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QDai dong md dau

Cée ban tré yéu todn thin mén.

Vuiin hoa todan hoe rdt da dang va phong phi, cé nhidu béng hoa
rife rd ddy huong sde. Bé 14 nhiing bii todn hay, doi héi phat huy tri
théng minh va déc sdng tao khi giii. '

Mudn gidi mgt bai todn, sau khi doc ki dé bai, diéu ddu tién va quan
trong la cdch suy nghi tim ra duiing 18i gidi, d6 chinh 14 :

"Tim chia khoa vang gidi bai toan hay"
Cudn sich nay gbm 2 tdp
— Téap 1 danh cho cac ban e6 trinh d6 l6p 6 va lop 7.
— Tap 2 danh cho cdc ban 6 trinh d6 lép 8 va lép 9. .
N§i dung duge trinh bay theo ting xodn (§). 0 mdi xofin déu gbm
‘CAC muc :

A Nhing lién thie edn ndm vigng, phue vu chi yéu cho viée gidi
cdc dé todn sau do.

B. Cic bai todn dién hinh, gém nhiing bai todn hay va théng minh.
C. Cich gidi va loi binh, dic bidt phén I&i bink nhim khai théc dé
bai di ra va duge trinh bay véi nhing bai todn tuong ty khé hon,
hodc nhirmg bai todn mé ring, nhing bai todn lién quan ra dudi
dang khdce.
D. Ben cd biét # gom nhiing méu chuyén todn hoe vita ning cao hiéu
biét, mé rgng tdm mit, vita co tinh chat gidi tri.
M8ng ring cudn sdch nay gilp cde ban tré yéu todn git hai duge
nhiéu thanh cdng trong viée hoe gioi mén Toan, "mén thé due cha tri tud",
Ha Néi, mia xudn 2010
LE HAI CHAU
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§1. THU TRI THONG MINH

A. KIEN THUC CAN NAM VUNG

Bay 1a nhimg edu héi, edu d6 ngdn gon, hdp din va théing minh, dbi
hai 14p ludn, phén tich c6 i, hop lagie vi ndi dung tuong ddi thidt thue,
phéan dnh nhimg sy kién trong disi sdng mudn mau muén vé,

DE gidi ddp cdn doc ki timg edu héi, cdu d&, suy ngm xem néi dung
cho cdi gi, tim cdi gi va cdch gidi cd khi dde ddo, théng minh. Hay tim
ra chia khda vang nhiim giip cho viée gidi todn duge ngén gon, nhanh

B. CAC BAI TOAN DIEN HINH

1.

::hﬁng,

Ngwa an hét mjt xe ¢d kho trong mit thang, dé an hét trong hai thdng,
citu #in hét trong ba thang. Héi ngua, dé va cim cling #n xe cé khé dé
thi phai trong bao ldu s hét c6 ?

Con gdi hoi bd bao nhiéu tudi. B& trd 15 : tudi con béng -g- tudi ba bay

gitr, cich day 4 ndm tudi con bing % tudi bd hién nay. Héi bd bao

nhiéu tudi, eon gdi bao nhiéu tudi ?

. Ngay xua cf mdt nguisi ti bi tdi chét chém. Nghe dén ngudi ti nay rit

théng minh, tén chia nguc cho goi nguai tir 1én bdo : "Ngue giam nha
ngudi cd hai cita ra, mdt 1a clta séng va mdt la cira ch&t. M3i eda o6
mit linh gde, m{t ngudri néi that, moét ngudi néi dgi. Ta cho phép nguoi
héi mot trong hai linh gic d6 va chi duge héi mét cau dé chon ci¥a di
ra, N&u qua cia séng ta tha, néu qua ciia chét ta chém diu ngay. Nha
rang ¢a hai linh déu bigt ho gde eita nao va ho chi tra 1&i bling gat déu
hodc lic ddu”.

Nguiri tif tih théng minh dé héi mét cdu va di qua cla séng. Ban hay
nghi xem chu hdi dé la cfu gi ma da ciu mang ngudi ti théng minh nay.
Cé hay khing mjt diy s& gdm 5 s6 lién tidp ma tdng cde binh phung
clla ba s& dau bing téng cdc binh phuong cia hai s§ sau 7

- C6 ném the vidt ede sd 1€ 1; 3; 5; 7; 9. Hay sdp x€p cde thé nay thanh

86 ¢6 nadm chir 86 sao cho tich hai chit 55 ddu vdi hai chiy s8 cuidi, trir di
chir £& gitta, luén bing 2222 (hai ddp s4). .
Ta biét rang 25 = 5° (& ca hai v& déu cé hai chir s8 2 va 5). Hiy viét
céc 86 36; 64 va 81 sao cho & ca hai vé déu cd hai chit s¢ gitng hai chir
st da cho.

. Tai sao téng hai 58 1& lién ti€p ludn chia hé&t cho 4, nhung i;ﬁng hai s&

chiip lién ti#p lai khéng chia hét cho 4 7
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B.
8.
lﬂ-'

11.

Co hay khoéng s6 tu nhién n dé da thdc End +4n*+ 3n+21amptsgle ?
Téng 11° + 14" + 16° tin cimg biing chif 56 ndo ?

Téng hai s5 1é chia hét cho 5, tong edc 14p phuong cia hai s dé tan
cing biing chir 58 nho ?

Mt chij trang trai dé lai di chiic cho hai con vi ba em nhy sau :

Ngudi con ca dude 100 con ga va é 58 ga ebn lai, ngutti con thid hai
duge 200 con ga va é sd ga con lai. Sau dé dén ngudi em thi nhat
duge 300 con ga va é 58 ga eon lai, nguii em tha hai duge 400 con ga

vil -é- §6 ga con lai, nguisi em thir ba duge s ga con lai sau khi bén

nguiri ddu da 14y, Cudi cing tit ca & ngudi déu duge huong s6 gi nhu

. Jhau. Hoi s gh ma mbi nguiri duge hudng la bao nhiéu ?

12,

13.

14.
15.
16.

11.

18,

19.
Eu-—

21.

Co hai chir 56 2, Eﬁ}r dimg dau J dé vigt duge cde 86 ;

a) lén hon O ﬁhmlg nho hon 1.

b 1dn hon 1 nhung nho hon 2.

¢) lén hon 2 dhung nhoe hon 3.

Viét lién tidp cde 56 tu nhign tir 1 d&n 99999 trén mjt 1o gidy, ta duge
mot 8 khéng 16 sau diy @ 123456789101112...899979999899999.

Téng cdc chif sé cla 86 nay bang bao nhiéu 7
1?“]3, 5!3"“3. EEUHF, E}EI'II.'EI.

Tim chi¥ s& cudi cing cia cde lay thita sau

Vidt ede si sau day dudi dang lay thita cda 10 : 66 669 999 va abede,

Cée s6 10! va 100! tin cing bing bao nhiéu chir s 0 ?

(Lt ¥ ¢ ki higu 5! doc 1a 5 giai thita bing 1.2.3.4.5).

Cho sd ({3110

a) Chimg to ring s6 ndy ¢6 trén 1000 chi s6.

b) 8& nay tin cing bing bao nhiéu chir &6 0 ?

Ching t6 ring higu t” - t° chia h&t cho 10. Higu nay cd chia hét cho 30
khéng ?

Rigt rling ting 1" + 2° + %% + 4° + 5" + 6" + 7' = M". Hay tinh M.

Binh phuong cia mét sf nguyén co thé tin ciing biing ba chir s0 giéng
nhau khéng 7

Chiing t6 ring ¢6 v6 s 88 tu nh¥én khang thé biéu dién dudi dang
téng cdc lap phuong eilia ba 86 nguyén khong dm.
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3
22, Ching to réng 50 A = —-[—i—(—‘EI]E}E_{_[_[__J] } bing 1.

C. GIAI VA LOT BINH

1. Vi ngua én hét 1 xe ci khé trong mit thing, nén trong mit nadm ngua
An hét 12 xe cd. Vi dé an trong hai thang mdi hét 1 xe e kho nén
trang mit ndm dé chi an hét 6 xe cé. Con ciu trong ba thang mdi &n
hét 1 xe cé khé nén trong mot ndm cis chi an hét 4 xe co, '

Nhu viy trong mét ndm cd ba con vit 4n hét 12 + 6 + 4 = 22 (xe ed).
Do dé muén #n hét 1 xe cd thi ca ba phai fin trong -

12:22 = 2 (thang),
11

o Lai binh @ Xét thém bai toan sau :
"Mudrt hai nguivi di du ljch mang theo 12 bdnh mi : méi dan fing mang

2 banh mi, méi dan bi mang é benh mi, méi tré em mang % banh

nei. Hot e6 bao nhiéu dan éng, dan ba, tré em 2"
Cdch gidi nhu sau :

Vdn dé & day 14 phan phdi 12 binh mi nhy the nio che sd din dng,
dan ba va tré em.

Trude hét chia cho mdi nguii é bénh, do d6 12 ngudi nén chia hét 8

banh mi, con lai 6 banh, Theo bai ra thi mdi dan ba mang é banh mi,

the la dan ba da mang dd banh mi, chn tré em thi mang thita mbi em

} banh (vi mbi em chi mang E{ banh), vi thé 6 bdnh cbn lai s& chia

cho dan éng. Do mbi dan &ng mang 2 banh mi mdi duge ?31‘ bianh nén

mdi dan éng con thidu 1 bdanh rusi,

Vi 6 bdnh cbn lai thi dd chia cho 4 dan dng, khi dé 4 dan éng nay
mang di mdi ngudi 2 banh. Suy ra s5 dan Ong phai it hon § ngudi, néu
khéng thi banh thia cia tré em khong biét chia cho ai, vé Ii ! Nlumg
s6 dan 6ng khing thé lén hon hoie bling 6, vi néu 14 6 dan dng thi
phai mang 12 bdnh, the 1a dan ba va tré em khong phai mang gi c4,
trdi vdi bai ra | Vay s6 dan dng phdi la 5. '

Con lai 7 ngudi vita dan ba vira tré em dé mang 2 bdanh. Tir dé ta thay

ngay riing sé tré em phdi la 6 va mang 1 banh ruifi (méi em mang %
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bénh). Suy ra sd dan ba lé 1 (mdi dan ba mang % hanh,

Do tudi con gdi hién nay bang % tufli eia bd va trude diay 4 nam tudi

_ 1

L
3 15

L

con bang :;— tudi ciia bd hién nay nén si 4 tudi nay biing
tubi cia ba.
Viiy tudi clia b 1a 4 ILE- = 60 (tudi), do d6 tudi cia con gdl la

ﬁﬂ.g = 24 (tudi).

o Livi binh : Tuong tu cé bai todn vé dodn tudi sau ddy

"BE dodn diuge tudi cia bgn Xudn, ben Ha dé nghi ban Xudn hay lam
nh saw : Ldy tudi cda minh nhdn véi 2, thém 4 vao tich rdi nhan tdng
tim duge vdi 5, céng thém 12 vdo tich mdi nay, eudi cing nhdn tong
uii 10 vé cho ban Ha biét két qud. Ban Hg s dodn due ngay tudi cia
ban Xudn. Ban He da lam nhu thé ndo &

Cdch gidai nhu sau :

Pé dodn duge tudi cia ban Xuan, ban Hg da lay s6 ban ddu trlr i 320
réi chia k&t qud tim duge cho 100.

Gid s ban Xuan 37 tudl. Nhin vdi 2 réi efng thém 4 duge 78. Nhén
78 véi 5 duge 390, cong thém 12 duge 402, rdi nhan vdi 10 duge 4020,
Lay 4020 trir di 320 duge 3700. Chia a6 nay cho 100 s& duge 37 la sd
tudi cia ban Xuin.

Nguiii ti héi ngudi linh gde 1 trong bon cdu hodi sau thi biét duge cia
ngudi linh dang pde 14 eda gi

Cau 1. Ngudi néi that gac cita song phai khong ?

CAu 2. Ngubi néi déi gic cia chét phai khong ?

C&u 3. Ngudi ndéi that gdc cifa ch&t phai khing 7

Céu 4. Nguai néi déi gde cla sing phai khong 7

(Cu 1 va cau 2 tuong duong vdi nhau, cdu 3 va ciu 4 tuong duong vdl
nhau). '

DE tra 1&i cdu héi 1 (hode cau hai 2) nguisi linh gde cifa séng bao giv
cang git, nguti linh gde cla chét bao gl cling lde. Vi th& néu thay
ngudi linh gat ddu thi nguiii th yén tim ra 187 ctta dé (vi chinh la cua
séng); néu thiy ngudi linh lde dau thi nguti 4 phai di ra 16i cira kia
(vi clia ma ngudi linh 1de ddu chinh la eda chét 1),

Bdi vdi cdu hdi 3 (hode cdu hdi 4) thi nguge lai.
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Léi binh : Sau diy 1a mét cdu chuyén trong thin theai Hi Lap -
“Trong mdt ngdi dén cé 3 vi thdn gidng nhau nhw hét @ thdn Thit tha
ludn ndi thdt, than Dot trd luén noi déi, thdn Khon ngoan hie néi that
liic not dil.

Mat nha hidn triét dén thdam ngéi dén va gdp 3 vi thdn. Ong hdi thin
ngai b trdi

— Al ngdi canh ngai ¢

=" Thdn That tha.

Ong hoi tidp thdn ngdi giia :

— Ngdai li af ?

~ Than Khén ngoan.

Ong quay sang héi thdn ngdi bén phii :

— Al ngée canh npdi ?

- Thdn Ddi trd.

Nha hidn trict da suy lugn va tim re duge ai la thén That the, w la
thdn DGi trd, ai la thdn Khén ngoan.”

Hoi nha hién triét da suy ludn nhu the naoe ?

Cach suy ludn nhu sau ;

Goi than ngdi bén trdi la A, thén ¢ gia la B, thdn bén phai la C.

Ehi hdi A thi B 14 thin Thét tha (1),

Ehi héi B thi B 1a than Khén ngoan (2).

Khi hoi C thi B la thin Déi tra (3).

Theo (1) thi A khong phai la than That tha vi ndu A 12 thin That tha
thi (1) 1a ding va B phai 1a than Thét tha, indu thudn vai (1),

Theo (2) thi B khéng phai 14 thdn Thit tha, vi néu B 14 than Thét tha
thi mau thudin voi (2),

Véy C chinh la thdn That tha. T dé suy va A la thén Déi trd va B la
thin Khén ngoan.

Goi 58 thi nhat trong day sd la a thi bén sé tiép theosé laa+1,a+ 2
8 +3 via + 4. Néu ton tai diay s6 nay thi ta phai e -

a*+(a+1P+(@a+2°=(a+3"+(a+ 4’

Néu ta goi a khéng phii 12 s6 nhé nhat ma 1a 8§ tha hai thi ta sé duge
mgt phuong trinh dang don gian hon la :

a-1Y+a*+(a+1%= (a + 2 + (a+ 3%

Sau khi thue hign cde phép tinh ta sé dugc phuong trinh a* - 10a - 11 = 0,
hay (a - 11)(a + 1) = 0 ma nghiém la a, = 11 va a, = -1,

Nhu vdy, tén tai hai day sd sau day -
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5.

a) 10: 11; 12; 13; 14
b) -2; -1; 0 1; 5
Vi day s thi ahit ta cé “bai todn nham noi tidng" cia mjt bie tranh
d4u dé& "Bai todn khd” ciia mot hoa s1 Lién Xb sau day :
100 +112 +122 +13% 4147,
365

ma dap 80 1a 2, vi:
108 + 11% + 12° + 137 4 14% = 100 + 121 + 144 + 163 + 106 = 730 = 2.366.

Lizi binh @ Tuong ty : "Tim ba sé lien titp co tinh chdt la : binh
phuiong w6 giita bing tich hai 86 ddu va cudi cong thém 1°.

Ciach giai nhu sau

(ol ba s6 la n, n+ 1 van+2 Tacd: m+1¥=nmn+2)+1

hay sau khi bé diu ngodc dude | weon+l=n+2n+1

Pay la mot hang déng thie luén ding vdi moi gid tri cia n. Vi tha ddp
s5 o6 thé 12 ba s0 lién tiép bat ki, ching han :

 pasi 9 10: 11 vi 10°-9.11 =100 - 99 =1, hoae
_ basd 16:16: 17 v 16%- 15,17 = 256 - 256 = 1.
Cach sép xép nhy sau ;

Cach 1: 30 = 57 — 1 = 2224, 58 o6 ndm chi sd 1a 39157,
Cdch 2 : 57 x 39 — 1 = 2222, 86 cd nam chii sd 1a 57139,

Lai bink : Tuong ty ; "Vdi ndm g8 16 1;8;6;7;9 va ddu ede phép tinh
ciingg vt ddu ngoge (), [ ] tu co thé viét g6 O nhut saun :

0=1+35-(7+9
Hiy viét cdc sd 1;2:5;4;5:6; 7,8 9va 10 theo cdch trén.”
Cach gial nhar sau ;
1=(1+85):(7T+%
2=1-35+T7+90
3=[(L+3)5+7]:9
4=(1+3)5-(7+9)
= 1+[BAB+TI:D
i3+5+7-9
7=1+3+54+7-9
8=(1+36):(-7T+9)
9=(1L3+5-T)9
10=13+5-7+9.

[ R w1



1.

Taco: 36=6x3 (uuy:3l=123=6,docla 3 giai thira)

64 = w.IIIfI._E (vi biing JF«J’F = J64 J64 = 64), hoiie
64 = (+1)° (vi bling 2° = 2°.2" = 8.8 = 64).
Riéng s6 81 cd thém s6 mia 2 hofe hai ldn chir sd 8 va chir sd 1, tie 14 :
81 ={(1+8°%=(1+8L(1+8)
Lési binh : Tuong ty : "S6 660 = 6! — 60, hity vidt cde s dudi ddy sao cho
o hai vé déu ob cde ch s0 gidng nhaw ;: 1395; 145; 144; 387420489,
Cadch gidi nhy sau ;
1395 = 15.93
145 = 1! + 4! + 5!
144 = (1 + 4)! + 4!
38?42{}439 = EE?‘ l--'I'EI:I.-'I.EE.
a) Gei hai 6 1€ lién nhau 1a 20 + 1 va 2n + 3. Tong cda ching biing :
2n+ 1)+ (2n+ 3) =4n + 4.
Méai 56 hang eda tdng nay chia hét cho 4, viy téng chia hét cho 4.
b} Gia sir 56 chiéin nhé nhat 1a 20, Ta cd tong hai 86 chén lién tiép biing :
2n+(2n + 2)=4dn ¥ 2.
S6 hang thit nhat 4n chia hét cho 4, 86 hang tha hai 2 khéng chia
hét cho 4. Vay ting khéng chia hét cho 4.
Lde birh : Tuong ty : "Tim bd ba 8d dy nhién ma tich bing 30 va tong
chia hét eho 4."
Cach gidi nhu sau ;
Ba s ty nhién a, b, ¢ ma tich bing 30 ¢ thé 1a -
(1; 1; 30), hoae (1; 2; 15), hode (1; 3; 10), hofic (1; 5; 6), hoac (2; 3; 5).
Ta phdi c6 tich a.b.e =30 vdia =b = ¢ va téng a + b + ¢ chia hét cho 4.
Do 46 b§ ba s6 A6 chi ¢6 thé la : (1; 1; 30) hodic (1; 5: 6). '
Néu n 14 86 chin thi tdt ci =8 hang la s8 chdn. Néu n la s8 1é thi
6u’ + 3u la ting cia hai s6 1& nén la mot sd chin, con lai 4n® + 2 1a
téng cia hai sf chiin.
Suy ra khing 6 s tir nhiédn n nao dé da thie di cho 13 s& 18,
Lii bink : Tuong t : "Cd hay khiong mét sd chdn ma binl phuong cia
no lo mot 86 b ndam chit sé 1; 4; 5; 9; 9 2
Cdach gidi nhy sau ;

Chir sd eudt cimg cia binh plwong mjt s§ chéin chi cé thé 13 4. Do dé
chir 86 lien trude dé (dp chdt) sé la 1; 5 hoac 9, Cdc 56 14; 54 va 94 déu
khéng chia hét cho 4, gida chding 1a binh phuong nét s8 chin luén
chia hét cho 4. '

11




9., Ta bift ring 14™ tin cing bing chi gh 6, chn 11 va 16 ning lén bat

10.

11.

12

i 10y thifa naoe cing tin cung béng 1 va 6.
Suy ra téng da cho tan cing biing chir 58 3.
1.1 binh : Tuang tu : "Tong sau day tin cing hdng ch s gi :
' a2+ 80+, +8+80 1

Cdch gidal nhu sau :
Ta bist ring 56 5! = 1.2.3.4.5 tin cing bling chir s6 0,

o6 6 = 1.2.3.4.5.6 t4n cing biing chif 56 0, v.v...
Con téng 1! + 2! + 8! + 4! =1+2+6+24=33
Viy téng 1! + 21 + 31 & . + 81+ Bl tan cing béing chir s8 3.
N&u a va b 14 hai s0 le thi téng a + b 1a s chin.
Néu mot s6 chin chia hét cho 5 thi né phai tdn cimg biing 0.
Nhung a° + b’ = (a + bita® — ab + b*) ma a + b tin cing bing 0 thi a' + b*
ciing tin cung biing 0.

Lai binh : Tuong ty : "Gidi thich tqi sao tong I + 2 + 3+ ..+ 2015
kivéng thé tdn cing bing ede chi s6 2:4; 787

Cdch gidi nhu sau :
Ta nhin xét ring : néu sd tu nhién a tdn cung bfing x va 86 ty nhign b
tan cing bing y thi tich ab ¢d dang :

ab = (10my + %)10mgz + y) = 10(10mymg + M,y + mgX) + XY.
Suy ra chir 58 cudi cimg cha tich ab trimg véi chit &8 cudi cing cia tich xy.
Ta chdng minh cho timg truling hop ting quat.

Tabiétriing:1+2+3+..+n= nm; 1], cho nén :

a) N&u n tan cing biing 0, 1, 2, 3,4, 5,6, 7, 8,9 thi n + 1 tén cing
" bang1,2,3,4,5,6,7,8,9,0va tich nin + 1) s@ tan cing béng 0, 2,
8 2,002 6,2, 0

il:.. o3 +1 ; i
b) Néu so ng——} tan chng bling 2, 4, 7, 9 thi chil 58 cudi cing cia 50

nin + 1)

2. = nin + 1) phdi 1a 4, 8, 4, 8 nhu da ching minh ¢ aj, vo

Ii !

Bai todn da duge ching minh, chi con thay n = 2015,
Goi G la s6 ga mdi nguti duge chia. Vi ngubi con cd duge 100 ga va é

phén con lai sau khi trir di 100 ga nén ting s gh biing !
100 + 6(G — 100) = 6G — 500 (ga).



: T .
Neuii con thi hai duge 200 ga va E‘: phan ebn lai, tie la duge :

200 + é{ﬁﬂ-aﬂn—ﬁ—z{}mzﬁ—{i;—ﬁ?ﬂ (i),

; = 5G+500 . ., ..
Vi mbdi nguti duge nhan sd gd nhu nhau nén G = — tir dé tim
duge G = 500 va tdng s6 ga bing 500 = 6 — 500 = 2500 (ga). Dé xdc
dinh s& ga duge chia ta thady ngay rang 2500 : 500 = 5 (nguii). Vay so
g mdi npuii duge chia la '

Nl don 64 100 + é{?ﬁﬂﬂ _ 100) = 600 (ga)

Nguiii con thir hai ; 200 + é{EDﬂD — 200) = 500 (ga)

Ngudi em thit nhat : 300 + -é-l,lﬁﬂﬂ ~ 300) = 500 (ga)

Ngudi em tluf tu: 400 + %{mﬂﬂ — 400) = b0O (ga)

L]

Neguisi em thit ba : s gd con lai 1a 500 ga.

Léi binh : Tuong bty 0 "Moot cifa hang ban banh keo co hdp 1 chita 310
goi keo, hop II efuta 200 goi, hép I chita 190 goi, hép I'V chira 180
gai, hdp V elia 160 gai, hp VI cliba 150 gai,

Trong ngay dau ¢ hai ba A va B dén mua : bad A muea 2 hép, ba B
mua 3 Itdp va ahy vdy mua gip dit sd géi keo ma ba A mua. Hoi con
loi hdp nguyén nao chifa bian 27

Cdch giai nhy sau :

Do ba B mua nhiéu gdp doi ba A nén s& gdi keo cd hai ba mua phai
chia hét cho 3. '

Téng s0 goi keo cia ed 6 hop la

310 + 200 + 190 + 180 + 160 + 150 = 1190 {goi keo)
Néu con lai hop I thl phdi ban 1190 - 310 = 880 gdi, khong thé duge
vi 880 lIthéng chia hét cho 3.
Néu con lai hop IIT thi phai bdn 1190 - 190
thé duge vi 1000 khéng chia hét cho 3,
Néu con lai hop IV thi phai ban 1190 — 180
thé duge vi 1010 khéng chia hét che 3.

Tuong tu néu con lai hop V hodic hip VI thi vin khéng thé duge vi
1190 - 160 = 1030 hodic 1190 - 150 = 1040 déu khong chia hét cho 3.
Cudi cting chi ebn lai trutmg hop hap 11, khi dé phai ban 1190 — 200 = 990
chia hét cho 3.

1000 gai, cing khong

1010 goi, eing khong
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Tom lai cira hitng phdi ban & hp la 1, 111, 1V, V va VI va con lai hop
11 nguyén chua ban.

V2

12. a) Tacd: ﬂ-:-?«r,l: U{E---JE{].', V.¥...

b) 1 < \J_?'-i n:E;' 0 < 1.I|2+1.|"E < 2 V.V...

e) 2 < 2J2 <3; 0< Ju@-ﬁ- =3 Y.

o Livi binh ; ¥ét thém bai todn sau :
“Chatng minh rdng vdi moi e, b duong ta ddu o6 : 4a’ + B°) 2(a + bF."
Ta ot cdch giai sau day :
¥ét hidu M = 4(a* + b%) - (a + bP. Hiéu nay c6 thé bién ddi nhuf sau :
M = 4a” + 4b° — a® - 3a’b - 3ab® - b’
- 3a® + 3b7 - 3a’b — 3ab? = 3[(a® - a’b) + (b” - b"a)]
- 3[a¥a — b) + b%b — a)] = 3[a*(a - b) - b*a — bl
= 3{a — bXa® - b%) = 3(a — b)¥a + b).
Dola—b=0vaa+b>0nénda®+b’)-(a+bf'z0hayM=0
Vay : 4(a® + b") = (a + b)".
13, Ta hay xép tit ca cde sd tir 1 dén 99 998 thanh cap roi xét mobi s8 a vai
g 99999 — a.
Téng chc chii 86 cia hai s@ trong méi cip biing 9.6 = 45, téng tdt ca
chii 5% ciia =6 da cho rat 16n (trir s 99999 khéng cd cip) béng 225 000,

s Loi binh ; Xét thém bai toan sau .

“Lay sd 777 nhan vai 143 duge tich bdang 111111 fugi 6 chit s6 1). Néu
lity 86 777 nhdn ldn lugt vii nhing s6 nao sé duge tich gom sdu ehu i
2 sdu chi¥ s6 3, sdu cluf 86 4,..., sdw chi 80 9 17

Cdch gidai nhu sau :
777 = 286 = 222 222 (vi 143 = 2 = 286)
777 » 429 = 333 333 (vi 143 x 3 = 4298)
777 = 572 = 444 444 (vi 143 = 4 = 572)
777 % 715 = 555 565 (vi 143 = b = 715)
777 = BES = 666 G66 (vi 143 « G = 858)
777 x 1001 = T77 777 (vi 143 % 7 = 1001)
777 = 1144 = BBE BB8 (vi 143 =« 8 = 1144)
77T x 1287 = D99 999 (vi 143 = 9 = 1287).

14. Cdc 56 tdn cing bang 1 khi ndng lén bat e liay thira nao (khie 0) cing
¢ tin cimg biing 1 nén 157 = 1.

14




15.

16.

Vdi 58 tAn cing bing 5, ta c6 5% = 25, 5° 2 125, 5' = 625, ..., suy ra

57 tan cing biing 5.

Vdi s6 tdn cing bing G, ta ¢6 6° = 36, 6° = 216, €' = 1296, ..., suy ra

6*""* tan eing blng 6.

Riéng ddi voi s& 9 ta bign ddi né d€ dua va dang (...17 nhy sau :
9013 _ (9%)!"% 9 — (81)"" 9 tin cing bling 1.9 = 9.

Lai binh : Qua cdc vi du trén ta ¢6 miy nhin xét sau diy

a) Tdt cd nhitng sd tgn cing bdng 1, 5, 6 khi ndng lén bat ci liy thia
nao (khde 0) déu tdn cing bdng chinl ede chit 36 do.

Chéng han : 2015 tan cing blng 5; 3346°""7 tan cing bing 6.

b) Tdt ed nlitng sd tdn cing bdng 9 sé tin cang bing 9 néu a6 mi lé
(nhu 9" t4n cing bling 9 & trén) v s¢ tan cing béng 1 néu s6 mi
chdn, ching han 9" hoge 2029™* tan ciing bing 1.

¢) Béi vdi nhimg s6 tén cing bing 4, ta c6 :

4°=16; 4'=64 4'=256; 4°= 1024;..
Suy ra : liy thita cia cic sd tdn ciing blng 4 sé tdn cung bing 6
néw sd mi chdn va tdn cing bling 4 néu sd nul 18,
Chéng han : 2014™ tén ciing biing 6; 5564™°! tan cing bling 4.

Ta co the viét :

a) 66669999 = 6.107 + 6.10° + 6.10" + 6.10" + 9.10" + 9,10 + 9.10" + 9.10",

b} abedef =210+ b.10" + . 10% + d.10% + 2. 10' + f.10",

Lk binh : Néu cho sd P = 44.,.4, 55..5 1 thi ¢6 thé vidt P dugi dang
ey e s

Meofed n-deia b
liy thita cda 10 nhy thé néae ?

Ta cé the viét nhu sau bt ddu tir chir s¢ 1 hang don vi
P=110"+ 510 + 5.10* + ... + 6.10"" + 410" + 4.10™" 4+ .. + 410%™
Ta nhdn thay réng : 10! = 1.2.3.4.5.6.7.8.9.10

cd hai thita 56 5 14 5 va 5.2 = 10 nén tan cing bling s8 thita s¢ & tic la
10 : 5 = 2 chit 58 0 hay 10! = 1200.

56 100! = 1.2.3..99.100 ¢6 100 : 5 = 20 {thita s& 5) va 100 : 26 = 4
(thira 6 5) nén 100! tdn clng bing 24 chit 55 0 (luu ¥ la tich cda mét
st chén véi mit 86 1a boi ciia 5 thi ed tin cimg bAng 0).

Léi binh : 86 500! co tdn cing bing bao nhiéu chi 86 0 ¢

Ta nhgn thay rdng sd chit 6 0 tdn chng cia 500! bing s thita sd 5§
trong 500! = 1.2.3...449.500. Do dé c6 t41 cd :

5DD:E+5[II]:EE+EUH:135=10ﬂ+2ﬂ+4:124{{1hﬂ5ﬁ’ﬂl

15



17. a) Taldnlugtco: 3!=6 ((B)= B! = 720: (3N = T20!

Vi 720! > 100.101...720 > 100%™ > 1042, Suy ra s¢ di cho co khong
it hon 1243 chir s8, tic 1a ¢6 trén 1000 cha sd.

b} Trong 720 s6 cd: 144 s ;B
28 30 : 25
5 b : 125
1 s6 : 6G25.
Ma s6 720! phéan tich ra thira s6 cho 178 chi 5 5, suy ra s chif 50

0 tan cing ciia 720! bing of thita 56 5 trong 720! tife la tin cung
bling 178 chir 85 0.

o Lii binh :
Ta biét ring 10! = 1200 tan cing bang hai chi sé 0, tic la s6 chit 56 0
nay biing llfi!} = 2. ki higu [a] chi phan nguyén ciia a, tic 14 58 nguyén
lgn nhat khéng vugi qua a.
S thir si 5 trong 720! bdng :

[TED]+[E +FE—-‘1]+[-12£] =144 +28+ 5+ 1 =178,
5 | |25 [125] [625

do d6 6 da cho tan eung bing 178 chir 50 0.

18, Trude tién ta phén tich hidu da cho thanh mét tich nhidu thia 56 nhu

16

o 18— 1= () = 1) = (b~ 10t 4+ 1000+ 1),

Da thita 55 diu 14 tich cia ba s tu nhién lién tigp nén ludn chia het
cho 3 va hisu da cho 14 mit so chiin chia hét che 3.

Niu t = 5k + 1thit — 1 va t+ 1chia hét cho 5.
Neut=5k+2thit+1=25t"220t+4+1= 5(5t* + 4t + 1) nén chia
hét cho b.

Suy ra hiéu (t* - t*) chia hét cho 2.5 = 10.

Hiéu nay cing chia hét cho 3.10 = 30,

o Lisi binh : Xét thém bai todn sau lién quan dé&n chia hét cho 10 :

"Cliing minh réng chid sd tan eing ciia hai s6 te nhién N vd N la nhu
i

Ta thiy ring : néu hai s8 co chif s0 tin cling nhut nhau thi hidu eda ching
chia hét chio 10, Do dé ta ching minh higu (N® — N) chia hét cho 10.

That vay ta c6: N — N = N(N' = 1) = N.IN + 11N - 1N + 1)

md tich N(N 4+ 1)(N — 1) chia hét cho 2 nén chi can climg minh higéu
N® — N chia hét cho 5.




19.

20,

Néu N chia hét cho 5 thi diéu dd hién nhién.

Néu N khéong chia hét cho 5 thi N = 5k + 1 hode N = 5k + 2.
VaiN=5k+1thi N -1=(6k+1/-1=25k"+ 10k +1-1

5(5k” + 2k) chia hét cho 5.

5(6k” + 4k + 1) cing ludn chia hét cho 5.

i

Vai N =58k +2thi N+ 1

I

Ta ¢6 :
1" +2" 43+ 445"+ 6"+ T =1+8+27+64+ 125+ 216 + 343
= 784 = 28",
Vay: M = 28.

Lai binh @ Lau y thém :
1*+2'=14+8=9=9" -
17+ 2"+ 8% =1 48427 =36=6"
17+ 2" + 8 + 47 =1 + 8+ 27 + 64 = 100 = 1¢*
19 + 2" + 3% + 4" 4+ 5% = 100 + 125 = 225 = 15*
17+ 2" 4+ 3" + 4" 4+ 5"+ 6" = 225 + 216 = 441 = 21*

L SO + 0t = [:LHHT*-II] ,

Vidu: 17+2%+.., +2011%= = (2 023 066)*.

[Eﬂll.emﬂ]“
Trudge hét ta nhan xét riing binh phuong eda moi sé nguyén déu tén
cing biing mjt trong ede chirsd 0, 1, 4, 5, 6 hodic 9,

Ngoai ra, binh phuong eda moi s§ nguydn hodsic 14 bai cla 4 (néu la sé
chéin), hoae bang bai cia 4 cong thém 1 (néu la sd 18). Nhung cde sé
tan eling bing 11, 55, 66 hodc 99 khéng 1a béi cia 4 khi chia cho 4 cd
s0 du tuong dng biing 3, 3, 2 va 4, do d6 ching khong thé 1a s§ chinh
phuong.

Nhu viy ta chi edn xét truimg hgp cic 88 tin cing bling 44 ho#ic 444,
Mac di 444 khong la =6 chinh phuong, nhung ta lai ¢6 s8 1444 = 38%

Do dé ton tai s& nguyén ma binh phuing eia né tén cang bang ba chi

80 gidng nhau.

Léi binh :

Ta biét ring hi¢u 1111~ 22 = 1089 = 33" néu bay git 13 "ed mot s6
4 2oy i

chiin ede ehir s§ 1 trir di mét nia s6 chir 56 chan cdc chif 55 2 (tie 13 5§

chit 56 1 gap doi sd chir s& 2) thi e6 duoge kst qud 14 mét s§ chinh

pluong khéng 7"

17




Z21.

18

Higu 11....1 =22...2 = sd chinh phuong khéng ?

e

20 lan TR AT
Ta hay viét hign trén nh sau
11,.111..1 - 2(11...1) = 11...100..0 - 11...]

o et
1% 1] n n I n

11...1(100..0 - 1) = 11...1(99..9)

il ! L1} 1

i 2 e BT S
= 11..1.9.(1..1)=3%(11..1)" = (33..3), la 50 chinh phuong.
il

11 1 K

Vida: 11-2=9=3% 111111 - 222 =110889 = 333",

Tabiet ring mdi s8 ngupén hotic ¢é dong 3k, hodic 3k + 1, hoje 3k - 1.
Do d6 lip-phuong cia Mdi/sd nguyén co dang tuong ing 13 hoje 27k",
hotic : 27k + 27k* + 9k + 1 = 0(3k™ + 3k* + k) + 1, tde la cd dang hoac
O, hode Sm + 1,

Neoii ra téng cdc lap phuong cia ba s8 nguyén cd thé bigu dién dudi
mpt trong cdc dang sau: Sn; Sn+1; 9nt2; ntd

nhing khéng thé ¢é dang 9n + 4, véi n 1a sé tu nhién. Vi thé ton tai
vit so st nhién khong thé bigu dien dwii dang téng eia ba lap phuong.
Lo binh @ Nam 1909 nha todn hoe Varinh da néu lén gid thuyét : "Mbi
i t nhién ed thé bidu didn dudi deng cia tong khing qud 3 idp
phutog eia cde ot nhién" '

Ta cang cé thé ching minh riing : mbi s& ty nhién n 6 thé bidu dién
dudi dang tong cia 5 lap phuong cdc 50 nguyén nhas sau |

Vin — 1 chia hét cho 6 vdi moi n, nén n = n’ 4 Gt, trong d6 t nguyén.
Tiedo : n=n"+ @+ 1 + (=1 + (-t + (-t)%

Ta 14n lugt ¢6 = (-[-(=2)F} = -[2]I" = [-4)" = —6d;

HEETT - - %

1
Viy : A= —(-64) — =1.
e ok

Lot binh @ Xét thém bai todn sau @

Vi hai g8 2 va 47, khi nhidn voi nhon duge 2 x 47 = 84, khi cong vai

nhaw duge 2 + 47 £.49; Haj 56 94 va 49 déu cd hat chit sd gidng nhat,

Hay tim thém hai 88 ma mét trong hoi s6 do [d 2 dé

a) Khi ahdn vd khi cong voi nhaw duge két qud la s¢ o6 ba chad 8d
gigng nhaw (2 ddp s6).

by Khi nhén va khi cong véi nhau duge k@t qué li 36 co bon chi sd
giong nhau (2 ddp sd).”




Cich giai nhu sau -
a) Ta cd hai =6 263 va 497 cling vdi 56 2 ¢6 tinh ehat -
263 = 2 = 26 va 263 + 2 = 265 (ba chit 55 giong nhau)
497 x 2 = 994 vi 497 + 2 = 499 (La chi s6 gidng nhau.
b Ta ed hai s6 4997 va 2036 cing vdi 50 2 cé tinh chit -
4997 = 2 = 9994 va 4997 + 2 = 4999 (bén chil s& giong nhau)
2063 » 2 = 5926 va 2063 + 2 = 2956 (bén chif =5 zidng nhau).

D. BAN CO BIET ?

Thay chit bing g6

Hinh 1 la mét tam gidc lon gbm 15 tam

gtde nho trong d6 e ghi cic chir A, B.C. ..

Hay thay cie chi bliing nhimg chir s8 =sao

cho ta duge cie hé thie sau -

8) A+B+C+D+E=E+F+G+H+K

=R+L+M+N+A

by N+P+Q+F=D+Q+H+L

=H+R+P+B.

1.1 Leere ¥ ¢ Mi chir 1a mat s6 tir 1 dén 15 va
khae nhau. Bai todn e6 nhidu ddp 6.

Giai dip
Bai todn nay o nhidu ddp sa, chang han :
a) e A+ B+C+D+E 15+3+13+14+8=40
Im.’:lc=13+3+ir::+3+3=4t]1
. E+F+G+ll+K=S+G+11+5+lﬂ:=ll]
hm’iﬂ:ﬂ+4+]l+5+12=-iﬂ;
. ﬁ+L+ﬁ1+N+ﬂ=lﬂ+E+ﬂ+4+lﬁ:tlﬂ
hofic =12+ 2+ T+6+ 13 = 40
H:‘Jra‘mg:A+E+E+D+E:E+F+G+I-I+I~I
=K+L+Ma+N +A-=40.
ble N+P+Q+F=d+7+1246=29
hodc =6+ 9+ 10 + 4 = 29
* D+Q+R+L=1+12+14+2=199
hoje =3 + 10 + 14 + 2 = 20
* H+R+P+B=65+1d+7+3=29
hote =54+ 14 + 9 4+ 1 =29,
de:N+P+Q+F-—.JJ+Q+H+L:II+R+P+H=29.

I

n

]
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§2. CAC HANG DANG THUC
HAD DAN VA DANG NHO

AL KIEN THUC CAN NAM VUNG

1.

al

Lo}

2.
il
lat
ch
d)
)
M

g’l

Nhin da thie

Mudn uhan mét den thie véi mot da thie, ta nhan den thie vdl timg
Jaang tr e i thae roi cong ede tich vdi nhau.

Muon nhan mat da thiee vaéi mpt da tluie, ta nhan mai hang wi caa da
vhite nay vii timg hing o cia da thie kin roi cong cde tich véi nhao.
Beiy hiang dang thie dang nha

A+ ZAB + B

AY — 2AB + B

Higu hai Linh phaong A~ B = 1A + BuA - B).

Hinh plueng cua mot tong @ 1A + By

1]

Binh phuvng cua mot higu 1A — By

Lip phuong cia mot tong = (A + 1) = A' + JAB + BAB + B,
L:ip phuong ciamot higu s A-DB'=4"-3AB + 3ABY - B,
Tang hai lip phueng : A'+ B = (A + BiA* - AB + BY).
Hicu lai lap phuong A — B = (A - BItAT + AB + B,

3.

CAC BAL TOAN DIEN HINH

L.

5!

Thie hign phép nhan don thiie
i '1 ta b -1
a) Bxy.l-2x7yb) bt :—?ﬂ.b"cil—ﬂﬂu"iml ¢ lﬂilb}[%ﬂ'b'l]l'?ﬂhr:l
P r
Nhan ede don thie sau
= Mg o) (1. 4 .'.-:’ P T |
al thuwh') Iy ;;:'L‘rn el Stabropg).

. Bo diau ngoje :

ala+|2b+ect-2+3) —la-ta—2b)—3cl+2la+c- b}

bl (2% = y)— 3y =1+ |[1-12x-y)+ (% +y)=2] - x4 {y - 3x)l
e) [m — (mn = 2m}| = 3mn + 2m - [1 - [2 — (3 = mm — m)|}.

Sip xép eie da thic thee loy thim ting ddan roi lam tinh nhin
al (3% + dx® — 2 - 5x'=x" + 1 + 2x]

by ty?+ L—yHy* + 1+ ¥

¢) 1z + 2)dz® - 22" - Bz + z' + 186).

Ching minh ring dang thuie sau diag voi moi gid trican X, ¥, 2




6. Thay diu * biing s& hoac biéu thie thich hep dé 6 ding thie dung :

a) (% - %F = m* - 8 + * by (fe*P =2y Ep+ l
3 9
7. Tum gid trj eia dn t biéy
a) (6t + 1)°— (5t + U5t — 3) = 30
b} 3(t + 207 + (2t — 1P - it + 3Nt — 3) = 36.
8. a» Tinh tong va hid¢u (A + BV £ (A - BF. Cho vi tly.
b} Tinh binh phuong cua da thie (A + B + CF. Che vi du.
8. Tinh :
a) (x =30 —(x + 3y bt ta-b-cF =ia—b+ch
e) m—-y—zf —(m+vy—zf,
10. Clumg minh ring :
a) 8" + 2" chia hét cho 17 b} G9° - 69,5 chin hét cho 32
¢) T9 + 79.11 chia hét cho 30,
11. Tinh :
2, 34,5:3 - 59,5 y _ B7 -18°
61° - 117 97% — 567 + 153,31
e) {“,;1 ';;"2‘ - 67.52

12, Chimg minh rang cic biéu thie sao 1 duong hoge khéng am vai i
Eia trj cua cae chir
e g - 4 ] al
a) mpT — mp + 1 « bLy = dxy + dx® 4 dx — 2y 4 7

¢} =2t + W & By + 0,
C. CACH GIAL VA L4 BINH
1. a) Bxy.(-2xyb) = -10x"y*h

4 ' —
] [—?uhic (-20a'bx) = 16a"b"ex

¥

cl 12;1L:,|I;j-:|:h' 1El'?snhm - ﬁ a'b"c.
v d / 4 )
o Loi binh': Thye gn pheép whan sau
e} 2x.f ~dxy) (8x%y"
el S Yt . ) - _}r'; i 4 )" 7
P " - #e - a1y

Caeh lani nhif sai
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d) 2.4-418. 0w yy® = —6Ix'y!
G BEY Gt Tt e B plip gt o

s 5:“[“ -Sani4h + 5xn -l:r|1ll.ll- - Exu- ."l-}'JH-.'r ! }rll-l-r-l-h—rl i Elxﬂll- L }I,'-‘a'l'l
fi l-'l..?ilh i EI:.. + h-._'| = th it Bm + H:: = B:F.
a) (5ah = 5ha*' b = 625a""

W T ! l J Ao 1 i =

Iy ']:L'l_'l_“‘: [ = [__ i -c_.'i..hi.d .i.:l-:l"r g L'-Il.] La'l.

B ! 2 5
o) Flab*riip’g®)' = 8.4 b% i gét = 3ah'p'q",
i P

Lisi binh @ Tinle tham lny thice eda mdt don thie

d) 12670 e) Wead Fabef f {0, 1abcr.a'l.

Ta co ciich giad sau :

di 2% a L™ e

¢ teteatabr = ¢t bial

3
f) [_l_i.nglfcju"} i —I“ a'"h'e",
Rilk : 10

Ba diu | ) tedde, sau dd dén bé dau | |, voi dau | ], taco @
al ;1+[Eh+{-E—i:|—:1+2I1-—E-r:|+2ﬂ+:?.c~—2h
i+ 2b+c-2b+3c+2a+ 2 -2b=3a-2b+6c

1]

by —|9%x = y — 3y = LI+ Hl—2x+ % +x +y—2]—x+y-3xl
=-2x+4v + 1+ [-1—-x+2y-4x+yl
= Ok 4dy+1-1=-8Bx+3y=-Ta+Ty=Ty—x)
¢l = + 2ml— dinn + 2m— {1 -2 -3 + mn + mjl
= Jm — muz — Jmn 4 2m— {1+ 1= mn-mj
= 5m - 4 — 2 + mn o+ m = 6m - 3Jom - 2.
Livi binh : Bo thém cde ddu ngodge
di 2a - 12 - 3e) —di v a- 26 —te -t + a+ 26 -(e + 2d)]
er b= fran— 1 =i o+ 20) = 3+ (S — f2m = i3m - 4],
Tiv ¢
by 2a—|2b-3ce-dl+a—[2b=c+dl+a+[2b-c-2d]
-2+ de+cd+ra-—2b+e—d+ar2b-c-2d

da =24 Jo=2d

n

- fjm=1=m~—2]—3m + [bm - |2 -~ 3m + 4]}

i)
1 +3—=3m+ {dm+m-—4i
4 — 3m o+ Gnf — - =

i}




4. Sau khi sap xép theo liy thira tang ddn ta co
a) -2+ 3x + 4x°- 5x°
" L+ 2% - ¥*
-24 3x + 4x’- 5x*
6x*+ 8x"- 10x"

+
+ 2 — Bx'- dx'y Bx"
4

- dx

-2 - x &+ 12x* - 1dx! &+ B’
b) (1 =y + y"H1 + y + y%). Dat tinh :
I =% ¥
5 =
1 4% + %
e gy
- g
1 = y %y
1 + y"' +_:1,'"

c) (2 + 2016 - Bz + 42" - 2¢" + 2'). Dat tinh .
, 16- 8z + 42— 20 e '
2+ z
32 - 16z + 8z°- 42"+ 27
16z — 82" + 427 - 24" 4 &°

o2 + 2

o Lai binh »

1. Ta cing ¢d the sdp xép da thiic theo liy thia gidm din, chéing han
vol cau al, ta cd ;

(~6%" + 4x% ¢ 31— 2X-x? + 2x + 1).
Thure hign phép nhdin ta ciing duge két qud 14 :
5x" — 1dx' + 12x* - x - 2,
D&i vdi cau b) va o) cing viy.
2. Ta lam thém bai tdp sau 1a mgt dang khde vé tinh nhén da thaie
"Sap xép da theic theo bién chink véi lam tinh nhan
a) (x" = 2y — x¥uy’ - 2%y + 30
b) (z =0t + 2 + 2% + 2 + 2%)."
Trude hét ta o6 the chon x lam bign chinh trong cau a va chon z lam
bign chinh trong céu b, ta c6 -
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a) Ta sdp xép hai da thic theo lay thira gidm dan cua X

i} & - wy' - 2y
35’ - 2%y + ¥
3x" - 3x'y* - ex'y’
- 2"y + 2x'y' + axty'
Xy - xy'- 2y

3x" — 'y — 3x'y* - 3x'y' + 4x’y' - »y’-
b) Ta sdp x&p hai da thie theo lay thia gidm dian cua 2
" g' 42t o+ 2 e zt* + ¢
e ¢

e® 4+ 2t + 27t + 200+ ozt!
it — g o - et - P

r
zﬂ ! - E

Nhur viy tich la ol

5. Ta bt ddu bién ddi vé trai néu eb két gud giong nhu ¢ vé phai thi
déng thie da cho dung voi moi gid tri cua x, ¥, &
V& trdi bing : x + xy? + xz* — ¥’y — xyz — 2’ +::y+_'r +yz — Xyt -

—yz—-:w::-n-xzi-zy 428 —xyz - y2' - 2'x
= X+ ¥ +z — 3uys

Vé trdi ding bang vé phai, vay ding thic di cho ding véi moi gid tri
cia X, ¥, £

o Lot binkh : T\iung we, “cheing mind :I:’fu,q tluie sau diing vai mol gida
cica, b: (e —cr'b+n“b’ ab® + B'la + by =a® + b."

Thue hign phép nhin ta cé ¢ vé trdi :
25 _ a'b + a'b? = a’b® + ab' + a'b - a'b® + a’h’ - ab?! + b°
= a" + b®, ding bling vé phai.
6. a) Xét vé phdi cia diang thie da cho :
m-— 8mn + ¥ = lm} — 2imkidn) +

co dang A* — 2AB + BY = m By*Tit dé suy ra A = m, B = 4n, tic
lvtaed: (m-— Anf = m* - Smn + 16n.

i
. : 2 1 1 1

b) Xétve phdi: "+ — - B ,_+[_.]
whil: * ot gn"+ 82505

ob dang A2 + 2AB + B = (A + B)Y, Tu dob suy va A=, B= %, ke la ta

2
1 @ 2. ! iy T
ed . =] = +=p+—
[p :3.] gt
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o Lot binh
1. Tuwong ty, hdy didn vao dde *

e} * =8It =t + %t -F) d) 36k = * = [*"+ip}{“‘—ip]."
2 2

Duta vao hiing diing thiiec A* - B* = (A + BJA — B) ta suy ra ;
e) A=t B®=81t" = (9°) nén B = 0°. Viy ta cb
. t* — 81t = t* = (Ot) = (t + 9Nt - Ot7),

d) A* = 36k” = (61)" nén A = 6k, B = %p- Vdy ta co:

._.1-;..;(1]“' 1]( |
36k™ = = = [G)* = | — = |6k + = B - —p |
,1P 'JP [ +2|1 Ep

o M
2. Tinh bicu thie san bang cdelt nheawl nlidgr
@ (JOF + 8+ 6"+ 45+ 2 (F + T+ 5 + 3 + 1Y)
b} 2012° - 201142012 + 1),
Ciich giai nhu sau
a) Biéu thie di cho cé thé viét :
(107 - 9%) + (8% — 7T + (6" - 59) + (¥ = %) + (2 - 19)
hay 10+ 9+ 8+ T+0645+4+3+241
(vi 107 — 9% = (10 + 9X10 — 9)'= (10 + 911, v.v...)
= (0+ D +9+2)+ B+ +1T+d)+(6+5H
= 11+11+11+11 +11=11.5=55.
b) Thay 2011 = 2012 — 1 dé xuat hién (2012 - 1)(2012 + 1) ;
2012° - (2012~ 102012 + 1) = 2012° - (2012° — 19
2012° - 2012% + 1 = 1.
7. Ap dung cic himg ding thae (A £ B dé cudi ciing duge dang at + b = 0,
tir do co duge gid trj can t. Ta eo -
a) 25t° + 10t + 1 - (25¢° — D) = 30, hay 25t + 10t + 1 - 25t% + 9 = 30.
Tir dé 10t + 10 = 30,
Viy 10t =20 vht =2,
b) B(t% + 4t + 4) + (41° = 4t + 1) — Tt - 9) = 36, liny
G+ 120 4+ 12 4 4% = 4t +1 — Tt* 4 63 = 36; 8t + 76 = 36,
Viy8L=36-76=-40 vii t = -5.
o Lovibinh: Tuong v “Khi nio thi ede bicu Huie sau Ding O

) 27 + = 3nnr + 3m o+ 9)

di tm o= 10 = tm & 2608 - e+ 4 % 3 + A - 4) ¥ -

g6
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Trude et ta rat gon cde biéu thic da cho, Ta cé ¢

¢) 27+ -3 =27 + " = 27 =",
Gia tri m' = 0 khi m = 0.

di m* = 3m* + 3m - 1 —1m”" + 8 + 3iwm* — 16)
—mt - 3w+ 3m—-1-m" - 8+ Jm — 48 = 3m - 5T.
Gig tri 3m — 57 = 0 khi m = -53—'? = 19.

1. Taco:
al (A+BF +1A-B)Y = A" + 2AB + B* + (A" - 2AB + B9
= HA* + BY) (1)
Vidu: (dmn®+3pf + (dmn” - 3py = 2016m™n" + 9p°).
b) (A+BFf—(A—BF =A* + 2AB + B* — (A*— 2AB + B) =4AB (D)
Vidu: . (5e* + 7dF — (5c¢* — 7d) = 4.5¢%.7d = 140¢°d.
Luww 5 : Hai hing ddng thie (1) va (2) giap ta tinh nhanh két qua ecdc
phép tinh,
2. Taviet (A+B+Cr=(M+CrviiM=A+B taci:
IM+CP=aM+2MC+C*=(A+Bf +2AA+BIC+ C*
A+ B* + C* 4+ 2AB + 2AC + 2BC.
Viiy ta ed thém eong thive cho binh phuong cia mdt da thie sau :
(A+ B+ CF =A%+« B' + C°+ 2AB + 2AC + 2BC.
Vi du :
a) (2b + 3¢ + 4d)” = 4b” + 9¢” + 16d° + 2.2b.3c + 2.2b.4d + 2.3c.4d
= 4b* + 9¢® + 16d* + 12bc + 16bd + 24cd.
L) thm - Gn — p)* = 26m* + 36n* + p* — 2.6m.6n — 2.5mp + 2.6np

= 25m” + 3Gn° + p! — 60mn — 10mp + 12np.
Lok binh : Xét thém hai vi du sau :
1. Tink higw (a + 2b - e — fa - 2b + ¢F,
2. Tim ede 80 o, b, ¢, d bict rdng
(2 rar+bF =2+ 2"+ drf -8z + 4

Ciach giai nhw sau :
1. [liéu da cho cé thé viét :

a? 4+ 4b? + ¢ + dab = 2ac = dbe = (a® + 4b* + ¢ — dab + 2ac — 4be)

= 8ab - 4ac = 4alZ2b - ¢).

2. VE trii co thé viét :

(z* + az + b = 2' + 2az" + (2 + 2b)z" + 2abe + b’




o

Do vé& trdi bing vé phai nén cie hé s6 cta cde Ly thim clng bae
cua z phai bang nhau, tic la ;

da=g¢p

a® +2b =4

2ab = -8

b* = 4.

Tir dang thuie cudi trd lén ta cé ngay ;
- Néub=2 thia=-2, d=8, e¢=-4
- Né'uh:-Ethiﬂ-zﬂ. d=0, ec=4,
9. Ap dung cde hiing ding thic (A* — B%), (A" = BY) ta 6 -
a) (X =3V = (x+3V =[x -3 = (x + 3)(x - 3 + (x—B)x + 3) + (x + 3¥
={-G)[x" - Bx+ 9+ x"— 9+ %% 4 Bx + O]
= (-6).[3x" + 9] = -18x" — 54,
bilta~b-e)+la-b+cllita-b-ecl—(a=b+c)|
= (2a - 2b)(-2¢) = 4be - 4ac = delb - a),
e) [m-y—z—[:n+:.r-zﬂ!{m-y—zj”+l,m—Jr-z}{m+:.r—z}+{m+y—xl"]

(=2y)[m” + y* + 2° - Smy — 2mz + 2yz + m* + my — mz —

|

~my -y 4+ yz-mz—yz+ztem® syt gty 2my — 2mz — 2yz|

I

12myz — 6m‘y — Gyz* — 2¢".
» Loi binh : Tuong tu, “Tink thém :
d) (1 4 x4+ °N] —xH1 + )] —x+ 1)
e) (2m — pledm® + p*)2m + p) + p'"
Ta cé the viét ;
) (1 + 301 =X+ 2L = xHD + x+ x) =01 & 01— x%) = ] — 49
b) (2m - pX2m + pXdm” + p*) + p' = (dn? - p*)dm? + p*) + pt
= 16m" - p* + p' = 16m",
10. Ta lin lugt c6 ;
a) 8% 4 2! = (2 4 gl 2 gif , g1l
= 22" + 1) = 2'".17, ludn chia hat eho 17,
b) 69% — 69.5 = 69(69 ~ 5) = 69,64, chia hét cho 32,
) 797 & 79.11 = TO9(79 + 11) = 79.90, chia hét che 30,
e Loi binh : Tuong tu, "Cluitng minh tidp :
d) 8 - 2% chia hét cho 14,
¢ 2+ 197 -:-M:rlhéi_t cho 20."
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Ta co the viét :
dj ET - 21H= ‘2”}7 o 2‘” s HIE - 2“1
=272 - 9y = 216 - 2), ehia hét cho 14,
e) 41" + 19" = (41 + 19)(41° - 41.19 + 19%)
= G0.441° = 41.19 + 19%), chin hét cho 20.

o) BAD? —595% (84,5+59,5084.5-50,5) 14425 2 .
617 - 112 161 + 11361 - 11) T Mass @
b 87* - 16 - (87 + 15H87 - 15)
972 562 +153.31 (97 + HGNDT - 561 + 153.31
102.72 102.72 102 2

T153.41+153.31 158441+31) 153 3

67° +52° . ., _ (67 +562467% - 67.52 + 52*)

£) ——— - G7.52
119 119
S G - ; G
=m (67" — 2.67.52 + 52°) = (67 - 52r = 15* = 925
Lai bind : Tueng tu, "Tink tiép -
, o r 2 i e d
d) Su 2 5 a) PtV owide
(36,56) -(27,5) 180
f 2115.2008 — 2116.2007.
Ta eéd thé viét -
3 -11043+ 11 3254 i
(36,6 - 27,6036.5 + 27.65) 964
- __,g-lg_ 2 il -—'_-'_'_L-r- : 1 z
j 197 + 83197 &843 + 83 :I—EJ‘F.EE; 150197 u7.83 + 83 }_97_53
180 180

= 97" - 2.97.83 + 83*
= (97 - 83) = 14" = 106
f1 211502007 + 1y- (2115 + 1).2007
= 2115.2007 + 2115 - 2115.2007 - 2007 = 2115 - 2007 = 108,

Trude hét phdi vin dung ede hiing ding thae dé viét bidu thiae dugi
dang hing ding thie cjng thém miot sé. Ta o -
_— 1 I 3
WowmEpt —mip+ 1= m!pf - 2—m —
I I _ . P 13

—rlllp—l];i--ﬂ— > 0 vdi moi m, p
2] 4 SRS

\




b) y"'—rixy+4:-:3+4u—2y+'|?=121—y1’+2-[2:~:-y}+1+|Ei
=2x -y + 1V + 6 > 0 vai mol x, y,
) "= 2t + 2v" 4+ 8v 4+ 0 =¥ =2t + 1+ 20v* ¢ 4v + 4)
=lt= 15+ 2iv + 2/ >0 vai moi t, v
(dang thiec chi xay ra khit = 1, v = -2,
o Lo bink : "Cloing miinh) tuong by rang hai bidy thie suu L khidng dm
vt mot g (7 ciia ciae efur
di ta® —ab + b1 + (o + Gb + b5
el 1+ 627 Bxy - gy + 12y2."
Ta ed thé viet :
d) [a® - ab + b*) + (a® + ab + b)) ia® — ab + b*F - (a* - ab + bY) x
* (i +ﬂb+h}+{ﬂ + ab + b*)*]
= 2(a” + b*Nta” + 1) - 2abta? + b + a’h? ~(2* + b + a’b? +
+1a’ + b*P + 2abia’ + b%) + a'b’|
= 2a” + bNa" + B + 3a%b% 2 0 vai moi a, b
(dang thie chi xay va khia=0,b < 0),
e) %" — 2dy + 2u)x + (dy + 2)° + Iyt— dyz 4 22°
=[1:—=.|}-'—23F+3{}'2-‘2j"3+I.E.I'i']r'z
=Ax—dy = 225 + 2y = 20 + ¥ 2 0 vdi moi x, Yy, 2
(dang tluie chi xay va khi x = 0, y=02z=0)

D. BAN CO BIET v
L. Hign hai lay thica bie n
Tadabiet A"~ B =(A + Bia - )
A" = B'= (A - BrA + AB + BY)
Mot edch tong quat (vdi n le)
A" B = (A - BrA™ + A"¥B 4 . 4 AB"Y 4 g,
Vidy: X' -y = (x- yda" ¢ o'y + R S S S A L
ludn chia hét cho x — y,
A" — " (vdi n 16) lubn chia hiét cho A — B, vidu :

2L

2 — y¥' ludn chia het cho x - v,

2. Dinh li Bo-du

Khi clia da thiic Arx) che nhi thire v — a ta ditge 56 du (da thie dw la
mot hdng so bdng gidg tri Ate) cda Ate) bhi v = .
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Silk TR L Hih

Vi die 12 Tim s6 du khi chia da thie AMlx) =37 + X7 + X cho x — 1.
Theo dinh li Batu ta eé ngay 56 du la -

A1) = P M g,
Vi di 2 - Tim st du khi chia da thie Aty) = ¥ — p" cho nhi thie y - p.
Ta 6 ngay 50 du do L ;

Alpp=p"-p"=0

Pidu nay chimg t6 rhng da thie y" — p" chia hét cho y - p. Ching han
i — p*'"? chia hét cho y - p.

Nhu vay tir dinh li Bodu suy ra

Alx) P lx = a) e ala nehigm cuin Aix)

Vi du 3 : Khong lam phép chia hay tim so du khi chia da thie
Alt) = 3t' = 20" + 5t° — t + 2 cho nhi thie t - 2.
Theo dinh li Bodu ta cé ngay s du dé I :
- A2 =32 22452 -3+ 2
48 — 16 + 20 = 52,




§s. T PHAN TiCH DA THUC DA THUA 8O

DEN DHED CHIA DA THUC

A. KIEN THUC CAN NAM VING

T.

al

b)

b)

c)

Phan tich da thice thanh nhan L

Pltan tich da tluie thanh nhan td (thia 28 14 bign doi da thire dé
thanh mét tich caa nhimg da thic.

Cd ba phuong phip co ban la

Phuong phip dat nhan wr chung.

Phuong phiap ding hiing ding thie,

Phuong phap nhdm hang t,

Ngoai ra con co the phéi hgp nhidu phuong phap. .
Chia da thic

Muén chia don tlwic A cho don thie B (trugng hop A chia hét echo B, ta
lam nhu sau :

Chia hé sa cia don thie A cho hé 86 cua don thic B,

Chia lay thita caa timg bign trong A cho lay thim caa cung bién trong B.
Nhian ede két qua v tim duge vdi nhau,

Mudn chia da thie A cho don thie B (truong hop cac hang tif cia A

déu chia h&t cho B), ta chia mdi hang ti cia A cho B rdi cong cde két
qus vdi nhau,

Mudn chia da thie mét bigh da sdp x6p, ta bit déu chia hang tir bie
cao nhat cua da thiie bi chia cha hang tu biic cao nhdt cia da thic chia
dé tim s6 du thi nhat. Lai tigp tue chia hang tir bic cao nhat cia s6 du
thit nhit cho hang tir bie cao nhit cia da thire chia, v.v... 8 tim dugc
du cudi eing.

Néu du bang O thi ta ¢é phép chia hét. Néu du khic 0 thi ta cd phép
chia ed du.

B. CAC BAI TOAN DIEN HiNH

1.

2.

Phan tieh cic da thie sau thanh nhéan tir bing phuong phap dit nhéan
twi chung :

a) m* - n¥ + m* - n* by x" +3® +x 41

e) Byly — 1) + 8(1 - y) di 4ala— b) + T(b — a)’,

Phéun tich thanh nhin ti bing phuong phip ding hiing ding thuie :
al p'q' + 4p"n’ — dpg.pg + 4 bt~ 1
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4.

3.

.

9.

10.

11.
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c) y' + By - dy' — By” d) 16m'n + ‘-IIHPH'

Phan tich thanh nhan b bing phuong phdp nhém hang t
ajmu+l+m+n b]py'*’—py+qy3-qj'+p+q
o) 4 5t— xt? = d) v+ 2uv +vi-2u-2v+ 1l

Ching minh ede hing dang thue sau
al m'n + mn® + m'p + mp® + 0'p + np’ + 2mnp = (m + niin + piip + m)
b lc-d— ¢l —d) 4+ dl =) =te—dRl-ell-dkl +c+ d).
a) Phan tich biéu thic sau ra 3 nhan i ;
n! — 6n' 4+ 27Tn” — 54n + 32

¢hi clng minh biéu thie luon la so ehdin vdi mol n nguyen.

by Phéan tich bidu thic sau ra 4 nhan t
Euljbz +2b% + Zaf* -a'-b' - ¢'

réi ehimg minh néu a, b, ¢ la ba eanh cia tam gide thi bidu thae

trén luon duong.
Phan tich thanh nhan i béang phucng phip tdch hang AT
a)yp —dp + 3
b} mnlm + 0l + npin + pi+ pdp + mj + Zmnp.
Phan tich thanh nhan td bing phuong phap thém va bdt cing mdt sd
hotic cing mét don thue
a) 4p® - dp - 16 b} m* - 2m - 3.
Phan tich thaunh nhin or bidu thie A =(a- 1)a—-3)ia-4Ma-6)+9
va chimg minh rang :
al A 20 vdimoa
bl A la s8 chinh phuong vai mol a nguyen,
Chung minh ring :
a) 68% + 136,32 + 327 = 10000 b) 4'.9" — (36 + 1¥36* - 1r= 1.
Sip :-;é’p‘:::‘[cr da thie sau theo lay thim gidm din cua cde bign roi lam
phép chia :
a) (" + Zx -1 — 2" 1 (x* # 1 -2x)
by (3y" + 9y — By’ — 7 — 10y*) : (1 — 2y + 3y°)
o) (122° + 102" + 22 + 32" - 62" — 82" - 1} (-32f — 1+ 2z + 2" + 42"
d) (27t" — B) : {9t° + Bt + 4).
Ding hing ding thie dé lam cde phép chia sau
a) (a' + Ba + 16) : (4 + 2% b) (6ax’y* - 49x'y") : (Bxy + Tx’y)
¢} (125 - 8t"): (256 + 10t + 4t%).

=X




12. Tinh hiing s6 p sao cho -
a) Pa thie 8x° + 28x + p chia hét cho da thae 2x + 5,
b) Pa thirc ¥ - 13y + p chia hét cho da thie ¥* + 4y + 8.
13. Chdaug minh ring
a) Da thic p® - p” + p - 1 chia hét cho nhi thie p - 1.
b) Ba thie t* — tv + v* khong ¢6 gid tri 4m vdi moi t, v.

C. CACH GIAI VA LJI BiNH
1. a) Tacd: m*—n®+ m*-n*
= (m + n)im - n) + (m - n)lm®* + mn + n®)
= {m - n)iin + n + m? + mn + n?
bl 3 + 8%+ x4 1w e Dt (x+ 1 =(x4 D+ 1)
¢} Dai diu hang t (1 - ) thanh (y - 1)
ayly = 1)—"8(y — 1) = (y - 1)(5y — B).
d) Viet lai hang ti 7(b — a)®* = T(a — b)*
4a(a — b) + T(a - b)* = (a —b)4a + Ta — Th)
={a— b)(1la — 7h).
o Loi binh @ Tuong ty, "Phdn tich thanh nhdn td
e) B+ m' - & - 4m” 7 o L
g v du® 4 gp— 1"
Ta 6 thé vidt ;
e) mim” — 4m* = 8m + 8) =mlm® + 8) - (4m® + 8m)]
ml{m + 2i{(m® - 2m + 4) — dm(m + 2]
mim + 2}i® - 2m + 4 — 4m)

fi

=mim + 2)m* - 6m + 4)
Dt a 1 =@ ) (P - D=t + D b+ it - 1)
1 =(t+ 10t* + £ - 1)
g) 0 = 1) — v —dv) = (v- v 4 v+ 1)— dviv — 1)
=(v-1v' + v+ 1—dv)=(v— 1}v’ - 3v + 1).

L y - Ta co thé gidi hai edu trén bing cdch blide nhy sau -
e) (m' + 8m) - (4m” + 8Bm*) = mim” + 8) — dm%m + 2)

= m{m +20m* — 2m + 4)— dm*(m + 2)

= {m + 2m{m® - 2m + 4) - 4m?)

=m{m + 2}m* - 2m + 4 — 4m)

= mim + 2)(m* - 6m + 4)

g
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2.

H - D+ +tH = [F - L +tt w1 = (2 + 1% = 1) + thit + 1)
S+ 1L+ IHE = 1)+t + 1)

= (t + l}tt = +t—1+t:|-(t+1:tt +t-1)

a) (p'g' + 4p’q’ + 4) - dpfq® = (p'q" + 2F - (2pgl  (dang A® - BY)

- (p"g” + 2pq + 2Np’q" — Zpq + 2)
by - 1=t - =t + 1 - 1) = (" + 1012 + Lit* - 1)
= (! + 10tf + it + 1t =1)

) v - dy® — By* + 8y = yly’ —dy -8y + 8) = yliy' + 8) = (45" + By)]
= yliy + 2Ny* — 2y + 4) - dyly + 2]
= yly + 2)y" - ﬁ:..' +4)

d} 16m'n + —np = i—n[ﬁdm +pY) = = n[Hm}a +p'

-_—.1. nldm + pi16m* — 4mp + pol.

[F=H

Lézi binh : Tuong b, "Phéan tich thanh nhadn i
el at® - a.t+bi—bf+n:+b ﬂriu!-fﬂz+&,]+ﬂ-[i'lrﬂl +n’)
@) () +d* + cdff —c'd® —d’e - ¢le’.”
Ta ¢ thé viét. |
e) (at* + bt*) — (at + bt) + (a+ b)=ta+b)-tla + b) + (a + b)
=fa+ bt -t +1)
f) mna® + mnb® + abm® + abu? = (mna® + m?ab) + (mnb® + nab)
= maina + mb) + nb{mb + na)
= (mb + na)ima + nb)
g) [(c* + d* + ed)* — (ed)’] - e'(c? + d¥)
= (c® + d? + cd + cd)c® + d* 4+ ed — cd) - e¥e* + d9)
= (c® + d% + Zed)e? + d%) - ¥’ s d¥ = (b + dlle + ) — &)
= +d®Hc+d+e)c+d-e)
a) Nhém s hang thit nhit vdi thi ba, 55 hang thd hai vdi tha tu

nm+1n+1+n=1ntn+1}+ln+1}:{n+1}[m+1}.

b) Nhém s6 hang thi nhat vdi thi ba, sé hang tha hai véi th tu va

hai s6 hang cudi vdi nhau :
(py* + qy") - (py + @y} + tp + q) =yip+q)— ¥lp+q+(p+q
={p+qly'-y+1)
¢) Nhém hai s6 hang dau vdi nhau, hai s& hang cudi vl nhau :
10 - (xt? + ) = R+ 1) - i+ 1) = (x 4 L = t7)
=[x 4 tilx + thx—t) = (x + t)(x - t)




d) Nhém ba s& hang ddu vdi nhau, hai =6 h:émg thir tu va thi “5“_1..""'55
nhau :
W+ 20v + v = 2u+ v+ 1 =(u+vF - 2u+ v+ 1
={u+v=17
o Lai bink : Tuong tu, "phan tich thém :
e) mx’ —n + ax - mx 4 m—n .
P (ay + bxF + fax - by - e*rx® + 49
B+ -6t -9."
Ta c6 thé nhém cde s6 hang nhu sau :

¢) Nhém hai 56 hang dau vdi nhau, hai 56 hang gioa véi nhay, hai s
hang cudi vdi nhau :

(mx® = nx*) — (mx — nx) + (m - n)
=X (m—n) = x(m —n) + (m—n) = (m-nlx’—x + 1)
) Thue hién phép tinh déi véi hai sé hang dau ;
a’y” + b*x* + 2abxy + a®x* + b%y* — Zabxy — ¢’ix* + y%)
=ax +ay +b%® + by - et 4 )
= a’(x" + ¥ + b 4y -kt v = (o ¢ viat + bE - D)
g} Nhdm sd hang dédu véi sd hang cudi, hai s8 hang gitta vdi nhau -
(t" = 9) + (2% — 6t) = (17 + 3Nt — 3) + 2et? — 3)
={t* - 3)t* 4 2t + 3).
4. a) Bién dai vé& trdi bing cich nhom s hang tha nhat va tha hai, tha
tur v thi sdu v cde s6 hang con lai vdi nhau, rdi dat nhan ti chung :
(m™n + mn’) + (mp + 2mnp + n'p) + {11113"! + np”}
= mulm + n) + plm® + Znm + 0% + ptm + n)
= mnim + n) + pln + n)* + plm + n)
=(m + n)imn + mp + np + p°)
=(m + n)imn + mp) + (mp + p)l = (m + nllmin + Pl + pin + p)l
= {(m + udn + plp + m), ding bang vé phdi.

b) Viét s6 hang gita nhu sau : Y1 - d) = (e — d) + (1 - ¢)|, ta s& duge
le—d)—e'lle=dy+ (1 - e)l +d%1 = ¢)
=te—d)—cMe-d)—e*1-c)+d¥1-e)
={e—dll—c’) + (1 -ch-c*+ d*
=(c—dN1 = e}l + '+ ¢*) = (1 = eMe — dXe® + ed + d%)
=te—dil-ell +c+c’° —c® —cd — d*)
= e = di1 = e)[{1 - d*) + (c — ed)
={c—di1 -c)[(1-d)Nl +d)+cil—=d)
=~ dil—cil=d)iLl+ ¢+ d), ding bling vi& phai.
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e Lii binh : Tuong tu, "Ching minh ede hang ddng thite sau :
¢ (' + ¥ — (0 + ¥+ 3 x + v = (Sxy)
d) X - T = 36x = (¥ — 3)x — 20x(x + Dix + 2)x + 3.7
Ta lam nhy sau
¢) Khai trién vé trdi dude : :

&y 2y =[x # 3x'y + 3yt o+ yT 4 A0 # 2xy 4 ¥
.HE % Jrﬁ + E:"[H}'H _ xﬁ _ 3}:.-1}"! _ 3,.';'.!}'-1 i }rﬁ' + 3:.:-1'3_‘;' 4 'E:'{ﬂ}"ﬂ & 3){2}"'1
Kyt o X -y - 3y BxTy - axiy! + 3xy' + 2y + 6y’

= 8x*y" = (2xy), ding bling v& phii

d) Pat x lam nhan to chung dé ed hidéu hai binh phuong :

=3

s[cix? — 7% - 36] = x(x® — 14x" + 49x" - 36)

xix® — 9x' — Bx' + 45x* + dx” — 36)

xlx'xt - 9) — 5x2(x? = 9) + 4(x* — 9)]

wix? — Bi0" — x* — 4x? 4 4) = wix® - 9k = 1) - 4(x" - 1)
x(x? = 9¥? — 1)x” — 4)

xlx + 3Mx — 3 + L) — LHx + 2)x - 2)

(% = 3)x —2)(x — )x(x + 1Hx + 2)x + 3).

+ Dya viio két qua ndy, kdy cheng minh bicu thie n*(n® - 78 — 86 ludn
chia hét cho 7 vat myi 86 nguyén n.

Theo két qud trén thi ndu x la s6 nguyén n thi ta da phian tich duge
thanh 7 56 nguyén lien tiép, do dé chia hét cho 7. That vay !

ntm? - 7 = 36n =(n - I — 20— Inin + 1§n + 2)n + 3} .

Moi 56 nguyén n déu 6 thé viét dudi dang n = Tq + r, trong dé q la sd
nguyén nao dé con r= 0, £1, 2, 3,

M&u = 0 thi 1t chia hét cho 7, do dé biéu thite chia hét cho 7.

Méur = 1 (hodie ~1) thi n — 1 {hose n + 1) chia hél cho 7 nén biéu thic
chia hét cho 7.

Néur = 2 (hoac —2) thi n — 2 (hoac n + 2) chia hét cho 7.

Néu v = 3 thodic -3) thi n = 3 (hodie n + 3) chia hét che 7.

Viiy vdi moi n nguyén bidgu thde da cho ludn chia hét cho 7.

5, a) Ta co thié viét :

ot = 0" — 50" + Bn + 220° - 22n — 320 + 32
in— B b 5n? + 22n — 32)
m—1n"— 20 =3n? +6n + 160 - 32) = (n- 1)n- 2%n* — 2n + 16).

Vi in = 14n — 2) la tich hai s6 nguyén lién tiép nén né chia hét cho 2,
do dé (n = LHn — 2ZHu® — 3n + 16) chia hét cho 2 vdi moi n nguyen,




B,

diéu nay ¢ nghia la bidu thic da cho luén la s& chin véi mei n
nguyen.

b) Ta cd thé viét ;

4a’b” — (a’ + 2a%" + b*) + 2b%7 + 2a%e? — o

4a°b® - (a* + b* + 2c'(a® + b - ¢ = (2ab)* — (a® + b* - c?)?

(2ab — a® — b* 4 ¢} 2ab + a® + 1:32 ~ ¢

[¢* — (a = b)*llta + b)Y - ¢

= (c—a+blc+a-bila+b-cla+b+ch

i

I

Vi a, b, ¢ la ba canh cia mét tam giacnén a>0,b>0, c >0 va
a +|.}h-ﬂ,|.'r+cba,.ﬂ+l:::-li-DDL‘ﬂEﬂEthﬁEEﬁ[ﬂ—ﬂ+b}, (c + a—h),
(n+b-ec)vaia+b+c)déu ducmg, véy tich elia ching eing duong,

L&t binh : Tuong ty, hay gidi bai todn say -
"Phan tich bidt thite (° + & - &% _ 4b%e* thanh mat tich gém ede

nhdn ti bae nhdat va clhiing minh rang niéw a, b, ¢ la ba canh cila mét
tam gide thi bicu thie da eho luén égm. "

Ta cd thé viét
(L% + ¢* — a*F - (2be)? = (b? 4 ¢ — a* + 2heXb® + ¢ — af — 2be)
=[th + cF — a*llth - o) — &
=1h+=:+n}[b+c—aj£h—c+a]{b—~c-al

Néu a, b, ¢ la ba canh ciia mét tam gide thi (b + ¢ + a), (b + ¢ - a),
(b — e + a) déu duong con (b - ¢ - al=-a+e-b <0, do dé bidy thure
da cho ludn &dm.

a} Cdu nay cé nhiéu cach tbch -
= Cdeh 1. Tach hang td gia —4p thanh hai hang td —p - 3p duge
P ~p—-3p+3=(p®-p)—(3p-3)
_ =pMp-l-3p-1)=(p-1xp-3)
Cdach 2. Tdch hang tif cusi 3 thanh 4 — 1 duoc
pr-dp+4 -1 =(p* -1 -(dp-4) =(p + Lip— 1) - 4(p - 1)
=(p-1Up+1-4)=(p-ip-3)
Cacht 3. Nhu cdch 2 IJ.J].L-I'H,E nhém ede hang tit theo cdch khae : -
PP-dp+d—1=(p' —dp+d)—1=(p-9)—
- =(p-2+1)p-2- 1) =({p- 1}p - 3).
- Cdelr 4. Tdch hang tif cudi 3 thanh hai hang tif ma mat la béi cia 4.
p*—4dp -9 4 12 = (p* - 9) = (dp - 12
=(p+3ip-3)-4p-3)
={p—3ip +3 -4) ={p-3)p - 1).
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7.

b} Téch hang ti cudi thanh hai hang tf 2mnp = mnp + mnp duge
| [mntm + n) + mnp| + [npin + p) + mnp| + pmip + m)
= pulm + 1+ pl + npim + 0+ pl+ pmip +m)
nim + n + plim + p) + pmip + m) = (m + p)lmn + n? + np + pm)

(m + pllndm + n) + plm + n)] = (m + pllm + nin + ph
Lai binh : Tuong tu, "Phdn tich thanh nhdn [
) mi® e Imp + 25 d) k' 4+ 2k — 16k -2k + 15."
Ta co thé viét
e} Tdch 3mp thanh mp + 2mp duye

(m? + mp) + (2mp + 2p°) = mim + p) + Zp(m + p)

= {m + pim + 2p)

d) Ta cé thé viet bing cach tach —16k* thanh —k* - 16k" :

(k' = k% + (2k* = 2k) — (15k® = 15) = (k¥ - 1{k* + 2k — 15)

' = (k + 1k - 1)k — 3}k + 3).
Hay chimg minh bigu thife cudl nay chia hét cho 16 khi k nguyén va lé,
Thit viy, khi k nguy@n va 1@ thi ea 4 nhim tr (k + 1), (k= 1), (k — 3)
vi k + 5 dédu chin, tie 14 méi nhin tir nay chia hét cho 2, do dé biéu
thite cudi nay chia hét che 2.2.2.2 = 16.

Cdc cau a) va b) ¢6 nhiéu edch thém va bit.
a} Cdech 1. Thém ¥ va bdt 1 duge ;
dpi—dp+1-1-16=4p° - dp+ 1- 186 = [(2p) - 2.2p.1 + 1% - 4°
=(2p-1F-42=(p-1+4K2p-1-4)
=(2p + 3)2p - B)
- Cdeh 2. Thém va bat 10p duge :
dp* — 4p + 10p - 10p - 16 = 4p” + 6p— 10p — 15
= (4p”® + 6p) — (10p + 15)

= 2p(2p + 3) - 6(2p + 3) = (2p + 3)2p - B).

L) Cach 1. Thém va bét 3m duge ;
mi-2m+3m-3m-3=m’+m-3m-3={(m*+m)-(3m+3)
=mim+ 11— 3(m + 1) = (m + 1)(m — 3)

— dch 2. Tham va bét 1 duve @ .

m—2m+1-1-3 -2+ 1-d=(m*-2m+1)-4
m=10-2"=(m-1+2}m-1-2)

= (m + 1){m = 3).

Lot binh : Tuong ty, "Phdn tich thanl ihdn il :
c) £ -2t 48 d) da’d” + 1."




¢) Ta cd thé viét bang cdch thém va bét 6t :
L” — 2t + Gt — 6t — 48 = t* + 6t — 8t — 48 = (t* + 6t) — (Bt + 48)
= tt + 6) = Blt + 6) = ({t + G)t - B)
d} Thém va bat 4a”b” duge -
4a'b’ + 4a”b® + 1 - 4a%® = (2a®")® + 2.2a%b%1 + 12 — (2ab)?
= {2a°b® + 1)* — (2ab)?
. = (2a’b" + 2ab + 1)(2a%® — 2ab + 1).
Tacothé viet : A =(a®-Ta+60a"—Ta+12)+9
=(a®— Ta)® + 2.0(a® — Ta) + 81
=(a® - Ta + 9)°.
a) Vay A = 0 vdi moi a.

b) Néu a nguyén thi af“_' — Ta + 9 cing nguyén nén A la mit s chinh
phitong. '

Lai binh : Tuong tu, ta ¢d bai Lodn sau vé s6 chinh phuing
"Cluing minl rang vii moi p, g nguyén bidu thic sau la mét 8 chinh

 pludong :{p + qifp + 2q)ip + Sqkp + 4g) + ¢."

That vay, thue hi¢n phép nhan ta c6 :
(p* + 3pq + 2q°)p® + Tpq + 1209 + q°
p' + 10p°g + 36p"q® + 50pq” + 25¢" _
(p* + 10p"q + 25p%q™) + (10p%g” + 50pq”) + 25q"
(p* + 5pa)® + 2.5¢°(p* + Spq) + 25q° = (p? + Bpa + 5%
Vi p, q déu nguyén nén p* + 5pg + 5q° cing nguyén, do 46 bifu thie da
cho la mét 86 chinh phuong,
a) Bign ddi v& trdi : 687 + 2.68.32 + 32 = (68 + 32)* = 100°
= 10000, ding bing v& phai.

b} Bign doi v& trdi : (4.9 — (36" - 1)= 236" — 36" + 1 = L
Lai binh ! Tudng tu, "Chiing minh ring :
€) 52° -51° 4+ 50° - 49" + 48" — 47" 4 4 4 3 + 2 _ 1P'= 1378
P 2. e 1 R SR

70* -g2* 1256% -7% 2
Ta bién ddi vé trdi ;
c) (92 + H1)52 — 51) + (50 + 49)50 — 49) + (48 + 47)H48 — 47) + ... +

+ {2+ 1X2-1)
=b62+51+504+40 + 48+ 47+ .. +2+1
" E:—f.ﬁﬁziﬂ.frﬂ = 1478 :
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10.

PR GO)TTE +77.60 +69%) (77 +41)77° ~77.41441%) 1
(70'+ 62)70 - 62) (125 + TH126 T} 2
816003 1184453 1 16003 -1091 1
+132.8 132118 2 132 >
s 16003 - 445‘3 — B . 11484 - 87
132 » 132
Sdp xép cdc da thic theo liy thima gidm dan, ta lan lugt cé cde phép
. chia sau :
af &= 8¢ - 2x= 1 |:-:?—~E:c+l
Txt o o2x 4+ ¥ xt =1
- ¥+ 2x- 1
T w4 2%- 1
0
by 3y' - 8" - 10y 4 9y- 7 |3y'-y+1
vt - 2y o+ ¥ l y' -2y -5
—- 8y - 1y + 8y- 1
= eyt o+ 4y - Zy
— 16y* +1ly- 7
T~ 16y° +10y- 5
y -
o) 3% +122%- 8z' 41027 - 62"+ 22-1 g + 428 - 32% + 22~ 1
T o325 41225 - 92"+ 62° - 82 i 3z° + 1
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' + dz° 35" 497 —1
- g 4 42 32+ 22 -1
0

d) Ta cé the viét : :

a7t3 -8 27 -2° (3t -2)9t° + 6t +4)

917 +6t+4 OtZ+6t+4  OtP+6t+d
Liri binh : Tuong ty, "Sdp xép da thic theo bidn chink la m rét lim
phép chia :
e) (24m'n’ + gm'n® — 12m® - 10m°n + 3w’ - 2mn®) :
s (6m’ - 3m*n® - 2mn’ — dm’n)

H (10m'n - 9mn® = 8m® + 6m’'n® + 9mn’) : 2m" + 3n’ - mn)."

Ta cd cdc phép chia sau :

=3t — 2,




e) —12m® - 10m®n + 2am*n® + 8m™n® 4 3m%n? — 2mn® .| 6m®* - 4m’n - 3m®n? = 2mn?
~-12mf 4 Bmn + Bm*n® « 4mT® -2m® = 3mn — n*
- 18mn + 18m*n’ + 5m'n® + 3m"n' = 2mn’ . .
~ = 18m’n « 12m*? + 9m® + 6mn’
~ Bm'n® — 4m*n? - 3m%n* - 2mn’
~ = em'n® + dm*n® + 3mn* + 2mn?
~ 8m*n® - 6m%n? — 4mp®

f) -8m" + 10m"n - 9m™n” + 6m*n® + 9mn’ r 2m* - mn + 3n®
~ -8m" + 4m'n - 12m'n® | —-4m” + 3m’n + 3mn?

ém'n + 3m™n? + 6min” + 9mn’

6m'n - 3m'n® + Omn®

Gm'n” - 3m*n® + omp?
6m'n® - 3m*n® + 9t
0

11. Ta lan lugt cé -
a) (a*+4) (4 +a)=a? + 4
b) [(Bxy)* - (Tx'y )] : (Bxy + Tx'y) = (Bxy + Tx"yN8xy — Tx"y) : (Bxy +.Tx%y)
= Bxy — ?R.Jj.l'
¢) (125 — 8tY) = (5 - 2tX25 + 10t + 4t%), do dg : — 122 - 8t° = -,
25 + 10t + 412
o Loi binh : Xét thém bai todn : "Rit gon réi thm
a) gid tri lén nhdt cda bidu thie
Bu® — (200" + 150% — 5y) (=0t - 3w - 1)
b) gid tri swho nhdt eida bidu Hu?q .
8V + 60— (' - ¥ — o+ 1) i (u- 1) - Sulv + 2"
Ta phai thye hién phép chia trude, ta lin lugt ed
a) 3u? — (4u® — Bu + 1-Bu=-8)=3*-du* +8u~-1-3u+3
=4 2

Dou’20nén —u* <0, suyra —u®+ 2<2

Viy bicu thic da cho luén nhé han hode biing 2 nén cé gid trj lon
nhit bang 2 khi u = 0, :

b) Bv* + 6w — (v — 1) = (3v* + 6v) = Bv 4 6v — vi + 1 - 3v% — Gy
=dv* + 1.
Do v = 0 nén rivzzﬂ,suy radvi+ 121,
Viy gid tri nho nhat cla bidu thire da eho biang 1 khi v = 0,
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12. a) Ta cd phép chia sau

8 + 28x + P 4 B
T ogx* o+ 20x dx + 4

Bx + p
8x + 20
p — 20
N&u la phép chia hét thi dup - 20 cin phép chia phdi bang 0, tie
la p =20
b) y" - 18y *+ @ |¥rer+s
TP dy o+ By l v — 4
- 4y - 18y + P
=yt = 18y - 12
p+ 12

Wau 1a phép chia hét thi dup + 12 = 0, tife 1a p = -12.
« Livi binh : Tuong tu, "Tim héing s6 m sao cho :
¢} da thiic 8c? — 26c + m chia hét cho 2¢ - 3.
d) da thiie d* — 7d + m chia hét cho d*+3d+ 2"
Thue hién phép chia ta cd :

) gcf — 26c + m | 2c-3
- 8¢ - 12c de— 1T
- 1dc + m
- —14c + 21
m - 21
Ta phii cé m — 21 = 0, tue la m = 21
i} d* - Td +m d* +3d + 2
Tt 4 840 o+ 2 d-3

- 3d* - 9 +m
- 3d® - 9d -6
m + 6
Ta phai cé m + 6 = 0, tdc la m = -6.
13. a) Cdeh 1. Phan tich da thic thanh nhan b :
ploptap-1=(p'-plr+ip-1
=plp=D+(-1 .
= (p— 1)Xp* + 1) chia h&t chop - L.
Cdch 2. Lam phép chia:
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P p = 1 p—1
L p’+ 1
- 1
S

0
Du bang 0 cluimg to da thie chia hét cho nhij thie,

b) Ta bién ddi da thue nh sau ¢

z
tzn’w+v1:t”-2t.-1\r+lu24--%1.-'52{#,—1'-‘#} +Eu2
2 4 2 4

S 3 O o
Do [t——? =0 va —v¥=0, do dé [t——\- +—v* 20, tic 14 da
2 4 2 4
thite t* - tv + v khéng cd gid tri 4m vdi moi t, v.
o Lot binh :
¢) Tuong tu, "ching minh rdng da thie @ 2" + 2%5m + m® + 22° + 2m + |
Rlvdng cd gd tr dm vde mot 2, m.

d) Sd ty nhidn A chia cho 5 die 4, lap phitong cia A cong vdi binh
plucong cda A lgi chia hét cho 5. Tim A"

Cach gial nhu sau :
c) Pa thic da cho coé thé viét
2+ m? o+ 1!-|-Ezim+Ezz+2t11={z.a+m+1}zzl]
nén khong cé gid trj Am vdi mei z, m.
d) 8é A phii co dang la 5k + 4. That viay ta cd :
(6k + 4" + (5k + 4)% = (5k + 4145k + 4+ 1)
= 5(5k + 4)*(k + 1) luén chia hét cho 5.

D. BAN CO BIET ?
QUY TAC HOOC-NE
Vi du 1 : Mudn tim da thebe theong vi da thie du cidae phép chia
A(x) = 2x' + x” — 3x" + T — 5 cho nhi thic x = 2, ta lap bing sau day :
] 2 % -3 T -5
@ x. 27 &
Cat bén trai viét s6 2 la nghigm cda nhi thire x — 2, dong trén cing
viét tdt cd hé s6 cla da thie A(x) dd cho. Hé s8 cao nhal (tic la hé s6

cua s0 hang c6 56 ma cao nhat) 1a (2) (cha sd hang 2x"). Viét thém 2
dudi bt cd 886 2, dem nhan 2 vdi 2 duge 4, chng vdi 1 duge 5, vidt két
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qud 5 ¢ dong thi hai (theo hudng mai tén & bang trén).
Lai tigp tue ldy (2) nhén vdi 5 duge 10, chng vdi (-3) duge T

! =3 i -7 B
@]« -7 7 @ 2 7% 2 37
Lai iép tue lay (2) nhin véi 7 duge 14, cing vdi 7 duge 21, Cudi cing
liy 12) nhén véi 21 duge 42, chng vdi (-5) duge 37, '

O domg thir hai bay gié 1a

f |
(2| 2 z 7 21 87

Vay da thic thuong la 2x" + 5x* + Tx + 21 vit du 1a 37, (Do da thie Alx)
¢ bic cao nhat la 4 chia cho da thie Bix) co bic cao nhat l# 1 nén
thuong Q(x) eo béc cao nhit la 3),

Vi du 2 : Thn da thire thuong va s6 du eia phép chia
Alp) = 2p' - Ep.z + 4p - & cho nhi thie p + 2.
Truge hét ta nhan k6t ring da thic thumeg Qx) cd dang :
bp” + ¢p® + dp + e. Ta ldp bing sau :
2 .--""'"U _3 "i "-5

|
@]__xq Y 5 -G 7

Cdch lam tuong tu nhy & vi du 1, can «f theo divng thir hai ta duge

~ DBa thie thuong 1a 2p” - 4p* + 5p - 6.

- 86 dula 7.




§4. HAY KHAM DHA CAC PHAN THUC DAL SO

A. KIEN THUC CAN NAM VONG

1.

a)

b)

c)

Dinh nghia. Tink chdt co bdn
Métphin thie (phan thie dai s6) la mét bidu thie cf dang %1 trong
dé A, B la nhimg da thitc va B = 0,

Hai phidn thie % va % goi la bing nhau néu A.D = B.C.

Néu nhén cd ur va méu cia mat phan thie véi cling mot da thde khde
0 thi duge mét phin thie bing phan thic da cho -

i;‘_ = -g-;:_;[ (M la mgt da thi‘:: # da thuic Q)

Néu chia ed tf vi miu cia mot phan thie cho mot nhan tg chung ciia
ching thi duge mit phin thie bédng phan thie da cho

A_ AN
B B:N

Riit gon va quy déng mdén

(N la-mit nhin ti chung).

Ta cd thé déi dau ci tir va miu cda mgt phin thie

Mudn rit gon mjt phan thie ta 6 the -

Fhan tich ti va miu thanh nhan ti (néu cin) dé tim nhén tir chung.
Chia ca ti va mdu cho nhéin ty chung,

Muén quy déng miu nhidy phin thiie ta c6 thé -

Phéin tich cde mdu thanh nhan td réi tim may chung.

Tim nhdn ti phy eda mdi miu,

Nhén cd tf va miu cia mdi phan thite véi nhan g phu tuong ing.
Bén phép tinh vé phan thie

Céng hai phan thie ed cimg mau hofic ¢d miu khdc nhay gifing nhu
cong hai phin so.

Trir cac phan thic % - % = % + [——E—J trong dd —% la phan thire déi
cua % {vail luu y thém : —E— — Eﬂ vil —:éli = %J-
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=| = !‘Ei?ﬂ
- Blo

¢} Nhan hai phan thic :

d) Chia ede phin thic :

Wi 2|
Do SUla

d. Bién déi ede bidu thite hitu 11
a) Tacd thé bign ddi mét bitu thee hitu ti thanh mdt phan thite,

by Vi nhing bai todn lién quan dén gia tri cia phan thie thi trude hét
phai tim diéu kién cia bién dé gid tri cia ndu khie 0.

(1)

5. CAC BAI TOAN DIEN HINH
1. Khi nao thi cdc phan thie sau biing 0 :

x-Tix+9 b) mp-m-p+1l &) y© -2y
(x +1)ix - 6) m* +n* +4 y: — 4y +4
g, Cdc phéan thie sau cé bing nhau khéng
a) ~m . R P
m =2 2 ~m (p—H® (5 - p)*
3
¢) 3=t vh — t* — 27 9
t=d (t° + 3t + 914 - t)
8. Clhung minh ring :
%!+ x? + 341 (x + 1)
o e 2 =R
V- +2x" -x+1l X"+l
) 33 + Ez =2[:Z_Ej néuy+z=1
g -1 y'=1 ¥z +4d
¢ -5)
el = :}H}r: -
% z X+ ¥
4. a) Tim cac =8 a, b sac cho : ::" Sl iy 2
pr=l ¥+l ¥=1
by Tim cic s0 a, b, ¢ sao cho : L :&x+b+ s
(% +1)x +1) sl K+l
5. Cong va it cdc phan thic sau
5-x% 6-x 4 -
a) + =3 = X k) 3 = : + — 1 :
X=¥ gy X+¥ 9y-22 Zy+2z 2t-y?

L " 2 . o
(g -1Mz-2) (2-2z)}3 -z (1-z¥z—-3)

o
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8. Tim %, y, z trong cde bidu thie sau ;
2x+86 Tu+19 2x+1
+ + =

a) 3x - 16
7 2 3
4 . b4
- 3 _ 2 2m o) s B +b2__{a+hjg
9-3m 2m° -12m + 18 ta —b)
7. Nha}n cdc phin thic sau :
a) mx® - mz..r2 3+ 3y
x* 4 2xy + y” mx? - 2mxy + my”
|\ g
by [ z+1 o2 1 ]_:. E_!l
22 -0z z* +9z) zf +9
&) d+e+f ) 2d + 2e
(d+e —fid+e) d°+2de+e” =1*
8. Chia cdc phéan thie sau .
2 2 a 3
-2y — 15 -6
al 3_3 g X :;‘F b Liu#:{mﬂa
¥y =3y - 10 y© -4 m° 4z
] kx + ky kx® + ]L-L:|.-r2 + 2wy
c : .
x° +y° — xy 2x 4 2y

9. Chung to réing cic biéu thic sau khong phu thuic vaoe bién x :
(p +8x)* -(8x - 1)

Gx - Gpx —(p -1

(9% . B2 43{J[Ex+2 4:-:]

I}}L - + o
x+1 x-1 x%2_1) lx+1 x-1 x?_1

4mn m n 2mn
10, Che M= |m- + n] :[ - -y ]
. m + n m+n n-m m¥-_pn®

N_'[L+i]. L[l e
Am? n*) m+n)? (m+n® lm n) ()

Rit pon M va N va chimg to tich M.N = m.n.
e+1 ef +e ]

al

e+l ef +e

+
ef +1 ef -1
tim gid tri nho nhat cia E dé e + = 4.

11. Ruit gon biéu thie E = [

g e Tp+ 2
12. Tinh p biét rang : P SN +1
I—Ll 24+ 1
P= 3+~
B

1:[ - +'J-.]1.ré.
ef +1 ef -1
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X i : _
b i bk ke ps | =9 1 1][d.1+1 d ]

14, Cho bidu thic K =

UI

48

d!' —d® 41 4t
q) Ching t6 mau d' = d* + 1 luén duong vdi moi d
by Rut gon D. '
¢} Tim d d& D dat gid tri nhé nhat va tim gia tri nho nhat dé.

k+2 5 i 2
k+3 Kk*+k-6 2-k

a) Rt gon K.
b) Tim gid tri nguyén cia k dé 4K + 1 chia hét cho 3.

CACH GIAI VA LOI BINH
1. Muén cho phin thue %: 0 thi diéu kién la A = 0 va B # 0. Vi thé

trude hét ta phdi tim tip xde dinh (TXD) cia phin thie, tie la tim
nhimg gid tri cua bign ¢ mau dé méu phdi khae 0. Ta lin lugt ¢o :
a) TED :x#-1, x = G.
T (% — THx + 8) = 0 khi x = 7 hoac x = -9. Céc gia tri nay clua bién
déu thude TXD cia phin thie da cho.
Vay phan thie biing 0 khi x = 7 hodie x = -9.
b} TXD : moim, n € Q.
Tdmp-m—p+ 1=mip-1)—(p- 1) = (p = 1Hm - 1) = 0 khi
p = 1 hode m = 1. Cae gid tri nay thuje TXD cia phén thie da cho. -
Vay phan thife bang 0 khi p = 1, m bit ki, hofc khim = 1, p bt ki.
¢l Doy*—dy +4=(y—2¥nén TXD lay = 2.
Tit y* - 2y = yiy = 2) = 0 khi y = 0 heiic y = 2. Loal gid triy = 2, ta
thiy rang phin thic biing 0 khi y = 0.
o Léi bink ; Tuong tu : "Khi nao thi ede phdn thire sau bing 0

g o100+ 25 oy P -4p+3 hrepasel 5
1 _ g4 P —2p— 4 wb +cd + b+ ad
Ta cb thé viét :
-5
d) e M
{t + Bjt -8)

Tit dé TXP : t # 8 va phén thie bing 0 khi (t - 5) =0, titc la t = 5.
e) Taed tii p* —4p + 3 :p"”"—p-E]:-ﬁB:{p?—p]-[ﬂp—B}
=plp-1-3p-1)
=(p— 1}ip— 3) bing 0 khi p = 1 hofc p = 3.




Védicdegidtrip=lhoticp=3thimiup®’ - 2p -4 20
(Vi1 -21-4=-5+0hofica®-23-4=1720)
Védy phan thie dd cho bing 0 khi p= 1 hoficp = 3.
f) MAu c6 thé viét
ab+ch+ad+ed=bla+c)+dla+c)=(a+ciib+d) .
Dodé TKBlaa=-¢c, b=-d

Ti biing 0 khib = -¢c, a = —¢, tifc 14 a = b = e. Vay phéan thie da cho
béang 0 khi b = —¢ (loai a = —e).

a) N&u d8i dfa cin phén thic —2— thinh —2 o 2 =78y an
m-2 2 -m B -B

duge phin thie tha hai. Vay hal phan thie nay bing nhau (vdi didu
kién m = 2).
b) Hai phén thdc nay 6 méu (p - 5) va (5 — p)* biing nhau, nhung ti
lai ddi nhau (—p # p) nén khong bing nhau (véi didu kién p = 5).
3-t —(3-t) t-3
t—4. (t—4) 4-¢
ngoai ra t* - 27 = t" - 8% = (t — 3)t’ + 3t + 9) nén phéan thie thd hai
(t-at* +3t+9) t-3
(4-tit? +3t+9) 4-t
bang nhau {(vdi didu kiént = 4 va t' + 3t 4+ 9 2 0),
Lot binh : Thém bai ra tuong tu :

¢) Theo quy téc ddi diu ta cé

cd thé viét : tie 14 hai phéan thie da eho

"Chaing minh tai sao :

2 =
d) bidu thie 22 3‘: qf g lai bing prgri (vdi p #q).
P -q g

(85 = dt%)-(t—d)
(8 —8)—(7¢® - 14t)
Ta bign dbi cde bidu thae nhy sau -

Y] it el ted ¢ ed)

e} bifu thie lai bang

f
t-2

g @ -a")+GEp-30) @iap-q)+3p-q)

(P+agXp-q) (p+qkp-q)
={p-qJ{p+q+3}=P+q+3
(p + qip - q) p+q
L2t — 4) - (t - 4) __(b-aye* -1 _ (t—d)t+1)it-1)
(t=-2)0t% +2t+4-7t) (t-20t2 -5t +4) (t-2)t? -t -dt+4)
{t=4Xt+ 1)t —1) (b= ait+1NE~1) T t+1

T-2Mtt-1)-4lt-1)] (t-2Nt-1Nt-4) t-2°
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g9, Trude hét phai bign déi v& trdi. Ta ldn luot ed :

¥l b rx 41 (x? + xM )+ x4+ 1)

al =
x? —x¥ 2k -x+1 ! —-1:34-:-:?:14-{:-:&—:-:-#1]

x4 1) +lx+1) C x+ L + 1)
x? -+ D+ xF-x+1D) XF-x+DxP+1)

(x+ D0x+Dx* =%+ 1) (x +1)%
(x% -+ 1N +1) x% 41

by Thay y = 1 - 2 vao £ ta due
#£-1 yi-1

_3-1+ = _ g—1 N Z
g1 -z -1 (z=10z* +z+1) —zlz" =32+ 3)
- 1 - 1 Jﬁﬂl—z}—ﬂf

22 +2+1 :52—3:+B_z'3f1—312+3
2ya-2)  2iya-2)

C2f1-22+3  y%2? 43

(vdi yz # 0).

. o t? =5 3 - . 1 z
e) Ta biét ring =1 vdi x = 0, nén ta cd ngay : = ;
R X+Y x+y
%
o Lévi binh @ "Ching minh rdng:
2¢ 2 +3xfx-1)-1  —dx 4x*  10x+ 2
o) = 2 % T
x=1 2x° + 3x x+1-2¢ x*-1 x -1
vdtx 24l x =0;
; 2 2
e) T+ Y42 v+ 2y 2 E,um:r+:.r=z."

2 (x+y-2)

fx 4+ 97 —2(x + .}-'J-.tE b 2xy 4y —2
Ta lan higt bién ddi vE trdi.
2x  [(x* - 1)+ 3x(x - D)l(-4x) 4x?

x-1 Sulx + 1Hx - 1)° e |

d)

9x  fx- 1ix® +x+ 1+ 3x)(-4x) dx® )
x -1 2x(x + 1ix - 1) x* =1 '

ir

9x  -2(x° +4x+1) ) 4%
x-1 % -1 x -1 v

ax(x + )+ 2(x? + dx+1)-dx”  10x+2
g —1 x-1




X4+y+z 2(x + y)
el : -
(x+ylx+y -z} (x+y)? -2

_ (% +¥+z)2(x +y) < 9 )
(X+yMx+y—zix+y+2lx+y-z) (x sy -z

4. a) Voi didu kidn y # £1 ta e thé vigt; —2 -8 *bly —a+b
¥l (y + Iy —1)

dvab-a=0Tiditaco ngaya=>0b =2,
1y 2 ) 2

Viy 1 ——— = .
:-,rj—l y+1 ¥ -1

Suyraa+b

b} Cong cde phan thie & v trdi ta eé

axth ¢ (ax+bix+D+ex® +1)
x?+1 x+1 (%% + 1% +1)
Viy dédng thic da cho eé thé vist -
1 _ fax + b)x + 1) +elx* +1)
(2% & 1)ix +1) (x? + 1)(x + 1)

2
_ la+ek ;{a +hix+(b+e) (*), v6i didu kidn x = -1,
(x™ +1){x+1)

Biic biét, dang thie nay ding véix =0, x = 1 v x = 2,

_ . b+ec=1
Thay cde gid tri nay vao (*) taduge: {2a+2b+ 2 =1
Ga+3db+5ec=1
- ; 1
Gidi ra duge.a = —-%-, b= - vac= l
2 2 2

(That lai ta sé thay bg ba gid tri nay thoa man dé bai).
o Lai binh : Tuong tur ;
AT t*+ & ;
““c) Viét phdan thaic 1—3— dudi dang tdng heai phén thic
v -3t-2
m 1
+ 3
t-2 (t+1)°
' 5 p'j + 2p 3
d) Viét phdn thc T didi dang tdng ba phdn thic
_ﬁ' - i
g . (2 + up + l-'_,,
p+l p-1 p% 41

Cach mai nhu sau :
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e B mit + 1) + nit—2)
t-2 (t+1)F (t — 2)t + 1)*

¢) Ta co ting

_ mt® + (2m 4+ n)t + (m —2n)

t* -3t -2
2 2 ”
Y W 31; +5 A mt ”2':“‘“”“‘ 2n)
¥ - 3t-2 t* =3t -2
Do mau giong nhau nén td cling bing nhay, ta suy ra cic hé sé
m =1
tuong ung bing nhauy, ticla : {2m+n =10
m=2n=>5

Ta cé ngay gid trj ctia n = -2, vay ta e6 thé viét :
2 +5 1 . -2
‘P -gt-2 t-2 (t+1)%

d} Ta cé thé viét téng ba phan thic nhu sau

8 t . up+yv
+ + =
]'.I-+1 p-—l Pg-q-l"

sp-Dip? + D+ tp + Dip? +1) _fup+vip® -1) _p° +2p
pt -1 pt -1 p' -1

=

Suy ra :
p® + 2p = sip— 1)(p* + 1) + tlp + 1p* + 1) + (up + vIp" = 1)
(g +t+up’+i-5+ t+vipe+(s+tl—up+(-s+t-yv)
- s+t4+u=1
Tir d6, cdc he s6 tuong Ung béng nhau : N
s+t-u=2
-s+t-v=0

¥

Gidi raduges =t = T u=-—vav=0.

Ba | e

p3+2|:-= - s 1
pt -1 dlp+1) 4lp-1) 2p*+1)

Vay ta cd thé viét :

5. a) MC : (x + y)ix — y). Pidu kign x* - y* 2 0.
(B-xHX+y)+(B-%X)-(4-xUx-Yy) _

Ta co :
%+ yix -¥)
B Bx+By-—x2 -xy+6-x—dx+dy+x" -xy 9y -2xy+6
g g




b) MC : 20y + )iy — z). Didu kién v* - z* # 0. Ta ¢ -

1 1 1 - S
. - - (doi diau eda
20y -2 2Ay+z) y?_g? 22—32}
=y+2—{y—z}—2=}'+z—}r+z—2= 2z-1) z-1
Ay +2)y —2) 2y? —2%)  2y? -z?) yP-z%

c) MC:(z-1)z=2)z—-3). Dicu kiénz =1, z2+2 2z« 3, Ta cé
S i 2 " -3 (2-3)+2(z-D-3z-2)
(z—-1Mz—-2) (z-2Nz-3) (z-Liz-3) (z -1)z-2)z-3)

z2—3+22-2-324+6 B 1

(2-1)z-2z-3)  (z-1-2)(z-3)
Léi binh : Tuong tu @ "Cong va tri cac phdin thie sau :
I L
£—=1 t+1 -1 41
g § 5 ~ 4
a® +2ab+b® a® -b%  a® - 2ab+ b’
2x-z .'j‘.n:E—E_}rz Sx-y 4y-x,
4z  Bxz 2y ) 3y
Ta ¢6 cdch gidi sau day :

d) Ta chi cdn nhém cde phan thie réi rit gon ma khéng phai quy
ddng méu, nho dé ma tinh todn duge nhanh hon. Ta nhém nhy sau
(diéu kién t = £1) ;

¢3 1 t2 1 t? —1 tf-1
t—1 t-=1) lt+1 t+1) t=-1 t+1

b-DE* 4t 41 - . :
ot VRO SHIMECD PN S Sl D
t—-1 t+1

e) Do a*+2ab+b*=(a+b)® a°-b*=(a+bia-h)
a®— 2ab + b®* ={a - b)Y, nén MCIla (a + bYa - by,
Ha-b)® —dla +b)* +5a® —b?)

o)

e)

2]

Ta co :

(a+bfa-by®
_ 3(a® —2ab + b*) - 4(a” + 2ab + b%) 4 5(a® - b?)
(a + b)la - b)?

3a® — Gab + 3b® - 4a? - 8ab - 4b® + 5a? - 5b*
B (a + b)*(a - b
4a - 6b* — 14ab  2(2a —.7ab - 3b%)
(a+b®@-b? (a+bPla-b? B
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f) MC: 12xyz. Ta ¢ :
Axy(2x — 2) - 2y(3x® - 2yz) - Gxx(5x — y) - dxa(dy - %) _
' 12xyz

Gx’y — 3xyz — 63"y + 4y”z - 30x7% + Gxyz — 16xyz + 4x’z
12xyz

-13xyz + Ay®z - 26x°z
12xyz d
6. a) MC - 42. Quy ding mau roi kha médu duge -
42.3% — 6(2x + 5) + 21(Tx + 19) + 14(2x + 1) = 16.42
hay : 126x = 12x — 30 + 147x + 399 + 28x + 14 = 672
trdd 126x — 12x + 14Tx + 28x =672 + 30 - 399 - 14

vl x, v, 2 khdic 0.

280% = 289
_ Vayx=1
by O day m-1a hiing s6, tim y la thuye hign phép eong phin thie.
Tacoy= - “n + -
2m*-12m+18 9-3m
. 2m 3 m 1

' — o) — + i
d Am? -6m+9 HI-m) (m-3° J-m

v 18y MC la (m - 3 duge :

Dai dau thanh
- d-m 11

B m B 1 _ - {m - 3) _ 3 (véi m = 3).

y = - -
m-3F m-3  (mn-37° (m - 3)%
e) Didukién a = b, tacd:

4, 4 . i i - Tt
R s b1 (a+b)? = a +b" —la+b)la=b)
(a — b) (a - b)®
Ca' b —asbha-b)F . a'+b'-(a* - 1)
ta — b¥ (a — b
ab + b -(at -2a*p? + 1Y) . 252 p?
= s . Vayz = 7
_ {a —b) (a—b)
o Lok binh : Tuong tf: "Tim £, v, v trong cic hicn theie sau
5 10
d] b, .Ja+.5b+ #ab " I :
a+d a-b0 g% B a b Z2ab
a+b a-b o7 -4
m+2Y
: J + 3 P
n -2 m-’ -8 2m
el = T =
(H!—E] m- o+ 8 e — 2
+ 3
m+ 2

e 1



Iy,

dvin—p)  Sn° -10np + 5p°

Stn? - p*) ¥ 2(n® - np + pEJ' '

Ta ldn lugt oo

dt =

I

[

1]

E:Fu:'.

f)

V=

-

i . :5a 5h 10ab :
a_ b Zab ‘[a+h+a—-h+uﬂ_b2]Wﬂm#him
a+b a-b a2_?
a® - p® . Bafa — b) + 5b(a + b) + 10ab
ala —b)+bla +b) - 2ab a? |t
'I:E_!—hg,]:a

(5a® - 5ab + Sab + 5b? + 10ab)Xa® — ab + ab + b? — Zab)

(a® - p?)? N Ea+h}2{a—h}2 1
(52" +10ab + 5b%)(a? - 2ab + b?)  5a + bi¥ta-b)® 5
m + 2%
[ ]-rﬂ 4
m -2 m” - 8 Z2m

{tl1—2]2+3'|113+8" m-2

— (vdi m = £3)

m -+ 2
{m + 2% + 8(m - 2)° {m - 20" + 3(m + 2F m*-8 am
(m - 2)° T tm+ 2)% m*+8 m-2
m® -+ dim + 4+ 3m? —dm + 4) (m + 2}2
— . — x
{m - 2)° m* —d4dm+4 + AHm® +dm 4 4)

m’ -8 2m
=

m’+8 m-2

d4m® - 8m + 16  (m+2)? m’ -8  2m
(m - 2)° 4m? + 8m + 16 m® + 8§ m-2

4{m® - 2m + 4} (in + 2)* (m - 2)m? + 2m + 4) 2im
(m - 2)* 4tm? + 2m + 4) '[m + 2Hm? - 2m - 4 m-2

m+2  Zm _2-m -m-2)
m-2 m-2 m-2 R

5n’ - 10np + 5p°  4in-p) = 5(n* - 2np + pi} 5n? + p*)

-1

2n — Znp + 2p* " B(n® + ) B 2 ~np+p?) Hn-p) -

5(n - p)* 5(n + pin® - np+p?)

2(n* —np + p?)’ . =p)
ad(n — ;Hu *pl ?(n2 - p%).
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7. Trude hét phin tich thanh nhan ti rdi nit gon, sau dé lam phép nhan,
mxf -y 31+y} - mix+ylx-y) 3(l+y)
(x + ;'|.r}l2 I:n[:&z — 2%y + }’2} (x + }f]lz Lmlfx - }'}E
_ d+y)
(X +yNx-y)
h}[z+1 R z-1 }zz—E.l=tz+]]{z.+9j+{z—l}{a-9}l z% - 81
#Hz-9) =zz+9)

a)

(vdi x = 1y).

e a(z? - 81) "2 4+0

z® 4+0z+2+0+2° —Bz_2+9 1
b rz.2+9

" 2
22" +18 1 2z +8) 1 2 {vdi z = 0).

B Z 22 +9 Z 2 +9 ¢
¢) Ta cd thé bién déi nhu sau
d+e+f 2d+e) (d+e+f)2id+e)
d+efdre—f)(d+e? -f* (d+eld+e-flid+e+fld+e-1)

(viid+e=zi)

n

(d +e-1)7°

o Loi binh ; Tuong tu ; "Lam cde phép tinh sau :
&) 1 2% £t
x-1 (x2 + 1)z -1)

o) _j_[i_f} _E_[L-iJ L[L_LJ
fa+bP \a? ') (a+b) & B*) (a+b) \a® B®

Cdch gidi nhu sau :

x +x417

d) Lam phép tinh trong dau [ ], sau dé mdi lam phép nhén : .
x" +1 2 x +1
KE+0x-1) GE+lx-1[x% +x+1
x' %%l ey tx-1F 1% +1 x-1

(2 +x—1) x® +x+1 (F+1x-1 xF+x+1 xFex+l

e) Téng nay cd 3 s8 hang, ta bt ddu cing hai 58 hang cudi san dé mdi
eing k&t qua tim duge vdi 86 hang thi nhat. Ta cd
Téng hai 8 hang cudi bing :
2b-a)a® + ab+b?)+ Zablb-a) 2(b-a)a® + 2ab+ b?)
a’b(a + b)* i a*b*(a + b
 2(b-a)(a + b)® 2(b - a)
" Ta@v b a’ba+ b




Cong vdi 86 hang tha nhat duge .

(b-a)b+a)b® +a?) 2(b—a) _ (b-a)b* +a®)+ 2ab{b -a)
4.4 4 ey g 4.4 1
a'b'la+h) a“b"(a + b) a'b*(a + b)

_ (b—a)a + b)? _b-a
ﬂqhd'l:ﬂ-l- h}E a{hi
8. a) Ta phdn tich tf v& méu clia cde phan thite thanh nhan & -
Y -By+3y-16  y*-22  yly-5)+ay-5) (y+2iy-2)
y: By +2y-10 Yy —d+y-2 Fi}'“ﬁJm‘E'[_‘r'—ﬁ}'{yz—4}+{}’—2}
_y -5Ky +3) (y +2)y - 2) o
(y =5y +2) (y - 2y + 3)

(vdiab # 0 v& a = -h),

mz(m® +2°) 5. maim®+zl) 1 1 :
b) Ta ¢b : D m = : — = (vd1l mz = ()
I:l'l.2 T+ I-E I]l'a + 3'& ma.ﬂa mEEE
B 2
¢) Tacs: kix+y) : K(x® +2xy +y*) _ k“H};J. 2(x + ﬂg
(x -y} 2Ax+y) (x-y)r kix+y)
(x-y)F
o Lai binh : Tuong ty : "Lam phép tinh seuw :
(2m+1 2m-1] 4m
i) - ]
\2m-1 2mas+l1) 10m-5
¢ - S
el ?p + ?”' J : ‘pE.
n"—pn p -pn! n°p+ap
Thye hign phép tinh trong ngodc trude. Ta ldn lugt cé -
S (2m+1)* -(2Zm-1°  4m
(2m +1}2m-1)  5(2m - 1)
:: 4m® +4m + 1 - (dm? - 4m + 1) 5(2Zm - 1)
= (Z2m +1)(2m - 1) " dm
8m 5 40im 10 A 1
= ‘ = = (viiim 2 -=)
2m+14m 4miZm+1) 2m+1 2
o) P n | m+pm-p) p*-n® npln+p)
nn-p) pm-p)| npin + p) npn —p) (n+ piin -p)
_-0®-p®) mp _ —(nipin-p) up
npin—p) n-p np{n — p) 'n—p

—-n+p) np _ _n+p p+n
np n-p n-p p-n
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p® + Gpx + 9x® — (9x* ~Bx+1)  p® +6px+bx-1
~Bx(p — 1j - (p - 1) (p=1)(-6x—p+1)
(p+1ip-1+6x) p+1

= - , khéng phu thuje vao bign x,
—(p-1lp-1+6x) 1-p

B o) Tacd:

b) Trong hai thita sd cda tich thi hai st hang déu gidng nhau, chn sd
hang thi ba trdi ddu: Do dd ta hay tinh téng eia hai s8 hang diu
2x 2 Zx(x-D+20x+1) 2x" -2x42x43 2% 43
x+1 x-1 x? -1 x% -1 o
Viy tich da cho cd thé viat -
[Ex2+2+ dx ][2x2+2_ 4x ];‘ﬂ12+2x+llﬂx?—2x+ﬂ
a1 el B Poi] {x* - 1)°

Ax + 12 .2x-1F (x*-1)° | s
= o1 = 41.m = 4, lchéng phu thuge vao bien x,

o Lii binh : Twong tu @ "Cluing t6 cde bidu thic sau khing phy thude

vao bitn t
o) p’ - 2pt+6t-9 dJ (5t +m)” —(5t-17° ,
l‘p+3,-"""—2,u,»f—ﬁr (m—-&)m+10t-1)

Ta co thé viét cde bidu thic da cho nhu sau
p* -9-2t(p-3) (p-3)p+3-2L)
(p+3° —2tip+3) (p+3)p+3-2t)

o]

p-3

p+a3

di Thr la higu eta hai binh phuong nén higu thite ¢6 thé bign déi thanh
(5t +m+56=1)5t+m -5t +1) 10t 4+ m - 1){m + 1)
(m = 5)(m + 10t — 1) ~ (m-5)(m+ 10t - 1)

m -+ 1

, khéng phu thude vao bién t.

, khéng phu thudc vao bién t.

-5

10, M =[m_ 4mn +n]:{ T Emug]

m+n m+n n-—m m"g‘I -1

mim + n) —dmn +nlm +n)  mim-n)+ nim +n) - Zmn

1+ 1 (m+n)m-n)

S
m- 4 min - 4mn + 1mn 4 1'I.E i I‘.I'iE — M -+ mun + 112 —2mn

m 4 n ' (m + n}in - n)
fm-n)*  (m-n) (m-n)® (m+n)m-n)
£ : = . =m-n
m+n  {m+nkm-n) m+n (m - n)*

o8




N =

2. 2

: ' i
m‘n® {(m+n? (m+n® mn

m* +n? 1 2 m+n | m*n?
‘m-n

= (m* +n*)(m 4+ n) + 2mn(m + n) m®n® _mn

men(m + n)® ‘M-n m-n

I

Viy tich M.N = (m - n). = m.n.’

m-n

o Lot bink ; Tuong ty : "Vai gid tri nao eda e thi biéu thie :

.- 2 26 b _besc” )| 4¢* b+e
b-e b+ b-e T )
i gid tri bing 1 8"

Trude hét ta it gon bidu thic C, ta cd
& _{F 2 2b h*—hueﬂ]{h-cﬁ}h-r.u

[b-c (b+c)b? —be+e?) b-c 4e* | b-e
2z 2 (L-c)| b+e
S llb-c (baeb-e) | d4c® |'b-¢
2 2b + ¢} - 2b (b - ¢)? b+c_2h+2ﬂ—2bhi
(b+elb-e) 4¢® b-e 4c? 2¢

I“»Iﬂfuw{:}:lt_lafi'r.:lﬂi =1,5u_‘,"1‘ﬂt:=1.
2e 2

11. Tach: E =

[{e +1(ef — 1) + (ef + elef +1) - (ef + I)(ef - 1)]
(ef + 1)ef — 1) ;

[I{e + 1)(ef - 1) - (ef + 1)ef + 1) + (ef + 1)(ef - 1}]

(ef + 1)ef -1)

= (e + 1){ef — 1) + (ef +e)ef + 1) — (ef + 1Hef — 1)
(e + 1)(ef — 1) - (ef + eMefl + 1) + (ef + L)(ef - 1)

e'f —e+ef -1+ef® taf +e?f+o—a?f? 41
Ezf-'E!+Ef'—l-EifE—Ef—EEf-E+E2f2—1
2e*f + 2ef  Zef(e + 1) N

= = f.
28 -2 —2{e +1) €

]

2
Ta bist riing (e — £ = (e + 1) - 4ef = 0, suy ra —ef > - J:l” :

42
Viy E = —ef 2 il -4 (thay e + f = 4 theo gt). Tir d6 E dat gid trj

nhd nhat 1a -4 khie =f = 2,
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e ——

» Lé&ri binh : Tuong ty : "Rt gon bidu thiic :

l;|

X t-

_ 2
rx+y}r’1‘.—}r}_

®

x*y?
(x+3)1+x) (I4+x){1-y)
wix tim cde gid tri nguyén cia x, y dé X rit gon bing -3."

Ta ldy MC = (% + yN1 + xM1 — y) va b

y o X0+x)-y*1-yl- ¥’y (x+y)

MC

A+ ylixix+ 1)+ wil =% = y(1 + %))

B MC

(% + y)1+xix+ ¥y = y*x—y)
MC

_x+ ¥l XN -y)x + xy - y)

) (x+ y)(1+x)1 - y)

n

=X+ Xy-—J¥.

By g

ta phdi tim x, y nguyén dé x + xy - y = -3 (¥). Mudn vay ta
vigt ding thic thanh x + xy — y — 1 = -4, hay (x — 1)1 + y) = -4,

Do (—4) 6 thé vist dudi dang tich cia hai thita s& nguyén sau :
(<411 = 1.(-4) = 4.(-1) = (-1).4 = (-2).2 = 2.(-2)
viido(x ~ 1)+ (1 +¥) =%+ y = 0 nén phai loai 2 truding hop cudl. Vay
cdc gid trj nguyén cla x, y thda man (%) la :

x[ﬁ 0

-3 2
¥ | -2 3 G -b
12. Ta phai tinh tir dudi 1&n. Ta ldn lugt e6 :
vétnl'ﬂl' 1- P =P—l—P= -1 = 1
p-1 p-1 P-1 1-p
1 2
Pi——=pll-pl=p-p°
1-p - L
Vphkiy: B2 L __ . B
P p 3+1 3p +1
P
3 . 1 Loy B :E-p+2+p=?p+2
g, 1 3p+1 3p+l  dp+1l
P
p+2 i i

: =3 1.
Jp+1 i
Viy ding thic da cho trd thanh : p - p? = 3p + 1,

hay p*+2p+1=(p+1°=0, tir dé p = -1,




o Lot binh : Tuong ty -

& a-b a+h

—+ — o )
“Cho A = b u,ﬂ=m—u_—b. TinhA+Buvad:-B"

a_b a b

b a b a

Ta tinh riéng A va B, ta cé
A‘-[£+EJ'[H' ’I::-]_ﬂ"=+l;|2_aE—l}nE a® + b?
ab ~  ab aZ - b

Rt T (vdia=zbs0)

5 =[a—b a+hJ_[n b]_{a-hr"‘-num“ ab

& X .
a+b a-b b =a (a+bila-b) "a%4p®
a® - 2ab +b? + a2 + 2ab + b2  ab N 9a® + 26% ab
a® - p® a%+b?  a?-p? a? 4 b
* 2ab
= Eahﬂ (viia = b= 0),
E —
2 .3 2 18
Tacé: A+B < 2 +b i 2ab _a +b* + 2ab
-E:I_E _hE H.E _hE HE 2 hE
__lta+b®  a+b_ |
(a+bXa-b) a-b'
324-1}2_ 2ab a? 4+ b*

A:B= i =
a” —b* al-p? 2ab

13. a) Miu d'=d*+1 =4d'_ 4+ :1;4.

Lo

-

2
1 3
= [n[]2 _E] T -d_ ludn duong vdi moi d.

2 2 oy 3 v dZyy a2
b}D:([d D? +1)-d* + 4 1”‘],“1@}{1 d}]

(d* —d® +1)(d% + 1) 1+ d?
dd“ _dd dE_ - z_
S5 12 +E 1.{d“—d2+llzd 2
{d* =d* +1)(d +1) d® +1

-3 d'+1-3 . '3

d®+1  a?+1 el
Vid*+1>0nénd + 1 dat gid t1j nhd nhat 14 1 khid = 0. Suy ra
dat gid tri nhdé nhat. Vay

c) Ta cd thé viet : D =

T dat gid trj ldn nhit va 1 —
d® +1 d° +1

Ddatgid trinhé nhat khid=0vagidtridsla 1-3 = -2,
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b1 .F.-—J'J 25k

2 3 , Y - - - i #
e Loi binh : Tuong vy : "Cho bicu thic K [..!.: -1 k+l) 5k-5

a) Riit gon K va tinh .g;'r:i tri cia K ki k= 2019;
h) Vi gid trf nio cia k thi K =9 2°

Cach giai nhy sau :

a) Didu kién k # +1, ta ¢d :

k +1° -t -1* 2%
(k+ 1)tk —1)  5(k~1)

{1{+1+k—1}[k+1—l{+1}15[k-1}

7 -

e+ 1)tk - 1) A
B 4k 5k-1) 10
Tk +1Mk-1)- 2k k+1
o O O e B . S
- ke T oap2o 202
3 10 ’ 1
by Néu K =9 thi - =0, hay 9k + 9=10. Tirdé k = —.
k+1 £
14, a) Bifu thic cd thé vidt -
Eia. E T, Ty
k+3 k®_9%k4+3k-8 k-2
_k+2 5 I ksl 5 1

"k+3 kk-2)+9k-21 k-2 k+3 (k-2k+3) k-2

(ke +20k-2)-5-(k+3) k®-4-5-k-3 _ k'-k-12

(k - 2)(k + 3) (k-20k+3  (k-2)k+3)
) kﬂ-41{+3k-12:hil-;--inﬁus-q} _ k-4 +8) k-4
(k -2k +3) (k - 2)(k + 3) Tk -20k+3) k-2
h}Tﬂ:&:dH-ﬁ]:4?;':}+1=E::f=5—-k—%—2nguj..fén]{hiik—ﬂl
la ude cua 8.
Ta ¢6 bang sau
k-2 1 =1 2 9 4 4. | 8 -8
ke 3 1 4 0 6 | 2| 10| 6
4K + 1 -3 | 13 1 9 3 7 4 6

Chn olf vho bihg trin va kit hop véi didu kign, ta e vii k = {3; 0; 6; -6)
thi 4K + 1 chia hét cho 3,
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D. BAN CO BIET ?
TiM GIA TRI NHO NHAT VA LGN NHAT
Vidy 1:Tim gidg tri nhé nhdt (GTNN) ciée bidu thie
A=d®+ 2 - 2ab + 2a - 100,
(ricti
= Cdele 1. Dua véoe binh phuong cia ting
' (x+y+2zf=x*+y"+2"+ 2xy + 2yz + 22x.

Tacé: A =a’+b*+1-2ab+2a— 2b+ b’ 8b+ 16 — 17
=fa-b+1¥+(b-47"-172-17.

Khia=3vab=4thiA=-17 viay GTNN cfia A 1a —17.

-~ Cidch 2. Dya vao hiing ddng thie x* + Zxy + y¥ = (x + y),

Tacd: A =(a"-2ab+b"+(2a-2b)+1+(b*—8b+16) - 17
=[a-b’+2a-b)+ 1]+ (b4 — 17
=la=-b+1P+(b-4-172-17

' Vay GTNN cia A 12 -17.
Vidu 2 : Tim GTNN ciia bidu thic B=b + 1F + (b — 3
Giei

Taeo: B =(b*+2b+ 1)+ (b* - 6b+ 9) = 26" — 4b 4+ 10
=20b°~2b+ 1)+ 8=2b- 10 +8> 8.

EhiB=8thib-1=0, hay b=1. Viy GTNN ctaB la 8.

Vidu 3 : Tim gid tri lon what (GTLN) ciie bidu thite € = cd + de + e,
trong do cac 89 ¢, d, e théa mdan didu kiine +d +e=3

(Ficii
Tacd: C =cd+elcs+d)=cd+[3-(c+d)lc+d
=¢d+3lc+d)-(c+d)f
=—c¢*—d'—cd+3c+3d=—c*-(d— 3)e + 3d - d’.
Bién déi tidp :

2 2
C = —|e? +cld -—3}+{d;3] }+3d -4* +[d_3J

2

( dnaf 32 +6d + 9 [ 1:1_3]E Bd*—2d+1)+12
+ + - = =8 = -

= ==
L 2 4 2 4
( d-3V 3 .

= —[¢ ——d - 1 3 < 3.
H+ 2J 5 ¥+

Ehic=d=e=1thi C=3. Vay GTLN cia C la 3,
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G4

Vi du 4 : Tim GTLN cida biéu thic :
D = -5d* - 2de - 2¢" + 14d + 10e - 1.
(fiai
Ta cé : —6D = 25d° + 10de + 10e® = 70d - 50e + §
— (25d% + e + 49 + 10de — 70d - 14e) + (9e” — 36e + 36) —80

Suyra D= -%(Ed+e—7}2—r§{e— 2)* + 16 < 16.

bd +e-T=0 e=2
= X4 hi ;
Diu yrak l[ﬂ—2=u tl..'rcla{d=1

Viy GTLN cliaD ]a 16 (khid = 1, e = 2).
Vidu 5: Cho a va b liégn hé vai nhau bai hé tinie
af + 2ab + Tla+b) + 26% + 10 = 0.
Tim GTLN va GTNN ciaM=a+b + L
Gidai

Hé thire da cho co thé vist :

da® + Bab + 28a + 28b + 8b* + 40 = 0
hay da®+ 4b%+ 49 + 8ab + 28a + 28b + 4b* -9 =0
hay (2a+2b+ 77+ 4b* =9,
Vi 4b* 2 0 nén (Za+2h+T-3)<0

hay la+b+8la+b+2)=0.

b z
Tir do : {::h:ggg ivia+b+5>a+b+2)

Mz-4

M=<-1

VayMed GTNN la -4 khib=0,a=-5
vaied GTLN la-1 khib =0, a=-2.

hay {




§5. PAO SAU Vi PHUCONG TRINH
YA BAT DPHUONG THINH

A. KIEN THUC CAN NAM ViUNG

L.
al

b)

c)

d)

&)

aj

b)

.

d)

@)

Pfufﬂ'ng.!rinﬁ bie nhdt mit dn _
Pl11Eﬂng trinh dang ax + b = 0, vdi a va b 1& hai s6 d4 cho va a = 0,
duge goi 1d phuong trinh bée nhat mat dn.

Trong mot phuong trinh ta ¢ thé chuyén mot hang ti tir v& nay sang
vé kia va doi diu hang tr dé.

Trong mét phuong trinh, ta o6 thé nhin (ho#ie chia) ca hai v& vdi (cho)
ciing mot sd khde 0,

Phuong trinh bic nhat luén co mit nghié¢m doay nhat x = —E,

(Lacwe § : Hai phuong trinh eé etng mot tap u'ghjéu_i li hai phuong trinh
tuong duong).
Phutng trinh tich, Céng thie dé giai

Alx)Blx)=0 < Alx)=0 hoae Bix) =0,
Phuong trinh chita dn & méu. Gidi theo ban bude :
Bude 1. Tim dieu kién xde dinh (DKXD) cia phuong trinh.
Buge 2. Quy dong mau réi khia mau,
Bude 3. Giai phuong teinh.
Bude 4. Cde gid trj thoa man DKXD chinh 14 ughiém cia phuong trinh
dia cho.
Bat phuong trinh bac nhdt mat dn
Ehi cing cimng mjl si vao ci hai v& cia mgt bat démg thic ta duge bat
dang thic midi cung chidu vai bat déng thie da cho,
Khi nhian hai v& cia bat ddng thic vei cing mét s duong (vdi cling
mit 56 am) ta duoge bt ddng thic mdi cung chiéu (nguge chidu) vdi bat
dang thiic da cho,
Bat phuong trinh dang ax + b < 0 thodcax +b>0,ax+b <0, ax+bz0)
trong dé a va b Ia hai s6 da cho, a » 0, duge goi la bat phuomg trinh
biie nhat mot dn.
Khi nhin hai v& etia bat phuong trinh vii eling mit 58 khic 0, ta phai :
Gilr nguyén chidu bit phuong trinh néu s5 dg duong,
Déi chidu bat phuong trinh néu s6 dé am.
Phuong trinh chiia ddu gid tri tuyet déi.

Khi gidi phai bo dau gis Lri tuy®t dii va rit pon cde bidu thie.




G4

Vi du 4 : Tim GTLN ciia biéu thic :
D= <5d* - 2de - 2¢° + 14d + 10e — 1.
Gidi

Ta c6 - 5D = 25d°% + 10de + 10e* — 70d — 50e + &
= (25d% + & + 49 + 10de — 70d — 14e) + (9e” = 36e + 36) -80

Suyra D= —%{5d+a—?}3—%(e—ﬂf + 16 < 16.

DAu = xay ra khi {5d+e_?=ﬂ tiie la { e
Viy GTLN ctia D 1a 16 (khid = 1, e = 2).
Vidu5:Cho a v b lién hé vii nhaw bit hé thic :
@ + 2ab + Tla + b) + 2b% + 10 = 0.
Tim GTLN va GTNNciaM =a+ b + L
Gidi
Hé thire dd cho co thé vist :
48 + 8ab + 2Ba + 28b + Bb* + 4D =0

hay da®+ 4b®+ 49 + 8ab + 28a + 28b +4b* -9 =10
hay (2a + 2b + T + 4b% = 9.
Vi 420 nén (2a+2b+7-3)<0

hay (a+b+5)a+bh+2)<0,
a+bh+520
a+b+2=0

{Mz—4
hay
M=-1

Tudé:{ via+b+85>a+b+2)

Viy M c6 GTNN la -4 khib =0, a = -5
vé ¢6 GTLN la -1 khib =0, a = -2,




§5. PAO SAU VI PHUONG TRINH
VA BAT PHUONG TRINH

A, KIEN THUC CAN NAM VIUNG

I

a)

Ly

c)

d)

e)

a)

b)

el

d)

i)

Phiong trinh béae nhdt mit dn !
Ph&m:g trinh dang ax + b = 0, vdi a va b la hai =6 da cho va a =0,
duge goi la plvong trinh bie nhat Mt A
Trong mat phuong trinh ta cdé thé chuyén mat hang tu tr v& nay sang
ve kia va ddi ddu hang ur de.
Trong mot phuong trinh, ta ¢é the nhin thedc chia) ca hai v& vdi (cho)
cang mit s khde 0, :

h

Phuong trinh bae nhal ludn c6 mot nghigm doy nhat x = ——.
a

(Lete ¥ : Hai phuong trinh ed eing mét tap nghiém la hai phueng trinh
tuong dugng).
Phucng trinh tich. Cong thie dé gidi -

Alx)Bix) =0 <  Alx)=0 hoic Bix} = 0.
Phuong trinh chita #n & miu. Gidi theo ban buge :
Bude 1. Tim didu kién xde dinh (PKXD) eiia phuong trinh,
Bude 2. Quy déng mau vdi khi mdu.
Bude 3. Giai phuong trinh,
Budc 4. Cac gid tri théa man DPKXD chinh I1a nghié¢m cia phuong trinh
da cho. '
Bt phuong trinh bdc nhdt mét dn
Khi ¢fng cung mét 36 vio ca hai vE cla gt bat ding thite ta duge bét
dang thire mdi cing chiédu vdi bat dang thic da choe.
Khi nhan hai v& cia bdt ding thie vdi cung mot s& duong (véi cling
mdt 56 am) ta duge bat ding thie mdi cling chiéu (nguge chidu) vdi bat
dang thue da cho. _
Bat phuong trinh dang ax + b < 0 (hoac ax + b > Qax+bz0,ax+bz0Q)
trong dé a va b la hai si da cho, a = 0, duge goi 1a bat phuong trinh
bie nhat mjt an.
Ehi nhén hai v& cia bal phuong trinh vdi cung mgt s8 khde 0, ta phai :
Giir nguyén chiéu bat phuong trinh néu s dé duang. -
Bai chiéu bit phuong trinh néu sé dé am.
Phuong trinh chia didu gid tei tuypt déi,
Khi gidi phai bo ddu gid tr tuyét ddi va rit gon cde biéu thie.
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B. CAC BAI TOAN DIEN HINH
1. Céc cap phuong trinh sau ¢ tuong duong khéng ?
ajl |:-:—5| =Tvalx-120x+2)=0

2?=3y+4+ 4

b) dy-3=3y+dvady-3+

2
o B 0y gen,

Tz + 8
2, (Gidi cde phuong trinh :
al x+ 1,6+ 0= %.\H-d +g:~: - 1.2% + 0,2
b) 576 + 4,8y — 0,05y = 6,99y — 1,995y + 5,13
e) 52 + 3,48 - 2,352z = 5,381 - 2,9z + 1042
3. Giai cac phuong trinh chia hing ding thic :
a) Blx — 10 — 2tx + 8)* = 3(x + 2)° — T(Gx - 1)
b) (3y — 1) — 6(2y + 1F + (By — 3)2y + 1) -y - 1) =0
¢) Uz + 1 + (-4 =101+ (z - 3)",

4. Gidi cdc phuong trinh chita an & mau :

x+ Db X+ 25 X-5
a) 2 T Bl S
x* —Bx 2x* B0 2x* +10x
b3 4 1 2y°-5 2 2% +16 ;
yay+l y-1 y*-1 242 2°+B8 229244
5. (Giai phuong trinh tich :
2x 4 2
a) - ﬂ.‘-{- =1 h]w—-ﬁﬂ:ﬂ
X+4 x°-16 B+ y

e) 22 —822 4+ 3z-1=0,

6. Gidi phuong trinh chia diu gid tri tuydt doi :

a) lox + 1| =x+ 1 bJ]l—E}'|=],}'+1|
c) l_:t_i=ﬂ-
z" =144

7. Giai bat phuong trinh bac nhat mat an

i [ 2
x+3_:-r. 3:;2 b a[l.aa+1}_[2--z} :_E-'z
4 G G 4 3

a) -1 =

6o




8. Gidi bat phuong trinh :
a) 2x° —Bx + (x —6F = 20x + TP - 145 + (x + )
2 . 3
(1-3y)3y +11) (3y -1* (3y +11)°

)

4 . 1 a2° _ 5
) - - < .
z°+z+]1 z-1 g*_1

C. CACH GIAI VA LO1 BINH
1. Muén ching té ring hai phuong trinh 14 tuong duong thi hai phuong
trinh dé phai ed cing mat tip nghidgm.
a) Phuong trinh |x - 5] = 7 6 nghiém la 12 va -2

v phuong trinh (x — 12Hx +2)=0 cang ob ngim‘:m la 12 va -2, nén
hai phugng trinh nay tuong dvong,

b) Phuong trinh 4y — 3 = 3y + 4 6 nghiém y = 7. Vdiy = 7 thi -
.}I —
khong xde dinh (vi y — 7 = 0), do dé hai phuong trinh da cho khi}ng-
tuong duong,

! — i 2 —_—
¢} Phuong trinh B 0 et THD la z # -8, Do L s < 0 khi
72+ 8 Tz+ 8

49z - B4 =0 va Te + B2 0, hay (Te + 8)i72 - 8) =0 va Tz + 8 2 0
nén phueng trinh ndy tré thanh ¥z — 8 = 0. Bé chinh la phuong
trinh tha hai Tz - 8 = 0.

Wiy ciap phuong trinh nay tuong duong.

e Ldi binh : "Ba pladog trink 40 + 3 =0; 2t + 8= 0 va (4 + 342t + 8) =0
co trong divong Midng néw -

al t e N ot e & el Le PP
Ta phai tim nghié¢m cia timg phuong trinh. Phuong trinh 4t + 3 = 0 ed

: ; 3 A 7 " .
nghigm la t = T phuong trinh 2t + 8 = 0 ¢6 nghiém 1a t = -4,

phuong trinh (4t + 302t + 8) = 0 co nghiém la t = —E hoac t = -4. Viy :-

al Néut e W thi ci ba phuong trinh déu vé nghiam, tife 1a cd chung
tap nghigm 8 = &, do dd chiing tuong duong vdi nhau,

b) Néu t e # thi chi hai phuong trinh 2t + 8 = 0 va (4t + 3)(2t + B) = 0
o nghiém duy nhﬁ1: la t = -4 nén chung tuong duong vdéi nhau,

e} Néu t e ¢ thi phuong trinh tha nhat va tha hai khong tuong duong,
phuong trinh tha ohdt va tha ba khang tuong duong, phuong trinh
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tha hai v thd ba eing khong tueng dueng. Do dé cd ba phuong
trinh da cho timg doi mgt khang tuong duong.
2. a) Phuong trinh da cho cé thé viél -
X+ E.1-:-rrEI=E1~:-n-‘1 +E:-L—Ex+l.
3 & b
MC : 30, Quy déng mau réi khait mau duge *
30X + 45x + 270 = 20x + 120 + 25x - 36x + 6

hay 7Tox + 270 = 9x + 126G; G8x = -144.

Vay x=-144:66= 912 _ 2
GG 11

b) Thue hiégn phép tinh va chuyén v ta e -
0,76 — 5,13 = 4,996y — 4,75y
hay 0,63 = 0,245y,
Tirdé y=063:0245~ 257
c) Taci: 2,652+ 3,48 =-292 + 15801
hay 2,652 + 2.9z = 15,801 — 3,48,
Tirds 555z =12,321. Viyz=1239] 5.66 = 2,22,
d. a) Tacoh: Blx"—2x+ 10— 20x" + 6x + 9) = 3(x + 4x + 4) — T(6x — 1)
hay 5x* ~ 10% + 5 - 9x* — 12x — 18 = 3x + 12x + 12 - 42x + 7
3x° - 22x— 13 = 3x" — 30x + 19 -
Tirdé 8Bx = 32, vay x = 4.
b} 9y" — Gy + 1 - 5(dy* + 4y + 1) + 12y" + 6y -6y -3 -y 42y —1=0
hay 9y*— 6y '+ 1 - 205" — 20y - 5 + 12y* + 6y — 6By -3-y'+2y-1=10
Y -20y-T7T—y'+2y—1=0.

Tids: -24y=8. Viy y-= _é_

¢) Blz* + 2z + 1)+ 2" = 122% + 482 — 64 = 101 + 2" - 95" + 272 — 27

hay 32°+6z+3 +2" - 122" + 482 — 64 = 101 + 2" - 02* 4+ 272 - 27
2" —92% 4 5dz - 61 = 2" — 92" 4+ 272 + T4,
Tit dl:':. : 272 =135, Viy z=5.
s Li binh : Tuwng tu : "Gidi ede phoong trinh sau

di Bx® + (x + 5 — 2(x + 7P =23y - 72,5) + (x — 6F

el (y + Iy — y-IF= Ef}"* +y+ 1"

Ta lan gt cd @

d) 2x% # x7 4 10x + 25 = 2(x” + 14x + 49) = 6x — 145 + %° — 12% + 36




hay 3x" + 10x + 25 - 2x* — 28x — 98 = 6% + x* — 100
x° - 18x - 73 = x* — Gx ~ 109
Tird6é : -12x = -36. - Viy x = 3.

e) Khai trién (y + 1) va (y — 1) ta e6

y’"+3:r'”+3:r+l—i:r'“~3:ﬁ+3:r'~IJ=I3y'*+By+E
hay Gy + 2 = 6y* + 6y + 6,

© Tirdd : 6y = -4, Viy y:—g.

4. a) Cdc mau phai khdc 0, tie 1a

L)

)

x-'l—EH'—-J{EH*EJ'#ﬂkhixT:{LII5
2x° — 50 = 2(x? — 25) 2 0 khi X # +5
2x* 4 10x = 2x(x + 5) e O khi x 20, x # -5,
Dodd TXD : x 2 0 va x 2 +5.
Phuong trinh da cho cé thé viat -
X+5 X+ 25 x-5
%(x-5) 2% + 50x - 5) 2x(x + 5)
MC : 2x(x + 5)}x — b), ,
Quy dong miu rdi khir miu duge :
2(% + 5 - xtx + 25) = (x — 5)*
hay  2(x* + 10x + 26) — x* — 25x = x* - 10x + 25
2%+ 20x + 50 — x° — 25x = x” — 10x + 25
-8x + 50 = ~10x + 25.
Tirdé: 5x=-25. Viy x= -6
Vi -5 ¢ TXD, nén phuong trinh di cho va nghidém.

Doiy - 1iy* + y + 1) =y — 1, nén ta cé cach gidi sau :

TXD:y=21, MC:(y— 1My  +y + )=y -1

Quy ddng miu réi khit mau duge -
Hy-D-(y*+y+1)=2y*_5

hay dy-d-y'-y_1=2¢y"_5 '
3y -y -6=2y"—5 ' 1

Tuds: 3y-3y"=0; 3y(1-y)=0. Vay yi=0 yu=1

Vi 0 e TAD, nén phuung trinh chi'od mat nghiém la y = 0,

Doz + 2)z" - 22 + 4) = 2* + 8 nén ta c6 cich giai sau ;

"TED :z# -2, MC:iz + 2)(2° - 22 + 4) = 2% 4+ 8,

Quy dong méu véi kh mau duye ;
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2z — 2z + 4) — (22" + 16) = 5z + 2)
hay 22°— 42+ 8 - 2z° — 16 = 5z + 10;
Tirdé: <9z-8=10. Viy z=-2
Do -2 & TXD nén phuong trinh da cho vd nghidm.
o Lat binh @ "Grar phidomg trind

Fipi it
=
m~—r+_—3=3- &) ! +E= —"
g e y+I ¥y Y +y
X+

Ta ldn lugt co -
a) TXD : x = -3, Phugng trinh e¢é thé viat :

2x + 3
w43 28+3 x+3
=3 hay - =3
3 x+3 3
X+ 4
2
T ds s 23 . Sxp8el Vipr=a oD

Phuong trinh cé nghiem la x = 3.
b) TXD :y 20, y# -1. MC:yly + 1) = y° + y.
Quy ding mau réi kbt mau duge
y+Ay+1ll=-1 hay ¥+ 2y + 2= 1,
Tir dé : y = -1 ¢ TXD. Viy phuong trinh da cho vé nghigm.
5. a) TXD :x#+4. MC : (x + 4)ix - 4) = x* = 16.
Quy déng mau rd1 khnt miu duce
2x(x—d)—4x=0 hay 2x -8x—-dx=0
2x{x — 6) = 0.
Tiudd:2x=0,suyrax =0 € TXD,
hoficx —G=0,suy ra x =6 e TXD.
Viy phuong trinh 6 hai nghiém la x; = 0, x: = 6.
by Mdu 5 + y” ludn duong. Quy ding méu véi khi miu duge
2y° + 15y - 3y(5+ y*) =0
hay 2y*+15y-16y-3y'=0; 2y*-3y'=0,
".T'l"rtlf: c y(2 -3yl =0, Ta co - ¥* = 0, suy ray=0

Erﬂyzﬂrauyra}r:g-.

¢) Ap dung hling ding thie: 2" - 32° + 82— 1=(z - 1/’ = 0,
Viy phuong trinh eo ba nghiém biing nhau 13 z = 1.

T




o Loi binh : Tuong tu ; "Gidi cde phuong trinh -

d) dx’ + 282 -9 —G3 =0 e y'+ 2yl a5y s gy 13 =0."

Ta lan lugt eo :

d) Ta phan tich v& trdi thanh nhin i - .

4a(X + T) - 90 + Th=(x + TN4x" - 9) = (x + 72X + 3)(2x —'F)

Viy ta duge phuong trinh tich : (x + T)(2x + 3)}2x - 3)= 0
Giai ra dude ba nghidm 14 %, = -7, x=-1,6; x3=15.

e) Ta cing phéan tich v& trdi thanh nhan ti :

by =1y +3y" + 8y + 12 =0

hay (Y- 1Ky + 20y  +y +6)=0 (*)

-

. O 17 23
Doy ' +y+6=y"4+ 2. +—+—={ b=| +— > 0 véi moi x,
iy ¥ 2}" 4 1 x 2 4 1 1mg

nén(*)cho: y-1=0,suyray, =1
¥+ 2=10, suy ra y: = -2,
6. Luu y trude tign dén dinh nghia cia gid tri tuyét dai -
Al = { M-:lqaar:r
-A khi A <0
Ngodi ra luu § dén :
INéu rﬁl = |B| thi eé hai truimg hep : hosic A = B, hodc A = =B,
a) Phuong trinh [2x + 1] = x + 1 ¢6 dang :

2x+1l=x+1khi2x+120, tite la x = —%
v =2x—1=x+ 1kl1iﬂx+1-¢{},tﬁclﬂlx~:-%,

Tic dé ta ¢6 : x =0 khi x = -%. Do = —w;- nén x = 0 la nghiém eia .

g AR 1 zZ 1
phuong trinh va -8x = 2, x = <= khi x < -=. Do -2 <¢-= n@n
3 2 3 2

2 "
X = 5 la nghigém,

Vay phuong trinh da cho c6 hai nghiém la x, = 0, x, = —vz-.

b) Phudng trinh da eho tuong dugng vdi
1-2y=1+y hofe 1-2y=-1-y, ticla:0=23y hode 2=y,
Do dé ta e6 y, = 0 hofic yy, = 2. Ca hai déu la nghiém ciia phuong
trinh da cho.

c) Diéu kién ;2= +12
T 2] - 12 = 0 hay |z| = 12, do d6 2 = +12 ¢ TXD. Vay phuong
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trinh da cho vé nghidm.
o Lk bink ; Tuong to ; "Gidi phuwong trink .
d le+ 1] +2lx-3l=10 el |yl = lyry - nl."
Ta lan lugt ed :
d) Nghiém cia cic biéu thie trong diu gid tri tuyét déi la :
x+1=0hayx=-1 wvA x-3=0hayx=23.
Do d6 ta phai xét ddu cla v& trdi trm;g cdc khodng sau :

x < -] -1sx <3 x =3

- Néux<-1lthix+1<0vAx—3<0nén
fx+ 1| ==x-1va |:-:—3[ =3 = X.
Phuong trinh di choecédang : -x - 1+ 2(3-x)=10 hay -3x=5

3 " .
Suy ra x = =5 < -1. Viiy trong khodng nay nghiém la x = ug-

- WNou-1lsx<3thix+1>0vax—3<0nén
|x+_l| =x+ 1va |:4:—H| =3 — X
Phvong trinh da cho cé dang : x + 1 + 2(3 =" x) = 10, tir &6 x = -3,
khéng thuje khodng -1 < x < 3. Vay trong khodng nay phuong trinh
vi nghigém.
- Néuxz23thix+1>0vax-3z0 nén
lx + 1]l =x+1va [x-38] =x-13
Phuong trinh da cho cé dang :
X+1+2(x-3)=10 hay 3x-5=10
Suy ra x = § > 3. Vay trong khodng nay nghiém la 5.

Tdém lai, phuong trinh da cho e6 hai nghiém la x, = -i ¥y = B,
¥ L a

a) Phuong trinh |1-'I = |yt:," — 13 tuong dugng vai
y=yly-1)  hofic y=-yly-1)
Dodétacé:y =y —yhay 2y = ¥ y* - 2y = 0 ma nghiém la y = 0,
y=9; hoficy = -y*+ y hay y* = 0 mi nghiém la y = 0.
Tém lgi, phuong trinh da cho ¢6 hai nghiémla y, =0, y. = 2.
7. a) Ta phai gidi riéng hai bat phuong trinh :
’H'E..E_E}_l 1) va x+d x-3
4 G , 4 &
Gidi (1), ta ¢6 MC : 12, nén :
Hx+3)-2x-3)
12

< 2 (2)

>-1 hay 3x+9-2x+6>=12, tir do x > =27,




Crial (2), ta e MC : 12, nén -
x+3)=2x-3)
12

<2 hay 3x+9-2x+6 <24, trdox < 9.

Két hgp hai nghiém x > -27 va x < 9 ta duge -27 < x < 9. Dé la

nghiém caa bat ding thiie kép da cho.
b) MC:12 Tacé: 2(1,5z" +z)- 32 -2/ = 202 — 24
hay 32 + 2z - 3(4 - 42 + 2°) = 20z - 24
32" + 22 - 124 122 — 327 > 20z - 24.
Tirdo : 14z — 12 > 20z - 24 hay 6z < 12 Vay z<2.
Lai binh : Ta giai thém bai todn sau -

“a) Tim gid trf cia ¢ dF gidg tri bidu thie £t

I -5t

ke - I.

Jue =1+ u)

1 : o
+2 nwho hon gia try biéu

b) Tim gid tri cia v d¢ gid tri biéu thic 1 - -—q_ lan hon gia

tri bidu thie — - b ?I?J_..
2 6

Cadch gidi nhu gau |
Thye chil, ddy la gidi hai bat phudng trinh biae nhdt mat an.

3 - {3t

a) Ta phai gidi bt phueng trinh ; : 5 +2 < ; 1.

MC : 8. Quy déng mau rdi khi méu duge -
t+1+1b<2(1~-3t)-8 hay t+17<2-6L- 8.

Tiedd : Tt < =23, Vay t < —2?3--

b) Ta phdi gidi bat phuong trinh : 1 - 3"—‘%1*_“ " % o= “; =¥

Bat phuong trinh nay c6 thé viet - 1 -
] 8 ¥ i 3 . P

MC : 18, Quy ding mau rdi khi médu duge -
18 - 2(2v — 1) = 9v — 3{13v - 1)
hay 18 —4v + 25 Ov — 39v 4 30,

Tidé: 20-4v>-30v + 30 hay 26v> 10. Vay v > -1%

2v-1 v 13v-10
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8. a) Tacd: ’
It — G+ x = 12x + 36 2 20 + 1dx 4+ 49) — 145 + x% + 10x + 25
hay 3x*— 18x + 36 = 3x* + 38x — 22,

Tir dé : ~-56x > -58. Vay x < -EE
28

by MC : {3y — 10(3y + 11)",
Quy dong mdéu réi kha mau duge -
-2(3y — 13y + 11) < (3y + 11/ - 3(3y - 1)
hay (-6y + 2)(3y + 11) < 9y* + GGy + 121 - 319}*2— Gy + 1)
~18y" — 60y + 22 < 9y" + Gy + 121 — 97y* + 18y — 3
G0y + 22 < B4y + 113,

Tir d6 : 1ddy > -96. Viy y > E; g
e) Didnkign:z+1. MC:iz—- 1Nz +z 4 1)=z2"-1, l
Quy ddng mau rdi khit mdu duoe
dlz-V-(2+z+1)=22° -5
hay dz-4-z"-gzg=122:-5
32° -8z 20 hay 3z(z - 1) 20
Néuziz — 1) = 0 thi z = 0 hoac z = 1 (loai).
Néuziz—1)>0thiz>0hodez > 1;2z <0 hoiicz < 1,
Ket hop lai duge z < 0 hofie 2 > 1, phit hgp vdi diéu kién.
o Lot binh : Tudng tu : "Gudi bdat plhasong trinh
di |2x-1]l >5 o Bly =1+ |y-2| 28"
Ta ldn luot ed :

d) Néu2x - 1 20, tie la x 2 — thi bat phmm_é trinh ¢b dang 2x - 1 > 5,

1
2
tir do x = 3.

; 1 :
Tirx = ™) vir X > 3, suy ra x > 3 14 nghidm cia bt phuong trinh da cho.

: IR gmts
Neu2x-1<0,ticlaxc< 3 thi bét phuong trinh ef dang {(2x - 1) > 5,

hay -2x + 1 > 5, tir dé x < -2 14 nghiém cia phuong trinh da cho.
Viy nghiém cia bal phuong trinh & x > 3 va x < -2,




~1néuy =1
e) Tacé: ly-1|= i e
—y-1l)néuy < 1

-2 nfuyz2
I.!"I_Ei'-" F ..-':F
—{y—-2)neu y « 2,
i

Nghiém eia ede biéu thie trong gid tei tuyét déi lA y = 1lvay = 2,
Do do phii xét diu cia v& trdi trong ede khodng sau ¢

i s i

y <l 1=y« yz2

-2y -1D-(y-2)=-3y+4, néuy=<1;
Taco:2ly -1+ |y-2/ =] 2Ay -1 =y -2)=y, néu lsy«<2;
Ay -1 +(y-2)=3y-4, néuyz2

Néuy < 1thi -3y + 4 23, tacéd y = —, viy trong khodng nay

1
3

nghidém 4 y < —:- \

Néu 1l <y < 2 thiy 2 3, biat phuong trinh vé nghiém,

Néeuyz2thidy-4=3, tacoy 2 % viy trong kheang nay nghiém
'}
layz=—.
d
; L2 R " | S 7
Wiy nghigm cua bat phuong trinh da cho la y = 3 viy 2 >

D. BAN CO BIET ?

THEM HAI PHUONG PHAP PHAN TICH BA THUC RA THUA SO
1. Phuong phap dit dn phu
Vi du 1 : Phan tich thanh thir sé da thie : (m + m*)°® - 8(m + m*) + 12.

Bat an phu m + m* = p, da thic da cho ¢6 dang p® — 8p + 12 va phén
tich duge thanh .

p’—Bp+ 12 =plp-6) - 2(p - 6) = (p - GNp - 2)
Thay p = m + m* duge : (m® + m — 2)(m* + m — 6),
Vi du 2 : Phan tich thanh thira sd da thadc: (a® + a + 1)0a° + a2 + 2)— 12,

Pat an phua®+a+ 1=ttacoa  +a+ 2=t + 1. Pa thic di cho eé
dang t(t + 1) — 12, hay t* + t — 12 phén tich duge thanh :

t e t=12=(t=3)t+4)

15
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Thay gid tri elia t duge :
m:-’+n+1-:3}{:1'3+a+1+4}={a”+a—2.‘r{a*+a+51
=(a*+a+5Ma— 1)a + 2).
Phuong phap hé sé bdat dinh
Vi duy 1 : Phin tich da thie y' =19y — 30 thanh hai thita s6 bic nhat
dang y + m va bic hai dang y* + ny + p.
Ta phai ¢6 :
by + mly” +ny +pl =y +(m+nly’ + (mn+ ply + mp
hay ¥ = 19% — 30 =¥" + (m + nly® + (nm + ply + mp

“Hai da thite nay dong nhat bing nhau nén cic hé sé tuong ing bing

nhau, Suy ra :
- m+ =0 (vi khéng ¢d s6 hang chifa y%)
mn + p = —19 (hi 56 tuong ing cua =0 hang chia y)
mp = -30 (hé¢ 50 tuong dng cia sd hang tu do).
Do tich mp = 30 nén ¢d thé chon m= 2, p= -15. Tirdé n = -2,

Viytaceo: y' — 19y — 30 = (y + 2)y" - 2y — 15),
2

Vi du 2 : Viét phin thde — dudi dang mdt téng hai phan

X —dx -2

thie mi mau theo tha W biing x — 2 vi (x + 1)

2 -
Ta phai tiim hat 86 m va n sao cho = " 3 - = — X +5 )
-2 (x+1) x¥-3x-2

Ta co thé vioy

I g il _ Imix + 1F + nix - 2 n s (Zm + nix + (m - 2n)
X-2 (x+1) {K—EJ{xilJ:’ :{‘j—Bx—E
x* +5 _omx® + (2m 4+ n)x + tn - 2n)

Nhu vay 1 — = :
& k' -3x-2 x* -3x-2

Hai phan thie nay déng nhdt bing nhau nén cic hé 36 tuong g biing
nhau, suy ra ; _ :
m = 1 (hé s0 twong ing cia s hang chua x*)
2m + 1 = 0 (hé s& tuong dng cia 55 hang chaa x)
m - 2Zn = 5 (h 86 tuong dng cua 56 hang ty do).
Ta da ¢é m = 1, do dd tim duge ngay n = -2, Vay ta cd thé vist :
x* 4+ 5 1 -2

# .
X* -8x-2 x-2 (x+1)°
Phuong phdp nay duge goi la ;Iahumgg phap i@ s bal dink.




§6. Bi QUYL T CGIAI i PHUCONG TRINH

A. KIEN THUC CAN NAM VONG

1.
aj

)

a)

Phuong trinh bde nhat hai dn ax + by = ¢
Phuong trinh ludn ludn ed vé s6 nghi¢gm. Tap nghigm duge !J-|éu dién
béi duttrng Lthiing ax + by = ¢, ki higu (d),

Néuwa = 0, b« 0 thi (d) 1a dé thi ham sd bae nhat y = —%x+ E

. 3 G = .
Néua=0,b=0thix= =, (d) song song hoiic tring vdi truc tung,

i

Néua=0b=0thiys= E () song song hodie tring vdi true hoanh.

He hai phwong trinh bic nhdt hai dn
.{ax +hy =@ )
Il.aix + hll}' - 1__l.r
Minh hoa hinh hoe tap nghiam.

Goi (d) 13 dugng thing ax + by = ¢ (d) i duimg thang a'x + b’y = ¢\

- Néu (d) cat (d') thi hé (%) ¢é mot nghicm iduy nhat.

c)

Néu (d) song song (') thi hé (*) vé nghiém.

Néu (d) trung véi (d') thi hé (*) cd vo s8 nghiém.

Gidi hé bang phuong phap thé,

Bign dd; hé di cho thanh méat he mm trong do ¢6 mit phuong trmh
migt aa.

Gidl phuong trinh mgt an nay, rdi suy ra nghiém cia he.

Giai h¢ bang phuong phap cong dai s, -

- WNhén hai v& coa moi phuong trinh vidi mot sd thich hop =a0 cho cde ha

s cuia mot an nao do trong hai phuong trinh bang nhau hoic déi nhau.
Ap dung quy tic cong dai sa dé duge mot hé mai, trong do cd mot phuong
trinh mot an.

Gidi plufong trinh mét dn nay, rdi suy ra nghidm cia hé,

B. CAC BAI TOAN DIEN HINH

1.
2,
5.

Thin tat ca cap s6 nguyén (x, ¥) thoa man phuong trinh x + y = xy.
Tim hai s0 nguyén duong 2 va t thoa man phuong trinh z° - t* = 105,
Gial cac plwong trinh bde nhat hai an sau -

a) X+ 2y =2 b) Ox = By = 5 e) Ox + Oy = -27.
Minh hoa tap nghigm eda ba phuong trinh trén trong mit phiing toa dé.

T



x+y=48
-.r}}:—'fj-_"p"——.ﬂ

Cho hé phuong trinh

{L
(2)

Hay lap ba hé tuong duong vdi hé da cho biang ba cich.

5. Giai he phuong trvinh :
x+1 _E
ap vy +2
H2x~-5)-43y +4)=5
6. Gidi he -
X ;
ot O
al im+n  m-n
% — ¥ = dinn
7. Giai heé :
=
= 1-.4 =0
18x+y 2x-3y
&)
' 15 2
<+ =
2x +y  2x -3y
B. Giai hé chaa gid tri tuyét doi :

].I:lll

11.

78

i ‘]x—1|+|y—5[=]
lx—1|-y=-5

Gidi hé ba an -
2x+y+g=1

a) X+2y+z=2
K+ y+2e=4d4

Giai hé ba dn

X+y+z=9

al '];+l+l=1
A ¥ A

XY + XZ + ve =27

Gidi hé hai phugng trinh ba an

X+y=2
aj a
Ay =1+ 2

z+tL=2c
_ el
‘._
b) E: c+d
AT i
c-d
241 FA
P =1+ —
h.l L T+t I
-t Zl i
+ = N =
A -1 1n
|1-—T_ = |
Iy} I
lz -1] +|t -2]=3.
L
b)i4 3 9
4t - 5u + By = 55,
Dy
to= .
1+v°
2
b} {u= ‘.3'[-2
1+t
2
V= —.
1+u”
2 ok
|.:j E4+Uu =v

L+u+v=m




C. CACH GIAI VA LOI BINH

1.

Phuong trinh x + y = xy ed thé vigt (x — 1)y - 1) = 1 vdi x, ¥y nguyén

nén x — 1 va y — 1 eing la nhimg s nguyén. R6 rang tich cla hai sé

nguyén bing 1 khi ¢d hai st d6 déu biing 1 hode déo bang —1, tie la
. O

hoze %z =0
y-1=1 i_‘ﬁ"—1=—l

}:]=E

-?|'_-2 .}IR;D'

Léi binh : Tuong tu : "Tim &3t cd B0 ba s6 nguyin (x, v, ) thia mdn
plicong trinht x + ¥y + 2 = xy2.”

Ta cd cach giai san :

Gid s x = y = 2 Ta thay ¢ v& trdi cua phuong trinh csie dn x va y bing
z lén hon ching va duge 3z > xyz (néu ci ba 56 biing nhau thi ta cé
dang thie 3z = z°, nhung ding thic khong thé xdy ra vdéi 2 nguyén
ducmg).

Vi z = 0 nén chia ca hai v& cia bat déng thic 3z > xyz cho z ta dude xy < 3,
Chu ¥ rang 0 < x = y ta tim duge nghiém 1a hai cip s6 (x, = 1, v, = 1)
viv (X = 1, ¥3 = 2). Thay cde nghiéin nay vao phuong trinh da cho,
trong trutng hop thi nhat ta ¢d © 2 + z = 2z khing e6 nghigm nguyén,
trong trudng hop thar hai ta ed @ 3 + 2 = 22, tir dé6 z = 3. Nhar vay ta tim
duge mot nghigm thoa man didu kitn x < y < =z,

Bing cdch hodn vi vong quanl ta tim thém tat ca cde nghiem khac,

Viay ta duge 6 bo 80 nguyeén sau day :

X 1 1 2 2 i 3 3
¥ 2 3 1 3 2
z i - 3 1 2 | S

Phuong trinh da cho co thé vidt
(2 + the — t) = 106  (vdi z, t nguyén duong),
Suyraz-t>0hayzst,cangthé z-t <z +1t.

Ta phan tich s 105 thanh hai thita 56 trong d6 thim s nhé z -t < 0
(vi z° — t° phai nho hon 106). Thé thi z — t chi e6 thé lay nhimg udc
cua 105 nho hon 10, déla - 1, 3, 5 va 7.

Viy ta co bon hé san ¢

{:a:—'r,-'l fz-t=3 g-t=5 z—-t=T7
z+t=1006 iz1t=35 z+t=21 [11-1::15-
Giai ra thm duge bon cap s6 sau ;

z | 53 19 13 11

v | 52 18 8 1
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Lée bireh ;
“Tim cae nglhifgm la 80 nguyén (6 cia phigong trinh x* - 2y° - 1 =0."
Ta e the viét : x° = 2y* + 1 chung to x phdi la s5 1é, gia st x = 2k + 1.
Thay vao phuong trinh duge :
(2k + 1)° - 2y* = 1= 0, hay 4k* + 4k + 1 — 1 = 2¢*, tir dé y* = 2kik + 1),
Thé thi y* phai 1a s& chidn, nén y cing phai chin. Nhung chi cé s
nguyén to clrin duy nhat la 2, vay y = 2 va khi dé x = 3.
a) Chuyén x sang v& phdi réi chia cho 2 duge *

x

Y =-x +2; = =— + 1.
4 Y 2

x 06 thé ldy gid tri thuc thy ¥ nén phuong "trinh nay es vé sd

nghiém ma dang téng quit cia nghiém lai(x e Ik, y = —1;- + 1).

Trén mi_l.{ phimg toa d, tap nghiém la dutmg thing x + 2y = 2 (hinh 2a).
b) Chia cd hai vé cho (-5) duge Ox + y = -1, Phuang trinh nédy cdé vé sé
nghigm ma dang tong quat la (x e B, v = -1), '
Trén mat phing toa dé, tip nghiem 14 duing thang y = -1 seng song
vdi true Ox v et true Oy tai dién ¢6 tung do bing -1 (hinh 2b).
¢} Chia hai vé& cho 9 duge x + Oy = -3. Phuong trinh nay co vé sd
nghi¢m ma dang tong quat 1a (x = -3, v « 1),

Teén mat phing tea dé, tap nghigm la duting thimg x = -3 song song
vii true Oy va cit trye Ox tai didm 6 hoanh da bing -3 (hinh Ze).

A T x =9 Yot

A

Sr

L
|

o

-

=W

al b ¢l
1.2
Loi binh ;
"Viet nghiém tong gudt cdu ere phuong trinly son va vé dudng thing
bicu dién tap nghicm cia chiing
dl 3x -3y =7 e) dx —y=0."
Trude tién ta viél nghigm téng quadt eia ching. Ta c¢é :

d) 3y =3x-7 hay y=x- %




x e |

Nghiém tdng quit 14 ] T
¥=K- E.

Puting thing bidu didn tdp nghiém nhu & hinh 3a.
xe R

¥y =4x
Butng thang bicu didn tap nghiém nhu d hinh 3b,
j".rlm e

/ > al---
x

0 . T3

e) y = 4x. Nghiém téng quat 1a {

/—T:"H- -

] af 1

a) ' Ls)
H.3

4. Trude tién hiy luu ¥ rdng ¢ hai hé phuang trinh tuong duong 14 hai ha
cd cing tap nghiém.

g

Cdch 1. Nhin hai v& cua mét phuong trinh cia hé véi mét s6 k = 0.
0 day ta nhan hai v& eda (1) voi 5 chi ng han dige 5x + 5y = 40,
Bx+58y =40 {(3)

duoe hé t .
Ta duge hé tuong duong {5}:—4}'='U (2)

Cdch 2. Cong hay trir timg v& hai phuong trinh cia hé d8 dugie mit
phuong trinh mdéi.

o day ta cong timg vé (1) vdi (2) duge phuong trinh méi 6x - dJy=8 (4)

X+y=8 (1)

Ta ¢é hé tuong duong sau -
B {E:-: —3y =8  (4)

— Cdch 3. Tt mgt phuong trinh cia hé bigu thi mat dn theo &n kia réi the
vao phuong trinh tha hai cia hé dé duge mt phuong trinh méi méat 4n,
O day tir (1) ta biéu thi x theo y duge x = 8 — y (1') rdi the vao (2) duge
phucng trinh mé mt am ld ysau : 5B -yl — 4y =0, hay 40 -9y =0 (5)

[x =8~y (1)
Ta duge hé tuong duong zau
i b Rt |4|:: ~9y -0  (5).

= e e ; r-y=23
o Lok binh : "Tim gid tri cia a dé hé {? %
ar+ y=a
al co nghitm lix =2, y = -1 bl e mae nghiém
c) cd vd sd nphigm d) vd nghiém.”

a1



Bai todn nay cb tinh chat ting hop dé edp dén tal ed trdmg hop eb va
khéng 6 nghigm cua mét hé phuong trinh bae nhat hai dn.

2-(-1)=3
a) Thay x = 2, y = -1 vio hé da cho duge : !
“a-1=a

Tir dé ta cd ngay a = 1.

I —
(Thet lai thdy rang hé s c6 mit nghiém la x = 2, y = -1),

Xx+y=1

b) Céng timg v& hai phuong trinh duge - (a + 1x=a+3 (¥

Néu a+ 1+ 0 tie la a -1 thi ta cé mit nghién x = 2 ]
a -+

a+3‘_3_ -2a
a+1 a+1l

vay=x-3-=

¢) Néua +1=0haya=-1thi (*) cé dang Dx = a + 3. Nhy the néu cé
thém a + 3 = 0 hay a = -3 thi (*) ¢é dang Ox = 0, nhung didu nay
khong thé xdy ra.

d) Neua+1=0vaa+3=-1+3:=0thi 0x=0, phuong trinh nay v
nghigim nén hé da cho v nghiém.
Tom lai : Vdi a # -1 hé c6 m{t nghign, vdi a = -1 hé vd nghiém va
khing cé gid trj nao coa a dé hé co vo sd nghiém.

5. a) Piéu kién v+ 2 20 hay v # -2. Hé da cho 6 thé viet

1=
{:«:-p By + 10 Vi {
6x —15-12y -16 =5

x-6y=0
6x - 12y = 36,
Nhén hai vé& cia phuong trinh tha nhat vai tnﬁ-j duge hé :
{—ﬁx + 30y = 54
Gx - 12y = 36.
Coéng ting vé& hai phuong trinh duoc ;
18y = =18 hay y = -1, théa man diédu kién y = -2,
Thay vaox -5y =9 duge x =9 + 5y =9 - 5= 4,
Viy nghitmecia hé la:x =4, vy = -1.
v +du =13

b) Patu =220, v =t* 2 0. Hé di cho ¢ thé vigt : {
2u-v=-17

Tit d6 Gu = 6 hay u = 1, Thay vio phugng trinh thd nhdt ching han
duse v +4 =13 v=9.

Nhyviy2® =1, suyraz=+1,t* = 9, suyra t = +3,
Vay nghiém cia hé 1a : (z, ) =(1; 3), (-1; -3), (1; -3) va (~1; 3).




. -Lfa‘i binh :
ey =2xys2)

thi cdach gidi nlve thé ndo 2"
X+¥=0

“Néu la hé {
Cdch giai sau day la hay nhat :

Bign déi phueng trinh tha nhit thanh x* + 2 - 2xy =4 hay (x - yv)¥ = 4,
trdd : x— ¥ =2 hodic x - y = -2. Ta duge hai hé
® - y— :,I'I = Yo ¥ = 2
. vl
X+y=0 x+y=8.

(iai ra cd ngay nghigm cia hi da eho la : (x, ¥) = (4; 2) hodce (2; 1),
6. a) Piéu kign m # tn. Tit phuong trinh thit hai ta c6 : x = y+d4mm . (%)
Thay gid trj nay eia x vao phuong trinh thi nhat duge ;

+4dmn
¥ & b 4
m + n m-—n

= 21

Quy ddng mau réi khi mau (MC = (m + n)(m ~ n) = m® - n¥) duge :
(¥ + dmn)m - n) + yim + n) = 2mim?® - n¥)
hay my + 4m'n — ny — dmn® + my + ny = 2mtm® - nh)
2my + dmnim - n) = 2mim” — n¥)
¥+ 2ulm-n)=m®-n?
y=m' —n® - 2mn + 2n® = (m — n)*.
Thay gid tri cua y vao (¥) duge : x=(m-n) + 4mn = (m + )%
Viay nghiém cia heé 1a -
X=tm+nf; y=(m-nf, vdim=+n m=0.
bi Biéu kién : e # +d. Phuong trinh thi hai ¢é the viet -
z_fc+dff-ed (e-dr+ed c®+d%+2cd-cd o +d? - 2cd +ed
t e+ d e—d e +d : c—-d
(e +d* +ed)ie -d) ¢* -d®
e +d? —edic +d} ¢ +d®

—

2+t = 2p7
Viy ta phai giai hé sau : y o¥ogl
t oot d®

Phuong trinh tha hai cé thé viét -

2+t o —d? +¢® 4+ ¢ : gt 2e?
= m ]-F.I.Jf' el 2
L L-_.a ¥ ,rj"'] t CH _|_ ‘]3

Tit dé co ngay : z = ¢ - d*  t=e'+d*
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hesy=k" (1)

o Léri binh : "Tim gid tri cida k sao cho hé L L 5 (2)

i nghiém, co vé 36 nghigm.”

Nhén (2) vdi k duoc kx + k’y = k, ¥8i trir di (1) duge = (k* - Dy = k - k%

k -k k® -1

I R =T

Néuk+ 1#0valk—1=0, tiie 1a k # 1 thi hé ed nghiém duy nhat
k? + k +1 -k

A= — =3
k+1 y k+1

Tir dé ta duge nghiém la @ y =

-x+y=1

vt nghiém.
x+y =1

Néu k = 1 thi vai k = -1 ta duge hé : {

MRS ol 2
cO va 50 nghigm (x thy ¥, y = 1 — x).

Com vdi k = 1 ta duge ]1%{
x+y=1

7. Ta phii dimg 4n phu dé gidi.
a) Pat 2x+ vy =u, 2x- 3y =v (%) Hé da cho cb thé viet :

5 4 12

S4==b LSRR RO
u v u v
16 2 nex 16 =
PR —1Z 260 D
] W 1] W

Lay (1) trir di (2) titng v& duge
. e 10 hay 2. 10, suy ra v = .
v v v

Thay vao (2) duoce : 22 +2 =5 hay 15 =3, suy rau = 5.

u u
2x+y =8 .o
Thay viao (*) ta co hé | Giai radudengay y =1, x = 2.
2x -3y =1,
| i ik a3 B SR § SR 3| ;
. - e P Pl b VR e g —
b) Bat — S v. Hé da cho cd thé viét : 5 -
?" E ' III. i "

Vo= =1k -
Iy P % e o g ibilg Moorisd N

e T . T I g 1 1
Giat hé nay tim duge : '-!'t =, V=N VA= —, ¥

=
P i 1 1
Farw- sl oo bt saeld ks
Y s }*'I"}*:H "l"sl{u_"'r}
Viy hé da cho trg thanh : ;: f hay : f (")
_——= —=—fu+ v)
T L




Thay cde gid trj cia uy, v, va ciia ug, vz vao vi phai eha hé (%) roi gidi

sé duge
= -_E_- ty = > v 2y = gmultgz S vli m # +n.
m=mn I+ n 11 — 1 m <+ 11 .
o Lot binh : Tuong tu : "Gedi cde hé sau
1 1 5
x4 +1.'— ZE : * - =i
_ i Hl—:ﬂrI"
*—-y x+y B8 2=t x4+t
1 :
c) Dit =u, = v (didu kién x # ty) ta duge hé sau
X+ y X —y
1.11—1..'—E
R e
3 2 8
H—¥=—
B
Nhur vay ta cb :
| 1 1
== hay x4+y=2 vi S hay x -y =8
=+y 2 x-y 8
Biét tong x + y vir hidu x — y ta cd ngay x = 5, v = -3.
1 :
d) Dat : =1, = v (didu kign z # +t) ta duge hé sau
2+t z-t
2v+Bu =11 s 1 1
Giai ra dugcus —, v= =,
{mr ~9u =0, AT 1
MNhu viy ta cd
1 1 1 1
——=— hay 2+t=10 wv& ——== ha —t=4,
z+t 10 % z-t 4 i

Tordéotacongayz="7 t =3,
8. a} Phuoug trinh thii hai 6 thé viét : y— 5= |x- 1| 20, do dé y = 5.
Vi thé phuang trinh thit nhat b thé vidt -y -5 =1 - |x - 1].

11
T ddy = —. '

Tir phuong trinh thi hai ta ¢6 |x - 1] = % hay x -1 = i%. do dd

YO
_I 2! & 2
. 1 li 3 11
Viy hg dachoconghiemla: x,= =, y1= —; X= —, y2= —.
¥ hg B Sl :I.’I 5 2= 3 ¥z 2
b} Tir phuong trinh thi nhdt ta eé z — t = +1.




Tir phueng trinh tha hai ta cé . lz - 1] <3 va |t -2] €3,
tidd -2<sz=4vi-1=<L=<35

-~ Néu-2sz=1thi:
Vii-l=ts2taci:1l—-z+2-Lt=3, hayz+t=0
Véi2<t<Htacd: l-2+t-2=3, hayt-z=4

- Neulszsz=4dthi: -
Voi-1=t<2tacd:z—1+2-t=3, hayz-t=2
Vii2=<t=zbtacdh: 2-1+t-2=3 haye+t==0

Vay ta phai gidi 8 hé phuong trinh sau day :

-;-, = —% ithupe khoang xdc dinh),

-t =1
1. et nghiém z
{z +1=0 o

2. {E L vd nghiém,

t-z=4
z—t=1
3. v nghidm.
. L—I =3 B
SHeEE S, ! .
i 4 ; ct nghiém z = E-, A= 2 (thude khodng xdce dinh).
g+t =8 2 2
z=t==1 o 1 1 : = e
& { ed nghiém z = ——, t = — (thude khoang xde dinh).
z+t =0 2 2
-1 =-1
6. < o nghiém,
{t i =) nghi

-t = =1
1. {z. t vo nghiém.

(thude khoang xdc dinh).

B | =3

z2=F ==1 ) a5
8. o] h = — f=
{3+t='ﬁ e nghiém z 2

Tém lai ta ¢d bén nghidm sau :

o3 HEDEHED

Léi binh : Tuong W : "Gidi ede hé chida gia tri tuyét déi sau

-2 = =3 ' i
¢) ¥ x| d) {z |£|+I.
|yl +x =3 22 = 54+ L,

* Cédch gidi nhu sau

: e
¢)] Néux =0,y 20 thi duge hé {}' * ,manghidmlax =2 v, =1.

Y¥+x=4d




i —EI.=—-3 . Ly bR T §
Néuxz20,y<0thi: {F}H. i , md nghiém 14 %, = 0, yp = -3.
2x = -3
Néux< 0,y =0 thi: {;+ ; s mé nghiém la x; = -6, y3 = 0.
+ A =
Fl 2’ =_3 .
Néux< 0,y <0 thi: {3” : 3 » ma nghigm la x4 = 0, y; = -3.
_.,l!" . as

Bin cap gid tri trén déu théa man cde didu kién da néu va la bén
nghiém cua hé da cho.
d) Trén eimg mdt hé true toa do Ozt ta ve dé thi hai him s& z = [t] + 1
vadz—-t-5H=0.
Tritde tién vé dé'thiz = |t| + 1.
t+1lndut=0

rl"ﬂcﬁz=|t|+1= .
-t +1néut <0,

Do dé ta vé dubmg thing
2 =t + 1 vh chon tia bén
phii Oz (t 2 0), réi vé duimg
thing z = -t + 1 va chon tia _=F
bén trdi Oz (t < 0). Sau d6 va H. 4
dé thi cia 2z = 5 + t (hinh 4).

Giao diem hai dé thi la Alt = -1; 2 = 2) va B(t = d; z = 4). Vay ha
phuang trinh da cho ¢6 hai nghigm 12 : (t, 2) = (-1: 2) va (3: 4).

9. a) Luu ¥ néu chng timg v& cd ba phuong trinh thi ¢ v& trdi sa duge
4% + 4y + 4z, tit A6 ma co duge x + y + 2z d8 két hop vdi phuong
trinh thi nhit ma tim dude nghigm x. That viy, cing timg v& cd ba

phuong trinh tacéd tdx +y + 2l = Tt do x +y + 2 = :i.

X+3y =0

Da dé ta duge hé hai phuong teinh 2 dn sau { i
X -y =-L

Gidi ra duge x = —E,y = -,
4 4

|

Thay x va y vao phuong trinh thit hai x + 2y +.2z = 2 s duge z =

B Bt el X
4 3 9

Thay ede gid tri nay vio phuong trinh thi hai dugc ;
16a — 16a + 54a = 55 hay 65a =55 tirdéa = 1.

Vay hé da cho c6 nghiém la it =4, u=3,v =0,

=8, tacot=4a, u=13a, v=9a

w
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e Liti binh : Tuong tu : "Gidi cde hi san ;
b 4 y+2= 7
ol X+ ky+ 2= It o)

t+u+r=2
Sy - vF =4
x+y+hz=k" . i
Ta cd cdch gidi sau :
¢) Céng timg v& ba phuong trinh dugce ;
kix +y+2) + 2x+y+2) =1 +k+ Kk
hay k+20x+y+2z)=1+k+k* (¥

2
I\l’é’uk#~2th‘1x+}r+z=ﬂ.
k +2
kx+y+z=1
Gidi hé 1+k+k*
g = e
LR k+2
Trit timg vé hai phuong trinh :
2
ku_x:1_1_+k_+]i—,
k+2
o ”x_k+2—l—k—k2_lul-;9
v = Io o4 % T ke
1+k
ﬂlk?ilt- i = -
vl ach ' x -
i . 1 " (k+ 12
Tugng tu, ta tim duge y = , 2= ;
HE Y M NNLINRE Y Siye k+2

Neu k = -2, hé v nghiém.
Néu k = 1, hé e6 vd s6 nghiém vi moi bd ba =@ théa min x + y + z = 1
déu 1a nghiém.
d) Khit v tir hé da cho ta ¢é : 2tu - (2 -t —u)’ =4
hay t'—dt+d+u" —4du+4=0
tiie lalt — 207 + (u—2)* = 0, ma nghiém lat =2, u=2.
Thay gid tri eha t v u vao phuong trinh thd nhat ta tim duge v = -2,
Viy hé co nghidgmlat=2, u=2 v=-2

10. a) Didu kién : x =0,y #0,2z =0,
) XV + VI + 2X

Phuong trinh thi hai co the viét : =1,

XYZ

mi xy + yz + 2z = 27, nén xyz = 27,
MNhén phuong trinh thd ba vdi z rdi két hop véi xyz = 27 dugce
27 + (x + y).2° = 272
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b)

Thay x + ¥ = 9 — z tir phuong trinh thi nhat dugc :
2% 02 + 272 -27=0 hay (z-3F =0,
Dodoec=3 Tordétimdugex=23 vay =3,
Viy hé di cho ed nghidm la :x =3, y =3, 2 =3.
Pé gidi nhanh hé nay ta dua vao bit ding thic a® + b* = 2ab (suy

ra tir bat déng thie (a = b)Y = 0). That vay, ta cé <1, tit

1+ve

;:hut:rng trinh thd nhit suyratsv (1)
Tuwong ty, ti phuong trinh thit hai va tha ba ta cé :
(2): wva (3.
Hé cic bat ddng thae (1), (2), (3) chi thoa man khit=u=v
Thay v = t vao phuong trinh thi nhat duge 1, = 0, ty = L
Tir (4) cudi cang ta chi ¢d hai nghiém cua hé da cho la :

(t, u, v} = (0; 0; 0) hofic(1; 1; 1)

ust v=au

(4)

o Lt binh : Tuong tu : "Gidi cde iié san ;

c)

x+y—z=2

)

22+ Y+t =6
o

x +33+z3=3

) 4

Ta ¢d :

c)

11. a)

Ta lap phuong trinh thd nhat : [(x + y) — 2’ = 8, hay

v — 2t 4 3x%y + Bxy® - 3z — Iy'z + 3xz® + 3yz® — Guyz = 8
Do x® + y* + 2’ = 8 nén (*) trd thanh : (x + yXy — z2)x - 2) = 0.
Néu x + v = 0 thi tir phuong trinh thi nhat ¢d 2z = -2, Khidé y = -x,
suy ra X = £l.

Néu v — & = 0 thi tir phueng trinh thi nhit cé x = 2, tir phuong trinh
thit hai lai cé y = 1.

Neux—-2z=0thitaedy=2,x=2=%l.

(*)

Viy nghiém cua hé theo bang sau :
X +1 2
Y F1 +]1
% -2 +1

Riit x tir phuong trinh thd nhat ta ¢é x = 2 — y. Thay vao phuong
trinh thi hai duge :
9y —y'—£'~1=0haye® + Y- 2y+ 1=0,ticlaz® + (y = 1)* =0
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Méi s hang cua phuong trinh cudi nay déu khing am, viy né phai .
bing 0, tit d6 tacéd ngay z =0, y = 1. Thay viex =2 - ydugex = 1.
Viy ngliémoeuvahé lax=1,y=1,2z = 0.

by Liuu ¥ rdng gid trj ena v duge xde dinh duy nhit tic phuong trinh that
nhitv =t* +u° (1)

Thay 16 vao phuong trinh tha hai duge t* + t + o + u= m. Phuong
trinh nay tuong dueng vdi phuong trinh @

2 2
1
[t+l] +[u+—] =111-:-i (2)
2 2 2

Néu m + % < 0 thi (2) vd nghigm.

, 1 : e 1 i
MNéu m + = = 0 thi (2) tro thanh : [t+§ + u+§ =0 vi cd

) . 1 1 ) j P
nghiém duy nhét :t= ——, u= —— Tirdé timduge v= —+—=
B Gy Y 2 2 . i 4
Viay nghiém cua hé phuong trinh da che la t = 3 U= ==, V=

Méu m + -é— > 0 thi nghiém caa (2) la tip hop tat ca cde gid tri t, u

' 3

i 1 1 : g o o4

thoa man [L+—-] +[u +=~] =m+= vay=1"+u.
2 2 2

o Loi binh : Sau day ta tha "Gidi mdét hé platong trinh gém 12 pleong

trinh 12 dn
Py +12p, = 15,
Py =12p, + 11p, = 2
py—1dpy + I0p, =2
pr=10p; +9p; = 2

py=Spg +4py =2
P —4pp+3p =2
Py —dpy +8ps =2
P =2p;s =27




Nhin qua thiy cé va phde tap, nhvng néu dé ¥ rhng tat cd sd hang dau
tién cla v& trdi cia cd 12 phuong trinh déu 1a p; nén néu ta chng Ltimg
vE& ca 12 phuong trinh s tim ngay duge gia tr caa py. Tir dé tigp tuc
tim pg, Pas - Pris Prz
Thit vay, cong timg vé 12 phuong trinh ta ¢d ngay :

37

12p, = 37, dodop = =—.
.]11 3 |1 13

L

i . T 144
Thay gid tri cua p; vao phuong trinh tha nhat duge py = oy Tiép tuc

thay gid tri cua p; va ps vao phuong trinh tha hai duge py = e V.V

66"
Cudi eimg nghiém elia hé theo thir tu la -

37 143 G5 39
P:='1—2“1 Fz=m'1 Pa= %- Pd=ﬁ.

26 9 13 Gh
Ps = 37" Pe = 9" M= 11 Ps = 73’

13 13 18 13
Pa = 13 Pu= Tk P]'Eﬁ va Py = 24

D. BAN CO BIET ?
' QUY TAC CRA-ME

. - ax+hby=c 1
1. Xét hé phuung trinh bic nhat hai an ; | | }: ; t
ax+by=¢ (2]

Thip hop nghigm cia hé la giao cda cac tap hop nghiém-cua cde phuong
trinh (1) va (2). Nhan hai v& eda (1) vdi b' va cta (2) vdi b, réi cong
timg vé duge |

(ab’' = a'b)x =ch’' = b (3)
Nhin hai v& clia (1) vdi -a’ va cia (2) vdi a, roi cong timg vé duge

{ab' — a'bly = ac' —a'c (4)
Trong trufmg hgp téng qudt néu ab' — a'b = 0 thi tir (3) va (4) ta duge
nghigm téng quat cia hé la :

eh' =o'l ac’ —a'e
K =y By
ab'-ab ' ab’' —ab

Nguti ta thutmg ki higu D = ab’ - &'b va goi D la dinh thic cia hg
phuong trinh

D=ab -ba=

a b
<)

a1




Vi cach ki hiGu ndy ta cang co :

c b
D, =ch-ch= J::}(;? .‘:

c ¥

A C
Dy =ac —ae= |, >

a 5

Néu D # 0 thi hé ¢é nghiém duy nhéat cho bai cong thc |

e b a ¢

: D, ¢ b’ D, |a'¢
W ] B (A%

" b’ a'b'

Cac cong thie nay goi 14 cong thire Cra-me (tén nha tedn hoe Thuy 51
1704 — 1752).
dx Ty =565

2. Vi duy : Giai hé phuang trinh {Ex e dy =18,

Ta tinh dinh thie D :

=7
D = g:‘pﬂ 4‘ =12+ 35 =47 0.

Hé cd nghiém duy nhit cho bdi cong thic Cra-me :

66 -7
18 4| 554-(-7.18) 346
R R AT
3 551
6 18| 3.18-555 221
SN TR E

Nha todn hoc Crame con tim duge cong thite téng quat dé gidi ede hé n
phudng trinh bic nhat n an.
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§4. CAN BAC HA1 CO CI LA ?

A KIEN THUC CAN NAM VUNG

1.

al

L)

c)

)

2,

aj

b)

7.

a)

b)

Cdn bae hai

Vi so duong a, sd Ja duge goi la ean bie hai 56 hoc eia a. (36 0 duge

gol [a can bic hai sd hoe cua ).

Vdi hai sbavab khong amtacéd: a<bh < ..n"-a. * ..u"ﬁ

Viai A la mot bidu thiie dai s6 thi A 10 can thie bic hai eda A (JA

xie dinli hay cd nghia khi A khong &),
V&i moi 0 a tacéd a® =lal.

Mgt cdch tong quat, véi A la mdt bidu thie thi

JE:M].—- A n:‘i_u Az

-& néu A <0
Lién hé giwa phép nhin, phép chia va phép khai phuong
V& hai =6 a, b khong am ta co '.n'ra_ J.I ‘.|"_
Mat cach tong quat vai hai biew thie A vie B khing d&m ta co
JAB =JyAB
(Dac biét vdi A khong am thi f\‘..l"_lE rg_ = .I"'L.I IR AR

1||J | ,J'_ L2V B8 (s

Vi s a khong dm va sd b Lhrm:g hl u::

‘Mot cich Lung qual, vai biéu L111.l'|: .r‘i lihi.mg any va B duong ta co :

||". .,l_':'.-l,‘nll 10 II

II.I:E |£ .’--

,u" - | LEiy v I, I:'l ...,.I|| i I_. | FLE | T

- A 1w s S - e o '_r 5
Bién doi don gian biéu thive ehi'a cdn bae fai

Dua thia s8 ra ngoi ddu can

m _[AlVE - AVE ll@ill. AviBdéun=0
“AVB néu A <Ovalizo.

Bua thira s8 vho trong diu can

ﬁ‘,l"_ Jn.l A’B néu A va B déu =0

l -n.lrﬁ'*E néu A <0 va B =z 0.
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¢) Khi mau eda biéu thae Iay can

"E=ﬂ (vai AB 20, B = 0)
B Bl

d) Truc can thie ¢ méu

A AJB

ﬁu_ﬂ- (B >0)
C =E[JE.;HJ

JA:p  A-B?
C :CIEJFJ'EJ

Ja + B A-B

(v

(v

A=0, A B

di A, B khong dam, A 2 B),

B. CAC BAI TOAN DIEN HINH

94

1. Tinh :
a) (5T + V35T - 3)

O O L -
(-

Phan tich thanh nhin tay -

a) m-n- ﬂ—ﬁ

by (2+ 4B +1102 +4/6 - 11}
{1am |':=.Er

dy j— J—.
13 Yizi

L*IJ'H+“|'].1_"1

clom o+ Jm—n—ﬂwﬁimﬁﬂ,u:m

Conpg ¥ trif ciic can bac hai sau -

1
a) 204245 — 6.+ J125 - EEJIED

b) Enw'ﬁfimn‘* ~3y112mn? + 2mny343mn u.5n-.||‘.EEmH11

el 3,8p - f18p - 5”% + Jiép + J50p - 32p + J72p.

. Nhan va chia cdc edn bédce hai sau :

al (JE - 3V3 + af—%ﬁ].z«.@

b) :;-JH&\E-&JE%JI Aed
c d ed

et (75 + 243 - Jd8): 43

1

8

lJTaJT:iJE g
Q| (o0 ot ol o
[22 2Y¥3 5Y51 15




5. Ching minh ring .

. xx+i'r*vr Eu@
a) q.lll ]l}:—yH =¥
kﬂlr;'l' :':'l-,f_
i o H
b} BobE } ——l——]=—l méu D <t < 1)
VIet —y1-t u.u"l t.ﬂ—l+t

6. Giarphuong trinh ¢
a) 25x-275 - 9x-09 —Jx-11 =1
b) 25+ 25y + 49+ 49y — Bly + 81 =6+ Jy + 1.

7. a) Rit gon biéu thie :

vofam-1 1 sdm ) f 3/ -2
“l3fm -1 aymel 9m-1) 1 afm+1)

roi tim gid trj cia mdé M = 1,2,

b) Riit gon biéu thiie

B [P -3Jp ][ 90-p . p-3 Jﬁﬂ}

p-0 (Jp + 334Jp - 2) "JE-8 Jo+8
ridi tim gid trj eda p dé higu P - 1 < 0.

Eﬂﬁ'—ﬂ{z+ﬁ 2- J_ -ia]
Ja-3 lz-ya 2+4a a-a)

rbi tim gid tri cia a dé |A| = 1.

8. a) Rit gon bidu thic A =

h) Riit gon biéu thie
Jb E{JE+1:| b+ 3h +2 . lr+ulrﬂ+3+i
JE+;! h+.3q|"— b+ b l h+2-.l"E J’E'

vbi tim gid trj cua b dé JB > B.
9, Chimg minh ede dang thire :

B =

J7-48 J5 - 26 3+43
a) = =1 h) ——— =1 c]—=1ﬁ.
J“ 2 \I'r'-JT— 2 2 +.‘f§
10. True ciin d miu ;
E{J Jﬂ + b w \fﬂ te 'L-I
a) —— L)
af-mﬁ Ja+rb++Ja-b
1.I'Im R 3 1
u'[m ~n? sz + n? 1+ -.IE + -.I"E
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11. Tinh gid trj biéu thae :
2 _
A:M khix:lﬁ+JE viia=0,b=0.
t-¥x® -1 2\¥b  Ya

C. CACH GIAI VA LOI BINH
1. a) (547 + 3057 - 3) c6 dang (a + b)a — b) nén ta co ngay .
57 +B3UET -3 = (5T —(f3)F =267 -3=175-3 = 172;
by [(2+ B+ I1I2 + 45y = 111 =42 + 52 - (11)°

=d+df6+5-11=45-2;

(s[5 o

=16+ M-B=d4+1-3=2
144_‘!39 _Jm-t_l:z.-.'a _ \(lel-l-:;i 12,43

12 Yizi -V 13.121 121 11
o Lot binh : "Chung minh diang thec :

c.!,l1|'r'_+1l'?—1,||?+2 -y bJ'«F.-\E -.||E 2 i

'-|||-_

i)

Ta hay I}n:ll dénve ph'u clﬂ dude kut qua hﬁng vé tedi. Ta L4n lm::‘t ¢

a) 72420 _y’Eer_‘ 2 = JiEr + 2B VEF
=1||[JE+ 2)* :J_-I-' Z.: oh

Vé phai ding bing vé tral.

b) 8- 215 £ 5 -2/5.3 + 3 = J(JB)? - 24543 + (3P
2. a) m-n- ¥m -+ = (vm)? - () - (Jm + )
= (v = m + Vi) = (W)
= (vm + i - Yo - 1), véim> 0, n > 0.
b) 8+ Jp? =84 (Jpr =2+ (fp)® danga® + b
nén e ngay kit qua 100 (2 + Jpiid - 24p + p).

elom + ﬁ—n—ﬁﬂm—nﬁ{ﬁ—
= |11+£}E\E—£J+{E—Jl_ﬂ
= (i = i + ),

LS =
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L binh : Tuong ty : “Phdén tich thanh nhén i ;
d) Jab - Jed + Jbe - Jad o) Yol +d¥ +fe? - d®
i + m.q"t_—nyl";—winm-”

Ta lian lugt co :

d) H'_hhr‘_}—EJE'+~.J'_1-ft-.|"" Je)—Jafe + Ja)
= (vVa +e)b - V)
e) Jlerdie? —ed+d) - Jerdie—d) = Jerdivet —ed +d® —Je—d)
) mynt/n +1) —Jmn(yn 1) = (i + Dimy - Jmn)
=Jmn(vn + 1)/m - 1),

a) 204495 - 5 + 255 - ?35-5 = 14045 - J5 + 545 — 155 = 1255

b) Bmy2.7mn? - 316, 7m*n® + 2n19. Tmn - Eny4.7Tmn
18mnvTmn - 12mn+Tmn + 1dmnyTmn - 10mn+f7mn

= 10mny7mn (vdi didu kign m = 0, n = 0).

e) 34.2p - Jazp 5\(2;” J%E-§+,.I'2a2 - J16.2p + /36.2p
G Ep—SE—éJE_p+EJE_p+5JE_p-4ﬁ+Eﬁ

= 9f2p (vdi diéu kién p > 0).

Lot Dinh ;: Tuong o ; "Tinh ;
d) Vau® - 4b* + Jra+ )7 -5y’ 6% +9a® -~ 967 — Jra-b)®

e) 2ee—d +LJ = e -c"d +

\Imc — irict
) ’cﬂ‘d{i_.r} g [He=al ,
d d?
Ta ldn lugt o

d) J4(a? - b?) + yla + by - 5va® - b? + y9(a? - b?) - y(a - b)?
= 2Ja? - b? ~5ya? ~b? +3a? - b% +fa+bf~Ja—b|=[a+ b -|a- 1

Khia+ b>0,a-bz> 0 thi bigu thie nay biing a + b - (a = b) = 2b.

o7




e) 2dye- dIEI c~d_EJ = —‘I'r:E{r:—ri]'-n-
1

1.‘:.-~ c—d nie —d)
-d y
R
e ]

= 2dJe-d + “ddc-d— £ e —d -2 Je=d = 2/e-dw - .
c— c—
Bifu thite nay bing 0 khi d > 0 v biing 4dyJe-d khid < 0.

4. a) [ﬁ—aﬁmﬁ—%ﬁ}z-ﬂé =26 - 6418 +10412 - J48

12 - 649.2 + 10y4.3 - J16.3
=12 — 1842 + 2043 - 44/3 = 12 - 182 + 1643

b) [2F+3J:— J_ J_]
=2ecd + EJ%;EE.I _4\(@15":& +5J$.cd = Zed + EJLI_E —{Jc_i -5

=End+3|r]| —4|+::| +b6=%cd +3d -de+5ntue>0d>0.

o) ?5 2“3 35+ JBL- 16 =5+9—4=10

m[Ji \(' ﬂ sl (e-leiv)le

= }éﬁ..l.?,ﬁ_kgqu—ﬂ _ 757546 + 48J10

dl
o Lai binhk : Tuong by : "Tinh ede bidy thie sou :

’ ’gﬁ R ag]wmﬁ-am

3 3
f iR iﬂ — .4 ’ ,nm = pidtme =0, n>0"
[JI¥73 .FE 2nt

Ta lan lugt ¢ ;

: f[mrm sa
233-5-*1"ﬂ+.1‘m 2+—~.|"E='+.a 2——J_ 4,004 - 4 |—




6. Ta

a)

L)

E‘EJE 1+ 20600 f_‘F ‘f NE
T

a1 5+4+_r_‘1r+_ TEsi

45m ’Em B ||2p || |"! B =1511|3F J}.p 5]"\[7
an” 8n Y3 2n

]i"
i -.."_— _J——+ Em

En

H

il

bign dai vé trdi
Xy X +;I.r“|"_ J_[J;+.,I.IF_JI 2
{Eh,l"_}[xhy} 1;";44"_
_ X x+}r,'|'r}_r—x,..l'§—y-."'_ 2.fy IIJ;—J-J{H Y, EE
W+ fyix =y ,,.l";}'..f (W + Jy s - 3.-'] ey
o r~.‘1r;+2-‘|"§
Vx + |y
Vé trdi cd dang A_B, ta bién déi A va B nhu sau

VICtl+t+41-t) A-uii-t* +(1-t)]
Wi+t)? —(1-t)? (W1 =17 % —(1 = )°

T+t+y1=t2 (1-tKy1—t? +1-1)

Lst~14% 1-t2 —(1-2t+t%)

1+t +41-t% (1-0AV1-t* +1-1)

= 1, diing biing vé& phai.

A =

2t M- It*
Clatea1-t® (1 -tyl -t +1 -
ot 241 - 1)
_ 1+L+1J||1-t.2—'-.||[1—1:2 -1+t 2t oy
B 2t 2t

B

T W
JT—I——=-~1—1 -1 (do0<t<D)
E % £

Nhu viy vé trdi biing -1, dung bing v& phai.
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o Loi bineh : Tuong tu‘
"e) Clhuing mind ddng thic :

(L [ s

d) Cliing nmm réng gid tri ciia P = 4p” — 8p* + 2p + 3 bdng 1

I+\|'r_
2

Cach gai nhu sau :

khip =

¢) Ta bién déi vé trdi -

Fﬂf‘" —Nr;l'}ﬂ +m]{ 'JI'F- \IIIE ]2
Jm -+ tJn_HJEuH—ﬁ}

{ m> + Jmn +'.I||_-t-+~..||'|n'u.lI

) e iF
={Jn_|+u'r_} _]-U.'im:an:-m

w’n_J_J

Viy vé trai dang baing vé phai.
d) Gid tri ela P edn tim la :

éil+«.ﬁ]a-2{1+\@f+“+\ﬁj+3

= %uaﬁwaﬁr-zu+2¢“§+31+1+4ﬁ+3

E+ 3B -8-#3 a4+ 88 =1

6. a) Tacod thé viét :

100

J250x — 11 — f9ix - 11) - Jx - 11 =1, |
hay Gvx-11-3J/x-11-+x-11 =1, Tird6: yx-11 =1,

Binh phucng hai v& vdi didu kién x — 11 5 0, tire la x > 11 ta duge
x— 11 =1, hay x = 12, Gid tri nay thoa man diéu kién, Vay nghigm
cua phuong trinh la x = 12,

b) Phuong trinh ¢é thé viét :

251 + w) + J49M1 + y) - JEIH +¥) =064+ 1|"1 + ¥,
hay 51.|r1 Ly --'i',ilr]-.+}r—£},‘|"l+j.r—.‘|r]+3,r =6, hay 2Jl+¥y =6,

Tiedéd fl+y =3 (vdiy>-1). Viy 1 + y = 9, hay y = 8, thoa man
didu kign. Nghigm eua phuong trinh Ia y = 8




o Loi binh : Tuong tu @ "Gid: pladong deinh ;

?‘;’}3—.13+rj£—11=3€—3+35_?

]

d) (3v5z + 243 )23 - 36z ) = (742 + 2130273 — 7= )"

Ta lin lugt cé :
e) MC : 60 (y =z 0). Quy déng mdu rdi Kl miu disre

2007,y -13) + 1204y - 11) = 153,/ - 8) + 60(3 fy - 7),
hay  140.fy — 260 + 48,fy - 132 = 45,fy - 120 + 180,y - 420

140y + 48,fy - 45.fy - 180,y = 260 + 132 - 120 — 420,
hay -37\y =-148. Titdé |y =4, viy y = 16,

That lai thay y = 16 ding la nghigm cia phuong trinh.
d) Diéu kién z = 0. Phuong trinh da cho o tha viat .

(243 + 352N 243 - 3J5z) = (213 +72)2413 - 72),
hay (243)% - (3452)% = (2/13)* - i'?»)"_f

12 - 4bz = 52 - 49z, hay 4z = 40, z = 10 thoa man didu kién a
trén. Viy nghiém cia phuong trinh 1a z = 10,

7. a) Dicukién :m >0, m = é

MC: 9 — 1= (3/m + 13/ - 1). Ta e6 -
- 138V + D) - @3S - DB 3vim +1-3m + 2

M =

Om -1 ’ 3\{;' T a1
_3|]L+1|r1_11' 31.1"_ 1- E\I"T+I+E-.I"E 3 + 1
(3 + 163 m - 1) a
hay M= am + EJIT m + +J/m

aAsdm -1 B9m -1

Dé M = 1,2 ta phai giai phuong trinh ;

"H_r 1,2 hay m+ = dﬁﬁ—lz
3m-1

ms= 2,64m - 12

Gidi ra duge fm;, =2, Jm, =06 :

Tit dé my = 4, my = 0,36. Da la hai gu:'n tri clia m da M =
b) Didukién :p=0,p=d, p#9. Tach;
Ll




o p—ﬂ.,jr_—p+EI' 9 - p+[“|r_-dl[ :-+E}—{\r 2}'{‘,,{_ 2)

p-9 {...||'_+3H-.,|I"_ 2)
9-3Jp (fprap-2  9-3Jp (Jordifp-2)
p-9 9-p+p-9-p+4 p-92 4 -p
o a3-4p) e 3ip-2) 3
T e+ -3 2+ pN2-VPp) Z+4p

3 3
‘.E-t.,h? .E:+,i.|'_

24 Jp >0l Suyra Jp >lhayp> L tritp=dvap=9

HisuP-1= -1 < D hay = 1, tic la 2 + .,.J']: > 3 (vi

VaivdehiguP -1 <Othipsl(tritgidatrip=4vap=9).
o Lii binh : Tuong tu :

i

e e e -3 ~.|"T+I i -2
ntafn -2 ‘-.I"_+.3 -
raf ti gid tef nguyén cda i soo cho N nhédn gid tri nguyén,
o) Rt gon bidu thie

o [t ﬂ_ﬁ+ﬁ+1],[1_~!¢*—hﬂ_ Jt+1
._u'ri*rf 1-+Jie _.l- Jic-1 Aw+r

, ; ST . I -
fere vt el " by — 4 — wm G,

Jioe

“cd it gon bicu thic

J. roi tine gid tri

Cieh gian nhas sau
¢t Ta nhan thay ring - (o +20dn -1 = n+ Jin -2 nén trude ticn

E 1 -2 . d—+B . 5 .
ol dau cua thiunh dé ed mau chung la :
1-vu Vi -1

MC: o2 - D =n+ i - 2, vdi didu kign : n 20, n= 1.
T eg s Ny < S8V =8+ i -1 - - 2 4 2)
(i + 20 - 1)
S+ 3 -3-m-vym+ i -1-m-4)
) I+ 2y — 1)
A+ 3 -3-n+1 n+d n+34n +2
(Wi + 2 - 1) (v + 20t -

=1 I 4 .:!ltu'qul hsy = 1'r|:11.l
(W o+ 20 - 1) i -1

- Biéu thite N rit gon 6 the viay -

1}
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2 .
N=1+ "\Ier—l mudn N nguyén (uie N e Z) thi Jn -1 phai la wde
I —

cua 2. Ta ldp bang sau :

Jn -1 1 -1 2 -2
Jn 2 0 i =1
1 4 0 9 khing cd

H@’t hgp vai didu kién eo n e (0; 4: 9] thi P e 2.

d) Dieukién : t =0, v 20, tv 2 1. Biéu thic cé dang T = A : B.
Ta tinh riéng A va B, ta cd -

A =

It

(Vo + D0 - Viv) + (iv + 00+ Viv) + (1 + v - Vv

{1+ Vv - Viw)
ﬁ—tﬁq-l—H«! tv 4+ tv + 4t + tyfv + 1 -ty 2£+2‘

=
3

| 14+ tv X1 - Viv) 1-tw
tv—1-(Jtv + VO + 1) - (Vi + DI - 1)

l{ﬂ-—ljﬂl tv + 1)
v —1-(tv+ v+ v + SO - ttfv - B+ v = 1)

(Vtv - DifEv +1)
tv—l—tv—ﬂ~£\.'_r_—ﬁ-tﬂ+f—ﬂ+]

(Vv — ity + 1)
2Jtv - 2t /v _oftv ranlv

tv — 1 1=y

Vay bidu thic T trd thanh :

28+ Vel 1
20tv + vy Vvt o

T=A:B=

— Ap dung bat ddng thic (a + b)* = 4ab ta c6 :

Dau "

Z# =5

="xayrakhit=v = é ¥4y Taw=9

hay 4T < 36, suy ra T < 9,

8. a) Biﬁukién:a}ﬂ-,azma#g.
MC:4-a=(2+ Yya)2-+va). Tacé: .

A =

\E{E—JET}IEE+JEJE-{2—JE}E+4E

Ja -3 (2++fa)z-Ja)
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s ﬁ[ﬂdg-rdﬂj B Eu.+4a-.,|l":-:|_ - 4at2+£] _ dn
T Wa-92+va) (Wa-2+da) (Va-3NZ+va) Ja-3

4a | 1 Tuds 32

Ja -3 va-3

= ol

- Muén |A] =1 thi

Néu 44 =1 thi phuong trinh béc hai 4a — Ja + 3=0vo
Ja-3
nghigm vi A = 0 (xem §8).
Néu ;H = -1 thi phummg trinh bac hai 4a + Ja —3=0¢co
-3

' : 3
nghigm .HI'I = =1 (loai) v& ,fa, = 7 sSuy ra a; = T

9
Vay dé |A| = 1thia= —.
ay E|_ 1 T

b} Biéu thire o6 dang B = M : N. Ta tinh rigng M va N.
vimub + 20 = VBB +2) va b+ Vb = b(yb +1), nén tacé :
JE{IJ+JEJ+B{JE+1HJE+H—LB+3JE +2}{q"‘1.;+2]

M =
Joib + Db+ 2)
 byb 4 b 8D+ 2Jb 4 1) (byb + 2b + 3b + 6yb + 2Jb + 4)
- MC
by abe8b+16vb +8-byb - 5b-8/b -4
= MC
_db+sbed _ 4ibr1?r a6+ D
MC bbb+ b +2) Yboib+2)’
JobiJb+314b+2db byb+b+3b+b+2/b
N = =
JGib + 2Jb) MC
_bb+2b+5Jb _ Vbb+2Vb +5) _b+2/b+5
- MC Jbib+ 2Jb) b+2Jb

_4b e be2fb  4b 4
b+2Jb b+2/b+5 b+2vb 456

_ Khi JB cd nghia thi B > 0. Ré rang ta cé B > 0 vdi moi b > 0.
JB>B = B>B'ticlaB(1-B)>0hayB<1;B-1<0.

Viy B=M:N hay B

i i P
Do dé S ,“ <0 hay vb#1 ticlab# 1.
[JE+1}1+4

Viy viib>0,b#1thi VB > B.
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o L&k bink ; Tuong tu :

Je+Jd N Jd - Je +c+d

2Ve-2Vd e 2Md c-d

Riit gon bidu thire vé tim edp 86 nguyén (e, d) sao cho C > 1 péaec +d = 7.
[24‘3 ,_Nd _3d+3J'[E£_E_1]

Jd+3 Jd-3 d-9 | Jd -3 .

Riit gon biéu thie vi tinh gid tri ciia D, néu

d=[ 1 & 1 + +—'-—‘-il—]"
144z J2ad3 0 oo+ Jio0)

Cédch gai nhu sau ;
e) Pidukign:ce20, dz0vac=d
MC : (2+e + 24d)(2Ve - 2d) = 4e — 4d = d(e - d). Ta c6 :

_ e+ Ny + 24d) + (I - Veuzye - 24d) + 4te + d)

“ed Cho bidw thice : O =

d) Cho bicu thie : D =

0
4(e —d)
) 2¢ + 24ed + 24ed +2d + 2ved - 2d - 2 + 2400 + 4o + 44
di{c =-d)
_ BVedvdec+dd  2ved +c+d
4{c = d) e—-d
hay E:_{wﬁﬂﬁlz =-u'rE+JEf
(e + e -y Je-Ja
— Muin C > 1 thi JE*”IH—I}D, hay —-E—JE—}U, ticld e>d > 0.
Je - Ja Je -

Doc+d=7vac, dnguyén nén cap (c, d) nguyén sé bing :
(c, d) = (6; 1) = (5; 2) = {4: 3).
d) Bigu kién : d 20, d # 9.
MC: (Jfd +3)Jd -3) =d-9.Tacs:

_ 2V -3+ A +8) - 30+ 8) 2Vd -2- (A - 3)

R d-9 Jd -3
_ Ed-—ﬁﬁ+d+3ﬂ—ﬂd—31ﬂ+l
) d-9 -3
AJd+1) Jd-3 -3

= . . hay D= — .
(W +3)4d -3) d+1 g Jd43

Bay gid ta tinh gid tri clua d, ta cé ;

d:ﬂ—lﬂﬁ—ﬁjh--ﬂmﬁuﬁé} hay d:-.flﬁ—1=9.
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9 E

o DFJE_P+3 3+33 _%-

9, Ta bién doi vé trai

J'r 43 _ J1-4y8+3 J2-3)
V3-2 ¥3-2 J3-2
25
JB-2
Jﬁ 26 _Y3-232+2 B - R
' Bz J3-42 3-8
_f3-42
B-42

3448 CA2B+43) LBEGE D BED) BB D)

= -1, ding béng v& phai.

= 1, dimg bang v phai.

2443 J‘sz" V11243 J3+2J§+1-_J(JE+1F
_ BB
T B+
o Lok binh : Tuong tu 2 "Cheing minh cac ddng thuic :
a—b a+ b+ EJlsr_E;
VTN dardb

i q.lﬁ—.? ﬂ+ﬁ+f!£—ﬁ=ﬁ—l.”.
Ta bién déi vé trai :
| Wasdbida -Vb) Gas b
i S = (va +/b)-(fa + Jb)

= /6, diing bang v& phai.

=0 foata=>0 b >0

= 0, ding bing v& phai.
e) Ta bat diu tir dudi lén, ta eo

V18- 128 = J16 -8y2 +2 = Jlu - J2) =4 _

Nhu theé vé trdi thanh :

JE}—E V2 + 12 + 4 -2 =x|{ﬁ—2{1f§+11=1}3—2\ﬁ+1
= J(+/3 - 11 = 3 -1, diing bing v& phai.

20 85+1043 20845+ 1043) _ 20845 +1043)
8/5-1043 85 +1043 (8/5)% -(1043)7  320-300

=E‘r£+1[hl'§

10. a)
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b) Jﬂ-hh—Ja—b_u'ra+h—Jﬂ—h= (Wa+b—4a-b)?
Jat+bh+ya-b Jasb-ya-b (Va+bi —(Ja—b)y
N (va + b =+a-b)* . (Va + b = fa - h)?

a+b-(a-h) 2h

‘lel'll +"i|r111 +n \JII]'I'I —]1 |'H|r]1] +H._
1u|11| —n? —dmf +n? Jim? —n® +Vmd +nd

2 (Y2 —n? + ym? 4 n? 2 . (+/m? - n? +ym? +n?)?
'[mz—ue} {m® + n?) ~Zn*
o)} Whin tir va miu vei 56 1 + «E - Jﬁ_ =0 ta ¢o ¢
1442 =45 1+2- 1+2-

1
1+v2 45 (144241 +v2-V5) (1+2F -5  2ya-
Lai nhin ta va mdu eia phin s8 cudi nay vdi \E +120 taecd:

1442 -6 V241 2414242 J10-5_3+2/8-VT0-5

AVE -1) 241 22 - 1) 2
Léri binh @ "Cluing minh rdng
V6 2 i
@) J2+43 =224 X2 b) =(J5 -2)2 - 1)
2 2 2+J5 +242 4+ fio
! ¥ .
¢/ - e—y

2+%2 +Y4 2

Cach giai nhu sau :

IJ_]EEJE

a) Taci: (Y2 ++43)07 =2+/3 va [._;_.,._

Vi \I|E+~Jr§ =0 wa £+§}D nén cde gd H+J§ va §+£

déu bAng ciin bac hai cia 56 2 + 3.
b) Trude hat ta nhan thay ring mau 2 + 5 + 242 + J10 c6 thé vigt dudi
dang tich sau (V5 + 212 + 1), nén ta truc can ¢ vé trai nhu sau ;
1 Wh-2z-1) -2 -1
B2z +1) (B-24B-1 (G-40E-1)
= (v/5 - 242 - 1), diing bing vé phii.

c) Ta od ! : Y2 -1 ﬂr .
Ae? +82+1+1 (A2 +PBrn kB0 2
_G2-1¥h 1

5 =1- - ding béing vé phai.
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v 5 J o T

a-bP |a-H

~ Y 4ab o

Jab
Nhu vy A = Ehiﬂ {[ []JE_
2 Hh

Eb|n 2h|u—

T By TR

- Néua-bz0thi la-bl =a-b, tace:

e “2bia - b) Eh{a—-b} Y
(a+bi-(a=b) 2h

- Néua-bs0thi|la-bl = ~{a — b}, ta 6 -
—Eb{d—-h} lJ{l:r—-EJ

ta+b]+{a b a
a-bnéuaz=hb
Viy: A=
Iy Elh—a} néu a < b,

o Liri binh : Hay gidi thém bai sau
"Viét bicu thitc JH + 40 + 20 + 8 dusi dang tong cila 3 edn thie.”
Ta dit Jﬂ+uﬁ+1@ﬁ+,ﬂ'§=ﬁ+ﬂ+£.

Binh phuong hai vé :

E+ﬁ4mlr=:{~.y+z+2 :«r.;.r+2u"-ﬁ+2,'|"y_z.
Tidétaco:x+y+z=8; 2yxy = V10, 2yxz=20; 2fyz - J§ *)
Tir day (*) ta tim duge :

40 : 0 d V
;q:T:]EI; xz:%u=fl; 'ﬁ::;_'ﬂ'l xrzzw:lf}.
: &

Suyral x=5hy=2:2=1,

Viy ta co JE+-J’41_+JE'_U-FJ_:1"§I-J:E-+1H.

D. BAN CO BIET 7

1. Can bicn
1. Can bde n clia mot s6 a lia mdt s ma Ly thica bae » bieng o
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Phép tim cin cia mét s6 goi la phép khai ein. FPhép khai can la phep
tinh nguge cia phép ndng 18n loy thia,

a) Mt s duong hode mét s6 am chi e mdt cin bic 18,

Wi du 56 64 chi cd mit edin bic ba 14 4, 58 -8 chi o6 mt efin bic ba
la -2

b) Mgt s0 am khong 6 ein bic chin.
o) Mt s duong chi eé hai cin béae chéin déi nhau,
58 25 ¢6 hai can bac hai la 5 va -5,
d) Can bic nao eda 0 eting chi la 0,
Ki hiéu cin bie n cfia s6 a 1a ¥a (vi du ean bée nim cia -8 viét la
Y-8, ean bic bon cia 2 vist 1 ¥2)

Ki hi¢u *§fa (a ducmg) chi dimg dé chi ean duong (cén 86 hoe) bae chén
cua a, con edin dm thi chi bing —EL‘H. '
Ta cd ; -:ra_g= ;Ll; sk =iﬂj

Cdc pheép tinh vé cdn thiie

a) Ve = Ve N byt S
= b=y

¢) ya™* =a™ d) (War = yam
Vidy : (32p)* = 3% Ji2pl® = 27427 Jp = 54p%p (p > 0).
e) Ya ="Ya

Vi du @rw_r=%:@=ﬁ.

o Chitng minh diéw nguy bign : 4 = 5(1) hay 2.2 = 5(1)

Tim chd sai trong viée chdng minh didu nguy bién sau : 2.2=5 (1)
Xét ding thite 16 — 36 = 25 - 45 (= -20),

- L e g
Ciong thém EDE vao-hai vé duye :

16 — 36 + ED%=25—45+2G$,

2 4 2 2
hay 4° - 2.4.E+rg] =5.2—2.5-.E ‘]'E] , ta duge [4 - E] =[5—E] '
. S . 2 \2 2 2

.. g
Khai phuong hai vé duge : 4 - 3 =hH- g

Suy ra: 4 = 5(!) hay 2.2 = 6(1).
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§8. PHUCONG TRINH BAC HAI YUA ﬁlﬁl-
VUA THU ¥i

A, KIEN THUC CAN NAM VOUNG

I,
al

b)

Ham sé' y = ax” {a = 0)

Tinh chat :

Néuw a > 0 thl ham s nghich bign khi x < 0 va déng bién khi x > 0.
Néu a < 0 thi ham s6 déng bién khi x < 0 va nghich bién khi x > 0
Dé thi

bBa thi la mét dudng cong goi 14 parabol ¢é dinh la goe toa dd O va

nhin true tung lam true dai xing.
Néu a > 0 thi parabol nam trén true hodnh ¢é O la diém thap nhat.
Néua < 0 thi parabel nim dudi truc hodinh ¢6 O 13 didm cao nhat.

2. Phuong frinh bie hai ax’ + bx + ¢ = 0 (a « 0)
a} Phuong trinh biv hai khuyét
ax” + bx = 0 (khuyét ¢) cé nghiém la %, = 0, % = —E;
a
ax® + ¢ = 0 (khuyét ¢} ¢d nghiém la x,, = + i—E néu a va ¢ khide déiu,
a
by Phuong trinh bic hai du :
Lap bigt thie A = b® - 4ac.
Néu A > 0:2 nghidm phan bigt x, , = :L-'-t A
2a
s ; b
A=0:1nghiém kép x; = %y = ~——
2a
A < 0 vd nghiém.
* Trutmg hop hé s6 b chan (b = 2b')
Lap bigt thie A" = b” - ac.
af " s r = ’ t - ;
Néu A" > 0: 2 nghiém phin bigt x, . = —E——E
a
: e . b’
A'=0:1nghidm kép x; = 8y = -—
G |
A < 0 vd nghigm,
3. Dinh Ili Viéte
Néu x;, xe l& hai nghiém cua phuong trinh ax* + bx +¢c=0(a = 0) thi :
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aj)

b)

c)

aj

b)

c)
d)

Xy + X E.
Uik ol
C
H] :'I-_z = el .
|
Ung dung :
Mudn tim hai 58 u va v, biét u + v = 8, uv = P ta phai giai phuong

trinh x* — Sx + P = 0 (vdi didu kién 8% - 4P 2 0).
Néua+b+e=0thi phugng trinh bae hai ed hai nghigm
Xy =1, Xa=-—
|
Néua - b + ¢ = 0 thi phuong trinh bic hai ¢6 hai nghigm

C
X3 = —1, o = ——,
4

Phuong trinh guy vé bée hai
Phuang trinh tring phuong ax’ + bx* + ¢ = 0 (a = O
Bt &n phu x* = t, t =2 0 & duge phuong trinh bie hai at® + bt + ¢ = 0.
: - 5 v
Phuong trinh chida dn ¢ méu, chdng han - - .
X" -9 d=-x

Phuong trinh tich, ehing han (x - 1)x* + 2x - 3) = 0.

Phuong trinh vo ti, ching han x* + 5x + 4 - Eq'rxz +5x+28 =0,

B. CAC BAI TOAN DIEN HINH

1.

1. Cho ham s8 y = :il-xi.

a) Ve dé thj ham s6 va vé dutmg thing y = —x — 1 trén cing mot hé
truc toa di.

b) Tim toa d§ giao digm M cia hai d3 thi,

2. Chohai haimsSy=x"vay=23x - 2.

a) V& dé thi cia chdng trén cimg mat hé truc toa dé va tim tpa df giao
diém cila chung.

b) Lap phuong trinh cia dubmg thing (d) song song vii dubmg thang -
¥ = 3x — 2 va cit d6 thi y = x* tai didm A cd hoanh 4 1a -1.

Cho ham sd y = ax®,
a) Thm a biét réng dd thi cia né di qua didm P(-2; 1) vd v& 46 thi vai
a tim duge.

b} Cho duing thing y = x + k, v6i gia tri ndo eia k thi parabol cit
duting thing tai hai diém, tai mét didm ? Xde dinh toa d§ cia tidp
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didm Q.
¢} Giai thich tai sao tigp diém Q dfi xdng véi diém P qua truc tung,
d) Tinh chu vi va dién tich cua tam gidc POQ.
5. Cho parabol (P) y = ax® va diégm A(1; 1) ndm trén (P).
a) Xdc dinh hé 56 a va vé parabol.

b} Lay ditm B trén (P) e6 hoanh d9 bling -2. Vidt phuong trinh cia
dugng thing AB.

¢} Tim diém T trén true tung sao cho badiém A, T, B théiing hang.

d) Mét duéng thang (d) qua T ¢6 hé s6 gée a cit (P) tai hai diém M va
N. Goi M' vad N’ theo thit tu 13 hinh chidu cia M va N trén tryc
hoanh, ching minh hé thic OM.ON' = OT (don vi trén hai truc tea
di bang nhau).

4. Giai cic phugng trinh bae hai khuyét :
a) (x— TiHx+ 3)+ (- 1}x + 5) = 102
b) (2y — TV + (8y = 5)° = (dy + 9)(dy — 9) = 2(64 — 29y)
3* -4 _ 32, zu—sz"-l
12 9 18

5. Giai cde phuong trinh bde hai da :

c)

C g .
) i L Bmg b) y' = Ty'+ 14y —8=0

k-1 X+m m?—x%
e) 22 (W2 + 31+ 46 =0.

6. Gidi eac phuong trinh sau
a) (x’ - 16x)* ~ 2(x" - 16x)-63 =0

#
g AT eaye
:-,rg + 2y 4+ 3
e) (z—-4d4Ne - Bz — 6)z — 7) = 16G80.
7. Giai:
2 2
4 . 7
a) x4+ x"=10x*+x+1=0 L) Y + :'Hl] =1_-
y+1 y 4
4
& z41 LI + Z _1'521
P O O | z+1
g, .I{]]Emg giai phuong trinh :
a) x* - JE_E:L + l% = 0, tinh hiéu cdc lap phuong cua nghiém ldn va
¥

nghiém bé cua no,

112



b) ¥° + py + q = 0, tinh téng cie lip phuong cin ede nghidgm cda né.

- 2 . 2
c) 32° 4 17z — 14 = 0, tinh gid tri biéu thire Gl Sl

42,75 + -13';":::3

9, Chung minh rang ;
a) Néu hai nghiém cia phuong trinh x* + px + q = 0 déu duong thi cde
nghiém cua phuong trinh qy* + (p — 2rqly + 1 = pr = 0 cing duong
val mol v = Q.
l

: 1 . S s
bl Phuong trinh ——+ = — eb nghiém vdi moi a, b, c.
z-a -b g2

10. Cho phugng trinh : 2t* - (2m + Lt + m® - 9m + 39 = 0.
Vil gid trl nao aeda m thi phuong trinh ed mit nghigm gap déi nghiém
kia va tim eie nghiém dd. :
11. Gidi cde phuong trinh quy vé béac hai ;
a) (2x° — 3x + Lix" + 4.5x + 3,50 =0
1 dy 9

) + =1+

—— ¢) (z+ 1) =201 + zN.
}"1—2 _:l.l*:'—..l }’—E

12, Giai phuong trinh trang phuong sau :
a) mp'x' = p'x" — p'm® 4+ m'x? (véi m > p > 0
b) y' +(y -1)'-97 =0
e) (¥ —1993%¢ — 7972z + 1 = 0.

13. Giai phuong trinh vo W sou

al \l'lfjx"’+5x+t":-—a.|r3:-:"3+5:¢ +1 =1

21 .27 = ! ¥
b J2lry ey F-—--EE}*#EI} c) Jzﬂ_l+\/3_j§. = Z,
J2ley-21-y ¥ :

C. CACH GIAI VA LOI BINH,
1. 1.a)Talap biing mdt sé gid tei coa x va y |
X | | —2 0 2 4 X
¥ | 4 1 0 1 d ¥ l -1 | 0

Bd thi hai hain s6 nhar d hinh 5.
by Hoanh dé gino didgm M la nghiém cia phuong trinh %xi =-x—-1

hay x* + 4x + 4 = 0, tue 1a (x + 2 = 0 ma nghigm la x, = %y = -2,
Tir dé ¥ = 1.
Vay ta o6 M(-2; 1) : dudmg thing tiép xie vdi parabol tai M,
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¥

A
M1

4 2-INJ]D 2 1 %

-'i\\

H.5

2 a) Ta lap bang mdt 50 gid tri cua x va y

w ] o 3 s 0 1 2
¥ | 4 1 0 1 4

b)

Bé thi hai ham sé nhu ¢ hinh G.

Hetmh di cie gine diém A va B la nghigm cia phuong tiinh x° = 3x - 2
hay x* — 8x + 2 = 0. Gidi ra duge x; = 1 va x. = 2.

Viy toa d A la (x, y) = (2; 4), toa d& B la (1; 1).

Vi hai dutmg thing song song 6 hé 58 gde a = a' viv b = b, nén
dutrng thiing (d) song song vdi dutimg thang y = 3x - 2 s& ¢é hé 56 gic
lia =3, Vi) cit parabol ¥ = x° nén (d) c6 phuong trinh hoanh dj la
% =3x+ b

Hai db thi trén cit nhau tai A c6 hodnh dé 1a -1 nén (-1)" = 3(-1) + b,
suy rab = 4.

Vay duimg thang (d) 6 phueng trinh la y = 3x + 4.

Léi binh : Tuong tu
"Cho parabel (P : y = ax” va dudng thdag id) - y = mx + p.

it
b)

¢l

Tim phuong trinh cia td) di gua hai didm A(1; 0) va Bi-1; -1).
Tim phuomg trinh cia (P) bidt vdng (P) tigp xic voi duimg thdng (d)
tim elpe o cdu o

Goi M va N theo that tie laé gico didm ecida (d) vai trge hoanh vd tryc
fung. Tinh duimg coo ctia tam gidc cnong MON.”

Ta cd cach giai sau :

a)

Thay toa d5 cia A va B vao y = mx + p ta ¢6 hé phuong trinh

0=m+ o : 1 1
LR arra tim duge m = —, p = ——.
~l=-m+p 9 2

: : i 1 1

Viy phuong trinh dutng thang d) la y = Ex -5




b} Tai giao diém eiia dudmg thang (c) vdi yarluhul ¥ = ax”, ta co ¢
PO | 1 i
ax" = —x—-=— h ax"—%x+1=0 (¥
2 5 ay + (=)

Néu parabal (P) ti€p xic vdi duimg thing (d) thi phuong trinh (%)
phai cd nghiégm kép tac la A = 0,

. . 1 :
Taci A=1<~8a=0khia= e Phuong trinh cia (P)lay = .{53,
' 8
¢) Ta cd ! ! VA
x 0 1
_| ' _ I"-i//h
y 1 0 u/l %
: 2
H =152 )
Do dd toa dd cua M 1a (1: O) ‘_,,/""‘
va cia N 1a [D; —%] ) H.T

Canh huyén MN eta tam gide vuéng MON la MN = '|||']:' +1= ﬁ
4 2

(hinh 7). Theo hé thie lugng trong tam gide vudng be = ah ta cé
duting eao h cua tam gide vuong MON 14 ;
{}M.(TJN_[ } J5 5

1
| =
MM

2

h = : ;
2 5

2. a) Thaytpadé cia Pvaoy = ax“ tac¢6 : 1 = a.(-2), suy raa = ol Ta
4

1 -y ;
vié parabol y = I:-:‘" bang cdch lip bang sau :

| A4 8 0 B . &

y= ¥
i
Ba thi nhy & hinh 8. Dé la parabol cd dinh la gie toa di O, 6 tryc
déi xing 1a true tung, ndm phia trén true hoanh.

k) Tai giao digm coa parabol y = %:-:E i

4 1 0 1 4

via duting thing v = x + k ta ob

1 p "
EH_ =x+k hayx — 43 - 4k = 0.

Neéu A" > 0 thi phueng trinh nay
co hai nghidgm phin biét, lic do

parabol vi dubng thing eit nhao
tai hai digm phan biét. -
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Tichd v=4 %+ dk = Ukl k = -1,

Neu y = 0 th phuong teinh eo mgt nglogm kep. lae do parabol va
g thang chy 6 gt giso divm cduing thang 1idp xuie parabol)

Tacag N =0khik=-1.
Rhidox™ —dx #d=x = 21, suy rax = 2.
Too do tiep dicm (F Ly x =2, v 2 ]

¢b Ta cd hoanh Jf cua Q & 2, cun 1P Ia -2, con tung d¢ cua ching deuw
g 1. Do da P va Q 1o hai dicm dai simng nhau qua true tung.

ch Tin (3 ha QA L Ox. Xét tam gide vodng OMQ 1w ed
O = OM" + MQ =4 + 1 = 5. suv ra O = 45,
Do OP = 0Q nén OF = 5. Canh thiv 1PQ = 2N = 4.
Viy APOQ ed chu vi 1a 2 O" + PQ + O = 25 + 4 (dan vi dan

vii ¢d di¢n tich 1a %I’Q.Uf\f - % A1 = 2 tdon vi dién tich).

o Lok bind @ Tuong (i s "Viet phwvong teink cia parebol ci dinh o gov toa
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do O va ot oo didm .'1Lf,' —— |, rii tim Foer el cde oféne it prorabol

15)

3 '
oot fungy ca banyg ——

3
sl AN . : ) . 1 :
Parabol cé dinh tai Ova qua A néntaed: ~— =a.1® hay a= -—
15 15
Viy phuong trinh cua parabel [h y = .-i_v.*.
15

Vi ede diém thuge parabel ndy o6 tung i bimg —= nén ta oo

5
1 5 1 2 _ 1 8
—‘—}‘:_J T b |'Iil_'!r' -_'|{'! =—, hie la 58~ = 1652
15 5 15 5
x = 3. SUY T Xy = 'ﬁ Vil Xy = —4d,

L) - - L oa® a . l ]
Vay ed hai diem thuge parabol ¢6 tung d e liv cite digmeed toa dé ¢

H
1! 1\' ! d 1 11'
[ u"ﬁ. “5.1 Vil [-ﬂ _EJ

a) Vi parabol di qua diém ALL D néntaco: 1= al®, suyraa=1,
Viy ta phai vé do thy edn ham s0 y = x°.

) Do hoanh dé caa B la -2, nén tung d6 cia nd lh y = (-2 = 4.
Puimg thang AB cd phuong trinh ¥y = ax + b 2 que A +4 P onén ta céd




[ =a+b

|4 =-Za+b
G rat duge o = -1, b = 2,
Viy phwiomg trinh duing thang
AR 1A Vo= -x 2

¢) Beé ba diem AT, B thang hing

khi T nam trén tree tung thn T
phai niam tren duimg thang AR,
do dé taeo v = -0 + 2, nin tya
tho cua T L0 20 [1.4)

d) Duiing thang « ed dong vy = ax + b odi qua T nén ta o -

%

2=wl+b wiclab=2 doli duimg thing v = ax + 2.
Do tdy ear (P) tai hai dicm phan bi¢t Mixyg: v va Nixe: vyl hinh
chicu cua chidng trén true hoanh 1 Mg 00 vi Xixg 00, nén ta o

Yar = Kx

i
SUV T Xy - Xy -2 =01 ()
."I_'ﬂ — :'l."l;:ﬂ | .ﬁ:
=1
Yo &= W5 l 3
i u FOEUY KA X —aXg -2 =0 124

Mo = Xy + 2

¥

Ta (14 (2 v do Xy = %y cluing 1o %y, % la nghicm cua plidgng trinh
X¥—aX-2=0, suy ra!

: c =
:{.}:"I-II.G;":I- = |."{:|,|-H:-,;| — |—’ = [-T} 3
il
I

ma 07T = 2 nén ta b hé thae OM.ON = OT
o Lo binh @ "Mot tamy theie bde hat cd dung 2 = F 4+ pt + 4.
et Tim gid ri cia pova g osao choe hdam st 2 =0 Mhi 1. = 2 e = -3 i
fictant sk co gk 00F nho what bang -2 khi 1 = 3, hivt raag do thi him
go eal froe hoanh far las dicm 0 00 va (1200

-
bi Trong moi trwsny hoap, hay vae dinfe vae gra tef cice 0 de pia try D

so i cloromgs, banp O, am.”

Ta co edch wai sau :
a) Theo ditu kién tha nhat z = 0. wic Luovam thaie eo hai nehicm 1a 2
Vit -3 nén ed the vidt dudi dong 2= (1 - 200 + =17 4 L — 0, Suy i

p= 1.9 =~8:
: -
— =5
or. i i ; TOA : 2 . &
Iheo dica Kign tha ban ta c6 he pluims anh | . ivi toa do
Ag=P
|
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dinh eiia parabol y = ax® + bx + ¢ duge xic dinh bang cong thic

2
= 4l T w Ly |
iy -__b._ y= B LR P hé nay duge p = -10, q = 23,
2o da
. & - 5 4 . ﬂ = 16‘ 1 dp + q
Theo diéu kién tha ba ta ¢d hé phuong trinh
0=1-p+q.

Gidi ra duge p = 5, q = 4.
by Theo ciu a) ta duge ba hium s6 sau ;
Zy =" +tL—G ?.g=t-ﬂ—l[][+23:, :':_-E:t'!+5I.+-1.
Ta lan lugt o :
e Z;>0khite-3hojet>2 2, =0khit=-2 hofict = 2,
« z;eDkhi-3<t<?2
v 2,50khit<h -2 hotict>54 2, zu=0khi€=52 2,

20 <0khi5- V2 <t <542,
« zy>0khit<-4hoict> -1, z.=0khit=-4 hofict = -1,
2y O khi-4' <t «-1.
4. a) Ta co sau khi lam phép tinh :
el —Tx =214+ %" + 6x—x-5=102
hay 2x* -206 =102; x*-13=51.
Viay x° = G4, tir do x = 48,
b) Thue hién phép tinh duge ;
dy” — 28y + 49 + 9y - 30y + 25 — (1Gy” — 81) = 128 — H8y
hay -d3y® - 58y + 1566 = 128 - 58y,
Viy 3y -27=0, titdd y* =9, y = 43.
e) MC : 36, ta eo sau khi quy déng mau rdi kdnr mdu
%" = 12 = 128 + 40 — 62° hay 15z° = 130.
Viy z° = 12, tir dé z = 4243,

o Lt binh : Tuong ty : "Gidi ede phuong trinh ;

i (2¢ = Jix # ) = 4* - 9 a) J'*“,ri’—ﬂ_uf-?j“r 2u)
y—-a y+a =t
Tz — ‘ : &
f-‘l ::r?_ "‘"4—,,—'5——'=11' 32"-'--.1‘..
z-1 7 +2:-3 z+d

Ta lan lugt ¢6 :
d) (2% — 30X + 3) = 12x + 3N2x - D)
hay (22— 3Kx + 3) - (Zx + JNLx - 3) =0
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e)

b)

(Zx=3x+3-2x-3)=0 hay (2x—-3)—=x)=0.
Tiw dé x; = 0, x: = 1,5.
Diéu kién y # +a. MC : (y — aliy +a) =y° - 8",
Quy dong miu rdi khit mau duoe -
ly + a¥ + (y — a) = a(3y + 2a)
hay y* +2ay+ a®+ y* - 2ay + a’ = Jay + 2™
2y + 24° = 3ay + 2a”.
Tirdé : 2y* — Jay =0 < y(2y — 3a) = 0.

Giai ra duge yy = 0, yu = -EEE?, thoa man diédu kién & trén.

Ta nhin thay rang @ {z - 1)z + 3) = 2° + 22 — 3 nén co diéu kién :
g2 1,z #-3. Quy ddng méu rdi khir miu duge :

Bz- 1Nz +3)+4=2"+22-3+(2z+ 5)z- 1)
hay Ezi+93~E—B+d=z?+‘23—3+21"’—23+5z-5;
Bz +1l=0bz-8 Tidé3z=-9vaiz=-3

Gid tri 2z = -3 khong théa man diéu kién & trén, vay phuong trinh
da cho vé nghiém.

R— e w4 ~8Bm* Bm? :
Diéu kién : x = +m. Doi diu cia ———— thanh —— d& duge
m®* - x° x* —m® '

MC:(x +mNx - m) = x* — m*.

Quy dong mau rét khat mdu due |

Xix+m)-2mix—m)—8Bm* =0

hay x° + mx — 2mx + 2m*? — 8m™ £ — mx - 6m* = 0.
A =m* + 24m* = 25m* JA = 5m
m + am : m — dn
A= = Jdni; Xy = ———— = -2,
4 2

Ca hai gid tri nay dédu phi hop vai didu kién ¢ trén, vay phuong
trinh da cho cd hai nghi¢m 13 3m va -2m.

Phuong trinh eé thée viét :

' = 8)—(7Ty* - 1dy) = 0
hay (y — 2)y* + 2y + 4) - Tyly — 2) = 0;
by —2Ny" - 5y + 4)=0
hay (v — 2)yty — 10— 4y — 1)l = 0, ta duge phuong trinh tich :
y — 1y — 20y — 4) = 0 6 banghidm la y, = 1, ys = 2, yy = 4.

(Cang o thé gial phuong trinh ¥ - 5% + 4 = 0 duvc hai nghiém la 1
vit 4).
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e) Ta co6 A = (V24 St -46 =5+26-446=5- 2,6, nhunmg nén

vitt A nhu sau theo cong thite (a + by — dab = (a - by :

Az (V2 +f3)2 4342 = (VB -5, JA=V3-42
B £+ﬁ+u@—ﬁ=2£=ﬁ
= .

2

g, = ‘I'Il'E'F‘-n‘EéI'*\E:Ef:-ﬁ_

Viy 2z

o Livi bink : Tuong tu @ Gidi ede plhiong trinh

)

fl

13 17x+10 & o) y+1  y+2

a1l Sx'-5x+5 X+ 1 ' y-y+1 ¥My+1)
) d _.:?+Iﬂz 4z% + 2] -

g -] w+l AR | £3+33+3+II

Ta lan hegt 6 |
d) Didu kign s 22 -1 MO 8(x” + 1) = 5{x + 1:Ux" — x + 1).

el

f)

Quy déng min rai kho mdo due
13.5 - {17x + 10}x + 1) = -6.5(x" - x + 1)
hay 65— 17x* = 17x - 10x — 10 = ~25x" + 25x - 25;
Bx® — 62x + 80 =0 hay 2x* - 18x + 20 = 0.
Gidi ra tim duge x; = 4, X = 2,5 phi hop vdi didu kign x 2 -1,
Bidu kitn :y 2 0, y » -1,
Nhian chéo dﬁvl;lﬂ :
iy + 1=ty + Diy* -y + 1)
hay wiy* + 2y + =(y + 20y* -y + 1)
yly“+2}r+ lj:_'l,""-}r"'+}'+2y1—2y+2
hay y'+ 2y +y=y'+y -y+2
Tiuds: ¥y +2y-2=0
Giat ra duge hai nghigm la y, = -1 + Jg, ¥y = -1- V3 déu phi hop
viii didu kign o trén,

Miu ¢ diy phie tap nén trude hét ta phin tich ede andu thanh
nhan ti dé tim MC va diéu kign.

-t rz—l=dlz-D+te-1=tz- 1K+ 1)
gt — 1=z ¢ 1)z" = 1)
et rzel=glz+ )z + )=z + 1)iz" + 1)
Tie dé MC : (2" + 12" - 1),
Quy ddng méu rii khi mau duge




z+1—dz—MNe"+ 1) =2+ 10z — (45" + 21z - 1)
hay z+1—dz2'—dz +428 +d = 2" + 102 — 42" + 42" - 212 + 21;
" Bz +5=2'-11z+21 hay z*-Bz+16=0.

Tir dé tz — 49" = 0 ¢d nghiém kép z; = 2, = 4, thoa man didu kién ¢
Lren.

6. a) Dit x* — 16x = t, phuong trinh dé cho cd dang : t* — 2t — 63 = 0.
"Gidi ra duge t, = 9, ty = 7.
Viy ta phai gl tiép hai phuong trinh
x"— 18x-9=0 (1) vé ¥ =16x+T7=0 (2],
Giidi phuong trinh (1) duge x5 = 8 + 73
Gigi phuong trinh (2) duge x.4 = 5 + J57.
b) Bat y* + 2y + 3 = v, phuong trinh da cho cd dang

v +4

=yv+1 hay v+4=v+v,
‘I

Tirede v = 4, v=+2,
Ta gidl Liép hai phuong trinkh :
y +2y+3=2hayy + 3y + 1=y + 1F=0,trdé yy»=-1;
y + 2y +3=-2hayy +2y + 5 =0vonghitm viA'=1-5= -4 < 0.
¢} Ta cd the vidt : (2" - 11z + 28)(z° - 11z + 30) = 1680
Bat z*® — 11z + 30 = 5, phuong trinh eé thé viet
{$ —2)s = 1680 hay s - 25— 1650=0.
Gial ra duge nghiem la s, = 42, 5, = -40.
Viy ta phai giai har phuong trinh :
'z =112 +30=42 hay z2'-11lz-12=0 (1)
vi z =11z 4+30=-40 hay z2'-11z24+70=0 (2)
Nghiém cua phuong trinh (1) a2 = -1, 2. = 12,
Phuang trinh (2} v nghién. :
o Lot binh ; Tuong b 2 "Gral cde pledony trinh
el wlx + 1iix + 20y + 3) = 0,5625 e} 18y + 7ldy + My + 1) = 4,5
f . 1 o 2 it I!':f K
2 -22+2 ¥ -2t+3d 2 -2z+d

Ta lan luot cd :

d) ixd + 3Nt 4+ 3+ Q) = i.
16

Dat x* + 3x + 2 = t, ta Jduge phuong trinh : 16t° - 32t = 9 = 0 ma
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@)

al

e 9 1
nghigm lat = =, te=s ——.
) | 1 3

Vay ta phai gidi tiép hai phuong trinh :

. 9
:43+Br:+2=4— hay 4x*+12x-1=0 (1)

1 .
vil f+3;-:+2=—:1-ha}' 4x° + 12x+9=0 (2)

£ 10

1o ! . ! -3
Nghiégm cua phuong trvinh (1) la : %3 = —

3

Nghigm coa phumnmg trinh (2) 1a - x4 = -—.

2

Nhéan hai v& cua phueng trinh véi 16 duge
18y + TViBy + G)IBy + 8) = T2

hay (Bdy” + 112y + 49364y + 112y + 48)

2

=2

Pit 64y* + 112y + 48 = v, ta duoe phuong trinh

(v+1w=72 hay v'+v-72=0mi
Viy ta phdi gidi tigp hai phuong trinh

nghiém la vy = B, va = -9,

Bdy* + 112y +40=0 (1) wva B4yv*+ 112y +57=0 (2)

;o i b 1
MNghiém cua (1) 1a v, = '—:}—. ¥y = 5

Phuong trinh (2) vé nghiém.,

» y 1
bat 2= — 2z + 2 = s, ta duge phuong trinh - +

2 6

s s5+1 542

MC @ ss + 1lis + 2), Quy dong mdu roi khi méu duge

{5+ lils + 2} + 2s{s + 2) = Gsls + 1)

hay s + 35+ 2+ 25" +45-65"—6s=0

Tir dé ta duge phudng trinh bédc hai : 35° -
2
sr=1,8; = -——.
1 - 9
Viy ta plisi gial tidp hai phuong trinh ;

2' — 22 + 1 = 0 ma nghiém la z,, = 1

B E o =
BT — Y5+ E = 0 vo nghiém.

5 — 2 =10, md nghigm la :

Vi x = 0 khong la nghiém eia phuong trinh da cho nén ta chia hai

v cho x* # 0, ta duge phueng trinh :

X+ x=10 + E*LE.=€G (")
b4 X

P



£

! " 1 : 1 .

Pit x+—=t, tacd: [x-t _] =t* hay x*+— =1
X ¥ e

-

Thay vao (") duge : t" +t - 12 =0 Gidi rataed:t, = 3, t, = 4.
Viy ta phai gidi tiép hai phuong trinh ;

1 . o £
K+—= hay x" - 3x + 1 =0 ma nghigm la x,, = - ;I'g
x

. 1 3 .
va x+—==4 hay x"+4x+ 1 =0 md nghiém i x,, = -2+ /3.
x

1
b) Bt 0 TN duge phuong trinh

¥
%4. W =.!E hay Avl —1Tv¥ 4+ 4 =0
W b

1

Gidi ra duge viy = +=, vy = £2.

o

Vay ta phai giai tiep bon phuong trinh :

+1 1
L hay 2y +2=y tirddy =-2
¥ 2
: ; : 2
-~y — 2=y, tirdo y; = "5
y+1 o
Vil =+2 hay y+1=2y tiidoy=1
b
A 1
¥+ l=-2y titdo y, = 2
2 %=1
e) Piat ——— = &, ta duge phuong trinh
z+1
1

—+5=2 hay 5°=2s+1=0, minghiém la s,l-_;z 1.
&
Viay ta phai gidi tiép phuong trinh :
i
z—1
il o 1 hay z'-2=0,manghiémlaz= 32
2+l
_o L bink » Tuong tu : "G plafong trinh
) ! P
A X 44— = 25 e) ¥ -2y 4y - 132=0
: "+ 1
£ z' - 4z’ - 19:° 4+ 106z - 120 = O ftruge hét hay phan tich vé trdi
thanh nhian tif).”

Ta lAn lugt ¢6 :
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, : ; ; 1
d) Bt %'+ 1 = t, phueng trinh trd thanh t + — =

f

8. al

124

hay 2% = 5t 4+ 2 =0,

b | 2

[

1
Giai ra duge t) = 2, t, = =

Viiy ta phai giai tiep hai phuong trinh -

412 hiy <120 (1)
. : 1 . g, 1
va X +1l=— hiw X'+ —=0 (2]
2 2
Giai (1} duge nghicm la x; = 1.

Giai (22 duge nghiém la x5 = ——,

Phuong trinh da cho cd thé viél iy —yF — iy —y) - 132 =0

.D-'Ilt yi-y=vitach:vi—v-— 132 = 0.

Gial v duge vy = =11, va = 12,
Viy La phiai_giai tiép hat phugog trinh -
v =y + 11 = 0 vé nghism
Vi vy -y — 12 =006 nghiém la vy = -3, ya = 4.
Ta phan tich vé trdi thanh nhan o oot so
2!~ 42" = 192% + T6z + 302 - 120 =0
hay zhz —d4)— 1902z — 1) + 30z — 4) = 0.
Bién doi veép :
tz = 4)e" = 1924+ 301 =0
hay (2 —d4Xe'=082%+ 32— 0z— 10z + 30)=0
|z —dNz =30z + 3z - 10) = 0,
Gl ra duge @ 2y =4, 22 =3, 8a= 2va z, = -5,

Gind 500 %, > X the thi
4 i 2 2 : 2
Xy = Xg o=y = Ky WXy + XX + X ) = x| + X — xgx

= ‘Jr':':'] " ﬁ--_.l j.: - "'1:":1:":.-;1 .||.:ﬂ.l + ]{.;,}i o :':'I:":_'E l:i:j

8H 21 B ek
KiXe = e Thay cic gid Lrj

Theo dimh I Vidte ta cd 3 + % =
nay vio 1) duge -

fﬁ_*m.[%_'ﬂ]_ x B 1 e G
Y16 16 L16 16) Y16 16 4 16 G4

Viy hidu %7 — x5 = 1.




b1 Goir y,. v i ha ngliém eun phwong trinh da eho, ta o :

Yi +¥a =¥+ YN - ¥ + ¥

= (¥ + valliy; + _r-JJ"' - 33.-,}r:|.

Theo dinh li Viete thi ¥y + y; = -p. ¥i¥2 = . Thay vao ding thie
eudi thige 1 _-ptp” — 3g) = p3g — )

Viy tong vy +¥3 = pldg - p*y.

ety : _ - - PR T o
o) Bidu thie di cho ed thé viot - X = e

Jaa e + I )

1 141

Nhung 2, + 2, = e BNt = -'? nen thay cic @miad tri nay vao biéu

thue tren duge !

3 17] _[ﬂ] 289 14
\ 3 3 ) 9 3 952 909
: = 3 _ 101 =
(M 717 56 - 9 952
[ 3 }[. 3 3 : 3

o Loi binh @ Tuong tu
“diKhong gidi phuang tvinh - 403 8 =0, hidy tinh 'gic tri ctia
Gx7 + 40x,x. + 63

dxpL + .'_i.t'}i'.r:

i e fhede

e) Cho phaong trinh y° — 2k + 1)+ 20 + 10 = 0. Tim gid tei cia k dé
bicre thee 10viyvs + ¥ + 5 dal g i whe what v tim gid tei nhd
nheat do.

i Cho plheong teinh 2* + mz + 0 = 0, Lap phidcng trinh bae har ma
nghicm la ty = 25 425, ty= 27 + 23"

Ta lin oot eo

d) Bicu thic da cho co thé viét -

i 2 ¥
GUx] + 2% X + X530 - 2x,%, 0 Bix, + %507 - ol g o

Theo dinh li Viete thi % + % = 443 va %% = 8. Thay vio bigu thie
trén duge

63 -28 616316  16U8-1) 217 17

3843 - 28] 24063 -16) 2418 - 16) 3.32 48
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gl

f)

. a)l

b}

Trudge tién ta thim xem khi nao phueng teinh da cho ¢d nghigm.
Ta o & =(k + 17 - 2k - 10 = k¥ — 9 > 0 khi |k| 2 3, tde 1a khi
k=3 hoae k < -3 Khi da :
10y,y2 + ¥ +¥5 = (0 + yo’ + By
Thay ¥, + ¥o = 2k + 1} vat ¥y = 2k + 10 viio duge :
4k + 35 + 48 = 48
iy bigu thae da cho dat gid tri nho nhat 1a 48 kla k = -3, phd hop
vai dieuw kién g trén.
Taco: t,=lz; +z) — Dzy2y = m* - 20
b= (2 + 2,0 — 3(2) + 22).202 = —mi” + 3w
vi 2, + 2y = =10 VA B2, = 00 -
Do dé edc hit s6 cia phugng trinh bie hai © + pt + g = 0 ma nghiém
la ty, 1. 8& bang :
p =ity + bt =m" = ¥ — 3mn + 20
q=tity = (m? = ZuX-m® + 3mn).

Vi ede nghigém cia phuong tinh x° + px + q = 0 déu duong nén biat
thire A = p* — 4q = 0 (1) va cde hé s0 cia nd thoa man cic bat ding
thiic: p=-x-%<0 (2)

(=xX: >0 (3}
Gia su bay gior vy, y. 1a nghigm cua phuong trinh
gy +ip— 2y + 1 —pr=10

thi biét thic eda no bing Ay = 41" + p® = 4q, va theo (1) Ay = 0 vdi
mol v Viay vy va ye theo (20 va 31 va thee dpnh I Vigte vé r = 0 thi

1~ 3
Yiye = 5 =0, vy y; v y. cing diu
; p -2 . . .
Hon nira yy + ye = ———— > 0, do dé y; va v, duong vdi moi r 2 0.
]

Phuvng trinh da cho ¢d theé viéy sau khi quy déng mau réi Klnk méu
ez = bl +c(z—n)=(z—alz-b)
hay c¢z-be+c'z—ac” =2"—az— bz +ab
Tir dé co @ 2 — a + b+ 2%z + ab + (2 + bje* = 0 (diéu kién z = a,
zzebvaie=z0)

Bigt thic A = ta+ b + 2¢°F - 4lab + ta + bke®| = la — b + 4¢'.

Do A = 0 viéi mol a, b, ¢ nén phuong trinh da cho ludn ed nghiém.




o L binh @ Ta xét thém cde bai todan cluwing minh saw day ;
"Chetng minh rdng :

¢) Phuang trinh bie hai : 0™ + 0 + w® - g0 + 0f = 0 v nghigm néu
Mo+ = P | 21 —ui = [

ef) Bidy tieie = (y — Iy — 3Ny — 4y — 6) + 10 la =6 disong vei moi v,
e} Phuong trinh béc hai @ 2° - 20k - Iz + k - 3 = 0 luén 6 hai nghiém
plicin biét vdi moi k"
Ta lan luot cd -
¢l Xét gt thite cua phuong trinh -
A =+ m® - p*F - dm™n®
= (m* + m* - p* - 2ompn” + m* - p* + Zmn)
= [tm = nf - p*litm + n)* - p¥.
Vim+n>pva |1n-— 11| < p nén (m + n) = ]:l2 va (m - n) < pz,
Viay & < 0 nén phuong trinh da cho vo nghiém.
d) Tach:ly* =Ty +Giy" =Ty + 120+ 10 = (y* — Ty + 2.00y* - Ty} + 82
=y — Ty + 9Y + 1> 0 vdi moi v.
3y

i 7
el Taed: A =k*~38k+4= [k "3) s lutn duong véi mopi k nén
I'.. L]

phuong trinh da cho luan eé hai nghiégm phin biét,

10. Goi t; va ty la cdg nghiém cia phuong trinh ma t;, = 2t,. Theo dinh i
Viete :
Zm + 1 m* - Om + 39

bty + tu = 5 vl [ifs = 2

Thay gid try cua 1, vio hai ding thie trén ta duge

m® —9m + 30

2m+1 s 9
atu = vi 2t =
2 ‘ 2
2 = - ' .
hay E[ L5 1] = = E:H i tiie la m* - 1Tm + 70 =0

Gridid ra duge 1y = 7, my = 10,

Thay cde gia tri nay vae phugng trinh da cho ta duge 2 phuong
trinh bdc hai sau :

2t — 15t + 25 = 0, md nghiém a1, =5, ¢, = 2.5.
2t° - 21t + 49 = 0, ma nghidm 14 t] =7, = 3,5,

o Léi binh : Tuong tu : "Cho plhutong trinh 42" — 15z + 4l" = 0. Thn gid
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trf ctie b sao elo mat nghiém cda pludong trinh bing binh plhugng clia
nghidm feie va fim cac nghiem do.”

Goi 2, va 2. 1A hai nghiém cia phugng trinh da cho sao cho 2, = ?f |
Theo dinh i Viéte ta b :

15 |
By + 2o =f, tie 1 dz2f + 4z, -16=0

8. 5 D . 25
Gigi ra duge ! 2y = =, 2] = -=; By= —y 2 = .
2 2 4

e |

Thay gid trj 2, = g niy vao phuong trinh da cho duge : |

2 i .
4[-—3-J - lf:'.E +4k* =10 hay 9 - E + 4k” = 0. |
2 2 2

Tidé dk*= —-0==—,
2 2
Vay k*= & va k = i,lii“ = _'-E\E
5 B 2y2
Con khi thay ede gid tej con lai thi deu duge k* 1a 5§ am nén phai leai. [

Tom lai chi c6 hai gid tr cia k la +1,5|15. |
11. a} Ta co pluing trinh tich dang A.B = 0, tir dé phai gidi A = 0 hofc B = 0. |
Giai phuong trinh 2x* = 3x + 1 = 0 duge hai nghigém |
X=kvia+bh+e=0) x= ::-
Giai phuong trinh x* + 4,5% + 3,5 = 0 duge hai nghiém :
si=-llvia-b+c=0) x, = -3,5
by Didu kign :y = 22. MC : ty + 2lly — 2) = v* - 4,
Quy dong mau réi lkha mdw duoe
Y-2+4dy=y -4+2(y+2) hay y'-3y+2=0.

Giai ra duge y; = 1, y; = 2. Nhung gid tri v = 2 khong thoa man !
dieu kién y # +2, do dé phuong trinh chi ¢é mét nghicm la y =1 '

e) Phugng trinh da cho co thé viét :
e’ + B8+ dx + 1298 4+ 2
hay 2'—dz*— 62" —dz +1 =0,

Tieds : 2" + ulT-—-4rz+l] — B =0,
z” l. &
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' . i
Eﬁgitz-l-}-:tmtjmdm;rcz‘i-—z- =t — 2. Do dé-ta cé phuong
z z

trinh t* =4t -8 = 0.
Gidi ra duge : t; = 201 + +3), t, = 201 - 3).

Tir dé : z+1=2[1+-..|r§] hay 2-21+ 3z +1=0 (1)
| z |

v E+E=.2[1—1'EJ hay 22-2(1- 3z +1=0 (2)

Gidi (L) duge 12,5 = (1 + ¥D2J0+ 3P -1 ={1+JE}¢JJ§|:2+J§J
14
=1+ Jﬁ}tJ{hJﬁ}“‘ﬁ ={1+J§1[1 n:-"@-],

V2 J2

Tuong tur, gidi (2) thi phuong trinh (2) vé nghiém,
o Lt binh : Tuong ty ; Gidi phuong trinh .

d)(x—1x-2)=(p-1}p-2)

e) 2877 _B=0"

Ta lin lugt cd :

d) Thuyc hién phép nhan duge : x* - 3x +2=p"-3p + 2

~hay " -p%)-8x-p)=0.

Tit dé duge phuong trinh tich (x - p)x + p-3) = 0.
Gidi ra duge nghiém la 1, =p, % =3 - p.

e) Batz’ = t, ta cé phuong trinh dn t 14 : -Tt-8=0.
Gidi radugc ty =~1(via-b+c=0)vat,=8.

Suy ra; 2

= -1 nin g = ~1;
z' = 8 nén go = 2.
12, a) Paty = x* ta cd phuong trinh
m?pYy? = p'y — p'm* + m'y
hay my* —(m* + pY)y + m*p®* = 0 (véi m > p > 0).

A= (m!+ p"}"— J'I-m*]}" = {mq- L Pq}zi JE =mt - p".

v m*+ptem'-p* 2m* n?
1 — = = ;
Emﬂpg Etn“p2 pE
y-m**‘pd-m{‘”}d p?
3 = = .
Emﬂpi m?
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2 2
Tydd: xbe [E] .. [EJ ] |
P P m m .

Viy phuong trinh cé 4 nghiém la : 1+ va 12
P m

b) Phueng trinh da cho c6 dang (v + m)' + (v + n)' = p.
I + I

Pé gidi né ta dit An phut =y + s& duge phuong trinh

I“—nd I'ﬂ—l'.l." . |
¥ t=- = 1.
[+ 2 ]+[ 2 ] |

Sau khi khai trién s& duge phuong trinh tring phuong dn la t
ut’ + vt* + 5 = 0. Gidi ra sé tim duge y.

: 1 .
Vin dung didu nady tadatt = y - 3 s& duge phuong trinh .

1y 1y
[t*—EJ +[t——2'] = 97 hay lﬂt‘+2‘1~t“?75‘=ﬂ;

(4t* + 3)* = 28%,

Do 4t + 3> 0 nén 4t* + 3 = 28 hay t* = %;l:i

=l =

. 1 1. B3
Thay vact=y- —tacéd;yy=t 4+ —=—4+—-=37;
o g 4 2 23

Yz = —

b2 | en

1
L
"9

¢) Ta nhén thiy riing : 7972 = 1993.4, nén néu dat a = 1993 thi 7972 = 4a
va phuong trinh dia cho cé dang |

' — 28%2% + a' = daz + 1
hay (2 +a%)* =2' + 2a%° + a' = 4az + 1 + 48%* = (2az + 1%, |
Viy ta cé : holicz® + a® = 2az + 1 (1) -

hodic 2° + a® = -(Zaz + 1) (2)
Phuong trinh (1) c¢é thé viét : (z — a)® = 2* - Zaz + a” = 1,
thdédz=m#%1.
Phuong trinh (2) v6 nghiém vi 2* + 2az + a® = (z + a)* > -1.
Thay a = 1993 ta thay phuong trinh da cho cd hai nghigm 1a :
zy = 1992; z; = 1994,
o Lot binh : .
1. Véi phuong trinh 3* + (y = 1)) - 97 = 0, & trén, ta con co thé gidi
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el saw
v+t =07

Bit y — 1 = t ta dua phuong trinh da cho vé hé -
.}l' _— =

Ta dua vao dn mdi y + t = u va két hop vdiy -t = 1, ta c6 :

u+1! . u-1
2

4 4
[u+1J _I[u—-l] i
2 2
Thue hign ede phép tinh duge phuong trinh teimg phuong ;
u' + 6u® — 775 = 0. Gidi ra duye hai nghiém u, = 5, uy = -5,

5+l _, -5+l _
2 £

(%) réi thay vao y* + t' = 97 duwe :

¥ =

Thay cdc gid tri nay vao (*) sé duge v, = -2,

2. Twong tu : "Gidi phuwong trinh :
d) x* - 35x° = k*x* - 26k% (véi k > 0)
e) 2y I+ 19 - jly+2=0"
Ta lan lugt cb :
d) Bt t = x* ta o6 phuong trinh :
t - 25t = k' — 25k  hay t¥— (25 + k™t + 25KF = 0.
Gidi ra duge t; = 25, ty = k2
Tir dé x* = 25; x 0 = +5 va x* = k% x, = 2k
Viy phuong trinh da cho ¢é 4 nghiém la +5 va tk.
@) Ta nhan thay gid tri y = 0 khéng phdi la nghiém cda phuong trinh
da cho nén ta c6 thé chia hai vé cho y* # 0 duge

2y“’-11y+15—11-+32:0
Y ¥

hay 2[3*2 + iz]_ 11[3’1-1]-!- 19 = 0.
Y ¥

Paty + i t thi y* + iﬂ =t" — 2, do d6 phuong trinh trd thanh
y

¥
2= 2)—11t+19=0 hay 2t - 11t + 16 = 0.
Giai raduge t; = 3, ts = g
Véiy 4+ L =3taduge y¥*~ 3y + 1 = 0 ma nghiém la yy 4 = - i;'ﬁ i
¥
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Vi y + l g— ta duge Ey ~ By + 2 = 0 ma nghig¢m lays=2,y= %
y
vy phifdag toh 48 cho o6 4 nghism la 2 *";E, 2vh .

13. a) Dit 3x* + 5% + 8 = t, ta duge phuong trinh :
Jt-+vt-7T=1 hay t-7=4t-1 (didukitnt=7)
Binh phuong hai vé& :
t-F=t-24t +1 hay 24t =8, V& =4, viyt=16.
Thay vio trén dure phuong trinh bac hai 3x° + 5% = 8 = 0, ma nghiém
e

= & H - o v B a :
lagy=1l(via+b+c=0)x3= == -3 thia min diéu kién & trén.
a

. 21+ J441-y? 91
b) True can thie & mau ta duve : £ = 2—
¥ ¥

Tir d6 441 -y% = 0. VAy y,2 = +21.

¢) Phuong trinh da cho cé thé viét : izz - 12 =g JE - lﬂ (véi z > 0),
Z Z

Binh phuong hai vé :

T T 7 T

] z

o T o P o R e hﬂ.}' 2= 22 |g==—
z* z* V22 2

Chia hai vé cho 2 > 0 duge :

T
1= 2’3-3—2 hay 42" —2°— 28 =0 hay(z - 2){dz" + Tz + 14) = 0

Tidd hodcz—2=0:2=2 hodc 42+ Tz + 14 = 0, vé nghiém.
Viy phuong trinh da cho chi cé mit nghiém la z = 2

o Lai binh ; Tuong tu : "Gidi phuong trinh :

d) Jx-2+ Ex +-\r’x+2+3«.|"2x ?14"_

¥

Ta ldn lugt c6 :
t? +5

d) Dat 2x - 65 = t% ta cf x = . Thay gid trj clia x vio phuong
trinh dé cho duge :
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2 2 '
Jt ;5u2+t +Jt ;5+2_+3t :"HE

hay W2 +5-4+2t +yt2 +5+4 46t =14;

JiZ 42t 41 +4t? +6L+9 =14, Gidi ra duge t = 5.
25 + 5

Ti dd x = = 15,
221 1 Y
e) Ta:ﬁ:J}r = —JF_ _{J}r_ J =0
hJ Y y
3""1 .'!'_1 . %
hay | Jy+1-=-1- T = 0.
Y

Tir d6 : ’u =0, y; = 1; hofic ..||'3'+1- /E—l — 1 = 0, hay sau khi
¥ Y

bién déi sé duge : (y* - y) - 21’_5-'2 -y +1=0

Wy:-y-12=0 hay y»¥-y-1=0

1+45

Gidi ra dugc : ys4 = T

Vay phuong trinh da cho c6 ba nghiém la 1 va

1446
=

f) Vi didu kién 4 — 2% > 0 hay |z| < 2, ta 6 thé viét ;
2® = (4 — 2%), y4 - 2%,
Binh phuong hai v& duge : 2° = (4 — 2°)® hay z*=4 - 2%
Tirdo ;2% = 2 va z = +4/2 théa min didu kidn.

D. BAN CO BIET ?

A. DINH Li VIETE M3 RONG
1. Gidi mot 6 bai todn
a) Bii tedn md ddu .

Cho phuong trinh ax° +bx +c=0 {a # 0) cé hai nghigm la x,, Xz Bﬁt
8, = x* +x2, 8; = 2. Ching minh rhng

H.S“_g + hEn_[ + 8, =0 (*) vl m{ﬂ- .
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Giai i

. " 2 i 1 &1 il i

Tacs:See= X" 422" = 00" + 32551 (x; + %) — XXy + x3)
b C

= by ula, |
A d

Tudé: S=x+ X = —-E, x! + x5 = 2, suy ra hé thae (*) ding véi moi |
a ;

L R e |
b Ung dung :
Bai 1. Cho x; va xp ld nghidm cida phuong trinh x* - 2x - 2 = 0. Hay
tinh x5 + x5.
Giai
Theo bai todn md diu ta cb :
Spa=28a+S)vimoin=0,1,2
vai Sy<=2, 8,=2
Tir dé 1dn lugt tinh duge ¢
Sa=8 B:=20, B4=56, B5y=162, BSg=416, 5;=1136. |
Bai 2. Tim s6 nguyén ldn nhdt khing viot qud (4 + J15 ). |

Giai

Pat x; =4 + 15, %3 =4 - #’E, taco ixxa=1; x +x=8.
Khi dé x; vA x 12 nghidm eclia phuong trinh x* - 8x + 1 = 0,
Bit 8, = x{ + xg, theo bai todn md ddu ta ed :
S.2—88.,+8,=0
Tit dé tinh duge : 8§, =8, 3;=62, 5;=488, 8§, = 3842,
S; = 30248, S, = 228142 8, = 1874 888,
Viy x, = 1874888 - x}.
Ma 0 < x} < (4 - 415) <1 nén 1874 887 < 1874888 — x] < 1874 888.

Dodé: 1874887 < x] =(4+/15) < 1874 888.
Vay s8 nguyén lén nhat khéng vuot quéd (4 + 156)7 1a 1874 887,
2. Gidi h phuoig trinkh :
a} Néu phuong trinh bge bon : x* + Mx® + Max® + Myx + My =0
cé bin nghidm x,, X, X3, % thi theo dinh li Vidte ta cé
- My=x + X3 + X3+ Xy

My = %My + ¥Ma + XXy + NgXg + Ho¥y + XX,
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— M;]_ = MyMoXg + X ;XeXs + XpMaXy + XXMy
My = %iXaKqXy.
b) Ung dung :

x+y+z=43
Bai 1. Gidi kg plhuong trinh {x* + y° + 2° = 21
2 +y42 =57
' Giai

Goi x, ¥, 2 14 ba nghiém x,, x;, x3 cia mjt phuong trinh béc ba
S =X +X+x=8=-M;, suyrabM,;=-3.
Tir phuong trinh x* + y* + 2" = 21, ta cé ¢

EE = HIE + ..'l:%_ + Hg = |.r_..'1'.;| + Xy '];-:{;-_tjg = E‘[.’ﬂ]{g + X1Xg + XoXs) =M¥ _EMEJ

suy ra 2My = M} - 83 =9 - 21 = -12, tir dé M; = -6.
Tir phuong trinh x* + y* + 2° = 57, ta cd :
Sa= x} +x5 438 =3+ + 2,008 + 32 + 2 - %, %y - 2 — Xexp) +
+ 3% Xaxg
= —M(S; — Mg) - 3M; = -M? + 3M,M; - 3M,
Suy ra 3M; = -57 + 27 + 54 = 24, tir d6 My = 8.
Nhu vidy x;, X3, X3 18 nghidm cda phuong trinh x® = 3x* — Gx + 8 = 0 ma
nghigmlax; =1, % =-2, %3 = 4.
Vay hé da cho eé sdu nghidm 14 ;
(1; -2; 4), (1; 4; -2), (-2; 1; 4), (-2; 4; 1), (4; 1; -2) va (4; -2; 1).

xyzi = 1
5 m " g E - I 1 1 I
Bai 2. Giat hé phuong trinh x+y+z+t=—+ -+ =-%==5
X y-a 8
xyt+tyz+at+ix=4

Tir hai phuong trinh cudi cé (x + z) + (¥ +tl=0bva(x+z)y+t)=4.
Gidi hé pdy dugec nghiémx+z=1, y+t=4,
hoicx+z=4, v+t=1 (1)
Theo dinh li Vigte, coi x, y, 2, t 1& nghiém cla phuong trinh :
x* 4 Mx® + Myx® + Myx + M, =0 (2)
T phuong trinh thd nhat ta e6 M, = 1, tir phuong trinh tha hai cé

M, = My, suy ra néu x, 12 nghiém clia (*) thi xz = — ciing 14 nghiém
Xy

cia (2) nén x;x; = 1. Tuong tu x5x, = 1.
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Xét ede truing hop sau (vdi chi ¥ x, v, &, t déu khéc 0) :
Trutmg hop sy = 1, gt = 1, Tir phuong trinh thd ba co yz + tx = 2, suy

- lt #xb=2hay(xt— 1 =0,suyraxt=1tirdéx =2,y =t T (1)
X

. 1
.-_-.Em:x:z:%}y=t=‘3vhx=z=2,y=t=§.

Trutmg hop %z = 1, yz = 1. Lip ludn tuong tu hé da cho ¢é ede nghig¢m
nhu thé
Trutmg hyp xz = 1, yt = 1. K&t hgp vdi (1) suy ra hé vé nghigm.

B. MOT HANG E'iHG THUC PEP
Ta da bift hing ding thie
Pry e -Sxyz=lry+ 2’ + ¥ + 2 - xy—yz - ax),
Tir d6 suy ra : .
a) X+ ¥y + 2 = 3xyz tuong duong vdi [: i-';"‘_s‘;ﬂ]

b) x+y+zz2 ;331!3?3 néu x, y, z khéng am.
Ta hay viin dung hing ding thic trén vao ba bai todn sau diy :

: )
1. True can & mau ciig bidu thiie : M =2 ———
' Ym +¥n +4p

Giai
Chi cdn nhén cd ti vA mau cda biéu thie vdi
Ym? + ¥n? + o7 — Ymn - fnp - Ypm
Ta s& ¢6 miu la (m + n + p)f® = 27mnp.
2. Qidi phuong trinh ; z -3 +(z + 1P = 8(z - 1)
Giai
Do téng (x—yl+(y=t)+(t=x)=0
nén (x-—y +@y—tF+t-x7=38x-yly - tit — x).
Phuong trinh da cho 6 thé viét :
Bz +3)=(2z+6) P +[(2z+6)-(z+ 5P +[(z+5) -3z +3) =0
hay 3z — 3Nz + 1M{-22 + 2) = 0 ma nghiémla z, =3, 2, = -1, 25 = 1.
3. Cho ba s6 nguyén a, b, ¢ thda man didu kién :
' a+b.+e=(a-bb-cle-al
Chitng minh rdng téng : T=(a-b) + (b -¢)’ + (c —aF
chia &t cho 81.




Giai
Do téng (a—b) + (b = ¢) + (¢ — a) = 0 nén ta cd
(a—bF+ib-c+(c—a) =3a-blb-clc- a)
Xét ba sd du edia phép chia a, b, ¢ eho 3.

N&u cd ba 58 du khde nhau 1a (0; 1; 2) thi (a + b + ¢) chia hét cho 3,
khi dé tich (a — b)b — ¢){ec — a) khong chia hét cho 3, trdi vai bai ra.

Néu cé hai s6 du bAng nhau thi a + b + ¢ khéng chia hét cho 3 trong
khi d6 mit trong ba hidu a — b, b - ¢, ¢ — a chia hét cho 3, trdi véi bai ra.

Viy chi con trubng hgp ca ba si a, b, ¢ déu cd cing sd du khi chia cho 3.
Khi d6 tich 3(a — b)b — ¢)c — a) chia hét cho 3.3.3.3 nén téng T chia
hét cho 81,

C. PHUONG TRINH BAC CAO QUY VE BAC HAI
Phuong trinh téng qudt bie n cé dang
fix) = a,x" + 8p X" + .+ AR+ay=0
va cd nhiéu nhat la n nghiém thye.
. Phuong trinh tich
Vi du : Giai phuong trinh (x — 2}(x - T)(8 - x)(12 - x) = 0.
N&u thue hign phép nhan ¢ vé trdi s& duge mot phuong trinh béc bon.

Nhumg ta ¢é ngay khi 4p dung tinh chét cia mét tich nhidu thira sd '
béing 0 :

x-2=10 (%, = 2
-T=0 =T
- Tet do |2
8-x=0 Xq =8
12-x=0.° Xy =12,

Phuong trinh da cho cf bén nghiém.
. Phuong trinh trung phuong

Dang téng qudt la ax* + bx* + ¢ = 0, ma cdch gidi la dat y = x* = 0 dé
dua vé dang phuong trinh bic hai dnla y : ay’ + by + ¢ =0 (*). T dé6 :

néu (*) ¢6 2 nghiém duong thi phuong trinh tring phuong cé 4 nghigm.
néu (*) e6 1 nghiém duong thi phuong trinh trimg phuong eé 2 nghidém.
néu (*) cé 2 nghiém Am thi phuong trinh tring phuong vé nghigm.

né&u (*) vo6 nghiém thi phuong trinh tring phuong v nghiém.

Vi du : Gidi phuong trinh x* + 9x* +20 =0,

Pt y = x* = 0 ta c6 phuong trinh bac hai dn y sau: y* + 9y + 20 = 0,
Gidi ra dugc hai nghiém v, = -4, y» = -5. Cd hai nghiém déu &m nén
phuong trinh da cho vé nghigm.
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Phuong trinh vi ti
Dé la phuomg trinh ¢é dn nfim dudi dédu cin,

Vi du ! Gidi phuong trinh J6x -1 =3x-2+Jx -1,
Piéu kién d& phwong trinh o6 nghia 1a ede biéu thire dudi ddu ean phai
khong &m, tic la :

1

K& —

5x-12z0 g
3x-220 hay -}:EE Suy ra x 2 1.

x—-1=210, ey

Vi diéu kién x = 1 ta binh phuong hai v& duge
b —1=4x— 8+ 2Jix-1)3x-2)
hay x+ 2= 2J(x-1)}3x-2).

Lai binh phuong tigp duge ;
(x+ 2 =dix - 1}3x— 2) hay 11x*- 24x+4 =0,

Gidi ra duge %, = 2, %3 = % (logi). Phuong trinh da cho chi e¢6 mat

nghidqm x = 2,

Phuong trinh bie ba

Dang téng quat 1a :ax® + bx* + ex + d = 0.

Phuong trinh nay ct hai tinh chat :

néua+ b+ c+d=0thicéd mét nghidmx =1

néua-—b+c-d=0thi eé6 midt nghiém x = -1.

Vi du : Gidi phuong trinh 28" + 7* + Tx + 2= 0, -

Ta phat hign mdt nghidm die bigt bing cdch thif true tigp, dé 1a x = -1,
Thanh thit vé& phdi chia h&t cho x + 1 va dugc thuong 1a 2x% + 5x + 2.

* Viy phuong trinh da cho e6 the vidt : (x + 1i2x* + 5x + 2) = 0.

Gidi ra duye ba nghigm 13 x, = -1, x; = -2 va x, = _%_

Phuong trinh bdce bon

Dang téng qudt la ;ax®* + bx* +ex® + dx + e = D.

Vi du : Gidi phuong trinh t* + 12t + 32t* — 8t — 4 = 0.

d day khé dedn duge mt nghiém dic biét, nén phdi tim cdch nhém
cdc s hang dé phén tich v& trdi ra thira sd,

Ta c6 thé viét 32t° = 36t* — 4t* va nhém cdc 88 hang thich hop nhu sau

T




(b + 12t + 36t%) — (4% + Bt + 4) = (t* + 6L - (2t + 2)*
=(t" + Bt + 2)(t? + 4t - 2)
Viy ta duge phuong trinh tich : (t* + 8t + 2)(t* + 4t - 2) =0
Gidi ra duge nghiam 1a 1 t,; = —4 + J14; ty, = -2 + 6.
Phuong trinh da cho ¢é bén nghidm.
Chat 3. Pluwong trinh hoi quy

i ;
Néu trong phuong trinh béc bon ta ed 2 (%] vdi e # 0 thi phuong
a

trinh nay goi 1a phuong trinh hai quy.
Vi du : Gidi phuong trinh 2x" - 21x" + 74x° - 105x + 50 = 0.

2
O day ta cé E:ﬂzﬂﬁ; Ezjﬁzﬁ,nlmthé’-ﬁ=[£] i
a 2 b -21 a b

Cdch giai nhu sau - _
Do x = 0 khdng phdi 14 nghigm nén chia hai v& cho x* 2 0 duge
2[:!-:2 + EE)— El[x + E) + 74 = 0.

12 X

Dat x4+ =y tach: x*+ =2 = y* ~10. Do d6 phuong trinh c6 thé vit
x .
dudi dang 2y* — 21y + 54 = 0. Giai ra duve y; = 6, ya = 4,5,

: : 5 :
Vdi y, = 6 thi x-l-;l-nﬁ hay x* — 6x + 5 = 0 ma nghiém 14 1 va 5.

Vi ye =45 thi x+ 8 = 4,5 hay x*—4,5x + 5 = 0 ma nghiém 1a 2 va 2,5.
X

Viy phuong trinh héi quy da cho ¢é bén nghiém la :
=l x=5um=8vax, =250
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§9. HAI LOAI TU CIAC PAC BIET :
HINH THANG YA HINH BiINH HANH

A KIEN THUC CAN NAM VNG

1.
a)

b}
c)
d)

g)

h)

Tw giac. Hinh thang

T gide 18i 14 tir gide lubn néim trong mét nia mit phdng c6 be 1a
dutimg thing chira bat ki canh nao eda ti gide.

Téng cdc goc cia mt tif gide bing 360"

Hinh thang la td gide c6 hai canh ddi song song.

Hinh thang cin la hinh thang c6 hai goe ké mdt day bang nhau,

Trong hinh thang cén : hai canh bén bling nhau, hai dutmg chéo bling
nhau.

Déu higu nhan bidt :

Hinh thang e6 hai dudng chéo bling nhau 1 hinh thang ean.

Hinh thang eé hai géc ké mjt ddy bling nhau 4 hinh thang cin.

Putng thimg di qua trung diém mit canh cla tam gide va song song
vii canh thit hai thi di qua trung diém canh tha ba.

Buting trung binh cla tam gidc thi song song vdi canh thit ba va bling
nifa canh &y.

Buting thing di qua trung diém mbt canh bén ciia hinh thang va song
song vdi hai ddy thi di qua trung diém canh bén thd hai.

Putng trung binh ecia hinh thang thi song song vdi hai ddy va béng
nita tdng hai ddy.

Hai diém goi la d&i xing véi nhau qua dubng thing d néu d la dubmg
trung trye ciia doan thdng néi hai didm db.

Buimg ﬂlﬁng di qua trung diém hai ddy cia hinh thang cén 1A true dai
xing cia hinh thang cén dé.

Hinh binh hanh .

Hinh binh hanh la & gide ¢é cde canh ddi song song.

Trong hinh binh hanh : cdc canh déi biing nhau; cdc géc déi bing nhau
hai dutrng chéo et nhau tai trung diém ela méi dutmg,

Niim ddu higdu nhin biét hinh binh hanh :

T gidic ¢6 cde canh ddi song song

Tt gide cé cdc canh déi bling nhau

Tir gide e6 hai canh ddi song song va béng nhau
T gide c6 cde goe dai bing nhau

_ .




c)

Ty gidc c6 hai duting chéo cit nhau tai trung diém cia mdi dubng.
Giao diém hai dudng chéo cia hinh binh hanh la tam d&i xing cia
hinh binh hanh daé.

B. CAC BAI TOAN PIEN HiNH

1.

3.

3.

Chimg minh réing : -.

a) Tong cde dutmg chéo cia mjt td gidac MNPQ nhd hon chu vi nhung
Idn hon nda chu vi caa tid giac;

b) Vdi moi diém nfm trong tu gide tong cac khoang edch tir didm dé
dén cde dinh cda td gide thi nhe han nia chu vi tr gidge.
Cho t gidc ABCD cd A =120, B = 100", C = 80°. Cdc phén gidc trong

tai &, B, C, D ¢it nhau theo thit ty tai M, N, P, Q. Tinh 5§ do méi gée
trong t gide MNPQ.

N&i trung diém cdc canh cla t gidac ABCD ta duge td gide KLMN
trong d6 K, L, M, N theo thi tu la trung diém cia AB, BC, CD, DA.
Tinh ti 86 dién tich cia tr gise KLMN va tu gidac ABCD.
Cho P, @, R, S 14 ban difm trén cdc canh cia ti gide ABCD sao cho
AP BQ CR DS ; : s < 2L

= - = =k wva dién tich (0 gidc PQRS ding bing 52%
PB QC RD SA . e
dién tich tf gidc ABCD, Chimg minh ring k cé hai gia tri la % va -2.

Cho hinh thang cin ABCD (AB // CD, AD = BC). Goi I la giao diém hai
dubng chéo va M, N, P theo thit tu la trung diém cia Al, DI, BC. Nau

AIB = 60° thi AMNP la tam gidc gi ?

Cha hinh thang EFGH eé téng hai ddy EF va GH biing canh bén EH.
Goi M 1a trung diém cia canh bén FG. Boan EM kéo dai edt HG tai K.
Chitng minh :

a) AEHK ciéin,

b) CdAe phin gide trong cia gée E va gée H di qua M.

¢) AHEK déu néu HEF = 120"

Cho tam gide DEF cin tai D. Goi M, N, P theo thi ty la trung diém
cde canh DE, EfF, DF.

a) Cac ti gidec DHIK, EHEF va DEIK la hinh gi ?
b) T gidae DEIK la hinh gi néu ADEF déu 7
Ching minh rang : '

a) Néu ting khodng cdch gifta cdc trung diém cla timg cép canh déi
cua mit td gide bing nda chu vi cha tf gide thi td gide dé 1a hinh
binh hanh.
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b) Néu mdt 1 gide ed cic dubng chéo va cie doan thing néi trung diém
cde cip canh dii ma dong quy thi tif gidge d6 1a hinh binh hanh,

9. Cho cdc difm P va Q trén cdc canh AB vi BC ciia tam gide nhon ABC.
Cac duing vubng goe tai P vdi AB va tai Q véi BC céit nhau & O. Goi
M 1& trung diém ecia AC, chimg minh riing MP = MQ khi va chi khi
ADP = COQ.

10. Cho ti gide ABCD. Dung hinh binh hanh DBCE. Chimg minh riing
dién tich AACE bidng dién tich tir gise ABCD,

11. Cheo hinh binh hanh ABCD vdi O la giao diém hai dubing chéo. Goi E
vir F theo thit tu 14 trung didm cia AD va BC. Cédc doan BE va FD edt
duwiing chéo AC theo tha ty tai G va H.

a) Ching minh ring AG = GH = HC.
b) Xét hinh dang cua tir gide EGFH.

C. CACH GIATI VA L.0OI BiNH

1. a) Goi O 1a giao diém cde dubmg chéo clia ti
gide MNPQ (hinh 10), Xét cac bat ding
thuie trong bdn tam gide tao thanh ta cé ;

MN + MQ > QN

MN + NP = MP

NP + QF > QN

QP + QM > MP. Q H.10 ¥
Cing timg v& cde bat ding thie nay rdi chia cho 2 duge :

MN+ NP+ QF + QM > EN+MP
chu vi dutrng chéo

by Tuong tu, tir bin ding thie :
MN < MO+ ON; NP < NO+ OP
PQ <« Q0 + OP, QM < QO + OM
ta sé dugc ;
MN + NP + P@ + QM
2

tie 14 nia ehu vi nhé hon téng hai dutmg chéo.

o Loi binh » "Ching minh rdng ti 5 diém d@ cho trong mdt phdng,
trong do kiltong cd 3 didm nao thdng hang, bao giir cling oo thé chon ra
4 diém lé cde dinh etda mot hi gide 161"
Cach giai nhy sau .
Trong nam diém A, B, C, D, E (hinh 11) da cho bao gi¢ ciing chon duge

< MO + OF + QD + ON = MP + QN,
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hai diém (chdng han A va B) sao cho ba diém con lai ndm vé& chiing mit
phia cia dutmg thing AB. Lai ¢6 thé chon mdl diém thid ba, ching
han C, sao cho ba diém A, D, E nfin vé cing mbt phia cia dubng
thiang BC.

~ Néu ¢6 mét diem the tu nita, ching han D, sao cho ba diém A, B, E
ném vé cing mit phia cia dutrng thdng CD (hinh 11a) thi ABCD la ti
gide 16i phai tim.

H11

- Neéu tam gidc ABC chia hai diém D va E (hinh 11b) thi D va E cing
vdi hai dinh cla tam gidec ABC ¢ vé cing mft phia cia dutng thing
DE (chéng han A va C) 1a bén dinh cla to gide 161 ACED,

2. Ta ¢d (hinh 12) ¢ 0
A=120° wva Ay = Ag = B0°,
Tuong tu By = Ba = 50°, ) = Cg = 40°,

Do téng cde goc trong mdt b

gidc bing 360" nén ; B
D = 360" - (120" + 100" + 80
= 60",

Biét Dy = D2 (gt) nén Dy = D2 = 30°
Trong AAMB ta cé :

M + Az + By, =180°, G H.12
suy ra : M =180° —(Az + Bi) = 180" - (60° + 50") = 70°,
Tueng tu, trong ACPD ta cd :

, P = 180° - (Cz + Dy) = 180" — (40° + 30°) = 110",

Trong ABNC ta 6 : Ny + Bz + & =180,

suy ra  Nj =180° — (Bz + €1) = 180° - (50" + 40°) = 90%
Nz = N; (d6i dinh) nén Na = 90°,

Tuong t, trong AAGD ta cd : |
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3. Ta co thinh 14) ;

144

- Cdch 2. Kéo dai AD cho cdt BC kéo-dai

QI = 180° - {-.Ea.] + ﬁ'gj = 180° — [Eﬂﬂ +30% = ﬂ'ﬂ";
Q; = ﬁm (déi dinh) nén ﬁz = 90°,

e Li binh : Tuong tu : “Ti gide ABCD c6 A = 85°, B = 55°, géc ngodi
tai D bing 40°. Tinh gic C (hai cdch).”
Ta ¢é (hinh 13) '

- Cdch 1. Vi goc ngoai tai D bing 40" nén L"._

gée D cda tf gide bing 180° - 40" = 140",
Biét tong cdac goc trong tif gidic bing 360"
nén C=360° —(A+B+D)

= 360" — (85" + 55" + 140°) = 80",

tai M. Trong AMAB ta cé :

M + A +]§ = 180°,
suy ra: M =180" - (A + B) = 40°.
Trong AMDC ¢6 ;. M + MDC + MCD = 180°,
suy ra ; MCD = 180" — (M + MDC) = 180° - (40" + 40" = 100",
Gée C eiia td gide ké bi véi MCD nén C = 80°,

M

D

KL la dudng trung binh cua AABC nén

Sknl, = %EMJU (1)

Tuong t: Supm = lSM}{; {2)
. A T Kk ' B
Cing timg vé (1} va (2) dugce : H.14

1 1 1
I[E’AUE +Sapp) = Isauun- Tuong t, Saxn + Siem = Esnm:u-

Tir dé : IEI-LIJ.I.‘-J = Sanen — Skun — Spon — Sakn — Seew
1

1 1
= Bl By = = Bosse = B
ABCD i ARBCEH 4 ABRCD g ABRCD

Viy ti st dién tich hai ti gide KLMN va ABCD biing -%

o L binh : Xét thém bai todn chimg minh sau :

"Gol 8§ va P theo thit ty la dign tich va chu vi cda ti gide MNPQ,
cluing minh ede bt ddng thiie :




MSsimmemmu+MH

b) 48 s(MN + PQ)iM@Q + NP) < P*.*
Cach gial nhu sau !

Dé tinh todn cho gon, ta ki hiéu cic do dai
nhu trén hinh 15, ta phai chiing minh cic
bat ding thie :

1
S :Ir-{m + piin + q)
va 45 <{m + p)in + q) < P~

That vay :
a) Ta lin lugt e

Synp = l1'L.h = £ i
=il 2 1
Baeryg S E{lml + pg)

1 1
Sueg = —0.k £ —
MPQ Efl E:i’ﬂ'll

M 0 1
Tuong tu ta chiimg minh duge Sy = Equ + np)

i 1
Vay Suwmg = Itum + pg+mg + npl = i{m + pin+ql

by Tir e thive ¢ cdu a) ta suy ra ngay 435 < (m + p)n + q) va
25 = mn + pg (1)
vtk 28 = mq + np (2)
Cong (1) va (2) duge : 45 =mn + pg + mg + np = (m + piin + q)

2
. [m+n+p+q] _p?

2

{Déu "=" chi xdy ra khi MNPQ la hinh vudng).

4. Vi dién tich cia mjt tam gide 6 dulmyg cao cho trude ti 18 vdi d§ dai

canh day cua nd va do AP = k.PB = kiAB - AP) nén ﬂ - k

= AB k+1

Lai ed DS = DA -~ SA = k.SA nén —Eﬁ= : .
DA k+1
Xat hinh vé 16, ta ¢6 : Ssap _ APk
Sﬁﬁ“ JﬂiE I':'I'l
Vi Bean = SA g @ ‘
A P T 5;_-_.;,." D-ﬁ. H. $+1
.16
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Ssar _Semq  Sqer  Spys _ k

Suy ra = — = ;
Spar Sape Spen Sepa (k+1)7
Ti do ta ¢d :
Spgies = Sanen — (Siap + Spng + Sgen + Suos)
k i
= Sancn — (Spap +Sanc +Spep + Sepa)
k+1)*
2k k?+1
= Samn — o P Sinen
k+1)° = ik + 15 A
k® +1
Suy ra +g= ,ﬁ:ﬂ.:&_
(k + 1) 100 25 _
Nhin chéo rdéi rit gon duge : 6k* = 13k + 6 = 0 hay (3k — 202k - 31 = 0,
Tde: Tie Db
; 3 2

o Lint binh : Ta giai thém bai todn sau vé dién tich 4 gidc ;

"Goi 8, T, U, V theo thit ty la trung diém cde cgnh MN, NP, PQ, QM
ctia tii gide MNPQ. Tim ditm H trong ti gide gao cho dign tich bon ti
gide HSMV, HVQU, HUFT va HSNT bdng nhan.”

Céach giai nhu sau :
Gia sif da tim duge diém H (hinh 17).

. 1
Khi dé : Sygyy = ISMNPQ

1
SMHW = E‘Eh[npq

trong do I la trung didm dubng chée MP. & u P

Suy ra : Smsiv = Smsiv. H.17

Lai eé : Syyg = Sigy, suy ra HI #/ SV ma SV / NQ, do dé HI # NQ (1)
Goi K la trung diém duimg chéo QN, tuong ty ta cb : HK //MP (2)

Tir (1) va (2) suy ra H 12 giao diem cta hai duing thing ké qua | song -
song vdi N@ va ké qua K song song vdi MP.

5. Do ABCD la hinh lhaug cdn nén ta oo
AABD = ABAC, do dé ABD = BAC (hinh 18)

Gée AIB = 60" nén AAIB déu. Viy BM via la
trung tuyén, vira la dubing cao trong AAIB.

Tam gidc vubng BMC co P la trung didm cia

canh huyén BC nén trung tuyén MP = %BC-
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Tuong tu NP = %ﬁrﬂ.

Kﬂ AAID, tacd ; MN = %AD - -él:‘.[:-

Viay : MN = MP = N2, tie la AMNP déu.
Lk Dink : Xét tham bai todn sau -

"Cho hinh thang cé hai ddy dai m va p (m > p) vé téng cde goe @ ddy
fon bdng 90°, Tinh dogn néi trung dicm hai diy.”

Xét hinh thang MNPQ ¢6 M + @ = 90° (hinh 19,

Néu kéo dai hai eanh bén et nhou 1:;

tai S thi MSQ = 90°, &
Ké trung tuyén SF coa ASMQ cdt NP

tai B thi SE cong Ia trung tuyén cda
ASNP. Trong tam gine vuéng trung
tuyén dng vdi eanh huyvén bing nua Al
canh huyén, do dé -

1 P 1 I

SE= —NP=<: SF = =Nk = —

2 T g M=
Vay : EF = SF - SE = 2~P.

2
a) EM kéo dai edt HG kéo dai tai K (hinh 20),
Xét AEFM = AKGM (e.g.e), ta ¢o -

GK = EF
nén HG + GK = HG + EF = EH
Suy ra AHEK ciin tai H. B 11.20) Gk

by Tir AHEK can ta ¢6 ngay HM ld trung tuyén va phan gide cia goc
H. Ngoai ra E; =K ma s =K (s0 le trong) nén Fs = Ea, viy EM
la phin gide goc E.

e) Do HEF =120 nén EHG = 60°, Suy ra AHEK can ¢é gdc ¢ dinh
baing 60° 1a tam gide déu.

Lai binh @ Tuang tu @ "Cho hinh thang ABCD (AB J} CD, AB < CD).

Tia phan gide ciia ede gée A va D odt nhau toi M, tia phan gide ciia

cie goc B va C cat nhau tai N.

al Tinh s& do cde gée AMD vg BNC,

b} Goi K la giao diém ctia AM va BN (K & DC), cluing mink rdng -

AD + BC = DC",
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Ta e6 cdeh gidi sau (hinh 21) ¢
a) Vi AB // DC nén BAD + KDA - 180" (gée trong cing phia),
suy I'a : A + Dy =90%

A £
Trong AAMD ta co : N N/\
Ay + Dy + AMD = 180°, M
suy ra : AHD = 180" - 90" = 907, Zo\/\
Chirng minh tuang ty cd BNC = 00* b Hf‘u G

b Vi AMD = 90° nén DM 1L AK. Tam gide ADK cd phén gidc DM cling
la duisng eao nén tam gidc nay cdn, suy ra AD = DIX (1)
Chitng minh tugng tu cé ACBK edn, suy ra BC = KC (2)
Tir (1) va (2) suy ra : AD + BC = DK + KC hay AD + BC = DC,
7. a) Vi H va 1 la trung diém cua DE va EF (hinh 22) D

nén HI #f DF va HI = %‘DF _ DK.

Suy ra DHIK 1}1 hinh binh hanh.

Vi H vi K 1a trung diém cua DE va DF
nén HK ¥ EF, mit khdc ¢6 HE = KF, do
dé EHKF la hinh thang can.

Vil v K I trung diém cia EF va DF S AR A
nén [I< 4 DE, vay DEIK la hinh thang. .22

L} Khi ADEF déu thi E1 = DE, do 46 hinh thang DEIK s la hinh
thang ciin.

o Liri bink : Xét thém bai todan vé hinh thang ean :
“Cho tam gidc DEF vuéng tgi D 6 E =70°. Ké phin gide EG ciia gdc
E va goi H, I, K theo thi ty la trung diém cia EG, GF, EF. Cluing
minh ti gide DHKT la hind thang edn va tind ede gie ciia na,”
Cich gidi nhy sau (hinh 23) :

Ta gide DHEI la hinh thang (vi
HEK 4 DI, de HK la duimg trung
binh trong AEGF). Tam gidc DEG
vudng tai D o6 trung tuyén DH dng
vdi canh huyén nén HD = HG, hay
AHDG edn, suy ra : Dy =Gy {1)

AEGF ¢ KE = KI, GI = IF nén Kl la duimg trung binh.
Suy ra KI # EG, nén Gy =11 (2) (gée dong vi)
Tir (1) va (2) suy ra Dy =I1. Vay DHKI 1a hinh thang cin.

.23
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Luw v : Cé thé ching minh edch khic. Sau khi ching minh DHEKI la
hinh thang thi lam tiép nhu sau

Xét ADEF vuéng tai D eé DK la dubng trung binh nén DK = %EF (3)

Lai ed HI 1& duding trung binh trong AGEF nén HI = %EF (4)

Tir (3) va (4) suy ra DK = HIL. Do dé hinh thang DHEKI ¢6 hai duiing
"chéo bing nhau 13 hinh thang edn.
Do E =70° nén Gy =90° -35° =55° =Dy =1
Suyra Ki =180° =11 = 180° -55° = 125° (vi K + 11 =180°) = DHK.
Vay cac gic cia hinh thang cin bing 125" & ddy trén HK va biing 55"
& ddy dudi DL i '

8 a) Goi M, N, P, Q la trung diém cdc canh cda tid gidc ABCD (hinh 24).

Keé dugng chéo AC va PE // Al ta o
E la trung diém cia AC va PE = MI3,
‘do dd MBPE la hinh binh hanh.

Vi EN va EQ la dutmg trung binh cia
AACD nén tar gide ENDQ cing la hinh
binh hanh. Viy téng khodng edeh tir E
dén M, N, F, thug na ehu vi ABCD.

Ta ci: EM + EN =z MN
va EP + EQ = PQ.
{(Dau "=" xdy rva khi E € MN hoac E  PQ).
Céng timg v& hat bat ddng thae trén ta duge
EM + EN + EP + EQ = MN + PQ  (¥)
(Dau "=" xdy rva khi E € MN hoiic E € PQ, tic 1a E trimg véi Q)
Bat ding thie (%) duge thoa man tie la E = O, Nlumg MBPO va

ONDG 14 nhing hinh binh hanh, do dé tid gide ABCD phai 1a hinh
binh hianh.

b) Ciang nhu trén, goi M, N, P, Q Ia trung diém ecde canh cia tr giac
ABCD (hinh 25). Cae duéing AC, BD, MN va PQ eit nhau tai O,

Xét tu gide MPNQ ta co MP va I3 I? I

QN cing song song vdi AC va W
o5 e

whiig -;:AE: nén MP = QN, do dé

ti gidac nay la hinh binh hanh v A 0 il
O la trung di€ém cia MN va PQ. 11.95



1

-

Goi 8 va T theo thi ty la giao diem cun MP va QN v&i duing chéo
BI, ta o6 AOMS = AONT (g.c.g) nén 0OS = OT. Suy va OB = OD
Cluing minh tugng tr ed OA = OC. Vay tr gide ABCD ed hanr dubing
¢héo cdt nhau tai trung diém méi dubng la hinh binh hanh.

o Lii binh : Xét them bai todn vé ching minh sau diy

0

“Qua givo diem O cde dwong chéo AC va BD cia hinh binh hanh
ABCD ta ke hal duomg thdng bat ki cdt ede canh AB, BC, CD, DA tm
e cdicm I, F, G, H. Cluing minht EFGH {a hinh binh hanh, tie dd suy
ro co va so el biah ol EFGH wh the.”

Cich gidi nhu sau (hinh 26) :
Xét hai tam guic BOF va DOIH o
OB = UD, Bi = D1 (50 le trong),
0, = 02 (d6i dinh)
nién ABOF = ADOH (g.c ). A Tl 1
Suy ra OF = OH. H.24
Cluing minh Ly Ly CE = O,

Viy tir gieie EFGH ¢6 hal duong chéo ciat nhau tai trung diém cua méi
dutng 14 hinh binh hinh.

Vi hai duting thing ké qua O la bat ki nén ¢6 vo 56 hinh binh hanh
EFGH nhu thé va chang déu ¢d tim déi ximg la O.

Goi R va T theo tha tu 1a trung diém eua
AQ va CO thinh 27). Ta ¢d ur gide MROT
la himh binh hamh.

Doan MR la dubng trung binh trong
AADC nén MR = OT va MR # OT. "T'r do
MRO = MTO va RO = MT.

AAPO vubng tai P nén trung tuyén PR
bing mda canh huyén AQ. Do dd APRO cin
(PR = RO). Tuong tv ATOQ cin (QT = OT), 2

Viy MT = RO = PR vi MR = OT = QT, tre 14 hai tam gide MRP va
GIM e6 hai eanh biing nhav timg Jd6i mat. i

Gid st MP = MQ, ta ¢6 AMRP = AQTM (c.c.c). Tir d6 MRP = @TM vi
MRO = MT0O,

Trir timg vé hai ding thie v goe nay duge ORP = G?EE =¢. Do hai

tam gide PRO va TOQ edn nén ta b

—— — ﬂ - ‘
ROP = TOQ = %




Gia su AOP = COQ,
Tit hai tam gide can PRO va TOQ ta duge ORP = OTQ.
Tit d6 : MRP = MRO + ORP = MTO + 0TQ = QTM.
Viy AMRP = AQTM (c.g.c). Suy ra PM = MQ.
o Lai binh : Xét thém bai todn sau

"Cht tam gide ABC. V& didm A' doi ving vai A qua C, diém B’ déi

xiing vat B qua A va diem C° déi ving vai C qua B. Trung tuyén Bl

ctia AABC edt trung tuyén B'D e WEB'C tgi O. Ching minh rdng :

a) ABD'D I hinh binh hanh. ' 3

b) O la trong tam chung cua hat tam giae ABC va A'B'CL”

Ciich gidii nhy sau (hinh 28) ;

al Do €' va C ddi xing nhau
qua B nén BC = BC, con
B'D' la trung tuyén cia
AAB'C nén D'C' = DA
Nhyu viy BD)' la dudng trung
binh cia AC'CA', suy ra :

BD'= —CA'=CA
2 2
(vi A' va A déi sumg nhau qua C) va BD' // CA'"

Do BD la trung tuyén cia AABC nén AD = éﬂﬂ. ta b :

BD' = AD, BD'/ AD vi A, D € CA'),
viy ABD'D la hinh binh hanh.

b) Goi I la trung didm cia OB, theo tinh chat trung tuyén trong tam
gidie ta ed Bl = [0 = 0D, nhu vy O a4 trong tim AABC.

Tl ke II'/ BB tacd I'B =I'0 (1)(duing trung binh trong ABOB'),
apra 1= %BE': AB.
Theo cfiu a) thi DD/ AB, DD = AB (vi ABD'D 14 hinh binh hanh).

Nhu vay II' = AB = DD va II' // AB // DD, do d6 [I'DD’ 14 hinh binh
hanh, suy ra OI' = OD° (2)

Tir (1) va (2) cd : BT = I'O = O, clhuing to rang O la trong tAm cua
AA'RC. Vay O la trong tim chung eiia hai tam gidc ABC v A'B'C,

10. Ta phai chung munh @ Sy = Sapep (hinh 29),
That vay, tir A ké dutng vusng goe Al vdi EC cat DB t;:ii K. Tacé:
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E*nm*.u = Sann + E'I:ml:.'

- 1DBAK + DBKH
2 2

3 DB.AH = s CE.AH
2 2

]

(vi DBCE la hinh binh hanh nén DB = EC)

Tich %GE.&H chin: 14 dién tich AACE.

H.29
Viy Sppco = Sace.

o Lii binh : Tuong tu : "Cho hink bink hanh ABCD va diégm E trén

eanh BC, didm F trén canh CD suo cho % = 3, —ﬁﬁﬁ Eviing chéo BD

{.'&r- AE fl;l'-l: H_.. E‘dﬂ AF fl‘.'l!- (7. G.FHEHE' pinle J'ﬁn’lg : Sﬂ;;';' = E.Sd”{;”.
Cdch giai nhy sau (hinh 30) :

Goi ti s8 Fi-E- =k Tacd:
' B

SARF e AE AF
S8uic  AH AG

A
2 0 3
- (10551 SE) i
ALl AG
BE ][ FD BE] FD BC+BE CD+FD
=1 L#F 1+ =1+ 1+ = -
AD AD BC CD BC CD

Tich cudi cung cé thé viét
2BE + EC 2FD + FC _ 2k+1 2k +2 _9
BE+EC FD+FC k+1 1+2k

Viy Saer = 2.8a0.

11. a) Ta 6 GE 12 dubng trung binh cua
AAHD va HF la dudng trung binh
eiia ACGB (hinh 31).

Vi ED song song va bing BF nén
EDFR la hinh binh hamh, suy ra H .31
BE // FD. y

Xét AAHD c6 EA =EDva EG/ HD nén AG=GH (1)

¥ét ABGC c6 PB = FC va FH // BG nén GH = HC (2)
Tir (1) va (2) ta cd ngay AG = GH = HC.

b) ¥ét hai tamn gide AEG va CHF c6 AE = FC, Ey = Fi (pée c6 canh
tuemg (g song song cung chiéu), Ay =G (sole trong) nén

152




AAEG = ACFH (g.c.g).
Suy ra G = FH.
Tit gisic EGFH c6 GE song song va bamg FH nén 16 1a hinh binh hanh.

o Lii binh : Tugng tu : "Cho hink thang ABCD, Got E, F, G, H, I, K theo
ehar e la trung diém cia hai canh bén AD, BC va cia hai day DC vi
AR, cia hat duong chéo AC va BD, Chiing minh ;

) HIGK & hinht binh ldanli.

b) Bon diém E, I, K, F thdang hang.

¢) EF va 1K cd chung mét trung diem.”
Cdch giai nhu sau (hinh 32)

a) Ta cd Gl la duémg trung binh cua

AACD, nén GI / AD va Gl = %HD.

Tuomg tu, HK la duéng trung binh cia AABD
nén HK /f AD va HK = %ﬂﬂ.

Suy ra Gl = HK va G1 / HE.
Vay i gide HIGK la hinh binh hanh.

b) Ta c6 El va KI cing song song véi DC, 1K #/ AB // DC. Suy ra bén
diem E, 1, K, I thang hang vi cing nim trén dubng trung binh EF
cua hinh thang ABCD,

¢) Goi O 13 trung didm cia IK, ta cd GH di qua O va OH = 0G (do
HIGK la hinh binh hanh}). Ta lai ¢é EGIFFH cing la hinh binh hanh
{do EG = HF = %AD va EG /#f HF), suy ra O eting la trung diém eda

EF. Vay O Ia trung digm chung cia 1I{ va EF.

D. BAN CO BIET
NHA SU PHAM LOI LAC dCLIT

1. Ueclit 1a mét nha su pham 186 lac séng & thé ki tha 4 trude cong
npuyén, day todn ¢ Alecxangdri.
Ong di xem xét lai gdn nhu tedn b nhimg ki€n thite todn hoe tir budi
s¢ khai cho dén thii ki éng song va da sip x8p lai mot cdch ¢d h@
thang.
Tac phdam chinh ctia 6ng ld "Co ban™ gom 13 tdp, ehi y&u noi vé hinh
hoe ditge ddnh gid 8 "mde mute cho lang nghin ndm”, That thé, tde

phim way da trd thainh mét trong nhimg thanh tuu ldn nhit cia nén
van héa thé gidi, vi trong hon hai nghin ndm nay nhian loai da eoi dé
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1 mdu mwe vé hinh hoe duge hoe trong cde trutmg hoe d khdp noi trén
the gidi.

Ngudi ta ké lai edu chuyén tha vi sau day @ Mat trong nhimg hoc tro
bit ddu hoe hinh hpe eva Oclit da hoi ong nhe san ¢ "Téi cb the kiém
duge gi néu téi hoo thude duge tit ca sich cin ngai 7. Oelit da goi
nguii hdu lai bao : "Hay cho anh ta 3 déng vi anh ta muén kigm duge
tién biang hoc thuyét cia ta”,

Celit da dua ra ba khai nigm eo ban khéng dinh nghia 14 diém,
dutig thang va mat phing.

Sau dé ong da néu lén mdt 50 quan hé gioa ba khadi niém nay, duge dmg
thita nhan va goi ching la tien de. Do la nhimg ménh Jé todn hoe duoe
eong nhan cha khong ean phai chiimg minh. Tdt cd co ndam teén dé :

1. Qua hai digm cé mdt duting thang va chi mst mé thai:

2, Qua ba ditm khéng thing hang 6 mbt miit phimg va chi mét ma thai;

3. Néu mgt dusng thing e hai didm nhim trong mit phdng thi dutimg
thing dé ndm holin todn trong mit phing;

4. Néu hai miit phing cé mt didm chung thi sé 6 thém mot didm
chung tha hai nia;

5. Tif mét diém ¢ ngodi mit dutng thing bao giv cing dung dude mat
va chi mét dutmg thing song song véi dudng thing trén (day la
titn dé Celit). Né 14 tién dé thar nam.




§10. TU/ HINKH CH NHA T DEN Hing VUONG

A. KIEN THUC CAN NAM VUNG

1.

Hinh ol nhdat

a) Hinh chi nhat la wi gide cé ban goc vuing.

~ Trong hinh chir nhat hai dutmg chéo biing nhau va edt nhau tai trung

1)

c)

d)

e)

aj

b)

a)
b)

difém cua moi dubing.

Bon ddu higu nhin bigt hinh chi nhat :

T gidce cd ba gic vudng.

Hinh thang cin cé mdt gée vuing.

Hinh binh hanh cé mt gée vuong.

Hinh binh hanh cd hai dutmg chéo bing nhau

Trong tam gide vudng, trung tuyén dng vdéi canh huyén bing nida canh
huyén.

N&u mat tam gide e6 trung tuyén dng véi mot canh bing mia eanh Ay
thi tam gide dé la tam gide vubng,

Tap hop cic diem cich mot dugng thing ei dinh mat khodng bang h
khéong déi la hai dutmg thing song song voi duimg thing dé va cdch
duting thiang dé mot khoang bing h.

Néu ede dubmg thing song song cach déu cdt niot duting thing thi
chimg chin trén duting thing dé eic doan thang lién tiép biing |1I1au.
va nguge lai.

Hinh thoi
Hinh thoi la ui gide ed ban canh bing nhauw.

Trong hinh thoi hai duting chéo vuéng gdc vdi nhau, hai duirng chéo 1a
ede phin gide cia ede gée hinh thoi.

Bon ddu higu nhan biét hinh thoi

Tit gide co bén eanh béing nhau,

Hinh biuh hanh eé hai canh ké bing nhau,

Hinh binh hanh ¢d hai dudng ehéo vudng gée vai nhau,

Hinh binh hanh cé mot dultimg chéo 1a p!u'l;'; giie cua mit goc,
fHinh vudng

Hinh vuéng la ti gide cé bén goc vuong va bin eanh biing nhau,
Nam dau higdu nhan biét hinh vudng :

Hinh chir nhat c¢é hai canh ké biing nhau.
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Hinh chir nhit e hai dutmg chéo vuing gde vdi nhau.

Hinh chir nhét eo mot duimg chéo 4 phian gide cla mdt goe.

Hinh thoi cd mt gdc vudng.

Hinh thei ¢6 hai dung chéo bing nhau.

Pa gide déu

Pa gide déu 1a da gide c6 tat cd cde canh bing nhau va L4t cd cde goe
biing nhau.

B. CAC BAI TOAN DIEN HINH

lf

3
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Cho i gide ABCD ¢6 hai canh AB va CD kéo dai tao thanh géc vubng

tai M. Goi E, F, G, H theo thi ty I& trung diém cua BC, BD, AD, AC.

Cluing minh ring :

a) T gide EFGH 1a hinh chir nhéat.

b} Ba diém K, H, F thang hang (K 1a trung diém canh AB).

&) Eﬂﬂﬁ EG bing mia higu hai canh dé@i AD va BC.

Cho tam gidc DEF vuéng cin tai D va M 1a mit digm bt ki trén EF.

Tt M ha MN L DE va MP L DF.

a) Chimg minh riing khi M chay trén eanh huyén EF thi hinh chir
nhit DNMP ¢é chu vi khéng dai.

b} Vdi vi tri nao caa M thi DM eé do dai ngan nhat ?

Cho M 1a mét didm ndim trong hinh chit nhat EFGH ed dién tich biing

S. Chitng minh ring: S < MEMG + MF.MH.

Cho AABC. Ké MN /# BC vdi M trén AB, N trén AC sao cho AM = NC

vi MP #/ AC vadi P trén BC.

a) Clutng minh AP la phan gide cua goc A

b Muénn MPCHN la hinh thoi thi AABC efdn didu kién gi ?

Cho hinh thoi ABCD. Tw B ké BF L AD va BQ 1 CD. Khosing cdch PQ

biing nira duting ehéo AC hosie BD. Tinh ede gée eiia hinh thoi

Cho hinh vuéng ABCD. Trén BC liy diégm E va dung EAx = 90°, Ax

cat CD tai F.

a) Clung minh AATFE can.

b) Goi I 1a trung difm cia FE, Al cit DC tai M. Qua E v& Ey // DC cét
Al tai K. Cluing minh KFME la hinh thei,

¢) Chimg minh chu vi ACEM khéng déi khi E chuyén djng trén BC.

Cho hinh vuéng ABCD. Trén tia BC ldy dean BE = BC. Trén tia dai

elia tia DC 1dy doan DF = BE, v6i vé hinh binh hanh AEGF. Ching

minh ring :

a) AEGF la hinh vuing.




wE

9.

10.

11,

12"

13,

14.

15.

16.

b) Khi E chay trén BC kéo dai thi G ndm trén phin gidc cia goc DCE,
néu FCG =45".

¢} Ba di#gm B, D, K thing hang, trong dé K 1a trung didm cia AG.

Chung minh ring cde dudmg thing ndi lin lugt aie tim 0y, Oy, Oy, Oy

efia ede hinh vudng dung trén ban canh cua hinh Linh hanh ABCD vé

phia ngoai tao thanh mit hinh vuing.

Cho hinh binh hanh ABCD va O la giao diém hai duiing chéo. Goi E

va F theo thit tir la trung diém cia AD va BC. Hai dean BE vh DF lan

lugt cdt dubmg chéo AC tai G va H,

a) Ching minh AG = GH = HC.

b) T giac EGFH la hinh gi ?

e} Mudn EGFH la hinh chir nhéat thi dutng chéo AC phai gdp may lan
canh CD ?

d) Muén EGFH la hinh thei thi gée ACD bing bao nhidu ?

e) Muén EGFH la hinh vudng thi dang cua AACD phai nhy thé nao ?

Dumg hinh thoi ABCD bigt dutmg chéo AC = m nhm trén duimg thimg a
cho trude vi hai dinh con lai nfim trén bai diénmg thing b va e cho tnade,

Dung hinh vubng PQRS sae cho ba dinh nim trén ba duémg thing
song song a, b, ¢ cho trude.

Dumng tif gisie ABCD bigt hai cgnh d6i AD = a, BC = b va ba goc A =,

B= 3, D= ¥.

Cho nga gide déu ABCDE. Goi A la digm ddi xing cua A qua B, B’ la

diém dai ximg cua B qua C, € la diém déi xing cun C qua D, D la diém

ddi sing caa D qua E, E' la diém dai xing cia E gqua A, Cluing minh

ring ABCDE la nga gide déu,

Cho ngi gide déu ABCDE vi mdt diém M sao cho ADME déu. Tinh goe

AMC.

Cho tit gide ABCD ¢d dign tich AGcin” va diem E thuie canh AB. Qua A

ké dutmg thing song song véi ED cat CD tai F. Qua B ké duéng thing

song song vdi EC eiat CD tai G, Tinh :

a) Dién tich AEFG.

b) Dién tich tit gide AEHD, trong dé H la trung diém cia FG.

Cho lue gide déu A AsAAAAG cd canh bang 1 va mdt didm P trong

luc gidc da. Nii P vdi cde dinh ta duge 6 tam gide. Cluing minh rng :

a) Co6 it nhat hai tam gide ma cic canh cua ching déu = 1 va tong cdc
canh cua tam gide = 18,

b) Tong cic khodng cach tit P dén cide canh khong déi nhung tam lue
gide ¢b tdng cde kheang cich tdi ede dinh 1a nho nhat,
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C. CACH GIAT VA LOI BINH
1. a} Ta co EH I.zl"u dudgng trung binh cua AABC thinh 33) nén
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E & Al va EH = %:\13 11

1
— AB i)
2

Tuong Wi, FG & AB vir FG

T (1) va (2) suy va EH 4 FG va EH = G,
Vay EFGH la hinh binh hanh.
Lai es HEF = X1 = 00 (goc co
cianh LUong g song songl nén .
hinh Dinhh hanh EFGH 1A hinh A (G [§]
chr nheie. .53

b} Ta eé KF la duiing trung binh cia AABD, con KH 1 dutmg Lrung
binh cua AABC nén KF & AD va KH # AD. Qua H chi c6 mol dudng
thiing song song véi AD (tién dé Uelit)-nén ba diem K, H, F phai
thing hivng

1
¢} Theo ciu b thi KIF = EﬁD (1)~ KH = %Hﬂ' (2)

. i AD-RBC
Lay (1) trif di 12) timg vé ta cé @ KF — KH = % = HF.
Do HIY = EG (dutng chéo hinh chi uhin nén BG = ﬁD;HC_

Lot bind : Sau diy 1 bai todn khede vé hinh ehi nhagt :

"Goi 8 la didm trén dwing chiéo MP cia hinle el nhat MNPR. Qua 8
ké duang thang d song song vai dwing clido QN cit MQ va P theo
thie o tai T va U, Ding hinh el nhat QTVU, Chetng minh rdng

Vi MP,
al i N }L’J .
bt Bu diém V, S, N thdng hang, B
ol S i't} f!'l.rrig (Hr__'-'”r cifa V:\-’ v ‘n, I Lokt 2
Ciach giai nhy sau (thinh 34 o S iamkated >
a) Goi O va G la giao diégm cie 1 i # :
duting chéo ein hai hinh el ¥ Q Viia T

nhit MNPQ va VTQU.
Xeét hai tam gide cin GUQ va OQI* 1a ¢é : U, = Q“ E}g =P,
Nhung Up = {’:23 (goe ddng vi), suy ra Py = ﬁ] vy QV #F MP.

b} Xét hinh binh hinh SOQG (vi GS # QO ta co 50 = GQ ma GV = GQ
nén GV = 80, Buy ra SVGO 13 hinh binh hanh nén VS // GO




2,

C)

a)

k)

Lai e6 VN # GO trong AVNQ. Do dd ba diégm Vv, S, N thiang hang
(tiégn dé Oelit).
Ta co V3 = GO vh 8N = GO, vi the 8 14 trung diém cia YN
Ta giic DNMP ¢6 ba géc vuang la hinh chit nhat (hinh 35),
Vi ADEF wvudng ean tai D nén B
E=F =45°, Trong tam gidc vuong
ENM ta 6 Mi = 45" nén tam gidc
nay vudng cin tai N, suy ra
NM = NE (1)
Chiing minh twong tu o : /|
wing minh tuoug tu cd — N 3
MP=PF - (2) H.35
Chu vi € eva hinh chir nhat DNMP bing
=NM+MP+PD+DN (3)
Thay (1) vix (2) vao (3) dugce ;
“=LEN +ND + DP + PI = DE + DF
Vi tam gide vuong can DEF da cho nén d§ dai hai canh DE va DF
khong dai, viy € co dé dai khang déi,
Ke dudng cac DH cua ADEF. Xét tam gide vuing DHM, ta lubn o6
DH < DM, do dé khi M = H thi DM cé dé dai ngdn nhat,

o Lot bink : Tuong ty : "Cho ADEF ¢6 H la trge tam. Goi G, I, K theo
thel tae la trung diém cia ba canl DE, EF, DF va M, N, P theo thy ti
ta trung didm cia ba doan HE, HF, 1D,

: )
a) T gice GMNK la hinh gi ? :
by Chiimg minh ba dogn PI, GN, MK EF
biing nhan vé cdt whau tei trung didm ! e
ciia mot dogn.” T
Cdch gidi nhy sau (hinh 36) : “l:: o
a) Ta c6 ti gide GMNK la hinh binh /. NN
hanh vi GIE # MN va GK = MN (tinh g I [
chit dubng trung binh trong tam gide), H.36

Lai co GK # EF, GM # DH va DH 1 EF (vi H la trye tam) nén
G L GM, tde [a KGM vuong. Viy hinh binh hanh GMNEK o6 mit
goc vuong la hinh chir nhat. )

b) Ching minh tuong tu ta cé ta gidc GPNI cang la hinh chir nhat.

liﬂi Elillh -ch.l] llhni:lt- GIFINI{_ 1|."£|_ G]_JNI E{-J cilu:ng dl.i'-fl'llg :h-éﬂ GH H-é“
ba dubng chéo PI, GN v MK biing nhau va cfit nhau tai trung didm
ciia moi dubng.
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9. N&i diém M vdi bén dinh cia hinh chif F

4. a) Do MP [/ AC (hinh 39) nén

160

nhét thinh 37). Ta nhan thiy ring dién M
tich hinh chir nhat gap doi tong dién tich :
hai tam gidc MEH va MFG (chi cin ke qua
M mot dutmg thing song song vdi canh EH
& thdy ngay dién tich clia mot trong hai E
hinh chir nhit tao thanh gip déi dién tich (a7
AMEH hoie AMFG).
Ta ve tham AENH biing AFMG (MF = NH, MG = EN va FG = EH).
The thi : 8 = 28w + Swre) = 28 = 28gum + 25mx

< ME.NE + NH.MH = ME.MG + MF.MH.

L&t binh @ Xét theam bai todn vé dién tich

"Goi E, G theo thi tu la trung didm cae canlt MN va PQ cila mat tu
gide MNPQ. Goi F va H theo th ty la hai didm bdt ki trén cde canh
NP va MGQ. Chirng minh rang néu EFGH {a hinh chit nhde thi :

1 "
Sk = E Sﬁjﬁ';ﬂ-

Ta b cdach giai sau thinh 38) :

Goi 5 va T theo thit tu la trung diém
cia NP va MQ ta ¢6 ESGT la hinh
binh hanh.

NéuF =S thi H=T ta cd ngay

: 1
Sgereil = SEsGT = ESMHIH-

N&éu F#8 tht H#T, khi dé tir hinh chir nhat EFGH vA hinh binh
hanh ESGT suy ra FH va ST edt nhau tai trung diém cia mdi duting.
Viay FSHT la hinh binh hanh, suy ra 'S /f TH hay NP // MQ. Bay g0
MNPQ la hinh thang eé EG Ia dubng trung binh. Do dé EG # NP /f MQ.
Vi thé cde tam gide EHG, ETG va EFG, ESG cé diy EG chung va
chidu effo 14 khodng cdch gitta hai dudng thiing song song. Suy ra :

. 1
' Seran = Sgnor = ESHM':;- A

— Az = P (so le trong). : 1\ 2

Lai ¢é ti gide MNCP la hinh binh

hanh (vi MN # FC, MP // NC) nén M
MP = NC. Do dé AMAFP can neén M
Ay =P. Suy ra Ay = As, Wi la AP

|3 phin gidc cua gde A. 2 .49




b) Muén hinh binh hanh MNCP la hinh thoi thi phai ¢6 NC = PC hay
PMAC la hinh thang cin. Suy va A = C, tie la AABC phai cin tai B.
Lai binh : Tuong W : "Cho hink thot EFGH 6 I la giao diém hai

duirmg chéo. Goi K, L, M, N theo thi tu la cde diém trén cde tia doi

cie FE, GF, HG, EH sao cho FK = GL = HM = EN. Ching minh :

a) Ti pige KLMN la hinh binh hanh, .

bl Hinh binh héinh néy va hinh thot EFGH o6 ehung mét tam doi xing.”

Cdch gidi nhu sau (hinh 40)

a) Xét cdc ciip tam giac biing nhau
AFKL = AHMN (c.g.c), suy ra KL = MN
AEKN = AGML (c.g.c), suy ra KN = ML.

Viy KLMN cd cde canh déi bing nhau l1a hinh binh hanh.

b) Gi<o diém I eaa hai duting chéo cia
hinh thoi EFGH la trung diém cua
moi dudng chéo. Ma I cing Ia giao
diém cde dubmg chéo eda hinh binh
hanh ELMN. Ngoai ra td gidc
ENGL cing 14 hinh binh hianh nén
| cang la giao diém cde dutng chéo I, HL40
eua nd.

Suy ra 1 la tdm déi xing cia hinh binh hinh KLMN va hinh thoi
EFGI.

. Ta phai xét hai truting hap tiy theo PQ = %AL" hoic PQ = %BD.

ﬂ”-

al Ls)
.41

a) Trudng hop PQ = %hﬂ (hinh 41a). Ta cé PQ la duimg trung binh
cua AACD va Q la trung diém cia CD. Do dé ABCD ecfin. Ngoai ra
DC = BC nén ABCD déu.

Suy ra cde goc clia hinh thoi Ia: A =C=60°, B=D =120
b) Trutmg hop PQ = %BIJ (hinh 41b). Tﬁ céd trung tuyén PO cia tam
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gidc vuing BPD bing nda canh huyén BD ma OQ cing bang nia
BD nén AOPQ déu.
Ta cd f”z = G, f"'t = 15", Buy ra ]:"'3 = 80" - B0* -15" = 15",
Tit dé cde gée cha hinh thei la : B =D = 150°, A=C=30°
o Lot binh : Tuong tu : "Choe ti gide ABCD c6 AB=CD. Goi E, F, IL K
theo thit tie la trung diém e BC, AD, AC, BD). Chitng minh :
a) EF L IK
b} Buirng thdng IK tgo vit AB va AC nhing goc bing nhan.”
Ta co cach gidai sau (hinh 42) :

a) Vi E, K 1 trung diém cia BC, BD nén
EK 14 dubing trung binh cia ABCD,

suy ra EIC/f CD, E;{:.;.cn (1)

Tuong tu, trong AACD cd

IF/CD, IF=2cD (2 3
k 2 H.42

Tir (1) va (2) suy ra EKFI la hinh binh hanh. Ta cing e6 EI la

; x < x
dudmg trung binh cia AABC nén EI = = AB (3)

E=)

T (1), (2) va AB = CD (gt) ta ¢6 EK = EI.

Hinh binh hanh EKEFI e¢6 EK = EI nén la hinh thei, do dé EF 1 IK,
* Co the gidi cdeh khde :

Vi E, K la trung didgm cia BC, BD nén EK la duéig trung binh cia

ABCD, suy ra EK = %ED-

Chuing minh tudng ty ed @ KF = %.ﬁH, IF = %GD, El = %AE.

Nhung AB = CD (gt) nén EK = KF = Il = IE. Viy t gidc EKFI ¢6

bén canh béing nhau la hinh thei, suy ra EF L IK.

b} Kéo dai 1K cho cét AB tai M va eit CD tai N,

Ta co KF la dutmg trung binh cia AABD nén KF # AB, suy ra
BMI = IKF (s0 le trong)  (4)

Tuong tu, IF 14 duding trung binh cua AACD nén IF // CD, suy ra
KIF = CNK (sole trong) (5)

Lai e6 : FI = FK (eanh hinh thoi EKFI) nén AFIK cén tai F, suy ra
IKF = KIF (6)

Tit (4), (5) va (6) ta cé ngay BMI = CNK.

S



6. a) Xét har tam gmde ABE va ADF (hinh
43) ed AB = AD (canh hinh wvudng),

B=D=90" (gt), EAB=FAD (gic ¢6 7
canh tueng dng vudng goe @ EA L AT,
BA L AD).

Vay AABE = AADF (g.eg).

couyra Al = AF dodé AMFEcintan A, g
b} Ta lai cd : AIKE = AIMF (g.c.g)

Suy ra 1K = IM.

1.43
vi Bl =F: (do Ey i CDn, IE = IF (gt), Ii =Tz (ddi dinh),

Nhir the : IK = IM, IE = IF nén KFME 14 hinh binh hanh.

Do AAFE cin nén trung tuyén Al cing la dubng cao, tire 1a AM 1 FE.
Hinh binh hanh KFME c6 KM L FE la hinh thoi.

¢) Chu vi ACEM bing : % = ME + MC + CE

Biét ME = MF (canh hinh thoil ma MF = FD + DM va FD = EB (vi

AABE = AADF} nen ME = EB + DM. Do d6 :
€ =EB + DM + MC + CE

= (CE + EB) + (DM +.MC) = CB + DC
Hinh vuang da cho nén CB = DC = khong doi, do dé % = 2BC khéng

doi khi E chuyén dgng trén BC.

o Livi binh : Sau diy la bai todn ehinmg minh biing nhiéu cach :

"Cluing mind bang nhiéu caeh ménh dé sau : Néu trong ti gide ABCD
cee dufrng choéo la plhda gide cde goe cia no thi ti gidae dé I hinh thot."

Cach gial nhu sau ;

— Cdelt 1, Ta c6 AABC = AADC (g.e.g) va
ABCD = ABAD (g.e.g) (hinh 44). Suy ra
biin canh cia ui gide ABCD bing nhau,
nén do la hinh thoi.

- Cdch 2. Xét AABD = ACBD (c.g.c), suy
ra AB = BC, AD = DC va BAD = BCD.

;

H.44

Theo bhai ra ;'11 '—ﬂz, ﬁl = ﬁz. Uy 1A .F!.: = E!-.;. Az = ﬁn,
tae 1a AB / DC va BC / AD. Viy ABCD Ia hinh thoi.

~ Cidch 3. Ké AF L BC, AE 1| CD ta sé c6 AF = AE (hinh 45a), tir dé suy
ra AAFB = AAED (vi AF = AE, FAB = EAD). Vay AABD can, nén phin

gide AOQ cing la dutmg cao (AD | BD). AABC cing can vi BO vira la

phin gidc via la dubing cao nén AB = BC.
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7. a) Xét hai tam gide vudng ABE "

1G4

Trong AABD cin ta ¢6 : By = Dy, suy ra Bz =Dz nén BC = CD.
Vi By =D va ﬁ] =f’r2 nén Bz =Dy,
Tuang ty By = Dz, nén AB / CD va BC / AD,
B C F B C

H.45 b

~ Cdch 4. Qua dinh A ké EF L AC (hinh 45b) ta ¢6 AECF cin vi AC vita
la phin gide vita la duding cao nén CF = CE, AF = AE va CFE = CEF.
Ta co AAFB = AADE (g.c.g). Suy ra AR = AD, tiic 134 AABD céin nén AO
vira la phin gidc vita 14 dutrng cao.
Xét AADC o DO vim la phian gide va vita la dubmg cao nén tam gidc
nay cin va AD = CD. Tuong ty AB = BC. Vay ti giae ABCD cé bén
canh bing nhau la hinh thaei, -

va ADF (hinh 46) c6 AB = AD,
BE = DF, ABE = ADF = 90" .
nén AABE = AADF, do do e

S o, e S S o T 0
AE = AF va DAE - DAF. i SR
Ma BAE+EAD = BAD =00° A=} !
nén DAF + BAD = BAF = 90°, b g 4
Xét hinh binh hanh AEGF cé D
hai ecanh lién tiép AE = AF la [ e R ' H.46
hinh thei. B "

Hinh thoi nay ¢é mit géc vubng nén 1a hinh vudng,
b) Do DCG = 45° (gt) va DCE = 90°, suy ra GCE = 90° - 45° = 45°, Vay
khi'E ehay trén BC kéo dai thi G ndm trén phin gide gée DCE.

¢} Goi O la tam hinh vuing ABCD ta ¢d AC L BD va AC 1 CG nén
BD ¥ CG (1)
Mat khac OA = OC, KA = KG, suy ra OK la dubng trung binh cia
AACG nén OK W CG (2}

I



Tir (1) va (2) suy ra ba diém B, D, K cing ndm trén mét dutmg thing
qua O va song song vdi CK, tic 1a ba diém B, D, K thdng hang.

e Lai binh : Ta xét thém bai todn sau vé hinh vudng

"Vé phia ngodi ciie ADEF ta vé hai hinh vudng DEGH va DFIK. DM la
duong cao ciia ADEF. Trén duing cao DM kéo dai ta Idy diém T sao cho
DT = EF. Cluing minh rdng giao diém GF va El la trite tam cida ADEF."

Céch gisi nhu sau (hinh 47) Ty

Ta phéi chimg minh GF va EI (ciing
vdi DM) 1a cédc dutmg cao cia ATEF.

Ta c6 D = E (gic b canh tuong dng
vudng géc), suy ra GEF = EDT.
Vay AGEF = AEDT (c.g.c).

Suy ra F1 = Ti.

Nhwmg Ti + TEF = 90° nén Fy + TEF = 90°,

Tir d6 ESF = 90°, tife 1a ET L GF. Ching minh twong ty FT L EI Nhu
vay AEFT ed ba dutimg cao la DM, EI va FG, nén chiing edt nhau tai
mit diém la true tim cia tam gldc. \

8. Dung hai tam gidc OEO, va OFQ, (E va F theo thit tr 13 trung difm ede
canh CD va BC cua hinh binh hanh ABCD (hinh 48)).

Ta c6 AOEQ, = AQFQ, (vi OE = FC,
FC = O.F, OE = O,F; tuonpg tf ta chitug 0,
minh duge O4E = OF). :
Céde goc th OEO; va OF0; bing nhau ) o o
{ghe ed canh tuong dng vudng goc). Tir 0, RS A

hai tam gidc bing nhau OEO, va OFQ, e 0,
& trén suy ra 00, = 00, 00,E = 0,0F. # B
Do OE va OF tao thanh goc vudng nén
00, va OO0y cimg tao thinh gée vuong.

Vay 40,040 la tam gide vubng cén. I1.48
Tuong ty cde tam gidac 0.040, 0,040 va 040,0 ciing vubng cin. Suy ra
t gide O0,0,0,0 13 hinh vudng. :

L

o L&i binh ¢ Tuong ty @ "Cho hinh vuéng ABCD. Goi P va @ ldn lugt la
trung dién cia AD va DC, Chiing minh ring :

a) BP 1 AQ
B C5 = AB, trong dé 8 lé giao diém ciie BP va AQ."

Di
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Ta 6 edch giai sau (hinh 49) ;

a) Xét AABP = ADAQ (vi AP = DQ, A =D, AB = DA) (c.g.c)
A I B

suy ra B = Ay,
Trong tam gidc vudng PADB ta co
Bi +P = 90", suy ra Ai+Pi = o°,
do dé BP 1L AQ,

b) Néi C vdi trung digm R cia AB, ta
cd AR = QC, AR // QC nén ARCQ la
hinh binh hanh, suy ra AQ // RC, ma
BP L AQ (cau a) nén BP 1L CR hay 1) 0 &
CR la duting cao cua ACSB. .49
Trong AABS ta o6 RA = RDB (gt), RC // A8, suy ra TS = TB (tinh chit
dudng trung binh), do dé CT Ia trung tuyén cia ACSB.

Trong ACSB cd CT vita la dubmg cao vira 1a trung tuyén nén tam

~  gific nay cdn, suy ra C8 = CB = AE.

9. a) Ta ¢ (hinh 50) ED # BF va ED = BF
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(vi ciing e %Aﬂ] nén BEDF la hinh

binh himh, do dé BE # FD. Lai ¢é GE
la dutmg trung binh eaa AAHD (vi
AE = ED va EG // HD) nén GA = GH.
Twong ty FH eing 1A duimg treung
binh cua ABCG nén GH = HC,

Yay ta cd AG = GH = HC.

b} Ta ¢é AAEG = ACHF (g.c.g), vi AE = F'C = Elm:r = éHG, A =G va

Ei = " (s0 le trongl. Suy ra GE = FH. T\t gidec EGFI ¢é hai canh
déi song song va bing nhau la hinh binh hanh.

¢) Mudn hinh binh hanh EGFH la hinh chit nhat thi phai c6 hai dutmg
chéo EIF = GH.

Khi dé, ta cé EF = CD va GH = %AC (cdu a). Suy ra GH = EF, tie

la .;“ac -~ CD hay AC = 3CD,

d} Mudn hinh binh hanh EGFH la hinh thei thi phai ¢é hai duimg chéo
EF 1 GH.
Khi dé, ta ¢d AE = ED, BF = FC nén EF # CD. Do dé EF | GH thi
DC L AC, tire la ACD = 90°,

e} Muén hinh binh hanh EGFH la hinh vuéng thi hai dutmg chéo EF
va GH phai vudng gdc vl nhau va biing nhau. ;




That vy, ta da o6 EF 1 GH (vi ACD-90° theo cau d) vi EF = GH hay
AC = 3CD (theo cdu ¢). Thanh thit AACD phdi 14 tam gide vubng tai @
ma AC = 3CD. s

o Lii binh ; Tuong tu : "Goei E, F, G, H theo thi ty la trung di€ém cde
canlt MN, NP, PQ, QM cida hinh thang MNPQ.

a) Ching minh EFGH la hinh binh hanh,

b} Hinh thang da cho phdi ed diéu kign gi d& hinh binh hank EFGH la
finh thoi, hinh chi nhdl, hinh vudng 2"
Cach gidi nhu sau (hinh 51} : 2

a) Trong AMQN ta cé EH 1a dutmg trung

binh nén HE # QN va HE = %QN

Lai cé6 GF la duémg trung binh trong :
APQN nén GF /#/ QN va GF = %QN. Q 3

H.b61

Suy ra HE / GF va HE = GF. Véy ti1 gise EFGH la hinh binh hanh.
b} Chimg minh tueng tu nhu ciu a, ta ¢é EF = HG va EF // HG.
Muén hinh binh hanh EFGH la

- Hinh thoi thi phdi ¢ hai canh lién nhau EF = FG, do dé hai duing
chéo MP va NQ béing nhau, viy MNPQ phai la hinh thang cfin.

- Hinh chir nhét thi gée FEH phai vudng tide 1a hai dutmg chéo MP va
N@ cia hinh thang MNPQ phai vuéng gde vdi nhau.

- Hinh vudng thi hai duimg chée MP va NQ phai béing nhau va vubng
gdc vdai nhau, tic a4 MNPQ phai la hinh thang cin ¢6 hai dubng
chéo vudng gic.

10, Phan ticl : Gia sd ABCD 4 hinh thoi phai dung mé AC = m, cdc dinh
B va D lan lugt ndm trén hai dudng théing b va ¢ (hinh 52). Luu ¥ ring
dyng hinh thoi quy vé dung mét dinh bat ki cia nd, ching han dinh B.

Theo tinh chéit hinh thoi cde dinh B va D dai
xtmg nhau qua dubng thing a (BD 1| a), ma B
ndm trén b nén D s& ndm trén b’ dai xing vai b
qua a. Tir dé ta dung duge ngay dinh D la giao
diém cua dutng thing ¢ cho trude vdi duiing
théng b'.

+ Cdch dung : Trén nda mat phing dSi efa nia
miit phang chia b, bey la a, dung dutmg thing b’
déi xing vdi b qua a.

w
.l
-

B..ees " D
— Lay giao di€ém D cia b’ va c. 2 H.62

- Qua D dyng duting thing vudéng gée vdéi a tai O cdt b tai B.
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Dung A va C trén a sao cho AO = C0 = g

Tt gide ABCD la hinh thoi phai dung.

Chiing minh : Ré rang ti gide ABCD c¢d hai duiing chéo cdt nhau tai
trung didm cda mdi duimg v vudbng gée vdi nhau nén 14 hinh thoi.

Bign lwin :

Néu ¢ // b’ thi bai toan v nghiém.

Néu e = b’ thi ¢d vi 86 nghigm.

MNéu ¢ vd b’ cit nhau & ngoai dudng thing a thi bai todn cé mot
nghigm hinh, cbn néu ¢ va b’ ciit nhau trén dung thing a thi bai todn
vb nghigm. :

Léi Binh : Tuong ty @ "Dyng hinh thot MNPQ biét téng hai duong
chéo MP + NQ = a va gice NMP = "

Ta ¢b edch gidi sau ,

( diy chi néu hai budc la phan tich va cdch dung.
Phdn tich : Gia sir MNPQ 1a hinh

thoi da dumg duge vii MP + NG = a

via NMP = a (hinh 53). M
Goi O la giao difm hai duimg
chéo, ta ¢6 OM = OP, ON = OQ

va NQ L MP, vdi MP > NQ. Q H.53

Trén OP l4y diém K sao cho OK = ON. Khi dé MK = OM + ON = -3.

AONK la tam gidc vubng can nén NKO - 46°, do dé dung duge ngay
AMNK va xde dinh duge diém O va cde dinh P va @ cia hinh thoi.
Cdch dung :

Duyng AMNK bist NMK = o, MK = % v NEM = 45°.

Dumg trung trie cia NK cdt MK tai O

Dumg cdc diém P va Q ddi xing cia M va N qua O.
Thi gide MNPQ la hinh thoi phai dung. " P
FPhan tich : Gid su PQRS la hinh vuéng phai

dumg cé ba dinh Ptréna, QtrénbviRtrén b Q
¢ (hinh 54). ! :
Thue hién phép quay tim Q mot goe 907 thi
diém R s& tring véi diém P, dutng thing e
s¢ dén vi tri ¢’ qua P 14 giao didm cia a va ¢




Poan thing PQ la canh hinh vudng ¢ thé dung duge, tir d6 ma dung
duge hinh vuéng PQRS.
+ Cdcl diung ;

- Ldy mét diém Q bit ki trén duing thdng b. Phép quay tam Q mijt gde
90" s& duge diém P trén dubmg thdng a. Poan thing PQ la canh hinh
vudng phai dung.

— Dumg tiép ede dinh R, 8 eiia hinh vuéng PQRS.

Néu ta chon didm Q lin lugt trén ba duémg thing ¢, a, b ta a8 duge ba
hinh vuing P,Q,R\8,, PsQ:R.S; va PyQuR,S, (hinh 55),
8,

/\P. ) P,
ISReTe
g | \/ " e

Q, R,

H.G6 Sy

Trong trudng hop mdt dudng thing cdich déu hai dusng thing con lai
thi hai hinh vuéng P,Q,R(S8, va P,Q.R.S; bing nhau.

Bai todn ¢é vb s6 nghiém hinh do vi tri diém Q thay déi trén ecde
dutmg thing a, b, ¢, tie 1 v6i Q trén ¢ 58 cé vd s6 hinh vuéng bling
PiQuRi8,, vii @ trén a sé ed vd 58 hinh vudng PoQuR.S, va vai Q trén
b 82 ¢6 v s6 hinh vuling PyQsR.S,.

o L& binh : Xét thém bai todn sau vé hinh vudng :

"Cho M va N la trung di€m ede cqnh AB va BC cia hinh vuéng ABCD,
Goi P la giao didin cia DN va CM. Béng phép quay hay chimg minh
doan PA bing canh hinh vubng.”

Ta cd cach giai sau thinh 56) E x _ﬂ
Quay hinh vuing xung quanh tim O mit L
goc 90° ta sé duge diém D 1a dnh cia C. y
Trung diém N cia BC 1a anh cia trung :
diégm M cia AB. Do dé phép quay di bién 0
doan MC thanh doan ND béng né. Suy ra
MC L1 ND.

Néu Q la trung diédm cla canh CD thi A
AMCE la hinh binh hanh, vay AQ i CP va H.66

giao diém 8 cia AQ vi PD la trung diém cla PD. Ngoai ra AS L FD,
do do APAD la tam gide cdn nén AP = AD.
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12. Gia st ti gidge ABCD da dung duge vdi hai canh déi bing a, b va ba

170

goe u, B, 7 (hinh 57)

Ta thay ring néu dyng hinh binh hanh ABCE

thi dyng duge ngay AAED biét AD = a, AE = b

va DAE = BAD - BAE = A - 180" - B)
=+ [} - 180"

(hai canh vi ghe xen giita).

06 duge AAED ta dung tir E goe AEx

bing B, roi dyng tir D goe ADy bing 7. W

Do dé xdc dinh duge dinh thd ba C la A d D

giao diém cia hai tia Ex va Dy. , 1.57

Cudi cing chi edn xde dinh dinh thi tu B ciia hinh binh hanh AECE,

tige cang 1a dinh thi tu cla tir gide ABCD can dung.

Do téng cac goc cua mot L gide biing 360" nén bai todn chi cé nghiém

hinh khi téng a + f + v < 360" va a + p = 1807

Lai binh : Tuang tu @ “Dyng ti gide ABCD biét hai canh ddi AD = aq,

BC = b, cde gdc A=a, B=j va dogn EF = m néi tring digm hai

canh dai AD, BC.” G

Cach giai nha sau -

Phén tich : Gia sd ABCD la wi gide da L :

dung duge (hinh 58). Néu dai chd song S GAL T

song canh AD dén CG, canh AC dén - =

BH thi ba ti giae ACGD, ABHC va

DBRHG déu la hinh binh hanh. Cde goc

GCH=A=qu, HCB=B=}.

Nhu vay ACOB dung duge ngay (biét hai A B

canh v mot goc). Tit d6 dumg duge Cx /f AB.

Ngodi ra eé thé xde dinh vi tri trung difm M ciia BG, vi tri clia H nfim

tron Cx vi F 1a trung digm cua AH va caa BC (giao diém hai dugng

chéo), EF = %DH - MH = m. Xdc dinh dude vi tri ciia D thi dung dudge

ngay dinh A,

Cdch ditng

Dyng ACGE biét hai canh CG = a, CB=bva GCB=a+}

Tit trung diém M cua BG Iy lam tam dyng cung tron ban kinh m et
Cx tai H.

Néi HM va kéo dai dén D sao cho MD = m.

Tt D dung DA song song va bing GC.

Ty gide ABCD 12 tif gidce cdn dyng. Bai todn cd mt nghiém hinh.




13. Do ABCDE la ngi gide déu (hinh 53) nén : "
AB = BC = CD = DE = EA :
va A1 =B =C =D =Es.
Suy ra AA' = BB' = CC' = DD’ = EE’
v Az = Ba = Cs :flg = Ba.
Xét hai tam gidac AE'A' vas BA'B co :
“ AE = BA'(gt), A2 = Bz, AA' = BB’
nén AAE'A' = ABA'B' (e.g.c).
Chirmng minh tuong tu ta ¢ :
AAF'A' = ABA'B' = ACB'C' =z ADCT' = AED'E',
dodo: AB =BC =CD =DE =EA (1)
Laie6 - Aj =B} (vi AAE'A' = ABA'B),

A} =B} (vi ABA'B' = ACB'C),
suy ra : tfl +J"'?2 = E‘Tt i E!_.E. hay FAB = AET{]'.
Chimg minh tuong tu cd :
E'AB =ABC =BCD =CDE =DEA'  (2)
Thi (1) va (2) suy ra ABCDE langn gidc déu.
o Lai binh : Xet tham bai todn sau - |
"Ba gide déu cé bao nhidw canh néu ting sd do tdt ed cde gde ngodi va
mgt gde trong ciia da gide bing 468" 7
Goi s canh cia da gide déu la n. Mbi gée cia da gide déu c6 58 do la
(n -2).180°

Il

. Da téng 56 do cde goe ngoai cda da gide la 360" nén ta cé

phuong trinh @ 360+ L L ﬁ}.lﬂﬁ =468,
Quy déng mau roi kha méu duge
J60n + 187 360 = 468n hay 540n — 468n = 360
Tirdd : T2n = 560 Vayn = 360 : 72 = 5.
Da gidc deu nay la ngi gidc déu.
14, Ta phdi xét hai trubng hop tay theo digm M @ trong hofie & ngoai ngi
pidc déu.
= Trugng hop 1. M ¢ trong nga gide (hinh 60a). Ta ¢é :
AEM = CDM = 108 - 60" = 48’
V1 thé tir cde tam gide cin AEM va CDM c¢é

AME = CMD = 66 AMC ='360° - 60° - 2.66° = 168°.
B
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— Truirng hogp 2. M ¢ ngoeai nga gide (hinh 60b). Ta cd :
AEM = CDM = 108° + 60° = 168°;
AME=CMD =6° va AMC = 60° - 2.6° = 48",
Viy gée AMC biing 168° néu M 4 t.:n::mg ngi gide va biing 48" ndu M &
ngoal ngi gide.

B
AE
E D
a)

H.60
o Lévi binh : Xét thém bai todn vé da gide déu

"Cd bao nhitu da gide ddu ma ede ditmg chéo biing nhau 2"
Ta thiy ngay dé la hinh vuéng va hinh nga gide déu (bic la n = 4 va
n=25) Thé thi néun = 6 thi sap ?
Gid sit da gidc déu D\De.D, véi n 2 6 co cde dutng chéo bling nhau.
Khi d6 cdc dutmg chéo DDy, DuDy biing nhau. Nhung td gide D,D,D,D,
ed DDy va DuDy la dutmg chéo, com DDy va DuDy 1a eanh, che nén
DDy + DDy < DyDy + DD, Mau thufin ! Vi bén doan D,Ds, DD,
DhDy va Dol phii bing nhau,

15. a) Do AF // ED (gt} (hinh 61) nén d& dai doan vuéng géc ha tir A vaA F
xubng ED bdng nhau, do d6 : Sype = Sepe.
Hai tam gidc ndy cb chung
phian dién tich MDE (M la
gino diém cia AD va EF)
1nen Em..ﬁ: = S[JMI" |:1}
Goi N 14 giao difim eia BC
v EG. Ching minh tuong
fur ed Sepe = Sgpe, SUy ra
Spnk = Sung (2)
Tir (1) va (2) ta thay dién tich AEFG = dién tich tb gide ABCD da
cho. Viy Sgpe = Sapen = 96cm?,
b) Theo ciu a) thi Samg = Spwe nén Syuup = Sepe. Do H 14 trung diém
cia FG nén Seyp = Sene (day biing nhau va dubng cao biing nhau).

H.61

Viy Sagup = Senr = 48cm’,
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o Léi binh : Sau day 14 bai todn vé tinh dién tich tam gidc ;
"Cho AABC ¢6 dign tich 252cm®. Trén canh AB ldy diém E sao cho
EA = EB, trén canh BC ldy diém F sao cho BF = 2FC va trén canl CA
ldy diém G suo cho CG = 3AG. Ba duimg thdng CE, BG, AF cdit nhau
tgi N, M, P. Tinh dign tich AMNP."

Ta co cach gidi sau (hinh 62)

El![!-H = _;FSAHU = 126em” (vi dﬁ_}" EB Z%J'!LH}
1 i 1
E"'ﬁ[-'[: = ESI’LHC = 84dcm” (vi dﬁj" FC = E Hﬂ}

1

Swno = 7 Sapc = 63em” (vi ddy AG = éﬂﬂ}

Ta cd: Suwr = Sanme = Sape — Spue = Sa (%)

i 1 1 i
L.a.l co Sw-‘g = ESHEZE = E].EE = 42 (cm”)

l % ) .
T Sppe = EEME =128cm?, Sppe = 42em®, AH Ia duimg cao AAEC, suy

ra AH = 3. KF (KF la duing cac APFC) va Sy = 3.5, Bare = Bdem®,
- Tit dé -4S|-|?1'. = Em-'r = 84431'1121 nen S,u:;: = %’1'3 - ﬁﬂ{ﬂlllgj-

Tuong tu, ta tinh duge © Sppy = 108em®,  Suyuw = 5Gom®,
Viy thay vio (%) ta ed : Syyp = 262 — 63 — 108 - 66 = 25 (em), °
16. a) Ta phai xét ba trudmg hop, fﬂy theo digm P tring vdi tdim O cia lue
giac déu, P ndim trén mit canh OA, nao dé (i = 1, 2, 3, 4, 5, 6) hoéc
P néam trong mdt tam gidc ndo da.
= Trutng hgp 1. P = 0. Khi d6 ed sau tam gide déu ¢o canh biing 1.

.63
- Truting hap 2. P nfim trén eanh OA, chiang han (hinh 63a).
Khi dé ta ed hai tam gide PAA, va PAA, thoa man dé bai vi
AAr=AsAs =1, PA; > 0A; =1, PAy 204, = 1, PAg > OA; = 1, do
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PA; va PA; 14 cde dubmg xién ed chin xa chin dubng vuing goc
AQ, Ay hon AyO va AO.

~ _ Tring hep 3. P nlun trong mét tam gide nao d6, chng han trong

ADA A, (hinh 63b).
Khi dé APAJA; ¢6 AjAs = 1, PA; > AxQy > AsO =1
v PA; > AQ: > A0 =1L

APAGA, o Asd; = 1, PAy = 1 (chitng minh trén), PAy + PAg > 2.
Tir dé :
« Né&u PAy = 1 thi APA3Ay thoa man.
« N&u PA; < 1thi PAg > 1 va APA;A; thoa méin.
Vay trong cd ba trudbmg hgp ta déu ed it nhdt hai tam gidc thoa man
bai ra.
Tang cde canh eda 6 tam gide biing

AjAg + Aoy + Ay + AgAs + Ashg + AgAy + 2(PA) + PAs + . + PAg)
=6+ 2004, + .+ 0Az) =6 + 2.6 = 18.

b) Goi khodng cdeh tit P dén AjAy, Audy, o, AgAy 18 dy, dy, o, dg Khi dé
dién tich lue gide déu bang :

g = G-%.I.E}H _30H

1
Mit khéc : 8 = z dddy + dg + ..+ dg)

Suy ra dy + dy + .. + dj = 6.0H = khéng déi.
Viy téng cic khodng edch tir O téi cde dinh cia lue gide 14 nhd nhit.
o Lai binh @ X610 thém mdt bai todn vé bat gide déu :

"Chitng minh rdng dign tich cda mgt bdt gidge déu bing tich cda dudng
chéo lan val dwing chéo nhia.”
That vay, gia s ta cd bdt gide déu
A ALA A ALA M Ay (hinh G64). Tir hinh
niy ta cit bin tam gide vudng A;AqP,
AAQ, AAQ va AgAP va chuyén ra
phia ngodi nhu hinh vé.

‘Ta duge hinh chi nhit KLMN ¢é hai
canh chinh la dwing chéo ldn va
duting chéo nhd cia bat gide déu :
EN = LM = AjAs
vi KL = MN = AA,
Suy ra Sy e ace = tich hai duéng chéo lén va nhé.




§11. XUNG QUANH TAM GIAC PONG DANG

A. KIEN THUC CAN NAM VOUNG

1.

a)

b)

a)

L)

al
b)

c)

a)
b

c)

a)
L)

Binh i Taletl

Néu mit duimg thing song song vdéi mit eanh cla tam gide va cdt hai
cagh cén lai thi né dinh ra trén hai canh dé nhitmg doan thing tuong

ung ti I8,

Bio lai, néu mit dudng thing eit hai canh cia mit tam gide va dinh
ra trén hai canh nay nhimg doan thang tugng dng ti 18 thi duimg
thang d¢ song song vdi canh con lai cua tam gide.

Trong tam gide, phin gide cua mot gie chia canh ddi thanh hai doan
thiang ti 12 vdi hai canh ké hai doan dy.

Tam gide ding dang

— —

Hai tam gisc ABC va A'B'C' la déng dang néu A=A", B=B, =0
AR _BC _ AC

A'B' B'C' A'CH

Néu mbt dutmg thing cit hai canh cia tam gide va song song vdi canh
con lai thi nd tao thanh mot tam giae mai dong dang vai tam gide da cho.

Vi

Ba truing hop tam giae ding dang

Hai tam gide dong dang khi ¢6 -

ba canh ti 1é& véi nhau tung dai mit.

mét gée biing nhau xen gitta hai canh ti 1& vdi nhau timg déi mit.
hai géc bing nhau timg dai mat.

Truwing hop tam gide vaing ding dang

Hai tam gide vudng dong dang khi eé :

mdt goc nhon bang nhau timg doi mot.

hai canh goe vuong ti 1& vdi nhau timg déi mot.

canh huyén va mgt eanh goc vudng ti 1§ véi nhau timg dai mot,
Ti 56 dudng cao va dién tich cia hai tam gide dong dang
Hai tam gidc dong dang o6

ti 85 hai duiing cao bing ti sé déng dang.

ti s6 hai dign tich bang binh phuong ti s& déng dang.

B. CAC BAI TOAN DIEN HINH

1.

Qua giao diédm O cia hai dubng chéo hinh thang MNPQ ta ké mét
dutmg thing ciit hai ddy MN va PQ ldn lugt tai S va T. Biét réng ti s6
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1 E- \q

an . tinh ti 58 1—
=N TP

2. Cho hinh binh hanh ABCD vdi P va Q theo thit t 1a trung dim cia
CD va DA. Hai dubing thing AP va BQ cit nhau tai O. Héi dign tich
hinh binh hanh ABCD bing mdy phin dién tich AAQO 7

4. Trén cdc canh MN, NP, PM ectia AMNP ta lay theo thi tir ba diém P,
M, N' zao che EI; = ::;H; = I?:-I = % Chitmg minh r‘éng gita chu vi

@ cia AMNP va chu vi @ cha AM'N'P' c6 bat ddng thie :

1
=¥ {f‘{E?ﬁ
2 4

4. Cho ADEF, Ké trung tuyén DK, phan gide KM eiia gée DKE va phan
gide KN cua goc DKL,
a) Ching minh MN /# EF.
b) Goi O 1a giao diém cia DK va MN, chimg minh ring O la trung

. diém cia MN,
6, Cho AABC cd ba trung tuyén AA', BB va CC Phén gide cua gde AC'C
" cit AA' va AC theo the Ly tai P va Q, phin gide cda gée BC'C cit BB'

vi BC theo tha te tai M va N, Ching minh ring néu AP = AQ thi
BM = BN. |

B. Qua dinh A cda hinh vuéng ABCD eanh a ta ké mit duting thdng bat
ki edit BC tai M va DC kéo dai tai N. Chirng minh hai tam gidc ABM

£ 5 - a " 1
vt NCM dong dang, tir ds ching minh hé thie - LIS = 1
CM CN a

7. Cho hinh binh hianh DEFH c¢6 dién tich bing 1. Néi dinh D véi trung
diem K ena canh EF cit duling chéo EH tai M. Tinh dién tich cia ta
gidge KMHF. -

8. Cho tam gide déu ABC va M la trung diém canh dday BC. T M ké MN
va MP tao thanh gée MNP bing 60° (N trén AB, P trén AC). Ching
minh ring '

a) Hai tam gidac MBN va PCM déng dang va suy ra hé thue :
BC* = 4. BN.CP. .
b} NM va PM theo thu tu la tia phéan gidc eda vie gie BNP va NPC.
¢} Cde khodng cdch tir M dén cde canh AB, AC v& doan thing NP
bing nhau va bling nia duting cao cia tam gide déu ABC,

%, Cho hinh binh hanh ABCD es AC la dubng chéo lén, Tir B ha BM L AC,
te Cha CN L AB va CP 1 AD. Ching minh
a) Hai tam gidie ANC va AMB déng dang, hai tam gide APC va CMB

ding dang
b) Hé thiec : AB.AN + AD.AP = A
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10. Cho hinh thang ABCD (AB // CD). Mét dutmg thdng d cdt hai canh
bén, hai dudng chéo va hai ddy kéo dai tai sdu diégm K, N, L, M, P va
& tao thanh nam doan trén d.

a) Chimg minh réng néu hai doan ddu va cudi PK = NQ thi hai dogn
thit hai va tha tu KL = MN.

b) Tim ti sd eda hai eanh ddy hinh thang d€ ¢6 thé ké dudng thdng d
580 cho nam doan bing nhau.

11. Dung tam gidgc DEF 6 gée D bling 70", canh DE gap ba canh DF va
trung tuyén DM bing m.

12. Dung tam gide A'B'C’ déng dang v6i tam gide ABC bigt viing dién tich
elia né bing % dién tich cia tam gide ABC.

C. CACH GIAI VA LOT BiNH M N g

------

1. Xét AOPQ (hinh 65) 6 MN / PQ nén

theo dinh li Talet : oY DM.

TP OP
Xét AOTQ ta b - % B %g._ i ——— Q e P
Tir ede ding thife trén suy ra % = % ay % = % (tinh chat ti 1&
thite). Nhung %=§ (gt) nén gg _g Vay %:%

o Loi binh : Tuong ty : "Qua trong tim O cila ADEF ké dwing thdng
song song vdi canh DF cdt DE tei H, cdt EF tai I Tinly HI biét rdng
DH + IF = 22cm va ADEF 6 chu vi la 90cm.”
Ta ¢d edach giai sau (hinh B6) :

2

Do O 4 trong tdm nén : L
EK 3

Lai do HI #DF nén : 2H _IF _OK 1
- DE EF ER 3

,DH+IF 1 22
"DE+EF "3 90-DF
Tie dé DF = 90 — 66 = 24 (cm).

MNhung % = g neén 2DF = 3HI, viy HI = % = 16 (em).

Suy ra

2., T P ké PR // AD cdt QB tai S (hinh 67). Ta ¢6 :
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Dodié; SP=

Suyra: AP = — AO.

Sago _ AQ A0 1 2

R

1
S,op AD AP 26 &

1
Vi S,ﬂ,pu = ;Emcn, nén Sapcp = Eﬂ.s,\m.

Lai c6 :

L&t birgh ¢ Ta xét thém bai todn sau -

“Tie diém M trén ddy BC cia AABC ta ké dwing thing song song vdi
trung tuyén AN cdt AB tai P va AC tai Q. Cliing minh :

AP AQ Q
W AB AC
L) MP + M@ = 2AN." A
Cdch gidi nhu sau (hinh 68) :
AP NM P
Do AN // MP nén — = — 1
a) Do P nén 5 NB (1)
A HNM B M N G
WS =he @ H.68
Lai c6 NB = NC (gt) nén tir (1) va (2) suy ra : % T %.
b) Cing do tinh chit song song & trén ta c6 :
MP _BM. MQ_CM
AN BN AN CN
Céng timg v& hai ding thie nay duge @
MP+MQ BM+CM BC
- i R
AN BN _ BN
Suy ra MP + MQ = 2AN.
Trude hét ta clhimg minh réng @ < %‘ﬁ;‘-’
(hinh 69). P

Trén ba canh MN, MP, NP ta ldy ba

Fr 1L'.|.u:' Mi
diém tuong tmg P", N”, M" sao cho :
. MP" NM" PN" :
M N N' P
H.649

PN ME NM >

.



Theo bat dédng thic gita cdc canh trong tam gide ta ¢6 € nhé hon chu
vi lue gise MM'N'N"F'P". Mi chu vi lue gide nay bing %rﬂf vi tdng 4§

" a3 . E‘ iF = n E ]
dai cde canh déi cha lue gide béng 3 tong dé dai cdc canh song song
vdi chiing cha tam gidc.

~ By gitr ta chiing minh € > %‘i‘ﬁ

Ké cdc doan thdng M'N", NP", PM", ta ¢é : MN" #/ MN, N'F" // NP,
e T S Lo N .
MN NP PM 4

Theo bit ding thite gitta cde canh trong tam gide ta eé

MP + PN" > MN"

PN + PM" > PM"

M'N'+ M'P" > N'P"
Cang timg vé ba déng thie nay ta duge :

¢.les 3¢ hay € > g
4 4 2

e Loi binh ; Xét thém bal todn sau

"Cho hinh thang ABCD cd diy AB va CD. Tt A ké dudng thing song
song voi canh bén BC edt duimg chéo DB tgi M. Tit B ké duong thdng
song song voi cgnh bén AD cdt duong chée AC tai N. Ching minh
doan MN song song vdi hat ddy."

Ta ¢t cdch gidi sau (hinh 70) ;

Goi A’ 1a giao diém cia-AM véi DC va B’ la giao diém ciia BN véi DC.
Ta c6 : AB // CD, AM # BC, BN # AD (gt) nén xét hai hinh binh hanh
ABCA' va ABB'D ta c6 : AB = A'C = DB

A B
AN DB’
4 NE' / AD —_— —— (1)
AADC ¢ nén 5 BE
AEDG cd MA' Y/ BC nén E = _{L_C (2)
BD DC
AN D B A C
P AR s e, 170
AC BD

Viy theo dinh 1f ddo Talet ti 1& thiic nay chimg to : MN # AB // CD.

4. a) Theo tinh chat dutmg phin gifu: cua mjt tam gide, trong ADKE wdi

MF‘ ]{E
hé ige KM ta ed (hinh 71 —— 1
phin gidc a cd (hinh 71) : MD - KD (1)
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NF EKF

Tuwong tu, trong AKDF vdi phin gi.ﬁu EN ta ¢6 : ND = XD (2)
ME NF

T N - = KF theo

I'it (1) va {(2) suy ra TR (vi KE Dﬂ‘tl

Vay theo dinh li dao Talet ta cé : MN // EF.
b) Do MN / EF nén theo dinh li Talet ta ¢é :

OM DO . ON _ DO - M 0 N
KE DK  KF DK’ /\AD/\
OM ON : .

Suy ra: — =—— ma KE = KF, ; )

W R TR Eoum® !

do dé6 OM = ON, tidc 14 O [a trung diém cia MN.
Loi binh : Tueng tu : "Cho AABC ¢o goc C i va chu v la 112cm. Phéan

: ; ; DA .
giidc goc B cdt cagnlt AC tgi D sgo cho 7] =§ va phdn gide géc C edt
canlt AB tai K sao cho EA = 2EB. Tinh cde canh cila AABC."

Ta c6 cdach gidi sau {hinh 72) :
Do BD la phin gidc goc B nén

DA_AB 5 . AB BC
DC BC 3 4
Do CE & phdin gide goe C nén :
EA AC B
BB BC 18y C (2) .72

AB BC AC AB+BC+AC 112
8 6  5+3+6 14

Viy ba canh cua AABC ed d¢ dai la :

AB =58 =40 (cm), BC =38 =24 (em), AC = 6.8 = 48 (em).
Goi E la trung diém eta doan PQ, D 14 giao diém cla AE va CC', va F
14 giao diém ctia DB va MN (hinh 73).
Do AE | QC' (vi AP = AQ theo gt) va
CE la phian gide cla gdc AC'C nén
AC' = DC', ma AC' = C'B (gt) suy ra
ADCB cfn va C'F L DE,
Theo tinh chit dumg phin gidc trong
tam gidc ta cb :

ﬁQ=ﬁU'=EE'=EN ' "

Qe o' 6e Ne H.73
suy ra QN // AB. Tuong tu : FPM // EF /! AB.
Do dé theo dinh li Talet thi FM = FN, do 46 BM = BN.

8.

Tir (1) va (2) suy ra :




o Lai binh : Tuong tu : "Cho ADEF vdi EM la phin gide trong, EN ld
phdn gide ngodi cida géc E, T M va N ké cae duong thdng song song
vdi canh EF edt ED tai P va Q.

a) Tinh DE va PQ biét MP = g, EF = 1,50

b) Qua dinh F ké dwing thing song song vdi eqnh DE cdt EM tai S va
EN tgi T. Chuing minh ring F la trung diém eida dogn ST.

¢) Chung minh h¢ thie EM.FM = DM.SM."
Ta eb cdch gidi sau (hinh 74) :

DP MP PE a
DE EF EF 1,5a

al Do PM # EF nén :

i3 E.
auy ra HE E=E,dudﬁ DE = 3a,
DE 3 5
Vi EN 1a phén gidc ngohi nén :
ND DE _3a’ D [B"F N
o = = | - 2.
NF EF 16a 8 H.74
DQ ND DE+EQ 3a+EQ
DoEF /A QN nén: —=——=2 ha = =2
< BQ NF Y TEq EQ

do d6 EQ = 3a. Viy PQ = a + 3a = 4a.
MD DE ND DE

b) Do ST // DE (gt MD DE . ND_DE
S EHnén S "SF " NF -~ FT

Lai ¢b -—ﬂ% =% (vi EM va EN la phdn gidc trong va ngodi clia
géc E).

Tir ba diing thie trén suy ra E—E = ];_]:f Tit d6 SF = FT, tic 1a F la _

trung diém ela doan ST.
DM EM

c) Do M = M nén ta cb ngay hé_ thire EM.FM = DM.SM.

6. a) Ta c6 AABM e ANCM vi déula D C N

tam gidc vubng cd hai gic bling
nhau timg déi mdt (hinh 75) a
A =N (so le trong), /M
M1 = M2 (d61 dinh). . HE a
b) PatBM=btac6 MC=a—b. A 8
Do hai tam gide dong dang 4 cdu a) nén ta c6 :
CN CM s AB.CM ala - b)

it o P T o o i
AB BM w BM b
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T S b 1
CM CN a-b ala-b) a
o Léri bink ; Tuong tu : "Clio hinh binh hanh ABCD i @ la giao diém ha

ducing chéo, Cae duimg thing déi xiing voi AB va CD qua AC va BD et
nhau tai P. Chiing minh hai tam gide OAP vi ODF déng dang.”

Ta c6 cdch gidi sau (hinh 76) :

Ta chi cdn cliing minh hai tam
gidc eé hai goe biing nhau titng déi
mot. Dé cho gon ta ki hidu cic gic
bing nhau nhy & hinh vé.

Do tinh chat ddi xing, ta ¢ giao
diém O cach déu DC va DP, va
- cach déu AB va AP.

Suy ra O cdch déu hai canh cia géc APD, do d6 APD = OPD = B (1)

Tir da -

Lai ¢6 COD + DOP =u +f (g6c ngodi tai O ciia AAOP) (2)
¥ét ACOD e COD = 180° - a - CDO, ma CDO = ODP do déi xing
nén (2) trd thanh :  180° — o — ODP 4 DOP=a+p '
hay 180° —a —(180° - DOP —)+ DOP =a +p

Suy ra DOP =« = OAP  (3)
Hai tam gidc OAP va ODP =6 hai gée biing nhau timg déi mjt (theo (1)
v (3)) thi déng dang.

7. Tir B ké dubmg thing song song vdi KD cit HD kéo dai tai P, réi tir D

lai ké DN # EH (hinh 77). E . K - 7
; ' .
Tacb : Sppyy = —»
PEH 2
vi Sppe =S -lwa$~—i
PRE = ODEK = 1 BEH = 5" P I H.77 H

Xét hai tam pide dong dang PND va PEH (do DN // EH) ta ed :

2 i1
EPND =[PD] :l. Tﬁdﬁ Ep-pH]_].: '-1—.
SpEn PH 9 12

Do Spup = Spuyx nén dign tich td gide KMHF bing hidu dién tich hai
r I K

tam gisge EHF va EMK, tie la biing — - — = —.
2 12 12

o Lii Dinh : Xét thém bai todn sau ;

"Goi G la trong tam cia tam gide déu DEF. Tu mit diém P bdt ki trén
canh EF ta ké PQ | DE va PR | DF theo thi ty cdt EG tgi 8 va GF
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tai T Chiing munh :

i)
b)

PSGT la hinh binde lidnd,
0Q = OR, trong dé O la giao diém cia QR voi GP."

Cdch gidi nhu sau (hinh 78) :

a)

b)

B. a)

b)

c)

G 1a trong tdm déng thoi 13 true tdm cda ADEF déu nén EG L DF,

FG L DE. Do d6 EG // PR va FG // PQ. Nhu viy ti gide PSGT c6

cée cip canh déi song song 1a hinh binh hanh.

Xét cde cap tam gide ding dang :
PT PF

FvaPSE (ggltach; — = —
APTF va PSE (ggltac T

PR FPF
APRF va PQE (gg)tacd : — = —
va PQE (g.g) ta cé PG PE
Tit hai ding thifc nay suy ra ding thie :
PT PR FT FPS

s = ssommam — D —

Ps pq Y PR PQ
dodé STHQR (1)

Goi I 1a giao diém cia ST va GP ta c¢é IS = IT. Lai cé % = ;T—R
Suyra 0Q=
Ta o6 : AMBIN .E'&.PGM {(hinh 79) vi cé B=C=60° va M; =P (do

ML Mz =Py + Mz =120%)

; _ BN

e

hay MB? = BN.CP (vi MB = MC)

Suy ra

3
Thay MB* = [Eﬁg] vao (1) duge :

4 :
%—EHEP

hay BC*®=4BN.CP.

Do hai tam gidgc MBN va PCM déng dang (céu aJ nén ta co :
ﬂ=Eh.ﬁ_§.ﬁ My Lo (2) RE=NMP—&U" (3)
MP MC MP MB

Tir (2) va (3) ta 6 AMNP © ABMN, suy ra Ny = No. Viy NM IA tia
phén gidc cda goc BNP.

Chiing minh tuong ty, PM la tia phén gide cia goc NPC.

Do M la giao diém hai tia phén gidc NM va PM (cdu b) nén M edch
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déu hai canh ctha gde BNP va hai canh cia gic NPC, tabe 1a M cich
déu AB, AC va NP,

Néu ké dutmg cao AM clia tam gide déu ABC thi BAM = 30° nén

trong tam gide vudng AQM canh MQ ddi dign géc 30° bling nita
canh huyén AM. Viy cde khodng cdch tit M dén AB, AC, NP déu

béing nhau va bing -%ﬁl"-‘i cia tam gide deu ABC.

o Lii binh ; Xét thém bai todn sau :
“Cho tam gidge ABC cé do dai ba canh li a, b, e. Cluing minh rdng diéu
hién cdn va di d8 A = 2B la o = b° + be."
Theo yéu ¢du clia dé bai ta phdi chimg minh :
a) N&u A = 2B thi a® = b® + be.
b) Pdo lai, néu a® = b? + be thi A = 28
Cédch ching minh nhu sau :

a) Ké phéan gidc AM cia gdc A. Theo tinh chdt phéin gide

caa mot tam gide ta cd :
MB AB ¢ - Lz
—— = —— = — (hinh B0
MG - AC h[ nh 80)
. BC-MC a-MC
Ta lai c6 thé vist — = > .
o e T T Me MC

ab B a M C
* H.80

Suy ra MC =

+C

Mit khdc xét hai tam gide ddng dang AMC va BAC (géc C chung,

o AC BC b
Ags =B) tacd ! — = — hay — [
. MG AC T MC :
Thay gid tri cia MC vao (*) duge :
b a b+e a 2 _ 13
~ Y h.a:.r —a Tir dé a° = b* + be.

b+e
b) Trén tia doi cia tia AC ta ldy doan p

AD = AB = ¢ (hinh 81).
Hé thiic a® = b” + be ¢6 thé viét : A

a_bse .. BC_CD

b a - AC BC b
Suy ra hai tanl gidac CBA v? GHP 3
déng dang ma C chung nén B; =D, B a C
Do BAC la gée ngodi ciia tam gide h.al
cin ABD nén BAD =D+ Bz = 2B; = 2B, tdela A = 2B trong AABC.

—

2
b




9. a) Hai tam gide vubng ANC va AMB N
(hinh 82) c6 mdt géc nhon BAM chung
nén ching déng dang va ta cé :

AN hay AB.AN = AC.AM (1)

. -

AM AB

Hai tam gide vudng APC va CMB cé

_;';: = (so le trong) nén ching déng
dang va ta cb ;
%{E— = % hay AD.AP = AC.CM (vi BC = CD la canh d58i cia
hinh binh hanh) (2)
b) Céng timg vé (1) va (2) duge :
AB.AN + AD.AP = AC.AM + AC.CM = AC(AM + CM) = AC%
o Lok bink : Xét thém bai todn sau :

"Qua di€m P ndm trong AABC ta ké tia AP cdt conh BC tai D, tia BP
cdt canl AC tai E va tia CP cdt canh AB tgi F. Ching minh ring tich
DB EC FA

DC EA’FB
a). P la trong tdm. M i
b) P la truc tdam.
¢} P la giao diédm ba duong phdn gidc,

c) P la diém tiy 3. B 0 =0
Ta 6 cdch gidi sau (hinh 83) - - \
a N 1-

a) Trubmg hop P 14 trong tim.
Do AD, BE, CF theo thd ty 14 ba trung tuyén eia AABC nén ta cb

= 1, trong bén trudng hop sau : A

y . DD EC FA
ﬁ t'l‘ TP 1’ T ].. R T T 1|
T EA FB
Nhén timg vé& ba ding thite nay duge : o ; il .Fﬁ =],
DC EA FB

b) Truting hep P la trye tam.
Do AD, BE, CF theo thi tu la ba duting cao eia AABC nén ta xét :
~ Hai tam gide vudng ddng dang ABD va CBF (vubng tai D va tai F)

vi cd gboc B chung, ta cd ; E-E = ﬂ'ﬂ
FB BC
- Hai tam gide vudng déng dang BCE va ACD (vudng tai E va tai D)
EC BC
vl ¢6 gbe C chung, tacd ; — = —_,
R : DC  AC

~ Hai tam gisic vuing déng dang AFC va AEB (vudng tai F va tai E)
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Fa _AC
EA AB

Nhén timg vé ba ti 1§ thic trén duge
DB EC FA AB BC AC _
FB DC' EA BC AC AB
¢) Trutng hop P 14 giao diém ba phéan gide,
Ta c¢d cidc ti 1& thire san ; g'(BE = i-g-, EE - ig gg = ':S
DB EC FA 1
DC'EA FB

vi c6 géc A chung, ta 6 :

Nhan timg vé ba ti 1& thude nay duge :

d) Trubng hop P la diém tay v.
Tit A va C ta ké cde doan thing AM va CN cang song song vdi BE
(hinh 83). Ap dung dinh li Talet :

T ) SO - EE PN

_ e — viao AANC ta cd
vao ADBP ta cd ' 56 " BN vilo Fﬁ
FN CN FA AM
_ v Pt B i
VAo ﬁPN(J ta cd ; =y AI'-'I vao AFBP ta ¢ T

- DH.EU_FE zﬂPlEH_ﬂmz
DC EA FB CN AM BP

10. a) Pé cho gon ta dat AD = a, BC = b, PA = m, CQ = p (hinh 84),
Xét cdc cidp tam gidc dong dang cé ddy
trén 2 dl.l'tillg: I;.hfi.ll‘:g AD va BC con dinh la i
mit trong bén diem K, L, M, Ntacd : = =  jm————r==-=ssreesns
PK m PN m+a
KQ b+p' NG p
ﬂ‘i:E PM BT E (%)
LQ p' MQ p+b RS B
Néu tich ciia hai ti 58 eudi eiia (*) bling 1 thi :
. PL PM m{m+a) 1 PL MQ

LQ MQ plp+b) ' LQ PM
PL MQ .
tir dé PL = MQ.,
Suy ra Pq PQ (4]
Nhung PK = NQ (gt) nén ta c6 KL = MN.

b) Bén ti 86 cta (¥) lan lurt bing %. 4, -g- g khi va chi khi :

dm=b+p, 4p=++m, 2p=3a, 2im + a) = 3(p + b).

Né&u m = 2k théa man ba ding thic ddu thi p = 3k, a = 10k, b = 5k,
Suy ra ding thire tha tu cing thiéa man.
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Viy duting thing d tdn tai khi vi chi khi trong hinh thang mf:t ddy
gdp doi ddy kia.
s Loi binh : X6t thém bai todn sau :

"Cho hinh thang vuéng MNPQ (M@ la dudng cao) cd fuai dm’mg chéo
vudng gée gl K. Goi 8 la gioo didm cda QM va PN va T lé trung diém
cila duirng cao MEL.

ak Ching minh gdc SKT vudng.

b) Tinh dién tich hinh thang MNPQ biét dwimg cao MQ = 8cm, dudng
chéo QN = 10em.” )

Céch giai nhy sau (hinh 85) : B

a) Tia SK cit hai day MN va PQ tai I va J.
Do MN // PQ nén ta ¢d :

MI SM_MN_KN IN Mo L
Q] sq PQ Kq @ B0 S H.85
Suy ra MI = IN, tic la Kl 1a trung ‘T’.-""PEI

tuyiin cia tam gide vuong MEN. Do dé 3
KI = MI vaA AMIK can, suy ra : ! 1'._ -
i =M (1) ' Q J P

Mit khéc KT la trung tuy&n cha tam gide vudng MEQ nén KT = TM,
sUy ra Ty=Mz (2
Tir (1) va (2) suy ra By +T = My + Mz =90°, tic la SKT vubng.

b) Xét hai tam gidgc vubng déng dang QMN va PQM (vi Q, = P1 1a goc
eo canh tugng img vuéng goc) ta eé : QM = MN.PQ (%)
¥ét tam gide vudng QMN ta cd !

MN? = @N* - MQ* = 100 - 64 = 36, tir d6 MN = & (cm).

Thay vao (*) duge : 64 = 36.PQ, suy ra PQ = z; = %[{:m]
Viy dién tich hinh thang MNPQ la :
16
MN +PQ E’”‘E,‘ 280 , 1
I MQ=—=.8=—=31=(cm").
2 3 g

11. Phan tich ; Gia sit ADEF da dL,.tng duicic
(hinh 86) trong d6 D =70°, DE = 3DF
va trung tuyén DM = m, Tir diém P
bat ki trén canh DE ta ké PQ /f EF.

Ta dude hai tam gide dbng dang

DF DE
DP EF mi — = — = 3.
) va DEF ma DQ  DF
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Do d6, néu dung duge ADPQ thi dung duge ADEF,

Cdch ding ;

Dung ADPQ c6 D =70°, DP = 3DQ.

Liy trung didm N eia PQ, dyng tia DM trén d6 13y difm M sao cho
DM = m.

Qua M dung duiing thng song song véi PQ cit hai tia DP va DQ theo
thit tuf tai B va F.

Ta dige ADEF edn dung.

Chitrig minh : Xét hai tam gidc déng dang DPQ va DEF (vi PQ // EF)
ta c6 ngay ADEF théa mfn bai ra vi D=70°, DE = 3DF va trung

tuyén DM = m.
Bign lugn : Do c6 thé ldy thém diém M’ trén tia d5i eda tia DN nén ta
cd thém ADE'F"

Viy bai todn e6 hai nghiédm hinh.

Lai binh @ Tuong tu : "Dyng AMNP biét gée nhon N bing o géc P
bing 45° va dubing cao MH béng h.”

Bai nay ¢b hai cdch dung.

Cdch 1. (Hinh 87a) AMHP la tam gidc vudng cin vi P =M = 45° nan
MH = HP = h.

Tam giac nay dung duge ngay va ta e6 hai dinh M va P ciia AMNP,

Dé xdc dinh dinh N ta dung tir M mjt géc bing 90° - o ma mét canh
la MH, eanh kia sé cdt duting thdng HP tai diém N.

Ta duge AMNP ciin dung.
M M

h 1/ hﬂ'
C 3 Al { @ %

N H h o N H |
X

H.87

Cdcli 2. (Hinh 87h) Gid sit AMNP da dung duge. Tir diém I bdt ki trén
MN ta ké doan IK #/ NP, ta duge AMIK v AMNP,

Do dé ta ¢d cdch dyng sau :

+ Dyung AMIK bat ki e6 1=a, K = 45°.

« Dung tia Mx 1 IK trén lay diém H sao cho MH = h.




12.

« Dung qua H dutmg thdng song song vdi IK edt tia MI tai N va cit
tia MK tai P.
Ta duge AMNP can dung.

Do cé thé 14y thém diém H' trén tia d6i cia tia Mx nén ta cé thém
AMN'F', vi thé bai todn cd hai nghiém hinh,

Ta biét réing ti s0 dién tich hai tam gidc déng dang biing binh phuding

ti 86 déng dang nén néu Syme 1 _ k* thi ti s8 déng dang k = l

Do dé bai todn da cho quy vé : "Dung AA'B'C’ déng dang véi AABC

3 -r i

theo ti sd —.
4

Cdch dung nhu sau :

Trude hét ta v& mjt tam gide bat ki ABC
(hinh 88) réi dat trén tia AB mot doan

AB' = %HB. Tit B' dung dutng thing

song song vdi canh BC et tia AC tai C
Ta duge AAB'C' cdn dung.

B C

H.88
Do cd thé dat trén tia ddi clla tia AB mot doan AB" = iAB nén ta

dung duge mjt tam gide thi hai AB"C". Do dé bai todn ¢6 hai nghigm
hinh,

Lai binh : Ta xét thém bai todn sau trong dé yéu cdu phdi xde djnh
mét doan thdng theo cdc db dai cho trude :

"Cho ADEF c6 dé dai ba eqnh la d, e, f. Dung mot ducmg thing song
song vai canl ddy EF sao cho hinh thang GHFE tao thanh (G trén DE,
H trén DF) cd chu vi bing dé dai m cho trige.”

D& gidi bai todn nay ta gid st GHFE la hinh thang dyng duoe e6 chu
vi m cho trude (hinh 89). Goi DH = x, ta phai tinh DH theo cde 46 dai

d, e, £ va m. o
Xét ADGH o ADEF ta of

DH DG GH x x

a f d @ a H
By ra . = 22 i v / \
e e

Chu vi hinh thang GHFE blng : B HLEG ¥

EG + GH + HF + FE = [f—f—:'{-]+d—x+{e—x}+d=rm

e 2]
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Quy déng mau réi khi miu duge :
of = fx + dx + e’ — ex + de = me
hay ef + e+ de—me=(e+f-dix
eld +e+f -m) '
ae+f-d

Néu goi chu vi ADEF la d + ¢ + f = % thi bidu thie x ¢6 thé viét gon :

Tﬁ'dﬁ‘. DH=x=

el - m)

- ¥ -od
Nhu viy do dai doan DH duge xde dinh bai bidu thie x. Cé duge didm
H chi edn dung dutng thdng HG // EF dé duge hinh thang GHFE cé
chu vi m. Bai todn ¢d mdt nghigm hinh.

vii diéu kién @ > m va ¢ > 2d.
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§12. CAC HE THUC LUONG CAN NHO
TRONG TAM CIAC VUONG

A. KIEN THUC CAN NAM viUNG

1.
al
c)

@)

2.

a)

b)

c)

Ndam hé thie lugng trong lam gide vuéng

b* =ub'": ¢* = ac' b) h® = b'¢
al=h?+e? d) ah = be
1 - 1
—_— = —
h? B% 2
Ti 56 lugng gide ciia goe nhon
i e déi e, ké
sing = ————— ! CO3d = ~————m—
¢. huyén ¢. huyén
G c. ké
tano = ! cota = =
e ké e, dii e
Mét s6 tinh chat : Nt

Néu hai géc phu nhau thi sin gée nay biing cosin géc kia, tang géc nay
bing cotang goc kia.
Néu gde o nhon thi :

0 < sina < 1: 0 < cosx < 1; sin‘a + cos’a = 1;
S0 o CoSo

tang = ; cotr = ———; tana.cota = 1.
R B SN

Mot s6 hé the ;
Trong tam gidac ABC vudng tai A ta o :
b = asinB = acesC b = ctanB = ccotC

va
¢ = asinC = acosB ¢ = btanC = beotB.

1.

. CAC BAI TOAN DIEN HINH

Cho tam gidc ABC vuing tai A,
2 .

a) Ching minh rang : h—z = h—
e e

b) Biét ti 58 hai canh gde vudng la % canh huyén 122cm, tinh do dai

cdc hinh chiédu b’ va ¢,
¢} Tinh hai canh géc vuing b va ¢ va tir dé tinh dutimg cao h.

Ching minh tinh chit sau ddy eia hinh thang : "Trong mét hinh
thang téng cdc binh phuong clia hai dutng chéo bing téng cdc binh
phuong hai canh bén, e¢dng hai ldn tich hai canh ddy."
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Cho ADEF vuéng tai D ¢6 DE = 9em, DF = 12cm. Goi M 1& trung diém
cia EF, tir M ké dutrng vudng goc vdi EF ciat DF va ED theo tha ty tai
M va P.
a) Chumg minh ADEF déng dang vdi AMNF.
b) Tinh cde canh cia AMNF.
¢) Tinh d§ dai EP va PF.
Tir mét diém M trong ADEF ta ké cde doan MI, MJ, MK theo tha tu
vudng goe vdi cde canh EF, DF va DE (I,.d, K la chin edc dudng vudng
goc). Chiing minh hé the ;

EI* + JF* + DE® = IF* + JI + KE®.
Cho AMNP vubng tai M. Ké duling cac MH réi tir H ké HI 1 MN,
HK | MF. Goi ba eanh cia tam gide vumxg lam, n, pva MH = h, NI =i,
KP = k. Chifng minh :

i ad
l:(ﬂ] S
k n m

a)

Cho tam gide ABC vudng tai A.

a) Cdc tia phdn gidc cha cdc géc B va C chia canh dai AC thanh hai
phén ti 1& v6i 3 : 5 v canh d&i AB theo ti 12 4 : 5. Tinh ba canh ciia
AABC, bigt chu vi clia tam gide biing 84em.

b) Néu tia phan gide cia gée vudng A chia canh huyén theo ti lg 2 : 5
thi dutimg cao AH sé chia eanh huyén theo ti & nio ?

Cho hinh thang cin ABCD (AD = BC).

a) Tinh cdc canh bén biét cde canh ddy dai 12 6em va 6,6em va dubng
cao dai dcem.

b) Néu cde duting chéo vuéng gée vdi nhau tai K va AC = Tem, ti 88
cdc canh ddy AB : DC = 3 : 4 thi d9 dai cde doan KA, KB, KC, KD
va cdc cauh hinh thang bing bao nhiéu 7

Cho AMNP (MN = MP).

a) Goi MH la dubng cao wng véi canh NP va O la mot didm bét ki
trén dubmg cao dé, ching minh hé the ;

MN? - MP* = ON® - OF®,
b) Néu MQ la trung tuyén, hay ching minh he thie :
MN* = MP® = 2NP.HQ.

Chimg minh cdc hé thifc sau gira cdc ti 56 luong gide cia gde nhon o
1
a) = =1+tan’a b) =l+cot’a
COS" 0 S17 o
¢) Ap dung : Cho tanx = 4, tinh colx, sin“x, cos’x.




10. Rit gon cde bidu thite sau trong dé « 14 gée nhon :
a) sin“ac + cos’o + cot’a b) 1 - sinacotacosa
) (1 + eosa).tan“w(1 — cosa).
11. Chung minh edc ding thie sau trong 46 [3 1a giée nhon :
l+cosp  1-cosf  4cotf

al = —
l-cosp 1l+cosp sinp
T st RPN TRV R

cos” [}

12, Mét con thuyén duge chiéo vudng goc vdi dong nude cia mdt con sdng
ring khoing 180m. Do nude chay nén phai di mot khodng 240m mdi
sang duge be bén kia. Hoi dong nude da giat con thuyén léch di mt
goe bao nhiéu ?

13. Cho tam gide DEF vuing tai D va EP 14 phén gide gie E. Chuing minh

o ,
rang I:anE . P trong dé d, e, £ 14 d§ dai ba canh cia tam gide.
+

14. Cho hai tir gidac ABCD va EFGH co cic dl.[ﬂ'ug chéo AC = EG, BD = FH
va gée xen gitta hai dudng chéo clia mdi t gide déu bing o. Ching
minh ring ¢ Sywn = Seran

C. CACH GIAI VA LGOI BINH

1. a) Theo hé thic luong trong tam gidce
vudng ABC (hinh 90) ta cd :

b*=ab va e* = ac'

:I:.I L L
Ta cé thé viét ; i =i= ii
e? ae' ¢
: @ 2 1 g i
lel::IJ—I:E,-ZE—, nén £=E—_= il =i-
e’ ¢ 6 50 ¢ 25+36 61
Suyra: b= Esé]igg = B0 {em); o = 36&122 = T2 (cm).

¢e) Tacd: b¥=ab =122.50 = 100.61.

Tds: b=100ET(em v o= 2ba SV o

Bé tinh dubng cao h ta c6 ba cdach sau day :
— Cdeh 1. Ap dung hé thie luong ah = be, ed

b 11.126 20,
h:—“=mﬂu"ﬁ=lmm=5r.:ucm}.

a 122 61.2

193



- Cdch 2. Ap dung hé thie lugng h* = b'e', o6
h* = 50,72 = 25.4.36, suyrah =526 = 60 (cm).

- Cich 3. Ap dung hé thire lugng
1 1 1. 1 1 144 + 100 4.61

—_— e o — =
B B é lﬂﬂ-ﬁl 14481 T 81.100.144  61.100.144

. 100.144
h™ = , v

Tir do : ¥y : h = 60 (em).
o Lot binh : Tuong tu : "Cho tam gide ABC vudng tai A.

a) Tia phin gide gie A chia canly huyén thanh hai doan dai E-_‘;dm

v Egdm. Tinh dd déi hai eanh gic vudng.

b} Néu hai canh géc vudng dai 15cm va 20em va ta ké thém duong cao
AH (ngoai phan gide AM) thi ba dogn Hu'img BM, MC vi HM dif

bao nhicy "

Ta cd cdch giai sau (hinh 91) : A
a) Canh huyén dii : 21 + EE =5(dm)
T T 15 20
1
&
Theo béil ra ta cd : -ﬁE=-—-'i|—=E. I HM 5
AC o8 4 H.91
?
E 2 ‘am2 - 2
Su}rm:ﬁ}? =EG=AE +£LL=BE :Eﬂ_
g 4! 9+16 25 25

Tir d6 ta od ngay : AB = 3 (dm), AC =4 (dm).
b) Canh huyén BC = JAB? + AC? - J]E“ + 207 = 225 + 400
= /625 = 25 (cm),

Phén gidc AM chia canh huyén thinh hai doan BM va MC ti 1& vai
hai canh ké AB va AC ;

BM _AB_156_3 | =~ BM_MC BM+MC_25
MC AC 20 4 a4 I T
425 _ 2

Tidé: BM = E—f—E = lﬂ—l[r:mj MC = ~—?— = ldgtcm}

AB? 15%
Laic6: BH = — = E‘_’E = B{cm)

3] H
V. HM = 10—-9=1—¢( 1,
iy = = cin
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2, Trong hinh thang ABCD (hinh 92) ta phai ching minh ring :
AC* + BD? = AB* + CD* + 2AD.BC (*)
Thét vay, tir B va C ha cdc duéing vudng gée BE va CF tdi canh day
lén AD, ta ¢6 BE = CF.
ﬁm dung djnh li Pytago vio :
— Hai tam gide vuong AFC va CFD duge :
. AC* - AF? = CD* - DF* (= CF?) (1)

B &

"
L]
L]

¥
W

—~ Hai tam gidac vuong BED va AEB duge : s "I
BD* - DE* = AB*- AB*(=BE*) (2) A E " F D

Cong timg véé (1) va (2) duge :
AC* + BD® - AF* - DE? = AB® 4+ CD® - DI —-J'LE“"
So sanh vdi he thide (%) ta chi con phai ehdng minh
AF® & DE® — DF® — AE® = 2AD.BC (3)
Ta thay rang vé trai cia (3) ed thé viet :
(AF + DFHAF - FD) + (DE + AENDE - AE) =
ADIAF — FD) + ADIDE — AE)
ADIAF = AE) + (DE = IFD))|
= ADIEF + EF) = 2AD.BC, vi BC = EF.
o Lii binh :
1. Néu la hinh thang cin thi tinh chdt nay ¢ thé phat biéu nhy the nao?

R rang trong hinh thang cin hai duimg chéo biing nhau (AC = BD) va
hai canh bén bing nhau (AB = CID) nén tinh chat trén cé thé phit

bigu nhu sau ;
“Trong mdt hinh thang cdn, binki phuong cia mdt dwimg chéo bdng
binh pludong cida mat canh bén, céng vai tich hat canhi day.”

2. Néu hinh thang edn nay of dutrng chéo vudng gdce vdi eanh bén thi ta
cd thé ching minh ring : "Téng binh phuong clia hai canh bén béing
tich cua canh ddy ldn véi hiéu hai dady”, tue 1a thinh 93) .

AB* + CD* = AD(AD - BC)
That viy, ke BE va CF eing vudng goc vai day AD ta cé :

s A0 -BE . B3 ¢
' 2
Mat khac, trong tam gide vuong ABD ta oo :
= PLU T BI:::
AB” = AEAD = ——— Al . :
B i | 1
2 A I ; I’ )
hay 2AB" = ADUAD - BC) H.93
Do hai eanh bén AB = CD uén ta o6 ngay hé thie can chimg minh,
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3. a) Ta cd ADEF wv» AMNF vi déu la tam gidce
vudng (hinh 94) ¢6 eing géc nhon F.

b} XRét tam gide vubng DEF ta ¢ : 9
EF? = DE* + DF? = 9°% + 12*
= 81 + 144 = 225

Suy ra EF = 15cm, do dé MF = 7,5em.  E ; M P
Xét hai tam giae dong dang & cdu a) ta eb i
IJI_-.‘.:IJF:EF i 9 =12= 15 _
MN MPF NF - MN 76 NF

Sﬁ}' ra MN = ﬁg cm, NF-= Hg Cl1L.

¢) Ta ¢6 hai tam giie vuéng DEF va MEP déng dang vi ¢6 cing goc

nhon E. Do do ;
g: % hay % = % Suy ra : EP = LI 12,35 (em)
Do PM 14 trung true caa EF nén PE = PF = 12,5cm
o Lai binh : Xét them bai todn sau :

"Cho hindy ehie nhigt ABCD co cgnh AB = 15em, duong chéo AC = 17¢m.

a) Tinh dwimg chéo BD va canh BC.

by Tind khodng edeh DE tir D dén diing chéo AC”

Cach giar nhy sau (hinh 85) -

a) Trong hinh chir nhit hai duiimg ehéo bing nhau nén

BD = AC = 17em % 15 B
RET tam gide vudng ABC 1a cd - B
BC* = AC* - AB® = 17% - 15” = 64. Le, o

Do dé BC = 8cm,
b) Trong tam giac vudng ADC theo he

thic lugng ah = be, ta ¢6 ; D 11,95 c
ACDE = DADC hay DE.17=8.15
. 8.15 120
Vay DE - il e 7,05¢m.
17 17

4. V& trdi cua ding thic cdn cling minh goi cho ta phadi ldn lugt xét ba
tam gide vuong MIE, MJF va MEKD thinh 96). Theo dinh |i Pytago ta cé

EI* = ME* - MI*
JF* = MF* - MJ*
DE* = MD* - MK*
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Cong timg v& ba ding thie nay duoe :
V& trdi EI® + JF* + DK* = (MF? — MI¥) + (MD* - MJ?) + (ME* - MKY) (%)
Lai ldn lugt x6t ba tam gide vusng khdbe
MIF, MJD va MKE ta e :

IF* = MF* - MI*

JD° = MD* — MJ*

KE* = ME* - MK®
Céng timg vé ba ding thic nay ta duge
V& trdi IF? + JD? + KE = V& phdi coa ("),  © =
vil._'r’ hé thic da cho da duge ching minh,

o Lt binh : Néu biy git ta thay ADEF béing hinh chir nhat ABCD con
vén la digm M ndim trong hinh chir nhit (hinh 97), thi khi ha tir M
duimg vudng gée MP véi BC va MQ vdi AD ta cé thé ching minh rling

MA® + MC* = MB* + MD*

A B

tide 1a : "Tong binh phuong cac doan tir M = ;
dén hai dinh déi dién bing tdng binh Q BT Dl
plwgng ede doan tir M dén hai dinh dai

dién con lai”, e

That vay, xét cap tam gide vubng MQA ] H.97 ﬂ
va MPC ta o6 : . 2>

MA® + MC* = AQ" + QM* + MP? + PC* (1)
Lai xét cap tam gide vuong MPB va MQD ta 6 :
MB® + MD¥ = MP* + PB* +'MQ" + QD* (2)
Nhung do ABPQ va PCDQ déu la hinh chir nhat nén AQ = BP,
QD = PC, suy ra AQ*® = BP*, QD* = PC*.
Vay tir (1) v (2) ta o6 ngay hé thie MA® + MC® = MB* + MD%,

5. a) Xét hai tam gide vudng MHN va MHP (hinh 98). Coi i va k la cic
hinh chiéu cia HN va HP trén canh huyén MN v MP ta e6 (theo
hi thite lugng b¥ = ab’, ¢ = ac’): HNY = ip: HP® = kn

: i  HN?
“-_-,u}r ra l 5 = .E {:3:]
k  HP* p

Xét tam gide vudng MNP ta lai ¢o :
2 ] 2
= HN.m -
i T

n* = I-lP‘.m] HP "y
TRI2 il
finy O3

HP? gt



= b ¥ o

i 3 ¥
Thay vao (*) duge : —= P - [L] :

k 5 1

b) Hai tam gidc vuéng NHI va NPM déng dang (vi ¢é goc N chung)
s

oy f
nén — =—E. Ma p® = HN.an, hay HN = p—, do dé
p m 1
HN 3 ! Y
jE B ) i . T&ﬁngtgk:-"—g.
m m m  om m

Ngoai ra ta lai ¢6 : pn=mh, vay:

- | dyal 3
1 m“h :

'j =—5 hay tich ik = —.
m m m

1.k =

o Lii binh @ Tuong ty, ta xét them mot h thae khae !

“Chutng minh rdng trong ADEF ta ludn co hé tiic :
1 1 1 : ! 1 1
(d4+exfll—+—3= |={h;+h + A )| —HT+— 2
+f[d e*r] (i + ’}{n,f h, n,]

dhy; eh, Lhp

That vy, ta ¢é dign tich ADEF bling : S= = Y
. 2 2 2
a8 25" 25
da do : d:i. ==, r:i.
hd. ht' hr

Nhu viy vé trdi cia hé thae la

1 1 1 hy +h, +h d+e+f
{d+e+ﬂl[a+;—_-+?]=td+e+f][ ! Eg r):[hd+hn+h[1._és_

=(hy; +h, +hg) & + 2 + — . diing bing vé& phai.
hy h, bhi

6. a) Theo bai ra ta cd (hinh 9%a) theo tinh chat dutng phén gide trong
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Laim glac .
Ma& AB 3 vi NA _ AC 4

g —J
=r

MC BC 5 = NB BC 5
BC AC AB _BC+AC+AB 84
5 1 3 54443 12

Tir d6 ta co ngay - BC = 25cm, AC = 28cm, AD = 2lem.

e

Suy ra ;




b) (Hinh 99b) Ta cd :

PE AB 2 . HB AB* 4

—=—— = — ——=_-'=_[th a
PG AC 5 = HC AG? 2o oo cuisiabiiy

. 4
Vay duting cao chia canh huyén theo ti 56 —.
) 25

Loi binh : Tuong tu : "Dudng cao DH cia tam gidc DEF vuéng tgi D
chia bane gide thanh hai tam gide nlid,
a) Tinh chu vi tam gide bidt chu vi hai tem gide nhé la 3dm va 4dm,

b) Tinh phan gide DM cia goc vuong D biét hai phan gide tgi dinh
gic E va F ldn hoyt dai Gem va 8cm.”

Cdch giai nhu sau (hinh 100} : : I
a) Hai tam gide vuéng DHE va FHD
dong dang, vi cd D=F (goc oo
canh tugng ing vudng goc) va Ui sb

ding dang bang ti sf hai chu vi. & T

DF 4 DF DE IL.100
Dodé: —=— hay —=—.

DE 3 4 3

DF? DE?! DF?2DE* EF° DF DE EF
Suy ra; — = = — = — hay = e :

S 4% + 3° 5* 4 8 B

Ba tam gidc vuing DHF, EHD va EDF déng dang (vi ¢6 mft goc

nhon bing nhau) va gifa cde canh tuong ing eia ching ed t 1§
DF:DE:EF=4:3:56

P6 ciong 14 ti 88 gitta cde chu vi eda ching. M4 chu vi hai tam gide

nhd bing 4dm va 3dm nén ta suy ra mit cich dé dang chu vi cla
ADEF béng 5dm.

b) Twong ty nhu cdu a), véi ba tam gide vubng déng dang DHF, EHD
vii EDF taeé tiléa DF : DE : EF = 4 : 3 : 5. Bé cang 1a ti 1& gira cac
phan gide tuong ing cia ba tam gide d6. Viy ta ed

8:6:DM=4:3:5
Suy ra ngay DM = 10em.

. a) Goi MN la truc d61 xdng eia hinh thang
{hinh 101) ta ké duting cao AH va co .

DH = ND - NH = ND - MA
=6,3-33=3(cm)
AH = MN = 4em
AD? = AHY + DH® = 4% + 8%,
" Suy ra AD = BC = Sem,




b) ¥Xét hai tam gidc vudng AKB va CKD déng dang (vi A-C & vi tri

KA KB -AB 3
le t ta co : = = = —,
seinisanar e KC KD CD 4

Tir dd suy ra : H"-;=Iiﬂ=ﬁ?c=l, dodé :KA=3va KC=4
I41';3'=H:!‘E}=E;E'=1, dodé: KB =3 va KD = 4,

Trong tam gide vubng AKD tacd : AD = 3% +4% =5

Tam gidc cAn AKB vuong & K nén AB = KAJ2 =342,

Tam gidc cdn CKD Ivuﬁug ¢ Knén CD = KCJ2 = 44/2.

Tém lai : KA = KB = 3em; KC = KD = 4em; AD = BC = 5em;
AB = 34J2em  va CD = 42em.

o L&i binh : Xét thém bai todn sau :

"Cheo hinh vudng ABCD canh bing 10cmn va hinh vuéng EFGH ngoqi
tiép hinh vuéng do. Cdc cgnh eda hinh vuéng Ion bi cde dinh cida hinh
vudng nhé chia theo ti 86 3 : 4. Tinh canh cila hinh vudng ngoai tiép
EFGH."

L E A F

Gol canh hinh wvudng ngoar tiép la a vh
diéu kién a > 10 (hinh 102), 10
Céc doan bi chia trén hinh vuéng nay sé la ;

da . da D B

—_— i — :

7 7 ’

2 2

Tacd : -—EE - 4——a- =10°%

T T

. = o H C G

hay 3%a®+ 4%a® = 7.10% 1.102

Tirdo : 5%a = 7°.10% Vay 6.a = 70, suy ra a = 14 théa méan diéu kién
d trén. Thanh thit canh hinh vuéng EFGH biing 14cm.
B. a) Xét ede tam gide vudng tai H 1A MHN vi MHP (hinh 103) ta cé :
MN? - NH® = MP* - HP* (= MH®)
Suy ra : MN* — MP* = NH* - HP? (1) M
Lai xét cde tam gide vudng tai H 1a OHN b
v OHP ta cé ;
ON® - NH® = OP* - HF® (= OH¥)
Suy ra : ON® - OP? = NH® - HP® (2)
Tir (1) va (2) ta duge hé thie :
MN* - MP? = ON* - OP*,
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b) Theo ching minh Lrén ta cd theé viet
MN* — MP* = NH® - HP® = (NQ + QH)* - (QP - QH)*
= 4.NQ.HQ
Niumg do MQ la trung tuyén nén NP = 2NQ, Do dé ta cé ngay hé
thie : MN® — MP? = 2 NP.HQ.
Lat binh ; Xét thém bai todn sau : :
“Cha hinh vudng EFGH va M la mdt didm trén eqnh FG. Bung thdng

EM kéo deai cdt HG kéo dai tai N, Chiing minh : s + 1 =
EF* EM® EN?

Cdch giai nhu sau (hinh 104) ;
G N

H
a) Ta co AEFM w» ANHE (vi la -
hai tam gide vudng cd E=N /
go le trong). Do dé :

EM _FM i§

EN EH' ; S H104
ma EH = EF nén :

1 FM 1 FMe
= hay = ,

EN EMEF EN? EM? EF?
Mat khde, trong tam gide vuing EFM ta ¢6 : EM* = EF* + FM? (%)
1 1 FM® 1  FM®+EF*®

Vay

! + .
EN® EM? EM*EF* EM? EM®EF?
1 1 EM®* 1

$—= .
EN® EM* EM?EF* EF? .
Bé la hé thde cdn ching minh.

Két hop vai (%) duge :

E _ sino COS
. a) Theo dinh nghia tano = va cotee = ——, do dd ta cb :
COS0L B10MK
i ] . e
" si11 1 cost o+ sin® 1
l+tan" =1+ = = = —
COSG cos” o paS” o
' . D @
COso ST o+ cosT o 1 R
b) 1+mt21::=1+[1 ] o X -
Sl 51 o si”
i 1
¢} Do tich tano.cotw = 1 nén ta eé ngay cota = -—
tanoa 4

Theo céu a) thi :

=1+tan®x=1+16 =17, do d6 cos’x = i.
cos” % 17

P& tim sin®x ta co  sin*x = 1 — cos’x = 1—i _—.-IE.
17 17
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» Lixi binh : Tuong tw : "Cho ¢ Il mét gée nhon.
a) Clueng munh ring @ sing < tang  vi cosgp < cotg

: ; ; . . 1
b) Tink tong sin’p + cos’ g biét rang tich singposp = i

Ciich gidi nhy sau

a) Do p nhon nén sing va cosqp déu > 0 va < 1.

SLILp 1 . e - ..
» ma 0 < cosip < 1 nén = SN,
COsp COsY

Taecd: tang =

tiie la tang > sineg.

COS ; , 5
'451' ma (] < sing < 1 nén L3 COSp,

Lai cé : cotp = — 2
sing sing

tite 14 cotgp > cosegp.

b) Ta 6 Lhé vidt : sin'y + cos'e = (sin’p + cos?y)® - 2sin®peosp

s
o L) W
4 B 8

10, Tacd: a) sin‘a + cos™s + cota = 1 + cot’y =

sin® o

a ,
—— . cosa = 1 — cos®u = sina.
sino

b} 1 - sinacotocosa = 1 - sino

¢) (1 + cosc)tanall — cosa) = (1 — cos’a).tan’n

sin® o B sin® o

sin‘o,

cos* o cos” o

o Lok binh : Tuong tu : "Ril gon cde bidu thite sauw -

;o Zeos’ f - .
d) sin®f + sin®gtan®s ) Im& -1 .,...m&r_ﬁ +tan "
sinfi + cos 1+sinf

Ta ¢6 thé viét -

. ; 1
d) sin®fll + tan’p) = sin®p. e tan’p.

cos” [
2H il .2 2 12
i 2cos IE&‘ {(sin” [} + cos“ [§) _ 1:::-:5 [}=sin® = SR AT
sinf} + cosfi sinfl + cosfi
£ cos [ 5 sinf} msﬂﬁ+sin|‘; +8in®p - 14 ginp - &
1+sinfl cos/} (1+sing)cosp (1+sinfcasp cosfl
11. Tacé: |

a) Bién doi vé trdi, sau khi quy déng méu :
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{1+ msﬁji —{1- r:|:|~e.1]._]E % 1+ 2cosf+ cos? =101 =2cosp+ cos® )

1-cos™ 1 - cos®
_ dcos) - cosp 1 deotf
sinp sinfi sinp  sinp

Ve tran didng bﬁng v phai
b) Bién ddi ve trai:

e _ : - 1
cosp+sind - 1 cospesinf (1 + tanfy)

= y .
cos? i cos” [i cos [} cos [

= (1 + tan® BX1 + tanP) = tan?  + tan® p + tanp +1

VE trai ding bing v& phai. .
o Léi binh @ Tuang tir - "Chuing minh cde ddng thie sau :
w 7
sin" @ _cos g

I+coly 1+lang

= I —singcosy

cos@eolp ~ singtang

) = §inig.cose.”

| i
sing . COs g 1
Ta ldn lugt bidn déi vé trai - i
7 sin’p \ cos’ i _ sin® @ g cuti:'ur
1+cotp 1+ tang l-ktfiﬂ l+5nup
sinp COS

_ s’y " cos’p  sin’g+cos’y
sini + cosp  SIng + cosQ sing + cosg
Ap dung hing dang thie A" + B = (A + BiA? — AR + B*) ¢t bién
dai tiép

sin® i -|-:|::|:|~4-z.'rl @ (sing + cns:pj[si.nE [ — SIPeOsy) + cos” iy

SHL + COSY Sin g + coseg
= 1-singeosp. : -
Vé trdi ding bing vé phai.

d) Vé trdi ;
agn singp

COE{,—— — SN ) .
¥ i cesp cos° T sin® @ | singcose .4
cosy — SiNg SN COSY | COSW— Sing

sin@ecasg

_cos’e-sin®g . (cosg - sing)(eos® y + sinpeosy + sin’p)

COSp — Singp Cosip— siny

= 1 + sinpeosp — 1 = sinpeosg,
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12,

13.

A1

Goi chidu ring cia con séng la AB = 180m, dubmg di cda con thuyén la
AC = 240m (hinh 1035). 5 .
Trong AABC vubng tai B, ta phai tinh S
goc o bidt canh ké AB va canh huyén " gl o~ T
AC. Mudn thé phai tim cosin ela géc A.  — ~ @ —% —
Ta o - \_.--'—.-*—H-.:":EI"FE--..-" M

AB 180 3 =

o8 = cost = — = —— = — = [}, 75, H.105
AC 240 4

Tra bang lugng gide ta tim duge géc ma cosin biing 0,75 1a o = 41° 24",
Viy dong nude da giat con thuyén di mit géc bing 41" 24",

Lai binh @ Xét thém bai todn sau

"Got a li goc do tia ndng mt trol tao vei mdat ddt khi bong ngudi dai
hing mét phdn ba chidu cao cida nguoi va f la goe ki bong nguoi dii
gap ba chidu cao cida nguei. Gdée nao lon hon trong hai géc ava § 7"

Ta goi a la gée B, bing ngutri 134 AB va chidu cao

ngutii 14 AC trong AABC vudng tai A (hinh 106). C
| AC 1
Tacd:tana =tanB = — =3 (vi AB = —AC)
AB 3
Tra bang luong gide duge o = 72°, o
Trong trutimg hop béng nguéi dai gdp ba chiéu cao I
ngubn thi ta cd ¢
AL -1
tanp = =— (vi AB = 3.AC), h th = 3.
b AB 3 R oaep
Tra bang duge = 180°, A "An

Viy u = . iy -
(Luw 3 @ Trong hai gée néu gid tri eda tang goc nao 1én hon thi géc dé

Idn han. Do dé vi tana = 3, tanfl = % nén u > p).

Theo tinh chit phan gidc EP trong ADEF ta ¢é (hinh 107) :

PD_PE - PD_o-PD
ED EF f d
i S
Suyra : PD = =
d+f
Xét ADEP vuang tai D, ta co P d
Ll:mE = E = 2 -
2 ED d+f !
E Iy P e F
R o o H.107
d+f




o Lok binh : Xét tham bai todn sau

].4.

"Cho AMNP c¢é 6 dai ba canh la ba sd nguyén lien tiép khéong nhé
hon 3. Ch:ifﬁg_ mind rdng duong cuo hg xudng canh co d§ dai trung
bink chia canh nay thanh hai doan cé hicéu do deai bing 4.

Gia su d§ dan ba canh cua AMNP (hinh
108) theo tha tu 1a MN = n, MP = n - 1,
NF =n + 1, trong dé MN la canh trung
binh va& PH = h la dubmg cao chia MN
thanh hai doan dai x va y (x > v).

Khiddotacdix +y=n,

. y N n+l P
1 ] 2
Ngoadirax"=(n+ 1y -h H.108

va v¥ = (n - 1 - h® (theo dinh li Pytago)
Suy ra: x°—y’ = |[|‘.|-+ 1F-m-1F=n*+2n+1-n*4+2n—-1=4n
hay (x+ y)ix—y)=dn, vay n(x-y)=4n,
do do ta ed hi¢u x - y = 4.

(Hinh 10%) Goi 1 14 giao digm hai dutng chéo eda tif gidc ﬁ.ﬁ-ﬂD va K
la gino diém hai dubng chéo eda ti gidsc EFGH.

H.109
Xet cde tam gide ABC, ADC, EFG va EHG ©6 cde duéing cao theo thi
tu 1a BN, DM, FP va HQ. Ta ¢é :
BN = Blsina
DM = Dlsinu
FP = FKsinu
HG = HKsina

} Suy ra: BN + DM = BD.sina

] ouy ra ;. FP + HQ = FH.sino

B B e Bl %ﬁGLBH + DM) = -éﬁh{:.ED.siuu (1)

: ;
Seron = Sere + Sune = EEG{FP r HQ) = %EUFH.EEIIH (2)

Ma AC = EG va BD = FH (gt), nén so sanh (1) va (2) ta cé ngay :

Sanen = Sepan
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e Lo binh : Xét thém bai todn sau

“Cho AABC v @ la trong tam tam gide. Biét rdng hat trung tuyén AD
va BE wvudng goc vdi nhauw tai G, chiing minh ring tong binh phuong
ciia hat trung tuyén nay bdng binh plhuong trung tuyén thai ba CF.”

Td phai chimg minh hi thite AD® + BE® = CF” (hinh 110).

V& hinh binh hanh BECM dé c6 trung
tuyén BE = MC. Sau dé ching minh trung
tuyén AD = FM. Cudi cing chi can ching
minh AFMC vubdng tai M.

Thit viy, v&@ hinh binh hanh BECM ta cé
hai canh doi BE = MC. Do DE la duiing ) .
trung binh cia AABC nén DE ¥ AF va
DE = AF, suy ra td gidge ADMF cing 12 M H.110
hinh binh hanh, nén AD = FM.

Lai cd AD L BE (gt) nén FM L BE (vi FM # AD), ma BE # MC do dé
FM 1 MC. :

Trong AFMC vuong tai M, theo dinh li Pytago ts o :
FM* + MC* = CF* hay AD®+ BE®= CF".




§13. CO Cl LA VI DUONG TRON ?

A. KIEN THUC CAN NAM VUNG

.II
al
b)

c)

d}

a)

b)

cl

Buang tran

Qua ba diém khong thing hang ta vé& duge mdt va chi mat dubmg tron,
Bugng tron 1a hinh eé tam dai ximg v c6 true déi xing. Tam duong
trom la tdm déi xing, bit ki duimg kinh niao eing la true déi xing,
Trong cde diy cua duwing tron, diy lon nhat la dubng kinh.,

Pugng kinh vuéng gée vidi mét diy thi di qua trung didim eta day dy.
BPutmg kinh di qua trung didm ciia mat daj-' khong di qua tam thi ?uﬁng
goe véi day dy.

Trong mot dubing trom, hai day bing nhau thi edch déu tam, hai day
ciach déu tam thi bAng nhau.

Trong hai day cda mét dubting tron, diay ndo lén hon thi day dd #an
tdm hon, day nao gan tam hon thi day dé lén hon,

Vi tri twong d6i ciia dudng thang va didng tron

Buéng thing va duiing tron edt nhau:d < R

Puing thing va dutmg trdn tiép xie nhau 1 d = R

Butmg thang va duting trén khéng giao nhau : d > R

Trong dé, d 14 khodang cach tir tam dudmg tron dén duting thing.

Néu mit dutmg thing |4 tidp tuyén eia mot dudmg trdn thi né vuéng
goc vdi bidn kinh di qua tigp diém,

Néu mét duimg thing di qua mot diém clia dubng trom va vudng gée
vii ban kinh di qua diém dé thi dubng thing dy la tiép tuyén cia duimg
tron.

Néu hai ti€p tuyén coa mot dubimg tron cit nhau tgi mot didm thi diém
dé cdch déu hai tiép diém va tia ké tir diém dé di qua tam 13 tia phén
gide cua goc tao bdi hai tidp tuyén.

B. CAC BAI TOAN DIEN HINH

ll

Cho dutmg tron (O; R) va hai day bing nhau (AC = BD) cfit nhau tai E.
a) Tir gide ABCD la hinh gi ?
b) Tinh khoang edch tir O dén mdi day biét rdng AC = BD = ER_

Cho dutmg trom tim O dutng kinh AB va day MN cit ban‘kinh OA tai
P. Ké AC va BD ciung vudng goéc véi MN. Qua O ké duong kinh vuéng
gic vai MN tai E va cdt CB tai F. Chiing minh :

a) E va F theo tha tu 14 trung diém cia CD va CB,
b} Hai dean CM va DN bfng nhau.
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3.

7.

Iﬂi

208

Ching minh rfing ding thude va compa ta cé thé chia mgt goe n”
thanh n phan biing nhau, néu n la 86 tu nhién khong phai la bdi eda 3

va b -

Trong mit hinh vuing ABCD vé nia dutmg trén dutng kinh la canh
AD va v@é cung AC ma tdm la D. N&i D vdi mot digm P bat ki trén
cung AC, doan DP eit nua dubng tron duong kinh AD & K. Ching
minh ring PK béing khodng cdch tit P d&n canh AB.

Hai dutmg trom O; va Oy ed bdn kinh vy va re tuong dng (r; < ry) giao
nhau tai cic digm M va P. Goi MA 14 day eung eua dutmg tron O, tiép
xtie véi duding tron O, tai M, goi MB la day cung cia dubng tron O,
tigp xie véi dubing tron O tai M.

Trén duting thing MP lay dean PH = MP. Tir 0, ha duing vuing goc
vél MA, tir Oy ha dubmg vuéng gic véi MB, hai dudng vubng géc nay
cAt nhau tai S,

Chimg minh ring PS L MH, tir dé suy ra ti gidae MAHB néi ti€p duge
trong mot dudng tron,

Hai dutmg tron (O) va (Q) cang tidp xie véi mit duting thing tai M va
M’ va cing ¢ vé mdt phia vdi duling thing d6, ban kinh tuong dng bing
3em va 12cm, khodng edch gitta hai tam bang 41lcm. Hai dubing tron dé
dnﬁng théi lan theo chiéu nguge lai trén tidp tuyén-chung véi vin tde lem
trong 1 gify. Hai sau bao nhiéu giay thi ching eham nhau 7

Ba dubmg tron bang nhau tim Op, 0., Oy cidt nhau tai diém K cho
trude: Goi Ay, Au, Ay |3 cdce giao diém con lai. Chuing minh réng hai
tam gidc ;0,04 va AjAsA; biing nhau,

Trong mit dudmg tron ta vé ndi Liép mét tam gide céin ba géc nhon cé
dién tich 5 va métl hinh thang sao cho ddy ldn cda né trang vdi dutmg
kinh cua dutimg trén, con cdc canh bén song song vdi cic canh bén cia
tam gide. Pubng trung binh eda hinh thasg bing a. Tmh dubing cao
ciia hinh thang theo S va a.

Cho tir gide ABCD néi tifp trong mot duting tron, Goi A', B, €', D' ldn
lugt 1a trong tam (giao diém cdc trung tuyén) cia cde tam gidgc BCD,
CDA, DAB va ABC. Ching minh ring bén doan thang AA', BB, CC
va DIV di qua mot diém 6 dinh va bén ditm A, B, C, D' ndm trén
mit dudmg trdn.

Cho duding trén (O) va diém M trén (0) Qua M ké tidp tuyén Mt trén
dé lay didm A bat ki roi ké tiép tuyén AN,

a) Chimg minh bin diém A, N, O, M niim trén mit duéng tron tam L
b) Tim quy tich cia I khi A chay trén Mt

c) Ha NP L Mt cit AO tai . Ching minh td gide ONQM 14 hinh thoi
vi suy ra guy tich cia Q.




11. Cho tam gidie ABC vudng tai A v duang cao AL Tinh ban kinh duding
trom noi tiép cia tam gide theo ede ban kinh v, va r, cua hai dutimg
tron non tiép cdce tam giae AIB va AHC.

12. Cho goc xOy va duing trou tigp xic voi hai canh cia né tai A va B, Tir
A trén Ox ké dubting thing song song vdi Oy cat duimg tron tai C.
Doan OC et duimg tram tai P va hai duimg thing AP va OB eit nhau
tai Q. Clhung minh ring OQ = QB

C. CACH GIAI VA LOI BiNII

. a) Do hai diy AC = BD nén khoang cich tir O dén hai day bing nhau
hay OM = ON thinh 111). Xét hai tam gidc vudng bang nhau OEM

vit OEN (conh huwén OFE, canh sgoe -
: . iR e ot e
vudng OM = ON) tn cé EM = EN. PAN)

Hai tam giic cin dinh chung B 13 EAB v
ECD ¢d ede gée & dinh E bang nhau nén
A1 =Gy (so le trongk Suy ra AB / CD.
Tir giae ABCD Ja hinh thang 6 hai duimg
chéo AC = BD 1 hinh thang can.

b} Trong tam giie vudng QAM ta co, theo
dinh li Pyvtago :

2

s

=
I

OM” = 0A® - AM* = R? -

8o

Viy OM=0ON = M
3
o Lo bindd : Co thé néu thém hai cau hoi sou
"New goe tar E vuong
el Tinl dién ach ik gidge OMEN vi ban kinh duing trén ngogi tiép L
grdac nay.
d) Tinh tdng EA” + EFF + EC° + ED* theo R."
Cech gidl nhu sau . ‘
¢l T gide OMEN 1a hinh vudng cé canh 15 OM

; 3 v e (RY  BRE 7
ma OM* = OA® - AM* = R*® [I] 4 20 nén OM = ———ERI.
' A
3
. (9RJ2 | 8R?
Dign tich cia nd la (thinh 112) I i;r-l = 5
L

Buiing tron ngoai tiép td giide OMEN ed duting kinh la OE, ta eo :
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14
OF = OMY2 = EH“F B a2 /’_\
4 g M
L) .

Vay bian kinh duéng tron nay la %

NH

d) Ké duitng kinh CF ta ed AFAC vuing tai A

(vi trung tuyén AQ cin AFAC bang % canh

FC). Do dé AF / BD (cing vudng goc vdi Drsc
AC) nén AB = FD, suy ra AB = FD. 1112
¥eét hai tam gidge vudng AEB va DEC, theo dinh li Pytago ta co :

EA* + EB® = AB* (1)

EC* + ED* = CD¥ (2
Céng timg v& (1) va (2) duue

EA* + EBY + EC® + ED* = ABR* + CD* = FD" + CD*
= FC* (vi AFDC vubng tai D)

Vay téng ]1f1iii tim bang KC* = (2R)* = 4R".

2. a) Ta ed OF 4 AC vi cing vubng gic vdi
MN (hinh 113). Do O la trung didm cuia
AB nén OF la dutng trung binh cia
AABC. Suy ra F la trung diem eun BC.

Xét ADCB co EF / BD vi ecing vuing
ghe vai MN, lai di qua trung digin F coa
BC nén EF la dutmeg trung binh cua
ADCB. Suy ra E la trung diém cua CD.

b} Do OE L MN nén E chia day MN thauh
hai phén biing nhau hay EM = EN (1),
Mat khic I lai 1a trung diém cia CD nén EC = ED (2)
Tris timg vé (1) cho (2) duoe : CM = DN.

H.113

o Lot binh : Co the néu them hat ciu hoi sau :
"Chirng minh ede hé e ¢
) ACLPE = PC.OE o) OE.PD = PE BD."
Cdch gifi nhy sau ;
¢) Xét hai tam gide vubng CAP vh EOP déng dang vi cé hai goc dai
dinh tai P biing nhau, ta co ;

AL 9% L4y AC.PE=PC.OE.
PC PR
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d) Hai tam gidic vuong FEO vii PDB cang tlﬂllg dang vi cé gie P chung

T Tl ) hay OE.PD = PE.BD,
PE PD

Cdc gid tri chancé thé la - 1, 2, 4, 7. 8, 11, 13, 14, 16, 17, 19, ..

a) Vdin = 2, 4, 8 ta chia goc bing cich ke dutmg phin gide.

b) Véi n = 7, ta dung gic a = 7" hién tiép 13 lan va duge goe p = 91°
Tir dinh cua gée ta ha dubng vuéng goée véi mit canh eta nd, tifc
dung goe p = 90", duge gée i - ¢ = 1", Cudi cing chi vide dung lign
tiép edc gie 1" dé chia goe o thanh 7 phin bing nhau,

e} Vdin = 11, ta dung gée f = 11" 88", rdi dung gdc ¢ = 90" dé duge
goc ¢ - [ = 2% Chia déi goc nay ta cé gie 1" va sé chia dé dang gdc
11" thanh 11 phan bing nhau.

d) Véi m = 13, ta dung goc y = 7.13" = 91" va trd lai truiimg hop b) 6
tren,

e} Vdi n = 14, ta lam nhu d cde trvéng hgp a) va by dé chia gic 14"
thanh 14 phin biing nhau.

g) Va1 cde gid tri con lai eda n ta ed ddng thie n = 15k + 1, trong da

r=1,2,4,7, 8, 11, 13, 14. Ta dyng goc 15" nhur sauy ¢
Chia mot gde cia tam gide déu thanh bén phin bing nhau. Dét goc
15" k lin ta duge gde " = 0" — (15k)" vi chia duge goe nay thanh r
phin bang nhau nhir cich dung & cdc truding hop a) va d).

Lai binh : Tuong v : "Hay chia gde % thianh ba phdn bing nhaw.”
7 .

. , T : & .
Ta thiay riing chia gde 7 thianh ba phin bing nhau tuong dudng vdi

1 1’.1 r:)l
== — === do dé suy ra
SR e ¢

. T 1 1
viée dung gie —. Nhimg — = ::f— -
7.3 873773

ciich dung sau ;

Lay goc .':' trit i goc da che, sau do chia doi gée nhin duoe lién-tiép

hai lan.
A I B
Tam gide ADP (hinh 114) ed hai canh
DA = DI (ban kinh dubng teon tam D) la \G [
tam gidc cin. Suy ra DAP = DPA. Nai A Wic

vai K duse AKD = 90° (goe ni ticp chin
nua duding tron).

Xét hai tam gide vuong bing nhau APK
vir APl (canh |1i.i;u.c'n AP chung vi' goc

nhon APK = APD) ta ¢ PK = PL L 114 C
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o Lai binh : Giai thém bai todn sau :

"Cho duégmg tran tam O va day cung EF, Ké tidp tuyén voi duong tron

tai F. Duang kinl vudng gde vai OF ciit BF ¢ M va cil 8iép tuyén ¢ N.

Chaing minh :

a) JMNF cdn.

b) Truc dot xitng cia day EF song soug vdf trung treyen NP cia AMNE.”

Cach gial nhu sau (hinh 115) :

a) Trong tam gide vudng KOM ta co :

B+ My = 90°

Lai c6 Fi+F2=90° (vi FN la tiép
tuyin tai F.
Niumg E =T vi AOEF can. Tir dé
Ay = Fa, My =Mz (dé6i dinh), suy
ra -Ma = Fa.
Viy AMNE céin tai N, H.115

b) Truc déi sung coa day EF 1a vrung trye etia nd nén vudng goc v
EF. Trung tuyén NP cia tam gidc edn MNF cling vudng gée vdi LF,
Do dé trung truc cua EF va trung tuyén NP elng vudng goe vii EF
nén song song vdi nhau.

6. a) Taco Ou.M L AM, do dé OM # S0, (hinh 116a).

Tuong - OM # S0, Suy ra Wi gide 0,50,M la hinh binh hanh va
0.5 = O,M; 0,5 = O.M.

Diéu nay ching té S la giao didm eda duing tron tim O; bin kinh
re vit dudmg trén tdm Oy bdan kinh ry. Do tinh ddi xing ta suy ra
PS ff 0,0, tue la PS 1 MH.

al

11116

b} Ta e¢6 MP = PH (gt) va SM = SH (do PS 1 MH} thinh 116b). Vi S la
giao dié¢m cia cic trung truc MA vi MB nén SM = SA, SM = 8B,
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Nhu vay S la tim dudng tron di qua ban diem M, A, H, B, néi cdch
khac tf gide MAHB néi tiép duge trong mét dusng tron.

o Lai binh : X4t thém bai todan sau -

‘Cho nita duing tron tadm O duing kinh MN va diy DE. Goi P véa Q
theo thui ty ld hinh chidu cia M va N trén DE. Buong thang N@Q cdt
nia duimg trin tai G. Goi H g trung didm eia day ED va I la hinh
chidgu eia H trén MN. Chaing mind :

a) OH | MG bl OHMG = MN.HL"
Cdch gidi nhu sau (hinh 117) :
a) Tam gidc MGN vudng tai G vi q

trung tuyén OG bing %MH nén
MG L QN. Lai cd PQ L QN, suy

ra MG # PQ.
Do H la trung diém cia. DE nén M D ;1 I,D
OH 1 MG.

b) Ta e6 OH #/ NQ nén O = N; (dang vi). Do dé hai tam gidc vubng
OIH va NGM déng dang. Suy ra
OH HI
MN MG
6. Tir O ha ON L OM, taco :
ON =12 - 3 = 9 (em) thinh 118)
Khoing cich gioa hai tigp diégm 15
MM = O'N = 0O - ON?. :
L)
O vi tri ban dau thi 00 = 41lem. I\\_ IL/
ey AT M
Ta duge : MM = 417 -9 = 40 (em), . 1L118
Khi hai duéng tron cham nhau thi OO0 = 12 + 3 = 15 (em),

Khiddé MM = 15% —9% =12 (cm).

Nhu vay hai dubmg tron phai lan mét doan dugng dai 28em. Do dé thin

hay OHMG = MN._HI.

gian hai dutmg tron lan déwg thai la - _IE:S[ = 14 (gidy).

b
Viay sau 14 giday thi hai duding tron cham nhau,

o Lai bink : Tuing i : "Trong wdu duong tron duong kinh AB = dem o6
ba dudng tron ot ticp ldn lugt bicp wie vdi nhau va Gep vic vei duing
kink etia nin dudng tron da cho. Hat duwing tron & hai bén déi xing
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nhan qua trac doi xing cda wile dudng tron ¢ gl ed dng kinh i
ban kinh cie diong tron da cho. Tinh ban kinh cia ba g from ndi
tiép.”

Cach gidi nhu sau thinh 119) ©

Goi tiép diem ena dudng trén giia
va mit dubng treon bén vdi ma
duing -tron da cho la M va D. Tiép
diédm cua hai duimg trdm nay la N,
tigp didm cua dubing trén gida vdi
AB 1a 0. Do tinh dé& xing cua P

hinh, OM phdi vuing gée vdi AB. '

Gei tam dudng tron giira 1a 1 thi ban kinh cia dudng tron nay la :

[0 =IM=IN = %P“—i T s

Goi tam dugng tron bén la J. Cic didm [, N, J hay 0,d, D déu thing
hang. T J ha JE L OL Trong tanr gide vuong JEL ta b
JEF= I -1 = (x+ 8- 2-xF=8x (D
(trong do % 1a ban kinh dusng tron tam J).
Trong tam gidc vuéng OLJ ta cd
JE*=0J - OE* =4 -x/'-x"=16-8x (2
Tir (1) vi (2) ta od ngay ; 8x = 16 - Bx, tirdéd x = 1.
Vay bdn kinh ba duimg trom noi tigp 1a lem, 2em va lem.
Goi K la gino ditim ctia ba dutmg trbn thinh 120,

Theo bai ra ba dutmg tron bing nhau
nén KA, la trung true cua doan 0.0,
Cing nhu the KA, va KA, la cde trung
LlLLIrE T ':.1 m” vii D|D-5.

Goi M;, M., Ms la trung diétm cun ba
doan Ka,, KA, Ky

Trong cdc tam gide KA:Ay va 0,00,
doan MuM, la dudng trung binh nén
0405 = 2MuM,y = Avfyg. 1120

) |I..|.1'L|'1:|:I'iH Laf to oo UID.::I = EM|M;1 = ..I'!'.u.l‘i‘,_'; vi D;Dﬂ = EM[MH - J'!.‘||.|ﬂl.2.

Suy ra @ AAAGA, = A0D04 (ece), )

Léi binh : Tuong tu : "Ba dudng tron bdng nhaw edt nhoau tgi mgt
didm €. Giao didm tha hoi cia hai trong Do dwing tron ve tdm cia
dudng tron thit ba xic dink mét duiong thdng, Ching minh ring ba
duing thing xdc dinh nhie vay cdt nhau tai mot diém.”




Cadeh giai nho sau (hinh 121) ¢

Ta hiay chimg minh ring hai trong ba
doan t.hf!.ng 0,A;, O.A, va 044, cat nhau
tai mot didm la trung didm coa mbi
doan thang do.

Chang han ta ching minh cde doan
thﬁ.yg OyA, va O A, bi chia thanh ha
phidn bing nhau tai giao diém B cia
chung. That thé, do cde duimg tron bing
nhau nén tf gide O.4,0,0 vi ui giie
0AO40 déu la hinh thoi. T dé suy sa cie doan thing 0.4,, 00, va
0,A, song song va bing nhau.

Vay ur gide O,A,A 0, 14 hinh binh hanb, do d6 ede dudng chéo OA, va
QLA et nhau tai trung didm B caa mii duding.

H. 121

. Goi tam gide can la ABC va hinh thang

MNPQ (PQ la dugng kinh dugng tron) f_,,-ﬂ""_?

thinh 122), EF la dugng trung binh eaa \
.L. xZ 0
L3

hinh thang, K va H la giso diém coa
K H

hai canh AB va AC voi ddy lon PQ cia
hinh thang, A' la diém doi tdm caa A, Q

Tam giac ABC va hinh thang MNPQ
déu cin va cac canh bén hinh thang

SONE smag vidi canh bén tam gide, nén _’//

K=Q=P=H.
Dods PQ/BCva Q=B=AAB.

I!.lé‘.E

Tir ede dang thaie '[_E - AA'B va PG = AA' suy ra hai tam gide vubng
MQP va BAA' bang nhau, Tir dé Al = DP, D 1a chan dutng cao MD cia
hinh thang.

N6i ED ta ¢6 EF = DP = a. Vay Al = a. Tir hai tam gide bing nhau

e ; | ) 2
MQP va BAA' ¢ trén ta lai ¢d MD = BL. Nhung Bl = EEI.U i Viy'
MD = i g
Al

Thay gid trj Al = a viio ta duge MD =

‘.‘-'-.|{.I"‘

Lok binh ; Xét thém bai todan sau :

"Mt ditbng tron Hép xde vdi hai conlt cia mdt gde vadng dink A tgi
hat diém B va C. Ké tiégp tuyén vii dudng tron cdl cdc canh AB va AC
tai M va N. Cluing minh rdng tiep tuyén nay xde dinh trén hai conh
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; T ! ;

AB vé AC haei dogn MB va NC co tong do dai ldn hon —(AB + AC) vd
g

iha leal %:AE + AC )"

Cédch giai nhu sau thinh 123) :
Goi D la tiép diém caa NN vai duiing trim,
ta ¢d ; BM = MD va DN = NC.
Tirde MN =BM + CN.
Nhung MN < AM + AN, nén
2MN < BM + AM + CN + AN = AB + AC..

1 11.123
Suy ra MN < EEJ’EB + AL

Miat khde MN > AN, MN > AM vi MN la canh huyén cia tam gide
vaing AMN. Vi the 2MN > AN + AM vit két hgp vdi MN = BM + CN
tacd ' MN > AN + NC + AM + MB = AD + AC,

Vay:  MN > :j—l.r"u]_i + AC).

9, Goi I va I 1 trung digm hai dutmg cheéo BD va AC (hinh 124). Trong

tam A' eia ABCD I dhiém ndam tréen CE mia -F—ﬁ = i
AC 2 B]

Goi I 14 trung diem caa A'C ta ed FI song

song vi bing -3.—";.*"\' Do dd AA" cit EF

tai trung diém M coa EF va

ads e 2an
2 A
AN
Ve AL di i b v 2 L 2
el H.124

Tueng ty, ta Llin hegt chidng minh dude ede dugng thing
BM CM DM 1

e e T (1)
BB CC DD, 4

BB, CC°, DI eqng di qua M va

Vay bon dutmg thing AA, BE, CC va DI di qua diém cd dinh M la
trung didm cia EF,
MA™ MBD 1

Tiri1) suy ri —— = = —

MA O AMD 3 .

Ap dung tinh chit duimg trung binh trong hinh thang ta hay chimg
minh AT/ AD.
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Thit vay, RP # A'D (tam gide i.}i’mg nhaua),
RP / 8Q, Gia si AD khong song song vdi
30, ta ke AT # 5Q (hinh 125).

Do tinh chat duéng trung binh trong hinh
thang ta ¢co PQ = QT, suy ra T trimg véi D
hay AD // 8§, tir dé AD // A'D, ;
Tuong tu ta ching minh duge A'B" [/ AB,
BC # BC, CD' /¥ CD va ti gide ABCD ¢6 H.125

cdie gée tuong tng bing cde goe cia wi gidae ABCD nén ur gidge AB'CD'
ndi Ligp duge trong duling tron,

o L&i Dink : Xét thém cau hoi sau :
"Gof trung didm cda ede conht AB, BC, CIy, DA lan luot la M, N, P, Q.
Cheing minh ving cde dubmg thdny ké tiv cde didm M, N, P, @ ldn luot
vudng goc vdi cac dudng thang CD, DA, AB. BC cdt nhau tai mot
didm.”
Sau day la edch giai thinh 126) ;
Goi O la tam duding trén ngoai tiép i gide
ABCD, 1 la giao diém caa MP va NQ. Ta
thay ring MNPQ la hinh binh hanh tam I,
tic 1a M va P doi xing nhav qua I, N va Q
cung vay.
Do ON L BC nén Q' / ON, ta c¢6 ON va
Q@ ddi xing nhau qua I, Tuong L, OP va
MM', OQ va NN, OM va PP’ cing ddi xing
nhaw qua I va OM, ON, OF, OQ cung qua . H.126
Viy cde dugng thing MM, NN', PI" va QQ efit nhau tai didm H dai
xting vii O qua 1
10, a) Do AN va AM la hai tiép tuyén ke tir A nén OM L AM va ON 1 AN
thinh 127), hay OMA = ONA =90°. Goi [ la trung didém cua OA ta

et NI = %[}r‘a hay IN = [A = 10, do odé ba diem O, N, A ndm trén

dudng tron tam I Tugng v ba
diewn O, M, A cing ndm trén
dudng tron dé, tae la bén digm A,
N, O, M.ndm trén dutmg trdn (1),
b) Ke IIK | At ta co 1K la duiing
trung binh trong tam gidc vudng

AMO nén [K = %DZ‘L‘I. Ma OM co

do dai _khong doi nén TK cing cd



do dai khong dei. Vay I ¢d tinh chit la cach dutmg thang At mat
doan khaong déi nén quy tich cuia [ la dutmg théng 1s // AL vi cich

At mot doan khong doi bing %U}v[.

¢) Do AAMN can néen AO la mdt duding cao, duing cao tha bai la NP,
do do @ la true tim cua tam gide hay MQ L AN. Ta ¢6 : QM # ON
{vi cling vudng gic vdi AN) va NQ / OM (vi cung vuong goc val At).
Suy ra ta gide ONQM co hai cap canh déi song song la hinh binh
hanh. Hinh binh hanh nay lai ¢6 hai canh ké nhau ON = OM nén
1a hinh thei va QM = MO, Vay quy tich edga Q 13 dubmg tebn tim M
bin kinh MO,

o Liti binh : Tuong tr : “Cho duimg tron (0) diugng kinh AB va didm P
trén ntfa dudng ron. Goi @ vd 8 theo tha ti la diém chinh gie cde
cung AP vit PB. Goi C la trung didm ddy PB pa D la giao diém cia AP
v G5,
at Ching minh : QDP = 135,
by Ké duwimg cap SH cia ADPS, eliing mich vdng SH la tiép tuyén ciie

(0 tgu S,

e} Goi O la dicm doi tém cia 8, tim
quy tich cua I ki diem P choy
Frén ardda ditang tron (O

Cach gigi nhur sau thinh 128)

al Ta b Q_r"n = '@13 va SP =8B nén

L':}P_r"a +P3 Liang -&- duting trdon (0)

6 s6 do bing 90", do do
QDA = 45°, Suy ra QDP = 135° H. 128

b) Do SP =SB nén duting kinh S0Q 1 PB tai trung diém C eia day PB,
Tt griic HSCI ¢d ba gée vudng la hinh chi nhit, do dé OSH = 90°
hay OS 1 8H, viy SH la tiép tuyén cia (O) tai S.

¢) Khi P chay trén nia dutmg trim (O) vé& phia trén thi qu§ tich eia E
la nura duding tron (O) phia trén.

11. Xét ba tam gide vudbng déng dang AHB, &
CHA va BAC (hinh 129), ta 6 u s8 giia :

’)L
ba bin kinh dutng tron ngi tiép va ba rA

: . AB  AC BC
canh tuong tmg la = —— = =k
'Illl tlz I-
Theo dinh li Pytago ta cé i m B
AB? + AC? = BC? - H.129

218




12.

hay (k) + (rak)® = k), tie la °K® 4 efk® = r?k2,

Titdé : v* =1 417, vy r= Jy +15.

Léi binh 7 Xét thém bai todn sau : :
"Trong AABC, trung tuyén AM, phdan pide AP va dudng eao AH ehia

gic A thanh bén phdn bdng nhaw. Cluing minlt AABC vudng va tinh
edc goe nhon cia ng."

Cdch gidi nhu sau (hinh 130) A

Ve duiing trdn qua ba dinh f"u.- B, Cain
tam gde va kéo din trung tuyén AM,
phin gide AP va dudng cao AH eft dutng i o M mi

tran nay lan oot tai N, Q, 1. /B
Xét AMAQ can ta ¢6 MA = MQ. Lai e6 | T
MB = MC do AM I trung tuyén, do dé M . B I
13 tam duding tron ngoai tiep AABC, _,,/’/
Viay AABC vudng tai A, Xét AMAD can ta ed 3 ll.(f:m

. 1. 90°

B=—A- = 22°30°. Suy ra C=G67°30"

Qua C ké tigp tuyén vai dugng tron cit Ox tai S va Oy tai T (hinh
131). Do SB i truc déi simg eta AOST nén bin doan tiép tuyén bing
nhau OA = OB = BT =T¢C.

Xét ATOC o ADAQ (vi CTO = ADG,
TOC = ACO = 0AQ) taco :
0Q 0Q CT 1

OB 0OA OT 2

r'-.l ; :

0 Q i T ¥
Lai bink : Xét thém bai todn sau ; R ER
Puang tran ot ticp AABC Hiép xie cie canh AB, AC va BC theo thit
t tar D, E, F. Qua B ké duing thing d I AB vé cdt CD & P, edt FD &
Q. Chetng minh rdng EP = PR."

Cach gial nhu sau thinh 132) :

Viy 0Q = %UH hay 0Q = QB.

Trude het ta tinh EP theo ba canh a, b, ¢
a+b+e

2
Tacé AE =AD =p—a, BD=BF =p-b
vaCE=CF=p-c.

va nua chu vip =

11.132
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Xeét AADC w AEPC ta eb :

AD _AC p-a b - ip—alp -c)
= I g el e P T 1_" =

¥ EC W Spro g wes E - (1)
Xét AABC o AEGC, tuong t ta c6 EG = SP-¢
Nhng PG = EG - EP = P ‘“"“b- p+a)
Vi EG #/ AB nén ETE' . EE ey OO ﬂiﬂh-c}_
AAED can, AQGF cing can nén QG = GF.
Ngodi rtaGF = GQ = CG - CF, GQ = alp —¢) _p-t)= [P"E.;iﬂ -b)
Viy PQ = PG - GQ = e "'H"‘h‘ PR AP GJ:H -b _ —c.lip-aJ ()

Tir{1) va (2) suy ra ; EP = PQ,

D. BAN CO BIET 7
DUGNG TRON CHIN DIEM HAY BUGNG TRON CLE

Vign si Vién han lam khoa hoe Pétecbua (1707 - 1783) nha todn hoe
ldn eda the gisi duge Gauxe ddnh gid la "vige hoe tap nhimg tdac pham
ciia Ole 14 cdeh tat nhdt dé hidu todn hee”,
Tén tudi cia Ule gin lién vdi nhing bai todn thi vi, trong dé cé bai
todn vé dutmg trom chin diém. D6 la dudng tron di qua
3 drung diem cia cie cand ciia tam gide;
J chin cic dudng coo;
3 trung diem eia cae dogn thing
nol trie tdm vdi cde dinh eda tam
gice (hinh 133) LE
Ta hay chimg minh 1a ef &
Trong AABC ba trung diem D, E, F
cua cdec canh, ba chan I, K, L cua
ciie dutrng cao, ba trung diém M, N,
P noi trye tam H vii ede dinh déu 5 1124
¢ trén mot dudng tron (0).
Thit viy, xét ba hinh chir nhiat MEDN, FMPD va FEPN. Chc duting
chéa MD, EN, FP cua ching bang uhau va eé chung nhau trung diém
0. Do dé sdu diem F, M, E, P, D, N nam trén duling tron (0),
Gée MID vubng, MD la canh huyén nén I & wén dutmg tron (0).
Cluing minh tveng tv, cde diém K va L cang ndm trén (0).
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§14. SU PHONG PHU VE GOC NOI 11D

A. KIEN THUC CAN NAM VUNG

I.
al

b

c)

al
b)

a)

b}

L)

Vi tri tuong doi ctia hai duing tron

Néu hai dueng tedon cit nhau thi hai giao diém déi xing vdl nhau qua
dudng ndi tim, tie la dudng noi tam la trung true cua day chung.

MNéw hai duéing tron tiép xue nhau thi tiep digm ndm trén dubng nél tam.
Hai duting trdon ¢t nhau : R—r< 00" <R+ r

Hai dutimg trim tiép xic nhau

+ tiép xie ngoai : OO0 =R+ »

+ tiépxietrong: 00 =R-r>0

Hai dutimg trom khong cit nhau

+ & ngoii nhau: OO0’ >R+ r

+ dungnhau: OO0 <R-r

Tiép tuyén chung cuia hai dudng trén la dubng thang tiép xic vdi cd
hai dudng trom da.

Co thé la ede tiép tuyén chung ngoai hodac tiép tuyén chung trong.

Grie o dam

Goe co dinh trang véi tAm dutrng trdn duge goi la goe 0 tam,

Vdi hai cung nho trong mal duing trén thay trong hai dudng tron bing
nhau) :

Hai cung bing nhau cing hai day bing nhau; hai diay bing nhau cing
hai cung bing nhau.

Cung ldn hon eng diy lon hon; diy lon hon eang cung ldn hon.

Goce rdi Lidp

Gae ndi tiep 1a goc eo dinh nam trén dudng tron v hai canh elura hai
diy cung ecua duiing tron dd,

Trong mot duting tron, s do cda gde ngl Ligp bang noa 58 do cla cung
bi chin.

Cic géc ndi tiép cing chiin mdt cung thi bimg nhau

Gée ndi tigp chin n;"m duting tron i goc vudng.

Sd do cia gic tao boi tia tiép tuyén va day cung'biang wia 50 do cia
cung bi chan,

Goe cd dinh o bén trong hode bén ngodi dudng tron

Sé do cua goc eo dinh ¢ bén treng duting tron bang mia tong sé do hai
cung bi chin,

Sa do ena gic of dinh 6 bén ngoal duimg tron biing nua hiéu 56 do hai
cung bi chén.
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B. CAC BAI TOAN DIEN HINH

1. Ba duing tron bing nhau ¢é tam la O, 0., Oy cing di qua mdt digm M
cit nhau ¢ P, @, R. Chimg minh ring dubng won (PQR) biing ba dubmg
tron cho trde,

2. Cho duimg tron (O; R) va cung nho BC bing 120° Cide tiép tuyén tai B
vit C ciit nhau ¢ M. Vé dubmg trén tam [ ti€p xie vdi MB, MC v cung
nhé BC. Cluimg minh riing
a) AMNP déu, trong do NP la tiép tuyén chung cua hai duding tron (0)

va (1)
b} Ban kinh dutng tron {0) gap ba ban kinh duting tron (1),

3. Cheo hai duimg tron (0) va (0) tiép xic nhau tai M. Ké tdc ban kinh
OF va 0'Q song song. Chuing minh ring ba diégm P, M, Q thang hang.
4. Cho duiing tron (0) dutng kinh DE va diém G trén (Q) Trén tia DG
ldy diém M sao cho G 14 trung didm eda DM, trén tia ME liy diém N
sao cho E 1 trung diém cia MN. Goi H la gino didm cia DN vai (O),
Chung minh ring
a) Ba diem G, O, H thing hang.
b) Butmg thang MH luon di qua mét diém ¢& dinh khi G chay trén (0).

5. Cho AABC vudng tai A T B va C lam tdm vé hai cung bdn kinh BA
va CA lan lugt cdt BC tai M va N. Cluing minh ring

a) MN bang dutng kinh dubmg trdn ndi tidp tam gidc,
b) Tong ciac bdn kinh r, 1y, r; theo thit ty eda ba dutmg tron ndi tiép
cie tam gific ABC, AHB, AHC thing bang dutmg cao AH ciia AABC.

6. Cho AABC. Chirng minh riang duing eao va ban kinh dudng trén ngoai
tidp ke rir mit dinh tao vdi eac canh ké dinh dé nhimg gée bling nhau.
Ap dyng : Ti mot dinh ké mét dudng thing chia tam gide thanh hai
tam gide nho. Co nhin xét gi vé tdm cia ba dutmg tron ngoai ti€p ba

- tam gide tao thanh va dinh dé eia tam gidc ? Ching minh diéu nhin
xét do,

7. Cho M va N la giao diém cia hai dudng trén tam O, va O, Buiimg
thing OM ciit dubng tron thia nhat tai A,, cit cdudng tron tha hai tai
Ay, con O:M et dudng trom tha nhat tai By, edt dumg tron tha hai tai
B.. Chuing minh ring ba dutimg thing A,B,, A.B., va MN eft nhau tai

mat didan,
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8.

li}l'

11.

12.

13.

14,

15.

Hai tam piac ABC va A'B'C bang nhau va nguge hudng cang ndi tiép
trong mot duting tron tdm Q. Cde canh tueng dmg cia ching céit nhao
g P, @ va R Chuing minh ring ; _

a) Ba diem P, @, B nam trén mdt duiing thang d.

L) Khi ede tam gide ABC va A'B'C' thay doi (ma van bing nhau, nguge
huwdng va cang ngi tiép trong duting trom tam O) thi dugng thing d
budn di qua mot diém ed dinh.

Ghi chii : Méi hai tam gide ABC v A'B'C' nguge hudng vdi nhau cd

nghia la ; kla <i trén duémg tron tam O wir A dén B, C roi trd ve A ta

di theo mot hudng nae do, con khi di trén dudng tron tdm O e A' dén

B, C' rdi tro vé A' thi ta di theo huwéng nguoe lai.

Cho AADBC céin tai A vd midt dubng tron tiép xic vdi hai canh bén ¢ B

va C. Tir diégm M trén dubmg tron ta ké cic dutmg MD | BC, ME 1L AC

va MI" L AB. Chung minh hai td gide BDMF va MDCE ding dang.

Chimg wminh dinh i Ptalémé ;

"Trong mét Wi gidc ndi tiép, tich cua cic duting chéo bang tdng cic tich

cuia ede eanh doi dign.”

Trong dudng tron ban kinh r cho hai cung co hai diay dai a va b. Tinh -

dfy dai cde diay truong cung bing tong hoiie hidu cda hai eong da cho.

Co nhdin xé1 gi ?

Cho AABC ndi tiep dutmg tron (O; R). Cac duiing cao AD, BE, CG edt

nhao tai H va kéo dai edt (0) Lin lugt tai DY, B, G'. Chimg minh ring -

a) Ban kinh hai duiing tron qua H va hai trong ba dinh A, B, C déu
Lang R.

L) H 14 tiam duding tron ndi tiep AD'E'G.

Cho AABC déu va P 12 mdt diegm ehay trén duding trbm ngoai tiép. Goi

M va N L giao digm eia AP va BP vii CB va CA Cluing minh rang

tich AN.BN khong déi.

Cho diém S niim trong AABC ba goc nhon sae cho ASB = ACB +60°,

BSC = BAC + 60", CSA = CBA +60°, Clumg minh ring AS, BS va CS

kéo dai cat dubmg tron tai ba dicm M, N, P la ba dinh cia mét tam

gidc déw '

Cho ha dutng kinh AB va CD vubng grj‘:: trong duting tron (O). Trén

cung BD ldy diém G va ké tiép tuyén toi G cit AB keo dai ¢ H. Goi K

la gino diém cua AB va CG. Ching minh rang HK = HG.
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C. CACH GIAI VA LOI BINH

1. N MP, MQ, MR (hinh 134), chung ciit
0,0, 0,04, 0.0, lan lugt tai eie trung
diém A, B, C (vi MO, = MO, = MO,) va
I'I.IP i I::'||::.1-|3. Mq A 01{]:]1 MR L DEUE-

Cie didgm A, B, C cong ld trung diém cua
cic doan thang MP, MQ, MR

Xé1 hai tam giae dong dang ABC va PQR

" ] . 1 " '
vdi Li 50 dong dang la 3 roi xét haa tam

giae dong dang ABC vh 0,0,0; cing voi 11.134

t so dong dang %, ta thay ring A0,0.0, = APQR. Biém M cdich déu -

0,, 0., 0; mdL doan biing ban kinh cde dutmg trom da cho.

Viy dutg rdn ngeai tidgp A0, 0,0, bing cde dudng tron da cho, do dé
duéng trom ngoal titp APQR cing biang ciae dubing tron da cho.

o Lai binh : Tuong tu : "Cho ba duing tron bdug nhew cdt nhau ting
doi mot laf A ve D, B va E, C va F. Clutng nunh rdng tong s6 do cia
ba cung AB, CD va EF bang 180"

Cich giai nhy sau thinh 135)

Trwde hét dé ¢ ring hai cung ABD va
AFD bang nhan, hai cung CBF va CDF,
hat cung EDB va EFD cong vay. Tir dé,
ta chimg minh ving tong 6 do ba cung
AB, CD va EF bing téng so do ba cung
DE, BC va Al

That vay :

AB 4 CD + EF = ABD - BD + CDF - DF + EFB - BF
AFD - DF + CBF - BF + EDB - BD

.F'LFF-'+ IETE.‘+[I_E

n

Xét ede goo cua AAEC ta cd ¢

StIUEE = S{HUIIJ + lj.E_E] = %sd{fi) i LEIEJ

Tuong tu : ﬁ-[i.l'!'lE-E = %sdhﬁ" + Ei"]; sl AEC = és:l[ﬁ_ﬂ + F'_.Hr

Do téng edic goc cua tam gide bang 180" nén sé do cua téong ba goc
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CAE, ACE va AEC béing %ﬁdtﬁ'—ﬁ +DE + DE + AF + EF + BC + AB)

ﬂﬂ%[{h—ﬁ +ﬁ+ﬁ'l+(ﬁ+ﬁ?‘:+ﬁ}]

[

sd%-itﬁ+ﬁ + EF) = 180°

Viy sd(AB + CD + EF) = 180°.

a) Do NP la tiép tuyén chung trong
cila hai dubng trbon (O) va (I) nén
NP 1 MO va AN = AP (hinh 136).
Suy ra AMNP edn.

Mat khde do B+C =180°

nén NMP = 180° —120° = 60°,

do dé AMNP can la tam gidc déu.
b) Ké IK #/ MB ta ¢6 I, = M = 30°

M

H.136
nén AIKO la nita tam gide déu, suy ra OK = %I(},

Gpirlabdn kinhcia(I)tact: OK=R-r, IO=R+r,

dodé R—r= %{R+r] hay 2R—2r=R+r. SuyraR =3r

Lsi bink : Cé thé dat thém hai edu hi sau :

o) Tinft MB va MC theo R.

d) Tinh AD i AC va dign tich t@ giae OBAC theo R."

Ta cé cdch gidi sau :

¢} Tam gide vudng MBO la nda tam gide déu nén MO = 2R va

J3

MB = M«D.-ﬁ— = R+/3, ma MB = MC (tinh chat hai tigp tuyén xudt

phat tir M) nén MC = R4/3.

d) Cide tam gide OAB va OAC 1a tam gide déu (vi 14 tam gide cén ed
géc d dinh O bling 60%), dodé AB =AC =R,

Dién tich ti gide OBAC bang téng dién tich hai tam gide déu OAB
2
. S
nén ti gidc OBAC cé

va OAC, mdi tam gide nay cé dién tich

R%.f3

dién tich bing :

Lece ¥ : Mot tam gide déu canh a cd dudng cao h = % va dién tich
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8=

2 2
8 :IE (vi 8= %ah = %a.af -t :Fﬁ}. Can nhd didu nay dé€ tinh

nhanh dutmg cao va dién tich cia mdt tam gide déu theo canh a cia né.

Pé bai cho hai dubng tron tiép xdc nhau nhung khéng néi rd la tisp
xiic ngoai hay tiép xic trong nén phdi xét ca hai truong hap.

H.137 H.138
a) Trudng hop tigp xic ngoai (hinh 137)
Do OF // O0'Q nén P = Ql (so le trong) ma By =M, Q-, = Ma (vi
AOPM va AO'QM céin). Suy ra M = M.
Nhung Mz + Mz = 180° nén M; + M3 = 180° do dé ba diém P, M, Q
thang hang.
b) Trudng hop tiép xic trong (hinh 138)
Do OF // O'Q nén ﬁl =Py (déng vi) va fig + Py = 1807 (gée trong
cing phia).
Suy ra Q, +@Q, = 180°, do d6 ba diém M, Q, P théng hang.

Lét binh : ¥Xét thém bai todn sau :

“Cho hai dutmg tron (0) vé (0°) cdt nhau tai A vi B sao cha OAD’ = 90°.
Goi M la trung didm cile 00, Qua A ké cat tuyén DAE vudng goc vdi
AM (diém D trén (0) va diém E trén (O°)). Cluing minh rdng :

a) Al trung dién e DE va AABD can.
b) DBE = 90°."
Cdch gidi nhu sau (hinh 139) :

a) Ké OP va OF cimg vudng
goe vii DE, Tawd P va P la
trung diém cia DA va AL
Vi M la trung didm coa 00 ma H.133
OF /f AM i O'F (vi cing vubng goc véi DE) nén A la trung diém cia PP,
Suy ra AD = AE (vi AD = 2AP, AE = 2AP'), tife la A la trung diém
cia DA.




d. a)

b)

Tam gide vubng OAQ' ed trung tuydn AM biing nia canh huyén 00
nén MO = MA, hay A, =0,. Do OP # AM nén A: =01 (s0 le
trong). Suy ra Oy = Os.

Aét hai tam gide vubng OPA va OAL 6 canh huyén OA chung va
mgt giée nhon-bing nhau nén ching biing nhau. Suy ra AP = Al
hay AD = AB. Viy AABD ein tai A,

Chimg minh tuong tu ta cé AB = AE. Nhu viy ABDE c6 trung tuy&n
BA bing nia canh tuong ing DE 13 tam gide vudng tai B. Suy ra
DBE = 90°,

ADMN vuéng tai D vi e trung
tuyén DE bling nira canh déi MN
(hinh 140), tam gidc DGE vudng tai
G vi DGE npi Liép chian wia dutng
trom, suy ra AKDM cin.

Do do ADHG cing vudng tai D nén
HG la dubng kinh, viy ba diém G,
0, H thing hang,

Trong ADMN hai trung tuyén DE
va NG cit nhat tai P trén DE o5
dinh, ¢hi can ching minh MH la
trung tuyén thit ba,

Thit vy, ﬁl = Gi (AODG can) va fh = M (ADEM can).
Suy ra G; =M; chigm vi tri gdc déng vi, do dé GH # MN va 1A

dutmg trung binh. Viy MH 14 trung tuyén thit ba nén luén di qua
trong tim P cd dinh.

o Loi bink : Xét thém bai todn sau -

“Cho hat day MN va PQ vudng goc tai [ trong duimg irén tém O vdi
MI = IN. Ké duong kinh PS va tie O ké OK 1 PN,

ol

Cich giai nhu sau (hinh 141) ;

a)

Thi gicic MNSQ la hinh gi ? by Cluing nunl MQ = 20K."

Ta co MN L PQ (gt) vi 8Q L PQ (vi

PQS chin nva duong tron), do d6
MN /# Q5 vi cing vuing gée vii PQ.

Suy ra MNSQ 1a hinh thang.

Do MQ = NS (hai cung chin gita hai
day song song) nén MQ = NS, viy
MNSQ la hinh thang cin.
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b) Trong APNS ta c6 OK 1a dubng trung binh nén OK = -;-HS. ma

NS = M@, suy ra OK = —;-MQ hay MQ = 20K.

Bai todn nay cho ta mdt tinh chat bAt ngh eia tam gide vudng, do la :

‘ducong kinh duong tron noi tidp = tong hai canh goc vidng — canh

leyén.” ;

a) O diy MN chinh 1a hiéu gida tdng hai canh géc vudng AB, AC va
canh huyén BC, tie la MN = (AB + AC) - BC

A

H.142
That viiy (hinh 14Z2a) néu v 13 ban kinh duding tron néi tiép thi
BM=BA=x+r
CN=CA=y+r
Nhimg BM + CN - MN = BC =x +y.
Viy: MN=BM+CN-BC=x+y+2r—(x+y =2
b) Ta ca (hinh 142h) : '
2+ 21y + 2ry = (AD + AC — BC) + (BH + HA - AB) + (HC + HA - AC)

= {BH + HC) - BC + 2AH = 2AH
Suy ra: r+1n; + g = AlL
Lo binh @ Xdét thém bai todan sau :
Ly mét diém M trén cung EF eda dudong tron ngogi tidp ADEF diu.
Goi N la giao diém ciie MD via EF. Clhiing minh b thae :
I 1 -

Pl o . s

MN ME MF

Cach giai nhar sau (hinh 143) :

Tyén day MD lay diém P sao cho
ME = MP. Ta ¢6 AMEP can co goc & dinh
EMPE = EFD =60° (cing chén cung DE),
Vay AMEP I_it_ tam giac déu, do dé i

EM = EP va EPM =60° I 1 ¥
Xét AFNM o AENP (g.8)

(vi Ny = Ng déi dinh va FMN = EPN = 60°) H.149




ta cd : -EE:EI- | F_N—PH

PN EP ™ FM " EP
ThﬂyFN=FM—MN=ME—MU€IEP=EM,
MN ME - MN MN

=1-——

M ME ME

e od

oy 11 1 R
Chia | ha MN duae - = - h = !
e T MF MN ME Y MN ME MF

6. Ta xét ba trutmg hop hinh vé, tiy theo AABC cé ba gée nhon, cé6 mét
goc th hodc cd mit goc vudng,

! H.144

a) Trutng hop AABC ¢6 ba gée nhon (hinh 144a),
Muén ehimg minh OAB = HAC chi cdn ching minh AOE = ACH
(géc phu vdi hai géc trén). ACH la goc ndi tigp chfin cung AEB, cbn
AOE bing nita gic & tim cimg chin cung AEB.
Suy ra AOE = ACH. |

b) Trusmg hop AABC cé gée th, ching han goc C (hinh 144b),
ACH bi véi ACB, md ACB lai chin cung lén AB nén

sdACE = %sd cung lén AB. Ma sdADE = %sd g Kb

Vay ACH = AOE, suy ra OAD = HAL.
¢) Trutmg hap AABC ed gée vubng, ching han gée C. _

Khi ddé AH trimg vdi AC, ADO ndm trén AB; Do dé hai goec CAH va

OARB déu béng O, vay ching bing nhau.

Ap duyng : Tt dinh A cia AABC ta ke AD
chia tam gidc thanh hai (hinh 145). Goi
0, O, O, lan lugt la tAm cde dudng tron
ngoai Liép AABC, AABD, AADC. Theo két

quéd cta cdu hoi tha nhat & trén ta o6 :

O,AB=DAH va O,AC=DAH. H.145




Suy ra 0, AB = {}:ﬂﬂ, viy 0,A0, = BAC.
Lai ¢6 OO, L AB va 00, L AC, do dé :
0,00, + BAC =180° va 0,00, = 0;A0, = 180",
Vay tit gide O,00.A cd téng hai goc déi bang 180° nén ndi tiép duge
trong duiing tron,
. I..-Ifl'f binh : Xét thém bai toan sau |

"Chiing mind rdng téng cde khodng cach ti mét diém M bdt ki trén
ditirng tron ngogt tigp mét tam gide déu toi hai dinh gin thi bdng
hhodng cach ticr M dén dinh theit bo cda tam gide.”

A

Cidch gidi nhu sau (hinh 146) :

Goi tam gide déu da cho I3 ABC va O la
tam dufing trém ngoai tigp. Cho M la mit
difém tiy ¥ ndm trén cung BC, ta phai
cliing minh téng MB + MC = MA,

Ké BD J/ CM cidt AM tai E. Mudn ching
minh diang thié trén ta chding minh
MB = ME va MC = EA.

Thit viy, AMB = ACD = 60" icting chan cung AB), H.146

AMC = ABC = 60" (cling chiin cung AC).

Mat khic AMC = MEB (so le trongh. Xét AMBE cin cd gdc ¢ day
AMC = MEB = 60° nén gée thii ba MBE = 60° vd AMBE la tam gide
déu. Suy ra MB = ME;

Biy gitr ta ching minh MC = BEA. Not A vdi D va ching minh tuong ty
due ADEA déu, do d6 ED = BA. N&i D véi C va xét to gide EDCM
trong d6 EDC = 60° (chdn cung BC), suy ra DC # EM. Mat khde do
ED # CM nén t0 gide dd cho la hinh binh hanh, vay ED = MC hay
EA = MC. Tém lai : MB + MC = ME + EA = MA.

s Lo binh » Xét them bai todn sau !

"Cho ADEF néi tiép trong duong tron tdm O. Tiép tuyén tai D edt egnh
FE ¢ M. Goi E' la diém doi xing ciie £ qua M. Chaing minh rdng :

I I !

B

3 o+ o 0
DE=  DFS MDD
b) DE® + DF® = FG* ttrong dd G la giuo diém clia E'D vai (0))."

ol

Cdch giai nhyu sau (hinh 148) -
a) Xét ADEE' cén tai D taco :

=, -

Dy =Ds = f'] {elng chin cung DI
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mia Fi+E'=Ds+E =90°

Suy ra FDE' = 90°,
Trong AFDE' vudng tai D theo hé thue
] 1 ~ 1 1 —"
Utp'ng h—g = h—_‘! + E_E' co

I e

MD?* DE“? DF? |

1 1 1 ; ' H.148

hay +

MD® DE® DF®
b} Buting thing ED cdt dutmg tron (0) tai G. Do FDG =90° nén FG

chinh 14 duting kinh.

Tacé: Fa =Dy =Dy =Fy. Suy ra EF_@=]:TE, do dé DG = DE.

Viy trong tam gide vudng FDG ta co :

DG? + DF® = FG* hay DE® + DF* = FG®

. Trude tién ta chimg migh réng ba digm A, N, B, thing hang (hinh 149).
That vdy A,NB, = ANM+B,NM =90° +90° (vi la hai gbc ndi tiép
chdn nifa dutmg trén), do dé A NB, = 180°, tic Ja N ndm trén doan
thdng A;B.. . H
Bay gior xét AAMB,. Cdc gic AB;M
va BuA M deu wudng vi chidn nia
dutmg tron va Mﬁhﬁg vuong (ching
- minh trém), do doé edc duting thing
MN, A\B; va A,B, la cdc duting cao
cia AAMB.,.
Viy ba dubng thing nay phai cit
nhau tai mdt diém (dé 1a trye tam H
eua AAMB.). H.148
Léi binh : Xét thém bl todn sau ;

“Bndong tron tém O ndi tiép trong AABC tigp xic véi ede canh BC, CA,
AB theo thii ty 6 A', B, C". Kéo dai BC vé phia C ta ddt trén dd doan
CA,; = AB, kéo dai CA vé phia A ta dat trén do doan AB, = BC, kéo dai
AB vé plia B ta ddt trén ddé dogn BC, = CA.

a) Tinh cde dogn A’A,, B'B,;, C'C; theo cde canh cia AABC (BC = a,
CA = b, AB = c). Cluing minh tam O cia dwong tron,ndi tiép AABC
treng voi tdm cio dudng tron ngoal tiep AAB,C,.

231 .



242

b) Goi A By C: theo thi ty lé cde giao didm cia OA,, OB, 0C; vai
ditimg trom tam O. Ching minh hai tam gide A'B'C’ va AuByCe bdang
nhaw. Tinh cde goc cida AA,B,C, theo cde gbe cia AABC.”

Cach giai nhu sau thinh 150a) :

C, : H.150
ey v ‘ a+b+e . a+b+e
a) Tacé: BA+CB+AC= hay ¢+ A'C= :
i : a+h-¢ . ; at+bh-c
T dé: ACs= vi AA =AC+CA;= 5 +c
: 2 . r
hay ﬁ'ﬂ1=ﬂ+b+c-Tdﬁngw: E'B,:E‘G]=a+;+ﬂ.

Tit dé suy ra ba tam gide vuing OA'A;, OB'B;, OC'C, bing nhau
(c.g.c). Vay OA, = OB, = OC,, tirc la O la tam dubmg trén ngoai tiép
A B Gy

b) Do AOB'B, = AOC'C, nén B,0OB' = ‘-'j;f:}_{l' hay B,B' = {ﬁiﬂ'.

Tir d6 B,Cy = B,C' +C'Cy = B,C' + B,B' =B'C, ticla B,C, =B'C.

Tuong tu ta cé : C,A, = T'A", A;B, =A'B.

Nhur viy AAsB.Cy = AA'B'C', .

Tit OB, = 0OC,, 0B; = OCy, suy ra BBy = C,Us.

Lai c6 B,B,C, = C;C,B; (vi AOB,C, cén) nén tit gide A;C,CiB, la
hinh thang ean va B.C; / B C,.

Tuong ty Cafp I/ CiA;, AgBe // A4B). Do dé cdc tam gidc ABCy va
AyB,Cs o6 cdc gic bliing nhau ting do1 mdt. Viy ta chi cin tinh cdc
goe clia AAsByCy. Nhung vi hai tam gide AyB.Cy va ABC béng nhau
nén vige tinh nay quy vé tinh cde géc cia AA'B'C' (hinh 150Db).

18ﬂ“—ﬂ_ﬁ+ﬁ
2 2

Tacé: BAC =




Tuong tu: CB'A = ﬂ;ﬂ , A'CHB'= "ﬁ‘;E

C+ A A+B

‘h"&}r Blﬂlﬂl = . G:Hjﬂl = Vi .I"'I.]_EIBI_ =

8 a) Tacé AB=A'B' nén AB'=AB (hinh 151)
Suy ra A]=B,, vi thé hai
. dubng thing AA’ va BE song

song (goéc so le trong bing et

nhau). Tueng tu BB // CC". AT

Goi MN 1a dultmg kinh vuing

gée vai AA', BB, CC'. Thé thi

A va A' ddi ximg nhau qua

MN, B va B’ ciing viy, C va C' ciing vay. Do dé AB' va A'B ddi xing

nhau qua MN nén giao difm cia ching n&m trén MN. Tuong ty cdc
giao difm ciia BC' va B'C, cua CA' va C'A déu ndm trén MN.

/

Ic1

N6i cdich khdc, cdc giao difm P, @, R cing ndm trén mét dubng
thing d di qua tdm O cia dutng tron.

b) Khi cde tam gidc ABC va A'B'C' thay ddi thi dubng thing d cling
thay déi nhung né ludn di qua di€m O eé dinh.
o Lot binh : ¥Xét thém ban todn sau :
"Chio AABC ndi tiép trong dudng tron tém O cdé cenh BC cé dinh con
dinh A chay trén dudng tron. Goi H la trge tdm AABC va Oy, Oz Oy

theo thit fir Ia tdm cde dudng tron ngogi tiép cdac tam gidc HBC, HCA,
HARB.

a) Ehi diém A chay trén (O) thi cde diém 0, Oy Oy chay trén nhing
dudng nao ?

b) Chiing minl ring ba duing .-:.i'ui:';g AO,, BO, COycat nhaw tgi mjt
diém.”

Cach gidai nhv sau (hinh 152a} :

a) Pifm A’ ddi xing vdi trye tdm H gua canh BC ndm trén dubing tron
0O, nén AHBC d8i xing dai vdi AA'BC. Do dé hai duting tron (Q) va
(0,) déi xiing nhau qua BC, hai dutmg tron (0) va (0y) déi xing
nhau qua CA, hai dutrng tron (Q) va (0y) déi xing nhau qua AB.

Viy O la mét diém cd dinh,
Con Oy chay trén dutmg tron tdm C ban kinh bing bdn kinh duing
trom (0), Oy chay trén dudng trom tdm B bing dufnmg tron (0).
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A

)

=\

Al 15}
H.152

by Goi M la chén dutmg vudng gée ha tir O xudng BC (hinh 162h). Ké
dutmg kinh BF ta ed AH / FC (vi cling vudng goe véi BC), AF [/ HC
{vi cung vudng gdic vdi AB) nén G gidc AFCH la hinh binh hanh, do

=

OM song song v bliing é—FC nén 00, eing song song va bing AH,

Do d6 AO, di qua trung didm cua OH. Chimg minh tueng tu cho BO,

va COs, _

Viy ba dutmg thing AOy, B0, va COy cing di qua trung digm cia OH,
Xét hai 1 gisae MDBF va MECD (hinh 153) ta thay chung cé cde goe
tuemg ung bing nhau vi BFM = BDM = CDM = CEM = 90° (gt). -
Lai c6 FBD = DCE (vi cimg bi hai géc bing nhau ABC va ACB).
Do dé FMD = DME.

Puiing tron (MBC) tiép xic vdi AB d B va v6i AC ¢ C (gt) nén ta cb :

FBM = BCM (cting chdn eung BM) A
DBM = ECM (ciing ehdn cung CM). Suy ra :
MF BF _MB

AMBF v AMCD nén

MD €D MC
MD BD MB
ME CE MC
MF BF MD ‘BD
MD CD ME CE
Hai wi gide MDBF v MECD ed cic
gic tuong tng bing nhau v cde canh
tueing g ti 18 vay ching déng dang.
L Dinke @ Xét thém bai todn sau ; H.153

T mae digm M ngoai dudng tron tam O ta ké tiep tuyén MT va cdt
tuyén MNP, Cluing minh ring MT® = MN.MP vit nguoe lgi néu co he
thite MT* = MN.MP thi MT la Hép tuyén eda (O,

AMBD e¢a AMCE nén

Tir dd ta cd :




].ﬂi

Ap dung : Cho AABC, D va E & gico didm cia phdn gide trong géc A
vt dudrng tron ngoai tiép (ABC) va vai canh BC. Ching munh rang DB
la tigp tuyén cia duong tron (ABE) va DC la tiép tuyén cia dudng tron
(ACE)."

Cach giai nhy sau (hinh 154) ;

Xét hai tam giac MNT va MTP
déng I:lmlg vi 6 hai gie nhon biing

nhau T =P (cing chdn cung TN)
va gic M chung. Do dé

MY _MN  Lay MT* = MN.MP
MP MT
Nguge lai (ban doc tr chimg minh).
Ap dung (hinh 155)
AD li phéan gide géc A nén BD = DC. Xeét
hai tam gide ABD va BED c¢é gée D chung, -0
BAD = EBD (géc ndi tiép chin hai cung
bang whau), vay ching dong dang (g.g). Do B \
do 5
Hé thie nay chimg to DB la tiép tuyén cia duting tron (ABE).
Chimg minh tusng tr véi hai tam gide dong dang ACD va CED, ta duge
-[D]—E = %g— hay DC* = DADE
Hé thife eudi nay cluing to DC la tigp tuyén cia dutng tron (ACE).
(Hinh 156} Ta phai ching minh hé thite : AC.BD = AB.CD + BC.AD
Thit va}r, AABE o AACD (gg! vi o6
BAE = CAD, B=¢C (cung chan cung AD),

do da :

AR BE

pelrnigf S i AB.CD = AC.BE (1

P ay C (1)
Lai xét AABC « AAERD ta cb

AC_BC 4y AD.BC=ACDE (2)

AD  DE

H.156

Tir (1) va (2) suy ra :
ABCD + BC.AD = AC.BE + AC.DE = AC(BE + ED) = ACBD
Vay ta o hé thie : AC.BD = AB.CD + BC AD.
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s Lii binh : Ta hiy vin dung dinh li Ptolémé dé gidi bai todn sau :
"Cho phép bién déi mgt — mdt sao cho mdi b bin dicm (A, Ay Az Ay
vi bd bén didm (B;, By, By, By lign hé vel nhau bl ddng thic :
Ay M A, BBy BB,
Ching mink rdng phép bién déi nay la vong quanh, tiic Id né bién déi
diirmg thing va ddng tron thanh dimg thing va dudng trén.”

Cdch giai nh sau :

Gia sif b bon digm (A, Ay, Ay, Ay) duge sdp x8p trén dudmg tron hosic
duting théng. Theo dinh li Ptélémé ta cé

Aphg Aghg + ApBg Mgl = A Ay AGA

AjAqg Az, . AjAg A A,

Tir dé : ™

B,B, : B,B, e E}EE_: B,B,
B;B; B,B, B.,B, B,B,
theo dinh li Ptéléme, ta két ludn ring ; bén diém B;, Bs, Bs, By nlim
trén dutmg thing hodc dubng trom,
11. BPat AB = a, BC = b {(hinh 157).
Ké dutig kinh DB = 2r, ta cd :

CD = Vdr’ -b% : AD = Ydr? —a?

Bt AC = x, theo dinh 1i Ptélémé thi :

X 2r = adr? b2 +bydr? -

Tir dé 2 | 1-——+b|i1——-—
‘Il 4r® ar® H. 157

Tuong ty néu z la day truong cung bing hiéu cia hai cung da cho thi -

L > 2
g = a1’1-'}—2-h1'1-3—2 la > h)
4r dr

Biéu thie sé rat don gidn néur = 1.

Liw ¥ : 'Ta nhén thiy rdng : n8u a = b bing canh cia mit da gide déu
2n canh thi ta ¢ thé tinh duge canh cia da gide déu n canh nfi tigp.
Néu a va b la canh cda hai da gidc déu nji tigp, déng thii hidu cia hai
cung da cho co day la eanh ela mjt da gide déu noi tiép khdc thi ta ¢
thé tinh canh cia da gidec déu dé.

va

Dira vho gia thigt ta co thé viét -
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Chéang han, % u—i = ~112- Nhu viy bidt canh 8y ciia tam gide déu ndi tiép
vi canh a, cha hinh vuéng ndi ti€p thi cé thé tinh C-El.ﬁl ctia hinh 12
canh déu ndi tiép.

Cu thé, véir =1 thiay= V3, a, = ¥2, dodé a. = 3 -2.
o Lo bink : Ta van dung dinh li Ptélémé
dé gidi hai bai todn sau :

1. Cho AMBC dén vé diém P ndm trén cung AB
(khdng chia C) cia didmg trdn ngooi tidp
tam gide. Cluing minh vdng tong cdic khoang
cdcl PA + PB bding khodng cdch PC.

That vay (hinh 158), do ur gide APBC ni
tiép trong dudng tron nén theo dinh 1
Ptolémé ta c6 : ARB.PC = AC.PB + BC.PA

Chia hai vé& cho AB duge : PC = PA + FB.
2, Chiing minh rdng trong hinh bdy cenh
déu (thdt gide déu) ABCDEFG ta co hé

i i 1
thile ; —— = .
W ABTACT AD

Hinh biy canh déu cé thé nfi tiép

trong dudng tron Chinh 158) Xét i
gidc ACDE, theo dinh li Ptolémé ta o6 .

AD.CE = AE.CD + AC.DE

Nhung AE = AD, CE = AC va CD = DE = AB,
dodé: AD.AC = AD.AB + AC.AB.

Chia hai vé& cho tich AB. AC.AD ta c¢d ngay hé thic phai ching minh.

12. a) Cédc digm D', E', G doi xing trfe

tam H cia AABC nam trén duimg

tron ngeai tiép (0), do dé DH = DD,
EH = EE' (hinh 160),

Suy ra AHBC = AD'BC (c.c.e), do dé
dutng tron (H, B, C) bing dubng
trom (D', B, C) = dubng trén (O),
Tuong ty, xét AHAC va AHAB ta clng
cd dutng tron (H, A, C) = duling tron
(H, A, B) = dutmg trdn (O).

b) Cde géc ndi tiép E, =C, (cing chdn eung BD') va B = Ej, tic 1a
E'B 14 tia phén gidc géc GE'D'".

H.159

H.160
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Ching.-minh tuong tu D'A la tia phan gide géc GD'E'. Hai tia phan
gide nay cidt nhau tai H, nén H la tam dudng tron ndi tigp AD'E'G.

o Lit binh : Cé thé diat thém cdu hoi sau :

13.
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“¢) Cha trudge duang tron (0), didm A trén (Q) va didm H trong (O), hiy
dung AABC ngi tiép (0) va nwhgin H ldm teie tdne”

Cdch dvng nhu sau :

Nai A vai H cat (0) tan D', Qua trung diém D cia HD' dung trung true cua
HD' cét (O) tai B va C. Ta duge AABC phai dung. That vay, ta chimg
minh duge BH L AC béing ‘cich so sdnh hai tam giae BHD va AHE.

Xot hai tam gidac ABM va NAB (hinh 161), ta 6 :
ABM = BAN = 60°; ABN = st—P
b I
2 2
_gqPC_ _,CP _ _ AP
2 2 2
Do d6 : ABN = AMB - Edi'!";
WNhut vy AABM o« ANAB (g.g).
By i r%?; 2 % hay AN.BM = AB® = khéng déi.

Lai binh @ Xét thém bai todn sau :

Tt diem M trén duong kinhh AB cia mét duong tron (Q) ta ké dudng
vubng goc cil duimg tron tai Cva D. Ching minh rdng tich cdie canh

doi cin b gidge ABCD bang nhoaw.” . C
Taco : AC = AD va BC = BD (hinh 162).

Cd thé rat ra mt 58 nhin xét sau : .-".! i S 1
a). Binh nghia : T gide ndi tiép mot g

dutimg trom ma tich cdc canh d6i biing
nhau goi la ta gice dide hoa, cde dinh
el b gide goi 1A cde diém didu hoa 1

Viy ACBD = BC.AD ‘
cua dubing trbn. H.162

b) Hé qud : Hai canh déi cia mdt i gidc diéu hda biing nida tich hai
dutmg chéo cua uo.
That viy, theo dinh li Ptolémeé ddi vdi i gide ndi uép ABCD, ta co
AB.CD = AC.BD + BC.AD




14.

"Tiwrdé: x+y+a+b=2m, ticlax+y+ AB=2m,

151-

tong ad do cia hai cung bi chin nén ;

vi néu tr gide nay lai 1a to gide didu hoa thi :
AC.BD = BC.AD = %.&E,{]D.

Xét cdc goe co dinh 8 ¢ trong duting trom
{hinh 163) ta c¢6 50 do méi gée bang mua

1

—8

2
= sdABC + sd MNP

(26 do goe ngi tiép bing nita 58 do cung bi chin). H.163

Lai c6 ASC = ABC + 60° (gt) nén MNP = 60°. Chitng minh tuong tu ta

duge : MPN = PMN = 60°. Viy AMPN la tam gidc déu,

Lai binh ; Xét thém bai todn sau : "Cho AABC, Tim diém M suo cho

ba tam gide AMB, AMC va BMC ¢6 chu vi bdng nhaw.”

Cdch giai nhy sau (hinh 164) : 2

Ta dung ba duting tron tam A, B, C timg

doi tiép xde ngodi va cd bdn kinh lin

lugt 14 a, b, e

Goi O la tam dubtmg tron tiép xic vdi ba

duting tron trén va ed bdn kinh m. Pat

OA=x, 0OB=y, OC =z ta co :
X+a=v+b=zr+r

; sdASC = —sd(ANC + PBM)

Tuongty x+2+AC=y +z + BC = 2.
Cicgidtrix+y+ AB, x+ 2 + AC va vy + 2z + BC chinh la ¢hu vi etia
cac tam gidae AMB, AMC va BMC. Vay O chinh la diém phai tim.

Liw ¥ : a) Didm O 14 diém duy nhit 6 tinh chat eia bai ra va ndm
trong duimg tron lén nhit cia ba dudng tron tdm A, B, C.

b) Bai todn nay chn duge goi la bai todn vé ba tam gide cé chu vi blng
nfren,
Ta 6 (hinh 165) :

KCH = 90° - Gy = 90° - C; (vi ADCG céin). 1

sdGKH = ad%{ﬂi + GB)

" Ed%{ga +DB-DG)

M

P o

=sd ﬂ—r%sdﬁﬂ=90" = O
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Vay KGH = GKH, tie 1a AHKG cén tai H. Suy ra HK = HG.

o Loi binh : Tuong tu : "Cho dubng tran (0) v hai day MN = MP. Trén
cung MP ldy mgt diém T. Goi 8 li giao difm cda hai duing thang MT
va NP. Chaing minh rdng MSP = MPT."

Céach gidi nhy sau (hinh 166} :

sdMSP = %sd{m _PT)= %sd[iﬁ?‘ _PTY

et
. %sd'ﬁﬂ _ sdMPT.

Viay MSP = MPT.

D. BAN CO BIET ? H.166
: |. HE THUC OLE
1. Ta bigt rhng : "Néu tir mot diém M cé dinh khong nAm trén dudng
tron (O) ta ké mdt cdt tuyén it (0) tai A va B thi tich MA.MB 14 mit
hiing s, tie kliong phy thuge vi tri ctia edt tuydn.”
Néu goi khodng edch tit M dén tam O A
d (hinh 167) va bdn kinh (0} la R thi :
[MAMB = d* - R? = hiing &6 M
N&u diém M & trong (0) thi MAMB = R* - d°
2, Ung dung :
a) Chitng minh bon digm citng & trén mot duding tron
Do tich MA.MB la mot hiing s6 khéng phy thufc vi tri ciia cdt tuyén
MAR nén ta ¢é thém mot phuong phdp dé chimg minh mgt b gidc nji
ti€p sau diy :
“Didu kitn cdn va di dé bén diém A, B, C, D ciung g trén mot duding
trdn (e 14 t gidge ABCD nfi tigp duge) la @ MA.MB = MC.MD, vdi
MAB va MCD 12 hai c4t tuyén ké tir M téi duong trom (0)."
bl Hé thite Ole
Cho AABC. Goi O va K theo thd ty la tam
ciia hai dutmg tron ngoai tifp va ndi tiép
tam gide (hinh 168), R va r 14 ban kinh cua
chiing. Ta ¢é hé thuie Ole sau
R - d*=2Rr| (dla doan naitidm OK)
Chimg minh. Phén gidc AK caa goc A di qua
trung diém O cia cung BC va doan OFE L BC
1a mét duting kinh. N&i BO', BE, BK va ké
KF L AB.

H.167
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= e

A+B

Trong AQD'BK cédc géc ¢ B va K bling nhau vi bling

Suyra OK=0B Tacé: KAKO =R-d* (%)
OB 2R

Xét hai tam gide vudng ddng dang BEQ' va FAK ta e ; — = T
r

Tir da KA OB = KAKQO = 2Rr.
So sanh vdi (%) ta cé hé thie : R* — d* = 2Rr.

Il. BAI TOAN NAPOLEONG

. Napolédng (Napoléon) nhd vua ndi tiéng eta nudec Phap di quan tAm
gidi bai todn sau day :

"Chiac mot dudng tron tdm O cho truge thanh bén phdn bdng nhau ma
chi dupe ditng compa (khong dang thude).” e

Gid sd phai chia dutng tron (0) thanh bén :
phén bing nhau (hinh 169). Tu mdt diém A '
tay ¥ trén dubmg tron dang compa ta dat 3 lin
bdn kinh dutmg tron, duge ba digm B, C, D.

Dé thay khoang edch day eung AC biing canh
cia tam gidc déu ndi tiép [é dutmg tran), tie

la bing r\lr'.:":- Nhu thé AD 14 dubng kinh, TU H.169
hai diém A va D vdi ban kinh bing AC v& hai cung nhd cit nhau tai M.
Ta ching minh rdng khoang edch MO béng eanh hinh vudng ndi tiép

trong dudng tron (0), tire 1a bing V2.

Két AAMO vubng tai O ta c6: MO = VAM? — A0?% = 31! -1 = 12,
Bay gid¢ chi cin ding compa vdi khau dd bang MO ta dat lién tiép trén
dutmg tron bén didm dé duge hinh vudng ni tiép,

Véy ta da chia duge dudng tron thanh bén phéin bing nhau.

. Lun ¥

Ta cing cé thé gidi bai todn sau diy chi ding compa :

"Ting khodng cdch gita hoi digm A va B eho truge (hinh 170) lén 5
ldn va noi chung lén mot s6 [dn Ffm trudoe.”

Tir diégm B voi bdn kinh AB vé dudimg tron.

Trén dudng tron nay dat 3 lan khodng cich AB

duge digm C, rd rang C déi tdim véi A. Khoang 2 o
edch AC bang 2 ldn khedng cdch AB.

Tir C lai v& dudrng trom bdn kinh BC, biing edch
nay ta tim duge didm déi tdm vdi B, cach A mdt
khodng bing 3 lan khodng cach AB, v.v..

H.170
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§15. TU CUNG CHUA GOC PEN
TU GIAC NOI TIED

A. KIEN THUC CAN NAM VONG

B

al

b)

a)

b)

c)

d)

e)

Cung chita géc

Sd do coa goc co dinh

0 trong dubmg tron bing nira tdng sd do hai cung bi chén,

O ngoai dudrng tron bing nita hidu s6 do hai cung bj chin.

Véi doan thang AB va gée o (0" < « < 180") cho trude thi qui tich cidc
diém M théa man AMB = « 1 hai cung chia géc o dung trén doan AB.

Quy tich cdc didm nhin doan thdng AB cho trude dudi mjt goc vudng
la dutng tron duing kinh AB,

Tit gidc ndi tiép

Trong mit ti gide ndi tidp, tdng s6 do hai gée ddi nhau biing 1807,

Pdo lai, néu mét ti gide cé tong =6 do hai goe ddi nhau bing 180° thi
ui gide do ndi tidép duge duting tron.

Pg déi dudng tron, dién tich hinh trion

Bat ki da gidc dédu nao cing ¢ mot va chi mot dubing trén ngoai tiép,
ed mt va chi mit dubng trbn ndi tidp.

B§ dai dubng trom bdn kinh R (hodc dutmg kinh d) duge tinh theo cong
thuie C=27R  (hodc = nd).

Do dai ! cua mot cung n® trén duimg tron bdn kinh R duge tinh theo

nHn
cong thife : ki .
E 180
Dién tich 5 cua m@t hinh trén ban kinh R duge tinh theo cong thie ;

z
8 = nR* (hodc = %}.

Digén tich hinh guat tron bdan kinh R, cung n®, duge tinh theo céng thie -

aR%n

iR
S = } = =2),
(hodc EJ

{ 1a 49 dii cung n” cia hinh quat tran.

B. CAC BAI TOAN PIEN HINH

1.
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Butimg trom ngi tiép AABC (0; 1) tiép xic véi eanh AB & D, vdi canh
AC o E.




2.

a) Tinh khoang edch tir O dén tam dusng tron néi tiép tam gidc ADE,

b) Cic phan gidc trong cia gic B va C cit duimg thing DE theo thi fur
g M va N. Chung minh ring bin diém B, C, M, N nim trén mét
duting tron,

Cho mia duling tron tdm O dubng kinh AB. Néi O vdi difm C chinh

gitta wira dutrng tron va kéo dai OC trén ldy doan CD = OC. Tir D ké

cdc ti€p tuyén DM va DN vdi (O) cit AB tai E va F. Tir S bat ki trén

cung MN keé ti€p tuyén vdi (0 cit DE tai T va DF tai V.

a) Clhiing minh ba tam gidac DEF, OMC va DMN la nhimg tam gidc déu,

b) Goi I vad K 12 giao diém cua OT va OV vdi MN, climg minh réng
bin diém O, T, V, N cing nfim trén mét duéng trbn.

Cho duiing tron (O), mgt digin A bat ki ndm trén va mat difm M nAm
trong (O). Tim hai diégm B va C trén duing tron do sao cho -

a} M la giao diém cic trung tuyén coa AABC,

b) M la trge tdm cia AABC

Hai dubng tron tdm O va O ti€p xic ngoai tai A, Lay trén mdi duimg

trom hai digm B, C sao cho gée BAC ludn vudng.

a) Clhuing nunh OB # O'C.

b) Tim quy tich hinh chiéu H clda diém A teén BC vAd qui tich trung
didm I cua BC. ;

¢) Tim quy tich cua trong tam G cua AABC,

Goi E, I, G, H la chin cac duimg vuong gdc ha tir mdt diém P ela duimg

tron dén cic canh AB, BC, CD, BA cda mot tir gide ndi tiep ABCD.,

a) So sdnh hai tam gide PEF va PGH.

b) Suy ra ring : "Tich ecdc khodng cdch tir mot diém trén dubng tron
dén hai canh ddi cia mdt ti gide ngi tiep bing tich cde khodng
cdach tif diém dy dén hai canh kia."

Chimg minh tink chdt I thi saw ddy cia ¢ gide noi tiép : "Cédc cap canh
doi cda ti giac ABCD ndi tigp kéo dai cdt nhau tai P va Q. Ching
minh ring t gide EFGH tao bdi giao diém ede phan gide eia cde goe
P v& @ vdi ciac canh cia td gide ABCD luén [4 mét hinh thei.”

Cho m{t doan thing AB va mét didm M bat ki trén doan thing dy. Tir
M vi nia duting thing vadng gée vdi AR trén dé ldy hai diém C va D
sao cho MC = MA vi MD = MB. Puiing tron tam O, di qua ba diém A,
M, C va dudng tron tam Oy di qua ba diégm B, M, D ciit nhau tai mot
diégm tha hai N ingoai diém M ra).

a) Chimg minh ba diém A, N, D thing hang va ba diém B, C, N cing

243



0.

10.

11.

12.
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thing hang.
b) C6 nhin xét gl vé mit trong bin didm A, B, C, D dai véi ba diém cbn
- lai ?

¢) Chimg minh dutng thing MN luén di qua mdt diém ef dinh khi M
chay trén doan thing AB.

Cho AABC ngi Liep dubmg tron dutimg kinh AD va o6 dubing cao AA'

a) So sanh hai goe ABC va ADC, hai gde BAA' va DAC.

b) Goi BB va CC' Ia hai duémg cao cit nhau tai H va E la giao digém
cia B'C' vdi AD. Chimg minh cde ti giae BCB'C va DEB'C nji tiép
duge trong duéing tran. )

Cde dubing phin gide trong va ngoai cia géc C trong AABC edt dutmg

thang AB tai M va N tuong tng. Chimg minh ring néu CM = CN thi
AC® + BC” = 4R%, trong dé R 12 bdn kinh dutimg trbn ngoai tiép.

Cho dutmg trén (0) eé dudng kinh DE cd dinh con duimg kinh FG thay

déi. Goi M va N la giao di€m cia DF va DG vai tiép tuyén tai E.

a) Chimg minh tr gide FMNG ndi tiép.

b) Ké trung tuyén DK eia ADMN, ehing minh DK L FG.

c) Tam S cia dubmg tron ngoai Lidp AFMG chay trén dugng nao khi
dutmg kinh FG thay déi ?

Cho AABC déu canh a. V& hai dubmg tron tdm A va B ban kinh a cit

nhau ¢ C. Ve dubng tron (0) tigp xic hai eung AC, BC v canh AB.

a) Tinh chu vi hinh gidgi han bdi canh AB va hai eung AC, BC.

b) Tinh dj dai dubmg tron (0)

Cho ADEF déu eanh ¢. V@ dubng tron tdim M duéng kinh DH la dutmg
cao cua ADEF va duimg trom tam N ndi tiép ADEF. Tinh theo ¢ dién
tich clia hinh tgo thanh bdi phin chung eia ADEF vdi hinh tron tam
M nlumg khéng thudc hinh trén tam N.

Cho hai duting tron tdm O va O ban kinh R va r véi R = 3r tiép xic
ngodi tai 1 va MN la tiép tuyén chung ngoai cia ching.

a) Tinh MN va tinh bdn kinh eia dutmg tron nhe tam K tidp xde vdi

MN tai P va vdi hai duimg trén da cho.

b) Tinh dign tich cia hinh gidi han bdi 3 dutg trin trén va MN.

Bugng trom cd dudng kinh 14 dudng cao AH cia mét tam gide vudng
ABC cat hai canh géc vuong AB va AC tai D va E. Cdc tiép tuyén cia
dutimg trom tai D va E et BC ¢ M va N,

a) Ching minh ring M la trung diém cia BH va N 1a trung diém cia
CIL




b) Tinh dig¢n tich eia tr gise DENM biét ede canh gdée vudng cia
AABC la Tem va Sem.

¢) Tinh dién tich phan gidi han béi dubing trom da cho va 0 gidae DENM.

15. Cho dudng tron (O, R) trén dé 1y diém A ¢6 dinh r6i vé duting trén
(A, R).

a) Hay dung AABC ndi tiép dubmg tron (O) sao cho trye tdm cia tam
- gide ay la m{t diém H cho trude ndm trén duimg trén (A).

b) Gia sif AABC théa man ede diéu kién trén da dung duve. Hay tinh
gde A cua Ltam gide.

e) Cho H chay trén dutng tron (A). Tim quy tich trung diém M cia
canh BC khi AABC thaa mén diéu kién trong cdu a.

16. Hay chia m{t tam giic ABC thanh bay tam gidc cin trong dé cd ba
tam gide bing nhau,

C. CACH GIAI VA LOT BINH

1. a} Géc ADE cé thé coi la gdc co dinh
¢ trén dudng tron noi tidp AABC
v chiin cung DE (hinh 171). Vi thé
phin gide cia né di qua trung diém
I cia cung DE. Tuong wy, phan gide
goc AED eang di qua 1.

Nhu viay I la tam duwmg tron ndi
tiép AADE va ta ¢6 OI = 1.
B+0

H.171

b2 | b

b) BOC = 180° - = 90" + = = BDO + ODM = BDM. -

el ==

Lai c6 DMDB = 180° - % - BDM = 180° - % - BOC = BCO,
tire 124 NMB = NCB.

Nhu vay tir hai didgm M va C ta déu nhin doan BN dugi nhimg géc
bang nhau, do dé ban digm B, C, M, N cing nidm trén mot dulmg trom.

o Loi binh : Tugng v : “Cho duing trén (1) va duimg thdng m cdt (1) tai,
hai diém cd dinh B va C. Ti mét diém P bdt Fi trén duwomg thdng m
ndm ngoai dogn BC ké hai tiép tuyén vai (1) I PM va PN (M va N lé
tigp diéne).

a) Tinh cdc goc cia APMN biét gde givta hai tidp tuyén la 80"
b) Goi K la trung diém cia BC, eluing minh réng nam diém P, M, N,
K, I ciing ndm trén mot duimg tron,”
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Cdch giai nhu sau (hinh 172) -

a)

b

Do PM va PN la hai tiép tuyén
cing xuiat phat tif P nén PM = PN

va APMN can, suy ra M; = ﬁj.
Biét MPN = 80° nén

'~ o~ 180" - 80"
M; = M3 = e = 50",

Do K 14 trung digm cia BC nén 1K 1 BC.

Cidc goe IMP = INP = 90°, Vay cde didm I, M, N nhin doan IP dudi
mét goe vudbng nén ching phai nidm trén dudng tron dutng kinh IP.
Viy b diem P, M, N, K, [ cing nfum trén dutng trén dubting kinh IP.

Ta c6 OM L DE vi DE la tiép
tuyén caa (0) (hinh 173). Tam
giae DMO vudng cd MC la trung
tuyén (vi CO = CD theo gt) nén
MC = CO = CD, viy AOMC déu.

Xét ADEF cin 6 D =60° (vi
AOMC déu nén MOC = 60°, suy
ra MDO = 30°, do dé D =60°),
vay ADEF deéu.

Chitng minh tuong ty nhu dai
vii AOMC ta c6 ADMN déu.

D'
A"
i . C ]
M l K %‘I\
E A ] BF
H.173

b) Ta ¢6 MND = 60°. Lai ¢6 10V (= TOV = 60°) va nhu viy hai diém
0, N cong nhin dogn TV dudi mdt goe biing nhau nén bén diém O,
T, V, N cing nim trén mot dudng tron,

Gid =it B va C la hai didm phai tim
thinh 175). Trung tuyén AK cua
AABC di qua M ndm trong (0). The
thi AM = 2MK. Mat khdc OK 1L BC,
Vay ta 6 edch dung sau :

Kéo dai AM mot doan MK = %.ﬁm,
ke dubng vudng goc d vdi OK tai K,
ciit (0) @ B va C.

il

B K

H.175

Bai todn ed vd sd nghiém hinh néu K tring vdi O vi lic dé AABC




vudng & A nén cd vo s6 dubmg kinh va cd |
vi 50 tam gidc vuong nhu thé.

Néu K ndm trén dubing tron (hinh 176),
ta ké AOA; va ke MM, #/ AJK ta co goc
AMM, vudng vi goc AKA, vuing. Do A va
M ed dinh nén A, va M; cing ed dinh.
'E'Eu_i' tich cia M co tinh chat khi néi AM

; 1
vi kéo dai mét doan ME = EhM thi K

nim trén dutmg trén nhin AM, dudi mot H.176

gde vubdng, tie 1A dubing tron (C) duting kinh AM, = % duting kinh

dudmg tron (Q).

Nhir thé, ndu M nim trong ed hai dutimg tron thi duing thing d cit
(0) tai B va C (mdt nghiém hinh)l, N&u M ndm ngoai (C) thi K nim
ngoai (0) tai didm trimg véi K tice 12 ba diém B, C, K trimg nhau va
AABC trd thanh doan thing AK.

Viay M phadi ndm trong duimg trim (0), gidi han trong dudmg trdn
duting kinh AM, = g dudng kinh cia (0) va khong duge nim trén

dung tron dutmg kinh AD, = bdan kinh cia (0), vi khi dé AABC

2o | b

sé trd thanh doan thing.

by Gia sif da dung duge hai diédm B va C khi
M la trye tam AABC (hinh 177). Khi d6
didm K déi xumg vdi M qua BC ndim trén
(0) va MI = TK. -
Pé xdc dinh B va C ta kéo dai AM cit
(0) tai K. Ké trung true cia MK cit (0) ¢
hai diém B va C phai tim.

Bai todn ¢d mdt nghiém hinh duy nhat.
o« Lot binh : Xét Lhém- bai todn sau :
“Chitng minh ring trong mit ngi gide 16 néu ABC = ADE wva
AEC = ADB thi BAC = DAE."

Cidi hay va cing 14 cdi khé ciaa bai todn nay 14 phdi tim cdch vé cho
duge hinh ddp tng yéu cdu cia cde goc bang nhau trong dé bai dé théa
man duge gid thigt. Do dé ta cé edch vé hinh sau (hinh 178).-
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Goi F la giao diém ecia BD va
CE. Ta thdy ngay rdng do
AEC = ADB (gt} nén biin didm
A,
trim.

Lai c6 ABC=ADE (gt} ma
ADE = AFE (cing chiin cung

F, D, E nim trén mdt duling

— H.178

AE) va ABC + AFC = 180° vi AFC 1a géc ké bi cia AFE. Viy ta ed
bén diém A, B, C, F cing ndm trén mjt dudmg tron khde cé giao diém
la A va F vai dutmg tron tha nhaét,

Suy ra BAC = BFC (cang chdn cung BC) va DAE = DFE (cing chédn
cung DE). Nhung BFC = DFE (d6i dinh) vay : BAC = DAE.
4. a) Xét hai tam gide cdn AOB va AOC (hinh 179) ta cd :

bl

OAB + O'AC = 90° (vi bing O'AO - BAC = 90°)
Dodd: OAB + OBA + O'AC + O'CA = 180°.

Vi tong cdc goc trong cia hai
tam gide trén bing 360° ta
suy ra AOB + AQC = 180",

Viy OB pha) song song v
O'C.

Gia su R 2 R' va gai E la
giao difm cia 00" va BC. Vi OB / OC nén E la tam déng dang
ngoii cia hai duimg tron, do do E cé dinh. Diéim H luén nhin doan
¢f dinh AE dugi mft goe vudng viy quy tich cia H 1a dubng tron
dutng kinh AE.

Trong trutmg hop R = R’ (hai duting trén bing nhau) thi OO'BC la
hinh binh hanh, nén BC / 00, do dé AH L O0'. Miit khde QA = O'A
nén quy tich cda H la mét phan dutmg trung true cua 00" (gidi han
béi hai ti€p tuyén chung ngoai), Do 1K 14 duémg trung binh eiia hinh
thang BOO'C nén :

R+ R

El IK R+FR
EC 0C 2R"
R+R

P

K = . do da :

Wiy quy tich cua I la dudrng tron tam E, ti s




AG 2 i
e) Vi G 14 trong tdm cia AABC nén ta cd : Tl = % Do do G la diém

. . : e 3 i o o
déi xaing cua I trong phép bi€n dai déng dang tdm A, ti sd A

Viay quy tich cia G la dutmg tron tam A, ti s g

Lé# binh : Tuong tu : "Cho mdt didim A ¢d dinh va mot diém B di
déng trén mpt duimg tron (0) o6 dinh. Phdn gide trong ctia gée AOB
cdt AB o M.

a) Chitng minh duiéng thdng song song véi OB ké fix M luén di qua
mdt didin ed dinh.

b) Tim L.:*_mj tich cia diégm M.
e) Hay gidi bai toan nay khi phan gite ngodi ctia gie AOB edit AR tpi N."
Cdch gidi nhu sau (hinh 180)

MB
a) OM la phin gide trong eia AAOB nén m = — (1)

Goi P 1a giao diém cua dubmg
thang song song vdi OB ke tir
M tdgi OA (P phai ¢ trong doan
OA vi M @ trong doan AB).

Ta cd : E=@ (2)
PA MA
il vagie s B2 L 98
FA OA

Ti 1& thie nay chimg to ving diém P chia trong doan OA cd dinh
theo ti sé khong dé g nen P phai la mot diem ed dinh.
AM OA

AB  0OA+ OB
la diém déng dang phoi cinh cia B trong phép bign dbi déng dang

= khéng doi. Thanh the P

L) Tir ti 1& thde (1) suy ra

tam A ti so -U—ﬂ Do d6 :
OA + OB

Khi B di déng trén dutmg trom (O) thi quy tich coa M la duting trom
(démg dang phdi ednh vdéi (0) trong phép bign déi déng dang néi
trén, co tam la P va di qua O.

¢) Khi ON la phan gide ngeai cua géc AOB thi ta cd (hinh 181)
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5. a)

- Tir (3) va (4) cd :

1)

NB_OB

NaA  OA

Puing thing song song vdi OB
ké tir N cit AO kéo dai tai Q (Q
niam ngoai doan OA), ta co

QO NB

e (4)

QA NA H.181
QO OB

i 1& thie nay ching to @ la diém chia

QA OA
i 20 - 1 - & o UH 5 & - Y &
ngoai OA c¢o dinh theo ti s& khang déi Ty nén Q phadi 1a diém e

dinh.

AM _ OA
AB OA-0B
ding dang phéi cinh cua B trong phép bién déi déng dang tdm A,
ti g6 k.

Viy quy tich cia N la dutng tron (déng dang phéi eanh véi (0))
tam Q va di qua O.

Cir ti gidc PEBF va PGDH déu e6
hai gde doi vudng (hinh 182). Trong ti
gifie PEBF ta ¢6 : EPF b véi EBF
(tde ld ABC). Trong tb giac PGDH ta
c6:  HPG = ADC,

= k (khdong ddi), nén N 1a didm

Tir (4) ta suy ra

ABCD) ta it ra :

HPG = EFF (1)
Mat khde, cde td gide PEBF va PGDH déu ndi ti€p duge trong mdt
dubmg trom nén : PEF = PBF (cing chin cung PF) vd PHG = PDG
{cimg chdn cung PG). Nhuing trong dutmg tron (ABCD) lai 6 :
PEF = FDG (cung chin cung PC), do d6 - PEF = PHG {2)
Tu (1) va (2} ta cd ngay : APEF « APHG (g.g).
Tir hai tam gide déng dang trén, ta cd :

PE PF

" =—— hay PEPG =PF.
TR T 1ay PE.PG = PF.PH

Vay : tich edic khodng edch tit P dén cdc canh déi cia tir gide ndi
tiép ABCD bling tich cie khodng cdch tit P dén hai canh kia.




o Lai binh : Xét thém bai todn sau -

"Che hai dwcmg tron (0) vi (O edt nbhaw tegi M va N. Dung thing MO

odt (O} va (07 theo thi t tgi P pa P, duimg thdng MO’ cdt (0) va (0°)

theo th by toi Q@ va Q°, Chaing minh rang :

a) T gidge OGP0’ noi tiép.

b) Tt gidc SPNP' noi tiép, trong do Q
S+la giao diem cia PQ va P'Q." pr

Cdch giai nhy sau (hinh 183)

3

o

a) Ta hay chimg minh Oy = 0.

DF
That vay, Oy la goe ngoai & b \
dinh O cua AOPQ ean nén
iﬁz = 2P va {T|==E£§ﬂ

&
11.183

Ma P = -‘fi’ (gde o canh tuong ung vuong gée PQ 1L QF°, PP L PQ').

Suy ra O = Q'1, vay Wt gidc OQP'O' ndi tiép.
b) Ta hay ching minh S+ ENP = 180°,

That viy, AQSQ c6 SQQ’ = 90°, suy ra 8+ Q' = 90",

Ma Q' = MNP (cing chin cung MP edn dudng tron (0).

Do dé: S+ MNP =90° ma MNP =90°, suy ra :

PSP’ + MNP + MNP’ = 90° + 90,
Viy ta oo : S+ PNP' = 180°, suy ra i gidge SPNP ndi tiép

6. Do tif gide ABCD nd tiép nén goe P
ngodi DCQ tai dinh C bing goe
trong BAQ tai dinh doi dign A
(hinh 184). Vi QE la phiin gide gadc
Q nén cdc goc cua AAQE theo tlhar
ty bing cde gdc cua ACQG. Do do
CGQ = AEQ.

Nhung CEQ = PGE (d&i dinl) nén
PEG = PGE va APEG cin.

H. 184

Phén gide goc P 1a trung trge cia diy EG nén H va F ndm trén trung
. trye di sé cdch déu E va G. Tuung b B va G cing cdach déu H va F.
Viy i giac EFGH la hinh thoi.

261




7. a) Taeé ACN = AMN (cung chdn cung AN) (hinh 186).
Tir giae NMBD nai tiép trong duding tron (0Oy) nén
NDB + NMB = 180°,
Nhumg AMN + NMB =180°, suy ra
AMN = NDB (vi cing bt vai NME).
Nhy viy ta o6 NCA = NDB (cling
bing gdc AMN),
~ Kéo dai AC edt BD 6 P ta cé -

NCP + NCA = 180°,

H.186

suy ra NCP + NDP = 180°

. Y ool | 5 : i
Vay ACAM vudng cin, nén CAM = e 45", Ching minh tuomg tu
ABP = 45°. Trong AAPB ting hai géc PAB va PBA bing 90" nén
APB = 90°. Tit d6 DPC = 90°,
Tt gide NCPD dd c6 téng ba gic NCP, NDP va DPC biing 270° nén
CND = 90°, Boan AC la dutmg kinh cia dutimg trdn (A, M. C) vi
AMC = 90° (gt) nén ANC =90, Do d6 ANC + CND = 1807, viy ba
didm A, N, D thing hang.
Vi DMB = 90° (gt} nén BD la duimg kinh eia dutng tron (D, M, B)
va DNB =90°. Ma DNC = 90° (ehimg minh trén), suy ra NC trimg
vil NB, vi tir N chi ¢ thé vé mét duiimg vudng goc vdi AD, tde 14 ba
digm B, C, N phai thing hang.

b) AADE ca DM L AB, BN L AD nén C la truc tém cia tam gide.
AACEB co CM 1 AB, AD 1 BC nén D la trye tdm eda tam gidc.
Twrong tu A la trve thm cia ABCD va B 1 Lrue tdm cia AACD.

Nhu vay mét trong bon digm A, B, C, D la true tam cia tam gide do
ba diém con lai tao thanh.

¢) Duwa vao k&t qud cia cdu a, ta co ANB = 90", NMB = 45", Suy ra
ANM = 90" — 45" = 45", nic la MN 1 phdn gidc eta gic ANB.
Vi ANB =90° nén N sé chay trén dutng tron duting kinh AB. Do

MN la phin gidac gée ANB nén MN sé di qua trung diém E cia cung
AB cd dinh (vi ANM = MNB chin hai cung bing nhau AE va BE).




o Lai binh : Xét thém bai todn sau :

"Choe ADEF wéi tiép trong duong tron (O), Ba dudng cao DD, EE', FF’
edt nhaw tai M va N la diem déi cing cia M qua trung diém P cia

eanh EF. Ching minh rang @

ir)
b)

Cdell gidi nhu sau (hinh 187) :

a)

b)

b

Ba gde EE'F', EE'D" vt FEN bang nfua.
Bidm N ndm trén duéng tron (0).”

Ti gide MF'DE ¢6 F' = E = 90° nén
nji tiép duge, suy ra h = B'1.

Tuong tu, ta giae MD'FE' ng tiép
dutcic, suy ra = Eh.

T giae EMFN la hinh binh hanh (vi EM / NI do cing vuéng géc
vii DF va EN # MF do eing vudng gioc vdi DE), suy ra F‘1 = E:I-
Nhung Dy =F (goc ed eanh tuong Jng wvudng gdc) nén
EY = E's = Er, tie la ba gée EE'F, EE'D' v FEN biing nhau.

Do EMFN la hinh binh hanh nén ENF = EMF = F'ME’ (dai dinh),
Mia FME' + FDE’ = 180° (tf gisge MF'DE ndi tidp theo ciu a) nén
suy ra F'DE'+ ENF = 180°. Do dé ti gidge DENF ngi tigp duge
duting trém (0}, vay diém N ndm trén (0).

Ta oo ABC = ADC (ding chitn cung AC) (hinh 188). Ma A, + B = 90°,
As + D =90° (vi ACD =90°),

Suy ra: A1 = Az, ticla BAA' = DAC.

Tit gidc BC'B'C ¢d cde ghe tan C' va B’
vudng nén ni tigp duge trong duing
trom duéing kinh BC. Suy ra téng ha
goe ddi CBC+B=180", ma B=D
va C'B'C chinh la EB'C.

Do dé EB'C + EDC = 180°. Viy i gidic
DEB'C ngi tiép duge.

o L Dinh : Co ti_lf,r' x6t thém hal ciu hoi nda -
"e) Clhutng munh B'C' L AD.
d) Cae duing cac AA", BB, CC° cat duong tron theo tha ty tai Ay, By,

Cy. Chiing minh rang HA' = A'A,, HB' = B'B,, HC' = C'C, va rit ra
nhdn xet vé cde diem H va Ay, H va By, H va C, ddi voi dudng tron
(Q) ngoai hiép AABC.”
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Cdch gidi nhu sl

¢) Do tii giac DEB'C ndi tigp nén ta cd ting hai gic dai

B'ED + B'CD = 180°, ma B'CD =90°, suy ra BED =90°, tie la

B'C' L AD.

d} Dé chimg minh HA' = A'A,, ta c6 B2 = .:il_f{l‘;‘ (cing chin cung A,C)
vi By = ﬁ:ﬂ:t‘. (canh tuong dng vudng gée), Suy ra By =Ba. Do dé
AHBA; can nén HA' = A'A,,

Ching minh tuong tu ta cd : HB' = B'B, va HC' = C'Cy. _
Nhan xét @ Trong MABC noi ticp ding tron (0), cde diém doi xing
cia tryfe tdm H qua ba canh luén ndm trén duimg tron (O) ngogi tiép
tam gide.

Gia st A, M, B, N ¢ trén duting
thing AB theo thit ty nay (hinh
189). (Néu bén diém trén xép
theo tha tuw N, A, M, B thi cang
X6t tuong tu).

Ta ¢b ; M_EH:E'ZE=BD“

vi CMN =45° (vi CM = CN),
Dodé : 2BAC + BCA = 2(MAC + MCA) = 2CMN = 90°
Mat khdc BAC + BCA = 180° — ABC. Tir d6 BAC = ABC - 90°,
Do goc B ti nén duiing kinh AD cia duong tron ngoai tiﬁ:]‘.l- AABC néim
ngoal taun gidc vay :

DAC = (180° - ADC) - ACD = ABC - 90° = BAC

(vi hai gée ABC va ADC la hai géc déi ciia tf gide noi tiép ABCD).
Thanh thi DC = BC va 4R* = AD® = AC* + DC* = AC? + BCZ,
Lo binh ; Tuong Wy :
Cho tit gide ABCD trong dé AB = AD va CB = D, Cluing minh rdng :
al Co theé ndt &ép mot dwdmg tron frong W giie,
b) Co thié ngoai tidp mot duimg tron khi vi ehi i AB L BO."
Céch gidi nhu sau (hinh 190) :

a) Theo dé bai ta cé AB + CD = AD + BC. Vay trong tif gide ABCD co
thé néi tiep mét dubing trbn.




b) ¥ét hai tam gide bing nhau ABRC

va ADC (c.c.c) ta ¢6 B = D. Vi tha
ta c6 thé ngoai ti€p mit duding
tron khi va chi khi -

180°
= 80°,

o~ Tiwm- =
B=—(B+D)=
E{ + 1))

tic 1a khi B = 90° va AB 1 BC,

10. (Hinh 191). a) Ta c6 : sdGa = %sdﬁb‘;

sdif; = ésd[b GE —ﬁ'}:%sd{_ﬁﬁt_ EF)

1

= —Edﬁﬁ'
2
Suy ra Ga = M),
Nhung G + G2 = 180°
nén M; + Gy = 180°. AL E K N
H.191 )

Viy tr gide FMNG ndi tiép dugc.

b} Gée FDG vuéng (chiin nia dudng tron (0)), DK la trung tuyén cua

)

tam gide vuing MDN nén DK = KM = KN. Suy ra ADKN cén, do dé
Dy =ﬁ, ma Gz = My nén D1 + Gz = N+ M; =90~

Vay DIG = 90°, wic la DK 1 FG.

Dot gide FMNG ndi tigp duge nén dubmg trim ngoai tiép nd ehinh
la dubmg trom ngoai tigp (MFG). Qua O ké trung truc cua FG va qua
K ké trung true caa MN, ching cidt nhau tai 8 va S la tdm dubing
tron ngoai tiép (MFG),

Ta od KS / OD (cimg vudng gde vdi MN), OS / 1K (cing vudng goc
vl FG). Suy ra ODKS la hinh binh hanh, do do KS = OD khong
doi.

Nhu the, S luin cich tiép tuyén tai E of dinh mdt khedang biing bén
kinh cua (0) nén tam S cua dubng tron ngoai ti€p AFMG chay trén
mot dubmg thing song song vdi tiép tuyén tai E mit khoang biéng
ban kinh cua (0),

o Lai binh @ Xét thém bai todn sau :

"Tie diem D ngodi dudng tron (0) ta ké hai tidp tuyén DE va DF, Ldy
digm P trén cung EF ndam trong ADEF va ké P1 L EF, PH | DE, PK | DF.
Goi M ¢ giao diém eiia PE va HI, N la giao digm ecia PF va KI
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11. a) Chu vi hinh gigi hgn cdn tim (hinh 193) bing
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Chaing minh rdng :

a) Cde tit gide PIEH vd PIFK ndi tiép dioe.

b) Tia déi cia tia PI ld phén gide cia goc HPK.

e) T gige PMIN ndi tiep duoe.
Suy ra MN i/ EF."

Cach piai nhy sau thinh 192) :

a) Do Pl | EF, PH 1| HE (gt)
nén cic goc tai H va [ déu
vudng, do dé ui gide FIEH
néi tiép duge.

Tuong ty ti giac PIFK ndi tigp duoe.

by Goi Pt la tia d6i cla tia PI. Xét ADEF cdn (vi DE = DF la tiép
tuy&n cia (0D ta cé hai goc § ddy DEF = DFE. Do hai tir gige PIEH
vi PIFK ndi tidp duve (cdu a)

nén  HPI = 180° - DEF = 180" - DFE = KPL

Tir d6  HPt = 180° - HPI = 180° — KPI = KPt.
Viy Pt la phan gide goe HPK.

¢) Theo ciu a ta e6 Ey = I (ta gidge PIEH ndi tigp), Fz =12 (td gide
PIFK ngi tiép). Suy ra HIK =1 + ..
Lai co Fy = 1 (cung chin cung PE), Fa = B3 {cing chdn cung PF).
Suy ra HIK = Ep + Iy,
Xét APEF ta o6 : EPF + HIK = 180° - (E, + Iy} + E, + F, = 180°, Vay
taf gide PMIN ndi tiép duge.
Tir d6 suy ra PMN =[2, ma I = Fs = B2 nén PMN = B2 chidm vi
tri gac ddng vi, do dé MN / EF.

do dai AC + dp dai BC + do dai canh AB.
2na.6l aa

Ta 6 ; dé dai AD =
J60 3

Vay chu vi can tim la :

) '
g — +a==(2r+ 3). A H B
3 d H.183

b} Thee tinh chdlt eda hai dutng trin tigp xic thi B, O, D thing hang,
Ta lai c6 C, O, H thing hang vi (0) Li€p xic vdi AB,




Goi R & ban kinh cia (0), trong AHOB uuung ta cb : OB®* = OH® + HE?,
z

2
hay (a — R)* = R? + [%] ticlaa’—2aR + RZ = R2 + 2

2
Tir dé : a* _ﬁT = ZaR. Suy ra H=E.

Vay do dai dudmg tréin (0} 1a : 2. 21 dna

—_— ——
1

4

* L&i bink : Néu bai ra van cho AABC déu cé duimg cac CH nhimg vé

12.

duong trom (1) duimg kinh CH ciat CA va CB tai M va N, thi ta cé thé
tinh dg dai ecde cung CM, CN vi MHN nhy sau (hinh 194) :

Puing cao tam gidc déu la CH = Hf.
ot 710 85
do d6 ban kinh-cia (1) 12 22 Ta cs gic

¢ tAm MIH bang 60" (vi L:E‘tng 2C ma
C = 30"), dodé CIM = CIN = MIN.

Suy ra ba cung CM, CN va MHN bding nhau.

— 120 2 may:
D6 dai OM - ZHIH120 o ay3 2 a3
360 8 B

Viy dé dai CM = dé dai CN = dé dai MHN = “ﬂf.

Dién tich phai tim la dién tich phdn Lé dam (hinh 195), tde la -
25 unm + Sy MK — Suial oo e YE 285 = DMLIP
Pé tinh DI 1a duting cao cia nva tam gide déu DIH canh 14 DH ta o6

DHY3 o8 3 3c

DI = . W
2 2 2 4

dodé IN=_pi-2e
2 B

25ymm = DM.IP =

cﬁ 3c
4 5

Dién tich hinh quat MIHK la -
i 2 2
T[DII 12{:‘ -y .30 1 RC 1.195

e

4 360 18 3 18

cyf3

Dién tich hinh tron (N) e6 bdin kinh NH bing %DH (taie Ia NH = -—--}
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12

2 .
1a - ﬂ[CHIEJ = ac’
3 & :

2 2
Vay dién tich phin té ddm 13 - g’ J- Tis = —E‘.}w.r 2m).

o Li binh : Twong tu : "Cho wia dwong tron duimg kinh AB va mot
didm M bat ki trén AB. Ve cde niia dudng tron eiing phia vai nd eo
clutdneg kinfe AM va MB.

a) Tinh dién tich phin gidgi han bai ba nda duimg tron theo bdan kinh
R cria nta dudng trim Ldn neu AM = 2MB.

b) Ké dwirng vudng goc it M vai AB odt e dwiong trdn lin d P, cluing
minh ring MP° = AM.MEB. -

¢} Chimg minh dién tich phan gici hon & edu a bing diégn tich hinh
Jron duong kinh MP."

Cach gidi nhy sau (hinh 196) :

e - - y . . nABRZ
a) Dign tich nua hinh tron ldn la ,
. 8 . . \
” : ’ ... mAM? > 4.
naa hinh trém nhé bén trdi la AN va A M B
. H.196
M B*

nira hinh trion nha bén phai la

4R 2R :
Thay AB = 2R, AM = =, MB = = B duge : S phan té dam bing

- — i

n 16R* =n nHE} .'zl'{gr4 16 -i]
A

T 4R? e
H E L2 8 9

8L 9 9
B nﬁi[l 4 1]_::]1E 4 2nR*
9 9 9 > S g

b) Xét tam gidc vudng APB (vi APB = 90° do chin nda duting Lron} vai
duésng cao PM ta eé ngay hé thie (h? = b'e’) - MP* = AM.MB.
c) Dién tich hinh t5 E’if_l]ﬂ la -

%[AB"’ ~ AM? - MB?) = gimm + MBY! — AM® - MBY

=2 SAMMB,
B

ma 2AM.MB theo ciu b) bing 2MP°, nén dién tich hinh té diam teg
thanh E-MP"", do chinh la dign tich hinh tron duémg kinh MP,
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13. a

L)

Ké O0'Q- L OM thinh 197).
Kot AOQOD vudng ta o ¢
0'Q = 00° - OQ°

= Br+rf —13r—ry
= (dr® — (20 = 12°

0'Q = 2ry3 = MN
ivi OMNO' la hinh chit nhat).
Gei x la bin kinh duding tron nho (K) ta ed :
MP + PN =MN = 213 (%)

Ta tinh PN (hinh 198) biing eich tinh KK (= PN)
trong AMK'K vuong ©
KK* = KO® - OK"

]

= (% +rF-lr—xf=drx

L 157

Dl

..]{'

Tidé PN = 24m,
Tuong ty ta cé6 MP = 2+43rx. Thay vao (%) dugc :

1198

2 + 23k = 263 by S 35 =03

3 1

'I.J'-
H".T + i.lrﬁT]-'! ;

Tir dd tinh duge x =

Dién tich hinh gach spe bing dién tich hinh thang teir di-dign tich

mdl hinh trén va dién tich hai hinh quat tron.

Bé tinh dién tich hinh guat tron ta tinh goe ¢ tam QOO Xét

ADQO vudng tai & ta co :

; 0q 2r 1 . =
sinQO0 = - = =, suy ra Q00 = 30° va QOO = 60°
q o0 4r 2 ) Q «Q
1 % 1 R
S|1|I._|'I. Mg = E'-“l- : S-pu.:l Al = E -'TI-S ' = E

5:I||l|'||l g viaomg LENDY = {r + 3rh 'Ilat'.; = "I'rg \E

3

3 T

1
E:'||||||I|‘||-.I1 1K= X = [

—F]

N N
(T + JIE:]:J ‘lLr1r+2rv.l"-'._:}J

ql.'d

s b [ s [ [s@-4B)
=1 ————— i =7t =
2r(d + J3) |

l2ze )] | 2

Viy dién tich hinh té ddm phai tim la




= Somner — {5,1.,.;,1 Miry + 5-....11 sol + Sk

o
i

2 2z
ar?.fs - -;-:r"! + BEE] + ‘.-:Ilzr (2 - «,.I'E}z]

1 i oy 2
T 11;' +EJ:] —El;ru'iwﬁ}

4123 - Elll;r' + Qur® 3

2

Cuffi eiing 8= %:451@ ~ 2117+ 108143).

o L binh : Xet théem bal toan sau vé tinh dién tich hinh vién phén :
"Cho dudng thdng A la tiép tuyén clia duimg tron (0, o) tai P va PQ la
dugng kinh. T treng dicm N cia nida diddng trom ta k& H8p tuydn vdi
(O) cat Ad M.

a) Chung minh OM  NQ va tinh OM, NQ theo o.

b) Goi E ld giao diéin cda MO vat (Q), tinh dién tich cia vién phdn
grai fran boe cung PE va day PE.” =
Cdch gial nhy sau thinh 199) : M . .
a) Ta co MP = MN (tinh chat hai tiép I
tuy@n xudt phat tic M), OPM = 90° vi
A la tiep tuyen, T dd ur gide PMNO i - Q
1A hinh thoi ed gdc P vudng nén la -
hinh vuong.
Do dé hai dutimg chéo vuéng gie tai |,
suy ra MO 1 PN. A
H.1599

s

14. a)
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Lai c6 QN 1 PN (vi PNQ = 90"). Suy
ra i gidie MOQN 14 hinh binh hanh nén hai canh déi MO = NQ,
ma MO & dudng chéo cua hinh vudong canh a bing ay2.

iy MO = NQ = av2.

Dién tich vién phin 16 djm = dién tich hinh quat EOP - dién tich
AQEDP nén dién tich vién phan bang

46 1 - 1 111.@ g
— PN e e o i gy e e N
a0 2 s 2 2

Theo gia thiet thi BC eang la Gép tuyén eda didg trén ¢d dubing
kinh AH tai H thinh 200) Do dé MD = MH, NE = NH. N&i HD, HE
ta duge cac tam gidc vudng DBH v EHC i cde canh huyén 1a BH
va HC.




Suy ra : MB = MH, NC = NH, tic 1a

I}
M la trung diégm coa BH va N la M
trung diém edia CH. D T
b) DE la dutmg kinh cia dutng tron da -
cho nén DM /# EN, nlu vay tb gide [ 0 LT N
DENM la hinh thang vuong cd duing | *
_«ao DE = AH va téng hai ddy {
1 A I (I
DM + EN = HM + HN = ~BC. H-400
Ta tinlx AH biét 12= 1.-|- 1_ hay lq=i+_]_'= 4
AH®  AB?  AC? AH' T8 P
L&
R L AL, L 0 1Y
74 74

Tinh ti€p BCLigt BC = AB* + AC* =7 +5' =74
trdé  BC = 74 = 20DM + EN).

. R ; 3574 474 35 ;
Vay Spuawy = o DE(DM + EN) = % = -y 8,75 (em*),

{Law ¥ 2 Co thé tinh dién tich ti gide DEMN biing cdich khée nlur sau

Phin tich td gide DEMN thanh : ADHE tuong dugng véi ADAE,
ADMH tuong duong véi ADMB va AENH tuong dudng vdi EENG
Sdu tam gide trén hgp thanh AABC vudng tai A.

1.0 A "
Vay Speax = —S,f.,;.r sonilati s 8,75 {emn™).)

2 2 4
¢) Dién tich phan té diam = dién tich hinh tron (Q) - dign tich ta gl.tii':
DEMMN tie la -

rAHZ x 7252

S dam = Swn — Spemn = - 870 = = 74

- 8,75

=13 - 8,75 = 4,25 (em™),
Lat binh ; Xét thém bai todn sau

"Cde canh bén cda hink thang cin ABCD kéo dai edt nhau tei P
Chaing minh rang hai dudng tron agogi hép cdc tam gide PAC va PBD
edt nhaw tai tam dwing trén ngoat tiép hinh thang ABCD.” 2

Cach giai nhu sau (thinh 201) ;

AAPB edn o6 dutimg cao PH la true déi ximg cia né. Pudng tron ngoai
tiép APAC dai :wug vl dutmg trom ngeai tigp APBD qua true dai xing
PH.

Digm P, giao diém cia dubng tron (PAC) véi true ddi ximg, e6 diém dai
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xing 1a ehinh né, wic la gino dicim cua duing trin (PBD) véi true doi ximg,

Trong phép doi xing nay cung OC

doi xing vai cung BO, Ngoal ra

cung OA bang cung OC nén suy ra:
OC = 0D = OA - OB,

Tir dd ban day tuong g cing bing

nhau.
Vay O 14 1am dubing tron ngogi tiép A 1 13
hinh thang ABCD. 11201

15. a) Ta da biet rang @ diém ddi sing eda tore Bm mil tam giae qua mot

canh pam trén duding tron ngoai tiép tam gidc

Dira vio diéu nay ta suy ra cich dyng AABC nhy sau (hinh 202) .

Goi ' 1a gino digm cua AH vér dudng A

tron 40, ta dung trung teue ean HH' eat

duirng trom tai hai digm B va C, Ta 6

AABC 1o tam gidc phai dung. Bai tedn

e mot nglaém hinh duy nhat.

b Ké duimg cao BD. T O ke OF L Al
Cile 1am gide vuong AED va AFC co

- i : 8 i = '
FOA = FCA (et cing 56 do bing nua so \ /

do cua cung Al¥).
Viy EAO = DAH, AO = AH = R,
Suy ra hai tan gide vuong AEOQ va ADH biing nhauw.

Tir dé6 AD = AE = %f‘lﬂ. AABD vudng ed ennh goc vudng AD bang

nua canh AB nén A=60". Khi H nam ngoiai dugng tron (0) thi
bang cich cluing minh tuong ty ta co A = 120"
el Vi A = 60° I1uﬁc 120" nén canh BO cia AABC ¢6 do dai khong doi

vit M each O mot doan bing 1—; Vi moi diém H thude dutimg treim

(A) eo mdt tam gide duy nhar ABC va-vdi mbdi tam giic ABC o6

A= 60" hoace 120" nji tigp trong dubng tron (O) déu cod true tam H

cach A mot dopn OA = I, Do dé gquy twch cuan M la dudng tron tém
0, bain kinh bang [—i

o Lat binh : X6t thém bai toan sau ¢
"Cho AABC o ba goc nhon. Cde duong cao awpdt phat e A, B, C eat
dirmy tron ngoai tiep fom gide theo thi e g A, B, C,.
al Qua trie tam H ké dwinmg thing o, Ching minh rdng cde duiong
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thing ddi xing eida d qua cde canh ciia AABC edt nhau tgi mét
dicm M ndm trén ducng tron ngogi tiep.
b) Chitng minh vdng bive duwong thang d quay xung quanh H médl goc a
thi dicm M chay trén mit cung bing 2 ciia dugng tron ngoai tiép.
¢} Tinh goc BAC trong truomg hop B,C) Id mdt dudng kinh cia duing
iran ngoai tiép.”

Cidch giail nhu sau (hinh 203a) :

al TIf}ji Ay, Ba, Oy la cic giao digm caa d véi BC, CA, AB (hinh 203a).
Vi Ay, By, € dii sing vdi H qua BC, CA, AB nén cic duirng thing
dél ximng vaéi d treng bai ra la BB, G,Cy, AjA.. Gia s BB, va C,C;
cit nhau tai M. Ta chding munh rang M nédm trén duéng tron (0).

Tacé: AC,M = AC,C, = AHC, (d&i ximg qua AB),

AB,M = AB,B, = AHB, {d&i xiing qua AC).
Vay AC,M + AB;M = AHC, + AHB, = 180°. Do d6 ti gidgc C,AB,M
ndi tigp duge, tae la M nam trén dudng tron (O).

Tuong tu ta chimg minh duge AA, va BBy cit nhau tai mét diém
M trén duirng tron ngoeai tiép tam gidc.

203
b) Lay dugng thang 4 tao véi d mat gée o (hinh 203b). Goi B; la giao
digm cua 4" véi AC. Giao digm cia BB vdi duimg tron (O) chinh
la diém cat nhau M g vii duang thing d'
Ta cb a = B,HBj = EE_I:E;_]:?; (ol xming qua
AC). Vay 46 do ctia cung MM’ biing Za.
¢l Ta ¢6 ABB, = ACC, thinh 204} vi cing
.[!hLII goc A, '
dods C,A=AB, vacé s6 do bang 90"
vi € B Ia duting kinh,
Viy ABB, = 45", suy ra BAC = 45"




16. Gid st AB la canh lén nhét eia AABC

© ndlim trén mit dutng tron ¢d tim O tring

(hinh 205). V& cung tron tim A bdn
kinh AC cit canh AB tai D. Tiép d6 vé
cung tron tim B bdn kinh BD cédt canh
BC tai E va cung trén tim C bdn kinh
CE cét canh AC tai F. Cudi cing vé °
cung tron ban kinh AF edt AB tai G,

Ta thiy ring nam diém C, D, E, F, G

H.205

vai thim dumg trom ndi tiep AABC.

Néi nam digm nay vdi O, réi néi F véi G, D véi E ta sé duoe biay tam
gide cin, trong doé cé ba tam gidc bang nhau la AOFC, AOCE va AQGD.

Lt bink @ X4t thém bii todn sau

") trong duwdng tron e ngi guic ABCDE ma tdt ed cde canh bing
nhaw. Méi canl nga gidge duoe kéo dai hai bin cho dén khi edt diirmg
tron. Cde dogn héo dai ein cde canh AB, BC, CD, DE, EA d6 Hy cde
diém A, B, C, D, E dupc té mau xanh, Chitng minh riing tong dé dei
tit cd dogn maw dd bing tdng d¢ dai cdae dogn man xanh.”

Cach giai nhy sau (hinh 206) : .
Ki higu d; 14 ede doan mau dé, x; 14 cdc doan mau xanh (i= 1, 2, 3, 4, 5)
va a la canh npa gidc,

Ta biét ring néu hai diy MN va QP cdt uhau tai diém S trong duiing
tron thi SM.SN = SP.5Q.

Ap dung vio hinh v&, ta c6 thé viét day
cic ding thac sau
dila + %) = xola + ds)  (dinh A)
dia + %) = x5fa +dy)  (dinh B)
ds(a + x3) = x4(a + d;) (dinh C)
dida + x) = xela + da)  {dinh D)
difa + %:0 = % la + 4y} (dinh E),
Céng timg vé & ding thic nay duge - H208

dy +dp+dy+dy +ds =% + X+ Xy + %+ Ny

L 3 : Ngi gidc cd thé khong 181, mit s6 canh ctia nd e6 thé edt nhau
hoac tring nhau.

D. BAN CO BIET ?
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I. TU GIAC NOI TIEP DAC BIET
T gide ngi ti€p dac bigt la (¢ gide cd tich cdc cdp canh d6i bdng nhau,

e e e



Chéng han ti gide ndi ti€p ABCD ma AB.CD = ADBC la ti gide ndi
tigp dic bigt.
1. Bai toan

Tir mpt didm M ngoai dutimg trén ké ede tigp tuyén MB, MD va cﬁ.t
tuyén qua M edt dutmg tron tai A va C.

Chitng minh ring : AB.CD = AD.BC.

2 Giad (hinh 207)
Ta cé AMAB «» AMBC "
A_E —_ M_ﬂl Tli'ﬂ 1 tl'GI E = Mﬂ h‘]
EC MB pe MD
AB DA

ma MB = MD nén — = ——
BC D'

hay AB.CD = AD.BC.
Tir gifie ABCD ndi tiép nay la t gide ngi tiép dac bigt,

H.207

2. Ung dung

Vi duy 1: Tu diém M ngoai mot duting tron ké cde tiép tuyén ME, MF
v cit tuyén MGH dén dubing tron. Qua F ké dubmg thing song song
vdl ME cat cde duting thing EG tai 8 va EH tai T. Chiing minh réng
EF di qua trung diém cia ST,
Cach giai nhir sau (hinh 208) :
Xét cde ciip tam gide déng dang -

AEFS o AEGF ta c6: or = £G
FE GE
AEFT @ AEHF ta ¢6 : o = TH.
FE HE
Nhung theo bai todan trén thi ;
FG _FH
E HE
; sk TF
Tir ba dang thic trén s s 1 N0
a dang thic trén suy ra : % - FE’ 1wy SF = TF.

Vi du 2 : Cho ADEF néi tiép trong duing tron, hai tiép tuyén tai E va
F eat nhau tai K. Ké diy DM & EF, duiing thing KM cit duimg tron
tai N. Cluing minh ring duting thdng DN di qua trung diém | cia EF.

Cédch giai nhu sau (hinh 209)
Ra rang wi gidac DEFM la hinh thang can.
Xét eat tuyén MNK tueo bai todn trén cd -

265




al
b

c)
il
e)
§

al

2606

FN _EN , FN _EN

== L —_— = !:':r
FM | EM WhE T DR
IN FN
11 v ADE] —
AFNI w nén T - DR
AFDI oo ANE] nén B E
DF IF
Tit A6 cing vdi (*) suy ra : iﬁ = % hay IE = IF.
. XUNG QUANH TU GIAC NOI TIEP K

Bai vdi ur gide ABCD cho trude, cie khang dinh sau i twong duong :
ABCD la ¥ gide ngi tiép
A+C=B4+D=180"

ABC = ACD
ACHD = AB.CD + AD.BC (dinh li Ptélémeé)
MAMC = MB.MD, trong dé M la gino diem cua AC va BD

H, I, K thing hing, trong dé H, 1, K la chan duting vubng géc ha tir D
theo thit tu xudng AR, BC, CA (dutng thang Simson). -

. XUNG QUANH TU GIAC NGOAI TIEP

Déin hiéu nhin biét
T giie ABCD ngoai tiép duime tron khi va ¢ha khi AB + CD = AD + BC,
Mt déiu hién khae

"Cho i gide o1 ABCD ma cac duimyg thang AB va CD ciat nhau tai K
(C ndm gita D va K), edie dutng thang BC va AD cit nhau tai M (C
nam gita B va M) Khi do to gidge ABCD ngoam tiép Ialu va el khi thoa
mdin mot trong hai didu kién sau -

BK + BM = DK + DM (¥}

CK + AKX = AK + CD  (¥F)"
Chimg minh : Ta ching munh cho
truimg hop (%) chn trugng hgp (%%)
duge suy ra tu (*) hodc clwimg minh
L L,

Gid = ti gide ABCD ngoai ticép va E, A ¥ Ii M
F, G la céc tigp diem (hinlt 210)ta ¢ H.210

BK + BM = (EK - BE) + (BF + FA) = (KG - BE) + (BF + HM)
= KG + HD + DM = KG + GD + DM = DK + DM.




b

{Ban doc ty chimg minh didu nguge lai © gia s co (%) thi Wr gide ABCD
ngoai Lapl.

Ta van dung diau hidu mdi nay dé giai bai todn sau :

*Cho D la mét diém nfim trong AABC. Cde duimg thing AD, BD, CD
eit cie canh BC, CA, AB tuong dng toi X, Y, Z. Cluing minh ring néu
hai trong ba t gide DYAZ, DZBX, DXCY ngoal tiép duting tron thi b
glie thif ba cing thé.”

Gizi
Gida =i hm i gide DZBX vi DXCY
ngoai. ticp (hinh 2115, Theo diu hiéu
i ta co -
[AB +CD = BC+ AD
|BC + AD = AC + BD

Tirdé Al + CD = AC + BD.

Suy ra ti gide DYAZ ngoai tiép.
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§16. PHAN PAU GIAI NHANH 10 BAI TOAN
ON TAP DAI VA HINH

A. DE BAI
DAl SO |
Hﬁi. 1. Chimg to cde biéu thnie sau khéng phy thude cdc dn x hodic y -
2 [[ 3 x ];2}:2+3:{+ 3 }x2+x
x+1 x% +9x 41 % +1 x+1| 3x+1 I

h}[1+1r+1]1—2y_ 1 1-4y+4y®] 1
L ¥ dy?)l1+2y 1-4y2 142y 2y

Bai 2.

1. :-:&r:baa‘ulm:m:[ N ];[—1 s 3].
Jb+1 tft-Eat-1) -1 t-1

a) Rit gon M.
b) V@i gid tr] nho cia t thi M dat gid tri nhé nhat va tim gid tei nhé
nhait da.

2. Cho hai bat phuong trinh 3az — 2a >z + 1 vaa — 22 < 0. Tim a 48 hai
bat phuong trinh trén cé cling mot tap nghigm,

Iai 3.
1. a) Tinh 3 + 12 - J75 '+ J108. |
Jiv -1 -1

y -2

by Cho A = . Ruit gon A va tim gid trj cia A khiy = 542 |

2. Cho parabol y = x* va dubmg thiing y = 2(a + Lix — 2a + 4.

a) Ching minh ring parabol va duiing thiing luén edt nhau tai hai
diém phin bigt véi moi a,

b) Chuing minh biéu thie P = x, {] - %] + :-::;.[1 —%J khong phu thube

vio a, trong dé x;, x; 13 hoinh dé cde giao diém cia parabel va |
duting thing da cho. |

Bai 4. .

1, Cho biéu thae P = i

14+ 1-|p| |

a) Tim p d& P ¢ nghia.
b} Tim cdu g.. tri lén nhat va nhé nhat cia P,

Ao .
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2. Mot ngudi dy dinh san xudt 120 san pham trong mat théi gian nhat
dinh. Do téing nang suat 4 san pham moi gid, nén da hoan thanh sém
hon diy dinh 1 gitn. Tinh nang suat do kién cia ngusi dé.

3. Timgid triciaz saocho z+2yz-1 +yz-24z -1 =2,

Bai 5. -
r
AL p-3p . 9-p Jp-3 Jp+2
1. Chobiguthic: P=|——-1|:| — _ + - |
. p-9 Wp+3ip-2 Jp-2 Jp+a
a) Rit gon P.
b) Tim gia tri cta p d& higuP -1 < 0.

2, Mot nguai di ®e mdy tir A dén B cich nhau 120km véi vin tée dy dinh
trude. Sau kln di duoc z quang dutng AB nguin dd tang van toc thém
10kmvh trén quang dutng con lai. Tim van tée du dinh va théi gian xe lin
bauh trén duimg, biét rang ngudi dé dén B sdm hon du dinh 24 phat.

3. Tim eap sb (a, b) thoa man ding thie a’b + 2ab — 4a + b = 0 sao cho b
dat gia tri lon nhat.

HINH HOC

Bai 1. Cho hinh vudng ABCD cd dinh canh a. Goi B 14 diém chuyén dong

trén dogn CD (E khde D), dugng thing AE cdt BC tai F, duing thing

vudng gae vai AR tai A cat dugng thang CD tai K

a) Ching minh AABE = AADK, suy ra AAFK vudng cén.

b) Goi I la trung diem cua FK, chimg minh T 14 tdm duiing trdn qua A,
C, F, K va [ chuyén ding trén mot dutmg thing cf dinh khi E
chuyén déng trén CD.

¢) Tinh s6 do gic AIF, suy ra 4 diém A, B, F, T cimg nhm trén mdt
dutmg tron.

d) Bat DE = x (a 2 x > 0), tinh d§ dai cae canh cua AAEK theo a va x,

e) Hay chi ra vi tri cua E sao cho do dai ER ngin nhat va ching minh
dicu da.

Bai 2, Cho duing teom (0, r) dutmg kinh AB va diay CD 1L AB (AC < CB). Hai

tia BC va DA ciit nhau tai E. Goi H la chan dulug vuong goc ha tr B

tdi duding thing AB. Chiing minh :

al T gitic AHEC ndi tigp trong mét duong trbn, tim tam [ va bdn
kinh dutimg tron da.

b) HC = HF, trong dé F 1a giao diém cin hai tia EH va CA.

c) HC Ia tiép tuyén cia duting tron (0},

d) BC.BE = BA.BH. Tinh BC.BE theo r biét ABC = 30°,
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Rii 3. Cho dutig trém (O, r) va day cung AB (AB < 2r) Trén AB liy diém C

sao cho AC > AB. Tir C ké hai tiép tuyén vdi dubng tron tai P va K

Goi 1 14 trung diém eia AB.

a) Ching minh ti gide CPIK néi tiép duge trong duting tron.

b} Chiing minh hai tam gide ACP va PCB la ding dang. Tir dé suy ra
CP* = CE.CA

c) Goi H la trye tim cua ACPK, tinh PH theo r.

d) Gisi s PA # CK, ching minh tia déi cda tia BK 1a tia phan giae cua
goc CBP: '

Bai 4. Cho M 1a diemi bat ki trén mia duging tron tdm O dutng kinh AB = 2R

(M khong trimg véi A, B), VB cde tidp tuyén Ax, By, Mz cua nia dudng
tron dé. Putng Mz cit Ax va By lan lugt tai N va P. Buing thing AM
ciit By tai C va duting théing BM cat Ax tai D. Chimg minh ¢

a) Tit giae AOMN ndi tiép mét duong tron va NP = AN + BE.
b) N va P lan lugt 14 trung diém cdc doan thang AD va BC.

e) AD.BC = 4R%

d) Xde dinh vi tri cia M dé t gide ABCD e6 dign tich nha nhit.

Bai 5. Cho duting tron (O, R) vh mit day BC ed dinh, Goi A la diém chinh

giita cung nhd BC. Lay diém M bét ki trén cung nho AC, ké tia Bx

vuing goc vdi tia MA & 1 va cat tia CM tai D. '

a) Clhuing minh AMD = ABC va MA I tia phian giac BMD.

b} Ching minh A 1A tdm duting tron ngoai tiép ABCD va gie BDC o
dd lon khéng phu thude vi tri didm M.

¢) Tia DA cat BC tai E va eat dugng tron (O) tai digm tha hai F, chimg
minh AB 1a tiép tuyén coa dubing trim ngoai 1iép ABEF.

d} Ching minh tich P = AEAF khong doi khi M di djng. Tinh P theo
bén kinh R va ABC = a. '

B. GIAI ‘
PAISO
Bai 1.
. X"+ X
a) Biéu thie cd dang [Al 3 ,‘Tatinh A :
as
A_Si:-:flll—x %+ 1 4 4 2x+d " 3
(x + 1)* x(2x+3) x+1 (x+lxi2x+3 x+1
1 Ix 1+ 3x
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xx+1) xlx+1) xX(x+1)

Viay biéu thie da cho tro thanh :



1+3x X +X X +% : . 2
. = =1, khong phu thude dn x.

xx+1) 3Ix+1 %2 +1

b) Biéu thie cd dang (M)L(N) - El_ Ta tinh Mva N ;
i ¥

4yl +y)+1 dy + 4y° + 1 - lEj'."‘rlll1

M

4y* : Ay 4y
‘N_ 1-2y (1-2y)° 1 o 1-2y.  1-2y
1+ 2y 1+2y (1+2yN1-2y) 142y (1+2y)®
(1 -2yN1+2y)-(1-2y) (1-2yNl+2y 1) 2y(1-2y)
i1+ 2y (14 2y i1+ 2y)
E: — lar
M = 2y + 17 2yl -2y} 1-3y _

1y (ds2y? 2y
Viy biéu tlhiic da eho tré thanh :
i3y 1 _-=

- = ~1, khing phu thude an y.
2y 2y 2y El ¥

Bai 2. ‘
la) Pidukiéntén taicua Mt 20, t = 1. Ta o :

1 2ft-2 | Jfr+1-2
~J'E+1_:ﬁvflm—h}’tﬁ—mﬁn}
_t-1-2dt+2 b-1 _ Gh-1P Je-d
St uie-n V-1 et -n Gran
£-1_£+1-1-1=£+1_2__1____2__
Jt+1 Jt +1 Vi1 Jta+l
M c6 gia tri nho nhat khi JU+1 nhé nhat. Dot 2 0 nén t 20, tir dé
-."'[Tla 1, gia tri nho nhat cia Yt +1=1 khiddét =0,
Viy khi t = 0 thi M cd gid tri nhé nhit bing -1.

M =

L) M =

2. Ta gidi timg bat phuong trinh :

da +1

: ) [
Véi 3oz -2a>z+ 1(1), khia=>-= thi z> _
d dJa-1

Vidia - 22 < 0 2)  thi z> %

20 *;, do dé (1) va

(Lum ¥ ring néu a -:% thi nghigmm cua (1) la z <
(2} khong thé ¢ cing tap nghiém).
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Hai bat phuong trinh dd choe cd cing tip nghiém khi va chi khi a > %

(*). Gidi (*) dugec a; = 2, 4, = —% {logi).

Viy vdi a = 2 thi hai bdat phueng trinh da cho ed cing mit tip nghiém.
Bai 3.
la) Tacé Y2 +12 -5+ 108=V3+2/3-5/3+6/3=-4.3

1 - -1 =1
IJJE:“II{F 1) lzf}’ | |

y-—2 y-2

Méuy2lvay=2thiA=1
¥
2-y

Néuy < 1thi A =

Do y = 542 > 1 nén ta ¢é ngay gid tri cia A biing 1.

2.a) Parabol vh duting thang it nhau tai hai didin phin biét vdi moi a néu
'p]uruug trinh .'-_42 —2(a + 1)x + 2a —= 4 = 0 ¢d hai nghigm phén biét vdi
moi a-Ro ring A = a* + 5 > 0 vdi moi a.
b} Biéu thie P eé the vidt :
XXy x| Xy

P=x - - Xy —
S TR T

20a + 1) = 2a + 4 = 6, khong phu thude véao a.

1+ f1-Jd # 0

1-|plz0

Bai 4.
L.a) Duéu kién dé biéu thic P od nghia la

CGiai ra duge -1 = p = 1.
by Ta bién dai P nhar san :

i [o].€2 - 1 - [
P = = =1-f1-lpl, véi |p| = 0.
1+ J1-|p 1-(1=|pp P v I}

DoO<= |pl =1hayoz=-|plz-1néntz1-|plzo0.

Suy ra 11_=-.,|I|l—|];3!“3_*ﬂ, tir do —15—..|||l—|p|£ﬂ'.]m:,r 0=1- l—Fp|f:1.

wielh D<P < 1.

Vay gia tri nho nhat cua P la 0 kla 1= l|pf hay p = 0, gid tri lén
nhateta Pla 1khi 1- f1-|§f =1 hay |pl =1, p = 11,
2. Goi x 14 nang suit du kien cia npuitn do (x > 0).

272




Theo bai ra ta ed phuong trinh : 120 120
X X+

= 1.

Sau khi quy déng mdu réi khia méau duge @ 1200x + 4) - 120x = x(x + 4)
Ti dé ta duge phuong trinh bae hai £¥ + 4x - 480 = 0 ma nghidm la
x = 20 va x = =24 (logi nghiém am).
Vay nang sudl dy kign 1h 20 sdn pham.

3. Vdi didu kién z 2 1, phuang trinh da cho cé thé vigt

m+l4i\|'rr—l|='.&,'huy Ja—l+iJz—1—1|=1.
Tit dé ; |m--t]=1-ﬁ= iz=1-11 %)

Ta bidt vang vi 1A = =A khi vaoehi kha A <0 nén tir (%) ta oo :
Je-1-150 hay Yz-1=1, |
Tidé0sz—-1<1l, haylsz<2 Vivgiitwictazeantimlal<sz <2
Bai 5.
l.a) Bitukibn :p>0, p=4, p=29 Tach:

IJ—EJ|_1—|J+_!]Iﬁ—p+ﬁq|r]._l—3]{qlr;+3}—{ prJIJE-—E}

P =

p-9 LW + 3 - 2)
C9-3fp (-2 9-3 (-2
p-% 9-p+p=9-p+4d p-9 4 -p

Coa3-o (pednfi-2 3
W -3 @rdprz-y 2+
3

E-+.‘,|r|:

cl; 24 fp=>3 i 24 p>0) Suyra p =1, ticlaps 1

b) HiguP=-1= -1 <0,

hay g
2+\l|rp-

{trircAc gida tri p=4 var p = 9L
Viyde hiGuP-1<0thip>1itrrp=4, p=9).
2. Goi vin toc du dinh la x kwh (x = 00

. . . 120 o o1 : . !
Thin gian du dinh la ——, thin gian di 3 gquang dudng ddu la ﬂ.
X X

thet gian i — quang duisng cudi 1o i
E 3 quang B -
Theo bai ra ta cd phuong trinh
120 2 40 80
B — 4

X 5 ® ®+ 10

(i 24 pht =§ gids),
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Quy déng mdu rdi khi mau va lam phép tinh duge phuong trinh bic hai
%~ + 10x - 2000 = 0.

Gidi ra duge x; = 40, x. = =560 tloai).
. _ R e ;
Viy vin tée du dinh 1a 40km/h va thii gian thue di 1a Eglh tie Ta 2 gid

36 phuit.

Coi a la dn, dang thie da cho trg thanh mpt phuogng trinh bace hai ina:
ba* - 2(2-bla+b=0 (%)

Méub =0 thia =0, ta cé cap sd (0; 0) théa man (*).

Néu b o 0 thi muén phuong trinh bac hai (") e6 nghiém ta phal cé A = 0,

ticlai2-bFf-b'=4-4bz0,tudé b= L.

Suy ra gid tri lon nhdt cia b bang 1 khi phuong trinh (%) ¢é nghiém

kép a = 1. Cap =6 edn tim 14 (1; 1),

Viiy chi c6 mgt cap s6 (1; 1) thoa man bai ra

HINH HQC
Biai 1. 3 C F
a) Ta b .AABF = AADK (geg) (hinh 212) vi co Tl
B=D=90" AD = AD, BAF = DAK (vi clng
phu véi FAD), Suy ra AF = AK.
ASFK c6 FAK = 90° (vi EA L AK) va AF = AK ;
nén la tam gide vudng cén. A — b
by I la trung diém cia FK nén Al la trung tuyén T
thudic canh huyén cia tam gide vudng AFK; suy
ra JA = IF = 1K,
Tuong t CL 1A trung tuyén cia tam giac vudng

(i

CFK nén 1C = IF = K. Nhu vy IF = IK = IA = IC,

: R el s : H.212
chding to rang I Ja tam cua dudng tron di qua K
ban digm A, C, F, K. .
Bigin 1 co tinh chit 18 edach déu hai digm cd dinh A va C cua hinh
vuong ABCD nén 1 phai nam trén trung trge doan AC, chinh la nam
trén BD. Vay khi E chuyén djng trén CD (E khde D) thi 1 chuyén
dong trén duiing thing oo dinh BD,
AAFK vudng cin cd Al la trung tuyén nén cing la duimg cao, suy ra
AIF = 90", Tit pide ABFI co ABF + AIF = 180" nén ndi tiép duge. Vay
bom didgm A, B, I, | cing ndm trén mat dubmg tron,

d) Tam gide vuong AEK o AD 1 duiimg cao nén theo hé thic lugng trong
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: . 2
AD? = DE.DK, suy ra DK = % _a

X
2 g
EK=DE+DK=x+ 2--X 12
X X

Tidé: AE*=AD*+ DE®*=a+x"%, suyra AE= Jx?+a?

A 2, .2 2
.  AK*=AD*4DR!=gty L 21X *3)

o X
[ F
i.'L'l.'i"I.'g + 8

suy ra  AK =

x
v x* + &t
e) Biat EK = viiOex<a tagoia=x+b(b20)thi:
X
g = Xt b x®+x? +20x+b? 22 + 2bx + b?
X X x
2x(x + b} b* b*
=—1'_":2:'1.T—".

x X X

o oo :
Vay EK nho nhat khi — =0, hay b = 0, tde 1d x = a vd ED = CD hay
X
E trang vai C.
Bai 2.
a) Ta ¢6 ACB =90" (géc ndi Liép
chiin nia duding trén) (hinh 213),
T gide AHEC ¢ ¢
EHA + ECA = 90° + 00° = 180"
nén ndi tigp duge trong mpt

dubng tron cd tdm I la trung
digm cia EA va ban kinlh bang

| e
Ehf‘h o 1.213

b) Ta cé EH / EF vi cing vubng goc véi AB, do d6 Cs = F (s0 le trong).
Lai ed B = (ciing chin cung AC) v B = lf!_g (goc cd canh tuong dng
vuimg gac). Suy ra F = €. Vay AHFC ein, do dé HC = HF.

¢) Do AOAC cin nén As = ﬁ[ﬂt}, mi Az+ B =90° Suy ra :

-

ACO + B = 90°, nlhung B.= Ci (chu b), do dé C; + ACO = 90°%, tue la
HCO = 90" Viy HC la tiép tuyén cua dutug tron (0} tai C,
d) Hai tam gide vuéng BCA v BHE ¢6 B chung nén ding dang.
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Suy ra : BC _BH | .y BC.BE = BABH. :

BA  BE
Ta o B = 30" (gt} nén ADC = 60", suy ra CHA = 30° = G va AAHC
can tai A.

Nt AAHC cin ta cd AH = AC = 1.
Suyra BH=3rvaBE= Er\ﬁ, ma BC = r3.
Viy tich BC.BE = 2r/3.r3 = 6r°.

Luu ¥ - C6 thé tinh trye tigp
BA = 9y, BH = 3r = BA.BH = BC.BE = 6",

Bai 3.
al Céc gée tai P. K déu vuéng géc nén wi gide CPIK ngi tiep duge trong
duirng tron (hinh 214a)
bl Ta e6 AACP w APCB vi cé goc C chung vi PAC = BPC (cing chidn
cung PB).

P CA -
Suv ra : — = —, hay CP* = CB.CA,
uyTa e ay CP% = C

H.214
¢) Xét dubmg trom duing kinh OC di qua P, K, 1,
Ta ¢6 KH L PC, OP L PC, suy ra OP // K1
Tuong ty : PH 1L KC, OK L KC, suy ra OK // PH.

Vay OPHEK la hinh binh hinh cd hal duting chéo vudng goc nén la
hinh thoi. Do dé OF = OK = KH = PH =r.

d) Taco AP/ CK (gt) suy ra Gy = Ar.
Lai cd B = B (A1 dinh) = Pz (gée ndi tiép),
ma Pz +Ps= APC = PBC (do ciu b) = By + Ba.
Suy ra Ps = By. Chi cén phai chiug minh Pa = Py (uie la By = Ba)
Thit vay (hinh 214b), AP // CK nén Ps = K2 (so le trong) ma Kz = Pa
(ACPK cén). Suy ra Pz = Pa.
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Bai 4.
al Taeo OA L Ax, OM L Mz vi Ax va Mz la tiép tuyén (hinh 215).
Suy ra NAOQ + NMO = 180°, Viy ur X
giic AOMN ndi tiep duve dudng tron 5
Ngoai ra NA = NM, PB = MP (tinh
chét hai tiép tuven cing xuat phat
mit diém) nén :
NA + PBE = NM + MP
hay NP = AN + BP.
b) Theo ciu a thi MN = NA (1)
Vi AMD = 90° (goc ndi tiép chan nua
dubng trom) nén AMD = 90",

Trong tam gide vuong MDA La cd . H.215

=% =

My + Mz =90°, D+ Ay =90° ma A = My suy ra D = Ms,
da ddé ANMD ¢an, dodé MN = ND (2
Tir 1) va (2) suy ra MN = NA = ND hay N 14 trung didm cia AD.
Chimg minh tugng t cé P la trung diém cua BC,

-

¢) AABD » ABCA (vi la tam gide vuong eé D = Az (gée c6 canh tuong ing

;" " . .
vuong goc). T dé : L EE hay AB® = 4R° = AD.BC.
BC BA

d) Ta cd ABCD la hinh thang vuing. Qua O ké Ot L AB eit (O) tai M 14
diém chinh gita cung AB va cit DC tai K. Dién tich hinh thang vubng

s §= ﬂ“;ﬁ.ﬂ.ﬂ - OK.AB  (3)

Qua M ké tiép tuyén Mz vdi (), cit Ax, By tai I, C. Khi dé hinh
thang vuong trd thanh hinh chi nhit ABCTY va 5 = OM.AB {4)

Ta thay ngay ring @ véi moi didm M + M thi K ludn ndm ngoai (Q), do
do OM' = R < OK nén tir(3) va(d)co 5 < 5,

Trén () thi diém M 1a duy nhat. Viy khi M 14 diém chinh giva nia
duting teon (O} thi hinh thang vuong ABCD sé tré thanh hinh chir nhit
va khi dd nd cd dién tich nho nhit.

Bai 5.
a) Tit gisic AMCB ndi ti€p (0) nén AMD = ABC (1) vi cing bir véi AMC
thinh 216), Do A Ia didgm chinh gitm cung nhd BC nén AR = AC, suy

ra AMB = ABC (2)
Tir (1) va (2) ¢6 AMD = AMB, do dé MA la tia phén gide cia BMD.
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by ABMD e6 MI la dutrng ecao vira 1a phin gide nén ABMD efn, do dé M1

)
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la trung true cua BD, suy ra AD = AB  (3)
Vi AB=AC nén AB = AC  (4)

T (3) va (4) suy ra AB = AC = AD nén A
la tam duting tron ngoai tiép ADBC,
Bnimag tibn ngoai tiép ADBC ed dinh vi
digm A ¢d dinh va cd ban kinh AB khang
doi, do d6 goc BDC co dé Iém khong dai,
khong phu thude viae vi tri eua diém M
trén cung uho AC.

Ta ¢ sd ABC = %m:ﬁJ sdBFA = %Sd"ﬁ

mi AB=AC, viy ABC = BFA, suy ra AB

la tiép tuyén ena duong tron ngoai ticp ABEF, H.216
AABE w AAFB (vl ¢6 BAE chung vi ABE = BFA), suy ra :
AB AR .,
- 0% hay AE.AF = AB?
e T Sl

Do AB cé db dai khong déi nén AB® cang khang ddi, do dé P = AEAF
= AB” khang doi khi M di dong trén cung nha AC.

Ké dutng kinh AA' trong AABA' vudng tai B ta o6 ;
BA'A = I?F.“I. (goe noi tiep cing chin cung AB)
ABC = ¢ = BFA gt va chimg minly trén) .

do dé BA'A = w.

Viay AB = AAsing nén P = AB? = (2R sin®a = 4R%in’a.
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