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Chi dé 1: BIEN POI bAI SO
Chwong 1: Cén thire

1.1 CAN THUC BAC 2

Kién thire cin nhé:

e (Cin bic hai ciia s6 thue a 14 so thue x saocho x* =a.
e Cho sé thuc @ khéng am. Cin bac hai sé hoc cia a ki hiéula Va 1a

mét s6 thue khong am x ma binh phuong ciia né bing a-

a=0 x=0
ﬁ )
a=x X =a

e Vi haisd thue khong am a,b ta co: -JEE bea<h.

« Khi bién d6i cic biéu thirc lién quan dén cin thirc béc 2 ta can luu ¥-

. A . 40
+ A‘=|A|:{ neu
-4 A<0
+ NA'B =|A|NB = AVB véi 4,B>0; V4B =|4|VB =-4JB véi

A<0:B=0

+JE= (A8 _NAB (i AB>0.B%0
B B |B

M M4

i
M _M(ﬂ$v@)
’ Ji+/B  A4-B

truc cdn thirc o mfuu}
1.2 CAN THU'C BAC 3, CAN BAC n.

vai A > 0;(Piy goi la phép khur cin thirc & mau)

vl A, B=0, 4= B (Day go1 la phép

1.2.1 CAN THUC BAC 3.

Kién thirc cin nhé:

Trang


https://sachhoc.com

Can bac 3 cua mot so a ki hiéu la %"'E liso x saocho x’' =a

Cho as R;ﬂ_=xﬁx3=[ﬁ]3=a

Mai so thue a déu c6 duy nhit mét cin bac 3.

Néu a>0 thi Ya>0.
Néu a<0 thi fa<0.
Néu a=0 thi Jfa=0.

3
a ia

3E=$ vormol b20.

ﬁ:ﬁ.ﬁ val mol a,b.
a{b¢$¥5{¥3.
AYB=3+B.

‘EJE: VAB" i B0
B B
ya [a

-5
1 _ﬂA’iﬂAB+¥B’ S At
rEsre A+ B SRR

B.

1.2.2 CAN THUC BAC n.

Cho so ae R,ne N;nz2_ Céanbac n cua motso a la mot s6 ma liy

thira bac »n coa no hfmg a.

Truemg hop nlasélé: n=2k+1ke N

Moi so thue a déu c6 mét cin bic lé duy nhat-

I“\'J'E=xﬁxl*+' =a .néu a>0 thi EkﬁﬁG}{l,néu a<0 thi

*fa <0, néu a=0 thi *Ya =0
Truémg hop nla sé chin: n=2k ke N .

Moi sd thue a >0 déu co hai cin bic chin déi nhau. Cin béc chin
dwong ki hiéu la "{E (go1 la cin bac 2k st hoc cua a ). Cin bac

T 0om 'R 5 2 5 2
chindmki hitula %o, Ya=x=x20vax" =a:

Ma=x=x<0vax*=a.

Trang .
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Moi sé thue a <0 déu khong cd cin bac chin.
Mt sb vi du:
Vi du 1: Phin tich cic biéu thire sau thanh tich:

a) P=x"-4
b) P=8x+33

¢) P=x"+x"+1

Loi giai:
a) P=(x"-2)(x*+2)=(x-2)(x+2)(x* +2).
b) P=(2x) +(v3) =(2x+3)(4x" ~24Bx +3).

c) P={13+1]1—x3:[x’—x+l]{x1+x+l].
Vi du 2: Rat gon cac biéu thirc:
a) A=+fx- x—-f;+% khi x>0
b) B=+4x—2vAx—1 +/4x+2JAx—1 khi x%_
¢) C:J@—Jﬁﬁ+5J3+1nm

Loi giai:

- fx-£+%:£-,’(£-%]z _Jx-

1 1
=afx=—2 A==,
v 2 2

1
Jr-1
2

+ Néu ﬁ&%ﬁx&% thi

1
J;-E
2 2 2

+ Néu ﬂi%ﬁﬂixﬁ% thi

Trang.
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b)

B=f4x—2ax—1 +4x+2J3x—1 =Jdx—1-2Ax 1 +1++fdx -1+ 2ax -1 +1

Hay B = \’ dx— 1) ,J ax—1+1) —|J4T-1| |m+1\
=[Nax—1-1)+Vax-1+1

+ Néu M-lzﬂﬁh-lzlﬁx%thi |1'r4:(—-—l|:~4'r4x———lsuy
ra B=2ydx-1.

+ Néu \l'ldx—l—I{Dﬁ&lx—lczlﬁiixc:%thi
|-u|'4x- -l‘:-wl'&lx-l+l suyra B=2_
¢) Déyring: 7-43=(2-43) =247-443=2-15

Suy ra

C= 9—1ﬂ545+51,‘3+1m2—£} =\’9—1}5£+51f23—1ﬂ£
=\/9-J5J§+5 (5-¥3) Hay
C:J@-JSﬁﬁis-ﬁ}=J9—Jﬁ=ﬂ=ﬁ=z

Vi du 3) Chirng minh:
a) A=+7-246 —\7+26 1a s nguyén.
b) B= \I1+— Jl——4 la mét s6 nguyén ( Trich dé TS vao lop

10 chuyén Truomg THPT chuyén PHQG Ha Noi 2006).

4 Trang :
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c) Cht’mgminhréng: _r:da+_ﬂ;] 8a—1 +<] a+l [8a-1

S Vil
3 3 Y 3
aé% la s6 tu nhién.
d) Tinh x+y biét (x+1|"x1+2{]15)(_}*+1f1}':+2[}15]=2015.
Loi giai:
a) Déthay 4 <0,
Taco
A =(\/7—::£—J?+z£]' =7-26+7+26 -27-26 [T+ 246
—14-25=4
Suyra A=-2.

b) Ap dung hing déiing thirc: (u +v]1 =u’ +v' +3uv(u+v). Taco:

i

[{/H% +{l —@J- Hay

.B'l=2+3J[|+§][1—@].3ﬁ35=2+35||l—§—&}3ﬁ33=2—Bﬁ B '+B-2

& (B-1)(B*+B+2)=0 ma B +B+2=| B+L| +150 suyra B=1.
2) "3

Viy B la sé nguyén.

¢) Ap dung hing ding thirc: (2 + v]l =u’ +v" +3uv(u+v)

5 Trang !
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Taco

x' = 2a+[l-2c1]x = x +[Ea—l]r—2a=[}ﬁ [Jc'—l][:x3 +_r+2a]=l}

Xét da thirc bac hai x* +x+2a vdi A=1-8a=0

+ Khi azl ta co I=JI+§/I=I .
8 8 8

+ Khi a}%, tacd A=1-8a am nén da thie (1) co nghiém duy nhat x=1

Viyv&imuiazl tam’::x:-"a+ﬂ+l 3'ﬂ-l+3' _a_+] 8a_1 =1 la
8 3 3 3

50 tu nhién.

d) Nhan xét:

(ﬁ}fﬂms +_~;)(fo +2015 -x)=x1+zﬂ15-xf = 2015,

Két hop véi gia thiét ta suy ra v/x° +2015 -x=.ﬁjf +2015+y
=Y 2015+ y+xT 42015 +x =427 +2015 —x+4/)7 + 2015 -y & x+y =0

Vi du 4)

a) Cho x:-J4+1,hD+ 25 +\/4-«\.|'m+3£ . Tinh gi tri biéu thirc:

=4yt +x  +6x+12

P=

x =2x+12
b) Cho x=1 +-':'E. Tinh gia tri cua biéu thire
B=x"=2x"+x"=3x" +1942 (Trich dé thi vao lép 10 Truémg PTC
Ngoai Ngir - PHQG Ha No1 nam 2015-2016).
¢) Cho x=1+/2+/4. Tinh gi4 tri biéu thirc:
P=x"—4x"+x -x" =2x+2015

Giai:

[ Trang i
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a) Taco:

X =[J4+Jm+ 2.5 +J4-1,"m+2\!§)1 =3+2J4+x/1n+24§_\(4-~./1n+z£

e =8+ 6—2J§=S+2 r('\E-lJ:=3+2(J§—[]=ﬁ+2,j§=(£+])3

= x=+5+1. Tirdo ta suy ra [I—I}E:Sﬁx:—ZI:ﬂr.

(13—Ex]:—2{x1-21]+]2_43_3_4+[g_I
X' =2x+12 4+12
b) Taco x=1+42=(x-1) =2 & x' -3x* +3x-3=0. Ta bién déi
biéu thirc P thanh:

Ta bién ddi- P=

P=x7(x" =327 +3x=3)+x(x" =32 +3x=3)+(x" = 3x7 +3x-3) +1945 =1945

¢) Déyring: x=42"+32 +1 tanhn thém 2 vé vai 42 -1 dé tan
dung hing ding thirc: a’ -5’ :{a—b]{az+ab+bl}_ Khi d6 ta co:

{ﬁ—l]x=(ﬁ—l)(-{/2—3+ﬁ+l}
o (V2-1)x=102xr=x+1e 20 =(x+1) & ¥’ -3x* -3x-1=0.
Ta bién déi:
P=x"—4x'+x —x" - 2x+2015=(x" = x+1)(x" - 3x" - 3x-1)+ 2016 = 2016
Vidu5)Cho x,y,z>0 va xy+yz+zx=1.
a) Tinh gia tri biéu thirc:

F=14w+y\j{l+:l){l1+f)+:J(l+f){l+f]

1+x° 1+y 1+=°

x v z 2xy

b) Chimg minh ring:

]+x1+]+y3 1+2° J{l+x1](l+_v3)(l+:3)

Loi giai:

7 Trang
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a) bé ];rrﬁng: l+x =x"+xy+yz+zx=(x+¥)(x+2)

Tuong tu doi vai 1+ :1+ 2% taco:

IJ(I+}’I](I+:3] :IJ{JH-x}{;=+:]{:+x}[:+_1=}

1+x° {_r+y]{_r+:} =x|[_v+:]

Suyra P=x(y+z)+y(z+x)+z(x+y)=2(xp+)z+2x)=2.

b) Twong tu nhur céu a)

Ta co:
X ¥ z x y z

T 1+y 1+z° (x+y)(x+z) +{x+;=}{y+:] - (z+y)(z+x)

=x[y+:]+;-‘[:+x]—:[x+}-‘]_ 2xy 2xy

(+)(y+2)(z+x) (A R)+2)(EHx) (14a7) (147 (14 2)
Vi du 6)

a) Tim x,,x,,..,x thoa min:
Jx.z -1 +2\!‘13: -2 +..+n1rlxw3 -n = %[xll +x, +_..+er3)
dn++Jdn® =1

2n+1+2n-1
f(+ f(2)+ .+ f(40).

b) Cho fin)= vol n nguyén duong. Tinh

Loi giai:

a) Ding thirc trong dwong véi:

(7= 1) (=2 -2) (= =) =0

Hay x, =2,x, = 22% 3 X, = 2n

8 Trang !
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x'+y =4dn

b) Bit x=+2n+1,y=v2n—-1={xy=+/4n* 1.

I:—_}"IZE

Suy ra
Sy =TT X L y) = fan ) -2,

x+y X =y

Ap dung vao bai toan ta co:

F(1)+ £ (2)+4 £ (40) =3[ (VF VP )+ (V5 5 )+ (VBT ~479°)|
=%(JE_JF)=354

Vidu 7)

] . 1 1 1 2 ..
a) Chimng minh ring: + + ...+ =4 Déthi
) - £ w_,u'l +-_,.|'2 «_H+J4 3?9+-_‘|'S{]

chuyén DHSP 2011
) . 1 1 1 1
b) Chirng minh rin =2 1- .
) s & 1~.|"'_ E-J"_ 3\"'_ rw'n+ [ ul'n+l]
1 1 1 1
¢) Ching minh: E\Frr_: 22— {E-J'_ 1 van
: J VN R R

moi s6 nguyén duong n=2.
Loi giai:

1

iﬂﬂr Jﬂr r+r
T T T

Dé thay 4> B .

a) Xeét 4

Taco A+ B =

| | 1 1 |
/N O Y O 7Y T O Y T

92

Trang '
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(VE+T-4F)

1
VT (et + k) (Ve 1K) =VE+1-4k

Mait khac ta co:

Suy ra ,4+3=(J§-ﬁ]+[ﬁ-ﬁ}+_._+[@-~fs_ﬂ]=.Js_l-1=3 Do

A=B suyra 24> A+B=8< 4=4.

Lo 1 1 1 1
b) Deé yrang: ——-— = < v
G I e G+ 1) (Vie+1+4k) 2k +1

moi k& nguyén duong.

o1

Suy ra

o)) )
c) bat ;':'=L+L+L+L+.._+L
IR RN P RN N A

2 1 2

2
<—== <
Jn+dn+l i 20n n+n-i1

Tir d6 suy ra

2{@-&)=Jﬂf+&{zj{;{£+3ﬂ_l=2(~J’5—M) hay

Q{M-ﬁ){%{z(ﬁ-q’;ﬁ]

Do do: 2[ (V2 V1) + (V3 -2+ +(Vn+1-v)|<T va
<1 2f(VB-1) +(F—B)s (YT

Ta co:

Hay 2n -2<T <2\n—1.

Vidu8)

v moi 0 tu nhién n=2

10

Trang
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a) Cho ba so thue duong a,b,c thoa min

as,]‘l —b° +:5\|'rl -t + csfl —a = % Chimg minh réng:

a’+b' +c* = i
2
a) Tim cac so thue x, v,z thoa min diéu kién-

xy1= 3 + 332 —27 +z4/3-x* =3 (Trich d& thi tuyén sinh vio lép
10 chuyén Toan- Truémg chuyén DHSP Ha Noi 2014)

Loi giai:

a) Ap dung bat ding thirc Cauchy cho hai s6 khéng am ta c6

a +1-b" _|_£::+|—1:.'1 c+l-a’

1=b" + byl =¢” l1-a” <
EW’ +J .|:+.|:'~ql'r a 3 3 - >

3
=

Ding thirc xay ra khi va chi khi
a=v1-b" [(g*=1-p
b=+l-¢" & b:=]—c1:>a3+b3+c3:%{dpcm}_

el 3 :
c=yl=a ¢ =l-a

b) Ta viét lai gia thiét thanh: 2x/1-y* +2yy2- 27 +2z43 -2 =6.

Ap dung bét dang thirc - 2ab < a’ +b" ta co:

211f1—y: +2y~»4|"2—:1 +2:\-"3—:;:1 <x'+l-y +y" +2-2"+2"+3-x"=6
Suyra T < VP . Dau bing xay ra khi va chi

khi:

11
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2 x,v,z20 ¥+ 4z =3xyz20

x=4fl1-)

¥ I:+ I:=1 2"" 1=I
y=N2-z" & g = ey ﬁle;}:ﬂ;::\l@

_ ¥+ = y+z'=
=S +x =3 +x =3

I(“er"l'd‘m +Jx -4"};)
Vidu9) Cho 4= = vol x >4
VX' -8x+16

a) Rutgon 4 .Tim x de 4 dat gia tr1 nho nhat.

b} Tim cac ga tri nguyén cua x dé 4 ¢o gla tri nguyen.
Loi giai:

a) Diéu kién dé biéu thirc 4 xac dinh 13 x> 4.

I[J(«fﬁﬂ}”x/(m -2) ] N

Vx4 =4
(J—4+2+‘J— |

x-—

A=

b

+Néu 4<x<8 thi Jx-4-2<0 nén

I{J;:E+2+2—J;:E)_ ix__ 14

x=4 Cx—4 x=4

Dod<x<8nénD<x—-4<4=4>8.

+Néu x=8 thi Vx—4-220 nén

M(VFA2edia-2) pfiTT

A= = _2m+;,_ 2416 =8

x—4 x—4 -J:r-
(Theo bat dﬁng thire C6 si). Dau bﬁng xay ra khi va chi kha

Eﬂx—dzjxs_—drﬁx—ﬂr::lﬁxzs.

12

Trang
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Vay GTNN cua 4 bing 8 khi x=8.

b) Xét 4<x<8 thi A=d+—2

x—

,tathay 4 Z khi va chi khi
16

_'r-—

x—4e{1;2,4;8,16} & x ={5.6;8,12;20} d6i chiéu diéu kién suyra x=5

e 7 & x—4 la udc sb nguyén duong cua 16. Hay

hodc x=6.

—m’+4
+Xét 128 tach A=—X ,dﬁt-,ﬂr_r—fi:m:}{x " F Yhi do ta co:

Jr—4 mz=2
2(m*+4
..-1=M=2m+E suyra me {2;4;8} & XE {8;2{};68}.
m m

Tém lai dé 4 nhén @id tri nguyén thi xe {5; 68 20 68}.
MOT SO BAI TAP REN LUYEN

Céu 1. (D& thi vio 16p 10 thanh phé Ha Ngi — nim hoc 2013-2014)

2440 r -1 2 +1
—_¥a B: + .
~.r‘_r sf? :(+~.j'x

1) Tinh gid tri biéu thire A khi x=64.
2) Rut gon biéu thirc B .

3) Tinh x dé i:.-i_
B 2

Véi x>0 cho hai biéu thire 4=

Ciu 2. (Dé thi nim hoc 2012 -2013 thanh phé Ha N#i)

Jx+4

1) Cho biéu thirc A=
x+2

_ Tinh gié tri ctia biéu thirc A4

vl

2) Riit gon biéu thitc 3=[f54+¢_“ 4]::}:12{
X+ x= x+

xz20x#16)

13
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3) Véi cdc biéu thire 4 va B noi trén, hiy tim cdc gia tri nguyén cua

x dé gid tri cua biéu thire B(A4-1) la s6 nguyén.
Ciéu 3. (D& thi nim hoc 2011 -2012 thanh phé Ha Ngi).

Jroo 10dx s

Cho 4= - - Jvolr x=20,x#25.
Ji-5 x=25 Jx+5

1) Rt gon biéu thirc 4
2) Tinh gia tricoa A khi x=9.

3) Tim x dé Ac:%.

Ciéu 4. (D€ thi nim hoc 2010 -2011 thanh phb Ha N#gi).

Cho P= ﬂ + EJ; -31+q,vd'i x=20,x=9.
Vx+3 x-3 x-9
1) Ratgon P.

2) Tim gia tri cua x dé P:%_

3) Tim gia tri 1ém nhat cua P

Ciu 5. (Dé thi nim hoc 2014 — 2015 Thanh phé Ha Chi Minh)

Thu gon cac biéu thirc sau

(55 5 35
T2 -1 3445

2

3=[x+:£+£‘+3}[1-$+ﬁ] (x>0).

Ciu 6. (D& thi nim hoc 2013 — 2014 TPHCM)

14
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Thu gon cac bieu thire sau:

i A3 ) xe3
Tolx 43 Jx-3) x+9

vol x=0,x=9.

3:21(J2+J§+«;‘3-J§]2 -ﬁ(Jz-ﬁ+J3+~f§]1 ~15415.

Ciu 7. (D& thi niim 2014 — 2015 TP Pa Niing)

xﬁ +1.||2_1'—2
Eaf;t\:uﬁ x-2

Ciu 8. (DE thi ndm 2012 - 2013 tinh Binh Pinh)

Rut gon biéu thirc P = Vol x>0,x#2.

1 1

1 1
Cho 4= + - + oo —
1+42 V24403 344 J120 +4/121

B—I+L+ +L
V2 TGS

Chimg minh ring B> A
Céu 9. (D& thi niim 2014 - 2015 tinh Ninh Thudn)

i 3
A X +y x+y
Cho biéu thie P=— 2 ——
X —xp+y x -y

JEY.

1) Rut gon biéu thirc P

2) Tinh gid tri cita P khi x=+/7—443 v y=+4-243 .
Ciu 10. (DE thi nim 2014 — 2015 , DHSPHN)

Cho cac so thue duong a,b; a#b.

15
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Lﬁf--b@+2a~.f;
[JE-JE] +3a+3\1{£_
a u-bnfa’; b—a

Céu 11. (Dé thi nim 2014 — 2015 chuyén Hing Vwong Phi The)

(o x+x—6 x-?J¥+19 x—50x

r>0x29,
-9 xrdi12 xrads

Ciéu 12. (Pé thi nim 2014 — 2015 tinh Tay Ninh)

Chirng minh ring;

Cho biéu thirc A= L2V (g

2+J§ 2—Jx 4-x

Rt gon 4 vatim x dé A:%.
Ciéu 13. (Dé thi nim 2014 — 2015 chuyén Lé Khiét Quang Ngii).

1) Cho biéu thirc P= 3 + 3 XX +x

_Tim tat ca
Jx=3-4x Jx-3+¢‘§+ a1 e

cdc gid tri cua xdé ps2.

2) Trong mat phing toa dd Oxy cho (P):y =-x" va dudng thing
(d):y=mx—1 (m la tham s0). chimg minh ring véi moi gia tri cia
m , duémg thang (d) luén cit (P) tai hai diém phén biét c6 hoanh

do x,,x, thoa min |x, —IZIEZ.

Ciu 14. (D@ thi nim 2014 — 2014 chuyén Lam Son Thanh Hdba)

2 2

a
a-16 Ja-4 Ja+d’

1) Tim diéu kién ciia a dé biéu thirc C 6 nghia va mit gon .

2) Tinh gid tri ciia biéu thic C khi a=9-44/5 .

Cho biéu thire C =

16
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Ciu 15, (D& thi nim 2014 — 2015 chuyén Thai Binh tinh Th&i Binh)

2 .3 _ sx-7 ) 24x+3
Jr=2 2x+1 2x-3Jx-2) 5x—10.x

Cho biéu thic A ={
{_r =0,x i4] .

1) Rt gon biéu thirc A
2) Tim x sao cho A4 nhan gia tri la mot 50 nguyen.

Ciu 16. (P& nim 2014 — 2015 Thanh Phé Ha ndi)

Vx+l i)
Jx -1
x-2 1 Jx+1
_r+zJ§+J_¥+2]'J_¥-1
'\E+I

a) Chirng minh ring P= )
) 2 2 \ﬁ;

1) Tinh gid tri ctia bidu thirc 4=

vol x>0 va x#1.

2) Cho biéu thirc P:[

b) Tim cde g tri cua x dé 2P=E«,}";+5.

Ciu 17) Cho a=+/3++5+ 23 +3-y5+2y3 . Chimg minh ring

a —2a-2=0.

Ciu 18) Cho a =J4+Jm+ 15 +J4-x.l'1n+2£ _

a —4a’ +a +6a+4

Tinh gia tri cta biéu thie: T = -
a —2a+12

Ciu 19) Gia thiét x,y,z>0 vi xy+y=+=x=a.

Chimg minh ring:

IJ(H}-:)(MI) +J3\f{u+:]3 (a*x) +_J(a+f)(a+f} .

a+x a+y’ a+z’

17
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Céu 20. Cho a=ﬁ+1}?—-\j}ﬁ1+46~f§ +1.

a) Chimg minh ring: a* —14a” +9=0.
b) Giast f(x)=x"+2x"—14x" —28x" +9x+19. Tinh f(a).

Ciiu 21. Cho a=138+175 +{38—1745 .

el

Gia sit ¢ da thire f(x)=(x*+3x+1940)" Hay tinh f(a).

. 2 +I+,H +1
Ciu 22 Cho bieu thic f{n}= HJ_ ;{nl }
n+~n+

Tinh téng S=f(1)+f(2)+f(3)+..+ f(2016).
Ciu 23) Chimg minh r'.:'mg vOi moi s6 nguyen duong n, ta co:

l£l1+Lj+ij+___+i,<:E_
- 27 3 no 3

Ciu 24) Chimg minh r'.:'mg vOi moi s6 nguyen duong n >3 ta cd

Lol o 8
2 3 0 on 54

Céu 25) Chimg minh ring:

43 1 1 1 44
—_— + + ...+ i —
4 2M1+1W2 3W2+243 200242001 + 20012002 45

(Pé thi THPT chuyén Hing Vuong Phi Tho nim 2001-2002)

Ciu 26) Chimg minh ring v&i moi s6 nguyén dwong n | ta co:

1 1 1 1
+ +..+ <1- .
22411 33+2V2 T (n)n+t4ndn T e+l

18
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Ciu 27) Chimg minh ring véi moi s6 nguyén duong n>2 | ta ¢o

710 3n-2 3n+1 1
=—_ I . < .
91 In 3n+3 3n+l

LOI GIAI BAI TAP REN LUYEN CHU BE 1
1). Lo gidi:

1) Véi x=64 tacod go2+y6a 248 5

Joa 8 4
_[ﬂ-l).(1+ﬁ)+{2ﬁ+l}.ﬂ_x I+h_1+ 1 _-JE+2
)  (x+4%) RS SR o

Va1 x>0, ta chd:

.4} 2+x 2+x iﬁﬁﬂ}i
Vrox e+l AR

ﬁ2£+2}31ﬂﬁ~f;ﬁ2ﬁﬂﬂx-ﬁ4 (do x=0)

2. Livi gidi:

1) Véi x=36, tach 4= Y36+4_10

5
J6+2 8 4

2) Vo1 x=20,x#16 ta co:

B:[J_?{J}-qh (4;”]}4'12 (x+16)(Vx+2) 742

x—16 x-16 | x+16 (x-16)(x+16) x-16

3) Bitu thic B(A-1)=YEt2[Vrrd—Vx-2} 2

x-16 Jx+2 x-16

B(A-1) nguyén, x nguyén thi x—16 la udc cua 2, mi
(2) ={£1:+2} . Ta c6 bang gi4 tri twong (mg:

Két hop diéu kién, dé B(A—1) nguyén thi xe {14;15;16;17} .

19
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3). Lovi giii:
G s s NEles)oinNE-s (9
Jx-5 x-25 Jx+5 (v =5)(¥x+5)

=x+5«f;-l[)«f;-5«f3_r+25= x—=10x +25
(Va-5)(Va+s)  (Va-5)(Vx+s)

A=

=[ (NE]ES) 5)::- ?1_2 Véi x=9 taco: Jx=3. Vay
x—5)(x+ x

_3-5_-2_ 1

T3+5 8 4
4). Lavi giai:

Vr(Vr-3)+2dx(Vr+3)-3x-9 3

1) P=

[J;-}){J;H] Cx+3
2) P—l 3 x+3=9«< x=36 (thoa min PKXD)
S
3) Véi x20,P=—m f-:i=|:>P =1 khi x=0 (TM).
x+3 0+3
5. L giii:
5445 A5 35

=52 B 3
(so(E-2) BB E-)

T(F2)(E-2) (B (p)a-)

=3~f§-5+5+f-q£4_15=3£-5+5+£-f£+15
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=35-5+5-25=45

e Es i Ermg)eo

_[ Jx L] ] JE-2+ 6

B -E+3 -.,E+3 ' JJ_r J;(«E+3)

_at [(r-2)(Vx+3)+6) o
_J;+3'{ -,E(J;+3] _(£+I)-x+ﬁ_l'

6. Lii giai:

Vorx=20 va x29 taco:

P e A e A T W
(o)) oo

3:%(J4+2£+\/5-2£]1 -3(1;"4-24§++1/5+245)1 15415
2 (VE 15 -1) =3(F 145 41) -1515
=%[«.E+J§f-lwﬁ=m.

7). Lavi gidi: Vi diéu kién da cho thi:

w32 (7)o

P= -

(Tdr) () e2) V2edr Naez

1.

8. Lii giai:

1 1

1 1
- + +..+
1+42 2443 3+4/4 J120 +4121

Taco: A=
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_ -2 ) 2= . 120 - /121
(+2)(1=2) (VB E-A) (0TI

i N

-1

_J_ 1+4/3 =2+ +121 - le =-1+:/121=10 (1)

ez Lt 2
Vaimoi ke M| ta co: T N 4T+Jk+ [.JF J_]

r* *J—
::-B}Z(ﬁ-f+f-ﬁ+r-ﬁ+...+ﬁ—ﬁ}

= B>2(—1+436)=2(-1+6)=10 (2). Tir(1)va(2)suyra B> A,
(i y

Dodd B=1+

9. Lii giai:

1) p= 1x3+_1"’ Xty _x+y
X =xy+y (x=y)(x+y) x-y
2) Véi x=fT-4v3 =243 va y=14-23 =3 -1
2-3+43-1 I 3+243

Thay vao P taduoc: P= =

(2-+3)-(+3-1) 3-2§3 3

10.Livi gidi:
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{—.-bxf£:+2a-.f_

. [:J_-'_JE) 3a+3Ja_b
Tacd: O= » u-b-ul"!; b—a
(o) (6]
) 20
MadB) T s ae(ae )

(Vo b)(ardabs)  (Jab)dardb)

_ava+3avb+3ba+bvb+2aa  3a
o )ferdobs) (-

_3ava +3avb +3bva -3avla - 3a\b - 30va
- (JE—JE)(H+ ab+b)

—0 (DPCM).

11. Lo giai:

= x+fx—6 x-?J¥+19 x-5x
) x=9 ;r+~,j"_ 12 x+4~.;l'r_
Ax- 2 x- TWx+19  Jfx-5
S Jx-3 (J'- 3)(Va+4) Vx+4

. Vx
(Va=3) (v +4) (Vr-3)(Vrea) N

12. Lovi gidi:
1 2fx 4 2)x 2(E-v";)_ 2 e
+J¥3J'4x4r4r a-x  24dx

T2

L 1 1

d =3 & fJx =4 x=16 (nhin). Viy 4=~ khi x=16.
3 2+J_ Y473

13. Loi giai:

A=
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1) BKXD: x=3

3 qur+x
i Jx-3- J' - 3+J' Jx +1

_ 3 IJ;H _
_3x 3+343 +34x-3 3JE+ ]_m.r‘x Y e

(x=3)-x Jr+l o =3
Vi P>2ox-2Wx-3>2&(x-3)-2Jx-3+1>0

& (Vr=3-1) >0 Vr3-120eJr-3#1 x#4 Viy x23 va
x#=4.
2) Phuong trinh hoanh d6 giao diém cua (P) va (d) la:
¥ Amx-1=0.

c6 A=m"+4>0 v&i moi m, nén phuong trinh ludn ¢6 hai nghiém phén

biét x,,x,. Theo hé thirc Viet ta cé: x, +x, =-m va xx, =-1
= (x,+x, ]:=|[—m] = x +x; +2xx, =m’
:}{x.—x] +dxx, =m = { 1)=

:‘:-l[:JrI—Jr:]2 =m’+424 voi moi m :::-|:f1—x3 =

14. Livi giai:

az=0 a=0
. a=16=20 a=lé
1) Biéu thirc ' ¢o nghia khi: —t —=az=z0azl6.

Ja-420" |la#16
Ja+420 {Vﬂzﬂ

Rut gon

C= 2 2 a 2 2

a-16 Va-4 Va+4 (Ja-4)(Ja+4) Va-4 Ja+4

:ﬂ_2(£+4}-2(£_4):ﬂ-E\JG-S—Z-q"E+S: a4z
(Va+4)(Va-4) (Va+4)(Na-4)  (Ja+4)(Va-4)

Trang .



Va(Va-4) _ Ja

Vo)) e

2) Giatricua C khi az?-dxﬁ_
Ta cd:

a=a=9-45=4-45+5=(2-45) =a=f(2-5) =+5-2

o a2 -2
VEFC_(-JE+4)_ 5—2+4_1¢l"§+2_‘-;|I 445

15. Lo giai:

1) Véi x>0,x#4 biéu thitc c6 nghia ta co:

a2 .3 5Wr=7 | 243+3
Jr=2 2Jx+1 2x-3Jx-2) sx—104x

_2(2J§+1)+3(J§-2]-(5JE-?)_ 243
- (Vr-2)(2x+1) 5y (v -2)
2fx+3 5*5(*5-3]_ 54x

(Vx+2)(2vx+1) 24x43 2asl

5\x
2x+1°

2) Tacod J_;::-ﬂ,"ﬁ"_r}{],xidl nén 4= SJ; >0 x>0x#4
2Jx +1
S s 5 5

5 .
= === <= x>0xz24=0<4<— kethop v 4
Wx+l 2 2(2x+1) 2 2

Vayvolr x>0,x#4 thi 4=

nhin gia tri la mét s6 nguyén thi A {1,2}
A=I<=}5~.r"__=2q'r;+1:}~.}r_=§¢:~x=é théa man diéu kién.

A=2 e 5yx =4Jx + 2 & x =2 & x =4 khéng thoa man didu kién.
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Vay van x=$ thi 4 nhan gia tr1 la nguyén.

16. Lo giai:

1) Voun x=9 tacd Azﬂzi.
3—
2) a)
P x=2++x JJ_rH: [ﬂ'l)-{"g*ﬂ J;H:J;H
J;[:Jj_r+2) Wx-1 J;(J:?+2) a1 W
b) Theo ciu a) Pszgl
:>2P=21E+5@2ﬁ_:2=z£+5

2x+2=2x+50x = 2x+3x—2=0 va x>0

d:b(\ﬂr_;+2)[ﬂf;-%]:{]¢=bsf;:%{:bx:l.

4

17. Giai:

3451243 43454243 +2J9-(5+ 2ﬁ}=5+2m
=6+2,J(v3-1) =6+2(v3-1)=4+2J3=(1++3)". Do a>0 nén

=y3+1.Dod6 (a-1)" =3 hay @’ -2a-2=0.

18. Giai:

a’ =S+2Jlﬁ 1n+zJ' —8+24/6- 245 = 3+21|'

=8+2(y5-1)=6+2+5. Vi a>0 nén a=5+1.Dodo ( a—l] =5 hay

a? —2a = 4. Bidu dién T=(a_'2”)-'3{a_'2a)+4=4:‘3-4+4=l
' a*=2a+12 4412 2
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19. Giai:

Taco: a+x” =x"+xy+yz+zx=(x+y)(x+z) Tuong tu ta co:

a+y’ =|[:1}:+x]|[_],=+::j];ﬁ'+::1 =(z+x)(z+y).

Tur do ta co:
x (a+y7)(a+=) _x\l[x+JJ}{J,+:]{:+1]{:+JJ} =x(x+y). Tuon
J a+x - (x+¥)(x+z2) S e

- J’\f(a +:3}{a,+13) =J?{:+IJ;:J{H+ IE){af}'zl I

a+y a+z"

VT =x(y+z)+y(z+x)+z(x+y)=2(xy+yz+z=x)=2a.

20. Giai:

a) Vi {(‘6[+46J_:.,1,(l+2~ﬁ]1 —14245
Tir do a =2 +y7-1-245 +1=42+4f5

=>a*=(V24+5) 2@ -T=110= a* ~14a*+9=0.
b) Do f(x)=(x*-14x"+9)(x+2)+1 va x' ~14a* +9=0 nén ta

duoc f(a)=1.

21. Giai:

Vi @’ =38 +175 +38— 1745 +3.3338 + 1745 1381745

012

=a'=76-3a=a’ +3a=76= f(a)=(76+1940)"" =2016™".

22. Nhén ca tir va mau clia fl[n] vol yn+1 -\Jr;, ta duoc:
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f(n)=(n+1)¥n+1-nyn Cho n lan luot tir 1 dén 2016 , ta duoc:
F1)=242 -1 £ (2) =343 - 242, £ (2016) = 201742017 — 201642016
Tirdo suyra: S = f(1)+ £(2)+ £(3)+..+ £(2016) = 201742017 -1

23, Gia:

Vi n la s6 nguyén duong nén: ]Ell,+21—,+3l,+_._+L,Ellj:l (1). Mat
TP ILPY. PERaRT

khac, von mo1 £ =1 ta co:

i,= 41c: ;I =2( : - ! J.Chﬂ k=234 . ntaco:
K ak® 4kt -1 2%k -1 2k+1

1_ 4 g 4 2 2 22

2* 42° 42°-1 22-1 22+1 3 5

1_ 4 4 2 2 22

— Ll - — -
3 43 43 -1 23-1 23+1 3 7

1 4 R 2 2 21 2

= L = - =
4 44 44°-1 24-1 24+1 7 9

4 4 _ 2 2 2 2
4’ 4n’=1 2n-1 2n+1 2n-1 2n+l

|
-

Cong vé véi vé ta duoc:

-ﬂ]+§=§ (2). T (1) va (2) suy ra

o2 3 : 3 2n+l
diéu phai chimg minh.
24. Giai:

bat P =la+i3+l;+___+i3_ Thuc hién lam trdi méi phin s6 & vé trai
n

- ’ \ - 3 x ¢
bang cich lam giam mau, ta co:
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i-:: = = =& Yk =1
O =k (k=1)(k+1) (k=1)k k(k+1)

Cho k=4,5,..,n thi

1 1 1 1 1 1 1 1 1
WP s+=s+s |1+ —— |+ —— |+-+ -

2 3 34 45 45 56 {n—l] n{n+]]
:E-}L- l .::E-fi:ﬁ Dﬂdﬂ P{% {d]}cm}

108 34 n(n+l1) 108 34 27

25. Giai

Pat § = :
2J+w‘_ 3J_+2J_ (n+1]JE+an+l

Dé ¥ ring :

(k+1)vk —knk+1 _ (k+1)Vk —k+1 _ 1

1
(k+)Vk+kvk+l (k1) kK (k+1)  k(k+1)  Jk k+l

Cho k=1,2,...,n 101 cong ve vo1 ve ta co:

11 1 1 ]=I-I

1
R AR A AR T s B e

1

42002

Nhu vay ta phai chimg minh:

Do dé S, =1-

43 44 l 1 1

—_— .::_
JZDDZ 45 -».JZ[I[IZ 44
& 44 < /2002 <45 < 1936 < 2002 < 2025

Bat ding thirc cudi cing ding nén ta o diéu phai chimg minh.
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26. Giai:

Dé giai bai todn nay ta cin co bd dé sau:

Bo dé: véi moi s6 thuc duong x,y ta co: IJ;+J-'1.E = xvx +;Nr_;_
Chimg minh: Sir dung phuong phap bién d6i twong dwong

x y+;-‘\_-";£x x+y ;-‘ﬁxml";-lry\/__'-xﬁ-}' xz0
o x(VF-5) + (7 ¥F) 20 0 (x-) (¥ -4) 20

o (VF+7)(Vr—+F) 20.

Bé dé duoc chimg minh.
ﬁlp dung bo dé ta co-
{n+]}-q'rz+1 +ndn =nn+l +{n+]}-‘|";

1 1
(n+1)vn+1+nn {mfn+l+{n+l]-..-‘r;

—

| 1 1
+ +..+ <
22+ 334242 {H+l}~.fn+|+nul'n

1

! !
RN ESW 3J§+zﬁ+'"+(n+l}ﬁ n+l

+n—

Vi thé:

- Ma theo két qua ciu 25

. 1 1 1 1 i e
RN SN AW, U R Py miy =l Vb
todn duoe chimg minh.

Ciu 27)
Gian:
30
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Dé ¥ ring cic phan s6 ¢ tir va mau hon kém nhau 2 don vi, nén ta nghi dén
ding thirc

-::—(ﬁn:f:n:-kn-?.ﬁn::-Z].Kihiéu

n+2 n

p 14710 3n-23n+l
17691 In 3In+3

pr (14710 32-23n+1)(14710 3n-2 3n+l
1369127 3 +3MN3697127 3n 3In+3

{liﬁi 3n=3 3n }(14710 3n-2 3n+l
34710 3n-23n+1\3 6912 3n 3n+3
113679 3n-33n-2 3n 3n+l 1 1

337477910 731-2" 3n 3n+130+3 3(3n+3) 9(n+l)

1 . .
T diay suyra P< . Bat dang thirc duoc chirmg minh.
¥ suy 3wf;t;7 £ £
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Chu dé 2: HAM SO BAC NHAT, HAM SO BAC 2

Vin dé 1: Ham s6 bic nhit

Kién thire cin nhé:
1. Dinh nghia:

+ Ham s6 bac nhat 12 ham s6 duoe cho bai cong thire: y=ax+b trong do

a va b 14 céc s6 thue cho trude va a 20

+ Khi b =0 thi him s6 bic nhat tro thanh hiam s6 y = ax |, biéu thi tuong

quan ti lén thuan gifta y va x.

2. Tinh chit:

a) Ham s6 béc nhat | xac dinh véi moi gid tri xeR .

b) Trén tap so thuc, ham s6 y = ax+b dong bién khi a >0 va nghich
bién khi a<0.

3. Do thi ham s6 y=ax+b véi (a=0).

+ Dé thi ham sé y=ax+b la duong I.ha:ing cit truc tung tai diém co tung do

bing b va cit truc hoanh tai diém c6 hoanh dé bing s
a

+ a goi la hé s6 goc cua duémg thing y=ax+b
4. Céch vé& d6 thi ham s6 y=ax+b.
+ V& hai diém phin biét cua db thi roi vé dudmg thing di qua 2 diém.
+ Thudng v& dudng thing di qua 2 giao diém cua do thi véi cac truc toa dd

la A[—E;D],B{ﬂ;b].

i
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+ Chii y: Puong thing di qua M (m;0) song song véi truc tung o phuong
trinh: x—m =0, duong thing di qua N(0;n) song song véi truc hoanh c6

phuong trinh: y—n=0
5. Kién thirc bo sung.

Trong mit phing toa d cho hai diém A (x:3).B(x,:,) thi

AB:‘J[*"; ‘I|]: +( = }1 . biém M (x;y) la trung diém cua AB thi
x:x1+x3; Nty ]
2 2

6. Diéu kién dé hai duong thfmg song song , hai dwong thfmg vuong
goc.

Cho hai dudng thing (d,):y=ax+b vi duong thing (d,):y=a'x+b' véi

a,a' 0.

e (d)//d,)=a=a"vibzh".
s (d)=(d,)=a=a"vab=>b"
. [aﬂ}cﬁt (d,)=aza'
e (d)Ll{d,)=aa'=-1

Chi y: Go1 ¢ la goc tao bor duong thfmg y=ax+b vitruc Ox, néu a >0
thi tang=a.

Mt so bai todn trén mdt phting toa do:

Vidu 1) Cho dudng thing (d,): y=x+2 va duéng thing

(d,) :y=(2m1-m}x+m1+m.

a) Tim m dé (d,)//(d,).

H



b) Goi 4 la diém thude duomg thing (d,) c6 hoanh d6 x=2_ Viét
phuong trinh dudmg thing (d,) di qua 4 vudng goc vai (d,) .

¢) Khi (d,)/ Ad,). Hay tinh khoang cich gitta hai duong thing
(d),(d.).

d) Tinh khoang céch tir goc toa d6 O dén duong thing (d,) va tinh
dién tich tam giac OMN véi M, N lan lwot 13 giao diém cia (d,)
vol cde true toa do Ox, Oy .

Loi giai:
a) Duéng thing (d,)//(d,) khi vé chi khi

{Zml—mzlﬁ{[m-l}{2m+l]=ﬂ i

— .
mamz2  |(m-1)(m+2)20 2

Vay véi m :-% thi (d,)/ /(d,).

b) Vi 4 la diém thudc dwong thing (d,) c6 hoanh d6 x=2 suyra
tung do diém A4 ly=2+2=4= 4(2;4) .

Dudng thing (d,) c6 hé s6 goc la a =1, duong thing (d,) co hé sb goc la
a'=a'l=-1=a'=-1 _Puong thing (d,) codang y=-x+b.Vi (d,)
di qua 4(2;4) suyra 4=-2+b=b=6. Viy dudng thing (d,) 1a
y=—x+6.

c)
Khi (d,)/ /(d,) thi khoang cach giira hai duémg thing (d,) va (d,) ciing
chinh la khoang cach giira hai diém 4, B lan luot thuée (d,) va (d,) sao
cho AB 1(d,),AB L(d,).

fds)
Hinh v&: Goi B la giao diém cua duong thing A (dy)
(d;) va (d,). Phuong trinh hoinh d6 giao diém
) B 7 (d>)
32




cua (d,) va (d,) la:

| 25 23 (25 23)
—-x+b=x——Syx=—=y=—=F8 — —|.
B 8 8 8 8

8

25 ]’+[23 ]’ 92

Viy dé dii doan thing 4B la: AB:J[E—E T4

d) Goi M,N lan luot li giao diem cua duong thing (d,) véi céc truc
toa do Ox, Oy . Ta co:
Cho y=0=x=-2= A[—E;{]], cho y=0= x=-2::~N|';-2;{]]. Tir da
suyra OM =ON=2 > MN = 2#‘5 .Tam gidc OMN vudng cin ta1 0. Goi
H 14 hinh chiéu vuéng goc ctia O lén MN tacod OH = %MN =2 va

Soum = %{}Mﬂh’ =2 ( dvdt).

Chii ¥ 1: Néu tam gidc OMN khéng vudng cin tai O ta co thé tinh OH
theo cach:
Trong tam giac vudng OMN ta co:

| | 1
= +
OH* 045 OB

- (*). Tir d6 d¢ khoang cach tir dicm O

dén duomg thing (d)ta lam theo cach:
+ Tim cac giao diém M N cua (d) v cac truc toa
do

+ Ap dung cong thirc tinh dudng cao tir dinh goc vuéng trong tam giic
vuing OMN (cong thire (*)) dé tinh doan OH .

Bing cich lam twong tir ta ¢6 thé chimg minh dwgc cong thire sau:
33
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Cho M (x,;y,) va dudng thing ax+by+c=0. Khoang cach tir diem M
dén dudmg thing la:

d= |ra':1.'u +by, +c|
a’ +b°
Vi du 2:Cho duong thmg mxH:E —3m}y+ m—1=0 (d).
a) Tim diém c6 dinh ma duomg thing (d) luén di qua.
b) Tim m dé khoang cach tir gbc toa dé dén duémg thing (d) 14 lém
nhat.

¢) Tim m dé duomg thing (d) cit cic truc toa d6 Ox, Oy lan luot tai
A, B sao cho tam giac OAFB can.

Loi giai:
a) Goi I(x,;y,) ladiém co dinh ma duong thang (d) luén di qua voi
moi m khi dé

ta co:

mx, +(2-3m) y, +m—1=0Vm < m(x, -3y, +1)+ 2y, -1=0Vm

1
-3y, +1=0 H=3
ﬁjlx" Yo . Hay Zﬁf[l;l].
2y, -1=0 oL 2°2
L=
2

b) Goi H la hinh chiéu vudng goc cia O 1én dudmg thing (d). Ta co:
OH <OI suyra OH 16n nhat bing Of khi vachikhi H=1 < 0l 1 (d).
Pudng thing qua O ¢6 phuong trinh: y = ax do

.’[l;l]E ﬂf:}L=a.lﬁa:l:>Gf:y=x.

22 2 2

Buong théng (d) duoc viét lai nhur sau-
mx+(2-3m)y+m-1=0¢(2-3m)y=-mx+1-m.
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+Dé }’frfing Vol m=% thi duomg Lhéng [d]:x-%=ﬂ song song vol truc

Oy nén khoang cach tir O dén (d) la %

+Néu m=2 duémg thing (d) c6 thé viét lai: y=—"—x+-""1_pidy
3 Im-2 Im-2

kién dé (d) LOI 1a — .]=—]ﬁm=2—3mﬁm=%_Khidékhnéng
m—
cach or= [ L] +[1 =£.vaym=llagiﬁu;csnﬁm_
2 2 2 2

¢) Ta co thé giai bai toan theo 2 cich sau:
+ Céch 1: Dé thay m = % khéng thoa min diéu kién (Do (d) khéng cit

Oy). Xét m# % , duémg thing (d) cit Ox,Oy tai cic diém A, B tao thanh

tam gidc cdn OAB | do goc AOB =90" = AOAB vudng cin tai O. Suy ra
hé s6 goe ciia dudmg thing (d) phai bing 1 hodc -1 va duémg thing (d)
khong di qua géc O.

=1 m=1
3m=2 || Tathlychicb gid tri m=- 1A thoa man didu kién
m _ —I_ m = E 2
Im-2
bl toan.

Céch 2: Dé thay m = %,m =0 khéng thoa man diéu kién

Xeét m;&ﬂ;g,du&ngthﬁng (d) ¢ thé viét lai: y= n x+ -1 ;
3 Im=-2 Im=-2

Pudng thing (d) cit truc Ox tai diém A4 co tung dé bing 0 nén

m_om=l o lem A[‘-_m;a]:m:r-_m

, dudmg
Im-2 Im-=2 m n m
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thang (d) cdt truc Oy tai diém c6 hoanh dé bing 0 nén

ye g(n; i ]:>03= H_Biéu kién dé tam gidc OAB
i

im-2 Im-—
cinta 04=08 o= =1 o [™ = .
| m | |3m-2] hm|=|3m-2| m=—

Gia tri

m =1 khéng théa min , do duémg thing (d) di qua gbc toa do.

Keét luan: m=—.

Vi du 3) Cho hai duéng thing
(d):mx+(m=1)y=-2m+1=0,(d,):(1-m)x+my—-4m+1=10

a) Tim cac diém c6 dinh ma (d,), (d,) luén di qua.

b) Tim m dékhoang cich tir diém P(0:4) dén duémg thing (d,) la
lém nhat.

¢) Chirng minh hai duong thang trén ludn cat nhau tai diem / . Tim
quy tich diem / khi m thay doi.

d) Tim gid tri lém nhat cua dién tich tam gidgc /4B véi 4, B lan luot 1a
cac diem co dinh ma (d,),(d,) di qua.

Loi giai:

a) Taviét lai {d1}:mx+{m—l}y—2m+l=ﬂﬁm{x+}'—2}+l—y:ﬂ.
Tir d6 dé dang suy ra duéng thing (d,, luén di qua diém c6 dinh: A4(1;1).

Tuong tu viét lai (d,):(1-m)x+my—dm+1=0=m(y-x-4)+1+x=0

suy ra (d,) luén di qua diém ¢6 dinh: B(-1,3).

b) Dé y ring duomg thing (d,) ludn di qua diém ¢o dinh: 4(1;1). Goi
H li hinh chiéu vuéng goc cia P 1én (d,) thi khoang cich tir 4 dén (d,)
la PH < PA . Suy ra khoang cich 1én nhit la PA khi
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P=H < PH 1(d,).Goi y=ax+b la phuong trinh dudng thing di qua
al+b=4 ({b:-él

s 1ib=1 = suy ra phuong trinh duong

P[D;él},A{l;l] ta co hé :{

a=-

thing PA:y=-3x+4.

Xét duomg thing (d,)::mx+(m-1)y-2m+1=0_Néu m=1 thi
(d,):x—1=0 khong thoa man diéu kién. Khi m #1 thi:

m 2m=1

(d,):y= X+ - Piéu kién dé (d,) L P4 la
l1-m m—1

m 1

—(3)=-l=m=—.

o) "3

¢) Néu m=0 thi (d,): y=1=0 va (d,): x+1=0 suy ra hai duong
thing nay luén vuéng goc voi nhau va cit nhau tai I(-11). Néu m=1 thi
(d,):x—1=0 va (d,): y—3=0 suy ra hai duong thing nay luén vuéng

goc vol nhau va cat nhau tai I{l;'_’r] Néu m= {D';I} thi ta viét lai

(d,):y= = x+2m_l vi [d1}:y=m-lx+4m—l.Tathﬁy
1—m m=—1 - m m
m m=—1 .
[EJ[T]:—I nen {dlll(dzl

Do d6 hai dwémg thing niy ludn cit
nhau tai 1 diém 7 .

Tom lai vol moi ga tri cua m thi hai

duong th:;mg [d1 ]={d1] luén vudng goc

va cat nhau tai 1 diém I . Mit khac theo

cdu a) ta co (d,),(d,) lan luot di qua 2

diém co dinh 4B suy ra tam giac /4B vudng tai 4. Nén [ nam trén
dudmg tron duong kinh A8 .
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d) Taco AB:J{—I-I}3+[3-I)3 =22 Dung IH L 4B thi

1 1 1 AR AB*

Sy =—IHAB<—IK AB=="= AB=""—=2_Vay gia tri lém nhét cia
2 2 22 4

ATAE =

dién tich tam giac [4B la 2 khi va chi kln /H = IK . Hay tam giac /4B

vudng cdn tai /.

Ung dung ciia ham sb bic nhit trong chirng minh béit ding thirc va tim
GTLN. GINN

Ta c6 céc két qua quan trong sau:
+Xéthaimso y= flx)=ax+b voa m=x=n khido GTLN, GTNN cua

ham s6 s& dat duoc tai x=m hodc x=n . Noi cach khéc:

min (x}:min{f[m];f{n]} va max&rd}zmax{f{m];f[n}}.ﬂhuviy

dé tim GTLN, GTNN cua ham s6 y = f(x)=ax+b voi m=x=n tachi
can tinh cac gia tri biénla f(m), f(n) va so sanh hai gid tri do dé tim
GTLN, GTNN.

+ Ciing tir tinh chat trén ta suy ra: Néu ham sé bac nhat y =f(x)=ax+b
co f[m]f{n] =0 thi f[x} =0 vo1 mot gid tri cua x thoa mén diéu kién-
m=x=n.

Vidu 1: Cho cac sé thue 0< x,v,z< 2. Chimg minh ri'mg:
2(x+y+z)-(xp+yz+xx)<4.
Loi giai:
Tacor y,z nhu li cac tham s6. x ld an so thi bat dfmg thire cin chimg
minh ¢6 thé viét lai nhu sau: f(x)= (2-y-z)x+2(y+z)-yz-4<0.

, , . , f10)=0
Pe chimg minh f(x)=0 ta chi can chimg minh: . That vay ta

£(2)<0

co:
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F(0)=2(y+z)-y=-4=(y-2)(2-z) =0 vé1 y,z thoa man:

+ f(2)=2(2-y-z)+2(y+z)-)=—4=—)z<0 vé6i y,zthoa min:
0<yz=2.
Tir d6 ta suy ra diéu phai chimg minh: Dau bing xay ra khi va chi khi

[x;y; :] = [IJ; 2;2] hoic cac hoan vi ciia bé so trén.

Vi du 2: Cho céc s6 thue khéng am x, y, = thoa man diéu kién:
x+y+z=1. Tim GTLN cua biéu thirc: P =xy+yz+zx—2xyz.

Loi giai:
. Ly ern Wi . e . x+y+z 1
Khéng mat tinh tong quat ta gia sir z=min(x,y,z) =z < — = 3 Ta
) (;r+y]: [I-:]3
co D=y < = )
YT 4

P=1}'{]—2:]+[:r+y]::1}{[-2:]+:{]—:}.Tacui = la thamsd xy la
an s6 thi f(xy)=xy(1-2z)+z(1-z) 1a ham s6 bic nhat cua xy vai

(1-z)°
0<xy<
=Ty

S(xv)=xp(1-2z)+z(1-z) luén dong bién . Tir d6 suy ra

. Pé yring: 1-2z>0 suy ra ham sé

2

(1=2)" | 1oan) 122, g poy 24241
f{x}'}if[ = (1-22) (1220 =
i-[l:’-l:’+LJ:l-l[:-lT[:+1]£i_Dﬁuhingxdyra
27 \2 4 108) 27 2 3 6) 27

khi va chi kha x=y=:=%.

Vi du 3: Cho céc sb thue duong a,b,c thoa man diéu kién: a+b+c=1.
Chimg minh ring: 5(a” +b*+¢*)-6(a’+b" +c’) <1.
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Loi giai:

Khéng mat tinh tong quat gia sir: a = min{a,b,c} suyra a< % _Bat ding

thire twong duong van

S| a*+(b+e) ~2bc|<6]a +(b+c) ~3bc(b+c) |+1

& 5|a*+(1-a) ~2bc | <6[a’ +(1-a)' ~3bc(1-a) | +1 & (9a-4)bc+(2a-1)" =1

2

. Dit t=bc thi D{ri[b;c] =[';“] . Ta cén chirg minh:

f{r]:{'}a-4]r+{2a—l]: =0 voimoi te [ﬂ;[laa]_ .Do 9a-4<0 suy

2%

raham sé f(r) nghich bién. Suy ra f(:]zf[[l;a]' =&a[3a-])3;{l_

Ding thirc xay ra khi va chi khi a:b:c:%_

Viin dé 2: HAM SO BAC HAI
Kién thirc cin nhé.
Ham s6 y=ax’ {a # IJ] - Ham s6 xac dinh véi moi s6 thue x
Tinh chat bién thién:
+) Néu a >0 thi ham s6 dong bién khi x >0, nghich bién khi x <0 .
+)Néu a <0 thi ham ddng bién khi x <0 nghich bién khi x>0.

D6 thi ham s6 1a mét duémg Parabol nhin géc toa 6 O lam dinh, nhan truc
tung lam truc d6i ximg. Khi @ >0 thi Parabol ¢6 bé 16m quay 1én trén, khi
a <0 thi Parabol c6 bé lom quay xudng duér.
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Vidu 1.

a) Hay xdc dinh haim s6 y = f(x)=ax® biét rang d6 thi cua no di qua
diem A(2;4).

b) V& d6 thi cua ham so6 di cho

¢) Tim cac diém trén Parabol cé tung do bang 16.

d) Tim m sao cho B{m;m3) thuoc Parabol.

¢) Tim cic diém trén Parabol (khac goc toa d6) cich déu hai truc toa

do.
Loi giai:
a)Tacod de I[JF’]diHI:f.L?.3 =a=1
b) Bé thi Parabol c6 dinh la gdc toa dé
G{D;{]] quay beé 16i xuénng dudi, ¢o truc

dbi ximg la Oy di qua cac diém

M(L:1),N(=1:1),E(3:9),F(-3:9)

¢) Goi C la diém thude (P) co tung do bang 16.

Ta cd: yr.zlﬁa.%}x:{. =16 < x. =14 Viy f{4;lﬁ] hoic C(-ﬁl;lﬁ].
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d) Thay toa d6 diém B vao (P) ta duoc:

m=m<m-m :ﬂﬁmz[m-l]:[}c:}m:{] hodc m=1.

¢) Goi D la diém thudc (P) cach déu hai truc toa do. Ta co:
d(D,0x)=|y,|=x;:d(D,0y) =|x,|. Theo gia thiét ta co:
x;, =|x,| < |x,|=0 (loai) hodc |x,|=1. Vay D(1;1) hodc D(-1:1).
Vi du 2: Mot xe ta1 ¢o chiéu rong la2 4 m chiéu cao 1a 25m muon di qua
mét cdi cong hinh Parabol. Biét khoang cich giita hai chéin cong 12 4m va
khoang céch tir dinh céng téi mdi chén céng la 2+/5 m( Bé qua dé day cua
cong).
1) Trong mat phﬁng toa do Oxy goi1 Parabo {P] ‘y=ax" voia<0 la
hinh biéu dién cong ma xe tai mudn di qua. Chimg minh a=-1.
2) Hoi xe tai ¢6 di qua cong duge khong? Tai sao?
(Trich dé tuyén sinh vao 16p 10 — Trudng THPT chuyén DHSP Ha Noi
2015-2016)
Loi giai:

1) Gia sir trén mit phing toa d6, d6 dai cac doan thing duoc tinh theo
don vi mét. Do khoang cich giita hai chin cong 1 4 m nén MA = NA=2m .
Theo gia thiét ta c6 OM =ON = 2.5, ap dung dinh ly Pitago ta tinh duoc:
O4=4 vay M [2;—4},1V[—2;—4] Do M [2;—4] thudc parabol nén toa do6
diém M thoa man phuong trinh: (P):y=ax’ hay 4=a2"=a=-1va

[P] y==x".

2) Dé dap img chiéu cao trude hét xe tai phai di vao chinh giita cong.

Xét duong thﬁng {:f] Ty= —%
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({img vdi chiéu cao cua xe). Puong

. . . ¥
thiang nay cat Parabol ta1 2 diem ﬁl
22 7
y=—r? =
O toa do thoa mén hé: 3
}.': —— T H
2
, 3 W2 3
X :E x:—z ;}I:_E
= N A1 »
_3 32 3
}——2 X=———y=——
2 7
suy ra toa do hai giao diém la
T -ﬂ;-i H ﬂ;i — HT =32 > 2[4 Viy xe [tai ¢6 thé dj qua
2 2 2 2
cong.

Vi du 3. Trong mit phing toa dé Oxy cho dudmg thing d - y =-1 va diém
F(0;1). Tim tat ca nhitng diém I sao cho khoang cach tir / dén d bing
IF .

Loi giai:

Gia st diém /(x;y). Khi d6 khoang cich tir / dén d bang |y+1| va

IF :..,|||Jr3 +||:y—l]: . Nhu vay |[J-'+I}3 =x:+{y—l]:. Tir ddy suy ra

y :%xl. Do d6 tap hop tat ca nhimng diém I sao cho khoang cach tir I dén

d bang IF la duémg Parabol [P,):;-:&f.

Vi du 4.

a) Xac dinh diem M thudc duong Parabol {:P] cy=x" sao cho do dai
doan IM 14 nho nhat, trong do [ [D;]} :
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b) Giasirdiém 4 chay trén Parabol (P):y=x". Tim tap hop trung
diém J cua doan 04

Loi giai:
a) Gia sit diem M thude duong Parabol [P] y=x" suyra M (m;m:] .
Khido IM* =m® +(m* 1) =m*—m* +1. Viy

Na

IM = (ml——] +EET_Tathfiy IM nho nhat bing g khi m=+=

b) Gia sir diem A{a;a:} thuoe {:JI"“"']:_}'=I3 . Goi I{A‘.];J.-‘]] la trung
. Viy tap hop cic trung diém / cua

2
doan OA 1a dudng Parabol (B):y=2x".

Vi du 4. Trong mat phfmg toa d6 Oxy, cho ha diém 4 va B chay trén
parabol [P] cy=x" saocho 4.B# ﬂ{[};ﬂ] vi 04 L OB. Giasu [ latrung

diém cua doan 4B .

a) Tim quy tich diém trung diém / ctia doan AB

b) Pudng thing 4B luén ludn di qua mét diém cb dinh.

¢) Xac dinh toa d6 diém A va B sao cho d6 dai doan 4B nho nhat.

Loi giai:

a) Gia st A(a;a’) va B(b;b”) 1a hai diem thuée (P). e 4,8+ 0(0;0)

via 04 L OB ta can diéu kién: ab#0 va OA* +OB” = AB” hay ab# 0 va
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a +a'+b +b' :[a -E:]1+(a: —bz): - Rat gon hai vé ta duge: ab=-1.

Goi I(x,;y,) latrung diém doan 4B . Khi do:

a+b
x = 5
, . Viy toa d6 diém [ thoa min
a+b> (a+b) —2ab )
¥ = = =2x, +1
2 2

phuong trinh y=2x"+1.

Ta ciing c6 thé tim diéu kién d¢ 04 L OB theo cich sir dung hé s6 géc:

Puong thing 04 c6 hé sé goc 1a k =% = a, duomg thing OB c¢6 hé sb
a

5

goc la k;‘%:b. Suy ra diéu kién d¢ 04 L OB la ab=-1

x—a y-a

b) Phuong trinh dudng thing diqua 4 va B la (4B):

hay

-

b-a b -a
(4B):y=(a+b)x—ab=(a+b)x+1. T diy ta d¢ dang suy ra duong
thang (AB):y=(a+b)x+1 ludn ludn di qua diém c6 dinh (0;1).

¢) Vi 04 L OB nén ab=-1.Dé dai doan AB=J{a—b]:+{a3-b1}3 hay

AB=+la’+b -2ab+a'+b* -2a’6* Ap dung bt ding thirc Co si ta co
a* +b* 2 2Va’h? =2ab|, a* +b* = 2a’h* . Ta co:

ABE.J2|ab|+2+2a3£:3—2a3b3 =2.Viy AB ngin nhat bang 2 khi

a’ =b",ab=~1. Taco thé chi ra cip diém do la: A(-1;1) va B(L;1) .
Vi du 5) Trong mat phfmg toa do Oxy cho Parabol I[P}:y=x:, trén {P}
lay hai diem A4(-1;1), B(3;9).

a) Tinh dién tich tam giac OAB .
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b) Xac dinh diém € thudc cung nho 48 cua [P:} sao cho dién tich
tam gidc ABC 1ém nhat.

Loi giai:
a) Goi y=ax+b la phuong

trinh duémg thing AB .

. a.l[-l}+b=l a=2
Ta cd =
al3+bh=9 h=3

suy ra phuong trinh dudng thiang 4B
(d):y=2x+3. Duong thing 4B cit
truc Oy tai diém .’I[D;3}. Dién tich tam gidc OAB la:

s = S0+ Son =%AH.(H +%BK.GI .Tacd AH=1:BK =3,0=3. Suy

ra S, =06 (dvdt).

b) Giasir C(c;c”) thude cung nho (P) véi —1<c<3. Dién tich tam
i8¢ S o0 = S g = Sccw = Speey - Che tir gide ABB'A', 44'C'C,CBB'C'

déu 1a hinh thang vuéng nén ta cé:

ﬂ_ l+¢” {E_H]_"}h:‘

s 4- (3-¢c)=8-2(c-1)" <8 Vay dién tich

ABC =
2

tam gidc ABC 16m nhat bang 8 (dvdt) khi C(1;1).

Vi du 10) Trén mit phing toa d6 Oxy cho dudng thing (d):y=—x+6 va
parabol (P):y=x".
a) Tim toa dé céc giao diém cia (d) va (P).
b) Goi 4, B la hai giao diém cua [d] v {P} . Tinh dién tich tam
giac OAB _(Trich dé tuyén sinh vio 1ép 10 THPT Ha N6i nam
2014)
Loi giai:
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1) Phuong trinh hoanh d6 giao diém cua (P) va (d) la:
¥r=—x+62x +x-6=0=x=2vx=-3Tacd }={2}=4;_}=[—3}=9.
Vay toa dé giao diém cua (P) va (d) 1a B(2:4) va 4(-3:9).

2) Goi A',B' lan luot la hinh chiéu cia 4, B xudng truc hoanh.

Tacod SJ.(J.IB = OrEs _S_‘H'J'.-I.-!' _Sif.ilﬂﬂ'
Taco A'B'=|x, —x,|=x,-x,=544'=y,=9,BB"'=y, =4
AA'+BB' . 9+4 _ 65 1. 27
S.-I.-!'Eﬂ' =TA B =TS =T {_d‘l"dt}, S_":fi'.-L-!' =EJ4 A4 G=?

65 27
(dvdt) = SHHE = 5.4.1'3'3 - S_".f?.-l.!' - Sz.fJﬁs' = ? -[? + 4] =15 (dvdt).

Phuong trinh béc hai va dinh Iy Viet
Kién thirc cin nhd:

Péi vii phuong trinh bac ha axr’ +bx+c= ﬂ{a # ﬂ] co biét thie

A=b"-4dac.

+Néu A <0 thi phuong trinh vé nghiém.
+Néu A =0 thi phuong trinh cé nghiém kép x = -zi.
a

-b+v"E

2a

+Néu A >0 thi phuong trinh ¢é hai nghiém phan biét: x =

~bh—JA

X, = .

2a

»

Céng thirc nghiém thu gon : Khi h=2b" taxét A'=h"~ac . Khi do:

+Néu A'<0 thi phuong trinh vé nghiém.

+ Néu A'=0 thi phuong trinh c6 nghiém kép x=——.
a
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—b’+JE_

+ Néu A'>0 thi phuong trinh ¢6 hai nghiém phén biét: x, = >
a

—b'—JA"

2a

X =

SU TON TAI NGHIEM CUA PHUONG TRINH BAC 2
bé chimg minh mot phuong trinh bac 2 ¢6 nghiém. Thong thuong ta chimg
minh: A >0 dua trén cic k¥ thuat nhu bién doi tuong dwong dé dua vé
dang (Ax+B) =0, kién thic vé bit ding thirc , bt phuong trinh, trong
mét so bai toan khé ta cin nim bét duoc nhirng tinh chat dic biét cia tam
thire bac 2 dé van dung,

Ngoai cic kién thirc co so trong SGK ta can nim thém mét s6 két qua, bo dé
(uan trong sau.

+ Moi tam thirc bac 2: f(x)=ax’ +bx+c véi a# 0 déu co thé phin tich

thanh dang f[x] = a[.ﬁ-i) —i vol A=b"—4dac.

2a da
+ Pé chirng minh mét phuong trinh béc hai f(x)=ax’ +bx+c=0(a#0)
c6 nghiém ngodi cich chimg minh A =0 ta con co cich khie nhur sau:"Chi

ra so thue @ sao cho a_f{.cr} < () hodc hai sé thue a, f# sao cho:

fle).f(p)=0”.

Thit viy ta c6 thé chirng minh diéu nay nhwr sau:

+Taco a.f(a)=d’ [[ﬂwi]l - ﬂ,

=) =
2a 4&‘]

.:rJf+i -ii[}:&-i,l‘_ﬁ .EJ!+i =0= A =0 suy ra phuong trinh
2a 4a” da- 2a

co nghiém.
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+Xét (af (a))(as(B)=a"f(@)./ (B)<0=> trong hai 56 af (a) vi
af (f) c6 mot s0 khong duong, tirc la af () <0hoic af (f)<0 =
phuong trinh ¢6 nghiem.

Vidu 1). Giai cac phuong trinh sau:

1) x=5x+6=0

2) —2x° +3x+1=0.

3) f-[2+J§)x+2J§:ﬂ

4) 13-{2m+]]x+m1+m:ﬂ.
Loi giai:

1) Taco A=(-5) -416=1=A=1.

5
x=—=2
Phuong trinh c6 2 nghiém phanbigt [ 21
5+1
x,=—=3
|21
2) Taco -2x"+3x+1=0A=3"-4(-2)1=17=A=17.
3T 34417
Ph inh ¢6 2 nghiém phn bié - 22) !
uong trinh ¢ nghiem phan biet
© F 34417 3-417
7 2(-2) 4
3) Taco:
A=(2++3) -42v3=(2-+3) = /A =2-+/3. Phuong trinh c6 hai
- _2+~E+2-J§_2
= -
2
nghiém phan biét la: ,
ghicm phin b 243 -(2-+)
_‘[:: 2 :J?_j

49



4) A=(2m+1) —4(m’ +m)=1.
2m+1+1
 =———=m+

Suy ra phuong trinh ¢6 hai nghiém phin biét la:
= 2m+1-1 _ -

2
Vi du 2. Cho phuong trinh: (m-1)x" -2(m+1)x+(m-3)=0 (1)

1. Giai phuong trinh (1) khi m=2
2. Tim m dé phwong trinh (1) cé nghiém kép.
3. Tim m dé phuong trinh (1) ¢6 hai nghiém phan biét.
L gii:
1. V&i m=2 ta co phuong trinh: x* —6x—1=0 _Taco
A'=(=3)" +1=10nén phuong trinh c6 2 nghiém 1a: x=3-/10 va

x=3+\|l"ﬁ.

2. Phuong trinh (1) ¢6 nghiém kep khi va chi khi:

6m-2=0"""73"

{[m—l]iﬂ {mﬁ 1

A'=(m+1)f = (m=1).(m=3)=0 i

3. Phuong trinh (1) ¢ hai nghiém phan biét khi va chi khi

3 =)
ﬂ;r:{m+]}'_{m_[]_(m_3]}{] om-2>0 el

{{m-']ﬂ {m#l m}%_

Vidu 3.Cho a+b=0h+c=0,a+c=0.Ching minh ring phuong trinh

sau co nghiém: {a+b+c]x: —2J3(a3 +b’ +£‘3]I+(ﬂ1 +bl+c3] =1.
Loi giai:
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Néu a+b+c=0 thi tir gia thiét ta suy ra a=bh=c =0_ Do vy phuong
trinh c6 vé s6 nghiém.

Duon diy ta xét truomg hop a+b+c20.

Ta co: ﬂ.'=3{a3+bs+c3)—[a+b+c].[a1+b1+53)
=2{a3+bs+c3}—ab{a+b]-bc{b+c:}-ac{a+c]
=(a3+b3—ab{a+b}}+(bs+c3-bc{b+c}}+(a3+c3—ac{a+c}}
=[ﬂ+b).{ﬂ—b]:+{b+£‘].[b—£‘]:+{ﬂ+£‘].[ﬂ-£‘]2 =0.

Do a+b,b+c,a+c=0. Tirdo suy ra phuong trinh da cho cé nghiém.
Vi du 4: Cho phuong trinh: ax® + bex+b" + ¢’ —4abc =0 (1)

(@#0) v6 nghiém. Chimg minh ring trong hai phwong trinh sau ¢6 mét

phuong trinh vé nghiém va mét phuong trinh ¢6 nghiém: ax” +bx+c=0
(2) vaax’ +ex+b=0 (3).

Loi giai:

Vi (1) vo nghiém nén ta co:

A, =bc’ —4a(b’+c'—4abc) <0 & (b* - 4ac)(c* - 4ab) < 0(*)
Phuong trinh(2) ¢6: A, = b° —4ac; Phuong trinh (3) ¢6: A, =¢” —4ab

Nén (*)&< A, A, <0 => trong hai s6 A,,A, luén c6 mét so dwong va mot sd
im dan dén trong hai phuong trinh (2) va (3) ludn c6 mét phuong trinh ¢6
nghiém va mot phuong trinh v6 nghiem.

Vidu 5)

a) Cho cdc s6 duong a.b,c thoa min didu kién a+2b+ 3¢ =1. Chimg

minh ring cé it nhat mét trong hai phwong trinh sau c6 nghiém
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4x° —4[2.:1+]];vr+4|:1'I +192abc+1=0 va
4x* —4(2b+1)x+4b" +96abc+1=0

b) Cho cic s6 a,b,c thoa min diéu kién a+b+¢ =6 . Chimg minh
rang it nhat mét trong ba phuong trinh sau ¢6 nghiém : x* +ax+1=10;
X +bx+1=0x" +cx+1=0

¢) Chimg minh ring trong ba phuong trinh sau c6 it nhat mét phuong
trinh ¢6 nghiém: ax” +2bx+c=0 (1) ; bx’ +2cx+a=0 (2)
ox” +2ax+h=0 (3).

Loi giai:

a) Hai phuong trinh trén lan luot c6

A' =16a(1-48bc),A', =16b(1-24ac). Vi a,b 12 cic so duong nén
A',,A", lan luot cing dau véi 1-48bc va 1-24ac . Mit khéc ta lai ¢o

1-48bc +1-24ac = 2-24c(a+2b) =2-24c(1-3c)=2(6c—1)" 20 Din

dén A, +A, =0. Viy co it nhat mét trong hai phwong trinh trén ¢6 nghiém.

b). Ba phuong trinh @i cho lan lugt c6 A, =a” —4;A, =b" -4 A, =¢" - 4.
Dodd A +A,+A,=a +b +c 12

Lai co

3{:13 +b +£3:] =(a +b+c]: +[a-b]: +{b—c]1+{c-a}: 2(a +b+c]: Suy

Lo b+c) 6 A
ra a'+b'+c‘2m+c]=%=ll[}cdﬁ a*+b*+c¢*—1220 hay

A, +A,+A, =0. Viy co it nhat mét trong ba phuong trinh da cho c6
nghiém.

c) Néu Trong ba 50 a.b.c cO mét s6 bfing 0, n:hi]"ng han a=0=(2)cod
nghiem x=0.
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Ta xét a_b.c 1a cic so thue khac 0, khi d6 ba phuong trinh d3 cho la ba
phuong trinh béc hai lan luot ¢6 A", =b" —ac;A', =¢" —ab;A', =a” —bc.
Xét tong A +A +A, taco:

AN +A+A =a’ +b +c" —ab-bc—ca =é|i{ﬂ—b]z +{b-c}3+{c—a]1]2{]
Suy ra trong ba s6 A';A',;A",cd it nhat mdt s6 khong am hiy ba phuong
trinh da cho ¢6 it nhat mét phuong trinh ¢6 nghiém.

Vidu 6)

a) Cho tam thirc bac ha f{:r] =x"+hx+c trong do b,c lacac S0
nguyén. Chimg minh ring, ton tai 6 nguyén k dé duoc
f(k)=r(2015).r(2016) .

b) Cho tam thirc bac hai f{x] =x" +bx+c¢ . Gia sit phuong trinh
f(x)=x co6 hai nghiém phin biét. Chimg minh rang phuong trinh
F(f(x))=x co4nghiém néu: (b+1)" >4(b+c+1) .

Gisi:

a) Day la bai toan khé: Dé chimg minh su ton tai cia s6 k ta can chira
tinh chat:

Véi moi da thire bac 2 dang f(x)=x"+ px+q . Ta luén cé
f{f[x}+ x}:f{x].f[x-r—l} vor mol x . That vay ta co:

Tro lai bai todn chon x=2015 ta co
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F(f(2015)+2015)= £(2015).f(2016). Ta suy ra so k can tim chinh la:
k= f(2015)+2015.
b) Taco: f(f(x))-x=f7(x)+bf (x)+c—x
=f{x][f[x]- |+ x[ f(x)=x]+b[ f(x)=x]|+x" +bx+c—x hay
F(f(x)=x=[f(x)=x|[ f(x)+x+b+1]=[ f(x)=x][x* +(b+1)x+b+c+1]

Béyrﬂngphucmgtrmh X +(b+1)x+b+c+1=0 co
={b+|}3—4[b+c+1] >0 va f(x)-x=0 co6 2 nghiém phin biét nén

suy ra f{f{x:}] =x ¢0 4 nghiem.

Chu y:

+ Pé chimg minh trong n s6 a,,a,,..a, ¢o it nhat mét s6 khéng dm (hodc
mét s6 duong) ta chi can chirmg minh téng ka, + k,a, +...+ka, =0 trong
do k. k, .k =0.

Vidu 7: Cho a,b,c 1a cic so thuc ¢6 tong khiac 0. Chimg minh ring
phuong trinh sau luén ¢6 nghiém:

a(x—a)(x—c)+b(x—c)(x—a)+c(x—a)(x—b)=0 (1)
Cach I: (1) = {a+b+:’:]x: —2{ab+bc+ca}x+3abc=ﬂ (2)

Vi a+b+c#0 nén (2) la phuong trinh béc hai, do dé dé chimg minh
phuong trinh ¢6 nghiém ta chi can chimg minh A'>0

Ta co:

A= (ab+bc+m}2 -3ab.’:[a+b+ r:} =a'h’ +b°c’ +c'a’ -abc{a+b+c]
= %[[ab—bc]: + [bc —ca]z +{ca —ab]:} = (. Vay phuong trinh di cho luén
co nghigm.

Cach 2: Go f[x} la vé trai cua phuong trinh (1). Ta co:
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1(0)=-3abe. f(a)=a(a-b)(ac): £ (b) =b(b-a)(b-c); f (c) =c(c-a)(c~b)
= f(0).f(a).f(B).f(c) :—S[abc{a-b][b—c][c-a]]: < (0 = trong bén

s6 f(0),f(a),f(b),f(c) ludn ton tai hai s6 co tich khong duong. Dan

dén phuong trinh di cho ludn c6 nghiém.

Vi du 8: Cho ab.c thoa min: 3a +4b+ 6¢ = 0. CHimg minh ring phuong
trinh sau luén 6 nghiém: f(x)=ax’ +bx+c=0

Ciich 1:

* Néu a:ﬂ::-4b+ﬁc={]:>.-:=—§b:>f[x]=b[x—§):}f{x] cd
nghiém
* Néu a =0 taco:

.4 2
A=p -4.:.::@-4&.: ={3a]_—:c]2{]:>f{x}=ﬂcﬁ nghiém

Cich 2: Ta co:
2f{l]+4f[%]=2[a +b+c]+4(%a+%b+c]=3a+4b+6c=ﬂ

:>f[l]=-2f[%]:}f{l].f[%}=-%fz[%]ﬂﬂ:f{x]=ﬂcd nghidm.

Céach 3: Taco
3(3a+4b+6¢)=2 ¢
7(0)=c:f 3) .9 .3, Sa+12b+16c _ (3a+4b+6¢c) c_ &
4) 16 4 16 16 8

Suyra f(0).f [%] = 0 suy ra phuong trinh luén co nghiém.

Nhédn xet:
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Véi cach giai thir hai thi viée kho nhat 1a phai chimg minh duoc ding

thfrc:Ef{l]+4f(%] =0. Tai sao ta xétfl[l},f[%] vi nhén thém céc hé

50 2 va 4. Viy ngodi hai gia tri f{l],_f[%] ta con ¢o nhirg gia tri nao

khéc khong? Cau tra 161 14 c6, ching han ta xét (1), f[%] £1(0). Ta cén

xac dinh hé sb m,n, p >0 :-;am:hu:mf(l}-{- nf[%]—kpf[ﬂ}: Ja+db+6c.
Dong nhat cic hé 6 ta ¢ hé phuong
m+—m=3

H

trinh: 4 m+3n:4 #m=l,n=2,p:l.1’é}f ta
3 2 2

m+n+p=>06

m:zf{nw;@]w[n}:ﬂ = trong ba s6 f{l],f[%],f{ﬂ] ton tai mot

56 khong 4m va mot s6 khong duong, dan dén tich hai s6 d6 khéng duong
hay phuong trinh co nghiém.
Cach giai thar 3: Tai sao ta chi ra duoc [ [%] biéu nay la hoan toan tu

nhién néu ta can tao ra mot ty 1€ 3a:4b dé tin dung gia thiét:

Ja+4db+6c=0
Ta xét bai foan fffng quadt sau:

Vi du 9: Cho cac 56 thure duong m.n,p thoa mian: n < m;mp < n’
vé£+£+ < = 0. Chimg minh ring phuong trinh: f(x)=ax’+bx+c=0
m n op

(1) c6 nghiém xe (0;1)
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Giai: bé chimg minh (1) ¢6 nghiem xe {ﬂ;l], ta s& chi ra céc so thuc

a,fe(0;1)sao cho f(a).f(B)<0.Via,fe(0;1) vico gia thiét

n . c . n n n . .
n<me —< 1 nén dan dén ta xét: f[—J:a +b—+c. Mit khac

=
m m m- m

mﬁ&i:nﬂﬂ,[a_"_:wiﬂJ“[L-ﬂ]:n

m n p n\.om m p
ﬁi_rf[i]+c."-_‘?m =u@f[iJ=P’”'”'c=F’"‘”'f[n]
n\m pn° m pm pm
* Xét c=0

-Néu a=0=b=0= f(x) lada thirc khéng, do d6 f(x)s& c6 nghiém
trong I[[]';I}

H e . JE' n .
-Néu a#0,tr giathiet > ——=—<1 va
a m

f{x] ::r{a;r+£:-}={] = xz-EE {[};l}

i

£ Xét 20 mca:f[i]_f{n] =P £2(0)< 0= f(x)co nghiém

m pm

m

xe [D;ijc{ﬂ;l]

VAN DUNG DPIEU KIEN CO NGHIEM CUA PHUONG TRINH BAC
2 TRONG BAI TOAN CHUNG MINH BAT PANG THUC
GTLN,GTNN (Phwong phiap mién gid tri ham sd)

Bai todn 1: Tim GTLN, GTNN cita biéu thirc y = -2 € i

mx’ +nx+ p

mx” +nx+ p >0¥x .

Phuong phap:
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Goi y, la mot gia tri cua biéu thire: Khi d6

ax’ +bx+c R
Vo=———— [yum—a]x' +(yun-b]x+yup-c:ﬂ ()
mx +nx+p

Ta xet 2 truomg hop:

+Néu ym-a=0&y, =2 thay vao (*) ta tim duoc x suyra y, =21
m m

mét gid tri cia biéu thire.

+Néu yym—a#0 y, #— thi (*) la phuong trinh bac 2 én x. Diéu kién
m

dé phuong trinh c6 nghiém la: A= 0. Tir d6 ta suy ra diéu kién cua y, . Trén
co s do ta tim duoc GTLN, GTNN (néu ¢6) cua biéu thirc.

+ Ngodi ra trong qud trinh chimg minh bat dang thirc ta cin nim két qua

2
sau: Ta co: a.f{szal [[14- ;_a] _4‘21

2
=a1[1+£] -%. Tirdo suyra

2a

Néu A<0 thi a.f(x)20 & a, f(x) luén cing dau. Mot két qua thuéng
xuyén sir dung trong giai todn la: “Néu tam thirc bic 2 : f(x)=ax" +bx+c

co a }ﬂ,ﬂiﬂ:}f{x}éﬂ,‘ﬁ‘x."

Vidu 1: Tim GTLN, GTNN cua cic biéu thire:

a y= x
> x'=5x+7
by p=X 8¥+7
x +1
2 5 2
g 4=2% h”g{ véi y#£0.
x +2xy+5y
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) A=—2XF1ZD pik 2402 21 (DE TS DH khéi B- 2008)
1+2xy+2y

Loi giai:

2
a) Do 13—5:{1—?:[1—%] +%}ﬂ, Vx su}rrahiéuth&c v ludn xac

dinh véi mot1 x. Go1 y, la mot gia tr cua biéu thire khi d6 ta co:

2

al & (3, —1)x" =5y,x+7y,=0 (¥).

Yo x*=5x+7
+Néu y,=1= —SI+T=D{:}I=% diéu d6 co nghia la y, =1 la mét gia
tri cua biéu thirc nhan duoc.

+Néu y, #1 thi (*) la mét phuong trinh bac 2 ¢6

A=(5y, ]1 —4.(y,-1).7¥, = ¥,(28 -3y, ) . Phuong trinh c6 nghiém khi vi

chikhi A=0 ﬁﬂﬂyui%. Dé y ring v&i mdi gia tri v, =0 hodc

Yo :% thi A=0 nén

+ GTNN cua y la 0 khi va chi kla xz—gi:l]_

{yu_l]
5 28
+ GTLN cita y Ia 2> khi vachikhi x=——J0 -3 __14
3 2(y, 1) g(&q) 5
3
b) PKXD YxeR.
2
Taco P:#ﬁ(F-I}IE+3x+{P-T}:D (1) Coi(1) l1a
X +

phuong trinh béc hai an x .

Truomg hop 1: P=1=0« P=1 thi x:% (*)
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Truomg hop 2: P-1# 04 P#1 phuong trinh (1) ¢6 nghiém khi

A'202P -8P-9<0& (P+1)(P-9)s0e-1<P<9 (*)
Két hop (*)va (**)taco mn P=-;max P=9.

2 2
¢ A=Z2PHIV iz, thic A cb dang ding clp bic2.
x +2xy+5y
2
Ta chia tir s6 va mau sé cho V' va dit t:£ thi A:w. Taco
¥ t+2t+5

I1+2f+5={.*+l}3+4::~[} vol moi ¢, Gol 4, 14 mot gid tri cua biéu thirc.

27 =249

Khi«iuf-tav::lfl-:A,_,:fI VAT
+2i+

& (4, -2)F +(24,+2)1+54,-9=0(*)
+Néu 4, =2 thi :=-é suyra A4, =2 la mét gia tri cia biéu thirc nhian

duroe.

+Néu 4, #2 thi (*) 12 mét phuong trinh béc 2 ¢6
A'=(4,+1)" =(4,-2)(54,-9) =44 +214, -17_Diéu kién dé phuong
trinh ¢6 nghiém 1a

ﬂ'zﬂﬁ-4A§+2|A“-lTE{]ﬁ[I—AU]{élA“—lT:}EDﬁIEA“E%.T&

do ta co GTNN cua 4 la 1 khi va chi kln r:—A”H

=2 x=2y.GTLN

cia A 12 2L khivachikhir=—-0¥_ T 7,
4 41-2 3 3

L]

d) Néu y=0thi ¥ =1=> P=2x"=2.

W12y | 2 +l2y  2(1+6r)
142042y x +2xv+3y T +2u+3
Giai tuong tu nhu cdub) Tacd 6= 4<3. Suyra GTNN cua 4 1a -6 dat

Xét y#0 dit x=ty thi 4=
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3 - a
N EN

A4 la 3 dat duoc khi va chi kln x=

duroe khi va chi khi x=

1]
— 1
LHM
Lad
B

;¥ =—— hodc

Slw
=
=

3 1
I=——— Y =——.
J0” o

xy+yz+zx =8

Vi du 2: Cho cdc s6 thuc x, v,z thoa man diéu kién: { . Tim

x+y+z=35
GTLN, GTNN cua x.

Loi giai:

y==8-x(y+z)

(*) hay
y+z=5-x

Ta viét lai hé phuong trinh dudi dang: {

{Jf::S—x{S—x]

s (*). Vi x,y.z lacac so thue thoa min {*] nén suyra y,z
y+z=5-x

la hai nghiém cta phuong trinh: ¢ —(5—x)¢+8-5x—x" =0 (**).

Diéu kién dé phuong trinh (**) ¢6 nghiém la:

A=(5-x) -4{8—5x+x1]=—3:r: +10x-72 04 (7-3x)(1-x)=0 hay

IEIEE_
3
Khi x=1=t=2=y=z=2 nénGTNN cua x la 1.

Khi :r=1::>r=i::=-y=::i suy ra GTLN cua .‘I=E.
3 3 3 3

Vi du 3) Cho cdc s6 thuc x, v,z thoa man diéu kién: x+ y+z=1.Tim
GTLN cua biéu thire: P=9xy+10y=+11zx.

Loi giai:

61



Thay z=1-x-y vao P taco:
P=9xy+z(10y+11x)=9xp+(1-x—»)(10y +11x)

==11x" +(11-12y)x =10y +10y hay

11x* +(12y—11)x+10y* =10y + P =0 . Dé phuong trinh c6 nghiém diéu
kiégnla A20 & (12y-1 l]1 -4.ll(lﬂy: -]ﬂy—kP] =0 hay

-296y° +176y+121-44P >0

Q::.PE_E[_J;I E}-E]: T_[ l_] E{E Dﬂdﬂ
11 37 296 11 27 148 148
GTLN cua P Iaﬂdatdum. khlx——s' :I—'::—

148 74 37 74

Vi du 4) Cho cac so thue duong a,b,c sao cho a+b+c=3. Chimg minh

r;i.ng: a+ab+2abc£%_

Lo giai:

Tir gia thiét ta suy ra b=3—-a~-c . Tabién d6i bat ding thirc thanh:
a+u{3-u-c]+2ac{3-a-c}-%iﬂ:lr[2c+|}a:+(2c3—jc-4)a+gzﬂ
coi ddy la ham s6 bic 2 cia a. Xét f(a)=(2c+1)a’ +(Zc:-5c-4)ﬂ+%
ta c6 hé so cua a® 1a 2c+1>0 va ta co:

A=(26-5c-4) ~18(2c+1)=(2c~1)"(c* ~dc-2) =
(2c-1)"[c(c~3)-c-2]<0 do 0<c<3. Suyra f(a)20, diu bing xay

ra khi v, ol ki a=%,b=1,c=l_

2

PINH LY VIET VOI PHUONG TRINH BAC 2

Kién thire can nho:
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Dinh 1y Viet: Néu x,,x, la hai nghiém cua phwong trinh

.'I'|+.'.r1 = m——
ax’ +bx+c=0,(a#0) thi 4w

Ghi chi: Trude khi sir dung dinh 1y Viet, ching ta can kiém tra diéu kién
phuong trinh ¢6 nghiém, nghia la A=0.

Mt so ting dung co bin ciia dinh Iy Viet

+ Nham nghiém ctia mét phuong trinh bac hai:

Néu a+b+c=0 thi phuong trinh ¢6 hai nghiém la x, =1:x, =<
a

Néu a—b+c=0 thi phuong trinh c6 hai nghiém la x, =-1;x, = -<
a

+ Tinh gid tri cta biéu thirc g(x,,x,) trong d6 g(x,,x,) 1a biéu thirc déi

ximg giita hai nghiem x,x, cua phuong trinh (*):
Bude 1: Kiém tra diéu kién A =0, sau d6 ap dung dinh Iy Viet.

Bude 2: Biéu dién bicu thitc g(x,,x,) theo §=x, +x,,P=x,_x, tir d6 tinh

duoc g(x,.x,).
Mt sb biéu thirc dbi xirng giira hai nghié¢m thwimg gip:
X +x; = {Jr|+3r1:}3 -2xx, =8"-2P;

X, +x, :{:vrl+Jr1]3'—3:r|:;:1 (x, +x3:|=.':?3I —-35P;

xf+xd = (3 +x3) —2xix = (87 -2P)-2P* = §* ~4S*P+ 2P,
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= J{II —X ]1 = -\’{-‘f] +x, ]3 - 4x,x, =m1_"

|JrI - X,
+ Lap phuong trinh bac hai ¢ hai nghiém la x,,x, cho truoc:

Buoc 1: Tinh §=x +x,;P=xx,.

Budc 2: Phuong trinh bac hai nhan hai nghiem x,,x, la X' -SX+P=0.

+ Tim diéu kién dé phuong trinh bic hai (*) (@,b,¢ phu thuéc vio tham s6
m ), ¢t hai nghiém x,,x, thoa min mot diéu kién cho trude ﬁ{x,,xl] =10
(1)

Budce 1: Tim diéu kién dé phuong trinh (*) c6 nghiém, nghia 1a A =0 . Sau
d6 ap dung dinh 1y Viet dé tinh S=x, +x, = -g (2)va P=x,x, :E (3)
theo m .

Budc 2: Giar hé phuong trinh (1),(2),(3) (thwong sir dung phuong phap thé)
dé tim m | sau d6 chi ¥ kiém tra diéu kién cua tham sé m & bude 1.

+ Phan tich da thirc bac hai thanh nhan tir: Néu phuwong trinh (*) ¢6 hai

nghiém x,,x, thi ax’ +bx+c=a(x-x).(x-x).

+ Chimg minh bat ding thirc lién quan dén nghiém ciia phuong trinh béc 2
ta can chi y dén cac diéu kién ran g bude sau:

Néw x, <m<x, & (x,—m)(x,-m)<0.

. X +x,=2m
Neum=x =x, &
. (x,—m)(x,-m)=0
X +x,<2m

Né <x, <
U X =X, mﬁ{{x,-m]{xz—m}éﬂ

Mt so vi du:
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Vi du 1. Khéng giai phwong trinh, cho biét déu cac nghiém

a) x —13x+20=0 ¢) 5x°+Tx+1=0
b) 3x +5x=2=0

Loi giai:

P=xx,=2=20>0
a) Taco: a

S=x +x, :-£:13 =0
a

Vi P>0 nén hai nghiém x,,x, cing dau va § >0 nén hai nghiém cing dau
duong.
b) Taco: P=xx =£=—§{{] nén hai nghiem x,x, tra déau.
ia
P=xx, :Ezl‘;ﬂ
: 5

¢) Tacd: y 7
S=x1+x3=_—=_—-=::['l
a 5

Vi P>0 nén hai nghiém x,,x, cing dau va § <0 nén hai nghiém cing dau

dam.
Vi du 2: Phin tich da thire sau thanh nhén te

a) f(x)=3x"-5x+2 b) g(x)=-x"+5x" -4

) P(x;y)=6x" —11xp+3)° d)
O(x;y)=2x"-2y" -3xy+x-2y.

Loi giai:
a) Phuong trinh Ix —5x+2=0 co ha nghiém x =1 hodc :r:%
Suy ra f{x]=3[}:-1][1-%]:{3}:-2][1'-]}.
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b) Phuong trinh —x*+5x* =4=06 —(x*) +5x'-4=0x"=1
hodc x* =4 Suy ra g{:lr]:—(:':1 -1:}{13 —4):—(:(—l]{x+|}|[x-2]{x+2}_

¢) Ta coi phuong trinh 6x* —11xy+3y” =0 la phuong trinh bac hai an
X.

Taco A, =(1 Iy]: ~4.18y" =49y" = 0. Suy ra phuong trinh ¢6 nghiém la

1 Ty i
x=%ﬁx=l hodc x=3—y. Do d6

P{x;y]=6(1-§J[I-%}={3x—y]{2x—3y]
d) Taco 213—2y3—31y+x—2y=ﬂﬁ213+{l-3}']x-2}=3-2}'=[}
Ta coi ddy la phuong trinh bac hai dn x va co:
A, =(1-3y) -8(-2y*-2y)=25)" +10y +1=(5y+1) 20
3y—1+(5y+1)
4

IZ%_I.DG do Q{x;y:}:E[I-Zy}[x_'J;'IJ:[X-Zy}{Zx+y+1]

Suy ra phuong trinh cé nghiém la x= <= x=2y hoac

Vi du 3: Phin tich da thic f(x)=x"-2mx" —x+m" —m thanh tich cta hai

tam thitc béc hai an x .
Loi giai:

Taco x‘—2m13-1+m1—m=ﬂ-:=‘.>m1-(213+1}m+x4-x={]
Ta coi ddy la phuong trinh bac hai an m va co:
A, =(207+1) =4(x* -x)=4x" +4x+1=(2x+1) 20

2
Suy ra f{x}=ﬂﬁmzw=f+x+l hoidc
2x" +1-2x-1
m=—"— "~

5 =x"-x.Dodod f{x]:(m—xz—x—l}(m—x:+x}_

Vidu 4:
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a) Cho phuong trinh 2x* —mx+5=0, véi m la tham s5. Biét phuong
trinh ¢6 mét nghiém la 2, tim m va tim nghiém con lai.

b) Cho phuong trinh x* =2(m+1)x+m”-1=0, v6éi m 1a tham 50.
Tim m dé phuong trinh ¢ hai nghiém dwong.
¢) Cho phuong trinh x* —4x =2|x—2|-m~5, véi m la tham so. Xéc
dinh m dé phuong trinh ¢6 bén nghiém phan biét,
Loi giai:
a) Vi x=2 la nghiém cua phuong trinh nén thay x=2 vao phuong

trinh ta duoc 8-2m+5=0= ng' Theo hé thirc Viet ta ¢6: xx, =%

mi x, =2 nén x, =;_Vé}r m =g vi nghiém con lai la %

b) Phuong trinh ¢6 hai nghiém duong

>
A=am+220 |™27]
= 85 =2m+1>0 = m}-% =m>|
P=m"-1>0

m>=lvm<l

Vay va1 m =1 thoa man bai toan.

¢) Tacod x° —4x:2|;r-2|-m—5 ﬁ(:r: —4x+4)-2|:r-2|=—m—l

o (x=2) =2x-2|=-m-1 (1)

bat .r=|x-2|2ﬂ_ Khidd (1) thanh: ¢ =2t +1+m=0 (2)

bé (1) ¢6 4 nghiém phin biét thi (2) ¢6 hai nghiém phin biét duong, tie la
A=0 ~4m >0

phai co:c P>0& ]+m::rﬂﬁ—l-::m-c:ﬂthdamﬁnyéuc;"iubéitu:in.
§=0 2=0

Vi du 5)
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a) Tim m dé phuong trinh3x* +4(m—1)x+m” —4m+1=0 c6 hai

nghiém phén biét x,, x, thoa mﬁn:i+iz l{Jt, +x,).
) x x, 2 i
b) Chimg minh ring phuong trinh: ax’ +bx+c= 0(a#0)(1)co hai
nghiém phin biét va nghiém nay gap k(k=#-1) lan nghiém kia khi va chi
khi (1+ k) ac = kb’ .

¢) Tim cdc gid tri caa m dé phuong trinh x° —mx+m —m—-3=0 ¢o
hai nghiém x,,x, la d6 da1 ciac canh goc vudng cua tam gidc vudng
ABC , biét d6 dai canh huyén BC=2.

Loi giai:

a) Trude hét phuong trinh phai c6 hai nghiém khéc 0 nén:

m +4m+1=0 ) _ )
(*). Khi do theo dinh 1y Viet ta

Al=m’ +4m+1>0
c_m:—4m+| ﬁ{

3 =0 m —4m+1#0
4(1- * -
ch:S=x+x, :M;P=x,xl=$
X, + X,

Ta cﬁ:lﬂ-L:l(x, +x,) & :%{x, +x,) & (x+x,)(xx,-2)=0

XX, 2 XX,

Sm=lm=-Lm=5

+x, =0 =1
{dcx1x1:tﬂ}ﬁ[x1 = |:m

xx,—2=0 o m =4m-5=0
Thay vio (*) ta thay m =-1 khéng thoa min.
Viy m=1m=35 la gia tri can tim_
b) Gia sir (1) ¢ hai nghiém x,,x,va nghiém nay gap k lan nghiém kia

thi ta co:
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x, = hx x —ke, =0
=3 ) & (x, =k, ) (x, =k, ) =0
x, = kx, x, —kx, =0

I
-

= (I+k:)x1x: -}'r(xf +J:11]=l.'}-limr{l+1f:1]x|:lrI -k[{x, +x, ]3 -lexz}={]

a a a

o (I+k3)5—k[[-£]2 -2£] =0 (1+k%)ac=k(b* = 2ac) & (1+ k)’ ac = kb*

Giia sur [1 +Jf:]2 ac = kb® ta chi cin chimg minh (1) ¢6 nghiém la duoc. Ta ci:

: 2 o (k=1) P
A=b —-dac=F -ﬁ—,b' =b'{—112{]. Vay ta co dieu phai chimg
(k+1) (k+1)

minh.

¢) Vidé dai canh cia tam gidc vudng la s6 duong nén x,,x, >0

x+x,=m=0

Theo dinh 1y Viet, ta co { (1). Piéu kién dé phuong

xx,=m -m-3>0
trinh c6 nghiém la: A=m*—4(m* -m-3)20 & 3m’ —4m-12<0(2).
Tir gia thiét suy ra x; +x; =4 & (x, +xljl-23r|.x: =4 . Do do

m’ =2(m*-m-3)=d4om’-2m-2=0cm=1+3

Thay m :Iixﬁ viao (1) va (2) ta th;“i}r m :l+~,ﬁ_
Viy gid tri can tim 1a m=1+4/3 .

Vi du 7: Cho phuong trinh x* —mx" +(m +1)x’ —m{m+]]x+[m+l]: ={.

a) Giail phuong trinh khi m==2_
b) Tim tit ca cic gia tri ctia tham s& m sao cho phwong trinh ¢6 bén
nghiém d61 mot phin biét.
Loi giai:
a) Khi m=-2 taco phwong trinh: x*+2x" —x" = 2x+1=10
Kiém tra ta thiy x =0 khéng la nghiém cia phuong trinh
Chia hai vé cua phuong trinh cho x* ta duoc: x° +Lj + 2[] —l]— 1=0
x° x
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bat ¢t = x—l, suy ra x4+ l =142, Thay vao phuong trinh trén ta duoc:
x X

t'+2t-1=0=1t=-1.Vai t =—1 ta duoc
1 ~1+4f5

y——=-lex’+x-1=0&x= . Vay vo1 m=-2 phuong tinh c6
x
-1+
nghiém x = I_;E

b) Néu x=0 phuong trinh di cho thanh: (m+ 1}I =(
Khi m # -1 phuong trinh v6 nghiém.
Khi m==1 thi x=0 la mot nghiém cua phwong trinh di cho va khi do
=0

phuong trinh di cho ¢6 dang x" +x =0 & * . Trong truong hop nay
Xx=-

phuong trinh chi 6 hai nghiém nén khéng thoa man yéu cau bai toan.

Do dd x#0 va m#—1. Chia hai vé ctia phuong trinh cho x* # 0 va dat

(m+1 t=-1

t=x+ }.Tuthudm;rcphuungtrinh: r:—mr-[m+l]:ﬂﬁ|i
X f=m+1

Vi ¢t =-1 ta duoc xz+;r+{m+l}:{] (1)
Vai t=m+1 ta duoc xl—[m+l]x+(m+l}=ﬂ (2)
Phuong trinh di cho c¢6 bon nghiém phén biét khi va chi khi mbi mét trong
céc phuong trinh (1) va (2) déu c6 hai nghiém phién biét, dong thai ching
khong co nghiém chung,
Dé (1) va (2) ¢6 hai nghiém phan biét khi va chi khi:

1-4(m+1)>0

. em<-=1 (%)

(m+1)" =4(m+1)>0

Khi d6 néu x, la mot nghiém chung cua (1) va (2) thi:

{{m + l] = —x[: -X,

. Suyra (m+2)x,=0 diéu nay twong duong v
(m+1)=—x; +(m+1)x,

hodc m=-=2 hoac x,=0.
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Néu x, =0 thi m=—1 (khéng thoa min). Néu m =-2 thi (1) va (2) cing

~1+45
2
Do d6 két hop véi (*), suy ra phuong trinh di cho c6 bon nghiém phin biét
khi va chi khi =2#m<~1.
Vi du 8) Tim tat ca cac gia tri cia m dé phuong trinh:

¢t hai nghiém x =

a) mx’—2(m—-1)x+3(m—2)=0 c6 hai nghiém x,,x, thoa man
x+2x, =1.

b) x* -{2m+]]x+m1+2={] co hai nghiém x,,x, thoa min
3xx,-5(x, +x,)+7=0.

¢) x —3x—m=0 co hai nghiém x,,x, thoa min
xf[l-xz]+x§{]-x,}=]9.

d) 3x*+4(m-1)x+m" —4m+1=0 co hai nghiém phén biét x,,x, thoa

1

. 1 1
man ?I"FI—I:—[I] +x3].

L gii:

a) Néu m=0 thi phuong trinh di cho thanh: 2x-6=0&x=3
(khong thoa min)

Néum#0.Taco A'=(m-1) —m3(m-2)=-2m" +4m+1

2-+6 2+4f6

Diéu kién dé phuong trinh ¢6 hai nghiégm 1a A'> 0 & ;o Sms—
(*). Vi diéu kién (*) gia sir x,,x, 1 hai nghiém cia phuong trinh.
2(m-1)
SRR SR : L XX, =——" 2-m
Tir yéu cau bai toan va ap dung Viet ta co: m —oX=—

x +2x,=1
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Thay x= 2-m vao phuong trinh ta duoc [m—Z{ﬁm—4]={}ﬁm =2 hoac

m :%. Péi chiéu diéu kién ta duoc m=2 hoic m :% thoa min yéu ciu
bai toan.

b) Tacé: A=(2m+1)" —4(m’ +2)=dm-7
Diéu kién dé phuong trinh ¢6 hai nghiégm 1a A= 0 < m z%

. = : 2
Theo dinh 1y Viet ta co: {x'x- S | thay vio hé thitc

x,+x,=2m+
3xx, —5(x, +x,)+7=0, ta dugc 3m1-10m+820¢¢m:§ hoac m=2
DPéi chiéu diéu kién ta duoc m=2 thoa min yéu cau bai toan.
c) Taco: ﬂ:'?—d.]{-m}=9+4m
Diéu kién dé phuong trinh ¢6 hainghiém 1 Az0 & m= e

Taco: x; (1-x,)+x;(1-x) =19 x - xx, +x, - x; x, =19
S X XX XXX, :I‘?Hirxf+:r§-x1_xz{x,+x1:}=]'}
e (x+x, ]2 - 2xx,— X%, (x,+x,) =19 Theo dinh ly Viet ta cé:
x+x,=3 L 2
© . Thay vao hé thire (x, +x,) = 2xx, —x.x,(x +x,)=19 ta
X, X, ==m
dugrc:BI—Z[—m}—l[:-m]B:]?ﬁﬁmzli}ﬁm:?.
DPéi chiéu diéu kién ta duoc m=2 thoa min yéu cau bai toan.
d) Taco: A'=4(m—-1) =3(m* —4m+1)=m* +4m+1
Diéu kién dé phuong trinh ¢6 hai nghiém la: A'>0 & m < —-2—+/3 hoic
X +x, X +x,

m>-2++3. Ta 6 l+L:l{:;:,+3r,}m~
x x 2 ] XX,

. Theo dinh 1y
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-4[::-'1-]}

X +X, = 3

Viet ta co: . . Thay vao hé thirc ntn, _hth ta
-(m' —4m+ l} XX, 2
xx, =——"
3

- - 2{m-1 f—4dm-5
— _4[:?1 ]]. : 3 =_4{m 1}1::} (m ]{m m }:

3 mi—-dm+l 6 3(m* —dm+1)

= . boi chieu dieu kien

E[m-l]{mz—dm—ﬁ) m==lvm=1lvm=35
—
m:t?.is,E

m —dm+1#0

ta duoc m=1 hodc m=35 thoa min yéu ciu bai toan.
Vi du 9) Cho phuong trinh x*—(m—1)-m* +m-2=0, véi m 1 tham 50.

a) Chimg minh ring phuong trinh di cho c6 hai nghiém tréi dau véi
moi m .
b) Goi hai nghiém cua phuong trinh di cho la x,,x,. Tim m dé bicu

Xy £

3 3
thitc A= [ﬂ] -[ﬁ] dat gié tri 16m nhat.

Loi giai:

a) Xeétac :-m1+m—2:—[m—%] -%{ﬂ,‘?’me 24
Viy phuong trinh luén ¢é hai nghiém trai dau véi moi m .
b) Goi hai nghiém cua phuong trinh di cho la x,x, .

Theo cidu a) thi xx, #0,do dd 4 duoc xac dinh vo1 mo1 x,x,.

X, |

3 3
Do x,,x, trii dau nén [ﬁ] ==t voi1 t >0, suy ra [I—] <0,suyra A<0
x

3 3
Dat [ij =—t, v >0, suyra [i] :-l. Khi do A:-I—l mang gia
f

X, X, t

tri 4m va A dat gid tri 16n nhat khi —4 ¢6 gia tri nho nhat. Ta ¢6
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-A=r+l—22,5uyra A= -E_Bﬁngthﬁc xay ra khi va chi khi
I

I. ] - r
I:;ﬁr':l:}.rzl.\"m i=1,taco

3
[—'J =-I:}£=-1ﬁxl=—x:4='.-x|+x1={]=b—{m-1]=ﬂﬁm=l.
Ay

Vay vai m =1 thi biéu thitc 4 dat gid tri 1én nhat 1a =2

Vi du 10) Cho phuong trinh 2x 4+ 2mx+m* —=2=0_v&i m la tham sé. Goi
x,, %, la hai nghiém cua phuong trinh.

a) Tim hé thire lién heé gitta x,,x, khong phu thuéc vao m .
b) Tim gia tri nho nhat va lén nhét ca biéu thirc

A= 2xx,+3

.TI: +Jc33 + 2{1’11’2 + l]

Loi giai:

2

Ta co ﬂ.=m:—4[m—]]=[m-2} =0, voimol m .
Do do phuong trinh luén co nghiém vol moi gia tri cua m .
Theo hé thirc Viet, ta co: x, +x, =m va xx,=m-1
a) Thay m=x +x, vio xx,=m-1, taduoc xx, =x +x, -1
Vay heé thire ién he gira x,x, khong phu thude vao m la xx, =x +x —1.
b) Taco: x|1+x§=[x,+x:]1-21|13=m1-2{m—l]=m1-2m+2.
2x.x,+3 _2m+1

2 ] - % 'Vi
x4+ +2(xx,+1) mi+2

Suyra 4=

A1z 2rrr+l 1= 2m+|1-m' -2 :_[m:l) <0.Vme R
m +2 m +2 m +2

Suyra A<, Vme R Dau “=" xay ta khu va chi kh1 m=1

VﬁA+l=2T+I 1 2{m+|}+m'+2_{m+2}

+—= ~ = 20.¥me R
2 m+2 2 2(m'+2)  2(m*+2)
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Suyra 4= —%,‘F’m e B . Dau “=" xay ra khi va chi khi m =-2_ Vay GTLN

ciia A bang 1 khi m=1 va GTNN cia 4 bing -% khi m=-2.

Vi dy 11) Cho phuong trinh x* - 2(m—1)x+2m* —3m+1=0, véi m la

tham s6. Goi x,.x, la nghiém cta phuong trinh. Chimg minh ring;

9
|I|+I1+J.'1J.', =—.
) -8

Loi giai:

Taco ﬂ.'={m-|}1-(2m2—3m+l)=-m:+m=m{|-m].Béphuc’ngtﬁnh
co hai nghiém < A'=20+ 0=m=1. Theo dinh ly Viet ta co:
x+x=2(m-1) va xx,=2m" -3m+1. Taco

=[2(m-1)+2m* -3m+|
2
E[m—l] 22
4) 16

2 2
Viﬂimilﬁ—lim—lii suy ra n"i—l £iﬁ m—l —iiﬂ
4 4 4 4 4

M+L+;5

=|2m: —m—l|: E‘m: —E—l‘
2

2

Do do

|I|+I: +xx,[=2

(-3 -3
m——| ——=2—=m-—
4 16 16 4

Déau “=" xay ra khi va chi khi m= %

Vi du 13) Cho phuong trinh x* —(2m+1)x+m* +1=0, v6i m 1a tham $0.
tim tat ca cdc gid tri me Z dé phuong trinh c6 hai nghiém phin biét x,,x,

X4
x, +Xx,

sao cho bicu thirc P = cO gia tri la s6 nguyén.
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Loi giai:
Taco A=(2m+1) —4(m* +1)=4m -3 . Dé phuong trinh ¢6 hai nghiém
phin biét ﬁﬂ.}ﬂﬁm}%.']"hendinh ly Vietta co: x,+x,=2m+1 va

xx, m+l 2m-1_ 5 Suvra
x+x, 2m+l 4 4(2m+1)

xx,=m +1._Dodd P=

4P =2m-1+

Do m}i nén 2m+1>1
2m+1 4

DPé Pe Z thi ta phai co (2m+1) laude cua 5, suyra 2m+1=5cm=2
Thir lar vén m=2 _ tadugec P =1 (thoa min).
Viym=2 lagiatn c¢an tim thoa man bai toan.
Vidu 14)
a) Tim m dé phuong trinh x* + x+m =0 ¢6 hai nghiém x,,x, va biéu

thire: Q=x] (x,+1)+x] (x,+1) dat gié tri 1én nhat.

b) Cho phuong trinh x* =2(m+1)x+m"+2=0, véi m la tham 50,
Tim m dé phuong trinh ¢6 hai nghiém x,,x, sao cho
P=xx,-2(x +x,)—6 dat gid tri nho nhat.

¢) Goi x,,x, 12 hai nghiém cua phuong trinh: 2x* —(3a—-1)x-2=0.

Tim gid tri nho nhét cta biéu thrc: P:%{x, -x,) + 2[%+i-i]

x'l x!
Loi giai:

a) Phuong trinh c6 nghiém khi A20 &= 1-dmz20 & ms< %{*}.
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S=x| +Xx, ==1

Khi dé theo dinh 1y Viet: Jl . Taco:

=x|x3 =m
Q=5(8*-3P)+5" -2P=m s:%{dc (*) = maxQ:& dat dvoc khi

o=, Viy m =%1&gié tri can tim.

4

2

b) Tacé A'=(m+1) —(m’+2)=2m-1
Dé phuong trinh ¢6 hai nghiém < A'20 & m E% (*). Theo dinh ly Viet

tach: x,+x, =2m+2 va xx,=m +2_Tacéd
P=xx,-2(x+x,)-6=m"+2-2(2m+2)-6
=m1—4m-8:{m-2}1-122—12.Dfiu “=" xay ra khi va chi khi m=2
théa man diéu kién (*). Vay véi m =2 thi biéu thic P dat gia tri nho nhat
bang -12.

-

¢) Tacd:A=(3a—-1) +16 > 0= Phuong trinh luén c6 hai nghiém phin

biét. Theo dinh Iy Viet thi:x, +x, = #;xlx2 ==1.Taco

| _-T:}'E{xl -.1'3] °

} =6(x,—x,)’

P=§[x.-xg]:+2{x'xl{

2x.x,

3a-1) :
= ﬁ[[x, ~x,) —4x1xz] = 6{%%4] >24 . Ding thirc xay ra khi
3Ja=1=10 ¢=‘.¥ﬂ=%. Vay minP=24
Vi du 14: Gia st phuong trinh x* +ax+5=10 ¢6 2 nghiém lén hon 1.

a*-a-2b_ 2/b
= .
b—a+l ]+-JE

Chirng minh ring;
Loi giai:
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Theo dinh 1y Vi et ta co: Jlx' : ; " Bét ding thirc can chimg minh c6

dz_mg:—x' +—2 1‘*£ e 1Y Hay N+ 241> e VAhe +2

I+x  1+x, I+ xx, 1+ x, 1+ x, 1+ fxx

L, ]}Z(HEH)
l+x, 1+x, ) l+fxx,

co: x +x,+12 ZM—H . Bé chimg minh (*) taquy vé chimg minh:
1-1-],'1.'1—|Fl—|rl;vr12]4-."[2;,(';,;3
trén tuong duong véi (o, —1)(y — ¥ | 2 0(Diéu nay la hién nhién

dung). Dau bing xay ra khi vachikhi x, =x, & a* =4b.

. Theo bat ding thire C6 si ta

{x1+13+1;[

voi x,,x, > 1. Quy dong va rit gon bat ding thirc

Vi du 15: Gia s phuong trinh béac hai ax +bx+c=0 ¢o hai nghiém thudc
[0;3]. Tim gia tri 16n nhat va gié tri nho nhat cia bicu thirc:

18a* —9ab+b°

9a" —3ab +ac

0=

Loi giai:
Vi phuong trinh bac 2 ¢6 2 nghiém nén a # 0. Biéu thirc Q' ¢6 dang ding

13-934{&]_

a \a
b ¢
Q——t—
a a

cap bac 2 ta chia ca tir va mau cua Q choa® thi Q=
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X +x,=——

Goi x,,x, 1a hai nghiém cua phuong trinh, theo Viet ta co: a.
XX, ==—
a
]
18—92+ 2 2
X a \a 18+9(x, +x,)+(x, +x,)
Vay: 0= = -
9_E+£ ':"\\‘+3[Jr|+JLr:}+JLr1J:3
a a

* Ta GTLN cua Q: Ta danh gid (x, +x3]: qua x,x, vai diéu kién
X, X, € [{};3].
xf S XX,

2 4
) =(x +x,) =x +x +2xx, £9+3xx,
x; =9

Gilasu 0= x, £x1£3::>{

18+9(x, +x,)+3xx,+9

=Q= 3.
Q 9+3(x, +x,)+xx,
Ta ciing c6 thé danh gia theo cich:
x(x-3)<0 . .
x +x,"<3(x +x,) .,
lsx:x,=3= Jr:{xz-:’r}iﬂ = =X +x =Sxx+9
xx, +923(x, +x,)

(% =3)(x,-3)=20
& (x +x, ]1 <3xx,+9. Suyra

B 1849(x, +x,)+(x, +I:)I ¥ 1849(x, +x,)+9+3xx,

= < 2 = 3. Ping thirc
0 9+3[II+13]+I|II 0+ 3{x|+x1}+.‘.l'l.1'3 ang Tk
= :3 b:—ﬁ :-3
xayra & x1_x.1 B hay N At ahcéc a &9 “
x=0x=3 €_g c=9a c_o c=0
a a

I(x, +x,)+x7 +x] :
Tac60-2= [ +x;)+ ™ > (= 0>2. Ding thirc xay ra

Sx=x,=0=2b=c=0.VayGTLN cua Q 1a 3 va GTNN cua O la 2.
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Vi du 16: Cho phuong trinh f(x) =ax’ + bx+c¢ =0, trong d6 a,b,c 1a cic 56
nguyeén va a >0, co hai nghiém phin biét trong khoang (0;1). Tim gia tri
nho nhat cua a.

Giai: Goi x,,x, € (0;1) 1a hai nghiém phin biét cua phwong trinh da cho

= f(x)=a(x—x)(x-x,). Vi a,b,c la cic s0 nguyén va

a>0= f(0)=c=axx,, f(l)=a+b+c=a(l-x)(1-x,)1a cic s0 nguyén

duong.
ﬁlp dung BDT Cauchy

taco: x, (1-x,) Ei;x:{:l-xﬂ E%:} x,xz[l-;}{l—x:}{%ﬂ} (Vi

dox, # x, nén khong co déngthﬁc}. Tir{l}vé{.?}:}f—g >l=a >16

=a25(alasd nguyen duong). Xeét da thircf{:(] = Sx[x -|}+], ta thay

f(x) thoa man diéu kién bai todn. Vay gia tri nho nhat ciia a bang 5.

Vidu 17: Chimg minh: a, :[3—;“'{5] +[3_;(§] —2 1a 56 chinh phuong

vl moi 50 tr nhién le.

Loi giai:

5 )

Xétday S, = [ ! +2J§] +[] _"E} , ta chitg minh &_ 1a mét s6 nguyén.

2

Xeét x,

, suy ra x,,x, la hai nghiém

x.x, =1

- , =1
:i,rz =% ta co {I' T

cua phuong trinh: x* —x-1=0.
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Tacd S, =x""+x,"" = {x," +x," }{11 +x,)-xx, [[_1'1“'1 ke x:H) hay
S.u=8,-8_.Tacd § =18,=(x+x, }1 -2xx,=3,5,=5,-§=2.Tu
do bing phép quy nap ta dé dang chirg minh duoc S, 13 s6 nguyén . Suy ra
a,=(8,)" 1a sd chinh phuong.

CAC BAI TOAN TUONG GIAO PUONG THANG VA PARABOL

Kién thirc cin nhé: Khi can bién luin s6 giao diém ciia mét duong thing
(d) va Parabol (P):y=ax" ta can cha v

a) Néu dudomg thing (d) 1a y=m (song song voi truc Ox ) ta co thé

5, i = H " & - =& & 5 2
dua vao do thi dé bién ludn hodc bién luan dua vao ax” =m.

b) Néu duémg thing (d):y=mx+n tathuong xét phuong trinh hoanh
do giao diém cua (P)va(d) la: ax’ =mx+n e ax’ —-mx—n=0 tirdota
xét 50 giao diém dua trén s6 nghiém cia phuong trinh ax” —mx—n=0
bing cach xét dau cia A
Trong truomg hop duomg thang (d) cat do thi ham so (P) tai hai diém phan

biet 4.8 thi A{x,;mx, +H],B[Iz;m.‘[3 +n} khi do ta co:

-

AB = 'J[IE =X, }1 +m’ (x, - x, ]: =J{m3 +1][{x, +x,) —4x1:(3} . Moi ciu

hoi lién quan dén nghiém x,, x, ta déu quy vé dinh Iy Viet.

Chi y: Duéng thing (d) c6 hé sb goc a di qua diem M (x,;,) thico

dang: y=a(x-x,)+y,

Vi du 1) Tim phuong trinh duéng thang (d) di qua diém 7(0;1) va cat
parabol (F): y=x" tai hai diém phédn biét M va N sao cho MN =210

(Trich dé thi THPT chuyén Ngoai Ngir - PHQGHN nam hoc 2000-2001).
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Loi giai:
Duong thing (d) qua I véihé s0 goc a c6 dang: y=ax+1

Phuong trinh hoanh d6 giao diém ctia (d) va (P) la:

Y=ax+lex —ar—1=0 (1).ViA=a"+4>0 véimoi a, (1) ludn co
hai nghiém phén biét nén (d) ludn cat (P) tai hai diém phan biét

M (x;3,),N(x,;».) hay M (x;ax, +1),N(x,;ax, +1). Theo dinh Iy Viet
taco: x, +x, =a,xx,=-1.

MN =210 & (x,-x, ) + (ax, +1-ax, ~1)° =40
4:&(uz+I)(xz-xljz=4ﬂﬁ(al+l][[xl+x:]3-4x113:|=4{}

o (a+1)(a*+4)=40>a’ =4>a=%2.

Vi du 2: Cho parabol I[P]:y = %xl va duomg th:;mg
(d):y =mx—%m3 +m+1.

a) Vo1 m=1, xic dinh toa dé giao diém A B va [d} vi {P}
b) Tim cic gid tri cia m dé (d) cit (P) tai hai diém phan biét co
hoanh d6 x,,x, sao cho |x, -x,

thanh phé Ha Néi nam 2014).
Loi giai:
a) Vo1 m=1 ta co6 phrong trinh hoanh do giao diem cua {P} vi [a’}

=2 (Trich dé tuyén sinh lép 10 —

la:

%xl :x+%¢r ¥ =2x-3=0&x=-1 hoiic x=3 (doa+b+c=0)

Tacd y[—l]:%;y{ﬂ :E_ Viy toa dd cdc giao diém la A[-l;%] v

2
B [32]
2
b) Phuong trinh hoanh d6 giao diém cua (P) va(d) la

82



1

—x'= mx-%m2+m+lﬁ X =2mx+m’=2m=-2=0 (%)

Dé (P) cit (d) tai hai diém phan biét x,,x, thi phuong trinh (*) phai c6

hai nghiém phén biét.
Khidé A'=m* —=m* +2m+2>0= m> -1
Ciach 1:

Khi m>~1 taco: |x, -x:|:2 & X +x; = 2xx, :44:¢{x|+x3]: -4xx,=4
ﬁ4m2-4(m:—2m-2}:4ﬁgm:—-’-lﬁm:-%_
Cich 2:

Khi m>-1 tacé: |x, —x,|=2 ﬁl'b"LJE-'b_@l—zJE:mmﬂ
a

a' I_

Theo yéu cau bai toan ta co:

2-\|'|2m+2=2'=:~2\.l'm+2=2<=:r?.m+2=]¢=‘.rm=—%.

. 1 :
Vi du 3) Trong mit phing toa dd Oxy cho parabol (P):y =—Ex1 , diem

M (m;0) v&i m la tham s6 khac 0 va diém /(0;-2).Viét phuong trinh
duomg thang (d) di qua hai diém M, . Chimg minh ring (d) luén cit
(P) tai hai diém phan biét 4, B voi d6 dai doan AB >4 .

Loi giai:

Phuong trinh dudmg thing (d):y= Ex —2 . Phuong trinh hoanh do giao

m
diém cua dwong thing (d) va Parabol 1a: — o202
m

S mx’ +4x—4m=0_Tacé A'=4+4m* > 0,Ym suy ra [a’) luén cit {P}
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tai hai diém phin biét A[x,;—f], g[x,; 5 ]

1, 1

AB? =(x, —-r.lz+(ix5 ‘Exf]z[{x' +x) _43{"“’3}[1%[}:1 o }1}

Ll 4

Theo dinh 1y Viet ta c6: x, +x, =—
m

Viy ABJ:[IE +IEJ[1+13]::16 nén AB>4.

X
m m

Vi du 3: Trong mit phing toa dé Oxy , cho parabol (P) c6 phuong trinh
¥y =-Tr -Goi (d) 1a dudng thing di qua 7(0;-2) va co hé s6 goc k.
a) Viét phuong trinh duong thing (d). Chimg minh duong thing (d)
luén cit parabol (P) tai hai diém phan biét 4, B khi k thay doi.
b) Gor1 H,K theo thir tu la hinh chiéu vudng goc cua 4, B trén truc
hoanh. Chirmg minh rfing tam giac JHK vuong ta1 [ .
Trich dé thi THPT chuyén Ngoai Ngir - DPHQGHN niim hoc 2006-2007
Loi giai:
a) Buong thiing {d] y=hkx-2
Xét phuong trinh -Tr: hr-2 e x*+2kc-4=0 (1). Ta
co'A'=k’+4>0 véimoi k. suy ra (1) co hai nghiém phin biét.
Vay (d) luén cét (P) tai hai diém phin biét.
b) Gia sir (1) ¢6 hat nghiém phéan biét x, x,
Suyra A(x;,),B(x,;),) thi H(x;0),K(x,;0).Khido
IH* =x] +4,IK* =x; +4,KH* = (x, - x, ]: . Theo dinh Iy Viet thi xx, =—4
nén IH* +IK* =x7 +x; +8=KH" . Viy tam giac IHK vuéng tai I .
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Vi du 4: Cho Parabol (P):y=x" va duong théng (d):y=mx+4

a) Chimg minh duéng thing (d) luén cit db thi (P) tai hai diém phan
biét A,B Goi x,,x, la hoanh dé cua cic diém 4. B  Tim gia tri
2(x, +x,)+7
R
b) Tim m dé dién tich tam gidc OAB bing 8 .
Loi giai:
a). Phuong trinh hoanh dé giao diém cua (d) va (P) la:

l6m nhat cia Q=

r=mx+dex —mx—-4=0_Taco A=m"+16>0_ véi moi m nén
phuong trinh ludn c6 2 nghiém phan biét, suy ra duéng thing (d) luén cit
. — - - . M - » 'xl +‘x3 =m .-
[P] tal hai diem phin biét. Theo dinh ly Viet ta co: ta co
X.x,=-4

2m +; _(ding phuong phap mién gia tri ham s6- Xem thém phan img

Q=—
m +

dung trong bai toin GTLN, GTNN) ta dé tim dwoc gid tri lém nhat cua Q la

1 viGTNN cua Q la —é dat duoc khi m=1 va m=-8§.

b) Dé ¥ ring duong thing (d) ludn di qua diém c6 dinh 7(0;4) nim trén

truc tung. Ngodi ra néu goi A(x;3),B(x,;¥,) thi x,x, =—4 <0 nén hai

giao diém A, B nim vé hai phia truc tung. Gia sir x, <0< x, thi ta co:

Spun =S+ 80 = %AH.DI - %BK.D.’ voi H_ K lan luot 1a hinh chiéu

vudng goc cua diém A B trén truc (. Taco
ol =4,AH=|I,|=-x1,BK =|x:|=x: Suyra S, =2(x,—x,)
=4(x,~x,)" =4 (x,+x,) = 4xx, | Theo dinh Iy Viet ta co:

2
= Sf.’.-l g

x,+x, =m,x,x, =4 Thay vio ta co: S, =4{m3 + 16] =64 =m=0.
Néu thay diéu kién S =8 thanh dién tich tam gidc OAB nho nhat ta ciing c6

ket qua nhu trén. Vi m* 20=> 8% 24(m’ +16) 264
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Vi du 5) Trong mit phing toa d6 Oxy , cho dwdng thing
[d] :2x—y—a =0 va parabol [P}:J==a13 (a=0).

a) Tim a dé (d) cat (P) tai hai diem phén biét 4, . Chimg minh
ring A va B nam bén phai truc tung.
b) Goi x,,x, la hoanh do cia 4 va B. Tim gia tri nho nhat cua biéu
thie 7' = 4 + ! . (Trich Bé thi vong 1 THPT chuyén — TP
X, +IE X, Xp
Ha Néi nam hoc 2005-2006)
Loi giai:
a) Xét phuong trinh ax’ =2x-a” @ ax’-2x+a =0 (1)
[d] cit {P} tai hai diém phin biét 4, B khi (1) co hai nghiém phan biét

& A'>0& a<1.Kéthop vai diéu kién ta c6 0 <a <1 khi @6 (1) co hai

nghiém duong nén A, B niam & bén phai truc Oy .
b) Theo dinh ly Vi et ta co:

2
—2-0 .. :
XaT X a = Taco: T= 2a+l— theo bat dang thirc C6 s1 cho 2 so
x,x,=a=0 a

duong ta ¢6: 2a+12 27 Vay minT =242 khi a=—.
ia

2
Vi du 6) Cho parabol (P):y= x* va dudng thing (d):y=mx+1.
a) Ching minh ring dudng thing (d) luén cét parabol (P) tai hai
diém phan biét véi moi gia tri m
b) Goi A{.‘.ﬁ;}'.] va B{x:;yl] la cac giao diém cua {d] vi {P:] Tim
gid tri 16m nhat cia biéu thie M =3, —1)(». ~1).
(Trich dé TS lép 10 Truéng THPT chuyén BH su pham Ha Néi nam 2009)
Loi giai: 1 1
a) Phuong trinh hoanh d6 giao dieém cua duong thiang va Parabol la:
r=m+lexr -mx-1=0 (1)
A=m"+4>0 vdimoi m nén (1) co hai nghiém phin biét, suy ra (d] ludn

cit (P) tai hai diém phan biét A(x,;y,) va B(x,:y,).
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b)

Theo dinh ly Viet, ta co: x, +x, =m; x,x, =-1

M =(y,-1)(» -l}=(3r|1 -I)(sz3 —l]=.1’13.‘{11 +2x,x, - x, +_TI}: +l=-m" <0
Viy max M =0 khi m=0.

BAI TAP REN LUYEN

1)

Cho phuong trinh x* —(2m+1)x+m’ ~m-8=0 ¢6 nghiém x=2.

Tim cdc gia tri cua m va tim nghiém con lai cua phuong trinh.

2)

a)
b)

3)

b)

4)

Cho phuong trinh ¥* +¥3x-+2=0 (1)

Chimng minh ring phuong trinh ¢6 hai nghiém phén biét
Goi cac nghiém cua phuong trinh 1a x,,x, . Khong tinh gia tri cua
x,,x,, hdy tinh cic gia tri cia biéu thirc sau-
A=x7 +x3 B=x +x,
1 1

+

x-1 x,-1

=

Cho phuong trinh bic hai x, —2(m+2)x+1+m” =0, m la tham 50,

Tim cdc gi tri cia m dé phuong trinh ¢6 hai nghiém phan biét.
Goi hai nghiém phén biét 1a x,,x, . Tinh gid tri ctia biéu thirc P sau
theo m :

2xx,+3

P=— - . Tir do tim céc gd tri coa m dé P dat oa
x +x; +2(xx, +1)

tri lém nhat va tim cdc gid tri cha m dé P dat gia tri nho nhat.

Cho phuong trinhx* - 2(2m+1)x +4m” +4m—3=0. Tim céc gia tn
ciia m dé phuong trinh c6 hai nghiém phén biét trong d6 c6 mét
nghiém gap d6i nghiém con lai.
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3)

6)

8)

9)

b)

Cho phuong trinh 2 =2x+m=0, m la tham so. tim diéu kién cua
tham s6 m dé phuong trinh c6 hai nghiém phin biét x,, ¥, thoa man

x+2x, =1.

Cho phuong trinh x* —2mx +(5m—4)=0, v6i m la tham s6. Xic
dinh céc gid tri cia m dé phuong trinh cé:
Nghiém bing 0 .

Hai nghiém phan biét trai dau.
Hai nghiém phin biét cing duong.

Cho phuong trinh X =x+3m=0_v&i m la tham sd. Xdc dinh cac
gid tri cia m dé phuong trinh ¢6 hai nghiém phén biét x,, x, thoa

min x, <l<x,.

Cho céc phuong trinh x* +ax+b=0 (1); x* +cx+d =0 (2), trong
do ciac hé s6 a,b,c,d déu khic 0. Biét a b 1a nghiém cua phuong

trinh (2) va ¢,d 14 nghiém cua phuong trinh (1). Chimg minh ring

a’+b'+c* +d* =10.

Cho phuong trinh ax® +bx+c=0(a #0) c6 hai nghiém x,,x, thoa
min ax, +bx, +¢ =0 Chimg minh ring ac(a +c-3.b]+£13 =0.
Gia sir p,g 14 hai s6 nguyén duwong khic nhau. Chimg minh ring it
nhit mét trong hai phuong trinh sau ¢6 nghiém

¥ +pr+g=0x"+gx+p=0.

10) Tim cdc s6 a,b théa min dong théi hai diéu kién sau:

a)

b)

11)

Hai phuong trinh x* +ax+11=0 va x* +bx+7=0 c6 nghiém
chung;
|a|+|B| bé nhat.
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a) Cho cac s0 a.b.c thoamin a}ﬂ,bc=4a3,2a+b+c=abc.Chimg

N3

minh ring a= — .
867

b) Cho a,b,c laba sé khic nhau va c= 0. Chimg minh n;mg néu cic

phuong trinh x* +ax+be=0 va x* +bx+ac=0 co6 ding mot
nghiém chung thi cic nghiém con lai cua ching la nghiém cua

phuong trinh x* +ex+ab=0.

12)

a) Cho f(x)=ax’+bx+c(a=0), biét ring phuong trinh f(x)=x
vo nghiem. chimg minh rﬁng phuong trinh afl {x]+bf{x:}+c =x

vo nghiem.

b) Cho cic sb a,,d,,b,,b, sao cho cic phuong trinh sau vé nghiem:

x +ax+b =0 va x* +a,x+h, =0 Hoi phuong trinh

x "'Ii[ﬂu +a1]x+li{bl +E:rz]| =0 ¢6 nghiém hay khong? Vi sao?

13) Cho phuong trinh x* =2mx+m—-2=0 (x laanso)

a) Chimg minh ring phuong trinh luén luén c6 2 nghiém phin biét vai
moi m .

b) Goi x,,x, la cdc nghiém cua phuong trinh. Tim m dé biéu thic
M=t dat gia tri nho nhat.

X7 +x; —6x,x,
14) Cho phuong trinh x* +2(m—2)x—m" =0, véi m 14 tham 50.

1) Giai phuong trinh khi m=0._
2) Trong truomg hop phuong trinh ¢o hai nghiém phén biét x; va x,

vOl X, < X,, tim tat ca cac nghiem cua m sao cho |.r,| —|:rI| =6.

15) Cho phuong trinh x* =2x=3m” =0, véi m 1a tham s6
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1) Giai phuwong trinh khi m=1.
2) Tim tat cic cac gia tri cia m dé phuong trinh ¢é hai nghiém
x, 8

5 3 .k & X
x,,x, # 0 va thoa dieu kién - —-—==—_

x, x 3

16) Cho phuong trinh bic hai: x* = 2mx+m* —m+1=0 (m la tham s6).

a) Giai phuwong trinh khi m=2_
b) Tim m dé phuong trinh c6 hai nghiém phan biét x, x, thoa man:

X +x; =3xx, —1.
17) Cho phuong trinh: x° + 2{m+1}x~— 2m'+m’ =0 (m la tham sd).
a) Gial phuong trinh khi m=1.
b) Chimg minh ring phuong trinh luén c6 hai nghiém phén biét véi
mol im .

18) Cho phuong trinh: x* —2(m+1)x+m’ +4=0 (m li tham sd)

a) (iai phuong trinh vea m=2 .
b) Tim m dé phuong trinh ¢6 hai nghiém x,,x, thoa min

x +2(m+1)x, <3m” +16.

19) Trong mit phing toa d6 Oxy cho duong thing (d):y=mx-3 tham
56 m v parabol (P):y=x".

a) Tim m dé dudng thing (d) di qua diéem A(1;0).
b) Tim m dé dudng thing (d) cat parabol (P) tai hai diém phén biét

¢6 hoanh d6 lan luot la x,,x, thoa man |x, —x,|=2.

20) Cho phuong trinh: x* +x+m—-5=0 (1)(m latham s6, x i dn)

1) Giai phuong trinh (1) vo1 m=4.
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2) Tim m dé phwong trinh (1) c6 hai nghiém phén biét x,, x, 20 thoa
man:

1‘.‘-—!:'1-:4:1 +ﬁ-m-x: 10

X, X, 3

21) Cho phuong trinh: x* —2x+m+3=0 (m la tham $0).
1) Tim m dé phuong trinh c6 nghiém x =3 _ Tim nghiém con lai.

2) Tim m dé phuong trinh c6 hai nghiém phén biét x,x, thoa min

x +x;=8.

22) Chirng minh r:;mg phuong trinh: x* — 2{m+]]x+m —4 =0 ludn co
hai nghiém phén biét x,,x, va biéu thirc M =x, (1-x)+x,(1-x)

khong phu thudce vao m .

23) Cho phuong trinh xlwi{m+l}x+mz+3m+2:ﬂ (1) (m la tham

50).

1) Tim cdc gid tri cia m dé phuong trinh (1) ¢6 hai nghiém phén biét.
2) Tim cac gid tri cia m dé phuong trinh (1) ¢6 hai nghiém phan biét

. - ‘) 3
x,,%, thoa mdn x; +x; =12.

24) Trong mit phing toa d6 Oxy cho Parabol (P):y=x" va duong

thing {d}:y=—%[m+1]x+% (m 1a tham s0).

1) Chirng minh ring mdi gi4 tri cia m thi (P) va (d) luén cit nhau
tai hai diém phén biét.

2) Goi x,,x, la hoanh do gao diém I[P] v I[d} dat
f(x)=x"+(m+1)x" —x.
Chimg minh ring: f(x,)- f(x,)= -é[}q ~x,) (Trich dé thi vio
l6p 10 trwémg chuyén PHSP Ha Néi 2013)
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LOT GIAI BAI TAP REN LUYEN
1) Vi x=2 la nghiém cua phuong trinh nén ta co:
4—,.'»1[2.".".'4—]]+mr1'3 —-m-8=0=m -5m—-6=0= m=-1 hoic m=6._
Vé&i m=-1 ta c¢6 phuong trinh: x° +x—6 =0. Phuong trinh di cho ¢6 1
nghiém x =2 nghiém con lai la x = -3 (vi tich ha1 nghiém bfmg {—6]}
Véi m =6, ta co phuwong trinh x* —=13x+ 22 =0, phuong trinh di cho ¢6
mot nghiem x =2, nghiém con lai la x=11 (vi tich hai nghiém hfmg 22)
2) Xét A= [q‘E)1 ~4.(~v2)=3+42>0. Vay phuong trinh c6 hai
nghiém phin biét
Cha y: Co thé nhin xét ac < 0 nén phuong trinh ¢6 hai nghiém phan biét
tréi dau
X +x,= -3
XX, = -2
A=x +x; =(x, +Jr1]3 =2x.x, :(-\E]E —2[—-\5)=3+2ﬁ
B=x +x] ={I| +x, ]3 —3x,x, [x, +x:}=(-£]: —3(—5]{—£)=-3J§—3J6_

1 1 x+x-2 X, +x,=2 —3 =2

%=1 xl—l_{xl_IJ(II-]}_-TlI:'[x1+IEJ+] ='JE+NE+I

b) Ap dung dinh 1y Vi ét, ta cé: {

2

J) a)Taco ﬂ.=[—m]: ~4(m-1)=m" —4m+4=(m-2)

phuong trinh ¢6 hai nghiém phin biét x,x, & A>0& m#2. Theo hé

+x,= .
X =M 46 P 2xx,+3 2m+l

XXy =m=1 (x,+x,) +2 m +2

thirc Viet ta co: {

(m-1)

242-(m-1)" .
2mil_m+2-(m=1) (1) 4 iy ding thire xay
m +2 m +2 m +2
rakhi m=1 nén gia tri 1én nhat max P=1. Tuong tu ta ¢6 gid tri nho nhat

Taco P=
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min P = —é , dat duge khn m=-2 (Xem thém phzlm phwong phap mien gia
tri ham sd)

4)
Cich 1: Phuong trinh ¢6 hai nghiém phan biét < A'=0

&

& [-(2m+1)" |- (4m* + 4m-3)=4>0,m . Viy phuong trinh c6 hai
nghiém phin biét vo1 moi gid tri cua m . Goi hai nghiém cua phuong trinh la
x, +x,=2(2m+1)(1)

X, %, . Theo hé thirc Viet ta co: . .
xx, =4m +4m- 3{2]

2{2m+ 1)
x =
Co theé gia st x, =2x, (3). Khi do tir (1) va (3)co 3 Thay
B {?.m-i- 1:}
X, =
3

(2m+1)’

vio (2) ta co phuong trinh 8. =4m’ +4m-3 & dm’ +4m-35=0

Giai phuong trinh ta duoc m :g hoidc m :—% (thoa man didu kién).
Cich 2: Tir yéu cau dé bai suy ra x, = 2x, hodc x, =2x,,
tire 1a: (x, —2x, )(x, —2x,) =0 & 9x,x, - 2(x, +x, }1 =0

ap dung hé thirc Viet ta duoc phuong trinh 4m’ +4m-35=0.
)

Phuong trinh c¢6 hai nghiém phin bigt 2 A'>0=1l-m>0em<l
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x +x, =2(1)

Theo hé thire Viet, ta co: { .Tacd x,+2x, =1 x, =1-2x,

x.x, =m(2)

(3). Tu(l)wva(3)taco duoc {xz _3 - Thay vao (2) ta c6 duoe m=-3
X =
thao man dicu kién

6)
SRR 4
a) Phuong trinh ¢6 nghiégm x=0&=5m-4=0& ng.

b) Phurong trinh ¢6 hai nghiém phan biét trin dau
ﬁl.{ﬂm-él}{ﬂﬁm{%

¢) Phuong trinh ¢6 hai nghiém phan bigt x,,x, =& A'>0
ﬁml-[ﬁm—éﬂhﬂ ﬁ(m-]][m-dl}::-{}ﬁm::-dl hodc m<1.

L ) | tx,=2m
Theo hé thic Viet ta co: B

x.x,=5m-4

i . 2m >0 4
H hig na phur trinh cung dur = s —
a1 nghiem cua phuong trinh cung duong {Sm-dr::rﬂ m 3

Két hop vai didu kién ta co %{m{l hodc m>4 .

7) Cachl.bat x—1=1,tacod
x<lex,ex-l<l<xy, =11 <0<,

Phuong trinh an x la x* —x+3m=0 duoc dua vé phuong trinh an -

(t+1) =(t+1)+3m=0 " +1+3m =0 . Phuong trinh an ¢ phai c6 hai
nghiém trai diu = Im<0e=m<0
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Vay m<0
Cich 2: Phuong trinh ¢6 hai nghiém phan biét

X, x5 =A=0 l-lim}ﬂﬁm{%.l(hi dod theo he thire Viet ta co:

x +x, =1 S .
. (1). Hai nghiém x,,x, thoa min
XX, =3m B

x<l<x,ox-l<0<x,-1e x -1 va x, -1 trai dau
e (x5 -1)(x,-1)<0e= xx,—(x,+x,)+1<0 (2). Thay (1) vdo (2) ta co:

Im-1+1<0=m<0.

Két hop véi diéu kién ta co6 m <0 la cc gi tri can tim.

Chi y:

Néu hai nghiém x,,x, <1 thi phuong trinh an ¢ c6 hai nghiém déu 13 s6 dm._

Néu hai nghiém x,,x, >1 thi phuong trinh an ¢ ¢6 hai nghiém déu 1a s6

duong.
8) Giai:

ﬁs.p dung hé thue Viettaco: a+b=—ciab=d.,c+d=—a,;cd=b.

—=h=d

) {c+d=—u {c=—u—d
Ta co: =

a+b=-c at+h=-c
Kéthop véi ab=d va cd=b suyra a=lc=1
Do a+b=-c vac+d=—a suyra b=-2d=-2

Do dé a* +b° +¢* +d* =1 +(-2) + P +(-2) =10

9)
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a) Via#0 nén
c

|:;'|::|[|r1+||:-3.:".r]+.b3 =ac’+a'c+b’ =3abc=a’ li[—] +——3—,j| (*). Theo
a a

hé thirc Viet, ta co: x, +x, :-E;Jrlx2 ZE' Khi do (*) thanh:

a [:(ij +x.x,—(x, +Jr2]3 +3x,x, (x, +Jrl]}

=[xt +xx, (6 +x) | =’ (51 - x, ) (x3 - x,)

::»ac{a+c-3b]+£:-3=53(xf—;rl](xf—x,}

Mi theo gia thiét ta c6 ax; +bx, +c =0 va ax, +bx,+c=0(a#0)

Suyra bx, +c=—ax; =-ax, = x; —x,=0. Do do6 ac(a+c-3b)+b" =0
b) Vi p,g nguyén duong khie nhau nén xay ra hai truong hop la

p>q hodac p<gq.
Néu p>gq suyra p=g+1 KhidoA=p’—dg=(g+1) -4g=(g-1)" 20.
Vay trong truong hop nay phuong trinh x4+ px+qg =10 conghiem.

Tuong tu truémg hop p < ¢ thi phuong trinh x* + gx+ p=0 ¢ nghiém
(dpem).

10)

a) Theo diéu kién dau bai thi ta goi x, la nghiém chung hai phuong
trinh, ta co:

Stax, +11=0
S = 2% +(a+h)x, +18=0
x, +bx,+7=0

Do d6 phuong trinh 2x* +[a+b]x+ 18=0 co nghiém (*)

Khidé A=(a+b)" ~144=0 hay |a+b|=12.

Mat khic, ta c6 [a|+|b|=|a+b|=12. Vay |a|+|b| bé nhét bing 12 khi va chi
khi @ va b cung dau.
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Va1 a+b=-12, thay vao (*) ta duoc: 213-121+]E:{}.Phu0ng trinh trén
conghiém keép x=3.
20 16

Thay x=3 vio cac phuong trinh di cho ta duoc a=-?;b=-?.

Véi a+b =12 thay vio (*) ta duoe: 2x” +12x+18=0_ Phuong trinh trén
co nghiém kép x=-3

Thay x=-3 vio phuong tinh ta duge: a = %;bz % Viy cdc ciip 6 sau
thoa man didu kién bai todn: (a:b)= [-?;_?],E_ﬂ; ?)

11)
a) Tir gia thiét ta co: be =4a” va
b+c=abc—-2a=4a -2a= 2&{2&1 - l] . Suy ra b, ¢ la nghiém cua phuong

trinh x* —(4a’ —2a)x+4a’ = 0. Khi do

A'=d*(2a°-1) -4a* 20 & (247 -1) 24 aa=§ (via>0).

b) Gia sk x, 14 nghiém chung, tirc 13 Jlx" +ax, +be=0
x; +bx, +ca=0

=(a-b)x,~cla-b) < (a—b)(x,—c)=0.Viazb nén x, =c. Khido
tacd: e +bhc+ca=0 ﬁc[a+b+:’:)={}, Do ¢ #0 nén
a+b+c=0=a+b=-c.Mitkhic theo dinh ly Viet, phuong trinh
x* +ax+bc=10 con co nghiém x =b; phuwong trinh x* +bx+ac =0 con co
nghiém x =a .Theo dinh ly dao cua dinh ly Viet, hai soavabla nghiém
cuia phuong trinh: x° —(a+b)x+ab=0 hay x* +cx+ab=0 (dpcm).

12)

a) Viphuong trinh f(x)=x vo nghiém, nénsuyra f(x)>x hodc

f(x)<xVxeR

Khido af*(x)+bf (x)+c> f(x)>x,Vxe R hoic

af* (x)+bf (x)+c< f(x)<x Vxe R .Tic la phuong trinh

af * (x)+bf (x)+c=x vé nghiém.
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b) Tirgia thiét suy ra a; —4b, <0 vi a; —4b, <0. Do db

x +ax+h, =[x+Z—'J —#?D,ﬁIE E .va

2
X +a,x+h, :[xﬂ-z—zj-al 4453 >0,¥xe R nén

1 1 Lre s 2
¥ ag(ara)reo (b o) =¥ raxsb)e(2 +axsb)]>0.

Do viy phuong trinh x° +%[a, + a3]x+%|[h] +b,)=0 vo nghiém.
13)

a) ﬂ’:m:—m+2[m—%J +%::r{] val moi m Vay phuong trinh ludn

co hai nghiém vo1 moi m .
b) Theo hé thirc Viet ta co: x, +x, =2m;xx, =m-2

o 24 24 -24

X +x; —6xx, (x, +x, }3 - 2x,x, — 6x,x, - (x, +xz]: —8x,x,
24 4 6
(2m) -8(m-2) 4m" -8m+16 (m—1)"+3

m=1. Viy gia tri nho nhat cia M =-2 khi m=1.
14)

1) Khi m=0 phuwong trinh thanh: x* —4x=0 x=0 hodc x=4.
2) A'=(m=2) +m’=2m"—4m+4=2(m" -2m+1)+2

> -2 . Dau “=" xay ra khi

=3 {m -1 :]3 +2>0,Ym Vay phuong trinh luén co hai nghiém phin biét van
moi m Tacd S=x+x,=2(2-m);P=xx, =—m" <0
Tacod |x||-|Jr1|=1‘5:';-:lrf-ElJLrIJr:|+x11 =36

. 1

& (x+x) -2xx,+2xx, =36 = 4(2-m) =36 = (m-2)" =9
eSm=-lvm=5.

15)
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) :-]
1) Khi m=1 phuong trinh thanh: x~ —21—3=ﬂﬁ[x (do
xX=
a-b+c=0).
2) Vai x,x, #0 taco: i-x—zzﬁﬁﬂxf—r;]:ﬁxlx
x, x 3 ]

& 3(x +x,)(x,—x,)=8xx,. Tacé ac=-3m" <0 nén A20,Ym

: b ;
Khi Az0,taco: x,+x,=——=2 va Jr,.;r:=£=—3m‘ =0
a a

Phuong trinh c¢6 hai nghiém #0 dodd m20 > A>0 va xx, <0. Gia sir
X, > x,
Véi a=1=x =—b'—fA" v x,=—b"+fA' = x —x, = 24/A" = 21+ 3’

Do d6 yéu chu b ton & 3.2(-2v1+3m” | =8.(=3m") va m#0

m =1
Sdm'-3im -1=0= | S m=%].

16)
a) Khi m=2 ta co phuong trinh:
¥ —4x+3=0 e x -x-x+3=0x(x-1)-3(x-1)=0
=1
& (x-1)(x-3)=0& [x . Phuong trinh c6 tap nghiém la: S ={1;3}
xX=
b) Taco ﬂ.’zmz-{ml-m+l]=m—l_
Dé phuong trinh béc hai di cho ¢6 hai nghiém phén biét x,.x, thi
A'>0=m-1>0¢ m>1 Khi do theo hé thirc Viet ta co:
{x1+x: =2m

. . Theo bai ra:
xx,=m —m+l
X +x =3xx, -1 & (x +x, }I -2x,x, =3x,x, -1
& (x+x) =Sxx, +1=0=4m* = 5(m* - m+1)+1=0

ﬁmz-5m+4=ﬂ¢}{m-1}{m-4}=ﬂﬁ[mzl

m=4
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Déi chiéu diéu kién m>1 ta c6 m=4 thoa min bai toan.
17)
a) Khi m=1 phuong trinh thinh: x* +4x-1=0 c6 A'=2"+1=5>0
Phuong trinh ¢6 hai nghiém phan biét: x, = —E—xE;x! =245

b) Tacd: A'=2m" +2m+1=2m" -2m’ +%+2m3 +2m+E

m ——=1

:E[mz—%J +2[m+%} >0, V¥m. Néu A'= 0 12 (vé

m+—=10
2

nghiém). Do do A'>0,¥m . Vay phuong trinh luén ¢o6 hai nghiém phan biét
vl mol M,
18)

2 =2
a) Véi m=2,taco phuong tinh: x* —6x+8=0e |
T =

b) Xét phuong trinh (1) ta co: A'=(m+1)" =(m’ +4)=2m -3
Phuong trinh (1) ¢6 hai nghiém x,,x, & m= % Theo he thie Viet:

{11 +x,=2(m+1)

. . Theo gia thiét: x +(x +x)x, <3m* +16
xx,=m +4

el 3 el el
e x +(x+x,) x,<3m’ +16 & x) +x; +xx, <3m” +16

2

& (x+x,) —xx, <3m +16 = 4(m+1) —(m —4)<3m’ +16
=8mzle=m=2 Vay %Emi‘ii.
19)
1) Duong thing (d) di qua diém A(1;0) nénco: 0=m.1-3=>m=3
2) Xét phuong trinh hoanh dé giao diém giira (d) va (P):
X =mx+3=0.C6 A=m"—12,nén (d) cit (P) tai hai diém phin biét co
hoanh dé lan luot 1a x,,x, khi
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m}.?n"rg
m-::-E-..E

A=m'-12>0m* >12 o n>23 - Ap dung hé thirc

_ x+x,=m _
Viet ta co: . Theo bai ra ta cé:
xx,=3
|x, —x:|:2 (% —x, }3 =4 & (x +x, }3 —4xx, =4
em -43=4dem =16 = m=14 (TM). Viy m=+4 1a gid tri can tim.
20)
1) Thay m=4 vio phuong trinh ta ¢6: x* +x—1=0
Co A=1"+4.1.1=5_ Viy phuong trinh ¢6 2 nghiém:
~1+4f5 ~1-4f5
1= X = -
2 2
2) Bé phuong trinh c¢é hai nghiém phan biét thi:

A=1-4(m-35) ::rl}::-m-::%. Theo hé thic Viet ta co: x, +x,=-1 (1);

xx,=m=5 (2)

Xeét:

6-m-x 6-m-x, 10 {ﬁ—m]x1+[ﬁ—m]x3—xf—x§:£
x X, 3 XX, 3

z 1

(6—m)(x +x)—(x +x, }3 +2xx, 10

=
XX, 3

—1{6-m]—]+2[m—5]_l[}ﬁ 3m—-17 10
m-S5 3 m-5 3
< m=-1 (thoa min).Vay véi m =—1 thi bai toan thoa min.

21)
1) Phuong trinh ¢6 nghiém x=3

Thay (1),(2) vao ta co:

©3=23+m+3=0=6+m=0=m=-6
Tacd: x,+x, =2 3+x, =2 x, =-1.Vaynghiém con lai la x=-1.

2) A'=l-(m+3)=-m-2
Dé phuong trinh ¢6 hai nghiém & -m-220& m<-2

Khi do: x' +x =Eﬁ{.‘I,+Ig]|:(1|+I:]3'3x|xz]=8
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Ap dung hé thitc Viet ta duoc: 2[ 2°-3(m+3) |=8 & 2(4-3m-9)=8
= 8—-0m-18=8 & -6m-18=0+ m=-3 (thoa min). Vay m=-3 la
gid tri can tim.

22)

a) Phuong trinh: x:-l{m+l}x+4m-3=ﬂ (1)
co A'=(m+1) —(4m—=3)=m* +2m+1-4m+3

2

=(Jri'1I -2m+l)+3=[m-l} +3>0 v&i mot m. Suy ra phuong trinh (1)
luén ¢6 hai nghiém phan biét van mo1 m .
b). Go1 hat nghiém cua phuong trinh (1) la x,x,

Theo hé thire Viettacod: S=x,+x,=2m+2=m =E (2)

P+3 _ 5-2_P+3
= =
4 2
=225-P=T=2(x+x)-xx,—-xx,=7

P:xlx':=4m—3j-m= :3'25-4=P+3.

23) Phuong trinh x* +2(m+1)x+2m" +2m+1=0
Co A'=(m+1)" =2m* =2m—1=m* +2m+1-2m*> —2m 1= —m’
Phuong trinh ¢6 2 nghiém phin biét khi va chi khi m 2 0.
Theo dinh 1y Vi et ta co:

{11 +x, ==2(m+1)

2
. :}x,1+:rf=]2ﬁ|[x1+x:) -2xx,—-12=0
XX, =2m" +2m+1

2

Hay 4(m+1)" -2(2m’ +2m+1)=0<m =-%_
24)

a) Xeét hé phuong trinh: -2(m+1) 1

y=x
=
Ix’ +2[m+l]x-] =10 [I)
(1) Cé hé s6 a va ¢ trai dau nén ludn co hai nghiém phan biét moi m

nén (P) va (d) ludn cit nhau tai hai diém phan biét véi moi m .
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-2[m+1]

b) Theo hé thite Viet: 1 3 L mrls
XX, =? Ixx, =-1

Ta cé: f{xl}—f[x:]=xf‘—x:+[m+1]{xﬁ—x§}—x,+Jr:
:}Z{f[xl]-f[xz}):Zx:—Ex;—3[x|+x:]{xf—x;]—21']+2:tz

—_xf+xi+31|xz[xz-xl}-2(xl _x1]=_1|3'+xi+[xl -11}-1(I| _'rl}

=_(113_x3. =3xx, (x, —xz}}=[l:x| _I:}(xlz +x; _lexzﬂ =—(x—x, )3-

Nén f{xl}-f[xz):-?[‘rl _x:)i'

xX+x =

-3{:(] +x:]
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Chu dé 3: HE PHUONG TRINH
BAC NHAT HAI AN
Kién thirc cin nhé

Hé phuong trinh bic nhat hai an I hé phuong trinh ¢6 dang:

{m+by=c

a'x+b'v=c'
+Cip $6 (x,;,) duoc goi la mét nghiém cua hé phuong trinh néu no la
nghiém chung cua ca hai phuong trinh do.

+ Hé ¢o thé co nghiém duy nhit, vé nghiém hodc vé sb nghiém tiy theo vi
tri twong doi cua hai dudng thing biéu dién nghiém cua hai phuong trinh.

+ Phuwong phép giai hé: Chiing ta thuémg diing phwong phép thé hoic
phuong phap céng dai s6 dé khir bot mét an, tir d6 s& giai dwoc hé.

Mt sb vi du
Vi du 1. Xéc dinh céc hé s6 a,b ciaham sé y=ax+b dé:
1) D6 thi cia nd di qua hai diem A(1;3),8(2:4)

2) D6 thi ciia nd cit truc tung tai diém co tung do bi:'mg —4 va cit truc
hoanh tai diém c6 hoanh d6 bing 2 .

Loi giai:

1) Thay toa d6 cac diém A, B vao phuong trinh cia duémg thing ta

duoce:
3=a+b b=3-a a=1
= = Vaya=1b=2.
4=2a+b 4=2a+3-a b=3-a=2
. 4 =ag0+b b=—4 a=2
2) Tuong tur phan (1) ta ¢6 he: = =
0=2a+b 2a=-b+4 bh=-4

Viya=2b=-4.



Vidu 2. Giai cic hé phuong trinh sau:

1.1, XY 5 | Teet—=2
) ¥ b) x+1 y-I1 0 x=y
a
3 2 x 3y 1
———=-1 —t——=-1 242x-1- =1

x y x+1 y-1 .||'1_J:-

1.,=L Theodébairatacs hé phuomg trinh:
x y

u+v=3 v=3-u Su=>5 u=1
=1 (=1 (=1
3u—2v=-1 3u—2{3-u]=—l v=3-u y=2.
1

Tir do suy ra: x:lzl; }:-:_:l_
u v 2

b) Pit u=——v=—2—_ Theo bai ra ta c6 hé phuong trinh:

x+1 y-1
u—v=3 u=3+v u=3+v u=2
(=1 (=1 — .
u+3v=-1 J+v+Iv=-1 dv=—4 v=-—1
[ x
_ =2 = —
o x+1 x=2x+2 x=-2
Tir do suy ra: = = 1 -
2 y=l-y ry=3
y-1
a=+2x-1

c). Piéu kién x = %,x -y =>0. bat b 1 ta co hé phuong trinh mao



a+b=2 a=1 | x=1
2a-b=1""b=1" 1% )y=0
Viy hé c6 nghiém duy nhat x=1,y=0

x=2y=5
mx=y=4

1)
2)

Vi du 3. Cho he phuong trinh: { E

a) Gial hé phuong trinh voi m=2.

b) Tim m dé hé phuong trinh c6 nghiém duy nhat (x,y) trong do x,y
tréai dau.

¢) Tim m dé hé phuong trinh c6 nghiém duy nhat (x;y) thoa man

x=y.
Gii:

a) Von m =2 ta co he phuong trinh:

x-2y=5 x=2y+5 x=2y+5 x=1
— — —
2x-y=4 2(2y+5)-y=4 3y=—6 y=-2

b) Tir phuong trinh (1) ta c6 x=2y+5. Thay x=2y+5 vao phuong trinh
(2)taduoc:m(2y+5)-y=4e(2m-1)y=4-5m (3)

Hé c6 nghiém duy nhat khi va chi khi (3) ¢6 nghiém duy nhat. Diéu nay

1 4-5
twong duong voi: 2m—1#0& m# —_ Tir d6 ta duoe: y= m :
2 2m-1
3(4-5
x:5+2y:i_Tac6: x.y:{—ij.Dudﬁ
2m-1 (2m-1)

x,yiﬂﬁ‘lmﬁm{[}{:}m}% (thoa man diéu kién)



e 3 |4-5m|
L}Tacu..'r—|y|{=2m_1—|2m_l| (4)

Tir (4) suy ra Em-lbﬂﬁm}%_\"fﬁdiéukién m}% ta co:

4-5m=3

|
[4]@'4—5m|=3ﬁ[ o 2
4=5m=-3 7

5

x+my=m+1 {l}

Vi du 4. Cho hé phuong trinh:
mx+y=3Im-1 {:2}

a) Khéng giai hé phuong trinh trén, cho biét véi gid tri nio cia m thi hé
phuong trinh ¢6 nghiém duy nhat?

b) Giai va bién luan hé phuong trinh trén theo m.

¢) Tim s6 nguyén m sao cho hé phuong trinh ¢6 nghiém duy nhat
{x,y] mi x,y déu la sé nguyen.

d) Chimg minh ring khi hé c6 nghiém duy nhat (x,y) thi diém
M (x,y) ludn chay trén mét duong thfmg ¢ dinh.

¢) Tim m dé hé trén ¢6 nghiém duy nhat sao cho x.y dat gia tri nho
nhat.

L gii:
a) Tir phwong trinh (2) ta ¢6 y=3m—1-mx . Thay viao phuong trinh (1) ta
duoc: x+ m[im—l—mx): m+1 e (m: -l)x:sz =2m-1 (3)

Hé c6 nghiém duy nhat khi va chi khi phuong trinh (3) ¢6 nghiém duy nhat |
ticla m’ —120 & m=+1,

Ta cling co thé lap ludn theo cach khac: Hé ¢6 nghiém duy nhat khi va chi

khi- e o ml 2l metl
m



b) Tir phuong trinh (2) ta c6 y =3m —1—mx . Thay vio phuong trinh (1) ta

duoe: x+ m[3m—1—mx}: m+1e [m: -I}_:r:}ml -2m-1 (3)
Trwomg hop 1: m = +1_ Khi d6 hé c6 nghiém duy nhat

. 3m*=2m—-1_(m-1)(3m+1) 3m+1
 omr-1 (m—1).(m+1) C om+1

y:3m_]_m_3m+l_m-1

m+1  m+l

Trwimg hgp 2: m=1. Khi d6 phuong trinh (3) thanh: 0.x=0.
Viy hé co v 50 nghiém dang (x;2-x),xe K.

Trudmg hop 3: m =-1 khi d6 phuong trinh (3) thanh: 0.x =4
(3) v nghiém, do do hé vo nghiem.

¢) He da cho co nghiém duy nhat khi va chi khi m = +1.

L3mel_o 2

Ta co: m+1 m+1 . Vay x,y nguyén khi va chi kla
_a':ri'—l_1 2 m+1
m+1 m+1

nguyeén. Do do m+1 chico théla —2:—1:1:2 . Vay m=-3-2:0 (thoa min)

hodc m=1 (loai)

Viy m nhan cde ga tri la =3;-2;0.

d}Khihécénghiémdu}rnhﬁt{x,y}tacil: x—y=3- 2 —[l- 2 ]:2
m+1 m+1

Véy diém M (x;y) luén chay trén duémg thing co dinh ¢6 phuong trinh
y=x-2.



¢) Khi hé ¢6 nghiém duy nhat (x;) theo (d) ta co: y=x-2. Do do:
w=x(x-2)=x-2x+1-1=(x-1) =12 -1

Déu bing xay ra khi va chi khi:

x:]ﬁEvizlﬁizlﬁmH:lﬁm:ﬂ_
m+1 m+1

Vay vai m =10 thi x.y dat gid tri nho nhat.

Chii y: Ta ciing c6 thé tim quan hé x—y =2 theo cach khac: Khi hé

x+my=m+1 (1)

phuong trinh { c6 nghiém duy nhat {m * il] Ifi}f

mx+y=3m-1 {2}
phuong trinh (2) trir di phuong trinh (1) cua hé ta thu duoc:
(m=1)x—(m-1)y=2(m-1)=>x-y=2

x—my=2-4m

- Chimg minh ring v&i moi
mx+y=3m+l1

Vi du 5. Cho hé phuong trinh: {
m hé phuong trinh ludn ¢6 nghiém. Goi [Iu; yc,] la mot cap nghiém cua
phuong trinh: Chimg minh: x, + »,% = 5(x, + ¥, ) +10=0. (Trich d¢ tuyén
sinh vao lap 10 chuyén Todn - DPHSP Ha Nai1 2015).

Loi giai:

Tir phuong trinh (2) cua hé phuong trinh ta c6 y =3m+1-=mx thay vio
phuong trinh (1) cua hé ta co: (m: +1}x: Im*=3Im+2 Dom* +120 v
moi m nén phuong trinh niy luén c6 nghiém duy nhat x, . Suy ra hé luén

co nghiém vol mo1 m .

Goi [Jr“; yu] la mot nghiém cua hé: Tir hé phuong trinh ta co:

Jlxu —2=m{_],'u—4l

Nhin ca hai vé phuong trinh thir nhat véi (3-x,),
Yo—1l=m(3-x,)



phuong trinh tha hai van (y, —4) roi trir hai phuong trinh cho nhau ta duoc:

(3-x,)(x,=2)= (3, =4)(y,—-1) =0 x,  + 3, =5(x, +3,)+10=0.
Ngoii ra ta ciing cé thé gidi theo cich khic nhir sau:

(d):x=my+4m=2=0,(d"):mx+y=3m-1=0. Ta dé dang chimg minh
duoc dudng thing (d) ludn di qua diém c6 dinh: A4(2;4) va duong thing
(d') ludn di qua diém c6 dinh - B(3;1). Mat khdc ta ciing dé chimg minh
duémg thing (d) va dudng thing (d") vudng goc véi nhau nén hai duomg
thing nay ludn cit nhau. Goi M (x,:¥,) la giao diém cia hai duomg thing

thi tam gidgc M AB vudng tai M . Goi I la trung diém cua 4B thi

.’[%%] AB = sfﬁ suy ra

IM = 24B & 41M° = 4B’ @4{(1“-5] +[;=u —EJ ]:m_
2 2
e x +y, —S{xn +yu:}+lﬂ={].

x+my=3 (1)

Vi du 6. Cho hé phuong trinh:
mx+y=2m+1 (2)

Hé c6 nghiém duy nhat (x, y), hiy tim gia tri nho nhat cia céc biéu thire sau

day:

a) P=x"+3y (1)
b) O=x"+y"(2).

Loi giai:

Tir phuwong trinh (2) ta suy ra: ¥y =2m+1-mx . Thay vao phuong trinh (1)

ta duoc:

x+m{2m+1—m]=3¢r{mz—l].x:2m3+m-3 (3).



Hé c6 nghiém duy nhat khi va chi khi phuong trinh (3) c6 nghiém duy nhat,
diéu do6 xay ra khi va chikhi: m* —120& m#+1

1_2m1+m—3_{m—l]{2m+3}_2m+3_2+ 1
Khi dé m” -1 [m—l]_{m+]} m+1 m+1
Im+3 1

y=2m+l-m. =
m+1 m+l1

a)Taco: P=x"+3(x-2) =4x" —12x+12=(2x-3)" +323

P=3khix=o M3 3 L ami6=3m+3cm=-3.
27 m+l 2

Viy gid tri nho nhat ciia P bing 3.

b) Taco: O=x"+y" =Id+|[.1‘-2]4

dat r=x-1.
Khi do
O=(t+1) +(t=1)" =t" +4’ + 6" + 4t + 141" —48* + 61 =4t +1=21" +121 +222

2m+3

m+1

g=2or=0esx=le =le2mti=m+leom==-2.

Vay gia tri nho nhat cia Q bang 2.

mx+(m+1)y=1

Vi du 7): Cho hé phuong trinh: Jl . Chirng minh hé

(m+1)x—my=8m+3
luon c6 nghiém duy nhit (x;y) va tim GTLN cia  biéu thic

P:‘x1+y: +(4+2J§]y| .

Loi giai:



Xét hai duémg thing
(d)):mx+(m+1)y=1=0;(d,):(m+1)x—my-8m+3=0.

+ Néu m=0 thi (d,):y—1=0 va (d,): x-5=0 suy ra (d,) ludén vuéng
goc vai (d, ).

+ Néu m=-1 thi (d,):x+1=0 va (d,): y+11=0 suy ra (d,) ludn

vudng goc val (d, ).

+Néu m#{0;1} thi duong thing (d,),(d,) lan luot c6 hé s goc la:
m m-+

1 .
a :-m+[‘a:: m suy ra a,.a, =-1 dodo (d,) L(d,).

Toém lai véi moi m thi hai dudng thing (d,) ludn vuéng goc véi (d, ). Nén
hai duémg thang luén vuéng goc vai nhau.

Xét hai duong thang
(d,):mx+(m+1)y=1=0;(d,):(m+1)x—my—8m+3=0 luén vudng goc
v&i nhau nén nd cit nhau, suy ra hé co nghiém duy nhat. Goi glao d iem la
I(x;y), duémg thing (d,) di qua A(-1;1) c6 dinh, duéng thing (d,) ludn
diqua B(3;-5) co dinh suy ra [ thudc duong tron dudmg kinh 4B . Goi

-

M (1;-2) 1a trung diém 4B thi Mfz%ﬁ[x-]}z+{y+2] =13(*).

P=[(x=1)* +(y+2)' + 23+ 23y -3| =[s+2(x+By)| =

842 x =143 (y+2)+1-2V3 || hay P=[10-443+2[x-1443(y+2)
Ap dung bét dang thirc Bunhiacopxki ta c6:
[x=163(r+2)] <(143)[ (x-1)" +(y+2)} [=522 x-1+4B(y+2)<
V52 =213 viy P<10-23+213 .



Chu dé 4: GIAI BAI TOAN BANG CACH LAP PHUONG TRINH, HE
PHUONG TRINH

Dé giai bai todn bing cich lap phuong trinh, hé phuong trinh ta thudng thue
hién theo cac buoc sau:

Bude 1: Chon an $6 (néu don vi cua an va dat dieu kién neu can).

Buére 2: Tinh cic dai luong trong bai toan theo gia thiét va an s6, tir d6 lap
phuong trinh hodc hé phuong trinh.

Bwde 3: Giai phuong trinh hodc hé phuong trinh vira lap.

Buére 4: Doi chicu véi dicu kién va tra loi.

CAC BAI TOAN CHUYEN DONG:

Kién thirc cin nhé:

+ Quing dudmg = Vin téc . Thai gian.

+ Vin toc ty € nghich voi thot gian va ty 1€ thuan vol quang duong di duoc:

+ Néu hai xe di nguoc chiéu nhau khi gap nhau lan dau: Thoi gian hai xe di
duoc 14 nhu nhau, Tong quing dudng 2 xe di dwoc bing ding quang duimg
can di cia 2 xe.

+ Néu hai phuong tién chuyén déng cing chiéu tir hai dia diém khac nhau 13
A vaB, xe tir A chuyén déng nhanh hon xe tir B thi khi xe tir A dudi kip xe
tir B ta luén ¢6 hiéu quing duong di duoc cia xe tir A vén quing duomg di
duoc cua xe tir B bang quing duong AB

+ D6i véi (Ca nd, tau xuong) chuyén dong trén dong nuée: Ta cin chi v:

Khi di xudi dong: Van toc ca nd= Van toc riéng + Vin toc dong nuéc.

Khi di nguoc dong: Van toc ca no= Vin toc riéng - Van tée dong nudrc.



Vin toc cia dong nuée 1a van tée ciia mot vét trdi tu nhién theo dong nude
(Vin toc riéng cua vat do bang 0)

Vi du 1. Mot ngudi di xe dap tir A dén B cich nhau 24km. Khi di tir B tro
vé A ngudi do ting van toc thém 4km/h so vai lic di, nén thei gian vé it hon
thér gian di la 30 phat. Tinh vin téc cia xe dap khi di tir A dén B.

Loi giai:
i N R
Dai1 30 phat= 3 gl

Goi van toc cia xe dap khi di tir A dén B 1a x (km/h, x> 0). Thai gian xe

ditir A dénB 1a 22 (gidr).
X

Di tir B vé A, ngudi d6 di véi van toc x+4 (km/h). Thai gian xe di tir B vé

Ala

244 (gid)

x+
Do théri gian vé it hon théi gian di 1a 30 phit nén ta c6 phuong trinh:

S :l_Giziiphm:mgtrinh:
x x+4 2
=12
H_2A 1 viax-192-00]
x x+4 2 x=-16

Déi chiéu véi diéu kién ta c6 van toc cia xe dap di tir A dén B 1a 12km/h.

Vi du 2: Trén quang duong 4B dai 210 m , tai cung mot thon diém mét xe
may khai hanh tir 4 dén B va mét 6t 6 khai hanh tir B di vé 4. Sauk hi
gip nhau xe may di tiép 4 gior nira thi dén B va 6 t6 di tiép 2 gior 15 phat
nita thi dén 4 . Biét ring vin toc 6 to va xe may khéng thay déi trong sudt
ching duéng. Tinh vin toc cia xe may va b to.

(Trich dé thi vao lép 10 truémg THPT chuyén DHSP Ha Néi nam 2013).

Loi giai:



Goi van toc xe may la x (km/h) Piéu kién x> 0.

Goi van toc 6t la y (k./h). Diéu kién y>0.

Théi gian xe may du dinh di tir 4 dén B la: 210 gio. Thot gian 6 t6 du
x

dinh di tir B dén A la: 220 gl
y

Quing dwong xe may di duoc ké tir khi gip 6 td cho dén khidén B 1a: 4x
(km).

Quing dudmg 6 t& di duoc ké tir khi gip xe may cho dén khi dén A 1a-
210 210 9

s a2z

% v (km). Theo gia thiét ta c6 hé phuong trinh:{ * % 4

9
2 +2y=210
el

210 210 _7 4x+%y_4x+%y=z (1)

x vy 4

= &4 x ¥ 4 . Tir phurong trinh (1)

9
Ax+—y=210
X 4_];

9
_4x+1y=21[} (2)

9 9
dx+—y 4x+ Ey 7 9y 4x
- —— - =
x ¥ 4 4x vy

ta suy ra Dﬁx=%y."ﬂm}r vao

phuong trinh (2) ta thu duoc: %}%%y:ﬂl]ﬁy:dﬂ, x=30.

Vay vén toc xe may la 30 km/h. Vin toc 6 t 1a 40 km/h.

Vi du 3: Quing duong AB dai 120 km. lic 7h sang mét xe may di tir A dén
B. Bi duoc % xe bi hong phai dimg lai 10 phat dé sira roi di tiép véi vén toe
kém vén toc lic dau 10km/h. Biét xe may dén B lac 11h40 phit trua cing

ngay. Gia sir van toc xe my trén % quing dudmg dau khéng déi va vén téc



xe may trén % quing dwong sau ciing khong doi. Hoi xe may b1 hong lac

may gio? (Trich dé tuyén sinh vao lép 10 Trwdmg chuyén DPHSP Ha Nji
nim 2015)

Loi giai:
Goi vén toc trén % quing dudng ban dau 1a x (km/h), diédu kién: x>10
Thi vin toc trén i quing duong sau la x—=10 (km/h)

Tho gian trén % quing duémg ban dau 13 20 (h)
x

30

h
I—lﬂ{}

Than gian di trén % quing duong sau la:

Thot gian di ca hai quing duong la: 11 gio 40 phit — 7 gio - 10 phat :%

aio.

Nén ta co phuong trinh: ﬂ+ 30 = 2
x x-10 2
Giai phuong trinh ta duwoc x =30 thoa man d iu kién
Do do thoi gian di trén % quing dudmg ban dau %: 3 (o)
Viy xe hong lac 10 gio.

Vi du 4. Mét ca nd xudi dong 78km va nguoc dong 44 km mat 5 gior vén
vin toe du dinh. néu ca nd xudi 13 km va nguoe dong 11 km voi eting vin
tée du dinh d6 thi mat 1 gio. Tinh vén toc riéng cia ca nd va vin toc dong
nuoe.

L gii:

Goi vin toc rniéngcuacand la x (km'h, x>0)

Va vin toc cua dong nuwoc la y (km/h, y >0



Ca nd xud1 dong di voi vin toc x+ y (km/h). Bi doan duong 78 km nén

thei gian di 1a (gid).
x+y

Ca nd di nguoc dong vol van tc x=y (km/h). D1 doan duong 44 km nén

thoi gian di 1 (gid).

x-y

Téng théi gian xudi dong 1a 78 km va nguoc dong i 44 km mat 5 gio nén ta
8 +i: 5 (1)
x+y x=y

¢t phuong trinh:

Ca nd xudi1 dong 13 km va nguoc dong 11 km nén ta c6 phuong trinh:

£ +L=l (2)
x+y x-¥y

Tir (1) va (2) ta ¢6 hé phuong trinh:

LI

D X—y =26 =24
T ﬁ{xw—zzﬁ{{—z'
X+y XxX-y

Déi chiéu véi diéu kién ta thay thoa min.
Viy van tdc riéng cia ca nd 1a 24 km/h va van tdc cia dong nuée 14 2 km/h.

Vi du 3. Mot & t6 di tir A dén B véi van toc du dinh trong mét thai gian du
dinh. Néu 6 tb ting van toc thém 3 km/h thi théi gian rit ngin dwoc 2 gior so
v du dinh. Néu 6 to giam van téc di 3 km/h thi thoi gian di ting hon 3 gio
so vol du dinh. tinh d6 dai quing duong AB.

Loi giai:

Goi vian toc du dinh cia 6 t6 13 x (km/h, x=3) va thot gian du dinh di tir A
dénBla y (gio, y>2) Khi dé quing dudng tir A dén B dai xy (km).



Néu 6 to ting van toc thém 3 kmv/h thi van tée lic d6 1a x+3 (km/h). khi dé
thon gian di sé la: y=2 (gio).

Ta 6 phuong trinh: (x+3)(y=-2)=xy (1)

Tuong tu néu & to giam vén toe di 3 km/h thi théi gian ting 3 gio nén ta co

phuong trinh: (x-3)(y+3)=xy (2)

x+3)(y=2)=xy

Tir (1) va (2) ta ¢6 hé phuong trinh {
(x=3)(y+3)=xy

x=15

1 Dé6i chiéu vai diéu kién ta thay thoa man.
J.I' =

Giai hé ta duoc J[

Viy quing dudng AB dai la: 12.15=180 (km).

Chua ¥ r:ing: Trong bai todan nay, vi cac dir kién lién quan truc tiép dén su
thay déi cua van toc va thai gian nén ta chon la an va giai nhur trén. Néu dit
d6 dai quing duémg va vin toc du dinh 14 an s6 ta cling lap duoc hé hai
phuong trinh hai an va van giai duoc bai toan, tuy nhién s& kho khin hon

BAI TOAN LIEN QUAN DEN NANG SUAT LAO DONG, CONG
VIEC.

Ta can cha v: Khi giai cic bai toan lién quan dén ning suat thi lién hé giira
ba dai luong la: Khbi lwgng céng viée = niing suit lao déng xthoi gian

Vi du 1) M6t cong ty du dinh diéu dong mét s6 xe dé chuyen 180 tan hang
tir cang Dung Quat vao thanh phé H6 Chi Minh, méi xe cho khéi luong
hang nhur nhau. Nhung do nhu cau thue té can chuyén thém 28 tan hing nén
céng ty d6 phai diéu dong thém mot xe cling loai va mdi xe by gior phai
chd thém 1 tan hiang méi dap img dwoc nhu cau dat ra. Hoi theo du dinh
cong ty do can dieu dong bao nhiéu xe? Biét ring mdi xe khéng cho qua 15

tan. (Trich dé tuyén sinh vao lép 10 Tinh Quéing Ngii 2015)

Loi giai:



Goi x (tan) 1a s6 tan hang trong thuc té ma moi xe phai cho (DK:
l<x=15xe M)
= x—1 la s6 tan hang mdi xe phai cha theo du dinh.

180+ 28 (xe)

S6 xe thuc té phai diéu dong la:

S6 xe can diéu dong theo du dinh la: iﬂl (xe)
x-

Vi vay s6 xe thuc té nhiéu hon du dinh 1 1 xe nén ta c6 phuong trinh:
208 180

28 B 15 2085 - 208-180x = x* —x & ' - 29x+208 =0
X X =
= x, =13 (tm) hodc x, =16 (loaivi x<15)
Vay theo du dinh cin diéu dong: iﬁ:%:ﬁ (xe).
X= -

Vi du 2) Huong img phong trio “Vi bién dao Truong Sa” mét déi tau du
dinh cho 280 tan hing ra dao. Nhung khi chuan bi khai hanh thi s6 hang hoa
di tang thém 6 tan so voi du dinh. vi vay déi tu phai bo sung thém 1 tau va
moi tu cho it hon du dinh 2 tan han g. Hoi khi du dinh d61 tau ¢6 bao nhiéu
chiée tau, biét cdc tau cho sb tin hang bing nhau.(Trich dé tuyén sinh vio

l¢p 10 Tinh Ba Ria Viing Tau nim 2015)
L gidi: Goi x (chiéc) 1 s6 tau du dinh cua déi (xe N* x<140)
S6 tau tham @ia van chuyén 1a x+1 (chiéc)

S5 tin hang trén m3i chidc theo dur dinh 222 (thn)
X

S6 tan hang trén moi chiée thue té 286 (tan)

x+1
Theo bii ra ta ¢6 phuong trinh: 280 280 =2
x  x+l
. x=10 R
ﬁ28D{x+1]—2861‘=21{x+l}¢}x‘+4x—14[}=ﬂ¢}[ 4(0)’ Vay
x=-

doi tau lae dau co 10 chige tau.



Vi du 3. Mét céng nhén theo ké hoach phai lam 85 san pham trong mét
khoang théri gian du dinh. Nhung do yéu cau dot xuat, ngudi céng nhin do
phai lam 96 san pham. Do ngudi cong nhin méi gior dd lam ting thém 3 san
pham nén ngudi d di hoan thnahf cong viéc sém hon so véi thai gian du
dinh 1a 20 phit. Tinh xem theo du dinh mdi gi&r ngudi do phai lam bao

nhiéu san pham, biét ring mdi gier chi lam dwoc khong qua 20 san pham.
Loi giai:

Goi 56 san pham cdng nhin du dinh lam trong mét gio la x(0 <x <20).
i .2 P ooz o 83
Thon gian du kien ngudon d6 1dm xong 85 san pham la — (gid)
x

Thue té méi giér lam ting thém 3 san pham nén s6 san pham lam duoc moi
giola x+3.

96
x+3

Do d6 96 san pham duoc lam trong (gidr)

Than gian hoan thanh cong viéc thuc té sém hon so véi du dinh 14 20 phut
1 85 096 1

= — gio nén ta ¢6 phuong trinh — - ——=—
ngnen a cO phuong tri > a3 &

Giai phuong trinh ta duoc x =15 hodc x=-51

Déi chiéu dicu kién ta loai nghiém x=-51 .

Theo du dinh méi gior nguari d6 phai 1am 15 san pham.

Vi du 4. Dé hoin thanh mét céng viéc, néu hai t6 ciing lam chung thi hét 6
gir. Sau 2 giér 1am chung thi thi t6 hai duoc diéu di lam viée khac, t6 mét
tiép tuc lam va di hoan thanh céng viéc con lai trong 10 giev. Hoi néu lam
riéng thi mdi t6 s& hoan thanh cong viéc nay trong thai gian bao nhiéu?
Loi giai:

Goi that gian to mot lam riéng va hoan thanh cong viec la x (go, x=6).



Goi thii gian t6 hai lam riéng va hoan thanh cong viée 1a y (gio, y>6)
x - -y H - 5 I- 2 - - .
Mo1 gio to mot lam duoec — (phan cong viée)
x
e o ew LA R E ] H - -
Moi gio to hai lam duoc — (phan cong viéc)
y

Biét hai t6 lam chung trong 6 giér thi hoan thanh duoc cdng viée nén ta co

phuong trinh:
6 6 H M 5 5 - .- lu B A R B
—+—=1. (1). Thuc té dé hoan thanh cong viéc nay thi to hai lam trong 2
Xy
Y SR . L. 12 2
210 v to mot lam trong 2+10=12 (go), ta ¢6 phuong trinh: —+—=1
Xy
E.l_E =1
(2). Tir (1) va (2) ta ¢6 hé phuong trinh: 1 J’E . Giai hé ta duoc:
—+—==1
r ¥

=15 ;
*='2 thoa man didu kien,
y=10

Néu lam riéng thi t6 mét hoan thanh cong viée trong 15 giér va t6 hai hoan
thanh cong viée trong 10 gio.

Nhin xét: Bai toan hai nguai (hai déi) cing 1am chung — lam riéng dé hoan
thanh mét c¢éng viée ¢6 hai dai lvong chinh 13 ning suat cia méi ngudi
(hodc mdi d6i). Ta coi toan ba khoi luong cong viéc can thuc hién 1a 1.

+ Ning sudt cong viée =1: thoi gian.

+ Ning suat chung = Téng ning suat riéng.

Chi y:

Trong bai todn trén c6 thé thay diéu kién x> 6 bang diéu kién x > 10 hodc
tham chi la x>12.



Co the thay phuong trinh (2) bi:'mg phuong trinh E=% vi phﬁn viec con lai
x
BN LR .
riéng to mot lam la 3 Ta congay x=15.

Vi du 5. Cho mat bé can (khong co nuac). Néu hai voi nude cung duoc mo
dé chay vao bé nay thi s& day bé sau 4 gio 48 phat. Néu mé riéng timg voi
chay vio bé thi thoi gian voi mét chay day bé s it hon thoi gian voi hai
chay day bé la 4 gio. Hoi mdi véi chay mét minh thi sau bao liu s& day bé?

Livi gidi
D6i 4 gio 48 phit = 4% gior =2—: gicr
Cich 1: Lap he phuwong trinh

Goi that gian vor mot chay mot minh d;:iy bé tron o x (glo, x }%}
S P 1oz - 24
Goi that gian vor hai chay mét minh day beé trong v (gio, y = 3 )

Biét hai voi cling chay thi sau % gidr thi day bé nén ta c6 phuong trinh:

5x Sy

Néu chay riéng thi voi mét chay day bé nhanh hon véi hai 1a 4 gio nén ta c6
phuong trinh:

x=y-4 (2)

24 28
Tir (1) va (2) ta ¢6 hé phuong trinh: | 5x Sy
x=y—4



=8 .
Giai hé trén ta duoc: {x 1 (thoa mén diéu kién)
y=

Viy voi mét chay mat minh trong 8 gié thi day bé va voi hai chay mét minh
trong 12 gid thi diy bé.

Cach 2: Lap phuong trinh

Goi thai gian voi mét chay mét minh day bé la x (gior, x > ‘1_4 )

Khi dé trong mét gitr voi mot chay dwoc 1 (phéan bé)
X

Voi hai chay mét minh day bé trong x+4 (gi®) nén trong mét gicr chay

1 L
duoe: —— (phan be
Tox+4 (phan be)

Téng cong trong mot gier hai voi chay duoe 1 +L4 (phan b&) (3)
X x+

Sau 4 gi¢r 48 phat =? giér hai voi cing chay thi day bé nén trong mét giér
5 5 H A
chay duoc >a (phan be) (4)

Tir (3) va (4) ta c6 phuong trinh L+ 1 =3
x x+4 24

Giai phuong trinh ta duoc x = -% (loa1) hodc x =8 (thoa man)

Viy théi gian voi mdt chay mét minh day bé 1a 8 gio. Voi hai chay mét
minh day bé 1a 8 +4 =12 (gid).

Nhin xét: Ta c6 thé chuyén bai toan trén thanh bai todn sau: “Hai doi cong
nhin cung lam chung mét cong viece thi hoan thanh sau 4 gio 48 phat. Néu
lam riéng dé hoan thanh céng viéc nay thi thoi gian doi mét it hon thai gian



doi hai 13 4 gir. Hoi khi 1am riéng thi méi déi hoan thanh céng viéc trong
bao lau?

Vi du 6. M6t manh dét hinh chir nhét c¢6 d6 dai duomg chéo 1a 13m va chiéu
dai 1ém hon chiéu réng 12 7m. Tinh chiéu dai va chiéu réng ctia manh dat do.

Loi giai:
Cich 1: Lap phwong trinh
Goi chiéu réng ctia manh dat hinh chit nhat la x (m,x>0)

Chiéu dai manh dat hinh chir nhét 1én hon chiéu réng 7m nén chiéu dai cia
manh dat hinh chir nhét 13 x+7 (m)

Biét do dai dudmg chéo 1a 13m nén theo dinh Iy Pitago ta c6 phuong trinh:

X+ (x+7) =13

Giai phuong trinh ta duge x =5 hodc x=-12 . D6i chiéu véi diéu kién ta
c6 chiéu rong manh dat hinh chir nhat 14 Sm va chiéu dai manh dat do la
12m.

Cich 2: Lap hé phuong trinh

Goi chiéu dai cia manh dat d6 1a x va chiéu rong cia manh dat do la y

(mx=y=0)

5

+7=x =12
Khi d6 ta c6 hé phuong trinh {° . _ S
x+y =13

.. Giai hé ta duoc
y=3
Doi chiéu véi diéu kién ta thay thoa min. Viy chiéu réng manh dat hinh chit
nhit la 5m va chiéu dai la 12m.
BAI TAP REN LUYEN:

1). Mot 6 t6 tar di tir A dén B vé&i vin toc 45km/h. sau 1 1o 30 phut thi mot
xe con ciing xuat phat di tir A dén B véi vin tée 60km/h va dén B cing lac
vai xe tai. Tinh quing duong AB.



2). Hai nguon di xe dap xuat phit cung mot lae di tir A dén B. vin tdc cua ho
hon kém nhau 3km/h nén dén B sém muén hon nhau 30 phat. Tinh vén toc
clia méi ngudi, biét quing dwong AB dai 30km/h.

3). Hai tinh A B cich nhau 180km/h. Cing mét liic, 6 to di tir A dén B va

mét xe may di tir B vé A. Hai xe gip nhau & thi tran C. T C dén B 6 t6 di
hét 2 gidr, con tir C vé A xe may di hét 4 giér 30 phiat. Tinh van toc cia 6 to
vi xe mdy biét ring trén duémg AB hai xe déu chay véi vin te khdng doi.

4). Trong mot cude dua, ba tay dua mo t6 di khon hanh cang mot lae. Mai
giér ngudi thir hai chay cham hon ngudi thir nhat 15km va nhanh hon ngudi
thir ba 3 km. nguoi thir ba dén dich cham hon nguot thir nhat 12 phat va
sém hon ngudi thir ba 3 phat. Tinh thai gian chay hét quang duémg dua cia
cac tay dua.

5). Mot xe may di tir A dén B trong thai gian du dinh. Néu vén toc ting
20km/h thi dén sém 1 giér, néu van toc giam di 10km/h thi dén muén 1 gior.
Tinh quing dwong AB.

6). Mét 6 t6 di tir A dén B. Ciing mét liic, mét 6 t6 khac di tir B dén A véi
vin toc bing % vin toc 6 to thir nhat. Sau 5 gié ching gip nhau. Hoi méi 6
t6 di ca quang dudng AB mat bao 1au?

7). Hai bén song A va B cach nhau 40km. cing mot lic von ca nd xudi tir
bén A c6 mét chiéc bé trdi tir bén A véi van téc 3km/h. Sauk hi dén bén B,
ca nd quay tré vé bén A ngay va gip bé, khi do bé di tréi duoc 8km. tinh
vin tée riéng cua ca no.

8) Hai ban A vi B cung lam chung mot cong viéc thi hoan thanh sau 6 ngay.
Hoi néu A lim mét minh 3 ngay roi nghi thi B hoan thanh ndt cong viée
trong thovi gian bao ldu? Biét ring néu lim mét minh xong céng viéc thi B
lam ldau hon A la 9 ngay.

9) Trong mét ky thi, hai truomg A B c6 tong cong 350 hoc sinh du thi. Két
qua la hai truomg c6 téng cdng 338 hoc sinh tring tuyén. Tinh ra thi treong
A ¢6 97% va truomg B ¢6 96% hoc sinh du thi tring tuyén. Hoi méi truéng
0 bao nhiéu thi sinh du tha?



10) C6 hai loai quang sit. quang loai A chira 60% sit, quang loai B chira
50% sit. nguol ta tron mot luong quang loair A vol mot luong quang loai B

thi duoe hdn hop chira % sit. Néu lay ting hon lic dau 14 10 tan quing loai
A vi lay giam hon lic dau 14 10 tin quing loai B thi dwoc hén hop quing
chira E sat. Tinh khéi luong quang moi loai dem trén lic dau.

LOT GIAI BAI TAP REN LUYEN
1). Loi giai:

Goi do dai quing duong AB la x (donvikm, x>0)

Théi gian 6 t6 tai di tir A dén B 1a % (gio)

Théi gian xe con di tir A d@én B 1a 5—3:] (giar)

Vi xe con xuit phat sau xe tai 1 gior 30 phﬁtz% 10 nén ta ¢o phuong trinh:
x x 3 x 3

& —— == x =270 (thoa min diéu kién)
45 60 2 180 2

Viy do dai quiang duomg AB 1a 270km.
2). Goi van toc cia ngudi di cham 1 x(km / k), x> 0. Van téc ciia nguoi di

nhanh 1 x+3 (gi&). Vi nguai di chim dén muén hon 30 phat =% gid nén

. ., 30 30 1
ta co phuong trinh: — - = 5
X x

= ﬁ[}{x+3]-ﬁ[}x=x1+31ﬁx: +3x=180=0

A=3-4(-180)=729=27* =>A=27



=3-27

x= ==15
= 322?
=202
2

So sanh véi diéu kién suy ra chi ¢6 nghiém x =12 thoa man.

Viy van toc cia ngudi di cham 1 12km/h, vén toc ciia ngudi di nhanh la
15km/h.

3). Lo giai:
Goi vén toc cua 6 t6 1a x (km/h), ctia xe may 1a y (km/h) véi x,y>0.

Sau mét théi gian, hai xe gip nhau tai C, xe & t6 phai chay tiép hai gios nira
thi téi B nén quing dwéng CB dai 2x km, con xe may phai di tiép 4 gior 30
phut hay 4,5 gio mon té1 A nén quing duomg CA dai 4,5y km. Do do ta co
phuong trinh: 2x+4 5y =180

4 5y
x

gitr, xe may di véi van toc ¥ km/h thi thoi gian di quing duomg CB 14 Zx
¥

O t6 chay v&i van tée x km/h nén thi gian di quing duomg AC la

Vi hai xe khon hanh cing mot lae va gap nhau tai C nén tai lae gap nhau ha
xe di di duoc mot khoang thot gian nhu nhau va ta ¢6 phuong trinh:
4,5y _2x

x ¥




Vay ta co hé phuong trinh:
2x+4,5y =180

2x+4,5y=180 2x+4,5=180
4,5y 2x = . 5 =
——=— 0y" =4x Jy=2x
x ¥y
15y
—=180
3y+4,5y=180 =24
— ¥ ¥ — 2 - ¥ -
3y=2x . 3y x=36
2

So sénh véi diéu kién ta thiy cac gid tri x =36,y =24 déu thoa min.
Viy van toc cia 6 t6 1a 36km/h, van téc cia xe méy 1a 24km/h.
4). Lo gidi:

Goi vén toc cia ngudi thir hai 1a x (km/h), x >3 thi van toc cia ngudi thir
nhat la x+15(km/h), van toc cia ngudi thir ba la x -3 (km/h)

Goi chiéu dai quing duomg 1a y (km, y>0)
Théi gian nguéi thir hai di hét duéng dua la 2 (gid)
X

Théi gian ngudi thir nhat di hét duéng dua la }’15
X+

(g10)

Théi gian ngudi thir ba di hét duong dua 1 L3 (gid)

x —
Nguoi thir hai di dén dich cham hon nguoi thir nhat 14 12 phut =é gio nén
ta co phuong trinh:

y v _1
x x+15 5



Vi y::-lJnénphuungtrlnhnﬁytuungducngv&il— I :L (1)
x x+15 5y

Ngudi thir hai dén dich sém hon ngudi thir ba 1a 3 phit =% gidnén ta cod

H r I_
huong trinh: —— -2 =~
P ¢ x=3 x 20

11
x=3 x 20y

(2).

Vi y >0 nén phuong trinh nay twong duong voi

Tu (1) va (2) ta co: l— ! =4 ! —l
x x+I15 x=3 =x

15 12
= 15(x-3)=12 15)=5(x-3)=4 15 =75
ﬁx{xﬂs] 1{1_3}4# (x=3)=12(x+15) = 5(x-3)=4(x+15) = x

Nghiém x=75 thoa min diéu kién, tir (1)tacd y=90.

Viy van toc cia ngudi thir hai 1a 75km/h, vén toe cua ngudi thir nhat 1a
90km/h, viin toc cua ngudl thir ba la 72km/h.

5). Lo gidi:

Dé tinh quing duomg AB ta tinh dai luong 14 vin téc du dinh va thoi gian
du dinh.

Goi vén toc du dinh 1a x gi0, thot gian du dinh la y km/h (x =10,y >1).
Quiing duong AB dai la x.y (km)

Néu van tdc ting thém 20km/h thi dén sém 1 gi¢r, quing duémg duorc tinh
bing céng thiic:

(x+20).(y-1) (km)

Néu giam vén toc di 10km/h thi dén muén 1 gio, quing dudmg di dwoc tinh
bang cong thirc (x—10).(y+1) (km)



'ﬁ xw=x+20y=-20=xy
w+x=-10y-10=xy

—x+20y=20 10y =30 y=3
— — —
x=10y=10 x=10y+10 x=40

So sénh véi dicu kién ta thay gid tri x =40,y =3 thoa min

Vay van toc du dinh la 40km/h, thot gian du dinh 1a 3 gio. Quang duong
AB diai la: 403 =120km.

6).. Lo gidi:

Goi thai gian 6 to thit nhat di hét quing duomg AB la x gior (x>5).

Vin toc xe 6 t6 thir nhat 1a = (km/h)\
X

Vin toc xe 6 t6 thir hai la %A—B (km/h)
X

Sau 5 gi¢r hai xe gip nhau, nghia 13 tong quing dudéng hai xe di duoc bing

quing duong AB, ta ¢6 phuong trinh: 5.£+5.%_£ =AB
x x
= 5.1+E.l=| QE_1=1 411»3[':%:8l (thoa man diéu kién x>35)
x 3 x I x 3 3
3 25
Théi gian & t5 thir hai di hét quang duémg AB 1a: 2:3 =% =—3 - 12%_
x

Vay théi gian 6 to thir nhat di hét quing duomg AB la s% giéy, thoi gian xe
thir hai di hét quing duémg AB 14 12 gier 30 phat.

7). Loi giai:



Goi van toc cand la x (km/h), x >3 Van toc ca nd xudi dong la x+3

(km/h)

40
x+3

Théi gian ca nd xudi dong tir A dén B 1a (g1o)

Vin téc ca nd nguoc dong la x—3 (km/h)

Quing dwong ca nd nguoe dong tir B dén dia diém gip bé la: 40-8=32
km

Théi gian ca nd nguoc dong tir B dén dia diém gap bé la: 3 (gidr)
x—-
Ta ¢o phuong trinh: £+£=E{=}i+ 4 :l
x+3 x-3 3 x+3 x-3 3

= 15[1—3]+IE{I+3]=13 -9

x=27

ﬁxzzz?xﬁ[
=

So sanh véi diéu kién thi chi co nghiém x=27 thoa min, suy ra vin tée cua
cand la 27km/'h.

8). Lavi giai:

Goi thoi gian A B lam riéng xong cong viéc lan luot 1a x, v (ngay),

x,v=0.

i S e
Madi ngay déi A lam riéng duoc — cong viée.

Madi ngiy déi B lam riéng dwoc l cong viec.



y=-x=6

x=9
1 la{
6

Ta ¢d hé phuong trinh:
- y=18

1.1
x ¥
Vi A lam 9 ngay xong nén 3 ngay lam duoc % cong viec.

N : . : ~ PRy W
Vi B lim 18 ngay xong nén 3 ngay B lam duoc - cong viéc, so ngay lam
xong —cong viéc con lai la E'L—IZ nga

S R T T

9. Lii giai:

Goi s6 thi sinh tham du ctia truémg A v truémg B lan luot 1a
x,y{x, ve M*¥: x v« 35{]] . Ta ¢d hé phuong trinh

x+y=350 =200
—1
LSS
100 100
10. Loi giai:

Goi khoi luong quang dem trén lue dau quang loa1 A la x [tén}, quéang loai
B la y (tan), x>0,y >10.

Ta ¢d hé phuong trinh:

80, 0,3 riy)
15 x=10 .

Ié}';j 100 51135 . ﬁ{ =20 (thoa mdn).
o5 (1 +10) +=25(y=10) = S(x+10+ y-10) y=



Chu dé 5: PHUONG TRINH DPAI SO

Dé giai mét phuong trinh bac 16n hon 3. Ta thuémg bién dbi phuong trinh
d6 vé mét tron ¢ cic dang dac biét do la:

1. Phuong phap dua vé dang tich: Tirc 14 bién d6i phwong trinh:

=0
F{XJ=ﬂﬁf{X)-g{x}=ﬂﬁ{f (=)
g(x)=0
Pua vé mét phuong trinh tich ta thuong dung céc cich sau:

Ciach 1: Sur dung cac hing dfmg thire dua vé dang: a -k =0a-b"=0,..

Cich 2: Nham nghiém réi chia da thire: Néu x=a 13 mét nghiém cua
phuong trinh f(x) =0 thi ta luén ¢6 su phin tich: f(x)=(x—a)g(x). Dé

du doan nghiém ta dua vao cac chi y sau:
Chii y:

Cach 3: Sir dung phuong phap hé s6 bat dinh. Ta thudng 4p dung cho
phuong trinh béc bon.

Dic biét dbi véi phuong trinh bac 4: Ta c6 thé sir dung mét trong cdc cich
xir ly sau:

e Phuong trinh dang: x' =ax” +bx+c

Phuong phip: Ta thém bét vio 2 vé mot luong: 2mx” +m® khi dé phuong
trinh tré thanh: (x*+m)" =(2m+a)x” +bx+c+m’

Ta mong mudn vé phai cé dang: (Ax+ B)

{2m+a =0
m

gz Iy =
A=b—-42m+alc+m )=0



¢ Phuong trinh dang: X tax’ =bx' vex+d
2
Ta s& tao ra o vé phai mét bieu thirc binh phuong dang: [:::1 +§x+m]

Béng cich khai trién biéu thirc:

2 2
, @ a ;o .
[x'+51+m] :x¢+ax3+[2m+—Jf+am+mz. Ta thay can thém

2

vao hai vé mét luong: [lm +%]x1 +amx+m’ khi dé phuong trinh tro

thanh:

[x1+§x+mJ :[2m+i—-+b]x1+{am+c}x+ml+d

i

2m+£+b =0

- ] Ao —
Bay gior ta can: s —>m="

A, =(am+c)’ -4[2m+ﬂ?+b](m: +a’}=ﬂ

Ta s& phan tich dé lam rd cach giai cac bai todn trén théng qua cac vi du
sau:

Vidu 1)
Giai cac phuong trinh:

a) x' =10x"=x+20=0.
b) x'-22x"-8x+77=0
¢) x'=6x +8x +2x-1=0.
d) x»*+2x'-5x"+6x-3=0.

Lo giai:



a) x'=10x"-x+20=0& x' =10x" +x-20
Ta thém vao 2 vé phuong trinh mét luong: 2mx” +m’

Khi d6 phuong trinh tror thinh: x* +2mx® +m® = (10+ 2m)x” + x+m’ =20

Taco A, =1-4(m* =20)(10+2m)=0c=m= -% . Ta viét lai phuong trinh
thanh:

-0+ 2] =rexiteo[2-2] (x+l] =0
2 4 2 2

2 2 _ il ==Y} .
= (x—x—-5)x +x—4}—ﬂ:3~x—T .va x=

b) x'-22x"-8x+77=0& x'=22x" +8x-77
Ta thém vao 2 vé phuong trinh mét luong: 2mx’ +m’

Khi do phuong trinh tro thanh:
' +2mx’ +m” =(2242m)x" +8x+m” =77

Taco A, =1-422+2m)m" =TT =0= m=-9.
Ta viét lai phuong trinh thanh:

x =18x* +81 = 4x” +8x+4 & (x7=9) = (2x+2)" =0

x:-liZ\E

& (X +2x=-T)x" =-2x-11)=0=
x=1£2.3

¢) Phuong trinh co dang:
¥ —6x +8x +2x-1=0& x' —6x =-8x" - 2x+1

Ta tao ra ve trai dang: (x* =3x+m) =x' =6x" +(9+2m)x’ —6mx+m’



Tirc 1a thém vao hai vé mét luong 1a: (9 +2m)x” —6mx +m’ phuong trinh

tro thanh: (x* =3x+m)* = (2m+1)x* —(6m +2)x+m* +1. Ta can

A =0CBm+1)=(2m+1)(m” +1)=0 < m =0 Phuong trinh tro thanh:

Fx=2+s,|'r§
x=2—~E
x=1++2

_.r=l+-.5

[I: _31}2 :[I_”: ﬁ{_‘l’_ —4x+]}[x' -21—]):{}:}

d) Phuong trinh da cho duoc viét lai nhu sau: x* +2x* =5x" —6x+3
Ta tao ra phuong trinh: (x* +x+m)* =(2m+6)x" +(2m—6)x+m" +3

. 2m+6=0
Ta can: . : =m=-1
Ay =(m=3)y =(2m+6)(m™ +3)=0

Phuong trinh trér thanh: (x° +x—1)" = (2x-2)°
_—3+J5[
-2

3421

2

x
S(x+x-3)x -x+1)=0=

Vi du 2)

a) Giai phuong trinh: x* —4x” +12x-9=0 (1).
b) Giai phuong trinh: x* —13x" +18x-5=0
¢) Giai phuong trinh: 2x* —=10x" +11x" +x-1=0 (4)

Lo gai:



a) Ta c6 phuong trinh& x* —(2x-3)" =0 (1.1)

X +2x-3=0
X =2x+3=0

phuong trinh ¢6 hai nghiém x=1,x=3

<::-(x:+2:(-3)(x:-21+3):{]ﬁ[ & x=1Lx=3 Viy

b) Phuong trinh& (x* —4x* +4)—(9x* ~18x+9)=0

& (¥ -2) —(3x-3) =0 (x* +3x-5)(x* ~3x+1)=0

_-3+429

ﬁ{IE’L}I—S:ﬂﬁ T2 Viy phuong trinh da cho c6 4 nghiém
X =3x+1=0 3445 '
T
x:-3tﬁ;x:3i£.
2 2

¢) Taco phuong
trinh

2. Phuong phap dat an phu:

La phuong phap kha hiru hiéu déi véi cac bai todn dai s6, trong giai phuong
trinh bac cao cling vay, ngwol ta thuong dat an phu deé chuyén phuong trinh
béc cao vé phuong trinh bac thap hon.

Mot s dang sau diy ta thuong diung dat an phu.

Dang 1: Phuong trinh tring phuong: ax’ +bx" +c=0(a #0) (1)



Véi dang nay ta ddt ¢ =x",¢ 20 ta chuyén vé phuong trinh: at® +bt +¢ =0

(2)

Chii y: $6 nghiém ctia phuong trinh (1) phu thudc vio s6 nghiém khéng dm
cua (2)

Dang 2: Phuong trinh d6i ximg (hay phuong trinh héi quy):
ax' +by’ +cx’ +kbx+k’a= 0(k >0). Véi dang nay ta chia hai vé phuong

trinh cho x* I[:ca‘:l]}tadugrc:a[f +k—;]ib[x+£]+c=ﬂ_ Pat t=x+£
x X X

véi [f| 2 24k ta co: x? +i—i :[1-1- %T — 2k =¢* - 2k thay vio ta duoc
phuong trinh: a(* - 2k) £ bt +c =0

Dang 3: Phuong trinh: (x+a)(x+b)(x+¢)(x+d) = e, trong d6 a+b=c+d
Phuong tr111h1::>[xI +{a+b]x+ab][x1 +{r+d}x+m’]=e .

Patr=x" +{a+b:]x, ta cﬁ:{r+ﬂb][r+cd]=e

Dang 4: Phuong trinh (x+a)(x+b)(x+¢)(x+d)=ex’, trong d6 ab=cd .
Véi dang nay ta chia hai vé phuong trinh cho x* (x#0). Phuong trinh
trong duong:

[x1 +{a +b]x+ab][rl+{c+d}x+ cd]=ef = [I+a—b+a+b][1+ £+ c+ﬂ"} =g
x X

Dat r=x+£=x+£. Ta co phuong trinh:{i‘+a+b}|[r+c+d]=e
X X



a+bhb

Dang 5: Phuong trinh {x+a]4 +{Jr+.lf:-]4 =c.Pat x=1- ta dua ve
phuong trinh trung phuong

Vidu 1: Giai cic phuong trinh:

1) 2x* —5x" +6x° —5x+2=0 2) (x+1)" +(x+3)' =2

3) x(x+1)(x+2)(x+3)=24 4)
(x+2)(x=3)(x+4)(x—6)+6x" =0

Lo giai:

1) Ta thay x=0 khéng la nghiém phuong trinh nén chia hai vé phuong

trinh cho x* ta duoc:

2[1-’ +L,]—5[x+l]+ﬁzﬂ_ it
X X

r:x+l,{|.r|3_*2):>f+ 13 :[;r+—]_—2=13—2. Ta

X X

cé:l(fl-z)-5r+6:ﬂﬁ211—51+2:[}=}
I:Eﬁx+l:2ﬁf-2}:+1:0

X
2)biat x=r-2ta
ﬂu‘l;rc:{.t‘—l]‘+|[.t‘+1]d=2~.‘=:"Id+5.!'1=ﬂ~.'=:"r=ﬂ<=:- x=-2
Viy phurong trinh ¢6 nghiém duy nhat x=-2.

Chu y: Véi bai 2 ta co thé giai bang cich khic nhu sau: Trude hét ta co
BDT:



4 4 4
a +b z[‘”b) véi a+bh=0.
2 4

Ap dung BBT nay véi:a=-x—-1,b=x+3= VT 2 VP Ding thirc xay ra
khi x=-2.

3) Ta co phuong trinh: < {;r: +3x](x: +3x+2): 24 . Patt=x"+3x.Ta
duoc:t(t+2)=24 & +2t-24=0&t=—6,t=4

* {=—6 & x° +3x+ 6 =0= phuong trinh vé nghiém

* =4 x +3x-4=04 x=1;x=-4 _Viy phuong trinh ¢6 hai nghiém
x=kx=—4.

4) Phuong trinh & (x* - 2x—12)(x* +x-12)+6x° =0

Vi x=0 khéng la nghiém cua phuong trinh nén chia hai vé phuong trinh

chox® ta duoc:

[x—£—4][x—£+])+6=l}. Dat r:x—E,tacé:

X X X

{1—4]{r+1}+6=ﬂ¢?f:-3!+2=D¢=‘[f_2
i=

_4
. I=]<=‘.>I—E:1«=>Il-x—12:ﬂ<:}[x
X x==3

=2y -2x-12=0 x=1+13
Viy phuong trinh di cho co bén nghiém: x ==3;x=4;x=1 i-q'rl__’r
Vidu 2)

a) Giai phuong trinh: 3(x* -:r+]]: ~2(x+1) =5(x" +1)



b) Giai phuong trinh: x* +3x” —6x" —=21x" = 6x” +3x+1=0
¢) Giai phm:mgtrlnh:[x+1}[x+2][x+3]2[I+4][1+5]=360

d) Giai phuong trinh: (x* +5x+5) +5x' +24x+30=0.
Lo giai:

a) Vi x=-1 khéng la nghiém cuia phuong trinh nén chia ca hai vé cho

x' +1 ta duoc:

31'—I+l_2 1x+1 Pit
x+1 x —=x+1
z
=Xy 2 s os—2=0e =2 1=—t
x+1 i 3

t =2y -3x-l=0 x=

34413
2

* t=—% & 3x" = 2x+4=0 phuong trinh v6 nghiém

b) Pay la phuong trinh bic 6 va ta thay cic hé sb d6i ximg do do ta co thé
ap dung cach giai ma ta da giai d6i véi phuong trinh bac bon ¢ hé sé doi

ximng.
Tathiy x=0 khéng la nghiém cua phuong trinh. Chia 2 vé ciia phuong
trinh cho x* ta duoc:

13+L]+3[13 +i,)-6(x+l)-z1 =0. Dt t =x+l,|;|zz_ Ta
X x X X

co: x° +i1:t: -2;13+i3:t(r: —3] nén phuong trinh tro
x x

thanh:¢ (1 -3)+3( -2)-6:-21=0



-3 -9%-27=0=(t+3) (1-3)=0= s

+
*1=3 ::‘.er+l=3ﬁ X =3x+1=0& x= 3_2"'5
X

3445
2

*i=-lox +x+1=0e x= - Viy phuong trinh ¢ bon nghiém

_-3iJ§_I_3iJ§

o2 2

¢) Phuong trinh ¢ (x* +6x+5)(x* +6x+8)(x" +6x+9) =360
bit t =x” +6x, ta c6 phuong trinh: (y +5)(y+8)( v +9) =360

2 3 :ﬂ
— }"(}""1'22_]"4'157):{]*::? y=0=x +6x=0 v::‘.\[x
x==6
Vay phuong trinh ¢6 hai nghiem: x =0;x=-6.

d) Tacod: x' +5x+30= S(Jr3 +5x+ 5)—x+ 5 nén phuong trinh tuong

duong

{x3’+51+5}3 +5{x3+24x+}x3 +24x+30=0.DPat u=x"+5x+5. Ta duoc
hé:

w+Su+5=x 5 ,
:}{:u—x](u +ux+x° +6]=[}ﬁ u=x.
¥ +5x+5=u
e x +4x+5=06 (x+1)(x' —x+5)=0e x=-1. Viy x=-1 14

nghiém duy nhat cia phuong trinh.

Dang 6:



a) Phuong trinh: — ax + b =¢ vor abe 20,

X+mx+p x +nx+p

Phuong phap giai: Nhan xét x =0 khong phai la nghiém cua phuong trinh.
WVéi x# 0, ta chia ca tir s6 va mau so6 cho x thi thu duoc:

L B R I L eSS TS
P p x ¥

x+m+— x+n+s
X X

Thay vao phuong trinh dé quy ve phuong trinh bac 2 theo ¢.

b) Phuong trinh: x’ +[ o

=hvomnazlx#-a.
x+a

Phuong phép - Dua vao hing ding thicc @® +b* =(a—-b)" +2ab_ Ta viét lai
phuong trinh thanh:

2 2 22 2 2
[I-i) +2a.—= =z==>[ o] J+2a X _b=0.Ddtt=——— quy

xXx+da xXx+a x+a xX+a xX+a

vé phuong trinh béc 2.

Vidu 1) Giai cac phuong trinh:

F
a) x + 25 —=11 . (Trich dé thi vio lop 10 chuyén Lam Son Thanh
[x+5]'
Hoba 2013).
_12x 3% | (Trich d& thi viio 16p 10 chuyén ai
x*+4x+2 x*+2x+2
hoc Vinh 2010).
c) - —=3x" —6x—3(Trich dé thi vao lop 10 chuyén BHSP Ha
[x+2]'
Noi1 2008).
3 2
d P+ _+3F 29

{1-1)3 x-1



Giai:
a) Diéukién x#-5

Ta viét lai phuong trinh thinh

2 2 7 32 p 2
[x-S—IJ s oo | 1 0 pat = i
x+5 x+5 x+5 x+5

phuong trinh ¢6 dang .t‘z+]ﬂ.r-]1:ﬂﬁ[r .

. = +~,JI .
Néu t=1 taco — =1ﬁxl—x-5=ﬂﬁx=1_ EI.Néu
x+5 2
i‘:—llﬁL:—ll e x +11lx+55=0 phuong trinh v6 nghiem.

x+5

A 5w L 5 - A 3 - - . . & % x &
b) BPe yrang néu x la nghiém thi x# 0 nén ta chia ca tr s0 va mau so

ve trai cho x thi thu duoe: 12 ___3 =1_B_au=x+3+2thi

2 x
X+4+—= x+2+-—
X X

phuong trinh tro thanh:

12 a2 -3—6=r 2o -Ti+6=0e| "]
t+2 i i=h

Vonr=1 taco: I+E+2:1<=?f:+f+2:ﬂ vO nghiém. Vai =6 taco:
X

X226 —dx42=0e x=247 .
X

2

x - - x B X _a_q)-
c) [I+2-{x+2]J —(2x-1) —{]ﬁ[1+2+x 3J[I+2 3x IJ 0

“3+43

3

Giai 2 phuong trinh ta thu duoc cdc nghiém la x= i-fg X =



d) Sidung HBT a’ +b' =(a +.ﬁ|l]3 ~3ab(a+b) ta viét lai phurong trinh
thanh:

3 x 3x° x| x x 3x’
x +[ ]}3+I I-Zzi}ﬁ x+ ] -31 x+x + -2=0
£— =

hay

3 ] 2 z 3 3 3 2

X ) 52} i3 e[ i) cle X ol xo2r42-0
x=1 x=1 x=1 x=1 x=1

. Suy ra phuong trinh di cho vo nghiém.

BAI TAP REN LUYEN:
Giai cac phuong trinh sau:

) (F+x+2)(x" +x+3)=
2) (6x+7) (3x+4)(x+1)=1.
3) (x-1)"+(x+3)' =82,
4) (x+1)(x+2)(x+4)(x+5)=10.
(
(x—

5 (x° +x+2](x +2x+2)=2x".

2)(x—1)(x—8)(x—4)=4x".

7) 3(x*+2x-1) ~2(x*+3x-1) +5x°=0.
8) 3x'—-4x'-5x"+4x+3=0.

9) 2x*-21x +34x* +105x +50=0.

lﬂ]—+1+l+l+]=
¥ x+1 x+2 x+3 x+4

1 x+4+x—4_x+8_x—3=_g_
x-1 x+1 x-2 x+2 3

6)




x+1 x+6 x+2 x+5

12) +— =— +— .
x{x+2] r+12x+35 x +4x+3 x +10x+24

XAx+l X 4+2x+2 M +3x+3 xz+4x+4_

13) + - - 0.
x+1 x+2 x+3 x+4
14) — 4x — ix 1
dx-=8x+7 4dx -10x+7

15) (2x* = 3x +1)(2x7 +5x+1) =9x" .
16) (x* - 5x+1)(x* —4)=6(x~1)".

17) x* =9x" +16x" +18x+4=0.
x =12

2

=3x —6x-3.

8) (x+2)

2x N 13x 3
30 =5x+2 3 +x+2
20) x* (x* =1)(x* +2)+1=0.

2 1 2
11)21}[2) +5(“2J 20X =4y,

19)

x+1 x—1 x -1

LOI GIAI BAI TAP REN LUYEN

1) bat x:+x+2=f.Phucmgtrinhdﬁchc thanh r[f+])=6:>[r_ 3
Vol t=2thi x’ +x+2=2=x"+x=0<= x=0 hoic x=-1.

~1+421
—

Vait==3 thi x’ +x+2=-3 xr +x+5=0& x=

l_ﬂ_-l-Jﬁ_-uJﬁ}

Viy tap nghiém cua phuong trinh la § = Jl— S0 3 >

2) Bién doi phuong trinh thanh
(36x7 +84x +49)(36x" +84x +48)=12. bit



t=3

t=36x" +84x+48 thi phuong trinh trén thanh 1(r +1)=12 & L——ﬂr.

Véi t=3 thi 36x° +84x+48=3 & 361" +84x+45=0 rz—% hodc

x:-i_ Véi t =—4 thi 36x" +84x+48=—4 & 363" +84x+52=0,

6
phuong trinh niay vo nghiém.

Vay tap nghiém cua phuong trinh la 8 = {-%;-E} :

2
3) bat y=x+1 thi phuong trinh di cho thanh
. =1 =0
24y +48y° +216=82 | =|FT .
y=-1 x==-2

Viy tap nghiém cua phuong trinh di cho 1a § ={-2;0}.

4) Dit y=x+1+x+2:I+4”+5=x+3 thi phuong trinh tré thanh:
, —_J6 —J6-3
(¥ -4)( -1)=10 ' -5 -6=0e " J—a * _
y=~f€ I=Jg—3

Vay tip nghiém cua phuong trinh 1a § ={-/6 -3:/6 -3}
5) Do x=0 khéng phai la nghiém cua phuong trinh, chia hai vé cho

x* ta duoc [x+£+1][x+£+2]z2.£ﬁit y=x+£ thi phwong trinh tro
x x x

~0 x+—=0 ]
thanh (y+1)(y+2)=2e|" " =| ¥ |77 _.
x+—==-3

x
6) Bién doi phuong trinh thanh
((x=2)(x=4))((x=1)(x=8))=4x" & (x: - 6x+8){x: -91+S) =4x°
Do x=2 khong la nghiém nén chia hai vé cia phuong trinh cho x* ta
durore:



X X

[x+§-5][x+§_gJ=4, Dit y=x+> thi phuong trinh tr thanh
X

-
Y=°  véi y=5 thi

.'-_6 —'9 =4 1—']5 y 5{]=D
(y-6)(y-9)=4e )y -15y+ ﬁ[}:m

x+2 =5 ¥ 5x+8=0 (vb nghiém). Véi y=10 thi

X
=517
210 ¥ -10x+8=0 | _
x x=5+-17

Vay tip nghiém cua phuong trinh 1a §=(5-V17;5+17).

7) Do x=0 khéng li nghiém cta phuong trinh, chia hai vé ctia phuong

trinh cho x* ta duoc 3[x-l+2] -2[I-l+3j +5=0.Dat _‘j.-‘=.‘[-l,

X X X

2

phuong trinh tro thanh:

=1
3(y+2) =2(y+3) +5=0 i:}_}fz-]:ﬂﬁ[y . Suyra

y=-
I-lz]. xz-liJg

s 2 Viy tap nghiém ctia phuong trinh 13
x-l—-] li“g

- =

x 2
o |15 1245

2 2 [

8) Phuong trinh khong nhan x =0 la nghiém, chia ha ve cho x* duoc
3[13 + ]—] -4(1’— l)— 5=0.Diatt=x- l thi phuong trinh tro thanh
x x x
W —di+1=0

3 —4t+1=0<=t=1 hodc r:%_

Vor =1 thi x—l=1ﬁf-x—1=ﬂﬁ x=
X

hodc x=

1++5 1-+5
2 2



Voi t=L thi x-L=l e x-3=00 x, = Y37 poze
3 x 2
1-+/37
X =

Vay tap nghiém cua phuong trinh la

S={l+£;l-£;1+\f3—?;l_ﬁ}-

2 2 2 2

9) 2x'-21x" +34x° +105x+50=0 (8).
Lo giai:

Tathiy k = % =-S5 vi k' = 52—[} =25 nén phuong trinh (8) la phuong trinh

bic bon co hé so doi ximg ti l&. (8) < z(f +2—f)—21[x—i]+34={]_ Dit
x X

j!‘=x—E suyra I’ =x3+£-1{]. Phuong trinh (9) tro thanh
x x

2t* =21t+54=0= =06 hoac f:g.‘\fﬁi t==6 thi

x—izﬁﬁ x =6x-5& x° —6x-5=0. Phuong trinh ¢6 hai nghiém

X
x, =3+414;x, =3-14 Vi x=% thi x-3=%¢2x3-ax-m=ﬂ_
X
Phuong trinh c¢6 hai nghiém x, = % 4161 X, = 2= 4““ . Viay PT (8) co
tip nghiém 5:{3+Jﬁ;3-Jﬁ;g+;ml ;9':'61}.

10) Bicu kién xe {~1;-2;-3;—4:0} . Ta bién doi phuong trinh thanh



1 1 | | 1 2{x+2] 2[x+2} 1
-+ + + + =0e — +—= + =
xr x+4 ¥+l x+3) x+2 44y x +4x+3 x+2

1 1 1

. +— +—
x+4x x +4x+3 2(x" +4x+4)

=0.Pit u=x" +4x, phuong trinh

tro thanh l+ ! + ! =0
u u+3l 2(u+4)
. —25+4/145
o St |0 10
2u(u+3)(u+4) u_-zj—-.p'ldj-
10
x:+4x=_25-1-—[} /145

Do do Tim duoc tap nghiém cua phuong trinh la

dx= —25:;.1'[45

_1 . 15++/145 - (15+.j145_ - 15-145 5 15-J|45}
B T T T 10

11) Bién d6i phurong trinh thanh
5 -5 10 .10 8 10 40 8
+ —

x—1 x+l x+2 x+2 3 x-1 x-4 3
Pit u=x"(u#lLu#4u20) dan dén phuong trinh

6

=

4u” —65u+16=0 & . bTim duoe tap nghiém cua phuong trinh 13
u=-—

1
1
4



Dicu kién x¢ {~7,-6,-5,—4;-3;-2;-1;0} . Bién d6i phuong trinh thanh

x+1 x+6 a x+2 x+5

2(x+2) (x45)(x+7) (x+1)(x+3) (x+4)(x+6)
= I;G' xlz}'x;ﬁ[x; -xi?’]

_x+2( 1 1 +x+5 1 1
02 x4l x+3 x Lx+4 x+6

] 1 1 1 1 1 1 1
— + = + + -
:r +2 x+5 x+7 x+1 x+3 x+4 x+6

- 1+ 1 3 1 1 . 1 . 1 N 1
X x+? x+2 x+5 x+1 x+6x x+3 x+4

= 2x+7 S 1 - 1 - ! =
x +'.-" X +Tx+10 X +Tx+6 x*+Tx+12

(
[ 1 1 L _om

x° +?x x +Tx+1{] Y +Tx+6 X +Tx+12
Dat u = x* +7x thi phuong trinh (*) ¢6 dang
1 1 1 1 1 1 1 1
-+ + + =0 —- + - =
u u+l0 w+6 w+12 u u+6 u+10 wu+12

e u +18u+90=0.
Mit khac u® +18u+90= [u+9} +9 >0 voi moi & . Do dé phuong trinh (*)

vb nghiém. Viy phuong trinh di cho ¢6 nghiém duy nhat x = —5-

13).

Lo giai:



Dicu kién xe {—4;-3;,-2;-1} . Bién doi phuong trinh thanh

1 2 3 4 1 4 2 3
+ - - =0 - - - =0
x+1 x+2 x+3 x+4 [x+1 x+4] [x+2 x+3]

[ 3 i ) x=0
x| — +— =0 3 1 .
X +5x+4 x +5x+6 - +— =0(*)
X +5x+4 x +5x+6
. 3 . . s 3 1 11
bit u = x* +5x thi phuong trinh (¥*) tro thanh + =0 u=-—
u+4 u+6 2

—5+43

Tudotaco 2x° +10x+11=0= x= T

Viy tap nghiém cua phuong trinh di cho la §= {

ﬂ;-s-ﬁ;-5+ﬁ}_

2 2

14)
Do x=0 khong la nghiém cta phuong trinh nén chia ca tir va miu ctia mdi

phin thic o vé tréi cua phuong trinh cho x, roi dat v=4x+ 1 ta duoc
X

4 3

—+

y—8 y-10

=1,

Phuong trinh trén ¢6 2 nghiem y=16,y=9.

Var y=9 thi 4:r+1 =9 & 4x” —=9x+ 7 =0. Phuong trinh nay v6 nghiém.
x

Vol y=16 thi 4;r+1: 16 & 4x” =16x + 7 = 0. Phuong trinh nay co hai

=

. 1 7
ngniem =, = -,

g}] = x'l 2 1I_ 2

L. % -~ [ - . 5 1 ?
Vay phuong trinh da cho co tap nghiém la §= 55 :



15) Dt ¢ = 2x* + x+1, phwong trinh (1) thanh

{r-4xj{r+4x] =0x" = ' —16x" =9 = ¢t° =25x" &= t =-5x hodc

t=5x.

|
s
[+

ﬁ .

Vol t==5x thi 2x  +x+1=-5y = 2x" +6x+1=0= x=

o]

2+:2

2

—324’5;21&}_

Vol t=5xthi 2x’ +x+1=5xr= 2x —dx+1=0= x=

Vay tap nghiém cua phuong trinh (1) la { 5
16) Lon giai:

Dit u = x—1 dua phuong trinh (2) vé dang tong quat
{uz - Tu -3]{:,:2 —2u - 3} = 6u’.

Ban doc giai tiép theo phuong phap da néu. Ta co thé giai bing cich khic
nhur sau

Viét phuong trinh di cho vé dang (13 -4 -5:1r+5}(:rI -4)-6[1 -l}3 =0.
Dit t =x" — 4, phuong trinh thianh
t+(—5x+5)t+(—6x+6)(x—1)=0¢> (t—6x+6)(t+x-1)=0

{r:ﬁx—ﬁ I:xl —4=6x-6 I:xl —6x+2=0
— —

t=-x+1

= —1+4/21 -

X —4==x+1 x+x-5=0 x=

Viy tap nghiém cua PT(2) la 5:{'[%’5;3-\1’5;']%@;“4?}_



17) PTtuong duong véi x* —9x(x* =2)+16x" +4=0.

Pat t=x" -2 thi " =x" —4x" +4 PT trén thanh

£ —9xt+20x" =0 (t—4x)(t-5x)=0

-

Il
o ba
+

J6
Nl

2

|:r=41 x1—2=4x 11-41-2=ﬂ
= = = =1
f=5x xr=2=5x X =5x-2=0 x=

Vay tap nghiém cua phuong trinh la {2 —JE;S _;ﬁ :2+4/6; 5+j3_3}.

18) Picu kién x # -2 . Khir mau thirc ta dwoc phuong trinh twong
dwong:

3x* +6x" 162" =365 -12=0 ¢ 3x* +6x(x" - 6)-16x"-12=0.
dat r=x"—6 thi f =x"—12x" +36, suyra 3x* =3¢ +36x" —108,
PT trén thanh

3t +6xt+20t =0 & (3t +6x+20) =0 <> =0 hodc 3t =—6x-20.
Vai t=0thi x’ -6=0,suyra x:i\-"E (thoa man dk). Vo

3t =—6x—20 ta c6 3x° —18=—6x—20 hay 3x" +6x+2=0 suyra

-3+.3
3

x= (thoa min dk). Vay tip nghiém cua PT(4) la

sz{‘3'ﬁ--£-'3+£-£}
N6 ——=V6 ¢

3

19) 121 N 1]3}:
Ix =5x+2 3x +x+2

=6 (5).

Lot giai: Dat ¢ =3x" +2 PT(5) trés thanh

2x +E=6.BK: t#5x,1#-x.
I=5x ft+x

Khir méu thirc ta dwoc PT tuong duong




2 -13tx+11x" =0 (1 —x) (20 -11x) =0
_ 11 L.

<t =x hodc I:Ex (thoa min BK)
Vol t=xthi 3x +2=x=3x —x+2=0 phuong trinh vo nghiém.

= 11 y n 3 11 | 4 .
Vol t=—x thi 31‘+2:3xﬁ61’-]11+2:{]ﬁx:5huac I=E.Vg}f
. D .1 4
tap nghiém cua PT(5) la EE .

20)PT x* (2 +1)(x* =1)(x* +2)+1=0
ﬁ(x"+x2](xq+xz—2)+]:{]
ﬁ(;rﬂ+:(3:]:-2{x4+x:]+]:{]
ﬁ(xdﬂ-f—l]::ﬂﬁxdﬂkxl—l:ﬂ.

Giai phuong trinh trang phuong trén ta duge tap nghiém caa PT la
\/JE -1 J«E -1
2 Y 2 |

21) Lai giai:

Piéu kién x=+1.

bat X_Z: r;x+2::,PTc6dang:
x+1 ) x-=1

20y* +521=20yz= =0 5(2y-z) =0 2y==




Dén dén

x—2 _ x+2 o 2{}:-21(1_]}:(1-1-2}{}:-‘-1]

x+1 x-1

9+ Jﬁ B
> hodc

S22y —bx+d=x"+Ix+2=xr - W+2=0 = x=

0_J73

2

(thoa man diéu kién).

Vay tap nghiém cua PT(2) la { >

Q-Jﬁ_mﬁ}
S _



CHU PE 6: MOT SO PHUONG PHAP GIAI PHUONG TRINH VO
TY

1. Phurong trinh vé ty co ban:

V() =g(x) ﬁ{

g(x)z0
f(x)=g"(x)

Vidu 1: Giai cde phuong trinh:

a) Jx' +2x+6=2x+1
b) V2x+1+x =+f4x+9

Loi giai:

a). Phurong trinh tuong duong vai:

x=2+ xﬁ

b). Piéu kién: x=0_ Binh phuong 2 vé ta duoc:

x=-8

3x+1+242x +x=4x+9 = W2 +x =x+8 & , s
4(2x" +x)=(x+8)

r=—8 x=4 . . . .
= N = 16 - Bo1 chigu von diéu kién ta thay chi co
Tx =12x=064=10 _r:—?

x=4 la nghiém cua phuong trinh.

Vidu 2: Giai cac phuong trinh:

1. MOT SO DANG PHUONG TRINH VO TY THUONG GAP

1. Giai phuong trinh vo ty bfing phuong phap sir dung biéu thire lién hop:



Dau higu:

+ Khi ta gap cic bai toan giai phuong trinh dang: §f f(x) +4/g(x) +h(x)=0

Ma khong thé dua vé mét an, hoic khi dwa vé mét an thi tao ra nhimg
phuong trinh béc cao din dén viée phén tich hodc giai truc tiép khé khin.

+ Nham duoc nghiém cta phuong trinh d6: bing thu céng ( hodc sir dung
may tinh cam tay)

Phuong phip:

e Dat diéu kién chat cua phuong trinh {néu co)

Vi du: Déi phuong trinh: x* +3+3=+/2x>+7+2x.

+ Néu binh thuong nhin vao phuong trinh ta thé}r:

Phuong trinh xac dinh vl mo1 xe R. Nhung do chua phai la diéu kién
chat. Dé giai quyét triét dé phuong trinh nay ta can dén dicu kién chat do la:

+ Ta viét lai phuong trinh thanh: Vx* +3 —y2x? +7 =2x-3

Pé y ring: Vx* +3-v2x* +7 <0 do dé phuong trinh c6 nghiém khi
2x-3<0e=x< %
» Néu phuong trinh chi ¢6 mét nghiém x, :

Ta s& phén tich phuong trinh nhu sau: Viét lai phuong trinh thinh:
{7 G =47 (x) +38(x) -4z (x,) + h(x) = h(x,) =0

Sau d6 nhén lién hop cho timg cip s6 hang vai cha v:
+ (#E—b)(%”a_z+{ﬁb+@)= a-b'
+ (ﬁ—b)(£+b)=a—bz



+Néu h(x)=0 c6 nghiém x = x, thi ta luén phin tich duoc
h(x)=(x—x;)g(x)

Nhu vay sau bude phin tich va rat nhan tir chung x - x, thi phuong trinh
x=x,=0

ban dau tr thanh: (x—x,)4(x)=0& [A{x] —0

Viéc con lai 1a ding ham s6 | bat déng thirc hoic nhimg danh gid co ban dé
két luan A(x) =0 vé nghiém.
e Néu phuong trinh ¢6 2 nghiém x,,x, theo dinh ly viet dao ta c6 nhén
tur chung s& la: x* —(x, + x, )x +x,x,
Ta thuomg lam nhur sau:

+ Muén lam xuat hién nhan tir chung trong §f f(x) ta trir di mét luong
ax+b . Khi d6 nhan tir chung sé la két qua sau khi nhén lién hop ciia

g f(x)—(ax+b)

+Dé tim a,b ta xét phuong trinh: §f f(x) —(ax+b)=0. bé phuong trinh co

- - i ax1+b:ﬂf[x|}
hai nghiém x,,x, ta can tim a,b sao cho

ax, +b=g f(x,)
+ Hoan toan tuong tu cho cac biéu thirc con lai:
Ta xét cac vi du sau:

Vidu 1: Giar cac phuong trinh:

a) V5 — 1+ 2x—1+x-4=0

b) Vx-2+4-x=2x"-5x-3

Giai:



a).

Phén tich: Phuong trinh trong dé bai gém nhiéu biéu thirc chira cin nhung
khong thé quy ve 1 an. Néu ta liy thira dé triét tidu dau \31"'_\1"_ thi s& tao ra
phuong trinh t6i thiéu 1a bac 6. Tir d6 ta nghi dén hudng giai: Sir dung biéu
thirc lién hop dé tich nhan tar chung,

Piéu kién x> ig

Ta nham dwoc nghiém cua phuong trinh la: x =1 Khi d6

Msxi—1=+5-1=2-3x-1=2-1=1

Ta viét lai phuong trinh thanh: +/5x° —1-2+42x—1-1+x-1=0

5x° -5 2x=2

— + = +x=-1=0
VS -142=0 y(2x-1) +32x-T+1
S(x* +x+1 2
e (x—n| 22D : +1]=0
V53X -1+2 3f(2x-1) +32x-1+1
Dé thay
Vi didu kién rl"'il: thi 5{1 +x+1} 2 +1=0
V5x' 142 sz 1) +32x-1+1

Nén phuong trinh da cho ¢6 nghiém duy nhat x =2
b). Diéu kién: xe [2;4]

Ta nham duoc nghiém cta phuong trinh 13- x=3 . Khi do
Nx-2=43-2=Ld-x=v4-3=1

Tir d6 ta c6 lo1 giai nhur sau:



Phuong trinh da cho twong dwong vai: Yx—2—1+1-+/4—x =2x" —5x-3

x=3 x=3
= + =(x=3}2x+1
31-2-1 I+-_.|'4-x (x=3)2x+1)

1 1
-3 —-(2x+1)|=0
= }[Jx-2-1+1+J4-x 2 }}

x=3
1 1
+
Jx=2+1 l++f4-x

~(2x+1)=0

De y rang: Véi dicu kién xe [2;4] thi
1 1

e . | e
Nx=2+1 1++/4-x

1 1
+ —(2x+1)<0
Nx=241 1+4/4-x

=1:2x+1=35 nén

Tir d6 suy ra: x =3 la nghiém duy nhat cia phuong trinh.

Nhin xét: Dé danh gia phwong trinh cudi cing vé nghiém ta thuomg ding

cic uoc luong coban: 4+ 82 4 voi B =0 tir do suy ra =1 von mm

A+ B=0

so A B thoa min
B=0

Vidu 2: Giai cic phuong trinh:

a)dx —l+x=4x" -2
by ¥x 245 —(x—4)Vx—7-3x+28=0

Giat:

a). Piéu kién: x> %E



Ta nham duoc nghiém x=3. Nén phuong trinh duoc viét lai nhur sau-

dx'—1-24x-3=4x"-2-5

x =9 x =27

= +x=3=—F7—
I -1+2Yx -1+4 Nr' =245

r+3 X +3x+9
= (x—3) = = +1- =0
Yt -1+2Yx -1+4 Jx'=2+5
r=3
= x+3 X +3x+49
+1= =1
U —1+23x*—144  Jx¥'-24+5
x+3 X +3x+9 .
Ta du doan: —= = +1—=—=—=—=—<0 ( Bang cach thay
Y -1+2x* =144 ' -2+5
mét gia tri x=>3/2 ta sé thiy xt3 1= X H3x+D oy
Yxi—1+2¥x2 144 ¥ -24+5
. x+3 r+3x+9
Ta s€ chimg minh: <1 va >2
e -1+2Yx -1+4 X —2+45
That vay:
+ Ta xét xS <lef(x-1) +28F -15x-1

{[(f-l]z +23 -1+4

Pit +/x’ =1 =¢>0= x=+t' +1 . Bat phuong trinh twong duong véi

£ +2+1>f +1 &' +3 + 67 + 4t > 0 Didu ndy 1a hién nhién ding.



+ Ta xét:
X +3x+9

N e

Wx = 0(*) . Piéu nay ludn dung.

sler+dir-l>0xy -2 e x' + 2 +7x —6x+9>0

Tir d6 suy ra phuong trinh c6 nghiém duy nhat: x=3
b.) Piéu kién: x=7 .
Pé don gian ta dat 3,(';:1‘ >3T=x=¢

Phuong trinh di cho tro thanh:
P =2—( =AW =T-30+28=0=3 - +21-28+ (' -4 -7=0

Nham duoc £ = 2. Nén ta phin tich phuong trinh thanh:

a4t -t +2:—32+{13—4}(«,.|'.r3 —?—IJ =0

0

o (:-2}{(4:3 +76+16) +(1° -4}{ﬂ]]

E =7 +1

Déyring 47 +Tt+16>0 va £ =7 nénta co

£ +2t+4
(46 +7t+16)+ (s -4][%} > 0. Vi viy phuong trinh ¢6 nghiém
t—T7+1

duynhit r=2 = x=8.

MWhin xét: Viec dit {E =t trong bai todn dé glam S0 luong diu can da guap
don gian hinh thire bai todn .

Ngoai ra khi tao lién hop do (£ —4) >0 nén ta tich n6 ra khoi biéu thic dé

cic thao tae tinh todn duoe don gian hon.

Vidu 3: Giai cac phuong trinh:

a) dx+3+19-3x=x"+2x+9



b) VAx—8-rsl=2 !

5

3 X' +7
c) Jx+—=

x 2{x+ 1)
chuyén Tu nhién - BHQG Ha Néi1 2012)

(Tuyén sinh vong 1 1ép 10 Truong THPT

x +5x° +4x+2

d) X +x+2

X +2x+3

a). Piéu kién: -3<x < ?

Ta nham duoc 2 nghiém la x =1 x=-2 nén ta phin tich dé tao ra nhén tur

chung la: x* +x—2 . Dé lam duoc diéu nay ta thue hién thém bt nhin tie
nhur sau:

+Tataora 4+/x+3 —(ax+h)=0 sao cho phuong trinh nay nhén

x=1x=-2 la nghiem.

4
a+b=8 =3
—
~2a+b=4 20
3

Dé c6 diéu nay ta can: {
b=

+ Tuong tw /19—-3x —(mx+n)=0 nhin x=1 x=-2 la nghiém.

) m+n=>5 3
Tic 1a =
=2m+n=5 13

Tir d6 ta phan tich phuong trinh thanh:



4x+3- [—x+i—ﬂ+ﬂ-[?—§) (x*+x-2)=0

o 3 (x45) | OB (2 gy

4F -x —x+2 -x —x+2 2
= — + —(;r +x—2):l'.]
3| 3x+3+(x+5) 3[3..!19-3x+(13-x)]
3 + 1
S =lx=-x=2)| = +1]=0
( ) 3 3\-‘rx+3+{x+5 [31‘[9 31+{13—x}]
19 1
Dethayvm —3*‘-‘-x<'-— thi >0,
3Wx+3+(x+5)
1
=0
3[3-.!19-3“{13-1)}
Mén i l —+1>0.

3 3-4"x+3+{x+5 [3«4"]9 31+{13-x]}

Phuong trinh d3 cho twong dwong véi x* +x-2=0& [I B 5
xX=-

Vay phuong trinh ¢6 2 nghiém la: x=3,x=§.

b). Diéu kién: x =

L | oo

Phuong trinh dugc viét lai nhu sau: 54/3x =8 —54/x+1=2x-11



Ta nham duoc 2 nghiém x =3 x =28 nén suy ra nhin tir chung la:
¥ —11x+24
Ta phin tich vo1 nhan tor 54/3x -8 nhur sau:

+ Taora 5-.;"31—3—{ar+b}:{] sao cho phuong trinh nay nhan x=3,x=8
. Ja+b=5 =3

la nghiém. Titc 13 a,b cin théa man hé: 4 =7
Ba+b=20 h=-4
3m+n=10 =1

+ Tuwong tu von 54x+1—(mx+n)=0 ta thu duoge: { e {m

Sm+n=15 n=7

Phuong trinh di cho tro thanh:

z 2
SV3x—8—(Bx—d)+ (x+T) — S+l =0 e X _1x+24) | x-llx+24
5V3x—-8+(3x—4) (x+7)+5/x+]

= + l =0
503x=8+(3x—4) (x+7)+5Jx+1

ﬁ(rz—llx+14]

¥ =1lx+24=0
= -0 1

=0
sJax-s+(3x-4}+(x+?)+54x+1

-9 1
+
S53xr—8+(3x—4) (x+7)+5Jx+1

Taxét A(x)=

-9 1

Ta chimg minh: 4(x) <0 tic la: + <0
s x) 5M3x—8+(3x—-4) (x+7)+5Jx+1

S 5 3x-8+4+3x-4-9(x+T+5J/x+1)<0



= 31-3—51"31’—3 +24—5+¥+ x+45fx+1>0

= [Jax- -%J +iﬂ+x+4ﬁdx+1 > 0. Diu nay la hién nhién ding.

Vay phuong trinh ¢6 2 nghiém la: x=3 x=8.

Chi y:

Nhimg danh gia dé két luin A(x) <0 thudng la nhitng bét ding thic khing
chit nén ta luén dwa vé dwoc tong cic biéu thirc binh phuong.

Ngoai ra néu tinh v ta c6 thé thiy: 5¢3x—84+3x—4-9(x+7+5Jx+1) <0
53x -8 +3x—4<9x +63+5+81x+81 Nhung diéu nay la hién nhién ding
do: 54/3x—8 <5481x+81:3x—4 < 9x+ 63 véi moi ng

¢). Piéu kién: x>0

Ta nham dwoc x =1;x =3 nén bién doi phuong trinh nhu sau:

Tacé: khi x=1= =7 =2 khi x=3= =1 —2nénta trir 2 vio 2
2[x+|] 2[x+l]
vé thi thu duoc: x+é-2: x +7 -2 & Jlr_+3_2."!;:Jr_*d'lh'-3
V' 2(x+1) Jx 2x+1)
X -dx+3 X -dx+3 | [¥ —4x+3=0 (1)
Jx3+3.x+21' 2(x+1) st+33r+21:2{x+l} (2)

Gial (1) suyra x=1,x=3
Giai (2) ta ¢o: Vx' +3x +2x=2(x+1)
oVYr+3ir=2e " +Ix-4=0=x=1

Kiét ludn: Phuong trinh co nghiem la x=1;x=3



Nhan xét: Ta ciing c6 thé phan tich phuong trinh nhu ciu ab .

d). Tacod: x* +5x" +4x+2=(x+3)x" +2x+3)=5x~7 nén phuong trinh

trong duong val

X +5x +4x+2 3 3 Sx+7
- =4y +x+2 = x+3-vx +2x+3-———"7-—=
X +2x+3 X +2x+3
& (5x+7) 11 -— ! =0
(x+3)+yx’ +x+2 X +2x+3
(5x+7)=0

o I N S PP
(x+3)+vx +x+2 X +2x+3

Gan (1) - l l e +x-yxr +x+2=0.

(x+3)+V¥x +x+2 ¥ +2x+3

Pat t=yJxr +x+2>0. Phuong trinh tro thanh:

x=1

=2

eSxr+x-2=0=
t=-1(L)

—1-2=0 ﬁr[

x==2
iy . , . 7
Keét luan: Phuong trinh ¢6 3 nghiem: x = -g;x= lLx=-2

Vi du 5: Giai cac phuong trinh sau:

a) yx' +15+2=+/x"+8+3x
b) WIx+l=4x+3+1-x=0

a). Phurong trinh duoc viét lai nhur sau:



Ve +15+2=yx' +8 +3x & Vi’ +15-/x’ +8 = 3x—2 D& phuong trinh

cO nghiém ta can: 3x-2z0 x> % Nhim duoc x =1 nén ta viét lai

phuong trinh thinh: v/x" +15 -4 =+x"+8 -3+3x-3

{x1+_r+l:] -(_r1+x+l}-3]=ﬂ

ox-) e
Lﬂx3+15+4 X +8+3

(13 +x+1] (13 +x+1]

N #1544 Jx 4843
duy nhat x=1

Pé ¥ ring: =3 <0 nén phuong trinh ¢6 nghiém

b). Diéu kién xe [-3;-%}

Ta viét lai phuong trinh nhu sau: 3x+1-yx+3+1-x=0

2x-2
Mix+1++x+3

1 1
+l=-x=0&=(2x-2 -— =0
( }[J3x+1+a..|"x+3 2]

x=1
(=]
|:ql'31+1+~.|"x+3 =2
Xét phuong trinh: +/3x+1++/x+3 =2 . Binh phuong 2 vé ta thu duoc:

=10

¥ =10x-3=0

4x+4+24|||{3_r+]}{x+3} :4ﬁﬁ||'(3_r+l}{x+3} ==2x ﬁ{

o x=5-207

Két luin: Phuong trinh ¢6 2 nghiém la x=1x=5- Zﬁ



MWhin xét:

+ Ta thay phuong trinh ¢6 nghiém x =1 Néu ta phén tich phuong trinh
thanh +3x+1-2+2—-+x+3+4—4x=10 thi sau khi lién hop phuong trinh
Ix-3

. l—-x
mai thu duoe s& la: + +4-4x=10
' 33x+l+2 2+:,|-"x+3

3 1
=(x-1 + —4 =0 REd rang phuong trinh hé qua
( }[J3x+1+2 2+4x+3 ] & PRHORE -
3 1 . .
+ —4 =) phirc tap hon phuong trinh ban dau rat
Vix+142 2+4x+3 P SEEEERSS

nhiéu.

+Dé yringkhi x=1 thi v3x+1=+/x+3 nén ta s& lién hop truc tiép biéu

thire v3x+1—-+/x+3.

2. Pit in phu dya vao tinh ding cip cia phuong trinh:

Ta thuémg gap phwong trinh dang niy & cac dang bién thé nhu:

+ ax1+bx+c=d.Jth'3 +gx’ +rx+t (1)

+ ax1+bx+c=d\/pf +gx +rx’ +ex+h (2)

+ Aax® +bx+c+3\/ex: +ox+h :(_"'er: +px+q (*)

Thue chat phuong trinh (*) khi binh phuong 2 vé thi xuat hién theo dang
(1) hodc (2).

Dé giai cic phuong trinh (1), (2).
Phuong phap chung la:

+ Phin tich biéu thirc trong dau \"r_ thanh tich cua 2 da thic P(x),0(x)



+ Ta bién d6i ax” +bx+¢ = mP(x)+nQ(x) bﬁng cach dé-ng nhat hai vé.

Khi d6 phuong trinh tro thinh: mP(x)+nQO(x) = d | P(x).0(x)

Chia hai vé cho biéu thirc Q(x)>0 ta thu duoc phuong trinh:

mm+n=a’ M_Eﬁit t= MEU thi thu duoc phuong trinh:
O(x) \ O(x) \ O(x)

mt* —dt+n=0.

M6t cach tong quat: Véi moi phuong trinh ¢é dang:

aP" (x)+bQO" (x)+cP"" (x)0" (x) + d%ﬂF{x}.Q{x} =0 thi ta ludn gia1 duoc

theo cach trén.
Maét sé vi du-
Vidu 1: Giai cac phuong trinh:
a) 2(x*-3x+2)=3x' +8
b) x+1+4x’ —dx+1=3Vx
c) 4x1+3(x: —xlm=2(x3+1)

L gii:

a). Picu kién: x=-2.

Ta viét lai phuong trinh thinh: 2(x* —3x+2)= 3J[x+ 2Mx" =2x+4)

Giastt x* =3x+2=m(x+2)+n(x’ =2x+4). Suyra m,n phai thoa min



n=1 )
m-2n=-3ﬁ{m_-
2m+dn=2

Phuong trinh di cho co dang:

“2(x+2)+2(x" —2x+4)=3(x+2)(x* = 2x+4) =0,

Chia phuong trinh cho x* =2x+4 >0 ta thu duoc:

_2[11;2]_3 F;E},Fz:
x —2x+4 (x"—2x+4)
Pat = |—*2 5 ta thu duoe phuong trinh: ~2¢% ~31+2=0
(x =2x+4)
f==2
= 1 dDIEﬂ:}}.‘:lu‘:? ,{1;2}=l¢$x1-21+4=4[x+2}.
r=5 2 (x —2x+4) 2

1:3+Jﬁ
1:3—JI_3

x=0

-+

r=dx+1=20

13—61-4:{]4#[

b). Piéu kién: {

Binh phuong 2 vé cuia phwong trinh ta thu duoc:

X +2x+ 1+ 2(x+ 1 =dx+1+x =4x+1=9x

& 267 —1lx+2+2,(x + 2x+ 1)(x* —4x+1) =0

Gia sur



m+n=2 m=——
2x° =1lx+2=m(x* +2x+ ) +n(x’ —4x+1)= {2m-dn=-11&

m+n=2 n=

Phuong trinh tro thanh:

-%{f +21+I]+%{x3 —ax+1)+ 24(x7 + 2x + 1) —dx 1) =0

Chia phuong trinh cho x* +2x+1> 0 ta thu duoc:

15| EoAEH) [ 2 4R ‘4“] —0.Patt= 4“] >0 taco
x+2x+1 +2x+] +1x+]

Phuong trinh 511+4r-1={]¢r F —dxil) 1
X +2x+1) 25

1 ﬁ-t:lﬁ[
- 5
5

1
e 24y -102x+24=0e|" 1
4

Két ludn: Phuong trinh ¢6 2 nghiém x=— x=4

1
4

Nhin xét: Trong lévi giai ta da bién doi:

[Jr+|}*..frx: -4x+1 :J{xz +2x+1)(x" =dx+1) lavi x+1>0
c). bieu kién: x=-1

Ta viét lai phuong trinh thinh: (x~1)[ 2x" ~2x—2-3xyx+1]=0
x=1

=
2x" =2x=2-3x+fx+1=0



Xeét phuong trinh:
2x" =2x=2-3xJx+1=0& 2x" =3xJx+1-2(x+1)=0.

Dé thay x=-1 khéng phai la nghiém.

Xét x>—1 tachia cho x+1 thi thu duoc phuong trinh:

X
, =2 (1)
T Y SR Y DN | L
x+1 HJx+l X
=-1 (2)
x+1
o x x=0
Giai (1) ., P e x=2+22
i | { } H_T'l"l 413_41—4:['
X x=0
Giai (2)- —-le ex=2-22
1 (%) Wx+1 {12—4::—4:0

Két hop diéu kién ta suy ra cdc nghiém cuia phuong trinh la:
x=lx=2+ 21‘5
Vi du 2: Gia1 céc phuong trinh:

a) H2x" +1)+3(x" = 2x)4/2x -1 =2(x" +5x)

b) V5x® +4x —x* -3x-18 =5x

¢) A5 —14x+9 —yfx —x-20=5yx+1

L gii:

o 1
a). Piéu kién x=—

2

Phuong trinh di cho duoc viet lai nhu sau:



2x" =8x" +10x =4 -3x(x-2)\2x-1=0
= (x=2)(2x" =4x+2)=-3x(x-2)/2x-1=0
& (x=2)[ (2x* = 4x+2)=3x/2x-1] =0

x=2=0
=
(2x* =d4x+2)=3x2x=1=0

Xeét phuong trinh:

2x° —4x+2-3x/2x-1=0 & 2x" —4x+2-3{x*(2x-1) =0

Ta gia su: 2x" =4x+2=mx’ +n[2x—l}:}{m )
n=-

Phuong trinh tro thanh: 2x” - 2(2x -1) —3~,,‘x3 (2x-1)=0.Chiacho x* >0

- 2x-1
]-3,’2", 1 :D_Bz_“ltf=,’ = >0 phuong trinh méi
X X
t=-2

la: 2" -3t+2=0= r 1
)

. —44243
Véir=Lacs [P -l v grraz0e | VB
2 x 2 x=4-23

MWhan xét:

2x—

1
e

Taco: 2 -2_[

+Dbi véi phuong trinh 2x” —4x+2-3xy2x—1=0 ta c thé khéng cin
dua x vio trong dau V' khidota phin tich: 2x* —4x+2=mx’ + n(2x-1)

va chia nhu trén thi bai ton van duoc giai quyét. Viée dua vao v 1a gidp
cic em hoc sinh nhin rd hon ban chat béi todn.



+ Ngoai ra can luwu v ring: Khi dua mét biéu thirc P(x) vio trong déu A
thi diéu kién la P(x)=0. iy la mét sai lam hoc sinh thuémg méic phai khi

gial toan.
¥ =3x—1820

b). Biéu kién: {x=0 & x26.
Sxt+4x 20

Phuong trinh da cho duoc viét lai thanh: v/5x° +4x =y/x* —3x—18+ 5%
Binh phurong 2 vé va thu gon ta duoc: 2x° —9x+9-5/x(x* -3x-18) =0
Néu ta gia sit 2x" =9x+9 =mx+n(x* =3x~18) thi m n phai thoa min

n=2
m—3n=-9 diéu nay la hoan toan vé 1y.
~18n=9

Dé khic phuc van dé nay ta c6 chi ¥ sau : x* =3x—18=(x—6)(x+3) khi

do Jx{xl -3x-18) = 1Irx[x—vli"r]{x+ 3= -J{f —bx)(x+3)

Bay gidr ta viét lai phwong trinh thanh: 2x* =9x+9 - 5\1'[1': —b6x)(x+3)=0

m=2
, R =2
Giasr 2x —9x+9=m(x —-6x)+n(x+3)= -ﬁm+n=-9ﬁjlm 3
Hn=
n=3

Nhur vay phuong trinh tro thanh:
2(x% = 6x)+3(x +3) = 5/ (x> —6x)x+3) =0

2z 2
Chia cho x+3>0 ta thu dwoc: 2| =8 |5 [[2=6% ) 3-¢
x+3 x+3




f=

Dit t = [r -6x]2ﬂ:}21‘2—51‘+3=ﬂ-::}

x+3

1

3
f==
2

Truomghop 1: =16 [I—_ﬁszlﬁxl-?x-3:ﬂ¢} 2
x+3 r_?_ﬁ
3 2
Suyra x= théa man diéu kién.
Truomg hop 2:
2 .T='.'}
=3 [ 22823 L avo3x-27=0e 3= x=9
2- _x+3 .2 r=——
4
Tom lai: Phuong trinh ¢6 2 nghiem la: x = T+\|'ﬁ va x=9

2

c). Bi¢u kién x=5.

Chuyén vé binh phuong ta duge: 2x” =5x+2= SJ(xI -I-ED){I+ 1)

Gia sit: 2x* =5x+2=m(x* —=x-20)+n(x+1)

m=2
Khido ta co: —-m+n=-5 khong ton tai m.n thoa min hé.
=20m+n=2

Nhung ta o :
I[x1 —x-Eﬂ)[x+1] :{I+4J{I—5}[I+l]=|:x+4}{.‘r! —4.1'—5:]




Gia sir: 2x" —5x+2= a’[:r: ~4x-5)+f(x+4). Suyra

m=2

=2
—4m+n=—5:}{m 3
Sm+dan=2 T

Ta viét lai phuong trinh: z(f —4x-5)+3(x+4)= 5J{f —4x-5)(x+4).

Chia hai vé cho x+4 >0 ta thu duoc:

2 x
S X x5 X —4x-5) .,
x+4 x+4

2
bat = [LJ;S] 20 ta thu duoc phuong trinh:
X+

r=1

2 =-5t+3=0= 3
f==
2
5+4/61
x'—4x-5 = 2
Tmf:mgh-:_rpl:f=lﬁ—=1ﬁx:-53r-9=ﬂﬁ
x+4 L 56l
2
: r=8
3 ¥ =4x=-5 9 ,
Trutmghop 2, t=— = ——————=— = dx - 25x-56=0=
e P 2T T x+a 4 TR x:-%

Két hop diéu kién ta suy ra céc nghiém cua phuong trinh la:

_5+Jﬁ

2

x=8x

Vidu 3: Giai cac phuong trinh:

a) vx'+2x +42x—1=+3x" +4x+1



b) x" =3x"+2J(x+2)' =6x=0

Lai gidi: a). Diéu kién: x> % _

Binh phuong 2 vé phuong trinh ta thu duoe:

2 dx— 1427 +2x)(2x—1) =3x* + dx+1 & ¥ +1— (x> +2x)(2x-1) =0

m=1
) s =1
Tagiasu: x" +l=m(x +2x)+n(2x-1) = n=-1 ﬁ{m_ ,
dm+2n=0 o

Phuong trinh tro thanh:

(x* +2x) = (2x 1) =4 (x* + 2x)(2x ~ 1) :ﬂﬁ-( 2x J- [ Zx—1 J+|=n
X +2x x+2x

2x-1

X +2x

1445
2

Patt= ( Jzﬂ:—rl-ﬁl:ﬂﬁr:

Vé co ban dén day ta hoan toan tim duoc x . Nhung voi gid tri
1

== 0 nhwr vay viéc tinh toan sé& gap kho khan.
{3.\: + 1]'

Pé khic phuc ta co thé xur Iy theo hudang khac nhur sau:

Ta viét lai: J{xl +2x)(2x-1) = -J{_r+ 2)(2x* —x) lac nay b%.ng cach phan
tich nhur trén ta thu duoc phuong trinh:

1 . 1 " 2y’ —x 2y’ —x
—(2x =x)+—(x+2)= +22x =x)=0= -2 +1=0
g m N+ d) Vir+2)2v ) 42 x+2




bat

(= 2x"—x 0= -2+l=0si=le 2y —x=x+2=x —-x-1=0
x+2
_ 'ij;_ Kiém tra didu kién ta thiy chi cb gié tri =5 i hea

min dicu kién.

b). Diéu kién: x=-2.

Ta viét lai phuong trinh thanh: x* —3x(x+2)+2,f(x+2)' =0
Pé y ring:

Néu ta dit y=+/x+2 thi phuong trinh tré thanh: x* -=3x7° +2)° =0 Day
l4 mét phuong trinh déng cap bac 3. Tir dinh huéng trén ta co 16i giai cho
bai toan nhur sau:

+ Xeét truomg hop: x =0 khong thoa min phuong trinh:

+ Xét x#0. Ta chia phwong trinh cho x* thi thu duoc:

o308+ HNEHD

3 3 =
x X

3 t
£ ta ¢o phwong trinh: 2r' -3 +1=0& 2
t=1

bat =

X

Truwong hop 1: f:—%

J <0
= x+2=—lﬁ2‘\’x+ =—I¢PJ\I1 ox=2-23
x 2 x —4x-8=0

Truomg hop 1: =1



,f x=0
= x+2=|<::-ﬂ..l';r+2:x<::-{ =x=2
X

x-x=-2=0
Két luin: Phuong trinh ¢6 2 nghiém: x=2;x=2- ZJ_’T
Vidu 4: Giai cic phuong trinh:
a) 2x' —x" =3x+1=+/x +x'+1

b) Svx'+8x=4x"+8

Loi giai:

a). Hinh thirc bai toan dé lam cho ngudi giai bbi réi nhumg dé ¢ that ky ta
thay:

Chia khoa bai toan nim & van dé phan tich biéu thire: x* + x* +1
Ta thiy do vé trai la biéu thirc bac 3 nén ta nghi dén huéng phin tich:
¥ +x'+l=(x"+ax+1)(x +bx’ +cx+1). Béng nhat hai vé ta thu duoc:

a=1:h=0:c=-1. Nén ta viét lai phrong trinh di cho thanh:

2(x’ =x+1)—=(x° +_r+1}—J{x3 -x+(x*+x+1)=0

Chia cho x* +x+1> 0 ta thu duoc:

x-x+l x+] _1=0. Pit = :(+| >0 tachd
x +Jr+l :r +x+l x +x+l

phuong trinh: 2 —t—-1=0=

f=-EU—}



x=0

3
Gisit=1leX X 2 2x-0o|x=-1
x+x+1
x=2
Két ludn: Thir lai ta thay 3 nghiém: x=0,x =—1;x =2 déu thoa min.

, >0
b). Didu kién: x' +8x2 0| ,
x_-—

Ta thay chia khoa bai toan ndm & viéc phén tich biéu thirc:
x'+8x= I{.T: +E]= x[x+ 2}(13 -ZI+4) =[xI +2x]{x: -2x+ 4}Gié sir
m+n=4

4x' +8=m(x =2x+4)+n(x" +2x) = 2m+2n=0=m=n=2
dm=8

Phuong trinh tro thanh:

2(x" =2x+4)+2(x" +EI}—5J{1’3 ~2x+4)(x" +2x) =0 Chia hai vé cho

2 2
¥ - 2x+4>0 ta thu duge: 22 'SJ XX y_0. pat
x -2x+4 x —2x+4
t= ,I—IE{] ta ¢6 phuong trinh: 2 -5t42=0=
dx'-lx-{--’-l =

1
2

Truong hop 1 £=2 & —+ 25— 4653 ~10x+16=0 vd nghiém
x =2x+4
Truomg hop 2:
5T
1 _T5=37
PULIINEE. 1. SL UG ST SR, PN i
2 x-2x+4 4 —5++37
X=—

3



-5-37

= —
3

53T

3

Két ludn: Phuong trinh ¢d hai nghiém la:

Nhan xét: Ta c6 thé phén tich:

Nrx'+8x = ,Jx(f +8) = Jx(x+2)(x* —2x+4) = (x* + 2x)(x* — 2x+4)

Chu y ring: Trong mét sé phuong trinh: Ta cdn dwa véo tinh ddng cdp ctia
tirng nhom s6 hang dé tir dé phén tich tao thanh nhédn tir chung.

Vidu 5: Giai cac phuong trinh:

a) (x+2)(\2x+3 -2+ 1) +2x +5x+3-1=0

b) (x*+4)3/2x+4 =3x"+6x-4

¢) (X =bx+11yx" —x+1=2(x"—4x+Thx-2

Giai:
a). Bat y2x+3=aJx+l=b=ab=0
Phuong trinh da cho tré thanh: (@ —b")(a—2b)—(a’ —ab-2b")=0

< (a-2b)la-b)a+b)—(a-bla-2b)=0<= (a-2bYa-b)la+b-1)=0

N2x+3=+fx+1=0
Ta quy bai todn vé giai 3 phuong trinh co ban la: | 242x+3 -+/x+1=0

J2x+3+Alx+1=-1=0

Véi disukién: x2-1=a=21h20



Truomg hop 1: ¥2x+3 -vx+1=0= 2x+3=x+1= x=-2(L)

Truémg hop 2: 24/2x+3 —yx+1 =0 8x+12=x+1 ﬁx:-l?—l{.{.}

Truomg hop 3: V2x+3 +4/x+1-1=0. Vi 2x+3214/x+120=¥T 20
Déu bing xay ra khi va chi khi x=-1.

Tém lai phuong trinh ¢6 nghiém duy nhat x =1

b). Biéu kién x=-2

Ta thiy ring néu binh phwong truc tiép s& dan dén phuong trinh bac 5

Pé khic phuc ta s& tim cach tach x* +4 rakhoi m

Tir d6 ta viét lai phuong trinh nhu sau: (x° +4)y2x+4 +x” +4 =4x +6x

& (P +A)N2x+4 +1)=2x(2x +3) = (P +4) (W 2x +4 +1) = 2x{«/[2x+4}3 -1)

& (FC+D)N2x+4 +1) = 2x(\2x+ 4 + (¥ 2x +4 -1)

Do +f2x+4 +1> 0. Phuong trinh di cho twong duong vai

o +d=2x(V2x+d-1) & x + 2x+4-2x2x+ 4 =0 = (:-szm)l =0
=2 +4 =0 -2x—4=0=x=1+5
Két ludn: Phuong trinh c¢6 nghiém duy nhit x=1 +~Jr§

¢). Biéu kién: x=2



Gia sur
m=1
¥ =6x+ll=m(x’-x+)+n(x=-2)=>{-m+n=-b6b=m=Ln=-5

m=2n=11
r=1

¥ -dx+T7=p(x’ —x+)+g(x-2)=>{-p+g=—4 & p=1g=-3
p=2g9="T

Phuong trinh di cho tro thanh:

[ (x* -x+1}-5(x-2)]~.:‘f —x+1-2[ (2 —x+1)=3(x-2) |[Vx-2=0

Chia phuong trinh cho f(x” —x+1)" ta thu duoc:
3
-5 11-2 _2’ 2:r-E +6 1x—Z ~0
x =x+1 xr—x+1 x —x+1
Pit ¢ = ,f;zzn
X -x+

|
Ta thu duoc phuong trinh: 61 -5 =2t +1=0 | ¢ =%

+Néut=loa=bhex* -2x+3=0(IN)
+ Néu t=%ﬁx:—lﬂx+]9=ﬂﬁx=5iaf€

Két luin: x= Sixl'rg



2. Giai phwong trinh vé ty bing phwong phéap dit in phu khing hoan
toan.

+ Pat an phu khéng hoan toan 1a phuong phap chon mét s6 hang trong
phuong trinh dé dit ldm an sau d6 ta quy phwong trinh ban dau vé dang mét
phuong trinh bac 2: me® + g(x)t+ h(x) =0 ( phuwong trinh nay vin con an

x)

+ Vin dé cua bai todn 14 phai chon gid tri m béng bao nhidu dé phuong
trinh béc 2 theo 4n ¢ c6 gid tri A chin (a =[A|[x)]1] nhu thé viéc tinh ¢

theo x s& dugc dé dang.

+ Thong thuong khi gép ciac phuong trinh dang:

ax” +bx+c+(dx +e) px” + gx + r =0 thi phuong phap dit an phu khéng

hoan toan to ra rat hiéu qua:
+Dbé @mai cac phuong trinh dang nay ta thuong lam theo cach:
- Patyff(x)=t=1t = f(x)
- Tatao ra phuong trinh: mt” + g(x)t + h(x)=0
Taco A= [g{x}]: —4m.h(x)= f,(m)x” +g,(m)x +h(m) Dé Acd dang
[A(x)] thi didu kién cin va du la
A, =lg(m] -4f(m).g(m)=0=m
Ta xét céic vi du sau:

Ta xét cic vi dy sau:

Vidu 1: Giai céc phuong trinh:

a) x +1=(x+Dyx =2x+3=0




b) 242x+4+4y2—x =/9x* +16

¢) (2x+7)2x+7=x>+9x+7 (Trich dé TS lop 10 Chuyén Tu nhién -
PHQG Ha Noi 2009)

Gii:
a) Pat r:m:-ﬂ:}r’ =x"-2x+3
Phuong trinh da cho tro thanh: x* +1—(x+1)r =0
Ta s& tao ra phuong trinh: mt” —(x+ )t +x" +1—-m(x* - 2x+3)=0
(Ta d3 thém vao m¢” nén phai bat di mot luong mt” =m(x” —2x+3))
Phwong trinh duoc viét lai nhu sau:
mt” = (x+ Dt +(1=-m)x" +2mx+1-3m=0
= A=(x+1) —4m[{| —m)x +2mx+1 -3m]
=(dm’ —4m+1)x" +(2-8m )x+12m" —4m+1

Ta mong muén
A=(Ax+B)Y @ A_=(1-4m’y =(12m" —=4dm+1)(4m’ —4dm+1)=0 & m=1

Phwong trinh méi duoe tao ra la: P =(x+1)t+2x-2=0
Tach A=x"—6x+9=(x-3)°

r_x+l-{x—3} 3

Tir d6 ta c6: -
x+1+(x-3)
= =x

2

2

-1



+ Truonghop 1: =l X ~2x+3=2 o ¥ - 2x-1=0 & x=1++2

+ Truong hop 2:

- =1
t=x—-leJr -2x+3=x-1 ﬁ{{

X' =2x+3=x"-2x+1
Phuong trinh vo nghiém.
Tom lai: Phuong trinh ¢6 2 nghiém la: x=1 iﬁ
b) Piéu kién: -2<x<2
Binh phuong 2 vé phuong trinh va thu gon ta duoc:
Ox" —16y8—2x" +8x-32=0.
Bat = m ta tao ra phuong trinh la:

mt” =16t —m(8-2x")+9x" +8x-32=0
e mt”=16t+(9+2m)x” +8x-8m-32=0
A'=64—m[ (9+2m)x +8x—8m 32

=(=2m" =9m)x" +8mx+8m" +32m+ 64
Ta mong mudn A'=(Ax+ B)" < A=0 phai c6 nghiém kép . Tirc la:
ﬂ:. =16m" = (=2m" =9m)(8m” +32m+64)=0 = m=-4

Tir d6 suy ra phuong trinh méi 1a: —4¢° —16/+x” +8x=0

P B—(2x+8) _x
Tinh dugc: A'=4x” +32x+64 = (2x +8)' = = 2
;- 8H2x+8)  x_,
4 2

x -
+ Truomg hop 1: t== =2 48-2x" ==& S xr=—
B TREESEE i 48-2x") =" 3

2

x {IE{] 4&



+ Truong hop 2:

X . X xE—S
I=—=—4f8-2x =—-=-4 = ) VN
2 2 HB=2x")=(x+8)°

42

Tém lai phuong trinh ¢6 nghiém duy nhat x = N
¢). Bat 2x+7 =¢ ta tao ra phuong trinh:
mt’ —(2x+7)t+x" +(9-2m)x+7-Tm=0
Lam twong tu nhu trén ta tim duoc m =1. Nén phuong trinh ¢6 dang

fl_(?,;r-f-?}f-fx!_l_?x:ﬂ:} ﬁ={21+?)1—4(12+?1)=49:} t=x+7
f=x

gial theo cdc trudmg hop cua ¢ ta tim duoc x=1+ 22 1a nghiém cua
phuong trinh.

Vidu 3: Giai cic phuong trinh:
a) 10x° =9x—8xy2x" =3x+1+3=0
b) ¥ +6x =2x+3—=(5x=-1x'+3 =0

¢) dx+l-1=3x+2/1-x++1-x"

Livi Gidi:
x=1

a) Piéu kién: 1
xX= E

Pat r=+/2x"-3x+1 tataora phuong trinh:

mt” = 8xt+(10=2m)x* +(3m-=9)x+3-m=10



Taco A=16x"—m[(10-2m)x* +(3m—-9)x+3-m
=16x* —m[ (10— 2m)x* +(3m—-9)x+3—m |
=(2m" =10m+16)x" +(9m—=3m )x+m" =3m

Ta can : A, =(9m=3m") —4(2m’ - 10m+16)(m" =3Im)=0=m =3

2
: : t==
Phuong trinh d3 cho tro thanh: 3¢ -8xt+4x" =0 < 3"

f=2x

Truong hop
1

=0 =0
t=%xﬁ~d’2f—3x+]=%xﬁ«{x ﬁ{x

O(2x" =3x+1)=4x" 14x° =27x+9=0

3
I=E
(=4
3
x==
?
; 3 xz0 1
Truong hop 2: t=2x = J2x -x+l=2x & S x==
—3x+1=0 3
£ . . . . 3 3 1
Két luan: Phuong trinh ¢6 3 nghiém: xzi,xz?,xzi

b) Pidu kién: x>1. Dit t=+x' +320& ¥ = -3 Do hé sé cia x°
trong phuong trinh la: 1. Phuong trinh di cho tro thanh:
t*=(Sx=-1t+6x" =2x=0

A=(5x=1) =4(6x" -2x)=x" -2x+1=(x-1)".



= [Sx—l}—{x—l}:l_r
2
= [Sx—l}z-i-[x-l} ~3ro]

Suy ra:

>0 I
Truomghop 1: VX +3=2x 4. . o | x=3tv2l
X =4x"+3=0 2

Truong hop 2:
x=1

I
>_
Jri3=3x-11""3 o x=4+23

X =9 +6x+2=0 | y—4-2.3(L)

3+@,x=4+3ﬁ

Tom lai phwong trinh ¢6 3 nghiém: x=1,x= 5
a) Diéukién: —1< x<1. Ta viét phuong trinh thanh:

dafx+1=21—x =3x+1++f1-x" .

Binh phurong 2 vé ta thu duge phuong trinh méi:

16(x+1)+4(1=x)=163/1=x" =9x" +bx+1+23x+D)y1-x" +1-x"
& 8x" —b6x =18+ (6x+18)\1-x" =0

Pat r=+/1-x" tataora phuong trinh:

mt* +(6x+18)t +(8+m)x* —6x—18—m=0

Co A'=(3x+9)" —m| (8 +m)x’ —6x—18—m |



=(9-8m—m")x" +(54+6m)x+m” +18m+81
Ta mong muén
A=(Ax+BY & A" =(3m+27) —(9-8m-m")}m" +18m+81)=0
Tir do tinh duoc m =-8
Phuong trinh di cho tré thanh: —8¢° + (6x+18)f —6x-10=0
Taco A'=(3x+9) —=8(6x+10)=(3x+1)
-31—9—{3x+l}=3x+5
-2 +

. -3x=9+(3x+1) _
= — =

Suy ra

1

Truémg hop 1: t =1 VI-x* =1 x =0 thoa min diéu kién

Truomg hop 2:
(=333 4 1- 2 =3x45 & 16(1-x°) =9x° +30x+25

16(1—x")=9x" +30x+25 = 25x" +30x+9=0 & x=-%
A z 3o .
Thir lai ta thay: x= 3 thoa min phuong trinh:

Két luan: Phuong trinh ¢6 2 nghiém x=0,x= —%

Chi ¥: O bude cudi cung khi giai ra nghiém ta phai thi lai vi phép binh
phuong lae dau khi ta gan la khong twong duong.
Vi du 4) Giai cic phwong trinh:

a) J5-x=x"-5



b) x' =243 +x+3-3=0
8x" +3x+(4x’ +x-2)x+4 =4
Giii:
a) Pidu kién: {I,ES
x =z
Binh phuong 2 vé ta thu duoc: 57 —(2x* +1).5+x+x" =0
Ta co1 day la phuong trinh bac 2 cua 5 ta co:
A=(2x"+1) =4(x+x")=4x" —4x+1=(2x +1)’
5:1{211+l+21-l}=13+x

Tir do suy ra
5=§(211+l-21+l]=13 -x+1

ST T

T
-]+-q'r2_]
2

Truéng hop 1: ¥’ +x-5=0&

[ 1=T
r=

2
Jf_]+-\.|'rﬁ

2

Truémg hop 2: x* —x-4=0<

D6i chidu véi diéu kién ta ¢ 4 nghiém déu thoa min phuong trinh.
b) Ta viét lai phuong trinh thanh: 3—(2x" + ]}wﬁ+ x+x'=0

Ta coi diy 12 phurong trinh béc 2 ciia +/3 ta co:



A=(2x +1y =4(x+x")=4x" —4x+1=(2x+1)’

I 2 R
‘ JE:E{ZI +14+2x-1D)=x"+x x1+x—xﬁ=ﬂ
Tirdo suy ra b

ﬁ=%{213+1-2x+1}:x1-x+l ¥ —x+1-43=0

Giai 2 phuong trinh trén ta thu duoc ciac nghiém cua phuong trinh da cho

1+ 1443 o #4433

2 ) 2

la: x=

¢) Piéu kién x= -4

Ta viét lai phuong trinh thanh:
x+4+(4x* +x-2)yx+4+8x* +2x-8=0. Coi ddy la phuong trinh

bic 2 4n y/x+4 thi

A=(4x* +x-2) —4(8x* +2x-8)= (4% +x-6) .

vx+4==-2x
Vx+4 =2x+1

Giai 2 truong hop ta thu duoc cac nghiém cua phuong trinh la:

1-+/65
xr=s

8
x_-3+~,1"5_?
8

Tir do suy ra

Vi du 5: Giai cic phwong trinh:
a) IW2x2 +1-1)=x(1+3x+8/2x7 +1)

b) Vx'+3x+6+42x" —1=3x+1

Loi Giai:



a) Ta viet lai phuong trinh thianh: 3x° +x+3+{81-3)m:{].
bat f:m}D suy ra F=2x"+1.
Ta tao ra phuong trinh: me* +(8x—=3)+(3-2m)x” +x+3-m=0.
Tacod A=(8x-3)" —4m|(3=2m)x* +x+3-m|=

=(8m" —12m+64)x" —(48+4m)x +4m" —12m+9 .

Ta can A =(24+2m) —(8m” = 12m+64)(4m" = 12m+9)=0=>m=3 .
Phuong trinh tro thanh: 3¢ + (8x—3)r—3x" +x=0 .
Taco: A=(8x=3)" =12.(=3x"+x)=100x" —=60x+9=(10x-3)".

' 3-8x—(10x-3)

==3x+1
Tir do tinh duoc : 6
r=3-81+[lﬂx—3}=_£
6 3
xs L
Truong hop 1: y2x" +1=-3x+1{ 3 =x=0
O9x" —6x=0

x=0
Trueng hop 2: V22’ +1=-Z 4" VN
37 1727 49=0

Vay phuong trinh ¢6 nghiém duy nhat: x=0

b) Piéu kién: x= LY

Nk
Ta viét lai phuong trinh thanh: x* +3x+6 =3x+1-v2x" —1.

Binh phuwong 2 vé va thu gon ta duoc phuong trinh méi:



10x" +3x=6-2(3x+1V2x" =1 =0
Pat t=+/2x" =120 suy ra tt=2x"—1.

Ta tao ra phuong trinh: mt* =2(3x+1)+(10-2m)x" +3x-6+m=0.Ta
co

A'=(Bx+1) = m[ (10-2m)x* +3x—6+m |
=(2m" =10m+9x" +(6=3m)x—m" +6m+1._
Ta can A, =(6=3m) —4(2m" —10m+9)(-m" +6m+1)=0=>m=4 .
Phuong trinh trés thanh: 4¢° =2(3x+ 1)t +2x" +3x-2=0 .
Taco: A'=(3x+1) —-4.2x +3x-2)=x"-6x+9=(x-3)".

Ir=3:r+l-(;vr-3} = x+2

Tir dé tinh duoc: 4 2
Ir_3;vr+l+(x—3]|l_Ex—]
4 2
242415
x+2  [x=z-=2 T3
Truéng hop 1: 4/2x° =1 = = . = .
2 Ix" =4x-8=0 2-2./15
r=——
7
Doi chiéu véi diéu kién ban dau ta thay chi co x=ﬂ la thoa man
diéu kién .
~1-+/6
Iy —1 x::-l x= 3
Truémg hop 2: V23" ~1="2 =2 - _
Ax'+dx-5=0 | _1*V6

2



Doi chiéu véi diéu kién ban dau ta thay chi cé x = la thoa min

—I+JE
2

diéu kién .

Viy phuong trinh ¢6 2 nghiém 1a: x:@ vi xo 6

2

SU DUNG HANG PANG THUC PE GIAI PHUONG TRINH
Déu higu:
Céc bai toan giai duoc bing hing ding thirc thuong c6 dang:

ax' +bx’ +ex+d =e( fx+h).px+qg hoac

ax’ + bx* +£‘I+ﬂ'=€{]{p1'3 +qx1+r:r+5

Phuong phap chung dé giai cac bai toan nay 1a: Dt #f(x)=y véi n=2

hodc n=3.

Dua phuong trinh ban dau vé dang m( Ax+ 3]3 +n(Ax+B)=my’ +ny
Vidu 1:

a) 8x° =36x" +53x-25=3x-5

b) 8x' —13x" +Tx=24x" +3x-3

c) ¥24x-11-16xy2x-1-1=0.
d) x' =63f6x +4 +4

¢) ¥ +1=242x-1

p (45 +1)x=(3-x)+5-2x



Giai:

Nhimg phuong trinh ¢6 dang: ax’ +bx* +cx+d =(ex+h) px+q (1)

Hodc: ax’ +bx” +cx+d = edpxs-i-qxz +rx+h (2)

ta thwong giai theo cach:

Déi véi (1) Pt /px+g = v khidé x= y —p thay vao phuong trinh ta
q

dua vé dang: ax’ +bx’ +cx+d = Ay’ + By Sau do bién doi phuong trinh
thanh: A.[u{x}r +Bu(x)= 4y + By

Déi vdi (2): Pat g{/pxs +qx2+rx+h = ysau do tao ra hé tam:

, cong hai phuong trinh ta thu ducc:

ax’ +bx’ +ex+d =5y
g3{px3 +gx° +rx+h]:y

Ax’ + Bx' +Cx+ D =5.y+y" sau d6 dua phuong trinh vé dang;

[u(x)] +5.[u(x)] =y +5.y

Ta xét cée vi du sau:

8x' =36  +53x-25=1y
a) Pt 4f3x—5 = y ta ¢o hé sau: {31 S xa+ * J (M
X=—23=Yy

Cong hai phuong trinh cua hé voi nhau ta thu duoc:

8x* —36x" +56x—-30=y'+y (*). Tanghi dén viéc bién d6i vé trii
thanh:

[.ﬁi{:{]]3 + A(x) dé phuong trinh ¢6 dang: [fi{x}r + A(x) =_}r3 +y

Gia sir: 8x° =36x" +56x-30=(2x+a) +(2x+a).



Béngnhi;it hé sdcia x> => a=-3
Nhur vy phuong trinh (*) ¢6 dang: (2x-3)' +(2x-3)=3"+y (1)
bit z=(2x-3). T phuong trinh tasuyra = +z=y"+y
:3+:=y3+yﬁ{:-y}(:l+:y+y1+l]={]_Du

2 2 ¥ B 2

I +zy+y +1l= :+E +Ey +1>0Vy,z2= Pl y==

& y=2x-3 e 8x -36x" +53x-25=2x-3

L_5%\3
& 8x' =36 +51x-22=0=|"" 4
x=2

Qua vi du trén ta thay viéc chuyén qua hé tam (I) gitp ta hinh dung bai
toan duoe dé ding hon.

b) Dat At +3x-3= v ta thu duoc hé phuong trinh sau:

8x' —13x"+7x=2y . . o
. Cong hai phuong trinh cua hé ta thu duoc:

X +3x-3=y
8x' —12x" +10x=-3=1y" +2y 2 2x=-1V +2(2x-1)=y" +2¥ (*)

bit z=2x~-1 ta thu duoc phuong trinh: z* +2z=y"+ 2y

& (z-y)(F++y +2)=0e =y y=2x-18x -13x" + Tx=4x-2
x=1
S8 -3 +3x+2=0& 5+./89
r=
16

c) Diéu kién: x = % Tadat V2x—1=a =0 thi phuong trinh di cho tro

thanh: ¥12a° +1-8a’ -8a—1=0 & 84" +8a+1=412a> +1



8a’ +8a+1=y
bit +/12a” +1 =y ta thu duoc hé sau: {]2 . T ; }_Cf_':-nghai phuong
a+l=y

trinh ctia hé vai nhau ta thu duoe: (2a+1)' +(2a+D) =y +y (¥)
Pit 2a+l=z tach: =" +z=y' +y.

Tuong tu nhu cac bai toan trén ta suyra z=y.

Theo (*) ta co ﬁy=2a+]:>3§3+3a+l=2a+l¢=:-azf_'l:}.‘r:%

Két luan: x = % la nghiém duy nhat ciia phuong trinh:

d) Pat y=4f6x+4 taco hésau:

Jlf —-4="6y

. ﬁx’+ﬁx:y3+6yt:::-[x-y](x1+1y+y1+6)={]ﬁx:y
bx+d4=y

Thay vao phuong trinh ta ¢o:
x==2

¥ —6x-4=06 (x+2)(x*-2x-2)=0 | x=1+43

Jr:I-'-J’?T

e) bat y =42x-1 taco hé:
{13+I=Ey

, er+2x=y+2ye I[x—y:}(x1+:x}'+_v:+2}=ﬂ &Ex=y
2x=y"+1

Suyra x' -2x+1=0¢ [Jr-l}(mr2 +x—l)=[]'+=b x=




f) {413 +l]I=[3-I}\|'5—2:r

Pat +f5-2x =y2fl::~x=5_2y_ thay vao ta co:

-+

{4x3+])1=[3_5_2y ]}'ﬁ3f+21=3=3+2yﬁ[h-r)(ﬂff+2x4’+f+2]=“

—I+J2_l

2 2 .
J;:lrf.:}f-tx +2x=5=0= ,,Jr_l Thl.l‘lﬂltﬂthﬁ}"ﬂhiﬂa

1=

2

_-I+Jﬁ

¥=—7 thoa man dieu kién bai toan.
Vi du 2: Giai cac phwong trinh sau:

a) 7x° -I3x+8:2x1-{1'x{1+3x—313}
b) 3x'+4x —1=+/x"+2x +x

1 3 3
0) X =x =2x+31 +3x
2 V 2

Giai:

a)Nhin thiy x =0 khong phai 1a nghiém cua phuong trinh:

Chia hai vé phuong trinh cho x ta thu duoc:

E-£+E3:}:,3’I—1—|r§-3_
x x x X x
E z_g"'is:zy
bat y=j—+=-3 ta thu duoc hé sau: X .
||||x‘ X 1 3

—+==3=y
x x



Cong hai phuong trinh cua hé ta co:

X

2 Y. ,(2
_3-—:+——3=y3+2yﬁ[;—lj +2[——I]=y3+2y (*)

bat ::E-] ta thu duoc:
X

:3+2.,=y3+2y::>I[:—y](:3+y:+y1+2]=l]{:}:=y

¢=>Jf‘=z-] ﬁz-£+%=i-2a%— l% +i+2=[}_
X X x X X X x X

Suyra x=1Lx=

b) Nhan thay x =0 khéng phai li nghiém cua phuong trinh nén ta chia hai
vé phuong trinh cho x thi thu duoc phuong trinh twong duong

la: 313+4x—l=3x3+2+l.
x N X
s 1
I Ix +dx——=y
bat y=13'x3+2+— ta co hé sau: I * . Cong hai phuong
X 3

X +2+—=y
x

trinh cia hé ta co: (x+1)° +{x+|]=y3+y_

Tir phuong trinh ta suy ra y =x+1& 3x° +4x-l:x+l
x

r==1
1
I +d4x——=x+l=23x+Ix -x-1=0 :
x x . x X X =X x=i£
3

¢) Ta viét lai phuong trinh thanh: (x* —x) ~16x=43/4x’ +12x



3 3
- —'Iﬁ =4.1
Pit y=+4x" +12x ta co hé tam sau: (I 'T] X=4)
4x' +12x =y’

Cong hai vé hé phuong trinh ta thu dwoc: (13 —x}3 +4{x3 —x) =y +4y
Pit z=x" —x tacoH:

Srdz=yv+dy e [:-}'}(:1+}': +y +4]={] ﬁ{f —x]: =4x +12x

ﬁx[xl(x:—l]a—d-x: -m]:a ﬁI:IT
o

Vay phuong trinh di cho ¢6 3 nghiém la: x=0;x= iﬁ

PHUONG PHAP DANH GIA

Nhimg k¥ thuit qua trong dé giai phwong trinh giai bing phuong phap
dinh gia ta thudng sir dung la:
+ Dung hidng ding thitc: 47+ 4"+ A’ =04 =4,=.=4 =0

"

+ Dung cic bat dang thirc ¢6 dién Cé si, Bunhiacopxki, Bat dang thirc hinh
hoc

+ Ding phuong phap khao sat ham sb dé tim GTLN, GTNN -

Vi du 1: Giai céac phuong trinh sau:

a) 4x’ +3x+3=dxvx+3+242x-1.
b) 13x—1+9/x+1=0.

¢) x(5x" +2) -2[sz+1 - l) =0 (Trich dé tuyén sinh 1&p 10 chuyén
Todn Truong chuyén Amsterdam 2014).



A Vr-1+2y-4+3Jz-9 :%{“ﬁ:}
Loi giai:

a) Picu kién x = % Ta viét lai phuong trinh thanh:

4x" —4xfx+3 +{x+3]+2x—l-2-¢'2x-l +1=0

2 2 2 —m:[}
> (22 ~FT3) 4 (VB T-1) =DQ{J}§.T-:(-1=D xel

b) Diéukién: x=1. Ta viét lai phuong trinh thanh:

13[:—1—4:—1 +i]+9[1+1—3 x+1 +%]=D

% % \,I'x-l-l:{] 5
ﬁl?{u"x—l—i] +9(~.!x+1-5] | PN i Sx=7.
\JI-P'I-E:D

¢) Piéukién x= —%.Ta viét lai phuong trinh thanh:

x=0

SxUH(2x41-2402x+141)=0 = 5x" + (42 +l-13:ﬂﬁ
{0 s (B s0e 2L

Suy ra x =0 la nghiém duy nhat cia phuong trinh.
d) Diéukién x>1;y>4;2>9 ta viét lai phuong trinh thanh:
2vx-1 +4\r‘}'-4 +6yz -9 =x+y+z

= x=1=-24Jx-1 +I+_v-4-4~.,||'_v-4+4+:-9-6u":-9+9:{}

Nx=1-1=0  (y=2
(Va=1-1) +(J/y=4-2) +(vZ-9-3) =0 {y-4-2=0&{y=8
J=-9-3=0 [z=18




Vi du 2: Gisi cic phwong trinh sau:
a) 16x" +5=634x" +x

b) 4x'+x" +3x+4=3J16x" +12x

) 96x° —20x+2+ xy/8x—1—f4x(8x+1) =0

Giai:

a) Vi 16x" +5> 0 nén phuong trinh di cho ¢6 nghiém khi
4x' +x20 e x(4x’ +1)20 < x =0 Dé v ring khi x:% thi ¥T =VP
nén ta nghi dén sir dung bét ding thirc C6 si sao cho dau bing xay ra khi
x:%_ Mait khac khi x:% = 4x’ +x:4_é+%=l thi Tir nhimg co so

trén ta ¢6 i giai nhur sau: Theo bat dang thire C6 si dang
3abc<a+b+c taco

Ta co 63/4x’ +x =23 {H(413+I:].|_] <2(4x’ +x+1+1)=8x" +2x+4

Mait khac ta co:
16x" +5-(8x" +2x+4) =16x' —8x" —2x+1=(2x-1)" (4x" +2x+1) 20

Suyra FT 2 VP . Daubing xay ra khi va chi khi
2(2x=1)*(2x* +2x+1) =0 I
. S xX=—
dx=(4x"+1)=2 2

Tém lai: Phuong trinh ¢6 nghiém duy nhat x =%

b) Vi 4x" + x* + 3x+4 > 0 nén phuong trinh di cho ¢6 nghiém khi
16x° +12x2 0 & 4x(4x° +3) 20 & x = 0. Dé y rang khi x:% thi

VT = VP nén ta nghi dén sit dung bat dang thirc Cé si sao cho dau bing



xay ra khi x=%. Khi x=é thi lﬁx3+121=16.é+12_%:3_Tirnhfmg

co s0 trén ta co lot gial nhu sau:

Theo bit ding thirc Cé si dang 3+fabc <a+b+c tacd

33f(16x" +12x) =%.?J[:16x3+12:r].8.8 2%{15:3 +12x+8+8)=4x’ +3x+4

Mait khic ta co:

Ax' +x +3x+4—(4x" +3x+4)=4x' —4x + X =x"(2x-1)" 2 0.

K 2 ) . im . . 11{21-1]:=ﬂ 1

Dau bing xay ra khi va chi khi j & x=—
2=x(4x" +3) 2

¢) Diéu kién: IE%. bé y rang x =% ld nghiém cua phuong trinh nén ta co

lon giai nhur sau:

1+1+4x(8x+1)  32x" +4x+2

YAx(Bx+1) =1.14x(8x+1) < : 3

Mait khac ta co

3207 +4x+2 _256x" —64x+4 _4@8x-1)"
3 3
Suy ra 96x” —20x+2 +x+/8x—1 - {f4x(8x+1) = 0.

96x" —20x+2—

Déu bing xay ra khi va chi khi x =é

Vi du 2: Giai cac phwong trinh sau:

1 1
a) + ==
JZx—I %'fdx—?r x




1 1 I I
b =3
U s ;o ([:?41-1+:?sx-2]
) Yx+4 21-12#42_[-4—:]51;2

d) V=2 +dx+21 - +3x+10 =2

Giai:
S s 1
a) Bnéu kién: I.‘JE.

X

=2
Mdx-3

Phuong trinh da cho c6 thé viét lai nhu sau: ﬁ +
x —

X

f2x =1

¥’ 22x-1& (x~1)" =0. Diéu nay la hién nhién dung.

+ Ta chimg minh: >1. That viy bat ding thirc trong duong véi

Déu biang xay ra khi va chi khi x=1

Ta chimg minh: = = 1. That vay bat dfmg thire twong dwong von
I—-

rzdx-3ex -4x+320= (X =2x+)(x +2x+3)=0
e (x=1(x"+2x+3)=0
Diéu nay la hién nhién ding. Dau bing xay ra khi va chi khi x=1

Tir 6 suy ra T =2 . Dau bang xay ra khi va chi khi x=1

1 1 1 1
b) —=+———=43 +
}J} J2x-1 [441-1 JSI-E]
Ta thiay ring: 4x—1=x+x+2x—15x-2=x+2x—1+2x~1

Theo bat ding thirc ¢6 si ta ¢o



(e
Q

:>—+—+ 2
N sz-l Jr+x +2x -1
Mait khac ta co

(Vrx +x +42x= 1) <3(@dx-1) = Yx +x +2x =1 < 3(4x—1) (Theo
bat ding thirc Bunhiacopxki cho 3 sd)

2, 1L LB
Jxoof2x-1 fax-
12 W3
«;‘_ J2x-1 Jﬂx 2

Cong hai bat ding thirc cling chiéu ta c6:

3, 3 o 3.3 . 3
Jr 2x—1 Jax—-1 5x-2

Tir do6 suy ra:

Twong tu ta cling co:

1
—=4i 2 )
J_ ~,:‘ Jax—1 ox-2
Déu bing xay ra khi va chi khi x=1
¢) Ap dung bat ding thirc Bunhiacopxki dang:

(ax+by+cz) <(a” +b" +7)(x" +y° +27) tacod:

(-ﬂ?+iﬂ;+mr E[I+I+1}{~E+ x+-Jr23r_-I]_
ﬁ‘_r+ﬁ+MEJ3[J;+E+M}

Laico -J'?+J.¥+JZI—1 5{3[41-1} suy ra



Y+ x+ix-1< ,/3\!3(41-1} = {27(4x-1)
(1)

Tuwong tw: 4x +42x—1+42x—1< 1/3,}3[5“2 =427(5x-2)
(2)

Cong hai bat ding thirc ciing chigu (1), (2) ta c6:

3(Yx+2x-1) < 427(x - 1) +427(5x-2)
e x+32x-1 5#413_1 +d513-2

Déu biang xay ra khi v chi khi x=1.

¢) Taco

VT = J(x+3)(7—x) —f(x+2)(5-x) =

x+11

J+3)(T=x) +4f(x+2)(5-x)

Piéu kién xdc dinh 1a -2<x<5

Theo bat ding thirc Cauchy ta co:

JE+3)(T-x) = J_,,f(::xm}{?-x [(21+6}+{? x}]-Z}?

va

a.|||{x+2][5—x}=%qu{2x+4)(5—x}'ﬂ —=[(2x+4)+(5- x]]-x:;

Nhu viy: f(x+3)(7—x) +4/(x +2)(5-x) <

J—[I-f-ll}

x+11

N+ 30T =x) +4f(x +2)(5-x)

_ R _{{21+6]=(T—x} 1

xay ra khi va chi khi: S x=—
(2x+4)=(5-x) 3

Trdotasuyra: VT =

>+/2 . Dau bang



Vay x =% la nghiém duy nhat cua phuong trinh:

Vi du 4: Gisi cic phwong trinh sau:

a) J3x:-1+xfrxl-x-xqfxz+1= xz—x+4)

1

—(7

245(
2 b ]-J-II|I ¥ l bl

b) V13x? =6x+10 +,[5x -13_x+?+\l"l?x‘ —48x+36 :5(36:(—8_!(‘ -21)

c) 'Jx: +x=1 +~J—x1+x+1 =x'—-x+2
Giai:

Piéukién: x=>1lvx< —L

3

Ap dung BDT Bunhiacopski cho hai bo 50 {l; 1 -x} vil

(‘J?rx: —I;Jx: —x;\"’x: +1) taco: FT(*) 5\({:(1+2](5x1 -x} _Déu “="

xay ra khi va chi khi x=1. Do xElvxE-% nén 5x° —x>0

Ap dung BBT Cauchy ta c6:

P’P[*}zﬁ[ﬁx:—x+2(f+l}] Eﬁ.EJ[Sx:—x)E{x:+E}

= .\[(5:(: -x}{xl +2]

Dau “=" xay rakhi x=-1 va x =§ . Tir d6 ta ¢6 nghiém caa PT(*) la:
x=-1

b) Ta co:



VT = J(3x+1) +(2x-3) +J[21—§J: +[x—%J: +f¥ +(4x-6)

>[3x+1|+

21’-% +x| =172 3x+]+2x—§+x

Déu “=" xay ra khi va chi khi x =% . Mat khac ta cling cd:

1 :
5[121-3}261—:

¥ I 2 ] 2
vp=[12x-3-2(4x -12x+9]]=5[lzx-3-2{2x-3) |=
Déu “=" xay ra khi va chi khi x =§. Tir d6 ta c6 nghiém cua phuong
trinh la x = E

2
¢) Theo bit ding thirc C6 si ta co:

X +x
2

V' +x—1=I(x* +x-1) E%[l+{x1 +x-1)]=

x=1

Déu bing xay ra khi va chi khi 1= (x* +x—-1) ﬁ[ 5
Xx=-

- +x+2

J—I:+.T+] =.Jl{—x3+x+l}5%[I+(-f+1’+n]= 2

Diu bing xay ra khi va chi khi 1= (—x* +x+1) & [‘r

Fx —x4+x+2
+ —

Tir d6 suy ra L’TEIE 5=+,

Mit khictaco x* —x+2—(x+1)=(x-1)>=0.

Dau bang xay ra khi va chi khi x =1



Tir d6 suy ra phuong trinh ¢6 nghiém duy nhat x=1.

Vi du 5: Giai cac phwong trinh sau:
a) Ma—x +x=20+¥¥ -2x-1)
b) xVx +x+12 = 12(/5-x +V4-x)
Giai:
a) Picu kién: ¥’ -2x-120
Phuong trinh di cho tuong duong von: m =2x'=2x=-14+2-x

Do 24/x* =2x—120 nén tir phuong trinh ta cting suy ra:
Jld—x'=2-x
Lap phuong 2 vé ta thu duoe: 14-x"2(2-x) & 6(x* -2x-1) <0

Nhur vay phuong trinh ¢é nghiém khi va chi khi

x=1+-».5
:(:1—-“!"5

X-2x-1=0

Két luan: Phuong trinh ¢6 2 nghiém 1: x=1++2 va x=1-42
b) Piéu kién: 0<x<4.

Xét f(x)=xx+x+12 trén [0;4]  Dé thay
VIZ=f0)< f(x) < f(4)=12= VT <12 (1)

Xét g(x)=+/5-x++/4-x trén [{};4] ta co

D& thiy 1=g(4)<g(x)<g(0)=+5.Suyra FP212 (2)

Tir (1), (2) suy ra phuong trinh ¢6 nghiém khi 1T =VP=12 = x=4.



MOT SO CACH DAT AN PHU KHAC

1) Bit dn phu hoan toan dé quy vé phuong trinh mét in.

+

Diém mau chét cua phuong phap nay 1a phai chon mét biéu thire f(x)
dé dat fix)=1t sao cho phf‘m con lai phai biéu dién duoc theo an 1.
Nhimg bii toan dang nay néi chung la dé.

Trong nhiéu truéng hop ta can thuc hién phép chia cho mét biéu thirc c6
sin & phuong trinh tir d6 mai phat hién an phu. Tay thude vao cau trac
phuong trinh ta ¢6 the chia cho g(x) pha hop (thong thuong ta chia cho
x" voik 12 sb hiru ty)

D6i vai nhimg bai toan ma viée dwa vé mét an din dén phuong trinh méi
phtre tap nhur: S6 mii cao, cin béc cao _ thi ta co thé nghi dén huong dat
nhiéu an phu dé quy vé hé phuong trinh hodc dua vio cac hing dang thirc
dé giai todn.

Ta xét cac vi du sau:

Vi du 1: Giai cac phwong trinh sau:

a) x1=[l-\E}{2x—3\.l'rJ_r+3}
b) x* ++/x' =x" =2x+1 c) _r+]+ul'x:—4_r+]:3q'r3_r

dy x° +§!Jc1’_1n:—l =3x+1.
X

Giai:

a) Piéu kién: x=0. Phuong trinh dd cho co thé viét lai nhu sau-

e =(1-JE}[21+3{1-J§}] & x* = 2x(1-/x) +3(1-~/x) . Ta thiy

x=10 khéng phai la nghiém cta phuong trinh. Ta chia hai vé cho x” thi



thu duoc: 1=2[]'“G]+3[]'“H] . bat I_J;=f ta ¢6 phuong trinh
X

theo t: 3" +2t-1=0& 1

Truémg hop 1: r=—1 ta c6: -y =1 x—fx +1=0(VN)

X

Truong hop 2: I:% ta co:

[ ~ 3-421
Vx= (L) AT
LV DN N 2y lae
x 3 3+4/21 2
Jr=

2

Két luan: Phuong trinh c6 nghiém duy nhat: x = @

b) Ta thiy x =0 khéng phai la nghiém cua phwong trinh. Vi vay ta chia hai

vé cho x thi thu duoc: x+3x—l=2+lﬁx-l+ x-l—2=ﬂ
" x x x 1\1 x
bat 1=} I-l ta thu dwoc phuong trinh:
'IJ X
1+

13+I—2={]ﬁr=]:>x—l=]ﬁ:r: -x-1=0 ﬁx=T5ﬁ
xX

1+./5

2

Két luan: Phuong trinh ¢6 nghiém x =

x20 0<x<2-43
= )
r=4x+1=0

¢) Piéu kién: 1 _
{ xEE-{-J_’:



Ta thay x =0 khéng phai 1a nghi¢m ciia phuong trinh. Chia hai vé cho
J;Lathudm:_:rc: xf;+ I + x-4+l:3_£}it
N x

r:u"';+%:>r: — x+24+2 theo bét diing thirc Cé sitacé £ 2 . Thay
X X

vao phuong trinh ta co:

- (<3 3
o —6=3-t=- _ t=—

X =
=b=t"—-6+9 2

4
ﬁé=x+l+2 =S4 -1Tx+4=0= 1
4 X x:E

Két luan: Phuong trinh ¢6 2 nghiem: x=4 x=—

d). Nhan xét: x=0 khong phai 1a nghiém cua phuong trinh:

Ta chia hai vé cho x khi do phuwong trinh tro thanh:

x—l+21,x—l—3=ﬂ. bt tz,’x-iéﬂ phuong trinh tré thanh:
X X X

=I:J§

!1+2r-3=ﬂ:>r=1ﬁx—l=lﬁx:—x—l=ﬂﬁx ot L
X

Vi du 2: Giai cic phwong trinh sau:

a) (13—4x)2x =3+ (@x—3W5-2x =2+8J16x—4x* —15
b) T3x=T +(dx—T)WT-x=32.

Giii:

3

a) Picukién —<x<

()
b2 | LA



Phuwong trinh duoc viét lai nhu sau-

?(sz-s+J5-2x)-2[(2x-3}J2x-3 +{5-2:;J5-2x]

=2+8,/(5-2x)(2x-3)

bat

t=~2x=3+/5-2x = J(5-2x)(2x-3) =%. Biéu kién
(inirgz).

Phuong trinh dd cho c6 dang: t' -4 +t+6=0=t=2=x=2

Ngoii ra ta ciing c6 thé giai phuong trinh trén bing cich dua vé hé.

b) Piéu kién: % < x < 7 Phuong trinh di cho dwoc viét lai nhu sau:

[é(?rx-?}—k%{?-x)}-d'}x-? +[é[7-x}+%{31-?]1|«.-‘?-x =32

& [Bx=-N+(T-0)Bx=-T+[(T-x)+Bx-N]T-x =64

Patr =3x-T+47—x
=t =C3x-T3x-7 +{?—x}~f?-x+3\f{3x—?}{?—x](~.,-‘[3x-? +~f?—x)

Tir phuong trinh suyra 1 =64 & =4 Hay \3x-T7+/7T-x =4

Binh phuong 2 vé ta thu duoc:
Bx=THT-x)=8-x=4xr -4x+113=0=x=

114242
2

Tai sao ta phin tich dwugc hai phwong trinh nhar trén:

Ta thiy v&i nhimg phuong trinh:



(ax+b)Nex+d +(ex+h)Jgx+k +ryf(cx+d)(gx+k)+5=0 thi mot
trong nhirng cach xur ly kha hiéu qua la:

Phin tich: ax+b=m(cx+d)+n(gx+k) va
ex+h=m'(cx+d)+n'(gx+k) saudo tacd thé dat an phu truc tiép .
hoiic dit hai an phu dé quy vé hé.

Vi du:

Khi giii phwong trinh:

(13— 4x)y2x =3 + (4x =35 - 2x = 2+ 8\16x—4x* —15 ta thue hién

cac phin tich

+ Giasr: 13—4x=m(2x-3)+n(5-2x).

2 £y . & 2m—2n=-4 3 7
Bong nhat hai ve ta suy ra: em=—n=-—
-3m+5n=13 2 2

=% . # # » ? # 3

+ Tuongturtagiasw: (4x=3)=m(2x=-3)+n(5-2x)=m =E,n ZE

Khi gidi phwong trinh: 7y3x—7 + (4x - T/ 7—x =32.

Ta thue hién phan tich: m(3x=7)+n(7-x)=7 va
p(3x=T)+qg(7T-x)=4x-7 Saudé dong nhat 2 vé dé timm, n, p, q ta
1 3 3

co-m=—n==p=—: —l
EPNE TS

Nhur vay ngoai cich dit an phu nhu trén ta c6 thé giai cic bai toan theo

cach khac nhu sau:

a) Piéu kién dexc?
2 2

Pit a=2x=-3.b=+5-2x thi a’+p*=2.

Tir cach phan tich trén ta co he saw:



a+bh =2 . (a+b) =2ab=2
(3a”+7b)a+(3b" +Ta yb=4+16ab 3a+b) —2abla+b)—16ab-4=10

(a+b)’ =2ab=2
& , ) X
3a+b)’ +[2-(a+b)* |(a+b)+8[2-(a+b)* |-4=0
Dit a+b=S,ab=P didukién §,P20.5> = 4P.

Ta co hé mol saw:

§'-2P=2 5=2
. = Sa=h=le=ax=2
28 887 +25+12=0 P=2

b) Biat a=+3x-7,b=+7-x taco hé phuong trinh

(a+b) =64 a+b=4
ﬁ 3 3
a+3b =14, a +3b =14

Giai heé phwong trinh ta thu duoc: a,b—= x.
2) Pit an phu hoin dé quy vé hé dbi xirng loai 2:
Phuong phap nay dac biét hiéu qua van cac phuong trinh dang:
ax’ +bx+c =dm hoiic ax’ +bx" +cx+d = e{fﬁ

Véi muc dich tao ra cic hé d6i ximg hodc gan d6i ximg ta thuong lam
theo cach:

Pbi vii nhitng phuong trinh dang: ax” +bx+c=d~ex+h .
Ta dat my+n =+/ex+h thi thu dwoc quan he:

{axz +bx+c=d(my+n) ﬁ{ﬂf +bx—dmy+c—dn=0

m'y’ +2mny+n’ =ex+h m'y +2mny-ex+n —h=0



Ta mong muén ¢6 quan hé x =y Néu diéu nay xay ra thi tir hé trén ta s&
ob: i:b_dm _ c1—dn *.
m- 2mn  n -h

Cong viéc con lai la chon m,n chin théa man (*)
Pbi véi nhirng phuong trinh dang: ax’ +bx” +cx+d =eif gy + h
Tadat: my+n= ..,3|I'gx+ h thi thu duoe hé:

ax' +bx’ +cx+d =e(my+n)
m’y’ +3m'ny” +3mn’y +n’ = gx+h
ax’ + bx* +cx—emy+d—en=10
m’y’ +3m’ny’ +3mn’y’ —gx+n’ —h=0
s y H b - d -
e thu duoc quan hé x =y ta can: L _L—em en

m' 3mn+3mn® -g ' —h

Vidu 1: Giai ciac phwong trinh sau:

a) 2x' —6x—1=+/4x+5 b) % 4x+1 -9_r1+261-§:{]

g VBx—5=8x"-36x" +53x-25 4y 273/Blx—8 =27x" —54x" +36x 54
c) d)

Giai:
a) Diéu kién: x> -% .Pit my+n=4f4x+5 khi do ta o hé:

{E_rz—ﬁ:r-l=m}'+n ﬁ{dx:—lﬁx—zmy—?,-in:ﬂ

m’y" 4+ 2mny+n° =4x+5 m'y +2mny—4x+n =5=0

A . H - 4 —12—2m —2—2”
Tacantim m,n dé taoraquan hé x=y & —= =—
m- 2mn-—4 n =5




-2-2n -1
=5 - n+2n=-3=0
-16
dn—4

Chon m=2—

=1

Chu y:
Viéc nhin s6 2 vao phuong trinh (1) ciia hé dé tao ra 4x* —12x—1 la rat

can thiét de chon m duoc chin va nhom 4x —12x—-2 thanh binh
phuong biéu thire béic 2 dwoc dé hon.

bit 2y-3=+/4x+5 thi thu dugc hé:

4x* —12x-2=2(2y-3) o (2x-3) =4y +5
(2y-3) =4x+5 (2y-3)P =4x+5

Trir hai phwrong trinh cua hé cho nhau ta cé:

{21-3):‘{2}'-3)3=4{J’-x]ﬁﬂ[x—y}(4x+4y-4]=[}ﬁ«{xzy
x+y=2
Truong hop 1:
(2x—3) =4x+5
x=ye 2x-3=+4x+5 }3 o x=2+3
)
Truong hop:
(1-2x)" =4x+5
y=2-x&22-x)-3=4x+5 = 1 Sx=1-42
x_—
2

Két luan: Phuong trinh ¢6 2 nghieém la: x=2 +~Jr§,x =1 —\E

b) Bieu kién: x> -%_



Phwong trinh di cho duoc viet lai nhu sau: 9x° —26x+ ? = %-\Mx +1

Pat my+n=+4x+1

913—251+£=£{my+n} Qxl-ﬁﬁx—zmy+£—gn:{]
= i 3 = 3 3 3
m3y1+2mny+n::4x+] m’'y +2mny=4x+n" =1=0
1 -Zﬁ-zm E—gn
Tacan: —= 3 :3, 3 . Chon
m- 2mn-4 n -1
-28 1
tn—4
m=3=1 37 2 =n=-4
—-————n
3 3
n -1

biat 3y-4=Jdx+1=
Hé phuong trinh sau:

(3x-4)" = 2x+2y+1 (3y—-4)" =4x+1
(3y-4) =dx+1 (x=y)(9x+9y-22)=0

(3y-4) =4x+1
— Xx=y
Ox+9y 22 =0

Giai phrong trinh tmg van 2 truong hop trén ta thu duoe cac nghiem la

144061 _  12-4/53
~T g YT

X

Cha y: Ta ¢6 thé tim m,n nhanh hon bing cich:



Jax:s 2x-3)* =2(my+n)+11
¢) Pat my+n=+4x+5 khi dé ta co hé: (2x=3)" = 2(my +n)
(my+n)" =4x+5

Trir hai phuong trinh cho nhau: (2x=3)" = (my+n)’ =2my—4x+2n+6

=m=2n=-3.

e A . | 2my=4x
Be co quan hé: x=y ta can:
2n+6=0

Twong tu khi giai quyét ciu b).

d) Bat my+n=+/3x-5 taco hé sau:

3

8x' —36x" +53x—-my—n—-25=0
JIx—5=8x -36x" +53x-25= * x; '.!x my: i
m'y +3m ny” +3mn’y=3x+n +5=0

8 -36 53-m  -n-25
Ta chon m,n sao cho —=——= —=—
m 3Imn 3mn -3 nm+5

=m=2n=-3

biat 2y -3 =4/3x-5. Ta cd hé phuong trinh sau:
(2x-3) =2y-3+x-2
(2y=3) =3x-5

Trir hai phrong trinh cho nhau ta thu duoe:
(2x=3)" = (2y=-3) =2y-2x

& 2Ax-p)[(2x-37 +(2x-3)2y-3)+Q2y -3’ +1|=0 x=y

Do (2x-3)* +(2x-3)(2y—-3)+(2y-3)* +1

:[(21-3)+[25;3H +§{2_}r—3]:+]>ﬂ

Giai x =y taco: {21—3]1=3x-5ﬁ313—3613+54x—2?'=31—5




xr=2

ﬁ[x-z]{sf-zuﬁn}:uﬁ[ 543
"

5+4f3

Két luan: Phuong trinh da cho ¢6 3 nghiém: x=2, x= 2

d) Ta viét lai phuong trinh thanh: 27481x -8 =(3x-2)' — 46
biat 3y—-2=4/81x-8 ta c6 hé phuong trinh:

(3y-2) =81x-8 (3y-2) =81x-8
=1 .
(3x-2) =27(3y-2)+46  |(3x-2) =81x-8

Trir hai phuong trinh cuia hé ta thu duoc: (3x-2)" - (3y-2)" =81(y-x)

5

&30 )| (3x-2)"+(3x-2)(3y-2) +(3y-2) +27 | =0 x=y.

Thay vao ta duoc:
x=0
{31-2]: =27(3x-2)+46 = 27x' -54x" -33x=0& 3i2~u"§
Xr=—
3
34245

3

Két luan: Phuong trinh ¢6 3 nghiém la: x=0, x=

Chu v:
+ Vi nhirng phuong trinh dang: [f{x}]" +b=atfaf (x)-b (*)
Bing phép dit = f(x); y =faf (x)=b ta c6 hé d6i ximg loai 2 la:

t"+b=ay
y' +b=at



+ Trong phuwong trinh (*) néu ta thay a, b boi cac biéu thirc chira x thi
cich giai phuong trinh vin nhu trén. Nhitng phuong trinh dang nay
thuong ¢o6 hinh thire va loi giai kha dep.

* Ta xét vi dy sau:

Vi du 2: Giai cac phwong trinh sau:
a) 4x’ —11x+6=(x—I2x —6x+6
by 8x' —13x+7=(x+1)Bxr -2
Giai:

a) Ta viét lai phuong trinh thénh:

(2x=3) +x-3= (x—l}.J{x-]}(Ex—S}—{x-E}

bat a=2x-3b= .J{x— 1{2x—3)—(x—3) ta thu duoc hé sau:

. Trir hai phuong trinh cua hé ta duoe:

{a3+x—3=(x—l}¢5

b +x-3=(x-1)a

a’ -b"=(x=1)b-a)= (a=-b)a+b+x-1)=0

Truomg hop 1:
=328
- x=— 2
a=be2x-3=~+2x -bx+6 < 2 =
2 = 3+~ﬁ
2x —6x+3=0 = (TM)
2
Truong hop 2:

2x—3+42x —bx+6+x-3=0=2x" —6x=6-3x

x=2
= . (FN)
Tx =30x+36=0



3+J?T
2

Viy phuong trinh ¢6 nghiém duy nhat: x =

b) Ta viét lai phuong trinh thanh:

(2x=1)" =(x° -Jt-1}={Jt+l}{/{x+1}[2:{—[}+x1 -x-1

Pit a=2x-1,b=3(x+1)(2x-1)+x* —=x—1=3/3x" =2 ta thu duoc hé

a —(x"=x+1)=(x+1)b

hirong trinh: . Trir hai phuong trinh cua he
P s {bg—{xl-x+l}={x+l}a P s

cho nhau ta thu duoc: (a—b)a” +ab+b"+x+1)=0

Truong hop 1: a=5b taco:

=1
Ix-1=Yxr' -2 =8 15" +bx+1=0 = 1
X===
8

Truong hop 2: a* +ab+b’ +x+|=ﬂ¢:>[a+§] +§{21-I}’ +x+1=0

= 4(& +g] +4x" +2(2x=1Y +5=0(VN)

Tom lar phwong trinh ¢6 2 nghiém la x=1,x= _E )

3) Mét sb cich dit in phu khic:

Vi du 1: Giai cac phwong trinh sau:

a) ¥ -Y6+dx+6=6

b) 2(x*+x+1) +2x" +2x-3-+4x+5=0.



Giai:

Jx+6=z {:3-.1’:6
=

Jz+6=y

Miit khac véi cac phép dat an phu trén, tir phuong trinh trong dau bai, ta
ch x —y—6=0.

a) bat
) X Jl Yy —-z=6

X =y+6 (1)
Nhur vay ta duoc hé phuong trinh: yvi=z+6 (2)
Z=x+6 (3)

Nhin thay hé trén khéng thay d6i khi hodn vi vong quanh déi véi x, v,z
nén khéng mat tinh tong qut, ta o thé gia thiét x = max (x,0,2) (x 1a
50 lén nhﬁttmng 3 sb x,y,zhay x>y x=2z)

Néu x>y, tir (1) va (2) suyra y+6=x" >y =z+6=>y>z

Khidotir(2),(3)suyra y+6=x >y =x+6=z>x. Miu thuan véi
gia thiét x=z & trén. Do d6 phai co x=y.

Vorx=y, tr(l)va(2)suyra y==z
Viy x=y==z

Phuong trinh (1) tro thanh: x* — x—6=0 hay (x-2)(x*+2x+3)=0
4)

Vi x° +21+3={x+]]1+2} 0 nén PT (4) c6 nghiém duy nhat x =2

b) Pat y =x"+x -1 khi d6 phuong trinh dwa vé

—1++/5+4x

2" +2(y+1)=3+5+dx &y +y-1= >



~1+~5+4x . . -1

bat z=——  — dieukién z = —.
2 2

Ta co 2:+I=J5+4x:~4:3+4:+I=5+4x:>:1+:—1:r
¥ +x-l=y x(x+1)=y+I

Do d6 ta ¢6 hé phuong trinh: {y* +y-1=z (*) « y{y+l]::+1.

2

r+z-l=x z(z+1)=x+1
Do diéu kién :2_?[:&_}1;&—1:5::&—[.
Nhin cic phuong trinh theo vé réi rit gon duoe xz=1.

Miit khac tir hé phuong trinh (*), cong cac phuong trinh vé theo vé ta cé:

x1+y:+:1=32-{,‘x}': = xz=l.

x,v,z#-1).
Viy phuong trinh d cho ¢6 nghiém duy nhat x=1.

Vi du 2: Giai cac phwong trinh sau:

a) Y2x +4x+T7=x"+4x" +3x" - 2x-7

b) —+.Jx——— —x+1’2x—~—

f— Ex 6+23r 8
JS -Xx afﬁ+x 3

b) 2(5x-3)Jx+1+5(x+1W3-x=3(5x+1)

Giai:



Cich 1: Bién dbi pt nhu sau:

a2x +4x+7 = (227 +4x+7) ~16(2x* +4x+7)+35 (1)

Pit J2x' +4x+7 =a (vai azﬁ}, ta co:
d4a=a'-16a>+35&(a*-6) =(2a+1)’ & (a*~2a-7)(a* +2a-5)=0(*)

Van azﬁ thi a*+2a-5>0, nén tir (*) suy ra al-la-?’:ﬂ,phucng
trinh ndy c6 2 nghiém 1 a =1+2+2 . Déi chiéu véi diéu kién a 25
chi chon duoc a :l+2~.ﬁ.

Khi d6 v2x +4x+7 =1+ 242 & x* + 2x—(1+242) =0 (**)

Phuong trinh (¥*) ¢6 2 nghiém la —1+£+2+ 22 . Viy tap nghiém cua

PTdachol {-1%12+242].
Ciich 2: Bién dbi PT vé dang: 4/2(x+1)" +5=(x+1)' =3(x+1)" =5

Dat {Jr+l}2 :u;1,2{x+1]1+5 :v,(u Eﬂ;vzﬁ].Ta co hé:
14!3—3“'-5:1!‘ilr 14!3—1',.|':'L‘f:+v‘i'r u-v=1=0
2u+S5=v" 2u+5=v" v=+2u+5
Dan dén u” —4u—4=0, PT nay c6 2 nghiém 2+2+/2 . Do u =0 nén
chon u=2+ lﬁ.Tirdﬁ SUY ra két qua nhu cach 1.

b) Piéu kién trén ta duoc: x> E hodc —1=x<0 (*).



Phl_mngtrlnh[])ttmngducmg:J —l-J}Ix—E:x—i
X X X
< 1 5 .. 4
batu=,x-—v=,2x—— volu=0v20.Taduoc: u—v=x-—
x X X

(1)

Laico v -u =(20-2)-(x-1)-x-2
X

x x
T (1) va(2) suyra: v —u” =u-ve (u—v)(u+v+1)=0. Vi

u+v+l=>0nén u-v=10 ﬁx—i=l}&x: =4ﬁ[1=2
x x==2

Thir lai thay nghiém x =2 khéng thoa min diéu kién | nghiém x =2
thoa min phuong trinh.

¢) Piéukién: -5 <x<5.

Pit a=+5+x;b=+/5-x (a,b>0).

Khidotach: 6-2x=2h" -4 6+2x=2a -4

Khi do ta co:
2 2

4,2 -4 8, (2b> —4)a+(2a>-4)b = 8ab
a b 3 3

& 2abla+b)-4(a+b)= %ab
Tir do ta co hé phuong trinh:

8 8
2abla+b)=4{a+b)==ab Zabla+b)=4{a+b)==ab
(a+b)-4(a+b) 33 (a+b)-4(a+b) 3

a*+b =10 [a+}:|}2-.7_'ab=1ﬂ

Pit: S=a+b;P=ab,5>4/10.



8

He phuong trinh teén trd thanh: {2 90 3¢
5?-2P=10
5?-10

Tir phuong trinh (2) taco: P= thé 1én phuong trinh trén va rit

gon ta dugc: 657 —857 845 +80=0 & (S —4)(352 +85-10) =0 &
S=4(TM)

352 +85-10=0(/N Wi S >+/10.

S=4

: 4
= P=3aJ5+xf5-b=3=25-"=9=x =16 = 4{TM}
x=-
Vay phuong trinh da cho ¢6 2 nghiém la: x=4;x=-4
d) Picukién -1=x<3
w=x+1
_ |u=+x+1 3t =277 =5x-3
bt ta suy ra .
v=4/3-x du” =v" =5x+1
w+vi =4

Phuong trinh di cho tro thanh:

2(3u® =207 )+ 5w =3(4u’ =v) & 6u”(2—u) =V (u +3).
Thay v* =4—u ta thu duge phuong trinh:

2(3u% =207 )+ 5wy’ =3( 4 —v7)

o6 (2-u)=(4-)wtd) o| 54175



x=3
Tir d6 tim dwoc cac nghiém cua phuong trinh la: 7+-J145
X = e
10

Khi gip cic phuong trinh dang: agfb+c. f(x) +n’=§||'e+h.f{.r] =g ta

c6 thé diit an phu theo cach:

Dt gfb e /() =u= f(0) ==, ferh () =v= f(0)="
C

aut+dv=g
Tir do ta co hé phuong trinh: < " —p ™ —¢ 0
c o
Vi du 1: Giai cac phwong trinh sau:
)24+ x+-12-x=6 by V-2 + ¥ +x—1+81-x =1

&) I%JI-IE S A Yrd+¥x—2=2x-3

Giai:

a) Picu kién: x<12

Pat u=Y24+xv=12-x=u Eﬁ,rzﬂ, ta o hé phuong trinh:

u+v=~h v=b-u v=b—-u

k} 2 = 3 2 = 2 *

W +v =36 |l +(6-u) =36 |u(ut+u-12)=0(%
Phuong trinh (*) ¢6 3 nghiém u =04 =—4;u =3 thoa min u E-ﬁ"ﬁ.
Tir diy ta tim dwoe: x =24 x=-88;x =3

Viy phuong trinh da cho ¢o 3 nghiem x=-24;x=-88;x=3.



b) Piu kién: ']; <x<l.

Ta thiy tong cia biéu thirc trong ¢in bang 1 nén ta dat:

1-x",b=4x"+x-1,c=%1-x: a, b, c=20.

a+b+c=1

Khidotacohé: 1a” +b' +c° =1

abcz0
a <a
a,b.c=0
Vig o =0<abcsl= b <b=a +b' +c" <1.
at+b+c=1 .
C =cC
i
a=a"

Hé phuong trinh ¢6 nghiém khi {b=5" & x=1 la nghiém cia phuong
c=¢

trinh di cho.

¢) Pit t=vx +4/1—x thi Yx—x* =f'_;
Khi dé phuong trinh da cho tro thanh phurong trinh bac hai vot an lat:

I+%=rﬁr3—3£+2=ﬂﬁr=];r=2

V&ytacé:[ s x=0x=1

Jrx+T-x =1 lJ =0
Vx+l-x=2  |IN(FT<2)

d) Sir dung déng thirc: (a+b)’ =a’ +b* +3ab(a+b).

Lip phuong 2 vé ta thu duoc:



& 2x-3+33(x-1)(x-2) (Ix-1+Yx-2)=2x-3

Thay ¥/x—1+3/x~-2 =3/2x~-3 thi phuong trinh tro thanh:

3
Y(x=1)(x-2)(2x-3) =0 x=1,x=2,x = >

Vi du 2: Gisdi cic phwong trinh sau:

a) JTx+7 +Tx—6+2v49x" +Tx—42 =181-14x
b) SVx +—m=2x+o+4
ij 2x

¢) x +1H{|-1‘3]3 =x,?2{l-13}

x+3

d) {x-l]{x+3}+2{x-l] =8

x—1

Giai:

a) Piéu kién: x> g :

Dit 1 =+Tx+7 +47x=6,(120) = 14x+24/49x" + Tx 42 =" — |
BPT da cho tro thanh:

. , =13
r+r‘-I:lSIﬁ-r+r-182:ﬂﬁL Ma:}r:IB

S ANIx+T+/Tx-6=13 (%)

Vihimsé f(x)=+/7x+7 ++7x-6-13 la ham déng bién va £(6)=0

Két hop véi diéu kién suy ra nghiém cia phuong trinh 1a x =6



b) Biéu kién: x>0 . Phuong trinh < S[JL ' ]=g[x+L]+4
2Vx 4x

1 1
bt t =~fx +——, 22> xe—=F-1.
A X ZJ; ( ) X 41

Phuwong trinh tré thanh:

5t=2(r -1)+4 20 -5t+2=01=2 & x+—=3
4x

3-242
x=

2 2 T .
4 =12x+1=0& l4 nghiém cua puong trinh.
_3+242

2

¢) Dicu kién: —1<x<1.Phuong trinh di cho twong duong véi

(x+~fﬁ)(x1 -xyl1-x" +]—x:)=x-.,|||2[l -x7)

Pat t=x++4/1-x :br‘E—-l:x\I'l-xz . Ta ¢6 phuong trinh:
2 2
1[1-*‘2_"]:,.;5%:.;3@;: 3T =06 (1-3) (¢ 42431 +1) =0

ﬁlr:ﬁ ﬁlr:ﬁ

P+22+1=0  |t==2+1

+ Néu: r=~ﬁ

ﬁx+ﬁ=ﬁﬁﬁ-x= 1-x° :}(ﬁ-xr =l-13{da|x|£1}



o207 —2Fx+1=0 > x=

2
+ Néu t=—2-16 x+y1-x° =—1-/2 vé nghiém do VT =~1>VP

+ Néut=—2+1l-x" =1-2-x

~1<x<1-42 ﬁx_"‘ﬁ"‘hﬁ‘l
¥ =(1-42)x-+2+1=0 B 2

—

Viy phuong trinh ¢6 2 nghiém xz%; sz_ﬁ-z Zﬁ_I .
i .. X+3 . . x+3
d). Bieu kién: =0 x<-3 hodc x>1.Dat r=[x—1] —— thi
x—=1 x=1
2 ) t=2
t"=(x=1){x+3) ta co phur trinh: " +2t-8=0&
(x=1)(x+3) ta co phuong trin |;:_4
: s ==1+242
Néur=2=(x-1)(x+3)=d o x +2x-T=0s|" V2
x=-1-22
. =—1+2+/5
Net  =—4 thi {x—l]{x+3}=lﬁﬁxl+21—19={]ﬁ * J_
x=—1-2.f5

Tom lai phuong trinh ¢6 4 nghiém la:

x:{-1+24§;-1-2J§;-1-2J§;-1+2J§}_

MOT SO BAI TAP REN LUYEN.
Giai cac phuong trinh sau:

1) 13+x+6+2;r-v.fx+3=4(1+ x+3) (1)



2] m_xl-f-ix-kz

2x+1

3) Jrtl+2(x+1)=x-T+fl-x+3/1-x>.
4) .J.r{_r+1] +Jx[x+2] =.J.r{x—3] .

5) Tim tat ca cic so nguyén dwong p > 1 sao cho phwong trinh sau c6
nghiém duy nhat

_r3+pxz+[p—l+ ]x+|={]
p-1

6) Vx'—dx+31+x =4x-1.
7) x'+4x"+2016 =2016.

8) Tim k dé phuong trinh sau c6 nghiém:
(x* +2)[x* = 2x(2k =1)+5k* = 6k +3 | = 2x=1. Trich dé thi vao
lop 10 Chuyén Amsterdam 2002).

9) Cho phuong trinh my/x* +1=3(x" +2)

a) Giai phurong trinh vén m=10.
b) Tim m dé phwong trinh ¢6 dang hai nghiém.

10) x* - 2(x+1)x" =1 -3x" +6x-1=0.
11) x+1 =J2{1+I)+ 2,’2{x+l]+2.f4|[x+l} .
lZ]i+,’x-l:x+ ZI-E (*).

x x x

13) 4x+9=4§+j£.

14) X (3x+1) - [x(x-1) =2J% (1),
15) dfx+1=x"-5x+14

16) (Vx+2-+ -2)(1+\!‘13+Tx+|{]]=3 (1).




17) le o +J4f -i, =4x (%),
= 7

X
18) (ﬁ-ﬂ][er 1)=1(THPT chuyén KHTN-DHQG Ha Noi
2011-2012).
19) Giai bit phuong trinh: /2 Sx(2x* +9) 2 4x+ % Trich dé thi vong 2,
THPT chuyén Ha Néi Amsterdam 2004-2005
{x: +I}5
X

21) f(x-2)(4-x) +x -2+ YA -x + 6x3x <x* +30

20) Vx' +27 +1+ fx(¥* —x+1) <

22) (x+ 1}J2f —2x =2x" = 3x -2 (Trich dé tuyén sinh 1ép 10 Chuyén
Lam Son Thanh Hoa 2014)

23) \2x—1+4/1-2x" =24/x—x* . (Trich dé tuyén sinh 1ép 10 PTNK-
DHQG Tp Hé Chi Minh 2015).

24) 8x% +16x—20—+[x+15 =0

25) 4x® —1Ix+10 = (x— 1f2x" —6x+2
26) x° —3x+1=—§\‘x4 +xt 41
27) 2x—1+ 35 x+ 3@ —30x+71=0

28) [2x2—4x+1) Ox—1=4x% —7x+3

29) 3fx-1+3x-2=3Y2x-3

2
30]%+ = 2+3[ o ]+2=u

¥ 1-x* 2 x -

31) 54 + =2[x2 +2]
32) Yox+2+3x+ =32x_2+\||32x2+1

33) x*+6x? —2x+3=(5x-1) x> +3

x?+x+1 3
—_—tx

2
_.1=—
x+4d l‘x2+1

34)



2 18
35) 25x+ 092 —4 =24 X

X x +1

36) \fﬁﬂxz +80x+1254+ < 2x+1+4+/3x+6

37) 1392 —xf 19 Z +x% =16
LOI GIAI BAI TAP REN LUYEN

1) Giai:
Diéu kién: x> -3
Tacﬁ;{l}ﬁ13—3x+hm—M+6=D 2)
Datt=x++Jx+3

Dodo(2) = —4i+3=0(1-1)(i-3)=0=t=11=3

Vai t =1, ta gia1 phuong trinh x++/x+3=1=yJx+3=1-x

1=x=0 r=1 r=1
= .= 2 Y
x+3:|[l—x]' x+3=1-2x+x x =3x=2=0

x=]
3I+4/17 3I-417
x= =y =
= 2 2
3-4/17
x= 5




Viy phuong trinh da cho ¢6 hai nghiém x = 3
2)

1

Piéukién x=-2x % —5

Taco (1) & (2x+1)yx+2 =x* +2x+2

& (x+x+1)x+2=x(x+1)+(x+2)

o (x+2)=(2x+1)x+2+x(x+1)=0

= [Jm—x)[m-[x—kl}}:l)

Truemg hop 1: Vx+2 =x véi x20 = x’ ~x-2=0e (x-2)(x+1)=0
= x =2 (thoa min) hodc x=-1 (loai)

Truémg hop 2: ¥x+2=x+1voi x2-1=x +x-1=0

~1+45 -1-45
( 2

2 thoa min) hodc x=

(loar)

= X=

—1+4f5

2

Vay phuong trinh ¢6 hai nghiem x=2,x=

3)
Pitu=+x+1,v=+l-x (u,v=0)

Phuong trinh di cho tro thanh:
u+2u® ==v +v+3uv S v = (Su+l)v+2ut +u=0 (1)



Xem (1) nhu 1a phong trinh béc hai déi véi bién v, giai ra duoc u = v hodc
v=2u+1.

Xét v=2u+1,vi v =l-x=2-u"=2-u" =(2u+1)’

1
St +4du-1=0 H_E{r m) Vo u—l:'”r——E
25
u=-1UI)
24
Vay phuong trinh ¢6 hai nghiem x= Dx——E_
4) Giai
x==2
biéukién: | x=0
=3

Dé thay x=0 la 1 nghiém va x =3 khéng la nghiém cta phuong trinh di
cho

Xeét x#0,x #3 khi d6 phuong trinh da cho twong duong vaon

,,“ F’“ “le J1+ J1+ S
x=3 =3

Pat a= (a=>0); b= I+— (b=>0)
_'r-—
a+b=1 a=—4-~21(I)
Ta cd hé . =
Sa” —4b* =1 a=—4++21

::>l+i——4+\l"_ EJ_

x=3




221

Viy phuong trinh ¢6 hai nghiém x=0;x= T

5) Phuong trinh di cho twong duong véi (x+ p -I][f +x+%] =1
P-—

x=-p+l

I (1)
¥ +x+——=0 (2)
p-1

hodc c6 nghiém kép x=—(p-1)

= Yéu cau bai toan twong duong (2) vé nghiém

Viy pe {2;3;4}_
6)

5

Phuong trinh da cho twong duong vai {f(x—2) +27 +(x- 2]1 =3.

Do 3f(x—-2) +27+(x—2)" =3, ¥x va ding thirc xay ra khi va chi khi

x =2 nén phuong trinh c6 nghiém duy nhat x=2.
7)

Phuong trinh di cho tuong duong voi:

¥ +f+%=(f +2DIG}—-¢JI’ +2016 +i
= [xl +%] :[«ql'x3 +2016 -%J_

o xl +%:#f+2ﬂlﬁ-%ﬁ r+l=yx" +2016 & x'+x*=2015=0.

Viy phuong trinh c6 hai nghiém x= J—TYo00L “'23“5' S i +*~’23“5' |



8) Giai:
Phuong trinh di cho tuong duong von:

(2% +2)[x? =2x.(2k =1) + (4k7 =4k +1)+ (k> = 2k +1)+1] = 2x+1

& (¥ +2)(x=2k+1) +(x* +2) (k-1) +(x-1) =0 x=k=1.

Vay phuong trinh co nghiem khi k=1.

9) Phuong trinh di cho twong duong voi:
mJ(;r’ +1)(x* = x* +1) :3[{13 +1)+(x* -x* +I)]
Jx" —x +1
+ 2
x +1

L (t>0) taduoc: %:I+%¢>£:-E_r+1:ﬂ
t

a) Véi m=10 taco phuong trinh: 3¢° —10f+3 =0
tasuyra =3 huicf:%

b) Tu giai
10) Giai:

Dieéu kién: |x| 2 1. Phuong trinh tuong duong vol

13—1-2{x+1]-\|'x: —14+x +2x+1-4x" +4x—-1=0

S O R A

: 0<x<l 0<i<l |
Trudmg hop 3::41--1{1»{ S ﬁ{ (vd nghiém).

Oy =x =1 8y =-1



Trudmg hop

- 1€x<2 1<x<2 -
2—I=1.‘Ix'—|ﬁ{ ﬁ{ o = & x=
X

x —4x+4=x -1

11) Giar:
Piéukién x=—-1.Taco x=3 la mdt nghiém cua phuong trinh.

Vol x=3. Dat ;r+l=y,|[y:=-4] , phuong trinh da cho

thﬁnh:}'=J2_}r+ 2,2y +2f4y .
Taco Jéi_y-{Jy_E:y:}EJﬁr_y-iZy
:}JE_}'+2J2_}’+EJ4__‘J.-‘ <\2y+24y < JZyr2y=Jay <y

Phuong trinh v nghiem.

Va1 0<x <3 . Chimg minh twong tu, ta c6 phuong trinh vé nghiém.
Vay x=3 la nghiém duy nhat cta phuong trinh.

12) Giai:

Taco(*) ﬁi—x+J —l—JZJ:—E:ﬂ (1)
x x x

Dat u = x—l;1'= Ex—E thi w,v=0va u’ —v' :i-x
V' x HI x x

Do do6 (1) thanh: w” —v +u-v=0& (u-v)(u+v+1l)=0&u=v (vi

u,v=0)

Tur d6 ta co: J —lzJ}Ix—E ﬁx-lzﬂ.x-izﬂ (2)
x x

X X



Phuong trinh :lr-l:..?x—E co nghiem la x=42
X X

Tir (2) suy ra chi co x=2 la nghiém cua phwong trinh da cho.

13)
Giai-Diéu kién x>0

Phuong trinh twong dwong von:

8 +4Jﬂﬁ9x+l 4@20

x+1 \J'rx+l X+l_\|l'rx+l

ﬁg_x_@_Pl:ﬂﬁ @_] :D
x+1 AJx+1 Ax+1

22x
x+1

14) Giai:

x+9=x+

=]

=1 ﬁﬂx:x+lﬁx:% (thoa min

Dicu kién: x>1. D& thiay x=0 la nghiém cua (1)

Véi x # 0, chia hai vé cua (1) cho -Jx_zi{],ta duoc:

(1) ¢:>1'3+l—1’1—l=2
x x
; 1 1
Ditu=,3+=20v=_[1-=20
x x

Uu—v=2 {H=1'+2

Ta cd hé phuong trinh: 1
P ¢ {u3+1=1:4 [2+1'}'+1=‘:4

Giai hé ta duoc v=0u=2 tirdd tacod x=1.

(2)
(3



15) Giai:
& (¥ —6x+9)+(x+1—4w.r'11+| +4):ﬂ

=

& (x=3) +(Vx+1-2) =0

x=3=10
= = x=3

Vx+1-2=0

Viy phuong trinh ¢6 nghiém duy nhat la x=3 .
16) Gian:

bicu kién: x=>-2

Nhan hai vé ciia phuong trinh (1) véi vx+5++x+2 >0, ta duoc phwong
trinh tuong duong:

l+yx? +7x+10 =x+5 +Jx +2

Jx+5=1 [x=—4 (1)
= — .
Vx+2=1 |x=-1 (m)

17) Giai:

bit y=x",y 20, taco (*) thinh: ’12—1=4y— félju'-i
¥ ¥

Binh phuong réi bién déi thanh: (ﬁjqf -3-45]' =04y’ —y-3=0
Do dé cac nghiém cua phuong trinh la x=1,x=~-1.

18) Picu kién: 0<x <1



Nhén ca tir va mau vé trai vai bidu thite +/x+3 +J; ta thu duoc:

(Ve 3 =) (V= 1) =1 &0 e (Vi 41) =)

e W-x+1=yx+3+Jx (H
Neéu x=1 thi FT(*)=3=VP(*) nén x=1 1a nghiém cua phuong trinh.
Néu 0<x<lthifl-x>0=3J1-x+3>3 hay VT(*)>3 véi 0<x <1
ViO<x<lnén fx+3<y1+3=2x<fl=1=VP(*) <3
Do d6 phwong trinh da cho khong c6 nghiém trong nira khoang [0;1).
Viy phuong tinh di cho ¢6 nghiém duy nhat x=1.

19) Giai:
Bicu kién: x#0

Truémg hop x>0 ap dung bat ding thirc C6 si ta ¢o:

4x+§:—_r+ M= —x. 251{211+'})

5 2x'+9 JS 5 2x°+9
=3 —X =
x 3 3x 3 3 3x

Diu hﬁng xay ra khi va chi khi §x= Zx:; +9 = x= xl'r_’_r

X

Truémg hop x <0 tir phan trén ta thiy, véi moi x <0 déu thoa min bat
phuong trinh

Bﬁps&[x:ﬁ.

x=<0

20) Giai:



Piéu kién x>0

. - - 4 X 7 5 - I
Chia ca hai ve bat phuong trinh cho ,[x|[x +1) vadit r=x+—.r=2  ta
P g —l.,’ ( ] e

dua vé bat phuong trinh ,1 Lo !r 1
'f 'f

Vi diéu kién ¢ 2 thi ca hai vé cua (1) déu duong. Binh phuong hai vé ta

dura vé bat phuong trinh tuong dwong [1’1‘ —%- 1] =0

Bat phuong trinh nay nghiém ding véi moi =2
Viy nghiém ciia bat phuong tinh da cho 1a x> 0.
21) .Giai:

Piéukién: 2<x<4

Ap dung bat dang thirc C6 si ta co: #I{x- 2)(4-x) < 1’L;4—x =1;

x=2+1
+1

Jr-2=4Jx-2.1< ”';‘Hg 2 2+l

2 4

B '1;7 b Br =24 27 < ¥ +27

Dodd FT <VFP voimol x thoamin 2=x<4

Viy nghiém cta bat phuong trinh 1a 2<x<4.

2)bit t=+/2x"-2x=20=2x" = 2x=1". Phuong trinh tro thanh
t* —(x+1)t-x-2=0.Taco



IZLM}:—I

A=x+2x+1+4x+8=(x+3) = 2 ‘Do 20 ta chi

x+1+x+3
I=T=I+2

. =0
can giai: ~q|'213—2x=x+2ﬁ{x :}I=3+'\ﬁ .

x—6x-4=0
2x-120
23) Biéu kién: {1-2x" = 0. Binh phuong 2 vé ta thu duoc:

x—-x =0

2x-1+1-2x" +2,(2x-1)(1-2x") =4(x - x*)

& -2 +2x-2[(2x-1)(1-2x*) =0

Y

xX=

2
_-I+-..E

2

2
o (Ji-22" —x-1) =0e1-2x"=2x- 1l P +x-1=0=
(

X

Dai chieu voi diéu kién nai todn chi ¢o nghiém x =

'“;E théa man didu
kién.

24) Ta viét lai phuong trinh thanh:

16x~ +32x — 40— 2+/x + 15 =Da[4x+4]2—56=-u'4x+5ﬂ

bt 4x+60 =4y +4 ta c6 hé sau:

{4}r+4]2=4x+ﬁ[} [4}r+4]1=4x+ﬁﬂ
— .
(4x+4)" -56=4y+4 |(4x+4)" =dy+60

Trir timg vé 2 phuong trinh ctia hé ta co:



[4x+4]1 —{4},.' +il]2 =4[3,f—x]alﬁl{x—y]{x+y+8}=4[_-,r—x}

=y
= 4(x+y+8)=1

Gial phuong trinh img von 2 truong hop ta thu duoc: x=1;x=

X= S_JE
2
3+-.,E

2

25) Bieu kién:

xX=

Ta viét lai phuong trinh thanh:

(2x=3) +(x+1) =(x —Df(x—1)(2x = 3) — (x +1)

u=2x-3
Dt { ta c¢o he
v=J(x=1)(2x=3) = (x+1)

luz +x+1=(x—-1)v

1.f2+,1nc.+l={:-:—l}u

Trir timg vé hai phuong trinh ta co:

u=v
[u—v]{u+v+x—l}=ﬂ&|:u=_v_h+l

phuong

Gial theo hai trudmg hop ta thu duoc phuong trinh vo nghiém.

26) Cich 1: Ta viét lai phuong trinh thanh:

x> —3x+ 1=—§“{[x2 +>-:+1][>c2 —x+1]

ﬁ?[xz —x+l}—(x2+x+l)=—‘J;§J(x2+x+l)(x2 —x+l]

—9+4J221
9

trinh:



Chia phwong trinh cho (xz +x+ 1}:» 0 ta thu duoc:

2
— 1 - 1 1
ﬁzxz x4+ x %+ Pat t= X" —x+1
X +x+1 x +x+1 x +x+1
3 1
£t—l=l.!I::=t=
3

5

Ta ¢6 phuong trinh: 2¢* +

2
Giai [xX=x+11_1 .3
X +x+1

* Ciach 2:

. S g . . 1
Xét x>0 chia hai vé phuong trinh ta co: x—3+———£ +1+—2
x X

= 1 [ %
Pat t=x+—2=2tacod phumgtnnh:t—3=—§dt1—l
X

Xét x<0 chia hai vé phuong trinh ta cé: x—3+l=% /xz +1+L2
x X

1 . . 3
Pat t=x+— ta co phuong trinh: t—3=§ﬂ't1—l
x

27) Dicu kién:1<x <5 . Phuong trinh duoc viét lai:

Ta viét lai phuong trinh thanh:

Ifx—1-4+35-x +3x2 —30x+75=0



(x-5)
2 +3f5-x +(x-5)(3x-15)=0

Wx—-1+2
[x—E} x=5
2 135 5)(3x—15)=0| _2,5
o i XHOIXIZ0 NEox 5 T x(3x—15)=0

ﬂ.l"_+2

Ta thiy —/5-x(3x—15)20vxe[1;5]

Ta chimg minh: X T 4320 3Wx-1+6-2y5-x20 nhung diéu
-ql' -1+42
niy la hién nhién ding do: 245-x <24/5-1=4 nén 6-25-x >0
Vay phuong trinh ¢6 nghiém duy nhat x =5
28) biéu kién x> % bat u=x-1;v=+2x-1 phuong trinh di cho tror
thanh

[Eu2 —l]v =(2v2 —l]u = [u— v}(Euv + 1) =

x=1

x? —dx+2=0

€=}x=2+\45

+ Néuu=v=ox—1= 2:{—1&{
+ Néu 2uv+l=ﬂ¢:>2[l—x}-\l|2x—l=l:>xe[%;l]

Mit khic ta c6: 2(1- x]::ﬁ[l——]= J2x-1<42-1=1 nén phuong

trinh di cho v6 nghiém
Két luin: x= 2+-,E

29) Sir dung dang thirc: [a+|:-]3 =a”+b’ +3ab(a+b).



*

Pl‘lu’ﬂng trinh <:>2x—3+3%({x—1)[x—2}{%’x—1 +%fx—2]=2x—3
?{I'[x—l +¥x—2 =$2x—3

- (x-2)(2x-3) =0

3
[*}ﬁx=l;x=2;x=§

30)
-1 - . 1-x7 X 1 3
bicukign-l<x<1 .Dit t= + 2= 4
X .\'llrl_,,,;2 x> 1-x*
PT di cho thianh: 2t +5t+2=0<t=-2;
> -l=zx=0
141-x X 1
l‘=—2¢:‘.al‘=—§ + =-2 34 ] w2 3<:>x=—E
x -4 -
1-x
xz l—x2
5 -l=x<0
B 1 1-x X 5 hé vé nohis
t=—r . +J 2———& 1 x° 3 hevonghem
" - =_2
* xr 1-x* 1

Viy phuong trinh di cho ¢6 nghiém duy nhat x = —jlz )

31)

biéu kién. x = -1

FTﬁEJI{x+1}(xz —x+1] =2(x2—x+1)+2|{x+1]

=2 el 5 |—x*1 +2=0(Do:x* —x+1>0%x)

2 W2
o —x+1 .'Jx —-x+1

t=2
bat t= ’K—H,tzﬂ,ta co: 2t —5t+2=0&
x? —x+1 t=

1
2

+l - - .
t=des ——  —4 e dx? —5x+3=0 PT vd nghiém
x—x+1



32) Do VTz1 nén = VPzlex2-1 |

TacoPT a(¥2x1+1—%{2x1+2}+[¥211 —{!23{2 +1J=[]

o ¢ —2x—1 : 2 —2x—1 0
# plte +1]2 +#(2x2+1]{2x+2}| +#(2x2 +2)2 :ﬂrx_“" +#2,;2{21+1] +#[2x2 +1)2
143

o2 - Ix-1=0ex=

3 la nghiém cua phuong trinh di cho.

33) Didukién: x=-33 .

Ta thay x =% khong la nghiém cua phuong trinh nén ta co:

3 2
Phunngtrinhﬁx +6; 15'_3-:+3= X 43.
x_
3 2 _ 3_,.2
X +ﬁf 12x+3—2x= x3+3—2xﬁ%= x> +3-2x (1)
5x — X—

— —=—X=
x?—4x* +3=0

¥ Neéu x3+3—2x=ﬂﬁ{ [:x—l}(xz—3x—3)=ﬂ' 2

x<0 {ﬁﬂ 3-y21

3-421
2

Khi do (1) ding = x= ld mot nghiém cua phuong trinh.

1:>|{1}ﬁx3_4x2+3- X —4x" +3 ﬁl—x3—4x2+3=[] (1)
x—1 \||x3+3+2x x3+3+2x=5x—1{2}

3+1.|'r2_1

2

* Néu x=

Ta thay: (1) c6 2 nghiém x=T;x=



I

X =

L] =

1
{2}&4x3+3=3x—1ﬁ XEE =
X —9x +6x+2=0 {x—l}[xz—sx—2)=ﬂ

x=1
=

x=4+3-uE

Vay phuong trinh ¢6 4 nghiém: x=1;x= gijﬁ;x=4+3ﬁg_

34) bicukién: x>—4

2
‘E_iiil_J o324
x+4d x2+1

PT &2

2

1
il 4-(<+1)
& i x -3+ =0
’x2+x+1+1 (2+-q|x1+1] x* +1
x+d
2(x* -3 2
= { ] +x =3+ x -3 =0

J{x+4}|[x2+x+l)+x+4 (2+M]m

2 1 o

2 =
ﬁ[x 3) {x+4}|[x2+x+l)+x+4+1+[2+\||x2+1] X" +1

ﬂx2—3=ﬂﬁx=i\f§

35) Didu kién: [x|>2
3

* Vo x=z % , phuong trinh da cho twong duong vor:



DA tha}f phwong trinh (1) ¢6 VT >25 va do xi*% ta co ?P{;+%«:g—

nén phuong trinh da cho v nghiém

Vol x< —% phuong trinh di cho twong duong van

25-9i9—i=i+ 18 2
X  x xT+1

bat iz=t[[]-::t*i } phuong trinh (2} thanh:

X

2595 41:-2['+11£ﬁ9 9o_1 —2t+ﬂ—m
+

1+t

36(t-2)  2(t-2)(t+4) 18 t+4
= —2 - =[] ].
ﬁJ9—4t+l t+1 ﬁ{t }[Jg_4t+1 t+l] ()

15 18 . b+4 3 18

—_ > Vi
-ql'El—-i-t+1 4 t+1 t+1 4

1%
]
f
-i-
N
s
M
|

Luu ¥ ring véi ﬂ{li:% co

18 t+4
- =0
NO—dt+1 t+1

nén

Viy (3) ¢=>t=2:>x=—%

KL: Phuong trinh ¢6 1 nghiém x = _%

36) bieukién: x=-2

BPT duoc viét lai: ~J‘5{2>-:+1]2 +2Cl[3x +6} 2%+ 1+443x+6

Pata=2x+1:b v3x+6; BPT <> 5a" +20b” <a+4b



a+4db=0

=b
=582 + 202 £[a+4b}2 b

1
XZ——
2x+1=u||3x+6¢:5 2 e=x=1
4x* +x-5=0

K&t luin: Nghiém cta bat phuong trinh la: x=1

37) Picukién: -1<x<1

2
Binh phuong 2 Vvé taco - xz(lﬂrl— % +'N'[1+ sz =256
Ap dung bét dang thirc Bunhiacopxki:
2
[JE.JE.Jl—f +3_J§_J§ﬁ,’1+x1] 5{13+1?}(13—13x1+3+3x2]=4n(15—mx2]

2

Ap dung bat ding thirc Cési: 1ux2{1a—10x2)g(%] 64

1-x° =

Dau bing 3

2
2 mﬁ x=7;
2

10x% =16 —10%* X=-

&



CHU PE 7: MOT SO PHUONG PHAP GIAI HE PHUONG TRINH

I. HE POI XUNG LOAI 1:

a) Mot he phl_rcrn g trinh 4n x, y duoc goi la hé phwong trinh doi xing loai 1
néu méi phuong trinh ta doi vai trd cua x, y cho nhau thi phuong trinh do
khong doi

b) Tinh chat
Néu (x,,1,) 1a mot nghiém thi hé (y,,x,) ciing 1a nghiém

5 =
¢) Cach giai: Pat {P a4 ' diéu kién §* =4P quy hé phuong trinh vé 2

:_1']_
ian S_P

Chii ¥: Trong mét s6 hé phuong trinh déi khi tinh d6i ximg chi thé hién
trong mot phueng trinh. Ta can dua vao phuong trinh dé dé tim quan hé
S,P tirdosuy raqua hé x,y.

Vi du 1: Giai ciac hé phuong trinh sau:

+v+2yvv=2 _3+ '3=l';|'
) {r y+2x h}{r ¥

x+y =8 (x+¥)(8+xy)=2

AT frerd
3,.!";+{/J_==6

x+l+qfy+l=

Giai:

S=x+y _, i
a) Pt { 7Y didukién S? > 4P hé phuong trinh da cho tré thanh:

P=xy



Jl5+2P=2 P=—

2 —
S(s*-3P)=8 5[53 —%):3

=25 +3857-65-16=0 (5-2)(25* +75+8) =0 5=2=P=0

Suyra x,y la hai nghiém cua phuong
trinh: X* -2X=0& X =0,X =2

=0 [|x=2
W
y:2 y:[}

S=x+y .. . . . o
b) Dat p dieu kien 5 = 4P he phuwong trinh d3 cho tro thanh:
=x.¥

§($*-3P)=19 [SP=-8S 5P =-85 5=1
=9 9 4 =
S(8+P)=2 §'-3(2-85)=19 5 +245-25=0 P=-6
Suyra x,y li hai nghiém cua phurong trinh:

X°-X-6=0&X,=3X,=-2
Vay he da cho ¢ hai cdp nghiem [Jr; y} ={-2;3],[3;—2}

2(a’ +5°)=3(a’b+b"a)

¢) Pat a=+/x,b=3fy hé di cho tro thanh:
at+h==06

bat Jli:a w diéu kién §° = 4P thi hé di cho tro thanh.

=d

2(5*-35P)=3SP _ [2(36-3P)=3P [5=6
=4 — .
§=6 S=6 P=K

Suyra a,b la 2 nghiém cua phuong trinh:



" a=2=x=8 a=4=x=064
X‘—6X+S=DﬁX,=2;X3=4:}{ {

b=4=y=64 |b=2=>y=8

Vay hé di cho ¢6 hai cap nghiem [Jr; _].-‘} ={S;E~4]1{64;3}

¥ didu kién 57 2 4P hé phuong

, >0 5=
d) Didu kién: {”’ Pit { o

xny=z-1 P=xy
trinh di cho tro thanh:

{5_@=3 §=3,P=(5-3)
—
S+2+2MS+P+1=16  [2fs+(S-3) +1=14-§
3<5<14,P=(5-3) 3<S§<14;,P=(S-3)
—
4(5°+85+10)=196-285+5° |57 +305-52=0
5=6 . :
= . Viy hé di cho ¢6 nghiém (x;y)=(3;3).
P=9=x=y=3
Vi du 2: Giai cac hé phwong trinh sau:
2

2 2, 2y
JX 1 20 =82 Ay =1
2) X +) v '\J'r_ 0 X+
Nx+ fy=4

1
{'Y+IJ[I+E]_S %IB_}!{[+_I'J+I:_1': (2+y)+x"-30=0
b) d

{x1+_1':}[l+ 11 :J=9 x';r+x[l+y+y')+y-ll:[}

xy

Gii:

a) Pit Vx =a,\[y =b diéukién a,b>0.



Ja' +b* +2ab =82

a+h=4

Hé phuong trinh tro thanh: { _Ta viét lai hé

J(@+b)* —dab(a+by +2a°b’ +\2ab =82

phuong trinh thanh:
at+b=4

S=a+b _, §*=4p
bat i dieu kign thi he da cho tro thanh.
P 5. P20

=da

. =

{J356-54P-5P +ﬁP:SEﬁS:P:4ﬁa:b:ZﬁI:}':‘I

S=4
Ngodi ra ta ciing co thé giai ngin gon hon nhur sau:
.,‘2(1':+}-‘3)+2.Jx_}r:]6
x+y+2 =16
ﬁ,’2{13+}-‘3}:x+}rﬁ{x-;-‘): :{]ﬁx:y«:}}\.l'r:l_r:dv:::-x:d
Vay hé co mot cap nghiem duy nhat {x; y] = {4;4]

b) Piéu kién: x+y>0.

Bién d6i phuong trinh (1):
x+y +ﬁ= l= |[Jt.'+y]2 —l+2—x}r-2xy={]
X+y x+y

Pat x+y=5,xy =P taco phuong trinh: 53+%—2P-I={]

&5 +2P-25P-5=0& S(S*-1)-2P(S-1)=0 (S-1)(S* +S5-2P)=0

Vi §>4P,8§>0 suyra S°+S5-2P>0.Dodé §=1



Vai x+ y=1 thay vao (2) ta duoc: 1=[]—y]1-yﬁy=ﬂ,y=3

Xétx+y+1=

2y S x+y+l=l-x" -3 & x" +y" +x+y=0(khdng
x+y

thoa man diéu kién).
Vay hé di cho c¢o nghiém {x;y] = (l;ﬂ),{-E;E] .
¢) Piéu kién: xy =0,

Hé di cho tuong duong:

11 1 |
X+y+—+—=5 X+—|+| y+—|=5
x v X y

{ | = - p g
x1+_1-':+—:+—2=9 Jr+l + Jr""l =9
x v x ¥y




xy(x+y)(x+y+x)=30

d) Hé twong duong van - .
xy(x+y)+x+y+ap=11

Bat x}'[x+ y] =a,xy+x+ y="~b. Tathu duoc he:

I xw(x+y)=5
{ab:ED [azﬂ;bzﬁ y+x+y==6
— =" .
a+b=11 a=fb=5 x}r{x+y}:ﬁ
oy +x+y=5
_{1}':2
’ +1vi=6 x+y=3 :21 =1
TH]:Jli(I ») o }3 :»[x 1} :
X+ y= Xy = x=ly=
Xp+x+) { @)
x+y=2
{x}:s @[5 _sedE
] ? =5 + v = - LR
TH2: {xj{”” N o 2 2.
Xy+x+y=6 xy =1 x_5+ﬁ_ _1_5-«4"5
| [x+y=35 2 Y= 2

Viy hé cé nghiém: (x;y)= [1;2],{2;1}.[

St«fﬁ;swﬁ]_

2 2

I1) HE POI XUNG LOAI 2

MGt hé phuong trinh 2 4n x, y duoc goi la déi ximg loai 2 néu trong hé
phuong trinh ta déi vai trd x, y cho nhau thi phuong trinh trés thanh
phuong trinh kia.

+ Tinh chat.: Néu (x,:y,) la 1 nghiém cua hé thi (y,;x,) ciing 1a nghiém

+ Phuong phap giai:



Trir vé véi vé hai phuong trinh ctia hé ta duge mét phuong trinh c6 dang

x=y=0

{_r-_}-:][f{x;_l']:|=Uﬁ[f{x;y}: o

Vi du 1: Giai cdc hé phuong trinh sau:

{_‘r +J_ 2y b) {{I-l}[}ﬂq—ﬁ):y(x:q—l}
14 +J_ 2x {}'-l](x:+ﬁ)=x(_1':+1}

} ¥ +3x=1+2x+1 =y
C
Y 43y=1+2y+1=x

d)

Giai:

a) Piéu kién: x, ¥ =0. Trir hai phuong trinh cua hé cho nhau ta thu duoc:

x’+-ul"_¥—{_}-1+\f'3_r]=
:r(ﬂ—ﬁ)[[ﬁ+ﬁ]{x+}']+l+2(-,|'r;+J}_-”:ﬂ

Vi [-u"'_+-,f_) x+1 +I+2[: J_)

nén phuong trinh da cho twong duong voi: x=y.

Hay

_rl-E;r+-\-"_:ﬂﬁJr:+-.r"__:2_r4::>-,1'r;(\|l";-l)(_r+ _r—l]:[Hi} x=1

Vay hé co 3 cap nghiém: [x;}'} = {ﬂ;ﬂ]‘{[;|}1[¥;ﬂJ




T+bx—y —6=1x"+
b)Hédacho o4 >~ 2 07T
e +6y=x =6=x"+x

Trir vé theo vé hai phuong trinh cia hé ta duoc:

Exy[y—xj+?{x—y]+[x—y]{x+y]=Dﬁ{x—y]{x+_}r—21}r+ '.l"]=l]
x=y
ﬁlixﬂ-y—hyﬂ—?:{]

. T [x=yp=2
+ Neéu x =y thay vao hé ta cé: x'-51+6:0ﬁ[
x=y=3
+ Néu x+y-2xp+7=0& (1-2x)(1-2y)=15.

Mat khac khi cong hai phuong trinh cua hé da cho ta duoc:

X+ =5x-5x+12=0 (2x-5) +(2y-5) =2. Pat
a=2x=5b=2y-5

a+b=0
at+b = (a+b) —2ab=2 ab=-1
Ta co: = =
(a+4)(b+4)=15  |ab+4(a+b)=-I a+b=-8
ab=31
b=0
Truong hop 1: «:”; | (xy)=(32).(23)
ab=-

Truémg hop 2: ~ " vdnghiém.
ah=131

Vay nghiém cua he di cho la: {x;y} ={2;2),{3; 3],{2;3],{3;2)

o 1 1
¢) Bieu kién: x2——y2——
) - 5 ¥ 25



Pé y rang x=y= -é khong phai 14 nghiém.
Ta xét truong hop x+y=-1

Trir hai phurong trinh cua hé cho nhau ta thu duoc:

' +3x=1++/2x+1 —[}'3+3}'-|+1|||2_].-‘+1)=_}"—I
2(x-y)

P+l 2y +l

= [Jr-y}[xl+1}r+y:]+4{x-y)+

2
N2x+1+4,2y+1

ﬁ[x-y}lx:+xy+yl+4+ ]:Dﬁx:y

Khi x =y xét phuong trinh:
€+ 2x=1+2x+1=0 x° + 2x+2x+1-1=0

2x

x[:r:+|}+——ﬂﬁx|:x1+l+#i|—ﬂﬁx—ﬂ
M2x+1+1 N2x+1+1

Tém lai hé phuong trinh ¢6 nghiém duy nhat: x=y=0
HE CO YEU TO PANG CAP PANG CAP

+ La nhimg hé chira cac phuong trinh ding cap

+ Hodc cac phuong trinh cua hé khi nhén hodc chia cho nhau thi tao ra
phuong trinh dang cap.

Ta thuong gap dang hé nay o cac hinh thire nhur:

F ax’ +bxy+cy’ =d
ex’ +gxy+hy’ =k



ax’ +bhxy+cy’ =dx+ey
ex’ +hxy+ky” =+ mJ-‘1

M ax’ +bxy+cy’ =d
e’ +hly 4+l + =mx+ny

Mot s6 hé phuong trinh Llinh dﬁng c;?ip duoc gi:-,:iu trong cac biéu thirc chira
can do1 hoi nguon giai can tinh ¥ dé phat hién:

Phuong phap chung dé giai hé dang nay la: Tir cdc phuong trinh cua hé
ta nhin hodc chia cho nhau dé tao ra phuong trinh déng cap béc n:

ax"+ax""y' . +ay =0
Tir do ta xét hai trwong hop:
y =0 thay vao dé tim x
+ y=#0 tadit x=ty thi thu duoc phwong trinh: at" +a, " +a =0
+ Giai phuong trinh tim ¢ sau d6 thé vao hé ban dau dé tim x, y

Cha - ( Ta ciing c6 the dat y = rx)

Vi du 1: Giai ciac hé phuong trinh sau:
{f -8x=y'+2y
a)

X =3=3(y"+1)

(¥ +37)+2=(x+y) (x.yeR)

{5.‘[2_].-‘—4_‘{]-‘3 +3y' =2(x+y)=0
b

Gii:

3 3
L —8x+2
a) Tabiénddihe: {* 77 TOXFY
X +3y =6



Pé ¥ ring néu nhin chéo 2 phuong trinh cua hé ta co:

6(x* +y') = (8x+2y)(x" +3y") diy la phuong trinh dang cap bac 3: Tir
do ta co lon giai nhur sau:

Vi x=0 khong li nghiém cua hé nén ta dat y =&, Khi do hé thanh:

Jlx3—8x=r3x3+2rx Jlxz[]—r’]ziﬁg - 1+4

1 3 = = — =
' =3=3(Ax+1) ¥ (1-37)=6 1-3% 3

[,_L
@ 3(1-7)=(t+4)(1-3 ) = 12¢ ~1-1=0 &
t=——
' 4
| ¥*(1-3¢)=6 .,
t=—= ¥ = 4
y=3 Y==
478
x=t—
(=-gm B
4 18
T

Suy ra hé phuong trinh co cic cap nghiém:

W Jﬁ]_[_w‘ﬁ Jﬁ]

13 713 ) 13 7 13

Lny}={1lk{-l-lk[

b). Phuong trinh (2) coa hé co dang:



1]-‘(:{1 +y1]+2=xl+y: +2xy & (13 +_}"1]{1}'—|}-2{1}‘—IJ =0

ﬁ[x}‘-l}{xl +y1—EJ:ﬂ

xy =1
¢:> 2 2
x+y =2

1. a2 3 N— ~1 -
- S5x'y—4xy" +3y - 2(x+y) Dﬁ{x " {x _
TH2:
Sx'y—4x” 43y -2(x+y)=0 Sx'y—dx 43y =2(x+y) (%)
=
r+y =2 r+y =2

Néu ta thay x°+ y” =2 vio phuong trinh (*) thi thu duge phuong trinh
dfmg cﬁp bic 3: Sx°v—-4xy" +3y° :{x: +y° ){x+y]
Tir do ta c6 lon giai nhur sau:

Ta thay y =0 khéng 1a nghiém ciia hé.

Sfl .3_4 3+3?3=2 Ty
Xét y£0 dit x=ry thayviohétace: > 2 Y F3=2(04y)
£y’ +y* =2

Chia hai phuong trinh cua hé ta dwoc:

560 —4t+3 1+
£+ 1

=t -4 +5-2=0

Vi du 2: Giai cac hé phuong trinh sau:




\ X +2y+3+2y-3=0
H' 2
2(2y° +x° )43y (x+1) +6x(x+1)+2=0

b) {3x 3}'_213+}'

2(2x+y)=V2x+6-y

1,2 x+4fy

Giai:
a) Picu kién: ¥’ +2y+320.

Phwong trinh (2) twong duong:
2(2" +2°)+3y(x+1) +6x" +6x+2=0¢ 2(x+1) +3y(x+1) +4y" =0

Dy la phuong trinh ding cap giita y va x+1.

+ Xeét y=0 hé vo nghiém

+ Xét y#0_Dit x+1=1y tathu duoc phuong trinh: 26 + 3 +4=0
Suyrar=-2&x+1=-2y

Thay vio phuong trinh (1) ta duoc:

dxi-x+2=x+4 & x=-%:>_1'=i.

18
Vay hé co mot cap nghiém: {_r;_v] = [-%%J

b) DE thay phuong trinh (1) ctia hé 1 phuong trinh déng cap cia x va -J_]._

biéu kién: y>0;-3<x=20.



bat J_T;:fx::-y:!lxz thay vao (1) ta duoc: L+ 2,11 = '\f+£f —
3x Irx 2x+rx

Rat gon bién x ta dua vé phuong trinh an ¢
(1-2)(F+t+1)=0t=2e [y =2x20.

Thay vao (2) ta duoc:

4x" +8x=+2x+6 :}4xl+lﬂx+i—5=ix+6+-¢"2x+6+%

4:»(21+%T :[Jﬁ+%]:_

Gian ra ta duoc x =

J17 -3 13-317
2 ::-;,::T.

Viy nghiém cua hé [I;J=}=[ﬁ'3;l3-jﬁ]_

Vi du 3: Giai ciac hé phuong trinh sau:

) 1
-y =—— Jy+1=-2xy-2x=1
o 17 b {i*ﬁ;* N
x'+y =1 r o=y =

Gii:

T s [313 -_1'3){I+_1'] =1
a) Ta co thé viét lai hé thanh:
x4 J-‘I =1

(1

Ta thiy vé trai cta phuong trinh (1) 14 bac 4. Dé tao ra phuong trinh déing
cap ta s& thay vé phai thanh (x* +y°)" .

Nhur vay ta co:




(3x* =) (x+3)= (¥ +37) & 2x* 435y~ 26y - ' =2y =0
xX=y

& (x—yx+2y)2x +xy+ ) =0 | x=-2y
2x +xy+y =0

+ Néu 2x" +xy+y’ :ﬂﬁ%x3+[1+§] =0 x=y=0 khong thoa

min.
+ Néu x=y taco 2xlzlﬁx:i§
£ 2 "'E
+ Néu x=-2y <5y =]-=}y:i?

Toém lai hé phwong trinh ¢6 cde cip nghiém:

{x;yl=[E?E}['E;_E]’[zﬁ;_ﬁ]‘[_ZE-f]

22 27 2 s s 5 °5

, - : I.—E ? I =I
b) Diéu kién y>~1. Ta viét lai hé thanh: {* V7 ¥1 720+
X =3x(y+1)=6

Ta thiy cic phuong trinh cua hé déu la phirong trinh ding cap bac 3 déi

vol x,ﬂ'l y+1
Dé thay y =—1 khéng phai la nghiém cta hé phuong trinh.

Xeét y=-1.DPiat x=tJy+1 thay vio hé ta co:
t=0

(+1) [r -Er]zlﬁf—m-ﬁ[r’—zt}:ﬂﬁ B
Jo+1) (¢ =3]=6 #=3

+ Neéu =0 thi x=0.Khong thoa man hé



+ Néut=3e 27y +1) -9\(3+1) =6 y=——-1=x=10

ﬁ

Vay hé ¢o 1 cap nghiém duy nhat (x;y)= [Q‘Eg‘a -I]

Vi du 4: Giai cic hé phuong trinh sau

2) {_ﬂ’+13ﬁ=2

2097 +(x +2x=-3)y+x =3

X +xy+x+3=0

b) (x+1) +3{y+l}+3(-ﬂ"x"x:f+2-"]=ﬂ

Giai:
a) Picukién: y=0. Phuong trinh (2) cua hé co dang:

=1

2xv(v+D+x (y+ ) =3+ =
2xy+x' =3

Trudmg hop y =—1 khéng thoa min diéu kién

2xy+x =3
1}:+_rl\fr_1_'=2-

Vé trii ctia cédc phuong trinh trong hé 1a phuong trinh ding cip bac 3
ddi voi x,.fy D& thiy y>0. Tadat x=r,fy thi thu duoc hé:

{‘J'F[ZIHS}=3 f+2 3 =
o _

Truémg hop 2xy+x" =3 taco hé: {

= a2 -3+1=0

1
- 1
J}T[f+r3}:2 f"|']. 2 i‘:E

+ Néut=1thi x=\y e x=1=y=1



Tom lai hé ¢6 cée nghiém: (x;y) :{1;[]1[%{_; : )
3730

b) Bicu kién: x’y+2y20& y20.

Tir phuong trinh thir nhat ta ¢6: xy = —x" —x -3 thay vao phuong trinh
thir hai ta thu duoc:

(x+1* +3(y+1)-2x" -21-6-2«.#}-‘{.? +2)=0

S x+2 -3_v+2«.,h-‘{.r1 +2)=0
Piy la phuong trinh ding cip bac 2 déi véi [y va +/x* +2
=1

Pat J}:r J{xl+2} ta thu duoc: 31" =2t=1=0& .r=-l{£,}
3

Khi r=1tac6é: y=x"+2 thay vao phuong trinh thir nhat cia hé ta thu
duge: x=—-1=y=3

Tom lai hé phuong trinh ¢6 mot cdp nghiém (x; y)=(1;-3)

Vi du 5: Giai cdc hé phuong trinh sau

7 7 S_ '
X +y + Y 16
x+y
a) 4 — b)
x 2x |x x ¥y

& 3 3y 4 2
{.rly-31-1=3x-\f;{-dl-x-|}3

JSII —3xy+4y° +.JE= 4y

Giai:



3 2
a) Pidu kién: y:tﬂ,x+y;tﬂ,;—+x?2ﬂ.

y
Phurong trinh (2) twong duong:
2 . 3 2 2 2
X Aty o)X X X Axtdy_, x_[4_x+3_Jr'J
8y 6 12y 16 8y 6 sy L6 6
iy la phuong trinh ding cip déi véi ;_ vi 4x;33’
¥y
Ta thiy phuong trinh ¢6 nghiém khi va chi khi ;‘— va BV o dhu
y

hay X »0,2F3Y 5 ¢

8y
bt £=.-.1:, 4x+3y =b suyra a +b'=2abe= a="~h

8y 6

=6
x° dx+3y =y
5: 6 x=-3y-
3

THI: x =6y thay vao (1) ta co:

[ 28 168
4 y=rmp ey ®
2y —16y=16 =
g7 1Y ¥y y:_::.x:E
7 7

TH2: x= —%y thay vao (1) ta ¢o:

12
- ——(L
v 13{ )

%y3+y1-lﬁy:lﬁv:::- .
v=12=x=-8(TM)



Vay hé co nghiém {x;y} =[%;%],[—S;IZ} ;

b) Picu kién: {x <1 <

20
» {x,}'z[}
1
yz0

Pé v rang phwong trinh thir hai cua he la phuong trinh ding cap dbi véi
x,y. Ta thay néu y =0 thi tir phuwong trinh thir hai cua he ta suy ra
x =10, cdp nghiém nay khong thoa miin he.

Xét y > 0. Ta chia phuong trinh thir hai cua hé cho y ta thu duoc:

Jg[fj —3£+4+JE:4_ Bat JE:I ta thu ducge phuong trinh
¥y ¥ ¥ ¥

7 =4 <4
Ve -3 +d =4t =

=
Br' =3 +4=t"-8i+16 Rt* =4 +8-12=0

t<4 t=4
= , & . =1
200-+2t=-3=0  |(t=-D2C+27 +t+3)=0

Khir=l=x=y .

Phuong trinh thir nhét cia hé tro thanh: x* —3x—1=3x(V1-x -1)’.
Diéu kién: 0<x<1. Tathay x=0 khéng thoa min phuong trinh.

Ta xét 0< x<1. Chia bat phuong trinh cho x* >0 ta thu duoc phuong

3
trinh: l—il-L=3[ l-I—L] . Bat l:lr::nrzl phuong trinh tro

¥ x x Jx x
thanh: £ +3£ —1 =3(JF-JE]3 o (£ +3¢ -|)(J?+ﬁ]3 =3

Xet f(0)=(r +3¢ -1)(Vr+i-1) Déthdy f(1)2 £(1)=3 suyra
phuong trinh ¢6 nghiém duy nhét £ =1 & x =1



Tom lar hé phuong trinh ¢6 nghiém {.r;}'] = {I;l]

Cha ¥: Ta ciing ¢6 thé tim quan hé x, y dua vio phuong trinh thir hai cua
hé theo cach:

Phwong trinh ¢6 dang:

o e e eSO SN 30 B it "
-JS:{I =3xy+4y +3y «Jl?+}'

x=y
= 8x+5y v (3). Vi x,y>0 néntasuyra
+ =0
Br =344y  +3y Jor+y
x=y

PHUONG PHAP BIEN BOI TUONG PUONG

Bién doi twomg dwong la phuwong phdp giai hé diwa trén nhirng ky thudt
cor ban nhu: Thé, bién doi cdc phwong trinh vé dang tich,cong trir céc
phuwong trinh trong hé dé tao ra phwong trinh hé qua co dang dac biér ...

* Ta xét chc vi du sau:

Vi du 1: Giai ciac hé phuong trinh sau

) {q‘x+l+-.,"4-2}-‘+-J5+2}-‘—{x-1}3:5 (1)

' H(x—y) =6x"y+y’ (2)

b) X =12x=y" -6y +16
X+ +xy=4x—-6y+9=0




2xy-x+2y=3
c 3 a_ 2
x +4y =3x+6y -4

d) NI =Tx—6-3Yy(x-6) =1
'JZ{_‘{'—_}'}E +6x-2y+4 -q!_-‘ =fx+1

Giai:

x=-1
a). Pi¢u kién { y<2
5+2y=(x-1)°

Xuat phat tir phwong trinh (2) ta cé:

' —-6x'y+(x=-y) =y =0
x=0

eI (x-2v)+x(x-2y)=0 x(x-2y)3x" +1)=0 = 9
x=2y

Van x =0 thay vao (1) ta co:
[ +4f4=2y +,f4+2y =5 J4-2y +.f4+2y =4

Theo bat ding thirc Cauchy-Schwarz ta c6

(Va=2y +fa+2y) <2(4-2p+4+2y) =16 & Ja-2y + fA+ 2y <4
Dau = xay ra khi: 4-2y=4+2y e y=0
Hé c¢6 nghiém: (0;0)

Voi: x=2y. Thay vio phuong trinh trén ta duoc

Vitl+fd—x+f5+x—(x-1) =5 Jr+l+Vd—x+ J(x+)d-x) =5
(*)



Dat t=vx+1+yd-x >0 Jx+1yd-x= o3 . Thay vao phuong

2
t==5
r=3

trinh ta c6: :+%=5 o +2—-15=0 d::-[

Khi t=3=r+1Jd—x =2 -1 +3x=0 a[x
X

Tém lai hé c6 nghiém (x;y)= (D;D],[B;%J

Nhin xét : Dicu kién ¢ >0 chua phai la diéu kién chiat cua bién ¢
That vay ta co: t =+/x+1+4/d=x = =5+2J(x+)(d=x) =1* =5
Mit khac theo bét ding thirc C6 si ta ¢6

2+ )@d-x) <5~ <10 te [JE;JE}

X =12x=(y=-2y -12(y-2)

b) Heé viét lai dudi dang ¢ :
x+x(y=4)+(y=-3) =0

Patr=y-2.Tacohe:

X =12x=1"-12¢ — (x=0(x"+t"+xt=12)=0 (¥
+x(t=D+(t=-10=0 |+t +xt=-2x+)+1=0 (2%

XA+t +xt=12=0 (3%)

Tir (*) suyra [

- Vé&i x=1 thay vao (2*)ta c6 phuong trinh 3x° —4x+1=0

Tir day suy ra 2 nghiém cia hé la (x; y) = {]3][%%}

- Véi (3*) két hop véi (2*) ta c6 hé



13
x+i=—

f—xt=12=0
[I—H}, x = 2 (VN) . Do [I-H‘:]I < 4xt
(x+0) —xt=2Ax+0)+1=0=0 | 121
4
i . . 17
Viy hé phuong trinh d3 cho ¢6 2 nghiém: (x; y) ={l;3},[§;EJ

¢) Pua hé phuong trinh vé dang:
(x+1)(2y-1)=2

(x+]}3+%{2y—l}3 =3(x+1) +%(2y—l}—5
bat: a=x+1b=2y-1

Khi do ta thu duoc hé phuong trinh:

o ab=2
a3+é.&3:3&1+§b-5 2a° +b =6a’ +3h-10

ab=2

Tir hé phuong trinh ban déu ta nham dwoc nghiém lax = y =1 nén ta s&
¢o hé nay ¢6 nghiém khi: a=2; b=1

(a-2)b=2(1-b)

Do d6 ta s& phan tich hé vé dang: . :
(@a=2Y(a+1)=(b-1)*(b+2)

2(1-5)
b

Vita ludn ¢6:b 2 0 nén tir phuong trinh tréntarlitra a-2=

Thé xudng phuong trinh dudi ta duoc:

=1 D b=1(5+2)  (b-1) [4(@+1)-b'(b+2)]=0

2

[ b=1
—
Ha+1)=b'(b+2)



Voi: b=1=a=2 suyraix=y=I; .

Véi 4(a+1)=b*(b+2). Ta lai co:

ab:Zﬁb{a+l}:b+2¢ba+]=%_

Thé 1én phuong trinh trén ta cé:

b=-2=a=-1x=-2; J.~=_%

4”’; D _p b+ e

b’ = 4 (Khéng TM)
Vay hé da cho ¢ 2 nghiém la: [x;_y] =(1;1), [-2;-%]

. ==1 .
d) Bnéu kién: {I 50 Ta viét lai hé phuong trinh thanh:
y=

J2x=y P +6x=2y+4 -y =Jx+1

&N 2x—y) +6x-2y+4 =J;+\|I'x+1 . Binh phuong 2 vé ta thu
duroc:

2x° -41}'+2y1+61-2J=+4=x+y+]+24,|||y{x+|}
& 2 e+ 1) = 2p(x+1)+* |+ (x+1+p) = 24[p(x +1)

x+l=y

4:»2(x+l-yf+wx+l-.j;f Z[}ﬁ{mzﬂﬁx+[:y

Thay vao phuong trinh (2) ta co:

WP =Ty+1=H-N =1y -Ty+1=Hr-T) +1.

biat a= #y(y =7) ta co phuong trinh:



a=-1

> -1 =0
~.|I'.r13+1:ﬂ+1ﬁ{a5 !9

a —a —-2a=0 a=-1
a=2
. y=0=>x=-1
Vora=0=
y=T=x=6
7-35 5-345
_}.‘: = r=

Vila=-1=y -Ty+l=0&

2 2
T+345 5+3.5
_]_': S X =

2 2
) r==1 L
V{E’iﬂ=2:>}"-?_1'-3=ﬂ¢}|:} )
y=8=x=7
Hé phuong trinh di cho ¢6 nghiém la :
{-r:_v]=i-1;ﬂ}1{6;?},[S-Z%JE;T_E}JE]{H;JE;h;‘g;}ﬁ;g}

Vi du 2: Giai cdc hé phuong trinh sau

) r =(2y+2)x=3y"=0
x +2xy = (y+3)x =2y -6y +1=0

b ¥ =2xy+2y"+2y=0
X =xy+2y"+2y=-2x=0

) 0 =3y -4’ —y+3xT =0
c).
' y—=y +3xp+1=0

Giai:




a) Cich 1: Lay phuong trinh thit hai trir phuong trinh thir nhat theo vé ta
duoc: 237 - (y+3)x -2y —6y* +1+(2y+2)x+ 37 =0
27 +xy-2y' =31 +1-x=0x(2)" +y-1)-2y" -3y +1=0

S(v+D2y-Dix—-y-1)=0.

+ Néu v =~1thay vio phuong trinh (1) ta ¢6: x° :Eﬁx=i\|@

+ Néu y =% thay vao phuong trinh (1) ta ¢o:

34243
2

4x" —12x-3=0=x

+ Néu y =x—Ithay vio phuong trinh (1) ta c6:

¥ =2x=3x-1) =0 —4x’ +6x=3=0_V0nghiém.

Két luan: (x;y)= (V3:1),(—3; l},[E- 22 ;l],[ 3+2V2 ;l}

2 2 2 2

* (Céch 2: Phuong trinh thir hai phén tich duoc: (2)° +x)(x—y-3)+1=0
Phwong trinh thir nhat phin tich duoc: (x—y) =2(x+2y")=0

> F-2b=0
bat a=x—-y,b=x+2y" taco he: B
(a=3)b+1=0
b) Lay phuong trinh thir hai trir phuong trinh thir nhat, ta dworc:
¥ =x —x'y+2xp-2x=0, hay (x’ —x" = 2x)-p(x* - 2x)=0.

Do x' —x" =2x=(x+1)x" —2x) nén tir trén, ta ¢o
(x° =2x)x+1=-y)=0.

y=0
y=-2

+ Néux=0=



+ Neéu y=x+1 thay vio phuong trinh (1) ta thu duoc: 1+2y” +2y=0vé
nghiém.

Két luan:

Hé phuong trinh ¢6 cac cap nghiem la:
4

(x;¥)=(0;0), {ﬂ;—E},{E;D],[E:ﬂ

¢) He duoc viéet lai nhu sau-

{xyl—y]+(3x:-313’y]=413_}'ﬁ {xy—yl{y-3f]=4131’
3 y=y +3xv+1=0 I =y +3xy+1=0
Xét véi y =0 thay vio ta thay khong |4 nghiém cua hé .

Véi v #0ta bien doi hé thanh

[x-l]{y-zf):a,f [x-l](y—lrz}:dlx:

y - ¥
313—y+3x+l={] 313-y+l-x=-4x
¥ ¥
a=x ! h =4y
Pit: !~y Khidohéwothanhhe "
. a+hb=4x
b=y-3x

Theo Viets thi ta ¢6 2 s6 a va b la nghiém ctia phwong trinh :



3 y) v 2_1':1'-— X
r—dxt+dx = (t-2x)y =lsit=2x< V& 1
2x=y-3x 2x=—-3x
X
y=-— 1

J = —m— _:—]_

Jrl ¥ = {:}{’f l

dx=——=3x 3 4227 +1=0

X

Viy hé ¢6 1 nghiém I[.r;y] :[—l;l]

Vi du 3: Giai ciac hé phuong trinh sau

Is -ZII_]'-IS_I: 6_];[2_‘_[’—5—4}'}

b)yx* 2x ¥ x oy
B

8y 3 \3p 4 2

X’ —y“+9}-‘:x{9+}'—_}»‘3}

{4‘1+x+ -y =2
a)

Ix—632x—4 =43y -9 -2y 0 {xjy-ﬂyd’+3f}'=-4
C 3
6x' =3 y+2xy+d=y +4x+6x°  (2xp+y-y =2

Giai:
a) Tir phuong trinh (2) cua heé ta co:
x=y

2 _}.4 +9_];:I(9+_}"_1'3] = {I—_].’}(I+_1's -g)zﬂﬁ[r_'_}ls —-9=0

Vi y<l va I+ x+4/l=y =2 nén Vltx<2e=x<7

Dodé x+3' =9<=1<0 nénx+y’ =9=0 vd nghiém.

Ta chi can giai truong hop x =y . Thé vao phuong trinh ban dau ta
duge: N+ x++1-x=2 Pt a=+x:b=1-x(b>0) thi




+h=2 5
{ﬂ =a' +(2-a) =2 d +a’ -4a+2=0&(a-1)(a’ +2a-2)=0

a +b =2

Tir d6 suy ra nghiém ctia phuong trinh ban dau

x=0x==11+63:x=-11-6+3

Viay hé di cho co 3 nghiém la
x:y:ﬂ;x:y:—]]+5J§;x:y:_]]_5£

b) Phuong trinh thir nhat cua hé

& 2y-x)(x’ -12y-15)=0 = *-15

z

TH1: y=2—

]215 thay vao phuong trinh thir hai cua hé ta duoc:

3x° 2x 4x’ x* x-15

z(xl-lﬁ) 3 =15 4 24

x 2
L2 —IZJ ——(x* +16x-15) +(x* +16x-15)=0
x =15 x =15
X +16x-1520 Jr:+lﬁx 1520
.,’ ( ¥ +16x-15) =x"+16x-15
x -I
X +16x=1520
ﬁ 2 2
36x" =(x* ~15)(x* +16x-15)(*)

Xét phuong trinh (*) 36x° =(x* —15)(x* +16x-15)



Vi x = 0 khéng phai la nghiém. Ta chia hai vé phuong trinh cho x* ta
co:

36=[I-E][I+15—EJ bt

X X

15 , t=2
r——=t=t +1l6t-36=0
x t=-18

Néu r=2¢x-E=zax3-zx-15=na[125 e x=5

x x=-3
Néut=-18
- 9-46
o x- o 18e ¥ +18x-15=0 | Max=—9-4xf€
x x=—9+4-.||rg

Nghiém cta hé da cho 1a: (x; y) =[5;§J1[_9_ PNk ; N ]

TH 2: x =2y Thay vio phuong trinh thir hai cua hé ta co:

2 1 2 2
X X FLJ__E o La= JUX o x = 0(loai) (do didu kién
ax 3 V3x 4 46 12

yz0)

KL: Nghiém cua hé di cho 1a: (x;y)= [5;2}[_9_4\;& 27 +;2JEJ

E x=2
¢) Bnéu kién
y23

Phuong trinh (2) cua hé twong duong voi:

—2x-2
(2x-2-))3x+y-2)=0| 7 " °
y=2-3x



+ Véi y=2x-2 thé vao phuong trinh (1) ta duoc:

(1) Tx—6y2x—4—44J6x-15-4=0 (3)
Dén diy st dung bat dang thirc Cé si ta co-

6v2x-4=322(x-2) <3x
46x-15=223(2x-5) <2(2x-2)

= 632x—4 +4J6x-15<Tx -4

Déau "=" xay ra khi chi khi x=4
Tir (3) suy ra x = 4 1a nghiém duy nhat. Vay hé c¢6 nghiém (x;y) = (4:6)

- V& y=2-3x"<2 hévd nghiém do diéu kién y=3
Vay he da cho chi ¢o | nghiem (x; y) = (4;6)

d) Thé phuong trinh 2 vio phuong trinh 1 cua hé ta duoc phuong trinh -
Xy=8y'+3x’y =22 +y-y) & [1; -8y’ +3x° }y={-41—2+2}':}}-‘
Vi y =0 khong la nghiém cua hé. Chia ca hai vé cho y ta dwoc phuong
trinh x’' =8y +3x  =—4x-2+2y & x +3x" +4x=8y" +2y-2
bat: z=x+1=x=z-1 . Khi1d6 ta ¢ phuong trinh :
= +:=E}-‘3+ 2y & (: -2}'](:1 +4y° +2:y) = D[dﬂ (:: +4y" + Z:y] }D:I

Sr=2y=>x+l=2y=x=2y-1

Thé vao phuong trinh 2 cia hé ta duoc phuong trinh:

Iy -y-2=0& ) -7



Hé phuong trinh dd cho ¢6 hai nghiém (x; y) = [l;l};[%:?]

Vi du 4: Giai ciac hé phuong trinh sau

| {3_].-‘3+|+2_}1{:_\‘:+1J:4_}'1}I:+E_].-‘+|
d

y(y-x)=3-3y

by 2x+(3-2xy)y* =3
2" =x'y=2x"y = Txy +6

2y’ —x' =10

} {x‘+21}'+ 6y—(7+2y)x" =9
C

Giai:
a) Picu kién: x* +2y+120.

Phuong trinh (1) twong duong:

4y" =4y x’ +2y +1+x" + 2y +1=x" - 2xp+)°

- 2 3 1fj_‘{'1+2}'+l:3}'-1
2y 2y 1] —(x-y
ﬁ( For e {r e ' +2y+l=x+y

THI: n.,|I|JLr3 +2y+1 =3y -x. Binh phrong hai vé phuong trinh ta duoc:

y=zx 6xy =9y° — 2y -1
. , , e 6y=9y"-2y-1e
x+2y+1=9y" —-b6xy+x ! _rzﬂ;_}'=£{TM}

{ 3yzx x=1y=1(TM)
w=y +3y-3 51 3



TH2: «/x" +2y+1 =x+ y_ Binh phuong hai vé phuong trinh:

x+yz20 =T =
x+yz0 d . x=Ly=1
. . e 2y =—y +2y+le| 4] 7
X +2y+l=x"+2xy+)° 5 x=—;y=—=(L)
x¥=y +3y-3 21 3

Viy hé co nghiém (x;y}:{[;]}{%;%)_
b) Tir phueng trinh (1) ta thay: 2x(1-y")=3(1-").
THI: y =1 thay vio (2) ta co: X =Tx+6=0=xr=lx=3x=-2.

, Y+ 24207 =343y (*
TH2: Két hop véi (2) taco hé méi: | = 20 +20" =343y (9
' =xy=2x"y'-Txy+6 (3)

Phuong trinh (3) twong duong véi: (xy—2)(2xy+x*=3)=0.

+ Néu: xy=2 thay vao (*) ta co:

—1-

2x+d4+4y=3+3y>r=—-=>D = p(l+y)=—4.
Phuong trinh nay vo nghiém nén hé vo nghiém.

+ Néu 2xy=3-x" thay vio (*) ta co:

2x+3-x +}'(3—x1]=3+3y:> y=3_|
x

:}21‘[5—[):3—13 =ox=Ly=I

X

Vay hé co nghiem {x;y}={l;|},{:3;]],{—2;l}_



¢) Phuong trinh (1) twong duong:

x'=T7x +9-2_‘;'(13 -.r-3)=l]¢b (x: —_‘{'-3](.1': +x-3l-2_‘;'{x: —1-3) =0

1-13 794413
X = ﬁ_].-‘=T

2

1+413 79-13
x= 5 = y=

36

THL: ¥ —x-3=0

TH2: 2y° =x* + x—3 thay vio (2) ta cd:

5

x:ﬁ:} J.‘: l-_
{_r1+x-3}xz-:r;=|{lﬁ 2

x:-\l'g:::-y:l+§

Vay hé ¢ nghiém

(x2) =[I_JI_3; 79+Jﬁ]‘[1+;jﬁ; Lk -jﬁ],[ﬁ;l-g],[-ﬁ;H—

!

2 36 3

Vi du 5: Giai cic hé phuong trinh sau

) w-x-y=1I . w-x+2y=4
a
4y’ =12x" +9x ==y +6y+7  |[4x’ +24x" +45x ==y +6y-20
233
(l-f ] +"3’+1=J-‘5 ¥ +y' +x=3
x 2
d

o . 1 4 } x =4y + e d =1

(o +2) +—==2y+— x+y—1

x x

Giai:

Js



. |3xy-3x-3y=3
2) He tiong dUong: | 4 o 1222 49x =y’ 46y +7°

Trir hai phwong trinh cho nhau ta duge: 4(x- l]! =—y +3xy+3y
e 4(x-1)" +4y* =3y +3xp+3y

e 4(x+y-1)|(x

]]z—{x—l]y+y: =3y(y3 +x+]}

e
=
I
=
e
(]
I

e d(x+y-1) {x—l]y+y:-:3y(y3+xy-y—l+l)

& 4|[x+y—]]_||:x—]] —(x=1)y+y* |=3y" (x+y-1)
= [x+y—])l[:21—2—y]: =0

Véi y=1-x thay vao (1) ta duge: x° —x+2=0 (v6 nghiém).

Véi y=2x-2 thay vio (1) ta duoc: 2x° =5x+1=0& )
_5+Jﬁ

4

S—ﬁ;]—\!ﬁ],[ﬁ+u"ﬁ;]+xfﬁ]_

8 2 4 2

X

Vay hé co nghiém (x;y} :[

6y=3x+3x-12=0

b) Hé twong duong: .
) B . {4x3+24x1+4ﬂx:-y3+6y-2{]

Trir hai phwong trinh trén cho nhau ta duoc:
40 +24x +48x+32=—y" +3xy+12y

o d(x+2) +4y' =3y  +3xy+12y
& 4|[x+y+2][{x+2]2 -|[I+2}y+y3j| =3y(» +x+4)



Thé x=xy+2y—4 vio VP ta duoc:
4{x+y+2]|i[x+2]z —{x+2]y+y:}=3y(y: +2y+xy-4+4:}:3y: (x+y+2)

= [x+y+2}(4{x+2]: -4{x+2]y+y1]=ﬂ.

Véi y=—x-2 thay vio (1) ta duoe: x* —5x+8=0 (vd nghiém).

I_Jﬁ-?
Véi y=2x+2 thay vio (1) ta duoc: 2x* —Tx+4=0 < 4
x__q"ﬁﬁ'
4
— y NM7-7 1417 [ 1747 1-17
Vay hé co nghiém {x;y}= : J- : )
4 2 4 2
¢) Piéu kién: x#0.
Phwong trinh (2) twong dwong:
[y+2-lj :{]c:-xy:l-ichy:%—g.
X X X X
Thay vio (1) ta duoc:
1Y 11 (1 2Y 3 1 3
—=1| === === &' =1) +t—-==(r-2t
[xl)JrE[x'x)() 2{ )

& (2e-1)(66" ~126 + 27 +41+3)=0.

THL =1 o x=2y=-3.
2 4



TH2: 66 —126 +20 +41+3=0 & 6| 1~ -2 | == o 19)
3 3 VO

Vay nghiém cua he [x; J-‘} =[2;-%] :

d) Piéu kién: x+y#1. Phuong trinh (2) twong duong:
{f -4_1'3}[x+ y-1)+2xy=—(x+y-1).
Phéin tich nhén tir ta dwoc: (x+2y-1)(x* 23" —xy+y+1)=0.
THI1: x+2y—1=0 thay vao (1) dé dang tim duoc:

{x;ﬂ:[-l -4 3+Jﬁ]‘[2\fﬁ_1 | 3_;%}

5 5 5

S 1 5 hé mai x' =2y —xy+y+l
TH2: Ket hop voi (1) ta cd hé mon: ¢ ) _
_1'_+_]-'_+_T:3

Giai bang cach:
PT()-PT(2)e= 3y +xy+x-y-4=0e(y+1)(x+3y-4)=0.

Vay nghiém cua he

1

o [~1=2414 34414 ) (24141 3-414 [EEJ |
=== 35 P[5 2 Ut

).(1-1),(-2:-

Vi du 7) Giai hé phuong trinh vo1 nghiem 1a $6 thue:

¥ +29 +2x+8y+6=0 20" +2xy+y=5=0
a) b)

X Hxy+y+ax+1=0 YV +xy+5x-7=0




Giai:

+
? thay vio phuong trinh (1) ciia hé ta co:
y=v+b

* (Cach 1: bat {
(u+a) +2(v+bY +2Au+a)+8(v+h)+6=0

& w+2v +2a+Du+dv(b+2)+a’ +2b" +2a+8b+6=0.

Ta mong muon khong co 56 han g bac nhat trong phuong trinh nén diéu

.. la+1=0 a=-1
kien la: =
b+2=10 b=-=2
. : x=u-1 s s :
Tir do ta co cac h dat an phu nhur sau: Bi_it{ ’ thay vao heé ta co:
J-":]-"—

w+2vi=3 . :

. diy la hé dang cap.

u +uv=2

Tir hé ta suy ra
2{u1+2v:}=3{u: +m=} Su +3uv-4" =0 ﬁ[u :vd
u=-4y
Cong viec con lai la kha don gian.
* Cich 2:Ta cong phuong trinh (1) véi & lan phuong trinh (2).

X +2y° +21+8y+6+k[f +xy+y+4x+l]:l]
&S (1+k)x" +(2+4k+hby)x+2y" +8y+hky+k+6=0

Ta co
A=(2+4k+ky) —4(k+1)(2y" +8y+hky+k+6)

= (k* =8k =8) y* +(4k* =32k =32)y +12k° =12k =20 .



Ta mong muén A ¢ dang (4v+ B) < A=0 c¢6 nghiém kép:

o (4k* -32k-32) -4{&3-3&-3]{12&1-12.&-29]:&@k:-%.

Tir do ta co cach giai nhu sau:

Liy 2 lan phuong trinh (1) trir 3 lin phuong trinh (2) ciia hé ta co-

2(x7+2y" +2x+8y+6)=3(x* +xp+ y+4x+1)=0

—

—x =3ay-8x+4)y" +13y+9=0 x* +(3y+8)x—(4»* +13y+9)=0

Taco A=(3y+8) +4(4y +13y+9) =25y +100y+100 = (5y+10)°
c o3BGy 1)

Tir d6 tinh duoc: 2
. Jy+8+(5y+10) _

2

4y+9

Phan viéc con lai 1a kha don glan.

b) Lay phuong trinh (1) trir phuong trinh (2) ta thu duoc:

2"+ 2xy + y—S—(y: +xy+53r—?):[}ﬁ 2x° +{y-5)x—y1+y+12:ﬂ

r=221
= 2
x==y+2

Nhin xét: Khi gap cac hé phuong trinh dang:

2 b
{a,x +a,xy+a,y +ax+ay+a,=0

bx* +bxy+by +bx+by+b, =0



+ Tadit x=u+a,y=v+b saudé tim diéu kién dé phuong trinh khéng cé
50 hang bac 1 hoac khong co 50 hang tu do .

+ Hoacta Lcng percmg trinh (1) véi k lan phucmg trinh (2) sau do chon k
sao cho ¢6 thé biéu dién duoc x theo y . Dé cé duoc quan hé nay ta can

dura véo tinh chat. Phuong trinh ax” * +bx+c¢ biéu dién duoc thanh dang:
(Ax+B) & A=0

Pii vii cac hé dai sd bic 3:
Ta c6 thé van dung cic huéng giai
+ Bién d6i hé dé tao thanh cic hing ding thic

+ Nhin cic phuong trinh véi mét biéu thire dai s6 sau do cong cic phuong
trinh dé tao ra quan hé tuyen tinh.

Vi du 8) Giai hé phuong trinh vo1 nghiem la s6 thuc:

x +3x° =-49 X +3x y=6xy-3x-49
a) q ; c)
x =8xy+y =8y-17x

x —6xy+y =10y-25x-9

S xvl3; N=4
b {x 3’ =35 @ {t}{ x+y)

2x° +3y" =4x -9y Tx' +1 l=3{x+ J.-‘}[x+_v+l}[l}

Giai:

' +307+49=0

a) Phan tich: Ta viét lai hé nhu sau: { )
v +8(x+1)y+x +17x=0

-3y" +48=0

2

Nhan thiay x =1 thi hé tro thanh:
y =16=0

Tir do ta co loi giai nhr sau:

Liy phuong trinh (1) céng véi 3 lan phuong trinh (2) cia hé ta cé:



X' +3x7 +49+3(x" —8xy+ 7 -8y +17x) =0

& (x+1)[ (x+1)2 +3(y-4)" | =0

Tir d6 ta dé ding tim duoc cac nghiém cua he: {x;y] = (—l;d],[—l;-d]
b) Lam twong tu nhu cdu a

Lay phuong trinh (1) céng véi 3 lan phwong trinh (2) thi thu duoc:
(x+1)[ (x+1)* +3(y=5)" | =0 . Tir dé d& dang tim dwoc cic nghiém ciia
hé.

¢) Lay phuong trinh (1) trir 3 lan phuong trinh (2) ta thu duoc:
(x=2y =(y+3) = x=y+5
Thay vio phuong trinh (2) ta co:

3 3 ‘=-3
2Ay+5Y +3y =4(y+5) -9y =5y +25y+30=0< d 2
y==
Vay he phuong trinh ¢6 cac nghiem la: {Jr;y:} = [2;—3],{:3;—2]

d) Lay 2 lan phuong trinh (2) trir di phuong trinh (1) ta thu duee:
{x—l][y: —(x+3)y+x —1-2]={]

Truong hop 1: x=1 hé vo nghiém

yV-(x+3)y+x —-x-2=0

Truong hop 2: Jl i
X +y =(x-y) -1
Léy 2 lan phuong trinh (2) trir di phuong trinh (1) ta thu duoc:

(2x+1)[ ¥ —(x=Dy+x’ -x+2]|=0

3+345

4

: 1
+ MNeéu x:-E:}y:



: A—(x=Dy+x’—x+2=0
+ Néu y* —(x-l)y+x —x+2=0 taco he: {*_ (x=Dy o _
y=(x+3)y+x —x-2=0

Trir hai phwrong trinh cho nhau ta c6: y =-1 thay vio thi hé vé nghiém

KL: Nghiém coa hé 1a: (x;y) :[_l;3+ 35]1[_%;3 -3J§]

d).
Taco: (1) & Tx' +3xp(3x+¥) = 1+3(x+y)(x+y+1)
T +3x(4x+2y—x—-y)=1+3(x+y)(x +y+1)
S8+ )y +6xy(2x+y)=x"+y +3xp(x+y)+3(x+y+1)(x+y)+1
= [21'+y]3 :[x+y:l3+3[x+y:l[x+y+1:l+l:‘ =(x+ J;+I]3
e 2x+y=x+y+lex=1.
Vay hé phuong trinh di cho twong duong voi:
{I=1 {x:] {1:1
— W )
y(y+3)=4 y=1 |y=—4

PHUONG PHAP PAT AN PHU

Pit an phu la viéc chon céc biéu thire f(x, ). g(x,y) trong hé phuong
trinh dé dit thanh cic an phu méi lam don gian ciu tric cia phuong
trinh, hé phurong trinh. Qua do tao thanh cic hé phuwong trinh man don
gan hon, hay quy ve chc dang hé quen thuéc nhu doi ximg, drfmg cép_ .

Pé tao ra an phu ngudi giai can xir Iy linh hoat cic phuong trinh trong
h¢ thong qua cac ky thuat: Nhém nhin tir chung, chia cac phuong trinh
theo nhirg so hang ¢6 san, nhom dua vao cac hang dang thire, doi bien
theo déac thu phuong trinh. ..



Ta quan sit cic vi du sau:

Vi du 1: Giai cac hé phuong trinh sau

{2}:3_21}1—}'::2 {x4-4x:+_}?3—6_‘;'+9=ﬂ
a b

2x' =3 =3’ =y +1=0 Xy+x +2y=-22=0

Giai:
a) Ta viét lai hé phuong trinh thanh:

{31‘—{x+;-‘}' =2 ﬁ{Sx‘-[x+y}‘=2

3+ 3 y=(x+y) =3x" =~1 3 (x+y) - (x+y) =3x"=-1

a-b"=2

Pit a=3x",b=x+y ta thu duoc hé phuong trinh: < .
ab-b" —a=-1

Tir phuong trinh (1)suy ra @a=5b" +2 vio phuong trinh thir hai cta hé ta
thu duoc: (b +2)b=b" = (b +2)=-1b*-2b+1=0b=1=a=3

Tom lai hé phuong trinh ¢6 2 cip nghiém: {x;}'] = {I;ﬂ],{-I;Z]

: 2_2) 4 (y-3) =4
b) Ta viét lai hé phuong trinh thanh: {(I ) +(y-3)

¥y+x +2y=-22=0

Pita=x"-2:b=y-3.Tacohé phuong trinh sau:



a’ +b’=4 - a’ +b’ =4
(a+2)b+IN+a+2+2(b+3)=22

{a+b:2
(a+b) +8(a+b)-20=0 ab=0
= &
ab+4la+b)=8 a+b=-10
(L)
ab=48

at+bh=2 a=2b=0
Xét =

. =+
+ Néu a=05b=2 ::-{x ;‘E

ab+4{a+b)=8

(a+bh) =2ab=4
—
ab+4{a+bh)=8

Tom lai hé 6 céc cap nghiém: (x;y)=(v2:5),(—/2:5).(2:3).(-2:3)

Vi du 2: Giai cac hé phuong trinh sau

N {{xl+_1':}I[I+J.-‘+|}=25|[J.-‘+|}

b)
X +xy+2y +x-8y=9
X+ +6xy— ! 3-1-E:'|:l
() 8
2y- ! +£=ﬂ
x—y 4

Giai:

a) Dé v rang khi y=-1 thi hé v6 nghiém



(12 +y1]{x+y+l]=25{y+1]

Xét y#—1. Ta viét lai hé thanh: ]
X +y +x(y+1)+(y+1) =10(y+1)

Chia hai phuong trinh cua hé cho y+1 ta thu duoc:

X'+ X4y

x+v+1)=25

}-'+l { Y J = y
2

x4y
y+1

{Jr+y+l]=25

x3+y1+x[y+l]+{y+l]:=lﬂ{y+l] +(x+y+1)=10

Viy hé c6 nghiém (x;y)

Il
—
-

|

12 |
| =
e’

b) Piéu kién: x# y.

Hé di cho tuong duong:

: 1 ;
2x+y) = (y=x) - ——+==0 Z{W}--[y-ﬁ_‘ JE
(y-x) y-x
=
1
—x+— |[+[{x+v)+==0 - —=0
[Jr’ y_IJ (x+y) [y x+y_x]+{x+y]+
bit x+y=a;y-x+L:b;|b|zz hé thanh:

y=x



[pazasd
T4
5 5 13 3
ﬂ'+b:-z a=— _'l'-1'=-2 I:E;Jr:-_
& = 5 &
2::3—.&::-E bz-é "'+IZE Jtr=1;1'=i
2 3 l 8~ 8
P72
. 1m . T 3y/13 3
Vay hé co nghiém (x v)=| — = || === 1.
dy hé co nghiém (x; y) [S'S]‘[S' g]

Vi du 3: Giai cdc hé phuong trinh sau

[ 17-4x7 + p 199y =3
a) 5 b)
V17 —4x* +,/19-9)* =10-2x -3y

r[:_rl +xly1 -4y +y+1=0

_‘{].’+13_]r'1+l-(4—_1'3:]_}'3 ={)

Giai:

NP A P )

<x< - ) 1S
2 3 3

a) Piéu kién: -

Dé ¥ xv/17-4x" lién quan dén 2x va \17-4x7,3,/19-9)* lién quan
dén 3y va J19-9y" . Va tong binh phuong cia ching la nhitng hing

=

50,
Pit 2x+4/17-4x° =a;3x+y1,fl'}-'§"}-‘3 =b . He¢ da cho tuong duong:

b=10
o a=5b=5

1 I_ =1 .
a’-17 b-19_, [a=3;£:-=?
4 6




2x++17-4x" =5
THI: &l x=

: i
3y+4/19-9y" =5 Si\fﬁ

S
_— 2x+417-4x" =3 (loai)
- oat).
3y+a\r‘19-9_}r1 =7

Vay hé co nghiém

1 5+413)(1 5=-413 54413 5-4J13
(x:¥)=|=: | = 12 | 2—1.

2 i 2 (i) 6 6

. I: +x 2 +v+l=4 2
b) Ta wviet la1 hé nhu sau: ( ]J' y ¥
1}'+-xz}": +1 +x3J53 = 4}:3

Ta thiy y =0 khéng thoa man hé Chia phuong trinh dau cho »*,

{x1+x:]+yt] =4
phuong trinh thir 2 cho y* ta dwoc: y

.l

- + 5 b l+x =4
J"‘ Jr

X

. r+1
I_+—1+1J+ =4 II+L1=2
¥ ¥y ¥

[x1+i1][xy+lj=4 L
y y y

4 ; +bh=4
Pit x* +—=a. 2L _ b ta c6 he méi J|” ca=b=2
¥ y ab =

Viét lai hé dudi dang;




Vay hé cd mot cap nghiem duy nhit x= y=1

Vi du 4: Giai cac hé phuong trinh sau
x 5y
6}:4-[:13 -x}_],-‘z-{:y+12]x:=-6 xl-y+x+y1 =4
H‘} b h) 9 2
5x'—(x*-1) ' -11x"=-5 Syt y+ =5y _s
Ay
Giai

a) Nhin thfi}r x =0 khong la nghiém cua hé.

Chia hai vé phuong trinh cho x” ta ¢6:

L 1Y, ] "
ﬁx'+_1-[x-_]_]r‘—y-|2=ﬂ 6[x_l] -[I—l]_}"_—}':ﬂ
X X X X
—

Sx:+i,-[x-l] ¥y =11=0 S[I-l]-—[x-lj-f-l=ﬂ
x x x x

bat x-l:a . Hé thanh: {ﬁa' -~y -y=0 .

x Sa’—a’y’=1=0

Chia hai vé cho a® va dat ¥ +l = X,i =Y giaira ta duoc
a a



Viy hé co nghiém (x; y) =[

b). Piéu kién: x,y#0xz—y y#£x".

Phwong trinh (2) twong duong:
x+y

_}-’+£+5_Y-E=5ﬁ +5. _
¥ x x X

) 2
L X =y x+ v
bat J=a, Y _
x x

b.

Hé thanh:

Vay hé c¢6 nghiém {x;y} = [—%3}[15][35]

Vi du 5: Giai cac hé phuong trinh sau




, ) ' 2x
(+3) +(x+) =8 J@x+§+2‘j}-+?=4
a) x N y 1 b) 5 1
Y+l y+l 4 (—‘f-l][l—;-*;]:ls

y x

Giai
a) Trién khai phuong trinh (1)
() e xX Y +6xy+9+x + 2+ =8 x yV +x +y +1=-8xy
= (x3+l]{y: +I}=-Ex}-'.

Nhin thﬁ}r x=0,y=0 khong la nghiém cua he.

¥+l oy +1
x ¥

Phuong trinh (1) khi do la: =-8.

bat 1x = Y 1=b.Héd€ichntunngdLmng Vil

2

x +1 ¥+
i 1 [ x 1
a==-— 3 —
x +1 2 2
4 lz =! }: 1 IZ-I
arb=-3 =7 |[Fei77 _|l=224
(=1 (=1 — .
L:-g ﬂ:l X =l I:2+i£
ab 4 x+1 4 N
oo 1y -
A | I 2
L 2 _ly‘+l 2
Vay hé co nghiém

(x:3)=(-1:2-B).(-1:2+43),(2-43:-1).(2+43:-1).



b) Phuong trinh (2) twong duong:

{21'-_1': }[:_].’—9.1': ] =18x"y" & 9x'y  +18x" +y" =2xy

= x y +18x +y =2& '}_ty+ls—r+L+2=4
xy ¥V x

ﬁg-’f[.""'ﬁ)*'l[}"*z—x}:drﬁ[9_r+£][y+ﬁ]:4.
¥ X ¥ xX ¥y

Dit a= [9x+£];b - [;H Z—IJ Hé thanh:

X ¥

y
Ox+=—=4
a+2b=4 e 9x? +y=dx
Sa=2hb=1
ab=2 _].-‘+2—I_I ! +2J.’=_].
¥
y=4x-9x° x=0(L)
(4x-9x) +2x=4 o |x=imy=1
x—9x x=4x-9x X===y==
R
e . . 11
Vay hé ¢6 nghiem {x;y}= —:=1.
93
Vi du 6: Giai ciac hé phuong trinh sau
N 46+ +3=Txy &y +y =242
d 2
N3+ [y +6=x"+y" +2 (x+2)y+1=(x+1)
Giai
Giai hé:.

Hé phuong trinh twong duong vaoi -



[(xq,fyl +6 +y)+y(-4|'x3 +3 +xJ =9xy WJ'J’E +6+y +( x1+3+:r} _g
= ¥ x
(e es=zfo(rre)=2 (5 e-s) =2

6 3 _
) i)
x{y‘xl +3 —x)+y(~.,||'}-'3 +6 —y]=2

bat x[ﬁ—x}za;y(#f+6 -_].-‘)Zb.

THI: <

— 2 _ 2
TH2: s +3-I}ZE¢> s :
]J( y:+ﬁ-y)=% y=2J%

PHUONG PHAP PUA VE HANG PANG THUC:



Di¢m miu chét khi gidi h¢ bing phwong phip bién déi theo cc hiing
ding thire:

Ta xét chde vi du saun:

Vi du 1: Giai cic hé phuong trinh sau

(3-x)v2-x-2p2y-1=0 b) 2x°y+y =2x" +x°
Yx+2+2,fy+2=5 (x+2)fy+1=(x+1)

Giai

a) Piéu kién: x< 2,_1'2%. Phuong trinh (1) twong dwong:

(2=x)V2=x+3¥2=x=(2y=1){2y-1+42y -1

Dit a=+2-x,b=,/2y—1.Tacé phuong trinh: a’ +a=h" +b
& (a-b)(a* +ab+b* +1)=0.Do

2

a3+ab+bz+1=[a+gJ +%+1}D suy ra phuong trinh cho ta a =5

2r—1=v2—x & x=3-2y thay vio taco: 3f5—2y +2,[y+2 =5 = Dit
a=45=2y.b=.[y+2 taco hé phuong trinh sau:

a=1b=2 y=2

a+2b=5 ~3-+f65 . 23+/65 233+2365
. , _e»la= b= | y=—
a+2b*=9 4 R 32

,_N65-3 23-465 233-23V65

4 3 ) 1

Viy hé co nghiém



2365185 233-2345] [_23JE+135_ 233+ z.wﬁ}
16 ‘ ’

{x;y]:{_l;z}‘[ 2 16 32

b) Diéu kién: y=-1.
Ta viét lai phuong trinh (1) thanh: »* —x* +2x* (y—x*) =0
y=x

= (_}r-_rl}(_v: + 3 +x' +213}=D ﬁ[.r:y:[l

Dé thay x =y =0 khéng phai la nghiém. Khi y = x* thay vio (2) ta duoc:

(e + 2]V +1= (x+1)" = (x+2) (¥ +1) = (x+1)’ ‘i‘l?JE 3

(thoa man). Vay hé c6 nghiém (x;y)=(4/3:3).

Vi du 2: Giai cic hé phuong trinh sau

{1‘5 +x}‘-l =}."3' +_}"&
d

Jax+5+4/y* +8=6

2 —4x" +3x-1=2x"(2-y)\f3-2y
b)
WMx+2 :«.,I||l4-xq||'3—2y +1

Giai
i 5
a) Bheu kien: x=—-=—.

Ta thay y =0 khéng la nghiém ciia hé. chia hai vé cuia (1) cho »° ta
duroe:



x
Y y

{a-y}{ff +a’y+a’y +ﬂ_1'3+l):l]¢::- y=acrx=)"

5
(—] +£=}-‘"+_‘;'. bat a=%taco phuong trinh: a* +a=y" +y suyra

Midx+5++/x+8 =6 x=1= y=%1_ Ti do tinh duoc y==I

Viy hé di cho ¢6 nghiém {:x; _].-‘] =(L+1).

b) Picu kién: x=-2:y < % Ta thay khi x=0 thi hé khéng c6 nghiém.

Chia phuong trinh (1) cho x* 20

Me2-2:3 1 _(4-2)) 52

X X X

o [1-113 +[1-ﬂ=(\{3-z;-)" +\3-2y.

X

bit a=1 -i,bz 3-2y.Taco
x

a+a=b+b=a=bs 3-2_1':1-1.
x

Thay vao (2) ta duoc:
x+2-l5-r=lex+l=15—x = x +3x +4x-14=0.

11 ... . 111
& x=T7=y=—_ Viyhé cd em (x;y)=| T.— |.
x 3 o8 ay hé co nghiém (x; y) [ ‘qg]

Vi du 3: Giai ciac hé phuong trinh sau

(17=3x5-x+(3y=14)fd=y =0 (1
d
22x+ p+5+33x+2y +11 = x" + 6x+13 (2)




x(x+ _].-‘}+JIT_}J'=V{??( 2y’ +1J

b)
Xy-5x"+7(x+y)-4=6yxy—x+1
Giai
x=5
P yv=4
a) bieu kién: -
2x+y+520
Ix+2y+1120

Bién d6i phuong trinh (1) ta c6:
[3(5-x)+2]5-x=[3(4-y)+2]f4-y Pata=5-x,b=f4-y ta
0" 3@’ +2a=3b"+2b & (a-b)(3a’ +3ab+3b° +2)=0a=b

SJ5-x=d-y = y=x-1

Thay vao (2) tacod: x* +6x+13=23x+4+3f5x+9 (4

biéu kién x4c dinh cua phuong trinh (4) la: x= —%

4) & x° +x+2{_r+2--..?3x+4]+3(x+ 3-~Jsx+9]: 0
2(13 +x} 3(13 +x}
x+2+3x+4  x+3+~/5x+9

ﬁ[rz+x}[l+ 2 3 ]z[}

+
x+2++3x+4  x+3++/5x+9

= +xt

¥ +x=0
= 2 3
1+ + =
;r+2+u"31+4 x+3+~.fﬁx+9

, r=0= y=-=1
(*) x +x=0 = ’ ’
x=—1l=y=-2



Tach 1+ 2 5 3 =0 dudiéukiénxz-i

x+24+3x+4  x+3++/5x+9

Két luan: (x;y)=(0;-1),(-1;-2)

b)Piéu kién: y=20,x+y20.
Whan thﬁy v =0 thi hé¢ vé nghiém. Ta xétkhi y >0

Tir phuwromg trinh (1) ta sir dung phuong phéap lién hop:

PI(1) & ¥ +xy=2)" =2y 57y & (v-y) (v42y) = e 2l

ity

Rorang x+2y=x+y+y>0;

-1
—_——— < tirdbsuyra x=y.
2y +ofx+y
Thay vao (2) ta duge: x' —5x° +1dx—4=63x"—x+1.
Bién d6i phuong trinh di cho trong dwong:
¥ 430" +6x+4=8x" —Bx+8+3:f8x" —8x+8

& (x+1) +3(x+1)=8x" —8x+8+3/8x* ~8x+8 .

Pita=x+1bh=+8x"-8x+8suyra
a’+3a=b"+3b & (a-b)(a’ +ab+b* +3)=0<>a=b

x+l=+8x -8x+8 = x=1y=1.

Viy hé co nghiém [Jr; J-‘} = {]; l].

KHI TRONG HE CO CHUA PHUONG TRINH BAC 2



THEO AN x, HOAC y

Khi trong hé phueng trinh ¢6 chira phuong trinh bac hai theo an x hodc
y ta ¢ thé nghi dén cic hudng xir Iy nhu sau:

* Néu A chin, ta mal x theo y roi theé vio phuong trinh con lai cua he deé

giai tiep
* Néu A khéng chin ta thudng xit 1y theo cach:

+ Cong hodc trir cic phuong trinh cua he dé tao duoc phuong trinh bac hai
¢ A chin hodc tao thanh cac hi’mg dang thire

+ Ding dicu kién A >0 dé tim mién gia tri cta bién x,y . Sau d6 danh gia

phuong trinh con lai trén mién gl trl x, y via tim duoc:

Ta xét cée vi du sau:

Vi du 1: Giai ciac hé phuong trinh sau

{er+_r+_}f:;rl-2y3 (1)
a)

xﬁ—y-q'x-l =2x=-2y (2)

b) 25"+  =3xp+3x-2y+1=0
dx" —y" +x+4:J21+ _].-‘+1j.‘.t+ 4y

Giai
Xét phuong trinh (1) cua hé ta co:

xy+x+y=x -2y & x —x(y+1)-2y" - y=0. Ta coi ddy la phuong
trinh bic 2 ciia x thitaco: A=(y+1) +8y  +4y=3y+1)". Tir do suy
ra



x=y+]-{3y+l]=_
2
2
Truéng hop 1: x=—y . Tir phuong trinh (2) cia hé ta c6 diéu kién:

=1
J[x suy ra phuong trinh v6 nghiém
y=0

Truong hop 2: x=2y+1 thay vio phuong trinh thir hai ta co:

Qy+Da2y =32y =2y+2 & y 2y + 2y = 2(y +1)
& (y+)(y2y-2)=0e y=2=x=5

Vay hé co mot cap nghiem: (x;y)=(5;2)

b) Xeét phurong trinh (1) cua he ta co:
2x* + 37 =3 +3x=-2y+1=0& 2x° +x{3—3y}+y3 =-2y+1=0.
Coi diy la phuong trinh bac 2 cua x ta co:

A=(3-3y)y -8(y*-2y+1)=p -2y +1=(y-1)’

. 3y=3=(y-1) _ y=-1
B 2

. 3y=3+(y-1) _
4

Suy ra
y-1

Truong hop 1: y=x+1 thay vio phuong trinh (2) ta thu duoc:

3 —x+3=3x+1 ++/5x+4
307 =3x+(x+1=Bx+1)+(x+2-5x+4) =0

ﬁ(xz—x)[3+ ! + : }:n

x+1+3x+1 x+2++/5x+4




Do xE-I— nén
3

3+ 1 - I >0 x -x=0 *=0

x+1+43x+1 x+2++/5x+4 x=1

Truong hop 2: y=2x+1 thay vio phuong trinh (2) ta thu duoc:

I-3x=vax+1+y5x+4 = Jix+1+5x+4 +3x=3=0
Giai twong tu nhur trén ta duoe x=0.

Két luan: Hé phuong trinh ¢6 2 cap nghiém: (x;y)=(0;1),(1;2)

Vi du 2: Giai cdc hé phuong trinh sau

r+3 2..,||| 31- }J.+|} M
oJ3v— ’I+ =xy—2y-2 (2)

Jy+1 +i:x+ 2y
x+1
{.\Hx-}' --J3J’—4.‘I =]
c)

23y —dx + y(5x—y) = x(4x+y)-1

a) 4

b) 4

Gidi
S s 2
Biéu kién: y EE;IE =33vzx.

Phuong trinh (1) twong duong (x+3)" =4(y+1)(3y-x)

Sx +6x+9=12y"+12y-dxy-dx = x +2x(5+2y)-12y" =12y +9=0



Coi diy la phuong trinh bac 2 cia x ta cd:
A'=(2y+5)" +12)" +12y-9=(4y+4)’

suy ra
x==5=-2y+(4y+4)=2y-1

Truong hop 1: x=—6y-9.
Do x2=-3= -6y-=92-3 & y<-1 suy ra phuong trinh v nghiém.

Truong hop 2: x =2y -1 thay vao phuong trinh 2 cua hé ta co:

2(y-2)
N3y =2+4{y+2

JIy=2-Jy+2=2y"-3y-2 e =(2y+1)(y-2)
2 3
By-2+y+2" J'

Ta ci:

2J=+I3"?

Nghia la FP>VT ,suyra y=2=x=1.
Vay hé co nghiém {x;y} ={l;2} .

x+120
b) Piéu kién: { y+120 _
2y* =Ty +10-x(y+3)=0

Tir phuong trinh dé thay dé phuong trinh ¢6 nghiém thi:
x+lzlle=sx2-1.

Ta viet phuong trinh thi nhat duéi dang:

N2 =Ty +10-x(y+3) =x+1- [y +1.

Dé binh phuong dwoe ta can diéu kién: x+12\y+l @ x +x>y.




Ta binh phuong hai vé duoc:

2y’ -8y +8-x(y+ 3}:x1+21—2(1+l}1ﬂ|y+l (1).

Ta dua phuong trinh (2) védang: [x+]]1|||y+l =x"+x+2xy+2y-3
(2).

Thé (2) vao (1) ta duoc:

2y° —3y+3-x[y+ 3}=x1+2:r—2(13 +x+ 21y+2y-3)

&2y —4y+2+43xp+x" -3x=0

, : -1=0
@x +3x(y-1)+2(y-1) =0 (x+y-1)(x+2y-2)=0 i:;ly_g:{]

* Voi x+y=1=0& y=1-x,tacothém x<2 thay vio phuong trinh (2)

ta co: |[:t+|}w,ﬂ2-x =—l+x—-x" & x -I+I+[I+I}\||2-I=D.

Vi —1<x<2 tadéthay: T >0, nén suy ra phuong trinh vé nghiém.

* Voi x+ Zy-ZzlJﬁyzzz;x, thay vao phuong trinh (2) ta duoe:

4-x +i=2.£}it u=x+1 khi do ta thu duoc phuong trinh:
2 x+1
w3 - 24u+18=0
S5—u
=2-—< 3 su=3sx=2=y=10.
2 u u=

2
Hé ¢6 mot cap nghiém duy nhat: x=2: y=10

£x£3—y.
4

¢). Diéukién

&=



Ta viét phuong trinh (1) thanh: \f4x—y =1+ /3y —4x . Binh phuong 2
vé ta thu duoc: 2.3y —4x =8x—-4y-1. Thay vao phuong trinh (2) cua
hé ta co:
4x* —4x(y+2)+y" +4y=0. Ta coi diy la phuong trinh bac 2 ctia x thi
I_Z{y+2}—4_£

2 . 4 2

A=4(y+2) -4y +y)=16s
R e T RO

+ 2

Truong hop 1: y = 2x thay vio phuong trinh (1) ta cd: V2x =-12 vé

nghiém

Truong hop 2: y=2x—4 thay vao phuong trinh (1) ta thu duoc:

2J21—|2=|5¢bx=%1y=g

4
Viy hé phuong trinh ¢6 1 cép nghiém: (x; y)= [% %]

PHUONG PHAP DANH GIA

Dé giai duoc hé phuong trinh bing phuwong phép danh gia ta can nim chic
cic bat ding thirc co ban nhu: Cauchy, Bunhicopxki, cic phép bién doi
trung gian giira cac bat déng thirc, qua do dé d4nh gia tim ra quan hé x,y

Ngoai ra ta ciing c6 thé ding him s6 dé tim GTLN, GTNN tir d6 ¢6 hudng
danh gia, so sanh phu hop.



Vi du 1: Giai cdc hé phwong trinh sau

1 1 2
+ =
) V1+2y? Jl+2_1-’ J1+2xy

\,’x[l -21‘)-!—.\!_]-‘“—2_}1} :é

b)

_'-c[:_'-c1 -_1':}-4- x’=2 (x -y’ )3

T6x° =20y +2= ,I'*H:( (8x+1)

o

Gidi
% e 1
a) Bnéu kién: DEL}-'EE.

1
bat a=ﬁx,b=ﬁy;a,be [ﬂ;— .
V2

e
Tach: FT = l + I {JZ l + l ]

Viva® 1+pr Y U+’ 148

Ta sir dung bo dé véi a,b >0 va ab<1 ta co bat ding thirc:

1 1 2 (a=b) (ab-1)
=+ - = — - -
I+a® 1+b° 1+ab  (l1+ab)(l1+a’)(1+5°

] <0 (diang).

=VP.

Viy I'T <
1+ ab

Bﬁng thire xay ra kh1 x = y . Thay vio(2) ta tim duoc nghiém cua
phuong trinh.

Nghiém cua hé (x;y) =[

a-ﬁ_q-ﬁ}[%ﬁ_%ﬁ]_

36 36 36 36




b) Piéu kién: x= 17 =0.

Phuong trinh (1) twong dwong: x* + x(x—yl ) -l.,’[:.r-yl)s =0.

Pit (Jx-yv =u phuong trinh (1) thanh:
C4xu -2 =0erx=ues y =x-x .

Thay vao (2) ta duoe: 96x° —20x+2=+/32x" +4x .

Ta cé 9613—2Dx+2=«34|r323r:+4x=#1.l.(321’3+41)£ 3

& 3(96x" ~20x+2) <320 +4x+2 & (16x-2) <0 x=

Tir d6 ta ¢6 cac nghiém cua hé la: Vay hé ¢o nghiem (x; y) =[

32x" +4x+2

Vi du 2: Giai cdc hé phuong trinh sau

22 e
Wx =2x+9 ’ =
a) - val x,vy=0
Xy Fi 2}

Yt—F———==y tx

Jy =2y+9 {
3r+1[l-..|l' xy—y=12

b) (x*+y ]
; .|| + <3
i X Hxp+y d

Giai



a) Hién nhién x = ¥=0 ld mot nghiém caa hé. Ta xét x=#0 va y=0.
Céng theo vé hai phuong trinh trong hé ta duoc

+ =x"+y". Chi y ring

Vol xy >0 tacd 2xy <2xysxT+y .

I !
Yx-1y+8 (-1 +8

Déau ding thirc xay ra khi va chi khi x=y=1.Véi xy <0.Kha ning nay
khéng thé xay ra. That viy, khong lam mat tinh tong quét gia sit x <0,y >0
thi rd ring ding thitc (1) khong thé xay ra. Viy hé c6 hai nghiém (x;y) la

[D;D],[I;I}_

b) Theo bat ding thirc AM —GM taco -

JEEHT'Y:}12=3x+]UJE—yE3x+5x+5y-y=Sx+4y:’:: 2x+y23

Ta sé chimg minh:

x +y]
|| +y | 22x+
x+ = +xy+y' x y) x+y
6(1 +y }
oS———T = 2+ +x+ v (*)
- remrn. V2(3 +07 ) +xty (%)
Taco: x+y £J.,I||2-.{Jf3 +y") bé chimg minh (+) ta s& chimg minh bat

. 6(x"+yv
ding thirc manh hon la: (—]j = Eﬁfﬂ{xz +3y ) (D

X +xy+y



2
x_ + - = - r = &
nén (1) s& duoc chimg minh néu ta

Mat khac ta ciing co: xy =
chi ra duoe:

6(x +y) - 2Emﬁ2[13+y3]2{13+y1}-.,||2{13+f1}

s 2 X4y
X +y + 2'

S x"+ ) +4x'y =3y (X + 1) 20 (2)

Vi y > 0 chia hai vé cho y° dat t=- >0 bat diing thirc (2) tr& thanh.
¥y

=3t +4r =3 +120
Nhung bat dang thitc niy hién nhién ding do-

=3 +40 =30 + 1=t =10 (' + 20 + 2t +1)

6(x° +1°
:I+M-,P{f+f}z3
_r-+1}"+_}"-

Két hop tat ca cac van dé vira chi ra ta thfi}r chi ¢o bé s6 x, y thoa min
x,y=0
didu kién { 2x + y=3& x=y=1 langhiém cua hé

x=y

Vi du 3: Giai cdc hé phuong trinh sau

9 ﬂ X+ 1 =3+40x
a) <« \2 2x+y vol x,y =0

X +5x+6y=4y"+9x+9

FJ:{I+}': _|_J:r:-4-:n:}'+_1\'3 I
b1V 2 3

xof2xy+5x+3=4xy—5x-3




Giai

2) Phuong trinh (1) teomg dmmg: 82 2+ —— | =930
2x+y 9
Ta co:
¥ ¥ 7 ] 3
PT=J{]‘+9‘][1‘ + ]z Ox + >0x+ >0y
2x+y

2x+y

36—#801} 6

> & Ix=-2x"-xp+6y=20 (*
9 Zyrypro o mwrey=0 ()

Liy (*) cong véi PT(2) ta duoc:

—x* +4xy -4y’ +12y-6x-920 —(x=2y+3) 20 x+3=2y.
Dé dau bang xay rathi x=y=3.

Vay hé co nghiém (x;y}:{E;E}.

b) Ta cé
x4y :{x+y]1+{x-y]1 }{x+y]2 = [x*+ 5 }|x+y|
2 4 4 4 22
X +xy+y :(x+y}1+|[x-y]1 }{I+}-‘]: . 'I:+.‘.I!:].»‘+_}-'3 }|_T+_}"|
3 4 12 4 3 2

3+ 2 1+ + z
Tirdo suyra JI 2}' +Jx ;2; Y 2|x+y|2x+y

Déu bing xay ra khi va chikhi x=y20

+
JO(2x+y) 2x+y+9



Thay x =y véo phuong trinh con lai ta c6: x4/2x” +5x+3 =4x" =5x-3

Dé v rang x =0 khong phai la nghiém. Ta xét x >0, chia phuong trinh

cho x° thi thu duoc: E 3; =4-[£+ 3,].Bﬁt

X X

:.,'2 +i+i, >0 ta ¢6 phuong trinh:
X ox
3 5

I:+f—5=ﬂﬁ1=2=}2+i+i=4ﬁ-
X X x X

X X

Vay hé phuong trinh ¢6 nghiém duy nhat {x;y} = {3;3}

Vi du 4: Giai cic hé phuong trinh sau

J§+#32 —x-3*+3=0
J§+J3z x+6y-24=0

ny+{x-3=)[ij_=-2J +x=y+y
{x+l}[_v+\/x?+x{l-xﬂ=4 (2)

b)

Giai

0=x<32

a) Piéu kién: {
y=4

Cong hai phuong trinh vé theo vé ta co:
e+ 32— x+x+iB2-x =y -6y+21 (%)
Taco: y' —6y+21=(y— 3] +12=12.

Miit khac theo bat dang thirc Bunhiacopxki ta ¢




Vx+\32-x < J(1+1)(x+32-x) =8
=Yx+432-x £J{I+]){-.E+M) =4

Viy Jx +32—x +4x +432—x <12 Tir d6 suy ra hé c6 nghiém khi

Jr=V32-x
16
va chikhi x,y phéi thoa man: #;=1J'|¢32—I~.‘:}{x :
y:
y=3=0

Viy hé phuong trinh ¢6 1 nghiém duy nhat (x; y] =(16:3)

x,y=0

b) Biéu kién:
I}'+{I-J’)(-\E -2)2 0
Chuyén vé va binh phuong & phuong trinh thir nhat cia hé ta thu duoc:

xy+(x= Yy =2) = (r+fy =)’
& (1= P+ -+ (x -2y +y-V)=0 3

Tir phuong trinh (1) cua hé ta co
2y+ J;—J_:J-‘h.,f.t}%{x-y}{\{x_y—ﬂz{]_

Tir phuong trinh (2) ta co:

(D +0) =X —x+4=(x+2)(x -1 +2(x+1) 2 2(x+ 1) = y [y 22

Két hop voi (3) tasuyra x=y
Thay vao phuong trinh (2) ta co:

(x+D)[2x+x(1-x)]=4 =¥ -2x" -3x+4=0c x=1



Két luan: Hé ¢ nghiem duy nhit x =y=1

Nhan xét: Viéc nhin ra dwoc quan hé x = y la chia khoa dé giai quyét bai

toan. Diy la ky ning dic biét quan trong khi giai he bang phuong phép
danh gia cing nhu chimg minh bat dang thirc.

MOT SO BAI TAP REN LUYEN PHAN HE PHUONG TRINH

I)

2)

3)

4)

3)

6)

7)

x*+y =2x . .
{ ( Trich de tuyen sinh vong 1- lop 10 THPT Chuyén

(x- 1]3 +1' =1
PHQG Ha No1 2008) .

2xy—y'x =1 N
{ . 3 & ( Trich de tuyen sinh vong 2- lop 10 THPT Chuyén

8x' —y' =7
DHQG Ha No1 2008) .
{13—}':+1}'=1 R T . i .
) ( Trich de tuyen sinh vong 1- lop 10 THPT Chuyén
3x+y=y+3
DHQG Ha Noi 2009) .
3x° +8y" +12xy =23
{IE +y' =2
Chuyén BPHQG Ha Noi 2010) .
S5x°+2y" +2xy =26
{31+{21-J-‘}{x-}:] =11
THPT Chuyén BPHQG Ha Nai 2010) .
X+ =2x"y . .
., ( Trich deé tuyén sinh vong 2- lop 10 THPT
{{x+;-‘]{l +xy)=4x7y’
Chuyén BHOQG Ha No1 2011) .
4y +2y=4
{21+}'+x}f= 4

( Trich dé tuyén sinh vong 1- lép 10 THPT

( Trich dé tuyén sinh vong 2- 16p 10

( Trich d& tuyén sinh vong 2- lp 10 THPT

Chuyén PHQG Ha Ngi 2012) .



2 _,I_ ':I ) .
8) 17 T T =0 (Trich dé tuyén sinh vong 1- 16p 10 THPT
X +xy+2y =4

Chuyén BPHQG Ha Noi 2014) .
2x* =3y +xy =12 ek A . .
9) . ( Trich de tuyen sinh vong 2- lop 10
bx+x'y=124+6y+1y'x
THPT Chuyén BPHQG Ha Noi 2014) .

2x+3y=>5xy e E
10) , ( Trich dé tuyen sinh vong 1- 1op 10 THPT

4x" +y" =5xy
Chuyén DPHQG Ha Noi 2015) .
2x+2y+xy=5
{2? (x+y)+y" +7=26x"+27x" +9x
lop 10 THPT Chuyén DHOQG Ha Noéi 2015) .
) {x(4}'+|}-2}= :-13
x {xl -12_}']+4}" =9
Amsterdam via Chu Van An nam 2014)
x N ¥ :l
13) {(y+1)° (x+1)" 2( Trich dé thi tuyén sinh vao 16p 10 chuyén

( Trich dé tuyén sinh vong 2-

_( Trich dé thi tuyén sinh vao lép 10 chuyén

Ixy=x+y+l1
Phan Bo1 Chau — Nghe An 2014)

Yx+6+42y=2

Lam Son Thanh Hoa 2014)

2x" +3xy=2y" =5(2x=y)=0
15) | 2% 302y (2x=y)

¥ =2xy=3y" +15=0

Ni+2y=4-x-y ) L o N
14) ( Trich de thi tuyen sinh vao lop 10 chuyén

( Trich dé thi tuyén sinh vao lép 10

chuyén Thai Binh 2014) .
xy[3x+y]=4
?13+II:3{x+y]{x+y+l}

2 =yt
17) X J’1 ¥ ,
y+8x y+3x=5x +Txy



3

-xy+y =1
18) xXy+y
2y =x+y

x+y)x* + =15
19) (x+y)(x* +57)
}’+}’ =X

x +3y =]

b

(x+y) Jr+y =2
20)
(x+y Jr +y'+xy’ -2) 2x
n{

I"I’}’

(xp+1) (xy +|]—]5y

b

2)
¥ +l=xy"
23) {x +y =2

¥+ 3 +6x7y +8xy =16

24) ¥ +y vy =3
27x° +6y°x =2+ +30x7y
4x’ +y’ =5
25) - 3
) E+J’—+szy 40
L ¥ x
x{x+2y]=8
260 1 [1 1} 2 [l 1
Tl =T =T Y Wizt
_[Jr+y] xy (x+y)
¥ +y' =9
21]* ]_I: 2
——y =1

(1+29)" = (x+y)
m{x ~4)y=3+(y-
IEIJ}T+4J_ym=Sxy

5

Jx-2=7/6



by (lx y) 2
20)Ix°+y +6xy 8ly x 4

Vx-16+,y-9

-Jm+JIBTy=2J§
30) {y-3+13-2=25
Nz=3+13-x=25

31) :(3+Ty=[x+y]3+x1y+?x+4
3x" 4+ +8y+4=8x

!3Jx+2y+.u’3—x-y =3

(x,ye R)
|2{3-x-y—/2x+3y+4 =2

32)

2 20y-28
- {[1 )(2y-1)=x"+20y-

2(1|||x+2y+y) X +x

“ {Jx A =
ﬁ 2+.jy—3:r

,yER

3y[9y1+l)={x-2_}r+1]1|||x-2y
35)
x+afx=2y =x+3y-2

x+qafx’—y"  Ox
x— fxz_yz 5
x _ 3x+5

vy 30-6y



[x+3},,‘y +Sy+20+{_y+4}1||lx +bHx+10=0

Hx+5Y +6y+11=332y+5

37)

2 +xy  +x =2y=4

38) (x.yeR)

2x +xy+2y +2y=4

Y(x+3)(2y+3)=x"y +120° +11y+8

Jul"f-_ J13y" +y+1

39)

40)

X'=y +3y' =3x=2
x +1}’| -x —3-J2_1-' -y ==2

|
%
;
o
:
[
|
=
e

41)

42)

yx+2 —13’14 x3- 2y+1

;
) (2% -1)(2y° —1)=E_t}‘

¥+ v +xy=-Tx-6y+14=0

16x" +24x" +14x+3= (2y=3)4fy-2

44)
Yax+2+ 2y+4=6

13x+4y+2=4J2x+y =5
45)
2x+y+x 2y=2

V' +27=18y
46) y



" Jl[:’n—x]ﬁb.—x—ﬁy 2y-1=0

Yx+2+42fy+2=5

(x+\l'r_rl+l](y+\)!y3 +IJ =1
48) ey 3
x*-1 12

[1}'+3}3 +|[:_!c+y]1 =8
49) 1 & ]

.l + - ==
lx"+1 y +1 4

=

¥ =x'+3x"-4y-1=0

S0) ‘J_r3+4y1 +J11+21}r+4y1
| 2 3

=x+2y

¥ =12z2" +48z-64=0
51) 13" —12x" +48x-64=0
x' =12y +48y—-64=0

52) x +2+{y1—y—l)ﬂ'x:+2—y3 +y=0
]2x+ p+2+(x+ 20 +4x+4=0

V3x+y+2x+7=10

Ne+)

53)

1 1
— — =
Jx+3y 1|I'3x+yJ
2y3 -(Jr+4]y3 +8y+x’—d4x=0

54) _
’]Tx+,.ﬂx+zy+3 =4(x -1’ +s;=-é



(x=y)(x+y+y")=x(y+1)

Wx'+dx =)y +4y+7

55)

3

2y
3(Jx 1+3f4(x- y+|]) (x+1)*=8(y-1)

|
|
{su )+
|

—(x=-4)y +4y-x"-2x=0

56)

—=13
(x+y)

2x+
Jr+y

x-JE -y +y-J.2 x' =2

58)
(x+p) =12(x=1)(y=1)+xy =9

59) 13+y3+?'[x+ y]xy=81y1||2(13 +_}r1]

Jy-V2x—3=6-2x

HUONG DAN GIAI CAC BAI TAP REN LUYEN

. 1) +y* =
1) Tawviet lai hé phuong trinh thanh: )3 Y dit a=x-1ta
(x—1) +y* =1
e @ty =1 Nl e e i
co hé mon .Suyra =1<g,y<1. Mit khic ta cling co:
a' +yv' =1

a3=1—_}¢3:{l—y](]+y+y:}2ﬂ:>UEHEI.Tu-:mgtt_rtacﬁngcf:-
a*za 3 a3 1. 3 e . : I

O0sysl=4q , =a +) 2a +y =1.Dau bang xay ra khi va chi khi
yo2y

a=1y=0 hodc a=0,y=1. Tirdo suy ra ciac nghiém cua he la:

(xy)=(L1),(20).

2) Hé phuong trinh ¢6 dang gan doi ximg tir hé ta suy ra
3:3—y3:T{le_}r—y:x]ﬁﬂxl—14x3y+?xy:—y3:{]ﬁ{x—y:}[élx—y}{ﬁx—y}:



y=x
& | y=2x thay vao mot phuong trinh ta tim duoc nghiém la:
y=4x

(%)= [1;1],[—%;-2]

Ta c6 thé giai nhanh hon nhu sau: Lay phuong trinh (2) trir 6 1an phuong
trinh (1) thi thu duoc: {2:—}*}3:1:}2}:—}*:]@);:21'—1_

3) Tirhé phuong trinh suy

¥ =l+xy=y" . .
ra ol }-'2 =y =l+xy=3x+y-3ex +(y=-3)x-y+2=0. Day

3x+y-3=y
la phuong trinh bic 2 cia x ¢6 A=y’ —6y+9—4[—y+2]:[y—1]1 tir do
tinh dwoe x =1 hodc x=2- y thay vio ta tim duoe ciac nghiém la

(x;¥)=(L0),(L1),(5:-3)

Chu ¥ ta c6 thé giai cich khac:
r¥-l+gy=3x+y-3ey(x-1)+x" -3x+2=0c(x-1)(y+x-2)=0.

4) Nhan xét: Co thé dua hé vé dang dfmg cﬁp:TfI hé ta suy ra
2(3x7 +8y° +12xy)=23(x7 + )7 ) 2 1727 = 24xp+ 7)* =0 (x—y)(17x-Ty) =0

xX=y
= 7 . Giail hé voi 2 truong hop ta suy ra
X=—y
17

(v ¥)= {1;1},[-1;—1],(%;%}.[—%;—%J.

Céach khac: Cong hai phuong trinh cua hé ta thu duoc:

: x+3y=5 ,
(2x+3y)’ :25:[ YEOY=2 8 thay vao dé giai nhu trén.

2x+3y=-5



, Sx? 42y + 2xy =26
S) Ta viét lai hé da cho th;'mh:{ X vy Ty

x+2x" —xy—-yp =11

Nhan hai vé ciia phuong trinh: (2) véi 2 rdi cong véi phuong trinh (1) ta

x=2
duroe: 913+Ex:48ﬁ{3x+]}1 =48 = g thay vao ta tim duoc
X=—=
3
y=1hodc y=-3.
Cach khac: Ta viét lai hé thanh:
2x+y) +(x-y) =26 24 b= .
(2x+y) +(x-y) ﬁ{“ =26 4y 1abedbi
(21+y}+(;r-y]+(23r+y][x-y]:]] at+b+ab=11
ximg loai 1.

6) Nhan xét x=y =0 la nghiém cua hé. Xét x, y#0. Ta chia 2
phuong trinh cho x°y*

1,1, [1+1]‘_3=2
x - ]
1 }; 2 i P ?
[—+—][2+—]=8 l+l g+i =8
X ¥ xy x }.l x}r

1 1 2 ab=§
—+—|=a;| 2+— |=b thu dugc | . =a =8=a=2:b=4_Tu

. Bat

x ¥y xy a —b=0
d6 tim dwoce nghiém la [I;y} ={l;1}.

7 Ta viet lai hé phuong trinh thanh:

Jlf+[y+]]1:5 ﬁ{a3+b3:5

day la hé doi
I+I[}’+I)+}’+I=5 a+b+abh=35

Ximg loai 1. ta dé tim dwoc a=2.h=1 hoidc a=1,b=2.Tirdb gai duoc
x=y=1 hodc x=2;y=0.



Cach khac: Ta viét lai hé thanh-
{13 +y +2y=4

Sx+y 12 +4(x+y)=12e (x+y) +4(x+y)-12=0
txe2ys2mymg Y T TOHA(x+y) (x+y) +4(x+y)

8) Tihétasuyra

2 +xy+2y =4(x"+y —ay) & 32" -5y +2y" =0 & (x-y)(3x-2y) =0

Giai hé img voi 2 truomg hoptacod: x=y=Lx=y=-1,

W7 3T 27 37
x= = X == Y=

7 7 7

9) Ta viét hé da cho thanh:
(x—y)(2x+3y)=12
{lx-f}{w+ﬁl=12
(x=y)(2x+3y—-6-2y) =0 & (x— y)(x—3)(y-2)=0.Giai 3 truomg hop
ta thu duoc: I::x;yj = {3;—1},{3; 2} ,[—4;2}.
10) Tir hé ta suy ra

2xy+3y" =5x°
4 +y' =507

= (x-y)(2x+3y)=(x-y)(xy+6)

& 2y+3y =4+ @4 -2x-2y" =0 (x—-y)(4x+2y)
. 2 4

. Giai 2 truong hop ta thu duoce (x; ) :{ﬂ;ﬂ],{l;]),[g;-g)_

(x+2)(y+2)=9

11)Ta viét lai hé @3 cho thanh: ,
27(x+y)+y +x +8=(3x+1)

Chu ¥ ring; 27(x+y)=3(x+2)(y+2) suyra

27(x+y)+ ) +x° +8=(3x+1) @ x'+ ¥ +3(x+2)(y+2)(x+¥)+8=(3x+1)’



& (x+y+2) =(3x+1)’ @ x+y+2=3x+1 y=2x-1 thay vio ta tim

duge: (x; y]={1;l],(—%;-8).

12) He da cho twong duong voni:
13{4y+]]:2y-3 x:(4y+l](2y+3}:4y3—9
x(x*-12y)=9-4y’ < X (¥ -12y)=9-4y

Cong theo vé hai phuong trinh ta duge: x° {xl +8y* +2y+3}= 0
2 2 2 2 3
& x [x +7y" +(y+1) +2}:ﬂ¢bx:ﬂ:>y:5 (tm)

Viy hé c6 nghiém (x; y) = [ﬂ%).

biéukién: xz-Ly=-1.

z 2

a Tt 2 ::%

13) Hé phuong tinh di cho tuwong duong: (y+1) (x+1) .
* » 1
v+l x+1 4

. u +v :E
Dit u = ——:v=—2— hé thanh:
y+l1 x+1 1
uy=—
4

{u:+v:+2uv:l {{u+v} =1
= —

w+v =2uv=10



Suy ra u=v=§ hodc u=v=——_Néu u=v:% thi x=y=1 (tm). Néu

u=v=—% thi x=y=-% (tm).

. +2y 20
14) Didu kién {I Y=Y Pt t=\{x+2y 20 ti phuong trinh (1) suy

rat’+3t-4=0=t=1=>x+2y=1 thay vao phuong trinh (2) ta c6:
ifE——-’-Iy+.‘Jr2F:2. bit ﬁzaéﬂ:}iyzaz_Thﬂyvéu phuong trinh ta
a=>0
ch: y8-2a'=2—-ag=a -8 +12a=0<=|a=2_ Tir d6 tim duoc cic
a==6
nghiém cua he la {x; y] = (];ﬂ],[—E;E],(—ES;lE]
15) Phuong trinh (1) cia hé c6 thé viét lai nhu sau:

[21-11}{“31"5]:ﬂj[xzﬁ—zy

y=2x

Thay vio phuong trinh (2) cua hé ta tim duoc cic nghiém la
(x2)=(12),(-1,-2),(-3;4).

16) Tir phuong trinh ( 2) ta co:
T2 +3xy (3x+y) = 1+3(x+y) (x+y+1)

Hay 7x" +3xy(4x+2y—x-y)=1+3(x+y)(x + y+1)
Hay 8x"+)" +6xy(2x+ y)=x"+ ¥ + 3xp(x+y)+3(x+y+1)(x+ y)+1

Hay [2:+y}1 =|:J:+J;+1]3I = 2x+ y=x+y+1= x=1. Thay vio phuong
trinh ddu tim duoc nghiém cua hé la: [Jr;y}={];1],{l;—4].

17) Dé thay hé co nghiém (0;0).



Néu x,y # (0;0) hé phuong trinh twong dwong véi: ¥

1 3 7 5 S-
X xy x y
Dat l =J',.|';l =v va cong hai phuong trinh cia hé ta thu dwoc:
X ¥

w v =2
w4+ 3uv—Tu+5v=-8
=2 +vi + v —Tu+5v+6=0 ﬁ{u+v—2]{2u+v—3]=D.Tudm:

u+v=2
u v =2
{2u+v=3

18)

Ta co:
2y' =(x+y)d=(x+y)(x 0+ )=x"+y =y =x" @ x=y Hé
xX=y {x=y:l

=

trong duong val L‘I oty

x=y=-1

19) Hé twong dwong:
{[x+y](f+f}='5 {(x+y>(f+f}=ls
—

15(x-y)=15y"

5 {[x+y](x:+y:)=li N {[x+y](x: +;|.=3}:15

Id _y-i =]5yl1

+) =2y =15y =15 y=1x=2
[x+y](:r:+y3:}:]5 y = F=5%=



x=-2y
+) . s :}—Syjzlﬁﬁ-yz-iﬁ;xziﬁ
[x+y](x +y }=]5

Vay nghiém cua hé: x=2;y=1, x=2-"‘u@;y=—{d’§_
20) Ta co: 2x ={x+y] (x"’+_1-"1 +x°y* —_I}'{I: +)f}):1’=i +y &x=y

x= =
Ta thu duoc hé twong duong: y, . = )
x}'(x'+y‘}:2 x=y=-1
(x+y)3+[x—y‘]: -(JH-y)[x-y}:l

21) He dd cho twong duong: .
2(x+y) =(x+y)+(x-y)

Dt u =x+y,v=x-y, sau do giai nhu bai 18.
22)Néu y=0 suyra 1=0 (loai)

Chia ca hai vé cho v =0, y" # 0 ta duoc:

it — =1t ta duoc: . sau do

1 1
—+—4=I ¥
y ¥y

gai nhur bai 19

[“ﬂ[mﬂ:wﬂ_ ] {{x+r]{x1+f3}=15

t+t'=x

23)Taco: 16=x" ~|—y‘1 +4.‘£].’(.‘£’1 +}'1]+513Jr'1 =[I+}’]q = xt+y=%2

x+y=2 . ; N x=1
1) S>3 +(2-x) =22 -4x+2=0=>

X' +y' =2 y=1

x+y=-2 . 2 s x=-1
1, ., Dr+(x+2) =2’ +4x+2=0=>
X +y =2 y=-I



Vay nghiém cua hé ¢6 2 cap nghiem la {l;l},{—];—l].
) Taco: PT2 = 2?13—}'3’—2?13y+9y:x:xs+y3+3y:x+ 313y
= {31-}#]3 = I[x+y]3 < x=y. He di cho tvong duong:

Ty =2
xry =x=y=1.
x=y

25) Tacé: PT 24> 15x" + y* +12x"y* = 40xy =8xy(4x* + y*)
o 16x" +y* —Sxy(drxz +y1]+]2x1y: =x'

2x—y=x x=y
& (2x-y)' =x" ﬁlin-yz-xﬁ[Sx:y

4: :3=5 = J:]
EE N

x=y

+) 4x_+y_=5:>4xl+9f=5ﬁx:=i:» i;3 |- 5,
Jx=y 13 13 13

26) biéu kién: x,y=0.

[l 1] 2 [1 IJ 1
StF |t =Tt T ==
x oy {I"'Jr’] x yv) xy

Ta co: >
{x+y}

x(x+2y)=8

Hé di cho tuong duwong vion hé:
xy =16

g

:|=4 —
Xéthe: 1 khidé {2 . Hé nay vé nghiém.
x +2xy=8 ¥ =0



=4
Xéthe: 47
=16

Hé nay co nghiém {4;-]} v [-4;]].

Vay he di cho ¢6 hai nghiém {4;—[} vi [—4;]:} .

27) Ta co: ]3-1_ : Floyi=2
(1+x) = (x+y)

xl+y3=9 ]—_}-':=]

Hé nay twong tu vor heé 1-x° X +y =9

2 1+]‘}’1:2ﬁ
{:1+x}f) —{;r+y]

x,v#%l
Khi d6, hé ¢6 nghiém {—3;1)] vi {3;1)]_
28) biéu kién: x=2,y>4
Vi 12xyy—4 <3x(y-4+4)=3xy va 42pfx-2<2y(x-2+2)=2x
Cong hai bat di;mg thire trén vé theo vé. ta duoc:
Sxy=12xfy -4 +4V2yvx =2 <3y + 23y = 5xp
Do vay dau “=" phai xay ra. Khi d6 x=4,y =8
Kiém tra lai, ta thiy x =4,y =8 la nghiém duy nhat ctia hé phuong trinh.
29) Diéu kién: x=16,y=9.

Khids: — o+ [ X, 2|2l pg -2 252X 2>
X, Y. 8ly x) 4 ¥y ox yXx

y X



Tir su dénh gia qua bat ding thire dudi day:

ﬁ:i+Er+E:i+%{r+ﬁ}+2r22+2_2:ﬁ, suyra t+6=8 hay

t+6 8 4 t+6

Viy t =x 216 Xét phuong trinh vé ty Yx—16 +4x-9=7 véi x=16.
Binh phuong hai vé va gian uée duoc: (x—16)(x-9)=37-x

Tir diy suyra x=25.

Kiém tra lai, ta thiy x =25,y =25 la nghiém duy nhét ciia hé phuong trinh.

30) Piéu kién: 3<x, v,z=13. Cong ba phuong trinh ve theo vé. ta
duoce:

Vr=3+3-x+y=3+ 13-y +/z-3+413-z=65.
Xét: T=~lt-3++/13-1 véi 1 [3:13]

Vi T=vt=3+13-r < J(1+1)(1-3+13-1) =25

Theo bét ding thirc Bunhiacopxki va déu “=" xay rakhi 1 =8 .

Vay hé phuong trinh c6 mot nghiégm x=y=z=8.

31) Bién d6i hé phuong trinh thanh:
xz{x—y]=[x+}']:+?I[:x—y]+4 (1
4:-3x1-;1-‘3+8{x—}'] (2)

Thure hién phép thé (2) vao (1) ta co:



x*(x-y)= I[.!c+;.«'}I +7(x-y)-3x" -y +8(x-y)
= xz{x-y] ==2x" +2xy+15(x=y)
e x(x-y)=-2x(x-y)+15(x-y) = I'(:(-y}(xI +2x—15]:{l

TH1: x=y. Thay vio phuong trinh (2) c6 ngay: 4x” +4=0. Phuong
trinh nay vo nghiem.

y=-1
y==1
x=-5=y* +8y+119=0(FN)

TH2: x¥* +2x-15=0 123:3’1’1+3y+?'=ﬂﬁ[

Vay he da cho ¢o cac nghiém sau: {3;-]},{3;—?]

x=6-—u -2

32) Pt {

u=.2x+y x+2y=u’ y=u +v -3
= =
v=y3-x-y

= 2x+3v+d=u" -v' +7

I—x—y=v

3u+v=5

v=+fut =v +T7 =2(¥%)

Thé v=5-3u vio phuong trinh (*) gmai tim duoc u =1, trdo v=2

Khi d6 hé ban dau tra Lhénh:{

—>x==3;y=2

33) PT thir hai cua hé

¢=>:c+2_].-‘+21,‘x+2_].-‘+]=xz+Ex+1¢:~{-.||'x+2y+l]:={x+1]1¢=:~ x+2y=x
hodc 1|I'x+2_1= ==x=2
xz0 .
THI: x+2}':xﬁ{ , thay vao phuong trinh thir nhat ta
2y=x"-x

duoe 13x° =11x-30=0



x+2=0 ) ) )
TH2: \Jx+2y ==x=-2¢& . thay vao phuong trinh thir
2y=x"+x+1

nhat ta duoc bac hai theo x
34) Piéu kién: x> 4yz0x zy4xzy y=23x

Phuwong trinh (1)

Sx=-2Yyr—y=dhx-yo2yr-y=y-2x y=4x-4vy=0
+ Néu y =0 thi khéng thoa min do diéu kién y =3x =12
+ Néu y=4x-4 thay vio phuong trinh (2) ta thu duoc:

16 =2+x-3 o ¥ -16-3=x-4-1

x =25 x=35 x+5 |
= = ﬁ{x—ﬁ] : - =0
Nxi-1643 vx—4+1 Jxi-1643 Vx-4+1

x+5 |

Jri-16+3 Vx-4+1

e x=5v 0

Voi x=5=y=16

- L e (x+5)Vrd+x+2-V¥-16=0.

Xét - =
Vxi-16+3 Vx-4+1

D& thiy x+2-+x* =16 =x* +4x+4 —Jx* =16 >0 v&i moi x =>4 nén
phuong trinh v nghiém

Tom lai hé co nghiem duy nhat- [x;y} :{5; lﬁ]

35).DK: x= 2y, x++fx=2y 20

a=3
bt {b pl o phuong trinh (1) cua hé di cho twong duong von:
= X = }1'



a(a’ +1)=b(b* +1)= (a-b)(a’ +ab+b +1)=0 .
Do a* +ab+b° }ﬂ[‘ﬁ"a,b]:}a =h

He

=0
1,’:{—2}':3}' Y
—

=4x=9y"+2y

1,,‘ +,,|I' -2y =x+3y-2 .
TINAmerEEEAY O +2y+3y =9yt +2y+3y -2

t=2

) =i=4
" =5t+4=10

bat t=9y" +5y. pt & Mi=t-2 ﬁ{

Do _].-‘EGZ}_'].-‘=£:}I=§
9 3

Két luan: Hé c¢6 nghiém duy nhit: [Jr; J-‘} = (%%J

36) Tir phuong trinh (1) ta rat ra duoc:
(I‘H.‘I:‘J’IJ_ _Q_Iﬁzx3+2xﬂ+f—y::'}_x
(x—«.,ﬂ'x: -y )(x+~.,l|':r: —yIJ 3 v 5

(*)

Tir phuong trinh 2 ta ¢6 két qua: ';;—x=5—x-1
¥
Thay vio (*) ta co:
2 2 2 || I . - - I:{]
r e x1 Yy ~) =6—x-l¢}2r+211||'x‘—y‘=ﬁx}'ﬁ —
» y T+ -.,,‘x‘-y' =3y

Neu x =10 vd nghiém.



Néu x+-..|||x: -yz :3}'&1,;'13 -y =3y-x

3y—=x20
Jy—x=20 y=0 5
1, , =Y & y=—x.
X =y =9y =6xy+x° 5 3
=—x

Thay vao ta tim duoc: (x; y)=(5;3)
KL: Hé ¢6 nghiém: (x;y)=(5:3)
37) Bién doi phuong trinh (1)
{x+3}«/{y+4}1 +4 =—(y+4)f(x+3)" +1 (*)
+ x=-3= y=-4 ta thay khéng thoa man.
+ x#-3= y#—4 thi binh phuong hai vé phuong trinh (*)

3 4)<0
{{I'l" :’(J’hl_ ){ ﬁ},+4=_2{x+3}§y=—2_‘[—]n

(y+4) =4(x+3)°
Thay vao phuong trinh (2) va rit gon ta duoc:
4x” +28x+51+34x+15=0

& 4(x" +8x+16)+34x+15 - (4x+13)=0

27 (4x+15)~(4x+13)’

4:?4{1’-1—4]1-}- -=()
9{](4x+]5]1 +3{4x+l3}13,|"41'+15 +{4x+]3]'
:Hl(x+4]1- 16(4x+7)(x+4) _0

03(4x+15)° +3(4x+13)Yax+15 + (4x+13)’



=0

] 1 4(4x+7)

9%]{4x+15] +3(4x+13)4 41’+li+[43r+l3}2

4(4x+7)

9{({4“15]2 +3(4x+13)Vax+15 +(4x+13)

x==4

1 =0

- Vai x==4=Dy==2

4(4x+7)
0Y(4x+15) +3(4x+13)Yax+15 + (4x+13)°

- Véil- =0 (@3)

Ta sé& chimg minh phuong trinh nay v6 nghiém nhur sau:

Dé thay véi moi x thi 4x” +28x+51>0

Do do phuong trinh(**)co nghiém khi 344x+15<0=> x < -% . Tirdo
suy ra vé trai cia (3) luén duong, dan dén phwong trinh nay vo nghiém.
KL: [x; y} = {—4; -2)

38) Tirphuong trinh (2) ta thu duec: y* =2-x" - y-%

Thay vao phuong trinh (1) ta cd:

2x3+x[2—x: —y—%]ﬂ—xl -2y=4= 13+2:r-1y-%+x: -2y=4

& (x=2)(x" +2x+4)+x(x" +2x+4) - p(x" +2x+4)=0
&2+ 2 +dx=-x"y=2xy-4y=8
(7 —8)+ (37 + 27 +4x) — (T y + Ixy + dy) = 0= (2x -2 —y)(x" + 2x+ 4) =0



& y=2x-2

Thay v =2x-=2 wvio phuong trinh (2)va rit gon ta duoc

x=0>y==2

x(bx-T)=0< 7 1
X=— D y=-—

6 3

Vy hé phuong trinh ¢6 2 nghiém (x; ) = (0; _g)‘[%;]ﬂ
39) Véi diéu kién x > 0hé phuong trinh da cho tuong duong véi hé:

'yt +8xp° —6xy—12y" =Ty +8=0
13y" +y+1-6xy" =0

Lé}’ (1) +(2) ta ¢6 duoc phan tich sau:
'y +2x° +y3 —61}#-6y+9:l]-.‘:}[yl:x+]]]: —6y(x+1)+9=0

Taduoc y(x+1)=3 & 19y =17y +1=0

_|?+~}213_1_49-311213
ET 2

- Vo y

174213

- Vo vy 38

1_49+3le3
B 2

Vay hé phuong trinh d3 cho ¢6 b nghiém la:

]:[49-3m_ 1?+m] [49+3J:ﬁ_ 1?-@]
A :

(xy 38 ET

40). Diéu kién: y £0



Véi y#0 tabién déi hé phuong trinh thanh

Pit a=2:b=xy hé phuong trinh trén tro thanh
.

2a-b=2 ,

7T dab-b =4 (3)

b |22 -2ab+b*=2a (4)

2a-2b+—=2 @ =
e

Cong (3) va (4) theo vé va thu gon ta duoc

a=-1
a=2

THl:a=-1=b*+2b+4=0 (VN)

a:-a-E:ﬂt}[

2
‘ o |==2_ [x=4a
TH2:a=2—=b=2taco hé¢ phuong trinh { y =
w2 =2

Viy hé phuong trinh da cho ¢ nghiém duy nhit (x;)=(V4;32)

I-x"20 {—lixil

41) Diéukién: >
2_}'-}’-20 DEJ‘EE

Ciach 1: Bat r=x+1,0=<r<2_ Luec do6 hé pt thanh:

=3t +2=y" =3y +2 =3 =y =3y’
=
x3+JI—x3—3J2y-y3 ==2 Jrl+~4'(]—x: -3-J2y-y1 = =2



Tir phuong trinh (1) ta suy ra: [r—y]{t: +tv+y -3{.E+y})=ﬂ Vi
E+y+y =3(t+y)=0 +(y=3)t+)y" =3y=0co

A=(y-3) -4(»*-3y)=(y-3)(y-3-4y)=-3(y-3)(y+1)<0 nén
phuong trinh nay vo nghiém.

Vay t=y=>x+1=y. Thay x+1=y vao phuong trinh (2) ¢6:

ol =2el-Yen-2 -3=ﬂﬁ(ﬁ—])(ﬁ+3)=ﬂ
JI-x =1

= =x=0=y=1

yl-x'=-3

Vay hé pt ¢o | nghiém duy nhat 1a {x;}']z[l};l}

Cich 2: Phuong trinh (2) & x* +y1-x* +2=32y-)* & f(x)=g(y).

13

Xét f(x) trén mién [-1;1] ta co 3£f[x]£I

Ta lai co: g(y) =3.,,I||yl:2-y} £E=3.

2

‘ £ bing xiv ra khi 17 ]
AV = .Daub kh :
ay f(x)zg(y). Daubang xay ra l{x:il,xzﬂ

Thay vao phuong trinh (1) ¢d nghiém (x;y} = {{};]] (thoa min)
Viy hé 6 nghiém {x;y} ={{};]] .

42) Vi x=0 khéng phai la nghiém cta hé chia phuong trinh (1) cho x°
ta thu duoe: 2x’ —4x° +3x—l=2x3[2-y}-.,||'3-2y

:»[1-%]3{1-5: (3-2y) +3-2y



bit a= l-l,b: 3-2y suyra
y
a+a=b'+be(a-b)(a’ +ab+b +1)=0< a=b.

Thay viao pt thir 2 ta duoc:

x=7

x=7
R R S R

S y=T= —l“
ST

43) Dé thay xy =0 khong théa min hé.

1 1 7

_ o ) x—— || 2y—— |=—
Vo xy #0 wiet lal hé duoi dang: x v 2
X +1y+xy-Tx-6y+14=0

Diéu kién dé phuong trinh x* +y° +xy—-Tx—6y+14=0 (an x) ¢6

nghiémla A, =(y-7) -4y’ +24y-5620 & ye [];%}

Diéu kién dé phuong trinh x* + 3" +xy—-Tx—6y+14=0 (an y) co
nghiém la: A, ={:c—iff-]3 —4x* +28x-5620 = xe [2;%]

Xét ham s f(t)= Zr—% déng bién trén (0;+<c) nén

= f(x).f(»)=2f(2).1(1) =%

=2
* | langhiém cia hé.

Két hop véi phuong trinh thir nhat ta duoc: {

+2415-x +4

0



“Pé chimg minh ham 6 f(x) dong bién trén mién xdc dinh D ta lam nhu

X -x

sau: Xeét hai gia tn x, # x, €D Chimg minh:

Nguoc lai dé chimg minh him s6 f (x) nghich bién trén mién xac dinh D
ta lam nhu sau: Xét hai gia tri x, # x, €D . Chimg minh:
fl[.‘ﬂ }_f{xzj

A =X

{D!!

44) Diéu kién xic dinh x = _?l;y =2.

2(2x+1)" +2x+1=(2y=3) /y-2

Ta viét lai hé thanh:
Yax+2+.2y+4=6

Dit a=2x+1,b=+y—2 suyra 2a’ +a=2b"+b < a=>5b _ Tir phuong
trinh thir nhét ctia hé ta ¢6: & 2x+1=4Jy-2

Thay vio phuong trinh thir hai ta duoc: {4y -8+ /2y +4 =6(*)
Piat t=.2v+4 thi 2y=¢"-4 thay vao ta co: V2 -16=6-t=1t=4

= y=6 . Vay hé ¢6 nghiém duy nhat 1a {x;}-] = [%;5]

¥
o J—

; Bx+4yz0 |7
45) Didukién: {2 a iﬂ & 13
w20 T,y

Dit a=4{13x+4y,b=1/2x+y . Khi d6 ta duoc hé phuong trinh:



5-x
a’ —4b* =5x a=2b=x b= 4 M
a+2b=35 =da+2b=5 =da+2b=5 (2)
b+x-2y=2 b+x-2y=2 b+x-2y=2 (3)

Thé (1) vao (3) ta duoc: x= 3}’;3 (4) . Thé (4) vao phuong trinh
19y +6 3-2 <3
J2x+y+x-2y=2 taduoc: '}; = _3 Y '}_2

4y? —69y—19=0

Giaira y= # tir do tinh duoe x = 24—+/545

Thir lai ta thay (x;y)= [24 ~+/545; % “545] la nghiém can tim.

46) Tatim cdch loai bo 18y . Vi y =0 khdong la nghiém cua phuong trinh
(2) nén tuong duong 72x°y”" +108xy =18y".

Thé 18y* tir phurong trinh (1) vio ta thu duoc:

__3
YT

21-945
==

21+95
_;\"]{I'zT

8x'y' =T72x'y —108xy+27=0 | xv

Thay vao phuong trinh (1) ta tim duoc x, v



y=0(L)

=P (5 3)= =L (5-45)

y:ﬁiﬂ?—g*“:g(h@)m:i(h@)

Vay he di cho o nghiém
(x22)=( 56~ B)=3(45-3) | 33+ B )3 (3++5) ).

1

47) biéukién: x< 2,}-25_

Phwong trinh (1) twong dwong:

(2-xX)V2-x+V2-x =(2p-1) 2y -1+ 2y-1 & f(V2x-1)= ({27 -1)
Pita=+2-x.b=2v-1=a' +a=b"+b=a=bh.

V2=x=42y=1 & x=3-2y thay vio ta ct-

%},5 3 EJ e a+2bh=35
=2y + +2=5&
! ? a +2b* =9

a=1b=2 y=2
“3-465  23+.065 23342365
a= b= | y=—
4 8 32
V653 23465 233-23465

i 4 8 J P

Vay hé co nghiém



32 16 ’ 32

(x:3)=( I_E}[HJE-ISS_M}-BJE][ 23JE+135_233+23JE]
A 6 1

48) biéu kién: x* >1.

Ta ¢o (1) twong duong

(x+u"x:+l][}'+\/_}‘3 +l}(\’y:+] —J-‘)=m—y
S x+x’ +l=—y+4/y’ +1

Tirdotaritra x==y .

Thay vio (2) ta duoc: y+ Y :%_
R

Binh phuong hai vé (diéu kién y > 0). Khi do ta co:

J}.r_l y =1 \12 y =1 JJ,E_I 12

Dat 7L =t >0 . Phrong trinh tuong duong:
y -1

49 5

2 = —— A J =t —

2 35 TS v PTG
i~+2i— E =0 25 '#T:E 5
=2 A y=%3

Déi chiéu diéu kién chi lay 2 gid tri dwong.

Vay hé c6 nghiém (x;y) :[_%;g}[_%é)_

49) Trién khai phuong trinh (1)



(e xy +6x+9+x" +2xp+y =8 x"y +x' + )y  +1=-8xy

= (f—kl]{y: +])=—Sxy.

MNhin thft}r x =0,y =0 khong la nghiém cua hé.

¥+l y +1
JJ

Phuwong trinh (1) khi d6 la: =-8.

Dit —— =a:—2— =b . H¢ d cho tuong duong;

2

x +1 v+l
- ] ™ > ~ l
HZ_E X+l 2
3 | ; ; l e
atb=-7 'E":E V4l 4 y=2+3
— — =N i
L=-8 g:l X =l X:?_.'I'i‘\llri
ab 4 xX+1 4 -
3 ) |y
b:_l y 1
|1 2 | [y+1 2
Vay hé co nghiem
{x;}*]=(—1;2—xﬁ],(-l;-?+ﬁ),[2-~ﬁ;—l],(2+ﬁ;-])_
50) Ta co:

s , X +4y ' 2)? X +4y +2
{x+21’}1£|[1+l]{x'+4y'):>( Zy}z {x+4y) d::-( 2}’)2|12y|

Mat khac ta ciing co:



= +l‘(}-‘+4}-‘3 _3{x+2y}1 -I-{_‘I‘EJ"): N {x+2}-‘)3
3 B 12 T4

- ’13 +2xy+4y’ > |X+2J-‘|
3 2

Tir do suy ra Jr +:J?_ +Jx‘+21;r+4y‘ 2|x+2y|23r+2y

Déu bing xay ra khi va chi khi x=2y=0

Thay vio phuong trinh con lai ta thu dwoe:
*—x' 43 - 2x-1=0 & (x-1)(x +3x+1) =0 x= l:::}':%

Hé c6 mot cap nghiém: (x;y) = [I;%)

51) Céng theo vé cac pt ciia hé ta duoc: (x—4) +(y—4) +(z-4) =0(%)

Tir d6 suy ra trong 3 s6 hang & tong nay phai ¢é it nhat 1 s6 hang khéng
am, khéng mat tinh téng quat ta gia sir: (= -4:}3 20=z=4

Thé thi phuong trinh thir nhat cua hé trong duong:
X' -16=12(z-2)" 2122 = x>4
Thé thi phuong trinh thir hai ciia hé tuong duong:

¥y -16=12(x-2)" 2122 > y =4

Do vy tir (x—4) +(y-4) +(z-4) =0(*)= x=y=z=4 thirlai
thoa min.

Vay I[x;y;:] = {4;4;4] l4 nghiém cua he.



52) Phuong trinh (1) cia hé c6 dang; [Jf +2 —y](-\ﬂlf +2+4 -1] -0

Do Vx +2+y =1>0 nénsuyra ¥yx'+2—y=0« y=+x"+2 thay
vio phuong trinh (2) ta co:

(x+2)+(x+ 2 f(x+2)* +2 = —x— xf(=x) +2

= x+2l==x =2 x==1 :}J-':«E
Vay hé ¢6 nghiém duy nhat {x;y]z(-l;ﬁ]

53) Theo bat ding thire ¢6 si ta co:

J x _J x x+y{l[ X +x+;-‘]
3y Cx+3y 2 : 3 .
x+3 x+y x+3y x+y x+3y :J;+J;{l[ x i]

< -
y |1 2y {l 1+ 2y ,fx+3_-;.~ 2l x+y 2
x+3y 2x+3y 2\2 x+3y
Tuwong tu ta cling co: J;—'FJJ_QL[ * +i]
J+ix 2lx+y 2
1 1 & _
Tir do suy ra (vx + —_— < 2. Dau bang xay ra khi
v ()| e s | g i

x=y thay vio phuong trinh thir nhat ta duge: x=y =4
2y —(x+4)y" +8y+x’ —4x=0

I'Tx+,!x+2y+3 —4(x—1) +s_—;.~-%

l=x=10

54) Diéu kién:
x+2y+320

Phuong trinh thir nhat cia hé dwoc viét lai thanh:



=y +d)x+2y -4y +8y =0
= A=(y +4) - 42y —4y" +8y) =y —4y+4)

x=2y
Tir d6 ta tinh duore: .
x=y =2y+4

Vi :lrzy3 -2y+4=(y=1+3>1 nén khong thoa min

Thay x =2y viao phuong trinh thir hai ta duoc:

,ﬂl'Tx+sz+3=4f-4x+%

Ta co: 4x° —4x+%=[2;r—|]: +=—=

b | L
b | Lh

,I'Txh,fzﬁ =%~f?.—2x+-dr2x+3 g\][%ﬂ)(z-zﬁzﬁa] =§

Viy hé c6 nghiém khi va chi khi cic diu bing déng thén xay ra.

1
y=—

1
Suyra x=—:
uyra x 3 2

55) Tir phuong trinh (2) tasuyra x>0
Phuong trinh (1) duoc viet lai nhu sau-
x1+(y:-y—l}x-y3 -yz =0= .-'1*-.:{Jf'1—y-1:'3 +4(y3 +y:):(y3+y+l):

x=-y"<0

Tir do tinh duoc:
x=y+l



Thay y =x -1 vao phuong trinh ta thu dwoc: 33x(x" +4) =x" +4+2x .

Chia phuong trinh cho x* +4 ta ¢6: 3,[—— = 14+ —=

Pit = >0tacod 2t -3t+1=0& 1

x'+4 1==

Vaoi t=lex —x+4=0 vO nghiém

Vo r=%¢b x=2=>y=1

Vay hé ¢6 nghiém duy nhat (x;y)=(2;1)

56) Dicukién: x21
Ta viet lai phuong trinh (1) thanh: X+ +2)x=2y -4y =4y=0
Tinh duoc

— [+ : 3 2 r=(y? F ’ xzzy
A=(y"+2) +8y' +16y* +16y =(y" +4y+2) :}[x=-f-2}"2{n

Thay ¥ =% vao phuong trinh ta thu duoc:

3(Jﬁ+43 2x+4)=f-2x+9{*}

Theo bat dang thirc Cosi ta co:

3(Vr-1+¥ 2x+4):%_2 L(x—1) £§{|+x—l]=§x

_x+|ﬂ

32x+4 = %{,‘4_4_(x+2} < %{4+4+x+2]



Tir d6 suy ra 3(vx—1 +~.3,"21+4]£%x+ I“;“] 2345

Mat khic ta co: x° =2x+9-(2x+5)=(x=2)" 20

Tir 6 suy ra phuong trinh (*) c6 nghiém khi cic diu bing dong thai xay
ax=2.

Suy ra hé phuong trinh ¢6 nghiém duy nhat (x;y) =(2;1)
Mait khic ta thfi}.f x=2;y=13 la mét nghiém cua he

Vay {x;y] = {2;3] 1a nghiém duy nhat cua hé.

57) bat a=x+y+;,b::r-y =
x+y

s{uw}f 1 1}3(;(-}41 -13
. (x+y)

He nén ta co:
(x+y+ J+x—-y=1
X+y
5{&3—2]+3b3=13ﬁ Sa*+3b" =23
a+b=1 a+b=1
5
a=-—
. : a=4 2
Giai he nay ta tim duoc va
b=-3 b—z

Tir do ta tim duoc nghiém cua hé:
~1+43 543 (3 11)(3
(x:y)= : 1= ==2]
2 2 4 4 2

58) Tur phuong trinh (2) tasuyra xy =20 & x, y cing dau. Tir phuong trinh

(tasuyra x,y=0.



Ap dung bat ding thirc Cosi ta co:
x-JE -y +y~j?.—x2 <

chikhi x’+y =2

x+2-y " V' +2-x

3 5 =2 . Dau bfmg xay ra khi va

Bai todn tror thanh: Giai hé phuong trinh:
X4y =2
(x+3)’ —12(x=1)(y=1) ++fxy =9

Ta co:
(x+y) =12(x =Dy =D+ =9=(x+y)* +12(x+ y) - 21-12xy +[xy

Dat r=x+;=:>r£.,)2(xz +y1] =2 ta thu duoc
[x+y}2 -lgy=2& x+J==J2(r3 +]) . Taco:

(x+ ) +12(x+¥)=21-12xp+ fxy <

(43 (7 47) (x45)
2 2

Ta co r3—ﬁr’+12r-8={r-2}3£D_Khi t=2thi = x=y=1 langhiém

duy nhat cua hé.

(x+y) +12(x+y)-21-12 =t —6t"+121-8.

59). Tir phuwong trinh 2 cia hé ta suy ra x, y =0 . Xét phuong trinh:

x3+;=3+?[x+J=}n-=Sn-W

Ta co:

X+ y +7(x+y)xy=(x+y)(x +* +6xy) =(:(+J.=][I[x+y]: +4xy].
Theo bat ding thirc Cé si ta c6: (x+y) +4dxy > zm _Suy ra
4y +7 (x4 9) w2 d (v )y v) =4 (x+ ) Taco
(x+y) =(x:+y3)+2zy22m.



Suyra x +y + ?[Jr+_v]x}r = 31}3!2(13 +_}r1] . Dau hfmg xay ra khi va chi

khi x =y . Thay vio phuong trinh (2) ta thu duoc:

Vr-V2x-3=6-2xeV2x-3-Jx=2(x-3) = %:2@-3]

Suyra x=3 huﬁc:x}ix-3+u‘r—=é Do IE% nén pt nay vo nghiém.

Tom lai: Hé co nghiem: x=y=3.



Chii dé 8 - BAT PANG THUC
Phiin 1: BAT PANG THU'C CAUCHY (CO SI)
Cho cac so thue khong dm a,b,c khi do ta co:
1. a+b=2yab . Diu ding thirc xay ra khi va chikhi a=b.
2. a+b+c23abc . Diu déng thirc xay ra khi va chikhi a=b=c.

Céc bat dang thire 1, 2 goi la bat dang thire Cauchy cho 2 va 3 50 thuc
khing dm. (Con goi la bat dang thirc C6 si hay bat dang thirc AM- GM)

Dé van dung tot bat dang thire Cauchy - Ta can nim chic nhimg két qua
sau:

(x+2)

plels 2 5 :
a+

a b a+b Jii+p

11,0, 9 38
a b ¢ a+b+c \faf.kbl_kcf

I, 4, 2242 2
a b

2)

.l .l 3 ¥ ]- 2 3 .l
Ya +ab+b =—(a+b) +—(a-b)y 2—(a+b)y
Ja +a g+ +o(a-b)y 2 (a+b)

vl ol I 2 3 ¥ I. ol
N a —ab+b =—(a+b)y +=(a=by z—(a+b)
) 4{ ) 4'[ ) 4'[ )

(.r1'+.l_':t+f:]3

5)ab+bctca= <a’ +b +c°

T 2 (x4y+z)
ﬁ} x_+}_+_2u
a c at+b+c



8) 1(a4+b4}2(a1+bl}32{{a+b‘] ] arb)y | i@t
2 4 8

9) Véi a,b=0 thi a™" +b"™" 2%{&‘“ +B™) (%)

That vay BDT can chimg minh twong dwong véi
(@"+b")a" —b")a" —=b") =0 diéu nay 13 hién nhién ding.

(**) Téng quit ta co = ;b 2[a+b]

2

a " n—1 -1 n
Thit viy ap dung (*) ta co = *;' z(“;bj[” b ] ...... z[”*b]

10) Vé&i a,b,c 20 thi @™ +b™" +¢c™" E%[a"’ +B" +c™)a" +b" +¢") (%)

That véy ta 6 bat ding thirc can chimg minh tuong duong vai:
(@™ =b"Na" —=b")+(b" = c")(b" = ")+ (" —a™)(c" —a" )= 0 ma diéu

niy 14 hién nhién ding.

a +b"+c" - a+b+c
- 3

a“+b"+c"} a+b+c\a ' +b"" +c™! - a+b+c) (@ +b" 24"
3 - 3 3 - 3 3 -

Ap dung bat ding thitc nay ta co:

f.l'ra_"+@+ b" }[%’E+-ﬂf5+{f§]ﬂ ﬁﬁ+%@+%‘£{" atb+c
3 B 3 B

Téng quat ta co: ] . That vay ap dung (*) ta co:

3 3

1 1 1 1 1 1Y
—"+—n+—" —_—— e —
Tuong tu ta co: a "53 £ >4 g c

Dol+l+12 i suyraii-li-LES : .
a b ¢ a+b+c a" b " atb+c

1 I
1) —t+—> ; b1
) a1 brl Tagap imel a



1 2

1
{1+a}"+{l+b}" ([hjﬁ]"

W

Tf:"'nng quat: vo1 a,b=1 taco

12) Vai 0<a,b<1 thi ! + I = 2
a+1 b+1 1++fab

1 1 < 2

Téng quat: Véi a,be [0:1] ta co: + —_—
Yl+a Yl+b 1++Jab

13) Mot s6 két qua duoc suy ra tir bat ding thire Cé si.

+ {.n13’+,-53)(3r3i +y3){m3+n3]2{axm+byn]3 (*)

Ap dung BBT Cauchy ta co:
a x m’ - Jaxm

+ + >
a+b x+y m+nw .3J'(33+53](13+1'3:]{m3+n3]

b’ v n’ > 3byn

3 3+ 3 3+ 3 3=
a+b x+y m+n ‘3}'(331_53](13_,,1.3]{”?3,,_"3)

Céng hai bit ding thire cing chiéu ta suy ra:
Jaxm+3byn

E{/(f—kb}}(fﬂ-f](mj +n3] =

{a3’+bj}{x3 - ;L-‘E’}[:m3 +n3) = (axm +E=yn]3.

+ Hoan todn tuong tu ta ciing chirng minh duoc:

|{r:::3’+.lf:-3 +53)(13+}13+:3)(m3 +n +p3]2{a_rm +byn+cz ]3.
Vi du 1: Cho céc sb thuc khéng am a,b,c . Chimg minh ring:

a) a +b'zab(a+bh).



I I + 1 = I Vo (a,b,e=0)

+ =
a +b' +abc b +c +abc ' +a +abc abc
¢) (a+b)(b+c)(c+a)=8abc.

b)

d) (a+b)(b+c)(c+a) 2%{a+b+c]{ab+bc+ca]_

¢) Cho (a+b)(b+c)(c+a)=1.Chimg minh: ab+bc+m£%{ Trich
dé tuyén sinh 6p 10 chuyén Toan TP Ha Noi nim 2015)
Loi giai:
a) Taco: a' +b =(a+b)(a’—ab+b"). Suyra

a’ +b —ab(a+b)=(a+b)(a’ —2ab+bz]={a+b}[a-b]: =0 suyra

dpem.
b) Ap dung bat ding thirc & ciu a ta c:
a +b +abcéab[a+b]+abc=ab(a+ b+c).Suyra
1 p 1
a +b' +abc ab[a+b+c}
1 P 1 1 1

— < —_— < . Cong ba bat
b +c¢ +abe bc{a+b+c] ¢ +a +abc ca{a+b+c]

. Tuong tu ta co:

ding thirc cing chiéu ra suy ra:
1 1 1 1 .- )
+ + <—— Déu bang xay ra khi va
a +b +abc b +c' +abc ' +a' +abc  abc au Dang xay ra ki va
chikhi a=b=c.
¢) (a+b)(b+c)(c+a)=8abc.

Cach 1: Ta co:
a+522@,b+c2 Z-Q'rb_c,c+ul‘_*2 ca = (a+b)(b+c)(c+a)=8abc.

Ciéch 2: [a+b}[b+c]{c+a}: [a+b +c]{ab +bc+r:a] —abc . Theo bat
ding thirc Cauchy ta cé:
a+b+c23Yabc ab+be+ca>Wa'b'cs =



[a+b+c}(ab+bc+ca] =9abc . Suy ra

[a+b][b+c][c+a]:{a+b+c]{ab+bc+cﬂ]—abc2Sabc_

Chiy: (a+b)(b+c)(c+a)=(a+b+c)(ab+bc+ca)—abc la mét bien doi

duoc sit dung rat nhiéu trong chimg minh bét ding thirc:

d) (a+b)(b+c)(c+a)z=(a+b+c)(ab+bc+ca).

o | oo

Chi yring: (a+b)(b+c)(c+a)=(a+b+c)(ab+bc+ca)—abc. Ap dung

ciu ¢ ta co dpem.

e) Tachiy: (a+b)(b+c)(c+a)=(a+b+c)(ab+bc+ca)-abc. Suy

1+abc
a+b+c

ra ab+bc+ca=

Theo bat ding thirc Cé si ta ¢

a+b+b+c+c+a23if(a+b)(b+c)(c+a) =3:}ﬂ+£}+CE%.Mﬁt
khac sir dung: {a+b][b+c}{c+a}2Eabc:}abci%.Tir do suy ra:

l+l
8

ab+bcrca=—T9 < B_3 piy o= xay rakhi va chi khi
a+b+c 3
2
a:b=c:l.
2
Vidu 2:

a) Cho cac s0 thue duong a,b,c sao cho a+b+c+ab+bc+ca=6.
Chimg minh ring: @’ +b" +¢* =6 . Trich & tuyén sinh lop 10- TP
Ha Nai 2013.



b) Cho cic so thue duong a,b sao cho : l+é =2 Ching minh:

a
1 1 1
= _+ i £ s
0 a'+b*+2ab’ b +a +2a’h 2

Trich dé tuyén sinh lép 10 chuyén Nguyén Trii- Hai Duong 2013).

¢) Cho cac s6 thue dwong a,b sao cho a+b =2 Chimg minh:
z{af+bl}-ﬁ[5+5]+9[l1+lj]zm_
b a a b
d) Cho cac s0 thue duong a,b,c thoamin a+b+c=2.Tim gia tri
nho nhit cia P= J2c1r+bc +u'r2b+a.:' +\1"2.': +ab _ Trich dé tuyén
sinh lop 10- TP Ha Noi 2014.
e) Cho cic so thuc khéng dm a,b sao cho @’ +b" =4 Tim GTLN cia
ab
a+b+2

P= _Trich d& tuyén sinh lép 10- TP Ha Nai 2015.

Loi giai:
a) Du doan dau bing xay rakhi a=b=c=1.Ta c6 cach giai nhu sau:

Ap dung bat déng thire Cd s1 ta cd:

a +b" z2ab b’ +c 22be,c” +a 22ac,a +122a,b +122b ¢ +122¢.
Céng 6 bat ding thic cing chiéu ta suy ra

3(a*+b” +c*)+322(ab+bc+ca+a+b+c)=12=a’ +b*+¢c* 23 . Dau

bing xay ra khi va chi khi a=b=c=1.

b) Du doan khi a=b=1 thi bat ding thirc xay ra dau bang. Tir d6 ta c6
ciach ap dung BDT Co si nhur sau:

Taco: a'+b" 22a°bh,b" +a’ =2ab”  Tirdo suy ra

& 1 1 1 1 _ 1 Tir

< + = +
9 2a'h+2ab’ 2ba+2a’b 2ab{a+b] Zab{a+b] ab{:a+b]




gia thiét L+1-p - a*P

=2=a+b=2ab suyra 0= —. Do
a b ab [a+b}_
1 1 + 1 1 | I i N
2=—+—2 — <—.Suyra 0 =—. Daubiang xay ra khi va chi
a b a+b a+b 2 2
khi a=b=1.

¢) Ta viét lai bat ding thic can chimg minh thanh:
b) —2ab b) —2ab
a+b) =2ab (a+B) =2ab 1) pay

2[ (a+b) -zab]-ﬁ{ ~ -
4'2“‘[’+94':ifb-mznﬁ 2a°b* —4a’b’ - 24ab+12a’h* +36-18ab’

ah a

8—4dab-6

& —2a’h —4a’b’ - 24ab+12a’b* +36-18ab2 0 ¢ 4r' —10r* +42t-36<0
.. {:a+ ) ) .

(*) vin ﬂ{r=ub£T=l_Tacu[*]ttmngduungvm:

26 =57 +21r-18 <0 & (t—1)(2¢° -3t +18)<0. Do 2¢* -3t +18>0 va

t—1<0 nén (t-1)(2¢* -3¢ +18) < 0. Dau bing xay ra khi va chi khi

t=lea=b=1.
d) 2a+be = fa(a+b+c)+bc. Ap dung bt dang thirc C6 si

{a +b][a+c] £w, tuwong tu ta co:

J2b+ac =Jb{a +b+c)+ac 5J{b+a}[b+c] Ew

2c+ab Ew. Tiu do suy ra

P=+2a+bc+2b+ac +y2c+ab < 2a +;+c + Zb+‘;+ﬂ + 2c+;+b =2a+b+c
2

‘Dau bing xay ra khi a:b:c:E.

ab
a+b+2

& a’ +b'+2ab=(1-2) = 2ab=1"-2t+2 (a+b) =(t-2) Taco:

Ta viét lai P= = DPita+b+2=t=1>2




2

2{531-,&3)3[3""’7]3 =(a+b) <s8e=a+bhs< 22 = 2<1<22+2 Tasé

ab " =2t+2
a+b+2 t
a=b=~2=¢=2y2+2 nén ta chirng minh:

pe_ 1 r-u+2, | & (VZ+1)r ~(2v2+3)1+ 242 +2<0.
2+1 t 2+1

Hay ¢ -(ﬁ+1)r+25 0 [r-zﬁ-z](r-ﬁﬂ]gﬂ. Bét ding thirc

Du doédn diu bi:ing xay ra khi

chimg minh: P=

nay luén ding do 2 <1< 2+/2 +2. Diu bing xay ra khi va chi khi
t=22+2ea=b=2.

MOT SO KY THUAT VAN DUNG BAT DANG THU'C €O SI.

1. Dy dodn diu biing dé phén tich s hang va vin dung bét ding
thire Co si.

Doi véni cac bai toan bat dang thire d6i ximg théng thuéng dau bing xay ra
khi cac bién bing nhau diy 13 co s& dé ta phén tich cdc s6 hang sao cho khi
ap dung bat ding thirc Cé si thi dau bing phai dam bao.

Ta xét cac vi du sau:

Vidu 1: Cho x,y la cic so duong thoa min x+y=2. Chimg minh

'y (xl +y° ) <2

(Dé thi tuyén sinh lop 10 Chu Van An, Ha No1 — Amsterdam 2006-2007)
Lo giai:

Ta du dodn dau bing xay rakhi x=y=1 Khido xy=1, ¥ +) =2

Mit khdc dé tan dung gia thiét x+ y =2 ta s& dua vé hing ding thirc
(x+y)". Vi vy ta phan tich bai toan nhu

sau: x° {I: +y ) = %.x}'.z_t}r (f +y° } . Theo bat d.’fmg thirc Cauchy thi



(x+ y}z
4

] 142 4
Xy < :l,zx}'{xlﬂ-’)g[h}'” ”"J =(xf} — 4. Tidé

2

suy ra xlyl(;r: +y3}£2 . Dau bing xay rakhi x=y=1.

Ngoai cich 1am trén ta co thé giai bai todn bing cich dua vé mét bién:
t=x+y hodc f=xy voicha y: [x+y]: >4xy, 2{x1+y:}2{x+y]:. Thit
vay: bat .*=Jty;|[}:+;|;:}I =x +y +2xy.

{Jc+y]2

Zd4=x"+y +2tex +y =4-2.Do xy< =1=0<t=1.Ta

can chimg minh: £ (4-21)<2 &£ -2 +120& (1-1)(F —1-1)<0.
Bat ding thirc nay luén ding véi moi gid tri 0<r<1.
Viduy 2:

a) Cho a,b la cic s6 khong am thoa man a” +b* <2 Chimg minh

riang:

ayf3a(a+2b) +b[3b(b+2a) < 6. (DE thi tuyén sinh 16p 10 chuyén Ngoai
Ngit DHQGHN nam 2008-2009).

b) Vé&iba sé duong x, v,z thoamin x+ y+z=1, tim gia tri Ién nhat
cuia biéu thirc: 0 = ad + 4 + =
X+fx+yz yHfy+zx z4fz4xy
sinh 16p 10 chuyén Toan TP Ha Nai 2014)

. (Dé thi tuyén

Lvi gii:

a) Du doan dau bing xay ra khi a=b=1_Khi do
3a =a+2b,3b = b+2a nén ta co thé dp dung bat ding thirc Cauchy truc

tiép cho biéu thirc trong dau cin.



X+y

Str dung bat dﬁng thirc Cauchy dang .JE =

EI-,F!H{&'!‘EEIJ iu@:iulﬂrab,
b3b(b+2a) <622 0F20 okt L ap.
2

Cong hai bat dfmg thire nay lai vé theo vé. ta duoc:

, dé thay

M =a,{3a(a+2b)+b,{3b(b+2a) <2(a”+b)+2ab=4+2ab. Tiép tuc
sir dung bat ding thirc Cauchy két hop véi gia thiét, ta co:
4+2ab<d+a’ +b* =6 Tir d6 ta cé ngay M <6 . Dau bing xay ra
=a=b=1.

= _x(ﬁ-x}_x(Jxl[x+y+:]+_v:—x]_

b) Ta co: = —_— -
x+.Jx+_p: x+yz—-x" x(x+y+z)+yz—x°

a+b .
ta co:

Ap dung bét dang thirc Cauchy co hai s6 thuc duong +Jab <

( x+[x+_v+x+: x]

X x+ x+=z)—x - A~

()09 _ z _ e
xy+yz+az xy+yz+xz 2{13=+_1=:+x:]

Xy+xz

minh tuong tu rdi cong vé, ta suy ra Q <1 Ding thirc xay ra khi
x=y=:=%. Vay O lém nhat bang 1 khi x:y:::%

Vi du 3: Cho ¢ >0 va a,b > c. Chirng minh ring

Jc{a—c]+Jc{b—c] <afab .

Lo giai:Du doan dau hfmg xayrakhi a=5h. Bat dfmg thire can chimg minh
c6 thé viét thanh:



P= Jia-c +J£_b—c <1. Sir dung bit ding thirc Cauchy dang:

a a b
c a-c¢ ¢ b-c ¢ c c
i - -+ —+]l——t—+1-=
Jos=L taco p<b—a ya b b a a b_j gy
2 2 2 2
todn duoc giai quyét hoan toan. Ding thire xay ra khi va chi khi
c_a-c
b_ a 1 1 1 - . . H ’ - y - &
& —+—=—_ Ngodi ra ta ciing ¢t thé chirng minh bai toian bang
c _b-c a b ¢
a b

bién dbi tuong duong.

Vi du 4: Cho x,y, = la cac s6 thue dwong. Chimg minh ring:

2 2 2
,x - 1y - 7 =1.
X*+2yz y 4+2zx " +2xy

Loi giai:
Str dung bat ding thirc Cauchy dang: 2ab<a’ +b*, dé thay:
b b 2 2 I =2

P= 1X +-.y +1: 2111 :+:I}1 1+1 2 1=l
x"+2yz ¥y +2zx " +2xy xX+y +z y 4z +x I +x+y

Ping thirc xay ra khi vachikhi x=y=1z_

Vidu 5: Cho x,y >0 via x+y<1.Chimg minh ring s(x"+y“]+L:_:-5_
xy

Giai:
Du doan dau bing xay rakhi x=y= % . Tadanh gia x*+y" dé dua vé xy.

Theo bat ding thirc Cé si taco: x' +y" 22x"y” suyra E(x" + y") >16x"y".



Suy ra S(x" +_}r4:]+i32 16x"y* +LBé y r:;mg diubfmg xay ra thi
Ay v

16x”y" =1 nén ta phan tich nhu

sau: 16x"y” +L =16x"y" + l + . Ap dung bat ding thirc Cé si
x}l

+
dxy 4xy 2xy

a+b+cz3abe taco: 16_1':_].-‘3+L+L23,
4xy  Axy

413:£{x+y]1:1:}13:£%_ Suy ra lﬁxl}':+4iy+4l}l+2;323+2:5.

Bfmg thirc xay ra khi va chi khn x=y= % .

Vidu 6) Cho a,b,c lacac 50 dwong thoa min a+b+c=3. Chimg minh
9a bh'c

raing: a’b+b'c+ciaz ——————
1+ 2a°bc*

Loi giai:

Bat ding thirc can chimg minh duoc viét lai thanh:

ab+bc+ciall 2+ I =9
{ )( 212 :J
a

. >9  Mit khéc sir dung bat ding
ab~ bc  ca

thire Cauchy bé ba s, ta co- azb+alb+% = 313’a:bﬂlb_ 1, =3a,
ab” ab”
, 5 1 s .3 1
be+bc+—233bchc.—=3b
be” bc”

2 2 1 ] 2 I.
catca+—23cacca—=3c
ca- ca

ﬁZ(a:b+bzc+c3a]+ I + l

2 ¥

bd




Cong ba bt dfing thire trén lai vé theo vé, ta duoc:
2(a’b+b’c+ca)+ 1 — 4 IT + I,

> 9 Dau ding thirc xay ra khi va heir
ab~ bc” ca

khi a=b=c=1.

CH L W - S
(¢ 42)-(2+2)

F-0(-1)

Vidu 7) Cho x,y>1. Chimg minh ring:

Giai:

Str dung bat ding thirc Cauchy, ta c6:

y 2 (1). Mt khac, lai dé §

y=lx=1 fx=1)(y-1)

r%'mg néu sir dung bat dﬁng thirc Cauchy bo hai 50 dang & = # _ thi:

Vr—1=[i(x-1) =T =1 <7221 = 2 Nhin

2
hai bat ding thirc trén lai then vé, ta thu

duoc: 1||x I _].—1 .JT‘;-I (2). T (1) va (2) suy

ra diéu phai chimg minh. Dau ding thirc xay ra khi va chi khi

2 2
x ¥

y=1 x-lex=y=2.
x=2 y=2

Déi véi cac bai todn ma diu bing khang xiy ra khi cic bién bing nhau.
Ta cin chi y tinh déi xirng cia timg by phén , dé du dodn sau dé lién
két cic dir ligu ciia bai todn dé tim ra diém roi. Tir d6 4p dung bit ding
thirc Cauchy dé thu duoe két qui:

Ta xét cac vi du sau:




Vidu 8: Cho x,y,z>0 thoamin: xy+ yz+zx=1. Tim GTNN cua
P=x"+y +22°

Giai:

Ta du dodn dau bing xay rakhi x =y = az va mong muodn bién déi duoc :
P=x"+y +227 2 k(xy+ yz + zx) dé tan dung gia thiét xy+yz+zx=1 va
dau bang xay ra khi x=y=az Décotich xy tadp dung x* +y* = 2xy.

2

Détaora yz tadp dung: y* +a’z> 2 2ayz. Détaora zx ta dp dung:

a“z? +x* = 2azx .
Vi hé sé cia yz,zx la @ nénta nhin g vao bat dfmg thire dau tién roi cong

lai theo vé ta thu
duoc

a(x2 +_}"2)+(_}"1 +ﬂ2:2)+(ﬂ1:2 +xz) {a+]](x2 +_}"2]+2ﬂ2:1

+yz+zIx)= =
a(xy + yz +zx) 5 5

Hay 2a<(a +1]|'|[x2 +y2]+2a2:2. Pétaora P= I1+_}’2 +2z7 ta cén co ty

I+«f§

lé:(a+1):2a° =1:2=a’-a-1=0=a= 5

Tir d6 ta tim duoc: P= 12_:1 =v'r§— 1. Cde em hoc sinh tu hoan thién lon
+da

@al
Vidu9) Cho x,y,z>0 thoamin: x+y+z=3. Tim GTNN cua

P=x2+j;2+:3

Loi giai:



Ta du dodn dau bing co khi x=y=a,z=b; va 2a+b=3_ Theo bat ding
x*+a® = 2ax
thire Co s1 ta ¢o: yz +a’2 2ay . Cong ba bat dﬁng thirc cung chiéu ta

2 b b 23z

co: ¥ +_]J2 +20 +2a7 +2b° > 2a(x+ y]+3£12: Tire la:

x* +J-r2 +0 2 Ea{x+y]+3b2: —2g% - 2p°

a2
Biy giﬁrtacén chon a, b sao cho 2a-3° =1'1 = 2a=3b . Giat he tim
2a+b=3
ﬂm:x=y=a=$;::c:#’i—1

Tir d6 ban doc tu hoan thién lon giai:

Vi du 10) Cho céc sb thue duong a,b,c thoa man: a” +2b% +3c¢" =1.
Tim GTNN cia P=2a" +3b" +4¢°

L gii:

Du doan dau hfmg xayrakhi a=x;b=y,c=z vo1 x,y,z>0 va

x° +2];2+3:2 =1

Tach: @ +a +x° 333&'21; b +b +y3 23&2}‘; Crc 4 e 3::2::, suy ra
2a° 230 x—x

B +b*+y 2307y = 3 Egybz —%f,
CHe+r 23z e 23 - =4 22(362:-:3]. Cong ba bat

ding thirc cing chiéu suy ra: P> S[xaz +%y£:1 +?.:.':1]-:~:3 -%yl -22%



Ta can chon X, ¥,z dé: x:%_}r:zuzl:id va x2+2y2+3_,1:]_,5.p dung

tinh chat day ty s bing nhau ta dé dang tim duoc:
6 g8 9
407

X=—— V= :
J407 407

Vi du 11) Cho cac s6 thuc duong a,b,c,d thoa min:
abc+bcd +cda+dab=1. Tim GTNN cia P=4(a’ +b" +c’)+9d’ (Trich
dé thi vao 16p 10 chuyén Truong chuyén KHTN- BPHQG Ha Néi 2012)

. Hoe sinh trr hodan thién lon giai.

Loi giai:

Biéu thirc P cho ta du doin dau bing xay ra khi va chi khi
a=b=c=xd Dé giam an trong bai toan ta sé ap dung bat d;;mg thire Co s1

theo cach:

Khidé a’+b +c' 23abe, b+ +x'd’ 23xbed . ¢’ +a +x'd” = 3xead |
a +b +x’d’ 23xabd

x{a3 +b +cj}23xabc
i 3 3 g3
Suy ra 4 b+e'+xd >3xbed . Cong bon bat ding thire ciing chiéu ta co:
¢ +a +x'd’ 23xcad
Laj +b +x'd’ =3xabd
(x+ 2]a3+{x+2]b3 +(x+ 2]{.‘3 +3x'd’ 23x[ubc+bcd+m’a +dab)=3x .

Bay gicr ta chon x sao cho [x+2}:313:4:9e=}132=iﬁ413-3.7(:6 ;
x

bat x= %[_}‘4— I—] thay vao ta tim dugoc
¥

y:{fﬁ+ﬁ,y=%’5-ﬁ:}x=%(¥5+ﬁ+#ﬁ—y"ﬁ]. Ban doc tu
hoan thién lo1 giai.

2. Ky thuit ghép ddi xirng



Trong nhiéu bai todn ma biéu thitc & hai vé twong d6i phite tap, viée chimg
minh truc tiép tra nén kho khin thi ta c6 thé sir dung k¥ thuat ghép déi ximg
dé bai toan tro nén don gian hon.

@ cac bai toan bat ding thirc, théng thuémg chiing ta hay gap hai dang sau:
Dang |: Chimg minh X +¥Y+Z=4+B+C

¥ tuong: Néu ta chimg minh dugc X +¥ =24 Sau d6, tuong tw hoa dé chi
ra Y+Z =28 va Z+ X =2C (nhé tinh d6i ximg cia bai toan). Sau d6 céng
ba bat ding thirc trén lai theo vé roi rit gon cho 2, ta c6 ngay diéu phai
chimg minh.

Dang 2: Chimg minh XYZ = ABC van XV, 220

Y twong: Néu ta chimg minh duoc XY = A Sau do, turong tu hoa dé chi ra
YZ = B* va ZX = (" (nho tinh chat d6i ximg cia bai toan). Sau dé nhén ba
bat dﬁng thire trén lai theo vé rdi lﬁ}r cin bac hai, ta co:

XYZ =N A'B°C’ =|4BC|= 4BC.

Vi du 1. Cho ba s6 duong x,y,z théa man x+ y+z=1. Chimg minh ring

JZxI +xy+2y° +\||{2y: +yz+2z° +~'..f.?.:1 +zx+2x° 245
(Dé thi tuyén sinh 16p 10 tinh Théi Binh nim 2005-2006)
Giai:

Ta can mét danh gia dang : 2x° +xy+2y* 2 (mx+ ny}l sao cho dau bing xay

ra khi x=y . Dé c6 duoc danh gid nay théng thuémg ta viét lai

2

25 +xy+2y =a(x—y) +b(x+y) =(a+b)x’ +2(b-a)xy+(a+b))y* .

a+b=2 {J‘:1
Tadoswyra{ 1= :Twm

~a=17) s

2 4



co:

2x" +xy+2y° :%{x—y]: +%{x+y]: 2%{1-{- ¥) =257 +xy+2y° E§{1+_}f]
twong tw ta ¢6 2 bat ding thirc va cong lai ta
co:

J2x1+1}'+2y1 +\{2}': +yz+22° +422° 4+ zx+ 2% Eﬁ[x+_v+:] =5

diu bing xay rakhi x=y=z= % Ta ciing c6 thé chimg minh truc tiép:
Y 5‘ + ¥ 4 2
N2x +xp+2y° Ew &2 +xy+2)° 2§(x+}=]'

z
= E(JH- y]z =3xy 2 %(:ﬁ- y}z = @ = xy (ding theo Cauchy)

Vidu 2. Cho cac so thue duong a.b,c sao cho ab+bc+ca=1. Chimg
minh ning: Zabc{a +b+c] E%hﬂdbz +b'c" +¢'a” . (Trich dé tuyén sinh
vao lop 10- Truong Chuyén KHTN- PHQG Ha Noi 2014).
Loi giai:
Ap dung bét dang thirc Cauchy cho 3 s6 thuc duong ta cé:

apz . 2
ab +—abc” +—cazabc

3 9

{b'c? +%a1b¢:+éaﬁ =b’ca :}%abc{a+b+ c}ﬂad'if +b'c’ +c'a’ +% (1).

cta’ +labzc +%bc =c’ab
L

Mat khac ta ciing co:

abc(a+b+c)=abac+bcha +ca_cb£%{ab+bc+ ca}z :%_ Suy ra

;abc[a +b+ c} Eg (2). Cong theo vé (1) va (2) ta co dpem.



Vl’dl_l.’!}(‘hubﬂ&édﬁﬂngx,_}*,: thoa I + I + 1 =2 . Chimg minh
I+x 1+y 1+:z

1

i m<—.
rang x) 3
Giai:
Wi 1 1 .
Tir gma thiet + + =2 tasuyra:
l+x 1+y 1+=
1 >[1- 1 [1_ 1 J: v z iz
I+x 1+ y 1+z) 1+y 1+:z (1+y)(1+z2)

Hodn toan tuong tu ta cling

sl = 1 xy
Oy A () ez () (15y)

Nhan ba bat dang thirc trén lai theo vé, ta thu
1 8xyz
duoc: =
[]+x}[]+}=]|[]+::] [l+x]{l+}=}[1+:]

=xyz=

2
. A | . . 5
Vidu4. Cho x,y,z>2 vi —+—+—=1. Chirng minh rang

X vy =z

y oz
(x=2)(y-2)(z-2) =1

(D& thi tuyén sinh l6p 10 chuyén Lam Son Thanh Hoa nam 2005-2006).
Loi giai:

Véi gia thiét x,y,z> 2, ta nghi dén viéc dat an phu dé dua bai toan vé dang
don gian va quen thuéc hon. Pat x=a+2, y=b+2;z=c+2 v a,b,c>0.

Bai todn quay vé chimg minh abc <1



Vou g, b,c> 0 thoa man: l + 1 + ! 192 4 b +-° =1
a+2 b+2 c+2 a+2 b+2 c+2

Ta co:

1 _Lz[l_ ! J{l_;]

c+2 a+2 b+2 \2 a+2 2 b+2

__a b N ab

2(a+2) 2(b+2) \(a+2)(b+2)

' ca 1 - be

Tucmg e b+2 E‘U[c+2}[a+2);ﬂ+2 - [b+2]{f+2}

Nhin ba bat ding thirc trén lai theo vé, ta duoc:

| abc
> —abc=1.

(a+2)(b+2)(c+2) (a+2)(b+2)(c+2)

Vi du 5) Cho x, v,z 1a céc s6 duong. Tim gia tri nho nhat ciia biéu thirc

p=| = +l(y+lJ 2.
y+z 20Mz+x 2)ix+y 2

Gii:

(2x+y+z)+(2y+z+x)(2z+x+y)

SRS 8(x+y)(y+z)(z+x)

(1)
Theo bat ding thirc C6 si ta co:
2x+y+z=(x+y)(x+z)22f(x+y)(x+z) (2)
2y+z+x=(y+z)(y+x)22J(yv+z)(x+y) (3)
2z4+x+y=(z+x)(z+y)22J(z+x)(z+ ) (4)

Nhin timg ve cua (2),(3).(4) vatir (1) suyra P=1



Dau hi"mg trong (5) xayra & dé-ng thoi co dau hfmg trong (2),(3),(4)

x+y=x+z
Siyv+z=y+xex=y=z>0Tordosuyra mnP=1.

Z4+x=z+Yy
3. K thuat c6 si nguoc diu-

Vidu 1. Cho a,b,c >0 va a+b+c=3. Chirng minh
a 3] c 3

rﬁng: < += +— 2=
b'+ab o +bc a +ca 2

Giai:

Ap dung bét dang thirc Cauchy ta c:

a 1 b 1 b 11 1 1/1
F————=—- —[—'I'l].TI.I‘ClI]gtl:[I

=—— = —E__
B+ab b a+b® b 2fap: b 2Ja b 4la
b zl-l[lﬂ]; ¢ zl-l[lﬂj
c+bec ¢ 4\ b a+ca a 4\c

Cong ba bt dfmg thire nay lai vé theo vé, ta duoc:

a b c 3f1 01 1 3
: +— +— 2l —4—4— |-
b'+ab c'+bc a +ca 4\a b c) 4

Bai todn duoc quy vé chimg
rninh:E l+l+l- -Eziﬁl+l+lz3
a b c¢) 4 2 a b c

= &m]{%w]{éﬂ]zha+b+c=5. Bat ding thirc cudi cing
hién nhién dung vi theo bat ding thirc Cauchy, ta
cé:§+a22,:;%+b22;£+622

Bai todn duoc chimg minh xong. Ping thirc xay ra khi va chi khi

a=b=c=1.



Vidu 2) Cho a,b,c>0,a+b+c=9. Ching minh:
3 3 3 3 3 ;]

a +b _l_b +c _l_c +a >9

ab+9  bc+9  ac+9

Ta chimg minh
duoe

‘b +bY
a +b S (a 1 ) Cath— 36{:::#&-}
ab+9 (a+b)y +36 (a+b) +36

3 3

Mit khac ta c6: (a+b)' +36>12(a+b). Suyra T2
ab+9

a +b Ei{a-kb]‘,ab E%{aﬂl—b]: =

=a+b-3.Cong ba
bat dang thirc ciing chiéu suy ra dpem.

Vidu 3) Cho x,y,z>0 va x+y+z=3Tim gid tri nho nhat cia biéu thirc

x ¥ z

= —+ —+ -
I+y" 1+z° l1+x

Loi giai:
. X -Tl-': L. a2l . e m 4
Ta co: —=x———— . Theo bat dang thirc Co s1thi 1+y =22y Suy
1+ y° 1+ y* )
ra I,Ex—g Tuong tu, ta co: F,EL'—E, :,E:—E
1+y° 2 1+~ 2 l1+x 2

Céng timg vé ba bat ding thic trén ta co Pz (x+y+2) —%[1}‘+}':+ zx) .
Mat khac theo bat dfmg thire Co s1, ta ¢o: 3[1}' + )z + :x] <(x+y+ :]:_ Vi

x+y+z=3=xy+yz+zx =3 . Nhu vay minP:%ﬁx:P'zzz

4. Phuong phip dit in phu:

K thuat dat an phu la mét k¥ thuat rat dac biét trong chimg minh bat ding
thire:

Viéc chon an phu thich hop s& gitip bai toan tré nén don gian hom:

Mt s6 k¥ thuat hay gip nhu sau:



Khi co gia thiét - a+b+c =abc ta co thé bién dai thanh:
S I
_+_+_—1.ﬂﬂt—= '—:y;—:52}1}'+_}':+:.‘[=1.
ab bc ca Iri c

Khi gap gia thiét a+b+c =1 ta co thé viét thanh:

EEEE EEEE EEEE_J Pit

’ ’bc ’ca
=1, =z=xy+yz+zx=1.

Khi gip gia thiét: ab+bc+ ca+abc=4_Ta co thé viét thanh:
1 1 1

+ +
a+2 b+2 c+2

1 1 1
y= = =x+y+z=1.
.|r:+2'}r b+2 c+2 Y

. Tir diéu hién nhién:

=1.bat

i

+
x ¥ z 1 1 1
+ + =1 + + =
x+y+z x+y+z x+y+=z ]+J’+: I_‘_:+J«.’ l+x+_}'
x v z
+z z+ +
.Bita=y h= '1[;::.'::Jr Jrr1:;11;U}.rra
x v z

1 1 1
+ +
a+l b+1 c+1
gia thiét: abc =a+b+c+2 taco thé dat:

=l abc=a+b+c+2. Tirdo suy ra khn gap

a=y+:;b=:+x;f:=x+y
X ¥ z
f o ai 1 11
+ Neu doi {a,b,c} —;—;—|tacod: abc=a+b+c+2 tuong

a b c

duong véi ab+bc+ca+2abe =1. Vi vay khi gip gia thiét

ab+ bc+ca+2abc =1 taco thé dat a= i ‘b= Y c= = .
y+:z +x x+y

" . e 1 1 1 .

Mot cach to at: Khi gi a thiet: + + =1 kh

¢ et ' Bap gla e k+a k+b k+c :

khai trién thu gon ta co:



6.

k' =3k* +(k* =2k )(a+b+c)+(k=1)(ab+bc+ca)+abc=0. Suy
ra ton tai cac s x, ¥,z sao cho

1 x 1y 1 =

= : = : = . Nhur vay: Vi
k+a x+y+z k+b x+y+z k+c x+y+:z

1 1 1

cac so thue duong a,b,c thoa min: + + =1. Thi tén
k+a k+b k+c
tai cac so m,n, p >0 sao cho:
a=m+n+p_k;b=m+n+p_k;c=m+n+p_k_
m n P
+Néu a,b,c>0 va ab+bc+ca+abc=4 thita co thé dat
0= 2m b= 2n e 2p _
n+p p+m m+n
+Néu a,b,c>0 va a+b+c+1=4abc thi ta co thé dat
a:n+p;b:p+m;c:m+n“
2m 2n 2p
Khi gap gia thiét: xyz=1. Ta c6 thé chon cac phép dat:
2 i 2 2 2
a_:;[;b_:y;c_:::}a[]c:];a—:x;b_:y;c_::huﬂg
b c a bc ac ab
azi;bzz;c:i..
¥ z x

bat: x=a+b-c,y=b+c—a,z=c+a-b hodc dit
x=a+b,y=b+c;z=c+a...

Vi du 1: Cho x, v,z la cic s6 thue dwong va thoa man diéu kién

x+ y+z=xyz. Tim gid tri 1ém nhat cia biéu thirc

P=

1 1 1

+ + :
VI+x fl+y A1+

Loi giai:



Tir gia thiét x+ y+z=x)=, tacd Lo pa

oy
1 1 1
a=—h=—t===a,b,c>0
X ¥ z
Gia thiét tro thanh: ab+bc+ca=1 == -+ b + < bé

Liac nay P co dimg

c
+
J (b+a)( b+c] .J[c+a]{c+b}
b
+

P
Jla+b)(a+c)
J 4 J J J J . Theo bat dang thire Co s1,
+bVa+c b+e ct+aVNc+h
a coe f:

< H+ +b+c+c =—ha}rP£i.
2 a+b a+c b+a b+c c+a c+b 2 2

Diu=xayra a=b=c= J_ﬁrhx y:'—sr Va}rmaxF—% Gid tri lon
nh?itdatdugrckhivﬁchlkhlx:y:::ﬁ_

Vidu 2) Cho x,y,z>0 va x+y+z=3xz .Ching minh:
yz foa xy
+ + 1.
x {:+ Zy} }'3{x+2:} z’ [J.=+?.:r]

Loi Giai:

bat P= 3 = T3 - T 2 , dat ﬂ=llb=l;
x(z+2y) y(x+2z) Z(y+2x) x ¥y
gia thiét ta c6 a,b,c >0 va ab+bc+ca=3. Lic nay dé thay
a’ b ¢’
= + +
b+2c c+2a a+2b
9a’ 95"

+[b+2£}a26a1,
b+2c c+2a

_ Theo bat ding thirc Cé si ta co:

+(c+2a)bz 6b°



3

% +(a+2b)cz6c". Cong timg vé ba bat ding thirc ciing chiéu ta c6
a+

9P+3(ab+bc+ca)z ﬁ(al +b +.‘:1] . Mit khac ta 6 két qua quen thudc:
a’ +b* +¢* = ab+bc+ca két hop véi ab+be+ca=3 suyra P>1.Viy
min P =1. Gia tri nho nhat dat duoc khi x=y=z=1.

Vidu 3: Cho a,b,c la do dai 3 canh mot tam giac. Chirng minh ri;mg:

(a+b=c)(b+c—a)(c+a-b)<abc.

Loi giai:
bat x=a+b-c,y=b+c-a,z=c+a-b= a+b+c=x+‘v+: _Tirdota
suy ra g = :+x;b=x;y;c=y;: . Bt diing thirc can chimg minh ¢

dang: (x+y)(y+z)(z+x)=8xz. Diy la bat dang thirc quen thude ( xem
al).

Vidud4.Cho x,yv,z>2 va %+i+%:l . Chirng minh n"mg
(x=2)(y-2)(z-2) =1

(Dé thi tuyén sinh 16p 10 chuyén Lam Son Thanh Hoéa niam 2005-2006).
Gidi:

Véi gia thiét x,y,z > 2, ta nghi dén viéc dat an phu dé dua bai todn vé dang

don gian va quen thudc hon.

Dit x=a+2.y=b+2,z=c+2 véi a,b,c > 0. Bai todn quay vé chimg
minh abc =1

Va1 a,b,c >0 thoa man:



1 | 1 a b C

+ + =le + + =1 Pén day ta dat tiép
a+2 b+2 c+2 a+2 b+2 c+2

d b c .
n = n= P= —m+n+p=1.Taco:

a+2 b+2 c+2
L:a+2:1+z:~.-zzl—1:"+‘g:~a= 2m . Tuomg tur:
m a a a m m H+p

b= 2n - 2p
p+m m+n

Do do bat ding thirc tror

thinh: =7 20 2P

. i <le (m+n)(n+p)(p+m)=8mnp
n+p p+m m+n

Sir dung bat ding thirc Cauchy, ta

cé:{m+n][n+p]{p+m]Eﬁv'mn.?.@.z pm =8mnp .

Bai todn duoc giai quyét xong. Pang thirc xay ra
em=n=pea=b=c=leax=y==z=

Vidu 5. Cho a, b, cla cac s6 thue duong thoa man ab+bc+ca+abc=4

Chirng minh rfmg: ﬂﬁ+~ﬁ’¥+&£ 3.
Loi giai:
Ta co:
ab+bc+ca+abc=4 = abc+1{ab+bc+.’:a]+4[a +b+c}+3=12+ ab+bc+ca+4
o (a+2)(b+2)(c+2)=(a+2)(b+2)(c+2)+(c+2)(a+2)
1 1 |
+

1= + .
a+2 b+2 c+2

A o L Em Zn 2
Suy ra ton tai cac so duwong m.n, p saocho:a= b= c= P ;
n+p p+m m+n

Thay vao bat dfmg thirc can chimg minh ta



ﬂU‘UCZJEm- 2n +J2n _Zp +J2p_2m <3
n+p p+rm Yp+m m+n Ym+n n+p

oMo n s |n p e m < 3. Sir dung bét
'\J[m+p n+p m+n m+p n+p m+n

dil-'ng thirc Cauchy, ta

cé:lm_”£m+”2”.P£”+P,
m+p ntp m+p n+p m+n m+p m+n m+p

2, P . - = P + =

n+p m+n n+p m+n

Cong ba bit dfmg thirc nay lai theo vé. ta duoc:

) L n_ P P m £m+”+"+P+m+F=3
m+p n+p m+n m+p n+p m+n m+n n+p m+p
BAT PANG THUC SCHUR

Cho x,y,z li cic s6 thue khéng dm vi s6 thue duong ¢ Khi d6 ta co:

X(x=yNx=2)+y (y=2)y=-2)+="(z=y)z=x)20 (*)

Diy la bat ding thirc ¢6 kha nhiéu (ing dung va twrong déi chit nhiéu bai
todn Bdt chi la hé qua cua BDT nay. Viéc chirmg minh (*) kha don gian:
Gia sur:

xzyzz=(*) e (x- J-‘][x‘{x—:} —y‘(;-‘—_\:j:|+:'[:— y)z—x)=0. Diéu

nay la hién nhién. Dau bang xay ra khi ca 3 s6 bang nhau hoic hai s6 bing
nhau, mét s6 hi‘ing 0.

Cic bat dang thire suy ra tt BBT SCHUR khi ¢ =1 la:

1) a’ +b' +c" +3abc=abla+b)+bc(b+c)+calc+a).

2) (a+b+c) +9abc = 4(a+b+c)(ab+bc+ca).



k)] abcz(a+b—c)b+c—a)c+a-bh).

4) a*+b*+c + dabe

=2ab+bc+ca).
a+b+c

a b c d4abc
+ + + >
b+c c+a a+b (a+b)b+c)ic+a)

5)

Céc BDT (4) (5) con goi la BDT SCHUR dang phan thie khi r=1.

Ngoai ra can chi ¥ bién doi:

a +b +c3-3ab¢:={a+b+c][{a+b+c]: -3[ab+bc+ca}i|.Hui3c:

a +b ~|—.*:3'—3|::.rrfr-r::I[.a+.E=+.|:][.'.12+.I.’:r2 +c -[ab+bc+m]]

Ta xét cac vi du sau:

Vidu 1) Cho a,b,c 1a ba s6 thuc khong am va a+b+c=1 . Chimg minh
ring: 9abc = 4(ab+bc+ca)-1.

Loi giai:

Ap dung bat dang thirc Schur dang:
[a+b+c}3 +9abcz4a+b+c)ab+bc+ca). Thay a+b+c=1 tacd:

1+9abc = 4(ab+bc+ca) . Dau dang thirc xay ra khi va chi khi ¢6 hai s6
bing % va 1 50 bing 0 hoic a=b=c=—
Vi du 2) Cho cac so thue duong a,b,c saocho ab+bc+ca+abc<4.

Chimng minh: a*+b" +c* +a+b+c 2 2[ab+bc+ca]_{Tric:h deé tuyén sinh
viao lop 10- Trwong Chuyén KHTN- PHQG Ha Naoi 2015).

Loi giai:

Ap dung BBT Schur dang phén s6 ta c6:

B, , . Qabc
a +b +c +

> 2(ab +bc +ca) . Dé chimg minh bai todn ta chi can
at+bh+c



Yabc
a+hb+c

chira: a+b+c=

& (a+b+c) 29abc . Theo bat dang thirc C6 si

ta co: a+b+c=3abe :}{a+b+c]229(m)1.Tachfmgminh:
abe <1 . That vy tir gia thiét ta co: ab+bc+ca+abc<4 ma
ab+bc+ca=3ab'c’ . bit r=m ta suy ra:

£ 437 -4<0& (t-1)(t+2) <0 1<1.Suyra abc <1 hay

{1‘3 abc )1 > abc suy ra dpem. Diu bing xay ra khi va chikhi a=b=c=1.

Vidu 3) Cho a,b,c 1a cac so thue khong dm sao cho a+b+c=1. Chimg
minh ring 4{&3 +bs+c3]+|5abc2 1.

Loi giai:

Ta co:
as+ba+c3-3ab¢:={a+b+c][{a+b+c]:-3{ab+bc+m]}=l-3{ab+bc+ca}
Suyra

4{&'31-113+ca}+]5r:ibf::ETabc+4-|2[ab+bc+ca:]
>3[4(ab+bc+ca)-1]+4-12(ab+bc+ca)=1. Theo vidu 1 ta cé:

9abc = 4(ab+bc+ca)—1 . Tir do suy ra:
27abc+4-12(ab+bc+ca) =3[ 4(ab+bc+ca)-1]|+4-12(ab+bc+ca) =1
Hay 4(a’+b’ +¢)+15abc 2 1. Dau ding thire xay ra khi va chi khi c6 hai

1

5o bing % va 1 56 bing 0 hoic a=b=c=—
Vi du 4) Cho céc s6 thue khong am a,b, ¢ . Chimg minh ring:

4

a’+b +c* +33f(abc)” =(ab+ bc+ca) (Trich dé tuyén sinh vao lop 10

Trudmg chuyén Phan Bo6i Chiu — Nghé An 2014)
Loi giai:

bat {‘rﬂ_:=.‘r;'{1’b_1=y;{|{c_1=;



Suy ra: a=x:b=yc= :}EIZJ_T_S;EP:J_}’_};EZJI_! va

x,y,z20 Bat din g thire di cho thanh:

X +y +z 430z EE[JXSJ-‘B +\’,J"3:3 + J:EISJ M

Ap dung bét dang thirc Schur ta suy ra:

x +y3 +z +3xyz l_“x:u{x+y]+y::[_v+:}+::r{::+x}

Mit khac theo bat dang thirc Cauchy ta co: w(x+y)z 21}?@ =2Jx'y" .
Tuong tu ta co: yz(y+z)=2 Zn.,f'}=3:3 , x(z+x)224z'x’ Cong vé theo vé
céc bat ﬂfmg thire trén ta thu duoe:

xp(x+y)+yz(y+z)+zx(z+x)2 E[st}-‘l +\|l’_].-‘3:3 +42°% ) (2)

Tie(Dva2)tacd: x' +1 + 2 +3xz EE(JI;_}-'H +\‘l'}-f3:3 +-s.1'r:3x3)

Hay a’ +b" +c" +34 {abc}l =(ab+bc +ca). Ping thirc xay ra khi
x=y=z haya=b=c.

Vidu 5) Cho a,b,c¢ 1a cac so thue duong co t-f"mg héng 1.Chirng minh r;ing

6(a’ +b'+c*)+125(a* +b° +c7).

Loi giai:

Ta co:

a +b +c3-3ab¢:={a+b+c][{a+b+c]: -S{ab+bc+ca]}=l-3{ab+bc+ca}
suy ra

6(a’ +b'+c*)+1=6[1-3(ab+bc +ca) |+18abc+1

2

=1+18abc+6(a+b+c) —18(ab+bc+ca)=
1+18abe+5(a+b+c) +(a+b+ec) —18(ab+bc+ca)
=1+5(a" +b" +¢* ) +18abc+(a+b+c) ~8(ab+bc+ca)

=5(a® +b* +c*)+2[9abc+1-4(ab+bc+ca)| Theo vidu 1 ta cé:



9abc = 4(ab+bc+ca)—1= 9abc+1-4(ab+bc+ca)=0 . Suyra
6(a’ +b"+c7)+125(a” +b7 +¢7).

Vidu 6) Cho a,b,c la cic s6 thuc duong.

Chimng minh ring a” +b" + ¢’ +2abc+12 2(ab+bc+ca).

Lo giai:

Bat dang thirc can chimg minh tuong dwong véi:
{a+b+c}1+2abc+124{ab+bc+m]

< 2abc+124(ab+bc+ca) -|[4:1+.I5+-::}3 , Ap dung bat dang thirc Schur

Qabc
a+b+c

dang phin sé ta ¢6: @* +b* +¢* + >2(ab+bc+ca)
Qabc

24[ab+b¢:+c&}—{a+b+c}3. Do do ta chi can chimg minh
a+b+c

Hay :

2abc+12 dabe hay [

-Ejabcil_
a+b+c

a+b+c

Néu § z% thi hién nhién bat ding thirc ding. Néu a +b+c < %, ap dung
bit ding thic AM-GM, ta

=1 v

9-25 5 _ 1 [5+5+{9—25]]3

duroe: —_—s—
[ s 27 27 3

- EJ abc <
a+b+c

s=a+b+c

Vidu 7) Cho a,b,c la cac s6 thuc khéng am thoa man diéu kién

ab+bc+ca=1. Chimg minh rﬁng_ a+b+ +6abcza+b+c.

Loi giai:



Ta co:

a +b’ +c3—3ab¢::{a+b+c][az+bl +¢” -{ab+bc+r:a]]
:(u+b+c}[a: +b" +c’ -I]. Suy ra

a'+b' +c' +6abc =9abc+(a+b+c)(a’ +b* +c’ ~1). Ap dung bat déng
thire Schur dang: {a+b+c}3 +9abc z4(a+b+c)ab+bc+ca). Tasuy ra:
9abc+(a+b+c)(a* +b*+c" —1)2ds—5"+(a’ +b" +c’)s—s

=s(3—5: +a’ +bz+c:]=s véi s =a+b+c Daubing xay ra khi va chi

khi a=b :c:Lhuacoahai s bing 1, mét s6 bing 0.

V3

BAI TAP REN LUYEN CO BAN

Ciu 1) Cho ——<x <~ . Chimg minh rfmg: M3-dx+Jl+dx =22

|

1
4
Céu 2) Chimg minh ring véi moi s6 thue khac khong x, y , ta co:

2
X

JJ

+

a

HHIN:'I §
%

= | =
+
= =

Céu 3). Chimg minh ring véi moi s6 thue khic khing x, v ta co:

2

x, +%+423[£+1].

y =X y X

Ciiu 4) Cho x =1,y 21. Chimg minh rs"mg Xy =1+ yfx=1<xy.

Ciu 5) Cho hai s6 thuc x,y khic 0. Chimg minh ring:

2 r S

(13 + _].-‘3 ]: yoXx

Ciéu 6. Cho cic s6 thue duong a,b . Chimg minh bat dang thire sau:



a'b 2 a'+2ab
3 3+_E 3 3
2a+bh 3 2a+bh

Ciéu 7) Cho cic s6 thuc duong a,b . Chimg minh bat ding thirc

2ab ’a: +b* a+h
+ > Jab + .
a+b 2 2

Ciu 8) Cho a,b,ce[~1;2] va a+b+c=0. Ching minh rang:

a) a+h+c"<6;
b) 2abc<a +b" +c <2abc+2;

¢) a +b +c" <8-abc.
Céu 9) Cho cic s6 thue khing im g b.c .
Chirng minh ring (a +.’:|I+c.']3 >a' +b' +c' +24abc .
Céau 10) Cho a,b,ce B thoamin a+b+c=1.

a-bc b-ca c—ab 3
+ - <=
at+bc b+ca c+ab 2

Chirng minh ring
Ciu 11) Cho cic so thue duong a,b,c .

2(&3+53+C3]+9{a+b+c}2

=33
abc a +b +c’

Chirng minh ring

Ciu 12) Cho cic s6 thue a,b,c . Chimg minh ring

I{r::3 +b° +|:.'3)I = 3{&3’b+b3c+rsa)_
Céu 13) Cho cic $6 x, 7,220 vad x+y+z=1.

Chimg minh ring x+2y+z24(1-x)(1-y)(1-z).



Céu 14) Cho cic so thue duong a,b. Chimg minh:

2ab b’ 3
7 +— - ==
a +4b* 3a +2b° 5

Ciéu 15) Cho cic s6 thuc duong @, b . Chimg minh bat ding thirc

i+ij+ 16 25[l+l].

b* a a+b a b
Ciéu 16) Cho cic s6 thuc duong a,b . Chimg minh bat ddng thirc sau:

3a” +2ab+3b° 5
a+b -

2 2(a’ +1~f]_

Ciu 17) Gia sir v,y li nhitng s6 thuc khéng 4m thoa min:
x'+y +xy=x"+y". Tim gid tri nho nhat cta biéu thirc:

P I+J; 2+J;

= + .

2+J; 1+.y
Ciu 18) Cho a,b,c duong thoa midn: 6a+3b+2c =abc Tim gia tri lon
nhit cia B = : 2 3

+ + :
Nai+l P +4 A +9

Céu 19) Cho cic s6 g,b,c khéng dm. Chimg minh ring

a +b +c +3 {abc]: =(ab+bc+ca) ‘Ping thirc xay ra khi nao?

Cau 20) Cho cac $6 thue duong a,b sao cho ab+1<h . Tim GTNN cua

P=a+L,+b:+l_
=

HUONG DAN GIALI:

Ciu 1) Bat ding thirc can chimg minh twong dwong véi:

(V3-ax+/T+4x) 24




A4+ 2yi-dxfl+dx 24 = 3-dxfl+4x =0

Bat déng thire duwoc chimg minh.

Ciu 2) Bat ding thirc di cho twong duong véri:

I_+P_3£+£ﬁ[£+£J XY
y x y x y X y X

: x=y) (2 +xp+
ﬁ[£+l— ][£+L+]]2{}ﬁ{ ) — )2{}
ry

y X y x i

Ma E(x: +xp+y ] =x"+y +{x+}':]: >0,¥x,y #0 nén ta co dieu phai

chirmg minh.
Diing thirc xay ra khi va chi khi x=y=0.

Ciéu 3) Bat dang thirc di cho twong duong véi:

2 2 :
42 +423[£+£) +223[£+£]

¥ y o x y ox

AT - 2
[£+£-2)+[1+£-1J2Dﬁ{x ) (I jx}'ﬂr' ]:3[}
Yy X Vv X Xy

Ma 2(12 -xy+y: ) =x'+y +[x -y}z >0 véi moi s6 thue x,v khac 0
nén ta c6 diéu phai chimg minh.

Diing thirc xay ra khi va chi khi x=y 0.

Ciu 4)

Dit a=+x—1,b=4fy—1 thi a>0,b>0. Bit ding thirc cin ching minh

tuong duong vor:

(a® +1)b+(b7 +1)a<(a® +1)b+(b* +1)



(@’ +1)b+(b* +1)=2(a’ +1)b++(a* +1)(b° +1)-2(b* +1)a20
& (@ +1)b+ (8 +1)+(b* +1)(a-1)" 20.

Bat ding thirc cudi cing dung nén ta c6 diéu phai chimg minh.

Déu ding thirc xay rakhi a=b=1 hay x=y=2.

Ciéu 5) Bat dang thirc di cho twong duong véni:

4x7y* Xy 22(];.41']] (x*+y )1 x-2x 4y
(x +J=) yioox (xl+y) X'y
_(x -Jr') (I -J }ﬂﬁ(x: y_]_ :lz_ : 1 |2
RS )
( 1_}}1]3_‘{3}:12']#{1:-},3): x¢+_v'1+I:J’31:_:_{}

S —
(I Y ] xzy:(xz_l_yz)'

X ¥ {.T TV }1
Bat ding thirc cudi cing dung nén ta c6 diéu phai chimg minh.
Bfmg thirc xay ra khi va chi khi x=+y .

Ciu 6)

ab l a +2ab
2a’ +.5=3’ 3 2a° +b°

Déau ding thirc xay ra véi a=b khi va chi khi:

Ta cd bien do6i sau:

a’b 2 a +2ab ab 1. a +2ab
3 1 +=2 2 T3 3 -3 Z 2 3
2a+bh 3 2a +b 2a+b 3 2a +b




-{a-b]1{2a+b]}-(a-b]l {a-b}{ 1 2a-b ]}

3(24°+8°) T 227 +0 2a°+b* 3(2a°+6°) |
& (a—b) [3(2a’ +°)~(2a* +b7)(2a+b) |20
& (a-b) (24’ +2b°-2a'h-2ab* )20 (a+b)(a-b)"' 20 (dpcm).

Cin7) Tacs: 410 _2ab _ (a=b)
2 a+b 2{a+b]

: —ab (a-b)
(55 rr ()

Do do bét ding thirc can chimg minh tuong dwong véi:

a+b o rH-E: abﬁ{a-b]l 1 1

T ath 2 EE Ta+h
Ja ;b +JE

ﬁ{a-b)l[zaJrzz:-,fz(almlJ-zﬁ_zﬂ
Vi (a- b} > () nén ta chi can chimg minh:

2a+zb-.fz(af+b1]-zﬁzn (*)
: -b)’
b-[2(a* +b?) =
a+ (a®+ Jz o)

+(a+b)



ﬁb-z\fa—b:(@-@)’:ﬁ

Do viy bat ding thirc (*) twong duong vi:

1 1 |

(Va+B) _Jﬁ[az+bl) +(a+b)

20

(a-b)

= [a-b}z[ 2{a3+b3}+a+b—[£+@)1} =)

& (a-b}l[,h(a3+bf) -Nra_b} 20

. 2at +b'|-4ab -b)
{a+)a S0 2{&!:-}

_JZ(aI+bI]+2J¢E_ Jz(fmﬂu&zn'

ﬁ[a—b:}

Bat dang thirc nay hién nhién ding, ta c¢6 diéu phai chimg minh.
Diing thirc xay ra khi va chi khi a=b.

Ciu 8) Vi a,b,ce [~1:2] nén c6 mot so bat dang thirc hien nhién ding
{a+|}(a-E}Eﬂ,{a+]}{b+l]{c+l]Eﬂ,{a-l}{b-l}(c-zj =0.

a) Do a,b,ce[—l;Z] nén {a+|}{a-2}£ﬂﬁa3 <a+2.
Tuong tu tasuyra: a* +b* +¢’ <a+b+c+6=6 (do a+b+c=0).
by Vi a,b,ce [-1;2] nén [a+l]{b+l}{c+l}2{],hay

abc+ab+bect+ca+a+b+ec+120
= abe+ab+be+eca+120 (do a+b+c=0) (1)

Mat khic cling vi a+b+c=0 nén {ﬂ+b+:’:}3 =0, tirc la



ab+bctca=-33T+C (3

2
T (1) va (2) ta co:
2 2 2
abc—$+l >0 a’+b° +¢° <2+ 2abe

Diu dﬁng thire ¢, t:hfmg han a==1.b=1,c =0
Ta con phai chimg minh a® +b° +¢” = 2abc
Khéng mit tinh tong quat, gia st a 2b=¢

arbre po)d<i

Tirdosuyra -1<c<
Sir dung dénh gid nay, ta duoc 2abc < 2a|.|b|.|c| < 2|al.|p|
Suyra @’ +b” +c* —2abc 2 @’ + b +¢* - 2|al |b| = (|a|-[p])" +c* 20
Déu dang thitc co khi a=b=c=0.

c) Viabce [—1;2] nén [a—Z]{b—E]{c-Z}EU,ha}r
abc—Z{ab+bc+ca}+4{a+b+c]-BEl'.]
ﬁabc-l{ab+b¢:+c&]—8£{}(dﬂ at+b+c=0) (3)

T (3)va(2)tacd: abc+a’ +b +c" =80 a” +b" +c” <8-abc
Dau ﬂi']"ng thirc co, chi;mg han a=2b==-1c=-1.

Céu 12. Cho a,b,ce [0:2] va a+b+c=3.

Chimg minh ring 3<a’ +b +¢' -3(a-1)(b-1)(c-1)<9.
Giai:

biat g=x+1,b=y+1Lc=z+1 thi x,y,:e[—l;l] VA x+y+z=
Taco P=a'+b" +c’ =3(a-1)(b-1)(c~1)

=(x+1) +(y+1) +(z+1)" =3xz

=x'+3"+2' -3xz+3(x+ 37 +27 ) +3(x+y+2)+3



Ma x+ y+z=0 nén
:(3+y3+:3—31}'::[Jr+y+:}(x1+y:+:1-xy-y:—:x]=ﬂ
Dodo P=3(x*+y*+2%)+3

Vay ta co 0<x’+y +2° <2 nén 3<P<9.

Ciun 9)

Guat:

Ta co: {a+b+c]3 2a' +b +c +3(a+b)(b+c)(c+a)

Nén bat ﬂéng thire di cho twong duong voi: [a+b}{b+c]{c+a} = 8abc
< ab® +ac® +bc* +ba® +ca® +cb* = babc

< ab’ - 2abc+ac” +bc” - 2abc+ba’ +ca” —2abc+ch’ =0
ﬁa{b-c]1+b[c-a}z+c[a-b]: =0

Viy ta ¢o dicu phai chimg minh.

Diing thirc xay ra khi va chi khi a=b=c.

Ciu 10)

Taco a+bc=a[a+b+c]+b¢:={a+b]{a+c} nénbﬁtﬂéﬂgthﬁc can

chirmg minh twong duong vor:

ala+b+c) -bc+b{a+b+cj—ca +c[a+b+c)—ab -
(a+b)(a+c) (b+c)(b+a) (c+a)(c+b) B

3
2

= (u1+ab+ac-b{.‘}{b+c]+(bz +ba+bc-ca}{c+a}+



(c: +ca+r:a—ab}[a +.-5]£

b3 | L

(a+b)(b+c)(c+a)
< ab’ +ac’ +bc’ +ba’ +ca’ +cb’ 2 6abc
e a(b-c) +b(c—a) +c(a-b) 20
Vay bai toan ducc chimg minh.
Ding thirc xay ra khi va chi khi a:b:c:%_
Ciéu 11)
Bat ding thirc di cho twong duong voi:

2(4r3'3’+.lf-.r3 +c3) +9(a+b+c}1

abc a +b +¢’

27=20

2|:a+.'5|l+.|:](ﬂl—Ir.:':n'2 +ct -ub-bc—m) ]S(a: +b*+¢’ -ub—bc—m)

abe a +b +c

—

ﬁ2(53+b:+c:—ab—bc—ca}[a+b+c— 5 91 1)2[}
abc a +b +c

= [{a-b}l +l[r5r--:.'}1 +{c—a]z}|i{:a+b+c](al+bl +cl]-gabc]2[}

=

Do [a-b]: +{b—c]1+[c-a} nén ta chi can chirg minh
[a+b+c](53 +b +c3:}—"}abciﬂ
=a +bh 4 -3abc+a{b3 +¢:1]+b(c2 +az}+c{a3 +b3}—6abc =10

Bat ding thirc nay diing vi ta co:



a +b +53—3ab¢::{a+b+c]{al+bl +c -ab—bc-m}

i (a+b+c)[(a=b)' +(b=c) +(c-a)’ o
. >

Vi
|51r(£:t1+.:':)+.lfr(c1 +a1]+c(a1+b3}—6abc=a{b-c]1 +b[£‘—ﬂ}2 +:':|[a -b]l =0

Diing thirc xay ra khi va chi khi a=b=c.
Ciu 12) Giai:

Tir hing dang thirc:

{az +b +c.'3}1 -3{axb+bac+ cz‘ﬂ:}:l{al -E:I+Zbc-ab—ac)z+

+l(.l_’:-1 - +2c:a-b.’:-ba}1 +l{.*:1 —-a’ +2ab-ca-cb]:
2 2

Suy ra ta ¢6 diéu phai chimg minh.
Ciu 13)
Do x+ y+z =1 nén bat ding thirc cin chimg minh ¢6 thé viét lai thanh:

2

(x+2y+z)(x+y+z) 24(x+y)(y+z)(z+x)

Do vai trd ciia x v z trong bat dang thirc trén 1d nhu nhau nén ta hoan toan
c6 thé giasir x>z .

Ap dung bat ding thirc Cauchy dang (a+ b}l =4ab, ta co
[x+y+:]: =4x(y+z).

Sir dung danh gia nay, dé thay chimg minh s& hodn tat néu ta chi ra duoc



x(x+2y+z)z(x+y)(z+x) = y(x-2)20, hién nhién dang theo gia sir
xz

Bai toan duoc chimg minh xong.

Ding thirc xay ra khi va chi khi x = :=%;y={].

Céu 14) Viét lai bat ding thirc thanh:

2ab " b’
a +4b" 3a’ +2F

2 2 2 2 2
1:::.5- 2ab +l_ b >0 2a- =10ab+8b" 3a -3b .

20 - +— — =
5 a*+4bh" 5 3at+2%° a” +4b* Ja-+2b

<3
5

= E[H—b]{a-db] +3{a—jb]{a—1|rb} >0
a’ +4b 3a- +2h°

& (a—b)[2(a—4b)(3a” +2b7)+3(a+b)(a* +4b7) |20
& (a-b)(9a’ -21a’b+16ab’ - 4b*) 20 = (a—b) (3a-2b)" 20

Ta c6 diéu phai chirng minh Pang thirc xay ra khi va chi khi a =5 hoic
2

a==bh.

3

Ciu 15) Vi a,b >0 nén bat ding thirc di cho twong duong vai:

8 Lib L4 11
B b a a a+bh a b

a-b b-a  4ab—(a+b)
= —+t—+4
b+ a- {a+b]ab

=0



- (a=b) (a+b) 4(a-b) .
a'b’ (a+b)ab

& (a=b)[ (a+b) ~4ab|20 & (a=b)' 20.

Bat ding thirc cudi ding nén c6 diéu phai chimg minh.
Dau dﬁng thirc xay rakhi a=b>0.

Céu 16) Bai toan nay co chira cin nén dé xuat hién nhin tir chung dang

(a=b)’ ta can chi y dén phép bién déi

2(a* +5%) - (a+b)= (a—b)
J2(a*+b%) +(a+b)
Khi do:
3a’ +2ab+3b° =9 2({12 +b:]
a+b

3a’ +2ab+3b PE—
S —2{&+b]22.’2(ﬂ +b*)-2(a+b)

(a-b)’ N 2(a-bY’
a+b JZ[a1+£:-3}+|[a+b}

—

= [a-bf[ 2(a*+b) -{a+b}-2(a+b}] >0

ﬁ{a—b}l[.\"?.[:a3+b:)-[a+b}]2ﬂ¢h [a—b}‘ > () Bat ding

Jz{a1+b3] +a+b

thirc cudi ciing ding do a.b dwong Ping thirc xay ra khi va chi khi a=b

Ciu 17)

Yy +xy=x+)y e [Jr+y}3-3xy{x+y]+xy:{x+y] - 2xy
bat x+ y=a;xy =5, ta cd:
a' —3ab+3b-a =0« a (a—1)-3b(a-1)=0



=l + "=].
o (a-1)(a-»)=0e|"" o T
a =3b (JH- J-‘}' = 3xy

Vi {I+_}J:]1 241}’;‘9{‘:1_}’#(‘ suy ra _1':_].-‘:[} hoic _T+_},J=1

Véi x=yp=0 thiP=%

A A
A IA

: 0 1
Néu x hodc y khac 0, ta co J;:+;L-'=1::>JLE|I g R
)

':I ':D
P{min]=%¢r {} D;P{:max:}zéiﬁ {} |
xX= X=

Vay P[min]z% khi x=0,y=1,P(max)=4 khi x=1;y=0.

Cau 18) Biat x=a,y=

c N 5 7 Ar L]
= 3 thi x, y,z la cac so duong va

Xt+ty+I=xc.
. 1 1 1
Khido: 4= + +
NI \/I+;|;3 i+ 22
Ta co:

1 :J xys _ j Yz - ¥ z
Vet +1 X (x+y+z)+xz \‘[I+J-‘}{x+:]_2{x+}r} 2(x+:z)
Tuong tu ta co:

X z 1 x ¥

1 < + - : < +
,fyl +1 2(x+y) 2(y+z) 241 2(x+z) 2(y+z)

Xty Xtz y+=z 3 £ aZ . . sy o
== _Daudang th kh h
3[I+}']+1{-‘=’+:]+2{J’+:} 5 - au dang thic xay ra ki va chi

khi: x=y=z=+3 = a=3.b=23,c=3J/3 Viy gia tri 16n nhét cia

= A=

biéu thire 4 1a % dat duoc khi vachikhi a=+3.b=243.c=343 .

Ciiu 19) Bat {l'fa_!:x;wﬂ/b_::y;%{c_:::
Suyra: a’=x:b =y’ == :}a=~J"JF;b=-JF;E=J:_3 vax,y,z20.
Bat ding thirc di cho thanh:



X +y +r 43z 2 2(Jx3}13 +J}J:‘:3 +2y ) (1)

Wi vai tro cua x, v,z binh dfmg nén co thé giast x=2yzzz(

Khi do: :r[;r—y]: -1-:1[}*—:}3 +(z+x=y)(x=y)(y-z)=0

Suyra: X' +y +2" +3xgz2ap(x+y)+yz(y+z)+zx(z+x) (2)

Ap dung bat dang thirc Cé si ta cé: xy(x+y) 220 =2¥'y" (3)
Tuwong tu ta co: y::[}'+::}22\/y3? (4)

::I[::+x] = Zﬁ (5). Cong vé theo vé cac bat dfmg thire (3),(4).(5) ta

dm;rc:xy[x+y]+y:[y+:]+:x[:+x]22[\(’.\:3;1;3 +1Jy3:3 +J:313J (6)

Tt (2)va(6)tacod: x° +1 +2 +3xz 22(Jx3y3 ~|—-\,l’;,-r3:3 +\l'r:313)
Hay a’ +b" +c” +34 {abc]l >(ab+bc+ca)
Eﬁﬁngthirc xayrakhi x=y==z hay a=b=c.

Ciu 20) Gia thiét ta suy ra a+l£1_Ta{:6 P=a+l+ij+b: EEJE+ZE.
b b a b a

a+—
Pit ’:\EE b E%_Tachfxngminh: P =9 That vay ta c6:

2
S _gp? 2t=1)(r —4dt-2 S
24292 = +2_( ](1 ]E{]_Dﬂﬂ::rﬂl,dﬁudéng
t t* 'S 2
I b=4da
thirc xayrakhivachikhi t=— & 1 .
2 EI+E:]

BAI TAP REN LUYEN NANG CAO

Céu 1) Cho x, v,z la cic s6 thuc dwong thoa man diéu kién x+ y+z=1.

Tim gid tri 16n nhat cia biéu thitc P =fx+ )z +/y+2x +fz+xp.

Ciéu 2) Cho x, y,z la ba s6 thue duong va xyz=1.



Tim gia tri nho nhét cia biéu thirc

pe J1+x2 4+ ) +‘jl+y3 +z° N i+ +x _
xy ¥z =x

Céu 3) Cho x=2,y>3,z >4 Tim gia tri 16m nhat cua biéu thire sau:

B Xz =4+ yzfx =2 + 2y fy -3
xyz
Ciu 4) Cho x, v,z la cic s6 duong sao cho x+ y+z=1. Tim gi4 tri lém

nhat cua biéu thire P = _T+»JE +ifxyz .

P

Céu §) Cho x,y>0 va thoa man diéu kién §+§+%=3 - Tim gid tri nho

nhit cuia biéu thire P=27x"+8y" .

Céu 6) Cho x, v,z la cic s6 thue dwong va xyz =1 Tim gid tri nhé nhat

3 3 3

= + 4 + = :
[]+x}{]+y] |[I+:]{l+x] []+x]{]+y]

cuia biéu thire: P =

Céu 7) Cho x, y,z 1a 3 s6 duong va thoa man diéu kién x+ y+z=3.

Tim gid tri nho nhat cta biéu thirc
3 3 1

x y z 2
P= + + ——|xy+yz+2zx).
7 +8 —+8 ¥ +8 77 (0 +y7+ )

Céu 8) Cho x, v,z labasé duong va x+y+z=3.

+1 +1 z+1
ad +y +

Tim gid tri nho nhat cta biéu thirc P=— d 4
y+1 zm+1 x +1

Ciu 9) Cho x, y,z la ba s6 thuc duong thoa man diéu kién x+y+z=3.

X / x
1+J’+

Tim gid tri nho nhat cta biéu thice P= - —
I+y" 14z° 1+x°



Ciu 10) Cho x,y,z 1 ba s6 thue duong thoa man diéu kién x+ y+z=3.

+ - 2
3 e N 3 +
x+2y y+2zr z+2x

Tim gid tri nho nhat cia bieu thic P= -

Ciu 11) Cho x,y,z 20 thoa min diéu kién x+y+z=3.

Tim gid tri bé nht cta biéu thic P=—* _+_ ¥ 4 =
x+2y y+2z z+2x

Ciu 12) Cho x,y,z laba s6 thuc duong va x+y+z=3.

1, 11 . 11 .
x+1 y+1 =z +1

Tim gid tri nho nhat cta biéu thite P=

Céu 13) Cho x, v,z li ba s6 thuc duong thoa man diéu kién xyz =8

x—-2 y-2 =z-=2
- +
x+1 y+l1 =z+1

Tim gia tri 16m nhat cta biéu thic P =

Ciu 14) Cho x, v,z lacac 56 thue dirong thoa min diéu kién xz=1.

\ St . L. - . 1 ! !
Tim gid tri nho nhat cda bicu thic P=— (y+2) Ty (z+1) i (x+y)

Ciau 15) Cho x, v,z >0 vi thoa min dicu kién x+ y+z=1.

Tim gié tri 1én nhét cia biéu thic P = i”+:“" + i“-z[l+5+i]_

Céu 16) Cho x, v,z la cic sb thuc duong.

Tim gid tri 1én nhat cua biéu thire:

X Zz
+

P_ .
x+.\{{x+_] (x+z 1+.JJ+ )(y+x) :+.J{:+x][:+;-‘:}




Ciéu 17) Cho x,y,z laba s6 dwong va xyz=1_ Tim gia tri l6n nhat cua biéu
thire:

1 1 1

_P:
fo“ -x +3xy+6 N Jys -V +31z+6 +J:" -z* +3xy+6

(1)
Ciu 18) Cho x,y,z >0 va thoa min diéu kién x+ y+z=3_ Tim gia tri nho
nhat cia biéu thire

P=vx+ _}1+£—|:_1‘]-‘+ yz+:zx).

Ciu 19) Cho x, v,z la cic s6 thue khéng idm vi thoa min diéu kién

13+y1+.,3=

Tim gid tri lém nhat cua biéu thirc
X ¥V z

=— +— +— .
x+2y+3 y +2z+43 " +2x+3

Ciu 20) Cho x, v,z la cic s6 thue duong va thoa min dicu kién xyz=8.
Tim gid tri nho nhat cta biéu thirc

2 3

P= x 4 -

o)) Jieo s Jeo) i)

Céu 21) Cho x, v,z la cic s6 thuc duong..

Tim gid tri nho nhat cia bidu thirc:

[~ +J Y +J
d Uf’{}%:]j }'3{:+x:}3 :3{x+}'}3-

Ciu 22) Cho x, v,z 20 va thoa min diéu kién x+Y¥ +z=1. Tim gia tri nho

nhat cua biéu thire

x ¥ z

P

= 2 T+ 2 2 2 P
I+y " +z° 1+z+x 1+x +y



Ciu 23) Cho x,y,z la cic s6 thue duong théa man dieu kién xz=1.

Tim gia tri 1ém nhat cta biéu thic
B 1 N 1 N I
Jx3’+2y3+6 J_].’3+2:3+fl -dr:3+2x3+6 -

Ciéu 24) Cho x,y,z la céc s6 thuc dwong sao cho xyz=1.

Tim gia tri nho nhat cia biéu thirc
xl{}'+:} yl[:+x} :1{x+y]

- }'J}_'+2:J;+:J;+ 21£+x'\.l'r;+2yﬁ-

P

Ciu 25) Cho x,y,z la céc s6 thue duong va thoa min dieu kién

x+y+z=06.

x_ L,y . c
-Jy3+1 J:3+1 -st+l-

Tim gid tri nho nhat cta biéu thice P=

Céu 26) Cho x, v,z laba sé duong va thao man diéu kién 1.1l
x y =

1) Tim gia tri nho nhat cta biéu thirc

2

P= al + = 4 + = -
NE 8 +1dxy (317 4827 +14yz 4327 487 +14zx

2) Timgiﬁtﬁnhdnhﬁtcﬁabiéuth&cQ=JI+}'+ J"“+J:”_
x+1 y+1 z+1

Ciu 27) Cho x, v,z li cic s6 thue duong sao cho x+ y+z=3. Tim gid tri
nho nhat cia biéu thie P=x"+y +z" +x)z.

Ciu 28) Cho x,y,z =0 va thoa min xz=1.



Tim gid tri nho nhat cua bicu thitc P=(x+y)(y+z)(z+x)-2(x+y+z).
Céau 29) Cho cac s6 thue duong a,b,c.

a+b N b+c " c+a <2
c+.3J4{a3+bl] a+3j4{bs+cl] b+{/4[:c3+al] -

Chirng minh ring;

Ciu 30) Cho céc s6 thue duong aq,b,c sao cho a+b+c=1. Tim GTLN cua

&

P=ﬁ{ab+bc+ca}+a{a—b}2+b[b—c]1+f:[f:-a] :
LOI GIAI BAI TAP REN LUYEN

Ciu 1)

Tir diéu kién x+ y+z=1_tacd x+yz=x(x+y+z)+yz=(x+y)(x+z).

Tuong tu, ta cling co

P:J{x+y]{x+:] +J[J’+:]{J’+-’f;| +J‘[:+IH:+J’J

Ap dung bét dang thirc C6 si, ta co:

I[x+y:}[x+:}+ [}'+:}{y+x}+[:+x}[:+_}r]
2 2
F= 2{_r+y+:}= 2

P<

hay

Nhuvay P<2. Dau bfmg trong xay ra khi
X+y=x+z
+I=y+x

= g ¥ ﬁ:r:y=::l.Tird6tacé maxPzZﬁ:(:y:.::l.
Z+X=z+Yy 3 3
X+y+z=

Ciu 2) Ap dung bat ding thire Cé si, ta co:

P> JE%jx_lz +J3{f'y::1 . JB@
xy yz

ot o




Hay P2 fi+ ’i+ ,i . Lai theo bat diing thirc Cb si, ta c6:
xy ¥z X
’ ’ 1' .Do xyz=1,nén suyra PE?:NE.V{']};
y= x y =z

min P= 33‘!_{:}1'—}':': .

Céu 3)
. . = — - -3 . ..
Bhra bieu thire vé dang a':':*‘IIIr 4+~fx 2+-JJ’ . Ap dung bat dang
z X ¥
thire Co s1 ta co:
J:—4=—J{:-4].4£1{--4) 4=E --4£l
2 2 2 4 z 4
1 1 {I-E}-{-E x Wx=2 1
x-2=—1r‘x—2 2= — = = =
2 (x=2) 2 2 22 x 22
Ty O B {J-3]3{L{J"3}+3= Y A3, |
V3 T2 W3 oy 3
- : e i . It 1 1 .
Cong timg ve ba bat diang thirctrén ta co PE—[—+—+—J."J§1};
242 2 3
max P = I[l l Jﬁx 4 v==6,
2B )
Ciéu 4)

Viét lai biéu thirc trén dudi dang: P=x+ %Jx.&l v+ i Yxdy.16:z.

Ap dung bat dang thirc Cé si ta cé:



'+16z + +z
Ps“"Th“d’f;m hay Pg@_ Tit x+y+z=1va(2)

suy ra Fﬂi_ Viy 111;1:!{!3'=i
3 3
3 3

Ciu 5) Theo bt diing thite C6 si, ta co: ’?+|+|z3§ . —+|+|z3§ :

3 3 3 3
T +2 41232 Congtimgvétace: 2| =+ |+523| T+ X+ 2|
8 27 6 8 27 2°3 6

3 3

Do 2+Z+2 o3 taco: |2 +2 |22 Suyra P=27x"+8y 2432
23 6 8 27

(4)

Déu bing trong (4) xay rakhi x=2,y=3 . Viy min P =432 gia tri nho
nhit dat duec khi x=2,y=3.

Ciu 6) Theo bat ding thire Cé si, ta co:
3

x’ l+x 1+y x l+x1+y

=3 H
l+x)(1+y) 8 8 \]{I+x}[l+}=} g 8 ¥
l+x+|+y,£3-_x

x
+
(1+x)(1+y) 8 8 4

. Lap luan tuong tu ta cd:

1

3 - ; - -
y +l+.. I+123_} z +I+x+]+y23_., Céng
(1+z)(1+x) 8 8 4 (l+x)(1+y) 8 8 4
timg vé ta co P+%El[1’+}-'+:} Dau= xayra & x=y=z=1_Lai

theo bit ding thire C si, ta c6: x+ y+z 233z =3 Tirdésuyra

P+EEEZ}P2§ _Dau bing trong (5) xayra & x=y=z=1 (do

xz=1) . Nhur vay minP:%.Giétﬁ_ nho nhat dat duoc S x=y=z=1.

A :'1—
Cau 7) Theo bit ding thite Co si, ta c6: P=—— 4272, Y ~2y+d . %
y+8 27 27 3




3

2
x }911—}’—}' -6

- 3 =
V' +8 27

(1). Dau bang trong (1) xay

x N y+2 y2—2y+4

= P=
v +8 27 27

y:]' xa :E
v+8 27

= = 4 . Lap ludn twong tir ta co:

y=2 x _y+2 y=2;x:§

Ty 48 27

3

L 9y+z—z" =6
' +8 27

x=y=1

(2)

| - _2_
s E‘5‘..+Jr x =6

3

(3). Cong timg vé (1),(2).(3) va cé:
X +8 27

X ¥ = }]ﬂ{x+y+:}—(x:+y3+::]—13

= + + =
v +8 Z+8 x +8 27

(4)

Do x+y+z=3 nén (4) co

< ¥’ 2 3D-|:{x+y+:}1—2[xy+y:+:r]]—lﬂ
— 2
y+8 zZ+8 x +8 27

3 3 _3
& Y = -i{xy+y:+:x]2

:}3 +3 +3
Vv +8 48 x +8 27

(5)

1
hay P> —
Yy

=N

Dau bing trong (5) xay ra & dong théi co dau bang trong (1),(2).(3)
== }J ==

Vaiy mnP==— o x=y=z=1.

1
9



147 ..
Ciu 8) Ta co: {—”=x+l-& . Theo bt déing thirc Cé si ta ¢6:

7

v +1 y +1
V+122y
] 2
Suy ra 1‘1+| Ex+]—&:x+l-x}’—+}l . Chimg minh tuong tu, ta
- +1 2y 2

. y+l yz+z z+1 IX+Xx

co: Zy+l-= : Zz4+1-= suy ra
T 2 X+l Y

P}3+x+y+:—{x}r+y:+:x}

a 2

Do 9=[x+y+:]3 23(xy+yz+zx) = xy+ yz+zx €3 Viy

mnP=3&x=y=z=3.
Ciu 9) Giai:

X Xy L. ol PP ‘. 2 -
Ta co: —=x- — . Theo bat dang thirc Co s1, taco: 1+ 22y, khi

1+y 1+ y°
do U-IEE:E suy ra: ,EI-E Tuong tu ta co:

1+y 2y 2 1+y°

%E}‘—J;—:; I+:13 E:—%_Cﬁngtimg vé ta co
P2x+_}r+:-w

=x=y=z=1Do

:(+y~|—::3:‘;~'3":[;vr—lry+:}3 =x"+)y" +z" +2(xy+ )z + zx)

=9z (xy+yz+zx)+2(xy+yz+zx) > xy+yz+zx €3 (7). Viy

minP:%ﬁx:y:::l.

Ciu 10)



3 3
Ta co: =x- 21y
x+2y x+2y
x+2p' =x+ '+ 2 R0f =3y suyra

x 2xy’ ¥’ 2 3
> =x—=yix* . T tu, co: 2y——INI
P T N "" Hone +2:’ =3

. Theo bat ding thirc C6 si, thi

: 2:——1{1{:_1 . Cong timg Ve ta co:
o+ 2x 3

Pz(x+y+ :]-%[:{f’?+x@r:_3+ y{’x_z),hay
PE3—§(:{/’F+I‘{I":_I+J!{|{I_IJ_TI1EQ bit déng thire ¢6 si ta co:
X+xs+xz 23x{1r.:_1,y+yx+yx23y'?.}x_3 :+:J.-‘+:yE3:ifF

Céng timg vé ba bét ding thirc trén ta co:

(x+y+ :]+2[1}r+}:+:x}23[ﬂ|l(:_z+ydx_z+:{/y_3) vi
9=[x+J.~+:]1:_‘-3{13’+y:+:x}:~x}-+}:+:x£3 Do x+y+z=3 suyra

3+2_323(1{}:_1+y§fx_1+:3‘f}?):}x{f}?+y~’.j?+:{f?£3:::Flzl

ViymnP=l&x=y=z=1.

2

Ciull) Tach: —* _=x——2% Ay dung bit ding thirc C8 si, ta c6:

x+2y° x+2y°
2 : 2xy” 2, 2
2= - 2 =33 nt i =x— uld =x—-—=[xVv
x+2y =x+y +y 23xy" . Suyra g =x 3%(1}‘4 X 3{;@}3.
T 5 —2 242y, 2 3. Céng theo vé
wong tir, ta co: = yp—— O — >z ——(=zx)?. Cong theo vé
en 2 2 Y30 g e (=) Clng

xz z

ta co: P2{1+}'+:]-%[{1} JF+(p=)F +(=x)5 } Theo bat ding thirc Cé si,

ta co: x+xy+y=34fx’y? A4z 233y x> T do



b [l 1

suyra 2wy +2)+ (324 2)23| () + 0+ (2 | )2

thay dau bing trong (7) xayra & x=y=z=1_Kéthop véi x+y+z=1ta

2

chb6+3= 3[{.\;}'}? - [;‘:ﬁ - [:x]ﬁ] = {x}r]? +{y:}§ - I'E:.x]% <3 . Vay

PEE—%.E:} Pzl hay mnP=l&x=y=z=].

Ciu 12) Ta co: ,] I:l- = . Theo bat ding thire Cé si, thi x* +1=2x

X+ x+1
2
LS T SR
x +1 2x 2
Tuwong tu, ta co: 1] >1-2, j] El-i.Su]»,rm1':'23—1"'_:1?"'_::E
y +1 2 z+1 2 2 2
(do x+y+z=3).
Trdosuyra mnP=3&x=y=z=1.
Céu 13) Viét lai P dudi dang: P=3-3 L, Y o1 pa
x+1 y+l =z+1
2X 2y 27
X=— . y=—=—
Y Z X
Khiddco XY, Z >0 (vi xyz=8) Lic nay:
1 . 1 N 11 N 1 . 1
x+1 y+1 =+1 £+l E—H £+]
4 X
Y Z X ¥* z* X? ;
= + + = —+ =+ > - Ap
2X+Y 2Y+Z 2Z+X 2XY+Y 2YZ+E 2ZX+X

dung bat dfmg thirc Cauchy- Schwarz



-

N S U (X+Y+2) _{X+Y+Z]:_]
x+l y+l z+1 2XV+Y +2¥Z+Z°+2ZX+X°  (X4Y+Z)

suyra P<0. Vay max P=0& x=y=z=2.

Ciul4) Taco: P=—F——+ + . Ap dung bat ding thirc
x(y+z) y(z+1) z(x+y) P . g
11 1)
x ¥y z (xp+yz+zx)
Cauchy- Schwarz P = *F Y : = Al Chit —— - Do
2+ yz+zx) 2{xy+yz+x)xtys

xyz =1, nén ta co: FEW

Lai theo bat dfmg thire Césitaco: xy+yz+zx2 3«,3|||[xy:]: =3 (do xyz=1.

SuyraPE% Vay mian%ﬁx:y:::].
Ciu 15) Viét lai biéu thirc P dudi dang:

P=1+ L +1+ 2y + 2z -2[£+5+£J:ZI[L—1J+2}:[L-1J+2:[I—

l1-x -y 1-:z X y =z l-x = -y «x

Do x+y+z=1, nénta co:
P=21[L—l]+2}{ 1 —l)+2:[ ! -l]+3
y+z = ZI+x X X+y ¥
_ —2xy  2yz  Ix +3:3_2[ y oy o= }
2(y+z) x(z+x) y(x+y) z(y+z) x(z+x) y(x+y)

_ Ap dung bat ding thirc Bunhiacopski, ta cé:



[\/EWE*\E]:[ (er

{ +J'J"!H—y]

= S oy Rt D y+z)(z+x)(x+
_[:{x+:] _r{:+x] J’{-‘f+}-‘}][{' }{ J'[ J’J]

Rﬁrﬁng,talaic{l:[ £+ E+ E] 23{x+y+:] .Duavéuhﬁtd:-ing
d z 'IJ X \I_}-'

thirc hién nhién (a +."Jl+c?]3 = 3(ab+bc+ ca)suy ra:

Hyz)s e e S x+y+z ur
3x+y+:z) 2|i:[}'+:]| x(z+x) J,-{_H}.J{ y+z) T

i + )= + X 3 i PO
z(y+z) x(z+x) J"[I+_v]] 3 suyra P=0

x+y+z=1taco: 2

Ciu 16)

Ap dung bét dang thirc Bunhiacopski, ta co:

{“J’H”:J:[f@)z+{J?T}[[~E)I+(J§)1}2(J§.J§+J;_J;J’

X

= (x+y)(x (r+\f_) Suy ra: x+.J prwe e 2r+J__

y
B e g

Tuong tu, ta co:

<

stz x)(z4y) 2244 Suy ra



P<

x v =z
+ +
21+\1"J-_‘: 2y+s.|'r:_x 2:+Jx_y
FP= l + : + ! . Dat
o E T R
EI—J_,J_ J_J:E—J_J_ thi a,b,c>0 va

abc=1.P<Q=

2+a 2+b 2+c
(2+8)(2+c)+(2+4c)(2+a)+(2+a)(2+b)

- (2+a)(2+b)(2+c)

3 12+4(a+b+c)+(ab+bc+ca)

8+ 4(a+b+c)+2(ab+bc+ca)+abc

B 9+4(a+b+c)(ab+bctca)+3
9+4(a+b+c)(ab+bc+ca)+(ab+bc+ca)

- Theo bit ding thirc Cé si

thi: ab+bc+caz3 [abc}z =3 suyra P<1. Vay

maxP=lex=y=z=>0.

Cau17) Taco: x* —x +6-(3x+3)=x"—x" =3x+3=x"(x"=1)-3(x~1)
:[1-1}[(:{1 +x+l]-3]: {.r-l]{x4+f+x: -3)
=(x=1)[(x* =1)+(x* =1)+(x* =1) | = (x=1)" (x* + 26" +3x+3)

Do x>0=x +2x 4+3x>0, néntir (2)suyra ¥’ —x +6=3x+3



1 1

JX -3 +6+3xy EJ3{X}-‘+_‘L’+]J '
1 P 1

Y -y +3nz+6  \Bzey+l)
1 - 1

-J:s-:1+31}:+5_\f3{:x+:+]]

S>3 -x +6+3n 23 (p+x+l) =

Tuong tu, ta co:

1 1 1 1 . .
Suymra P £ —| ————+——+—F7|. Ap dung bat diin
2 wﬁ[wf:q-'+x+| yz+y+l1 -J::,r+:+|J PSS .
thirc Bunhiacopski, ta
co:

1 1 1 1 1 1
- - (1+1+1)2 + -
xy+x+1l yz+y+l zx+z+1 ny+x+l .JI_],':+_],'+[ N+ z+1

1 1 1 1 1 1

o e et =<3 + +

Jo+x+l Jyz+y+l fzx+z+] J [1}'+x+| y=+y+1 :x+:+]]
1 1 1

=>P< + +
xy+x+1 yz+y+1 z+z+1

=1. Vay

maxP=lex=y=z=1.

{Jr+j,«'+:]3 —{_r1+}': +:1] B 9—x =y’ =2
2 - 2

Cau 18) Taco: xy+y=+:=zx=

Vay P co dang:

P:J;+J;+£=9_{x:+}':+::]

2
= 2P=yx +y1+9+2[£+ﬁ+-4l".:)-'}

¥ dx+xr=23x
Ap dung bt ding thirc C si, ta ¢6: { * +[y +y 23y

:3+~..E+-.|".,:E3:



Suy ra : x4y +::+2(J;+J;+£)E3(x+y+:}=9.\fﬁy

mnP=0=x=y=z=1.
Ciu 19)
Vix +122x;y" +122y;2° +12 2z nénta ¢o:

x ¥y z
2(x+y+]}+2(y+:+]] " 2(z+x+1)

x ¥ z y+1 z+1 x+1
+ + =|1- +| 1= +| 1=
x+y+l y+z+1 z+x+1 x+y+1 y+z+1 z+x+1

v+l z+1 x+1
=3- + +
x+y+l y+z+l z+x+1

P<

Ta co:

:}Fii—l v+l . z+1 N x+1

2 2lx+y+l yp+z+1 z+x+1

r+1)° z+1) 1)’ .

PE T N 4.0 MR 5.) M . W P
2 2{(y+1)(x+y+1) (z+41)(y+z+1) (x+1)(z+x+1)
bit ding thirc Cauchy- Schwarz :

{y+]]1 . {:+I}2 N {x+l]:
(y+1)(x+y+1) (z+1)(y+z+1) {x+l]{:+x+l)_

(y+1+z+1+x+1) e
.Peé yring do:

> (p+)(x+y+1)+(z+1)(y+z+1)+(x+1)(z+x+1)
¥ +y'+z =3 nénta
co:(y+1)(x+y+1)(z+1)(y+z+1)+(x+1)(z+x+1)
=3(x+y+z)+xp+yzrax+x’ +y 427 +3

2

:%(quz +z° +9+61+6y+6:+2x}f+Ey:+2:x}=%[x+}.-+:+3]



(y+]]I . (:+l]: N {x+]]I
(y+1)(x+y+1) (z+1)(y+z+1) (x+1)(z+x+1)

>2 . Viy

maxP:%&Jr:y:::l_

Ciiu 20) Nhin xét: Va thi 4(1+a’)<(a* +2) . Thit vy,
o d+d4a’ <a'+4a’ +4 o a' —4a’ +4a° 20 = a* (a-1) 20 Cing co

thé chimg minh bing bét dang thirc Cauchy:

2 2 :
[]+a3]=I[]+a}(]—a+a:)£[l+ﬂ+lz-ﬂ+al) =(£lr :2} - Ap dung vao

bi todn ta co:
4x 447 4z*
P= - + 2

o) (tr) Jier)a(ien) Ja(ie=)(iex)

o 4" . 4y’ N 4:°
_(2+13}{2+y:] {2+y:](2+::] {2+:3}{2+x:]
2

. bat

a=

;bzy—_;c=
4

==,

T.
Khidddo x,y,z>0 va xyz=8=a,b,c>0 va abc=1.

16a N 16b N 16¢
(2+4a)(2+4b) (2+4b)(2+4c) (2+4c)(2+4a)

Suyra: P2 Hay

P=4 - + b + £ }
(1+2a)(1+2b) (l+ab)(1+2c) (1+2c)(1+2a)
a{l+2¢}+b[l+2a]+c[1+2b]:> =4 a+b+c+2(ab+bc+ca)
(1+2a)(1+26)(1+2¢) 1+2(a+b+c)+4(ab+bc+ca)+8
. Ta co: a+b+c3_‘-'3-3\’,1'raiTc:3 :::-a+b+c+2{ab+bc+m]29:1+8abr:

= FPz=4




:}{I+Sabc]+[2[a+b+c]+4{ab+bc+m]] E3[{a+b+c}+2{aﬁ+bc+m]]

. Suyra PE%. viymianéﬁ-x:y:::Z.

Ciu 21) Ta c6 nhan xét sau: vor moi x, y,z 1a cic sa thuc duong, ta

i} 2
oo |[=———=2——-— (1). Thitvay, (1)
x +|[_1=+:] X +y 4z

3 4
X X
=

(y+z) (I: +y° +::)

<=; 2

= xx[f +2x° (yP 427 ) +(y7 + 2 }1} >x' +x"{x+:]3
& 2x +(y3 +:3}+{y1+:3}: zx(y+ :]3_.Theu bat dang thirc C6 si, ta cé-

2x° +2x7 (y: +:2]+(y: +z ]2 221"213 (yl +z }3 . (3). Ro rang:

2y +2)2(y+z) @

Tir (3),(4) suy ra: 211{y3+::]+[:y3+::}32 J.:z{:_],r+:fI =x{y+:]3 (5)

k] 2
‘. Yy ¥
Tuong tu (1), ta co: =— — (6),
B J:3+[:+xJ3 x +_]r"1+:_

3

> = 7
:3+[I+_}'J3 Xy 7

Cong timg ve (1),(6),(T) vicod P=1 (&)
Vaiy mnP=lex=y=z>0.

i 2
X X
=

- - Z— - nhanh ho’nbéng
X +(y+z) X Hy +:

Cha - Ta c6 thé chimg minh:

2

cich 4p dung bat ding thirc Cau chy



a +2 1 2 y+z

Jﬂ3+l=J[a+l]{a1-a+l]£ m2a3+2 thay a=——
x 2x* . 1 3. 3
suy ra (— = s . Laico [x+y] iE(x +y } suy

x +{_],r+:]3 N 2x3+{y+:]

' 3 2
X X
=

Ia 3 3 ] 2 2
‘JI +(y+z) x+y +:z

Cau 22) !it]] dung bat d:—"ing thirc Bunhiacopska, ta co:

3
X z
—r

]+y3+:: 1+ +x° ]+x1+y:)I

[}c[;]t]fl+:3:}+y{l+:3 +Jc1]—|r:(]+}c1 +y:”[

T (l)vado x+y+z=1, taco:
1

x(]+y3 +:3)+J,(]_|_:3 +x3}+;(]+13 +}r1) . Bat

Pz

Q=X(]+_}'1+:3}+}?{l+zl +x1]+:(l+x1+y:]
=(x+y+z)+xy(x+y)+yz(z+y)+zx(z+x)
=l+xp(x+y)+yz(z+y)+2x(z+x)

=l+x* (y+z)+ )y’ (z+x)+ 27 (x+y) - C6 thé thay ring:
1

13{y+:]+y:[:+:r]+:3{x+y:}£z

. ar E 5 4 . . .

Tir d6 co: QEE:: PEE.Va}; mmP=§.Gla tri nho nhat dat duoc khi
1

=y==:z=0.

x=y 5

Ciu 23) Ap dung bt ding thitc Bunhiacopski ta ¢o:



1 . 1 . 1 .
-JJr3 +2y' +6 -J_]f +22° 46 \!’:3+213+6

1 1 1
3 3 A + 3 i ] +_3- 3
X+2y +6 v +2z+6 zZ+2x +6

1 1 1 . .-
Hay FP< |3 + + . Ap dung bat dan
Y \j [I:-I-'?.._}"]'I-ﬁ V422 +6 :3+23r!+6] P 8

thirc Cd s1 ta co:

X +2y" +6=(x"+y +1)+(p +1+1)+323xp+3y+3
=x +2y +623(xy+y+l1)

Tuong tur, ¢6: y' +22° +623(yz+z+1), 2" +2x° +623(zx +x+1)

Suyra: P< ! + ! + ! Do xz=1,nén dé
xy+y+l yz+z+1 zx+x+1

I+l+l_]+x}'+l'_l
xy+y+l yz+z+l :x+x+]__x].-'+y+] w+y+l xy+y+l

thay

suyra P<1

Céu 24) Theo bat ding thitc Cé si, ta co: y+z2>2[yz = ::\P (do mz=1)
X

L . N ’I x*(y+2) 2xfx
Tadosuyra x (yv+z)=2x —=2x-u";::> =
Y ( ) x }'V{;"'Z:J; ¥ _}r+2:-\.|";

(1)
Lap luan twong tu, co:

¥ (z+x) . 2}\/}7 = (x+Y) - 224z
:w_.ﬂ:+23r-._,.|'x a :J: +2x1r ‘_T-\J'r;+2_].-"~{; Cx x+2;=.\]‘;

. Cong timg vé



wE )
P_E[y.\f;+1:£ :w.-".,:ﬂ—Exmf; xx+2y\/;]-ﬂ't

X=xyx;¥=yfy;Z=z4= thi X,¥,Z2>0va X¥Z =1.

Khi do (4) c6 dang PEE[ L 4 4 ]

+ +
Y+2Z Z+2X X+2¥

X: . y* N zZ’
XY +272X YZ+2XY XZ+2Y7

=Pz 2[ ] Ap dung bat ding thire

(X+Y+2Z)
3(XY +YZ + ZX)

Cauchy- Schwarz ta co: P=2

(X+Y+Z) 23(XY+YZ+ZX)=> P23 vaP=3e X=Y=Z=1Viy

mnP=3&ox=y=z=1.
Ciu 25)

Ap dung bat dang thirc C6 si, ta co:

1) +(y -y +1 :
J}'3+1:J{J’+I}(J’2—}'+l]E{}+}+(; }+):>«,ij3+1£}!2—+2

2 2y z 2z
= * = Ix tuong tu, ta co: Y = 2 =

v+l ¥y +2 2+l A2 Pl X2

x ¥ z
2 + 2 + 2
y+2 42 x +2

=Pz 2[ ] - Déu bing trong (5) xay ra < dong théi

cédéubﬁngtrung & x=y=z=2. Tasé chimg minh
oA
y+2 z+2 x +2

= x—- ;?x +| y— ,Ey +| z— ,2: =4 (do
¥y +2 z+2 x +2

x+y ::ﬁ}ﬁf}r—--lr ‘}:_ +:x,_£4. Apdunghﬁtdéngﬂlﬁcf‘ﬁsi,ta
y+2 +2 x

co: 2y7 + 4= +y7 +4 234y’ =3yfay =7 +2 2%}'%}'4}' Tuong

=2




tur co: ::+22§:3 4z ¥ +2 E%x-ﬂ’ 4z

vis—2 ¥+ X Ap dung bét ding thicc C6 si, ta co:

+3 -q-3
—yafdy =4z —xi4
2." ¥ 2%'_ 2:( X
-.,3||2x_1],.r_;[}' £w1

3 3

5%[2{I+}'+:)+2{1}‘+ _].-‘:'1':![]]

Mit khac, ta c6: 3(xy+ yz+zx) < (x+y+z) = xp+)yz+zx<12. Ti dé

suyra P22 VaymmP=2&x=y=z=
Céu 26)
Giati:

1)Ta c6 theo bat ding thirc Cb si:

(x+4y)(3x+2y) 2r43y

.Jrlrl +8y" +14xy = ,J{x+ 4y)(3x+2y) <

Nhu vay suy ra . Twong tur ta co:

>
J3x+8)7 +14xy  2x+3y

2

y Y
-J3-y1+3:3+14y: 2y+3z

2 2 2

z* z x 7 z
> )

> = P2 + + - Theo bat
«f3::+813+16:x 2z+3x 2x+3y 2y+3z 2z+3x

ding thirc Cauchy- Schwarz ta

2 2

0oLy El{x+;-‘+:].TheubﬁtdﬁngthﬁcCﬁsicc
2x+3y 2y+3z 2z+3x 5




ban, ta co: {x+y+:][l+l+l]29. Do D{l+l+l£|,nén ch:
X Vv = X ¥y =
. 9 . .
1+}=+:3_‘9vayP2§.Va}rmmP:

Lh|\.D

rx=y=z=3.
Céu 27) Do tinh binh ding giita x, y,z nén c6 thé giasit x>y =z
Kéthop vai x+y+z=3 suyra 0<z<l Tacd P=x"+)y +z"+xz

={I+}-‘+:)1 +xyz=2(xy+yz + zx) = 9+ xy(z=2) - 2z(y +x)
=9+xy(z-2)-2z(3-z) (1)

x+y
2

Hién nhién ta c6: 1}"‘_:[ ] :[3;:] Do 0<z=l=z=2<0, vay tir

(1) co:

P39+(:-z)[%f-z:(3-:] Taco

VP(2)=9+ 3;:[(:-213;-4:} =9+ 3;[{:-2){3-:]-3:]

1

3-:[_:1 -3:_6]=E(:3 —3:+|3)=£[(:: ‘3'7*2]_"]6}

=9+

:%[(:-ljl[ﬁzjﬂﬁ]_nu O<x<Inénsuyra = P24 Viy

mnP=4ex=y=z=1.

Ciu 28) Ap dung dong nhat thirc
(v+2)(r+2)(z+3)= (x4 +2) (22 +2x) -7 ()

Taco: P=(x+y+z)(xy+yz+zx)-x0z-2(x+y+z) . Theo bat ding
thirc Co sitacod: x+ y+z23xyz =3 (do xyz=1).Lai cé:



w+yz+zx233x’y’z? =3 (do x’y'z" =1) suy ra:
P23(x+y+z)-1-2(x+y+z)

= Pz(x+y+z)-123-1=2.

2)Truéc het ta chimg minh rang (x+ ) (y+z)(z+x) 2 (x+1)(y+1)(z+1)
That vay, dua vao (*) suy ra:

© (x+y+z)(y+yz+x)-xpz2ay+yz+zx+x+ y+z+1

o (x+y+z)(xp+yz+x)-22xy+yz+x+x+y+z+2 (do xz=1)

& (x+y+z)(y+yz+x)zxy+yz+zx+x+y+z+3 Do

z=l=x+y+z=3vaxy+yz+zxz=3.Taco

(x+y+2) (x4 yz+ 2x) =22 Gyt yr e ) (e 2) 2T
+{I+Jr+:]{1}'+_}'z+:x} _

3
(x+y+z)(xy+yz+zx)Zxp+yz+zx+x+y+z+3 “Theo bat ding thirc Cé

)
si ta c6: Qﬁij\{[[ﬂl]}{[ EED) 53 yay
1

+1)(z+1)

mn@=3=x=y=z=
Ciu 29) Giai:

Ta co:

4(a’+b')=a’ +b +3(a+b)(a’ —ab+b')2a’ +b' +3(a+b)ab=(a+b)

Suy ra {’4(a3+b3) 2u+b:>c+{’4(a3+b3) za+b+c.Dodd

a+b P a+b
c+{/4{al+ba) Catb+c

, dang thirc xay ra khi va chi khi @ =5 Tuong



b+c b+c c+a c+a
< L

tir cling ¢o = + < . Suyra
u+.§/4{c3+r13] atb+c b+d4{c3+a3] atb+c
a+b b+c¢ c+a

+ + <2
c+.‘3j4{aj+b3) a+{f4(b3+r:3) b+§f4(c.'3+a3)
Ding thirc xay ra khi vachikhi g=b=c.
Cau d0) Taco: O0<a,b,c<] suyra
(a-b) 2a(a-b) & a’+b*22ab+a(a-b) . Tuong tu 3 bit ding thirc
nira ta co:

-

P=6(ab +bc+ca}+a{a—b]3 +b(b—c]1+c[c-a]
£4{ab+bc+m]+2(a: +bl+c:) hay P <2 . Dau bing xay ra khi va chi

khi azbzczz.
3

BAT PANG THUC ABEL VA UNG DUNG
CONG THU'C ABEL VA NG DUNG.
1. Céng thirc tong Abel:
Gia st a,,a,,...,a, va b b, b lahaidiy so thue. Khi do ta co:
ab +a,b,+ +ab =(b—b)8 +(b,—b)5, +. . .+b 5 trong do

S, =a +a,+. . +a, .

fR—

bang:

b,S,+b,(S,~8,)+b,(S,~ S,)+..+b,(S, S, )= VP .



Truomg hop n=3 ta
co:ax+by+cz=(x-y)a+(y—z)(a+b)+z(a+b+c) dayla déng thirc
quan trong co nhiéu tng dung trong giai toan.

2. Bit ding thirc Abel:
Cho hai day so thue: a,,a,,....a_va b =b,2b > >b  Dit
S, =a,+a,+..+a, voi ke {1,2,3,..n} va
m=min{S,,5,,.... S, },M =max{S,,5,,....,S,} . Khi do ta co:

mb =A=ab +ab,+. +ab <Mb ,

Chirng minh:

Taco: ab +a,b,+..+ab =(b=5b)5 +(b,=b)S,+..+b S ma
b, —b,., =20 nén

k] —
(b=b,)m+(b,=b)m+_ . +bm=A<(b—b,)M+(b,—b, )M +...+b M hay
mb = A< Mb, .
MOT SO Vi DU:
Vidul:Cho x=2y=z=0 thoamin: x=3,x+y=5x+y+z26 . Chimg
minh: x*+y" +z° 214
Loi giai:

Taco: x* +y +z° =14 =(x-3)(x+3)+(y-2)(y+1)+(z-1)(z+1) .Ap
dung cong thirc Abel ta co:
XY+ == (x+3=y=2)(x=3)+(y+2=z=D+(z+)(x=3+y=2+z~1)

=(x—y+1)(x=-3)+(y—z+1)(x+y-5)+(z+1)(x+ y+z-6) 20 . Dau
bing xay ra khi va chi khi x=3;y=2z=



Vi du 2) Cho cac so thure duong x,y,z saocho x=23,xy26,x226 .
Chimng minh: x+y+z26 .

Loi giai:

Ta cd:

x+;-‘+:—6=3[§—l]+ 2[5-1]+1[%-1]={3-2][%-1]+{2-1][§+§-2J+

1_[1-1+£_1+£-1]=[1-1]+(£+1_2]+[£+£+£_3]_Apdung
3 2 1 3 3 2 3 21

bét déing thite C6 si ta c6: ~+2 22, [F >2. 1+£+£z3a’£ >3 Suy
3 2° Ve 372 1 V321

ra dpem. Dau bing xay ra khi vachikhi x=3 y=2-=

=

Vidu5:Cho x,v,z>0 saocho x<2y <3z va

xzlLx+y23,x+y+z26 . Ching minh: 6(xy+ yz+=zx) <11lxyz .
Loi giai:

Ta can chimg minh: l+—+l£ﬂ Ta co:
x y z

Diu bﬁng xayrakhivachikhi x=3,y=2z=

Vi du 3: Cho cac so thue khong am x,y,z sao cho

x=Lx+y<5x+y+z=<14 . Chimg minh: ~.,|'r;+ y+££6 .

Loi giai:



+§:(%—é}x+[é-%}{x+y}+%{x+y+:}5

2
1 1 1 1
— |1+ =—=|5+=-14=1+2+3 Tasuyra
2 2 3 3

Vr+4fy +4z) 5{1+2+3]G+§+§]s{1+2+3)3 =36 .

Vi du 4: Cho cac s thue duong azbzla<3 ab<6,ab<6c . Chimg

minh: a+b=c=4 .
Loi giai:
Ta can chimg minh: a+b+1<3+2+¢

Ta co:

3+2+c=-i+z+£-+{b-” 1+E-+{a—b}323#95+{b-nz ji+[a-bﬁi
a b 1 a b a ab ab I}

>3+2(b-1)+(a—b)=a+b+1. Dau bing xay ra khi va chi khi

a=3b=2c=1.

O<ash=ec,cz29

Vi du 5: Cho céc s6 thue duong a,b,c sao cho la+24243
C
E+EEZ
C

Chirng minh: va +/b <Jc .

Loi giai:

Taob: va+ b+J§=1[JE+E+EJ+[J§+EJ+[JE—ZJE



+(JE—2]E=3+2+JE—2=3+JE-

2
azbzlze=0
Vi du 6) Cho cac so thue a.b.c sao cho «%ﬂ:il . Chimg minh:
i+E+f:£3
L a
L P
a b ¢ (i)

Ta cin chimg minh: l+ l+l = l+l+ l . Tacd:

a b 3 2 ¢

1 l[a b l] [l I][b IJ [ IJI
t_=—| —t == || === || == [+ 1== |-
c a3}y 2 ¢ b all2 ¢ blc

1
—+
3

Ap dung bét dang thirc Cauchy- Schwarz. Ta co:

111 9 1 1. 4

LIRS P A S P T
372753 2 27 e
e —+=+r - =+

a b a b b h



Vidu 7) Gia sit g_b, ¢ 14 cic so thue duong thoa min: {c=bh+1

Tim GTNN cua 0=

(a+D(b+1){c+1)

2ab+a+b+c(ab-1)

(Trich dé thi vao 1ép 10 Truémg chuyén KHTN- PHQG Ha Néi)

L gii:

Ta cd:

I[abc+ab+ac+a]+{:abc+bc+ba+b]-[abc+ca+cb+c] a b c

(a+1)(b+1)(c+1)
Ta ching minh:
a b € o 1 2 3 _5

+ - = + - =
l+a 1+F 1+c¢ 141 1+2 143 12
Hay

+ —_
a+l b+1 c+1

i-c b=2 a—1

— + + =
l+c) 3(b+1) 2(1+a)

1 1
(3-6][4{6'{-]] -3(b+n]+{3+c+b-2}[

+(3-c+b-2+a-1)
2(1+a)

G-c) == L p

Diéu nay la hién nhién ding.

(b+1- ][2a-3b-1]
12(b+1)(c+1) e+ a+1)

+(a+b-c)

1
3(b+l}-1(a+l}]

= 0. Rat gon ta thu duoc:

BAT PANG THUC BUNHIACOPXKI

Mt s6 két qua quan trong:
Cho cac so thue duong a,b,c,x,y,z.

a) a'+b'+c"zab+bc+ca.



2

b) 3(a*+b"+c")2(a+b+c) .
o) (ax+by) <(a*+b%)(x*+)).

d) (ax+by+cz) <(a*+b +c*)(x* +y7 +27)

e) 8(a+b+c)(ab+bc+ca)<9(a+b)(b+c)(c+a)
f) b'c’+a'c+a'h zabcla+b+c)

1 1 1
g] E] =

+

h) —+=

N 2

W x ¥y oz _ lxty+:z

1} _+'_+_2u
a b ¢ a+b+c

Chirng minh:

a) a +b +¢ 2ab+bc+ca ﬁl(a1+bz +£1}21{ﬂb+55+55] — {f"_b]: +[b

Bat dang thirc nay luén ding. Dau ding thirc xay ra khi va chi khi a=b=c.
b) Khai trién hai vé va thu gon ta quy vé ciu a.
¢) Khai trién hai vé roi thu gon ta dwa bat dang thirc vé dang:

(ay—bx)* >0 Déu ding thirc xay ra khi va chi khi = .

£ )

d) Kha trien hai vé 16i thu gon ta dua bat din g thire ve dang:
ay -bx}l +{b:-q.:]1 +(cx -a::}l > (). Dau ding thirc xay ra khi va chi khi
8_5_C Ccbht ding thirc ¢, d con duge goi 13 bit ding thire
X y =z
Bunhiacopxki cho 2 s0. 3 s0.

€) Khai trién hai vé roi thu gon ta dwa bat ding thirc vé dang:
(a+b)(b+c)(c+a)=8abc bit ding thirc nay luén ding theo AM- GM
(xem chimg minh & phan Bat dang thirc C6 si).

f) Theo bat dang thirc Cé si thi: b°c” +a’c” = 2abc” Tuong tu ta c6 2
bit ding thirc nita va céng lai suy ra dpem.



g) Theo bt ding thirc Bunhiacopxki cho 2 s6 ta co:

(a+b) :[a+~ﬂ:—c.E]z E(u1+bc)[l+gj=(a3 +bc)(‘-"+¢] uy 12

C

1 c 1 b . ]
(u+b}2 z {az +bc}{b+ c) TG £ (a +1:.'}I N {al +bc)[b+c] hen b
bat ding thirc ciing chiéu ta suy ra dpem.

h) Quy dong va rit gon dua bat dang thirc can chirmg minh vé dang:

|[.r;r_1u-.:'r:}1 =0.

i) ﬁ'kp dung bat dfmg thire h) ta ¢o:

1 2 2 s P T
x—+}—+"—2—{x+}r] +"—2—|[I+J +2) :
a b ¢ a+h C a+b+c

Bat ding thirc nay con dugc goi la bat ding thire Cauchy-Chwarz.
1. Nhirng k¥ ning vin dung co bin:

Vidu 1: Cho cac s6 thue duong a,b,c sao cho a+b+c=3. Chimg minh

rang:

a b c
+ + =1.
a+2bc b+2ac c+2ab

Giai:

a a a b c a’ b* c
=— f— + + =— + 3 + S
g+2bc a- -r:Eabc a+2bc b+2ac c+2ab a +2abc b +2abc ¢ +2al
Ap dung bat dang thirc Cauchy- Schwarz ta co:

ﬂz b: cl {ﬂ'-l"b"l—c]l .
- +— +— z— . Ta can chimg
a +2abc b +2abc ¢ +2abc a +b +c¢ +babc
_ {rr+-:':r+1:.']1
minh:

a +b’ +c’ +6abc
&> ab+bc +ca=3abc < (a+b+c)(ab+bc+ca)=9abc . Theo bat ding

thire Co sitacod: a+b+c = 33fabc. ab+bc+ca= 3 a’h’c® nhin 2 vé cic



bat ding thirc duong cing chiéu ta ¢6 dpem. Dau bing xay ra khi va chi khi
a=bh=c=1.

Vidu 2: Cho cac s6 thue duong a,b,c . Chirng minh r;ing:

a b’ c a +b +¢’
+ + 2 .
a+2b b+2c c+2a 3
Giai:
Ta cd:
3 4 4 4 4 a+b+ct)
a = 1 a ’T= ¥ = + 7 b + ) < E{ ")
a+2b a +2ab a +2ab b +2bc ¢ +2ca {g+b+c]'

Ta can chimg

{al +b3+c1): . a2 +h 42

minh; =
{a+b+c]' 3

& a® +b* +c* z ab+bc +ca . Piéu nay

la hién nhién.
Vi du 3: Cho cac sé thuc duong a,b,c . Chimg minh:
(a* +2)(b*+2)(c* +2)23(a+b+c) .

Giai:

] 1 E{ff +2){I+@J Suy ra:

: b+¢
Taco: (a+b+c) = a+ﬁ_
(avbrey = o3
b+c]:
2

. Ta can chimg minh:

3{a+b+cf£3{a3+z][l+{

3{ﬂ3+2][l+@J£{ﬂl+2](bz+2](f:+2) hay

3{14r {b*;] ]g (b* +2)(c* +2). Sau khi khai trién va thu gon ta duoc:



2 2 2 2
b ¢ b —3bc+120.Dé yring 21€

= bc nén bat ding thirc tro
thanh: b’c* —2bc+120 & (be—1)" 20 .
Vi du 4: Cho cac sé thuc duong a,b,c . Chimg minh:

a b’ c’ 1
(24° +bl](2a1+c’)+(2b3 +c*)(2p* +a*) " (2¢* +a*)(2¢* +57) S arbrc

Giai:
Ta mong muoén xuat hién lwong: a+b+c

Ta cd:

{Eaz +b:}{2a: +f:3}:{f.ll+.l_’:-3 +f.'3:]{f.'1 +EI+E:)E{GI +ab+ac): =a’ (a@+ .I_’:-+c}1
k]

e < T -6 2 bt di
(2a3+b3](2a:+c:){{a+b+c}' SRR

thirc nira va cong lai thi suy ra diéu phai chimg minh.

Tir do suy ra:

Vi du 5: Cho cac sé thuc duong a,b,c saocho ab+bc+ca+abc=4.
Chimg minh: @* +b° +¢* +a+b+c22(ab+bc+ca). (Trich dé tuyén sinh
vio 1op 10- Truomg Chuyén KHTN- DPHQG Ha Naéi 2015).

Loi giai:

Ta viét lai gia thiét bai toan thanh:
12+(ab+bc+ca)+4(a+b+c)28+4(a+b+c)+2(ab+bc+ca)+abc
hay (a+2)(b+2)+(b+2)(c+2)+(c+2)(a+2)=(a+2)(b+2)(c+2)

ﬁl+l+l
a+2 b+2 c¢c+2

| a+b’ +c* a+b’ +¢’
= — —, Tuong tu ta
a+2 {a+l+l](a+b' +c'] (a+b+c)

=1Taco:




1 b+c +a’ 1 a+a +b°
< : <

ch: = = it — . Suyra
b+2 (a+b+c) ¢+2 (a+b+c)
L, 1 £ﬂ+ﬁ+c+2{ﬂ2+bz+cl}
a+2 b+2 c+2 (a+b+c)

= a+b+c+2(a: +b +c:)2(a +b+c]:ha}r

a’ +b' +¢ +a+b+cz=2(ab+bc+ca). Dau bing xay ra khi va chi khi
a=b=c=1.

Vi du 6) Cho cac s6 thue duong a,b,c sao cho ab+bc+ca=1. Chimg
minh ring; 2abc(a+b+c)< §+ﬂ453 +b'c* +c'a® (Trich dé tuyén sinh
vao lop 10- Truong Chuyén KHTN- PHQG Ha Na6i 2014).

Loi giai:

Sir dung bt d'fmgthirc X +y +z 2xy+yz+zx. Tacod:

a'b* +b'c +c'at za'bbec+becat+ciaa b= abc{ab: +bc’ +ca’ ]

Tiép tuc sir dung bat diing thirc: Cauchy- Shwarz va gia thiét
ab+ bc+ca =1ta co:
ab® +bc® +ca’ =T_+%+

= abc(a +b+c]1. Tir d6 suy ra
a b

a'b* +b'c* +c'a’ E[abc{a+b+c]]z . Biy gio ta s& chimg minh:
[abc(a+b+c)] —2abc{a+b+c]+géi}ﬁfl ~6t+520e (t-1)(1-5)20

vl r=ab¢:{a+b+c] - Mat khéc ta co:

ab::l[a+b+c}=ab.ac+bcba+m.cbE%{ab+bc+ca}3 =%:>{}¢:r51 .

Suy ra dpem. Dau ding thirc xay ra khi va chikhi a=b=c= L .

&



Vidu 7: Cho cac sd thue duong a,b,c . Chimg minh:

1 . 1 . 1 {( at+b+c T
a +ab+bc b +bc+ca ¢ +ca+abh \ab+bc+eca

Loi giai:
Ta mudn lam xuat hién: ab+bc+ca

1 ¢ +ab+bc ¢ +ab+bc

Taco: — = =
a’ +ab+hbc (a1+ab+bc){cz+ab+bc) (ac+ab +bc)

tr voi 2 s6 hang con lai ta co:

5 1 <y cl+ab+bc:: (a+b+c)

a +ab+bc {ac-{-abhﬁc]

2

[ac +ab+bc]
Vi du 8: Cho cac sd thue duong a,b,c . Chimg minh:

ab . bc 3 ca {a:+bl+c:
a +bc+ca b +ca+ab ¢ +ab+be  ab+bec+ca

Giai:
Ta mudn lam xudt hién: ab+ bc+ca

ab ab(b® +bc+ca) - ab(b” +bc +ca)

a’+bc+ca {a3 +b£‘+£‘ﬂ)[:bz+bc+ﬂﬂ) a (ab+bc+ca)

Y

ab(b® +bc+ ca) : be(c® +ca+ ab) . cala” + ab + bc)

Tirdo suyra: VT =

- =

{mf:r+.I_’:n:?+|:?t1r:}3 (ﬂb+bc+ca}3 [ab+bc+ca]
Ta chi can chimg minh:

ab(b® + bc +ca)+ be(c” +ca+ab)+cala” +ab+bc) < (az +b* +¢* }{ab+bc+ca]

2 2

s ab+bc+cazabe(a+b+c) ﬁ£+b;+c—t;2a+b+c. Nhurng bat
a

dang thirc nay l4 hién nhién ding theo bét ding thire Cauchy- Shwarz



Vi du 9: Cho cac sd thue duong a,b,c sao cho a+b+c=1. Chimg minh

o d b c
rang. ———+—5——5—+——— =l
a +h+c b +c+a o +a +b

Giai:

Ta mudn lam xuét hién a+b+c .

a[l+l+cj a[l+l+cj
a _ a c_\a =l+a+ca

St b te 1 = 5 . Tir do suy
TR [a3+b3+c][—+l+c] (a+b+c)
a
a b c l+a+ca l+b+ab l+c+hc
ra — : +— > +— : < + +
a+b+c B +c+a c +a +b 9 9 9

l+a+ca l+b+ab l+c+be
9 M 9 N

Sl ab+bctcasl.

Ta can chimg minh:

2

[a+b+c}
3

Nhung diéu nay l4 hién nhién ding do: ab+bc+ca < =3
Vi du 10: Cho cac st thue duong a,b,c sao cho abc=1. Ching minh rfmg:
1 1 1

+ —+ <1
l+a+b” l4+b+c l+c+a

Giai:
Tadit a=x",b=y',c=z",x=z=1. Bit dfmg thire can chimg minh tro

1 1 1
- <1.

thanh: + + <
1+x°+y° 1+ +2% 1+ +x°

Ta cd:

[:”+1+L:) S ax+ IE
1 P . = .
, 2 2, .2
I+x +)3 (1+x3+J’6)[:4+I+L1] (x +y +:z )
Y

_ :4 +x1}": +::x3
’ {.T: +y° +:3)3




Ta can chimg minh:
Z(:‘ +.1'1}’:+:3-1'1] = (13 ty' +2 ) @ XY +y I+ 2z(xt y+1).

Diéu nay 1a hién nhién dung theo bat ding thirc a* +b” +¢” = ab+bc+ca

Vidu 11: Cho cac st thue duong a,b,c . Chimg minh n;mg:

1 1 1 - 1

+ - <—
a +b'+abc b +c +abc ' +a +abc abe

Do bat déng thirc thuan nhat nén ta chuan héa: abe =1. Bat ding thirc can
1 1 1

hilt inh tro thanh: + * =l
chirng minh tr& than F+b+1 P++1 S +a +1
Ta cé:
11, 1 1,2
—t—tc —t=+C :
, ) P \a b _bctca+et ¢
i1 - T -
a +b +1 (gg-l-b}-l-l}[L-l-l'l'CI] (a+b+c) (a+b+c) atb+c
a

Tuong tu véi 2 56 hang con lai va cong ba bat ding thire cing chiéu suy ra

dpem.

Vidu 12) Vi ba 56 duong x,y,z thoamin x+ y+z=1, tim gia tr1 lon

nhat ciia biéu thie:Q=———+— 2 4~ = (Trichdé
X+afx+yz yrfytx s+ fztxy

tuyén sinh vio lop 10 chuyén Todn TP Ha Noi - 2014)

Loi giai:

Ta co: J:r+_v:: = J.rl[:t+y+::] +)z =.J{:r+}'][:r+::} _ Cha ¥ ring: Theo
bat ding thirc Bunhiacopxki thi:

{x+;-‘}{x+:] E(J;J:+J;J;)I :::-,I|'[x+_v]{x+:} EJ;JJ._‘FJ;‘J;
x Jx

= Tuong tu

BN PO o I O = N PN N

Tir d6 suy ra:



;. y < Jr : vz Cang 3 bat
MY gkl s i --+J reelll = =P et e

ding thirc ciing chiéu ta suy ra Q <1 . Dau dang thirc xay ra khi va chi khi

ta

X=y=z=-=—

3

Vi du 13) Cho cac st thue khing dm a,b,c saocho a>0,b+c>0 va

a’+b* +¢* =1. Chimg minh: E_::_H b : 22,
Lén grai:
Ta co:
o B N {a3+b:+cz)_ B 1

.r:(.l_’:-1 —bc+ cz:] = ab N ac a(bz -bc+c3)+a1b+a:c a a[bz —bc+c” +a{b+c]]

Theo bat ding thirc Cauchy ta co:

2 b 1
a[bﬂ:}i%:}
1 1
b —bc+c’ +a(b+e)| 2 .
a[ £RE a[ GJ] al b’ -E:c+cl+—ﬂ H:;H-c]
2

= = 2 . Biy gio ta chimg minh :

a{al +3b° +3c3] H(B—Ea:}
G,

2 =a(3-2a")s\2 =24 +2= +—3"3a Theo bit ding

II

thirc Cauchy cho 3 sé ta ¢o: 2a* +— +—l" 3a . Dau bing xay ra khi va

V2

chikhi a=b= ?,c =0 . Ta ciing c6 thé chimg minh:

2
a(3-2a:}_



a(3-2a*)s+2 24 ~3a++2 20 (2a-+2) [wﬁ]m Bét ding
thire nay ludn dung.

Vi du 14) Cho cdc s6 thue x, y sao cho x*y” +2y+1=0. Tim GTNN,

GTLN ciia P = a4 - (Trich dé tuyén sinh vao 16p 10 chuyén Truémg
y+

chuyén — KHTN- DPHQG Ha Néi 2015).

Loi giai:

Tir gia thiét tasuyra y#0.

v +2y+l=0=x"+ ],+£=]ﬁ1‘:+[l+|] =1. Pt a=l+I.Ta
y o ¥ ¥y ¥y
duoc x* +a” =1. Ta co:

p=_= x

1 2::-2P:x-Pa:>4P3=(x-Pa]3_Theubatd§ngthim
a+

y
Bunhiacopxki ta co: (x —.'J'r:a':l3 = (1+ PIJ(I: +a:)=1+a1_ Suy ra

3 B B2 NE)

I+

4P <1+ P o3P <le-—<P< = .y==op=2

2 3 37

-f:}:—%:ﬁP:—g_ Vay GTLN cua P la g,GTNN cua P la

vl

r=

NS
3

2. Ky thuit tach ghép

Dé giai quyét nhitng bai todn dang nay ngudi giai can linh hoat trong viée
tach cic nhém s6 hang sao cho dam bao déu bing vi tao ra cic bat ding
thire phu quen thudc.



Ta can ch ¥ cac bat ding thirc quen thuée sau: ! = 1 l+ 1 v
a+b 4\a b

1 1/f1 1 1
= =+=+=].
a+b+c 9a b ¢

Vi du 1: Cho cac so thue duong a,b,c . Chimg minh:

bc cia ab a+b+c
+ + <
2a+b+c 2b+ct+a 2c+a+b 4
Giai:
Ta co: ! :l 4 -:_:l[ 1 + ! ]
2a+b+c 4d4(at+b)+(a+c) 4\a+b a+c
bc 1 bc be 1

Tirdo s D s + =—(a+b+

B Z..':'.ﬂ+.-§l+||: 4E[a+b ah:.'] 4{ﬂ )

Vidu 2: Cho cac so thue duong a,b,c . Chimg minh:
i ({J+c}' +— {ti.'r"l-ﬂ]' = {t:'+b}' <3
b"+c" +alb+c) ¢ +a +blc+a) a +b +cla+h)

Giai:
Ta co:

(b+c) _ (b+c) - b N ¢’ b L€
b*+c’ +alb+c) bBb+a)+cic+a) bb+a) clc+a) b+a c+a

Ti d6 suy ra T—— ) g}:[ &y < ]=3
b™+c" +alb+c) b+a c+a

Vi du 3: Cho cac so thue duong a,b,c sao cho a+b+c=3. Ching minh

rang:

1 | |
3 > 3 + 2 b 2 + 2 2 2
da +b +c db +c+a do+a +b

<l
2

Giai:



Ta co:

2

9 B (a+b+c) B
4.::':+r5r1+||::_2.ﬂl+{\ﬁ'3+.E'.=3:|+l:rz3+f:lj||_Err3 [a3+b3} {a:+c3]

b ¢’ 9

Suyra ¥ — 91 <} a‘1+ —— | =
da” +b +c 2ac (a"+b°) (a+c)| 2

Vi du 4: Cho cac so thue a.b.c saocho a* +b* +c* =1 .Chirng minh rﬁng:

be ca ab 3

— <=

a+1 b +1 c+1 4

Giarn:

Ta co: ?C + f:a + fb El [bjrc) +[c;m] +{ajbl
a+1 b+1 c+1 4| a +1 b +1 c +1

Mat khac ta co:

(b+c) _ (b+c) ¥ ) ¢’ Tir d6 suy ra
a +a +b +¢ [u:+b1]+(a:+cz}_{a3+b:} (a1+c:}-

b+c]: B c

(
z a +1 £Z|:(a1+bz]+(a:+cz}

} =3 Suy ra diéu phai chimg minh.

Vi du 5:
Cho cac so thue duong a,b,c . Chimg minh n"mg:

1

b+c c+a a+h 1 1
- +— +— € — ==
a +bc b +ac ¢ +ab a b c

Giat:

Ta co:
2

b+c [b+c}1 {b+c]: K ¢

a +bc z{cf +b.’:][b+ c‘} N c(tf +b1]+b{a3 +cl] = .’:(a1+bz] +b(a1+c:}




.Tadosuyra:

b+c b ¢’ b a’ 1
5 — — —
Zaz+bc Z{c(a3+b:)+b(az+c3]} E[c(a1+b3)+c(a:+bl)] Ec

Chi y: Néu ta thay (a,b,c) —>( 1] thi thu duoc bat ding thirc mai la:
C

1
:lbr

o=

<g+bh+c

a:{b+c}+ b*(c+a) c*(a+bh)
a’ +bc b* +ca ¢’ +ab

ali{.-5+c] =b+c—bci{b +c)

Néu phin tich: thi thu duoc bat ding thirc méi:

a +bc a +hbc
belb+c) calc+a) abla+b)
- -

a’ +bhe b +ca ¢ +ab
vi kho.

> a+b+c. Piy li cic bat ding thirc dep

Vi du 6: Cho céc s thuc duong a,b,c . Ching minh rfmg:

2 2
a b C >1

- + +— >
a*+2bc B +2ac +2ab

Gian: Ta ed:
1 a’ i b — ¢ . {a:lrb+cjz 1 .
a +2bc b"+2ac o +2ab a +2bc+b +2ac+c +2ab

Thay [a,b,c] — [lll] ta thu dwoc két qua:

a b c

be ca ab
—+ =+ ~=1
bc+2a ca+2b ab+2c

bc _1- 2a’
be+2a’ 2a’ +bc

Mit khic ta co: nén bat ding thirc trén c6 thé viét lai

thinh:



2 2 2
:1 - ,b - 1c <1 . Thay [a,b,c] — ll]— ta lai thu
2a-+bc 2b +ac 2c +ab abc
duoe:
1 bc L ca : ab <1

a +2bc b +2ac ¢ +2ab
Nhing bat ding thirc nay o tmg dung rat quan trong.
Vi du 7 Cho céc s thuc duong a,b,c . Ching minh rfmg:

a’ b ¢ |

+ - <—

(2a+b)2a+c) (2b+c)2b+a) (2ce+a)2c+bh) 3
(nai:
Taco

a’ B a’ _l {Ecﬁ-a]: {l da’
(2a+b)2a+c) 2ala+b+c)+2a’+bc 92ala+b+c)+2a’ +bc 9| 2ala+b+

Tir do suy ra:
a ELZ 4a N :r =l [ 2a + :I‘ 1
(2a+b)2a+c) 9 |\ 2ala+b+c) 2a +bc) 9 [a+b+c 2a +ch
_ Ap dung két qua ctia VD 6 ta suy ra diéu phai chimg minh.

Vi du 8 Cho céc sé thuc duong a,b,c sao cho ab+bc+ca=3. Ching

minh ring;

1 1 1

- +— +— =
a +1 b +1 ¢ +1

3
2

Giai:

. a o p iy 3E . .-
Taco: ——=1-— nén bit diang thirc tuong duong vo
a +1 a +1

g2
2



2 F. 2
= f + E: + c El_Tacrﬁz
la+3 3 +3 3c+3 2

4q’ 4a’ {ﬂ +4!1'}3 < a a’

= = = - = + =
3a°+3 3a'+ab+bc+ca ala+b+c)+2a’+bc ala+b+c) 2a +bc

2

a
= +
(a+b+¢) 2a’ +bc

2 a: e.:lz[ a ,_@ ]gé

Tuong tu van 2 50 hang con lai ta co:

3a°+3 4 \a+b+c 2a’+bc
. . az
O day ta da sir dung ket qua: - =1
y ta di sur dung ket qua ZEH'-}-&C

Vi du 9: Cho céc s6 thue duong a,b,c . Chimg minh:

a b ¢’ 1
2 + 2 7 + 2 E o
Sa*+(b+c) S5b +(c+a) S5c+(a+b) 3
Giai:
Ta co:

9q° 0g° (ﬂ + ?-IJ'J:

Sa*+(b+c) (a*+b +c*)+22a* +bc) (a*+b* +c?)+2(2a* +be)

. 2 2 )
a da a 2a”

= (a: +£:r1+r::)—ir.l'{zﬂr2 +bc) B [:a: +b +cz}+2a: +bc

2 2 2
Tir do suy ra: Z%Elz - 4 — .:Ea 51
Sa +(b+ec)y 9 |a +b +c 2a+bc| 3
Wi du 10: Cho cac so thue duong a,b,c thoa min: a+b+c=1. Chimg

ab N be N ca t:l
Jab+2b+c 3bc+2c+a 3catla+bh 4

minh;

Giat:



Ta co:
3ab+21:r+c:3ab+lb+c{a+b+c]={ab+bc+ca]+{cl+2ab]+2b

L (1+1+2) 1 1 1
Tir d6 ta co: = +— +—
(ab+bc+ca]+{c1+2ab]+2£:- ab+bc+ca ¢ +2ab 2b
Nhu vay:
ab 1 ab ab ab 1 ab ab a
=— +— +— |=— +— +=
3ab+2b+c 16| ab+bc+ca c +2ab 2b 16| ab+bc+ca o +2ab 2

Tir do suy ra: ZLEEL[ ab + ,ﬂb +Ej1£l.
Jab+2b+c 16 ab+bc+ca c +2ab 2| 4
3. Ky thuit thém bot.
Vidu 1: Cho cac 56 thure duong a,b,c sao cho a +b’+ec" =1, Chirng
minh ring:

l+ l + ! =3
2=a 2-b 2-c¢

Phiin tich: Néu ta ap dung truc tiép bat dang thiic:

Xyt 2 _(x+y+z) <L % A LpE
—++—+— 2 ———— thi phan sau s& b1 nguoc dau. B¢ khic phuc ta
a b ¢ a+b+c

thém bot nhu sau:

1 1=-2m+ma .
—m=————— tachon msaocho 1-2m+ma >0 va

Xet
-a -a

1-2m+ma chi con don gian mét s6 hang. Piéu nay lam ta nghi dén m =3

Tir d6 ta c6 cach chimg minh nhur sau:
1 1 11 1.3 a b C o3

-—+ ——+ —2=s + + =
2-a 2 2-b 2 2-¢ 2 2 2-a 2-b 2-c¢

|



a b ¢

= — + — +
2a-a 2b=b 2c-c

—-23 Ap dung bét dang thirc:

3 31 2 il z

x_+y_+.._2m taco: VT = {a+b+c}

A B C A+B+C 2Aa+b+c)-(a*+b +c?)
{a+b+c}3 - {a+b+c}3

- — 23— >3
2{a+b+c]—(u'+bl+c') Na+b+c)-3

Ta can chimg minh:
< (a +a!:u+c]3 —-6(a+b+c)+920 & (a +.'E=—|r.|:—3}2 =0
Vi du 2: Cho cac 56 thure duong a,b,c sao cho ab+bc+ca=3. Chimg

1 1 1
—t——+—5—%1
a+2 b +2 ¢ +2

minh ring;

Phin tich:
2
Xeét: ,1 —m=lzfr—ma ta nghi dén chon m=l. Khi d6 ta co:
a +2 a +2 2
1 1 1 1 1 1 1 a’ b en

=>1.

= ——+— o —_—E ey — +— +—
a+2 2 b+2 2 c+2 2 2 a+2 b +2 ¢ +2

. .. SR TE i+yv+z)
Ap dung bat ding thirc: x—+}—+"—2u ta co:
4 B C A+B+C
2 2 2 b : )
,ﬂ —+ Ib + Ic = ,{ﬂ +1 +c] . Ta can chimg minh:
a +2 b+2 ¢+2 a+b +c+6
b+c) b+c)
Matbre) i (atbte) >1. Nhung day 12 mét
a-+b +c +6 a +b +c'+2{ab+bc+ca]

ding thitc. Suy ra diéu phai chimg minh.

Ngodi ra ta ¢o thé giai hfmg cach khac nhu sau:



b 2 b 2
1 l+{ +) I+{ +e) o
= 2 < 2 Tirdé cong cic bét ding thire

a +2 ) b+c) a+b+c
{a'+2}[]+—[ ) ‘ ( )
2
ciing chiéu ta suy ra diéu phai chimg minh:
Cha y: Véi cac gia thiét a,b,c 1a d6 dai ba canh mét tam gidc ta can cha v
bién dbi dé sit dung diéu kién: a+b-c>0b+c—a>0c+a-b>0

Vidu 3: Cho a,b,c lado dai ba canh mét tam giae. Chimg minh rfing:

a b c
=1

+ + >
Ja=-b+c 3b-c+a 3c—a+b

Phiin tich:

Ta viét lai ;—m= a-m{]a-b+c}_ Ta chon m=l khi do:
Ja-b+c Ja-b+c -

—a 1__6¥57¢ 1y 46 ta o6 bit diing thitc cin chimg minh

Ja-b+c 4 4(3a-b+c)

duoc viét lai thanh:

a | b | c 1_1
- >
3a=b+c 4 3b=c+a 4 3Ic—-a+bh 4 4
a+b=c b+c—-a c+a-=b

+ + =1.
Ja=-b+c 3b-c+a 3c—a+b

Tacod
a+b-c+b+c-a+a+c-b]1_ {a+b+c]: B

I”TE( = =
Y(at+b-c)(3a-b+c) a’ +b" +c” +2(ab+bc+ca)

Déi vdi cdc bdt déing thirc dang f(a)+ f(b)+ f(c) <M . Ta thwong thém

bét vio mét s6 m dé tir s6 c6 dang binh phwrong.



Vi du 4: Cho cac sd thue duong a,b,c sao cho abe=1.Ching minh Ti:ing:
1 1 1

- +— +— <3
a —a+l b =b+1 ¢ =c+l
Phiin tich:
Ta lay %_m:]-mrma'+ma dé 1—m—ma® +ma phan tich
a —a+l a —a+l

duoc thanh: (xa+ v)” thi 1-m—-ma” +ma=0 co nghiém keép. Hay
A=m’+4m(l-m) =0 m{4—3m]=ﬂ¢=‘.~m=%. Ta viét lai bat dang

4 1 4 1 4
i —t— -—+———=——25 -1 hay
a —a+l 3 b -bh+1 3 ¢ —c+1 3
{?-ﬂ—”- + {::-b_l}- + (.}'c—l}' >3 Ap dung bat ding thiic:
a —-a+1 b =-b+1 ¢ —c+1

thirc thanh:

t oy 2 +y+z)
al "—Euta thu duoc:
A B C A+B+C
2a+b+c)-3] :
yr>. 2atb+o)-3] - Ta cin chimg minh:

(a* +b° +c1]-(a +bh+c)+3
[2(a +b+r:}—3]: 23[(03 +b’ +r::]—[a +b+r:}+3:| hay

{a+b+c}1 +6(ab+bc+ca)z9(a+b+c)

Tacod: (ab+bc+ca) =a'b” +b'c’ +c’a +2abc(a+b+c)
>a’bc+b'ca+c ab+2abc(a+b+c)=3abc(a+b+c)=3a+b+c). Taquy
bai todn vé chirng minh: |';|u+b~|—r:]3 +6.f3a+b+c) 29{a+b+c} . bat

t=1f3(a+b+c) =123 Taco bit ding thirc trés thanh:
4

%+6r23r3 1 =270 +5420 & (0 =271+ 54) =1(t -3)’ (1 +6) 2 0.

Diéu nay la hién nhién. Dau bing xay ra khi va chikhi a=b=c=1.



Cho céc 6 thue duong a,b,c sao cho a® +b* +¢* =3 . Chirmg minh ring:
a b c 1
3 +— +— =—.
a +2b+3 b +2¢+3 ¢ +2a+3 2

Maét sé cach thém bat khong mau muc:
Vidu 5: Cho cac s6 thue duong a,b,c saocho a+b+c=1.

a b ¢’ 1
+ + <
Ja+l 3b+1 3c+1 18ab+bc+ca)

Chirng minh:
Gisi:

Ta cd: a =l. 30 =l a—
Ja+1l 3 3a+1 3

] . Vi vy ta quy bai toan vé chimg
Ja+l

+ b —— l =1
Ya+1 3b+1 3c+1 6lab+bc+ca)

minh:

Tach: ¥—rv> (a+b+c) =— ] ;
3a+1 a(3a+1)+b(3b+1)+c(3c+1) 3(a*+b +c*)+1

1 1 . 4 N

Suy ra J'T > : + > —=
3{a1+b'+c1]+1 6(abt+bctca) 3(a+b+c) +1

Vi du 6: Cho cac sd thue duong a,b,c sao cho a+b+c=1.Ching minh:

[b c a] l+a 1+b l+c
2l —+—+—|2 + +
a b ¢ l-a 1-b 1-¢
Giai:
l+a _ 2a . g ux L
Do = +1 nén ta viet lai bat dang thirc thanh:
l-a b+c
b ¢ a a b f 3 .. a a ab . .
—t—+—=2 + + +—. Lai ¢é: —— = nén ta sé
a b ¢ b+tc c+a a+b 2 ¢ b+c clh+c)



chimg minh: ¥ ab = E ﬁtp dung bat dan g thirc Cauchy Shwarz ta co:
clb+c) 2
ab a'b’ - l[:ab+bc+ca)'

Zc[b+c] " “abc(b+c) 2abc(a+b+c)

{ab+bc+ca]:
labc[a+b+c}

Ta can chimg minh: = % nhung day la bai todan quen thubde.

Vidu 7: Cho cac sé thuc duong a,b,c sao cho ab+bc+ca=1.Ching

minh: a+b+c+ ab + be ca 33@

+ =
b+c c+a a+bh 2

Giai:

2

_Ta viét bat

b [a+b+c]=ab+ i

Nhan 2 vé vdi a+b+¢ vachi -
b+c b+c

ding thirc can chirng minh thanh:
ah N bc N ca 231‘5
b+c c+a a+b

[a+b+c}1+l+ (a+b+c)

ab b'c ca (ab+bc+ca }I 1
+ 2 = T
b+c c+a a+b bb+c)+c(c+a)+ala+b) {a+b+c]'-]

| 33

Cubi cling ta chimg minh: [a+b+.’:]:+l+ — > (a+b+c).
(a+b+c) -1

Ta co:

33

Nhung T{a +bh+c)< %[{a+b+c]l +3] nén ta quy ve:

[a+b+c]z+l+;121|i{a+b+c]: +3 . Dinh cho hoc sinh.

[a+b+.‘:]' -1 4

4). PHUONG PHAP PAT AN PHU.

Tiy theo bai todn ta co thé chon mot trong cac cach dat an phu sau:



(111
1). (a,b -
}{a, 15}_} a’b’c)

2). {a,b,c}—}

3). {a,b,c}—}

4). (a,b,c)— —_,—-‘—

)
5). (a,b,c)— @kﬂ @)

La® B
Vi du 1: Cho céc s6 thue duong x, v,z sao cho xyz =1. Chimg minh ring:

= ! +— ! +— ! =1.
x+x+l y +y+l1 z"+z+l

Phiin tich: Néu dp dung truc tiép bat ding thirc:

oyt 7 (X+Y+Z) L : .
X—+Y—+Z— = Q thi bat dang thirc tiep theo b1 nguoc dau.
4 B C A+B+C

bé khong bi nguoc diu ta thay (;r,y,:] - [b—cz—gﬁl thi bat dfmg thirc
a c
can chimg minh tré thanh:
4 4 4
; — i Jb 5+ 1.y
a +abc+bc b +bac+ac c +cab+ab
o L X Y 7 (X+Y+Z)
Biy gio dp dung bat dang thirc: —+—+—2-———— ta ¢o:
4 B C A+B+C



{az +b +cz]:

- - — Tacén chimg
a'+a'be+bct +b +bhac+a’c +¢' +cfab+a'h’

IT=

minh;

(a: +b*+¢° )1
— — >
a'+a’bc+b’c’ +b' +b'ac+a’c’ +c' +cab+a’h’
& b'c+ac +ab’ zabe(a+b+c). Nhung diy la két qua quen thude.

Vi du 2: Cho cc s6 thue duong x, v,z sao cho xyz =1. Chimg minh ring:

1 1 1 El_

(x+1){x+2) +{y+|]{y+2}+{:+l}{:+2} 2

Phin tich:
" be ac ab ;. .. R T . iy
bét x =—; y=—z=— bat ding thirc can ching minh tr¢ thinh:
a b
ﬂli ] £ H - ¥
¥ = — . Ap dung bat dang thirc:

(2a® +bc)a +bc) 2
2 2
zZ'_(X+Y+Z)

X ¥ ,
—t—t—2= ta co:
4 B C A+B+C
Z(az +bh+c }:
E 2 2
Y(2a” +bc)a +bc)

2 Z(uz +b* +c’ )3 =¥ (2a* +bc)(a* +bc)

. Ta can chirg minh:

= a’b’ +b'c* +ca’ zabela+b+c). Piy la két qua quen thude.

Vi du 3: Cho 3 56 thue duong x, v,z . Chimg minh ring:
2x +J2y +J2: <3
x+y \y+z VNz+x

Giai:




.y=2.2-C Bt dling thirc chn chiing minh tré thnh:
C a

bat x=

u::-ll::

J,a- +J 1'5_ +J1c' Ei.ﬁpdunghétdéngﬂ]&c
a +bc b +ar ¢ +ah ﬁ

Bunhiacopxki ta co:

a b ¢’ : i ala+b)a+c)
Z[Jrf +be +J-5: +ac +Jc1+ﬂb] i{Z{ﬂ +b}{a+c}](z a’ +bc ]

Mit khae ta co: 8{a+b +c]{ab+bc+r:a]£9[a+b}|[£:+c]{.’: +a). Mt

a B 2(ab+bc+ca)
(a+b)a+c) B (a+b)(b+clc+a) Ha+b+c)

khac ta co: 2 . Ta quy bai

ala+b)a+c)

-~ Ei(a+b+c].Métkhéc ta co:
a +bc

toan vé chimg minh: ¥

ala+b)(a+c) . a’(b+c)
a +bc a +bc
Zal{b+c)
a +bc

. Ta quy bai toan vé chimg minh:
<a+b+c

KY THUAT BOI XUNG HOA.

Vi du 1: Cho cac so thuc ducmg a,b,c . Chimg minh:

N e B
a+b b+f: c+a

Giai:




Ta co: 2a _ 2‘]{&+C} =| X Eﬂ[”"'f] =
Ja+b)@+c) Jla+b)(a+c)
ia b <
2(a+b+f}ll[ﬂ+b}(a+c]+{b+c](5+ﬂ}+{f+”}(c+b]]
_8(a+brc)(abtbetca
 (arb)(bre)(ca)

Bay giér ta can chimg minh:
8(a+b+c)(ab+bc+ca)

(a+b)(b+c)(c+a)
Nhung diy l4 két qua quen thude:

<9 8(atb+c)(ab+bc+ca)<9(a+b)(b+c)(c+a)

Vidu 2: Cho cac so thuc duong a,b,c . Chimg minh:

J a J b J c 3
+ - ==
a+b+2c b+c+2a cta+2bh 2

Giai:

Ta co:
|I JJa a+21:r+c Sl a[u+2&+c} -E
ﬂ+b+2€ a+b+2¢ a+2.|5+.-:) J[a+b+2c][a+2b+c]

1 ~ 4(Xa’+3Xab)(Xa)
(a+b+2c)(a+2b+c) B (a+b+2c)(a+2b+c)(b+2a+c)

[Z ala+2b +c]]|iz

(Za3+32ﬂb){z“] <2 Sau khi kh
(a+b+2c)(a+2b+c)(b+2a+c) 4 e

Ta can chimg minh:

trién va thu gon thi duoc: Z(a +b' +¢ )2ab{a+b]+bc(b+c}+m[c+a}_

Diy la bai toan quen thudc.

Vi du 3: Cho cdc s6 thue duong g, b,c saocho a+b+c=1



ahb be ca - E

. - h- + =
Ch'-mgmmh'm Jhe+eca AJecatvab 2

Giai:

. ab J a’b a’b(a+b)
Ta co: = = suy ra
Jab+be VNa+c \(a+c)(a+b)

@b | 2(Za)[Za’b’+abcXal

(I

a:b{a+b] :
[E {a+c]{a+b]] [E{ﬂ+b)][2[a+c][a+b}J_ (a+b)(b+c)(c+a)
Ta can chimg minh:
Z{Ea] Ya'b +abcXal| | .
{a+E][b+c]{c+a} ]Ezﬁdl{ia][za'b‘-kabcza]
£{a+b+c}{a+b]{b+c](c+ a) . Khai trién va thu gon ta quy Ve

ab{az +.E:3)+‘-!:nr:(.l_’:r3 +c1]+ca(c3 +a3}22(azb: +b'c* +c3a3] . Nhung bat

ding thirc nay 14 hién nhién ding theo BDT c6 si:
BAI TAP REN LUYEN.

Cho cac so thue duong a,b,c . Chimg minh n:'mg:

a b c a+hb+c
1} 1 3 + 3 3 + 3 3 2
b"+bc+c- ¢ +ca+a o +cat+a  ab+bc+ca
a b C a+b+c
2) - =

.rJ':+.r;-b+‘-!:r1-l-.b:+£:r.-:+1:.'1 C+cava’ a+b+c”
3)  (a*+3)(B*+3)(c*+3)24(a+b+c+1)

3 3 3
ah N b'c ,_ca }abc{a+b+c}

4 =

) l+ab® 1+bc® l+ca 1 +abc

5) @ b € >ivéiatbte=3
a+2b- b+2c c+2a

6) ab + be +— 4 <—(a+b+c)
a+3b+2c b+3c+2a c+3a+2h 6



ab’ be’ ca’ {a+.-5+c

?} 2 ¥ T+ 3 ] 1+ ] ] 3 —
a +2h+c b +2c+a o +2a +b 4
1 1 1
8) ——+————+————=>1vdia+h+c=3.
2ab-+1 2bc+1 Z2ca +1
gy Jatb dbtc 3Icta, 4 Véiab.c 1adddii3canh tam gidc
2a+c 2b+a 2c+b
10) 102 42 4 € ,BFbeHCa S Gui b e 1adodai3
b+c c+a a+b a+b +c 2
canh tam gidc

11) J ab_ B [ 5 L bié ab.c30 saochokhong
a +b b* +¢° "'J[.r:'+a' ﬁ

¢6 2 s6 nao ﬂémg thon b:—:ing 0 va a’+b" +c* =2(ab+bc+ca) .

a b c "
12 + + <1 biet a.b,c=0 sao cho
) 345 +3bc :Mb +3ca 14.': + 3ab

khong c6 2 s6 nao dong thai bang 0 va a+b+c=2.

HUGNG DAN GIAI BAI TAP

a b c a+h+c
) — — - o
b"+bc+c- ¢ +ca+a o +cat+a  ab+bc+ca

F
a a
— Suyra

b*+bc+c’  ab’ +abc+ac”

Ta co:

a S I[lu-lr.i'.rﬂi—r:}3

ab” +abc+ac®  ab” +ac’ +bc” +ba’ +3abc

(ﬂ+b+c}3 o_atb+c
ab’ +ac’ +bc” +ba’ +3abc  ab+bc+ca
< (ab+bc+ca)(a+b+c)zab’ +ac’ +bc” +ba” +3abc (Nhung diy la

Ta can chimg minh:

hing ding thirc)

2) Tacod: ab+bctca<a +b" +¢°



a b c a+b+c
Suy ra — T+ T+ T2
b>+bc+c ¢ +ca+a ¢ +ca+a a +b +c

3) (a+b+c+l) =|ia+ﬁ[b+j§+l]|: <(a® +3][I+@J

Tirdo suyra 4(a+b+c+1) <4(a’ +3){1+@J_ Ta chimg minh:

4(53+3][1+@}5{f+3]{&+3)(&+3) ﬁ4[3+(b+c+1]1}£3{b3 +3)(

Bat ding thirc nay twong dwong véi:
4[3+(b+c+1)|<3(6 +3)(c +3) e 4[4+5" +¢*+2bc+ 2+ 2 | <95 +967 +31

& 5(b +c*)+3b°c" ~8(b+c)~8bc+1320. Ta viét lai bit ding thirc trén

thanh: 5(b”+¢*)—2be—8(b+c)+8+3(be—1)" 20.

Tacé b’ +c* 22bc, 2(b* +c* ) 2(b+c) = 4(b* +¢*)22(b+c) . Nén
5(B* +¢* )~ 2bc—8(b+c) +8+3(bc=1) 2 2(b+c)’ —8(b+c)+8+2bc—2bc+3(be

4

=2(b+c~-2) +3(bc—1)* 2 0. Dau bang xay ra khi va chi khi a=b=c=1

a'h " b'c c'a }abc{a+b+c}
l1+ab® 1+bc® l+ca®  l+abc




Ta co: ab = a’b’c’ Suyra
" l+ab®  abe’ +a’b'c” y

ah a'biet (u:bc+b:uc+c:ub)3

1+ ab’ abc” +a’b’'c®  abc’ +a’b’c’ +beca’ +b’c’a’ +cab” +ca’l’

abc’ {a +:5+C]1

abc® +a'b'e’ +beca’ +bc'a’ +cab’ +cta’h’

Ta chimg minh:

ﬂzbzfz(ﬂ+b+fjl . abc(a+b+c)

3 =

abc” +a'b'e” +beca’ +b'c’a” +cab” +c¢a’'h 1+ abc

(1 +abc}abc[a +b+c)zabc’ +a'b'c’ +bca’ +b'c’a’ +cab” +c’a’h’ . Diy

la dang thirc Dau bang xay ra khi va chi khi a=b=c.

2 1
5) a 2 = 2 a 22 7
a+2b” a +2a’h’
. ( 4 b1 -.)1
- a +b" +c¢”
Suyra X - “ = . Ta chimg minh:

a+2b “ad+2ab Sa+25ab
(a: +br+¢° )1

Ya'+2¥a’h

a+b +c :
( )

- Izzlﬁa“+b"'+c“2a3+b’+c’
Ya+2¥ab

Hay

Ta can chimg minh: a' +b' +¢' 2@’ +b’ +¢* véi a+b+c=3. Ta chimg

minh:

3a'+b'+c*)2(a’+b' +c')(a+b+e) & 2(a' +b" +c*) 2ab(a’ +b7 ) +be(b* +c°
be y rang:

2(a* +b*)=(a* +5*) =(a* +5*)(a* +b*) 2 2ab(a* +b*) & a* +b* 2 ab(a® +b?)

_ Céng ba bat ding thirc cing chiéu ta suy ra diéu phai chimg minh:

6) Taco:



1 1 1 1 1 1 ab 1 ab
= == + +— | = == +
a+3b+2c (a+c)+(b+c)+2b 9\ a+bh b+c 2b a+3b+2c 9\ a+b
Tuong tur ta co 2 bat dfmg thire nira va cong lai thi thu duoc:

ab bc ca 1 ab ab 1 bc bc 1 c
+ + <— + +—a+ +=b+—
a+3b+2c b+3c+2a c+3a+2h 9\ a+c b+c 2 b+a c+a 2 cH
ab + be + ca £l[a+b+.-:]
a+3b+2¢ b+3c+2a c+3a+2b 6
2 2 2
7) Tacé abj — bcj 4 caj 1£a+b+c
a+2b+¢c& B +27+at C+2at +b 4

ab’ .-.:E[ (a+b)’ ]52{ ¥ ]

a +2b+¢" Ala +bh+bh +ct | 4l a +b B4

Suy ra
z 2 1 2 2 3
I"TEE a N b : +£ 1b 4 c 1 +E 1& _+ 1.*: : :a+b+c
4l a+b b +c’ A\ b+ C+a 4l a+b c +a 4

l1 + ], : ], S
2ab~+1 2bc+1 2ca +1

| 3 ¢
2ab’ +1 2ab’c’ +¢”
2
+b+
o @*0%) 1 himg mink:
a +b +c +2abc+2abc +2abc
[a+b+c]:
a*+b* +c¢’ +2a*b’c+2a’be’ +2ab’c

Ta co:

SUY T

5 >l ab+bc+cazabc+abe’ +ab’c”

< ab+bc+cazabc(a+b+c) < abe < 1. Theo bit dfmg thire Co si ta co:

3=a+b+c=3Yabc =3 => abc <1 la diéu phai chimg minh.



Ja+b - al3—-2m)+b—me

9) Taxét: ——
2a+c 2a+c
Chon m =1 dé xuat hién: 3ﬂ-l-"!?-lz'ﬂ-l-'b-‘:
2a+c 2a+c

Khi d6 ta c6: Bat ding thirc can chimg minh c6 dang:
a+b-c b+c—a c+a-b
+ + >
2a+c 2b+a 2c+b

1

Suyra VT > (a+b-c+b+c—a+c+a—-b) :{a+b+c]j _1. Bpem
Yla+b=c)2a+c) (a+b+c]

10) Ta viét lai bat dang thirc thanh:

-9 - b o€ }I ab+bc+ca

b+c c+a a+b 2 at+b+¢

b+c=a a+c=b a+b-c |[ﬂ-|r.i:ll+c.']3
= + + > -
b+c c+a a+b 2(a1+b'+c1]

2 2

Tacé VT > 4{u+b+c) B (u+b+c]

Y(b+c-a)(b+c) 2(a* +b7 +c?)

[ ab_Jaba* +b* _ 2ab
11) Ta co: = =

a’ +b° a’ +b Cat+ b

Taquyhéituﬁnvéchﬁngminh: ?’ﬂbz+ :Zbc1+ ?m,EI_Ha};
a +b b+ o +a

(“j+b}1 + [E::+c]1 {':j+a}1 >4 . That vy ta co:
a +b b +c e +a




4(.r:r~|-af'.t+1:.'}I 3 4(a+b+c}:
2(a*+b+c) B (a® +b* +c*)+2ab+2bc +2ca

rakhi vachi khi a=5b,c =0 va cic hoin vi.

Vrz

=4 _Dau bing xay

12) Ta co: VTIE(E+E1+C}(4 “3&;4& b} + “3 z:-]
a+ +3ca C+ 3

—of —2% 42 € )| Tachimgminh:
da+3bc 4b+3ca 4dc+3ab

i b c |
+ + ==
da+3bc 4b+3ca dc+3ab 2

| a 1 b | c
ﬁ_—
4

+—= +—= El
da+3bc 4 4b+3ca 4 dc+3ab 4

bc ca ab 1
& - - =—.
da+3bc 4b+3ca 4dc+3ab 3

Ta co:

— [ab+bc+m]2 B {ab-{- bc+ca}1
B 3({1:!}1 +bhc+ctat + 4abc] a 3(a1b1 +bh'ct+ctat + Zabc{a +bh+ c])

i
3



MOT SO PE ON THI VAO LOP 10 —- THPT

PE SO 1

3 s0x—=7 ) 24x+3
Jx -2 2J_+1 2x—3Jx - 2) 5x—10x

Ciu 1) Cho biéu thic A= [
(x>0,x#4).

1) Rt gon biéu thirc 4.

2) Tinh gid tri cua A khi x=3-2+2
3) Tim x sao cho 4 nhan gia tri 1a mét sé nguyén.

Céu 2) Cho phuong trinh x* —(m—1)—m’+m—2=0, véi m 1a tham s.

a) Ching minh ring phuong trinh da cho c6 hai nghiém trai dau véi
mol m .
b) Goi hai nghiém cua phwong trinh da cho la x,,x,. Tim m dé biéu

3 i

X X, . S £

thuc A= [—‘J —(—-j dat gia tri 16n nhat.
X X

2 1

Céu 3) Mot ca nd xudi dong 78km va nguoc dong 44 km mat 5 gior véi van
toéc du dinh. néu ca nd xuédi 13 km va nguoc dong 11 km vai cung van toc
du dinh d6 thi mat 1 gi0. Tinh van toc riéng cua ca nd va van toc dong nudc.

Ciu 4) Tir diém K nam ngoai dudng tron (O)také cac tiép tuyén K4, KB
cat tuyén KCD dén (O) sao cho tia KC nam giita hai tia K4,KO. Goi
H 1atrung diém CD.

a) Chung minh: 5 diém 4. K.B.O.H cung nam trén mot duong tron.

b) Goi M la trung diém cua 4B . Chirg minh: Tt giac MODC néi tiép.

¢) DPuong thang qua H song song véi BD cat AB tai /. Chimg minh
ClI 1OB.



Ciu 5) Cho céc sb thuc x, y,z thoa man diéu kién: x* +y” +z* =2 Chimg

minh ring: x+ y+z<xyz+2.

PE SO 2

CAu 1) Cho biéu thirc:

P 2(a+b) B Ja JEJFsz?—JE
Ja' =220 a+~N2ab+2b |\ 2b+2ab '

a) Tim diéu kién cua a va b dé biéu thirc P xéac dinh. Rat gon biéu

thac P.
NI BN (1

b) Biét a=1+—~— va h=———~—_Tinh gia tri cia P .
2 2 4

Ciu 2) Cho phuong trinh 2x* + 2mx+m* —2=0, véi m 1a tham s6. Goi

x,,X, la hai nghiém cua phuong trinh.

a) Tim hé thirc lién hé gitra x,, x, khong phu thuéc vao m .
b) Tim gia tri nhé nhat va 1én nhat cua biéu thirc
2x,x,+3

A= .
X +x; +2(xx, +1)

Céu 3) Huong (g phong trao “Vi bién dao Truong Sa” mét doi tau du dinh
cha 280 tan hang ra dao. Nhung khi chuan bi khai hanh thi s6 hang hoa da
tang thém 6 tan so voi du dinh. vi vay déi tau phai bo sung thém 1 tau va
mdi tau ché it hon du dinh 2 tin hang. Hoi khi du dinh do1 tau co bao nhiéu
chiéc tau, biét cac tau cha s6 tan hang bang nhau.

= 1 .
Cau 4) Cho hé phuong trinh: {JH my=m Tim m dé hé trén c6
mx+y=3m—1

nghiém duy nhat sao cho x.y dat gia tri nho nhit.



Céu 5) Cho nira dudng tron (O;R) dudng kinh BC. 4 1a mot diém di
dong trén nira dudng tron. V& 4H vudng goc vol BC tal H . Pudng tron
duong kinh 4AH cit AB. AC vanira duong tron (O) lan luot tai D, E. M .
AM cat BC tai N .

a) Chirng minh rang tir giac ADHE 1a hinh chir nhat va AME = ACN .

3

b) Tinh DE
BD.CE

theo R va chimg minh ring D,E,N thang hang.

¢) Xac dinh vi tri diém 4 dé dién tich tam gidc ABH 16n nhat.

Céu 6) Cho x,y>0 va x*+)’ >x’ +y* . Ching minh rang: x’ +* <2

PE SO 3

Ciu 1) Cho b>a> 0. Xét biéu thirc:

P_Jﬂ_;—Jb_E_ a b
" acb Jaib b-—a

a) Ruatgon P.
b) Biét (a—1)(b—1)+2+ab =1, hay tinh gia tri cia biéu thicc P

Cau 2) Cho Parabol (P):y= X va duong thfmg (d):y=mx+4 |

a) Ching minh dudng thang (d) ludn cat do thi (P) tai hai diém phan
biét 4,8 .Goi x,,x, la hoanh do cua cac diém A, B . Tim gia tri
2 (x, + X, ) +7

2 2
X +I2

I6n nhat ctia O =
b) Tim m dé dién tich tam gidc OAB bang 8 .

Ciau 3) Mot 6 t0 va mot xe may khot hanh cung mét lac tir hai tinh 4, B

cach nhau 150km, di nguoc chiéu va gap nhau sau 1,5h. Hoi sau khi gap



nhau bao lau thi 6 t6 dén B va xe may dén A4 biét rang van toc cua xe may

. 2 .
bang 3 van toc cua 0 to.

Cau 4) Cho tam gidc ABC vudng tai 4 va AB< AC . Goi H la hinh chiéu
cia A trén BCva M la mét diém dbi ximg cia H qua AB. Tia MC cit
dudng tron ngoai tiép tam giac ABH tai diém P(P=M). Tia HP cit

duong tron ngoai tiép tam giac APC tai diém N(N = P).

a) Ching minh ring HN = MC .

b) Goi E la giao diém thir hai cia 4B vé&i duong tron ngoai tiép tam
gidc APC . Chimng minh ring EN song song véi BC .

¢) Goi K la giao diém thir hai cuia BC véi dudng tron ngoai tiép tam
gidc APC.Ching minh rang H la trung diém BK .

Céu 5) Cho céc s6 a,b,c khong am. Chimg minh rang
a+b +c’ > H:\/b_c+bz ca+c Jab .

PE SO 4

3
Cau 1) Cho biéu thire P=| — % B3x L35 e
33x° =8 3x+2Bx+4 )| 1+-f3x

a) Rutgon P.
b) Xac dinh x nguyén sao cho P nguyén.

C#u 2) Trong mit phang toa d6 Oxy, cho parabol (P) c6 phuong trinh
y= _Tx_ . Goi (d) 1a dudng thing di qua 7(0;-2) va c6 hé s6 goc & .
a) Viét phuong trinh dudng thang (d). Chimg minh dudng thang (d)
ludn cat parabol (P) tai hai diém phén biét 4, B khi k thay déi.

b) Goi H,K theo thir tu 14 hinh chiéu vuong goc cua A4, B trén truc
hoanh. Chitng minh rang tam gidc /HK vuéng tai / .



Cau 3) Giai hé phuong trinh <

Céu 4) Cho duong tron (O) va diém A nam ngoai dudng tron (O). Tir 4
vé hai tiép tuyén AB, AC cua duong tron (O) (B,C lahai tiép diém). Goi
H la giao diém cia A0 va BC. Qua A4 V& cét tuyén ADE ctia duong tron
(10); D va E thudc dudng tron (O) sao cho duong thing AE cat doan
thang HB tai . Goi M la trung diém diy cung DE .

a) Chirng minh AB* = AD AE.
b) Chiing minh nam diém 4, B,M,0,C cing thuéc mot dudng tron.
¢) Chirng minh tir giac OHDE noi tiép.

d) Trén tia d6i cua tia HD lay diém F sao cho A la trung diém DF . Tia
AO cat duong thang EF tai K . Ching minh IK //DF .

a+b b+c c+a
<3

Cau 5) Cho a,b,ce l;l . Chirng minh rfmg: 2< + + <
2 I+¢ l+a 1+b

PE SO 5

Cﬁul)ChoP:[J‘;+3+J‘;+2+ Vx+2 N J_J

X
]——=
Jr-2 3-Jx x-5Jx+6 Jx+1

a) Ratgon P.
b) Tim x nguyéndé P<0.

c) Tim x dé Q:% nho nhat.

Ciu 2) Cho parabol (P):y = x” va duong thing (d):y=(m+5)x—m véi

m la tham so.



a) Chimng minh ring d ludn cat (P) tai hai diém phén biét.
b) Goi A(x;;,),B(x,;¥,) 1a céc giao diém cia d va (P). Tim gid tri

nho nhét cua biéu thirc M :|Jn¢1 —:J::2| .

Cau 3) Trén quing duong 4B dai 210 m , tai cling mét thoi diém mot xe
may khoi hanh tr 4 dén B va mét 6t 6 khoi hanh tir B di vé 4. Sauk hi
gip nhau xe may di tiép 4 gio nita thi dén B va 6 to di tiép 2 gio 15 phut
nira thi dén A4 . Biét rang van toc 6 to va xe may khong thay doi trong sudt
ching duong. Tinh van toc clia xe may va 6 6.

Cau 4) Cho duong tron (O) va day cung BC khong la duong kinh. Goi 4
la diém chinh giira ciia cung 16n BC. Cac tiép tuyén tai B,C cua (0) cat

nhau tai S . Goi H la hinh chiéu vudng goc cia C trén AB va M la trung
diém cua CH . Tia AM cat dudng tron (O) tai diém tha hai N .

a) Goi D la giao diém cua S4 véi BC . Ching minh tir giac CMDN
noi1 tiép.

b) Tia SN cit duong tron (O) tai diém thir hai £. Chtng minh ring
CE song song vo1 SA

¢) Ching minh dudng thing CN di qua trung diém cia doan thing
SD .

1‘3+y3+7(x+y)xy:8,xy 2(;;:2 ‘|‘}”2)

Jy—2x-3=6-2x

MOT SO PE ON THI VAO LOP 10 - THPT CHUYEN

Cau 5) Giai hé phuong trinh:

PE SO 6.

Chu 1) Giai phuong trinh: x* +x+6+2xy/x+3 :4(x+ x+3)



Cau 2) Cho a,b,c la ba so thue duong thoa man
a+b+r:z~JE+JE+-J_:2_ Chimg minh rfmg:
Vo, b e o

l+a 1+b l+c  f1+a)(1+b)(1+c)

Céu 3) Ching minh: a, :(3 +2.J§] +(¥] —2 la s6 chinh phuong

vO1 mol s0 tu nhién lé.

Ciu 4) Cho tam giac nhon ABC ndi tiép duong tron (O) c6 3 duong cao
AD,BE,CF dong quy tai diém H . Duong thaing CH cat (O) tai diém G
khic C . GD cit (0) tai diém K khic G .

a) Chung minh OA vudng goc vo1 EF .

b) Ching minh: 4K di qua trung diém M cua DE .

c¢) Goi N latrung diém cua DF |, AN cat (O) tai diem L khac A
.Chirng minh 4 diém M. L. N.K cung thuéc mot duong tron.

Cau 5) Cho a,b,c théamin a” +b*+c* =1.

2 2 2z
Chirng minh rang; ¢ 4 b < > 3 i
1+2bc 1+2ca 1+42ab 5

Céu 6) Cho tap hop M goém 1009 sé nguyén duong doi mét khac nhau va
s6 lém nhat trong M bang 2016 . Chirng minh rang trong tap M c6 hai so,
ma s6 nay la boi cia so kia.

PE SO 7.

Céu 1) Giai phuong trinh x* +4x° +6x7 +4x+x> +2x+17 =3.

a1 B

Cau 2) Tim ba chir s6 tan cing ciia A = 26°

Ciu 3)



a) Tim cac nghiém nguyén cua phuong trinh: 2° — y* = 2y + 8.

%f26+15\/§.(2—\/§) e o
—_————  Tinh gia tr1 cua biéu thirc
Pitwo+oko

P= (31'3 —x - l)mm

b) Biét x=

Ciu 4) Cho tam giac nhon ABC noi tiép (O) . Tiép tuyéntai A4 cua (O)
cat tiép Tuyén tair B,C cua (O) lan luot tai S.7 . BT cit AC tai E
CS cat AB tai F .Goi M,N,P,Q lan luot la trung diém cua

BE,CF,AB,AC . Duong thang BO,CP cat (O) tai giao diém thir2 1a
K,L .

a) Chung minh: AABK# AEBC .
b) Chimng minh tir gidc POKL noi tiép.
¢) Ching minh: BCM =CBN .

Céu 5) Voi n 1a s6 tunhién, n>2, cho n s6 nguyén x,,x,,..,x, thoa man:
2,2 2,3 2

X X +X + X A0 <(2n=1)(x, + X, +..4Xx, ) +n

Chirng minh rang;:

a) Cacsbé x,(i=1,2,..,n) la sé nguyén duong.

b) S6 x, +x,+..+x, +n+1 khong la s6 chinh phuong.

DE SO 8

Céu 1) Giai phuong trinh \x+9 =/x + 12 _

x+1




X +3y"—6y+11=0
Tinh gia tn

4

Ciu 2) Cho céc sb x,y thoa man: P
xX+y (x‘ —3)—2y—3 =0

cia P=x"+y".

Céu 3) Tim tat ca cac s6 tu nhién n dé& 222 +2%" + 2" 1a s6 chinh
phuong.

Céu 4) Cho tam giac ABC ndi tiép (O) vdi AB < AC . Tiép tuyén tai A4
cua (0) cat BC tai T Dung duong kinh 4D, OT cit BD tai diém E .Goi
M 1a trung diém cua BC .

a) Chimg minh: EOD =AMC .

b) Ching minh: AE//CD .

¢) Giasur BE cat AT tai diém F . Puong tron ngoai tiép tam giac
AEF cat OF tai diém G khac E . Ching minh tim duong tron néi
tiép tam giac AGB nam trén (O).

Ciu 5) Cho tap hop X :{l, 4,7, l{],_..,]{][}} . Goi A la mét tap con cua tap
X ma sé phan tir cia 4 bang 19. Ching minh rang trong 4 c6 hai phan tir
phan biét ma tong cua chiing bang 104.

PE SO 9.

Cau 1) Cho céc sb x, y,z thoa mén

xy1-2)7 + y\4—627 +z415-3x* =4.

Tinh gia tri cua biéu thiuc P=x" +2y*+32".

1 1

J_ J_ szct2 +\121::|1¢52 '

Cau 2) Tim phan nguyén cia: 4=1+—=

Ciu 3)



N3x+y)=4
a) Giai hé phuong trinh: o 2 .
Tx’ +11 =3[x+y)(x+y+l)
b) Cho a,b la céc s6 nguyén dwong phén biét sao cho ab(a+b) chia

hét cho a” +ab+b* . Chimg minh rang: |a —b| > 3fab

Cau 4) Cho tam giac 4ABC , trén doan thﬁng AC li‘iy diém P, trén doan
oP

thang PC lay diém O sao cho =0 . Puong tron ngoai tiép tam giac
PC QC
ABQ cit BC taidiém R khiac B.Dudng tron ngoai tiép tam gidc

PAB,POR cit nhau tai diém S khac P, SP cit 4B tai diém D

a) Ching minh: AC 1a tiép tuyén cua duong tron ngoai tiép tam giac
PBR .

b) Ching minh tam giac CSP can.

¢) Ching minh 4 diém B.S.R.D cung nam trén mot duong tron.

Cau 5) Chimg minh ring m,n la cac s6 nguyén duong va n=m ludn co

(n+m)!

(n+1)"n" > >2"m!. (quyudc 0!'=1)

(n—m)!

PE SO 10

Cau 1) Giai phuong trinh: \/35—2\}45—23: =x-5.

Cau 2) Ching minh: 4= 27" 43 13 hop s6 v&i moi s6 nguyén duong
n>1.

Céu 3) Cho tap hop 4 co cac tinh chat sau:

a) Tap A chira toan bo cac s6 nguyén.

b) 2+3e4



¢) Véimoi x,ye A thi x+ye 4 va xy e A. Chirng minh rang

;EJ‘I
2+

Ciu 4) Cho tam giac ABC nhon, khong can néi tiép (O) . Puong tron tim
C ban kinh CB cit BA tai diém D khac B vacat (O) tai E khac B.
DE cat (0) tai diém F khac E. CO cat DE, AB lan luot tai G,L . Lay
cac diém M N lan luot thuéc LE,LF sao cho MG.DN cung vuong goc
véi BC. Goi H la giao diém cua CF,BE .

a) Ching minh: Tt giac CHDE ndi tiép.
b) Chimng minh: T gi\c HGLF noi tiép.
¢) Chung minh: DN =MG .

Ciu 5) Cho céc sb thue a,b,c théa man ab+bc+ca=abc+2. Ching

minh ranga’ +b*> +c¢* +abc>4

LOI GIAI CAC PE TOAN REN LUYEN
PE SO 1.
Ciul)

1) Véi x>0,x #4 biéu thirc c6 nghia ta cé:

a2 3 SVx=7 ) 243+3
Jx—2 20x+1 2x-3Jx-2) 5x—10x

i 2(2JE+1)+3(\/.¥—2)—(5JE—?]: 2x 43
(2l SRR

2Jx +3 sx(Vx-2) 5%
(\E+2)(2«E+1)_ 2Wx+3  2fx+l




S\x
2x+1
2) Khi x=3—2-\/5=(-\/5—1)2:>\/;=\/5—] thay vao ta
S(JE—[) 5(-\/17—1)_5(-\/17—1)(2@+1)_5(3—ﬁ)
2(V2-1)+1 22-1 7 T
3) Taco \E}[},‘v’x}[},xidf nén

SJ; >0x>0x24 A=——— SJ; > >

W+l T 20x+1 2 2(2J_+1)

=>0<4A< % , két hop v6i 4 nhén gia tri 1a mét s6 nguyén thi 4 e {1,2}.

Vay vol x>0,x=4 thi 4=

co. A=

5
A= c:—x:vﬂx;&-ﬁl

A:I@SJ;:Z\EH:}J_:%@xzé théa man diéu
kign. A=2 5yx =4x +2 = Jx =2 = x =4 khéng thoa méan didu kién.

Vay voi x :é thi 4 nhan gia tri la nguyén.
Ciu 2)

a) Xét ac=—-m’ +m—2:—[m—%) —%-ﬂ:{}ﬁmelﬂ

Vay phuong trinh luén ¢6 hai nghiém trai dau véi moi m .
b) Got hai nghiém cua phuong trinh da cho la x, x, .

Theo cdu a) thi x,x, #0,do ddé 4 duoc xac dinh vo1 moi x,,x, .

3 3
ﬂj =—t véit>0,suyra [ﬁ] <0,suyra A4<0

X, X

Do x,,x, trai dau nén [
1

3 3
- ') 1 . ’ l .
Dat [ﬁ] =—1,v61 t>0,suyra (I—] =—;.Kh1 do A=—£—; mang gia
X, X,

tri am va A dat gia tri 16n nhat khi —4 c6 gié tri nho nhat. Ta c6



—A:r+122,suyra A<-2.Pang thirc xay ra khi va chi khi
!

1 .
t=-t'=1=t=1.Véi t=1,taco
t

3
(IIJ :—l@ﬂ:—laxl:—xz@x]+x2:0~r:>—(m—l):0<:>m:1_
X, X,

& .

Vay véi m =1 thi biéu thitc 4 dat gia tri 16n nhat la —2.
Cau 3) Goi van toc riéng cua cand la x (km'/h, x>0)
Va van toc cia dong nuéc la y (km/h, y >0

Ca né xudi dong di véi van toc x+ y (km/h). Di doan duong 78 km nén

thoi gian di 1a (gid).

x+y
Ca né di nguoc dong véi véan toc x—y (km/h). Di doan duong 44 km nén
44
X=)y

thi gian di 1a (id).

Tong thoi gian xubi dong la 78 km va nguoc dong 1a 44 km mét 5 gio nén ta
44

c6 phuong trinh: 8 + =5 (I).
X+y x-—y

Ca no xud1 dong 13 km va ngugce dong 11 km nén ta c6 phuong trinh:

13 11

+ =1 (2). Tu (1) va(2) ta c6 hé phuong trinh:
X+y x-—y
[ 78 4o
e 26 24
x+ X— X+y= X =
| 13y 11y C}{ y—zz‘:’{ =2
+ :1 _x—})_ JJ_
x+y x-y

Do1 chiéu vt diéu kién ta thay thoa man.

Vay van toc riéng cua ca no 1a 24 km/h va van toc cua dong nude la 2 km/h.

A_—"



Ciu 4)

a) Vi KA4,KB la cac tiép tuyén cua
(O)nén K40 =KBO=90" Do H la
trung diém cia diy CD nén

KHO =90". Tir d6 suy ra 5 diém
K,A,H,O,B cung nim trén duong
tron duong kinh KO .
b) Vi M latrung diém ciia AB nén AM 1 KO.

Ap dung hé thirc lwong trong tam giac vuéng KAO
Taco: KMKO=KA .

Xét tam gidc KAC va tam gidc KDA c¢6 KAC = KDA(Tinh chét goc tao
boi tiép tuyén va diy cung). Goc AKD chung .

Nén AKACH AKDA(g.g). Suy ra %:%3 KA> =KCKD. Suy ra

KCKD=KH KO= AKMC# AKDO(g.g) = CMK =CDO =CMOD nbi
tiép.

¢) Taco HI//BD= CHI =CDB . Mit khac CAB=CDB cing chin
cung CB nén suy ra CHI = CAB hay AHIC la t&r giac noi tiép. Do d6
IAH = ICH < BAH =ICH . Mat khactaco 4,K,B,0O, H cung nam trén
duong tron duong kinh OK nén BAH = BKH . Tir do suy ra
ICH=BKH = CI//KB. Ma KB1 OB=CI 1 OB

Ciu 5) Ap dung bt ding thirc Cauchy - Schwarz ta cé:



x+y+z—xyz=x(1-yz)+(y+z).1 \ﬂix +(y+z )][(l—y:)erl]

T6i day ta can chimg minh
2+2 2-2yz+y' )4y -y <0y 27 (1z-1)<0.
)z yz+)y ¥ ¥ Y Y

Mt khac theo gia thiét ta co: ta co
2=x"+y*+z">2y* +2° > 2yz = yz <1 Nén bat dang thirc trén luén ding.

Dau biang xay ra khi va chi khi ¢6 2 s6 bang 1 va mét s6 bang 0.

DAP AN DE 2
Ciu 1) biéu kién: > 0,b>0,a #2b
a) Taco:va ~2426° =(Va) ~(v2) =(va —~2b)(a+2ab +2b)
b) Suyra

2a+b) 2(a+b)—a(a-~2b)
Ja* —2\2p°  a+~2ab+2b ( a—2b)(a+2ab +2b)

++/2ab +2b _ 1

" (Va—26)(a+2ab+26) a—2b
Ja + 220 e (H+J2_b)(a—JZE+2b)_JE

2b+2ab - 25 (\2b +a)
_a—2ab +2b J—_a—zmwb_(@—@)z

vy po 1 (oD o
SO B ;TN ;TSN ;T




2 4a
P:*/E_"Iz_bz\]?—lz 40> —1=2a-1=1+f3.
2b 2b

Ciu 2)

c) Taco: ab:%[l+§]_(l—£l+é Suy ra: Zb:L.Do do

Taco A=m’ —4(;\*1!*'.'—1):(m—Z)2 >0, volmol m .
Do d6 phuong trinh luén ¢6 nghiém vé1 moi gid tri cua m .
Theo hé thure Viet, ta co: x, +x, =m va x,x, =m—1
a) Thay m=x, +x, vao x,x, =m—1, tadugc xx, =x,+x —1
Viy hé thire lién hé gitta x,,x, khong phu thude vao m la xx, =x, +x —1.

b) Taco: x; +x; =(x, +x1)2—2x]x2 =m’ =2(m—1)=m"-2m+2.

Vi

2x,x,+3 _ 2m+1
2

Suyra A= = _
Y X +x§+2(x]:c2+l) m*+2

P -1y’
2m+1_1:2m+11 m 22_(*"” ) <0,VYmeR
) m-+2 m* +2

Suyra 4<1,¥meR . Dau “=" xay ta khi va chi khi m=1

A-1=

1 2m+1 1 2(m+1)+m*+2  (m+2)

Va A+E:_+_: >0,vmeR . Suyra

-

m+2 2 2(m* +2) 2(m*+2)
A 2—%,“?’#15]]% . Déu “=" xay ra khi va chi khi m=-2.

Vay GTLN cua A4 bang 1 khi m=1 va GTNN ciia 4 bang —% khi
m=-—2.

Céu 3) Goi x (chiéc) 12 s6 tau du dinh cua déi (x e N*,x <140)

S6 tau tham gia van chuyén 1a x+1 (chiéc)

. T T ., 280 -
So tan hang trén moi chiéc theo du dinh — (tan)
X

o A X 1% ; 286«
So6 tan hang trén moi chiéc thuc té —1 (tan)
X+



Theo bai ra ta ¢6 phuong trinh: 280 286 _ 2

X x+1

-~

5 x=10
< 280(x+1)-286x=2x(x+1) > x" +4x-140=0< . Vay
x=—14(1)
d6i tau lac dau co 10 chiée tau.

x+my=m+l (1)

Cau 4) Xét hé phuong trinh: { . Tt phuong trinh (2)

mx+y=3m-1 (2)
cua hé ta suy ra y =3m—1—mx thay vao phuong trinh (1) cua he¢ ta thu
duoc: x+m(3m—l—m):m+l<:>(1—m"‘)x=—3m1+2m+1- Hé co
nghiém duy nhat khi a chi khi phuong trinh (l—mz)x =—3m" +2m+1 co

nghiém duy nhat suy ra diéu kién la: (1 —-m’ ) =0 m==1l.

Khi hé c¢6 nghiém duy nhat (x;) ta lay phuong trinh (2) trir phwong trinh

(1) thi thu duoc: (m—1)x—(m—1)y=2(m—1)=x—y=2. Do dé:

xy=x(x-2)=x"-2x+1-1 :(x—l)2 —1>—1Dau bang xay ra khi va chi
2 2

khi: x=13—-——=1——=2m+l=1m=0.Vayvoi m=0
m+1 m+1

thi x.y dat gia tr1 nho nhat

Cau 5)
a) AABC noi tiép duong tron duong kinh BC = AABC vuéng tai
A =>Ching minh tr giac ADHE

la hinh chir nhat va ADH =90", AEH =90" Vay

DAE = ADH = AEH =90° nén ti E
M

giac ADHE 1a hinh chir nhat. !

b). Taco AM AN = AEAC =(4H*) " % H 0



AM _AE
AC AN

thirc luong trong cac tam giac vuong ta ¢c6 BD* = BD.AB;CH* = CE.CA

= AAME ~ ACAN (c.g.c)= AME = ACN . Ap dung hé

ABAC=AH BC=AH?2R (Vi BC=2R)

AH® =BH.CH = AH* = BH* CH” = BD.ABCE.CA=BD.CE.AH 2R

3 3
= i =2R, ma AH = DFE nén OF =2R
BD.CE BDCE

Gia sir DE ciat AH tai I . cat OAtai K: I4E = IEA (AIAE cantai 1),
OAC =0CA (AOAC cin tai 0). Do d6 KAE + KEA =OCA+ IAE =90°
=OA L DE.Taco DI L OA (1). Mat khac (0),(1) cit nhau tai A4 va

M = OI la duong trung truc cuia AM — Ol 1 AM . Do d@6 I 1a truc tam
cua AMNO = NI L OA (2). Tu (1) va(2) cho DI, NI trung nhau. Vay
D,E,N thang hang.

c) bat BH:x(U-':x-:ZR),CH:2R—x nén AH = x(ZR—x)

1 1 BB [x NER
San= 2Ah"ﬁ‘H Ex,}x(ZR—x)—?x E(Zﬁ‘—x)if? 5[3+2R x)
2
ﬁx[m—z—x) 3‘/5“’“( )_3*/_'( R—f] “/_ . Déu “=”
4 2 3 3
3R

3 . 2 4 3
xay ra khi va chi khi BH = 0_? & A la giao diém cua nira duong tron

(O) véiduong trung truc cua OC.

Cau 6) Sir dung lan luot cac bat diang thirc Cauchy - Schwarz két hop véi
gia thiét cua bai toan, ta duoc:

X +y = JFJF‘—F yy < ‘j(f‘ + y:)(:lf3 +y4) < \j(x3 +y° )(xz +y3) .

Theo bét dang thirc AM- GM ta ciing c6:

J(.wa?3+y2)(xE -|—y3) < x:+y:;x3+y3 ,va




X +x +123x%;y ' +y +123x"suyra

2x +1 2y +1 5
X+ +y * TXEY 4 1
y Yy 3 3 S3(ay)e ]
2 2 6 3

= x’ +’ <2. Pang thuc xay ra khi va chikhi x=y=1.

DAP AN DE 3.
Ciu 1)
a) Taco:
o Na—bb—a(Na—b)+b(Na+B) a5+ba _ Jab
- a—b B a—b _VIE_JE

b) Ta co: (a—l)(b—l)+2m:l:}ab:a+b—2@=(\/§—x/§)z
Vi a <b nén \/:E:JE—JE_

Vay P=-1.

Cau 2)
a) Phuong trinh hoanh d giao diém cua (d) va (P) la:

Y e=mx+deo ¥ —mx—4=0 .

Taco A=m’>+16>0, véi moi m nén phuong trinh luén c6 2 nghiém phéan

biét, suy ra duong thing (d) luén cit (P) tai hai diém phan biét. Theo dinh

. X, +XxX,=m 2m+7
ly Viet ta co: { b taco 0=

XX, = -4 m:+ 8" (dﬁﬂg phu‘cmg phé.p mién gié\

tri ham s6- Xem thém phan g dung trong bai toan GTLN, GTNN) ta dé

. . 1 ,
tim duoc gia tr1 1on nhat cua Q la 1 va GTNN cua Q la —g dat duoc khi
m=1va m=-8.

b)



D¢ ¥ ring duong thing (d) ludn di qua diém c6 dinh 7(0;4) ndm trén truc
tung. Ngoai ra néu goi A4(x;;3,), B(x,;),) thi x,.x, =—4 <0 nén hai giao

diém A, B nam vé hai phia truc tung. Gia sir x, <0 <x, thi ta co:

1 1

S =S5 +5 :EAH_OI+§BK_OI voi H,K lan luot 1a hinh chiéu

OAB oAl OB
vudng goc cia diém A4, B trén truc Oy . Ta co

Ol =4, AH =|x,|=—x,,BK =|x,|=x,. Suyra S, =2(x,—x,)

= 82,5 =4(x-x,) = 4[(::-, +x,)" ~4x,x, | . Theo dinh Iy Viet ta co:

x, +x, =m,x,x, =—4_Thay vao ta co: S, :4(m2 +l6) =64 m=0.

Céu 3) Goi van toc cua xe may la x km/h (x > [}). Khi d6 van toc cua o td

la 37;: km/h. Theo bai ra ta ¢6 phuong trinh: l,5x+l,5_3§=150<:>x=40_

Do d6, van toc cia xe may la 40 km/h va van toc cua 6 t6 1a 60 km/h. Sau
khi gap nhau, thoi gian 6 t6 di dén B la: %— ,5=1 (gi0). Sau khi gap

nhau, thoi gian xe may di dén A 1a: % —1,5=2,25 (g10).

Chu 4)
a) Do duong tron (ABH) c6 duong kinh 1a 4B nén M e(ABH).
Xeét hai tam giac AHN va AMC co AM = AH ;

Vaco AMC = AMP = AHP = AHN ; ACM = ACP = ANP = ANH Suy ra
AAHN = AAMC . Vay HN = MC .

E N

b) Do CAE =90" nén CE la
duong kinh cua duong tron
(APC).Suyra EN L NC. A

Ta ching minh CN L BC . /
M . e




Taco: ACN = APN =

AMH = ABH = HAC .
Do dd CN//AH hay
CN LBC.

¢) Xétduong tron (APC), taco: AKB=APM = % sd AC Xét duong

tron (ABH ), taco: APM = AHM = AMH = ABH . Suy ra AKB = ABK
hay tam giac 4BK cantai 4.Dodo HB=HK .

Cau h)

Tacod a’ +b° :(.f;r+.1!:')(.f1=2 —ab+b2) >(a+b)ab . Tuong tu ta cling co
b’ +c’=(b+c)bc va ¢ +a’ =(c+a)ca. Do do

2(&3 +b3+ca)2ab(a +b)+bc(b+c)+ca(c+a)

—=a’ (.3_‘:'+.'::)+£;~2 (-::+a)+::'2 (a+b)22a2\/.!;+2b3«fa+203«fa_b_ Viy

a' +b' +¢ 2 a’Jbe +b*Jea + Jab (dpcm). Dang thirc xay ra khi va chi
khi a=b=c.

DAP AN DE 4

A 3
Cau 1) biéu kién: le];;:rii_f)ﬁt 3x =a,taco:

2a° +4 a l+a
P= 7 —— —da
a—-8 a+2a+4)\ l+a

2 _ _ -
= 20 +4 f(a 2) _(1—a+a2—a):w_]"hay a=+3x,taco:
(H—E)(a +2a+4) a-2
P:3x—2~J3x+l_Ta . 3x-3 5

co. P=——
Bx -2 NET)

Vor x=1 taco P=-2 (thoa man).



Xét x=1:Do 3x—3€7Z; 3x—3=0 va PeZ nén f3x —2e7Z.Taco:

P=\x+ 31 2.Dod6 Pez@(m—z) 1a udce
x_

1< 3x—2=+1< x=3 hoic :c:% (loa1). Vay xe{];?:}_

Ciu 2)

a) Duong thang (d):y =hr—2
Xét phuong trinh % Sl -2 +2%kc—4=0 (1)
A'=k>+4>0 védi moi k, suy ra (1) co hai nghiém phan biét.
Vay (d) ludn cat (P) tai hai diém phan biét.

b) Gia su (1) co6 hat nghiém phan biét x,, x,
Suyra A(x;),B(x;y,) thi H(x;0),K(x,;0)
Khi d6 IH? =x} +4,IK* =x] +4,KH* =(x, —x,)’
Theo dinh ly Viet thi x,x, =—4 nén IH*> +IK’ =x; +x; +8=KH"
Vay tam giac /HK vuong tai [ .

Cau 3)
ur2=2 (1)
biat x+y=u,xy=v (vo1 v=0). H¢ da cho tro thanh - I’ 52 )
vH—==
575 (2)
v=2
Phuong trinh (2) ¢6 dang 2v’ —5v+2=0& .
V=—
2

+ Vo1 v=2 thay vao PT (1) tim dugc u =3. Ta co hé phuong trinh

x+y=3 ,
{ 5 nén x,y la nghiém cua phuong trinh X~ -3X+2=0 tic la
.x:}’ =

(x.2)=(12),(21).



+Voi v :% thay vao PT (1) tim duoc u = % Ta c6 hé phuong trinh

3
X+y=—

9 ! 2 nén x,y la nghiém cua phuong trinh Xz—%X+%:0,tfrc la

772

(x;y] =(1;%]{%; 1} Tlr d6 suy ra hé da cho co tat ca bon nghiém nhu trén.
Cau 4)

a) AABD ~ AAEB (g.g) = % =% — AB* = ADAE .

b) OMA=90" (dinh ly duong kinh,
day cung) = M thudc duong tron

duong kinh OA4 (1). Ta co

ABO =90" (tinh chat tiép tuyén)
— B thudc duong tron dudng

kinh 04 (2). Taco ACO=90° (tinh chét tiép tuyén) = C thudc dudng
tron duong kinh 04 (3). T (1),(2),(3) suyra 5 diém 4, B,M,0,C cung
thuéc mot duong tron duong kinh OA .

¢)Ma AB”> = AD.AE (cmt) = AH .AO = AD.AE = % = % . Ching

minh AAHD ~ AAEO (c.g.c) = AHD = AEO =T giac OHDE noi tiép.

d) Ta co AHD = AEO (cmt), OHE = ODE (t&t giac OHDE ndi tiép);
AEQ = ODE (AOED canta1 O). Suyra AHD = EHO .



Taco AHB+DHB=90°(BC LOA tai H); EHO+ EHB =90" (BC 1L 0OA
tai H); AHD = EHD (cmt) = EHB = BHD = HI la phan giac EHD

Xét AEHD c6 HI la duong phan giac = % = % Tacotia HI latia

phén giac EHD ; HI 1 HK (BC 1. OA tai H); EHD = EHF 1a hai goc ké
bu—= HK la tia phan giac EHF . Xét AEHF co HK la duong phan giac

_ KF _HD ID HD KF HF
.Taco —= ( ), —= (cmt); HD=HE (H
T KE HE IE KE HE
la trung diém canh HF) = E _KE et AEFD o0 12 - E (cmt)
IE KE IE

= IK //DF (dinh ly Ta-1ét dao).

Ciu5)Do a,b>~=a+b>1=9105 70 g 1as hai bt ding
2 l+¢ a+b+c
thire twong tu va cong ching lai theo vé, ta

a—+b a—+b

=2 Pang thirc xay ra khi va chi khi

a+b+c
a=b=c= % Tiép theo, ta chimg minh bat dang thirc vé bén phai. Do

b b
a.b<1 nén a < £ : < Tir do suy ra:
l+¢ a+c¢ l+c b+c

Z‘”bgz( a_, b J=3,vaidéngrhﬁcxayrakhiuachikhi
l+c a+c b+c

a=b=c=1.

DAP AN PE SO 5

2 3-dx x—sdx+6)l Jral
x=0

a) Diéu kién xac dinh : {x =4

x=9

Ciul) P= (

J;Tf+3 JE+2 Jx+2 J[l JI)



Ta co:

P -E+3 «/_+2 J_+2 ( \E ]
J_ZJES(J;—)(J_) Jx+1
[

- U
—9—(x—4)+~,/;+2_\/;+_1: Jx +1
(Ve-2)(vx-3) N Jx(Va-2)

b) Taco
Jx +1 x>0
P>0&= ::-~0<::>«/_ J_ >0 Sx>4.
Vx(Vx-2) ¥(Ve-2) Jx=2>0
¢) Pat Jx+1=121thi Jx=r-1.Taco:
(‘EH) t t 1 7 —4t+3 3
P= = . = =>—= —t—4+=
x=2(Vx+1)+2 (1=1)-2+2 £-4+3 P t t

Theo bat dang thirc Cauchy ta co: t+§ EZJST:}%E 2\3-4.Déu bang
xay ra khi va chi khi t:%@r:ﬁéﬂﬂzﬁ«:&x:dl—Zﬁ_ Vay

GTNN cua % la 23 -4.

Cau 2)
a) Phuong trinh hoanh d6 giao diém cta d va (P) la:

X :(m+5)x—m o x —(m+5)x+m:0 (1). Ta co:
A=(m+5) —4m=(m+3) +16 > 0,Ym Suy ra phuong trinh (1) ¢6 hai

nghiém phan biét véi moi m Vay d luén cat (P) tai hai diém phan biét.



b) Taco x,,x, 1a hai nghiém cua (1). Theo dinh 1y Viet, ta co:
{x, +x,=m+5
XX, =m
Ta co:
Mzz(xl—xz)j (x, +x) —4x,x, —(m+5) —4m= (m+3) +16>16.
Do M >0 nén M24_Daubangxayrakh1 m=-3Vay M_._ =4.
Ciu 3) Goi van toc xe may la x (km/h) Piéu kién x> 0.

Goi van toc 6 t6 1a ¥ (k./h). Piéu kién y > 0.

Thoi gian xe may du dinh di tir 4 dén B la: LY g10. Thot gian 0 6 du
X

dinh ditr B dén 4 la: £t gio. Quang duong xe may di duoc ké tir khi
¥

gap 6 t6 cho dén khi dén B 1a: 4x (km). Quang duong 6 t6 di duoc ké tir

khi giip xe may cho dén khi dén 4 1a: %y (km). Theo gia thiét ta c6 hé

phuong trinh:
210 210, 9 (210 210 7 [ax+3y axdy 5 ()
X y 4 X y 4 - =
49 — ; = X y 4
h11+2y:210 k4x+1y:210 414‘3‘}3 210 (2)
Tir phuong trinh (1) ta suy ra
9 9
dx+—y 4dx+—y
4 4 zzag—y—ﬁzﬂax:iy.Thayvéophucmgn'inh
X V 4 dx y 4

(2) ta thu duoc: %y+%y=210<.‘:>y=40, x=30.

Viy van tc xe may la 30 km/h. Van téc 6 t6 1a 40 km/h.

Ciu 4)



a) Taco MD la duong trung binh cua tam giac CBH . Suy ra
CDM = CBA =CNM Viy tit giac CMDN nbi tiép.
b) Do tir giic CMDN ndi tiép nén NDC = NMC = AMH

A

Suyra SDN =90" — NDC =90° — AMH = BAN

Do SB la tiép tuyén cua (O)

nén BAN =SBN Suyra

SDN = SBN .Do do, tir giac

SBDN noi tiép. suy ra,

DSN = DBN = NEC Vay

CE song song vo1 SA .

¢) Goi F la giao diém
cua CN vo1 SD.
Ta co: FSN = NEC (sole) = NCS . Suy ra

AFNS ~ AFSC = FS* = FN_.FC Xét tam giac vuong DFC c6 DN la

duong cao. Ta co, FD* = FN.FC . Suyra FD’ = FS® hay F la trung diém
cua SD.

Cau §) Tur phuong trinh 2 cua hé ta suy ra x, y = 0. Xét phuong trinh:

x3+}ﬂ3+?(x+y)1y:81yJ2(f+y2) . Ta co:

x3+y3+?(x+y)xy:(x+y)(x2+y2+6xy):(x+y)[(x+y)2+4xy:|_

Theo bat ding thirc C6 si ta co: (x+ y)z +4xy = 2J(I+y)2 4xy . Suy ra

X +y +T7(x+y)xp 2 4.\/1;(x+y)ﬁ/(x+y)2 :4.\/1;(.1%})]2_ Ta co

(::L*er)2 = (xz +y )+ 2xy > ZJ(xI +y2)_21y . Suyra




X +y +7(x+y)xy=8xy 2(1’3 +y3) . Dau bang xay ra khi va chi khi
x =y. Thay vao phuong trinh (2) ta thu dugc:

Jx—2x—3=6-2x & 2x-3-Jx=2(x-3)= Jzii—;?& =2(x-3)

Suyra x=3 hodc:y2x -3+ \/_ = % Do x= % nén pt nay vo nghiém. Tom

lai: HE co nghiém: x=y=3.
DAP AN DE 6
Cau 1) Giai:
Diéu kién: x>-3
Taco: (1) & x> —3x+2xJx+3-4Jx+3+6=0 (2)
Pit t=x+Jx+3

Dod6 (2) = 1> —4+3=0=(r-1)(1-3)=0=1r=11=3

Véi t =1, ta giai phuong trinh x+/x+3 =1 Jx+3=1-x

I-x=0 xr<1 x<l1
& , o , 99,
x+3:(1—x) x+3=1-2x+x ¥ =3x-2=0

x<1

JC:3+\/1_7«'{:}3{23—\/1_?
& 2 2

x_s—Jﬁ

i 2

Véi =3, ta giai phuong trinh x+yx+3 =3 < Jx+3=3-x



Vay phuong trinh da cho ¢6 hai nghiém x =
Ciau 2) Lo giai:
Dat szE,y:-JE,:zJE thi x*+y*+2° =X+y+z=

Suy ra 2(xy+y:+:x)=(x+y+:)2—(x2 +5" +:3)=22 ~2=2
= xy+yz+zx=1.

Do do: 1+a=xy+yz+zx+x" =(x+y)(x+z);
l+b=xy+yz+zx+)’ =(y+z)(y+x):

l+c=xy+yz+zx+2° =(z+x)(z+y).

Vi vay
\/EJrV@Jr\E: ad + ) + e
l+a 1+b l+c (x+y)(x+:) (y+z)(y+x) (:+x)(:+y)
:x[y+:)+y(:+x)+:(x+y)_ 2(xy+yz+zx)
(x+y)(y+z)(z+x) (x+»)(y+z)(z+x)
2

J+a)(1+b)(1+4c)

-

Cﬁ“mm“":[“2\/5}”{%}2:{(“2&]"J{%H

Xeétday S, = (l +2\/§J +[ﬂ] , ta chimg minh b, 1a mét s6 nguyén.

2



Xeét x, =

suy ra x,,X, la hai nghiém

.

-5 1445 {I]Hz:l

Xy =
XX =1

ctia phuong trinh: x> —x—1=0.

E _ 1 1 __ -1 =1
Taco S, =x"" +x,"" —(xl" +x2“)(x| +X, )—x,x, (x]” +x," ) hay
Snvl = S.r: _Sn—l -

Taco S, =15, =(x +x2)2 —2x,x,=3,8, =5, -5, =2. Tir d6 bang phép

quy nap ta dé dang chimg minh duoc S, 1a s6 nguyén . Suy ra a, = (Sn )2 la
A

s6 chinh phuong.
Ciu 4)

a) Taco AEF +OAE =

ABC+1(180“—AOC):90”
2

Suyra OA LEF

b) Viéc chung minh
truc tiép AK di qua trung diém cua DE

la twong d6i kho. Bé y dén chi tiét CH  cat duong

tron (0) tai diém G ta sé thay G, H db6i xting nhau qua AB, hay F la
trung diém GH . Nhu viy ta can tim mdi quan hé giita diém F va diém
M théng qua cac tam giac dong dang. Xét tam giac DFH va tam giac
DAE : Tathay DFH = DBH = DAE , Ta ciing c6

AED =180"— ABD = FHD suy

HF HD 2HF 2HD HG 2HD

raADFH" ADAE — =
EA ED EA ED EA4  ED

hay



HG :—HJD . Tu doé suy ra AHGD” AEAM =

EA EM
EAM = HGD = CAK < AM = AK .

¢) Giasir BH catduong tron (O) tai diém P khac B .

Tuong tu ciu a taco: P doi ximg véi H qua AC. Suyra
AG=AH = AP dod6 GP LOA LEF suyra EF//MN//GP ,giasu

AL cat GP tai O . Taco:

MNA = AQP = AGO+QAG = APG +QAG = AKG+GKL = AKL suy ra tir
giac MKNL ndi tiép.

Ciu 5) Dé yrang: 2xy <x’ + 7.

Ta lai co: 1+2.!Jr::.:12+(.!J+f:)2 >0 1+2Cﬂ=bl+(l‘f+ﬂ)z > 0;

1+2ab=c" +{.:1+ef:|]|2 >0

Nén
a’ b’ ¢’ a’ b’ ¢’
+ + > - + +
1+2bc 1+2ca 1+2ab 1+b°+c° 1+’ +a” l+a* +b°
a’ b’ ¢’ 1 1 1
= >+ >+ 5 =—3+2 >+ >+ 71
l-a 2-b 2—c 2—a 2-b 2—c

Sir dung bat dang thirc Cauchy- Schwarz ta thu dwoc:

1 1 1 9

+ — 4 _ > =—_.Tu do suy ra:
2—-a° 2-b 2-¢" 6-a-b - 5 Y
2 2 2
@ b € 5> 3:22-3 Chingminh hoan tit. ding thirc
1+2bc 1+2ca 1+2ab 5 5
1

xayrakhivachikhi a=b=c=1+—.
d N

C#u 6) Vi mdi s6 nguyén duong m 1¢ khong vuot qua 2015, ta xay dung
tap A, gém cac s6 dang 2" m, trong d6 k€N va 2°*m <2016. Ki hiéu



A4, ={2"m|k eN,2"m<2016}. Véi cich xdy dung trén, khi m>1009 thi
A chi co mot phan tir la m . Vi c6 ding 1008 s6 1¢ khong vuot qua 2016
nén c6 diung 1008 tap A4 . Nhan thay rang véi 7 nguyén duong bat ky,

1<n <2016, ta ludn viét duoc n=2"m véi m 1a sé nguyén l¢, diéu nay
cho thidy mdi s6 nguyén tir 1 dén 2016 déu thudc vao it nhat mét trong
1008 tap 4, . Nhung taip M co6 dang 1009 phan tir, do d6 chéc chén co hai

phan tir cua M gia st la a,b(a<b) cing thude mot tap A, nao d6. Khi dé

, b . :
a=2"mvab=2"mvéi p<qg,suyra —=29" hay b laboicua a.
a

DE SO 7

Cau 1) Viét lai phuong trinh da cho thanh:
(xz +2:c+1)1 +'JI2 +2x+17=4_Dat t =«,(x2 +2x+17=4_Taco

x> +2x+1=¢>—16 va phuong trinh di cho duoc viét

thanh: (£ =16) +1—4 =0 (1=4)| (1=4)(t+4) +1|=0. Phuong trinh
t—4=0 co nghiém =4 hay x* +2x+1=0<> x=—1. Phuong trinh
(t—4)(t+4) +1=0 v6 nghiém do >4 Vay phuong tinh c6 mét nghiém

x=-1.

Cau2)Taco 6° =(5+1)"° =1(mod5) = 6" =5k +1 véi ke Z" . Suy
ra A=26"""=26.(26")". Mit khic dé y ring:

(a +b)i — &’ +5a°b+10a’h* +10a°h* +5ab* +b° . Néu

ai25=(a +b)5 =b’(mod125) suy ra

26° =1(mod125) = 4 =26(mod125) = 4 =125m+26 . Dé thﬁy A:8 suyra

125m+26:8 = m chan
=>m=2r=> A=250r+26=248r +24+2(r +1) = r chia cho 4 du



3= r=4p+3.Hay A=250(4p+3)+26=1000p+776. Vay 3 chir s tan
cung cua A la 776

Ciu 3)

a) Ta viét lai phuong trinh thanh: (x —y)3 +3xp(x—y)=xy+8

<, |X—V=4a . 3 _ 3 o
Pat . (a,be”Z).Taco a +3ab=b+8<=>a —8=—-b(3a—1)
_‘,{j}:

od’ -8i(3a-1)=27(a’-8):3a—-1 < (274’ ~1)-215:3a -1

<> 215:3a—1. Mat khac ta c6 215=5.43 suy ra 3a—1=+1;45;443; 4215
Cudi ciing ta thay cac truomg hop dé tim a,b = x=2;y =0 hoac
x=0y=-2.

b) Taco %/26+15-J§:1/(2+«f§)3 —2+.3 Dodé
026 +15y3 (2-4B3) =(2+3)(2-B3) =1. Dt a =39+ 80 +3/9- 80

thi ta co:
a=184+3a=>a’-3a—-18=0= a'-27-3a+9=0
< (a-3)(a’ +3a+6)=0<a=3 (vi @’ +3a+6>0). Viy

2016

Y9++/80 +3/9—+/80 =3. Suyra x:%.Khi d6 P=(3x —x*~1)" " =1.

Cau 4) Phan tich dinh hudng giai:

Se




Ta dé chimg minh duoc tinh chat sau: Tam giac ABC ndi tiép (O) , cac
Tiép myén tai Bva C citnhautai T . AT cit (0) ta1 D, OT cit BC tai

H .Khidé AHC = ABD va BAT = HAC . (Xem thém phén tinh chét cat
tuyen, tiép tuyén)
Tro lai bai toan:

+ Ap dung két qua bai toan ta c6: AABK# AEBC .

+ Tir két qua AABK# AEBC cha yrang: KP,CM lan luot 1a trung tuyén
cua cac tam giac AABK,AEBC nén suy ra BCM = BKP (1), tuwong tu
CBN =CLQ (2).

+Taco PLK =0OBC =POB (do KLBC néi tiép va PQ//BC). Tt d6 suy
ra tr giac POKL ndi tiép nén ta co: BKP=CLQ (3).

T (1), (2), (3) ta c6: BCM =CBN .
Cau 5)

a) Taco: x}+x3+x +..+x; +1° <(2n—1)(x, +x, +..+x,)+n
c:{x — Zn 1 x +n —n:'+|:x — 2n l)x +n" —n:|+ +[x — 2n—l]x +n —r
< (x, —n)(x, —n+1)+(x,—n)(x, —n+1)+_.+(x, —n)(x,, —n+1)<0
Mat khac (x, —n)[xk —(n—l)] la tich cta hai s6 nguyén lién tiép nén
khong am, do d6 x, =n hodc x, =n—1. Do n>2 nén x, la sé nguyén
duong.
b) Vi x, e{mn—1} nén n(n—1)<x, +x,+..+x, <n’

v 2
Dodé n* <l+n” <l+n+x,+x,+..+X, <n +n +1-—-::(n+1)



Suy ra x, + X, +...+x, +1+n nim giita hai s6 chinh phuong lién tiép nén

khong 1a s6 chinh phuong.

PE SO 8
Ciul)
Diéu kién x>0.

Phuong trinh tuong duong vor:
8 +4J2_x¢>9x+l 4J2_x:0

x+1 Jx+1 x+l__dx+1

2
o 3% _ANZX L ool 22X | 2o
x+1  fx+1 Jx+1

2@ :1@8x2x+1<:>x:% (thoa man).

Jx+1

Cau2) Taco: x*+2)° —6y+11=0x’=-3(y-1) -8<-8=>x<-2
(. x*+3* (x* =3)-2y-3=0x* ()" +1)=3(y* +1)+2y

X+9=x+

—

o3+ <4 2<x<2 (2).Tir(1)va(2)suyra x=—2, khi do

-

y +1

y=1.Dodé x’+y’ =-T7.

C#u 3) Gia sir s6 tu nhién » thoa man dé bai. Khi d6 ton tai sé nguyén
duong k& sao cho



22[”2_'_22[:15_'_2“ :klég_zzull_'__zu :klQ(k+3.21w)(k—3_2|m):2”.

k +3_2|[J{Jf:- — 2a
Suyra {k-32'%=2"  =2°-2"=32"" hay 2°"(2°" -1)=32"".
abeMN a+b=n

— n=2016.

b—-1=1006 b=1007
=
a=1009

Suvy ra
Y {2“"”—1:3

Ciu 4)

a). Ta ¢ : T giac AOMT ndi tiép nén : AOT = AMT suy ra

EOD =AMC (cting bu v6i 2 goc bang nhau) .

AC MC 2MC BC

b). Ta thdy ring: AAMCH# AEOD . suy ra = = =
) v rang (&.g) suy ED OD 20D AD

suy ra AEAD# AABC nén EAD= ABC | tam giac ABC nhon suy ra O
nam trong tam giac suy ra ABC = ADC (cung chan cung AC ). Tur d6 suy
ra EAD=ADC suyra AE//CD vasuyra AE | AC .



¢). Tir ching minh trén ta c6: FAE =TAC—-90" = DAC . Suy ra

FGT = FAE = DAC = DBC = FBT hay t&t gidc FGBT ndi tiép nén
I'GB=TFB=EGA suyra GO la phan giac cua goc AGB . Goi [ 1a giao
diém cia GO véi (0). Tacdé OA=0B nén AGBO noi tiép. Mat khéc
OA=OB=0I nén ] latim vong tron ndi tiép tam gidc ABG .

Chii y: Trong phan chirmg minh ta da sir dung bo dé sau: ’Cho tam giac
ABC ndi tiép (0), ngoai tiép (/) . Puong thang A7 cat (O) tai D thi
DI =DB = DC *’ Phan chimg minh danh cho cac em hoc sinh.

Cau 5) Nhan xét rang trong tip hop X c6 34 phan tir, cic phan tir déu co
dang 3n+1 vo1 n=0,1,2,....33. Trudc hét, ta tim cac cap hai phfin tor phan
biét trong X la 3n+1,3m+1 sao cho 3n+1+3m+1=104 < m+n=34

Véi n=0 thi m=34>33.Véi n=17 thi m=17 suy ra hai phan tir bing
nhau.

Loai trir hai phan tir trén, 32 phan tir con lai cho ta 16 cap hai phan tir phin
biét 3n+1,3m+1 thoa man n+m =34 dola
(4:100),(7;97),(10;94),...,(49;55) (*)

Néu ta lay ra 19 s6 bat ky tir tap X thi c6 thé xay ra mét truong hop “xau”
nhat 1a 16 s6 ma mdi s6 thudc vao 16 cap o (*) va thoa man n+m =234 Vi
tap con A c6 19 phan tr nén né thoa man bai toan (dpem).

DPAP AN DE SO 9.

Cau 1) Taco

) . 2 ;2 _ 2
xﬁ}l—Zyz*_:x 12y -y =a4-6z° =J5}H}2—3Z:£2J r2o3 "

2 2

215-3x% = fBz45-37 < ge +25—x‘ . Suyra
4=x1-2y% + yJa—627 +2415-3x <

X +1-2y" 2y°+2-3z" 327 45-x7
+ +
2 2 2

=4, Piéu nay tuong duong vdi



-\"1—2.}?2 =X rl_ZJJ‘?:xz

hé: {42-32% =42y & {2-3z2 =2)* . Cong theo vé ba ding thirc trén ta

JS—;;I:JST: h5—x2=3zz

dugec P=x"+2y" +32" =

Cau 2) Trudce hét ta co nhan xét: Vi moi sé nguyén > 1 thi

2 1 2
\/E+-../n+1 ) JE{ \/H—1+\/f?

. Ap dung vao bai toan ta cé:

1 h

1 1
1+2 + +...+
('\E+\/3T B+4 T 2016 +42016° 1)

1 1 1 )
1+2 + +...+
(\"1—+\E 2+ 0167 —1+420167 )

cling co: JEJrijm =Jn+1-n trdo suy ra

1

1 1
142 =ttt
[J5+J§ B+d 7 o142 42016 11

va
1 1 I
142 ; P :1+2(«/20162 —1)_
(v’l—hﬁ V2+43 \/2{)163—1+\/2{)162J
Do d6 1+2(~,{‘20162 T —JE){ A< 1+2(420162 —1)@ 4030 < A4 <4031

vay [A4]=4030.

<A va

> A4 . Mat khac ta

):Hz(m_@)

Ciu 3)

a) Tu phuong trinh ( 2) ta co:
7x° +3xy(3x+y} = l+3(x +y){x+y+])

Hay 7x° +3xy(dx+2y—x—y)=1+3(x+y)(x+y+1)

< 8x' +y  +6xy(2x+y)=x"+)' +3y(x+ ) +3(x+ y+1)(x+y).1+1



‘:::>(2.Jr+y)3 Z(I+y+l)3 = 2x+y=x+y+1= x=1. Thay vao phuong

trinh dau tim duoc nghiém cua hé 1a: (x;y)=(1;1),(1,—4).

a=dx
b) Giast (a,b)=d={b=dy
(x,y)=1
Theo gia thiét ta co: .:rb(a+b)2 el o 1;:;(x+y)a: € Z . Mit khéc ta dé
a +ab+b X +xy+y

dang chimg minh dugc:

(x"' +1y+y3,x}: l;(:nc2 +Jv(y+y2,y):l;(x2 +:(y+yl,x+y):l;(yl,x):l
suy ra

dix’ +xy+y  =>d>2x"+xp+)° ::>|a—b|3 =d’ |:~c—y|3I >d’

Edl(xz +:{y+y2):>d2_xy:ab hay |a—b| > 3ab .

Cau 4) Phan tich dinh hudng giai.
a). Tur gia thiét

PC_QOC_ _PC___ OC
PA QP  PA+PC QP+0C

@E:EQPCE:CA_CQ.
AC  PC

Mait khac do tir gidc AORB noi

tiép nén CACQO = CR.CB Tt d6 suy ra PC° =)6RCB .
Hay PC la tiép tuyén cua duong tron ngoai tiép tam giac PBR.
b). T ching minh trén ta suy ra APB=PRB Taco

ABP=180" — BAP— APB = BRO— BRP = PRQ ASP = ABP = PRO = PSQO
nén SP la phan giac trong cua goc ASQ . Dung duong thang qua SP cat



AC tai T thi ST 1a phan giac ngoai goc ASQ. Ta co

0 PQ CQ PQ+CQ CP TQ-CQ 1IC
TA PA CP PA+CP AC TA-CP CT+AP
CP(CT + AP)=CT .AC = CT(AP+ PC) = CP.AP=CT.AP < CP=CT

hay C la trung diém cua PT . Vay tam giac CSP cén tai C.

suy ra

¢). Taco CS° =CP° =CQ.CA=CRCB suyra
SRC = BSC = BSD+ DSC = BAP+ APS =180° — BDS . Hay
BDS =180° —SRC = SRB . Vay tir giac BSRD ndi tiép. Suy ra diéu phai

ching minh.

Ciu 6) Voi keN* taco (n+k)(n—k—1)=n’+n—k>+k<n(n+1)

; . +m)! =
Lay tich tir k=1 dén m ta duoc (7+m) <(n+1)"n" (1)
(n—m)!
Taco n+k=22k,voimol k=1,2,...m. Lﬁ'ytichﬁr k=1 dén m . ta duoc
!
(tm)l o
!

(n +m)! (n +m)!

A%

Mat khac vi n=m>1 nén H!E(H—-’H)! suy ra (n—m)l nl

M) nm (2)

(n—m)!

Tur (1) va (2) ta co dpem.

—
=

Do do

PE SO 10

Caul)Pat y=x-5z=+/45-2x taco y=>0,z>0.

T phuong trinh da cho ta c6 hé phuong trinh: {

Trir timng vé hai phuong trinh cia hé ta duoc



, +z=2
y* -z :2y—2:<::>(y—:)(y+:—2):{]@{i:i
Véi y =z thay vao phuong trinh dau ctia hé (*) ta duoc:
y=3
y=-1
Vi y=0 nén y=5 suyra x=10 thoa man phuong trinh da cho.

Y +2y=35(y+1) =36<:'{

Véi y+z=2<> z=2—y, thay vao phuong trinh dau cua hé (*) ta duoc
V=35-4+2y o (y-1) =R o y=1+42

Vi y =0 nén y=1+4\5 suy ra z = —4J2 <0. Do d6 hé (*) vo nghiém
Vay phuong trinh c6 nghiém x=10.

Céu 2) Dé y ta thay: A= 27" +3=2"" 43 taco 4" =3k+1 nén suy ra:

A=27" 43=2"* 13=20" 1 3_464"+3 do
64" :(63+l)k =1(mod7)= 4 E{J(mud'f)- Mat khac ta co:

A=2""+3>2%43>7 Suyra 4=2"" +3 la hop sé.

Céu 3)

Vi \{2_+-\/§Ez‘1 nén theo tinh chat ¢) ta co: (\/EJW@)E EAC>5+2-\/6_EA_
Mat khéc theo tinh chét a) co (—=5) € 4 nén (=5)+5+26 =26 € 4

Khi do 246 (v2+\3=6V2+43c 4= 632 -43 ¢ 4)

Taco SN2 +5\3 €4, suyra (-6v2-443)+5y2+53 =3 -2 4

Do do Jg_ﬁ:ﬁngEA (dpem).

Ciu 4)



NN

d|

a). Taco FCB=FEB :%BCD suyra CF la phan giac cua goc BCD va

CF L BD.Nén HCD = HCB= HED nén tit gisc CHDE ndi tiép

b). Vi tir gidc CHDE néi tiép nén HEB=HDC = HBC va (0) va (C) cat
nhau theo ddy cung BE nénsuyra B,E doixing qua OC suy ra

BDC =CBD = LEC suy ra t gide CELD ndi tiép nén 5 diém C,E, L. D,H
cuing nam trén mét duong tron (x). Ta c6: HLG = HEC =CBE =CFE suy
ra HGLF néi tiép duong tron (y).

c). Ta thiy diém A 1a truc tAm cua tam giac BCL va LH 1a truc dang
phuong cia hai duong tron (x),(y) nén LH cat EF tai P thi



PG PF =PD.PE suy ra g = % . Mat khac GM //DN //PL nén
LM PG PD LN
LE PE PF LF
hanh. Tt d6 suy ra DN =MG .

suy ra MN //EF nén tr giac GMND la hinh binh

Cau5) Taco

[(a=1)(-1)(c-1)] =[(a-)(e-D][(-1)(c-1)][(e-1)(a-1)]20

Suy ra trong ba s6 a—1,b—1,c—1 ludn ton tai hai so c6 tich khong am.

Khéng mat tinh tong quat, gia sir (b—])(c—l) >0,suyra b+c=1+bc.
Do d6 abc+2=bc+a(b+c)<bc+a(bc+1) hay a+bc=2 Su dung BDT

Cauchy b>+c* >2bc va a+bc>2,taco:

a’+b>+c*+abc—4>a’ +2bc+abc—4=(a+2)(a+bc—-2)=0
Ding thirc xay ra khi va chi khi a=b=c=1.

HET






