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Chiomg I
MOT SO NOI DUNG CO BAN VE SO HOC

I.1. TINH CHIA HET VA SO NGUYEN 16
L1 NHUNG KIEN THUC CAN NHO
1.1.1.1. Pinh nghia uéc s& va bdi s&
Cho a, b li cic 56 nguyén, b # 0, ¢6 thé chimg minh duoc 16n tai duy nhat cac
0 q. r sao cho
a=bq+r:0<r< bl
Ta néi rang a chia cho b duge q dur.
S6 du r luén 1a khong am.
e Néur =0 tanéi:achia hét cho b hoac b chia hét a va g duge goi la
thuong s6. Ki hicua @ b.
e Néur#0tandi a khong chia hét cho b.
o Néu a chia hét cho b ta con néi a la boi s6 cua b, b 1 udc so cua a.

Nhuvaya i bea=bq.

1.1.1.2. Binh nghia uéc $8 chung 16n nhét (UCLN)

Cho hai 56 nguyén a, b trong d6 it nhit c6 mot so khic 0. S6 duong d goi la
UCLN ctia a, b néu d 13 ude 6 chung cta a va b dong thai la s6 16n nhat trong cdc
udc s0 chung cua a vab.

Ki hicu UCLN cua a. b la (a. b).

N¢u (a. b) = 1 thi ta n6i a. b nguyén 1o cing nhau.
1.1.1.3. Pinh nghia bdi s6 chung nhé nhét (BCNN)

Cho hai s6 nguyén a vit b khdc 0. S0 duong k duoc goi la BCNN ciia a v b
néu k 11 boi s chung clia a va b dong thai li s6 duong nho nhdl trong cic boi so
chung cta a vab.

Ki hicu BCNN cia a, b 13 [a. b].



1.1.1.4. Hop $6 - sG nguyén t&

S0 nguyén 16 la s e nhién l6n hon 1 chi ¢6 hai ude 1a 1 vi chinh no.

Hop so L s6 wr nhicén 16n hon 1, €6 nhi¢u hon hai uéc.

Chii y : ¢« S6.0viso | khong la so nguyén 16 vi ciing kKhong 1 hop so.

e 50 2 I 56 nguyén 16 chin duy nhat.

1.1.1.5. Déng du thirc

I.1.L5.1. Khii ni¢m déng du

Cho trudge s6 e nhién m > 1. Ta néi cdce s6 nguyén a, b déng du véi nhau theo
madun m néu khi chia a vicb cho m ta duge ciing mot du. Ki hi¢u a = b (mod m).

Noi ciich Khic, a déng du vdi b theo modun m néu a va b bicu dién duge
dudi dang

aspm+rvib=qm+r(0<r<m).
[.1.1.5.2. Tinh chit cia dong du thire

o a=a(modm) Va.

néu a = b (mod m) thi b =a (mod m).

néua = b (mod m) va b =c (mod m) thi a = ¢ (mod m).

néu a; =by (mod m)vi a; =b, (mod m) thi aj; +a, =(b; £b,) (mod m),

hay néua=b(mod m)thiaxx=bx (modm) véi x i s6 nguyén tuy v.

néu @y =b; (mod m) v a; =b, (mod m) thi aja, =bb, (mod m),
hay :

« Néua=b(mod m)thi a.x =b.x (mod m) vdi x I s6 nguyén
tuy y.

e Néua=b(modm)thi a" =b" (mod m) véi n li 6 nguyén
duong bat ki.

1.1.1.6. Cong thiic biéu dién s& a trong hé ghi s6 ca s6 10 (hay dung dé
giai cac bai todn vé cdu tao s6)

A=a,10" +a, 10" +....+2,10% +2a,.10 +a,.

Cic chir s6 ag, a;, ... wrong (g duoge goi la chir s6 hang don vi, hing chuc.
hang tram, ...
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I 1.2.MOT SO Vi DU
Vidu 1. Tim céc s6 m. n € N* sao cho

99..9 . gaa..a = aa.a x 99..9

mchirsé nchirsd mchirnd  nchirso
(vai a la chir s6 bat ki, a = 0).
Giat.
Tacox=999...9 . pa...3
mchirsd  nchirso
=(10™ =1).(10" + 10" +..+10+ Da
=(10™" ' 10™ " 4L +10™)a - (10" 10" 4.4+ 10+ Da

y=aa.a.99..9 = 10" +10™ 7 4. +10+ 1) x a x(10" ~ 1)

m chit 56 n chit so

=0™ T 10™ 410+ Dxa—(10"" #1077 4L +104+ 1).a.
Viy x =y vdimoim.n e N* vdialachirso bitki0<a <9,

Vidu 2. Vit ba 50 ¢6 hai chr so x =23,y =79 v z= ab, sau do ghép cic

0 X, v, 2 dé duge cic s6 ¢6 6 chir so (vi du 56 ¢6 6 chit s6 2379ab, ab2379, ...).
a) Hoi ¢6 the 1ap duge bao nhicu s6 ¢6 6 chir s6 nhu trén ?
b) Lip tong tat ¢i cic s6 ¢6 6 chir s6 duge tao thanh cho két qua la
2 989 896. Hay tim ab.
Gidr.
) C6 thé 1ap duge 6 56 ¢6 6 chir s la
X = 2379ab Xy = 23ab79 ; Xy = 7923ab
Xy =79ab23 ; x4 = ab2379 : x,, =abh7923,
b) Ch: Xy +xs Xy .k Xy =
=2.(23479 +ab)x 10000 +2.(23 + 79 4ab) x 100 + 2(ab + 23+ 79)
=2.(ab+23+79)x10101

= 2x(ab+23479)=296 = ab=46.



—_— —_—
Vidu 3. Tim cic chir s6 X, y sao cho xxyy = xx~ +

Giat. Ta ¢6

.\':y;=§z+yy“ (h
= OO + [y =11 (99X + x + y) (2)
= (X+y): 11 max. ylacéic chirso
= (x+y) =1L
Thay (x +y) =11 vao(l). tacé:
11100x + v) = 1237 + )
S O+ (x+yn = 10G + v
= x2+_v2=9x+l.
Ta cé bang sau
x|y Gyl [9x+]
2 [ 9 Peg?  |9241
3008 338" 93+1
41 7 427 !0.4+l
56 2467 95+1
6 | s 6245 | 96+!
7| 4 P+4d |97+
8 3 8t 432 9.8 + 1
9 2 9422 9.9+ 1

J—

¥

(-l.;.hf)ng thoa min)
(khong thoa mian)
(khong thoi min)
(khong thoia man)
(khong thoa man)
(khong thoa man)
thoa min

(khong thoa mén)

Viy ¢6 duy nhit mot cap gid tri thoa min lax =8 viy = 2.

Vidu 4. Cho x, y. z nguyén thoa mén diéu kién

(X+Y+2)=(x-y).(y=-2).(z—x).

Chimg minh ring :

M=(x-y) +(y=2"+ (- x) chia hét cho 81.

Giai. Vi(X =¥) 4+ (v = 2) + (2= X) =0 nén

x-yt -t + -0t =3 - vy - Dz -x).



Xét 3 56 du ctia phép chia X, v, zcho 3.

Triemg hop 12 Néu ciba so du a0, 1. 2 thi (x + v +2) : 3, khi do

(x = V)Y = 20z - %) [ 3 i vai gia thict.

Tricemg hop 2 @ Néu hai s6 du bang nhau thi (x + ¥ +2) IER trong khi d6 mot
trong ba hiéu (x — v) 1 (¥ = 2) (2= x) lai ¢ 3.1 v6i gia thiet.

Truieomg hop 3 @ Néu ba so chia 3 cung du. khi do

M=3(x-y).(y-2).(z—-x): 3.333=81.

Vidus.

a) Tim 14t ci céc s6 nguyen duong M ¢6 2 chir s6 sao cho cong cic chir so cia
M vai M v vdi s6 duoe viet bai cie chir so ciia M theo thi te ngugce lai, ta duge
mot so chinh phuong.

b) Hay gidi bai todn n¢u M la so nguyén duong c6 3 chir 6.

G

a)baaM= ab voi(0<b<9:0<a<9)

Theo giit thi¢t taco ab+(asby+ba=k®> = 12(a+b)=k’ =k chin.

Datk = 2h. ta c6 12.(a + b) = (2h)* = 4" = 3 + by = 7 (*)

= h?i3 =hi3dauh=3vit1>0.

Thay h = 3t viro (¥). ta c6

s ) 1=1
Ol =3u+b)=a+b=3<18C <6
1i=2:
. . ab=12
Néut=1thia+bh=3=
ab=21.
NEut=2thia+b=12vittaco bing sau :
a b ab
1 ||
6 6 | 66
5| 7 57
7 5 75
|
8 4 84



a | b ’7 ab
9 ’ 3 93
3 9 | 39
4 8 | 48

=

Vay ¢6 9 s0 phai tim 1 12:21: 66 : 57 : 75 : 48 : 84 : 93 : 39,
b)DatM = xyz vii (0<y<9:1<x.2<9).
Theo gii thiét ta 6 ;1 + E +X+y+z= m?
n102(.\:+y+z)—8|y:m2 (h
=m: 3vam®i9
>((x+y+2)i3.
batm=3kvax+y+z=3h(l <h<9)vathay vio (1), ta dugc
34h -9y = k7, @
Datk = 9p +r thi k* = 9 + s. trong d6 ¢6 su twong tng
r=0,1,2,3.4,5,6.7.8
vGis=0,1,4,0,7,7.0.4, 1, vik? =9.3h - v) + 7h chia cho 9 ¢6 du bing 1.
4,7,0nénhchicd thé 1a 1. 4, 7,9 twong img véi s bang 7, 1,4, 0.
Xét 4 truong hop sau :
Hh=l=x+y+z)=3ma(x+z)22=y=1
= M = 111 thoa min dé bii.
Dh=4=x+y+z= 12vak> =9+ 1
=>k=9%+rviir=1:8. (3
'I‘[r(l)c0k1=l36-9)':>8£ks1I.Ti.rd(n'z‘l[[!(S)L(I}su_\' ra
k=8 vi y=8:x+z=4
[k=10 vay=4:x+z=8.
Taco M bing 183 : 381 : 282 : 147 : 741 : 246 : 642 : 345 : 543 : 444 thoa
min d¢ bii.
Hh=T=x+y+z=21 \'I|k3=‘)l+4:>k=‘)p+r.\'('fir:l:7 (B))]

iy AR | = bl " 2 B
Ir(2) c6 k™ =238 =9y =» 13 < k < 15 viy khong ¢6 k thoa min (4).



Hh=9=x+y+2=27

=x=y=2=9:k=15c6M =999 thoa min dé bai.

Viy ¢d 12 56 phai tim 1a: 111 ; 183 ;381 147 ;741 : 246 : 642 ; 345, 543 ;
4441999,

Vi du 6. Vdi bit ki s6 nguyén duong m nao khong chia hét cho 10 thi cing
luén ton tai mot s6 nguyén duong n sao cho trong dang thap phan cta né khong
chifa s6 0 va 16ng cic chir s6 clia nd bang 16ng cdc chir s cua s6 m.n.

Giai.

Trudng hop trong bicu dién dang thap phan, chir su uw: ciing cua chir so m
khong ¢6 chir s6 0 & tan cung thi s6 mcé k chirsé m = Jl.:, Jk (a, #0).

Xét n=9.9,1aco mn=zl,uz..\z|kA(l()k =) =ajay..2,00..0 — aa;..a;
K chir so k chir s

= ajay.ay g (ag =1).(9-a))..(10-ay)
ta ¢6 16ng cdc chir s6 cua mn I
a)+ay +..tag g +(ag -l)+(‘)-a,)+...+(l()—uk)=9‘t;ir_9=9k.
k chir 6

bang tong cic chir s6 cta n.
Vay 1ong cdc chir s6 ctia m.n i 9K, bing 16ng cdc chir s6 cua n.
Vidu 7. Tim 1dt ca cdc chir sé a, b, ¢, d. bi¢t

\/ﬁ =ab +\/c:dA n
Gidi. Dat x =ab va y =cd thi

2
) = (» )’ ) .
Mo liney=rey) y=cd | x+2{y=100 x=ab

. |
=x+ 2yy =100 16 <+ 2416 =100 92
= y phai la s6 chinh phuong 25 <+ 2435 = 100 90
=>y=16:25:36:49;064:8I.

B 36 x+2J36=100 | 88

Ta ¢6 bang sau : | |
49| xs2J39=100 | 86
64 x+2v64 =100 84
81 x+2481 =100 82



raX:

nlé,

Viy ¢6 6 bo cic chir so a, b, ¢, d tuong img sau :

9.2,1,6: 9.0.2,5; 8,8,3,6; 86.4,9; 8,4,6,4; 82,8, 1.

Vidu 8. Tim tat ca cic 5o nguyén duong I¢ n sao cho tich
X=nn+1).(n+2).(n+3)cdding 3 udc nguyen 16.

Gidi.

~Néun=11thi X =1.2.3.4=2"3 chi ¢6 2 uéc nguyén 1o, vay khong thoa min.
=Néunz2doX=n(n+1)(n+2)(n+3)latich 4 s6 t nhién lién tiép, suy
2va X ! 3, ma X co ding 3 ude nguyén 16 nén X = 2.3.p (p 2 5).

n>3con, n+ 2 lahai 5o 1¢ lién GEp nguyén 10 ciing nhau, suy ran, (n +2) la

hati luy thira 3" va p". Vi(n+ 1) chin, nguyén o véinva(n+2)nénn+1=2

(k = 2), khi do
X=2"-n.@. @+ . +n=2" @-p.+n. v W
Vik22nen 2" -1 ;2‘+ 1va 2 ' 4 1 déu T 1é. Mt khic
@+ I:2“—l)=(2k+I:2k+l—2)=(2k+l:—2)=l
a2 in=e v -1 v p=n 2 e =1,
Suy ra
L 1_-‘:1
* =g voi a.Py>1 =3*"=23"")
" =S a-l=y-1=0 = a=y=1= n=3
LI B 1
fzk_lzptl
1241=3" w6 a.py21=pt=2X-1=20"" +1)-3=2p"-3
«2 =] B.rz p =2 =2.(2 +) p
|
f'_’"" +]= p7‘ =>vo li vi .y > 1 thi 3 Khong thé chia hét
‘ cho p.
bipson=3.
Vidu9.
OTimneNdéa=n'+n’+11is0 nguyen 16.
b) Ching minh ring : néu moét trong hai s6 2" = 1va2"+ 1 (ne N.n>2) la
50 nguyén 16 thi sé thit hai 1a hop 5o,
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Giai.
. 2 2 2 2 2

a)Tacoa=m "+ 1) =n"=(m"+n+1).(n"=n+1).

Doalasonguyéntonénn —n+l=1=n=1.Viyn=1via=3.

Dipson=1.

by Xét ba 56 2" — 1, 2" 2" + 1. Trong ba & trén luén 16n tai mot s6 chia hét
cho 3 ma 2" khong chia hét cho 3. nén néu mot trong hai s6 (2"~ 1) va (2" + 1) 2
sO nguyen 10 thi o tha hai s¢ phai L hop so.

Vi du 10.

a) Chimg minh rang cic s0 A = 617~ 1vaB=6"""" + 1 déu 1 boi s6 ctia 7.

b) Tim s6 du trong phép chia (201 1> cho 3.

Grai.

Taco 6=-1(mod7) = 6™ = (=) (mod7) = A = 6>""> = I 1a boi 56
cua 7.

T 6" = 1(mod7) = 6™ =6(mod7) ma 6=~1(mod7)

= 6™ =—1(mod7) = B=6"""+ | i boi 56 cia 7.

b) Ta ¢ 2011 = 1(mod3) = (2011)*"'% = 1 (mod 3), hay s6 du can tim la 1.

1.1.3. MOT SO BAI TAP

A. Dé bai
Bai 1. a) Cho a, b, ¢ la ba s6 tu nhién v (a + b + ¢) chia hét cho 6. Chimg minh
2 k) 3 k) . -
rang : (a” + b” + ¢”) chia hét cho 6.
b) Téng cia nam s6 nguyén bing 0. Chimg minh ring : Tong luy thita bic
5 ctia chiing chia hét cho 15.

Bai 2. a) Tim s6 e nhien nho nhat khic 0 ¢6 t1at ca cic tinh chat sau : Mot nura
ctia né 1a binh phuong cia mot s6 nguyén, mot phin ba cua né 1a lap
phuong cia mot s6 nguyén, mot phin nam cta nd lai la luy thira bac nam
clia mot 8O nguven.

b) Tim s0 tr nhi¢n n nho nhat sao cho n(n + 1)(n + 2)(n + 3) chia hét
cho 2000.

Bai 3. Chimg minh rang : véinlé n € N* ¥ ¥ thi (1" + 2"+ 3" + ...+ n") luon

chia hétcho (1 +2+3+ ... +n).



Bai 4. Tim tit cd cdc s& ty nhicn n khdc 0 sao cho (3" +5%) § 3" '+ 5",
Bai 5. Tim s6 tu nhién n ¢6 ba chir s6 khdc nhau, bi¢t ring né¢u xod bt ki chir so
nao clia né ta cang duge mot s6 1 ude cha n.
Bai 6. a)Chop: 4p2 +1va 6p', + 1 la cdc s0 nguyén t6. Tim p.
b) Cho p, p+ 10; p + 14 la céc s6 nguyén 8. Tim p.
¢) Cho p va pZ + 2 la s6 nguyén 6. Chimg minh : pj + 2 la s6 nguyén to.
d) Téng cta ba s6 nguyén 16 biang 2010. Tim s6 nho nhél trong ba so
nguyén 16 do.
¢) Tim 4 56 nguyén (6 lién ti€p ma t6ng lai li s6 nguyén 6.
Bai7. Timne N, n22 saochoa=1!'+2!+ ... +n! [a hop so.
Bai 8. Hai s6 ty nhién x vd 2x déu ¢6 téng cic chir s6 cua ching bang nhau.
Ching minh ring x | hop s6.
Bai 9. Chimg minhring 1"+ 2"+ ..+ (n - 1)" luén 12 hop 56 véi moi n 12 56 le.
Bai 10. Chimg minh ring
) S0 19.8" + 17 la hop s6 véi moin € N;
b) 56 222°% + 5557 I hop 56
c156:1=n4+4m4li|h(ms'6\'di moim,ne Nvim,n>1.
Bai 11. Tim s6 tu nhién n > 1, nho nhét sao cho 14+2%+ 3%+ .. + 0% Ia 50 chinh
phuong.
Bai 12. Tim s6 nguyén 16 ab sao cho ab+ba I s6 chinh phuong.
Bai 13. Chimg 10 ring
a) Tich 8 5o tu nhién lién ti¢p khidc 0 khong bao gio [a s6 chinh phuong;

b) ababab Kkhong la 56 chinh phuong ;
) 10"+ 10° 4 10% 4 10" + 10° + 1 khong 1a s6 chinh phuong :
d) Tich cta 4 s6 nguycn duong lién 1i€p khong thé 1a s6 chinh phuong
(dé thi vao lap 10 chuyén Hang Vicong Phii Tho nam 2000 = 2001).
Bai 14. Tim hai so. bi¢t raing BCNN cua ching va UCLN cia ching ¢6 16ng bang 19.
Bai 15. Choa; = 14:a, = 144, .. a, = 14...44. Tim 1d1 cd ciie 86 nguyén duong n
nchirso 4
sao cho a, li so chinh phuong.



Bai 16. Tim p nguyén (6 sao cho 2" + pz 12 56 nguyén to.
Bai 17. Cho A = 71.72...139.140. Tim s6 ty nhién k 16n nhat sao cho A : 2k,
Bai 18. Tim s6 ty nhi¢n a nho nhat thoa man :
i)achiacho 11 du7, chia9du3:
i) a chia 7 du 4, chia 13 du 4 ;
ii1) a chia 10 du 3.
Bai 19. Tim 14t ca cdc s6 p nguyén 16 sao cho p2 + 11 chi ¢6 diing 6 uéc nguyén
duong doi mot khic nhau (k€ ca ude 1a 1 va chinh no).
B. Ldi gidi
Bai l.
a) Ching minh (a’-a)i 6.
Tirdéco: (@ +b +ch)—(@+b+o) =’ —a)+(b° -b)+(c’ -¢) | 6.
Ma (a+b+c) 6, suyra ('.13 +b3+c") 6.
b) Chimg minh : (a*-a)ils.
Tdéco: (a° +b° +c’)—(a+b+c)=(a’ —a)+(b° -b)+(c> =) {15
Mi (a+b+c): 15, suyra (@’ +b° +c’) 15,
Bai 2.
a) Theo ddu bai s6 tu nhién a phai tim (a # 0) d6 phai I boi s6 clia 2 ;3 va 5.

Do a 1a s6 tu nhién nho nhit nén a phai ¢6 dang a = 2%30 5" (q, B,y 1aso
nhién nho nhat khdc 0 thoda man dé bai). Tacé :

a = B Tacns o

5= 2% 3% 57 12 56 chinh phuong ;

a ey i s o i
= 29377157 1 lug thira bac ba clia mot s6 nguyén :
A nt B 7l 13 105 1hira hie a2 . ~PRR -
—=2"3"5"" la luy thira bic ndm cua mot s6 nguyen.
J



Do dé phai co

o lé boi cta 3 boi cua 5 levalaBCNN(3:5) =15

B boicia2 boicha3d+1  boicuas BCNN(2:5)¢d B=10
dang boi clia 3 + 1

v boicta2 boiclal boicia5+1 BCNN(2:3)cé v=6

dang boi cta 5+ 1
Viy a = 2'9310 56
b) 2000 = 2*5% Ta c6 : Trong 4 so tu nhién lién ti€p ¢é khong qua mot so
chia hét cho 5. Vi vay, mot trong bon s n: n + 12 n + 2: n + 3 phdi ¢c6 mot s6
chia hét cho 5, tie la s6 d6 con phai chia hét cho 125. Do d6 (n + 3) 2 125 va
n nho nhat.
Thir thay n = 125 thoa min dicu kién cta diu bai.
Viayn=125.

Bai3d Pata=1"+2"+3"+ ... +n"vab=1+2+3+...+n.

Taco2a=2[1"+n")+ 2"+ (- 1)"+3"+(m=-2)"+... ],
dé thay 2a i (n+1). ()

Tuong . 2a=2.[(1"+ (n = DN + 2"+ (n=2)") + ... +n"],
dé thay 2a chia hét cho n. 2)

Ti(l)va(2)suyraaib.

Bai 4. Néun = | thi (3" + 5") chia hét cho 3" + 5"

Neéunz2.do 3" +5" 13" 5" va 3 3t 130 st
nén 3" +5" =33"" 45"y = 2.5"" ciing chia hét cho (3" +5").
Taco 25" 13771 45" tdc 1a 16n 1ai q € N* sao cho

2.5 =g (3" 457

25" =q.3" " +q.5"!

2-q.5" " =qa3"" ()
Tu(hsuvrag<2maqe N* néng=1.
Thay q = 1 vao (1), suy ra 3 =5y i

Vayvéin=11thi 3"+5"): 3" +5" "),



Bai 5. Goi 56 phai tim n=abe (a 0).
So abe xod ¢ duge ab. Tacé : abe : ab = c=0.
S6 ab0 xneihdm_xczﬁ).'l‘ucé:ﬂ)i@:;ﬁia:hfn. ()
S6 ab0 xod a duge bO.Tacé: ab0 b0 = abib=>10a+b:b. 2)
Tir (1), datb=ka (k € N). Thay b=ka vio (2). 10a : ka= 10 i kvab=a
nén k biang 2 hoic k = 5.
Vi k =2 ta ¢d abe bang 120 : 240 : 360 ; 480.
Vi k = 5 ta cé abe bang 150,

Bai 6.
a)yNeéup=3thi6p’ + 1 =63°+1=355 ¢ P (loai).
Néup=5thidp +1=45+1=101 e P.va6p +1=65+1=151 P
(thoa mdn).
Néup>S5vape Pthi p/5. dodépcodang p=5k+1, hoicp=5k+2.
Néu p=(5k+ 1) thidp® + 1 i 5 (loai).
Néup=(5k +2) thi 6p> + 1 =6(5k +2)° + 1 1 5 (loai).
Vay p = 5 thoa man ddu bai.
b) ¢) wong tr a). Bapso : p= 3.
d) Goi a, b, ¢ la ba s6 phii tim. Gid sta<b<c.
Ta cé : (a + b+ c¢) = 2010, do d6 mot trong ba s6 a, b, ¢ phai la 56 chin (vi
néu a, b, ¢ la ba s6 cling 1¢ thi (a + b + ¢) s¢ 1a mot 50 1¢). Ta ¢6 : a, b, ¢ phai
¢6 mot s6 chan va a la s6 nho nhat nén a = 2.
¢) Goi bon s6 phii tim laa. b, c.d. Giaswua<b<c<d.
Tacé: (a+b+c+d)lasénguyén 16, nén trong bon s6 d6 phai cé mot s6
chin, dodé a = 2. Viy bon s phai tim la 2 :3: 5: 7.

Bai 7. Voin=2thia= 1!+ 2! =3 lasonguyen to (loai).
n > 3 thi a luon chia hét cho 3 vaa > 3. do d6 a lia hop so.

Vay vai moin € N van 2 3 thialihop so.



Bai 8. Gid sit x =a,a5..a, (a%0). Dé thiy

X= (@ +ay+ .+ a)=a 10 +an 0" + 10+ e, — Gy g+ +ay)
=a, . (10" = 1)+ a5(10"" = 1)+ ... +a,_,(10 =1) chia hé1 cho 9.

Pat S(x) =a, +uy + ... +a,. Vay ludn ¢6 (x - $(x)) ¢ 9.

Goi S(x) =S(2x) =k.Dé thdy 2x -k : 9vax -k ! 9.

Mat khic, tacé: 2x = k) = (x=k)=x. Vayx : 9.

Bai 9. Diing hing ding thic

Bai

Bai

b =@ b . @ =" b+ b - b ) véin e

10.
a)bata=198"+ 17,
N¢u n = 4k hoac n = 4k + 2 thi a chia hét cho 3.

Néun=dk + 1 thia=19.8"%"

+ 17 va a chia hét cho 13.

Néun =4k + 3 thia= 198"+ 17 vaa chia hét cho 5.

Vay a la hop s6 vdi moin € N.

b) b =222%" 4 555%% dé thay b> 1 va b chia hét cho 111. Vay b 13 hgp so.

2 2.2 202 2 2 2 2

¢ya=(n"+2m°) —4m'n” = (n" +2m” + 2mn) . (n” + 2m”~ - 2mn).

_n(n+l)(2n +1)
6

SR R G, S ) 2
ILTacé a”=1"+2"+3"+..4n" = neN,n>1

—6a’=n(m+1)2n+1)=>6n(n+ 1) (2n + 1)=36a° = (6n° + 6n). (2n + 1) = 364",
Goi d = UCLN (6n° +6n.2n+ 1) = (6n° +6m) i dva(2n+1)i d
=5 (6n° +6n)~32n+1)id=>(6n"-3)id=(12n"-6)  d. 1)
Matkhic, 2n+ )i d=n+1)@n-1)id=@n’ 1) d=>(12’=3)id @)
, d=1
Tu(l)va(2)suyral3:d=
d=3.

e N¢ud =1 1thi (2n + 1) phai 12 s6 chinh phuong, mit (2n + 1) I¢ suy ra
2n+1)=9:(2n+ 1)=25,(2n + 1)=49..... dé thay n = 24 thoa man.



. \’(2n' 1)=3u
e Neud=3thi{ |
[6n™ +6n =3v

) >
. Matkhic 6n(n + 1)(2n + 1) = 36a". nénu.v =-ka".

/2
3 2 ’ "+ 6 2n +1
Dod=3=UCLN (6n" +6n:2n+ 1), nén UCLN fu ien § "i— ]: I;

( 2
. , u=x 2n+1 2 . :
hay UCLN (u:v) = L. suyra i . ——=x"vaxlé
- 3
[v=y 3

Néu x = 3 thin = 13 (khong thed min).
Néux 2 5thin> 30> 24,
Viy n nho nhat la n = 24,
Bai 12.Taco k™ =ab+ba=11(a+b) = (a+b)ill = a+b)=11
Xt cic 50 ab 1¢ viv (@ + by = 11, 1a €6 cide s6 thoa min 1429 : 47 1 65 : 83,
¢6 ba 50 nguyén 10 la - 29 : 47 : 83,
Bai 13.
a) Goi a la tich cta 8 so te nhién lién tiép. Néun 2 3
a=nn+1)...(n+7)
=[nn+ 7)) [(n+ Dn+6)].[(n+2) (n+35)].[(n+3).n+4)]
=(n + 7). (0 + Tn+ 6) . (0> + Tn + 10) (n® + Tn + 12),
Ditt =n’+7n + 6, dé thay t 1 s6 chiin va (1 + 20~ 22)° <a < (P + 20-20)° (1)

s L S561-48450  (2)

vi (1) trong duong vai he
641 +400 > 0. (3)
Tac6 (2) <> 1% = 14t — 121 > 0 hién nhien véi 1> 3° + 7.3 + 6,
(3) ¢ 641 + 400 > 0 hién nhién.
Do do, a khong thé la s6 chinh phuong.
Néun=1thia=12.3 ... 8 =8!khong la s6 chinh phuong,
n=2thia=2.344...89=09!cing khong la so chinh phuong.

Vay tich 8 56 ty nhién lien iép khic 0 khong bao gidr la s6 chinh phuong.



b) k7 = ababab =ab.10101 = ab.3.7.13.37 = ab : 10101 vo li.

Viy ababab khong la so chinh phuong.

o) x = 10% 410" 4 107"

+1004+10° ¢ 1cox: 3va x/o.

Viy x khong 12 so chinh phuong.

d) Gia sir ta ¢6 4 56 nguyén duong lién ticp lan, (n+ 1), (n + 2), (n + 3). Ta co
x=nm+3). @+ m+2)=@ +3n) + 207+ 3n),

. > N ) 2 e s
D¢ thay (n™ + 3n)” < x < (n” + 3n + 1)7, suy ra x Khong the [a so chinh phuong.

Bai 14. Goi a. b ld hai s6 phai tim. d 13 UCLN (a. b).

a=da’
; E la".db’

UCLN@.by=d < {(b=db" :BCNN@.b)= — ‘ﬂ? e SHE T
[ UCLN(a,b) d
[(a'.b)=1

Theo dé bai BCNN(a, b) + UCLN(a, b) = 19, nén d(a’d” + 1) = 19.

Dodo.a'b’ + 1 ldube cia 19 vaa’d' + 1 22,

Giastra>bthia’ 2 b’. Ta duge

=da’b’.

| d i a'b +1 \ il:_,;' [ a b T a b |
1 19 18=23> 18 18 ,I,il

| I — T A

Ddpso: 18val;9va2.

Bai 15.

Tacéa, =144 = 12%; ay = 1444 = 38° a; khong li s6 chinh phuong. Vay ta
xétvai n > 4. Gia stra, 1a so chinh phuong a, = b véi b e Z. Don >4 nén 56
a, ¢6 1dn cung 1a 4444, Mat khdc, do 10000 } 16, s6 du khi chia a, cho 16
bang s6 dur khi chia 4444 cho 16, nic la 12. Suy ra b phai la s6 chan va khong
chiahétcho4. Vaiyb =22t + ) vit € Z, tir d6 b= l6(l2 +1) + 4 50 ndy
chia cho 16 ¢on du Ia 4, diéu ndy mau thudn.

Vay chi cé n =2 van =3 thia, lasé chinh phuong.

Bai 16. Pata = 2" + p’.

Neup=2thia=2"+p =2"+2=8 ¢ P (loai).

Néup=3thia=2"+3*=17 e P (thoa man).



Neéup>3=plévap/ 3.

Néu p =3k + 1 = k chin. Co 2' =1 (mod 3)= 2" =2 (mod 3).

Gk+ 12 =9K +6k+1 = | (mod 3)=>a: 3 (loai).
Néup=3k+2=>klé=2

= A ¢ 3 (loai). Vay chi ¢6 p = 3 thi a la sé nguyén 10.

Bai 17. Ta c6

3k+2

= -4 (mod 3): 3k +2)° = 1 (mod 3)

A=71.72...139.140 = (71.73.75 ... 139) . (72.74 ... 140)

=(71.73...139). 2% . (36.37...70) (37.39....69)

35

=B,.2%" . (36.38...70) (37.39...69)
=B,.2% .2 (18.19...34.35) . B,

=B,.B,.2"
=B,.B,.B;.

=B,.B,.B;s.

Bai 18.

2" (18.20...34) (19.21...35)
22 2% 9.10...17)
2, (10.12.14.16) . (9.11...17)

29228 (5.6.7.8). B,
By 2% 2 sga
.B;.Bg.2"0

Tacd By, By By, By Bsla cic 86 16 = Ky, = 70.

(B, =71.73...139)
(B, =37.39....69)

(By=19.21...35)

(By=9.11...17)

(Bs=5.73)

achialldu7, achia9dus=(a+4):99=a=99% -4 (k € N).
achia7dud.achia13dud = (a-4):91
=99k -8:91=99k-1):91=>k-1):91=>(k-1)=9Im
= a=9009m + 95 = 3 (mod 10) = (5-m) = 3 (mod 10)

=m = 2(mod 10) = gy, <> My, Vam, =2 =>a=18113.

Bai 19. Ta co

pPPll=pi=1=(p-1).(p+1)(mod 12).
Néu p> 3 thi (p- 1) vit (p+ 1) déu 1a chin va (p - 1) hodc (p + 1) chia hét cho
3,dodé (p’ + 11) = 0 (mod 12), nén p® + 11 ¢6 nhiéu hon 6 uée nguyén duong

doi mot khic nhau (vi 12 ¢6 ding 6 ude nguyén duong la: 1,2, 3, 4,6, 12).

Vay p < 3. Dé thiy p = 3 thoa man diéu ki¢n cua dé bai.

bipso:p=3.



1.2. PHUONG TRINH NGHIEM NGUYEN
1.2.1. NHONG KIEN THUC CAN NHO
Mét s6 phuong phap gidi phuong trinh tim nghiém nguyén

Phueng trinh nghi¢m nguyén 1d mot dé 1ai rin héip dan cua 6 hoe vi dai so,
dong thoi cang 1a mot trong nhimg chuyén muc hay duge dé cip dén o cdc ki thi
chuy¢n cap va thi hoc sinh gioi.

Phurong trinh nghi¢m nguyén thudng khong ¢6 quy tie gidi 10ng qudt. Méi bai
todn vai cidc dicu Ki¢n di cho cia né doi hoi phai ¢6 nhimg phuong phap gidi thich
hop. Vi v ¢ phuong trinh nghi¢ém nguyén thi véu ciu nguai
giai phai ¢6 kién thic co ban chic chin vi wr duy linh hoat. mém déo 1 di¢u
khong thé trinh Khoi.

dé gidi cdc biti toin

Cho dén nay, cdc nhi toin hoc da tim duoe rat nhiéu phuong phip giai
phuong trinh nghi¢m nguyen, ty nhi¢n ching 16i chi dé cip dén mt s¢ phuong
phép hay strdung sau :

1. Phuong phap phan tich da thite ra thita s6 va dua phuong trinh di cho vé

phuong trinh dang tich.

2. Bi¢n déi mot v& cuia phuong trinh vé 10ng ctia cic bicu thic (hoic 10ng cla

cdc hiim) khéng am.

3. Sur dung tinh chat chia hét va so sinh cic s6 du ¢ hai v& ctia phuong trinh.
4. Dung cic hing ding thic ding nha.

5. Phuong phip dinh gid v loai trir cdc khoiang nghi¢m.

6. Phuong phdp sir dung diéu kién d¢ phuong trinh bac hai ¢6 nghi¢m.

7. Phuomg phip sir dung diéu kién biét thie A phai i mot s6 chinh phuong.

8. Phuong phip sir dung diéu kién kep gitra hai s6 chinh phuong (hoac hai s

lap phuong) licn tiép.

1.2.2. MOT SO BAI TAP

(Cdc phuong phdp noi trén cing chinh I cdc phuong phip hay dugce sir dung
trong cic bai thi chuven cap va thi hoe sinh gioi).

Sau day la mot so bai tap ma co cach giai twong tng voi cic phuong phip

nadi trén.

20



A. Dé bai

Tim nghi¢m nguyén cua phuong trinh

Bai 1. x* = 3y” +2xy = 2x ~ 10y +4 = 0.

Bai 2.0 5¢" + 107+ 2%+ dy' =6 )

) )

b) X" =Xxy+y =x+V.

Baid o +v' =2011:
b)x + 784y  +5=0;
o) xt+ x_{‘ +ot Xyt =2015;
Lllt"-r)"‘-fl::?:l:'- I
) 15x° ): =9,

. L) 3 3

Baid, ) (x-y) +(y -2 +(z-x) =30:

by x4 y g xyz = 2vidx+ y): =7

- ) 1 2 52
Bais, w)3x "+ 6y + 227+ 3y2 - I18x-6=0:

Bai 6. w) 37 + 3xy + 3.\'3 =x+8y:
b) 2% + 2'\“‘ Xy +x+y=0.
Bai 7. x7 4 2y7 4 3Ixy + 2x + 3y =~
Bai8 x' -y et e v Al =1

Bai 9. Giai phuong trinh tim nghié¢m t nhien

) 20412,

! 12_ 4
a)XxT +x " =2X

2 2 2 20
byat+ bP 4+t =22,

c)x:+y‘=3_\'1 Jy+65:
A 13 -204 4305416+ ... -2010L.2012+ 2011 +x! =2

e)al + b+ el =dlivai a, b, e L cde so nguyen duong).



Bai 10. Giai phuong trinh tim nghiém nguyén :

> ) 5 "

)3+ 3xy+ 3y =x+8y: b)2x"+ 3y  —-5xy+3x-2y-3=0:
. : ) 5 s 5

X +2X +2X X+ I =y d) 2" +4x =19 - 3y,

Bai 11. Gia h¢ phuong trinh tim nghiém nguyén

( 2017
[xy+z=94 () [x— 1P g =
a) i b) ¢

| 4

xtya=95 (2 eyt eyt =8l 2)

Bai 12. Tim cic 50 e nhién m, n. p thoa man phuong trinh

ym+ym+..+vm =p (trong d6 ¢ n lin lay can).
Bai 13. Chimg minh rang néu p nguyén 16 thi phuong trinh

2012

X(X+ 1) =p~ ".¥(v +1) khong ¢6 nghi¢m nguyén duong.

Mot $6 bai tap danh cho ban doc ty gidi

Bai 14. Chimg minh rang ngoii nghi¢m x = y = 0 thi phuong trinh
XM o) = v hong con nghiem nguyén (x, v) ndo Khic.
Bai 15. Tim a. b, ¢ (a # 0) sao cho cdc phuong trinh sau : ax’+bx +c=0;
bx® + ex + 4 =26 v ex’ + ax + b= 0 déu ¢6 nghi¢m nguyén.
Bai 16. Chimg minh ring t6n tai vo s6 s6 nguyén 16 p sao cho phuong trinh
Xtx+l= py ¢6 nghiém nguyén.
Bai 17. Tim nghi¢m nguyén cia phuong trinh 3x+ Xy + yl) =x+8y.
Bai 18. Co hay khong bo bon so tr nhien khic khong x. v. z. t thoa min
217440 4P 2,
B. Loi gidi
Bai L. Taco
x:—3_\':*2.\;_\'—2x—l(]-\'+4:() (1
o X+ 2y - Dx -3y + 10y —4)=0
@ (x+y- 1=y +2P=-7
< By+x+D(y-x+3)=7

M



= 3y +x+ ) va(y—x+3) laude cia 7

[[By+x+1=1

‘\ X+3=7
3y +x+1=7
ly-x+3=1
= 7
[3y+x+1=-1
l}'—x+3=—7
[3_\'4,‘(-1—-'—7
I_\'—x+3=—|_

Gidi ciic hé trén v thir i, ta ¢6 cdc nghiem cda phuong trinh (1) 1a
(x==3.y=D:(x=3y=Di(x=1ly==-3)i(x=7.y=-3)
Bai 2. Taco
o 5 3 5
)5+ 1)y +2y + 1) =13
5 5 > 5
= S(x"+ 1)< 13va(x"+ 1) e Z
= 41 =()Im:f|c.\: + =1
+Neux>+1=1thix=0vay=1l.
+Néux* + 1 =0 (loai).
Thir lai. ta thily x = 0 va y = 1 la nghi¢m ctia phuong trinh (2).
b)x:--xy+.v1=x+_\'<:’(x- 1,3”_\., D+ (x _\'J:=2.
Dipso (. ¥) = (0.0) 2 (1.0) (0, )22, D (1.2) (2.2

= po an B e £ g T .
Bai 3. a) Ta cé x~ chia cho 4 cho cdc s6 du 1d 0 hoae 1, do d6 (x™ + y7) chia cho 4

cho cic so du la 0. 1.2, mia 2011 chia 4 du 3. Vay phuong trinh X+ _\': =2011vo
nghi¢m.

b)Taco x' + 784y" + 5=0 x* + 5= —784y".
Do (x' + 3) chia 7 cho cic s6 du la 4 hoic 6 md 784‘\'4 chia 7 du 0. Vay

phuong trinh i 784_\'5 + 5 =0vo nghi¢m.



¢) Ta e = n' chia cho 16 cho cic du T 1 hoac 0, do d6 (x,4 + xzi + .t x“: )
chia cho 16 cho cic du khong vuot quit 14, ma 2015 chia cho 16 lai cho du i 15.
Vay phuong trinh dd cho vo nghiém.
d. ¢) grin uong e trén,

Bai 4. Ta ¢6 hang dang thic quen thuoe sau
atebte et dube = (a+b+o) @b+ ab be e, *)
Hé qued. Néu i+ b+ ¢ =0.1hi at bt e et = e, (**)
Str dung he qua (**) dé thay (x _\')' +(y o' v =30
@ AN -V -2 @Z=-x)=30 (x-V)(Y-2(z-x)= 10
Patx-y=uiy-z=vviz-x=ttacdu+v+1=0viuvi=10,
uva =10 = u, v, tehi cd thé nhin cie gid tri twong ing 1+ 1, £2,+ 5
hoac £ 1, + 1,4 10.
Ta thay ngay khong ¢6 bo gid tri ndo thoid man vt = 10 viu + v +1=0.
Viy phuong trinh (x )’I\ +(y newoxt=30v0 nghiem.
b) gidi wong nra).

Bai S.a) 3%+ 6y 427+ 32— 18x 60 0
3 6x +9) + (1_\'3 +2° 4 3)’31: =33
S - A 2. (P +2)=37
= 3x-3)7 €33 = (- 37 €11 = (x - 3)" nhin cde gid i 05149,
Vai(x -3 =05 By +2) (20 + 2) = 37, *)
Tac63y +22 2V +222, (**)
Tir (%) van (%) dé thay phuong trinh (1) vo nghi¢m.,

Vo (x -3 =13y +2) . (F+2)=34

|22 +2=2
= |, =» phuong trinh (1) vo nghiém.
|[3y*+2=2
]9
l,: +2=17



Véi(x -3 =4 Gy + 27 +2)=25

[3y* +2=5 J\'l &
=kl =>

! o -~ )
Er‘.zf—s !\/‘:3 = z=+y3 (loyi)
=» phuong trinh (1) vo nghi¢m.

Viix -3 =9=0y" +2). (£ +2)=10

JJ\*1¢2:2 ,

: (loai)
l/ +2=35

= [y=1
[3y2 +2=5 v =0
\ =
2 (v =
(2 +2=2 ]¥= I

| lz=0.

Viay phuong trinh dd cho ¢o cic nghi¢m 1i

[x=6 x=0 Jx 0
ly=-1 : {y=1 y=-I
(z=0 \/ ] I/r(i.

(9 | P > L "
byDo —+ =4 =1 (1)nén mot trong ba 56 X, v, z phii ¢6 mot so duong.
X vy 7

Giasurx >0, *)

Trwomg hop 1 :

x>0, y<0viz<0.Dity=-Kk(k>Oviz=-10>0),

1 (1 1) | 1 . gz i
e ——|-+—|=1 & 1+ 4 >1 = x <1, mau thudn vai (*) = loyi.
x \t kJ X t K

Truecmy hep 1:

x>0.v>0viz<0.Ditz=-10a>0)

5]
n



1

2 e dl 1 5 1 ’ :

Neux22vay22thi -+~ < -+==1.mi I+ >L suy ra miu thuin
x y 2 2 1

Vi (2) nen loat,

Vay trong hai s0 X. ¥ phai ¢6 mot s nho hon 2.

Giastx<Imix>0=x=1,
| 1 i
2= 1+—=1+-=2y=1(1eN,1>0).
v 1

Do do. (1) ¢6 vo s6 nghiem ¢o dang (1.t —1) vai1 & N*,
Truwomg hep 111
Neu x. v. 7 deu duong.

L.1..3

- g 1
Giastx<ys<ztacédl=—+—-+—- <= = x<3.
X W o2 X

11 :
+Néux =1 thi —+-=0 (loai).

y 2
<1 1.1 3 N
+?\cux=2!hn_.--»~—f > y<4d miy2x=2=y=2:3:4.
2.y oy

o v =2 (loai).
ey=3thiz=6.Vayx=2:y=3,2=6.
sy=4thiz=4. Viayx=2;y=4:2=4.

. 1 .1 1 2 2 g :
+ Néux=3thi —+-=l-—-==< = o y<3 miy2x=3=>y=3vi
y z 3 3y
z=3.uiclax=3:y=3:z=3langhicm cia(1).
% 1 1.1 o e -
Vay phuong trinh —+—+—=1 ¢d cic nghiém (x. v. 2) sau : (3. 3, 3) :
X y z

(2.3.6): (2. 4. hva(l -y vait e N¥
Bai 6.
Ia)2x1+2}‘: 2xv 4+ X+ vy =0. (1

Ditx+y=8:xy="D.

3\':
5 25" +
(D 2AX+V) +(x+Vv)-O6xy=0P= T )

26



TacoP=xy< (**), T (%) vt (**) suy ra

il owl | ad
o 'SSS—C:’-ESSSUT)S:—:I—I',U.
6 4

NeuS=-2thiP=1;
NeuS=-1thiP= ) (loai).
6
NeuS=0thiP=0.
Viy phuong trinh (1) ¢é cie nghicm [0 0) s (=1 ~1).
Bai 7. Taco
X +2_v" +3Xy + 22X+ 3y +4 =02 x"+(3y +2)x +(2.\‘: +3y+4)=0 (1)
Any=Cy +2F - 402y  + 3y + )=y = 12,
Phuong trinh (1) ¢6 nghiém nguyen <> A phai Lso chinh phuong.
Dy’ - 122K (ke Ny e (y k)L (y +K) = 12,
Tacd (y + k) vi (v ~ K) déu T ude cta 12 dong thai y + k 2y - K,
(y + k) vt (y = K) ciing tinh ¢hin, le.

y+k=0
| ly=-k=2 y=4
Do dé =3
y+k=-2 y=-4,
L. LY k=-6
, 2 X, =6
Vi y =4, thay viio (1) taduge x° = 14x + 48 =0 > g
X, =-8,
5 Xy =4
Véiy = =4, thay vio (1) taduge x™ = 10x + 24 =0 | ~
Xy =0.

Viy nghi¢m (x, v) ctia phuong trinh da cho 1a (<6, 4) 1 (<8, 4) 5 (4, =) 1 (6. =),
Bai 8. Taco
4 4 i 2.2 2 2
X'=Y +2 +2x7¢ +3X"+dz"+ 1 =0
CJ'\'4=(X:*I:*]):+X:?2/2 (n

=3 y‘:(x:+z:+2):—(x‘+3). (2)



4 A L |
Y <(XT+Z +2) . suyra (X" +2 + 1)

; g g0 2 2
Tr(hHva(Qracd(x" =2+ 1)

- e S ¥ o3 N
"+ + 1) =y v tacox +20 =0=>x=0viz=0=>y=+1.

Thulai: Voix=0.y=1,2=0vax =0,y =~1, 7 =0 déu thoi man (1).
\ 5
Bai 9.

£k 5 X oo s % 2
a) Dé thay x =0 vir x = | la nghi¢m ctia phuong trinh x Y4 x!

“nghiém nguyén (X, y. 2) cta phuong trinh da cho 13 (0. 1. 0) : (0. 1. 0).

2 a2
=2x

(PR

w2 2() 32 =l a2 20 2 32 :
Néu x> Lothix™ < xvax™ < x™osuy ra x™ = x "7 < 2x (loai).

nghicmx=0vax=1.

dy phuong trinh ¢o
by Triecmg hep 12 a0 b, ¢ déu khic 0.
011

v 2 2 s, 0. ;
am+b +¢" = => . b ¢ cling ¢hian hodc a. b, ¢ €6 2 50 1 1¢ vt mot so la

i 5 " g i e
chian. Gia swacchan vivb, ¢ cing 1€ = a” F 4 vt b + ¢ chia 4 du 2.
1 2 2 . T - 3
=>a” + b7+ ¢ chin 4 du 2 (vo ) = a. b, ¢ cling chin.
T 2 2 2 2009
Pata=2a;:b=2bj1c=2¢c) = a;"+b +¢ =27

5 )
2 _ 52007

Tuong r, cing co u:: + h_.3 0,
> ’ >
105 + Dlgos +Clons =2, (%)
D¢ thay phuong trinh (*) khong ¢6 nghiém trong tip hep cic s6 nguyén duong.
Do do. phuong trinh 2t 4 b7+t =20 cang Khong ¢6 nghi¢m nguycn duong.
Trecmy frp 2: Mot trong ba so a. b. ¢ bang .

2001 S T . )
2 => b, ¢ chan. Li ludn twong e trén. 1a cd

a2
Giasura=01acob +¢”
k] » 2
phuong trinh bis +¢fs =2 = bygs = ¢pps = 1. hay phuong trinh
h"' 5 c: — 5200

Viy

Trwomg hop 3 Hai trong ba so a. b, ¢, bang 0.

" >, % 1005 1005
conghicmlab=2""¢c=2""".

1

Iy 2 2 2} 20 A 2% 3 00s 003
phuong irinha” +b™ + ¢ =2 ¢o nghi¢m la (0, gL o1y,

R S 1201 :
Giaswa=0,b=01acdc =2 => loai.

" 5 2 2 2 20 e g T4 . 005 41005
Vay phuong trinh a” + b7 + ¢ = 2°" ¢6 cic nghi¢m i (0, 2005 51003y,

(2““"‘. (]‘ zll)(JS’ . (zl(l\:. lei(li. 0).



ox’+ _\" = J_v: 3y 465> x>+ y" 33."‘ +3y-1=64
<:>x2+(_\'— 1)":6-!;:»()' N<6=>y-1<4.
ViyeN=y-l12-1=>y-1e{-1,0,1,2.3,4}.

) Jx =8 [x=0
Viy phuong trinh ¢6 cic nghi¢m hoac ¢ 5
ly=1 ly=5.
d) Trude hét. ta tinh gid tri bicu thie
A= 113 -214+ 305+ ... = 201012012 + 2011!
Donl.n+2)=n![(n+ D+ 1]=m+1)!+n!
NenA =214 =3 +2)+4!1+3 = (5! +4D) +... = (20111 + 2012H) + 200! = |
Do vay, phuong trinh trothinh 1 + x! =2 = x!= 1 = x=1.
Viay phuong trinh ¢6 nghi¢m x = 1.
¢) Khong mat tinh 1ong quit giasrasb<c<d,
Doa, b.enguyéndumng viial + bl + ¢l =d!=>d>c=>dzc+ I =d 2 (c+ D!
Tacd(c+ IN=(c+ e!>3c!2al+bl+c!nfu(c+1)>3
Nhu vy, néu (¢ + 1> 3, hay ¢ 2 3 thi phuong trinh vo nghi¢m => ¢ < 2.

Do dd, ta o ciie bo so ctaa, by e twong ang 1a (11, D (1 1,2y 0 (1,2, 2) 0
2.2,2h

a=1Lb=1c=1thid! =3 (loai).
Néua=1lLb=1Lc=2thid =1!+1!+2! =4 (loi).
Néua=1,b=2,c=21thid! =1!+2!+2! =5 (logi).
Néua=2,b=2,c=2thid! =2/ +2! +2! =6=3\
Vay phuong trinh ¢6 nghicm (2, 2, 2, 3).

Bai 10. ) 3x” + 3xy + 3y° = x + By (h
= .\x1+(3_v l)x+3y3 8y =0 (2)
Phuong trinh (2) ¢6 nghi¢m
A=y 1P 123y - 8y) 20527y’ - 90y - 150, may e Z
=y=031:2;3.
V(!iy:()lnc(»ﬁx::xc:h: x=0vixeZ=x=0.

)'=l1;|c()3x2+2x75=()\'I|xc Z=x=1



30

2 3 . . < g - > . =
=21 ed 3X"+ 535X -4 = 0va X € Z = khong ¢ gid tri x ndo thod min.

Y=3eo3C +8x +3=0vix e Z = Lhong ¢6 gid tri X niio thoa man.
_ [ x=l
Vay phuong trinh ¢6 cic nghi¢m la ) 4 ho;jm :

ly= y=1

b) 2<%+ 3y - Say+3x -2y - 3=0 (1)

2+ (35X + I -2y -3=0 )

Phuemg trinh (2) ¢é nghiém nguyén <= A 5, phii Ia s6 chinh phuong.
Tacé Ay, =y — 14y + 33,

Dit Ay = K taco _\': -y +33=k°

o @y-7-K= 6= (v-7+k).(y-7-k)=16.

Mat khic (v~ 7+ k) vi(y - 7 - k) la hai 6 ¢6 cung tinh chan, 1é vi

y-7+k2y-7-Kknénsuyra

Viy phuong trinh (1) ¢6 cdc nghi¢m (x 1 y) T (15:12):(1:2): (3
c)x4+2x3+2xz+x+3=_\'1 ()
c:>(x:+x):+(x:+x)+3=_v1.df:llu'iy,\ﬁz+x4-3>():b(.\ﬁ2+.\:)2<y2
Mat khiic

(x2+x+2)2--_\'2:.\"’+x3+4+7x"+4t3+4x—\'47”\“ 2P -x-3

>0

\

:(xl+x+2)z>y2 (**)

=
=37 +3x+ 1 =3(x~ +\+l)_ w{x l) (__,.
3 3 4

[ y-7+k=8
-7-k=2 [ [x=15
y=12 = :
J-V"?"k:" [ [x=13.5 = loai
[
l.\'—'l—k =4 y=7 = khong 16n tai gid tri x thoa min
> |
[y-T+k=-2 | [x=1
y=2 =|
ly-7-k=-8 [x=25 = loai
y-T+k=—4 ly=3 = x=3.
~7=k=~4

*)



s s il 3.3
M () v (**)taco (X" +x+ 1) =y
Q3 3 24 3 2
S X H2CH 2+ 2= H W 2T+ 3
) x=1
&Xx"+x-2=0&
x==2.
L
2 -
Vaix=1lthiy =9¢y==%3.
; 2
Véix=-2thiy =9 & y=13.

Vay phuong trinh (1) ¢6 cdc nghicm L

[x=1 x=1 [x==2 [x=-2
1 hodc ¢ R HE
ly=3 ly=-3 |y=3 ly=-3.

D2 +ax= 193 @2 +2x+ 1) =21 -3 =3(T-y)

i3.(7»)'2)32 7-yi2 y y=1
=5 . =1, =y =l=
3(7-yH) =0 vl <7 Ly=-l
_ 5 [x+1=3 x=2
Néuy=1thix"+2x=8 =
[x+1=-3 x=—4.

Neuy=-1thix=2hodcx=~4.
Vay phuong trinh di cho ¢6 cic nghiém i
[ x:=e2 lxr 4 J\:Z [x=-4
ﬁn-:i’ ly=1 " ly=21" 1\.\'=-‘-
- xy+2z=94 (1)
Bai 11.a)
X+yz=95 (2)

Lay )i (), tacé(x—2) . (1 -y)=1
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[x=95 [x=31
Viy h¢ ¢o cie nghicm la J‘ y=0 vi (y=2
|

7=94 lz =32,

b) Gidi (1)

: 2011 2012 ;
Neux < Ithi x~1 +1X =2 > 1 (loai)
o . 2001 2012 .
Neux>21thi x -1 +x =2 > 1 (loui)

011 412012

Neux=0hi 017" +0-2 > 1 (loat)

D& thay x = 1 hoae x = 2 Bunghi¢m cua (1),
: el gl
Vaix = Lothay vio (2), tacd y" +y =80 =y =

2 i

v’ =68 =» khong ¢ gid tri y nio thoi min

Vi x = 2, thay vio (2) ta ¢d y

2 A x . . Py Yy
do v™+ v luon Keso chin mic 65 1 so e,
. < = . £ x=1

Viy he phuong trinh di cho ¢6 nghi¢m

[
‘i(

Bivi 12.7Ta x¢t 2 truomg hop @

— )
LNéun=1tacod vm=pe>m=p” vipe N pluyy.

= —
2 Neun> 1adat H(m)=ym+ Vm ..+ \/ln (n lan lay can)

phuong trinh tra thimh \/l'll +H, o (m) =pe>m+H, (m)y=p
coll, my=p =m. B¢ meN, peN. tacinco H, (m) e Ndodo

H, _‘(un=(l],,,,(|n)11 -m. Hm) = (H 3(1111): m... vi Hym) = k.

Ha(m) = \ffk: +k = \/"k,(k + lj déu 1i so wrnhien =» K(k + 1) phii Luso chinh
phuong. Mat khic k viv (k + 1) L hai 6 nguyén 10 cang nhau nén k = u’ v
(k+ D=V vdiuveNvivsu>0.

Dodév’ ui=1airdév=1.u=0.k=0.mak=0=sm=0vip=0.
Vaynéun=1thim= p: vi pe N, puy y.

Neun> Lthim=0vip=0.

(=1
[




2012 ; 2 5
: vty + 1) (1) ¢6 nghiém nguyén duong.

2012

Bai 13.Gia sir phuong trinh xix + 1) = p

Tl (1) suy ra x(x+1) : pm':. Mat khic, UCLN (x. x + )= I nén x © p
hoac (x + 1) i p™' =5 (x + !b':pm”. (2)

Taco | p™ @y +D)+Qx+D | p™ .2y + h-2x+1)
L ) P )

2012

=p (2)‘+ll:—(2xil):

= -lp:m:y(y D =ax(x+ 1)+ p:l”: == p:ul: =1 (do(1)

2012

3 3y
R W6y 4 1)+ (2x+1) = p P —1>2x+1

=p 1zp
W12 5. 5 : o 5 PP || KPS T
= p >2x+2 =» miuthuidn vitheo (2) tacd 2p~ " €2(x + 1) =2x+2,

Miau thudn trén chimg to phuong trinh (1) khong the ¢6 nghiem nguyen duong.
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Chiarmg 11
CAic PHEP BIEN POI PAI S& VA CAN THUC

II.1. PHAN THUC DAI $O
IL1.1. NHONG KIEN THUC CAN NHO
e Phan thite dai so 1 bicu thie ¢6 dang f; trong do A, B la cic du thie
vaB«0.
«  Phan thire dai s6 ¢6 cic tinh chit co ban sau :
/ Ax N
A = pxM vdi M 1d mot da thie khic khong ©
B BxM

I\S = i K vai K 13 mot da thie khic khong.

o €6 the thue hién cic phép toin cong, trir, nhin, chia, rit gon trén tap
hop cidce phin thace.
I1.1.2. MOT SO Vi DU

Vidu I. Cho a, b, ¢ thod man a’+ b+ ¢’ = 3abe.
Chimg minhranga+b+c=0hodca=b=c.
Gidai

3 . § 3 3
a’+b +c¢ - Jabc=(a+b) =3ab. (a+b)+c - 3abe
:[[;l+h)+c]] ~3a+b)y.c(a+b+c) Jub.(a+b+c)
=(@+b+c)fa+b+ ¢ ~3ca+b) 3ab]
=(@+b+c)@ +b>+c’—ab-be - ca).
Dodéa’ +b +¢* 3abe=0

[a+b+c=0 [a+b+c=0

- |
L= P 4 i
a2~ +b"+c”—ab-bc-ca=0 la=b=c.
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Vidu2 Chox.y.zthoamin: (X +y+2z)=(X-¥).(y-2).(z2-X).
Hay tinh : (x —y)3 + (y - o 4z % quaa=x+y+2z

Giai, T vidu 1 ta c6 ngay ket qua sau :

Néu(a+b+cy=0thia’+ b+ ¢’ = abe.

Do(x - y)+(y-2)+(z x)=0.nén

O A L A PR G N N (U T PR S Ek ¢ S NP T 1

Vi du 3. Rat gon bicu thic

1 s 1 o 1 i 1 " 1
X:l.(?_n—l) 32n-3) 5(2n-5) 7(:’_711—3)3 (2n-1l
1.1 1 ’
I+ 4+ +..+
3 5 2n-1

Giai. Goi ur thire 13 A vi miu thie 1a B

/
'I'ucér\:-l—“+-—l——)+:l+—' W+...+(L-l]o—( L—+1}
2n{\1" 2n-1) \3 2n-3) 2n=-3 3) (2n-1 1)

I 11 | | | AT B
= 4=+ -+ — [+ — 4 —+ .t -+ = —2B=—.
2n 35 2n-1) (2n-1 2n-3 3°1)] 2n n

B

Dodé X="1 = :
B

n

IL.1.3. MOT SO BAI TAP

A. D& bai

4k’ 16k +ak 41
(k3 +k)"

Bai 1. Cho cic s6 ay, a,, ... duge xdc dinh bdi cong thic a, =

voi k2 1. Haytinh X=a; +a, + ... + ay.
Bai 2. Cho bon so a. b, ¢, d ¢6 tich bang 1 vii thoa man ding thitc (a + b + ¢ + d)
| ] Lo | 3 i G P S
= —+ ‘ +— 4 rh Chimg minh rang : bon s6 a. b, ¢. d duge phin tich lam
da » M

hai cip, gid su la cap (a, by vi (¢, d) suochoab=cd = 1.
Bai 3. Tim cong thic tinh nhanh 16ng sau theo s6 wrnhién n

A2 AT ETRIS % o+ (@0 = 1M =,



Bai 4.

1 Xy
a) Cho —+ I t ] =0. Hiy tinh A = ‘f 442
X iy 'S

Xy 2
. 3 TR [ ) |
b) Cho i, b, ¢ khic nhau dot mot v —+— + - =0,
a b ¢
) > )
RO B =t elB g S
a’+2bc b +2ac ¢ +2ub
3y | ) )
BaiS. Cho — +°-= virx” 4y = |, Chimg minh ring
a booat
X 1020 \ 1020 B ’
ﬂ,ﬂllt! ‘ _HIII ( £ h)_(lll)
Bai 6. Cho X, y, 7 thod min dong thai ba ding thie
oy =0 ()
Yy 274120 2)
Foatel=0 3)

. PO ST IO 000, 2008 KK
Hay tinh giid i coa bicu thie A = x™ 7 4y 4270,

Bai 7. Chimg minh ring : Néua#b bzcic#avi
X(l4+be)-b-c x(l+ca)-c-a x(l+ab)—a-b
b-c T c-a - a=b
Bai 8. Néua la tdng binh phuong cia n s6 nguyén thi n.a 13 16ng binh phuong cla
(n- 1).n
T +1 s0 nguyén.

B. L&i gidi

Bai 1. Vaik2 1l aco

=y thi Jyz Cal=0

’ _akteekTeak 4l (kel-k o1
; (k(k+1))° (kk+D) K (ke D)

X=a +ay+ay+... +iay
_[,__L]+[_‘___L]+ +[__'____l_]_|_ o
2 )\t ) 7 o0t 2010 2011t
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Bai2. Tugidthista+b+csd=2+telil tues
a b ¢ d
a+b+c¢+d=bed + cda + dab + abe
«va(l - be)y+d(l -bey =bad - 1)+ ctad - 1)

<> (]l -be).(a+d)=(ad - 1).(b+c)

(a+d) 1
= (1 - be). ~=(|A thw)s(l—h').(hf-').
ad L\ ad . 4 i
Néube =1 thiad = 1 (dpem).
N\.“'uhctllhiu=h~c: I +--] =-|+E
ad acd abd a d
e '(1- 1 ]:1[ . -|J: Loy e L Do
i bd ) dlac d abd  d

Neu bd = | thiac = | (dpem),

Neubd = Lthiab= 1. Trab = 1 suy racd = | (dpem).

Ghe che 2 Bai todn trén €6 the marong cho nhicu sO v co the gidi bing nhicu cich.
Baid Vi"- )+2"+( 2" =0nentaco

@ - 1P+ - @™ - ' =-32"- 2" 2™ - ),

Tie do

SAA =323 - 3347 4 GBS 4L+ (<320 - D22 -

-3 =(1+2 -3 3P e @ s e e 2 - oy
= -3A= 1+ 4t egte e gy )
:>2“f\=—2"_4‘~3"~ ~2‘m—2‘“.‘+3{2".l _ “I. (2

Cong timg v& cua (1) v (2). 1a lai ¢d
2.8™ iy

M=),
1

21A=1-2" 12" - Y = A=

Bai 4. a) Ta co két qua quen thude sau

Néu(a+b+c)y=0thia’+b +c = 3ube. ()

ST— T
i gia thich ~+ -+~ =0 < xy+ve+zx=0.
Xy ¢
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Su tluug ket quz't (1) suyra

('(\) +(w) +(u) =3xV.yz. I‘(—?(1\ 2 ha Ly
512

_yzy :gt) +(\\) L A

2022
\V/ Xy

b) Tir gia thi¢t !+1+J =0 <> ab+bc+ca=0.
a b ¢

Tacoa® + 2be = a° + be + (-ab - ae) = (a - ¢) (a - b).
Tuong tu : b+ 2ac=(b-a).(b-c)
4 2ab= (c—a)(c—b).

a(b-c)-b’(c—a)-c*@a—b) _(a-b)b-c)c—a) _

Vay B=—
(a—b)(b—c)c—a) (a=b)b=c)c—-a)

A o oyt 1 ('( +y” )
Bai5. Tac6: —+—=
a b a+b .|+h

= (a+b) (bx* +ay?) =abx’ + v3)°

=( ¥ bx:iZ 0=bx’=ay’ = X
ay — = X~ =ay — == —g—
5 4 a b a+b a+b

4020

4020
x| X B 1 ¥ _
a a _*_b a_‘ﬂ]ll ( +b)2()]ll bl()l(i (i,l "
i) 4020 anzn 2
0dé ——+ = —_—
20010 1, 2010 2010
a b (a+b) {

Bai 6. Cong cdc vé clia(1):(2):(3).1aco
('cz— l)z+(y3— l):+(73— 1)2=0:>x3=v2=1.:= 1
Dédé A=+ ()™ (A =14 141=3

Bai 7. Tur gia thiét ta co
x(l+be)-b-c=y(b-c)=(xc-1-y).b=c(l-y)-x ()
Tuong tu: x(y+ 1) x=(xa-1l+y).b (2)

X(l +ac) - (a+c)=(c—-a)y (3)

38

1

b)l('l()



T (1) v (2) suy ra: [.’((}'-r l)—,\](;lc—l—}')h:[c(l—_\')» x[(xa=1=¥)b ()
Néu b =0, khi doa =0 vice = 0. Mat khie, e (1) vin(2) 1w eo
x=c(l-y)y=x(l+yLsuyrax=0vay==l,
: X . X . 5 5
Dodd x =—— (5)vit c=—— (6). Thay (5) vt (6) vio (3). ta duge
Ity I~y
x_'\{_’.\ ‘,"-‘_‘,,‘,\
1=y l+y )
o | _\‘: b 2= 3_\“‘ = 3_\1 X +1=0 (dpem).
Néubz0, () taeo: XL+ vy x] e Loyy=[cl - y)-x][xa T+y]
< 2y, [X(] +ac) = (@ + )]+ (a o) _\'3 -1)=0
c:>2y"(c )+ (@0 (¢ _\'"‘ 1)=0(do(3))
> (c "&l)(.‘,\': NXHl)=0e 3,\'1 X H1=0 (dpem),
Bai 8. Dava= ;\,: . ;\_._: 0...+u“: (n,eZ:i=12..n
» ) )
ER U PR R P | F P
2 2 2
= ()" + iy ok, H 20005 4+ 20, 4,)
+[(;|,2 =21, O'U._a_: ) v.,.+(n,: =2ua, + u“" ”a

2 2 2 2
+ (il: =iy g )# tv(n: =250, +a, ] $50

I:("lu l: =28y ‘Hl“:)]
R +[(“‘ ay ) ot () —a, )3} 4
+[(3l3 ‘il,x]l ot 8y —aty ): } a1 =t }: I

Vay n.a la tong binh phuong cta

m-1+In=1) (n-1rn
3 =
3 2

l+m-D+n-2)+...+1=1 +1 80 nguyen.
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e ~ »
11.2. SO THYC - CAN THUC
IL2.1. CAN THUC
1.2.1.1. Nhing kién thic cdn nha
ChoneNvanz2:aeR.
* Can bace n ctia 5o a limot so mi luy thira n bing a.
o Cinbicle(n=2k+1)
Moi sO déu ¢é mot v chi mot can bac lé.
o Can bic chin (n = 2k)
+ S0 am Khong ¢6 can bic chin.
+ Can bic chin ctia 50 0 1 86 0.
+ S0 duomg ¢ hai cian bic chin L hai s6 doi nhau,

- I.I Vil -2

Ki hicdu Liv:

Vi soa > 0,50 Va duge goi li cin biae hin s6 hoe cia a,

* Ciace phep bicn doi can thic

=A, VA VAT = |AL VA,

o RYAR=RYA B VALB.

l A
=, VA.BvaiB=0.

U

o WAB= WA YB nduAZ0vaB 20,

Vs ,? I: neuA20vall>o,
3y
o AR L ANYE, VAR,
o WNAT™B=|ALWB. vA.B vaB20.

o YWA ="UA nduAzo.
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11.2.1.2. Mét s& bdi tap

A. OE BAI
Bai 1. @) Tim x dé mdi can sau ¢6 nghia :
F
3 — X =
a2l a2) V3410 ah =
X+l
RN - p— e
[=3x+10 | [1+6x
ah) —— ad) H a6) | ‘ , .
V 2x-1 \ ! Vit -4
b) Tim Gt ca edic gid tri x de ding thie sau duge nghiem diang :
bl) Jix+3 =x+3 b2) ix+ 317 =~(x+3)
b3 V(x+3) =[x+3 bd) \(\ PP+ =(x+ DX +2

bS) Vx+2Jx-1 +vx
b6) Q({/s\/i +1-Ys42 —7)‘

Bai 2. Rut gon cic bicu thiie sau

R

~3x 4 (%7 I)\ﬂ\ -4 -2
-l)f\—- NGiX>2

R LU P [0 LT |

—ay by 20 b
h)l!z| it ‘.neux: =l ?(Za<b<()).
I4+ax V1=bx a b

J.\ >0
neu 4y >0

Js

¢) C= l \/“& \"‘”

2Vx
7 +
Yo 2Wx+y) | Vs

\/; + Jxlrk i+\l.\ —hf\j

dib= e
I _8_ 16

Ruit gon roi tim cie gid tri nguyen cua X dé D ¢6 gid i nguyven,



Bai 3. 4) Cho ba so thue x, ¥, 2 doi mot khdc nhau thoi min di¢u kién

ty-o¥1-x" +z-x) Y1-v  +(x=v). Y1-2* =0 (1)

Chimng minh ring : (1 - x“),([—y")‘(l —H=0- ‘_w)‘.

b) Cho cic 56 x, v. z duong thoa min xy + vz + zx = 1.

Chimg minh ring :

ol 2 fovie i 2 42 2
‘{!I_T,-‘i l,(l’fl ) r(l+1. )(l1 X )“'\/H X )(If) 2:2'

A=x ty
1+x~ \ 1+y° I+2”

¢) Cho 3 s6 duong X. y, z thoid min xyz = X + y + z. Chimg minh ring :

OO TO [T (O N o Fomp YR, (. R ENRRe 3
Uy )I+27) = l+y" =NI+z27 J+x7 )1 +27) ~V1+2" —VI+x
2t .4 + i SO

vz 7X
+ VO )y V143 —y14y? -0 m
Xy

Baid, a)Chox,y.2>0,x=2y, vy 22,27 x Vi

Q‘f;+§/;+§/;=l (1)
b) Cho (5/:)2+(é/§)1+(i/;)1-1 @
(%) +(H) (&%) =1 @

2012

(¥

R 000 2010
Tinh gid tri ctia bicu thite : T =(§f€) } (‘Q)
g L

| = Py . f
¢) Cho a = 5 \/\/—2 +H ;\E Tinh gid tri bicu thie X = asvatsasl



Bai 5. Rut gon cic bicu thire sau :
a+2+vab +9b
,,‘_‘/‘1__“_4.[__.,_2@ (a>0.b>0).
Ja+3Vb -24ab

Gendh7d5-38 | X
b) Cho x:[lw‘ hek E‘I ;R +2011 va 1:a‘\5—,+| (a>0).
X

\/'.E + \/|_4 - ()\'{5

( 4
5B ]
A \/l~ = a\/ll'ﬂl'
Rit gon M=~ = = | .
T
viU©—a® = \/! +a
Bai 6. Vi s6 thuc a, ngudi ta dinh nghia phin nguyen cla s6 a la s6 nguyen lon
nhdt khong vuot qud a va ki hicu 1a [a].

a) Cho diy 56 Xg. X2 Xy .. X,,... dugc xice dinh boi cong thie

.¥nz 1, neN. Hoi trong 200 56 X, X}2 X3 eeea Xjgg €O

bao nhiéu so khidc khong ?

1
b) Tinh [a; +a, +...+ a0 ] 0d6 a, = —— ¥nzl. neN.
[ g .mu] " me v envn+l

Bai 7. a) Tinh f5.444,..44 chinh xic dén 107,

\ 100 chi s

b) Tinh A = \/6—2\/\7‘.7+ J12+y18-J128 chinh xic dén 10
Bai 8. Ching minh rang véi moi n nguyén duong luon 16n tai m nguyén duong

sao cho (\/:—l)n =J5-Jﬁ.

Bai 9. a) Ching minh ring : Néu o = == | 1hi
. B ¥ Werta asrdh
Vil i 2 I
Va Vb c

- + + = =0
Iboede Ye+da Yasdo
szﬂé,l; . \‘jzzfﬁ

4 4

1

b) Cho x = + |]. Tinh A =3x" - 3x7+ 2012
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Bai 10. ) Cho Ya +¥b + Yo = Yarbc . Chimg minh rang
Va e Vb+ Ve =Vasbic v moi k nguyén duong vak i so le.
b) Tinh

R

2 2 2 2

—2010 =12010
(3+05) (3-V5)

| 2 | | 2

- /

B. LOI GIAI
Bail. o)

aras
al) V2x7 +1 ¢6 nghia véi moi x (x € R).

R 10
a2) V-3x+10 chnghia e x < o

Fxl - N x=il
ad) conghia e X" - 120 < |
Ve [x<-1.
——1\;+l( x40 | 10
at) conghtacs ——20 & —<x$—.
Vo2 251 2
as) \” \ ¢6 nghia véimoi x (x € R),
—_ X2
[1+6x . B 1 +06x
a6) [ cOnghia e >0 <> |
Vx*—4 X% -4 -2<x<-

, 2
by bl) \’(.“*3)1 =x+¥=x+3ox+320= x2-3.

|
b2) V(x+3)7 =lx+3 ==(x+3) & (X +3)<0 e x <=3,

b3) \(x+ 1) =X +3 ding vdi moi gid iri x (x € R).
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b4) \f&nf.cnz;:;nl Vx+2=(x+vx+2

x==2 Xx=-2
<= =
(x+1)z0 x2-l.

b5) Vx+2Vx—1 +yVx=2Vx -1 =

2Vx -1

= \n"(mlv-l)z+\."(\/:_-_l—l) =2Vx-1

o [Wx=T+1l+Vx=T-1]=2¢x=1.

2JX=1 néu Vx—1 21

2 neu Vx-1 <1,

Vay (1) ¢hi duge nghi¢m dang khi vii chi khi V=121 ¢ x22,
16) Dita = V5v2 +7-5¢2 -7

0 = (V24 D-(V2 - N-2df(5V2 + D5V -

esat= 14 3uc:n“+3u~14=0®(a~2)(u2+2a+7)=()

Tuco | x—l+l'*’\/x—l—1.=+

f:»a—2=()(du:|1+2u+7>())c:z|=2,

Viy {/(«/M/"a-'l N_ 7) \/; \/—‘:lu(\ndung\ﬁlmmgmtrn

Bai 2. a) Taco

(" -3x-2)+ (P - DX’ -4 _ (x+DPx -2+ (P - DNX* -4
a2+ (D -4 x-DAx D+ - DX -4
(x+ hafx 2[(x4|).dx—2+(x—l).\/x+2]
(x—l)\)x+2[(x—l).\)x+2+(x+1).\/x—2]

= (Xx+Dyx=2 :(x+l).\Jx—2.v‘x+2
(x-Dx+2 (x-(x+2)

A=

Dox>2nén A =
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\/wfh vb-2a
th + Jh—"d

l‘
by Tacod By = =
"wl‘

—2
(V=b-vb-2a) —a—\bRa=b) _a+b2a-b)

-b—(b-2a)  a-b b-a
b
|+b( h .l—\j‘h(’ -h) (\Jb(')d b) - )
B, = - 1
T l—b [2a-b d+‘jh(2a-h) (a-— hr
a’ b
f |l b(2a-b) dl
Do do -Ll“-«
Vi-bx la—b
g+ /b2a=b) Wb2a—b) -4l _ba-b)-a® _ —(b-a)®
b-u " Ja-bl (b—a)fa-bl |a=b/(b-a)
Inéula<h<a<0
Vay B= :
-l néua<h<0.
afsy + (V- ) |, :
¢)Tacé C= ( J_) 2/x + \[;

2(x-y) \[’:+\/; \f_\-'-\./;

VayC=1lncux>0,y>0vax=y.
d) Ban doc tu gidi giong cau b).
Bai 3. Ta c6 két qua quen thude sau :

Néua+b+c=0thia’+b’+c’ = 3ube. (*)

Dz_\l(y—z).i‘/lwx":u y (2-x). \ﬁl =b : (x y).\)jl—/.‘
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Tir diéu kién (1) visir dung két qua (%), ta ¢6 ngay
-0 0-xH+(z-0 0 -y)+rx-pa-2H=
=3 -y y-az x). {,[u xhHa-vha-2h

=y D 2+ (x y)"—[(y—z).xl‘-ly(/. x)l“-[z(x-y)]‘
=3x -y -2z, Ja--yhi-zY. 2

Do(x-y)+(v-2)+(z-x)=0.nén

- +z-0 rx-v =3x-ny-ne-x)

VA(Y - 2)X + y(z— X)+ 2(x —y) =0, nén ((y - l).‘()" +(ylz— x))" + (21X — _\'))“ =
=3x(y —2).y (Z—X) . 2(x — y) = 3xyz(x = y) (y = 2) (2= X).

Vivay (2) <= 3(x - )y - 2) (2= X) = 3Xyz(X — yUY - 2)(z—-X) =

—
=Mx=y)ly-2)(z x)w‘J(I—x")(l—y"‘Ml-?“)

—

3 -xyax VY - 20 =3y -2 - x) Ja-x -y -2

= I—xyz=\‘ftlj‘)(l—_\"ul—z")
(do X, y, z khdc nhau doi mot)
o (1 -xy2) = (1 - x) (1 =y (1 - 2%, Ta ¢6 diéu phai ching minh.
byTacé 1 +x3=xy+yz+zx+xl=(x+y)(x+z):
1 +y2=x_v+.\'z+zx+y3=(_v+n(x+y):
1 +/.3:xy+_vz+zx+z1=(_\'+zl(z+x),

A% l(yr+n:(7'/.”gy(x+y)+ 9,+7.)(x+_v)(z-rxll - ;:<+)-)l(x+f:)_(_)/k/)
Voxeyx+z) (y+2)(x+Y) (y+2)(X+7)

=SX(Y+2)+ Y2+ X)+2(X+Y)=2(Xy +yz+2x)=2.

T 2
S JLLJ [tey

_ 2,
yzzz \} ,\':1.: \ _v:zz

3 /(jfz‘)(ilr-&-x')_\/Hz‘

2.2 2.2
Z X ZX

N W
\[ x?y: \ x.‘..‘_:
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1 1
Dt —=xy vd —=y,: . =2y, 1aco
X v /
/— 3 3 = o 3 I
(1) & U +x)0+yp) +4/(1+yp T+ 25) + T+ zp X +X5) =

[ mm L [aa e e \/:_:"75
= NNoZo te Yoo t Yo T ZoXo T Xyt XpZg 2

2.2 9 . [a3 o
YXoYo T Yo Ty XeYo tYo

[ 2 2 [, 2 > /'7 2 2
<\ xg)l+yg) "'\’(l ¥ +25) + (2501 +x5)
2 2 2
= (g HygWIHzg +(xg + 2 WTHYg +(yg 29+ xp (2)
Do X +y + 2= Xy7Z € Xo¥ + Yoty + 7%, = 1.
b 3
Tuemg wrb) ¢6 T+X5 = (X, + ¥ )Xo +2() ¢ L+¥5 = (Yo +20)AX, +¥y) ¢
3
L2 = (v +29)(Xg.+ 20).
Taco
Ve phili (2) = (xq +¥0)\/(¥g +20)(Xq +20) + (25 + X))/ (¥g + 2 (X + ¥() +

+ (Yo +2p)(Xg + Y )(Xp +24) -

f
Veérii (2) = y(x, +y“)2(x(, +zplyg+7y) +

2 2 Py
+ \/()'n"zo) ("u*)‘0)"‘0*’2(1)*\/‘70“‘0) (Xg +¥o)lyy +2p).

Vay vé trii (2) bing vé phai (2). Ta c6 diéu phii ching minh.

Baid a)yba x=a; fy=b; Yz =c.
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T R e S W
b-¢

a b C 1 a | b | ¢
= S+ =+ 5= X —x— _—
(b=c) (c-a)” (a=b)y™ b-c b-c c¢c-a c¢-a a-b a-b

1 (—h c ] 1 (-a ¢ ) 1 (—a b J
x -_— ] - +—| -
b-c \c-a a-b/ c-alb-c a-b) a-bib-c c-a

2 2 2 2 2 2
b~ —ab+ac-c G —bc+ba-a a“—ca+cb-b

T (a—b)b—clc—m) (b-c)c—a)a—b) (c—a)a—bib-c)




b) Bt %r;:u:é/)_l=b‘.§/'l_.:u
Tir (1) v (2) suy raab + be + ca =0, )
M khic ¢ A b et Zabe=(a+ h+c)[u1+h2+c1 -ab — be — ca),
dodéa’ +b + ¢’ abe = 1.(1-0), hay 1 - 3abe = 1 <= abe = 0.

b+c=1
DNéua=0={ b +c’=1 = b +c?+2bc=1=>2bc=0

T :|:b=() vac=1

c=0 vab=1,

2)NEub=0, lamtuong wtacGa=0;b=0:c=1,hodca=1:b=0:c=0.
IHNeuc=0 wong wcéa=0:b=1,c=0hoica=1b=0,c=0.

Vay luon ¢6 2 T = 1 vai moi truomg hop.
P
1 i 4 =2 = -l
Y Ta cd a= 2 —s]D 4 2\ = Sy
¢)Taco a 2\)\[_*8 ax/ta(&nxf..) lﬁ[\J.mx]

o 6402 + 1602 +2 = 16v2 +2 & da” +2a -2 =0

2 V2(1-a) 4 2(33-2a+l) al-2u+1
S E—— ol E—————— =,
4 16 8

w2 9y CYIE P 2
Do do X = J"“ | S L NPT J;“ L4 +,i—“+3)
ry 8 4 8

_V20-w) a3 4f sig

& e

Bai 5.

; a+2/ab +9b 5 (Fl+1\/~) —avba "
Y \/:l_+_'\\/-l;.;?\[¢l_;_-\/§ a+3Jb =23 :74_"\/5
B (a4

W—2J§=J§+3ﬁ+2ﬁ—2£:(ﬂ+ﬁf.
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(52 (2]
by Taco x =|3.- — = +2011

v’5$\.(3*\/5)2 J

+2011=2012.

T O
Lai ¢o Vi™ +a =\la| =

o fA_F . |ae+l_a
va VIm —a” =y jd" ——-a~ =

4
“(K-l)+a('&+l)
e o
Viy M = vax o Wax
e alx -1 d(‘(+|;

L V2x JV2x

Bai 6. a) Taco x,, =[n s l} [ ] >0 hi¢n nhién

o [ AL nh/f"_ n-h
”[\E}S[\E ;a{\vﬁ-.l =X, sh

Dodé 0<x, <1 vaimoin(n=0,1,2 ... 199). Mt khic, x, €Z nén x,
chi ¢6 thé nhan gid tri bing 0 hoge bing 1.
S0 eide 0 x, # 0 chinh [ ong @t ci cac so X, n=0. 1.2, 199).

[ HEH R

L199) 1a 141,

Vay so cic so x, max, #0 (n=0, 1.



b) Xét ne N, n21. Taco

! _(n+l)\/avn\/n+17 b

= - - e
" (n+Dan+nin+1 (n+l]:4n—n:(n+l) vn vn+l

Chon=1.2.3....2010.ta cé

1 1
2011.42010 +2010v2011 N V2010 2011
=gty bty =1
Bai7. bat a=35, 44..4 .
100 chit ~6

PacB L i o W a1
Mg l)
100 ¢hit s0

— 4 4 49 s 7
= Ju = \/5+—— q01 :\f——i.m L
9 9 9 9 3

simite . T :
X¢ét hicu : o o, taco

(1)) o

z ~Ju = o= 9"7" B !
= +VJa + J';l

: N e

s 5o s @
Viy a= [5. chinh xic den 10 "1 CL

——
100 chir so

1

1
T = [a) +ay .ty =0.

b) A =\/6 2 VZ VT V16-8V2 +2 = J(;—z\kﬁ 124y E-v2)7

Al



\/6 W2 +12 +4- \/_—Js 2B +1)
V6-2(3+1) =3 -1=1,73205-1=0,73205.

Viay A tinh chinh xdc dén 10 %12 0,73205.
Bai 8. Trudc hét, ta chimg minh

(1-v2 ) =VaZ - a?

a’ —2b% =(-1)"

(*) vdia>0vab>0.

That vay. (*) ding véin= 1 (ldya=b=1).
Gia su (*) ding véin =k thi

k+1 k
(1-v2)"" =(1-2)" (1-42) = (Vo 27 )(1-42)
=2 2
=(a_ﬁb)(|—ﬁ)=(a+2b)—(;.+b)ﬁ=\/(a+zh)- ~J2a=b)>.
Dit (a+ 2b) = a7 vd 2(a+b)? =2b;.
K+l 5 T
Tacs (1-42) = yaZ - 202
véi a® —2b% =(a +2h)° ~2@+b)’ = ~@’ - 2b") = ~(-1)* = (-1’
tic la (*) ding véin=k + 1.
Vay (*) dugc chimg minh véi moi n e N
X6t (*) v6i n chin v n I, ta ¢6 diéu phai chimg minh.
Bai9. ayba: Ya=x:Ib=y:¥c=2
Y gl

- X
Tacd: —+
Y4Z 24X X4y

X y z )
= (7—+~4—— i —-*](K-*yi-l):)(%‘)"%[,
Yz X Xy

2 2 2
X X X2 X z Xz vz ‘7

e g BV BT LAY Y YR R e —— =X+Yy+2
y+2 Z+X X+Y Y+Z X+z X+Yy Y+Z X+7Z X+y



2

XY 2yt x(y+z) | Ax+y)

yrz xrz xry D Porde Je+ba Ya+do
Jznﬁ Jza J513

e+ —+ + + =X+y+2Z
y+z X+Z X+y X+zZ y+z X+y
2 2 %
xz y© z é]a' v‘ \J
o —+ +——=0,h

b) Ta c6 3x -

& k=P = 2\+Jil\ 2‘4—\/75_@ [21+\/‘-l \) Ox=1)
4 4 \ 4
2‘4
e (3x -1 —=x2
( ) 2 x
5
e Ox-1) = "’3 +3.3x-D)

.
e 27x -303x)% 33— 1 = S H3x-1)

-

=3 27x"-27x2+9x—[=%}+‘)x—3

23 23-4 19
AR P e L
2 1) 2

e 270277 =

~ !"

o 3t -ax? =B.
18
3 ) 19 1
Viy 3x" -3x"+2012=—+2012=2013—
18 18
Bai 10.
a) Ya+db+¥c=Yavv+c

o (Yo + Yo+ ¥e)=(Yarbrc) =asbc

a=-b
Ql(\‘/_l+%)(:/g+%)(\'/:+\‘/:)=0 < |b=-c
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W NE s
Néua=-b, thi Ya +¥b+¥c =Va +Voa s Ve =4 =¥asb+c.

Tuong e véi b = —c hoac ¢ = —a.

Vay luon ¢6 ¢ Va+b+c= W+ W +¥e vai moi k 1¢, k nguyén duong.

- 3445 3-45 X +xy=3
Db X =—" 1% =" =
2 2 X =1
ba S, =x;"+x," véi ne N
58, = %" X" =" e xa " ()
+1 - 1 i
x2S, = 6" xox, =" e " %

Cong cic v& cta (%) v (**) 1a €6 (X, +%5)S, =Sp.p +%,X:8, . hay
38, =5, +Spq & 8, -35,+5,, =0.

Vain=20111ac6 Syyys =38y, +Sygp0 =0. hay A=0.

11.2.2. O HUU Ti - SO VO Ti - SO THUC
11.2.2.1. Nhdng kién thic cdn nhé
A SOHIUTI
e X li s0 hiu ti Khi v chi khi x bi¢u dién duge dudi dang mot s6 thap
phan hire han hodic vo han tudn hoan, hodc x bi¢u dién bing }: Lo do a,
beZvib>0.
Tap hop cic s6 hiru u ki hi¢u 12 Q.
B.SOVOT
o x la 80 vo u khi v chi khi x biéu dién duoc dudi dang mot so thip phan
vo han khong tuin hoin.
Tap hap cic s6 vo t ki hicu la L
C. SO THUC
o X 12 50 thue khi v chi khi x 12 s6 hitu ti hodce vo ti.

Tap hop ciic s6 thue ki hi¢u 1a R.
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TacoQc R IR INQ=0valo Q=R

Ta ¢6 the chimg minh duoe dinh li sau: Cho 2 <nvin & N,

Gid st 1aso e nhién, a 2 1, sao cho a khong i luy thira bic n coa bit ki so
i nhién nio thi Va T so vo 1. Nhu vy, Ua 1a 50 nguyen hoac Ya lase vori.
11.2.2.2. Mét s6 vi du

Vidu I. Chimg minh rang :

@) V24547 lasovou;

b) (w_‘ - \E)(\(" . \J‘E)ﬁ + \fl) [FEGRVETH

Giai.

Giast V2+5+¥7 =qe Q= V2+V5=4q- J7

= { \’3 +

= 7+2J10 =7 ~2qVT+7

2 4
= 210 +2qV7 =¢* 2 V10+qJ7="1 = 10+29470 = “4 ~74,

i

Vay V70 =| & —7¢° 10 |1 2q. bicu nay vo vi. Vay V25 +V7 ¢ Q.
L 12q \ )

(
l

b) Tuong tra).

Vidu 2. Cho ¢ =0.123... 9101 1... Chimg minh rang u la s0 vo .

Giar. Giaosit o€ Q. The thi ¢ L so thap phin vo han wan hoan. Gia s chu ki
cut o gom K chir so. X¢t so 10" voi 1> k. Khi d6. vai 1 da 1an thi i bo k chir <o
trong chu Ki cua o 8¢ roi vio trong 3t chir so 0 cua 10", nghia Lk chir so ¢l chu ki
et déu 1 0. Do dé, a L so thap phan hitu han, di¢u ndy vo li. Viy « liso vo ni.

Vidu 3. Choab = 0.a+b=0.a, b e Q. Hoi cic 50 sau 1a 5o hiru ti hay so
)

Vol
T
W) X= [—<+—5+
i
2 2. %6 2010
| » > a 2 X
by y= [0 +b” +—— (a*-b).
\’ (a+hy” atb

n
o



Gidr

2ol 1 1 1
a) Taco: A e A )
a b a+b
Thivay
“ 1 1 1 11 1 2 2 2
e —=+=+ S —— e e e
< = (a+b)” ab a(a+b) h(nl+b)

a® b @+b)? ad b
2 2 2

& - - =0 <> 2(a+b)-2b-2a =0 (hién nhién).
ab a(.Hb) bla+b)

Vay x la so vo ti.

’ g )
b) Ta co \"d +h‘+4i{—,=la+b— "h\

(**)
(a+b)’ | a+bl
o PP PRSP M LA 2(.‘+h)—
(a+b) (a+by +b

<> 0 =0 (hién nhién). Vay y li s6 hiru ti.
11.2.2.3. Mét s6 bai tap
A. DE BAI

e i L [2 O
Bai 1. Tim 1dt ca cic so hiu ti x d¢ q =vx~ +19x+93 it 56 hiru ti.

Bai 2.

- : X il i
W) Tim x € 7 sao cho . 14 50 hiru 1.
>
VX +2

b) Tim a. b, ¢ 1a cdc s0 hiru ti, d6i mot khac nhau sao cho

r
[ | 1 £ o Fal g
= +—— lasGvoli

el
Via-b? (b—c) (c-a)
Bai 3.

) Cho a =~ 47243 +88V2 —y/5-246.

L
2

Hoi b=2010a" + 20124 + 2014a I 6 hiru ti hay vo i ?



Bai 4.
a) Cho a, b € Q sao cho Va, Vb déu 1 s6 vo ti.
Chiémg minh ring : néu r, s € Q thod min rva +svb e Q thi ra +5vb = 0.
b) Cho a = xv/x + \/;-x- vi b= y\/; +\[§. rongdo x>0, y>0vax,y ¢ R.
Chimg minh ring : néu Jx + yeQ va JxyeQhiat+beQ viabeQ.
Bai 5.
a) Chimg minh ring : khong t6n tai a, b € Z sao cho
(a+b42010 )" = 2009 +2010.42010.
by Cho a, b L hai so haw t. Bic¢t ring da thie
fix) = xt +ax’ + bx* +6x + 2 ¢6 nghicm la 1+ V3. Hay timavich.

Bai 6. Chimg minh ring :

4\—\IL+—I+—I-+J—|7»VI +l—+
222 3 N g

| 1 1 | | 1 Seimen .
+ |t —+ =+ [ +—7+t 5 lamot s6 hi i,
1° 2010 20117 1720117 20127

Bai7. Timx e Rsaocho a=x+v2 vib=x*+2 dong thoi 1a hai s6 hiru ti.

Bai 8.

a) Cho a, b, ¢ 1 ¢ic s6 nguyen 1¢. Chimg minh ring khong ton tai so o hiw i
nio thod man ac® + o + ¢ = 0.

b) Cho a, b i cic s6 nguyén. Chtng minh rang khong 16n @i s6 o hiu 4 ndo
thoi man o + 3ac — 3(b* + 1) = 0.

Bai 9. Cho X =ava +Jab v Y =byb + Jab, & d6 a. b 1 cdc 56 thue duang.
Chimg minh ring : N¢u Ja+b €Q va Jab € Q thi X.Y vi X + Y ciing
thuoe Q.

Bai 10. Chimg minh riang luon tim duge vo s6 bo ba ciie 50 X, y, 2 hitu i thod man

3ol
X +y +2 =2 (1



Bai 1L Tren mot bang., ngudi ta viet lien tiép cie so 1.2, 4 xod di hai so a, b bat ki

& = SR | )
vi thay vito do la cic so =
/

— . Lam nhu vay sau mot so lan d¢ tren
= )
Ve

bing con lai ba sé vo ti V2. 242, 3J3 duoe hay khong ?

B. LOI GIAI

Bai 1. Giasuxvige Qsuvrag-x e Q.

B \x: +19x+93 -x=1€Q
S+ =+ =X 2+ P (h
Sx(19-20=1" 93 (*)
Neu 19 - 20=0,thi © =93, 1 € Q suy ravo li.
203
1

~.1eQ. (2)

e 5 t
Viy ¢co x =
& 19-2

: o i g . o 19 .
Newoe lai 0 Néu X thoa man (2) véi t# -~ tacd

¥ s 2 ~
TR - -93 1" -93
VX +19x+93 = ! t ] +19 =
\ 19-21

W =190+937 - 191493

\oao-ay 19-21
. 2 i 19
thuoc Q vaimoit e Q va t = =
>
' £ rpEn ¢ sapes V=93 .
Vay 1an ca cac so hiru i X can tim a cie so ¢6 dang x = T vair e Q
21
2 D ol s :
Vi 1# - va chi ¢ic 30 ¢6 dang ay mi thoi.
Bai 2.
X 5 ok i T g
ay i a- dicukign:x>0vixeZ. Taco ueQ <= Vx e Q.
Vx +2

n
o



Vx eQ dodd Vx - 'I‘ VGi 10,0l e Z, UCLN (h./y = 1.

5

=t B =xl e hP i ma UCLNM. h=1
=/=1.Til=1tacé vx =h. hay x =hhel
T 1Y |
b) Tacé: L*-L?——-; e _——+ ! -
\a=b b-c¢ c¢-a) (a-b)y (b-c) (c-a)
v | 2 7

+ + +— —
(a=b)}b-c) (b-cMc—a) (c—a)a-b)
| 1 I (e +a—by+(b-c)]

(@-b> (b-cy (c—u) (a=b)}b-c)ec—a)
1 1 |

= ——— - 4 —

YR a A
(a=b)" (b-c)” (c-a)

1 ! 1 1 |
— +———5 + — =|—+ -+——| e Q.
Va-by (b-c) (c-a)y a=-b b-c c-a

Vay

Do dé khong the tim duge cde sé a. b, ¢ € Q. a. b, ¢ doi mot khic nhau nio
de x sovo .

Bai 3.

0=t (T ) - [VE-B) =B e B (VE-VE) =202

4 2
Suy rab = 2010(2v2) +2012(242) +20142\2 € L.

—_— — =
—— A A
b) Ta s¢ chimg minh ‘F—PJ — = ’n’f =H == -{l= )
E VWS Vs V25 TVas Vs
=T A ’ I o fas v B0 s ; ;
That vay @ Dt x = gz VY= J3. Ding thie (%) cin chimg minh wong
5
N
25 3 2 2 X3
duong vai:  2X - Xy = (XTHNXTY XY h
T 23

<> X2-y)=x(l+y-¥)



Ta ¢6 (2) hicn nhi¢n do diing hang dang thiic

(‘(+y+/)"=‘3+y3+13+3(x+y](y+'f.)(t+x).
Do (*) nén ‘l-‘~+\/a— vib=0 e Q. Vay b la sé hiru ti.

Bai 4. Gid st ra +svb 20 *)

Tacé: (r\/; +\‘\/i_1)(r\/;—.i\/g)=ur3 —bs?

ar® - bs?
= rya—syb = e Q.
r .x+~.\/_
r\/;HJEeQ WaeQ
Do dé =
ra—s beQ svb e Q.

Do Va. Vb gQ nénr=s=0,suyra ra +svb =0vo I (trdi vai (*)).
Viy ra +svb =0.
b)Tacé: a+b=xvx +_\'\G+2\f§.

ab=xyxy +x2Jy +y2Vx Fxy = 2 + ¥ VR s xy + xy Ry

Jxyeq xyeQ
veQ {ﬁ.(\/;+\/§)=x\/;+y\/;e().

Mat khic : (\/I+\/§)2 =x+y+2xy €Q nén(x+y)eQ

Suy ra: (x+y)(x\/_\_’+yx/;)=xz\/;f)'z\/;+x)'(\/;+\/)—f). (1)

theo gid thi¢t \/xy € Q v Vx +Jy €Q. nén x_v(\fx +JT] €Q.

Theo gid thiét {

Tir (1) ¢6 ngay xEV[; +_\'J\/,‘: cQ =abeQ.

Do (x + y). \’:+\/}-'EQ.

nen (x4 _\')(\/:+\1‘;)=x X+y )'+xv'/;+'v x €Q
= xVx +y{y € Q. e 1 (a+b) € Q.

Vay abeQ vi(a+b) e Q.
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Bai 5.
a) (a+bv2010) =2009 +201042010

= a® +2aby2010 + 2010b% = 20094 201042010
= a2 +2010b = 2009 = (2010 - 2ab)./2010. ()
Néu 2ab - 2010 = 0 = 2ab = 2010 vo li, do dé (2ab — 2010) # 0 va tr (1),
2 )
aZ 19 2_9 PO

i L L1 Bha LU iy *)

2010 - 2ub

a+2 2_2
Markle 22200002009 .oy oo 010 e i nay VST

2010 - 2ab .

Vay khong coa, b € Z sao cho a+ b.y/2010 = 2009 + 2010.4/2010.

by x=1+3 I nghi¢m cia da thic f(x).
o (143) +a(1443) 4 (14 V3) +6(143) 420

< (Ba+b+11W/3+(5a+2b+18)=0.

2 - Sa+2 8
Néu (3a+ b+ 11) 20, thi \’3:7(7'* Dld
3a+b+11

} € Q. Diéu nay lavo li.

Y
Do<](')3:|+h+II=0\'-2|5;:+2b+IE!=()@{h |

Bai 6. Ban doc tu chimg minh.
3
Bai7. Tacé a=x+v2 < x=a-+2 do x3+\/?_.:(n—~/§) +\2
= b:u“~3\/§a2+6a-2ﬁ+ﬁ:a"+6n~(3nz +l)\/5
c:»(}zl: &I)\,/:za‘*(m—h

3 L
o =t zbton

3a’ +1
. . - . at-b46a
Tir (*) suy ra vo li do \/i la s6 vo i mad ——; la 56 hiru ti.
3a® +1

Vay khong tim duge gid tri x ndo d¢ a va b déu 1a hai s6 hiru ti.
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\2
Bai 8. Gid strton i o =P € Q sao cho a(EJ +blic=0
- q q q
< ap = —q(bp +cq) = ap: g ma(p.g)=1lInénaiq
Tuong e : cq” = ~plap+bq) = ¢ i p.
Do a. ¢ 1a hai 86 1¢ nén p v g ciing L hai 56 1¢. Vay ap’; bpy : eq” ciing 1
nhimg <o ¢, vit ;«p: +qbp + q:c # 0 (mau thuin). Vay ae’ + o+ ¢ 2 0 vGi
mot weQ.

b) Gid st 160 tai o € Q sao cho o + 3aa ~3(b> + 1) =0 ()
oo’ = -3aw+ 3(b7 + 1)= a3, hay a =31
The vio (1. taed 907 + 331367 + =0 =>(b* + 1) | 3.
Nhung (b* < 1) [ 3 véimoi beZ (mau thuin).
Vay o+ 3aw - 3b7+ 1) 2 0vGi moi « € Q.
Bai 9. Tacé X+ Y =ava «byb +2vab, X.¥ =a®Vb + b*Va +ab+abvab.
Theo gia thiél
{\fu—he() {“hEQ JuhGQ

Viedbeq Vi (\a+VB)eQ = b biic
Mt khic (\/;+\v’%)2 —a+b+2Jab e Q nénfa+ b)eQ

= (a *h)(u\/l_x + h\ﬂi):;r‘\/l; +b*Va *ilh(\fi‘l s \J‘F)E Q.

= Vb +b'Va € Q hay X.Y € Q.

Do ta+by: Va+Jb e Q nén qas hJ(\/; + \/h) e Q.

Mt (a+ Iwi(v";+\/h }:(u\/,:; . h\/l.\-) +{;1\J’I; i b\.‘";] € Q va :lJE* h\q Q.
nén aa+bvb e Q = X+ Y =adu +byb +24ab & Q.
Vay XY vi X+ Y déu thude Q.
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Bai 10. Gia streoi 2= X + v

b Aol 4
faco(l) X" +y +(x+y) =2

R 4 3:

o2 wyt ey ey s 20y =2
y 2 5

O (XT+HY XY =1

2 hd

SXTHXYHY =L (2)

Pary =1 - 1x. Thay v (2), ta co
x=0

5 2
XA )+ (X)) =1 e

5 )
A 2t-1 1=1 -t

Déthly X = 54— | y= V=
U =t+1 [ T 1" =1+l

Ccns 4 4 4 4 gz
thoamin: x" +y +2 =2 Chon 1€Q, tluyy.
Vay luon tim duge vo s0 bo ba cice s0 x, v, 2 hiru tn thod midn (1),
5 )
\2 \
W o = a+b a-b 2 h)
Bai 11. lucn:(‘r J *( s | =a®+b".
V2 v2 )/
g . g v . o d+b L a=b ;
Nlue vty khi thay hai soa vieb boihaiso = va — thitong binh phuong
V2 V2
cta ching khong thay doi.

Téng cic binh phuong caa ba so ban diu Pe2 et =21
) .2 )
Ma: (V2) +(2V2) +(3V3) =248427=37221.

Nhu vay. khong thé lim nhu trén duoe d¢ wen bang con L ba 5o 1d

e vay.
NERENARTINEY

63



Chiamg 11T
PHUONG TRINH VA HE PHUONG TRINH

I1.1. PHUONG TRINH

I1L.1.1. NHUNG KIEN THUC CAN NHO

64

Ta goi hé thie dang A(x) = B(x) 1a phuong trinh dn x. Giai phuong trinh
A(x) = B(x) la tim moi gid tri cua x dé cdc gid tri tuong (g cia hai bicu
thitc A(x) va B(x) bang nhau.

Hai phuong trinh dugce goi la twong duong néu ching ¢é cing mat
tap nghi¢m.

Phuang trinh bac nhat mot dn la phuong trinh ¢6 dang ax + b = 0. trong
dé x ladn, a, b la cdc s6 da cho via # 0.

Khi giai phuong trinh c6 h¢ s6 bing chir (dang bac nhit ax + b = 0) thi
hé s6 a ¢6 thé biang 0.

Cich giai phuong trinh ax + b= 0. (1)
1) Néu a # 0 thi phuong trinh (1) ¢6 nghi¢m duy nhat x = _a—hA
2) Néua=0thi(l)cédang Ox = -b.
o Neéub =0 thi (1) vo nghiém.
o Néub=0thi(l)covo so nghiém vai moi gid tri x.
o Phuong trinh bic hai mét 4n (néi gon la phuong trinh bic 2) 1a
phuong trinh ¢6 dang : ax’ +bx +c= 0,(2)trong d6 x ladn ; a, b, ¢
14 nhimg s6 cho trude goi la cic he so vaa 2 0.
Cdach gidi : Phuong trinh ax’+bx+c=0@=0) duge tién hanh
nhu sau :
~XétA=b" - dac .
A < 0 <> phuong trinh (2) vo nghi¢m.

; -b
A =0 <> phuong trinh (2) ¢é nghiém kép x = =

zd



, x1=(-b—\fg):2;;
A> 0 <= phuong trinh (2) ¢6 2 nghi¢m phan bict o
Xs =(-b+vA):2a.

1L 1.2. MOT SO Vi DU

Vi du 1. Giai phuong trinh :

a)(x+ 1) (2x - -2 +mx+2m=0:
bhm+dHx+Tm=1:

om+ D+ D=7+ D (x+m),

Gidi.

WEFDEx-1) 2 +mx+2m=0 (1)

N #
2 +x - 1-2x"+mx+2m=0

< (1+mx=1-2m 2)
< & i - " 1-2m
1) NEu (1 + m) # 0 thi (1) ¢é nghi¢m duy nhit x = — T
m+

2) Néu (1 +m) =01hi (2) ¢édang 0x = 1 = 2. (=1) = 3. Vay (1) vo nghi¢m.

bip s6 : (1) vo nghicm ¢<»> m = -1,

. ’ " 1-2m
(2) ¢6 nghi¢m duy nhat o= ——— <> m# -1
m+1

b) Grai twong tu 2).

¢)(m+ 1)(x3+ l)=(x1+ 1) (x+m)

ox+m=m+l.do(x*+1)>0ex=1.

Viy phuong trinh c6 nghi¢m x = 1.

Vi du 2. Chimg minh ring : Vai hai s6 a. b tuy y. phuong trinh
(@ - box% + 2’ - bYx + (@' — b') = 0 luon ¢6 nghi¢m.

Giai.

1) Néu a® = b’ thi phuong trinh trén luon ¢6 nghiém x = 0.

2) Néu (a® - b%) = 0 thi phuong trinh trén luon ¢6 nghi¢m

doA = (' b - @ - b @ - bh)



=a’b' - 2a'b + u ' =@ by 0.

Vi'du 3. Tim tat ca cie cap (a: b) (0. b & R) suo cho phuong trinh

VCrax + b= 0wk + by + 0t =0 ¢o it nhat mot nghi¢m chung.

Gitui.

1y New a2 bogiasu phuong trinh Crax b =0 (v + b+ at =02
conghiem chung Lix. Taco: \H" +ax + b =01 va \”: + by, + W =002

Lay (1w (2 tacd a - bix = PR N Xp=a+hdoazb),

Mt Khiie, X Lad Binghicm cua phuong trinh (1) nén

i s
G+ b))+ ata+ b) + b =0, hay
; : (3 7T )
A+ b+2b =2 [a+ b +=b" =0 =>a=h=0 (voli).
: 8

23 Neéw = bohi ¢ i phuong trinh (D vic(2) déu codang X~ +ax +a” = 0¢3)
)

Docdyconghicmnen Ay 20md A =a" Ha” =3

Viva=h=0(.

la0=a=0,

HLL3 MOT SO BAL'TAP

A. Dé bai
Bai 1. Gian cae phuong trinh sau
2%-1 X-3 2x  aux-4 _ 2ux-2)
a) ] ¢ b) - 2 ——— |
x+2 x-1 X+ x=-u 4" -x"
O -3k 7=7 d) X% =5|x|+4=0.

Bai 2. Ching minh ring néu phuong trinh ax™ + bx + ¢ = 0 (1) ¢é nghi¢m thi
phuong trinh A ab'vret=0) cing ¢o nghiem.

Bai 3. Chimg minh rang it nhat mot trong ba phuong trinh sau luon ¢o nghicm :

ax"+2bx +c¢=0 th
)

bx"+2¢ex+a=0 (2)
)

X" +2ux+b=0 (3)

¢ doda, b, ¢ laba so tuy v, Khic 0.
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Bai 4. Cho cic phuong trinh
x:+px+q=() (s x:+q.\+p=(l (2)
x3+(pv2)x+l=ll (3): x:+(q x+1=0 (4
Chimg minh ring : Néu phuong trinh (1) viv (2) ¢6 nghi¢m thi mot trong ciie
phuong trinh (3), (4) cing ¢6 nghi¢m.
Bai 5. Trén bang vict da thire bie hai pix) = ax” + by + ¢ (a2 0). thay the da thic

pix+h+pix-1
7]

: Y. : Z 3
p(x) bing da thie g(x) = =, Chimg 1o sau mot so hiru han

bude thay the nhu trén, ta sé nhin duge mot da thiie bac hai vo nghi¢m.

Bai 6.
W) Gidiosira b, ¢ i do dii ba canh caa mot tam gide. Chimg minh ring phuong
trinh :

i) ]i 4 \/2(:

a -h"c‘-ulw(u«h«c)} 0

luon ¢o nghiem.

LR

ay) phuong trinh box

1y 3 y
+ (b7 4+ ¢” - an + ¢7 =0 vonghiem.

by Gid stra < b < ¢ < d Chiing minh riang voi mor p. gty ¥ phuong trinh
PIX ) (X - )+ g(x -~ bx — d) =0 luon co nghi¢m.

Bai 7. Cho hai phuong trinh ¢ A mx 4 k=0(1)vax® + my+ (k+m)=02)
Tim Kk sao cho véi moi me R, it nhit mot trong hai phuwong trinh tren ¢6
nghi¢m.

Bai 8. Tim cie gid e cua tham so mosao cho phuong trinh

a) (mx ] = x0= 20 el nghiem duy nhat
5 —
by X7+ 2mym + 3.x+ 4 =0 conghicm kép

>
X~ D7+ (x - D (x+m)=0co ding mot nghi¢m 16m hon |.

Bai 9. Gidi vibicn ludn cic phuong trinh sau

a, & i tham s6 cho trude ;

28 ax-4 _2a(x-2)
=02

b) - 5
X+4 X-a us -%
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Bai

10. Toén 1ai hay khong hai phuong trinh bac hai vaéi hé so nguyen
ax> +bx + ¢ = O (1) va (a + I)xl +(b+ X + (¢ + 1)=0(2) sao cho moi
phueng trinh trén déu ¢6 nghiém nguyén.

B. L3 gidi

Bai

Bai

68

1. aybicukiénx=-2vax= 1.

2x—-1 x-3 (2x—D(x=1)—(x=3)(x+2)
TR ey =

x+2 x-1 (x+2)(x-=1)

1

S -+ D= (X -6) =X X -2 K -2+ T =X x-2
< 3x =9 <> x = 3. thoa man didu Kién x # -2 vax = I.
Ddpso:x=3.

b) Tuong 1 a).

5 -3 +7=7 ’_x:—Jx:() (1
c) |x"=3x+7|=7 - < |,
' X" =3Ix+7==-7 Lx'—.ﬁxﬂ-l:() 2)
) x=0
Gidi (1), 1acé x” -3x=0 <
x=3.

Gidi (2), ta ¢é x* — 3x + 14 =0 vo nghi¢m.
bPap s6 : x = 0 hoac x = 3.
" xi=4 [x=+4
d) x”=5lx[+4=0 <= =3
X =1
Vay phuong trinh ¢6 4 nghiém x; ==1; X3 =1 X3 =4 ; x; =—4.
Dipsé: x;p==1:1x;=1; x3=4: x;=-4

2. Neua=0thi(l)cédangbx +c=0 (*)

Néu b= 0 thi (1) ¢6 nghi¢m x = Zbi V2 (2) ¢6 nghiém x = 5

Néu a # 0. do phuong trinh (1) c6 nghi¢m nén A)) 2 0, e la b’ - dac20
e 2a’S o 1) 24¢ o A, 20

A 2 0. do vay (2) luon c6 nghiém.



b> <ac (%)

N

Bai 3. Gia s cic phuong trinh (1), (2) va (3) déu vo nghi¢m = 11'3 <uab (**)
[

b (¥re)

Nhan cic V& cla (%) 1 (%%) vl (%), ta 6 abe” < (abe)” = vo Ii,
Viy it nhat mot trong ba phuong trinh trén phii ¢6 nghi¢m,
Bai 4. Gia sir phuong trinh (3) vit phuong trinh (4) déu vo nghiem. Ta ¢6 Ay, < 0
(P T
.. p=2y =d=p -d4p<0 5 - 5
<0, wie la: o . » = p g <dpHq)(h)
=2y =d4=q"=4q<0

v Ay,

Mt Khide @ do (1) vi (2) cung ¢6 nghi¢m nén Ay, 2 0 vit Ay, 2 0, hay

lp: ~dg =0 5 ) . .
i = pT+qT 2Ap+q) () Tir (%) va (**) suy ravo i
g -4pz20
Viay mot trong hai phuong trinh (3), (4) phai ¢6 nghi¢m,
Bai 5. Taco

qix) = = i 5

)
=ax" +bx +c+a.
TRT _— 3 2
Nhu vy, sau n bude bien doi nhu teén, ta sé c6 da thire h(x) = ax™ + bx + ¢ + na
b 2 2 2
vai A=b" - da(e + na) = b” - dac - 4na”,
5
Pt i i S b”—4dac ..
T hoin 1oin ¢6 the chon duge so -t nhién ndu lom sao cho n > ————, khi
4a”
do A <0 vih(x) = 0 vo nghi¢m.
Bii 6. a)
ay) Taco
5

A r:(\/Z(u“hz bt rcz;ll ]- -4 ! {ui +b e c—uhc.(a#-h*c)i
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< A =2(u:h2 +hiet ¢’ }—J:(u Pypaed )4- abc(a+b+c¢)|.

Do a. b, ¢ la ba canh ¢a mot tam giic néna + h > ¢
2 2 2 2 4 252 4 2:2 = 52
= (a-by . (a+by2c. (a-b)” < - 2wb +b” 2 a’c™- 2abc” + b (D)
B 4 2:2 4 22 3 2.9 5
Tuomg tyb” - 2b°¢™ + ¢ 2a'b™— 2bcu™ + ¢7a (2
s 2.2 4 3,2 3 2.3
v 4’ - 2a%cT+¢ 2ath” - 2ach” + b (2

Cong cie ve cta (1) 2 (2) va (3), ta ¢ A 2 0. suy ra phuong trinh (1) luon
¢O nghi¢m.
a)Taco:A= (b7 + ¢ — ') —4b'
3 b} b3 ) y 3 Y 3]
=(b"+c=a"y - 2bey = [(h +C)” —as ][(h—c)‘ -a” ‘
Do a, b, ¢ i ba canh cha tam gide nen (b + o> iI: va \h—n.‘l <a
' 12 R 2

= |b-¢| =(b-c) <a”.

Vi vay. A < 0. suy ra phuong trinh b*x” + (b + ¢ — a®)x + ¢* = 0 v nghiem.
b) pix ax c+qix-byix-dy=0 ()
< (p+ L|)X: = [pta+c)+gb+d)] + (pac + qbdy =0 (2)

D NCu(p+q) 20, ted Ay, = [pla+ )+ q(h + d)lz —Hp +q) (pac + gbd)
= p:(il ey + L]:(h +d) + 2pgla+ )b+ d) = dpqlae + bad) - -|p:ilL‘ - 4q:hd
=pa o+ q"(h dy + 2pglab + ad + be + cd = 2ac - 2hd)

=2 py G- ) (b= d) + 2pglab + ad + be + ¢d = 2ac - 2bd).
LD Neupgz0thiAs, = 2pg. 2d-a)(c -b) =0
1.2) Neupg <O thi Ay, 2 =2pg.2(h - and - ¢) > 0.
v

2) Néu tp + ) = 0. teomg te, phuong trinh (1) cang luon ¢o nghicm.

A

2, 2 0. Do do. (1) luon ¢6 nghiem.

Viy phuong trinh (1) luon ¢6 nghi¢m véi moi p. q.
e " " ‘o 2
Bai 7. Phuong trinh (1) ¢6 nghiém <> A | = m™ -4k 2 0.

: £ 2 2
Phuong trinh (2) co nghiem <> A =m™ =4k +my=m~ 4k dm = 0.

70



XEt hai trong hop
e Neuk<0thi A, =0, 7 viviy (1) luon ¢6 nghien vai mogm.
e Neuk>0taco A, <0< ~2Jk <m<2vk :

AyL<0& 2- T ak <m<2+JH Ik,
Do 2-33+ 3k <0 <27k <2+ 3+ 1k nénvéi me (0. 2Jk) iz, <0
vt A5 < 0. e 1 ed hai phuong rinh (1. (2) déu vo nghicm (loai).

Viay it nhat mot trong hai phuong trinh (1) v (2) ¢6 nghiem vai mor m i
k<0.
Bai& a) imx+1 =|x=2 < mx+1)7" =(x-2)

5 )
S (m =Dx"+2(m+2)x-3=0 (ly

Ta ¢6 phuemg trinh (1) ¢6 nghi¢m duy nhit

[ [m=+l
[m™=1)=0
5 m= £l
&= ‘ll!' 120 <
. | 92 i o
M\mfu |(nw_) Hdm” -D=0 < m= >
Vaivagim=1l:m=-1l:m= = thi phuong trinh ¢6 nghi¢m duy nhat.
mz2-3
b) Phuong trinh ¢6 nghi¢m kép <> S < m=1L
1(lll\ﬁll+3) -4=0
Viy v6i m = | thi phuong trinh ¢o nghiem kép x = =2,
x DFPHx Dix+m=0 h
X
ar(x-hl(x Dm0 = il
X ]
2
2 " ; ; m |
Phuong trinh (1) co dung Toghiem lonhon Fes =00 =1 <o m< L



Bai .
a) Ban doc tu giai.
b) Dicu ki¢n x # + a. Phuong trinh di cho tuong duong vai
2x(x—a)—(ax —Hx+a)+2a(x-2)=0= 2 -wx [x+(2+a)] =0
e a=0:phuong trinh da cho chi ¢6 | nghi¢m x = -2,
» a=2:phuong trinh di cho ¢6 vo s nghi¢m i x # + 2.
e a=-1:phuong trinh di cho chi ¢6 | nghi¢m la x = 0.

[a=-1

. J‘u #0 phuong trinh di cho ¢6 2 nghi¢m la
|
la#2
Bai 10. Khong maél tinh 16ng quit, gid sir a chin. Gia st phuong trinh (1) ¢6 2

m+n=—-
&

nghi¢m nguyén m, n, ta ¢6 theo vict |

Viy b va ¢ chia hét cho a. Do a chin nén b, ¢ cling chin.
Mt khie, phuong trinh (2) ¢6 2 nghiem nguyén. Goi 2 nghiem dé L p. q.
~(b+1)

Py
a+l

e |
ekl
Ca+l’
Do (b+ 1):(c+ D)via+ I)déulé nén (p + g) va p.q déu l¢.
pyqlé => plevirg Ié = (p + q) chin (i gia thiét 1a (p + q) 1¢) => méu thuin,
Viy khong the 16n tai cdc phuong trinh thod min cdc diéu Kién cda dé bai.

1.2. DINH LY VI-ET VA UNG DUNG

[11.2.1. NHONG KIEN THUC CAN NHO
« Dinh li Vi-ét thuan :

Giid st phuong trinh ax™ + bx + ¢ =0 (a # 0) ¢6 2 nghi¢m x;. x5 thi ¢

~
[



¢ Dinh li Vi-ét dao :
v J 2 > B - . - WU‘\=1| - > s . .
Gia sir u va v 12 hai so thue thoa man < thi u vi v 14 2 nghiém cua
luv=>b
2 g% i e 8
phuong trinh x™ — ax + b =0 vii di¢u Kign a™ ~ 4b 2 0.
e Lip phuong trinh bac hai véi hai nghi¢m L hai 5o . {3 cho trude.

Goi S= ¢+ Bva PP = cf thi a. B L hai nghiem cua phuong trinh X' -SX+P=0.

111.2.2. MOT SO BAI TAP

A. Dé bai

Bai 1. Cho phuong trinh Ay 4+c=0 (DX +2x+b=0 ()
Vi b, ¢ 1a cdce so duong va tich 4 so [ cie nghiém cua phuong trinh (1) v (2)
bang 1. Tim b viic.

» )
Bai 2. Cho phuong trinh x™ + (m™ + DX + m = 2, voi m i tham s0. Gid su x . x,
li ciie nghi¢m cia phuong trinh di cho. Tim it cat cide gid tri coa m sao cho

2% =1 2x;3-1 55
+ = = XXy .
X, X, XX
e . ) 2 2
Bai 3. Cho phuong trinh 2x™ = (m+ Hhx -m~+m 1 =0, (h

a) Tim m dé phuong trinh (1) luon ¢a 2 nghiém trii dau.

s 5
b) Goi 2 nghi¢m ctia phwrong trinh (1) Luxg. x,. Tim m de '\l' + X" ] I bé nhat,

Bai 4. Bict rang phuong trinh X%+ ax + b = 0 ¢6 nghiém nguyén x; Vi x> 2.
Chimg minh ring : (a + b+ 1) L hop so.

Bai 5. Tim m d¢ hai phuong trinh sau twong duong K am-Dx+1=0 (1)
v +x+m-1=0 (2)

Bai 6. Gia st phuong trinh x4 px + ¢ =0 (1) ¢6 ciie nghiem déu duong. Chimg
minh ring vai moi r > 0 phuong trinh qy: +(p-2rqppy+ 1 -pr=0 (2)
cling ¢ cie nghi¢m déu duong.

Bai 7. Cho phuong trinh ax> +bx +¢=0 (Dviex” +bx +a=0 (2).
trong do a > ¢ > 0.

a) Chimg minh ring ching cting vo nghi¢m hoac ciing ¢6 nghi¢m.



by G suoxp. x5 I hai nghiém cua (1) @ x,% x," 13 2 nghiem cua (2),

Chitng minh rang : XX, + x,".x," > 2.

¢ Vi gia thict nhu ciaw by v Xy + X3 > 8,7 + x5 " Chimg minh rang b > 0,

B Gia s (1) v (2) cing vo nghicm. Chimg minh ring @ b <a +c.

>

Bai 8. Cho phuong trinh x™ = 2m+ )x + 3m - 1 =0 th

0 Tim m d¢ phuong trinh (1) ¢6 nghiem x = 2.

by Tim m deé phuong trinh (1) ¢6 2 nghiém X, X5 sao cho 2% 3%, = 5.

©) Tim he thice lién hé gitra x . x5 khong phu thuee m.

> ) s

Bai 9. Cho phuong trinh x™ 4 px + q = 0 (L. trong d6 p™ + g~ = 2010.

Chung minh ring : Néu phuong trinh (1) ¢6 nghi¢m x, thi x;” < 2011

) [u+v=2u+1)
Bai 10. Cho hai 86 u v v thoi min dicu Ki¢n N
luv=a"—a+2.

o .. - g F, & 2 2 " 2*

Py giid tri ctaa de ong (u™ + v7) nho nhat.
B. Ldi gidi
Bai 1. Do phuong winh (1) vi (2) co nghicmnen A 2 0viv Ay, 2 0 hay b ¢> 0

’

vite” 2 b Man Khie theo dinh 1 Viséna ¢6 xpxo.xG.x = b= 1 o do y.xs

I 2 nghiem cua phuong trinh (1) v X, xg 1 2 nghicm cua phuong trinh (2)).
[ > 1 2
Ih‘?u = h~2 . |ec2b ]

b ova 4 = >h.
the=1 b*

Tur
!h\.‘ |
Dodob=1vac=1.
Bai2 Taco A=m'+2m’ —dm+9=m? +2m-1 > +750 vm.
Viy phuong trinh luon ¢6 2 nghiem phin bict. Theo dinh 1 Vi-ét ta co
f\,-\: —m7 1) gy =1 2x

< 3%
Ldodo . = X)Xy +
[X)Xy=m=2 X3 Bt 2 B

15
“n
"

€ N7+ X2T) - (N + Xy) = XX+ 55

3 s
<220mT+ 1)y =2tm 2n+(mm+ l=(m



Bai 3. a) Tu¢d 2.-m™ + m ~ 1) < 0 nén phuong trinh (1) luon ¢o 2 nghi¢m trii
daw vor mor gid trr m.

» 5 > >
b) X7+ X7 = (X X)) = 2K X, = =2(-m"+m-1)

> 5
P -

m”+2m+ | » Jm” - O6m+9
= +2m™ -2m+2=

1 3
. gﬁm;lg: ; 8 (3m- l!_:
4 4 4

+222
; 2 2 G iy i gonte 8 |

Vay (X, + x57) dat gid tri nho nhit bing 2. Dau “=" xiy ra <> m = =

Bai 4. Goi 2 nghiem cua phuomg trinh [ x . x5, theo dinh 1 Vieé ta co

Dodoa+b+l=xX3+1—x; - x3=(x) - D).y 1) mi x> 1
= (a+ b+ 1) Lihop so.
Bai 5. Trwomg hop 1 Néu phuong trinh 13 (1) vi phuong trinh (2) déu vo nghicm

’—Z\m— 1<2

A <0 (m—l):—-lc()
=

= " < 9 5
(A <0 I dm-1)<0 lm > 3
l<m<3 o
=]
<> 4 5 =3 <m<3.
iu|> R
Xl

Tracomg hop 2 - Néu phuong trinh (1) v (2) déu ¢6 nghicm. Goi xp. x5 12
nghicm c¢ta phuong triinh (1) v x50 x5 122 nghicm cua phuong trinh (2) v
Sy = 1XaXah 8, = X Xy

(

‘.\,|’>()
Ay 20 [un- 1y 420
Taed S, =8, ¢ -tm-h 1 > vﬂl:—-l(m Hh=0
! ! m=1=1
I m-1
1 1

~
n



=> khong ¢6 m nao thoa mén hé nén loai.

5
Viy phuong trinh (1) v (2) wong duong <> i <m<3.

i
Dipso: S <m<3,
4
‘f.\, =pP-4420(3)
Bai 6. Phuong trinh (1) ¢6 2 nghiém duong nén {p <0 (h

‘[q > 0. (5)

Taco A =(p- quJ: =4l - pr) = p2 —drpq + Jrzq: =g+ 4pg
=(p* = dq) +4r°¢> = 0 (do (3)).

Vi A5, 2 0nén phuong trinh (2) ¢6 2 nghi¢m la x;. x;.

: : g ; I-pr | r A

[heo dinh 1f Vicétta ¢ x5, = ==~ 4 (-p).— > 0 (do (). (5)var>0)
q q

. ; ; =p+ 2r
=> X3 Xy cung dau. Mat khic x; + x, = ~Ri=
q

1
==p.—+2r>0
q
= X;. X déu duong.

Viy phuong trinh (2) ¢6 2 nghi¢m déu duong véi moi r 2 0.
5
Bai 7. @) Tacd Ay =A,, =b" —dac,
Do do (1) vit (2) cting vo nghiém hodc ciing ¢6 nghi¢m.
3 § o : o g TG Al Ic a
b) Theo dinh li Vi-éttaco: xyxy + x,'xy" = =+~ 22,/~.= =2,
a [+ \H <
Do a > ¢ >0 nén diu bang khong xay ra. Vivay : x;x, + x,'x," > 2.
. . 5 =b . =b b b
OTaco: x|+ X2 X X ¢ —>— & —<
a [ a C

‘1 (]
-:>hf—~|]>ll-::~b>() do ~l>0).

\c a) . ¢ & p
d) Do phuong trinh (1) v phwong trinh (2) ciing vo nghi¢m nén

Ay =0, = h: ~Jac <0 ﬁb:<4uc<(u+c): =b<a+c.

76



Bai 8.
a) Do x = 2 la nghi¢m cla phuong trinh (1) nen
2 2m+ 1) 2+3m-1=01-m=0=m=1.

b) Phuong trinh (1) ¢6 nghi¢m <> A 2 0 <> 2m + 1)” = 4(3m - 1) 2 0. ¥m,
hic¢n nhien.
. [ [x;+x;=2m+1) (%)
Theo dinh 1i Vi-Cttaco 4
XX =3m-1 (E2)
K&t hap (%) viv gia thiét 2x; - 3x, = 5, ta ¢6 hé sau
XXy =2m+| X, =(6m+8):5
=3

2% -3x, =5 Xy =(Hm=3):5,

=3m-1

5 .. 6m+8 4m-3
Mat khic x;x; =3m - L.néncé: —_—x— e

<> (6m + 8) (4m - 3)=25.3m - 1)

& 24m” + 14m - 24 = 75m - 25

o 24m’ 6lm+ 1 =0
[my =(61- V3625):48.

- R C[xytxy=2m+] X, +Xy)=6m+3
¢) Theo dinh 1i Vi-¢t ta cé =
XXy =3m-1 -2%;X; =—=6m+2.

Suy ra 3(x; + X;) — 2x;X5 = 5. VAy h¢ thic lien hé gitta x,. x, khong phu
thuge vio m la 3x; +3X5 —2x;x, -5=0.

Bai 9. x, I nghiém cita phuong trinh (1) = x,> +px, +q =0 = x,” = =(px, +q)
N (Kl:): iy +q))3 tpx; +q)2 < (p: +q2)(x‘2 +l)=20|0(x11 + !)
= .‘<|J SZOIO(MIH) = "‘Iﬂl_I S 2()l0(x.:+1)
= x*~2010%2~2011<0 = (x,1+')(x.3—20“) <0 = x,7 <2011
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u+v=2u+1)
Bai 10. Taco: J

; *)
1u.\' 4" -a+2

3 3
He () conghiém <> 2a+ 1)y —d@ -a+2)20
d+ s D -dt da 820 12u-d4>0es0>

v s ) s 3
facd: X=u+v=(u+v)y 2uv=d@a+1)y -2 -a+2)

o]

) > ( \
+8a+4-20"+2a 4 . ](l:|.>2.| :J oIU.l‘ | do u?l

\ - > )

s n s A S
av X =u™ + v™ dat gid tri nho nhit bing 5

Diu"="xdvra¢>a=

111.3. MOT SO DANG PHUONG TRINH KHONG MAU MUC
«  Phuong trinh bic cao.
o Phuong trinh ¢6 cic bicu thie chim can thic.
o Phuong trinh ¢6 chia an & miu so.

HL3.1. NHONG KIEN THUC CAN NHG

o Gidi cde phuong trinh bie cao. phuong trinh ¢6 cic bicu thie chia can
thire. trong gidi han cua chuong trinh trung hoc ¢o sd. nguoi ta thudng
dung cic phuong phip chu yéu sau

Phin tich da thite ra thita s6 d¢ dua vé giai cic phuong trinh bic nhit,
bic hai.

Biinh gid. so sinh, dat an phu.

~ Chimg minh duy nhat nghi¢m. hang ding thie, bat ding thic. tam
thue bac hai.

Pua ve gidi he phuong trinh.
«  Giai phuong trinh chita an & méu :

~ Bat dicu kién déi v6i dn s6 ¢ mau sa d¢ mau s6 khic 0.



— Phan tich. bicn doi dua phuong trinh di cho ve phuong trinh di bict
cich giai.
~ Giai cde phuong trinh nhin duoc v loai di cic nghiem K miu so
biang 0.
— K&t ludn nghi¢m cda phuong trinh di cho.
o Gidi cic phuong trinh ¢6 chia an duoi diw can.
~ Trude hét, ta thue hién cde phép bicn doi dai s0 d¢ dua ve cie dang sau
J 2(x)z0

W) =gx) = 1 .
L) = (g™

Mf(x) = g(x) e [X) =(g(x))

2o+l
Chii ¥. Khi giai phuong trinh cdn co gang thue hien cic phép bicn doi
wong duong. Néu khong bién déi twong duong 1hi cudi b g, ta

phai thir lai nghi¢m.

111.3.2. MOT SO Vi DU

Vi du 1. Giii cic phuong trinh sau

pxt - 2x+2-x1=0; h)x1+2x"+x" 2=0
axteoxte 2657+ 10k + 1 =03 dy(x + 2)‘+(x+-h‘=7()6.
Criat,

wx' o x+2-x'=0 & M -2 - -2)=0
3 x=1
oS- -D=0s s
X =142,
Viy phuong trinh di cho ¢6 cie nghiém s x; = 1ixy = v
byxt et ekl 2=0es (x40 - (V20 =0
CAx4N2=0 vo nghi¢m
R ERURRE]
[ 2 i T 5
x'+x—\/5:t0 = ot

JF —
1=y 1+432

L= 2
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80

¢) Ro rang x = 0 khong la nghiém cta phuong trinh da cho.

Xétx 20, taeo: o+ 1067+ 2657 + 10x + 1 =0 ()
1 ( \

2 10 | : |/ 1
@ X +10x+26+—+—=0 > [ X+ A|u.~<+-J¢24=n.
X x° PR U x)

1 5 y:-..l
Daty=x+—.1aco(l) & y" +10y+24=0
X v=-6
—x+—l =-4 2 P Y
X X +dx+1=0 X2 =—2%43
Al « o <> -
K== X" +6x+1=0 X34 =—3%22V2.
L X

Viy phuong trinh da cho ¢6 4 nghiém
Xp==243: xy = -2-V3ixy =34 2421 x =-3-242,
Ghr cha.
Phuong trinh (1) & trén 6 thé giai ¢ dang 16ng qudl nhu sau :

ax*+bx s exi 4 bxra=0@=0) *)
Cdch giai.

« Nhan xét x = 0 khong 1a nghiém cia (*). do do x = 0.

o Chia 2 v& ciia (*) cho x°.

o Darx+ 1 =1

X

«  Quy phuong trinh (*) v¢ phuong trinh bic 2 theo bién t.
d)(x+2)4+(x+4)4=7()(v (h
Dity=x+3=>x+2=y-lvax+4=y+ 1.
(e (v-17+(y+ 1) =706
c:>y4— 4y"+6y2-4y+ 1 +y4+4y3+6y:+4y+ 1 =706
ot 12y +2-706 =0 2y + 12y - 704 =0 (2).

bHat _\'3: 11z0)



) l|=-3-vmzlﬁ
)t +60-32=0& o
1, =-3-V361 (loai).

| = I(\c:.»_\: =16

y=4 x+3=4 x=1
= = =

y=-4 Xx+3=-4 A==
Badp s0 : Phuong trinh ¢6 2 nghicm x = 1. x =~ 7.

Ghi clui. Phuong trinh (1) trén ¢6 thé gidi ¢ dang 10ng quit sau

x+a)+x+b'=m (%)

a-b
i \+;|-I+—u;
. ST a4+ 2
Caich gigi. Dat1=x+--- =
2 b-u
X+b=1+-—".
2
4 1

a-b b-:
l*)@(u' ) +(H l] =m (**)
2 ¢ 2

Bien doi dua phuong trinh (**) v¢ dang e q!: + p = 0dd biét ciach giai.
Vi du 2. Giai phuong trinh
W) 2~ 1x+21-34x -4 =0
b) VX -2009 + V201 T-x = x” ~4020x + 4040102 :  (*)
C)X+3)(x+hix+3)(x+06)=8.
Gia,
a) ba YI—T=t e F=ax-4 o Cra=ax
Phuong trinh 2x” = 11x + 21~ 3.Y4x 4 = 0 tré thanh 1* 1417 241496 =0
ca-20 0t st 120 s 24 =0
1=2

>
= 11
4

2 2 l) Y = o
(" + 21 +2[2l + I =0 vo nghicm.
4) 8

Voir=2=x=3.
Dip so : Phuong trinh ¢o nghiém x = 3.
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b) TXD : 2009 < x <2011,
Tacé VP, = (x-2010) +222.

Mt khic

[(J—x—zu()t) ; f(mf}[m-‘] > (VR=2009 + V0TI =% )

=(VT(*))” = VT(*)<2.

Taco: VTIT(*) <2, VP(*)22= VT(*)=VP(*)=2.

Dau =" xiy ra <> x = 2010.

BDdp s6 : Phuong trinh ¢6 nghi¢m x = 2010.

X+ +D(x+5) (x+6)=8 (1) <> (X" +9x+ 18) (x" +9x +20) = 8
Patx’ +9x + 18 =1 (1> 0).

1, =—4 (loai)

Viv(h e a+2)=8 e P+ A -8=0 e

=2

9+
i

2]
122X +9x+16=0 S
gt ol
Mg
g 7 9
Viy phuong trinh ¢6 cdc nghi¢m x = —)—+7JI_ vax=- -—;)/l—_.’.

Vi du 3. Giai phuong trinh

Mol @2x+D Gy
xc -4 2-x 24x

by x—1=vVx?+x+2 (2)
c)(‘\'fﬁ\/i+7—s)‘5\/§—7)x—x“=—4 3)

Giai.

a)

a) Didukién: x # +2.

(e -D+Qx+ D) (x+2D+Bx+1)(x-2)=0



6

X, = ——
6 - 1=0e O (ihosmaiditi kién x = +2).
6
Xy =—
T 6
- 6
Viy phuong trinh da cho ¢6 2 nghi¢m x, :———6£ Vi Xy = %——
I e i) x=1
by VxTx+2=x~1 <> . , & < |
X“+x+2=(x-1) (3x=-1 -‘:'1‘4

Viy phuong trinh da cho vo nghi¢m.

c)D{|l‘\)“5\/§+ —\)"5\5-7):U
o u’=14-3Y(5v2) -49.u o v’ =14-3u
o u' +3u-14=0 < u=2

Me2x-xzdox’-2-4=0ex=2
Vay phuong trinh da cho ¢6 nghi¢m x = 2.

I11.3.3. MOT SO BAI TAP

A. Dé bai
Bai 1. Gidi cic phuong trinh sau
w2+ 5+ 21+ 19x £ 520 (H
By(x+2P7+(x+3) +(x+4)' =2 (2)
Bai 2.

a) Tim m sao cho phwong trinh Yo Gmeemi=0(1)co 4 nghi¢m
phin bi¢t X; < x5 < X3 <X;mMaA Xy =X =Xy - X3 =X~ Xz
b) Cho phuomg trinh : (x - D (x - 2)(x - 3)(x -4 =m (1)
b1) Gidi phuong trinh vai m = 24,
b2) Tim m dé (1) ¢6 4 nghiem X,. X5, X3. X3 déu khidc khong. Tinh éng
11 1

1
A=—+—+—+— theom.
Xi- Xy Rz Xy



Bai 3.

a) Tim m d¢ phuong trinh x - (3 + m)x“‘ +(3m + 2)x - 2m = 0 ¢6 3 nghi¢m
phin bict.
b) Giii vi bi¢n ludn phuong trinh sau :
S+ G 2m + 2mx e m - 1=0 h
o) |} ~16v2]+x* =8=0 véi x> 3.
Bai 4.
@) Vai nhimg gid tri nio cua a phuong trinh ¢
K ox=ant e xes ding 3 nghi¢m.
b) V@i gid tri nito cua a, tich cic nghi¢m cua phuong trinh
(x+20)(x* ~a® - 2a— 1) =0 nhd hon nghi¢m nho nhat cia phuong trinh niy.
Bai 5. Gidi cic phuong trinh sau :

ay Yx+34-Yx-3=1; by 1=23x-1

o Ix-1+¥x-2=¥x-3 ; dy P +Jx+5=5;
) Vx?-1=2(x-2) : N -2x-3=2x+2:

g) \“m:—'_’x:—x+7 :
D x+1f+|x-1{=|x-2] véi -2<x<2.

Bai 6. Tim m dé phuong trinh sau ¢6 nghi¢ém duy nhat.
A’ Dx=Tx+m+l;

b) VX +VI-x +2myx(—x) —2¥x(1-x) =m". (*)

Bai 7. Giai phuong trinh E.\J =1 +"zl(x: +1) =0 *3
Bai 8. Giai phuong trinh : (x =30010).72x-a =0 ™
Bai 9.

a) Tim c¢dc nghiém hou 1 cta phuong trinh @ x +32010 =V2010.x +4°
vala € Q. a la tham so.



Bai

Bai

Bai

Bai

Bai

Bai

b) Tim ciic nghi¢m khong phii 13 hiru ti cia phuong trinh
2001 2010
X =201077" +|x=20117 =1 *)

et 08 . . B 8 ; 12 2 .
10. Biét rang mot trong cic nghi¢m cia phuong trinh x abx +a” =0 lon

hon 2. Tim 1t ¢d cde gid tri a sao cho [b] > 64,

11, Gidi phuemg trinh : 2xy [y =5 —2y’x -y =0. ()
phucmg ) ¥ ¥ X-)

12. Gidi cie phuong trinh
B Yiedi-o N“ ) -}

b) V2x 1+ x =3x+1=0.

13. Gidi phuong trinh

a Vx T2 =x 3 -Vx+ 7

by %) =a x. 0 déa b tham s6 cho trude ;
o ¥x-2+Jx+1=3.

14. Giai phuong trinh

VA .'{ X

a) = .

‘/ 3
=244 =-x"

3 > -
) VI1x2 = 1ax 49 4V 11x% =20 +3 +V17x% +2x+3 = V2.2x +4).
15, (Mot so bai gidi phuong trinh trich tir cic dé thi vao ruemg THPT chuyen
Ha Noi Amsterdam, Chu Van An (Hi Noi) va khoi chuyén DHQG, DIHSP
i Now).

e gy
@) Giai phuong trinh : V2 =x7 +Vx™+8 =4,
(D¢ tht vao khor chuvén wriemg DIQG Ha Now nam hoc 1998 -~ 1999)
e o Xl ; )
b) Giai phuong trinh : - =3x"=-6x-3. (1)
(x+2)"

(D¢ thi vao khor chuven DHSP Ha Noi, vong T uam hoc 2007 < 2008)

¢) Giai phuong trinh : 107x" +1=3x 20 (1)

(D¢ thi vao traemg THPT ChieVan An Ha Notva
THPE chuven Ha Noc Amsterdam, naim hoc 2000 - 2002)
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B.L3i gidi

Bai I a) —2x" +5x° + 2187+ 19x +5=0 (1)

) [x=-1 { _*)4\m
S+ -9%-5)=0 & : ;“" >
XT=0x-5=0=
‘)r—\fﬁ
X=
| )

- ‘)*\l:l-(ﬁ e (J-\/“)]

2 : 7

Viy phuong trinh ¢6 cic nghiem ld: x = -1 x

bhbur=x+3

(2

2 3 4
- +U+a+1)=2

3 >

er-n+l+r+d vl +6i 122
i o 5

SU+5+T+2=0

1=-2

)
UH5T+T+2=0 & 3445
1 ———
9

2-3;5

-

3

Viay phuong trinh (2) ¢6 cic nghiem la:

,().;\[5. __1)_\/5
—= i x —=.

N=-Bi==51%k=

1 120
Bai 2. Darx"=1(1>0)taco (e | <
U =CGm+2n+mT =0 (2)
Phuong trinh (1) ¢6 4 nghi¢m phan bi¢t <= phuong trinh (2) ¢6 2 nghi¢m
A, =5mT 4 R2m4 >0 m<-2

duong phan hict : J P=m’ >0 < J m>— *)
S=3m+2>0 I
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Goi 2 nghiém cta (2) a0 < 1, < 15 the thi 4 nghi¢m cua (1) 1a
: £hic 1=t &
12 <-‘:“'*\m(‘=:\ﬁ|<x4:\v‘f-

-
Tacoxs - X=X, x‘.=xl—‘<{<:\[, “| 2 <= L=9%.

Im+2
1 +1; =3m+2 Jl(ll,—hn«»’ 1l="mi:
Theo dinh 1i Vi-¢t S 9 = 10
ot g 2 5
Lty =m L )II =m kqlxz =i
3m+2 3m+2 [ 6
W= e 'm =
= 10 = 10 o | 19
193m + 20 = 100m* lwnﬁ S108m-36=0  |m=

thoa mdn dicu Ki¢n (%),

Viy vdim = 1: hoac m = 6 thi phuong trinh (1) ¢6 4 nghi¢m thod man cic
dicu Ki¢n cua d¢ bi.

b) Taco

bh(hes (- Sx+h (- 5x+6)=24 ()

Daty” Sx+4=1

(l)c»l(u2)~24=()c:>[3+21—24=0

-|l:-l [ =5x+4=4
[2=-6 [ -5x+6=-6 P
- =5x+12=0 vo nghi¢m.
Viay (1) co cie nghiem lax =0vix =35,
[ 5)
b2y Duu = | \7; (uz0).

9 ( \ 5

( 1
theju-=|lu-—|-m=0 u+ —-m=01(2)
4/ 4) 16
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Phuong trinh (1) ¢6 4 nghiém khice 0 <> phuong trinh (2) ¢6 2 nghicm khic

vinduong <> ]

Khong mat tinh tong quat. gia st phuong trinh x~

A, 20

5

~>0

2

9

——m >()
16

/25'-': 3
()

25
B

o g . 3 g
nghi¢m x,. X, vii phuong trinh x™ - 5x +

X

Xy

XX

[&
_ i m# 0.
6

I X +X  Xy+X,
—_— T e — 9
X3X,

7)

-S5x 4

"

—u; =0 (3)co2

4

25 .
-ty =0 (4) ¢6 2 nghicm x;. x .

Ap dung dinh li Vi-ét cho cic phuong trinh (2) 5 (3) 5 (4). tla ¢6 :

5
}Uli'l]l:" Xp+Xy =5 X3 +Xy =3
" 25 25
‘u . »i——m X|Xs = W Xy.Xy = T
TS
o i
] R I
5 5 .[2 (U, +u,)
M T TR T
—LII = Uy L -
4 4 L4
(35 '3
5[ =
lz 2 N 5 50
625 25 7625 255 T 24—
.t (U +usy)+upuy e S -m 2¥=m
16 4 - T16 472 16

Bai 3.

X -3 EmxT + Gm o+ 2x-2m=0

<2 (N mix
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2)=

x=1
O x=2
< =

m.

o



m=l
Viy phuong trinh (1) c6 3 nghiém phin bi¢t <>

m#2.
by Coi (1) 1a phuong trinh theo .t ¢d
’ N N
m -2t —om A -2 =0
g ) > s X ) )
A=(x" =Xy =-@x -2 =-1)=(x"-1)
2 2
m=xT=x—(x"-D=1-x
Do dd . y
m=x"—-Xx+(x"-1)=2x"-x-1L
x=l-m ™)
Viy () < i
2x" —x—-(m+1)=0 (**)
Ta gidi phuong trinh 2 x—m+ =0 (A%

Ay =1+ 8m+ 1) =8m+9.
-9 G e o
* m< T : phuong trinh (%) vo nghi¢m.

9
s m= 3 : phuong trinh (%) ¢ nghi¢m kép.
i 1-V8m+9
;l) : B o - - 4
e m> < phuong trinh (**) ¢6 2 nghi¢m phan bict ~
8 1+ 8Bm+ 9
L 1
Ta ¢o phuong rinh (%) vit (%) ¢ nghi¢m chung

> 3 [m=0
2o my (1 m-m+hHh=0em -2m=0<«

12

m

Viiy :

Y g . i
s m< 3 : phuong trinh (1) co nghiem x =1 - m.

X, =17:8
Xy =1:4.

Y} ™
$ = phuong trinh (1) ¢6 nghi¢m [



9
i x;=l-m
§

¢ ¢ m#0 :phuong trinh (1) ¢ nghi¢m | x, = (I ~~8m +‘)):-l

my#2 —
Xy =(1+V8m+9): 4.

X =1
& m=0: phuong trinh (1) ¢6 nghi¢m S
| x5 = ="
[ X, =-1
e m =2 phuong trinh (1) ¢6 nghi¢m I 3
[x:-3

on .3 - 3 ] i~
CIVGi x> 3thi X" > 16v2 = X" = 16V2|=x" - 1642,
1E O
Dodé x* ~16v2 +(x*~8)=0
e (N =22 )7 +2V2x 484 x #2423 =0

st]

§e +(2\/3 +1)x +8+242 =0 (vo nghicm).

Viy phuong trinh di cho ¢6 nghiém duy nhat x = 22,
Bai 4.
3 3
ax x-axtcax=0e - axt - +ax =0 ()
x=0
S0 3 ’ 3
XN =l=a(x"+1) &= (a-Dx " =—(a+1).

«  Néua=11hi(2) vo nghicm. Vay phuong trinh (1) ¢hi ¢6 mot nghi¢m [

x=0.
o o TR s 4 oy
o Neuwaz thi x7 = D&thay (1) ¢ 3 nghiem khi vi chi khi
—d
Wl
>0 < -l<a<l,
4
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b) D¢ thily phuong trinh ¢6 3 nghiém la x; = -2a Xy =a + | vixg=-(a + 1.
Tich cia 3 nghicm do 13 2a(a + 1%, So sdnh cdc gid tri nhin duoc, ta thay
x, & nghi¢m nhd nhit néu a > 1. x5 nho nhét néu a < — 1 va x; nho nhat néu
—l<a< L Khia=1thix;=x5a=-1thix;=x;

Viy ta ¢6 ciie hé sau :

a<—l

Zaa+ 1)’ <a+1

J'--l <a<l
. " hé vo nghicm.
12;1(;14 " <=(a+1)

la>1
¢ 9 . h¢ vo nghi¢m.
[2a(a+1)" <-2a

1443

Bipso: a<—

3 i
ae Ty N . jut =y =37
Bai 5. bat Yx 434 =u vi Yx -3 =v, 1aeo [ .

lu—v=1
[u-v=1 [u=v+1
< 9 5 2 2 4 5
(u-v)(u” +uv+v7)=37 v+ +v(v+ ) +v =37
[[u=-3
14 X -
u=v+l | lv=—4 Jx+34=-3 x=-61
&y, = =) =
v Av-12=0 ju=4 Yx+34 =4 | x=30.
lv=3

b Paty = 3

L} 3
o ol [x +1=2y {\ +1=2y
Tacd:x"+ | f

1 i
[y +1=2x ‘\ —v" +2(x-y)=0
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92

)
X' +l=

Y

(x—_\')(x -xy w)’sz):()

X =1
” L
-0 2 2
-1-45
Xy=———.
o)

Viy phuong trinh da cho ¢ 3 nghi¢m : x; = [ 1 x5y =
+¥x-2=32x-3 (*). Lap phuong 2 v¢. ta o
(*) & (x— D+ (x=2)+3J(x = )(x ~72).{\/‘x—t +\/‘x-2)=2x—3

(\-x-lnf‘T}*()

LJV

= \(\-l)tv

x=1 x=1
< [x=2 =1 Xx=2
x-l=2-x 3
x==.
2
; X : = 3
Viy phuong trinh (¥) ¢6 Inghicm x; = 11X, =215y = =
B Cadxes=s . Didu kicn: x > - 5.
Pty = Jx+3 (y20) ¢» v x=5.
x2-=5 {x2>2-5
. . A — yz0 v20
Taco: X" +Vx+5=5 < s “ 5
X" +y=5 X" 5
viox=3 (X +y)x -y + D=0



sz-i.vzo
y==X -5<xs0
lx“—xfﬁ 0 A ox-5=0
(=1 o
x2-5:y>0 x2-l
y=x+1 X +x-4=0
)
X“+x-4=0

Viy phuong trinh ¢6 2 nghi¢m x; = -

- x22
) VX" =1=2(x-2) &

x22

xe2 x
<« = 1

I 6% +17=0 ‘

X2

Dé thiy x; > 2 thod min. x5 < 2 (loai).

8'\/6
=

Viy phuong trinh ¢6 nghi¢m x =

1) |x" -2x-3=2x+2 ("). Didukién: x 2 - 1.

() Ux+1)x=3)=2Ax+1) <

1-V21

3 3
X" =1=4(x-2)

813
3

3

[

8413

|5 =

([-5<x<0

' _5—@ (thod min)

14421
2

|iae= (loai)
| * !
x2-1

1-7
K= = (loai)y

(thod man).

|7+‘m
2

Col=ad —ax )

[x+1[x=3=2(x+1

< (X+Dx=3-2x+1)=0 & (x+lp[!x—3-—2]:()
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Vay phuong trinh ¢6 3 nghicm x; = =1 :x; = I vax;=5.

7)
g)Taco: -2x2 —x+7=—2[xl+lx—-—J
2% g

57
Ta ¢6 vé trdi luon nho hon hoac hAng <8.

VRx+D(x+1)+8 —“ '<+ —A+8I -1

Do dé v¢ phai luon Idn hon 8.
Viy phuong trinh /(2x+ D(x+ 1)+ 81 = 2% —x+7 Vo nghi¢m.
h x+lj+ix=1|=|x-2] (*) vdi -2<x52
DNeu-2sxs-1thi(")e-(x+1)-x-1)=2-x

< - 2x=2- x> x=-2thod man.

JNeu—-1<x<lthi(*)ye=(x+1)-(x-1)=2 - x <> x =0 thoa min.

5
IHINCUISx<2thi(M e (x+D+(x-1)=2-xerx= ; (loai).

Vay phuong trinh ¢6 2 nghiem x; = = 2 v x; = 0.
Bai 6.
W Dy =T+ m+ D es (m’ - 8)x = (m+ 1),
Phuong trinh ¢6 nghi¢m duy nhat <= m o820 me £J8.
b) Gia st x; 1a nghi¢m duy nhat cia phuong trinh (%),

Dol (1 -x)=xnénl -x,cang [ nghi¢m cua (*).

g -
Suyraxg=l-xyg=>xp= =
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- e — m=0

::\j +J;—+2m\j;—. .

{ i 3
=24 =m =>m=m = [m=-|
Thur lai :

1 !
2 \a'2
m=0, (%) Vx +1-x —2¢x(1-x) =0, dicukiecn0 < x < |

o) ool 1 1 §iim
@ (Vx-Y1-x) =0 e x=1-x « x = thoi man.

2

e

LS 0]

m=1

m=-1,(*) ¢ (\'/\--ifl_Tc)_+(\/;— I—.VKI}“ =0
ox=l-xox= % thoa man.

m=1,(*) o Jx+1-x+2x(0-x =2Yx(1-x)=1. *

D¢é thiy x = 0 vi x = 1 la nghiém cia (*)
= (*) kKhong phai la ¢6 nghi¢m duy nhat (loai).

m=0

Viy phuong trinh (*) c6 nghi¢m duy nhat <» :
m=-—l.

Bai 7. Taco: ix*-|1+§a(x3+n;=u *)

(ls* —1l =

x*-1=0 P

1 =1

wu(x1+l}f:(l T:“ =0.

u |

Néu a = 0, phuong trinh (*) ¢6 nghi¢m x = +1,

Néu a # 0, phuong trinh (*) vo nghi¢m.

Vay pnuong trinh ¢6 2 nghiém x; = =1 : x5 = 1 n¢u a = 0, phuong trinh vo
nghi¢m néu a = 0.

Bai 8. Dicu kicn x > 7‘

X =30010 x =30010
(*) < s
V2x-a =0 X =

S AR



Vay : Néu 30010 > ; thi phuong trinh ¢6 2 nghiém x, = 30010 %, =

B : 4 o a
- thi phuong trinh ¢6 1 nghiem x = = 30010.

N¢u 30010 =

i

.a o
Neu 30010 < - thi phuwong trinh ¢6 | nghi¢m x =

Bai Y.
a) xmflﬁl() ‘-v’rf(-)i(l.‘ rat (%)
< (x=DV2010 = x - ()

Do x € Q vita € Q nén v¢ phii cua phuong trinh (**) chi nhin cic gid i
hiru i,

i
Neux # 1 thi (**) <> 42010 = ¥ "“1 = vo li.vi V2010 ¢ Q.
X

. o T
Dodox=1Vaix=1lthia =lera=1
D¢ thay didu nguoe lai cing ding.
Vity : Néua = 1 thi x = | 1d nghi¢m cha phuong trinh (*)

azl )
{ Q thi phuong trinh () khong ¢6 nghiém hir ti.
HES

~[x<200 ) . o
b) Neu 5 thi phuong trinh vo nghiém do vé trii 1on hon 1
X =20

Neu 2010 < x <2011 thi

x = 2010 +1x 20117 < |x - 2010 +[x = 2011] =1 (loui).

Neéu x = 2010 hoae x = 2011 thi thod man phuong trinh (%)
Viy phuong trinh (*) ¢6 2 nghiém x; = 2010 v x, = 2011, de thay
X, € Q1 x5 €Q dodd phuong trinh (*) Khong ¢6 nghi¢m nado ma khong phai
L so hira .
Bai 10. Gua s x> 2 Langhiém cta phuong trinh X7 abx + 0 = 0. Khi do. 1on i
yo S it 113 Vit oy ; 2 2
2id i cta cde tham so a vie b thoa man dang thite \l,l ab . xg +a” =0 ().
NEu ta xét dang thire (1) nhu mot phuong trinh bie 2 doi vai bicn so a thi (1)
2 b
codang s a” - bxgt+ xS =0 2)
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Taco: A, = b:x(,: Jx(,': = 0do (2) ¢6 nghi¢m.
Vay b > 4.'((,'“::» bz le,:. tie 1a [b > 64 vai moi gid tri a.

BPidp so :awy y.
Bai 11.

e "(\—J \—— \f\ (x—-1)=0

Néux=0thiy=0vi { I nghi¢m cha phuong trinh (1).
v

Néu x # 0 ta ¢6 diéu Kién yZ; vax2l.

‘_\'(\/ﬁ—l):o T

=
n
(3%

Vay phuong trinh (1) ¢6 cdc nghi¢m x =y = 0 va

e
I
| -

Bai 12
W bDicukién: - 1<x< 1.

Ditu=(l1+x) : \':J(l—x) u,vz0.

2 =9

u +v
3 3
Vi+uv.(u =v)=2+uv

1+uv=1(2+2uv)=—l—
2 2

Taco

(u2 v +2uv)= %(u + v)::

Vo= v @ v R uv) = - v) 2+ ).



1 2 B
D L i > 2 2
Ta lai ¢o S U =l =l4X = X=—,
g T~ 5 )
u” —vT =42 = =

Thir lai, ta thay x =77 thoa man. Vay phuong trinh di cho ¢6 nghiém la

V2
X =

by Twong tra).

Bai 13.
Cach 1. x=1+Vx+2=dx+34 -x+7 ()
Didukiénx = 1.

Pitx=k+2=>kz2-1.

— —

(e VEkel+vVk+4+Vk+9 =Vk +36
k+1 k-4  [k=+9
< +i |+ =1 ()
VEk+36 Vk+36 Vk+36
D¢ thiy k = 0 la nghiém cta phuong trinh (2)

=» x = 2 1a nghi¢m cua phuong trinh (1).
Neu k> 01hi

[Tl @ s [0 3

1 1 [k+4 2
SN o SRR P
6 k+36 V36 6

> - = " — “*4—

k+36 36 6 Vk+36 V36
o [kl [k+4  [k+9
ZVk+36 T V=36 Vk+36
;g [ 9

Néu k <0 thi fl\—l + !k+4 + Jk;; < 1 (loai).
Vk+36  Vk+36 k+36

Viy phuong trinh di cho ¢é nghi¢m duy nhit la x = 2.

> 1 (loa).

Cdch 2. Ap dung bt ding thitc Bunhiacopxki. ta ¢

2 2
2 7

4t | L)

\

> (VRoT+¥x 724 dx77)
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qﬁ.”"‘(*_” >(Vee3d) o lxt 23 = x22 *)
0

Doxz2nén Vx—1+vx+2 2 J2-1+42+2
MiVx—1+yx+2 = Jx+34-yx+7 = \"x+3-l-\-’rx+7 23
o V32 N+T7 43 e x+M2(x+D+23/x+T49
<= 32Vx+7 o x<2 (**)
Tir (*) v (**) 1a ¢6 x = 2. Thay x = 2 viio hai v¢ cua phuong trinh dé cho, ta
thay thod man.
Viy phuong trinh da cho ¢6 nghi¢m x =

-, 2 3
b) Tacd: (a—-x) =(a—x)

< (a x)'—(n m:()<:>m—x)[(u—xf—l]=

a-x=0 X=a
< la=-x=1 = x=a-|
a=-x=-1 x=a+l.

Vay phuong trinh da cho cé Inghiémx =a:x=a+ 1.
o) Ix=2+x =3 (1) didu Ki¢n x = —1.

bu Vx-2=y:Jx+l=z

y+z=3 y=3-
ey, = . N
y —z-=-3 ¢ -8z +272-30=0
z=2
< ] <> x =3. Viy phuong trinh (1) ¢6 nghi¢m x = 3.
y=
Bai 14,
2
X2
3

f3x-2
._,"__f(l)dmuklul x#0

X I-x
x#l.

2 ’

-.Do\/ 2>0:>l‘

X
e -2 = =2 0.
X
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2
=1-x>0=x<l.Madx-220ex2 ; Vay nghiém cua phuong trinh
; 2
(1) thuoe nira doan ;:l Y

Taco vérdi= V3x-2 < V3.1-2=1,
( }
o D
-

3

Viay vé trdi nho hon vé phai, do dé phuong trinh (1) vo nghi¢m.

1w 12

vE phii = —— >

=—x?-— 1.
1-x 3

B) VI —1ax +9 + Y11 —2x+ 3+ 1762 +2x +3 =2 (2x +4). (1)

Taco:

Vé i = JBx =112 +22-x) +Gx - 12 + 20 +x) +

[' e .| S —
HBx-1D74202x+1)7 2 V2.2x+4). )

Kéthop (1) va (2), 1a co -

[3x=1=0
— - ‘_~x20 1
Véirdi = V2(2x +4) & o x=-.
1+x20 3

2x+120

Viy phuong trinh (1) c6 nghi¢m duy nhat x = .1”

Bai 15.

ey

I e
W V2-x7 +VxT 8 =4 (1), bicu kien [x| £ V2

Pat V2-x> =a20 vi Vx’+8=b>0
a2+b2=10 b=4-a a=] o x=1%]
(1) e I 5 = "
at+b=4 a”+(@d-a) =10 a=3 e x"=-7 (loai).

Viy phuong trinh (1) ¢6 nghi¢m x =+ |,
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b) Cach 1: [(x +2i——x~J =(2x~l)3. Di¢u kién x # 2.
X+2

\/— —" \/- —34-\/-}

(
v;_aysﬂl\fé E % =

Cach 2 : (1)< 3x  +6x° — 12x7 - 36x - 12=0

w(xl--ﬁ)(3x2+6x+2)=0 =3
3x2+6x+2=0.

3

ap i
W.l.vss{t\/é; 31‘3}‘

<) I().\,‘{(x',4—1)(.*(“—.\(2 fl)=3(x4—x3+ I)+3(x: + I) (n

) 30 -101+3=0 =

'( -x *I
2 +1 ot r=9x2 49

9 —9x2 49 =x2 4]

5
> X" =5+433
X107 -8-0 =

= x* =5-/33 (loai)

L9x* —10x7 =8 =0 < vo nghiem.

Viy phuong trinh di cho ¢6 cic nghicm: x =v5+v33 vi x = —y5+43

2l
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I11.4. HE PHUONG TRINH
HL4.1. NHONG KIEN THUC CAN NHO
11.4.1.1. Hé phuong trinh bac nhdt hai dn
«  He phuong trinh bac nhat hai @n i hé phuong trinh ¢6 dang
ax+by=c (1) "
a'x+b'y=c' (2) o
(. b.c.a’. b ¢ 1 ciic 56 dd cho thod mdn a” + b* > 0vaa'> + b2 > 0).
e Gidi he (%) I tim it ¢ cde cap 8o (X, y) 1a nghiém chung ctia phuong
trinh (1) va (2).
«  Minh hoa hinh hoc tap nghi¢m cta hé phuong trinh (*)

Trén mat phing toa do. néu goi (d) Ia dudmg thing ax + by = ¢ v (d") la
duong thing a’x + b’y = ¢ thi di¢m chung (néu ¢6) cilia hai dudmg thang ay ¢6 toa
do la nghi¢m chung cua hai phuong trinh (1) va (2) cua he (*).

Viy tap nghiem cta (*) duoe bicu dién bai tip cic diém chung cua d vind'.

Do dé :

H¢ (%) ¢6 nghi¢m duy nhit <> d cat d’.

Hé (*) vo nghicm < d // d'.

H¢ (%) ¢6 vo so nghi¢m <> d tring d”.

Ap dung diéu kién vé vi tri twong doi cta hai dudng thing trén mat phing. ta
suy rarang

e HE (*) ¢ nghi¢m duy nhit < ab’ — ba’ = (.
[ab~ba'=0
o H¢ (%) vo nghiém <> g i
(ac'—a'c)” +(bc'—cb')” > 0.
ab'—=ba'=0
e HE (%) ¢6 vOo 50 nghiém < Jac'-a'c=0
be'=b'c=0.
e Hai h¢ phuong trinh duge goi la wong duong néu chiing ¢6 cling tap
nghi¢m.
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« D¢ giai mot he phuong trinh bac nhit hai dn. ngudi ta ding cic phuong
phip the, cong dai so.

I1.4.1.2. H& phuong trinh bac 2 hai an va hé phuong tinh bac cao,
hé phuong tinh nhiéu &n.
D¢ giai mot h¢ phuong trinh cic dang néi trén. ta cing thudng dung cic
phuong phap nhu :
« Phuong phip the
«  Phuong phip cong dai s0
«  Phuong phép dat an phu
«  Phuong phip dinh gid. ding cdc bit déng thic
Tit nhien viée Iua chon phuong phdp nio phai wy thuge vio timg tinh huong
cu thé va cie phuong trinh cta hé da cho. Sau day & mot so vi du wong doi don
gidn vihay gap trong cic bai thi va bai kiem tra.
I1L4.2. MOT SO Vi DU
5 . T ; 2x-ay=b
Vi du 1. Xic dinh cde gid tri a. b dé h¢ phuong trinh
ax+by=1.
a) Conghiem lax=1.y=-2"
b) C6 vo s6 nghiém.
Gidi.
i X 2.1-a(-2)=b
a) Hé da cho ¢6 nghiém =
al+b(-2)=1

[2u-b=-2
e
la=-2b=
ay+b
{2x~ny:h = e 0
b) = =y A
ax+by = | ay >
x+by =1 ‘“_!’%.*hy:] (:|'+2h)}'::2~;|b 2)



Hé €6 vo so nghiém <> (2) ¢6 vo s6 nghi¢m.

2 ( 3
a~+2b=0 a=-yd
(2) ¢6 vo 50 nghi¢m < e o |
2-ab=0 lh:—{@.
) . . Xx=-my=1
Vi du 2. Cho hé phuong trinh *)
mx+y=2,

) Chimg minh ring hé (%) luon ¢6 nghi¢m Vm e R,

b) Tim m d¢ hé (*) ¢6 nghiém (x, y)y max <0,y > 0.

¢)"Tim m dé he (%) ¢ nghi¢m (x. y) mi x = 2012y.

d) Chimg minh ring vdi moi s0 k > — 2, bao gidy cling tim duge mot gii tri
tuong dng cua m sao cho hé cé nghiém (X, y) vai x = Ky.

Gidi.
J\rm_v"] [x=1+my x=1l+my
a) ‘ pen .
[mx+y=2 [m(1+my)+y =2 H"'- #l)y=2-m.

Do(l+m’)>0 ¥meR nén he ¢6 nghi¢m duy nhat

( 2-m 2m+l
X=l+m T E—
| l+m™ m~+1 .. . .. .
9 VOL MO g tre m.
2-m
| ¥ -3
l+m~

b) Hé (*) cd nghiem x <O vay >0

[
-1:‘1 l<() '
m= +1 [2m+1<0
] — & m<
2-m 2-m>0 2
2 =0
(m™+1

¢) He ¢6 nghi¢m (x. y) mir x = 2012y,
2m+1 2-m
; =2012. = < 2m+1=2012.2-m)
m? +1 m”+1

4023
¢>2014m=4023 &>m= —.
2014
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d) He (%) ¢6 nghiém (x. y) max=ky (k>-2)
2m+l k(2-m)
5 =

~ S 2m+1=2k -km
m”+1 m”+1

2k —
> (k+2)m=2k --l@m:£ (dok=-2).
k+2

2k-1
Vaiym= ——.
k+2
Vi du 3. Tim cdc gid tri 4, b, ¢ sao cho cic dudng thing sau: y =ax + b (1):
v=hbx+¢(2):y=cx+a(3)cung di quadiém [ (1. 1).
Giai

Do cic dudmg thing (1) : (2): (3) cing di qua 1 (13 1) nén ta ¢6 heé sau :

(
[a+b=1 [:2!
fa.l+b=1 b+e=1 B
1
{bd+c=1 & A{cia=1 = g‘n:1
je.l+a=1 | 3 o
: la+b+c== ,Czl
{ 2 | 2'
< 1
Viya=b=c=—-.
4 5
J.\:ﬂn.\'—()

Vi du 4. Giai vibién luin hé phuong trinh
Mnx- y=m+l.

Gidi.
[x—my=0 X =my %=
1 <> =] 5
imx-y=m+l m(my)-y=m+]| (m —I]y:m+l.
m
X= —_
piia 2 R g " m-—1
T'rudmg hop m™ — | # O thi h¢ ¢6 nghi¢m duy nhat f
y= .
m-1

2 Y
I'uong hopm™ - | =0 : Néu m = | thi h¢ vo nghi¢m,
Néu m = ~1 thi h¢ ¢6 vo s6 nghiém.
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Vidu 5. Giai cic he phuong trinh

[x=2v=3 S IR
ATer T XXy +y =4
ays o, b) ¢ T
X7y =3xy=1 |xy+x+y=2.
(2% 158y +dy? —12x +45y - 24 =0 (n
)
x'-l)':~3x»3)'—x):() 2)
2. 2 2 5
Hx"+y")-5xy-225=0 X" —2x+Y =457 ~3x+2y-2
d) . : ¢)
Xy =6(x+y)=0 I+y=d
Giai.
x=2y+3 [x=2y+.\
) a s = 3
2y +3)7+yv =32y +3)y=1 [=y +3y+8=0
‘(=6+\f-ﬁ
3+41
Xx=2y+3 Ty
<
¥ -3y-8=0 x=6-41
3-V41
yE—

bybatS=x+yvaP=xy. Khi do x° +w+\ =5 P

Al
Do do tr hé di cho ta ¢6 heé sau ;
S+pP=2
[ x+_\'=—.’-
(vo nghi¢m)
§=-3 Xy =
[p=s5'-4 {p:s Jx=
L=—1 . <> L=
1x.‘»"~h~5=2 5=2 {“.,_ ly=
P=0 [xy=0 [’

Viy hé ¢6 nghi¢m (02 2) va (2. 0).
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¢) He duge viet [ai nhu sau
) )
52\' 15Xy +4y" —12x+45y =24 =0 ()

\(x-,\')(er}'——h:(: (2)

x=1

y=1

3T 11x+8=0 8

< = e
x=y 3

8

y=-.

S |

Giai (1) :

{2,‘3 C1Sxy 44yt S 12x 45y =24 =0

Xx=3-2y
x=1
[x=3-2y {_\,=|
< ¢ . =
|42y —-42=0 x=35
y=-1

’ = 8 8
Viy h¢ dii cho ¢6 cic nghiém (x, y) (1, 1) [-}. 5.) v,

x+y) = 11xy=225=0

d) Bi¢n doi vé he { i

xy-6(x+y)=0.

Dat(x +y)=Svixy="wco:
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Jx*—l()
[x+y=25 ly=15
: <
|xy =150 [x=15
387 - 11P-225=0 ly=10
*) = =
P=6S x=-6
[x+y=-3 y=3
‘\) =-18 J\_— 3
[\*:--6.
¢) Dé thay x* - 2x+ 3> 0nen x> =2x+3 =x* ~2x + 3.
S . [x:—2x|3:x1—3x+2\—2
Bicn doi vé h¢ :
[3x+y=4
3
x=2y-3 Jx:I_\'—ﬁ T
= =3 <
way=d  day-sey=4 T ] 10
- 7 ¥
3x:+5x_v~4y:=38
Vi du 6. Giii he¢ F 5
Sx7 -9xy-3y” =1A.
Gl
2 38
=
- : 3
y 3 J.‘x‘ +3xy -4y” =38 3 )
Xéty=0,1achd s i (*) & ) x"=3  (loai).
{5:('—‘):&3’—3}":15 il

45x% + 75xy - 60y” = 38.15
Xéty=0:(%) <> < -
190x7 ~342xy — 114y? =15.38

= 145x7 - 417xy - 34y =0 1450 4171 - 54=0,rong dé 1= (+%)
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=3 x=3y

Tacd (%) <> -18 & ~18
Ly == T |
145 145
x=3y
Pl (x=3
—IS %y:l
=
|45 {x;—i
2 |
5(£) +9£—3 =15 (loai do v¢ trii <0) ¥
L145) 145
Viy h¢ ¢o nghi¢m (X, vy 1a (3. 1) 1 (=3, = 1).
" [\/\;+l+ y-1=a
Vidu 7. Tim a dé¢ h¢ sau ¢6 nghiém : ™
l\ﬂ =2a+l.

Gidi. Diéukien x 2 -1 vay > |.

Jx+l+\y-1=a VX4l +Jy-1=a
(*) < =3

2 2 — —— T g
(Vx+l) +(\f_v-l) =2a+1 xﬁwl.\/)ul:;[a“-{lawl)?.
Viy vx+1 va |y =1 langhi¢m cta phuong trinh :
5 1 »
"—at+ —(a"-2a-1)=0 1).
al 2( a-1) (

He¢ (*) ¢6 nghi¢m <> phuong trinh (1) ¢6 hai nghi¢m khong am.

Ag, >0

()
Phuong trinh (1) c6 2 nghi¢m khong am <= ¢S, >0

(11-0
a? -2’ -20-1)20
e daz0 o 1+2<a<24+46.
1.2
— A" =Dy — >
(ot -2 l)_u

Viy véi 1+V2 <a<2+y6 i he (*) c6 nghiem.
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1L 4.3. MOT SO BAI TAP

A. Dé badi
Bai 1. Giai ciic h¢ phuong trinh sau
[x+y+2=0 Xx+y+z=3
J ’ 9. 2. B :
3 2 B I | ) b){x“+y +2z" =3 (%)
—+—+-—=0 . A B
XY & 4y 4 =3
[N+viz=a
l s s 5 . ;
C)ix“+y +2-=bh" )
; 3
(xy =7
(vi a, b la cice hang s6 cho trudc).
Bai 2. Giai ciic h¢ phuong trinh sau :
[xy +yVx =30 [v=-2[x]-3=0
LV . b) 4
|xVx +yy =35 2]y +Tx+11=0
[(x+y)=1
Ir. 1Y 1 vt
ey i1+ || 1+ |=9 i, ,
LRV L G |X“y+2xy~ +y =2
x>0, vy>0
er\'f_\:P\'::S Jx +y” +\v+|74v
o 1 . f)
Lxvx+ Iy +1)=12 lyx+y)® =253 + 7y +2.

Bai 3
2x 7\'*'( +v =2012
) Cho hé phuong trinh i (%)
XV(X+2)y+2)=a
Tim a d¢ h¢ (%) ¢6 nghi¢m.

3
y+Tx - % =0
b) Cho h¢ phuong trinh : " (**)
X+Ty— m—, =0.
Y

Tim 1@t ¢ cdc gid tri m # 0 dé hé (**) ¢6 nghiém duy nhat.
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4 25 2
' “X"‘\') +13=6x"y" +m
¢) Cho h¢ phuong trinh 1
k) b
[XY(X"+y7)=m.
Chimg minh ring khong ton tai gid tri cia m d¢ he ¢6 nghiem duy nhat.
5 s
ke g : ; XTH(y+D"=m
d) Tim m dé he sau ¢o nghiém duy nhat <
Wy +(x+1) =m.

Bai 4. ) Cho h¢ phuong trinh
(Vx+19 - [y +6 =(m-2008)y +1
L J:*«_IG ~JX56 = (m=2008)x + 1.
a,) Giai he Khi m = 2008.
ay) Chitng minh riang khi m 2 2008 thi h¢ di cho khong ¢6 qud mot nghiem.

(Dé thi vao rwmg THPT Chu Van An tHa Nawh va
Ha Nt = Ansterdam vong N nam hoe 2007 - 2008)
e . J2x1>'—.\':x =1
b) Gidi h¢ phuong trinh
3 3
(8x -y =1
(D¢ thi vao khoi chuvén DHKTTN - DHQG Ha Noi véng 1 ndam hoe 2009 - 2010)
¢) Vi gid tri nao cua a thi hé phuong trinh
|
[x+y+

2 3
X +y

Co it nhiat mot nghiém thod man diéu kién x > 0, y > 0 ? Vai cac gid tri cla a
vira tim duge, hdy tim tdt ca cde nghi¢m cda hé phuong trinh da cho.
(Dé thi vao klii chuvén DHSP Ha Noi vang I ndam hoc 1999 - 2000)
Bai 5. Giai cic h¢ phuong trinh ¢

%+ Nexn +.+J1+x =2012. /1 +—
JIHX 14X+t 1 +X0g)2 -OLVI 012

i) 9
l‘/l~x, + =%+t 1 =212 =20|2\/|.m'11
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XX =X —a) X —a =X, %, (1)
X3 X=X —a) (x5 = = X3 x4 (2)

b) <
|

[Xn [Xn|=(x, =a)|x, —a] =x, |x, (n)
B. L&i gidi
Bai 1. Dicukicnx =0, y=0.2=0.
| | XY+ V242X
+-=0 = =L s

=0
X ¥ 2 Xvz

a) =0 = xy+yz+zx=0.

X+y+2=0<(x +.\'+1)"=0
x4 _v: 7+ 2(xy + v+ 2x)=0
o+ y: +7 =0 (doxy+yz+zx=0)
e x=y=2z=0(loai).

Viy hé vo nghi¢m.

X+y+z=3 h
b) ‘(‘+)‘1+7‘=‘ (2)
x5+_v'ﬁ+z‘i =3 3)

Tir(hHva2)taco (x+y+ e _\-3 + =6 2Axy + ¥z +2X)=6
:>x:+y:+/2=xy+yr+/x=3:>x =220,
Dé thay x = y = z = | thod min phuong trinh (3).
Viy h¢ conghicmx =1, y=1.z=1.

’x+y+z=0

(]

; : | a 5
¢)Neua=0thi (*) < <x~ +y3+z’ =b
x)’:?.:
Néub=0thi (*) conghiemx=y=2=0.
Néu b= 0 thi (*) vo nghiem.
X+y+z=a

R )

Néua=0thi (*) ¢ <2xy+2yz+22x=a" ~b
xy=7.:
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TR e
rx+_\'+z=a Nk = 2a
< {2x+y+n)=ac b’ o \)‘*—'/.:
xy=21 v
2a
l a+b?
Jx+y=~ —
2a

T (1) va (2) 1acod

P
Xy = —-
az +b‘:

YT doat g
Suy ra X, y i nghi¢m cua phuong trinh 17 - = o

2

2a

2a

-
4a”

2 2} 2 232 ] 1 iy
W +b° a-—=bh- 3 alh?
Taco AH,=[' +b ] _4‘[-: b } _ -3t -3b 10070

Néu Ay, < 0 thi he (%) vo nghi¢m.

b b
4 +b”

= 2
2a
2 h.’.
; ; . ” a”+
Néu Ay = 0 thi he (*) ¢o nghi¢m {y == 2
a
al-b?
==
2a
Néu Ay, > 0thi hé (*) €6 cie nghiém la
2 2 2 2
a” +b° a” +b”
x,L[ﬁzT-q-\Au,}.Z x,—{ 55
2 3 | 3
a” +b” —— a”+b”
=| = - JA 12, holc {y, =| —
M [ M \/m] ic 1y { %
- - b* a’-b®
7 = 1 7 =5




Bai 2. Dicu Kicn x > 0vay 2 0.
I ~
Bat Vx =p vi |y =q. tacip.q20.

Jx y +yvx =30 pp+4) =30

[p'a+¢’p=30

(=1
ln‘+q"=35

lx\f{*)'\/;=35 (p+q)‘—3pq(p+q)=35,

S,.p =30 18] §, =5
BatS; =p+qvaP =pq.taco .
S, -3P.5, =35 (2) ) =6.
{p:'& J\/;z'l x=4
=5 =2 J;:} y=9
[)()dl3¢(3h¢{ 4 &5 [ (=3
pq=6 %p:l {\/}_:3 x=9
Llg=3 Iy =2 y=d
Viy nghi¢m (x. y) cta he la (4, 9) va (9, 4).
J_\ =2/x/+3 ()
b) (*)
l2ly|==7x-11. @
Ti(Hwueoy>0= 2]y/=2y. Viy
\_—I7{0
- 11
[[y=2x+3 x20 - (loyi)
:\;2\‘—7.\—11 AT
("lc:»:’ <
v =<0x+3 e
[=rmminamst x=" <o
[ 2y =-7x-11 3
1 43
y=—.
= a3
- 3
Vay nghié¢m ctia hé 1a (x, )‘):( ”. {’ “
S )
< 1 Il X+Y ~yV+X
ODo(x+y)=1nén l+—=(x+y)+—= +1="—
X X \ X
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Do x. v > 0. dip dung bit ding thic Co-si. ta ¢d

1[72

I X+y+x VXY

sy (R a N
X X X

(hH

3f. 2
Tutmg1u1+123\'\§ (2)
y y

1 1 1[‘:}
Tmnm(z):[H ].(n ]295‘ LR
X

y Xy
Dau = Miyraex=y= .
1
X=—
P— o— 2
Vay hé ¢6 nghi¢m la l
)—2,
o 2 2
Jx +y =1 [(x+_\')(x -xy+y)=1
dy e 5 i < 4 . (*)
[xjw 2xy" +y =2 [x)‘(xw)')+_\"(x+_\'}=2

2 3
(X+YUX"=xy+yT)=1 ()
Ny +y)=2 ()

T (2)dé thay x + y = 0 v xy + '\,2 #0.

2 2
s A « X —=Xy+y:
Lay (1) chia cho (2). 1a ¢6 - a5 VR
(X+y)y 2

AN - 2XYy + 2y = XY A Y 22X - 3XV 4+ v =0 (dé thivx =0 vy 2 0),
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x:.‘l
2
X +y =1 v:-‘l
x=y g 2
Taco (*) = =
< S
x5y =1 ‘=}JL
)=2x 9
\:2‘3_1.‘
E 9

Viy h¢ ¢6 hai nghiém (x. y) la (\‘g {/;I,_

< 1

¢) X+y+Xx"+y 8 *
Xy(x+(y+1)=12.

o =] "
D{uu:x2+x:\'=y2+y.D&lha\yuz?va\‘z 7 nén

u=6 X 4x-6=0
u+v=_8 " (n
v=2 y +y-2=0
(*)e duv=12 (= =3 N
1 u=2 X" +x-2=0
u,v2-—-— v=6 5 (n
4 y +y-6=0.

Giai cde he (T) va (I1), ta ¢6 hé¢ (*) ¢6 8 nghiém (x, y) la:
(1.2): (1 =3):(=2.2): (2. -3) 0 (2. 1) (-3, 1) 5 (2-2) 5 (=3, -2).
Ny =0 (loai)

+l+x+y=4

x2+1
y

¥y axy+1=ay
y#0,taco 2 i =1
yX+y) =2x"+Ty+2 (x+y)2 _2[




3
Xtkl . F
Datu= ~—— vav=x+y,tacéh¢

y

u=|
u+v=4 v=3
v'l

{x:l
xl*lz‘v {x2+x—2z0 y=2
= =

Viiu=lvaiv=3taco:
)':3—3( x=-2

x+y=3
y=5.

2 3 2
241= F41=9 ,
R o {" g T

Vaiv=-5u=91céhe
y==5-x

Xx+y=-5
Viay h¢ (*) €6 hai nghiém (x, y) la (1, 2) : (<2, 5).
Bai 3.
A batu=x>+2x+ 1 =>u.>_0:v=y2+2y+ I =v20.
uz0,v20
(*)e> qu+v=2014
uv=a+2013
He (*) ¢6 nghi¢m <> phuong trinh 20141 +a+2013=0 ()]
€6 hai nghi¢m déu 16n hon hay bang 0.

Ay 20 &
2 (a+2013)> :
< {20140 @{1007 @FANZ0 o 201550210075 2015
a+20132
a+201320 pralila=

b) Dicu kien x =0, y = 0,

3
1l
7x+_\'»l‘ =0 1 s 3
ss g % I?.\' +xy-m =0
Taco ¢ . o :
[ m’ X" =Y ) XWX —-Y) =
x‘.].\__n;_:(, [7(\ Y ) rxV(x=y)=0
\
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3 2 3 3 2 3
IX"+x"v=m" =0 X" +xy-m =0

<9 5 5 o ) >
(x=y)XTx" + Ty~ +8xy)=0 x=vy (do 7x" +7y" +8xy>0)
m
x=y [x= ’—=0
= =
| k) 3
ISx" =m m
(8x"=m 1}': = =0,
L

Vay h¢ (%) ¢6 nghi¢m duy nhit véi moi m = 0.
¢) Gia su h¢ ¢6 nghi¢m duy nhat (x,,. yg,). d& thdy (. X) cling 1a nghi¢m cia

he nén (X, ¥o) = (¥g. Xo). Thay vio hé. tacé

I()x,,l =m-13 =[5

g < m-13=5m < m:--~4—3.

\

lias, o

[
[2xy" =m

=135 was o : .
Viay m = T thi h¢ ¢6 nghiém duy nhat.

) Cacl 1 :
Giit surhe ¢6 nghiem duy nhit (x;,. yg). dé thay (y,,. X;) cing la nghiem cua
he. Do hé ¢6 nghiém duy nhat nén x, = y,,. Khi d6, hé ¢6 dang
2 )
Jxl, +(Xp+D)"=m (1)
2 2
Xo  +(Xp+1D)=m (2)

H¢ ¢6 nghiém duy nhit thi (1) ciing ¢6 nghi¢m duy nhit = phuong trinh

I+ 2+ 1 m=0conghicmduy nhit e A'=0 = A =1-2(1 -m)=0

)
(x+1)" +)

) -}

Ihirlai : Vdim = = thi h¢ ¢o dang i
|X"+(y+1)y =

13



(5]

I
. =
) 5 1 2 2 2
SXFD HY+F D+ +Yy =l x+ 1)+ 2y + 1) =04

(5]

' 1§ iz i :
Viym= = thi h¢ ¢6 nghi¢m duy nhit.

Cich 2 Dicu kien m = 0,
2 2 ; i " e IR W o
X7 4 (v D)7 =m la phuong trinh dudmg tron tm 1O, 1), bin Kinh v'm.
2 2 g . ; — PRI
vO+ (0 + 1) = m L phuong rinh dudmg tron tim K (-1, 0), bin kinh vim.
' " ) S st o o . \
He ¢o nghiem duy nhat < Duomg tron (I v ) tiep xiie vai duimg tron

- r z Iy 1
(K, vm)es vm+vm =2 ¢xm= o

ikt o p
Viym = = thi h¢ ¢ nghiem duy nhit.

Bai 4. Ban doc wr giai,

Bai 5. ) Ap dung bat ding thite Bunhiacopxki, i ¢6

— ~ —_— )
(Vix ey et Jlexgn | s (P41 4008

5 I N
< 20127, |1+
L2202

S2002. 2012+ Xy + X3+ o0+ Xypp2)

&> 20127 420125 20127 4 20120 X, + X3 + .. + Xag12)

<1 Sx +X;30 v X0
Diu =" xay ra <> \J1+X; = ‘/I +X3 ==l +X20;2
& X = X2 = ... = Xggy2e (1

Tuomg . dp dung bat dang thic Bunhiacopxki. ta lui ¢o
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(JT—T,J«,/I—.(! +4..+Jl-xzmz): < (124124417
x (:(Jl -Xy ): + ...+(.fl = X012 ):]

12X+ X+ L+ X

Dau =" xdy ra<> \JI-x; =/1=-%5 =..= /= %393 (2)

Kéthop (1) va(2), 1acéd Xy = Xa = ... = Xyqa-

Viy hé ¢6 nghiém x| = X5 = ... = X012 = 002"

b) Néu a < 0 thi ta déi dau tat ca cic s6 hang clia hé ma khong lam thay doi
cic phuong trinh (1), (2). ... (n), nén ta ¢6 thé gid sira > 0.

o X Zaz0:xx|=|x —alx; —a) =x, x|
2 2 2 |
= X (X —a)lx —a) =X, |x,| = x -(.\(1 -2xa+a )="1\"z

= 2xa-at =xxa| = alx +x —a)]=x, x| 2 a7

3 E .
= X3 /X5| 247 =>x;2a Tuongtrx;2a, ... X, 2a *)

Mat khidc, cong cic vécia (1), (2), ... (n), taco:

(x) =a)|x; =al+ 06 —a)|x, —al 4.+ (x, —a)lx, —al=0. (**)
Tu (v (**) = x;=a. x;=a, ... X, =

®) X;<a=>Xp<aXy<a L X, <a

Mat khac :

0= (x; —a)|x) —a|+(Xa —a)|xy —a| +..+(x, —a)|x, —a| <0 = Vo li.

Viay hé ¢6 nghiém duy nhat (X, X5, ... X,) = (4, 4, ..., a).

120



Chiamg IV
BAT PANG THUC

IV.1. CHUNG MINH BAT DANG THUC
IV.1.1. NHUNG KIEN THUC CAN NHO
IV.1.1.1. Dinh nghia bét dang thic

Binh nghia : Cho cic so thue a, b, SO a duge goi L Ion hon hay bing b (ki
hi¢u a 2 by khi vit chi Khi hi¢u (i~ b) 16n hon hay bing 0. wic lia2besa - b2 0.
IV.1.1.2. Mt 56 linh chét cla bét ddng thic

a>bvaib>c=a>c:

a>bera+m>b+m Vm:

Néue>0thia>berac>be

Neuc <0thia>be>ac <be,

T do ta ¢6 mot so hé qui sau :

a>bvac>d=>a+c>b+d;

a+e>bea>b-c:

azbz0viczdz0=>ac2hbd:

as>bz0vineN =a">b":

a>h20es W > W .

a>hes ""'\'}G > 20y .

al<a<ia vdimoiac R
X<aer —a<x<u (vagia>0);
Q
Xi>a ¢ | (Wara>0):
[x<-a

[a|=|b| < fa+b <lal+ bl (va.beR).



IV.1.1.3. M&t s bét déng thic quen thude
o Bat dang thire Cosi
T T ‘ln

2 '\'ill;t:..‘il

y o . . , , L, i a4
Vaéimoi n so Khong amap, ay. g taed S— PO

Ding thie xay ra khi vichi khia, =y = .., = iy
o Bt dang thie Bunhia copxki

Vi hai bo s theee Gy s, i) vic (b ba byt co

L > ) ) ) g
@7+ + by T) (b T by L+ by T 2 Gyby by 4 +iyby)”
2 . . PR . o al da
Dang thie xay ra khi vicchi khi &0 =50 = =5
by b, b,

o Hé qua cua bat dang thire Cosi

Néu noso duong thay doi nhung ¢6 1ong kKhong déi thi tich cta ching 16n
nhit khi vii chi Khi n so dé biang nhau.

Neu n so duong thay dor nhumg ¢6 tich khong doi thi 1ong cua ching nho
nhit Khi vivchi Khi n so do hing nhau.

IN.L2MOT SO VI DU

Vidul.

i ) ; SR ’ 1
) Chang minh rang néu i, b, ¢ 133 56 duong thi (a+ b+ c).‘ +~ |29,
\ ¢
Khi nao xay ra ding thie ?
\ n ; g b c 3
by Néuw . b.e i3 so duong thi + . 2=,
+C c+a a+h 2
Citat
st 1 11 1t b b ¢ ¢ a
WCdch 1 (a+b+ey ~+ -4 s B e R TR
a b ) b a ¢ b a ¢
. — o ., a b la b %
Do a. b >0 néndp dung bt ding thiie Cosi.taco: — - =2 [0 2 =2
b o \b'a
s b ¢ o 1E
Fwomgte: —+=22 vt —+° 22,
¢ b 4 ¢

2
2



Viay (a+b+ c).[l+ : - i {29, Diu"="
a b ¢

lyraea=b=c

Caeh 2. Ap dung bat dang thite Cosi cho 3 s6 duong a. b, ¢ ta ¢6

(v by c).(
a
M Taco:

1 1]=

Q ) ( ¢ \.( b \ (1
1 1|+ +l|=(a+b+c +—
[h+c+ J+\u0h‘ J L:Hc ) fa HL)I b+c¢ c+u+u'hl

| | | 1)
[(bocrtesmysaem]] ——+— 4 J
2 b+c c+a a+b

Ap dung ¢l a), taed ngay ket qua sau

= b c ) 9 a b [ 3
‘ — . [+32= & ——q4 ‘ 2=,
\b+c c¢+a a+b) 2 b+c c+a a+b 2

Diu“="xiyras>a=b=c.
Vi du 2. Chimg minh ring :
I, VO | 3. = 55 ) » . N
a at bt et 20 Whe + b eu + ¢ Vab véi moia, b, ¢ = 0.

)

32 3 )
b)ah” + b'c” +¢7a” Zabe.(a+ b+ ¢)vdimoia, b, c € R,
Gidt.
s ) 4 ) y
WTacd:(a-b)" 20 a”-2ub+ b 20e3u” -ab+b" 2 ub
3 i
=+ bz abta + by
- (I 1. 3
Tuong b + ¢ > betb+¢)1¢ 4+ a2 cale + a).
. Yook 3
Dodd 24a +b +c¢)2abla+b)+ beth +¢) +ca(c+a)
3 1 4 3 3 b 5 3 )
=2 +b +¢)2ab+ba+bc+cb+cra+atc
T > ) s
=2 +bh +e)zatb+cr+bcrm+c@a+bh ()

Mat khie, taeé (b +¢) 2 20be e+ uz 2Vae s+ by 2 2Vab,

Do d6 u:(h +C)+ h:[c +u)+ Gt bz 2ol \fﬁ +b Jea + CJ\/uh).

T N PR [ s L sl e
suyraa +b +c¢ 2 a Voe + b7 Ve + ¢ Vab.

iyt ] > 3y uhc&\‘/ ! =9. Diu"="xayrmera=bh=c.
b ¢ abe

1o
thed



Diu =" xiyra<>a=b=c.
b) Ta €6 ¢ (ab)’ + (be)* 2 2ubbe ;
b*c? +clal> 2bceea ;
¢*a? + a’b® > 2caab,
Cong cic vé, tacod: a’b® + bt +ca® 2 abe . (a+b+c)
Diau“="xayra<>a=b=c.
Vidu 3.
a) Cho x. y i hai s6 thay doi thod man 2x + 3y = 5. Tim gid tri nho nhat cda
A= .‘(: + _\’:.

b) Chimg minh ring : Néu a4 26 +9¢ =3 thia+2b+9c <6,

Gidt.
el g 2 2.2 9 ) ) ) a.. 25
WTacd (X" +y)(2°+3)2(2x+3y) "' =5"=2x"+y" 2 T
SO MARNC RN . |
= (X~ + y7) nho nhat = ==,
13
10
2wl T
Diu“="xdyra¢>{2 3 1;
2x+3y =5 p=—,
X+3y y 13

b) Taco:

(a +2b+9c) = (;l.l*\[i—.h+3c.3)" <

-ﬂ: ' (ﬁb):(lc):][lz +(\2)? +3:]

= IZ.(zl2 +2b° 4+ ‘)c") = 36.

Viy (a+2b +9¢) = 6,

| |
ilu; :I:’:j
:l_ﬁ _3c % =
Diu“="xiyrae> ¢ 1 2 3 <> h=% hodc b:—.!’r
a? +2b74+9¢% =3 1 |
c=— c=—-—.
2 2



IV.1L3. MOT SO BAI TAP
A. Dé bai
Bai 1. Cho x 2 0. Chimg minh réng :
(+x+ x4+ (0 + 2 2 902260,
Bai 2. Cho n so duong @y, s, ... 4, vivaas -, =1 Chimg minh ring :
(1+2009a)) (1 +20095) ... (1 +2009,) = 2010".
Bai 3. Trén bang, ngudi ta viel cde s0 3145 556, Lay ra mot cap bat ki hai so a, b
v bién doi ching thinh a-+b 4 \/u: +b Vi (a+b)- \L # b7 . Hoi sau mot
50 phép bi¢n doi, trén bing s¢ xuat hign mot s6 nho hon 1 duge hay Khong ?
Bai 4. Cho x, y tuy ¥ vit x, y déu lon hon V2. Chimg minh ring :
Gty oyt e yts oy
Bai 5. Chimg minh rang :
Néua<hb<c<dthix=(a+bc+dy<y=(@+c)b+dy<z=+d)b+c)

Bai 6. Chimg minh rang :

3 . 3 Fai L
A=x et ot extone 3 >0 vdimoi x € R,
ay)
Biai 7. Chox >y viaxy =1, Chimg minh rang : = — 28,
(X-y)
Bai 8. Ching minh rang : a ik — )—{ = £ il
20004y 42" 201047 +x7 2010+y +x 3

vii0< x.y, 2251

Bai 9. So sinh hai s6 sau :

i
2 B -
a) X=—+-—+— viy=a"+b +c¢ vdia, b, cduong:
b ¢ a
3 3 2
a” b ¢ g
b) u- +-—+— viv=a+b+cvdia, b, cduong:
b ¢ a
6 6
S G Vi 0 -
c)m="5+=vih=x"+y viix.yluyy.
v X



1y R
d)l=(1+~| \'&k:(loﬁ_J vain e N*;
n) \ n+l
c)3|“ va 7.
05" va 7%,
Bai 10.
@) Cho a 22 ;b >2. Chimg minh ring :
@+ 1 (b7 1> (a+b) (1 +ab) + 5.
b) Cho a, b, ¢ wy v thoid man arb et =3 Chimg minh ring :
P =lab| + |be| + ca| - abe < 4,
Bai 11,
a)Chox>0,y>0vi X 6xy + _\-: +21 <0. Chitng minh ring :
A=5x+y2 73
b)yChox>0.yv>0.2>0vix +y+z=1. Ching minh rang 1ong cia hai
trong ba 80 do khong bé hon 16 lan tich cua ba 56 do.
Bai 12.
a) Cho a, b, ¢ duong. Chimg minh ring :
[hﬁlc* I](c{%”][n?ﬁﬂ, * W
b) Chimg minh rang :
T (b v N ¢V (d¥ _a b ¢

| =+ | 224 *dv(—l vai abed # 0.

\c) \d) a ) b ¢ i

[a
{b)

Bai 13. Cho tam gidic ABC nhon noi tiép duimg tron tam O, ban kinh R. Goi x. v, 2
la cie Khoing cich tir O dén cie canh BC, CA, AB cuia tam gide ABC. Chimg
o 3
minh: Vx +\/\‘+\C <3/=.
g 2

\

Bai 14. Vdi moi so thue x dat

A=V +2012x+ 1410067, b=vx* ~2010x +1+1005°. ¢ = 2011. Chimg
minh rang v6i moi x & R thi a. b, ¢ luon ¢6 thé chon lam do dai ba canh cua
tam gidc ABC.
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Bai 15. Cho x. y. z 13 ¢ic s6 thue duong. Chimg minh cic bat dang thie sau :
e PR —
X v |y z s &

B v '\!_\--'/4 y .7x+\jx‘:z+x+y \I;(Voy

2 2 2. .2 [3 2t R ;
b) VX7 HXy Y YT Eyz+z +Nz ExzexT 2By +2).

B. L&i gidi

b 35, 54

2010 ()IU

Bail. Taco: (1 +x+x+..+ X"+

2 2000 2010 2011 4020
=l +X+X"+.. 2200, 200, « +...4X

Jll"(l 4‘!]‘) ll)l(l IUI(}
=(1+ )+ (X Y e AR )
> 2“‘3{!]() xe Z.X:”“l TR 2.x_lll(| = 2 s 7()[] !l]li
" 2 2010 2010 2010
Vay (1 +x+x"+ ... +X ) (1 +x )= 4022x7.

Diu“="xdyrae> x= 1.
Bai 2. Ap dung bit ding thire Cosi cho cic s6 duong a,. 5.4,

1420094, =1+a; +a; +...+a,22010._ ja,.a,..4,
20100

2009 kin \ 2009 tin

1+2009ay =1 +a, + 1y ZZ(JI(JH”]( 5.4,

| >e
\ 2000 Lin

Ao

Tuong tu, 142009, >2010.a a, .4, .

Do ciie v¢ déu khong dm nén nhin cic ve, acé

(1+2009, )01 = 2009 )...(1 + 2009a,,) > 2010", ””"\"1.‘,‘.\ 2,7 = 2010",
Vay (1+2009a)).01+2009a; )...1+ 2009, ) 2 2010".

Dau="xdy ra>a, =a;=... i, = 1.

Bai 3. Dé thiy (a+b)—va2+b% =vaZ+b +2ab—va2+b2 >0 véi moi a >0
vith > 0. Do dé sau cie phép bién doi. cie so trén bang déu I cde s6 duong.
Mat khdc. t6ng nghich ddo cua cap s6 a, b ndo sau phép bién doi khong thay
doi. That viy :
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1 1 2(a+b) 20a+b)y 1 1
== ————t — — =— — :—+h

(u+h)+\,/u:+h1 (i|+h)—-\/a|2+h1 (@+by’-@ +b%)  20b  a

Gia sir sau mot 6 phép bi¢n déi trén bang sé xudt hicn mot s6 nho hon 1 thi
tong nghich dio cla 1t ci cdc s6 duge viél trén bing s¢ 16n hon 1. Mat khic
1.1 .1 F '19
e e
34 5 6 2
hi¢n mot s6 nho hon 1 duoc.

< 1. Dicu nay la vo li. Vay trén bang s& khong thé xual

Baid. Tuco:x’ + _\'5=(.': +_\')(x4- x"y+ xzy: - xy" +_vJ‘)
=>x- yx“ i x:y2 — ny + y4 = (,'(5 + y5) rx+y)
Do x>\/§ vi y>~/§ nén xs+_\'5>2.(x"+y")\-é

4t 8 I d 2 2 Qs

(X +y):(X+¥)>22X"+y) i (x+y)=2(X"-xy+y)2x"+y".
Vay & .\‘y + xl_\'z - xy" + y“‘ >xt+ y:_

Bai 5. Via<b<ce<dniny-x=ab+cd-ac-bd=(a-d).(b-c)>0.
z-y=ac+bd-ad-be=(a-b)(c-d)>0.Doviyx<y<z

Bai 6. Néu x <0 thi A > 0 hién nhién.

3
NEux 2> LthiA=x(x- 1)+ x3(x — 1) + x(x - I)+1 >0.

2 2 ]
- 5 i i
;\'é‘u()<x<l|hiA:(x"-—-l—] +(x‘—%) +(x--5) +x21-xY)>0.

Vay A >0véi vx e R.
Bai7. batx’=uva _\'2 =vuvz0viuv=lu+vz 2Juy =2=su+v-220.

Dox>ynénu+v-2>0.

3

s a2
X +,\') (u+v)’ —Bu-8v+16
Tacod - 8=
(x-v)° u+v-2
) 2 2
. u‘¢\;+l6+2uv7—78(7uﬂ+i)_(Auitr\':_-‘1£>0
u+v-2 u+v=-2
y ) 2 2
(2]
Vay ~———=t.>8,
(X-¥)
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[ Vo~ NE
X =
. ey | 2
Dang thie xay ra ¢ u+ v=44 ¢ ¢ Th
\"() = \/2
= e
i 2
Bai8. Do0O<x, v, z< 1 néntaco
2

X

2010+ x* +v*

_ L
20004y  +2° 201042

X v 2 XFy+2

- o sy e s LB -

T | O I T I
6+X +y +2 6+x 4Y 42 64X 4y 42 64X +y 47

Mt khic laico:néu 0 < x < 1 thi X -3x+220.
Thir vay. X -3x+2=(x-12.(x+2)20
Tuomg 1y, y“ Iy+220va £ -32+220.

Do dé (x* + _v" +7Y -3+ Y+2)+620

X+y+2z

c:»x‘+y"+1"+623(x+_\'+/),hu_v

Bai 9. Ap dung bit ding thitc Bunhiacopxki

2\, \E l [(\/ﬁ)h(mi(mﬂ

b c

33 h" C" 2 5 »\2
c::[—+—+—];(ab+bc+ca)2(a'+b‘+c‘) 2
b ¢ a
2 2 2
Ma (a” +b” +¢”) 2 ab + bc + ca, hay
1,3 I |

b ¢ a

3043 " 5 axd
(u2+b2+c:).[-‘!—+2—+s—]2(ab+bc+ca)[d—+—b~+c—]2(az+b'+c')
b ¢ a
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a’ b oc R OO LT

St —+— 2a"+b 4" Diut="xayme>a=h=c,
b: © &

b) Tuong r a)

¢ Datx® =avd y: =b. Khi do

<* ,\'(' 3 3 & ) 3 (u—h)u: (h—ujh"
s+—==X -y =—+—-a" -b = ———— + ——
y® X" b a a
[ .2 2 i i
a b a-bj)a" —b
=(a-h)| L -2 IRCELITL >0,
a ab
g :
viy 24 Lty
L2

d) Ap dung bt diang thie Cosi cho n 6. trong d6 ¢6 n <o bing 1+ v 1 80
n

biang 1. taco:

{l+]]+\(l+l]h..v'f]|-|\+l o
\ nJ\ n) "\ ) >n-|(|+1j
> a

n(1+1J*l |
| n ( ne \
P >"'l’(|+lrJ o \I+f|— ] ?.(In-l
V. n L on+l) \

. i o Ly 1
D¢ thiy dau =" cia (*) khong the xdy ra. Vay (I + e | = | 1+ J .
¢ ekl \

a3 e =Y = 2% 2® =2 = 16" <17

o e

vay 705 5'%
Bai 10. Ta phai chimg minh
@+ hz@b+1). (asb)+5

e+ b+ abi 2 (k brab + (a + by + 4 &)
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1

A 2 u'h* ., i
laco: Sa+b)” l_' - 2a+bl.jab| 2 (a + b)ab, (n
3
40525 ab) 2 ab, )
b
2 13 h.‘
2*" 1z >20"H ) 2la+bl>a+b, (3)
1
a” +b” )2‘.«-2’ 5 ®
4 4
3 3205
a’b? 2 22%2% =¢. (5)
8

Cong ciie v& (1) 1 (2), ... (5). suy ra

LLE2)) g ) r:l:h:>.(;|+h)vuh(u+h)+uh+4,

2 2
9 Y
) ) (a+b)” a” +b” 2,2
Mat khic, % + b? 4 g?p? = 21D L8 y 4+a"h” —ab,

hay a4 b+ a’h? 2 (a+bjab + (a+ b) + 4. Vay (*) duge chimg minh.
Diu =" xay rakhia=b=2,

b) Bat P = labl + b +|ca| - abe,

P =[ab| +|be| +|ca| ~abe <lal.b| +[bj.(c1+ic1.|aJ+?uhc}. ()

) a2 s
cl=z m>x.y.zz0vax’+y +27=3,

bat [l =x: b=y va
_\ hd b
I=xX"+y 42" 2xy+yrtix
3 v hd 2
3=xT+y 42 23(xye) = xyz<|

XY YL+ X+ Xyz < 4 (2)

Tu(hHva(2Q)acoP<4,



al=b| =|c|
Diw =" xay ra <> {—abe = jube|
alabi et =3
<> trong 350 a, b, ¢ ¢6 mot 56 bang ~1, hai s0 bing 1. hodc ba s6 cing bang —1.
Bai I1lL A=5x+y<ry=A-5x,
X2 - 6xy + yz +21 <0< X7 6X(A - 5x)+ (A-5x)° +21 <0

2

g
e B . 2] >0 nén tam

56

& 5657 - 16Ax + A2+ 21 20 (do S = 1.2 >0 val
thite & v& trdi ¢6 nghi¢m duong khi A™ 2 (;).

= A =(8A) -56(21 + A) 20 AT 2 147 & |A| 2 743, mA> 0= A> TV3.
Diu “=" xdy ra khi x = V3 viy = 243

b) (x+y)+z2 ZW < [(x+y)+ L]: 2 4(x+y)2

D1z24x+y) = (x+ _v)2 Z4xy 2 4xy. X + y).z = (X +¥) 2 16xyz.

Tuong tu, taco X + 22 16xyz vy + 2 2 16xyz.
Dau =" xdy ra <> hai trong ba s6 bang % mot s6 bang é
Bai 12. a) Dat S = a + b + ¢. Khong mat tinh 1éng quat. gid sir ¢ = max{a, b, ¢}.
3a+ S 3
(e ..,+s]. b+s)_ 3+8) . 55
S-a S-b S-c
27abe +9(ab +be + ca)S+4S"
Stab +bc +ca) —abe

25

< 52abc — 16(ab + be + ca)S+48' > 0

<> 13abe — Hab + be +ca) (a+b+c)+(a+b+c)’ >0
<> 13abe + (a+ b+c) [(a+b-c) —4ab] >0

> 13abc+(a+b+c). (a+b-c)’ —dabla+b+c)>0

c>ab(9c-4da—4b)+(@a+b+c)(a+b-c)’>0 (2)



(2) hién nhién ding do ¢ = max{a. b. ¢}, nén 9¢ > Ja + 4b, suy ra dicu phii
chimg minh.

a b ¢ d
bybat ==x;—=y: —=z vi —=1 > xy.zl=1

(o d a
= . 2 2 2 2
Faluoncod: (X =D +(y- D +(-D"+0 1) 20
bl

<>4~<“+.\-:+/3+t‘22.(x+_v+1.+l) (n

oz & Lol 3008, B 00
Theo bat dang thie Cosi X"+ y" +27 + 1724 (2)

5 2 a2
Cong timg v& (1) vt (2). tasuy ra: 2(xX"+ ¥ + 27 +17) 22X+ ¥y +2+1)
Dau"="xayrakhix=y=z=thaya=b=c=d.
Bai 13. Ta ¢ Sppe = Sonc +Soca #Soan = 28apc =ax +by +cz.

Ap dung bt ding thitc Bunhiacopki ¢é

e e [0 nd
ax | +{+ +| ez | .J— | +| =
I‘V“) ‘\ '\) l\ul_‘\‘.\u/' {VL [
ST ) O (0O o D e \“ L
¢
_J‘slhc‘ | | L e 1 L2 3
-\:.’_—Et h W‘— ﬁ\.lb+ht+u£‘[2.ﬁ‘ a”+b +c

c) &
<l Jor? =3 R (doa+ b2+ P <ORD).
J2R 2

Diu =" xay ra khi tam gidc ABC déu.
(Ban doc €6 thé tu chimg minh két qua sau : a° + b + 7 < 9RY),

Bai 14. Ta ¢o bat dang thiic quen thuoc sau

Vx© 1_'”¢\/‘u +\ \/(\fu) 4(\‘\) *)

ol ns Xy
Diu“="xdyrae — ==,
u v

{ 3 f >
a=y(x+1006)" +1. b=(1005-x)" +1, ¢ =2011.

Sir dung bat ding thie (%), dé thiy

133



Bai
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atb = (x4 1006+ 1005 - x)* + (14 1) > ¢ =201 vax

s e =y 10067 + 17 V20117 +07 2[200 1+ (X~ 1006)]" +(1+ 07"

> 1005 - x)° + 17 = b,

: i 20 =
Khong xiy ra dau =" do —= L # 9 =a+c>b Tumgr:b+c>a
-x=-1006 1

Vi a. b ¢ luon ¢6 the duoc chon lam do din ba canh cta tam giac ABC.
15. ) Taco

X v ra X - s
DI s I s i —_=]. (§))
N4Z 242 X+EY X HVHZ

Mt khie
x|y B B & P2
f + + — M e
\vizr Vzax ¢xv_\‘ Uyt v Jaxoey
Iy ) 2
s o8 g e 4 S e (2)

XNty AL) (XY (X+y+2)

Cong (1) v (2), ta duge dicu phai chimg minh,

b) x"ixy+y: 43["—*"’) +[§7)’

B

[.3 3 = (X+y)
= YNV YT 243 s
TR 2
. 7 1. mfv+z T = S
Fuomg e, \(v™ 4 vz -2 /\/,1['1 } NI 2\3\ =

[2 2 [ R e 2 il
S UXTHEXYHY YT Y+ VKT H X2 2T 2V Y+

Diu"="xiyra¢>x=y=2



IV.2. TIM GIA TRi LON NHAT VA GIA TRi NHO NHAT
[V.2.1. NHONG KIEN THUC CAN NHO
Giat st F = Fx. v) li bicu thie phu thude vao hai bien x. v, trong do x € X
vivey.
[Femvdi vneX.¥veY
Neu ¢ .
L3x € XL 3y € Y sao cho Fixg.y,)=m
thi m got Ly gid tri bé nhat cua .
Ta ki hicu nhu sau s m = miu\l" (hoac m = mink)
e
) F<kviivieX.VyeY
Neuw 4 i .
13x € X. 3y, € Y sao cho F(xy.v,)=k
thi K goi la gia i [om nhat caa F.
T ki hicu nhu sau : k = max I, hoac k = maxF

eX
vey

New F = F(xp. Xy, ..o xg) [ bicu thie phu thude vio n bién x). x5, ... x,, thi ta
dinh nghia mink, maxF cting bang cich twong wrén.
1V.2.2. MOT SO VI DU
Vidul.
@) Cho x > 2012, v > 2012, Tim gid tri nho nhat cha
X v
X-2012 y-2012°

b) Cho x. y. z la cic 6 thue duong. Tim gid tri nho nhat cta
N N[ \
B=[|+‘\ }.(n? J.Ll—iJ.
\ Y, z X

@ Ap dung bat dang thic Cosi. ta ¢o

Grat.

X \

A2 e =
JX=2012 (y=2012



S x=2012 2012\ y-2012 2012 )
WWx-2002 0 Vx-2012 ) Jy=-2012  Jy-2012
22(242012).(2.42012) = 8.2012 = 16096.

Vay minA = 16096.
Diu“="xdyra <> x = v =2 x 2012 = 4024.
b) Ta co

{ 3 ) N ,

(,.xY, & ’ X X .y ¥, 2 2
B= 1+ '(i*’ ‘{H =24+ T

U y) 2 ox v

X+y+z X+y+z (x+v+7.]
g =2 = || —=— |-

T | e
L odxyz )\ Yxwz J

+2223+2=8. ViyminB=8.

Diu“="xiyvra¢>x=y=2
Vidu 2.
a) Cho a, b it hai s6 thay déi thoa min (2a 2009)° + (3b - 2010)° = 53.
Tim gid tri 16n nhit cla X = 4a + 21b.
b) Cho x. v. 7 1a ba so thuc duong thoa man xyz = 1. Tim gid tri nho nhat cia
H= -l—lf—+" J +"v| =
X(v+2) y(z+X) 27(Xx+Y)

Giai.
a) .’i.p dung hit ding thie Bunhiacopxki, ta ¢

[(20-2009° +(3b-2010)* |[2° +7* | 2 [2.20-2009) + .36 - 20100

hay

224 -2009) + T3b - 2010) < y/(2a - 2009)7 + (3b—2010)° V27 + 77 = 5

)
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= (4a + 21b) - 2.2009 - 7.2010 < 53
= da+ 21b £2.2009 + 7.2010 + 53.
Vay (4a + 21b) dat gid tri 16n nhat bing 18141,

2
2a-2009 _3b-2010 2= 2
Dau =" xay ra < 2 7 = N
; . 2017
[(2a-2009)" +(3b=-2010)" =53 b:—;‘
_ 1 1 | y 4
byPat a=—; b=—: ¢c=—.tacé:abc=1via. b.c>0.
X v rd
: 3 3 22 2 2
H=2 hn+|j s .. -2 4 rh——+r—f* do abc =
b+c a+c¢ a+b b+c c+a a+b
Theo bit ding thic Bunhiacopxki. ta ¢é
)
s [ w o fromne - —
(a+b+c)” :L ;- Abrct——m—=Jora +——— _\lu,,h]
+e Ve+a Va+b )

s 2 2 »
a4 b~ ¢

| ——t+—+—— | (22 +2b+2¢).
b+c c+a a+b

Dods H2 L b oozt adabe =2,
a=b=c¢
Dau =" xiy ra < [n.h.c:l < a=h=c=1].
Ihﬂ: c+a _a+b
a b ¢

=1

ViyminH= = khia=b=c=1.

|

Vi du 3. Tum gid tri nho nhit cua y
a) y=vx +vx—1 ;

e B I

b) v=vUx +y/x-2Vx +1 »\!‘—-L\-fx b+

X 6Yx 49

Giidt.

= B
Wy =Vx svx -1 xdcdinh <> x 2 1.
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Tacoy 2 Tvaix > 1. Viy v nho nhat = |,

Dau=="xayra e x = |,
b Taco y = Jx *\/( Jx-1 ': -\f(vxr; 2) + \’[ Jx-3 r g

Tip xicdinh:x 2 1.

o ' =
= y=Vx +Wx =1+ Vx =20+ [Vx -3

\/_\"4\”; 2i=4,

()
P
3
P
|

r - =T W
=Vx + 3=V H[1-Vx[+¥x -2 2 [Vx +
[

" (Vx3-Vx)z0
Dau =" xay ra <> o 1<x<2.Vivminy =4
[-Vx =220
2.

Dau “="xay <> 1 £x

1V.2.3. MOT SO BAI TAP
A. Bé bai
Bai 1.
a) Tim gia tri lom nhat va nho nhit coa v = J2()](l'-7x + \zyx —2009.
b) Tim giii tri lom nhat viinho nhatcua y =X =1+ X =2 + x =3 v 0 < x < 2,

Bai 2. Tim gid tri nho nhat cua

4) g(x) =

brhiv =x (3 x4 6573 - x)7 v x thay doi thoid man di¢u Kién
F+G3ox’zs,
(D the vao khor chayen todn va chuyeén un DHKITEN - DUHQG Ha Noo

Bai 3. ) Tim gia tri [on nhat cua

b) Cho ciic so thue X,y zthod man -2 <x €2, -2<yv <2, -2</<2,
e : b6 L3, 2 40
i gidi i 1on nhat coa B = 208" + v + 2" = (v 4 v+ 2%,
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Bai 4.
a) Cho . v. z duong thay doi thoa man (x + y + 2) = 3. T giid tr nho nhit

‘(\ ‘(| Ill
el A=—=+"7+—.
Y- o X

>

b) Tim gid tri nho nhdt ca B = i + - W . L S
) (a+b)a+c) (b+eybsa) (c+a)yc+b)
vai a, b, ¢ la cic so duong.
Bai 5.
1

o P
2011-v2010 -

Loz ..

b) Tim gid tri 16n nhit va nho nhat cha B = v3x™ +6x~11.

a) Tim gid tri 16n nhat va nho nhit coa A =

3x°

¢) Tim gid tri lon nhat cua C = X (2010 - x) véi x 2 0.

o) T gid tri 16n nhat. nho nhat cda D = x =2009] +y - 2010.. trong dé
X+ |y =2008.

¢) Cho cdc so duong x, ¥, z thoa man xyz = 1. Chimg minh ring :

TR A i3 3
\/l+x +y Jl+y +7 \/l+z'+x3
A= ———+ +
Xy vz F.

dut gid tri nho nhat 1a 343,

X
f) Cho x. y. z € [0 2]. Chimg minh rang B = 2(x + y + 2) = (Xy + y2 + 2X)
dat gid tri lon nhat la 4.

B. LSi giai
Bai 1.
a) Didu Kién 2009 < x < 2010.
o Tach v° = (2010 - %)+ (x - 2009) + 22010~ x).(x - 2009)
= 1+ 2. (2010 x)(x - 2009) > 1.
_\:2 Ilmay20=v21=>miny=1l.
[x=2010

Dau =" xay ra ¢ |
| x =2009.
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o Ap dung bit ding thie Bunhiacopxki
2 2 o ——— 2 5
[(Jzum— x) +(Vx-2009) }_[13 +|1} 2 (V2010-x +Vx=2009 ) =y

: ~
=y S22 y< V2 = maxy = V2.

|
-

’ '-)
Diu =" xay ra <> 2010 - x = x — 2009 <= x -m—l

by Tacéd y=[x-1|+|x -2/ +/x-3|

@ y=[1=x+[x=2[+[]x =3[ 21 -x +x=3|+|x-2| 2 2+0=2 => miny =2,
x=2
Diu =" xdy ra <> o x=2
(I=-x)x-3)20
2x°+73 ..
Bai2, y= ,f‘,;_, IXD:R.
\,\ +4
2x> +4 f"‘ Lora = 6% S
PO M, LN o w.ﬁ‘ 5 et = DT
V44 X" 44 \/x“'-l

g 3 G 05
Diu =" xdy ra < 2\[“ +4 = J_: ~ e 2xt ) =65
X"+

2 65 V57
< X +4d= = & xﬁt—;--.

2

Viy miny = 2V130 khi x =+

by Dat v = 3 - x, biai todn dd cho tre thimh @ Tim gid tri nho nhat cia
X+y=3

3

i | 32 o o v
B=xTa v+ 60y G Xy L s thay déi thod min

XT+y" 25,

)
> 3 2 2 -
T +y=31achd:x"+y +2xy =9 ((x'+y')+2xy) =81.
Bai 3

ey w(x +‘!) v z
PYTacdA= ———F——— =4 O
_"Ll)u 1t +") y o+l 2+
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y=1
1 ; ;
Vay maxA = 4 Diu"="xayra e {z=1

X luy v,
b) Do vai trd ctia X, v. 2 binh ding. nén gid s x| < v < 7.

4.9 2
X(X"=-y7)s0 h
| 5
et eahso0 2
Khido:
< YOO
y Ry =z7)sy'zw (3)

y*z: szt (4
= 2" + ,v" gy (x-:)_z L y‘z: <30 €320 192. (%)
[z}=2

Ta thity (**) trés thinh déing thic <= ) )
(1), (2). (3) dong thon trd thanh ding thiic

x=0
= { e |y|=|7=2 va |x|=2, hoacx =0,

hay B+ 4xy(x> + y?) = 81 = B=81 - dxy(x* +y)

=B=81-2[9- x+ yz)] e yz) =81 18 (x° + yz)+ 27+ yzﬁ
Datu = x2+y32 5, lai c6

B=2u— 18u+81 =41 +2(u- 57 +2u-5) 241

s s . [x1+v1=5 x=liy=2
Vay B dat min bang 41, ddu "=" xay ruc:o] ~ =3

x+y=3 x=2;y~-I.
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(h

Bai 4.
) Ap dung bt ding thirc Cosi, ta ¢6 :

6
[
—7~1~Ir|~l2(|(v'

6
= +x+x-l+|+126"|1 —.)
e

N
Cong v¢ cla cic bat dang thire (1) 2 (2) 1 (3). suy ra
A+2X+¥+2)+926(X+v+2) > AZdX+y+72)-9=3. Viy minA = 3.

Dau=="xayraesx=y=z=1
a’(b+c) +h:(7c+a}+rc3(u +b)

(a+b)b+c)c+a)
i|:l.‘

by Tacé B=
= s Via b, ¢ duong, nén
¢

) 3 ) 3 5
a’h+ba+b c+cb+cTa+
s > 3 B 5
2abc+a”h +b a+b’c+c"h+ca+a

Ha'b + b+ ble+ b+ a4 ade) 2
i 4 ? 2 7 ) 2 r )
>32abc+a’b+ba+bc+cb+ca+a’c)
<> a’b+bla+ hzc +¢™b+ ¢u+ ac - 6abe > 0
<> bla - c)Z +a(b c)z +c(b - a)2 > 0 (hién nhién).
' 0f o 3
vai moi . b. ¢ duomg. Do dé minP = g

vay PPz
4
Diu=="xiyraca=b=c,

2010-3x> 20
2011 2010 3¢

2010
3

o

Bai 5

) Ta 6 didu kién
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: - 2010 g |
D¢ thay vai x <

2011-v2010
[‘ ______ |
Do 20112010 -3x% <2011 = minA = 001"
. 2 '2()|U
Dau =" xiy ra ¢ 2010 = 3x" 4> x =+,

V3

Laic6: 2011-42010-3x° 2 2011 - V3010, nén A <

=> MxA = e —,
-v2010 +2011

Dau =" xay ra ¢ x = 0,

b) B-\/-(nl) - 14

Bxide dinh e 3+ 17 - 1 20es x4 1] 2

fs
\\

Tacé B=yf3x+1)7 =14 20 = minB=0.

fia [ ia
x+l--\;' X l-\j—
3 3

Dau =" xiy ra e =)

LA SOV A = e

I
2001-42010

4 e
X+1= 3 Lx»—--l-\‘,.—‘-.

Khong ton tai gid tri 16n nhat cia B
€) Néu 0 < x <2010, dp dung bat ding thite Cosi. ta ¢

[x x X V!
T+ 2010 x) Sl i
3. 33 2 5.2,.5,2010-x)
37373
\ )
i
1005 | 2
~>( | 2 Lc e csins )
\ 2 ) T 27 16
Neu x > 2010, Khido e < 0. 2)

= 2 s
2 2011
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27 1
K& hop (1) v (2). ta ¢6 maxC = ]:f’,‘lons‘ '

X
s — = =2010-x 3015
Dau»="xdyrae> < 3 & X=——,

xz0

2

d) Ta co

D= x-2009 +v-2010 < .xi+20()9- v+ 2010 = 2008 + 2009 + 2010.
maxD = 6027,

Déu =" xay ra khi ching han x = =4 va v = 2004,

D= x| -2009 +y| - 2010 = 2008 - 2009 - 2010; minD) = -2011.

Diau =" xay ra khi chiang han x = 5 ; v = 2003.

¢) Ap dung bat ding thie Cosi, ta ¢é

IO
[ 1+ X" +y 3
Isxtsytoadidyl saxy o VI TY S N2
Xy NESS
\/Hv +Z V3 CVlax et V3

Tuong t, ~— 2 ——= (2)va — 2 — (3)

———

3 BN RERNERNG

Mat khae V3 —\/:— X s f‘/-" > =33 4

Jo T TNy v
Cong (1):(2):(3); (4), taco A233 = minA =343.
Diau“="xiyrac>x=y=z=1.
HDo0<x<2:0<y<2val<z<2
=22-x)2-yQ2-220
=8-4Ax+y+z)+2zy+yz+2zx)-xyz20
24x+y+2z)-2xy+yz+zx)<8-xyz< 8§

2 B=2x+y+2z)—-(xy+yz+2x)<4.

Vay maxB = 4.

Dau =" xay ra <> trong ba s0 x. y, z c6 mot s6 bing 2 vi mot s bang 0.
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Chiaomg V
MOT 5O NOI DUNG €O BAN VE HINH HOC

V.1. NHUNG KIEN THUC CAN NHO

V.LL DA GIAC

a) Khai niem da giae :

Da gide 1 mot hinh gom mot so hitu han doan thang. trong do bat ki ha doan
thing nito ¢ mot diem chung cing khong cung nam trén mot duong thing.

Ciic doan thing niy duge goi I canh cta da gride. Cie diu mut cda cic canh
goi i cide dinh cua da giiic,

b) Dinh nghia da gidc loi @

Da gidce 160 B da gidce luon ndm trong mot nda mat phing ¢6 bas 1 dudmg
thang chira bat Ki canh nio cua da gide do.

¢) Da gide déu s L da gidc ¢6 @t i cie goe bing nhau v e e cde canh
bang nhau,

V.12 DINH LI TALET VA TAM GIAC BONG DANG
a) Dinh 1i Talét thuian va dao
Buomg thang a cat canh AB, AC ciia tam giic
ABC i B, C" (h.1)
e g L Lo e
AR AC BC
b) Tinh chat duong phan giac trong tam giiac
G su AD [ phan gide trong cua goc BAC 1 AE Ta Hinh 1
phin giie ngoai cta géc BAC the thi A
AB DB _EB
AC DC EC
¢) Tam giic dong dang
cl) Dinh nghia : AABC v»» AN DB'C B 8}
(tam gidic ABC doéng dang vai tam gidic A'B'CH Hinh 2
J,‘h\—f‘i';ﬁ'—l‘l':é--é'
P1AB _ BC _ CA
l A'BBC CAY




e y AB BC  CGA ... ...
Neudi tagoi K=-"———= """ =—""" i i s¢ déng dung.
A'BY B'C CA°
¢2) Cac triong hop dong dang
o Triimg hop thie nhat - Néu ba canh cda tam gidce nay ti 1¢ vai ba canh cla
tam gide Kia, thi hai tam gide do dong dang.
o Truomg hop tue hai - Néu hai canh coa tam gide nay G 1€ voi hai canh cua
tam gidc Kia vichai goc tao boi cic cap canh dé biang nhau, thi hai tam gidc
d6 dong dang.
o Truimg hop thie ba @ Néu hai gée cGa tam gide nidy lin lugt bang hai géc
et tam gide kia thi hai tam gide d6 dong dang.
¢3) Tinh chat
Néu AABC o AA'B'CY vai ti X
5O dong dang k thi
AH |
. ,. .= “ =k (h.3)
A'H b

(h, h" 1 do dii cde duong cao B M C
g vai cic canh BC, B'C' lan lugt Hinh 3
it AABC v AN'B'CY).

S a2 ; : . TR IR

. p. =k: g K™ (p. p" wrong tmg 1 nira chu vi AABC vi AA'B'C': S, S

p §
tuomg iy [ dien tich AABC vit AA'B'CY),
AM

o 2 k=T (ha) A A
A'M' m'
(m, m" twong tng la do dai cic &
¥ ™ ¢
M =

trung tuyén tmg vdi cidc canh BC,
B'C' cla tam gidc ABC vi tam B
gidic A'B'CY).

AP

o B8 ki s A X
AP IE
(/. I" twong {mg la do dai cic
A vi A 13 " @
B o &

Hinh 4

phan gidc trong cua A vd A’ coa
cdc tam gidc ABC vi A'B'CY).
Hinh 5
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V.1.3. DINH LI MENELAUYT VA DINH LI XEVA

« PBinh li Ménélauyt cho tam gide ABC va ba
diem M. N, P wy ¥ twong img nam trén cdc canh
BC. CA. AB (h.6).

y B C
3. M NC P M
M., N, P thing hing < ,‘J‘? ;('- !J—\ =i i
MC NAPB Hinh 6
o Dinh li Xéva A
AM, BN, CP dong quy <> N
NC P y
\‘El—-g BA =1 (h.7).
MC NAPB
V.1.4. HE THUC CO BAN TRONG TAM GIAC VUONG
= B
AABC, A =90°, AH L BC. BC=a, CA =b. AB=c. o 2
AH =hthi Hinh 7
o a’=b’+ c3 N
AB’ = BH.BC
AC? = CH.CA
bec=ah B h C
g L Hinh &
h™ b ¢
sinB = ﬁ}—c cosB= f\B: 1gB= :\E cotgB = aby
BC BC AB AC

o Néu a, f 122 géc nhon mi o + B = 90" thi
sina = cosf : cosa = sinf 5 1ga = cotgf
b= AC = asinB = acosC
b =c.gB = c.coigC

a2 2, o Y
sin“y + cos™y = 1 vai moi goc v nhon.

V.1.5. PUONG TRON

a) Pinh nghia duimg tron : Duomg tron tam O, bin kinh R 1a tap hop céc
diém M sao cho OM = R (9 d6 O la diém ¢6 dinh, R > 0 12 56 khong d6i cho trudc).
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V.L

148

M nim trén (0, R) <2 OM = R (h.9a). M
M nim ngoii (0. R) <> OM > R (h.9b). M
M nam trong (0. R) <= OM <R (h.9¢). ‘ i

— . Hinh 9
b) T gidc noi ticp

o Dinht nghiv = T gide ¢6 bon dinh nam rén mot !
dudmg tron goi L 1 grie noi tiép dudmg 1ron (goi ta
li 1 gide non ticp) (h.10).
e Cic ddu hicu nhin bict nr gidc noi ticp
o . BRE L |
+ T gide ABCD ngitiépe» A+ C=B+D=180". D (¢

+ T gidie ABCD noi uép > 1 gidic ¢6 hai dinh k¢ Hinh 10
nhau cing nhin canh chira 2 dinh con lai dudi cung
mot goc.

+ T gidc ABCD noi ti€p <> MAMB = MC.MD.
@do M I giao diém cia ABva CD (h.11).

M

6. MOT SO CONG THUC HAY DUNG
AABC,BC=a,CA=b,AB=c (h.12)
R L bin kinh dudng tron ngoai ticp A ABC

A " A Lt 5 s Hinh 11
1 1i bin kinh dudng tron noi tiép AABC, thi : 0

1 abe A
-S\m<=1bc~'.inr\:;i{=p.r .
2 &
=y/pp—a)b-b)p-c).
B o ¢

‘)/‘ =7 - -
2y/plp—a)p-b)p-c)
e AH = — —HA —— inh 12

(AH i dudmg cao img vai BC) (h.13).

A
]
b+t =2AM ¢ "S
(AM i trung tuyén (mg vai canh BC (h.13)). ¢
Y

Hinh 13



]
o KDY hc\(h +c) *\.l
(b+¢)
(AD 1 phan gidic trong ctia A (h.14). B c
D

V.2. MOT sO BAI TAP Hinh 14

A DE BAT

Bai 1. Cho tam gid
song song vai

ABC vit My ¥ trong tam gidge. Qua M k¢ cie duong thing

sie canh cua tam gide ABC v tao thinh cie tam giie MIK.

MPQ. MRS c¢d cic dien tich tuong ting 1 S0 S,. Sy (ho15). Chimg ninh rang
S| +S, 48,2 ]‘S\m :

Bai 2. Cho tam giie ABC vivtam gric MNKL o do MN song song vai BC. NK song
song vai AB vit MK song song vai AC. Cie canh cta tam griac ABC v tam
giide MNK it nhau tao thinh cic tam giic BET, MEF, AFP, PNQ. QRC,
TKR Lan luat ¢o dién tich S§;. S5, Sq. Sy 860 S, Chimg minh ring

I 3 o 7 -
VS ’\[c Syt Y86 = ySaane HYSak

Bai 3. Cho AABC v diém Q thuoe canhe A CM L trung tuyen, Duimg thang /

iy y song song vanr CM cat BC o R vic AC o P Chang minh rang ©

QAQB=QP.OR 5 ACB= 90",

Bai 4. Cho AABC déu. M iy v iren canh BC. Ke MP vuong goc voi AB vie MQ
vuong goc vai AC. Goi | 1 trung dicm cua PQ. Chimg minh ring M1 luon di
qui mOt di¢m ¢o dinh, khi M di dong tren canh BC.

Bai 5. ) Cho doan thing AB = w em, diém Q nim gl AB. Trén cung mot nua
mat phing bor AB v cie tam gide can dinh Q L QAE v QBE sao cho goc o
dinh Q bing 45", T vi i coa Q 3¢ EF ¢6 do dine nho nhit. Tinh do din nho
nhat do.

b) “Trén cang mot mra mat phing ha AB dung cic hinh vuong AQPR v
QBKH vai e tam twong tng la O, O T vi i coa Q de QO ¢6 do dii
nho nhat. Tinh do dai nho nhat do.

Bai 6. @) Cho hinh vuong ABCD. Ly di¢m M tuy v trén canh BC. Dung phin giac
trong cta goe ADM cat AB o N, Chimg minh rang : DM = AN + CM.
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b) Tim di¢m M trén mét phing hinh vuong sao cho MA + MB + MC + MD
dat gid tri nho nhat,

¢) Tim diém N trén mat phang hinh vuong sao cho NA® + NB? + NC* + ND*
dat gid tri nho nhat.

d) Bi¢t do dii canh hinh vuong ABCD i a (don vi do dai). Tim tap hop cic
di¢m M sao cho 1ong cdc khoang cich tir M dén cic canh cia hinh vuong
bing b (don vi do dai).

¢) Cho AABC vuong cin tai A, canh bén biang atem) va hai dicm M. N bat
ki. Chimg minh rang trén cde canh cta tam gidc ABC 16n tai mot di¢m sao
cho 16ng cic khoang cich tirdé dén M vit N 16m hon 1.4a (em).

Bai 7. a) Cho AABC. A", B, C" wong img thuoe cic tia BA. AC. CB sao ¢cho AB =
AA’ BC = BC" vit AC = CB’. Chimg minh rang trong tam AABC triing véi
trong tam AA'B'C.

b) Cho luc giic ABCDEF. Goi 1, K, M, N, R, S tuong tmg Li trung dicm cua
cde canh AB. BC, CD. DE, EF va FA. Chiing minh rang trong tam AIMR
tring vai trong tim ASKN.,

¢ Cho AABC khong ¢6 goe ndo vugr qui 1207, Nguoi ta dung ra phia ngoii
AABC ba tam gidce déu BCA|. CAB, vi ABC,. Chimg minh rang : trong tim
cua AA B C) vivtrong tim cua AABC tring nhau.

Bai 8. a; Cho lue gidc ABCDEF ¢6 cic canh doi song song. Chimg minh ring :

3 1
Saact 2 5 Sancoir-
b) Chimg minh ring néu mot lue gide ¢6 cic goc bang nhau thi hicu cic
canh doi dién bang nhau.

Bai 9. a) Cho nga gidce 161 ABCDE ¢6 AABC va ACED déu. Got O i tam tam gidc
ABC. M v N Ein luot T trung diem cua BD vii AE. Chimg minh AOME
dong dang vai AOND.

b) Ching minh rang ngd gidc ¢4 5 canh bang nhau v ba goc lién ticp biang
nhau 1a ngi gide déu.

Bai 10. Cho AABC vai do dai cic phin gidc trong tuong ting vai 3 canh a. b, ¢ la
1 By 1 v do din cde duong cao tuong tng vai cic canh ac b, ¢ 1 hy by b
Tinh 3 gdc cha tam giic ABC neu :
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V3
Wil +h+l=—@+b+o)

ba+h,=b+h,=c+h:

2 2 ] {~ < - . s - ~
cym, + my” +m = 3V3 Sype (0 do mmym 1 do dai cde trung tuyen
twomg g vai cic canh . b, ¢ cua AABC)

s o > 4 o 52
d) Chu vi cta tam gidic ABC bing 2 via™ + b™ + ¢™ + Jubc = 37
2 2 2 2 » » . . atoora ~
¢y h,” + hy” + h.” =270 (r lichin kinh dudmg tron noi ucp AABC).

Bai 11. Trén tia Ax lay diém E. E khic A, Tir E v¢ tia Ey khong trang vai Ax.
Trén tia Ey, ldy 2 dicm C. D phin bict. khic E vii C nam gita 2 diem E.D.
Mot di¢m B chay trén tia Ex. Gie duong thing AC va BD cit nhau & ML AD
va BC cat nhau ¢ N,

1) Chimg minh rang duomg thang MN luon ¢it tia Ey tai mot diem [ ¢o dinh.
2) Hay sie dinh mot vi tri cua B trén tia EX sao ¢ho cie tam gide MCD va
NCD ¢6 di¢n tich biang nhau.

Bai 12. Cho AABC, AD lit tia phan gidc trong cia goc A - CH. BM twong img L ciic
duimg cao va duomg trung tuyen tng voi canh AB vii AC ciia AABC. Bict ring
AD. AH v AM ciit nhau i 1 diém. Chimg minh ring : ABcosA = BCeosB.

Bai 13. ) Cho hinh vuong ABCD. Tinh cos MAN, bi¢t ring M. N theo thit e [a
trung diem caa BC. CD.

b) Lay Q trong hinh vuong ABCD sao cho AQ = 1. QB = V2. QCc = J3.
Tinh sin ABQ va AQB.

Bai 14, True 1am H cta AABC chia dudmg cao CC, thimh hai phan bing nhau.
Chimg minh ring cosC = cosA.cosB.

Bai 15. Cho AABC ¢6 3 gée nhon. Chimg minh ring : Ry + Ry + Ry > 2(r + 10+ 1. (%)
0d6 Ry Ry, Ry la cde khoang cich tir diem O i ¥ nam trong AABC den
ciie dinh A, B, C var). ry. 1y li khoing cich tir O dén cic canh BC. CALAB.
Bat ding thie (*) con ding nita khong néu AABC khong phai 1d tam gide co

3 gde déu nhon.
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Bai 16. Cho u gidge ABCD ¢6 AD =3, ABD = ACD = 60", E va F I tam ciic

dudmg tron noi Hep ciac tam gidc ABD via ACD, Bi¢t EF = 0 Tinh
2
N =

cosEIF v BC.
Bai 17. Cho AABC ¢6 3 gé¢ deu nhon. Chimg minh riang :

) ) >
4) CoONA+cos B +cos™C =1 - 2cosAcosBeosC

A . s .
b) cosA + cosB + cosC = | + R 0 do6 1. R theo thit wu la bin kinh duong

1ron no1 HEP va ngoai tep tam giide ABC.

Bai 18. Néu tam gidc ABC ¢6 goée A th viv do did 3 canh 13 3 6 wr nhién lién 1iép
thi do dii cic canh d6 1 2. 3, 4.

Bai 19. Chon € N, n = 3. Cho n 50 duong a . a,....a, thod min

2 2 ) i 4
@+ +. o +a7)>m- D +a +...0+a,)

Chimg minh ring : 30 a.a.a, (1 <1< j<k<n)lado dii 3 canh cua mot
tam gidce. (1)

Bai 20. Cho tam giic ABC ¢6 3 goc nhon, cac diém D, E. F theo thi wr thuoe cic
canh AB. BC. CA. Chwmg minh rang trong 3 tam gidic ADF. BDE. CEF 1on

tai mot tam giie ¢6 dién tich nho hon hay biang 1 dién tich tam giic ABC.

Khi ndo ca 3 tam gidc ¢6 cung di¢n tich bang i dién tich tam gidc ABC.

Bai 21. Cho tam giic ABC vit 3 duomg phan gidc trong AD, BE. CF. Chimg minh

i

rang Sy < : S\aBc-

Bai 22. Ching minh ring néu mot tam gidc v mot hinh vuong ¢é cung dicn tich
thi chu vi tam gric 1on hon chu v hinh vuong.

Bai 23, Cho am giic ABC ¢o 3 gée nhon noi ticp trong dudmg tron tim O, bian
Kkinh R. Gie duimg cao AD. BE. CF cua tam giac ¢at nhau v Hovicean (O @ R)

lan luot i cac giao dicm that hai D7, E°L 1

) Chimg minh H L tam duong tron noi tiep tam gide DEFF
b) Ching minh DD = DH : EE' = EH : FF' =1 :

¢) Clumg minh EF song song véi tiép tuyen tai A cua duong tron (O @ R).



d) Goi cie dudmg tron (Oy) = (05) 1 (O an Tuot L cde dudmg 1ron doi xing
clia (0. R) qua BC. CA. AB. Chimg minh rang = 3 duomg tron do cing di qua
mot di¢m.

T TN U By e LR OWDN- 3 1/
¢) Tim diéu Kién ring budce gitta goc B vie goe C cua AABC de tso I[I; =2012.

Bai 24. 1) Cho tam giic ABC noi tiep trong dudmg tron tim O, bin kinh R. Goi |
I tim duemg 1ron noi Hiep tam gide ABC. Goi P, Q twong dmg L cic dicm
doi ximg vai I vie O qua AC. Ching minh rang neu P ndm wrén (0. R) thi Q
cling nam trén dutmg ron ay.
b) Buong trung tyén CE cda tam gide ABC cat duong tron (O, R) ngoui icp
tam gidc ABC tai D. Chimg minh rang : diéu Ki¢n can vii di dé trong tam
cua tam gide ABC 1a trung diem cua day CD la 2¢ +b

Bii 25. Cho duimg tron (O) bin Kinh R, mot diy AB ¢6 dinh (AB < 2R). mot di¢m
M bat ki rén cung AB 16n cla (0). Goi 1 1 trung dicm ctia day AB vi (O7)
la dudmg tron qua M 1c¢p xte vai dudng thing AB i A. Duong thang M1 cit
cie duomg ron (0) vis (07) tong tng tai N, P. Chimg minh ring :

’

W AT = 1PIM.
b) Tir gide ANBP lichinh binh hinh.

¢) IB L tiép tuyen cia duding tron ngoai ticp AMBP.
d) Khi M di chuyén trén cung 16n AB thi trong tim cua tam gric PAB chay
trén mot duong tron ¢o dinh.

Bai 26. Cho tam giic vuong ¢ do dii cde canh 1a cde so nguyen. Hai trong cie so
A6 i cie so nguyén 16 vihicu cda chdng 1 50. Tim gid tri nho nhit mé canh
thit ba ¢ the nhin duge.

Biii 27. Cho tam gisic ABC. Bi¢t BQ. AP, CR cat nhau tai I diem M (Q. P. R tong
(g thuoe cie doan AC. BC. AB) vt Syyyg = Saawr @ Sawr = Sapap Vi
Saear = Sacagy- Chiig minh rang @ M L giao diem ¢ide trung tuyen cli tam
giic ABC.

Bai 28. Cho hinh vuong ABCD via mot di¢m E bat Ki trén canh BC. Tia Ax vuong
poe vai AL cin canh CD kéo dii t I Ke trung tuyen Al cua tam gide AEF v
Kéo dai cat canh CD ¢ K. Duomg thang qua E song song vai AB it Al tan Gu

¢ EGEFK [ hinh thoi.

) Chimg minh AL = AF vinrg
) Chimg minh hai tam giic AKF, CAF dong dang va Al = KECFE.

¢) Cho E chuyen dong tren canh BC. Chimg minh EK = BE + DK vitchu v
AECK khong doi.
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Bai 29. Mot i gidce ¢6 hai duong chéo vuong goc vai nhau, tir giao diém cta hai
duimg chéo hy dudng vuong gde xuong cic canh. Chimg minh rang chan cic
duong vuong gée vi trung diém bon canh tao thimh mot bt gide noi tiep.

Bai 30. Mot tam giac ABC thay doi nhung luon ngoai tiép duémg tron ¢o dinh
tam O. bin Kinh r. Dinh A chay trén mot duting thing A ¢o dinh, con hai
dinh B v C thi chay tren mot dudng thing A™. A/A. 1 T tiep diem cua
dudmg tron (O) viv dudmg thing A’

) Chimg minh ring : BLIC [ mot hang so.
b) Tim vi tri el A d¢ tich cde bin Kinh cic duomg tron bing tiép cia AABC
13 nho nhat.

B. LOI GIAI

Bai 1. Dat QP = v : BP = x vt QC = 7 (h.15).

AIKM. AMPQ vit ASMR dong
dung vai tam giic ABC,

Tacdc

Sy X

- 5
So(xeveg)

(0 do S la dien tich AABC) : y
S, v S, 2° Hinh 15

S (x+y+o” S (x+y+2)

S 4858, i
= = == 2

|- aas e
= — (hi¢n nhién).
S (X+v+2) i)

Diu="xayvraerx=v=z= =

Bai 2. Ta ¢d (h.16) :
VS WS . NS5

VSasc  VSasc  VSanc
_BT TR _RC_BC_

" BC BC BC BC

Hinh 16



= \/'%T*E+J§=\/S.\|r- (h
Tuong wr: S, +V'§+\/TS: = Sunk - (2)

- X re . Ir e Ic
Tir (1) va (2) suy ra s ySp +Sy +..+Sq = /Sape +v/Suxk -

Bai 3. Taco (h.17) :

QA _AM _ BA

PJ/CM - .51
Q QP oM 2eM

. A
QR /ICM = QB _BM _ BA 9 _
TTTOR oM 2eMm’ v L
QA.QB = QP.QR )
] C R

o BAT = 20M)°

Hinh 17

&> BA =2MC &> C=90"

Bai 4. Ta ¢6 ket qua sau @ “Trong mot hinh
thang giao dicm cta hai canh bén, giao
diem hai duong chéo vi hai trung diem
hai diy nam trén mot dudmg thing ™. K¢
BB, CC" lan luot vuong goc vai AC,
AB. BB’ cat CC tai O. Goi E. F tuong
tmg 13 giao di¢m cha MP vd BB'. MQ
vit CC, D¢ thay i giie MEOF 1a hinh

binh hinh vi ML = ME = EF// PQ.
MP o MQ

Lai ¢6 L 1" lan lugt la trung diém cua
PQ. EF => M, 1. 1" thang himng = M. 1.
O thing hang, wic la M1 qua O co dinh (h.18).

Hinh 18

Bai 5. a) Taco QA = QE : QB = QF. Tir gia thi¢t suy ra I{‘(SF =90"(h.19)
= EF = QE? + QF = QA + QB

/ 2 / 5
. (U,\:Uli) 5 EraAB_Y2AB
2 \ 2

19,

vz N
Viay minEF = 5

B

Hinh 19



Diu =" xay ra <> Q Ia trung diém cta doan AB.

Clut v 2 Ket gua bii toidn viin ding néu cie tam gidae QAE. QBF can 1ai Q viy

!{6.-\ I‘(SH =u” (u cho trude, wi H K
voa < 907).
by Kéo dar AO ¢t BO™ i E, K¢ EFF
vuong goe vai AB tai . Dé thay wr R & o
gidc EOQO™ 1a inh chir nhit (h.20).
= FQ=00" EQ > EF. 0
Suy ra min OO" = EF. L
Q0 B

Diu =" xay ra <> Q trung vai |,

Hinh 20

vai F L trung diém el doan AB.
Bai 6. 1) Kéo dai BA. iren tia BA Lay E

suo cho AE = CM (h. 21).

= AAED = ACMD

= ED =DM (1)vi Dz = D: (2)
¢ 13| =l33 Vit l3| = I34

= EDN = NDC = END

=> AEDN cin tai E = DE = EN, Hinh21
mi EN=EA + AN=CM + AN (3)

Viy DM = AN + CM.

by X'=MA + MB + MC + MD 2 AC+ BD

5 X 0ho nhat = AC + BD. T f
Dau =" xay ra e M = Q (Q Ia gizo di¢m 2 duong
chéo AC, BD) (h.22).
€)Y = NAT+ NB + NC? + ND' Q
= (NA”+ NC*) + (NB? + ND?)
= INQT + ACT 4 BD® > ACT 4 BDY, ‘ i

Viay Y nho nhit = ACT + BD?.

D =" xiy ra <> N = Q (h.22).
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dy Fracemg hop 1(h.23)

M nam trong mat phang hinh vuong ABCD. Do
M niam trong mat phing hinh vuong nén tong
cic Khoing cich we M deén 4 canh caa hinh
vuong bang 2a.

e N¢u b > 2a hoac b < 2a thi kKhong ton tai quy
tich M.

o Néu b = 2a thi quy tich cic dicm M lictodn bo
phian mat phiang & trong hinh vuong ABCD. k¢
ca bien.

Triecmg hop 11

Néu M nam ngodi mat phing hinh vuong
ABCD (h.24).

I1.1) Néu M nam trong cie phin (1) 0 (1D 2 (1 ¢
(IV), ta ¢6 10ng ciic kKhoang cich tr M dén

AB. BC. CD, DA la MH + ME + MI- + MI
=2a+2MH.

o Néu b < 2a thi khong 16n tai quy tich cic diem
M.

e N¢u b > 2u thi quy tich M Ii cic doan thing
A'BLCDLEF. I'K" wong (g cich cic doan
AB. BC. CD. AD mot khoang biang (b - 2a) : 2
(h.25).

11.2) Néu M nam trong cic goc V, VI VIL VI
(h.26) thi tong ciic khoang ciich tir M d¢n ciic
canh AB. BC. CD. DA I

MH + Ml + MF + ME =
S(X+a)+(y+a)+y+x

=2(x +¥) + 2a (h.27).

e Neéu b < 2a thi khong 10n tai quy tich M.

M y
A
Hinh23
" th v
A 13
1
(1Y) I\
(8] E_I¢
o
Hinh24
Al 3
K
A B
(B) C D"
B R
Hinh25
v v
1 13
D [
(Vi vin
Hinh26



1A B A i)
5
\ B
i
E <
Jv1p : D q o
M IF I !
Hinh27 £ F
Hinh28
-2a

. b
eNcub>2athix+y=

1Dé chimg minh thay (h.28) :

Néu M e (V) thi M thude doan A'K".

Néu M e (V1) thi M thuge doan B'C.

NéuM e (VI thi M thude doan D'F".

Néu M e (VI thi M thuode doan I'E”.

Vay quy tich cdc diém M 12 bit gide A'B'C'D'TFETK.

¢) ViAB=AC=anén BC= av2 > 14a. i A
Taco BM+CM2BC> 1 4a:

BN + CN 2 BC> |4

= (BM + BN) + (CM + CN) > 2.8a B &

= 16n tai mot 16ng 1on hon 1.4a. Hinh 29
Gid stt BM + BN > 14a th¢ thi B la diém cin tim (h.29).

Bai 7. Str dung két qui bai toidn
sau
“Cho AABC., G la mdt
di¢m nim trong AABC. G
la trong tam AABC

< Sgan =Sapc =

La 3
= Sgea = ?(5-\3(' . Hinh 30



DEthiy Sya e = TSaape- Goi G la trong tam AABC (h.30).

Ta¢6: Sepp = Sance : Soes = Sapc = 5 Sanc:

. 2. 23
Spap = 3 Spkp = 33 Sanc = Sanc-
Do d6 S+ = — Sape = Sane + Scpy + S

W=

Tuong W Sgap = Sgare = 7 Sape = G 1 rong 1tam AA'B'CY. Vay tam
e

gidc ABC va tam gide A'B'C’ ¢4 cung trong tam.
b) Goi Q la trung di¢m cia FC (h.31)

Dé thay. i gide SIKQ va ur gide RQMN li hinh
binh hinh, suy ra 1Q cit SK tai N' vt N' la trung
diém cila SK.

Tuong ty. QN cat RM tai I' thi I' 1a trung di¢m
cua RM. Trong tam gidc QIN, cic trung tuycn
11", NN" cat nhau tai G va G 1a trong tam AQIN

2 2
=IG==II'"NG==NN".
3 3 Hinh 31
Ta ¢6 : G thuoe trung tuyén II" cla tam gidc
2
IRMvalG = ; II' = G la trong tam AIRM (1)

Mt khic, G cing thuoe trung tuyén NN*
)
cla ANSK vit NG = ; NN’

= G la trong tam ctia ANSK (2).
Viay ANSK v AIRM ¢6 cing trong tam.

¢) Dung tam gidc déu PBC (P nam trén mia
mit phing chira A bir BC).

Ta cd AABC = APCB (c.g.¢)
= B,P=AB=AC,

va PB,A + B,AC, = 180" Hinh 32
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> PBy // AC; va ur giic PBAC, li hinh binh hanh. Dé thay ur gide BPCA,
cang La hinh binh hanh. Goi 1 1a trung diém cua BC (h.32).

APAA | ¢ AL v A M L cide trung wyén ¢t nhau tai G v G 1 trong tim
2
APAA | Mat Khic, AL Ly trung oyen cua AABC va AG = ; Al nen G I
2
trong tam cua AABC. AP M L trung tuyén cua AAA Py A G = 5 AyMnen

Gl rong am AA B C,. Vay rong tam AABC trung véi trong tam
AABC,. A B

Bai 8. &) Dung cac hinh binh hinh nhu hinh 33. “
D& thay : Syep: = Sy + Sy + Sy + Sy W % d
Sapepir = 205) + 52+ S+ Sy ‘

< l & I D
suy ra S 2 Sypeper- Hinh 33
n "o . S ———— B
Dau =" xdy ra Khi luc gidc ABCDEF la luc \
gidc déu.
by V@ cic tia phin gide trong cua cic goc B, D, D
\Vs

F. ching cat nhau tao thanh AGHI (h.34).

Dé thay AGHI déu nén

AB - DE = CD - AF = EF - BC. :

Bai 9. a) Trén tia ON ldy ON = NK K

=> AAON = AEKN (c.g.c)

= ()7([5 = AEK A
Ar+A2=30"+A "

= [, =360"—E1-Es-F4 ‘q»
360" -30° - Ay~ E3 - 60° “(

p

= 270° - Ay -E3 B
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= 270° —(180° —C2) =90° + Ca (h

Mt Khae ()a) :(‘:| +é: + (-\ = 30" + é: +60" =90" + é: 2)

Tie (1) van (2) suy ra OCD = KED (= 90" 4+ C2). mi KE = AO

(do ANKE = A NAO), AO = OC (do O la thm cia A ABC déu), CD = ED
=5 AKED = AOCD (¢.g.¢) =+ Dy = D3 vi DK = DO 3

Tac Dy + Dy =Dy + D = 60", hay KDO = 60", h

T (3) vi () = AKDO déu, hay ANOD Jatam gide mra déu,

Tuong tr, AOME cting it giie nira déu. Vay AOME ¢a AOND,

b) Ta ¢o (h.36) X !

AABC = ABCD (c.p.c) => By =Cy vt AC= BD ;

AABD = AACD (c.c.c) = Az = D; / &
=> AIAD vit AIBC cén tai I miv AID = BIC k-
C "
" = Hinh 36

> Bi=Ci=Ax =Dy = Tur gidie ABCD I hinh
thang can, suy ra BAD = CDA. do dé BAE = EDC, wic I A = D.
Chuang minh turong i dor vai ur gide ABCE, ta dugce C=L.
Viy A=B=C=D=E hayngi gidgc ABCDE la nga gidc déu.

Bari 10,0 Taco 3(1,7 + 47 + [ )2 (4, +4, +1)

22 b2 =c?

) (a+c)” -b 2 a+b)” ¢
Solp” :a\c——r—"—j— —— £ =uh£——J 3

(a+c) (a+b)

_(h-—c;: o’

Ma 1,7 = be -
(b+¢)”

» 3\ 3 s ) v
=> 3(’..2‘“'{ + l‘,')s’ :l[(hw)“ —at 4 @+0) b 4 (a+b)’ »c‘]

4

“(a+b4el[(b+o)—at@rer-br (b -¢f

(a+b+c)ta+b+c)

]

&=
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162

>y

i

Vay ’..: +Ih2 5 ,

a+h+c).
2

Diu=="xayvra<>a=b=c.

gt 28 o piile i aie AN - 1 S
Dodénéu i~ +4 "~ +1" = \; (a+b+c) thi AABC L tam gide deu.

bra+h,=b+hy=c+h (hea +h =b"+h =¢ +h~

&+ h_ll =bh' s h,," =’ h,,: =b h,
Sty (at+hy=(b hjyb+hy) (2)

Matkhic.do(ly=a hy=b h, (3)

Tw2)va3)suyraa+hy=b+h vaa+h, =b+hsuyrah =h,

Tuong w. by, = hee Viy AABC [ tam gide déu,

) Tacd:

s A
L i
+
i
)
e s, 0 | 2 2 P 0 SRNC, WY
e HaT =2my, + P omammemT = (et b e
7 4 v 1
o
2 |
7 |
2 |

Ap dung bai dang thite Cosi

e —— S
p=p-w+ip b+ip o3 p-ap-hip-¢) = .‘wi =
. =
= p~ 23V/3S. (1)
o B I % (a+b+e)y
Laicd a”+b  +¢" 2 ~(a+b+¢) = !,4' DO
3 3 4
AfatbreY 4 3 4
fa+b+c Y 5 ~
=" | =2p° 3J3.5 =435
AT ) =3P RS-,

2 2 2 2o
v myT +my” +m . 2 3V3S.

Diu =" xav ra <= a = b = ¢ <> AABC déu.



((a+h=C)+(b+c—1 )
d)'l‘ncd:1;|+h~cnh-c—a)$‘t!rd b U;( i =2,

Tuong . suy ra (a+ b —¢) (b+c—a)(c+a—bh)<abe

= (2 2¢) (2 2a) (2 - 2b) < abe = 8(ab + be + ¢a) - 8 < abe

— -IE(:lh +be+ca)- L < 2abe
9 9

T 1 16 3.8 @
Qil'+h'+r'+f(; (ab + be +ca) - ] < a”+b +¢” + 2ube

8 o L Y 16 S, B
= —(a+b+c¢)" + tu'th'vc' —l—S;|'¢h“c'~2uhc
9 9 9
12 v 2y 16 2 2
= rl(u:—h‘ +e” )= D <a? b st + 2abe,
9 9 9

Mat Khic. [u: +b+c’ , 2 “‘—iﬂ&i'f = 4

3 3
= at b et +2ube > T4
Ddu “=" xdy ra > 4 = b = ¢ ¢ AABC déu.

¢) Ban doc tr chimg minh K¢t qua sau

N 5 [ ]
Néua. bc>0thita+b+c) |-+ += |29,

\a b ¢/
Diu"="xayra<>a=b=c",

T - 2 2 1 2
Taco: hf*h;, +he = —(h, +hy+h,)".
)

. T I
Mi h, +hy +h, =28| - et l:r(:H-h-rc)»J— r-l--+-)29r
ta b ¢ la b ¢

Tu (1) v (2) suy ra:

IR S S
hy +hy +hg = 27r

Dau =" xdy ra <> a = b = ¢ <> AABC déu.



Bai 11.

[
Hinh 37 £

1) Gid st MN et tia doi cda tia Ax & P (h.37). Ap dung dinh Ii Ménélauyt

cho ACDA vii ACDM, taco:

FC ND MA _
FD'NA"MC _ FC_NaMC = EC_BMAC
EC BD AM T FD NDMA TED BDAM
ED BM AC
cé B D M 1 (dodp dung dinh Ii Ménélauyt doi véi AADM)

ND BM ' CA

NA MC _BM AC

ND MA  BD AM
=5 - = Ll va F thuoce doan ED = F co dinh.

FD ED
2) Khi AE = EB thi MN // AB. That vay gia st MN cit ABtai P, taco:
EA MB ND | MB ND PA
EB'MD NA  MD NA'PB

EA  PA
= —=—,

EB  PB

mi EA = EB = PA = PBvo Ii. Do dé MN // AB

= FM = FN = Sy;cp = Sxep. Vay mot vi tri thich hop cua B 1 EB = EA.
Bai 12. (h.38)

Theo dinh i Xévata co :

[il). MC'lif§ _ )

DC MA HB
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DB AB

Do AD la phan gidc cha A nén — = 3 (2)
DC AC
Tl (1) v (2) suy ra A“.”A =
= AC HB
= ;\]5.!:’\" = EB BC <> ABcosA = BCeosB.
HC
Bai 13.
a) Goi E 12 gino diém cia AN vl DM (h.39) / B
AABM = AADN = BAM = DAN = MDC 2
= AN L DM. M
cos MAN = L2 f
AM’ 5
Pat AB=BC=CD=DA =2x ) N ¢
- Hinh 39
= AM = AN = xV3.
T
Lai c6 AD* = AEAN = AE = ¥ 5 cosMAN = ﬂ 2L
J5 X3 i
by Dung hinh binh hinh AQND (h.40)
= QN LDCvaDN=AQ=1:AD=QN=BC. A : B
Tac6: DQ? + ON* = QC* + DN, 0

DQ? + QB = QC™ + DN (do CN = QB)

DQ* +(v2) =(V3) +1* = DQ=V2.

e 5 C
Do DQ = QB = V2 = Q thugc duimg chéo AC. /

Got .r\ﬁQ . N Hinh 40

Ap dung dinh [ haim so sin trong tam gide ABQ. ta co:

A B | /2 :

V;Q = Q_._ = —— —— =22 = sina= :

sing SinQAB sino gings® | 2
NE)

Vay sin ABQ = : . AQB = 180° —30° - 45° = 105",
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Bai 14. (h41)

Cach I :
Tacé Syye =Sane, = ACHB, = AC,HC,

AC_HC,

= — (0
AC,  HB, Hinh 41
cosB_sinHAC, _HC:HA _HC,

cosC  «inCAH  HB,:HA HB,

AC  cosB

Tl (1) v (2) =
AC,  cosC

= AC.cosC=AC,.cosB

A
= cosC= \if .cos B. hay cosC = cosA.cosB.

Cacl 2 : K¢ C\E L AA| = CA| = CE = ACcosC = AC cosB
= cosC = cosA.cosB.
Cach 3 0 St dung dinh 1i Ménclauyt cho AACC véi 3 diem By, H. B

thiing hang.

Bai 15

166

Cacl 1. (h424)

Ké AjA, LAB: BB, L AB.

A3B, = AC) + C,B, = risinB + rysinA.

Tit giic CB;OA | nai ticp nén A B, = R3sinC.

Ma A,B, 2 AsB,. do dé

) . Hinh 42a
R3sinC 2 risinB + rysinA
sinB sin A b ]
S Ry2n——+n—" @ Ry2p—4n = ()
: sinC 7 sinC : ek e
b c
Tuong , Ry 2 —ry+—rs. 2)
- SR VAL
a ¢
Ryz-n+-rn. 3)
b b



Cong cite v& (1):(2) 1 (3) tacd:

b w6 ('I c) a b
Ry+Ry+Ry 2| =+ |+n| =+= [+l =+ = | 2 2(n+n+n).
- ¢y e \b
sa=b=c¢

Dau =" xiy ra <> {.-\,Bl JIAB. B, C IBC. Cy A /EAC

O trung tim dudmg tron ngoai ticp A ABC,
wic e AABC déu vin O Ti tam duong tron ngoi iép AABC.
Caclr 2 7 (h.42b)
Ke AL OC vt BK 1L OC,

2Sa0c + Sonce) = (Al + BK)L.Ry =ar) + br,. ;
Mat khie AT+ BK < AB.nénary + bry < ¢.Ry
i b
>Ryz2 = +-n.
¢ ¢
Chimg minh twong wr nhu cich 1 s¢ ¢6 dicu A :

phai ching ninh. Bat dang thie (*) luon ding K
néu AABC L tam gide iy y. Hinh420
Bai 16. (h.43)
- - I
Tacd: ABD = ACD = 60" =5 ur gide ABCD noi ('
20 w2R =5 Rmi
sin ABD
(R 1 ban kinh duomg tron (O) ngoai uép ur gidc

ABCD). A D
Cic duemg thing BE, CF cat nhau tgi 1 1 diém ‘V’

chinh gitra cua cung AD. Taco 1A = [E = [F= 1D !
vit AOAL déu nén IF = 1D = 1. Trong AEIF ¢6 Hinh 43
EF = 11 4 1 - 21E0F cos EIF
T Y S ~ —~ 3
‘[,, T cite —ScnsBiF = cosElE=L:
L V2 ] 2
— y - I
= ElFwi0® Vi — s R = BOstit<l,
sin BIC 2
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Bai 17.

@) Goi a, b. ¢ la do dai cic canh trong (ng vai
cic goc A, B, Ccua AABC.
K¢ CC" L AB. tac6 AC' + C'B= AB (h.44)
=> acosB + bcosA =¢ () \ = B
Tuong tu. beosC + ccosB=a: 2)
Hinh 44
acosC + ccosA = b, 3)
J“)S Ba+cosAb-c=0
Viy ta co he sau { —a+cosCh+cosBe=0 )
cosCau-b+cosAc=0
Gidi hé (*), mitraa. b, ¢. Tasé ¢6 :
cos A + cos°B + cos°C + 2cosAcosBeosC— 1 = 0.
by cosA +cosB+cosC—1 =
) (2e® g 1\‘ (42 ed i | \ l,-a; b el |
2be )\ 2ac ) | 2ab
(a+tb-c)b-a—-c¢) (a+b-cia-b-c) ta+b-c)ib+a+c)
=— — S B - ——-
2be 2ac 2ab

5
N 2(p—c)lep—ap—bp+2ub) d(p-u)p-b)p-c) _AS
abc abc pabc R
. r
hay cosA+cosB+cosC=1+—.
R
Bai 18. Goi do dii 3 canh cha tam gidgc la(n— 1. n.n+ 1 véin e N.
Do A >90" nén BC i canh I6n nhit va BC=n + 1 va
2.2 2 )
m+)y>n"+(n-lyen <dne0<n<d,
Hién nhién n > 2, viy n = 2 hoiic n = 3.
Néu n = 2 thi ta ¢o ba canh cta tam gidc 1 1. 2. 3 (loai).
Neun = 3 thi do dai ba canh cua tam gride 1a 2. 3, 4, thoa man bt dang thic
tam giic.
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Bai 19. X¢tn=3:
a 2 2.2 4 4 i
(a;” +ay” +ay") >2m, +ay +:l\ )
i 2 2 2 4
= 2y RI; + Uy d, l> .|| + .h + iy
= () +ay Fay) () as - agdlin Fag-ag) (ay+y 1) >0
=> () + s —ag) (@ +ay—ag) (ay+a; —ay) >0
=> ;. 5. 43 12 do di ba canh cua mot tam gidc.
Xétn>3:

Do vai trd cta ede a .y (1 <0 < j <k <n) Fonhunhau, taching minh (1)
diing vai i, j. k li bo h.t 50 1.2.3.

:
Pt Zh‘ =a," + u:" +a ;'.
Theo bat dang thire Bunhiacopxki, ta ¢6 :

2 2 2 2 U] 4 ! 4
(b + b +ay™+as"+ ...+, <m-(b +b +ay +...+a,)

£ \2
= Liaf] S{n—l)(]h" »;|j +“.+u:}‘

k=1

2

{ %
>
Mat khdc. theo gia thiét ‘ iéli | >(n= I)ia:.
Lkt =1

1
3 B | 4
Suy e (n=DY g <m-D[2b" +ay vag fotag )
i

say way vay’ <2p?
= 2(;114 + u:l + :|_f') <dbt= 1;:,3 + u:: +a \:):.
Theo truomg hgp n = 3 ta cd ay. ay. ay 1 do dai ba canh cta mot tam gidic.
Vay ba so ., a,ag (1 <0< )<k <n)lado dai ba canh cia mot tam gidc.
Bai 20. (h.45)

Goi S. 8. S0, S
AADE. ABDE. A

" :
Giastr = > Ly
S

Hinh 45



M Khiie.
Sp_#b-y) S, x(c-z) Sy v@a-x)

S be S a8 ab

5188y xta—=x) vh-yv) zc=2) 1 11
= ——= - e ~'S ‘

s L 44
X(a=-x) 1 yib=v) 1 . zec-2) _1}

do TS = b ;- Vi = <
a 4 h” + ¢ 4

T Vi (2) suy ravo 1 Vay trong ba tam gidc ADE, BDE. CEF ton 1ai mot

e - - s l ~
tant gide ¢6 dien tich nho hon hay bang 3 Saanc

a=2x
5, =5,=5; < {b=2y
’L =22z
Bai 21. (h.46)
D¢ thiy AE = be . AF= Pf,
ate a+b

S o ch sinA - beS e
TMET S +e) (a+blate)

Tuong .

S acSyape g - _WbSyue
Snpp: = ; SCpE = el
(b+c)a+b) (a+c)b+c)

Sper = Sane ~ Sagr - Scor — Spor
JabeSape  2abe o

= < h S"\m—l 3
(a+byb4c)c+a)  Sube

4

o 1
Vay Sy < _"S\\m'-

Diu"="xayra<a=h=c.
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<> D, EF L trung diem cie canh cta AABC.




Bai 22. Goi x i canh hinh vuong va AABC ¢6
AN L BC (h47)
Ip=atbremat 2AH = 2V 2AN
_— o 15 I ¢
= A4S e = 4VnT =4
Hinh 47
Bai 23, (h48)

a) FDI = FBI = HCE = HDE
> FDH = HDE, mi tia DI ndm gitra hai tia
DE, DE = DH L tia phin giie caa FDE.
Tuong nr, EH K ta phan gide FED

> H La thm duomg trom noi ticp ADEF.
b DBC =D AC = EBC = HBD = DBD' vi
BD L HD' = ABHD' ¢in ti B=> DD" = DH.
Tuong tu, EE’ = EH ;. FF' = FHL

Hinh 48

¢) Do BFC = BEC = 90"

= i gide BFEC noi tiép = AEF = ABC = xAC = AEF = xAC = Ax // EF.
d) Tir by dé thay ba duong tron (O;). (0,). (Oy) cung di qua H.

¢) Taco ADAB o ADCD' = DA.DD" = DB . DC, md DD" = DI

= DADH=DBDC= 24 DH_, M
DB DC
-H%:zmz = HA =2012HD = DA =2013DH.  (2)
Tir (1) va(2) suy ra L : L <> cotgC.eotgB = l g
DB DC 2013 2013

hay 1gB.1gC = 2013,

Bai 24. a) (h.49)
Do P doi ximg vai [ qua AC
= AAIC = AAPC.
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Mi AIC =90 4 [: = APC=90" + 'j

T gidic ABCP noi ticp = APC + ABC = 180°
0 l‘; - o . O
= 90 +-7-*B:lX(J = B=60",

Mi AOC = 2ABC = 120",

Do Q doi xiing O qua AC nén

AOC = AQC = 120" = ABC+AQC = 180"

= 1 giic ABCQ noi ticp. hay Q nam trén
duomg tron (O, R).

by M L trong tam ACAB va MC = MD

i
<CM=MD= i CE. Ta ¢6 (h.50)

22 - 2
EF i C o thi=haER=S
3 3 1
5 3¢t
e CEF =2
1
S & 53 Lo,
Do do 2 I e o™ =4 +h2.
3 4

Bai 25. (h.51)

172

) Ta ¢ AIAP o5 AIMA (g.9) = IA® = [MLIP.
by AIAP = AIBN (g.c.g) = IP=IN

= wr giic APBN Ia hinh binh hanh vi hai
dung chéo ¢t nhau tai trung dicm moi
duong.

O IAT = 1B = 1M

I \ —
= 1B = M vit MIB chung
P IB

= AIMB v AIBP

Hinh 51

= IMB=1BP = [B i HEp tyen cla dudng tron ngoai tiép AMPB,



d) Goi G lix trong 1am clia AAPB. K¢ GE // PA vi GF // PB

2
= AE= 3 Al E thuoc doan Al = E ¢6 dinh.
Fwong wr, BF = : BI F thude doan Bl va FF co dinh.

Facé: APB=180" ~ PAB-PBA = 180" - AMI - IMB = 150" - sdANB
5 APB khong déi. EGF = APB. Dat EGF = a., ¢6 EGE khong doi vi EF
co dinh = G thude cung chia goc o dung tren doan EF,
Bai 26. (h.52)
Gid sit A =90°, tacoa® =b" + ¢ via, b, c € N*
nén b hoac ¢ phiti la so chin. Gia su b chan.
D& thay a, b, ¢ khong thé ¢6 50 nio bang 2 v hai
sO nguyén 10 p. q trong chang kKhong the dong
thini 1 so do cua hai canh goc vuong, Do vay £ i
p: q:=(p+¢|)tp q) = 50ip +q) Hinh 52
=5002p + 50) = 100(p + 25) = b
= (p + 25) phai 13 s6 chinh phuong. Tir d6 so p nho nhat L 11 vi
“ = 100.36 => b = 60.
Viy s6 do nho nhat mi canh thi ba ¢ the nhin duoe 1 60.
Bai 27. Ta ¢6 (h.53)

Si_AR 28,48y AR .
S, RB  25,+S; RB’ R ,,
R n
e la _S :.,_l*s_\ ,
S, 25,+5, R ‘u !
=S S} = a3y +8y) Hinh 53

=SS, S =0.maS;#0=>5 =8, =>AR=RB
= CR la duong trung tuyén,
Tuong wr. BQ cting la dudmg trung tuyén.

Vay M L trong tim clia AABC.
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Bai 28. (h.54)

a) AABE = AADF = AE = AF. — ]
Do AE = AF = AAEFcin s Ama El = IF

> Al L EF vi AFGI = A FKI (g.c.g) ‘ i
= EG / KF vt EG = KF '

> gidic EGEFK 1 hinh thoi. G
by AAKFE 5 ACAF do AFC chung vi o F
FEA = R =dsh =y AL KX it T

CF AF
hay AF* = KF.CF.
¢) Do ur gidc EGFK [ hinh thoi nén EK = KF = KD + DFF = KD + BE.
Chuvi AEKC = EC + CK + EK = EC + CK + KD + DF
=(EC+ DF) + (CK + KD) = (EC + BE) + (CK + KD) = 2BC.

Vay chu vi AEKC khong doi khi E chuyen dong trén canh BC.

Bai 29. Goi O L gizo dic¢m cla AC vi BD.
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Gor EFL Gl H iheo thir we By trung diem cua
cac canh AR AD. CD. BC. 1L K. P, Q theo thi
W la chan cae duomg vuong goc ha tir O
xuong ciac canh AD, AB. BC. CD (h.55).

Ta ¢6 @ T gide EFGH la hinh binh hanh do

EF /D /HG v EF = HG = : BD.

Mat khie FEI = DOC = Tt gidc EFGH L Hinh 55

hinh chir nhat. (1)

Lar¢o HL O, 1 thing himg @ G, O. K thing hing : I, O. Q thang hing vit I,

O. P thiang hing (2).

TU ) v (2) taco bit giie KEFGQHP [ bat gide noi tiép dudng tron tam J.
HE EG

22

hinh ¢hir nhit EFGH)

bin kinh (0 dd T 1a giao diem cha hai duomg chéo HEF va EG cua



Bai 30. (h.56)

@) Goi h 1a khoang cich it hai dudng thing A A -
Ava A’
TacoIBIC=(p-b).(p-¢) 2
.2 3.3 b
ST P 2P 0
ptp-a)  pip—a) p—a
N/ h
. 2
(‘_‘p ] l_.l s 2r m | Iz
i r h Hinh 56
Vay IBIC =% —— = k (khong déi).
h-2r
S S S S‘ 2 S" | :; -
by Taco r.n.r = —.—s—f. 97 = £ 5,v = LN 1
TTY p-a p-b p-¢ (p-wp-bip-c) r 4r

r,.ro.f, nho nhat < a nho nhat.
Mia=IB+I1C> 2VIB.IC = Zx/ﬁ.

Viy a nho nhat < [B = [C. khi d6 A & A vt A thuoe dutmg thing vuong goc
Vol AT tai L



Chueong VI
MOT sG HE ON TiP, KIEM TRA

VI.1. DE BAI

ab. be

Bai 1. Tim cic chir so a. b, ¢. bi¢t —_—=
ab+be+ca 1

Bai 2. Cho a. b, ¢ doi mot khic nhau, a. b, ¢ déu khic 0 va

1 1 | TR
ta=—+b=—+c=1>0, Hiy tinh gid@ tri t.
b ¢ a
Bai 3. Cho phuong trinh : (x +1 Fem- Dix+ 1P -miem-1=0. (1)

a) Giai phuong trinh véi m = — 1.

b) Ching minh rang phuong trinh (1) luon ¢6 2 nghi¢m phan bict x;. X, véi
moi gid tri cla m.

¢) Tim cie gid tri cham dé x| +[x,|=2.

Bai 4. Cho tam gidc ABC vén AD, AM wong (g 14 cde phan gidc trong cia A vi
trung tuyeén dng vai canh BC. Qua D v& dudng vuong gde vai AD ciat AB.
AM tai P, O. Qua P vé dudmg vuong goe vai AB cat AD 1ai Q. Ching minh
0Q vuong goc véi BC.

Bai 5. C6 12 doi bong da tham gia tranh giai. Mo6i doi ddu véi nhau | tran, tong
so diem cua moi doi déu khic nhau, So diem cia doi dimg thir hai trong
gidi bang tong 56 di¢m cta 5 doi dung cuoi cung. Hoi trong trin dau gita
doi thir 7 v doi dimg thir 8 doi nio thing ? (thing duge 2 diém, hoa duge
I dicm. thua 0 dicm).

pé2
Bai 1. Chung minh ring

X=17+27+3" 4+ . +20117 + 2012° khong 13 56 chinh phuong.



Bai 2.

Bai 3.

) Tinh gia i cua bicu thie sau
A=113-214+35-416+..-20101 2012 + 201 1!

b) Cho . b, ¢ v X, v, 7 thod min
X,y

a+h+e=0x+y+2=0, —+=
a b

Tinh o’ + h“.\' rea,
Cho hai duomg tron (0 1 R) vin (O™ 2 Ry cat nhaw i AL A” Lay cie diem B,
DB e (O): D O sao cho A, B, D khong thing hing, K¢ hinh binh
hinh ABCD. Goi I L diem doi xémg vai D qua A'C. Chimg minh ring bon
diem A%, B ELC nam irén mor dudng tron,

Bai 4.

Bai 5.

Bai 1.

Bai 2

Bai 3.

Bai 4.

@) G phuong trinh (X7 =1 =1 =2,

by Tim mede hai bine phuong rinh siu e6 cang tp nghicm

m Ax<O(hvadmx+2m+1>x-1.
Goi a L so tam giide ¢6 cic canh B cie so nguyen duong v cha vi bang
2009 vt b la 8o tam giide ¢6 cie canh Luso nguyen duong v chu vi bing
2012, So sinh a vivh,

pé3

Tim <ot nhien N sao cho N 4 S(N) = 2012, ¢ do SIN) L tong cde chir so
cuaso N

= i SR . d AT

Fim acde phuong trinh 257 =87 +a” + 2= 1+ 2 ¢ mot 8O J¢ cilie nghiem

J.
Cho tamn gide ABC ¢6 ciie phin gide AY, BZ. CX. Chimg minh rang :

thuoe doan [-2:

AXT BY? c(- AX  BY €7
X7 YC‘ AT XBYC /\

M=

X=y=3m
Giai vt bien luan hé phuong trinh sau theo m o
[2y+ v =0.
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Bai 5. Chimg minh rang Juon dung duge 2000 dudng thing doi mot it nhau tai
ciae diem ¢6 1oa do nguyen vir khong ¢6 ba dudmg nio dong quy.

bé 4
Bai 1. Tim tat ca cic nghi¢m nguyén (x, y, z) cta phuong trinh
> >

3 el 2
X 4V 2z =(Xy)

Bai 2. Cho P(x) = x” + bx + ¢ vi b> — 4¢ > 0. Hoi phuong trinh sau
P(x) + l’(x +Vb? —4¢ ) =0 ¢6 bao nhi¢u nghi¢m ?

S, S P, i i 2 2
Bai 3. Tim cic gid tri ca X, v sao cho x™ = 2xy + 4yv™ 2 3(x - 2y - 1),
Bai 4. Cho tam gidc ABC vuong tai C. V¢ cic dudng trung tuyén AE vt BF. D
AE = m : BF = n. Goi r la bian kinh céc duomg tron noi tiep AABC.
2
S wip oy r 1
a) Chimg minh ring —— < .
m-+n° 20
sem i e LS I
b) Tim gid tri 16n nhat cua ——.
m”+n”

Bai 5. Tren mat phang toa do Oxy, hay tim cdc diem M(x, y) thoa méan

2 2 3 3.3 .2 .2 %
A=s(X"=-y + 1)y +4xy =x"-y =0va:
2 2 .. -0 A
@) X7+ ¥ dat gid tri Ion nhat

2 o e e s
b) X7+ v~ dat gid tri nho nhat,

Pés
x+2012 v +2012 X +y
Bail. Cho a= > | :h—')rvr(l ce=XFY aA=ab+betca
x=2012 2012 -y o ]

Chimg minh rang véi x # y. X # 2012, y # 2012 thi s6 tri ctia bicu thirc A
khong phu thude vao gid tri ctia cic bicn x, y.

Bai 2. Tim so w nhi¢n n sao cho n + S(2011.n) = 2012, & d6 S(2011.n) L 1ong

cac chir so caa s6 201 1.,



Bai 3. Tim a dé hé sau ¢ nghi¢m duy nhat :
iv\":x‘ Jx:+;lx (1)
=y’ -tyieay @
Bai 4. Cho hinh chir nhat ABCD vi mot diém M trén canh AB.
a) Chimg minh rang : MC + MD < AC + AD.
b) Tim tap hgp cic diém N sao cho NA® + NC? = NB? + ND*.
Bai 5. Cho da gidc déu 5000 dinh. Ngudi ta 16 mau 2001 dinh. Chimg minh ring
trong 2001 di¢m dd 16 luon chon duoe 3 diém 1a 3 dinh cua mot tam gidc
cén.

pes

e — ; L 2
Bai 1. Tim cdc s0 nguyén x. v thod min 2x™ + 2y - 2xy + x + y = 0.

Bai 2. Giai phuong trinh

I —
Vix+8+645x~-1 +\lﬁx+3-4\f.‘q--l =5 (4))

Bai 3. Choa’+ b’ +c”=3.Tim gid tri 16n nhét cta bicu thirc
p =lubl+|be] +|cal - abe.

Bai 4. Cho hinh thang ABCD (AD // BC : AD > BC) néi ti¢p dudng tron (O). Ké
day CN cit day AD tai P. Goi Q I giao di¢m thi hai cia dudmg tron (O)
vai duong tron qua N, P va tiép xuc véi AD. Chimg minh ring dudng tron
ngoai ti¢p tam gide APQ tiép xic voi AC.

Bai 5. Ton i hay khong mot hinh thang can ¢o do dai canh Ién nhat bang 13,
chu vi bang 28 va dién tich bang 27,0001 ?

pé7

Bii 1. Cho day s6 ¢6 s6 hang ddu 4 16, cic s6 hang sau 1 s6 tao thanh bang cich
viél 15 viwo chinh gitra s6 hang lién trude @ 16, 1156, 111556..... Chimg
minh ring moi so hang cta day déu 1a so chinh phuong.

ni . . J 3 2
Bai 2. Gidi phuong trinh ¥2x+3 +1=x"+3x" +2x.
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Bai 3. X¢ét cic da thie bic 2 : f(x) = ax” + bx + ¢ sao cho [f(x) <1 khi /<.
Tim gid tr Ion nhat cua Ja® + 30
Baid. Cho tam gidc déu ABC. duomg cao AH. M Ta di¢m bat ki trén canh BC. Goi
P v Q Ia hinh chic¢u cta M trén 2 canh AB vit AC ¢ [ L trung di¢m cui AM.
a) Tim vitri Moaren BC de doan thang QP ¢6 do dai nho nhat, Ion nhat.
b) Goi O li giao di¢m cha 1H va PQ. Ching minh rang khi M thay doi trén
canh BC thi MO luén di qua mot diem ¢o dinh.

o

C4 thé 16n tai hay khong so thue x siao cho x++/2 va (x‘i + \"'.2) déu T
cic so hiru .
Dés
Bai 1. Giai phuong trinh tim nghi¢m nguyén
3, ]
M2y 4 2011x + 2012 =0.

Bai 2. Cho x;; v X;. Xg Vit Xa. ... X Vi X, i cde nghiém rong dmg cua cic
phuong trinh

x:+;||x+h|:() ()
x:+u:x+h:=0 (2)
2

X" +ax+b, =0 (n)

Tim nghiém cua phuong trinh

5> A +as+..ta b, +by +...+b .
ger e M R SR i SRR B | (*)
n n

K

Cho tam gidc ABC ¢o AB < AC viv dutmg phin gide trong AD. Goir M. N
theo thar wy I cde diem nam tren tia doi cia cice tia BA v CA sao cho
BM = BC = CN. Goi | la giao di¢m cia BN vit CM. Tir | k¢ duomg thing d
song song v6i AD, duimg thing d cit AC i K. So sianh do dai cic doan
AB va CK.

Tir cde chirso 0, 1. 2, 3, 4 nguoi ta 1ap ra cde so ¢o 4 chir so dor mot khic nhau

vihai chir so 1, 2 dimg ké nhau. Hoi ¢6 thé lap duge bao nhiéu s0 néi trén ?

Bai 4

Bai 5. Tim tat ca cic ham f thod méan f(x - y) = f(x) + f(y) = 2xy v0i moi gid n
thuc x. v.
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Bai I
a) Tim a d¢ phuong trinh sau ¢é nghiém duy nhit [x -1 =x=2a+ 1 (1.
b) Cho a. b, ¢ Id ba so khdc khong v ¥. Ching 10 ring mot trong ba
phuong trinh sau luon ¢6 nghi¢m :
a4 2bx +c=0(1):bx7 + 2ex+a=01(2) viext + 2ax + b=0(3).
Bai 2.
4) Ching minh ring tich 3 s6 nguyen duong lién Gép khong the la lap
phuong ctia mot so w nhicn.,
b) Tim so du cuoi cung trong phép chia da thie

) 2040

2 2012
l+x=x" +x S

2
X cho x™— 1.

3. Cho géc .\F_\'. DPudng tron tam O, duong kinh AC ti¢p xic vai Px, Py
twong img tai A va B, K¢ BD vuong gée vii AC. Goi K Ia gino diem cua
PC vi BD. Chimg minh BK = KD.

Bai 4. Cho x, y la ciic 0 ty nhicén thay doi thod man xy = 2012. Tim giid tn nho

nhat ¢l X + v,
Bai

Cho 5 diem nam trong mot hinh vuong canh a = 36,7 (don vi do dii).
Chimg minh ring 10n tai it nhat mot diém nam tong hinh vuong hodc trén
canh hinh vuong mi khoang cich tir di¢m d6 dén 5 diem n6i trén déu Ién
hon 10.

pe 10

Bai 1. Giai cic phuong trinh vt h¢ phuong trinh sau

5 - 10x ¢

a) Wx-2==
X" +6x-11
_ 7
by 3 =
vx -3
(&)
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Bai 2

a

Cho hai s6 nguyén x. y thod man dicu kién 4x + 5y = 7.

Chimg minh ring : 5|x|-3|y| = 1.

b

Choa, b, c e [o: B] va B -« < 2. Chimg minh ring

Vab+l+vbe+1+Vea+1 > asb+c.
Bai 3.

Hi

Cho tam gidc ABC vi ba diém M. N, P wong tmg trén ba canh AB. BC.
CA. Chimg minh rang cic dudmg tron ngoai iép cic tam gide AMP :
BMN vt ONP luon cit nhau tai mot dicm.

b

Cho BM = CP. Goi I. K tweng tmg i trung di¢m ctia cdc doan MP va BC.

Ching minh ring : IK song song vai phin gidc trong clia gée BAC.

Bai 4. Tim it ¢ cde s6 nguyen x sao cho 2x7 + 19x + 45 bang binh phuong cua
mot SO nguyen 1o.

pell

Bai 1. Cho 5 50 nguyén phin bi¢t ¥ ¥ @,. iy, as ay. as. Chimg minh ring tich
P= Gy i) Gy —ag) Gy —ag) Gy —as) Gy ag) Gy —ag) () —asg) (ay - ay)
(g asy Gy asg) luon chia hét cho 288.

Ux+v e =0

Bai 2. Gidi he phuong trinh @ 4 §/xy +§/

e

Bai 3. 4. b. ¢ la ba canh cliia mot tam gide tuy ¥, Chimg minh ring

J
1‘\["/ +yZIX = v-3

ab be ca 3
- 4 4 —2=. ()
cla+b) ab+c¢) ble+ay 2
Bai 4.

) Cho nua dudng tron tm O, dudong kinh AB ¢6 dinh. M 14 di¢m di dong
tren nua duomg tron O. Dung MH vuong gée vai AB. Lay E thuoe OM
sao cho OF = M. Tim 1ap hop cic diém E khi M di dong tren nira duomg
tron (O).
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b) Tim vi tri coa M trén nua dudng tron (O) sao cho MB > MA vi
(2MH + HB) dat gid tri [6n nhat.
5. Tim ham f(x). bict a.f(x") + f=x") = bx (I). trong d6 a. b I hing so.

)
a” = 1 viin la so nguyen le.

pé 12

1. Chimg minh ring 1on tai s0 e nhien lia boi s6 cla 2011 gom toin cic chir
s0 7.

2. Cho hai phuong trinh
Crax+1=0 (1) v by +2=0 (2).
Tim cdc gid tri a. b thoa min phueng trinh (1) viv (2) ¢6 nghiém chung vi
fal + [bl nho nhat.

b

T Ay vz A% ) B i Syt
} Gidihg ———=—""—=—"—="——“——— vdi a, b, ¢ li cdic hang
ay+bx  bz+cy ox+4az gt +b" 4"

56 cho trudc.

Bai 4. Cho tam giic ABC noi ti¢p dudmg tron (O). duong phin gide trong AD. VE

20

Bai 1. Co bao nhi¢u so w nhicn n lon hon ha

dudmg tron (O)) ngoai tiép AABD vit duong tron (O,) ngoai ticp AACD.
Chimg minh rang :

@) AD* < AB.AC: .
b) 00, = 00,

. (h.57) Cho tam gidc déu ABC. €6 the dién cic D, I
chirso 0, 1, ... 9 mai chir s6 mot lan vio cie vi tri
A. B. ... K sao cho 1ong ba 56 trén mdi doan AB. A :
BC. CA. AG. BG. GC d¢u bang nhau duge hay [H .
khong ? Hinh 57

PERK

v bang 1. nho hon hay bang 2012

sio cho (1" + 2"+ 3" + 4" + 5" chia hét cho 57



Bai 2.
a) Tim ba so thue duong X, v. z sao cho
x+[y]l+{z} =132 (1)
[x]+ v +2z=143 (2)
Ixp+yv+[z]=151 (3)
(0:do [a] 1a phan nguyen va fa} 1a phin 1¢ cta s6 a).
by Tim tat ca cic gid tri cia so thue m sao cho 10n i bon s6 nguyén X, v, u. v

thoa man x° + _\': = (107 - m) . (m -91)vd S4(u” — v7) = m(15u + 3v - m).

Bai 3. Cho xAy vadiém M chuyén dong trong géc do sao cho M + MK = /(1> 0
cho trude), ¢ do MH L Ax va MK L Ay. Chimg minh rang dudng tron
ngoai tidp ur gide AHMK luon di qua mot diem ¢6 dinh thi hai Khic A.
Bai 4. Cho x. v, z duong thoa min Xy + vz + zx = |, Ching minh ring :
b D
2

\/x'*l Yy +1 \/:+]

Bai 5. Ngudi ta 1o do 7 canh ca mot hinh 1dp phuong mot cich ngau nhién. Méi
dinh k¢ vai it nhat 2 canh do déu duge goi 1a dinh do. Chimg minh ring :
¢6 it nhat mot mit cua hinh lap phuong dé chira it nhit 3 dinh do.

VI.2. L3I GIAI

pé
i ab be ca 3321 c =
Bai 1. il <> ll.ab.bc.ca=3321(ab+bc+ca)
ab+be+ca 11
@ 1Lab.be.ca = 41.81.(ab + be +ca) ()

Do 41 & Pnen mot trong 3 56 ab, be, ¢a phai chia hét cho 41,
o Néu ca =82, thia=2:c¢ =8 Thay vio (1), tacd
11.2b.b8.2 =81.12b+ b8 +82).
Vib8727.vi2bi27 hoac 2b:19 = b =7,

Ta ¢ ve trii tin cung 1 2, veé phii ¢6 tan cung 1 7 (loai).



Bai 2.

Bai 3

o Néu ca =41, thia= 1 ¢ =4 Thay vio (1), t duge
TLAb.bd=81b e b4y vi 1b /27, nén b4 9. Dodé h=5.
Thr Lk diang. Vay ciace bo so can tim [l 5,40 vivcide hodn vi cia ching.,

( (
Tacot} :(uo] \’ b+ I].lw | 1
\ b)) c)\ a)
| (1 1 1 |
=abc + +(;1+h~c)¢t +—+—- [ =ubc+ + 3 (h
abe it b e abe

Mat khiic. ab+ 1 be+l _ab-bc _bla-c)

b ¢ b-c¢ b-c
Hh-¢)
=>bh= (doa =z,
a-c
s b-a u-c \
Fwong nr, i = Laes 4 = abe =17, (2)
b-¢ a-b

. . | |
e v ot =1 - I P T 7 =3
; :
Dot>0nen 2+ : =4t I{ 23\'/:". I‘ =3I,
1 {
| o "
Viyt'= — s Ilmit>0e1=|.

]
1

wbat (x+ =1 20).

|-l ]cﬁhiu

(et + 20 3=04 | [x=-2.
LI 3o
Viy phuong trinh ¢ 1) ¢6 nghiem x = 0 hoae x = =2,
b) Taco
(e =m - -m* m+1)=0. 2)

(2)¢d 2 nghiem trii dau t) < 0 < 1. Vay (1) ¢6 2 nghiem phin hic¢t

Xa=afla =10 X ==yl =1,



) [xy|+|xs|=2 C}EJ’G*I +s +l]=22 I-\/;+\,":+l =2.
Diu =" xay ra khi vi chi khi
(=) +1)20 o (1-JL)20 &L < 1.

1y lienghiem duong cia phuong trinh (2) nén

[ 5 2
m=L+yim=D"—4-m"+m-1) e 2 =
iz =2 AL <l e VAmT —6m S <3 om

> 5
[:!m' -6m+5<9+m”-6m
= < =lsm<l.

m=<3

Bai 4. Qua O v& dudmg thang vuong géc vii OQ it
AB i X et AC i Y. DP cit AC 1ai R
- AAPR ¢t A do AD vira 1 duong cao
vira L phan gidc (h.538).
AAPQ = AARQ (c.e.0) = APQ = ARQ = 90°

= W gidc PQOX noi ticp viv 1t gidic ORYQ
noi 1ep

Hinh 58

= 00X =OPX. OQY = ORA.

mit OPX = ORA (do AAPR cin ¢ A)
= 00X = 00QY. mi 0Q L XY = AQXY cin ¢ Q.

= OX =0Y. Tacd OX = OY. ma O lai thuoe trung tuyén AM = XY // BC.
XY //BCva 00 L XY = QO L BC. ta ¢6 dicu phai chimg minh.

Bai 5. Goi so diem cta cic doi dimg the nhat. thir haic. thi 12 1y, . oags.
Tacoay >y o>y, DEthay ay <21 vincuas = 21 thia; >, =>4, =22
=> a; choi luon thang (1.
4y =21 =y ¢6 10 tran thing va | irin diu hoit = a; hoit as (2).

Tl (1) via (2) suy ravo I Vay a, < 20.
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i sk o il i . Sx4x2
Tong so diém cta 5 doi ag, ag. ... ap, didu véi nhau [ — i 20 diem.
Mit ag dge ... @y €0 the thang cdc doi ap. @, .. @y nen
ag + g + .o+ gy 2 20 dicm (3).

fay =ag+ay +otag, h

Lai ¢6 - )
1;\2 < 20 diem.
Tir (3) vt (4) suy g + g + o+ agy = 20 dicm. Vay 5 doi cudi khong the

thing bat i doi nio trong ciie doi ay, iy, ... ag. Do dé. doi thir 7 thing doi
tht 8.

Dé 2

Bai 1. X gém 1006 s6 chinh phuong chin vit 1006 50 chinh phuong le. Moi o

chinh phuong I¢ chia 4 du 1 vit moi so chinh phuong chin chia het cho 4.

X=2wdbe . #2020 4 P32+ 504 420113

f] b
Data= 22 a e+ 200004 2012°, a chia hét cho 4 :

b=124+3 4.+ 20117 behiad du 2,

v X chia 4 du 2, nen X khong the i so chinh phuong.
Bai 2.

A Tacin!n+2)=nln+ 1+ H=m+D!+n!

A=113=213+35-416+...-2010!2012+ 2011}
=204 1= (342D + ... = (20111 + 20100 + 20111 = 1.
ViyA=1.
b) Taco LR N S e xbe + yea + zab=0
a b«

s e(xb 4+ ya)+ zab = 0 ¢ =(a + b) (xb + yu) + zab =0
s ) ) s
s zab = xab + yab+ b'x + 'y <> b'x +a’y =ab(z - x - y)
) >
e b x+ay=2zab ().

3 5 >
Tuong i a2+ cx = 2yac (2)va bz + ¢’y = 2xbe (3)
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T (1), Q) (3 =@ + b+ ) (x+y+2)=ax + by + ¢z
Sa'x+ h{\' +cl2=0.
Bai 3. Goi D' la diém doi ximg v6i D qua

trung di¢m T et AA” (h. 59).
Ta co ur gige ADA'D I hinh binh
hinh. suy ra
DA™ /f AD'. DA™ = AD’ (hH
AD // BC. AD = BC (2)
T (1) v (2)
=AD" //BCviA'D' = BC
= (i gidc A’D'BC la hinh binh hanh

= D" doi ximg véi C qua Q (Q 1a trung diém A'B)

Hinh59 €

= Buong tron qua A", B, C doi ximg vai dudmg tron qua A', B. D' qua
BA™. Chimg minh twong 1. ta cing ¢6 dudmg tron qua A°, D. C doi ximg
val dutmg tron (O) qua DA™, Pudng tron (O) vit (O) biang nhau. nén hai
dudmg tron qua A”. B. Cva A, D. C ciing bang nhau. Hai duémg tron trén
lai €6 diy cung chung la A'C nén doi xing véi nhau qua A’C, tie 1a E doi
xung voi 1 thuoe duomg tron qua A°, C. D phai thuoe dudng tron qua A,
B. C I dudmg trdn doi ximg véi dutmg tron qua A’ C. D, suy ra di¢u phai
ching minh.

Bai 4.
e il qea 12 il
X" =li-1=2 X" —1{=3
i {
w) [x*=1|-1|=2 < < |
) 5
[lx?=1l-1=-2 L =1 =1 (loai)
L Ll
. [x*-1=3 [x=2
< T -1=3 & =
b B e ]
LX"=1=-3(loai) L=

by (e x>

(D<= (3m - X >-2(m+ 1),

1) Néu (3m = 1) =0 thi (2) ¢6 vo so nghiem (low).
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N s o Go 3% -2(m=+1)
2) Néu 3m — D < 0thi (2) co tap nghicm i x < — ;
3m-

D¢ thay (1) vii (2) khong ¢6 cung tap nghiem (loai).

o R e b -2(m +1)
3)Néu B3m - 1> 01thi (2) ¢6 tap nghiem lax > T
3m-
Viy (1) v (2) ¢6 cung tap nghi¢m Khi vivch: ki
m 2m+1)

= < 3m -m=-6m-0
3 3m

2 <a
<2 3m” + Sm + 6 = 0 <> phuong trinh vo nghicm,
Viy khong 10n tai gid tri m nao de (1) va (2) ¢o cang tdp nghi¢m.
Bai 5. Goi | 1a nhom c¢ic tam gide ¢o cie canh 1 cde so nguyen viv chu vi bing
2009 vi 1 1 nhom cide tam gide €6 cie canh la cdc so nguyén va chu vi
bang 2012,
Lay mot tam gidge bat ki thuoe nhom 1. Goi 3 canh cua tam gide ki k. nom.

Giastkznzmtacom+n>K Laybobasox=k+l:iy=n+1:

s =m + |, dé thay x. v. 7 la cic canh cla mot tam gide ndo do thude

nhom 1L Suy raa < b. (1)

Lay mot tam gide bat ki thuoce nhom 11 Goi ba canh cia tam gide do 1 K.
NoMAViK2N>2M Tacd K- 1, N = 1. M = 1 L ba canh cua mot tam
giic thuoe nhom 1 Thit vay

[M+N=K+1
-

ViM+N>K=
IM+N>K+1.

NeuM+N=K+ [ thi M+ N+K=2K+1=2012v0 li (loai).

NeuM+N>K+1thitM-1)+(N-1)>(K-1) (*)

Taco K2N2M=K-12N-12M-1 *"

o Néu M > 15 thi e (), (%) (***)taco K- LN TvaM - DHlal
¢anh cua mot tam giac thuoe nhom I => b <a (2)

eNCUM=11hi [K-N/<l >K=N=2K=K+N=2012 M=2011
vo li.

Tu(hHva2)tacdéa=b
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pé3

ai 1. N phai la 56 ¢6 a chir so. Goi N = abed.

N+S(N)y=abed +a+b+c+d=100la+ 10Ib+ llc +2d =2012
=a=2:b=0:c=0:d=5. Viy N =2005.

ai 2. Gia surx = 0 la nghiém cua phuong trinh

P
2x7 -x"+a” +2|=2a+1

()]

thi —x,, cting l& nghi¢m ctia (1). Do d6 dé phuong trinh (1) ¢6 mot so I¢

nghié¢m thi O cting phai la nghiém cua (1).

0 Ia nghi¢m cua (1) nén

5
5 a”+2=2a+1
u'+2!=2a+l &5

3
a“+2=-2a+1)

n 1
\'maz—; Sa=1.

Véia=1thi (1) c6 dang [2x* - x? +3} =3

x=0
4 2
2x"=x"=0 & 1
<> X=%—
| * =%
{o & 3 ; ;
[2X7 X7 +6 =0 (vo nghi¢m).

Viva=1.

. Taco (h.60)

AX ' BY A CZ _ ’,\C\E BC -
XB YC ZA BC AC AB

Theo bat dang thie Cosi ta ¢é

‘-

AX BY (7 AX BY CZ
| + >3 ———— =13,
XB YC ZA

3
XB YC 7ZA '\f

2 'vi
+|

o [AX
Mat khic luon ¢o ! QTJ | o=

(C'/.

+
| <7a

()

sl

Hinh 60

AX G BY ‘_(_‘7.

XB

YC

bl

LA

3
\=

)

23.(2)



T (1) vr (2) suy ra :

(,\x) [IQYJ (CV.J JAX BY CZ
_XB YC ZA XB YC 7zA

Diu =" xiy ra <> AABC la tam gidc déu.

Baid, Taco

x—y=3m J y+3m
= (hH
l_\ +\p\\ =0 l (y +1m) =0
[y<0
{

f——
(e \'_\ +3my =-2y & {
3yT=3my =0

y=0
Viy @ Néum 2 0 thi hé ¢6 nghi¢m duy nhit { 3
X =3m.

=M.

=3m X =4m
Néu m < 0 thi h¢ ¢6 hai nghi¢m [ :
v

Bai 5. Lay cic duomg thing d, ¢o phuong trinh tuong g nhu sau
b hJ
dry=ax*-a - véia=10vii=1.2 . 2000.

DE thiy 2000 duomg thing trén doi mot cat nhau ta cie diem ¢o wa do
nguyén viv khong ¢6 ba duong nio dong quy.

pé4

Bail. Dt VT =x"+v2 4+ 7 vl VP = (xy)’

Xét cie traong hop
2 ' 2 2 2 22 o 2 2 z 2
D xovdeulé dox™ + ¥ 427 =Xy nénz” = X7y = (x7+ y7) 1d so le, suy
razlc.
o 2 2 I 2 _—
Khido VT =x"+y 47" =3 (mod 4): VP = (xy)” =1.1 = | (mod 4) vo li.
2)x ¢ vy chin:
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Khi dd. VP chan. vay VT chin. suy ra 7 l¢.
Khido VT =x"+ _v: +2°=1+0+1=2(modd):
VP =xy

x chan vy chian. suy ra zchin. Datx =2a: v =2b: 2= 2c.

3

= 1.0 =0 (mod-h vo li.

3

o A 2 ) 2 it N 5 - 22
Taco: (20 +(2b)" + (2 =4dub = a " +b +c"=4a’b” (1)
Lat o a” + b™ + ¢™ =0 (mod 4). suy ra a, b, ¢ phai cung chin.
Bata=2a; :h=2b, ¢ =2¢ thi (1) tra thanh aj + by +c¢j = 16ajb].
Li luan wong te nhue teen, ta lan ¢6 ag, by. g chine Nhu vy, ta co the kéo
dit vo han lap ludn trén. Nhumg néu phuong trinh dd cho ¢6 nghiem
(Xtr-YouZg) thiiXg =¥y =2,= 0.
Vay phuong trinh ¢ nghicm x =0, v = 0. 7= 0.

Bai 2.

Al LI ) o
Px)=x"+bx+c=>P(x)+ P(x+vb™ =d¢) =

= by Fe+ (X4vhT—de)  +bx +Vb —de) b
3 - 3 =
=2x"+ 2(b+ Vb —dcpx+b  +byvb —dc - 2¢ ;
P(x) + P(\+\F —-d4¢) =0

& 20 12 (h 4V bE e IX H bbb e =20 =0 (h

)

f oo\ 5 fo
Taco: Ay, =[ bavb’ —de | =2[ b +bb —dc-2¢|

> By ) j 3 2 N
= b~ +2bvb™ —dc -2b” - 2byVb” —dc+dc+ b —de =0,
Vay phuong trinh di cho luon ¢é mot nghiém Kép.

Bai 3. Ta co

X7 -2xy4dyT23(x - 2v) -3 h
)
< (x7 2x+|)4(4_\'1¢4_\'+l)—(x-IHZ}'+1)2()

[ Qv+
& (X =1)=—=—=

3 5
+ - (2v+1)” = 0 hién nhién.
2 4 =

[
Viay (1) luon dang véi moi gid tri cua X, v.
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Bai 4.

w) Goi . b, ¢ la cie canh tuong dng doi dién vai cac dinh AL B, C. ta ¢6

r <,l, 0(.1+hfc.)

5
m>+n’ 20 + :l
<> a + b < 2c¢ hién nhién.
b) AE =m, BF =n (h.61).

GiY a+b-c
Taco r=——mr:

[s}

19]

S s AE
=c¢,nén —— S~

2 2
S(\E—n _

(z|+pr—c7)7

1]
P

=
!
K™ =l

o
P

(.xw-h u
s5¢?

2 (F—l-
%)

s 5 r
T va 2yt cd —5
m” 40

Dauy ="
Bai 5. Taco:

4. .4
X +y

2.2 2 a8, 32
(X"—y + 1)y +4xy =x"=-y

51, g B 59
— 2Ky -2y +2x7 +4x%y°

c>(.\:+\j)j+ x° 3_\“‘+|=(1

e (0 + }")‘ -3+ _vz) sr=—a<0.

bat x4 y: =1

- f

(I)c:l ~ M+ 1<€0e — -

Vay (¢ + Y = . Dilu =

Faal5, o=
==

xdy ra <> AABC vuong cén tai C.

Xy ra e

2 2.2
T a+b-c)y<c

Hinh 61

(2)

w’;m

5

3+45
=




'{+\/§\ [”'7 3«-\‘"?\

Cic diém M tim duge i : M, (0: 22¥2 M,
: )

Vo2

\ = /

] 3 3-\.‘"5 P T e
(X7 + ¥ )pin = = . Dau =" xay ra e

' -5 3-5
Cic diém M tim dugc 13 : M,[(); 3 7‘/" } va M,[n; LR

2

SO

pés

+2012 ¢+2012 )
Bal 1. “Ti o6 be +ca = LIA( 162012 242012 )
y=-x{2012-y x-2012)
V+X 2.2012(x-y) _ '2‘20],‘,2(;‘+-Y’
y=x (2012-y)(x=2012) (x-2012)2012-y)"
(x+2012)(y +2012)  22012(x +¥)

(X=2012)2012-y) (x=2012)2012~-V)
_ (x=2012)(y -2012) _
(x=2012)2012-y)

A=ab+ac+bc=

Bai 2. Taco

n+S2011.n)=2012 = n< 2012,

Dé thay n phai li s0 ¢6 4 chir s ()
Taco 2001 1n < 2012.2011 = 4046132 = 201 1.n 1dn nhat I so ¢6 7 chir so.
=n22012-7.9=1949 (2)

Mat khice, n + S(2011n) = 2012n (mod9)

=>2012(n - 1) =0 (mod9) = (n - 1) =0 (mod9) (3)
Tu (). (2)va(3)tacon €{1954, 1963, 1972, ... 2008}.
Thir L d€ thay chi ¢ n = 1972 thoa min.

Viyn=1972.
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Bai 3. Gid str h¢ ¢6 nghiem duy nhat L (. vh DE thiy (. xg) ctng la nghicm
cwit hé, suy ra xg = ¥,
" &2 3 2
Vi xp= vplacod Xg” =Xg — 4%y +4ax,
X =0

5
= Xp(Xg - Xp+a)=0=

2

Xg =5xy+a=0.

)
5 s . | X7 =5x+a=0 vo nghicm (¥)
Hé ¢6 nghiém duy nhit thi

X" —5x+a=0 ¢6 nghiem kép x =0 (**)

Taco (*)vonghitm e 25-Ja<0<a>

|5

(**) co nghiém kép x =0 = a =0 (loai).
7‘ 2
Véia> “4—’ . tir phuong trinh (1) ta 6 y* = x(x* — 4x + a) 2 0.

25 2 >
a> T S X -dx+a=(x-2)y+a-4>0.

X —dx+a>0
Do nén x 20 (3). Tuong wr (2) = y 2 0.

x(x:—4x+u)20

(ii'.isfrxzy:xlzyldoxaow‘lyau
\1 2}'3 = x(x: AX +a) = xl - .‘((,\c2 ~dx+a)z0
S ox(C o Sx w20 -x20 (@) (doa- 5%+ >0)
Tir (3) vt (4) ta 6 x = 0. Vay hé ¢6 nghiém duy nhitx =y =0.
_— 25 E
Dipso:a> e
Baid. a) Lay E doi ximg C qua AB. Goi I Ia giao di¢m
ctia ED v AB (. 62). A | "
1) Néu M thude doan Bl = M ném trong ADBE M
= DB+ EB> DM + ME

= AC+ AD> DM + MC.,

Hinh €2
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2) Néu M thuoe doan Al (h.63) thi M nam trong
AADE.

=DM+ ME<AD + AE A )

=DM +MC<AD + AC "
b) Goi O li giao dicm cia AC, BD (h.64).

gt R gz 2. AC )
Dé thity NA™ + NC™ = 2NO™ + fz—f Hinh 63

N

NB?+ ND? =20 + 22

- A
suy ra NA® + NC? =NB’ + ND’ v6i moi di¢m N,

Viy tip hop cde diém N 1 1@l ca eic dinh cua ma 0
phing qua cic diem A, B, C, D.

Bai 5. Gia sur ta dianh so cac dinh theo nguoe chicu kim D
dong ho la 1, 2, 3, ..., 5000 (h.63).

Xéttap Ap={1:1001:2001 ;3001 ; 4001},
Ay = 12,1002 :2002; 3002 : 4002},

Hinh 64

Ajgoo = 11000 : 2000 : 3000 ; 4000 : 5000}.
Chon ra tir tap hop {1, 2, 3, ... 5000} 2001 diém thi
luon 16n tai ba diém thude ciung mot 1ap hop A
A, (i = 1.2 ... 1000) nao dé. Dé thiy ba diém tuy ¥ ik g

cua tap A, luon lap thinh mot tam gide can.

Pés
Bai 1. Taco
2x:+2y242xy+x+y=0 (1)
Dat:x+y=S;xy=P.
52

Tacd: (x + )-r)2 >4xy, hay P < T
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Ax+ v Oxy H (x4 y)=0

2§8°+8 8

28 P+S=0=P= 22 < 5§ 425590
6 4

=-2<Ss0miSeZ=8=4{-2:-1:0}.

Vai S=-2==P=|

S==1=P= L (loai)
6

S=0=P=0.

Vay ta duoe cie bo nghiem (0, 0) 2 (<1, -1,

- : i I
Bai 2. Dicukign: x 2 .

(e (Vax—1+3)+ Vox-1-2/=5 2)

2WSK-T41=5 néu J3x-1 22

Z (VT +3)+(2-5x-1) =5 neu VAR-T<2.

Vay phuong trinh (1) ¢6 vO sO nghi¢m vor moi gid tri X thoia man ¢ sxsl.

Bai 3. P =lab + be + ca —abe < b+ bl + ¢ al < label. o

o Al 3
Patjaj=x:bl=y:jci=z. medx"+y + 2 =3vix20.y20,220.

N

T
Matkhic:3=x"+y "+ 27 2xy+yz+uzx:

3=xt4 _v: vz 3'\',1[(.‘,\'/1" > XyzS = xy+yz+ax+xyzsd (2)
Te(hHva(2)=2P<d = maxP=4.
aj=bl=lc

Diu =" xdy ra <= 1 jabe = —abe

SR
a”+b”+¢”" =3

<2 trong ba 0 a. b, ¢ 6 mot s6 bang —1. hai s0 hing 1. hoiac ¢ ba s6 déu
hing =1.
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Bai 4.

Bai 5.

198

Kéo dai PQ cat (O) tai E. Do AD ticp xtic
vai dudmg tron ngoai ticp APQN tai P

= Py =Q, (h.66).

A sd}c\:' + sd(F) _d \—<+ sd,-\AB

Py =

2 2
o s Q
= sdAE=sdAB = E = B. Lai c6
e N
3 A —
AQB = “'\' A“'SD ~CAD Hinh 66

= AC la tep tuyén clia dudng tron ngoai ép tam gide APQ.

Giit sir 10n i hinh thang can thod min diéu kién do dai canh 16n nhit
hing 13, chu vi bing 28.

Trieeimg hop 1.

Canh Idn nhit I canh diy DC (DC = 13). A 2

Goi AD = BC =a vd AA" = h (h. 67).

o A ;(CI)—AB)

](H—Iw_.n a-1. iHnker:

Taco: AD = AAT + DA =h> + (a— t): Sat=h+ @1y

<h=v2a-1.

S_\,m,—-h—( \B+Cl)l =v2a-1(l4-a) = V2a-1.VI4-a . VI4-a

32
((Vamt) (s (i) =
3 A M
Diu =" xay ra¢>a=3.
Triccmyg hop 2. (h.68)
Hinh thang can ABCD ¢c6 AD = BC =13 B ¢
VIAB+CD =2 Hink 68



. (AB+CD).AH
e e

< 27.

2.13
3

Do d6. hinh thang cin ¢6 do dai canh I6n nhit 1 13, chu vi bang 28 thi
dién tich 16n nhat chi ¢ the 1a 27. Nhu vay khong thé 16n i mot hinh
thang can ¢d tinh chat trén ma dién tich bang 27,0001,

pé7
Bai I Taco A=1...155..56.
n (n-1

Datx =1L i 107 =9x + 1.

n
= A =(3x+ 1) liso chinh phuong.

Bai2, Taco: Y2x+3+1=x" +3x°+2x & {2x+3=(x+1)' —x-2.
Dity+1=32x+3 = (y+ D =2x+3. ()
Phuang trinh da cho trg thinh
y4l=x+ D -x+2) =+ D =(x+y)+3 2)
Lay (2) = (1) taco (x + 0 -(y + I)‘:_\‘ X
< (X -y (x+ 1P+ (x + Diy+DH+(v+ 1)+ 11=0
¢>x=ydo(x+l):+(x+ I)(_\'+l)+(,\'+l):+l>()

Thay x =y viio (1), 1a duoe
x==2

(x+ 1) =2x+3ex+) (K +x-1)=0 | x=(-1-v5):2

x:(fl—‘-ﬁ):

(]

) 5
Bai 3. fix)=ax +bx+c(a=0)
Tacd M(x) <1 vai ¥x e Rthoaman x < 1.
Vai x=1l=|(h=la+b+c =1,

x==1=|f(-l)j=fa-b+c[ <L
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Baid, (h.o9)

200

Xx=0=[f(0)=¢ <.
a+b =/(a+b+c)+(-c) Sla+b+c + ¢/ <2,
fa=bl=/(a=b+c)+(-c) <la-b+c/+c[ <2
:*.s(n+b)'1£4\‘hl;1—h):s4:2;|:+2h:S3:u:+b254
= da” + 307 <’ + 4b° < 16,
Ching han, chon f(x)=2x" ~ 1 (a=2:b=0:¢ = 1), taco

-

. i v | 5 3.2 2
F(x) = 2x7 =1 < | voi moi X thod mdn X/ < 1 vida™ + 3 = 16.

Vay giid tri lon nhat cia 4a” + 3b° 13 16,

AM | AM
o,

W PQ < PI+IQ = =AM

= PQ < AM < AC
> PQ Idn nhit = AB = AC,
Diw =" xay rakhi Motrang B hode M riing C.

P i o i e
Q\ AM = PQ = AM.sin60" > AH.sin 60 Hinh 69
sin

e

bl V3
> PQ nho nhiat = AH. =

Diw =" xay ra <> M = H.

by Cic dicm AL PO H. M, Q déu nam trén dutmg tron dudmg Kinh AN
Tt gide APHQ ndi ticp mi PAH = HAQ = PH = 1Q. Ta ¢6 2 HP = 1Q : 1P
= 1Q = IH qua O. Goi T kv tam duimg trdn ngogi 1icp AABC : E, F urong
img 1 giao diem caa BK via PM, CJ vit MQ.

D¢ thay ti gisic METF i hinh binh hinh.

ME  MF
MP MQ
Gor N i trung diem cua EF. Theo bo d¢ hinh thang ta ¢é 2 T. 0. N, M thing
himg. Vay MO luon qua T ¢o dinh. khi M di dong trén BC.

= EF // PQ.
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.1 F . fn . ) I~ 2 a " o ~
Bai 5. Gui surton tai X € R sao cho X +v2 vl X7+ V2 déu i cic so hiru

=

) 3 3
X+V2=a,aeQ=>x =(a-v ;

2y =x

3 (5.2 3 A I
=t o320 +6a-2V2 V2 =t v 6u -Gt N2

D thay dé x* +v2 € Q thi (3a® + D =0.v0 i

Vay khong 1on tai gid tri X € Q sao cho x+v2 vit X° +v2 deu la cie so
hiru i

Dé s
Bai 1. D¢ thay moi x € Z va x = 0 déu khong 1a nghi¢m cta phuong trinh. Néu
x<Odarx ==k vik>0.
HNGuk=1thi 2505 7
2008 2009

4Kk >3k

201252011k
=M 2T £ 2010% + 201250 (v6 1),
HNGukz2thi KM 22200
3.}\‘:“”)4}{:“(“.
2001k > 2012

2011 2010 _—
X + 2X + .+ 2012 <0 (vo lid.

=5
Vay phuong trinh (1) Khong ¢6 nghiém nguyén.
Bai 2. Do x, la nghi¢m cua cdc phuong trinh (1), (2). ... (2012). ... (n) nén
5 5 3
Xo i Xg+ by =x" + X+ b= =Xy +agxg + b, =0,
Cong cile ve teo :
2
nXg + @+ + . Fa )Xo +by b+ +h =0

3 iy iy b it by +by+..+b,
S e A [l B B gy +——— =0
\

\ n n

X lnghicm cda phuong trinh ().
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Bai 3.

202

Mat khac, theo dinh i Vi-ét:

Xo+ X == 1 X+ X3 = =iy X+ Xy = =2y,
Cong cie vé. taco

X+ (X +Xo+ ..+ X)=a) +a3+... +dy)
(X +Xp 4+ X,) (@ +ay+atay)

< X+
n n

X +Xa++ X, Gty +ity +..F2t,)

ba x= . SUY A X +X=-

n n
=> X cing la nghi¢m cua phuong trinh (%),
XptXy+...+X,

Viy phuong trinh (*) ¢6 cie nghi¢m L x vt x =
n

Cach 1. (h.70)
Goi E I tim dudng tron noi ticp AN
AABC. Do AMBC vi ACBN theo

thi tr can tai B va C nén ur guic

BECI la hinh binh Lanh. Ap dung

dinh i Ménélauyt cho AMCA vai )
ba diém thang hing 1. K. X, ta co

KC XA IM

-

KA XM IC
L Ke_Ic BE o N "
XM MM Inze
SAEBwsYIMo AR BE o
XM M

Ttk @y A8 KC

XM XM
= AB=KC.
Cach 2. (h.71)
Goi X la giao diem cia IK v AB.
Dung hinh binh hinh BXED
= BX =DE.

M Hinh 71



Y la tam duomg tron noi tiép tam gidc ABC. Dé thay ur giic BYCI 1a hinh
binh hinh vit ABYD = ACIL (g.c.g) = CL = BD = XE.
Suy ra i gidc LXEC 1a hinh binh hinh. do CL //XE va CL. = XE
= CE // XL // AD = 1 gidic CDAE [ hinh thang. ma Aj = A2 = Dy
= Ut pidc CDAE Ii hinh thang cin = CA = DIE = BX.
Taco CA = BX md AX = AK. Vay AB = CK.

Bai 4. Goi cic so phai tim L abed (a2 0).
Trucmg hop 1 -
a.be |1,21, ¢co 3 cich chon, d ¢d 2 cich chon = chon duge 12 50.
Triecmg hop 2 :
b, ¢ e 11,2}, acd 2 cich chon, d ¢6 2 cich chon => ¢hon dugc 8 0.
Triimg hop 3 -
¢, d e 1.2} wong wrnhu truong hop 2. ta chon duoe 8 56,
Viy s0 cie so im duge a0 12+ 8 + 8 = 28 (50).

Bai 5. Ncu x =y taco [(0) = f(x) + f(x) 7
S f(x) =X+ fl()l_

2
“j“’ = (0) = 0 = f(x) = x°,

Neux=y=0tacof(0)=0+

Ihir Lai dé thay f(x) = x~ thod man dicu Kién cua dé bi.

LR
Bai 1.
W x=1=lx-20+1 e x- D= s 1)
e x? o2+ I=x0 - 2x(2u- 1+ (2a s
<> da |)x=4;|"’ ~da=Hata - 1

Dé thay phuong trinh (1) ¢6 nghiém duy nhit < a # 1 viinghiem cia (D) 14
X =

b) Gia st (1) 3 (2) 2 (3) déu vo nghicm, ta ¢ :
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;hz—;|c<() ()
{cz—ub<0 29
ia: —be<0.  (3)

o . 3 . TN LA LN v
e vecua (1) 2N 3 acda + b+ ¢ <ab+ be +ca = voli

Cong ¢
Viy mot trong ba phuong trinh trén phai ¢6 nghiem.
Bai 2. Goibasodélan-1:n:n+ 1. TacH:
] ) ]
m-ly<m-Imn+=nn"-1)<n
=> tich ba s0 nguyen duong lien tiep khong the La lap phuong cia mot <o

wr nhién,

20 2N 2002 2 > P
N Vit g(x) = X7 - | vitdu cudi cung cua

Bai 3, Goif(x)=1+x-x" + X
da thue 1(x) cho g(x) lvax + b,
s
=[(x)=hx). (X" =D +ax+b, (th
o do h(x) K thurong cua di thide f(x) cho g(x).

Vaix=ltacilih=al+b=1:

x==lwcil-h=a-H+b=-1,
[a+sb=1 a=1
SUV T =
{—a+b=-1] [b=0.

Viy s0 du cuot cung trong phép chia 1(x) cho g(x) la x.
Bai 4.

Goi I L giao dicm cua BC vt PA

(h.72).

Taca PO J/IC VI PO L AB

viAB LIC.

Do PO //1C v AO = OC

= Pl'=PA.

CoPl=PANABD //IA

= BK = KD.

Bai 5. Taco:(x+v) =(x - v)" +4xy (%)

Hinh 72

Xy =2012 (1) = cdc cap (x. y) thoa man (1) 1a (1. 2012) : (2, 1006) :
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(. 503) £ (2012, 1) (1006 : 2) v (503, 4)
= (X - ¥ 2503 - 4) (**)
Tir (%) v (%) = (x + v)° 2 4997 + 2012.4 = 507°
= (X + V) 2 507 = (x + v) nho nhat bing 507.
_ , [x=303.y=4
Dau =" xdy ra khi
x =4,y =503,

Bai 6. Goi H. K theo thir [ trung dicm cia AB. CD. A

Lay M. N thuoe doan HK sao cho HM = KN =8 (h.73)
= MN = 20,7 via MA = MB = NC = ND > 20.

Trong siu diem A, B. C. D. M. N thi khoang cich
gilta hai diém bat ki déu Ion hon 20, Xét 6 dudng
tron tam A, B. C. D, M. N ¢6 bin kinh 10. D¢ thay
cic dudng tron nay ngoai nhau nén ching khong

M

)

¢6 diém chung. Vi trong hinh vuéng chi ¢6 5 di¢m
nén 16n tai mot dudng tron khong chia diém nio
trong 5 di¢m d6. Goi O i tam cla duong tron d6
v O chinh L diém thod min cic yéu cau cla dé bai.

Bai l.

xz22

K

Hinh 73

a) Dicu kién : .Datt = Vx -2, taco phuong trinh

x#-3+2J5

|2 502427 -10% +2) 41

= 5 3 :9(I—I)‘i=():;>[=|:>x:3.
(1" +2) +6(1° +2)-11

Thir lai ta thay x = 3 la nghiém cda phueng trinh di cho.

b) Didu kién x > 4.

Ta ¢6 phuong trinh VX S164Vx* -9 =7,

Dz}tu:\ixl—l():\'*\.x:w‘) =u20vavz20.
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u+v=7

Ta c6 h¢ phuong trinh =>v=4=>x=35.
vo—u =7

Thur lai ta thay x = 5 1a nghi¢m cua phuong trinh di cho.

€)2x=5-y = 5-y20 = |[y-5=5-¥

[2x/+y=5 [2lxi+y-5=0
J = |
|x+2)y-3=3 lx+25-y)=3

{x+205-y)=3 H.\=0.6
1.\&2() ly=3.8
i1 —
‘—2\'+y—\*() Jx:—l
{X+205-y)=3 ly=3
x<0
. Ix=0.6 x=-|
Viay h¢ ¢o nghi¢m | hoic
!y=3.3 y=3.

Bai 2.
aVixyeZvadx +5y=T=xy<0.

- . [ 21+13x _ 21+13.3
*;\Cu.\>()\'u_\'<():>5x—3‘)"=5x+3_\’=-»T~ 2———>].

hl

214153
hl

ENGux<Ovay>0= 5x/-3ly|= ~(5x+3y)=—(

/

"~

L413x)  =21-13(-2)

5 ) 5

Vay ta luon ¢ /x| -3y > 1,

pve o e SAEED z
h)]ncu\ulnlz—;—\'mu.be[u:ﬁ]\‘n{i-us?_.

Thit viy : 4(ab + 1) 2 (a + bl esa’ + bl - 2ab< 4

e (a- by’ <4 [a—bl <2 hién nhien.
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Do dd Vab+1+ybe+ 1 +vea+1 2 _u-:t:+h:c*c;u =a+bh+c.

Dau =" xiy ra <> fa—b|=|b-c|=|c-a|=2.

Bai 3. ) (h.74) Gi sir dudmg tron ngoai uép AAMP
Vit ABMN cit nhau tai mot diém thi hai khic
M la K. Dé thay :
PKN+C=A+B+C=180° ‘
=> ur gilde PKNC noi ticp, hay duong tron &
ngoui ticp ANPC cing qua K. Viy ba dudng
ron ngoai UEp cie AAMP, ABMN vi ACNP Hinh 74
cit nhau tai mot diém,

b) (h.75) Goi FF 1 trung diem cia BP
= AFIK can o F

=> AAQE cin 0 A

s §Bietad o

= AD // QE, hay AD // IK.

Baid Giasi 2x° + 19x +45=p-.pe P

=(X+5)2x+9N=p

Do p L s6 nguyén 1o nén,

x+5=1 5=

L (loai) Kk P (loai)
2x+9=p° 249 =1
X+5=-1 Xx+5=
! L (oai) J P (loai)
[2x+9=-p~ (2x+9=

3 §=-
X+5=p (loai) {‘. (loai)
2+9=1 2x+=—p

Vay khong ¢6 s0 nguyén x nio sao cho 2x7 + 19x + 45 bing binh
phuong clia mot s6 nguyen 10,
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Pe

Bai 1. Trong bon s6 a;, ty, a3, ay luén 16n tai hai s6 ching han a; = a, (mod3) =

()~ 15) & 3. Trong bon 86 as. a. 4. i5 cling 16n tai mot hi¢u khic chia hét
cho3 =P i3 ()
“Trong nam s6 0n tai hai 6, ching han a; = as (mod4). nén (a, -~ as) & 4
Moi bo ba 5o trong bon sa a,. a,. a5y s¢ o hai 0 dong du vai 2 nén o
bat hi¢u khic nhau cing chia hét cho 2. Vay P 2% (20, Tie (1) v (2) ta ¢6
i3 x2 =288,

Bai2. bat Vx=u: Jy=v: =1 taco

u+v+1=0 (h
uv+ vt +lu=-3 (2)
uvit=-2, (3)
Tu(l)=>v+1=-u (1"
2
T )= via= ==, {3%)
u

T2y > uv+n+vi==3 (27
2 3
=u(-u)-—=-3=u" -3u+2=0
u

» =]
=u-1)(u+2)=0= {
u=-=2,
Tur do h¢ 6 ba nghiem (x, y. z) = (=8. L. 1)1 (1. 1. =8) 1 (1. 8. 1).
Bai 3. Dat S =ab + be + cathi

Ve urdi (1) = — +
ca+be ab+ac be + ba

S el i L. _I__.)_q
Lcu+hc ab+ac beica)

1
—[(cu+hc)+(ah+uc)+(bc+ca)].( L, b 5 ]—3
2 ca+bc ab+ac bc+ba
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2-9-3=

1 | =
[SSREIeY

Diu *=" xdy ra & ab = bc = ca <> a = b = ¢ <> AABC li tam gidc déu.
Bai 4.

a) (h.76)

o Phan thudn :

Lay K ¢6 dinh, K 1 di¢ém chinh gida cung

AB. Ta c6 AMHO = AFOK (c.g.0)

= MHO =KEO =90° A B
=> E thudce dudng tron duong kinh OK. Hinh 76

o Phan ddo : Hién nhién

Lay E wy y. E thuoe duimg tron duong kinh OK. Noi OE cit (O) tai M.
Ké MH L AB. D¢ thay OE = MH. Viay quy tich E la duong tron duong
kinh OK.

b) HD : Sit dung cong thire Pytago v dinh 1f Bunhiacopxki. ban doc nr giai.

Bai 5. Vinlasé nguyen 1¢ nén (—x)" = -x", (2)
Thay x boi =x vio (1) taco: ;ll'((—x )" )-l— f(—(—x)“ ) =—bx.

Do (2) ta duoc : af(=x") + f(x") = -bx. (3)
Giai he (1) va (3), ta duge :

- I
l‘(x")=—h'—‘ = 1'(x)=h'\"‘ (azl).
- - | G
pé 12

Bail. Xcéteiesday =7 ay=77.a3=777. ... aygp= 77..77
2 3 ] U C A
2012 chir o
D¢ thay trong 2012 56 ay. @5... @92 NOI trén luon ton tai hai so chia cho
2011 ¢6 cung s6 du. Khong mat tinh 16ng quiit goi hai s d6 Liva, viva, (i > ).
Tacod a,—a; 2011

209



= 777.7-77.7 = 71.77 00..0 = 77..7.10' { 2011
Ay’ b o v eI R A
ichitsd  JChrsd  (i-j)chirs6 jchiso

=TT B5201 1
Vay 16n tai s6 te nhién gém toan cic chir s6 7 va chia hét cho 2011.

Bai 2. Diduki¢n Ay, 20vaA,, 20,
Goi X 1 nghi¢ém chung clia phuong trinh (1) va (2)

2 2
=Xy +axg+ 1 =0vaxy, +bxg+2=0.

2_, B o
Dé thiy xg #0vha= —0 . p= —20 <
X0 X0
Xp +3 3 ’
:>|a)+|h!=2“0 i =2|xo|+ = 22 [2]x| S
ol Ixo ol
. 1 3 2 3
Dau “="xdy ra & [Xg|==—— < |x¢| ==
ymes ol < fof -3
NI
=g 6
=
..
; - 5
Thu lai ta thdy cdc gid tri a, b trén thod man cdc diéu kién ca d¢ bai.
Bai3. Néux=01hiy=0hoicz=0, dodé —2— hotc —=— khong xic
ay + bx cx +az

dinh => loai.
Viy X, y. z luon khic 0.

[4}]

Tir (*) suy ra ay + bx _ bz +cy _cox+az _ a®+b%4c?
X

2 2 2:*
yz ZX X“+y +z2°
2 2 2
a2 abl et
Dilldwn)—x"1=k-
Xi 4yt
2 2 2
" " a b 3a® +b" +c”
Cong cdc vé, laco: 2[i+—+£)=¥
Xy z X“+y +2°
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Két hop (1) va (2), ta cé hé sau
2 2 .3
a“+b” +c”

alf Al

a b ¢
b 2 2. 2
Xty +z- 2

X y z

2.2, 2
a_a +b"+c¢
+—=——>——=k
X x"+y“+z

2

a

X==-

2 2

L k* -4k =0 b

=14 = = k=4 = y=5
K£0 k#0

[

==,

2

Thur lai vdo (*), ta thiy thoa min.

a b
Vay hé co nghiém x==, y==, 2=
dy h¢ ghic 2 y P

e

Baid. (h.77)
a) Goi F la giao diém ctia AD va (0).

Ta c6 AABD v»» AAFC
= AB _AF _ \BAC=ADAF
AD  AC

Lai ¢6 AD < AF = AB.AC > AD%.

Hinh 77
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Bai 5. Gid sif 1a ¢6 thé dién duoge cdc s6 0, 1, ... 9

b) Goi giao diém cia 0,0, va AD 1a K, 00, va ABla 1, 00, va AC A E.

>)

Dé thiy 1=K =E=90° = K0,0=0,0,0=1AK =", do 1 gidc AIO,K

"~

noi ticp.

[SEls-3)

Tuong . 0,0,0 =KO,E=KAE =" = 00,0, =00,0,

= A00,0, can § O.

vao cdc vi tri A, B, ... K theo véu cdu cua dé
bai. Goi cdc gid tri tai cdc diém A, B.... K 1a
ay. 4y, 410 (0 do a,eN; a < 9,i=1,2...10)
nhu o hinh 78.

=a tayt...+a=0+1..+9=45

Mt khic. tacé
ay+a+ay=ay+ay+as=as+ag+a Hinki78

=a +aptap=agtag+Hag=ag+agFa=s

=65 =60a; +ay +a3) = (a; + a4y +a3) + (Ay +ag+ag) + ...+ (a5 + a9 +ay)
D6s=(a) +ay+ ... +a)+ 20 +ay+as+ag) =45+ 2a; +az +as +ayp)

=451 2 = vo li. Vay khong ton 1ai cach dién cac s6 0, 1, 2... 9 vao cic vi
tri A, B, ... K theo yéu ciu cia dé bai.

Dé 13

Bai 1. Néun=4k (k € N)thi

[ %]
L]

a= 1"+ 2"+ 3 g s g g g g%
= a ¢ chir s6 tén clng 14 9.

Néun=4k + 1 (k € N) thi a c6 chirsé 1an cing 1a 5,
Néun =4k +2 (k € N) thiacé chirsé tin cung 1a 5,

Néun=4k +3 (k € N)thiacochirso tancungla 5



Vaynéun /7 4ihia? §dodosocic somnhicnn e H=11.2,3... 2011, 2012}
3
vit khong chiachét cho 4 1a " %2000 + 9 = 1509 0.

Bai 2.
W Taed [a] + a) = a0 cong i ve e (1), (2) v (3), say ra
X2y +22= 132+ 143+ 150 = x+y+2=21.3 (4
Te(Dva)=sy—[y]+2-12} =213 132 = [z] + iy} =81 (D)
T2 vt (D= x—[X]+y = {y} =213 - 43 =3 [v]+{x} =70 (6
T viv) = x={x} +2-[2] =213 - 151 = [z} +[x] =62 (D)
Tu Sy (6) : (Mtacd: [X]+ix}=x=06+0=6,
[yl +ivt=T+0.1="T.1,
[2] + {2} =8 +02=8.2.
b) \"+_\"‘:ll(!7 mm 9209 <ms 107, h
Sa’ v = moSu 4 3y m) = mlSu + 3v) m’
m=9u+v)

com’ - (15u+ 3v)m + 54(112 V=0
m=6(u-v).

Dou.ve Znenm : 9hoicmi 6. 2)
Kéethop (1) vin(2), tacd m=96: 991 102,
Mat khic. 87 vil ¥ 1 cie s6 chinh phuong, nén ta 6 m = 99 thoi min cic diéu
kicn el dé b
Vam=9thix=0:y=8:u=6viv=3,

Bai 3. (1.79)
Ban doc ¢4 the welimg minh k¢t qua sau
“Tap hop cic diem M sao cho 16ng cic Khoing
cich e M dén hai canh Ax. Ay bing / (/> 0. cho
rudae) 1 day PQ cua tam gide ¢an APQ va Khoing
ciach PP tir I’ dén Ay bang [, Khoang cich QQ' wr
Q dén Ax bang [I".
.»\'xp dung K&t qua trén, i cd AAPQ ¢o dinh. AAPQ
cin o A, Ké AE L PQ. suy ra E ¢o dinh (h.80).
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D¢ thay 5 diem A, H, E. M, K nam trén duong
tron duong kinh AM. Vay dudng tron ngoai tiép i
gidc AHMK luon di qua mot diém ¢6 dinh thit hai
khic A la di¢m E.

Bai 4. Taco

X X X

VT4 yx7 s xy+yraax Jixeyaxee)
‘ z Hinh 80
b If 2 X
N Y. )
\(x+_v)(x+z) 20X+y X472
\
Tuong w, — i: (2)
/
.
< | ——+——|. &)
Jei+1 2\zty z+x

Cong cic vé cta (1), (2), (3), ta ¢6 di¢u phii chimg minh.
Diu bang xay rakhix =y =z
Bai 5. (h.81)

Gia sir khong ¢6 mot mat nido cda hinh lap A o
phurong chia it nhat ba dinh do.
Vi moéi canh do déu duge tinh 2 luot theo hai
mat ké né nén ¢6 7 x 2 = 14 lugt canh do, mi
chi ¢6 6 mat nén ¢d it nhit Mot mat vai 3
canh do. Hinh lap phuong ¢6 12 canh. 16 ha

hoa 7 canh do nén ¢6 < 5 canh khong to do. A-
Gid str mot mat vai 3 canh do 1a ABCD va o
AD. DC, BC do. Co BB’ khong do vi néu BB’ & b
do thi B' do. suy ra trii gia thiét la mat B b C
ABCD khong the ¢6 3 dinh do. Tuong .
AAT vt AB cung khong do. C6 < 5 canh

Hinh 81

khong do md AA™, AB vi BB da khong do nén con < 2 canh khong 10 do
(*). Xét mat phing CDD'C ¢6 C vit D do nén C°, D khong do.

C*. D" khong do thi s6 canh khong do phai 2 3. %)

Tl (%) v (%%) suy ra mau thuan. Viy phai ¢6 it nhat mot mat cua hinh lap
phuong chira it nhat 3 dinh do.



VI.3. BE THAM KHAO
pE 1
KY THI TUYEN SINH VAO LOP 10 THPT CHUYEN
NAM HOC 2010-2011
(Ding cho thi simh thi vao lap chuyén Todan va chuyén Tin)
(150 phit)
Bai 12,0 dicm)
1) Cho n L so nguyén, chimg minh A = '+ 11n chia hét cho 6.
2) Tim tan e cic s6 e nhién n d¢ B = nt =30t 4 1 o nguyén 10,
Bai 12,0 diém)
Cho phuong trinh : (m*+ 2m+ 27 =’ = 2m+ 2)x - 1 =0,
1) Goi Xy, X, li hai nghiém cda phuong trinh di cho. Tim cdce gid tri cia m
dé X] +X3 =253 (2% %3 - 1),
2) Tim gidi tri nho nhat v gid tri 1n nhat cua bicu thie S = X + X,.
Bai 11 (2.0 diém)

2010
. S A e a + 2010
1) Cho a B so bat ki, chiang minhrdng @
\/.‘an

+ 2009
2) Tim cide so nguyen X, ¥ thoid min phuong trinh

5

Vo NX 2) (- 2x +2) =0,
Bii IV (3.0 diém)
Cho dudmg ron (O : R) vit mot di¢m M nam ngoai dudmg tron. Duong tron
dudmg kinh OM cat dutmg tron (O: R) tai hai diem ELF.
1) Chimg minh gizo di¢m 1 cta doan thing OM véi duomg tron (O: R) la
Lam cha duong tron noi Hép tam gidc MEF,
2) Cho A L mot dicm bat Ki thuoe cung EF chia diem M cta duong tron
duomg kinh OM (A Khiic E, F). Doan thing OA cit doan thing EF tai B.
Chimg minh OA.0B = R,
3) Cho biet OM = 2R vit N 1a mot di¢m bat ki thude cung EF chua diém |
clia duomg 1ron (O: R) (N khie E. F). Goi d la duong thing qua F va
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vuong goe voi duimg thing EN tai P, d ¢iit duémg tron dudmg kinh OM tai

K (khic F). Hai dudng thing FN vi KE cit nhau tai Q. Chimg minh rang:
E

PN.PK + QN QK € *= R

Bai V (1.0 diém)

5 s 3
Glalphunnglnnh:xs M -xtexox+1=0.

HUGNG DAN CHAM TUYEN SINH VAO LOP 10 THPT CHUYEN NAM HOC 2010 - 2011

BAI | ¥ | HUGNG DAN CHAM DIEM |
| | S O e e =t
Tl 20
1 I Cho n la s6 nguyeén, chimg minh A = n’ + 11n chia hét | |
| |cho6 (1,0 diém) 1
e e e
\A=n3 n+ 120 | 025 |
= =n(!11 1)+ 12n ) . ‘L('.l':‘ \
=n(n - 2 25
- nn-1)n+1)+12n S—| )25
Nhin x¢ét : tich cta ba s6 nguyén lién tiép | 025 ‘
(n—Dnn+1):6.VayA i 6 J_
| 2 | Tim :ri"lir_l'_ctit"_.c_(i"lg_r_ﬂf_niéiw .. (1,0 d{é'm) | }
RSB =i eni el —n=ni L R {80230
[ | | == 1+n)yn®-1-n) 0.25
It e e = ==
| ! | VéGinlaso wenhicnthin™ =1 +n>n" - | —n. } 025
2 |
e llaaed) S|
! ‘ } Bl s6 nguyén 16 suy ra wol-n=1=n=2 0.25
| Véin=21aco B=5lasé nguyénto. S | |
L s
| [ chingminh ring .. cogiény |
‘ i | Nhan xét a.c <0 suy ra phuong trinh luon ¢6 2 nghi¢m x|, f 0.25 I
L L_L % o ‘ J




=
[ m” - 2m+2 0,25
‘ ‘ RS e =
” . - . - = 2 |
| ‘ Iheo dinh 1§ Vi-et ¢6 : M hames
-1
Xy Xy =——.
m”+2m+2
5
I xf&xiz!x,xl(lx Xa-1) & (x,w(,) *‘4(\“(1) 0.25
l By 1 2
m-=-2m+2 -
‘ L e o —elte =4(A1 ‘] e m’-2m+2=2.
| | m”+2m+2 m”+2m+2
| Kétludn: m=0,m=2. 0,25
= —i]
2 Timgid tri nho nhat va lon nhat ... (1,0 rlmn) R B
2 on 4 0.25
| =4 = m!__n_l_f_._.
- ! _C m+2m+2 - B B
X\.I phuung trinh | 025
| m’ -2m+2 ) . | |
[ } S=————= & S(m” +2m+2)=m" -2m+2
| m”+2m+2
) “ <:(S—I)m +2S+ hm+2S-D=0.
| Véi S = | phuong trinh ¢6 nghi¢m Khi vi chi khi A” 2 U 0.25
| |
{ e S+ 1P -28- 11206 3-2/2553+2V2,
[ |s=1khim=0 0.25
[ i Két luan : Gid tri 1én nhit cta S bang 34242 va gid tri nho
[ | nhat cda $ bing 3-242. -
I | — - 20
141 (Iumg mmh rmu: . (1 diém) 3
%
a0 20105 2V 42000 &
|
& ™" +2009+1> 1\/.| 0L, ’009 1
3 | 025
(v 201042009 | 2142009 +1>0



2

| !

2 0.25

210 L2009 - l) >0 luon dung véi moi a.

< | va

Tim cdc so nguyen x, y thoa mdn plucong trinh ... (1,0 diém)
_\'3 XX DT X+ =0
Sy =[x D)l 1 1]=0

bl B ) I -
Vol - - =0e [y + (- Dy —(x - 1)) = = 0.25

[ 2 0,25
yHx=1) =1
[y-x-17 =1
=)
J,\ t(X=1)" =~
j.\'—tx —l): =1
Gidi v Kt ludn cie so X, v edn im 1 (x = 0, y = 0): 0.25
(x=2,v=0),
3.0
K M
| Cluing minh giao diem I ... (1,0 diem)
Ve hinh ding v 1 0.25

_ Chimg minh duge ME. MF L tiep yén cua duong tron (O), - 0,25 |

S

218

_ Neu duge MO L phan gide cua EMF, - k 0.25
Chimg minh duge EI i phan gidc cua MEF visuy ra 113 0:23

tam cta duong tron noi HEp tam giic MEF.



2 (Jumg mmh 0A.0B = R H dwm) |

TR |
NeuA =M |h| B = H. Trong tam gidc vuong MEO ta ¢ 0,25
OIL.OM = ()E “ hay OAL OB R'
R — _
Néu A Khie M : chimg mmh duge hai tam gidic vuong OHB | 0.25
Vi OAM dong dang. ] ) 1
X OB OH 0.25
Suv ra §
T OM OA ) - | |
Suy ra OAOB = OHLOM = R2 o 025

v

| Cho biet OM = 2R ... (1 dlem)

| PQ L KN hay K = M.
| (lumg minlt rzim: . (1,0 diem)

trinh vo nghi¢m.

~Pr (8] U . I - v 25
Ching minh EKE =607, I’l\Q =120", suy ra ti gidc KPNQ 0igd
| noi tiep duomg tron duong kinh KN, I
Goi FT liduong kinh cua duong tron dudng kinh OM. | 025
Chimg minh ETKN L hinh binh hinh. suy ra
KN = TE = EF.cotg60° = RV3. X" = R v tinh duoe
3
KN f Ry :
| PN.PK + QN. QK =2.Spng = KNP+ QQy) < KN. l’Q 0.25
i P Q, lin Ig{gn Vlr..lr I_l}»nh thLll tutl P, Qurén 1\.\)._ )
0.25

g
“Vv3
Viy PN.PK + QN.QK < : ’,“:

. diu bang xay ra khi

Vix® 4 x + 1> 0vdi moi x nén phlrmw trmh dichowong | 0.5

7 5
xluung\-m(x sxr bt ox et et x4 =0

oxex 120 0.5

. 0 5 f 5 1 - P - o
vix'lex+1=| & i 0 véi moi X nén phuong
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bE 2
KY THI TUYEN SINH VAO LGP 10 THPT CHUYEN
NAM HOC 2011-2012
(Dunyg cho thi sinh thi vao lop chuxén Todn va chuyén Tin)
(150 phut)

Bai I (2.0 diéem)
1) V@i a # £ b giai phuong trinh : @ b -2 b +a bi=0.

fo_v—xy=2+3\.’3
2) Giai h¢ phuong trinh : ¢ =
|X"+y" =6,
Bai 1 (2.0 diém)

1) Tim tat ca cide s6 nguyen duong n sao cho n® = 9n - 3 chia hét chon - 11,

2) Vai ba sd X, v, z khong am thoa mén X + y + 7z = 6. Tim gid tri 16n nhat va

gid tri nho nhat cha bidu thie : A = x4 ,v2 +ip
Bai II (3.5 diém)
Trén dudng tron 1am O dudng kinh AB = 2R 1ay diém N sao cho AN = R va

M i mot diém bat ki trén cung nhd BN (M khong tring vai B, N). Goi 1 [a giao
di¢ém ctia AM vit BN, Dudng thing di qua diém [ va vuong goc vai AB tai dicm H
cit tia AN 1ai diem C.

1) Chimg minh ba di¢m B. M, C thing hing.

2) Xic dinh vi tri ca diem M dé chu vi cua ur gidgc ABMN lon nhat.

3

Chimg minh tam duong tron ngoai 1iép tam giic MNH luon thuoce
mot dudng thing ¢o dinh khi M thay doi rén cung nhd BN cia duimg
tron (O : R).

Goi P la di¢m chinh gitra ciia cung AB khong chia diém N cta dudng
ron (O : R). Duong thing MP cat AB 1ai dicm D. Chimg minh

4

::[i + b khong doi khi M thay doi trén cung nho BN cia dudng tron
(O:R).

Bai IV (1.5 diéin)

Tim 1t ¢ cde bo ba so nguyén duong (x. v, 2) thoa man : xyz = X 2242,
Bai V(1.0 dichr)

Chimg minh rang tir 33 so wr nhicn bat ki luon chon duge 27 s6 mi 10ng cia

¢hiing chia hér cho 27.
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HUGNG DAN CHAM TUYEN SINH VAO LGP 10 THPT CHUYEN NAM HOC 2011 - 2012

1

BAL Y

~ HUONG DAN CHAM
! | Gidi phwong trinh (1,0 diem)
Tinh duge A" = &b+ atbt - 20’ =@ ab’y

i L) ] 2
o ; . a’ =b"=a"b+ub”
Tim rachai nghicm @ x; ;

|
u bt
L Y. 2
. ~bh +a"h-ub
"7 i ]
a =b
Lo i
[ | ath
Rt gon duge @ x; i X s
ath B

2 | Giai hé phueong trinh (1,0 di¢mn)

”\—_\‘ Xy 2432

3
3

)
(X" +y" =6 (2)
y s 5
(e x"+y -2y + 28y =6¢>(x-y) +2xy=6 (3)
Thay (1) vio (3) taed
) [
(X- V) +2Ax-y)-4-6J2 =06

b [ g
E (XY H2A L =11+ 632

> ’
s(X y+ 17 =(3+ y2)
__\7_\f--1 v2 (§)

| Thay () vio (1t ed —xy = 272

N = .22 (x: ¥)=(2: =v2),
Gt h¢ _ duge o
h—_v 2442 L(x:y)=(¥2: -2).

Thay (5) vito (1), ta €6 =xy = 6+ v 2. thay tiep vio (3)
Khong thoa min phuong trinh. Vay he ¢6 hai nghiem

iy =242 l\:))—v{x“?: 2).

| DIEM

—

20

S

0.25

0.25

0.25

0.25
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Timn tat cd cdc so nguyén duong n... (1,5 diem)

2 2 0.5
v M == O=3 19 b
Taco - n+2+ 1
n=11 n-1l
| e — ST 4
n”~—9n - 3 chia hét chon — 11 Khi vivchi kKhin = 11 i ude 0.25
cua 19.
Suyra(n-11ye |-1:1:-19;19}.
Véin-ll=1lesn=12.Vain 1l=-len=I0. 0.25
Vain 11=19<n=30.Vdin 1l=-19<n=-8
(loai).
Vavn™ 9n- 3chinhétchon 11khin=12:n=10:n=230.
2 Tim gid tri nho nhat va lon nhat ... (1,0 diém)
*Vix+y+2z=6 025
- 3 2 3 a
S30=(X+Y+2)7=X"+V 427+ XY + V2 4+ 2X).
Vixvevze+xz0nénx™ +y +2 <36 0.25
|x20,¥20,220
Vay A dat gid tri I6n nhit bing 36 Khi {xy + yz+7x =0
(X+y+2=06
<> hai trong ba 86 x. v, z biang 0 v o con lai bang 6.
> > N 5
FLUN CO T (X V) + (Y — 2 + (72— x)" >0 0.25
AT+ )2 2xv + vz + 2ux.
(Dau bang xay ra ki x = v =
I 3.5

1 Ching minh B, M, C thang hang (1.0 diém)

299



Tam gide ABC nhan [ Etrue tim (vi eo han dudmg cao BN,

C CHEcat nhaw i D suy ra BC L AL (D

| Xac dinh M. (10 diem)

ghic déu

| duong kinh

AMB 1 £6¢ noi tiep chian i duimg tron suy ra BN L AT2).
Tie (1), (2) suy ra ba diem B, M. C thing hing.

Lay K doi xing vai N qua AB. Ly E thuoe dn.m thing MK
si0 cho ME = MN, Chiing minh duoe tam gidic MNE Lvam

Clwmg minh duoc AMNB = ANE I\

Suy ra MN + MB = ME + EK = MK.

Chu vi cua ui gidic ABMN bang

BA + BN+ MN 4+ MB = 3R + MK.

Suy rachu vi cta ur gide ABMN LIGn nhat khi KM T

Chiueng minh tam duong tron ngoai tiép... (1 diem)

Chimg minh duoc NHM \()\17_

ngoai Liep tam gidc MNH

Viy tim dudmg ron ngoai mp tam gidc MNH nam tr¢én

Suy ra i gidge MNOH L ui grie ngi iep do do im duong
ron ngoai tiep ni gisic MNOH chinh L tam duong tron

0.5

0.5



t_r [ duimyg trung trye cla dn.'_u.:‘lh:'uig ()§i9}1|@

‘ 4| sion L. MD MD
| Chitng minh rang —— +
 CE o MA  MB

| MD i duomg phin gide cta tam giie MAB. Goi F [d hinh 0.25

| chicu cua D trén MA

khong doi (0,5 diém)

Taco MA DA DA DF |
YUNMB T DB T AB-DA MB-DE |
| \ MD

| |_._ V2 ___MD

[ - e e .

a mp- MP - aMB-MD

\/_

Suy r MAL(V2MB - MD) = MB.MD 025
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min dé b, suy ra ,\'(\" +2) (XY + 2). hay
[X(XV+2) =2Ax - ¥)] E(Xy+2) = 2(x —¥) F (xy +2).
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Vi k=11acé2x -y)=xy+2=>(x+2)(y - 2)=-6.

>

Do x. v nguyén duong vi X > y.osuy ray = [ vix +2 =
suyrax =4, 7z=3.

Thir lai thod mdn d¢ bai.
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50 nguyén duong tud

120 = (4 10 3) vivede bo so (x X 1), trong do x 1a

v. thoa min d¢ bai.
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Chimg minh rang tic 53

Ta chimg minh tir 5 80 tu nhicn bat Ki luon tim duge ba so
it tong cua chung chia hét cho 3.

. mai s6 wrnhién Khi chia cho 3 thi ¢6 phan du L0,

Néu trong 5 s6 dur c6 mot 50 bang 0, mot 86 biang 1. mot so
| bang 2 thi tong cua ba so wr nhi¢n trong (ng voi ba so du
nay la chia hét cho 3.

Neu 5 s6 du chi nhan khong qud 2 trong ba so 0. 1. 2 thi theo
nguyén tic Drichlet thi ton tai ba o du nhin ciing mot gid
tri vit 10ng cta ba s6 1 nhicn wong tng i chia het cho 3.

| Tt 53 56 1y nhién di cho chon dudc ba s6 ma tong ¢l

chiing 1a a; chia het cho 3. Xét 50 50 con lai chon duge ba
50 mit1ong 1 ay chia hét cho 3. Lap lai lap ludn nay. tr 53

0 ta chon duoe 17 bo. moi bo gom ba s6 ¢6 tong Lan luot 1

117 540 cho moi tong déu ¢

dp. . .. 1a hét cho 3

| Chimg minh tueng ur thiy tir 3 50 e nhien bat ki miv moi so
déu chia heét cho 3. ta chon duge 3 56 ¢6 1ong chia hét cho V.
Vay tir 17 $6 iy, dta,.... ty7 ta chon duge 5 bo moi bo gom ba

9 vai

| s6 ¢ ong lan luat 1a by, by, bs sao cho b,
ie{l.23,4,5}

Tir 5 s6 chia hét ¢ho 9 by, bs. ... bs chon duge ba so mi
tong clia chiing chia hét ¢ho 27. Tong cua 3 5o nay chinh L
tong cta 27 8o ban déu. Vay tir 53 so e nhien bat ki luon
duoc 27 56 mi tong cua chung chia het cho 27.
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