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Phan 1 |
A. CAC PHUONG PHAP THUONG SU DUNG

1. PHUONG PHAP 1

a) Phuong phap st dung goc “bu”
Dé ching minh ba diém A, B, C thdng hang (trén hinh v& nhan ra B nim gifta A va
C), ching ta c6 thé chitng minh ABC = 180"

b) M6t s0 vi du
Vidu 1: (Lép 7) |
Cho tam gidc ABC vudng tai A. D 14 didm trén canh BC (D khae B, C). V& diém M sao cho
AB la tia phan gidc cha géc DAM, vé diém N sao cho AC la tia phan gidc cta géc DAN.
Ching minh réing ba diém M, A, N thing hang. '
Ggi $: Ching ta d& nh4n ra ring MAN = DAM + DAN thém nifa tif gia 'thiét cho ta

BAD = % MAN, CAD = %ﬁfA“N, BAC = 90°. Gitp dé ching minh duge MAN = 180,
L33 gidii

Ta c6 BAD = = DAM (tia AB 1a tia phan gide ciia géc DAM)

[\v]

GAD = %IﬁTN (tia AC la tia phan gidc cda géc DAN)

1

Do d6 L DAM + L
g oty

ﬁé(m,{,m)zgoo

= DAM + DAN = 90°.2
Nén MAN = DAM + DAN = 180°
Vay ba diém M, A, N théng hang.
Vidu 2:(Lép 7)
Cho tam gide ABC cén tai A. Trén nita mat phdng by AB khong chda C dung diém D
sao cho BAD = 2BCA. Ching minh rang ba diém C, A, D thing hang.
Goi y: Tam gide ABC cén tai A nhu vay ¢ ABC = ACB nén BAC + 2BCA = 180°.
Tir 46, cho ta DAC = BAC + BAD = 180°, ‘

Loi gidi D
AABC 6 BAC + ABC + ACB = 180° A
AABC can tai A (gt) = ABC = ACB
Do d6 BAC + 2BCA = 180°. Ma BAD = 2BCA (gt)
Né&n BAC + BAD = 180°




Ta 6 DAC = BAC + BAD = 180°

Vay ba diém C, A, D théng hang.

Vi du 8: (Lép 7) |

Cho tam gide ABC. Qua A vé dudng thing d song song véi BC. Goi M 1a trung diém canh

AC, D 12 didm trén canh BC, E 1a didm trén dudng théng d sao cho E nim trén nia mit

phéng b AB ¢6 chita C va AE = CD.

Ching minh réing ba diém D, M, E thing hang.

Goi $: R4t d8 nhén ra ring hai tam gidc MAE, MDC bi#ng nhau (trudng hgp canh—

géc—-canh) nén cé duge AME = CMD va nhy thé gitp c6 DME = CMD + EMD = 180°.
L gidi

Xét AMAE va AMCD c6:

MA = MC (M 12 trung di€m AC) W

AE = CD (gt)

MAE = MCD (so le trong va d / BC) M

Do d6 AMAE = AMCD (c.g.c)

it A’T\”EE = CT\ﬁ) B 1 C

Ma AME + EMC = 180° (hai géc ké bi) D

Nén CMD + EMC = 180°. Do d6 DME = CMD + EMD = 180°

Vay ba diém D, M, E thiing hang.

Vi du 4: (Lép 8)

Cho tam gide ABC vudng tai A. M 1a diém b4t ki trén canh BC. Goi D 1a diém d&i

xiing cia diém M qua dudng thing AB, E 1a diém d6i xing cta diém M qua dudng

thdng AC. Chiing minh ring D, A, E thing hang.

Goi 9: Vi D va M d6i xting qua dudng thing AB, E va M d8i xting qua dudng thing AC

nén cho ta cdc tam gidc cAn ADM (tai A), AME (tai A).

Do vay cb mmzm,-E“K‘M:zéX“M. |

Mt khac BAC = 90° nén gidp ¢6 duge DAE = 180°.
Lt gidd

M va D d6i xing v6i nhau qua duting thdng AB p

= AB 12 dudng trung truc cha doan thing DM

= AADM cén tal A.

Nén AB 13 dudng phén gidc cia géc DAM.

Do d6: DAM = 2BAM.

Chiing minh tuong ty cling c6 FAM = 2CAM

Ma BAM + CAM = BAC = 90"

‘Do d6 DAE = DAM + EAM = 2BAM + 20AM

= 2(BAM + CAM ) = 2.90° = 1807
Vay ba diém D, A, E thdng hang.



Vi du 5: (Lép 8)
Cho hinh vudng ABCD. Vé phia trong hinh vudng v& tam gide ddu CDM, vé phia ngoai
hinh vudng vé& tam gidc déu BCN.
Ching minh ring ba diém A, M, N thing hang. _
Ggi $: Dé thdy cdc tam gidc cin DAM tai D, CMN tai C va ADM = 80°, MCN = 90°
nén ¢6 duge AMD = 75°, CMN = 45°. Do vay AMN = 180°.
Lavi gicei
T gidc ABCD 1a hinh vudng (gt) _
= AB = BC = CD = DA, ADC = BOD = 90°. Ma ACDM ddu (gt)
= DM = CM = CD, DMC = MDC = MCD = 60°
ABCN déu (gt)
= BC = CN, BCN = 60° oM
Mat khac ADM + MDC = ADC
nén ADM +60° = 90°, ADM = 30°,
ADAM ¢é DA = DM (= CD)
= ADAM can tai D, D C
Vi ADM = 30°
Nén AMD = (180° - ADM) : 2 = 75
Ma MCB + MCD = Bﬁb
Nén MCB + 60° = 90" = MCB = 30°
Do dé6 MCN = MCB + BCN = 30° + 60° = 90°
ACMN ¢6 CM = CN (= CD = BC) =» ACMN cén tai C.
Vi MCN = 90°
Nén CMN = (180° - MCN): 2 = 45°
Ta ¢6: AMN = AMD + DMC + CMN = 75° + 60° + 45° = 180°,
Vay ba diém A, M, N thing hang.
Vi dy 6: (Lép 8)
Cho tam giéc ABC ¢6 B va C nhon, dudng cao AH. V& phia ngoai tam gzéic ABC, vé& cac
tam g1ac vubng can, tam gidge ABD vubng cén tai A, tam gidc ACE vuong cin tal A Goi M
1a trung diém chia doan thing DE. '
Ching minh ba didm H, A M théng hang.
Goi : D& ching minh MAH = 180° , chiing ta ¢6 thé v& thém diém N 13 didm doi xing
cia D qua A. Tir d6 cho ta DAM = ANE, AABC = AANE nén ¢6 DAM = ABC.
Lai giaé
Trén tia d6i cla tia AD 14y diém N sao cho AN = AD.
ADEN cé A, M l4n lugt 12 trung diém ctia DN, DE
=> AM la dudng trung binh cla tam gidec DEN




= AM // NE
= DAM = ANE
Xét AABC va AANE co:
AC = AE (AACE vudng cén tai A), BAC = NAR (cung bu v61 géc DAE) AB = AN (= AD)
Do d6 AABC = AANE (c.g.c) o LB
= ABC = ANE D
Vay DAM = ABC (= ANE)
ABAH vubng tai H = ABC + BAH = 90°
Do @6 MAH = f)‘A"er +BAH + BAD
= ABC + BAH + BAD = 90° + 90° = 180"
~ Vay ba diém H, A, M théng hang.
Vi du 7: (Lép 9) | - B "¢
Cho hai duting tron (0), (O') ¢it nhau § A, B. V& dudng kinh AOC cla duding tron (O),
vé dudng kinh AQ'D cha dudng tron (O).
Ching minh ring ba diém C, B, D théng hang.
Goi 9: Vi AC, AD ldn lugt 1a dudong b4n kinh ctia cdc duong tron (0), () do viy cbd
BAC = QOG;Aﬁ = 90° nhu vay CBD = 180°. Chiing ta c6 181 gidi cda bai todn.
Lo gidi
AABC nbi ti8p dubng tron (0), dudng kinh AC
= AABC vubng tai B
= ABC = 90°
AABD noi tiép dudng tron (0'), duong kinh AD
= AABD vudng tai B
= ABD = 90° " D
Ta c6: CBD = ABC + ABD = 90° + 90° = 180° \_/
Vay ba diém C, B, D thing hang.
Vi du 8: (L6p 9)
Cho tam gidc nhon ABC. Budng tron dudng kinh BC cit cdc canh AB, AC lan lugt 6 F,
E. Goi H 1a giao diém cta BE va CF, D Ia giao diém cGa AH va BC, M 1a diém d6i
xing cha di€m F qua dudng thdng BC. Ching minh ba diém E, D, M thing hang.
Goi 9: D& thdy H la tryc tdm cha tam gidc ABC nén ¢6 duge cdc t gide ndi tiép
BEHF, BAED gidp cé EDF = 2FDH. Mat khdae F, M d6i xdng qua BC nén cé
MDF = 2BDF . Do vay s8 cho ta MDE = 180°.
' ' ,e&e'ga%_i
Ta 6 BFC = BEC = 90° (g6e ndi tiép chdn nita dudng tron)
AABC c¢6 BE, CF 1a hai dudng cao ¢4t nhau tai H = H la truc tAm cGa tam gidc ABC.
=> AH 13 dudng cao cha tam gidc ABC = AH 1 BC. |

‘M




T4 gidc BFHD 6 BFH + BDH = 90° + 90° = 180°

= T gidc BFHD nbi ti€p = FBH = FDH A

Ta cling ¢6 td gide BAED ndi tiép

= FBH = ADE e &

Ta ¢c6 ADE = FDH = FBH.

Vay EDF = 2FDH 5 o

Mat khéc F va M d6i xdng qua BC. e ¢
= ADFM céan tai D ¢6 DB 1a dubng phan gide

= MDF = 2BDF "

Ta ¢6 MDE = MDF + EDF = 2(BDF + FDH) = 2BDA - 180°
Viy ba diém E, D, M thing hang.
Vi du 9: (Lép 9)
Cho tam gidec ABC ndi ti€p dudng trom (O), M 1a diém trén cung BC. Khdng chia diém A.
Ve MD 1 AB tai D, ME | BC tai E, MF . AC tai F.
Chiing minh ba diém D, B, F thing hang. .
Goi $: Ching ta nhén ra cde td gide ndi tiép BDEM, MECF, ABMC gitip dén dugc
DEF = DEM + MEF = DEM + DBM =180°.
Dutrng thing DE duge goi 1a dudng thing Sim — son clia diém M.
Lai gidi

BDM = BEM = 90°
= T gide BDEM n01 txép — DEM + DBM 180°
Ta gide MECF cé
MEC + MFC = 90° + 90° = 180°
= T¢ gide MECF néi ti€p=> MEF = MCF
Ma MCF = ABM (tt gidc ABMC noi tiép)
Ta ¢6 MEF = DBM (= MCF)
Do d6 DEF = DEM + MEF = DEM + DBM = 180°
Vay ba diém D, E, F thing hang.
Vidu 10:
Cho diém S n&m ngoai duting tron. V& céc ti€p tuyén SA, SB véi dudng tron (O). (A, B
1a ti€p didm) G la diém trén doan.thﬁng AB (GA > GB). I 1a trung difm cGa GA. V&
GH L AS tai H, GH cit OB § K. V& dudng tron {J) qua 8, 1. V& dudng kinh SM cia
dudng tron (J). Ching minh riing ba diém M, I, K thing hang.

Gogi $: P€ ching minh MIK = 180°, ching ta c6 thé tim cdch ching minh SIM = 90° va
SIK =90°. Do vay can tim cdch chitng minh 8, H, I, K; B cung thude mét dudng tron.

Lt gidi ’
AHAG vudng tai H, HI 1a dudng trung tuyén =» IH = IA




= AlHAcin tai I = THA = TAH
Ma TAH = §BI (= ésaﬁié)

Nén THA = SBI=> Tq gidc SHIB néi ti&p.
Ma SHK = SBK = 90°
= T gidc SHKB noi tiép
Do dé S, H, 1, K, B cung thudc mdt dudng tron
= SIK = SHK = 90°
Ma SIM = 90° (géc néi ti€p chén nita dudng tron)
Ta c6 MIK = SIM + SIK = 180°
Vay M, I, K thdng hang.
2. PHUONG PHAP 2
a) Phuong phap st dung tién dé vé dudng thang song song
S dung tién dé O-clit v& dudng thing song song: Qua mot di€m & ngoai mét dudng
thing chi c6 mot dudng thing song song véi dudng thing dé.
D& chiing minh ba diém A, B, C thng hang, ching ta c6 thé ching minh
AB //m va AC // m (hodc AB // m va BC // m hoéc AC / m va BC / m)
b} M6t s6 vi dy
Vidu L: (Lép 7)
Cho tam gidc ABC. V& tam gidc ABD sao cho D ndim trén ni¥a méat phing by AB khong
chia C va AD // BC. Goi M la itrung diém canh AC. Trén tia d&i cia tia MB ldy diém E
sao cho ME = MB. Ching minh réng ba diém D, A, E thing hang.
Ggi y: Hai tam gidc MAE, MCB bing nhau (trudng hgp canh — géc — canh) cho ta hai
goc MAE, MCB bang nhau nén c¢6 AE, BC song song. Ma AD, BC song song. Chiing ta
¢6 duge hai dutng thdng AE, AD tring nhau. ‘
Lt gial

Xét AMAE va AMCB c6:
MA = MC (M 1a trung diém cta AC)
ME = MB (gt)
AME = CMB (d6i dinh)
Do d6 AMAE = AMCB (c.g.c)
= MAE = MCB
Ma MAE va MCB so le trong
Nén AE // BC
Ta c¢6 AE // BC, AD // BC (gt).
Theo d8 G—clit ta e6 hai dudng thing AE, AD tring nhau.
Vay ba diém D, A, E théng hang.




Vidu 2:{Lép T)
Cho tam gigec ABC vubng tai A. V& tam gidc ACD vudng tai C c6 CD < AB. V& duong thing
m qua A vi song song v6i BC. E 1 didm trén dudng thing m sao cho E va C cing thube
nita mat phéng b AB, AE = BC.
Chdng minh riing ba diém D, C, E thing hang.
Gogi 9: Nhan ra ring hai tam gidc ABC, CEA bing nhau (trutng hgp canh—géc—canh)
nén c6 BAC = ECA, do vay CE va AB song song. Mat khac d& thdy CD va AB song
song, Nhu vay hai dudng théng CE, CD.

Lot gidet
Xét AABC va ACEA cé: BC = AE (gt)

ACB = CAE (so le trong va AE // BC), AC (canh chung)

Do d6 AABC = ACEA (c.g.c) A ) E /
= BAC = ECA
Ma BAC va ECA sole trong
= CE // AB
Mit khdc CD L AC (AACD vudng tai C) va B = # C
AB L AC (AABC vuéng tai A) \/
= CD / AB D

Ta c6 CE // AB, CD // AB.

Theo tién dé O-clit ta ¢6 hai dudng thing CE, CD tring nhau

Vay ba diém D, C, E thing hang.

Vidu3:(Ldp T)

Cho tam gidc ABC cén tai A, Céc diém D, E 1an lugt trén céc canh AB, AC sao cho AD = AE.
Goi M 1a trung diém doan thing CE. Trén tia d6i cia tia MB 14y F sao cho MF = MB.

Chdng minh ring ba diém D, E, F thing hang.

Goi y: Cac tam gidc cdn ABC (tam gidc ADE cén tai A) s& cho ta ADE = ABC, nhu
vay ¢6é duge DE va BC song song véi nhau.

Mit khée, tir M 14 trung diém cGa EC va BF gidp ta ¢6 duge AMEF = AMCB (c.g.c) nén
MEF = MCB. Vi vay ¢6 EF va BC song song véi nhau.

Theo tién 48 O-clit cho ta hai dutmg thdng DE, DF trung nhau.

L1 gidi
AABC can tai A (gt) = ABC = ACB . A
AABC ¢6 BAC + ABC + ACB = 180°
Do d6 2ABC + BAC =180° (1) E
AADE c6 AD = AE (gt) = AADE can tai A. D F
Tuong tu ¢6 2ADE + BAC = 180°  (2) M
T (1) va (2) ¢6 ABC = ADE.

B c

Ma ABC va ADE déng vi



Do d6 DE // BC
X6t AMEF va AMCR ¢6 ME = MC (gt), MF = MB (gt), EMF = BMC (d6i dinh)

“Do d6 AMEF = AMCB (c.g.c)
'= MEF = MCB. Ma MEF va MCB so le trong
= EF // BC

Ta ¢6 DE // BC va EF // BC
Theo tién dé O-clit ¢6 DE va EF tring nhau
Vay D, E, F théng hang.
Vi du 4: (Lép 8)
Cho hinh thang ABCD (AB // CD). Goi M, N, K l4n lugt 1a trung diém cia doan thing
AD, BC, AC. Chitng minh ring ba diém M,N, K thing hang.
Goi 3: Vi 6 MK 1& dudng trung binh caa tam giac ADC, MN la duong trung binh cita hinh
thang ABCD, do vay e6 MN / CD va MK /#/ CD.
Lot gidid
AADC c¢6 M, K 1an luot 14 trung diém chia AD, AC (gt)
=> MK 1a dubng trung binh cda tam gide ADC A B

= MK / CD -
Hinh thang ABCD (AB // CD) ¢6 M, N lan luot 1a y .

trung di€m cia AD, BC (gt). /Z K
D

= MN la dudng trung binh eia hinh thang ABCD.
= MN // CD

Vi MN // CD, MK // CD.

Theo tién dé O-clit ta c6 M, N, K thing hang:

Vi du 5: (Lép 8) ‘

Cho tam gidc ABC cén tai A. Tt mdt diém D trén day BC vé dudng thing vudng gée
v6i BC. cdt cdc dudng théng AB, AC lan lugt & E, F. V& cdc hinh chit nhat BDEG,
CDFH. Ching minh ring A, G, H thing hang. | |

Goi $: Goi I, K 1an lugt 14 tAm cda cée hinh chit nhat BDEG, CDFH.

Tir d6 tim cach chitng minh GA / IK va tuong tu cing ¢6 AH / OK. Do vay hai dudng
thing GA, AH trung nhau.

Lot gidi

F H
Goi I, K lan lugt 1a tdm cha cdc hinh ch@ nhat BDEG, CDFH -
AABC cén tai A (gt)'=> ABC = ACB A

Hinh chif nhat BDEG, tam I = IB = ID N
= AlBD cdn tai I = IBD = IDB G / K
Tuong tu KDC = KCD
Do d6 IBD = IDB = KDC = KCD I |
IBD = KDC va & vi tri déng viz> Al // KD ' c




IDB = KCD va & vi tri déng vi=> ID // AK
Ta cé AL/ KD; ID // AK
= Tt gide AIDK 1a hinh binh hanh = ID = Al ma GI = ID. Nén GI = AK.
Ta c¢é GI = AK, GI // AK
= T gidc IGAK 14 hinh binh hanh =» GA / IK
Ching minh tugng tu cling cé¢ AH / IK
Ta ¢6 GA // 1K, AH // IK theo tién dé J-clit ¢6 hai dutng théng GA, AH tring nhau,
Vay ba diém A, G, H thing hang.
Vi du 6: (Ldp 8)
Cho tam gide ABC, D la diém nlm gitta B va C. Goi E, F ldn lugt la trung diém cla
doan théng BD, CD. I 14 diém trén doan thing AE, M la giao diém ctia BI va AD, N 1a
giao diém ctia DI va AB, K la giac diém clia CM va AT, 8 la giao diém cia DK va AC.
Chitng minh réng ba diém M, N, § thdng hang,
Goi $: Goi J la diém 461 xdng via I qua E. Gidp ta ¢ duge t¢ gide BIDJ 1a hinh binh
héanh = vy BI v& JD song song v6i nhau. BJ va ID song song véi nhau. Van dung
dinh i Ta~1ét, dinh 1i Ta-16t ddo tir 46 c6 duge MN, BD song song véi nhau.
. Lt gidl

Goi J 1a diém d61 xing cha I qua E.
Ta c6 tif gide BIDJ 14 hinh binh hanh (vi E 1a trung diém cta BD va 1J)
= BI / JI}; BJ // 1D '

AN Al

AABJ c6 BJ // NI = AN _ AL
6B = AR~ AJ

AM_ AL
AD AJ
AABD c6 2N AM[ ﬂ]

AB  AD AdJ
= MN // BD (dinh li Ta-1ét dio)
Chitng minh tuong ty cing c6 MS / CD. - D F
Ta ed6 MN / BC va MS // BC, theo tiadn dé
O-clit ¢c6 M, N, S théng hang.
Vidu 7: (Lép 9)
Cho hai dutng tron (0), (O') cit nhau tai A, B. V& hinh binh hanh OAO'C, AD 1a dudng
kinh ctia dudng tron (0. Chdng minh réng C, B, D thing hang.
Goi : Goi I, K 14n lugt 1a giao didm cta OO’ v6i AB, AC. Chimg minh duge KI, KO l4n
lugt [a cac dudng trung binh cba céae tam gidc ABC, ACD gidap ¢ duge 1oi gidi elia bai toan.

' Lii gidd

- Goi I, K 1an lugt 12 giao diém cha OO’ v6i AB, AC.
T gide OAO'C 14 hinh binh hanh (gt}
= K 1a trung diém elia AC.

AADS ¢6 JD // MI =

i1



12

(O), (O') cdt nhau tai A, B

= 00O’ 12 dudng trung truc cia doan thing AB = [ ]a
trung diém cia AB.

AABC ¢6 K, I 14n luot 13 trung diém cta AC, AB

= KI 12 dudng trung binh cda tam gidc ABC

= BC // KL

AACD c6 K, O 1an lugt 13 trung diém cta AC, AD .
— KO’ 13 dudng trung binh cda tam gide ACD = CD // KO’
Ta ¢6 CD // KO, CB // KO'.

Theo tién d& O—clit c6 C, B, D thing hang.

Vi du 8: (L6p 9)

Cho hai dudng tron (0), (O cit nhau tai A, B. V& cac cat tuyén CAD, EBF (C, E thude
(0), B, F thudc (0", C v& D cing thudc nita m#t phéng by EF). V& hinh binh hanh
EDFG. Chitng minh ba diém C, E, G thing hang.

Ggi #: Ching ta d4 ¢6 EDFG la hinh binh hanh nén ¢6 EG // DF, @8 c¢6 duge C, E, G
théng hang chi cin ching minh thém CE, DF song song vdi nhau, cac td gidc ndi tiép
ABEC, ABFD s& giup ching ta ¢6 duge diéu nay.

LFH gidi C

N&i A voi B P
Ta ¢6 ECA = ABF (ti gidc ABEC nbi tisp) % Ko

Va ADF = ABE (t# gidc ABFD nbi ti&p) B
Ma ABF + ABE =180° (ké bi) E \_I/B

Do d6 ECA + ADF = 180°

= CE // DF 7 G
Ta e¢6 CE // DF, EG // DF (ti gidc EDFG la hinh binh hanh).

Theo tién d8 O-clit ¢6 ba diém C, E, G thdng hang.

Vidu 9: (Lép 9)

Cho tam gidc ABC ndi ti€p dudng tron (0), I1a tdm dudng trdn ndi tiép tam gide ABC.
AT cit dudng tron (O) & D. Goi E, F ldn lugt 12 diém chinh giffa clia cdc cung AB
(khong chia C), AC (khdng chita B), M 14 giao diém ctia DE va AB, N ]a giao diém cda
DF va AC. Chiing minh ring M, I, N théng hang.

Goi $: DE nhan thdy DB = DI = DC, DM va DN l4n luot 1a tia phén gléc chia céc goc
ADB, ADC. Tir d6 ¢6 duge céc tam gide can MBI (tai M), NIC (tai N). Giup c6 duge MI,
NI ciing song song véi BC.

L gidet
I 12 tAm dudng tron ndi tiép tam gidc ABC
= BD=CD = BD=CD
Ta c6 f)TB - ABI + BAI
DBI = CBI + CBD



Ma ABI = CBI, BAI = CBD(BD = CD)
Do d6 DIB = DBI = ADBI cén tai D

= BD = DI

Vay BD = BI = CD

Ta c6 BDM = ADM (BE = ARE)

ADBI cén tai D, DM la dudng phan gide
=> DM la dudng trung truc

e C
=» MB = MI = AMBI can tai I = MIB = MBI B /
Ta c¢6 MIB = IBC (= MBD) = MI /#/ BC N/

Chiing minh tuong tu ¢6 IN / BC
Ta ¢6 MI / BC va IN / BC.
Theo tién dé U-clit c6 M, I, N thing hang.
Viduy 10: : |
Cho tam gidc nhon ABC, trén canh AC ldy diém D. Goi O, O, Oz ldn lugt 13 tam duong
trdn ngoai tifp céc tam giac ABC, ABD, BCD. Goi M, N, K l4n lugt 14 giao diém ciia 00,
v6i AB, 0:0; v6i BD, OO, véi BC. Ching minh ring ba diém M, N, K thing hang.
Ggi : Tim cach ching minh MN, MK I4n lugt 1a cdec dudng trung binh cda cde tam
gidc ABD,' ABC. Do vy ¢é MN, MK clung song song véi AC.
Li gidi

Hai dudng trdon (O) va (O;) cdt nhau A, B
= 00, 1a dudng trung truc cia AB | A
= M la trung diém cia AB.
Tuong tyf ¢6 N 14 trung diém cda BD, K 14 trung diém ctia BZ,
AABD ¢6 M, N lan lugt 1a trung diém chia AB, BD.
= MN la dutng trung binh ca tam gidec ABD
= MN // AD
Tuong ty MK la dudng trung binh cha tam gidc ABC
= MK // AC
Ta c6 MN / AC va MK // AC
Theo tién dé O-clit ta ¢6 hai dudng thdng MN, MK triing nhau
Vay M, N, K thing hang.

3. PHUONG PHAP 3

a) Phuong phap s(r dung tién dé vé dudng thing vudng géc
St dung tién dé vé dudng thdng vubng gée. C6 modt vA chi mot dudng thing di qua mot
di€m cho true va vudng gée v6i dutmg thing cho trude.
D& chitng minh ba diém A, B, C théng hang, ching ta ¢6 th€ chimg minh AB L dva AC 1 d
(hodic AB L. dva BC Ldhoac AC L dvaBC Ld)
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k)

14

Mot 6 vi du
Vidu 1: (Lép 7)
Cho tam gidc ABC cén tai A, AD la dudng trung tuyén. Trén nda mit phlng by BC
khong chita A vé tam gidc DCE vuong tai D. Chung minh ring A, D, E thing hang.
Goi #: Tam gide ABC can tai A ¢6 AD 1a dubng trung tuy&n nén cling la dudng cao nén
AD L BC, Ma ciing ¢6 DE L BC. Vi vy ¢6 hai dudng thdng AD, AR triing nhau,

L7 gidi
AABC can tai A (gt) | A
AD la dubing trung tuyén (gt)
= AD la duting cao cha tam gide ABC
= AD | BC
Ma DE L BC (ADCE vuéng tai D)
Do vdy hai dudng thdng AD, DE triing nhau B T
Vay A, D, E thidng hang. . . //
Vidy 2: (Lép ) | '
Cho tam gidc ABC ¢6 AB = B, AC = 12, BC = 13, V& tam gidc ACD sao cho AD = 18,
CD = 20. Chiing minh ring B, A, D théng hang.
Goi §: Tif cde bd 8 “5, 12, 137; “16, 20, 12” giGp ta nghi d&n cdc tam gide vudng ABC
{tai A), ACD (tai A) tit dinh H Py-ta-go ddo. D

Lt gided

C

Ta c6 AB® + AC? = 5° + 12° = 169

BC? = 18% = 169
Nén AB® + AC? = BC?
AABC e6 AB® + AC® = BC®
= AABC vubng tai A (dinh li Py~ta~go déo) = AB 1 AC
Tuong ty: AACD c6: AC* + AD? = CD? = (400)
= AACD vubng tai A (dinh li Py-ta—go ddo) = AD 1 AC |
Ta cé6 AB L AC va AD L AC B
— Hai duting thing AB, AD trung nhau. Vay ba diém B, A, D thing hang.
Vidu 3: (Lép 7) '
Cho tam gide ABC vubng tai A. Tia phéan gide' ABC cit canh AC & D. Trén canh BC 14y
E sao cho BE = AB. Pudng thing qua C vudng géc véi BD cit AB G F.
Chtng minh D, E, F thing hang.
Goi $: D& nhan thdy hai tam gidc ABD, EBD bing nhau (trudng hop canh - géc —
carih) nén c6 BAD = BED =90°. Suy ra DE vudng géc BC. Mit khdc D 1a tryc tdm cha
tam gige FBC nén ciing ¢6 DF vudng goéc vdi BC. Ta c6 10i giai cha bai todn.

L q:‘:h'.”

Xét AABD va AEBD c¢6 AB = BE (gt), ABD = EBD
(BD 14 tia phéan gidc géc ABC), BD (canh chung)



Do d6 AABD = AEBD (c.g.c) = BAD = BED

Ma BAD = 90° (gt) A
Nén BED = 90° = DE I BC

Mat khac AFBC c6 CA, BD la hai dudng cao cdt

nhau tai D (BD 1. AC (gt), CA L AB (gt)) A

Nén D 13 truc tdm cha tam gidc FBC '

= DF 1L BC.

Ta c6 DE 1L BC, DF L BC

=» Hai dudng thdng DE, DF tring nhau B E C
Vay ba diém D, E, F théng hang.

Vi du 4: (Lép 8) _

Cho tam gidc ABC can tai A, cdc duding cao BD va CE c¢dt nhau tai H. Pudng thing qua
B song song véi AC cit dudng thing qua C song song véi AB & F.

Chiing minh ring ba diém A, H, F thing hang. _

Goi : Chang ta d& phat hién duge td gidc ABFC 1a hinh thoi nén c6 AF vudng géc véi
BC. Ma H 1a truc t4m cla tam gidc ABC nén cdn co AH vubng goéc Véu BC. Chiing ta cé
duge i giai cha bai todn

Lt ik
Xét AABC c6 BD, CE la hai dudng cao cdt nhau tai H (gt) E
= H 1& truc tdm chGa tam gide ABC
= AH ia dutng cao cGa tam gide ABC g
= AH | BC
T gidc ABFC c6 AB // CF (gt) c

va AC // BF (gt) nén ABFC 14 hinh binh hanh.

Ma AB = AC (gt). Do d6 ABFC 1a hinh thoi

= AF 1 BC.

Ta c6 AF | BC, AH L BC

Vay A, H, F thing hang. ‘

Vi du 5: (Lép 8)
Cho tam gidc nhon ABC, hai dudng cao BD va CE cit nhau tai H M 1a diém trén tia d6i
cia tia BC, N 14 diém n3m trén tia d6i cla CB. Pudng thdng qua M vudng géc véi AN
cit dudng thding qua N vudng gée v6i AM & K. Ching minh ring K, A, H thdng hang.
Goi §: Dé phét hién ra riing H, A 14n Iugt 13 truc tAm cda cdc tam gidc ABC, KMN

ALHL gidd

Xét AABC c6:
BD, CE la hai dudng cao cit nhau tai H (BD L AC, CE L AB)
= H 1& tryc tim cha tam gidc ABC
=> AH la dudng cao cla tam gzéc ABC
= AH L BC
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Xét AKMN c¢6 MA, NA 14 hai dudng cao
cit nhau tai A (MA L KN, NA 1 KM)
=> A 12 truc tAm cda tam gidc KMN
= KA 14 dudng cao cia tam gidc KMN
= KA L BC
Ta c6 KA L BC va AH 1 BC
Viy ba diém K, A, H théng hang.
Vi dy 6: (Lép 8) M 3
Cho tam gidc ABC. Vé phia ngoai tam gide ABC v& cdce hinh vubng ABDE, ACFG va
hinh binh hanh EAKG. Goi H la giao diém cha BF va CD, I 1a giao diém clia KA v& -
BC. Chiing minh réng K, H,I thing hang.
Goi $: Ching ta cln tim cédch chimg minh KH L BC va KI 1L BC. C4e ciip tam gidc
bling nhau (AEAK = AABC va AAKC = ACBF) gitip dén vdi 11 giai cta bai toan.

AL gidci

N

Goi M 12 giao diém ctia BF va CK.
Ta c6 KEA + EAG = 180° (vi EK / AG), BAC + EAG = 180°

 Nén KEA = BAC
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X6t AEAK va AABC

EA = AB, KEA = BACG, EK = AC (= AG) A
Do d6 AEAK = AABC (c.g.c) = EAK = ABC, AK = BC G
Ta co: E
ABC + BAI = EAR + BAT
= 180° - BAR . F
=180°-90° = 90° D T — 6

Nén BIA = 90° = KI 1 BC

Xét AAKC va ACBF

C6 AK = BC, AC = CF; KAC = BCF (= 90° + ACB)

Do d6 AAKC = ACBF (c.g.c) = ACK = CFB. Nén CFB + MCF = 90°

= CMF = 90° = BM L KC

Tuong tu ¢6 CD L KB

AKBC ¢6 BM, CD 1a hai dudng cao cdt nhau tai H

= H Ia tryc tdm cia tam gidc KBC = KH 1a dudng cao ca tam gidc KBC = KH L BC
Ta c¢6 KI{ L BC va KI L BC

Vay K, H, I thdng hang.

Vidy 7: (Lép 9)

Cho tam gide nhon ABC, cdc dudng cao BD va CE cét nhau tai H. Pudng trdn dudng
kinh BH ¢4t BC & K (K khéc B). Chiing minh ring ba di€m A, H, K thing hang.

Goi $: Tt dudng tron dudng kinh BH gidp ¢6 duge KH 1 BC.



Mit khac ¢6 H 14 truc tAm cha tam gidc ABC nén AH 1 BC.
Chang ta ¢6 duge 101 gidi cha bai todn.

Lt gibi
Pudng tron dudng kinh BH ¢t BCd K
= AKBH vuéng tai K
= KH L BC.
AABC c6 BD, CE 12 hai dudng cao cit nhau tai H (gt)
= H 1a tryc tAm cha tam gidec ABC
= AH 1L BC
Tacé AH L BC, KH | BC
Vay ba diém A, H, K thdng hang.
Vidu 8: (Lép 9)
Cho hinh vudng ABCD. I 1a diém trén canh BC. V& BE vubng géc v6i DI tai E, BE ¢4t CD
& F. Goi K 1a giao diém cha AE va BD. Ching minh ring ba diém F, I, K thing hang.
Ggi $: D& thdy céc tir giac ndi tiép IEFC, BECD nén cé duge tir gide BKIF ndi tiép, do vay
DKI = BCI = 90° = IK 1| BD. Hon nita 6 I 1a true tAm ca tam gidc BDF nén FI L BD.
Gidp c6 101 giai clia bai todn.

Lot gidt
Ta ¢6 ICF = 90°, TEF = 90° A
Nen tu giac IEFC néi tip=> EIF = ECF K/
Tt gide BECD c6 BCD = BED = 90° -
=> T gidc BECD ndi tiép >
= ECF = KBE |
Ta ¢6 EIF = KBE (= ECP) P ny
= Tt gidc BKIE noi tidp = DKI = BEI = 90° = IK 1 BD
ABDF ¢6 DE, BC 14 hai dudng cao cdt nhau tai I = I 13 truc tAm cta tam gidc BDF =
FI 1a dudng cao cda tam giac BDF = FI L BD
Ta cé IK L BD, FI L BD
Vay F, I, K thing hang.
Vi du 9: (Lép 9)
Cho tam gidc nhon ABC (AB < AC). Pudng tron (O) dudng kinh BC cit cdc canh AB,
AC 14n luot tai D va E. Goi H 14 giao diém cta E va CD. Puong thing qua O va vubng
gée véi CE cit dudng thing vudng géc véi BC tai C & M. Goi N 12 trung diém cla AH.
Chitmg minh riing M, N, E thing héhg.
Goi §: Ching minh duge H 1a true tAm cia tam gidec ABC nén ¢6 AH 1| BC, gitp cé duge
NE vubng géc v6i OE. Mat khdc hai tam gide OEM, OCM bing nhau cho ta
OEM = OCM nén AM vudng géc véi OE.
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OE = OC (= R) = LOEC cén tai O = OEC = OCE

L giai
Ta c¢6 BDC = BEC = 90° (géc ndi ti€p chin nita dudng tron)
AHAEFE vubng tai E, E 14 dudng trung tuyén
= NA = NE = ANAE cén tai N = NAE = NEA

AABC cé BE, CD la hai dubng cao ¢it nhau tai H
=» H 1a tryc tAm ctia tam gidc ABC = AH | BC
= NAE + OCE = 90°. Nén NEA + OEC = 90°
Do d6 OEN = 90° = NE L OF
OM L EC = OM di qua trung diém ctia CE
=» OM 14 dudng trung truc cha EC
= ME = MC. ‘
Xét AOEM va AOCM c6 OFE = OC (= R), ME = MC, OM (canh chung)
Do d6 AOEM = AOCM ({c.c.c)
= OEM = OCM; OEM = 90° = EM L OR
Ta c¢é NE L OFE, EM I OE _
Véy ba diém M, N, E thdng hang.
Vi du 10: (L6p 9)
Cho tam gidc nhon ABC (AB < AC) nbi tip dubmg tron (O), céc dudng cao AD v CE cit
nthau tai H. Pubmg tron (I) ngoai tiép tam gidc BDH cét dudbng tron (O) & M (M khéc B). Ve
dudng kinh BF clia dutng tron (O). Ching minh ring M, H, F thing hang.
Goi 9: Goi N 1a giao diém clia AC va HF. T¢ gidc AHCF Ia hinh binh hanh gitp c6 t&
giac HNOI 1a hinh binh hanh nén HF / OI m& OI L BM = HF . BM ma HM . BM
nén gidp c6 duge 181 gidi cha bai todn.

LBt gidi,

Goi N la giao diém cia AC va HF
Ta ¢6 BAF = 90°, BCF = 90° (géc néi tiép chin nita dudng tron)

BDH = 90°, nén I Ia trung diém ctia BH

Ta c6 AH L BC (gt), FC 1 BC (BCF = 90°) = AH / FC

Tuong tu c6 AF // HC. Do d6 t& gisdc AHCF 1 hinh binh hanh = N 14 trung diém cha HF
ABHF cé N, O lan luot 1a trung diém cta HF va BF

= ON Ia dudng trung binh cda tam gisc BHF

= ON / BH, ON = %Ii

Ta c6 ON = IH, ON // IH

=> T gide HNOI 1a hinh binh hanh

= HF // OI.

M2 hai dudng tron (O) va (I) cit nhau 6 B, M




= O] la dubng trung truc cda BM = OI L BM
Ta co HF // O, OI L BM = HF 1 BM
Ma BMH = BEH = 90° = HM L BM. Ta ¢6 HF L BM va HM L BM
Viay ba diém M, H, F thing hang.
4. PHUONG PHAP 4
a) Phuong phdp sir dung hai tia triing nhau
Dé ching minh ba diém A, B, C thing hang (trén hinh vé nhéin ra B nim giita A va
C), ching ta c6 th& ching minh hai tia AB va AC trung nhau (hodc hai tia CB, CA

trung nhau)

A B C A B C

Thuong la chimg minh BAx = CAx (hinh 1)
Hodc chitng minh AT(_}} = ﬁ@} (hinh 2)

(hinh 1) (hinh 2)
b) Mét so vi du
Vidu 1: (Lép 7)
Cho tam gidc ABC, D 12 diém trén canh AB. Pudng théng qua D song song véi AC cit BC
& D. Va diém M, N trén nita mat phing by BC khong chia A sao cho BMC + BAC = 180"
va BMN + BDE = 180°. Chting minh ring ba didm M, N, C thing hang.
Goi ¥: Hai dutng thing DE va AC song song véi nhau cho ta BAC = BDE.
Mat khéc gid thigt c6 BMC + BAC =180° va BMN + BDC = 180°

Do vay BMC = BMN . Tir d6 gitp ¢6 didu cdn ching minh A
Lt giai
Ta ¢6 DE // AC = BAC = BDE D
Ma BMC + BAC = 180° (gt) va BMN + BDE = 180° (gt) 5
Suy ra BMC = BMN _B c

= Hai tia MN, MC trung nhau.
Viy ba diém M, N, C thing hang.
Vidu 2: (Légp 7) M .
Cho tam gidc ABC ¢6 AB < BC. Tia phén gidc cda géec ABC cidt AC § D. E 1a diém trén
tia 461 cha tia DB. Trén nda mat phing bd BD c¢é chia A v& tia Ex sao cho
BEx = BEC . Trén tia Ex 14y difm F sao cho EF = EC. Chidng minh ring ba diém F, A,
B thing hang.
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Goi #: D5 thdy hai tam giac ECB, EFB biing nhau nén EBC = EBF
Mat khde BD 14 tia phén gide c¢ha goe ABC.
Do vay cho ta hai géc EBF, EBA bing nhau.
' Lt gici

Xét AECB va AEFB c6 EC = EF (gt),

CEB = FEB (gt) EB (canh chung)
Do d6 AECB = AEFB (c.g.c) = EBC = EBF
MaEBC = EBA (BD 1a tia phan gisc eda géc ABC)
Do d6 EBF = EBA
= Hai tia BA, BF trung nhau
Vay ba diém F, A, B thing hang.
Vidu 3:(Lép T
Cho tam gidc ABC c6 ABC = 60°. Trén nia mat phing by AB cé chifa C v& tam gidc
ABD vubng tai A ¢6 BD = 9AB. Ching minh ring ba didm B, C, D thing hang.

' L gial

Trén tia d6i cla tia AB 14y di€ém E sao cho AE = AB
Tam gidec DBE c6 DA 1a dudng cao (AABD vudng tai A) la dudng trung tuyén (AE = AB)
= ADBE cén tai D = BD = DE E
Ma BE = 2AB, BD = 2AB (gt) = BE = BD
ADBE ¢é6 BD = DE = BE
= ADBE déu = DBA = 60°
Ta c6 DBA = CBA (= 60°)
= Hai tia BC, BD tring nhau.
Vay ba diém B, C, D thdng hang.
Vi du 4: (Lép 8) : ‘ S D

- Cho tam gide ABC vuéng tai A ¢6 ABC = 60°. Céc diém D, E lan lugt trén cdc canh
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AC, AB sao cho ABD =20°, ACE = 10°. Goi I 1a giao diém cta BD va CE. Goi M la
diém d6i xing cia I qua BC, N 14 diém ddi xiing cia I qua AC.
Chiing minh ring ba diém M, D, N thing hang.
Goi $: Nhan ra ring DIC = 60°, theo tinh chét d6i xing truc cho ta DNC = DIC nén
DNC = 60°. Mat khédc tam gidc CMN déu. Do vay MNC = 60°
Ta c6 duge MNC = DNC (= 60°). Nhu vay hai tia ND, NM trbng nhéu.
Ta c6 IDC = ABD + BAD (g6c ngoai cia tam gidc ABD)
IDC = 20° + 90° = 110°
ADIC ¢6 DIC +IDC + ICD = 180"
Nén DIC = 60°



I, N d6i xitng qua CD
= DNC = DIC = 60°
Theo tinh chait d8i xing truc ta ¢6 CN = CI, CM = CI
= CM = CN A
= ACMN can tai C vi ciing ¢6 BCI = BCM, DCI = DCN
Nén MCN = 2(DCI +BCI) = 2ACB = 60°
ACMN can tai C ¢6 MCN = 60°
Ta ¢6 MNC = DNC (= 60% . B
=» Hai tia MD, NM trang nhau .
Vay ba diém M, D, N thing hang. M
Vi du 5:
Cho hinh thoi ABCD M la di€m trén dutng chéo BD (MD < MB) goi E 1a giao d1em cha
CM va AB. Trén tia AM ldy diém F sao cho AF = CE.
Ching minh réng ba diém B, C, F thzmg héng
Goi $: T gide ABCD 1a hinh thoi nén ¢6 BD la duong phén gidc gée ABC Hai tam
gidc ABM, CBM bang nhau cho ta hai géc béng nhau BAM, BCM. Tu do glup chu’ng
minh duge hai tam gide bing nhau ABF, CBE g1up chd ABF CBE
Nhu vay hai tia BC, BF trung nhau. B

Lt giai

T gide ABCD 14 hinh thoi. .
= BD la tia phén gidc cia géc ABC
— ABM = CBM A
" Xét AABM va ACBM c6:
AB = BC (ABCD la hinh thoi),
ABM = CBM, BM (canh chung) E
Do d6 AABM = ACBM (c.g.c) = BAM = BCM
Xét AABF va ACBE c6:
AB = BC, BAF = BCE, AF = CE (gt)
Do d6 AABF = ACBE (c.g.c) = ABF = CBE
= Hal tia BC, BF tring nhau
V4y ba diém B, C, F thing hang.
Vidu 6:(Lép 8)
Cho tam gide ABC, D 1a diém trén canh AB. Dudng thing qua D song song véi BC cit
AC 3 E. M, N lan lLfo’t trén cac doan thing BC, DE sao cho BM = 2MC, DN = 2NE |

Ching minh rdng ba diém A, M, N thdng hang.

Goi 9: Chiing ta dé ching minh duge % = BD—I\I} Tt do gidp cé hal tam gidc déng dang

ADN, ABM.
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| Lo gidi
Ta c6: BM = 2MC => 3BM = 2MC + 2BM = BM = gBC

Tuong ty ¢6 DN = —g-DE

 AD DE
AABC ¢6 DE // BC AD _DE
¢ &Y = 15 " BC
Nén ﬂ — E\I.,
AB _ BM B
M
Xét AADN va AABM c6: ADN = ABM (DE / BC), 22 - DN
AB " BM

Do d6 AADN «» AABM (c.g.c) = DAN = BAM
Vay ba diém A, M, N thing hang.
Vidu 7: (Lép 9)
Cho hinh thang can ABCD (AB // CD, AB < CD). Piém E b4t ki trén CD. V& dudng
tron (O) ti€p xic v6i AC tai C va di qua E. Hai dudng tron (O) va (I) cét nhau tai B, F.
Chdng minh réing ba diém B, E, F thdng hang.
Ggi %: Tim cach ching minh nam diém A, D, F, C, B ciing thubc mét dutmg tron, as co
duge DFE = DFB giap c6 hai tia FE, FB tring nhau.
Lo giti

ABCD la hinh thang cén (gt) = Tt gidc ABCD noi tiép.
Ta c6: DFE = ADC (géc tao bdi tia tip tuysn va day cung)

CFE = ECA (géc tao bsi ti€p tuyén va day cung)
AADC c6 DAC + ADC + ACD = 180°
Do d6: DAC + DFC = DAC + DFE + CFE = 180°
= Td gidec ADFC ndi ti€p.
Do véay A, D, F, C, B cung thudc mot duting tron.
Ta cé mmm, m=136§, DCB = DFB
Do d6 DFE = DFB
Ta ¢6 hai tia FE, FB tring nhau
Vay ba diém B, E, F thing hang.
Vidu 8: (Lép 9)
Cho dutng tron (I) ndi ti€p tam gidc ABC. D, E, F 14n lugt 14 cdc tiép diém ciia dudng
tron (I) v6i cde canh BC, CA, AB. Dung thing qua F song song véi BC cit DE tai K.
Goi M 1a trung diém cha FK. Chitng minh ring ba diém A, M, D thing hang.
Goi : Qua A vE dudng thng song song véi BC cit DE, DF l4n lugt & S, L gitip ¢6 duge LA
= AF. T d6 chiing minh duge hai tam gidec DFM, DLA déng dang, gitip c6 FDM = LDA.
Do d6 hai tia DM, DA tring nhau,




L gidi
Qua A vé duting thing song song véi BC cit DE, DF ldn ILIo't a5, L
Ta ¢6: ALF = BDF (so le trong va LS / BC)
AFL = DFB (d6i dinh)

5FB - BDF (:%sdﬁ}?‘}

Suy ra ALF = AFL '_ L A S
=> AALF cén tai A = LA = AF
Tuong tu AS = AR o A M .
MéAEmAF,nénLAxAS=? KA
DF _FK
ADLS ¢6 FK // LS = B C
€6 DL - LS D
M= TK pa- IS en P_I‘;ﬂ
2 9 DL LA
Xét ADFM va ADLA c6 DEM = DLA, DF _FM
DL LA

Do d6 ADFM «> ADLA (c.g.c) = FDM = LDA

=> Hai tia DM, DA trung nhau,

Vay.ba diém A, M, D théing hang.

Vidu % (Lép 9)

Cho tam gide nhon ABC néi tiép dudng tron (O). Pudng phén gide AD cla tam gidce
'ABC ¢dt cung BC & E. Pudng tron (I) ti€p xtc trong véi dudng tron (O) tai S va tiép
xae v6i BC tai T. Ching minh ring S, T, E thing hang. ‘

Goi y: Hai dudng tron (0), (I) tiép xtGc nhau tai S, do dé ¢6 O, I, S thdng hang. Mat
khéc hai tam gidc cdn OES (tai O) ITS (tai I) ¢6 EOS = TIS nén dong dang, gidp c¢6
OSE = IST Do vﬁy hai tia ST, SE trung nhau.

_ Lt giai
Hai dudng tron (O) va () tié’p xtc nhau tai § = O, I, S thing hang.
BAE = EAC — BE = CE = OE L BC. IT L BC. Nén OE // IT = EOS = TI8
OE = 08 (= R) => AOES cén tai O |
IT = TS (= 1) = AITS cén tai I.
Do dé ACES «» AITS
= OSE = IS8T
= Hai tia 8T, SE trung nhau
Vay S, T, E thing hang.
Vidu 10: (Lép 9)
Cho & gide ABCD ndi ti€p dubng tron dung kinh AB. I 14 giao diém cha AC va BD. Ve
IE L AB tai £. CE cit BD tai K. Pudny thing vubng g6c véi BK tai K cit AC § M. Goi N
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la diém 461 xing cda A qua D. Ching minh riing ba diém B, M, N thing hang.

Goi §: Hai t giac noi tiép IEBC, MCBK gitp ¢6 FBR = KBM . Mat khdc tam gisc BAN

can tai B nén c6 ABD = KBM . Do vay KBM = DBN nén hai tia BM, BN tring nhau.
Lii gidi

Goi F 1a giao diém cia MK va AB. .

Ta c6: ADB = ACB = 90" (géc ndi tiép chin nita dutrng tron), IEB = ICB = 90°

= Ta gidc IEBC néi tiép

= FBK = f@l

MKB = MCB = 90°

T gidc MCBK noi ti€p = KBM = ECI

Do d6 FBK = KBM

ABAN c6 BD la dudng cao (ADB = 90°) va la dudng trung

tuyén nén tam gidc BAN cén tai B. Do d6 ¢6 ABD = DBN

Ta c6 KBM = DBN = Hai tia BM, BN tring nhau,

Vay ba diém B, M, N théng hang,

5. PHUGNG PHAP 5
a) Phuong phap str dung hinh duy nhat

b)
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Ma ME = MB (gt). Do d6 ME = ME' = E = E

Mot 58 bai todn ching minh ba diém thdng hang n&u van dung dén kién thic hinh duy
nhit nhu sau: _ '
Dé ching minh ba diém A, B, C thing hang, trong 6 C thudc hinh A (hinh A 1a dudng

théng, tia, doan thdng, dudng trdn, cung tron,..), chiing ta ¢6 thé goi C' 1a giao diém

cia AB v6i hinh A tim cdch ching minh hai diém C va €' trang nhau.
Mot s6 vi du
Vi du 1: (Lép 7) | | |
Cho tam gidc ABC. V& tam gidc ABD sao cho D néim trén nia mit phdng by AB khéng
chita C va AD // BC. Goi M 1 trung difm canh AC. Trén tia d6i cia tia MB Idy diém E
sao cho ME = MB. Ching minh rang ba diém D, A, E thing hang.
Goi 3: Goi E' 14 giao di€m cda BM va AD. Hai tam gidc biing nhau MAE', MCB cho ta
ME' = MB, gitip ¢6 E = E'.
Lot gidid
Goi E’ 1a giao di€m ctia BM va AD.
Xét AMAE' vi AMCB c¢6 MA = MC (M 12 trung diém ca AC), AME' = CMB (dsi dinh)

MAE' = MCB (so le trong va AE' // BC) 5 A EE
Do d6 AMAE' = AMCB (g.c.g) '

= ME' = MB

Vay ba di€ém D, A, E thing hang. '_ _




Vidu 2: (Lép 7)
Cho tam gidc ABC, M 14 trung diém canh AC. Trén tia d6i cha tia MB 14y diém D sao
cho MD = MB. Trén céc doan thdng AD, BC l4n lugt 14y I, K sao cho Al = CK.
Chilng minh ring ba diém I, M, K thing hang.
Goi y: Goi I' 1a giao diém cia KM va AD.
Hai tam gidc MAD, MCB bing nhau cho ta MAT' = MCK
Do vay AMAI' = AMCK (trutng hgp géc—canh-géc)
Viviy AI' = CK = Al, nén ¢é duge I' =1
Lii gidi
Goi I' 1a giao diém ctia KM va AD
Xét AMAD va AMCB c6 MA = MC (M 1a trung diém canh AC), AMD = CMB (d6i dinh),
MD = MB (gt)
Do d6 AMAD = AMCB (c.g.c) = MAD = MCB
Xét AMAT' va AMCK ¢6 : A rl D
MAT' = MCK (vi MAD = MCB), MA = MC '
AMT' = CMR (d6i dinh)

Do d6 AMAT' = AMCK (g.c.g) = AL = CK M

Ma Al = CK (gt)

DodéAI':AIﬂI’EI B " C
Vay ba diém I, M, K thing hang. _ K

Vidu 3: (Lép D
Cho tam gidc ABC can tai A. Trén cac canh AB, AC lan lugt lay D E sao cho AD = AE.
Goi M, N 14n lugt 1 trung diém cdc doan théng BC, DE.
Chidng minh ring ba diém A, M, N thidng hang.
Goi ¥: Goi N’ 1a giao difm clta AM va DE. Tim c4ch chimg minh N’ = N,
Cha ¢ hai tam gidc can ABC (tai A), ADE (tai A) s& gidp ching ta ¢6 didu nay.
L07 gidii
Goi N' 1a giao diém ctia AM va DE.
AABC can tai A, AM 1a dudng trung tuyén (M 1a trung diém cGa canh BC)
= AM 1a duong phén gidc cia gée BAC. A
AADE c6 AD = AE (gt)
=» AADE cén tai A
AADE can tai A, AN’ 13 dudng phén gidc.
= AN’ 14 dudng trung tuyé&n cla tam gidc ADE

=> N’ 14 trung diém clia canh DE D E
Ma N 1 trung diém canh DE. NN

Dodé N =N B C
Vay ba diém A, M, N thing hang. M
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Vi du 4: (Lép 8)

Cho hinh thang ABCD (AB // CD) ¢6 CD = AD + BC. Céc tia phén gidc cha cde géc
BAD, ABC cat nhau tai M. Chitng minb réing ba diém C, M, D thdng hang.

Goi 3: Goi M’ 1a giao di€m clia tia phén gidc goc BAD va CD. Tim céch ching minh BM'
12 tia phan gidc goc ABC, ta c6 M’ va M trung nhau.

Chu y tam gide DAM' cén tai M' va AB // CD, s& tim duoc 151 giai cha bai todn.

L gici
Goi M’ 1a giao diém cia tia phéan gidc géc BAD va CD
Ta ¢6 BAM' = DAM' (so le trong va AB / CD) A B
Nén DAM = AMD
= ADAM’ cén tai M’
= DM = AD
Ta c6 DM' + M'C = CD. D 1o
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Ma AD + BC = CD (gt) |

Suy ra M'C = BC = AM'BC can tai ¢ = M'BC = BM'C

Ma BM'C = ABM' (so le trong v AB // CD)

Suy ra M'BC = ABM'=> BM' la tia phan gidc cGa géc ABC. Nén M’ = M
Vay C, M, D thdng hang.

Vi du 5: (Lép 8)

Cho tam gidc ABC cén tai A, AM la dudng trung tuyén. D 1a di€m trén tia d6i cia tia

BA. N 1a diém trén doan thing CD sao cho ND -iA—Il
NC AC

Chung minh ring ba diém A, M, N thing hang.

Goi ¥: Goi N' 1a giao diém cia AM vk CD. Chitng minh duge N' =N
Levi gidi

Goi N' 1a giao diém ciia AM va CD.

Xét AABC céan tai A, AM 1a dudng trung tuyén
= AM Ia dudng phan gidc cta géc BAC
ND AD
Xét AADC 6 AN 1a dudy hén gid — =
¢ ng phén gi c:>NC Vel
ND AD
Ma = o 52
NC AC (gt) # / C
Nénﬁg:yﬂgmN’mN N N'
N'C NC

Vay ba diém A, M, N thing hang.

Vi du 6: (Lép 8)

Cho tam gidc ABC. Pudng théng song song véi BC cit cdc canh AB, AC lan lugt § D,
E. Goi M, N ldn lugt 1a trung diém cda cac doan thidng BC, DE.

Ching minh ring ba diém A, M, N thing hang.




Goi §: Goi N' 1a giao diém cta AM va DE.
D& dang ching minh duge N’ 14 trung diém cia DE
Do véy hai diém N', N tring nhau. Gitp ¢é duge 191 gidi cGa bai todn.

L gidd
Goi N’ 1a giao diém cia AM va DE.
DN'_AN'
t AABM c6 DN' // BM =
Xé c BM AM A
Xeét AAMC 6 N'E // MC = N E _ AN
MC - AM

Ta cb

DN’ NE [A.N ’}

BM  MC AM /)

Ma BM = MC (M 1a trung diém cta BC)

= DN’ = N'E. Néu N’ 12 trung diém cta DE

Tacé N =N M

Vay A, M, N thdng hang.

Vidu 7: Lép 9) _

Cho tam gidc ABC vdéng tai A, AH 1& dudng cao. V& hai dudrng tron (0), (I) ¢6 dudng

kinh 14n lugt 1a BH, HC. V& CD 1 tiép tuyén chuhg ngoai cta hai dudng tron (0), (I)

(C e (0),D e (I), C va D nam trén nda mit phing bd BC khong chia A. Goi M 1a

trung diém doan thdng CD. Ching minh ring A, H, M théng hang.

Goi $: D& thay ring AH 1a tiép tuyén chung cia hai dudng tron (0), (O). Do vay goi

M’ 14 giao diém ctia AH va CD. Chang ta ching minh duge M’ 1a trung diém cha doan

thing CD. Nén ¢6 M’ = M. Nhu vay ¢6 duge A, H, M théng hang. |
L8 giii

Tacé AH L OO tai H, H « (0), H ¢ (O")

= AH 1& tiép tuyén chung cia hai dudng tron (0) va (O)

Goi M’ 1a giao diém cha AH va CD

Ta c6 M'H, M'C la tiép tuyén cha dudng tron (0)

= M'H = M'C va M'H, M'D la tiép tuyén cha dudng trdn (O')

= MH =MD

Do dé6 M'C = M'D

= M’ 14 trung diém ciia CD

Ma M 1a trung dié€m cta CD.

Dodé M =M

Vay ba diém A, H, M thing hang. | b

Vi du 8: (Lép 9) ' C

Cho tam gi4c nhon ABC (AB > AC), AD la dudng phan gide, AH 14 duong cao. V& DE L AB

tai E, DF L AC tai F. Goi M 1a giao diém cta BF va CE. '

Chiing minh réng A, M, H thing hang.

y O
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Goi $: Goi N la giao diém cta AH va CE, K 1a giao diém clia BN va AC. Tim cédch
ching minh K, F triing nhau.

L% gidi
Goi N 1& giao diém cia AH va CE, K 12 giao diém ctia BN va AC,
Chting minh duge AHE = AHK ‘ : A

Vi ching minh duge AE = AF, nim diém A, E, D, H,
F cimg thube mot dm‘mg tron.

Nén cé6 AHE = AHK
Ta ¢6 AHK = AHF

=»> Hai tia HK, HF tring nhau = K =F, K
Dodé M =N : ) N NIM .
Vay A, M, H thing hang. B c

Viduy 9:(Ldp 9) boH

Cho tam gidc ABC can tai A, dudng tron (O) tiép xic AB tai B cdt dung tron (O') ti€p

* xtc AC tai C & D, K. Ching minh réing A, D, E thdng hang.

Goi §: Goi E, la giav diém cta AD v6i dudng tron (0), E; 1a giao difm cla AD véi
dutrng tron (") (E; By khée D). Tim cédch ching minh E,, E; triing nhau thi ¢6 duge E,,
E,, E trung nhau. Do vy ¢é A, D, ¥ théng hang. -

| L3 gidid
Goi E, 1& giav diédm ctia AD véi (O)
E, 1a giao diém cia AD v6i (O) (E], E. khé.c D)
Xét AABD va AAE B ¢6: BAD (chung), ABD = m (hé qua géc tao bdi tia tiép tuyén

va diy cung) A
- Do d6 AABD «» AAE R (g.g)
AB  AD )
- o m——— AB = 1AD-AE
7 AE, AB :
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Tuong tu cd AC? = AD = AR, :

Ma AB = AC (AABC céan tai A) = AB® = AC?
Do viy ¢6 AE, = AE; = E; = E,.

Suy ra E|, E,, E trung nhau

Vay A, D, E thdng hang.

Vi du 10: (Lép 9)

Cho tam gidc nhon ABC (AB < AC) ndi tiép dudng tron (O) vé dutrng kinh AD. Goi E la
giao diém cda AB va CD, F 1a giao diém cda BD va AC. Cac tiép tuyén tai B, tai C cla
dutng tron (Q) cit nhau & M. Chang minh ring E, M, F thdng hang.

Goi y: Goi N la giao diém cha ti€p tuyén By cGa dudng tron (O) v6i EF. Tim céch
ching minh NC 14 tiép tuy&n cha dubng tron (O) khi 46 ¢6 duge N, M tring nhau. Do vay
E, M, F thing hang. | |




Li giai _
Vé Ax, By la cdce 'tié'p tuyén cda dudng tron (O) (xem hinh vé)
Goi N 1a giao di€m ctia By v6i EF.
Ta ¢6 ABD = ACD = 90° (géc ndi ti€p chdn nda dudng trdn)
AAEF ¢6 EC, FB 13 hai dudng cao cdt nhau tai D :
= D 14 truc tAm cia tam gidc AEF
= AD L EF
Ma AD L Ax ‘
Nén Ax // EF = NEB = xAB

AR = yBA [ é..sa A"ﬁj, BA = NBE (46 dinh)

Suy ra NEB = NBE = ANBE cin tai N = NB = NE
Mat khde NBE + NBF = NEB + NFB (= 90%

Nén NBF = NFB =» ANBF can tai N = NB = NF

N 14 trung diém cGa EF. Do vy NC = %E = NB

Xét ANBO va ANCO ¢6 NB = NC, NO (canh chung) OB = OC (= R)
Do d6 ANBO = ANCO (c.c.c) = NBO = NCO
NBO = 90° nén NCO = 90°= NC la tiép tuyén cla dudng tron (O)
Do vay N = M. Vay E, M, F thang hang. '
6. PHUONG PHAP 6 '
a) Phuong phap thém diém
Pé ching minh ba diém A, B, C thing hang, néu ¢6 thé ching ta hiy xac dinh thém
mdt diém D khdce cdc diém A, B, C ma ching ta chitng minh duge hai trong ba bd ba
diém A, Bva D; A, C va D; B, C va D thing hang. Tir d6 suy ra bén diém A, B, C, D
théng hang. Do vay A, B, C théng hang. :
b) Mot s6 vidu
Vidu 1: (Lép 7) . : ' .
Cho tam gidc ABC ¢6 AM, BN la hai dubng trung tuyén. Trén nifa mit phéng b BC ¢6 chia

diém A v& diém D sao cho CD / AM va CD = ngM Chitng minh ring ba diém B,N,D

thdng hang. _
Goi $: Goi G 14 giao diém ctia AM va BN
Ta c6 B, G, N thing hang va G 1a trong tdm cda tam gidc ABC. Tim cdch chitng minh
G, N, D thdng hang. Nhu vay, ta ¢6 bén diém B, G, N, D thing hang. '
- . Levé gidi o
Goi G 1a giao diém cGa AM va BN.
Ta c¢6 B, G, N thdng hang (1)
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Va G la trong tAm cha tam gidc ABC = AG = gAM A

Ma CD = EAM (gt) Nén AG = CD

Xét ANAG va ANCD eé6 AN = CN,

AG = CD, NAG = NCD (so le trong va AG // CD)
Do d6 ANAG = ANCD (c.g.c) = ANG = CND
Ta ¢6 GND = ANG + AND = CND + AND = 180°
= G, N, D thing hang. B
Tur (1) v (2) ¢6 B, G, N, D thlng hang.
Vay ba diém B, N, D thdng hang.
Vidu 2: (Lép T)
Cho tam gide ABC ¢6 BD va CE 1a hai dudng trung tuyén cit nhau tai G. Trén nia mat
phéng bt BG ¢6 chita diém C v& diém M sao cho BM / CG, BM = CG.
Chiing minh réng ba diém A, G, M théing hang.
Goi #: Goi N la trung diém cla canh BC. Tim céch chiing minh A, G, N théng hing va G, N,
M théng hang. Ching ta s& ¢6 bon diém A, G, N, M thing hang. Do vay A, G, M théng hang.

Ll gidl

Goi N la trung diém cha canh BC
Xét AABC ¢6 BD va CE 1a hai dudng trung tuyén cét nhau tai G (gt)
= G la trong tdm cia tam gide ABC.
= AG la dudng trung tuyén ca tam gidc ABC
Do d6 A, G, N thng hang (1)
Xét ANBM va ANCG co:

BN = NC (N la trung diém canh BC),

NBM = NCG (so le trong va MB / CG), BM = CG (gt).
Do d6 ANBM = ANCG (c.g.c) = BNM = CNG

Ma BNM + MNC = BNC = 180° B
Do d6 GNM = CNG + MNC

= BNM + MNC = 180° M
"= G, N, M théng hang (2)
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Tit (1) va (2) ¢6 A, G, N, M thing hang.

Vay ba diém A, G, M thdng hang.

Vidu 3: (Lép 7)

Cho tam gidc ABC vubng tai A. Trén nitra mit phing bd AB khong chu’a diém C lay

diém D sao cho DB L AB vA DB = %AC. Trén nita mat phing by AC khéng chia diém

B 14y diém E sao cho CE L AC va EC = %A:B. Goi M 12 trung diém ctia canh AB.



Chitng minh radng D, M, E thing hang.

Goi §: Goi N 1a trung diém ctia canh AC

Tim céch ching minh: D, M, N théng hang va M, N E théng hang. Céc cap tam gide

béng nhau MBD va MAN, NAM va NCE s& gitp ching ta cé duge diéu c4n ching minh.
Lii gidi

Goi N la trung diém ciia canh AC, ta ¢6 AN = NC = %AC

Ma M la trung diém cda canh AB (gt). Ta c6 AM = MB = %AB

Mat khéc DB = —AC (gt), EC = SAB (gt o

Do d6 DB = AN, AM = CE /‘/b\‘\
Xét AMBD va AMAN c¢6 MB = MA \o// \,\O/

MBD = MAN (= 90%; DB = AN
Do d6 AMBD = AMAN (¢.g.c) = BMD = AMN 8
Ta c6 BMD + DMA = AMB = 180° : ,
Do d6 DMN = AMN + DMA = BMD + DMA = 180°
= D, M, N thing hang (1)
- Xét ANAM va ANCE c6: NA = NC, NAM = NGE (= 90°), AM = CE
Do d6 ANAM = ANCE (c.g.c) = ANM = CNE
Ta c6 ANM + MNC = ANC = 180°
Do d6 MNE = CNE + MNC = ANM + MNC = 1800
= M, N, E thing hang (2)
Tir (1) va (2) ¢6 D, M, N, E théng hang
Viy ba diém D, M, E thing hang.
Vi du 4: (Lép 8)
Cho hinh chit nhat ABCD c6 tam O, diém M nim trén doan OB, diém E i xang v6i A
qua M, diém H 1a chan dudng vudng gée ké tit E d&n BC. Ve hinh chit nhat EHCF.
Chimg minh réing M, H, F thiing hang.
Goi y: Goi I 1a giao diém cta HF va CE
Ta c6 H, I, F thdng hang. Ching ta chi cdn phai ching minh ba diém M, I, F thing
hang. Chu § rang céc tam gide ODC, ICF 14n lugt cin tai C va I. Piéu nay gidp ching
ta c6 duge IF // AC va MI // AC. Do vay c6 duge M, I, F thing hang

L gicii

Goi I 1a giao diém clia HF va CE, suy ra H, I, F thing hang (1)
Ta s& chiing minh M, I, F thdng hang:
Vi H thudc BC nén ta c6 BCD + HCF = 180°
Suy ra D, C, F thing hang.
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Ma O, M lin lugt 13 trung diém cGa AC, AE nén

OM // CE, suy ra ODC = ICF (2)

Céc tam gidec ODC va ICF ldn lugt cintai Cva 1l A B
= OCD = ODC; ICF = [FC (3) M
Tit (2) va (3) suy ra OCD = [FC = IF // AC
Mit khéc I, M l4n lugt 1a trung di€m cta - H
EC, EA nén MI / AC '
Theo tién dé C-clit ta c6 hai dudng thing : I
IF, IM tring nhau
Do vay M, I, F thing hang (4). ‘ : F

Tir (8) va (4) suy ra M, H, I, F thng hang. b - C

Vay ba diém M, H, F thdng hang.

Vi du 5: (Lép 8)

Cho tam gidc ABC. Pudng théng d song song v6i BC cit cdc canh AB, AC 14n lugt 8 D,
E. Goi N 14 trung diém canh BC va M 12 giao diém cia BE va CD.

Ching minh réng ba diém A, M, N théng hang.

Goi $: Goi K la giao diém ciia AN va DE. |

Ching ta c6 duge A, K, N thing hang, do viy néu ching minh duge K, M, H thing
hang thi ching ta ¢6 duge A, K, N, M thing ha‘uig. Vi vay c6 duge A, M, N thing hang.

‘ Loé gideé
Goi K 12 giao diédm clia AN va DE. Ta c¢6 A, K, N thing hang (1)
. DK AK
Xét AABN c6 DK / BC el i
¢ 8= 3N " AN "
Xét ACAN ¢6 KE // BC (gt) = b - 2K
NC AN s
DK KE( AK S
Ta ¢é = =
BN NC\ AN
Ma BN = NC (N 13 trung diém BC). Nén DK = KE = %
B } } C
DK DE N
Do vay — = 22
0 Vay NC - BO (2} -

Xét AMDE va AMCB c¢6: MDE = MCB (so le trong va DE / BC); DME = CMB (d6i dinh)

- MD DE
Do d6 AMDE = AMCB (g. st

(g.g) = MC = BO (3)
Tit (2) v (3) 6 2 - MD
NC MC
) DK MD _—— R

Xét AMDK v AMCN c6: Ne - wMe’ MDK = MCN (so le trong va DE // BC)

Do 46 AMDK «» AMCN (c.g.c) => DMK = CMN

Ta ¢6 DMK + RMC = DMC = 180°



Nén KMN = CMN + KMC = DMK + EMC = 180°
= K, M, N thdng hang  (4)
Tt (1) va (4) ¢6 A, K, N, M thing hang.
Viy ba diém A, M, N thing hang.
Vi du 6: (Lép 8)
Cho hinh thang ABCD (AB // CD). Goi O la giao diém ciia hai dudng chéo AC va BD.
M, N, P 14n lugt 12 trung diém cia cde canh AB, BC, AD. Goi E 13 trung diém cha doan
thdng PN. Chitng minh ring ba diém M, O, E thing hang.
Ggi $: Goi K 12 trung di€ém canh CD. D& thdy t¢ gidc MNKP 12 hinh binh hanh, vi vay
¢6 duge M, E, K thdng hang. Chi con phai chitng minh M, O, K thdng hang. '
Céc cap tam gidc déng dang OAB va OCD, OAM va OCK s& gitp ta ¢6 duge didu d6.
| 2 giid | |
Goi K 1a trung dié€m canh CD
Xét AABD c6 P, M lan lugt 12 trung di€m cla cdc canh AB, AD (gt)
Do PM 12 dudng trung binh cia tam gidc ABD _'
= PM // BD v PM :%BD
Tuong tu ¢6 KN 1 dudng trung binh cia tam gide OBD
= KN // BD va KN = %BD

'I‘acéPM//BDvaKN//BD:PM//KNV&PM:KN(:%BDJ

~ Td gide MNKP c6 PM / KN va PM = KN .

= T gidc MNKP 1a hinh binh hanh.

Ma E 1a trung diém cda doan théng PN (gt)
Do d6 E 1a trung diém cta doan thing MK .

= M, E, K thidng hang (1)
Xét AOAB va AOCD c6: OAB = OCD (so le trong va AB // CD), AOB = COD (d6i dinh)
OA AB '
Do d6 AOAB «» AOCD (g. e D
0 ( (g.g) = ot = oh
AB

M 1a trung diém chia AB = AM = -

N 1i trung diém clia CB = CK = %]2

on AM_AB L OA _ AM.
CK-¢p 'Y oc CK

X6t AOAM va AOCK c¢6: OAM = OCK (s0 le va AB // CD), %% :.% (chitng minh trén)

Do d6 AOAM «» AOCK (c.g.c) = AOM = COK
Ma AOM + MOC = AQC = 180°
13
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Do d6 MOK = COK + MOC = AOM + MOC = 180°
= M, O, K théng hang (2)
T (1) va (2) ¢6 M, E, K, O thing hang. Vay M, O, E théng hang.
Viduy 7: (Lép 9)
Cho tam gide nhon ABC, AD la dudng cao, H la truc tdm. Vé DE 1L AB tai E, DF 1 AC
tai F, DK L HB tai K. Chitng minh ring ba diém E, F, K théng hang.
L0 gidii

Ve DI L HC tail
Ta 6 BED = BRD = 90° = T¢ gidc BEKD noi ti€p
= EBD + EKD = 180° | |
Ta c6 FRD + HID = 90° + 90° = 180°
= T gide KHID ndi tiép
= DKI = DHI
Ma DHI = EBD (cing phu véi géc HCD)
Nén DXI + EKD = EBD + EKD = 180°
= B, K, I thing hang (1) ‘ B
Ching minh tuong ty ¢6 F, K, I théng hang (2)
Tir (1) va (2) ¢6 E, K, I, F thing hang.
Viy ba diém E, F, K thing hang.
Vidu 8: (Lép 9)
Cho tam gide nhon ABC noi tiép dutrng tron (0) (AB < AC), H 1a truc tdm tam gidc
ABC. Putng tron dudng kinh AH cét dudng tron (0) § K (K = A). Goi M 14 trung diém
cta canh BC, Ching minh ring M, H, K théng hang.
Goi ¥: Vé dudng kinh AD cha dutng tron (O), do viy ta c6 AKD = 90°, gitdp dé c6
duge D, H, K thing hang. Ti€p tuc hay tim cdch ching minh D, M, H thdng hang.

‘ Lo gidii
V& dutng kinh AD cda dudng tron (O)
Ta ¢6 AKD = 90° (g6c ndi tip chin nita dudng tron)
= DK 1 AK
Va AKH = 90° (géc nodi tisp chidn nita dudng trdn)
= HK 1 AK
Do d6 D, H, K théng hang (1)
Ta ¢6 ACD = 90° (g6c néi ti6p chén nda dudng tron)
= DC L AC.
Ma BH i AC (H 1a tryc tAm clia tam gidc ABC)
Do d6 BH // DC
Tuong tu ¢6 CH // BD
Do vay tir gide BHCD 14 hinh binh hanh.




Ma M la trung diém cta BC nén M 13 trung diém cGa HD
= D, M, H thing hang (2)
Tir (1) va (2) ¢6 D, H, M, K théng hang. Vay M, H, K thing hang.
Vi du 9: (Lép 9) _
Cho hai dutng tron (O) va (O¥) cit nhau tai A v B (O, O' ndm khéc phia d5i v4i AB).
V& CD la ti€p tuyén chung cta hai dudng tron (C € (0), D e (), A, C, D ndm cung
phia d&i véi OQ), Bué'ng thng C song song v6i AD cit dudng thing qua D song song
véi AC ¢ E. Ching minh ba diém A, B, E thing hang.
Goi §: Goi M la giao diém cha AB va CD. Tim cach ching minh E, M, A thing hang
Dé thay ti gidc ACED la hinh binh hanh, “chia khéa” bai todn la ching mmh M la
trung diém cta doan thing CD.

Loi gidd
Goi M 1a giao diém chia AB va CD.
Ta ¢6 A, B, M thing hang (1)
Xét AMCA va AMBC c6: CMA {chung), MCA = MBC (hé qua géc tao béi tia ti&p tuyen

va diy cung)
MC MA

Do d6 AMCA «» AMBC (g. e = MC? = MAMB
0 a0 €8 = V5 " Wc
Ching minh tuong tu ciing cé: c
AMDA « AMBD = o2 oy MD? = MAMB
(g.g) = B = WD
Ta ¢6 MC? = MD? (= MA. MB)
= MC = MD

T\ gide ACED ¢6 AC // DE (gt), CE // AD (gt)
Do dé & gide ACED la hinh binh hanh
M 1a trung diém cta doan thing CD.
Do d6 M 1a trung diém cia doan thding EA=E, M, A thz‘ing hang (2)
Tu (1), (2Y ta c6 E, M, A, B thing hang.
Vay A, B, E thing hang.
Vi du 10: (Lép 9)
Cho t& gidc ABCD ndi ti€p dudng tron (0). Goi E 1 giao diém chia AB, CD; F 1a giao
diém ctia AC, BD. Cdc ti6p tuyén véi (O) tai B, C ¢4t nhau tai M.
Ching minh E, M, F thing hang
Ggi 3: Goi K 1a giao di€m cia dudng tron qua B, D, E va du’tmg tron qua F, D, C (K
khéc D). Ching ta s& tim céch ching minh K, E, M thing hang va K, F, M thing hang
dé c6 duge K, E, M, F thing hang. Do vay E, M, F thing hang.
S : : Lt gici
Goi K la giao diém clia dudng tron qua B, D, E va dung trong qua F, D, C (K = D)
Ta c6 BKC = BKD - DKC = 180° ~ AED ~ DFC (vi hai t gide BKED, DKFC néi tigp)
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= BKC + BMC = 180°
= T gide BKCM noi ti€p .
= BKM = BCM - D

Mat khac sd AED + sdDFC
1

- %(sdm ~5B8C) + - (sa&B + 54CD) = 2(saBADC - saBC) - saM BC

Suy ra AED + DFC = MBC

Ta lai c6: .
BCM = BDE (tinh chét chia goc tao béi ti€p tuyén vé day amg)
'BDE - BKE (vi ttf gidc BKDE noi ti€p)

Suy ra BKM = BKE = hai tia KE, KM trung nhau

= K, E, M thing hang (1)

Tuong tu ¢6 CKF = CKM

Do @6 hai tia KF, KM tring nhau

= K, M, F thing hang 2)

oy OF dw L3 D =

T (1), (2) ¢6 K, E, M, F thing hang.
Vay E, M, F thing hang,

BAI DOC THEM

PINH LI ME-NE-LA-UYT (MENELAUS)

VGI1 BA PIEM THANG HANG
o phdn 1 cfia quyén sdch nay, ching t6i da trinh bay cée phu‘crng phap thudng st dung
as ching minh ba diém thing hang, d6 la: '

. Phuong phép st dung géc “bir”

. Phuong phép sif dung tién dé vé dudng thing song song.
. Phuong phdp sif dung tién d8 vé dudng thdng vubng goc.
. Phuong phdp st dung hai tia tring nhau.

. Phuong phép s dung hinh duy nhA4t.

. Phuong phdp thém diém.

Mot s6 bai todn hinh hoc vé chitng minh ba diém thﬁng hang, van dung dinh 1i cé
dién, dinh 1§ Mé—né-lé—uyt (Menelaus) ¢6 1 gidi rat dep. Tuy nhién chi thich hgp vé6i
‘hoe sinh THPT vi d8i v6i hoce sinh THCS khong duge van dung dinh 1f nay d€ gidi bai

" todn, do vAy hoc sinh phédi ching minh dinh li rdi mdi duge van dung. Loi gidi cba bai
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todn nay s& dai dong.
T8i xin duge gidi thidu cing céc ban doc dmh H Mewnéwlewuyt (Menelaus) cling véi céc
bai todn 4p dung dé cdc ban tham khéo.
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* DINH LY
Cho tam gide ABC va ba diém A’, B’ va C’' niim trén cic duong thing BC, AC va AB sao
cho, hodc cd ba diém A’, B', C' d8u nim trén phdn kéo dai ctia ba canh, hodc mdt trong
ba diém trén nidm trén phin kéo dii cha mdt canh con hai diém cdn lai ndm trén hai
canh cia tam gidc.
AB BC C'A

biéu kid a dG dé A, B, C' thdng hang 1a ——
~ bidu kién can-va da dé ng hang e BA OB -
Ching minh
Phan thuin . :
Cdch 1: Qua C vé& dudng théng song song véi AB cdt A'C’ tai T.
Xét AA'B'C’ c6 CT // BC
é %—g %f;« (hé qua cha dinh li Ta-1ét)
Xét AAB'C' ¢cé6 CT // AC'
= §7§— % (hé qua cua dinh l{ Ta-l1ét)

AB BC CA CB cT CA

Do dé =1
AC CA'CB CT CA'CB

Cach 2: Ve AAl 4 A'B' BBl 1 AB' CCl LCC = AA1 I/ BB1 / 001

Xét AA‘BB1 ¢6 CC, // BB, = 2B _ BB,
AC - CC,
Xét AAB'A, ¢6 CC, /f AA, = BC . €O
BA  AA,
o C'A  AA
Xét ABB,CY ¢6 BB, // AA, = oo = 22
SLABEI 0 B AN = TR T BB,

AB BC CA BB, CC, AA, _ .
AC'BA'CB CCIA'AAI "BB,
Phén dao

Cho tam gidc ABC va ba diém A’, B’, C'. Gid st ba diém A’, B', C’ nm trén cdc dudng
thing BC, AC va AB sao cho hodc ci ba diém A", B, C' déu nam trén phan kéo dai cla
ba canh hosc mét trong ba di€ém ndm trén phédn kéo dai cia mét canh con hai diém

Do dé

AB BC CA
on 1 dmt h t idc thé
cdn lai ndm renhalcan cia tam gidc théa man —— ‘C BA CB
Chung ta can ching minh A, B', C’ théng hang. N

Goi L la giao diém cta B'C’ va BC. _
Xét tam gidc ABC ¢6 C' € AB, B e AC, L e BC
' va C, B, L thang hang

LB BC CA _
T ht t —_—
it chiting minh trén ta c6: TG BA C'B
AB BC CA _
AC BA'CB ~
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Neg BB _ AB _ LB _AB
LC  AC . BC BC .
= LB = AB = L, A’ triing nhau. Vay A", B, C' thing hang
o BAITAP AP DUNG
Bai 1: (Lop 8) Cho hai tam gidc ABC cln tai A, M la trung diém ca canh BC, BE la
dutng phan giace, duong phan gisc ﬁgoéi: tai C cla tam gidc cit dudng thing AB & F.
Chiing ‘minh ba diém E, M, F th&ng hang.
. Lo giad
Xét AABC c6 BE la dudng phan gisc (gt)
EA _AB
EC BC
Xét AABC ¢6 CF 1a dudng phan gidc ngoai {gt)
FA AB
FB BC (2)
Tar (1), @) c6: o = T
EC FB

Xét AABCc6 F e AB,M ¢ BC, E € AC
EA MB FB FA MB FB

v 06 —r o2 22 _TA WD B

® EC'MC FA FB MB FA

Do vay E, M, F thing hang (dinh }{ Mé—né~la—uyt).
Bai 2: (Lép 8) Cho tam gide ABC c6 cac dudng phan gide BE, CF. Dudng phan gidc ngoai

tai dinh A ca tam gidc ABC cit dudng thing BC tai D.

Chitng minh ba diém D, E, F thing hang.

Lot giai

Xét AABC cé AD 1a dudng phan gidc hgoai, BE va \ CF I cdc du’b’ng phan gléc

Ta c6:

DC AC FB _EC EA AB
DB AB’ FA AC'EC  BC
Xét AABC c6 D e BC, F & AB, E € AC
. FB EA DC BC AB AC

V3 ¥3 50 DB AC BC AB 5
"Viy ¢6 D, E, F thing hang (Pinh I Mé-né-la—uyt) B

Bai 3: (L6p 8) Cho hai tam gide ABC va A'B'C'. Sao cho AA’, BB', CC’ déng quy tai M.
Goi A 13 giao di€m cha BC va B'C. B, 1a giao diém cGa AC va C'A', C; 13 gigo diém

ctia AB va A'B'. Chitng minh riing A;, By, C; théng hang.

(1)

Lt gidii
Xét AMBC ¢6 Ay e BC, C' € MC, B' € MB va B', A;, C’ thing hang
iig . gﬁ . I;Bgf =1 (1) (inh lf Me-ne-la-uft)
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X6t AMAC ¢6 B, € AC, A’ € MA, C' MC va By, A', C' théng hang.
BC AA CM _

. . =1 (2 \
BA AM CC @ . M
Xét AMAB ¢6 C; € AB, B’ € AB, A’ € MA va C,, B, A’ thdng hang
CIA_B’B_A’M 1 @)
CB BM AA

Tu (1), (2) va (3) ta céb:
AB BC CA _,
AC BA CB
Xét AABC c6 Ay e BC, B, € AC, C, € AB
w AB BC CA
AC BA CbB
Vay A;, By, C; thing hang (dinh i Mé-né-la-uyt)
Bai 4: (Lop 8) Cho tit gide ABCD, hai duong thing song song véi AC 14n luot edt cdc canh
AB, BC, DA, CD lan lugt & G, H, E, F (cac giao diém nay khéng trung véi trung diém
cla cdc canh cda ta gide). Goi M 1a giao dié’m cua EG va BD.
Ching minh ring ba diém M, H, F thing hang. '
L gfﬁf-

Xét AABC c6 GH /#/ AC = S2 _ HC “ainhy 11 Talet)

GB HB
_ED _FD .
4 EF ED _FD i Ta_lét
Xét ADAC «6 EF /f AG = & e (dinh li Ta }ét)

Xét AABD c6: e
G e AB,M'e BD, E ¢ ADva E, G, M thing hang.
g‘g .%.% = 1(dinh If Mé-né-la-ugt) =
Xét ABDC c6 F e CD, H « BC, M ¢ BD

FD HC MB_ED GA MB _,

FC B MD EA G3B "MD
Do d6 M, H, F thdng hang (dinh 1{ Mé-né-la~uyt). .

~ Bai 5: (Lép 8) Cho tam gidc déu ABC. Trén cdc canh AB, AC lan lugt 18y cdc diém E, D -
sao cho % = %, % = é Céac dudng thléng BD va CE cit nhau tai M. Pudng trung
trie cda doan thing CM cit BC & K. Goi N 12 diém d6i xdng cda C qua K.
Chitng minh riing ba diém A, M, N thing héng.
Kot giai

Goi F Ia diém trén canh BC sao cho % - -;- Goi P, Q lan lugt 1a giao diém ciia AF

v6i BD, CE | |
AABD = ABCE (c.g.c) => AD2D = BCE
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Ta ¢6 MBC + BCE = MBC + ABD = ABC = 60°

Ma PMQ = MBC + BCE (PMQ la géc ngoai ctia AMBC), nén PMQ = 60"

Ching minh tuong tif c6 MPQ = 60°. Do d6 AMPQ déu

X6t AACQ ¢6: D & AC, P e AC, P € AQ, M ¢ CQ va D, P, M théng hang.
PA MQ DC _ '

Mat khac AMBC = AKCA (g.c.g) = MC = AQ
Ta ¢6 PA = 329- = PA = PQ

AMAQ c6 MP la dudong trung tuyén

Va MP = »%g nén tam gidc MAQ vubng tai M

"= AM L CE (1)

Xét AMCN c¢6 Q, K 1an lugt 13 trung diém cia MC, NC

= QK la duting trung binh cla tam gidc MCN = MN // K@
Ma KQ L CE. Do d6 MN L CE (2)

Tu (1), (2) c6 AM, MN tring nhau

Vay A, M, N thing hang.

Bai 6: (Lép 8) Cho tam gide ABC, mot dudng thing d cit dudng théng BC, CA, AB lin
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lugt tai A;, By, C;. Goi Ag, By, Cp 1dn lugt 1a cac dim d8i xing ctia A;, By, €, qua cde
diém D, E, F ctia cdc canh BC, CA, AB. Ching minh riing A,, By, Cs thing hang.
Lot gidi
Xét AABC ¢6 B, € AC, C; e AB,
Ay € BC va A;, By, C, théng hang

AB BC CA

A,C BACB
Tit gia thiét, ta c6

AB AC
" AB
B,A
B,C
ol .B
C,B C,A

=1 (1)

|

(2)

]

1

W o
o]

1

(3)

J

=

1

oo
i
P

(4)

AC BA CB .,
AB B,C C,A B,C A,B C,A

Vay Ag, Bg, Cp thing hang (dinh 1 Mé—né-la—ugt)

B,A A,C C,B

T (1), (2), (3) va (4) ta cé =1




Bai 7: (Lép 8) Trén cdc canh AB, AC clia tam gidc ABC vubng tai A, dung ra phia ngoai
tam gidc cac hinh vuéng ABEF, ACGI. BG cit dudng cao AH cia tam gidc ABC tai O,
Ching mmh réng ba diém C, O, E thing hang.

Lt gici
Goi a, b 1dn lugt 12 d6 dai canh cta cdce hinh vuéng ABEF, ACGI
Goi M 1a giao didm ctia EB va CG. "
Ta ¢6 ABMC 14 hinh chif nhat.
Goi N 1a giao diém ctia AH va BM, K la giao didm cia AC va BG

AB AC
AABC «» ABNA (g.g) = BN - AB
. a*
NenBng
AKCG 6 AB /GG = DK _AB AR AB _ ag. 2
CK ~ CG AK+CK AB+CG a+b
AOAK ¢6 BN // AK = o2 = B
KA AK
:Néanwg)mma(a+b):>BO-m_; a(a + b}
KO b? BK a’+ab+b?
AKCG ¢6 AB // CG | |
BK _ AB
GK ~ CG
__BK __AB B
BK +GK AB+CG
LBE_ s
BG a+b
. BO BO BK a’
Nén = =

BG BK BG a’+ab+b?
- BG-BO a*+ab+b’-a’

BO a”
:‘> ﬁg . b(a + b)
BO a®

EBCM GO a a bla+bh)

X6t AMBG ¢6 E € BM, O  BG, C e MG va =1

EM CG BO a+b b a
Vay C, O, E thiing hang (dinh 1 Mé-né— la—-uyt)
Bai 8: (Lop 8) Cho tif gide ABCD c6 AB cdt CD tai M, BC cét AD & N. Goil,J, K ian Tugt:
13 trung diém cha AC, BD, MN. Chiing minh ring I, J, K thing hang.
Lt giai
Goi A;, By, Cy 14n lugt 14 trung diém cGa NB, NA, AB
Ta c6 AK 1a dudng trung binh cia tam gisde NBM = AK // BM.
B:K 14 dudng trung binh cla tam gide NAM = B, K/ BM
Do d6 A K, B;K trung nhau (tién dé O—clit) = A;, By, K thdng hang.
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Tacé K e AjB,. Tuong tu J € A;Cy, I € B,Cy
BC CN AM

Tac6IC;= —;IB;= — ;KB = —; KA; =
aco 1 3 1 5 1 5 1 )
DN AD
JA = T JC| = —
1 5 1 5

Xét ANAB c6 M € AB, C e NB, D ¢ AN
Va D, C, M thing hang.
AM BC DN

e T e |
BM CN AD
BC AM DN
e I |
- CN BM AD A
EE&KB! JA, _
IB, KA, "JC,
IC, KB, JA
Xét AAB1C1¢c61eB,C,Ke AB,J e AJCyva —L L Z201
i © € b, Ly 611611vaIB}KA)JC]

Vay I, J, K théng hang (dinh i Mé—né-la—uyt)

Bai 9: (Lép 8) Cho tf gide ABCD ¢6 AC cit BD & M, AB c&t CD ¢ E, AD c8t BC 8 F. Goi N Ia
NA MA

didm trén doan thing EF sao cho REToR Chéng minh thng M, C, N thing hang.
L gidi
Goi N’ 1a giao diém cda AC véi EF
Xét AAEC c6 M € AC, B € AE, D ¢ ECva B, M, D théng hang E
-, MA DC BE _ (ginh 1f Mé-né—la—ugt)
" MC DE BA
MA _DEBA |
MC DCBE

Xét AABCc6 E ¢ AB,N' ¢ AC, F € BC
va E, N', F thing hang.
- %%.%.%g = 1 (dinh 1 Mé-né~la—ut)
NA EAFB A
T ——— = e (2)
NC EBFC
Xét ABEC c6 A e BE,D e CE, F € BC va A, D, F thing hang.
AE FB DC -1 DEBA EAFB (3)

AB'FC' DE =~ DCBE  EBFC

NA MA '
Vi o o 8 4
1NC MG {(gt) (4)

NA _NA
N'C  NC
Vay ba diém M, C, N thing hang.

Tir (1), (2), (3) va (4) cé =N=N
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Bai 10: (L6p 8) Trén mot dudng thing ldy cdc diém A, By, C; trén mot duong thing khdc
18y cdc didm Ay, B,, Cp. Céc dudng thing AB, vA AoB; ¢dt nhau & C, cdc dudng thing
B;Cs va ByC, cdt nhau & A, cdc dudng thing A;C; va AyC; cit nhau & B,

Chdng minh ring ba diém A, B, C thdng hang.

Lo gidi

Gm A3 12 giao di€m cda A;B, va A;Cy, B; la giao didm cta A;B; va B,C, C; 14 giao diém

caa B1Cz Vé_. ClAg. :

Xét AA3B303 ch A« BaCa, Bg [ A3B3,

C; e C3Ay v A, By, C; thing hang
AB, CC, A,A,
AC, C,A, B,B,

Xét AA3B3(}3 cs B e A.aCa, Cg & Bgca,

A; e AyBy va B, Cy, A; thidng hang.

BC, AA, C,B, T, )
. . =1 (dinh1 —né-la— 2
BA, AB, C,0. (dinh 1i Mé—né—la—uyt) (2)

Xét AAaBaCa co A1 € A3B3, Bl S BgCg, C}_ & A303 va A1, Bl, C; théng hé_
i i . g ‘g . g g = 1 (dinh li Mé-né-la—uyt) (3)

Xet AAgBaCy 6 Ay € AgBs, By € B3Cy; Cy € AgCyva Az, By, C; théng hang
A2A3 CQCS BZBS
A,C, C,B, B,A,

Xét AAgByCs 6 C & AgBy, Ag € ByCs; By € AsCs v C, Ag, B, thdng hang
CA, BB, AC, _, | )

CB, B,C, A,A,

= 1 {dinh li Mé-né~la~uyt) (1)

= 1 (dinh lf Mé&-né-la-uyt) (4)

AB, BC, CA
Tir (1), (2), (8), (4) va (B) ta cd 8. g, £ =1
(1),(2), 8}, (4)va(B)tac AC, BA, " CB,

AB, BC, CA,
AC, BA, CB,

Xét AA3B303 ¢6 Ae B:;Cg; B e A3Cg, Ce Ang va

Do dé A, B, C thng hang (dinh 1i Mé—né—la-uyt)
Bai 11: (Lép 9) Cho tam gide ABC ndi tiép dudng tron (O) diém M thude duong tron (0). Goi

D, E, F lan lugt 12 hinh chigu vubng goéc cia M xubng BC, AB, CA.
Chéng minh riing ba diém D, E, F thdng hang.

Lot giti
Khéng mdt tinh téng qudt ta xét M thude cung BC khﬁng chda A.
Xét AMAE va AMCD ¢6 MEA = MDC (= 90%)
MAE = MCD (hai géc ndi tiép ciing chin cung MB)

EA MA

Do d6 AMAE <> AMCD
¢ &8 = 5c =3¢
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_ Tuang tift AMBD «» AMAF (g.g) =

DB _MB
FA  MA
AMFC <> AMEB (g.g) = 0 - MC
EB MB
EA DB FC _MA MB MC_ EA DB FC

Dodé == FA §8 " M6 MA MB_ EB DC FA -
. EA DB FC _
FeA
Xét AABC c6 B < AB,D € BC, F e ACva Z2. 20 =% =

Vay B, E, F thidng hang (dinh lf Mé-né-la—uyt)

Bai 12: (16p 9)

Cho ba dudng trdn ¢6 ban kinh d6i mot khdc nhau va & ngoai nhau
Chitng minh réng giao diém cfia cdc tiép tuyén chung ngodi cla tUng cdp dubng trdn
eling n3m trén mdt duong thing.

. Lt gidd
Goi ba dudng tron 1a (Oq; r1); (Os;19); (Og; 19)
giao diém cha hai ti€p tuyén chung ngoai
cha (Oy; ry) va (Og; 1p) 12 C; cha (O ry) va
(Og; r3) 12 B: cha (O r3) va (O ra) 12 A
Goi MN la tiép tuyén chung ngoai cla
(O1), (O2) (M € (O), N € (Og))

Dé& thdy Oy, Oy, C thing hang.
Ta c6 O;N L CN, O;M L CN = O;N // O;M
ACNO, 6 ON // OpM = 91 . O _ 1
Co, OM
Tuong ti ta cd AQ, = r_2 BO, =5
A0, r,’ BO, 1

CO, AO, BO;, 1, 1

CO, A0, BO, 11, 1

=1 c

Xét Aoi()zo;g co6 A e 0203, B e. 0103’ C e 0102 va AOg i BO3 . COI =1

A0, BO, CO,
Vay A, B, C théng hang (dinh 1{ M&—né-la—ugt).

Bai 13: (16p 9) Cho hai dudng tron (0Oy), (Og) cit nhau & hai diém A, B. Céc ti&p tuyén tai
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A va B cta dudng trdn (O;) cit nhau & K. M 13 diém nim trén dudng trdn (O;) (M khéc
A, B). AM cdt dudng tron (Op) 6 P (P = A); KM cdt dudng tron (0;) & C (C = M); AC cét
dudmng tron (0g) & Q (Q = A). Goi L, 1a trung di€m cia doan théng PQ.
Chiing minh ring L, M, C thing hang. ‘

Lo gidi
Goi T 14 giao diém cia MC véi PQ
Xét AKAC va AKMA c6: AKC (chung), KAC = RMA (hé qué géc tao bdi tia ti€p tuysn

va day cung)
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Do d6 AKAC «» AKMA (g.g) = oo - 2C

KA MA
KC BC
T tu AKBC «» AKBM — =
vong tu (gg)? XB - MB
AC BC

Xét ABCQ va ABMP ¢6 BQC = BPM
(hai géc néi ti€p cling chin cung AB)
BCQ = BMP (¢ gide ACBM ndi ti&p)

BC CQ ‘ - Q

D A 2 . —_——— 2

o d6 ABCQ «» ABMP (g.g) = B " WP (_).

\ ACMP ‘
Tu (1) va (2) cd MA.CQ =1 (8)
Xét AAPQ ¢6 C e AQ, M e AP, T e PQ va'C, M, Tthanghang

AC TQ MP _ . . o0 . -

Do dé GQ TP MA I(dmh h Me né-la~uyt) (4‘).

Tit (3) va (4) ¢6 TQ =>TQ =TP. Dovay T = L.

Vay ba diém L, M, C thing hang.
Bai 14: (16p 9) Cho luc gidc ABCDEF ni ti€p dudng tron (0). Cée didm A, B, C' lan lugt 1a
giao diém ciia c4e cap dudng théng AB va DE, BC va EF, CD va AF. ‘
Chidng minh ring ba diém A’, B’, C' thing hang.
: L gidi
Giai M, N, K lan luot 1a giao diém cta AB va EF, AB va CD, CD va EF
Xét AMNK ¢6 B ¢ MN, C e NK, B’ ¢ MK va B, C, B’ théng hang
BM CN RK

= -, = =1 (dinh li Mé-né-la- uyt) (1)
BN CK B'M

Xét AMNK c6 D € NK, A’ « MN, E ¢ Mk va D, A’ E théng héng
DN EK A'M

= 1 (dinh li Mé-né-la—uyt) (2)

= . .
DK EM AN
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Xét AMNK ¢6 A ¢ MN, F ¢ MK, ¢’ € NK va A, F, ¢’ thing hang
AM CN FK
AM UN FR 4 - 3

¥ AN CK TM ®)

Xét AMAF va AMEB cé AMF (chung), MAF = BEB (t¢ gléc ABEF noi tlep)
AM FM

Do d6 AMAF <> AMEB (g.g) = 2= = —— = AM.BM =EMFM (4)
EM _BM

Tuong ty c6 AN.BN = CN.DN (5)
FK.EK = CK.DK - 6)

| BK AM CN
Tis 4),(5)va ) tach o 2V B
L (1), (2), (3), (4, (5) va (6) taco —— . Zc.

. BK AM CN

Xét AMNK c6 B' « KM, A’ € MN, C' e NK va o 220 20 _
Gt AMNK 6 B BM, &" < eNEVA 5 AN OK

Vay A, B’, C' thing hang (dinh li Mé~né-la-uyt).

Bai 15: (16p 9) Cho hai tam gide ABC v& SBC ¢6 cdc duong tron ndi ti€p (I) va (K) cing
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tiép xac v6i BC tai D. (D) tip xuc véi AB, AC tai E, F, (K) tiép xuc v6i SB, SC tai M,-
N. Goi T la giao dim ca EF va BC. Ching minh ring T, M, N thing hang.
' Lt gidi

Qua B vé dudng théng song song véi AC ¢t TE 6 K

BK BE A

AF  AF

Ma . AF = AE (AF, AE la ti€p

tuyén cda duting tron (I)

Nén BK = BE

Xét ATFC 6 BK // CF

_ T8 _BK ,
TC CF B

Tinh chit cda hai tiép tuyén cit nhau, ta 6

MS =NS; BD = BE = BM; CD = CN = CF

Xét AAEF c6 BK// AF =

TC NS MB €D MS BD
TB NC MS

Xét ASBC B, NeSCva ——=.-L =1
c6 TeBC, MeS € TG NS MB

Vay T, M, N théng hang (dinh 1i Mé-né-la—ugt).



LG KHUYEN HQC MON TOAN

VE MOT TIET NGOAI KHOA TOAN

Ching tdi xin duoc k€ lai cing véi cdc ban doc v8 mdt tiét ngoai khéa toén: THUC HANH
DO DO DAI POAN THANG ¢ho e em hoe sinh 16p 6:

Bét ddu tist hoe, t6i v& 16n béng doan thdng AB (d6 dai doan thing AB 14 4dm) |
T6i goi em Nam 1a hoe sinh clia 16p 16n bdng v& trao cho em mbt edy thude thdng dal
1m eé chia khodng dm va ydu cdu hdy cho bigt 46 dai elia doan thing AB. Didu nay
quéd d8 vdi em Nam va em dd trd 101 “Poan thing AB dai 4dm”

Téi khen em va nhde lai cho e 16p nghe vé cdch thye hanh do d6 dai doan th&ng

Tiép tue toi v& lén bang vé doan thing CD (46 dai doan théng CD la 13dm)

Toi dét thude 16n bing dé cd 16p ddu nhéan ra riing doan thing CD dai hon chidu dai
cdy thu@e clia t6i ¢6 va t6i diit cdu héi: Em ndo ¢6 thé giup thdy xde dinh 40 dai doan
thing CD , bling cdy thude nay?

Cd 16p im lang suy nghil :

Va.. va em Mai dd xung phong lén bing. -

Em Mai da bist d6 dai doan thing CD la 13dm, nh¥ sy xuft hién cia diém E trén
doan thdng CD, CE = 4dm

Thue hanh do d6 dai CE = 4dm, ED = 9dm

Dovay CD =4 + 9 = 13 (dm)

T6i khen em Mai va nhéc lai ring dé€ do duoc dd dai doan thing dai hon chiéu dai cay
thude ching ta cdn dat thém cdc diém thich hop trén doan thing dé!

Tiép tuc toi lai vé l&én bdng doan thing MN (d6 dai doan thdng MN la 1,6dm) (T4t
nhién d€ v& duge doan théng MN tbi phdi ding d&n thuoc do 46 dai c¢6 chia khodng
c4ch cm) '

Sau d6 toi dat cdu hdi: “VAn cdy thude nay, hay gidp thdy xdc dinh 46 dai doan thing
MN d4 v& trén bang?”

Cé I6p suy nghil... _

Va.. va cdc em vAn chua c6 cdu trd 1oi. T6i goi y: Hay dat lién tiép, cdc doan thing cé
d6 dai bing 49 dai doan thing MN lén mot tia Mx, cho d&n khi nao do dugc “doan
thing 16n” bing cay thuéc ma ta c6 tir d6 58 bist duge dp dai doan thing MN.

Thé 14 .. em Hoang di lén bing. Tién hanh nhu goi ¥, em c6 doan théng MK,
MK = MN x5, MK = 8dm :

D¢ dai doan thidng MN 1a 8:5 = 1,6 (dm)

T6i khen Hoang v nhic lai cdch do d6 dai doan thdng MN

K&t thic tiét hoc t6i nhdn nhd v6i cdc em ring: Nhu vay, thoat ddu ta e ngd biing cay
thugc ma ta c¢6 khong thé xdc dinh dtf(j‘c do dai cdc doan thidng xdc dinh CD, MN
n'hu'ng néu linh hoat xoay x4 ching ta da x4c dinh duge d6 dai cic doan thing dé.
Trong gidi to4n cting vay, néu bit gip bai todn khé hiy suy nghi tim chch chuyén vé bai
todn quen thudc da bigt cach gidi. Thay tin ring cdc em sé ngay mdt hoc gidi todn hon!
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| €O THE BAN PA BIET 2
CHU’NG MINH MOT SO BAT PANG THUC LUGNG GIAC BANG KIEN
THUC LGP 9
Bai 1. Cho tam gise nhon ABC. Ching minh ring:
a) cos? A +cos®B+eos®C<1
b) sin® A +sin® B +gin?C > 2
Lt gidd

a)' Xét tam gidc nhon ABC ¢6 cdce dudng cao AD, BE, CF c6 cdc dudng cao AD, BE, CF cit
nhau tai M.

Xét AABE va AACF c6 BAR (chung), ABB = AFC (=90°)

AE AB
D 6 AABE «» A ACF = ——— = 220
o d C

AC
AE AF . AE AB
Xét AAEF élAAB 6 EAF (ch X m i (VI = L
v Ce (c ung)AB AC( N AC) A
AEE
'DodéAAEFmAABC(cgc)::.s Sarr _ ( ]
AB E
AE S B
MacosA=~——,nén~A—f—;Emcos2A
AB ABC H
Tumgtg:—%ﬁ:coszB,sﬂlﬂ—:coszC
SaBC ABC
B D C

Do dé: Mml~coszA—cos2choszC
PABC

Ma; SDEF. 5 o Do vay: 1 — cos®A ~ cos”B — cos’C > 0
SaBc

Vay cos®A + cos”B + cos?C < 1

b) cos® A +sin? A =1 cos?B+sin®B =1
cos? C+c0s? C =1vd cos® A+cos? B+cos®C <1
Nén :sin? A +sin? B+sin?C> 3

Viy sin® A +sin? B+sin?C > 2

Bai 2. Cho tam nhon ABC, ching minh riing: cos A +cosB+cosC s g-

L gidd
Xét tam gidc nhoc ABC cé ba ditong cao AD, BE, CF ¢t nhau tai H
Ta c¢é: cosAz;AE cosA_.iAE. '
AB’ AC

- Do d6 cos A = AE AF  JAE AF

AB AC AC AB
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Ap dung bat déng thitec AM-GM cho hai s6 duong ta ¢6
AE AF
1
AC ABJ @
BF BD

cosBs 2{AB+-§6] (2)

1
Acg
cos 2[

1{CD CF
COSCSE(EE"”F“K‘&“) (3)

AE+CF AF + BF BD+CD)

Tl (1), (2), (3) ta c6: cos A +cosB+cosC g 2( AC AR BC

Vay cosA+cosB+cosng

Bai 3. Cho tam gidc nhon ABC. Ching minh réng: cotA+cotB+cotCz2 J3
Lt gidet
Trude hét ta ching minh hai bai todn phu sau:
Bai todn phu 1:
N&u a, b, ¢ > 0 ching minh riing a + b + ¢ > \/3(ab + be + ca)

Chung minh
a?+b%+c% 2 J3(ab +be+ca) & (a+b+ ¢)? > 3(ab + be + ca)

< a? +b?% +¢? + 2ab + be + ca) = 8(ab + be + ca)

oaZ+b?+ce?-ab~bec-ca=0

& 2a2 + 2b% + 2¢2 - 2ab - Zbc - Zea = 0

o@-b+b-cP+c-a’=0

Bai todn phu 2

Cho tam gidc ABC nhon. Chitng minh ring: cotA.cotB + cotB.cotC + cotC. cotA 1

Chiing minh:
Vé AD, BE, CF la cdc dudng cao cia tam gidc ABC. Goi H 1 giao diém cta AD, BE, CF
Ta ¢6: AHF = ABD (cing phu véi HAF) A
cotA.cotB = cotA.cotAHF
HF.AB E
_ AF HF HF 9 SHAB E
T CF AF CF CF.AB AB " S ARC
2 H

Tuong ty c6: cotBx cotC = S , cotCx cotA SHCA

ABC ‘ ~ Sagc B D C
Vay cotA.cotB+cotB.cotC+ cotC.cotA = 1
* Chung ta gidi bai todn 3
Ap dung bai todn phu 1, ta ¢é: cotA + cotB + cotC 2. J3{ootA.cotB+cothotC+ootC.cotA)
Ap dung bai todn phu 2, ta cé: 3(cétA.cotB + cotB.cotC + cotC.cotA) = 3.1= 3

49



Vay: cotA + cotB + cotC = J3

BD CD _BC_ _BC® _ BC
T tB + cotC = —— 4 -
a cdn ¢6: cotB + co D AD " AD - ADBC 28 zBc

2 2

Tuong ty ¢d: cotC + cotA = _6,9_,_' cotA + cotB = AB

' 28,15¢ 28 ,m0

2 2 2
Do viy: cotA+ cotB + cotC = AB” +BO +AC
48 .m0
2 2 2
Nen ABLEBC +AC . B o 80 S@-(ABQ +BC? + ACY)
4880 |
Chung ta e6 thém mébt bai todn khé vé b&t déng thire,
Bai 4: Cho tam gide nhon ABC. Chdng minh rhng' siné-‘g‘.sin-g-.sing < %
Lot giad

Xét tam giéc ABC nhon BO=a, AC =b, AB = c. A
Goi AD la tia phén gidc géc BAC
Vé BH L AD tai H. Ta ¢6 BH < BD
AABC c¢6 AD dudng phan gide

BD CD
™ =

AB AC \ .

BD BD+CD _ a H
T e

AB AB+AC c+b

BH B D ¢

AABH vudng tai H = sinBAH =

Ap dung bat d&ng thitc AM-GM cho hai s6 duong, ta ¢ b+c 2 2Jbe

A
Do dé sm——< (1)
2\1
B b
Tuong tif e6: sin — < {2)
g h 2 2Jca
C
sin — (3)
2 2\)
Tit (1),(2), va (3) c6: sin 2> .sinD.5in S < L
2 2 2 8

Bai 5: Cho tam gidc nhon ABC va m, n, p 14 ba s§ duong. Ching minh ring:

_I}_E+E£+ﬂ‘},] A

m.cosA + n.cosB + p.cosC s}w[
. 2ilm n p

L gidd
Chig minh réng: cosC = sinA. sinB ~ cosA. cosB F
Thét vay: Xét tam gidc ABC nhon ¢6 ba dudng cao AD, BE,
CF ct nhau tai H. Ta ¢6 ACF = FBH( ciing phu véi géc BAC) B “—p
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= tanACF = tanFBH
= FAFB = FC.FH.
CE CF

wisinions T2 saerae § T E. AEF .
Ma Of CA( cosC)= CE.C C.CH

X X FC FC FA FB FC? -FAFB
Do dé sinA.sinB - cosA.cosB = se -2 O D T —¥alb
G SINA.SIN COSA.CO8 AC BC AC BC : ACBC

_FC?-FCFH _ FC(FC-FH)

ACBC ACBC
_CF.CA CE - cosC
ACBC BC
2 . g
Ta c6: (cosA+cosB }_ﬂ) +(smA_smBJ 50
n m p n m
cos?A cos?B 1 2cosA.cosB 2cosA
5 st +
n m p mn n.p
2¢0sB sin®? A 2sinA.sinB  sin?B _
+ + - + 20
mp n? man m?
1 1 1 _ 2cosA 2cosB  2(sin A.s5in B —cos A, cos B)
pame —E -+ —-é- + '—"2"‘ - + +
m* n° p np mp mn
= m%m(mcosA+ncosB +peosC))< 1 + 1,1
man.p m2 n2 p2

=> m.coSA + n.cosB + p.cosCs—l—{E-g + 2B -Iﬂl—)
- 2im n p

+ Nhan xét: O bai toan 5 ndu thay m = n = p = 1 ta c6 bai todn 2. Bai todn 5 1a bai
todn téng quat cda bai todn 2. Cach gidi trén cho ta mdt cach gidi khéc ctia bai todn 2.
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B. CAC BAI TOAN

1. CAC BAI TOAN LOP 7
CHUONG 1

PUONG THANG VUONG GOC,
DUGNG THANG SONG SONG, TAM GIAC.
Bai 1: Cho ba diém AB,C sao cho AB=2cm, BC=5cm, AC=xem; AB<AC<BCvax
14 s6 tu nhién 18. Chiing minh ring A, B, C thing hang.
Lai gidd
Vi AB < AC < BC
Tac62<x<b MaxeNvaxlé=x=3
Dod6 AB+AC=2cm+3cm=5cm B A C
Ta ¢6 AB + AC = BC (= 5 cm) ' ’
=> A n&m gitta Bva C
Vay A, B, C thing hang,
Bai 2: Cho ba diém M, N, K sao cho MN = 12 cm, MK = 5 cm, KN = p em; trong d6 p 1a
s6 nguybntd va 5 < p < 11. '

L gidi
Ta c6 p 12 s6 nguydn t6 va 5 < p < 11 (gt) .
Suyrap="7 VayKN =7 ecm M 5cm K 7 cm N
Taco MK+ KN=5cm+7ecm= MK+ KN=12 em
Do d6 MK + KN = MN (= 12 cm) = K n&m giita M va N
Vay ba diém M,N,K théng hang.
Bat 8. Cho bén diém A,B,C,D sao cho AB =9 em, AC =2 cm, AD = 5 cm, CD = 3 cm, BD = 4 cm.
Chting minh ring ba diém C,B,D thing hang.
Tac6 AC+CD=2cm+3cm=5cm
Dod6 AC+CD=AD =85 cm . ‘ ' :
= C nlim gitta Ava D A C D B
= A, C, D thdng hang (1)
Mat khac,tac6 AD +DB=5cm+4em=>AD+BD=9
Dodo AD+BD = AB =9 cm
= D nim gita Ava B
= A, B, D théng hang (2)
Tir (1) va (2) ¢6 A, B, C, D théing hang.
Vay ba diém C,D,B thing hang.
Bai 4. Cho tam gidc ABC cé goc A =600 V& phia ngoai tam gidc ABC vé tam gidc déu
ABD va ACE. Chitng minh réng D,AE thing hang.

e i i e i e e T e e
— -
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Lo gidi
Ta ¢6 tam gidac ABD déu (gt)

= DAB = 60° va tam gidc ACE déu ‘ A E
SRE . an0
= CAE =60 b m

Ma BAC = 60°(gt)
Do dé: DAE = DAB + BAC + CAR
DAE = 60° + 60° + 60°
DAE = 180° B
Vay ba diém D,AE thing hang.
Bai 5. Cho tam gidc ABC vudng tai A. V& phia ngoai tam gidc ABC v& tam gidc BAD
vubng cén tai B, tam gidec CAE vudng c4n tai C. Ching minh ring ba di€m D, A, E
thing hang. '

Lt gidi

Ta ¢6 ABAD vudng can tai B (gt) = BAD = 45° E
Va ACAE vudng cén tai E (gt) = CAE = 45° A
Do d6 DAE = BAD + BAC + CAE D

DAE = 459 + 90° + 45°

DAE = 180° M fo
Viy ba diém D.AE thing hang.

Bai 6. Cho tam gidc ABC vudng cdn tai A. D 14 diém n3m trong tam gidc ABC sao cho

ABD = BAD =15° . Trén nita mit phing b AC khong chda B vé tam gidc ACE déu,
Ching minh ring B, D, E thing hang.

Lot gidi
AABC vubng can tai A (gt) = AB = AC, BAC = 90°
AACE déu (gt) = AC = AE = CE, E
Do d6 BAE = BAC + EAC =90° + 60° = 150° A

Ta c6 AB = AE (= AC ) = AABE c¢én tai A

Ma BAE = 150°

Do d6 ABE = (180° - BAE) : 2 = 15° D

Ta c6 ABE =15, ABD = 15° B C
Nén hai tia BD, BE trang nhau

Vay ba diém B,D,E thing hang.

Bai 7. Cho tam gidc ABC cén tai A. Trén tia d6i chGa tia AB 1dy diém D (D khac A). V&
dudng thdng m qua D va song song véi A. Piém E trén dudng thing m, E va C nim
cting phia véi BD sao cho DE = DB. Chitng minh ring B,C,E thing hang.

Lii gidi
Ta ¢6 BAC = BDE ( so le trong va AC/ m) (1)
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AABC cén tai A = ABC = ACB
Do d6 ABC = (180° - BAC) : 2 (2)
ADBE ¢6 DE = DB (gt)
= ADBE ¢én tai D
= DBE = DEB
Do d6 DBE = (180° - BDE): 2 (3)
Tit (1), (2) va (3) ¢6 ABC = DBE
= Hai tia BE, BC tring nhau B E
Vay ba difém B,C,E thing hang. c \
Bai 8. Cho tam gidc ABC cén tai A. Trén tia d6i cQa tia AC ldy d1em D sao cho AD = AC.
Trén tia BA,BC ldn lugt 14y cdc diém M,N sao cho tam gidc MBN can tai M va
BMN = 2BDA . Ching minh ring ba diém B,C,N théng hang.

Ta ¢6 AD =AB ( =AC) = AABD cén tai A

= BDA = ABD

Do d6 BAC = BDA + ABD = 2BDA. Ma BMN = 2BDA (gt) iy
Nén BAC = BMN (1)

AABC cén tai A = ABC = ACB

Do d6 ABC = (180° - BAC) : 2 (2)

AMBN c4n tai M = MBN = MNB

Do d6 MBN .= (180° - BMN): 2 3)
Tit (1), (2) va (3) ¢6 ABC = MBN

=> Hai tia BC,BN tring nhau B C N
Vay ba diém B,C,N théng hang.

Bai 9. Cho tam gisdc ABC cén tai A. Tia phan gidc cha géc BAC cit BC ¢ D. Trén céc canh
AB, AC 1an lugt 18y E,F sao cho AE = AF. Goi M 13 giao diém cta BF va CE. Ching
minh ring ba diém A M,D thing hang. A

Ll giii

Xét AAFB va AAEC cb:

AF = AE, FAB (chung), AB = AC (AABC cén tai A)
Do d6 AAFB = AAEC = ABF = ACE
Ma ABC = ACB (AABC cén tai A) E F
= ABF + MBC = ACE + MCB
Nén MBC = MCB = AMBC cén tai M = MB = MC B _ 2\ ¢
Xét AABM va AACM c6: D

AB = AC (AABC cén tai A), AM (canh chung), BM = CM (chitng minh trén)
Do d6 AAMB = AACM
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= BAM = CAM

= AM la tia phan gidc cla BAC
Ta c6 hai tia AM, AD tring nhau.
Vay ba diém A,M,D théng hang.

Bai 10. Cho tam gidc ABC can tai A vé AH vudng géc véi BC tai H. Goi D 1a diém trén
tia d&i chia tia AB. V& DK vubng géc véi AH tai K. Trén tia d6i cta tia KD 1y diém E
sao cho KE bing KD. Chiing minh ring C,A,E thdng hang.

Léi gidd

Xét AHAB (AHB = 90°), va AHAC (AHC = 90°) ¢6:

AB = AC (AABC can tai A), AH (canh chung) E !
Do d6 AHAB = AHAC ( canh huyén - canh gée vudng)
= HAB = HAC '
Xét AAKD va AAKE cé:

KD = KE (gt) , AK (canh chung),

AKD = AKE = (90°)
Do d6 AAKD = AAKE => KAD = KAE
Ma BAH = KAD( di dinh) B
Ta ¢6 KAE = KAD = BAH = HAC

T e v

-2

el

Véay ba diém C,A,E thing hang.
Bai 11. Cho tam gidc ABC cén tai A. D,E 14 cdc diém khdc A sao cho DB = DC, EB = EC.
Ching minh ring ba diém A,D,E thing hang.
: L£07 gidd

Goi M 12 trung diém canh BC. A
. Xét AABM va AACM cé: _
AB = AC (AABC cén tai A) , '
MB = MC ( M 1a trung diém cla canh BC), AM (canh chung).
Do d6 AABM = AACM = AMB = AMC
Ma AMB + AMC =180°( hai géc ké bl ) B y
Vay AM L. BCtaiM \
Tuong tu ¢c6 DM L BC tai M, EM 1 BC tai M.
Bai 12. Cho doan thing AB va trung diém O cla doan thdng AB. Trén hai nfa mit
phéng d4i nhau b AB v& tia Ax, By sao cho BAx = ABy. Trén tia Ax 14y diém C, trén

Y,
o i, hi L) C
Do d6 2AMB = 180°= AMB = 90° W
E
Vay ba didm AD,E thidng hang.
tia By 14y didm D sao cho BD = AC. Ching minh ring ba diém C, O, D thing hang.
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Lt gidi

Xét AOAC va AOBD c¢6: X
OA = OB (O 1a trung diém ciia doan théng AB), c
OAC = OBD (gt)
AC = BD (gt) A o B
Do d6 AOAC = AOBD = AOC = BOD
Ta ¢6:COD = AOC + AOD = BOD + AOD = AOB = 180° D
Viy ba diém C,0,D thing hang. v

Bai 13. Cho tam gidc ABC vubng tai A (AB < AC) D 12 diém canh AC sao cho DBC = 45°.

Ve DE 1BC tai E. Trén nita m#t phdng by AB ¢6 chia C v& tam gidec KAB vudng tai K.
Chitng minh ring AE K thing hang.

L qidi
AEBD vubng cén tai E = EB = ED
Trén canh DC 14y diém M sao cho DM = AB, EDM = ABE (ciing phu vé6i ACB )
AEDM = AEAB (c.g.c) = EM = EA, DEM = BEA '
AEM = ADE + DEM = ADE + BEA = 90°
AEAM vudng can tai E = EAM = 45°
Do d6 BAE = 45°
Mat khdc BAK = 45%(AKAB vudng can tai K)
Ta ¢6 BAE = BAK = (45%)
= Hai tia AE, AK tring nhau.
Vay ba diém A, E, K thing hang.

Bai 14. Cho tam gidc ABC. D,E l4dn lugt 14 trung diém cha cdc canh AB,AC. Trén tia d6i
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cla tia DC ldy diém M sao cho DM = DC. Trén tia ddi cta tia EB 14y diém N sao cho
EN = EB. Ching minh rdng ba diém M, A, N thing hang.
LFE giaé
Xét ADAM va ADBC cé6:
DA = DB ( D 1a trung diém cia AB)
DM = DC (gt) M A N
ADM = BDC ( d6i dinh )
Do d6 ADAM = ADBC (c.g.c) = DAM = DBC

J—— J— E
Ma DAM va DBC la hai géc so le trong v
Do d6 AM // BC )
Tuong tu c6 AEAM = AECB (c.g.c) = EAM = ECB B ¢

Ma EAM va EBC so le trong.
Do d6 AN // BC = AM,AN tring nhau (tién dé& G-clit)
Vay ba diém M,AN thing hang.



Bai 15. Cho tam gidc ABC. Trén tia d8i ctia tia AB 14y diém D sao cho AD = AB, trén tia

d61 cia tia AC 14y E sao cho AE = AC. Qua C vé dudng thing m song song v6i AB.

Trén dudng thing m 14y diém F sao cho FC = BD va F & trén ciing nita mat phing b
BC c6 chita D. Ching minh réing D,E,F thing hang.

Lt giai
Xét AABC va AADE c6: E D /m
AB = AD (gt) F
BAC = DAE ( d6i dinh) |
AC = AE (gt) 5
Do @6 AABC = AADE (c.g.c) = ABC = DAE
Ma ABC va ADE so le trong. Do dé DE // BC B /c

Xét ADBC va ACFD c6: DB = CF (gt), BDC = FCD ( s0 le trong va DB / m )
Do dé ADBC = ACFD (c.g.c) = DCB = CDF.

Ma DCB va CDF so le trong. Do dé DF / BC

Ta ¢6 DE / BC, DF // BC.

Theo tién dé O-clit c6 D, E, F thing hang.

Bai 16. Cho tam gide ABC. Trén tia d6i cha tia AC 14y diém E sao cho AE = AC. Goi M,N
l4n lugt 14 trung diém cha cdc doan thing BC, DE. Ching minh ring ba diém A, M, N
thing hang.

L gidid
Xét AABC v AADE c6: AB = AD ( gt), BAC = DAE (d5i dinh), AC = AE (gt)
Do dé6 AABC = AADE (c.g.¢)
= BC = DE (ciip canh tuong dng ) va ABC = ADE (cap géc tuong dng)
Ta c6 BM = % BC (M 1a trung diém ciia BC) —
DN =% DE ( N 1A trung di€m clia DE)
Do vdy BM = DN
Xét AABM va AADN co:
AB = AD (gt)
AMB = ADN
BM = DN 4 4
' B ‘M C.
Do d6 AABM = AAND {(c.g.c) = BAM = DAN( cép géc tuong ung)
Ma BAN + DAN = 180° (ké bi)
Nén MAN = BAN + BAM = BAN + DAN = 180°
Vay ba diém AM,N thing hang.
Bai 17. Cho tam gidc ABC. M 1a trung diém clia canh AC. Trén tia d9i cha tia MB lay

diém D sao cho MD = MB. Qua B vé dudng thing d vudng géc véi BC. V& AE vudng géc
véi d tai E. Ching minh ring ba diém A,D,E thing hang.
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Lot gidd
Xét AMBC va AMDA c6: d
MC = MA (M la trung diém canh AC) E A D
BMC = AMD (d6i dinh)
MB = MD (gt)
Do d6 AMBC = AMDA (c.g.c) = MBC = MDA
Ma hai gée MBC va MDA so le trong
Do d6 AD // BC |
Mit khéc' AE L d (gt), BC L d (gt) = AE // BC
Ta c¢6 AD // BC v AE // BC . Theo tién dé O-clit c6 A,D,E thing hang.

Bai 18. Cho tam gidc ABC can tai A, M 12 trung diéni canh BC. Trén tia d6i cGa tia BC
18y di€m D, trén tia d6i cha tia CB 14y diém E sao cho CE = BD. Va BH vubdng gbée véi
AD tai H, CK vubng géc v6i AE tai K. Goi N Ia giao diém cta BH va CK. Chitng minh
rang ba diém A,M,N thing hang.

Lt gidd A
AABC can tai A => AB = AC, ABC = ACB
Ma ABC + ABD = 180°
ACB + ACE = 180°
Do d6 ABD = ACE
Xét AABD va AACE cé:

AB = AC (gt), BD = CE (gt), ABD = ACE
Do d6 AABD = AACE (c.g.c) = BAD = CAE
Xét AABM va AACM c6: ' ‘ N

AB = AC, BM = CM (M 1 trung diém BC, AM (canh chung)

Do d6 AABM = AACM (c.g.c) => BAM = CAM
Ta c6 DAM = BAD + BAM = CAE + CAM = EAM
=» AM I tia phén gidc cha géc DAE (1)
Xét AHAB ( AHB = 90°) va AKAC (AKC = 90°) ¢6: AB = AC, BAH = CAK
Do d6 AHAB = AKAC (canh huyén - géc nhon) = AH = AK
Xét AHAN (AHN = 90°) va AKAN (ARN = 90°) ¢6: AN (canh chung), AH = AK.
- Do 46 AHAN = AKAN (canh huyén-canh géc vuﬁng)

Do d6 HAN = KAN =5 AN la tia phan gidc clia gc DAE (2)
Tt (1) va (2) ¢6 hai tia AM,AN tring nhau.
Vay A, M, N thing hang.

Bai 19. Cho tam gide ABC vudng tai A. Trén canh BC 14y di€m D sao cho BD = AB. Tia
phéan gidc cia goéc ABC cit AC & E. V& CH vubng géc véi BE tai H, CH cét AB tai F.
chidng minh riing ba diém D, E, F thing hang.

DM ¢ T E
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Lot gidi
Xét AABE va ADBE ¢é
AB = DB (gt), BE (canh chung), ABE = DBE (BE 1 tia phan gidc cla géc ABC).
Do d6 AABE = ADBE (c.g.c) = BDE = BAE
Nén BDE = 90° = ED L BC (1
Xét AHBC va AHBF e6:
HBC = HBF (= 90°), BH (canh chung)
HBC = HBF (BE 1& tia phan gide clia géc ABO)
Do 46 AHBC = AHBF (¢.g.¢) = BC = BF
Xét ABAC va ABDF c¢6:
BA = BD (gt), ABC ( chung), BC = BF
Do d6 ABAC = ABDF { c.g.¢)
= BAC = BDF, Nén BDF = 90° = FD L BC (2)
T (1), (2) ¢é6 ED, FD tring nhau.
Vay D, E, F thing hang.
Bai 20. Cho géc xOy khdc gée bet. Trén tia Ox 14y ba diém A,B,C ( OA < OB < OC). Trén
tia Oy 14y ba diém D,EF sao cho OD = OA, OE = OB, OF= OC. Dudng thing vuéng géc
v6i Ox tai A cit dudng thing vudng géc véi Oy tai D & 1. Pudng thing vubng géc v6i
Ox tai B eft dubng thing vudng géc véi Oy tai E & K. Pudng thdng vudng vudng goc
véi Ox tai C cit dudng thdng vudbng goéc véi Oy tai F & L. Ching minh réng ba diém I, -
K, L thing hang.

L giai

Xét AOAT (OAI = 90%) va AODI (ODI = 90°) ¢6 :
OI (chung), OA = OD (gt)
Do d6 AOAI = AODI (canh huyén-canh géc vudng)
= [OA = TOD
= I thudc tia phan gidc cia goc xOy .
Chitng minh tuong tu ta ciing ¢6 K, L 14 thude phén gidc cha géc xOy.
Vay ba diém I, K, L thing hang.

Bai 21. Cho tam gidc ABC, D v E 14n lugt 1a trung diém cda cdc canh AB,AC. Goi M 1a
trung di€m doan thing BD. Trén tia d6i cha tia MC 18y F sao cho MF = MC. Ching
minh ring ba diém E,D,F thing hang. A

L gidi
Xét AMDF va AMBC cé: F D . . N

MD = MD ( M 13 trung diém ctia BD) | i

MF = MC ( gt) | M

DMF = BMC (d6i dinh) . B ¢
Do d6 AMDF = AMBC (c.g.c) = MDF = MBC
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Ma MDF va MBC so le trong. Do d6 DF // BC (1)
Goi N 1a diém trén tia ddi cha tia ED sao cho EN = ED.
Xét AEAD va AECN cé:
EA = EC ( E 14 trung diém canh AC)
ED = EN )
AED = CEN (d8i dinh)
= BD / CN
Xét ABCD va ANCD c6: BD = CN (= AD), CD (canh chung ), BDC = NCD (so le trong
va BD // CN)
Do d6 ABDC = ANCD (c.g.c) = BCD = NDC
Ma BCD va NDC so le trong. Do d6 DN // BC (2)
T (1) vd (2) DN, DF trung nhau ( tién d8 O-clit)
Vay ba diém E, D, F théng hang.

Bai 22. Cho tam gide ABC. D, E 14n lugt 12 trung di€m ciia cée canh AB, AC. Qua C v& dudng

th&ng d song song véi AB. Trén dudng thing d 14y dim F saocho D va F ciing thube mot
ntta mit phdng by BC vi CF = BD. Ching minh ring ba diém D,F,E thing hang.
L3¢ gidi
Ta cé CF = BD (gt) . A
BD = AD ( D 1a trung difm cGa AB)
fred AD = CF
Xét AEAD va AECF cé: D P
AE = CE ( E 13 trung diém ctia AC),
EAD = ECF (so le trong va d // AB) /Z
AD = CF B / C
Ta c6 DEF = DEC + CEF = DEC + AED = 180°
Viy ba diém D,E,F thing hang.

Bai 23. Cho tam gidc ABC cén tai A. Trén canh AB lay diém D,trén tia d6i cta tia CA
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ldy diém E sao cho BD = CE. Goi I Ia trung diém cta doan DE. Chung minh ring ba
diém B, I, C thing hang.
AL giid

Qua D vé dudng thing song song v6i AC cit BCE M .
Ta ¢6 DMB = ACB ( déng vi va DM // AC ) D

DBM = ACB ( AABC c4n tai A) |
Nén DMB = DBM = ADBM cén tai D > BD =MD  §— ; C
Ma BD = CE (gt). Do d6 MD = CE \Q
X6t AIDM va AIEC c6: ID = IE ( I 1 trung diém cia DE), TDM = TBC ( so le trong va
DM // CE), MD = CE '




Do d6 AIDM = AIEC (c.g.c) = DIM = EIC
Ta c6 BIC = DIM + DIC = EIC + DIC = 180°
Vay ba diém B, I, C théng hang.

Bai 24. Cho tam gidec ABC. V& phia ngoai tam gidc ABC v& tam gide ABD vudng cén tai A.
V& AH vubng géc v6i BC tai H. Goi M 1 trung diém clia doan théng DE. Ching minh ring
ba diém M, A, H thing hang. R :

Lt gifid

V& EK L AH tai K, DN L AH tai N, AH cdt DE tai M K E
Xét AHAB ( AHB = 00°) va ANDA (DNA = 90°) cé: M

AB = AD ( AABC vuéng can tai A) D N

BAH = NDA ( cung vdi gée DAN)
Do 46 AHAB = ANDA ( canh huyén — géc nhon)
Tuong ty AKAE = AHCA (canh huyén - géc nhon) = KE = AH
Ta c6 DN = KE = AH B ;i I

KE 1L AH, DN 1 AH = KE // DN
= NDM = KEM
Xét AM’DN vA AM’EK c6 : NDM'= KEM', DN = KE, DNM' = EKM"
Do d6 AM'DN = AM'EK (g.c.g) = M'D = M'E
M Ia trung diém cia DE. Nen M’ = M
Vay ba diém M, A, H thing hang.

Bai 25. Cho tam gidc ABC can tai A c6 BAC = 20°. Trén ntta mat phing by AC khéng
chita B v& tia Ax, Cy sao cho CAx = 20°, ACy = 130°. Goi D 1a giao diém ciia hai tia Ax,
Cy. Trén nita mat phdng bd BD khéng chia diém A vé tam gzéc BDK cén tai B ¢6
BDK = 50°. Chiing minh ba diém A, B, K thing hang.

L gl A
Trén nta mit phing b& AD c6 chia B vé tam gide ADE déu \
Tir 46 ¢6 EAB = BAC = CAD = 20°
AABE = AACD (c.g.c) = AEB = ADC = 80°
' Neén AEB - DEB = 30°
AABE = ADBE (c.g.c)
= AB=DB E
= ABAD cén tai B
Do d6 ABD = 180° - 2BAD
= 180° - 80° = 100°
Mit khéc BDK can tai B (gt). Nen BKD = BDK = 50°
Do 46 DBK = 180° — (BKD + BDK) = 80°. Ta c6 ABK = ABD + DKB = 100° + 80° = 180°
Vay ba diém A, B, K thing hang.
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CHUCNG I

QUAN HE GITA CAC YEU TO TRONG TAM GIAC,
CAC DUONG DONG QUY TRONG TAM GIAC.,

Bai 28. Cho tam gide ABC vudng tai A, M 14 diém trén canh AB. Trén nita mit phdng b

AC ¢6 chita B vé tam gidc ddu ACD , trén nita mét phéng by CM 6 chita B vé tam gide
ddu CME, trén nia mit phlng bt BC khong chia A vé tam gide déu BCF. Ching minh
riing D, E, F thdng hang.

Lt gl

AC = AD=CD
ACME ddu = CME = MEC = MCE = 60°
MC = CE = ME
Do d6 ACM = HCE
Xét AACM va ADCE ¢6: AC = CD, ACM = DCE, CM = CE
Do 46 AACM = ADCE (c.g.c) M
— CAM = CDE
CAM = 90° (gt) B
Nén CDE =90°= ED 1L CD
Chiing minh tuong tuv ¢6 AABC = ADFC ( c.g.c)
= BAC = FDC
FDC =90° = FD L CD
Taco ED L CDvaFD L CD
Vay D, E, F thing hang. F

Bai 27. Cho tam gidc ABC ¢6 AB = 2AC, AD 1a dudng phén gidc. Diém E trén tia d6i cta -
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tia CD va CE = CD. Trén nta mat phlng b BC c6 chita A v& tia Bx sao cho
CBx = CEA . Goi F la giao diém cha tia Bx va dudng thing AE. Trén nia m#t phing b¥
BC khéng chifa A v& tam gidc déu BEK. Chiing minh riing ba diém K, D, F thing hang.
_ ' Lt gidd ‘
AB

Goi M 13 trung diém doan thdng AB, N 1a giao dim ctia MD va AC. Ta c6 AM = 5

Xét AAMD va AACD cé: AM = AC ( =%’i>, MAD = CAD (gt), AD (chung)
Do 6 AAMD = AACD (c.g.c) = AMD = ACD

Xét AABC va AANM c6: BAC (chung), AC = AM, ACM = AMN ( ching minh trén)
Do d6 AABC = AANM (g.c.g) = AB = AN

Nén AC= %AN. Do vay C la trung diém AN

AABN c¢6 BC va MN 12 hai dudng trung tuyén cdt nhau tai D



= D Ia trong tdm cda tam gidc ABN x

= BD = 2CD E A

Ma CE = CD (gt) |

Vay ¢6 BD = ED (1)

AFBE c¢6 FBE = BEF (gt) s —\ 1 g
= AFBE cén tai F = BF = EF @) PN A\

ABEK déu = BK = EK (3)
Tir (1), (2), va 3) ¢6 K, D, F clng thude
dutmg trung tric cha doan thing BE.
Vay ba diém K,D,F thing hang. K

Bai 28. Cho gée xOy khdc gée bet. Cdc diém LK, L n3m trong géc xOy. Vé JA L Ox tai A,
KB L Ox tai B, LC LOx tai C, ID LOy tai D, KE L Oy tai E, LF LOy tai F. Bist ring
IA = ID, KB = KE, LC = LF, Chdng minh réng ba diém LK L thing hang.

L gidi ' ¥

I ndm trong géc xOy , IA = ID (gt)
IA 1 0x,ID L Oy
Do d6 T thudc tia phén gidc cha gée xOy
Tuong ty cling ¢6 K,L thudc tia phin gidc clia
gée xOy
Vay ba dim I, K, L thing hang, © A B C X

Bai 29. Cho tam gidc ABC vudng tai A. D 1a diém bdt ki trén canh BC. Goi E,F la céc
diém sao cho AB 13 dudng trung truc cia doan thing DE,AC 1a dudng trung tryc cha
doan DF. Ching minh ring ba diém E, A, F thing hang.

Lot gidi

AB 12 dudng trung triuc cia doan thing DE
= AD = AE |
= AADE cén tai A
Nén AB 1a tia phén gidce clia géc DAE

¥

= BAD = - DAE
= DAE = 2BAD
Tuong i cb DAF = 2DAC :
Do d6 EAF = DAE + DAF = 2(BAD + DAC)
= 2.90° = 180°
Viy ba diém E, A, F thing hang.
Bai 30. Cho tam gisc ABC can tai A, cdc dudng trung tuyén BD, CE c4t nhau tai I. Tia
phan gide ciia géc BAC cdt BC & K. Chdng minh riing ba diém A, I, K thing hang.
~ | L gidi
Xét AABC c6 BD, CE 1a hai dudng trung tuyén cit nhau tai I (gt)
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= I1a trong tdm cta AABC

= Al Ja dudg trung tuyén cha tam gidc ABC (1)

Mzt khée AABC cén tai A (gt), AK 1a dudng phan
gidc (tia phén gidc géc BAC cdt BC tai K)

= AK la duting trung tuyén cia AABC (2)

Tit (1) va (2) ¢6 Al AK tring nha.

Vay ba diém A, I, K thing hang. B

C

Bai 31. Cho tam gidec ABC can tai A, AM la dudng trung tuyén. Céc dudng phan gide BD

v CE cla tam gidc ABC ¢dt nhau & I. Chitng minh riing ba diém A, M, I thing hang.
L giai

AABC c6 BD, CE 14 hai dubng phéan gidc cdt nhau tai I

= I1& di€m cédch déu ba canh cia tam gidec ABC

=» Al 1 tia phén gidc clia géc BAC (1) A :

Mat khde, AABC cln tai A ( gt), AM 12 dung trung

tuyé&n (gt)

= AM la dudng phan gidc B D

Nén AM la tia phan gidce géc BAC (2) i

T (1), va (2) c6 hai tia Al, AM tring nhau.

Vay ba diém A, I, M thdng hang. B I

Bai 32. Cho tam gidc ABC cén tai A, AH 13 dudng cao. Cac dudng phén gide BD va CE

cia tam gidc ABC cdt nhau & I. Ching minh réing ba diém A, H, I thdng hang.
L gidi

AABC ¢6 BD, CE Ié hai dutng phén gidc cit nhau tai L. _ £

= I'la di€m cdch déu ba canh cha tam giac ABC.

= Al la tia phén gisc cha géc BAC (1)

Mat khdc, tam gidgc ABC can tai A (gt), AH 13 dudng E D
cao (gt) nén ciing 14 dudng phéan gidc

= AH l& tia phan gidc cla goéc BAC (2)

Tit (1), (2) ¢6 hai tia Al, AH triing nhau. B
Vay ba diém A, H, I thing hang.

Bai 33. Cho tam gidec ABC can tai A, cdc dudng cao BD va CE cit nhau tai M. Goi N la
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trung di€m canh BC. Ching minh riing ba diém A, M, N thing hang A
L2 gidei

AABC c6 BD, CE 1a hai dudng cao cit nhau tai M (gt)

= M la truc tAm clia tam gidc ABC.

= AM la dudng caoc cha tam gidc ABC

= AM L BC (1)
Mat khde: AABC can tai A (gt), AN la dudng trung
tuy€n (N 12 trung diém canh BC) B



= AN la dudng cao cda tam gidc ABC
= AN 1L BC (2)

Tu (1), (2) ¢6 AM, AN triang nhau
Vay ba diém A, M, N thing hang.
Bai 34. Cho tam gidc ABC can tai A, cac dudng cao BD va CE cét nhau tai M. Tia phdn
gidc géc BAC cit BC ¢ K. Chang minh ring A, M, K théng hang.

' Lot gitd
AABC ¢6 BD, CE 1a hai dudng cao cit nhau tai M (gt)
= M la tryc tdm clia tam gidc ABC
= AM L BC (D
Mat khdc tam gidec ABC cén tai A (gt) c6 AK 1a E
dudng phén gide ( AK 12 tia phén gide géc BAC)
= AK 12 dudng cao clia tam gidc ABC
= AK L BC (2}
T (1) va (2) ¢6 AM, AK tring nhau
Vay ba diém A, M, K thing hang.
Bai 35. Cho tam gidce ABC can tai A. Pudng cao AH cit dudng phén gide BD cla tam gisc
ABC & E. Trén tia BA 14y diém K sao cho BK = CD. Chdng minh ring ba diém C, E, K
thing hang.

Lai gidd

- AABC cén tai A, AH 1a dudrng cao (gt)
=> AH 1& dudng phén gide, dudng trung tryc cha tam giéc ABC.
= EB = EC va HB = HC.

AABC ¢6 AH, BD 14 hai dudng cao cit nhau tai E.
= CE la dudng phﬁn gidc cda tam gidc ABC.

Do dé, KBE EABC = mACB DCE

B
Xét AKBE va ADCE c6: KB = CD (gt), EB = EC, KBE = DCE
Do d6 AKBE = ADCE (c.g.c) = KEB = DEC
Ta ¢6:CERK = KEB + BEC = DEC + BEC = 180°
Vay ba diém C, E, K thdng hang.

Bai 36. Cho tam gidc ABC vudng tai A, AD 13 dudng phén gidc. Trén canh BC 14y diém E
sao cho BE = AB. Pudng thing qua C vuong géc véi BD cdt AB ¢ K.. Chiing minh ring
ba diém K, D, E thing hang.

Lt gidd
Xét AABD vi AEBD ¢é: AB = BE (gt), ABD EBD (BD la tia phan gide géc ABC)
BD (canh chung)
Do d6 AABD = AEBD (c.g.c) = BAD = BED
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Ma BAD = 90° nén BED =90°= DE L BC (1) K
AKBC ¢6 CA, BD 1a hai dudng cao cdt nhau
tai D (CA L KB, BD L CK)

= D 1a tryc tAm cha tam gidc KBC A

=KD 1BC (@) o 2

T (1) va (2), ta ¢é DE, KD trung nhau.

Viy ba diém K, D, E th&ng hang. B —t ¢

Bai 87. Cho dudng thdng d, hai diém A, B cling ndm trén mot nita mat phéng by chia
dudng théng d. Goi C 14 diém sao cho d 1a dudng trung truc ciia doan thing AC. M 1a
diém trén d sao cho MA + MB = BC, Chiing minh rling ba diém B, M, C thing hang.

Lot gided :
d 12 dudng trung truc clia doan thng AC (gt)
M e d (gt) => MA = MC.
Xét ba diém M, B, C ¢6 MC + MB = BC.
Do d6 MA + MB 2 BC

Ma MA + MB = BC (gt) d

D4u “=" xdy ra, do 46 B, M, C théng -
héng theo thyd ty d6. '

V4y ba diém B, M, C thdng hang,

Bai 38. Cho diém A n3m trong géc nhon xOy. M, N Ia céc diém sao cho Ox 1a dudng trung
trye cda AM, Oy 1a dudng trung true cha AN. Céc diém B, C 14n lugt trén cac tia Ox, Oy
sao cho CV (ABC) = MN (CV (ABC) la chu vi tam gidc ABC).

Chiing minh réng M, N, B thing hang.
Ll gidai

Ox 14 dugng trung true cha AM, B € Ox (gt)
= AB = MB
Oy 1a dudng trung truc cla AN, C e Oy (gt)
= AC = CN
Xét bén diém M, B, C, N ta c6: A
MB + BC + CN = MN 4
Do d6: AB + BC + AC > MN
CV (ABC) = MN \“ 32

A

Ma CV (ABC) = MN (gt)
Dé&u “=" x4y ra, do d6 M, B, C, N théng hang.
Viy ba diém M, N, B thing hang.
Bai 39. Cho tam gisc nhon ABC, BD va CE Iz} hai dudng cao. Trén nia mét phéng by AC
khong chia B 18y diém F sao cho CDF = ABC. Ching minh ring D, E, F thdng hang.
L£8i gidd '
Goi M 1 giao diém clia dudng trung trie cta doan thing BE va BC
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= EB = EM

= AMBE cén tai M.

= MBE = MEB

Ma MBE + MCE = MEB+ MEC = 90°

= MCE = MEC

= AMEC cén tai M

= ME = MC B M

Nén c6 ME = MB = Mc“%g Tuong tu ¢6 MD = MB = MC_%?-

Do vay ADE = 180° - MDE - MDC
180° -DME _ 180° - DMC

= 180° -
, 9
_ DME ; DMC ] 01\24}3: 21\42133 - A

Nén (ﬁ‘ = m (“—“ AMBE)
Ta c6 DEF = ADF + CDF = ADF + ADE = 180°
Vay ba diém D, E, F thing hang.

Bai 40. Cho tam gidc ABC vudng A ¢6 AB < AC. Goi I 12 trung diém cta AC. Qua I veé
dudng. thdng vuéng géc v6i BG. Qua C vé& dudng thing vudng gée v6i AC, hai dudng
thing nay cit nhau tai E.. Qua I vé duting thing vubng géc véi BE cit BC & T. Chiing

minh réing ba diém A, T, E thing hang. L D
L8 giai
Goi D 1 giao diém cia AB va IE
Ta ¢6 I 13 true tAm tam gidc BDE = BI 1L CD
AIAD = AICE (g.c.g) = ID = IE

AIEA = AIDC (c.g.c) 1

= [EA = IDC B o3 ¢
= AE // CD ,
Ta cé6 AE / CD va BI L CD

Viay AE 1| BI {1

Xét ABIE c6 BC, IT 1a hai dudng eao (BC L IE, IT L BE) cét nhau tai T = T 1a tryc
tdm cha tam gidc BIE = ET la dubng cao cia tam gidc BIE.
Vay ET L BI (2)
Tu (1), (2) ta c6 AE, ET tring nhau
Vay ba diém A, T, E théng hang. :

Bai 41. Cho tam gidc ABC, AM 12 dudng trung tuyén va c6 AB? + 4AM? =_ACg. Puing
thing AM ciit dudng théng vudng géc véi BC tai B & D, dudng thing vudng goc véi BC
tai C & E. Goi F 1a giao diém cta AB va CE. Va FI vubng gde vi CD tai L
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Chifng minh ring ba diém F, I, M thing hang.
Li gidi
Trén tia 461 cGa tia MA 18y K sao cho MK = MA
AMAB = AMKC (c.g.c)
= AB = CK, MAB = MKC _
AC? = AB” + 4AM? I
= CK? + (2AM)? = CK? + AK®
- MKC = 90° B T, VA c
= MAB = 90° R
M 14 tryc tAm cda tam gidc BEF = FM 1L BE
AMBE = AMCD (c.g.c)
= MBE = MCD
= BE // CD
Tir FM L BE, BE // CD = FM L CD. Ta ¢6 FI L CD. Do 6 FM, F1I tring nhau
Vay ba diém F, I, M thing hang. . ' |

E

Bai 42, Cho tam gidc ABC vubng tai A, B = 60°. Trén canh AC lay D sao cho ABD = %m .

" Chdng minh ring H, D, G thing hang.
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Trén canh AB I&y diém E sao cho ACE = % ACB. Goi F 12 giao diém ciia BD va CE. Goi

1, K 14n higt 12 chan dudng vubng goée vé tit F xudng BC, AC. G, H 12 hai di€m l4n lugt trén
cac tia FI va FK sao cho I 1 trung diém cha FG, K 13 trung diém cla FH.

Ldi gidi
AABC vudng tai A (gt) => B + € = 90°
Ma B = 60° nén C = 30°

m%mwmmﬁw

ol

Do d6 ABD = 20°, DBC = 40°,
ACE = 10°, ECB = 20°.
Ta c6: DFC = FBC + FCB(DFC 1a gbe ngoai cha tam gidec BCF)
Nén DFC = 40°+ 20° = 60°
CK L FH (gt), KF = KH (gt)
= CK la dubng trung truc éﬁa FH
= CH = CF = ACHF cén tai C
ACHF cén tai C, CK la dudng trung true nén CK ciing 1a Ciuﬁng phén giac

nén DCH DCF = 10°
X6t ACHD va ACFD ¢6: CH = CK, CD (canh chung) HACD = FCD
Do d6 ACHD = ACFD (c.g.c) = CHD = CFD




Vay CHD = 60°. Tuong tu ta ¢d tam gide CFG can tai C, ¢6 CI 1a dudng phan gide.
Nén CF = CG, ICG = ICF = 20°
Ta ¢6 CG = CH (= CF) = ACGH can tai C.
Mat khac: GCH = ICG + ICF + DCH + DCF
= 20° + 20° + 10° + 10° = 60°
Ta c6 CHG = CHD (=60°% = Hai tia HD, HG tring nhau
Vay ba diém H, D, G thing hang.

Bai 43. Cho tam gidc nhon ABC, cdc dudng cao BD va CE cdt nhau tai H. Vé MF vudng géc
v6i BC tai F. Goi K la diém trén tia ddi cla tia AB va AK = AE. Vé dudng thing m
vudng gée véi KA tai K. Trén dudng thing m 14y didm G sao cho KG = HE (G va H n&m
trén hai nita mat phing d6i nhau by KE). Chdog minh ring G, H, F théng hang.

L078 gidd
Xét AAEH va AAKG c6: AE = AK (gt), AEH = AKG (= 90°), HE = KG (gt)
Do d6 AAEH = AAKG (g.g) == EAH = RKAG.
Ta c6 GAH = HAK + KAG , \G
= HAK + EAH = 180°
= G, A, H thdng hang (1)
AABC c6 BD va CE la hai dudng cao cit nhau tai H (gt) A
= H 14 truc tdm clia tam gide ABC
=> AH 14 dudng cao cda tam gide ABC = AH i BC.
AH L BC, HF | BC = AH, HF trimg nhau E
= A, H, F théng hang (2)
Tit (1) va (2) ¢6 G, A, H, F théng hang
Vay ba diém G, H, F thing hang.

Bai 44. Cho tam gidc ABC, AM la dubng trung tuyen Buting thing d di qua M (d khéng
trung v4i BC). Trén dudng thing d 14y hai diém D, E sao cho M 12 trung diém doan
théng. DE. Goi G 14 trong tam cla tam gide ABC, N 13 trung di€m cda doan théng AE.
Ching mlnh rdng ba diém D, G, N thang hang.

Lei gidi A
Xét AABC c6 AM la dudng trung tuyén (gt)
Xét AADE cé:
AM la dudng trung tuyén (M la trung di€m cta DE),

G thudc doan thing AM va AG = gAM

K

=
o]

Do dé G 1a trong tAm cta tam gidc ADE.

Ma DN la duyng trung tuyén cha tam gidec ADE (N 1a
trung di€m cta AE), nén DN di qua G.

Vay ba diém D, G, N thing hang.
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Bai 45. Cho hai dudng thing xx’ va yy’ ¢t nhau tai O. Trén xx’ 18y ba diém A, B, C sao

Tuong tu: Xét AACE c6 ME = MC va BA = BC

cho OA = AB = BC, trén yy’ ldy ba didm D, E, ¥ sao cho OD = OE = EF. Goi M 14 giao
diém cta DA va EC. Ching minh riing ba diém B, M, F thing hang.
Leérd giai ,
CO 1a dudng trung tuyén cia ADCE. _ y'
Ta lai c6 AC = %00, nén suy ra A 12 trong tam cta ADCE.

DM 13 dudng trung tuyén cia ADEC= EM = MC &
AOBE c6 OA = AB va EO = EF.
Chiing minh duge AE // BF (1) Xem bai 21)

Nén c6 MB // AE (2) e O
Tit (1), (2) ¢6 BF, MB tring nhau ‘
Vay ba diém B, M, F thing hang.

Bai 46. Cho tam gic ABC (AB < AC), AD 13 dudng phén gide. Trén canh AC 1dy diém E

sa0 cho CE = AB. Cac duing trung tryc ca BE va AC c#t nhau & K. Ching minh ring
ba diém A, K, D thing hang. ‘
Lail gidi A

Xét AABK va ACEK c6:

KA = KC (K thudc dudng trung true cha AC), E

KB = KE (K thude dudng trung truc cha BE)

AB = CE (gt)
Do d6 AABK = ACEK (c.c.c) = KAB = KCE (1)
KA = KC = AKAC can tai K = KAC = KCE (2) B D C
Tir (1) va (2) suy ra RAB = KAC = AK la tia phan gide géc BAC
Do vay hai tia AK, AD tring nhau
Vay ba diém A, K, D théng hang.

Bai 47. Cho tam gidc ABC, AD 13 dudng phén gide, M, N l4n Iu'()’t trén cdc canh AB, AC
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sao ¢cho AM = CN. Cédc dudng trung truc cia MN va AC cit nhau & K. Ching minh ring
A, K, D thing hang.
Lt gidi A

Xét AKAM va AKCN co6: :
KA = KC (K thudc dudng trung true ciia AC)
KM = KN (K thube dudng trung tryc cia MN)
AM = CN (gt) |

Do d6 AKAM = AKCN (c.c.c) = KAM = KCN

Mit khéc KA = KC

=» AKAC cén tai K.

= m = KEN




Nén KAM = RAC = (KCN) = AK la tia phan gidc cia géc BAC
Ma AD 13 tia phén gide cha géc BAC (gt)

Do d6 hai tia AK, AD tring nhau

Vay ba diém A, K, D théng hang.

+ Nhan xét: Bai todn 47 12 bai to4n téng qudt cia bai todn 46.

Bai 48. Cho tam gide ABC vudng tai A (AB < AC). Trén nita mat phng b BC khong
chita A vé cac diém D, E sao cho BD vudng géc va bang BA, BE vubng géc va bang BC.
Goi M 1a trung diém cia doan thdng CE. Ching minh ba diém A, D, M théng hang.

Lt gidd

Xét AABC va ADBE c6: AB = BD (gt), BC = BE (gt), ABC = DBE (cing phu véi géc CBD)
Do d6 AABC = ADBE (c.g.c) = BAC = BDE, nén BDE = 90°. A
Goi F 1a giao diém clia cia ED va AC.
Ta cé6 AB L BD, DF 1 BD = AB / DF
Xét AABD va ADFA c6:

BDA = ﬁD AD (canh chung), BAD = FDA
Do d6 AABD = ADFA (g.c.g)
Ma AB = BD. Do d6 AB = BD = AF = DF

Chitng minh duge BM = FM ( BZCJ

Ta c6: AB = AF, BD = DF, BM = FM 14
= A D, M cling niim trén dudng trung tryc cia doan thing BF
Vay ba diém A, D, M thﬁng héng

Bai 49. Cho tam gidc ABC vudng tai A (AB < AC). Dubng trung truc cda canh BC cit BC
& I, cit AC & D. Trén tia ddi cGa tia DB 18y diém E sao cho DE = DC. Gei M 12 giao
diém cta AC va EL N 13 trung didm cha doan thing CE. Ching minh réing ba diém B,
M, N th&ng hang.

. Lot giad " E
DI 14 dudng trung trye cGa canh BC (gt) = DB = DC A
Ma DC = DE (gt) nén DB = DE.. X
Xét AEBC ¢6 EI, CD 1a hai dudng trung tuyén cit 2 N

nhau tai M = M 14 trong tdm chGa tam gidc EBC

Ma BN la dudng trung tuyén cha tam gidac EBC (N 1a
trung diém cta CE). Do d6 BN di qua M. _ B l : —C
Vay ba diém B, M, N thing hang.

Bai 50. Cho hai tam gide vuéng ABC, DBC ¢6 chung canh huyén BC (A, D ciing thujc mot
nita mit phing by BC). V& tia Ax sac cho AC 1a tia phan gidc cla géc DAx, vé tia Dy
sao cho DB 1a tia phén gidc cia géc ADy. Goi E 1a giao diém cha hai tia Ax va Dy.
Chimg minh ring B, E, C thng hang. '

3
ray
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Lt gidd
Goi I 1a giao diém cia AC va DB A _
EI la tia phan gidc cia AED D
AADE c6 B 1a giao diém cda dudng phan gidc ké
tif dinh D va dudng phén gidc ngoai ké tir dinh
‘A. Do vay EB la dudng phan gidc ngoai k& tif
dinh E. Nén c6 EI 1| EB B C
Ching minh tuong tu ¢é EI L EC y %
Vay B, E,C thing hang.

Bai 51. Cho tam gidec ABC can tai A. Trén nita mat phing b&r AB, khéng chda C v& tia Bx
vuong géc véi AB tai B, trén nldta m#t phlng by AC ¢6 chda B vé tia Cy vubng géc véi
AC tai C. Trén céc tia Bx, Cy 14y cdc diém D, E sao cho BD = CE. Goi M la trung diém
ciia doan thing DE. Ching minh ring ba diém M, B,C thdng hang.

L0t gidi

Goi N 1a giao diém cGia BD va CE.

Qua E v& duing thing song song véi BC ¢t BD tai F.
Xét AABN (ABN = 90°% va ACAN (ACN = 90% c6 AN (canh chung), AB = AC.
Do dé AABN = ACAN (Canh huyén-canh géc vudng)
= BN = CN |

= ANBC cén tai N. D
= NBC = BCN

Ma NEF = NCB (BC // EF),

NFE = NBC (BC / EF). M\\ B N ©
Nén NEF = NFE => ANEF cin tai N = NE = NF
Ta c6 BF = BN + NF = CN + NE = CE /E ¥
Do 46 BF= BD (=CE)

ADEF ¢6 B, M 1an lugt 12 trung diém cha DF, DE

Chitng minh duge BM // EF (Xem bai 21)

Ta ¢6 BM // EF, BC // EF = BM, BC tring nhau (Tién d& G-clit)
Viy ba diém M, B, C thing hang. _

Bai 52. Cho tam gidc ABC vubdng tai A, dudng cao AH. Goi E, I, K 14n luot 12 giao diém
cdc dudng phéin gidc cha cée tam gidc ABC, ABH, ACH.Vé EJ vubng géc véi IK tai J.
Chitng minh réng ba diém A, E, J thing hang.

Lot gidi A

Goi D 1a giao diém cta BE va AK
Tacé6 ABC = CAH (cing phu v&i géec BAH)

—

Ma ABI = ABC,DAC:%(’:‘A“H

22
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Nén ABI = DAC

Ta c6 DAC + BAD =90°. Do @6 ABI + BAD = DAC + BAD = 90°

= AABD vubng tai D = BD 1 AK

Tuong tu KE 1L Al

AAIK c6 IE, KE 13 hai dudng cao ciit nhau tai E = E 14 trdc tdm cda tam gide AIK
= AE L IK | '

Ma EJ L IK (gt). Do d6 AE, EJ tring nhau

Vay A, E, J thing hang.

Bai 53. Cho tam gidc ABC vubng tai A, AH 1 dudng cao. Goi D, E 14n lugt 1a trung diém cha
HB, HA. Va EF vudng géc v6i AD tai F. Ching minh ring ba diém C, E, F thang hang.
L8 gici

AABH ¢6 D, E lan luot 12 trung diém cha HB, HA

Chitng minh duge DE // AB (Xem bai 21)

Ta ¢6 AB L AC (AABC vudng tai A) va DE / AB = DE L AC

AADC c6 AH, DE 14 hai dutmg cao (AH L DC, DE L AC) cit nhau tai E

.= E 1A tryc tdm cha tam gide ADC | A
= CE 12 dudng cao cia tam gidc ADC
= CE L AD (1) F
Ma EF L AD (gt) (2)
Tit (1) va (2) ¢6 CE, EF trung nhau ' Bt . C
D

Vay ba diém C, E, F thing hang.
Bai 54, Cho tam gide ABC, dd’b’ﬁg eao AH. Trén nla miit phﬁng chita diém A b la dudng

théng BC 14y hai diém D va E sao cho BD L BA, BD = BA, CE .L CA, CE = CA,

Goi T la giao diém cha BE va CD. Ching minh riing A, T, H thing hang.

Lo giai I

Trén tia d8i tia AH 14y diém I sao cho Al = BC.

Goi M la giao diém cta IB va DC.

Ta c¢6 AABI = ABDC (c.g.c) = IBA= BDC.

Ta lai cé DBM + IBA = DBA = 90°

Xét ABDM ¢6 DBM + BDM = 90°

Nén DMB =90° = IB L DC

Ching minh tuong tu ta cing c¢6: BE L IC

ABIC ¢6 TH, BE, CD 12 ba dutng cao nén AH, BE, CD ciing di qua mdt diém

Do vay T ndm trén AH

Vay A, T, H thing hang.
Bai 55. Chirng minh ring truec tAm, trong tdm va giao diém cdc dudng trung truc cia mot

tam gidc nim trén ciing mot dudng thing.
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L% gidi
Xét AABC c6 H 1A tryc tdm, G la trong tdm, O la giao di€m cédc dudng trung truc cla
tam gidc ABC.
Goi M 1a trung di€m ciia canh BC.
Trén tia d8i cha tia OA 1dy di€m D sao cho OD = OA.
Ta ¢6 OA = OC
= AOAC cén tai O
= OAC = OCA
Va OC = OD=> AOCD cén tai O = OCD = ODC
Tacd:(m+6ﬁ3=(ml+()‘ab=m
= ACD = 90° | |
Ta c6 BH L AC (H 12 tryc tAm clia tam gide ABC), DC L AC (ACD = 90%. Do d6 BH // DC
Tuong ty DB // CH |
ABHC = ACDB (c.g.c) = BH = CD
AMBH = AMCD (c.g.c) = MH = MD, BMA = CMD

"HMD = BMH + BMD = CMD + BMD = 180°
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= H, M, D thdng hang.
Xét AABC c6 AM la dudng trung tuyén, G la trong tam (gt)

= G thubc doan thing 'A.M‘vé AG = —g—AM

Xét AAHD c6 AM la dubng trung tuyén, G thude doan thing AM va AG = %AM

= G la trong t4m tam gide AHD.,

Ma HO 13 dudng trung tuyén clia tam gidc AHD
Do vy HO di qua G

Véy ba diém H, G, O thdng hang.



CO THE BAN PA DIET?

MA PHUONG - MA VIEN - MA LANG
MA PHUONG
Ma phuong 1a nhing hinh vuéng s8 trong d6 s6 6 cta hinh vuéng 12 n x n (n 12 sd tu
nhién) chng han 9, 16, 25, 36,.. trong 46 nguvi ta sip x&p céc s6 khong 1ap lai. Nhitng
s8 nay la cdc 86 ty nhién lién ti€p hodc cdc 88 18 lién ti&p holc cdc s§ chén lién ti&p
hodc 1a cde s8 cdch déu nao d6 sao cho t8ng s cde 86 trong 6 & mdi hang, mbi cit, mdi
dudng chéo bing nhau, goi 1a “MA TONG".
Hinh sau 12 Ma phuong 3 x 3, ¢6 thé€ 14p ma phuong nay nhu sau:

21716
946 {1
4 |3 |8

~ V& thém 4 6 gitta c(ia bdn canh rdi vi&t theo thit tu ba 8§ mot 14n nhu bén,
- Chuyén 86 & cdc 6 vé thém vé cdc 6 phia d6i dién thudc hinh vudng.

“ N . . 3 . )
2 6

Hinh bén 14 Ma phuong 5 x 5

3116|9 (22{15
2018 21142
7 125013}1 {19
2411215 |1816
11{4 117(10 23
Cé6 thé lap Ma phuong nay nhu sau:

5
4 10
3 9 15
P 8 14 20.

1 7 18] |19 25
6 12| 18] |24
11 17 23
161 |22
21 |

Ma phuong (2 x m +1) x (2 x m + 1) v6i m e N eciing lap duge nhu trén.
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Hinh sau 1a Ma phuong 4 x 4

16 | 2 3 |13
5 11 (10| 8
9 71 6 |12
4.... 11 [ is 1

Cé thé 13p Ma phuong nay nhu sau:
- V& hinh vuéng 4 x 4 6 vudng, ké hai dudng chéo.
2 1 3

14 | 15

bién cdc s§ nhu sau. o . _

- DPién cdc s6 tir 1 d&n 16 tif trdi sang phai, tif trén xubng du6i, chd ¥ cdc 88 ndo ndm
trén duong chéo thi loai ra khong ghi. '

- Dién céc s6 viia bi loai vao céc 8 con lai ciing theo thit tu tif tréi sang phai, tif trén
xubng dudi nhung bat diu t s§ 16 nguge xudng dén 1.

Hinh bén la Ma phuong 6 x 6

9 |2526123;18]10
16 | 1 [35)|34) 4 |21

2013216 | 7 (29|17
24| 8 [30)31; 5 |13
15|33 3| 213622
27112111419 |28

Hinh sau la Ma phuong 8 x 8
1163(62)4 |5 |59)|b8] 8
56 110 | 1115352141549

48 |18 119 14514422 | 23 | 41
251391382829 |35|34|32
33131303637 |27]|26])40

24142143121 )20{46 |47} 17
16 1501511311264 55]|59
871716 |60(61) 3| 2 |64




H. MA VIEN
Ma vién la hai hay nhidu dudng tron cing tdm va nhiéu dudng kinh chia mdi dudng
tron thanh nhiéu cung tron bing nhau, trén mdi dutng tron duge ghi cdc 8§ khéng lap
lai. Nhitng s6 nay 12 edc s8 tu nhién lidn tiép hodc céc s6 18 lién ti€p hodc cde s8 chin
lién ti€p hodc.. sao cho tdng cic s§ trén mdi dudng tron bing téng cdc s§ trén mdi
dutng kinh.
Hinh sau 14 Ma vién:

- Téng cdc 88 trén mdbi dudng tron 1a 57
- Téng cdc s trén mdi dudng kinh 12 57
Thém mot Ma vién khdc:

~ Téng cac 58 trén mbi dudng tron 13 100

~ Téng céc 8 trén mdi dudng kinh 12 100

Cé thé chuyén “Ma vién” thanh “Ma ling”.
1. MA LUC LANG
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IV. MA BAT LANG

V.
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MOT CAU B HAY VA MOT LOI GIAI BAT NGO!

Cau d8:

Hay dién vao c4c 6 vudbng cla badng vudng 4 x 4 cde 86 khéc 0; 1;
-1 sao cho tich c4c s6 trong 6 & mdi hang, mdi cdt, mdi dudng
chéo bing nhau.

Cau 46 nay ching t6i da “HA GUC” rdt nhiéu ngudi. Cdc ban sé
rit bt ngd v6i 191 giai sau:

alﬁ 32 a3 a13
35 ail a1{) aS
aQ a7 aG a12
84 ald 315 al

Véi a 12 s6 khéc 0; 1; -1.

Nhu vay ching ta c¢6 vo van cdch gidi cho cdu dd trén.

Lai gidi that bat ngd vi ching ta da van dung Ma phuong 4 x 4 da biét.

Hon th& nita: tir Ma phuong, Ma vién, Ma lang § trén chiing ta s& dé xudt duge cdc clu
d6 rat hay va rat kho!



2. CAC BA1 TOAN LOP 8
CHUONG 1

TU GIAC, PA GIAC
DIEN TICH PA GIAC
Bai 1. Cho tit gide ABCD ¢6 A + C = 180°, AB, AD, AC 1 tia phan gidc ciia géc BAD,
Trén ndfa mit phdng bd BD khong chia C vé& tam gidc BDE d8u. Goi K 1a trung diém
ctia doan thdng BD. Chitng minh ring ba diém C, K, E thing hang.
Trén canh AB 14y M sao cho AM = AD.
Xét AAMC va AADC ¢6:
AM = AD, MAC = DAC (AC 14 tia phén gidc cta géc BAD), AC (canh chung).
Do d6 AAMC = AADC (c.g.c) = CM = CD, AMC = ADC A
Tit gidc ABCD 6 A + B + € + D = 360°
Ma A + C =180% nén B + D = 180°.

<
AMC + BMC = 180° (K& bix) ‘
Do vay CBM = BMC | A D
5 ’

= ABCM cén tai C

= BC = CM v

Ta c6: BC = CD (= CM), KB = KD (K 12 trung diém ctia BD), EB = ED (ABDE déu)
Do @6 C, K, E cung thudc dutng trung tryc clia BD.

Viy ba didm C, K, E thing hang.

Bai 2. Cho t& gidec ABCD c6 A=0= 120% AB = AD. V& hinh binh hanh DACE. Pudng
thdng vuéng géc v6i DE tai D cit dudng thing vuéng géc véi CE tai C & F. Chimg
minh ba diém A, F, E thing hang.

L& gidi
Gid 87 AB # AC. Xét AB > AC
Ta c6 AD > AC vi AB = AD (gt)
Tit gide ABCD ¢6: A + B + & + D =360°, A = C = 120° : A
Nen B + D = 120°
AABC ¢6 AB > AC = ACB > ABC
AACD ¢6 AD > AC = ACD > ADC
Do d6: ACB + ACD = ABC + ADC = 120°> 120° (Vo 1)
Viy AB > AC 12 sai.
Tuong tu AB < AC 14 sai
Do viy AB = AC, E
Hinh binh hanh DACE ¢6 AD = AC (= AB) nén la hinh thoi
= EA 1a tia phan giac géc DEC (1)

D
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Xét ADEF (EDF = 90°) va ACEF (ECF = 90°) cé:
EF (canh chung), ED = EC (t&t gidc DACE 14 hinh thoi)
Do d6 ADEF = ACEF (canh huyén-canh géc vudng)
= EF 14 tia phén gidc cla géc DEC (2)
Tir (1) va (2) c6 EA, EF tring nhau
Vay ba diém A, F, E théng hang.
Bai 3. Cho hinh thang ABCD (AB // CD) ¢6 AD + BC = CD. Tia phan gidc ciia géc BAD
cdt tia phén gide géc ABC & E. Ching minh réng ba di€m C, E, D théng hang.
‘ Lot gldd
Goi E’ 12 giao di&m cla tia phéan gidc gée BAD va CD.
Tacé BAE' = DAE', AE'D = BAE' (so le trong va AB // CD)
= ADAE’ can tai D. ' A B
Do d6 DAE' = AE'D => AD = DE’ |
AD +BC =DC, DC = DE’ + EC,
AD =DE = BC = EC
- ACBE’ can tai C
= CBE' = CE'B

U — _ D BB C
Ma CE'B = ABE' (so le trong va AB // CD)
Nén CBE' = ABE'= BE’ Ii tia phén gide cta géec ABC
Nén E' ¢ E.

Vay ba diém C, E, D thdng hang.
Bai 4. Cho hinh thang ABCD (AB // CD). Goi E, F, K l4n lugt 14 trung diém cta cdc doan
thdng AD, AC, BC. Ching minh riing ba diém E, F, K thdng hang.

Lt giai
Xét AACD ¢6 E, F 1an lugt 12 trung diém chia AD, AC (gt)
=> EF 14 dudng trung binh cda tam gidc ACD A B
= EF // CD (1) |
Mat khac hinh thang ABCD (AB // CD) /\”\F \\
C6 E, K 14n lugt 1A trung diém ciia AD, BC) E <
= EK la dudng trung binh cda hinh thang ABCD / \Q

= EK // CD (2) D C
Tit (1) va (2) c6 EF, EK trung nhau. '
Viy ba diém E, F, K thadng hang.
Bai 5. Cho tam gidc ABC ¢6 AM 1 dudng trung tuyén. Goi D la trung diém ctia AM, E 1a

diém trén canh AC sao cho AE = %AC. Chitng minh ring ba diém B, D, E thing hang.
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Lat gidd
Goi N 1a trung didm cGia EC. Ta ¢6 EN = NC

MéAE:%AC(gt).DodéAE:EN:NC

Xét ABEC c6 M, N ldn lugt 1a trung diém ctia BC, EC.
= MN la dudng trung binh cda tam gidc EBC

= BE / MN (1

Xét AAMN c6 D, E 14n lugt 1 trung diém cha AM, AN,
= DE 1a dudng trung binh cla tam gidc DMN B
=DE/MN(2)

Tix (1) va (2) ¢6 BE, DE trung nhau. V4y ba diém B, D, E thing hang.

Bai 6, Cho hinh thang cadn ABCD (AB / CD, AB < CD). Goi K 1 giao diém clia AD va
BC, I 1a giao diém ctia AC va BD, M 1a trung di€ém canh CD. Chdng minh ring ba diém
K, I, M thing hang. X

Léd gided
AKCD ¢6 KCD = RDC (t« gidc ABCD la hinh thang can)
= AKCD cén tai K '
= KC = KD (1)
Xét AACD va ABDC c6: AC = BD (td gisc ABCD la hinh thang c4n) # B
Do d6 AACD = ABDC (c.c.c)
= ACD = BDC
= AICD cin tai I
= IC = ID (2) L .
Ma MC = MD (M 12 trung diém ciia canh CD) b~ M = C
Tir (1), (2) va (8) ¢6 K, I, M cing thude dudng trung truc cia doan thdng CD. l
Vay ba diém K, I, M théng hang.

Bai 7. Cho t gide ABCD ¢6 AC L BD. Goi E, F l4n lugt 13 trung dié’m ctia cdc canh AB,
BC. Puting thdng qua E vudng gc‘\c‘ véi CD cit dudng thing qua' F vudng géc véi AD &

M. Chdng minh ring ba diém B, M, D thing hang. B
L80 gli .
Goi N 12 trung diém cia BD » _
Xét AABD c6 E, N 14n lugt 13 trung diém cta AB, BD. A } _ C
= EN la dudng trung binh eta tam gidc ABD Yy/
= EN // AD N

Ma FM 1 AD (gt), nén FM L EN

Ching minh tuong tif ¢c6 EM L NF

AENF c6 EM, FM 14 hai dudng cao cit nhau tai M
= M la truc tAm cla tam gidc ENF

=» NM & dubng cao cla tam gidc ENF D
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= NM 1L EF
AABC ¢6 E, F ldn lugt 1a trung diém cha AB, AC
= EF la dubng trung binh cta tam gidc ABC
= EF // AC
EF // AC, BD L AC= BD LEF
Ta ¢6 BD L EF, NM L EF, N ¢ BD. Do 46 BD, MN tring nhau
Vay ba diém B, M, D théng hang.

Bai 8. Cho hinh thang ABCD (AB /#/ CD), E 1a trung diém ciia canh AD. Céc dudng phén

gidc goc ngoai dinh A va D edt nhau tai M, cdc duting phan gigc clia cde géc ngoai dinh
B va C cdt nhau tai N. Chiing minh ring ba diém M, N, E thdng hang.
Lot gid
Goi K 1a giao diém cha AM va CD, L la giao diém ctia BN va CD.
Tact A; = Ay (gt)
A] = K (so le trong v4 AB / CD)
N &

= AADK cén tai D /\/ \/\
Ma DM la dudng 1 . .
K D S L

phén gidce gée ADK (gt)

=» DM 14 dudng trung tuyén cha tam gidc ADK

= M 13 trung diém ciia AK

Tuong tu N 1a trung diém cha BL

Ta c6 MN la dudng trung binh cha hinh thang ABLK = MN / KL (1)
Tuang ty EN // KL (2)

Tir (1) va (2) ¢6 MN, EN trung nhau (Tién d& Oclit)

Viy ba diém M, N, E théng hang.

Bai 9. Cho tam gidec ABC, AM 13 dudng trung tuyén. D Ia diém trén canh AC sao cho AC
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= 3AD. Goi N la giao diém ctia AM va BD. Goi E 1a diém trén canh AB sao cho AB =
3AE. Ching minh ring ba diém C, N, E thing hang.
Lt gl
Goi 1, K lan lugt 13 trung difm cha cdc doan thing CD, BE.
Ma AC = 3AD (gt), AB = 3AE (gt)
Do dé6 AE = EK = KB, AD = DI = IC
Xét ABDC ¢6 BM = MC, DI = IC
=> MI la dudng trung binh cla tam gide BDC
= MI // BD
Xét AAMI c¢6 ND // MI, AD = DI =» AN = NM
Xét AAKM c6 AE = EK, AN = NM
= EN la dudng trung binh clia tam gisdc AKM




= EN /KM (1)

Xét ABEC ¢6 KB = KE, BM = MC

= KM la dudng trung binh ciia tam gide BEC
= EC // KM (2)

Tir (1) va (2) ¢6 EN, EC tring nhau

Vay ba diém C, N, E thing hang.

Bai 10. Cho td gidc ABCD. Goi M, N ldn lugt 14 trung diém cta AC, BD. Goi G 1a trong
tdm cda tam gidc BCD. Goi I Ia trung diém cGa MN. Ching minh ring ba diém A, G, I
thdng hang. '

L giik
Goi K 1a trung diém cia doan thing CG.
ABCD c¢6 G 1a trong tam (gt), CN 1a dudng trung tuyén (N 13 trung diém cia BD)

=» & thude doan thf—ing CNva CG = —?:CN. A

Do d6 CK = KG = GN,
Xét AMNK cé IM= IN, GN = KG
= IG 14 dubng trung binh cla tam gidc MNK.
= IG // MK (1)
Xét AAGC ¢6 MA = MC (gt), CK = KG
=> MK la dudng trung binh cda tam gidc AGC
= AG // MK (2)
T (1) va (2) ¢6 IG, AG trang nhau
Viy ba diém A, G, I thing hang.

Bai 11. Cho tam gidc ABC. M la diém nim trong tam gidc ABC. V& cac hinh binh hanh
MBDC, MAED. Goi G la trong tdm cha tam gidc ABC. Ching minh ring M, G, E
théng hang.

Li gidid .
Goi N 1a giao di€m ctia BC va DM. T« gidc MBDC 1a hinh binh hanh nén N 13 trung
diém ctia BC va DM,
"AABC ¢6 AN 1a dudng trung tuyén, G 12 trong tdm cha tam gide ABC (gt)

= G thudc doan thing AN va AG = g-AN. A

AAMD cé: | e
AN 1a dudng trung tuyén (N la trung diém cta DM),
G thude doan thing AN va AG = %AN.

= G 14 trong tAm cha tam gidec AMD. BWC

Goi P 1a giao diém ctia AD va EM. D
Tit gide MAED 1a hinh binh hanh nén P 13 trung diém cda AD.
Do vy MP di qua G. Vay ba diém M, G, E thing hang.
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Bai 12. Cho tam gidc ABC ¢6 C < B < 90°, AH 1a dudng cao. V& diém D sao cho tf gidc
ABDC c6 AB? + CD? = AC? + BD?. Ching minh ring A, H, D thing hang.
LFt gidai
Goi M ]a trung diém doan thing BC.
AHAB vudng tai H = AB? = AH® + BH? (dinh 1y Pitago) A
AHAC vubng tai H = AC? = AH® + CH? (dinh Iy Pitago) |
Do d6 AC? - AB? = CH? - BH?
= (CH + BH) (CH - BH) = BC.2HM B. Hre M c
= 2HM. BC
Ve DH' L BC tai H'.
Ching minh tuong ty ¢6: CD? - BD? = 2H'M. BC
Ma AB? + CD? = AC? + BD? (gt) = AC? - AB®*= CD® - BD* p
Do dé, tacé: HM=HM = H = H’ '
Vay ba diém A, H, D théng hang.
* Nhén xét:
D& chiing minh duge néu t& gidc ABDC c6 AD 1 BC thi ¢6 AB® + CD? = AC? + BD®
Nhu vay chung ta da ¢6 duge 191 gidi cia bai todn HAY va KHO sau:

Bai toan: Ching minh ring didu kién cdn va dd dé hai dudng chéo clia mdt t gide vubng
gbe v6i nhau 12 téng cac binh phuong clia cdc canh d6i dién cla tif gide bing nhau.

Bai 13. Cho tam gidc ABC. Céc diém M, N, P 1an lugt 1a trung di€m cta cdc canh AB,
AC, BC. Goi O la giao diém ctia CM va PN. I 13 giao diém cda AO va BC. D Ia giao
diém ctia MI va AC. Goi E la giao diém ctia MP va BD. Ching minh riéng ba diém A, 1,
E thing hang.

Lvi giai
AABC ¢6 P, N l4n lugt 1a trung diém cta BC, AC
= PN la dudng trung binh cda tam gidc ABC
Tir d6 ¢6 PO = ON. Goi K 1a trung diém cda IC.
Chimg minh duge PI = IK = KC.
Goi H 14 trung diém cha ID. Ta ¢ KH // MP // CD
AIPM = AIKH (g.c.g)
= MP = KH
= AC = CD
Ta c6 E 13 trung diém cGa BD
AABD ¢6 DM va BC la hai dudng trung tuyén cit nhau tai I
=» [ 1 trong tdm cla tam gidc ABD.
Do d6 A, I, E théng hang.

Bai 14. Cho hinh binh hanh ABCD. Goi E 1a diém d6i xing cha A qua B, F 1a diém 461
xting cta A qua D. Ching minh ring ba diém E, C, F thing hang.

D
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Levi giai
Ta ¢6: BE = AB (E d6i xitng véi A qua B)
AB = CD (tr gidec ABCD 1a hinh binh hanh)
Do d@6 BE = CD ma BE // CD. Nén tif gisac BECD 1a hinh binh hanh
= CE // BD (n
Chimg minh tuong ty c6: CF // BD (2)
T (1) va (2) ¢é CE, CF trung nhau
Viy ba diém E, C, F thing hang.
Bai 15. Cho hinh binh hanh ABCD. V& AH L BD tai H, CK L BD tai K. Goi E 1a giao
diém ctia AH va CD, F la giao diém ctia CK va AB. O 1a giao diém ctia AC va BD.
Ching minh réng E, O, F thing hang.

L7 giai
Ta ¢6 AH i BD (gt)
CK L BD (gt)
= AH // CK

T gidc AFCE 6 AF // EC va AR // FC

nén la hinh binh hanh.

Ma O 14 trung diém AC (Vi O 12 giao difm hai dubng chéo clia hinh binh hanh ABCD) '
= O 1a trung diém cda EF :

Vay E, O, F thing hang.
Bai 16. Cho t gide ABCD. Goi M, N, P, Q 14n lugt 13 trung diém cta AB, BC, CD, DA.

Goi I 1a trung di€ém cta MP. Ching minh ring N, I, Q thing hang.

Lo gided
Xét AABC ¢6 M, N 14n lugt 12 trung diém ctia AB, BC (gt)
= MN la dutrng trung binh cla tam gidc ABC

= MN // AC va MN = 522

Tuong tur PQ 1a dudng trung binh ela tam gide ACD = PQ // AC, PQ = —%(—3—

Ta ¢6 PQ // MN (// AC), PQ = MN( AQCJ

= T gidc MNPQ la hinh binh hanh.
Ma I1a trung diém cGia MP (gt)
Do d6 I la trung diém cha NQ.
Vay N, I, Q thing hang.

Bai 17. Cho tam gidc ABC c6 trong tAm G. M 1a diém thy §. Goi I, K 14n luot 12 céc difm
d8i xing cta M qua cdc trung diém D, E-cda cdc canh AB, AC. Goi O la giao dim caa
CI va BK. Ching minh ring M, O, G thing hang.
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Lt giiid
Ta ¢6 D 1a trung di€m cia AB (gt), MI (I va M d4i xiing qua D)
Nén td gidac BIAM la hinh binh hanh = Bl / AM, Bl = AM
Tuong tu ¢é t& gidc AKCM 1a hinh binh hanh
= CK // AM, CK = AM
Do d6 BI // CK, Bl = CK
= T gidc BIKC 1 hinh binh hanh
= O la trung diém cta CI, BK
AABC ¢6 CD 1a duding trung tuyén, G 1a trong tdm

= G thube doan thing CD va CG = -?;CD

ACMI ¢6 CD 1a dudng trung tuyén
G thude doan thing CD va CG = %CD
= G 1a trong tam cda tam gidc CMI

Ma MO 13 dudng trung tuyén cha tam gidac CML Do d6 MO di qua G
Vay M, O, G thdng hang.

Bai 18. Cho tam gidec ABC vudng cin tai A. M 1a diém trén canh BC (BM > MC). Puing
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théng vuéng géc véi BC tai M cdt AB, AC ldn lugt & D, E. Goi I, K ldn lugt 12 trung
diém cha EC, BD. Goi M, N, O lan lugt 14 trung diém cia AB, AC, KL
Chiing minh ba diém M, N, O thing hang.
Lai gidi
AMBD vudng tai M cé BDM = 45°
Nén tam gide MBD vudng can tai M. _
Ma MK 1 dung trung tuy&n cha tam gidc MBD (K 14 trung diém ctia BD)
Do d6 MK 14 dudbng cao cia AMBD = MK i BD D
Tuong tu: MI L EC ‘ _
Td gide AIMK c6: KAI = AIM = MKA = 90° nén 1a hinh chit nhat. A

Ma O la trung diém ctia KI .(gt) K

Nén O 1a trung diém cta AM.

X6t AABC ¢6 M, N ldn lugt 12 trung diém cda AB, AC. M O )E

= MN 14 dutng trung binh cia tam gidc ABC. I
= MN // BC & - TR

Xét AABM c6 M, O 14n lugt 1a trung diém clia AB, AM,
=> MO i3 dudng trung binh cGa tam giac ABM

= MO / BC : .

Ta ¢6 MN / BC, MO // BC = MN va MO trung nhau.
Vay ba diém M, N, O thing hang.



Bai 19. Cho hinh vuéng ABCD, v& tam gidc déu CDE bén trong hinh vudng va tam gidc
déu BCF bén ngoai hinh vudng. Chung minh ring ba didm A, E, F thdng hang.

L% gidi
ACDE déu (gt) = CD = DE = CE
ABCF déu (gt) = BC = CF= BF
Nén CE = CF A B
Mat khac cé: E
E—EF = Eﬁ% + ﬁaF
- ECB + ECD = 90° F

ACEF vuéng can tai C = CEF = 45°
Ma ADE + EDC = ADC, ADC = 90°,
EDC = 60°= ADE = 30° D ' C

AADE c¢6 AD = DE (= CD)
=> AADE cén tai D
=» AED =(180° - ADE): 2 = (180° - 30% : 2 = 75°
Tacé AEF = AED + DEC + CEF = 75° + 60° + 45° = 180°
Vay ba diém A, E, F thing hang.

Bai 20. Cho tam gidc ABC déu, H la tryc tdm, dudng cao AD. M 1a diém ndm giita B va
D. V& ME . AB tai E, MF L AC tai F. Goi I 1 trung diém cla doan thing AM, K la
giao diém cia ID va EF. Chimg minh ring ba diém M, H, K thing hang.

Lot gidd
AEMA vubng tai E, EI 1a dudng trung tuyén nén:
El=IM =IA = —;-AM A
Tit EI = IA suy ra AIAE cédn dinh I, tir d6 c6: EIM = 2EAT N
Chiing minh tuong tu ta ¢6: MID = 2TAD ,DI = —;—AM 1 H
‘ F
Do d6: EI = DI (m%AMJ; B
ETE) S E_ﬁ/i + MTf) : M D C

= 2 (EAI + TAD) = 2EAD = 60°
Tam gidc IED can (EI = ED) ¢6 EID = 60° nén la tam gidc déu, tit d6 c6: EI = ED = ID
Tuong tu AIDF déu = ID = DF = IF
Do d6 EI = ED = DF = IF = T gidc EIFD 14 hinh thoi
" = K a trung diém chung cta EF va ID
Goi N 1a trung diém clia AH
AABC déu nén H 1a truc tdm tam gidc ABC.
Do dé AN = NH = HD
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Ta c6 MH // IN (vi IN 14 dubng trung binh cta AAMH) va KH // IN
(Vi KH la dudng trung binh cia ADIN).
Tir H chi vé duge mbt dubing thing song song véi IN (tién d& Oclit) nén M, H, K théng hing.

Bai 21. Cho hinh chit nhat ABCD tam O. E la diém nim gitta O va B. Goi F 1a diém 461

voi diém A qua E. Goi H, K 14n luot 12 hinh chigu cta H trén cdc dudng théng BC, CD.
Chiing minh ring ba diém E, H, K thing hang.

Lot giai

Goi I 14 giao diém cia CF va HK.
T gidec CHFK cé: A B

CHF = HCK = CKF = 90° nén la hinh chir nhat E
= HK = CF
I1a trung diém cia HK va CF - o H F
= IC = IK ' 1
= AICK cén tai I = ICK = IRC D ¢ K

T gide ABCD la hinh chit nh4t nén ¢6 OC = OD

= AOCD can tai O = OCD = ODC

EO, EI la dudng trung binh cta tam gidc ACF = EI // OC, OE // CF
Ta ¢6 ODC = ICK (d6ng vi va OE // CF)

= OCD = IKC

= K // OC

Ma EI // OC. Ta c6 IK, EI trang nhau (tién dé Oelit)

= I, E, K thing hang.

Ma I, H, K thing hang. Do vay I, E, K, H théng hang

Vay ba diém E, H, K thing hang.

Bai 22. Cho hinh vuong ABCD, Trén tia d6i cha tia CB lay E, trén tia d6i cha tia DA 1lay F
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sao cho AF = BE. Ve EH | BF tai H. Trén tia d6i cha tia EH 14y diém K sao cho EK = BF.
Chitng minh ring ba diém A, C, K thing hang.

| Lot giai

Ve KM L AB tai M.
Goi N 14 giao di€m cta EF va KM. M N K
T gidac ABEF c6:

BE // AF, BE = AF nén la hinh binh hanh.
Ma BAF = 90°. Do d6 tif gidc ABEF 12 hinh chir nhat :

EEF = 90° o C/r"

- BEN = 90° N E
T¢ gide BMNE ¢6 BMN = MBE = BEN = 90°
=> Td gidc BMNE 14 hinh chi nhat A -

nmm%o D



= ENK = 90°
Xét AEBF (BEF = 90% va ANEK (ENK = 90%, BF = EK (gt),
EBF = NEK (cting phu véi géc BEH)
Do d6 AEBF = ANEK (canh huyén-géc nhon) = BE = EN, EF = NK
Hinh chit nhat BMNE c¢6 BE = EN
= T\t gidc BMNE 14 hinh vudng
= MB = MN
Mait khde AB = NK (= EF), Ta ¢6 MA = MB + AB = MN + NK = MK
AMAK vudng tai M ¢é MA = MK
= AMAK vuéng cin tai M

— MAK = 45° (1)
Mat khéc BAC = 45° (t¢ gidac ABCD 1a hinh vubng) (2)

Fit (1) va {(2) ¢6 hai tia AC, AKX trang nhau.
Vay ba diém A, C, K théng hang.

Bai 23. Cho hinh chit nhat ABCD. V& BH vuéng véi AC tai H. Goi M, K lan lugt 1a trung
diém ctia AH, CD. Pudng thdng vudng géc véi BM tai M cit AB § N. Chitng minh ring
ba diém K, M, N thing hang.

Levé gidei
Goi O 1a trung diém cha doan thing BH
AHAB ¢6 M, O l4n lugt 1a trung diém cta AH, BH nén MO la dudng trung binh cha
tam gide HAB. .

) A N _ B
= MO = ~2—AB va MO // AB
X 1 M Y
MaAB:CD,AB//CD,CK::—Z-CD .
Do d6 MO = KC va MO // KC
- . . ~ N | £ Ll
= TWf gidec MOCK 12 hinh hinh banh. 5 g C

= CO // MK
Tacé MO/ KC,KC LCB = MO LCB
AMBC ¢6 MO, BH la hai dudng cao (MO L CB, BH 1L MC) ¢t nhau tai O nén O 1a tryc
tdm cua tam gidc MBC = CO .. MB
Ta c6 CO 1. MB, CO // MK (t gide MOCK 14 hinh binh hanh)
= MK 1 MB.
Ta ¢6 MK L MB, MN 1 MB (gt) =» MK, MN tring nhau.
Vay ba diém K, M, N théng hang.
Bai 24. Cho tam gidc nhon ABC ¢6 A = 45°, cde dudng cao BD va CE cit nhau tai H. Goi
I 14 trung diém cta DE, G la trong tAm tam gide ABC. Chitng minh ring ba diém H, I,
G thing hang. :
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L giai
Goi M, N, K lan lugt 1a trung diém cha BC, AH, AG. H la truc tdm tam gidc ABC
= AH | BC va ta ¢6 AK = KG = GM
ADBA vubng tai D c6 BAD = 45° nén 1a tam gidc vudng cdn
= AD = BD o .
Xét ADAH va ADBC c6 ADH = BDC (=90, AD = BD, HAD = DBC
Do d6 ADAH = ADBC (g.c.g) = AH = BC

AEAH vudng tai E, EN la dudng trung tuyén = EN = %H—

Tuong tu: ND = éﬁ, DM = %;ME = BC
2 2 2

Do vdy EN = ND = DM = ME

= Td gisgc ENDM la hinh thoi

Ma I 1a trung diém cta DE (gt). Nén I 1a trung diém cta MN

AAHG ¢6 N, K 14n lugt 13 trung diém cGa AH, AG

=> NK la dutng trung binh clia tam gidec AHG

= HG / NK

ANKM c6 I, G 14n luot 13 trung di€ém cia MN, KM E

= IG 1a dubng trung binh cha tam gidc NKM

= IG // NK B M ¢

Ta e6 IG // NK, BG // NK

= IG, HG tring nhau (tién dé Oclit)

Vay ba diém H, I, G thing hang.

Bai 25. Cho diém M ndm trong tam gidc nhon ABC sao cho MBA = MCA. Vs MK 1 AB
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tai K, ML | AC tai L. Trén nda mit phang bs KL c6 chia A v& tam gidc déu KLT.Goi
D, N 14n lugt 1a trung diém cGa BC, KL. Ching minh riing D, N, T thing hang.

Lot gidi
Goi P, Q 1an lugt 1a trung diém cGa MB, MC.
AKBM vudng tai K, KP la dudng trung tuyén
= KP = BP = MP
AKPB can tai P. Do d6 KPM = 2MBK
ABMC ¢6 D, Q 14n lugt 13 trung diém cia BC, MC
=> DQ 14 dudng trung binh cda tam gidc BMC

= DQ / BM, DQ = %BM - PM

Do d6 t gidc PMQD la hinh binh hanh

= MPD = MQD, MP = DQ, MQ = PD
Tuong ty ¢6 LQ = MQ = CQ, LQM = 2MCA




Ta ¢6 DPK = MPD + KPM

= 2MBK + m

= 2MCA + l\m—ﬁ

= LQM + MQD = DQL
Xét ADPK va ADQL c6: DP = LQ (= MQ), DPK = DQL, KP = DQ (= MP)
Do d6 ADPK = ADQL (c.g.c) = DK = DL
Ma TK = TL (AKLT déu), NK = NL (N 13 trung diém cha KL)
Do vay D, N, T cing thude dudng trung truc cha doan thing KL.
Vay ba diém D, N, T thing hang.

Bai 26. Cho t¢ gidc ABCD ¢6 A = © = 90°. V& AM L BC tai M, AN L BD tai N, AK 1 CD
tai K. Ching minh ring ba diém M, N, K théng hang.
A Lot gl
Goi S 1a trung di€m cha AD. Goi Sx 1A tia d6i cla tia SK.
ANAD vuéng tai N, NS 1a dudng trung tuyén (gt) => SN = SA = 8D,
Tuong ty SA = SK = 8D
ASAK cén ta;i'Sm KSD = 2KAD M
ASNK cén tai S = NSx = 2S8NK
ASND cén tai S = ASN = 2SND
Nén ASx = NSx - ASN =2 (SNK - SND)=2DNK B N
Ma ASx = KSD (d6i dinh)
Do 46 DNK = KAD
Chdng minh tuong tu MAB = MNB
Ma MAB = KAD = MNB = DNK
Ta ¢c6 MNK = DNK + MND = MNB + MND = 180°
Vay ba diém M, N, K théng hang. |
Bai 27. Cho hinh vuéng ABCD. M 1a difm n3m trong hinh vubng ABCD sao cho

CDM = DCM = 15°. Trén nita mit phing by AM khéng chtta diém B vé tam gidc AME déu,
Goi N 1a trung diém cta doan thing AM. Chiing minh riing ba diém B, N, E théng hang.

N\c/m

ALt gidi
Trén nita mit phing by CM cé chia B vé tam gide déu CMK.
Ta c6 DCM + MCK + KCB = 90°, DCM = 15°, MCR = 60° A B
Nén KCB = 15°.
X6t AMCD va AKCB c6:
CD = BC (t gidc ABCD 14 hinh vudng), K
MC = KC (AMCK déu),
5CM = OB E M
Do d6 AMCD = AKCB (c.g.c) D C
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= MDC = KBC Nén KBC = 15°

Ta ¢6 CKB = 150% Do vay MKB = 150°(=360° - 60° - 150%)

Xét ABMK va ABCK c6: MK = CK, BK (canh chung), BKM = BKC (=150

Do d6 ABMK = ABCK (c.g.c) = BM BC

Nén BA = BM (= BC)

Ta ¢6 BA = BM, NA = NM, EA = EM (AAME déu) _

= B, N, E ciing thude dudng trung tryc cia doan thdng AM

Vay ba diém B, N, E thing hang.

* Nhin xét:

M&u ché&t cia bai todn 1a ching minh AB = BM, tic 13 AMAB déu. Day 13 bai todn hay,
¢§ dién v& c6 r&t nhiéu c4dch gidi (Quyen séch “CAM NANG VE THEM HINH PHU”
trong “GIAI TOAN HINH HOC PHANG” ctia tdc gid Nguyn Die Tén c6 trinh bay 20
cach giai). Ching toi “dich chuyén” d€ cé dugc bai todn vé ba diém thing hang dé gidi
thiéu cing ban doc.

Bai 28. Cho hinh chit nhat ABCD. Céac diém E, F, G, H 1an lugt irén cdc canh AB, BC,

CD, DA sao cho CV (EFGH) = 2AC (CV(EFGH) la chu vi td gidac EFGH). Goi I, M l4n
lugt 1a trung diém ctia cdc doan théng EH, GF. Ching minh ring ba diém A, I, M
thiing hang.

Li gided

Goi N 1a trung diém cha doan thing HF
Ta c¢6 Al 1a dutng trung tuyén cha tam gide AEH vudng tai A = Al = EH
Tuong ty MC = 9—F- Mit khéc IN, NM l4n lugt 13 cdc dubng trung binh cia cdc tam

2 ' A _E B
gidc HEF, HFG, nén IN = —E-g— NM = HZG

1
Do vay CV(EFGH) = EH + EF + HG + GF
= 2(AT + IN + NM + MC) H ~X F

Xét cde diém A, I, N, M, C c6: AT + IN + NM + MC = AC M
Do vay CV(EFGH) = 2AC D G C

Theo dau bai, ta ¢6 ddu “=” xdy ra, do dé A, I, N, M, C théng hang theo thif tut 46
Vay ba diém A, I, M thing hang.

Bai 29. Cho hinh thoi ABCD ¢6 canh bing 1. Gia sif ton tai M thudc canh BC va N thube
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canh CD sao cho chu vi tam gidc CMN béng 2 va BAD = 2MAN. Trén nia mit phing
bt AD khong chita B vé tia Ax sao cho DAx = BAM. Trén tia Ax 1&y diém E sao cho
AE = AM. Chdng minh r&ng D, E, N thing hang.

Lot gidd
X6t AABM v AADE c6: AB = AD (t( gide ABCD 1a hinh thoi), AM = AE, BAM = DAE
Do d6 AABM = AADE (c.g.c) = BM = DE, ABM = ADE



Tacémn%mmM=8m+m

- Dodémmm+m.8uyram=m

Xét AAMN va AAEN cé: M
" AM = AE, AN (canh chung), MAN = BAN

Do d6 AAMN = AAEN (c.g.c) = MN = NE
MaCM+CN+MN=2(gt) B
Vac6CM+CN+MB+DN=2®BC=CD=1) A
= MN = MB + DN
Ta c6 NE = DE + DN == D n3m giita E, N
Vay D, E, N thang hang.
* Nhin xét:
Tir 10i gidi cha bai todn gitp chung ta c6 duge Wi gidi cha bai toan sau;
Cho hinh thoi ABCD ¢6 canh béng 1. Gia s tén tai diém M thude canh BC va N thude
canh CD sao cho tam gidc CMN c6 chu vi bing 2 va BAD = 2MAN. Tinh céc gbe cia
hinh thoi ABCD :
(D& thi tuyén sinh vao 16p 10 chuyén todn THPT chuyén TP. Hé Chi Minh, ndm hoc
2009 - 2010)

Bai 30. Cho géc nhon xOy; A, B thudc tia Ox, C, D thude tia Oy. M 1a diém nim trong gbéc
x0y sao cho Suas = Smep. Goi E, F lan lugt trén cdce tia Ox, Oy sao cho OE = AB, OF =
CD. Goi I 12 trung diém cta EF. Ching minh réng ba diém O, I, M théng hang.

: Lai giat

Ta ¢6 OE = AB (gt)

= SMOE = SMAB ma OF = CD (g“c)

= Suor = Suep

Ta ¢6 Syas = Suep (gt) nén Syor = Smor

Goi I’ 1a giao diém chia OM va EF.

Taco: Semr _LE_ Sopr  I'E _ Spwr +Sopr _ Swoe _
Spmrr I'F Sgpr I'F - Spwr +Soprr Swmor

= TPE=TFNénl="

Vay ba diém O, 1, M thing hang. _

* Nhén xét: 0 “F ¢ D ¥

Bai todn vén ding khi géc xOy la géc vudng hosic gée th.
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CHUCKG II: TAM GIAC PONG DANG

Bai 81. Cho tam gidgc ABC, céc tia phan gidc cta cdc géc B, C cat nhau & M. Trén céc
canh AB, AC 14n lugt 18y D, E sao cho BD.BC = BM?, CE.CB = CM*.
Chung minh ring ba diém D, M, E th&ng hang

Lot gidi
BD BM R
Xét ADBM va AMBC ¢6: —= — {( vi BD.BC = BM
DBM v c M- BC {vi ) A
Vva DBM = MBC (BM la tia phén gidc ABC)
Do 6 ADBM «» AMBC ( c.g.c) = DMB =MCB M B

Tuong ty AEMC «» AMBC (c.g.c) = EMC = MBC M

Ta ¢6: DME = DMB +BMC +EMC
= MCB +BMC +MBC = 180° B C
Vay ba diém D, M, E thidng hang.

Bai 82, Cho tam gide ABC. Dudng thng d song song v6i BC cit cdc canh AB, AC lan lugt
& D, E. Trén cac doan thing BC, DE ldn lugt 14y cdc diém M, N sao cho BC = 3 BM,
DE = 3 DN. Ching minh ring ba diém A, M, N théng hang.

Lt gidi

Goi N’ 1a giao diém cha AM va DE

DE AD

Xét AABCc6 DE/ BC (gl) » — = —

BC AB A

Xét AABM ¢6 DN’ // BC = 2N _ AD.
BM _ AB

Dods: 2E - DN a1y Bo = 3 BM (gt),

BC BM

D
DE=3 DN (gt) = 22 = DN / NIN \
BC ~ BM
B C

NéncéD—Nu-.E-N— = N=N _ M

Vay ba diém A, M, N thdng hang.
Bai 33. Cho tam gidc nhon ABC, céc dudng cao AD, BE, CF cit nhau tai H. Goi K 1a
diém d&i xdng cta diém E qua BC. Chéng minh ring ba diém F, D, K théng hang.

Lot gidi
Xét AADB va ACFB c6: DAB (chung), ADB = CFB (= 90°)
Do d6 AADB «» ACFB (gg) = on = 22
BC  BF
Xét ABDF v ABAC c6:
DBE (chung), B2 = BF (B4 _ BD
. BA  BC BC  BF

Do d6 ABDF «*ABAC ( g.g) = BDF = BAC
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Ching minh tuong tu, ta c6: CDE = BAC

Nén BDF = CDE. Ma BDF + ADE = CDE + ADE (= 90°). 2

Nén ADF = ADE

DC 13 dudng trung truc cta doan thing EK (E, K déi xitng qua BC) P

= ADEK cén tai D.

Ma DC la dudng trung truc nén la dudng phéin gidc. -

Ta c¢6: FDK = EDF + EDK | B D C
= 2ADE + 2EDC .
=2 (ADE + EDC) = 2 ADC = 180°.

Vay ba diém F, D, K thing hang. K

Bai 34. Cho tam gidc nhon ABC, c4c duding cao AD, BE, CF cét nhau tai H. V& DM L AB
tai M, DN 1 AC tai N, DK L CF tai K. Ching minh riing M, K, N théng hang.
DM 1 AB ( g.t), CF L AB (g.t) = DM // CF

o, AR _ AH

AAMD c¢6 DM // CF = =
| AM  AD

. Tuong tu ¢6 AE
AN

AAMN o6 2E _ AE (_ AH,

AM - AN | © AD
— EF // MN (dinh lf Talet ddo) (1)
BE L AC, DN L AC = BE // DN,

ABEC 6 BE//DN = 2 . &N
| B~
’I‘Ltdngttjzgpw:-g-%.Dodézc;N—=95
CB = CF CE~ CF
CN K

ACEF ¢6 ——= — = KN/ EF (2)
CE CF

Tt (1) va (2) ¢6 KN, MN tring nhau (tién dé O'- Clit).
Vay ba diém M, K, N thing hang. B :

Bai 85. Cho tam gidc ABC, AD la dudng phéan gidc. Trén canh AB 14y E sao cho BE = BD,
trén canh AC 14y F sao cho CF = CD. V& hinh binh hanh CDFK. Chiing minh ring ba
diém E, F, K th&ng hang.

_ A |
. DB AB
AABC ¢6 AD 13 dudng phén gid DB _AB
¢ ng phén gi c(g’t):>DC e m |

' .. BE AB NF R
Ma BD = BE (gt), CD = CF (gt). Nén — = 22 E

( gt) (gt). Nén G " Ac |

AB  AC  CF AC
. Il

— EF // BC (dinh i Talet dao) (1) B b o
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Ma FK // BC (CDFK la hinh binh hanh) (2)
Tit (1) va (2) ¢6 EF, FK tring nhau ( Tién dé O-Clit)
Véy ba diém E, F, K théng hang.

Bai 36. Cho hinh binh hanh ABCD, tia phén gidc géc DAB cdt DB tai E, tia phan gidc

goc ABC cit AC tai F. Trén canh AD 1dy diém K sao cho % - % . Chitng minh
ring B, F, K thang hang.
L3 gt
BE AB
AABD c¢6 AE la dubng phan gide ( BE _ AB
g phin gide (gt) = o = -5
AB  AF
AABC ¢6 BF 14 dudng phén gidc ( AB _ AF
| ng Ip an gidc (gt) = e C_F
Ma AD = BC. Do d6: oF = 2F mMackhae 28 - BE 4 B
DE ~ CF DK ~ DE
Nén: _}\_F P .é_li
CF ~ DK
AADC o6 2F _ AR kw oD, £ F
CF ~ DK
D
AABD o 2K - BE _ wnaB | ¢
DK~ DE

Ma AB // CD. Nén KE / CD, KF // CD.
= KF, KE tring nhau, '
Vay ba diém E, F, K thing hang.

Bai 87. Cho hai tam gidc déu ABC va DEF ( A ndm trén canh DF, E nim trén canh BC).
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Goi I 1a giai diém clia BF va CD. M, N lan lugt 1a trung diém cta BD, FC. Chiing minh
ring ba difm M, I, N thing hang.
Lt gidi
Goi K 12 giao diém ctia AB va DE.
Xét AKDA va AKBE c6: DKA = BKE (d6i dinh), KDA = KBE (= 60°)
KD KA A

Do 86 AKDA «» AKBE (g.g) = == = =2 F
° (&-8) KB KE D _
Xét AKDB va AKAE ¢6: DKB = AKE (dsi dinh),
KD _ KB . KD_Ka M B> N
KA KE KB KE ‘ N'
Do d6 AKDB «» AKAE ( c.g.c)

Chiing minh tudng ty ¢6 EFC = EAC. B E ¢
Do d6 BDF + CFD = EDF + BAC + EFA = 180° = BD // CF.
Goi N’ 1a giao diém cta MI va CF.
AIDM c6 N'C // DM = ~¢ o N1
MD Mi




AIBM c6 N'F /BM = Sb = NI
MB MI
MB=MD Nénced NC=NF .Dodé NN=N
V4y ba diém M, I, N thing hang.
Bai 38. Cho t giﬁc ABCD ¢6 BAD = BCD = 90°, E trén dudmg chéo BD sao cho AB® = BE. BD,
CD?= DE . BD. Ching minh riing ba diém A, E, C thing hang.

L gidi
Xét AABD vi AEBA c¢6: ABD ( chung), % = % (vi AB? = BE . BD)
Do d6 AABD «» AEBA (c.g.c)
= BAD = BEA. Ma BAD=90° ( gt )
Nén BEA =90°= AE L BD D
Chitng minh tuong tu cling c6: B

ACBD <> AECD (c.g.c) = BCD = CED

Ma BCD =90°. Nén CED = 90°= CE L BD
Ta ¢é AE | BD, CE 1 BD. ‘
Vay A, B, C théing hang.
Bai 89. Cho tam gidc ABC (AB < AC < BC) ¢6 AD, BE, CF 1a c4c dudng phén gidc. Goi G,
I, K, H 1an lugt 1a cde diém d6i xdng v6i cdc diém B, A, C, A qua AD, BE, AD, CF. Goi
Bl BG

M 13 diém trén doan thdng CK sao cho ST oM Ching minh ring ba diém G, I, M

)
C

thdng hang.
Lot gidi
Ta ¢6 AD, BE, CF la cédc dubng phén gide cda tam gidc ABC (gt). C4c diém G, L, K, H
14n lugt d8i xing véi cde didm B, A, C, A qua AD, BE, AD, CF (gt)
Dodo AG=AB,G e AC,AB=BI, 1 ¢ BC,AK=AC,K ¢ AB, CH = AC (H ¢ BC)

AB  AG . BG AG e
AACK ¢ — = — CK.D = = KCN.
<6 AC = BG // gdé R~ O va GBC = K
BG BI :
Nén cé: o = — = AB = AC = '
én ¢ oF ~ CH (AG BI, CH)
Xét ABGI va ACKH co:

=ov @ BG Bl
GBI=KCH, — = —
' "CK CH

Do d6 ABGI «» ACKH (c.g.c) = BIG = CHK

BIG = CHK, BIG va CHK so le trong. Nén GI // HK

Tace: M- BG (y BL_BG, BG_CK , BG_BI,

CI  BI cI ¢M” BI CH CK CH
:.>C'M£CK:>CM=CI
CI CH CK CH

97



ACHK cé oM _ L = MI / HK (dinh li Ta-1ét ddo)

CK CH
Ta c6: GI // HK, MI // HK
Do dé GI, MI trung nhau (tién dé O-clit)
Vay ba diém G, I, M théng hang.

Bax 40. Cho hinh binh hanh ABCD. Qua mét diém S trong hinh binh hanh ABCD ké

duding th&ng song song v6i AB 14n lugt cit AD. BC tai M, P va ciing qus S ké duong
thing song song v6i AD lan lugt cdt AB, CD tai N, Q. Goi I 1 giao diém cia AS va DP.

Chgng minh ring ba diém B, I, Q thing hang.

Loi gidi
Goi E 1 giao didm chia AS va BC, K la giao diém cha DP va NQ, T’ 14 giao didm cha BQ va DP.
ES _ EF
AS  BP
BP = AM {1 gidc ABPM 1a hinh binh hanh)
ASAM ¢6 AM / PE = 25 = &
AS SM

SM = DQ (ti gide DMSQ 14 hinh binh hanh)

AEAB ¢6 SP // AB =

ASKP ¢6 SP // DQ = b = X
DQ KQ
D C
Dods 2. B B _BP e N/
P TKQ T Sk KQ ‘s
AISK c6 SK/PE = & = B2 pen B . PP
K SK IK KQ
Tacbnc6~1-—£=wB~»E.
'K KO
Neg B _IP_ P IP P IP gy

K "TK  P+1K  TP+TK KP KP
Vay ba diém B, I Q thing hang.

Bai 41. Cho tam gidc ABC vudng cin tai A, dudng trung tuyén BM. Trén canh BC lay
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diém D sao cho BD = 2DC. Pudng thing qua M vubng géc vdi BD cit dudng thing qua
B vubng goe v6i MD & E.

Chdng minh ring ba diém A, D, E thing hang. ¥
Lo gidi
Qua C v& dudng thing song song v6i AD cit AB§ F
= BAD = AFC
Xeét ABCF c6 CF // AD = 28 = BD _ g B D c
AF CD . '

Ta c6 AB = AC (AABC vudng cin),
AM = MC = -—2—- (M Ia trung diém cda canh AC)



Do d6 AM = AF

Xét AABM va AACF cé: AB = AC, BAM = CAF (= 90°), AM = AF
Do d6 AABM = AACE (c.g.c)

= ABM = ACF =>ABM = ACF

— ABM + BAD = ACF + AFC = 90°

Do d6 BM L AD

ABME cé BD, MD 12 hai dudng cao cit nhau tai D

(BD L ME, MD L BE) = D 1a tryc t4m cda tam gidc ABME.
= BM 1 DE

Ta c6 AD 1 BM, DE L BM

= AD, DE tring nhau.

Vay ba diém A, D, E thdng hang.

Bai 42, Cho hinh binh hanh ABCD. M, N ldn lugt 1a trung diém cia BC, AD. X 1a diém
trén canh CD. Goi P la giao diém ctia KM va AB, Q la giao diém cta KN va AB. Goi E
la giao diém ctia QM va PN. I 1a trung diém ca doan thdng MN. Chimg minh ring ba
diém K, E, I thing hang.

Lo gidd

Goi I, T lan lugt 14 giao diém ctia KE véi MN, PQ.
Xét ANAQ va ANDK c6: NAQ = NDK (so le trong va AB // CD),

NA = ND (N 1a trung diém ctia AD),

ANQ = DNK (ddi dinh)
Do d6 ANAQ = ANDK (c.g.c} = NQ = NK. Tuong tuv ¢é6 MP = MK
AKPQ ¢6 PN, QM 13 hai dudng trung tuyén (NQ = NK, MP = MK) cét nhau tai E
= E la trong tAm cha tam gidc KPQ
= KE la dudng trung tuyén cla tam gidc KPQ.

= T la trung diém clia PQ A T B
X6t AKTQ 6 NI // TQ =5 k. = BL @ - d
QT = KT N
; I M
Xét AKTP c6 PM // TP = L - BL /\M
TP ~ KT .
Dods o = 1 (=20 v « ©
Qr TP

Ma QT = TP (T la trung diém cla PQ). Nen NI'= M, Do ds I'=1
Vay ba diém K, E, I thing hang.

Bai 43. Cho tam gidc nhon ABC, hinh chir nhat MNPQ tdm O, ¢6 M thuéc canh AB, N
thuée canh AC, P va Q thudc canh BC. Goi E, F ldn lugt Ia trung diém cGa AH, BC.
Chting minh ring ba diém E, O, F thdng hang.

' Lii gidi
Goi I 1a giao diém cta MQ va BE, K 14 giao diém cia NP va CE
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Ta c6 MQ L BC, AH 1 BC (gt) > MQ // AH

A
MI BI
AABE c6 MI/J/ AE = — = —
¢ “AE ~ BE
1Q BI
ABEH ¢6 1Q // EH . T
CIQIEH = 37 = B8 B
Dodéwhél:}“gw(:?_l) M JINN N
AE = EH = BE 3
Ma AE = EH (E 1a trung diém ciia AH) : *
= MI = IQ = Ila trung diém cia MQ. ]
B r p ©

Tuong tuf ¢6 K 1a trung diém ctia NP. _
Do d6 IK 1a diém trung binh cta hinh chit nhit MNPQ.
1K // BC
Goi O 1a giao diém cta EF va IK. Ching minh tuong tif trén ¢6 O’ 1a trung diém IK.
Mat khée, ta ¢6 MI = KP, MI / KP nén tf giac MKPI i& hinh binh hanh. Ma O 13
trung diém MP nén O 14 trung diém cla IK.
Dovay: 0= 0O
Viy ba diém E, O, F théng hang.
Bai 44. Cho hinh thang ABCD (AB / CD). Trén cdc canh AD, BC l4n lugt 14y M, N sa0
cho AM N
AD BC
Goi I 1a trung didm ctia MN, O la giao diém ctia AC va BD. Ching minh ring ba diém
0, 1, K thang hang.

. Putrng thing qua M song song v6i AC cAt BD & P, cit CD § K.

L34 gidi
Goi Q 1a giao diém cla KN va AC.
Goi S 1a giao diém cha OK va PQ.
AM CK
AADC 6 MK // AC Bulirilo ottt
¢ ~ MD ~ CD
AM CN .. CK CN
M2 %5 =B # " Gp < Be
CK CN .
Do d6 tu giac POQK 1a hinh binh hanh.
= 8 la trung diém cta PQ.

ADAO c6 MP // OA = —Z(‘% = -g—g-

ADOC ¢ PK // OC = %Ié - -g-g-
a2 e

AKMN c6 %"{-Ilg- - %"% = PQ // MN (dinh 1§ Ta-lét ddo)
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PS’ _ S'Q (= KS'
_ MI IN KI
Ma MI = IN nén PS’ = Q. Do vay: 8=8. Tacé K, S, I thing hang
Ma K, S, O thding hang (tr gidc POQK 1a hinh binh hanh)

Nhu vay K, 8, I, O thing hang
Vay O, 1, K thing hang.

Bai 45. Cho hinh thoi ABCD tam O, ¢6 AC = AB. Goi N & giao diém cda AM va CD. Tren
cde canh AB, AD lan lugt 14y E, F saoc cho CE /#/ NF. Trén nita mit phing b OF c¢6 chia
D. V& tam gidc OKF can tai O c6 OFK = 15°. Ching minh ring E, O, K théng hang.

Led gidi
" Ta c6: DNF = DCE (aong vi va CE // NF)
DCE = BME_E. (so le trong va AB // CD), nén DNF = BEC
Xét ADNF va ABEC ¢6 NDF = EBC (=60%), DNF = BEC

Goi S’ 1a giao diém clia KI va MN. Tuong tu trén, cé: )

Do d6 ADNF «» ABEC (g.g) F E
DN _DF
= BE. D BC.DN (1
= BE = BC F = DN (1)

, DA _ AB 4 1
=22 3 WViBM=2BCc=MC=1B
Aom- oy -2 (VIBM= 2 BC=MC= - BO) <
DN DN 3 DN 3
D ON 4 - =2 M
°v &N "3 DNsoN " 3:1 T DC T 1

=» BC. DN = 2’_ BC2 (2)

Ti gide ABCD 1a hinh thoi = AC L BD
AOBC vudng tai O = OB® + OC? = BC?
Nén OB? = BC? — OC? = BC? - % BC? *% BC? (3)

T (1),(2),(8)c6 BE.DF =0OB® = == = == = -~

=5 BE OB

Xét ABEO va ADOF EBO = ODF , =

é v 6. ' oD = DF
Do d6 ABEO «» ADOF (c.g.c) :>BEO DOF , BOE = DFO

Nén EOF = 30°

AOKF cén tai O = OKF = OFK

Nén KOF = 180° - (OKF + OFK) = 180° - (15° + 15% = 150°
Ta ¢6 EOK = KOF +EOF = 150° + 30° = 180°

Vay ba diém E, O, K thdng hang.
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Bai 46. Cho tam gide nhon ABC. M 14 diém ndim trong tam gide ABC sao cho MBA =
MCA . V& MD 1 AB tai D, ME 1 AC tai E. Goi I 1a truc tdm cha tam giac ADE. Goi H
14 trye tdm cha tam gidc ABC. Ching minh M, I, H thing hang. '

X gifd

Goi V 1 giao diém efia ME va CH, J la giao diém ctia MD va BH, K 1a giao diém cda
MH va VJ, N 1a giao diém cta MH va DE. ' - '
Céc t gide DIEM, VMJH 14 cdc hinh binh hanh
- ' DM DB
ADBM «~AECM (g. it ot
e ®8 = Fy “%c

DJ DB

ADBJ «»AECV (g. — o T
€8 = 57 = 56

DM _DJ DM _DJ-DM _ JM

Nén — = —— = = ==
EM ~EV EM EV-EM VM
DM EM
T e 22— 4
| M- VM B

AMDE «AMJV (c.g.c) = MDE = MJV = DE// VJ
NE MN
AMVK ¢6 NE // VK = 0 = =
e VK T MK
DN MN
MKJ 6 DN // KJ = o = o
AME ¢ = K3 -~ MK

. NE DN
Nén —G“sz E—.MéVK:KJSNE:DN
Ta ¢6 I, N, M, K, H thing hang. Vay ba diém M, I, H théng hang.

Bai 47. Cho hinh chit nhat ABCD. M, N lan lugt 1 trung difm chia cdc canh AD, BC. Ela diém
trén tia d6i cha tia DC. Trén nita mit phing bd MN c6 chtta A vé tia Nx sao cho
MNx = MNE . Goi K I giao diém cha tia Nx vd EM. Chiing minh réng A, K, C thing hang.

Lot gitd
Goi S 1a giao diém clia tia d61 tia Nx v6i CD.
'fa c6 NES = MNE (so le trong va MN // CD)
NSE = MNK (so le trong vd MN // CD)

MNE = MNK (gt)
Suy ra NES = NSE = ANES cén tai N.
Ma NC 1a dudng cao nén NC 12 dudng trung tuyén = CE = CS.
Goi I 1a giao diém chia KC va MN. A B
Xet AKES 6 MI// CE = & . B N
CE KC
NI KI
ARCS cé HC8 = = = —— I
Xét Sc6IN/CS = o5 7e .
., MI NI o s
Do dé gﬁ: E'S-.MQCE‘=CS,DEHMI=NI E 5 c ]
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TacéAM:%AD::—;«BC:CN

T gisc MANC ¢6 AM // CN, AM = CN nén 14 hinh binh hanh.

Ma I 12 trung diém MN, nén I 1a trung diém AC

= A, I, C thdng hang.

Ma K, 1, C thing hang. Do d6 A, I, C, K thdng hang

Vay A, K, C thing hang. .
Bai 48. Cho tam gidc ABC ¢6 € tiy, A = 98. M 12 trung diém canh AB. Pudng thing

vubng géc véi BC tai' B cdt AC & D. E 1a di€m déi xing v6i C qua AB. Ching minh

ring D, M, E théing hang.

Lt gidi
Qua C v& duding thing song song véi AB cdt DM, DB lan lugt tai N, K.
NK A0 _OM

ADBM K/ =
BMco N BM = BM N ™

NC DN
DMA ¢6 NC/ AM = — =—-
A ¢ NC /i = DM
NK NC
e S s M = = .
BM , B AM = NK = NC

ABKC vudng, BN 1a dudng trung tuyén
= BN = NC = NBC = NCB |
Mz ABO = NCB (CN / AB). Do vay NBA = 2 ABC = BAC
Hinh thang ABNC c6 NBA = BAC nén 1 hinh thang can
= BC = AN, BN = AC |
Ma BE = BC, AE = AC (tinh ch4t d6i xing truc)
=» BE = AN, BN = AE
= T4 gidc BEAN 1A hinh binh hanh.
=» N, M, E thing hang
Do 46 D, N, M, E thing hang.
Vay D, M, E thdng hang.
Bai 49. Trén cdc canh AB, CD ctia hinh vudng ABCD 14n lugt 18y cdc diém M, N sao cho

AM = CN = % Goi K 1a giao diém ctia AN va DM. Goi S 14 tryc tdm clia tam gidc

ADK. Chimng minh ring B, C, S thdng hang.

_ L3 gidi
Goi H 12 giao diém caa BC véi dudng cao KE cla tam gide ADK.
DN =CD- ON = AB - AB _ 248
. 3 3
AK AM 1
AKDNc6 AM/ DN = -or = —— = —
@ ZNK DN 2
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' AAND c6 EK // DN = % . AK 1

NK 2
1 A M B
= AE = ZDE
2 ™
Nén AE = 1AD = 2AB o] MEVAR . S H
. 3 3 _ g
Té gide ABHE 14 hinh chif nhat
= AB = EH
AADM = AEAH (c.g.c)
=> ADM = EHA
D N C

ADM + EAH= EHA + BAH =90°
= DM L AH : :
Do véy: H 1a tryc tdm clGa tam gidc ADK. Tac6 H=8
Vay: B, C, S thdng hang.
1 1

Bai 50. Cho tam gidc ABC c6 BG = -A—B AC . G 1 trong tdm, BD va CE 1 cdc ddng

phén gide clia tam gide ABC. Ching minh ring D, E, G thing hang.
Log gidei

Goi M 14 trung diém ctia BC. Ta c6 A, G, M thing hang.

Ve BN/ EG (N € AG), CP/ GD (P ¢ AG)

AABN c6 EG // BN = _g_g. - BE (dinh 1y Ta-6t)
. BE _ BC
AABC ¢6 CE 12 duong phan gide = L
¢ ngpangxcmAE "
GN  BC
Do d6 == 2C
4% A= ac
GP _ BC
Chit h tuong tiut
ng minh tuong tu cé: GA AR
GN GP BC BC
Tacs ot o— = o2, B ol 1,
A CATGA T AC T 2B C(AB+A)

= GN + GP = GA

NenGM + GP =2 GM = GM - MN + GM + MP = 2 GM = MN = MP
M 14 trung di€m cta BC va NP nén t¢t gisc BNCP 14 hinh binh hanh
= BN // CP. Do d6 EG // CP

Ta ¢6 EG // CP, GD // CP = EG, GD tring nhau (tién d& O-clit)

Vay ba diém D, E, G thing hang.

Bai 51. Cho tam gidc ABC, cdc dudng trung tuyén va phéan gidc vé tir A theo thd tu cit
BC tai M va N. T N vé duyng thing vudng géc v6i NA, dudng nay cit MA va BA
tuong Ung tai Q va P. Tt P v& dudng vubng goc véi BA cht NA tai O. V& QS L BC tai J.
Chiing minh ring ba diém O, Q, J théng hang.
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L3 gidi
Qua P vé dubng thing song song véi BC ¢t AM, AN, AC lan lwt 6 1, K, E.
Goi H I giao diém ctia PN va AC. Chimg minh duge I 14 trung diém PE. A

AAPH can tai A. _ _
IN 14 dudng trung binh ctia tam gidc PEH. \P I K B

Tt gidc IECN la hinh binh hanh,
Vi vay NC = IE = PI
NQ MN MN M1 NK
PQ PI ~NC Al AK
Nén KQ L OP
AOPK c6 PN, KQ 1a hai dudng cit nhau tai Q.
= @ la trye tAm cia tam gidc OPK
= 0@ 1L PK .
Ta ¢6 OQ L BC va OJ L BC (gt). Nén 0Q, QJ trung nhau.
Vay ba diém O, Q, J thidng hang. ‘
Bai 52. Cho tam gidc ABC ¢6 dudng trung tuyén CM. Tia phdn gidc eta géc AMC.cit AC
tai D, tia phén gidc cda BMC cét BC tai E. Céc dudng thing vudng gée v6i MD tai D,
ME tai E, ¢t nhau & F. Ching minh ring ba diém C, M, F thing hang.

Ta co

- Kb glii
L AD _ AM
AMAC c§ MD ta dudng phan gidc (gt) = D = MO
BE BM A

AMBC ¢6 ME 1a duy han gid Ll ool
c6 ng phén gidc (gt) = T MG

Goi O la giao diém ctia DE va CM.

AABC ¢6 Q-—: @ = DE // AB

CD CE
0 L OB %0, on. o
Tac6 DME = 90°, MDF = 90°, MEF = 90°
= Ta giéc-MI)FE la hinh chit nhdt > O ¢ MF
Do dé C, F, O, M thing hang.
Vay C, M, F thing hang.

Bai 53. Tir diém M niim trong tam gidc ABC v&8 MD 1 BC tai D, ME | AC tai E, MF L AB

Nén

tai F. Trén cdc tia MD, ME, MF 14an lugt 1y cac diém I, K, L ho = = —u = v,
ai rén céc tia an lugt 18y cdc diém sao cho o7 = —o =~
Goi T 14 trung didm cia LK. Chdng minh ring ba diém I, M, T thing hang.

A gidl

Goi N 1a diém d6i xdng cha diém I qua M. Ta ¢6 MN = MI
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Xét AKNM va AABC ¢6: %g— = %, RMN = ACB (cing bi véi gée KMD)
. NE MK A
Do d6 AKNM <»AABC (c.g.0) = v = —— -
0 é. (c.g.c) = N G (1)

Ma ML _ MK

AB - AC
Tar (1), va (@) o6 22 - NE v - Nk

AB ~ AB

Tuong tuif ALMN «»AABC
- LN ML Ma MKxML
AC AB AC AB
Tit gide LNKM c¢6 ML = NK, LN = MK nén 1a hinh binh hanh.
Mz T 1a trung diém ciia LK
Do vay T 14 trung diém cia MN
Taco I, M, T, N thing hang
Vay ba diém I, M, T th&ng hang.
"+ Nhan xét: ‘
Chiing minh tuong tu trén ta ciing ¢6 LM di qua trung diém cta IK.
Nhu vay M 1a trong tAm clia tam gidc IKL.

(gt) = LN = MK

EB _ FC
20 chog = 16
Goi I 1a trung diém cha EF, H 12 trung diém clia AD, K 13 trung diém cda BC. Chiing
minh ring H, I, K thdng hang.

Bai 54. Cho ti1 giac ABCD, E va F lan lugt trén cdc canh AB va CD sao cho

- Lad gidi
V& EP // AD, FQ / AD (P ¢ BH, Q & CH)
AABH ¢6 EP // AH, nén %’;— - % (hé qué cha dinh 1y Talet)
ADCH 6 FQ // HD, nén -g% - %% (hé qua cla dinh 1y Talet)
Ta cd %:%% (gt)
Suy ra % - %%.MaAH:HDnénEPzFQ. "

Mat khdc: EP // FQ (vi ciing song song v6i AD), nén PEQF 1a hinh binh hanh.
Ma I 1a trung diém ctia EF, do d6 112 trung diém céa PQ.
Goi K’ 1a giao diém cba HI va BC
EB BP
AABH e
¢6 EP // AH = AR BH
FC CQ

AHCD ¢6 FQ // HD = —o . U%
¢ FQ = DC- CH
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wa BB_FC o BP _CQ

AB DC BH ~ CH
AHCB c6 % - %% = PQ // BC (dinh 1y Talet dao)
AHIBK ¢6 TP // K'B = é% - %
AHCK’ ¢6 1Q // K'C = "1% - mé%
Nen %%: ;é—Qc Ma IP = 1Q. Do vay K'B = K'C
Tact K=K

Vay ba diém H, I, K thing hang.
Bai 55. Cho tam gidc ABC vudng tai A, AH 12 dudng cao. M 13 diém ndm trong tam giéé
ABC. I, J, K 14n lugt 1a hinh chi€u cGa M trén cdc eanh BC, AC, AB va o6 MIZ + MJ? +

MK? = %AHz. Ching minh ring A, M, H thing hang.
L gidd

B&i to4n phu: Chirng minh ring a® + b* > -;— (a + b)?

Diu “=" xdyra < a=>b

Thf?ltvéty,tacéa?+b2——~—;~(:114s-b)2+%(::\—b)“’zé*(::l-x-b)2

Dau“="xdyra <>a=">
X6t M, I, A c6 MI + MA > Al va AM L IM = Al > AM
Ta ¢ KMA = KAJ = MJA = 90°

: C
— T gidc MKAJ 12 hinh chit nhat > MA=KJ  ° I H
AMKJ vuéng tai M = MK? + MJ? = KJ®
Do d6 MI? + MK? + MJ? = MI® - MA® > % (MI + MA)® > %AIZ > «-21-AH2
R ) a2 2 2 1,12 | |

Theo dau bai ta cé6 MI* + MK+ MJ* = -2-AH

. M ndm gitta A va 1
Déu“=" xdy ra < {I = H , <> M 12 trung diém cia AH

MI = MA
Viy ba diém A, M, H thing hang. |
Bai 56. Cho géc nhon xOy, M 1a diém c8 dinh ndm trong g6c xOy. A v B l4n lugt di
ddng trén cdc tia Cx va Oy, sao cho 20A = 30B. V& tia Oz sao cho 1\‘&'6&:56}. Trén

tia Oz 14y diém C sao cho OC _ 3 Bist ring 2MA + 3MB = 2MC.

OM 2
Chdng minh ring ba diém M, C, A thing hang.
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Lo gidi
OC OA (3) —— e
X6t AOAC va AOBM ¢6 —= = =2 - [2). KOG = BOM
va A0BM e6 =7 = &g [2} _

AC 3 2
Do 46 AOAC «» AOBM 22 23 L mB= 2AC
° Cced=yg =3 3
Xét ba diém M, A, C o6 MA + AC > MC
Do d6 2MA + 3MB = 2MA + 3. ZAC o A
3

= 2 (MA + AC) = 2MC
Ma 2MA + 3MB = 2MC (gt). Do vy A ndm gitta M va C Z
Vay ba diém M,C, A thing hang.
Bai 57. Cho xAy nhon, B va C l4n lugt niim trén céc tia Ax va Ay sao cho AB < AC, M 1 diém

trong goc xOy sao cho % = ~21~ Goi D & diém trén doan théng AB sao cho AD = %AB

Biét riing MB + 2MC = 2DC. Chdng minh rang C, D, M thing hang.
' Lo, gidi
MA 1 AD 1
Tach — = = do d6 — = —.
a6 4g = 38 MA 2 c

X6t AAMB va AADM c6 MAB (chung); 202 = AD. (z 3*:.)

AB - MA U3
Do d6 AAMB < AADM= MB _ MA _, v omD M
AD A
X6t ba diém M, D, C ¢6: MD + MC > DC. D B x

Do d6 MB + 2MC = 2 (MD + MC) > 2DC. Ma MB + 2MC = 2DC (GT)
Déu “=” x4y ra, do d6 M nim giza Cva D
Vay ba diém C, D, M thing hang.

Bai 58. Cho hinh chit nhat ABCD (AD < AB). V& AH 1 BD tai H. Trén tia d6i cia tia AD
14y diém E sao cho AE < AD. V& EM L BD tai M, EM cit AB tai O. Vé AKX | BE tai K.
Vé AF L OD tai F. Chitng minh ring ba diém H, F, K thdng hang.

Lod giai
Goi N 1a giao di€ém ctia DO va BE. |
ADEM c6 AH // EM =28 _ DA i}
DM DE | E
, N
ADEN ¢6 AF // EN = oL . D4 |
DN =~ DE '
DH _DF DA Al O
ADMN c6 = HF // MN A B
| “ PM T DN [ DEJ = HF/
"BM  BO
AABH ¢6 CM // AH = —t = —2
¢ ~ BH - BA -
BO _ AN H _ ,
AABK 6 ON // AK = BA © AR D C
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BM _AN BO

AAKH ¢ BH ~ 1K (m m) = HK // MN

T HF // MN, HK // MN. Ta ¢6 HF, HK trung nhau (tién dé G-clit)
Vay ba diém H, F, K thing hang.

Bai 59. Cho tam gidc déu ABC. Céc cap diém As, As; By, By Cy, Cq theo thit ty thue cc
canh BC, CA, AB sao cho luc gide A;A.B;B,C1C; 18i va ¢6 cdc canh bing nhau. Goi M
la giao diém cda A1B2 va B1Cy. Chidng minh ring ba diém Az, M, C; thing hang.

Ld gidd A

L&y K trong tam gide ABC sao cho tam gidc KAjA, 13 tam gide déu.
Ta c6 KALA, = B,CB = (60%
= KA, // B|B;

KA; = B1B; (= AjAy)
Do d6 tit gide KB,B1 A, 12 hinh binh hanh. Ma A,B; = BB, (gt)
Do vay tif gide KB,B:A; 13 hinh thoi = KB, = B,B, B
Ta c6 KB; = B;C; (=B3B;). Tuong tu KC; = C;B,
AKB,C, déu
Do vay A/A;B; = AjAK + KA,B; = CBK + KByB, = C/B,B,;
AAAGB, = ACB,C, (c.g.e) = A;B; = C,B;
Ma A)Cs = C1Cy .
Do dé B;C; cuing thude dudng trung truc cha doan théing AC

= B,Cy 14 dudng trung truc cta A,C,

Tuong tu A;B; 12 dudng trung truc cia B,C; va C;A; 13 dudng trung truc cua A:B,.

M la giao diém cdc dudng trung true cdc canh A;Cy, BC; clia tam gidc A18101 = M
thude dutng trung true cta canh A;Cy

Vay ba diém A, M, C; thing hang.

Bai 60. Cho tam gidc ABC, M la di€ém ndm trong tam gidc ABC. Goi I, J, L 14n lugt 1a
trong tdm cdc tam gidc MBC, MAC, MAB. Goi G, K lan luot 1a trong tam cda tam gide
ABC, IJL. Chitng minh ba diém G, K, M thing hang.

L0 gici
Goi D, E, F 14n lugt 12 trung diém ciia cac canh BC, AC, AB
AD cit EF tai V. Ta c6 D, E 14n lugt 13 trung diém cia BC, AC

= DE 1a dudng trung binh cla tam gidc ABC = DE / AB va DE = %AB

Ta 6 DE = AF = (—%AB] va DE // AF

Nén tit gidc AEDF 1a hinh binh hanh. = V 1a trung diém caa EF.

Do vay AD di qua trung di€m cGa EF

Tuong ty, BE di qua trung diém O ca DF

Véy trong tam G cha tam gidc ABC ciing 12 trong tam cha tam gisc DEF.
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AMARB c6 MF la dudng trung tuyén, L 1a trong tdm = —— = -g-

MI 2
Tuong tu ¢b: ——— = —
PEWCO WD T 3
ML MI 2 ]
e S il LN e . 7 d
MF - MD ( 3) = LI // DF (d;I:lh 1y talét dao)

Goi S 1a giao diém cla MO va DF

AMFO ¢6 LS // FO = 25 . MS
_ FO - MO

S MS

MOD ¢6 ST/ OD = —n = M2

A c6 81/ = ob MO
Ma OD = OF. Do vay LS = SI .
Goi T la giao-diém cia JS va MG B D | c
AMOE c6 %‘* %}% [: %) = SJ // OF (dinh Iy Talét dio)

JT _ MJ

GE ME

JS Md
AMOE ¢6 SJ // OE —— i —
. et 5 wEO ME
EMJ)m JI  GE _ 2
ME

AMDEF ¢b

it

]
e

i§
wine

AMGE ¢6 'TJ // EG =

i

JTJs
Ta 6 St 22
3¢ on EO[

JS  EO 3
. R : .2 JT 2

AIJL ¢6 J8 1a duding trung tuyén, T thude doan thang JS va JT = -3-J Sivi Is =3

= T la trong tam cda tam gide IJL

NenT=K

Vay ba diém G, K, M théng hang.
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CO THE BAN DA BIET?
HAI PUGNG CONG KY LA
Hinh hoc Fuclid duge gidi thidu ¢ trudng trung hoc v6i vige khéo st cdac hinh da gidc,
hinh tron, hinh da dién, hinh cdu, hinh nén, v.v.. Hon hai nghin nim qua, hinh hoc
Euclid da c6 tac dung to 16n déi v6i nén viin minh nhén loai, tif vidce do dac rudng dat
dén vé 46 4n x4y dung nha cita, ché tao vat dung v mdy moéce, ti vide mbd td quy dao
elia c4c hanh tinh trong hé Miit Troi dén mod t3 cdu trie cla nguyén tif. Tuy nhién, qua
hinh hoc Euclid ta nhin moi vt dudi dang “déu dan”, “tron nhin”. V6i nhimg hinb
dang trong Hinh hoc Euclid ta khong thé hinh dung vA m6 t4 duge nhidu vat thé rat
quen thudc chung quanh nhu qud nti, b& bién, ddm may, nhidu bd phan trong co thé
ngudi (phdi, mach mdu.)v.v.. 14 nhitng vit cu thé cue ky khong déu din, khong tron
nhé&n ma rat xi xi, g6 ghé. Mot vi du don gidn: bd bién ddo Phi Qude dai bac nhiéu?
Ta khéng thé ¢6 duge cdu tri 16i. N&éu ding cich do hinh hoc quen thude, di thude do
¢6 nhé bao nhidu di nita ta ciing dd bd qua nhiing 16i 16m giita hai dau cda thude do gy,
nhat 12 chd bo d4 nhdp nhé. Va véi thube do cang nhd ta ¢6 chidu dai cang 16n va cb
thé 1a.. vo cung lén!
Nhitng dudng cong tuong tu cdc dub'ng cong sau ddy c6 thé phén 4nh nhing d6i tuong
nhu dutrng bo b1§n hinh ddng cdc ddm may, cdc ddy ndi nhip nhs,..
1. Pudng cong von Kock
LAy mot doan thing AB bat ky, goi 1a hinh ban diu K; (Hinh 1)
Buge 1. Chia AB ra ba phdn bing nhau (AC = CD = DB), ré6i dung tam gidc déu CED
trén doan thing & gitta (CD), sau d6 xod canh CD di. Ta duge hinh K, (Hinh 1). Quy tdc
bién déi tir hinh ban ddu K, thanh hinh K; goi 1a quy tdc sinh; hinh K; ciing duge goi
1 tdp sinh.
Trén hinh K, diém E nidm phia trén doan thing nim ngang AB. Ta néi da 4p dung
quy tic sinh vé phia trén cha AB.

A c D B A ¢ b B

Bude 2. Lap lai quy tdc sinh nay cho bon dogn ctia K;, ta duge Ks. Chi ¥ ring 461 véi
AC va BD thi 4p dung quy tdc sinh vé phia diém E, cdon d6i v6i hai doan CE va ED thi
4p dung quy tde sinh vé phia ngodi clia tam gidc CED da dung trude do.
Budce 3. Lap lai quy tdc sinh nhu d4 mo t4 & cdc Budc 1 va 2, v6i 16 doan thing cia K
ta duge Ks.
Lap lai quy tdc vd han ldn, ta duge dudng cong K ma K, 12 mot hinh dnh gin ddng.
DPudng cong nay dugc goi 14 Pudng cong von Kock, theo tén nha todn hoc Thuy Dién
Helge von Kock (1870 — 1920) d& nghi ra né nam 1905.
2. Dudng cong Minkowski

Hinh ban dau My: doan thdng nim ngang AB (Hinh 2)
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Bude 1. (Quy téc sinh). Chia doan thing AB thanh bdn doan nhé bing nhau, v6i cée
diém M, N, P. Trén doan thang MN dung lén phia trén mét hinh vuéng MNQR va trén
doan thing NP dung xuéng phia dudi mét hinh vudng NPST, sau d6 xo4 hai canh MN
va NP, ta duge hinh M; (Hinh 2). M; la tdp sinh, gém tdm doan thing trong dé bén
doan thdng song song véi AB (doan thing AB coi nhu song song v6i AB) va bén doan
thédng vudng goc véi AB,

Bude 2. Lap lai.quy tdc sinh cho mi doan thing ciia My, ta ¢6 M. G day, d6i v6i mbi
doan théng song song véi AB, &p dung quy tdc sinh nhu d6i v6i doan thing AB. Dési
v6i mbi doan thing vudng géc v6i AB, thi quay My quanh A mdt géc 90° nguge chidu
kim déng hé réi 4p dung quy téc sinh nhu véi doan AB.

Bude 8. Lap lai quy tdc sinh nhu da md td & cde Bude 1 va 2 d8i v6i moi doan thing
thude M, ta duge M;.

Sau n buége lap ta duge hinh M,, Khi n— +w ta duge mét dudng cong goi 1a Duting cong
Minkowski (Herman Minkowski, 1864 —~ 1809, nha todan hoc Lituani).

D& thay ring Puong cong von Kock cling nhu Pudng cong Minkowski 12 nhilng dudng
cong ¢6 hai ddu mat, nhung ¢6 chiéu dai v han.

Thue vay, tdp sinh cha Pudng cong Minkowski gbm t4m doan thing, m&i doan thing

bing % doan théng ban déu, tic 12 tap sinh dai gép doi (8 x »j: = 2) doan théng ban

ddu. Sau buéc 1, hinh cé chiu dai bang 2 (gid s AB = 1 don vi chiéu dai), sau buée 2
hinh ¢6 chiéu dai 2 x 2 = 2° sau bude n thi hinh c6 chiu dai 2", Khi n— 4w thi 27
- 4w, nghia 13 Dudng cong Minkowski ¢6 chiéu dai vb han.

T4p sinh chia dudng cong von Kock gém bon doan thdng, mdi doan thing bing :51;; doan
thang ban dau, tic 1a t4p sinh dai bing % doan thing ban d4u. Nhu vay, sau mbi bude

' xdy dyng Pudng cong von Kock thi hinh ¢6 chidu dai tang lén theo t1 & %«-, sau i budc

n

n
hinh ¢6 chiéu dai [g] (Gia st AB = 1 don vi dai). Ma —g— > 1 nén (%) — 400, nghia

la PBudng cong von Kock dai v6 han.
(Trich tir TIM HIEU FRACTAL mén hinh hoc méi la cia Hoang Ching — Hoang Quy --
Hoang Tuy).
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3. CAC BAI TOAN LGP 9
CHUONG I

HE THUC LUGNG TRONG TAM GIAC VUONG
PUGNG TRON
Bai 1. Cho tam gidc nhon ABC, H 1a truc tdm. M, N 14n lugt trén cdc doan thing HB, HC
sao cho AMC = 90°, AM = AN. Trén nita mit phdng b AN v& tia Ax sao cho AN la tia
phén gidc cda géc BAx. Trén tia Ax 14y diém K sao cho AK = AB. Ching minh ring ba
diém B, N, K thing hang.
Lt gidi
BH cit AC & D, CH cit AB G E. :
Ta ¢6: BD L AC, CE L AB (vi H 12 true tdm cGa AABC)
AAMC vubdng tai M ¢6 MD 1a dudng cao = AM® = AD.AC
Do d6, AN? = AD.AC (AM = AN)
Xét AADB va AAEC ¢6: DAB (chung), ADB = AEC (=90%)

AD AB
Do dé6 AADB «» 8 e Jp— . = AE.AB.
o dé AEC(gg)m% AC:>AI)AC
Nén AN? = AE.AB (= AD.AC)
Xét ANAB va AEAN cé:
T AN AB 2
NAB s = i (Vi = .
_ (chung), F (Vi AN” = AE.AB)

Do d6 ANAB «~AEAN (c.g.c) ,
= ANB = AEN.Ma AEN = 90° nén ANB = 90°.
= BN L AN '
Mat khdc AABK ¢6 AB = AK = AABK can tai A. P
AN 12 dudng phan gide cia AABK (gt) = BK L AN
BN 1 AN, BK 1 AN = BN, BK triing nhau
Vay B, N, K thidng hang. .
Bai 2. Cho tam gidc ABC vudng tai A, AH 1a dung cao va ¢6 BH = AC. Pudng trung tuyén BM
AD AC

clia tam gidc ABC cit AH & K. D la diém trén canh AB sao cho BD " BC" Chitng minh

rang ba diém C, K, D thing hang.
Ldi gqidai
Céch 1: _ : '
Trén tia d6i cla tia MB 14y diém E sao cho ME = MK.
Ta ¢6 M 1 trung di€m ctia AC (gt), M 1 trung diém cta EK
Do d6 t giac AKCE 1a hinh binh hanh = AK // EC, AE // KC
KE CH

ABCE ¢6 ool
céd KH // EC = R B
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AABC vudng tai A, AH 1a dub'ng cao
= AC* = CH.BC
CH AC
AC  BC
AD AC AD KE

5 BH.
Ma B0 =BG (gt), AC = Do d6, ta cé6 —— b - BK

AD KE
AABE ¢6 BE " BE = DK/ AE B
Ta c¢6 DK // AE, KC // AE = DK, KC trung nhau (tién dé OG-clit)
Vay ba diém C, K, D thdng hang.
Céach 2:
Goi I 1a giao diém cha BM va DH.
AABC vubng tai A, AH la dudng cao

. AC CH n
= AC*= CHBC = L=~ ~ M
oas AC . OB N
B C
AD CH

AC H
AABC ¢6 22 = =221 = DH//AC
BD BH ‘

u

AMEMc6 IH/ AM = — =—rn

AABM ¢6 DI/ AM = —— = ——

ABCM ¢6 [H // CM = —— =womr

Tacs PL o I v AM = CM = DI =1H

AM CM

bl IK IH
Xét AIDK va AMC DIK = CMK let / AM =
&t A va AMCK c6: K (so le trong va TH / ), G = MK [ CM]

Do d6 AIDK «»AMCK (c.g.c) = IKD = MKC
Ta c6 DKC = DKM + MKC = DKM+ TKD = 180°.
Vay C, K, D théng hang. :
Bai 3. Cho tam gide ABC ¢6 AB cos B = BC cos C, dudng cac AH cit dudng trung tuyén

BM céa tam gide ABC & K. Diém D trén canh AB sao cho gg = %—g Ching minh ring
ba diém C, K, D thing hang. y

Lt gifd
CéCh 1: D

Trén tia doi cGa tia MB 14y di€m E sao cho ME = MK,
Ta c6 M 1 trung diém cta AC (gt), M 1a trung diém cda EK.

L
Do 46 t gisde AKCE la hinh binh hanh. B H
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= AK // EC, AE // KC.
KE _CH

ABCE ¢6 KH// EC = ——

= — 1
BK BH =

BH CH CH AC ‘
Ta cé = BC AB. — =BC.— e 2
a c6 AB cosB cosC (gt) = T BC “C = BH-BO (‘ )

%g - 22 (v (3)
 KE _ AD
BK BD
AABE c6: AD = KB = DK/ AE
BD BEK
Ta ¢d DK // AR, KC // AE
= DK, KC trung nhau (tién dé oclit)
Vay ba diém C, K, D thing hang.
Cach 2
Goi I 1a giao diém clia BM va DH.
Ta c6 AB cos B = BC cos C (gt) A
:>AB.§§- =BC.9~E{-— = 9}1 = &
AB AC BH BC
AC AD
H6 © ﬁ)—(gt) D
AD CH

| AC |
ABC s 22 SR (LAY ) pyac
“ BD BH[ BC} = I

Tit (1), (2), (3) ¢d

IR A C
AM =~ MK \
DI B
AM ~ BM
IH BI
ABCM c6 TH // CM = —— = —
© oM T OBM
DI _IH {_ BI
AM CM\ BM
Xét AIDK va AMCK c¢6: DIR = CMK (so le trong va DH / AM)
DI _ IK (_ IH
CM MK U CM
Do d6 AIDK «» AMCK (c.g.c) =KD = MKC
Ta ¢6 DKC = DKM + MKC = DEM + TKD = 180°
Vay C, K, D thing hang.
Bai 4. Cho tam gidc ABC nhon ¢6 sinA = cosB. tanC. Duing trung tuyén BM cit dudng cao

AH cda tam gidc ABC & K. D 1a diém trén canh AB sao cho % = gmgw Ching minh ring

AAKM c6 ITH // AM =

AABM ¢ DI // AM =»

Ta ¢é )MaAM:CMmDIzIH

ba diém C, K, D thng hang.
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Lot giid
Bai todn phu:
Cho tam gigec ABC ¢6 A nhon. Chiing minh ring: Sspc = %AB.AC. sin A,

Gidi:
Ve BT L ACtai T.
Ta ¢6 BT = ABsinA (ATAB vubng tai T)

1 1 : D M
Do d6 Sapc = + BT.AC = ~AB.AC.sinA.

Trd lai bai todn: Ta ¢6: Sapg = éAB.AC.sinA . 8
C
H
Sapc = %AH.BC
. AHBC BH AH . A
Né A= .M B.t B | e A= B.
én sin BAC a cosB. tanC 5T sin cosB. tanC
Do qs BE AH _ AHBC _ CH _AC T

AB CH = ABAC ~ BH BC
Lam ti€p nhu bai 3, ta ¢6 C, K, D thing hang,

* Nhin xét: : ' B ' C
Cée bai teén 2,3va4dla“HO HANG” cha nhau.
Céc ban hiy gidi cic bai toAn nay bing cdc cach khic.

Bai 5. Cho tam gide ABC ndi tiép dudng tron (O; R) dudng kinh
BC. V& dudng tron tam I, dubng kinh OA cit AB, AC lan lugt
& D, E. Ching minh riing ba diém D, I, E thing hang.

_ L gidi
AABC ndi ti€p dudng trom (0) duong kinh BC (gt) B
= AABC vubng tai A.
AADE vubdng tai A ndi tiép ditng tron (1)
= DE la dudng kinh cta dutng tron ().
Viy ba diém D, I, E théng hang.

Bai 6. Cho tam gidc ABC vudng tai A. Ve dudng tron (B, BA) va dudng tron (C, CA). Goi
D 12 giao didm cta hai dudng trdn (B), (C) (D khéc A). Tiép tuyén tai A cla dudng trdn
(B) cdt dudng tron (C) tai E, tiép tuyén tai A cia dudng tron (C) cit dudng tron (B) tai
F. Chitng minh riing E, D, F thing hang.

L gidi A
Ta c6 AB L AC (BAC = 90% | 1
_ AF | AC (AF 13 ti&p tuyén cia dudng tron (C)
=> A, B, F thing hang.
ADAF ndi tiép dudng tron (B) dudng kinh AF F D E
= ADF =90° = AD L DF’
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Ching minh tuong tu, ta c6: AD L DE
Ta ¢6 DF 1 A}, DE L AD

= DF, DE trang nhau

Vay ba diém E, D, F thing hang.

Bai 7. Cho hai dudng tron (O, R) (R > R)) tiép xuc trong tai A. Pudng thing qua A cit
cac dudng tron (O), () ldn lugt & B,C (B, C khdc A). Goi M Ia trung diém cha doan
thing BC. Goi D 1a diém déi xdng ca O qua M. Chdng minh ring ba diém O, C, D
thang hang.

Lot giai
(0}, (O) tiép xdc trong tai A = 0, O, A thing hang.
Ta ¢6 OA = OC (= R') = AOAC cén tai O
= O'CA = 0'AC
Mit khac OB = OA (= R) = AOAB cén tai O
=»OBA = OAB
Ta c6 OBA = O'CA (= OAB) = OC’// OB

Mait khde: M 1a trung diém cta BC (gt),

M la trung diém cta OD (O, D d&i xing qua M)
= Tut gidc OBDC 14 hinh binh hanh

= CD // OB

Ta ¢6: O'C // OB, CD // OB = O'C, CD tring nhau (tién dé Gclit)

Vay ba diém O’, C, D thing hang. '

Bai 8. Cho hai dudng tron (0), (O) cdt AB, C la diém trén tia d6i cta AB, D 14 diém trén
tia d6i cia tia BA. Pudng thing qua C vudng goc véi OD cdt dudng thdng qua D vubng
véi OC & B. Ching minh ring ba diém E, O, O’ thing hang.

Lot giai
Hai dudng tron (O}, (Q") ¢t nhau tai A, B c
= O 1& dung trung truc cia AB = OO’ | AB ' |
Xét AOCD c¢6 CE, DE la hai dudng cao
(CE 1 OD, DE 1 OC, c¢ét nhau tai E)
= E 12 truc tdm cha tam giac OCD 0 o
= OE 12 dudng cao cua tam gidc OCD
= OF L AB B
Ta ¢6 OO0 L AB, OE I AB = OC’ va OF trung nhau
Vay ba diém E, O, O’ thing hang.

Bai 9. Cho tam gidc ABC (AB < AC) ndi ti&p duting trdon (O). V& day BD cit canh AC &1 va
BD = AC. Goi M la trung diém canh BC. Chiing minh rang ba diém O, I, M thing hang.

Lat giai

D

V& OK L BD tai K, OL L AC tai L.
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Ta ¢6 AC = BD (gt) = OK = OL, BK = CL (BK = 5 =g = CL)

Xét AOKI (OKI = 90°) va AOLI (OLI = 90

~ OI (canh chung), OK = OL
Do d6 AOKI = AOLI (canh huyén-canh géc vudng)
= Kl =LI
Taco IB=BK + Kl =CL + LI =1C
ViIB =1C, OB = OC, MB = MC .
= I, O, M ciing thudc dudng trung truc clia doan thing BC.
Vay ba diém O, I, M thing hang. '

Bai 10. Cho hai dudng tron (O; R) va (O’; R) tiép
xiic ngoai nhau tai A. BC, DE 1 cdc tip tuyén B
chung ngoai cia hai dudng tron (0), (0 (B, D
¢ (0);C, E e (0)). Goi M, N lan lugt 1a frung
didm ctia BC, DE. Ching minh ring ba diém
M, A, N thing hang.

Lot giaé
Goi M’, N’ 14n lugt 14 giao diém cda tiép tuyén
chung trong tai A cia hai dudng tron (O), (O)
véi BC, DE.
Ta c6 M'C = M’A, M’A = M’B (Tinh chét cda hai ti€p tuyén cit nhau)
= MC=MB .
Dodé M = M. Tuong ty N’ = N
Vay ba diém M, A, N thing hang.

Bai 11. Cho tam gidc nhon ABC ndi ti€p dudng tron (O), M 1a trung diém cta canh AC. H
12 hinh chifu cia M trén AB. Pubng tron (I) ngoai tifp tam gidc OMC cit dudng thing
vubng géc v6i BC vé tit C & K. Ching minh ring H, M, K thdng hang.

Lo gidd
Goi D 1a giao diém ctia BC v6i dudng tron (I).
Ta ¢6 M la trung diém cia canh AC (gt) = OM L AC
= I 1a trung diém cda OC
Ma DCK = 90° = DK 1a dudng kinh clia dudng trén (I)
= DMK = 90°
Mit khae ODC = 90° |
Ta ¢6 OD L BC = D la trung diém cGa canh BC

DM la dudng trung binh cta tam gidc ABC = DM/ AB. g \ c
Ma MH L AB. Do d6 MH L MD = DMH = 90° \y
Ta c6 DMH + DMK = 90° + 90° = 180°
Vay ba diém H, M, K théng hang.
Bai 12. Cho tam gidc nhon ABC (AB < AC) ndi ti&p dudng tron (O), cde dudng cao BD va

CE cit nhau tai H. Pudng tron ngoai tiép tam gide ADE céit dudng trdon (0) § S, A (S
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khac A). Goi I 1a trung diém ctia BC. Ching minh réng ba diém S, H, I théng hang.
| L it
V& dutrng kinh AM cia duong tron (O)
Ta c6 ASM = 90% ABM - 90 ACM = 90°
BH 1 AC, MC L AC
= BH // MC
Tuong ty CH / MB

Do d6 td gidc BHCM la hinh binh hanh. I
Ma I 1a trung diém cia BC
Do d6 I 1a trung di€m cha HM = H, I, M thdng hang (1) :

. AEH = ADH = 90°.
Do d6 tam gidc ADE néi tiép dudng tron dudng kinh AH = ASH = 90°.
HS 1 AS, MS 1 AS (ASM = 90°) -
= M, H, S thing hang (2)
Tit (1), (2) ¢6 M, I, H, S théng hang.
Vay S, H, I thdng hang. .

Bai 13. Cho tam giac nhon ABC ndi tiép dudng tron (O; R). V& dudng kinh BD cha dudng
tron (0). M, N 1dn lgt trén AC, CD sao cho AC = 3AM, CD = 3DN, Pudng tron dudng
kinh AM cdt AB & K (K khac A)

Chiing minh ring ba diém M, N, K thing hang.
"L giad

AKAM nbi tiép dudng tron duvng kinh AM

= AKAM vudng tai K

= MK L AB

AABD nbi ti€p dudng tron dudng kinh BD

= AABD vudng tai A

=> AD LAB

B C
Ta c6 MK L AB, AD L AB = MK // AD (1 \/

AM DN 1
at kha : =] = N/ AD 2
Mat khac ACAD cé AC CD( 3) = M (2)

Tix (1), (2) ¢6 MK, MN triing nhau (Tién dé O-clit)
Vay ba diém M. N, K thing hang.

Bai 14. Cho hinh vudng ABCD. V& dudng tron (O) dudng kinh AB va dudng tron (D; DC).
Goi E 1a giao diém cta hai dudng tron (E khéc A). Tia BE cit DC tai M. Goi I 12 giao

diém trén AB sao cho Al = :l[AB, N 1a diém d6i xdng cia D qua L. Ching minh réng ba

diém M, N, O théng hang.

L7 gidi
N&éi véi E. ‘
AEAB néi tiép dudng tron dudng kinh AB

= AEAB vudng tai E (O) va (D) cit nhau tai A, E.
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= OD la dudng trung truc cia doan thing AE N
= 0D 1L AE ‘

Ta ¢6 OD L AE, BM L AE = OD / BM

T gide OBMD c¢6 OD / BM va OB // DM, nén 1a hinh binh hanh.

= DM = OB A 0

DodéDM:OBx%ABmOA.

Ta gide AOMD la hinh binﬁ hanh = OM // AD (1)

Al = %AB, OA = OB

= Al =10

Ta giac ADON c6 I 1a trung didm cha AO, I 12 trung diém
ctia DN (N d6i xtmg v6i D qua I)

Do dé6 tit giac ADON 1a hinh binh hanh = NO / AD

Ta ¢6 OM // AD, NG // AD = OM, NO trung nhau (Tién dé O-clit)

V4y ba diém M, N, O thidng hang.

Bai 15, Cho nffa dudng tron (O; R) duong kinh AB. Lay diém K trén nita dudng tron (K khac
A va B). V& KH vudng g6c véi AB tai H. Goi I 1a trung diém cGa KH. Tia BI cit dudng
thiing vudng g6c v6i AB tai A & N. Pudng thing qua O vubng géc véi BK ¢t dudng thing
vudng goc v6i AB tai B & N. Chiing minh ring ba diém M, K, N thing hang.

_ L7 gided c N
Goi C 1a giao diém cia BK va AM.
Ta 6 AC 1 AB (gt), KH 1 AB (gt) = AC / KH K
AMAB c6 TH // AM = 11 _ BL M
AM ~ BM “
I
AMCB ¢6 KI // CM = & _ BL
CM ~ BM - .
IJH 1K ( BI A oo
Ta c¢b = [m ) ma [H = IK (I 1a trung diém cta KH)
AM ~ CM U BM
Nén AM = CM

AKAB ngi ti€p dudng tron dudng kinh AB

= AKAB vuéng tai K = AK L BC = AKC = 90"

AKAC vubng tai K, KM la dutng trung tuyé'n = AM = KM

Xét AAOM va AKOM cé: OA = OK (=R), AM = KM, OM (canh chung)
Do d6 AAOM = AKOM (c.c.c) = OAM = OKM

OAM = 90°, nén OKM = 90°= MK L OK (1

Mt khac ON L BK (gt)

= ON di qua trung diém T cha BK
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= ON la dudng trung tryc cia BK
= NK = NB. ‘
Ching minh tuong tu c6 AOKN = AOBN (c.c.c)

Suy ra OKN = OBN =90°=> NK L OK = (2)
Tu (1), (2) c6 MK, NK trung nhau
Vay M, K, N thing hang.

Bai 16. Cho tam gidc ABC n¢i tiép dutng tron (O) dudng kinh AC. Trén tia AB 14y diém
D sao cho AD = 3AB. Pudng thdng Dy vudng géc v6i CD tai D cét ti€p tuyén Ax cia
dudng tron (O) tai E. Goi M 1a trung diém ciia doan th&ng CD. V& hinh binh hanh
CABN. Ching minh ring ba di€m M, N, E thing hang.

L& giai
VEEI LAD(I € AD) ~ (1)
B thudc dudmg tron dudng kinh AC

= ABC = 90° = DBC = 90° |
Xét AIDE va ABCD ¢6 DIE = CBD (=90"); EDI = BCD (Cung phu véi géc BDC)

Do d6: AIDE «» ABCD = D _E (1
BC BD '

Xét ATAE va ABCA cé:

AIE = CBA = (90%), TAE = BCA (ciing phu v6i géc BAC) | -
Do d6 AIAE «» ABCA = 2 = -;% @) /E
' y
Lai c6 AD = 3AB = BD = 2AB 3) M
B
Tir (1), (), (3) ¢6 -2 = 22 = 91D = 14 = AD = 31D N
| BC  2BC
Vay AB = BI = ID A 0 ¢
Td gige BINC c6 ON // BI, CN = BI (=AB)
= T gide BINC la hinh binh hanh.
Ma IBC = 90° Do dé t gidc BINC 1a hinh chit nhat = NI L AD (2)
ABCD vudng tai B, BM la dudng trung tuyén
= BM = MD

= AMBD cin tai M
AMBD can tai M ¢6 MI 14 dudng trung tuyén
= MI cing 1a dudng cao cta tam gidc MBD
= MI L AD 3)
Tir (1), (2), (8) ¢6 EI, NI, MI tring nhau. Do dé E, I, M, N thdng hang.
Viy ba diém M, N, E thing hang. |
Bai 17. Cho tam gide ABC cén tai A, nbi ti€p duding tron (0). M 1a trung diém canh AB,
G la trong tAm cta tam gidc AMC. Pudng thdng qua M vudng géc véi OC cit dudng
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thing qua C vudng géec véi OM ¢ N. Ching minh ring ba diém O, G, N thing hang.
Loi gidi

Goi I 1a giao diém cia OA va MC, CG ciit AM & T.

Ta e6 MA = MB; AB = AC; OB = OC {(=R)

= AO la dudng trung truc ctia doan thing BC.

Ta ¢6 I la trong tAm cilia tam gide ABC = Cl = %CM

G 1a trong tdm cta tam gidc AMC = CG = %CT

Ta co g: E [33)
CM CT 3

ACMT cb a6 = IG // MT (dinh 1y Ta-1ét ddo)
CM CT

M la trung diém cia AB = OM 1 AB. Nén IG 1L OM
Ta ciing ¢6: ATBC c6 - = 1O (: i] = MG // BC
B TC 3
Ma OA L BC nén OA L MG.

AOMG ¢6 O, IG 1a hai dudng cao cit nhau tai L.

=> I 1a tryc t&m cta tam gidac OMG

= MI 1a dutng cao cla tam gidc OMG

= MI L OG

Xét AMNC ¢6 MO, CO 14 hai dudng cao (vi CO L MN, MO 1 CN) ¢4t nhau tai O

= O la truc tim cta tam gidec MNC

= NO L MC

Ta ¢6 NO L MC, OG L MC

= NO, OG trung nhau

Vay ba diém O, G, N thing hang.

Bai 18. Cho tam giac nhon ABC, cdc dubng cao AD, BE cit nhau tai H. Dudng tron tadm I
dutmg kinh Al Tiép tuyén cta dudbng tron (I) tai A cit dudng thing qua I va vubng
goe véi AC ¢ M. Goi N 1a trung diém canh BC. Chiing minh ring ba diém M, E, N
thing hang.

L3 gidi A {fi
AAEM vubng tai E
S FA FH I
E thudc dutng tron (I), EAC = 60%, == = ==
= ude . ng tron (I G~ FB e E

= A =1E.

Ta ¢6 IM L AE (gt) = IM di qua trung diém ctia AE
Do d6 IM la dubng trung true cha AE = MA = ME
Xét ATAM va AIEM cé: B - C
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1A = IE, IM {canh chung), MA = ME
Do d6 AIAM = ATEM (c.c.c) = IAM = [EM.Ma [AM = 90° nén IEM = 90°
AIAEcéntaiE::»Iﬂ‘i‘:‘_K:mE. '
AEBC vudng can tai E, EN la dudng trung tuyén
=» EN = CN => ANEC can tai N
= NA%_C = @
Ma NCE + IAE = 90° (ADAC vudng tai D). Do d6 NEC+ [EA = NCE + IAE = 90°
Nén NEI = 90°. Ta c6 MEN = IEM + NEI = 90° + 90° = 180°

. Viy ba diém M, E, N thing hang.

Bai 19. Cho dudng tron (O, 1) ndi tiép t gidc ABCD. M, N I4n lugt trén cdc canh AD; BC
sao cho hai tf gide ABNM va MNCD ¢6 chu vi béng nhau va dién tich biing nhau.
Ching minh ridng M, O, N théng hang.

Lo gidi
Ta c6 Sascp = Soas + Sosc + Socn + Soap

= énr(AB+BC+CD+DA)

Ma AB + AM + BN + MN = CD + MD + NC + MN

(CV (ABMN) = CV (MNCD)) M —¥ —\N
= AB + AM + BN = CD + MD + NC /K /\
1
Sapnm = ESABCD (gt) 5 —C

Sasnm = Soas + Soam + Sopn + Somn

1}

-;—r(AB + AM + BN) + Sox

i

i
E‘SABCD * Somn

Nén SOMN =} ‘
Vay ba diém M, N, O thing hang. _
Bai 20, Cho tam gidc OAB vudng tai A (OA > AB). Trén tia d6i clia tia BO 14y C sao cho
BC > 2AB. V& CD vubng géc véi OA tai D. V& hai dudng tron (B; BA) va (C; CD). V&
MN 1a ti€p tuyén chung trong cia hai dudng tron (M ¢ (B), N e (C)). Vé dudng kinh
NE cla citfcfng tron (C). Ching minh ring ba diém O, M, E théng hang.
L giai

Ta c6 AB L OD, CD L OD = AB // CD

X6t AOCD ¢6 AB / CD = 2B - AB

oc =

Ma AB = BM (= R), CD = CE (= R).
oy OB _ BM
oc " CE
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Mit khdc: BM L MN, CN L MN = BM // CN = OBM = OCE

Xét AOBM va AOCE c6: OBM = OCE, 2B . BM
oc = B

Do d6 AOBM «> AOCE (c.g.c)
=> BOM = COE
= Hai tia OM va OE trung nhau.
Vay ba diém O, M, E thing hang.
Bai 21. Cho hinh thang vuéng ABCD (A= B= 90% c¢6 dudng tron dudng kinh CD cit
canh AB & M, N (M nim giita B va N). Pudng thing qua A song song véi MD cit dudng
thing qua B song song v6i MC tai E. Chiéing minh ring C, E, D thing hang.
HLoi qidi
Goi L 1a giao diém ctia AE va MC, F 13 giao diém cta MD va BE.
Ta c6: CMD = 90° (AMCD nbi tiép dudng tron dudng kinh CD)
" AE // MD (gt), CM L MD (CMD = 90%)

= AE L. CM
= ALM = MLE = 90°

BE // MC (gt), MD 1 CM (CMD = 90°%) -
= BE 1L MD

BFD = EFM = 90°
Xét ABMD va AACM cé:

MBD = CAM (= 90%),

BMD = ACM (cing phu véi géc AMC)

MD BD B b
Do d6 ABMD «» AACM o o
od (g.8) = Nc ~ A
Xét ABDF va AAML c6: BFD = ALM (= 90%, BDF = AML (ABMD « AACM )
BD FD
Do dé: ABDF «» AAML Do m
0 (gg) = T

T¢ gide: MLEF ¢6 LMF = 90°, EFM = 90°, MLE = 90°
Nén 14 hinh chi¥ nhat = EF = ML

..FD FD BD _MD
Do vay: —= =
EF ML MA MC
FD FD MD
Xét AFDE va AMDC c¢6: EFD = CMD (= 90° = =
v C (= ) S VD ( BF )

Do d6 AFDE «» AMDC (c.g.c)

= F_TIS-E = l\dﬂ)ﬁqé

= Hali tia DE, DC tring nhau
Vay ba diém C, E, D thing hang.
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* Nhin xét: :

L&i gidi trén gilp ching ta chinh phyc duge mét bai todn khé trong bai thi tuyén sinh
vao 16p 10 ndm hoc 2012 - 2013 mon Todn (chuyén) cia trudng Phé thong nang khidu
- Bai hoc Quéc gia, TPHCM sau: A

Cho tam gidec ABC vubng tai A. Trén dutng thing vudng géc v6i AB tai B ta 18y diém
D di dong cling phia véi C déi véi dudng thing AB.

a) Ching minh riing néu AC + BD < CD thi trén canh AB tén tai hai difm M va N sao
cho CMD = CND = 90"

b) Gia st diéu kién trén duge théa méan. Dudng thing qua A song song v6i MD cit duing
thdng qua B song song vdi MC tai E. Ching minh ring dudng thing DE luén di qua
mdt diém cd dinh.

Bai 22. Cho tam gide ABC. Pudng tron (O) noi ti€p tam gidc ABC va tidp xte véi BC tai D.
Butng tron (I) bang ti€p trong goc A clia tam gide ABC va tigp xic v6i BC tai F. Ve
duding kinh DE cta dutng tron (O). Ching minh riing A, E, F thing hang.

Lt gitii
Ta cé A, O, I thdng hang (vi O, I ciing nim trén tia phan gidc géc A).
Goi M, N la ti&p diém cua (O); (I) v6i AB.

AO _ OM (14 qua ciia dinh Iy Talét) A

AAIN ¢6 OM // IN, nén 22
¢ P T TN
M2 OM = OE, IN = IF nén c6 20 _ OF E
Al TF
Mat khéc OD L BC, IF L BC M{—20
= OD // IF = AOE = AIF B LAY
A0 OE —=
Xét AOAE va AIAF co: 222 U  36F - ATF
e va cG AI P
Do d6 AOAE «> AIAF (c.g.c) N I
= OAE = TAF

= Hai tia AE, AF tring nhau
Vay ba diém A, E, F thing hang.

Bai 23. Cho tam gidc ABC. Pudng trdn (O) néi tiép tam
gidc ABC va ti€p xde v6i BC tai D, dudmg tron (I) 1a
duting tron bang tiép trong géc A va tiép xde véi BC
tai F. Goi K, L 14n lugt 13 trung diém cta AD, DF.
Ching minh riing ba diém K, O, L thing hang.

Lot gidi
V& dudng kinh DE cda dudng tron (O).
Ta ching minh duge ba diém
A, E, F thing hang (xem bai 22)
Kl 14 dudng trung binh cha AADF = KL // AF ma KO la dudng trung binh cta tam
gide AED. Do vay K, O, L thing hang.

125



. Bai 24, Cho tam gigc ABC {A = 90°) néi tigp dudng tron (O) ¢6 H 1a trye thm. M 13 diém di
déng trén cung AC. Dudng thing qua B song song vé6i AM cét dudng tron (0) & N. Goi K, I
- 14n lugt 12 true tAm cha cae tam gisc MBC, NAC. Ching minh rang H, K, I théng hang.
L gidd
- Vé dudng kinh AD cha dudng tron (0).
Goi E 1a giao diém cia BC va DH.
T giac BHCD 1a hinh binh hanh.
Tt d6 ¢6 OF 1a dudng trung binh ciia tam gidc AHD

— OF = %HA

Tuong ty OF = %KM

Ta ¢6 HA = KM, HA // KM = Ta giac AHKM 1a hinh binh hanh.
= KH // AM
Chitng minh tuong tu ¢6 TH / BN, ma AM / BN (gt)
Do d6 H, K; I thdng hang.
Bai 25. Cho tif gidc ABCD ngoai ti€p dudng tron (I). Goi M, N lan lugt 14 trung diém clia
AC, BD. Ching minh ring ba diém M, I, N thing hang.
Lt gidi

Ta c6: BN = ND (gt) = Snan = %SABD
1

Tu’dng f: Syep = ESBCD

Do 46 Syap + Snce = %(SABD + Sgep)

= }‘SABCD (1)

B2

Tuong tu: Syap + Suep = ‘%SABCD (2)
’ 1 1 1
Mat khdce: Siag + Sicp = ~2—rab + é-rcd = -2-r (AB + CD).

Tuong by Siap + Stac = —;-r (AD + BC)

Ty gide ABCD ngoai ti€p nén c6 AB + CD = AD + BC
Do d6: Spap + St = S + Swep = %SABCD (3)

Tt (1), (2), (8) ¢6 M, 1, N thing hang.
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CHUCNG IT

GOC V01 PUGNG TRON
Bai 26. Cho tam gidc nhon ABC, cdc dudng cao AD, BE va CF cat nhau tai H Ve HI
vubng goc voi EF tai I, HK vudng géc véi DE tai K. IK cét AD & M, FM cét DE dN. 8
13 diém dox xu’ng cua B qua D. Chung minh réng ba dxem AN, S théng hang
: Lol géai
T4 gide FARH o6 A“ﬁﬁ - AEH = 90°
= T gide FAEH ndi tigp = HEF = FAH
Tit gidc ABDE c6 ADB = AEB = 90°
= T gidc ABDE ndi tiép = BAD BED
Vay HEF = BED
Xét AHIE (HIE = 90°) va AHKE (HKE = 90")
Cé: EH (chung), HEI = HEK
Do d6 AHIE = AHKE (canh ‘huyén-gée nhon)
= EI = EXK, HI = HK
= AEIK cén tai E, AHIK can tai H.

= KIE =—;—(180‘_’ - IER) = 90° - [EH = KIE + FAH = 90°. Ma MAF + FAH = 90°

A

Do d6 KIE = MHOF = Td gise FIMH noi tidp = fVF = HIF = 90°.
T gide HMNK ¢6 HMN = HKN = 90° = T gide HMNK néi tisp-

Ta c6 HFN = HIK, ANM = K1, HIK = AKi— AFN = BNM
= AHFN cén tai H = HF = HN '

AHFN can tai H, HM L FN :

= HM la dudng trung tuyén cda tam gide HFN

FM 1 AD, BD L AD = FM / BD

AABD c6 FM // BD — &M _ MF
"~ DB
MF = MN, DB = DS. Nen &M _ MN
DS
Xét AAMN va AADS c6: AMN = ADS (MN / BS), ‘g’)‘ - 1\;:7

Do dé AAMN < AADS (c.g.c) = MAN = DAS
= Hai tia AN, AS triing nhau
Vay ba diém A, N, S thang hang

Bai 27. Cho diém A n3m ngoai dudng trdn (O; R). V& cde tidp tuyen AB AC cta dudng
trom (0) (B, C € (O)), v& c4t tuyén ADE cia dubmg tron (0) (D, E e (0)) va D n3m gifra
A va E, tia AD nam giita hai tia AO, AB). Goi F 12 diém 4di xing cla D qua AO, H 1a
giao diém cta EF va BC. Chdng minh ring A, O, H théng harg. R :
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L gidi

Cach 1: _ .
Goi H’ 1a giao diém cia AO va BC. B
D, F d6i ximg qua OA= OF = OD = R ' ' ‘
= F thude dudng tron (O) vacé AH'D = AH'F L

AB, AC Ia céc tiép tuyén clia (0) A<= =
= AB = AC, AO la tia phén gidc cha géc BAC H

= AABC cén tai A, nén AO 1 BC
Xét AABD va AAEB c6:
ABD = AEB (h# qua géc tao bdi tia tigp tuyén va day cung), m chung
Do d6 AABD  AAEB (g.g) = %—g - %% => AB? = AD.AE
AABO vudng tai B, BH' la dudng cao = AB® = AH’AO
Do d6 AD.AE = AH’.AO (= AB%)
AH'

Xét AADH’ va AAOE c6: DAH' (chung), %g =28 (1 ADAE = AHAO)

Do d6 AADH’ «» AAOE (c.g.c)
— ADH' = AOE
= Tu gisde DH'OE ndi tiép
- AF'D = OED, OH'E = ODE |
Ma OD = OE = R = AODE cén tai O = OED = ODE
Dodé AH'D = OH'E. Vi véy AH'F = OH'E
Tacé BHF = AHT + AH'E = 0HE+AHE--18{)°
= E, H', F thing hang. Vay H’ =
Do d6 A, H, O thing hang.
Céach 2: _
AB, AC la céc tiép tuyén cia (O)
= AB = AC, AO 1& tia phén gidc cGa géc BAC
= AABC cén tai A
D, F d6i xing qua AO = OF = OD = R
DF 1 OA
Ta c6: DF // BC = T\t gi4c DBCF 12 hinh thang
Hinh thang DBCF ndi tiép dudng tron (O)
= T¢ giac DBCF la hinh thang cin => DB = CF, BF = CD

Xét AABD va AAEB c6: ABD AEB, BAD (chung)

~ BD AB
Do d6 AABD «> AAEB =5 oo = 22
° = BE ~ AE

o : AC CD
T : AACD «» AAE e 1 e
uong tu C= “F = CR
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Xét AHBF va AHEC c6 BHF = EHC , BFH = [CE

HE BF CF HC
‘ (% P . A «» AHBE —_—
Do d6 AHBF «» AHEC = G Tuong tu AHFC «» A =

HB BF CD _AC _AB BD

Ta et o ~CE"OE - AE - AF ~ B
_CF _HC

| = BE - HE

=s HB = HC

HB = HC, AB = AC, OB = OC
= H, A, O cling thubc du¥ng trung truc cia doan thing BC -
Vay A, O, H thing hang. ,
Bai 28. Tt A § ngoai dudong tron (0) v tiép tuyén AB, vé BH vubng goéc voi OA tai H, v& c4t
tuyén ADE. Dudng thing qua B vudng géc voi OF it dudng tron (O) & 1. Budng thing qua
D song song véi BE cit BH § G, dwng thing qua D song song voi EI cit Al & K. V& hinh
thoi KMGN (DKG < MKG ). Chiing minh réing ba diém M, N, D théng hang.

Lo gidi
Xét AABD va AAEB c¢6 BAD (chung), ABD = AEB
: . AB AD 2 )
Do d D « AAEB (g. = = I = AB? = AD.
o d6 AAB AE (gg):? iE " AB = AD.AE

AABO vudng tai B, BH 1a dudng cao = AB? = AH.AOQ
Xét AADH va AAOE c6: DAH (chung),

AD AH | 3

— = — (vi AD.AE = AHAO=R

A0 ~ AE (vi AD.AE = AH ) A e :
Do d6 AADH <> AAOCE (c.g.c) > AHD = AOE | | N

= T¢t gidc DHOE néi tiép \
Do d6 ODE = OHE. Ma ODE = OED (Vi OD = OE) nén AHD = OHE
Goi S 1a giao diém cta BH va AE

HS, HA 14 cdc dudng phén gidc trong va ngoai cia tam gidec HDE — %}% = g-g- |
' SD DG
ASBE ¢6 DG/ BE = ~— = —
o ~ SE T BE
AD DK
I¢6 DK/ IE S m
AAET c6 = AE 5

OE L BI = BE = IE = BE = IE. Do 46 DK = DG
Ma MK = MG, NK = NG (td gidc KMGN 1 hinh thoi)
Ta ¢6-D, M, N cling thuge dudng trung tryc ciia doan thing KG
Vay M, N, D théng hang. -
Bai 29, Cho diém A & ngoai dudng tron (0), v& cAc ti6p tuyén AB, AC va cat tuyén AEF (E
ni3m gittla A va F, BAF < FAC). V& dutng thing qua Ervu'(“mg goc véi OB cdt BC tai M,
- BF tai N. Goi I 1a trung diém cda AB. Chiing minh ring ba diém F, M, I thing hang:
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- Lat gidd

Ve OK L EF tai K
- K 1a trung diém cla EF

ABO = AKO = ACO = 90° . A Iir 3
= A, B, K, O, C cing thugc mot dudng tron | '
- BAK = MCK
Ma AB | OB, EN L OB = AB // EN = BAK = MEK
Ta ¢6 MCK = MEK (= BAK)
= Tg gidc EMKC nbi ti€p
- ECM = EKM
Ma ECM = EFB, nén ERM = EFB= MK / BN
AEEFN ¢6 KM / NF, EK = KF = EM = MN
Goi I’ 1a giao diém cha FM va AB

EM _MN _ FM . ,

N G: (= FI'):} Al =TB. Vayl = 1
Do d6: F, M, I thang hang.

Bai 80. Cho duong tron (0) dudng kinh AB. Trén ti€p tuyén tai A cia dudng tron (0) 14y
diém C. Vé cat tuy6n CDE (tia CD n&m gita hai tia CA, CO; D, E thudc dutng tron (0,
D nim gitta C va E). Goi M 12 giao diém clia CO va BD. Goi F 1a giao diém cGa AM va
dudng tron (O) (F khéc A). Chilng minh ring ba diém E, O, F thing hang.

L6 gidxd

Cach 1: Ve AH 1 OC tai H.
Xét ACAD va ACEA ¢6: ACD (chung), CAD = CEA (hé qua goc tao béi tia ti€p tuyén
va day cung). Do d6 ACAD «» ACEA (g.g)

= it = —— = CA? = CD.CE

-AACO vudng tai A, AH 13 duong cao = CA%= CHL CO
Do d6 CD.CE = CH.CO (= CA?

Xét ACDH va ACOE c6: DCH (chung), —= CD gﬂ (vi CD.CE = CH.CO)

Do d6 ACDH «» ACOE (c.g.c) = .CHD = CEO' \

Mat khde: ADB = 90° (géc ndi ti€p chén nita dudng trbn) ‘ ¥

Ta c6: ADM + AOM = 90° +90° =180° | D Qm"/

= Ti gide ADMH ndi ti€p ! Y
- DAM=CHD R B

Ma CEF = DAM (hai géc ndi ti€p cing chén cung DF)
Do d6 CEF = CEO = Hai tia EF, EO trung nhau
Vay E, O, F thang hang.
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Céch 2: V& CN la tiép tuyén cua dudng tron (O) (N khac A)

Ta ¢6: CA = CON la tia phan gidc géc CAN (CA, CN la tiép tuyén cta (O)) -

ACAN can tai C, CO la dubng trung truc cia AN |

= MAC = MNC (tinh chat d6i xdng truc)

Ma ANB = 90° (géc ndi ti€p chidn nita dudng tron)

Ta c6: CO L AN, BN L AN

= CO // BN = CMD = NBD

Ma NBD = CND (hé qua goc tao béi tia tiép tuyén vi day cung).

Do dé c”:’zx?fﬁ:éﬁﬁ(: W)

= Tt gisc CNMD nbi tiép = BDE = MNC

Ta c6: BDE = MAC (= MNC), BDE = BAE

Nén MAC = BAE

Ta c6: FAE = BAF + BAE = BAF + MAC = 90°

= EF 1a dudng kinh cta dudng tron (0)

Vay ba diém E, O, F thing hang. . I
Bai 31. Cho dudng tron (O; R), diém A & ngoai dudng tron (0). V& hai ti€p tuyén AB, AC (B,

C 12 hai ti€p diém) va cat tuyén AMN (AM < AN). V& day BD ciia dudng trdn (O) va BD

song song véi MN. Goi I 12 trung diém cta MN. Ching minh ring C, I, D thing bang.

| Lot gidd '

A —B

Cach 1

I1a trung diém cha MN => OI L MN. Ta ¢6 ABO = AIO = ACO = 90°

= B, I, C.cing thudc dudng tron duing kinh OA '

= A, B, 1, O, C cling thujc mot dung trdn
LD Xfé = K@ﬁ

Ta ¢6 BD // MN (gt) = IBD = BIA

Va O L MN, BD / MN

= 0l L BD.

= OI di qua trung diém cda BD

Do dé OI 1a dudng trung truc cia doan thing BD

= AIBD cn tai 1 | | Co

. 0B = 5D

Ma ﬁﬁ(_) = W.Dovéy: BDI = BDC

=> Hai tia DI, DC tring nhau

Vay C, I, D thing hang.

Cach 2.

Goi E 1a giao diém ctGa CI va dudng trdon (0). Ta ¢6 A, B, I, O, C cung thube mét duling

tron (xem chdng minh & cach 1) ‘

131



= CIA = CBA
Ma CEB = CBA (hé qud gbc tao béi tia tiép tuyén va day cung)

Do dé: CIA = CEB = BE /MN. NénE = D |

Vay C, I, D thidng hang. , _

Bai 32. Cho diém A nim ngoai dudng trdon (O; R). V& céc tidp tuyén AB, AC v6i &u’c‘:fng tron
(B, C 1a cac ti€p diém). K 1a diém bét k¥ trén cung BC. Tiép tuyén tai K cit AB, AC lan
lugt tai M, N. BC cit OM, ON l4n lugt & P, Q. Goi I Ia giao diém cGia MQ va NP.

Ching minh riing O, I, K thdng hang B '

. m@u '
MB, MK 1a céc ti€p tuyén clia dudng tron (O) (gt)
=> OM la tia phén gidc cha géc KOB

e ] e A

Tuong ty KON = %KOC

Do ds MON = FOK + KON = - B0C, MBQ = L BOC @%m"@]c
= W = l\m

= T gidc MBOQ néi tiép

= MQN = MBO = 90°

= MQ L ON

Tuong ty: NP 1 OM. Do d6 I 14 truc tam cia tam gisdc OMN

= OI 1a dudng cao cta tam gidc OMN

= 0l 1. MN

Ma OK L MN (MN la tiép tuyén cta (O))

Vay O, I, K théng hang.

Bai 33. Cho diém A nim ngoai duting tron (0). Tt A vé hai ti€p tuyén AB, AC (B, C Ia
hai tiép diém) v mot cat tuysn ADE dén (O) sao cho ADE n¥m giifa hai tia AO va tia
AB. Puing théing qua D song song v6i BE cit BC, AB lan lugt ¢ P, Q. Goi K 1a diém
doi xing cia B qua E. Ching minh r¥ng ba diém A, P, K thing hang.

Lei gidi
Goi H, I 1an lugt 1a giao diém cia BC véi OA, DE.
Ta ¢6 AB, AC 1a cdce tiép tuyén cha dudng tron (O)
= AB = AC, AO la tia phan gidc cda géc BAC.
AABC can tai A, AC 1a dudng phan gise
=> AC la dudng cao cda tam gidc ABC , _
Xét AABD va AAEB c6: BAD (chung), ABD = AEB (hé qua géc tao béi tia tifp tuydn va
diay cung)
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Do d6: AABD «» AAEB (g.g)

AD E ; B
R .
AABO vudng tai B, BH 1a dudng cao NP
= AB? = AH.AO w
Do d6 AD.AE = AH.AO (= AB?) 0 A
Xét AAHD va AAEO cé: <
HAD (chung), fEI = ég— (vi AD.AE = AH.AQ) ™ C

Do d6: AAHD «» AAEO (c.g.c) = AHD = AEO
= Tit giac OEDH ndi tiép
= OHE = ODE -
AODE ¢6 OD = OE (= R)
=» AODE cén tai O
= ODE = OED :
Do dé: OHE = AHD. 'I‘a cé: OHBR + EHI = AHD + IHI) (= 90%
' Nén EHI = [HD
=> HI la tia phén gidc géc DHE
Goi Hx 1a tia d6i ciia tia HE
xHA = AHID (= OHE)
= HA la dudng phan gidc ngoai cua tam gidc HED.

. ID _AD
Nén —--
DE = AE
DQ _
A DQ // BE = AD
ABE c6 DQ BE AE
AIBE c6 BE // PD = OF _ ID
“1E
Dods: 29 - PP _ pg-pp
BE ~ BE
AQ _ QD AQ 2QD PQ
AABE ¢6 QD // BE = Dods AQ . 2QD _ PQ
6 Q AB BE "% aB T BE T BK

Xét AAPQ va AAKB cé: AQP ABK {(déng vi va QP // BE), ig -g%
Do d6 AAPQ «» AAKB (c.g.c) |
= Hai tia AP, AK tring nhau

Vay ba diém A, P, K thé’mg hang.

Bai 34. Cho tam gidc nhon ABC (AB < AQ) ndi tiép dudng trdn (O; R), che dudng cao AD,
BE, CF cit.nhau tai H. V& CI vudng gée v6i OA tai L. Goi M 1a trung diém BC.
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Chitng minh ring ba diém M, I, F thing hang.

o L Ly gidi
OB = OC (= R) = AOBC céin tai O.
AOBC-cén tai O, OM 1a _dufmg trung tuyén
= OM 1a dudng cao, dudng phan gidc.

Nén BAC = MOC( EBOCJ

Ta c6: BAC + ACF = MOC + OCM = 90°
Nén ACF = OCM ,
T gide OMIC c6: OMC = OIC = 90° nén noi tiép
= OCM = OIM
T¢ gide AFIC ¢6: AFC = AIC = 90° nén ndi tiép
= AIF = ACF |
Do vay ATF = OIM
=> Hai tia IM, IF tring nhau,
Vay ba diédm M, I, F théng hang
Bai 35. Cho tam gidc nhon ABC (AB < AC). Pudng tron (O; R) du'b’ng kmh BC cit AB, AC
lan lugt tai F, E. BE cét CF tai H. V& HD vudng géc v6i BC ta: B Gcn K la giao diém
ctia EF va AH. I 13 trung diém cia AH. IC cdt dudng tron (0) & M (M khéc C). Chtmg
minh ring:
a) A, H, D thing hang. b) B, K, M théing'hang'. '
L gidi
a) BFC =90° BEC = 90%g6c ndi tiép chin nita dudng trdn)
= BE L AC, CF L AC '
AABC ¢6 BE, CF 1a hai dudng cao cdt nhau tai H
=> H 14 truc tAm cha tam gidc ABC.
"= AH 1a dudng cao cha tam gidc ABC
= AH L BC
Ma HD 1 BC (gt)
Véy A, H D thang hang.
b) ABAH vubng tai E, EI 13 dudng trung tuyen
= B =TA = AIAE cin tail
= IAE = IEA
Ma OE = OC (= R) = AOEC cén tai O= OEC OCE
Vi c6 TAE + OCE = 90° (ADAC vubng tai D)
Do d6 TEA + OEC = TAE + OCE = 90°. Nen IEO = 90°
IE 1& ti&p tuyén clia dutng tron (0)
Ta c6: AEB = ADB = 90°
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= T gidc ABDE ni tiép = ABE = ADE

- Ma IER = ABE (hé qua géc tao bdi tia tuy&n tuyén va day cung)
Do d6 IEK = ADE
Xét AIEK va AIDE ¢6: EIR (chung), IEK = IDE

: IE _IK 2
D AIEK < AIDE IE? = IK.ID
Do dé: (g.8) = D E o
Xét ATEM va AICE. c6: EIM (chung), IEM = ICE (he qué goc tao béi tia txép tl.ryén Vﬁ day amg)
CIE _IM
Do dé: ATEM <> AICE IE? = IM.IC
° €= =1® >
Ta ¢6: IK.ID = IM.IC (= IE®
Xét AIKM va AICD cé: _ E
KiMt (chung), 1 IK ( IK.ID = IM.IC)
Do d6: ATKM <> AICD (c.g.c} = MK = IDC = 90°

Nén KM .L MC

Ma BMC = 90° (géc noi ti€p chén nira dudng tron)

Ta c6: KM | MC, BM | MC

Vay B, K, M thidng hang. -
Bai 36. Cho dudng tron (0), AB va CD 1a cdc dudng kinh, Tiép tuyén cla dudng tron (O)

tai B cit AC & E. DE cit dutng tron (0) & F (F khéc D). Goi M 1 giao diém cGa AF va

BE, N 1a giao diém c{ia AM va BC. Ching minh riing ba diém E, N, O thing hang.

: Lot gidi . |

Ta ¢6 CFD = 90° AFB = 90° {g6¢ ndi tiép chan nia dudng tron)

= CFE = 90°, BMF = ABF

Ma BCF = ABF (tif gide ABFC noi tidp) A T

NénBMW‘:EaF‘(mAﬁ) .’,

= T« gisc CEMF nai ti&p ~

= CME = CFE = 90°

Ta c6: CME = ABE = 90° = CM /AB |

' Goi I 1a giao difm c&ia ON va CM, D B
K la giao diém cia OE va CM. .

Do CM // AB. Ap dung hé qua cha dinh ly Talét. Ta cé: 58 “No - OA

= Cl=CMva - = me = — = CK = KM

Dovay I =
Vay ba diém E, N, O thing hang.

b iit
~
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Bai 37. Cho tam gidc nhon ABC (AB < AC) ndi tiép dudng tron (0), cdc dudng cao BD va
CE cit nhau & H. Goi M 1a trung diém canh BC, N 14 giao di€m cha AH va DE, K Ia
giao diém ctia AO va BC. V& hinh binh hanh HKNS.

. Cerng minh rang M, H, S théng hang.
L giai
Ve dudng kinh AF cta dutng tron (0),
ABF = ACF = 90°
Ta cé: CH L AB (gt), FB 1L AB
= CH / FB
Tuong tif ¢6 BH // FC
Do d6 & giac BHCF 1a hinh binh hanh.
Ma M 1a trung diém ctia BC
Nén M 1a trung diém cGa HF = H, M, F thing hang
Ta c6 BEC = BDC = 90°
= Ty gide BEDC ndi tiép
- AEN = ACK |
Ta ¢6: EAN = CBF (cung phu vé6i géc ABC)
Mé(ﬂ:(ﬁf‘,nénmzm

. AN AE
AAEN © AACK (vi AEN = ACR va BAN = GAR)=> AN _ AE
{vi v ) = AC
AAEH < AACF (vi ABH = ACF (= 90°), EAL = CAF)= &H _ AE
AF - AC
AN AH ( AE) _AH AK
Ta e — I il B
AK ~ AF " AC) T AN T AF
AH  AK

Xét AAHF co N AR => HF // NK (dinh Iy Ta-lét ddo)

Vay HM // NK. Ma HS // NK (tit gidc HKNS 14 hinh binh hanh)
Do dé: HM, HS trung nhau (tién dé J-clit)
Viy ba diém M, H, S thing hang.

Bai 38. Cho tam gidc nhon ABC (AB < AC) ngi tiép duding tron (O; R), AH 1a dudmg cao
cla tam gidc ABC. V& dudng kinh Al clia dudng tron .(O) Vé dub'hg kinh MN vuong goc
BC (M thude cung nhé BC). Puong thing qua E song song véi BC cét AC G F. |
Chdng minh réing N, F, I thing hang.

Lovi gidi
Ta c6 NEF = NBC (EF // BC) va NAC = NBC
Suy ra NEF = NaAC
= Td gide ANFE noi tisp
g ﬁﬁiﬁ = m
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Mt khde ABI = 90° {g6c ndi tidp chén nira dudng tron)
Xét ABAI va AHAC c6: "
ABI = AHC (= 90%, BIA = ACB
Do d6 ABAI «» AHAC (g.g)
= BAI = HAC
Ma BAI = BN I (hai géc ndi ti€p ciang ché’m cung BD) g
Do vay ENF = BNI
= Hai tia NF, NI trung nhau
Viay N, F, I thdng hang. M
Bai 39. Cho tam gidc nhon ABC (AB < AC) ndi ti€p dudng tron (O), cdc dudng cao BD,
CE. Goi M 1a giao diém cia cdc ti€p tuyén vé tif B, tif C cla dudng tron (0), N 13 trung
diém cha doan thing DE. Ching minh ring A, M, N thng hang.
Loi gidi
Qua M vé dudng thing song song vdi DE cit AB, AC lin lugt ¢ K, S.
Goi Cx 12 tia d6i cta tia CM. Ta c6 BEC = BDC = 90°
= Td gidec BEDC noi tiép
= ADE = ﬁf}, AED = ACB
Ma ADE = MSC, AED = BKM (déng vi va DE // KS)
Ta c6 ACx = ABC (hé qua géc tao bdi tia tidp tuyén va day cung)
ACx = MCS (déi dinh) A
Do d6 MCS = MSC |
= AMCS can taiM
= MC = MS
Tuong ty MB = MK
Ma MB = MC (MB, MC la ti€p tuyén cta dudng tron (O))
Do 46 MK = MS

I

Goi M’ 1 giao difm ciia AN va KS -8
EN AN
AARM ¢6 EN // KM’ = —n. = 2N
cé = = A

. , ND AN
AAM’S ¢6 ND // M'S = S = AN
Nén EN - ND (: AN]

KM"™ SM’ AM'
MAEN=ND.Dod6 KM =8M' . Taco M = M
Vay ba diém A, M, N théng hang.

Bai 40. Cho tam gidc ABC (AB < AC) ndi tiép dudng tron (0), I 1a tdm dudng tron ndi

ti6p tam gide ABC. AO, Al c4t dudng tron (O) 14n lugt tai D, E. DI cit dudng tron (0) &
M. V& IK vudng géc v4i BC tai K. Chuing minh réng M, K, E thing hang.
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Livi gidei
EDcit BCO N, ME ¢t BC & T.
Eiﬁ = EMAI + Zﬁﬁ
=.CBE + IBC = EBI
= AEBI cdn tai E

— EB = EI .
AEBT «» AEMB (BET chung, EBT = EMB) A
EB ET M

e . T
EM EB
ElI ET

T o T e
EM EI

AEIT «» AEMI = EIT = BMI

. B . N
BNT - S1FB ~S0CD W

sdEC - sdCD _ S4ED _ o _ w
2 2

= ETIN nbi tiép = ITN = IEN = 90°

ITLBC,dod6T = K

Vay M, K, E théng hang.

Bai 41. Cho tam gide nhon ABC (AB < AC) ndi ti€p dudng tron (0), AD la dudng phéan

gidc cha tam gide ABC. E 1a diém chinh gitta cung 16n BC. Goi M Ia giao di€ém cla ED
va dudng tron (0). K, I 14n lugt 12 hinh chi€u cia M trén AB, BC. Duing thing qua B
song song v6i KI cit AC & F. Goi T la trung diém cda doan thing BF.
Chung minh ring ba diém A, T, I thdng hang.

- Lai gidi ,
Goi L 1a giao diém cha AD véi dudng tron (O), H 1a giao diém ctia EL va BC.
Vo MS L AC tai S.
Chiing minh dugce td giac MDHL noi tiép; K, 1, S thdng hang A
- BMH = BME + DMH = BCE + DLH

. GBE + BB - ABC - KM

Ma MBH = MKI. Do d6 AMBH «» AMKI (g.g)

BH _ MB

KI MK ,
Mat khaec AMBC «» AMKS (g.g)

BC _ MB

= MKBC MB . K-
T = == (= —). MABC = ,nén KS =

a cd R - KS( MK) a_C 2BH, nén 2KI
=IK=1I8
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AAKI c6 BN // KI = BN - AN
iK Al
. NF AN
AASI e6 NF // SI e e
¢ T s Al
BN NF
Do viy — = ——. Ma IK= 1S
YR T8
Vay BN = NF = N 12 trung diém ctia doan théng BF
DodéN=T
Vay A, T, I thdng hang.
Bai 42. Cho tam gidc nhon ABC ndi tidp dutmg tron (O; R). AD, BE la cdc dudng cao chia
tam gidc ABC. Céc ti€p tuyén tai A, B cda (0) cit nhau & M. N 1a trung diém chia DE.

Chitng minh riing ba diém M, N, C théng hang.

Ldt gidi
Qua M v& dudng thing song song v6i DE cit BC, AC lan lugt § K, L.
Goi Bx la tia 461 caa tia BM I
AEB = ADB =90°
= Ty gidc ABDE noi tiép - ‘ ‘ CN\A
CDE = BRM (KI1// AB) ' | \ HE
BAC = CBx, CBx = MBK )
Do d6 BKM = MBK | Yy s 2
=» AMKB c¢édn tai M 7 ‘ B\Zr” ) ' c
- MB = MK ' ‘
Tuong ty MA = MI Ma MA = MB. | x
Do vay MI = MK (1 '
. Goi N’ 1a giao diém cha CM va DE
" N'E E _CN’
ACMI ¢6 NE // MI = S oM .(2)
' , "N'D CN'
ACKEM ¢6 N'D // KM = W— L 3).
Tit (1), (2), (8) 6 NE = N'D.

Dod6 N = N
Vay M, N, C thdng hang.
Bai.43. Cho tam gidc nhon ABC néi tiép dufsng tron (0), I 1a tAm dudng trdn ndi tiép
tam gidec ABC. Goi D 1a giao diém clia Al v6i dudmng tron (O) (D khéc A), E 1a giao diém
ctia BI v6i dudng tron (O) (E khac B). Dubng thdng qua I song song v6i AC ¢t BC ¢ F.
Chiing minh ring ba diém D, E, F thdng hang.
. L gidi
Ta c6: DIF = DAC (IF // AC)
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Ma DBF = DAC

= DIF = DBF

= T gide BIFD nai tiép
= IDF = EBC

Ma ADE = EBC = (ABE)
= IDF = ADE

Do d6 hai tia DE, DF trung nhau.
Véay ba diém D, E, F thing hang.
Bai 44. Cho dudng tron (I) nbi ti€p tam giac ABC, (I) ti€p xic véi BC, AB, AC 14n lugt tai
D, E, F. V& AM 12 duong trung tuy&n cta tam gide ABC. Goi K 1a giao diém cda EF va
DI Chiing minh A, K, M théng hang.
L giai

Céch 1: Goi N 1a giao di€m cda AK va BC.
AE, AF la ti€p tuyén = EAI = IAF
Qua A vé dudng thdng song song v6i BC cdt DIG L, cit EF ¢ S.
Qua K v& dutng thdng song song véi BC ciit AB, AC 1dn lugt & X, Y.

DI L BC, AS/BC = AL 1 LI1.

ALI = AEl = AFI = 90°
= A E, I, F, L cung thugc mdt dudng tron
= ET:I = ETH = WF = ﬁ
= LK l& dudng phén giac cia tam gidc LEF

LK, LS 14 duong phan gide trong va ngoai ciia tam gidc LEF

KE _SE N KE _KF (1) A v : ‘S

KF SF SE SF

. XK KE
Ta c6 XK // AS = A5 " SE (2)
KY KF '

KY/AS= == @)

T (1), (2) va (3) = XK = KY .

AABN, XK // BN = 2B _ AK
BN

i

AN
AACN, KY // NC =» XY _ AK B
N~ AN

w"]

NM

= BN = NC

= N Ia trung diém cia BC

Taeo N = M

Viy ba diém A, K, N thdng hang. .

Cach 2: Qua K vé dudng théing song song v6i BC cdt AB, AC 14n lugt 6 X, Y
DI L BC, XY/ BC = DI | XY
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Ta cé: XEI = XKI = 90°
= T¢ gide EXKI noi tiép = IEK = IXK
Tuong tu t gide IKFY noi tisp = IFK = IYK
Ma IE = IF (= r) = AIEF cén tai I
= [EK = IFK
Nén IXK = IYK

- AIXY ean tai I Ma IK 1a dudng cao (ID L XY).

Do d6 1K 1a dutng trung tuyén

mXK:KY:—X—Y:

XK 9XK XY
Do d¢: 2 _ 28K XY
°%BM T 2BM _ BC

AABC c6 XY // BC = == = 2

- Xét AAXK va AABM c6: AXK = ABM (ddng vi va XY // BC)
AX ﬁ(_ ﬂ)
AB BM BC

Do d6 AAXK «» AABM (g.g)

- XAK = BAM

=» Hai tia AK, AM trung nhau.

Vay ba diém A, K, M thdng hang.

Bai 45. Cho tam gidc nhon ABC ndi ti€p dudng tron (0O), cdc dudng cao AD, BE, CF cit
nhau tai H. Ti€p tuyén tai B, C cta dutng trdon (O) cdt nhau & G. GD cdt EF tai 8. M 13
trung diém cta canh BC. Ching minh ring M, H, 8 théng hang.

- Lot gidi .

EF cit BC tai T, AT cdt (O) tai K, GD cdt OT tai I, AO ¢4t (O) tai N, AN cit EF tai J.
OA L EF - '
ME = MB = MEB = MBE

= MED + DEB = MTE + TEB

= MED = MTE = AMED « AMTE

= ME? = MD.MT = MO.MG = MD.MT

AMOT « AMDG (c.g.c) |
GI L OT | |
TS.T4 = TLTO = TD.TM = TF.TE = TKTA
TS.TJ = TK.TA -

= SKA = 90°

= SK L TA (L

A, K, F, E, H cang thudc mét dudng tron
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= HAKA = HFA = 90°

= HK L TA {(2)
TK.TA = TD.TM

= TKM = TDA = 90°

= MK L TA ® |

. Tir (1), (2) va (38) cho ta M, H, S thing hang. C _

Bai 46. Cho tam giac ABC nhon ndi tiép dudng tron (O), BH va CK 1a hai dudng cao, BE
va CF 1a hai dudmg phan gidc cit nhau tai I. Chdng minh ring H, I, K thing hang khi
vi.chi khi E, O, F thing hang. - '

: . C L gial
Trude hét ;ﬁhét bidu khéng chiing minh hai b8 dé sau: ‘ : o
B8 dé 1: Cho tam gidge ABC c6 BE, CF la hai dubng phan gide. O 1a difm nim trong
tam gidc ABC. M, N, S I4n lugt 1a hinh chiéu cha O trén BC, AC, AB,
Ta c6 E, O, F thdng hang khi va chi khi OM = ON + OS
B3 dé 2: Cho t gise ndi tidp BKHC. Hai tia phan gidc ciia hai goc KBC, HCB cét nhau & .
Ta ¢6 BK + CH = KH khi va chi khi K, 1, H thing hang.
* Trd lai bai toan: S
Céc tit gisc BSOM, BKHC néi tiép = SOM = CHK,
OSM = OBM = 90° - BOM = 90° - BAC = HCK.
08 . OM 05 CH

AOSM < AHCK (g.g) = 25 = _
AOSM« AHCK 88 = GH = %7 = oM ~ KH

' S ON OM ON BK
AONM < AKBH (g. 2 =
| ®8)= 3K " KH™ OM ~ KH.
L ON+0S _BK+CH :
OM = KH

Né

Tac: - ‘

" E, O, F thing hang « 5% , OM = ON + 08
- 0N+‘OS‘31© BK + CH _
oM KH

< BK + CH = KH 282 _, K, 1, H thng hang.

Bai 47. Cho dudng tron (O) va dudng thing d khéng giao nhau. V& OH L d tai H. A, B-
thudc d sao cho HA = HB. M 14 diém thuéc dudng tron (0). Gei C, D, E 14n lugt 13 giao
diém cia HM, AM, BM v6i dudng tron (O). DE cit d & S. Pudng thing qua O vudng géc
v6i CE ¢4t ti6p tuyén tai E ca dudng tron (0) § K. | | |
Chitng minh ring ba diém 8, C, K thing hang.

| L3t gidi
Qua D vé& du¥ng thing song song v6i d cdt HC, BM 14n lugt & I, F. Vé ON L DE tai N
Ta ¢6 N 12 trung diém cda DE. o |

1
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ID MI

AMAH c6 DI // AH = —= = — | K
AH MH
IF MI
AMBH c6 F1/ B o
cb / BH = BH ~ MH
ID _IF ' c
Nén — = —, Al = BH : .
" XH T BH’ (&t) ]
= ID = DF | S
IN la dudng trung binh cta tam gidc DEF F
= NI // EF
= II:IB__: F]?E_ d A H B s
Ma FED = ICD (hai géc ndi tiép cing chin cung MD)
= IND = ICD

Do d6 t gidc IDCN noi ti€p = IDN = ICN

Ma IDN = HSN (DF / d). Do vay ICN = HSN
= T gide HNCS ndi tiép (1)

Ma ONS = OHS = 90° _

= T gidc ONHS noi tiép (2) ‘
Tir (1) va (2) ¢6 O, N, H, 8, C ciing thudc mét dudmg tron= OCS = 90°

Mat khde: OK L EC = OK di qua trung diém cta CE.

Nén OK la dudng trung trifc ciia doan thing CE = KE = KC

AKEO = AKCO (c.c.c) »> KEO = KCO _

Nén KCO = 90°. Ta ¢6: KCS = OCS + KCO = 180°

. Vay ba diém S, C, K thing hang.

Bai 48. Cho tam gide nhon ABC ndi tiép dudng tron (0) (AB < BC < CA), cdc du?mg cao
AD, BE, CF cdt nhau tai H. Pudng trdn (K) ngoai tiép tam gidc HCD cit dudng tron
(0) & M (M khdc C). BM cit dudng tron (K) 6 N ( N khdc M),

Chiing minh riing ba diém N, D, F thing hang.
' Lo gidt
Ta c6 HDC + HEC = 90° +90° = 180°
Tt gidc HECD ndi tiép = B thude dudng tron (K)
Ta ¢6 BAC + BMC = 180° (tr gide ABMC noi tiép)
NEC + BMC = 180° (t« gisc NMCE ndi tié€p)
= BAC = NEC = AB/NE
= HEN = FBH
Ma BFH + BDH = 90° + 90° = 180°
Nén tit gidc BFHD ndi tiép = FBH = FDH
Do d6 FDH = HEN (= FBH)
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Ma HEN + HDN = 180" (tit gisde HDNE nbi tiép)
Do d6 NDF = FDH + HDN = HEN + HDN = 180°
Vay ba diém N, D, F thédng hang. ,

Bai 49. Cho tam gidc nhon ABC néi ti€p duing tron (O). Dudng phén gide AD cha tam
gidge ABC cit cung BC & E. Duong tron (I} ti€p xdc trong véi dudng tron (O) tai S va
ti6p xdc v6i BC tai T. Budng tron (D) cit AD & M, N (N nim gitta A vd M). CM cit
dudmg tron (0) & K. Ve day KL song song véi AB.
Chitng minh ring C, N, L théng hang.

L gidd
Chiéng minh duge S, T, E thing hang
Xét AECT va AESC c6: CET (chung), ECT = ESC
Do d6 AECT «» AESC (g.g)

EC _ ET
ES EC
= ET.ES = EC?

Xét AEMT va AESA c6: MET chung, EMT = ESA
Do d6 AEMT «» AESN (g.g)

- EM _ET | prEs .- EMEN
ES ~ EN
| EC EM
Nén EC? = EM.EN (= ET.ES) = — = —m
en ( = I8 T EC

AECM «» AENC (c.g.c) = ECM = ENC
¢ﬁ+mum+m.Mém=m
Nén DCM = NCA
KL/ AB =» BK = AL => DCM = LCA
Ta c6: NCA = LCA (=DCM)
=> Hai tia CN, CL trung nhau
Vay C, N, L thdng hang. _
Bii 50. Cho ti gisc ABCD (AD < BC) ndi ti€p dudng tron (0). Goi I la giao difm cha AC
va BD. Vé du’c‘mg kinh CM, dudng kinh DN. G{)i K la giao diém cha AN va BM.
Chung minh ring I, K, O thing hang.
‘ Lo gidi
Céch 1 ‘ |
Goi J 12 giao diém ctia dudng trdon ngoai ti€p tam gide IBC va dudng tron ngoai tiép
tam gidc NOC (J khdc ) |
Ta ¢6: NJC = NOC (t« gidc OJNC nbi tigp)
BJC = BIC (ti gide IBCJ néi tiép)
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Xét dudng tron (O) cb:
N'ﬁfj - Sd.DM ~2§— sd CN

sd AD + sd BC
2

BRN = sdDM + sd AD + sd CN + sd BC
2 .
Vay BIN = BEN. Tt gidc KBNJ nbi tiép
= KJB = KNB
M&Kﬁm@,@:@.}\fénm=ﬁ§
= Hai tia JK, JI trang nhau
= J, K, I thing hang (1
Mzt khac KIN + KBN = 180° (tit gidc KBNJ ndi tiép)
~ OJN + OCN = 180° (tit gidc BCNM nbi ti&p)
Do d6 KIN = OJN
= Hai tia JO, JK tring nhau.
= J, 0, K thdng hang. (2)
Tt (1) va (2) 6 J, O, K, I thing hang
Vay L, K, O théng hang.
Céch 2
Goi E 14 diém d6i xdng cta B qua IK. O 1a trimg diém cha CM va DN
=» T gidc DCNM 1a hinh binh hanh
= DC / MN
= DM = CN
= [AK = IBK
IBK = IEE (tinh chat d6i xtng truc)
Do d6 TAK = IEK
Td gide AEKI noi tidp = EAK = EIK
Ma EIK = BIK (tinh ch4t ddi xing truc),
. BIK = [HB + IBH = 90"+ IBH = DBN + IBH
Do d6 EAN = EBN |
= T gidac ABNE nbi tiép
= E thube duting tron (O)
- =>Kldiqua O '
Vay I, K, O thing hang. |
Chi ¥: Céc ban hay tim xem trong quyén sdch nay cdn ¢6 bai toan ndo gifng bai todn
nay va ban s& néi gi thém vé bai todn nay! |

BIC =
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Bai 51. Cho nita dudng tron (O; R) dudng kinh AB. Trén nita méat phéng b AB c6 chia
nita dudng tron vé céce tia Ax, By vudng géc véi AB. M 14 diém trén nlta dudng tron (M
khac A, B). Tiép tuyén tai M cha dudng tron cit Ax, By lan lugt & C, D. Pudng tron
ngoai ti€p tam gide OCD cit nidfa dudng tron (0) & E, F. Goi N la giao diém cia AD va
BC. Chdng minh ring ba diém E, F, N thing hang.

‘ Lt gidl

D& thdy AC // BD, AC = CM, BD = MD, COD =90 ;
Goi I 13 trung diém cha CD, H 1a giao di€m cia I
MN va AB, K va S lan lugt 1a giac di€ém cha EF
v OM va OL
ANBO c6 AC / BD | |
_ ON _AC M

MB  BD C y’
_OoN oM :

MB MD
= MN / BD. Nén MN // AC // BD A H O B
Ta cb: MN = DM _ BN = NH => MN = NH

AC  DC BC AC ,
V& dudng kinh OJ cha dudng tron (I) dudng kinh CD. (O) va (I) cit nhau 6 E, F
= OI 1a trung truc cia EF.
= QI L EF = EF // AB
ABEOJ vubng tai E, ES 14 dudng cao
= 08.0J = OE*

—, 208.0I = OM? = 08.01 = %{)M?

- Ma AOSK «» AOMI (g.g)
0S5 OK
e B e N I= )
= oM = o1 = 08.0I = OM.OK

Ta c6: %om? - OM.OK

_:>0K=_§0M

= K 1 trung dim ctia OM.
Ma EF // AB. Do d6 EF di qua N. -
Vay ba diém E, F, N thdng hang.

Bai 52. Cho tam gidc nhon ABC c6 H 1a tryc tdm. D, E 14 cdc diém trén cdc canh AB,
AC. Gid st cdc duding tron dudng kinh BE, CD cit nhau tai M, N. Ching minh réng H,
M, N théng hang.

Goi BB’, CC’ 1a c4c dudng cao cta tam gidc ABC -
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Goi H' 13 giao diém cta MN va BB’ ' A
C; 1a giao diém cia CH’ va dung tron dudng kinh CD.
Chidng minh duge: HC;. HC = HM.HN = HB.HB’
= Cy, C, B, B’ cing thudc mdt dubng tron

= BC,C = BB'C = 90°

NenC, =C,dodé6 H = /’

Vay H, M, N théng hang.

Bai 53. Cho dudng tron (O; R). A 13 diém n&m trén duong tron (O), H 13 diém & bén trong
dudng tron (0) sao cho AH = RV2. Puong thdng vudng géc véi AH tai H cdt dudng tron
(O) tai B, C. PBuong trdon duting kinh AH cidt AB, AC 1an lugt 8 D, E (khéc A).

Chiing minh ring D, E, O thing hang

Lot gici .
Xét duting tron dudng kinh AH c6: AEH = 90°, ADE = AHE
Ma AHE = C (ciing phu véi géc EHC). Do d6 ADE = C

Mat khac C = :f;: AOB va OA = OB (=R)

= AOAB c¢én tai O
= DAD + %A’G‘B = 90°

Nén DAO + ADE = 90°= AO L DE (1)
Ve AK L DE tai K
Xét AAED va AABC ¢6:
EAD (chung), ADE = Z&Eﬁ
Do dé, AEAD «» AABC (g.g)

Bédn kinh dudng tron (AED) la —32—‘/5,

bdn kinh dudng tron (ABC) 1a R.

N . AK 2
t e = B Ma AH = RV2 AK =R 2
Nén ta c6 (gt) = (2)

Tit (1) va (2) ta c6: K = O
Viy ba diém D, E, O thdng hang. -

Bai 54. Cho tam gidc ABC ndi tiép dudng tron (O). Pudng tron (O’) tiép xic véi ede canh
AB, AC va dudng tron (O) lan lugt & D, E, M. Vé OH vubng géc véi AC tai N. Tia OH
cdt dudng tron (O) § H. Chdng minh ring ba diém M, N, E thing hang.

L gidi '
Céach 1
Vé Mx la tia tiép tuyén cGa dudng trdon (O) (tia Mx nidm trén nia mat phing by AM ¢6
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chaa C). Ta ¢6 EMx = CEM (w_—w ésdﬁ_fi)

Ma EMx = EMC + CMx, CEM = AME + MAE
Ma CMx = MAE. Nén EMC = AME

=» ME la tia phén gidc cha géec AMC. -
Mt khdc ON L AC \
= AN = CN
=>'AMN = CMN o
=» MN 1a tia phan gidc cha géc AMC
Nén hai tia ME, MN tring nhau.
Vay ba diém M, N, E thing hang.
Céch 2
(0), (O} tifp xde nhau tai M = O, M, O’ thang hang.
ME cdt dudng tron (0) 8 N’
AOMN c¢6 OM = ON’ (= R) = AOMN cén tai O
AO'ME ¢6 OM = OE (= r} = AO'ME cén tai O
Do viy EO'M = N'OM = OE / ON’
MaOE_LACnenON' LAC.DoviyN = N’
Vay M, N, E thing hang. | _
Bai 55. Cho tam gidc nhon ABC (A = 60" noi ti6p dudng trdn (O; R). Pudng tron (I
dudng kinh BC cit AB, AC 14n lugt & D, E. F 12 di€m chinh gita cung BC. Vé OM L AF
tai M, OM cdt CD tai H. Ching minh ring ba diém B, H, E th&ng hang.
BH cit AC & E. T gidc ADHM c¢6 ADH = AME = 90° nén td gide ADHM noi tiép

T2 A
4‘!"'
2T

C

= OHC = DAF = = 30°

~ BAC =60° = BOC = 120°
Nén: OBC = OCB = 30°
~ OHC = OBC = 30°
— T¢ gide BHOC néi tiép
- BHC = BOC = 120°
DHE' = BHC = 120" _
Tt gidc ADHE’ ¢6: DAE' + DHE' = 180°
= Tt gidc ADHE’ ndi tiép
HE'A = 90°
HE 1 AC, HE L AC
=~ HE, HE’ triing nhau.
Vay B, H, E thing hang.
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Bai 56. Cho tam giac ABC. Mat dudmg thing song song véi BC cdt cdc canh AB, AC lin
lugt tai D, B. K 1a mot diém nim trong tam gise ADE. DE cit BK, CK l4n lugt § M, N.
Céc dudng tron (O), () 14n lugt ngoai ti€p cdc tam gidc KDN, KEM cét nhau tai L (L
khéc K). Chitng minh ring A, K, L thdng hang. : ‘

Lai gidci A
Goi I, S 14n lugt 1a giao diém cia AK véi DE, BC
M IK
AKBS c6 MI / MR
ch BS =2 38 S
IN IK
AKSC ¢6 IN // 8C =» ~—~ = 2=
¢ ~ Ts T KS
Do do: M _ IN
BS CS
M _BS E
IN  CS
ID BS
Tudng fll.l’ C()Z E = é’g B
IM ID S C
6 == = == — ID.IN = IM.
Do dé TN 5 = IM.IE

IK cdt (O) & Ly, IK cdt (O) & Lg
Xét AIDK va AIL;N c¢6: KID = NIL, (déi dinh), IKD = INL,
Do d6 AIDK «» AIL;N (g.g) = ~2 = & = IDIN = IK.IL,
IL, IN :
Chitng minh tuong tu ciing ¢6: IM.IE = IK.IL,
Do d6 IL; = ILy =» L, Ly, L triing nhau. Ta ¢6 A, K, I, L thing hang
Vay A, K, L thing hang.

Bai 57. Cho dudng tron (O) ndi tiép tam gide ABC. Pudng tron (O) tiép xiic vdi cde canh
BC, AC, AB ldn lugt ¢ D, E, F. Trén doan thing OD lay diém I, v& dudng tron (I), tam
I, bén kinh ID. V& BG, CH 1a cdc tiép tuyén cia dudng tron (D) (G < (D, H e (D). Goi
M 14 giao diém cia BG va CH, N 14 giao diém ctia EF va BC. : :
Ching minh rding ba diém N, G, H thing hang,

Loi gidi
Tit tinh chdt cha hai tiép tuy&n cit nhau, ta c6:
AE = AF, BG = BD = BF, CE = CH = CD, MG = MH
AAEF cin tai A
= AP‘EF = m
= 2AEF + BAC = 180°
AABC ¢6 BAC + ABC + ACB = 180°

ABC + ACB

Do d6 AEF =
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ACEH cén tai C = AEH = 90° + ECH
ECH - ABC - ACB

Do d6 HEF = AEH - AEF =90° + >

Tuong ty ¢6: MGH = M—%{%———@ MGF = 90° +

GBF
2

MBC + MCB + GBF
2

Ta c6 HEF + HGF = 180°. Ty gidc EHGF ndi tidp.
NG ciit dudng tron (I) & Hy, cit duing trdon ngoai tiép td gidc EHGF & Hy
Ta c6 ANGD «» ANDH, (g.g)

NG ND

ND NH,
=> NG.NH; = ND?
Ta ciing ¢6: ANFG «» ANHE (g.g)

Dodéﬁé_ﬁ‘zgeo-v

NF _ NG
NI, = NE = NG.NH, = NENF
ANDF « ANED (g.g)
ND _NF 9
= NENF = N
NE ND N b

Do vay NII; = NH; = H; = H,.
Nén Hy, Hs;, H trung nhau.
Vay ba diém N, G, H thing hang.

Bai 58. Cho dudng trom (O; R) dudng kinh AB. C ndm gitta O v A. V& dudng trdn (I)
dudng kinh BC. V& AD 1a ti&p tuy&n, ACF 1a c4t tuyén ctia dubng tron (I) (AE < AF)
sao cho tia AO nim gifta hai tia AD, AE. Pudng thing vudng géc v6i AB v& tir C cit
duting tron (0) & N, P (D, P cang thudc mdt nita mit phdng by AB). DI cit NB & 8. Goi
J 13 trung diém cha SD; L, T 14n lugt 1 tAm dudng trdn ngoai tiép céc tam gide SBC,
SEF. Ching minh réng ba diém J, L, T thing hang.

AL qidi
Xét AADC va AABD c¢6 DAC (chung), ADC = ABD (hé qua géc tao bdi tia tifp tuyén
va diy cung)
Do d6 AADC «» AABD (g.g)

. AD AC 2
= AD* = AB.A
= C

ANB = 90° (gbc ndi ti6p chén nita dudng trdn) -
ANAB vubng tai.N, NC 1a dudng cao = AN? = AB.AC
Do d6 AD? = AN® (= AB.AC) => AD = AN
Goi R 12 giao diém cia DN va AS
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Xét ADAS (ADS = 90% va ANAS (ANS = 90°% c6: AS (chung), AD = AN
Do d6 ADAS = ANAS (canh huyén — canh géc vuéng) = DAS = NAS
AAND cén tai A (AD = AN) '
AR 1a dutrng phén gidc (DAS = NAS) nén ciing 12 dudng cao
AADS vubng tai D, DR 1a dudng cao = AD? = AR.AS
Nén AR.AS = AB.AC (= AD?)

C

Xét AACR va AASB c6: CAR (chung), %é»

- AR i ARAS = AB.AC)
AB

Do dé: AACR «» AASB (c.g.c)

= ACR = ASB

=> T gide CBSR ndi ti€p

= L thudc dudng trung truc cia RS (D
Chitng minh tuong tu ¢6 ti gide RSFE noi tiép A
= T thudc dudng trung tryc cia RS (2)

Mit khdc ARDS vuéng tai R, RJ 1a dudng trung tuyén
= RJ = 8J = DJ |
= J thude dudng trung truc cia RS (3)
Tir (1), (2) va (8) ¢6 J, L, T thing hang.

Bai 59. Cho tam gidc nhon ABC ndi tiép dudong tron (0) (AB < BC < AC), cde dudng cao
AD, BE, CF cét nhau tai H. Pudng tron (I) ngoai ti€p tam gide HDC cit dudng tron (O) &
M (M khac C) cit FD & N (N khéc D). Chiing minh ring B, M, N théng hang.

Lt gidi : '

HDC + HEC = 90° + 90° = 180°

| A
= T gide HDCE néi tiép
= B thude dudng tron (I)
Td gide BFHD ¢é: fIDC = BFH (= 90
= T4 gidc BFHD néi tiép : / v
- = BFD = BHD _ _ 4
Ma BHD = DNE (t« gidc DHEN nai tiép) _
-

= BFD = DNE = AB // EN B D C
= BAC = NEC X
Ma BAC + BMC = 180° (td gisac ABMC néi tiép) M

Do d6 BMC = NMC
= Hai tia MB, MN ¢{riing nhau
Vay ba diém B, M, N théing hang. -

Bai 60. Cho tam gidc ABC nbi ti€p dudng tron (0). Tia phén gide géc BAC cit BC ¢ D,
cit dudng tron (O) & E. EO cit dudng trdon (0) & F. I 14 tdm dudng tron ngoal ti€p tam
gigc ADC. Ching minh ring ba diém C, I, F thdng hang.
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Lot gidd
Cach 1:
Ta c6 BAE = CAE (AD la tia phén gidc cta géc BAC)
= BE = CE = FE 1 BC
AFBC cén tai F = BFC = BAC
Mit khéc ID = IC (= r) = AIDC cén tai I

Ma DAC:%@.Nénmzﬁffl

Do vay AFBC «» AIDC = BCI = DCI
Nén hai tia CI, CF tring nhau BQ
Vay ba diém C, I, F théng hang

Cach 2:

Ta c6: BCE = BAE (hai géc néi ti€p cing chin cung BE)

BAE = CAE (AE la tia phén gide cha gée BAE)
CAE = %1‘3’1‘6 (= -é- sd CD cha (1)
— BCE = %ﬁﬁ?

AIDC ¢6 ID = IC (= r) nén AIDC cén tai I
= IDC = fD. Do d6 - BIC + BCI = 90°

Nén BCE + DCI = 90°= EC 1 CI (1
Ma ECF = 90° (géc néi tiép chén nita dudng tron)
= EC LCF (2)

T (1) va (2) e6 CI, CF triing nhau
Vay ba diém C, I, F thing hang.

Bai 61. Cho i;am gidc ABC néi ti€p dudng tron (0). Tia phan gidc géc BAC cit BC & D,
cdt dutng tron (0) & E. Goi I 1a tadm dudng trdn ngoai tifp tam gide ADC. CI cit dudng
tron (O) & F. Chitng minh ring E, O, F thing hang.

Ll gidd _
Ta ¢6 BAC = BFC (hai g6c ndi tiép ciing chin cung BC) F

J— e —

Ma DAC = % BA

o

|

Nén DAC = 1 BFC
2 0
Mat khac DAC = %5’1‘6(: .23; sd OD ciia (1)

JEE— | B D\[———> C
Do vay BFC = DIC = B¥ // DI ‘

AIDC ¢6 ID = IC (= r) nén can tai I = IDC = ICD E
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Nén FBC = IDC = ICD = AFBC can tai F |
Ta c6 FB = FC, OB = OC, EB = EC (vi BAE = CAE = EB = £C = EB = EC)

Nén F, O, E cing thude dudng trung tryc cta doan thing BC.

Vay ba diém E, O, F thing hang.

Bai 62. Cho tam gidc nhon ABC (AB > AC). Puimg trbn (I) dudng kinh BC cdt AB, AC
lan lugt & F, E. BE cit CF & H. AH ¢t BC & D, EF cdt BC & K. Dudng thdng qua D
song song véi EF cit AB & M. Pudng tron ngoai tiép tam giéc IMK cit AC & N.

Ching minh ring ba diém M, D, N thing hang.
Lt gial
Ta ¢6 BFC = BEC = 90° (g6c noi tidp chin nita dudng tron)
" AABC ¢6 BE, CF 14 hai duding cao ¢4t nhau tai H
= H 1a trye tam cha tam gidc ABC A
= AD L BC
Tt gisc BFHD c¢6: BFH = 90°, BDH = 90° R
= Td gidc BFHD ndi tiép
- DBH = DFH

Ma DBH = CFE nén DBH = — DFE
B
1

.2-(’3‘1‘5‘; . Do d6 CIE = DFE

i

1
2

Ma DBH

i

N N
= Td gide IFED nbi tiép .

- IDF = IER, [EF = IFE (IF = IE)

AIDF « AIFK (DIF (chung), IDF = IFK)

ID . IF \
D o pIK=1F
TIF K

Do d6 ID.IK = IC?

Goi N’ 1a giao diém cha MD va AC.

Ta ¢6: DN'C = AEF (EF / MN’)
AEF = MBD

Nén DN'C = MBD

i

, DN' DC ,
(ADN'C <> ADBM (g.g) = — = = = = DB.DC= DM.DN
Ta ¢6: DM.DN’= DB.DC = (IB + ID) (IC - ID)
= (IC + ID) (IC - ID) = IC? - ID? = ID.IK - ID®
=ID (IK - ID) = ID.KD .
X6t ADMI va ADKN’ ¢6:

DI = KDN® (d6i dinh), 2M - (vi DM.DN' = ID.KD)

DK DN'
Do d6 ADMI «» ADKN’ (c.g.c)
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=DMI = DEN'

= Tt gide IMKN’ noi tiép

Nén N = N

Vay M, D, N thing hang. ‘

Bai 63. Cho tam giac ABC néi tiép dudng tron (O). Pudng tron (0) tiép xdc v6i cdc canh
BC, AC, dutng tron (0) 1an lugt § D, E, M. MD ¢t (O} N. NE ¢4t (O) 6 1, ct (O) &
K. V& ddy AF cha dudng tron (O) va AF song song v4i BK. -
Ching minh ring C, I, F thing hang. ‘ |

L& gidid

OM = OD (= R") = AO'MD cén tai O’

OM = ON (= R) |

=> AOMN ¢an tai O

OMN (chung)
Do 46 AOMN « AO'MD
- MO'D = MON
= ON // O'D. _

Do vay ON L BC= BN = CN
NB ND N

ANBD - ANMB‘(g.g) =i NB & ND.NM = NB?

ANDI «» ANEM (g.g) = 2 = ML _, ND.NM = NE.NT
NE NM

Ma NB = NC (BN = €N). Nén ¢6 NE.NI = NC?
ANCI «» ANEC (c.g.c) = NCI = NEC.
Ma NEC = EAN + ANE
NCI = NCB + BCi, NCB = EAN
BCI = ANE
Ta ¢6 AF / KB = AK = BF = BCF = ACK
Viy BCI = BCF
= Hai tia CI, CF tring nhau
Vay C, 1, F thidng hang. _

Bai 64. Cho tam gidc nhon ABC (AB > AC) , cdc dudng cao AD, BE, CF cdt nhau tai H.
EF cdt BC tai M. I 1 trung diém canh BC. C4c dudng tron (0), (0') ngoai 'tié'p cdc tam
gidc DHI, AHE cét nhau & N (N khéc H). Chimng minh ring:

a) A, N, I thing hang. |

b) M, H, N thing hang.

i

Lii giai
a) ANH + AEH = 180° (tit gidc ANHE néi tiép)
AEH = 90° (BE L AC)
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Nén ANH = 90° Tuong ty HNI = 90°"
Ta c6: ANI = ANH + HNI = 90° + 90° = 180° : A
= A, N, I thing hang. -

b) Goi N, 1a giao diém cia MH va (O},
N, 1a giao di€m cia MH va (0" (N,, N; khdc H)
Dé thdy cdc td gidc BFEC, BFHD ndi ti€p
= EBC = EFC, EBC = DFH

:E‘i@%gﬁ

Mam’“@‘e%ﬁt‘:nénﬁﬁmzﬁ‘c B
ME Ml
AMEI «» AMDF (g. == - 22 . ME.MF = MD.MI
M 8= D T MF -
MH MD
HD v AMIN; = —— = =~ — MDMI = MH.MN
AM 1= NI VNI = MI=M 1

Tuong ty ME.MF = MH.MN,
Tac6 MN; = MN; = N; = N, = N
Vay M, H, N thing hang.

Bai 65. Cho tam gide nhon ABC (AB < AC) ndi tiép dubing trdon (0). V& tiép tuyén tai B
cit cdc ti8p tuyén tai A, C clia dudng tron (0) 14n lugt & M, N. K 14 trung diém cha
MN. Budng thing qua K“song song v6i AM cit dudng tron ngoai tiép tam gide OBN &
P (P va C n3m trén hai nifa méat phéng d46i nhau b& BN).

Chiing minh ring ba diém A, B, P thing hang.
‘ I Lo gldi
‘Goi I 1a giao diém cha PK va MO
KIM = AMI (AM // PD)
AMI = KMI (MA, MB 1a tiép tuyén cia (0))
= KIM = KMI |
=> AKMI cén tai K- ‘ /
= [K = MK . B C

AIMN c6 IK 1la dudng trung tuyén va 1K = mh%li P

= AIMN wvubng tai I

Tac6é P, B, O, I, C, N eling thudc mot duimg tron

= OBP + OIP = 180°

Ma OIP = OMA, OMA = OBA (td gide OAMB nbi ti€p)
Do d6 ABP = OBP + OBA =180°

Vay A, B, P thing hang.
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Bai 66. Cho tam gidc ABC noi ti€p dudng trdn (0). Trén canh BC 14y diém M sao cho
AMB < 90° Goi I la tam dudng tron ngoai ti6p tam gidc ABM, K 1a tAm dudng tron
ngoai tiép tam gide ACM. BI cit dudng tron (0) § D.

Ching minh ring ba diém C, K, D thing hang.
L0 gidi

Hai dub’ng tran (I), (K) cdt nhau tai A, M

= IKla duémg trung trye cha doan thing AM

= ABM = AIK, ACM = AKI
Do dé AAIK «» AABC (g.g)

= AR = BAC
=» CAKR = BAI

AIAB ¢6 TA = IB (= R) = AIAB cén tai I
AKAC ¢6 KA = KC (= R") = AKAC cén tai K
Do d6 AIAB «» AKAC = ABI = ACK
Mat khac ACD = ABD (hai goc nbi ti€p cung chén cung AD cia du’b‘ng tron (O)
Ta c6: ACK = ACD (= ABD)
- = Hai tia CK, CD tring nhau
Vay ba diém C, K, D théng hang.
* Nhin xét :
Chéc hin sé c6 ban doc thic mic ring trong d8 todn cé gid thist AMB < 90° ma
trong 19 gidi khong nhic d&n, nhu vay c6 phai chang la thiral
Chiing ta nhan ra ring AMB < 90° < AMC @€ trén hinh v& M, I nim trén cing mét
nita mét phing by AB, M va K nim trén hai nita b AC. Nhu vay, dé todn cho trude
AMB = 90° dé “dé dang” hon cho ngudi gidi todn!
 Bai 67. Cho duding tron (O; R) dudng kinh AB. Diém C thujc dudng tron (O) (AC > BO).
V& ti€p tuyén Ax cia dudng tron (O) cit tiép tuyén tai C cia dudng tron (0) & E. V&
dudng tron (O") qua C va tiép xic v6i Ax tai E. OC c&t dudng tron (O) tai F (F khéc C).
BE cit dudng tron (0) & I. Goi L 14 trung diém cla doan théng OA.
Chdng minh ring L, I, F thdng hang.
: Lo giai
Goi K 1a giao diém clia OE va dudng tron (O).
EA, EC 1a céac tiép tuyén cha dudng tron (0) = AOE = COE
Tacé EF L AE, AB L AE
= EF // AB = OEF = AOE |
Do d6: OEF = COE = AFEO can tai F.

EKF = 90° (géc néi tiép chén nita dudng tron)

0
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AFEO cédn tai F, FK 1a dudng cao
= FK 14 dudng trung tuyén.
Ta 6 K, L lan lugt 1a trung diém clia OF, OA.

= KL la dudng trung binh ctia tam gidc OAR.

= KL // EA va KL = _Ezﬁ

Xét ALKQO va AKFO cé:

KLO = FKO (= 90%, LOK = KOF
Do d6 ALKO «» AKFO (g.g)
-, LK _OL

KF OK
AAEQ c¢6 KL // AR,

OK OL_ OL OA  OL _ OB

OE OA 0K OE OK OF

=m=  =—— LK KF LK OB OL

Xét AKFL va AOEB c6:FKL = EOB, o8 = OB (Vi RF - OF - OF
Do d6 AKFL «» AOEB (g.g) = KFL = OEB
Ma KFI = OEB (hai géc ndi ti€p cung chén cung KI cda (0Y)
Do d6 KFL = KFI = Hai tia FI, FL tring nhau
Vay L, I, F thdng hang. ' .

Bai 68. Cho tam gidc ABC vudng tai A (AB > AC) noi tiép duvng tron (O; R). V& AH la
dudng cao cta tam gide ABC, vé dudng trdn tdm I dutng kinh AH cdt AB, AC, cung AC
chia dudng tron (O) 1an lugt tai E, F, Q. Goi giao diém cGa EF va BC 1a L. |
Chitng minh rdng A, Q, L thing hang. ' '

Lo giGi

)

Goi Q 13 giao diém ciia AL va (I), (Q # A)

Ta gisc AEFQ ndi ti€p dudng tron (1)

AFE= EBC (= HAF) = Tu giac BEFC noi tidp
Do d6 FQ'L = AEL = BCF

= T& gide FQ'LC ndi tiép

= CQ'L = CFL = EFA

Ma EFA = B.Tacé CQ'L = B

= Tit gide BAQ'C noi tiép

MaA B, Ce(0O)nénQ  (O)

Q va Q' 1a giao diém thit hai cia (O)va (D => Q = Q
Vay ba diém A, Q, L thdng hang. .

Tit gide BEFC noi ti€p (xem & cdch 1)
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= EFC + EBC = 180° A

Ma AQC + EBC = 180°. Nén EFC = AQC

Mt khac c6: QFL = QCL(= EAQ) -/ ‘

= T gidc QFCL ndi tiép . ‘

_, GFL - COL S o H Jc L
Do d6 AQC + CQL = EFC + CFL = 180 U

Vay A, Q, L théng hang.

Bai 69. Cho tam gidc nhon ABC ndi ti€p dudng tron (O). Cho P 13 di€m bat ky trén doan
BC sao cho dudng tron ngoai tiép tam gidec OBP cit doan AB tai N khdc B va dudng
tron ngoai tidp tam gide OCP cit doan AC tai M khae C. V& OK 1L PM tai K.

Ching minh ring N, O, K thig hang.
Lt giai

Goi K’ 1a giao diém cha NO va PM.

Ta c6 OBP = ONP (hai goc ndi ti€p chdn cung OP)
OBN = OPN (hai géc ndi tiép chén cung ON)

OPM = OCM (hai g6c noi tiép chdn cung OM)
ABC = %m, OAC - OCA (OA=0C=R)
Do d6 ABC + OCA = 90°

Ta c6: ONP + NPK = ONP + OPN + OPM
= ABC + OCA =90

i

= NK'M = 90°

Dodd NKK LMPnén K = K

Vay N, O, K théng hang.
Bai 70. Cho ba dudng tron (0), (K), (I), trong hai dudng trdon (O), (I} cit nhau tai A va B,

hai dudng tron (0), (K) cit nhau tai C va D, hai dung trdn (I), (K) cit nhau tai E va F.

Goi M 1a giao diém ciia CD va EF. Ching minh ring ba diém A, M, B théng hang.
: Lt gidi | ‘
Xét AMCE va AMFD c6:

EMC - DMF (déi dinh),

MCE = MFD (hé qué géc ndi tiép)
Do d6 AMCE «» AMFD (g.g)

MC _ ME
. MF MD
= MC.MD = ME.MF . (1)

Goi Ay, A; 12 giao didm cta MB véi (0), (I) (A, A; khéc B)
Ching minh tuong ty trén c6: '
MA;MB = MCMD @)
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MA, MB = ME.MF (3)
Tir (1), (2), (3) ¢6 MA; = MAg; => A; = A,
Do vy Ay, As, A tring nhau
Vay ba didm A, M, B thing hang.

Bai 71. Cho tam gide ABC cén tai A, A < 90°. V& duﬁng tron (O) tiép xde véi AB, AC tai .
B, C. Tit di€m M thudc cung nhd BC cia (0) 14n lugt ké cdc dudng thdng vudng g6¢ véi
BC, CA, AB tai I, H, K. MB cft IK tai P; MC ct IH tai Q. Goi (Oy) 1a dudng trdn qua
ba diém K, M, P. (O,) la dutng trdn qua ba di€m M, Q, H. (Oy) ¢t (Oy) tai M, N. Goi D
1a trung diém ciia BC. Chitng minh riing M, N, D thing hang. :

Ll gidi
Coti giao diédm cta MN va PQ, BC, dudng tron (O lan lugt 1a S, D, E(E khac M)
Céc ta gidc MBCE, MKBI, MHCI ndi tiép dudng trdn. _
Suy ra: MIK = MBK = MERB; MIH MCH - MEC : A
= KIf = MIK + MIH
= MEB + MEC = BEC
= KIH + BMC = 180°

" = Tw gide MPIQ noi tiép

= MQP = MIP ~ MEB - MCB
= PQ// BC ) {1
Ta c6 MQP = MCI = MHI
- PQ 1a tiép tuyén cda dudng tron (02)
Tuong tu PQ ciing 14 ti€p tuyén cha (Oy). L ‘
Suyra:SP? = SMSN=SQ*=SP=8Q (2 E
Tit (1) v (2) suy ra I’ 1a trung diém cda BC |
= Iy trﬁhg véi D
Vay D, M, N thing hang.

Bai 72. Cho tam gidc ABC, dudng tron bang tiép trong géc A ti€p xidc vdi tia AB tai N, ké

dutng kinh MN. Trén tia d%; cGia tia AB, 18y diém K sao cho AK = BN,
Chiing minh réng K, C, M thing hang
L& giai

Goi I, J 14n lugt 1a tAm cda cac dudng tron bang tiép trong céc géc A, B cla tam gidc
ABC; dudng tron tam I ti€p xdc véi cdce tia BC, AC lan lugt tai P, H; dudng trbn tﬁm J
ti€p xic voi cac tia BC, BA lan lugt tai Q, K.
Ta cé: 1, C, J thdng hang
Va CA + CB - AB = CA+ CP +PB - AB

=CA +CH + NB - AB

= AH + NB - AB

= AN + ND - AB

= AB + NB + NB - AB

= 2NB
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Nhu vy CA + CB - AB = 2NB; tuong tu ta c6:
CA + CB - AB = 2AK’

= NB = AK’

= AK = AK’

Hai tam gidc ICP va JCQ dong dang (g.g)
Ic_I1P 1™
JC T IQ  JK

Mat khdce hai gée so le trong CIM = CJK

(JK va IM cuing vubng géc vii AB)

Nén hai tam gide CIM va CJK déng dang

= ICM = JCK |

Do d6 KCM = ICM + ICK = JCK + ICK = 180°
Viy ba diém K, C, M thdng hang.

Bai 73. Cho dudng trdn (0) va day AB. Céac dudng tron (I), (K) ndm vé cing mot phia cha
AB, ti6p xdc v6i AB va tigp xdc trong véi dubng tron (O) lan lugt tai C, D. Hai dudng
tron (), (K) cit nhau tai M, N. Goi T la diém chinh giita ciia cung AB (Cung AB khong
chda cac diém C, D). Chng minh réing ba diém M, N, T théng hang.

| Lol gidd
Gia st (I), (K) tiép xdc v6i AB 14n lugt tai E, F.
(0), (I) tiép xtec nhau tai C = O, I, C théng hang.
Ta ¢6 IC = IE (= r}),OC = OT (= R)
Tam gidc ICE can tai I, tam gidc OCT cén tai T.
IE L AB, OT L AB (T la diém chinh giita AB)
= IE // OT = CTE = COT |
AICE v AOCT = ICE = OCT
= Hai tia CE, CT triung nhau
= C, E, T thdng hang.
Tuong ty T, F, D thing hang.
Xét ATAE va ATCA c¢6: ATE (chung), TAE = TCA
Do d6 ATAE «» ATCA (g.g)

= %% = %—% = TA? = TE.TC
TA = TB = TA=TB

Nén TE.TC = TF.TD

Goi N; 13 giao di€m cta TM va (Oy), N; 12 giao diém cta TM va (K).

Xét ATEN, va ATMC c6: ETN, (chung), TEN, = TMC (T# gidc EN;MC ndi tiép)
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Do d6 ATEN; = ATMC (g8) = > = 3 = TE.TC = TM.TN,

Chitng minh tuong tf cling ¢6 TF.TD = TM.TN;

Ta ¢6: TM.TN; = TM.TN; = TN; = TN,

=>N;= Ny=N

Vay ba diém M, N, T thdng hang.

Bai 74. Cho dudng tron (O) va day AB. C4c dudng trdn (01) (02) nﬁm vé mét phia cda
AB. Ti&p xic ngoai nhau & C va tiép xic trong vdi dudng tron (0) 1an lugt & M, N. Tiép
tuyén chung cha (Oy), (Og) cdt (0) tai D (D thudc nida mat phang bd AB chita (Oy), (Og)).
Goi E 1a diém chinh giita cung AB (E, D & trén hai nita mét phdng d6i nhau b AB).
Ching minh ring C, D, E thing hang.

AL gidd

Bubng tron (O;) tiép xic véi AB tai K.

Chiing minh duge M, K, E thing hang.

BPubng tron (O,) tiép xde véi AB tai E.

Ching minh duge N, L, E thﬁng hang.
EK.EM = EL.EN (bai todn 73) _
EC cdt dutng tron (Oy) & Cy, cit dudng tron (Os) & C,.

AEKC,; v AEC1M (g.g)

EK EC,
EC, EM

= EKEM = EC?

Tuong ty : ELEN = EC. Do 46 EC; =EC;= C; = Cy

Nén C,, Cy, C tring nhau

EC 1a tiép tuyén clia hai dutng tron (0;), (Oy)

Vay C, D, E théng hang.

Bai 75. Cho td gidc ABCD néi ti&p dudng trdn (0), AC ¢4t BD & E, AB cét CD & F. Céc
dudng cao AA’, DD’ cha tam gidc EAD ciit nhau tai H, cdc dudng cao BB’, CC’ clia tam

. gidc EBC tai K. Ching minh ring F, H, X thing hang.

L3t giad
Goi M, N 12 giao diém ctia hai dudng trdn (Oy), (O3} c6 duéa'ng kinh l4n lugt 1a AB, CD.
AFAD «» AFCB (g.g)
FA FD

= T5 < ¥8 EA.FB = FC.FD

FN cdt (0,) & My, cdt (Os) & M, (M; M, khde N)

Ching minh tuong tu ¢6: FAFB = FM,.FN, FC.FD = FM,.FN

Do dé FM; = FM;= M, = M,

Vay M,, My, M trling nhau

Do d6 F, M, K thing hang (1)
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Lalll zldily LU HIEIE id Wit Malig Hdlig — TRV VEY = e

Goi Ns, N; lin lugt 13 giao diém clia MK véi (Oy), Op)

KC' KB
AKCB «» AK'BC (g. — = e KB KRB = KCKC
ARBC (88 = 357 = k¢ = |
AKBN, © AKMB' = 58 - BNi . g, KM = KBKB'
- KM KB
Tuong tu: KN.. KM = KB.KB’
Ta ¢6 CN; = KNy = Nj, Nj trung nhau. ¥

Vay N, Nj, N, tring nhau = K € MN
Tuong t¢ H € MN. Do vay H, K, M, N théng hang
Tir (1) va (2) ¢6 K, F, M, N, H thing hang
Vay F, H, K théng hang.

Bai 76. Cho diém A nlim ngoai dudng tron (O; R). Ve cdc cat tuyén AEB, ADC v6i dudng
tron (O) (E, B, C, D thubc (0), E nim gitta A va B, D nim giita A va C). Goi H 1a giao
diém ciia BD va CE. V& céc tiép tuyén AM, AN v6i dudng tron (O) (M, N thujc (0)) (B
va M ciing nim trén mo6t nita mat phing by AH). Goi K 1a giao diém ciia BN va CM.
Ching minh riing ba diém A, H, S thing hang.

_ | _ Lt gici

Goi H’ 1a giao diém ¢ta MN va BD, E’ 14 giao diém cia CH va dudng tron (0).

AMO = ANO = 90° ‘

= Tt gide AMON nbi ti€p dudng trdn (I) duong kinh OA.

Goi S 13 giao diém cda AH va ()

D& dang chdng minh duge: H'E H'C = HMHEN = HAHS

= Tit gidc AE’SC ndi ti€p

‘= AE'C = ASC 1) o

Goi F 12 giao diém ciia OA va MN. D& dang c6 AH’.AS = AF.AO = AN® = AC.AD

= T gide H’SCD noi tiép | ' ‘

- H'SC + H DC = 180° (2)

Ma BEC=HDC (8)

Tit (1), (2), 3) ¢6 AE'C + BE'C = 180°

Nen A, B, B thing hang. Nén E’ = Eva H = I’
' Vay M, H, N théng hang.

Goi K’ 14 giao diém cta AH véi CM

Xét dung tron (I) ¢6 ASN = MNA

Xét dudng tron (0) 6 MCN = MNA

Do d6 ASN = MCN

= T¢ gidc K'SCN noi tigp
= K'SC + K'NC = 180° (1)

Ta ciing ching minh duge: HB.HD = HM.HN = HAHS
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= 14 g1ac Abol) noi tiep
— ABD = ASD
Xét dudng tron (O) ¢6 ABD = HCD. Nén ASD = HCD = Tt gide SHDC nbi tiép
= ASC + ADC = 180° @) | |
Ma HDC = BNC 3)
Tit (1), (2) va (3) ¢6: K'NC = BNC
= Hai tia NK’, NB tring nhau
=> B, K, N thing hang
Ta ¢6 K = K. Nén A, K, S thing hang.
Viay ba diém A, H, S thdng hang. :
Bai 77. Cho luc gidac ABCDEF néi ti€p dutng tron (0). AC cit BF tai M, CE cit DF tai
N, AD cit BE tai K. Ching minh rang M, K, N thing hang.
. Lot gidd .
Goi I (I khdc F) 1a giao diém clha dudng tron ngoai tiép tam gidc AFM va dudng tron
ngoai tip tam gidc EFN. '

Ta cé: <
AIE = AIF + EIF
= AMF + ENF |
- sdﬁ‘+sd§f§+sdﬁ‘+s&(’fﬁ
.2 2
__‘s'dAFE;sdBCDE ARE

= T gidc AIKE néi ti€p
= AIR + AEK = 180°

Mat khae: AIM = AFM, AFB = Kﬁﬁ_

= AIM = AEK ,

Do d6: AIM + AIK = AIK + AEK = 180°

= M, I, K théng hang.

Chtng minh tuong tu ciing ¢6: N, I, K thing hang.
Do dé M, I, K, N th&ng hang.

vay M, K, N thing hang. . _

Bai 78. Tir diém A niim ngoai dudng tron (0) v& cdc tiép tuyén AM, AN dén dudng tron
(O) (M, N e (O)), vé& cdt tuyén ADC d&n dudng tron (0) (D, C € (0). B 12 diém trén
cung CM (Khong chia D). Goi H 1a giao diém cta MN va BD. E 1a giao diém cha CH va
dudng tron (0). Chdng minh rang A, E, B thing hang. . g y
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.,le giai
Ta c6: AMO = ANO = 90°
= T¢ gidc AMON noi ti€p dudng tron (I) dudng kinh OA.
Goi K 1a giao diém cta AH va dudng tron (I).
D& dang chitng minh duge: HE.HC = HM.HN = HA.HK
= T gide AEKC ndi tiép
= AEC = AKC (1
Goi F 1a giao diém cda OA va MN
D& dang ¢6 AH.AK = AF AQ = AN® = AC.AD
= T gidc HKCD noi ti€p

— AKC + ADC = 180° @ .
Ma BEC = ADC (3)

Tir (1), (2) va (3) ¢6 AEC + BEC = 180°

Vay A, E, B thing hang.

+ Nhin xét:

Lo giai bai toan giap gidi duge bai toén hay sau:

Tit diém A nim ngodi dudng tron (0) vé cdc cat tuyén AEB, ADC va céc ti€p tuyén
AM, AN dén (0) (M, E, D, N € (O)). Goi H 1& giao diém cia BD va CE.

Chiing minh ring M, H, N théing hang.

Bai todn trén 13 bai todn t6rig quat cia bai toan quen thude sau:

Bai toan. Cho tam gidc nhon ABC, truc tdm H, Goi AM, AN la céc tidp tuy8n véi duong
tron (Q) dudng kinh BC (M, N 1a céc tiép diém). '
Ching minh réng M,HN théng hang.

Bai 79. Cho tam gidc ABC néi tiép dudng tron (0). K 14 difm nim trong tam gidec ABC
(K khéng thude cdc canh cia tam gidc). Piém D trén tia d6i cha tia AK sao cho dudng
tron ngoai ti€p tam gide ACD cét tia déi cia tia CK & F va dudng tron ngoai tiép tam
gidc ABD cit tia d6i cia tia BK & E. Goi I 12 tAm dudng tron ngoai tiép tam gidc DEF.
Ching minh ring ba diém O, K, I thing hang.

Céc tia AK, BK, CK cét dudng tron (I) 1an lugt tai M, N, P.

Ta ¢6: KAB = DEN (Tt gide ABED noi tisp), DEN = DMN (tTd gidc DEMN ndi tigp)
- KAB = DMN

Xét AKAB vi AKMN cé: AKB MKN (d6i dinh), KAB = KMN

AB _ KA KB

Do d6 AKAB «» AKMN (g.g) = MN ~ RM - KN

AC KA KC
Tuong ty ¢6: — = —— = ——
UOREW €O s T KM~ RP

Mait khéc: AKAB «» AKED
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KA KB
= % - %D = KA KD = KB.KE
Tuong ty c6: KA KD = KC.KF
Nén KB.KE = KC.KF
AKBC «» AKEF (c.g.c)
Nén KBC = KFE. Ma KFE = KNP
BC KB KC

od AKNP = 9p “ RN ~ ®p

Su raéﬁ—-,?_g—.é_g
Y MN T NP~ MP
= AABC «» AMNP (g.g)
= ACB = MPN | ‘
Méﬁaﬁ=%W,MPN=§W.Nénfﬁf§nW,OA:-OB(zR),IMzIN(:R’)

OA AB .
Do vy AOAB » AIMN = =2 - 28 538 _ Min
o vay TIM T MN S
Nén KAD = RMi
OA KA{ AB) o o
Xét AKAO va AKMI c6: 22 - B4/ AB) - B
va AKMI c6: 20 = & ( MNJ,KAO

Do d6: AKAO «» AKMI (c.g.c) = AKO = MKI
Ta c6: OKI = OKM + MKI |
= OKM + AKO = 180°
Viy O, K, I thing hang. - |
Bai 80. Cho tif gide ABCD noi tiép dudng trdn (Oy), ngoai ti€p dudng tron (0.). Goi O 1a
giao diém cia AC va BD. Ching minh ring ba diém O, 0,, O, thing hang, .

Céach 1
Goi O 1a giao di€m cta BD va EG
V& DL // AB (L e EG)

BE O'B

DL//AI?B:? 51—:_: O—b-—

DLG = AEG = DGL
= DL = DG '

.. O'B BE
Nén D - BG
Goi O” 14 giao diém cia BD va HF

0"B _ BF

0'D  DH

O=0 ‘ . | .
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Ta c6: EG, HF, BD déng quy tai O

AC, BD, EG, HF dong quy
BEF + BFE + DHG + DGH + EBF + DG = 360"
sdEF + sdHG + 180° = 180° |
EO'F = 90° |

— EG L HF | -~

T gise OKO:S 13 hinh binh hanh

= 0,1, O; thing hang (1) -
I 1a trung didm SK
BO, cdt (0y) tai M, DO, cét (O,) tai N.
048.0:D = 0:K.0:B (0,H? = O,E%)

= Ta giac DBKS noi tiép
SKO, = BMN (= }é"ﬁ?‘\r)

= SK // MN "
MDC = DGH (= MBGO) = DM / SG
- MDN = 90°

T (1) va (2) ¢é O, I, Oy, O; thing hang.
Vay ba diém O, Oy, O, thdng hang.
Cdch 2 Xét hai truong hop:
s Trudng hop AD khéng song song véi BC
Qua O vé dudng thing vubng géc véi 0,0, cit BC, AD lan lugt tai H, V.
Ta c6: OH = OV (bai todn con buém)
Qua O vé& dudng thiing vudng goéc véi 0,0, cdt BC, AD lan higt tai F, V. :
Chitng minh duge M, N, O thing hang (M, N 1a ti€p diém cda dudng tron (Op) tiép xtc
v6i BC, AD) = M, = N, |
Td gise O.H'MO noi tidp = M, = H),
Td gide O,NV'O noi tip = N, = V7
Nen HY + V| = I =1V
11a trung didm chung cia HV va H'V
JHH'/VV ' (vd li,do AD khéng song song v§i BC)
[HV:H'V' i
= HV = BV |
Vay 01, 0,, I thﬁng hang.
o Trutng hgp AD // BC

ABCD 12 hinh thang cén
Goi L, K l4n lugt 13 trung diém cha AD, BC

166



Chiing minh duge:

© Oy, L, K théing hang; O, L, K thing hang, O, K, L thing héng
Nén Oy, L, K, Og, O thing hang.
Vay ba diém O, O,, O, thing hang.

Bai 81. Cho hai dudng tron (O; R) va (I; R) ti€p xic ngodi tai A (R > n). Hai cat tuyén ciia
(0, (D 1a BAC va DAE (B, D < (0), C, E e (I), B khéc D, BAC va DAE khéng di qua O)
Vé cdc dutng kinh BM, DN cla dudng tron (O). Goi S 1a gxao dlem cia MC va NE
Ching mmh réng ba diém S, I, O thing hang.

‘ _ Lot gidd
Ta c6: (0) va (I) tié’p'x{xc nhau tai A B
=0, Athing hangva Ol =R +r SN
Do d6: OAB = CAI (d6i dinh). E
MaOA=0B{&R)
= AOAB can tai O = OAB = OBA
Tuong ty: ATAC can tai I = CAI = ACI
Do dé: ACI = OBA. - D
Ma: ACI va OBA so le trong = OB // IC
Goi 8; 1a giao diém cla MC va OI, 8; 1a giao diém cla NE va OL

M

. s _ IC 5,1 I s1_IC
£8:0M ¢6 1C // O . L S5 _I6
OMeGICHTOM= 56 oM ~ 50-81 OM-IC ~ O - OM-1C
A S,1 r r(R +r)
Nén: it I S
TRy RwrmSII R-r
r(R+r)

S

Lép 'luén tuo'ng ty ciing c6: Syl 5
R-r

Do dé 811 = 5,1 = S, =8,. Ma: MC cét NE tai 8. Nén S, Sl, Sz trung nhau

| Vay: ba diém S, I, O thdng hang.
Bai. 82. Cho tam gidc ABC vudng can tai A, ndi tiép éu&ng tron. Pudng trung tuyén BM

chia tam gide ABC cdt duding tron (O) tai D (D khdc B). Tia AC cit duting tron (O) tai E
(E khéc A). Goi F 13 trung diém cha doan thz‘ing OC. Chitng mmh ring ba d1em I) EF
théng hang.

Goi G 1a giao diém chia AO va BM.

Ta ¢6 G 1a trong tdm cha tam gidc ABC

oG 1

:$OG=§OAHGH‘6‘:"§-"§ B

O0G _ OB DC OG 1
Ta c6: e =
Tac AOGB « ADCB = BC "D e A0 - OB ~ 3

Ve 'DF’ 14 dudng phén gidc cGa tam gidc DBC

167



F'C_DC _1 FC _1

Ta c6: ¥E-8BD - E.Mé FB - nén F' = F. |
Do dé: DF la tia phén giac cda géc BDC - (1)
Mit khéc: BDE = BAE = CAE = CDE

= DE 1a tia phén gidc clia géc BDE @

Tir (1) va (2), ta cb: Hai tia DE, DF triung nhau Vay: ba dlem D E F théng hang.

Bai 83. Cho tam gidc nhon ABC (AB < AC) néi ti&p du’dng tron (0), céc du’o’ng cao AD va

BE cit nhau tai H. M 1a diém trén cung nhd BC. AH cit BM tai N, BH c#t AM tai K,
DPudng thing qua K song song véi AH cit DE tai S. Goi I 1& trung diém cua DS. Chufng

minh ring ba diém N, K, I thdng hang. A

Lot gidei
Xét AHDE c6: KS // HD (gt)
.. KS _EK _ EH _EK N
HD EH HD KS
AE EK
AEAK v ADBN (g. 2o 2 2
(g.g) = DN (23
AE EH g
AHAE < AHBD e C
(g.g) = 5D = ¥D (3) B D/
Tit (1), (2) va (3) ¢6 KS = DN. N
Tt gidc DKSN ¢6 KS / DN va KS DN M

= T gidc DKSN 1a hinh binh hanh. Ma I 14 trung diém cta DS
Do d6: 113 trung dim cGa NK.VAy: ba diém N, K, I thing hang.

Bai 84. Cho tam gide ABC vudng tai A (AB < AC) n6i tiép dudng tron (0). M 1a diém nim

gitta O va C. V& MN vudng gbéc v6i AB tai N. Tia phan gisdc ela géc ABC cit MN tai [,
cit dudng tron (0) tai K (K khéc B), KM ciit duéing tron (O) tai S (8 khéc K) Chu’ng
minh ring ba diém A, 1, S thing hang.

Li gidi
Ta cé: BSC = 90° (géc ndi ti€p chin nira dudng tron)
Ta cé: ABK = KBC =» AK = CK = NBI = KSC
Ma: NBI + BIN = 90° va KSC + BSM = 90° B
Nén BIN = BSM. Td giac BIMS néi tidp = ISM = IBC

Ma IBC = Kﬁ"{(ﬂﬁ - CR).
Do d6: ISM = ASK. Nén hai tia SI, SA trung nhau. S

Vay: Ba diém A, 1, S thdng hang. '

Bai 85. Cho tam gidc ABC (AB < AC) ndi ti€p dudng tron (0). M la diém ndm trén canh
BC (MC < MB). Tia phén giac cia géc ABC cit dudng théng qua M va song song véi-

AC tai I, cit dudng tron (O) tai K (K khéc B), KM cét dusng tron (O) tai S (8 khéc K).
Chiing minh riing ba diém A, I, S thing hang.
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. Lt gidd
MI cit AB tai N. Ta ¢6: ABK = KBC = AK = CR = NBI = KSC
Ma: BIM = NBI + BNI va BNI = BAC (ddng vi va MN // AC) 4
BAC + BSC = 180° (tt gidc ABSC nbi tiép)
Dodd: BIM + BSM = BAC + NBI + BSM
= BAC + KSC + BSM = BAC + BSC = 180°
= T gide BIMS ndi tiép = ISM = IBC.

Ma IBC - ASK(AK = CK). Do de: ISM = ASK, B M) C
nén hai tia SI, SA tring nhau. :
Viy ba diém A, I, S thing hang. :

* Nhén xét: C6 thé xem bai 85 12 bai todn téng quat cha bai 84.

Bai 86. Cho tam gidc ABC vubdng tai A (AB < AC) ndi ti€p dutng tron (0). M 1a diém nim
gitta O va C. V& MN vudng géc v6i AB tai N. Tia phan gidc cia géec ABC cit MN tai I,
cdt dudng tron (O) tai K (K khdc B). Al cit dudng tron (O) tai S (S khéce A). Ching

minh réng ba diém K, M, S thdng hang.
A | i
Ei | 3&
o /M ¢

. Lot gidié |

Ta e6: MN L AB (gt); AC L AB (gt) = MN / AC = BMI = BCA.

Ma BSI = BCA (hai géc noi tiép cing chin cung AB)

" Do dé: BSI = BMI = Ti gidc BIMS noi tiép

= IBM = ISM '
Ma: ABK = KBC (gt), ABK = ASK
(hai géc ndi ti€p cung chin cung AK) Nén: KBC = ASK.
Ta ¢6: ASK = z‘*‘s”i\i(m 1}3‘”‘1\71) -5 Hai tia SK, SM tring nhau.
Vay: ba diém S, M, K thdng hang. ' : - S

Bai 87. Cho tam gidec ABC (AB < BC) ndi ti€p dudng '
tron (0). M 1a diém n¥m trén canh BC (MC < MB).
Vé duong thing qua M song song véi AC cdt AB tai
N. Tia phén gidc cha géc ABC cdt MN tai I, cdt
dudng tron (0) tai K (K khdce B). Al cdt dudng tron
(O) tai 8 (S khdc A). Chiing minh ring ba diém K, M,
S thing hang. -

B

a&h’.yi&f
Ta c6: BMI = BCA (hai g6c ddng vi va MN // AC)
Ma: BSI = BCA (hai géc noi tié'p cﬁng chidn cung AB)
Do d6: BSI = BMI = Tt gidc BIMS noi tiép
= [BM = ISM.
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Ma: ABK = KBC (gt),
ABK = ASK (hai géc noi ti€p cing chin cung AK)
‘Nén: KBC = ASK. _
Ta co: ASK = fﬁﬁ(z ﬁﬁ\li)
— Hai tia SK, SM trung nhau
Vay: ba diém S, M, K théng hang.

+ Nhén xét: C6 thé xem bai 87 1a bai todn tdng quat cla ba1 86. L

Ba1 88. Cho dudng tron (0) dudng kinh AB. Trén dudng tron (O) 1dy di€m C (C khdc A,
B). D la diém thudc dudng kinh AB sao cho BD = AC. V& DH vubng géé véi AC tai H.
Tia phan gidc etia géc BAC edt dudng tron (O) tai E va cdt DH tai F (E khdc A). Goi M
la trung diém cha AD. Tia CF cit dudng tron (O) tai N. Ching minh réng

a) Ba diém E, D, N théng hang.

. b) Ba diém C, M, N thing hang. .

. L gidi

a) Ta c6: ACB = 90° (g6 noi ti8p chin nita dudng tron)
DH L AC (gt), BC L AC = DH / BC = ADF = ABC.
Ma: ANF = ABC (hai géc nfi ti€p cung chdn cung AC) 7 . AT
Do d6: ADF = ANF = Td gisc AFDN noi tisp VAN
- FND - FAD |
Ma: CAE = FAD (AE la tia phan gidc cGa géc BAC) A
Va CAE = CNE (hai géc noi tiép cing chén cung CE)
Do dé: FND = CNE => Hai tia ND, NE tring nhau
Vay: Ba diém E, D, N théng hang.

b) Goi K la giao diém ctia CN va AB.

KF AK
AACK c6 AF 1a dud han gia s T 1
c ng p anglcz'pCF AC (1)
KF
AKB 22 2 27 Ta-1
C ¢6 DF // BC = oF = BD (dmh ly Ta-lét) . (2)
Ma: AC = BD (gt) 3)

T (1), (2) va (3) ¢6 AK= KD =K lé'trung diém cta ADnén K=M
Vay: Ba diém C, M, N thdng hang.

Bai 89. Cho tam gidc ABC (AB > AC) néi t1ep ddang tron (0). Trén canh AB 18y diém D
sao cho BD = AC. Dudng thdng qua D song song vdi BC cit AC tai H. Tia phén gide
géc BAC cét dudng tron (O) tai E va cit DH tai F (E khéc A). Goi M 1a trung diém cha
AD. Tia CF cit dudng trdn (O) tai N. Chu’ng minh réng

a) E, D, N thing hang.

b) C, M, N théng hang.
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L gibi
a) Ta c6: ADF = A% (déng vi va DH // BC)
Ma: ANF = ABC (hai géc ndi tiép cing chdn cung AC)
Do d6: ADF = ANF = T gidc AFDN noi tiép
= FND = FAD.
Ma CAE = FAD (AE la tia phan gidc cta géc BAC)
va CAE = CNE (hai géc ndi ﬁé’p cing chén cung CE) A
Do d6: FND = CNE = Hai tia ND, NE trung nhau
Vay: ba diém E, D, N thing hang. '
b) Goi K 1a giao diém ctia CN va AB

- KF A.K :

AACK 6 AF lé. (iu’ff a 1
c ngphéngl r:,:>CF e (n
AKBC ¢6 DF / BC = F = -—(d1nh 1y Talét) {2)

Ma AC = BD (gt)
Ti (1), (2) va (3) ¢6 AK = KD = K 1a trung diém cha AD nén K=M,

Vay: ba.diém C, M, N th&ng hang. _

*x Nhan xét: Cé thé xem bai 89 1a bai todn tong quét ca bé: 88.

Bai 90. Cho tam gide ABC (AB < BC) ndi ti€p dudng tron (0). M 1 diém trén canh BC
sao cho MC = AB. V& dudng thing qua M song song véi AC cit AB téi N, cét tia phan
gidc ctia goc ABC tai I. Goi K 1 trung dxem cta doan thﬁng BM. Chiing mmh riing ba
difm A, I, K thang hang

L1 giti
Goi T 1a giao diém efia Al va BC.
ATAC ¢6 M1 // AC =» E = ?}«\é Y
B Al MC

ABAT c6 BI 1a dudng phéan gidce (gt)

TI BT

—_= 2

= =3 AB (2)
Ma: MC=AB (3)

ST (1), (2) va (3) ta ¢6: BT = TM = 'I‘ la trung dlem ciia BM ndnT=K
Viy: ba diém A, I; K thing hang. g :

Bai 91. Cho tam gidc ABC (AB < BC) ndi tiép dudng tron (O). Trén canh BC léy diém D
sdo cho CD = AB. Tia phan gidc géc ABC cit dudng tron (O) tai E (E khac B). ED cdt
dudng tron (O) tai F (F khéc E). Goi K 12 trung diém clia doan théng BD. Chdng minh
réing ba diém A, K, F thdng hang. _ |
Goi M, N 14n lugt 1 giao diém ciia AF véi BC, BE.

Ta ¢6: ABE = CBE (BE la tia phan giéc cia gée ABC)
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= AE = CE = NFD - NBD A
= T giac BNDF néi ti€p = BFN = BDN . /

Ma BFN = BCA (hai goc ndi tiép ciing chin cung AB)
Do d6: BDN = BCA = DN // AC

KD EN
AKAC ¢d6 DN // AC T 1
) :>CD (1)

B C
BK KN MK /D
ABAK c6 BN la duer hin gid — 2
c u‘ngpang;c:>AB N ()\K/
Ma: CD = AB 3

T (1), 2)va (3)e6 KD =BKnén K=M
Vay: ba diém A, K, F thing hang.

Bai 92. Cho tf giac ABCD noi tiép dudng tron (0). Céce tia AB va DC cdt nhau tai M, cde
tia AC va BD cét nhau tai T. V& ME, MF la cdc tiép tuyén ciia duomg tron (0). Ching
minh ring E, F, T thdng hang.

- LH glad M
Goi H 12 giao diém ctia OM va EF. 7\
Dé& chitng minh duge: MB.MA = MH.MO (= ME?)
Do d6 AMBH « AMOA (c.g.c) = MHB = MAO
= T gidc ABHO nbi tiép.
Tuong tu, tif gidc CDOH noi tiép.
BHC = BHM + MHC = BAO + ODC. Nén BHC = BTC
=» BHTC noi ti€p. Tuong tu: td gise AHTD néi tiép.
Tacé:mx(—jﬁ)=66f):6ﬁ§,

THC = TBC = TAD = THD

Do d6: MHT = %(M HC + THC + THD + GHD) = 90°

Ta c6: TH L OM tai H. Ma EF . OM tai H
Nén cdc dudng thadng TH, EF trung nhau
Véy: Ba diém E, F, T thdng hang.

Bai.93. Cho diém A § ngoai dudng tron (0). V& céc ti€p tuyén AB, AC va cat tuyén ADE
(Tia AD n3m giita hai tia AO va AB). Ti€p tuyén tai E cla dudng tron (O) cit AB & M.
Pudng théng qua B song song véi AC cit CE & K. Goi L 12 diém d6i xting cia A qua C.
Chdng minh réing ba diém M, K, L thing hang. -

: ' Lot gial ‘ :
Goi N 1a giao diém clia MC va BK. Qua M vé dung thing song song voi AC ¢t CE ¢ F.
Do d6: MF / BK. Ta c6: MFE + ACE = 180°. |

Ma MEF + MEC = 180° va ACE = MEG[: ésd CBEJ
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Suy ra: MEF = MFE => AMEF can tai M = ME = MF
MB, ME 1a céc ti€p tuyén cia dudng tron (O) = MB = ME.

Tuong ty: MB = MC |
BN MB _ BN AB

AC ¢6 BN // AC = -
AMAC 6 BN TAC= ~0 = T = uB = &M

ACMF c6 NK // MF — NK _ CN
' MF ~ CM |
AB CN MN BN

AM  CM'MC ~ AC

AMAC ¢6 BN // AC =

Do dé: BN - NE o MB = MF (= ME) = BN = NK

MB MF

Xet AMKN va AMLC c6; BMNK - MCL (NK //CL) va 2% = E‘Té%( ..__J

Do d6: AMKN «» AMLC (c.g.c) = NMK = CML
=> Hai tia MK, ML trung nhau |
Vay: M, K, L thing hang.

Bai 94. Cho tam gide nhon ABC, ¢6 duding cao AD, BE, CF cét nhau tai H. Pudng tron
(0) duong kinh CH. M trén cung EC cta dudng tron (0) (ME < MC). EF cit MC tai N.
HN cdt dudng tron (O) tai I. DM cit AC tai K. IK cit dudng tron (0) tai S. NK cat BC
tai T. Ching minh réng H, T, S thing hang. - : oA

Lid gidd
Ta gidac BCEF ndi tiép. _
DMC - DHC, DHC = FBC, FBC = NER = DMC = NBK

ittt ————————, p——— N
= Tt gite ENMK néi tiép = ENK = EME = KOT E_
AKEN «» AKTC = BE _ BN o0 k1 = KEKC E M
‘ KT ~®KG o
KE.KC = KI.KS nén KN.KT = KI.KS N -
AKNI «» AKST (c.g.c) = KRNI = KST . B D\ . T c
S

Mat khac: ENK = KCT, KCT = AFE = ENK = AFE
=» AB // NK. Ma CF L AB nén NK L CF = KRNI + NHC = 900 Ma ICH + NHC = 900
Do dé: ICH = KNI.
Ta c6: KST = KNI = ICH KSH nén hai tia ST, SH tring nhau.
Vay: Badiém H, T, S théng hang.
Bai 95. Cho tam gisc nhon ABC (AB < AC) ni tisp dudng tron (0) va ngoai tiép dudng
tron (I). (I) ti€p xidc v6i cdc canh BC, AC, AB 1dn lugt tai D, E, F. Pudng tron (K) ti€p
xtc trong véi dubng tron (O) tai T va ti€p xic véi BC tai D. Vé dudng kinh AM cha
dudng tron (0). Ching minh ring ba didm T, I, M thing hang.
| Loi gidd '
V& tiép tuyén chung cta hai dutng tron (K) va (0) tai T ¢t BC tai N.
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Xét ANTB va ANCT c6: TNB (chung), NTB = NCT
(hé qué cha gbc tao bdi ti6p tuysn va day cung).
3 - . BT NB NT
Do dé6: ANTB «» ANCT (g.g) = & “NT - NG
_ BT NT-NB |
CT ~ NC - NT
Ma theo tinh chdt cfia hai ti€p tuyén cit nhau,
ta c6: NT = ND,CD = CE, BF =BD BS

Do dé:

CT NC-ND CD CE _
X6t ABTF va ACTE c6: TBF = TCE (hai gée noi ti€p cing chdn cung AT cia (O))
- '(B:'E' (chdng minh trén). Do d6: ABTF «» ACTE (c.g.c) = BFT = CBT.

Ma: BFT + AFT = CET + AET = 180° nén AFT = AET

= Td gidc ATFE ndi ti€p (1)

Mt khac: AEL + AFL = 90° + 90° = 180° = Td gidc AEIF ngi ti€p ~ (2)
Tit (1) va (2) ¢6 A, T, F, I, E ciing thubc mot dudng tron => ATI = AFI = 90°
Mat khdc: ATM = 90° (géc noi ti€p chén nita dudng trdn).

Ta c6: ATI = ATM (= 90°) = Hai tia TI, TM tring nhau.

Vay: ba diém T, I, M thdng hang. ‘ _

Bai 96. Cho t gidec ABCD néi ti€p dudng tron (0). Cdc tia AB, DC cit nhau tai M; Céc
tia AD, BC cit nhau tai N. V& ME, MF la cée tiép tuyén cha dudng tron (0) (E, F 1a
cée tiép diém). Ching minh ring N, E, F thing hang. '
Goi T 1a giao diém ctia AC va BD. NT cit dudng trdn (O) tai K, L (L nim giita T va N).
Pudng trdn (TBC) cit NK tai S. ‘ ' o | '
NAND = NC.NB = NT.NS. Do d6: Tit gidc STDA nbi tiép.

Ta ¢6: BSA = BSK + KSA = BCA + BDA = BOA /
= Tt gide BSOA noi ti€p. - ¥ ' =‘\

Tuong ty: td gide SCDO ndi tiép
MAMB = MC.MD.
Ta ¢6 M, S, O thing hang.
MSC = ODC = OCD = OSD,
 CST - CBD = CAD = TSD.

Nén: WJ:%(ch‘%“rw}%‘mﬁéb)

I

= OM 1 KL
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OSC = 180° - ODC
= 180° - OCD = OCM
08 OC R 2
AQSC «» AOCM = o0 - oM = 0S.OM = OC
0S.0M = OL. AOLM ¢ AOSL (c.g.c) = OLM = OSL = 90°
L = F. Tuong tu: K = E. Vay: N, E, F thing hang.

Bai 97. Cho tam gidc ABC nhon (AB < AC). Pudng trdn (O) dung kinh BC cit AB, AC
lan lugt tai E, D. BD cdt CE tai H. Céc tiép tugen tai B, tai D cta dudng tron (O) cit
nhau tai K. AK cit BC tai M. MH c#t BK tai N. V& ti€p tuyén AS trén dudng tron (O)
(S thudc cung nhé CD). DB cit AH tai 1. Chiing minh ring: '

a} N, E, I thdng hang.

b) M, E, D thing hang. -

¢) M, H, S thing hang.

Lt gidi
a) T ID 1a tiép tuyén cda dudng tron (O),
chimg minh duge I 1a trung diém ctia AH
va IE 1A tiép tuyén cda duﬁmg tron (O).
Goi T (T khéc A) 1a giao diém clia dudng
tron (O') ngoai tiép tam gidec ABC va AK.
V& dudng kinh AF cia (O).
Chitng minh duge tit gidc BHCF M
1a hinh binh hanh.
Do dé: H, O, F thing hang (1)

MTB = ACB (t gide BTAC ndi tiép), KDB = z‘i@“ﬁ(:

Nén MTB = KDB. Do d6 tit gide TKDB ndi ti&p.

Ma KBO = KDO = 90° nén t¢ gide OBKD ndi tiép.

Ta ¢6: B, T, K, D, O ciing thudc mdt dudng tron = OTK = OBK = 90°.

Ma: FTA = 90°. Do vay: F, O, T théng hang (2)

Tt (1) va (2) ¢6 T, H, O, F thing hang.

AMAO ¢6 AH, OT 12 hai dudng cao nén MH 1 OA (tai L)

Do dé: L thudc dudmg tron (AETHD) (Er‘ﬁ = AEH = ALH = ADH = 90") *

= ALE = ADE.Ma ADE = EBO nén ALE = EBO
= Tit gidc BELO noi tiép. '
Mit khac: NBO = NLO = 90° nén tt. gisc BNLO nbi tidp
Ta ¢6: B, N, E, L, O cang thude mdt dudng tron
= NEO = NLO = 90° |
NEO + OET = 90° + 90° = 180°
Vay: N, E, I thng hang.
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b) Ta c6: MTE = ADE (t gidc TADE ndi tiép), ADE = ABC.

c)

Do d6: ABC = MTE = Tu gidc MTEB nbi tiép => MEB = MTB.

Ma: BED = BTA (Cung bt v6i ACB). Do vay: MEB + BED = MTB + BTA = 180°

Vay: M, E, D thing hang.

OE L IE, nén OE 1a ti€p tuyén cia dudng tron (AETHDL) tam I — OEL = OAE

Xét AOEL va AOAE c6 OEL (chung), OEL = OAE. Do d6 AOEL « AOAE (g.g)
SF = o= = OAOL - OE” nén OAOL = OS”

OL._ OS

0S  O0A |

Do dé: AOLS «» AOSA (c.g.c) = OLS = OSA. Ma OSA = 90° nenOLS = 90°

Ta c6: MLO + OLS = 90° + 90° = 180° = M, L, S théng hang

Ma: H, M, N, L thdng hang nén M, N, H, L, S.

Vay: M, H, S thang hang.

Xét AOLS va AOSA c6 LOS (chung),

Bai 98. Cho tu gidc ABCD néi tigp dudng tron (0). Cdc tia AB, DC cit nhau tai M, cdc tia
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AD, BC cét nhau tai N. Pudmg tron ngoai tiép tam gide MBC cdt MN tai K Goi T 1a
giao diém cta AC va BD. Chitng minh réng: O, T, K théng hang.
Lt giit

Goi S la giao diém cia dudng tron (ACM) va MT.
Chiéng minh duge MT.ST = AT.CT = R® - OT?

MSA = MCA, MCA = MBD nén MBD = MSA
=> Tt gidc ABTS ndi ti€p nén co:

MT.MS = OM? - R?
Do dé: MT.MS - MT.ST = OM® + OT” - 2R?
= MT? = OM? + OT* - 2R?
Tuong ty: NT? = ON? + OT? - 2R%.
Do d6 MT? - NT? = OM* - ON? |
Tt d6 chimg minh duge OT L MN (1) N
Mat khiac: MBC = ADC, CKN = MBC nén ADC =CKN
= T4 gide DCKN néi tiép = DKN = DCN.
Ma DCN = MAD nén DKN = MAD
= Tt gidc AMKD noi tiép.
Ta ¢6: AKM = ADM = CKN ‘
nén AOC + AKC = 2ADM + AKC = AKM + CKN + AKC = 180°
= T gife AOCK noi tip. Ma OA = OC (= R) = OA = OC = AKO = OKC
Ta c6: OKM = AKO + AKM = 90° nén OK L MN (2) |
Tix (1) va (2) ¢6 OT, OK trung nhau. :
Vay: O, T, K thang hang.




Bai 99. Cho tam gidc ABC ngi ti€p dudng tron (0). MN ia dudng kinh cGa dudng tron (O)
(M thuée cung BC khong chida A, N thude cung AC khéng chda B). D, E, F 14n lugt 1a
hinh chi&u cia M trén BC, AC, AB. T, L, K l4n luot 1a hinh chi€u cha N trén BC, AC,
AB. DE cit TL tai I. H 12 truc tAm clia tam gidc ABC. Puding thing qua M song song
v6i DF cét dudng thing qua N song song véi TL tai V. Chimng minh ring ba didm H, I,
V thdng hang. '

‘ _ Lt gidi K
Qua M v& dudng thdng song song véi DF,
qua N v8 dudng thing song song véi TL. N
Goi S 13 giao diém cta hai dudng thing nay.
Chiing minh duge D, E, F thing hang va T,
L, K thing hang (Pudng thing Sim-son) I
Goi ¥y 1a diém d6i xdng cia M qua AB, D, 1a diém _ o E
dsi xdng cha M qua BC, E; 1a diém d6i xéng cha M | : _ S g
qua AC. Chitng minh duge D;, Ey, Fy, H thing hang DW\ >d
(Pudng thing S-tai-ng di qua truc tdm) B ;‘ C
Do vay: DF di qua trung diém X cGa HM.
Tuong ty, ¢6 TL di qua trung diém J cia HN. F M

AHMS c6 X1 // MS, XH = XM = IH = IS,

Do dé: JI la dudng trung binh clia AHNS = NS / TL nén V = S.

Vay: ba diém H, I, V thing hang.

Chd ¥: Chiing minh duge DF L TL tai 1. Ma MV // DF, NV // TL nén c6 MVN = 90°
= V thude dudng tron (0), Goi O’ 1a trung diém cta OH.

Ta ¢6 O 14 dudng trung binh clia tam gide HOS = 0'1 = %§ .

Nhu vay: I thude dudng tron O-le cha tam gidge ABC.

Bai 100. Cho tam gidc ABC ndi ti8p dudng tron (O). Putmg tron (I) bang ti€p ciia tam gidc
ABC trong géc BAC ti€p xdc v6i cde dudng thing BC, AC, AB l4n lugt tai M, P, N. Goi J 1a
tam dudng tron O-le cia tam giac MNP. Chiing minh riing ba diém I, J, O thing hang.

L7 gidi

1A, IB, IC cit NP, MN, MP l4n lugt tai A;, By, Cy. IA, IB,

IC c4t dubmg trdn (0) 4n lugt tai Ay, B, Cs. Ta c6 IA,

IB, IC 14n lugt 1a dubdng trung truc cha NP, MN, MP.

ANAI vudng tai N. NA,; la dudng cao

= 1ALIA = IN?

ANBI vudng tai N. NB; 1a dutng cao

= IB;.IB = IN®.

Do vay: 1A,.JA = IB,.IB.

Ching minh tuong tuy, ta cé: IA,.IA = IC,.IC

Vay ¢6: IALIA = IB,.IB = IC..IC. (1) :
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Mt khéc: Xét AIAB va AIByA, c6: AIB (chung),
IAB = IB,A, (tif gide ABBoA, ndi ti€p)

IA IB
Do d6: AIAB «» AIBoAs (g. ST e
0 oAy (g.8) = 5, " Ia,

= IA,JA - IB,IB

Chiing mir;h tuong tu, ta c6: IA,JA = 1C,.1C

Vay c6: 1A, IA = IB,IB = IC,IC (2) . P

| 1A, 1B, IC |

Tir (1) va (2), ta cb: s S

Jva @) tach: ot = TR = 16, XS

Do vay: AlBl I A;;Bz, A101 I AzCz, B1C1 /f Bng

AA1B1C§ o AA2B202. 0 la tdm dutfng tron N

ngoai tiép tam gide A;ByC,. J 1a tAm

dudng tron ngoai ti€p tam gidc A;B,C;.

JA . ABy AC,  BG I

OA, A,B, A,C, B.C,

AJAB; «» AOASB, (c.c.c) = JA,C, = 0A,C, nén if&;}' = 1A,0
AIA,J «» AIAO (c.g.c) = JIA, = OIA, = 1J, IO trung nhau.
Vay: Ba diém 1, J, O thng hang.

Bai 101. Cho hinh vubng ABCD. Trén nita mit phang by CD ¢6 chifa A vé nia dudng tron
(C, R) céit tia CD tai E va tia d6i cla tia CD tai F. M la didm trén nla dudng tron. K 1a
hinh chifu cia M trén CD va ¢6 KM + KF 16n nhdt. Ching minh ring ba diém C, M, A
théing hang

Nén cé:

L0 qided
AKMC vubng tai K A B
= KM? + KC? = CM? (dinh 1f Py-ta-go)
Nén KM? + KC* = R?
Ta c6: KM + KC < J2KM? + KC?)

Nén: KM + KC < v2R? = 2R

Mat khéce xét ba diém K, C, F ¢é:
KF<KC+CF=KC+R D E K

Nen KM + KF<KM+KC+R< V2R + R = (42 + )R

KM = KC

C n¥m gitta K, F

!
=

D&u “=” xay ra < { o MCK = 45°

Ma: ACD = 45°(vi t gidc ABCD 12 hinh vuéng).
Do d6 hai tia CM, CA tring nhau
Vay ba diém C, M, A théng hang.
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Bai 102. Cho hai dudng tron (O, R) va (O, R') ¢dt nhau tai A, B (O va O' nam trén hai nia
mat phlng d6i nhau by AB). Tir didm C thudc tia d6i cha tia AB vé& céc tiép tuyén CD,
CE v6i dudng tron (O) (D, E thube dudng tron (0), E nam trong dudng tron (0)) AD, AE
cit dudng tron (0') lan lugt tai M, N. Goi I 1a trung diém cta doan thing MN. Ching
minh réng ba diém D, E, I thing hang.

Ldi gidi
Goi K 1a giao diém cta DE va MN
Xét ACDA va ACBD c6: DCA (chung), CDA = CBA (hé qua g6c tao bdi tia tiép tuyén va
day cung)
CIy AD
Do d6 ACDA «» ACBD (g.g) = & "D
CE AE
Tuong ty ACEA v ACBE (g.g) = CB - BE
Ma CD = CE (tinh chit eda hai ti&p tuy&n céit nhau)
Do dé AD = AB (1}
BD BE .
Mat khac BDE = BAE (hai géc noi tisp ciung chdn cung BE cia (0)) va BAE = BMN
(hai géc ndi tiép cung chdn cung BN cha (O')
Do d6 BDE = BMN
= T gide BDMK nbi ti€p
=> BDM + BKM = 180°
Ma BDM + BEA = 180°(td gidc AEBD néi tidp). Nen BKM - BEA
Xét ABKM va ABEA c6: BMK = BAE va BKM - BEA
Do d6 ABKM «> ABEA (g.g) '

D

KM BK
= e m

AE  BE

KM AR

= 2
= BE BE (2)

Xét AABD v ANBK cé:
BAD = BNK (tit giac ABNM néi tigp),
ADB = NKB (t¢r gisc BDMK noi tigp)

Do d6 AABD «» ANBK {(g.g)
AD _BD _ AD KN
KN BK BD BK

KM

Tit (1), (2) va (3) ta ¢6; oo = oV = KN.D =1
£ (1), (2) va (3) ta ¢b BR BK:>KM KN. Do d6 K

Vay ba diém: D, E, I thing hang

Bai 108. Cho & gidc ABCD c6: BAD = BCD = 90°. Goi O 1a giao diém ciia AC va BD. L K
lan lugt 12 tAm cla cdc dudng trdon ngoai tiép cde tam gide OAB, OCD. Ching minh ring
ba diém B, D, M thing hang. -

(3)
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Lof gicd
BAD = BCD = 90°
=> Tt gide ABCD ndi ti€p dudng trdon tam S Ia trung diém cha BD
Tacé: IB =10 (= R)
= AIBO cén tai I

@IO”‘“E:QO{’—%Q
MaW):E?.Nénm”“Bzgohﬁbﬂéﬁﬁ

Ma CAD = CBD. Do d6 10B = CBD = 10/ BC
Hai duing tron (S), (K) ¢it nhau tai C, D
= SK 1a dubng tron trung triue cha CD = SK | CD
Ta c6 SK L CD, BC 1. CD (I?éﬁ = 90°) = SK // BC
Vi IO/ BC va SK // BC = 10 / SK
Chiing minh tuong t ¢6 OK /IS, Do vy tit gidc OISK 14 hinh binh hanh.
Ma M 1a trung diém cta IK. Nén M la trung diém cda SO. Vay B, D, M thing hang.

Bai 104. Cho i gidc ABCD noi tiép dudng tron (O; R). Céc tia AB, DC cat nhau tai M; céc
tia DA, CB cét nhau tai N. Cac tia phén gidc cha cdc géc AMC, ANB cit nhau tai I. Goi
K, L 14n luot 1a trung diém cta AC, BD. Ching minh ring ba diém K, I, L thdng hang.

: L. gidd
Tia phén gidc AMC c4t KL tai I;, tia phan gidc ANB cdt KL tai I,
AMAC «» AMDB (g.g) = ~& - AC
MD BD
. MA 2AK AK
Nén = =
MD 2DL DL
AMAK « AMDL (c.g.c) = AMK = DML KB
Do d6 MI; 1a dudng phén gidc cha tam gidac MLK
LK MK . L
LL ML’

LK LK
oo B _ BE(_49)
AL TLLU BD) T T
Nén I, I, I trang nhau

Vay ba diém K, I, L thAng hang.
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Bai 105. Cho tam gidc nhon ABC ndi tiép dudng tron (O). V& duong kinh AD cla dutrng
tron. Pudng thing qua D song song vdi AC cdt AB tai M, duimg thing qua D song song
véi AB cét AC tai N. Goi K 1a trung diém cGa BC, I 14 tam dudng trdn ngoai tidp tam
‘gide AMN. Ve hinh binh hanh AIKL. Ching minh ring ba diém D, K, L thing hang.

- L giti ‘ '
Hai dutng tron (O), (I) cdt nhau tai A, E
Ta c6 AIME cén tai I, AOBE céan tai O
MIE = BOE(= 2MAE)
Nén AIME «> AOBE

‘= IEM = OEB
= RO - MEB

Ma TEO = TAO (A, E ddi xing qua OI). “' N
Nén MEB = [AO B / 3 C
Mat khe: AN + AND - 160°, AN + DC - 1600
Nén: AND = BDC

ANAD «» ADBC (g.g). Tr @6 ¢6 ANAO «» ADBK (c.g.c)

= ANO = BDK.Ma ANO = AEM.Nén BDK = AEM

Ta c6: ADB = AEB. Do 46 ADK = MEB

Nén ADK = MEB = IEO = TAO. Vi ADR = [AO |
Do vay AL // DK. Ta ¢6: DK // Al va LK // Al (T giac AIKL 14 hinh binh hanh)
Neén DK, LK trung nhau

Viy ba diém D, K, L thing hang.
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€O THE BAN PA BIET?
. NHIEU CACH GIAI CHO MOT BAI TOAN
Bai toan. Cho nita dudng tron (0), dudng kinh BC = 2R. Piém A di déng trén nifa dudng
tron. V& AH vuéng géc véi BC tai H. Xécﬁinh vi tri diém A trén nita dubng tron (O)
dé téng AH + BH 16n nh4t.
L giai
Pinh hudng 1 .
Pat BH = x. Gitp ¢6 duge AH = %2R - %)
Bai toan tré thanh: Tim x d8 bidu thic x + JX(R — ) ¢6 gid tri I6n nhat. Bidu the
dai s6 c6 chifa cdn thic bac hai vin dung bit ding thie Cé-si cho hai s& duong € c6
1oi gidi.
Cdch gidi 1:
Ta c6 BAC = 90° (G6e ndi tiép chén ntta dudng trdn)
DitBH =x,tac6 HC=BC-BH=2R-x
AABC vudng tai A, AH 1a dudng cao
=» AH? = BH.HC.
Nén AH = \x(2R - x)

Ap dung bat ding thic Co-si cho hai s duong, ta c6:

AH +BH= /xR - x) +x

\/§_+2—J 3+2J_ ZR—x):]+x
i x+(3+2\/§)(2R~X)

+ X

+(«/§+1)2.R—(—\/:2-~~~~M~t«~w]~-—)i‘E +}%

= (V2 +1)R
Ta c6 AH + BH < (V2 + 1)R, khéng déi.
Déiu “=" x4y ra < x = (3 + 2v2)(2R - x)
2+ \/—

& X = e AOC = 45°

Vay khi A trén nifa dudng tron (O) sao cho COA = 45° thi AH + BH 16n nhét.
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Binh huéng 2 o
Trén tia d6i ca tia HB 18y diém D sao cho HD = AH. Ta ¢6 AH + BH lén nhédt < BD

I6n nhAit. .

Ma AD ludn luén hop véi BC mot géc 45°. Do vay BD 16n nhat khi AD I tiép tuyén
cia nia dudng tron (0). '

Cdch gidi 2:

Goi M 1a diém trén nda dudng tron (O) sao cho COM = 45° va goi N la giao diém cta
ti&p tuyén chia nita dudng tron (0) tai M véi BC. |

Ta c6 M, N ¢& dinh; ONM = 45°; BN khong d8i.

Diém A trén nita dudng tron

Do d6 tia NA nim giita hai tia NB, NM.

= ANH < ONM = 45°

Ma ANH + HAN = 90°. Nén HAN = 45°

Suy ra ANH < HAN |

AAHN ¢6 ANH s HAN = AH <HN

Do d6: AH + BH < HN + BH = BN, khéng d8i

Diu“="xdyra A= M

Vay khi A trén nifa dudng tron (O) sao cho COA = 45° thi AH + BH 16n nhat.

Binh hudng 3:

Trén nifa mit phing by BC ¢6 chda nia dudng trdn (O), vé tia Bx sao cho Bx L BC.
Goi K 1 hinh chiéu ctia A trén tia Bx. Ta ¢6 BH = AK.

Bai todn trd thanh: Xdc dinh vi tri diém A trén ndia dutng trdn (0), nim trong gée
NBx sao cho téng cdc khodng céch tif A d€n hai eanh BN, Bx 14n nhét.

Cdch gidi 3

Trén nifa mit phing by BC, ¢6 chifa nita dudng tron (0),. v& tia Bx, sao cho Bx L BC, trén tia
BC, Bx lan lugt 14y S, T sao cho BS = BT, BT > BC.

VEAK I BTtai K, AJ LTS8 taiJ,OV LTS tai V

Ta ¢6; T, V, S cd dinh: SBTS = SATB + SABS + SA’I‘S

Ty gidc BKAH 13 hinh chit nhat (Vi AKB = KBH = AHB = 90°)

= AK = BH . X

T
Do d6 Sy = %BS(AH +BH) + -% AITS (0

Mat khac, x6t ba' diém A, J, S ¢6 AJ > 0J - OA J
Ma OV L VJ = OJ = OV '
Nén AJ > OV — R, khong déi Kp
Ta ¢6 Sprs, BS, TS khéng ddi

Tixt (*) ¢6 AH + BH 16n nhat < AJ nhd nhat
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[A ndm gitta O va J
U=V
Vay khi A trén néa dudng trdn () sao cho COA = 45" thi AH + BH 1¢n nhat

& AJ=0V-R e <> COA = 45°

~ Dinh hudng 4: Van dung dinh 1i Py-tago trong tam gidc HAO vudng taAi H cé:
OH® + AH® = OA® = R’ nén ¢6 AH + OH < J2(AH’ + OH?) = V2R
Mat khde tif B, O, H ¢6 BH < OH + OB = OH + R. Do vay, ta ¢6 duge AH + BH
(V2+1)R. Chiing ta c6 mot 131 gidi dep tir su két hgp etia Hinh hoc va Dai 8.
Cdch gidi 4: A
AHOA vudng tai H .
= AH? + OH® = OA” (dinh 1i Py-ta-go)
Nén AH® + OH” = R’ /
Ta c6 AH +OH < 2(AH? + OF) = V2R B O H ¢
Mat khée, xét ba diém B, O, H ¢6 BH < OH + OB = OH + R
Do dé: AH + BH<AH + OH + R< VZR+R = (V2 + 1)R
Nén AH + BH < (V2 + 1) R, khéng déi
AH = OH

Dau “=” COA =45
Au =" xdy ra < {{) nim gita Bva H

Viy khi A trén nita dudng tron (O) sao cho COA = 45° thi AH + BH 16n nhét
Cédc ban hdy tim thém cdc cdch gidi khdc cla bai todn nay nhé!

4. CAC BAI TOAN THI

Bai 1. (Ldp 8)
Cho hinh vuéng ABCD, & mién trong cda hinh vuéng ta 18y mot diém E sao cho tam
gidc AEB déu. Tit B vé dudng théng d vudng géc véi BE, Trén dudng thing d ldy diém
F sao cho F cing thudc nifa mat phing by AB c6 chira diém E va BE = BF. Ching
minh rdng D, E, F thing hang.
(Trich dé thi tuy&n sinh vao 16p 10 chuyén ban C-D trudng THPT chuyén Lé Quy Pén,
T.p Da Nédng, nim hoc 2001 - 2002)

LE gidd

AAEB ddu = AB = AE = BE, EAB = 60° d

Do dé DAE = 90° - EAB = 90" - 60" = 30° A B

AADE ¢6 AD = AE (= AB)

= AADE cén tai A, F
— ADE = AED

Nén AED = (180° - DAE) : 2 = 75°

ABEF vudng tai B (d L BE) ¢6: BE = BF (gt) s E 0

= ABEF vubng cén tai B.
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= BEF = 45°
Ta c6: DEF = AED + AEB + BEF = 75 + 60° + 45° = 180°
VAy ba diém D, E, F thing hang.

Bai 2. (Lép 8) Cho tam gide ABC ¢ gée A th, AB > AC va H 13 chin dudng cao ha tir A,
Trong gbéc A dung cac d'oanl AD L AB va AD = AB, AE L AC va AE = AC. Goi M 1a
trung di€m cda DE. Chiing minh ring A, H, M thing hang,

(Trich dé thi chon hoc sinh gidi Todn lép 9, T.p Ha Nbi, nam hoe 1999 — 2000)
Lt gifi

Goi N la diém d61 xting cha diém A qua M.
Ta cé M Ia trung diém cia DE va AN
Do d6 ¢ gisde AEND 4 hinth binh hanh
= AD = EN, AE = DN, AD / EN, DAE + AEN = 180", NE 1 AB,
Ta cé: m+m'=m+0%+mmm+Bﬁ

= 90° + 90° = 180°
Do vay m = BAC
Xét AENA va AABC ¢6: EN = AB (=AD), AEN = BAC, EA = AC (gt)
Do d6 AENA = AABC (c.g.c)
= ENA = ABC
Nén NA L BC. 5 \'"H o
Ma AH | BC M
Do vay N, A, H théng hang (1)
Ma A, M, N thing hang (2) D
T () va(2)c6 N, A, H, M théng hang
Vay A, H, M thing héng N

Bai 3. (Ldp 8) Cho tam gide ABC c¢6 AM la duérng trung tuyén. Mot duong théng song song vai .
BC cit AB, AC 1an lugt tai D va E. BE c&t CD tai O. Ching minh ring ba diém A, O, M

thing hang.
(Dé thi chon hoc sinh gxox Todn 16p 9, tinh Yén B4i, ndm hoc 2007 ~ 2008)
Lei gidd
Goi K 14 giao diém cta AM va DE, N la gzao_dzem cia OM va DE
AN DN
AABM ¢6 DN // BM = wone 5 e
“ AM BM L
AN NE
AACM ¢6 NE // MC =
¢ AM ~ MC
Ma BM = MC. Do d6 DN = NE = N 14 trung diém cda DE. p N\K B
- DK OK
Mat khdc xét AOMC ¢6 DK/ MC = —— = —r
at khéc xé ¢ = G- O - _ )
KE OK ' B ‘ M - C
AOBM ¢6 KE // BM = B - OM :
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Do d6 DK = KE => K 13 trung diém cGa DE. Do vay N =K
Ta cé A, N, O, M thing hang.
Vay A, O, M thing hang.
Bai 4. (L6p 8) Cho tam gidc ABC théa man AB.AC = BC(AB + AC). Goi BD, CE 14 hai dudng
phan gide, G 1a trong tAm cia tam gidec ABC. Ching minh réing D, G, E thing hang.
(D& thi tuyén sinh vao 16p 10 THPT chuyén tinh Phd Yén niim hoc 2011 — 2012)
_ Loi gidi
AG cét BC tai M = BM = MC
Ve BN //EG (K ¢ AG)
CR/GD K ¢ AG)
AABC ¢6 CE l1a dudng phéin gidc
_ AE_BE _AE+BE __ AB
AC BC AC+BC AC+BC
AB_AC+BC _, BC
AE AC AC
Tuong tu: AC =1+ —'@—
AD AB

G 13 trong tam cha tam gide ABC
= AG = —g—AM

.. AN AK AB AC BC BC
Tach b = =24 =
AG AG AE AD AC AB

~=> AM -~ MN + AM + MK = 3AG
= MN = MK
BNCK 14 hinh binh hang = BN // CK. Do d6 EG, GD trung nhau
Vay D, G, E thing hang.

Bai 5. (Lép 8) Cho tam gidc ABC ¢6 dudng trung tuyén AM, dudng phén gidc AD. Dudng
thing qua M song song véi AB cdt AD tai E. Pudng thing qua D song song v6i AC cit
AM tai F. Ching minh riing ba diém E, F, C thing hang.

(Dé thi chon d6i tuyén hoc sinh gidi Todn 16p 8, truong THPT chuyén Tran Pai Nghia,
T.p H6 Chi Minh, nam hoc 2003 — 2004)
Loi gidd
Goi N la giao diém cia EM va AC, K la diém d6i xing cia M qua N, F' 1a giao diém
caa AM va CE. '
AABC ¢6 MN / AB {(gt), M I trung dim clia canh BC
(AM la duong trung tuyén)
= N 1a trung diém cla canh AC.
Ta ¢6 N 1a trung diém cta cac doan thdng AC, MK
=» T giae AKCM 14 hinh binh hanh
= AM // KC va AK // MC '
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AAKE ¢6 DM // AK — ED _ EM A K

EA EK
ACKE ¢6 MF' // KC = LE_ EM

EC  EK
Do vay ED . EF[ EM)

YEA ECUEK
. \ B D M c
ABAC 6 B2 _EF 7 AC (dinh 1 Ta-lét ddo)
EA  EC

Dod6 F =F | FF
Vay ba diém E, F, C thing hang. E

* Nhan xét: Loi gidi trén khoéng cdn dén gid thigt AD la dudng phén gidc cha tam
gidc ABC.

Bai 6. (Lép 8) Cho tam gidc nhon ABC véi trye tam H. Pudng thing vudng gée véi BC tai
C cit dudng thing BH ¢ D, dudng thing vubng géc véi BC tai B, cit dudng thdng CH tai
E. Goi M, N thi tur 13 trung diém cta BE, CD. Chitng minh ring H, M, N théng hang.
(T'rich dé thi chon hoc sinh gidi Todn lép 9, tinh Vinh Phic, n&m hoc 2010 — 2011)

Lai gidd
Ta ¢6 BE L BC (gt), CD 1 BC (gt), AH L BC (H 1a tryc tdm cia tam gidc ABC)
Do d6 BE / CD // AH S A
Xét AHCD ¢6 BE // CD = S5 - HE | . P
CD HC ‘ :
Ma ME = 22 (M 12 trung diém ctia BE), ' - T
9 E N
CD 2
CN = Ty (N 1a trung diém cta CD) M ' NS
Dovay: ME_HE -
CN ~ HC . B C
HE ME
Xét AHEM va AHCN c6: HEM = HCN (sole trong va BE // CD), — H C = MC (emt)

Do d6 AHEM AHCN (g.g) = EHM = CHN
Ta e6: MHN = MHC + CHN MHC + FHM = 180°
Vay ba diém H, M, N thang héng
Bai 7. (Ldp 8)
Cho hinh chit nhat ABCD (AD < AB). V& AH 1 BD tai H. Trén tia d6i. cda tia AD ldy
diém E sao cho AE < AD. V& EM L BD tai M, EM cét AB tai O. VeAKj_BEtauK Ve
AF 1| OD tai F. Ching minh ring ba diém H, F, K thiing hang.
(P8 kiém tra hoc ky I, To4n l6p 8, quan Tan Binh, TP. Hd Chi Minh, n#m hoc 2009 - 2010)

. .ﬁ’.’.‘{l’i qdh
‘Goi N 1a giao di€m ctia DO va BE ‘
ADEM ¢6 AH // EM = DH _ DA

DM. DE .
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ADEN c6 AF // EN = —[—)}i:%

E XK N
ADMN c6: gﬁ - g§(= g‘g) — HF // MN
BM BO A © B
AABH ¢6 CM // AH = =2 = 2
BH BA
AABK c6 ON // AH = B9 - AN M
T AK H
AAKH ¢6: M | AN( EQ)mHK//MN D C
BH AK\ BA ‘

Tir HF // MN, HK / MN

H, F, K thing hang.
Bal 8. (Lép 9) Cho H la tryc tAm cta tam gidc ABC. Chu’ng minh réng hai trung diém cla

AB, CH va giao diém céc tia phan gidc cGa céc gée CATH va CBH théng hang.

(Be thi vé dich Toan mua dbng tai Bungan ném 1997)

Lt gl

D 12 giao diém cta AH va BC, E 14 giao diém cha BH va AC.

Goi M, I 14n lugt 1a trung diém ciia AB, CH. Goi J la giao

diém céc tia phan gidc cla cdc gée CAH, CBH

Ta c6: CAH = CBH (cing phu v6i ACB)
S E
Ma: CAJ = HAJ = %CAH

{Tﬁvr‘fﬁ.‘lw%c@”ﬂ | Y

Do d6 CAJ = HAJ = CBJ = HBJ

Ta c6: HBJ = CAJ = Ta gide AEJB ndi tisp
Ma: AEB = ADB = 90°

=» T gide AEDB ndi tiép dutng tron (M)

Do d6: A, E, J, D, B cing thudc mot dudng tron.
Ma AEJ =DAJ = JE=JD = JF=JdD=J thude dudng trung tryc cia DE.

Mat khae, ta c6: ADC = HEC = 90°

= T gidc DHEC ndi tiép dutng tron (1)

Hai dudng tron (M) va (I} et nhau tai D, E,

=> MI la dudng trung truc ciia DE

Do d6 J thude ML

Vay ba diém M, J, I thing hang.

Bai 9. (L6p 9) Cho hinh vuéng ABCD. M 1a diém di dong trén tia ddi vdi tia CD (M = C).
Pudng thing vudng géc v6i AM tai A cidt dudng thang BC tai N Goi E 1a trung diém
ctia MN. Ching minh ring D, B, E théng hang. .

(Trich dé thi tuyén sinh vio 16p 10, THPT chuyén Lu’dng Van Tuy, Tinh th Binh,
nam hoc 2008 - 2009)
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Lt giad l N
Ta c6 MAN = MCN = 90° o
= T gide ACMN ndi tiép dudng tron (E)
= EA = EC
Ma BA = BC, DA = DC (tt giac ABCD la hinh vudng)
Do dé E, B, D cliing thude dutrng trung trye clia
doan thang AC.
Viy ba diém D, B, E thing hang. < -

Bai 10. (Lép 9) Cho tam gidec ABC nhon (AB < AC), ké dudng phén gide AD cta gée BAC,
dudng trung tuyén AM (D; M e BC). V& hai dudng tron ngoai tiép cdc tam gide ABC va
tam gidc ADM, hai dudng tron nay cit nhau tai diém thd hai la I Duting tron ngoai
tiép tam gidc ADM cit hai canh AB va AC theo thd tu tai E va F. Tia AD cit dudng
tron ngoai tiép tam gidec ABC tai J. Ching minh ba diém I, M, J thing hang.

(Trich dé thi hoc sinh gidi Toén 16p 9, tinh Nghé An, nam hoc 2006 — 2007)
Lot gidii
Xét ABME va ABAD ¢6: MBE {chung); BME = BAD (tg gidc AEDM noi tiép)
Do dé ABME «» ABAD (g.g) I
BM _BE _ .. BMBD
BA BD BA
CM.CD
CA

AABC c6 AD la dudng phén gidc

BD CD

BA CA B
Do vay BE = CF '
Ma AEI = AFI (td gidge AEFI néi tiép)
Ta c6: AEI + BEI = AFI + CFI = 1807
Nén BEI = CFI
Xét ABEI va ACFI cs:
BEI = CFI (ching minh trén), BE = CF (ching minh trén), EBI = FCI (4 gide ABCI noi tigp)
Do d6 ABEI = ACFI (g.c.g) = IB = IC, |
Mat khac BAJ = JAC (AD 14 tia phan gide géc BAQ)
= JB=JC = JB = JC
Va MB = MC (M 12 trung diém ctia BC)
Do vay I, M, J cung thude du‘c‘)‘ng trung truc ctia doan thdng BC.
Vay ba diém I, M, J thing hang. |
Bai 11. (Lép 9) Cho hinh thoi ABCD c¢6 BAD = 600, Bubng théng d qua d1em C cét cc tia

AB, AD lan lugt tai cac diém M, N khéc diém A. Puding thing d' qua diém Ava song song
v6i BD, d' cit cac dudng théng BN, DM Iin luot tai cdc diém E, F. P 1a giao diém cha BN,
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DM. Chitng minh r&ng céc trong tAm cla cac tam gidc ABD, AME, ANF théng hang.
(Trich dé thi tuyén sinh vao 16p 10 THPT chuyén, tinh Ba Ria — Ving Tau, ndm hoc
2009 - 2010)

Lai gidi
AABD can tai A (vi AB = AD) ¢6 BAD = 60", nén tam gigdc ABD déu.
AMAF 6 BD // AF — 50 _ MB
AF  MA
AMAN ¢6 BC // AN = B¢ _ MB
| AN MA
_ BD BC
Do dé: — = —
04 AF T AN

Ma BD = BC (tt gidc ABCD 1a hinh thoi). Nén AF = AN
Mzt khdc FAN = ADB = 60° (AF // BD, AABD déu)
AAFN can tai A c6 AFN = 60° d
= AAFN déu
= AF = AN = FN, AFN = FNA = 60°
AABN = AADF (c.gc)
= ANB = AFD=> T gidc ADNF ndi tiép.
AAFN déu, J 1a trong tam.
= J 12 tdm dudng tron ngoal tiép ti gide ABNF= JA = JP
Ta c6: NPF = NAF = 60° (tt gide ADNF nai tigp, AAFN déu)
= EPM = NPF = 60°
Ma EAM = ABD = 60° (EF / BD, AABD déu)
Ta c6: EAM = EPM = 60° = Td gidc EAPM noi tiép
= AEM = APN = ANF = 60° |
AMAE c6 MAE = AEM = 60° nén la tam gidc ddu, I 12 trong tdm cGa tam gidec MAE, -
Do dé I 13 tam dudng tron ngoai tiép t& gidc EAPM = IA = IP  (2) ‘
NPD = BAD = 60°
= T¢ gide ABCD ndi tiép
Goi O )a trong tAm tam gidc déu ABD
Ta ¢ O la tdm dudng trdn ngoai ti€p tif gidc ABPD = OA = OP (3)
Tt (1), (2) va (3) ¢6 J, I, A ciing thude dudng trung trye cha doan thdng AP.
= J, I, A thdng hang. ‘ '
Vay trong tAm cha cdc tam gidc ABD, AME, ANF thing hang,

Bai 12. (Lép 9) Cho dudng tron (0), ban kinh R. Tir diém A bén ngoai dubng tron ké hai
ti8p tuyén BA, AC v6i dudng tron (B, C 1a cdc tiép diém). Tir B ké ditsng théng song
song v6i AC cét dudng tron tai D (D khac B). Cho bhiét BAC = 60°. Ching minh ba
diém A, O, D thing hang. '
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(Trich dé thi tuyén sinh vao lép 10 THPT tinh Ninh Binh, nadm hoc 2011 ~ 2012)

ALl qicei
AB, AC la céc tiép tuy&n cha dudng tron (O)
=> AB = AC = AABC cén tai A.

Ma BAC = 60 | N . b

Do dé AABC déa _
= ABC = 60° (so le trong va AC // BD),
BDC = DBC - 60° (he qua gée tao bi tia tiép tuyén vé day cung) C
Do d6 ABDC déu = DB = DC
Ta ¢6: AB = AC, OB = OC, DB = DC
= A, O, D cung thujc dudng trung true cha doan thing BC
Viy ba diém A, O D thing héng
Bai 13. (Lép 9) Cho hai diém A, B thubde du&mg tron (O) (AB khong di qua O) va ¢é hal diém
C, D di d9ng cung 16n AB sao cho AD song song véi BC (C, D khéc A va B va AD > BC).
Goi M la giao diém cda BD va AC. Hai ti8p tuyén ciia dudng tron (O) tai A va ]D cit
nhau tai diém I. Ching minh réng ba diém I, O, M thﬁng hang. :
(Trich d& thi tuyén sinh vao I6p 10 chuyén Todn trudng THPT chuyén Trin Pai Nghia,
Tp. H6 Chi Minh, nam hoc 2003 — 2004)
Lot gidi

Ta c6 AD // BC (gt)

= T gidc ABCD la hinh thang ma t& gidc ABCD néi tiép
Do dé td gidc ABCD 1a hinh thang cin

= AB =CD = AB = CD

— MDA = MAD
= AMAD cén tai M
>MA=MD |
M& OA = OD (= R), IA = ID (tinh chét cdia hai ti€p tuy&n cit nhau)
Do d6 I, O, M cing thude dudng trung truc cia doan théng AD.
Vay I, O, M thing hang. | _
Bai 14. (L6p 9) Cho dudng trdon (O; R) va mot diém P thude (O). Tir P v& hai tia Px Py
ldn luot cdt dudng trdon (O0) tai A va B cho gée xPy 1a géc nhon. V& hinh bmh hanh
APBM. Goi K 13 tryc taAm ctia tam gidc ABM. -
‘ Goi H 14 tryc tdm cla tam gide APB va I 1a trung diém cda doan théing AB Chu’ng
minh rang: H, I, K thing hang
(Trich dé thi tuyén sinh vio l6p 10 chuyén Todn, trudng THPT chuyen Trén Bal
Nghia, Tp. H6 Chi Minh, nam hoc 2001 < 2002) ‘
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Lot gidi
Ta c6 BH L PA (H 1a tryc tAm cla tam gidc APB)
Ma BM // PA (td gide APBM la hinh binh hanh)

y _
BL\ M

= BH L BM -

Ta ¢6: AK 1 BM (K 12 tryc tam ciia tam gidc ABM) -

Do d6 AK // PA (1) /
Chitng minh tuong tu ciing ¢6 BK // HA (2) \

Tir (1), (2) ¢6 t& gidac BHAK 14 hinh binh hanh P A X
M2 I 14 trung diém cha AB (gt). \/

Nén I 1a trung di€m cha HK '
Vay H, I, K théng hang.

Bai 15. Cho dudng tron tdm O, dudng kinh AB, Ldy dlem C thugc dudmng tron (0) (C
khong trung véi A, B). M 14 diém chinh gifia cung nhd AC. Céc dudng théng AM va BC
cht nhau tai I cde dudng thing AC ba BM cét nhau tai K. BM cit ti€p tuyén tai A cta
(0) 4 N. Duong tron ngoai tiép tam gise BIK c4t dudng tron (B, BA) tai D (D khéong
trung v6i I). Chang minh ba diém A, C, D thing hang.

(Trich d& thi vao 16p 10, THPT, tinh Ha Nam, nam hoc 2013 ~ 2014)
L3P gidi

Ta c6: AM = MC = ABM = MBG
Ma AMB = 90° (g6c ndi tiép chén nita duting trdn)
ABAI can tai B = BI = BA =2 I ¢ dudng tron (B, BA).

Ta c6: mzém

X6t dudng tron (BIK) qua D = KDI = KBI
Do ds DI = ZABI. Ta cs mm[%mj

= Hai tia DK, DA tring nhau
= D, K, A thing hang
Ma A, C, K thing hang. Do @6 D, K, A, C théng hang
Vay ba diém A, C, D théng hang.
Bai 16. (Lép 9) Cho tam gidac ABC c¢6 ba géc nhon ndi tiép dudng tron (O) ¢é truc tdm la
H. Gid s M 12 mot diém trén cung BC khéng chita A (M khéc B, C) Goi N, P 1an lugt
14 diém 461 xdng clia M qua cac dudng thing AB, AC.
Chimg minh réng ba diém N, H, P thing hang
(Trich dé thi chon hoc sinh gidi To4n 16p 9, tinh Hai Duong, nam hoc 2007 — 2008)
: ALt gici

Goi D la giao diém ciia AH va BC
BHD = ACB {cting phu v&i HBD)
AMB = ACB, AMB = ANB
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Do dé: BHD = ANB A P
= T gide AHBN néi ti€p

= AHN = ABN

Ma ABN = ABM. Nén AHN = ABM.

Tuong tu t gide AHCP néi tiép = AHP = ACP
Ma ACP = ACM. Nén AHP = ACM N'B
Ta con ¢6 ABM + ACM = 180° (tif gide ABMC noi ti&p)
Do d6 PHN = AHN + AHP = ABM + ACM - 180°

Vay N, H, P thing hang.

Bai 17. (Lép 9) Cho tam gidec ABC nhon (AB < AC) (D, M ¢ BC). Vé hai du’o’ng tron
ngoai ti€p cde tam gide ABC va tam gidc ADM hai dudng tron nay cit nhau tai diém
thit hai I I, dudng trdon ngoai ti€p tam gide ADM cit hai canh AB va AC theo th( tu
tai E va F. tia AD cét dub‘ng tron ngoai tiép tam gide ABC tai J. Chlmg mmh ring I
M, J théng hang .

(P2 thi chon hoe sinh gidi Toan 16p 9, tinh Nghé An, nam hoc 2006 — 2007)

AABC, AD 1a dudng phan gide (gt)
= % = %g (1)
Xét ABED va ABMA c6:
EBD (chung), _ E
BED = BMA (t¢t gidc AEDM noi tiép)
Do d6 ABED «» ABMA (g.g)

BE _ BD BD.BM B : c
= BE = D M
BM  BA BA @)

CD.CM
CA
Tir (1), (2), (3) ¢6 BE = CF
Ta c6: AEI = AFI (hai gbc ndi tiép cing chin cung Al)
= BEI = CFl
Xét ABEI va ACFT cé: . _
BE = CF, BEI = CFl1, EBI = FCI (hai gbéc ndi tiép cling chin cung Al cta (0))
Do d6 ABEI = ACFI (c.g.c) = IB = IC.
Ta ¢6: BAJ = CAJ = JB=JC =JB =JC |
Do vay I, M, J cung thudc duding trung tryc cia doan thing BC.
Vay I, M, J thdng hang. . S
Bai 18. (Lép 9) Cho dudng tron tAm O va hai dudng kinh AB, CD khéng vudng géc véi
nhau. Goi M 12 giao diém cGa AC va ti8p tuyén eda (O) tai B, MO cdt BC tai N. Pudng

Tuong tu c6: CF = 3)
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thing MD cit (O) tai diém thd hai P. Ching minh A, N, P thédng hang.
(D4 thi d2 nghi Olympic 30 — 4, nam 2001) '
Lei gidid M
Ve BE | OM tai E
Chiing minh duge: MB® = MP.MD
MB® = ME.MO
Do d46: MP.MD = MEMO
AMEP «» AMDO (c.g.c) = MEP = MDO
=> Tt gidac NPBE nbi tiép
= NPB + NEB = 180°= NPB = 90°
‘Mit khac APB = 90° (g6c néi tiep chén nita dudng tron)
Hai tia PN, PA tring nhau.
Vay A, N, P thing hang. D
Bai 19. (Lép 9) Cho tam gidc nhon ABC noi tiép dudng tron (O) va diém M trén dudng
tron (0). Goi A;, By, Cy 18n lugt 1a céc diém d&i xing clia M qua cdc canh BC, AC, AB.
Ching minh réng ba diém A,, B;, C; thing hang.
(Trich dé thi chon hoc sinh gidi Todn Iép 9, Quan Tan Binh, Tp. H5 Chi Minh, nam
hoc 2004 - 2005)

Livi gidi
Goi D 1a giao di€m cia MC; va AB, E 1a giao diém
cia MA,; va BC, F 1a giao diém clta MB; va AC.
Ta ¢t D, E, F lan lugt 1a trung diém cha cac doan thing
MC,, MA,;, MBy, va ¢ MC, L AB, MA; 1 BC, MB; 1 AC.
T gide MDBE c6: MDB + MEB = 180°nén ni tiép
= DEM = DBM
Ma DBM = MCF (t gide ABMC noi tiép) ¢,
Nén DEM = MCF
Tt gide MEFC ¢6 MEC = MFC = 90° nén noi tigp
= MEF + MCF = 180°
Do vay DEF = DEM + MEF = MCF + MEF = 180° = D, E, F thang hang
Ta c6 DE la dudng trung binh ctia tam gidac MC,A; = DE // C1A,
Ta ¢6: CA, // DE, B.C, / DE
= C,A;, B,C; tring nhau (tién dé O-clit)

~ Véay ba diém A, B,, C, thing hang.

Bai 20. (Lép 9) Cho tam giac ABC ¢6 ba géc nhon ndi tiép dudng tron (0), H 1a truc tAm
cia tam gide. Goi M 1a mdt diém trén cung BC khong chita diém A (M khéng trung véi
B va C). Goi N va P ldn lugt 1a di€m d6i xing cia M qua cdc dudng thing AB va AC.
Ching minh ba diém N, H, P thing hang.
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(P& thi chon hoc sinh giéi Todn 16p 9, tinh Nghé An, nim hoc 2010 — 2011)
Lt giai '

CH cit dudng tron (0) & D

Ta c6 HD L AB, MN L AD = T gidc MHDN la hinh thang

Ma DBA = DCA = ABH |

ABDH can tai B

Do d6 H, D d8i xiing qua AB.

Ta cé tit gidc MHDN la hinh thang can

= NHB = MDB. Ma MDB = BAM

Do vay NHB = BAM

Tuong ty: CHP = MAC

Ta ¢6: NHP = NHB + BHC + CHP

.m+BﬁE+M:m+ﬁCzlSOO
Véy ba diém M, H, P thdng hang. ‘

Bai 21. (Lép 9) Cho dudng tron (O; R) ¢6 dudng kinh AB, diém I ndim gita hai diém A va
0. K& dudng thing vudng gbe v6i AB tai I, du@ng.théng nay cat dudng tron (O; R) tai
M va N. Goi S 14 giao diém cha hai dudng thing, BM va AN. Qua S ké dudng théng
song song v6i MN, dutng thing nay cit cdc dudng AB va AM lin lugt & K va H. Ching
minh réng ba diém H, N, B thing hang.

(Trich dé thi tuyén sinh vao 16p 10, THPT tinh Nam Dinh, nim hoc 2008 — 2009)
Lot gidi
Ta c6: SH // MN (gt), MN L AB (gt) = SH i AB
Mat khdc AMB = ANB = 90° (géc noi ti6p chdn
ntta dudng tron) S
ASBH ¢6 HM, BK 1 hai dutng cao (HM L SB, BK 1SH)
cit nhau tai A
=> A truc tdm cla tam gidc SBH
= SA 13 dudng cao clia tam gidc SBH | K
= SA L BH
Ta c6: BH 1 SA, BN L SA (ANB = 90°)
= BH, BN tring nhau.
Vay ba diém H, N, B thing hang.

Bai 22. (Lép 9) Cho tam gidc ABC. Goi O 1a tdm dudng tron ndi tiép tam gidc ABC. Trén
cdc canh AC va BC lan lugt 18y cdc diém M, N sao cho AB.AM = AO? va BN.AB = BO?
Ching minh ring M, O, N thing hang. .

(Trich dé thi tuyén sinh vao 16p 10 chuyén Todn, trudng THPT Quéc hoe Hué, tinh
Thita Thién — Hué, nam hoc 2003 — 2004) "

H
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Ta ¢6 O 1a giao diém cdc dudng phan gide cla tam giac ABC.
Xét AAMO va AAOB c6:

MAO = OAB (AO 1a tia phan gidc géc BAC)

AM _AO (; AB.AM = AOY)

AC  AB
Do d6 AAMO «» AAOB (c.g.c) = AOM = ABO
Tuong ti c6: ABON «» ABAO (c.g.c) = BON = BAO
AOAB c6 ABO + BAO + AOB = 180°
Do d6: MON = AOM + BON + AOB

= ABO + BAO + AOB = 180"
Vay ba'diém M, O, N thing hang. :
Bai 23. (Lép 9) Cho dudmg tron (O) dudng kinh AB. Liy diém C thude duding tron (0) sao
cho CA > CB. Céc ti€p tuyén tai A va C cia dudng tron (O) cit nhau tai D. V& hinh
binh hanh BODE. Chitng minh ring ba diém B, C, E thing hang.
(Trich d& thi tuyén sinh vao lé’p 10 chuyén Dai hee Vinh, nam hoc 2012 — 2018)
' | | Lot gici

| DA, DC 1a céc tiép tuyén c‘ﬁa" dudng tron (0) K r
= OD la tia phan gidc clia géc AOC
. C
= AOD = %A{)C ‘
Ma ABC - éﬁ@é (hé qua goc ndi ti€p). Do d6 AOD = XB‘GM
: . B
' O

- BC/OD |

Ma BE // OD (ha gidce BODE la hinh binh hanh)

Do d6 BC, BE trung nhau (tién dé O-clit)

Vay ba diém B, C, E thing hang. ' .
Bai 24. (Lép 9) Cho tam gidc ABC c6 ABC = 30°, ACB = 15°. Goi O 1a tam dudng tron

ngoai ti€p tam gidc ABC va M, I 14n lugt 1 trung diém etia BC, OC. Ching minh réng

A, M, 1 thing hang.

(Trich dé thi tuyén sinh vao 16p 10 chuyén Todn trudng THPT Ning Khigu, PHQG TP.

H6 Chi Minh, nim hoc 2002 — 2003)

' L51 gidi

ABC = %Qa:&'@
= deEi = ZSGA% = 60°
ACB z%sdA"E
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> sdAB = 2ACB. = 30°
sdBC = sdAC + sdAB = 60° + 30° = 90°
AOAC cén tai O (vi OA = OC = R) ¢6 AOC = 60°(= sdAC)-
Nén 1a tam gide déu. Ma Al 1a dudng trung tuyén nén Al cling 1a dudng cao = Al 1. OC
Ma BO L OC (BOC = 90%), AT L OC = Al // BO |
Mat khac MI / BO (MI 1a dudng trung binh ciia AOBC
Do do6 M1, Al tring nhau (Tién dé O-clit)
Vay ba diém A, M, I thiung hang.

Bai 25. (Lop 9) Cho tam gide ABC vudng tai A; B = 60°, AM la dudng phéan gide. Va
dudng thing qua M va vudng goc véi dudng thdng BC cdt doan thing AC tai N, cit
dudng thing AB tai P, O la t&m dudng trdn ngoai tiép tam gidac PBC. I 13 trung diém
cda doan thiing PC. Ching minh ring M, O, I thdng hang.

(Trich &8 thi vao ldp 10, THPT Tp. Ha Nbi, nam hoc 2008 — 2009)

Lt gini P
Ta ¢é: PMC = 90° (PM L BC)
CAP = 20 (AB 1. ACY N
Do d6 td gise APCM noi tigp = MPC = MAC {
Ma MAC = BAG 45 Ngw MPC = 45° \ - /0
0 : B o

AMPC vubng tai M, MPC = 45°

= AMPC vuing cdn tai M = MP = MC
Ta ¢6: MP = MC, OP = OC (= R), IP = IC (I 14 trung diém cla PC)
= M, O, I ciag thude dudng trung true cua PC
Vay ba diém M, O, T thing hang.

Bai 26. (Lép 9) Trén dudng tron tdm O dudng kinh AB = 2R. Ldy diém N sao cho AN = R
va M 1a mdt diém bat ki trén cung nhé BN (M khéng trung véi B, N). Goi I 1a giao
diém ctia AM va BN. Dudng théng di qua I vudng goc v6i AB tai H, cit tia AN tai diém
C. Chiing minh xang B, M, C thing hang.

{I'rich dé thi vao 16p 10, THPT khéi chuyén Toan — Tin, Tp. Ha Nm n&m hoc 2011 — 2012)
L giai

Ta c6: ANB = 90° (géc ndi ti&p chdn nira duimg tron)

AABC ¢6 CI 1 AB (gt), BN £ AC (ANB = 90°)

CI cdt BN tai [. Do d6 1 1a tryc tAm cia tam gide ABC

= Al L BC | _

Mzt khdae AMB = 99° (g6c noi tiep chin nita dudng tron) A

= Al L BM

Ta 6. BC ! Al ME L Al = BC, MB tring nhau

Vay ba didm B, M, C thdng haug.
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Bai 27. (Lép 9) Cho tam gide ABC néi tiép dudng tron (O). Tia phéan gidc géc A cht dutrng te
tron (0) tai difm M. Pudng phén gidc cha goc A cit dudng tron (O) tai N, |
a} Ching minh ring M, O, N thing hang . ‘
b) Trén canh AC 18y diém D tuy ¥ (khdc A va C). DBudng thdng BD cit dudng tron (O) tai
diém the hai F. Dudng thdng qua A vudng gée véi AB va dudng thing qua F vudng goc
v6i FC cit nhau tai P, Chitng minh ring P, D, O thing hang. | -
(Trich dé thi vao 16p 10 THPT chuyén Himg Vuong, tinh Pha Tho, nam hoc 2002 - 2003)
L3¢ gidi '
a) AM, AN la hai tia phan gidc cha hai géc ké ba BAC, CAx
- MAN = 900
= MN 1a dudng kinh cha dubng tron (O)
Vay M, O, N thng hang.
b} Goi S 1a giao diém ctia AP va dudng tron (0)
Ta c6: BAS = 90°. |
Nén BS 1a dutng kinh cha dubng tron (0) = BFS = 90°
Goi K 1a diém d6i xing cia F qua PD
X6t P niim trong dudng tron (O) {truyng hop P niim ngoai dudng tron (0), chiing minh
tuong tu). Goi Fy 13 tia d6i cha tia F
Ta c¢6: PFD = SFC (cing phu v6i BFC)
"Mz SFC = SAC (hai géc ndi tiép cing chén cung SC) va PFD = PRD (K, F d6i xtng qua PD)
Do d6 PKD = CAS
= T4 gidc AKPD ndi tiép = KAP = RDP
Ma KDP - FDP (K, F d6i xiing qua PD)
Nén KAP = FDP
Ta c6: FDP = 90® - DFK = K"}f&
- Nén KAP = K"F}
= Tt gidc AKSF nbi tiép
= K thudc dudng tron (0) = OK = OF (= R)
Do d6 O thudc dudng thing PD
Vay ba diém P, D, O thing hang. |
Bai 28. (L6p 9) Cho dudng tron (O; R) va dudng ton (O'; R) tiép xtic ngoai tai A (R > R').
Vé cdc dudng kinh AOB cta duong trdn (O), AO'C cia dudng tron (O'). Day DE cla
dudng tron (0) vudng géc véi BC tai trung difm K cta BC. Goi I 1a giao diém cta E
véi dudng tron (O'). Ching minh riing D, A, I thing hang. '
(Trich dé thi tuyén sinh vao 16p 10 THPT chuyén Nguyén Binh Khiém, tinh Vinh
Long, ndm hoe 2007 — 2008)
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Lo giced
Ta ¢ OO' L DE tai K (gt)
= K 12 trung diém cGa DE.
M4 K la trung di€m ctia BC.
Do d6 ti gide BDCE 1& hinh binh hanh
= BD /EC g

Ta cé: 7
BDA = 90° (géc ndi tiép chdn nda dudng tron va AIC = 90°)
= Al I EC

Ma BD / EC. Ta c6: Al 1L BD, AD 1 BD (BDA = 90%)
Nén Al, AD tring nhau
Vay D, A, I thing hang.

Bai 29. (Lép 9) Cho tam gide nhon ABC (AB < AC), hai dutng cac BD va CE cét nhau tai H
(D trén canh AC, E trén canh AB). Goi I 1a trung diém BC, dudng tron di qua B, E, 1
va dudng tron di qua C, D, T cdt nhau tai K (K khac I). Pudng thing DE cdt BC tai M.
Ching minh ba diém M, H, K thdng hang. .

(Trich dé thi vao 16p 10, THPT chuyén Nguyén Trai, tinh Hai Duong, nam hoc 2007 — 2008)
- Lo glal '
Ta cé: AEK = BIR (tf gide BEKI nbi tisp)
BIK = CDK (tf gidc ICDK ndi tisp)
Do @6 CDK = AEK
= Tt gidc AEKD nbi tiép
Ma AEH + ADH = 90° + 90° = 180°
= T gidc AEHD nbi tiép
Do dé A, E, H, K, D cing thujc mot . ‘
duong tron, dudng kinh AH — I s
= AKA - 90°, ADE - ARE BW
" Té gide BEDC ¢6 BEC = BDC = 90° nén tit gise BEDC néi tiép
= ADE = ABC o o . o
Ma EBI + EKI = 180° (tt gidc BEKI ndi tiép). Nén ARE + ERI = 180°
= A, K, I thing hang va ¢6 IKC = IDC = ICD, ICD = ICK + KCD
Nén KAC = ICK, KAD = DEK
= EDK = ICK = Ti gidc MEKC néi tiép
= MEC = MKC :
Ma IKC = AED = MED, MEC = MEB + 90°, MKC
Do d6 MKI = 90°. Ta ¢6 HK L AI, MK L Al
Vay M, H, K thing hang.

i

il

MK + IRC
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Bai 30. (Lép 9) Cho dudng tron ndi ti€p tam gide ABC, dutng tron (D) ti€p xdc véi clc
canh BC, AC, AB lan lugt & D, E, F. Pung tron (J) ti6p xdc v6i BC & D va tip wic
trong véi dudng trom (I) & D (JD < ID). V& BM, CN la céc tiép tuyén cha dubng tron (J)
(M, N khéc D). Goi S la giao diém cta MN va EF. Ching minb réing ba diém S, B, C
thdng hang.

(D6 kiém tra doi tuyén hoe sinh giéi Toan I6p 9, quan 1, Tp. H6 Chi Minh, nam hoc
2011 - 2012)

Lt gl
V& SD; 14 tidp tuyén cha dudmg tron (1), SD 14 tiép tuyén cha dubng tron (J) (xem hinh vé)
Goi K la giao diém cha BM, CN

BAC (180° - MBF o NCE 180°-EBKC
- + 90Y + +

m+m:{900+

2 2 2
_ 1800 , BAC + MBF + NCE - BKC
2 |
_ 100 , BAC+ ABCmKBC;ACB -RCB-BKC _ o0
Nén t gidc MNEF ndi tiép. Do d6 c6: SE.SF = SM.SN
ASD,F « ASED, (g.g) A
SD, SF 0 E
ket S SD? = SE.SF
SE ~ 8D, !
F N
Tuong tu: SD7 = SM.SN. ‘1
Do d6 SD; = SDy => Dy = Dy d - .
Do vay Di, D, D, trung nhau. 5 B D Dy Dy C

‘ Vay S, B, C thing hang. .
Bai 31. (Lép 9) Cho doan thang AB = 2a cé trung diém 1 O. trén ciing nifa mat phing by
AB dung nia dudng tron (O) dudng kinh AB va nda dutng tron (O'), dudng kinh AO.
Trén (O) 18y mot diém M (khac A va 0), tia OM cidt (O) tai C, goi D Ia giao diém tha
hai ciia CA va (0'). Dudng thng AM c4t OD tai H, dudng tron ngoai tiép tam giac COH
c4t (O) tai diém thit hai N. Chiéing minh ba diém A, M, N thing hang. |
{Trich dé thi vao 16p 10 chuyén, THPT Chu Vin An vi THPT Ha Nbéi — Amsterdam,
nam hoe 2003 - 2004)
Livi gibi
Ta ¢6: ADO = 90° (géc ndi tiép chén nira dutng tron)
OA = OC (= a) = AOAC cén tai O
=» 0D 14 tia phén gidc géc AOC

Tacécmz}éﬁ(}:(ﬁ

Mat khée CNH = COH (tf gisc CHON néi tiép)
Ta ¢6 CNH = CNA => Haj tia NH va NA tring nhau
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= N, H, A thing hang
Ma A, H, M thing hang. Do dé A, H, M, N thing hang.
Vay A, M, N théng hang.

Bai 32. (Lép 9) Cho dutng tron (O) dudng kinh AB va diém C thudce dudng tron (C khéc
A, B va diém chinh giita cung AB). Goi H 1a hinh chiéu vudng géc cia C trén AB.
Budng tron (Oy) 'du’b‘ng kinh AH cit CA tai E, dudng tron (Os) dudng kinh BH cit CB
tai F. Goi {Oy) 1a tAm dudng tron ngoai tiép tam gidc AEB, D la diém d6i xdng cha C
qua O. Chirng minh ring ba diém H, O3, D thing hang.

(Trich d& thi vao 16p 10 khai THPT chuyén Pai hoc su pham Ha N6i, nam 2009 — 2010).

Lo gidi
Ta c6 AEH = 90°, BFH = 90°
ACB = 90° (g6c ndi tidp chén nia duvng tron) X
Do 46 ECF = CEH = HFC = 90° |

= T gide CFHE la hinh chit nhat
= Tt gide ECFH nbi tiép

= CHE = CFE

Ma CHE = EAB (cung phu véi géc AHE)
= T gide AEFB noi tiép

Goi I 1a giao di€ém cha EF va CH
Ta c6 I 1a giao di€ém cta CH va EF
Goi K 14 giao diém clia CD va EF ta c6 CEK = ABC = ADK

= T gidc EKDA ndi tiép

= EKC = EAD = 90°

Ta c6 CO L EF,; 01 L EF

= CO // O3] va 003 L. AB, CI L AB = 00,/ CI

Do dé it gidac Oz0CI 14 hinh binh hanh

= 00; = CI = TH

Ta c6 td gide OIHO; 14 hinh binh hanh

= OH // Ol

Mat khac OI 1a dudng trung binh cia tam gide CDH

=DH/O

Ta ¢6 OzH // OI va DH // O

= OzH va DH trung nhau (Tién dé O-clit)

Vay ba diém H, Os, D théng hang.

Bai 33. (Lép 9) Cho ngii gidc ABCDE nbi tiép dudng tron (O) sao cho tia BA va tia DE cit
nhau tai M. Tia AE va tia CD cit nhau tai N. Goi K 14 giao diém cia BC va tiép tuyén
dudng tron (O) tai M. Goi P 1a giao diém cde duong trdn ngoai tisp cdc tam giac AEM,
CEK. Chitng minh riing ba diém M, P, K thiang hang.
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(D& thi vao 16p 10 chuyén Toan, trudng THPT chuyén Quéc hoc Hué, tinh Thira Thién
— Hué&, nam hoc 2004 — 2005)
Lot giar
Ta ¢6: MPE = MAE (T¢ gisac MPAE noi tigp) va
EAB + ECB = 180° (tu giac ABCE noi tiép)
- EAB + MAE = 180° (hai géc ké buy

Do d6 MAE = ECB = MPE
Mat khac EPK + ECK = 180° (vi t gise EPKC ni tiép)
Ta ¢6: MPK = MPE + EPK = ECB + EPK = 180°
Vay M, P, K thang hang. N

Bai 34. (L6p 9) Cho tam giac nhon ABC ndi ti€p trong dudng tron (C) va M 1a mot diém
thay d8i trén cung nhé BC, N la diém dai xtng cta M qua trung didm I clia AB. K 1a truc
tam cla tam gidc NAB. Gid stt MC c4t AB tai D, ha KE vudng géc véi BC. Goi H 1a truc
tdm cha tam gidc ABC, J 1a trung diém cda HK. Ching minh ring D, E, J thing hang.
(Trich d& thi tuyén sinh vao l6p 10 chuyén Todn — Tin trudng THPT ning khiéuy,
PHQG Tp. H6 Chi Minh, nam hec 2004 — 2005)

Leré giid

Ti gidc BNAM Ia hinh binh hanh suy ra BN / AM va AN // BM. Mt khéc BK 1 NA,
AK | NB (K 1a truc tAm tam gidc NAB),
Do d6 BK L BM, va AK L AM. Td gidc BKAM ndi ti€p dudng tron dudng kinh BM. Vay
K thudce dudng tron (C)
Goi S 1a diém d61 xing cha K qua E; R la diém 46i
xing cta K qua D. Ta ¢6 BKC = BSC (tinh d6i
xing); BKC = BAC nén BSC = BAC
Ma BHC + BAC = 180° nén BHC + BSC = 180°
= T gide BHCS ndi tiép

= BHS = BSC = BCK (L
Tuong tu ta cling ¢6 ti giac ABHR noi tiép suy ra:
AHR = ABR = ABK (2)

Tit (1), (2) ¢6 AMB + BHS + AHR = AHB + BCK + ABK
AHB + BCK + ACK =180 S
Suy ra S, H, R thdng hang. Vi DE la dudng trung binh cha tam gide KRS, nén DE di
qua trung diém J cta HK.
Vay D, E, J théng hang. _
Bai 85. (Lép 9) Cho tam gidc ABC c6 ba géc déu nhon, H 1a tryc tdm tam gidce. Dung
dutng tron tdm O, dudng kinh BC, qua A v& céc tifp tuyén AP, AQ véi dubng tron (P,
Q 12 céc ti€p diém). Chdng minh ring P, H, Q thdng hang.
(Pé thi chon hoc sinh giéi Todn lép 9, tinh Quang Ninh, nam hoc 2006 - 2007)

H

i
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Lii gidi
Goi E, F 14n luot 14 giao diém cha dudng tron (O) véi AC, AB (E khéc C, F khac B), AH
cdt BC ¢ D. ' A
Ta c6 BEC = BFC = 90° (géc ndi tiép chin nita dudng tron)
Do d6 B, H, E thing hang, C, H, F thing hang.

Ta c6 APO = AQD = ADO = 90° : b Q
= A, P, D, O, Q cung thudc mét dudng tron
= APD + AQD = 180° B D6 C
Xét AAHF vi AABD ¢6: HAF (chung), AFH = ADB(= 90°)
AH AF

Do d6 AAHF «» AABD 22 25 o AH.AD = AF.AB

0 &&= F=ap " |
X6t AAPF va AABP c6: PAF (chung), APF = ABP (h qua goc tao bési tiep tuyén va day cung)

. AP AF 2

Do d6 AAPF «» AABP 20 = 2L = AP? = AF.

0o €8 = 15 " ap AB

Ta ¢6: AP? = AH.AD (= AF.AB)

X6t AAPH vh AADP c6: PAH (chung), —::% - % (vi AP? = AH.AD)

Do d6 AAPH «» AADP (c.g.c) = AHP = APD
Ching minh tuong tu cé m = @
Ta c6: PHQ = AHP + AHQ = APD + AQD = 180°
Vay ba diém P, H, Q th&ng hang.
Bai 36. (Lop 9) Cho tit gidac PQRS néi ti€p, PSR = 90°. H, K 14n luot 14 chan cdc dudng
~vubng géc ha tr Q xubng PR, RS. Chdng minh réng H, K va trung diém T cha QS
thing hang.
(Dé thi v6 dich Todn, Héng Kéng, nam 1998)
Lii gidi
Ve QI L SP. Tu gi4e SIQK co ISK = 90° (gt), QIS = 90° (QI L SP), SKQ = 90° (QK L SR)
= T4 gidc SIQK 1a hinh chi nhat | |
Ma T la trung diém cha QS (gt). Do do T 14 trung diém cfia 1K

= I, K, T thang hang (L R

Mat khdc, ti gide IQHP c6 QIP + QHP = 1800 nén ndi tlep

= QHI = QPI : R
H

Ti gidc QHKR 6 QHR = QKR = 90° nén noi tidp
= QHK + QRK = 180°

Ta c6 QPI = QRR (tf gide PQRS noi tiép)
NénQ?ﬂm (Qﬁ_ﬁ.Dodé: HK =ﬁ+@?ﬂ=€ﬁﬁ+@ﬁf§=ﬁﬂo

S
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= I, H, K thing hang (2)
T (1), (2) c6 I, H, T, K thing hang
Vay H, K, T thdng hang.

Bai 37. Cho tam gidc nhon ABC ¢6 duting cac AH, ndi ti€p dudng tron (O). Vé dudng tron
(A; AHD) cit dudng tron (O) tai hai diém phén bist M va N. Tit B va C v& hai tiép tuyén
BD va CE d&n dudng tron (A) (D va E 12 hai tiép diém, D = H, E = H). Goi P 14 giao
diém cha AB va HD, Q 1a giao diém cGa AC va HE. Ching minh bén diém M, N, P, Q
théing hang.

(Dé kiém tra d6i tuyén hoc sinh quén 1, TP. H6 Chi Minh, n&dm hoc 2009 — 2010)
Lt gidei
V& dudng kinh AK cda dudng tron (0), AK cit MN & 1, AK ¢t PQ § T
Hai dudng tron (A) va (O) ct nhau tai M, N
= AK Ia trung truc cia doan thing MN
= AK L MN
AME = 90° (g6c noi tiép chén nita dudng tron)
AMAK vubng tai M, MI 1a dudng cao = ALAK = AM®

AM?  AM?

AK 2R

Chitng minh duge AP.AB = AH2AQ.AC = AH?,

Nén AP.AB = AQ.AC

AAPQ «» AACB = APQ = ACB

= Tu gidec BPQC nbdi tiép

= Al =

" Do dé Al L PQ
AT'AK = AQAC = AH?
2 2
Al = AMT | AMY
AK 2R

Ta c6: Al = AI' = I = I'. Hai dudng thdng PQ va MN tring nhau.
Vay bén diém M, N, P, Q théng hang.

Bai 38. (L6p 9) Cho duvng trdn (O) ¢6 tAm O va diém M nim ngoai dudng tron (O).
Pudng thing MO cit (0) tai E va F (ME < MF). V& cat tuy&n MAB va tiép tuyén MC
cha (0) (C 1a tiép diém, A nim giita hai diém M va B, A v& C niim khéc phia 461 v6i
dudng thing MO). Goi H 1a hinh chidu vuéng géc chia diém C lén dudng théng MO.
Trén nita mat phing bd OM c¢6 chita diém A, v& nia dudbng tron dudng kinh MF; nia
dudng tron nay cit ti€p tuyén tai E cia (O) & K. Goi S la giao diém cha hai dudng
thdng CO va KF. Goi P va Q 14n lugt 13 tam dudng trdn ngoai tiép cac tam gise EFS va
ABS va T 1a trung diém ciia KS. Chitng minh ba diém P, Q, T thing hang.

{(Trich dé thi tuyén sinh vao 16p 10, THPT Tp. HS Chi Minh, n&m hoc 2012 - 2013)
L gidi
Goi I 14 giao diém cia MS va KC
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AMCS vuéng tai C, CI 1a dudng cao

= MC? = ML.MS ma MC? = MA.MB &
— MLMS = MA.MB \
MA  MI *
T e =
MS MB
AMI = SMB = AMAI « AMSB
= MIA = MBS
= T gide ABSI noi tiép (3)
MLMS = MAMB = MEMF = ME _ ML K
MS MF
Ma EMI = SMF => AMEI «» AMSF = MEI = MSF
= Tt gidc EFSI noi tiép (4)

(3), (4) = Hai dudng tron (EFS), (ABS) cit nhautai Sva I
Ma P va Q 1a cdc t4m cia hai dudng tron nay.

= PQ la trung truc cta SI

AKIS vudng tai I ¢6 T trung diém KS

=TI =TS8

= T thude dudng thing PQ

Vay ba diém P, @, T thing hang.

Bai 39. Cho tam gidc cAdn ABC (AB = AC; A < 900 ), mot dudng tron (O) tidp xae véi AB,
AC tai B va C. Trén cung BC nim trong tam gidc ABC 1dy mot diém M (M = B; C). Goi
I, H; K 14n lugt 13 hinh chigu cGa M trén BC; CA; AB va P 1a giao diém ctia MB véi IK,
Q la giao diém cta MC vdi TH. Goi (O;) va (O) 1an lugt 1a dudng tron ngoai ti€p AMPK
va AMQH. Goi D 14 trung diém cta BC; N 1a giao diém thit hai eta (0y), (Oy). Chiing
minh ba diém M, N, D thdng hang. ' '
(Trich d8 thi chon hoc sinh gibi Toan Lép 9, tinh Quang Ngéi, ndm hoc 2009 — 2010)

L gidi
Ta c6: BKM + BIM = 90° + 90° = 180°
= Tt gide BKMI néi tiép
= KIM = KBM .
Ma KBM = BCM (hé qué géc tao bdi tia ti€p tuyén va day cung)
Do dé: KIM = BCM -
Chdng minh tuong tu ¢6: HIM = CBM B
Do d6 PMQ + PIQ = BMC + CBM + BCM = 180°
= Tt gidc PMQI nbi tiép
= MQP = MIK ,
Ma MIK = MCI. Do d6 MQP = MCI = PQ// BC
Goi T 1a giao diém cta MN va PQ, T' 14 giao diém ctia MD va PQ.
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AMBD ¢6 PT" // BD = 2L . MT

BD = MD
. Qr _ MT
AMCD c6 QT' // cn M
% Q CD ~ MD
Ta c6: oo = QT [: MTJ,BD:CDmP’I":QT'
BD CD\ MD

= T' 1a trung di€m cha PQ.
V& Pt 12 ti6p tuyén cha dudmg tron (Oy) (tia Pt nAm trén niia mat phdng b MP c6 chifa Q)
Ta c6: MPt = MKP (hé quéa gbc tao bdi tia ti€p tuyén va day cung),
MEP = MPQ(= MBI)
= MPt = MKP = Hai tia P, PQ trimg nhau
= PQ 14 tiép tuyén cha dudng tron (O;)
Tuong tu PQ 1a tiép tuyén cha dudng tron (Oy)
Xét ATPM va ATNP ¢6 PTM (chung), TPM = TNP (hé qua géc tao bdi tia tifp tuyén
day cung). Do d6 ATPM «» ATNP (g.g) = w _IM = TP? = TM.TN
™ TP .
Chimg minh tuong ty ¢6: TQ® = TM.TN
Ta c6: TP? = TQ? (= TM.TN) = TP = TQ
= T 1a trung diém chia PQ. Nhu vay T ='T". Do d6 M, N, D, T thang hang
Vay ba diém M, N, D théng hang.

Bai 40. (Lép 9) Cho tam gidgc ABC, O nim trong tam gidc (O khang thude cdc canh tam
gidc). Diém M trén tia OA (M khdc O va A) sao cho dudng tron ngoai tiép tam gise
ABM con cit tia OB tai diém N khéc B va dudng tron ngoai ti€p tam gidc ACM cdon cit
tia OC tai di€m P khdc C. Goi I, J 1an luot 1a tdm cha dudng tron ngoai ti€p tam gidc
ABC va tam gidc MNP, Chiing minh ring O, I, J thing hang.

(Trich dé thi vao 16p 10 chuyén Todn, tinh Ba Ria ~ Ving Tau, nim hoc 2011 — 2012)
. Lt qidid

Céc tia AO, BO, CO cit dudng tron (J) ldn lugt 6 D, E, F

Ta c6: OAB = MNE (td gidc ABNM ndi ti&p)

MNE = ODE (tt gidc MNDE néi tiép) = OAB = ODE (g.g)

Xét AOAB va AODE c6: OAB = ODE, AOB = DOE (d6i dinh)

Do @6: AOAB «» AODE = 20 -~ 04 _ OB

DE OD OE’
AC _ O0A _OC

Tuong ty: — = —— = —
DF OD OF

Xét AOAB va AONM ¢6 AOB chung, OAB = MNO (t& gidc ABNM ndi ti&p)
OA _ OB

Do d6 AOAB «» AONM 0A _ OB . 0A.OM = OB.PM
0o &8 =55 " op
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OB OC
4 . = OC.OP. 5 OB. = OC.OP = — = ——
Tuong tu ¢6 OA.OM = OC.OP. Do d6 OB.ON = OC = GF = ON

AOBC «» AOPN (c.g.c) = OBC = OPN

MéﬁzO@?.Nén@z(ﬁ‘

Xét AOBC va AOEF ¢6 BOC = EOF (d6i dinh) va OBC = OEF
BC _ 0B _ OC

Do dé AOBC «» AOEF (g.g) = - OE = OF

AB _BC _ AC

" DE EF DF

= AABC «» ADEF (c.c.c) = ,(@ = DFE

:;Mé.@:é@,ﬁi@:%ﬁﬁ:

Ta ¢6:

= Nén AIB = DJE

IA=IB(=R), JD = JE (= R)
Do vAy AIAB cén tai I, AJDE can tai J. Ma AIB = DJE.
Nén AIAB «» AJDE.

IA AB
fAB - JDE
~ I " DE’ JDE
Ta c6 OAB = ODE, [AB = JDE = [AD = JDO
Xét AOAT va AODT o6 12 OA( AB) fAD = JDO
iD ~ op\” DE

Do d6é ACAT «» AODJ (c.g.c) = A0 = DOJ. Do d6 TOJ = DOJ + 10D = AOI + 10D = 180°
Viy ba diém O, 1, J Vthé_ng‘ hang. _ ‘
Bai 41. (Lép 9) Cho dutng tron (O), dwng kinh AB = 2R. C la diém b4t k¥ trén dudng
tron (C khong trung A, B). Tiép tuyén tai A cha dudng tron cit dutng thdng BC tai L.
Goi M Ia trung diém cta BC. Vé day cung AK vudng géc v6i Of tai E, v& day cung AD
song song véi BC. Ching minh rdng D M, K thing hang.
{Trich de klem tra hoc ki II, quan 9, TP. H6 Chi Minh, nam hoc 2012 - 2013)
- R L gidi

IK 13 tiép tuyén cia dudng tron (O). 1
M la trung diém ctia BC = OM L BC.

OAl = OMI = OKI = 90°
= A, I, K, M, O cling thuge mét dudng tron

= MK = IAK Ma IAK ABK nén IMEK = ABK.

MK + BMK = ABK + ACK = 180°. é:
Do dé: BMK = ACK A Y B

AMBK v ACAK (g.g) = BEM = AKC.
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Mat khée: AD / BC

—AC = BD = AKC = BKD

Ta ¢6: BKD = BKM (= AKC)

= Hai tia KD, KM triung nhau.
Vay: ba diém D, M, K thing hang.

Bai 42. (L6p 9) Cho tam gidc nhon ABC (AB > AC), dudng tron (O) dudng kinh BC cit
AB, AC 14n lugt tai F, E. BE cit CF tai H, AH c&t BC tai D. V& AN 1a ti€p tuyén cla
duting tron (0) (N e (0)). Goi I la tam dudng tron ngoai tié’p tam gidc NHD. Ching
minh réng ba diém N, I, O thdng hang.

(Dé thi thit vao 1¢p 10 THPT cia truong THCS Trdn Vin On, Quan 1, TP. Hé Chi
Minh, ndm hoc 2013 - 2014)

L gidi
AE  AH

AAEIL «» AADC 22 = AEAC = AHAD

(g.g) = 3B " AC
AANE < AACN (g.g) = % - ﬁ—— = AEAC = AN?
Do d6: AH.AD = AN? (= AE.AC) _
AANII «» AAND (e.g.c) = ANT] = ADN . \

B

V& tia Nx la tia ti€p tuydn cta dudng tron (NHD). }C

Ta ¢6: xNI1 = ADN . : \
Do dé: xNI{ = ANII = Iai tia Nx, NA tring nhau. \v/
Do d6: NA 1a ti8p tuyén cfia dudrng trdn (NHD) = IN L NA.

Ma: OM .. NA (AN la ti€p tuyén cta (O)) nén IN, ON tring nhau.
Vay: ba diém N, I, O théng hang.

Bai 43, (L6p 9 i diém A & ngoai dudng tron (O) v hai tiép tuyén AB, AC véi dudng
tron sao cho BAC nhon (B, C 12 hai ti€p diém). Trén doan théng OB ldy diém D sao
cho BC = CD V2. Qua D vé, dudng thing vubng géc v6i OB. Pudng théng nay cit CO
tai E. Goi T la trung di€mn cia doéh thdng EB. Ching minh réng ba diém C, T, D
thdng hang.

(Trich d& tham khdo kiém tra hoc ki I, trudng THCS Ban Cb, quan 8 TP, H6 Chi
Minli, ndm hoe 20183 — 2014)

[

L& gidi
Vé duting kmh CN cda dudng tron (0). Vé BS L CN tai S.
ABNC vubng tai B, BS la dutng cao
= BC? = CS.CN = 2CS.CO A
Ma: BC? = 2CD? (gt) nén CS. L,o CD%
Xét ACDO va AVSD c6:

DCO (chung), —= = S~ (vi CS.CO = CD?
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Do d6: ACDO «» ACSD (¢.g.c) = CDO = CSD

Ta c6: %% = —gmg(cos DOE = cos SOB)
T oD 08
AOD EB ¢6 DO y— =
Xét S va AOEB ¢ S (chung) OE ~ OB

Do d6 AODS «» AOEB (c.g.c) = OSD = OBE

ADBE vuéng tai D, DT la dudng trung tuyén = TD = TB
= ATDB cén tai D = TBD = TDB |
Ta c¢6: CDO = CSD = OBE = TDB nén TDB + BDC = CDO + BDC = 180°

(Vi B, D, O thang hang)

Viy: ba diém C, T, D théng hang.

Bai 44. (Lép 9) Cho tam gide ABC vudng tai A, dudng cao AH. V& dudng tron tAm A, ban
kinh AH c&t dudng trdn tdm O, dudng kinh BC tai M va N. Goi I 13 trung diém cta
AH. Ching minh réing M, I, N thing hang.

(Trich dé tham khdo kiém tra hoc ki I, trudng THCS Bach DPéng, Quan 3, TP. H6 Chi .
Minh, nim hoe 2013 - 2014),

)

Lixi gidi
Goi I} 12 giao diém cha MN véi OA. OE L AM tai E.
Ta c6: E 1a trung' diém ctia AM. (0), (A) cdt nhau tai M, N
=> MN la dutmg trung tritc cha OA = MN L OA.

Ta cé: AE _ AD ~—(cos OAE = cos MAD).
OA
AM AH OI AD
= — = — = Al Do =
: 2 2 ds: OA AH

I

Do dé AADI «» AAHO (c.g.c) = ADI = AHO = 90°
Ta c6: DI L OA tai D, MN L OA tai D. Do d6: DI, MN trung nhau
Vay: Ba diém M, I, N thing hang. : N

Bai 45. (Lop 9) Cho doan thing AB. Trén ciing mdt nira mit phdng by AB, vé nita dudng
tron (0) dudng kinh AB va cdc tiép tuyé'ri Ax, By, Qua diém M thube nfa dudng tron
nay, ké ti€p tuyén cit Ax, By theo thit tu tai C va D. Goi H 1a hinh chiéu cia M trén
AB. Goi E 12 trung diém clia MH. Chdng minh ba ¢iém B, E, C thing hang.
(Trich dé tham khdo ki€m tra hoc ki I, trudng THCS Hai Ba Trung, Quan 3, TP. Hé
Chf Minh, nam hoc 2013 — 2014)

Ll giai

Goi K 12 giao diém ctia MH va BC.
CA, CM 14 cdc ti€p tuyén cha nda dudng tron (0)
= CA = CM, CO Ia tia phén giac géc ACM.
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ACAM cén tai C, CO 13 dudng phén gidc nén cing

la duong cao = CO L AM. X '
AMAB ndi tigép duong tron dudng kinh AB Y
= AMAB vudng tai M. ¢ M .
Ta ¢6: CO L AM, BM 1L AM = CO // BM. D
Xét AHBM va AAOC cé: E

BHM = OAC = (90%), MBH = COA (OC // BM).
Do d6: AHBM < AAOC (g.g) = % - %% s o8 L

KH BH

AABC ¢é6 AC/ KH (AC L AB, KH L AB) = — = ==,

AC AB
AB = 20A nén KH = BH = MH

AC 20A 2AC
Ta c6: K = E. Vay: ba diém B, E, C thing hang.

Béi 46, (Lop 9) Cho dudng tron (O; R). Tir diém A & ngoai dudng tron sao cho OA = 2R,
ké hai tigp tuyén AB, AC dén dudng tron (O) (B, C l1a hai tiép diém). OA cit BC tai H.
budng phén gide cia gée OCB cét OB tai E. Ké dutng phéan gidc ngoai tai dinh B cda
tam gidc OBC, cit tia CO tai F. Chung minh ring ba diém H, E, F théng hang.

(Trich Dé kiém tra hoc ki II, guén Binh Tan, TP. Hé Chi Minh, nam hoc 2012 - 2013)

= KH = MZE nén K 14 trung diém cha MH.

LE gidei
cos AOB = OB = R L = AOB = 60°.
0A 2R 2 B
AB, AC 1a c4c tigp tuyén cta (0) = AOB = AOC
Do dé: BOF = FOy = 60°. Ta c¢6: F la tam
dudng tron bang ti€p trong gbéc H cha tam gide Yy O H A
OBH — HF la tia phan gidc cda géec OHB.
Ta con cé: EO _0C (CE la tia phén gisce éﬁa 6¢ OCB)
"EB ~ BC phan g & ' C
Mi: OH = 9—9,HB = —Plg nén EO = %
2 2 EB HB

Tl d6 cho ta HE 1a dudng phén gidc clia tam gidc OBH.
Vay: H, E, F thing hang.

Bai 47. (Lép 9) Cho ti gise ABCD ndi tip dutmg tron (O) tam O, dudng kinh AD. Hai dudng
chéo AC va BD cit nhau tai I Goi H la hinh chi€u cia I 1én AD va M 14 trung diém cla
ID. Dutmg tron (HMD) cit (O) tai N (N khéc D). Goi P 1a giao diém cha BC va HM.

a) Ching minh ring t& gidc BCMH ndi tiép.

b} Ching minh ring ba diém P, D, N thdng hang. _

(Pé thi tuyén sinh vao 16p 10, chuyén Todn, Trudng THTT, Pai hoc su pham TP, Ho
Chi Minh, nam hoc 2013 - 2014)
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LT giat

a) Ta ¢c6: ICD = 90°(ge noi ti€p chdn nda dudng tron (0)) B
T gide IHDC ¢6 THD = ICD = 90°.
Do d6 td giac IHDC ndi tiép dudng tron tdm M P
= IMH = 2ICH va ICH = IDH.
Ma BCA = IDH (hai géc néi tiép cing chin A o - D
cung AB cua (O)) I N
Do do: BCA = ICH(~ IDH), nén BCH = 21CH !

Ta ¢6: BCH = fﬁ_ﬁi(m 2@1)
Vay tt giac BCMH n6i tiép. |
b) Goi T la giao di€m cia PD va duding tron (J) ngoai tiép tam gide HMD (T = D).
Xét APHD va APTM c6 HPD (chung), PHD = PTM (hai géc ndi tidp cing chin cung

MD cia (J)).

Do dé: APHD «= APTM (g.g) = +o = 2 _ pMPH = PDPT
BT~ PM

Chimg minh tuong ty, ¢é6; PM.PH = PC.PB. Nén PD.PT = PC.PB

PD  PB
22 25 (Vi PD.PT = PC.PB
pc = BT V! )

Nén T thuéc dudng tron (0). Do ds: T=N
Vay: ba diém P, D, N thdng hang.

Bai 48. (Ldp 9) Cho tam gidc ABC can tai C ¢6 CD la dudng trung tuyén. Goi (Oy, Ry) 1a
dutng tron dudng kinh AD va (O, Ry) 1a dutng tron di qua A va ti€p xic véi CD tai C.
Goi E 1a giao diém thd hai cia hai dudng tron. Goi I 1a trung diém cda CD. Chdng
minh ring A, E, I thing hang.

(Trich d8 thi vao 16p 10 chuyén Todn,
trudng THPT chuyén Lam Son, tinh
Thanh Héa, nam hoc 2013 -~ 2014)

Ldi gédi
Dé thay CD L AB. Goi K 1a giao diém cla
AR va CD.
Ta ¢6: AED = 90°(géc ndi ti6p chin nia
duding tron)
ADAK vudng tai D, DE 1a dudng cao
= KD? = KEKA

Xét APBD va APTC c¢6: BPD (chung),

Xét AKCE va AKAC c6: CKE (chung), KCE = KAC (hé qué gdc tao bdi tia tiép tuyén
va day cung).
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Do do: AKCE «» AKAC {(g.g)
_, KC _KE

KA KC
= KC? = KEKA

KC? = KD*? (= KEKA) = KC =KD
= K 12 trung diém cta CD. Do d6 K =1L
Vay: Ba diém A, E, I thing hang.

Bai 49. (L6p 9) Cho tam gidc ABC khéng phai 12 tam gide cn. Budng tron (O) ti€p xtc
v6i cdc canh BC, CA, AB ldn lugt tai M, N, P. Puyng théng NP cét cdc dudng thing
BO, CO lan luot tai E, F. Goi K 14 tdm dutng tron ngoai ti€p tam gidc OEF. Ching
minh ring ba di€m O, M, K thing hang.

(Trich d& thi tuyén sinh vao 16p 10 chuyén Todn, trudng THPT chuyén TP. Ha Noi,
nam hoc 2013 - 2014)
Ldi gidi
Ta c6: AP = AN => AAPN ¢én tai A
= ANP = APN = (180" - BAC) : 2 = (ABC + ACB) : 2

Métkhéc:ﬂ%=6ﬁ?§+(ﬁm(m+m):2

Do dé: ANP = EOC = T4 gidc OENC noi ti&p
= OEC = ONC = 90°. Tuong tu: OFB = OPB = 90°.
Goi S 14 giao diém cha BF va CE.

ASBC ¢6 BE, CF 1a hai dutng cao cit nhau tai O B M
= O 1& truc tdm cda ASBC

= 80 1a dudng cao cha tam gidc SBC = 8, O, M théng hang (1)

Mat khée: SFO = SEO = 90° = S, E, O, F niim trén dudng trdon dudng kinh OS
= 8, K, O théng hang (2) '

Tir (1) va (2) ¢6: S, O, M, K théng hang.
* Vay: O, M, K thing hang. ‘

Bai 50. (Lép 9) Cho tam gidc ABC nhon (AB < AC). Pudng trom (O) dudng kinh BC cit
AC, AB l4n luot tai D, E. BD cit CE tai H. AH cit BC tai I. DE cdt BC tai F. Tiép
tuyén tai B cia dudng tron (O) cdt AF tai N. Goi J 1a tdm dudng trdn ngoai tiép tam
gidc FID. Ching minh ba diém J, N, D thing hang.

(Pé thi thit vao 1ép 10, trudng THCS Bach Ping, Quan 3, TP. Hé Chi Minh., nam hoc
2013 - 2014)

Lid gided
H 1a truc tdm cha tam gidec ABC = Al 1 BC.

P e

T4 giac BEHI noi tidp nén HEI = HBL Ma HBI = DEC =

b2 =
[
<
o

Do dé: COD = DEI = Tt gidc OIED nbi tiép
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= FIE = FDO

FI FE
AFIE « AFDO = 5 = 50
= FIFO = FDFE. Tuong ti c6: FB.FC = FD.FE. ' A
F1 _ FC
FB FO .
FI FA J

AFAI ¢6 NB // Al = 2L _ FA
¢ ~ FB TN

FA FC FI
N S %(= @) = ON // AC.
Ma BD L AC. Nén BD L ON

=> ON la dudng trung truc cda BD

= NDO = NBO = 90° (tinh chAt d6i xing truc)
= OD L ND (1)

Nén FLFO = FB.FC =

AFAC cé

Mt khac: Tt gide OIED ndi tisp c6 OD = OF = OD = OB
= OID = ODF =» IDF + IFD = IDF + IDO = DO = IFD

Vé Dx 1a tia ti€p tuyén cha dudng tron (J) (tia Dx ndim trén nia mit phing ba DI c6
chida tia DO).

Ta ¢6: IDx = IFD (Hs qué gbc tao bdi tia tifp tuyén va day cung).

Do dé: IDx = %(: fff)) = Hai tia Dx, DO trung nhau = OD la ti€p tuyén cGa

dutng tron (J) = OD L JD (2)
Tit (1) va (2), ta ¢é: JD, ND trung nhau.
Vay: ba diém J, N, D thing hang.

Bai 51. (Lép 9) Cho tam gidc ABC khéng c¢6 gée ti (AB < AC) nbi ti€p dudng tron (O; R)
(B, C ¢8 dinh, A di dong trén cung 16n BC). C4c tiép tuyén tai B va C cét nhau tai M.
Tit M vé duvng théng song song véi AB, dutng thiing nay cit (0) tai D va E (D thude
cung nhé BC) cit BC tai F, cit AC tai I. Pudng thing OI cit dudng tron (0) tai P, Q (P
thude cung nhé AB). Pudng théng QF cdt (O) tai T (T khédc Q). Ching minh ba diém P,
T, M thing hang. -4
(Trich dé thi vao 16p 10, TP. Hb Chi Minh, nam hoc 2013 - 2014)

Lo gidi P E
MIC = BAC (MI// AB); BAC = m( %1‘3‘6@]
s Q
. B >
Nén: MIC = MOC = Tu gidc OICM nai ti&p. E/C

Ma: OBM = OCM = 90° = Tt gide OBMC ndi tiép
Do dé: O, B, M, C, I ciing thudc mdt dudng tron

= OIM = OCM = 90°

| FI _ FC

AFIC > AFBM = —~ = —2 = FIFM = FBFC
FB FM M
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FQ FC
AFQC «» AFBT = B = T = FQ.FT = FBFC
Do d6: F1.LFM = FQ.FT (= FB.FC)
AFTM © AFIQ (c.g.c) = FIM = FIQ = 90°
 Mat khdce: PTQ = 90° (géc noi tiép chin nita dudng trdn)
Ta ¢6: PT 1L PQ, MT 1 TQ = Hai dudng thang PT, MT tring nhau.
Vay: P, T, M thing hang. = - |
Bai 52. (Lép 9) Qua diém H nim bén ngoai dudng tron (O) v& hai cat tuyén HAB va HFC
sao cho AC cit BF tai mdt difm D nim trong dudng tron. 'Duffmg thing qua A vudng
géc véi AB va dudng thidng qua F vudng géc v6i FC cit nhau tai P. Ching minh ring
0, D, P thing hang. '
(Pé tham khao thi tuyén sinh vao 16p 10, trudng THCS Bach Ping, quan 3, TP. Hé
Chi Minh, nam hoc 2013 ~ 2014)
Lot gidi
Cdch 1: Goi K 1a giao diém ctia (MPF) va (OMC).

mzsdABgstDwm+m;m+mzm

= FDKC nbi ti€p . N

PKF = PMF = ACF = DKF = PK, PD tring nhau

OKC = 180° - OMC = 180° ~ DFC = DRC

= KO, KD triing nhau.

Vay: O, D, P thing hang.

Cdch 2: Goi T 1a diém d6i xdng v6i F qua FD.

Ta ¢6: MFC = Iﬁ(cﬂng phu gﬁé),

PFD = ﬁ(dé’i xdng truc) va MFC = PAD
. C6: PAD = PTD = ATDP ndi tisp = TAC = TPD.

TPD = FPD (d6i xdng truc);

FPD = 90° + TFD = TFC

Ta c6: TAC = TFC = T4 gide TAFC néi tiép

=T ¢ (0) H

OT = OF = O thubc dudng trung tryc cha TF

Vay: O, D, P thing hang. '

Bai 53. (L6p 9) Cho tam gidc ABC ¢6 ba g6c nhon néi tiép dudng tron (O). Hai dudng cao
BE, CF cdt nhau tai H. M la tdm dudng tron ngoai tiép tam gide BEF. EF c&t BC tai
8. BA cit dutng tron (0) tai N. Chdng minh riing: M, H, N thdng hang.

(Trich P4 kiém tra hoc ki II, quan 10, TP. H3 Chi Minh, nam hoe 2012 ~ 2013)
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Lii gidei
Vé dudng kinh AK cia dudng tron (O).
BFC = BEC = 90°
= B, F, E, C cung thudc dudng tron tdim M dudng kinh BC.
ACK = ABK = 90°.
Ta cé: BH / KC, BK // HC
= T gide BHCK la hinh binh hanh.

Do d6: H, M, K thing hang (1)

Ching minh duge SB.SC = SF.SE, SN.SA = SB.SC

= SN.SA = SF.SE N

ASNE «» ASFA (c.g.c) = SEN = SAF 5

= Tt gide ANFE noi tiép S B Y C
AEH = AFH = 90° K

= T gidc AEHF nbdi tiép
Ta ¢6: A, N, F, H, E cung thudc dudng tron dudng kinh AH

= ANH = 90°. ANH = ANK = 90° = N, H, K thing hang (2)

Tu (1) va (2) ¢6 H, M, K, N thing hang.

Vay: ba diém M, H, N thing hang.

Bai 54. (Lép 9) Cho tam gidc nhon ABC néi tiép du’o’ng tron (0). H, G l4n lugt 1a true tam,
trong tdm cda tam gidc ABC. D, E, F 1an luot 13 trung di€m cla cac canh BC, CA, AB. T
la tam dutmg tron ngoai tié’p tam gidc DEF. Chidng minh riing H, O, T, G thing hang.
(Pé 6n luyén thi vao 1ép 10, trudng THPT cta BDVH 123 Nguyen Ciu Bam, TP. Hb
Chi Minh, nam hoc 2013 - 2014)

Lei gidi
V& dubng kinh AM cha dudng tron (O).
T giac BHCM 1a hinh binh hanh.
D 14 trung diém cia BC va HM.
AABC c¢6 AD la dudng trung tuyén, G 12 trong tdm

=G thuoc doan thing AD va AG = «é:AD

= G la trong tam cla tam gidc AHM.
Ma HO 1a duong trung tuyén ctia AAHM nén HO di qua G
= H, G, O thing hang.

Ta cing cé6: T gide AEDF 14 hinh binh hanh = AD di qua trung diém I cfia EF.
Do vay: G la trong tdm clia tam gide DEF, ‘

Ma: EF / BC, OD L BC = OD L EF. Nén ¢6 O 1a truc tdm cia tam gidc DEF.
Chdng minh tuong tu trén, ta ¢é: G, O, T thdng hang (2) |

Tir (1) va (2) ta ¢6: H, O, T, G thing hang.
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Bai 55. (Lép 8) Cho tam gide nhon ABC (AB < AC), cdc dudng cao BD va CE. DE cit BC
tai K. Céc tia phan gidc cda cdc géc BAC, DKB cét nhau tai 8. M, N 14n lugt 1a trung
diém ctia BD, CE. Ching minh ring M, S, N thing hang.

(D& thi du bi, thi chon hoc sinh giéi Toan 16p 8, quan 1, TP. Hé Chi Minh, nam hoc
2012 — 2013).

| L34 gidii

Goi I 1 giao diém cha tia phén gidc géc BAC vdi MN,

T 14 giao diém cla tia phan gidc gée DKB v6i MN.

Xét AABD va AACE c6: BAD (chung), ADB = AEC(= 90°)

= = BD  AB
Do d6: AABD «» AACE {(g. ABD = ACE, == = 22
o 68 = CE =~ AC
.. BM 2BM BD AB
NBN: o = e = e = 2T
CN 2CN CE AC
Xét AABM va AACN c6: ABM = ACN, BM _ AB A
CN AC \
Do d6: AABM «» AACN (c.g.c)
o AM_ BM gRN - CAN .
AN CN
Tacé:w:@,m;mwm?[zm
AAMN c6 Al 13 duong phan gide = 0 = AM
IN AN
m AM BM BD
Dodé: =— = = = =— = —— K C
"IN AN TCON ~ CE B
Chiing minh tugng tu, ta cé: ™ = Bb
™ CE
M T™M | N . e . . .
Do vay: ™~ TN nén I, T tring nhau. Ma S 14 giao diém cha céce tia phin gide cdce

géc BAC, DKB nén S, I, T tring nhau,
Vay: ba diém M, S, N thing hang. .
Bai 56. (L6p 8) Cho tam gidc ABC, hai diém D, E lan lugt n¥im trén cdc canh BC, AB; F
ndm trén canh AC sao cho EF song song véi BC, G nim trén canh BC sao cho EG song
song v6i AD. Goi M, N 1an lugt 1a trung diém clia AD va BC. Chimng minh ring trung
diém T cta FG ndm trén dudng thing MN. 8
(Dé thi v6 dich Toan qudc gia Ru — ma — ni, nm 1999)
ALt gidei
AN cidt EF tai I, IT cit BC tai K. AABN c6 EI // BN
ALy Ej
BN AN

i

AACN ¢6 IF // NC = A& _ AL
NG

(2)
AN C
B G D KN
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Ma: BN = NC (3)

T (1), (2) va (3) c6 Bl = IF.

IT 1& duong trung binh cda tam giac EFG = IT // EG
Tt gide EIKG 1a hinh binh hanh (Vi EI / GK va EG / IK) = EI = GK -

Do d6: IF = GK (= EI). T4 gide IFGK c6 IF // GK, IF = GK.

Do vay: T gide IFKG la hinh binh hanh.

Ma T 1a trung diém cia FG nén T 1 trung diém cta IK.

Do vay: ANIT «» ANAM (c.g.c) = INT = INM . Ta c6 hai tia NT, NM tring nhau.

Viy: ba diém M, N, T thing hang.

Bai 57. (L6ép 9) Cho diém A nim bén trong tam gidc KMN. C4c diém B, C 14n lugt nim
trén hai canh KM, MN. Gid s CBM = ABE, BCM = ACN. Ching minh riing tdm I
dudng tron noi tip tam gidc BCM va cde difm M, A thdng hang.

(Dé thi Todn hoc quéce t&€ clia cdc tinh thanh Mai-xeo-va, Lé-nin-grat, Ri-ga & Lién
X6, nam 2001).
Lt gidi
N&u MB = MC. D& thdy M, A, I thing hang.
Néu MB # MC. Khéng mit tinh téng quat gid sit MB < MC.
Goi D 1a giao diém cta AC va dudng trdn ngoai ti€p tam gide MBC.
Ta ¢6 D thudce cung nhd MC. K
MCD = ACN(dgi dinh),BCM = ACN (gt) |

= MCD = BCM = MD = MB = MD = MB.
Mat khéc: KBC = MDA (td gisec MBCD noi ti€p).
KBC = ABC + ABK = ABC + CBM = MBA.
Ta c6; MDA = ME&(z KME_CB) : H
V& MH L AB tai H, MS 1 AC tai S.
Ta c6: MDS = MBC = ABK = MBH
Xét AHBM (H = 90°) va ASDM (8 = 90°) co: g

MB = MD, MBH = MDS

Do d6: AHBM = ASDM (canh huyén - gée nhon) = HM = SM

AHAM = ASAM (canh huyén - canh géc vuéng) = MAB = MAC

Do d6: AMB = AMD => MA la tia phan gidc clia géc BMC. Ta ¢6: I € MA
Vay: M, A, I thing hang.

Bai 58. (L6p 9) DPudng tron ndi tiép tam gide ABC tiép xic v6i cdc canh AB, BC, CA tai
cde diém D, E, F tuong dng. Pudng thing qua D song song v6i BC cdt EF tai G. Ching
minh ring trung diém clia DG nim trén AE. ‘

(D& thi chon hoc sinh giéi Toan 9, quan Gb Vap, TP. H8 Chi Minh, niim hoc 2012 - 2018)
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* *7 &
Lot giai

Goi I 1a giao diém cha DG va AE. A
M N

Qua A vé dudng thing song song véi BC,

dudng thing nay cdt cdc tia DE, EF lan lugt & M, N.
MA AD
BE BD’

Ma BE = BD nén MA = AD.

Tuong ty ¢6: NA = AF. Ma AD = AF. Do d6: MA = NA.
DI El

AEAM c6 DI // MA = A = m; B

AEAN 6 G1//NA = Sl _El
NA T EA

ADBE ¢6 AM / BE =

DI Gl
Do dé: ory NA[

Vay: Trung diém cta doan thing DG nim trén AE.

Bai 59. (L6p 9) Pudng tron ndi ti€p tam gidec ABC (BC > AB) tiép xtic v6i cdc canh AB,
AC tai cdc diém D, E tuong dng. Goi M, N ldn lugt 1a trung diém cha cdc doan thing
BC, CA, va F 1a giao diém cia DE va MN. Chiing minh ring O, B, F thing hang.
(Trich dé thi hoc sinh gidi quan 1, TP. H3 Chi Minh, nam hoc 2012 - 2013)

L3¢ gidi

El

EA} Ma MA = - NA (Chtng minh tren) nén DI = GI.

Cdch 1: Pat BC =a, AC = b, AB = c.
Ta cé: AD = AE, BD = BT, CT = CE (T 14 tiép diém cta (O) va BC)

Dodé: AE = 23S~ 2 pN_AN-AC= R _bte-a a-c
2 2 2 2

A

MN 1a dudng trung binh ctia tam gide ABC = MN // AB
= NFE = ADE, ADE = AED = NEF nén NFE = NEF

= ANEF can tai N. Do @6: NF = NE = 2-€, F

MF=MN+NF=24382° 0
2 2

a'
'"é':

MF = BM = [%} = ABMF can tai M B

= MBF = MFB.Ma ABF = MFB (so le trong va MF // AB).

Do viy: MBF = ABF = BF la tia phén gidc cha gée ABC.

Vay: O, B, F thing hang.

Cdch 2: Goi S 1a giao diém cia BF va CE. .

Ta cé: SEF = Kf}hﬁ;ADmAEzaADEcéntaiAn AED = ADE

Nén: Kﬁﬁ - M
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Mat khac: SOC - OBC + OCB - 2BC + ACB
Do dé: SEF = SOC .

SE SF SE SO

SEF «» ASOC {(g. ol B

A €8 = 55 "5 T &F ~ sC
ASEO «» ASFC (c.g.c) = SEO = SFC; §FC = 90°
AFBC vudng tai F, FM la dudng trung tuyén :
= FM = BF = AMBF cén tai M B C

= MBF = MFB. Ta c6: MBF = A’”ﬁ?(: MFB) = BF la tia phan gidc cia géc ABC

Vay: O, B, F thing hang.
Bai 60. (Lép 9) Cho t gide ABCD ndi tiép dudng tron (O) ¢6 tia AB cit tia DC tai E va
tia AD cét tia BC tai F. Goi M 1a giao diém thi hai (khdc C) cta hai dudng tron (BCE)
va (CDF). Ching minh réng:
a) Ba diém E, M, F thing hang.
b)rM thudc dutng trdn (ADE)
c) OM vudng géc véi EF,
{Bé thi chon hoc sinh gidi Toan 16p 9, TP. H5 Chi Minh, ndm hoc 2012 - 2013),
d) Butng thdng OM di qua giao diém T ca hai dudng chéo AC, BD ciia tit gidec ABCD.
' L giin
a) Ta c6: ABC = CME (td gisc BEMC noi ti&p), CDF = ABC (tif gidc ABCD néi tiép)
Do d6: CME = CDF.
Ma CDF + CMF = 180° (t gide CMFD nbi tiép). Nan CME + CMF = 180°.
Suy ra hai tia ME, MF d4i nhau
Vay: ba diém E, M, F thing hang.

b) Ta cé: DMF = ﬁ—ﬁf‘(= % sd ﬁf‘},

E

DCF = EAD (td gidc ABCD ndi ti&p)
Do d6: DMF = EAD = T« gidc AEMD noi tiép
Vay: M thuge dudng tron (ADE)
¢) Tacé: AME = ADE (td gide AEMD nbi ti&p), A
ADE = CMF (t& gide CMFD néi tiép)
‘Do d6: AME = ADE = CMF.

Xét dudmg tron (0) c6 ADC = %K’“‘oe.

Tacé:m+m=2m+AWmAW+m+AWm18ﬂﬂ
Do d6: T gide AMCO néi tiép.
Ma: OA = OC (= R). Nén OA = OC = AMO = OMC.
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+(&MO + OMC + AME + CMF) = =
Nén OME = 90°. Vay: OM L EF.

d) Goi S la gizo diém cha dudng tron (EAC) va ET. Ching minh duge:

ET? = ETES - ETST = (OE? - R? - (R? - OT%) = OE? + OT® - 2R’
Tuong tu: FT? = OF? + OT? - 2R%. Do d6: ET® - FT? = OE? - OF?
T @6 ching minh duge OT L EF. Ta ¢6: OT L EF va OM 1 EF. Do d6: OT, OM trling nhau.
Vé‘_iy: ba diém O, T, M thing hang hay dub"ng théng OM di qua giao diém T ciia hai
dutng chéo AC, BD cia tit gidae ABCD.

Bai 61. Cho tam gidc ABC ndi tiép dutng tron (0). Goi H 1A true tAm cta tam gide ABC.
M, N, P, Q l4n lugt 1a trung diém cha AB, AC, AH, BC. Goi I 14 giao diém ciia AQ va
MN. Chimng minh ring ba diém O, P, I thlng hang. |
(Dya theo bai 2, ki 7 nam 2013, dé Toén'lé’p 9, gidi thudéng Lé Quy Dén, trén bao Khan
Quang Dé)

Do dé: AMO + AME = 180° = 90°.

| L3i gidi
Xét AABC cé N, Q lén lugt 14 trung diém cia AC, BC (gt) A
= NQ la dudng trung binh cida tam gide ABC

= NQ// AB, NQ = %B_

Ta co: NQ / AM, NQ = AM

= T gidec MANQ 14 hinh binh hanh.

Do d6: I 14 trung diém clia MN va AQ.
Xét AAHC c6 P, N 14n lugt 1a trung diém ctia AH, AC B
= PN 12 dudng trung binh cla tam gide AHC

= PN/ CH |
Ma: CH 1 AB nén PN 1 AB. Mat khac:

M l4 trung diém clia AB (gt) nén OM L AB. Ta ¢6: PN // OM. Tuong tu: MP // ON

T gide MPNO ¢é6 MP / ON va PN // OM = TQ gidaec MPNO 14 hinh binh hanh.

Ma I Ia trung diém ciia MN, do d6: I 1a trung diém cha OP.

Vay: Ba diém O, P, I thing hang.

Bai 62. (L6p 8) Trén cdc canh bén AC va BD ciia tam gidce cdn ABC, 14n luot 18y cdc diém
M, N sao cho CM + CN = AC. Goi D, E lan lugt 13 trung diém ctia AC, BC. Ching minh
ring ba diém D, I, E thing hang.

(Dya theo bai 2, ki 7 nam 2013 D& To4n 14p 8, gidi thudng Lé Quy Dén, trén bdo Khan
Quang Do)
Lt gidi
Qua M v& dung thing song song véi BC cdt AB tai K.
Ta c6: MKA = CBA (déng vi va MK // BQ),
MAK = CBA (tam gidc ABC cén tai C)
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= MKA = MAK C
= AMAK cén tai M = AM = KM.

Ma: CM + CN = AC (gt)

= CM + CN =CM + AM D

= CN = AM

Ta gidaec MCNK ¢6 MK / CN, MK = CN (= AM)
= T& gidc MCNK ]a hinh binh hanh. A B

Ma I 14 trung diém cGa MN nén [ 14 trung diém cha CK. K

Do d6: DI, DE 1dn lugt 12 dudng trung binh cta cde tam gide CAK, CAB.

= DI / AB, DE // AB = DI, DE trung nhau.

Vay: ba diém D, I, E thing hang.

Bai 68. (Ldp 9) Cho t gide ABCD ¢6 hai dubng chéo AC va BD bing nhau va vubng géc
nhau, AB = /3, BC = /6, CD = 3. V& hinh vuéng ACEF nim trong n¥a mat phing bd
1a duong thdng AC khéng chia B. Trén dudng thing vubng géc v6i ED tai E, 18y diém
K sao cho EK = ED (K va F ldn lugt n¥im trong hai nla m#t phlng d6i nhau bd 1a
dudng thAdng ED). Ching minh ba diém C, D, F thdng hang.

(Trich Dé thi chon hoc sinh gidi Toan Lép 9, quén 5, TP, Hd Chi Minh, nam hoc 2013 - 2014)

l Lod giai ‘ 7
Cdch, 1:Ta c6: AF L AC, BD L AC = AF // BD. Ma AF = BD (= AC)
Do d6: Tit gide ABDF 12 hinh binh hanh => AB/FD, FD = AB = /3. A B
Tuong ty: Tt gidc BCED 12 hinh binh hanh = DE = BC = J/6
AEDF = AEKC (c.g.c). Do d6: CK = FD = /3.
AEDK vuéng taiE = DK? = DE> + EK® =6 +6 =12
ADCK ¢6 CD? + CK? = DK?*(= 12) F D
=» ADCK vuéng tai C (dinh ly Py-ta-go ddo)
Tit gise DCKE ¢6: DEK + DCK = 180° nén EKC + EDC = 180° >K
Ta ¢6: EDF + EDC = EKC + EDC = 180°.
Vay: C, D, F thing hang.
Cdch 2: Goi O 1a giao diém cda AC va BD.
Ta c6: AC L BD (gt), AC = BD (gt) A3 B
Ap dung dinh ly Py-ta-go vio cdc tam gide
vudng OCD, OBC, OAB, ta cé: | S Ve
0C? + OD? = CD? = 9 (1)
OC® + OB? = BC® = 6 (2)
OB? + OA% = AB? =3 (3)
Tir (1) va (2) c6: OD® - OB? = 3;
Tir (2) va (3) c6: OC? - OA% = 3

M

It
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Do d6: OD? - OB? = OC* - OA?

= (OD + OB)(OD - OB) = (OC + OA) (OC - OA)
= BD (OD ~ OB) = AC (OC ~ OA).

Ma: BD) = AC nén OD - OB = OC - OA

Ma: OD + OB = OC + OA (AC = BD). Nén OD = OC
= AOCD vudng can tai O

— OCD = 45°. Ma ACF = 45° (td gidc ACEF la hinh vudng).

Ta cé: CD, CF la hai tia trung nhau. '

Vay: ba diém C, D, F thing hang.

Bai 64. (Lép 9) Cho tam gidge ABC va P 13 mot diém nam trong_‘t.;am gide ABC sao cho
BPC = 90°,BAP = BCP. Goi M, N lin lugt 1a trung dim clia BC va AC. Gid si
BP = 2PN. Chitng minh réng A, P, M thdng hang. -
(Pé thi Olympic truyén théng 30/4 kh6i 11, ldn XVIL nim hoe 2011, trudng THPT
chuyén L& Quy Pén, TP. DPa Néng, dé nghi)

Lot gidi
Goi D, E 14n lugt 1a trung diém cia PB, PC.
Ta ¢6: ME 1a dudng trung binh ela tam gidc PBC.

Do dé: ME // BP, ME = PB

Tit gide DPME c¢6 ME // DP

va ME = DP nén 12 hinh binh hanh. Ma: BPC = 90° (gt). B
Do d6: Tv1 gidec DPEM 14 hinh chif nhit.

= T4 giac DPEM noi tiép = MPE = MDE.

MP = MC =» AMPC can tai M = MPE = BCP; NE // AP, MN // AB = MNE = BAP
BAP = BCP (gt).

Do d6: MDE = MPE = MNE = M,D, PN, EA ciing thudc mot .dufmg tron

Ma:PN:ME(x%Bszﬁx@mmzm:PM//NE

Ta c¢6: PM // NE, AP // NE. Theo tién dé O-clit ¢6 PM, AP tring nhau.
Vay: Ba diém A, P, M thing hang.

Bai 65. (1.6p 9) Cho tam gidc ABC ¢6 dudng tron tdm I ndi ti€p, ti€p xte cdc canh BC,
CA, AB tai D, E, F. Al cét dudng tron (I) tai M v& N (M nim gitta A va N). DM cit
canh EF tai K. NK cit dudng tron (I) tai diém P khéc N. Ching minh ring cdc diém
A, P, D thing hang.

(Dé thi Olympic truyén théng 30/4 khéi 11, Lan XVII, nim 2011, truong THPT chuyén
Lé Quy Pén, tinh Ba Ria - Viing Tau, dé nghi)

Lt gideé
Goi H 1a giao diém cia Al va EF, P’ 1a giao diém cda AD va duﬁmg tron (D (P’ = D)
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Xét AAEP’ va AADE c6:

EAP ( chung), AEP' = ADE (h& qué g6c tao bdi tia tiép tuyén va day cung) A
) AE AP ‘ 2 ‘

Do d6: AAEP’ «» AADE (g.g) = D EE = ADAP' = AE
Mat khac: AE, AF 1a hai ti€p tuyén cha dudng tron (1)
= AE = AF, Al la phéan gidc EAF
AAEF cén tai Anén Al L EF.
AEAI vubng tai E, EH 1a dudng cao = AH.AI = AE*
Ta cé: AD.AP’ = AH.AI

Xét AAP'H va AAID cé:

] B ' C
P h — = == (Vi AD.AP’' = AH.AI : :
AH(c ung) AT = AD ( AD.AP' = AH A} |
Do d6: AAP'H «» AAID (c.g.c) = AHP = ADI = T¢ gide DP'HI néi tiép (1)

Mat khac: MPN = 90° (gée ndi tisp chin nita dudng tron)
Ta ¢6: MPN = 90°, MHK = 90°. Nén t gidc MPKH noi tidp = HPR = AME

Ma: NMD = NPD,NMD = w%NID Do vay: NID = HPD

= T gidc DPHI néi tiép (2)

Tt (1) va (2) cho ta P = P,

Vay: ba diém A, P, D thdng hang.
Bai 66. (Lép 9) Cho dwng tron tadm O, duong kinh AB, trén tia AB vé phia ngoai cia

dudng tron 14y diém H, qua H dung dudng thing (d) vudng gée véi duting kinh AB. Goi

C 14 modt diém tiy ¥ trén dudng tron khéc A, B. Puding théing AC cit (d) tai diém D, ké

tiép tuyén DE véi dudng tron (O) trong d6 E 1a tiép diém va E, B nim vé ciung phia

déi v6i dutng théng AC. Pudng thing BE cit (d) tai diém F, dudng thing AF cit

dutng tron tai diém G. Goi @’ 1a diém d6i xing cia G qua AB. Ching minh réng ba

diém F, C, G’ thing hang.

(D& thi Olympic truyén théng 30/4 khéi 10, lan XVII, n&m 2012, trudng THPT chuyén

Quang Trung, tinh Binh Phuéc, dé nghi)

| Lai guh
Ta c6: AEB = 90° (géc ndi t1ep chin nia dudng tron).
AEB = AHF = 90°

= Td gide AEHF noi tiép

= DFE = HAE. .

Ma: HAE = DEF (ha qua goéc tao bdi tia tiép

tuyén va day cung) A o)

Do d6: DFE = DEF = ADEF can tai D

= DE = DF.

ul Il
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Xét ADEC va ADAE c6:
EDC (chung),

DEC = DAE (hé qud g6c tao bdi tia ti€p tuyén va day cung)
DE DC DF

w = e e V‘ DE = DF

Do do. ADEC « ADAE (g.g) = 55 - DB . Ta ¢6: YN DF ( )
e DF _DC
Xét ADFC va ADAF ¢6: FDC {(ch y — =
v c {chung) DA - DF

Do d6: ADFC «> ADAF (g.g) = DCF = DFA

GG L AH, FH L AH = GG’ /FH = DFA = G'GA. Ma G'GA = G'CA
Nén ¢6 G'CA = DCF. Ta c6: DCG' + DCF = DCG + G'CA = 180"
Do d6: F, C, G thdng hang. _

Bai 67. (Lép 9) Cho tam gidc ABC nhon khong can ¢6 D, E 14n lugt 14 cdc diém ndm trén
¢dc canh AB, AC sao cho DE song song v6i BC. Pudng tron k ngoai tiép tam gide ADE
cdt cdc doan thdng BE, CD ldn lugt tai M, N. Gid st AM, AN cét BC lan lugt tai P va
Q sao cho BC = 2PQ. Ching minh réng trung diém cung DE khéng chda A cia dudng
trdn k ndm trén BC.

(Pé thi Olympic truyén théng 30/4 khdi 11, 14n XVIII nam 2012, Truong THPT chuyén
Bén Tre, tinh Bén Tre, dé nghi)

L gidi
Ta c¢6: PBM = MED (so le trong va DE // BC), MED = PAB (hai géc ndi tiép cing
chén cung DM). Nén PBM = PAB. 7
Xét APBM va APAB c¢6: BPM (chung), PBM = PAB.

k)
PB PM
Do d6: APBM «> APAB L
0 46: ©8 =% = 78
Trén tia PC 14y K sao o cho PK = PB.
Ma BC = 2PQ (gt) nén QK = QC. e
PK PM
Ta ¢6: wme = —— |
OPA T PR

D
Xét APKM va APAK c6: KPM (chung), v = IM &% %
PA PK B . C
B=

Do d6: APKM <> APAK (c.g.c) => PKM = PAK. Pk Q

Chiing minh tuong tyf cing c6: QRN = QAR

Tit gide AMKN c6: MKN + PAQ = MKN + PAR + QAR = MEN + PKM + QKN = 180°
= T gide AMKN noi tiép.

Do d6: K thudc dutng tron k.

Goi KB’ 1 tia tiép tuyén clia dudng tron k (tia KB’ nfim trén nia mat phing by MK 6
chia B), |

Ta c6: BKM = PAK . Ma: BKM = PAK .
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Do d6: BKM = BKM = Hai tia KB, KB’ tring nhau.

Do dé: KB 14 tiép tuyén clia dudng tron k = OK L BC.

Ma: BC / DE. Do d6: OK L DE = K la dim chinh giita ctia cung DE khéng chita A.
Véy: Trung diém cung DE khéng chifa A ciia dudng tron k nim trén BC.

Bai 68. Cho hinh vuéng ABCD. Goi M '1a diém trén canh BC sao cho BM = %BC . Bubng

chéo BD cit AM tai E. S 1a giao diém chia hai ti&p tuy&n tai A va B cla dudng tron (O)
ngoal tiép tam gidc ABC. Ching minh ba diém §, E, C thing hang.

(Trich dé thi chon hoc sinh gidi Todn 16p 9, quan T4n Phd, TP. Hé Chi Minh, nam hoc
2013 - 2014)
Ta c6: O la tdm dudng trdn di qua cde didm A, B, C, D, AC L BD tai O. S
Xét AAED c6 BM // AD (t gide ABCD 13 hinh vudng)

BM _ BE -
AD DE A
Ma: BM = ch (gt); BC = AD (tit gidc ABCD 14 hinh vuong)
M
Do dé6: % = %; BO = %BD nén ¢6é E 13 trung di€m cda OB. Q
Tit gide ASBO c6 OAS = 90°, :
D C

OBS = 90°, AOB = 90°nén 1a hinh chi nhat |

= SB = OA, SB // OA. Do d6: SB = OC va SB // OC (OA = OC fré. A, O, C thing hang)
Nén td gidae SBCO 1a hinh binh hanh.

Vi E 1a trung diém cfia OB nén E 13 trung diém cta SC.

Vay: Ba diém 8, E, C théng hang. _

Bai 69. (Ldp 9) Cho tam gisc ABC (AB > AC) ndi ti&p dudng trén (O) dudng kinh BC. Ve
tia phan gidc géc ACB ciit dudng tron (0) § M. V& dudng tron (I) dudng kinh MC cft
BC tai H. Goi D 1a giao diém ctia BM va CA. Pudng tron (I) ¢4t CD & E. Canh BE cit
dudng trdn (0) & K. N Ia giao diém cta BA va CM. Goi F 1 trung diém cia NA. Ching
minh riing K, F, C thing hang.

(Trich dé thi chon hoc sinh gidi Todn 16p 9, quan Tan Binh, nam hoc 2013 - 2014)
Ll giai

Cdch 1: M, K, A cting thudc dudng tron dudng kinh BC

mmm}ﬁmlﬁ:%ef

E thude dudng tron dudng kinh MC

= MEC = 90°

ACBD c6 CM la dudng cao (CM L BD), 1a dutng phén gide (gt)

= ACBD cén tai C va ¢6 CM 12 dudng trung tuyén.

Ta c6: ME L CD, BA |. CD = ME // BA = ED = EA.
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ADBC ¢6 BA, CM la hai dudng cao it nhau tai N
=» N 1a truc tdm cia ADBC ‘

=> DN la dutng cao cia ADBC = DN L BC,
ADNA ¢6 E, F 14n lugt 1a trung diém ctia AD, AN
=> EF 13 dudng trung binh cia AADN = EF // DN,
Ta ¢6: EF // DN, DN L BC = EF 1 BC

AEBC ¢6 BA, EF la hai dudng cao cdt nhau tai F
= F 1& tryc tdm cia AEBC

= CF L EB. Ma CK L EB. Do 46: CF, CK tring nhau.
Véy: Ba diém K, F, C thédng hang.

Cdeh 2: (Dua vao dap én cla ky thi)

Goi L 14 giac diém cia CF va BE.

AEMC nbi ti€p duting tron dudbng kinh MC

=» AEMC vuéng tai E.

AABC ndi ti€p dudng tron dudng kinh BC

= AABC vudng fai A

Ta c6: AB L AC, ME L AC

= AB // ME.

F CF
ACLE c6 AF // EL = 28 _ CF
¢ = BL T CL

ACLM c6 NF // ML = SE _ CE 130 vay: BL = ML

ML CL
Goi @ 12 trung diém cta DE; QL 1a dubng trung binh cia AMED
= LQ // MD
Ma: MD L MC. Do d6: L.Q L. MC
AMQC ¢6 ME, QL 1a hai dudng cao cét nhau tai L = L 12 t.rz_rc tdm cia AMQC
= CL la dudng cao cla AMQC = CL L MQ (1)
MQ Ia dudng trung binh cia ADBE = MQ // BE (2)
Tit (1) va (2) = CL 1L BE.
Ta c6: ABKC ndi ti€p dudng tron duong kinh BC = ABKC vuéng tai K = LK L BE
Ma CL L BE = C, K, L théng hang. Ma: C, F, L théng hang nén C, K, L, F thdng hang
Vay: ba diém K, F, C thdng hang.

Bai 70. (L6p 9) Cho tam gidc nhon ABC c¢6 trye tAm H. Goi M, N I4n lugt 1a chin dudng
cao vé tif B, C ciia tam gidc ABC. Goi D 1a di€m trén canh BC. Goi o, 14 dubng tron di
qua cédc diém C, D, M va o, 1a dudng tron di qua cédc diém B, D, N. DQ 1 dudng kinh
dudng trdn e, DP 1a dudng kinh dudng tron o.. Ching minh ring P, Q, H thing hang.
(P& thi Olympic Toédn hoc qudc t&, nam 2013)

| A L gidi

AH cit BC tai K. Ta c6: AK .. BC.
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Goi S (khac D) 13 giao diém cia hai dudng tron (1) va (o).

Xét duong tron (o) ¢6 SDB = SMC. A
Xét dudng trdn (o) c6 SNA = SDB. _
Do d6: SMC = SNA = T4 gisc AMSN noi tiép. - M

Ma: AMH = ANH (= 90°)

= T4 gidc AMHN noi ti€p. N
Do dé: A, M, S, N, H ciing nim trén mét dudng tron P,
i R T
Ma: AHN = NBD nén ASN = NBD. W
Do d6: ASN + NSD = NBD + NSD = 180° = A, S, D thing hang.

Ma: ASH = AMH = 90° = HS | AD; .

90° (DP l1a dudng kinh chia dudng tron (ws)) = PS L AD

PSD =
QSD = 90° (DQ 1a dudng kinh ecda dutng tron (o) = QS 1 AD

Do dé: HS, PS, QS trung nhau. P, H, 8, Q thing hang.
Vay: ba diém P, H, Q thing hang.
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BAI DOC THEM: CHI DUNG COMPA

Chi diing Compa
Xin dugc gidi thiéu ciing ban doc hai bai toan “Chi dung compa” rat hay
Bai 1. Chi d&ng compa, hay xdc dinh lai tAm cha mdt dudng tron cho trude
| L8 gidl

* Cach dung:
~- L&y A 12 diém b4t ki thude (O). Dung dudng tron (A) cit (O) tai B, C
- Dung D 1a diém 461 xiing efia B qua A. '
- Dung (D, CD), (A, CD) cit nhau & E.
~ Dung (E, CD) cit (A) & F
~ Dung (B, BF) va (A, BF) cit nhau tai O.
O la td&m dudng tron cdn dung
* Chimg minh
Tit cdch dung c6:

OA = 0B = BF, AD = AF, AE = DE = EF = CD
AAEF = AAED (c.c.c) = EAF = EAD
AABF cin tai A = ABF = AFB
Nén ABF = EAD = AABF « AEAD

AB _BF _AB  OA

AE AD CD AD

" AOAB «» AADC (c.c.c)

AOAB = AQAC (c.g.c) = OB = OC

Bai 2. Cho dudng tron tdm O, bdn kinh R. Chi diing compa chia dudng trdn nay thanh 4

phéin bing nhau.
L gidi

Céch dung:
L&y A thude (O) dung B, C, D thutc (0), AB=BC=CD=R E
Dung (A, AC), (D, AC) cit nhau tai E.
Dung (A, OE) ¢it (O) tai M, N.

A, M, D, N chia (O) thanh 4 phin bing nhau.
* Ching minh:

AE = AC = 3R

AOAE vudng tai O = AE®? = OA? + OE®
OFE = V2R

AM = AN = 2R
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PHAN 2

Bai todn L. ' PUGNG THANG MENELAUS
c Dmh li Menelaus .
" Cho tam gidc ABC va ba chem A, BvacC ném trén cdc dudng thing BC, AC v& AB Sa0
cho: hoic ca ba diém A B', C' déu nim trén phan kéo dai cha ba canh, ho#c mét trong ba
diém trén ndm trén phén kéo dai cha mot canh cdn hai diém con lai nim trén hai canh

chia tam gidc. Didu kidn cdn va di dé A", B, C' thing hang la: == AB BC CA _

ACBA'CB

Lt giai
Phén thuan:
Qua C vé& dutng thdng song song véi. AB cit A'C' tai T.
X6t AAB'C’ ¢6 CT // BC |

i,g (éB (Hé qua ciia dinh 1 Ta-1ét)
Xét AAB'C' ¢6 CT // AC
= ‘g% = E%TA_ (Hé qua cha dinh i Ta-1ét)
Do dé: J.‘-\BhBC.C‘A—__CI?:_C'-}:'.CA:1 5 . n
AC BA CB CT C'A CB _
Phén dao;

Cho tam gidc, ABC va ba diém A, B, C' nam trén cac dubng thing BC, AC va AB sao cho hoae
cd ba diém A, B, C' déu n¥m trén phén kéo dai cia ba canh, holic mot trong ba diém nam trén
phén kéo dai chia mot canh con hai diém cdn lai nim trén hai canh clia tam gide thoa man:
ig gg g’g = 1. Ching ta ein chiing minh A", B, C’ thgng hang
Goi L la giao diém cla B'C' va BC

Xét tam gidc ABC ¢6 C' € AB, B' € AC, L € BC
LB BC C'A _
LC BA CB

Cl

T ching minh trén ta cé:

My AB AB BC CA
AC'BA'CB B ’ C L
LB AB LB AB

Nén = — = =0 = LB = A'B = L, A' tring nhau
LC ~ AC BC BC

Vay A, B', C' thing hang.
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MENELAUS (Mé-né—la—uyt)
Menelaus sinh khodng nim 70 v m&t khodng n&m 130
Trong thén thoai Hy Lap, Menelaus la vi vua cha
Sparta trong thoi ky Mycenae. Ong 14 con trai cha
Atreus va Aerope, ngudi anh em chia vua Agamemnon
cia Mycenae va 13 thG linh cia quan d¢i Hy Lap
trong cudc chién. La mét nhdn vat nédi béflt trong ca
hai st thi Iliad va Odyssey, Menelaus ciing rit néi
' tifng trong .céc: bite hoa trang tri trén cdc binh ¢§ va
" trong c4c v& kich cha Hy Lap. Ong 1a nha Todn hoc
va Thién van hoe néi tiéng thoi dy. '

Bai ton 2. DUONG THANG DESARGUES
Birnh li Desargues |
Cho hai tam gidc ABC va AB'C' sac cho AA', BB', CC' déng quy tai M. Goi A; 14 giao
diém cha BC va B'C’, By 1a giao diém cha CA va C'A', C; 1a giao diém cda AB va A'B'.
Khi 46 ba diém A,;, By, C; thing hang.
. L gidi
Xét AMBC ¢6 A; € BC, C' « MC, B' €« MB va B, A}, C' thdng hang M

iigg;{l . 2}1\;{ = 1 (dinh l{ Menelaus)
Xét AMAC ¢6 By € AC, A' e MA, C' € MC va By, A, C' thing hang
B,C AA CM
. . =1 2
B,A AM CC ‘ 2)

Xét AMAB ¢6 C; & AB, B¢ AB, A" € MA va C,,
B', A' thdng hang.
C;A BB AM _ 1

_— s 3 C
C,B BM AA ® !

AB B,C CA

s Al L
A,C B,A C;B

Tit (1), (2) va (3) ta c6:

AB B,C C,A

X6t AABC c6 A; € BC, By € AC, C, € ABva . . -
o e L e 1€ ABYE L G B,AC,B

Vay A,, By, C, thing hang.
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(Pinh H Menelaus)

DESARGUES {Pé-za-go)

Girard Desargues, ngudi Phap, sinh ngay 21 thang 2 nam 1591
tai Lyon, mét khodng thang 9 nam 1661. Ong Ja nha toan hoe
Phap, k¥ su quan gidi, dat nén co s¢ cho mdn hinh hoe. Ong 1a
dng t6 cia Hinh hoc xa anh. Néi v Desargues chiing ta khéng
thé khong nhic dén dinh li néi tiéng khi duong thing ndi ba
dinh tuong (ng cha hai tam gidc déng quy thi giao diém cla cac
cap canh tuong dng thing hang.

Bai todn 3. DUONG THANG GAUSS
Cho t& gidc ABCD. Céc dutmng thing AB va CD cit nhau & M, cic dudng thiing AD va BC cit
"nhau & N. Goi 1, J, K 1an luot 1a trung diém chia AC, BD, MN. Khi d6 ba diém 1, J, K thing
hang. (Dumg thang di qua I, J, K goi 1a dudng thiing Gaus cla ti gidce toan phén ABCD)
L3 gidi
Cdch 1: (8¢ dung dién tich)
Sniy = SuaB — Snar — Snes — S — Samr

1 1 1 1
= Snap ~ =Snac = ~Snap - =~Sppp - =8
NAB 9 NAC 9 NBD 2 BDI 9 ABC

1 1
= SNaB “"é‘(SNC,D + Sapg) - E(SNCD + Spep )

1 1.
‘““Q“(SABD ~ SABD) - “é“SABC

fl

1 1 1
(Snap ~ Snep) - “z““(SADc + Sapc) — E(SBCD + Sapp) + ‘é‘SABID

1 1 i
= Sunch - =SABcD - =Sapep + =8
ABCD ) ABCD 2 ABCD 4 ABCD
1 B
= =8
4 ABCD
Chﬁ’ng mmh tuong tu cling cé: SMEJ = %SABCD C
Ta cé; 'S: = S - (,. 1q. ) |
MIJ NIJ 4 ABCD A A Bl N

Goi K 1a giao diém cua 1J vﬁ MN
Goi khoﬁng céch i M N dé’n 1J 14n Iu'o’t 12 hy, h2 Ta ¢6:

SMIJ = SNIJ = h}_IJ = —2—h2IJ

oy = h2:¢ 2h1 JK' = —thK' e
=> SJMK’ = SJNK’ = KM =K'N ‘
NéenK =K
Vay ba diém I, J, K thing hang.
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Céch 2. (St dung dinh i Menelaus)
Goi A, By, C; 14n lugt 14 trung diém ctia NB, NA, AB.

Ta c6 AjK 14 dudng trung binh cha tam gidc NBM
= AK // BM = B
B,K 1a duong trung bmh cha tam gide NAM
mBlK//BM R
Do d6 AK, BK tring nhau (Tién d8 O-clit) C; >
= A;, By, K.théng h_ax_lg. 1
Tacs: Ke A/ B A : B,
Tuong tu J ¢ A;B,
Ta c6: IC; = BC , IB) = CN
2 2
kB, - AM ga, _BM y, DN
2 2 2
JC; = AD
2

Xét ANAB c6 M ¢ AB, C € NB, D € AN va D, C, M thang hang.

AM BC DN

BM CN AD

BC AM DN _

CN BM AD
- ICI'KBI'JAl _q

B, KA, JC;
Xét AA1B101 eole B}_Cl

IC; KB, JA

KeAB;,JeAC va 2L 221 5200 -

= AP € A VR TR KA, Je,

Vay ba diém I, J, K théng hang

* Nhén xét: Trong mdt t¢ gidc toan phan thi dudng thlng Steiner vudng gée véi
dudng thing Gauss.

GAUSS

Carl Frie drich Gauss 13 ngudi Pdc
sinh ndm 1777 v& m4t nim 1855
Ong 12 mot nha Todn hoe va nha
khoa hoc r&t tai nang. Ong duge
ménh danh 12 “hodng tf clia cdc nha
todn hoc” v6i &nh hudng sau sic cho
sy phat rién clia todn hoc va khoa
hoc Gauss da duge x6p ngang hang
cung FEuler, Newton, Archimeder
nhu 14 nhimg nha todn hoc vi dai
nhit cha lich sit.

Inks: Pertrat ges jungen Gauss

recits. Gauss im Adter
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Bai toan 4. PUONG THANG ZASLAVSKY

Cho tam gidc ABC va diém O. A, 12 diém d6i xing cla A qua O, B; 1a diém d6i xdng qua B
qua O, C; la di€m d6i xding cha C qua O. Tir Ay, By, C; vé cac dudng thing song song véi
nthau lan lugt cit BC, CA, AB & Ay, By, Co. Khi d6 ba di€m Ay, Bs, Cs théing hang.

| L3i gidi
Tir B vé dubng thing song song
v6i dutmg thing C;C; cat AC,,
CA, AC: lén Lot tai H, K, S.
Ta ¢é6 AjAy // BB, // CCq // BK
O Ia trung diém cia AA,, BB, ’><
nén ABA;B, 14 hinh binh hanh A
= AB = AB, va A B // AB,
Ta c¢6: AABS = AAB B, (g.c.g) = BS = BB,
Do vay BB,B,S 1a hinh binh hanh
= S va B, d61 xing qua O. Do vay C;S = ByC; BoA = A8

K S

ASAK ¢6 CH // AK = S5 - G5
mOMBTAR=E AR TAS

- C,B  CH

AACC; o6 BH // CyCy = —20 = 41l
e 27 G,A T CA
e L AC AL
AAIAC 6 BK /f Aghy = 218 _ £2C
e © T ALK T ALB

ﬁén CEB_. ByA ACCH BjA AC _CHBA _CiS ByA | CiS AS _
T CoA'ByC AB A ByC AK AKB,C | A8 B, AS C,S
' ' CoB ByA AC
CyA 'ByC AgB
V4y Ag, By, Cs thing hang (dinh 1i Menelaus)
Bai tosn 5. DUGNG THANG PAPPUS
Trén mdt dudng thing 14y cac didm A, B,, Cy, trén mot dudng thing khac 18y cac diém A,
By, Cy. Cac dutmg thing A;B, va AgB, cit nhau & C, che dubng thing B;Cs vA BoC; ot nhau
& A, cac dutmg thdng A;C; v AyC, cit nhau & B, Khi d6 ba diém A, B, C thing hang.
Lt gidi
Goi A; la giao didm cta A;B; va AsCy, B; 1a
giao diém cia A;Bs; va B,Cs, Cs 12 giao diém
cta B1C; va C A,
Xét AAsBiCs ¢6 A € ByCy, By @ AgBs, C; € CoAg
va A, By, C; théng hang

1

1

AABC ¢6 C; € AB, B,  CA, A, € BC va

AB; C,C3; BgA, . . -
. . =1 (dinh li Menel
AC, CiA, ByBs {dinh 1i Menelaus)
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Xét AA.’;B?C'; cH B e A3C;3, Cz € B303, A1 < A;;Bg va B, Cz, A] thﬁng héng .

BCs A14g .CQBS = 1 (dinh i Menelaus) (2)
BA; A;By CyCy :

Xét AA3B3C3 cd A}, [ A3B3, B1 < Bgc;g; Cl S A303 v Al, Bl, C théng héng
ABs CiA; BiCs
AA; C,Cs BB,

Xét AA";B?C"; chd Ag [ Aan; B2 S A@Bg; Cg = Bgcg va Ag, Bg, Cg théng hz‘mg
AgAg CyCq ByBg
AyCy CyB3 By,

Xét AAsBaCy ¢6 C & AgBg; Ay € AgCs, By € BgCs va C, Ay, B; thing hang
CA; B,B; A,Cs

. . = 1 5

T TB, B,Cs AnAg ®)

- 1 (dinh 1 Menelaus)  (3)

= 1 {dinh li Menelaus) (4)

AB. BC., CA
T (1), (2), (3), (4), va (B) ta cé: ——2 28 223 g
» @) »va (b tact: Se A, OB,

AB; BC, CA,

Xét AAB3Cs ¢6 A e BaCy, B € C3A;, C Ba v . .
AsBsCs ¢ e BaCs, B e CgAg eAagvaACSBA3CB3

Do dé A, B, C thing hang

(Dinh lf Menelaus) |

PAPPUS (Pap-pus)

Pappus sinh khodng nim 290 va mit khoiang nim
350. Ong 1& nha Todn hoc Ai cap 13 mét trong nhiing
nha Hinh hoc 16n sau ciing cia Hi Lap b dai.

Pappus duge nhidu ngudi bi€t d&n vao thé k¥ thy IV,
Ong duge xem 1a ngudi thép lai ngon lda cho Euclid

hRdL Femddgnt don SENUTIET Ktrohe b

Bai todn 6. PUGNG THANG EULER
- Binh li Euler
Goi H, G, O ldn luot 1a truc tdm, trong tdm dudng tron ngoai tiép tam gide ABC. Khi
dé H, G, O théng hang (dudng théng di qua H, G, O goi la dudng thing O-le)
' Lot g’l.(%l‘f' |
V& dutng kinh AD cla dudng tron (O). Got M la giao diém cta BC va HD.
Ta c6: ABD = 90° (g6c noi tiép chdn nira dudng tron)
ACD = 90° (géc nbdi tiép chdn nita dudng tron)
BH L AC (H 12 tryc tAm clha tam gige ABC), DC L AC (ACD = 90%)
= BH // DC
Tuong ty CH #/ DB. Td giac BHCD x6 BH / DC va CH / DB
Do d6 ti& gidc BHCD 1a hinh binh. Nén M 1a trung diém cda BC va HD
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Xét AABC c¢6 AM 1a dudng trung tuyén (M 1a trung diém cta BC), G 1a trong tam (gt)
= G thudc doan thdng AM va AG = %AM

Xét AAHD 6 AM 1a dudng trung tuyén (M la
trung diém cha HD), G thudc doan thing AM

va AG = gAM (chiing minh trén)

= G la trong tdm clia tam gide AHD,
Ma HO la dudmg trung tuyén cla tam gide AHD
Do d6 HO di qua G. '
Vay H, G, O thing hang
Ching ta con ¢6 HG = 2GO
LEONHARD EULER (Le-on-ha O-le) SR
Euler 14 ngu¥i Thuy Si, sinh ngay 15 thdng 4 ném
1707 va m&t ngay 18 thang 9 niam 1783. Ong 14 mét :
thién tai kiét xudt vé& todn hoc, éng da phét trién rat
nhiéu nghanh cba todn hoc, tif todn hoc sd cdp dén
toan hoc cao cdp nhiéu két qua chia éng da trd thanh
kinh dién. :
Vai dong trao ddi : T _
Bai todn théach diu cha tran ddu thd hai muoi lam cda Tap ch1 Toén Tubi thd da gmp
ching t6i tim d&€n mot k&t qua “Tuong ty” nhu dudng thing J-le, 46 1a:
Cho tam gidc ABC ¢6 I, G ldn lugt 14 tAm duding trdon ndi tiép, trong tAm cha tam gidc
ABC. Goi Ay, By, Cy 1dn lugt 14 trung di€m céc canh BC, AC, AB. Goi J 14 tadm dudng
tron ndi ti€p tam gidc A;B;C;. Ching minh rng I, G, J thing hang va GI = 2GJ.

Lt gidi

Goi G' 1a giao diém cta IJ va AA,
Xét AABC c6 By, C; 1an lugt 12 trung diém cGa AC, AB.
= B101 13 dudng trung binh cda tam gidac ABC m

e C B
= Blcl- - %E . Wl\
| AB. CA

B b0 o S - 5 - G(-3)

Do d6 AA{BC; v& AABC (c.c.c)

= BiA,C; = BAC, AB,C, = ABC

BAC: rw _ BAC = _ABC =  ABC
2 2

Ma JA;B, -  TAB = 225, TB A, - , 1BA =
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Nén: JA,B; = [AB; JB,A; = IBA
JA;  AB; 1
Do d6 AJA; By «» AIAB (g. et L o R
0 10 (g.g)= A AB 5
Ma BAA, = AAB, (so le trong va AB / A;B;). Nén TAA] = TAjA = Al // AJ
Xét AG'AT c6-Ad // Al
GA;,  GJ _JA 1

= == = L1 = =(hg qua cha dinh 1i Ta-lét
GA T OT T IA 2(hequacuadm i Ta-lét)

= A - Zaa,

AABC c6 AA; I3 dudng trung tuyén. G' thude doan thdng AA; va AG = gAAi nénG'=G

Vay I, G, J thing hang va GI = 2GJ
K&t qua trén chang t6i khong thdy duge d& cap dén cdc tai lidu ma ching toi da doe,
liéu 06 ¢6 nhiéu dng dung khong? R4t mong chd c4c ban doc cling trao d6i.

Baitoan7. PUGNG THANG SIMSON
Cho tam gige ABC va diém M nim trén dudng trdn tam O ngoai tiép tam gide ABC. Goi
N, P, Q 1an luot 1a hinh chiu vudng géc cha M trén céc dudng théng BC, CA, AB. Khi d6
cée diém N, P, Q théng hang (dudng théng Sim-son cia diém M d6i véi tam gide ABC).

| . Lai gidd

Td gide QBNM c6: BQM + QNM = 90° + 90° = 180°
Nén tir gisc QBNM néi tiép
= QBM = QNM
Ma QBM = PCM
Ti gide MNPC ¢6: MNC = MPC
= T gidc MNPC ndi tiép
= MNP + PCM = 180°
TaCé!Q_ﬁIj =M+§m = PCM + MNP = 180°
Vay ba diém N, P, Q thing hang.
ROBERT SIM SON (Ro-be-Sim-son)
Robert Simson sinh nghy 14 thdng 10 nim 1687 méat -
ngay 1 thang 10 nam 2768. Ong 14 mdt nha todn hoc
ngudi Anh va gido su todn hoc cia dai hoc Giasgow.
Cong hién cha 6ng cho toan hoe phan 16n 14 hinh hoc.

o0
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Bai toan 8. PUGNG THANG STEINER
Cho tam gidc ABC, di€ém M nam trén dudng tron (O) ngoai tiép tam gidc ABC. Goi As,
B, Co 14n lugt 12 céc diém di xdng v6i D qua cde dudng thing BC, CA, AB. Khi d6 ba
diém A,, By, Cs thing hang. (dudng thing A;B.C, goi 12 dutng thdng Sreiner dng véi
diém M cla tam gidc ABC). Pudng thing Steiner di qua trife tam H cda tam gidc ABC.
DPiém M duge goi 1a didm anti-Steiner)
Lot gidi
Goi A 1a giao diém cla MA; va BC, B; 1a giao di€m cGa MB, va AC, C, 1A giao diém
cha MC, va AB,
Ta c¢6: MA, L BC, A; 1a trung diém cha MA,, MB; L AC, A
B la trung diém cia MB,,
MG, L AB, C la trung diém ctia MC,

Ta ¢6 M thude dudng tron (O) ngoai tiép
tam gidc ABC. Ay, By, C, l4n lugt 1a hinh
chidu vudng géc cia M trén céc dué'ngc
thing BC, AC, AB
Do d6 A;, B;, C; thdng hang (Pudng
théng Simson)
Mat khdc, ta c6 AyB; 1a dudng trung binh cha tam gidec MA,B, = AsBy /1 AsBs va ACy 13
dudng trung binh cta tam gidge MAsCs = A;C; /7 ACs
Ta ¢é AyCs // A1By, AyCs /1 A{B, :
= AsB, va A;C; trung nhau (Tién dé C-clit)
Véy ba di€m As, Bs, Cy thing hang.
Ta chitng minh dudng thing Steiner A,B,C, di qua H.
Cach 1: Goi D la giao diém ctia AH va BC.
Ta ¢6: BHD = ACD (eling phy véi géc BHD)

 AMB

 AMB = AC,B (C; va M déi xitng qua AB)

Do d6 BI—ID ACQB = Tt gidac AHBC; ndi tiép = AH(32 = ABG,
Ma AB02 ABM (Cz v M 461 xting qua AR)

Nén AHC, - ABM
Tuong tu ¢6 td gide AHCB; ndi tidp

s'AIﬁi%; = JWBQ Ma ACB, = ACM

T ciing ¢c6 ABM + ACM = 180° ‘

Do d6 B,HC, = AHC, + AHB, = ABM + ACM = 180°
Do vay C,, H, B, théng hang.

Nhu vy dudng thdng AyB,C, di qua H.

ACB (hai géc ndi tiép cing chdn cung AB)

[H
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Céch 2: Goi E la giao diém ciia CH va duyng tron (0)
Ta c6: ABE = ACE = ABH'
ABEH can tai B. Do d6 H va E d6i xiing qua BC.
Ta c6: BHC, = BEM (tinh ch&t d6i xtng truc)
BEM = BAM (hai géc nodi tiép cing chin cung BM) .
Do &6 BHC, = BAM. Tuong tu c6: CHB, = CAM
Ta c6: BHC, + CHB, + BHC = BAM + CAM + BHC = 180°
Do vay Cg, H, B, thdng hang. '

» PUONG THANG STEINER CUA TU GIAC TOAN PHAN
Chio t& gide ABCD, 112 giao diém cha AB va CD, K 1a giao diém chia BC va AD. Goi H;,
H,, Hs, H, 14n lugt 14 truc tdm cha céce tam gidc IBC, IAD, KAB, KCD. Khi d6 bén
di€m H;, Ha, H,, H; thing hang

. Lai gidt
D& dang chang minh duge c4c dudng trdn ngoai tiép
IAD, KAB, KCD déng quy tai M, M ¢ IK
Goi M; 1a diém d8i xing clia M qua AB, M; 1a diém
d6i xing cta M qua CD, M3 12 diém d6i xdng cta M
qua BC, M, 12 diém d63 xding cia M qua AD.
Céc diém M,, My, Mg, My, H,, Hs, Hg, Hy thing hang
(Pudng thing Steiner di qua tryc tAm cha tam gidc)

* Nhin xét: Trong mdt t¥ gidc toan phan thi dudng thing Steiner vudng géc véi
dudng thiing Gauss

STEINER (Stai-no)

Rudolf Steiner Joseph Lotenz sinh ngay 25 hodic 27 thdng
2 nam 1861 va méit ngay 30 thédng 3 nam 1925. Ong la
‘modt nha triét hoc, nha tu tudng x4 hoi, kién tric su va
thin bi hoc nguti Ao. Ban d4u 6ng duge ghi nhédn la mot
nha phé binh vin hoc va vin héa triét hoc. Vao ddu thé ki
XX, 6ng thanh lap mdt phong trdo tam linh méi, thuy&t
nhén tri, nhu 1a mdt tri€t hoc thdn bi ngdy cang téng
trong s8 cdc siéu ludn chéu Au va v§i cdc mbi lién hé v6i
thuyé&t than tri. ¥«
Sau thé chién thit nhat, Steiner da lam viée v6i cdc nha gido duc, nong dén, bac &1, va
céc chuyén gia khdc d& phdt trién gido duc Waldolf, sinh vat dong lyc hoc néng nghiép,
y hoc nhén tri ciing nhu cdc dinh huéng mdi trong cdc linh vyge khée.
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Bai todn 9.  PUONG THANG NEWTON
Dinh li Newton . S : :
Cho t¢ gide ABCD. ngoai tié’p dudng tron-tdm O. Goi M, N 14n lugt 1a trung ‘dim cta
- cée duding chéo, AC, BD. Khi d6 ba diém M; O, N thing hang. vl
L gidd
Goi r 14 ban kinh dudng tron (O) ndi tiép ti giac ABCD.
Ta ¢6: AB = CD = BC + AD Ao
= éAB.r . —;—CD.r . %BC.:’ + %AD.:-

=> Soa + Socp = Sose + Soap

R . 1
Vay Soas + 5001) = ESABCD

+ NuAB/CD D C F 5
D& dang ching minh duge M, O, N thing hang (Céc didm M, O, N cing nim trén
dudng trung binh cia hinh thang ABCD) N
Goi S 12 giao diém cita AB va CD. | .

Trén tia SA Iy E sao cho SE = AB, trén tia SD ldy F sao cho SF = CD.

g s | :
Soes + Sors = Soas + Socp = =Samcp = Somr = =Sapop - Ssgp- (D).
> 2 2

1 ) S 1., -
Va Sygs + Smrs = Smas + Smep = 3 Sa8c + 58apc = 5Sascp

) ‘ .
= Smer = 5 Sapcp - Sser (2)
Tuong tu Sygp = %SABCD ~ SgEF (3)

Tt (1), (2) va (8) ¢6 Spes = Syer = SN_EF- .
Do vay O, M, N ciing thudc mét dudng thing song sé_ng v6i EF. . .
Vay M, O, N théng hang. | S
NEWTON (Niu-ton) |

Isaac Newton la ngudi Anh, sinh ngay 25
théng 12 nim 1642 va mat ngay 20 théng

3 nam 1727 theo lich Gregory éng sinh
ngay 4 thang 1 nim 1643 va mét ngay 31
thang 3 nam 1727. 3

Ong 12 mot nha Vat Ly, nha thién van
hoe, nha triét hoc, nha Todan hoc, nha
Thén hoc va nha gid kim. | - -
Nam 2005 trong mot cude tham do ¥ kign cla Hoi Hbéng Gia vé& nhan vit c6 anh
hudng 16n nhat trong lich sit khoa hoc, Newton 13 ngudi duge cho riing c6 nhidu dnh
huéng hon Albert Einstein.
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Bai todn 10. PUONG THANG PASCAL
Dinh li Pascal _ .
Cho 8 diém bdt ki A, B, C, D, E, F cing nim trén mdt dudng tron. Gei G, H, K 14n lugt
la giao diém cha céc cap dudng thdng AB va DE, BC va EF, CD va AF. Khi d6 ba diém
G, H, K théng hang. S
Lot gidd
C4ch 1. (Phuong phdp thém diém)
Goi I1a giao diém ca hai dudng tron (GBD) va (KDF) (I khéde D)
Ta c6: BIF = BID + DIF = BGB + DKF
sdAFE — sdBCD " sdABC - sdCDF A
2 ‘ 2
‘ sdm —f.saﬁ"é"ﬁ _ sdBAF - sdCDE
2 2 '
sdBAF - sdCDE
2

Ma BHF

H

Nén BIF - BHF

= T\ gide BIHF noi tiép

=> BIH + BFH = 180
1 ' -

Mt khac: BIG = B’"ﬁ‘“G(: -é-sdﬁ-@)

it

Ma BDG = BFE (T« gidc BFED néi tiép)

Vay c6 BIH + BIG = BIH + BFH = 180°

Ta c6: HIG = 180°

= H, I, G thdng hang

Chitng minh tuong tu ciing c6 I, H, K thing hang.
Nhu vay bon diém H, I, G, K thing hang
Vay ba diém G, H, K thing hang

Cach 2. (Sit dung dinh 1i Menelaus)

Goi M, N, K l4n lugt 13 giao diém ciia AB va EF, AB

vaCD,CDvaEF -~ = o
XétAMNKCé B e MN, C &“:NK,B e MKvaB,C B
_, BM .CN E.“‘“‘“ = 1 (dmh 1i Menelaus) 4

BN CK B'M

X6t AMNK ¢6 D & NK, A" ¢ MN
o= uﬁ-I-(--é-—M"."A";"N" =1 (dmh i Menelaus) | (2)

,E e MKva D, A, E thing hing
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Bai toan 11.

Xét AMNK ¢6 A € MN, F ¢ MK, C' € NKva A, F, C' thdng hang

AM C'N FK

3
AN'CK FM @

Xét AMAF va AMEB c¢6: AMF (chung), MAF = BEB (T gi4c ABEF néi ti&p)

Do d6 AMAF «» AMEB (g.g)
AM _FM _ AM.BM = EM.FM (4)

EM BM .
Tuong tu ¢6 AN.BN = CN.DN (5)
FK.EK = CK.DK (6}
. BK AM CN

i (1 3), (4), (& B AN
Tu( ), (2), (), (4), (5), (6) ta c6 BM AN CK

=1

BK A'M CN

XétAMNKcoB c-.;KM A'EMN C’@NK a

=1

BM AN CK

Vay A, B‘, e théng héng'(d;nh li Meneiaus)
BLAISE PASCAL (Ble-dd Pax-can)

Ong sinh ngay 19 thang 6 nam 1623, mét ngdy 19 thang
8 nam 1662. Ong 14 mot nha Toén hoc, nha Vit Ly hoc,

nha tu tudng va 1a nha van.

Pascal dd phai chiu dung cdc 6m dau trong sudt cude
ddi v da m4at & tudi 39, chi hai thdng sau l4n sinh

nhat l4n thd 39 cia 6ng.

PUGNG THANG MONGE VA D’ALEMBERT

Cho ba dudng trdn ¢6 ban kinh khdc nhau v& & ngoai nhau. Khi d6 giao diém cia céc
ti8p tuy&n chung ngodi ciia timg cip dudng tron cing ndm trén mot dudng thing.

Loi gidei

Goi ba duong trbn 1a (Oy; 11), (Og; 1), (Og; 13): giao difm chia hai ti€p tuyén chung ngoai
ca (Oy; 1) va (Oyg; o) 14 C; ehia (Oy; 1) v (Og; 1) 12 B; clia (O 13) v Qs 1‘2) Ia A,

Goi MN la ti€p tuy&n chung ngoai
ctia (01), (0z) (M e (0), N € (Oy))

D& théy O, Oy, C thing hang. Ta c6: O;N L CN, O;M L CN N 4

= N // O.M

ACNO; ¢6 O:N // O;M =01 . QN _ 1y

CO; OgM 1y
Tuong tu ta cé:

_AOg N EZ. B03 _ I3

AOB BOl i

001 AOQ B03 _"{gﬂifg‘ml
002 ' A03 ' BOI Iy ) Iy ) I3

Ni
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Xét AD10,03 ¢6 A € 003, B € 0,05, C € 0,0,
va, A0y BO; CO,
A0, BO, CO,
Viay A, B, C thidng hang (dinh 1i Menelaus)
Gaspard Monge (Gas-par-mon-ge)
Monge sinh nam 1746 tai Beaune -~ Phép vi méit nam
1818 tai Paris — Phép. Ong 1x nha toan hec nhung déng
thai ciing la mdt chinh khach. Mon hinh hec cha éng via
nhidu vita da dang vh viia 6 chiéu shu. Ngoai cong lao
sang taoc mon Hinh hoc hoa hinh do dong sang lap. Tac
phém hinh hoc cfia éng rit cAn cho nginh xay dung, dng
duge xem nhu 1 nguti dat nén moéng cho mdn Hinh hoc vi |
phan. Ong 1a nguvi déu tign da st dung phuong trinh dao
ham riéng dé nghién ciu cac mit. Ong da d8 lai cho dbi
sau nhiéu dinh li, trong do 6 hai dinh Ii mang tén dng.

Baitodn12. - DPUGNG THANG DROZ-FARNY
Cho ha1 dutng théng bat ki vudng gbéc vdi nhau tai truc tdm H cba tam gidc ABC,
chung 1an lugt cdt cdce canh BC, AC, ABtai X, X, Y, Y, Z, Z'. Goi M,, My, M, l4n lugt
Ié trung d1em cha XX YY ZZ'. Khi d6 M., My, M. thing hang.
Co SRR . o Lt giai
Ba1 toén phu 1. Cho tam gidc ABC, ba diém M, N, P lan lugt ndm trén BC, CA, AB.
Ching minh riing cdc dudng tron ngoai ti€p cdc tam gidc APN, BPM, CMN déng quy.
(Pinh Ii Miquel) ‘ '
Chitng minh

Goi E la giao diém cha hai dm‘mg tron ngoai
tiép hai tam gidc BPM, CMN (E khdc M)

Ta c6: APE = EMB (Td gisc BPEM nbi ti€p)
va EMB = ENC (Tt gidc MENC nbi ti€p)

Do d6 EMC = APE(= EMB)

= Tii gidc APEN ndi ti€p. C

= Pudng tron ngoai tiép tam gidc APN di qua E. W

Vay cdc dubng tron ngoai ti€p cac tam gidc APN, BPM, CMN déng quy tai E.

Bai toan phu 2 |

Cho tam gide ABC, dudng thing d di qua tryc tdm H ciia tam gidc. Goi d,, dy, d. 14n
lugt 14 cdc dudng théng d6i xing véi dudng thing d qua BC, CA, AB. Cac duting théng

nay dong quy tai m@t'diém nim trén dudng tron ngoai tiép tam gidc ABC (Piém anti-
_ ‘Steiner ciia d) v d 1a dudng thing Steiner ¢da diém d6 -
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Chiing minh:

Gia st tam gide ABC né1 tiép dudng tron (O)
Gid sit dudng thing d cdt dudng trdn (0) Idn lugt ¢ D, E (xem hinh vé& bén). Goi K 1a
giao diém cia d va d. - |

A; la diém ddi xing ctia H qua BC, B, 1a diém d6i xing cha H qua AC, C, 1a diém dai
xing cia H qua AB A ' _

Ta c6: BK(‘Il = Bﬁ, BAH - BCH . . d

= BAC, = BCCG, = T gidc ACBC, ndi tiép
"= C, thude dudng tron (O).

Ching mj_r_lfl tuangjiBl, Af_zfing thtif)iduang tron (O) d,
Ta c6: B{KC, = B HC, - KG,K - KB,H
= B{HC, - C;HD - B{HE | 4
B,HC, - (180° - B{HC,) = 2B{HC, - 180° B C

2(180° - BAC) - 180° = 180° - B,AC, \
= B,KC, + BAC, = 180° |
=> Tt gide AB;KC, noi tidp
= K thudc duong tron (O)
Ching minh tuong tu cé d. cit d,, d, va dy cdt nhau tai mét didm thude dutmg tron (O)
Ta ¢b: da, dy, d. 1an lugt di qua A, By, C; thude dudng tron (0) va cdc dudng thing nay
khéng chita cdc canh cla tam gide ABC,
Vay d,, dy, d, ddng quy tai mdt diém thuse dudng tron (
D& thay d la dudng thing Steiner cha K

* Tré lai bal toan
Goi (C) Ia dutng tron ngoai tiép tam gide
ABC (C,) 1a dudmg tron ngoai tiép tam giac
HXX, (Cy) 1a duyng trdon ngoai tiép tam
gide HYY', (C,) la dudng trdn ngoai tiép

tam gisde HZZ' Goi Ha, Hy, H, l4n luct 1a X
diém déi ximg cta H qua BC, AB, AC. Ta
¢6 H, € (Cy), Hy e (Cy), H. € (C) (C N

a

Dé thdy cdc dudng tron (C,), (Cy), (Co) ¢6 tAm ldn lugt 1a M,; My, M.

Ta ¢6 H, va giac diém cha (C) va (C,), HH, L BC

Ap dung bai todn phu 2 (dinh Y Collings) véi dudng thdng XYZ qua H, ta c¢6: H,X, H,Y,
H.Z déng quy tai N thude dudng tron (C). _ ‘

Ap dung bai todn phy 1 (dinh 1i Miquel) cho tam gidec XNY v6i cdc diém H,, H,, . Ta
c6, cac duting tron (C), (C,), (Cy) cang di qua M. ,

Ching minh tuong tu ¢6 (C,) ciing di qua M. Céc dutmg tron (C,), (Cy), (C,) cling di qua H, M.
= M,, My, M, cuing thude dudng trung truc cda doan thing MH.

Vay M,, M, M, théng hang.
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Arnold Droz-Farny (Ac-non-dot-Fa-ny)

Tén khai sinh clia 6ng 14 Arnold Droz. Sau khi k&t hon v6i vg 1a ba Lina Farny, ca hai

ngudi déu ddi tén thanh Droz-Farny. Ong ting hoc t4p tai Munich, ciing chinh thdi gian

nay da lam chdy 1én ngon Iita dam mé Hinh hoc trong 6ng. Nam 1880, éng trd thanh -

gido su vat 1§ todn hoc, gidng day tai Porrentruy gin Basel (Thuy Si) cho dén nam 1908

Droz-Farny mét sau mét thoi gian dai chng choi v6i bao bénh. |
Bai todn 13. PUGNG THANG THE’BAULT

Cho tam gide ABC ndi tiép dudng tron (0). D 12 mot diém trén canh BC. Dutng trdon

tam P ti6p xdc v6i cdc doan thing AD, DC va ti€p xtc trong véi dudng tron (0). Pudng

tron tAm Q ti€p xic véi cac doan thdng AD, DB va ti€p xic trong véi duding tron (O).

Goi I 1a tAm dudng trdon ndi ti€p tam gidec ABC. Khi d6 ba diém P, I, Q thing hang

(Binh 1i The'bault)

i gided

Bai to4n phu 1. Cho dubng tron (I) ti€p xie véi dudng trdon (O) tai C. AB 1a day cung bét

ki cia dudng tron (0) va ti€p xGe voi dudng trdon (1) tai T. Khi d6 CT di qua diém chinh

giifa etia cung AB khoéng chia C.

Chiing minh

Goi M 1a giao diém cta CT va (O) ta ¢6: (I) va (O} tiép xtic nhau tai C

= C, I, O théng hang . G

AICT ¢6 IC = IT (=1) = AICT cntail= ICT = ITC
- AOCM c6 OC = OM (= R)

. B
=» AOCM cén tai O T
-~ GG = GHIC ©
Ta c6: ITC = OMC (= OCM)=IT // OM
Ma IT L AB (AB ti€p xtic v6i dudng tron (I))
Suy ra OM 1| AB
M

= M 1& diém chinh giifa cda cung AB
Bai todn phu 2. Cho tam gide ABC ndi ti€p dudng tdon (0). M thude BC. Mot dudng tron
© (0') ti€p xte v6i hai doan thing MA, MC tai E, F va dong th¥i ti€p xte véi duding trdn
(0) tai K. Khi d6 tam I chia dudbng tron ndi tifp tam gide ABC nim trén dudng thng EF
(Pinh li Lyness)
Chitng minh
Va Kx la tia ti€p tuyén cia dudng tron (0) (Tia Kx nim trén nia mét phing by KN c¢6
chita) Goi N la giao diém ctia KF va dudng tron (O)
Ta ¢6 N 12 diém chinh giita cia cung BC (bai todn phuy 1)
Goi I' 1a giao diém chia AN va EF. Ta c6: BN = NC
= BAN = CAN, NB = NC
= AN la tia phén gidc cda géec BAC
Tacé:frﬁfizm,mizm
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= I'EK = 'AK = Tu gidc AKI'E noi tifp = AI'K = AEK A
Ma AEK = EFK. Nén ATK = EFK

Ta ¢6 NT'K w.I\TFh‘i’ | ‘
Xét ANT'K va ANFT c6: F'NK (chung), NTK = NFT’
Do dé ANI'K <> ANFT'

NI' NK 2 \x
I e NI = N .N
NF N KNF B
Xét ANCF va ANKC c6: ENF (chung), NCF = NKC
) NC NF 2
Do d6: ANCF «» ANKC (g. el = NK.NF .
.0 6 AN (gg)::»NK T => NC* = NK.NF TN

Ta c¢6: NI? = NC? (= NK.NF)
= NI' = NC = ANI'C cdn tai N

= NI'C = NCTI’
= I'AC + I'CA = BCN + BCT'
= I'CA = BCI'

= CI' 12 tia phan gisc ACB

Do vay I' 1a tdm dudng trdn noi tiép tam gidc ABC. Tac6 I'=1

Vay I ndm trén dudng thing EF

* Trd lai bai todn _

. Goi E, F 1a ti&p di€m cha dudng tron (P) véi BC, AD, G, H 13 tiép diém cha dudng tron
(Q) véi BC, AD. Goi I 1a giao diém cha EF va GH

Tit bai todn 2, ta ¢6 I 12 tdm dudng trdon ndi tiép tam gidc ABC.

Goi M 12 giao diém ctia GH va QD, N 1a giao diém ciia EF va PD.

Dé thdy ti giac MDNI 1a hinh chif nhat.

Xét AQDG va ADPE c6: QGD = PEF(= 90°), QDG = DPE (cing phu PDE)

QD QG
Do d6 AQDG «» ADPE (g. QD _ QG
0d6AQ ®8)= 37 ~ P

Xét AQMG va ADNE: QMG = DNE (= 90%, MQG = NDE
Do d6 AQMG > ADNE (g.g) = 3o - M

DE =~ DN
- an M _ QG
Ma DN = MI nén MI - DE
Tacs; D _ QD 6) y
M1 DP DE B
Xét AQMI va AQDP c6:
Q‘”‘Mzzﬁggo@),%m_ﬁﬂ a M _QD,

QD DP MI ~ DP
Do 46 AQMI « AQDP (c.g.c) = IQM = PQD = Hai tia QI, QP tring nhau
Vay ba Aiém P, I, Q thing hang. | |
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PHAMN 3 —

" CAC BAI

CHUOKG I

123 BAI TOAN CHON LOC CUA NHA GIAO NGUYEN DUC HOA

Bai 1. (Ldp 7) Cho tam gide ABC. Trén nita mat phéng ¢6 bt AC khong chita B vé diém D
sao cho AADC = AABC. Goi M 1a trung diém cha doan thing BD.

Chimg minh réng ba diém A, M, C thing hang. ; B -
Lot giai . :

Ta c6 AADC = AABC (gt) )2 : ‘

= AD = AB, CD = CB A ™ >C

Ma MD = MB (M 1 trung diém chia doan thidng BD) nén 't

A, C, M ciing thue dudng trung truc cGa doan théng BD.

Viy ba diém A, M, C thing hang. D

Bai 2. (L6p 7) Cho tam giae ABC cén tai B. Ldy M nAm bén trong tam gisdc ABC sao cho AMAB
= AMBC. Goi N Ia trung dim ciia AC. Chting minh ring ba &ém B, M, N théng héng |
LB i
Ta c6 AMAB = AMBC (gt)
= MA = MB va MB = MC |
= MA = MC, ma BA = BC (AABC can tai B) vd NA = NC
(N 1a trung diém cGa AC) nén B, M, N cing thuoc dué?ng
trung true cia doan théng AC.
Viy ba diém B, M, N thidng hang.
Bai 3. (L6p 7) Cho tam' gide ABC c6 ABC = 60°. L&y M va N niim ngoai tam gidc sao cho
cdc tam gidc MAB va NBC la cac tam gigc déu. Chimg minh ring: M, B, N thing hang.
. L gidid N

Ta c6: MBA = 60° (AMAB déu)
ABC = 60° (gt)
CBN 60° (ANBC déu)
DO dé MBA + ABC + CBN 600 +60° +60°

= MBN = 180°
Vay M, B, N thing hang
Bai 4. (Lép 7) Cho tam giac déu ABC. Ly c4c diém D, E n¥im ngoai tam gidc sao cho céc tam
gidc DAB va EAC 14 c4c tam gidc déu.: Chu‘ng minh réng ba diém D, A, E thing hang.
L gidi

Ta c6: DAB = 60° (ADAB déu)
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BAC = 60" (AABC déu)
CAE = 60° (AEAC déu)
Do d6: DAB + BAC + CAE = 60° + 60° + 60°
= DAE =180°
‘Vay ba diém D, A, E thing hang.
Bai 5. (L6p 7) Cho diém M ndm giita hai diém A va B. Trén cling mdt nda mit phing by
AB v& hai tam gidc déu ABC va AMD. Chu’ng minh ring ba diém A, D, C théng hang.
Lovi gidi i C
Ta c6: MAD = 60° (AAMD déu) va BAC = 60° (AABC déw) |
= MAD = BAC(= 60°)
= BAD = BAC (M thude AB) ma hai tia AD va AC
cing thude nita mat phéng by AB nén hai tia AD va
AC tring nhau.
Vay ba diém A, D, C thing hang. x MR
Bai 6. (Lép 7) Vé phia ngoai tam gidc ABC va cic diém D va E sao cho ABAD AABC va
ACEA = AABC. Chiing minh ring ba diém D, A, E thing hang
Lot gidi

- ABAD = AABC (gt)
= BAD = ABC ma hai gbe nay & vi tri so le trong, nén AD // BC
ACEA = AABC (gt) D A E

= CAE = ACB ma ha; géc nay & vi tm g0 le trong,
‘nén AE // BC
Ta ¢6: AD // BC, AE / BC va A nim ngoai dudng
thdng BC nén AD tring véi AE (tién dé O cht) - B C
Vay ba diém D, A, E thing hang. ' 7

Bai 7. (Lép 7) Cho tam gide ABC ¢6 BAC = 120°. V& céc tam gxéc déu ABD va BCE (D va
E cang thudc nira mat phéng bo BC khong chia diém A). Ching minh ring A, D, E
thing héng

, Lot gidi ' ' A
Ta o6 {A“ﬁc +CBD = ABD = 60° (AABD déu) /:\
DBE + CBD = CBE = 60° (ABCE déw) B . C
- ABG-DBE | S

AABC va ADBE c6:
 AB = DB (AABD déu)
BC = BE (ABCE déu) B

Do d6 AABC = ADBE (c.g.c)

D

L
i
i
i
i
i
i
i
i
|
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= BAC = BDE, ma BAC =120° nén BDE = 120°
' Ta c6 ADE = ADB + BDE = 60° + 120° = 180°
Vay A, D, E thing hang. _

Bai 8. (Lép 7) Cho tam gige ABC ¢6 M n3m giita B va C. Trén cdc tia d8i cia céc tia AB,
AM va AC lan lugt 14y cdc diém D, N va E sao cho A 1a trung di€m chung cda cédc doan
thdng BD, MN va CE. Ching minh riing D, N, E thing hang.

._ | - L gidi
AAND va AABM cé: AD = AB (A 12 trung diém ctia BD)
DAN = BAM (hai géc d6i dinh)
AN = AM (A 13 trung diém clia MN)
Do d6 AADN = AABM (c.g.c)
AADE va AABC c6: AD = AB (A 14 trung diém cia BD)
DAE = BAC (hai goc di dinh) |
AE = AC (A 14 trung dim ciia CE) B M ¢
Do d6 AADE= AABC (c.g.c) | o
Ta c6: ADN = ABM (AAND = AABM), ADE = ABC (AADE = AABC) va B, M, C théng hang.
Do d6 ADN = ADE
Mt khdc hai tia DN, DE cing thude nia mét phang ¢6 bd AD, nén hai tia DN, DE
triing nhau '
Vay D, N, E thing hang.

Bai 9. (L6p 7) Cho tam gide ABC can tai A. Trén tia d6i cia tia BC 14y diém D (D = B).
Qua D vé tia Dx song song v6i BA (tia Dx va di€m A ctung thudc nita mat phéing c6 bo
BC). V& tam gidc CDE can tai E (E thuje tia Dx). Ching minh ring ba diém E, A, C
thing hang. |

Lo giti
Ta ¢6: DCA = ABC {AABC can tai A va D thube DC)
ABC = EDC (hai géc déng vi va DE // BA)
Va EDC = DCE (ACDE can tai E) nén DCA = DCE
Mat khac hai tia CA, CE cling thudc nita mit
phéing c¢6 b DC. Do d6 tia CA trung véi tia CE
Vay ba diém E, A, C thing hang. p B C
Bai 10. (Lép 7) Cho tam gidc ABC vubng tai A ¢6 AB = Scm. Ve diém M nim ngoai tam
gidc sao cho MA = 4cm va MB = 5cm. Ching minh riing ba diém M, A, C thing hang.

Lo giai 5
AABM c6: MB? = 5% = 25
MA? + AB? = 42 4 3% = 25
Do d6 MB® = MA? + AB?
=> AABM vuéng tai A (Dinh l Py-ta-go ddo) ;; ‘ %
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= MAB = 90° ma BAC = 90° (AABC vudng tai A)
nén MAB + BAC = 90° + 90° = MAC = 180°
Vay ba diém M, A, C thing hang.

Bai 11. (Lép 7) Che hai diém A, B nfm cing phia déi véi duong thing xy. Goi C 1 diém
dsi xing voi A qua xy va M 12 diém ndm trén xy sao cho MA + MB ¢6 gid tri nhé nhat,
Chimg minh ring: B, M, C thang hang.

Lt giti
Vi C d6i xing véi A qua xy, nén xy la dudng trung tryc cia AC, ma M thube xy (gt) nén
MA = MC
= MA + MB = MC + MB

: A
Xét ba diém C, M, B ta c6: B
CM + MB = CB (Quy téc ba diém) !

Do d6 MA + MB = CB (Khéng ddi, vi C, B ¢§ dinh)
D4u “=" x4y ra khi va chi khi M ndim giita C va
B khi va chi khi M nam gitta cia CB va xy)
Do dé khi MA + MB ¢6 gia tri nhé nhdt thi M trung D. ¢
Vay B, M, C thing hang. :

Bai 12. (Lép 7) Cho tam gidc ABC can tai A. Trén cdc canh AB, AC 1dn lugt 14y cdc di€ém
D, E sao cho CE = AD:. Pudng thing qua E va song song vdi AB cdt BC tai F. Goi O 1a
trung diém cia DE. Chitng minh réng ba diém A, O, F thdng hang.

X

At giii
Ta c6: EFC = B (hai g6c déng vi va EF / AB) va B = C (AABC can tai A)
= EFC = C - A

=> ACEF cén tai E

= FE = CE, ma CE = AD (gt) nén FE = AD.

AQOEF va AODA c¢é:
FE = AD
OEF = ODA (hai gbc so le trong va EF // AB, D € AB)
OE = OD (O 14 trung diém cda DE) B F C

Do d6 AOET = AODA (c.g.c)

= EOF = DOA (hai gbe tuong Ung) :

Ma BOF + FOD = 180° (hai goc ké bu). Nén DOA + FOD = 180° = AOF = 180°

Vay ba diém A, O, D thing hang. ' '

Bai 18. (Lép 7) Cho difm ndm M gida hai diém A va B. Trén cing mdt nita mit phing by
AB v& cdc tam gidc déu AMD va MBE. Goi I 1a trung diém cGa DE va C 1a giao diém
cha hai dudng thdng AD va BE. Ching minh ring ba diém M, I, C thng hang.

Lotd gidi

Ta c6: EMB = 60° (AMBE déu)
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Va  DAM = 60° (AAMD déu)

= EMB = DAE, ma EMB va DAFE & vi tri déng vi nén EM // CD.
Tuong tu: DM // CE

ACDE va AMED ¢6: CDE = MED (hai gde so le trong va EM // CD)

'DE = ED
CED = MDE (hai géc so le trong va DM // CE) c

Do d6 ACDE = AMED (g.c.g)

AIDC va AIEM c¢6: CD = ME (ACDE = AMED)
IDC = TEM (hai gée so le trong va EM // CD)
ID = IE (I 12 trung diém ctia DE)

Do d6 AIDC = AIEM (c.g.c)

= DIC = EIM (hai gée tuong dng) _

Ma DIC + CIE = 180° (hai géc k& bu). Nén EIM + CIE = 180°

= CIM = 180°

Vay ba diém M, I, C thing hang.

Bai 14. (Lép 7) Cho tam gidc ABC (AB < AC). Trén cde tia AB, AC l4n lugt 14y cdc diém
D, E sao cho AD = AC va AE = AB. Goi M 14 trung diém cGa doan thing CD, N 1a giao
diém cha BC va DE. Ching minh ring ba diém M, N, A théng hang.

Lot ,r;:'ﬁ:"

AADE va AACB c6: AD = AC (gt), DAE = CAB (géc chung), AE = AB (gt)
Do d6 AADE = AACB (c.g.c) ¢6 AD = AC (gt)
= AADC cdn tai A
= ADC = ACD ma ADE = ACB (AADE = AACB)
nén ADC - ADE = ACD - ACB
= EDC = BCD hay NDC = NCD (N thugc BC va DE)
= ANDC cdn tai N
Ta c¢6: MD = MC (M 1a trung diém cfia CD)

ND = NC (ANDC cén tai N}
vi AD = AC (gt)
Nén ba diém M, N, A cling nim trén dudng trung trisc cta doan thing DC.
Vay ba diém M, N, A théng hang. _

Bai 15. (Lép 7) Cho tam gide ABC vudng tai A cé AB = 12, AC = 5. V& diém M (M khac B
va C) sao cho BM + MC = 13. Ching minh ring ba diém B, M, C théng hang.

- | L gidi C
Xét AABC vudng tai A, ta c6: 1 "‘\..\ M
BC? = AB? + AC? (Pinh li Py-ta-go) RN
BC?=12% + 52 Tl
BC® = 169 = BC = 13 (Vi BC > 0) A B
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Ma BM + MC = 13 (gt), nén BM + MC = BC
= M nidm giita B va C.
Vay B, M, C thang hang.

Bai 16. (Lop 7) Cho tam gidc DEF vubdng tai D ¢6 DE = 6, DF = 8. V& diém G sao cho EG = 7,

GF = 3. Chiing minh ring ba diém E, G, ¥ thing hang.
Lot giti
Xét ADEF vudng tai D, ta ¢6:
EF? = DE* + DF? (dinh 1 Py- ta-go)
= 6% + 8% = 100
= EF = 10 (Vi EF > 0}
Ma EG + GF =7 + 3. Nén EG + GF = EF (= 10):>Gnémg1u‘aEvéF
Vay E, G, F thing hang. _ _

Bai 17. (Lép 7) Cho tam gidc ABC ¢6 M nim gitta B, C va D, E lan lugt 1a trung diém cia
AB, AC. Trén cdc tia MD, ME theo tha tur 14y cde diém I, K sao cho D la trung Chem
ctia MI va E 1a trung diém caa MK Chu’ng minh réng ba di€m I, AK thidng hang.

. Lai gidi

AADI va ABDM c6:
DA = DB (D 1a trung diém chia AB)
ADT = DM (hai géc déi dinh)
DI = DM (D la trung diém cda MI) )
Do 6 AADI = ABDM (cgc) - & i &
= DAI = DBM ma hai géc DAI va DBM & vi tri so le trong, nén Al // BM
= Al // MC (vi M thude BC)
AAEK va ACEM ¢6: EA = EC (E la trung diém ciia AC)
AER = CEM (hai gbc déi dinh)
EK = EM (E 1a trung diém cta MK)
Do d6 AAEK = ACEM (c.g.¢) |
= AKE = CME ma hai géec AKE va CME & vi trf o le trong, nén AK // MC
Ta ¢6 Al // MC, AK // MC va diém A n3m ngoai dudng thing MC nén ha1 duding thing
Al va AK tring nhau (tién dé O-clit)
Vay ba diém I, A, K théng hang.

Bai 18. (Lép 7) Cho tam gidec ABC vudng tai A ¢6 diém D nam gi'tfa"A'va B. Qua D v&
"dutng thang song song vdi BC cit canh AC tai E. Goi M, N lan }tio‘t l1a trung diém clia
DE va BC. Ching minh riing: A, M, N thdng hang. '

Lo giai
L4y diém I trén canh BC sao cho TAB = IBA
Ma: TAC + IAB = 90°
: va ICA + IBA 90° (AABC vubng tai A)




Nén IAC = ICA = AIAC can tai I
AIAB c6 TAB = IBA (theo céch v&)
= AIAB céntai 1= IB = IA
Ma IA = IC (AIAC can tai I). Nén IB = IC. Do d6 I 1 trung diém cda BC
= T tring N (Vi N 1a trung diém cha BC) -
Khi d6 NAB = NBA (1)
Chiing minh tuong tu: MAD = MDA hay MAB = MDA  (2) (D thugc AB)
Tit (1), (2) va NBA = MDA (hai géc ddng vi va DE // BC) nén NAB = MAB
Mit khéc hai tia AN va AM cung thude nia mit phing ¢6 bd AB, nén hai tia AN va
AM triing nhau.
Vay A, M, N thdng hang.
Bai 19. (Lo’p 7) Cho ba didm A, B, C thudc dudng thing m. Qua A va B 14dn lugt vé céc
du'dng thing a va b song song véi nhau (a khéng vudng gbc vGi m). Tt C v& CD vudng

géc véi a tai D, CD cit b tai E. Lay M thuge a va N thude b sao cho D l1a trung diém
cta AM va E la trung diém ciia BN. Chiéng minh réng C, M, N thing hang.

Loi gidi
Tac6: CD L AM(CD La)va AM/BN{a/b)
= CD L BN tai E ' m
ABCN ¢6: , C/
CE la dudng cao (CD L BN & E) vita 14 dudng trung tuyén (E
1& trung diém etia BN)
Nén ABCN can tai C = CNB =CBN 2 Ao M
Ma BCN + CBN + CNB = 180° (t8ng ba géc clia mdt tam gidc) \
Nén BCN + CBN + CBN = 180° b "
= BCN =180° 26BN | /B E

Chéng minh tuong tu: ACM = 180° - 2CAM _
Ma CBN = CAM (hai géc déng vi va a / b). Nén BCN = ACM hay BCN =BCM (vi A
thude BC) | |
Mat khdc hai tia CN va CM cung thuoc nifa mit phing cé by BC, nén hai tia CN va
AM trimg nhau.

~ Vay C, M, N théng hang. ‘

Ba1 20 {Lép 7) Cho tam gidc ABC vudng tai A. Ve cde diém M va N ndm ngoai tam gidc
sao cho tam gidc MAB vudng cén tai M va tam gidc NAC vudng cén tai N. Ching minh
riéng: M, A, N thdng hang. '

Lot giad
Ta ¢6: MAB = 45° (AMAB vudng can tai M)
BAC = 90° (AABC vuéng tai A)
CAN = 45° (ANAC vubng can tai N)
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Do dé: MAB + BAC + CAN = 45° + 90° + 45°
= MAN = 180°
Vay M, A, N thing hang.
Bai 21. (Lép 7) Cho tam gide ABC ¢6 A =30°, B =40°. V& diém D nim ngoai tam gidc
sao cho tam gidc DAC can tai D va ADC = 40°. Ching minh ring B, C, D thdng hang.
L7 gidi "
AABC c6: |
BCA + CAB + ABC = 180° (t8ng ba géc clia mdt tam gidc) A
= BCA +30° + 40° = 180°

= BCA = 180" - (30° + 40°%) y
Cé ADAC can tai D (gt) B C ' D

= CAD = ACD ma ACD+CAD+ ADC = 180° (tdng ba g6c clia mdt tam gide) va
ADC = 40°, nén ACD + ACD +40° = 180° = 2ACD = 180° — 40°

= ACD =140°:2 = ACD =70°, Khi d6 BCD = BCA + ACD = 110° + 70°

= BCD =180°

Vay B, C, D thing hang.

Bai 22. (Lép 7) Cho xOy = 90°, Trén céc tia Ox, Oy l4n lugt 14y céc diém A, B (A va B
khéc O). Pubng trung tryc cha doan thdng OA va dudng trung truc cia doan i:hﬁng OB
giao nhau tai M. Chu‘ng minh ring ba diém AMB théng hang.

- Lt giai
Goi H, K theo thi tu 1a trung diém cla cdc doan thing OA, OB.
= MH L OA tai H (vi M n3im trén dudng trung truc cba doan thing OA)
= MH / OB (vi ciing vuéng gbe v6i OA)
Chitng minh tuong tu: MK / OA ma MH 1 OA, nén MH | MK = HMK = 90°
CoMO=MAMVIM ném trén dudng trung truc cia doan thdng OA)
= AMOA can tai M ma MH Ia duong cao (MH 1 OA) nén MH ciing 1a dutng phan gléc
ctia AMOA.

Cht’z’hg minh tuong tiu: *
AMOB cén tai M ¢6 MK la dutrng cao. Al
Ta c6: : 1 \\\
MBEK = MOK (AMOB céan tai M, M thuéc OB) Hh M
MOK = OMH (hai géc so le trong va MH // OB) ~ ¢
OMH = AMH (MH Ia tia phan gidc clia géc OMA) 6 # I} # \\B 5

Do dé: MBK = AMH ‘
Ma MBK_+:KMB = 90° (AMKB vu@ng'tai K), nén AMH + KMB = 9.0O
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= AMH + HMK + KMB = 90° + 90° (vi HMK = 90°)
= AMB = 180°
Do d6 ba diém A, M, B thing hang.
Bai 23. (L6p 7) Cho tam gidc ABC c6 AB = 9, BC = 12 va CA = 15. V& diém M sao cho
MB = 16 va MC = 20. Chitng minh ring: A, B, M thing hang. :
Lot giid
Trudng hop M va A naim khéc phia v6i BC
AABC c¢6: AC® = 15% = 225 .
AB® + BC® = 9% + 127 = 225
Do d6 AC? = AB? + BC?
= AABC vudng ta: B (dinh 1i Py-ta-go ddo)
AMBC c6: MC? = 20% = 400 , A B M
MB? + BC? = 162 + 122 = 400
Do 46 MC? = MB? + BC* = AMBC vudng tai B (dinh 1i Py-ta-go ddo)
Ta c6 AB 1L BC tai B (AABC vudng ﬁai B) v&a MB L BC tai B (AMBC vudng tai B)
= AB tring vdi MB
Vay A, B, M théing hang.
Trudng hop M va A nim cing phia véi BC, ching ta chiing minh tuong ty nhu trén.
» Nhan xét: Ching ta c6 thé ding phuong phép “gée bl” d€ ching minh: A, B, M
thing hang.

Bai todn cho bigt 49 dai ba canh cla ciing mot tam gidc. biéu nay gcn ¥ cho chiing ta
nghi dén dink 1y Py-ta-go déo, ¢6 thé ching minh sy vudng géc.

Bai 24. (Lép 7) Cho ba diém A, B, C thude dudng thing m. Qua A va B lan lugt vé cdc
dudng théng a va b song song véi nhau (a khodng vudng géc v8i m). Pubng trung truc
cta doan thing AC cdt a tai M; dudng trung truc cia doan thdng BC cét b tai N.
Ching minh réing ba diém M, N, C ciing niim trén mdt dudng thing. |

' ' Lai gidi ' '
Ta c6: NB = NC (vi N niim trén dudng trung truc cha doan thing BC)
— ANBC can tai N | | |
= ACN = NBC (B thugc AC)
Ching minh tuong tu: ACM = MAC
Ma NBC = MAC (hai géc dong vi va AM // NB)
Nén ACN = ACM
Mat khéc hai tia CN, CM cing thuéc nlra mit m L/
phang ¢ bf)' AC. Do d6 tia CN trung vd6i tia CM. / A / B
Vay ba didm M, N, C cling nfim trén mot dudng théng

Bai 25. (Lép 7) Cho tam gidc ABC vudng tai A. Pudng thdng di qua B song song véi AC

va dudng thing di qua C song song v6i AB cit nhau tai D. Pudng trung tryc cia doan

thing AB cit canh BC tai 0. Chdng minh r&ng ba diém A, O, D théng hang.
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Loi giai

Xét AABC va ADCB, ta cé6:

ABC = DCB (hai géc so le trong va CD // AB)

BC (¢anh chung) |

ACB = DBC - (hai géc so le trong va BD // AC)
Do d6 AABC = ADCB (g.c.g)
Ta c6: AB L AC (AABC vubng tai A) :
va BD // AC (gt) = AB L BD ma CD / AB (gt), nén BD L. CD
Xét AABD v ACDB, ta c6: D

AB = CD (AABC = ADCB), ABD = CDB(=90°), BD (canh chung)
Do dé AABD = ACDB (c.g.c) _
Ta c6: OA = OB (Vi O nim trén dudng trung truc ciia doan thing AB)
= AOAB cén tai O
= BAO = ABC (O « BC) |
Ma ABC = DCB (hai géc so le trong va CD // AB) va DCB = BAD (ACDB = AABD)
Nén BAO = BAD
Mat khdc hai tia AO va AD cung thudc nira mat phang c6 bo AB.
Do d6 hai tia AO va AD tring nhau.
Vay ba diém A, O, D thing hang.

Bai 26. (Lép 7) Cho diém A nim bén trong géc xOy (xOy < 180°). Piém B thudc tia Ox,
diém C thude tia Oy sao cho AB + BC + CA cé gid tri nhd nh4t. Goi D 1a diém ddi xdng
cda A qua Oy. Chdng minh ring: B, C, D thing hang.

Loi giai
Goi E 1a diém d6i xdng ctia A qua Ox. '
= Dudng thing chia tia Ox 1a dudng .tru‘ng true clia AE
Ma B thude Ox (gt). Nén AB = EB
Ching minh tuong tu: CA=CD
Liic d6 AB + BC + CA = EB + BC + CD
Xét ba diém E, B, C ta c6: _
EB + BC > EC (quy tc ba di&m)

< EB+BC+CD=EC+CD

- D4u “=" xdy ra <> B niim giita E va C.
X6t ba diém E, C, D ta ¢6: EC + CD > ED (quy tdc ba diém)
Diu“="xdyra<> CndmgitaEva D
Do d6 AB + BC + CA > ED (khong d6i, vi E va D ¢ dinh)
D4u “=” x3y ra, nghia 12 AB + BC + CA c6 gi4 tri nhd nhat
<> B niim giita E va C déng thti C n3m giita E va D,
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& E, B, C thing hang va E, C, D thing hang
< E, B, C, D théing hang (vi cdc diém nay cung thudc dudng thing EC)
Vay B, C, D thiang hang. :

Bai 27. (Lép 7) Cho tam gidc ABC nhon (AB < AC) ¢6 M 12 trung diém cta BC. Trén nifa
mét phing by BC khong chita A 18y cde di€m D, E sao cho BC la dudmng trung truc cla
AD vé ABCD = ACBE. Chiing minh: A, M, E thdng hang.

: Lot giai .

Ta c6: AB = DB (B thude dudng trung tric cia AD) va DB EC (ABCD = ACBE)
= AB = EC
Ching minh tuong tu: AC = EB _
AABC va AECB c6: AB = EC, AC = EB, BC {canh ehung)
Do d6 AABC = AECB (c.c.c) = ABC = ECB B
AAMB va AEMC c6:

MB = MC (M 14 trung diém cta BC)

ABM = ECM (ABC = ECB, M < BC)

AB = EC
Do 46 AAMB = AEMC (c.g.c) = AMB = EMC = AMB + BME = EMC + BME
Hay AME = 180" (vi EMC va BME ké bu)
Vay A, M, E thing hang.

Bai 28. (Lop 7) Cho tam gidc ABC vubng tai A c6 dudng cac AH (H ¢ BC). Trén canh AB lay
diém M sao cho AM = AH. Goi I 1a di€m céch déu ba canh cta tam gidc AHB va K 12 diém
cach ddu ba canh cda tam gide AHC. Ching minh ring ba diém M, I, K théng hang.

L gidi
Ta ¢6 I 14 diém céch déu ba canh cla AAHB (gt)
=> 114 giao diém ba dudng phén gidc ctia AAHB

= AHI= -‘f;-p”:ﬁ“B, ma AHB = 90° (AH 1a dudng cao cia AABC) nén AHI = 45°

AAMI va AAHI c6: AM = AH (gt), TAM = TAHL (Al 1a tia phan gidc cia géc BAH, M
thudc AB)

Do d6 AAMI = AAHI (e.g.c) = AMI = AHI ma AHI = 45° nén AMI 45"

L4y diém N trén canh AC sao cho AN = AH

= AM = AN (= AH) = AAMN cén tai A

Ma MAN = 90° (BAC = 90°, M e AB, N e AC)

Nén AAMN vuéng cén tai A

= AMN = ANM = 45°

Do d6 AMI = AMN (= 45°) = Tia MI tring v6i tia MN
= M, I, N thing hang (1)
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Ching minh tuong ty: M, K, N thdng hang (2)
Tir (1) va (2) suy ra bén diém M, I, K, N théng hang.
Vay ba diém M, I, K thing hang.

Bai 29. (Lép 7) Cho géc xOy khée géc bet ¢6 Oz 1a tia phéin gxéc va M thuoc tia Oz (M
khéc 0). Pudng thdng qua M song song véi Oy cdt Ox tai A, Dudng thing qua M song
song v6i Ox cdt Oy tai B. Puong thing qua O vuéng goe véi Ox va dudng thdng qua M
vudng géc véi Oy & H cit nhau tai C. Ching minh ba diém A, B, C thing hang.

Lo3 gidi '

Ta c6: -AMO = MOB (so le trong, MA // OB) - ‘ L
va MOB = MOA (Oz 12 tia phén gidc cta gée xOy, M € Oz, A € Ox B £ Oy)
= AMO = MOA ‘
= AAOM can taj A
= AO0=AM - (1) -
Ching minh tuong tu: BO = BM (2)
Ve MK 1 Ox tai K = MK // OC (¢ung LOx)
AOHM vudng tai H va AOKM vudng tai K c6:
OM la canh huyén chung vd MOH = MOK
(Oz la tia phén gide cha géc xOy)

" MeOz,Ke Ox, He Oy) -

Do d6 AOHM = AOKM (canh huyén - géc nhon) - - -
= OMH = OME hay OMC = OME (H ¢ MC)
Ma OMK = MOC (so le trong va MK // OC)
Nén OMC = MOC = AOMC can tai C = CO=CM (3)
Tit (1), (2) va (3) ta c6: A, B, C ciing thudc dudng trung tn_t'c cia OM -
Vay ba diém A B C thang hang.

Bai 30. (Lép 7) Cho tam gide ABC vudng tai A. Trén canh BC ldy D sao cho BD = ‘BA. Putmg
théng vudbng géc véi BC tai D cdt dudng thing BA tai E, AC cit DE tai L. Goi H va K l4n
lugt 1a trung diém cGia AD va CE. Chimg minh ring ba diém: H, I, K théng hang.

| 2o i : . L T
- AABC va ADBE ¢6: ABC = DBE (géc chung), BA = BD (gt), BAC BI}E (,... o")
Do d6 AABC = ADBE(gcg) o AR
= BC = BE (hai canh tuong tng) ‘ | : - B
=> BD + DC = BA + AE (D na&m giita B va C; Anémgw‘an&E} A
Ma BD = BA (gt) nén DC = AE
ADCI va AAEI ¢6: CDI = EAI(= 90°)
DC = AE (ching minh trén)
DCI = AEI (AABC = ADBE)
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Do d6 ADCI = AAEI (g.c.g)
ATDB vudng tai D va AIAB vubng tal A, c6:
IB 1a canh huyén chung
DI = A1 (ADCI = AAED)
Do d6 AIDB = AIAB (¢anh huyén — canh géc vudng)
= IBD = IBA (hai géc tuong ing)
=> BI 12 tia phén gidc cia géc ABD
AABD c6 BD = BA (gt} = AABD cén tai B
Ma BH 1a dudng trung tuyén cta AABD (H 1a trung diém cia AD) nén BH ciing 12
dudng phéan gidc cia AABD
= BH 1a tia phéan gidc cda géc ABD
AEBC ¢6 BC = BE (AABC = ADBE)
= AEBC can tai B, ma BK la dutng trung tuyén cha AEBC (K 1a trung dlém cia CE)
nén BK ciing la dudng phén gigdce cha AEBC
=> BK la tia phén gidc cha géc EBC hay cia géc ABD (A ¢ BE, D € BC)
Ta c6 BH, BI, BK cling 14 tia phan giéc cta géc ABD
= Céc diém B, H, I, K thing hang.
Vay H, I, K thing hang.

Bai 31. (Lép 7) Cho tam gide nhon ABC ¢6 diém D nim bén trong tam giac sao cho
ADC = BDC =120°, Vé tam gidc déu BDE (A va E nlm khdc phia d6i véi BD). Ching
minh ring: A, D, E thing hang. '

Lt gidai
Ta ¢6: ADB + BDC + CDA = 360°
= ADB+120° +120° = 360° (BDC = CDA =120°)
= ADB = 360° - 120" ~120°
= ADB =120°
Ma BDE = 60° (ABDE déu).
Nén ADB + BDE = 120° + 60° = ADE = 180°
Vay A, D, E thing hang.

Bai 82. (Lép 7) Cho tam gidc nhon ABC c6 diém D n¥m bén trong tam gide sao cho
BDC = CDA =120°. V& tam gidc déu BCM (M va A na&m khdc phia véi BO). Ching
minh ring A, D, M thing hang

L gidi
Céch 1: Ve tam gidc déu BDE (A va E nim khdc ph:.a v6i BD)
Ta ¢6; ADB + BDC + CDA = 360° :
- KDB+120° +120° = 360° (BDC = GDA = 120°)
- ADB = 360° - 120° — 120° | |
- ADB =120°, ma BDE = 60° (ABDE déuw)
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Nén ADB + BDE =120" + 60° = ADE = 180°
= A, D, E thing hang (1)
Ta c6: MBE + EBC = MBC = 60° (ABCM déu)
va CBD + EBC = DBE = 60° (ABDE déu)
= MBE = CBD
AMBE va ACBD c6: | B
MB = CB (ABCM déu),
MBE = CBD,
BE = BD (ABDE déu)
Do d6 AMBE = ACBD (c.g.c)
— BEM = BDC (hai géc tuong tng)
ma BDC = 120° (gt) nén BEM = 120°
= DEB + BEM = 60" +120° (DEB = 60°, ABDE déu)
= DEM = 180° = D, E, M théng hang (2)
Tt (1) va (2) suy ra cde diém A, D, E, M thing hang (Vi cac dnem A D, E M cung
thude dudng thang DE)
Vay A, D, M thdng hang.
Céch 2: V& MH 1 DB tai H, MK 1 DC tai K
Chimg minh duge: DCM + DBM + BDC + BMC = 360°
Ma BDC = 120° (gt), BMC = 60° (ABCM déu)
Nén DCM + DBM = 120° + 60° = 360°
= DCM + DBM = 360° - 120° - 60°
=5 DOM + DBM = 180°
Ma HBM + DBM = 180° (ké bu). Nén DCM = HBM
AKCM vudng tai K va AHBM vuong tai H c6:
MC = MB (ABCM déu)
KCM = HBM (DCM = HBM, K e DC)
Do dé AKCM = AHBM (canh huyén — géc nhon)
= MK = MH (hai canh tuong {ng)
Ma M nim bén trong gée BDC, MK + DC 6 Kva MH L. DB & H nén M thuge tia phan

gidc cta géc BDC.
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_, NMDC = 60° (BDC = 120°)
= MDC + CDA = 60° +120° (CDA =120°)
=> MDA =180°
Vay A, D, M thdng hang.
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Lat ad. LLOp /) Lho tam gilac ABL vubng tai A, ¢ duong cao AH. Trén cdc tia AH, BC lan
lugt 1dy cdc diém D, E sao cho AD = AC va BE = BA. Goi F 1a trung diém cia CD.
Chitng minh A, E, F thing hang. _ : T

Lo q:’ﬁi
ABAE ¢6 BE = BA (gt).'
=> ABAE c4n tai B
= HEA = BAE , ma HAR +HEA 90° (AAHE vudng & H)
va EAC + BAE = 90° (AABC vudng & A)
Nén HAE = EAC = AE Ia dung phan gidc etia CAD
AACD ¢6 AD = AC (gt) = AACD cén tai A
Ma AF 1a dudng trung tuyén (F la trung diém cha CD) 7 ,
Nén AF ciing la duong phan gidc cia CAD. Do d6 AE trung véi AF
Vay A, E, F thing hang.

Bai 384. (L6ép 7) Cho tam gidc nhon ABC 6 diém M nim ben trong tam gidc sao cho MA +
MB + MC c6 gid tri nhé nhdt. V& tam gidc deu BMN (tia BM ném gitfa hai tia BA va
BN). Chitng minh ring: A, M, N thing hang.

L7 gidt

Trén nita mat phing bdy BC khéng diém A vé dxem D sao cho ABCD déu
=>Dcddinh _
Ta c6: MBC + CBN = 60° (= MBN, ABMN déu) A
Va NBD + CBN = 60° (= CBD, ABCD déu) = MBC = NBD
AMBC va =NBD ¢6: BM = BN (ABMN déu)

MBC = NBD

BC = BD (ABCD déu)
Do d6 AMBC = ANBD (c.g.c) = MC = ND
Ta c6: MA + MB + MC = AM + MN + ND (MB = MN, MC = ND)
Ma AM + MN + ND > AD D
Nén MA + MB + MC > AD (khdng d8i)
D&u “=” x3y ra khi va chi khi A, M, N, D thdng hang theo th tu dé.
Lic d6 MA + MB + MC c6 gi4 tri nhd nhé&t (théa méan dé bai)
Vay A, M, N thing hang khi MA + MB + MC ¢6 gi4 trj nhé nhat,

Bai 35. (Lép 7) Cho tam gide nhon ABC (AB < AC). V2 phia ngoai tam gidc ABC v8 cdc
tam gidc ABD va ACE lan lugt vudng cin tai B va tai C. Budng thing qua B vubng géc
v6i CD va dudng thdng qua C vudng géc v6i BE cit nhau tai F. BE cét CD tal H.
Chiing minh F, A, H thing hang. - ¥

Lii giai .
Vé AP LBCtai P . :
Trén tia d6i cla tia AP 14y diém S sao cho AS = BC; SB ciit CD tai M, SC cit BC tai N.
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Ta c6: SAB = APB + ABC (gbe ngoal cia AABP)
va CBD = ABD + ABC va APB = ABD(= 90")= SAB = CBD
ASAB va ACBD c6: FNS
AS = BC (cdch vé)
SAB = CBD
AB = BD (AABD cén tai B)
Do dé ASAB = ACBD (c.g.c)
=> ABS = BDC .
ma ABS + SBD = ABD = 90" (AABD vuéng tai B) B
nén BDC + SBD = 90° = SﬁD =90° (SMD la gée ngoai cia AMDB) = BS L CD
Chdng minh tuong tu: CS 1L BE
Do dé dudmg thing qua B vudng gée véi CD va du&mg théng qua C vuong géc BE cit
nhau tai S. :
Ma ¥ cing c6 ddc diém nay (gt) nén S =F = F, A P thing hang.
Xét ASBC, ta cé: BE la dutng cao (BE L 8C), CD la dm’mg cao (CD 1 8B)
BE c¢ét CD tai H. Do 46 H 1a truc tam cia ASBC
= AH 1 BC, ma AP L BC nén AH = AP
= A, H, P thdng hang ma F, A, P thing hang.
Do d6 F, A, H, P thing hang
Vay F, A, H thing hang
-+ Nhan xét: Vé thém cdc diém S, P va chiing minh du’o’c S=FIla ero'c then chot cla
loi giai. ' ' '
Bai 36. (Ldp 7) Cho tam gide ABC cén tai A ¢6 BAC =80°. Liy M niim bén trong tam
gide ABC sao cho MAB = MCB = 10°. Trén canh AC 14y N v6i AN BM Chu’ng minh:
B, M, N théiing hang.

Lot gidi

Tir gia thiét suy ra:

ACB = 50", MCA = 40°, MAC = 70°
= AMC =70"
= AACM cén tai C
V& D nam bén trong AACM sao cho AAMD déu.
‘Ching minh duge: o '
ADCA = ADCM (c.c.c) = ACD = 20°
AABM = =ACD (c.g.c) = ABM = ACD

= ABM = 20°

AMAB c6 MAB = 10" va ABM = 20° = AMB = 150°
Vé diém E nim bén trong AABN sao cho AAEN déu => BAE = 20° va AE = BM (= AN)
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Chitng minh duge: AAEB = ABMA {(c.g.c) .

= AEB = AMB = AEB =150°, ma AEN = 60° nén NEB = 150°

Lic d6 AAEB = ANEB (c.g.c) '

= ABE = NBE = BE la tia phan gidc ctia géc ABN = ABN = 2EBA

Ma EBA = MAB (AAEB = ABMA). Nén ABN = 2MAB = ABN = 20

Do d6 ABM = ABN(=20°) = tia BM = tia BN

Vay B, M, N théng hang. ‘

Bai 87. (Lép 7) Cho tam gidc nhon ABC (AB < AC) ¢6 hai dudng cao AD va CF cit nhau
tai H. LAy K nim gilta A va C. Goi I 1a tryc t&m cda tam gide CKH. Chitng minh: B, H,
I thing hang. |

_ L gidi

AABC c6: AD 1a dudng cao (gt)

CF 1a dudng cao (gt)

AD cdt CF tai H .
Do d6 H 1a trye tdm ctia AABC = BH 1 AC
Xét ACKH, ta c¢6: I 1a truc tdm cha ACKH (gt)
= HI L KC hay HI | AC (K « AC),
ma BH | AC nén BH =HI
Vay B, H, I thdng hang.

Bai 38. (Lép 7) Cho tam gidc ABC c6 ba gée nhon (AB < AC) va H 1a tryc tdm. Vé phia
ngoai tam gidc ABC vé tam gidc AMB vudng cn tai A va tam gidc ANC ciing vudng
can tai A. Goi I 14 trung diém cia MN. Ching minh: I, A, H thing hang.

' Lo gidi ‘ ‘
Goi D 1 giao diém cfia dudng thing IA va canh BC. Liy E trén tia d6i ciia tia IA sao
cho I 14 trung diém cha AE.
Xét ATEM va AIAN, ta ¢d:
IE = IA (I 14 trung diém ctia AE)
EIM = AIN (hai géc d6i dinh) | M
IM = IN (I 12 trung diém cia MN)
Do d6 ATEM = AIAN (c.g.c) = IME = INA,
ma IME va INA & vi tri so le trong nén ME // AN ‘
= EMA + MAN =180° (hai goc trong ciing phia) (1) B ‘ D C
Ta ¢6: CAB + BAM + MAN + NAC = 360°
=> CAB +90° + MAN + 90° = 860° (AAMB vubng tai A, AANC vudng tai A)
= CAB+ MAN =180° (2)
Tir (1) va (2), ta c6: EMA = CAB
ME = AN (AIEM = AIAN)
AN = AC (AANC cén tai A)

E

' Tacé:{ = ME = AC
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AAME va AABC c6: ‘
MA = AB (AAMB cén tai A), EMA = CAB, ME = AC
Do dé6 AAME = ABAC (c.g.c)
— MAE = ABC = MAE + MAB + BAD = ABC + MAB + BAD
Do d6 ABC + MAB + BAD = 180° (E, A, D thing hang)
Ma ABC + ADB + BAD = 180° (t8ng ba géc trong tam gidc)
nén ADB = MAB => ADB = 90° (AAMB vubng tai M)
= AD 1 BC, ma AH | BC (H la tryc tam cta AABC)
nén AD = AH => A, H, D thng hang. Mat khéc I, A, D thing hang (theo cdch v&)
= I, A, H, D thing hang. '
Vay 1, A, H thidng hang.
Bai 39. (Lép 8) Cho tit gidc 16i ABCD. M 12 diém ndm bén trong td gide théa min MA +
MB + MC + MD = AC + BD. Ching minh ring: A, M, C thing hang.
Lii gidi B
Xét ba didm A, M, C ta ¢6: AM + MC = AC (Quy téc ba diém) A
Dau “=” xdy ra khi va chi khi M ném gitta Ava C
Xét ba diém B, M, D ta ¢6: BM + MC > BD (Quy tdc ba diém)
Déu “=" x4y ra khi va chi khi M nim gitta B va D L 4
Do d6 MA + MB + MC + MD > AC + BD
D4u “=” x4y ra khi va chi khi: MA + MB + MC + MD = AC + BD (cung chinh 1& gt)
Khi v chi khi M n3m giita A va C ddng thdi M n3m giita B va D khi va chi khi M 1a
giao diém cha AC va BD.
Vay A, M, C thing hang.
Bai 40. (Lép 8) Cho hinh binh hang ABCD. M 1a diém nim bén trong hinh binh hanh 46

sao cho MB? + MD? = %BD”‘. Ching minh ring: A, M, C thdng hang.

Livt gidii
Ta ¢6: (MB - MDY’ 2 0
< MB? + MD? = 2MB.MD
& 2(MB? + MD?) = MB® + 2MB.MD + MD?

< MB? + MD? » %(MB + MDY (1)

Xét ba diém B, M, D ta cé:
MB + MD = BD (quy tic ba diém)

—(MB + MD) 2 BD2 (2)

Tu (1) va (2), suy ra MB? + MD? > -2}‘-131)2
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Ddu “=" xdy ra < MB* + MD? = -;—BD2 (cting chinh la gia thi&t)

Do dé {ﬁBn;mMgifm B va D < M la trung diém ciia BD

Xét hinh binh hanh ABCD, ta cé:

Hai dutng chéo AC va BD cét nhau tai trung diém cha mbdi dLro'ng (tmh chat hinh bmh hanh)
Ma M 14 trung diém cha BD, nén M cung la trung diém cia AC.

Vay A, M, C thidng hang.

Bai 41. (Lép 8) Cho tam gidc ABCvudng tai A c6 MIa trung diém cia BC. Trén cdc canh
AB, AC 1an ligt 1dy cdc diém E, F sao cho ME + MF = —;—(AB + AC). Goi I 1a trung

diém cta EF. Chu’ng minh rdng: A, I, M thing hang.
Lot gided
Ve MH_LABtaiH,MK_LACtaiK
Theo quan hé gitta dudng xién va dudng vubng goc, ta cb:
ME z MH va MF > MK = ME + MF = MH + MK (1)
M la trung diém cta BC (gt)
AABC c6: {MH// AC (L AB)
He AB E

= H la trung diém clia AB B —
Do d6 MH la dubng trung binh cia AABC = MH = %AC

Chiing minh tuong tu: MK = %AB. Do d6 MH + MK = %(AB +AO @
Tit (1) vA (2), ta c6 ME + MF > %(AB + AC)

Dau “=” x3y ra ¢<»> ME + MF = —;—'(AB + AC) (ciing chinh 1a gt)

- {E =H
F=K
Luc d6 t¢ gide AEMF ¢6 HAK = AHM = AKM = 90°
= T\t gidc AEMF la hinh chit nhat (td gidc ¢6 ba géc vudng)
= Hai duding chéo AM va EF c6 chung mét trung diém, ma I 1a trung diém cia EF (gt)
nén I ia ciing I3 trung diém cha AM. Viy A, I, M thing hang.
Bai 42. (Lép 8) Cho tam gidc ABC cén tai A. Trén cdc canh AB, AC ldn lugt 14y cdc diém

E, F sao cho ME + MF = i"gc Goi I 1a trung diém cta EF. Chiing minh ring: A, I, M
thing hang.
L gidd
Vé MH L AB tai H, MK 1L AC tai K
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Theo quan hé giita duding xién va dudng vudng géc, ta cb:
ME = MH va MF = MK
= ME + MF > MH + MK (1)

Ta e¢6: MH = 28 , MK = 25uac va AC = AB (AABC can tai A) A
AB AC o p
= MH + MK = 250 + 2Bya¢ '
_ AB AB {
28 . F
= MH + MK = 2228 (2) !
| K
Tir (1), (2) ta ¢6: ME + MF 2 g«-%gﬁ- K : I ’
M T C

Dau “=" x4y ra. Do d6 {E H {ME L AB fai

F=K |MF L{ACtai F
AABC cin tai A c6 AM la dudng trung tuyén (M 12 trung diém ciia BC)
= AM ciing 1a dudng phén giac
AAEM vudng tai E vd AAFM vudng tai F, cé:
AM 14 canh huyén chung
MAE = MAF (AM la dudng phan gnic cda BAC)
Do d6 AAEM = AAFM (canh huyén — géc nhon)
= AE = AF, ME = MF; ma IE = IF (I 14 trung diém EF)
Nén A, I, M cing nim trén dudng trung truc cia EF.
Vay A, I, M thing hang.

Bai 43. (Ldp 8) Cho. tam gide ABC vudng tai Acé M Ia trung dlem cha BC Tren cdc canh

AB, AC l4n lugt lay cic diém E, F sao cho ME. MF = éSABC Goi D 1a trung diém cia

EF. Chiing minh ring: A, D, M thing hang.
L gidd

Ve MH L ABtai H '

MK LACtai K : : : -
Ta c6: ME > MH, MF > MK (quan hé giita dudng xién v du’émg vudng géc)
= ME.MF > MH.MK (1)
AABC c6: M 1a trung diém ciia BC (gt), va MH // AC (cung vubng géc véi AB)
= H 1a trung diém cGa AB

Do_dd MH 1a dutng trung binh ciia AABRC :>MH m_«lzmAC
Chéng minh tuong ty: MK = %AB

Do d6 MH.MEK m% 1 AcAB

Ma AABC vudng tai A (gt)




nén MH.MK = %sm (2)

Tit (1) va (2) suy ra ME.MF 2 %SABC

Déiu “=” xdy ra <> ME.MF = %SABC (ciing chinh 1a gt)

> E tring H va F tring K

Xét tit gidc AEMF, ta c6:

EAF = 90" (BAC =90°, E ¢ AB, F € AC)

MEA = 90° (E = H, MH L AB tai H)

MFA = 90° (F = K, MK L AC tai K)
Do dé t gisc AEMF l1a hinh chit nhat (d&u hiu nhéan bigt)
=» Hai dudng chéo AM va EF cit nhau tai trung di€ém cda mdi dudng
Ma D la trung diém clia EF (gt), nén D ciing l& trung diém ctia AM
Vay A, D, M thdng hang.

Bai 44. (Lop 8) Cho ti gidec ABCD ¢6 BAC = 2ACD, DAC = 2ACB va AB = AD. Goi O 1a
trung diém cta BD. Ching minh: A, O, C thing hang.
Lot gidd

Trén tia 461 cta AC 14y diém S sao cho AS = AB.
=> AABS cén tai A = m:@,
Ma BAC = ABS + ASB (géc ngoai dinh A ctia AABS) A
Nén BAC = 2ASB

= ASB = ACD (vi BAC = 2ACD). B 0 D
Ma ASB va ACD® vi tri so le trong nén BS // CD

Ta ¢6 AS = AB {cach v&), AB = AD (gt)

= AS = AD = AADS can tai A 4

Chitng minh tuong ty: DS / CB

T gide BSDC ¢6 BS // CD va DS // CB nén t gidc BSDC la hinh binh hanh (D4u hidu
nhén bist) = SC va BD ¢6 chung mot trung diém, ma O 14 trung diém cda BD (gt) nén
O ciing 14 trung diém cta SC.

= 8, O, C thing hang. Ma 8, A, C thing hang nén A, O, C thdng hang.

Bai 45. (Lép 7) Cho tam gidc ABC ¢6 M la trung diém cda AC. Trén tia BM 1dy diém D
sao cho M la trung diém cila doan théng BD. V& diém E théa man AE song song véi
BD va AE = BD (véi C va E ciing thudc nita mit phing c6 by AB). Chitng minh ring ba
diém C, D, E thing hang.

Loi gidi
AADE va ADAB cé: AD (canh chung)
DAE = ADB (hai géc so le trong va AE / BD)
AE = DB (gt)
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Do d6 AADE = ADAB (c.g.c) = ADE = DAB
Ma ADE va DAB & vi tri so le trong, nén DE // AB
AMCD va AMAB cé:
MC = MA (Vi M 1 trung diém cta AC)
¢MD = AMB (hai géc d8i dinh)*
MD = MB (Vi M la trung diém ciia BD)
Do d6 AMCD = AMAB (c.g.c) = MCD = MAB
Ma MCD va MAB & vi tri so le trong nén DC / AB®
Ta ¢6: DE // AB, DC // AB va D n&m ngoai AB.
Nén hai dudng thing DE va DC tring nhau (Tién dé J-clit)
Do d6 C, D, E thing hang.

Bai 46. (Lép 8) Cho hinh chif nhat ABCD ¢6 M, N, P, Q lan lugt thude cdc canh AB, AC,
CD, DA sao cho MQ song song véi NP, Goi E la trung diém cla PQ. Ching minh ring
khi chu vi t& gide MNPQ dat gid tri nhé nh4t thi ba diém D, E, B thing hang. '

Lot giai ‘

Goi F la trung diém cha MN.
Xét AMBN vudng tai B, ta ¢6: BF la dudng trung tuyen (F la trung diém cia MN)

A M B
Chitng minh tuong ty DE = %PQ @ 1)

N

Xét hinh thang MNPQ (MQ // NP), ta c6: A g
E, F lan lugt 12 trung dim cia PQ va MN

=> EF 1& dudng trung binh cda hinh thang MNPQ D P ' C

= EF = -12~(NP +QM) 3)

T (1), (2) va (8) suy ra: MN + NP + PQ + QM = 2(DE + EF + FB)
Hay Pyuq = 2DE + EF + FB) (v6i Py 12 chu vi t gide MNPQ)
Ta ¢6: DE + EF 2 DF (quy tdc ba diém D, E, F)
- DE + EF + FB 2 DF + FB
Ma DE + FB = DB (quy tdc ba diém D, ¥, B). Nén DE + EF + FB = DB
- Do dé PMNI’Q = 2DB (khéng déi)
E nim gita D va F
F n¥m giita D va B
Vay khi Pyeq ¢6 gid tri nhd nhat thi D, E , B thdng hang.
Bai 47. (Lép 8) Cho tam gidc ABC vuong tai A, C=30° va AH la dudng cao. Goi D la
diém d6i xtng cda C qua H. Vé DK vuéng géc vérx AB tai K va v& hinh chit nh4t AHCL
Ching minh I, H, K thing hang.

Déu “=” xdy ra & { < D, E, F, B thing hang
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Lt giti
Goi O 1a giao diém cla hai dudng chéo HI va AC cda hinh chi nhat AHCI

= O 12 trung diém chung ctia HI va AC

~ HO = %-I. co = %‘3 ma HI = AC (tinh chat hinh chit nhat AHCI) nén HO = CO

= AOHC c¢an tai O = OHC = ACB,

Ma ACB = 30° (gt) nén OHC = 30°

Goi G a giao diém ciia DK va AH D
Ta c¢6: DK // AC (cling vudng géc véi AB)

— GDH = ACB (so le trong) _

Ma ADH = ACB (tinh chét d6i xdng truc)
Nén GDH = ADH = 30° (ACB = 30°)

= DH 14 dudng phén gidc clia gbe ADG va ADG GDH + ADH = 30° + 30° = 60°

AADG ¢6 DH vira 14 dudng phan gidce vita 13 duding cao '

= AADG can tai D, ma ADG = 60° nén AADG déu

Do d6 duting cao AK cha AADG déu ciing 14 dudng trung tuyén = K 13 trung diém cfa DG.
ADHG vubng tai H ¢6 HK ia dutdng trung tuyén dng véi canh huyén DG (K 1a trung
diém chia DG)

= HK:DK{ P-f-] — ADKH cén § K = KHAD - GDH

= KHD = 30° (GDH = 30°) |

‘Do d6 OHC = KHD(= 30°) = OHC + CHR = KHD + CHK
Mz OHC + CHK = OHK, KHD + CHK = 180° (hai géc ké bir)
Nén OHK = 180° = O, H,K th&ng hang

Do d6: I, O, H, K théng hang (vi cdc diém nay cing thudc dudng théng OH)

Vay I, H, K théng hang.

Bai 48. (Lop 8) Cho tam giac ABC nhon (AB < AC). Vé phia ngoi tam giac ABC Vé cac
tam gidc ABD, ACE va BCF lan lugt vuéng cén tai B, C va F. Goi O la diém d6i xdng
F qua BC. Chitng minh D, O, E thing hang.

, L gitd .

Goi I 1a trung diém cla DE. Trén tia CI 14y diém K sao cho I 13 trung diém cda CK, tia
CA cét tia DK ¢ H.
Xét t gidc CDKE, ta c6:

I1a trung diém cGa DE va CK (cdch vé) ‘ -
= Tit gidc CDKE 13 hinh binh hanh D ) —E
' ~ (d&u hiéu nhén b:et) . ) ‘_ \
= DK/ CE, ma AC 1 CE (AACE vubng can tai C) -BX C
nén AC |. DK tai H
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Xét i giac ABDH, ta c6:
BDH + DHA + HAB + ABD = 360° (t8ng s6 do cde gée trong t¢ gidc)
= BDH + 90" + HAB + 90° = 360° (AC L DK tai H va AABD vubng tai B)
= BDH + HAB = 180°. Ma BAC + HAB = 180° (ké bi)
nén BDH = BAC
Ta c6: {DH = CE (hinh binh hanh CDKE)
CE = AC (AACE cén tai C)
= DK = AC
ABDK va ABAC ¢6: BD = BA (AABD can tai B)
BDK = BAC (BDH = BAC K e DH)
DK = AC
Do dé ABDK = ABAC (c.g.c)
= BK = BC va DBK = ABC
= ABCK c¢én tai B va KBC = ABC + KBA = DBK + KBA = DBA = 900 (AABD %ufing tai B)
= ABCK vuéng cén tai B, ma BI 1a dudng trung tuyén (I 1a trung diém cha CK),
nén Bl dong thi 1a du@ng cao
= Bl L CK tal I= ABIC vuong tai I
Ma BCI = 45° (ABCK vuéng can tai B, I ¢ CK)
" Nén ABIC vubng can tail (1)
Ta ¢6 O d81 xdng véi F qua BC (gt}
= ABOC = ABFC (tinh chat ddi xing truc)
Ma ABFC vudng cén tai F (gt). Nén ABOC vudng cin tai O (2)
Tit (1), (2) va hai di€m I, O cung thuje mat nia mat phing c6 by 1A BC = 1= 0
Vay D, O, E thing hang.
Bai 49. (Lé‘p 8) Cho hinh binh hanh ABCD tam O. Trén canh AB léy diém M sao cho

AM = gAB Goi N la giao diém cda hai dudng thing MO va DC, E 1a trung diém cha

OC. Chdng minh ring: B, E, N thing hang.
Lt gidi
ACON va AAOM cé:
CON = AOM (déi dinh)
OC = OA (vi O la t4m cfia hinh binh hanh ABCD)
OCN = OAM (so le trong va CD // AB)

Do d6 ACON = AAOM (g.c.g)

= CN = AM, ma AMW%AB (gt) va AB = CD (tinh . chat hinh bmh hénh) nén

CN:%CD s ND:%CB
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Goi F 12 trung di€m ciia ND = NF = FD = —;—ND
~ NF=FD =2 2cp-1cp i ND=20CD)
2373 3

Do d6 CN = NF = FD (: %CD)

ADBN ¢6: E 1a trung diém cta OC (gt)
N 12 trung diém cia CF (CN = CF, N ¢ CF)

Do d6 EN la dudng trung binh c¢ta AOFC = EN // OF (1)

ADBN cé6: O la trung diém cta DB (O la tdm cOa hinh binh hanh ABCD)
F Ia trung diém cha NF (NF = FD, F € ND)

Do d6 OF la dudng trung binh ¢ba ADBN

= OF // BN hay BN // OF (2)

Tir (1) va (2) suy ra EN = BN (tién dé O-clit)

Vay B, E, N thing hang.

» Nhéan xét: D& nhan ra CN = ~1§CD. Nhe d6 goi ¥ cho ching ta ¥ tudng 18y ¥ 12 trung
diém cha ND d€ c6 N 1a trung diém ciia CF. Pay chinh 1a diéu c6t 15 cha i gidi.

Bai 50. (Lép 8) Cho hinh binh hanh ABCD c6 hai dudng chéo AC va BD c#t nhau tai O.
Trén canh AB 14y diém M sao cho AM = %AB Goi E 1a trung diém cha OD, N la giao
diém cha AR va CD. Chdng minh ba diém M, O, N théng hang.

Leit gidé
Hinh binh hanh ABCD c6 hai dudng chéo AC va BD cit nhau tai O (gt)
= O 1a trung diém cta AC va BD (tinh ch4t hinh binh hanh)

Ta ¢6: DE:%DO (E 14 trung diém clia OD) va DO:%DB(O la trung diém cta DB)
2'92 DB 4  DB-DE 4-1 BE 3

ADEN va ABEA c6: DEN = BEA (hai géc d6i dinh),

EDN = EBA (so le trongva DC /DB, N e DC) A M B

DN DE

Do dé6 ADEN « ABEA (g. o ennd

° ®8) = 31~ BE

DN 1 DE 1 1

S o (Wi mm = = DN = - AB
a3 BE 3 T PNT3

9 i D N C
Ta cé AMmgAB (gt) vi AM + MB = AB > MB='§AB

Tit gidc MBND c6: MB // DN (AB // DC, M e AB, N e DC), MB = DN (; %AB)

Do @6 t gidc MBND 1a hinh binh hanh (d4u hidu nhéan bigt)
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= Hai dudng chéo MN va BD c¢6 cing mdt trung diém
- Ma O 1a trung diém cta BD (chdng minh trén). Nén O 14 trung diém cha MN

Vay ba diém M, O, N théng hang.
Bai 51. (.6p 8) Cho hinh binh hanh ABCD c¢é cac dudng cao AM va AN. Butng trung trye

ctia MN cdt dudmg chéo AC tai O. Ching minh D, O, B théng hang.

Lt gidd

Goi E 1a trung diém cha AC

AAMC vudng tai M (AM 14 dudng cao cda hinh binh hanh ABCD) ¢6 ME 14 dudng trung

tuyén (E 12 trung diém cGa AC) :

1 A B
— EM = = AC P
2 e
1 1 -3
Tuong by EN = AC = EM = EN | = ZAC - N
Pty
D M C

Do d6 E la giao diém cia AC véi dudng trung truc clia MN
- = E trang O (Vi O 1a giao diém cla AC v6i dudng trung trye clia MN)
= O la trung diém clia AC (E 1a trung diém cta AC) |
Xét hinh binh hanh ABCD, ta c6 hai dudng chéo DB va AC cét nhau tai trung diém
ctia mdi dudng, ma O la trung diém cia AC nén O 14 trung diém cGa DB.
Vay D, O, B thing hang.
+ Nhan xét: P& D, O, B thing hang thi O phai 12 trung diém ctGa AC, tit d6 goi § cho
ching ta chitng minh trung diém E cGa AC trung v6i O. P4y chinh 1a diém m4&u chét
cia loi giai.

Bai 52. (Lép 8) Cho hinh binh hanh ABCD c¢6 cac dudng cao AE, AF. (E € DC, F € BC).
Goi M va N lan lugt 12 trung diém cia EF va AF. Pudng théng QUa A va vudng gbc véi
EF cit duyng thing CM tai H. Pudng trung tryc cia EF cit AC tai O. Goi K 1a giao
diém cda hai dudng thing HN va AB. Chdng minh ba diém K, O, E thing héng

Lii gidi
Goi I 1a trung diém chia AC
AAEC vudng tai E (AE 1a dudng cao ciia hinh binh ‘N /,K B
hanh ABCD) ¢6 EI 1a dudng trung tuyén (I 1a trung > ad
diém cda AC) = IE = AC H ~ 9 1 . F
e M
Tuong ty: IF = Azc booaz /

Do dé6 IE = IF = 1 1A giao diém dudng trung truc cia EF vi AC, nén 1 trung 0(0la
giao diém dutng trung tryc cia EF va AC)

= O la trung diém cta AC (vi I 1a trung diém cia AC)

AAHC ¢6: O 13 trung diém AC (chdng minh trén) va OM / AH (cung L EF)

= M 14 trung diém cta HC.
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Tir gide EHFC ¢6: M 12 trung diém cta HC va M 1a trung diém ctia EF (gt)
= T gidgc EHFC 12 hinh binh hanh (d4u hiéu nh4n biét) .
= HF // EC = HF // DC (E « DC)
Ma DC /# AB (vi ABCD 1a hinh binh hanh), Nén HF / AK (K € AB)
AANK va AFNH c6: NAK = NFH (so le trong va HF / AK)
NA = NF (N 1a trung diém cda AF)
ANK = FNH (d6i dinh)
Do d6 AANK = AFNH (g.c.g) = AK = FH
Ma FH = EC (tinh chat hinh binh hanh EHFC) nén AK = EC
Tit gide AECK ¢ AK / EC(AB/ DC, K ¢ AB, E ¢ DC) vi AK = EC (cmt)
= T gidc AECK 1a hinh binh hanh (d4u hiéu nhan biét)
= Hai dudng chéo KE va AC cét nhau tai trung diém cda m8i dudng, ma O la trung
diém cha AC nén O cing 1a trung diém cha KE.
Vay ba diém K, O, E thing hang.
Bai 58. (Ldp 8) Cho hinh binh hanh ABCD c¢6 cic dudng cao AE, AF va CG(E € DC, F ¢
CB, G € BA). Goi M, N l4n lugt 1a trung diém cha EF, FA. Dudng thing qua A va vubng
géc v6i EF cdt dudng thing CM tai H. Chiing minh ring ba diém H, N, G théng hang.

L3¢ gidi
. : o . A G B
Got O la giao diém cda AC va EG. P
Ta c6 CG L AB (CG l& dudng cao cha hinh binh /E\I %
hanh ABCD) va AB // DC (ABCD 1a hinh binh -~ 5 a
hanh) = CG 1 BC i
T gide AECG cé: D E C

AEC = 90° (AE la dudng cao ctia hinh binh hanh ABCD, E e DC)
ECG = 90" (CG 1 DC, E e DC)
CGA = 90° (CG 1a dudng cao ciia hinh binh hang ABCD, G e BA)
Do d6 ti gide AECG 14 hinh chit nhat (d4u hiéu nh4n bi&t)
=> Hai dutng chéo AC va EG c¢6 chung mét trung diém O,
AAFC vudng tai F (AF L CB tai F) c6:
FO 12 dudng trung tuyén (O l1a trung diém cha AC)

—~ FO= —;—AC, mi AC = EG (tinh chdt hinh chif nhat AECG) nén FO = %EG

AEFG c6 FO 1a duting trung tuyén (O 1a trung diém cia EG) va FO = %EG

= AEFG vubng tai F, ma O 12 trung diém cta EG (ching minh trén) va M la trung
diém cha EF (gt)

Nén OM 1a dudng trung binh cia AEFG

= OM // GF, ma GF L EF (AEFG vudng tai F)

Nén OM L EF. Do d6 OM // AH (1L EF)

272



by S TV LIV RdRg Vigh

AAHC c6: O 1a trung diém cta AC va OM / AH (chdng minh trén)
= M la trung diém ctia HC
T gide EHFC c6: M 13 trung diém cha EF (gt} va M ia trung diém cGa HC (ching
minh trén)
= Tit gide EHFC 1a hinh binh hanh (d4u hidu nhan bié’t)‘
= HF // EC va HF = EC, ma EC // AG va EC = AG (tinh chat hinh chi nhit AECG)
Nén HF // AG va HF = AG. Do d6 t giac AGFH 14 hinh hinh hanh (D&u hiéu nhan bist)
= Hai dudng chéo HG va FA ¢ chung mét trung didm, ma N la trung diém cta FA
(gt), nén N cing [a trung di€m cta HG.
Vay ba diém H, N, G thing hang. .

Bai 54. (Lép 8) Che hinh binh hanh ABCD c6 céc duding cao AE, AF va CK (E ¢ DC, F e CB
va K e BA). Goi M, N theo thit tu 1a trung diém AF va EF. Budmg thing qua A va vudng
gée voi EF cdt dubmg thing KM tai H. Chdng minh ring ba diém C, N, H théng hétng

L gici
Goi O 1a giao diém cta AC va KK, A K B
Ta c6: AE L CD (AE la dudng cao cia M
hinh binh hanh ABCD) va CD / AB (Vi
ABCD la hinh binh hanh) = AE 1 AB “~ 0 F
T gide AECK cé: /- \N“"\\
EAK = 90° (AE 1 AB, K e AB) D E c

AEC = 90" (AE 1 dudmg cao ciia hinh binh hanh ABCD, E « DC)
AKC = 90" (CK 1a dudng cao cta hinh binh hanh ABCD, K ¢ BA)
Do d6 t gide AECK 1a hinh chit nhat (D4u hidu nhan bigt)
=> Hai dudng chéo AC va EK cdt nhau tai trung diém O ctia mbi dudng
AAFC vudng tai F ¢6 FO la dudng trung tuyén (O 14 trung didm cha AC)

= FO = 2AC, ma AC = EK (tinh chdt hinh chit nhat AECK)

Nén FO = %EK |

AEFK ¢6 FO la dudng trung tuy&n (O 1a trung diém cia EX) va FO = E—EK

= AEFK vudng tai F = KF L EF
Do dé AH // KF (LEF)
AAMH va AFMK c6: AMH = FMK (hai géc d6i dinh)
MA = MF (M 14 trung diém cta AF)
MAH = MFK (hai géc so le trong va AH // KF)
Do d6 AAMH = AFMK (g.c.g)
Ta gidc AHFK c6: AH // KF (LEF), va AH = FK (AAMH = AFMK)
= Tit gidc AHFK 1a hinh binh hanh (d4u hiéu nhéan bi&t)
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C4m nang ching minh ba diém thing hang ~ Nguyén Blc Tan

— HF // AK va HF = AK, ma AK // EC vd AK = EC (vi AECK 12 hinh chit nhét)

nén HF // EC va HF = EC.

Do d6 ti gidc HFCE 12 hinh binh hanh (d&u higu nhan bigt)

=» Hai dudng chéo CH va EF c6 cing mot trung diém, ma N la trung diém cha EF (gt)
nén N ciing 1a trung diém cha CH.

Vay ba diém C, H, N théng hang.

Bai 55. (Lép 8) Cho tam gidc nhon ABC. V& phia ngoai tam gidc ABC vé cdc tam giac
BCD, CAE ABF 1an lugt can tai D, E, F sao cho BDC = CEA = AFB =120°. Trén nita
mat phéng by DF khéng chda E 14y diém G sao cho tam gidc DEG cén tai D, va
EDG =120". Goi O la trung didm ctia DF. Ching minh: G, O, E thdng hang.

‘ Lt gicd '
Ta c6: GDE = BDC (= 120°)
= GDB = EDC
* AGDB = AEDC (c.g.c)
— GBD = ECD
. ¥BG + FBD + GBD = 360° va FAE + FBD + ECD = 360°
= FBG = FAE |
o« AFBG = AFAE (c.g.c) va EFG = 120°
o ADGF = ADEF (c.c.c) DF la dudng phan gidc cla
cac géec EDG va EFG
« ADGF déu vi ADEF déu
o Tt gisc DEFG la hinh thoi ¢6 O 14 trung diém DF
= G, O, E thing hang.

Bai 56. (Lép 8) Cho hinh thang can ABCD (AB / CD) ¢6 AB = %CD. Kéo dai AD 14y

diém E sao cho DE = 3AD. Goi F 1a diém 481 xting cia A qua CD. Ching minh: E, F, C
théng hang.
L gidd A B G

Ta cé:
(DF = AD (tinh chdt d&i xdng truc)
{AD = BC (tinh chdt hinh thang cdn ABCD)y
= DF = BC
Chting minh tuong tu: CF = BD
Lc dé t gisec BCFD la hinh bmh hénh
= FC /DB
V& hinh binh hanh DBGC.
Ta c6 AB // CD (gt) vd BG // CD (vi
t gide DBGC 1a hinh binh hanh)
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= A, B, G thing hang Chitng minh tuong tu: F, C, G thdng hang (1)

co AB_1  (vi AB - 1¢D), CD = BG (tinh chat hinh binh hanh DBGC) = 40 = 1
D 3 BG 3
D 1
C6 DE = 3AD AD 1
’ ®)= 7E =3
AAEG 6 f‘ﬁmAD[ 1}
BG “DE. 3

= DB // EG (dinh i Ta-1ét ddo) hay EG / DB, ma CG // DB (vi DBGC 1a hmh binh
hanh) nén EG = CG (tién dé C-clit)

= E, C, G thdng hang (2)

Tir (1) va (2) ta c6 bén diém E, F, C, G thidng hang.

Vay E, F, C théng hang.

Bai 57. (Ldp 8) Cho hinh binh hanh ABCD ¢6 E, F, lan lugt 14 trung diém clia AD, BC.
L&y M thude tia 481 cia tia D (M khéc D). Goi N 1a diém ddi xdng cla M qua C, 8 1a
giao diém cha hai duting thiing ME va NF. Ching minh: A, 8, C théng bang.

Lo gidé
Goi O 1a giao diém cia AC va BD.
Xét hinh binh hanh ABCD
Ta ¢6: hai dutng chéo AC va BD cdt nhau tai O
= O la trung diém cia AC va BD _
AADC ¢6 O 1a trung diém cia AC va E 14 trung di€m cha AD (gt)
= OF 1a dudng trung binh c¢da AADC

— OE // DC va OE = 2%

Chiing minh tuong tu: OF // DC va OF = 2

Ta c6: OE // DC va OF // DC = OE = OF (tién dé O-clit)

= E, O, F thing hang; OE = OF( ch)
= O 1 trung diém ctia EF |
ASMN c6 EF // MN (EF // DC)
- SE _EF
SM MN
Ma EF = 2E0 (O 1a trung dlem cia EF) va MN = 2MC (C 1a trung diém ctia MN)
SE EO
SM  MC

(hé qua cda dmh 1{ Ta- let)

Nén

SEO = SMC (déng vi, EO// MC)
ASEO va ASMC ¢6: { g EO

SM MC
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i N A S Y L
= ESO = MSC hay MSO = MSC (E ¢ MS)
= tia SO = tia 8C
= 8, O, C thing hang
Ma A, O, C théng hang (edch v&) nén A, S, O, C thdng hang.
Vay A, S, C théng hang.

Bai 58. (Lop 8) Cho tam gi4e nhon ABC ¢6 difm O thupc mién trong cia tam. gide. AO cit canh
BC & D, BO cat canh AC ¢ E, CO cit canh AB & F. Ldy M, N, P lan luot thudc cac doan AB,
BE, CF sao cho DM / CF, DN // AC va DP // AB. Chiing minh: M, N, P thing hang.

Lt gitd

ABCF ¢6 DM // CF (gt) = % - %’% (dinh }f Tha-les)

ABCE c6 DN // EC (DN // AC, E & AC) = -Eg - %Z% (dinh 1f Ta-lét)

Do a6 M _ BN \iN /# EF (dinh If Ta-16t ddo trong ABEF) (1)

BF - BE

Ldy diém Q trén canh AC sao cho DQ // BE A

AADQ c6 OF // DQ (BE // DQ, O « BE)

= % - i:mg» (dinh 1f Ta-lét) | E

AADM c6 OF // DM (CF // DM, O < CF) B OP,,/ Q
iy

N % - i‘% (dinh I Ta-l6t) M/~ .

sAQ o A _AT (A0 5ob ¢

" AQ  AM\ AD

= EF // MQ (dinb li Ta-1ét ddo) hay MQ // EF (2)

Tu (1) va (2), ta ¢6 MN = MQ (tién dé O-clit)

= M, N, Q thing hang

Chiing minh tuong ty: M, P, Q thing hang.

Do d6 bén diém M, N, P, Q thing hang (vi cdc diém nay cling thude dudng thing MQ)
Vay M, N, P thidng hang.

Bai 59. (Lép 8) Cho hinh vubng ABCD c¢6 hai dubng chéo AC va BD cit nhau tai O. Trén
canh AB 18y diém M sao cho AM = %AB Budng thing qua D va vudng géc vdi dudng
théng MO, cit AC tai E. Goi F 14 giao diém cla hai dudng thdng MO va DC. Ching
minh: B, E, F thing hang. '

Lt gitf
Goi H 1a giao diém cta MO va DE = OH L DE tai H
= AOHE vudng tai H
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= HOE + OFH = 90°, ma MOA + BOM = 90° (AC L BD tai O, tinh chdt hinh vudng
ABCD) va HOE = MOA (d6i dinh) nén OEH = BOM |
Ta ¢6: BD, AC theo tha tu 14 dudng phén gide cha cdce gée ABC, DAB

T S Qe ,
mMBO:EABC,DAE:—‘EDAB A M B

Ma ABC = DAB(=90") nén MBO = DAE /
AMBO va ADAE ¢6: | ;

MBO = DAE o I
BOM = AED (BOM = OEH; O « AE, H  ED) 'k
BO _MB /

Do d6 AMBO «» ADAE (g.g) = — = ——
AE DA D 7 K L F C

Ta cé6: AM + MB = AB va AMngB (gt)

= MBm«i—AB

— MB=2DA (vi MB = DA) = MB _2
DA 3

2 L BO-=2AE

3 3

Ma AE = AO + OE (O niim gifta A v E) vd AO = BO (O 1a tam cita hinh vuéng ABCD)
Nén BO = %(Bo +OE) = 38O = 2BO + 20E

— BO = 20E = OE = %BO — OE méoc (vi BO = OC, O la t4m ctia hinh vung

ABCD), ma E néim gitta O, C = E 1a trung diém cta OC.

ACOF va AAOM c6: FOC = MOA (dsi dinh)
OC = OA (O la tdm cda hinh vudng ABCD)
OCF = OAM (s0 le trong va CD // AB)

Do d6 ACOF = AAOM (g.c.g)

= CF = AM, ma AM = %AB (gt) va AB = CD (vi ABCD 14 hinh vuéng)

Nén cm%cn - FD:%CD (vi CF + FD = CD)

Goi K 1 trung diém cta FD

= FK = KD~~1—FD-M WCD~-—CD
2 2 3

= FK = KD = —CD

ADBF ¢6: O 1a trung diém cda DB (vi O la giao diém ctia hai dudng cheo AC, BD cta
hinh vuéng ABCD) va K 1& trung dim cia FD (cdch goi)
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Do d6 OK 1a dudmg trung binh cia ADBF

= OK // BF hay BF // OK

Ching minh tuong tu: EF // OK. Do dé BF = EF (T1en dé U-clit)
Vay B, E, F thng hang.

Bai 60. (Lép &) Cho hinh vudng ABCD tam O. Goi M 1a trung diém cia OC. Trén tia DM

1y diém H, trén canh AB 14y diém N sao cho DO? = DH.DM va AN = %AB. Chitng

minh ba diém N, O, H thing hang. A N B.

Lei giai \
Ta c6: O 1a t4&m ciia hinh vudng ABCD (gt) Y\
= AC 1 BD tai O va O la trung diém cha AC va BD \
ADHO va ADOM cé: b
HDO = ODM (géc chung) ' Y A\M

DH DO ) . H
22 22X (vi DOP = DHDM
DO DM i ) ) C

Do d6 ADHO <> ADOM (c.g.c) = DHO = DOM,

Ma DOM = 90° (AC L BD tai O, M e AC)

Nén DHO = 90° = OH L DM tai H = AOHM vuéng § H
Ta c¢6: AM = AO + OM (O nam giiia A va M)

it

AO + %oc (M 12 trung diém ciia OC)

BO + —;—BO (OA = OC = OB; O Ia tam cia hinh vuéng ABCD)

 AM=2B0 = 29 _2
2 AM 3

Tac(‘):ANz—é-AB (gt) v AN + BN = AB

:bBNm—z—ABzﬁzg-:Bi\l-z( AB = AD)
3 AB 3 AD 3

Ta c¢6: BD, AC 14n lugt 1a cdc dubng phan gide cia cdc gée ABC, DAB
— NBO = %A‘E‘C va DAM = %]’5‘&5‘3
Ma ABC = DAB (= 90°) nén NBO = DAM
BN BO 2

ANBO v ADAM c6: NBO = DAM (chd ht m)

v ¢ (chitng minh trén), — D AM( 3
Do d6 ANBO «» ADAM (c.g.c) = BON = AMD hay BON = OMH
Ta ¢6: BON + NOA = 90° (AC L BD tai O)

OMH + HOM = 90° (AOMH vudng & H)

BON = OMH (chimg minh trén)
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Do 46 NOA = HOM

— NOA + AOH = HOM + AOH

= NOH = 180° (vi HOM va AOH ké bi)

Vay ba diém N, O, H thdng hang.

* Nhéan xét: Ching ta khong khé khin 1dm dé nhan ra AD L OB va OHM = 90°. Bai
to4n s& gidi quyét xong néu cb BON = OMH. Didu nay gidp ta nghi dén viéc ching
minh ANBC «» ADAM.

" Bai 61. (Lép 8) Cho hinh vudng ABCD. Trén cdc doan thing AB va CA lan lugt 18y céc

diém M va N sao cho AM = %AB va CN = ~‘1ZCA. Pudng thing qua M v& vudng goéc vdi

DN cét AC tai O. Ching minh ba diém B, O, D thdng hang.

L gidi
Goi O la giab diém hai dudng chéo AC va BD cda hinh vudng ABCD.
= (' 1a trung diém cta AC va BD. AC L BD '

~ CA = 2CO, ma CN:%CA (gt) nén CN=%CO’ A M B
= N la trung diém ctia O'C //'
Ta c6: AN = AQ' + O'N - -

= AO'+ %o'c (N 12 trung diém ciia O'C) OXO'

: ’ ‘
- BO'+ LBO' (AQ' = OC = BO) , N
2 ' e H
mANmEBO'mEB—OM#E T D C
2 AN

Ta c6: AMMEAB (gt) va AM + MB = AB

MB-Zap o MB_2 L MB_2 ppy
: 3 AB 3 DA "3
Ta cé tf gidc ABCD la hinh vudng (gt)

— BD va AC l4n luot 1a tia phén gidc cGa cde gée ABC va DAB.
= MBO' - ABC va DAN = 2 DAB, ma ABC = DAB(=90")

Nén MBO' =
ABO'M v AAND c6: MBO' = DAN, 29 - -1@-(_ ?-J
AN DA\ 3

Do d6 ABO'M «» AAND (c.g.c)

— BO'M = AND

Goi H 1a giao diém cta MO’ va DN

— BOM = ONH (BO'M = AND; O € AN, H « ND)
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Ta ¢6: O'NH = BO'M
NOH = AO'M (hai gdc d61 dinh)
BO'M + AO'M = 90° (AC L BD tai O")
Do d6 O'NH + NO'H = 90°. Ma O'HD = O'NH + NO'H (géc ngoai ctia AO'HN)
nén O'HD = 90° = O'H L DN hay MO’ LDN
= O' la giao didm ciia AC va dudng thing qua M vubng goc véi DN.
Dodé O = 0.
Vay ba diém B, O, D thing hang.

Bai 62. (Lp 8) Cho tam gide ABC ¢6 C nhé nhit. LAy diém D niim trong tam gidc ABC
sao cho DAB = DCA va DBA = DCB. Goi M la trung c‘hem ciiz AB. Ching minh ring
ba diém C, D, M thing hang

Lt gidid
Kéo dai CD c#t canh AB tai N . .
ANAD va ANCA ¢6: m = ANC (gbc chung), NAD = NCA (suy tir gt)

NA ND
Do d6 ANAD «» ANCA (g- —m = o = NA? = NC.
o dé ANAD CA{ggl = NG~ WA = CND

ANBD va ANCB ¢6: BND = BNC (géc chung), NBD = NCB (suy tif gt)
Do d6 ANBD «» ANCB (g-g)

NB ND

NC - NB = = NC.ND
Do d6 NA® = NB® (= NC.ND)
=> NA = NB, ma N ¢ AB nén N 12 trung diém cta AB
Do d6 N = M (vi M ciing 14 trung diém cta AB)
Vay ba diém C, D, M théng hang.

Bai 63. (L6p 8) Cho tam gisc ABC ¢6 ACB < 90°. L4y diém D nim trong tam gidc ABC

sao cho: ADB + ACB = BDC + ABC = 180°. Goi M 1a trung diém chia AB. Chtrng minh C,
D, M théng hang.

L gidi
Céch 1: V& hinh binh hanh ACBE
= Hai duting chéo CE va AB cdt nhau tai trung diém cha mdi dubng (tinh ch4t hinh
binh hanh) ma M la trung diém cta AB (gt) nén M ciing 1a trung diém cia CE = C, M,
E théng hang (1)
V& diém F nim trong AABE sao cho ADBF «» AABE

= BFD = BEA , ma BEA = ACB (tinh ch&t hinh binh hanh ACBE) nén BFD = ACB
o - BDF = BAE (ADBF ~ AABE)
'| BAE = ABC (sole trong va AR/ BC)

= BDF = ABC = BDC + BDF = BDC + ABC
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= BDC + BDF = 180° (vi BDC + ABC =180")

= F, D, C thing hang (2}
E#B_?+Ff}:’;A=Em§Z\

Cé: ®+Fﬁ:@ = EBF = ABD
EBA = FBD (AABE ~ ADBF)

Coé ADBF «» AABE (cdch v&)

_, BD BE _ BE _BF 5 BBF = ABD nén AEBF « AABD (c.g.c)

BA BE BA BD’

= EFB = ADB, ma BFD = ACB (chidng minh trén)

va ADB + ACB =180° (gt) nén EFB + BFD = 180"

= E, F, D thing hang (3)

Tir (1), (2) va (3) ta ¢6 nam diém C, D, M F, E thing hang.

Vay C, D, M thing hang.

Céch 2 |

T o6 {ADB + DBA + DAB = 180° (t6ng ba géc trong tam gidc) A
ADB + ACB = 180° (gt)

=» DBA + DAB = ACB
Haym+D@mm+fm D
. [BDC + ABC = 180° (gt) B | C

Tacé: ¢ =~ , :

BDC + DBC + DCB = 180" (téng ba géc trong tam gidc)
3mmm+lﬁhay]ﬁcém:ﬁ§‘0+ﬁé_ﬂ
= DBA = DCB, ma DBA + DAB = DCB + DCA nén DAB = DCA
Goi E 1a giac cia tia CD va canh AB

AEAD va AECA c6: AED = CEA (gée chung), DAE = ECA (DAB =1DCA, CD cit AB 3 E)

EA ED
Do d6 AEAD «» AECA (g-g) = EC " FA = EA% = ECED
Chiing minh tuong ty: EB®* = EC.ED
Do d6 EA® = EB® = EA = EB, ma E € AB nén E 1a trung diém ciia AB.
=>E=M
Vay C, D, M thing hang. ‘
Bai 64. (Lép 8) Cho hinh thang ABCD (AB /# CD). Trén cdc canh AB, CD l4n luot 14y céc

diém M, N sao cho AM 1 va ND = g« Goi O 1a giao diém cda AC va BD. Chang

AB 3 CD
minh ring: M, O, N thing hang.

Lai gidi
Céch 1 : Kéo dai MO c#t canh CD tai E.
AEOC ¢6 CE // AM(CD / AB,E € CD, M e AB)
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L7hAYE

= eE = 65 (h& qua cha dinh H Ta-1ét)
AOCD c¢6 CD // AB (gt)
= glé é}P)) (hé qud ctia dinh i Ta- Iét)
Do de AM _ AB( OA) o AM_CE
CE CDL OC AB ~ @D
CD_CE_CD-CE_ED _ CD_ED _ ED 2
3 1 31 2 3 2 Ch 3
Do dé ED ND[ 2} = ED = ND, ma E va N cing thudc doan CD nén E = N.
CD CD 3
Vay M, O, N thang hang.
Cach 2
T o6 —N—Q——(gt) CD_ND CD-ND _CN _ CN _1
CD 3 2 3-2 1 CD 3

AM CN{ 1 AB AM
D dé m—— Lo e S e
AB  CD\ 3 Ch CN

AOCD ¢6.CD // AB {(gt)

= % = -é—g— (hg qua caa dinh li Ta-lét), ma ég 211? nén g‘g ZéII\\III
AOAM va AOCN c¢6: OAM = OCN (hai géc sole trong va AB / CD)
0OA AM
o6 " ON A D{I B
Do d6 AOAM <> AOCN (c.g.c)
= AOM = CON
=> AOM + AON = CON + AON )
" = MON = 180" (CON va AON ké bix) D N C

Vay M, O, N théng hang.
Bai 65. (Lép 8) Cho hinh thang ABCD (AB // CD). Trén cdc canh AB, CD 14n lugt 14y céc

diém M, N sao cho: % =k va ig ! kk (0 <k < 1), G01 O la giao diém cia AC va
BD. Chiéng minh M, O, N théng hang.
Lot gidii
ND 1-k NC ND NC+ND CD NC
T 6 —_— T ——— = = [ —-«m-__.k
8l e % YT K TSk kel-k 1 D
Dods AM _NC ., _ AM _AB
AB CD CN CD
ACOD e AB /f CD (gt) = Ocx = oo (hé qui cia dinh 1 Ta-lét
AB_AM . OA _AM

nén —— = —v
CD CN 0oC CN
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AOAM va AOCN ¢6: OAM = OCN (so le trong va AB // CD), — = ——

Do d6 AOAM «~ AOCN (c.g.c)

= AOM = CON

= AOM + AON = CON + AON

Hay MON =180° (CON va AON ké bu)
Vay M, O, N th_é’ing hang. i

* Nbhan xét:

e Véi k= % thi bai 63 la trudng hop riéng cia bai 64.

« Bai nay c6 thé dung ki thuat ching minh “hinh duy nh4t” hodc ki thudt gée bu dé
chiing minh M, O, N thing hang.

CN _AM
¢ Mé&u chét [tef la thay duge —— =
du chét cha i giai ay c D
Bai 66. (Lép 8) Cho hinh thang ABCD (AB // CD). Trén c4c doan AD, AC, BC lan lu’o’t lay
AM NC BE
dc diém M, N, E ho — =k, —11:%1———:——~0k10hu h:
cde diém sao cho Yol BG l—k( <k<1) ng min
M, N, E thing hang.
Lo gidi

. CN
Tach: — =1~k
acb: - (gt)

AC_ CN _AC-CN _AN_ AN
T T1-k 1-1+k  k  AC
BE -
Tacs: DE . _K_
aco: 5= 1_% &Y
BE EC BE+EC BC_ BE _

—_— T e T
k 1-k k+l-k 1 BC

=k A B

AACT ¢ e AM = é1-]"\1««( k)
AD AC
= MN // CD (dinh l{ Ta-lét déo) (1)
AN BE
. ABC (=
AABC ¢6: 35 = 36 = |
—» NE // AB (dinh 1f Ta-1ét ddo0), ma AB // CD nén NE / Ch (2).

Tir (1) va (2) ta c6 MN = NE (tién dé O-clit)
Vay M, N, E théng hang.
Bai 67. (Lép 8) Cho hinh vuong ABCD ¢6 O la glao dlem ctia AC va BD. Trén tla d6i clia

tia CD lay diem E sac cho CE = lC]E?» Ve DM L BE tai M. Goi O 1a trung diém cla

OB. Ching minh A, I, M thing héng.
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L7 gidi
- Céch 1
Hinh vuéng ABCD c¢6 O la giao diém cia AC va BD (gt) suy ra:
O la trung di€m cda AC va BD, AC = BD, AC L BD tai O

Do d6 OA = OB, ma % - é. (i 1 14 trung diém ctia OB)
Nen 2L o1 pstkhae SE .1 vicr-=Llcn) ] B
0A 3 CB 2 2 %
Ol _CE __ OI_oaA
OA CB ~ CE CB M
— e o (8) H
AOI = BCE (= 90°)
AAOT va ABCE ¢6: Ol OA

CE CB D C i3
= AAOI <> ABCE (c.g.c) = AIO = BEC
Goi H 12 giao diém ciia BC va DM; dat BC = 2a (a > 0)
DCH = BCE (= 90%)

CDH = CBE (ciing phu v6i £)

= ADCH « ABCE (g-g)
DC CH
T e =
BC CE

ADCH va ABCE c6: {

= DC.CE = BC.CH
Ma DC = BC (tit gisc ABCD hinh vuéng) nén CH = CE = CH = %CB (CE - %CBJ

Do d6 H 1a trung diém cha CB = BH = %CB = BH.BC = 2a°

BMH = BCE (= 90°)
MBH = CBE (géc chung)
= ABMH «> ABCE (g-g)

BM BH
B¥ .52 BM.BE = BH.BC
BC BE

Do d6 BM.BE = 2a®
ABCD vuéng tai C c6:
BD? = BC* + CD? (dinh li Py-ta-go)
= BD? = BC? + BC® (vi CD = BC; t gidc ABCD 1a hinh vudng)
= BD? = 8a®

ABMH va ABCE c6:

Ta cé; Bl = %OB (I1a trung di€m cha OB) va OB = %BD (O 1a trung diém clia BD)

= BI= %BD = BLBD = %BDQ, ma BD = 8a% nén BLBD = 2a®
Do d6 BM.BE = BLBD (= 2a%
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- IBM = EBD (géc chung) -
ABIM va ABED c¢é: % _ % (BMBE - BLED) . Q
= ABIM «» ABED (c.g.c) N I
AID = BED (AIO = BEC, O € BD, C ¢ DE, G ~F\M

BIM = BED (ABIM ~ ABED) | f

Ta cb:

= AID = BIM = AID + DIM = BIM + DIM
Hay AIM = 180° (BIM va DIM ké b) < G B
Vay A, I, M thing hang. '
Céch 2
Ve AP L MD tai P, AQ L MB tai Q
T gide APMQ ¢6: APM = 90° (AP L MD tai P)
AQM = 90° (AQ L MB tai Q)
PMQ = 90° (DM L BE tai M)
Do d6 t gide APMQ 1a hinh chit nhat (d4u hiéu nhén bist)
= PAQ = 90", ma DAB = 90" (i tif gidc ABCD 1A hinh vuéng)
Nén DAP - BAQ (ciing ké phu véi m)
ADAP vudng tai P va ABAQ vudng tai Q cé:
AD = AB (vi tif gide ABCD la hinh vudng), DAP = BAQ
Do dé ADAP = ABAQ (canh huyén — géec nhon)
= AP = AQ |
Do d6 tt gidc APMQ 1a hinh vudng (hinh chit nh4t ¢6 hai canh ké biing nhau)
= MA 13 tia phan gidc cia BMD (1)
Goi H 1a giao diém cda BC va DM; 2a la dé dai canh hinh vuéng ABCD = CE = a (vi

CE&ECB)VQDsz.a.Dod()DEzSa

ABCE va ADCH ¢6: BCE = BCH (= 90°), CBE = CDH (cing phuy v6i §)
Do d6 ABCE «» ADCH (g-g)

| %:%g = %ml (vi BC = DC) .

= CE = CH, ma CE = —é—CB nén CH = %CB

Do d6 H 13 trung diém céia CB = BH = %CB ~ BH=a

ABMH va ADME ¢6: BMH = DME (= 90°), MBH = MDE (ciing phu véi £)

MB BH MB 1
Do d6 ABMH <« ADME (g-g) = “B;“IWI"‘}* = DE = ﬁ_ﬁ = ._3— (vi BH = a, DE = 3a)
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Ta c6: B__B ___18 B__IB_ }-(V\i I 12 trung diém cha OB, O la
ID 10+0D IB+0OB IB+2IB 3133 3 '

trung diém ciia BD)

oas . 2B (_1)
ID MD\U 3

V& MG la dudng phén gidc cha ABMD (G thuge canh BD)
6B _MB _ IB_GB( MB)
GD MD ID GDU MD

B 1 1B+ID BD . _p_ GB, méIchngthuocéoanBDnenG L

GB GD GB+GD BD
=»> MI 1a tia phan gidc cia géc BMD (2)
T (1) va (2), ta c6 tia MA triing vdéi tia Ml
Vay A, I, M théng hang.
Bai 68. (Lép 8) Cho tam gidc nhon ABC (AB < AC) c6 ba dudng cao AD, BE, CF cit nhau
tai H. Goi M la diém d6i cha H qua D va I, K 14n lugt 1a hinh chiu cia M trén cac
dudng thdng AB va AC. Chiing minh: I, D, K théng hang.

L giet
AAEB va AAFC cé: EAB = FAC (g6c chung), AEB = AFC (= 90°)
Do d6 AAEB » AAFC (g.g) = Sk - 2B A X
AF AC

AAEE_YQ AﬁC: N _YE

EAF = BAC (g6c chung) ¥y

AE _AF . AE _AB, XK

AB AC = AF AC B T
Do d6 AAEF « AABC (c.g.c) = AEF = ABC ,/."V C
Chiing minh tudng tu: CED = (fﬁA 15~ M

Do d6 AEF = CED | |
Ma BEF + ARF = BED + CED (= 90°, BE L AC tai E) nén BEF = BED
= EB Ia tia phéan gidc cta géc DEF.
Goi Ex I tia d&i cla tia ED v N 12 giao diém cha AD va EF.
Ta c6: ARF = CED (= ABC) va CED = AEx (d6i dinh)
= AEF = AEx = EA 12 dudng phan gidc ngoai dinh E cia ADEN

= % = % (tinh ch4t dudng phén gidc ngoai)

ADEN ¢6 EH 1 dubng phan gi4c trong (EB Ia tia phén gi4c clia goc DEF, H € EB, N € EF)
HN _EN
HD ED _

Do d6: ‘g - Ié‘; (m gg) _ma HD = DM (M 12 diém d6i xing ciia H qua D)

286



AN HN _AN+HN _ AH - AH _ AN
AD DM AD+DM AM AM AD
AAMI c6 HF // MI (L AB)

AF AH AH AN , AF
= T AM (dinh 1li Ta-1ét), ma Nl E nén A
dao trong AAID) hay ID // FE (N ¢ FE) (1)
AAMK c6 HE // ME (cting vudng géc vdi AC)

AH AE

= A K_ (dinh li Ta-lét)

Nén:

_ AN _ FN // ID (dinh li Ta-1ét
AD

AATK ¢6 2 = ) B
Al AK\ AM

= IK // FE (dinh li Ta-1ét dio) (2)
Tit (1) va (2), ta c6 ID = IK (tién dé O-clit)
Vay I, D, K thing hang.

Bai 69. (Lop 8) Cho hinh vuéng ABCD c¢é M nim gitta B v C. Tia AM cét tia DC tai N. Vé
CK vudng géc v6i BN tai K, tia CK cit tia AB tai E. Ching minh: D, M, E thing hang.
Lai gidd

AMCN c¢6 AB // CN (AB // CD, N € CD)

MB _BA ..
i Ta-1ét 1
ME T TN (h® qué cda dinh li Ta-16t) (1)

ABCN va AEBC c6: BCN = EBC (= 90°), CBN = BEC (vi ciing phu v6i NBE)

Do d6 ABCN « AEBC {(g.g)
BC CN _ BC EB

AF AE(Z AH)

BB BC ~ ON BC’ A 5 e
ma BC = BA, BC = CD (vi tif gidc ABCD L‘} hinh vudng) /,,”
Nén %%:%g (2) /K
Tt (1) va (2), ta cé: %%=%§ N
AMBE va AMCD ¢6: MBE = MCD (= 90°), %%m%g

Do d6 AMBE +» AMCD (c.g.c)
= BME = CMD = BME + BMD = CMD + BMD
Hay DME = 180° (vi CMD va BMD ké bi)

' Vay D, M, E thing hang.

Bai 70. (Lép 8) Cho hinh vudng ABCD ¢6 hai dudng chéo AC va BD cit nhau tai E
Dudng thing qua A cit canh BC va dudng thdng CD lan lugt tai M va N. EM cit BN
tai K, CK ¢t AB tai F. Ching minh D, M, F thing hang. '
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L gidd
Hinh vudéng ABCD c¢é AC cit BD tai E, suy ra:
E 1a trung diém cia AC va BD
AC = BD
AC LBD tai E

BD, CA 14n lugt la tia phén gidc cia ABG, BCD
Do d6 EB = EC, EBA = ECB
Trén canh AB v& diém S sao cho BS = CM
ABES va ACEM c6: BS = CM, EBS = ECM (EBA = ECB), EB = EC
Do d6 ABES = ACEM (c.g.¢)
= BS = EM va SEM = MEC
= ASEM céan tai E va SEM = SEB + BEM = MEC + BEM = BEC = 90°
= ASEM vuéng can tai E = SME = 45°
AAND ¢6 MC / AD (BC /7 AD, M ¢ BC) A S B

= —LAI—\I— = f’—D— (hé qué cha dinh 1i Ta-1ét)

MN MC

ﬁﬂ~£\—§ (AD = AB, MC = SB)

MN SB

= SM // BN (dinh Ii Ta-16t ddo trong AABN) b C
— BKE = SME (déng vi)
= BKE = 45° (SME = 45°)
ABKE v ABDN c6:
KBE = DBN (g6c chung), BKE = BDN (= 45°)

Do d6 ABKE « ABDN (g.g) = “& = B _, BK BN = BE.BD
BD ~ BN

ABEC va ABCD ¢6: EBC = €BD (géc chung), BEC = BCD (= 90°)
Do d6 ABEC «» ABCD (g.g)

BE BC
frmeen )
BC BD

Do d6 BXK.BN = BC? (= BE.BD)
ABKC va ABCN cé:

= BE.BD = BC?

RBC - CBN (géc chung), oo - BC (i BKBN = BCY
BC BN

Do d6 ABKC «» ABCN (c.g.c)
= BRC = BCN = BKC = 90° (BCN = 90°)
ABCN va AFBC 6
CBN = BFC (vi cung phu véi NBF), BCN = FBC (= 90%)
Do d6 ABCN «» AFBC (c.g.c) |
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BC_CON _ BC _BF
BF  BC CN  BC

2§ - %F; i BC = BA = CD, ABCD 12 hinh vuong)
AMCN ¢6 AB // CN (AB // CD, N ¢ CD)
ﬁg §§ (hé qua cha dinh H Ta—let)
MC  CD
., MB BF
AMBF va AMCD cé: MBF = MCD (= 90%), —— = =
M co: MB (=900, ¥ic = b

Do d6 AMBYF «» AMCD (c.g.c)

= BMF = CMD = BMF + BMD = CMD + BMD
hay DMF = 180° (CMD va BMD ké bu)
Vay D, M, F thi&ng hang.

Bai 71. (Lép 8) Cho tam gidc ABC (AB > AC) ¢6 M thube tia phén gide clia goc A (M khac A).
Ve MD L BC tai D, ME L CA tai B, MF L AB tai F. Goi I 1a giao di€m clia dudng
thdng DM va doan EF: K la trung diém cta BC. Ching minh: A, I, K thing hang.

Ll glai
Goi J 14 giao diém ciia AK va EF. Qua J vé& dudng thing son'g song v6i BC cit céc tia
AB, AC l4n lugt tai H, G.
Xét AABK ¢6 HJ // BK (HG / BC, J € HG, K « BC)

HI AJ
Ta-.
BK - AR (hé qua cha dinh li Ta-lét)
JG _AJ M
Chimg minh tuong tu: u|
KC AR _ B K D C
Do d6 ~2 = 28 113 BK = KC (K Ia trung diém cia BC) nén HI = JG
BK KC

= J 1a trung diém cGa HG
AAME vuﬁng tai B vd AAMF vubng tai F ¢6:
AM 12 canh huyén chung
MAE = MAF (M thude tia phin gidc cta géc BAC)
Do d6 AAME = AAMF (canh huyén — géc nhon)
= AF = AF = AAEF cén tai A
= AEF = AFE
Qua G vé dubng thdng song v6i EF cdt canh AB tai 8. Luc dé t gide GEFS 12 hinh
thang can (hinh thang c¢6 hai géc ké mot ddy bing nhau)
= EG = FS (tinh chdt hinh thang cin)
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J 1a trung diém cia HG
ASGH c6: (JF// GS (EF / GS, d € EF)
FeHS

— F 13 trung diém cia SH = FS = FH
= EG = FH {= FS)
AMEG vudng tai E va AMFH vudng tai F co:
ME = MF (AAME = AAMF) '
{EG =FH
= AMEG = AMFH (c.g.c) =» MG = MH
= AMGH can tai M, ma MJ 1a dudng trung tuyén (J 1a trung di€m cda HG) nén MJ
ciing 1a dutng cao cia AMGH
= MJ L HG, ma HG / BC nén MJ L BC.
Do d6 MJ = MD (1 BC) = MD ct doan EF taiJ = J =1
Vay A, 1, K thing hang.
Bai 72. (Lép 9) Cho dudng trdn (O; R) va hai day AB, AC (v6i diém O n&m bén trong géc
BAC) théa man AB? + AC? = 4R%. Ching minh ring B, O, C théng hang.

Lt gidi
V& dudng kinh AK cta (O; R)
= AK = 2R
Xét (0), ta c6: AACK ndi tidp (A, C, K e (0)) v AK 1a dudng kinh (cach v&)
Do dé6 AACK vudng tai C A

— AK? = CK? + AC? (dinh 1i Py-ta-go)
= (2R)? = CK? + AC? hay CK? + AC? = 4R?
Ma AB? + AC? = 4R? (gt), nén CK® = AB®> = CK = AB B C
Ching minh tuong ty: BK = AC
Ti gide ABKC cé:
CK = AB va BK = AC. |
= T¢t gisc ABKC 13 hinh binh hanh (t¢ gidc ¢6 hai ciip canh d8i bing nhau) ,
— Hai dudng chéo BC va AK cdt nhau tai trung di€m cia mdi dudng (tinh chat hinh
binh hanh) ma O la trung diém ctia AK (vi AK la dudng kinh cha (0)), nén O cing la
trung diém cta BC.
Viy B, O, C théng hang.
Bai 78. (Lép 9) Cho tam gidc ABC ¢6 BC = a, CA = b, AB = ¢ va ndi ti€p dutmg tron (O; R)
avbe
+e

théa man R = . Ching minh ring: B, O, C théng hang.

Lt qidi

Ta og: (PHCZ 9bc (BPT AM - GM cho hai s6 duong b va c)
" 12R > a (quan hé giita dudng kinh v day cung cha (O;R)
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Ma 2JBE>Ovéa>0nén2R(b+c}22a\/EE&Rai\{:;
c A

Ddu “=” xdy ra < R = a/be {ciing chinh la gt}
e
= = AB
- b=c - AC=A B c
a=2R BC = 2R

=» AABC vudng cén tai A

= BC 1a duong kinh cia (O; R)

Vay B, O, C thing hang.

a/bc
+c

dén bdt déng thiec AM-GM cho hai s§ duong b, c. Mat khdc d€ cé ba diém B, O, C

thing hang thi AABC phai vubng tai A. Pidu nay gidp ta nghi dén bdt ding thie méi

lién hé giita dudng kinh va ddy cung. Su ké&t hgp hai bat ding thic nay gidp ching ta

*+ Nhén xét: Trong didng thic R = ¢6 chifa b + ¢ va /be . Pidu nay gidp ta nghi

c6 duge 151 giai dep. |

Bai 74. (Lép 9) Cho duding tron (O) va diém A & ngoai dudng tron. T A vé cat tuyén ABC
v6i (O) (B nam gitta A va C). Chdng minh ring néu AB + AC ¢6 gid tri 16n nh4t thi ba
diém B, O, C théng hang.

Lo giai
Goi B' va C' 12 giao diém clia AO v6i (O) (B' n&m giita A va C")
Ve OH 1L BC tai H, BC 1a ddy cung cta (O)
= H 13 trung diém ctia BC = HC = BH
Lac d6: AB + AC = AB + HC + AH
= AB + BH + AH = AH + AH = 2AH

= AB + AC = 2AH, ma AH < AO (quan hé
gitta dutrng vudng géc va dudng xién) nén
AB + AC < 2.A0 (khéng d61)
Diu“="xayra © AH= AO = H=0
= B=Bva C=C khidéB, O, C thing hang |
Vay ndu (O ¢ AB) AB + AC ¢6 gié trj 16n nh4t thi B, O, C thing hang.

Bai 75. (Lép 9) Cho dudng tron (O) va day AB. Hai diém M, N l4n lugt ndm trén cung 16n
va cung nhd AB c¢ta (O) sao cho MA + MB + NA + NB dat gid tri 16n nhét. Chdng
minh ring: M, O, N thidng hang.

L3 gidi
Céch 1
Coi N’ 1a diém chinh giita cda cung nhd AB = N'A = N'B
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V& dutng tron (N'; N'A) cdt tia AN tai difm tht nhét 1a E va cit tia AN' tai diém tha
hai 13 H = AH khéng d6i
Ta c6: ANB = AN'B (hai géc ndi tiép cling chén cung AB cia (0))
ANB - 2NEB {quan hé giita géc nbi tiép va gbc & tAm ciing chén cung AB cia (N'))
Do d6: ANB =2NEB, ma ANB = NEB+ NBE (géc ngoai dinh N cha ANEB) nén
NEB + NBE = 2NEB = NBE = NEB
=> ANEB cén tai N
= NB = NE = NA + NB = NA + NE
= NA + NB = AE, ma AE < AH (quan hé gilta ddy
cung va dung kinh cia (NY)
nén NA + NB < AH (1)
Goi M' 12 diém chinh gidfa ciia cung 16n AB
V& duong tron (M'; M'A) cit tia BM tai diém thg hai
14 F va cit tia BM' tai diém thd hai 1a K
= BK khong 46i
Ching minh tuong tu: MA + MB = BF va MA + MB < BK (2)
Tir (1) va (2) suy ra: AM + MB + NA + NB < AH + BK (khéng d61)
Déu “=” xay ra, nghia 12 MA + MB + NA + NB dat gi4 tri 16n nh4t
- {MA+MB=BK - {BFzBK - {FEK - {MEM'
NA + NB = AH AR = AH E=H N=N

Xét (O), ta cé: ‘

OM' L AB (vi M’ 1a diém chinh giifa cGa cung 16n AB)

ON' L AB (vi N' 14 diém chinh giifa ctia cung nhé AB)
Do 6 OM' = ON' = M’, O, N’ thing hang
Vay M, O, N thdng hang (vi M= M'; N.= N")
Céch 2
V& MH 13 dudng phan gide cha AMAB (H e AB), AP | MH tai P, BQ L MH tai Q.

Ta c6: AMB = .;_sdA":é, ma sdAB khong aéi (A, B ¢f dinh), nén AMB khong déi

Pat AMB = 2o
= AMP = BMQ = o (vi MH la dudng phén gidc cha AMAB)

AAMP vudng tai P ¢6: sina = sin AMP = %i—

Pd O
Ching minh tuong tu: sina = Bq

Do d6 sina = 2L . BQ _ AP+BQ . ApcaH Q

MA MB MA+MB’
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BQ = BH (quan hé gitta dudng vudng géc va dudng xién)

R . AH + BH AB
nén sina < =
MA+MB MA +MB
= MA + MB < fAB (khéng déi).
sin ¢

Ddu“<"xdyra< P=Q=H

< MA = MB. Do d6 MA + MB 16n nhdt khi MA = MB

Ching minh tuong tu: NA + NB 16n nhat khi NA = NB, ma OA = OB (ban kinh (O))
nén M, O, N thudc dudng trung truc cGa AB.

Vay M, O, N thing hang.

Bai 76. (Lép 9) Cho dudng tron (0) va day AB khong qua O. Goi I 14 trung diém cda AB
va M la diém thude cung lén AB sao cho MA + MB l6n nhat. Chirng minh rdng: O, I, M
thing hang.

Lot gidi

Goi M' 12 trung diém cia cung Ién AB ciia (O)
= M'A=MB = M'A = MB, ma OA = OB
(bén kinh (O)) va IA = IB (I 1a trung diém
cia AB) nén M, O, I cing thudc du&rng.
trung tryc clia AB = O, I, M’ thing hang.
Vé dudmg tron (M'; M'A) cit tia BM tai dim the hai 1a F
l1a E va céit tia BM' tai diém tha hai 1a F
= BF la dudng kinh (M) = BF khang déi
Ta c6; AMB = AM'B (hai gbc ndi ti6p cung chdn cung nhé AB chia (O)

AM'B = 2MEA (g6e  tAm va gbc ndi tiép ching chén cung AB cia (M)
Do d6 AMB = 2MEA ma AMB = MEA + MAE (g6c ngoai dinh M cia AMEA)
Nén MEA + MAR = 2MEA - MAE - MEA
= AMEA ¢in tai M = MA = ME
= MA + MB = ME + MB hay MA + MB = BE
Ma BE = BF (quan hé gitta ddy cung va duding kinh cda (M)
Nén MA + MB < BF (khéng d8i).
Ddu“="xdyrakhiE=F < M= M
Do d6, MA + MB c6 gia tri 16n nhdt khi M = M,
ma O, I, M' thing hang nén O, I, M thdng hang.

Bai 77. (Lép 9) Cho CA, CB 1a hai ddy cung (CA L CB) cia mdt dutng tron ban kinh R.
M la diém ndm bén trong dudng kinh dé sao cho MA® + MB? = 2R2. Chiing minh ring:
A, M, B thing hang.
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L gidd
Ta c6: CA L CB (gt) va CA, CB la hai day cung cia mot dugng tron ban kinh R.
=» ACB =90° va A, C, B thudc dudng trdon bén kinh R.
= AB la dudng kinh cia dudng tron nay.
= AB = 2R
X6t ba didm A, M, B ta ¢6: AM + MB > AB (quy tic ba diém)

Do d6 AM + MB = 2R < é(MA+MB)2 > 9R?

(1) :
A M B
Déu “=” xdy ra <> M nadm gita Ava B
2 _ 2
Ta cb: (MA + MB)* + (MA - MB) > E(MA + MB)?

2 2

< MA® + MB® 2 %(MA + MB)* (2)

Didu “=” x4y ra < MA = MB
Tit (1) va (2), suy ra: MA? + MB? 2 2R’ |
D&u “=” x4y ra < MA? + MB? = 2R (ciing chinh 1a gt)
< M nim giita A va B déng thoi MA = MB
< M 13 trung diém cla AB
Vay A, M, B thdng hang.

Bai 78. (Lop 9) Cho hai dudng trdon tam O va O' cit nhau & A va B (O va O' nfim khdc phia
461 véi AB va géc OBO' 1a gée th). Tia O'B cét (O) tai diém thd hai 1a E. Ly F thudc (O}
sa0 cho AB 1 tia phén gidc cia géc EAF. Ching minh ba diém O, B, F thing hang.

L giai

AOAQ va AOBO' cé:

OA = OB (ban kinh (O)

O'A = O'B (bdn kinh (O')}

OO0’ (canh chung)
Do d6 AOAO' = AOBO' (c.c.c)
= AOO' = BOO'
= 00’ la tia phin gidc cha géc AOB

— KOO = %m,
ma ABO' = %K@‘B (h& qua géc noi tip trong (O)),

nén AQO' = AEO' = T« gidc AOEO' nbi tidp
Goi M 13 giao diém thit hai cia OB véi (0)
Chtng minh tuong tu: T¢ gide AOMO' ndi tigp
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Do d6 nam diém A, O, E, M, O' cung thude (AOC)

— ARO = AOO' v MEO' = BOO' (hé qua gée ndi ti€p trong dudng tron (AOQO"Y),

ma AOO' = BOO' (AOAO' = AOBO)

nén AEQ' = MEO' = EO' Ja tia phan gidc cGa goc AEM

Tuong tu: MO 1a tia phén gidc cia géc AME |

AAEM c6 hai dudyng phéan gidc EO' va MO ¢it nhau tai B =» AB la tia phén gidc cha
gée EAM

= BAM = BAE, ma BAF = BAE (AB la tia phén giac cda géc EAF) nén BAM = BAF
= sdBM = sdBF (hai gbc ndi tiép béng phau cia (O’ ), ma M va F ciing thujc nlia mat
phing bd AB (suy tif gt va cach v@) nén M =F.

Vay ba diém O, B, F théng hang.

Bai 79. (Lép 9) Cho hai dudng tron tdm O va tdm I cdt nhau ¢ Ava B (O val nim khic
phia d8i véi AB va géc OBI 1a géc tin). Tia OB cét (I) tai diém th¢ hai 12 F, tia IB cht
(Q) tai diém thd hai la E. Du@hg thﬁngr Ol cét AE va AF lan lugt tai M va N. Goi H 12
trung di€m ctia MN. Chdng minh ring ba diém A, H, B théng hang. -

. an’t qidi
AOAI va AOBI c6:
OI (canh chung)
OA = OB (ban kinh (O)
IA = IB (ban kinh (I}))

Do d6 AOAI = AOBI (c.c.c)

= TOA = IOB

= QI 1a tia phén gidc cha géc AOB.

= @z%m, ma KE“:{&%@ (hé qua goc ndi ti&p) nén AOI = ARI

= T( gidec AOEI ndi ti€p (tit gide b hai dinh lién ti8p clng nhin mdt canh du6i hai géc
bing nhaw = E e dudng tron (AOD) | |
Tuong tu: F e (AOIL) |

Do d6 nam diém A, O, E, F, I ciing thude (AOI) = T gidc AEFI ndi tiép

M2 dudng tron ngoai tiép td gide AEFI ¢ A = IF (IA = IF, ban kinh dudng tron (1))
Nén IEA = [EF = EI 13 tia phén gidc cla AEF

Tuong tu: FO 1a tia phén gide cha AFE

AAEF ¢6 hai dudng phan gide EI va FO cit nhau tai B => AB 1a dudng phén gidc clia AAEF
Ta ¢6 (0) va (I) cdt nhau tai A va B (gt)

= OI 1a duting trung truc cia AB

= AB 1 Ol hay AB £ MN (M, N thude OI)
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Xét AAMN, ta c6:

AB la dudng phén gidc (AB la dudng phan gide cha AAEF va M thude AE, N thuéc AF)
va AB 13 dudng cao (AB 1L MN) ‘

= AAMN cin tai A, ma AH 13 dudng trung tuy&n cia AAMN (H 13 trung diém cia MN)
nén Al ciing 1a dutng phén gide. | _

= AH la tia phéan gidc cia EAF (M e AE, N ¢ AF)

Do d6 tia AB trung tia AH (vi cing la tia phan gidc cha EAF)

Vay ba diém A, H, B thing hang.

Bai 80. (Lép 9) Cho hinh thoi ABCD ¢6 BAD =120°. Céc diém P va Q di déng trén cdc
canh BC va CD tuong tng sao cho PAQ = 30°. Goi O 14 tam dudng trdn ngoai tiép tam
gidc PAQ. Ching minh ring ba diém A, O, C thing hang.

‘ Lai gici A
Ta c6: PAQ = %PB_Q (h& qué géc ndi ti€p) va OP = OQ

Do d6 POQ = 2.PAQ = 60° va APOQ can tai O B b
= AOPQ déu ,Q
= OPQ = OQP = POQ = 60° P

T gide OPCQ ¢6: POQ + PCQ = 60° + 120° = 180° (PCQ = BAD = 120°, tinh chat hinh
thoi ABCD) nén tif gidc OPCQ noi tiép

= OCP = OQP = 60° va OCQ = OPQ = 60°

Do d6 OCP = OCQ = CO la tia phan gidc cha g6c BCD, ma CA ciing 12 tia phan gide
cda géc BCD (tinh ch4t hinh thoi ABCD) nén hai tia CO va CA tring nhau

Véay ba diém A, O, C thing hang.

Bai 81. (Ldép 9) Cho tam gide ABC cén tai A va ndi ti€p dudng tron tdm O. Goi M 1a mot
diém trén cung nhé AB (M khéc A va B). Tia phén gidc ciia géc BMC cit AD va (O) lan
lugt tai D va E (E = M). Pudng thing D qua song song véi BC cit MC tai F. Chimng
minh ba diém E, F, A thing hang.

Lot giald

Ta c6: BME = -;-sdﬁ"ﬁ (g6c noi ti6p chin BR)
EMC :ésdE’"E (goc ndi tiép chén EC) \A

va BME = EMC (ME la tia phén gidc cia géec BMC) \

= sdBE =sdEC = BE - EC = BE = EC A

Ta c6 AB = AC (AABC cén tai A) va EB = EC BX_§ _~¢C

= AE Ia dudng trung truc cia BC E

296



= AE 1 BC va O ¢ AE (OA = OB = ban kinh (O)
= AF l1a duong kinh caa (O).
Ta c6: MFD = MCB (hai géc déng vi va DF // BC)

va MCB = MAD (= %saﬁ'ﬁ ciia (O))

= MFD = MAD = Td gidc MAFD ndi tiép (quy tich cung chia goéc)

= DFA + EMA = 180° (tinh chat ciia t(f gidc ndi tiép), ma EMA = 90" (hé qua géc nbi tidp)
nén DFA = 90° = AF | DF, ma DF // BC (gt)

nén AF 1. BC. Do d6 AE tring v6i AF (vi cling vudng géc v61 BC)

Vay ba diém E, F, A thing hang.

Bai 82. (Lép 9) Cho tam gide ABC cén tai A vA ndi ti€p dudng tron tdm O dudng kinh
AD. Goi M 1a mét diém trén cung nhdé AB (M khéc A va B), I la giao diém cta AD va
MC. Puyng thing qua I va song song véi BC cdt canh AB tai K. Chding minh ba diém
M, K, D thang hang.

Lot qidi
Ta ¢6 AB = AC (AABC can tai A) vaOB = OC (b4n kinh (O)) A
=> AO 1 dudng trung truc cia BC
AABC cén tai A ¢é6 AO 1a dudng trung true nén
AQ ciing 1a dudng phéan gidc
=» AD la dudng phén giac cha géc BAC,

Ta c6: MIK = MCB (hai géc déng vi va IK // BC) . B&/C

va MCB - MAK (= 2-s4MB cia (0) | D

= MIK = MAK = T¢ gidc ATKM nbi tiép (qiy tich cung chia géc)

= CMK = TAB, ma TAB = DAC (AD 13 dudng phén gide clia géc ABC va I thuse AD)
va DAC = CMD (hé qud géc nédi ti&p)

nén CMK = €MD = Hai tia MK va MD tring nhay

Do d6 ba diém M, K, D théng hang.

Bai 83. (I.6p 9) Cho tam gidc ABC cén tai A, ndi ti€p duong tron tam O, dudng kinh AD.
Goi M ma mot diém trén cung nhé AB (M khong tring véi A va B), E 1a giao diém cda
AB va MD, F 1a hinh chiéu cla E 1én AD. Chiing minh ba diém M, F, C thing hang.

Lt gibi ' '
Ta ¢6: AB = AC (AABC cén tai A) vd OB = OC (ban kinh (Q))
= AO la dudong trung true cha BC, ma AABC cén tai A (gt) nén
dutng trung true cta BC cling 1a dubtmg phan gibe cia AABC
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= EAF = DAC

Ta c6 AMD =90 (hé qua géc ndi tiép)

= EFD = AME (= 90%

= Tu gidc AMEF ndi tiép (td gidc 6 gée
ngoai bing géc trong cla dinh d6i dién)
= EMF = EAF

ma BAF = DAC va DAC = EMC (:%s&ﬁé ciia (O))

nén EMF = EMC
= Tia MF va tia MC trung nhau
Vay ba diém M, F, C thing hang.
Bai 84. (Lép 9) Cho tam gidc nhon ABC (AB < AC) néi ti€p dudng trdon tdm O. V& duing
tron tAm A tiép xic véi BC tai H va cit (O) tai M, N. Goi E, F lan lugt 1a chan dudng
vubng gée ké tir H xung AB, AC. Ching minh cdc diém M, E, F, N thing hang.
Lii gidd
Xét (O), ta cd:
AM, AN la hai d4y cung v& AM = AN (b4n kinh (A))
= AM = AN
= sd AM = sdAN ‘
= ANM = ACN (hé qua s& do géc ndi tisp)
Ta ¢6 AH L BC tai H (vi (A) tiép xte v6i BC tai H)
= AAHC vudng tai H, mé HF 1a dudng cao (F 1a
chéan dubng vubng géc ké tir H xuéng AC) nén AH?
= AF AC (hé thic lugng trong tam gidc vudng)
= AN® = AF.AC (vi AH = AN = ban kinh (A))

AN AC

T e =

AF AN
AACN va AANTF cé: CAN = NAF (géc chung), AN _4C
-~ AF AN

Po d6 AACN «» AANF (c.g.c)

::»W:Aﬁ
Ta c6: ANM = ACN va ACN = ANF
— ANM = ANF

= Tia NM trung vé6i tia NF = M, F, N thing hang.
Ching minh tuong tu: M, E, N thdng hang.
Vay M, E, F, N théng hang.
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Bai 85, (Ldp 9) Cho tam gidc nhon ABC c6 dudng cao AH va nbi tigp dudng tron (O; R).
Goi D, E 14n luot 1a hinh chiéu vudéng géc cGa H 1én AB va AC. Ching minh ring: Néu
AH = R+2 thi D, O, E thing hang.

Ldi gidi
Vé dudmg kinh AF caa (O; R)
= ABF = ACF = 90° (cdc gée néi tiép chin nia (0))
AAHB vudng tai H ¢6 HD 13 duing cao (suy tu gt)
= AH? = AD.AB (hé thic lugng trong tam gidc vudng)
= AD.AB = 2R® (vi AH = R+/2)
ma AO.AF = R.2R = 2R® nén AD.AB = AOAF
AAOD va AABF c6:

OAD = BAF (géc chung), %% - %“g (vi AO.AF = AD.AB)

Do d6 AAOD «» AABF (c.g.c)

= AOD = ABF = AOD = 90° (ABF = 90°)
Chdng minh tuong tu: AOE = 90°

Khi d6 DOE = AOD + AOE = 80° + 90° = 180°
Vay D, O, E thing hang.

Bai 86. (Lép 9) Cho diém A thude dudng trdn tdm O dudng kinh BC (A khéc B va C). Ve
duting tron tam A ti8p xie véi BC tai H, cdt (O) dudng kinh BC tai E va F. Goi I 14
trung diém cta HC, D 13 hinh chiéu cda I 1én EF. Ching minh A, D, C thing hang.

Lt giai
V& dudng kinh AK cda dudng tron tdm O dudng
kinh BC, EF cit AH é N va cit AK & S.
Ta c6: AE = AF (= AH) va OE = OF (bén kinh (O))
=» AQ 12 dung trung truc cia EF = AO LEF tai 8
AASN va AAHO c6: ASN = AHO (= 90%
SAN = HAO (géc chung)
Do d6 AASN « AAHO (g.g)
= % - ﬁ% (ti 6 déng dang)
= AN.AH = AO.AS
= 2AN.AH = QAO.AS
= 2AN.AH = AS.AK (AX la dudng kinh ciia (O)) o
(0) ¢6: AAFK ndi tiép (A, F, K e (0)) va AK Ia duong kinh (céch va) |
— AAFK vuong tai F, ma FS 1a duong cao (AO L EF tai S va O € AK)
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nén AS.AK = AF? (hé thae lugng trong tam gide vudng)
Do d6 2AN.AH = AF”
= 2AN = AH (vi AH = AF)

:>AN:~?‘£AH

ma N ndm gita A va H nén N 1a trung diém cia AH = NH = %AH

Goi M 1a giao diém ciia AC va EF

(A) c6: AE = AF (b4n kinh (A)) = AE = AF

= AFM = ACF (hé qud s6 do géc ndi tiép)

AAFM va AACF c¢6: FAM = CAF (gée chung), AFM = ACF
Do d6 AAFM «» AACT (g.g)

AM _AF 2
= AM.AC = AF
T AR AC
mi AF = AH, nén AM.AC = AH*
AM AH 2
AAMH va AAHC e6: MAH = HAC (g6c chung), AT~ A0 (AM.AC = AH?)

Do d6 AAMH «» AAHC (c.g.c)

— AMH = AHC, ma AHC = 90° ((A) ti€p xic v6i BC tai H) nén AMHE = 90°

= HM LAC M

AAMH vudng tai M (HM LAC & M) c6 MN 1a dutmg trung tuyén (N 12 trung diém cia AH)

= NM:—;»AH

Do d6 NM = NH (: %«AH}
AHMC vubng tai M (HM L AC tai M) ¢6 MI 14 dubmg trﬁng tuyén (I 14 trung diém chia HC)

:.>MI—HI~%(—3~

ANMI va ANHI ¢6: NM = NH {z —i-AH), MI = m( Hzcj NI (canh chung)

Do d6 ANMI = ANHI (c.c.c)

= NMI = NHI, ma NHI = 90° (AH L BC tai H, N € AH) nén NMI = 90°
= IM LEF tai M (M, N ¢ EF)

Ma ID L EF tai D (D 14 hinh chiéu cta I 1én EF), nén M tring D.

Vay A, D, C thing hang.

Bai 87. (Lép 9) Cho dudong tron tAm O va tdm O' cit nhau & A va B (O va O' ndim khéc
phia d&i v6i AB va géc OBO' 1a gbce th). Va day AM ciia (O) song song véi O'B va day AN
cta (O) song song v6i OB (M va N khéc A). Ching minh ba diém M, B, N thing hang.
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Lai gidi

Goi E 1a giao diém ctia tia OB vé6i (O'), F la giao diém cda tia O'B vdi (O) (E va F khéc B)
AOAO' va AOBO' ¢6:

OA = OB (bdn kinh (O))

O'A = O'B (ban kinh (O')

0O’ (canh chung)
Do dé AOAQ' = AOBO' (c.c.c)
= A0O' = BOO'
= 00’ 1a tia phan gidc cia AOB

= A0Q' = %m, ma AFO' = }é@ (hé qua s8 do g6c ndi ti&p)

nén AOO' = AFO’
= Tt giac AOFQO' n§i tigp (qiiy tich cung chita goc)

Tuong tu t7 gide AOEOQ' ndi tiép _

Do dé nam didm A, O, E, F, O ciing thude dudng tron (OAQ')
= Ti gidc EFOO’ noi ti€p :

— EFO’ = FOO', ma EOO' = %E@B (0O 1 tia phéan gidc ciia AOB)

va AMB = %P@B (hé qua s§ do géc noi tidp), nén EFO’ = AMB (L
Xét (0O), ta ¢6: Day AM // day BF (AM // OB, B « OF)

= AB = MF

= AMB = MBF (2)

Tu (1) va (2) suy ra EFO = MBF, ma hai goc EFO' v& MBF 6 vi tri so le trong nén BM // EF
Tuong tu: BN // EF. Do 46 BM trung vdi BN (tién @8 O-clit)
Vay M, B, N théng hang. o
Bai 88. (Lép 9) Cho tam gidc ABC ¢6 A =30°, C=45" vi M 12 trung diém cta BC.
Dudng tron tdm O la dudng kinh AB cit AC tai difm thd hai 1a D, Goi E 1a difm d6i
xifng cha O qua AC, CE cit (O) tai F (F = E). Ching minh ring: M, D, F thing hang.
Lot gidi

Ta ¢6: E 481 xitng vdi O qua AC (gt)

= EA = OA va EAC = OAC (tinh chat d6i xdng truc)
=» AAOE can va BAC = 30° (vi OAC = 30°)

= AAOE déu (AAOE cén va OAE = OAC + EAC = 60°)
= OE = OA = E thude (0) duong kinh AB
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Do 46 t¢ gide AEFD ndi tidp dudng tron tdm O
dutng kinh AB.
= DFC = EAC (gbc ngoai biing géc trong d6i dién)
— DFC = 30" (i EAC = 30°)
Ta c6: DFB = DAB (hai géc ndi ti€p (O) cung
chén cung DB) va DAB = 30° (CAB = 30°)
= DFB = 30°
C6 ADB = 90° (g6c noi tiép chén nita (O) dudng kinh AB)
— BD 1 AC tai D = ABDC vudng tai D ma BCD = 45° (gt), nén ABDC vubng can tai D
VeDHLFBGH, DKLFCGK
ADHF vubng tai H va ADKF vubng tai K, c6:
DF 14 canh huyén chung (gt) va DFH = DFK (= 30°)
Do 36 ADHF = ADKF (canh huyén — géc nhon) = DH = DK
ADHB vuéng tai H vi ADKC vudng tai K, ¢6: DB = DC (ABDC vudng can tai D), DH = DK
Do d6 ADHB = ADKC (canh huyén ~ canh gée vubng)
D& ching minh D ndm bén trong AFBC. Do d6 H niim gitta F va B; K nam gita F va C
Ta c¢é: FH = FK (ADHF = ADKF) va HB = KC (ADHB = ADKC)
= FH + HB = FK + KC = FB = FC
Ma DB = DC (ABDC vudng can tai D) va MB = MC (M 12 trung didm c0a BC)nén F, D,
M cing thude dudng trung trire cia BC
Vay ba diém M, D, F théng hang.

Bai 89. (Lép 9) Cho t& gide ABCD ¢6 ABD = 30°, BCD = 150° va AB = AC. Goi E 1a diém
dai xufng cha A qua BD. Ching minh ba diém E, C, D thdng hang.

Lot gidi
Ta c6: E 12 diém d6i xding cGa A qua BD (gt)
— EB = AB va EBD = ABD (tinh ch4t d8i xdng truc)
. =» AABE can va EBD = 30° (vi ABD = 30°)

Nén AABE déu (AABE cén c6 ABE = ABD + EBD = 60°)
= AE = AB, ma AB = AC (gt) nén AE = AB = AC
= A la tAm dudng tron ngoai tié€p AEBC

= BCE= g-'B—A__E {(quan hé gitta g6c ndi ti&p va géc & tAm ciing chién cung BE cia (EBC))

= BCE = 30° (BAE = 60", AABE déu)
Ta c6: ECD = BCE + BCD = 3o° +150° = 180°

= ECD = 180°
Viy ba diém E, C, D théng hang.
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Bai 90. (Lép 9) Cho tam gidc nhon ABC néi ti€p dudng tron tAm O sao cho cosA + cosB +
cosC = g Goi S 1a tdm dudng tron bang tiép trong goc BAC cia tam gide ABC. Ching
minh réng: A, O, S thng hang.

L gidii A
Vé ba dutng cao AM, BN, CP ciia AABC dbng quy tai H
AANB vudng tai N = cos Aé e

. AP
AAPC vudng tai P A =
vudng tai :>.COS' %

Dodécos AwﬁﬁwcosAw ﬁﬁ
AB AC AB AC
Ap dung bat dﬁng thidc AM-GM cho hai s6 duong, ta cé:

(AP+AN] AP AN
2

AB AC AB AC
1/AP AN
Do d6 A<=
oo 3250
PB BM
Tuon, tu: Bg—
g cos (AB+BCJ p
1{MC NC
C g | o 40
cos (BC*AC} B
1({AP PB AN NC BM MC
Né A B Cgom| iy =
én cos A +cosB + cos 2(AB+AB+AC+AC+BC+BC)
= cosA+cosB+cosC g—
D&u “=" xdy ra < AP _AN PB_BM MC NC
AB AC’ AB BC BC AC
AP AB PB AB MC BC

Tit gide BCNP 6 BNC = BPC(= 90°)
= Tt gide BCNP noi tiép

_2>ANP ABC

= AANP « AABC (BAC chung va ANP = ABG)
AP AN
AC ™ AB

_, AP _AC AP _AB ., AC_AB
AN AB AN AC’: AB AC

= AB? = AC® =5 AB = AC
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Tuong tu: AC = BC _ :
Do d6 AB = AC = BC = AABC déu=AB = AC m& OB = OC (bdn kinh (O))
Nén AO la dudng trung truc cua BC
AABC déu ¢6 AO la dudng trung truc
= AQ coing la dudng phan giac cda ]?;Xé ma AS 1a dudng phén giac cha BAC(vi S la
tam dudng tron bang tiép trong géc BAC clia AABC), nén AO trung v6i AS
Vay A, O, S thing hang.
Bai 91. (Ldp 9) Cho tam gidc nhon ABC ndi tiép dung tron tam O sao cho tgA + tgB + tgC =
343 . Goi I la didm chinh giita ctia cung AB khéng chda C. Ching minh C, O, I thing hang.
' ' Loi giai
Ching minh duge:
cotA.cotB + cotB.cotC + cotC.cotA = 1

cot A = -—1—-, cotB = —1— va cotC = ——1—
tgA tgB tgC

1 1 1
-+ 4 = 1
tgAtgB  tgB.agC  tgCitgA

tgCrtgh+tgB ., tgA. + tgB + tgC = tgA.tgB.tgC v

tgA.tgB.igC
Ap dung BDT Cau-chy cho ba s8 duong tgA, tgB, tgC:
tgA +tgB + tgC = Bé/t,gA—th—t_gE
< tgA +tgB + tgC > 33/tgA + tgB + tgC
o (tgA + tgB + tgC) = 27(tgA + tgB + thj
e tgA + tgB + tgC 2 33
Dau “=” x3y ra. Do d6 tgA = tgB = tgC
& A-B=C o aABCdéu=CA=CB
Ma OA = OB (ban kinh (0)) va IA = IB (fA = 1B) nén C, O, I nim trén dudng trung
truc cia AB.
_ Vay C, O, I théng hang. \
Bai 92. (Lép 9) Cho tam giac nhon ABC ndi tiép dutng tron (0). Goi M la diém chinh
gitfta cia cung BC khong chita A. Chdng minh ring néu: cotA + cotB + cotC = J3 thi A,
0, M théng hang. ‘

Do dé

L£07 gidi
V& ba dutig cao AD, BE, CF cia AABC déng quy tai H.
Xét tit giac AEHF, ta c6: AEH = 90° (BE va CF 1a dudng cao cia AABC), AFH = 90°
= AEH + AFH = 180"
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= T gide AEHF ndi tiép
= BAC = EHC (gée trong bing goc ngoai ddi dz.en)
Tuong tu: ABC = DHC va ACB = DHB
ACDH va AADB ¢6:
CDH = ADB(=90"), DCH = DAB (vi cung phu véi ABC)

CD HD
D H «» AADB —_—= .BD = AD.
o dé6 ACD ADB (g.g) = ED = CD.BD = AD.HD
AH HE
Tugng tu: AAEH «» ABEC = = HE.B
ng H BC - CE C=AH.CE
HE

AEHC vudng tai E = cot EHC = ol

Dp dé cot A = % Tuong tu: cot B :%g va coth-———I—}—

Do d6: cotA.cotB + cotB.cotC + cotC.cotA

_ HE HD HD HD HD HE
T CE'CD CD BD BD CE

_ HD.(HEBD + HDCE + HECD)
CECDBD
HD(HEBD + HECD + HD.CE) | .
- D.BD = AD.
CE.ADHD v ¢ AD.HD)
_ HE(BD + CD) + HD.CE
" CEAD
HEBC + HD.CE AHCE + HDCE . _
- HRE = 5= (v HEBC = AH.CE)
_(AH+HD)CE _ ADCE _,
ADCE _ ~ ADCE

=» cotA.cotB + cotB.cotC + cotC.cotA = 1

Ta ¢6: (cotA ~ cotB)® + (cotB ~ cotC)? + (cotC — cotA}2 20

<> cot®A + cot’B + cot?C = cotA.cotB + cotB.cotC + cotC.cotA
<> (cotA + cotB + cotC)2 z 3(cotA.cotB + cotB.cotC + cotC.cotA)
& cotA + cotB + cotC = 3

D4u “=" x4y ra. Do dé cotA = cotB = cotC

& A=B=C < AABC ddu

= AB = AC ma OB = OC (ban kinh (0)) v2 MB = MC (vi MB = MC) nén A, O, M cung

thudc dutng trung tryc cia BC.
Viy A, O, M thing hang.
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Bai 93. (L6p 9) Cho tam gidc nhon ABC ngi tiep dudng tron (O). Goi K 1a diém chinh
gitta clia cung AC khéng chita B. Ching minb ring néu cot?A + cot’B + cot’C = 1 thi K,
O, B thing hang.

Lot gifii
V& ba dudng cao AD, BE, CF ciia AABC déng quy tai H
= AEH = AFH = 90° = AEH = AFH = 180°
= T gidc AEHF ndi tiép (t¢ gidc ¢6 hai géc d61 bu nhau) K
=> BAC = EHC (géc trong bing gée ngoai 46i dién) B
Tuong tu; ABC = DHC va ACB = DHB
ACDH va AADB c6: CDH = ADB(= 90°),
DCH = DAB (vi cung phu v6i ABC)

Do d6 ACDH «» AADB (g.9) > 22 =12 _, ¢D.BD = HD.AD

AD BD
Tuong tv AAEH «» ABEC = % = %g— = HE.BC = AH.CE A

AEHC vuéng tai E = cot EHC = C—E

HE HD HD F
D tA =, Lfc lr B = ——— = —
0o d6 co OE Tuong tu cot D va cot C ) |

Khi d6: cotA.cotB + cotB.cotC + cotC.cotA
_HE HD HD HD HD HE B
CE CD CD BD BD CE
_ HDA(HE.BD + HD.CE + HE.CD)
- CECDBD
_ HD.(HE.BD + HE.CD + HD.CE)
- CE.HD.AD
_HE.(BD +CD)+ HD.CE
- CE.AD
. HEBC.+HD.CE _ AHCE+HDCE _(AH+HD).CE _ 1
CE.AD - CE.AD CE.AD
:>"cotA.cotB + cotB.cotC + cotC.cotA = 1
ma (cotA — cotB)® + (cotB — cotC)® + (cotC — cotA)® = 0
nén cot’A + cot’B + cot’C z cotA.cotB + cotB.cotC + cotC.cotA
Hay cot®A + cot’B + cot?C 2 1
Déu “=” x4y ra. Do d6 cotA = cotB = cotC
e A=B=C < AABC déu = BA = BC,
Ma KA = KC (KA = KC) va OA = OC (b4n kinh (0))
Nén K, O, B cing thudc dudng trung truc cia AC.
Vay K, O, B thing hang.

U-—'m
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‘Bai 94. (Lép 9) Cho tam gidc nhon ABC ngi tiép dudng tron (O; R). Cdc tia AO, BO, CO
lan lugt cdt cdc canh BC, CA, AR theo thit tif tai D, E, F (vdi céc gée BOC, COA, AOB
1a géc th). Goi M la giao diém ecda hai ti€p tuyén tai A va B cha (O; R). Ching minh

riing: néu AD + BE + CF = 5;-3 thi C, F, M thing hang.

Lo qiﬁi M A

Ta ¢b: N

AD 8,y ‘ X Ty ~

o = P8 (AADB va AAOB c¢é chung dudng ~F B

AD 8,y ~. ]

cao vé tif B dén AD) AN

B ¥
Tuong tu: AD _ Sppe _ D
AO  8,.c '
Do dé: AD - Sapp - S anc - Saps + Sanc _ Saon + 5400 + SBO(E =14 Sgoc
AO  S.s Suc Saos +Sacc Sron + Sa0c Sios + Saoc
e, éE =14 SB()(:
R Sron + Sace
Tuong tu: E»»{Ew=1+_%‘\.9§_._; %ml-}-mmﬁﬁgf"_
R Spoc +Sam R Sace + Sgoc
Do dé: AD+BE+CF _3.4 Spoe . Sion . Sioe
R Siop +Sacc  Saoc *Spoc Ssoc +Saos
Chitng minh dugc: Suoc + Shos + Sacc >3
Sios *Saoc  Saoe *Ssoc Ssoc *Saos 2
Do dg: AP +BE+CF . 3
R 2

<::>AD+BE+CF2:Z-—R

Ddu “=" xdy ra < AD + BE + CF = %R (cing chinh la gt)
= SAOB = Sn{)c = SAOC

o %OA.OB sin(180° - AOB) = L 0B.0C. sin (180° - BOT) = —;—OC.OA. sin {180° - GOA)

= = 0A.0C.sin (180° - COA)

L
2
1
2

= AOB = BOC = COA (vi OA= OB =0C = R)

= AAOB = ABOC = ACOA = AB=BC = CA

= AABC déu = CA = CB :

Mz OA = OB (= R) vd MA = MB (tinh ch4t hai tiép tuyén cdt nhau tai M cda (O; R))
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Nén C, O, M cling thude dudng trung trye clia AB.
— C, O, M thing hang ma C, O, F thing hang (gt) nén C, O, F, M thing hang.
Vay C, F, M théng hang.

Bai 95. (Lép 9) Cho dudng tron tAm O ¢6 hai day AC va BD vubdng géc vGi nhau tai H (H
khéc O). Goi M 1a trung diém cGa BC. Pudng thing qua D va song song véi HM cdt (O)
tai diém thtt hai 13 N. Chilng minh ba diém A, O, N théng hang.

Lot giai
Goi K 1a giao diém MH va AD D
Ta ¢6 AC L. BD tai H (gt)
= ABHC vudng tai H,
ma HM la dudng trung tuyén (M 1 trung diém cda BC)

Ab==n
Nén MH = MB[: «%«BC] ' xl

= AMBH cin tai M B
—, CBH - §HB, ma MHB = KAD (hai géc ddi dinh) nen CBH = KAD
Ta c6: KHD = CBH; KDH = ACB (hai gbc ndi tiép cung chén cung AB cha (O))
— KHD + KDH = CBH + HCB
Ma AKH = KD + KDH (g6c ngoai dinh K cta ADKH) va
CBH + HCB = 90° (ABHC vudng tai H)
Nén AKH = 90° = HK 1 AD hay HM L AD
Ma DN // HM (gt), nén DN L AD = ADN = 90°
Mit khéc A, D, N thuje (O) (gt). Do d6 AN 14 dudng kinh cia (O)
Vay ba diém A, O, N thdng hang.

Bai 96. (Lép 9) Cho tf gide ABCD néi ti€p dudng tron tdm O ¢6 AC vubng gée véi BD tai
H (H khdc O). Goi M, N l4n lugt 1a hinh chigu cia diém O 1én AD, BC va I I trung
diém cta MN. Chdng minh riing: O, I, H thing hang.

' Lot gidi

Goi E 1a giao diém clia MH va BC, F 1a giao diém cia NH va AD. (O) ¢6:

OM la m6t phan dudng kinh

AD 13 day cung

OM L AD tai M (M 12 hinh chiéu cda O 1én AD)
Do dé M la trung diém cia AD
AAHD vubng tai H c6 HM 13 duding trung tuyén dng
voi ‘canh huyén AD (M 13 trung diém ctGa AD)

- HM = AM (:%ADJ > AAMH can tai M
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— DAH = AHM, ma AHM = CHE (d6i dinh) nén DAH = CHE
— DAH+ ADH = CHE + HCE, (ADH=-HCE, hé qud géc néi ti€p), ma
DAH + ADH = 90" (AAHD vuéng tai H) va BEH = CHE + HCE (g6c ngoai dinh E ciia
AHEC) nén BEH = 90" = HE L BC hay MH L BC, ma ON L BC (N la hinh chi€u clia
0 1én BC) nén MH // ON |
Chéing minh tuong tu: NH / OM
Do d6 tif gisc OMHN 14 hinh binh hanh ‘(tl.'f gidc ¢6 hai ciip canh 461 song song)
= Hai dudng chéo OH va MN c6 chung mét trung diém, ma I 13 trung diém cia MN
(gt), nén I 1a trung diém cda OH.
Vay O, I, H thing hang.

Bai 97. (Ldp 9) Cho tam gidc ABC can tai A va ndi ti€p dudng tron (O; R). Trén cung BC

khdng chita A vé diém D sao cho w = R(l + %) Chung minh ring: A, O,
D thing hang.
Lot gidi .
(0O) ¢6: AB, AC la hai diy cung va AB = AC (AABC can tai A)
= AB = AC
Goi E 1a giao diém cha AD va BC
AADB va AABE cé: A

DAB = BAE (gbe chung)
ADB = ABE (hai géc ndi ti€p chén hai cung béng nhau)
DB _ AD o

D AD A . fre—g el e 1
1

AADC va AACE c¢6: \ C
DAC = CAE (géc chung) E\L/
ADC = ACE (hai géc ndi tiép chin hai cung bing nhau) : b
. DC AD . ‘
Do d6 AADC <> AACE (g8) = &= = & )
Tir (1) va (2) va AB = AC (AABC cén tai A)
— ;A._I,.),,z DB z@ﬂ DB+ DC . DB+ DC
AB BE CE BE+CE BC
AD . DB + DC BC

y
t
)
f
f
|
i

= = DB + DC = AD. -~
AB BC ‘ AB
DA + DB + DC DA'( BC)
= =1+ ==
2 2 AB
DA + DB+ DC BC
Ma =Ril+—=
2 ( AB) (gt)
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Nén %é -~ R hay DA = 2R. Mat khdc DA 1a ddy cung cda (O; R)

Do d6 DA la dutng kinh cta (0)

Vay A, O, D thng hang. .
Bai 98. (Lop 9) Cho tam gide déu ABC ni tigp dudng ton (O; R). L&y M trén cung BC khéng

chita A sao cho MA + MB + MC = 4R. Chiing minh ring ba diém A, O, M thing hang.

L% gidd

Céch 1

Trén doan MA 14y diém D sao cho MD = MB

=> AMDB cén tai M _

Ta c6: DMB = ACB (hai géc noi ti6p cing chin cung AB cia (0)) A

va ACB = 60° (AABC ddu) = DMB = 60°

Do d6 AMDB déu (AMDB cén tai M ¢6 DMB = 60%)

Ta c6: MBC + CBD = 60° (= MBD , AMDB déu) Dig

va DBA + CBD = 60° (= ABC, AABC déu) E

= MBC = DBA B\/C
AMBC va ADBA c6: BM = BD (AMDB déu), N

MBC = DBA (chiing minh trén)
BC = BA (AABC déu)

Do d6 AMBC = ADBA (c.g.c)

= MC = DA

= MB + MC = MD + DA (MB = MD, AMDB déu)

= MB + MC = MA

= MA + MB + MC = 2MA

Ma MA + MB + MC = 4R (gt)

Nén MA = 2R. Do d6 MA la dudng kinh cda (O; R)

Vay ba diém A, O, M thing hang.

Céch 2 ‘
Xét (O; R), ta c6: AB, AC 12 hai day eung vi AB = AC (AABC déu)
= AB = AC

Goi E 1a giao diém clia AM va BC
AAMB va AABE c6: MAB = BAE (géc chung)
AMB = ABE (hairgéc néi ti€p chén hai cung bing nhau)
MB _AM

Do d6 AAMB «» AABE (g. e 1
) (g.g) = B " AR (1)
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AAMC va AACE c6: MAC = CAE (géc chung),

AMC = ACE (hai gée ndi tidp chdn hai cung béng nhau)

MC AM
w2 % [t
Do d6 AAMC «» AACE (g.g) = R T (2

Tt (1), (2) va AB = AC (AABC déu), ta cé:
AM _ MB _ MC _ MB + MC N MB+MC:> AM _ MB + MC
AC BE CE BE+CE BC AC BC :
Ma AC = BC (AABC déu) nén AM = MB + MC = 2AM = MA + MB + MC
Ma MA+_ MB + MC = 4R (gt), nén 2AM = 4R = AM = 2R
Mit khdc AM la dAy cung cha (O; R). Do d6 AM 1a dudng kinh cha (O)
Vay ba diém A, O, M thing hang.
Bai 99. (Lép 9) Cho dudng tron (O; R) dudng kinh BC. Goi A 14 diém chinh giita clia cung

BC va D 12 diém trén cung BC khong chia A. V& DH vudng géc véi BC tai H. Ching

minh ring: néu DH = %C— thi A, O, D théng hang.

ALdi gidi A
Ta ¢6: DH < DO (Quan hé giita dudng vubng gée va duing xién) '
b
Vanom?iQ(..R) DH<§2.9 i
I
i

Diu “=” x4y ra (vi DH = %9)

Do dé H= O = H 1& trung diém cha BC
ABDC ¢6 DH vita dudng cao (DH 1 BC tai H), vira 1a dudng
trung tuyén (H 14 trung diém cta BC)
ABDC cAn tai D = DB = DC ma AB = AC (AB = AC; AB va AC Ia hai cung cdia (0)) va
OB = OC (BC 12 duong kinh cGa (O) nén D, O, A cing thube dudng trung tryc ctia BC.
Vay A, O, D thing hang.

Bai 100. (Lép 9) Cho dudng tron (O; R) va cac ddy AB, BC sao cho AB=R3,BC =R
(v6i tia BO nim giita hai tia BA va BC). Ching minh riing A, O, C thing hang.

L2 gidi

V& dudng kinh BS eda (O; R) = BS = 2R
Xét (0), ta c6: ABCS nbi ti€p (B, C, S € (), BS 14 dudng kinh (cach vé)
Do dé ABCS vubdbng tai C
= BS? = 8C? + BC? (dinh li Py-ta-go)
= (2R)® = SC? + R? - A
= SC = RV3 ma AB=Ry3,nén SC=AB
Chitng minh tuong tu: AS = BC
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T gisc ABCS ¢6 SC = AB va AS = BC
= Ti gidc ABCS 1a hinh binh hanh (ddu hiéu nhan bi&t)

=» BS va AC cit nhau tai trung di€m ctia mbi dudng _

Ma O la trung diém cia BS (vi BS 1a duong kinh ciia (0))

Nén O ciong 1 trung diém ctia AC. :

Vay A, O, C thing hang. _

Bai 101. (Lép 9) Cho tam gide ABC vudng tai A (AB < AC) ¢6 AH c6 dudng cao. V& dudng
tron tam I dudng kinh BH va tigp tuysn CM ciia (I) (M 1a ti&p diém). Tia IM cdt AB tai
N. Pudng trén ngoai ti€p tam gidc BHN cit AM tai K. Ching minh ring ba didm N, K,
C thing hang.

Lovi gidei
Goi E la giao diém cua AM va CN. A
ACMH va ACMB e6:
MCH = BCM (g6c chung)
CMH = CBM (hé qua gée ndi tiép)
Do d6 ACMH «» ACBM (g.g) B

CH CM wﬁ | ¢
= oM OB = CH.CB = CM®
AABC vudng tai A ¢6 AH 1a dudng cao (gt)
= CA® = CH.CB (hé thte lugng trong tam gidc vuéng)
Do d6 CM?® = CA? (= CH.CB) = CM = CA
ACMN vuéng tai M (CM la ti€p tuyén tai M cla (I)) vAACAN vubng tai A (AABC vubng
tai A, N € AB) c6: CN la canh huyén chung, CM = CA
Do d6 ACMN = ACAN (canh huyén ~ canh géc vudng)
= NM = NA, ma CM = CA nén CN la dudng trung truc cia AM = CN L AM tai E
ACAN vudng tai A c6 AE 1a dudng cao
=> CA® = CE.CN (hé thitc lugng trong tam gidc vuéng)
Do d6 CH.CB = CE.CN (= CA%

ACEH va ACBN c6: ECH = BCN (géc chung), % = ggw (CH.CB = CE.CN)

Do dé ACEH «» ACBN (c.g.c)
= CEH = CBN |
= Tt gidc BHEN nbi ti€p (t7 gidc cb gélc ngoai bing géc trong cha dinh ddi dién)
=» E thudc dudng tron ngoai ti€p ABHN, ma E 14 giao di€m cta AM va CN nén (BHN)
cit AM tai E.
Do d6 E = K (vi (BHN) et AM tai K)
Vay N, K, C thfing hang.
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Bai 102. (Lép 9) Cho tit gidc ABCD ni tiép dutng trdn (O; R) c6 AB® + CD® = 4R* Qua C
vé dudng thing song song v6i BD cit (O; R) tai diém thd hai E. Chdng minh A, O, E
thing hang.

L3P gidi
V& dudrng kinh DF cda (O; R) = DF = 2R
— DCF = 90° (gbc ndi tidp chin nia (0))
=> ADCF vudng tai C
= DF? = CF? + CD? (dinh 1i Py-ta-go),
Ma DF = 2R nén CF? + CD? = 4R?
Do dé CF? + CD? = AB® + CD” (= 4R?)
= CF% = AB% = CF = AB => CF = AB (CF, AB la hai day cung ctia (O))
= CBF = ACB (hé qué s6 do g6c ndi tiép), ma CBF va ACB so le trong nén AC // BF
Ta c¢6 DBF = 90°(géc nodi tip chdn nira (0))
= DB L BF, ma AC/ BF nén DB L AC
Ta c¢6 CE // DB (gt) va DB 1L AC
— CE L AC = ACE =90°, ma A, C, E e (0) (gt) nén AE 12 dudng kinh cta (O)
Vay A, O, E thiing hang. '

Bai 103. (Lép 9) Cho tam gidc ABC c6 A =30°, C =45" va M 1a trung diém cta BC.
Pudng tron tam O dudng kinh AB cit AC tai N, MN cdt (O) tai diém thd hai 12 D. Goi
E 1a diém 481 xtng cia O qua AC. Ching minh rang: C, D, E thing hang.

L3t gidd
Ta c6: ANB = 90° (géc ndi ti&p chdn nda (O))
= BN LACG&N
= AANB vubng tai N
— ABN + BAN = 90°
— ABN+30° =90° (A =30°)
= ABN = 60°
AABC c6: ABC + A + C = 180° (t8ng ba géc trong tam gide)
= ABC+30" +45° =180° (A =30°, §=45°)
= ABC =105
ma ABN =60° va ABN + NBC = ABC nén NBC = 45°
ABNC vudng tai N (BN L AC & N) ¢6 NBC = 45°
= ABNC vudng can tai N, ma NM 13 dudng trung tuyén ctia ABNC (M la trung diém
ciia BC) nén NM ciing 1a dudng trung truc ciia BC

A 0 B

= C va B 461 xiing v6i nhau qua NM
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=> NDC = NDB (tinh ch&t d6i xing truc)

Vi E 1a diém 481 xdng cha O qua AC, nén AE = AO va EAC = BAC = AAOE can tai A
va EAC = 30° (vi BAC = 30°). AAOE cén tai A ¢c6 EAO = EAC + BAC = 30° + 30° = 60°
= AAOE déu = OE = OA = E e (0)

Ta ¢6 NDC = NMIH)-I_S, NDB - NAB (= %Sd@ clia ((j)) va NAB = NAE (tinh chat dﬁa xting truc)

= NDC = NAE, ma EDN + NAE = 180° (vi ttf gidc AEDN nsi tigp)
nén EDN + NDC = 180°
Vay C, D, E thing hang.

Bai 104. (Lép 9) Trén na dudng tron tdm O dudng kinh AB = 2R 14y didém C, trén tia
d6i cha tia CA 14y diém D sao cho CB = CD = R. Bubng trung truc cia BD cit nlda
dudng tron tdm O tai diém thit hai E. Goi F 12 diém d6i xing cia O qua AC. Chiing
minh ring: D, E, F thdng hang.

L3t gici
Ta c6: ACB = 90° (géc néi tiép chdn nia (0)) dusng kinh AB)
= AABC vubng tai C

== CB
= CAB = —
sin B N

wsinm:% (CB = R, AB = 2R) A o B

= CAB =30, ma CAF = CAB (tinh chat d6i xiing truc) nén CAF = 30°
= OAF = CAB + CAF = 60°
Ta c6: AF = AO (tinh chdt d5i xding tryc) = AAOF can tai A, ma OAF = 60° nén AAOF
d8u=OF=0A=F e (O;R)
Ta o6 {ED = EB (E thude dudng trung tryc cia BD)
CD=CB (=R)

= EC 1a dudng trung trye cia DB
= D va B d6i xing v¢i nhau qua EC
= DEC = BEC (tinh chdt d6i xing truc)
Ma {iﬁ?} = (j:A:B (hé qui vé s6 do gbc ndi tisp)

CAB = CAF (tinh ch4dt d8i xing truc)
Nén DEC = CAF = DEC + CEF = CAF + CEF
=> DEF = 180° (td gisc ACEF néi tisp)
Vay D, E, F théng hang.
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Bai 105. (Lép 9) Trén dudng tron (O; R) l1an lugt 1dy cde diém A, B, C (theo chidu quay
kim déng hd) sao cho AB = AC = R. Goi M 1a diém chinh gitta ctia cung nhd AB, N 1a
giao diém cla hai dudng thdng BM va CA, D la diém d6i xing cha N qua MA. Ching
minh C, O, D thdng hang.

L3 gidi
Ta c6: OA= 0B = AB{(= R}
= AOARB déu '
= AOB = 60" = sdAB = 60°,

ma: sdMA = sdMB = %sd@ (M 12 diém chinh gita

cda cung nhé AB)

Nén sdMA = sdMB = 30°

Tuong tu: sdBC = 60° = sdMC = sdMB + sdBC = 30° +60°
= sdMC = 90° |

Ma MAC = %sdm (g6e ndi tiép chdn cung MC)

nén MAC 45°. Do d6 MAN =135° (vi MAC va MAN ké bu)
AMN = ACB (¢ gidc AMBC ndi tiép (O)
Ta ¢6: {ACB = EsdAB (géc ndi ti€p chdn cung AB)
sdAB = 60°
= AMN = 30°, ma MAN + AMN + MNA = 180° (t6ng ba géc trong tam gidc)
nén 135° + 30° + MNA = 180° = MNA =15
Ta ¢6: MCA = é—sdl\ﬁ (g6c noi tidp chdn cung MA), sdMA = 30°

= MCA =15°, ma MDA = MNA (tinh chdt d6i xiing truc) va MNA =15° nén
MCA = MDA (= 15°) => T¢ gidc MCDA ni tiép
=De(Q)¥iM,C, Ac(0).
Tuong tuy: MAD = MAN = 185°.
Ta ¢6 CAD = MAD - MAC = 135° — 45°
= CAD =90°, ma C, A, D € (O) nén CD 12 dudng kinh ciia (O)
Vay C, O, D thidng hang.
Bai 106, (L6p 9) Cho tam gide ABC ¢6 A =120° va noi ti€p dudng trdn tam O. Trén tia

ddi clia cde tia BA, CA l4n lugt 18y cAc diém D, E sao cho BD = CA va CE = BA. Ching
minh: D, O, E thidng hang. ‘
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Lt giai.
Lay M thudc cung 16n BC cta (O) (M khéc B va C)
—> Tt gisc ABMC nbi tiép (O)

= BMC + BAC = 180°, ma BAC = 120°(gt),
nén BMC = 60°

Ta ¢6 BMC = —]—3% (hé qué vé s8 do goc ndi tiép)

= BOC = 2BMC = BOC =120°,

ma ABOC cén tai O nén OBC = OCB = 30°
Qua C vé& duding thang song song vdi AD cit DE tai F.

Ta c6: BD = CA va BA = CE (gt)

= BD + BA = CA + CE hay AD = AE

=> AADE cén tai A, ma DAE =120° (suy tif gt) nén ADE = 30

Mt khée CFE = ADE (déng vi va CF // AD) = CFE = 30°

Ta c6: CFE = ADE va ADE = CEF (AADE can tai A)

= CFE = CEF = ACFE can tai C = CF = CE, ma CE = BA (gt) nén CF = BA

T¢ gide ACFB ¢6: CF / BA (CF // AD, B € AD) va CF = BA nén td gidec ACFB la hinh
binh hanh (ddu higéu nhén biét)

= BFC = BAC (tinh chat hinh binh hanh)

= BFC =120 (BAC =120°)

Td gisc BOFC ¢6 BFC = BOC (= 120°)

= T gidc BOFC nbi tiép (t& gide c6 hai dinh lién ti€p cing nhin mét canh duéi hai

gée biing nhau)

= OFC + OBC =180°

‘ma OBC = CFE (= 30°) nén OFC + CFE = 180° = OFE = 180°

= O, F, E théng hang, ma D, F, E thdng hang nén D, O, F, E thing hang.
Vay D, O, E théng hang. '

Bai 107. (Lép 9) Cho tam gidec ABC (AB < AC) ndi tiép dudng trdn tdm O. Trén cdc tia
d6i cha cdc tia BA, CA 14n luot cde diém M, N sao cho BM = AC va CN = AB. Goi 1 la
di€m chinh gitta cha cung BC (chida A), K 1a diém d6i xdng véi I qua BC.

Ching minh M, K, N théng hang.
Lt it
Ta c6: BM = AC va AB = CN (gt)
=> BM + AB = AC + CN
= AM = AN
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= AAMN cén tai A

Ta c6: BKC = BIC (tinh chat d6i ximg truc) A

va BIC = BAC (hé qua vé 38 do goéc ndi tisp)

= BKC = BAC

Ta co: C
IB = IC (I & diém chinh giita cda cung BC cia (0))

= IB = IC = ABIC can tai I

Ma ABKC = ABIC (tinh chat d6i xtng truc).

Nén ABKC can ta1 K

Trén doan MN 14y H sao cho CH // AB M

= CHN = AMN (déng vi), ma AMN = CNH (AAMN cén tai A) nén CHN = CNH

= ACHN cén tai C = CH = CN, ma CN = AB (gt) nén CH = AB

T gidec ABHC ¢6 CH / AB va CH = AB

=» T gisc ABHC 1a hinh binh hanh (d4du hidu nhin biét)

= BHC = BAC (tinh chét hinh binh hanh)

Do d6 BKC = BHC(= BAC)

—

=

= Tt gidc BCHK ndi tigp (quy tich cung chia géc)

Ta ¢6: HCN = BAC (so le trong, CH // AB) v BKC = BAC

= HCN = BKC, ma AHCN can tai C va ABKC can tai K nén AHCN «» ABKC (g.g)

= CHN = KBC

= CHN + CHK = KBC + CHK ma CHN + CHK = NHK ; KBC + CHK =180° (tinh chat
cua tit gidc BCHK noi tiép) _

Nén NHK =180° = K, H, N thdng hang, ma M, H, N théng hang (cdch ve)

nén M, K, H, N thing hang

Vay M, K, N thing hang.

Bai 108. (Lép 9) Cho tam gidc ABC (AB < AC). Pudng tron (O) tiép xtc véi cde canh AB,
AC 14n lugt ta1 D, E. Burdng thang qua O vudbng géc vdi BC cit doan DE tai M. Goi N
la trung diém cua BC. Chiing minh: A, M, N thing hang.

Lt giai

Qua M vé duimg théng song song v4i BC cdt cdc canh AB, AC theo tha tuf tai H, K.

= OM L HK tai M (OM L BC)

Xét t gide ODHM, ta cé:

ODH = 90° (AD la ti&p tuyén tai D cia (0), H € AD)
{O"i\fﬁ_ = 90° (OM L HK tai M)

= ODH + OMH = 180°

| 317



= Tt gide ODHM ndi tiép (t& gidce c6 hai gée d6i bu nhau)
Chitng minh tuong fiuf: tf gidc OMEK ndi tiép
Ta c6: OHK = ODM (t& gise ODHM néi ti&p).
ODM = OEM (AODE cén tai O, vi ¢6 OD = OE = bén kinh ()
OEM = OKH (tif gidc OMEK ndi ti&p)
Do d6 OHK = OKH = AOHK can tai O, ma OM Ia dudng cas cia AOHK (OM L HK &
M) nén OM cing la dudng trurig tuyén cia AOHK = M la trung diém cta HK
Xét AABC, ta cé:

HEK // BC (cach v&)

o AH_HK 4 qua ctia dinh 1f Ta-16t)
AB  BC

Ma HK = 2HM (M 1a trung diém clia HK)
va BC = 2BN (N la trung diém cGa BC)
én AH = aM
AB BN
Xét AAHM va AABN, ta co:
AHM = ABN (déng vi, HK / BC, M € HK, N € BC)
AH _HM
AR BN
Do d6 AAHM «» AABN (c.g.c)
— HAM = BAN hay BAM = BAN (H  AB) ma tia AM va tia AN cing thude nita mit
phing by AB, nén tia AM tring véi tia AN '
Vay A, M, N thAng hang.

Bai 109. (Lép 9) Cho hinh binh hanh ABCD (BD < AC). Puing tron (O) dudng kinh AC
cit céce tia AB, AD lan luot tai H, I. Ti€p tuyén tai C cha (O) cit dudng thing BD tai V.
Chitng minh H, I, V thdng hang. A
Ldy K thudc doan HI sao cho HCK = ADO
AHCEK va AADO cé: 9]

FICK = ADO N/

1 H K i \
CHK = DAO [: ~2~st1 cia (O))

Do d6 AHCK «» AADO (g.g) x
Xét hinh binh hanh ABCD, ta c¢6 :
Hai dudng chéo BD va AC cét nhau tai trung diém clia mbi dudng (tinh chat hinh binh
hanh), ma O la trung diém cha AC (AC 1a dudng kinh cGa (0)) nén O cling 1a trung
diém cha BD
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= B, O, D théng hang
= AOB + AOD = 180° (hai géc ké bi), ma IKC + HKC = 180° (hai géc ke bu)
va AOD HKC (AADO S AHCK) nén AOB IKC

AAOB va AIKC ¢6: AOB = IKC, OAB = KiC (— —stH ctia (D)J

' SRS AO OB AOKC
6 AAOB «» AIKC (g. oo i = £ 1
Do d O A _(_gg) = K - KC = IK OB 1)
Ta ¢6: AHCK «» AADO (ching minh trén)
HK KC - AOKC
il K =
20 “op o oD @

T (1), (2) va OB = OD (O 1a trung diém ctia BD)
= IK = HK = K 14 trung diém ctia diy HI khéng qua tam cla (O)
= OK L HI tai K
Ta c6: IKC = AOB (AIKC «» AAOB) va AOB = COV (hai géc d5i dinh)
= IKC = COV ‘
V& Kx 14 tia d6i cta tia KO _
Ta c6: TKC + CKx = 90° (OK L HI tai K) e
COV + CVO = 90° (CV L OC, tinh chat ti&p tuyén)
IKC = COV . | o
nén CKx =CVO = Ta gide OVCK ndi tiép (td gidc cé géec ngoai bang gée trong cla
dinh d&: dién)
= OKV = OCV , ma OCV = 90° (CVi OC)
‘nén OKV = 90° = KV L OK tai K, ma HI L OK tai K, nén HI = KV
Vay H, I, V thédng hang
* Nhan xét: Ki thuat vé didm K d& ¢6 AHCK «» AADO va AIKC AAOB, glup ta chu’ng
minh duge t& gléc OVCK noi tiép. Pay chinh 1a diém cot 161 ca 18 gidi.

Bai 110. (Lép 9) Cho tam gide nhon ABC (AB <'AC) ¢6 dudng cao AH va ndi tiép duong
tron tdm O dudng kinh AK. Céc ti€p tuyén tai B, C cha (O) cit nhau tai M; OM cit BC
tai I. Cac tia AH va KI cit (O) tai diém thd hai 14n lugt tai D va N. Ching minh: M,
D, N théng hang.

Lot gidd .
Ta ¢6: OB = OC (bé.n kinh (O)) va MB = MC (tinh chdt hai tiép tuyén tai B, C cta (O)
cdt nhau tai M, _
= OM la trung tric cda BC
= OM L BC tai I
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AOCM vudng tai C (MC 14 tiép tuyén tai C cla (0))
¢6 Cl la duong cae _ _
= OC? = OLOM (hé thdc lugng trong tam gide vudng)
= OD? = OL.OM (OC = OD, béan kinh (0))
AODM va AOID c6: DOM = IOD (g6c chung)

OD _OM (o _
oL - oD {OD WOI.OM)

Do 46 AODM <« AOID (c.g.c)

Ta ¢6: O // AD (cling vubng géc véi BC)

= [OD = ODA (hai géc so le trong)

m& ODA = DAO (AOAD can tai O, vi OD = OA)

va DAD = DNI [: %Sdﬁ*ﬁ chia (0))

nén IOD = DNI

= T gidc DNOI ndi ti€p (quy tich cung chita géc)
= OID + OND = 180° (tinh chat cha t& gide noi tiép)
Ma OID = ODM (AOID « A0DM)

va OND = ODN (AOND cén tai O, vi ON = OD)

nén ODM + ODN = 180° hay MDN = 180°

Vay M, D, N théng hang.

* Nhén xét: Y tubng cta l3i gidi bai todn 1a chiing ta thdy duge AODM «» AOID va td
gise DNOI noi tisp. '

Bai 111. (L6p 9) Cho nita duting tron tAm O dudng kinh AB, M thubc cung AB (M khéac A
v& B), C nim gitta O va A. Trén nita m#t phing by AB chda M ké cdc ti€p tuyén Ax,
By vé6i (0). Pubng thing qua M va vudng géc véi MC cit Ax, By lan lugt tai P, Q. AM
cit CP tai E, BM cét CQ tai F. Goi N 1& giao diém thy hai cia cdc dudng tron (MEP)
va (MFQ). Chitng minh: M, N, O thing hang.

L gial
Tit gidaec APMC c6:
CAP = 90° (PA 1a ti€p tuyén tai A cta (0)) Q
{é’l\?ﬁﬁ =90° (PQ L CM tai M)

= CAP + CMP = 180° - ' PR
= Td gide APMC néi tiép
Chitng minh tuong tu: t gidc MQBC ndi tiép A cC O B

Ta c6: AMB = 90° (géc ndi ti€p chén nia (0))

= AAMB vubng tai M = MAB + MBA = 90°
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Ma MAP + MAB + MBQ + MBA = PAB + QBA = 90° + 90° = 180°
nén MAP + MBQ = 90°
T o6 MCE = MAP (t¢ gide APMC nbi tidp)
| MCF - MBQ (t¢ gide MQBC noi tisp)

= MCE + MCF = MAP + MBQ
= ECF = 90" = ECF + EMF = 180° (AMB = 90°, E « MA, F « MB)
= T gidc EMFC nbi tiép

MET = MCF (t¢ gidc EMFC néi tiép)
Ta c6: {MCF = MBQ (tit gide MQBC noi tiép)

MBG = MAB (= %sdlﬁﬁ ca (0))
= MEF = MAB, ma MEF va MAB ¢ vi tri déng vi nén EF // AB

Goi I1a giao diém clia MO va EF
AMAQ c6 EI// AO (EF // AB, I ¢ EF, O € AB) _

= éi - '1\1;1% (1) (hé qud ctia dinh I Ta-lét)
IF M
Chit, h tut e 2
ng minh tuong OB = Mo (2)

Tir (1), (2) va OA = OB (bén kinh (0)) ta c6: IE = IF
= 1 Ia trung diém cta EF '
Goi K 12 giao diém ectia MN va EF
Ta o6 {@ = @ (ching minh trén)
MAB = MPE (t¢ gidc APMC ndi ti€p)
= MEF = MPE , ma MPE = KNE (gbc ngoai chia t gié'c MNERP ndi tiép)
nén MEF = KNE | o
AKEM va AKNE c6: EKM = NKE (g6c chung), MEK = ENR (MEF = Kﬁ)

KE KM g
Do d6 AKEM <> AKNE (g. — — = KN
o (g.g) = = KE* = KM

Ching minh tuong tu: KF? = KM.KN

Do d6 KE® = KF? = KE = KF = K 1 trung diém cta EF

Thé thi I = K (vi I ciing 1a trung diém cta EF). Do d6 M, N, I, O théng hang (vi cdc
diém nay cung thudc dudng thing MI)

Vay M, N, O thdng hang.
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Bai 112. (Lép 9) Trén dudng tron (O; R) 1an lugt 18y cde diém A, B, C, D (theo chiéu quay
kim déng hé) sao cho AB = AC = CD = R. Goi M 13 diém chinh giia ciia cung nhd BC.
Pudng thing qua A va vudng gée véi MB cét dudng thing CM tai E. Ching minh ring:
D, B, E thing hang.

_ Lai gidi
AAOB c6 OA = OB = AB (= R) = AAOB déu
Chiing minh tuong tu: ABOC déu va ACOD déu
Khi d6 AOB = BOC = COD = 60° |
ma AOD = AOB + BOC + COD
nén AOD = 180°
= A, O, D théng hang
= AD la dudng kinh cia (O; R)

Ta c6: AMB = é@ (g6c nodi tiép va géc & tdm cling chin cung AB), ma AOB = 60°

(AAOB ddu) nén AMB = 30°
Ta ¢6: BEMB = BDC (géc ngoai dinh M cia tit gide BDCM ndi tiép (O)

va BDC = —1—]§6@ (hé qua vé s6 do gbc ndi tiép)

- EMB = WBOC ma BOC = 60° (ABOC déu), nén EMB = 30°

Do 46 AMB = EMB (= 30°) = MB la dudng phén gidc cia géc AME.
AAME c6 MB vira 1a dudng phan gidc, vita 1a dudng cao (MB L AE)
= AAME cén tai M |
Do d6 dudmg cao MB clla AAME cén tai M ciing 14 dudng trung truc cha AE.
= A va E 481 xing nhau qua MB
= MBE = MBA (tinh chat d6i xing truc)
AB va CD la hai ddy cun
Xét (0), ta c6: { AB = D (gt y cung
—> AB=0D = sdAB = sdCD, ma sdBM = sdMC (M 1a diém chinh gitia cia cung nhd
BC cia (O)) nén sdAB + sdBM = sdCD + sdMC hay sdAM = saMD
= ACM = MBD (hai géc ndi tiép chén hai cung bing nhau cia (O))
Dodé_m+m=m+m(mzm)
= DBE = 180° (t¢f gisdc ABMC néi tiép (0))
Vay D, B, E thdng hang.
Bai 118. (L6p 9) Cho tam gidc ABC vudng tai A (AB < AC) ¢6 AH 1a dudng cao. Lay diém
M n¥m gitta hai diém A va H. Trén céc doan MC, MB lin lugt 14y c4c diém E, F sao
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CNo DL = bAa, LI = LAl WO L ld Hi1do Wl Lud DL vd Wi, I ld /idll LQiTill Liilh fidl Wia
hai duding tron (BHF) va (CHE). Ching minh ring: I, H, K thing hémg
Lt gidi

V& BP L CM tai P; BP cit HA tai S; BM cit SC tai Q. Goi O la tam cia dudng tron
(BHF), TH cdt duong tron (BHF) tai diém thd hai 1a G.
ASBC cé: '

SH 1a dudng cao (AH L BC, A « SH)

CP 1a duong cao (CP L SB)

SH cat CP tai M A
Do d6 M la true tam cla ASBC = BM L SC tai Q
ABHS va ABPC cé: HBS = PBC (géc chung) P

BHS = BPC (= 90°)

Do d6 ABHS «» ABPC (g.g) Bko, H ' c

= @ = BS = BH.BC = BP.BS
BP BC ' G

ABAC vudng tai A c6 AH 1a dudng cao

= BA? = BH.BC (hé thtic lugng trong tam gidc vubng)
— BE? = BH.BC (BA = BE), ma BH.BC = BP.BS

nén BE® = BP.BS ‘

S

BE _BS

E2 BP.
5 " BE (B P.BS)

' ABES va ABPE c6: EBS = PBE (goc chung)

Do 36 ABES «» ABPE (c.g.c)
— BES = BPE, ma BPE =90° (CP 1 8B, E ¢ CP) nén BES = 90° = ABES vuéng tai E

ABES vudng tai E ¢6 EP la dubng cao
= SE? = SP.SB (1) (h& thie lugng trong tam gidce vuong)

Chidng minh tusng ty: SF? = SQ.8C (2)
ASPC va ASQB c6: PSC = §SB (géc chung), SPC = SQB (= 90°)
Do d6 ASPC > ASQB (g.8) = -2% - g—g- — SP.SB = 5Q.SC 3)

Tt (1), (2) va (8), ta 6 SE* = SF? = SE = SF
AIES vudng tai E va AIFS vudng tai F c6: IS la canh huyén chung, SE = SF
Do d6 AIES = AIFS (canh huyén ~ canh géc vudng) =IE = IF

BE BH

(BE? = BH.BC)
BC BE

ABEH va ABCE cé: EBH = CBE (géc chung), =——

‘Do 6 ABEH <= ABCE (c.g.c) = BEH = BCE
Ching minh tuong tu: CFH = CBF

323



Ma CBEF = 1?:}"‘1«"(; %sdfﬁf‘ clia (O)J nén CFH = IGF

AIFH va AIGF c6: FIH = GIF (goc chung), IFH = IGF (CFH = IGF, I € CF)
AIFH « AIGF (g.g)

IF IH 5
=2 = [P = IGIH
G IF ;

= IE? = IG.JH (IF = IE)

AIEH va AIGE ¢6: EIH = GIE (géc chung), % = %gm (IE? = IG.TH)

Do d6 ATEH «» AIGE (c.g.c)
= IEH = IGE, ma IEH = ACE (BEH = BCE, I € BE, H ¢ BC) nén IGE - FiCE

Hay HGE = HCE (H ¢ IQ)

= Td gide ECGH néi ti€p (4 gide ¢6 hai dinh lién ti€p cimg nhin mét canh dudi hai
géc bing nhau) ‘

= (CHE) di qua G, ma G ¢ (BHF) (cach v&) nén G 1 giao diém thyd hai cda hai dudng
tron (BHF) va (CHE)

Dod6 G=K

Vay I, H, K thing hang

* Nhén xét: Ki thuit vé diém S 1a quan trong, gitip chiing ta chiing minh duge IE = IF,
Mit khéc viée nhin ra duge BEH BCE va CFH = CBF aa gitp ching ta ¢6 G = K. Day
chinh la chia khéa ctia 15i giai.

Bai 114. (Ldp 9) Tt T & ngoai dutng trdn tdm O v& hai tifp tuyén TA, SB véi (0) (A, Bla
cdc ti€p diém). Lay C thudc cung 16n AB cia (0) (C khdc A va B). Goi H, I, K lan lugt
1a hinh chiéu vudng géc cta C trén cdc dudng thng AB, TA, TB. OT cit AB tai M, AC
ciit IH tai E, BC cit KH tai F. Goi N 1a giao diém thi hai cia cée dudng tron (ICE) va
(KCF). Ching minh M, N, C thing hang.

' Lt gidi
Ching minh duge: cde ti gide AHCI, CHBH va CEHF nai tiép:
* EF // AB va CM di qua trung diém cia EF 3
* Goi S 14 giao diém cia CN va EF
» Chiing minh duge: _ H
SE® = SN.SC va SF? = SN.SC
= S 14 trung diém cia EF

Do d6 CN ciing di qua trung diém cta EF
Ném: M, S, N, C thdng hang B
Vay M, N, C théng hang.
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Bai 115. (Lép 9) Cho tam gidac nhon ABC (AB > AC) ¢6 AH 1a duding cao. Pudng tron (O; R)
ngi tidp tam gidc ABC ti€p xie véi BC tai D. Goi E 1a trung diém ciia AH, tia DE cét
(O) tai F. L la tAm dudng tron bang tiép trong géc F cha tam gide BFC. Chiing minh
riang: F, D, L thiang hang. | : :

Loé gt’('frf‘_
Goi M, N lan lugt la cac ti€p diém cla (O) trén cdc canh AB, AC; AD cit duong tron (O) tai
T (T = D); DO cét dudng tron (0) tai G (G = D). Ve OK L DT tai K, OK cit BC tai S.
Qua A vé& duomg thing song song v6i BC ¢t MN tai J, BP L GF tai P, CQ L GF tai Q@
va I 1a giao diém ctia QA véi MN. ' :
Dé dang chung minh duge OA 14 dudng trung truc ciia MN
= MN L OA tai L. |

L

Ta c6: OK L DT tai K = K 14 trung diém ciia DT
AODS vudng tai D ¢6 DK la dudng cao = OD? = OK.08
AOMA vudng tai M ¢6 MI 1a dudng cao = OM? = OI.OA
Ma OD? = OM® (= R%) nén OK.OS = OL.OA
AOIS «» AOKA (c.g.c} = OIS = OKA = 90°
Do dé IS va MN cung vubng géc v6i OA tai I nén IS = MN = M, N, S thing hang
C6 DG // AH (L BC), DGT = 90° (g6c ndi tiép chén nita (0)
ADTG va AAHD c6: DTG = AHD (= 90°)
va GDT = DAH (s0 le trong va DG // AH) nén ADTG < AAHD (g.g)
TG _TD 2TK _TK
HD HA 2HE HE
= GKT = DEH, ma GKT + OKG = 90° (OK L DT tai K)

= AGKT « ADEH (c.g.c)
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va DEH + EDH = 90° (AH L BC tai H)
. nén OKG =EDH ‘
Mit khac Iﬁﬁ?_{ = OGF (hé qua vé s& do goc ndi ti&p)
= OKG = OGF
- C6 OK.08 = OD? va OD = OG (= R) nén AOKG «» AOGS (c.g.c)
Do d6 OGF = OGS = GF = GS -
— G, F, S thing hang = BP / DF // CQ (L GF)

Ap dung hé qud cha dinh li Ta-lét va dinh li Ta-lét va tinh chdt hai ti€p tuyén cdt
BP BS BS AJ BM AN BM BD PF

hau, ta c6: b = oo BS A _BM AN _BM _BD IT

nhan, ta e QT CS TAJ’CS AM CN ON CD GQF
BP PF . = ==

s S8 _PY ia BPF - CQF (=90

°tq @ Qr(=90°)

= ABPF « ACQF (c.g.c) = BFP = CFQ
Ma BFP + BFD = CFQ +CFD (= 90°)
nén BFD = CFD = FD la tia phén gidc ciia gée BFC.

Mat khac FL cing Ié.,.t,ia'p'héﬁ gide clia géc BFC (vi L 1a tAm dudng tron bang tiép
trong géc ¥ cha ABFC) nén tia FD tring véi tia FL.

Vay F, D, L th&ng hang.

Bai 116. (Lép 9) Cho tam gidc déu ABC nbi tiép dudng tron (0). M bat k¥ trén cung AB
khéng chda diém C. Pudng théng AM cit tiép tuyén tai B; tiép tuyén tai C cha (O) va
dung thing BC l4n lugt & E; F; H. Ching minh ring giao diém clia cdc dudng trdn
(MAO): (MBF); (MCF) va O, H 1& ba diém théng hang.

Ldi giai
Céch 1 |
Goi N 1a giao diém cGa BF va CE
Kéo dai MN c#t BC tai 8

ABE = ACB (g6c tao b&i tiép tuyn v6i day cung

véi gée ndi ti€p cang chin)

Ta cé: § — . L
AB cfia dudong tron (0))
ACB = BAC (AABCddu)
= ABE = BAC
Ma hai géc nay & v1 tri so le trong f‘,__:«"”
nén BE // AC - H By s /¢
Mat khée:
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EBC = ABE + ABC = BAC + ABC = 120° (AABC déu)
CF// AB

Lap ludn tuong tu, té ciing ¢b: 4
P g & {BCF = 120°

BAE = CFA (hai géc déng vi va AB//CF)

Xét AABE va AFCA tacd: ¢ )
BEA = CAF (hai géc dong vi va BE/ AC)

=5 AABE «» AFCA (g.g)
BC BE

AB BE 2
. AB = = BC s
= F - AC = AB.AC = BE CF = BC* = BE.CF (vi AC ) = oF = BC

EBC = BCF(= 120")
Xét AEBC va ABCF, ta ¢6: {BC BE

= AEBC «» ABCF (c.g.c)
= CEB = FBC bay NBC - CEB
Xét ACBN va ACEB, ta cé: %EI:I - BEE? (gée chung)
CBN = CEB {(cmt)

=» ACBN « ACEB (g.g)
= BNC = EBC =» BNC =120° (vi EBC =120°)
Ma BNE + BNC = 180° (hai géc ké bix) nén BNE = 180° - BNC = 180° - 120° = 60°
Mt khdc BME = ACB = 60° (tit giac AMBC noi tiép). Do d6 BNE = BME (= 60°)
- Suy ra t& gisde BEMN ndi ti€p (4 gidc ¢6 hai dinh lién tiép nhin mdt canh dudi hai gée
bang nhau)
Ching minh tuong ty, ta ¢6: € gidc CFMN nbi tiép

NBS = NEB (vi NBC = CEB)
Tacéd: «

NEB = NMB (tif gidc BEMN ndi tiép)
Suy ra NBS = NMB hay SBN = SMB
BSN = MSB (gée chung)

Xét ASBN va ASMB, ta co
SBN = SMB (cmt)

= ASBN ¢ ASMB (g.g)

= 8B _SN = SB? = SM.SN
SM SB

Tuong ty, ta ciing c6: SC* = SM.SN
Do vy SB*=8C* =8B =8C =S 1a trung diém cia BC
D& dang ching minh du’dc véi AABC déu ndi t:ep (O; R) thi AB = BO AC = RV3
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AOBC cén ¢ O (vi OB = OC) ¢6 OS 1a duyng trung tuyén (S la trung diém cta BC) nén
OS ciing }a tia phan gisc cia BOC va cing 1a dudng cao ctiia AOBC

= SOB = SOC = }?;E - BAC = 60° (quan hé & tam; géc ndi ti€p cing chin BC cha (0)

ASOB vuéng & 8 = SO = OB.cosSOB = R.c0s60" = —Izi

ASAB vubng § S => SA = AB.sin ABS = Ry3.5in 60° = RJ’?I.-‘-?» = f?lsz

(23]

Lic d6 2 2 4 ., SB?=S0O8A
2
5054 = R 3R _3R
22 "4
Ma SB? = SM.SN nén SM.SN = SO.SA = >N _ 50
SA ~ SM

OSN = MSA (géc chung)
Xét ASON «» ASMA; ¢6 SN _ S0 (cmt)
SA SM
=> ASON «» ASMA (c.g.c)
— SON = SMA |
Suy ra td giac AONM nbi tiép (t0 gidc c6 goc ngoai bing géc trong d6i dién)
Mat khdc tit gisgc BNOC ¢6 BNC = BOC (= 120°) nén 1a td gide ndi tiép (t¢ gidc ¢6 hai
dinh lién ti&p cting nhin mét canh duéi hai géc bing nhau) '
Goi Ny la giao diém cia OH va dudng tron (OBC)
N, la giao diém ctia DH va dudng tron (OAM)
Ta c6: {HN,.HO = HBHC (vi tif gidc BN,OC ndi tiép)
HN, HO = HM.HA (vi ¢ gidc AON,M néi tiép)
Ma HB.HC = HM.HA (vi t& gidc AON;M ndi tiép)
nén HN;.HO = HN..HO = HN; = HNy = N; = N,
Lue d6 N; = N; 1a giao diém cia dudng tron (OAM) va (OBC)
Ma N ciing la giao diém ctia dudng tron (OAM) va (OBC) (vi cdc tif gide AONM; BNOC
ndi tiép). Do vay N = Ny = N, |
Ma N; n3m trén OH nén N ciing nim trén OH
N e (MAO) (vi tf gidc AONM noiti&p)
Ta ¢6: {N « (MBE) (vi ti gidc BEMN n6i tiép)
N e (MCF) (vi tit gide CFMN noi tiép)

Vay giao dieém N ctia cac dudng tron (MAO), (MBE); (MCF) va O, H 1a b'a diém thing hang.
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Cach 2
Goi N 1a giao diém cia BF va CE
Kéo dai MN cét BC tai S
Hai ti€p tuyén tai B va C c4t nhau tai P.
Tu P; ké dudng thdng song song BC ¢t FB tai Q.
Giai tuong tu cach 1; cdc cap tam gidc ddng dang
AABE ~ AFCA E
AEBC ~ ABCF X

ACBN ~ ACEB sy

ASBN ~ ASMB
bé ¢6 S 14 trung diém BC
Ta cb;
BCP = BAC (géc tao bai ti€p tuyén
day cung va goc ndi tiép ciing chén BC cua (8))]
BAC = ABC (AABC déu)

Q P

= BCP = ABC
Ma hai géc nay & vi tri so le trong nén AB // CP
Lap ludn tuong tu ta c6 AC / BP

AB//CP nén la hinh binh hanh

Td gise ABPC c6:
gide ABPC ¢ {AC//BP

(t gide c6 hai cdip canh d61 song song)
M2x AB =
Mat khéce S 14 trung diém cia BC

Do d6 S ciing 14 trung diém cta AP = A, O, S, P thing hang |
OBP = 90° (PB la ti&p tuyén tai B cta (0)

Ta cb:
OCP = 90° (PC 1a ti6p tuyén tai C cia (0))

= B; C ciing n3m trén dudng tron dudng kmh OoP

=>B,CO; P cung thudc dudng tron duang kinh OP

Ta c6: {EPQ PBC (hai géc sole trong va BC// PQ)
PBC = ACB (hai géc sole trong va AC//PB)

= EPQ = ACB = EPQ = 60° (AABC déu)
BC//PQ BC TG
AFPQ ¢6: .8 h h 1y Ta-lét
Qe {BGFQ;CGFP wra o8 PQ Fp(eq“adm y Ta-1ét)
PE ¢ AC _FC y
4 {A e¥E; ceFp Y ™ PE T FP 5 (e qua dinh Ii Tadlét)

AC (AABC déu) nén ABPC 1a hinh thoi (hinh binh hanh ¢6 hai canh ké nhau)

(1)

(2)
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Tir (1) va (2) ta suy ra: % - %’. Ma BC = AC (AABC déu) nén PQ = PE

Mat khac EPQ = 60°. Do vay AEPQ déu (tam gidc can c6 mdt goc bang 60"
fBC = NQP (csp géc déng vi va BC//PQ)

Tacé: ¢ . _ .
NBC = NEP (AEBC ~ ABCF)
= NQP = NEP

Suy ra t& gidc ENPQ noi ti€p (t¢ gide 6 hai dinh lién tiép cing nhin mot canh dugi
hai géc bing nhau) -
BNP = QEP = BNP = 60O (vi EPQ = 60%), ma BCP = 60°, nén BNP = BCP

Suy ra td gisc BNCP noi ti€p (td gidc ¢6 hai dinh lién ti€p cung nhin mdt canh dudi
hai géc bing nhau)

= N e duong tron (BCP)

Ma O e dudng tron (BCP) (vi td gidc OBPC ndi tiép)

Nén nam diém O; N; B; P; C cung thuge dudng trdon dudng kinh OP

= ONP = 90" = SNP + SNO = 90°

AHAP c6 HS 1a duding cao (vi AP L BC) ciing 14 dudng trung tuyén (S 1a trung diém cla
AP) nén AHAP can ¢ H |

— DS = HAS, ma HAS = SNO (t# gidc AONM ni ti€p) nén HPS = SNO
SHP + HPS = 90° (AHSP vubng & S vi AP L BC ¢ S)
Ta ¢6: {SNP + SNO = 90° (cmt)
HPS = SNO (cmt)
- SHP = SNP
Suy ra tif gidc BNSP ndi ti€p (td gide c6 hai dinh lién ti8p clng nhin mdt canh dui
hai géc béing nhau)
— FANP - HSP = HNP =90° (vi HSP =90°)
Ta c6: ONH = ONP + HNP = 90° + 90° = 180° = ONH 1a géc bet
= O; N; H thing hang
Ta ¢6: tt gidc BNOC néi tiép (vi B; N; O; C cung thude dudng tron dudng kinh OP)
= BNC = BOC .
Ma BOC = 2BAC = 2.60° = 120° (quan hé giffa géc & tAm va géc noi tiép cing chin BC
ctia (0)) nén BNC =120°
Mit khac BNE + BNC = 180° (hai géc ké biy)
Do d6 BNE = 180° - BNC = 180° ~ 120° = 60°
Ma BME = ACB = 60° (¢4 gidc AMBC ndi tisp) nén BNE = BME
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Suy ra: t¢ gisac BEMN ndi ti#p. Tuong tu: ti gide CFMN ndi tiép

N e (MAO) (vi td gise AONM ndi tisp)

N ¢ (MBE) (vi tt gide BEMN nai tiép)

N & (MCF) (vi t& gide CFMN néi tigp)

N e OH (vi O; N; H thing hang)
Vay giao diém N cha cdc dudng tron (MAO); (MBE); (MCF) va O, H 12 ba diém théng hang.

Bai 117. Cho tam gidc nhon ABC (AB < AC) ndi ti€p dudng tron (O) ¢6 AD 14 dubng cao. MN
12 dudng kinh cha dudng tron (Q) va vudng goc v6i BC (N thube cung nho BC). MD va ND
c&t dudng tron (0) 14n luot tai P va Q. Goi H, K 14n lugt 1a tadm dubng tron ngoai tiép clia
chce tam gide PDQ va MDN, I 1a trung diém cGa OD. Ching minh rang: H, L, K thdng hang.

L61 gidi |

Ta eb:

Céch 1:

Goi L 1a giao diém cha MQ va BC.

Ta cé: MQN = MPN = 90° (géc nai tiép chdn nira dudng tron)

Do d6 D 1a true tdm cta tam gidac LMN va L, P, N théng hang

Goi O’ 1a tdm dudng tron ngoai tiép dudng trdn ngoai ti€p tam gide LMN.

D& chiing minh duge O Ia trung diém OK, 00 = %LD M

Ta c6: PLD = PMN (ctmg phu véi gbe PNM),
PMN = PQD
Nén: PLD = PQD = Tt gide LQDP ndi tiép
Ta ¢é: L, Q; D,:P ciing thuéc mot du&ng tron. Q
Ma: LPD = 90°. Do @6 H 1 trung diém cta LD 1

Ta c6 HI 14 dudng trung binh cha tam gide DO L _
SHI/LO () \ /

Ta o6: OK = 00, 00 = ZLD, LH = 2 LD. Nen OK = LH N

Mzt khac OK L MN, LH L MN = OK // LH
OK // LH, OK = LH = T\ gidc LOKH 14 hinh binh hanh
S>HK/LO @
Tit (1) va (2) c6 HI, HK tring nhau
Vay ba diém H, 1, K théng hang.
Céch 2:
Goi L 1a giao difm cia MQ va BC. V& dudng kinh QS ciia dudng trdn (O). Budng théng
vubng géc voi MP tai M cit NS tai T. Ta c6: QNS =900 va c6 MQN = MPN = 90° (gbe
ndi ti€p chin nita dudng tron)
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et

Do d6 D la tryc tam chia tam gidc LMN va L, P, N thing hang
Taco: LM/ NT, MT // LN

= Td gisde LMTN 14 hinh binh
Ma O 14 trung diém cha MN
nén O 1a trung diém cha LT

Ta cé: Iﬁﬁzfﬁ)wQOo

= T gidc LQDP ndi tiép

= H 1& trung diém cta LD.

Va: DMT = DNT = 90°

= Tit gidc DMTN noi tiép

= K la trung diém cta TD.
Do d6 HI Ia dudng trung binh clia cia tam gige DLO
= HI/ LO

Va HK la dubng trung binh cha tam giac DLT.

= HK / LO. Do dé HI, HK tring nhau.

Vay ba diém H, I, K thing hang.

Céch 3: _ .
C6 AD // MN (cing L BC)

= ADQ = MND (déng vi)

MND = MPQ[z %sd@ cha {0))

Ma: ! nén ADQ = —;—DHQ
1PQ - - DHQ (= —;—séDQ cia (H)) |
= ADQ+QDH2§DHQ+Q§F{ Q

= ADH = 90° (AQDH can tai H) .
= HD L ADtai D 1t
Ma BC L AD tai D (gt) nén HD = BCoHDLAD H
C6 MN la day chung cta hai dudng tron (0) va (K)

= OK L MN, ma AD / MN nén OK | AD P
Do d6: HD // OK (cing L AD) (1) N

Goi E la giao diém cha MN va BC, F la giao diém clia DK va PQ

Dé ching minh APDH cén tai H, ANDK cin tai K, PHD = 2PQD NKD = 2NMD

Ma: PQD = NMD (= —SstP cta (0)), nén PHD = NKD
Do dé: APDH «» ANDK = PDI = NDK
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Ma: PDQ = NDM (déi dinh) nén PDQ - PDH = NDM - NDK
= HDQ = KDM, ma HDQ = EDN, KDM = FDP (déi dinh)
Nén: EDN = FDP . Do d6 AEDN «» AFDP (g.g)
= DEN = DFP = DFP = 90° = KD L PQ tai F
Ma OH L PQ (PQ 1a day chung ciia hai dutmg tron (O) va (F), nén KD/ OH (2
Tu (1) va (2) suy ra tif gidc OHDK 14 hinh binh hanh, '
Ma, I1a trung diém ctia OD (gt) nén I ciing 1a trung diém c¢ta HK.
Vay H, I, K thing hang. A
Ap dung 10 gidi ctia cach 3, ching ta ¢6 thé gidi duge bai todn téng quat sau day
Cho dutng tron (O) ¢6 hai déiy cung MP va NQ cit nhau tai D (D khac 0). Goi H, K lan
lugt 14 tAm dudng trdn ngoai tip cha cac tam gidc PDQ va MDN, I 1a trung diém cha OD.
Chiing minh rang H, I, K thing hang.
Lo gidid
Goi E 1a giao diém ctia MN va HD, F' 13 giao diém cha KD va PQ.
END = ﬁf’é(m lsdQ—B\/I cua (O)J
Ta cb: 1

DPQ = 5 Q(= %sdf)a clia (H))

- END = %DHQ
EDN = HDQ. (d6i dinh)

Ma | T, 0
EDHQ +HDQ = 90" (AHDQ can & H)

Nén: END + EDN = 90°=» ANDE vuéng tai E

= HD L MN

Ching minh tuong tif nhu cach 3, ta cé:
OK L MN, OH 1 PQ, KD 1 PQ

HD// OK
OH// KD’

Do d6 ta gide OHDXK la hinh binh hanh

Ma I 1a trung diém cta OD, nén I cing la trung diém ctia HK.
Vay H, 1, K thing hang. ,

Bai 118. Cho dutng tron (O; R) dudng kinh AB, C 1a diém trén (O) sao cho BC > AC. V& CH
vudng goéc voi AB tai H, HM vudng gée véi AC tai M. Pudng thing qua O song song véi BC
cAt tia ti€p tuyén tai A cia (O) tai E. Pudng thing qua O vudng géc voi AB cit BC tai D.
BE cat AC tai I. Céc ti€p tuyén tai O, D clia dudng trdn ngoai ti€p tam gidc OBD cét nhau
tai G. Pudng théng qua B vudng géc v6i IH cit CH tai N. Budng trdon ngoai tiép tam gidc
AMN cit CH tai K (K khac N). Ching minh ring: B, G, K thing hang.
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Lot gidi ‘
Céch 1: Goi ¥ 1a giao diém ciia OE va AC, S 12 giao diém cha AE va BC. -
D& ching minh E, F 14n lugt 1a trung diém AS, AC.
AAHT va ACNB, co: AR .
1Al = NCB (cing phu véi ABC), AHI = CNB (vi phu v6i hai géc d6i dinh)

Al AH
AAHI «» ACNB (g.g) = o = 22 1
= &8 = =5 = &N &

CK.CN = CM.CA (t gidac AMKN ndi tiép)
Ta cé: {CM.CA = CH? (Hé thic lugng trong tam gidc vudbng)

CH”? = AHBH |
‘ S
AH CK :
CK.CN = AHBH = —— = —— 2
= CK.C = oN - BH (2) .
Al CK BH CK '
Tir (1) va (2 e ol A i D
(Wva @ swra G5 ~BH ~ CB - Al E
C6 OB? = BHAB (AABC vubng tai C c¢6 CH 1 duding cao) TR
L BH_ OB 54 OK_CB(_BH) N\ T
CB AB’ " Al AB\ CB/’ A H o)
KCB = TAB (ciing phu véi ABC)
nén ACBK «» AABI (c.g.c)

- CBK = ABI = CBK = ABE (3)

Ta c6; ABCA «» ABAS .2

Ma E; F ldn hugt 12 trung didm ciia AS, AC

nén ABCF «» ABAE (c.g.c) = CBF = ABE @
T (3) v (4) suy ra: 6§K = CBF

= Tia BK trung véi tia BF

= B, K, E thing hang (5)

PG Ob
Ta cé: ACDG ¢» F (g. e
a co: AO! AHCF (g.g) = SF = TG

oD BD
ABOD «» ABH . vl ol
O AB C(gg):>B:C BC

%% ,,_,]%% = %g’ ,ma GDB = FCB (= 90%. Nén: ADGB «» ACFB (c.g.c)
- DBG = CBF = CBG = CBF

= Tia BG trung véi tia BF

= B, G, F thing hang  (6)

Tit (5) v (6) suy ra, B, G, K, F thing hang.

Vay B, G, K thing hang.
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Céch 2:
Goi F 1a giao diém cia OF va AC, S, 1a giao diém cha AE va BC V 12 giao diém ciia DG va
AB. Hx la tia d6i cia tia HI | - .
Ta c6: OE // BC, O Ia trung diém cha AB nén E, F 14n lugt 1a trung dxém cta A, AC
D& chiing minh duge G 12 trung diém cta DV.
B,G,F théng hang (1) ok
Xét AAHI va ACNB c6; - S )
HAI = NCB (ctng phu v6i géc ARC), o
AHI = CNB (cimg phu véi gée NHx) D

Al AI—I , .

AAHI «» = -

Do d6 ACNB (g.g) = BC - ON N |
ACMK «» ACAN (g.g) ' N T

CM CK A B\V 0 .. __~)B

i, = CM.CA
> N " = CK.CN = CM.

AABC vubng tai C, CH 1 du’dng cao o ‘
= AHBH = CH? va BC? = BHAB | N
AHAC vubdng tai H, HM 1a dudng cao = CM.CA = CH?

AH CK
T C B 2 e
| acé CK. N - AH.BH = oN - BH

Al CK( AH):}-BH“CK_-
BC BH\ CN/)  BC. AL

"'I)'odé
BC BH . ... s CK~ BC
" B0 (vi BC? = BH.AB). Nen..AI__mAB

ACBK «» AABI (c.g.c) = CBK = A‘Ta“l = CBK = ABE

‘M 0 R stk T EE g :
a ABCA ABAS (g g) => =S el (Vi CF ;AE ) o

Do dé ABCF «» ABAE (c.g.c) = CBF = ABE. Ta c6: CBF = OBK (ABE)
=» Hai tia BK. BF triing nhau = B, K, F thﬁng hang (2

Tir (1) va (2) ¢6 B, G, F, K thing hang

Vay ba diém B, G, K théng hang.

Bai 119. Cho tam gxéc ABC (AB > AC) nm tlép duﬁng tron tam 0 dudng kinh BC G01 Ela
diém 61 xiing cha B qua A. Tit E, v& tip tuyén EM véi (O) W™ 1a tlep diém thuoc cung nhé
AB). Tiép tuyén tai B ca (O) cit tia CM tai V, tia CA cit tia BM tai I Chu'ng mmh rﬁng
ba diém V, 1, E thing hang. :

Ta c6: BMC = BAC = -90° (céc goe ndi tiép chén nifa (0) duemg kinh BC)
= BMJ.VCtavaéIC.LBE tai A,
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AVBC vudng tai B (va VB la tiép tuyén tai B cta (0)) c6 BM 1a dudng cao
= CB% = CM.CV (hé thic lugng trong tam gidc vudng)
Ta c6: IC L BE tai A va A 12 trung diém cua BE (E 461 xiing v6i B qua A)
= IC Ia dudng trung tryc cha BE -
= Hai diém E v B d06i xing nhau qua IC - T 1
= CE = CB va CEI = CBI (tinh ch#t d6i xing truc)
Ta ¢6: CB? = CM.CV va CB = CE (ching minh trén)
= CE? = CM.CV
ACEV va ACME c6:

ECV = MCE (goe chung)

CE CV
CM ‘CE

Do d6 ACEV «» AC.‘ME (c.g.c)
= CEV CME ma CME = CBE {gbc tao b ti€p tuyén va day cung véi géc ndi taep
cing chin cung CM cta (0)) nén CEV = CBM hay CEV CBI (M e BD)

Do d6 CEl = CEV (= CBI) = TiaEl = tiaEV
Vay ba diém V, I, E thing hang.

Bai 120. Cho dubng tron tam O, dudng kinh AB. Trén duérng tron (0) ldy diém M (M khéc A
va B). J 1a diém nam giita A va B. Ké JH vudng goéc v6i AM tai H. Phan giéc trong clia gée
MAB cit dudng tron (O) tai S va cét JH tai N. Pudng thing MN cét dudng tron (0) tai
diém tht hai 1a C. Ching minh riing S, J, C thng hang. '

L gidi |
Ta c6: AMB = 90° (g6c ndi tiép chén nifa (O), duong kinh AB)
= BM L AM, méJH_LAM(gt)nénBM//JH
— AJH = ABM (hai géc déng vi),
ma ABM = ACM (hai g6e ndi tidp cz‘iﬁg‘ chin
cung AM cha (O)), nén AJH = ACM Jhay
AJN = ACN (N 1a giao diém cta JH va MC).
= Td gléc ¢6 hat dinh lién t1ep cting nhin mét canh du6i hai-géc bang nhau)
::> MCJ = NAB ma NAB ‘MAN (AS la phan gléc trong cla géc MAB) va MAN = MCS
(hau goc ndi mep cung chén cung MS cia (O)) nén MCJ = MCS
" = Tia CJ = tia CS.
Vay ba diém S, J,C théng hang.
Bai 121. Cho dutmng tron tam O, 6u6ng kinh AB 'I‘ren dubng tron (O) 1y diém K (K khéc A

va B). E 14 diém nim gxu’a Ava B.Ks EH vuong g()c v6i AK tai H. Phén gidc trong cta gée
KAB cit EH tai F va cét dudng tron (O) tai diém thi hai 1a 1. Pudng thing IE cit duong
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tron (O) tai diém thit hai 1a C. Chéng minh riing ba diém K, F,.C ‘théng hang.
Goi D 1a giao diém cGa EH va IK
Ta c6: AKB = 90° (gbc ndi tiép chén nia (0), dwing kinh AB)
= BK 1 AK, ma EH 1 BK (gt) nén BK // EK

= AEK = ABK (hai géc déng vi),

ma ABK = AIR [: -;-sdA’"K clia (0)),

nén AEH = Kfﬁ-hay AED = AID
= T gide ADIE noi tiép (ti gide ¢6 hai dinh lién ti€p cing nhin mdt canh dubi hai goc
bing nhau) => IDE = TAR (hé qué vé s8 do géc ndi tidp), ma TAE = RAF (AF 14 tia phan
gidc cla géc KAB, E € AB) nén IDE = KAF hay KDF = KAF = Ta gide ADKF nji tiép
(t& giac ¢6 hai dinh lién ti€p cimg nhin mdt canh dusi hai géc bing nhau)-

|AKF = ADE (b« gidc ADKF npi ti€p, F « DE)
Taco: {ADE = AIC (it gidc ADIE ndi tiép, E e 10
ATG - A’R“c(m 540 cia «»)

= AKF = AKC = Tia KF = tia KC
Vﬁy badiém K, F, C théng hang.

* Nhéan xét: Y tudng vé thém diém D Ia séng sutt. Diéu nay gidp chung ta chu‘ng ritinh
dugc céc tit gisc ADIE va ADKE nbi tidp. P4y chinh 14 chia khéa cha 15i gidi bai toan.

Bai 122, Cho hai dudng tron (O; R) va (K; r) tifp xdc trong tai A (R > r). Qua.A, vé hai cht
tuyén chung AXB v AYC khong qua tam O (B, C & (0} X, Y e (K)). Phan gi4c trong ciia
goéc BAC cdt XY tai H va cdt dutmg trdon (O) tai S (S khéc A), Butng thdng BH cit dudng
tron (O) tai di€m thd hai 1a M. Ching minh ring ba dlem 5,Y,M thﬁ_ng hz‘mg

Lt gidi :
V& zt 1a tip tuyén chung tai A ca hai duting tron (O) va (K)
Ta c6: ZAB = AYX (g6c tao bdi tidp tuyén va day
cung v6i goc ndi ti€p clng chén cung AX clia (K))
va zAB = ACB (gbc tao bdi tiép tuyén va day
cung v6i goc ndi ti€p cing chén cung AB ciia (0)).
Suy ra: AYX = ACB ,
ma ACB = AMB (hai goc ndi ti€p cling chién cung AB ctia (0))
nén AYX = AMB hay AYH = AMHA
= Tit gide AHYM nai tiép (td gléc ¢6 hai dinh lién tlep cung nhin mot canh. dugi hai géc
béng nhau) - '
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— BMY = HAY, ma HAY = BAS (AS la phan gige trong cha goc BAC) vi BAS = BMS
(hai géc ndi tiép cing chén cung BS cda (0)), nén BMY = BMS = Tia MY = tia MS

Vay ba diém S, Y, M théng hang. ' '

+ Nhan xét: gidi phap vé thém ti€p tuyén chung tai A cia hai dudng tron (O), va (K) 1a
t81 uu, thao tac nély giap ching ta chx’z‘ng'minh duge: ATX = ACB va ti gide AHYM ndi
tigp. DAy phai chiing 12 diém then chdt ciia 16i gii bai toan!

Bai 128. Cho hai dudng tron (O; R) va (I; r) tiép xdc trong tac A. Qua A, v& hai cat tuyén
chung ADB v AEC khong qua diém (0) B, C € (Ox; D, E e (I»). Phan gidc trong cla goc
BAC cét dudng tron tam O tai S (S khac A) va cit DE tai U Dub‘ng thing SE cit dudng
tron (O) tai diém thit hai 12 M. Ching minh ring ba diém B, U, M théng hang.

L6E gidi
V& Ax 12 £i8p tuyén chung tai A cha hai duting tron (O) va (D
Goi F 13 giao diém cha hai dutng thng SB va ED
%AB = AED (lsaA’B ciia (z))
Ta c6: 2 J
XAB = ACB (: %548 ciia (0))

— AED = ACB, ma ACB = ASB [:: %saﬁ'fa clia (0)),

nén AED = ASB hay AEF = ASF, suy ra t¢f gidc AFSE ndi =z
tigp i(ilfff ti::llf_ung chxigéc) L A W A
= EFS = EAS, ma EAS =8AB (AS 12 phan gidc clia gbc = E
BAC), nén EFS = SAB hay USB = UAB suy ra ti gide

AFBU ndi tisp (quy tich cung chia géc).

ABU = AFE (ta gidc AFBU noi tiép)
Ta c6: {AFE = ASM (tif gide AFSE ndi tiép)
ASM = AB:M(z ESdAM caa (O))
=» ABU = ABM = Tia BU = tia BM
Vay ba di€m B, U, M théng hang.
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CHUONG

36 BAI TOAN CHON LOC CUA NHA GIAO NGUYEN ANH HOANG
VA NHA GIAO NGUYEN POAN VO

Bai 1. (Lép 7) Cho tam gidac ABC cén tai A c6 A = 36°. Pudng trung truc ca canh AB cit
BC & D. Vé tia Bx song song v6i AD (Tia Bx ném trén nda mit phéing bo AB ¢6 chita D).
Trén tia Bx 1ay diém E sao cho BE = CD. Ching minh ring ba diém A, C, E thing hang.

' | " Li gici |
AABC can tai A (gt), A = 36° (gt) = ABC = ACB=72".
D thudc dudng trung truc cua AB '(gt) = ADAB can tai D
Nén DAB = DBA = 72°. Do d6 ADB = 36°
Ta c6 GDA = CAD (= 36°) = ACAD can tai C=> CD = AC B
Ta c6: K:E?E + BAD = 180° (Hai géc trong cling phia va AD // BE)
ABE = 180° - 72° = 108°
Mit khac: AB = BE (=CD) = AABE cin tai B. E
Do d6 BAE = BAC (= 36") = Hai tia AC, AE trimg nhau,
Vay ba diém A, C, E thing hang. _ _

Bai 2. (Lép 7) Cho tam gide ABC vudng tai A c6 ABC = 60°. Céc diém D, E ldn lugt trén
cdc canh AC, AB sao cho ABD = 20°, ACE = 10°, Goi I 1a giao diém cta BD va CE. Vé
diém M sao cho BC 1a dudng trung truc cGa doan thdng IM. Goi N 1a diém sao cho AC 1a
dudng trung truc cia doan thing NI Ching minh ring ba diém M, N, D thing hang.

| Lt gidd . _ '
Ta c6 IDC = ABD + BAD = 110° A N
ADIC ¢6 DIC + IDC + DCI = 180°, nén DIC = 60°
ACDI = ACDN (c.c.c) = DNC = DIC = 60°
M4t khde CN = CM (= CI), B
va MCN = MCI + ICN = 2KIC + 2ICA = 60°
Do d6 ACMN déu = MNC = 60°. Tac6 DNC = MNC = 60°
=> Hai tia ND, NM tring nhau
Vay ba diém M, N, D thdng hang.

Bai 3. (Lép 8) Cho tam gidc ABC vudng tai A (AB < AC), v& dudng cao AH cha tam gidc
ABC. M 1a diém trén doan thing CH. V& MD . AB tai D, ME 1 AC tai E. Goi N Ia
giao diém cia HE va DM, K 12 giac diém cia ME va DH. V& NS 1 DE tai S.

Ching minh rdng ba diém K, N, S thing hang.

' Lo gidi _ :
Tit gisc ADME c6 ADM = 90° (MD L AB), AEM = 90° (ME 1 AC), DAE = 90° (gt)
Do dé ADME la hinh chif nhat. Goi O ]a giao diém cla AM va DE -

A

339



14a CO W lad LRINg G1ein Cua Advl, Uz Va Ade = UL
AHAM vudng tai H, HO 1& dudng trung tuyén

= HO = ﬂ
‘ 2
AHDE 6 HO 1a dudng trung tuyen HO = 9}[: wi’*-é}“mj A
= AHDE vufing tai H C - 13740 S B
AKDE ¢6 EH, DM la hai dudng cao cit nhau tai N. 0
=> N 1a tryc tAm cia tam gidc KDE = KN L DE
. T
Ma NS L DE. 8 /M C
Do d6 KN, NS tring nhau
K

Vay K, N, S thing hang.
Bai 4. (Lép 8) Cho tam giac ABC c6 hai dudng trung tuyen AD va BE cit nhau tai G. Goi

M 12 trung diém ctia doan thdng DE. Ching minh ring C, M, G thing hang.

_ L8 gidi

Céch 1: |
Goi N 14 giao diém cia CG va AB, K 1 giao diém cia CM va AB.
AABC 6 AD, BE 14 hai duting trung tuy&n cdt nhau tai G (gt)
= G 12 trong tam cta tam gidc ABC.

= CN 1a dudng trung tuyén cha tam gidc ABC
= N 1a trung diém ctia canh AB

Mat khéc, tam gidc ABC ¢6 D, E lan lugt trung diém ciia BC, AC.
=» DE 14 dudng trung binh cia tam gidc ABC.

— DE // AB, DE..%E

AACK c6 EM // AK, E 1a trung diém clia AC
= M 1A trung diém CK
Nén EM la dudng trung binh cda tam gidec ACK

- EM = 28
2
DE = 22 Em= DB pm - &K
2 2 2

=» K 13 trung diém cha ABnén K = N.

Vay C, M, G thing hang.

Cach 2:

Goi S 12 trung diém cia BG.

AABC ¢6 AD, BE 1a hai dudng trung tuyén cdt nhau tai G (gt)
=> G la trong tAm cha tam gidec ABC
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Do 46 BS = SG = GE.

Xét ABGC ¢6 S, D lan lugt 12 trung diém cha BG, BC.
=> 8D 14 dudng trung binh cha tam gidc GBC

= GC // SD

Xét AESD c6: G, M 14n lugt 12 trung didm cla SE, DE.
= GM 13 dudng trung binh cia tam gidc ESD.
= GM i/ 8D

Ta c6 GC // SD, GM / SD

= GC, GM triing nhau (Tién dé C-clit}

Viy ba diém C, M, G thing hang.

Bai 5. (Lop 8) Cho hinh binh hanh ABCD c6 AB = 4, BC 3 'I‘ren tla AB iay E, trén tia

AD ldy F sao cho ﬁ% + % =1. Chu’ng minh ring ba diém E, C F théng hang.

Lo gilei
Goi F’ 14 giao diém ctia EC va AD.
AEAF’ ¢6 BC // AF® (t¢ gidc ABCD 1a hinh binh hanh) v p

EB _ BC
AE  AF'

AE AB _ BC

AE AE  AF'

4 3

AE AR
Ma % 43 1) Dods S = 3 AN
AE AT F  AF' A B E
= AF = AP’
=>F=F

Vay ba diém E, C, F théng hang.
Bai toan tong quat.

Cho hinh binh hanh ABCD ¢6 AB = m, BC = n (m, n > 0) Tren txa A_B iay E trén tia

n
N A
ADlayFsgocho +

Chitng minh ring ba diém E, C,.F th&ng hang.
Bai 6. (Lép 8) Cho tam gide ABC, D la diém trén canh AC. Trén cde doan théng AB, CD

14n lugt 18y cde di€m M, N sao cho AM = g:{ Goi E, F, K l4n luo‘t 13 trung diém cta

AB CD’
cée doan thidng AC, BD, MN. Ching minh riing ba diém E, F, K thing. hang
Lt giai
Qua M vé dudng thing song song véi BD cidt AF & S.
Qua N v& duirng thing song song vdi BD cdt CF & T.
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Ta c6 MS // BD // NT
AMBF c6 MS/BF = —— = — = —

ACFD ¢6 NT/DF = 7 = = = =

CN " AM
Y i
M b = 4B

Do vay: MS = NT,

(gt), BF = DF (F 1a trung diém clia BD).
AS _CT |
AF  CF B
T gide MSNT ¢6 MS // NT, MS = NT nén 12 hinh binh hanh.

Ma K 12 trung dim clia MN (gt). Do d6 K 13 trung diém cta ST.

Xét AEAC .C?_ iF - OF r>ST /{ AC (d:%nh ly Ta-lét déo}
Goi E’ 14 giao diém clia FK va AC
AFAE’ ¢6 SK // AR = 5K _FR
AE" FE'
, ,_ KT _FK
AFCE’ ¢6 KT / CE' = - FE

Ma SK = KT. Do vay AE’ = CE’ = F’ 13 trung diém cia AC. Nén B’
Viy ba diém E, F, K thing hang.

Bai 7. (L6p 8) Cho tam gidc ABC, G la trong tdm. M trén doan thdng AB sao cho

AM = j;-AB N trén tia BC sao cho BN = gBC. Chiing ming ring ba diém M, G, N

It

E!

théng hang.
L38 gidl
Goi E 1 diém trén tia BA sao cho BE = éBM. A

D la giao diém cta AG va BC.
Vi G 1A trong tAm cha tam gidc ABC

= AG = %AD va D 13 trung diém céa BC.

BE BD( 1
ABMN c6 D8 _ BDF 1} | pE/MN
“ BM BN( 3):?
Ta o6: BE=~§BM=~§(AB~—AM)
-lap o aAR-SaB
7' Tt
AM (4 6 2
Nén — = |-AB!:[|-AB| = =
" AR (7 )(7 J 3
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"AM  AG( 2
Xét AAED c6 —— F —.X—ﬁ(~ 5} = DE // MG
Ta e6 MN // DE va MG # DE. Do véy MN, MG tring nhau
Viy ba diém M, G, N thing hang. |
Bai 8. (L6p 8) Cho tam gidc nhon ABC (AB < AC), AH 1a dudng cao. Goi M, N, K lan lugt
12 trung diém cia BH, AC, MN va G 1a trong tdm cha tam giac ACH. -
Chiing minh ring ba diém B, K, G thing hang. :
L&i gitd A
Goi I 13 trung diém cta HG.
Vi G la trong tAm cha tam gide ACH,
HN 1a dudng trung tuyén ciia tam gidc ACH.
Do d6 HI = IG = GN
Xét AHBG c6 M, I lan lugt 12 trung didm cta BH, GH. K7G
= MI la dudng trung binh cla tam gidc HBG I -
'=>BG/MI B Al _ NS
Tuong tu KG Iéi_"dub_‘ng trung binh cta tam gidc IMN M H.
= KG // MI
Ta ¢6: BG // MI, KG // MI. Do d6 BG, KG tring nhau (Tién dé Ceclit)
Vay ba diém B, K, G thdng hang. : :
Bai 9. (Lép 8) Cho tam gide ABC cén tai A ¢6 A < 60% dudng cao AH, dudng trung true cha
AB cit BC ¢ D, cit AH & O, cit AB & K. Pudng thdng vudng géc v6i OB tai B cit AC §
E. Goi F 1a giao diém cGa EO v AD. Ching minh ring ba diém H, K, F thing hang.
L&l gidi
AABD c6 AH, DK 12 hai du’dng cao ciit nhau tai O .
= O 1a truc tdm cia tam gidc ABD = BO L AD
Do d6 AD // BE, Goi L 1a giao diém cia AO va AD

Ta ¢6: OA = OB, OL = OH. Ma AD // BE.

OA OB _OE
Ap dung hé qua dinh 1y Ta-16t, ta cé: = =0 o =
p ung equ cua 11 y a- ac OH OL
Xét AOAE va AOHF co: 22 - OF
OH  OF

AOE = HOF (d6i dinh)
Do d6 AOAE «» AOHF

= OAE = OHF
- = HF // AE

Ma HK // AC (HK 1a duing trung binh ctia tam gidc ABC)
Do d6 HF, HK tring nhau.
Vay ba diém H, K, F thing hang.
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Bal lv. (Lop o) Lo tam giac AbL, cac duong trung suyen b, R cat nhau 1al (., M la
didm trén canh BC. Pudng thing qua M song song vdi BD cidt AC ¢ N, dudng thgng
qua M song song véi CE cét AB & P. Goi I 14 trung diém cta PN,

Ching minh ring ba diém G, T, M thing hang.
_ Lt gidi
Goi J 13 giao dxem cha PM va BD, L la giao difm clia MN va CE, 0 1a g1ao dxem cua
MG va JL. T gide JGLM c6 JG // ML (gt), MJ / LG (gt) .
Nén JGLM la hinh binh hanh. Do dé O 13 trung diém cfa JL.

Xét ABGE c6 JP // EG = 19 = B
EG ~ BG
Xét ABGC c6 IM // GC = JM _ BJ
¢G T BG
Ta 6?i—JM[ ) wﬁ__:l'
EG JM 9
NL DG 1
Tuong ty: - = — = =
EW TN T BG T 2
M
PJ NL{ 1
MPN c6 —° AN :
A ¢b TV LM( 2): JL // PN (d_;nh 1y Talét ddo)

Goi O’ 1a giao di€m cia MT va JL. D& thay O 1A trung diém cha JL. Nén O = O

Do vy M, O, T thdng hang. Ma M, O, G thing hang (td gide JGLM la hinh binh hanh)
Ta cé M, O, T, G thing hang.

Vay G, T, M thing hang.

Bai 11. (Lép 9) Cho tam gidec ABC ¢6 A = 185% AH va BM lan lugt 12 dudng cao va dudng
trung tuyén cha tam gidc ABC. Trén dudng trung truc cia doan thing AC ldy diém D sao
cho MD = MA; D va B ndm cing phia d6i v6i AC. V& BE vudng géc v6i AC tai E.

Chitng minh ring ba diém D, E, H thing hang,
LE gidd

Ta ¢6: DA = DC (D thude dudng trung trdc cia AC)

=> ADAC c¢dn tai D

Ma ADAC ¢6 DM 1a dudng trung tuyén va DM = —A—z—g (= AM)

= ADAC vubng tai D

Do vAy ADAC vudng c¢én tai D

T gise AHDC ¢6 AHC = ADC = 90°
= Td gide AHDC nbi tiép

= DHC = DAC = 45°

Ta c6 BAC = 135° (gt) nén BAE = 45°

Tt gidc BEAH ¢6 BEA = BHA = 90°
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=> Tt gide BEAH ndi tiép > BHE = BAE = 45°
Do d6: DHE = DHC + EHC '

= BHE + EHC = 180°
Vay ba dxem D, E, H thing hang.

Bai 12. (L()'p 9) Cho tam gidc vudng ABC ndi tiép dubmg tron (O) dutng kinh BC, 1 14 tdm
dub'ng trbn nd1 tifp tam gidc ABC. V& D 1a giao diém cta Al v6i dudng tron (O) (D # A).
E 1a giao diém ctia BI v6i dudng trdn (O) (E # B). V& IK L AB tai K, IK cdt BC & F.
Chimg minh ring ba diém D, E, F thing hang.

' L gitii
BAC = 900 (Géc ndi tip chin nia dutng trbn) KF i AB,AC L AB = KF // AC
Ta c6: DIF = DAC (KF // AC)
Ma DBF = DAC = DIF = DBF
= T¢ gide BIFD ndi tiép
= IDF = EBC
Ta c6: ADE = I‘—]ﬁ(_‘»(= Aﬁ)

= IDF = ADE
Do dé hai tia DE, DF trang nhau.
Vay ba diém D, E, F thing hang.

Bai 13. (Lép 9) Cho tam gide vudng ABC vudng tai A (AB < AC) ndi tiép dudng tron (Q),
AH la dudng cao. D 1a diém trén doan thing AH, BD cét dutng tron (0) & . Goi I 1a
tdm duing tron ngoai tiép tam gidc EAD. Chiing minh réing ba diém A, I, C thing hang.

Lai gii
Goi M 1a giao diém ctia AC v6i dudng trdn (I) (M khéc A)
Xét duong tron (0) ¢6 ACB = AEB |
Xét dldng tron (I) ¢6 AMD = AED
Do d6 ACB = AMD = DM // BC
Ma AH 1t BC. Nén AH 1 DM
ADM = 90° _ H O
= AM 13 dutng kinh chia dudng tron (I)
= A, I, M thing hang.
Ma A, C, M théng hang. Do d6 A, I, M, C thing hang
Vay ba diém A, I, C thing hang. _

Bai 14. (Lép 9) Cho diém A nim ngoai dubng tron (O) vEé cét tuyen ABC, C4c tiép tuyén
tai B, C cda duding tron (O} cdt nhau § M. V& MH vudng géc véi OA tai H, MH cit
dudng trdn (0) & D, E (AD < AE). Bu’crng théng qua 0 vuang géc v6i CD cét MC 3 F.
Ching minh réng AD,F théng hang.
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Lot giar
Goi K 1a giao diém cita BC va OM. MB, MC li cédc tiép tuyen cua duémg tron (O)
= MB = MC va MO 14 tia phén gidc géc BMC.

= AMBC ¢én tai M, MO 1a dudng phén gide o : . M
=>MOL1LBC . . _
AOKA < AOHM (KOA (chung), OKA = OHM = 90%)
OK ~ OA A
= OA.
OB = ot OH = OM.OK c

AMOB vuéng tai B, BK la dudng cao = OM.OK = OB®
Ma OB = OD = R. Nén OA.OH = OM.OK = OD?

OD OA 2
i - b (Vi OA.OH = OD)E

Do dé AOD_A «» ACHD (c.g.c) = ODA = OHD

Ma OHD = 90°. Nén ODA = 90° = OD LAD (1)

Miat khéac OF 1CD (gt) = OF di qua trung diém cha CD

Do vdy OF la dudng trung truc cia CD = ¥C = FD

AOFC = AOFD (FC = FD, OF chung, OC = OD (= R)) = OCF = ODF
Ma OCF = 90%, nénODF = 90°= OD L DF  (2)

Tir (1) va (2) ¢6 A, D, F thing hang.

Bai 15. (Lép 9) Cho hinh binh hanh ABCD tédm O (A < 900 AB < BC) Tia phan gidc cia
géc BAD cdt BC, CD 14n lugt 8 M, N. Goi I, K 14n lugt 1a tani chia céc dutrng trdn ngoai
tiép hai tam gide BCD, CMN. Ching minh réng ba diém O I K thang hang.

Xét AODA va AOHD c6: DOA (chung), —

Loi ggiei ,
Ta c6 CMN = DAM (hai géc déng vi va BC / AD), N
CNM = BAM (hai géc so le trong va AB // CD)
DAM = BAM (AM Ia tia phan gidc géc BAD) BTl X ¢

Do d6 CMN = CNM
= ACMN e¢én tai C
= CM = CN

Tuong tu AB = BM AT D
AKMC = AKNC (c.c.c) = KCM = KCN v
Mz KM = KC (= r) = AKMC cén tai K => KMC = KCN

Xét AMKB va ACKD ¢6: KM = KC (= r), KMB = KCD, BM = CD (= AB)

Do d6 AMKB = ACKD (cgc) = KB = KD

Ta ¢6 KB = KD, IB = ID (= R), OB = OD (O 1 t4m ciia hmh binh hanh ABCD)
Dovay K, 1,0 ciing thudc dudng trung truc cha doan théng BD

Vay ba diém O, I, K théing hang.
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Bai 16. (Lép 9) Cho tam gidc ABC ngoai ti&p dudng tron (I) (AB > AC), (I} ti€p xuc véi
BC, AC, AB lan lugt & D, E, F. EF cit BC § K, IK cdt AD & S, cit dutng thang vudng
géc véi AB vé tit B & N. Duding tron ngoai tiép tam gidc SBN cat AB & L (L » B).

| Ching minh ring ba diém L, S, K thing hang.
‘ ‘ ‘ L gidi
Goi T 1a giao diém chia A va EF, ITIA = IF? = ID?
Do @6 IT.IA = ID? AIDT « AIAD (c.g.c) = IDT = TAD
Ma IDT = IRT (t« gide IDKT ndi tiép)
Ta c6 SKT = SAT = Td gidc STAK noi tiép
— KSA = KTA =90°
>KSLAD (1)
Ma LSN + LBN = 180° (t¢t gide BLSN noi ti&p),
BN = 90° ,
= SN =90° > LS LAD  (2)
Tir (1) va (2) ¢6 L, S, K thang hang.

Bai 17. (Lép 9) Cho tam gi4c nhon ABC (AB < AC) ndi tiép dudng trdn (O). M, N, K lan

luot trén cdc canh AB, AC, BC sao cho %—%— = %E‘ = J§ .IBu'Bng trdn ngoai ti€p tam

gide AMN. cét dudng tron (0) & D (D » A). Goi E 12 diém chinh gitta cung BC.
Chiing minh ring D, E, K thdng hang. :
Ta c6 AMD = AND (t¢ gisge AMND ndi tiép)

AMD + BMD = 180°

AND + CMD = 180°
Nén BMD = CND _
Xét ABMD va ACND c6: MBD = NCD, BMD = CND

DB _BM
| DC CN -
DB

= V2. Do vay e - J2

Do d6 ABMD «» ACND (g.g)} =

BM _ BK
CN CK
Goi S 12 giao diém cta BC va DE
D% - GDE (5% = CF)

Ma

' ) SB DB
ADBC ¢6 DS 1a duy hén gid = 2l = 42
‘ ¢ 4 dudng p ngxc::»sc Do
SB BK
(’]-———-:w-»---: 2 23
Tac S0 - 0K V2 =8 =K

Vay D, E, K théng hang.
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Bai 18. (Lép 9) Cho nita dudng tron (O; R), dudng kinh AB. Goi Ax, By & cdc tia vubng
géc véi AB (Céc tia Ax, By va nita dudng tron (O; R) niim {rén cing mot nlra mit
phéng bd AB). Qua diém M thude n¥a dudng tron (M khdc A va B), ké ti&p tuyén véi
nita dudng théng, né cdt Ax va By 14n lugt & C va D. I, K 14n luot trén céc tia Ax, By

sao cho Al = %AC, BK = %BD. Pudng thing qua M song song vdi AC cit AD & N.
Chtmg minh ring ba diém I, N, K théng hang, |
Lot qgidd
Ta c6 AC = MC, BD = MD, AC // BD . y
- AN  MC
AACD ¢6 MN // AC = ot = =2
60 M ~ DN T MD
Ma BK = 2BD néa DK = =BD | D
AC Al Al AN -
Do d6 =2 = 2 Vay < = 2% - 1x
°¥% B " K "¥ BK - DN c g b
ANAI «» ANDK (c.g.c) = ANI = DNK Af-oN §
" Ta c6: INK = IND + DNK Apg

- IND + ANT = 180°
Viy ba diém I, N, K théng hang.
Bai 19. (Lép 9) Ching minh réng trong mdt tit gide ngoai ti€p dudng tron, cdc trung diém

cha hai dung chéo thdng hang véi tAm cta dudng tron nodi tiép.
(P& thi tuyén sinh vao 16p 10 THPT chuyén tinh Ba Ria - Ving Tau, nim hoc 2006 — 2007)
L3 gidi

Goi r 1& bdn kinh dudng tron (0),
Dét Spapen = S

Soar + Socp = -;— (AB + CD);

SO@ + Sopc = "g" (AD + BC).

Do AB + CD = AD + BC

1
Soas + Socp = Soap + Sosc = -2—5-

Gia st tia AB cdt tia DC tai E (trudng hop AB / CD hién nhién vi d6 1a két qua cia
dinh 1y Talét).
Trén AB ldy diém G sao cho AB = GE, trén DC 14y H sao cho DC = HE.

Ta c6: Soge + Sour = Soas + Socp = %S = Song = ES - Spez (1)
Goi I, K 1a trung di€m cta BD va AC.
Ta Cé: SIAB + SICD = %S; SKAB LS SKCD = -—;—S
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Nén tuong tu ta cling ¢é: Sy = -:-1- S ~ Suge (2)

DO

Skue = ES - Suer {3)

Tir (1), (2) va (3) suy ral, O, K déu cach ddu dudng thing HG
Do d6 ba diém I, O, K thdng hang.

Bai 20. (Lép 9) Cho t& gide ABCD c6 AB = BD va noi tiép dudng tron (O). Tiép tuyén ctia
dudng tron (O} tai A cit BC & M. DPuding thing qua M va song song vdi AD cdt AB & N.
Ching minh ring ba diém N, C, D thdng hang.

| L gidi
Ta c6 AB = BD = AB = BD = BDA = BAD
Ma BDA = BCA, BAD = ANM (so le trong va MN // AD)
Do d6 BCA = ANM
= Td gide ACNM no¢i ti€p
= MCN = MAN
Ma MAN = ADBE = BAD
Do 46 MCN = BAD
Mzt khac BAD + BCD = 180° (t gide ABCD noi tiép)
* Nén MCN + BCD = 180°= Hai tia CD, CN d6i nhau
- Vay ba diém N, C, D théng hang. oL oL

Bai 21. (Lép 9) Cho tam gidc nhon ABC (AB > AC). Pudng tron (O) dudng kinh BC cit
AB, AC lan lugt & F, E. Goi H 1a giao diém ctia BE va CF. AH cidt dudng tron (0) § M
(M nam giita A va H) ciit BC ¢ L. Pudng thing EF cit dubng thing BC & 8. V& SN 1a
tiép tuyén cta dudng tron (0).(N, M nim khéc phia d6i véi BC)

Ching minh ring ba diém A, M, N thing hang.
L giai
Ta ¢6 BFC = BEC = 90° (g6c noi tidp chdn nita dudng tron)
= BE L AC, CF 1 AB |
Do d6 H 13 tryc tAm ciia tam gide ABC
=» Al 1& dutng cao clia tam gidc ABC.

=» AH 1 BC _ .

T gidec BFHI ¢6 BFH + BIH = 180° nén tt gidec BFHI ndi tiép
= [BH = IFH _

Ma IBH = CFE. Do d6 IBH :fﬁf{z(ﬁ,nénfﬁf} =—;—§ﬁ
Ma TBE = %(ﬁ(:%sd (’*fﬁ]
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Do d6 EFI = COE

= Td gide OIEF noi tisp = CIE = OFE

Ma OFE = OEF (OE = OF), nén CIE = OEF
Ma CIE + OIF = OEF + OES (= 180"

Nén OIE = OES

Xét AOIE va AOES c6: OIE = OES, IOE (chung)

Do d6 AOIE «» AOES (g.g) B
Ol OE 2
s ZT0 rem— . = E
§> oF o8 = OLOS = O
Ma OE? = OM? (OE = OM) nén OLOS = OM* |
Xét AOIM v AOMS c6;: IOM (chung), (())1\1/1 e (V‘ 0O1.0S = OM?‘)

Do d6 AOIM «» AOMS (c.g.c) = OIM = OMS

Ma OIM = 90° nén OMS = 90° = SM Ia tiép tuyén cda dudng tron (0)

Al cit (O) tai N’ (N’ khac M) _

Chitng minh tuong ty c6: SN’ 1a tiép tuyén cha dudng tron (O)

Dodé N’ = N

Vay ba diém A, M, N thing hang.
Bai 22. (Lép 9) Cho diém M n3m ngoai dudng tron (O). V& cac tiép tuyén MA, MB va cat

tuyén MCD dén dudng trdn (O) (A, B, C, D « (0), MC < MD, tia MC nim gitta hai tia
MO va MA). V& day DE cta dudng tron (O), DE // AB. Goi N la giao diém cha CE va AB.

Chimg minh ring ba diém M, N, O thing hang.
Lot gidl
Xét AMAC va AMDA c6 MAC = MDA (hé qua géc tao bdi tia ti€p tuyén va day cung)
AMC {chung)

MA AC
Do d6 AMAC <> AMDA _— =
° ®8= 35 =~ ap A
MB BC - '
T AMBC «» AM = "D
u‘dng tu DB (g.g) = — ¥5 = BD
MA = MB (Tinh ch&t cia hai ti€p tuy&n cdt nhau)
AC BC M
0d6 =2 = ——
Do ds 75 = 3p
Ta ¢6 AB // DE (gt) = T¢ gidc ABED 1a hinh thang

Hinh thang ABED ndi ti€p nén 13 hinh thang can
= AD = BE, BD = EA |

Xét ANBC va ANEA c6: BNC ENA (doi dinh) NBC = NEA (hai géc nji t;.ép eung
chin cung AC)
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Do d6 ANBC «» ANEA (g.g) = ~C - BC

NA AR

NC AC

Tuong tir ANAC «» ANEB (g. N LAY
ng (8.8) = NB BE

NC BC BC AC AC NC
Tacém:—@:ﬁmmm%—ﬁ:ﬁmNAmNB
MaMA=MB OA=0B(=R)

Do d6 M, N, O cing thudc dudng trung truc cia doan thing AB.
Vay M, N, O thadng hang.

Bai 28. (Ldp 9) Cho tam gidc nhon ABC (AB < AC) ¢6 truc tam H, noi ti€p dudng tron (O)
dudng kinh AD, AT 1a phén gidc trong géc BAC (I nim trén BC). Lay E d6i xing v6i H
qua dudng thing Al Ching minh riing ba diém A, D, E thing hang.

Lot giai
Goi M la giao diém cha AH va BC.
Ta ¢6 ACD = 90° (géc nbi tisp chin nia dudng tron)
Xét AMBA va ACDA c¢é:
BMA = ACD(= 90°)

ABM = ADC (hai géc ndi tiép cing chdn cung AC) H
_DodéAMBfA(i%(g.g)zﬁ‘A‘“Mméﬁj B o
Mat khde MAI = IAE (H, E d6i xting qua Al) U
Va BAI = TAC (Al 1a phan gide g6e BAC) D

Do dé6 CAE = TAC - TAE = BAI - MAI = BaM
Ta c6 CAD = m(: m)m Hai tia AE, AD trung nhau

Vay ba diém A, D, E thdng hang. _
Bai 24. (Lép 9) Cho tam gidc ABC cén tai A, duwng cao AH. Vé dudng tron tAm A, bdn

kinh R v6i R nhé hon AH. Ty B v& tiép tuyén BM véi duding tron (A; R), M 1a tiép

diém. Tir C v& tiép tuyén CN véi dudng tron (A; R), N 1a ti€p di€m (M va N ndm trén

cing mdt nita mat phdng b AC). Ching minh rang M, N, H thing hang.

' Lai gigi

Ta c6 CHA = CNA = 90°

= T gidac ANHC ndi ti€p

= ANH + ACH = 180°

Mat khac BMA = BHA = 90°

=> Tdt gidc BMAH ndi tiép = ABH = AMN

M2 AM = AN (= R) = AAMN cén tai A

= AMN = ANM

Do d6 ANM = ACH. Viy ¢6 ANH + ANM = 180°

Nén ba diém M, N, H thing hang.
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Bai 25. (Lép 9) Cho hinh thoi ABCD c6 AB = AC. Céc diém M, N l4n lugt trén cdc canh
AB, OD sao cho MAN = 30°. Goi O la t4m dudng tron ngoai tiép tam gidc OMN.
Chidng minh ring ba diém A, C, O théng hang.

Loi giai
AABC ¢6 AB = BC = AC => AABC déu

Nén MCN = 120° A/\ B

MaMANzélv“’i’b”Nmi\”&”ﬁﬁmeo". /

Do vay tam gidc OMN déu.

T¢ gidc OMCN c6: MCN + MON = 120° + 60° = 180° v M
Do d6 t gidc OMCN ndi ti€p= OCM = ONM = 60° p /
Ta ¢c6: OCM = ACB = 60°
= Hai tia CO, CA tring nhau
Viy ba diém A, C, O thing hang.

Bai 26. (Lop 9) Cho nita dudng trdn (0) dudng kinh AB. C 1a diém thudc nla dudng tron.
Vé CH vudng géc v6i AB tai H. V& dubng tron tdm C, bdan kinh CH. Goi D, E 14 giao
diém ctia dudng tron (C) va nita dutng tron (0). M 1a trung diém ctia CH.

Chiing minh réng ba diém D, M, E théng hang.

L gidi
Goi N 14 giao diém clia DE va CH, I 1a giao diém ca DE va OC.
Vé OK L CD tai K. Ta ¢6 K la trung diém ctia CD.

OC la dutng trung tryc cta DE.
CK CO

ACKOQO «» ACID o35 K.CD = CI1.CO
CiD (g.g) = & T = CK.C
CI CN

ACIN «» ACHO —— = — = CN.CH = C1.C

(g.8) = cH- 00> O
Do d6 CK.CD = CN.CH (= C1.CO) K

1
Ma CD=CH (=R, nén CK = CN. Ma CK = ECD -]
M
Do vay CN = LCH TacsBla trung diém cia CH F N
2 A ra— B

Viviy N = M
Vay ba didm D, M, E thdng hang.

Bai 27. (Lop 9) Cho tam gidc ABC vubng tai A. Lay B lam tam, vé dudng tron tam B bén
kinh AB. Ldy C lam tam, vé dudng tron tdm C bén kinh AC, hai dudng trdn ndy cit
nhau tai diém tha hai 14 D. V& AM, AN l4n lugt 14 cdc day cung cha dudng tron (B) va
(C) sao cho AM vubng géc véi AN va tia AD nim giita hai tia AM, AN,

Chitng minh réng ba diém M, D, N théng hang.
(Trich dé thi tuyén sinh vao 16p 10 THPT tinh Phd Tho, nim hoc 2012 - 2013)
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Loi giai
Goi Ax la tia 46i cha tia AC, Ay la tia d6i cGa tia AB.
AB 1 AC (gt) |
Nén Ax la tia ti€p tuyén cha dudng tron (B),
Ay 13 ti€p tuyén cha dudng tron (C)
= ADM = MAx, ADN = yAN
Ta ¢6 ADM + ADN = MAx + yAN
MAx + CAN + CAy
= (180° - MAN + 90°)

I

= 90° + 90° = 180°
Vay ba diém M, D, N thédng hang.
Bai 28. (Lép 9) Cho hai dudng tron (O) va (O') cit nhau tai A, B. Mot tiép tuyén chung
ngoai clia hai dudng tron, tiép xte véi vdi dudng tron (0) § C, tiép xdc véi dudng tron
(O} 8 D (A & gan CD hon B), V& hinh binh hanh CBDE.
Ching minh riing A, B, E thing hang.
Goi M 12 giao diém cia AB va CD.
Xét AMCA va AMBC c6:
CMA (chung),
MCA = MBC (hé qua géc tao bdi tia tigp
tuy8n va ddy cung)

MC MA
Do d6 AMCA «» AMB . Sl it
o d C C{gg)::»MB NG

= MC? = MAMB

Ching minh tuong tu c6: MD? = MA.MB \

Nén MC? = MD? = MC = MD. T gidc CBDE 14 hinh binh hanh (gt)

Do d6 M 14 trung di€m cta BE. Ta c6 B, E, M thing hang. Ma B, A, M thing hang.
Nén B, E, M, A thing hang. Do d6 A, B, E thing hang.

-Bai 29. (Lép 9) Cho tam gidc ABC. Dudng trdn nji tiép tam gléc ABC cb tam I tlép xGc véi
BC tai D. Budng trdn bang ti€p géc A ciia tam gidge ABC ¢6 tam J, tiép xtc voi BC tai B,
DI cit dudng tron (I) § K (K khédc D). Ching minh réng ba diém A, K E théng hang

Lo ai&i
‘D& thdy A, 1, J thing hang.
Goi K’ 12 giao diém ciia ID va AE.
(D) ti€p xtc v6i AC & M, (J) tiép xdc véi AC & N.
Ta ¢6 IM L AC, JN L AC = IM // IN "
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Al IM

AJ  JN

Ta c6: ID L. BC, JE L BC = ID // JE
IK' Al

EcoIK//JE = — = —
AAJ(:IK/J:>JE 5

Xét AAJN c6 IM // JN =

IK' 1M
Do d6 SRR h
MAJE=JN(=R),nénIK=IM=R
=» K’ thuje dudng tron (D
Do vay K = K
Vay ba diém A, K, E thing hang.

Bai 30. (Lép 9) Cho nia dudng trdn (O; R) duyng kinh AB. Trén néa mit phing by AB c6
chita nita dudng tron (0) vé nita dudng tron (1) dudng kinh OA. C la diém trén nia
dusng tron (I). Tia OC cit nia dudng tron (I) § D. Dudng thing qua D vudng goc AB
cit AC & E. Pudng tron ngoai tiép tam gisdc ODE cit nita dudng tron (0) ¢ M (M khac
D). Chitng minh ring A, E, M thing hang. -

LE giai
Goi M’ Ia giao diém ctia AC va nda dudng tron (0).

Tacé AM'D = %Eﬁﬁ

ACO = 90° (géc ndi tiép chéin nita dudng tron)

Xét AOAD c¢6 DE, AC 1a hai dudng cao cét nhau tai E
= E 1a tryc tam tam gide OAD

= OE L AD N

Ma OA =0D (= R)

= AOAD cin tai O

= OF 12 tia phan gisc AOD

= EOD - 20D

Ta ¢6 EOD = m(= %WD}

= T gidc DEOM’ noi ti€pnén M = M’

Vay A, E, M thing hang. A_

Bai 31. (Lép 9) Cho tam gidc ABC nhon néi ti€p dudng tdn (O), BD va CE 1A hai dutng
cao cit nhau tai H. BD cdt dudng tron (O) tai N, CE cdt dudng tron (O) tai M. L&y
diém S thude cung MN. MS cdt AB tai I, NS cit AC tai K. Ching minh riing I, H, K
théng hang. |

L3 gidi
Ta ¢6: MBE = MCA (hai g6c nt‘_ﬁ tiép ciing chin cung MA)
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va EBH = MCA (ciing phu véi gée BAC)
Suy ra: MBE = EBH
ABMH can tai B = 1B 13 dudng trung truc chia MH
AIMH can tai I = IMH = THM (1)
Tuong tu AC 'l_é 6dé’ng truﬁg truce cha HN
Nén KNG = KHC
Ma KNC + IMH = 180°, MHK + KHC = 180"
Dodé IMH=MHK = (2
Tir (1) va (2) suy ra THM = MHK
= Hai tia HK, HI triing nhau
Vay ba diém I, H, K thing hang. .
Bai 32, (Lop 9) Cho tam gidc ABC vudng tai A, AH 1a dubng cao. V& dudng tron (A; AH).
Ve day HE vudng géc. Pudng tron (0) dudng kinh BC cit dudng tron (A) tai M, N. Goi
I1a trung diém ctia AH. Ching minh ring: N
a) D, A, E théng hang
b) M, I, N thing hang
(Trich dé tham khdo kidm tra hoc ki I, truyng THCS Nguyén Du, quan 1, TP.HCM,
nim boe 2013 — 2014) : '
Lot giat

a) Tacé: AH=AE (= R)
=> AAHE cén tai A
Ma AC la dudng cao (HE L AC)
=> AC la tia phén gide géc HAE.
= HAE = 2fTAC
Ma BD, BH la cdc tiép tuyén cla dudng tron (A)
= AB 13 tia phan gidc goc DAH = DAH = 2BAH
Do d6 HAE + DAH = 2(FHAC + BAH) = 180°
Vay D, A, E thing hang. |
b) MN cét AH, AO l4n lugt tai L, T.
(0) va (A) ¢t nhau tai M, N
=> OA la dudng trung truc cda MN = OA | MN
AT ' AH

a2 e (= A AL.AH = AT. 1) -
e AO( cos TAL) = AT.AO (D)
Vé OS L AM tai S ta cé: AS=SM=7

AS AT

e = —— (= cos OA AS.AM = AT. 2

20 AM( cos OAS) = AT AO (2)

T (1) va (2) ta c6: AL.AH = AS.AM. Ma AM = AH
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DodéALmAs.NénALmﬂg%

= L 13 trung diém cda AH. Taco L =1
Vay ba diém M, I, N thdng hang.

Bai 33. (L6p 9) Cho dutng tron (O) dudng kinh AB. Trén dudng tron (O) 18y diém C sao cho
AC < BC. Tiép tuyén tai A ciia dudng trdn (O) it tia BC tai D.'Vé OH vudng géc v6i AC
tai H. OD cit AC tai H. DH c&t AB tai K. IK cit OH tai M. Céc ti€p tuyén tai B va C
chia dudng tron (O) cit nhau tai N. Ching minh ring ba diém A, M, N thing hang.

(Trich dé& tham khdo kiém tra hoc ki I, trudng THCS Vo6 Trudng Todn, Quan 1, TP.H
Chi Minh, n&m hoc 2013 - 2014)

Lt gidd
BD _ AB
AADB « ACDA ABD = CAD, ‘
®g)= AD AC D | N
. BD OB
MAAC-ZAH,ABwZOB,nen—._K—H— o
AHAD «+» AGBD (c.g.c) I
= ADH = BDO
= AKH = DIC
e A ! B
= AKH = ATO K 0
AK AH
AAKH «> AATO Al _AaH
&8 =7 =20

AAKI «» AAHO (c.g.c) = AKI = AHO = 90°

M 1a tryec tAm ctia tam gidc AIO=> AM 1L OD (1)

AD AB

AAOD «» ABNA (c.g.c) = AOD = BNA
Tacé: AN LOD  (2)

Tl (1) va (2) ¢c6 AM, AN tring nhau
Vay ba diém A, M, N thing hang.

Bai 34. (Lép 9) Cho duvng tron (O; R) duong kinh AB. V& céc ti€p tuyén Ax, By cia
dudng tron (0). Trén dudng tron (0) 14y E (E khéc A, B). Tiép tuyén tai E cdt Ax, By
14n hugt tai C, D. V& EF vudng géc véi AB tai F. BC cit EF tai 1. EA cdt CF tai M, EB
cit DF tai N. Ching minh riing M, I, N thing hang. :

(Trich d& tham khéo hoc ki I, trudng THCS Huynh Khuong Ninh, Quan 1, TP.H6 Chi
Minh, nim hoc 2013 - 2014)
Lt gidd
BE cdt AC tai S
Ta c6: ACB = 90°,
CA = CE, CO la tia phan gi4c g()c ACE.
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ACAE cén tai C X
= CO 1a dudng trung truc cia doan thing AR. 5 . Y
. OC L AE, BC L AE = OC // BC
Do @6 C 1a trung diém ciia AS.

IE IF( BI ‘

il R & IE = IF

S CA[ BC} Nén
Goi K, L 1an lugt 14 trung diém ciia AC, BD. ¢ .

AM AC AM AK
AMEF ¢6 AC // EF = 240 _AC AV AR D
¢ “ EM _EF  EM  El Kl

AAKM <> AETM (c.g.c) = AMK = EMI L
Ta ¢6: AMRK + AMI = EMI + AMI = 180° Al A B

= K, M, I thing hang.
Tuong tu cé K, I, L thing hang; I, N, L thdng hang.
Vay ba diém M, I, N thing hang.

Bai 35. (Lép 9) Cho tam gide déu ABC noi tiép dudng tron (0). Mot dudng thing d qua A
cdt cdc tidp tuyén tai B va C 14dn lugt tai M, N va cit dudng tron (O) tai D (D khéc A).
BN cit CM tai E. Goi K 1a trung diém clia doan thdng BC. Ching minh ring D, E, K
thdng hang. ' '

(P& kidm tra doi tuyén hoc sinh gidi Toan Quan 1, TP. H5 Chi Minh, nim hoc 2012 - 2013)
' ' L0 giti

Goi T 1 giao diém cda DE va BC
Ta ¢6: BAC = ACN (= ABC)

= AB // CN

= MAB = ANC

Mat khdc ABM = ACB = ABC = ACN

BM AB

M «» AN . =

AAB CA(gg)nAC o

Ma AB = BC = AC M
_BM _BC

Do dé: BC - ON

Ta ¢6 MBC = BCN = 120°
AMBC «» ABCN (c.g.c)
= BMC = CBN
Do d6 MEB = EBC + ECB = BMC + MCB = 60°

MEB = MDB (= ACB)
= T gide MDEB noi tiép = TDB = BMC. Nén TDB = CBN

TB TE .
ATBE «» ATDB (g. 2 TD =TB
(g.g) = ™ - TB =TE
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Chitng minh tuong tyf ¢6: TETD = TC®. Nérn TB* = TC* = TB=TC. Do d6 T =K
Vay ba diém D, E, K thing hang.

Bai 36. (Lép 9) Cho nia dtf(‘)’ng_trbn (O; R) dung kinh BC, A 14 diém di déng trén nda
dudng tron. Vé AH vudng gée véi BC tai H. Pudng tron duting kinh AH céit AB, AC va
nifa dudng tron (O) 1an lugt tai D, E, M. AM ¢4t BC tai N. Ching minh ring D, E, N
thing hang. | |
(Trich dé thi chon hoc sinh giéi Toan 9, Quéh 1, TP. Hé Chi Minh, nam hoc 2013 — 2014)

. . | L gidi

DE cit AH tai I, cit OA tai K

TAE = TEA (AIAE cén tai I). OAC = OCA (AOAC cén tai O)
Do d6: KAE + KEA = OCA + IAE = 90°
= AKE = 90°
=» DA LDE. Taco: DE L OA (1)
(O), (I} ¢t nhau tai Ava M
= OI 1a dutmg trung trye cia AM = OI | AM
Do d6 1 1a truc tAm efia AANO = NI 1 OA (2)
Tit (1) va (2) cho DI, NI triing nhau. Vay D, E, N thing hang.

N B H 0 &
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CHUONG M

36 BAI TOAN CHON LOC CUA NHA GIAO PO QUANG THANH
VA NHA GIAO NGUYEN TAN SIENG
Bail. (L&p 8) Cho tam gidc ABC tAC > AB), cdc dudng cao AD, BF, CE cét nhau tai H, K
13 di€m d&1 xdng cta D qua AC. Ching minh riing ba diém E, F, K thing hang.
_ . Lod gidi |

+AAFE ~ AABC (c.g.c) = AFE = ABC

«ACFD ~ ACBA ({(cgc) = CFD = CBA
Ma:

.AFE + EFB

.CFD + DFB

}ﬁm:cﬁ "

I

90° (BF L AQ)
90" (BF L AC)

il

= DFB = EFB (2)
-KFC = DFC (tinh chét d6i xing)  (3)
.DFC + DFB = 90° (BF dudng cao) (4)
Tit (1), (2), (3) va (4) suy ra: KFC = AFE. Nén: DFC + DFE + AFC = 180°
= DFC + DFE + KFC = 180°=> KFE = 180°
Vay ba diém K, F, E thdng hang. ,

Bai 2. (Lép 8) Cho tam gidec ABC vudng ¢ A (AB < AC) ¢6 AH 1a dudng cao. Trén tia d8i
cha tia HA 18y diém D sao cho BD = BA. Goi M, N 14n lugt 1a trung diém ca AB, AC.
Pudng thing NH cit DB 6 1. Lay diém K trén tia DC sao cho IK = DH. ‘
Ching minh ring ba diém K, H, M thing hang.

- S L gidi
C thude dudng trung tryc cia AD = CA = CD
AABC va ADBC ¢6: AB = BD (gt), BC canh chung, CA = CD (cmt)

Do dé AABC = ADBC (c.g.c) Co
= BAC = BDC ma BAC = 90°(do AABC vudng & A'(gt)).
= BDC = 90° (gttu) -
Xét AADC cé: H 1a trung diém cia AD (gt)

| N 12 trung diém cta AC (gt)
=» NH la dudng trung binh cda AADC ' B ' C
= HN // DC (hay NI} song song CD. ' ' )
MaKe CD= HI/DK
Ta lai ¢6: IK = DH (gt) = IHKD la hinh thang cin
(Vi hinh thang ¢6 hai dudng chéo bling nhau) - . - D
= HKD = IDK (hay BDC)=90° = HK 1 DC .. (a)

A

359



Xét AABD c6 M: trung diém cha AB (gt)
H: trung diém cha AD (gt)
=» MH la dutng trung binh clia AABD
= MH / BD ma BD L DC (BDC = 90° (cmt))
= MH L DC ®
Ti (a) va (b) suy ra: M, H, K thing hang.
Bai 3. (Lép 8) Cho tam gidc ABC vudng tai A (AB > AC). Pudng trung true ctia BC cit AB &
D va cit duong thdng AC tai F. Qua A ké duding thing song song véi BC cit tia CD tai K.
Chiing minh ba diém B, K, F thing hang.

Lot gidi B

Xét ABFC ¢6 FD 1a dudng trung tuyén dong thoi 1a dudng cao
= ABFC can tai F = FBC = BCA (1)
Xét ADBC c6 AK // BC (gt). Theo hé qua dinh 1y Ta-1ét:

DK DA 2
= 6 = DB ma DB = DC (vi D thujc trung truc BC)
= DK =DA = DA+ DB = DK + DC ] c

. F A

= AB = KC

Ma AK // BC (gt) = T gide BACK 12 hinh thang can (vi hinh thang c6 hai duong chéo
béng nhau)
= KBC = BCA (2)
Tit (1) va (2) = FBC = KBC (= BCA)
= Tia BF tring tia BK
=> B, K, F thing hang.
Bai 4. (L&p 8) V& ra phia ngoai tam gidc ABC cdc hinh vuéng: ABDE, ACFG va hinh binh
hanh EAKG, BF cit CD tai M. Ching minh réing ba diém K, A, M thing hang.
L3 giti |
Goi H 1a giao diém cha KA va BC.

e e, i K
Tit gidc AEKG 1a hinh binh hanh nén AEK + EAG = 180° _
— AER = BAC G

Ta c6: EK = AG (tif gisc AEKG 12 hinh binh hanh) E
AG = AC (t¢ gidc ACFG 13 hinh vusng)
EA = AB (t gidc ABDE la hinh vudng) ‘

Do d6: AABC = AAEK (c.g.c) = BC = AK B H C

Ta lai c6: ABC = EAK ma EAK + BAH = 90°

Nén ABC + BAH = 90°= AH 1 BC hay AK L BC

Ta ¢6: KAG = ACH {cling phu HAC). Nén KAC = BCF

Lai c6: AK = BC, AC = CF. Nén AKAC = ABCF (c.g.c) = AKC = CBF
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Ma AKC + BCK = 90° nén CBF + BCK = 90°= KC L BF
Ching minh tuong tu, ta ¢6: CD L BEK.

Suy ra: BF, CD la cdc dudng cao clia tam gidac KBC

Suy ra: KM L BC. Ma KA 1 BC, nén ba diém K, A, M thing hang.

Bai 5. (L6p 8) Cho tam gidc ABC can tai A, BAC = 100°. Diém M niim trong tam gidc
sao cho MBC = 10°, MCB = 20°. Trén nia mat phing c¢6 bd 1a dudng thing BM.
Dung diém O sao cho tam gidc OBM déu. Ching minh ba diém C, A, O thing hang.

L giai
Tam gidc ABC cin tai A cd BAC = 100° nén:

ABC = ACB = -1—@3-2—?’—49 100
180° - MBC - MCB
180° - 10° - 20° = 150°
Lai c6: BMC + BMO + CMO = 360° B
CMO = 360° - BMC - BMO
360° - 150° - 60° = 150°
Do d6: AMBC = AMOC (c.g.c) = MCO = MCB = 20°
Ma MCA = 20° nén MCO = MCA (= 20%
Vay hai tia CO va CA trung nhau nén C, A O t;hﬁng hang.
Bai 6. (Ldp 8) Cho hinh chit nhat ABCD. Goi O 1a g:iab diém cia AC va BD. Trén doan
thing OB lay didm E. Goi F 12 diém d6i xﬁ‘hg cia A qua E. Tut F ké FH L BC (H « BC).
FK vubng géc véi duong thdng CD (K € CD). Goi I 12 trung diém cha CF. Ching minh
E, H, K théing hang.

BMC

)

i

il

i

Lai gidd
Xét AAFC c6:
Ol trung diém AC (tinh chat dudmng chéo hinh chif nhat
E 14 trung diém AF (tinh ch&t ddi xdng) }

=> OF 1& dudng trung binh ciia AACF A
. CF
OE/CFvAOE= -, CIl=1IF
= OE/CIvaOE=CI 0
= Tt gidc OEIC 1a hinh binh hanh S ' = K
= EI/OC

IH = IC (tinh ch4t dudng trung tuyén ung v&i canh huyén)
= AIHC cén tai I
= [HC = ICH

OB = OC = AOEC can tai O => OCB = OBC
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Ma ICB = OBC do OE // CF
=» [HC = OCB ma hai gée nay g vi tri so le trong
= HK // OC : :
Ma OE // OC (emt) = H, E, K thing hang (Theo tién dé Oclit)
Bai 7. (Lép 8) Cho tam gidc nhon ABC, AD la dudng cao. E,' F lin lugt trén cdc canh AB,
AC sao cho ADE = ADF. Goi M 1a giao diém ctia BF va CE.
Ching minh ring ba diém A, M, D thing hang.
Lt gial
Goi N 1a giao diém cha AD va BF, L 1a giao diém cia CN va AB.
Qua N vé& dudng thing song song véi BC cit DL, DF ldn lugt 6 1, K.
Ching minh duge DN L IK, NI = NK - A
Do d6 ADIK cén tai D.
Ta ¢6 ADF = ADL ma ADF = ADE
Nén ADL = ADE
=» Hai tia DE, DL trung nhau
> L=EDoviy N M
Vay ba diém A, M, D thing hang. B D
Bai 8. (Lép 9) Cho tam gide ABC vudng tai A, dudng cao AH. V& dudng tron tdm A, ban
kinh AH. Tir B va C ki cdc tiép tuyén BE, CF v6i dudng tron (E, F 13 céc tidp didm
khong ndm trén BC). Chiing minh ring E, A, F thing hang.
: | Loi gidi
BE, BF 14 cdc tiép tuyén cha dudng tron A (gt)
=> AB la tia phan gidc ciia géc EAH,

mB‘Kﬁ:%EAH

H;—i

C

E A
= EAH = 2BAH ¥
Chdng minh tuong tu cé: HAF = 2HAC ‘
Dodém-:ﬁTﬁI+W:2(§Kﬁ+m) B —D C
' H

= 2 BAC = 180°
Vay ba diém E, A, F thdng hang. _

Bai 9. (Lép 9) Cho dudng tron (O) duvng kinh AB, tia tiép tuyén Ax. Tat M thude tia Ax
v& ti6p tuyén thet hai MC. Ve hinh chit nhat MAOD. Ching minh ring ba diém B, C, D
thing hang.

Lt giai
Ta c6: MD = OA va MD // AO (t& gide MAOD la hinh chit nh4t)
Do d6 OB = MD (= OA), OB / MD
Nén tif gidc OMDB 1a hinh binh hanh = OM // BD
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Mat khdc c6: MA, MC 1a cdc ti€p tuyén cha dudng tron (0) M D
= OM 14 tia phdn gidc cha géc AOC
= KOM = _A0C

1

2 ‘
Ta c6: AOM = ABC = OM // BC A 0 B
Vi BC // OM, BD // OM. Nén BC, BD trung nhau
Vay B, C, D thing hang. .

Bai 10. (Lép 9) Cho diém A & ngoai dudng tron (0), ké hai ti€p tuyén AB, AC véi (0), (B,
C 1a hai ti€p di€m). V& day BE cha (O) song song vdi AC cat (O) tai E, tia EA cét cung
BC tai F, doan thing OA cdt (0) tai I, ti€p tuyé&n tai I cia (O) cit AC tai K.

a) Trén tia CK 14y diém L sao cho CK = KL, IL cdt (O) tai P.

Chitng minh ba diém C, O, P théng hang.

b) Goi H 12 giao diém cta OA v BC, 14y T e EH sao cho EBT = CEA, k& OS vudng géc

véi day EC, BT cit day EF tai V.
Ching minh O, T, C thing hang. T 46 suy ra B, V, S thdng hang.
Ldi giai
a) Ching minh ba diém C, O, P théng hang.
KC = KI (tinh ch4t hai tiép tuy&n cdt nhau}

ma KC = KL (gt)

= KI = KL :

Nén ACIL vuéng tai I (tinh chat dudng trung tuyén trong tam gidc vudng)

Ma ACIP ndi ti€p dudng tron (O} ¢6 canh huyén CP nén CPla dutng kinh cia (O) hay
C, P, O thing hang. :

b) Ching minh O, T, C thing hang = B, V, S thing hang.

AACF v AAEC (AEC = ACF, CAE chung)

Ma ABC = = AOC

Ta co:

AC_AF_CF

AE AC CE
AABF «» AAEB (ABF = Aﬁ, EAB chung)

AE  AB EB -
M2 AB = AC (tinh ch4t hai ti€p tuyén cdt nhau)

. CF _BF )

Nén E " BB = CF.BE = CE.BF (a)
AEBV « ACBF vi: BEV = BCF (clng.chin BF), EBV = CBF (cing chén CF)
Nen: & - BV _ BR.CF = BC.EV

" BC CF
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Xét ACBE va AFBV c6: BCB = VFB (cing chin BE)
EBC = EBV + VBC
VBF - CBF + VBG | = EBC = VBF
mé(ﬁ?zﬁﬁ?(:(ﬁ?‘)

CE BC

Do d6: ACBE «» AFBV (gg) = = = == = CEBF = FV.BC
BE.CF = EV.BC
Suy ra: CE.BF + BE.CF = FV.BC + EV.BC
= BC (FV + EV)
= BC.EF -

= 2 BH.EF (HB = HC)
Ta lai c6: CF BE = CE.BF (c¢mt)
Nén 2BE.CI = 2BH.EF
= BE.CF = BH.EF

BH BE
= —
CF EF

= AEBH «» AEFC (c.g.c)
= RET = TEB (T ¢ EH)
= TB = TE = T thudc trung truc BE
Ma OC = OB (biing ban kinh (0)) = O thufc trung truc BE.
Do d6 OT 1a trung truc cia BE. BE // AC (gt) ma OC L AC (AC 1a tiép tuyén)
= OC L BE = C thudc trung truc cda BE
Vay ba diém O, C, T théng hang.
¢ Xét ACBE ¢6 hai dudng trung tuyén EH vi OC c#t nhau tai T.
Suy ra T 14 trong tAm ACBE nén BT 1a dudng trung tuyén cia ACBE
= BT di qua trung diém CE.
0S L EC = S 12 trung diém cha CE (sy lién hé dudng kinh va day cung).
Vay B, V, S thing hﬁng
Bai 11. (Lép 9) Cho dudmng tron (O; R) va dzem G & ngoai (0) sao cho OG > 3R. Ké tiép
tuyén GE, GF (E, F 1a tiép di€m). Trén cung l6n EF ldy diém K. Tiép tuyén tai K ctia
(O) cit tia GE tai A, GF tai D. Trén cung nhd EF k& tiép tuyén cit GE tai B, GF tai C.
Goi M, N 14n lugt 1a trung diém cta AC v BD. Ching minh M, N, O thdng hang.
Ll gidi

va EBH = EFC (cing chén EC)

Ta ¢6: Sos + Socn = 5 R (AB + CD)

Sopc + Sopa = -;-R (AD + BC)
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Theo tinh chat hai tifp tuyén cit nhau, ta cé: AB + CD = AD + BC
A 1
Nén S()AB “+ SOCD = ESABCD

Trén tia GA, GD 14y diém H, 1 theo thd tu sao cho GH = AB; GI = CD.

. Soms =8
Khi d6: oM OHG}S Sonr = Souc + Soie — Saur
SOCD = SOIG

A

= Soss + Socp ~ Senr
1

= = Sapep = S
9 ABCD GH1

Mat khée: Syap + Syep = SNAB + Snep = ';:SABCD

Sonr = Smu1 = Snur
Ké MM’ 1. HI, OO’ 1 HI, NN’ L HI

Somr = éoo ' HI

Supr. = éMM'.HL = 00" = MM’ = NN’

SNH} == %’ NN '.HI

=> OM // HI, ON // HI, MN // HI
Vay M, O, N thing hang.

Bai 12. (Lép 9) Cho tam gide nhon ABC c¢6 A = 60° cae dutng cac BD va CE cit nhau
tai H. O 14 giac didm cdc dutng trung truc cla tam gidc ABC. Pudng trung truc cha
doan thing BH cit AB & K. Ching minh ring O, H, K thing hang.

m gial
Ta c6: HDA = HEA (= 90%
= T gidc ABHD ndi tidp = CHD = BAC = 60°
= BHC = 180° - 60° = 120° ‘ |

Tacé:ﬂ?l=%§6?}z§?}?ﬁn2m=120°

BHC = BOC = 120°
= T giac BHOC ndi tiép
= BHO + OCB = 180°
AOBC cén tai O (Vi OB = OC) = OCB = OBC = (180° - BOC) : 2 = 30°

Nén BHO = 180° - OCB = 150°

K thudc dudmg trung trvc cia BH = KB = KH

= AKBH can = KHB = KBH = 90° - BAD = 30°
Ta c6: KHO = KHB + BHO = 30° + 150° = 180°
Vay K, H, O thing hang.
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Bai 13. (Lép 9) Cho tam gi4dc nhon ABC, cdc dudng cac AD, BE, CF. V& dudng tron (0)
dudmg kinh BC. Vé AM 1a tiép tuyén cta dudng tron (O). Goi I 14 tAm dudng trdon ngoai
tiép tam gidc HDM. Chung minh ring O, I, M thing hang. |

- HLoi gidi ‘
BFC = BEC = 90° -
Do dé: B, C, M, F thude dudng tron (O).
Xét AAME va AACM c6 MAE (chung), AME = ACM (hé qué gbe tao bdi tia tigp tuyén

va day cung)

AM AE g
Do d6 AAME «» AACM — = = AM® = AE.AC
0 C (g g) = AC _

Xét AAEH va AADC c6: HAE (chung), AEH = ADC (= 90%

Do d6 AAEH «» AADC (g.0) = “o = A8 _ AmAC - AHAD
AD ~ AC

Nhu vay: AH.AD = AM? (= AE.AC)
X6t AAHM va AAMD e6:

AH _ AM N
HAM (ch Vi AH.AD = AM
{chung); i ( )

Do d6 AAHM <> AAMD (c.g.c) = AMH = ADM
Trén nda mat phing b HM c¢é chila A vé tia
Mx 1a tia ti€p tuyén ctia dudng tron ngoai ti€p
tam gidc HDM.
Ta c6: HMx = ADM (hé qué géc tao béi tia t1ep tuyén va day cung)
Ma AMH = ADM. Do d6: AMH = HMzx => Hai tia MA, Mx trang nhau -
Vay AM 1a tiép tuyén cta dudng tron (I) = AM 1 IM. M4 AM L OM
Do d6 O, I, M thing hang. |

Bai 14. (Lép 9) Cho tam gide ABC (khéng céin) ndi tiép dutng tron (0). CAt tigp tuyén v6i
dutrng tron (0) tai A, B, C 14n lugt cit BC, CA, AB tai D, E, F. '
Chitng minh ring D, E, F thidng hang. F

' L gidd B

Goi E’ 1a giao diém ciia ti8p tuyén dudng tron (O) véi DF. M
Qua B v& dudng théng song song v6i AC cdt DF tai M.
Tacé'%szM ra _Ea D
"DC EC’ FB  BM . | B\ 0 JC
., E'A DB FA AC? E'A AB?
Nén == = —0, == = =2 Do vy mre =
E'C DC’ FB BC? E'C BC?
Tir d6 c6 E'B 14 tiép tuyén cha dudng trdon (0). Dovay B’ = E

Vay D, E, F théng hang.
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Bai 15. (L6p 9) Cho di€ém A niim ngoai dudng trdn (). Vé hai tiép tuyén AB, AC (B, C la
tidp diém). D 1a di€m trén cung BC. Tidp tuyén tai D ciia dudng trdn cit dudng trung
trife cha doan thdng AD & E. Goi M, N 14n lugt 14 trung diém cta AB, AC.

Ching minh ring E, M, N théng hang.
.‘ L3 gidd

Goi H 1a giao dim ciia OA va BC.
Ching minh duge OA L BC.
ABOA vudng tai B ¢6 BH 1& dudng cao
= OH.OA = OB?

OB=0D(=R)
Nén OH,0A = OD?

‘ e oD OH 3
Xét AODH va AOAD ¢6 DOH (ch ez e {OHLOA = OD
v e (chung), 55 = oD { ) |

Do d6 AODH «» AOAD (c.g.c) = ODH = OAD

Tt @6 chimg minh duge OD 13 tiép tuyén cla dutng tron (ADH)

Tam cla dudng tron (ADH) nlm trén dutng thdng vudng géc véi OD tai D va dutng
trung tryc cha AD, 46 chinh la diém E.

Ta c6 EH = EA. Mat khde: MH = MA, NH = NA

Nén E, M, N cung thude dudng trung truc cia AH

Véy ba diém E, M, N thdng hang. _ .

Bai 16. (Lép 9) Cho diém A & ngoai dudng tron (0), vé cac tidp tuyén AB, AC véi duwng
tron (0) (B, C e (0). M 1a didm thude cung BC, tiép tuyén véi dudng tron (O) tai M, cit
AB, AC l4n lugt tai D, E. BC cit OD, OF ldn lugt & N, K. H 1 giao diém cita DK va EN.
Chiing minh riing ba diém O, H, M thing hang. |

L giiid
DB, DM la cdc ti€p tuyén cha dudng tron (O).

N

= OD 1a tia phan gidc géc MOB =» DOM = —;—MOB

Tugng tu: ET@WI = -éz\"’a‘ﬁ“c

Do 46 DOE = DOM + EOM = -BOC. Ma ABC - - sd BC = 2500
Ta c6: ABC = 3‘5‘6@(; éﬁ)) p B

=» Tit gide DBOK ndi tiép

= DKE = OBD = 90° A

= DK 1 OFE K
Tuong tv EN L OD

AODE ¢6 DK, EN 14 hai dudng cao cit nhau tai H C
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= h ia tryc tam cua tam giac U )
Ma OM la dudng cao cha tam gidec ODE (Vi OM £ DE). Do d6 OM di qua H
Vay ba diém O, H, M théng hang.

Bai 17. (Lép 9) Cho tam gidc nhon ABC ¢6 AB < AC. Pudng tron tdm (O) dutng kinh BC
cit AB va AC 14n lugt tai F va E, BE cit CF tai H. Ve day EK cha dudng tron (O)
vudng géc v6i BC, FK cit BC tai D. Ching minh ring A, H, D thing hang.

Lt gidet A
Ta c6: BEC = 90° {gbc ndi ti€p chin nia dudng tron) = BE 1 AC
BFC = 90" (gbc ndi tiép chdn nira dudng tron) = CF 1 AB
AABC c6 BE, CF la hai dutng cao cit nhau tai H
= H 1a tryc t&m cua tam gidc ABC
= AH 1| BC ' B O i C
Mat khac: xét dudng tron (0O) ¢é6 BC 1 EK (gt)
_. 50 - KO D - HFD
= Tif gidc BFHD néi tiép K
= ADC = BFH = 90° = HD 1 BC
Ta e¢6: AH L BC, HD J. BC
= AH, HD tring nhau
Vay A, H, D thdng hang.

Bai 18. (Lép 9) Cho dudng tron (I) noi tiép tam gidc ABC. D, E, F lan lugt 1a tiép diém
cha dudng tron (I) véi cae canh BC, CA, AB. V& DH vubng géc EF tai H. 8 13 diém trén
tia HC sao cho HS _# HB. Goi K Ia trung diém cia BS.

Chting minh ring H, D, K thing hang.
Lt giai

Vé BM L EF tai M, CN L EF tai N. A
Goi T 1a giao diém cta BN va DH.
Ma DH L EF = BM // CN // DH

BFM = AFE (d6i dinh), CEN = AEF (d6i dinh), m g H

AEF - AFE (AE = AF)
Suy ra: BFM = CEN

F

=

=
2

AMFB « ANEC (g.g) = BF _ DM D C

CE CN s
BF BD

BF = BD va CD = CE, e = e
va nen - oD

-MH _ BT

NH NT
BD BT
CD ~ NT

ABMN c6 TH // BM =

ABNC c6 TK // CN =
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L¥AL A ADLVE

Dovay: T = CN

BM MH

CN NH
Do d6: ABHM <« ACHN (c.g.c) = BMH = CNH
Ma BMH + BHT = CNH + CHT (= 90° Nén BHT = CHT
AHBS ¢6 1B = HS =» AHBS cin tai H
Ma HK la dudng trung tuyén nén HK ciing 13 dudng phan gide
Ta e6 hai tia HK, HD tring nhau
Vay H, D, K théng hang.

Bai 19. (Lép 9) Cho dudng trdon (O; R) va diém A & ngoii dutng tron sao cho OA = 3R. V&
dudrng tron (1) dudng kinh OA cdt (O) tai hai diém B va C, dutng kinh BE cha (0), BF
ctia (I). Goi H, N, G 14n lugt 12 trung diém cta BC, OI, AB. Qua O ké dutng thing song
song BF cét 1G tai M. Ching minh E, C, M, F thidng hang.

L7 gidi
Ta ¢6: OBA = 90° (g6e ndi tiép chén nita dudng tron) = OB L AB
G 12 trung diém ciia AB = IG L AB (lién hé dudng kinh va day cung) nén OB / IM
(cing vubng géc AB, M ¢ OI)
Ma OM // BI (gt). Do d6 t& giac OBMI 1a hinh binh hanh (t¢ gidc ¢6 hai cap canh song song)
= N 1A trung diém cGa BM (tinh chat dudng chéo hinh binh hanh)
Xét ABCE c6: O, H 14an lugt 14 trung diém cda BE va BC.
Nén HO la dubng trung binh cha ABCE
= HO / CE (1) : £
Xét ABCM co: O, N 14n hsgt 14 trung diém cha BE vh BM. A
Nén ON la dudng trung binh cia ABEM.
=NO/ME (2
Chimg minh tuong tu: OI // EF (3)
Tir (1), (2), (8) va (H, N € OI) = E, C, M, F thdng hang.

Bai 20. (Lép 9) Cho tam gidc ABC vudng tai A (AB > AC), dudng cao AH. Goi K 12 trung
diém ctia AB, dudng tron tdm I dudng kinh AC cdt KC tai F. K& dudng kinh FD tiép
tuyén tai D ciit dudng thing AB, KH tai N, M. Goi T 12 tam dudng tron bang tiép géc
AKM clia tam gide KMC, ké TS L MN (8 € MN). Chitng minh K, F, C, S thing hang.

Ll gidd
© Ta cé: KA = KH (tinh chéit duding trung tuyén trong tam giéic vubng {ing v6i canh huyén)
= K thubc trung tryc cha AH.
TA = TH (= ban kinh dutng tron) = I thuje trung tryc AH.
AAKH can tai K nén KI 13 phan gidc MKN (tinh ch4t tam gidc cén)
T 1a tdm dudng tron bang tiép géec NKM cha AMKN = T ¢ tia KI.

Xét ABHM va ACHN c¢6: BMH = CNH (= 909, ==

369



LR/ Lo tcung vuong goc VAN) > [l = Ao Lay

Ké TL 1 tia KN, TA | KN = IA / TL 1
= % = _IIE{% (he qua dinh Iy Talét trong AKLT) K N
Ma TL =TS (tinh ch&t dutng phén gidc) M
(ban kinh dutng tron (T) = IF KL (b) A. T >
TS KT
Tt (a) va (b} suy ra: AKIF «» AKTS (c.g.¢) = IKF = TKS N P
= Tia KF trung tia KS (I ¢ KT)
= K, F, S thiang hang.
MaF ¢ KC LA .
Vay K, F, C, S théng hang.

Bai 21. (Lép 9) Cho ¥ gide ABCD ndi ti€p dudng tron tam O. Goi Oy, Oy 12 tdm dudng trdon
di qua bon trong tam (di qua bdn truc tAm) eha cde tam gide BCD, CDA, DAB, ABC.
Ching minh rang O, O;, Oy thdng hang.

Bai todn phu:

Bai 1: Cho tit gide ABCD nbi tiép dudng tron tam O. Goi A’, B, C, I’ theo thit tu 12 trong
tam cha tam gidc BCD, CDA, DAB, ABC. Chiing minh ring t gidc AB'C’D’ ndi tiép.

Bai 2: Cho tr gigc ABCD nbdi tiép dudng tron thm O. Goi A;, B, Cy, D, theo thir tu 14 trfe
tam cha tam gidc BCD, CDA, DAB, ABC. Chitng minh rang tit gidc A;B;C,D; ndi tiép.

| L3t gidi

Bai 1: -

Goi M 1 trung diém canh BC.

Tacs: A _MD' 1 e AD'//ADva AD = 1AD
MD MA 3 3

Tuong tu c6: B'C’ // BC, C'D’ // CD, A’B’ // AB.
- B'C'D' = BCD, B'A'D" = BAD
Dodé: BC'D' +B'A'D = 180°
Do d6: td gidgc A'B’C’D’ ndi tiép dudng trdn tdm Oy
Bai 2: '
Goi M 1a trung di€m canh BC.

" Ta ¢6: OM L BC. Chiing minh duge AD, = 2 OM = DA,
AD, // OM // DA,
Nhu v4y: AD // A;Dy; AD = AD,
Tuong tif ¢6: AB, // AB, B,C; / BC, C,D, // CD
Do d6: D,A,B, = DAB, D,C,B, = DCB.
Do d6: D,A,B, + D,C,B, = 180 .
Vay tif gide A;B,C;D; ndi tiép dudng tron tam Oy,
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Tré lai bai todn: Got A’, B’, C' IV lan luot 12 trong
tdm va Ay, By, Cy, Dy lan lugt 1a trfc tdm

cac tam giac BCD, CDA, DAB, ABC.

Chitng minh duge O, A’, A; thing hang

va A’A; = 2 QA {1)

Ap dung bai todn phy, ta c6 t gidc AB'CD’ nbi tisp
dudng tron tdm Oy, td gide A;B:C D, ndi tiép

0A'  OA' 1

0A, 0,A, 3

Mat khdc do A’D’ / AD // AyD; v OA’ // OA // OpA, nén 6?('“6; = 0A,0,

Do d6: hai tam gidc OA’Oy va OA,0; déng dang. {(2)

T (1) va (2) gitp ¢6 duge O, Oy, O, thing hang.

* Nhéan xét: Tit bai todn trén gitp ching ta ¢6 duge didu rat tha vi sau:

Tit gidc ABCD ndi ti€p dudmg tron t4m O thi cac digm O, E, Oy, F, Oy thing hang.
Trong dé: |

dudmng tron tAm O, va

e E la giac diém hai doan thing néi trung di€ém hai canh déi dién cda t gide ABCD,

s O la tdm dudng tron di qua bén trong tdm cha ¢de tam gidc BCD, CDA, DAB, ABC..
» O la tAm dugng tron di qua bén tryc tAm cda cdc tam gidec BCD, CDA, DAB, ABC.

F la tam dutng tron di qua bon tam dutng tron O-le clia c4c tam gidc BCD, CDA, DAB, ABC.
Diéu ¢6 ¢ trén duge nha gido Vi Hiu Chin (Gido vién trudng THCS Héng Bang, tinh
Hai Phong) viét trong bai “Dudng thing Euler trong tam gidc va bai todn tuong tu
trong tif gide ndi tiép” trén tap chi Todn hoe va tudi tré.

Bai 22. (Lép 9) Cho tam gidc nhon ABC néi tiép dudng tron (O), cac dudng cao BM, CN
cdt nhau tai H. Puing tron dutmg kinh AH cdt (O) tai K, Goi I la trung diém BC. N
Chang minh ring K, H, I thdng hang.

Loi giai

Chimg minh K, H, I thing hang. K A
Ta ¢6: AKH = 90° {g6c ndi tidp chin nira dudng tron)
= AK | HK (1)

Keé duting kinh AA’ cta (O).
Khi d6 AKN = 90° (géc ndi tiép chén nifa
dutng tron dudng kinh AA")

B C
Hay A'K 1. AK (2) :
Tir (1) va (2) suy ra: K, H, A’ thing hang. ' :

Tuong ty: CA' L AC, BH . AC = BH // CA’ A
Ma CH // BA’ = Ti giac BHCA’ 14 hinh binh hanh nén I thudc HA’
Vay I, K, H théng hang. S
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Bai 23. (Lp 9) Cho hai dudng tron (0), (O") ct nhau tai A, B. V& cat tuyén CBD caa (0),
(O (C e (0), D e (0), B niim giita C va D). M 1a diém trén tia doi cha tia AB. Goi E
1a giao diém cha MC va dudng tron (O) (E khic C). Pudng tron ngoai ti€p tam gidc
EMA cit dutng tron (O) § N. Ching minh ring M, N, D thing hang.

.. L gidi

AEC = MNA (1t gisdc EMNA noi tiép)
ABD = AEC (ti¢ gide EABC néi tiép)
Nén MNA = ABD
Ma AND + ABD = 180° (t& gisc ANDB noi ti&p)
Do d6: MND = AND + MNA

= AND + ABD = 180°
Vay M, N, D théng hang.

Bai 24. (L6p 9) Cho tam gisc nhon ABC ndi tiép dudng tron (O). Cédc ti€p tuyén tai B, C
v6i (O) cit nhau tai D. Pudng thing qua D song song véi tiép tuyén tai A cha dudng
tron (O) ¢4t AB & E. Pudng trdon ngoai ti€p tam gidc BCE cdt AC & F (F khdc A).
Chiémg minh ring ba diém D, E, F thing hang.

L6 gidei
Ta ¢6: XAB = ACB (hé qua géc tao béi
tia tiép tuyé’ﬁ va day cung)
Va XAB = BED (so le trong va Ax // DE) = ACB = BED
Mat khéc: Tt gide BCFE nbi ti€p = ACB = BEF
Ta ¢6; BED = BEF (= m)z Hai tia ED, EF trung nhau

Vay ba diém D, E, F théng hang.
Bai 25. (L6p 9) Cho tit gisc ABCD ndi tiép duong tron (O; R) (A = 90°%, B = 90°), dudng
thdng vudng goc véi AD tai A cdt dudng thing vudng géc véi BC tai B & N. Puing
thang vudng géc v6i AD tai D cit dudng thlng vudng géc BC tai C & M. Goi I 1a giao
diém cta MN va AC. Chitng minh r¥ng ba diém B, I, D théng hang.
Goi E 1a giao diém cha AC va DM, F 14 giao diém cia BD va CM, T’ la giao diém cia
MN va BD.
ADAE « ACBF (g.g) = AED = BFC = Tit gidc DCEF nbi tiép.
NA NB
ANAB «» AMEF —_ =
(g8 = ME - MF A

NA IN

AIDE c6 AN // DE = —w = —
¢ 7 ME 1

ATFC o6 NB // MF = NB _ I'N

MF I'M

IN I'N -
Do 46 — = = I=7F
S TIM T

Vay ba diém B, I, D thing hang.
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Bai 26. (Lép 9) Cho hai duting tron (0} va (O) tiép xde ngoai tai A, Céc diém B, C nim
trén (0), cdc diém ti€p tuyén chung ngoai cha (O) va (O). Goi M 1a giao di€m thi hai N.
Chdng minh riing C, M, N thing hang. '

Lt gidi B I b
A% t1ep tuyén chung trong clia (0), (") cit BD tai L.
IA = 1B, JA = ID = AABD vudng tai A.
Nén BCN = 90° 0 5
BD va CE d6i x(mg qua OO’ -
= AD = AE = AD = AE = BAD = ADM :

= ABDM cn tai D N C M
Nén A la trung diém clia BM.Ta c6: AC = AB = AM = ABCM vuéng tai C

ViBC LCN,BC L CM

Vay C, M, N théng hang.

Bai 27. (Lép 9) Cho nia dung tron (O; R) dudng kinh AB. Trén niia mat phing by AB ¢b
chita nita dudng tron (O) vé nita dudng trdn (I) dudng kinh OA. C 13 diém trén nda dudng
tron (I). Tia OC ¢t ntra dudng tron (I) & D. Pudng thing qua D vudng géc v6i AB cit AC &
E. Putng tron ngoai ti€p tam gidc ODE cét nita dudng tron (0) & M (M khac D).

Chitng minh rdng A, E, M thdng hang.

Leri giai
Goi M’ 12 giao diém cda AC va nita dudng tron (O).
Tacé: AM'D = -;-KE)T),

ACO = 90° (géc noi tiép chidn nia dudng tron)
Xét AOAD c6 DE, AC la hai dudng cao ¢t nhau tai E.
= E la truc tAm tam gidc OAD = OE L AD
Ma OA = OD (= R) = AOAD cén tai O

= OF 1 tia phan gidc AOD = EOD = —AOD

DO e

Ta ¢6: BEOD = EM'D = T¢f gidec DEOM noi tiép, nén M = M.
Vay A, E, M thing hang.

Bai 28. (Lgp 7) Cho tam gidc ABC c¢an tai A. Liy diém M trong tam gidac ABC sao cho
MAB - MBC = MCA. Goi N l1a trung diém canh AB. Ching minh ridng ba diém C, M,
N thing hang.
(Gidi todn c6 thudng, BDVH 123 Nguyén Clu Dam, phudng Tan Son Nhi, quin Tan
Pha, TP.HCM, nam hoe 2012 ~ 2013)

Lai yidi

Goi K 1a giao diém clia CM va AB. V& AD L CM tai D, BE L CM tai E, BF 1L AM tai F.
AFAB = ADCA (canh huyén-géc nhon) = BF = AD
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Ta c6: MBC = MCA, ABC = ACB (AABC can tai A)
= ABM = BCM

Do d6: AMB = BMC . Ma AME = CMF (d6i dinh)
Do d6: EMB = FMB |

ABEM = ABFM (canh huyén-géc nhon)

= BE = BF nén c6 AD = BE

AKAD = AKBE (g.c.g) = AK = BK

Dodé: K = N ‘

Vay ba diém C, M, N thing hang.

Bai 29. (L6p 8) Cho tam gidc ABC can tai A ¢6 BAC = 40°. Liy diém M nim trong tam
gide ABC sao cho MBC = 40°va MCB = 20°. Diém N trén canh BC sao cho CN = CM.
Chiing minh ring ba diém A, M, N thang hang. 7
(Gidi todn cé thuéng, BDVH 123 Nguyén Cdu Pam, phm‘mg Tan Son Nhi, quian Téan
Pha, TP.HCM, ndm hge 2012 - 2013)

1

. Lt gidt
V& hinh thang can MBCD (MD // BC)
Goi E 14 giao diém ctia CM va AB, K 12 trung diém cha MD.
Ta ¢6: BEC = 180° - (EBC + ECB) = 90°

AEBM vubng tai E co EBM = 30° nén ching minh duge EM = _I\%E

DCB = MBC = 40°, MCB = 20°
Nén DMC = DCM = 20°= ADMC can tai D = MD = CD
Nén MB = MD. Do d6: EM = KM _
AABM = AACD (c.g.c) = AM = AD = AAMD cén tai A,
Do dé: AK 1 MD, MAR = DAK
AAEM = AAKM (canh huyén-canh géc vudng) B
= EAM = m.Dovéy MAC = 30°
AMC = 180° - (m + ACM) = 100°

ACMN can tai C (Vi CM = CN) ¢6 MCN = 20°
mmzmz(woﬂ—m)ﬂ:w
Do d6: AMC + CMN = 100° + 80° = 180°
Vay ba diém A, M, N thing hang.

Bai 30. (Lép 9) Cho tam gide ABC. Céc diém D, E, F 14n lugt trén cdc canh BC, CA, AB.
GOl Mia g1a0 (ilem clia BE va CF. Ky hleu SABC S SAEF = S;, SBDF = Sg, SCDE = Sg

Chitng minh riing néu S < (\/_1 \f_g \/: ) thi ba difm A, M, D thing hang.
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(Gidi toan c6 thudng, BDVH 123 Nguyén Ciu Pam, phudmg Tén Son Nhi, quin Tan
Phda, TP.HCM, nam hoc 2012 — 2013)

Lai g
V& BH L AC tai H, FK L AC tai K = BH / FK
AABH c6 FK // BH = 2F _ FK | A
AB T BH

1

Do do DAEF - 2 . AEAF H

S 1 AC.AB
ABC -éAC.BH F E
J8,  [AETAF AE AF
Do d6: LR elnaalebunill
0] “Vac aB © Z[AC AB}
Nhu vay: \/\[Sg (ig j:FBJ () B D c .
V5, [BF ~ BD
Tuong tur ed: ~= < = e (2)
g 5 S 2\ AB BC)
VS5 M[CD CE] 3
JS T 2\ BC  AE

A

T (1), @ va () co: Y JC "y S 82 ({5 + 5 + &)

MgSs%(J§+J§;+Js:) (gt).Dodé:S:%(Jst{+Js_2+Js_a)2

Diu “=" x4y ra, do vy ta ¢6: AE _ AF BF 132 @_EE—
¥ y AC AB’AB  BC'BC AR

«» EF // BC, DF // AC, DE // AB
<D, E, Flin lu‘cjﬁ 12 trung diém cha BC, AC, AB.
Nhu vay AD, BE, CF déng quy
Vay A, M, D thing hang.
Bai 31. (Lép 9) Cho tam gide ABC vudng tai A, duong cao AH. Dung dudng tron tdm O
dudng kinh AH cét AB tai E, cdt AC tai F. Ching minh E, O, F thing hang.
(Trich dé thi tuyen sinh vao 16p 10, THPT thanh ph8 Can Tho’ nam hoc 2011 - 2012)
L6 gidi
Ta c6: EAF = 90°
= EF 14 dudng kinh cia dudng tron (O)
= E, O, F théng hang. B H ' C
Bai 32. (Lép 9) Cho dudng tron (O) dudng kinh AB. T A va B vé& hai diy cung AC va BD
cit nhau tai N. Hai tiép tuyén Cx, Dy cha dudng tron cit nhau tai M. Goi P 1a giao
diém ctia hai dudng thdng AD va BC. Chitng minh riing P, M, N thing hang.
(Trich dé thi chon hoc sinh gidi toan 16p 9, TP. Pleikuy, tinh Gia Lai, nm hoc 2013 — 2014)
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L gidgi
Goi K 1a trung diém cha PN.
ACNP vudng tai C, CK la dudng trung tuyén = CK = PK
:sAKPCcéntaiK:ﬁK%zIﬁ _
OB = OC (= R) = AOBC cén tai O = OCB = OBC
Nén KCP + OCB = KPC + OBC = 90°
Do d6: KCO = 90°
= KC 1a tiép tuyén cha dudng tron (O).
Tuong tuy KP 1A tiép tuyén cha dudng trdon (O)
Do d6: K vA M frung nhau
Vay P, M, N théng hang.

Bai 33. (Lép 9) Cho nita dudng tron tam O, dudng kinh BC va mét diém A trén nda
dudng tron (A khdc B va C). Ha AH vudng géc v6i BC (H € BC). Goi I, K 1an lugt 1a
hai diém d&i xiing cia H qua AB, AC. Ching minh ring ba diém I, A, K thing hang.
(Trich dé thi vio truomg THPT Chu Van An va Ha Nbi -~ Amsterdam, nédm hoc 2002 - 2003)

Lot gidd
Ta c6: H, I d6i xdng qua AB (gt) = BAH = BAI
Va H, K d6i xtng qua AC (gt) = HAC = KAC ' A
Mat khac: BAC = 90° (gée ndi tiép chén nita dubng tron)
Do d6: TAK = TAH + HAR I
= 2BAH + 2HAC =2 90" = 180°
Vay ba diém I, A, K thing hang. B 'H O c

Bai 34. (Lép 9) Goi O 1a tam dudng tron noi ti€p tam gide ABC, cde ti€p diém cha dudng
tron (O) v6i cdc canh BC, CA, AB ldn lugt 14 D, E, F. Ké BB’ vudng géc vdi AO, AA’
vubng géc véi BO. Ching minh D, E, A’, B’ thing hang.

(Trich dé thi vao 16p 10, THPT tinh Bic Giang, nim hoc 2008 ~ 2009)
Lo gidii

Ta c6: OA'A = OEA = 90°

= T4 gidc OAEA’ nji tiép

= OA'E + OAE = 180°

Mat khae: AA'B = AB'B = 90°

= Tt gisc BAA'B’ ndi tiép = BA'B" = BAR"

Ma BAB' = OAE

Do d6: OA'E + BA'B" = 180°

= E, A', B’ thdng hang.

Chiing minh tuong tu ciing ¢6: D, A’, B’ thing hang.
Vay bén didm D, E, A’, B’ thdng hang.
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Bai 85. (Lép 9) Cho dudng trdn (0) duéng kinh AB, M 1a diém thude dudng tron (0) (M
khéc cde diém A, B). Cée tiép tuyén véi (O) tai A vA M cdt nhav & C. Pugng tron (I) di
qua M tiép xtc vdi dung thing AC tai C, CD la dudng kinh cha dudng tron (I).

Ching minh ring ba diém O, M, D théng hang.

(Trich d& thi tuyén sinh vao l6p 10 THPT
chuyén Lam Son, tinh Thanh Héa, n&m hoc c 1
O

2012 - 2013). D

Lo gini
CM la ti8p tuyén ciia (O)
= CM L OM = OMC = 90°
Mat khac: CMD = 90° (géc néi ti€p chén nfra.duéfng tron)
Ta c6: OMD = OMC + CMD = 90° + 90° = 180°
Vay ba diém O, M, D thing hang.

Bai 86. (Lép 9) Cho dudng tron tdm O, dudng kinh BC = 2R, diém A nim ngoai dudng
tron sao cho tam gide ABC nhon. Tir A ké hai tiép tuyén AM, AN véi dudng tron (M, N
12 hai ti€p diém). Goi H 1a truc tAm cha tam gidc ABC. F 1a giao diém cta AH va BC.
Chdng minh ba diém M, N, H thing hang.

(Trich dé thi tuyén sinh vao 16p THPT chuyén tinh Béc Ninh, nam hoc 2013 - 2014)
L7 gidd

A B

BH cit AC tai D S

Ta c6: A%=m=mm900

= M, N, F cing thudc dutrng tron dudng kinh OA. N

= M, N, F, O, A cing thudc mbt dudng tron ,

= AMN = AFN (1) M H

Xét AADH va AAFC ¢6 DAN (chung), ADH = AFG(=00°) B F O C
AD AH

Do d6 AAI}I—I AAFC (g.g) = F-AS " AD.AC = AHAF

Xét AAND va ACAN cé: .
NAD (chung), AND = ACN (hé qua géc tao béi tia tifp tuyén va day cung)
Do d6 AAND ACAN (g.g) = %Né - % = AD.AC = AN?
AH AN
AN AF
AH AN
AN~ AF
Do d6 AANH AANF (c.g.c) = ANH = AFN (2)
Tt (1) va (2) ¢6 ANM = ANH . Suy ra hai tia NH, NM tring nhau

Vay ba diém M, N, H thidng hang.

Ta c6: AH.AF = AN? (= AD.AC) =

>

Xét AAHN va AANF c6: HAN (chung),
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CHUCNG IyY

CAC GIAI PHAP VA CAC BAI TOAN CHON LQC CHUNG MINH
BA DIEM THANG HANG CUA NHA GIAO HUYNH DUY THUY

Trong chuong trinh hinh hoc, bai todn ching minh ba diém théng .hang la mot trong
nhitng dang bai trong tam, thudng gap va ham chifa mft mang kién thie kha phong phi.
V6i bai viét nay, tac gid xin trao d8i ¥ tudng theo huéng khai thac, phét hién, tir d6
hinh thanh va tudng minh gidi phép x& 1§ ¢c6 dudng nét.
0] nhiing bai todn phitc tap, viéc x4y dung gidi phap cdn & ngudi lam todn c6 “dd rong”,
“chiu s8u” kién thic, ¢6 nhin quan va cdm nhéan tinh t&. Didu nay c6 duge qua tich,
“va cham” v& trdi nghiém v6i nhiéu dang bai phic tap.
Pé “nhin” bai todn ching minh ba didm thing hang, dusi gbe nhln cd “§ 8", tdc gia
néu cdc gidi phdp sau;

Gigi phap 1: Hai duong thdng vubng géd
+ Xét bai todn ching minh ba diém A, B, C thing hang.
+ (Giai phdp vén dung tinh chit hai dudng thing vudng géc nhu sau:
- Xéc dinh mot dudng thing d.
AB | d
AC L d

- Ching minh {

— Dya theo tinh chat “qua mét diém, ké duge
duy nhit mot dudng thding di cho” (hinh hoc phing)
— Nhu thé: ba diém A, B, C cing nam trén L1
1 dudng thing, tic 1a A, B, C thing hang.
Bai 1. Cho tam gidc ABC vudng cén tai A,
Véi méi diem M nim trén dudng thdng BC (M khdc v6i cac dinh B va C). Goi H va K
lan lugt 1a hinh chiu vuéng géc ctia diém M 1én cac dudng théng AB va AC. I 1a giao
diém cba cdc dudng thdng CH va BK.
Chimg minh réng dudng thing MI luén di qua mdt diém c6 dinh khi M di déng trén
dudng théng BC.

Lt gidi
- Dung hinh vuéng ABDC.
- Ta duge dinh D 13 diém 6 dinh. | B _E D
— Ta ¢6: AABC ]a tam gidce vudng can tai A.
Suy ra: AMKC la tam gidc vubng cin tai K H M
Tir 46, ta duge: KC = MK = HA

HA = KC
AC = CD ' C

- Hai tam gidc vubng HAC va KCD c6: {

Nén AHAC = AKCD. Suy ra HCA - RDC
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Mat khéde: HCA + HCD = 90°. Nén KDC + HCD = 90°

Do dé: HC L DK 1)

- Chiing minh tuong tu, ta nhan duge: DH £ BK (2)

T (1) va (2) ta duge: ADHK ¢6 hai dutrng cao xudt phét tlr cde dinh H va K, cit nhau tai L.
Nbhu vay T 13 cde tryc tam ADHEK.

Do dé: DI L HK (3

Goi E la giao diém cda cde duding thdng MK va BD.

{MK = ED (vi cung bing KC)

- Hai tam gide vuéng HMK va MED cé: s
ME (vi ¢ing biang BE)

i

Nén AHMK = AMED. Suy ra; MHE = EMD

Do dé: DM L HK (4)

Tir (3) va (4) suy ra: ba diém D, M, I thing hang.

Vay khi diém M di dong trén dudng thdng BC thi duvng thing MI luén di qua didm o6
dinh D.

Vai diéu truo déi:

~ V& mét s5 hinh, méi hinh vé tuong dng véi mot vi tri cha di€m M trén dudng thing

BC (M khac véi B va C). '

Ta phat hién ra rang: dudng thdng MI luén di qua diém ¢§ dinh D 1a dinh cfia hinh

vubng ABDC. ‘

T d6, ta dinh huéng duge cach gidi bai toan.

Gidi phap 2: Hai dudng thing song song|

+ Xét bai toan: Ching minh ba diém A, B, C thing hang.

+ Gidi phdp van dung tinh chat hai dudng thing song song nhu sau:
- Xéc dinh mét dudng thing d A B C

AB// d

AC/d

- Dyta theo tién dé U-clit qua mot di€m chi dung dugeduy nh&t mot dudng

thing song song véi dudng thdng da cho, nén 3 diém A, B, C thing hang.

Bai 2. Cho tam gidc nhon ABC néi ti€p trong dudng tron (O). Cdc diém M, N, P l4dn lugt
12 cac diém chinh giita cdc cung nho EE‘:, 2{(\7, va AB, Goi I 1a tAm dudng tron ndi tiép
AABC. MP cdt AB tai D, MN cdt AC tai E. Ching minh ba diém D, I, E thing hang.

— Ching minh {
d

Li¥i gidi A N
P la diém chinh gita cung nhé AB, nén: ‘ P “
. — DA MA

P la pha 5 B — 1

M ‘apanglécgocAM = B8 ME (1) e
EA MA

Léap luén tuong tu, ta ¢6: —— = —or 2 B c

4p ludn tuong tu, ta ¢ 5C ~ MC (2) o
Mit khde: MB=MC ~ (3)
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U : i = w—., Do d6: D C #
T (1), (2) va (3) suy ra 5B - BC o do: DE // B (%)

Goi J la giao diém ctia AM véi BC.
Hai tam gidc ABJM va AABM c6: BMA chung
MBJ = MAB (chdn hai cung BM va MC bing nhau)

Suy ra: ABJM «» AABM.

AM AB
T day, ta co: 24 - 2B (3
y, ta ¢6 S BJ'( )
AABJ 6 BI 1 phan gide géc ABJ, nén -2 = 2B (4)
7" By
Tit (1), (3), (4) suy ra: % - %—. Do d6: DI #/ B, hay DI // BC (+%)

T (*) va (**), ta suy ra: ba diém D, I, E théng hang.
Vai diéy trao doi:
DE // BC

P8 ching minh 3 diém D, 1, E théng hang, ta nghi dé€n viéc ching minh:
DI/ BC

Vi sao-ta nghi dén viéc chimg minh nhu thé?

Tra 13i: Do P v N 14n luot 14 céc diém chinh giita cGa c4c cung nho A/_ﬁ, AC

BD _BM _ CE M aBM=CM

DA MA EA MA

Do d6: ta nhan duge DE // BC

Pén d4ay viéc ching minh DI / BC 13 duong nhién ta phai nghi t6i.

Gigi phap 3:

- (34 st cAn ching minh ba diém A, B, C thing hang. Van dung gidi phép “I'6ng céc
géc” d8 ching minh géc ABC = 180°

- P& “tudng minh” vide ching minh géc A% = 180°, théng thu&rng ta qui vé médt trong
cée trutng hop sau:

Trudng hop 1: ‘ M
- “Xay dung” diém M nhu trong hinh vé trén. \ﬂ

— Sau d6 ching minh MBA + MBC = 180°
Truong hop 2: | M '

— “Hinh thanh” gc MBN = 90° N

~ Sau 6 ta chéng minh MBA + NBC = 90° \KM/
Trudng hop 3: A B C

- “X4c dinh” tia BM.
~ Sau d6 ching minh MBA = MBC = 90°

T ddy ta phét hién ra ring:
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.
Trutnge hop 4 A

B C

~ “Thiét ké” ABMN nhu hinh vé trén.

ABM = BMN
- Sau dé chimg minh ﬁi e

CBN = BNM
Trudng hop 5; M N

. L A B C
- “Tao ra” ABMN nhu hinh v& trén
~ Sau d6 ching minh Aﬂ = BNM N

CBN = BMN

Bai 3. Cho tam gidc ABC ndi ti€p dudng tron ('f/)Mtém 0. Goi I 1a mdt dié€m tiy ¥ ndm
trén cung nhé BC. Ké IM 1. BC, IN L AB, 1J L AC.
1. Ching minh riing ba diém M, N, J thing hang.
2. Goi D la diém d6i xding cta I qua dudng thing AB, E 13 diém d6i xding véi I qua dudong
théng AC.
Ching minh réng ba diém D, H, E thing hang.
Lo giai
1. Ching minh ba diém M, N, J thing hang.
T gide BNIM la t¢ gide noi tidp
(BNI + BMI = 180°) == NMI = NBI (1)
T giae IMJC 1a ¢ gide ndi tiép
(IMC = [JC = 90°) = IMJ = 180° - ICJ  (2)
Tir (1) va (2) suy ra: NMI + IMJ = NBI + 180° - iCJ
& NMJ = 180° + NBI - fCJ
e NMJ = 180° (NBI = ICGJ vi t gidc ABIC ni tiép, NBI va ICJ cing bu véi ABI)
Do d6 ba diém M, N, J thdng hang.
2. Chiing minh ba diém D, H, E thing hang.
Goi K 1a giao di€m thy hai cta duyng thing CH véi (#) .
F 1a giao diém thd hai ctia dudng thing BH véi () . . '
Ta c6: KAB = KCB = 90° - ABC = BAH
Tuong tu, ta c6: KBA = HBA . Tit dé, suy ra: AKBA = AHBA
KA = HA '
KB = HB
Nhu viy: AB 14 dudng trung truc cia doan thing HK
Hay hai diém H va K d6i xdng v6i nhau qua AB.
Mit khdc: I va D d6i xdng v6i nhau qua AB nén HKDI 1a hinh thang céan.
Suy ra: IDH = IKH. Ma IKH = TAC, nén IDH = IAC (1)
Lap luan tudng ty, ta duge ti gisc HFEI 13 hinh thang can. Suy ra TEH = IFH
Ma IFH = IAB, nén TEH = TAB (2)

Do do: {
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T (1) va (2) suy ra: IDH + IEH = IAC + IAB = BAC
T 46, ta cb:

(ﬁfﬁ + lﬁﬁ) + (}ﬁf) + ﬁfﬁ‘}) + (fﬁﬁ+ ﬁi) = 360°
« DHE + DIE + BAC = 360°
< DHE + 180° = 360°
< DHE = 180°
Viy ba diém D, H, E thing hang.

Vai diéu trao déi:

D&: v6i cau s 2 cha bai todn, difm then chft ndm & ché: dung céc didm phy K va F dé

tao ra cdc ti gide noi tisp dac bidt, tir d6 bién ddi din t6i goc DHE = 180°

Gidi phap 4: (Goc bling nhaul
+ Gia sit cAn ching minh ba diém A, B, C thing hang.

+ V&i mot 1op khéce nhibu chc bai todn, ta van dung giai
phép “géc bang nhau” bing céch: /

- “Xay dung” tia Ax, sao cho hai didm B va C ndm vé A
cling phia so vdi tia Ax.
~ Sau d6 chiing minh BAx = CAx

Bai 4. Cho tam gidc nhon ABC, ¢6 truc tAm H. T A ké cdc tiép tuy&n AM va AN tdi

dudng tron dudng kinh BC. Ching minh ba diém M, H, N théng hang.

L qpided

~ Qoi O 1 trung diém BC, K 1a chan dwng vudng gdc ha tir A 1én canh BC.

Ta ¢6: AMO = AKO = ANO = 90°

Suy ra 5 diém A, M, K, O, N ciing ndm trén dudng tron dudng kinh AO.

Do d6: AMN = AKN (géc ndi tiép ciing chén cung AN)

Mit khac: AMN = ANM (Do AM = AN). Suy ra: ANM = AKN

- Goi I 1a chén dudng vudng géc ha tir B 1én canh AC.

Hai tam gisc vudng AAHI va AAKC c6 goc nhon KAC chung nén 1a 2 tam gide dong dang.

*)

A

AH Al
T e R = .A
Suyra AC R < AH.AK = ALAC | (1)
Hai tam gidc AANT va AACN cé: CAN (chung) va ANI = ACN
Nén AANI « AACN = AN _ AL
AC ~ AN
< AN? = ALLAC (2) M
AN AH
Tit (1) va (2), cho ta: AN? = AHAK & = = ==
va (2), cho ta o K = AN
— Hai tam gidc AAHN va AANK cé:
goéc RAN chung va AN = fﬁ, nén AAHN «» AANK
AK AN
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Suy ra ANH = AKN (**)
Tix (¥} va (%) suy ra: ANH = ANM
Do d6 3 diém M, H, N thing hang.
Vai didu trao doi:

o V§i bai todn nay, ta cAn nhén ra ring:
Tu gid thi€t AABC nhon, ta nhan duge hai két qua sau:

1. Pinh A ndm phia ngoai dudng trdn dudng kinh BC, khi dé tén tai hai ti8p tuy&n AM va AN.

2. Tryc tam H nam phia trong dutng tron dudng kinh BC va H s& nim gitta hai diém M, N.
Tit day, dé chimg minh ba diém M, H, N thing hang, ta nghi d&n viéc chéng minh céc
géc ANH va ANM bing nhau. |
Gidi phap 5: Minh chdt cia déy cung
+ Gid sif cin ching minh ba diém A, B, C théng hang.

+ Duya theo gid thigt cha bai toan: '
~ Ta “hinh thanh” dudmg tron (¥ 6 tam C.
- X4c dinh mét day cung HK cha dudng tron («). ' A
— Chitng minh AB la dudng trung tryc cda diy cung HK. -
~ Suy ra dudng thang AB di qua tdm C cta dudng tron (¥),
tdc 12 ba diém A, B, C thing hang.

Bai 5. Cho tit giac ABCD néi tiép dudng trdn (¢ tam O, v6i géc BAD > 90°,
V& tia Ax vudng géc AD, cit BC tai E. V& tia Ay vudng géc AB, cit CD tai F.
Chitng minh réng ba diém E, O, F théng hang.

' Lo gidl
- Goi A’ Ia diém 481 xing cha diém A qua EF.
Ta c6: BAD + EAF = DAE + BAE + BAF

_ = 90° + BAF =90° + 90° = 180°
~ Mat khde: BAD + BCD = 180°
Do d6: EAF = BCD
Tacé: EA'F = OA'F + OA'E
= OAF + OAE = EAF

Tir d6, ta nhan duge: EAT = Bﬂa_ﬁ, hay: EA'F = ECF
Suy ra tf gidc ECA'F 1a t gidce noi ti€p dudng tron. Do d6: FCA' = FEA"
Suy ra FCA" = FEA = 90° - EAA" = DAA", hay DCA" = m
Suy ra t& gidac ADA’C néi tiép dudng tron.
Ma cdc dinh A, C, D nim trén dudng tron (¥ nén A’ n"ain trén dudng tron ().
Ta c6: EF 1 AA’ tai trung diém cha AA’. Do d6 EF di qua tam O ctia dudng tron (9.
Két luan: ba diém E, O, F thdng hang.

K
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Var dieu trao dor
- Tif gid thiét bai todn, ta ching té duge EAF = BCD
— Ta thdy hai géc EAF va ECF (bing géc BCD) duvc tao bdi hai dinh A va C cling
nhin doan EF, ma EF chinh 14 doan théng ta cin ching minh di qua O. Tir day, ta
nghi dén viée van dung két qua EAF = BCD vao ching minh bai todn.
Tuy nhién, A va C nam vé hai phia d6i v6i EF, do d6 ta nghi dén viéc dich chuyén A vé
cling phia véi C, dé tao ra t& gide ndi ti€p, tir day ta 1dy diém A’ 461 xiing véi A qua EF.
Bai 6. Cho tam gidc nhon ABC, truc tdm H. Goi M, N 14n lugt 12 trung diém cGa AH va
BC. Céac dudng phén gidc trong cua cac géc ABH va ACH cét nhau tai P.
Chiing minh réng ba diém M, N, P thing hang.
Lt gidi

- Goi BB’ va CC’ 1a cdc dudng cao trong AABC.
Ta c6: ABB' = ACC' (vi ciing phu géc BAC)
Suy ra PBB' = B'CP. Do d6 t giac BPB'C noi tiép
Tir d6, ta c6: BPC = BB'C = 90°
Suy ra cdc diém C', P, B’ nm trén dubng tron
dutng kinh BC, tdm N. B
Ta cé: C BP = PBB", nén P la diém chinh giita cung B'C
T gide AC'HB’ noi tiép trong dudng tron tdm M, nén MC' = MB’
Mat khac: NC’ = NB'. Do d6 MN di qua didm chinh giita cta cung B'C’
Viay ba diém M, N, P thdng hang.
Vai diéu trao déi:
Do H 1a truc tdm AABC, nén viéc dyng hai dudng cao BB’ va CC’ la duong nhién.
Tit day viéc phét hién ra diém P 13 dim chinh gitta cung B'C" 13 khong qué khé khan.
Lic niy, dé ching minh ba diém M, N, P thing hang, ta chi ra hai diém M va N cdch
déu cac diém B, (.
Gidi phép 6:
+ Xét bai todn: Ching minh ba diém A, B, C théng hang.
+ (Hai phap “thém diém” duge tuyng mink nhu sau:

~ Ta “hinh thanh thém” diém E.

~ Ching minh ba diém A, B, E thing hang.

- Ching minh diém C trung v¢i di€ém E.
Di nhién ring diém E dugce “hinh thanh” sao cho viéc ching minh ba diém A, B, E
thdng hang, va ké ca chdng minh diém C = E duge thuc hién “nhe nhang” hon so véi
khi trye ti€p chédng minh ba diém A, B, C thing hang.
C6 nhu vay, gidi phap “thém diém” méi c¢6 “gid tri sif dung”.

A B E=C
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bal {. LUho auong tron (#), tam L. U 1 4lel r© nanm ngoai (), 1a g8 den (6 nal uep uyen
PA va PB. Goi H 1& hinh chiéu vuéng géc clia A 1én dusng kinh BC. M 14 trung diém AH.
Chdng minh ring ba diém P, C, M thing hang.
L gidi
~ Goi I 12 giao diém cia ctia hai dudng thing CA va BP.
P’ 1a giao diém cfia hai dudng thdng CM va BI.
Nhu vay, dé ching minh ba diém P, C, M thidng hang, ta chi viéc chu’ng minh P = P,
~ That vy, ta ¢6: BAC = 90°
Suy ra: BAI = 90°
ABAI vuéng tai A, nén: AIB + ABI = BAI = 90° A
¢ AIB + ABI = BAP + PAl I '
& AIB = PAI (Vi APAB cén tai P)
Suy ra AP = PI
Mat khac: AP = PB, nén PI=PB
* Nhu véy: P 1a trung diém BI (1)
- Lic nay, ta cdn ching minh P’ ciing 1a trung diém BI.
AM___CM MH:CMQAM:MH
P'1 CP’ P'B cp P'T P'B
Mit khace: AM = MH. Do d6: PI = PB
Nhu vay, P’ 1a trung diém BI (3)
Tir (1) va (2), ta nhan dugec P = P,
K&t luan: ba di€m P, C, M thing hang.
Vai diéu trao déi: |
Ta nhén thdy ring: AH / PB
Pidm M lai chia doan AH thanh hai doan ti 18 1:1.
Tir “dit lidu” nay goi ¥ cho ta kéo dai CA va BP cidt nhau tai I. Lic nay ta chi can
chiing minh diém P ciing chia doan BI theo ti 1& 1:1.
Gidi phap 7: |
+ Xét bai todn ching minh ba diém A, B, C thing hang.
+ Ta van dung giai phap “phan ching” nhy sau:
- Gia st ba difm A, B, C khéng thing hang.
— Dya theo gid thiét phdn chdng “ba diém A, B, C khoéng thing hang” két hop vai
“dit liu” @4 cho chia bai todn, ta didn gidi, 14p ludn chi ra mat didu vo 1y, -
~ Nhu vy, gid st ba diém khong thing hang 1a sai.
— K&t luan; ba diém A, B, C thing hang.
Bai 8. Cho doan thing AB. Trén ciing nifa mat phng by AB dung nia dudng trdn (%) tdm
O dudng kinh AB, v nita dudng trdn (#) dudng kinh AO. Trén (¢) lay diém M khong
tring v6i A va O. Tia OM cét (¥) tai C, goi D 1a giao dim thit hai clia duong thing CA- -

That viy, ta co:
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vl (¢ ). pudng thang Al cat Ul tay 1, dugng tron ngoal tiep ALUM ¢at (#) tal IN.
Ching minh ba diém A, M, N thing hang.

' Lt gidd
(4 sif ba diém A, M, N khéng thing hang.
Ta ¢6: ﬁ; = 6; = X ‘
AOAN cén tai O, nén OAN = ONA = A, - OAN = N, - ONA < HAN = HNA
Do d6: ABHAN can tai H. : N
AOHA = AOHN nén AOH = NOH = OH L AN
Mat khac: OH L AC. Do d6: ba diém A, N, C thing hang.

Diéu nay 1a vb ly. A . B

Nhu vay, diéu gid sif § trén 12 sai.

Vay ba di€m A, M, N thidng hang.

Vai didu trao déi:

Véi bai toan nay, ta ching minh duge bing cdch khde, tuy nhién st dung gidi phdp
phéan ching ¢6 thé ngin gon hon, |

Gidi phap 8

+ Xét bai todn ching minh ba diém A, N, M thing hang

+ Chiing ta “tuting minh” gidi phap “dién tich” du‘G: cdc dang sau:

Dang I:

- Xac dinh doan thing BC, sao cho M la
trung diém BC.

- Ta ching minh S,5,y = S,can

~ K&t luan: ba di€m A, N, M thing hang.
+ Nhan xét: Dang 1 cé thé dién dat téng qudt nhu sau:

- Ta ching minh Spax - BM
Seaw  CM
- K&t luan: 3 diém A, N, M thing hang.

Dang 2:
~ Xéc dinh hai nifta dudng thing Ax, Ay nhu hinh vé.
- Ta ching minh Syux = Suep |
Va Syux = Snep
- K&t luan: ba diém A, N, M théng hang

Dang 3: A
- X4y dung hinh chit nhat ABMD nhu hmh va,
- — Ta chdng minh Sgnrp = Skues _ A E _._B
- Kt lugn; ba diém A, N, M thing hang. H X K
D F M
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Bai 9. Cho hinh binh hanh ABCD. Piém E thudc canh AB, F thujc canh BC. Cac diém M,
N, K lan lugt 13 trung di€m céc doan thing DE, DF va EF. Goi I 14 giao diém cta hai
dudng thdng AM va CN. Chdng minh réng 3 diém B K, I thdng hang.

L gidi
1
Ta cé: Sy + SAICD = "2"SABCD A £ B
1 .
Syran + Sape = §SABCD T

Do d6: S jan + Syep = Saap + Sumc D N pl
< Saap + Sygp + Sacp = Saan + Sarc + Srs
< Supe = Sysp
Suy ra IB di qua trung diém K ciia doan EF.
Vay ba diém [, K, B thing hang.
Vai didu trao déi;
bé chitng minh déng thitc 8,45 + S,op = iSABCD-
Ta tién hanh nhu sau: Qua &1em I, ta ké MN 1 AB, (Vo‘1 Me AB,N ¢ CD)

IM.AB

S o
ALAB 5
IN.CD
S =
AICD 5 |

Suy ra Smg . SICD - IMAB; INCD - IMAB; IN.AB - (IM +2]:N) - HNZAB - SA;:CD

Bai 10. Cho t¢ gide ABCD. M la giao diém cia hai duong thing AB va CD. N Ia giao
d:em cha hai dudng thing AD va BC. 1, J, K lan lugt 1a trung di€m cta cde doan BD,
AC, MN. Chitng mmh ba diém I, J, K thdng hang.

Lt gidai

Ta ¢6: Sy = Snne - Swin ~ Swnae — Swo ~ Spuc

1 1
Sxne — = S ~ = Snac ~ —Sps ~ - Sapc
NDC 9 NEID 9 NAC 5 DJIB 9 ADC

1 1 1 1 1 1
= (531\19(: - é‘SNBD = '”Z"Sms] + {gsgm- = 'Z’SNAC - §SADC)

1. |
5 (Spje + Spsc) + 0

It

[

11 1.
3 (“2‘ SABF: * “2"“51);\(:]

1
= ESABCD (1)
Bién déi tuung ty, ta nhan duge: 8y, = iSABCD (2)
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Tu (1) va (2) suy ra: SN]J = SML} {*)

Goi NE 1a dudng cao ha tit N trong ANIJ, MH 1a dudng cao ha tit M trong AMIJ.
Tir (%) suy ra: %NE.IJ - -12-MH.IJ & NE = MH

~ Goi K’ 1a giao diém cta hai dudng thing 1J va MN.

Ta duge: AMHEK = ANEK’ (g.c.g) = K’ 1a trung diém cta doan thing MN

Tacla K = K

Vay ba diém I, J, K théng hang.

Vai diéu trao d8i:

Nhiim gitip nhidu d6i tuong hoc sinh hidu bai todn mét cach thdu ddo va ban chét, ta
¢én ching t6 két qué sau:

“Cho tam gidec ABC. M 1a trung diém canh BC.

Ta c6: Sumy = Seacy = %SMBC . That vay: Goi AH 13 dudng cao ha tir A cia AABC.

Ta c6: LAHBM = - AHMC = }—_AH(}—BC}
3 2 54 3

1
Suy ra. SAABM = SAAMC = “Z‘”SAABC.

BAI TAD REN LUYEN

Bai 1. (L6p 8) Cho tam gide nhon ABC (AB < AC), cdc dutng cao BD, CE. Goi I 1a trung

diém cta canh BC. Pudng thing vudng géc véi Al tai A cdt dudng thing BD tai M. Goi
N 12 diém d6i xdng cta M qua A. Ching minh ring ba diém C, E, N théng hang.

L gidi L M
V6 BK L MN tai K, CL L MN tai L
AB AD
AABD « AACE (g.g) = 2 = 22
©8) = 26~ AR

= AB.AE = AC.AD
Tuong tu: AAMD <> AACL (g.g)

= e = —— = AC.AD = AM.AL

Hinh thang BKLC cé6: IA // BK // CL, Bl = IC = AK = AL.
Mait khdc AM = AN (M, N d&i xing qua A)
Do d6, ta c6: AB.AE = AC.AD = AMAL = AN.AK

X6t AABK va AANE c6: BAR (chung), -}AA-;- - %1% (vi AB.AE = AN.AK)

Do d6: AABK <> AANE (c.g.c) = AKB = AEN

Ma: ARB = 90°, nén AEN =90°, Ta c6: EN L AB (AEN = 90°), CE L AB (gt)
= EN, CE tring nhau

Vay ba diém C, E, N thing hang.
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Bai 2. (Lép 9) Cho tam gide ABC khéng ¢6 géc nao ti, tanB = cotC. D 1a diém nim trén
nlta mit phéng by AC khong chda B sao cho cos ACD = —gg—.‘Chﬁng minh rdng ba

diém A, B, D thing hang. D
Lt giii
Ve AH L BC tai H
AHAB vubng tai H = tanB = AH
g o BH AK
. CH

AHAC vuéng tai H s

vubng tai H = NT

AH CH N
Mz tanB = cotC ittt
4 tan cotC = RN B H ¢
o e AH BH AH CH
Xét AHAB va AHCA c¢6: AHB = CHA (= 90°), = i =
AHAB va ch ( ) CH ~ AH (vi T AH)

Do d6 AHAB «> AHCA (c.g.c) = ABH =CAH. Ta c6: BAC = BAH + CAH = BAH + ABH = 90°
= AB | AC
Vé DA’ L AC tai A’

AADC vubng tai A’ = cos ACD =

AC
2 = = AC = A=A
o) D - ep = C=AC=A

Nén AD 1L AC. Ta e6: AD 1 AC, AB L AC
= AD, AB trung nhau
V4y ba diém A, B, D thing hang.
Bai 3. (Lép 9) Cho tam gide ABC d8u canh a. D la diém trén canh BC sao cho

BD = %BC. E, F lan lugt trén cdc canh AC, AB sao cho CV(DEF) = —J?—a . M la diém

A'C
CD
A'C _AC

Ma eos ACD = (gt). Do d6:

d6i xing clia D qua AB. Chitng minh riing ba diém ‘M, E, F thing hang.
' Lot gidl A

Goi N la diém d6i xing ca D qua AC. '

Theo tinh chat d&i xdng truc, ta cé:
AD = AM, DF = MF, DAF = MAF,
AD = AN, ED = NE, DAE = NAE

Do d6: MAN =120°, AD = AM = AN

Goi H la giao diém ctia AB va DM

Ta cé: BD = iBC = la
) 3 3

BH = BDcosDBH = %3.003600 = ««é«a , DH = BDsinDBH = %a. sin60° = mga

Do dé: AH = AB - BH = g«a

AAHD vubng tai H = AD? = AH® + DH? (dinh 1 Py-ta-go)
Ap?-28,2,3 2 T2 anso0 an-Ya Nen AM = Y4
36 36 9 3 3

389



Vé AK | MN tai K. AAMN c6 AM = AN = AMN cén tai A
Ma AK la durjng cao (AK 1 MN) nén cing la dubng phéan gidc, dudng trung tuyen

= MAK = ——MAN 80"

MK = AMsin MAK = i;—a.smfs()" = l/-?-a
Do d6 MN = 2MK = lfmg_ia. Ta c6: CV(DEF) = DF + FE + ED
J21 J21

Dodé:DF+FE+ED=——?:—a.Tacé:MF+FE+ENmDF+FE+EDm——3~—axMN

Do d6 M, F, E, N théng hang theo thi tu d6.
Vay M, E, F thing hang.

Bai 4. (Lép 9) Cho hai dudng tron (O; R) va (O’; R) cdt nhau tai A va B (R > R). Tiép
tuyén chung EF cha (0) va (O) cit tia d6i cha tia AB tai C (E thudc (0); F thude (O).
Goi (I) va (J) 14n lugt 1a hai dudng tron tdm I, J ngoai ti€p hai tam gidc OEC, O'FC.
Goi D 12 giao diém cia (1) va (J) (D khéc C). Chdng minh ring A, B, D thdng hang.
(Trich dé& kiém tra hoc ki I, 16p 9 trudng THPT chuyén Trin Dai Nghia TP. Hé Chi
Minh, n#m hoc 2012 - 2013). '
' L& gidd

AOEC vudng tai B, nén I 1a trung diém cta OC. Tusng tv J 1a trung diém cia O'C

Do d6 1J 1a dudng trung binh cda tam gidc COO' = 1IJ /OO0 va 1J = %O—

(O; R) va (O'; R") cdt nhau tai A, B '

= R-R <00 <R+ R

Do dé6: —2——-1—{— IJ<B~E-

2 2 2
Bén kinh cia (I), () l4n lugt la: %, %

Do d6 (I) va (J) cit nhau tai C, D
= IJ la dudong trung truc cda CD
= IJ L CD. Ma 1J // OO

Do d6 OO’ L CD. (0), () c&t nhau tai A, B
= 00 la dudng trung truc ctia AB
= 00" L AB

= 00 L AC

Ta ¢6: OO0’ L CD, OO’ L AC

= CD, AC tring nhau

= C, A, D thing hang

Ma A, B, C théng hang (gt). Do d6 A, B, C, D thing hang.

Vay ba diém A, B, D thing hang.

Bai 5. (Lép 9) Cho tam gide nhon ABC (AB < AC) ndi tiép dudng tron tdm O. V& dudng
cao AD clia tam gide ABC. T D vé DE, DF lan lugt vudng géc véi AC, AB tai E, F, Vs
dutng tron tam I, dudng kinh AD cét dudng tron (0O) tai diém thi hai K (K khac A).
Tia AK cit dudng thing BC tai H. Ching minh réng ba diém H, E, F thang hang
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(Trich dé kiém tra hoc ki II, Quan 4, TP. H5 Chi Minh, nam hoc 2012 — 2013)
. e gidd
AFD = AED = 90°
= T¢ gide AEDF néi tiép dudong trdon (I)

= AFE=ADE - | |
Ma ADE = ACB (cung phy véi EDC) K

Do d6 AFE = ACB

= Tt gidge BFEC nbi tiép | £ z s
= AEF = ABC
HAKF = ABC = T gidc HKFB noi tiép = H'KB = HFB

Ma HKB = ACB (ti gidc AKBC ndi tiép) va ACB + BFE = 180° (t& gidc BFEC ndi tiép)
Do d6 HFB + BFE = 180° :

Vay ba diém H, E, F thang hang.

Bai 6. (Ldp 9) Cho tam gidc ABC vudng tai A (AB > AC). Ve duong tron tdm O, dudng
kinh AB; BC cit dubng tron (O) tai H. Goi K 1a trung diém cha AC. D 1a diém 481 xing
cla A qua H. V& DN vudng géc véi AB tai N. V& HI vudng géc vdi AB tai I. J [a tam
dudng tron qua B, N, D. KB cit dudng tron (J) tai T. ChL’mg minh D, T, I thdng hang
(Trich dé kiém tra hoc k¥ I, quan Tan Phu, Tp. H8 Chi Minh, nim hoc 2013 - 2014)

Lo giai * '
H thudc duting kinh AB = AHB =90° = BHD = 90°
Nén H thudc dutmg tron (). Ta ¢6 HI L AB, DN L AB
= HI /DN
AAND ¢6 HI // DN, AH = HD = Al = IN .
Xét ANDA va AABC ¢6: DNA = BAC (= 90%)
v NDA = ABC (cling phu véi géc BAH)

DN NA
Do d6 ANDA «» AABC (g.g) = —r = 2%
odd A A (g.g) = G

s DN _ 2NI NI
AB 2AK AK
Goi L la giao diém ctia BK va DN
Xét ANDI «» AABK cé: '

DNI = BAK {= 90%),

ND NI
| AB  AK
Do d6 ANDI «» AABK (c.g.c) = NDI = ABK
Mzt khéc T thude dutrng tron (J) dutng kinh BD
= BTD =90"
BLN = DLT (d6i dinh)
Ma ABK + BLN = NDT + DLT (= 90°).
Nén ABK = NDT (2)
Tit (1) va (2) c6: NDI = NDT = Hai tia DI, DT tring nhau
Viy ba diém D, T, I thidng hang.

(1)
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TAN MANG HINH HOC

PHAN PHU LUC
BAI VIET 1: PHAT HIEN LOI GIAI KHAC CUOA MOT SO BAI TOAN HINH HOC

SANG TAO BAI TOAN MOl
(Trich bai gidng 16p tap hudn “Nang cao nang lue gidng day todan THCS lan 2, nim 2013)

Bai toan 1. (Lép 6) Theo hinh vé thi ta cé thé trong dugc 12
cau thanh 6 hang mdi hang 4 cay. Hay v& sd dé tréng 10
cdy thanh 5 hang, mbi hang 4 cay
(Bai 14 trang 107 sdch gido khoa Toan 6, tdp mot)

 Bai todan goi ¥ 14 hinh ngbi sao 6 cach do vay chic chin 16i

gidi cia bai todn 1a hinh ngdi sao 5 canh! b
Lt gidi

Tim cach giai khédc \/
Tit 181 gidi trén gitp ching ta tim dén v6i cde cdch gidi
khdc, bing cich dich chuyén mét s§ dudng thing chia céc
canh cia hinh ngdi sao 5 canh nay dén cac vi tri méi.
Ching ta s& c¢d dinh 4 dudng thing va cho 1 dudng thing
di chuyén gitp ta ¢6 thém cdc céich gidi khdc sau ‘

Nhung! ... 1&i gidi hinh ngbi sao 5 cdnh vin la
dep nhét, 161 gidi c¢6 hinh dep vé thd&m m§,
hinh d& nh¢ va dé nghi dén!
Chogt! Phat hién trén hinh vé ¢6 hinh ngi gidc
tdc 14 ¢6 thém hinh sao 5 canh. Cho ta mdt bai
todn mdéi!

Bai 1.1. Hay v& so db tréng 15 cidy thanh 10 hang, mdi hang 4 cay
Lai xudt hién ngbi sao 5 cdnh nira, tiép tuc c6 bai todn.

Bai 1.2. Hay v& so db trong 20 cay thanh 20 hang, mdi hang 4 cay.
Hinh v& & bai 1.2 chot thay cdc dudng théng a, b, ¢, d, e di qua tAm cha hinh ngbi sao
5 cénh.
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Cho ta bai todn rdt hay sau :
Bai 1.8, Hiay vé& so d6 tréng 16 cdy thanh 15 hang mdi hang 4 cay.
Bai todn 2. (Lép 7) Cho tam gidc ABC, AM la dudong trung tuyén.

Chitng minh ring: AB + AC > 2AM

L8t i

Trén tia d01 cha tia MA 14y diém D sac cho MD = MA

AMAB = AMDC {c.g.c) = AB=CD

AACD ¢6: CD + AC > AD

Do vay AB + AC > 2AM

Tim cach gidi khéc tim bai todn méi. Xét AB < AC

Ve BH L AD tai H, CK L AD tai K. Ta ¢6 AB > AH, AC > AK.

Ma AH + AK = AM - MH + AM + MK = 2AM
Bai 2.1. Cho tam gidc ABC, G 1a trong tdm cla tam gidc ABC.

Chiing minh réng GB + GC > GA
Bai 2.2. Cho tam gide ABC, G 14 trong tAm ca tam gidc ABC. Ching minh ring trong ba

doan thing GA, GB, GC doan 16n nhit nhd hon téng hai doan kia.

Bai 2.3. Cho tam gidc ABC; AD, BE, CF la ba dudng trung tuyén. Ching minh ring trong
ba doan thing AD, BE, CF doan 16n nhat nhé hon téng hai doan kia.

+ Nhén xét: Do dai ba dudng trung tuyén 1a 46 dai cdc canh cha mét tam gide 14 mdt

tai sdn v gid ma todn hoc di danh ridéng cho ba dudng trung tuyén ma ba dudng cao,

ba dudng phan gidc trong mot tam gide khong thé ¢6 duge didu do.
Bai 2.4. Cho tam gidc ABC; AD, BE, CF 1a ba dudng trung tuyén cdt nhau tai G. Bigt GA = x,

GB = y, GC =z, AD = m, BE = n, CF = p. Ching minh ring:

a) x° +y +2° < 2xy + y2 + 2X)

b) m® + n® + p® < 2(mn + np + pm)

c) X+y—2z2)x-y+2)-X+y+2z)<xyz

d)(m+n-pim-n+pl-m+n-—p)<mnp

Bai 2.5. Cho tam giac ABC (BC = a, AC = b, AB = ¢). Goi cdc duting trung tuy&n vé tir A,
B, C ¢6 d8 dai ldn lugt 1a m, n, p. Chitng minh rang:
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a)m+n+p>%(a+b+c)

b)m+n+p> V2p,bi6t2p=a+b+ec

Bai 2.6. Chlng minh rang khong ton tai hai dubing trung tuyén nhé hon nita canh tuong tng
Bai 2.7. Cho tam gidc ABC, AM la dudng trung tuyén. Ching minh ring:
a)Kzgo‘)@AMs%g N

b) A <90° AM>%9
Bai 2.8. Cho tam gide ABC c6 AB < AC, AM 1a dudng trung tuyén. Ching minh ring:
BAM > MAC
Bai todan 3. (L6p 8) Cho tam gide déu ABC va diém M bat ki niim trong tam gidc 6.
Bubng thing di qua diém M va vuéng gée v6i BC tai H. Pudng thing di qua difm M va
vudng géc voi AC tai K. Pudng théng di qua diém M va vuéng géc v6i AB tai T. Chiing
minh réang MH + MK + MT khéng phu thudc vao vi trf cia diém M.
(Bai 3.2 trang 161, sach bai tdp Toédn 8, tip mét)
Lot gicel
Ta cé: AB = BC = AC (AABC déu)
Do 46 Supc + Smac + Smas = Sape

. éMH.BC " %MK.AC + __;EMT.AB - %AD.BC (AD 1 dung oao cia tam gide ABC)
= MH + MK + MT = AD
Dat: MH=x, MK =y, MT =z, AD=h
e Tim cdch giai T
* Tim bai toan méi
Bai todn dung hinh
Ta cb: x +y + 2z =h ¢6 cdc bai todn tinh todn 5 D 1 o
Bai 3.1. Cho tam gidc déu ABC, M la diém nim trong tam gidc. Goi x, y, z 14n lugt 1a
khodng cdch tir M dén c4c canh BC, CA, AB,
a) Bi&i SABC = 1. Tinh x + Yy +Z
b) Biét x = 1,y = 2, z = 3. Tinh dién tich tam gidc ABC.
D¢ thi tuyén sinh vao 16p 10 trudng THPT Nang khidu, PHQG, TP. Hé Chi Minh,
ném hoc 2006 — 2007)
Tiép tuc ching ta c6 cdc bai toan chiing minh, tip hgp diém, bst ding thic — cue tri
Bai 3.2. Cho tam gidc ABC, M la diém nam trong tam gigc déu. Vé MH 1 BC tai H, MK L
AC tai K, MT L AB tai K. Trén tia d6i cdu tia HM 14y diém N sao cho HN = MT + MK.
Ching minh ring dutng thdng qua N va song song véi AM di qua mét diém & dinh.
Bai 3.3. Cho tam gidc déu ABC, M 1a dim nim trong tam gige. Goi x, y, z lan lugt 1a
khodng edch tit M dén cdc canh BC, CA, AB. :
a) Tim quy tich nhiing diem M trong tam gidc sao cho x + y = x. Tir d6 suy ra tdp hop
nhiing di€ém M trong tam gidc sao cho x, y, z lap thanh 3 canh cia mot tam.
b) Xdc dinh vi tri diém M dé:
1. x® + y* + 2% dat gid tri nhd nhat
2. xy + yz + zx dat gi4 tri I6n nhéat
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Quan tdm dén vi tr{ M trong va ngoai cda tam gidc ABC, gitp d&n véi cde bai todn

Bai 8.4. Cho tam gidc déu ABC. M la diém. Goi %, y, z lan luot la khodng cdch tit M d&n
cdc canh BC, CA, AB. Chidng minh ring:

a) Néu M ndm trong géc BAC va nim ngoai
tam gidc ABC thi —x + y + z khéng déi

b) Néu M nim trong géc ABC va nkm ngoai
tam gidc ABC thi x — y + z khéng ddi

¢} Néu M ndm trong géc ACB va nim ngoai
tam gidec ABC thi x + y + z khong d4i

d) Néu M nam trong géc d6i dinh vdi gée
BAC thi x — y — z khéng ddi

e) Néu M nam trong géc dsi dinh véi géc
BAC thi ~x + y -- z khoéng d8i

f) N&u M nam trong gée dsi dinh vdi gée
ACB thi: ~x — y + z khong ddi
Bai todn chi sit dung dén canh, gidp c6
bai todn téng quat.

Bai 8.5. Cho da gide n canh bang nhaw: AjAy..A,. M la diém n¥m trong da gidc. Goi x,
Xz, .-, Xu 140 lugt 12 khodng cdch tit M dén cdc canh AjAy, AgAy, ... AyA;
Chitng minh ring: x; + %3 + ... + x, khong phu thude vao didm M va ta con ¢b cdc bai tosn.

Bai 3.6. Cho tam gidgc ABC can tai A. M 1a diém trén canh BC. Pu¥ng thdng qua M
vudng géc v6i AB tai T, dudng thdng qua M vubng géc vdi AC tai K. Ching minh ring:
MK + MT khdng phu thude vaoe vi tri clia diém M

Bai 8.7. Cho tam gidc déu ABC c6 AD, BE, CF 1a céc dudng cao. Piém M b4t ki nim
trong tam gide ABC. Goi I, K, L 14n lugt 1a hinh chigu cia M trén AD, BE, CF. Ching
minh réng gia tri cia téng Al + BK + CL khéng phu thude vao vi trf cia diém M
(Bai toan 2 Tap chi Todn hoc va tudi tré s6 433 thdng 7 nim 2013)
Hay tim cdc bai todn mdi, bai todn tuong tu tif cdc bai todn 3.5, 3.6, 3.7.

Bai toan 4. (L6p 9) Cho tam gide ABC vudng tai A ¢6 AB =c, AC = b va duéfhg phén gidce

trong géc A la AD = d. Chdng minh riéng: }(/I_i = % + 1
(Dé thi chon hoc sinh giéi TP. Hé Chi Minh, nim hoc 2000 — 200 1)
L gidi
Vé DM L AB tai M, DN L AC tai N. :
Tt gise AMDN Ia hinh vusng AM = DM = DN = 2ADY2 _ g-
Spas +Spac = Sanc = ~.-=AB+ L. L ac- ——ABAC A
DAB ¥ ~DAC ABC 9 \/5 2 \/"
d V2101

—e=b=ebh = =242

= T ¢+ 7 ch = ~ bt e

-+ Tim cach giai khidc
DM _BM _ DM _ AB-AM
AC  AB ~ AC AB
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1AvL £hiVE hoS A

=] - = =1-
AC T AB  2b V2.
J2o1 o
VAy: — = o o —
1y d b+c

» Tim bai todn méi
Bai 4.1. Cho tam gidc ABC c6 AD 13 dudng phén gidc. (AD = d), BA = ¢, AC = b). Ching

minh ting: A =120° = L
d b ¢
Bai 4.2. Cho tam gidc ABC c6 AD la dudng phén gidc. (AD = d, AB = ¢, AC = b). Ching
minh ring: A=60" o —\/-‘iz}n»{..,,l_
d b ¢

Bai 4.3. Cho tam gidc ABC c6 AD la dudng phén gidc. (AD = d, AB = ¢, AC = b). Ching
minh ring:

A
2 cos - '
a) dz—'%+% b}d<b+c cos% c)dsﬁcos%
Bai todn §. (Lé'p 9) Cho tam gidc nhon ABC (BC = a, AC b, AB = ¢). Ching minh ring:
A
Sapc = 2 bc.sinA = %ca. sinB = %ab. sinC
L gidd H
Vé BH L AC tai H: BH = ABsinBAH = c.sinA
Sxpc = — BHLAC = L c.sin Ab = S be.sin A
2 2 2 '
Bai toan mdi ' 3 _ o
Bai 5.1. Cho tam gide nhon ABC (BC = a, AC = b, AB = ¢). Ching minh ring:

a _ b e
sinA sinB sinC
Bai 5.2. Cho tam gidc nhon ABC. Ching minh ring:
a) sin®A + sin®’B + sin?C < 2(sinA. sinB + sinB.ginC + sinC.sinA)
b) (sinA + sinB — sinC)sinA - sinB + sinC)(—sinA + sinB + sinC) < sinA. sinB.sinC
sinA . sinB sin C
¢) 1<— - + : + = :
sinB+sinC snC+sinA sinA+sinB

Bai 5.8. Cho tam gi4c nhon ABC. Chitng minh rédng: cosA + cosB + cosC s —2—

Bai 5.4. Cho tam gidc nhon ABC. Ching minh riing:
a) cotA.cotB + cotB.cotC + cotC.cotA =1
b) cotA + cotB + cotC = V3
Bai 5.5. Cho tam gidc nhon ABC. Tim phén nguyén clia:
3 sin A sinB sinC
" sinB+sinC sinC+sinA  sinA+sinB
(Bai toan 3 Tap chi Toén hoc va tudi tré s6 406 thiang 4 ndm 2011)
Bii 5.6, Cho tam gi4c nhon ABC, Chiing minh ring: sinA + sinB + sinC < 2(cosA -+ cosB + cosC)
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Dal a4, Lno tam giac nnon AbDL, Al 1d duong ¢ao, - ve ki) 1 AR a1 b, g L AL a1 By
BHBM  AB?
CHCM =~ AC2
Bai toan 6. (Lop 9) Cho tam gidc ABC ndi tiép trong dudng tron (O; R). M 1a diém trén
cung nhé BC. Ching minh riang: MA = MB + MC. A
, Lai gici
Trén tia MA 14y D sao cho MD = MB
Ta c6 AMBD cén tai M. Ma BMA = BCA = 60°
Do d6 AMBD déu = DBM = 60°, MB = DB
ABD + DBC = CBM + DBC (= 60% = ABD = CBM
ABAD = ABCM (c.g.c) = AD = MC

Do viy MA = MD + AD = MB + MC B c
* Tim céch gidi khéc w
Goi E 1a giao diém clia MA va MC M

Xét AMBE va AMAC c¢6: BME = AMC, MBE = MAC

Pudng thing qua A vudbng gée véi DE cdt BC tai M. Ching minh ring:

MB BE
Do dé6 AMBE «» AMAC (g. s 2= st
o dé M (gg)mMA G
MC _CE

Tuong tu: AMCE «» AMAB = —— = 2

MA  AB A
Dodé:%+%§~=§%+%
i MBI\;AMC i BEA%CE (AB = AC) )
uM—BB;“Tm-ﬂ (AB = BO) |
B

0
Vay MB + MC = MA _ /C

Vi MA 14 day cung cGa dudng tron (O; R), do dé '

MA < 2R, Hon nita, con ¢6 MB + MC = BC. Cho M
ching ta bai toan.

Bai 6.1. Cho tam gide ABC déu nbdi tiép dudng tron (O; R). M 13 diém trén cung nhd BC.
X4c dinh vi tri diém M d€ t6ng MA + MB + MC dat gia tri 16n nh4t, gid tri nhé nhéat.
Chiing ta nhén ra tam gisc MBC c6: BMC = 120° do vay BC? = MB? + MC? + MB.MC
That viy: Ve CH L MB tai H ‘

Ta c6: CMH = 60°, nén CH = MC sinCMH = —‘?—MC, MH = MC cos CMH = MQ_C_

AHBC vudng tai H
= BC? = HB® + CH?
9 2
= (MB + E@g) o+ [ﬁ MC]
2 2
MC? , 3MC
4

= MB? + MB.MC +

= MB? + MC* + MB.MC
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rion nira, ta de thay BC = Johv

Do vay: MA? + MB? + MC? = (MB + MC)* + MB? + MC?
= 2(MB? + MC? + MB.MC) = 6R”

Giap c¢6 bai todn hay sau:

Bai 6.2. Cho tam gisc ABC déu ndi tiép dung tron (O; R). M 1a diém di dong trén cung nhéd
BC. Chiing minh rang t6ng: MA” + MB? + MC® khong phu thudc vao vi tri clia dxem M.
Trong dai s6, ta ¢6 ddng thic dep sau: :

a +b4+(a+b) = 2(a® +b2+r:).b)2
That vay: a* + b* + (a + b)* = a® + b* + a* +4:&3b+6a2302+4&1]03+]:)4
= 2a” + 2b* + 4a%b + 6ah” + 4ab® -
Va: 2(a® + b% + ab)® = 2(a* + b* + a®b® + 2a%% + 2a°b + 2ab?)
= 2a* + 2b* + 4a°b + 62°D” + 4ab®
Do vay: a* + b? + (a + b)* = 2(a® + b® + ab)®
Nhu vay: MB* + MC* + (MB = MC)* = 2(MB* + MC? + MB.MC)*
MB* + MC* + MA® = 2(3R%°®
MA* + MB* + MC* = 18R*
Cho ta bai toan Hay va Khé sau:

Bai 6.3.

a) Cho tam gidc ABC déu nbi tiép dudng tron (O; R). M 13 di€m trén nim cung nhé BC.
Chiing minh ring: MA* + MB* + MC* = 18R%

b) Cho luc gide déu A;AA3ALAsAs ndi tigp dudng tron ({) R). M la alem nam trén cung nhé

AjA. Chiing minh riing: MAY +(-MAg)" + MA} = MAS +(-MA,)" + MAS véin e (1;2; 4).

. . e e A - . . . . MB+MC _BC
Ti cach gidi 2, nhén ra néu tam gidc ABC cén tai A, ta c6: v e
Do d6 néu tam gidc ABC cén thi: _

% 5 and - _1?,__(221 1\£B+MC2 .
A260 @BCWABQAB v 1<:>MB+MC_MA
Véﬁ<60°¢:>BC<AB<:>§,—g 1@w<1®MB+MC<MA

Cho ta bai toan mdi. ‘
Bai 6.4. Cho tam gidc ABC can tai A, ndi ti€p dudng tron (O; R). Chdng minh ring:
a) Néu A > 60° thi MB + MC > MA
b) Néu A < 60° thi MB + MC < MA
Ta cdon eé bai toan Hay va Khé sau:
Bai 6.5. Cho tam gidc ABC cén tai A ndi tiép trong dudng tron (O; R). M 14 diém trén
cung BC khéng chita diém A, Xdc dinh vi tri ctia diém M dé:
a) Téng MA + MB + MC dat gia tri 16n nhat
b) Biéu thae: MAMB.MC(MA + MB + MC)

dat gi4 tri 16n nhat.
MAMB + MB.MC + MCMA at gia tr1 1on nha
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BAI VIET 2: TOI €O NGG NGAN KHONG?

{Trich tai lidu tap hudn “Nang cao ning luc gidng day todn THCS ldn 2, nam 2013)

Vita qua, téi tham gia day mét 16p 9, gitp cdc em én tap Hinh hoc d€ lam t5t dé kiém

tra Toan hoc ki II. R4t nhidu em cha 16p, gidi duge bai todn sau: 5
Bai toan: Cho tam gidc nhon ABC ndi ti€p dudng tron (O; R), H 1a trye tam chia tam gide

gide ABC. BH, CH cét dudng tron (0) lan lugt tai P, Q. S 1a diém b4t ki trén cung BC.

SQ cit AB tai M, SP cdt AC tai N. Chdng minh ring: M, H, N théng hang.

Loi gidi vdn tdt A -

Goi E 1a giao diém cia BP va AC

F 13 giao diém cia CQ va AB.

Ta cé: QNAB = m(m Q?l‘B)

AAQH cén tai A. Do dé AB 1a duding trung truc cta HQ

Nén mzm. Tuong tu APN = AHN

Ma AQM + APN = 180° B : C
Do d6 AHM + AHN = 180° W
Viy ba diém M, H, N thdng hang. _ ' S

Va mot hoc sinh cho tdi bi€t em vita suu tAm duge 100 bai todn nang cao Hinh hoc 16p
9 & trén mang, bai todn 100 1a thay tryc tAm H & bai toan trén béi trong tim G. Em
mong t6i giup tim 101 gidi vi em d& m4t nhiéu thyi gian ma v&n chua tim ra.
T6i da gitp em bing Phuong phép thém diém nhu sau: '
Goi K 12 giao diém cda hai dudng tron ngoai ti€p hai tam gidc SBM, SCN (K = S)
sdm +5d8B  som  som  SAAD +sdSC

: 2

Ta ¢6: BKS = BMS = , SKC = 8NC =

sdAQ +8d48B + sd AP + sd4S8C _ BGO

2 A

Do d6: BKC = BKS + SKC =

= T gide BGKC noi tiép = BKG = BCQ
Ma BCQ = BSM, BSM = BRKM

Nén ﬁ@ = BRKM

= Hai tia KG, KM trung nhau

= M, G, K thing hang

Tuong tu N, G, K thing hang.

Do d6 M, G, K, N thing hang

Vay ba diém M, G, N théng hang.

Lyi gidi khong cdn dén “TRONG TAM” nghia 1a
ching ta da gidi duge bai todn téng quat. T6i that sy
hai 1ong va nghi rdng cé 18 ta da phat hién ra diéu
méi nita réi... Nhung! Né&u thdy riing trén hinh l1a lue
gide SBQAPC ndi tiép dudng tron (O) thi giao diém
cha cdc cip dudng thing sau ddy thing hang AB va
SQ, CQ va BP, CA va SP.

Do vay 1oi gidi trén 12 mot cdch ching minh dinh Ii Pascal (Pascal nha To4n hoc ngudi
Phdp, 1623 - 1662). Th& ma! tdi ci tuéng ... Cdc ban thdy t6i c6 ngé ngin khong?
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BAI VIET 3: CHUYEN PE HINH HOC
(Trich bai gidng chuong trinh “Gap gd Todn hoc” 1an thd 5, ndm 2013)

. CHUNG MiNH HINH HOC

Ki&n thitc cAn nhé

Tam gidc
"Quan hé giita cAc y8u t8 trong tam gide. Cdc dudng déng quy cda tam gibe

T gide

Pra gidc. Dién tich da gidc

Tam gidc dong dang

Hé thic lugng trong tam gidce vudng

Dudng tron. Gée v6i dudng tron

I1.Cac bai toan chon loc

1. Bé bai

Bai 1. Cho tam gisc déu ABC c6 AD, BE, CF 13 ¢dc dusng cao. Piém M bat ki niim trong
tam gidc ABC. Goi I, K, L 14n lugt 14 hinh chigu clia AM trén AD, BE, CF. chiéng minh
réng gi4 tri cda téng Al + BK + CL khéng phu thudc vao vi tri cia diém M.

(Bai toan 2 Tap chi TH & TT s8 433 thang 7 nam 2013)

Bai 2. Cho tam gisc ABC v6i BCA = 90° va D la chan dudng cao ha tit C. Cho X 1a m{t
diém ndm trén doan thdng BX sao cho AL = AC. M la giao diém cha AL va BK. Chu‘ng
minh ring MK = ML
(Pé thi Olympic Todn hoc quéc t& 14n thd 53, nam 2012)

Bai 8. Cho t gidc ABCD ndi tiép trong dudng trdn (0). Goi E, F, G, H l4n lugt 13 tam
dutrng trdn nodi ti€p cde tam gide ABC, BCD, CDA, DAB. Chu’ng minh ring ti gidc
EFGH 1a hinh chit nhat
(Pé thi chon hoc sinh gidi Toén, 16p 9, TP. HS Chi Minh, 1997 — 1998)

Bai 4. Tir diém M & ngoai dudng tron (0) vé tiép tuyén MA va cat tuyén MBC (B nim gitta M
va C) MO, K 1a giao diém cla doan thing MO vé6i dudng tron (0). Ching minh ring:

a) T gide OHBC nbi tiép

b) BK 1a tia phén gidc cda g6c HBM
(Bai todn 5 Tap chi Todn hoc va tudi tré s§ 407 théng 5 nam 2011)

Bai 5. Cho tam gidc ABC ¢6 AB = AC, dudng cao AH va dudng phan gidc BD. Goi [ 1a
tam dutng tron nodi ti€p tam gide AHO, bist BDI = 45°. Tim s& do g6c BAC, c6 thé c6.
(Dé thi Olympic Todn hoc quéc t&€ I4n tha 50, nam 2009)

Bai 6. Cho tam gidc nhon ABC (AB < AQ), c4c dudng cao Al, BD, CE cit nhau tai H. DE
cét BC tai F. Pudng théing vubng géc véi BC tai B cit AF tai N. Goi I 13 tam dudng
tron ngoai tiép tam gidc DIF. Ching minh ring ba diém J, D, N théng hang.

Bai 7. Cho tam gidac ABC nbi ti€p dudng tron (O) duting kinh BC (AB < AC). Goi D 1a glao
diém cha ti€p tuyén tai A cla dudng trdn (O) v6i BC. Ve DE la ti8p tuyén cha dudng tron
(0). Ve AX vubng géc v6i BE tai X. Goi M 1a trung diém cha AX. BM cét dudng tron (O)
tai Z. Ching minh ring CD 1A tip tuyén cha dudng tron ngoai ti€p tam gidc ADZ.

Bai 8. Cho tam giac nhon ADC. D, E, F lan lugt trén cac canh BC, AC, AB va AD, BE,
CF ddng quy tai H. Ch{rhg minh réng H 1& tryc tdm cha tdm gidc ABC khi va chi khi
H 13 tdm dudng tron ndi ti€p tam gide DEF.
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Bai 9. Cho tam gide nhon ABC, cit dudng cao AD, BE, CF cit nhau tai H. Goi I, K, L 1dn
lugt 1a tryc tdm cia cdc tam gide AEFF, CDE. Ching minh réng H 14 tam duting tron
ndi ti€p tam gidc IKL khi va chi khi tam gidc ABC déu.

Fouwdng dén giai

Bai 1. Ve MS | BC tai S, MT .. AC tai T, MV L AB tai V.
Goi 49 dai duding cao cha tam gidc déu ABC 1a h,

Ta c¢6: MS = ID, MT = KE, MV = LF.
Supc + Smac + Smas = Sasc

= TvsBo s imrac+ imvan = Lapge
2 2 2 3
= BC = AC = AB
Nén MS + MT + MV=AD = h B

Dodé A+ BK+CL=AD-ID + BE -KE + CF - LLF
=(AD+BE +CF)-(ID+KE + LF) = 8h ~ h = 2h
Bai 2. V& AT | BX tai I. Al ¢4t CD tai T. | T
ATAB ¢6 TD, BI 1a hai dudng cao ciit nhau tai X
= X la tryc tAm cha tam gide TAB
Goi S 1a giao diém clia AX va TB. Ta c6: AS 1 TB
AACB vudng tai C, CD 1a dudng cao = AC? = AD.AB
Ma AC = AL (gt). Nén AL? = AD.AB
Tacs: 22 - AL 05 A) = AD.AB = ALAT
AT  AB
Nén ALAT = AL?, .
AAIL <> AALT (c.g.c). Do d6 ALT = AL = 90° A D B
ATLA vubng tai L, LI 13 dudng cao = TL* = TL.TA. Tuong tu TK® = TS.TB.
Ma % - %(z cosT) = TLTA = TS.TB. Do d6 TK® = TL® = TK = TL
AKMT = ALMT (canh huyén - canh géc vudng)
Do d6 MK = ML ‘
Bai 8. AADC c6: DAC + ADGC + ACD = 180°
Gol tia ddi cia tia FC la tia Fx

GDC = - ADC, GBC = %A— DC (G la tam dudng trdn ndi tiép ACDA)

Do d6: GDC + GCD = %(ADC' +ACD) = :‘15(1800 _DAC) = 90° - %D AC |

AGDC ¢6: DGC = 180° - (GDC + GED) = 90° +%DAC

Tuong tu: DFC = 90° + }2—DBC

Ma: GDC + EBC = %ADC + —;—ABG ~ 90°. D

Do d6: GFx + xFE = 90° = EFG = 90°.
Chdng minh tuong ty: HEF = 90°, FGH = 90°
Viy tit gidce EFGH la hinh chir nhat.
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‘Bai 4. a) Goi D 1a giao diém cta tia d6i tia OM v& dugng tron (0)
_ MA MB .
AMAB <> AMCA (g.g) = 7o = 3o = MA’ = MB.MC
AAMO vubng tai A, AH la dudng cao = MA? = MH.MO
Do 46 MB.MC = MH.MO '
AMBH «» AMOC (c.g.c) = MBH = MOC M
~ Tt gidc OHBC ndi tiép

by MBEK = KDC (tt gidc BCDK ndi tiép)

MBH = KOC (tt giac OHBC néi tiép)

&DC = ;—Koc

Do d6 MBK = %Iﬁﬁﬁ
Vay BK la tia phan gidc cia géec HBH
Bai 5. Goi O 1 giao diém cta AH va BD. Tam gidc ABC can tai A, nén dubng cao AH
cling 1a dudng phén gidc. Do d6: CO 1a tia phén gidc cda ACB. Suy ra: é; = 6;
Ha OK L AC, (K ¢ AC)

* Xét trudnghop 1. K=D
Khi d6 trye tAm AABC tring véi tam dudng tron ndi ti€p AABC

Nén AABC ddu, do d6 BAC = 60° A

* Xét truong hop 2: K =2 D '

(Gia st K n&m giita A va D. K

Vi I 1a tdm dudng tron ndi tiép AAHC, ol /2 D
H) = H = 46°

nén I ndm trén OC, va {OH = OK - 74
KOil = HOl B H C

Ta ¢6: AOKI = AOHI (c.g.c) suy ra: K; = Hj = 45°

Theo gid thiét ta c6: BDI = 45° hay D; = 45°. Nan ﬁ; =D, =45°
Suy ra tif giac OKDI néi ti€p dudng tron.

Do d6: O; = IKD.= 90° - K; = 90° - 45° = 45°

-

Ma: B, +C, =0, = %+»«§»=450. Suy ra: 1’§+6=90°,Véy: BAC = 90°
"Pa xét tuong tu trudng hop D nlim gitta A va K, ta ciing duge két qui: BAC = 90°
K&t luan: BAC = 90° hoac BAC = 60°
Bai 6. Td gidc BEHI n¢i tigp nén HEI = ABI
Ma HBI = DEC = Tif giac OIED noi ti€p
- FIE = FDO
AFIE < AFDO = ~ - FE
FD FO
Tuong ty cé: FB.IF'C = FD.FE

= FLFO = FD.FE
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Nén FI.FO = FBFC = —— = ——

AFATcé NB /Al = —— = —
c6 = B

J

AFAC ¢ _FA FC( Fi

"FN FO\ FB
Ma BD L AC

]mON//AC

Nén BD 1L ON _ \
= ON la dudng trung true cha BD - B 5 C
= NDO = NBO = 90° (tinh chét ddi xing truc <
= OD L ND (1)
Mat khéc tit gide OIED nbi ti&p ¢6 OD = OF = OD = OF
= OID = ODF =» IDF + IFD = IDF + IDO = IDO = IFD
Vé Dx l1a tia ti€p tuyén clua dm‘)‘ng tron (J) (tia Dx ndm trén nda mit phing bd DI ¢6
chia tia DO), ta ¢6: IDx = IFD (hé qua goc tao bdi tia tidp tuyen va day cung)
Do d6: IDx = IDO (= IFD) = Hai tia Dx, DO tring nhau = OD 12 ti€p tuyén ciia dutng
tron () = OD 1 JD (2)
Tir (1) va (2) ta c6: JD, ND trung nhau
Vay ba diém J, N, D thing hang.
Bai 7. Goi H 14 giao diém cia BC va AE.
HA = HE, BC 1L AE o
Ta ¢6: MH la dudng trung binh cia tam gide XAE nén AMH = 90°, MHA = AEB,
MZA = AEB (Ta (Tit gide ZAEB ndi tiép)
Nén MZA = MHA = Tt gidc ZMAH noi tlep M
= AZH = AMH = 90° X
Do dé: DHZ = EAZ.

Ma E”A”Zﬂ‘)’iﬁ(:%saﬁj ¢

= DHZ = DEZ = T¢ gidc DZHE néi tiép
— 7ZDH = ZEH

Ma: ZEH = ZKB[: -z;sdﬁ“zj. Do d6 ZAD = ZAD

V& Dt 12 tia ti8p tuyén cGa dudng tron (ADZ) => ZAD = ZDx. Ta c¢6:-ZDH = ZDt (= ZAD)
= Hai tia DH, Dt trung nhau

Vay CD la tiép tuyén cia dudng tron ngoai ti€p tam gide ADZ.
Bai 8. Qua H v& duting théng d song song véi BC.
Goi K, M, N, L ldn lugt 14 giao diém chia d véi FB, FD, EN, EC B
MH FH F

AFCD e6 MH L KD =

¢ 6D~ FC SN/

KH FH H

AFBC ¢6 KH / BC = -

< BC _FC

B 3] C
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MH KH _ MH _CD KH _BD

(' - —‘”‘”’"'"‘”‘”"“.Tu t'j 6:—“-——:-————
Dodé: 55 =8¢ = % ~Bo [UOnE W ek w1 = g6
_MH BDCD
DO d(}. -ﬁ = Bcz (1)
NH BDCD
TLIQng i c6: ®L " por (2)

Tu (1) va (2) ¢6: MH = NH. Do d6 AD 1 BC « AD 1 MN <> ADMN cén tai D
<> DA la tia phén gide EDF
Vi vay H Ia truc tAm eha tam gige gide ABC.
< AD 1L BC, BE | AC,CF L AB
<> DA la tia phén gidc EDF, EB la tia phén gidc DEF , FC }a tia phéan gide DFE
<> H la tdm dudng trdon ndi tiép tam gide DEF.
Bai 9. D& ching minh duge H 13 tam dudng tron ndi ti€p tam gidc DEF
Ta c6: FI L AE, HE L AC = FI // HE.
Va HF L AB, El L AF = HF / EI
Nén HEIE la hinh binh hanh
= FI // HE va F1 = HE.
Tuong ty ta ¢6: DL / HE va DL = HE.
Nén FILD la hinh binh haoh.
Tuong ty FEIK 12 hinh binh hanh
Goi O 13 trung diém ID. Ta ¢6 O 1a trung diém cia FI, EK
Hai tam gidc DEF, IKL d6i xiing qua O.
Do d6 H 1a tam dudng tron ndi ti€p tam gide IKL
A LH,D thing hang  [EF/BC
o H=0¢ {B K HE thing hang < {DF// AC
C,L,H,F thing hang  |ED/ AB

@ A=B=C « ABC déu.
B. CUC TRI HINH HOC
I. Ki€n thite cin nhé
1.A¢d,Bed Ced
AH Ldtai H
a) AB2AH Diu“~"xdyrae=B=H
b) AB 3> AC < BH = CH i
2. a) MABC: AB2AC = C2B B H C
b) Xét ba diém A, B, Cc6 AB + AC = BC
Diu “=" xdy ra <> A ndm giita B va C

5
D
3. a) Trong cdc ddy cha mét dutng tron, day l6n nh&t 14 dudng kinh.
b) AB>CD < OH < OK _
4. B4t ddng thic AM-GM véi a, b > 0 ta cé: : / 3
a —; h > \/@
Dau“="xadyra<>a=Dhb
X C
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II.Cac bai toan chon loc .

1. Dé bai

Bai 1. Cho tam gidc ABC. Chdng minh ring:

a) sin® A +sin® B+ sin2C < 2(sin A.sinB +sin B.sinC + sin A.sin Q)
sin A sinB N sinC

sinB+sinC  sinA+sinC  sinA +sinB

¢) cotA + cotB + cotC > /3

by 1<

d) cos A +cosB +cosC sg

Bai 2. Cho tam gidc ABC ¢6 AD, BE, CF 1a cée duting trung tuyén. Piat: AD = x, BE = y;
CF = z. Chiing minh ring:

a) sin—g.sing—.sin%s}« b) ! + 1 + 1026
8 ~ sin—  sin-— sin-<
‘ 2
1 1 1 1 1 1
c) + + >
Xty-2 X-y+4+2 -X+y+z X ¥y z

X

d) z + Y +
X+y—2 X-Y+Z —-X+Yy+2 _ .
Bai 8. Cho tam gidc ABC nhon ndi tiép dutng tron (0), AH 1a dudng cao. Goi D 1a giao |
HB DB AB
diém cha AO VO’l BC. Ching minh réng: I—IC e 2 2 2 AC
(P& thi hoc sinh gidi Toan 16p 9, Quan 1, TP. Hé Chi Minh, niam hoe 2011 ~ 2012)

Bai 4. Cho tam gidc nhon ABC. M 1a diém trén canh BC. V& MD vubng goc véi AB tai D,
ME vubng v6i AC tai E. Xdc dinh vi tri cGa diém M d€ do dai doan théng DE nhd nhat.

Bai 5. Cho tam gidc nhon ABC. Tim trén cdc canh BC, AC, AB ldn luot cdc diém D, E, F
sao cho chu vi tam gidc DEF nhd nhat. .

Bai 6. Cho dudng tron (O; R} hai diém A, B & ngoai dudng tron sao cho OA = 2R. Tim vi
tri cia di€ém M trén dudng tron (O) d€ MA + 2MB dat gia tri nhd nhit.

Bai 7. Cho hai duting tron (O; R) va (O%; R)) cdt nhau tai A, B (O, O’ nim khéc phia d5i
v6i AB). Budng théng d di dong qua A ¢t (0), (O l4n luot & C, D (A nim gitta C, D).
Xdc dinh vi tri d d&:

a) Chu vi tam gidec BCD 1én nhat

b) Dién tich tam gidc BCD 1én nhat

¢) Pudng trung tuyén BM clia tam gidc cia tam gide BCD 16n nhat

d) Budng phan gidc BI cha tam gidc BCD 16n nhat

e) Ban kinh cda dudng tron ngoai ti€p tam gidgc BCD 16n nhat

f) Bén kinh cta dudng tron ndi tiép tam gidc BCD 16n nhAt.

Bai 8. Cho BC 12 day cung c8 dinh cia dubng tron (O). A di déng trén cung BC. X4c dinh
vi trf cta diém A sao cho: 2AB + 3AC 16n nhat ‘

Bai 9. Cho diém A 8 dinh thuéce dudng trdn (O; R), AB, AC 13 hai day cung di dong sao
cho tich AB.AC khong déi va khodng cédch tir O dén BC 16n hon R. Xac dinh vi trf cla
day BC d€ dién tich tam gide ABC 16n nhét.

\"
el
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Bai 10. Cho ba dudng tron c¢é ban kinh Ry, Ry, R ti€p xdc ngoai 14n nhau d6i mot va tiép
xtic véi mdt dudng théng, trong d6 R 1 bdn kinh ¢6 d6 dai nhé nhat. Tim gid tri nhd
nhat cha Ry R theo 46 dai R cho trude.

(Pé thi hoc sinh giéi Todn 16p 9, Quan 1, TP.H(‘S Chi. Minh, ném hoc 1993 - 1994)

Bai 11. Cho dudng tron (O; R) duong kinh AB. M la diém thudc dudng tron (0). V& MH
vudng gée vdi AB tai H. Xdce dinh vi trf cha diém M dé:

a) Dién tich tam gidc HMO 16n nhat

b) Dién tich tam gidc MAH 16n nhat.

Bai 12. Cho dudng tron (O; R), dudng kinh BC. A thude dudng tron (O). V& AH vudng goc
véi BC tax H. Ve HD vuong gdc véi AB tai D, HE vubng géc véi AC tai E. Tim vi tri
diém A d& dién tich t¢ gide BDEC 16n nhat.

Bai 13. Cho dudng tron (I; r) ndi tiép tam gide ABC (6‘ < 900). Ké dudng thing qua I cit
hai canh CA, CB cia tam gidc ABC theo thd ty 6 M, N. Xac éinh vi tri cha .du’b"ng
thdng MN sao cho dién tich tam gide CMN dat gig tri nhé nhat.

{Pé thi chon hoe sinh gidi Toan 16p 9, trudng THPT chuyén Tran Pai Nghia, TP. Hé
Chi Minh, nam hec 2010 - 2011)

Bai 14. Cho diém M n3m trong tam gidc nhon ABC. Goi R, R l4n lugt 1a bén kinh l6n

nhét, nhé nhit cia cdc dudng tron ngoai tiép cdc tam gidc MAB, MBC, MCA. X4c dinh

vitri cha diém M 4é % dat gia tri nhd nh4t.
Foudng diin gidi
‘s a b c b+e b+ec i)
Bai 1. - = = ;
sinA  sinB  sinC sinA  sinB+sinC F
a) a<b+c NénsinA <sinB + sinC
sin®A < sinA(sinB + sinC) = sin®A < sinA.sinB + sinA.sinC

by

b)‘ sinA 2sin A . 2sinA © ©
sinB+sinC  (sinB+sinC)+ (sinB+sinC) sinA +sinB +sinC
HD CD _HD SHBC
tB.cotC = cotCHD.cotC = —
c) cotB.co 09 (':o. cD AD D SABC
AE AF AE AF 1/ AE AF
d A= BAE cos CAF = < | e o e
) cos A= eos BAE cos AB AC VAC AB 2[AC+AB)
Bai 2
a) V& AD la dudng phén gidc cGa tam gidc ABC. VEBH L ADtaiH A
DB DBC DB DB+DC BC
Ta ¢6: BH < BD, —= = — T =
ac AB AC ~ AB AB+AC AB+AC
. A BH DB a
Sin—s— < ——=
2 AB  AB c¢+b
. A a a C
< <
S = e+b  2Jbe
b) . sinte ® 1 _,bic b ¢
| 2 c+b 4 A a2 a a

M la diém d61 xitng cfia G qua D
BGCM 1a hinh binh hanh = GB = CM
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AGCM c6 GM < CM + GC, nén GA < GB + GC
Tach:x<y+2,2<X+¥,y<X+2Z

¢) Bai toan phu: Cho a, b > 0. Chitng minh ring: 1 + L > 4
a b a+b

dybat: x +y+z=a,x~y+Z=b,Xx+y—z=¢

b+e c+a a+b
Ta cd: x = , V= , 2=
2z YT Ty 2
X y Z b+c a+¢ a+b
= + + = + +
~X+¥Y+Z X—Y+Z X+¥-—-2 2a 2b 2c

m1[(3+§J+[E+E]+(E+3)]zl(2+2+2)=3
2[\b a e b a ¢ 2

Bai 8. AD cét (O) tai E

BH AB
«» ACEA (g. 2. 22
AHBA « AC (gg)mCE NG (1)
CH AC
A «» ABEA (g, _—— 2
AHC (gg}mBE E ’()
BH AB CE
Ter (1), (2) 6 = = —o .=
(1), (2) ¢b CH = aC BE
L DB AB
ADAB « ADCE (g. _— 3
(gg):>DE CE (3)
DC AC
ADAC «» ADBE (g. s 4
(gg)mDE BE (4)
DB AB BE
T (3), (4) ¢6: ——— = — i -
U (3), (4) cb DC = AC " CR )
Dodé.EE+RE~MAB[£§+§E]R£2}9§§E22E
"HC DC. AC\BE CE AC' BE CE AC

Bai 4. V& AK 1 BC tai K, goi O 13 trung diém cha AM.
V& OI L DE tai [ a o
DE = 2DI = 20DsinDOI - ;
= AMsinBAC > AKsinBAC - B K
Bai 5. Goi M 1a diém d6i xing clia D qua AB, N la diém déi xding cta D qua AC
Ve AH L MN tai H. Ve AK | BC tai K
AM = AN = AD;
MAN = 2BAC = MAH = BAC
CV(DEF) = DF + EF + DE = MF + EF + EN 2z MN
= 2MH = 2AM.sinMAH
= 2AM.sinBAC > 2AK.sinBAC
Bai 6. OA cdt (O) tai C, D (C nim giira O va A).
E 1a trung diém caa OC.
M=C, M =D, M khdc C, P c6 MA = 2ME
MA + ZMB
= 2ME + 2MB
= 2(ME + MB) = 2BE
BE khéng d6i

M C
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Bai 7.ACB = K’é‘(‘)‘(: éz&‘@"ﬁ}
ADE - m( %m]
ABCD v AAOQO' (g.g)

BM 3

Bai 8. M tré hBC, 22 o2

ai rén canh BC, oM~z
N la diém chinh gita cung BAC. NM cdt (O) tai D. N
BD_MB_3 _ nn.30p
CD CM 2 2
AB.CD + ACBD = AD.BC
AB.CD + AC%CD - ADBC 5

~CD(2AB + 3AC) = ADBC ‘

Ta ¢6: CD, BC khéng d6i. Do d6 2AB + 3AC 16n nhéat
<> AD 16n nhét < AD la dudng kinh clia duding tron (O)
Bai 9. V& dudng kinh AD cia (O)
AHBA « ACDA (g.g)
AB _AH _ .. ABAC _
AD AC 2R
OI=Al-0CA>AH-OA=t-R

Sapc = é—AH.BC , AH khong d6i BC 16n nhat

t

> OI nhé nhat , - :
Bai 10. (04, R)), (Oy, Ry), (O, R) ti€p xidc ngoai 14n nhau d6i mét va tip xdc véi dudng

théng d 14n lugt tai A, B, C.
V& dudng thing qua B song song véi 0,0, cit O4A tai N
AB = VBN? - AN® = |/0,0% - AN? = (R, + R, )’ - (R, - R,)’
AB=2/RR,.
Tuong ty AC = 2\/R;R, BC = 2/R,R
AC+CB = AB
= 2/R;R +2/RoR = 2/R; R,
IS S B
TR
Bai 11.
a) OH®+ MH® + OM? = R?

1 1{on? +HM2) RZ
SHMO w 'é-OHMH < wzw(m“——z—-—-—) = —4— A B

b) Pat AH = x, BH=2R - x

MH = x(2R — x)
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Syax = éx,/x(zR 7Y = %«/:;3(21% ~x) |
2 2
=3\/§§-’5~(2R— x).33 < 3‘/—[4( +3+3‘5+2R—x)] _ 3J3R

2\3'3'3 373%3 8
Bai 12, Goi I, K lan lugt 14 giao diém clia DE v6i AH, AO
Ta c6: AIMIHZ—AgiszE OALDE.Tacs: AHSOA=R A
AAKI > AAHO (g.g) AbA
AK Al 4
— AK.AO = ALAH
NG 0= r c
AHZ H O
AK = 21
= IR
AH® AH/ _, 0
Sprpe = S Sapp = AHR -2 _AH(ps g
BDEC = QABC ~ RADE 4R 4R( )
2 9
AH 1 (AH+ 2R - AH 3R
AR o AWM (R + A < L [AH+2R-AHY p gy o 3R
= )(2R + }m( : )(+)

Bai 13. (I) tiép xde véi BC, AC l4n lugt tai D, E

Semn = Siem + Sien = -;—T.CM + %r.CN

- %r(CM +CN) 2 r/CMCN

LGN
sinC

2 25cmN
sin C

2r?

sinC

Bai 14. Goi H 14 truc tAm cliia tam gidc ABC.
Theo ddu bai, tacé: R =R

R'
Dode: X o1
0O R

o S%MN <r

SeMmn £

Diu“="xdyrac>M=H

That viy. Goi O la diém d6i xing cda O qua BC
OB=0B=R,0C=0C=R B

T gide OAHO’ 1a hinh binh hanh = OH = OA = R

Bén kinh dudng trdn ngoai ti€p tam gidc HAB 1a R. O

Tuong tv cde ban kinh dubng tron ngoai tiép cdc tam gidc HAC, HBC 1a R.

Dau “+” xdy ra & trén la dang.

¥

Vay gid tri nhd nh4t cla % la 1.
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BAI VIET 4:  TIM KIEM UNG DUNG CUA MOT TU GIAC NOI TIEP
(Trich tai lidu chuong trinh “Gap g6 Todn hoc l&n thya 5, nim 2013)
Bai toan. Cho diém M & bén ngoai dudng tron (O; R). V& hai tiép tuyén MA, MB va mét
¢4t tuyén MCD (A, B, C, D thude dudng tron (O, R), C niim gitta M va D, tia MC nim
giita hai tia MA, MO, goi H la giao diém cia AB va MO.

Chitng minh réng t gidc CDOH néi tiép - A
dodng déie giai D
MA MC
AMAC «» AMDA (g.g) = VD = MA y
=> MA* = MC.MD H 0
AMAQ vubng tai A, AH la dudng cao
= MA® = MH.MO

Ta c6: MC.MD = MH.MO B

AMCH + AMOC (g.g) = MCD = MOD

= T giac CDOH ndi tiép

Day la mot bai todn rat quen thude ddi vdi moi hoe sinh 16p 9, do vy ma ki thi tuyén
sinh vio 1ép 10 chuyén tinh Déng Nai, nam hoc 2012 — 2013 ¢6 mbt cdu 1a bii todn trén.
T gide nodi tiép CDOH 1a “Biu béi” gitp gidi duge nhiéu bai toan.

Ching ta hay cing tim kiém ung dung cta td gide ndi tiép CDOH trong gidi todn, qua
vide gial cac bai toan Hay va Khé sau:

Bai 1. Tir diém M ndm bén ngodi duding tron (O) vé cat tuyén MCD khéng di qua tdm O
va hai ti€p tuydn MA, MB dén dudng tron (A, B la cédc ti€p diém va C ndim giita M, D)

a) Goi H 1a giao diém clia AB va MO. Ching minh tif gide CHOD néi ti€p duge dudng
tron. Suy ra AB 14 dubng phén gidc cia CHD.

b) Goi K 1a giao diém cha céc ti€p tuyén tai C va D cha dudng tron (0). Ching minh A, B,
K thing hang
(P& thi tuyén sinh vao 16p 10 THPT Tp. H6 Chi Minh, nim hgc 2008 — 2009 va dé thi tuyén
sinh vio 16p 10 chuyén truong Pai hoc su pham Tp. Hb6 Chi Minh, nam hoc 2011 — 2012)

Bai 2. Cho dutng tron (O) duong kinh AB. Trén dudng thing AB 14y difm C nim ngoai
doan AB. Tt C vé hai tiép tuyén CE, CF véi dudng trdon (Q), (E, F 12 hai tiép diém).
Goi I 12 giao diém chia AB va EF. Qua C vé mot cdt tuy&n bat ky cit dudng tron (0) tai
M, N (M nim gitia C va N). Ching minh:

a) Bon diém O, I, M, N cling niim trén mdt dudng trdn

b) AIM = BIN
(Pé thi chon hoc sinh gidi Toan 1ép 9, Quan Phd Nhuin, Tp. Hé Chi Minh, nim hoc
2004 - 2005)

Bai 8. Cho dudng trdon (O; R) va diém M nim ngoai dudng tron. Qua M vé hai tiép tuyén
MA, MB (A, B la cdc ti€p diém). D di dong trén cung 16n AB (D khéng trung véi A, B
va diém chinh giita c¢da cung) C 14 giao diém thd hai cia MD v6i dudng tron. H 14 giao
diém cha OM véi AB. Chiing minh MH.MO = MC.MD, tir dé suy ra dudng trdon ngoai
ti&p tam gide HCD lubn di qua mét didm ¢6 dinh.

{Dé thi chon hoc sinh gidi Todn 16p 9, tinh Pha Tho, ndm hoce 2011 - 2012)
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Bai 4. Cho diém M & bén ngoai dudng tron (0). Vé hai ti€p tuyén MA, MB va mot cat
tuydn MCD. AB ¢t MO, CD l4n lugt tai H, J. Ching minh ring: CJ.MD = MC.DJ

Bai 5. Cho tam gidac ABC nhon néi tié€p dutng tron (O). Tiép tuyén tai B, C cha (O) cit
nhau tai D. Goi M 1a trung diém cta BC. Ching minh BAD = CAM
(Dé thi chon hoc sinh gidi Toan lép 9, trudng THPT chuyén Tran Pai Nghia, Tp. HS
Chi Minh, nam hoc 2012 — 2013)

Bai 6. Cho tam gidc ABC ¢6 ba géc nhon ndi ti€p durng tron (0), BE va CF 14 cdc dudng
cao. Céc tiép tuyén véi dudng tron (O) tai B va C cét nhau tai S, cdc dudng thdng BC
va OS cit nhau tai M.

AB BS

a) Ching minh réng: Nl ME

b) Ching minh ring: AAEM «» AABS.

¢) Goi N 1a giao diém ctia AM v EF, P 1 giao diém cha AS va BC. Chiing minh rang NP L BC
(Pé thi tuyén sinh vao 16p 10 chuyén Todn, truding Dai hoc su pham Ha Nbi, nam hoc
2011 - 2012)

Bai 7. Tr difm M & ngoai dudng tron (O) vé tiép tuyé'n MA va cdt tuyén MBC (B nim
gitta M va C) véi dudng tron. Goi H 1a hinh chidu cia A trén MO. K 1a giao diém cla
doan thdng MO v6i dudng tron (O). Chitng minh rang:

a) T gide OHBC ndi tiép

b) BK la tia phan gidc ctia géc HBM
(Bai todn 5 Tap chi Todn hoc va tudi tré sé 407 thang 5 nam 2011)

Bai 8. Cho t gide ABCD nbi ti€p dudng trdn (0). Céc tia AB, DC cdt nhau tai M, céc tia
AC, BD cdt nhau tai T. V& ME, MF 1a céc ti€p tuyén cia dutng tron (O). Chng minh
ba diém E, F, T thing hang.

Bai 9. Cho td gidec ABCD noi ti€p dudng tron (0). Cdc tia AB, DC cét nhau tai M, cdc tia
AD, BC cit nhau tai N. V&8 ME, MF 13 cdc ti€p tuyén cha dudng tron (0). Chitng minh
ba diém N, E, F thing hang.

Bai 10. Cho tam gidc nhon ABC (AB < AC) ndi tiép dudmng trdon (0). Vé AD 13 dudng cao
clia tam gidc ABC. Tia phan gidc gée OAD cit dudng tron (O) tai E. F 1a giao diém céac
ti€p tuyén tai B, C cta dudng tron (0) tai K. Va dudng kinh AN cta dudng tron (O).
DK cét dudng tron (O) tai M. Ching minh réng ba diém M, H, N thing hang.

Céac ban hay ti€p tuc tim tdi suy nghi, t6i thye sy tin réng ching ta s& cbn tim ra duge
tng dung dac sic chia bt gide ndi tidp CDOH trong gidi todn hinh hoc.
Tliwsng din gidi

Bail. K

a) MA, MB 1a c4c ti€p tuyén clia dudng tron (0) (gt)
= MA = MB, MO l1a tia phan gidc ctia géc AMB A D
AMAB cén tai M, MO 1& dudng phén gide = MO L AB
AMAQO vudng tai A, AH 1 dudng cao = MA® = MH.MO c
AMAC « AMDA (g.g)° y

MA _MC H 0
= MA® = MC.MD
MD MA -

Do 46 MH.MO = MC.MD
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Xét AMHC va AMDO cé:
MH - MC

AMC (chung), ND - MO (vi MH.MO = MCMD)
Do d6 AMHC «» AMDO (c.g.c) = MHC = MDO
= T gidc CHOD néi tiép :
AOCD ¢6 OC = OD (= R) = AOCD cén tai O = DCO DO _
Ma: MHC = MDO (vi td gidec CHOD néi tigp). Do &6 MHC = DHO
Ta c6: MHC + CHA = Iﬁ@+§f{~ﬁ(m 900)
Vay CHA = DHA . Nén AB Ia duttng phén gide cha gée CHD.
b) Ta c6: RCO = KHO = 90° = T¢ gidc KCOD ndi tiép
Ma t gidc CHOD ndi tiép
Do 46 5 diém C, K, D, O, H ciing thudc mbt dudng tron = KHO = KCO = 90°
Ta ¢o: KH L OM tai H. Ma AB L OM tai H.
Do vay hai dudng thing KH, AB tring nhau
Suy ra ba diém A, B, K théng hang.

Bal 2.
a) CM.CN = CLCO (= CE®
ACMI «» ACON = CMI = CON = T¢ gidc MNOI ndi ti€p N

b) OM = ON (= R}

Xét duong tron (MNCI) ¢6: OM = ON = OM = ON

=» BIN = ONM | A I /0

Ma AIM = ONM (t gisc MNOI ndi ti6p) |

Vay AIM = BIN

Bai 8. MC.MD = MH.MO (= MA?)

AMCH « AMOD (c.g.c)

= MCH = MOD

= T gide CHOD ndi tiép

Ma O c6 dinh. Do v4y dudng trdon ngoai tiép

tam gidc HCD ludn di qua di€m c6 dinh O.

Bai 4. MC.MD = MH.MO (= MA?)

AMCH « AMOD (c.g.c) = MCH = MOD

= T gide CHOD noi tiép

MaOC=0D{=R)

Xét dudng tron (CHOD) cé: _
MHC = ODC va OC = OD nén ODC = OHD
OHD = MHx (Hx la tia déi cta tia HD)

Do d6: MHC = MHx

Ta e6: MHC + CHA = MHx + AHD

Nén CHA = AHD

Ta c6: HJ, HM 1a cdc duding phén gidce trong va ngoai cha tam gidec HCD.

M
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. 0 _Mc
DJ MD
Vay CJ.MD = MC.DJ
Bai 5. Goi E 1a giao diém ca DA va dudng tron (O)
T gidc AOME nai tiép:
AMB = BME ~ _ AME = - A0F = ACE
ABE + ACE = 180°, AMC + AMB = 180°
Nén ABE = AMC
AABE «» AAMC (g.g). Vay BAD = CAM
Chi y: N&u goi N 14 giao diém cia AM va dudong
trdn (O) thi BE = CN. Do d6 ta gisc BENC Ia
hinh thang can
(Dé thi vao 16p 10 THPT chuyén tinh Binh Phudc, nim hoc 2013 ~ 2014)
Bai 6
a) AEAB «» AMBS (g.g) =

AB _AE _ AB _ BS
BS MB _ AE MB
Mz MB = MC = ME |
Vay AB_ BS | | NOE
AE  MB » | | A
b) Goi Bx la tia d6i cta tia BS ) x\ |
ABx = ACB = CEM => ABS = ARM ~
AAEM > AABS (c.g.c) , B Pl M C
Céch khéc: Ching minh BAS = MAC
AAEM < AABS (g.g)

AB AP
AEM «» AAEN e e 2
¢) AAEM (g.g) = AN
AB AS AP AS AM AS
Ma: XE—_K—(AABS AAEM). NenAN_AMﬂAN—K‘P? v
AM AS
Vay NP 1 BC
Bai 7.

a) MB.MC = MH.MO (= MA?) .
AMBH «» AMOC (c.g.c) => MBH = MOC = T gidc OHBC nbi ti€p.
Goi D la giac diém cGa tia d8i tia OM va dudng tron (0)
MBK = CDK s
MBH = COK -
DK - %661? : M K

]
O

Do d6: MBK = CDR = %COK - él\’ﬁiﬁ
Nén BK 14 tia phén gide ca géc HBM
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Bai 8. Goi H 1a giao diém cia OM va EF.
MB.MA = MH.MO (= ME?®)
AMBH « AMAO (c.g.c) = MBH = MAO
= Tt giac ABHO noi ti€p
Tuong tu t gidc CDOH ndi tiép
BHC = BHM + MHC = BAO + ODC
Nén BHC = BTC = T gide BHTC ndi ti&p
Tuong tu td gide AHTD ndi ti€p
Ta c6: MHC = ODC = OCD = OHD
FHC - TBC = TAD - THD
Do dé: MHT = (VFC + THC + THD + OHD) = 00°

Tacé: TH L OM tai H. Ma EF L OM tai H

Nén hai dudng thdng TH, EF trung nhau.

Vay ba diém E, F, T thdng hang.

Bai 9. Goi T 13 giao diém cGa AC v BD NT cit dudng tron (O) tai K, L (L nam giita T, N)

Puyng tron (TBC) cit NK tai S. '
NAND = NC.NB = NT.NS. Ta ¢6 tt gidc STDA noi ti€p.

Ta c6: BSA = BSK + KSA = BCA + BDA = BOA M

= TG gide BSOA néi tiép. Tuong ty tid gidc SCDO ndi tiép
MA.MB = MC.MD. Ta ¢6: M, S, O thdng hang
MSC = ODC = OCD = OD
CST = CBD = CAD = TSD

Nén: ng(m+@+ﬁ+@)=%ﬂ

= OM L KL
OSC = 180° - BDC = 180° - OCD = OCM 4
08 0C 2
AOSC «» AOCM = — = —— = 0S.0M = OC
oC OM

AOLM «» AOSL (c.g.c) = OLM = OSL = 90°
L=F Tuong ty: K=E

Vay N, E, F théng hang.
Bai 10, Ta c¢6: FK.FA = FH.FO (= FBY)

AFKH > AFOA (c.g.c) = FKH = FOA 0

= T gide AOHK noi tiép

= KHF = KAO = AHO 1
S e T e B D C

= BHK = BHA = BHA = _AHK = - AOK = ACK

NénﬁﬁfK:mﬂm:m XK\ |IE

— BAK = HAC = BAH = KAC
Km=wﬂsdBMgstK=m+mum+mmm
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= T gidc AMDH néi ti&p

= AMH = AHD = 90° ‘
Ma AMN = 90° (gbe néi tidp chin nda dudng trdn). Ta cb: m = ,m_ = 90°
= Hai tia MH, MN trang nhau o

Vay ba diém M, H, N thing hang.

BAI VIET 5: HAY BAT PAU TU BAI TOAN QUEN THUOC
(trich tai ligu chuong trinh “Gap g& Toan hoc” 14n thit 5, nam 2013)
Ching ta hay cling bAt ddu tir bai todn quen thudc sau: : _
Bai todn. Cho BC la day cung c8 dinh ciia dudng tdn (O, R). A di ddng trén dudng tron
(0). Xdc dinh vi tri A d€ AB + AC 16n nhét o
Fotedaey dén gidl

Trén tia d6i cla tia AB ldy diém D sao cho AD = AC
AADC cén tai A= ADC = ACD = BAC = 2BDC

BDC = %saﬁa

D,

BDC = o, o khong d8i, BC ¢6 dinh.

e o3 . B\
Nén D thuéc cung chda gée o dung trén doan thing BC. \_/ ©
Ta c6: AB + AC = AB + AD = BD.

Do d6: AB + AC 16n nh4t < BD lén nhét <> BD 1a dudng kinh cda cung chda gée o
& ﬁ@ﬁﬂﬁ:ﬁ@ﬁz%o ¢ DBC = ACB <« AC = AB
Vay khi A 1a di€m chinh giita cda cung BC thi AB + AC Ién nhét.
Do d6 BC khéng ddi, ta ¢6 bai todn. L
Bai 1. Cho BC la day cung c¢ dinh cda dudmg tron (O).
A di dong trén dudng tron (0). X4c dinh vi tri A d6
chu vi tam gidc ABC 16n nhdt
Thit xét tid gide ABCD ndi tiép dudng tron (O)
Goi M, P, N, Q 12 diém chinh giita cdc cung:
 BAD, BCD, MBCP, MADP B
Ta c6: (AB + AD) + (BC + CD) < (MB + MD) + (PB + PD)
= (MB + PB) + (MD + PD)
"< (MN + PN) + (MQ + PQ)
Do d6 CV(ABCD) < CV(MNPQ), tt gisc MNPQ 13 hinh vudng.
Gidp ta ¢6 bai todn méi - o )
Bai 2. Ching minh réing trong cdc t gidc ABCD nai tié'p' dudng tron (O), hinh vubng c¢6

chu vi 16n nhét.
T bai todn nhén ra: AB + AC < T, T khéng d6i
Déu “=” X3y ra < AB = AC :
Ta c6: ABAC < (MT Yl
P 9 4
. B

A
0 -
.__1_ + m}.,._ > ____________,_.,4 > i S : C
AB AC AB+AC 7T
Gidp ¢6 céc bai todn.
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Bai 3. Cho BC 1a day cung ¢& dinh cGa dudng tron (O, R). A di dong trén duong tron (O).
X4c dinh vi tri A dé:

a) Tich AB.AC I6n nhat

b) Dién tich tam gidc ABC 16n nhiat

c) Téng K—ET + KE nhd nhat

Ti bai todn xét A thube cung 16n BC, ta c6: ETAT: <90°, BAC = t, khong d6i
Ve CH L AB tai H. Ta ¢6 AI-I AccosA CH = AcsinA. Nén BH AB ACcosA
AHBC vudng tai H
= BC? = BH® + CH?
"~ BC? = (AB - ACcosA)? + (ACsinAY

= AB® — 2AB.AC.cos’A + AC%o0s’A + AC%in%A

= AB? + AC? - 2AB.AC.cosA | |
Do vay AB? + AC? 16n nhéit < AB.AC. 161 nhét < AB = AC
Tigp tuc xét A thude cung nhd BC, ta ¢6: BAC > 90°

BAC =1, 1 khéng d8i

Ve CK L AB tai K
CK = ACsinCAK = ACsin(180° ~ BAC)
AK = AC cos CAK = AC cos(180° - BAC)
Tuong tuf trén c¢é: BC? = AB% + AC® + 2AB.AC. cos(1800 - m) 7
AB? + AC? nhé nhét <> AB.AC 16n nh&t <> AB = AC
Péy c6 18 14 mot didu thi vi trong hinh hoc
Né&u A thude cung 16n BC thi AB® + AC? 16n nhét < AB = AC
N&u A thubc cung nhé BC thi AB? + AC® nhé nhét < AB = AC
Ching ta cé duge bai todn.
Bai 4. Cho BC 1a day cung cd dinh cha dutng tron (O; R). A di dong tren cung 1én BC.
Xde dinh vi trf A dé AB® + AC® 16n nh4t
Bai 5. Cho BC la day cung ¢8 dinh cla dudng tron (O; R). A di dong trén cung nhé BC.
X4c dinh vi trf A d&: AB® + AC? nhé nhét.
Tim thém c4ch gidi cia bai tosn. Chgt nhé dén AB.MC + AC.MB = AM.BC (xét M nim
trén cung BC khéng chda A) (dinh 1i Pt-16-mé). Néu M 14 diém chinh giita cung BC.
Ta ¢6: MB = MC, khong ddi
Ta c¢6: MB(AB + AC) = AM.BC
AB + AC 16n nhét < AM 16n nhét < AM 13 dudng kinh cia du’é:ng tron (O)
< AB = AC
Ching ta da cho duge 191 gidi khdc cha bai todn va con gidp gidi duge bai toa‘tn téng quat.
Bai 6. Cho BC la day cung c8 dinh cia dudng tron (O; R). A di dong trén dudng tron (O).
Xdc dinh vi tri A € mAB+ nAC 16n nhit (m, n 13 cdc s duogng cho trude)

Chi cén chon diém M trén cung BC khong chda A sao cho: B =L OM 12 dén voi 1i gidi
m

Tiép tuc tim tdi, suy nghi bai todn s& con nhidu didu tha vi nital
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BAI VIET 6: CUNGGOLACO!
(Tap chi Todn tufi tho 2 s§ 105 thdng 11 nam 2011) |

Trong hinh hoc, d6i khi ta ngd nhan bing hinh vé dé et ngd 1a c6, 1a ding. Ta lao tam
vao tim ki€m 13i gidi, ... réi bé& tdc. Chuyén sang huéng tim phén vi du d€ ching tb
rdng diéu ma ta phén dodn 13 sai. Hoe todn theo kidu nay d6i khi ciing cho ta nhidu
diéu tha vi, di r¥ng hoi vat va va mat nhidu théu gian. Nhung d€ tim ra nhimng két qui
hay thi cin thigt phai hoc theo cdch nay,
Ching ta cing xem bai todn sau

Bai toan. Cho luc gidc ABCDEF c6 AB / DE, BC // EF, CD // FA va khodng cach giita hai
canh cla cdc cap canh song song d6 bing nhau. Tinh s6 do cGa géce gita hai duﬁmg chéo
BE véi CF. Bai toén nay chung t01 duge mdt ban doc glti qua e-mail véi yéu cdu du’dc
trg gidp.
Nhan xét: Gid st dé bai trén 1a dang. Nghia 1a
tu duy todn hoc thi gée gitta hai dudng thing
BE va CF trong bai todn nay 1a mét hing sd,
ta ki hiéu Ia x° -
Vi vai trd binh ding giita ba dudng chéo eiia
hinh lye gidc la: AD, BE va CF nén ta thdy
ngay goc giita cic cap dudng chéo AD véi BE,
AD véi CF ciing 1a x°.
Hon nita, néu dic biét héa thanh luc gide
ABCDEF déu thi cdc dudng chéo AD, BE,
CF dbng quy va géc giita hai trong ba
dudng thing nay 1a 60° Dén day, ta s& dy.
dodn ddp s6 chia bai todn trén 1a géc 60°.
Tuy vy, trong trudmg hop téng quat 12 luc
gidc ABCDEF khong déu thi nhat thoi
ching ti bé& tdce trong viée tim cach ching
minh d4p s& 1a 60°. |
V& thém mdt s8 hinh dé do thyd, ching ta
nhén duge cic k&t qud khac nhau cha s6
do cda géc gilta hai dudng chéo BE va CF.
Hoai nghi, ching téi thd dat nguge lai
vdn dé 1a chon cdc s6 do thich hop cla
mot 8§ gée trong hinh lue gide. K&t qué 1a
chung toi tim duge hinh v8 sau:
@ hai hinh v& nay, nhén thdy dép 6 lin lugt
12 60° v& 50° (ban doc hay tu chiing minh).

- bén day tam két luan 1a khong rd dép s6.

Nghia 14 v6i gia thiét cla bai todn thi s
do ctia gée giita hai dudng chéo BE véi CF
khong phéi 14 hing s8. :
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K&t luan nhu vay khi&n ching t6i hoi hoang mang! Phai chang d8 bai sai? Chdc khong
phai vi d& doi hoi tinh todn, nghia 1a ¢6 thé c¢6 nhiéu dép sb.
Vay thil tim mdt cdch dit van dé méi ma c6 thé dé bai dfu di mot y&u t§ nao d6 hodc
cdn thém mot gid thidt nao d6. Chéng han nhu tinh s6 do trén theo mot hay mot s
y&u t§ nao d6 cia hinh lue gide trén. Pon gidn nh4t 1a tinh 86 do cla géc trén theo s¢
~do cdc géc ctia hinh luc gidc (phdc tap hon ¢6 thé 1a tinh theo s6 do cla cdc gbe gilta
cde dutng chéo...) VA may min la theo cdch suy nghi nhu vay, ching toi da tim dugce
11 gidi sau.
Lt gidi
~ Goi giao diém cla c4c cap dudng thdng AD vJii BE, AD véi CF, BE v6i CF tha tir1a S, M, N.
Goi h 14 khodng céch giita cac cap dudng théng song song clia hinh luc gmc
" Ta thay khoang cdch tit D ‘d6n cac dudng théng AB, AF déu bing h.
Suy ra D thude tia phan gide trong cua gée BAF, trong hinh luc giac theo gid th1ét ta

suy ra: EDA = DAB = DAF = ADC A B

Bdi vay: A=D _ .
Tuong tu.'. B=C=F ‘ A
Vi ABCDEF 1a hinh lyc gidc nén: ¢
A+B+C+D+E+T = (6-2180° = 720° F Vi
Suy ra: A+ B+C=3s60°
T 46 s6 do cha goc can tim 1a: .
BNC = 180° - KBC - NCB = 180° - -8B - € 5 D

B+C _360°-B-C_A

= 180" - =
2 . 2 2

o~

. , A e A g
+ Nhan xét: Theo chitng minh trén thi s¢ do géc can tinh BNC la: 5 mot két qué

kha b4t ngd nhung 14t dep! :

Dén day, ta ¢6 thé thém gid thiét cia bai todn la cho trude s6 do géc A mot s6 nao dé,
hay tinh 88 do gée gitta hai dubng chéo BE véi CF.

Mot k&t luan hhdac L tam gide SMN cb s8 do céc goe tuong ting béng nita s6 do cée goc A, B, C.
Mot cach khac d& mé rong bai todn 1a: ching minh céc diém A, B, M, N ndm trén mét
dutng tron (danh cho céc ban 16p 9)

Cédc ban hay tim thém cdc k&t qud méi tif nhitng k&t ludn trén nhé.

BA1 VIET 7: " BAI TOAN THAT SU RAT KHO?

Vao mdt nghy cGa thang 11 nam 2012 t6i va ngudi ban hoc ching 16p ~ nha gibo Cu
Tan Phuc, chang 181 trao déi v6i nhau vé viée day va hoc todn THCS, Phic cho tbi biét
hién nay trén mang (Violet.vn) c6 “Bai todn that sy rdt khé!” dang mong tim ngudi
gidi giap. Thét tha vi vi bai todn c6 ba cdu ma cd ba cau déu la ching minh ba diém
thing hang, via dé ching minh ba diém thing hang ma ching t6i dang quan tam dén.
Va.. va toi da tim dugec 161 2idi cha bai todn nay. Bai viét nay xin gi dén ban doc dé
todn cung 1oi gidi va tin chic riing s& cbn cach giai khéc nital Cac ban xem “ Bai todn
c¢é that sy rat kho!” hay khong nhé!
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Bai todn. Cho tam gidc ABC nhon (AB < AC). Pudng tron (0) dutng kinh BC cit AB, AC
lan lugt tai E, D. BD c4t CE tai H. Cdc tifp tuyén tai B tai D ctia dudng tron (O) cit
nhau tai K. AK cit BC tai M. MH cit BK tai N. V& tiép tuyén AS dén dudng tron (O)
(S thugc cung nhé CD). DB cit AH tai I. Ching minh ring: '

a) N, E, I thing hang

b) M, E, D thang hang

¢) M, H, S thing hang
(Violet.vn — Bai todn thét sy rdt khé! Thang 11 nam 2012)

L&t giai

a) ID la tiép tuyén cha dudng tron (0), ching minh duge I 13 trung diém ctia AH va IE 1a

ti€p tuyén cta duding tron (0) L :

Goi T (T khac A) 1a giao diém ciia dutmg tron (O') ngoai
ti€p tam gide ABC va AK. V& dubng kinh AF cia (O)
Chiing minh duge tt gide BHCF 1a hinh binh hanh
Do d6 H, O, F théng hang (1

MTB = ACB (Tt gide BTAC noi tidp),

KDB = ACB [u -;-saﬁﬁ)

M
Nén MTB = KDB. Do dé t¢ gidc TKDB noi tiép
Ma: KBO = KDO = 90°. Nén ti gisc OBKD nai tidp
Ta c6: B, T, K, D, O cung thudc médt dudng tron
= OTK = OBK = 90°. Ma FTA = 90°
Do vay, F, O, T th&ng hang ~ (2)
Tir (1) va (2) ¢6: T, H, O, F théng hang.
AMAO 6 AH,OT la hai dudng cao nén MH 1 OA (tai L)
Do 46 L thuoe duong tron (AETHD) (ATH = AEH = ALH = ADH = 90°)
= ALE = ADE. Ma ADE = EBO. Nén ALE = EBO ‘
= T gidc BELO ndi tisp: |
Mt khéc NBO = NLO = 90° nén tit gide BNLO noi tidp
Ta c¢6: B, N, E, L, O cling thudc mét dudng tron = NEO = NLO = 90°
NEO + OEI = 90° + 90 = 180°
Viy N, E, I thing hang -
Ta c6: MTE = ADE (td gidc TADE nai tiép), ADE = ABC
Do d6, ABC = MTE => Tt gidc MTEB noi tiép
= MEB = MTB. Ma BED = BTA (cing b v6i ACB)
Do vay MER + BED = MTB + BTA = 180°
Vay M, E, D thing hang. .
¢) OE L IE. Nén OE la tiép tuyén clia dudng tron (AE THDL) tAm [ = m = 6?@3 :

Xét AOEL va AOAE ¢6 EOL (chung), OEL = OAE

OE OL
Do d6 AOEL « AQAE (g. L
0 AOCAE (g.g) = ok = OF
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— OA.OL = OE% Nén OA.OL = 082
OL OS

‘AOLS v3 5: LOS e lalree
Xét AOLS va AOSA c6: LOS (chung) 05 = OA

Do d6 AOLS «» AOSA (c.g.c) = OLS = OSA.

Ma OSA = 90°, nén OLS = 90°

Ta cé: MLO + OLS = 90° + 90° = 180°

= M, L, S thing hang

Ma H, M, N, L thdng hang, nén M, N, H, L, S thdng hang
Vay M, H, S thing hang.

BAI VIET 8: THU Vi TU MOT BAI TOAN
Trong cube thi dong d6i Toan Baltic Way, nam 2004 cé bai todn hinh hoc sau:

Bai toan. Cho ba cung tron (Cy), (Cy) va (Cy) cling Ky
¢6 hai diém chung A va B. Ca ba cung nay &
" cung mét phia v6i dudng thing AB, trong dé M w
(Cy) ném gifta (Cy) va (Cy). Tia Bx cét (Cy), (Cy) '
va (Cg) 14n lugt tai cdc didm M;, M, va M;. Tia
By cdt (Cy), (Ca) va (Cy) 1dn lugt tai cdc diém '
A B

K1, K va K;. Ching minh rdng: % e E;—IIZ
Bai todn that tha vi, cho ta ding thie hinh hoc: MM, = LSLS that dep, trén tap chi
MoM; KoKg .

Todn tudi tho 2 s§ 96 théng 2 n&m 2011 Th.s Nguyén Véan Nho va nha gido Hoang

Trong Hio nhan xét c¢6 thé coi day 1a dinh i Ta-1ét cho duding tron.

Trude hét ching ta cling gidi bai todn hinh hoc nay!.

Ta c6: AK,B = AM;B (hai géc ndi tidp cing chén cung AB)

Ma: AK;B + AK K, =180° va AM;B+AM,M; =180°

Do d6 AK,K, = AM;M,

Xét AAK K va AAM M, c6:
AKX, = AM; M, Mg
AK.K; = AM,M,; (hai goc ndi tiép cing chin cung AB)
KKy _ AKy
MM, AM,

Tuong tu: %{% = %Z

L KiKy  KoKg

" MM, MM,
MM, KK

8 : =
W MoMy;  KoKj

Do dé
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Khéng chiu dimg lai, vdi § chi tién céng trong
hoc todn chung ta ti€p tuc suy nghia, thir xét
thém mdt cung AB nhu thé nita (xem hinh vé)
KK, AK,

MM, AM;

Tuceng tir trén, ta cé:

Ma: j:—i{é' = ”im% (AAK Ky «» AAM,M;)
KiKs KoKy KKy
MM, © MpMz  MjM,
Day ti s6 biang nhau trén ciing that dep va chéc hin cdc ban ciing thiy duge bai todn
téng quét. o :
Bai toan 1. Cho n cung tron (Cy), (Cy), ..., (Cy) cling cé hai diém chung A va B. Cé n cung
nay & cing mét phai véi dud¥ng thing AB, trong d6 (Cz) nim giita (C1) va (Cy), (Cs) nkm
gidta (Cy) va (Cy), (Cy) nam gitta (Cy) v (Cy), ... (Cy - 1) nlim giita (C, . 3) va (Cp)
Tia Cx cit (Cy), (Ca), (Cy), ..., (Cy) 14n lugt tai cdc diém My My; ...; M,. Tia By cit ©,
(Cy), (Cy), ... (Cy) 18n lugt tai cde didm Ky; Ky i Ky

Do vay, ta co:

Ching minh réing: 12 - 223 _ 2824 o pelBe
| | MM, MM, MM, . M, M,
Ti€p tuc suy nghi ...! Chgt phat hién ra ring: 7

Néu tia Ax cit (Cy), (Cy), (Cy) 14n lugt tai
M., M,, Mj va tia By cit (Cy), (Cy), (C; lan
lugt tai Ky, Ko, Kj ta cling cé:
MM, KK,
MZE\JIB - K2K3
That viy, ta ¢b: =
AK B = AM;B (hai géc ndi ti8p cling chin cung AB)
Ma: AK;B = AK K, = 180"
va AM,B + BM, M, = 180° A " B
Do dé: AK,K, = BM,M,
Xét AAKle va ABM1M2 ch:
AK K, = BM|M,, BK K, = BM,M,

| . K,K, AK
Do dé: AAK K, > ABMM, = bz _ AKy
0o e T MM, T BM,

KoKy  AK,
M,M; BM,
Do d6: 142 i 2483 g . 1+Y49 - 12
o M;M, MyM; W MyMg KK,

Tuong tu:
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Nhu vay, ta ¢6 duge bai todn 2 sauw
Bai toan 2. Cho ba cung tron (Cy), (Cp) va (C;) ciing ¢6 hai diém chung A va B. C4 3 cung
nay & cing mot phia véi dudng thing AB, trong d6 (Cp) niim giita (Cy) va (Cs). Tia Ax
M;M, K1K2
MzMs T KoK,

cat (Cy), (Cy), (Cy) 1én luot tal Ki, Ko, K3. Chitng minh réng

Va .. vata cﬁng c6 bai toan _ o : .
Bai toin 3. Cho n cung tron (Cy), (Cy), ..., (Cp) clng ¢6 hai diém chung A va B. C& n cung

ndy ¢ cing mét phia véi dudng thdng AB, trong d6 (Cg) nim giita (Cy) va (Cy), (Cs) nim

giita (C) va (Cy), ..., (Cy_ 1) nim gitta (C, - 5} va (C,). Tia Ax cdt (Cy), (Cy), ..., (Cy) l4n

lugt tai Mi, My, ..., Ky, Tia By cédt (Cy), (Cg), ..., (Cp) lan lugt tai Ky, K, ..., K.

. : KKy KoKs KKy o KK

Chiing minh ring: MM, M2M3 AT w |

Tlep tuc suy nghi, tim toi, t6i tin ring chung ta 88 con tim dén nhiéu d1eu thu vi nita

tir bai todn nay?

BAI VIET9:  TRAO BOI VE HAI BAI TOAN HINH HOC THI

vO PICH TOAN QUOC TE NAM 2012 VA NAM 2013
Bai viét nay toi xin duge trao d6i cling ban doc vé ‘hai bai todn hinh hoe thi v6 dich
todn qude t& ndm 2012 va nam 2013. '

Bai toan 1. Cho tam gidc ABC vudng tai C, D 13 chin duang cao v& tit C. Cho X I3 dlem
bdt k¥ thudc doan thing CD (X khéc C va D). Cho K 1a didm trén doan théng AX sao
cho BK = BC. Tuong tu L 14 diém trén doan thing BX sao cho AL = AC. Cho M 1a giao
diém ctia AL va BK. Chiing minh riing: MK = ML
(bé thi Olympic Toén hoc qudc t&, nam 2012)

Li gidd

Trong mot quyén sdch 6n luyén todn thi vao 16p 10 chuyén — chon da dé xuit mot cdch
giai sau:
P4t ¢ = AE; a = BC = BK, b = CA = AL, o = DBX va B = DAX
Ap dung dinh li cosin cho AAKB ta ¢6:

AK® = a% - ¢® + 2.AK c.cosp
= AK® - 2KA.c.cosp + b? = 0 (1)
A’ = c®.cos®p - b?
Ta c6: cosp = cos DAX > cos CAB (do CAB > DAX) A

::;scosB>-~]:l =ccosf>b=A >0
e .

AK = c.cosp + V2. cos? p- b_z.
AK = c.cosB - +Jc?. cos? B - b2

=> Phuong trinh (1) ¢6 hai nghiém phén bidt: {
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bat x| = c.cos8+\fc:2 ¢::cz)szi3—b2 , g = c.cosESwacz.cosz[3-—l:)2
Thi:x;.x2:a2vé(}<Xg<x;m~>x1>avéxz<a
= AK = x5 = c.cos P — /c? cos? p - b?

DA b? b?

T M - — AX"’“—-—"
a co: cosp AX cAX = c.cosf3

2
=> KX =AX - AK = b ﬁ—c.cosB+1/02.c052ﬁ—b2

C.COo8

2 .2 12 2 3 12
czcoszﬁ—bz—c'cos b _ Ne.cos B-Db .(c.cosﬁ-— [““””mczﬁ“bg)

c.cosf c.cosf

Tuong ti: BL = c.cosa —ve? cos® a —a2

a2

C.COSC

2 02
¢”cos” o o

LX=W(c.coson— 02(:032(1-—32)
c.coso o

BX =

Ap dung dinh 1i Menelaus cho AAXL v6i cdt tuyén (KMB), ta cé:
KA BX 'M“ﬁ_lﬂ_KA'BX ML

a2

a.cos P — \/c? cos® p - b? .08 Q. ML -1
2 . J2. 2 7 MA
\/c .cos?B—-b (c.cosﬁ_m)lc.msa \/c cos” a~a

c.cosf3

c.cosB a? ML

- _ .
Jet.cos? B 1% c.cosa (c. cosa ~ ve? cos® a - az) Ma

' 3 2

ML c2.cos2[3~,b2.cosa(c.cosa— c? cosza—az) cosa(c.cosoc—\/c cos ﬁ—«a2)
MA : . cosf.a cosP. (c. cos o —c? cos? ot - 32)

ML cos a.\/cz. cosfP — b?

b cos’a.\/cz'. cos® B - b? + cos ﬁ\/ % cos® o - a? + c.cos B.cosa

[2 2 2
a.cosP.aJe“.cos*B~Db
= ML = : P P -

cos cx.\/c2. cos? B- b2 + cos B\;‘cz cos® a—a? +c.cosa. cos B
a.cos ﬁ.ch. 0052 o - a?

COS L. \jcz.cos2 B~ bz +cos ﬁ\/cz cos® o —a? + ¢c.cos a.cos B

=1

<

>

Tuong ty: MK =

Ta chi cdn chitng minh:

b. cos o/c? eos? B — b2 -—acosB\/c cos® o ~ a? (2)
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That vay: tiu (2)
< b%Peos’acos®B - beos’a = a’cPeos™ - a*cos®p
< bYa® + bHcos’acos™p - beos®a = a¥(a® + b®cos®acos®p - a‘cos®p
<> b* cosocos® ~ bicos®a = a*cos®acos®p - a'cos®p
¢ b cos’alcos™ -1) = a*.cos®Blecos®a - 1)
&> b*.cos®asin®p = a*cos?p.sin’a < b cosasinp = a’cosp.sina
coto.  a’

cot 3 - b

cota DB aZ
coﬁB = Bx = 7 Vay: MK = ML,

L&i giai that cong phu, ¢6 phai ching ddy 14 ddp 4n cha ki thi?

Chot t6i nghi dén mot bai toan rat quen thude véi hoe sinh 16p 8 va 16p 9 sau:

Bai todan. Cho tam gidc nhon TAB, X 14 tryc t4m clha tam gidc TAB. K, L lan lugt trén
céc doan thing AX, BX sao cho BKT = 90°, ALT = 90°. Chimng minh ring: TK = TL
L0 gidi

Goi S 1a giao diém ciia AX va TB, I 1a giao diém cia BX va TA
Ta c6: AS L TB, BI L TA |
TS M
TA TB
= TS.TB = TL.TA (1)
Ma: TK® = T3.TB (2) (AKTB vudng tai K, KS 13 dudng cao)
VaTL®= TLTA  (3) (ALTA vubng tai L, LI 1 dudng cao)
Tir (1), (2) va (3) ta c6: TK® = TL?
Vay TK = TL
Tir o1 giai bai todn cho ta mot 101 giai dep cho bai todn 1 nhu sau;
L qiti

biéu nay hién nhién dung vi:

=cosT)

V& AL L BX tai L Al c4t CD tai T.
ATAB ¢é TD, BI la hai dudng cao cit nhau tai X
= X la true tAm cia tam gidc TAB
Gol S la giao diém chia AX va TB
Tac6: AS L TB

AACB vudng tai C, CD la dudng cao
= AC® = AD.AB

Ma AC = AL (gt). Nén AL? = AD.AB
Ta cé: i—g = %(2 cos A)

=» AD.AB = ALAT

Nén: ALAT = AL®
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AAIL «» AALT (c.g.c).

Do d6: ALT = AIL = 90°

ATLA vuéng tai L, LT 1a dubng cao = TL? = TLTA
Tuong tu TK* = TS.TB.

e TS
Ma: B = — (=
a: TIT ’I‘A( cosT)

= TL.TA = TS/ TB

Do d6: TK® = TL? = TK = TL

AKMT = ALMT (canh huyén - canh géc vudng)
Po dé MK = ML. .

Bai todn 2. Cho tam gidc nhon ABC ¢6 trye tAm H. Goi M, N 14n lugt 12 chan dudng cac
vé tir B, C cha tam gidc ABC. Goi D 12 diém trén canh BC, goi o, 1a dudng trdon di qua
cdc diém C, D, M va o 12 dudng trdn di qua cdc diém B, D, N. DQ 1a dudng kinh dudng
tron oy, DP 1a dudng kinh dudng trdon .. Ching minh ring P, @, H thing hang.

(Pé thi Olympic Todn hoc qudc t&, nam 2013)

Boc xong dé bai todn 2, chot t6i nghi dén mot bai todn kha quen thudc v6i hoc sinh
16p 9 va day ciing 12 cAu ndng cao trong dé kiém tra hoc ki II, Quan 10, Tp Hé Chi
Minh, nam hoc 2012 — 2013 ‘
Trude khi gidi bai todn 2, chtng ta hay tham khéo cdu nang cao trong dé kidm tra
todn hoc ki II, Quan 10, Tp. H6 Chi Minh nam hoc 2012 — 2013 nhé!

Bai toan. Cho tam gidc ABC ¢6 ba géc nhon ngoai ti€p dudng trdon (O). Hai dudng cao
BE, CF cét nhau tai H. M 12 tdm dudng trdon ndi ti€p tam gide BEF. EF ¢t BC tai S.
SA cit dudng tron (0) tai N. Chdng minh ring: M, H, N thing hang
(Trich dé kiém tra hoc ki I1, Quan 10, Tp. H3 Chi Minh, nam hoc 2012 — 2013)

L3 gidi '

Vé dutmg kinh AK ciia dudng tron (O):

BFC = BEC = 90°
= B, F, E, C cliing thufc dudng tron tadm M dudng kinh BC

ACK = ABK = 90°
Ta ¢6: BH // KC, BK // HC
= T gidc BHCK la hinh binh hanh
Do d6: H, M, K thing hang (1)

Ching minh duge: SB.SC = SF.SE, SN.SA = SB.SC S o
~ SN.SA = SF.SE W

ASNE > ASFA (c.g.c)

= SEN = SAF

= Ti gide ANFE nsi tiép
AEH = AFH = 90°
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= T gidc AEHF ndi tiép
Ta ¢6: A, N, F, H, E cung thudc dudng tron duding kinh AH
= ANH = 90°
ANH = ANK = 90°
= N, H, K thing hang (2)
T (1) va (2) ¢6 H, M, K, N théng hang.
Vay ba diém M, H, N théng hang.
Tir bai todn trén, gitp ta c6 duge 161 gidi cda bai todn 2 nhu sau:

Lai gial
AH cdt BCtai K
Ta ¢6: AK I BC. A
Goi S (khéc D) 14 giao diém cfia hai dudng tron (wy) cé:
SDB = SMC

Xét dudng tron (ws) .céz SNA = §DB
Do d6: SMC = 8NA _
= Tt gidec ASMN ndi tiép 1y
Ma, AME = ANH (= 90°)
= T4 gidc AMHN ndi tiép
Do dé A, M, S, N, H cing nim trén mét dudng tron
= ASN = AHN.
Ma AHN = NBD.
Nén: XST\T = NBD |
Do d6: ASN + NSD = NBD + NSD = 180°
= A, S, D théng hang.
Ma ASH = AMH = 90°
= HS 1 AD

PSD = 90° (DP 1a dudng kinh ciia dudng tron (ws))
= PS L AD

QSD = 90° (DQ 1a dudng kinh cta dudng tron (w,))
= QS L AD
Do dé HS, PS, QS tring nhau.
Suy ra: P, H, S, Q thing hang.
Vay ba diém P, H, Q thing hang.
Céc ban doc ¢6 con ¥ kién gi thém nita ching?.

B
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BAIVIET 10:  PHAT HIEN VA 801 DUGNG HOC SINH GIOI TOAN TU VIEC
PHAT TRIEN CAC BAI TAP TRONG SACH GIAO KHOA
(Trich bai gidng “CHUYEN DE DAY VA HOC TOAN T.H.C.8"

Phong gido duc va dao tao, Quan 12, TP. H§ Chi Minh, ngay 05 thang 11 nim 2018)
Tt cde bai tap todn trong sédch gido khoa sau khi gitp hoc sinh tim duge 19i gidi, ti&p
tuc khai thde tim tdi d8 dén vdi cdc bai todn méi, bai todn nguge, bai todn téng quat,
bai todn hay va khé.. s& gidp khoi day tidm nang, rén luyén tu duy déc lap, linh hoat,
séng tao trong hoc Tosn cho hoc sinh. Qua d6, gidp chiing ta ph4t hién va béi dudng
hoc sinh giéi Todn. Ching t6i xin duge chia sé cing cde ban ba bai todn trong sdch
gido khoa cling v6i cdc bai todn phdt trién tif cdc bai todn nay.

Bai todn 1. Hai doan thdng AB va CD cdt nhau tai trung diém O ctia mdi doan thing.
Chitng minh réng AC // BD.
D4y 1a bai tép 41 trang 142 sdch Bai tdp Todn 7 t4p mot va cing chinh 1A bai tdp 26
trang 118 sach gido khoa Todn 7, t4p mét.

L7 gidi
Xét AOAC va AOBD c6: OA = OB (gt), OC = OD (gt), AOC = BOD (d6i dinh)_,*
Do d6: AOAC = AOBD (c.g.c) = OAC = OBD (hai géc tua'ng uing) ﬂ
Ma OAC va OBD la hai goc so le trong. A e B
Do d6: AC // BD (ddu hiéu nhén biét hai dudng thing song song) V
V& OH L AC tai H. Ta ¢ duge OH 1 BD. Cho ta bai to4n méi. D
Bai 1.1. Hai doan thdng AB v CD cét nhau tai trung diém O cia mdi dogn théng. V& OH
vubng gie véi AC tai H. Chdng minh ring OH 1 BD. . c
Nhan ra néu ACB = 90°thi DBC = 90°. , P
Tacé: AB=CD = CO= -21—AB
Cho ta bai todn khé.
Bai 1.2. Cho tam gidc ABC vudng tai A. E
M 1a trung diém cfia canh BC.
Ching minh ring AM = BZC

S
Va nhy vay, ta cling c6 bai todn nguge clia bai toan 1.2
BC

Bai 1.3. Cho tam gidc ABC, M 1A trung diém cfia canh BC va ¢6 AM = 5 Chiing minh
ring tam gidc ABC vubng tai A.
8 bai todn 1, néu cho thém diém E sao cho hai doan thing AD va BE cét nhau tai
trung diém cia mdi doan théng ta lai c6 AE = BD, AE // BD. Nhu vay: A la trung diém
cia doan thing CE. Ta ¢é bai todn méi:
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Bai 1.4. Cho tam gidc ABC. M, N ldn lugt 1a trung diém cda cdc canh AB, AC. Trén tia
d5i cta tia MC 14y diém D sao cho MD = MC. Trén tia d&i cGa tia NB (1dy diém E sao
cho NE = NB). Chttng minh ring A 13 trung diém ctia doan thiing DE
Néu P, Q lan lugt trén céc doan thing AC, BD sao cho AP = BQ thi chdng ta ciing ¢6 O
1a trung diém cda PQ. Cho ta cdc bai todn méi. . L

Bai 1.5. Hai doan théng AB va CD cit nhau tai trung diém O cda m61 doan théng Goi
P, Q Mn luot trén cdc doan thing AC, BD sao cho AP = BQ. Ching minh ring O 1A
trung diém cua doan thing PQ.

Bai 1.6. Hai doan thdng AB va CD cit nhau tai trung diém O cia mdi doan théng. P, Q
14n lugt di dong trén cdc doan thdng AC, BD sao cho AP = BQ. Ching minh réng
dutng thing PQ ludn di qua mét diém cd dinh.

Ta con ¢d bai toan khé saw
Bai 1.7. Cho tam gidc ABC. D, E lan lugt 13 trung diém ciia AB, AC. Chiing minh réng

DE = %‘3 va DE // BC.

Trén tia d6i cha tia DC 14y diém S sao cho DS = DC. Néu goi M, N lan lugt 14 trung
diém cha SA, SB. Chang ta ¢6 duge A, D, N thing hang va B, D, M thing hang.
Tiép tuc cho ching ta cdc bai todn khé sau.

Bai 1.8. Cho tam gidc ABC. D, E 14n lugt 14 trung diém cla cdc canh BC, AC. G 1a diém
n¥m trén doan thing AD sao cho AG = 2DG. Ching minh ring B, G, E théng hang.
Bai 1.9. Cho tam gidc ABC. D, E, F 14n lugt 13 trung diém ciia cdc canh BC, AC, AB.

Chiing minh riing cdc dudng thdng AD, BE, CF cing di qua mot diém.

Bai 1.10. Hay tim cdch chia mot doan thing cho truée thanh ba doan thidng bing nhau.
Ti&p tue suy nghi, tim t0i chic hén s6 cdn tim thém céc bai todn thd vi nita v néu hoc
sinh dugc hoc thém trudng hop bing nhau thi ba cha tam gidc géc ~ canh — géce (g.c.g)
chic chin 8 c6 rdt nhidu bai toan HAY VA KHO tif bai todn 1 nay.

Bai toan 2. Cho tam gidc nhon ABC, K& AH vudng géc véi BC (H e BC). Cho biét AB =
13cm, AH = 12cm, HC = 16em. Tinh d6 dai cdc doan théng AC, BC. (Bai 60, trang 133,
sdch gido khoa Todn 7, tdp mot)

AHAC vudng tai H = AC? = AH? + HC? (dinh ly Py-ta—go)

AC? = 122 + 162 = 144 + 256 = 400. Ma AC > 0 nén AC = /400 = 20 (cm)

AHAB vudng tai H = AH? + BH? = AB? (dinh 1§ Py -ta-go)

¢ 12% + BH? = 137

BH® = 13% - 12% = 169 - 144 = 25.

Ma BH > 0 nén BH = /25 =5 (cm).

Ta ¢6: BC = BH + HC = 5 + 16 = 21 (em) B - C
Tit bai todn 2 cho ta cdc bai todn méi
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Bai 2.1. Cho tam gidc nhon ABC. Ké AH vudng géc v4i BC tai H. Cho biét AB = 18 cmy
BH = 5 em, BC = 21 cm. Tinh % dai doan thing AC.

Bai 2.2. Cho tam gide nhon ABC. Ké AH vudng goc véi BC tai H. Cho biét AB = 13 cm;

| AH = 12 cm, HC = 16 cm. Tinh chu vi, dién tich tam gidec ABC.

Bai 2.3. Hiy tim mot tam gidc ABC ¢6 AH vubng géc v6i BC tai H, Ma do dai céc doan
thdng AB, AC, BC, AH, BH, CH la céc 88 nguyén xang-ti-mét.

Bai 2.4. Cho tam gidc nhon ABC. Ké AH vudng g6c v6i BC tai H, Cho biét AB = 13 cm, BH
=5 cm, HC = 16 em. V& HM vudng géc véi AC tai M. Tinh do dai doan thdng HM.

Bai 2.5. Cho tam gidc nhon ABC. V& AH vudng géc vdi BC tai H. Chdng minh ring
AB? - AC? = BH® - CH*.
Va nhu vdy, néu D e AH, D khée A, H, ta ciing ¢6 DB* - DC* = BH? - CH?. Gidp c6
bai todn:

Bai 2.6. Cho tam gide nhon ABC, vé AH vubng gée v6i BC tai H. D 13 di€m trén AH (D
khie A, H), Ching minh réng AB? - AC? = DB? - D2,
Ma BH® - CH® = (BH + CH)(BH ~ CH) = BC(BH - CH).
Gidp ¢é cdc bai todn khé sau: |

Bai 2.7. Cho tam gidc nhon ABC. K 14 diém trén canh BC sao cho:
AB? - AC? = BK? - CK?. Ching minh ring: AK vudng géc v6i BC.

Bai 2.8. Cho cdc tam gide nhon ABC, DBC, EBC sao cho: _

AB® - AC® = DB® - DC? = EB? - EC?,
~ Chiing minh ring ba diém A, D, E thdng hang.

.Béi 2.9, Cho cdc tam gidc nhon ABC, DBC, EBC sao‘pho A, D, E thing hang va

AB? - AC? = DB? - DC?. Ching minh ring: AB® - AC? = EB? - E02

Né&u BAC = 90° thi AB? + AC® = BCZ.
Do d6: 2AB® = BH? - CH® + BC? = BC(BH - CH) + BC?
| = BC(BH - CH + BC) = 2BH.BC.

Gidp cé bai todn khé.
Bai 2.10. Cho tam gidc ABC vudng tai A. V& AH vudng géc véi BC tai H. Chu‘ng minh ring: .
a) AB® = BHBC -

b) AH? = BHCH

Bai toan 3.

a) Tt mbt di€m A ndm bén ngoai dudng tron (0), ké céc
ti€p tuyén AB, AC véi dudng tron (B, C la cdc tiép
diém). Qua diém M thude cung nhd BC, k& ti&p tuyén
v6i dudng tron (0), né cit cdc ti€p tuyén AB va AC
theo thd ty & D va E. Chitng minh ring chu vi tam
gidc ADE bing 2AB.
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- (Bai 27, trang 115, s4ch gido khoa Todn 9, tdp mét)
b) Trén hinh vé, tam gidc ABC ngoai ti€p dutng tron (O).
Chiing minh ring: 2AD = AB + AC ~ BC.
- Tim cdc hé thie tuong tu nhu trén.
(Bai 81, trang 116, s4ch gido khoa Todn 9, t&p mbt)
Lo gidii

a) AB, AC 12 cdc ti€p tuyén cha dudng tron (O) = AB = AC.

DB, DM 1A céc tiép tuyén cGa dudng trdn (O) (gt) = BD = DM

EM, EC 1 cée ti&p tuy&n cla dudng tron (0) (gt) = EC = EM.

Do d6: CV (ADE) = AD + DE + AE = AD + DM + EM + AE
S = AD + BD + EC + AE = AB + AC = 2AB.

b) Theo tinh chét cha hai tiép tuyén cét nhau, ta c6: AD = AE, BD = BE, CE = CF

Dodé:AB+ACWBC=(AD+BD)+(AF+CF)—(BE%CE)
=AD + BD+ AF + CF ~-BE - CE = AD + BD + AD + CF - BD -~ CF = 2AD
Céc hé thie tuong tu: 2AF = AB + AC - BC, 2BD = AB + BC -AC,
2BE = AB + BC - AC, 2CE = AC + BC ~ AB, 2CF = AC + BC - AB
Tit bai todn (a) giap di d&n céc bai todn: ‘

Bai 3.1. Tir diém A nam bén ngoai dutng tron (O) ké cée tiép tuyén AB, AC véi dudng
tron (B, C 1a cac ti€p didm). M 1a diém di d_éng trén cung nhé BC, ké tiép tuyén véi
dudng tron (O), né cit cde tidp tuydn AB va AC theo thd ty § D va E. Chdng minh
réng géc DOE ¢6 s6 do khong ddi, chu vi tam gidec ADE khong d6i.

Bai 3.2. Cho géc vudng xAy, dudng tron (O) ti€p xic v6i hai canh Ax, Ay tai B, C. Mot
ti&p tuyén cha dudng tron (0) tai M cit Ax, Ay lan lugt tai D, E. Ching minh réng:
gAB < DE < AB.

Bai 8.3. Tu diém A nim bén ngoai dudng trdon (0) ké cdc tiép tuydn AB, AC v6i dudng
tron (B, C 1a cdc ti€p diém). Qua diém M thudc cung nhd BC, ké ti€p tuyén v6i dudng

" tron (O), n6 cit cdc ti€p tuyén AB va AC theo thd tu & D va E. Ching minh riing:

ME < AD, MD < AE. '

Bai 3.4. Cho géc xAy khéc géc bet, hai diém D, E lan lugt di dong trén céc tia Ax, Ay sao

_cho chu vi tam gide ADE khong déi. Ching minh ring DE ludn ti€p xic véi mot dudng

tron cd dinh.

Ta nhén ra ring tam gidc ADE ¢6 DAE = 00° thi DE? = AD? + AR? v SapE = ADQAE

Do d6: t = AD + AE + DE = AD + AE + VAD? + AE®
> 2JAD.AE + V2AD.AE = 228,55 + 2/Saps

Gitp c6 bai todn kha:
Bai 3.5. Cho dudng tron (O; R), di€m A sao cho OA = R/2 . V& cde tiép _tuy@'n AB, AC vai
dubng tron (B, C 13 cée tiép diém). Qua M 1a diém di dong trén cung nhd BC, ké ti€p
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. tuyén véi dudng trdn (Q); né cit cdc tifp tuyén AB, AC theo thit ty & D, E. Xdc dinh vi
tri cia diém M d€ dién tich tam gidc ADE 16n nh4t,
Tit bai todn (b) gidp dén céc bai todn:

Bai 8.8. Cho tam gidc ABC vudng tai A, néi ti€p dudng trdn (O; R) vA ngoai tiép dudng
tron (I; r). Ching minh ring AB+ AC=2 (R + 1)

Bai 3.7. Cho tam gidc ABC, AM 1a dudng trung tuyén. Pudng tron (O;) ndi ti€p tam gide
ABM ti8p xdc v6i AM tai I, dudng trdn (O;) ndi tiép tam gide ACM tlep xde véi AM tai
K. Ching minh réng |AB - AC| = 2IK

Bai 3.8. Cho tam gidc ABC. M 14 di€m trén canh BC sao cho AB ~ AC = BM ~ CM. Chfrn%
minh ring hai dudng tron ndi tidp hai tam gidc ABM, ACM ti€p xide nhau.
' AB + BC - AC AC+BC - AB
2 ' 2
_ BC? - AB® - AC? N AB.AC
4 2
Bai 3.9. Cho dudng tron (O) ndi tiép tam gidc vubng ABC (K' = 900), (O) tiép xic véi BC

Ta con.nhén ra;: BECE =

. Gitp dén véi cdc bai todn.

tai E. Ching minh rang: S,pc = BECE.

Bai 3.10. Butng tron (O) ndi tiép tam gidc ABC $iép xdc v6i cdc canh BC tai-E. Tinh s6
do géc A, biét AB.AC = 2BE.CE.
Ta con cé: ' |

Bai 8.11. Cho tam gidc ABC vudng tai A, dudng cao AH. Goi (O; r); (04, 19); (Os, Ry) theo
thit ty 14 cdc dudng tron ndi tiép cac tam gidc ABC, ABH, ACH. Chiing minh ring: r +
ry+ ro = AH. _ _

Bai 3.12. Cho tam gide ABC vudng tai A, ngoai ti€p dudng tron tdm I, G 13 trong tdm cda
tam gide ABC. Bigt AB = 9 cm, AC = 12 em. Tinh d6 dai IG.

Bai 8.18. Pudng trdn ndi tiép tam gidc ABC (BC > AB) tifp xiic v6i cdc canh AB, AC ldn lugt

~ tai D, B. Goi M, N l4n luot 13 trung di€m céc doan thing BC, CA va F 1 giao diém ctia DE
va MN. Chiing minh réng F ndm trén dudng phéan gidc cia géc ABC.

(D& thi chon hoc sinh g101 Toain 16p 9, Quén 1, TP. H6 Chi Minh, nim hoc 2012 - 2013)

Bai 3.14.

a) Cho gée vudng xAy va dudng tron € tam O ti€p xdc véi Ax v Ay 14n luot tai P va Q.
d 1a mét ti€p tuyén thay d6i cha € Goi a, p, q l4n lugt 1a khoang céch tit A, P, Q dén
dutng thing d. Ching minh ring khi d thay d8i, ti s§ mg-%— khong d6i.

b) Khang dmh trén con ding khong néu géc xAy khong phai 13 géc vuéng? Vi sao?

(Dé thi tuyen sinh vao 16p 10 chuyén Todn, trudng Phd thong nang khigu PHQG TP.
Hé Chi Minh, nam hoc 2000-2001)

Bai 3.15. Cho tam gidc ABC. Pudng trdn ndi tiép tam gide ABC c6 tam I, tidp xdc v6i BC

tai D. Pudng tron bang ti€p géc A clia tam gide ABC c6 tam J, ti€p xdc v6i BC tai E.

a) Goi F la giao diém clia AE va DI. Chitng minh ring F thude dudng tron (I).
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b) Goi M 12 trung diém ctia BC. Ching minh réng dudng thdng MI ludn di qua trung diém
ciia AD. -
(Dé thi tuyén sinh vao 1¢p 10 chuyén Todn, trudng Pai hoc su pham TP. Ho Chi Minh,
nam hoc 2012 - 2013).
LOIGIAI CAC BAI TAP

Bai 1.1. Xét AOAC va AOBD c6:
OA = OB (O la trung diém clia AB), OC = OD (O la trung diém cta CD)

AOC = BOD (d6i dinh). Do d6: AOAC = AOBD (c.g.c) C
= OAC = OBD (hai g6 tuong dng). % |
D

Ma OAC va OBD so le trong.

Ta c6: AC // BD. Mt khac: OH L AC (gt)

Vay: OH L BD.

. Bai 1.2. Trén tia d6i cla tia MA 14y diém D sao cho MD = MA.
Xét AMAB va AMDC ¢6: MA = MD, MB = MC (M 12 trung diém cha BC),
AMB = CMD (ddi dinh).

Do d6: AMAB = AMDC (c.g.c) = AB = CD (hai canh tuong tng)

Va MAB = MDC (Hai gée tuong Ung)
Ta c6: MAB va MDC so le trong va MAB = MDC = AB // CD.
Ma: AB L AC (BAC = 90°). Nén CD L AC = DCA = 90°

Xét AABC va ACDA c6: AB = CD, AC (canh chung),
BAC = DCA (= 90°). Do d6: AABC = ACDA (g.c.g) = BC = AD

Ma: AM = -“;—D (MD = MA).

Vay: AM = %

Bai 1.3. Trén tia d6i cta tia MA 18y diém D sao cho MD = MA.
Xét AMAB va AMDC ¢6: MA = MD, MB = MC (M 13 trung diém ctia BC)
AMB = DMC (d6i dinh). Do d6: AMAB = AMDC (c.g.c) = MAB = MDC.
Ma: m va MDC so le trong. Do dé: AB // CD (ddu hiéu nhdn biét hai dudng thing

song song) — BAC + DCA = 180°.

Tacs: AM = ZBC (gt), AM - ZAD = BC = 4D,

Xét AABC v ACDA ¢6: AB = CD (AABC = ACDA), BC = AD, AC (canh chung).
Do d6: AABC = ACDA (c.g.c) = BAC = DCA.

Ta c6: BAC + BAC = 180° = BAC = 90°

Viy: Tam giac ABC vubng tai A.
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Bai 1.4. Xét AMAD va AMBC ¢6 MA = MB (M 14 trung diém cGa AB), MD = MC (gt)
AMD = BMC (d8i dinh). Do dé: AMAD = AMBC (c g.c)
= MAD = MBC AD = BC.

e e D - E
Ta c6: MAD va MBC sole trong, MAD = MRBC.
Do d6: AD // BC \M
Ching minh tuong ty, ciing c6 ANAE = ANCB (c.g.c) C

= NAE = NCB va AE = BC. B

Tacé:mmﬁgﬁsoietrongvammmmAE//BC. _

Ta ¢6: AD // BC; AE / BC nén theo tién dé O-Clit: AD, AE trung nhau.

Do d6: D, A, E thdng hang, Ma: AD = AE (= BC)

Vay: A 12 trung diém cha doan théng DE.
Bai 1.5. Xét AOAC va AOBD c6: OA = OB (O 14 trung diém cda AB),

OC = OD (O 1a trung diém ctia CD), AOC = BOD (d6i dinh),

Do d6: AOAC = AOBD (c.g.c) = OAC = OBD. /7

Xét AOAP va AOBP c6: OA = OB, AP = BQ,

OAP = OBQ (chitng minh trén) y

Do dé: AOAP = AOBQ (c.g.c) = OP = 0Q , AOP = BOQ.

Ta c6: AOQ + AOP = AOQ + BOQ = 180° (vi A, O, B thing hang)

Do dé: P, O, Q thing hang.

Ta ¢6: OP = 0Q; O, P, Q thing hang. Vay: O Ié trung dlem cGa doan thing PQ
Bai 1.6. Gidi nhu bai 1.5. Ta ¢6: P, O, Q thidng hang. Ma O c¢6 dinh.

Vay: duong thdng PQ ludn di qua mét didm ¢ dinh. |
Bai 1.7. Trén tia d6i cda tia ED 14y S sao cho ES = ED. /\

Xét ABEAD va AECS ¢6: EA = EC (E 1a trung diém ciia AC)
ED = ES, AED = CES (déi dxnh).

Do d6: AEAD =AECS (c.g.c) = AD = CS, ADE = CSE.
Tacé'Awf)-f}m(_}‘S-E mvé(ﬁsoletrong, ' B
Do dé: AD // CS = BDC = SCD

Xét ADCB va ACDS c¢6: BD = CS (= AD), CD (canh chung), BDC = §CD (emt)

Do d6: ADCB = ACDS (c.g.c} = BC = DS, DCB = CDS.

Ta c6: DE = Z°(ES = ED), BC = DS. Do d6: DE = =

Ta c6: DCB = @ﬁé, DCB va CDS so le trong,
Do d6: DE /# BC (d4u hiéu nhéan biét hai dudng thing song song)

Bai 1.8. Trén tia 481 cta tia DA 14y M sao cho DM = DG, trén tia d6i cta tia EG ldy diém
N sao cho EN = EG.
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Xét ADGB va ADMC c6;
DG = DM, DB = DC (D 14 trung diém ctia BC), GDB = MDC (d6i dinh).
Do d6: ADGB = ADMC (c.g.c)
#fﬁ’;@ = DCM (hai géc tuong Ung)
Ta ¢6: DBG = DCM, DBG va DCMso le trong.
Do d46: BG // MC (1)

Tuong tu: AEGA = AENC (c.g.c) = AG = CN, EGA = ENC A
Ta c6: EGA = ENC, EGA va ENCso le trong. Do d6: AG // CN. N
Ta c6: AG = 2DG; DG = DM. Nén AG=GM -
Xét AGON va ACGM c6: GM = CON (= AG), OG (canh chung), 5 c
GCN = CGM (so le trong vd AG // CN), D

: M

Do d6: AGCN = ACGM (c.g.c) = CGN = GCM.
Ma CGN va GCM so le trong nén GN // MC (2)
Tir (1) va (2), theo tién dé J-clft, ta ¢6: BG, GN tring nhau

A
Vay: Ba diém B, G, E thing hang.
Bai 1.9. Goi G 12 diém trén doan thing AD sao cho AG = 2GD. F
Theo bai toan 1.8 ta ¢6: B, G, E théng hang va C, G, F thing hang.
Vay: céc dudng thing AD, BE, CF cung di qua diém G. B = .C

Bai 1.10.
- Dung dudng thing d qua B, d khong qua A.
Dung C, D trén d sao cho B 14 trung diém cda CD.
Dung trung di€m E cta doan thing AC.
Dung G la giac diém ctia DE va AC.
Trén tia GA dung di€m F sao cho GF = GB.
Tl cdc bai todn 1.8 va 1.9, ta ¢6: AF = GF = GB
Bai 2.1. AHAB vudng tai H = AH® + BH® = AB?(dinh 1y Py-ta-go)

= AH? + 5% = 13% = AH? = 13% - 5% = 144.
BH + HC = BC. Nén HC = 21 - 5 = 16.
AHAC vubng tai H > AC? = AH? + HC? (dinh Iy Py-ta-go) B

< AC? =127 + 167 = 144 + 256 = 400, AC > 0.

H

Vay: AC = V400 = 20 (cm)
Bai 2.2, Ttr bai todn 2, ta ¢6;: AC = 20 cm, BC = 21 em. :
Do d6: CV (ABC) = AB + AC + BC = 13 + 20 + 21 = 54 {cm)
1 B

Sano = 3 AHBC = %.12.21 = 126(cm?)

A
: C
H
A
. C
H
Bai 2.8. Tir bai todn 2, ta c6: AABC nhon, AH vudng gée véi BC tai H, ¢6: BH = 5 em, HC
= 16 ¢cm, AH = 12 em 58 ¢6 AB = 13 cm, AC = 20 cm.
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Bai 2.4. AHAB vudng tai H => AH® + BH? = AB*? (dinh Iy Py-ta-go)

< AH? + 5% = 182 « AH? = 13% - 5% = 169 - 25 = 144 A
AHAC vubng tai H = AC? = AH? + HC? (dinh 1y Py-ta-go) ' M
= AC? = 144 + 16 = 144 + 256 = 400.
B H C

Ma AC > 0 nén AC = 400 = 20

AHAC vubng tai H. Do d6: Sy = -;-AH.HC VA Sypo = %HM.AC

Ta c6: HM.AC = AH.HC « HM. 20 = 12.16 = HM = 9,6 (cm)
Bai 2.5. AHAB vudng tai H = AB? = AH* + BH?(dinh ly Py-ta—go)

A
AHAC vudng tai- H = AC® = AH? + CHZ(dinh ly Py—ta-go)
Do dé: AB? — AC? = (AH2 + BH2) - (AH2 + CHE)
B : C
H

= AH? + BH? - AH? -~ CH? = BH? ~ CcH?

Bai 2.6. T haj todn 2.5, ta cé: R
AB? - AC® = BH? - CH? (1) b
Tuong ty, cling cb:
DB? - DC? = BH® - CH? (2)
Tir (1) va (2), ta c6: AB® - AC? = DB? - DC? B C

Bai 2.7. V& AH |. BC tai H. Tir bai todn 2.5 ¢6: AB® — AC? = BH? - CHZ

Ma: AB* — AC? = BK? - CK? (gt). Do d6; BH? - CH? = BK? - CK?
(BH + CH)(BH - CH) = (BK + CK)(BK - CK)
= BC(BH - CH) = BC(BK - CK) =» BH - CH = BK - CK
Ma:BH + CH=BK + CK(= BC)nén BH = BK = H=K.
%

Vay: AK vudng géc véi BC.

Bai 2.8. V& AA’ 1 BC tai A. Theo bai todn 2.5, ta c6:
AB? - AC? = A'B? ~ A'C*. Ma AB? - AC? = DB? - DC?
Nén: DB® - DC? = AB? - A'C2.

Theo bai toan 2.7, ta c6: DA’ 1 BC tai A’ /
Tuong ty, EB® - EC? = AB® - A'C*(= AB?® - AC?) \
nén EA’ 1. BC tai A’
Do dé: cde dudng thdng AA’, DA’, EA’ tring nhau.
Viy: ba diém A, D, E thing hang. / x
Bai 2.9. Ta c6: AB® - AC? = DB® - DC? (gt) B
Theo bai todn 2.9 ta ¢6: AD L BC. MA E e AD. /
Theo bai todn 2.6, ta ¢6: AB® - AC?* = EB? - EC? B
Bai 2.10.
a) V& AH L BC tai H. Theo bai todn 2.5, ta c6: AB® - AC® = BH? - CH”.
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Ma: AABC vudng tai A (gt) = AB? + AC? = BC*(dinh 1y Py-ta—go)
Do dé: AB* — AC? + AB® + AC? = BH? - CH? + BC? A

= 2AB? = (BH + CH)(BH ~ CH) + BC?

= 2AB? = BC(BH - CH) + BC?

= 2AB? = BC(BH ~ CH + BC) B H ¢
= 2AB® = 2BHBC = AB? = BH.BC

b} Theo (a), ta c6: AB* = BH.BC. _
AHAB vubng tai H = AB? = AH? + BHZ(dinh Iy Py-ta-go)
Do d6: AH? + BH? = BHBC= AH? = BHBC - BH? |
= AH® = BH(BC - BH)

Vay: AH? = BH.CH |
Bai 3.1. Theo bai todn (3a), ta c6: CV (ADE) = 2AB khéng déi.
Bai 3.2.

AADE vudng tai A (gt) = DE > AD, DE > AE

Xét AADE c6 DE < AD + AE (B4t ddng thdc tam gidc)

Theo bai todn 3a, ta c6: CV (ADE) = 2AB.

Do d4: 2AB = AD + AE + DE < DE + DE + DE = 3DE C
E

. —g-AB <DE (1)

Va: 2AB = AD + AE + DE < DE + DE = 2DE A
= AB > DE  (2)

Tit (1) v (2) ta c6: gAB < DE < AB

Bai 3.3. Theo bai todn 3.2, ta c6: DE < AB
= DM + ME < BD + AD. Ma: DM = BD.
Vay: ME < AD
Ta c6: AB = AC, DE < AB
Do dé: DE < AC = MD + EM < AE + CE
Ma: EM = CE. Vay: MD < AE

Bai 3.4. Dyng dudng tron (I) bang ti€p trong géc A cla tam
gisge ADE. Pudng tron (I) tiép xdc v6i cdc tia Ax, Ay l4n

- luot tai B, C. o
Theo bai to4n 3a, ta c6: 2AB = 2AC = CV (ADE), khong 46i
= AB, AC khéng d8i = B, C cd dinh.

I 14 giao diém chia tia phan gidc géc xAy va dudng thing
vubng gée véi AB tai B. Nén dudng tron (I) ¢f dinh.
Vay: DE tiép xdc v6i dudig trdon ¢d dinh (1, IB)
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Bai 3.5. AABO vudng tai B = AB? + OB® = OA? (dinh Iy Py-ta-go)
Nén AB? + R? = 2R*. AB? = R?, AB > 0. Vay: AB = R. A D B
Theo bai todn 3, ta ¢6: AD + AE + DE = 2AB = 2R. '
Ta c6: AABO vubdng cén tai B = BAO = 45°.
Tuong tu: CAO = 45°nén BAC = 90° C

AADE vubng tai A = S,pp = %AD.AE

M y

va AD? + AE® = DE® (dinh 1y Py-ta—go)
Ap dung bt ddng thire AM — GM cho hai 88 duong, ta c6:
2R = AD + AE + DE :AD+AE*%VAD2+AIEE?,2\/AD.AE+\/2AD.AE

= 23,08 + 2J550s = 2(V2 + 1)

2
2R (3 2\/~)R‘°‘ Dau “= ”xéyra@AI):AE::(Z—\/:‘Z-)R‘
2(\/5 + 1)

< M la giao diém cia tia OA va dudng tron (O).

Vay: khi M 1a giao diém clia tia OA va duting tron (0) thi dién tich tam gidc ADE 16n nhdt.
Bai 3 6. Dudng tron (1) tiép xdc v6i ABtai D. Tac6: ID L ABvA ID = 1.

Ma: AT 14 tia phan gisc BAC: DAI = %9- - 450

Do d4: SADE < {

ADAT vubng tai D, DAT = 45°.
Do d6: AD = ID.cot DAI = r.tan45° = r
Theo bai todn 8b, ta ¢6: 2AD = AB + AC - BC
Mat khac: BC = 2R (AABC vudng tai A, ndi tiép dudng tron (O; R)
Tacé:2r=AB + AC- 2R = AB + AC = 2R + 2r
Viy: AB+ AC=2(R + )

Bai 3.7, Ta c6: BM = MC
Theo bai todn 3b, ta co: 2AI = AB + AM - BM,
2AK = AC + AM - CM
Do dé: 2IK = 2|AI - AK| = |AB - AC|

Bai 3.8. Goi tiép diém cda dudng tron ndi tiép

tam gidc ABM v6i AM la I, ti€p didm cha dudng o
tron ndi tiép tam giac ACM véi AM 1a K,
Theo bai 3b, ta c6: 2A] = AB + AM - BM,
2AK = AC + AM ~ CM
Do dé: 2IK = 2|Al - AK| = 2|AB - BM - AC + CM| " K
= 2{(AB - AC) - (BM'- CM)| = 0 B v C

(vi AB ~ AC = BM - CM) _
= 1=K Do viy: hai dudng trdn ndi ti€p hai tam gidc ABM, ACM ti€p xiic nhau.
437



Bai 3.9. Theo bai todn 3b, ta c¢é6: 2BE = AB + BC - AC, 2CE = AC + BC ~ AB
Do dé6: 4BE.CE = {AB + BC - AC) (AC + BC - AB) '

= BC? - (AB ~ AC)® = BC? ~ AB? - AC® + 2AB.AC A
AABC vudng tai A nén AB? + AC? = BC? (dinh ly Py-ta—go)
Va S,z = + ABAC
2 ‘ B C
Do d6: 4BECE = 4S,3.. VAy: Supc = BECE E

Bai 8.10. Tit bai toan 3.9, ta c6: |
4BECE = BC? — AB? - AC? + 2AB.AC. Ma: AB.AC = 2BE.CE.
Do d6: 2AB.AC = BC? - AB? - AC? + 2ABAC = AB? + AC? = B(?
= Tam gidc ABC vubng tai A (dinh Iy Py-ta—go dio).
Vay: BAC = 90°
Bai 8.11. Theo bai todn 3.6, ta ¢6: AB + AC - BC = 2r,
AH + BH - AB = 2r;, AH + CH - AC = 2r,,
Ma: BH + CH = BC. Do d6, ta c6: 2AH = 2r + 2r, + 2r, By ¢
Viay:r+r; +rs = AH. : ‘
Bai 3.12. AABC vudng tai A = BC? = AB? + AC? (dinh ly Py-ta—go)
BC? = 9% 4+ 12% = 81 + 144 = 225, BC> 0
Nén BC = /225 = 15 (cm).

A

Theo bai todn 3b, ta ¢6: 2BD = AB + BC - AC. A
Do dé: 2BD =9 + 15 - 12 = 12 = BD = 6. |
Goi M 1a giao diém cGia BG va AC, D N

N 1a giao diém cta B va AC,
AABM c6: B2 - _B_(_}_(; EJ
AB  BM 3

= DG // AM (dinh 1y Ta-16t d3o)
Ma: ID L AB, AC 1L AB = ID // AC. Dodé-ID'Gthénghang.
IDzAD=AB+P;C~BCmQ+1§—15W3AM —AC_G
D& BG h) s Eci:?-:»DGM;ID'H:G:I)G.Dodé:3+1G=4.
AM BM 6 3 -
Viy: IG = 1 cm.

Balea.BétBCua AC =b, AB =c¢.
Ta ¢6: AD = AE, BD = BT, CT = CE (T la tiép diém ctia (O) va BC).
Dods: AE = 22 C- 28 pN - AN-AE=-D.b*c-2 _a-c

2 _ 2 2 2

MN 12 dudng trung binh clia tam gidc ABC = MN // AB
=> NFE = ADE, ADE = AED = NEF. Nén NFE = NEF
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2 .

— ANEF can tai N. Do d6: NF = NE = &

a—«C

MF = MN + NF = < 4 ZE;MF=BM(“EJ
: 2 2 2

= ABMF cén tai M = MBF = MFB.

Ma ABF = MFB (so le trong va MF / AB)

Do vay: MBF = ABF

=> BF la tia phén gidc cia géc ABC.

Vay: F ndim trén dudng phan gidc clia géc ABC.
Bai 3.14. a) Goi M 12 tiép didm cta d véi (O).

Goi A, P’, @ 14n lugt 12 hinh chi&u cda A, P, Q trén dudng thing d.

Ta c6: cdc dudng thing AA’, PP, QQ’ song song véi nhau. y

Theo bai todn 3b, ta c6: 2BP = AB + BC - AC C

va 2CQ = AC + BC - AB '

:)szABfB_C‘-AC véCQuAC+BC_AB_ o

' AA' AB - '
Xét AAAB 6 PP’ // AN = — = — . . g
c ~ PP~ BP Q9 P

AA  AC '

Xét AAACc6 QU AN = — = — A . B X
aq " cQ - P

2
Dodé&_& AB AC __ 2’ _ ABAC

PP QQ BP CQ  paq BPCQ
AB + BC - AC AC + BC - AB _ BC? - (AB - AC)’
2 ' 2 o 4

BC? - AB? - AC® + 2ABAC  ABAC

- ; == (Vi AB® + AC® = BC’ (AABC ¢6 A = 90"))

(*)

Ma: BPCQ =

2
Tir (+), ta c6: —— khong déi.
, p.g a

b) « Xét xAy < 90°. Dt %Ay = A, khong déi.
V& CH L AB tai H. Ta ¢6: AH = AC.cos A, CH = AC.sin A
Do d6: BH = AB - AH = AB - AC cos A.
ABCH vudng tai H = BC*? = BH2 + CH? {&mh ly Py-ta—go)
Nén BC? = (AB - ACcos A)® + (ACsin A)’

BC? = AB? - 2ABACcos A + AC%.cos? A + AC?sin? A
BC? = AB® - AC?(cos® A + sin® A) - 2AB.ACcos A

BC? = AB® - AC? — 2AB.ACcos A = BC? -~ AB? -~ AC? = -2ABACcosA

BC® - AB® - AC® + 2ABAC . a° _ ABAC
4 pq BPCQ

Vi vay: Tit cdu (a), cho ta BP.CQ =
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a® | 4AB.AC 2
Do dé: — = =
pq —2ABAC.cos A + 2ABAC 1 -cosA

Xét xAy > 90°. Pat xAy = A, khéng déi.

Ve CH L AB tai H. Khi d6: H n3m giita A, B.

Tuong tuf trén ¢6 AH = AC.cos HAC, CH = AC.sin HAC

va BH = AB + AH = AB + AC.cos HAC
a’ 2 2

Nén: — = = —— khéng d8i.
pa  1+cosHAC 1. cos(180° - BAC)

khéng d6i.

Vay: khdng dinh & trén con ding néu gée xAy khong phai Ia géc vubng.

Bai 8.15. a) Ta c6: A, I, J thing hang; (I) ti€p xtc v6i AC tai T,

b) Theo bai todn 3b, ta c6: 2BD = AB + BC - AC

ti€p xiic v6i AB tai S va (J) tifp xtc véi AC tai L.

Tact: IT L AC,JL L AC = IT/ JL.
AAJL o6 TT /1 JL = 2L _ IF

AJ JL
Tacé: ID L BC,JE L BC = ID / JL.

AT IE
AAJE cé IF // JE —— e L=JE (=
AJE ¢ :>AJ 7 = dJ {(=R)
Dod6:IT=IF =F & (.

Mit khac: 2CE = 2CL = 2 (AL - AC) = 2AL - 2AC
= AB + BC + AC -~ 2AC = AB + BC - AC
Do d6: 2BD = 2CE = BD = CE. Vay: MD = ME.,
Ta ¢6: MI la dudng trung binh ctia tam gidc DFE
= MI / AE
AADE ¢6 MD = ME, MI / ME = MI di qua trung diém ctia AD.

BAI VIET 11: GIAI BAI TOAN TRONG Ki THI CHON HOC SINH GIO! TOAN
T.H.P.T QUOC GIA, NAM HOC 2012- 2013 BANG KIEN THUC T.H.C.S

Trén tap chi Todn hoc va tudi tré thdng 11 nim 2013 s& 437 tién si NGUYEN MINH
HA da gidi bai todn 6b trong ki thi chon hoc sinh giSi todn T.H.P.T qudc gia nam hoc
2012 ~ 2013 bang kién thie T.H.P.T. Bai viét nay ching t6i xin duge 48 xudt céch giai
khac, chi biing kién thie T.H.C.S
PE TOAN
Cho tam gide nhon ABC ngi ti€p dutng tron (0) va D 1a mét dim thude cung BC
khong chita A clia (O). Budng thdng bét ki A di qua tryc tdm H cha tam gide ABC theo
thit tu cit dudng tron ngoai ti€p cdc tam gide ABH, ACH tai M, N (khac H)

a) Hay xéc dinh vi tri clia A sao cho tam gide AMN c6 dién tich 16n nhé4t.
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b} Ki hidu d; 12 dudng thdng di qua M va vudng géc véi BD, d, 14 dudng thing di qua N
va vudng gée véi DC. Chdng minh riing giao diém cla d; va d; ludén chay trén mot
duding tron e dinh,

. L3 gidi |

a) Goi 0y, Oz 14n lugt 12 tAm dudng tron ngoali ti€p cdc tam gidc ABH, ACH
Tacé:@:@,Aﬁ:m:QOOmm,m%m
Do d6 AMH = ANH va MAN = 2BAC
AAMN can tai A, MAN = 2BAC khéng déi
Do d6 Saun 16n nhét
& AM 16n nhit
< AM 1a dutng kinh cda dutng tron (Oy)
e AHM = 90° .

Vay khi A vudng goc v6i AH tai H thi
tam gidc AMN c6 dién tich 16n nhét

b) Vi d; L BD, d; L DC (gt}
= MPN + BDC = 180°
Do d6 MPN = BAC < 90°
Nén tAm cia dudng tron (PMN) va P cling
n&m trén nira mat phing bd chia MN .

M2 A la giao difm clia dudng trung truc cha MN va 'cung chda géc c6 s6 do
a = 2BAC = 2MPN _, .

Do vy A la tam dudng trdn ngoai ti€p tam gidc PMN = AM = AN = AP

Goi t 13 dudng thing qua A va song song v6i BD. Ta ¢6 t ¢§ dinh. BD L MP (gt)

Nén t . MP. Ta ¢6 M va P d6i xdng qua t

Goi O3 1a diém d6i xdng cia Oy qua t.

Ta 6 Oz ¢§ dinh va OzP= O:M = Ry, khong d6i

Do dé P chay trén dudng tron ¢& dinh tdm Oy, ban kinh biing bén kinh cta dudng tron
ngoal tiép tam g*iéc ABH

Loi gidi trén ¢6 cidn b8 sung gi thém nita khong?

BAIVIET12:  BAI TOAN CHUNG MINH BA SO LA SO PO CAC CANH

CUA MOT TAM GIAC
Cédc bai todn va dac biét 1a cdc bai todn bdt ding thic vé& do dai cdc canh clia mot tam
gidc rdt da dang va phong phd. Tim kiém cde bai todn ching minh ba s6 a, b, ¢ théa
man cdc diéu kién cho trude trd thanh s§ do cde canh cha mét tam gide nhim bd sung
thém céc bai todn vé tam gidc thit su b8 ich. Bai viét nay ching tbéi xin duge giéi
thidu cung céc ban doc mot s6 bai todn dang nay.
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Bai toan 1: Cho a, b, ¢ 1a d9 dai c4c canh clia mdt tam gide. Ching minh ring céc bd ba
sau la 8§ do cdc canh clia moét tam gide:

a) 1 , 1 , 1
a+b b+ec ec+a
by %a, ¥, %  (meNnz2)
Lt giai
1 1 1 1 _ 2 2 1

+ > + = — >
a+b b+ec a+b+c a+b+c (a+c)+b a+c+a+c a+c

b)Tacé:b+c>a<:>P-+E->1
a a

Khong mét tinh t8ng quét, gid sfa>b 2 ¢

Nén %Ya > ¥b > %c

Ta06:0<~k351,0<
‘ a

1

|

Dodé:r\x[§+x\1/§?_}3+«g>1:>£‘[g+%>%
a a a a

a .  en o 1 1
* Nhin xét: Tu trén ta cdn cé:

1 .
: , , 12 s6 do ba canh clia
Ya + ¥ Wb + Yo Yo +a

mot tam gidc
Bai todn 2: Cho tam gidc ABC, cdc dudng trung tuyén AA', BB', CC' cit nhau tai G. Dat

GA=x,GB=y,GC=2 AA =m, BB =n,CC' =p

Chitng minh ring céc bd ba sau la 48 dai cde canh clia mot tam gidc
alrx,y, z
b} m, n, p

Lt gidi

Goi D 12 diém d5i xing cta G qua A" Tac6: GA=GD A

T gide BGCD 14 hinh binh hainh = GB = CD -

AGCD ¢6: CD + GC > GD

Do d6: GB + GC » GA

y+z>%

Su ra'§ +§z>-3-x
I gy rgr g

Nénn+p>m “

* Nhén xét: Tt bai todn 1, ta cbn ¢6 céc b sau cling 14 d§ dai cac canh clia mdt tam gide
1 1 1

X+y v+z z4+x

b) Yx, tfy, ¥z t22,t e N)

0 1 1 1
Y+ iy " 4y + Vo' Y2+ Yx

a)

(t=22,te N)
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d) m, n, p

e) ¥m, ¥, tp te N,t22)

1 !  teN,t22

ﬂ H ¥
Ym+¥n” Yo+ 4p’ 4o + Ym y .
Bai toan 3. Cho tam gidc nhon ABC. Chéng minh ring cdc bo ba sau la s§ do cée canh

cta mot tam gidc
a) sinA, sinB, sinC
b) asinA, bsinB, csinC
¢) acosA, beosB, ceosC
” Lad gidi |
a} AD, BE, CF 14 cde dudng cao cdt nhau tai H cia tam gidc ABC.
BE = AbsinA, BE = BesinC 5
Nén AbsinA = BesinC

K
Tuong ty AbsinB = AcsinC
Ta c6: ‘a = _b = _c
sinA sinB sinC
a b+c

sin A - sinB + sinC
AABC ¢6 a < b + ¢. Do d6 sinA < sinB + sinC .
b) Vé dudng kinh BK cha dudng tron (O; R) ngoai tiép tam giéc ABC. Ta c6: BCK = 90°,

BKC = BAC
2

a = BC = BKsinBKC = 2R.sinA = asin A = 2%

b2 c2
Tueng ty bsinB = —, ¢sinC = ——
2R 2R
Ma BC® = BF? + CF? < AB? + AC®
Nén a* < b? + ¢2
Do 46 asinA < bsinB + ¢sinC

EF AE
AAEF «» AABC (c.g. —_— W r— A
c) {c.g.c) = BC = AB cos

Nén EF = acosA.
Tuong tu DF = beosB, DE = cecosC
Bai todn 4. Cho tam gidc nhon ABC. M 14 diém n3m trong tam gidc ABC. Chdng minh
rang b ba sau 1A s do ba canh cGa mdt tam gidc: A
MAsinA, MBsinB, McsinC

Ldi gidi B
VeEMD L BCtai D, ME Lt ACtai E, MF L AB tai F K
Ta ¢6: EF = MAsinA, DF = MBsinB, DE = MCsinC %
EF, DF, DE 1a céc canh cia tam gidc DEF. 5 D o
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Bai toan 5. Cho a, b, ¢ > 0 thdéa man:
ab — ¢)* + b(c ~ a)* + c{a — b)® + 4abc > a® + b® + ¢°
Ching minh réng: a, b, ¢ 14 d dai cdc canh chia mdt tam gidce,
L gidi

a(b - ¢)® + ble -~ a)? + cla — b)* + dabe > a® + b® + c°
wab-c¢?-a%+blc-2a® -b® +ca-b)? +4abec-c® >0
=4 a[(b— c)? - azj+ b[(c - a)? - b2]+c£(a— b)? + 4a‘nmcz]> 0
sab-c+a)db—c—a)+blc~a+blc—a~b)+clia+bP-ci>0
sab-c+alb-—c-—a)+blc~a+blc-a~b)+cla+b+ca+b+ec)>0
<:>(a+b——c)[a(b—c—a)-b(c—_-a-&«’b)-&-c(é-i—b-i-g)]>0
es@+b-cfab-c-a)-bb-c-a+2) +ca+b+c)>0
s{a+b-clalb~c~a)~bb-c-a)~2bc+cla+b+c)]>0
sla+b-cllb-c~ala-b)+c(-2b+a+b+¢)]>0 '
@@+b-cfb-c—-ala~b)+ce(-b+a+c)]>0
efa+b-c)-b+a+c-a+b+c)>0
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