6 thém diéu Kién gi
dé BD = AC.

V. HUGONG DAN - PAP SO
Bai tap 1. Ta co thé lua chon mot trong ba cach trinh bay sau:
Cacli 1: Vi AABC déu nén trung tuyén sé la duong cao, do do:
= CM L AB& BMC =90
= M thuoc duong tron c6 duong kinh BC.
= BPLAC< BPC =90
=> P thuoc duong tron co6 duong kinh BC.

Vay bon diém B, C, M, P thuéc duong tron o
duong kinh BC.

Cach 2: Ta co:

=  ABMD vuéng tai M va c6 MN la trung tuyén, nén:

MN = NB = NC. (1)
* ABPC vuong tai P va cé PN la trung tuyén, nén:
PN =NB =NC. (2)

Tur (1), (2) suy ra:
NB = NC =NM = NP
<> B, C, M, P thuoc duong tron (N; NB).
Cdch 3: Véi AABC déu ¢6 canh bang a. Ta co:

« NB=NC= 1, (3)
2
=  MN la duong trung binh nén:
MN=1AC=2, (4)
2 2
= PN la duong trung binh nén:
PN= 4 &B= X, (5)
2 2

Tir (3), (4), (5) suy ra:

NB=NC=NM=NP= —‘_; < B. C, M, P thuo. duong tron (N: - ).

— -
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Bai tap 2.

a.  Xét hai tam giic AADC va AADB, ta ¢o: /AN
AD chung _ B C
A, = A,, vi AABC can nén AT 13 phan gidc .
AC = AB, , vi AABC can tai A.
do do:
AADC = AADB = ABD - ACD =90 -
<> B. C thudc duong tron duomg kinh AD.
b. Trong AABD vuong tai D. ta co:
AlE & B
AHLAD = AB = AIF + BIF > AD= 4 =sem.

- Vay, ta duoc AD = 5cm.
Bai tap 3. Gia stir AD cat BC tai E.
Khi dé tir gia thiét C + D = 90°, suy ra:
E=180°-(C+D)=90"
Ta lian luot ¢co:
MN // AD // PQ
MQ // BC // PN
do d6, dua trén tinh chat cua géce ¢6 canh tuong ting song song ta duoc:

NMQ NPQ =0 =90"

<> M, N, P, Q thuoce duong tron co duong kinh NQ.

Bai tap 4. Vi M. N, P. Q theo thit wr [a trung diem cua AB. BC, CD vi
DA n¢n theo tinh chat duomg trung binh ta ¢o: N
/

MN // AC // PQ CMAENQ
MQ // BD // PN B B

Mat khic, theo gia thiét AC vuéng goc véi
BD nén: NSl

NMQ = NPQ =90".
- < M, N, P, Q thuoe duomg tron ¢6 dudmg kinh-NQ.

Bai tap 5. Hoc sinh tie vé hinh.
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b.

A, B, C, D thuoc duomg tron duomg kinh AC.
Ta luodn co:
BD < AC, vi diay cung nho hon duong kinh.
Dé ¢o:
BD = AC < BD laduomg kinh <> A = C =9
<= ABCD Ia hinh chir nhat.

Pé ho tro cho viéc tinh toan cidc em hoc sinh hay tim doc bo
sach Giai toan bang may tinh cia Nhom Cu™Mon.

Bo siach gom 4 cuon :

Cuon 1:  Hudng din st dung may tinh CASIO fx — 570Ms giai toan
Cuon 2:  Sirdung may tinh CASIO fx — 570 giai todan THCS

Cuon 3:  Surdung may tinh CASIO fx — 570 giﬁ} toiin THPT

Cuon 4: 81 dé thi Giai toan trén may tinh CASIO




Bai todn QUY TiCH BIEM
= LA MOT PUGNG TRON

I. PHUONG PHAP

V6i yéu cau " Tim tdp hop cac diém M thoa min tinh chat K ", ta
can trinh bay 10i giai gébm ba phan:
*  Phan thudn: Gia s ¢6 diém M thoda midn diéu kién K, ta khéo
Iéo suy ra rang M thuéc mot dudmg tron (O), thi du:

Chimg minh OM = r — khong déi.
Chimg minh AMB = 90", véi O la trung diém AB.
*  Phan dao: 1.y M e (O) va di chimg minh ring M ¢6 tinh chat K.

»  Két ludn.

I1. CAC VI DU MINH HOA

Vidul: Cho dudng tron (O) duong kinh AB = R. C la mot diém chay
trén duong tron dé. Trén tia BC 1dy mot diém M sao cho C la trung
diém cta BM. Tim quy tich cua diém M.

Gidi
Phdn thudn: Gia sit ¢6 diém M sao cho C Ia
_trung diém cua BM. !
Vi C thudéc dudng tron duong kinh AB

= ACB=90" AC L BM
- = AABM cén vi c6 AC vira 1a dudmg cao, vira 1a trung tuycn
= AM=AB=R & Me(A, R).

Phan dao: .y mot diém M bat ky trén duong tron (A. R). BM cat (O)
tai C. Ta phai chiing minh C la trung diém cia BM.

That vay:
* AM=AB=R = AABM cin tai A
* Ce(0)= ACB=90" < AC L BM
= AC la dudng cao iing véi canh ddy nén dong thoi [ trung tuyén.
Vay C la trung diém cua BM.
Két luan: Quy tich cua diém M la dudng tron (A, R).
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Nhan xét: Tony W gian trén, dé tim tap hop diém M chung, ta da
; tudn +u dung luge dé cua bai toan quy tich, cu thé:

| *»  Phdn thudim Ta gia suco diém M sao cho C la trung
diem cua BM, ta &6 suv ra duoc Me (A, R).

*  Phin dio Ta lay diem Me (A, R) va di chimg minh
M thoa man diéu kién C la trung dicm cua BM.

L *  Kétluin.

Vidu2: Cho hai duong thang 2 va b vuong goc véi nhau tai O. Trén a
va b lay cac diem A, B sao cho AB = 7 khong doi. Tim tap hop trung
diém M cua doan AB.

A
Giai M
Phan thuan: V6i doan thing AB = 1 1a ¢o: F
AAOB vuong tai O " QJB
{ . :
=> OM = ad ik trung tuyén bang nuwa canh huycn. B

Va khi A hoac B tring O ta van ¢6 OM - ; .
.o . b 7 £
Viy, diém M thudc duong tron 'LO; é}

Phan dao: Liy diém M bat ki thuoc [O; 2] va gia su duong tron

(M; ; } cat a tai A khic O, AM cat b tai B. Ta sé di chimg minh AB =/
va M I trung diém cla AB.
That vay, vi AOMA can tai M nén:
MOA =A
— MOB = B (ctng phu vai hai géc bang nhau).
Vay: |
MA = MO = MB = AB =/ va M la trung diém clia AB.

Két luan: Tap hop trung diém M ctia AB 1a dudng tron [O; ;—]
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Vidu3: Trén dudng tron (O) lay hai diem B, C ¢6 dinh. Di¢m A di
chuyén trén duong tron, D 1a trung diém cua BC. Goi M la hinh chiéu
ctia B trén dudng thing AD.

a.  Tim tap hop diém M khi A di chuyén trén (O)

b. Tim vi tri ctia diém A trén (O) dé BM c¢6 do dai Iém nhat.
Gidi
a. Hirong dan:

BM L DM < BMD = 90’
<> M di chuyén trén dudng tron ¢6 duong
kinh BD, trir diém B.
b. Ta cd, trong dudng tron c6 dudng kinh BD thi
BM < BD (duong kinh la day 16n nhat).
Do dé, BM ¢6 do dai 16n nhat bang BD, dat duoc khi
M =D < AD 1L BC < AABC can tai A

& A la giao diém cha dudng tron 1tam.O véi duomg trung truc
cua BC.
Nhan xét: Trong, 16i giai b), dé chi ra dugc vi tri cAn tim cda diém A sao
cho BM 1én nhat chung ta da bit dau bing bat dang thuc:
BM < BD, trong d6 BD la d¢ dai khong d6i
-> BM,,.. = BD, dit dugc khi M = D => vi tri cua A.

Nhu vy, lap luzn d6 dua trén tinh chat "Duong kinh la
ddy cung Ion nhédt cua duong tron ", tuy nhién, néu
mudn, ching ta c6 thé lap luan theo cach khac nhu sau:
BD?= BM® + DM? =5 BM,_. khi DM, ...
T do, suy ra BM,,, = BD dat dugc khi:
DM,..=0<>M=D.

111 CAU HOI ON TAP LY THUYET

Cau hoi 1: D€ giai mot bai toan tim quy tich ta can thuc hién theo
mdy budc ? Hay néu nodi dung cin wrinh bay trong moi
budce dé.

Cau hoi 2: D¢ ching 10 ring quy tich clia diém M la mot dudmg tron
ta cin thuc hién nhu thé nao ?°



IV. BAI TAP pE NGHI
Bai tap 1. Cho duong tron (O, R). dicm A ¢6 dinh trén dudng tron,
di¢m B di chuyén trén duomg tron. ‘Tim quy tich trur g diém M cta AB.

Bai tap 2. Cho dudmg tron (O, R). Hai diém A, B di chuyén trén dudmg
tron sao cho do dai AB = 2/ khong doi (/ < R). Tim quy tich trung di¢m
M ciia doan AB. )
Bai tap 3. Cho hinh binh hanh ABCD c6 canh AB ¢6 dinh, duong chéo
AC = 2cm. Tim quy tich cua diém D.
Bai tap 4. Cho duong tron (O. R) duong kinh BC. Diém A di dong trén
(0), goi P, Q theo tint tr Ia trung diém cia AB va AC.
a.  Chimg minh rang PQ ¢6 do dai khong doi khi A di dong trén (O).
b. Tim quy tich trung dicm M cua PQ.

V. HUONG DAN - AP SO

Bai tap 1.

Phan thuan: Gia si ¢6 diém M la trung diém
cua AB.

Xét AOAB, ta ¢6: X y
OA = OB =R <> AOAB can tai O
= OM vira la dudmg cao, vira la trung tuyén
= AMO = 90" & M thuoc dudng tron dudng kinh OA.

Phan dao: L.ay mét diém M bit ky trén dudng tron (OA), AM cit (O)
tai B. Ta phai ching minh M la trung diém cta AB.

That vay:
M e (OA) < AMO =90"<> OM L AB.
Khi do. trong AOAB can tai O ta c¢6 ngay:
OM Ia trung tuyén <> MA = MB.
Két luan: Quy tich cia diém M la dudmg tron (OA).
Bai tap 2.
Phan thudn: Gia su c6 diém M 12 trung diém
cua AB.
Xét AOMA vuong tai M, ta cé:

OM = OA’-MA’=R' -’ OM = VR® - I
<> M thude dudmg tron (O, JR? -1 ).
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Phdn ddo: Lay mot diém M bt ky trén duong tron (O, YR —17),
duong thing qua M vuong goc voi OM cit (O, R) tai A va B. Ta phai
chimg minh M 1a trung diém ciua AB va AB = 2/.

That vay, ta thay ngay M 1 trung diém cua AB, ngodi ra:
AB=2AM =2JOA* ~-OM* =2,R*—(R" =1°) =2l dpem.

Két ludn: Quy tich cia diém M la dudng tron (O, \/R — : ).
Bai tap 3. Goi O la giao diém cia AC va BD.
Phan thuan: Gia s ¢o6 diém D sao cho ABCD la hinh binh hanh.
Ta co:
OA = ;l)-AC= lem e 0 € (A, ]).

Gia sir (A, 1) cat duong thaing AB tai O, va
O, (c6 dinh). Goi B, va B, theo thi tr 12 diém 4

doi xing vai B qua O, va O,. Ta c6 ngay. ¢
0,00, = 90", géc chin nira duomg tron
DB, // OO, tinh chat duong trung binh \ /
DB, // O0,. tinh chat dudng trung binh R g

suy ra:
B,DB, = 90" <> D thuoc duong tron duong kinh B,B..

Phan ddo: Lay mot diém D bat ky trén duong tron (B,B,), BD cat (A, 1)
tai O, lay C do6i ximg vai A qua O. Ta phai chimg minh ABCD la hinh
binh hanh ¢6 AC = 2cm.
That vay, ta co ngay:
AC =2A0 = 2cm.
Mat khac, dua trén hinh vé cung véi nhin x¢ét:
0,00, =90" va B,DB, =90"= DB, // 00,.
Trong ABB,D, ta co:
BO, = B,0, S i :
<> 00, 1a duong trung binh = OB = OD.
DB, /00,

Khi d6, ur gidc ABCD ¢6 hai dudong chéo cat nhau tai trung diém
moi dudng nén nd la hinh binh hanh.

Két ludgn: Quy tich cua diém D la dudng tron (B,B,).
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Bai tap 4. Hoc sinh tieve hinh.
a. Trong AABC, co6 PQ la duong trung binh, do do.

PQ = Fl) BC = _I) 2R =R, khong doi.

b. Tirkét qua cau a), suy ra A, M, O thang hang va M la trung diem
OA. do do:

OM = ,l, OA = R_
2 2

= —

R
<> M thuoc duong tron (O, N ).

i
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Bai :';‘3" DUNG PUGNG TRON

I. PHUONG PHAP

Pé dung mot dudmg tron ta cin biét tam va ban kinh va hiy nhd lai
" Tdm ctia dicomg tron di qua hai diém A va B cho truéce nam trén diiong
trung triee cia AB "

Pé trinh bay 101 giai mot bai todn dumg hinh, ta cin thuc hién bon phan:

*  Phan tich: Gia str da dung duoc duong tron (O), tir day suy ra vi
tri tam va do dai ban kinh cua no.

»  Cdch dung: Dua vio két qua o bude phan tich chuing ta suy ra
phép dung hinh.

*  Chitng minh: Ching minh duomg tron duoc aung ¢ bude dimg hinh
thoa min diéu kién diu bai.

*  Bién luan: So dudmg tron thoa man diéu kién dau bai.

II. CAC Vi DU MINH HOA

Vidyl: Cho trudc dudng tron (O) va mot diém A nam trén dudng
tron d6. Hay dung dudng tron tam P di qua O va A va ¢6 tam nam trén
duong tron (0O).

Giai
Phan tich: Gia sit da dung duge duong tron (P) thoa man di¢u Kién dau bai.
Vi O, Ae(P) = P nam trén duong trung true d cia OA.

Viy, tam P la giao diém cua dudmg trung P
true d vai dudmg tron (0).
Cach dung : Ta lan ot O&E4N A
*  Dung dwong trung true d cua OA. i P
= Jeatduong ton (O) tai Pva P’ (d)

= Dung duong tron (P, PO).
Chung minh : Ta thay ngay (P, PO) thoa min diéu kién dau bai.

Bien luan. Vi duomg thang (d) cit dudng tron (O) tai hai diém P va P’ nén
bai toan co hat nghicm hinh, do la hai duong tron (P, PO) va (P, PO).
\
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Vidy2: Dung mot duong tron (O) ¢ bin kinh R cho trude va di qua
hai di¢ém A va B cho trudc.

Giai B
Phan tich: Gia su di dumg duoc duong tron (O)
thoa man di¢u kién dau bai, ta ¢o:
* Ac (O.R)>0OA=R =0 € (A, R). ,
= Be (O,R)=>0B=R =0 € (B, R). A
Viy, tam O la giao cua hai duong tron (A, R) va (B, R).
Cdach dung: Ta lan luot:

* Dung cic duong tron (A, R) va (B, R) va goi O la giao diém cua
hai duong tron do. :

*  Dung duong tron (O, R).
Chung minh: Theo cich dung ta co:
OA=0B=R = A, B € (O, R).

Bién luan: S6 nghiém hinh cta bai todan phu thudc vio s6 giao diém cua
hai duong tron (A, R) va (B, R), ta co:

* Neéu 2R > AB thi bai toidn ¢6 hai nghiém hinh.
* Néu 2R = AB thi bai todn ¢6 mét nghiém hinh.
* Néu 2R < AB thi bai toin khong c¢6 nghiém hinh.
Néu 2R > AB Ncu 2R = AB Néu 2R < AB

I1I. CAU HOI ON TAP LY THUYET

Cau hoi 1: D€ giai mot bai toan dung hinh ta can thuc hién theo mdy
bude ? Hiy néu ndi dung cén trinh bay trong méi budce dé.

Cau hoi 2: D¢ dung mot dudmg tron thoa min diéu kién cho trudc ta
cin thuc hi¢n nhu thé nao ?

IV. BAI TAP DE NGHI

Bai tap 1. Cho AABC ¢6 ba goc nhon, duomg cao AD. Dung diém M
thuoe dudmg thang AD sao cho BMC = 90",
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Bai tap 2. Cho dudng thing d va mot diém A cich duong thang d 1a
lem. Dung duong tron (O) co ban Kinh 1,5¢m di qua A va ¢6 tim nam
trén dudng thang d.
Bai tap 3. Dung moét duong tron (O) di qua hai diém A va B cho trude
va c6 tam ¢ trén duong lhzlmg d cho trudce (A, B khong thuoc d).
Bai tap 4. Cho nam diém A, B, C, D, E. Biét rang qua bon diem A, B, C,
D ¢6 thé vé dugc mot duong tron, qua bon diém B, C, D, E ciing vé duoc
mot dudmg tron. Hoi qua ca nam diém A, B, C, D, E ¢6 thé vé duge mot
duong tron khong ?
V. HUONG DAN - PAP SO
Bai tap 1.
Phan tich: Gia su da dung duoc diém M thod man diéu kién dau bai.
- Taco:
BMC = 90" = M € (BO).
Viy, M la giao cua duong thing AD vdi
duong tron (BC).
Cach dung : Ta lan luot:
= Dung (BC) ' B
* Duodng Ihfing AD cit dudng tron (BC) tai M.
Khi d6, M la diém cin dung.
Chitng minh : Ta thiy ngay BMC = 90'.
Bién ludn: Vi duong thing AD cat duomg tron (BC) tai hai diém M, va M,
nén bai toan cd hai nghiém hinh, do la M, va M.,.
Bai tap 2.
Phdn tich: Gia sir da dung duge dudng tron (O) thoa man diéu kién dau bai.
Ta co:
OA = 1,5cm = O € (A; 1,5¢m).-
Vay, tam O la giao diém cta dudng thang
d v&i duong tron (A; 1,5cm).
Cdch dung : Ta lan luot:
*  Dung dudmg tron (A; 1,5cm).
* dcat dudng tron (A; 1,5cm) tai O.
* Dung duong .>n (O; 1,5cm).
Ching minh : T- 'ndy ngay (O; 1,5cm) thoa man diéu klén déu bai.
Bién ludn: Vi dudng thing d cit dudng tron (A; 1,5¢m) tai hai diém O, va

O, nén bai todn cé hai nghiém hinh, dé 1a hai duong tron (O,; 1,5¢m) va
(O,; 1,5cm).

ZQDB g

"

d
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Bai tap 3.
Phan tich: Gia sir da dung duge duong tron (O) thoa man dic¢u kién dau bai.

Ta co:
a
1'\1 lge (O)
= O nam trén dudng trung truc a cua AB.
Viy, tam O la giao cua a va d. d
Cach dung : Ta lan luot: A B

*  Dung duong trung truc a ciia AB.
» dcatataiO.
*  Dung dudng tron (O, OA).
Chitng minh : Ta thiy ngay (O, OA) thoa man di¢u kién dau bai.
Bién luan: Vi véi hai duong thang d va a ta ¢6 ba truong hop vé vi tri
tuong doi nén:
*  Néua=d e dlatrung true cua AB thi bai todn ¢6 vo so nghiém hinh.
* Néua//d<« AB L d (d khong la ttrung truc cua AB) thi bai toan
vo nghiém.
= Né¢u a cat d thi bai toan ¢6 nghiém hinh duy nhat.

Néu d la trung truc Néu AB L d va khong la Néu AB khong vuong
cla AB trung truc cua AB a6c Vi d
d a
d
d
O
d
A B A B
A B
d

Bai tap 4. Goi (O) la duong tron ngoai ticp AABC.
Vai gia thiét:
»  Bondiém A, B, C, D thuéc duong tron (O,), suy ra (O,) = (0O).
=  BondiémE, B, C, D thudc duong tron (0,), suy ra (O,) = (0).
Vay, ca nam diém A, B, C, D, E cung thuoc dudmg tron (O).



cuy Di

2

DUONG KINH VA DAY CUNG

I. KIEN THUC CO BAN

1. TAM POI XUNG - TRUC POI XUNG
Cho duomg tron (O, R) vi ¢ duomg kinh AB, ta c6 nhan xét sau:
. Véi diém M bat ky thuoc (O, R) va goi

M' 1a diém d&i ximg véi M qua O, suy ra: n -
M hY B

OM'=0OM =R

= M'e(0. R) '

Vay O la tam doéi xing cua duong tron (O, R).

Tdm ciia dieong tron la tam déi ximg ciia ditong tron dé. A‘

2. Vai diém M bat ky thuoc (O, R) va goi M' 1a
diém déi ximg véi M qua dudng kinh AB,
suy ra:

M

OM'=0OM =R = M'e(0, R)
Vay AB la truc déi xing cua duong tron (O, R).

Bdt ky dwong kinh nao ciing la truc doi ximg cia diong tron.

2. PUONG KINH VA DAY CUNG
Ta cé cic két qua sau:

1. Puong kinh vudng géc véi mot ddy thi chia ddy dy ra hai phdn
hdng nhau.

2. DPuong kinh di qua trung diém ciia mét dday (khéng qua tam) thi
vuodng géc vai day dy.

Ngoai viéc img dung két qua trén trong cic bai toin dinh tinh va
dinh lugng, chiing ta con sur dung noé trong bai toan dung hinh va bai
todn quy tich. Hai thi du sau sé minh hoa nhan xét nay.
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Thidy l: Cho mot dudng tron (O) va mot diém P khac O ¢ bén trong
duong tron. Dung mot day cung AB di qua P sao cho PA = PB.

Gial A B
Phan tich: Gia sir da dung duoc day AB di qua

P sao cho PA = PB, ta co:

PA =PB = OP 1L AB.

Cdch dung: Dung dudng thang (d) qua P va vuong goc vai OP cit (O)
tai hai diém A, B.

Chitng minh: Vi :
OP 1 AB = PA =PB.
Bién ludan: Bai toin ¢6 mot nghiém hinh.
Liru y: Néu P = O; bai todn c6 vo s6 nghiém hinh.

Thidu 2: Cho duong tron (O, R). Tim quy tich trung diém M cua cic
day AB sao cho AOB = 120",

Giai
Phan thudn: Gia sit ¢6 diém M la trung diém cia day cung AB sao cho
AOB = 120",

Trong AOAM. ta c6:
g AOAMIER A M N
AOM =60° = OAM = 30° K

=>0M= . OA = N = Me (0, - ).
2 2 2

Phan dao: 1.4y mot diém M bt ky trén dudmg tror (O, I: ), dung day

cung AB qua M va vuong goc vgi OM. Ta phai chimg minh AOB = 120"
That vay, trong AOAM vuong tai M, ta co:

OM = ; OA = OAM =30"< AOM = 60"
&> AOB =2 A0M = 120",

Két ludn: Quy tich cua diém M la duomg tron (O, g ).
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3. DAY CUNG VA KHOANG CACH DPEN TAM

Ta ¢6 cic két qua sau:

1. Trong mét ducng tron hai diy bang nhau khi va chi khi chiing
cdch déu tam.

2. Trong hai ddy khéng bang nhau cia mét dicong tron day lon
hon khi va chi khi né gan tam hon.

" B A = B8

b D
Ca hai két qua trén van ding vai truromg hop ha” duong tron ¢6 bin
kinh bang nhau (goi l1a hai duong tron bang nhau) va n6 to ra rat hicu
qua trong bai todn cuc tri. Thi du sau s¢ minh hoa nhan x¢t nay.

Cho mot duong tron (O) va diém P ¢ bén trong dudng tron.
Chimg minh rang trong tat ca cac diay cung di qua P thi day cung vuong

goc voi bin kinh qua P 1a day cung ngan nhat. i
A 7 £

Giai "
Goi AB la day cung qua P va vuong goc voi
OP va CD la day cung bat ky di qua P. ¥
Ha OH vuéng goc vai CD, ta c6 ngay:
OH < OP, vi trong tam gidc vuoéng canh géc vuong nho hon canh huyén

= AB < CD = AB la day cung ngan nhat.
I1. CAC VI DU MINH HOA
Vidul: Cho duong tron (O, R) va mdt day cung AB = 2a (a < R).

Goi I 1a trung diém cua AB. Tia Ol cat cung AB tai M. Tinh dé dai cta
day cung MA.

Giuai
Trong AAMI, ta co:
AM® = A’ + MI’ = a° + MI". (1 M
MI=0OM-0Il=R - OL
Trong AOAL ta c6:
OF=0A*-AI'=R’-a’= 0l = \[R2 —g
= MI=R-VR? —a’ 2)
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Thay (2) vao (1), ta duoc:

AM = Al +MIF=a’ + (R - \/R2 ~g® )

=a’+R*-2R \/R" «a< % RC~a
= 2R* - 2R VR? -2’

|f“ 5 _'_'."_;'__'__'_.'“;_
=AM = \/ZR“ —2R\/R‘ —a” .

5]

" —a“ .
Trong, 16i giai trén dé tinh do dai day cung AM chung ta lua
chon phuong, phap trinh bay theo hudng, phat sinh yéu cau
roi thue hién véu cau nay dé dat dugc muc dich cudi cung,
la AM, cu thé:

AM® = AT* + MIF = a’ + MI” = can xac dinh ML

Nhan xét:

MI=OM - Ol =R - Ol = can xac dinh OL

Ol dugc xac dinh dua vao AOAL
Tu d6 thay nguoc lai két qua dé nhan dudge AM.
Cach trinh bay nhu vay sé rat dé hi¢u, tuy nhién né lai to
ra dai dong, chinh vi ly do nay ma cac em hoc sinh hay
luu tri nd trong suy nghi con khi trinh bay 16i giai thi

trinh bay theo kiéu ngugc lai, cu thé:

Suy nghi Trinh bay
1. D€ tinh AM can | Trong AOAI, ta cé:
Xac di!'lh MI. Ol‘.‘ - oAl - ’\I: - R! ‘d:
2. D@ tinh MI can Ol = \[ Y
xac dinh OI. PRALNRE =B

3. Ol dude xdc | SuyraMl=OM Ol=R-VR® -a’
di_ﬂh dua vao Trong, AAMI, ta co:
AOAL s 5B ot

Al x5

=a’+ (R - \/RE— a® ).

9

> AM= JE.R _ ?ER;/EE_ A .

Cac em hoc sinh ¢6 thé luyén tip bang viéc giai lai vi du

ndy voi R = 5cm vad a = 3cm.
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Vidu 2: Cho duomg tron (O) vi hai day AB, CD pang nhau va vuong
goc voi nhau tai 1. Gia s IA = 2a, IB=2b(a < b).

a. Tinh khoang cich tir tam O dén moi day.

b. Tinh ban kinh cua duong tron (0O).

Giai
C
a. lla OH, OK theo thir tr vuong goc vai AB va CD. . all
ta co: I
. K )
OH = OK vi AB =CD.
a4 D
HAslilis 2ot B _Zaelb b
2 2 2

Tir gidc IHOK c6 ba goc vuong nén la hinh chir nhat, ngoai ra ¢ hai
canh lién ti€p OH va OK bang nhau nén 1 hinh vuong.

Suy ra
OH=OK=1H=AH-Al=a+b-2a=b-a.
b. Trong AHOB, ta cé: _
R*=0B=0H + HB' =(b-a)y + (a+ by =22+ b’)

=R =42@? +b%).

Viy, taduoc R = /2(a” +b?).
‘ Cho duong tron (O), day AB = 2a va khoang cich tir n6 (6i

tam bang h. Goi I la trung diém cua AB. Tia IO cit duong tron tai C.

a. Chimg minh rang AABC 1a tam gidc can.

b. Tinh khoang cich tir O dén BC.
Gidi .
a. Tacé:

Al=IB=a= Ol L AB.

Suy ra AABC c6 trung tuyé€n €I la duong cao nén la tam gidc can.

b.  Ha OH vuéng géc vdi BC, ta co:

HB=HC= = BC.
2

Trong AOIB, ta cé:
OB =10+IB’=h>+a>= OB = val + h’.
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Ta co:
IC=10+0C=10+0B=h+ va’+h?.
Trong AIBC, ta co:
BC =IC+IB = (h+ val+h? Y+a'=2@ +hva? +h’ +h)

S BC= 022 +hu? + b +h2)

:>l[B=A!‘ J”(a +h\[a ;hi +_h ¥,

Trong AOLIB, ta co:

O =OB - HB =(/a? + h? ¥ 14 Y22 + hvaZ +h? +h?)F

-

= ; (a® + hw/u“: rh® + h*)

S \/El/ig if_l‘:_

Nhan xét:  Trong 10i giai trén:

1. Ocau a) ta chi can st 1y két qua " Puong kinh di qua
trung diém ctia wiot . Gy thi vuéng goc voi ddy dy ", tit
d6 dan ti tain giac ¢ trung tuyén la dudng cao, do do
no la tam giac vudng,

2. O cu b) chung ta da lua chon phitong phap trinh bay
nguoc sau suy nghi theo kiéu phat sinh yéu cau, cu thé
ta nghi:

» D@ tinh OH can xac dinh BH va OB.

« BH= 1BC va BC dugc xdc dinh thong qua AIBC
néu biét OC (tue la OB).

* OB dugc xac dinh thong qua AOIB.

3. Tat nhién c6 thé tinh OH thong qua su déng dang cua
hai tam giac vudng la AOHC va ABIC - Ban doc tir lam.

Cic em hoc sinh ¢6 thé luyén tap bing viéc giai lai vi du

ndy voia = 24dcm va h = 7cm.
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I1I. CAU HOI ON TAP LY THUYET

Cau hoi 1:  Diém nao la tam déi ximg cta mot duomg tron ?

Cau hoi 2:  Dudng thang nao 1a truc doi xtmg cua mot duong tron ? T
do hay cho biét mot dudng tron ¢6 bao nhiéu truc doi ximg ?

Cau hoi 3:  Phit biéu dinh Ii vé dudng kinh vuong goc véi mot day.
V¢ hinh minh hoa.

Cau hoi 4:  Phit biéu dinh I{ vé dudmg kinh di qua trung diém ctia mot
day. V& hinh minh hoa.

Cau hoi 5:  Trong mot dudng tron hai day cung bang nhau khi nao ?

Cau hoi 6: Trong mot dudmg tron hai day cung khong bang nhau ta
c6 duogce két qua gi ?

IV.BAI TAP DE NGHI
Bai tap 1. Cho duong tron (O) va hai day AB, AC sao cho AB < AC va
tam O nam trong géc ABC. Chimg minh rang OAB > OAC.
Bai tap 2. Cho duong tron (O, R) va hai bian kinh OA, OB. Trén cic
bin kinh OA, OB lan luot lay cic diém M va N sao cho OM = ON. V¢
day CD di qua M va N (M nam gitta C va N).

a. Ching minh rang CM = DN,

b. Gia st AOB = 90°, hday tinh OM, ON theo R sao cho

CM = MN = ND.

Bai tap 3. Cho duong tron (O, R) duomg kinh AB. Goi M va N theo thit
tu 1a trung diém cua OA va OB. Qua M va N Ian lrgt vé cdc day CD va
EF song song véi nhau (C va E cung nam trén mot nira dudng tron
duong kinh AB).

a. Ching minh tt gidc CDFE la hinh chir nhat.

b. Gia su CD va EF cung tao véi AB mét géc nhon 1a 30", tinh dién

tich hinh chir nhat CDFE.

Bai tap 4. Cho duong tron (O, R). Tim quy tich tr'ng diém M cua cic
day AB sao cho AOB = 60"
Bai tap 5. Cho duong tron (O) va mot diém A ¢ bén trong dudng tron d6
(A # O). Dung hinh thoi ABCD sao cho B, C, D nam trén duong tron (O).
Bai tap 6. Cho AABC ¢6 ba gic nhon. O phia ngoai tam gidc vé cic
nua dudng tron ¢6 dudng kinh theo thir ty 1a AB va AC. Qua A v¢
duong thang (d) cat cic nira dudng tron trén thd v o E va F. Ching
minh rang.

a. Néu (d) song song véi BC thi BEFC la hinh chir nhat.

b. Neéu (d) vuoéng goc vdi trung tuyén AM cia AABC thi AE = AF.
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V. HUONG DAN - DAP SO
Bai tap 1. Hoc sinh tieve hinh.
Ha OF, OF theo thi t vieong goe voi AB va AC.
T gia thiet:
AB < AC < OE > OF.

Trén OF lay diém F' sao cho OF = OF, ta thdy ngay diém F' nam
eitta O va E, suy ra:
OAE > OAF = OAF, vi AOAF = AOAF (canh huyén va canh géc vuong)
<> OAB > OAC, dpcm.
Bai tap 2. .
a. Ha OFE vuong goc vai AB cat CD tai F.
Trong AOAB can tai O, ta co:
OM ON

-~ = MN//AB
OA OB

= OF L MN va MF = NI~

Ta ¢o nhan xét thém:
OF L MN & OF 1L CD < CF = DF.
Khi do:
CM = CF — MF = DF - NF = DN, dpcm.
b. bat MF = x, suy ra: |
CF = CM + MF = MN + MF = 3MF = 3x.
OF = x, vi AOMF vuong can tai F.
Trong AOCF, ta c6:

OF =z=0C-CF o x*=R’ - 9% 10x’=R’ o x = _ET.

J10

Khi d6, ta duoc:

=
o1

ON=0M=0F2 = —

.1
Jyio T s

Viy, v6i ON = OM = = thod min diéu kien ddu bai.

V5
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Bai tap 3.

a. Ha OP vuong géc vai CD cit EF tai Q. suy ra:
CP = DP, tinh chit duomg kinh vuéng goc vai diy cung.
0Q L EF, vi EFF //CD
= EQ = FQ, tinh chat duong kinh vuéng goc véi day cung.

Xét hai tam giac vuong AOPM va AOQN, ta co: o
ovi= L oa«Los=on C o
MOP = NOQ, vi déi dinh P IF
do dé: D

AOPM = AOQN (canh huyén vi géc nhon) = OP = 0Q <> CD = EF.
Khi dé, uf gidc CDFE c6:

/i
CD =EF < CDFE la hinh binh hanh.

Trong hinh binh hinh CDFE, ta ¢é:
PQ la duong trung binh = PQ // CE = CD L CE
=> CDFE Ia hinh chir nhat.

b. Taco:

Scoee = CE.CD. (1)
Trong AOPM vuéng tai P, vai OMP = 30°, suy ra:

OP= -]-—OM= : l OA = . :

2 22 4
s R

CE=PQ=20P= -2 (2)

Trong AOPC vuong tai P, ta co:
e o2 =
CP= v/O(,‘" 0P = R = e = Blﬁs
16 4

CD=2CP= 3‘-/'-,?-. (3)

Thay (2). (3) vao (1), ta duoc:
R RIS _ RS

Score = o = ————.

2 2 4
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Bai tap 4.
Phan thuan: Gia st ¢6 diém M la trung diém cua diy cung AB sao cho
AOB = 60"

Trong AOAB, ta cé: A

OA =0B =R va AOB = 60" W
OAV3 R4Y3

= AOABdéu => OM = - . -

— e

3

R+/3
= Me(0, - { ).

o s ; oo P 3 ¢ R
Phan dao: LLay mot diegm M bit ky trén duong tron (O, 2 : ), dung day

-

cung AB qua M vi vuong géc véi OM. Ta phai chimg minh AOB = 60",
‘That vay. trong AOAB can tai O, ta co6:

.?; 3 : = )
OM = .B.g._ < 0";‘/ s AOAB déu = AOB = 60",

-—

s f
- . b -~ 3
Két lugn: Quy tich cua diém M la duong tron (O, —P: ).

Bai tap 5. B, B,
Phan tich: Gia st da dung duge hinh thoi 4!
ABCD thoa min diéu kién ddu bai, ta co: C Ol Ne,

AC la duong trung truc cua BD = O € AC. "A

Cadch dung: Ta lan luot thuc hién: D, D,
* No6i AO cat duong tron (O) tai C, 1ay I Ia trung diém AC.
«  Dung dudmg thing d qua I va vuong géc véi AC cit dudmg tron
(O) tai Bva D.
Khi d6, ABCD Ia hinh thoi cdn dumg.
Chitng minh: Vi i gidc ABCD ¢é hai duge vuong goc vGi nhau va cil
nhau tai trung diém méi dudmg nén né la hinh thoi.

Bién ludn: Vi AO cat dudmg tron (O) tai hai diém C, va C, nén bai toan
¢6 hai nghiém hinh.
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CHUBE vy TRi TUONG BOI CUA
3  BUGNG THANG VA BUGNG TRON

I. KIEN THUC CO BAN

Vi tri twong déi cha dudng thang (d) va duong tron (O) duoc dinh
gid thong qua so diem chung cua (d) véi (O).

B
H H{ R ( R
d d ) g 40
(d) (d) 1 i\
(48]

Nhur viy, ta ¢6 ba vi tri tuong doi:

= Néu (d)N(0) = D < (d) va (O) khong giao nhau <> d > R, vai
d = OH va H la hinh chi€u vuong goc cua O [én (d).

= Neéu (d)N(0) = (H} & (d) tép xic vai (O) tai H < d =R.
*  Néu(d)n(0) = (A, B} & (d) va (O) cat nhan < d < R.

BANG TOM TAT BA VI TRI TUONG POI
CUA PUONG THANG VA PUONG TRON

| Sodiém | Heéthie

Vi tri tuong doi | chung | gitadvaR

1. Pudng thing vi dudng tron khong giao nhau. 0 d>R
2. Pudng thang 1iép xtc vdi dudng tron l d=R
3. Dudng thang cat dudng tron 2 d<R

[hi du 1: Cho dudng thing d va diém O khong thuoc d. Hay néu céich
dung mot dudng tron tam O sao cho:

a. d khong cat (O).

b. d ti€p xic vai (O).

c. dcat(0).
Giai

Goi H la hinh chiéu vudng goc cua O 1én d.
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[ d ‘1—()

() (d)

(d)

Hinh a Hinh b Hini «
a. (Hinh a) Lay diem A nam gitra O va H. roi vé duong tron (O, OA).
Khi d6, duong thang d khong cat dudmg tron (O, OA) bai:
R=0A<OH=d.

b. (Hinh b) Vé duong tron (O, OH). Khi do, dll’O’!]f__ thang d tiép xuic
vol duong tron (O, ()II) boi:

R =0H =d.

¢. (Ilinh ¢) Lay diém B nam trén tia doi cha tia HO, réi vé dudmg tron
(O, OB). Khi do, duong thing d cat duong tron (O, OB) boi:

R=0B>0H=4d.
Chiy:  Nhu vay, dé xdc dinh dudc vi tri tudng déi cha dudng, thang,

d voi dudng tron (O, R) cho trudc, ta can thuc hién theo cac
budc sau:

Buoe I: Ha OH vuong goc vai duong, lhjng d.
Buoc 2 'Tinh d6 dai doan OFHL

Buoc 3 Thuc hién phép so sanh O voi R, tir d6 dua ra
két luan.

Ngoai ra:
1. Néu ta co:
A ¢ d va A nam trong (O, R) - > d <4t (O, R)

danh gia trén cho pheép chung ta nhan duoc loi giai don gian
hon rat nhiéu.

2. Aed Ace (O R)vaOA | dthid tiép xuc vai (O)

3. Aed, A e (O,R) va OA khong vuong goc vai d thi d cat
duong tron (O).
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I1. CAC Vi DU MINH :10A

Vidul: Chogéc xAy khic géc bet. Dung dudmg tron (O, R) sao cho
tia Ay qua O, dudng thiang Ax cat (O) tai hai di'm B va C sao cho
BC = 2a, vdi a < R.

Gidi
Phdn tich: Gia s da dung dugc duong tron (O, R)
thoa man diéu kién.

Ha OH 1 BC, ta co:
OH’'=0C*-HC'=R’*-2’

— OH = YR? - a? , tic [a do dai OH khong déi
=> O thudc dudng thing song song vi cach Ax mét khoang biang OH.
Cédch dung : Ta lan luot thue hién: .
* Dung tia Az qua A va vudng goc véi Ax (vé phan mat phang
chua Ay).

* Trén Az 1dy diém A' sao cho AA' = JR?:- al .

*  Dung dudng thing (d) qua A’ va song song véi, Ax. cit tia Ay 6 O.

*  Dung duong tron (O, R).

Chirrg minh: Trudc hét theo cich dung ta c6 (O, F') va O thudc Ay, ta
phai di ching minh BC = 2a.

That vay, ha OH L BC, ta cé:

OH=AA'= VyR? -a’.

BC = 2CH = 24/OC? - OH?

=2R?-(R?-a’) =2a

Bién ludn: Bai toan c6 mét nghi¢m hinh.

Nhan xét: Cac em hoc sinh hday thuc hién yéu cdu’ trén cho cac
truong hop:
1. a=R

2. a>R.




Vidu 2: Chimg minh rang:

a. Néu duong thing xy khong cat dudng tron (O, R) thi moi diém
cua xy o bén ngoai duong tron do.

b. Néu duomg thang xy di qua mot diém bén trong dudmg tron
(O, R) thi phai cit duong tron nay tai hai diém phan biét.
c.  Né&u dudmg thang xy cat duomg tron (O, R) tai hai diém phan biét A,
B thi moi diém ndm giita hai diém A va B déu -é@m bén trong dudmg
tron, cac diém con lai (trir A, B) nam bén ngoai duong tron dé.
Giai
Goi H 1a hinh chi€u vuéng géc cta O lén duong thang xy.
a. Tir gia thi€t suy ra OH > R.
Goi A 1a diém bat Ki trén xy. suy ra: H R
OA > Ol (Canh huyén 'on hon canh géc vuéng) A
XV

= OA >R < A a0 ngodi dudng tron.
Vay, moi diém cuii v 0 bén ngoai duong tron (O, R).

b. Goi A 1a diém 0 bén trong diomg tron (O, R) ma 9
dudmg thang xy di qua, ta co: (HLO
OH<OA<R
<> xy va (O, R) cit nhau tai hai diém phan biét. ~ *Y
c. Goi C la diém bat ki nam giita A va B, ta cé: Xy
HC <HA < OC<OA =R y
<> C nam trong duong tron (O, R) »
~ Vay, moi ¢iém nam gilta hai diém A va B déu A
nam bén trong duong tron. D

Goi D 1a diém bat ki nim ngoai doan AB, ta cé:
HD>HA < 0OD>0A =R
< D nadm ngoai dudng tron (O, R)
Vay, moi diém ndm ngodi doan AB déu nam bén ngoai dudng tron.
Nhan xét:  Trong loi glal trén ngoai viéc sut dung két qua vé vi tri
tuong d6i cua d u'dng l:han? voi du’dn? tron ching ta con su

dung két qua vé vi tri tuong d6i cua diém vdi dudng tron,
cu thé véi dudng tron (O, R) va diém M, ta co:

* NéeuOM<R&M ndm trong, dudng tron,

~®  NéuOM =R < M ndm trén dudng tron.
= NéuOM >R < M ndm ngoai dudng tron.
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I11. CAU HOI ON TAP LY THUYET
Cau hoi 1:  Viét bang té6m tit ba vi tri twong déi cua dudng thang va
duong tron. VE hinh minh hoa.

Cau hoi 2:  Néu cic budce can thue hién dé xac dinh dugc vi tri tuong
doi cua duong thang d voi duong tron (O, R) cho trudc.

Cau hoi 3: Néu duong thang d di qua mot diém A ¢ ben trong duong
tron (O) thi két luan duoc diéu gi vé vi tri trong doi cua d
vai (O). -

IV. BAI TAP PE NGHI
Bai tap 1. Cho goc xAy khic goc bet.
a. Dung duong tron (O, R) ¢6 tam O thudc Ay va tiép xuc vai
duomg thing Ax.
b. Dung dudng tron (O, R) tiép xuic vai Ax va Ay.
Bai tap 2. Cho géc nhon xAy, diém C thuoc tia Ax. Dung dudomg tron
(O) tiép xtic voi Ax tai C tam O thudc tia Ay.
Bai tap 3. Cho trudc géc xAy khdc goc bet va mot diém B trén canh
Ax. Hay dung dudmg tron (O) di qua B va tiép xtic vai Ay tai A.
Bai tap 4. Cho dudng thang d. diém A thuoc duor thang diem B nam
ngodi dudng thang. Dung duong thang (O) di qua B v tiép xiic vdi duomg
thang d tai A.
Bai tap 5. Cho AABC vuong céan tai A. V€ phan gidac Bl
a. Ching minh ring duong tron (I: IA) tiép xtic voi cdc duong
thing AB va BC.
b. Cho biét AB = a, tinh IA tir dé suy ra 182230 =2 - 1.

Bai tap 6. Cho nira duong tron tam O duong kinh AB. Lay OA lam
dudng kinh v& nira dudmg tron cling nim trén mot nita mat phiang bo AB
voi nira duong tron (O). Trén nira duong tron dudmg kinh OA ldy mot
diém C (khac A va Q). Tia OC cat nira duong tron (O) tai D. Ke DI
vuong goc AB. Chiing minh rang ur gidge AHCD 1a rinh thang can.

Bai tap 7. Goi p, a, r va S ldn luot 1a nira chu vi, canh huyén, bin kinh
duong tron néi ti€p va dién tich cua mot tam gidc vuong. Chimg minh rang:
a. r=p-a

b. S=p.a.
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V. HUONG DAN - PAP SO

Bai tap 1.

a Ta thue lnen theo cac buoc: A AR
Phan tich: Gia su da dung duoc duong tron (O, R)
thoa man di¢u kién dau bai. LR
Ha OH L Ay, ta co:
Ol =R x' d y

— O thuoc div ¢ thang d song song va cich Ax mot khoang
bing OH (« .. adc nira mat phang chira Ax ¢6 bo Ay).

Cach dung : Ta lan Vv jt thuc hién:

»  Dung tia Az qua A va vuong géc v6i Ax (vé phan mat phing
chua Ay).

«  Tren Az lay diém A’ sao cho AA'=R.
»  Dung dudng thing d qua A’ va song song véi Ax, cat tia Ay 6 O.
*  Dung duong tron (O, R).

Chimg minh: Truéc hét theo cach dung ta ¢6 (O, R) va O thuoc Ay, ta
phai di chimg minh (O, R) tiép xic vai Ax.

That vay, ha OH L Ax, taco:
OH = AA' =R < (0O, R) 1iép xtic véi Ax.
Bién luan: Bai todn c6 mot nghiém hinh.
b. Ta thuc hién theo cac budc:

Phan tich: Gia sir di dung dugce duong tron (O, R)
thoa man di¢u kién dau bai.

Vi (O, R) ti€p xic véi Ax va Ay nén tam O
thudc tai phian gidc At cua géc xAy.

Ha OH 1 Ay, ta cé:
OH =R

= O thuoc duong thang d song song va cich Ax mot khoan:,
bang OH (d thudc nira mat phang chita A ( ¢6 bo Ay).

Cach dung : Ta lan luot thue hién:

« Dung tia phan gidc At clia goc xAy.
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». Dung tia Az qua A va vuong goc vai Ax (vé phin mat phang
chia Ay).
«  Trén Az 1ay diém A’ sao cho AN = R,

«  Dung duong thing d qua A" v song song vai Ax, cit tia At g O.
*  Dung dudmg tron (O, R).

Chimg minh: Trude hét theo cich dimg ta co (O, Ry vi O thuoe Al ta
phai di chimg minh (O, R) uép xtic véi Ax vit Ay.

That vay, ha OH L Ax, ta cé:
OH =AA"=R < (O, Ax)=d(O. Ay) =R
> (O, R) tiép xuc vai Ax va Ay,
Bién ludn: Bai todn cé mot nghiem hinh.
Bai tap 2. Hhiong dan:

Tam O la giao dicm cur dacng
thing d (d qua C i vuonz 200 v
Ax) voi tia Ay.

Bai tap 3. /liong dan:

Tam O i giao diém cua duong thing
d (d qua A va vuong goc voi Ay) vai
duodng trung truc cua doan AB.

Bai tap 4. Twong tie hai tiap 3.

Bai tap S.
a. Taco: A \
JA L BA < 1A = d(1, BA) | B
< (L, IA) tiép xic vai BA tai A. /{
v

-
N

Mat khiic:
BI |2 phan gidc goc ABC
do do (1, IA) tiép xiic véi BC.
b. Surdung tinh chat cua tia phan giac trong AABC, ta co:
IA _IC _AC-IA IA _a-IA

e 56 e W e e . I
BA BC BA+2 a a2
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e A= 0 =a(yf2 = 1),
J2+l

Khi d6. trong AABI vuong tai A, ta cé:

tg ABI = 113?\ o 1g22°30 = a(Jz . f V2 -1, dpem.

a

Pé hé tra cho viéc tinh toin cac em hoc sinh hdy tim dac bo
siach Giai toan bang may tinh cia Nhém Cu Mon.

" B6 sach gom 4 cuon : 3

Cuon 1:  Huong din str dung méy tinh CASIO fx — 570Ms giai todn
Cuon2:  Sirdung may tinh CASIO fx — 570 gidf toan THCS

Cuon 3:  Sirdung may tinh CASIO fx — 570 giai toin THPT

Cuon 4: 81 dé thi Gidi toan trén may tinh CASIO |




P

cnU b TP TUYEN
4 - CUA BUGNG TRON

I. KIEN THUC CO BAN

1. DINHNGHIA

ﬂmh nghta Mot dicong thing dicoe goi la mét tiép .fuyen cuu d;(o'ng
tron néu nc chf 6 mot diém chung voi dfram; tron do.

e ——

Mur v'.fny. ta co:
(d) Ia tiép tuyén cua (0) < (d) N (O) = {H])
khi do. tandi " dicong thang (d) la tiép tuyén ciia dicong tron (O) tai 1

2. CAC TINH CHAT CUA TIEP TUYEN

i e bl ———— - ——

'l.i co cac lu_l qlm sau:

L. ;\a éu mot d:(crug tlumg la mot tiép tuyén cr'a mot dgrm.*q tron thi
né vuoéng géc véi ban kinh di qua tiép diém.

2. Néit mot diong thang vudng goéc véi bdan kinh tai nuit ndm trén
dicomyg tron thi duong thang dé la mot tiép tuyén ciia duong tron.

Ta ¢6 minh hoa: (d)
(d) Ia tiép tuyén cua (O) tai H < (d) L OH %
hoac viét:
éulle (O)vaH e (d
{N nifgfvatield) & (d) 13 tiép tuyén cia (O) tai 1L
(d).L OH

Vm hat hcp tuyén ka tr mot diém, ta co ket qu }

i O ot nlB —

N?u hai uép (uye‘n cuq mdt duang trdn cér nhau 1ar mog d:wu thi |
- &ao diém nay cach deu hai tiep diém va t ke v giao diém dé qua
tam cua dicong tron la tia phan gidce cua goc tao bot hai nép ruvén.

Nhur vay: B
AB va AB' Ia hai tiép tuyén cua (0) \
( AB = AB’ 2 O
2 14 - -
|OAB - OAB’ s
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3. PUONG TRON NOI TIEP TAM GIAC

Dinh nghia: Duong tron ndi tiép tam gide la dicomyg tiron tiép xuce voi ba

canh cuia tam gidac.

Khi do:

I, Tam gidc dé goi la tam gidc ngoai tiép dudng tron.

2. Tam cua duong tron noi Ucp tam gidc la giao
diém cua ba duong phan gidic cua tam giic
(trong thuc t€ ta chi cin ldy giao diém cua hai
duong phan giic boi trong mot tam gidc ba )
duong phan giac dong qui). B C

4. PUONG TRON BANG TIEP TAM GIAC

Dinh nghia: Puong tron tiép xiic véi mét canh cua tam gide va cdc
! 8 OF €¢ &
phan kéo dai ctia hai canh kia goi la duomg tron bang tiép cua tam gide.

Nhur viy, vdi AABC ton tai ba duong tron
bang ticp va tam cua mot duong tron bang
tiép la giao diém ciua mot duomg phin gidc
trong vé1 hai phan gidc ngoai.

I1. CAC DANG TOAN LIEN QUAN

Céc dang todn lién quan téi kién thic cua cha dé nay, bao gom!
Dang I: Chimg minh nhiéu diém cling nam trén mot dudng tron.
Dang 2: Quy tich diém 12 mét dudmg tron.

Dang 3: Dung tiép tuyén thoa min diéu kién cho trudc.

III. CAU HOI ON TAP LY THUYET

Cau hoi 1:  Phit biéu dinh nghia tiép tuyén cua duong tron Vé hinh
minh hoa.

Cau hoi 2:  Néu cic tinh chit cia tuép tuyén. Hiy nimh hoa moi tinh
chat bang hinh vé.

Cau hoi 3:  Phiat biéu dinh nghia dudng tron 101 uép tam gidc.
Néu cich xac dinh tam duong tron noi tiep mot tam gidc.
V& hinh minh hoa.

Cau hoi 4:  Phat biéu dinh nghia dudng tron bang ti¢p ticp tam gidc.
Néu cach xac dinh tam duong tron noi tiép mot tam gidc.
Vé hinh minh hoa.




Bditodn  PUNG TIEP TUYEN
1 CUA DUONG TRON

I. PHUONG PHAP
Cdc yéu cau dumg tiép tuyén cua duong tron (O) cho trude thuong
gidp phai mot trong ba dang sau:
Danyg I: Dung tiép tuyén di qua diém A cho tnrée.
Dang 2: Dung tiép tuyén song song vai dudng thang a cho trude,
Dang 3: Dung tiép tuyén vuong goc voi duong thang a cho trudc.

Phuong phdp thuc hi¢n cac dang todan trén duoc trinh bay trong ba
bai todn sau:

Dang I: Tit mot dicm A cho trudgce, hity dung tiép tuyén véi dudmg tron
(O) cho truac, biét:
a. Diém A nim tuén duomg trog,

b. Diém A nim ngodi diong tron

Phong phap diging

a. VIEA nam tren dudmg (ron nén tép tuyén
la dudmy thang qua A v vaong goc vor OA.

b Ta thuc hien theo bon phin:

Phan tich: Gia su da dung duge tiép tuyén qua A tgi duong tron (O) va
co tiep diém la B, ta ¢6:

ABO = 90"
= B thudc duong tron dudng kinh AO.

B

A

Viy, B 1a giao diém cuia (O) va dudng tron
durong kinh AO.

Cach dung: Ta thuc hién:

*  Dung dudng tron duong Kinh AO, ki hiéu
(AO), duong tron nay cat (O) tai B va B'.

*  Dung dudng thing AB va AB', d6 chinh
la cdc tiép tuyén cian dung.
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Ching minh: Trong duong tron (AQO) {2 o ngayv:
ABO =90" = AB I tiep tuven cua dudng tron (O),
AB'O =90" = AB' la tiép tuyen cua dudmg tron (0).
Bien [uan: Bii toin co hai nghiem hinh (tic 1a, qua A luon ke duoge hai

Lép tuyén tgi (0)).

Chi v:  Néu diem A ndm trong, dudng tron (O) thi qua A khong, thé
ké dudc ticp tuvén tdai duding tron (O).

Thidu 1: Cho AABC vuong tai A Hay néu cich dung tép tuyén vaéi
duomg tron ngoai tiep AABC. bict ticp tuyén di qua diém:

a. A
b. B.
Giar

Vi AABC vuong tat A nén dudmg tron ngoai
tiép AABC ¢o tam O [a trung dicm cua BC.
a. Tiép tuyen qua A 1 duong thing a qua A va
vuong goc vor OA.

b. Tiép tuyén qua B la duong thiang b qua B va
vu(mﬂ gdc vai OB.

Dang 2 Cho dmmg, tron (O) va mot duo'ng tron (d) Du‘ng tlép luyén cua
dlrfmg tron sao cho tlép tuyén I‘Id} song song VO (d)

Phu’n’nu phup dtmg
Phan tich: Gia su dd dung duge tiép tuyén (1) cua duong tron (O) va

UEp tuyén song song vdi (d). goi H la tiép diem, ta co: e
(Li/iedy (1)
OH L) < OH L.

(
Viy. tiep diém H Ia giao diém cua duong tron
(O) v¢« duomg thang qua O vuong goc vai (d).

Cdach dung: Ta thuc hién: /h
. 2 . ; [{h, ‘

= Dung duomg thang xOy | (d) va cat (O) tan 1.

* Dung dudng thing (1) qua I va (ty
vuong goc vai OH, do chinh la tiép
tuyén can dung.

(1.)

Chirng minh: Ta c6 ngay:
(t) LOH va(d) L OH = (1) // (d) = (1) la tiép tuyén cin dung.

Bién ludan: Bai toan ¢6 hai nghiém hinh.
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'lhlgg 2: Cho duong tron duong kinh AB. Hiy 1éu cach dung tep

tuyén vdi dudng tron, bi€t ti€p tuyén song song vai AB.
Giai

Goi O la trung diém cua AB, ta thuc hién:

*  Dung duong thing d qua O va vuong goc a__H,

véi AB. Pudng thang nay cit dudng tron ;
tai hai diém H, va H,.

: A o B
* Dung hai duong thang a, b theo thir tr di E f

qua hai diém H,, H, va song song vdi AB.

Khl do ab Ia hai nép luycn c&n dlmg b H,

Dang 3 Cho ducmg tron (O) va mOt duo'ng thang (d) Dung t:ép tuyen
ctia dudng tron sao cho tié€p tuyén nay vuodng géc vo' (d).

Phirong phap dimg

Phdn tich: Gia sir da dung dugce tiép tuyén (t) cae duong tron (O) va
ti€p tuyén vuodng géc vai (d), goi H 1a tiép diém, ta c6:

(d)
(1 l(d)
OH L (1) < Ol //(d).

Vay, tiép diém H 1a giao diém cta duong tron ;
(O) véi duong thang qua O song song véi (d). (1)
Cdch dung: Ta thuc hién: (d)

» Dung dudng thang xOy // (d) va cit (O) tai H.

» Dung duong thing (1) qua H va H H

vuong géc véi OH, d6 chinh 1a tiép : !
tuyén can dung. (1,) (1,)

Chitng minh: Ta c6 ngay:
(t) L Ol va(d) //OH = (1) L (d) = (1) la tiép tuyén can dung.
Bién ludn: Bai todn c6 hai nghiém hinh.

I1. CAU HO1 ON TAP LY THUYET

Cau hoi 1:  Hdy dung tiép tuyén cua duong tron (O) biét tiép tuyen di
qua diém A thuoc (0O).

Cau hoi 2: Hiy dung uép tuyén cua duong tron (O) biét tiép tuyén di
qua diém A nam ngoai ().

Cau hoi 3:  Haiy dung ticp tuyén cua duong tron (O) biét tép tuycn
song song voi duong thing d cho truroc.

Cau hoi 4: - Hay dung ti¢p tuyén cua duong non (O) biét 1iép tuyen
vuong goe voi duong thang d cho truoc.
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1. BAI TAP PE NGHI

Bai tap 1. Cho AABC can A. Hay néu cach dung ti¢p tuyen a cua
duong tron ngoai ticp AABC, biet tucp tuyen di ava diem A Chung
minh rang d // BC.

Bai tap 2. Cho AABC vuong can tai A.

a.  Hay néu cich dung tiép tuyén a cua duong tron ngoai ticp AABC,
bi¢t tiép tuyén di qua diém A. Chitng minh rang a // BC,

b. Hay néu cich dung cdc tiép tuyén b, ¢ cua ditong tron ngoai tiép
AABC. biél rang cdc tiép tuyén nay theo thit iv di qua diém B, C.
Ching minh rang b // ¢.

Bai tap 3. Cho AABC déu.

a. Hay néu cich dung tiép tuyén a cua duong tron ngoai tiép AABC,
biét tiép tuyén di qua diém A. Chitng minh rang d // BC.

b. Hay néu ciach dung cic tiép tuyén b, ¢ cua duong tron ngoai tiép
AABC, biét rang cdc tiép tuyén nay theo thit tu di qua diém B, C.
Gia st b cat ¢ tai D. Ching minh rang ABCD 4¢u.

IV. HUONG DAN - PAP SO

e . e new o R . a_ A
Bai tap 1. Vi AABC cin tai A nén tam O cua
duong tron ngoai tiép AABC thuoce duong cao
All. do do: 0

AO L BC. B H C
Vay, tiép tuyén qua A la duomg thang a qua A va song song voi BC,

Bai tap 2. Vi AABC vuong can tai A nén duong ti »n ngoai tiep AABC

¢6 tam O la trung diém cua BC. A4
a. Tiép tuyén qua A la dudong thang aqua A va
vuong ¢oc voi OA. B (:) C
Vi AO L BC nén a // BC, dpem. \/
: b C

b. Taco ngay:
« Tiép tuyén qua B 1a duomg thiang b qua B vi vuong géc vai BC.
= Tiép tuyén qua C 1a duong thang ¢ qua C va vaong goc vai BC.
Tir do. thay ngay b // ¢, dpem.

Bai tap 3. Hicong dan:



a. 'Tham khao bai tap 1. A 4
b. Ta cé ngay:
= Tiép tuyén qua B Ia dudng thing b qua

B va vuong géc vai OB. B C
» Tiép tuyén qua C Ia dudmg thing ¢ qua —_

C va vuong goc voi OC.
Xét ABCD, ta co: D

DB = DC, tinh chat hai ti€p tuyén vai duong tron cung di qua D
CBD = OBD - OBC = 90° — 30" = 60°
do dé ABCD déu (tam gidc can c6 mét géc biang 60 ).

rJ
~J
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'Baitodn SU DUNG TINI CHAT TIEP TUYEN
> GIAI CAC BAI'TOAN BINII TINI VA BINH LUGNG

I. PHUONG PHAP
Ta nhan thay:
1. Véi bai toan cho trude duomg thang d 12 t'*p tuyén cua duong
tron (O) tai H, ta sé nhan duge ngay cac két qua:
(d) L OH va Ol =R.
2. Vai bai toan cho truéc AM va AN 1a hai tiép tuyén caa duong
tron (O), ta sé nhan dugc ngay cic két qua:
AM 1 OM va AN 1 ON,
AM = AN va MAO = NAO.
Dua vao céic két qua trén ta thuc hién cdc yéu cau cia bai todn.

I1. CAC VI DU MINH HOA

Vidul: Choduong tron (O, R) va day AB = 2a. V& mot ti€p tuyén song
song vdi AB, né cat cac tia OA va OB theo thit ty 11 M va N. Tinh dién

tich AMON.

Gidi
Goi H 1a tiép diém va OH cat AB tai |, la co: RN
Ol L MN va Ol L AB ‘ 4
Trong AOAL ta cé:
n="8
2

L E)

OF =0A - IA*=R?— 2’ = Ol = yR? —a
Vi AOAL ~ AOMH nén:

1A Ol IA.Ol a.R
i moees s M UL et o
HM OH Ol JR _a’
Suy ra:
MN=21M= - 22R

e
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Ta co:
l | 2a.R aR?

Swwon= = OHMN = - R, v 11- o = e l’

: 2 R af TR

Nhan xét:  Trong 10i giai tren ching ta da lua chon phuong, phap
trinh bay nguoc sau suv nghi theo aéu phat sinh véu
cau, cu the ta nghi:

= DEtinh Syn = i OIHLMN can xac dinh MN, tuc la
can xac dinh HM (vi MN = 21 IM).

*  HM duoc xac dinh thong qua su dong dang, cua
AOAI va AOMH, tir d6 ¢an xac dinh [IA va Ol .

= A= ,I; AB con OI dugc xac dinh thong qua AOIA.

Vidu2: Cho nira duomg tron (O) véi duong kinh AB. Tir A va B ké
hai tiép tuyén Ax va By. Qua mot diem M thuoc nua duong tron nay, ké
ti€p tuyén thir ba cat cic tiép tuyén Ax va By lan luot o C va D. Céic

dudng thang AD va BC cit nhau ¢ N. Chimg minh rang: y
a. MN //AC. X D
b. CM.DB=CD.MN. C fqr“'ﬂ

Giai A ’A B

a. Theo tinh chat caa tiép tuyén ta cé ngay DB = DM, AC = MC.
Mat khac, vi Ax // By nén hai tam giac AANC va ADNB dong dang,
suy ra:
Lo W = MN // AC (dinh Ii Talet dao).
NA AC CM
b. Tu két qua cau a) suy ra

MN //BD = o = i <> CM.DB = CD.MN, dpcm.
CD DB

Nhan xét: Trong loi giai trén:

1. O cau a) dé chimg minh MN // AC, ta suy nghi theo diéu
kién tuong duong, tic 1a gia su co :

MD=Dn
MN // AC <> ED _MD DB

A  MC Mmc-ac AC’
luén diing vi Ax // By.
Do vay, khi trinh bay 16i giai chung ta da xuat phat tr két
qua DB = DM, AC = MC cung, vdi gia thict Ax//By.
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2. O cau b) van voi suy nghinhu trong, a) ta gia su co:

ENEEB = COMK s 08w TN
CD D

Do vay, khi trinh bay 10i giai chung ta da xuat phat tu
gia thict Ax // By cung két qua thu duge trong a) dé ¢6 nhan xét
MN // BD.

- ¢<>MN //BD /s AC.

Vidud: Tu mot diém A ¢ bén ngoai duong tron (O), ke hai tiep
tuyén AB v AC vai duong tron. T mot diem M tén cung nho BC ke
mot tép tuyén thir ba, cat hai tiép tuyén kia tai P va Q. Chimg minh
rang khi di¢ém M chuyén dong trén cung BC thi chu vi AAPQ ¢6 gia tri
khong doi.

Gial B

p
Chu vi AAPQ duoc cho bat: : {‘
P=AP+PQ+ QA =AP+PM+ MQ + QA Q

= AP+ PB + QC + QA = AB + AC, khong doi. C
Viy chu vi AAPQ khong doi.

I1I. CAU HOI ON TAP LY THUYET

Cau hoi 1:  Hay néu cic két qua duge sur dung kh, biét duong thang d
la tiép tuyén cha duong tron (O) dé giai cic bai todan dinh
tinh va dinh luong.

Cau hoi 2:  Hay néu cic két qua duge stir dung khi biét AM, AN Ia hai
tiép tuyén cua duomg tron (O) dé giai cdc bai toan dinh
tinh va dinh luong.

.IV. BAI TAP PE NGHI

Bai tap 1. Tir mét diém A & bén ngoai dudng tror (O K vé hai tiep
tuyén AB, AC véi duong tron. Trén cung nho BC 1y mot diem D Tiep
tuyén tai D cua dudng tron cat AB tai M, cat AC tai N. Cho bict dang
cua AABC vi tinh chu vi ctia AAMN trong cic truemg hop sav

a OA=2R.
b. OA=RV2.

Bai tap 2. Cho AABC vuong tat A, AB = 6cim. AC = Scm. Duong tron
(I) noi tiep AABC tiép xiic vai AB, AC theo thiitvo D, F

a. Tinh BIC.

b



b. Tinh dién lich i gidc ADIE.

V. HUONG DAN - PAP §O

Bai tap 1. Ta da bict ket qua‘trong vi du 6, nhu sau:
S\uuvn = AB+AC = 2AB.
Pé xdc dinh dang ctia AABC (can tai A), ta xét:

smOAB = —OB
OA '

d. Vi OA = 2R, ta dugc:
. - R -~ Lot ~
SInOAB = - = _', < OAB = 30" <> CAB = 60" <> AABC déu.

Khi dé:
Syuny = 2AB=2v0A? ~OB? =24R? -R? =2R3.

b. VGiOA=RV2, l.idu‘(IC
R

sinOAB = - OAB 45" & (‘AB 90"’
J2R Jz
<> AABC vuong can tai A.
Khi dé: | > |
Saawee = 2AB = 2\/01\" OB =2{2R*-R? =2R

Bai tap 2. _ A
a. Trong AIBC, ta cé: e o i ‘DE
BIC = 180" - ( IBC + ICB). 1 . B C
= 180° = (th)—lSl)" 90“=135”.

b. Goi rla ban kinh ducrng tron ndi tiép AAB(‘
Xét gmt. ADIE, 1a c6: AR LU -

- A=D=E=9" \,ra.lD IE = r = ADILE |2 lmh vuém_.

do do6: SIATHL [ _ |

Sy = 1D =1,
Trong AABC, ta ¢o: :
SAABC = ; AB AC= ; pr= ;l; (AB + AC + BC).r
ABAC - gl e BT O
C:} I = T e S bt s v.._.—...... = - G . ,' < T, - -Cm .

" H F o b

AB+AC+VABT+AC! 644 Ver  #
Vay ta duoc: | -
Sae=2 =408
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Bdii todin CHUNG MINH MOT BUING THANG
3 m ’I‘Ilul' mvﬁw CUA mjﬂw.‘. fmow

I. PHUONG PHAP
Dé chimg minh dudng thang d 1a ti€p tuyén ctia dudng tron (O, R), ta
co the Iua chon mot trong hai cich sau:
Cdeh 1: Néu biét mot giao diém A cia d va (O) thi ta di chimg minh:
OA Ld.
Cach 2: Ha OA vuéng goc vai d, ta di chimg minh:
OA=R.

I1. CAC VI DU MINH HOA
Vidul: Cho AABC céin tai' A ndi ti€p duong tron tam O. VE hinh
binh hanh ABCD. Tiép tuyén tai C cta duong tron cat duﬁmg thaing AD
tai N. Ching minh rang:
a. Dudmg thang AD Ia tiép tuyén cia dudmg trom (O).
b. Ba dudmg thang AC, BD va ON cling di qua mot diém.
Giai
a. Vi AABC can tai A nén:
OA 1 BC. .
Vi ABCD la hinh binh hanh nén:
AD // BC = AD 1L OA
<> AD la ti€p tuyén cua dudng tron (0). B>—C
b. Goi I la giao diém cia AC va BD, suy ra:
112 trung diém AC
=> 1 € ON (vi NA, NC déu 12 ti€p tuyén cua (O))
Vay, ba dudmg thing AC, BD va ON ciing di qu diém L.
Nhan xét: 1. Nhu vay, trong vi du trén d€ chimg minh AD la tiép
tuyén cua duong tron (O), ta chi phai di ching minh
AD L OA boi A thude (O).
2. Véi yéu cau nguoe lai " Tim diéu kién dé’ dieomg thang d
la tién tmyén ciia dicong on (Q, R)", 1a cln c6:
dO,dy=R
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Vidu2: Tirmot diem A ¢ bén ngoai duong tron (O, R). v& ha tiep
tuyen AB, AC voi duong tron. Buong thang vuong goc v OB tai O cat
tia AC tai N. Budng thang vuong goc vdi OC tai O cat tia AB i M.
a. Ching minh tor graic AMON I hinh thor.
b. Diém A phar cach O mot khoang L bao nhic¢u d¢ cho MN la ucp
tuyén ctia duong tron (O)
Giuai B
a. Xét ur giac AMON, ta co:
AM // ON, vi cung vuong géc var OB.
AN // OM, vi cling vudng goc vai OC.
do do AMON la hinh binh hanh. |
Mat khac, xét hai tam gidc vuong AOBM va AOCN; ta c6:
OB=0C=R
,01 = f)l. vi cling phu véi géc MON
do do:
AOBM = AOCN (canh huyen va géc nhon) = OM = ON.
Vay, AMON la hinh thoi (vi no la hinh binh hinh cé hai canh lién
tiép bang nhau).
b. Dé MN ti¢p xtic vai (0. R) dicu kién la:
d(O.MN; =R < Ol =R < AO =2R.
Vay. vor OA = 2R thi MN la ticp tuyén cua duong tron (O).
Vidu3: Cho diuong tron (O), duong kinh AB. V'™ CD vuong géc vai
OA tai trung diem 1 cua OA Cic tuép tuyén var duomg tron tai C vatai D
cat nhau o M.

a. Ching minh ring ba diém M, A, B thang hang.
b. Tir gric OCAD la hinh gi ?
c¢. Tinh CMD

d. Chung minh riang duong thang MC la tiép
tuyén cua duong tron (B, BI).

Giai "
a. Ta co nhdn xét:

* AB la duong *ung truc cia CD (vi n6 di qua.
trung diém I ~ua CD va vuéng géc véi CD).

» MC = MD (tinh chét giao diém ciia hai tiép tuyén ) = M thuoc
dudng trung truc cia CD = M thudc AB.

Vay, ba diém M, A, B thang hang.
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b, Tua gidc OCAD c¢é hai duong chéo vuong goc véi nhau va cat nhau
tai trung diém moéi dudmg nén no la hinh thoi. .

¢ Trong AAOC ta co:
OA = OC = CA & AAOC i tam gidc déu = AOC =60’
= CMO =90"- 60" = 30" = CMD = 60"
d. Ha BK vuong goc vai MC, ta 6 nhan xét:
Ci = C2 = 30° = CA 1a tia phan gidc ctiia géc MCD .
AC L BC = CB Ia tia phan gidc cua géc KCD = BI = BK.

Khoing cich BK bing ban kinh duong kinh dudng tron (B, BI) nén
MC Ia tiép tuyén cua duong tron (B, Bl).

\

Nhin xét:  Trong loi giai trén:

1. Gcau a) d¢ ching minh M, A, B thé'hlg hang chung ta
xac dinh vi tri cta ching d6i véi CD va cu thé ching ndm
trén duong trung truc cua CD do d6 xuat phat tir nhan xcét
AB la trung truc cua CD ching ta can chimg minh M ciing,
thudc trung truc ctia CD, diéu nay chr xay ra khi MC = MD.

2. O cau b) ching ta s dung két qua " FHinh thoi ¢6 hai
duong cheéo vuong goc vor nhau va cit nhau tai trung diém
cua moi duong ",

3. O cau ¢) ching ta sur dung két qua cdu b) va tinh chat
thur 3 cua tiép tuyén dudng, tron.

4. Ocauc) ching ta sir dung két qua v3 vi tri tuong d6i caa
dudng thang vdi dudng tron dé dua ra két luan cho tiép
tuyén MC, va dé thay MD ciing la tiép tuyén cua (B, BI).

5. Cac két qua d cau a) va cau d) van ding néu thay
diéu kién "trung diém I cua OA" boi "I ndm giita O va
A". Trong truong hdp nay ta chang minh
MCA - ACD bfing nhan xét MCA pl.u AéO, ACD phu
CAO, ma ACO = CAO nén MCA = ACD. |

111. CAU HOI ON TAP LY THUYET

Cau hoi I:  Hay néu cdc cach dé chiing minh duong thang d 1a tiép
tuyén cua duong tron (O, R).

Cau hoi 2:  Dé duong thang d la tiép tuyén ciia duong tron (O, R) diéu
kién la gi ? °
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IV. BAI TAP PE NG HI

Bai tap 1. Cho nua duomg tron tam O duang kinh AB. Tu mét diém M
trén nura dudng tron ta ve tiep tuyén xy. V& AD va BC vudng goc vai xy.
a. Chimg minh ring MC = MD.
b. Chimg minh ring AD + BC c6 gid tri khong ddi khi diem M
chuyén dong trén nira dudmg tron. '

¢. Chimg minh rang du’dng tron duomg Kinh Cl) ié€p xtc vdi ba
dudng thang AD, BC va AB.
d. “'Xidc dinh vi ctria diém M trén nifa dm‘mg tron (O) dé cho dién tich
't gide ABCD 16n nhat. -

Bai tap 2. Cho AABC vuong tai A, duong cao  AH. Goi O'1a tam duong
tron ngoai uep tam giic ABC, d 1a ti€p tuyén cua duong tron tai A. Cic
tiép luyén cua dumg tron tai B va tai C cdt d theo lhu hWoDyiE—"

a. Tinh DOE.

b. " Chimg minh rang DE =BD + CE."

¢.  Chtmlg minhi ring BD . CE = R*(R T bén kinh dudmg tron (O).

d. dmhg minh ring BC I tiép tuye’n cla dumg tron c6 duong kinh DE.
Bai tap 3. Cho AABC can tai A, céc du’o’ng cao AD va BE cit nhau &
H. Goi O 12 tAm dudng tron ngoai ti€p tam gidc AHE.

" “a. Ching minh'rang BC=2ED.
b. Chimg minh ring DE la tiép tuyén cia dudmg tron (O).
¢.  Tinh d¢ dai DE biét DH'=2cm, HA = 6¢cm,
Bai tap 4. Cho AABC can tai A, T 12 tam dudng tron ndi tiép, K 1a tam
dlr(’rng tron bang 1iép trong géc A, O 1a trung diém cia IK.
.- Chimg minh ring bén dle,m B, L C, K ciing thudc, mét dudng tron
1am O,

b Chimg, minh AC la tlép tuyén cua duang lron ‘0)

‘Tinh ban kinh dufmg tron (O) blét AB A(‘ 20cm BC = 24cm.

V. HUGNG DAN DAI’ SO

Baitapl. . | By
a. Xéttr gidic ABCD, la co:
AD // BC, vi cling vuong géec voi Xy | <1,

=> ABCD la hinh thang vubng e ML b Y
Mat khic, ta lai cé: G O it el A7 OH B
OA = OB P T
gra "~ &> OM la dudmg trung binh => MC=MD. """ "
OM//AD i
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b. Dua theo két qua céu a), ta dugc:
AD + BC = 20M = 2R — khéng doi.
c. Ha MH vuong goc vai AB, ta co ngay MH = MC.

Vay, duong tron dudng kinh CD tiép xic vdi ba duong thang AD,
BC va AB.

d. Taco:

Sancp = ; (AD + BC).CD = _l) 2R.CD=R.CD.

Do do, S, 4, 160 nhat khi va chi khi CD lén nhat.
Trong hinh thang vuong ABCD, ta c6 nhan xét:
CD < AB=2R = CD,,,, = 2R |
dat duoc khi:
ABCD Ia hinh chix nhat < OM L AB
<> M 1a diém giira cia cung tron duong kinh AB.
Bai tap 2. Hoc sinh tir vé hinh.
Vi AABC vuong tai A nén O la trung diém BC.
a.  Nhan xét ring:
DA, DB Ia tiép tuyén ctia dudong tron (O)
= DA = DB va DOA = DOB.
EA, EC Ia tiép tuyén cua duong tron (O)
= EA = EC va EOA = EOC.
Suy ra:
DOE = DOA + EOA = ;' (AOB + AOC) = f) 180" = 90°.

b. Dua trén két qua cau a), ta co ngay:
DE = DA + EA = DB + EC, dpem.
c.  Xét hai tam giac vuéng AOBD va AECO, ta ¢6:
BOD = CEO, géc ¢6 canh tuong img vudng géc
do dé: |
AOBD - AECO
<y 0 0 < BD.CE=0BOC=RR=R’
EC CO-
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d. GoiIlatrung diém DE, suy ra I la tam duong tren (D).
Trong hinh thanz vuéng BCED, ta c6:
Ol Ia duomg trung binh = Ol // BD
= 01 L BC, vi BC vuéng goc vai BD
= BC la tiép tuyén cua duong tron duong kinh DI
Bai tap 3. (Hoc sinh tievé hinh) Hiong dar::
Vi AABC can tai A, duong cao AD do do D i trung dicm BC.
a. Trong ABCE, vuong tai E.taco: |
EED la trung tuén thudc canh huyén — BC = 2ED.

b. Ching minh DE vuong goc vai Ol
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Bdifodn  SUf DUNG TINH CHAT TIEP TUYEN
4  TIM QUY TICH BIEM

%

I. PHUONG PHAP

Vi¢e st dung tinh chat cua ticp tuyén dé tim quy tich diém M, duoc
hicu la viéc khai thdc ciac tinh chit do dé chi ra tinh chit caa diem M
trong phan thudn cua bai toin quy tich.

II. CAC VI DU MINH HOA
Vidul: Cho duong tron (O; 2cm) va mot dieém A chay trén dudng
tron do. Tir A vé 1iép tuyén xy. Trén tia Ax lay diém M, trén tia Ay ldy
dicm N sao cho AM = AN = 2\[3 “cm. Tim quy tich cic diém M va N.
Giai
Phan thuan: Vi hai diem M, N diém A thoa
min dicu kién dau bai.
Trong AOMN, ta co: B
OA la duong cao va trung tuyén

&> AOMN cin tai O < OM = ON.

Trong AOAM vuong tai A, ta co:

OM = VOA’ + MA>

= VR? +3R? =2R. |

<» M, N thudc duong tron (O, 2R).
Phan dao: Lay di¢m A bat ki trén dudng tron (C, R). Tr A v& tiép
tuyén xy voi duong tron (O, R), ti€p tuyén nay cat (O, 2R) tai M va N,
Ta phii chimg minh AM = AN =R /3.
Ta congay AM = AN.
Trong AOAM vuoéng tai A, ta co:

AM = YOM? —0OA? = V4R2 -R? =R<3.

Két luan: Quy tich cua cic diém M, N la dudong tron (O. 2R).



Nhan xét:

Nhu vav, hong loi gldl trén Lhunp, ta da k]uu thac hai tinh
chét ¢ ua tiép tuyén MN, bao gom: ‘

. QA L MN tir d6 ap dung vao AON N c¢an tai O.
2. OA =R turdo ap dung vao \OAM vudong, tai A.

Trong vi du tiép theo, chung ta di thee hién ' modt vi du co
ban vé bai toan quy tich diém thoa man tinh chat tiép
tuyén, hay nhd rang dang toan nay sé dugc gap lai trong
chuong trinh toan THPT. |

Vidu 2: Cho dudng tron (O, R). Tim quy tich cua di¢m A ma tir dé
k¢ duge hai uep tuyén AB, AC 16i (O, R) sao cho BAC = 60",

Giui

Phan thuan Gia su‘ ton tai d|ém A thua man diéu klcn dau bai.

Trong AOAB ta co:

BAO = "i BAC = 30°

=> 0B = 2OA

< OA =20B=2R

= A thudc dudmg tron (O, 2R).
Phan ddo: L.ay diém A bat ki trén dudng tron (O, 2R). Tir A vé hai iép
tuyén AB, AC véi duong tron (O, R). Ta phai chimg minh BAC = 60".
Trong AOAB, ta cé:

OB = - OA = BRO & 30" = nﬁc‘ = 2BAO = 60"

Két lugn: Quy tich cia dlém A I.x dudng tron (() R).

Nhan xét: '
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. Trong 18i giai trén, dua vao dang dic biét cua AOAB
vuong tai B, chung ta tinh duge d¢ diar doan OA. Tuy
nhién, trong moi lruo‘ng hop ta déu < thé tinh duge do dai

doan OA bing cich sir dung hé thire luong gide cua ham s6
sinBAO.

2. Chung ta sé di giai bai toan tong quat la:
" Cho duong tron (O, R). Tim cr]uy' tich cua diém A
.ma tr do ke duoc hai tiep tuyén AB, AC 65 (O, R)
sao cho BAC =2a".



Ta s¢ lan lugt thuc hien:

Phan thudn: Gia su ton tai diém A

thoa man di¢u kién diu bii. it s
Trong AOAB, ta co: B
~ l - : ".|
BAO = - BAC =g A - '
1 2 & (_\ .
OB R 3

OA= ——— = ——
sin BAO sin a

=

R
=> A thuoc duomg tron (O, - ).
sina

v i 3 : R
Phan dao: 1L.ay diém A bit ki trén duomg tron (O, ). Tur
sin
A V& hai ti¢p tuy¢n AB, AC vgi duong tron (O. R). Ta phai

chimg minh BAC = 2a.
Trong AOAB, ta c6:

sinBAQ = —QE = —R— = SinQ
A R
sina

— BAO =a = BAC = 2BAO =

; Ny R
Két luan: Quy tich cuu diém A l1a duong tron (O, —— ).
' sina

1. CAU HOI ON TAP LY THUYET

Cau hoi 1:

Cau hoi 2:

Viéc sir dung tinh chat cha tiép tuyén dé tim quy tich diém
duoc thuc hién nhu thé nao ?

Hay trinh bay Ioi gml cua bai todm " Cho ditong tron
(O, R). Tim quy tich cua diém A ma tiv dé ké dicoc har tiép

tuyén AB, AC 16i (O, R) suo cho BAC = 2"

IV. BAI TAP DE NGHI
Bai tap 1. Cho dudng tron (O, R). Tim quy tich cta diém A ma tir do
ké duge hai tiép tuyén vudng goc voi nhau tdi (O, R).

Bai tap 2. Cho dudmg thing (d) va mot diém A & trén dudng thing dé.
Tim tap hop tdm céc dudng tron ti€p xiic vdi dudng thang (d) tai diém A.
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Bai tap 3. Cho duong thang (d). Tim tap hop tam cic duong tron ¢o
bidn kinh bang R va tiép xuc voi duong thang (d).
Bai tap 4. Cho hai duong thang cit nhau. Tim tap hop tam cic duong
tron tiép xuic véi hai duong thang do.
Bai tap 5. Cho duong tron (O. R) vi diem A ¢6 dinh trén duong tron
d6. Qua A vé tiép tuyén xy. Tirdiem M trén xy vé tiép tuyén MB vai
duong tron (O). Hai duong cao AD va BE cua tam giac MAB cat
nhau tai H.

a. Chimg minh ring ba diém M, H, O thang hang.

b. Chimg minh rang tr gidc AOBH la hinh thoi.

c. Tim quy tich cua diém H khi M chay trén xy. i
V. HUGNG DAN - DAP SO
Bai tap 1.

Phan thuan: Gia st ton tai diem A thoa man
dicu ki¢n diu bai.

Trong AOAB, ta co6:

BAO = l BAC =45" = BA=0B=R
OA = \[OBJ +BA’ =R2= A thude duong tron (O, R v2).
Phan ddo: 1.2y diem A bat ki trén duong tron (O, 2R). Tir A ve hai tép
tuyén AB, AC véi duong tron (O, R). Ta phai chine minh BAC = 60",
Trong AOAB. ta co: -
AABAGS T V2 = sind5"
OA" RJ2 2
= BAQ =45"= BAC =2BA0O =90",
Két luan: Quy tich cua diem A la duong tron (O, ).
Bai tap 2. Huony dan
Duong tron (O) tiép xuc vaid tai A

= OA ! d m -
. . : TS A a
Vay. quy tich tum ciac duong tron Hép 0
xuce voi d tar AT dudmg thang o gqua A

va vuong poc vor d.
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Bai tap 3. Huong dan
Buong tron (O, R) tiép xuc vai d néu:
d(O. d) =R.

Vay, quy tich tam cic diromg tron co
bian kinh R tiep xuc vor o han duonie
thang a. b song song va Khoang cich i
ching dén d bang R.

Bai tap 4. Hirong dan
Puong tron (O) tiép xuic voia vab:
d(O, a) =d(0O, b).

Vay, quy tich tam cac duong tron tiép
xuc var a va b [a hai duong phan giac d,
va d, cua goc tao boi a va b,

Bai tap 5.
a. Goi I 1a trung diém AB.
« Vi MA, MB la ti¢p tuyén nén

el

by

d
-
\ s

M, O, I thang hang.

» Vi AMAB can tai M nén MI Ia
dudng cao do dé M, H, I thang
hang.

Vay, ba di¢m M. I1, O thiang hang.

b. Xét tr giiic AOBLH, ta co:

AQ // BH. vi ciing vuong goc voi MA.

AH // OB, vi cung vuong goéc vai MB.

do do AOBH la hinh binh hanh.
Mt khac, ta c6 ngay OA = OB =R.

Vay, AOBH Ia hinh thoi (vi né la hinh binh hanh ¢6 hai canh lién

tiép bang nhau).
¢. Theo két qui cau a), ta cd:
AH=0A=R = H € (A,R).

Han ché qui tich: Hoc sinh ne lam.
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Nhém Cie Mon chiing 16i da va dung theo dudi mmne tiéu viét ra dige
mot b gido trinh Todan phd théng (PTCS va PTTH) voi néi dung bao gom:

i
2.

%]

Ddy dii cac kién thite theo quy chudn cia BGD va DT

Kién thute dicge trinh bay theo kiéu dat van dé va cdc yén can
hanh déng dé thay déi kiéu day hoc theo 161 thu dong.

Sau moi chii dé kién thicc déu 6 phan hicong dan sie dung miy
tinh Casio Fx570 Ms hodc cae phdn mén méy vi tinh dé tro giiip
cho viéc gidai todn (giam thiéu céc bai todn tinh todn phiic tap).
Nhitng chu dé kién thitc can thiét sé dirge ¢l 1 nho thanh phan 1y
thuyét va cac dang todan dé gitip cho viéc day va hoc ndang cao.
C6 dia CD kém theo dé:

= Gido viéncé thé thue hién bai'giang bang mdy chién.

* [loc sinh ¢6 thé hO( ngay trén may tinh.

Do vay, dumg 161 rat mong nhan d:ro'c nfumg yk'én (fénq gop o tinh
xdy dimg cua tdt cad cdc Thay gido, Cé gido, Nhu nghién 'cinu, Phu
huynh va Hoc sinh trén toan quéc.



U BE . TORRRL
—— VI TRi TUONG BOI CUA
5 HAI DPUONG TRON
I. KIEN THUC CO BAN
Khi xét vi tri twong doi cua dudng thang véi dudrg tron ta can cif vao

s6 diém chung cta hai duong do. Tuong tr nhur vy, ta xét duge vi tri
trong doi cua hai duong tron.

Hai duomg tron phan biét khéong thé ¢é qud hai liém chung, boi vi
qua ba diém thdng hang khong thé ¢é mét dicomg tron, con qua ba
diém khéng thang hang chi ¢6 moét diomg tron duy nhat.

Nhu vay, hai duong tron phan biét chi ¢6 thé:
* (6 hai diém chung.

« C6mot diém chung duy nhat.

= Khong ¢6 diém chung. .

Chii 'y Hai dudng tron néu ¢6 nhiéu hon hai diém chung thi ching
trung nhau. |

Cho hal duong tron (O, R) va (O’, r) véi R > r va d = Q0’, ta xét:
1. HAI PUONG TRON CO HAI PIEM CHUNG

Truong hop nay goi 12 hai (hro'nq tron cat nhau, mbdi diém chung goi
12 mot giuo diém.

Sur dung bat dang thirc tam gidc trong AAOQO’ ta c6:
OA ~Q'A<O0 <OA +0OA,
tir do suy ra diéu kién:

{ R-r<d<R+r

Nhian xét:  Hai dudng tron cat nhau:
I C6 hai ticp tuyen chung va hunlL1
déng quy vai duding thing, OO
2 Neu bai toan can vt dudng, phy, ta
thuding v thém day dhung cliadhang,
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Bai todn: Cho hai duong tron (O, R) va (O', r) vai r < R cat nhau tai A
va B. Hay dung tiép tuyén chung cua hai duong tron do, biét Q0" = d.
Giiai
Phan tich: Gia su dd dung duoe tiép tuyén
chung cua hai duong tron va M. M’ theo tha
tu la tiép diém cua tiép tuyven chung van (0.
R) va (O, 1). Gor A la diém dong quy
cua hai tiép tuyen véi OO0, ta ¢o:

AO"  OM

AO OM R

= AO' = (AOQ' + 00). 1:_

< AQ' = k-l-(-l [ = xdc dinh dwoc vi tri cua diém A.

Khi dé:

*  Tiép diem M' 1a giao diém cua (O') va dudng tron duomg kinh AO'

*  Tiép dicm M la giao diem ciia dudng thing AM' va duong tron (O).
Cach dung: Ta thuc hién:

*  Xic dinh di¢m A tren tia 00" sao cho AQ' = Rr(—l-l_ .

*  Dung duong tron duong kinh AO', duong tron nay cat (O') tai M.

*  Dung duong thing AM', d6 chinh 1a tiép tuy 1 chung cin dung.
Chirng munh: Ta co ngay:

AM'O' =90" = AM' 1a tiép tuyén cta duomg tron (O).

rd
AOO A0 Ry _r_OM
AO AO'+00 _rd___+d R OM
R-r
= OM//OM = OM 1L AM

=> AM' la tiép tuyén cua duong tron (O').

Bién ludn: Bai todn cé hai nghiém hinh (tic l1a tcn tai hai tiép tuyén
chung cua (0) va (O")).
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2. HAI DPUONG TRON CHI CO MOT PIEM CHUNG

Truong ho‘p nay goi 1a hai dicong tron tiép xiic nhau, va diem chung
duy nhit dlrm goi 1 tiép diém. Ta ¢6 hai kha nang tiép xuc:

Tiep \iic nyoci Tiep viic trong

f’\
d
r d=R +r J [ d=R-r

Nhan xét: 1. Hai dudng tiép xuc ngoai voi nhau ¢o ba tiép tuyén
chung,.

w 7N
«(@4\

‘2 Hai duong tiép xuc trong voi nhau ¢6 mot tiép tuyén
chung,

3. Hai duong tiép xic vdi nhau ma can vé dudng phu,
ta thudng, vé thém tiép tuyén chung cua chung,

3. HAIBDUONG TRON KHONG CO DIEM CHUNG
Truong hop nay goi la liai dicong tron khong giao nhau.
Ta ¢o hai kha nang:

Neoai nhau Trone nhan

- A
d

BT ¥ ; r S il
d>R+r ] d<R ril

Chid v: 1. Hai duong tron phan biét cung tam (d = () goi la hai
duong tron dong tim.
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2. Hai dudng tron ngoai nhau cé bon tiép tuyén chung,
trong do:
= (6 hai tiép tuyén chung cét do;;m 00
= C6 hai tiép tuyén chung khong doan cat OO

3. Hai dudng tron & trong nhau khong, ¢6 tiép tuyén chung

4. MOT SO TINH CHAT
Tinh chdr 1. Puong néi tam la truc doi xing cua hinh tao boi hai
duong tron.
Tinh chdt2:  Néu hai dudng tron ¢at nhau thi day chung vuong goc
voi dudng ndi tam va bi duong nay chia lam hai phan

bang nhau. 5
Cu thé, theo hinh V& ta c6:
00' L AB ce
va A = IB. B

Tinh chdr 3:  Né&u hai dudng tron ti€p xic nhau thi ti€p diém nam
trén dudng ndi tam.

" Cu thé, theo hinh vé sau ta c6 O, O', A thang hang.

A

I1. CAC VI DU MINH HOA

Vidu l: Hai ducmg tron (O) va (O’) cat nhau tai A va B. Tir A vé
duong kinh AOC va AO'D. Chimg minh ring ba’ liém B, C, D thing
hang va AB vuéng géc vai CD.

Gidi
Goi I 1a glao diém cta AB va OO, suy ra I la
A

trung diém ctia AB.
*  Trong AABC, ta ¢6 Ol la dudng trung bmh nén: g@

Ol // BC. D B c
* Trong AABD, ta c6 O'l la dudng trung binh, nén:
O'1//BD.
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Suy ra OQ' // BC // BD, nén ba diém B, C, D thang hang.
Vi:
AB L 0O = AB L CD.
Nhanxét: 1. Trong 15i giai cua vi du trén chai,- ta da tan dung day
du tinh chat caa hai dudng tron cdt nhau.
2. Thi du tiép theo sé minh hoa viéc s dung tinh chat
cua hai dudng tron tiép xuc vdi nhau.

Vidu2: Cho hai duong tron (O, R) va (O’, r) ti€p xiic ngoai véi nhau tai
A. Ve ti€p tuyén chung ngoai BC (B thuoc duong tron (O), C thudce duong
tron (O7).

a. Chimg minh rang A ABC la tam giac vudng.
b. Tinh s& do géc OMO".
c. Tinh dién tich ta giac BCO’O theoR var.

d. Goi I 1a trung diém cia OO’. Chirng minh rang BC la tiép tuyén
cua duong (I, IM).

Giai
a. Qua A V€ ti€p tuyén chung trong, cit BC tai M, ia cé: -
MA = MB tinh chét tiép tuyén cia (O,R)
{MA = MC tinh chat tiép tuyéncua (O',r)

=>MA=MB=MC= -;—BC.

Tic 13, AABC ¢6 trung tuyén AM g véi canh BC bang nira canh dé6
nén la tam giac vuong.
b. Theo tinh chat hai ti€p tuyé&n cit nhau, ta c6:
* MO la tia phan gidc clia goc AMB .
* MO’ la tia phan gidc ctia géc AMC .
Suy ra:
OMO' = 90° (bdi n6 hop béi hai tia phan gidc cta hai géc ké b)
c. Tu gidc BCO'O c6 OB// O’C (vi cing vuéng géc véi BC) nén i
giac nay la hinh thang, do dé6:
Ssco0 = %(OB + O'C)BC.

Ha O’D L OB, suy ra:
tt gidc BCO’H la hinh chit nhat = BC = O’H.

293



Trong AOO’H ta cé:
OH'=00"—O0H =(R+r1) — (R —1){=4Rr

— O'H=2+Rr.

Viy:
Ll

1 S S
Spevo =5 R+ r).2JRr = VRr (R +1).

d. Tacoé ngay IM la duong trung binh cua hinh thang BCO'O, do dé:
IM//OB = IM 1L BC. :
Vay, BC la ti€p tuyén cua duong tron (1, IM).

Nhan xét: 1. Ta cing c6 OO' la tiép tuyén cua dudng tron co
duong kinh BC.

2. Chung ta da bict rang " Néu duong Hmn;, d di qua
mot diém o ben trong duong tron (O) thi no cat
duong tron ndy " va cau hoéi dugc dat ra o day la néu
thay dudng thgng d bing mot dudng tron thi ¢o thé
két luadn dugc gi vé vi tri tuong d0i cua hai dudng
tron nay. Vi du tiép theo sé minh I oa nhan dinh nay.

Vidu3: Chimg minh ring néu mot dudng tron di qua mot diém bén
trong va mot diém bén ngoai mot duomg tron khac thi hai duong tron cét
nhau tai hai diém.
Giai
Gia sir duong (O) di qua A va B, trong dé A ¢ Hén ngoai (O’), B o
bén trong (O’). Goi R, r theo thi tr 1a bin kinh cua cac duong tron (O),
(O7). Ta co: .
OA=0B=R,0’A>rvaO’B<r.
‘Xét AOO'B ta ¢6:
00'< OB+O'B<R+r  (I) A
®= Néu R 2 r thi trong AOO’B, ta cé: ee
00’>20B-0O'B>R -r (2)
* Né&ur 2R thitrong AOO’A, ta ¢6:
00’20'A-0A>r-R  (3).

Tir d6 ta duoc:
IR = 1| <00 <R +r < hai duong tron (O) va (O') cat nhau.
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Nhan xét:  Nhu vay, trong 16i giai cta vi du trén ching ta da si
dung, cac kién thuac:
« Vi tri tuong d6i cua mot diém voi dudng, tron.
»  Hé thuc lién hé gita cac canh ¢ a tam giac.

Dé tir d6 nhan duoc bat dang thic |R - r| <00 <R +1.

Vidud: Cho doanthang AB va mot diém M khong triing véi. VE cic
duong tron (A, AM) va (B, BM). Hay xac dinh vi tri tuong doi cta hai
duong tron nay, tir dé suy ra s6 ti€p tuyén chung cua chiing.
Gidi

Pé xét vi tri tuong déi cha hai dudmg tron (A, AM) va duong tron (B,
BM), ta phai xét cac truong hop vi tri cia diém M déi véi doan thing
AB.

Truwong hop 1: Diém M nam gilta A va B, ta cé:
AB=AM+MB<«d=R +r.

Vay, hai duong tron ti€p xuic ngoai voi
nhau va do d6 ching cé ba tiép tuyén
chung.

Truong hop 2: Diém M nam trén tia déi clia tia AB (hoac tia d6i cua tia
BA), ta co:

AB=BM-AM&d=R -r
AB=AM-BM &d=r-R

Vay, hai duong tron tiép xuc trong vdi
nhau va do doé ching cé mot tiép tuyén
chung.

Truomg hop 3: Diém M nim ngoai dudng thing AB, ta c6:
|MB - MA |< AB < MB + MA &

< |R-rl <d<R +r.

Vay, hai dudng tron cat nhau va do do
chiing c¢6 hai tiép tuyén chung.

Nhan xét: Dé tranh bo sot truong hop, cic em hoc sinh hdy nhé
lai vi tri twong doi cua diém va dudmg thang, cu thé véi
diém M va duong thing AB (M khong trung véi A, B)
cho trude, ta co:
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1. NéuM thuéc dudng thing AB, khi do:

* Mndm gita A va B.

* Anim giuva M va B.

_ . Bnémgiﬁ’anéA

2. M khong thuoc dudng thing AB.

m Cho hai dudng tron (O, R) va (O, r) ti€p xic v6i nhau tai A.

V& mot cét tiép qua A cét hai dudng tron tai B va C. Chimg minh rang cac
ti€p tuyén tai B va C song song véi nhau.

Gidi
Xét hai kha nang tiép xic cua (O, R) va (O, r).

Truong hop I: Néu (O, R) va (O, r) ti€p xiic trong vdi nhau
Trong AOAG, ta cé: A

¥a = L_Q_é = O0'B//OC
oC R OA

Nén céc llép tuyén tai B va C song song vén nhau vi ching vuéng goc
véi O'B va vudng goc véi OC.

Truong hop 2: Néu (O, R) va (O, r) ti€p xiic ngoai véi nhau
Ta cé:
-----B = L-= ——0 a = O0'B// OC. b\
OC R OA C
. Nen céc tiép tuyén tai B va C song song vai nhau vi chiing vuong goéc
- v6i O'B va vuOng goc v6i OC.

Ciing vdi nhan xét nhu' trong vi du trudc, cac em hoc sinh
hay nhd ring vdi gia thiét " Hai duong tron tiép xic voi
nhau" ching ta can xét hai truong hgp, do la:

1. Hai dudng tron tiép xiic trong vdi nhau.

2. P dudng tron tiép xuc ngoai vdi nhau.

1. CAU HOI ON TAP LY THUYET

Cau héi 1: Hai dudng tron phan biét c6 nhiéu nadt bao nhiéu diém
chung ? Visao ?

Cau héi 2: Neéu céc vi tri tuong d6i ctia hai ducmg tron phan biét. Vé
hinh minh hoa.
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Cau hoi 3:

Cau hoi 4:
Cau hoi 5:
Cau hoi 6:

Cau hoi 7:
Cau hoi 8:

Hay chi ra vi tri tuong d6i cua hai duomg tron phan b 3t (O)
va (Q'), biét s6 tiép tuyén chung cla hai dudng tron bi ng:
a. 0.

L.

L S R

o
d.
€.

=

Hai duong tron (O) va (O') thoa man diéu kién gi dé
ching ¢6 vo s6 ti€p tuyén chung ?

T.I'Il'lC doi xing cua hai duong tron (O) va (O') la duong
thang nao ? V& hinh minh hoa.

Néu tiii'. chat cha hai dirmg tron cat nhau.

Néu tinh chat cua hai dudng tron ti€p xic véi nhau.

Cho hai duong tron (O, R) va (O, r) véir < R va O0' = d.
Hay dung tiép tuyén chung cta hai dudng tron do, biét:

a. (0)va (O') cat nhau.

b. (0)va (O') ti€p xuc voi nhau.

c. (0)va(0O') g ngoai nhau.

IV. BAI TAP PE NGHI

Bai tap 1. Cho ba dudng tron tam O,, O,, O, ciing c¢6 ban kinh R va
ti€p xdic ngoai v&i nhau déi mot. Tinh dién tich tam gidc ¢é ba dinh la

ba ti€p diém.

Bai tap 2. Cho doan thang AB = 2a. Goi M Ia trung diém cua AB.
a. V@ cdc dudng tron (A; a) va (B; a). Ching minh rang hai dudng
tron nay ti€p xic ngoai vdi nhau.

b. V& mot dudng tron thm M ciit hai dudmg tron (A) va (B) lan luot
tai C, D, E, F (C va F cung thugc mot nita mat phing by AB).
Chimg minh riing ti giic CDEF 1a hinh chir nhat.

c. Xéc dinh bén kinh cla duimg tron (M) dé cho tr gidc CDEF la
hinh vudng.

Bai tap 3. Cho duong (O) duong kinh AB. Vé duodng tron (B; BO), ci
duong tron (0) o C, D.

a. Xdc dinh dang ¥ gidc OCDB.
b.- Xéac dinh dang tam gidc ACD.
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Bai tap 4. Hai dudng tron (O) va (O’) ciit nhau tai A va B, trong dé OA
la ti€p tuyén cia duomg tron (O). Tinh day cung AB biét OA = 20cm,
O’A = I5cm.

Bai tap 5. Cho hai duong tron (O. 17cm) va (O’; 10cm) cat nhau tai A
va B. Biét OO" =21lem. Tinh AB.

Bai tap 6. Hai duong tron (O) va (O°) cit nhau tai A va B. Goi M la
trung diém cia OO’. Qua A, ké duong thang vuong goc véi AM. cit
cac duong tron (O) va (O’) o C va D. Ching minh ring AC = AD.

Bai tap 7. Cho duong tron (O: OA), diém I thuoc bian kinh OA sao
cho Al = : OA . V& duang tron (1, IA).

a. Xdc d’nh vi tri cua cic duong tron (O) va (I).

b. Ké mot dudmg thang qua A, cat cic duong tron (1) va (O) theo

thit twv ¢ B va C. Tinh ti s6 A ;
AC

Bai tap 8. Cho duong tron (O) va mot diém A trén duong tron do. Trén
ban kinh OA ldy diém B sao cho OB= _]-i()A.VE: duong tron duong

kinh AB.

a. Ching minh rang duong tron duong kinh AB tiép xic vai duong
tron (O) cho trude.

b. V& dudng tron dong tam O vdi dudmg tron (O) cho trude, cit dudng
tron duong kinh AB tai C. Tia AC ¢t hai duomg tron dong tam tai D
va E (D nam giira C va E). Chimg minh ring AC = CD = DE.

Bai tap 9. Cho dudng tron (0) va duong thang a khong giao nhau. Goi
H la hinh chiéu cua O trén a. Tia dor cua tia OH ¢t duong tron tai AL
Vé duong thang b L a tai diem B tren duong thane a Doun thang AB
cat duomg tron tai C. Tia OC cat b tai I. Chung minh rang duong wron (I
IB) tiép xic v6i dudng thing a va dudmg tron (O).

Bai tap 10. Cho hinh vuong ABCD. Vé duong tron (D; DC) va duong
tron duong Kinh BC. chiing cit nhau tai mot diém tha hai la 1. Tia CE
cat AB tai M, tia BE cat AD tai N. Chung minh ring M L. trung diém
cua AB, N 1a trung di¢m cta AD.

Bai tap 11. Cho duong tron (O) va mot diém A o trén duong tron do.
Vé duong tron (1) di qua O va ti€p xic trong véi dizong tron () tar .\
Qua A v¢€ ticp tuyén chung xy voi hai duong tron. Day AC cua duong
tron (O) cat duong tron (1) 1ai M. Tia CO cat duong tron tam | tai N.
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Duong thang OM cat xy va da AN lin luot tai B va D. Ching minh
rang:

a. MA =MC

b. Tua giac ABCD la hinh thor.
Bai tap 12. Cho doan thing AB ¢6 dinh. V& duong tron (O) tiép xiic
voi AB tar A, vé duong tron O tiep xue voi AB tai B, hai duong tron
nay luon luon thude cung mot nira mat phing bo AB va luon tiép xuc
ngoai voi nhau. Tim quy tich tiép diem M cua hai duong tron.

Bai tap 13. Cho doan thang OO" = d4cm. Vé duong tron (O; 2cm) va
(O’; lcm).
a.  Hay xdc dinh vi tri twrong doi gitta hai duong tron do.
b. Dung duong tron (I; 1,5cm) tiép xtic ngoar v hai duomg tron (O)
va (O").

Bai tap 14. Cho truoe duong tron (O, 2cm) va dudng thiang xy tiép xiic
vai (O) tai A. Dumg duomg tron (I; 1em) tiép xic vdi duong tron (O) va tiép
xuc voi xy.

V. HUGNG DAN - AP SO

Bai tap 1. X¢ét AO,0,0,, ta cé:
0,0,=0,0,= 0,0, = 2R
<> AO,0,0, déu va co canh bang 2R

do dé:
_
S00,0,0, = QB: \/3' =R*V3.
Bai tap 2. Huong dan: C F
a), b) hoc sinh tu chirng minh. p
Pé CDEF 1a hinh vuéng diéu kién la: 4 / 2
CE L DF & AMC = 45". D E
Khi dé. trong tam gidgc AACM can tai A véi AMC = 45", ta duoc:
CM=a \/E ;
Bai tap 3.

a. Tacongay:
OC =0D = OB va BC = BD = BO
s OC'=CB=BD=D0O
<> OCDB la hinh thox.
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b. Trong AABC vuéng tai C, ta co:
BC = % AB < BAC = 30" = CAD = 60" = AACD déu.
Bai tap 4. Goi I 1a trung diém cta AB, suy ra:
AB =2Alva Al L 00",
Trong AOAO' vuong tai A, ta co:

Saong = %OA.O'A

= %A].OO‘ = %AI.\/OAZ +O'AZ

O0A.0'A 20.15
e 12(1111.

JOAT+0'A? 4207 +15°
Vay, ta dugc AB = 24cm.
Bai tap 5. Goi I 1a trung diém chia AB, suy ra:
AB =2Alva Al L OO
Trong AOAO)', ta cé:

Saono = VP(P—a)p —b)(p-c)

= 2 AL.OO'
2

< Al

2{p(p-a)p-b)p-c) _ 24243147
00 21
Vay, ta dugc AB = 16cm.
Bai tap 6. Goi E, F theo thit tu 12 trung diém ctia AC, AD, suy ra:
OE 1 ACva AE =CE '

& Al =

= 8cm.

: D
O'F 1 AD va AF =DF A=
CLt"]
= OE // MA // OFF. ﬁ%‘
Khi dé, nt gidc OO'FE cé:

OE // OF = OO'FE la hinh thang
tir d6 AM la dudng trung binh cia OO'FE, suy ra:
EA =FA < 2EA = 2FA & AC = AD, dpcm.
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Bai tap 7.
a. Tacd:

Ol =0A - 1A

< (0) va (I, IA) uép xic trong véi nhau.

b. Ké OH vuong goc vai CD, ta duoc:
CH = AH
Mat khac, ta co:

- ABD =90° < BD L AB=BD//OH =

Bai tap 8.
a. Goi I 1a trung diém AB, ta c6:
Ol =0A - IA

< (0) va (AB) ti€p xiic trong vai nhau.
b. Ké OH vuéng géc véi CD, ta duoc:
CH = DH va AH = EH
do do:
AC=AH -CH =EH - DH = ED.
Mat khdc, ta co:

AB _

AH

_AD 2
AO 3

ACB =90° ©BCLAC=BC//OH = “— =

&> AC=2CH=CD.
Vay, ta da chimg minh dugc AC = CD = DE.
Bai tap 9. Nhan xét rang:

OA //IB, vi cung vudng goc vdi a
- = AOAC - AIBC = %:99

IC
E—Qﬁ—l IB = IC.
IC OC

Khi doé:
ViIB 1 anén (I, IB) tiép xuc vai a.

AC AB l
CH BO 2
A b
O
|
H B

VilO =IC + OC = OC + IB nén (I, IB) tiép xiic véi (O).
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Bai tap 10. Goi I 1a trung diém cia AB.

I \C
Xét hai tam gidc vuéng ACDI va ABCM, ta ¢6: “ ~
CD = BC, vi hai canh hinh vuéng : A E: \

CDI = BCM, géc cé c'z‘mh tuong ung vudng 20¢
do dé:
ACDI = ABCM (canh g6c vudng va goc nhon)

= BM=Cl= %BC= %AB@ M la trung diém AB.

Chimg minh tuong ty, ta ciing co:
AABN = ABCM (canh goc vuong va goc nhon)

= AN=BM= %AD <> N la trung diém AD.

Bai tap 11.

a. Nhan xét rang: AY A B
OMA =90 = OM L AC
= MA = MC, dpcm. Y
\_____,./C

b. Nhan xét ring: D
OMA =90°= DM L AC.
ONA =90° = CN L AD.
Suy ra, O la truc tam AACD, do dé:

CD LAO=CD// AB.

Xét hai tam giac vuong AMAB va AMCD, ta ¢
MA = MC
MAB = MCD, so le trong

do dé6:
ACDI = ABCM (canh 6¢ vudng va géc nhon)
= AB=CD.

Nhur vy, tr gide ABCD co:

//

AB = CD vi AC 1 BD

nén no la nnh thoi.
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Bai tap 12.
Phan thuan: Dung tiép tuyén chung d tai M d
cua hai duong tron, gia sud cat AB tai [
Trong AMAB, ta co:
[A = IM. vi IA, IM déu 12 ti€p tuyén cta (O)
B =IM, vi IB, IM déu la tiép tuyén cia (O')

suy rac

IM = !AB
2

= AMAB vuong tai M (vicé trung tuyén bang nira canh huyén)
— M thuéc duong tron (AB).
Phan ddo: 1.ay diém M bat ki trén duomg tron (AB) Ta thuc hién dung:
« Dung dudng thang m qua M va vuéng goc véi IM.

* Dung tia phan gidac Ix cua goc AIM | tia Ix cit m tai O. Dung
duong tron (O, OM), ta thay ngay:

AOMI = AOAI (¢.g.c) = OAl = OMI =90" ¢> OA L AB
<> (O, OM) tiép xuc vai AB tai A.

= Dung tia phan gidc Iy cia géc BIM, tia Iy cat m tai O'. Dung

duong tron (O', O'M) , ta thay ngay:

AO'MI = AOBI (c.gc) = O'Bl = O'MI =90"<> OB L AB
< (0, O'M) tiép xuc véi AB tai B.

Trong cich dung trén, ta thay ngay (O) va (O') l‘ic'p xuc voi nhau.

Két lugn: Quy tich cha diém M 1a dudng tron (AB).



ON TAP CHUONG 11

I. CAC HOI ON TAP LY THUYET
On tap cic kién thic trong chuong theo céic cau noi sau:

Cau hoi 1:  Phat biéu dinh nghia dudng tron.

Cau héi 2: Phit biéu quy tich cic diém M ma AMB = 90" trong dé
A, B 12 hai diém c6 dinh.

Cau hoi 3: Thé nao 1a dudng tron ngoai ti€p mot tam gidc? Néu cach
xdc dinh tdm cia dudng tron ngoai tiep tam gidc.

Cau hoi 4:  Phit biéu cédc dinh 1i vé duong kinh va day cung.

Cau hoi 5:  Phét biéu cdc dinh i vé day cung va khoang cach dén tam.

Cau hoi 6:  Néu cdc vi tri tuong d6i ciia dudng thang va dudng tron. Viét
cdc hé thic giita d (khoang cdch tir tam dén dudmg thing) va
R (bén kinh cta duong tron) tmg véi mdi vi tri do.

~ Cau hoi 7:  Phdt biéu dinh nghia tiép tuyén clia duong tron, cic tinh

chat cua ti€p tuyén. Néu ddu hiéu nhan biét mot duong
~thang la ti€p tuy€n cha duong tron.

Cau hoi 8: Thé nao 1a dudng tron ndi ti€p mot tam gidc ? Neéu céch
xdc dinh tam clia dudng tron ndi ti€p 1im gidc.

Cau hoi 9:  Neéu céc vi tri tuong d6i clia hai dudng tron. Viét cic hé
thitc gilta doan n6i tAm d va céc ban kinh R, r tmg véi moi vi
tri dé.

II. BAI TAP ON TAP

Bai tap 1. Cho tam giiac ABC c¢6 ba géc nhon, duong cao AD. Dung
diém I thuoc dudng thing AD sao cho BIC = 90".

Bai tap 2. Cho hai duong tron (O) va (O’) cét nhaa tai A va B. Chimg
minh rang cat tuyén MAN (M va N thuoéc duong tron) song song véi
duong ndi tam la cdt tuyén c6 do dai 1on nhat.

Bai tap 3. :

a. Cho hai dudng thing g, va g, tao thanh mot géc 40°. Hay dung
mot dudng tron c6 duong kinh 3cm ti€p xic véi ca hai dudng
thang trén. C6 bao nhiéu duong tron thoa mar: diéu kién d6?

b. Tim diéu kién vé hai dudng thang g, va g, dé bai todn c6 vo s6
nghiém hinh.
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Bai tap 4. Cho AABC vuong tai A, dudng cao AH VEé dudng tron (A;
AH). Goi HD la duong kinh cua duong tron dé. Ticp tuyén cua dudng
tron tai D cat CA 6 E.

a. Chimg minh ring ABEC Ia tam gidc can.
b. Goi I la hinh chi€u cua A trén BE. Ching minh rang Al = AH.
¢. Ching minh rang BE la tiép tuyén ctia dudng tron (A).
d. Ching minh ring BE = BH + DE.
Bai tap 5. Cho AABC vuéng tai A.
a. Néu cach dung duong tron (O) qua A va ti€p xic BC tai B. Néu
cach dung dudng tron (O°) qua A va tiép xtic BC tai C.
b. Hai duong tron (O) va (O7) ¢6 vi tri nao doéi véi nhau?
¢. Goi M la trung diém cia BC. Chimg minh ring AM la tiép tuyén
chung ctia hai duong tron.
d. Cho AB = 36cm, AC = 48cm. Tinh d6 dai BC va cac ban kinh
ctia cac duong tron (0), (O°).
Bai tap 6. Cho duong tron tam O duong kinh AB, dity CD vuoéng goc voi
OA tai diém H nam gitta O va A. Goi E 12 diém d6i xing véi A qua H.
T gidac ACED la hinh gi? Chimg minh
b. Goi I 1a giao diém cua DE va BC. Chimg minh ring diém I thuoc
duong tron (O’) ¢6 duong kinh la EB.
¢. "Ching minh rang HI 1a ti€p tuyén ctia dudng tron (O).
d. Tinh d6 dai HI bi€t duong kinh cic duong tron (O) va (O°) néi
trén theo thi tu bang Scm va 3cm. )
Bai tap 7. Cho duong tron tdim O ban kinh 15cm, day BC = 24cm. Cic
tiép tuyén cua duon tron tai B va tai C cat nhau g A.
a. Tinh khoang cach OH tir O dén day BC,
b. Ching minh ring ba diém O, H, A thang hang.
c. Tinh do dai AB, AC.
d. Goi M la giao diém ctia AB va CO, goi N la giao diém clia AC va
BO. Chitng minh ring BCNM la hinh thang céan.

Bai tap 8. Cho ntra dudng tron tam O, duong kinh AB = 4cm. Ké cic
1i€p tuyén Ax, By cun phia véi nira dudmg tron d6i véi AB. Goi C 1a mét
diém thudc tia Ax. Ké ti€p tuyén CE véi nita duomg tron (E 12 tiép
diém), CE cit By & D.
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a. Chitng minh ring COD = 90",

b. Chimg minh rang AAEB vi ACOD dong dang

c. Goi I Ih trung diem cua CD. VE dudng tron tam [ ban kinh 1C.
Chimg minh rang AB 1A tiep tuyveén cua duome tron (1),

d. Xac dinh vi tri coa C trén tia Ax dé CD ¢6 do dai nho nhat.

TAI LIEU THAM KHAO

. Sach gido khoa Todn 9 - Nha xuat ban Gido duc

2. Sdch gido khoa Bai tap Todan 9 - Nha xuat ban G.do duc.

3. Vi Hioru Binh - Toidn co ban va nang cao Hinh hoc 9 - Nha xudt
ban Da Nang.

4. Vi Hiru Binh - Todn co ban va nang cao Pai s6 9 - Nha xuat
ban Gido duc.

5. Vii Hiru Binh, Bai Van Tuyén - On tap va kiém ra Hinh hoc 9 -
Nha xuat ban Gido duc.

6. Vii Hiru Binh (Chu bién) - On tap Hinh hoc 9 - Nha xuit ban
Gido duc.
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