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§1. ON TAP KIEN THUC DAI SO 8

Trong muc nay, ching ta on lai cdc kién thic vé bit ding thic va bat
phuong trinh, chiing duge s& dung nhiéu dé tim diéu kién xdc dinh chia cin thitc
béc hai. '

1. B&t phuong trinh chira 4n trong dau gia tri tuyét doi

Vé6i a 1a hang s6 duong, ta c6 :

|f(x)| <a<s>-a<f(x)<a;
f(x) < —a .

fx)| > a ﬁ.[f(x)_b .

2. Bat phuong trinh tich _ |

Dé gidi bat phuong trinh tich, ta thudng st dung dinh If vé d4u chia nhi thic
béc nhét : Nhi thite ax + b (a # 0) cung ddu véi a véi moi gid-tri cua X lom hon
nghiém cua nhi thic, trdi ddu voi a voi moi gid tri cita X nhdé hon nghiém ciia
nhi thic. ' ' ' | ' '

Vi du 1. Giai cac bat phuong trinh :

) x*~4x-5<0; - b)x*-2x-1>0;  c)2x°—6x+5>0.

Giai

a)Cachl, X -4x-5<0&x

Sx(x+1)-5x+D)<0sx+1Xx-5)<0.

2+x-5x—5:‘.0



- Lap bang xét ddu :

T . -

X+ 1 - 0 + Cod ;

x—5 - - 0. +
‘x+Dx-=5 |+ 0 - 0 +

- Nghiém cia bat phucmgﬂtrinh Ia—-1<x<5. .
Cach 2. :{(2—4}1—5r::0<::>x2—4x+4_c:_9¢:>(x—2)2{9<:>Jx*2| <3
& -3<x-2<3~-1I<x<5.

b) xg_—Z}_{-l:_:--Ge::}xz_—_Zx.+ 1 }Zﬁ(xrl)gﬁan::}.Ix_ll}

@[x—l{—\ﬁ |:X{1*I*’\/§

Lo ' .
x—1>+2 . |x>1+42
'c)zxzn'sns}oa#x?wiz“10:}{}'@{2&—3)% 1>0. '

Vi bat phuong trinh cudi nghiém {iung v6i moi X nén bat phuong trinh |
da cho nghiém ding véi moi X.

S | Bai tép
1. Gidi cicbdt phuong trinh: | |
a) x> —4x—21>0: . b)x2-4x'+'1a'0;- e e
' 'c)3x2+x‘+1::s-(3* "y g d}Ex —5x+4<:0

- ~Vidu:34 dén 36, 38, 43, 44, 50, 65.

Bai tap 91, 109, 110, 114, 122, 142 MS 146 149 15{] 152 160 161
189 dén 193, 195, 197.

§2. CAN BAC HAI VA SO VO Ti

Cho s6 a khong am. Ta dinh ngh’fﬁ cin bac hai s6 hoc cfia a, ki higu Va, 1
s0 khong am x ma x> =a. '



Ta Eiét dang biéu dién thap phéan cta s6 hiru i 1a hit han hodc vé han
tudn hoan, dang biéu dién thap phan cta s6 vo ti 1a vo han khong tudn hoan.

- S6 hitu ti ndo ciing viét dugc.dudi dan g
4= véimeZ,neN.
n |
| Tﬁmg, hléu tlch thucfng cua hai sf) hitu ti (s6 chla khdc 0) Ia mﬁt sé huu ti.

_ Dé c:hung minh s6 a 1 mut s6 vO ti, ta thudng dﬁng phm:mg phép phan .
ching : gia sl a 1a s6 hifu ti thi ddn dén mau thuﬁn

Vi-du 2. Ching mirh ring téng ctia mot s6 hitu ti v6i mot s6 vo ti 1 mot
s6 vo ti.

Gidi : Chiing minh bang phéin chtmg Gn’,i su tﬁng clia 56 hitu ti a véi st‘:v
vﬁnblasﬁhu’uuc Tacéb=c —a. ;5 : -

| " Hiéu ctia hai s6 hitu ti ¢ va a 12 mot s6 hitu ti nén b 1a s6 huu ti, trdi voi
gia thiét. '

Vaycphdilassvot. : - |

Vi du 3. Xét xem céc s6 a va b.c6 thé 1a s6 vo ti hay khong, né’u
a)a+bvéa—blacﬁcs6hlrut1

b) a'— b va ab 1a cdc s6 hitu ti.

Gidi ; _

a)ava b'khﬁng thé 12 s6 vo ti. Thf_llt vay,

(a+b)+(a—b)

1 s6 hitu ti, nén'a 14 s6 hitu ti ;_

(a+b)—(a—-Db)
2
b) ava b co thé 1a s6 vo ti. Chang han

a=b=+2.Khidéa=b=0, ab= 2:

14 6 hitu t, nén b 13 s6 hiu ti. |

Vi du 4. Chitng minh rang néu s6 tu nhién a khong:la 50 chinh phuong thi
Ja 1as6 vo .

Gidi : Gia st /a 12 s6 hitu ti thi n6 viét dugc dudi dang :



m .. :
«/Ez~—-v&1m,nEN,n;ﬁ{],(m,n}ml, _

Do a khong la s chinh phﬁﬁng nén L khong la s6 tu nhién, do d6 n > 1.
. 1 | al

2 2

Ta ¢6 m” = an’. Vi a 12 56 tu nhién nén m in2. Goi p 12 moét uée nguyén

t6 nao dé cia n, thé thim? : p, dodé m : p. Nhu vay p 12 u6c nguyén 16 clia m
va n, trdi véi (m, n) = 1. i

Vay+a phaila s6 vo 6.

Bai tap
2. Ching minh rang cdc s6 sau 12 s6 vo i :

a) V1 ++2 :

b)m+—3 vGi m, n 1a cac s6 hitu ti, n = 0.
n |

3. Xétxem cdc s6 a va b c6 thé 1a s6 vo ti hay'khong néu :

a) ab va %Iﬁ cdc s6 hitu ti ;

b)a+bva % 12 céc s6 hitu ti (a + b 0) ;

‘c)a+b, a’ va b Ia cic s6 hitu ti (a +.b;&0}4

4. So sénh hai s6 : | | -
a)243 va3v2; b) 64/5 va 56 :
©) V24 + 45 va 12 ; d) V37 - /15 va 2.

5. a) Cho mot vi du dé chiing to rﬁng' khing dinh\/; S a vO1 moi s6 a khong:
am 12 sai. | |

b) Cho a > 0. Vi gié tri ndo cliaa thi va >a?

6%, a)'I—Iﬁy chi ra mot s6 thuc x ma x — i la s6 nguyén (x # +1). |



b) Ching minh rang néu x — 2 12 sO nguyén va x # 1 thix va x + — 12 80
. X X

_ . - 1 2n q 2n+1 : .
vo ti. Khi dé[x + m—) va [x + -.-} - 12 s0 hitu ti hay s6 vo ti ?
5w X - 3

~ Vidu : 64,
Bai tap : 126 dén 128, 140, 141.

§3. CAN THUC BAC HAI
VA HANG PANG THUC vA? =|A|

Cho A 1a mot biéu thic dai s6. Piéu kién x4¢ dinh cla JA 1A A20.
Khi 14y can bac hai clia mot biéu thic khong 4m, ta st dung hing déng

thic VAZ =|A|.
Vi du 5. Cho biéu thitc

A=x -2 —axia,
a) Tim diéu kién x4c dinh cha biéu thic A.
b) Rt gon biéu thite A.
Gidi |

a) Bién déi biéu thic duoc

A =h\fx ~4f(x.<2)? = er ~lx -2 |

Dicu kién x4c dinh cda A la

: x=20
xa|x-2|@ 5 2 < x21.
X* 2 X7 —4x +4

b)NEux>2thi A =4x—(x-2)=+2.

Néuls<x<2tht A=x-(x-2)=+v2x-2.



* Vidu 6. Tim diéu kién xdc dinh cia cdc biduthic:

0 A i Y p—

V2 =2x-1 o NER=N2Zx#l g e

Gidi
a) Diéu kién xéc dinh chia A Ia X" =2x-1>0. ST 1
Giai bat phuong trinh nay (xem Vi du 1b), ta duﬂc & SRR
_ x:=-1+w/_.
b) Diéu kién xdc dinh cha B1a. g g =
| 2x+13>0 S S . U (¢ :
x > 2x +1 k T - (2):
Gidi (1) ta duqc %2 —%
Gidi (2)tacé
M 5 o . L
Xx“>2x+1. ; et i B b (3)
1 i i |
X>1+ f

Két hop v6i x 2 —-;— vax >0, tadugcx > 1 +J_Iad1éuklénxéc dmhcuaB %

Giai (3) ta duoc I: (xem Vl du lb)

Chu y : S& sai lﬂm néu cho ring (2) < x> 2x + 1 khl do sé di dé’n dép sﬁ' |
sai la B |

Vi du 7. Tim cédc giétricﬁaxsaochd. e L RV :
Vx+lax+3. e
Didukién xdc diphcia Vx +1 lax>-1. @



10.

V6i diéu kién (2) thi x + 3 > 0 nén (1) tuong duong véi

Sx+l<x’+6x+9 x> +5x+8>0. . (3)

Bit phuong trinh (3) ding VGI moi x, vi

2 ,
245k +8=xP45x+ =44 = [x42| 4S50
- 4 4 4

Vay céc gid tri phai tim clia x 1a x 2 -1.
‘Bai tap
Tim diéu kién xdc dinh ctia cdc bidu thic :

a) 3—V1-16x* ; | | [

1-N%x° =3

c)de—xz—ﬁ; i 5 d)— <

Ve xal
1 3 \16=x2

e) A= ——— ; g)B= +.'\/x2—8x+14.
X —V2x —1 T x +1 |
Chobibuthic A =vx® —6x+9-Vx2 +6x+9. |
a) Riit gon biéu thitc A. b) Tim c4c gid tri clia x dé A = 1.
Tim céc gid tri cha x sao cho: | | |
a) x2—3_£x2-3; - ‘b)\/xz—ﬁx+9::x—6;
Cho a +b+c=0vaa,b, ¢ khic 0. Chimg minh hing ding thitc :
\/1 + ! +i1 —l_g.l.l_l
a2 b 2 ‘

ab_c

~ Bai tap : 123, 129.



§4 LIEN HE GIUA PHEP NHAN, PHEP CHIA
VA PHEP KHAI PHUONG

Cong thic vab = +a. J— (a, b la nhung s0 khong am) cho ta quy tac
khai phuong mot tich va nhan céc can thic bac hai.

%

- Céng thic % = T (@az0,b> 0) cho ta quy tic khai phwong mét thu‘cfng
va chia hai can thitc bac hai. |
Vi du 8. Riit gon biéu thitc A = \/x +4/2x - —\/x-dzx ~ 1.

2)(—120 w1

X 2 —.
X242x-1 2

Gidi : Diéu kijén. xdc dinh cha A 12 {

Cach 1

AN2 = \2x +22% — 1 — 2% - 242x -1
—\{2x-1+1+2¢2x— —JZX—]-}-I—Z\!ZJL“
= W)

| =ﬂ2x—-]+1-'v‘2x—1—1l.
Néux>1thi AV2 = V2x—1+1-(V2x—1-1) = 2.

Dodé A= 2. |
 Néu %gxc.:l-ﬂﬁ AVZ = 2x 1 +l—(1—\/2x-—1)=2\/_2x-1.
Do dé | P o e S e
. NE .

Cach 2. Dat \/2x — :yzﬂ, t3002x~1=}'.

V2x+242x -1 ax-2dx -1 _
VBN >

\fy +1+ 2y \/y +1-2y y+1 |y—~1|

7 TR TE

A &




_ 1 | '

Veiy>1tc x> D) thi A= —=(y+1-y+1)=+2.

X 1}'_ (tic la x = 1) thi \E(y ¥ .
V6io<y<1 (tic 12 é—
IA 1(j.?+1+3;-—1)'-*l-~—-
V2 N2
~ Cdch 3. Xét A®, tacé - - e
& aliy zx_1)+(x_ﬁ2xﬂl)mz(\/(xﬂu/—z}{_ Mx=v2x-1))

—2x—2Vx? —2x +1=2x -2k —1l.
V6i x> 1thi A2=2, dodé A = V2 (chd ¥ ring A > 0).

<x < 1) thi

i =,

Vm%{x'&:l thiA =4x —-2,dodd A = \Mx—

Vi du 9. Chitng minh rdng s6 J—+J§+J—I&56vﬁti
G:a:*Glﬁqu_+J§+fua(alasﬁhuutl) Théthi
V2 +\3.=a-4f5.
2

Binh phumig hai v€ : 5 + 26 =a? + 5-—-23\@ suy.ra_ J6 + a5 =%.

¥

Lai binh phuong hai vé tacé
L
4 it Sl |
6+Saz+2a\f?:_=T::> 30 = -4 3 (hién nhién a # 0).
a

Suy ra 30 1a s6 hitu i, vo It (dé chitng minh dicu nﬂy chang han xem
vi du 2).

Vay V2 ++/3 ++/5 phai 12 s6 vo ti.

| Bdii tap-
11. Riit gon c4c biéu thic : |

a) V11 —2410 : - by JeLodig-s



12.

Cj,m_m_; | ‘d}\/9*4\/—~.~x/9+4\/_;
e)J4-;ﬁ_J4+ﬁ; ) B+l1+642 —5+2v6

J_+Js+2f J7+2410

h) Jsﬁ + 548~ 10V7 + 43 ;

1) Jzi i 1._;/_-10 + 25 + \/4 - «JI_d + 25

k) V94 — 425 ~ /04 + 4245 .

Thuc hién cdc phép tinh -

a) (4 -+ VI5)(V10 - V&) s ;

b)) 3-V5(Ji0- BN 5B ; .,

13.

b)F_JHJr_ JJ—

14.

5.

\N~+2+J«/—2 ,f'
m.__ 32

Chitng minh céc hﬁng dang thﬁc-é&u v6ib>0,22 Vb :

a)\/a+x/g+\/a-\/— \/2(a+~.!a — )

2 2

Riit gon biéu thic : A = Jx +2V2x — 4 +x - wzx A
X + 1J'x — 2x \)x - 2x

Cho b1-:u thuc A=
7 B e e x2—2x x+\{x ---2:{ -

'a) Tim diéu kién xédc dinh cta biéu thitc A.

| b) Riit gon bzeu thic A.

16.

-c) Tim gi4 tri ctia x dé A < 2.

Lap mt phuong trinh bfjac hai véi cc hé s6 nguyén, trong do6 :
a) 2+ V3 I imj;t nghiém cta phuong trinh ;
b) 6 ~ 4v/2 12 mot nghiém ciia phuong trinh.



17. Chiing minh ring cc sOsaulaso voti:

a) V3 -2 ; b 2V2+ I
18. C6 ton tai cac sd hitu ti duong a, b hay kh{}ng néu :
a) Va + J_ V2 b JE hlB «J

19. Cho ba s§ X ¥ \/;vluf* la cic s6 huu ti.. Chlmg mmh ring. mm s6

VX, J_ déu 1a s6 hitu ti.

20. Cho a, b, ¢, d 1a cdc s6 duong. Chiing minh rang ton tal mot s6 duong trung
hai s6 2a + b - EJ—dvéZc-i-d 2\/_ '

: b ., »
21%, a) Rat gon biéu thitc A = . |1 + 5+ 1 5 Voi a> 0.
a (a+1) '

b) Tinh gia tri cha tdng
‘]1+J—+~—1~+Ji+-—1—+~1—+\/1+i+i+ +J1+ : + 1 ;
¥, 3f N ¢ b N - 992 1007
22*, 2) Néu mot céch tinh nhdm 9972, e
b) Tinh tng céc chir s6 cita A, biét ring VA = 99...96 (6 100 chit s6 9).

~ Vidu : 26, 27, 29, 30, 33, 37, 39, 40, 47, 51, 52, 54, 55 57, 58, 60.

Bai tap : 90, 102 dén 108, 113, 118, 130 dén 134 136 dén 139, 148, 151,
153 dén 156, 158, 159, 169 dén 174.

§5. BIEN POI PON GIAN BIEU THUC
- CHUA CAN THUC BAC HAI

Nhan tit A® c6 thé dua ra ngn_&i_ d#fu can bac hai thanh A ;-
Ja?B = |A|/B v6i B> 0. |
Nhan tir A khong am c¢6 thé dua vao trong ddu cin bac hai thanh A?:
| AVB = VAZB v6i A20,B20.

Néu A c6 gid tri am thi AVB = —VA’B v6i A<0,B20.



D¢ khir miu cha biéu thiic 14y can, ta bién déi miu thanh mot binh phwong
r6i dua ra ngoai dau can : _

J‘ \(AB—JAB v6i AB=0, B=0.

DE tryc can thic & miu, ta nhan ca ti va miu véi biéu thic lién hop ciia mau

A A\(— voi B > 0.
JB
) : f \/_ voi A 20, B>0 A = B.
VA+VB  A-B | |
1 JK~+—J_ |
voiAz20,B=20, A #B.
JAa-JB |

Vi du 10. Riit gon biéu thiic

A=+5-y3-y29-125 . .

Gidi : Thyc hién cic phép bién déi dua mot thua s6 vao trong ddu can, ra
ngoai ddu cén, ta dugc :

A =G 3- 207964 =5 -\ yda0 37

=5 -3- (20 -3) =5 - J6 - 20
=V5-5+1-2J5 =5 - (\/——1)_1

Vi du 11. Tinh gid tri chia bidu thic

X . 1

1 1
= + ' + o :
WI+W2 32423 4f3+3/4 25v24 + 2425

Gidi : Vimoin e N* ta co

1 _(+Dvn-nvn+1 (n+1)JE—an
(m+1Wn +nvn+1 (n+1)n n®(n+1) n(n + 1)
1 B '
_JH__

Do d6

i i % % 11
—.-._.—-.—-....._+—..._...___

.1
o e
Vi V2 V2 3B OJa T J_4 N

o+
|

2
L.n!r—-
i
u:i-la



23,

24,

235,

26.

27.

28‘

Ba: tap

Rutgunbleuthuc A= Jl_—g+m+a e
Chiing minh cdc hiang ding thic :

2) J10+J60~J24~\/40_ =3 +4/5 ~ /2
b)\/6+@+\/1_2+~/§—ﬁ=«/§+.1.

Cho A =10 + 24 + /40 + V60
Hay biéu dién A dudi dang téng cha ba can thiic.

X+34+2 -9

2}( 6+\"x2—9'

X +5x+6+xV9—x2
3x = x° +(x +2W9 - x?

Rut gon biéu thiic A =

Rut gon biéu thifc B =

Rt gon céc biéu thifc
\ ]

I .
m\r J‘+I BT J— J“’

a) A=

b)B“

|
I-EE-h \F_-*JZ__"'_H &

~ Vidu : 41, 42, 45, 46. _
Bai tap : 92 dén 94, 111, 112, 135, 143, 144, 147,157, 175.

§6. RUT GON BIEU THUC CO CHUA CAN THUC BAC HAI

Vi du 12, Thuc hién phép tinh

a-(z2 F M=l=)




(Q+a)l—a)>0 ',]aI{I
@{ .

. Gidi : Piéu kiénxdcdinhcaa Ala<{ 1+3 o l=a

az0
l1-a I+a
.. l+a
Dit |—— =x.Tacéb
=5 | |
x2+l l1+a 1+a
—(x+>(x~-—)~ ( i el
%2 =1 1-a 1—a.
_1+a+1—a_L+a—1+a;i

l-a ~ 1-a °  a
Vi dy 13. Rit gon biéu thie
| 2+43 2~ \/_
\/_+\12+ 3 \/— V2 -

Gidi : Trudc hét ta tinh % duoc

A 2+43 Fusnly Saxf8 ~ Bewld
— = +
244+ 23 i 4-23 2+@W3+1) 2-(WB-1)

2+J'- 2-3  2+B)B-VH+2-VHB+3)

3+f 3-43 . 9«3
_6-2«]5+3J’—3+6_+,2J§—3J§~3'_g_I
6 6 .
VayA=\E.
Vi du 14. Cho M=‘/5+6.-
| Va +1

é-) Tim céc s6 nguyén a dé M 12 s6 nguyén.
'b) Chiing minh ring véi a = g thi M Ia s& nguyén.

¢) Tim cdc s6 hitu ti a dé M 1a s& nguyén.



Gidi :

5 : 5
a)yTacoM=1+ . D€ M ]a s6 nguyén thi phai la s0 nguyen.
Va +1 Va +1
Ta biét réng khi a 1a s6 nguyén thi Va hodac Ia sO nguyén (néu a 12 s6

\/-+I

s6 nguyén thi va khong thé Ia 30’ v ti, do d6 a 1a s6 nguyén suy ra Va + 1

chinh phuong) hoic 1a 6 vo ti (néu a khong fa sﬁf chmh phuong). Dé

- la udc tu nhién cta 5.

Taco |
Va +1 . )
va 0 4
a 0 16
M 6 2
4 =46
b) Véia= — thi M =3—— = 4.
g - -2
gy
c)Tacé M =1+ 5 DéE M 1a s6 nguyén thi 2 phéilfi sﬁ nguyén
| Va1 T Va+r '

Dt 2 =neZ,tach
Va +1 kI

nWa+n=35dods Ja =

2T o B
n - :

2 20,tadugc 0 <n <3,

- - u 5 e
Giai dléu kién
n

DoneZnénne {1:2:3:4; 5} Taca

n | 1 2 3 4 5
! 3 2 i
9 4 i
16 i S .l
4 4 9 16 9
M 2 3 4 5 6



Bai tGp

Rit gon.bc&(i:;iaiéu thitc (:béi 29 — 35) :'

29.°

._a}'Aﬂ.Z-:-m \/_—\f?:__

)

- 36.

37.

Cho a =

1 ++/5

1=45

— 4

H _}Hﬂz\/_ (JE+J—> [T_j“__.ﬂ

vl X =2 — \E vﬁy—~2+x/_;_-

V2(x = y)

3

Vx + 1

)
-4

. S
(a+b}u\j(3 +1)(b +1)

C

&

+ 1

=2

i "
il y'vﬂix}y}{}.

1 1}; a® +b
Y e AR o vil X = -
1 it T 2eb

vab>a>0.

B m\j e -'J'vﬁﬂ-r:ac:l.
a I—a :

val a, b c}[}v&ab+hc+ca_1

- BB 1—~a\/_
el
-y
C) C = —mm
| ny—
30. P:__l_t__..._.,__._,, “”"’““1.
X —240x -1
31, Q=
' 1
32, ==
“ (xfx—l
f 2
e T L
1_4—}{2_“-x
4. M=
3N, A=

JK+2M+\(X*2J_F

\/x+s.f2x-1 +AX — Zx

Ching minh hang dang thitc sau vdi x = 2

EEE

--1+~f2-
2 ?

.

N3
2

x-4

Tha+b

23+4




~ 38. Cho biét Vx? —6x+13 - Vx% —6x +10 = 1.

Tinh | \{x u6x+13+\/x - 6x + 10.

Ja+2
Ja-2'

a) Tim cdc 6 nguyén a dé M 1a 56 nguyén.
- b) Tim cédc s hitu ti a_dé M la s6 nguyén.

40. Choa= V2 - 1. | ,
a) Viét a%, a° du6i dang-\f_ ~vm ~1 trong d6 m 1 s6 tu nhién.
b*) Chu‘ng minh rang v6i moi sﬁ nguyén dt_r{mg n, s6 a" viét dmjc dudi dang trén.

39. Cho biéu thiic M =

~ VI du 28 61 den 63. |
Bai tap : 95 dén 101, 120, 124, 125, 176, 182 dén 186, 188, 196.

§7. CAN BAC BA, CAN BACn
- Cin bac ba clia mot s6 a la mot s6 x ma lap phuong chané bing a:~

'%HX@K?’HH

Can béc n (n € N n > 2) ciia mot SG a la. s6 I]'ld lu}f Ihmi bic n cua nd
bang a. -

Véin=2k+1(k e N }td cO6 mot can b&c ncuaala 2k+f

2k+aﬁx¢;\};2k+1 a.' SEC R e

Véin=72k (k € N)vaa>{}tacohalcanbacncﬁaala +25/— trong do
Na goi lacansd hoc. | o Tim, & e

' xz20
f=Rl
_sz

Ta cling ¢6 cidc cOng thic nhén, Ch_[ﬂ hai cin thitc cling =::h1 s0 :

Yallb = Yab ;
QF&’F Q/-(wo)

Dé quy dﬁng chi s& cén thuc can chu i ' ml}} ﬂﬁ Hn L i

2k



Vi du 15. H:a}r chung tn réng 56 m %NE + 2 %N_ 2 Ié mﬁt nghtém
Gidi : Ap dung hang dang thiic (a b) =2’ _. ) = 3ab(a b) ta du{m
m> = (/5 +2) - (J_ 2)- 3%/(J_ +2)(f 2) m

=4-3m= 4 3m

Suy ra : m> +3m 4 = 0

Vay m la moét nghlém ciia phm:mg trmh x ¥ 3x 4 {} b '1

Vi du 16 Tmh gid tn cua bzéu thmc A %}? + SJ_ + %/’? 5\/_

Gidi

Cach 1. ?!?-1— u%/1+3«f_+6+2\/§m%f(l,+~f_)3-u1+«/_

Tucmgtu%}? 5«.&-“'1”\[_- st
Dodé = A= (1+f)+(1~f) 3 _
Cach 2. Apdung (a+b) = +b3+3(a+b)ab taco .:_f' .

-'-(7+5J_)+(7 5\/_)+3A%/49 5
o =14-3A.
Giai phuong trinh N
A +3A-14= {}@A ——8+3A 6 0
F e (A = 2)(AE+2A+4) +3(A=2)= 0@ (A 2)(A + 2A+7} 0
Phu’ﬁng trinh ¢6 ngmém duynhétA 2 '_ o g S

o i ) _' Bffll fﬁp T Ny
C#n bac ba | _ i
41. Tmh gid tri cla céc bléu thlrc

?é ; QE : :f B | b) \f3 1 \/5 + Q}I{} + GJ?_: c) M




42. S6 m duti day c6 phai 1 nghi¢m ciia phuong trinh x° + 12x — 8 = 0 khong ?
seRo-Ieo-4
43. Lap mot phuong trinh bac ba véi céc hé s6 nguyén, trong do :
a). P2 +34 1a mot nghiém clia phuong trmh

b) Yo - 1na mot nghiém clia phuong tﬂnh
44, Tinh gid tri clia cdc biu thic :

aA=YeBr10-Y6vB-10;
b) B =235+ 2J13+ 52413 :
¢) C =45+ 29v2 + Y45 -29V2 ;

o=l ool
S

45, Tim X blﬂt

a)%/2+x+%fz X =1 -b)2-:§3=(x.-—1“)3.

46. Cho am® =bn’ = cp° va ‘1'+'1-+-“1~*=1.Chi’rng.minhréng A
' m n p

da+Po+3 = Q/amz + bn? +cp2,
Canbéacn
47. Tinh gi4 tri cfia cdc biéu thic :

2 32— B0+ ad5 +32+45) ; b}«h?ﬂzf «/_
o) 456 — 245 ; Cd) 1+428 ﬂlﬁxf—

2
e*) :
V4 - 345 + 245 - 125

~ Vi dy : 31, 32, 48, 53, 56, 59.
Bai tap : 115 dén 117, 119, 121, 162 dén 168, 177 dén 181, 187, 194,




- Chuong IT .
"HAM SO BAC NHAT
~ §8.NHAC LAI VA B SUNG
CAC KHAI NIEM VE HAM SO
Neéu dai lugng y phu thuoc vio dai lugng thay déi x sao cho véi mébi gid tri

cua x ta luén xdc dinh duge chi mot gi4 i s6 tuong tng cha y thi y duge goi 12
ham $6 cua X, ' ' ' - " '

DG thi ciia ham s6'y = £(x) 12 tap hop tét ¢4 céc diém bidu dién céc cap gid
trl twong dng (x ; f(x)) trén mat phing toa do. | .
Khi x thay doi ma y luon nhén mot gid tri khong ddi thi y dugc goi la

ham hang. Ching han y = 2 la mot ham hing, d6 thi ciia ham s6 nay la dudng
thang vuong géc véi truc tung, cét truc tung tai diém cé tung do bing 2.

Cho him s6'y = f(x) x4c dinh v6i moi gid trj cfia x thugc R. V6i x;, x, bt ki

~ thuc R : o by g ©

N&u x; < x ma f(x,) < f(x,) thi ta n6i ham s6 dé déng bién trén R,
Néu x; <X, ma f(x,) > f(x,) thi ta n6i ham s6 d6 nghich bién tren R.

Vi dy 17. Cho ham s6 f(x) = ax” + bx® + cx =5 (a, b, ¢ 12 hing s6).
Cho biét f(~3) = 208. Tinh £(3), . A RE T
Gidi : Tac6 - f(-3) = a(-3)° + b(-3)’ + c(-3) ~ 5 ;

* f(3)=a3’+b3 +c3-5
nén f(-3) + £(3) = ~ 10. Do d6 208 + £(3) = —10.

Vay f(3) = —-10 - 208 = -218. | |

Vi du 18. Ching minh céng thic tinh khoang Y g A .
céch d gitta hai diém A(x, ; y,) va B(x, 3 v,) I # "“77!
| e e A
d= \f(xg ~x1)% + (y2 = y1)°. LI
Gidi ; (h.1) Khoang céch giiia hai diém X, Xp trén
truc hoanh bang [x, — x;]. Khoang cdch giffa hai diém g )
Y1> Y2 trén truc tung bang [y, ~ . S . Himkl

k4




Trong tam gi4c vudng ABC tacé . o :
AB? = AC? + BC? = (x, - mz +(y2- 1)’

Vayd= \/(Xz 55 K1)- i (5"2 = 3’-1_)_-.-- :

Bcu tap

-Chu blet Nf:u céc chem A B the:{} thu tu O toa dé Ia (Xi 3’1) (xg yz) th1

 trung du%m M ctia doan thﬁng AB c:é toa do [xl ; XZ _ Y1 i }"2] Hay vE céc

_2
diém A, B, M trong ttmg tnrcmg hop ducn day aé mmh hoa khéng dinh trén

a)A(1;2), B(4;4); b) A(-1; 1), B(3 1) 3’

) A(-2;-2), B(l; -

49,

50.
51.

52...

33.

54,

“Tim tip hop cdc diém M c6 toa do nhu sau véi moi s§ thue m :

DM@m;-1); B ME;m);
c) M(m 11 | e : d) M (m; ~m)..
Xdc dinh ham 56 f(x) biét ring f{xl +1)=x>—2x + 3.
Xéc dinh h&m sO g(x) biét rang g(x - 5) 2x—1.

Chiing minh ring trén tap hop s6 thuc, cdc ham s6 sau dfing 1}1{:51?1 khi a > 0,
nghich biénkhia <0 ; -

a)y:ax-+b(a¢_0)-; ; L) b)y-.ax (a=0).
Chting minh ring dd thi cia ham s8 y = Vx — 3 + \33 % chi 1a mot diém. -

Ap dung cong thirc tinh khong cdch gifta hai diém néu & vi du 18, hiy xéc |
dinh dang cla tam gidc ABC va tinh dién tich ca tam gidc d6 biét rng :

a) A(3;~1), B(-1;-3),C(2; -4);

VDY A(=2;2),B(0; 3), C(1; 1).

53,

Cho ham s6 f(x) =ax” —bxZ+x +3 (a bla hang s6).
Cho biét f(2) = 17. Tinh f(—Z} | |



§9. HAM SO y = ax

Hﬁm s0 y=ax (a# 0) X4c {imh voi moi s6 thuc x.
D6 thi chia ham s6 y = ax 12 mot duﬂng thing di qua gffc toa dﬁ

Trén tap hop s6 thue, hdm s6 v = ax déng bién khi a >0, nghich bién khi
a<0: .

Vi du 19. Trén mit phéng toa do, cho c4c diém A, B, C ¢6 toa do A(0 ; 4),
B(3 ; 4), C(3 ; 0). Hay tim h¢ s6 a sao cho dudng thang y = ax chia hinh chit
nhdt OABC thanh hai phin, tmng dé dién tich phdn cht’:a diém A gﬁp doi dién
tich phédn chita diém C. _

Gidi : (h.2) Dudng thang y = ax pha1 cat
canh BC cfia hinh chit nhat OABC, gm giao diém
d6 1a E c6 toa do (3 ; 3a). : A B8

SDABC = OAOC =40 = 12.

1 1
Socg = =S =—.12=4,
OCE = 3 szc. 3

CE=285c:0C=2.4:3= %

Tir3a= 2 duoc a =§.
3 9

H,_inh 2

~ Puong thang phditimlay = ﬂg—x. |

Vi du 20. Cho ham s6 }F=\/x2 +2x+1-\/x_2;2x+1;
a) V& do thi clia ham s6. '

b) Dung d6 thi ﬁm gia tri nho nhit cﬁa y, gid tri 16n. nhﬁt cla.y.
Gidi - -

2) yr:\f(x+1) J(x-l) =x+1-Ix -1, Lapbﬁng xét ddu




Voix<—1thiy=(-x—1)=(1 - x)=-2. S
Voi-l<x<lthiy=(x+1)-(—-x)=2x.
Véixzlthiy=x+1)~-(x-1)=2.
D¢ thi clia ham s6 duge vé trén hinh 3. 1'
b) Trén dé thi, ta thdy: . |
mny=-2<<x<~-1; | |

o N
honsd

A 4

-1-2

maxy=2<x>1. : Hinh 3

Vi du 21. Cho céc diém A(1 ; 4) va B(3 ; 1). X4c dinh dudng thing y = ax
sa0 cho A va B nam v€ hai phia cia dudng thang va cdch déu dudng théng dé.

Gidi : (h.4). Ki hiéu duﬂng thing phai |
tim la d.

Goi AH va BK Ia cic khﬂéng cach tix
A va B dén dudng thing d. Pudng thing di
qua A va song song v6i Ox cit d tai diém

M(i, 4]. Dﬁﬁng thing di qua B va sdng
a ) '

song véi Ox cit d tai diém N[l;_l-) . |
._ - a

Tac6 AH=BK & AM =
«:,»__—1:3_—-1- _ (1) Hinh 4
a _ a - _

Giai (1) ta dugc a *% khi d6 dudng thﬁng d pha: tim lay= %

- Chi y - :
a) Néu dé bai khﬂng co diéu kién "A va B nam vé hai phla cta dudng thing

4 1[ =13 ,.1{_ Khi d6 ngoai (1), ta con

'y = ax" thi thay cho (1) ta phai viét

phéi giai . I = L 3. Trudng h::rp nay cho két qua a =-%, cdc'diém A va B
a a : . o
ndm ciing phia d6i véi dudng thing ylzv—%x va céch déu dudng thang dé

(dudng thang y = —-% X la dudng thang d' trén hinh 4). _



b) Néu slr dung cong thic tinh toa do tmng.dlém M ctia doan thing AB

_(xem Bai tap 48) thi dudng thing y = ax trong Vidy 21 di qua diém M (252.5), -

2.5 5
ta im duuc A D e 5 e,
| 4
. | Bdi tap
56. V& d6 thi cdc ham s : ‘ | _
a)y*‘xi —x g b)y IZx‘ gy

Sl

38.

59.

60,

61.

Ba du{mg thang y ﬁx y wé—x e cht nhau tao tha:nh mﬁt tam glac d

Tmh dlén tich tam g1ac do.

V& d6 thi ham 56 y = \fx —4X + A \/x +4x+4 rﬁz dﬁng dt‘) thl ﬁm_' 5

gid tri nh{: nhét va gid tri 16n nhﬁt cua y

Trén mat phing toa do cho da gmc OABCDE (khf‘:ng 3{‘:‘:1) cé tna dﬁ cac"_'
dinh A(D 3), B(3; 3), C(3 1), D(5; 1), B(5 ; 0). Tim hé s6 a @é dﬁb’ng o
thdng y = ax chia da glac thanh hai phﬁn co dign tich bing nhau B

Cho cédc diém A(Z 8) va B(4; 2) Xac dmh dudng thing y: = ax Sa{} chn A
- v B nim vé hzu -phia cha dudng thang va cach déu dm:mg thang d6

Cho biét dtrﬁmg thing y = %x chia mit phéng taa dﬁ thﬁnh hai mlén mﬁt: 3,
mién gﬁm chc diém &6 toa do (x ; y) ma y > —;-x ‘mién kia gﬁm céc dié?m_:'. ;

cé toa do (x y} ma y < ;x Hay V& dm;mg thing y —%xva chi ru mzén‘. '

it naq'gﬁm cac d1ém (X:y) ma 'yr:s —;-x =

§10 HAM SO BAC NHAT

Ham s bac nhét 1a ham s§ dugc cho' boi c{éng thitc' y' = ax +- b trnng dé_--

avablacacsﬁthucxacdmh a;&{l ' - 4 _ | ji i g

Ham 85 y=ax+Db(a % {}) X4cC dmh Vo1 mm 6 thuc X.



Trén tap hop s6 thuc ham $0 y = ax + b dong bién kh1 a > 0, nghtch bién
khi a <O.

Dé thi clia ham m bac nhat 12 mot duﬁn g zhﬁng cat ca hal truc taa dﬁ
' Ham s6 y = ax Ia trudng hdp dic blét clia ham sﬁ' y = ax + b khi b=0.

Vi du 22. Cho. hai didm A(x; 5 y;) B(xy ; Vo) V6i Xy # Xo Vi # V2.
Ching minh ring néu dudng thing y = ax + b di qua A va B thi
: ey s
. ya—¥ X=X |
Gidi Puong thipg y=ax + b di qua A(X; ; ¥y) ﬁé_n yi = aX; +b, suy ra |

¥ -—a(xr-xl) R (D
- Pudng thﬁng y =ax+b dtt qua B(x, ; }rz) nén yz = axz + b suy ra
Yy -y =a(xg — Xq). - +(2)
T (1) va 2) Suy ra 1 91 Y9 W g I Vi L B
I S s 8 i A R e

Vidu 23. Cho r:im:mg thang . CoL .
s mx+m—~1(mlathamsd) 1)
a) Chung minh réng du‘ﬁng thing (1) Iuﬂn di qua mot diém c6 dmh v6i moi.
gia tri cha m. o 4

" b) Tinh gid tri cha m dé ducmg ;f
thing (1) tao vé6i cdc truc toa do mot D 5
tam gidc c6 dién tich bang 2. o Ar2+

. Gidi : (h.5) a) Dieu kién dé duong . -
thang (1) di qua diém cg dinh N(xa 1)
v6i moi m 12 :

Yo = MX, +m-~1-{}va‘1m01m

S (% + Dm — (y, + I) = 0 véi \ AP W Y
moim _ o | N

Kﬂ‘i‘l:{} K(;:—-I ol |
y{]+1ﬂ0 ya:“l . _ M.

Vay cédc dudng thang (1} d1 qua L R
diém ¢6 dinh N(-1 ; -1). Low Ty HERS




-

b) Goi A 1a giao di€m cha dudng thing (1) v6i truc tung. Véi x = 0 thi
y = m—ldndaOAm]m_l| :

‘Goi B 1a giao diém cla du{mg thing (1) véi truc hodnh. Véi y = 0 thi

1_. nenOBml m'
m S m
(m - 1)* m? - 2m + 1 = 4m )
c:>-——-~——-—=4¢:~ _
|m| m ~2m+1=-4m ° 3

Gidi (2) ta c6 m2~6m+1=0.¢:-(mm3) =8
e m-3=2V2 o m=3+22.

Gidi 3)tacé m”+2m+1=0< (m+ 1) =0 ms=-1.

Cé ba duﬁng thang di qua N tao véi céc truc toa do mét tam gidc ¢ dién
tich bing 2 :

Vi mﬁ3+2\r tacéduﬁng'méngy= (3+2§/—'}x e N

Vi m = 3 2\{_ ta cd duﬂng thdngy = (3 Z\f_)x + (2 ZJ—)
Véim =1, ta c6 dudng thing y = —x - 2.

Baitgp -
62. Tim diém c6 dinh ma méi dudng thang sau luén di qua véi moi gia tri clia m:
ay=m-2x+3; o b) y = mx +‘(ml+'2);
)y =(m— Dx + (2m — 1), |

63. Cho dumg thing d x4c dinh béi y.=2x + 11. Dudng théng d’ doi xtng voi
. du{mg thing d qua tryc hoanh lﬁ

A)y=-2x+11; . By=-2x-11;
Cy=2x~ 11; : ' D) Pap s6 khéc. |
Hay chon c4u tra 15i diing.

64. Cho du&mg thang d xdc dinh bdi y = 2x + 4. Puodng thang d' déi xu'ng véi
dudng thang d qua dudng thing y =X 1a:



A)y=%x+2; Byy=x-2;

C}}'=~%x-*2; | D)y=-2x-4
Hiy chon cau tra 10i diing.
65. Xéac dinh dudng thﬁng di qua hai diém A va B, biét ring :
) A(-2;0),B(0;.1); | b) A(1;4), B(3;0);
©) A(-2:2), B(1; 5); ) AQR;-33), B(-13 18)
66. a) Cho b6n didm : AQ0; ;5) B(1;-2), C(2; 1), D(2.5; 2,5).
Chitng minh ring bén diém A, B, C, D thﬁng hang |
'b) Tim x sao cho ba diém A(x ; 14), B (=5 ; 20), C(7 ; ~16) thing hé’mg

67. Diém'M(x ; y) cdch déu truc tung, truc hoinh va dudng thﬁng y ==X + 2.
Gid tri x bang : . _.

A2~ 1; B

)2 =43 ; - D) Khong xéc dinh d_:.ra;rc duy nht.
Hay chon cau tra 16i ding. | w7 ' - -
68. Chimng minh ring n&u mot dudng thang khong di qua gﬁc toa do, cét truc

hoanh tai diém c6 hoanh do bang a, cit truc tung tai dlém ch tung do bang b
thi dudng thing d6 cé phu(mg trinh la

: Ay b | 1
69. Xéc dinh cdc s6 nguyén a, b sao cho dudng thing y = ax + b di qua diém
_ A(4 ; 3), cét truc tung tai diém cé tung do 12 mot s6 nguyén duang, cat
tryc hoanh tai {iiém c6é hoanh d¢ 12 moét s6 nguyén duong.

70*, Xac dinh dlrﬁng thang di qua A(4 ; 3), cit truc tung tai diém c6 tung do 1a
mot s& nguyén duong, cat truc hoanh tai dlém cé hoanh d6 1a mot s6
nguyén to. ' : -

71, V& d6 thi cdc ham s6 : :
a)y=[x|-2; o b)y=[2x +1].



72. V& d6 thi ham s6 g & =145~ 3|

roi dung d6 thi tim gid tri nho nhit cla y.

73. Ding d6 th1 dé chung minh bat déng thﬂc sau \/x ~ 4x + 4 > X = Fo
74, Cho ham s§ f(x) = ax + b ¢ tlnh ch&t f(3) { f(l) < f(2) va f(4) =, 2 .':_-:'::-.-}
Ching minh rﬁng a= -0 va f(ﬂ) 2 ; S

75%, Cho céc didm A(6 ; 0) va BO; 4). Mm diém M di chuyén Irén dnan thﬁng'{; 8
AB. Goi C, D 'theo thit ty 12 hinh chiéu ctia M trén OA; OB Goi N 1a dlem-.'_
thuoc doan thang CD. sa0 chu DN ZNC Chii'ng minh rang dlém N nam_'--._. .
trén mot duﬁng thang gie 5 G el

. 76. Tim hé s6 a > 0 sao cho cic dui’mg thﬁng y = ax — 1, y - I y 5 va truc
tung tao thanh mét hinh thang c6 dién tich bang 8 HEo e

77.Cho dudng thing ~ + ' y=(m—2)x+2. (d):=-‘ -. it
" a) Chu'ng minh ring dunng thing d luén di qua mét dlém cﬁ dmh vm mm:

gid tri cia m. : -

b) Tim gi4 tri clia m dé khoang cch u‘r g(“}c toa dﬁ den dm':rng thang d bang 1

¢) Tim gid tri cia m dé khoﬁng céch tir gfic toa dﬁ dén du{mg thang d cé
gid tri 16n nhit. ' o

78%, Cho céc diém.A(7 ; 2) B(2; 8), C(S 4) Xac dlnh du‘m}g tha:n g 5 dl qua; 3
A sao cho cdc diém B, C nam vé hai phia ctia d va cach déu d S
79* Véi méi so thuc * ta gm f(x) la g1a tn nhu nhﬁt tmng cac 56 4}{ + 1 ':.3.'
_x+2-—2x+6 TR e :

" 2) V& d6 th1 ham 6 y f(x) b) "f'im gla t:r1 lé‘n nhét cua f(x)

§11 BU(’)NG THANG SONG SGNG
VA PUONG THANG CAT NHAU. TR
I-IE 50 GOC CUA BUGNG THANG y= ax + b

- Xet hai dudng thang d va d* theu thu ty cé phuﬂng tﬁnh ié },r- = ax + b (a ;& D)-.'-'
_va;.f a'’x + b' (a ;&{}) Ta o L L L aRRE T b it
| d//d 'awawbib* ]
dtringd'<a=a'vib= b'..
el a$a | - \
dJ_d'@aa =1 (xemV1 du25)



Xét dudng thing y = ax + b (a # 0). Goi A 1a giao diém clia dudng thing
y = ax + b va tryc Ox, T la diém thu¢c dudng thang y = ax + b va c6 tung do
duong. Ta goi géc tao boi dudng thing y = ax + b va truc Ox 12 géc tao bdi tia
AT va tia Ax, Dat gbc d6 1a o, néu a > 0 thi 0° < o < 90° va tgﬁ.ﬁa néua<0
thi 90° < o < 180° va tg(180° — o) = ~a. Cho biét a, ta tinh duge o, hé sd a duge
© g0i 12 hé s6 géc cla dudng thing y =ax +b.

Vi du 24, Tim cac s6 dunrng m, i sao cho hé s0 goc cla dudng thang v = mx
g4p bon hé s6 goc cha dudng thing y = nx; guc tao boi dudng thdng y = mx véi
truc Ox gép do6i goc tao bdi dudng thing y = nx véi truc Ox.

Gidi : (h.6) Qua diém C (1 ; 0) ké dudng thang vudng géc véi truc hoanh,
cat cdc dudng thing y = nx, y = mx theo thit ty tai A, B. Ta c6 A(1; n), B(1; m)

Dom =4nnén BC=4n, AB= 3n.

Y 4 g/
Theo tinh chit duong phin gidc clia tam gidc e
OBC, ta cb =
ABxi}B:}Sn OB OB 3 -
AC OC n | '
Theo {iinh li Py-ta-go trong tam gidc OBC z o
vuong tai C co : _ W
' 7 2 s S LR A
BC"=0B"-0C"=3"~-1"=§" . nc
:}BC=~/§=:>_H1=~/_._=2JE, ' o’ Tox
) 2:\{_5 —.\/5 ;, Hinh 6
4 - 2 |

Vi du 25. Cho hai dudng thing d va d' xdc dinh
boi y = ax (a # 0) vay = a'x (a' # 0). Ching minh
ring di€u kién dé céc dudng thing d va.d' vuong géc
© v§inhau 12 aa' = —1.

- Gidi : (.7) |

Ta thdy khi d L d' thi trong hai dudng thing d
va d', c6 mot dudng (gid si la d) nim trong goc
vuong phén tu I va III, dudng kia (12 d') ndm trong
goc vuong phan tu II va IV, khidéa>0vaa <0. .




Qua diém H (1 ; 0), k& dudng thdng vuong goc v6i Ox, cat d va d' theo thir
tw & A va B, tacd HA = lal =a, HB=la''= -a

Chi ¥ réang H nim gitta A va B nén diéu kién dé tam gidc OAB vuong tai O la.

HA.HB = OH? <:>a(~a)—1<::>aa 1

Chuy:Ta biét ring hai dudng thing y = ax + b va y = a'x + b' vuong goc
v6i nhau khi va chi khi hai dudng thing y = ax va y = a'x vuong goc véi nhau.
Do dé tir bai todn trén suy ra : Diéu kién dé hai d:m‘ng thing y = ax +bva

y=ax+b (a =0, a' = 0) vaong géc véi nhau 12 aa' = ~1.

| Bai tdp
80. Tim gi4 tri chia m dé hai dudng thing y = 2x + 3 vay = (m~1)x + 2 :
a) Song song ; b) Cit nhau; c) Vubng goc voi nhau,
81. Tim gid tri chia m'dé hai dudng thing y=mx + 1 vay = (Bm—4)x -2

a) Song song ; b).Cét nhau ; ¢) Vuodng géc v6i nhau.

82. Xéc dinh céc he s6 a va b dé dudng thang y = ax + b cét tryc tung tai diém
- ¢6 tung do bang -2 va song song voi ciucmg thang OA, trong d6 O 1a goc

toa do, A(~2: 1).

83. Xdc dinh duong thang di qua gdc O va snng song v6i dudng thing AB
biét ring :

a) A(-1;1),B(-1;3); b)A(1:2),B3;2); mms>,3<4;s).

84. Cho ba diém A{(-1 ; 6), B(-4 ; 4), C(1 ; 1). Tim toa do dinh D cha
hinh binh hanh ABCD. . o

85, Cho bon diém A(1 ; 4), B(3; 3), C6; 4), D2 ; 2). Tﬁ‘ giac ABCD la
hinh gi ?

86. Cac bo ba dudng thang sau ¢ cit nhau tao thanh tam gidc wéng hay khﬂng‘?
a)y=2xm5,y:,—;-x+l;y:2x+3;
L
by=2x-5,y=——=X+ — ;y=x—-2;
2 ysTFRYS Y

)y=-X+1Ly=x+3;y=-2x+6.



87. Tinh hé s6 géc cha dudng thing 3;- + % = 1.

88. Cic dlem A(m:3)vaB(l; m} nam t:r@:n duﬁng thang c6 hé s6 goc m > 0.
'I“1m gu’i tri ctia m.

- 89, Chitng minh rdng néu mot dudng thing di qua diém A (x4, yy) va ¢ hé s(i
géc bing a thi dudng thing d6 c6 phuong tinh iy — y, = a (x — X¢).

CHUYEN DE
BAT DPANG THUC
B4t dang thitc di dugc gi6i thiéu trong cudn Ndng cao v& phat tri én Todn 8

tdp hai. Sau day la cdc phuong phap chtrng minh b4t ding thirc va cde vi du c6
hén guan dén can thiic.

- I- PHUONG PHAP BIEN POI TUONG DUONG

Vi du 26 (4). Chitng minh i‘ﬁng trung binh cong cilla can bac hai s6 hoc cla
hai s0 duong khac nhau nho hon cin bac hai s6 hoc cha trung binh cong ctia
hai s6 4y. -

M{ v6ia>0,b>0,2+b. (1)
2 2 :
Gidi
(1)@a+b+2wf‘33{ a+b
- 4 - 2 |
‘¢»a+b+ EJa_h {2a+2b¢$'{}c:a+-bm2\/ﬁg
&0< (Va-by2. - @

Do a # b nén bt déng thic (2) ding, viy bat déng thiic (1) duge chitng minh.

Vi du 27 (4). Chitng minh bat déng thuc

'\{&2 J}bz +‘--\{c2 + d? > \/{a +c)2 +(l::-+d}2 . | (1)



Gidi : Bi€n déi tuong duong

(D a+b +cf+d + 2J(a? + b2)(c? +d%) > a%+c*+2ac + b2+ d* + 2bd

& @2 +b2)(c2 + d?) > ac + b, @
Néu ac + bd < 0 thi (2) duoc ching minh.
Néu ac + bd > 0 thi (2) twong duong véi
(a240D)(c? + d2) > a%c? + b + 2abed
& a +a%d? + b2 + b m WA d + 2abed
< (ad - be)? > 0. | (3)
Bit ding thitc (3) diing, viy bat ding thic (1) duge ching minh,

11 - PHUONG PHAP LAM TROIL, LAM GIAM
Vi du 28 (6). Ching minh bat dfmg thic sau véin € N, n > 2.

2vn - fo «f \!_-::2\/_ -2,

: 1
A=—— +u—-~+...'+ —
V2 3 Vn

a) Chiing minh A > 2vn -3 bang cdch lam gidm mbi s6 hang cta A :

1 2 2 .
A= —_— =2(Vk+1-+vk) véimoik € N
vk vk +vk o Jk+1++k ) S

Dodé A > 2[(Va+1-vn)+..+ (V& =+3)+ (5 -3)] =
=2(Va+1-v2) =2Va+1-2v2 > 2V T 1-3> 24n - 3.

- b) Ching minh A < 2Jn -2 bang cdch lam troi mbi s6 hang ctia A :

=2 (VK = Jk—1) véimoik e N".

- Gidi ; Dat

1
™ EE fwlf

Do dé
A*’-'-EI_(JE gy =1 i ot (B =D 2 ]
=2(vn = V1)=2vn -2.



11l - PHUONG PHAP SUDUNG CAC BAT DANG THUC DA BIET
Ta nhéc lai & day ba bat ding thitc quan trong : _ o

1. Téng cida hai s6 nghich dao nhau

2 + 2 >2véi x, y 1a hai s6 ciing déu.
Y X

Dé dang chiing minh bat dang thic nay.

2. B5t ding thic Co-si'’

- Choa, b, ¢ 1a ciac s6 khong am. Khi dé :
= ;’ b > Jab ;
a+b+c

3

Téng qudt : Trung binh cong clia n s6 khong am 16n hon hoic bing trung
binh nhan clia ching. | '

> ijabc .

a; +ay +...+ag

> Yajay..a, V6iay, ay, ..., a, 12 cdc s6 khong am.
n
Dang thic xdy ra khi va chi khia; = a, = ... = a,.

Chitng minh bat dang thitc Co-si v6i ba s6 kﬁﬁﬁg am : xem Bai tap 115,
Chitng minh bat dang thitc Co-si v6i n s6 khong am : xem Vi du 32.

3. B4t ding thirc Bu-nhi-a-cdp-xki'
Cho hai bo s6 a, b, ¢ VA x, v, z. Khi d6 -
@+ D)+ ¥D) > (ax + by, |
l[a2 bt u::z)(:»:2 + yz - 22) > (ax + by + cz)z.

Téng quat : Cho hai by n s6 : (aj, ay, ..., a,) va (by, by, ..., by). Tich cia téng
céc binh phuong.n s6 clia bo s6 nay va tdng céc binh phuong n s6 clia bo s6 kia
I6n hon hodc bing binh phuong clia tong n tich hai s6 tuong tng ctia hai bo s6 do.

(*) Cauchy (1789 — 1857), nha todn hoc Phép.
" (**) Bu-nhi-a-c6p-xki (1804 — 1889), nha todn hoc Nga.



(af +af + ...+ a3)(b] + b +...+by) 2 (arby +dxby +...+2 bn)

Ping thic xay ra khi va chi khi (a;, a5, ..., , ay) va (b, bg, Lo ) 1& hal bﬁ' _
s6 ti 1& véi nhau tic 12 :—1 = %l = = %"3— véi quy udc ring néu miu bang 0__ .'-_
thi tir bang 0.

Chitng minh

DatAﬁalz+a%+ +a B b +b2+ +b2 C alnl+azbz+ +3nb
Cén chiing minh AB> C7. L S EE ) e

NéuA=0thia;=a,=..=2a,=0, bt dang thirc dum:: chung mmh Cung
vay né€u B = 0. Do d6 ta chi cﬁn xét truong hop A va B khac 0. | .

Véimoixtachd: ' | |

(3,1}{ —..b*[)z‘ = = 312?(2 = 2ﬁ1blx %+ bi? = 0

(ax — bg)z,:iﬁ :;_a%xz —2a,b,x +b% >0 L

(ax b’ 20=> a2x® —2a byx +52 20,
Cong ting vé n bit dang thie trsn dugc |
2

(a? +ag+. +a2)x? —2(ayby +azb2 iy b }x+(b1 +b2 + +b2):=~{}
el . o AXRICREBRO0A i e e (1) 'jf:
Vi (1) ding véi m@ixﬂén thay,*{:% vim (I)Ia dugc Y ' -

| 5 5 s . s = :- : ..' )
A.—g-——~2 £-+B?{}:>B~-{;+~}{}=>AB C2203:‘%"AB?*C?’..'
A A " S | _

Xay ra dang théc khi va chi khi a;x = by, X = by, .er 8y X = b tﬁc 1%1 :

. N S

b b —I v6i quy uée r&ng néu méu b.—mgﬂtm tix phﬁr bang{]

n
Vi du 29 (4). Gige .41 'ca;’: s6 duﬁﬁg.éhﬁhg’ i‘ﬁiﬁﬁ'bﬁ{{déﬁg&ﬁﬁ&__-"_ a4
N T I TR "
+ + = .
b+c c¢c+a a+b i 2




- Gidi
Cdch 1. Ta nhé dén bat dang thic Co-si: x +y > > 2\{_ vei X, y Hi c4c 80
khong am. Theu bét dang thitc Co-si ta co

2 2 :
a +b+§32\{a .b+c-=2.-ima
b+c 4 b+c 4 -2
2
Suy ra g -Ea-b+c.
b+c . 4
2 | 2 -
Tuﬁngtu"b 2b_a+c, C Izc+ﬂ+b
a+c 4 " a+b | 4
Cong timg v€& ba bdt déng thic ta duoc
. 2 2 .
A . b 40 O 2{a+b+c)_a+b+e..=a+b+c' |
b+c a+c a+b 2 2

Céch 2. Theo bit dng thic Bu-nhi-a-c6p-xki

@% +b% + A + v + 20 > (ax + by + cz)°

ta c6
[ b+c) +[ aicj {\/f_@ﬂ Wb +ey? +(ﬁ) +{J—)2]
2.( . Jb+c + m+ m}z

\Jb+c J_ \faﬂ-b

| 22 B2 o2 ! 5
—. + + [2@+b+c)]=(@+b+c)
A\b+¢c a+c¢c a+b : -

a? bzl. '_cz _a+b+c
e > )
b+¢c b+c b+ec 2

Vi du 30 (4). Cho a, b, clﬁcﬁcsﬂkhﬁngamv'ﬂa+b+c¥I.Chﬂ‘ngnrlinh:
‘a)Va+l+vb+1 +Jc+ 1 <3,5;
‘b)Ja+b +«./b+c +'J{:+& *-‘-’-J_




Gidi |
a) Cach I. Ta nhin tong a + 1 du6i dang mot tich 1(a + 1) va 4p dung bat
déng thitc Co-si JXy < = ;— 2

Taco va+1 = 4l(a+1 E-{if?l)il =
Tuong tw: Vb +1 if-g-i-l, Ve +1 5§_+I.

Cong timg v€ ba bat déng thitc trén ta dugc

Ja+1 +\/h+1 + /e +1 EH—JF—ZE +3=3,5,

vOi X, y 14 cédc s0 khong am.

E+1.
2

- Dau " *‘xayrakh1vach1kh1a+1-b+l“*{:-t-l“it}&-h:c:{}, |
trdi voi giathi€ta+b+c = 1.

Vay Va 1+«!b+I+«Jc+1-::35

CachZ Dit «Ja+l —x Vb+1 =y, Je+1 =2z Apdungbatdangthﬁc
'(x+y+z) {S{x +y +z}(xemBé1 tap 91a) ta dugc

(Va+1 ++b+1 +Jc+ )2 <3(a+l+b+i+c+1)

=3.4=12<12,25

nén va+l+vb+l+ve+1<35 |
b) Cdch 1. Ap dung bat ding thitc Bu-nhi- -a-c6p-xki v6i hai bo ba s6 duge
(1va+b +1~Jb+c+l~Jc+a) . -
(1+I+1)[(«Ja+ b)? +(\fb+c) +(dc+a}2}

= Wat+b+vb+c+ve+a)Y <3a+b+brctcta)= 6

= Va+b ++vb+c +Je+a <6,
Cdach2.Dat va+b =x, Vb +c¢ =y, Jc+a =z

Ap dung b4t déng thic tx + v + 2}2 < 3{){2 5 yz + 32_) c6

at+b+vbrc+vera)y <3a+b+btctcta)=32=6

= va+b++vb+c+c+a 5\/5.



[V — PHUONG PHAP PHAN CHUNG

Vidu 31 (7). Cho a + b = 2. Chiing minh ring

| Aa+do<2
Gidi : Dat % = 11, % =nthia=m3,b=n3. Ta'cc’)m3+n3=2.-
Can ching minh m + n < 2. | |

Giasdtm+n>2thi

.

(m+1n)Y>8=m +n3+3mn(r_n_+n)::-8::>2+31:nn(m'+n):»8

| :> mn(m + n) > 2 = mn(m + n) > m>+n° (vi m°+ n3.= 2).
Chia hai v& cho s6 dtmhg m + n (theo gia thi€t phan ching) :

2

9 5
mn>m —mn+n :}0}(111—11)2,1.«'611.,

Vay phdi co m +n < 2.
V — PHUGNG PHAP QUY NAP TOAN HOC

Vi du 32 (7). Chiing minh bét dang thic Co-si v6i n s6 khong'4m ay, ay, ..., a, °

a;+a; +...+a
bl B> Majay..a,

n

Gidi

Y

e B ; a; +a '
Hién nhién ménh dé ding véin =2 tic 1d 1—=2 > faa, .
» | . > 132

" . o 2 aj+a, +...+a A
Gia st m¢nh dé dung'vm n =k tifc 13 1 —-2 » .k > Kajas..a;. Ta
$& chitng minh ménh dé cling ding v6in = k+1.

al "1"32.*]" . ap

Glasua; <a; S...Sa Say,, thiag 2

a; +a,+...+a ¢ s - "
t 12 k=xth1x2{},tamak+1=x+yvﬂ1y30va

X 2 2189 ... 8 (do gid thiét quy nap). Ta cé



(ai +89 +...+ay +ak+1)k+1 _(kx+x+yjk+i _
- k+1 k+1

k+1
( J k+1+(k+l) xK =
k+1 +i

i

+ xK y =X (K+Y)>&132 akakﬂ

ay+a)+..+a
Suy ra L2 kil > Kilaay..a,,
Viy ménh dé diing véi mqi s6'ty nhién n > 2.

Xay ra ddng thic khi vachi khia; =a,= .. =a_.

VI — PHUONG PHAP HINH HOC
Vi dy 33(4). Chiing minh bét ding thitc sau véi a, b, ¢, d > 0

V@2 + )62 £ ) + (a? + )2 + d2) > (3 + b)(c + d),
trongdéa,b,c,dla nhﬁng so thuc duong.

Gidi : Xét tit gide ABCD c6 AC L BD, O 1a giao diém hai duding chéo ;
OA=2a,0C=b,0B=c,0D=dvéia,b,c, d 12 céc s6 duong (h.8). Theo dinh i

Py- ta-go:

AB = Va® +c?, BC = Vb2 +¢?, AD = Va2 +d?, CD = vb? + &2,

" AC=a+b,BD=c+d.

Can chitng minh AB.BC + AD.CD > AC. BD.

Thatvay, tacé  AB.BC > 2S,pc | ¢ b
&

| AD.CD 2 28 pe. A

Su}' Tra AB.BC + AD.CD E 28."—"136}) —_ AC.BD. A

Vﬁ}f ' . Hmh 5

J@2 + ) +c2) + J@? +d)®? +d?) > (a+ b)(c + d).
Cdch gidi khdc. Ap dung bat déng thitc Bu-nhi-a-cop-xki

(m® + n?)(x* + y%) > (mx +ny)’ véim=a,n= C,X=¢,y=Db



taco (a*+c”)(c® +b%) 2 (ac + cb)* = J(au2 +c2)c? +b%) >ac+ch. (1)

Tuong t J@® +d*)@+b%) zad+db. 2)
Cong (1) va (2) suy ra diéu phai chitng minh. |

Bcn tGap
90(4). Ching mmh céc bit dang thitc :
X +xV2 +1>0;
b) M-&- m-gz J; vc’;ia::i:)}{}.
91(1). Chiing minh céc bét déng thitc :
a) % +y* 2}2 <3(x* +y?2 42 ;

b) a°> + b3+ abc = ab(a+ b + ¢) véi cac s duong a, b, c.

92(5). Cho a = V2004 - J2003, b= /2005 — /2004 .

So sdnh a va b, s6 nao 16n hon? .
93(3). Tim sO dlmfng nho nhét trong cdc 6 sau

2= 45 — 9,b=9-4+5,c=7-4+3,d=18-5V13, e—zJ_ 11,

94(5). 2) Cho a = v/37 — +/35. Tim s6 16n nhét nhé hon a, s6 nhé nhét 16n hon
atrong cdc s6sau: -

?

12
57 9
b) Cho a = J65 — J— Chitng minh rﬁng % <a< 125 roi tim xem phﬁn

thﬁp phan cua a gén nhﬁt vcfﬂ s6 nao tmng cdc 6 0,12 ; 0,13 ; 0 14 ; 0,157
N .
C S :
\31 199 \JZ 199 v‘3 199 o 19990
Ching minh ring A > 1,999.
96(6). Ching minh véi moi s6 nguyén duong n :

95(6). Cho A =

i

1 1 T '
a) = + e = + .. + . L
WI+1W2 324243 43+3V4 (n+1vn +nvn +1




b) 1 + 1 + L i A <2
21 32 43 T (n + Wn
97(6). Chtmg minh véi moi s6 tw nhién n > 2 déu c6 -
| 1 1 i1 1
Vn < + + + b 2 Sl
Wt 2 B s Vn
98*(6). Cho 25 sd ty nhién ay, ay, ..., 255 t'hf'aa mén diéu kién
1 1 1
+ + == oL
Var  yay s \/5?

Chu‘ng minh rang trong 25 56 tu nhién d6, t6n tai hai s§ bing nhau.

99%(6). _Chtmg minh v6i moi s¢ nguyén duong n

\ﬁ-Hﬁﬂm...w;m,/“;i.

VNI B fi-NE,  B-E

[+2 2+3 . 3+4 T 24425

160*(6). Cho

Chitng minh ring a < % .

| - 135 2n-1
101%(6). Cho A= —. = .= ... nelN n>2).
©) 2 46 2n - ( ' =
Chitng minh rang :
1 1.
ayA < : ' b*) A <
_\f2n+1 A3in+1

102(4). Chéng minh bt ding thic sau bang phuong phdp hinh hoc :

x/az + bz_ .\'szé ¢ > bla + 'c) vGi cac sO dtrdng'a, b, c.
103(4). Chitng minh b4t déng thifc sau véi céc s6 duong a, b, ¢, d :

J@a+b)c+d) = ac + vbd .

104(4). Chimg minh cédc b4t dang thic sau :
& b? c? a+b+c
a +—_— > =
a+b b+c c+a 2

v0i cédc sO duong a, b, c.



a2 b R & a+b+c+d . . '
. + + + - vobi céc s6 duong a, b,
a+b b+c c+d d+a

el ; :
165(4). Ching minh ring néu céc doan thang c6 d¢ dai a, b, ¢ lap dugc thanh

mot tam gidc thi cdc doan thing c6 do dai \/‘ \/“ Je ciing lap dm:rc

thanh mot tam gidc,
106*(4). Cho a, b, ¢ 1a ba canh cla mf}t tam gidc. Chiing minh :

\/_(3+b+c)<f\fa +b% + b +c* #e? $a* {\@(a+b+c}j

107*(4). Chlmg minh bét dﬁng thitc véi a va b khong am
(a+b) a+bza~.@+_b~/§.-
- 2 4
108(4). Cho céc s6 duong a, b, c. Chfmg minh bt ding thic

/ a b \/ C
-+ + |- =2 3
b+c a+c¢ a+b

109(1;. Cho céc s6 duong a, b, c, d. Ching minh
= - + b + g + d =Z
b+c c¢+d d+a a+b_-

AT

b)

110(1). Chitng minh bét ding thic
| 2 3
-"‘-5+.5’—2+433[i+1}
'_ ¥y X Yy X
111(5) Tim s6 ty nhién n nho nhat sao cho vn — vn—-1 <0, l}l
112(5). Tim s6 ty nhién n nhod nhét dé cé bat déng thic

(a2 +b2+c) *in(a +b* +c.

_1 13(4} Chitng minh bat ding thic
L @.-{ & bjz véia>b>0.
2 S
114(1). Mdt mdy tinh thuc hién cédc 1énh sau :
(1) Cho x bang 3 va S béng 0.
(2) Cong 2 vao x.
(3) Cong x vio S..




(4) Néu § > 10 000 thi thuc hién lénh (5), con nguoc lai thi trd lai 1énh (2)
va tién hanh tiép tir do.
(5) In gﬁ tri cua x.
(6) Dung lai.
Tinh gid tri clia x duoc in ra. .
115%(7). Chimg minh bat déng thitc Co-si v6i ba s6 khong am a, b,

5+—2:—E > 3Jfabe.

v . i d
116%(7). Cho cc s6 duong a, b, ¢, d. Bit —— + — 2

s e < ]
f4+a 1+b 1+4+c¢c 1+d

Chitng minh ring abed < ~1—1~

117#(7). Chéing minh bat dang thiic

2 2 "2
X z X Z o .o
_2+y2+ 23_+1+—évﬁ1cacsuduﬂng}c,y,_z
y© ozt x y z X

bang cich vﬁn dung cac bét dﬁng thitc Co-si va B,u-nhi-a—céprxki;

118(4). Cho x«._fl - y?‘ + yV1 ~ x> =1. Ching minh rdng x> + yz = 1.
119%(7). Choa = I3+ 33 + Y3 -3, b= 233. Ching minh ring a < b.
120(6). 2) Chiing minh Jz +A2 4. # N2+ A2 <2 (VE tri c6 100 dfu can).

2 -\/2 2+ AN24V2 _} (tf 6 100 dlu o, mifln
Q*Jﬁ+J2+m+J2+JE

b) Chitng minh

c6 99 dducin)

i I
121*(7). a) Chiing minh véi moi s6 nguyén duong n, ta cé (I + l-) < 3.
. n

b) Chitng minh ring trong cic sO cd dang J\’/E (ﬁ 14 s0 tu nhién, n > 2),
s6 3 ¢6 gid tri 16n nhit.



122*#(1). Cho hai diy s6 sdp thitty:a>b>cvax <y <z
Chiing minh bt dﬁng thiic (a + b + ¢)(X + y + z) > 3(ax + by + ¢z)
Bdt ddng thitc Tré- bu—sep ),
123*%(3). Tim 20 chit s6 thap phan ddu tién clia s6

1/0,99...9.
: Sy :
T 20 chit s 9
- 124*(6). Chiing minh ring : |
a) S6 (8 +3v7)7 ¢6 by chir s6 9 lién sau ddu phiy :
) S6 (7+ 4\@}10 ¢O mudi chir s6 9 lién sau ddu phdy.
125%(6). Ki hiéu an' 12 s6 nguyén gin Vn nhit (n e N".

Chinghan: V1 =1 =>a;=1: N2 %14 a,=1;
\Eml,'? => a3 =2, L V4 =2 > ay=2;
V5 %22 = as=2; W6 ~24 =ag=2;

V7 2,6 =a,=3...

1" |
Tfnhi+~1—+—-+..++ ! 3
4 a3 ag 41080

TiM CUC TRI

I — DINH NGHIA GIA TRI LON NHAT GIA TRI NHO NHAT CUA MOT
BIEU THUC

Céch tim glé tri 16n nhat, gid tri nho nh&’t chia mot bidu thic da duﬁc trinh
bay trong cu6n N-:ing cao va phat trién Tocirz 8 tdp hai. Ta nhic lai cdc dinh
nghia sau ;

Bmh nghia giz’t tri I6n nhét, Cho biéu thic f(x) xdc dinh trén D. Ta néi M .
la gid tri 16n nhét cla f(x) trén D, ki higu M = maxf(x) néu hai diéu kién sau
dugc thod man : :

(*) Tre-bu-sép (1821 — 1894), nha tofin hoc Nga.



— V6i moi x thuoc D thi f(x) <M, vala hang 5,6 ref Reofnad

— Tén tai xg thuée D san cho f(xg) =

Pinh nghia gia tri nhé nhat. Cho biéu thffc f{x} x4c dinh trén D. Ta nél m 13'_'-.; :
gi4 tri nhé nhat cha f(x) trén D, ki h1éu m= mmf(x) néu hai diéu. kaen sau’ duoc _: %
thod man : . r B 2

— V61 mo1 X thuﬁc D thl f(x) > m, vori mla hang s0.
~ Tén tai xg thuée D sao chn f(xﬁ) m.

Ta ciing dinh nghia gié tri 16n nhdt clia biéu thu’c f(x y, } gm tnnh{) nhﬁt
ciia biéu thitc f(x y,..) bing cdch tuong to. SE e B e

NHGNG SAI LAM THUONG GAP KHI GIAI TOAN CUC TRI

1. Sai lam trong chimg mlnh diéu k:en 1

Vi du 34(1). Tim gid tri 16n nhit ciia biéu _thuc :
| 5, P

X% — 6x + 17

Loi gma sai. thm thic A c6 i khﬁng d6i nén A co gm tri Iﬁn nhat kh1 mﬁu
nho nhit. ' : L ' |

Ta c6 | x2—6x+1? (x 3)+8 23

V.

mm(x —6x+ 1'?) 8<::>x 3
| Vaymaxﬂm % e>x=3.
Phan tich sm lim. Tuy dap 56 khﬁng sai nhu‘ng lﬁp luﬁn sai kh] khang dlnh

"A c6 tix s6 kh0ng déi nén c6 gid tri 16n nhdt khi mau nhu nhﬁt“ mi chua dua ra : .
nhan xettﬁrvamﬂula cac séduﬁng i B dt e —

Chéng ‘nan xét bidu thu’c B = 7 Vﬁl iap luanei "phﬁn thu'c B cé tu‘:
X“ =4

khong doi nén c6 gia tri lo'n nhét khi mau nh6 nhat“ d{} mﬁu nhn nhﬁt béng —4'-'-"-'

khi x = 0, ta s& di dén max B = —:1[ & X = {} Euéu nﬁy khéng dung v1 % khnng.'-' .
phai 1a gid tri 16n nhdt cha B, chdng han véix =3 thi B = % > —-j; o



Mac sai 1dm trén 12 do khong ndm ving tinh chét clia bt ding thic, da
‘mdy moc 4p dung quy tac so sdnh hai phan s6 cé t va miu 12 s6 tyr nhién sang
hai phén s6 c6 tir va miu 13 s6 nguyén.

Loi gidi ddng. B8 sung thém nhan xét x> — 6x + 17 = (x - 3) +828nén
tr va miu clia A 12 cdc s6 duong ; hoic tir nhan xét trén suy ra A >0, do dé
A 16n nhit < i nhé nhéft <> x° — 6x + 17 nho nhét.

Vi du 35(1). Tim gié tri nhé nhét céa

A=2 4+ Y + 2 y6icicss duong x, v, z.
Yy oz X |

Loi gidi sai. Giastx 2y >2z>0. Tasuyra

x*zzt}:?y(x—z)zz(x—z)szy'—yz&-zzzxz.

Chia hai vé€ cho s6 duong xz dugc

‘w32 W
VA X X .
- Mt khic, ta c6 L gd 2 o )
y X . :
Cbng(l)mffi (2) ta duoc E+X+EE3. ' . H3)
. y z X -

mnA=3<x=y=2

Phan tich sai ldm. Khi hodn vi vong quanh x thay bdi y, y thay béi z, z
thay b&i x thi bi€u thitc A trd thanh < + % + 2 gic 13 bidu thic khong déi.

I - z x y
Diéu d6 cho phép ta duge gia sir x 12 $6 16n nhit (hoic s6 nho nhit), nhung khong
cho phép gia st x 2 y 2 z. Thét vay, sau khi chon x 12 56 16n nhét (x 2 y; x 2 7)
thi vai trd clia y va z lai khong binh déng : gift nguyén x, thay y béi z, thay 2 boi
y .

y ta dugc Egly =, khong biang biéu thfrc A.
& ¥y O

(Ta dura ra mﬁt vi dy khac cho phép duge gia st x > y 2 2z Chang han
B=x"+ y + 7+ xy + yz + zx. Sau khi chon x 1 6 16n nhﬁt thi vai trd
ctia y va z la binh ding vi gifr nguyén X, thay y béi z, thay z bdi y fa duﬁc

x2+zz+y + Xz + yz + yX, vin bidng B).



Cdch gidi diing

X Z
Cdchl Ap dung bat ding thitc Co-si cho ba s6 duong —, }’", ol
.Y z X
' A S y X
Dodémm[§-+—y—+-z—]=3khivéchikhi£=i=£,tﬁcléx'=y=z.
y z X : s y 2z X |

Cich2.Taco ~+L+2= (i_ﬁiJ i (i«},i_}i}_

y Z X y =% Z X X
Taco = + L 22 (do.x, y > 0) nén dé€ chitng minh 2+ YvZs3ch
y x - S y Z X
cén chitng minh
Lal-doi, ay
A X X
(e xy+ 2~ yZ ~XZ >.0 (nhan hai v& véi s6 duong xz)
Syx-z-zx~-2)20 E-2)(y—-2)20. (2)
- (2) dting v6i gia thiét riing z 12 s6 nho nhét trong ba'sé X, v, z, do d6 (1) ding.
T d6 tim duoc gid tri nho phét cla > e e,
Y "2 X

Vidu 36{1) ’I’im gm tri nhu nhit cﬁa ;
A=x* +y blétx+y 4.
ngmz sai, TacoA—x -i-}r' >2xy
" o d6 A nhd a2 + ¥ = 2ky e x sy = 2.
Khi d6 min A = 2% + 2% =38.

Phadn tich sai lim. Dép s6 tuy khong sai nhung lap luan'mﬁa sai 1dm. Ta
© moéi chitng minh dugc f(x, y) = g(x y) chit chua chitng mmh duoce f(x, y) > m
v6i m 1a hﬁng 50. ' -

Chéing han, v6i 1ap luan nhu trén, €t bﬁt ding thtfrc dﬁng X2 > 4% — 4 8 suy ra:



x*nhé nhit <> x’=dx —4 o (x -2 =0 > x=2;
didénmin x> =4 <> x = 2.

Dé thdy két qua ding phai 13 min x% = 0 khi va chi khi x = 0.
Cdch gufx dung Ta cé

x+y=4:;~x2+2xy+y2=15. N G
Ta lai c6 | (x—y)’>20=x"—2xy+y*20 Q)
e (Dva@)suyra 20 +y) 216 =% +y?28.
min A=8 khivachikhix=y=2.

2. Sai 1am trong ching minh diéu kién 2
Vi dy 37(4). Tim gi4 tri nhd nhit ciia
A=x+ Vx.
Léi gidi sai | " ;
A=K+;_\[- = (x_+ X +~3IJ ™
, - 1 o
Vay min A = ——.
i 4
" Phdn tich sai ldm. Sau khi chitng minh f(x) > —%w chura chi ra trirong hop
1 A , . C o 1
xay ra f(x) = & Xay ra dang thuc khi va chi kh1 Jx = 5 vo 1i.
Loi gidi ding. D8 16n tai Vx phéi c6x20.Dod6A=x+ Vx >
min A = 0 khi va chi khi x = |

Vi du 38(1) Tim gi4 tri lu::rn nhit cha
A =xyz(x + yNy + 2}z + X)
voix,y,zlacicsO khong dmvax +y+z= 1.

Loi gidi sai. Ap dung bdt ding thic 4ab < (a +b)” tacé

o :_4(_x+y;).z£(x+y+z)2=1; |
y+z)xs(y+z+ x).z =1;
4{z+k).yﬂ_ (z + x+y)2= I,



Nhan timg v€ (do hai vé déu khong am) duoc s
6dxyz(x + y)(y +‘z)(z Fx)L L s
Viy max A = _1“
64

Phdn tich sai lam. Sa1 14m cung 6 che chura ch1 ra ducrc tmﬂng hdp xﬁy ra |

. déang thitc. Piéu kién dé A = -.é% I,

fx+y'=42'_
y+z=x x=y=2=0

A

x+y+z=1 (xy2z20 . ..

KXoy 220 _ | _ | _
C'a;:h guf; ding. Ap dung bﬁt dang thu:r:. C& -si cho ba sf: khﬁng am dudc g -.:
| 1-x+y+z> 3%/_ B (1)

2=(x+ Y+ (y+2)+z+R)> 3. if(x + }*)(y + z)(z + x) e "(2.?."'--:3
Nhan timg vé& (1) va (2) (do hai v& déu khoéng 4m) du’ﬁc - L

22008 =A% (3] L i

maxA [3} khl va ch1 khlx =y i % gl v TR T i

Vi du 39(4). Tim gid i nhé nhat cliz- - © -

| (x+a)x+b) e BB T B TR
R

v6i x > 0, a va b Ia cdc hing sf’i duong chu tnrc-’c Y _ LY e
Loigidi sai. Tac6 = Xx+a2 Z«f_ i e (1) |

(x+a)(x+b) | 2'2\/&«_};_.2@; 4\/;5 SRR

o e o

A=

Do d6

m_inA_:-‘-hfadb 'é:::‘x-:a:b‘-__l



 Phan tich sai ldm. Chi xdy ra A = 4+/ab khi (1) va (2) 12 nhimg diing thitc,
téc 1a x = a va x = b. Nhw vy do6i hoi phai ¢6 a = b. Néu'a # b thi khong c6

A = 4ab.

Cdch giai ding. Ta thyc hién phép nhén va tich ra cdc hﬁng 0 :

A:(x+a)(x+b}:x +axﬂ~bx{ab =-(K+i]?~)+(&+b}.
X : X o T X '
Tacé - e 20 s n ol ik B8l
X
nén A> 2vab +a+b= (Va +b)%.
min A = (va +vb)* khi va chi khi
| o |
B X @K:i@g.
S

Vi du 40(4). Tim gi4 tri nho nhat cﬁa _
A =2x + 3y biét 2x” + 3y” < 5.
Loi gidi sai. Goi B = Zx +3y , ta coB{S

Xét: A+B 2x+3y+z,x +3y “2(}: +x)+3(y +y)
| 2 2
5 5
= 2| X + + 3| y + e — 1
[ ] (y 2) 4= % 1)
Talaic6 B<5nén-B>-5. B | )

Cong (1) véi (2) ta duge A > _—%5.

minA=~%§~<i>x=}f:w}-.
4 2

Phién tich sai_lffmﬁ Sai 14m & ché véi x = y.= —% thi chi Xay ra dau "=" o

(1), con ddu "=" & (2) khong x4y ra. That viy véix = y = -% thi



2 2 :
I 1 1-3
_ ( 2) [ .2) 2 4 -

Do d6 -B # -5.
Cdch gidi ding. Xem Vi du 47.

111 - MOT SO PHUONG PHAP TIM CUC TRI

‘Mot s6 phuong phap va kinh nghiém gidi todn cuc tri da duoc giGi thieu
trong cudn Ndng cao va phdt men Todn 8 tdp hai. Sau day la mﬁt s phuong
phap va kinh nghiém khdc.

1. Xét bidu thitc phuy
Vi du 41(5). Tim gi4 tri nho nhdt, gid tri 16n nhdt cha
| 1

A= — :
2 3 —x?

Gidi : Ta phai c6 |x| < /3. D& thiy A > 0. Ta xét biéu thic

Bxl =2 - V3 -x2.
A

Tacé 05@£ﬁ$—ﬁ’£—ﬁ£0
| \/5{2 )
mmB 2~ J_<:>J_ < x=0.
+ 43,

Khi dé max A =

2—«'@_

max B=2 & \13—}12 =0-::>x=i\/§.KhjdéminA=%.'

!

Nhdn xét : Trong vi du trén, dé tim cyc tri chia A, do A > 0 nén ta xét biéu
1
thic phy — . Céc biéu thiic phy thudng xét ¢6 thé 1a —A, A |Al. Trong vi du

duéi day, ta xét biéu thic phu B sai khdc v6i A mot hing s6.



Vi du 42%(5). Tim gi4 tri nho nhét cta

A= 2
l-x X
sz |
Cach 1. Dé ép dung bat dang thitc Co-si, ta xét biéu thic. |
- 2x 1.“ B
1—-x > 3
; ] - 2 » - . " . o . zx . 1‘—}( » I
Ap dung b4t ding thitc Co-si v6i hai s6 dwong ——— V& ——¢6
: — -
~Bzz.‘f ok Ak 5l
1-x x
2% 1-x |
— i
B=22 & {1-x X o
O<x<1 )
Gidi (1) taduge 2x”=(1-x) 2 o Ix/2] = It ~ %,
Dﬂ{}«:.}t'c:lnénxﬁzlmx@x= : 'E\E—l.
- 2 +1 -

Nhu vady min B= 22 ox=42 -1

Bay gid ta x.ét hiéu A - B | . |
e
DodéminA=2v2 +3khivachikhix=+2 - 1.

Cdch 2. Ap dung b4t dang thic Bu-nhi-a-c6p-xki d6i véi ha1 cip so

(a +b)(m +n}2(am+bn) ta co
-4 : : ' 2
13}{} +{\g),].[(-,lmxﬁﬂ\/zﬁ]g[ 1EK‘J1HK+\/%"'{;]

:_[TE—J&J(%}{H);(J%JI)? = A123+ 22

— X




* Xay ra déng thic khi va chi khi :
o g

i -

1

G i ;_12- @2;{'-(1 x)
X (1—-:{) X“ .

|

x
- x'l 2=1-x(vi0<x< 1)-'@-:2-(\/554- 1) 1 1<:>sz§ ——1 R
Vaymin A =3+ 242 khi va chi khi x' = JE -1, o

2. B8i bign va tim ey tri doi véi bién méi. 2 e, 2 e
Vi du 43(1) Tim gla tr1 nho nhﬁ't cua | S w5

Amidits *_’""e.iai.-a->1,b:si.
K Bl |

Gidi : Diata — I-x}Ob l--y::-()tacé

4 X }.r X y _

m_(x+l]+[y.+_-1~]+4. :
X Y "

V6ix>0,y>0Mmesx+ = 22,5+ < 22,nenA28.

min A = 8<:>x yuld:ﬁa b=2.

Vi du 44*(1). Chu cac 86}{ y khéng Am thﬂa man K + v 1 Pk A
Tim gid trj nho nhdt va gid tri l_orr_x nhitcha .
X

y+1 x+1'..' AR Ui T

Gidi | | &1
x-2+x'+y2+y":_‘x_2~i;y2_+l (x+y) -2xy+1 PE 2xy

Xy+x+y+1 ,-;""'xy+2" xy+2. “.':}gy+2

A=

Ta c6 /Xy S 12y =-!~nenxy< -!-
S 2 2 4’




3 — 94 g

Piatxy=tthi0<t< ~I~,A= = =2 A ——

' o 4 2+t t+2
Anhﬁnhét@t 2nhénhﬁt@t+21{?nnha't¢;‘>tlénnhﬁt@t::11-
. o : : '

@x:y=%_. Khi{_i_léminAm%.

A 16n nhit < -E-E’—i 16n nhit < t + 2 nhd nhit < tnhonhit <t =0
o+ .

& {i : i’::; Khi dé max A=1,
3. Van dung céc bat ding thirc d3 bist
Vi dlﬁl.45(5}. Tim gid tri 16n nhﬁt clia | |
A=ﬁ+ﬁbié’tx+y;4. /
Gidi DA :_ | o
Cdch 1. Bit dang thitc Co-si cho phép Iam giam mot téng

a+b > \Jab vmavfabkhéngam

.ﬁ day ta lai mudn 1am ting m:jt tﬁng, Ta dung bat d_ﬁng. thitc

a+b < y2(? +b2) (ban doc ty ching minh bat ding thic nay).

A= x ~1 +1/y~2'£\}2(i~;-71+y—2) = 2.
. — T = AL o = |
max A:\Eﬁ{x = 2@--{}; i

X+y=4 y = 2,5.

Cdeh 2
AP=(x- 1) +(y-2)+ 2Jx 1Ny - 2) =1+ 2(x — D)y = ).
Ta lai c6 | | |
2J(x~1}(y_—2) i(x—_i)-%(y—ﬁ}élnénﬁzil

- x—1= [x=
maxAzﬁ@ Y- 2 e 2
. X+y= 4 y = 2,5.




Cdch 3. Ap dung bét dang thic J_ J— (xem VI du 26) O
A fo-el ty=250 1 L__J___ i 5l
xetey-2 | [x=ls
max A =2 & Gk F By Rt
. { K+y 4 {Y=2>5
Vidu 46(5) 'I‘im gid tri ldn nhﬁt cha

J_J_

Gidi

Bét dang thitc CO-si cho phép lam tro1 mﬁt't:ch' J— 28 véi a vab .
khoéng am. Ta xem céc biéu thitc 'J?-s’. -I Jy 2 Iﬁ céc tich \? 1/1 (x lz -
1/ y—2 = '!2 (Y 2 . Theo bﬁt dang thfrc Co- 31

l(x 1+x—1 s o

¢ 2x : g E

r— J(y— PR e

| JE '“2" E' [
mak B o4 2 J- 2+ J_ & 1 x= e

Vidu 47 (4). "ﬁm g1é tn nhn nhét g1é tri Edn nhat cua

| A= 2x+3yb1&t2x +3y CS
Gidi : Ta xét b1éu thitc A2 = (2}-; + Sy}

Nhé 131 bﬁtwdang thitc Bu-—nhl a—c:fip xkl

_ Né’uapdung(l)véla 2,b=3,m= X, ﬂm}’,taco s, R

= (2% + 3y)° <@ +3) +y)—13(x +y)._”



Vi c4ch trén, ta khong chi ra dugc hing s6 o dé A® < o. Bay gﬁ:r ta viét
A? dusi dang

A% = (@\/’L_’x +J§.x@y)2 rdi 4p dl;ng (I)tacé
A? <[ (2)] +(+3) [ 5 w3 | =@+ e+ 35 <5525,

2 : xv2 }’\F
AT=25 &
2 BT
Do A*<25nén-5<A<S5.
minA:—ﬁﬁ:} A=Y S X =y =-—1,
. 2% + 3y = -5 |
.‘ -.*y

max A=5 & > rx=y=1.

‘ 2Xx +3y =5

%

4. Chia khoang dé tim cuc tri
Vi du 48(7). Tim gid tri 16n nhét cha
A=x*3-x)vdix20.

Gidi :

'a)Xétogxgs.TacéAszt.%é.G-xj.

Ap dung bat déng thic Co-si cho ba s6 khong am % % 3 - x ta duge

X K1 3
% W -k g |
=20 (3] 2| St =)
2°2 3
Do d6 A < 4. | | ()
b) Xétx>3,khidé A<0. y 2)
So sdnh (1) va (2) ta di dén ket luan s o
| IEMS;K'
max A=4 &2 & x =2

Ve [ XEA



5. Dung d3 thi dé tim cuc tri N
Vi du 49(10). Tim gi4 tri 16n nhét, gid tri nho nhét cia
y = fx—~1|+|x 3]—|2}{+21 vGi-2 <x <4,
Gidi : Xét gid tri cuaytmg véi tlmg khuang gid tri cﬁax tacod:
Véi-2<x<s-1 Loy
thiys(l=x)+G-2)= (2x=2y=6 N
Véi-1<x<1 |8
thiy= (I—x}+(3—x)—(2x+2) —4x + 2.
Véil<x<3
thiy=x-1D)+GB-x)-(2x +2) =-2x
Vei3<x <4
thiy = (x - 1) + (x - 3) ~ (2x +2) = 6.

]

.

MY

Trén hinh 9 ta c6 d6 thi ctia ham s6
=lx -1 +lx -3 -12x + 2 v6i 2 < x < 4.
Tix @6 thi ta thay :
maxy =6<>-2<x<-1; .
miny=-6¢>3<x <4, Hinh9

P E Y S ———— % |
e LT I .

6. Tim lién hé giita biéu thirc da cho va bidu thu‘c phal tim cuc tri

Vi du 50(1) ‘Tim g1é tri nhé nhét clia

A.—a +b +c3 :

bi€tringa2-1,b>~1,c=>-tvia+b+c=0.
Gidi
Ta tim lién hé gluaa +b° +¢
véavma?—* -1.

> va a+ b + c. Trudc hét tim lién hé giita a’

Tacé a + I_W-(a + I)(az--a-i— )= (a +I)[az__ —a .-i--i—J—J»%(a +__1)

~3 3 1 12 -
do dé a m—a+—~m(a+1)[a-m) 20 véiaz-l.
4 4 2 '

Tuong ty b u_§b+%zéo, ¢ —%H% 20 v6ib2~1,c2-1.



Dud{j(33+b3+c3)——i—(a+b+c)+%2{} ::»a%bhé&-%.

d=-] hodca =

3 b= -1 hoicb

c=-1hodcc=—

a+b+c=0

.Vﬁy min A = —% khi va chi kftn trong a, b, ¢ ¢6 haa s6 béng — Vi mét sfi

bang ~1.
| Bdi tap
126(2). Tim gid tri nhd nhdt, gid tri 16n nhdt cda :
a) A= S— b) B= V—x2 +2x + 4.

5+ ZH a
127(2). Tim gid tri nhé nhaft cia : o
a)_ﬁ=.x—'\/;; - .bszxm.m.
128(2). Tim gié trj 16n nhdt cia A = x +v2 ~ x. |
129(3). Tim glé tri nhé nhét, gla tri 16n nhit cta
lx J_|+{}m1{ trong d6 Ix| +|}f|
13{}(4) Tim gid tri nho nhit cha :

: _a)Am\/x -—2x_+1+\{x —-6x+9 ;

b)B=vx —2Vx — L +yx + 2Vx - 1 ;

¢)C= '|x—2]+|2x-—3]+l4x*~li+|5x-10| '

131(4). Tim gia tri nho nhat cha A-— \/x + X+ 1 4 \/x — X + I
132(4). Tim gia tri nho nhﬁt gid tri 16n nhat cha :

a}A:Ji'mx+J1+x.;- o b)B=vx -2 +6~x.




133*(4). Tim gié tri nhé nhat ciia.

a)A=~fx2+1'+\/x2ﬂ2x+'5; b) B= vx2 — 8% +17 +4x% + 16.

134%(4). Tim gi4 tri nho it ciia A = V~x? + 4x + 12 — V—x> + 2x + 3.
135(5). Tim gi tri 16n nhét ctia A = xv1 - x2.
136(4). Tim gi4 tri nhd nhAt, gi4 tri 16n nhit cha A = 2x + V5 - x2.

137%(4). Tim gi tri nho nhét, gid tri 16n nhdt céia A = x(99 + V10 - x2).
138(4). Tim gid tri nhé nhdt cha A = x + y biét x, y 12 céic s6 duong thoi man

S .. 1 (ﬁ va b lé.céé hing s6 duong).

139(4). Tim gid tri nho nhét ciia
A=(x i y).(x + z) v6i cdc s6 duﬁng X, 'y, ZVAXyz(X +y +z) = 1.
140(2). Tim gi4 tri nho nh4t, gid tri 16n nhit cha |
| A=x*+ yz,
bigt riing x*(x% + 2y -3) + (2 - 2)% = 1.
141(2). Tim gi4 tri nhé nhédt ca A = x* + y +Z" biét ring xy +yZ+ 22X = 1
142(1) Tim gié tri nhd nhét, gi4 tri 16n nhét cha
A--fx+y+z-+xy+yz+sz1&'trﬁngx2+j;-2+2.2=3
143(5). Tim gia’ tri 16n nhét clia A = |x - y| bl&t rang x - 4y = 1.
144(5). Tim g:.a tri nhé nhét, gia tri 16n nhﬁt clia

A=x> +y bitx 20, y>f}véx +y =].
145(1). Tim gi tri 16n nht clia

- A=a’+b? +c biét ISab c<3vﬁa+b+c 1
146*(1). Tim gid tri nho nhédt cia ”

B=a’+b +¢° biét a, b, cl&nh{mml vaal + b+’ =12, ‘
147(5). Tim gid tri nho nhét, gié tri 16n nht ciia

“x\f_+y\[_b1€t\f;+\f_“l



148(4). Tim gid tri 16n nhét cda : |
a)A=(Va+vb)? véia>0,b>0via+b<1;
b*) B= (va + vb)* +{«/5+«/_) +(Va +Va)* + (o + o)t +
+(~/_+J_) +(f Jiy’

véi a, b, ¢, dlacécsdduﬁngvéa+b+c+d£1

149(1). Tim gid tri nho nhét cua A = E + : voi x > 1.
xl-.-.-
-150(1). Tim gia tri I(m nh&t ciia :
A= 3 13 i 1_3 e 13 v6i a, b, ¢ 12 cdc s6 duong va
8”0+l b #c ¥l erFanwl . S
abc = 1, ) :
151(4). Tim gid tri nhé nhatcia A = =2 + 22 + 22 y6i x, y, 2 1a cdc s6 duong va :
| Z X Yy '
ayx+y+z=1; | b)x2+y2+32:1.
- 152(1). Tim gi4 tri nho nhit cha |
32 bz xcz _
A= + +- véia,b,clacics6 duongvia+b+c=6.
b+¢c c¢+a a+b
153#(4). Tim gi4 tri nhé nhat cha :
a’ b* gk : -
a) A= — + + v@ia,b,clacics6duongvaa+b+c=1;
a+b b+c c+a - : .
2 12 2 2 '
b)_ B = 8 + g o + d voi a, b, ¢, d ié cdc s6 duong va

a+b b+c c¢c+d .  d+a
a+b+c+d=1.

. | | 2 B
154*(4). Tim gié tri nhé nhat cia A = =Y véix >y>0vaxy=1.
B : X—V. |
5-3x

155%(4). Tim gi4 tri nho nhat chia A =

,h_xzf

156*(4). Tim gi4 tri nhd nhat ca -

a)Aml_+—vmx:»0,y>0vax2+y2=1;
Xy , .

b)B= (1+X){1+i)+(1+y)(1+1] Vfiix:;(},y::-{}vﬁxz%yzzl. -
: Y X .



157%(S5). Tim gi4 tri nho nhét cha A %

st ws0eney
2-x x .
158(4). Tim gi4 tri nhé nhat cha A= 3+ 33" Véi X +y =4,
159%#(4). Tim gi4 tri nho nhat cha
A= b - c vmb+cza+d;bv&cduﬁﬂg;'av&dlkhﬁng&m.
) c+d a+b . _ |
160%(1). Cho a, b, clacdc s6 duong thoaman 1 <a<b<c <2
I ‘-]-u 2 W s g
5

a) Ching minh réng — =

a
b

b) Tim gid tri 16n nhit clia A =

U‘IF’_ :r‘!m
ﬁ#fﬂ" m;gﬂ
oo

c) 'I“m gla tri lcm nhit clia B =
161%(1). Tim gifi tri 16n nhét 'Cfla_
= (a+b+c)[l + — : + 1]
a b ¢

- VOia,b,clacdc s duong thodmdn 1 <a<b<c<2.

162(7). Tim gid tri nhé nhét clia A = x*~ 4x + 1.
163(7). Tim gid tri nhd nhat cha A = x%(2 — x) biét x < 4.

164(7). Tim gid tri 16n nhdt cia A = x>V/9 — 2.
165(7). Tim gié tri nho nhét cha -

A =Xy +yz + 2x — 12xyz véi X, y,zlacacsdduﬂngv&x+y+z-1.'

166(7). a) Mot m1éng bia hinh vuéng c6 canh 3dm. O méi gbc chia hinh vuong
16n, ngudi ta cit di mot hinh vuong nhé 16i gdp bia dé duoc mot ci hop
‘hinh hop chi nhat khéng nap. Tinh canh cla hmh vudng nho dé thé tich |
ctia hop 1a 16n nhét. ' . |

b) Ctng hoi nhu céu a, thay hinh vuﬁng c¢6 canh 3dm bm hinh chit nhat ch
canh 8dm va 5dm.

167*(7). Tim gid trj nhé nhét, gid tri 16n nhét cha
A=x(x*-6)bit0<x < 3.



168%*(7). Xét tich A = X{XyX3X4...X3¢, trong d6 X, xz, ...y X3 1a 30 56 nguyén
dm:mg cé tong bang 2003. |
a) Tim gia tri nhé nhét clia A.
b) Tim gid tri I6n nhit chia A.

PHUONG TRINH VO Ti

Ta go1 phszng rrmh vé ti 1a phuﬁng trinh chita 4n tmng ddu can. Sau dﬁy 12
cdc phuong phédp thudng ding dé giai phuong trinh voé ti.
I- PHUUNG PHAP NANG LEN LUY THUA
Vi du 51(4). Gi4i phuong trinh

34+ 42x-3 =x - 1)

Gidi

Di€u kién xdc dinh cha phuong trinh 12 2x -3 > 0. 2)

Téch riéng can thiic & mot v& duoc V2x — 3 = x — 3. @)

Ta phai ¢6 WP T “4)

V6i diéu kién (4) thi | | '
(3) < 2x ~3 = (x -3 )? - O (5)

S2%&X-3=X"-6x+9x’-8x+ 1220 (x~2)(x ~6)=0
X =25X=6.
Gid tri x; = 2 khong thod man (4), loai. ‘
Xy = 6 thoa min (2) va (4), 1a nghlém clha phm:fng trinh.

- Vay phuong trinh ¢6 mot nghiém duy nhst x = 6

Nhdn xét |

“a) Néu khong dit diéu kién x =3 > 0 & (3), ta s& sai 14m khi nhan x = 2 1a
nghlem cha (1). Chit § rang tir (3) suy ra duge (5) nhung tir (5) chi suy ra duoc
(3) véi diéu kién x -~ 3 > 0. .

b) C6 thé binh phuong hai v& clia (1) véi diéu kién x > 0 (diéu kién nay da c6 ¢
2x ~3 2 0), nhung 16i giai khong ngén gon béng céch tich riéng can thiic & méi vé.



Vi du 52(4). Giai phuong trinh

Gidi |

Piéu kién x4c dinh ciia phurcng miohlax>1. (1)

Chuyén V€, ta c6 Jx -1 = Js:x wi] e 0. . (2)

Binh phlmng hai v€ duge '
x--1-5x—1+3x—~2+2\f15x -1x+2. @)

Rt gon thanh 2-Tx= 2\/15x ~13x +2. (4)

Dén day cé hai cach gidi | | 5

Cdch 1. Vé6i didu kién 2-7x20 o (5

thi (4) < 4 — 28x +49x% = 4(15x° ~ 13x +2) (6)

& 11x° ~24x +4=0

«::.-(11;;“-2)(:{-*2);,0@::1:% Xy =2,

Gid tii x4 = 12—1 khong thod min (1), loai.

Gid tri x, = 2 khong tho4 min (5), loai.

Vay phuong trinh da cho v6 nghiém. |

Cdch 2. Ta ph&i c602-7x20(0()telax < %,. diéu nay trdi véi (1). Vay
phuong trinh di cho v6 nghiém.

Cdch gidi khac. Xem Vi du 57.

Vi du 53(7). Gii phuong trinh | S
%!zx"+"1'+J£_1 | W
Gmr, Lap phuong hai vé, ap dung hang dang thiic | '

(a+b) =2’ +b + 3ab(a + b)

ta dugc o 2x+1 + X + 3%{(2){ +_1).(§/2x.+ I ~+'§/;) = 1-._' o (2)



Thay ¥/2x +1 + X*lvéa@)tacé

3x + 1+ 31/:{(2}; T =1 (3)

Yx(2x +1) =—x B Cow @

3¢:>x{2x+1+x} =0

& x(2x + 1) =—x
& x(x + 1) =0 %x,=0; xz——l
Thit lai: x, = 0 thod mén (1).
X, = ~1 khong thoa mén (1), loai.
Phuong trinh (1) ¢6 mét nghiém duy nhét x = 0,
Nhdn xét : o
a) Cic phuong trinh (1) va (2) tu‘ﬂﬁg duong, nhung cdc phuﬁng. trinh (2) va

(3) khong twong duong. Ti (2) suy ra duge (3), nhung tir (3) khong suy ra duge
(2). Do d6 sau khi tim dugc cdc nghiém cta (3) Ia 0 va -1, phai thu cac gia tri
d6 vao (1) dé chon ra nghiém ciia (1).

b) Cich giai khdc : Xem cac Vi du 56 va 59.

11 - PHUONG PHAP DPUA VE PHUONG TRINH CHUA AN TRONG DAU

GIA TRI TUYET DOL

- Vidu 54(4) Giai phuong tnnh

\{x-i-?,xf -1 +\/x-2~jx— -2 - 'L(_I)'

Gidi : Diéu kién x = 1. Bi&én déi

\/x—1+24x-- +1+\/x~1a2~} 1+1

x—1+1+ Nx=1-1 =2 -
x-1+Nx-1-1=1. .~ RO

Néux::»Zth1{2)¢:>«/x—1+w/x-—1—1m1r:;>«f ~l=1l&x-1=1
x =2, khong thu¢c khoang dang xét.

Néul«:xvzzzha(z)@\/ ~1 +1—-+x—1+1=2, v6 6 nghiém

1 5552

Kétlugn :1<x52.



Chii y : Sau khi bién déi dén (2), c6 thé viét (2) dudi dang
hwd |H1¥¢x-
va chu y dén bt ding thirc [A] > A v{n diéu kién xayradédu "="1a A 20 duﬂc

1 —x 1>ﬁ¢>4x—1>1¢>x}2

Két hgp v6i diéu kién ban ddutacéd 1 £ x < 2.

IIT ~ PHUONG PHAP DAT AN PHU
Vi du 55(4). Giai phuong trinh

32+ 21k + 18+ 20X +7x +7 =2, B¢}

Gidi : Dicu kién x* + X +720.

Déitx/x +7x+7-—y>0-thix +?x+‘?~y2
{1)@33; —3+2y 2@3}* + 2y — 5 0@(y—1){3y+5) 0

-::>y_—- (loat), yml

\/x +Tx+7 =1x +‘?x+6x{}@(x+1)(k+6)=0. |
Céc gid tri x = —1, X = ~6 thod mdn x>+ 7x+720,dodé nghiéin cta (1).

Nhan xér : Cich dat 4n phu \/ X“+Tx+7 = y lam cho phuong trinh duoc
chuyén vé dang hitu t1

Vi du 56(7). Giai phtmfng trinh
m+%z;~1 |
'bangcachdﬁtmma %/_*b réi tim a va b. |
Gm;:i)atmza,érzbth12x+i=a,x=b3nén
a®-2b%=2x+1-2x=1.
Cinfimavabthodmina+b=1vaa —2b3=1.
Taco  a*-2(1-al=1ea’~1-21-a’=0
B e@-@+a+l)+2a-1°=0 .
S@-D@+a+D+2@-1)%1=0.



Déthdya’+a+1+2(@-1">0néna=1.Suyrab=0.
Vay x =0 la nghiém ctia phuong trinh dé cho.

IV — PHUONG PHAP BAT DANG THUC

Phuong phdp bat ding thitc dé gidi phuong trinh vo ti dugc thé hién dudi
nh1éu dang

L

1. Chimg to réng phuong trinh vé nghiém vi ¢é mut vé& luén nhoé
. hon vé kia -

Vi du 57(4). Gidi phwong tinh " wa
Jx—1-+5x-1=+3x-2. W
Bang cdch ching to rang vdi diéu kién xdc dinh cta phwong trinh, c6 mot
v€ clia phurong trinh luén nhéd hon v€ kia.
| Gidi N

Diéu k1én dé xdc dinh chia (1) 1a x 2 1. V6i didu kién nay thi x < 5x, do d6

VX —1 < +/5x —~1 suy ra v& trdi cha (1) 12 s6 4m, con v€ phai khéng am.
Phuong trinh vo nghiém.

2. Stf dung tinh d&i nghich & hai v&
Vi du 58(4). Gi4i phuong trinh

N2 +6x+7 + V5x2 +10x + 14 =4 - 2% — x2. (1)

Gidi

VEusi  J3x+ D2 +4 + YSx+ 12 +9 > V& + 9 =5.
VEphai 4-2x-x’=5-(x+1)°<5. |
Vay hai v€ cha (1) déu bang 5, khi d6 x = —1.

Két lugn : x =—1.

3. Sir dung tinh don diéu cGia ham sé

Vi du 59(7). Giai phuong trinh * e

Px+1+3Yx =1 | B ¢))

bing cdch chimg to ring x = 0 12 nghiém duy nhét ctia phuong trinh.



Gidi : Ta thdy x -_—-' 0 nghiém diing phuﬁﬁg trinh (1).

Véi x >0 thi m > 1, %”/_}E':r- 0 néﬁ vé& trai ctia (1) 16n hon 1.

V6ix <0thi ¥x +1 <1, Ix <0 nen vé trdi céa (1) nhd hon 1.
~ Vay x =01anghigm duy nhat clia phuong trinh (1).

4. Su dung diéu kign xay ra diu “=" & bat dang thirc khnng chét:
Vi du 60(4). Gii phuong trinh | S

X A3x—~2

_ + =2 (1)
V3x ~2 L S s
Gidi : Piéu kién i % ’ )

Ta c6 bét ding thitc % +2 52v6ia>0,b> 0, xay ra ding thic khi v
a ' |
chi khi a = b.

V&ix:-»% hi() ©x=VBx-2 &x*-3x+2=0e x-1)(x-2)=0

h"

S xy=1; xz = 2 déu thoa man (2).
- Phuong trinh ¢6 6 hai nghiém 1a x = 1;x= 2

Bai tép
Giai cdc phuong trinh {Iir_b?ai 169 dén bai 181) :
169(4). a) Vx +3 ~x—4 =1; b)Jlsmx+J3_x_='5;
o VI0-x+vx53=5; . OVERFl-ERrd=1;

e) Vx—1~vx+1 =2,

T AR L o Y g )
b) 'JX+J2:4—-1+JX-~/2T: =J2_-_;.
&) Vx s Vox =8 +x —Vor =5 =&,




1714). ) V% —dx + 4 +Vx® ~6x+9 =1 ;
b) Vx + 4 — 4V +Vx +9 —6vx =
c) Jx +6f4m %\/x+11—6xfx_+—5ml £
D Vr+2-ax—2 +dx+7-6Jx-2 =1.
172(4). 2) &N“m =1
b) Vi-va —x =X —1;
) Vx? +6 =x-2Vx2 -1

DV +8x 46+ —1=2x+2;

e¥) Vx =7 +49—x = x* ~16x +66 .
173(4). a) V2x -1 +Jx -2 =+x +1;

b) m;iﬂx-{-l? = Jx+2;

) Wx-1+x 3 +29(x —1){5{2}—3“5) =4,-2x;

- d) «/x+1+wfx+1[} \f}i+2+\/x+5

174(4). ) J2x+3+dx+2 F 2K +2 - Jx+2 ...1+2\/x+

b) \/Q,x -9x_.+'4+3d2}i'—“ = \/21{ +2Ix —11.

175*(5).3) 1—x+\/x2-3x+2+(x-—2) xm;=3_:,
: X — .
) (x~2)(x +2) + 4(x = 2) S M
X2 5
2-1-\/_ 2 — \[_ \/“' o

- 176%(6). a) -
| JZ—+-\]2+ J_ \/



) =8 (vétréi c6 100 ddu phan thic).
2+ Wia : : - o
2+ 2
2+
- X x :
I .
LAl 4% . N
171 Px+1+YT-x =25 PS5 +x+Pox=4;
)1+ Yx—16=3x+3 : d¥x+3-Y6—x =1.

178(7). a) Y24 + x + /12~ x = 6; b) Y2—x +x-1=1;
g ¥=dsdx st =5, B | .
179(7).a) ¥x +1 + ¥x — 1 = P5x ;
by Yx +12 + Jx -2 + V% =1=1;
o Fi+¥xr2+¥x73=0.
%/7*-:;-%:.—5.3
I7-x+¥x -5 |
181%7). &) $1 - ® + v x + 41 x =3 ;
b N-x+-x=HB-2x. |

180%(7). 6-x,

PHAN NGUYEN

I - DINH NGHIA

1. Phin nguyén ctia mot s

Cho 6 thyc x. Ta goi phdn nguyén cita x, ki hiéu [x], 12 s6 nguyén 16n nhét
khong vugt qua X.

Ching han: [1,2] =1;[7] =7 [-2,4] = -3. |
Dinh nghia trén dugc dién dat dudi mot trong hai dang :



| 0<x—-a<tl
[x]xa@{ = )
aclZ | | |
a<x<a+]1l.

= ' . (2
ﬁﬂac [x] =a < { ¥ i (2)

2. Phan lé cua mﬁt s0

V6i dinh nghia phin nguyén néi trén, mdi s6 thyc x déu viét duge dudi dang
tdng chia mot s6 nguyén (12 [X]) v6i mot s6 khong am nhé hon 1 (13 x — [X])

Changhan:1,2=1+02;7=7+0;-2,4=-3+0,6.

S6 khong am nhn hon 1 néi trén gm la pkan I¢ cha x, ki hiéu {x}. Nhu vay
{x} =x-[x]. |

Taco{]ﬂ Ikl <l

3. D6 thi _
D0 thi cha ham phin nguyén y = [x] goém y4
céc doan thing nim ngang, x&€p véi nhau ' ; B
thanh dang bac thang (h.10) : 2pmmmm- (—
' ' e S
~2 voi -2 <x<-1 2 A, Ll bl
" | " tol 1 2 3 x
~1 vei—1<x<0 Lo . i
i
}'Z{KII*G Vé‘iﬂix{'[ : L——L--—Z
1 vei 1 £ x<2 :
2 wi2<x<3 - » HHIIC
D6 thi cia ham phan I y = {x} g6m cdc nira .
doan xién cé mot dau thude truc hoanh (h.11) : .
' r'” ?z\.
X+2 voi-2<x<~1
_ x+1 vii ~125x<0 AT AT AT
= {x} =x-[x] = {x vei0 < x<1 —M m >
¥ | = 2 . 94 8 F %
olx=1 wvoil<x<?2
1x—=2 wi2=x<3

Hinh 11




II

TIM PHAN NGUYEN CUA MOT SO
Yi du 61(6). Tim phdn nguyén clia-s§

\/6 + \'/6 4 ..;'+ J6 + J6 (c6 100 d4u can).

Gidi : Kihi¢u a, \]6+J6+ +«.#6+ (cbndﬁ'ucan)
Tacé  a; =6 <3

a2=../6+a1-=:x." 6I+3ﬁ3 :

33-;\{6'5'32 ‘C.\f6+3 =é 1

aigp ﬂ.‘fﬁ"l'agg <A6+3 =3.

Hién nhien ajg9 > V6 > 2. Nhu vay 2 < aj9 < 3, do d6 [az0] = 2.
Chi y

~a) C6 thé trinh bay 1di gidi cia vi du trén nhu sau : Trong biéu thic:

a0, thay s6 6 cudi cing bdi s6 9, ta duge biéu thic b c6 gid tri bing 3. Dé
thé}f < 2100 <b= 3 Hé[l Eﬁlﬂﬂ} =

b) Téng quat, ta ching minh dugc véia > 0 thi

' ".l\/a+\/a+...+\f‘a+«f%<..1+ .4a+1*- - 1

2

¢6 n d4u can
That vy, ki hi¢u v€ trdi cha (1) 1a a,. Ta c6 :

dy =.\[E, dn = 1/3. +ay,83 = 1,}.3 + a5, ...., &.n= 1#3.'7'.&1]_1.. .

Chti‘ng_ minh (1) bing quy nap todn hoc.

Véi'nz-ltacéw/;{ L ._;ia+1 &> 2«f27<1+~f4a+1

<>da<l+4a+1+ 2Vda+1, ding véi moia20.

.1+¢4a+1 ' . 1++d4a+1

Giad sl a; < 5 , ¢an ching minh ay,; < 5




Tacd ap = Ja+ay

nén

9 1++da+1
a4 =ata<a+t 5 .
| -. | v I .. | . : _ 2
_2a+l++da+l “ da+2+24a+1 _ 1++da+1
DD dfj' a}H_I < 1+ :a'h}‘ 1 i

Vay (1) diing v6i moi s6 nguyén duong n.

Vi dy 62(6). Choa=2+ 3.

a) Tinh [az].

b) Tinh [2°].

c*) Chiing minh rang [a"] 12 sO ty nll}ién 1¢ v6i moi 56 n nguyén duong.
Gidi

a) Cdch 1 (tinh truc t1é’p)

a _(2+J_) -~7+4~f

_Tamﬁf.:a,f«:?nenlaf.:a <14 vay[ 2] = 13.

Cdach 2 (tinh gidn tlép)

Tacoa—'?-i-ﬁhf_ Pit b = 2 \f_th‘bzﬂ'? 4[ Suy ra

2241 =14 )
Tac6 0 <b <1 nén 0<b <l (2)
T (1) va(2) suyra 13 < az.'{ 14. Vay {aj} = 13, |
b) Ddp s6: [a3] = 51. | |
©) Patb=2- V3. Theo khai trién (x + y)?, ta duoc
a -(2+«f—) —-A+BJS- voi A, Blasﬁmnhlén

b = (2 J—) HA BJ'



Suy ra . a”+b"=2A. (3
Tacéﬂ-::b{fnén : 0 <b" <. ; ' (4)
Tr(3) va(4)suyra2A-1<a" <2 A, Vay [a"] = 2A — 1, tdc 13 [a"] 12 56 13

Chit y : Trong céch tinh gidn tiép, dé ching 6 [a"] 1a s6 nguyén m, ta
chitng minh ring a" + " =m+ 1 va 0<b" <I thé'thim<a <m+1,dodé.
[a"]=m

Vi du 63*%(6). Cho a=5+26 vab=5-26.
a) Chiing minh ring a° = 10a— 1 vab® = 10b - 1.

b) Dats, =a" + b". Ching minh ring s, 54, sgﬁ .+ 824 12 cdc $6 tir nhién ¢6
chit s6 hang don vi 1a 2. | -

¢) Tim chi s6 hang don vi cta [ (v3 +v2)*8 |
Gidi | | |
a) a> = (5 + 26)% =25 + 24 + 20¥6 = 10(5 + 24/6) =1 = 10a -1.

b = (5 - 2v6)? = 25+ 24— 206 = 10(5 - 2/6) — 1 = 10b ~ 1.

b) Ta c6 sy = a’ + b’ = 2. Ta s& chimg minh ring s, va s, , 4 12 céc 56
ty nhién c6 chit s6 hang don vi nhu nhau. Tacé:

a?=10a-1 | (1)
| b’ =10b—1. @
Nhan (1) véi a", nhan (2) v6i b" ta dugc |
an-Fz:.IO a_n-ﬁ-l._ arl
bn+2 & 1Ubn+1—b“.
Suy ra "2 prt2 lﬂ(an+1+bn+l)_l(an+bn)
tc 1a s, 4 o = 10s,, ; —s,.
Tir 6, ta rit ra nhan xét (s, +s,,,) 10, tucrng tu (sn+2 +8,.4): 10, suy
Ta (8,44 —Sp) 1 10.

Ta c6 sg = 2, sy = 10 nén ti nhan xét trén Suy 1a 89, 83, S4, ..., 8, 12 C4c $O
tur nhién va sg, Sy, Sg, ..., Sy 6 chit s6 hang don vi 1a 2.



c) Tir cdu b suy ra

(3 +V2)B 4 (3 = 2)8 _(5+2J‘)24+(5 2()2“’

12 s& tu nhién c6 chir s6 hang don vi 14 2.

Talaico 0 < ﬁmwﬁ_{ 1 nén0< (ﬁ"ﬁfs <1suyra
A-1< (B +V2)8 <A, dodo [(V3+2)®] =

Vay [ (3 + v2)® | c6 chit s6 hang don vi 12 1.

Nhdn xét ' |

a) Vi céch gii nhu & Vi dy 62, ta ching minh duogc [ (3 ++2)* | 1a 56
1, nhung chua tim duge chit s6 hang don vi cia [(w/i +42 )48]. Ciau a) va cau
b) 1a cdc cau goi ¥ 4 tim chit s6 hang don vi ciia | (V3 +v2)® |.

b) D€ di dén céu a), c6 thé dung dinh 1i Vi-ét dao : Do a va b c6 t6ng bang
1{} tich bdng 1 nén ching Ia ngiuém cua phuong trinh p IOX + 1 =0, titrc 1a
a’ »»10& 1,b>=10b~1.

. ' R
c)éc&uc)tacbncé{]éﬁ—ﬁ<g-_:¢.0-=:(ﬁ_ﬁf <(_52_] .;;i

10

= o-c(J_ V2)B <

1016

Tir d6 ta con ching minh duge : Khi viét s6 (v/3 + v2)® duéi dang thap
phan, ta dugc chit s6 lién truc déu phay Ia 1 va 16 chir s6 lien sau ddu phay 1a 9.

111 - GIAI PHUONG TRINH CO LIEN QUAN DEN PHAN NGUYEN |
~ Giai phuwong trinh v6i phdn nguyén thudng dua vé gidi bét phuong trinh

[x];aﬁ{ﬁﬂx—adl TR o)

_aEZ

| - ;
o T S {a._,,_.xc:a-fl. R e gy
aeZ S -



Vi du 64(2). Gii phuong trinh x> — 8[x] + 7 = 0.
Gidi o
Cdch 1. (dua vé gidi bat phuong trinh 4n x).

x? +7

Riit [x] ta dutgc [x] = . Giai céc didu kien

2
B xmitt a 1
1 gam T
X +TEZ ?)
8 .
o ,8}{—:;{?'.__?. 5 - |
Giai (1) tacod - 208 -x"-750(x -Dx~-7<0 .
S IS8T 7 7 A (3)
w o F g BB 5o,
ox: L <l etx-x-7<8e G=x-5>0
X{:3 i -1' a 5 f
@.[ (4)
X3,

P43

" Keét hop ca (3) va (4) d .
_‘pca-(.)v @ Hﬂc[S{xﬂ?

Do (x] € Znén[x] € {1;2;5;6;7}. Tacs

Ix} o 2 MO .- 5 R ) v g =
T8 | 8 | 16 | a0 | a8 [ se o
2 | 1} e ] s | a4 | 4

x = 3 loai vi trdi véi (4).
Phuong trinh c6 bon nghiém : 1 ; /33 ; V41 ; 7.
Cdch 2. (dua vé bat phwong trinh 4n [x]) |

- Pit [x] = a. Gidi cdc diéu kién :




x> +7=8
dasx <a+l.
laeZ
Ta c6é 8a=x"+ 7néna> 0.
Tur O{a*ix-::a-i-lsuyra
a’ < x* {(a-i-l) = a2+ 7<x>+T<(@+ 1) 7

= a° +7£Sa§_a + 2a + 8.

5 :7 g {'0 1€£axg7
: - +7-8a% :
Giai céc diéu kién {32 ,ﬂ : dugc q|a <2
a +2a+87$a>ﬂ o %8
DoacZnénac{1;5;6;7}. Tacéd | _
a - o 5 0 el Y T8
% + 7 (= 8a) 8 g 40 48 - | 56
x> 1 33 41 49
x (x>0) 1 | B3 Va7

Cic gid tri chia x tim dugc déu thda man phun‘ng'trinh dacho.
IV - CHONG MINH PANG THUC, BAT DANG THUC CO LIEN QUAN

DEN PHAN NGUYEN

Vi du 65(1). Ching minh rﬁng
[x]+ [¥y]<[x +¥y]

Giai R o |

Cdch 1. Tac [x]<x, [yl Syneén[x] +[y]$x+y.

Su.}r ra {x] + [y] 12 s6 nguyén khong vuot qud X + . (1)

Theo dinh nghia phdn nguyén, [x + y] 12 s6 nguyén 16n nhat khong vugt
didis #3, | 2)

Ta (1) va(2)suyra - " [X] + [y] =< [x + y]. '.



Cdch 2. Theo dinh nghia phén ﬁguye:n;_ta cd |
0sx-[x] <1
0sy-fyl<l.

Suy ra . Oi(x-b}’) ([K]+[}’]){2

Xét hai trudng hop :

-NeuO*‘C(x-i-y}—([x]«i-[y])-::lthi | N TR

- C K+yl=[x]+ [y] WA R e SIS

CNEu1S(x +y)—((x]+ D <2th 0 (x+y) - (x] + [y] + D<1 nen

. [x +y]=[x]+ [y] + 1. Ry 4, (2)..:...
Trong cé ha1 tru{mg hop ta déu c6 [x] " [},] < [x i y] Gt Vo el

| Bcn iap
182(6) Tim phén nguyén cha cd¢ 56 : m

a)a, *J2+\f2+ +1f2+ (candaucan)
b)a, -\/4+\/4+ +1.f4+ (céndﬁucan}

c*) a, = \/1996 + \(1996 ot \/1996 £ JH}Q (cn n dau cf’tn)

183(6). Cho a = Js + Jﬁ 2l J“ (cu i dgu can)

b= {/6+%{6 +. +Q/ﬁ (céndaucﬁn)
Hay tinh : a) [al];- Db)[b]l;" c¢)la+Dbl _
184(6). Chom =2 + /5. Hdy tinh : a) [m’]; b) {m ]
185(6) Tim phan nguyén cia A v6i n 12 s6 ty nhu?,n

186{6) Tim phdn nguyén cuaA blét rﬁng
1

=—+—-—+v-—-+.._.-t'-—.f e
V2 V3 W4T 25000



187*(7). a) Ching minh bat déng thitc sau v6i moi s6 n nguyén duong
| TR 2 2 2 3 )
Your1? -¥n? <2 <¥? ~Ym-12.
- 33n :

b) Tim phdn nguyén cla A, biét ring
| 1. .= 1 l i

%+%.+%+...+m‘.

188%(6). Tim chit sG tan cling chia pha’ﬁ ng_uyen'cﬁa (ﬁ + ﬁ}zs_ﬁ.

A=

189(1). Giai phuwong trinh [xz] + [1:&}- = {x} + 2 trong dé ki hiéu {x} 1a phén 1é
' cﬁax,fﬁclé {x}=x-[x].° : ' -
190(1). Gii phuong trinh 3[x}% + 5[x] = 2.
191(1). Tim céc s0 X, y, z thod mén ¢4 ba phuong trinh sau
| | x + [y] + {z} = 1,1
y+[z] + {x} =22
2+ [x] + (y} =33
192(1). Gidi cdc phuong trinh : |

oG BB

193*(1). Tim nghiém nguyén clia cic phuong trinh :

a) [l | o 204
1 [2t] 3

b | b b e | 22 b = d 00,
1] 2] 3] o

194(7). Tim s6 ty nhién n 16n nhat dé {¥2000] > 1.
195(1). Chitng minh ring [2x] bang 2[x] hoac 2[x] + 1.
196*(6). Tinh t6ng A = [V1]+ [V2] + [/3] + ...+ [v24].

a-+ 15n
__ 100 | | )
85van=1,2,3, ... Ching minh rdng t6n tai s6 ty nhién p ma [x,] = 96.

197*(1). a) Xét cic s6 x, = trong d6 a 12 s6 nguyén duong nhd hon



b) Ching minh rang trong céc s6 ch da_ng a+ 15n, trong do a la s6 nguyén
duong nhé hon 85 van =1, 2, 3, ..., 100 tai mot s6 ma hai chi¥ s6 diu tién
cia nd-1a 96, '

¢) Chting minh nhu khang dinh & Cau b) trong d6 a 12 s6 nguyén duong tuy v.

Bai doc thém
Khai phrong mot 56 ma khong ding
| béng s6 ho&ic may tinh

Loai ngu’cn da biét khai phuong mnt s6 tir nhiéu thé ki truéc Céng nguyén. Ba
nghin n&m trudc day, ngudi Ba-bi-lon da biét tim gié tri gan ding cha cin bac hai cla

cac s8. Sau dé ngudi Hi Lap va ngudi An Po cling biét khai phuong cac s& bang '
nhiing phuong phap khéac. .

TU thé ki 1,'nba toan hoc Hi Lap Hé-réng da dua ra cong thitc tinh gén dang sau :

Va® +b zé+£.

2a

Vi ¢dng thlc trén, ta cd V83 =192 +2 » 9+-2-2§_m 9,111:

187 =122 +3 w1242
212

Kiém tra lai béing may tinh b tli : V83 ~9,1104..., V147 ~12,1243...
Cong thic tinh gén dang trén don gidn va tuong doi chinh xac. That vay,

~ 12,125,

a~+b=la+— |--—==xla+— |, nén khi khai phuong s8 83 ta chi ting s& 83
Y ﬁ{ 23) phudng ac g s
7z 9 32 q |
thém —=— = -—, khi khai phuong sé 147 ta chi tang s6 147 them :
4.9° 81 412% 64

Mot cach khai phuong khac duuc gidi thigu trong cudn Clu chuong toéan thuét
cGa Tréan Sanh (Trung Qudc) tit thé ki Ii trudec Cong nguyén.
Vi dy. Tinh /6880 . |

Bude 1. Tach s6 iy can (6889) thanh ttmg nhém hai chir s8 ké tur phal sang trai
(68'89), rieng nhom ddu tién bén trai c6 thé c6 mot chit sé6. -

Budc 2. (tim chif s6 th(t nhat clia két qua) : Chon s& nguyén IUn nhat ma binh
phuadng cda né chua qua 68, ta duge 8. Ta co a = 8 1a chif s8 thd nhat clia két qua.



Buge 3. (tim s@ du th& nhét) : Binh phuong s6 a, /68'89 = 8
dudc 64, roi trlr vao 68, duge 4. Ha nhém chii s6 tiép 64
theo 1a 89 xuéng, ta dugc 489, d6 1a s6 du th( nhat. e
" Buéc 4. (tim chit s6 th( hai cta két qud) : Nhan doi i
s0 8 da dugc viét & két qud, dugdec 16. Chix s@ thit hai clla: J68'89

il = 83
két qua (I1& b) dugc chon I6n nhat sao cho 16b.b < 489. 64
D& tim b ta thir 18y s6 chuc cla s du thit nhat (la 489
48) chia cho 18, dugc 3. Thir : 163.3 = 489 {trnng truéng 489 163.3 = 489
hgp tich vuot qua s6 du thit nhat, ta phai glém s0 b vira '__‘"G o
chon di mét don vi). '

. Bude 5. (tim s6 du th@ hai) : Trit tich tim dugc (489) vao s8 {iu‘ th nhat réi tai tiép
~ tuc lam nhu trén. Trong vi du nay ta dugc s6 clu' thit hai bang 0, phép khai phucng cho

két quéa ding : V6689 = 83,
Ta c6 thé giai thich thuat toan khai phuong néi trén nhu sau

SG 6889 néi trén 1a binh phudng ciia s& b . Ta biét ring
(ab)® = (10a + b)* = 100a” + 20ab + b*.
O budc 3, s6 du thi nhét bang : (100a° + 20ab + b?) - 1DGa = 20ab + b®.
Ta cén tim b sao cho 20ab + b% = 489, (e I3
(20a + b)b = 489, )y

& bude 4, véi a = 8, nhan doi s6 8 '(chuc} dudc 16 (chué} tlc la duge 20a, nhu

vay 20a + b chinh 1a 16b, ta can fim b dé 16b.b = 489 chinh fa aé’ thod man déng
thic (1).

Ban doc hay van dung thuat toan khai phudng néu trén dé khai phuong céc so sau :

J4'53'60 = 213 - V2'30 ~ 15,16
4 -- 1 - -
053 130 | |

41 41.1 o 125 26.5=125

1269 ; .. 800 . _

1269 423.3 301 1301.1 = 301

0 19900 | | -
- 18156, | 3026.6 = 18156
1744 |




Chmmg!
HE THUC LUGNG TRONG TAM GIAC VUONG-

§1 MQT SO HE TH(J’C VE CANH VA EU’ONG CAO
| TR{)\TG TAM GIAC VUONG

Cho tam glac ABC vuﬁng tat A, dtrcmg cao AH (h. 12) Tac c:}
1)h "“ab"c **ac
2) b+ 64 =gt (dinh Ii Py ta-go). .

3)h? =D

4) ah = bc.

5)'12212-#12'. a s .anhf.?,.
h b“ ¢

Vl du 1 Tinh dién tich hinh thang ABCD co duﬁng cao bang 12crn hai
dudng chéo AC va BD vubng géc véi nhau, BD = 15cm.

Gidi @ (h.13). Qua B v& dudng thang
-song song v6i AC, cat DC ¢ E. Goi BH 12
dudng cao ctia hinh thang. Ta c6 BE // AC,

AC L BDnén BE L BD.

Ap dung dinh If Py-ta-go vao tam gidc
-vudng BDH, ta c6

BH” + HD? = BD? = 12° + HD? = 15
= HD? = 225 — 144 =81 = HD = 9 (cm). Hink 13
Xét tam gidc BDE vuong tai B |
BD® = DE . DH = 15” = DE . 9 = DE =235 : 9 = 25 (¢cin).




Tacéd AB= CE nén AB + CD CE+CD= DE 25 (cm)

Vi du 2. Hinh thang can ABCD co dd}’ 16n CD = 10cm, day nho bang dudng
cao, duong chéo vudng gbéc vdi canh bén. Tinh dudng cao cha hinh thang.

Giai : (h.14) Goi AH, BK la ducmg cao cua

. Do d6

A B
hinh thang. Dt AB = AH = BK = x. D¢ dang
chitng minh dugc DH = CK = 1{}; 2
" u . | :
' Hinh 14 2. 2

Xét tam gidc ADC vuong tai A, ta c6 AH> = HD.HC. Do d6 . -

- 10— xlO-}-x- 100 — x*
2. .2 4

Tir d6 x =245 cm.
Bu’ofng cao clia hinh thang bang 25 cm,

Vi du 3. Tinh dién tich mot tam gidc vuéng cé chu vi 72c¢m, higu gura

‘dudng trung tuyén va dudng cao tng v6i canh huyén béng 7cm

Giai : Ki hi¢u nhy trén hinh 15. Bat AM =X, ta A
cé BC 2%, AH=x~7. '

Theo cac hé thic trong tam glﬁc vuﬁng |

AR’ + ACP=BC? =4x® (D)

ABAC=BCAH=2xx-7). (20 Hinhls

Tu(l)va(2)suyra: | .
AB? + AC? + 2AB.AC = 4x% + 4x(x ~7)

| ' @(AB-PAC) = 8x° —28xt>(72 2}:.) -8x —23}{
Dlravéphlrﬂng trmhx +65}:—1296 O@(x-—lﬁ)(h+81) 0

N ghié¢m du‘crng cua phuong trinh Ia X = 16
Tir d6 BC = 32cm, AH = 9cm.

SAEC = % 3219 = 144 (sz}.



10.

11.

12.

- Bdi tap

Ching minh dinh li Py-ta-go béng cdch dit hai E
tam gidc vudng bang nhau ABC, DCE nhu trén

hinh 16. s, B o a/ |y
Cho tam gide ABC can c6 AB = AC = 9cm, ©| -

BC = 12cm, dudng cao AH, [ 12 hinh chi€ucia H b C € D
trén AC. : | Hinh 16

a) Tinh d6 dai CI.

b} Ké dudng cao BK ciia tam gidc ABC. Chitng minh ring diém K nim
gitta hai di€ém C va A.

Cho tam gidc ABC c6 A= 120° BC =a, AC =b, AB = c. Ching minh ring

32=b2+c2+bc

Tinh canh ddy BC cta tam gidc can ABC biét dudng cao ting vé6i canh ddy
bdng 15,6cm va dudng cao ting v6i canh bén bang 12cm.

Cho tam gidc ABC vuong tai A, dudng phan gidc AD, dudng cao AH. Biét
BD = 7,5cm va DC = 10cm. Tinh c4c d¢ dai AH, BH, HD.

Cho tam gidc ABC vuéng tai A, du‘Emg cao AH, AB 20cm, HC = 9cm.
Tinh d¢ dai AH.

Cho tam gidc ABC vuong tai A, dudng cao AH. Tla phén g1ﬁc cta géc |
HAC cit HC & D. Goi K 14 hinh chiéu cta D trén AC. Biét BC = 25cm,
DK = 6cm. Tinh doé dai AB.

. Cho tam gidc ABC c6 AB = 6¢cm, AC = 8em, céc dm::rng trung tuyén BD va

CE vuéng géc v6i nhau. Tinh d6 dai BC.

Cho tam gidc ABC eé B 60° BC = 8cm, AB + AC = 12cm. Tinh cdc do
dai AB, AC.

Trong moét tam gidc vuéng, dudng cao ing véi canh huyén chia tam gidc
thanh hai phén c6 dién tich bing S4cm” va 96cm”. Tinh do dai canh huyén.
Cho tam gidc ABC vuéng cén tai A, du'nrng 'tmng tuyén BM. Goi D 12 hinh

chi€u cta C trén BM, H 12 hinh chiéu cha D trén AC. Ching minh ring
AH = 3HD.

a) Mot tam gidc vudng c6 ti s6 cdc canh géc vuodng bing k. Tinh ti s6 cdc ..

hinh chi€u ctia hai canh géc vuong trén canh huyén.



i3.

14,

15,

16.

'b) Tinh do dai hinh chiéu cla cac canh goc vuong trén cﬁﬁh huyén ctia mot

tam gidc vudng, biét rang ti s6 hai canh géc vuéng bing 5 : 4 va canh
huyén dai 82 cm.

Trong mot tam giac vudng, duﬁmg phan gidc cua géc vudng chia canh'
huyén thanh hai doan thing ti 1& véi 1 : 3. Dudng cao tdng véi canh huyén |

chia canh dé theo ti s6 nao ?

Cho tam gidc ABC c6 do dai cac canh AB, BC, CA 12 ba s¢ tu nhién lién -

ti€p ting dan. Ké dudng cao AH, dung trung tuyén AM. Chiing minh rang

HM = 2.
Mot hinh thang cén cé ducrng chéc vudng gbc VD’i canh bén. Tinh chu vi va

dién tich hinh thang biét rang ddy nho dai 14cm, ddy lcfn dai 50cm.

Mot hinh thoi ¢6 dién tich bang mdt nira dién tich hinh vudng co canh '

bing canh clia hinh thoi. Ti s6 ciia duﬁng chéo dai vﬁ ducmg chéo ngén cla
hinh thoi la :

'A)z—\/_* B)2+43; O2; D) V3 ; E)\@-i-l.

- Hay chon céu tra 1§i ding.

17.

18.

19.

BC & M va cit dudng théng DC & 1. Chimg mmh rang - o =

Qua dinh A ctia hinh vudng ABCD canh a, v& mot dudng thing cit canh
1 1

AM? A2 a2

Cho hinh vudéng ABCD c6 canh 1dm. Tmh canh ciia tam gidc déu AEF co

E thudc canh CD va F thudc canh BC.

Trong cac tam g1éc sau, tam gidc naﬂ la tam gidc vuﬁng, néu dc: dai ba
duong cao béng :

a) 3cin, 4cm, Scm ; ' b) 12¢m, 15cm, 20cm.

20, Chitng minh rang tam gidc ABC la tam gidc vudng néu cic éuﬁng phan

21.

22,

gidc BD, CE cét nhau tai I thod man BD.CE = 2BL CI

Xét cdc tam gidc vuong ABC c¢6 canh hu}fén BC = 2a. Goi AH 1a dudng

cao cia tam gidc, D va E 12 hinh chiéu cia H trén AC va AB. Tim gui tri
I6n nhét cha : . . -

a) Do dai DE ; : b*) Dién tich ut gidc ADHE.
Chitng minh ring trong mot tam gide : ' '

: a) Binh phuong cta canh déi dién voi gﬂc nhon bang tdng céc binh phuong

ctia hai canh kia trix'di hai 14n tich cla mot trong hai canh dy véi hmh

chiéu ctia canh kia- tr&n no.

ﬁi‘ i



23.

24.

28,

26.

b) Binh phuﬁhg clia ¢@nh d6i dién v6i gbc th bing téng céc binh phuong
cia hai canh kia cong v6i hai l4n tich cta moét trong hai canh &y véi hinh
chiéu cta canh kia trén né. '

Cho tam gidc ABC ¢6 BC = a, AC = b, AB = ¢. Chiing minh ring:

a) Néu b® < a” + ¢* thi B < 90°, |

b) Néu b > a” + ¢ thi B > 90°.

o) Neéub?=a® + o thi B = 90° |

Tam gidc ABC vuong tai A, dudng phan gisdc BD. Tia phéan gidc cua géc A
cit BD § 1. Biét IB = 10v/Scm, ID = 5v/5 cm, tinh dién tich tam gidc ABC.
Tam gidgc ABC vuong tai A, goi I 12 giao diém cﬁa cac cﬁrfﬁlg phﬁn. gidc.

a) Biét AB = 5¢cm, IC = 6em. Tinh d¢ dai BC. - 3

b) Biét IB = V5 cm, IC = 10 cm. Tinh cdc do dai AB, AC.

Cho tam gidc ABC vuong tai A, goi I 12 giao diém ciia céc dudng phan
gidc, M 1a trung diém cta BC.

- a) Biét AB = 6cm, AC = 8cm. Tinh BIM .

27,

28

b) Biét BIM = 90°. Ba canh ciia tam gidc. ABC ti I¢ v6i ba s6 nao ?

Mot tam gidc vuong c6 d¢ dai mot canh bing trung binh cong chia do dai
hai canh kia. : : a

a) Do dai ba canh cfia tam gidc vudng do6 ti 1& véi ba s6 nao ?

b) Néu d¢ dai céc canh cia tam gidc vuong dé 1a cic s6 nguyén duong thi
$0 nao trong cdc s6 sau c6 thé 12 do dai mot canh chia tam gide d6 : 17, 13,
30,485,223 ' - " '

Cho tam gide ABC vuong tai A, BC = 3/5cm. Hinh vuong ADEF canh

- 2cm c6 D thugc AB, E thude BC, F thuoc AC. Tinh cdc d¢ dai AC, AB.
29*, Tam gidc ABC céan tai A, goi I 1a giao di€m clia cdc dudng phén gidc. Biét

IA =25 cm, IB = 3cm. Tinh d6 dii AB.

30%*. Tam gidc ABC can tai A, dudng cao AD,I truc tam H. Tinh d6 dai AD, biét

AH = l4cm, BH = HC = 30cm.

31%. Tam gidc ABC c¢6 BC = 40cm, dudng phan gidc AD dai 45cm, dudng cao

AH dai 36cm. Tinh cdc do dai BD, DC.

~Vidu:26,27,29. |
Bai tdp : 167 dén 173, 186, 188 dén 191, 423.



§2. Ti SO LUONG GIAC CUA GOC NHON

Céc ti s6 lugng giac cla géc nhon o (h.17) dugc dinh nghia nhu sau :

: dai
20 SIng = : = cOSOL :, —
“ﬁﬁ'&e hﬂ}'él’l_ . huyﬁn
e cotga = —-.
o I | & T g a6
canhké = —— -
Hinh17 - 6i hai géc o va 3 phu nhau, ta ¢6 sino.= cosB

© coso= sinp, tga = cotg, cotgal = tgf.
V6i mot s6 goc dac biét, ta co :

- 2
sin30° = cos60° = L sin45° = cos45° = £,
c0s30° = sin60° = é, . cotg60° = tg30° = ~1— |

- tgd5° =cotgdS° =1, - _cotg30° = tg60° =\3.

Vi du 4*, Tinh tg15° ma khﬁng diing bang s6, khong ding B
mdy tinh,

. Gidi : . Cdch 1. Xét tam gidc ABC c6 A = 90°, B = 15°,
AC = 1 (h.18). Dm:fng trung truc ctia BC cﬁt AB 61 Tacé -

AC 1
AIC = 30 én [C=2AC= 2-m~ﬂt3{}°- , Al="«3.
nén AT oy \@ suyra 'of_

Tacé AB=AI+BI=AI+IC=+3 +2,

AC 1
tgls® == =2-+3.
s ' AB 2+\/§ | ' , Hinh 18

Cdch 2; Xét tam gide ABC c6 A=90°, B =30°, AC =1 (h.19).
é% % thDC' = vien AB =+/3. K&

N

'Ta ¢c6 B=30°nén BC = 2AC = 2,

dlm’ng phan gidc BD. Theo tinh chat duﬁmg phan glac
AD _DC_ AD+DC _ 1 iz
— =2-43.

AB BC AB+BC 3+2°




Ta ¢cd

A

1 2

30° 15
B H Mm 2  C

Hinh 19 . Hinh 20
Céch 3. Xét tam gidc ABC c6 A = 90°, C =15°, BC =4 (h.20).

Ké dudng trung tiyén AM, dudng cao AH. Ta c6 AMB = 30°, AM = 2

en A =1, 2L 2 530° . Bi8H HM =3,
HM 3 f
‘Suyra 'HCEHM+MC:J:§+2. |
| iP5t B i B
HC 2+f

Vi du 5. Xét tam gidc ABC vuong tai A, AB < AC, C = a<45° dlrcfng trung
tuyén-AM, dudng cao AH, MA = MB = MC = a. Chfmg minh céc cong thic :

a) sin 2o = 2sinccosa. ;
b) 1 + cos2a = 2cos oL

c) 1 - cos2a = 2sin’a.
Gidi : (h.21)

Ta ¢6 sino = ﬁ cosa = Eli,' m =l
. : - AC %

COS20L = — sta = = ——
- . a AM a
AH CH QAHCH 2AH.CH . 2AH

AC'AC a2  BCCH 21 a

a) 2sina.cosa = 2.




(1)

byXét  .2cosia= 2 _CE} 2.CH> _2CH _CH
BCCH 22 a

AC
Xét 1+c:052:1==1+m:3+HMxCH. (2)
' a a. a .

Tu (1) va (2) suy ra 1 + cos20, = 2cos>dL.
c) Thay cos”a bdi 1 — sina vao 1 + cos2a = Zcosga, ta cd

1 +cos2a =2~ 25in_20: nén-Zsinza =1 — cos2a.

Bai tép
32. Tinh sai s6 cﬁa c:taic phép dung sau :
a) Dung géc 72° bing cich di.mg goc nhon cha tam gidc vudng co6 cic canh
g6c vuong bang Iem va 3cm. -

b) Dung géc 20° bing cach dung géc & dmh cha tam gidc can c6 ddy 2cm,
canh bén 6cm.

33. Tam gIéc ABC c6 dudng trung tuyén AM bang canh AC. Tinh th tgC.

cosa + sinao.
COsdl — SIHDZ

34, Cho tga = % Tinh

35. Cho hinh vubng ABCD Tinh cos MAN biét ring M, N theo thit ty 12 trung
diém ctia BC, CD.

36. Cho tam gidc ABC vuong tai A, dudng cao AH. Goi D 13 diém d6i xtng -
~ v6i A qua B. Goi E 12 diém thuoc t1a doi cha tia HA sao cho HE = 2HA.

- Ching minh ring DEC = 90°,

37#%, Ching minh rang trong mot tam giac, dm:mg phan giéc ing vdi canh I6n
nhét nho hon hodc bing dudng cao 1ing vaz canh nhd nhit. .

. 38. Tinh tg22°30' ma khong diing bang s6, khﬁng diing may tinh.

39. Chitng minh rdng cos15° = -"@%\-E, sinlj"f:: [6—;--\-& ma khﬁng dung
bang .56, kKhong ding méy tinh.

40*, Tinh cos36°, cos72° ma khong ding bing s6, khong ding mdy tinh.



§3. MOT SO HE THUC VE CANH VA GOC
: TRONG TAM GIAC VUONG

Trong mot tam glac vui’mg, mo6i canh géc vuong bang canh huye[l nhﬁn wfﬂ
sin gbc d6i hay nhan v6i cosin goc ké ; méi canh goc vuong bang canh géc
vuong kia nhan véi tang gm: doi hay nhﬁn véi cotang goc ké i g

Vi du 6. Ching minh ring dién tich cla mot tam gidc (khﬁng vuﬁng) bﬁng e
mot nira tich ctia hai canh nhan v6i sin cfla géc nhnn tao bm céc ﬂucmg thang chua :
hai canh ay. . . : e

B
i
f
t
]
|
I
: O
- C H
Hinh 22

Gidi : Goi o 1a géc nhon tao bdi hai duﬁng thang AB AC cua &ABC

(h.22). V& dutng cao BH ta c6 BH = ABsina. =
DG dé SF\BC = —;"ACBH = T;-ACP&B sin C_{r.. b e £

Chii v : Sau néy nghién cﬁ'u ham s6 Iu{mg gide ta ¢6 311190 .I

sino. = sin(180° — &), do 'dé : Dién tich tam gidc bﬁng mot nira tich cua hal '
canh nhan véi sin ctia goc tao boi hai canh ﬁy T

Vi du 7*, Tam giéc ABC 6 A = B-i-ZC va dﬁ d?u ba canh Iﬁ ba sﬁ tu'__
nhién lién ti€p. ! '

- a) Tinh do dai céc canh ¢ha tam gléc o

b) Dung bang luong gidc hodc méy tinh bd tii dé tinh s6 do chia cdc gnc A |
B, C. .

Gidi : a) (h.23) _Trén canh CB i&'}) diém D sag {:h_cr CD_.:_ CA.. -Ta_- 6
A=Ri+A =Di+R2 . |
—B+Rr+ Ay =B+2h2
Theo dé bai, A =B +2C,suyra C = A, .

AABC < ADBA (g. gj s OB BB

DB AB




DatBC=a, AC=b, AB=cv8ia, b,ce N, tacd
g =E:;cz=a(a—b), W 1) .
a-b ¢
Do céc canh ctia tam gidc ABC 12 ba $6 tu nhién lién ti€p va a > b nén
a-b=1hodgca~b=2 -

c =2

c—-1=1

5¢=2, Khi d6a=4,b=3.Bas6 2,3 va 4 thod min bét dﬁng thitc tam gidc.
Néua—-b=2thia-c=1, khidé

Néu.a'wb=1't}ﬁa-c'=2 (i)t&czﬁc+2@¢cm'l)=2@{

- - le=2 c=2 -
-(1)<::>c-2=2(c_+ e clc—2)=2< & , loai.
| - c—-2=1 c=3

Vay AB=2, AC=3,BC=4.

b}(h24) KE:AHJ_BC Dat HC=x, HB=v. Taw
| X+y=4, ]

X!-y’= (3 - AH) - 2P -AH) =9-4=5, -

i x
RV nénx—y=g=i,25.
Hinh 24 _’ T4 |

Ti 6. x = 2,625 ; y = 1,375 ; cosC =

| 4

= 0,875 ; C =28°57"
cosB= 2 =0,6875; B=46°34' ; A =104°29",

Chii § - Ta con chitng minh dun'c;bai"toén tong quat hon ‘ﬁ du 7 : N&u tam
gidc ABC c6 géc A tix va do dél ba canh la ba s6 tu nhién lién uép thi céc dﬁ
dai d6 bing 2, 3, 4. '

Dé chﬁ'ng minh bai nay, ta sir dung bé dé : Néu tam gidc ABC c6 gbc A tu
thl AB® + AC* < BC? (xem Bai tap 22). -

Gmdﬁdmhacanhcuammgléclﬁn—I n, n+1vo’1neN Do A ::-90
nén BC 12 canh 16n nhat do d6 BC=n + 1. Theo bd dé txén

; (n—l) + n? c:(n+l)
Bién d6i thanh n” < 4n nén n < 4. Hién nhiénn 2 2, vay n = 2 hodc n = 3.

Loai n = 2 vi khong t6n tai tam gidc c¢é bacanh 1, 2, 3. Véin = 3, do dai
ba canh cha tam gidc la 2 3, 4, thoa man bét déng thitc tam gidc.



Bdi tap
41, Dung bang lugng gidc hodc mdy tinh bo tui, ha}f tinh :
" a) Chiéu cao ting véi canh 40cm cua mét tam gidc, biét goc ké véi canh
nay bing 40° va 55°.

b) Géc tao boi dudng cao va dudng trung tuyén ké tir mot dinh clua tam
gidc, biét cdc goc & hai dinh kia bing 60° va 80°. ‘

42, Tam gidc ABCc6 A = 105°, B =45°, BC = 4cm. 'f_mh cdc do dai AB, AC.

43. Tam gidc ABC.c6 A = 60°, AB = 28cm, AC = 35cm. Tinh do dai BC.

44, Cho mot hinh vuong c¢6 canh 1dm. Ngudi ta cat di & mbi gbc. cha hinh
| vuﬁng mot tam guic vudéng cén d€ dugc mot bt g1éc déu. Tinh téng dlén
- tich clia bén tam gidc vudng can bi cét di.

45. Tam gidc déu ABC c6 canh 60cm. Trén canh BC ldy diém D sao cho
- BD = 20cm. Pudng trung truc cia AD cét cdc canh AB, AC theo thit tr &
E, F. Tinh d6 dai cdc canh cta tam gidc DEF.

46. Cho tam gidc ABC c6 AB = ¢, AC = b, dudng phan gidc-AD, dudng trung
tuyén AM. Pudng thﬁng déi xing vm AM qua AD cﬁt BC & N. Tinh ti s0
BN:NC.

47*%, D6 dai hai ducmg chéo cfia mot hinh binh hanh ti lé vGi do dai hai canh
lién tlé'p ctia n6. Chimg minh ring cic géc tao boi hai dunng chéo bing céc
géc caa hinh binh-hanh.

48* Tt gidc ABCD c¢é cdc dudng chéo cat nhau & O va khﬁng vuﬁng goc voi
_nhau Goi H va K 14n lugt 13 tryc tdm cua cdc tam glac AOB va COD. Gm
G va I 14n luot 12 trong tam cfia cdc tam gidc BOC va AQOD.

ay Goi E 1a trong tam ca tam gidc AOB, F Ia giao diém clia AH va DK.
Chiing minh ring c4c tam gidc IEG va HFK déng dang.

b) Chung minh ring IG vuodng géc véi, HK.

49*, Cho tam gisc nhon ABC, céc diém D, E F theo thif tu thuuc cac canh AB,
BC, CA. Ching minh ring trong ba tam gidc ADF, BDE, CEF, ton tai mot

tam gidc ¢ dién tich nhd hon h.ué,c bang 11{ dién tich tam gidc A_BC. Khi
~ nao ca ba tam gidc do6 cung ¢6 dién tich bang :E dién tich tam gidc ABC?

~Vidu : 28.
Bai tdp : 192,



Chuong 11
DUGNG TRON

| §4. SU XAC PINH BPUGNG TRON.
TINH CH;{T pOI XUNG CUA BU(‘}NG TRON

Pudng tron tam O bdn kinh R(vGiR >0) la hmh gbm céc diém {:ach diém
O mot khoang bang R.

Tuy theo OM =R, OM < R, OM > R ma ta ¢6 diém M ndm trén, nim ben
trong, nam bén ngui‘u duong tron.

Qua ba diém.khong thing hang, bao gi® cling vé du{:rc mot dm'mg tron va
chi mét dudng tron. ‘

 Dudng tron ¢6 mot tam d6i xdng, d6 1a tam clia dudng tron. f)u‘ffng tron cd
vo s truc d6i xdng, d6 1a bét ki dudng kinh ndo cla né.

Vi du 8. Cho hinh thang can ABCD. Chimg minh ring t6n tai mot duﬁmg
tron di qua cé bon dinh cta hinh thang. ,

A M B Gidi : (h.25)

Goi M, N theﬁ thir ty 12 trung di€m cda cdc canh ddy
AB, CD ctia hinh thang can. MN la truc d6i xing cha hinh
thang c4n nén MN 1a dudng trung tryc ciia AB va clia CD.

C Goi O 1a glan dlém cia MN véi duﬁng trung truc
Hink 25 ctia BC. o

O thugc dudng trung truc clia AB nén OA = OB
O thudc dudng trung truc cua BC nén OB = OC.
rO thuﬁc duong trung tryc cha CD nén-OC = OD.

- Vay OA =0B=0C= 0D, du do duong tmn (O 0OA) di qua céc diém A,
B, C, D. ‘ ,

B mp

50. Chn tam gidc ABC can tai A noi ti€p dmmg tron (O) AC= 4Dcm BC 48cm.
Tinh khoang cédch tir O dén BC.



51. Cho tam gidc ABC can tai A néi ti€p dudng tron (O), canh bén bang b,
: dudng cao AH = h. Tinh bén kinh cta dufmg Irbn (O). _

52. Cho tam gidc nhon ABC noi tiép ducmg tron (O ; R). Goi M la trung diém
BC. Gia str O nam trong tam gidc AMC hodc O nim gifta A va M. Goi [ 1a
trung diém cta AC. Chiing minh ring :

) Chu vi tam gidc IMC 16n hon 2R.
b) Chu vi tam gidc ABC 16n hon 4R.

53. Cho tam glac ABC ndi tiép dudng tron (0). Geoi D; E, F theo thit wy la

"~ trung diém cha BC, AC, AB. Ké cdc dudng thang DD', EE, FF' sao cho
DD' // OA, EE' [/ OB, FF' /f OC Chung minth rdng cdc dudng thﬁng .50
ER, FF dong quy.

54. Cho ba diem A, B, C bt ki va dudng tréon (O) ban kinh bﬁng E Chu‘ng
- minh rimg t6n tai mot di€ém M ném trén dubng tron (O) sao cho

MA + MB + MC 2 3.
~ Bai tdp : 141, 147, 156, 175, 193.

§5. PUONG KINH VA DAY CUA DUONG TRON.
LIEN HE GIUA DAY VA KHOANG CACH TU TAM })EN mY

Quan h¢ vé do dai gitta dudng kmh va day dugc thé hién ¢ dinh 1i : Trong
mot dudng tron, day 16n nht 12 dudng kinh.

 Quan hé vuéng géc giita dudng kinh va day duﬁc thé hlén o céc dmh If:
~ DPudng kinh vuong goc voi mot day thi di qua trung dlem clia dﬁy a};

— Puong kinh di qua trung chem clia mot day kh-frng di qua tam th1 vuéng
gbc v6i day ay.

Dé& so sdnh do dai hai d:&y cua mﬁt du{mg tron dua vé‘m céc dinh 11 Trong
mot dudng tron - . |

— Hai day bang nhau khi va chi khi chiing cdch déu tam.
- Trong hai day khong béing nhaw, day 16n hon khi va chi khi né gn tam hon.
Vi du 9. Cho tam gidc nhon ABC nm nép dudng tron (O). M 1a diém bét ki

thudc cung BC khong chita A. Goi D, E theo thit ty 1a céc diém d6i xu‘ng vol M
qua AB, AC. Tim vi tri cha M dé DE c6 d6 dai 16n nhét. x .



Gidi : (h.26)
AB la dudng trung truc clia MD nén AM = AD,
CACIA dtrﬁf:}g trung true ctia ME nén AM = AE. Suy
ra AD = AE.

Tae0

MAD + MAE = 2(MAB + MAC) = 2BAC.

Hinh 26

Tam gidc ADE can tai A ¢6 DAE = 2BAC khong déi nén DE 16n nhit
AD Ién nhit <> AM 16n nhit <> AM la dudng kinh clia dudng tron (O).

Vi du 10. Cho dudng trdn tam O ban kinh OA = 11cm. Diém M thuéc ban
kinh OA va cdch O 1a 7em. Qua M ké day CD c6 d¢ dai 18cm. Tinh Cac do dai
MC, MD (MC < MD).’ | |

Gidi : (h.27)

Ke OH L CD. Tacéd

HC=HD =2 =18 _ 9 (cm)
7 "

Tam gidc OHD vuoéng nén
 OH?=0D?- HD?= 112 - 9% = 121 - 81 = 40,
Tam gidc OHM vuong nén ' | |
Hinh 27 MH? = OM? - OH? = 49 - 40 = 9 = MH = 3cm.
Do 46 MD =MH + HD =3 + 9 = 12 (cm), -
MC=HC - MH =9~ 3 =6 (cm).

Vidy 11. Cho dudng tron tam O bdn kinh 15¢m, diém M cdch O 1a 9em.
a) Dung day AB di qua M v c6 d6 dai 26em. L
b) C6 bao nhiéu day di qua M va ¢6 do dai Ia "
mot s6 nguyén xentimét ? o | 8 5
Gidi : (h.28) " | 3 ;’
@) Phdn tich. Gia sit di dung dugc day AB di
qua M vd AB=26cm. KEOH L AB,d6 daiOH=h EX_ 7 M
xéc dinh (h 12 khoang cich tir O dén day A'B' bitki A
dai 26cm). | |

Hinh 28



Diém H thoi min hai diéu kién :

— Nam trén dudng tron ¢6 dudng kinh OM ;
~ Nam trén dudng tron (O ; h). o
Cdach dung. Ban doc tu giai.

Chithg minh. Ban doc tir giai.

Bién ludn. Bai todn c6 hai nghiém hinh.

- b) Day ngén nhdt di qua M 13 day EF c6 khoéng cdch tir tam dén day 16n

nhdt (bing 9cm), day ndy c6 do dai 2v/15% — 9% = 24cm Day dm nhat di qua
M 1a dudng kinh CD ¢6 dd dai 30cm. :

Ung v6i mdi do dai 25, 26, 27, 28, 29cm, cb hai day di qua M. Do dé ¢

2+52= 12 (dﬁy) di qua M va ¢6 do6 dai 1?1 mot s6 nguyén xentimét, -

- B¢,

57.

58.

e B

Bdi tap

. T\ gidc ABCD ¢6 A = C = 90°,

a) Chdng minh ring AC < BD.
b) Trong trudng hop nao thl AC=BD?

Cho duong tron tam O dm?mg kinh AB, céc day AC, AD. Goi E 12 diém bit
ki trén dudng tron, H va K theo thit tu 13 hmh chiéu cia E trén AC, AD.

Chitng minh ring HK < AB.

Cho dudng tron tam O, day AB = 24cm, diy AC = 20cm (BAC < 90° va

diém O ndm trong géc BAC). Goi M la trung diém clia AC. Khoang cdch
tir M dén AB bang 8cm. ,

a) Chitng minh ring tam gidc ABC can tai C
b) Tinh béan kinh cha dudng tron.

Cho dudng tron tam O bdn kinh Scm, hai d&y AB vi CD snng song véi nhau
¢6 do6 dai theo thit ty bang 8cm va 6cm. Tinh khoang céch giita hai day.

Cho dudng tron tdm O, dudng kinh AB = IScm Day CD cé do dii 12cm
vudng goc véi AB tai H.

a) Tinh céc d6 dai HA, HB

b*) Goi M, N theo thi tu 12 hinh chléu cha H trén AC, BC. Tinh dIén tich
tr gidc CMHN., h



60. Cho nita dudng tmn tAm 0 dudng kinh AB, day CD. Goi H, K theo thit ty
la chan cdc dudng vuong goc ké tir A, B dén CD.

a) Chiing minh rang CH = DK.
b) Chfmg minh rﬁng SAHKB = S.ﬁCB +'SADB'
¢) Tinh dién tich 16n nhit cta ti gidc AHKB, biét AB = SDcm CD = 18cm.

61. Cho tam gidc ABC, cdc dudng cao AD, BE, CF. Duﬂng trdn di qua D, E, F
cét BC, CA, AB theo thd ty & M, N, P. Chiing minh rdng cdc dudng thing
ké tt M vuong géc v6i BC, ké tir N vuéng géc voi AC, ké tit P vudng goc
véi AB dong quy.

62%, Tam gidc ABC cén tai A noi ti€p dudng tron tam O. Goi D 1a trung diém
cia AB, E 1a trong tam cua tam gidc ACD. Ching minh rang OE vuong
goc voi CD.

~ Bai tqip : 142, 143, 153, 154, 176.

'§6. VI TRI TUONG DOI
CUA PUONG THANG VA BUONG TRON.
DAU HIEU NHAN BIET
TIEP TUYEN CUA PUGNG TRON

- Cin ct vao s6 diém chung 0, 1, 2 clia dudng fh:ﬁng va dudng tron ma ta
dinh nghia céc vi trf : dudng thing va dm:mg tron khong giao nhau, ti€p xiic -

nhau, cit nhau, Ung véi cédc vi trf trén, khoang cdch d tir tam dudng-tron dén
dudng thiang vi ban kinh R ctia dudng tron ¢6 céc lién h¢:d<R,d= R d>R.

Ta ¢d cac dmh B

— Néu mot dudng thing 1a t1ép tuyén cia mot dudng tmn thi né vuﬁng géc
véi ban kinh di qua ti€p diém.

~ Néu mot dudng thang di qua mot didm cha dudng tron vi vuong géc véi.
ban kinh d1 qua diém d6 thi dudng thang &y 12 mot ti€p tuyén cla dudng tron.

Vi du 12, Cho tam gidc ABC vudng tai A (AB < AC), dudng cao AH. Goi
E 12 diém d6i xing v6i B qua H. Dudng tron ¢é dudng kinh 1a EC cat AC § K.
Chiing minh ring HK 1a ti€p tuyén clia dudng tmn |



Gidi : (h.29). Goi O 1a trung diém cua EC thi

OE = OC = OK nén EKC = 90°. Goi M 12 trung
diém clia AK thi HM 12 dudng trung binh ciia hinh

" -thang ABEK, do d6 HM L AK. f
7 & _E S Tam gidic AHK ¢4 dudng cao HM ciing Ia
Hinn 29 duong trung tuyén nén la tam gidc can, do dé

Y

" Ki=A;. Ta lai ¢6 K2 =C, suy ma K1+K2—A1+C 90°, tic 1a
OKH = 90°. Viy HK 12 tiép tuyén clia dudng tron (O).

Vi du 13. Cho mot hinh vuong 8 x 8 gém 64 6 vuéng nhd. Pat mot tdm
bia hinh tron ¢6 dudng kinh 8 sao*cho t&m O cha hinh tron triing véi tam cha
~ hinh vudng.

a) Chitng minh :?uig hinh tron ti€p xtdc v6i cac canh ctia hinh vudng.
b) C6 bao nhiéu 6 vuéng nho bi tAm bia che 14p hoan toan ?
Gidi : (h.30)

a) Ban kinh cta hinh trdn bing khodng cich tir i 5 '

tam ctia hinh tron dén médi canh cha hinh vuodng o 2
(cung bang 4) nén hinh tron ﬂé’p xtic v6i cdc canh /.rf W E\\-
cua hinh vuéng. 7 o\

b) Xét hinh vuong AOBN va céc diém C, D, E | R

- B

nhu trén hinh v&. Ta ¢6 OC = OD = \/_3 < 4 nén \ = /*'
C va D nam trong dudng tron, OF = \/— >4 nén N 3
E nim ngoai dudng tron. C6 8 6 vudng nho bi che i N
14p hoan toan. Vay tung cong c6 320 vuong nho bi Q | o
tdm bia che 14p hoan toan. | . Hinh 30

Bdi tap
63. Cho nira dudng tron tam O dudng kinh AB, M Ia mot didm thuoc nita

duong tron. Qua M vé tiép tuyén véi nira dudng tron. Goi D va C theo thit
tu 1a cdc hinh chi€u clia A va B trén ti€p tuyén &y.

a) Chiing minh rdng M 12 trung diém cta CD.
b) Chitng minh ring AB = BC + AD.



64.

63.

66.

- 67.

68.

c) Gid sit AOM > BDM goi E 12 giao diém chia AD vm nira dufmg tron.
Xdc dinh dang cua it gidc BCDE. -

d) Xéc dinh vi trf ctia diém M trén nira dudng tron sao cho tf gide ABCD
¢O dién tich I6n nhdt. Tinh dién tich d6 theo ban kinh R ciia nira dudng
tron da cho. '

Cho tam gific ABC can tai A, I 12 giao diém clia cdc dudng phan gidc.

a) Hay xdc dinh vi tri tuvong d6i cla dlrﬁng thing AC véi dudng tron (O)
ngoai ti€p tam gidc BIC.,

b) Goi H Ia trung diém ctia BC, IK 12 dudng kinh cha dudng tron (O).
' _ HI

| HK

Cho nlra dudng tron tam O c6 dudng kinh AB, Ax 1a tiép tuyén cha nira
dudmng tron (Ax va nira dudng tron nim clng phfa déi véi AB), C Ja mot
diém thuoc nira dudng tron, H 13 hinh chiéu clia C trén AB. Pudng thing

qua O va vudng géc véi AC cit Ax tai M. Goi I 12 giao diém cia MB va
CH. Ching minh rang CI = IH.

Chiing minh ring

Cho hinh thang vuéng ABCD (A = D = 90°) c6 Brﬂf:'x 90° véi M I
trung diém ctia AD. Chiing minh réng : | |
a) AD Ia ti€p tuyén ctia dudng tron c6 dudng kinh BC.

b) BC 1a ti€p tuyén cta dudng tron co du‘orng kinh AD.

Cho nita dudng tron tam O c6 duong kinh AB, C la mot, d1ém thuﬁc ntra
dudng tron, H 1a hinh chiéu cla C trén AB. Qua trung diém M ctia CH, ké
dudng voong gbc v6i OC, cét nira dudng tron tai D va E. Chimg minh ring
AB la ti€p tuyén cla dudng tron (C; CD). -

Cho dudng trdn tam O duodng kinh AB. Goi d va d' 12 céc tiép 1uyén tai A va

tai B clia duﬁng tron, C 12 mot diém bat ki thuoc d. Pudng vuong goc v6i

OC tai O catd' & D. Chi’mg minh rdng CD 12 tiép tuyén cha dudng tron (0).

69*. Cho nira dudng tron tam O c6 dudng kinh AB, C 1a mot diém thudc nita

duong tron. Qua C ké ti€p tuyén d v6i nira dudng tron. Ké céc tia Ax, By
song song v6i nhau, ¢t d theo thit ty tai D, E. Chitng minh ring AB Ia t:ép
tuyén clia duong tron dudng kinh DE.

70. Cho dudng tron tam O ¢6 dudng kinh AB = 2R. Goi d 12 ti€p tuyén cla

dudng tron, A 12 ti€p diém. Goi M 1a'diém b4t ki thuoc d. Qua O ké dudng
thdng vudng goc véi BM, cit d tal N. ~



a) Ching minh rang tich AM. AN khéng ddi khi diém M chuyén déng trén
dudng thing d.

b) Tim gid tri nho nhdt ciia MN. |
71*. Cho tam gidc ABC can tai A ¢6 A = a, dudng cao AH = h. V& dudng tron

tam A ban kinh h. Mot ti€p tuyén b4t ki (khdc BC) clia duong tron (A) cét
cac tia AB, AC theo thit ty tai B, C', . |

a) Chiing minh rang S ABC.{‘ Sapc-

b) Trong céc tam gidc ABCc6 A = o va du@ng cao AH = h, tam gxéc nao
co dién tich nhé nhat-? |

~ Vi du : 30,

Bai tap : 174, 177.

§7. TINH CHAT CUA HAI TIEP TUYEN CAT NHAU

Néu hai ti€p tuyén ctia mot dudng tron cit nhau tai mét diém thi :
— Piém d6 cdch déu hai ti€p diém ;
| ~ Tia ké tir diém d6 di qua tam 12 tia phan gidc ¢ha guc tao boi hai tiép
tuyén ; |
— Tia ké tir tam di qua diém d6 1a tia phﬁn gidc clia géc tao béi hal bdn
kinh di qua céc ti€p diém. -

Vi du 14. Cho doan thing AB. Trén cung mot nira mit phing bd AB, vé
nira duang tron (O) duorng kinh AB va cédc tiép tuyén Ax, By. Qua diém M
thudc nira duﬁng tron nay, ké ti€p tuyén cit Ax, By theo thit ty tai C va D. Goi
N Ia giao di€m ctia AD va BC. Chiing minh ring MN vuéng géc v6i AB.

Gzat (h.31) Ta c6 Ax // By nén theo dinh If Ta-1ét

y : ND DB

5 - | NA AC’

X M Theo tinh chat hai tiép tuyén cét nhau
DB =MD, AC = MC. (2)

(1)

| Tir (1) va (2) suy ra ND - MD. Do do
. NA MC

A 0 B MN // AC (dinh Ii Ta-1ét ddo).
| Hinh 31 MN//AC, ma AC L ABnén MN L AB.




- Vi du 15*%, Cho dudng tron tam O, diém K nidm bén ngoai dudng tron. Ké
+ céc tiép tuyén KA, KB véi dudng tron (A, B 12 céc ti€p diém). Ké dudng kinh
AQOC. Tié€p tuyén cta duong tron (O) tai C cat AB ¢ E. Chimg minh rﬁng

a) Céc tam gidc KBC va OBE ddng dang.

b) CK vuodng géc véi OE,

Giai : (h.32) . .
a) Ta cu AK // CE (ciing vudng géc véi AC} !

=% BEC m — BCE = K1 OKB

= tg BCE = thKB BE OB
BC KB
BC BE '

‘Talaicé By =By (cﬁng_phl_l ﬁéi' B3) nén

KBC.=OBE. . (2
Tir (1) va (2) suy ra AKBC o AOBE (c.g.c).

b) Tir ciu a) suy ra BCK = BEO
Goi I 13 giao diém cha BC va OE. H 12 giao diém cta CK va OE Xét

hai tam gidc IBE" va THC ta chimg minh duge H =90°. Vay CK L OE

| Baitop |
72. Cho nita dudng dudng tron tim O cé dudng kinh AB = 2R. V& cdc tiép
tuyén Ax, By v6i nira dudng tron va tia Oz vudng goc véi AB (cdc tia Ax,
By, Oz ciing phia véi nita dudng tron d6i v6i AB). Goi E 1a diém bat ki cha
nira dudng tron. Qua E vé tiép tuyén v6i nita dudng tron, cit Ax, By, Oz
- theo thit tw ¢ C, D, M. Ching minh réng khl dlém E thay déi vi trf trén nira
- duding trun thi : - :

a) Tich AC. BD khon g déi.
b) Diém M chay trén mot tia.

c) Té gidc ACDB ¢6 dlén ti{:h nhé nhﬁt khi nd la hmh chﬁ nh&t Tmh dién
tich nhé nhit dé, -



73.

Cho doan thing AB. V& vé mot phia cha AB cédc tia Ax, By song song
v@i nhau.

a) Dung du&mg tron tam O tlép xtc véi duan thing AB va tiép xic vdi cdc
tia Ax, By.

b) Tinh AOB.

- ¢) Goi céc tiép diém clia dudng trdn (O) véi Ax, By AB theo thit tu 1a M, N,

H. Chitng minh rdng MN la ti€p tuyén ciia dudng tron co dutng kinh AB.

 d) Céc tia Ax, By c6 vi tri nhu thé nao thi HM = HN ?

74.

3.

76.

77.

Cho hinh thang vuéng ABCD (A = D = 90°), tia phan gide cia goc C di
qua trung diém I cha AD. '
a) Chiing minh ring BC 1a nép tuyén ctia dudng tron (I -IA).

b) Cho AD = 2a. Tinh tich cfia AB va CD theo a.

¢) Goi H 12 tiép diém chia BC v6i dudng tron (I) néi trén. K 1a giao diém
ctia AC va BD. Chitng minh rang KH song song véi DC.

_Cho dudng tron tam O c6 dudng kinh AB, D 1a mot diém nam trén duong
“tron. Céc ti€p tuyén clia dudng tron tai A va tai D cét nhau 6 C. Goi E la
hinh chiéu cha D trén AB, goi I 1a giao diém cua BC va DE. Chiing minh
ring DI = IE. |

Cho tam gidc ABC cén tai A, O 1a trung diém ctia BC. V& dudng tron t4m
O tiép xidc véi AB, AC tai H, K. M6t ti€p tuyén vdi dudng tron (O) cit céc
canh AB, AC & M, N. '

a) Cho B =C = . Tinh MON. ,

b) Ching mmh ring OM, ON chza ta gidc BMNC thanh ba tam gléc
dbng dang.

c) Cho BC = 2a. Tinh tich BM. CN.

" d) Tiép tuyén MN & vi trf ndo thi tdng BM + CN nho nhdt ?

Cho tam gidc ABC vuodng tai A, duong cao AH, HB = 20cm, HC = 45cm.
V& dudng tron tam A ban kinh AH. Ké céc tiép tuyén BM, CN véi dudng
tron (M va N 12 céc tiép diém, khdc diém H).

a) Tinh dién tich tit gidc BMINC. |

'b) Goi K 1a giao diém ctia CN va HA. Tinh céc do dai AK, KN.

¢) Goi I 1 giao diém clia AM vi CB. Tinh céc d6 dai IM, IB.



78.

9.

80.

Cho duong tron tam O ban kinh 6cm. Mot diém A ndm bén ngoai dudng
tron sao cho céc ti€p tuyén AB, AC v6i dudng tron vudng goc voi nhau (B,
C 12 cdc ti€p diém). Trén hai canh AB, AC clia géc A, 14y céc di€ém D, E
sao cho AD = 4cm, AE = 3cm. Ching minh ring DE la ti€p tuyén clia
dudng tron (O).

Cho hinh vuéng ABCD c6 canh bing a. V6i tam B va ban kinh a, v& cung
AC nim trong hinh vuong. Qua diém E thuoc cung d6, v& ti€p tuyén voéi
cung AC, cit DA va DC theo thi ty tai M va N.

a) Tinh chu vi tam gidc DMN
b) Tinh s6 do g6éc MBN.

¢) Chiing minh rang %— <MN<a.
Cho hinh vuéng ABCD. Mot dudng tron tam O ti€p xtc vdi cac dudng

thing AB, AD va cit mébi canh BC, CD thanh hal doan th.;tng cb do dai 2cm
va 23cm. Tinh bén kinh cta dudng tron.

~ Bai tdp : 144, 158, 178, 181, 182, 187.

§8. PUONG TRON NOI TIEP TAM GIAC

Puong tron ti€p xitic véi ba canh clia mot tam gidc goi 1a dudng tron noi ti€p

tam gidc, cOn tam gidc goi 14 ngoai ti€p dudng tron. Tam cﬁa'dubng tron noi ti€p
tam gidc 1a giao diém cla céc dudng phan gide cdc goc trong clia tam gidc.

Vi du 16. Dudng tron (O) néi ti€p tam gide ABC ti€p xidc v6i canh AB tai

D. Tinh s6 do goc C biét ring AC.BC = 2AD.DB.

Gidgi : (h.33) Goi E, F 1a cdc t1€p diém cla
dudng tron (O) trén CB__ CA.Taco:

AD = AF, BD = BE, CE = CF.
Pit AD=AF=x, BD=BE =y.

nén

Theo gia thiét

ab = 2xy )

Hinh 33

tacd
AB+AC-BC=(x+yv)+ (x+CF)~(CE +y)=2x
2x=b+c—a.



‘Tuong tu : 2y =a+c—b.
Suy ra o 2x2y=[c—(a- _b)}_[i:'+ (a-b)l=c’—(a ~__['_)}2 _'
=d-af+2b-2 .+ . @

Tu(l)va(Z)suym Zab—c — 2’ +2ab bhaya +b =c? |

Theo dinh 1 Py- ta-go dén, ACB = 90‘:’ _

V: du 17. Tam gisc ABC c6 chu vi SUcm ngua:l tu.%p du’cfng trt)n (O) Tlép'
tuyén ctia duong tron (O) song song véi BC cit AB, AC thea thu‘ tu F:r M, N.

a) Cho biét MN = 9,6cm. Tinh d6 dai BC. : :

b) Cho biét AC — AB = 6¢cm. Tinh céc d@ dai Aﬁ, AC, BC dé MN c6 gid m
16n nhat. -

Gidi : (h 34) MN // BC nén tam g1ac AMN va | A
tam gidc ABC déng dang, do dé6 - |

MN chuvi AMN -
BC chu vi ABC

Goi D, E, F theo thit ty 1a cdc ti€p diém clia dudng
tron (O) v6i AB, AC, BC. Ta ¢c6 AD = AE, BD = BF,
CE = CF.

~ Chu vi tam 'giéc AMN bing | |
AD+AE=AB+AC-BC. . (2). . .- Hinh34_

_a) Dt BC X. T (2) suy ra chu vi tam giac AMN béng 80 2BC, hay, 80 2X.
: ’I‘u(l)suy ra 96 80~ Zx
. 3 4 - 80

Bua vé phuong trinh x ~40x + 384 =0 t:> (x— 24)(x- 16) E}
Cé hai ddp s6 : BC = 24cm hoic BC = lﬁcm |
b) bit BC = X. Tir (1) suy ra '
MN 80 -2x
x 80 |
max MN = 10 & x = 20.
D& dang tinh duge BC = 20cm, AB = 27cm, AC = 33cm.

nén 40MN = x(40 - x) = — (x ~20)* + 400 < 400.



Vi du 18. Goi r 1a ban kinh clia dudng tron noi ti€p mot tam gidc vuong va

h 1a dudng cao ting véi canh huyén. Ching minh ring 2 < L < 2.5

T

Gidi : Xét tam gidgc ABC vuong tai A, goi I.1a tam clia duﬂng tron nfn tiép

(h.35). Ké AH, ID vu(mg goc voi BC. Dat BC=a, AC=b, AB C.

nén

- 81.

82.

83.
84.
85.

86.

Ta cé ah (a+b+ c)r (cung bing 28}

E_a-}-b&-c}a-l—amZa-mz:: a

- a a . a :
Ma AH < AL+ IDhay h<1V2 +1dodé
=<N2+1<25. 0 @) Hinh 35

Tit (1) va (2) suy ra 2 < Wi b
: _ " |

Bdi i'c!p

Chﬂ tam gidic ABC vuﬁﬁg tai ﬁ AB = 15cm, AC 20cm. G{n I 14 tam cia .
duding trdn noi ti€p tam gidc. Tinh khodng cdch tir I dén dudng cao AH cla
tam gla-:: ABC. |

Tinh cac c:anh clla tam gidc vuong ngnal ti€p dudng tron biét :

a) Tiép diém trén canh huyén chia canh dé Ihanh hai doan thdng Scm va
12¢m :

b) Mot canh gbéc vubng bﬁng Zﬂcm ban kmh cua dlr{mg tron nm tlép bang
6cm. .

Tinh dién tich tam glac vuéng blé’t mot canh géc vuong bing IZcm ti s0 giita
bé4n kinh clia cac dudng tron nﬁl ti€p va ngoai ti€p tam gidc do bang 2: 5.

Cho mat tam gidc vudng c6 canh huyén bﬁng 10cm, dién tmh béng 24cm

Tinh ban kinh ctia dudng tron ndi tiép.

Cho tam gidc ABC vuéng tai A, AB = 5. Tinh cdc do dai AC, BC blét r&ng
s6 do chu vi tam gidc ABC. bi’ing 86 do dién tich tam gidc do.

Cho tam giac ABC vudng tai A, duong cao AH. Goi (O ; 1), (043170 (055 15)
theo thi ty 1 céc dudng tron néi tiép cdc tam gide ABC, ABH, ACH.



87.

88.

89,

- 90.

91.

92.

93.

a) Ching minh ring r + 1, + 1, = AH.
b) Chitng minh rﬁﬁg = rl2 + r22 ;

¢) Tinh d6 dai O,0, biét AB = 3cm, AC =4cm. -

Puding tron (O ; 1) noi tiép tam gidc ABC. Céc ti€p tuyén véi dudng tron (O)
song song vdi cdc canh clia tam gidc ABC cit tir tam gidc ABC thanh ba tam
gidc nhé. Goi ry, 15, 13 14n lugt 12 ban kinh cha dudng tron noi tiép cﬁc tam
gidc nh6 d6. Chimg minh rdng r; + 1, + 13 = 1.

Bu'ong tron tam I néi ti€p tam g;.ac ABC tiép xiic véi BC, AB, AC theo thi
tr & D, E, F. Qua E ké dudng thing song song v6i BC cét AD va DF theo
thit tw & M va N. Chitng minh ring M la trung diém cfa EN.

Tam gidc ABC vuong tai A ngoai ti€p dudng tron tam I ban kinh r. Goi G
la trong tam cha tam gidc. Tinh c4c canh cta tam gidc ABC theo r bit
rang IG song song véi AC.

Tam gidc ABC vudng tai A ¢6 AB = 9cm, AC = 12cm. Goi I 12 tAm cda
dudng tron noi tiép, G 1a trong tam ¢l tam gidc. Tinh do dai IG.

Cho tam gidc ABC ngoai tiép duong tron (0). Goi D, E, F theo thit tu 12
ti€p di€m trén cdc canh BC, AB, AC. Goi H 1a chan dudng vudng goc keé tir

D dén EF. Ching minh ring BHE = CHF.

Cho tam gidc ABC c6 AB = AC = 40cm, BC = 48cm. Goi O v I theo thu
tir 1a tAm cha cdc dudng trdn ngoai ti€p va noi ti€p tam gidc. Tinh :

a) Ban kinh ctia dudng tron noi tiép ;
b) Bin kinh ctia dudng tron ngoai tlep ,
c) Khoang cdch OL

Tinh cédc canh cia mét tam gidc can biét ban kinh cla dudng tron noi tiép
bang 6¢m, ban kinh clia dufmg tron ngoai ti€p bang 12,5cm.

- 94*, Ban kinh cha dubng tron noi ti€p mot tam gidc bﬁng 2cm, tiép diém trén

mot canh chia canh d6 thanh hai doan thing 4cm va 6cm. Tinh céc {:anh
con lai cha tam gidc.

- 95%, Tinh cdc géc ctia mot tam gidc vudng biét sff giu& cac ban kinh cta

dudng tron ngoai tiép va du{mg tron noi t:ép bing \E + 1,

96. Cho tam gidc ABC. Dudng tron (O) noi t;ép tam gidc ABC tlé'p xtc véi BC

tai D. V& duﬁjng kinh DN cda dudng tron (O). Ti€p tuyén cia duﬁmg tron
(O) tai N cit AB, AC theo thit tu tai I, K.



NI DC

NK DB’ .
b) Goi F 1a giao diém cha AN va BC. Chimg minh ring BD = CF.

97. Cho dudng tron (O) noi ti€p tam gidc déu ABC. Mot tiép tuyén clia duﬁng-
tron cat cdc canh AB va AC theo thit ty & M va N.

a) Tinh dién tich tam gidc AMN biét BC = 8cm va MN = 3cm.
b) Ching minh riing MN” = AM” + AN” — AM.AN.

¢*) Ching minh ring AM .
MB NC

98*. Cho tam gidc-ABC ¢6 BC = a, AC = b, AB = ¢. Goi (I) 12 dudng tron noi
tiép tam gidc. Dumlg vuong goéc véi ClI tai I cit AC, AB then thu’ tw & M N.
Ching minh rang : £ s

a) AM. BN = IM? = IN? ;

2 2 2
b) o '+IB +IC =],
.- bc. ca ab
99*, Cho tam gidc ABC ¢6 BC < AC < AB. Trén cdc canh AB, AC 14y céc diém
D, E sao cho BD = CE = BC. Goi O, I theo thtf tu 14 tam ctia cdc dudng
trdn ngoai ti€p, nodi ti€p tam gidc ABC. Chitng minh ring ban kinh cha
duding tron ngoai tiép tam gidc ADE béng OL

~a) Ching minh ring

© 100. Goi R var theo thi tu 12 céc bén kinh cha céc dudng trdn ngoai ti€p va ndi
tiép mot tam gidc vufbng c6 dién tich S. Ching minh ring R + 1 2 V28

101. Trong cdc fam glac 'ABC ¢6 BC = a, chiéu cao tuong dng bing h, tam gidc
nao c6 ban kinh clia dudng tron ndi tiép hfm nhat ?

102. Trong cic tam gidc vudng ngoai tiép ciing mot dudng tron, tam gidc nio
- €0 dudng cao tng v6i canh huyén 16n nhat ? :

103%, a) Cho dudng tron tam I bén kinh r ndi tiép tam gidc ABC Chitng minh
rang IA + IB + IC = 6r.

b) Cho tam g:ﬁc nhon ABC néi nép duong tron (O ; R). Gm P, Q, N theo
thir tur 12 tam ciia cdc dudng trdn ngoai ti€p cidc tam gidc BOC, COA, AOB.
- Chitng minh rang OP + OQ + ON 2 3R.

104. D6 dai cdc dudng cao cua tam gidc ABC 14 cédc s0 tu nhién, ban kinh cla
dudng tron ndi ti€p bang 1. Chitng minh ring AABC 1a tam gidc déu vi
tinh A6 dai cdc dudng cao ciia tam gidc do. .



105, Goi h,, hy, h, 1a céc du&ng cao Umig véi céc canh a, b, ¢ cha mét tam gidc,
- 1 la ban kinh clia dudng tron noi ti€p. Ching minh cac bat ding thitc sau ;

a)h, +hy +h, 29r;

b) hy + h{ +h2 > 2712, A
Khi nao thi xay ra ding thic ?

~ Bai tdp : 155, 157.

~ §9. PUGNG TRON BANG TIEP TAM GIAC

Duong tron ti€p xic véi mot canh clia mot tam gidc va tiép xic véi cac
phin kéo dai ctia hai canh kia goi 13 duong tron bang tiép tam gidc. Tam cha
moi dudng trdn bang ti€p tam gidc 1a giao didm hai duong phan gidc chia hai
g0C ngoai chia tam gidc hodc giao diém cta tia phan gidc clia géc trong va mot
trong hai dudng phan gidc cha géc ngoai khong ké véi né. |

Vi du 19. Cﬁo tam gidc ABC. Chiing minh ring
‘cdc ti€p diém trén canh BC clia dudng tron bang ti€p
trong géc A va clia dudng tron noi ti€p d6i xung véi
nhau qua trung diém ciia BC. |
Gidi : (h.36)
Goi I 12 tam cha dudng tron noi ti€p, O 1 tam
cia dudng tron bang tiép trong géc A, D la tiép
- diém-cta (I) trén BC. Goi P, F, Q 1 tiép diém ctha
(O) v6i cdc duong thing AB, BC, AC. -
D3t BC = a, AC = b, AB = ¢. Theo tinh chét cic
. ti€p tuyén cha dudng tron (O) :
CF=CQ=AQ-AC (D
AP + AQ = 2AQ = chu vi ABC. @

Hinh 36

Tir (lj va (2) suyra , - . |
2CF=2QA-2AC=(a+b+c)-2b=a+c—b. - (3)
Theo tinh ché’i cdc ti€p tuyén chia duﬁng tron (I) ta cd '
2BD=a+¢c—b. (4)



T (3) va (4) suy ra CF = BD.
Vay D va F déi xiing v6i nhau qua trung di€ém cta BC.

Bai tap
106. Goi a, b, ¢ 14n luot 1a c4c canh clia tam gidec ABC ; hy, hy, h, 13 cdc dudng cao
_ wong tng ; R,, Ry R, 12 bén kinh clia cdc dudng tron bang tiép tuong ing ;
r 12 bédn kinh clia duong tron ndi tiép ; p 1a nira chu vi tam gidc ; S Ia dién
tich tam gidc.
Chiing minh ring :
a)S=R(p—a)= Rb(p -b)=R(p—c¢);
b}z.: I-+1+1'; |
r R, Ry R,
1 I 1 1
c) = + — = !
R, h, hy h,

107. “Tinh canh huyén clia mét tam gidc vudng, biét r 12 ban kinh ctia dudng
- tron néi ti€p va R 1a ban kinh cha dudng tron bang ti€p trong géc vuodng.
108. Cho tam gidc ABC. Goi (P), (Q), (R) theo thit tu 1a cdc dudng tron bang

ti€p trong céc goc A, B, C.

a) Goi ti€p diém cha (Q), (R) trén dm?fng théng BC theo thu ar Ia E F.
Ching minh réang CE = BF.

b) Goi H, 1, K theo thit tu la tlép diém chia cdc dlm'ng tron (P}, (Q), (R) vm
cac canh BC, AC, AB. Neu AH = Bl = CK thi tam gidc ABC la tam gidc g}.

e V: d’u 24.

Bai tdap : 149, 183 dén 185

'§10. VI TRf TUONG POT CUA HAI BUONG TRON

Cin cif vo s¢ diém chung (0, 1, 2) cha hai dtmfng' tron ma ta dinh nghﬁfé
céc vi tri : hai dudng tron khong giao nhau, tiép xiic nhau, cat nhau. |
Do tinh d6i xing cha dudng tron, néu hai du’ﬂng tron cat nhau thi hai giao

diém ddi xing véi nhau qua dudng n6i tam, nén hai dudng tron ti€p xuc nhau
thi ti€p diém nim trén dudng néi tam.



Vi du 20. Cho hai dudng tron (O ; R) va (O’ ; 1) tiép xiic ngoai‘tai A. Ké
tiép tuyén chung ngoai BC, B « ({}) C e (0. : w

a) Tinh BAC .

b) Tinh BC.

¢) Goi D 1 giao diém cta CA véi dudng trén tam D (D # A) Chﬂ*ng mmh
rdng ba diém B, O, D thing h?mg . :

d) Tinh BA, CA.

Gm: (h.37)

a) Kc tiép tuyé’n chung trnng tai A cat BC ol
Tac6IB=IA =ICnén BAC = 90°.
b) IO L IO' (tia phan glac cla hal goc ké bu) i
nén OIO" = 90°. ' ‘ L,
Tam gidc 100 Vliﬂl’lg, dmmg cao A nén
Hinh 37 | IA2=0A.0A = Rr. .
Do d6 BC=21A = 2+/Rr.

c) Ta cé6 BAC = 90° nén BAD = 900 Tam g1é.c ABD vuﬁng tai A nﬁl tié’p
duong tron (O) nén BD la duong kinh! '
d) ACBD vuﬁng tai B nén :

L 4. 1, 1, I R+r

= - + =
BA* BD? BC? 4R? 4Rr -4R2
suy ra BA = . o
3 JR+1 _ .
2r«f§

Tuongty = CA =

~JR+r*

Vi du 21*, Cho diém B nim giita A va C sao cho AB = 14cm, BC = 28cm.
V& vé mot phia cta AC céc nira duo’ﬁg tron tam I, K, O c6 dudng kinh theo thi -
ty AB, BC, AC. Tinh bdn kinh clia duong trdn tam M tiép xdc ngoal véi céc
ntra dudng tron (I), (K) va ti€p xdc trong v6i nita duo‘ng tron (0). -
Gidi : (h.38). Goi D 12 glao diém cta OM va du‘dng tron (O) Ta 6 .
AC 14 + 28

OA=0D=0C= -*21 {cm)
; 2 s BE




Ol = OA ~ IA =21 - 7 = 14 (cm),
OK = OC—KC=21~14 =7 (cm),
- IK =14 + 7 =21 {cm).

Goi ban kinh cha dudng tron (M) 1a x. Ta c6. e & G
M=x+7 MK=x+14, MO=0OD-MD=21-x. A IHB O K z

Céch 1. KéMH L AC. Tac6 o
HEK2 — HE? = MK? - M = (x + 14)? = (x + )% = 7(2x + 21).
Ta lai ¢6 HK + HI = IK =21, suy ra

HK - HI*%K-F? | (1)

Ta co HO? HI = MO’ ~ I = {21 -x) —(x-!—?) -—’28(14 Zx)

Ta la1 c6 HO + HI = Ol = 14 suy ra |

| HO - HI=2(14-2x). = )
Ty (D va(2)tacd

HK - HO = %x +7-2(14-2x) = 7@:: - 3).

Ta lai cﬁHK*HOxDI{z'T, suy ra '-;-x—fi =1. Vay x = 6.

Bén kinh dudng tron (M) bing 6cm.
Cdch 2. K& MH L AC. Goi them HI = y. Ta c6 - §
HK? - HP = MK? - MP® & 21~y -y’ = (x + 14) = (x + 7)°
- & 2121 - 2y) = 7(2x +21)
Riit gon duge v oxkBy=Rl o o T @)
Ta lai c6 R N
HO? - HI> = MO* - MIE@(M—};) iy "(21~—x) -(x+‘?)
| & 14014 ~ 2y) = 28(14 ~ 2x).
" Rit gon dugc o 2% — y= 7. ) B -(4j
Tix (3) va (4) suy rax=6,y=5. Bén kinh dudng tron (M) bing 6cm. -
Cdch 3. (ap dung céng thitc He~r6ng t{nh dién tlch tam gmc 1

S = Jp(p - a)p - b)(P - )

~v6i do dai céc canh a, b, ¢ va nira chu vi p).




Chu vi tam giéc MOI biing 14 + (21 — x) + (x + 7) = 42 (cm).
Chu vi tam gtac MOK bing 7+ (21 ~Xx) + (x+ 14) = 42 (-::m)

Do IO = ZOK nén SMOI — g SMDK* tll'C la SMDI = 4SMDK
Tacé Shop = 2121 — 14121 - 21 021 - (x + 7] =21.7x(14 - ),
20 = 2121 =D21 - 21 = x))21 = (x + 14)] = 21.14x(7 = %).

Do S{or = 4S}ox nén-
21.7x(14 - X) = 4.21.14x (7 = X).
Tix d6 x = 6. Bén kinh dudng trdn (M) biang 6cm.

Vi du 22. Cho hai dm:mg tron (0), (0') c6 cung bén kinh, cat nhau tai A va
B. K& cat tuyén chung DAE cla hai dlrcmg tmn D € (0), E € (0. Ching
minh réng BD = BE. _

Gidi : (h.39). Goi I 1a giao di€m cha AB
va O0'. Theo tinh chét cta hai dudng tron cat
‘nhau, OO' L AB va Al = IB.

Tam gidc BOO' can ta1 B, BI la duung
caonén.

10 =10

- Hinh 39 5 . Ké OH, IM, 0K vuung géc véi DE. Ta
c6 OH // IM // O'K va Ol = 10" nén theo tmh chat ducrng thang song song cach
(iéu ta c6 HM = MK.

Tam gidc IHK co ducmg cao IM 1a dudng trung tuy€n nén HI = IK Ta lai
c6 HI 1a dudng trung binh cla tam giac ABD, IK 1a dudng trung binh cta tam

‘gidc ABE nén HI = %@_ IK = —E}; Viay BD = BE.

- Chiy: Néu ding kién thic vé goc nm t1€p (§12), ta dé dang chung minh
dugc D = E nén BD = BE.

Vi du 23. Cho hai ﬂuu‘ng tron (Q) va (O') & ngoai nhau. K& céc tiép tuyﬁn
chung ngnal AB vi CD, A va C thuoc (0), B va D thudc (O'). Tiép tuyén chung
trong GH cét AB va CD theo thi tu tal E va F, G thudc (O), H thude (O')
Chitng minh rang :

a) AB=EF; , b) EG = FH.



Gidi : (h.40)
a) Tacd
'AB +CF = (AE + EB) + (CF + FD)
=(AE + CF) + (EB + FD)
= (EG + GF) + (EH + HF)
= BEF + EF = 2EF. (- : |
Ta lai ¢6 AB = CD (dgi xung nhau | | Hinh 40
qua O0'), nén

- | AB + CD =2AB. | 2)
T (1) va (2) suy ra AB = EF. |
b) Ta cé BEG + EH = EA + EB=AB nén |

| 2EG + GH = AB. | )
Tuong tu 2FH + HG = CD. @)
i AB = CD nén tir (3) va (4) suy ra 2EG = 2FH. Do d6 EG = FH.

B&i tép

Hai dudng tron cat nhau

109. Hai dudng tron (O) va (OY) ¢6 cling béan kinh R, cit nhau tai A va B. Doan
néi tam QO' cit cdc dudng tron (O) va (0') theo thit ty & C va D. Tinh R
biét ring AB = 24cm, CD = 12cm. | |

110. Hai dudng tron (O) va (O')' ¢6 cung bdn kink R, cét nhau tai A va B, trong
d6 OAO' =90°. V& cét tuyén chung MAN, M thutc (0), N thuoc (0.
Tinh AM? + AN? theo R. '

111. Cho ba dudng tron tam Oy, O,, O3 c6 cing bdn kinh va cung di qua mdt
di&m 1. Goi céc giao diém khac I chia hai trong ba dudng tron dé 1a A, B, C.
Chdng minh rang :

a) AABC = AO,0,0;.
b) 113 truc tam cla tam gide ABC.

112. Cho diém A nam ngoai dudng tron tam 0. V& dudng trdn tAm A bdn kinh
AO. Goi CD 12 liép tuyén chung ciia hai dudng- tron, C € (O), D e (A)



Poan n6i taim OA cit dudng tron (O) & H. Chfrng. minh ring DH la tiép
tuyén clia dudng tron (O).
113, Cho hai duodng tron (O) va (O") cit nhay tai A va B. V& hinh binh hanh
OBO'C. Ching minh rang ACOO' 1a hinh thang can. |
114. Cho hai dudng tron (O) va (O') cit nhau tai A va B.
a) Néu ciach dung cat tuyén chung CAD,Ce(0O),De (0*) sao cho A 1a
trung diém cta CD.
b) Tinh do dai CD néu & cau a bléft rang 00" = 5¢cm, OA = 4cm, O'A = 3cm.

115. Cho géc vuong xOy. Cic diém A va B theo thir tu di chuyén trén céc tia
Ox va Oy sao cho OA + OB=k (k 1a hing s6). Vé céc duﬁng tron (A ; OB)
va (B: OA),

a) Ching minh ring hai dudng tron (A) va (B) luén cét nhau.

b) Goi M, N 14 céc giao diém clia hai dudng tron (A) va (B). Ching minh
rang dudng thing MN lubn di qua mot diém c6 dinh.

Hai dudng tron tiép xic nhau |
116. Hai dudng tron (O ; R) va (O ; r) ti€p xic ngoai tai A. Ké ti€p tuyén

chung ngoai BC, B € (0), C € (O").

a) Cho R = 3cm, r = lcm. Tinh cdc do dai AB, AC.

b) Cho AB = 19,2cm, AC = 14.,4cm. Tinh R vi I.

117. Cho ba dudng tron (Oy), (0,), (O5) tiép xic véi hal canh cila mot g{}c
nhon va (Oy) tlép xtc ngoai v6i (0,), (O,) tiép xiic ngodi véi (O3). Biét
ban kinh cha cic dudng tron (O;) va (O3) 1a a va b. Tinh ban kinh cla
dudng tron (O,).

118. Cho hai dudng tron (O) va (O) nép Xuc ngoai tai A Goi AB la dudng
kinh clia dudng tron (0), AC 1a dudng kinh cua dudng tron (O"), DE la tiép

tuyén chung ctia hai duong tron, D € (O), E < (0’) Kla glan diém {:ﬁa BD
va CE.

a) Tt gidc ADKE la hinh gi? Visao? |
b) Chuing minh rdng AK 12 ti€p tuyén chung ctia hai dudng trén (O) va (O).
c) Goi M 14 trung diém ctia BC. Ching minh ring MK vuong géc véi DE.

119. Hai dudng tron (O ; R) va (O'; r) tiép xic'ngoai tai A. Goi BC, DE 1a cdc
~ . ti€p tuyén chung cba hai dudng tron (B va D thudc dudng trdn tam O).

.._I'
s



a) Chiing minh ring BDEC la hinh thang cén.
_ b) Tinh dién tich hinh thang can do.

120. Hai dudng ton (O ; R) va (O ; 1) 1iép xiic ngoai nhau. Goi AB Ia tiép
tuyén chung ctia hai dudng tron, A € (0O), B €(0').

a) Tinh d6 dai AB.

b) Cho R = 36¢cm, r = 9cm. ’I‘mh bdn kinh cta ducrng trﬁn (I) tiép xuc vai
dudng thing AB va ti€p xiic ngoai véi hai dudng trén (O) va (O).

121. Trong mot hinh thang can cb hai d:.rmlg tron ti€p xdc ngoai nhau, mdi
dudng tron ti€p xdc v6i hai canh bén va ti€p xdc véi mot ddy cta hinh
thang. Biét bdn kinh ctia cdc dudng tron do béng 2c¢m va 8cm. Tinh dién-
tich hinh thang. :

122. Cho tam gidc déu ABC noi ti€p dudng tron {0 R). Goi (O) 1a dudmg
tron tiép xiic trong véi dudng tron (O) va ti€p xtc v6i hai canh AB, AC
theo thit tur tai M, N. ' '

a) Chitng minh ring ba di€ém M, O, N thang hﬁng
b) Tinh bédn kinh chia duong tron (OY) theo R.

123, Cho tam giac ABC vubdng cin tai A ndi t1€p du*ﬁmg tron (O ; R). Goi (O')
12 dudng tron tiép xic trong v6i dudng fron (O) va tiép xtc v6i hai canh
AB, AC. Tinh bén kinh cua dudng iron (O') theo R.

124. Cho dudng tron (O) dudng kinh AB, dudng tron (O tmp xtic trong véi
dudng tron (O) tai A. Cic day BC, BD ciia duong tron (O) ti€p xtc voi
dudng tron (O°) theo tht ty tai E, F. Goi I 12 giao diém cia EF va AB.
Ching minh ring I 12 tam chia dudng tron néi ti€p tam gide BCD.

125. Cho ba dudng trdn ban kinh r ti€p xic ngodi doi mot. Tinh bén kinh clia
dudng tron ti€p xic véi ca ba duong tron do.

126. Cho dudng tron tam O bén kinh R. V& vé mét phia cia dudng kinh AB
cdc tia ti€p tuyén Am, Bn. Goi (I), (K) 1a céc dudng tron ti€p xtc ngoai
nhau v ti€p xtic ngoai dubng tron (O), trong d6 dudng tron (I) tiép xtc voi
tia Am, dudng tron (K) ti€p xtic vdi tia Bn Goi x va y 1a bén kinh cta cdc

dudng tron (I) va (K) Ching minh rang R = Zf

127. Cho nira ﬂu’ﬂng tron tim O véi dudng kinh AB. Goi OC 12 ban kmh vuong
géc voi AB, d 12 tiép tuyén véi nita dudng tron tai C. Goi (1) 1a dudng trdn
ti€p xdc trong v6i nra dudng tron tam O va ti€p xdc v6i duong kinh AB.

© Ching minh ring diém I cdch déu dudng thang d va diém O.



128. Cho nira dudng tron tam O vé6i dudng kinh AB = 2R. Goi OE la ban kinh
‘vuodng goc véi AB. V& dudng tron (C) ¢6 dudng kinh OE. Goi (D) 1a dudng
trdn tiép xiic ngoai véi dudng tron (C), ti€p xic trong voi duung tron (O)
va tiép xiic v6i doan thang OB. Tinh ban kinh cia dm:m g tron (D).

129%. Cho diém C thuoc doan thing AB, AC = 4cm. CB = 8cm. V& vé mot phia
clia AB cdc nira dudng ron c6 dudng kinh theo thir tr 1a AC, AB. Tinh bén
kinh cta dudng trdn (I) ti€p xdc véi cé.c nira dudng trim trén va tiép xic véi
doan thing AB.

130*, Cho tam gidc ABC vuéng tai A, AB = 6cm, BC = 10cm. Tinh béan kinh
ctia dudng tron (O) tlé’p xlc véi AB AC va tiép xdc trong véi dudng tron
. ngnm ti€p tam gidc ABC. ' -

131*. Cho hai dudng trdon tam O bén kinh 9cm va tam O' ban kinh 3cm tlé'p
xuc ngom nhau. Mot dudng thing bi hai dudng tron do cdt tao thanh ba
doan théng bing nhau. Tinh d¢ dai ctia moi doan thang d6.

i—%ai dudng tron khong giao nhau

132. Cho hai dudng tron (0) va (0') & ngoai nhau, OO' = 65cm. Goi AB Ia
_ti€p tuyén chung ngoai, CD 12 ti€p tuyén chung trong, A va C thuoc (O),
B va D thuoc (O'). Tinh bdn kinh cna céc du&rng tron (O) va (0') biét
ring AB = 63cm, CD = 23cm. -

133. Cho hai dudng tron (O) va (0‘) o ngnﬁl nhau. Ké tiép tuyen chung ngnz‘n
AB va tiép tuyé’n chung trong EF (A, E € (0); B, D € (OY).

- a) Goi M 1a giao diém cta AB va EF. Chl_mg minh rang ﬁAOM va ABMO’
déng dang.

b) Ching minh rang AE vuong géc véi BF.

¢)* Goi N 12 giao dlém cha AE va BF. Chu‘ng minh ring ba diém O, N, O'
{hang hang.

134. Cho hai dudng tron (O) va (O') & ngoai nhau. Qua O ké céc tia tlep tuy€n
v6i dudng tron (O'), chiing cit dusng tron (O) tai A va B. Qua O ké cac
tia ti€p tuyén véi dudng tron (O), ching céat dudng tron (0 ¢ C va D.
Chiing minh ring A, B, C, D 1a bdn dinh ctia mét hinh chit nhat. '

135. Cho hai dudng tron dong tam O, c6 ban kinh R va r (R > r). Ddy BC clia
dudng tron 16n cit dudng tron nhé tai D va E. Goi EA 1a dudng kinh cta
duong tron nho. Chl,mg minh rang

DAZ + DB + DC? = 2(R% + 1).



136. Hai day AB, CD song song véi nhau ctia dudng tron (O) 1a ti€p tuyén cua
dudng ron (O, AB = 10cm, CD = 24cm: Biét dudng kinh cia dudng tron
(O") bang 7cm, tinh bén kinh cha dudng tron (O).

137. Ciing hdi nhu bai 136, néu AB = 6cm, CD = 8cm.

~ Vidu : 25.
Bai tdp : 138 dén 140, 145, 146, 148, 150 dén 152, 159 dén 166, 179, 180.

CHUYEN BE
PUONG TRON VA PHEP VI TU

Cho diém O trong mit phing va mot s8 k = 0. Phép vi ty tam O ti s6 k 1a mot quy
téc cho twong tng mdi diém A clia mat phang véi diém A’ sao cho OA' = - |KlOA,
trong d6 A’ thubc tia OA néu k >0, A’ thudc tia d6i clia tia OA néu k <0.

Trén hinh 41, diém B la énh cha diém A o o A B
trong phép vi tu tam O-ti 58 2, diém C 12 anh  +——e

3 . B e 2 4 I - : H
clia diém A trong phép vi ty im O tis6 ~=. Hinh 41

Hinh 42 ' : Hinh 43

Trén hinh 42, A'B' 12 inh ciia AB trong phép vi tu tam O ti s6 —3 Trén

hmh 43, tam gidc A'B'C' 1a anh ctia tam gidc ABC trong phép vi tr tam O i 36
—1'(d6 chinh 1& phép 463 xing tam O). -



Cho hai dutmg tron ( O ; R) va (O ; 1) (h.44).

Hinh 44

Xét cdc ban k:mh OA, O'A' song song va "cling chiéu". Gia st R > r. Goi K
12 giao diém ctia OO' va AA'. Ta. cd |

KA' KO' 1

KA KO R’

Do d6 K 1a diém c6 dinh : K chia ngoai doan 0'O theo tf 56 “1% . Tacé
.
KA'=—KA’
Dudng tron (O) 13 4nh ciia dudng tron (O) trong phép vi tw tam K i 56 %.

Xét céc bén kinh OA, O'A, songsong va "nguoc chidn".
Goi I 1a giao dlém caa 00" va AA,. Ta c¢6 llil 4 =~ . Dodé11la

diém 6 dinh : I_f.ihia trong doan 'O theo 1 56 -1%. Tacé IA = %m, A thuoc
tia d0i ciia tia JA. Pudng tron (O') 12 4nh cta dudng trén (O} trong phép vi g

~tam I ti 36 ——~.
. R

Trong trudmg, horp hai dutng 1ron & ngoai nhau hDdC ti€p xic ngoai, dlém
K néi trén 12 giao diém cha dudng néi tam véi 1i€p tuyén chung ngoai, didm I
noi trén la giao di€m cda dudng ndi tam véi tiép tuyen chung trong cua hai
dudng tron.

Muc nay gém cic bai tap V€ chitng minh ¢ lién quan dén phép vi tu. Cic
bai tap vé dung hinh, xem chuyén dé ciing tén trong cuén sich nay.

Vi du 24%(9). Dm:mg tron tdm O noi ti€p tam gide ABC ti€p xiic véi BC &
D. Goi M, E theo thit ty 14 trung diém cta BC, AD.



'a) Goi DN 1a dudng kiph cla du{‘mg tron (0), F 1a ti€p diém trén BC cla
dudng tron (O) bang tiép trong géc A cia tam gtéc ABC. Chiing minh ring ba -
diém A, N, F thing hang. |

b) Chiing minh rang ba diém E, O, M thing hang
. Gidi : (h.45)
a) Cdch ] (dung phép vi tu). Qua N ké .
IK // BC. (O) la dubdng tron bang tiép trong
goc A clia tam gidc AIK, N 1a ti€p diém trén
IK. (O) Ia dudng trOn bang ti€p trong goc A
clia tam gidc ABC, F la tiép diém trén BC.

Tam gidc ABC Ia anh cta tam gidc AIK
trong mot phép vi tu tdm A. Trong phép vi i
dé, (O') 1a anh cua (O) nén F la anh cia N.

Do d6 A, N, F thing hang.

Cdch 2 {(khong dung phép vi ty) .

| Ta dd c6 A, O, O' thing hang. Goi P, P

1a tiép diém cta (O), (O") véi AB.

AAOP e AAO'P (g.g) -
| AO _ OP. _ AO _ON

AO' O'P'  AO' OF

= AAON e AAOTF (c.g.c)

‘Hinh 45

=

= OAN = O'AF = A, N, F thing hang.

b) Ta c6 BD = CF (Vi du 19) nén trung diém M clia BC cung ia trung diém
cua DF. ’

Theo tinh chit dudng trung binh ctia tam gidc, OM // NF, OE // NA ma A, N, F
thang hang nén E, O, M théng hang

Bai tap
138(10). Cho hai dudng tron (I) va (K) c6 ciing bén kinh r tiép xic trong v6i
duong tron (O ; R) theo th tir tai A va B. Goi C 1a mot diém thuoce dudng

tron (O), CA cét dudng trdn (I) tai diém D, CB cit dudng tron (K) tai di€m
E. Chiing minh rang DE song song véi AB.



139(10). Cho hai dudng tron (O ; R) va (O’ ; R) ti€p xiic ngoai tai A (R > R").
V& céc bén kinh OB va O'B' song song véi nhau (B va B’ thugc cling mot
nita mat phing c6 by 00"). Céc dudng thing BB' va OO cit nhau tai K.
a) Tinh E}:ﬁ*. | | | i
b) Tinh OK theo R va R, | :
¢) Chitng minh ring ti€p tuyén chung ngoai ca hai dudng tron trén cling
di qua diém K. ' | 3 o , :
d) Khi cdc ban kinh OB va O'B' di chuyénthi trong tam G cta tam gidc
ABB' di chuyén trén dudng nao ? E Sk |
140(10). Cho hai dudng tron (O ; R) va (O'; R') cit nhau tai AviAB(R>R)."
Ti€p tuyén chung ngoai CD cat- 00" ¢ K, C thuse (0), D thuoc (0. Goi E
1a giao diém thd hai cha AK va dudng tron (O"). Ching minh ring ACsong
song voi ED. : :

DUNG HINH

Céch giai bai todn dyng hinh da dugc trinh bay trong cuén Ndng cao va
phdt trién Todn 8 tdp mét. Céc kién thic vé dudng tron 1am cho cdc bai todn
dung hinh da dang va phong phd hon. Sau day la cac noi dung can chi .

- VAN DUNG CAC PHEP BOI XONG TRUC, DO XONG TAM, VI TUDE
DUNG HINH ; B e |
. Vi du 25(10). Dung dudng tron di qua mot diém cho truGc v tiép xiic vGi
hai canh ctia mét géc cho trudce. Er : - |
Gidi : (h.46)

Hinh 46



1. Phdn tich. Gia st da dung duge dudng tron (O) di qua_ciiéhl M cho trude
va ti€p xdc voi hai canh ctia’'gée xAy cho trude. -

Tam chua xét dén didu kien dudng tron di qua M, ta dung dugc dudng tron
(O) bat ki ti€p xdc v6i Ax va Ay. Ké ban kinh O'M' song song véi OM (O'M'
va OM thudc ciing mot nira mit phdng b AO). Ké O'H' L Ax, OH L Ax. Taco

AQ OH O M’
AO  OH |
Dodé O'AM' = OAM =AM M thang hang
Tir d6 suy ra cdch dlmg
2. Cach dung
— Dung dudng tron (O') bat ki tiép xtc v6i hai canh clia géc A.
~ Pudng thing AM cét (0') § M.
~ Qua M ké dui‘mg thang song song véi M'O', cit AQ' & 0.
— Dung OH L Ax. Dyng dudng trdn (O ; OH).
3. Chitng minh. Ban doc ty giai.

4. Bién lugn. Pudng thing AM cit (0") & hai diém. Bai taan cb ha:. ngmem
hinh : dudng tron (O) va (O,) trén hinh 46.
Nhgn xér : Trang Vi du 23, ta dung dtm'ng trén phy (O') bat kl ti€p xuc-véi

- hai canh cia géc A, dé la 4nh clia duong tron (O) phii duyng trong mdt phép vi
ty tam A.

= AAO'M' e AAOM (c.g.0).

I - DUNG HINH BANG PHUONG PHAP DPAI $O
1. Cac bai toan dung hinh co ban
Cho cdc doan thing ¢6 d6 dai a, b, c. Ta ¢6 thé :

-~ Dung téng hay hi¢u clia hai doan thdng cho truéc : Dung x = a + b hay
dung x =a> b (a>Db),

~ Dung mot doan thing bing m Idn doan thang cho trude : Dimg X = ma
(m 12 s6 nguyén duong cho trude). '

~ Chia mot doan thang thanh n phdn bing nhau : Dung x = L (n & 80
nguyén duong cho trudc). | | :

~ Dung mot doan thing bing 2 lan doan thing cho truéc : Dung x = e
(m, n 1a cdc s6 nguyén dﬁﬁng cho ur"lmirc). :



~ Dyng doan ti 1¢ thi tr clia ba doan thing cho trudc : Dung x saochoa:b=c X

hay x = RE
a

- — Dung doan trung binh nhan ctia hai doan thang cho trudc : Dung x = JE .

~ Dyng doan thing x = 'Ja-z +b° Dung canh huyé_n chia mot tam gidc
vuong cd cdc canh géc vuong bang a va b,

"~ Dung doan thing x = \faz =y (a > b) : Dung canh g6c vubng cha mot tam
gidc vubng cd canh huyén bing a, canh gbéc vuong kia bang b.

2. Vi du |

Vi du 26(1). Cho tam gidc ABC c6 B va C 12 c4c géc nhon. Dung dudng
théng vudng goc véi BC chia tam gidc thanh hai phdn c6 dién tich bang nhau.

Gidi : (h.A7) | | 5 | A

Ké dudng cao AH, gia sit HC > HB. Goi DE 1

dudng thing phai dyng (D € AC, E € BC). Dit BC =2,
HC =d, CE = x. -

Ta bidu thi x theo cdc do di dA bieta vad. Tacé: Bf—

1
Spec = 5 Sanc

]
I
|
|
i
|
|
d. S %———a

SAHC = ;Sﬁﬂc Hinh 47
.a . - "
nén S : S = e . (1
°DEC * SAHC = 5 N )
; § 2 :
ﬂDEC e» AAHC do doé SBE‘C i SAH‘C = ["&'J . (2)

- ; 2.
X a ’a
Te(Dva(2)suvra —=— =x= ,/—.d.

- Ta chia d6i doan thang a, dung doan x 12 trung binh nhan cta % vad. Ta
xéc dinh duoc didm E. Cdch dung diém E duoc thé hién trén hinh 47,



3. Giai bai toan dung hinh bing phuong phap dai sé

Tmng vi dy trén, ta-dung hinh bang phuong phdp dai s6. Dé giai bai todn
dung hinh biing phuong phdp nay, ta lam nhu sau :

~ Gia slr da dung dugc mot hinh thod midn cdc di€u kién clia dé bai, tim
xem trong hinh dy nhiing doan thing nao da bit do dai (a, b, c...). Goi do dai
cta mot doan thang chua biét can xédc dinh 1a x. Dung phuong trinh thiét 1ap su
twong quan gita x vdi a, b, ¢ ...Gidi phuong trinh nay ta tim dugc cong thic
biéu thi x theo a, b, c.. -

~ Néu céng thirc bidu thi x theo a, b, c... ¢6 thé dwa vé c4c bai todn dung
" hinh co ban nén trong muc 1 thi ta dung dugc 4o dai x, o d6 dyng dugce toan
bo hinh phai dung. -

~ Vidg 27%(1). Cho hinh vudng ABCD. Dung duong théng di qua C cét chc
fia AB, AD theo thit ty & M, N sao cho MN c¢6 d¢ dai bang k cho truéc.

Gidi : (h.48)
Pit BM = x, DN = y. Goi canh cta hinh vudng M -
bang a. Ta s& xac dinh cac do daix va y. B B S
Xét tam gidc AMN vudng : | o A
MN? = AM? + AN’ - et
3 5 3 | . A D ¥ N
:>k2=(a+x) +{a+vy) =2a" +2a(X +y)+ X +y2 Hinh 48

=2a% + 2a(x + ¥)+ (x + y)z ~2xy.

Ta 1ai ¢c6 AMBC e» ACDNnén = =2 hay xy = a°.
a Yy

Do d6 | k‘z =2a(x + ?) + (x + y)2 -':-_ 2&_5 g (val s.: _x"+ y} |
~ Suyra . k2+512—-532+2a5+82=(a+s)2

Nhu vay a + s la canh huyén clia mot tam gidc vubng cé cdc canh géc
- vudng bing a va k. Dung duge do dai a +s, do d6 dung duoc dﬁ dai s,

(*y Cdch dung khde : BG dai s la nghiém duong cba phuong trinh $2+ Zas - ‘l'::2 =0, do dé

s =-a+ Va* +k° . Dung Va? +1<2 1a canh huyén ciia tam gidc vudng c6 cdc canhi goo vufmg
b?mg avak. ¢ v



| Bay gid ta dung cdc do dai x va y. Ta co
X+y=s,xy=2a (avaslacdc do dai da bi€)
nén c6 thé dung x va y nhu sau (h.49) :

~ Diymg tam gidc ABF vuong tai A c6 AB=a,
AF =k.

— Dyng E trén canh BF sao cho BE = a.

- Dling dudng tron ¢6 dudng kinh EF.

— Dung duong thang d // EF va cich EF mot
khoang bang a, cit duong tron O K. :

— Dung KH L EF. Ta c6 EH = x, HF = }r( ). Cach du‘ng cic do dai s, X, ¥y
dugc thé hién trén hinh 49.

Bién fuan Bai toan ¢6 nghiém hinh khi va chi ](hl

s>2%a< Va2 + k% - a}Qa@k}Za\r

Do aﬁ = AC nén ! |

— N&u k > 2AC thi bai todn ¢6 hai nghiém hinh.

~ Néu k = 2AC thi bai todn ¢6 mot nghiém hinh.

— Néu k < 2AC thi bai todn khong ¢6 nghiém hinh.

B tép
141(4). Cho dudng tron (O) v6i cdc ban kinh OA OB va O, A, B khong thing

hang. Dung day CD sao cho c:&c ban kmh OA, OB chta day CD thanh ba
phéin bing nhau. ,

142(5). Cho duong tron (O), dudng l{inh AB, diém C thugc dutng kinh ﬁy
Dung day DE vuong goc v6i AB sao cho AD vudng goc véi EC. .

143(5). Cho dudng tron (O) va hai diém A, B nam bén ngoai dudng tron. Dung
- cédc duong thiang theo thi tu di qua A va di'qua B song song v6i nhau va cit
duong tron (O) tgﬂ_thanh hai day bing nha_u

(*) Cdch dung khdc : Cée 46 dai x v y 1a nghiém cia phuong trinh x” — sx + a® = 0, do 46 x

. e 2 o 4, 2 ;
{hodc y) bang - 32 d . Dung \s? —_4&2 14 canh géc vudbng cha tam gide vuong c6 canh
huyén bing s va canh géc vudng kia bﬁﬁg 2a, |



144(7). Cho dudng tron (O) va dudng thang d khong giao véi dudng tron. Dung
diém M thuoc d sao cho néu vé céc tiép tuyén MC, MD véi dudng tron thi

COD = 130°.

145(10). Qua diém M ndm bén trong dudng won (O) va khong tring O, dung
day AB sao cho MA ~ MB = a (a 12 d¢ dai cho trudc).

146(10). Cho hai dudng ron (O), (O") bang nhau, ti€p xdc ngoai tai B, ¢6 cdc
dudng kinh theo thit tr 12 AB, BC. Dung dudng thang di qua A cit (0) & D,
cat (O') & E va F sao cho E 12 trung diém ctia DF. -

147(4). Dung tam gidc vudéng biét dd dai hai dudng trung tuyén u'ng véi céc
canh gcrc vuong.

148(10} Dung tam gidc ABC biét A o, dudng cao AH b, ban kinh dlmrng
tron ndi tiep bang r.

149(9). Dung tam gidc ABC bi€t AC - AB =4, dm:mg cao ﬁ.H h, ban kinh
dwong tron nodi tiép bang r. .

150(10). Cho hai di€m O vi O' nim vé mﬁlt phia cia duﬁmg lhang d. Dung cic
- dudng trdn (O) va (O tiép xic ngoai sao cho tiép tuyé‘n chung ngna: song
song voi d.

151#(10). Cho dudng tron (I) v dudng thing m khong giao nhau, diém A
thudc dudng tron. Dlmg dudng tron (O) tiép xtc wﬁl du‘t‘fing tron (I} T&i A va
_ ti€p xdc véi dudng thing m.

152%(10). Cho dudng tron (D) va dudng thang m khﬁng giao nhau, dlém C
thuoc dudng thang m. Dung duong tron (0) tiep x1c véf: ducmg thang m tai |
C va ti€p xdc véi duong tron (I). |

153(5). Cho hai dudng thng a, b ¢it nhau va diém A nim ﬁéoéi'hai dudng
thing éy Dung dudng tron tAm. A cét cdc dudng Ihang a, b tao thénh hai
day c6 tong bang 2k.

154(5). Cho géc xOy va diém M nidm trong géc do. Dung dudng thing di qua
M cit hai canh ctia géc & A va B sao cho OA +0B=k.

. 155%(8). Dung tam giéc can biét d¢ dai cha doan ndi hai tzép diém cla duﬁng
tron noi ti€p véi céac canh bén va dudng cao h ing véi canh bén.

156%(4). Cho ba diém H, D, M thang hang theo thi tu &y, trong dé HD = 2,
- DM = 3. Dyng tam gidc ABC vuong tai A nhan HA 1a duﬁng cao, AD Ja
duong phéin gide, AM 12 dudng trung tuyén.



157#(8). Cho tam giac ABC vudng tal A, dmmg cao AH, M Ia trung diém coa
BC, D la ti€p diém cha dudng tron noi tiép trén canh huyén.

a) Goi E 12 tam chia dudng tron ndi ti€p tam giac AHM. Chimg minh réng

MD = ME bang céch tinh cac ti sﬁ_ME va MD theo ‘cAc canh cta tam

gidc ABC.

"b) Suy ra cich dtmg tam giac vuﬁng ABC biét ba diém H, D, M theo thit fur
thudc mot dudng thang

Van dung céac phép dai ximg truc, d6i xiimg tam, vi ty dé dung hinh
158(7). Cho éuﬁng théng xy, diém A va dudng tron (O) nam ciing phia déi véi

XY. Dmg mém M thuge Xy $20 cho néu vé tiép tuyen MB véi duung tr&m

(O) thi AMx = Bwiy | |
159(19). Cho dudng thing xy va hai dudng tron (O), (O") nim vé hai phla cua

xy. Dung di€ém A trén xy sao cho cac tlé:p tuyén ké tl‘r A dén hai dm’mg trén
nhan xy 1a dudng thing chira tia phan gidc.

160(10). Cho dudng thing xy va hai dudng tron (0) (O') nim vé hai phia clia
| Xy. Dung hinh vuong ABCD c6 A€ (0),C e (0),BvaD nam trén xy.

161(11}) Cho hai dudng tron (O) va (O cit nhau & A va B. I;'hmg du*ﬁng thang
“di qua A bi hai duong tr{m cat thanh hai day c6 hiéu bang a. '

162(10} Cho hai dudng tron (0), (0*) v mot duf:fng thang d. Du'ng duﬁng
thang song song voi d va bi hai dudng tron cét thanh hai day bang nhau.

163(10} Cho hai dudng tron (0), (0O') vd mot ducng thing d. Dung duﬂng {hﬁng
‘song song véi d va bi hai dudng tmn cét thanh hai day c6 téng bang a.

164(10). Cho hai dudng tron (O), (O') va mot duﬂng thing d. Dung dudng thang
song song véi d va bi hai dudng tron cit thanh hai day c6 hi¢u bang a.

165(10) Cho dudng tron (O), diém A nim bén trong dudng tmn va kh&ng -
tring O. Dung day BC'di qua A sao cho AB = ZAC, -

166(10). Cho hai dudng tron tam O, diém A thuoc dudng tron 16n. Dung day
AB ciha dudng tron 16n sao Eh{) du:::fng tron nhod chia AB thanh ba phén
bing nhau - : "

Du‘ng hinh bﬁng phu‘dng phap dai so .

167(1) Cho doan thang AB. Dlmg gigm H thuéc doan thang ﬁy sao cho
AH.BH = a (a 12 mot do dai cho trube). ~



168 (1). Dyng hinh vuéng c6 dién tich bing dién tich mot hinh thang cho trudéc.
169(1). Dung tam gidc déu c6 dién tich bang dién uch mot tam gidc cho truée

176(1). Dung tam gidic ABC blét cdc canh AB = c, AC b, cim:mg phﬁn gidc
AD=d. . ‘

171(1). Cho tam gidc ABC. Dung dudng théng song song véi BC chia tam gidc
ABC thanh hai phén c6 dién tlch bang nhau.

172(1). Cho mét hinh thang Duyng dudng thang song song v&i hai c‘iay chia
hinh thang thanh hai phdi’l c6 dién tich bang nhau.

173 (1). Cho hinh thang ABCD (AB // CD). Dung dudng thing EF snng song
v6i hai ddy (E € AD, F € BC) sao cho BE song song vm DF.

174*(6). Cho nira dudng tron tam O du?:sng kinh AB = 2R. Goi BB' 14 tiép tuyén
cua nlra dudng tron. Dyng diém M nim trén nira dudng tron sao cho MA
‘bang khoang cich tr M dén BB.

TOAN CUC TRI

Cdch gidi cdc bai todn cuc tri da duoc dé cap dén trong cuén Ndng cao va
phdt trién Todn 8 tap hai. Sau day Ia cédc noi dung cén luu ¥.

. 1. V&n dung bét ding thiac dé giai toan cue tri
Ngoai quan h¢ giffa dudng vudng géc va dudng xién, quan hé giita du&mg
xlen va hinh chiéu, bit dang thic tam gidc, céde bat dang thic dai s6 il 0,

x> <0, (x + y) 2 4xy thudc chwong trinh Lép 8 da hoc néu trong cubn
Ndng cao va phdt trién Toan 8 tap hfu cédn nam vu‘ng cdc bdt ding thic khic
thudc chuong trinh Lép 9 : | i AT

~ Quan h¢ giita day va khoang cach tir tAm dén day, quan hé gifta d.:zy va
duong kinh, quan h¢ giita day va cung trong dudng trdn ; -

— Bt dang thiic Co-si véi hai s6 a va b khéng am :
' a+b % a5 o >
2

— Bit dang thic Bu-nhi-a-c6p-xki véi c4c s6 m, n, X, y i

. (m2_+ n)(x® + y?‘) > (mx + ny)zl |



Vi du 28*(3). Chu dlém A nim bén trong dai tao béi hai dlmrng thing song "
song d va d'. Dyng diém B thuoc d, di€m C thu@c d' sao cho tam gidc ABC
vuong tai A va cé dién tich nh6 nhﬁt

Gidi : (h.50)

d B x H Cdch 1. Gm H, K. fa hinh chxéu _cua A tr&n d s
L.

D&t}{B""K KC }’Caﬂtﬂ'ﬂ}l }’déSAEcnhﬂ

@ nhit. | i
A TﬁC() S 52 Qshﬁc—ABAC
b~ AB. AC nhé nhét < AB%.AC? nho. nhat _
d - 2 A2
o ¥ T Tacé ABAC —(a +x)(b+y) | )
 Hinh 50 56 s Ta 131 co _ o ) _' S e 1

{_Chfi’ng minh : hiéu hai v€ bang (ay — bx) =) '.
,Xéyrada’ubingﬁay:bx. | . Y. BN ¢
Lai chi ¢ ring AABH c» ACAK nén

|  AH_ BH ax

o= b= x: o) BT SR
CK AK 'y b~ ¥, e

Tir (1), (2)- v& (4) suy ra ABLAC? > 422" Xay ra df bﬁng km vﬁ chi khi
© Xay ra (3) va (4), tu‘claxma Khidéoy=hb. 5 @, : . '

Cdch 2. Dat FAB = ACK i 'I'a &6 AB 2 ,"A'tj £ b"”ﬁé’n,
cosa . sina

s |
Sapc = 3 L8 . Nhu vay SABC nho nhit < Zsmacum lﬂn nhat
coso sina. _ _ :
Ta coO 2sinccosc < smza + cnszm =], Do dé

max(Zsmm:osa) =1 & sino = {:osa & o= 45

'2 Chon bién trong bal toan cuc tri

Trong céc bai todn cyc tn giai bang phm:mg phap dat 0, ta thm:mg chon
mot dai luong 1am bién (do dai doan thing, s6 do goc, ti s6 lugng gidc ctia mot
goc...). Ciing cé trudng hop nén chon hai dai luong thay déi lam-bién, dﬁng
thoi chi dén céc dai luong khong d6i dé chon bién cho hop 1.



Vi du 29%(1). Cho géc x '‘Oy' va diém M nim trong goéc. Dung duong
thidng di qua M cit Ox/, Oy' theo thif ty & A, B sao chu tong OA + OB c6 gid
tri nho nhat.

- Gidi : (h.51). Qua M v& MD // Ox', MC // Oy
DeOy,CeOx).DatOC=a, 0D=>b(a, bla
hing s6). Pit CA=x, BD =y,

ABDM e~ AMCA (g.g) nén

BD DM y a
= - =— =>Xxy=ab.

MC CA b oox
OA+0B*~a+x+b+y*(a+b)+(x+y)
Do dé - |

OA + OB nho nhdt < x + y nho nhat. o Hinh 51

Do xva y 1a cdc s6 duong cé tich khﬁng déi nén x + y nhé nhat khi va chi
khi x = y. Khi d6 x 1a trung binh nhan cta a vab. |

Cach dung do dai x dur;fc thé hién trén hinh 51..
Chii y : Mot s6 bai todn ¢6 noi dung gin gifng nhau :

1. Qua diém M nim trong géc xOy cho trude, dung mot dudng thing cit
Ox va Oy ¢ A va B sao cho :

a) OA+ OB =k (Baitap 154) ;
b) OA + OB nhd nhit (Vl du 29) ;

c) Dién tich AAOB nhd nhét (Vidu 59 Nang cao va phar trién Todn 8 rap hm)
d) Chu vi AAOB bang 2p (Bai tap 184a) ;

e) Chu vi AAOB nhé nhat (Bai tap 185).

2. Qua diém M thudc tia phan gidc clia géc vuong xOy, dung mét ducrng'
‘thing cat OxvaOy &6 A vé B sao cho : |

a) f-’iB k(Vidu27);.
b) AB nho nhdt (Bai tap 190)
c) AB nho nhit, bd diéu kxen goc vuﬁng (Bai t&p 191).

Vi du 30(6). Cho tam gidc ABC can tai A. Du{:rng tron (O) ti€p xiic véi AB
tai B, ti€p xtic v6i AC tai C. Qua A vé cdt tuyén ADE bat ki. V€ day CK song
song v6i DE. Hay xdc dinh vi tri cla cét tuyén ADE dé tam gidc AKE c6 dién
tich 16n nhit, | |

i



Gidi : (h.52) Goi R 12 ban kmh chia dudng
tron (0). K& EH L AC. Tac6 CK // DE nén .

SAKE = SACE = %ACEH

< %ACEC < %_AC.QR_ = ACR. |,

Do d6 max, Spxg = AC.R < EC 1a dudng
kinh clia dudng tron (O). R

Cit tuyén ADE & vi tri AD,E; trén hinh 52
thi tam gidc AKE c6 dién tich 16n nhét (d6 12
finkoe - tam gidc AK;E; trén hinh 52).

KE

Bal 'E‘c:p

- 175(4). Cho nira dudng tron tam O du’cing kinh AB 2R. D:.mg diém C thuﬁc
ntra duong tron sao cho tam gidc CEF ¢6 dién nch 16n nhét, trong 46 CH la
dlmng cao cia tam gidc ABC, CE va CF la céc dm:rng phan glac clia cac
- tam gidc CHA va CHB. :

176(5). Cho dudng tron (O), diém A nim bén trong duang tron w“i khfmg trung
O. Dung diém B thuoc dudng tron sao cho géc OBA c6 s6 do 16n nhit.

177(6). Cho dudng tron (0), diém A nam bén ngoai du{mg tron. Dung dudng
- thing di qua A, cat dudng tron & B va C sao cho téng AB + AC co gid tn
16n nhét. : :

178(7). Cho duong trén (O) va dudng thing d khﬁng giao nhau Dtmg daem M
thuoc dudng thing d sao cho néu ké cic tlép tuyé’n MA MB vai dudng tron
" thi AB c6 d¢ dai nhé nhat.

179 (10). Cho hai dudng tron (O) va (O') tié’p xdic ngcal tai A Qua A, dlrng ha1
tia vuong géc vdi nhau sao cho chiing cét cac dudng tron (O) va (O') theo
thi tu & B va C tao thanh tam gidc ABC c6 dién tich 16n nhédt.: ~

180 (10). Cho doan thing AB, cic tia Ax va By vuong géc véi AB va ndm vé
mot phia ctia AB. Dyng céc dudng tron (I) va (K) tiép xiic ngoai v6i nhau,

_,.-

ti€p xdc voi doan AB, dudng tron (I) ti€p xdc véi tia Ax, dudng tron (K) -

ti€p xic véi tia By sao. cho ti gidc CIKD ¢ dién tich I6n nhat (C, D theo
thit tu 14 uep diém ctia cac duong tron (1), (K) véi AB). - ~



181(7). Cho géc xAy, dudng tron (O) nim trong géc 4y. Dung diém M thudc
dudng trén sao cho tong céc khodng céch tirt M dén hal canh cha géc c6 gid
tri nho nhat.

 182*(7). Cho dudng tron (O) bédn kinh 2 va dudng thang d di qua O. Dung di€m
A ndm bén ngoai dudng trdn sao cho cdc ti€p tuyén ké tir A véi dudng tron
| cat d tai B, C tao thanh tam gidc ABC c6é dién tich nhé nhit.

183%(9). Cho gb6c xOy, dudng tron (I) tiép xic véi hai canh cha gbe tai A va B.
Dung tiép tuyén véi cung nho AB cla duong tron (I) cit hai canh cia goc
tai C va D sao cho :

a) CD c¢6 do dai nho nhét ;
b) Tam glac OCD ¢6 dién tich 16n nhét.

184(9). a) Cho géc xQy va diém M ndm bén trong géc dé. Du:ng dudng thing di
qua M cit hai canh chia géc & A va B sao cho chu vi tam gidc OAB bing 2p.

b*) Cho géc xOy. Dung céc diém C, D theo thit ty ndm trén Ox, Oy sao cho
chu vi tam gidc OCD bang 2p cho truéc va tam gide OCD c6 dién tich 16n nhat.
185%(9). Cho g6c xOy va mot diém M nim bén trong géc d6. Dung dudng thing
- diquaMcit Ox, Oy 6 A, B sao cho tam gidc OAB c6 chu vi nhd nhit.
186(1). Cho doan thdng AD va trung diém H cta né. Dung tam gidc ABC nhan
AD la dudng cao, H Ia truc tdm sao cho BC ¢6 d6 dai nho nhat.
187(7). Cho dudng tron (O). Dung diém A nim bén ngoai dudng fron sao cho
dudng vuong géc voi OA tai O tao thanh véi cdc ti€p tuyén cha dudng tron
ke tir A mot tam gidc c6 dién tich nhé nhit.

188(1). Ching mmh rang trong cdc tam gidc ¢6 cuing chu vi, tam g1ac déu c6
dién tich 16n nhét.

'189(1). Cho hinh vuéng ABCD ¢6 canh a. Cdc diém M, N theo thit tw chuyén

dong trén céc canh BC, CD sao cho MAN = 45°,

a) Ching minh rang khoang céch tl?r A dén MN va chu vi tam gidgc CMN
‘khéng déi.

b) Dung céc diém M, N d& MN c6 do dii nho nhit,

¢) Chitng minh ring khi MN c6 d¢ dai nhé nhat th] tam gidc CMN cé dién
tich 16n nhit. :

190*(1). Cho hinh vuéng ABCD. Dung dudng thing di qua C cét ‘t:éc tia AB,
AD tai hai diém M, N sao cho doan thing MN c6 do dai nhé nhit.



191%#(1). Cho diém C thu6c tia phan giz‘u: ciia goc A. Dung dudng xthﬁng di quﬁ
C cét cdc canh cha géc A tai hai diém M, N sao cho doan thing MN c6 do
dai nho6 nhét.

192%(3). a) Ching minh rang trong cdc tam gidc ABC cé.dién ti'c:h S v& cG s6
do gbéc A khong déi, tam gidc ¢ canh BC nho nhat 14 tam gidc can tai A.

~ b) Cho tam gi4c ABC. Dyng diém M thuoc tia AB, diém N thuoc tia AC
386 cho S,y = % Sapc VA MN ¢6 do dai nhd nhat.

193*(4). Cho nlra dudng trOn tim o duong kinh MN. Dung hinh chit nhat
ABCD ndi ti€p nira dudng tron (A va D thugc MN, B va C thugc nira dudng
tron) sao cho hinh chit nhat d6 : 5

a) C6 dién tich 16n nhit ;
b) C6 chu vi 16n nhit.

Bai doc thém
TI S6 VANG
- Trude hét ta xét bai toan dung hinh bang phucng phép dai s6 sau day :

Cho mét doan thang c6 d¢ dai a, dung doan thang c6 do dai x sao cho x béng
trung binh nhan cla ﬁoan thdng da cho a vé phﬁn con 1&1 a-— X.

Gidi ; Ta phai cé

o | B e © g 2 7
xz“ﬁ(ﬂ*x}ax2+ax332¢>x2+ax+ §m=5i Q(M'%J =(axf§]_‘

a5 -a
—

Dodé x>0 nén_x=
Céch dung dudc thé hién trén hinh 53a ;

~ Dung tam giac ABC vudng tai B c6 AB = 2a, BC = a. Thé thi AC = aJ5.
- Trén doan CA |8y diém D sao cho G.D = CB. Ta c6 AD = a5 -a.

— Chia déi doan théng AD, ta dugc doan thdng c6 do dai x.

Ta c6 thé cai ti€n cach dung trén mot chit dé khong phéi chia déi doan thdng AD
(h.53b).

- Dung tam gidc ABC vuodng tai B c6 AB = a, BC =

e B V]



C
d D
gl a
= t;\.*\.;_h 2
A L a E. B
2a | H K G
‘a) | b)

.  Hinh 53 |
— Trén doan CA 18y diém D sac} cho CD CB, ta dugc AD 1a doan thdng cé do
dai x phai dung.

- N&u 18y diém E trén doan thing AB sao cho AE = AD thi diém E chia doan thing

AB thanh hai doan thdng AE va EB, trong d6 AE Ja trung binh nhan cGa AB va EB.
Phép chia mot doan thdng thanh hai doan théng, trong d6 doan [én bang trung binh
nhan cta doan théng da cho va doan nhé dudc danh hoa I-ta-li-a la Lé-6- nac—c‘:‘f: da

AEJ_i

AB

Vin-xi (?452 - 1519} goi la phép chia vang Ti s6 ~ 0,618 dm;ic goi 1a tf

86 véng

. Hinh chit nhat ABGH, trong d6 AH = AE (h.53b) goi Ia hinh chir nhét véng Bu‘dng
nhién hinh chit nhat BEKG clng 1a hinh chil nhat vang. M6t cach dung hinh chit nhat
vang duge thuc hién nhu & hinh 54 : Dung hinh vuéng AEKD ; :
“dung cung tron véi tam 1 trung diém | clia DK va ban kirh biing  ‘g— B
IE, cit DK & C ; hinh chif nhat ABCD Ia hinh chi nhat vang. :

Ngudi ta coi hinh,chif nhat c6 ti s6 hai canh xdp xi 0, 62 : 1 /
{haéc 1 :1,62) 1& hinh chir nhat c6 kich thude hai hod, can déi ’
nhat. Ta clng gap hinh chil nhat vang va i s6 vang & kich P M
thude va cach bé i trong nhimg biic tranh va cc:-ng trinh kién D _:I _
triic ndi tiéng. Hinh 54

M6t diéu dang chu y & khl dn ti 88 gilta chiéu ngang vdi chiéu dai, gilta chnéu
rong v&i chiéu cao clia cac cdu triac & Ngo Mon thudc kinh thanh Hué du{;fc_ xay dung
tir dau thé ki XX, nguﬁl ta da phat hién ra rang nhiing hiép thg tai gidi clia nudc ta
cling déa biét chon "ti sO vang“

Nha toan hoc Dlc Ké-ple {15?1 — 1630} da ndi : "Dinh |i F’y ta-go \.r'a ti sﬁ vang [a
hai kho bau cdia hinh hog", *

>
m

~
£

R -

,

C

‘CAU THAN CHU "BA MQT ~ MOT MOT —~ MOT BA"

Cé nhitng lac ta can vé dudng tron ma khoéng cd compa trong tay. Xin mach cac
ban mdt cach vé dudng tron kha "trén” trén gidy ¢6 dong ké 6 vudng.



Ban chi cdn nhé sau con so kiéu nhu s& dién
thoai 31 — 11 ~13. Nao, ching ta ciing béat déu
Diém dau tién clia dudng tron 1a diém A (H.55).

Diém th(r hai & diém B ¢é vi tri : Ui sang
tréi 3 6 va xudng dudi 1 6. Pua but vé mét
dudng cong tir A dén B.

Piém thi ba 1a didm C cé vi tri : iur sang
trai 1 6 va xulng dudi 1 6. Bua but vé rn:':'}t
dudng cong tir B dén C.

Diém th{ tu 1a diém D ¢o vi tri : IGi sang
trai 1 6 va xudng dudi 3 6. Pua bﬂt vé mot
dudng cong tit C dén D. ;

Ta da vé dugc cung m:?;t phan tu’ dudng
tron. Lap lai "cau than chd” trén : ba mot = mbt
mot —~ mét ba, chi cé didu khac : thay cho sang
- tréi va xudng dudi 1a xudng duéi va sang phéi, ta vé dugc: cung phan tu’ thu’ ha:

DchadUdngtrnn % Lo seniad gee
C ti€p tuc nhu vay, ban dé dang ve dugc ca dudng tron kha chfnh Xac.

Bay gi& ta chiing minh ring cac diém A, B, C, D néi trén thuc’.‘:c cling mot duang'
tron tdm O.

: Thatwvay, OA=5,0D =5, OB la canh huyén clia mét tam gtac vuéng ¢b cac canh ‘
gbc vuéng bang 3 va 4 nén OB = 5, tudng tu OC = 5. E}ung 13 cac dtem B,C,D vé do
dé cac diém E, F, G H, 1, K, M, N thudc dtrdng tron (0 DA} 5 i,

\..

DUNG THUSC VA COMPA DE CHIA DUONG TRON
THANH NAM PHAN BANG NHAU =

Dung thucc va compa ‘ta c6 th& chia dl,rdng trbn thanh ndm phan béng nhau
nhu sau : v

Cho duding tron (0} Dgng dudng kinh BC vél ban kinh OA vuéng ‘g6c véi BC. -
Dung trung diém | ctia OB. Dudng tron (1; IA] :::at OC 6 E DLrng I:en ’ué'p f:ac day'
béng AE (h.56a).

Ta sé chu’ng minh réng véi cach du‘ng trén thi duung trun {O) c?erc chla thanh
nam phan bang nhau.

Goi R 12 ban kinh ciia dudng tron (O). Ta ¢6 Ol = %, dé déng tinh Emgc"

R\/5

IA—-——+

do d6 OE=[E-Ol= = _2-2 {I 1), suy ra 052 {5‘-2\15)_.-.



Xét tam gidc AOE vudng tai O, ta c6

AE? = OA? + OE? = R? {a 2.5y =R (10 2(}

nén AE = =10-25 . (1)

a) ' | = b}
Hinh 56 |
Xét hinh 551:, trong dé MN 12 cung % dudng frén (O;R), tacd
| FON = 360° : 5 = 72°.
K& OH L MN thi HON =36° va MN = 2HN = 2Rsin36°,
1+J§ “an

Theo Bai tap 40, ta ¢ cos36° =

]

T [1+J‘J 16-(6+2v5) _10- 25
- 16 16

_410-2y5

suy ra 5in36° = 3

Do d6 | MN——JTO 2.5 | (2)

Tir (1) va (2) suy ra AE = MN. Céch dung dugc chimg minh.
Ta con cb thé chia dudng tron thanh nam phan bing nhau bing cach v& gén

L]

ding. Ta thdy cung % duong tron bling 72°, ma tg72° ~ 3,078 ~ 3. Do dé cb thé



Hinh 57

dung gbéc AOK xdp xi 72° bang céch vé mét tam
gidc vudng ¢ céc canh gbc vudng bang 1va 3.

Cach vé dugc thé hign trén hinh 57, trong do
tam giac OCK vudng tai C, QC = 3CK. DotgKk =3

nén K =~ 72°.

Ké ban kinh OA vuéng gbc v6i OC (A va K nadm
cling phia d6i véi OC). D& thay AOK = K ~72°.

Goi D 12 giao diém clia canh OK véi dudng tron

(O) thi cung AD x&p xi bang cung "5 dm:lng tron.



L(‘)l GIAI CHI DAN HOAC PAP SO

PHAN PAI SO

- Chwong I - CAN BAC HAI, CAN BAC BA

§1. On tap kién thic Pai s6 8 _ _
1. a)x<-3hoiacx>7; b)2—'~f§¢:x<2+\ﬁ;
¢) Moi x ; _ d) V6 nghiém,
§2. Can bac hai va sé vé ti
2. 2) Gidsir V1+v2 =m (m 12 56 hitu 6) thi V2 =m2 —1 nén V2 13 s6
 hitu ti, Vo Ii. ‘
» .‘4 3 LY — i . 3 .
b)Giast m+—=a (alasfhfuth) thi —=a-m = 3 = n(a ~ m)
Il n '
- =3 las6hiut, vo .
3. a)Cothé. b, ¢) Khong thé.
- 2 | 2 |
4. a)(2V3) =43=12;(32) =92=18.

(2v3)* < (3v2)* nen 243 < 33,
b) 6\/5 > 5\@.

¢) V24 + 45 <25 + a0 =5+7=12.

d) V37 =15 > 36 - 16 =6 -4 = 2.




5

§3.

a) Chang han véi a =% thi v/a = %, tacé va > a

Varacaraleal-a<0oa@-)<0o0<ax<l,
H}Tachirasﬁtht_mxmﬁ xﬂ-l-:l - (D
X 3 :

(1)<:>}t -1 =2x vmx¢0¢::-x -melﬂzb(x—ul) 22 x=1142.

b) Gia sir x 12 s6 hiru t, X = = (—— la phén s6 t6i gian).
n n
o e e 1 m n - m®-n’ | | I
ThEDgl&ﬂlléﬁXW-w nguyén = ~— —— = ————— nguyén => m“ — n° : mn
n m mn ,

= n’im. Do (m,n)=1nén n:m va m==%l1, Tuo*ngmn—-l-l Vay

x =1, trdi v6i gid thi¢t. Do do6 x 1a 56 vo ti.

. i : ;
Ta cd (x+lJ+{xuj—J=2x,Gla sit x+—1— 1a s6 hitu ti thi mau thudn,
X : |

X X

do dé K+—1- 12 s6 vo ti.
X

bit x—i= k (ke Z) Tacéd
' x +

[x-i—-—) =[x——) +4 =k +4::>[x +-—] Iﬁ#sf)’.nguyénzb[x+—} -
X X ) X . |

1a s6 nguyén.

120+ i 2n 1 p2n+l ;
Ta ¢c6 [x-&ﬁ] :(x-i——] =x+—.Giﬁsﬁ'(x+——J 14 s6 hitu ti

X X X X |
thi mau thudn, do d6 n6 12 56 vo ti.

Cin thitc bac hai va hding ding thic VA® =|A]

&)l4x1£1<:>-—-1—£x£

1

4

b) x* >3 @{xgéﬁ hoic xzﬁ x{—f(x¢—2}
ﬂ!x2¥3;&1 X 5 12 | x‘:-‘wf(x;ﬁZ)



5 ) (xﬂS)(S*x)EU@SE}:ES.
d) Moi x.

e)-—l-ﬂ_xa#l.
2 F

¢y Giai 2x + 1 > 0 duge x > —%,

Gii x* < 16 dugc ~4 < x < 4.

Gidi x — 8x + 14 > 0 dugc

| xzwﬂx,+1420®'(x—4}222@lx

Két lugn : m%{x <4-42.

16 W x <=3
8. a)A=Ix-3-lx+3={-2x véi -3<x<3.
| 6 v6i x >3

b) Giai -2x = 1 vdi diéu kién -3 < x £ 3, tadugc x = —%.

9. ayPatvx’-3=a20. =y

Tacoé a<a’ < a’-—a 2.0@&(&_—1)20:}[

. (2)

Két hop (1) v6i (2) taduoc a=0 hoaca 2 1.
Véia=0taduge x =+/3. Véia>1ta dugcx-22hnacx£—2.‘ _

Bdp 56" x =_:J:\f[§ rx 22 rxgD
b) Gidi bdt phuong trinh [x — 3] > x ~ 6, ta dugc ﬂg'hié;m Ifi_.m[_;i X.

. 2 -
10. [l+i+1] - 1 ;+2(i+i+ 1)'
c

a b.c 2’ b2 ab  ac  bc
_ 12+ 12+ 12+2(c+b+a)= 1 g 1 i 1 .
A abc a? b2 ?

Suy ra di€u phai chiing minh.



11,

12.

13.
14.

15

© §4. Lién ha giifa phép nhan, phép chia va phép khai phuong

W) V10 -1; N )
G)(ﬁ+1)?(ﬁf1)=2; d)(ﬁ;g}m(\[g_,,z}:_
e}“\/_ g) 3. |

h) V7+443 =2+43 ; m_s Iﬂapw 5.
D5+ , | .

K) (7-3J5) — (7 + 345) = -6+,

a) Viét 4-+E thanh V4 + V15 .44 + V15 ta duqré: |
V4 + 15 A4+ V15 4 = V1510 — 6) = V4 + V15,1425 - 3)
_ J5 1241545 - f)~(£+f){f V3)=2

b) Dép 56 : 8.

\/\fg'*‘i;_\%/g_z = m, SHQ'JEJ.*

Tinh m” ta dugc m? ~2nenm V2. Tinh n ta duge V2 -1.Pdpss: 1.

Ban doc ty giai.

c) Dat

"Neu25x<4;hiA=2«/§.Néuxz4'zhm:2d_ X ~72.

. {xz—-ZxE{} | {X(x—ZJEG [x >2
v i) . <~ ,

:{2 ¢x2—2x

S
X # +Vx?% - 2x _
b) A= 2\fx —2x vii diéu kxén trén.

c) Giai A<?2 ta duoc

\x? ~2x <1 & x? m2Xd1¢>(x~1)2q2
-—2<x—-1<x/_<:,>1—\f_<x<:1+~.r

Két hop véi diéu kién néu & cau a), cdc gid tri phii fim ciax la:
| 1 \/E{X{UVB.Z{X{I+J-

x_«:_O



16.

17,

18.

19.

Binh phuong hai v& duge 5§ ~ 2~f = a’ nén J_ -~- >

DA x=2+V3.Tact x2 =7+43 =% =T+4x-2) = x*=4x 1.

Phuong trinh x> — 4x + 1 = 0 nhan 2 + /3 12 mot nghiém.

b) Phuong trinh x* — 12x + 4 = 0 nhan 6 ~ 442 I mét nghiém. |
Chit y : Phuong trinh X2 - dx 4 1 = OI con cé nghiém 12 2 - V3.
Phuong trinh x° — 12 + 4 = 0 con 6 nghiém 13 6 + 442 |
a) Gia sl w@ «f—ﬁa (alasé’himtl)

V¢ phai 1a s6 hitu ¢, v€ trdi 1a s6 vo ti, vo 1f. Vay J3 - \F 2 1356 vo ti.
b) Chdng minh twong tu nhu cau a). ' '

: 1 1 1 1 2
a) Co, chan h@n:\/:+\/:'=—m-+-——=——=x[2_;
£ 22T RTRTh

b) Khong. Gia sit ton 1ai cac s6 hﬁ‘u ti dwong a va b ma va +/b = \/—
Binh phuong hai v& dugc a + b + 2vab = v/2 = 2f J2-<(a+b).
Lai binh phuong hai v€ ta 6 ‘ |

4ab = 2 + (a + b)? —2(a+b)f = 2a+b}\/- 2+ (a + b)>2 -—4ab
V& phai 1a s6 hita ti, v€ tri 1 s6 vo ti (vi a + b # 0), mau thudn. .

Pitx -y =a, Vx +y = b (1) thi a,_b 2 céc 6 hitu ti.

Xét hai truong hop : |

. : . X—-Yy a s :
a) Néu b # 0 thi ——=—3= = = nén Jx — uwlasﬁhu“uu. )
\E+\/§ b «,F (

3} 13 s6 hitu ti,
b HE

J_ l(b _“1;.] Ia s hitu ti.

2
b) Néu b = 0 thi x = y = 0, hién nhién v/x, J; I3 56 h

Tir (1) va (2) ta 6 Vx = -i;(b p



20, Xeét tong hai s6
(2a+b- 2J“)+(2c+d 2Jab) =(a+b~ 2J-}+(c+d 2\/_)+d+c

~r(\/_-uf_)zﬂu[\/_ J_) +a+c>0

Ton tai mﬁt tmng hﬂl s@ trén: 1.?1 s6 duﬁng |

H 2 2 :

21. a) AR S 12+ " - _a (a-;—l) +(a+1) +a”
a’?  (a+1)? a (a+1}

_a?@+2a+1+D+@+D? _at+22%@+ D@+ 1)?
af@+1? a2+ 1)°

2
__(a2+a+1_)2 __|:a2+a+1}

3.2(3 + 1)2 a(a+1)
- | a’+a+1
Doa>0nénA>0va A =—.
a(a+1)
b) T&cau a) suy ra
e a’ +a+1 1 11
= =1+ v [l
a2 @+ D? a(a+l) aa+1) a a+l
Do dob
B=[1+-1~~}-]+(1+~1--—1~]+(1+}—~1)+...+{1+_~L_‘~~—1~J
r 2 2 3 3 4 99" 100
=99+[}.ui+}._}u+ .+““1"~““““}““‘)
1 2 2 3 99 100

e e 50,56,
100

22, 2) 9977 = 9972 — 32 + 3% = (997 — 3)(997 + 3) + 9 = 994000 + 9 = 994009.

b) A =AY —16+16 = (WA - 4)WA +4) + 16
= 99...92 .100...0 +16= 99...9200...016.
Mt et e . 5 ;o 2 ’
-1{]{}ch'ﬁ$69 101chirs6 O 100chit 69 99chitsd )
Téng céc chif s6 cha A bing 900 + 2 + 1 + 6 = 909.




§5.
23.

24.

25.

26.

Hai két qua & hai trudng hop a va b 6 thé viét chung duéi dang

Bi&n d8i don gian biéu thirc chia cin thirc bac hai
Diéu kién x4c dinh:a<Qhoica=1.Tacé -

A=+1-a +\/a(a-1) ﬁ]al.f—;—l =yl-a +Ja(a—1)—-\/a(av—1) =y1-a.
a) Ching minh ring (v3 +/5 —+/2)% = 10 + V60 — 24 - 40 .

b) Cén ching minh V6 +v24 + V12 + V8 =3 + 2 +1,
Hay ching td (V3 ++2 +1)2 =6+ 24 + V2 + 8.
Ta co :
10 + 24 + /40 + V60 = (2 + 3 +5) + 223 + 2425 + 2435 =
= (W2 +3 +5)2. |
Viy A =2 +43+45.

Piéu kién x4c dinh : x > 3 hodic x < -3.
Cdch 1. Xét hai trudng hop:
a) Trudng hopx >3 thix+3>x-3>0.

VX +3x+3+2Jx+)x-3) _ Vx+3(x+3 +2un~ x-3)

A=

T 2k -34x -3 +J(x + 3)(x - 3) J 3@Vx —3+Vx +3) -
X+3

Vx-3

b)TmUngthxi*Sthiﬁ X>-3 - x>0

e 3+2J--x 3J3 X w/-x 3(-—J+~x-3+2\/3 x-3+23-x)
-233 xJS ~ X 4 y—X =343 -\/3 x(2~.!3 ~Zx =3)

N v

x2-9

- Cdch 2. Nhén ca tlr v miu clia A véi biéu thic lién hop ciia méiu (néu bidu

thitc lién hop nay khic 0, nic la x # 5) tacé



(x+3+2\3x - )[ -3) - «J:a - ]
[2(::-3)-1-\/;{ - ][2(:4—3) Vx? ——9}

:2@2~%-u¥@¢¥;9+4@-9ﬁ£—9#mﬁ49)
4(x -3 - (x* - 9)
Mxmﬂmx*3ﬂx- _x?
(Xmm@x—n_x—3) X—3
me_5ﬁnaxz. o

A=

&x#S

wa
Do biéu thitc —

}"’_

cling cd gid tri bang 2 khi x = 5 nén trong ci hai

vxzmQ
x—3

trudng hgp x =5 va x # 5 déu c6 ddp s6 chung Ja

27, Piéu kién -3 <x < 3.

K+ + 2D+ xVB3+ x/3 - x J3+xbh+x@+2y+hh_x}

B =

x(3 X) + x+2)\/3+xv' =X J_S~x[x¢3—x+(x+2)xf3+x:[
oot 3'+_x : : |

3—-x

28. a) Truc cin thic & miu

jm\/i B, fa-oaei

n-—1.
2-1. 3-2 —(m-1
b) Bap ac’i -\f \/_ 4.
§6. Rt gon biéu thirc cé chita ciin thitc béac hai
29. a) Trudc hét tinh —‘Ai-, duge —1. Vay A = sl
«rﬂm%m@05undﬁm£;ma@ﬂﬁs_“*” =1

_ (x+l)



VXY e 2 XY=y
Jxy xy

c¢) Rat gon C ta duge.

Vay C = —/2 .
30. Piéukién:x>1 (x#2).
Néux >2thi P= -1,
Néul<x<2thiP=1.
31. Goi tir 12 M. Tinh M2 dugc 2(x — y), do d6 M = J2(x—y). Pdpsé: Q=1.

32. Trudc het rdt gon bién thitc A dugc % + Vx2 1. Ddpss: A =2,

a
33. Trudc hét tinh }lt"theo adugc x = — 1—“ 2?
.. | o 2Ja(l —a)

Sau d6 tinh 1+ x2

.Ddpsé:B=1.

1
dugce z \fﬁ_(l—_a_)
34, Ta co a’+1=2a%+ab +bc+ ca=(a+Db)(a+c)

Tuong ty b + 1= (b +a) (b+0), ¢ + 1 = (c +a) (c+ b). Ddp s - M =0.
35. Trudc hét tinh A” duge - |

e T Cox+lx=21
Hm@ II)u . (2x ~ 1),
- V6ix>2thi A*=2x-2nen A =+2x-2.
~V6i1<x<2thiA*=2nén A =+2.
36. Goi v& trai la A, ta c6

ol o B +x~x“ Jx—x"d'

-2‘J—+ Zx + 4

i B

- Suy ra diéu Iﬁhﬁi ching minh.




37. Tacoa+b=-1, abm-—% nén

% . o2 2 1 3
+b°=(a+b)y"-2ab=1+—=—,
a {(a+b) .a 53
4 4 S £ 2.3 =8 . ko 37
+b* =@ +b°)Y -2ab ==~ =—,
) B 478 8 -
a +b3m(a+h)3-3ab(a+b)~—1—%-‘-=-%.-

Do d6
S NI S NOUL SIESY SN < i 7 17 1 239
+b =(a +b +b)—ab a+h—-~u-——-- — e = e——

a { Xa ) (2 +b) s [ 64)( n T

38. Cic bidu thic duéi ddu can déﬁ duang.____})at \{_x -6x+13 =2 2__@,

xfx ~6x+10=b20. Tacéa—b=1vaa®—b>=3. S'uyraa}b =3,
Doa+b>a-bnénb>0, dn dﬁa:-() Vay g1ﬁ tri clia bléu thu’c phal tinh
bang 3.

39. a)abing0;1;9;16; 36.

2n+4

4 - Do B '
b) M=1+ . Dat —= =n € £ ta tim dugc Ja =2
) el e K ek
>0 ' ) '
Giai g = 0 dugc [n_ .
nn - n<-2
V&yf==2n+4 32(2114?4) v{&i'n"ez,'nfﬁ{(};--d}.
n n S '

40. ) a2 = (V2 - 12 =3-242 =0 - VB
a m(«f-n =22 -6+32-1=52-7= W J_
b) Then khal trién (x + y)" .

(1=+2)" =A-BV2 ; 1+J—)“;A+Bﬁ'va BeN.
Suy ra A2 —2B? = (A + BV2)(A - Bf}—[(l+f)(1-f)] sy
Né&u n chdn thi A% - 2B% = 1. ' - - (1)
Néu n 1é thi A2 - 2B? = —1. b . iy aoeveme, g (O)



_ Bﬁy gity ta xét a". C6 hai trudng hop :

~ Néu n chén thi a" *(I—l) s e Y = A Bf \/_ \2B?

Diéu kién Al 2R = 1 dunfc thoa man do (1).

— Néun 18 thi a” =(J_ -——(1-~/_} = B3 - A = 282 «f_

Piéu kién 2B® — A% = 1 dugc thod man do (2).

§7. Can bac ba. Can bécn
a1 2)Tabing 2+ ¥4+ 2 =W/ +¥4+ 2 =24 +32+1.
| Dap 56 : .
b)Chﬁ?rﬁngW-ﬁ+l f}apm V3 +1.

c) Pdp s6': V3 +1.
42. S6 m ]a mot nghiém cia phuong tr_inh da cho.

43. a) Dat x = V2 + 34 . Lap phuong hai v€, ta duge x> =6 + 6x.
b)bit x = Yo -33. Lap phuong hai v€, ta dugc x> £ 6 — 9x.
44, ) PdpsS: A= 3+D- B -1 =2 B "
b) Tinh B® duoc .
B=10-9Be B +9B-10=0< (B-1)B +B+10)=0. :
Tirdé B= 1.
c)Pdp s6: C=6.
d)BPdp sé: D=2,
e) Tinh E’ duoc B> =8 ~ 7E. T d6 E = 1.
45. a) Lap phwong hai v&. Ddp s6': .x = /5.

| h}(x%@f=(x-—1)3@x%f£='x“1@'x(1n?%fz')=z@x;'_ .
| 1-32

3 3 3
46. Datam = bn’ -cp k thia-—wliw b“k ,c=-k'—.
mS 3 | P3



Ta cb %@»?%/54-%#-1(—-1-k+£=k{~1-+w1—+l]=k.
m Il .

mn n P p
- . 3 .3 3
Matkhdc  am® + bn® + cp? = B0 e bn PP k k i.{
| | Ll n p m n p

=k3[i_+m1~+}~]=k3§
m n p

Do d6 YJam? + bn? +cp? =k = 3a + b + 3.

47. a) Chii ¢ ring §9 + 445 =§2 +/5)2 =32 ++5 . pdp s6: 2.
bl: . o)V5-1; d) 3. |

E:)A““ < Dat%:xthix‘lﬁﬁ."f‘acé.
_ N4-3%5 4245 - ¥is
2 | O 2x+ D)
A = _ = _
\/4 “3x 42— \/(x + 1)2(4—- 3X + 2x% ~—'_x3)
_ 2x + 1)
: \/«*xﬁ +5x + 4

Tathﬁy.-xs+5x=x(5—x4)=0nénA_-—z(K+1) +1-—VF+1

i

Chuong IT — HAM SO BAC NHAT

'§8. Nhic lai va bd sung céac khai niém vé ham s&
48. Ban doc tu giai.
49, a) Duong thing y = —1.
b) Puong thing x = 2.
c) Pudng phan gidc cta cidc gbc vudng phan o I va 1L
d) Puong phan gidc cla cdc géc vuong phén tu II va IV.



50.

51.
52,

53,

54,

a}ﬂ@tx-l— fer i S 1. Tacd
f(t) =t~ 1> =2t -1)+3=C =2+ 1 =242+ 3= - 4146
Vay f(x) = x> L 4% + 6
g(x)=2x+09.
a) Ban doc ty giat.
b) Him s y = f(x) = ax> xdc dinh vén moi s@ thlrc X,
Cho x céc gia tri_thyrc_: bat ki xy, X, sao cho x, > X, ._}_(ét

3

: 3 2
f(x5) — f(x;) = ax% —ax] = a(xy - x?) = a(X,y — xl}(x% + XXy +X7)

: 2 9
) X 3x :
Tacod xy —x; > 0, x% + X{Xo +x% = [xz +—2l] +_—4—1-:> 0,dodo:

— N&u a > 0 thi f(x,) > f(x,), ham s6 déng bién.

~ Néu a < 0 thi f(x,) < f(x,), ham s& nghich bi&n.

Ham s6 y = vx =3 +v/3 — x dugc xdc dinh khi x 2 3 va x < 3, tic 1a khi
x =3, khi d6 y = 0. P6 thi ctia him s6 chi gbm mot diém (3 ; U) o

&)CA =(3 - 2) + (= 1+4) = 10,
CB? = (=1 -2)* + (-3 + 4)°
AB_(1~3)+(3+1)~“16+4 20. |

Dé dang ching minh AABC vuong can. Dién tich tam gmc bﬁng

—CA CB =— \/_ \/_ 5 (dcm vi chén tfch)

b) Tam gidc ABC vubng cén c6 dlei:n tich bing 2,5 don vi dién tich.

. Trudc hét tinh £(2) — £(-2), duoc 4. Tir d6 tinh duge £(~2) = 13.

. Ham sd y = ax

=2 véik_-f::()
‘C_‘r vdix 2z 0

a)yzlxi——-xt{

Do thi.cﬁa ham s6 : xem hinh 58.



yﬂ
. --L._.I 2
R B
Hinh 58 '1 Hinh 59
|=3x véix<0O

X vdxz= 0

b) y = 2x| - x m{

D4 thi cia ham $6 : xem hinh 59.
57. (h.60) Ta tinh dugc toa d¢ cdc dinh ciia AOAB la AGN2 2% Bld: 2).

Pdp 56 : Soap =4 —~~2 (don vi dién tich).

el 4

(4 véix<-2
58 y=Ix=2l-Ix+2l ={-2x v6i ~2<x<2
| -4 v6ix22
D6 thi clia ham s6 ; xem hinh 61.
miny='——4<::>x22;
max y=4 < x < -2,

59. (h.62) Dudng thing y = ax phéi cit canh BC g{u giao diém dé 1:’:1 F ¢6 toa
do (3 ; 3a).



Soascpe = 11.

yo‘\
| P

.. _3+(B-3), (6-3)3 afA P
IDABF. 2 . g .
Gigi £33 _Mogppe, 7

2 9
- : re s 7
Duong thang phéi tim 13 y = 9

60. (h.63) Gii tuong ty Vi du 21. Ddp 56+ y = _-:-x.

¥a
A
8-~~~ *
N
: y F.
: -} IR -+ A
k B : A
2 '%‘ “““““ B L | \i':'ﬁ‘if‘
|71 5
. ' >
0 2 4 x © 2_
Hinh 63 Hmk 64

61. (h.64) Di€m A(2 ; 2) thude m:én phai fim. Mlén phai tim Ia nira mﬂt phéng

chita diém A c6 bd 1 dudng thé‘mg y = é—x

§10. Ham_sﬁ' bac nhit

62. Diém c6 dinh 13 : a) (03 3); b) (13 2) 5 ¢) (-2

1).

63. Diém d6i xing véi diém (x ; y) qua truc hoanh 12 diém (x ; -y).
Xéty =2x + 11, thay y béi —y ta dugc ~y = 2x +. 11 hay y = ~2x — 11.

Vay cau tra 10i B 12 diing.

64. Diém d6i xtng v6i diém (x ; y) qua dudng thing y = x 12 diém (y ; x). Xét

y = 2x+—4 mayxbmyvﬁthayyh{nxtaduﬂcx

Vay cau tra 101 C 12 ding.

2y+4hayyﬂ~%x—2



65. a}y_%—xﬂ b)y——2x+6 'c)y x+d; '- d)y-—1'?x+1

' 66. a) Xdc dinh dudng thang di qua ha; dIém A vﬁ B dlIUC y 3x _5. Sau duf__
ching to réng cdc diém C va D thudc ducmg thang trén Bt e
b} f)ap 561 x = -~3 ' :

67. Ba duong thang : tfruc tung, truc hoanh duodng théng y =X + 2 xéc dmh.:_f_'_
mot tam gide. C6 boén diém céch déu ba duding thing nay, _chung khﬁng_-__
cung thudc mot dudng thang Vay D ia cau tra lm éung }

- 68. Goi dudng thing cin xdc dmh 14y = mx +1.

Pudng thing di qua diém (0;b)nénb=m.0+n = n= b
Ducmg thdng y = mx + b di qua diém (a ; 0) nén ‘

0=m.a+ b::wn—'—— (Chﬁﬁ'rﬁnga$0}
a

Bm:fng thdng cén xdc dmh cé phucmg trinh Ia :

>~:

Ly = —Ex + b hay L tﬂc la LY =1 -
a b a b i

.'m

69. (h.65) Dﬁé‘“g thing y = ax + b c6 giao d1ém y,; <
‘v6i truc hoanh nén.a # 0. Giao diém cla i P lEre
dudng thing v6i truc tung 12 (0 ; b), véi truc 185 1 e
hoanh 12 (—'-E; 0) A A

. 4a

Theo @6 bai, b vd —2 Ia cdc s6 nguyen

a :
duﬂng a la s6 nguyén. - - .
Piém (4 ; 3) thude dl,r{:mg thang nén3 4a + b st
Do dé g e 2k

—bi4ﬁ“3:>—_£ 4a -3 4“.%‘ |
a. a a WY ERR TR \"
'S6 a phdi 13 wée cia 3. Do~ va b Ia cie | E
a T R e
: L b N R S
s6 nguyén dm:mg hén a 1a s6 nguyén am, -0 s o By TR

ae (-1 -31 | v s eHinh 68 gy



V6ia=—1thib=7, taco dudng thing y = ~x + 7 cit truc tung tai diém
(0:7), ct truc hoanh tai didm (7 ; 0). -

V6i a = -3 thi b = 15, ta ¢6 dudng thing y = -3x + 15 cét truc tung tai
diém (0 ; 15), cit truc hoanh tai diém (5 ; 0).

70. Gia sit dudng thing phai tim cit truc hoanh tai diém c6 hoanh do bing a,
cit tryc tung tai diém c6 tung do bing b thi dudng thing c6 dang

K .E. =1 (xem Bai tap 68).
a

3a 12
=3+ .
a-4 a—4

Diém A4 ; 3) thuoc dudng thing nén 4 +% =1.Dodé b.=
a <

Dnalasﬁnguyéntﬁn&na}Z 3—4} 2. ) |
- Lan luot cho a — 4 nhan céc gid tri -2, 1, 1 2,3,4,6,12, vlfnchuyrdnga

) | | la=5§ =5
la 56 nguyén t6 va b > 0, ta duoc {a va {Z -

- Ta tim duge hai dudng thing 12 % + % = 1 _(ha}f'j;_: -3x + 15) va % + % =1
(hay v = —x + 7).
71. Xem hinh 66.

. i) )

o | vt | ai ™
. _;L 3

‘ _ . . N
. V/2 X : V7 =2
. _1]0 x
-2 5
a) b)
Hinh 66

_ —2x+4 vix<1l
72. (h.67) y =42 V6il<x <3
2X — 4 véix >3



73.

74.

73,

D6 thi ciia ham s6 : xem hinh 67.
Tir d6 thi, tathdy miny =2 <> 1 £x £ 3. y

O

s [ = aw caw v -
m o -
Y

Hink 67 Hinh 68
Cén chéng minh Ix — 2/ > x ~ 3. Xem hinh 68. -
Theo dé bai f(3) < f(1)<f(2)nén3a+b<sa+b<2a+b,suyra3a<as2a.

Do3a<anénas, dca<2&néna>0 V&ya--{} Ham s6 da cho 1a ham
hing f(x) = b.

Theo dé bai f(4) = 2 vay f({]) 2. Hﬂm s6 da cho 13 f(x) 2.
(h.69) Pudng thing diqua A vA B 12 |

2 yq
ym—gx+4. B
Goi toa do cia M 1a (x ; y)-thi D
y=——2—x+4. (1) 4
Goi hinh chi€u cta N trén Ox, Oy i
theo thit tw 1a H, K. Ta cé 5
m-~0Cﬁ—-%Iwil) =%x,
3 3 3
1 H 1
NHﬂ*ODZ“M(::—— ‘”'
A~ 3 3
; . # 1' ' -~ ! 2 | ' 1
GoitoadociaNla(x'; y)thi x =~—§x, y =§y.
I-Th‘ay vao (1} ta duoc 3}":-%% '+ 4 hay y m-ﬂlé-x —1-%



76.

77,

Vay diém N di chuyén trén dudng thing

y=-i—x+~§ (phdn dudng thing nim

trong géc vudng phin tu I).

(h.70) K1 hi¢u ABCD 12 hinh tharig c4n tim
di¢n tich nhu trén hinh v&. Ta tinh dugc

C[E s) D[z ] fo=2 ip2

a a a a
Ta coé
SABCI} 8—-"‘—?(6 2}4 2= 8:::?3.—2
a a

Dudng thing phdi im 1Ay = 2x — 1. Hinh 70

(h.71) a) Piém c6 dinh 12 (0 ; 2). | | _
b) Goi A, B theo thit ty 12 giao diém clia dudng thing d véi
” :

truc hoanh va

fruc tung. Ta tinh dugc OA = ——— OB =2,
| AN 2 — ml
Goi OH 12 khoang cdch tir O dén AB, ta ¢cé
L _ 1 1
OH?’ 0A2 OB’ 2
__(2—m)2+imm2,—4m+5, AVA
4 4 4 " |
Mitkhic OH=1lom?-4m+5=4 o\
+ i
SMm-2Y=3om-2=+/3 - /90 1AY X
= m=2-3 Hinh 71
i
m = 2+~.r B
Tuong tng véi cdc gid tri trén cha m 13 hal dudng thﬁng y = -«J'_ 3x +2 va
y=3x +2. - g

c¢) OH lréfn nhdt <> m* - 4m + 5 nhd nhdt <> m = 2. Khi d6 duﬁng thang 12

y 2vaCH=2,



78. (h.72) Goi dubng thing d phai tim 14

y =ax +b. Diem A(7 ; 2) thude d nén
2=Ta+b (1)

- Duong thing qua B va song song vdi truc

‘hoanh cét d tai M, dudng thang qua C va

song song vdi truc hoanh cit d tai N. Goi
BH, CK la cdc dudng vuong goc ké tr B, C

dén d. Ta ¢6 BH = CK <> BM = CN. Pit

BM=CN=m. ToadocaaMla (2+m;8),.

toadgcua Nla (8 —m; 4).
Medntn8=a(2+m)+b; (2)
N & d nén 4 ~a(£~§ m) + b. (3)

T (1), (2), (3) ta tim duoc a = -2, b = 16,
m=2

Duong thing phai tim 12y = -2x +16.

Chi y : Néu st dung cong thic tinh toa do
trung diém cta mot doan thiang (xem

Bai tap 48) thi dudng thing phai tim di

qua hai diém A(7 ; 2) va 1(5 ; 6), trong d6 R4S

I 1a trung diém ciia BC. Ta xdc dinh dugc 6l 1

dudng thing cén tim 12 y = -2x + 16. Iy “a,
79. a) Xem hinh 73. | = ’,#; ;

b) Tim giao diém ciia cdc dudng thang N

y=-2x+6vay=x+2,

ta duogc dlém A f%; E-[l -
3 ' . 3 3

Gia tri 1on nhat cua {(x) 13-3"&!0’13(:*—

T

!
i
i
i
i
i
i
|
Losiieg
O 4
3

| Hinh 73

§11. {-)Lmng thang song song va dudng thang cit nhau.

. Hé sd gcc clia dudng thangy = ax+ b
8. aym—-1=2<m=3 b) m # 3.

O2m-=-lom= é—



8l. aym=2; : b) m # 2.
¢) m(3m — 4) = ~1 ¢:;3m2~4m+1:-ﬁ@(m-1){3m-1}ﬂ_0'
Sm= 1 hedc m = %-
82. Dudng thin OA co phuﬁng trinh y—mLx ;1én a—ml— ..T.a ﬁm dugc
b=-2. e

83. (h.74)a)x =0 b}y:O;'--' c)yz_—%x.

>

W o
_ I
i
__7
m
w

-

[y ANE s
o e
10| 1 4 x _4 _1'0 3 2
Hinh 74 ; - o  Hinh75
84. (h.75) Pudmg thing AB ¢6 phuong trinh 2x — 3y = 20,
Dudng thing BC cé phuong trinh 3x + 3y = 8. | _ |
DPudng thing qua A va song song v61 BC c6 phuﬁng trinh
| 3X+5y=27. (D)
Puong thing qua C va song song véi"AB c6 phuong trinh 4 (.
| | 2x =3y =-1. | o .(2j
Tir (1) va (2) ta tim duoc toa do ctia D.
Dap s6': (4;3).

Chiz y : Néu dung céng thitc tinh toa do trung d1ém cia mot doan thing
(xem Bai tap 48), ta tlm dm:rc toa dé trung diém M cda AC ter dé tim duoc
toa do ctia D.



835.

86.

" b) Ba dudng thing déng quy tai diém (3 ; 1).

87.

88.

89.

90.

& R

92

(h.76) ABCD 1 hinh thang vuong. Ching
minh ring AB // CD va AB L AD. |

a) Ba dudng thing khong tao thanh tam gléc
vuodng vi co hai dudng thing song song.

c) Cic dudng thdng y =-=x + 1 vay=x + 3
vubng .géc véi nhau tai diém A(-1 ; 2). Pudng
thdng y = —2x + 6 cit cdc dudng thing trén va Hinh 76
khong di qua diém A. Ba dudng thing tao
thanh mot tam gidc vuoéng. |

y = —%x + 2. He s6 gbc cha dudng thang Ia —%.
Pudng thing y = mx + n di qua di€m A(m ; 3) nén 3 =m’ + ';1. Pudng thing
yzmx+ndiquadiém]3(1;m)nénmmm+n,'ﬁrdén=ﬂ,'m=\f§.
Duong thing y = ax + b di qua A(x; ; y;) nény; = ax; + b. Do d6

y=ax+(y;—axy)suyray —y; =a(x - x).

BAT PANG THUC

2 .
g~ 1
a)Bié'ndﬁi[x+'w ] +—2> 0.
o ) 27

b) Bién déi twong dvong hoic 4p dung Vi du 26.

a) Hiéu | |
3(x2+y2+zz_)—'(x+y+z)2=(x-y)2+(y¥z)2+('z~x)22{}.

b) Hiéu clia v& trdi va v€ phai bﬁng (a-b)*(a+b).

. Céch 1. L = J2004 + V2003, ~ b 42005 +J2004

a

Ta thiy ~ < '-.f;» 0814 b (1 4, b 1A hal 85 diing):
. F: |



81.

82.

83.

84.

aym=2; b)m = 2. |
¢) m(3m — 4) =~1 < 3m? — 4m + 1 =0 (m-1)Bm-1)=0

< m=1 hoic m=
I : : .
Puong thing OA cu huon tnnh ==X nén a =-—. Ta tim dugc
g £ P g Y \/E \[“
b=-2.

(h.74)a)x=0; b)y=0:" ) sf:.%x'

Hinh 74 ' Hinh 75
(h.75) Pudng thdng AB c6é phuong triﬁh 2x - 3y = =20,
Dudng thang BC ¢6 phuong trinh 3x + 5y =8,
Du&ng thang qua A va song song v6i BC ¢6 phucmg trinh

3% 4 5}? 2.z ' (D
Puong thing qua C va song song véi' AB c6é phuong trinh S R

T (1) va (2) ta tim duge toa do cta D.
Dap s6': 4;3).

Chit y : Néu dung cﬁng thitc tlnh toa do trung dlém cia mot doan thing
(xem Bai tap 48), ta tlm duﬂc toa do trung diém M cua AC, tir dé tlm dugc
toa dé cua D.



85.

86.

" b) Ba dudng thing déng quy tai diém (3; 1).

~ vuéng.géc véi nhau tai diém A(~1 ; 2). Dudng

87.

38.

89.

90,

- 91,

92.

(h.76) ABCD 13 hinh thang vuong. Chimg
minh ring AB // CD va AB L AD. -

a) Ba dudng thing khﬁng tao thanh tam gidc
vuong vi ¢6 hai dudng thing song song.

c) Céc dudng thingy=-x + 1 vay =x + 3

thing y = —2x + 6 cit cdc dudng thing trén va Hinh 76
khong di qua diém A. Ba dudng thdng tao |
thanh mot tam gidc vudng,

y = -—%x + 2. Hé s6 géc ctia dudng thang 1a —:-?3—.
Pudng thang y = mx + n di qua diém A(m ; 3) nén 3 =m® + n. Dudng thing |
y=mx+ndiquadié_"mB(I';m)nénm:m-i—n.'f‘irddnmﬂ, m = /3.
Dudng thing y = ax + b di qua A(x;; yy) nén yl = ax] +b. Do d6

y = ax + (y; -éaxl) suy ray —y; = a(x — Xy).
BAT DANG THUC

@) Bieh d6i [x + -—\%T + %}_0.

b) Bi¢n déi twong duong h{:;ac_ ap dl_mg. Vi du 26

a) Hieu | .
3¢+ + ) = (x4 y + 2P = (- 9P+ (Y- 2P+ 2 -0 20,

b) Hiéu cia vé trai va v€ phai bﬁng.(a - b)z(a +b).

Cach 1. > = 2004 + 2003 , % = /2005 + /2004 .
= a - e : 5

Ta thdy 1 < -s; néna>b Wi a,_b' 12 hai s6 .'dtxﬁng).-
a



Ca{,k 2 Theo Vi du 26, ta ¢cd

- N2003 + /200 < 3007

2 -
nen 003 + /3005 < 3004 + V3004
do dé V2005 — 2004 < /2004 - \/2003 tiic 1a b < a.

93.

94.

a=+80-/81<0, d= Jsz_ — o338 <0 B =l D T w0,

Xétbvac, tacé

. 1 | _
b=9-+80 = c=?~xf41—=- > 0.
9+\/_" | ?.+._J_4§
Do 9 ++/80 > 7+ 48 nen b < c. S6 phai fim 12 b, B
. 2 2
a)a‘rﬁ x/—m '
x/_+\/_5 6+5 .
2 1
\/_+x/_{12(xem‘v’1du26):> L=
J_+~f_ 26
Véyl{a{:—zm‘
6 11 |
Tmng day s6 t:i_ng dén 42—, —lu, —'2~, i, -2—, s6 16n nhdt nhd hon a 13 -—lﬂ,sdl
136 115" 9 | S
nh{} nha'tkm hﬁnala % . |
b)Tacna—r Fm
. 00

J6?+J6?>3+-7m15 nen-a«;%_

\/—+J_3<:16 (xemeduQﬁ)n&na:»%:é-

Ta cé —é-«:: a< % nén Cl 125 <a <0, 1333 » do d6 phén thap phan cha a

| 'sat vl 86 0, 13 nhét.
95,

: 1
- thitc —— >

Ching mmh rdng méi 56 hang clla A déu 16n hon 00{)1 Dung bat ding

2
' v6ia>0,b>0, a#b.
Jab a+b ?_ ’



96. a) Ta co

{n+1)\/_+n\fn «f—\/_+1(\/n+l+\f_)
_An+ —w/Em 1

Voan+1 Vo Vsl
Dé dan g giai tiép bﬁl t{)én |
b) Tacé

@ +11)JE i n.(r?E 1) ) J;(i gt ] ) J_(
(v ) )

Dé dang giai ti€p bai todn. —

1

j" J%J[\/_ I\/nl-;-l}
1

1 1
97. Diat a = —= + ==+ ...+ —=. Tacd
' Jic A2 T oaln
1 1 1 - : néna<ni= n.
VI JE "B TR T o
Tacé 1 2 =2(Jn -vn=-1)

Jn - J"+\/_ J5+Jr
nen  a<2(n-Vo-T+.+v2-V1+J1-0)=2n.

- Chu y: C)VfduZE tacuncnké’tquémamhh&n 2«/_ 2<a<2\f—_-1

98. Chtmg minh bang phan chimg. Gia st trong 25 s6 ty nhién da cho, khﬁng'
c6 hai s6 ndo bing nhau. Khong mat tmh tﬁng quat glé sir

ay {32{ "‘{'325

Suy ra | ap2l,ay22, .., 895225

- Thé thi e e = T
Ta lai cd .
1
| J' «f W
1 .y - - -".;
Tu‘ (1) va (2) suy ra \[_ F + ...+ J._ <9, trfi_i véi gia thiét. Vay

<2425 -1 =9 (xem Vi du 23) )

ton tai hai s8 bang nhau trong 25 s6 ay, aj ..., a25-.



93.

94,

| - thife = >

Cac,h 2 Theo Vl du 26, ta cé .
/2003 + «/2005 T

2 _
pén - /2003 ++/2005 < v2004 + 2004 ,
do d6 V2005 — 2004 < /2004 - ~v/2003 ticlab<a,

a=+80-81<0,d= J324 V325 <0, e =120 - \/121<:0.

Xét b va c,tachd

1 .
b=9-+80 = 0; c=7-48 = > 0.
-9+\/_ o | '?+_\/4_8
D09+J8’6-_>7+Fnenb{c.saphammlab. |
ey
a) a=+/37-435 === yo
: \/—+x/_5 - 11
2 1
J“+J"<:12(xemv1du26}:~ B e
F+J_5 6
Vay l-{ﬂ-%:_m-z—. |
6 11" |
e 2 12 12
Trong diy s ting ddn —, —, —, =, 50 160 nhét nhod hcmala—- sa
136" 11° 5’ 9 | 6’
nhd nbit 16n hon a 12 % |
b)Tacoa“\f_ J__
«.f_5+f

J6_5+Jf§}8+-7:15 nén a «::I—zs-
J_+\/_3-:: 16 (xemV1du26)nén abi%:—é—.
Ta co —é-{ a< % nén 0,125 <a <0, I333 » do d6 phan thap phén cla a

st véi s6 0,13 nhat.
95,

Chitng mmh ring moi s6 hang clia A déu Iun hon (}UOI Dung bat dang

1 vma:::-ﬂ b>0,a%b.

2
Jab ‘a+b



96. a) Tacd

(n+l)\/_+n«.ﬁ J_Jn+1(~/n+l+\/_)
«JIH- ~n 1 1

et A dadl

Dé dang gidi tiép bai t{)én
b) Tacéd-

5 1 |
(n _+11>Jﬁ' i n(fr D ‘E[}E o+ J i ‘E[
O
T «f— Jn n+1
- Dé dang glé:l tlé’p bai todn. | |
97. Dit a =

+ .. +—L Ta cb

TETE
1 1 1 1
7_1—->-?:~}E>...}ﬁnéna{n\[_ J_

, 1
-~ Tacé - JHH’— T+K_2(JE~J:1—-£)

nén a{_2(\/;#\}!1'-"1.+...+J_—f+_ﬁ“\/6)=2£.

Chit y : O Vi du 28, ta cdn c6 két qua manh hon Z\E -2<a< Z\E - 1.

98. Chﬁng minh bang phan ching. Gia st trong 25 s tu nhién da chn, khong
¢6 hai s6 nao biang nhau. Khong mit unh t0ng quat gia st

a, < ay e A ags.

Suy ra s B a;=21,a,22, .., 8,52 25. _
1 1 1 11 i
Thé thi e o e L, + L =4 —= + s+ (1)
| Jar  yfa Jags N1 N2 N2s |
Talaicé . . | |
< 2J§§ 1=9 (xem Vidu 23) (2)
f J_ f

Tﬂ' (1) va (2) suy ra —\/-—m J_ Fore = J_ <9, tra: voi gia thiét. Vay
ag

t0n tai hai s6 bing nhau trong 25 86 ay, aj ..., ays.



'99. Cdch 1. (Ching minh bing phuong phip quy nap toén hoc).

Ménhdedungvmnmiwﬁ*il 1/1;—1.

Gia st ménh dé ding v6in =Kk, titc 1a

Sy =ﬁ'%~/§+ﬁ..+\7§5k.1/5%1.

Cin chiing minh ménh dé ding véin =k + 1.

Sk-i—}_ :ﬁ_+ﬁ+...+\gk+lﬂ(k+i). k;Z
Ta c6 'Sk_,.i=Sk+w}k+1£k.1’£{~i~!~+\fk+1.

Nhu vay chi cén chimg minh kJ ++/k+1 < (k+1). k e , diéu

'nay tm:rng duong véi

Jmu‘g“}: ¥ J(k+‘><k+2>

& (k +2)? £(k+1)(k+2)

K +2+2kV2 <K% +2+3k
& 2k/2 < 3k, ding.
Bit déng thifc duge ching rinh.
- Cdch 2. Bt dang thic ding véi n = 1.
- Xétn>2. Ap dung bt ding thic

(a; +ap +.. +a€)2 & n(al+a%+ +an)

(theo bt dﬁng thitc Bu-nhi- a~cﬁp xki) v6i a; = Vi, ay = \@ iy By Jn
ta dugc

(\/_ \5+ +J—) ESol+2+..+ )_'n(n+1)

2
:ﬁ+ﬁ+...+&£nq’n;1.




100. Xt - - R
Ja+i-+a _An+ .,( An+1 —J— Jn+ -Yo
n+(n+1) AIET J4n +an+ 1 «1_4;12}41;

' o n(n+ \/_ «Jn +1

- 101, a) Tacd i, Ame,

2. {3.02n-1) " 24. (211)‘ e
24 (211) 38 (2n+1) Con+l
s B
Jin—-?f“
b) Trudc heét ta chiing minh bét dﬁng thite. -
That vay, (1) o 2k —IW3k +1 <21<J3k o Bl
< (4k% - 4k + 1)(3k +1)< 4k2(3k 2) FEE
o 12° - 8%~k + 1 < 12632 B3
<>k ~150, ding véi jingiké“: D aptiodhel
I_"E.:Trong (1) lan 11.1’01: thay k bang 1,2, ..., nta dudg;ﬁ.- bt gl e i
. A3 JZ~ | 2n 1_\Bn-2 ¥ o
AN J:E‘I“
~ Nhan timg vé ce bt déng thitc trén tach e
13 2n-1_ V4 P2 13-
27 T J17 J3n+1 "B+l

nén

Suy ra | A <




102. Dat cdc doan BH = a, HC = ¢ trén mot duﬁng
thing. Ké dnan thang HA b vu&ng gcc véi BC
(h.77). '

- Dé thay s o
AB.AC 2 255¢ = BC.AH.
103. Binh phuong hai v€ 161 rit gon, ta dugc bat B H - C
dang t th:.rc trong duong o Hmh77
 (ad - bc)* = 0. . '

Chii y - Cling c6 thé chitng minh bing bat dang thuc Bu- nht-a cﬁp I{kl
104. Giai twong tu Vi du 29.

105. Gid sita2 b2 ¢ 0. Theo dé bai : b+c>a Suy ra
b+c+2f—::-a:>(\/—+xf€)2.>(«/§)-:,.-»\/._+_J<_;->_J_'-.:

Vay ba doan théng cé do dél Jb,ve, \E lap dugc thanh mot tam glac
106. Ldn lugt ching minh |

'\/a +b2+\fb2+§2+xfc2+a2 >~/—(a+b+c) . (1)
\/a +b2+\/bz+c ++/c? +a *C\/_(a+b+0} (2);;- :

Chiing minh (1) : D& thdy (a + b’ < 2 + by nen a + b < V26 + %)

Tuungtub+c<\f2(b2+c ), c+a<~«f2(c +a2)

Suy ra

2(a+h+{;)<\f_{~fa +b2+~fb e +w€ +a)
:>\f_(a+b+c)£\3a +b2+\/b-2-i¥cz+\/c +a%

Ching minh (2): Do a, b c la ba canh cia mot tam gide nén

(a b} <c? = a? +p% <c? +2ab:n!a + b2 <+/c? +2ab.

Tu-:mgtu\/b2+c {\/a +2bc ’JC +a <1jb2+23c '

Cong timg v& ba bat dang thic trén ta dugc

\/az + b2 + Jb2_+c2 + ch +a% < \/{:2 + 2ab +.Ja~2:+‘ 2be .-i-"\f'bz.' + 2ac .




DE dang ching minh dugc (x + y + 2)° < 33 + y2 + z%) nén

x+y+z<\/3(x +y +z} Apdungbatdangmuctréntam

\/c +2&b+\/a +2bc+\!b2+2ac£\/3(c +2ab+az+2bc+b3'+2:ac)=

. , =\[3(a+b+c)2 :J?:{a+b~+c').._
107. Ta c6 a va b khong 4m nén : %

s - am
(afb) +a+bna+b(a+b+52~/a_b(a+b+%)

2 4 2
(bﬁt dang thtrc Co-si).

Cin chitng mmh Jab b(a + b+ —) > a\fl; + bw/; Xét hi¢u hai vé€

Vab(a+ b+ L J ﬂmm_rﬂm;;_ﬂ/;q@):

- (-4 (-2 o

Xay ra dang thic khi vachikhi a=b = Z hodc a = b 0.

108. Theo bat ding thitc Co-si
btc, 5[‘3“+;);2=M_
a . a : 2a

Po dé 1’ 2 28
b+c . a+b+c
TucmgtuJ =
a+c a+b+c a+b a+b+c

Cﬁngtlmgvé'\/ 2 +J +\/ : 2(a+b+c) =2.
b+c atc a+b a+b+c

Xay ra déng thic khi va chi khi

a=b+c
b=a+c¢ =:>a+b+ch0tré1vmglath1é’tabcl&basﬁ’duang
c=a+b '

Vay ding thic khong xay ra.



109. Ap dung bdt dang thitc : > véix >0,y >0 _thi‘.'

Xy (% +y)?
a_ ¢ _a2+ad+bc-+c 4(a +ad + be + ¢%) '{1)
btc d+a  (B+o)a+d . (a+b+c+d)?
’ 2 2
S _d 3 4(b“ +ab +cd +2d )_ @)
.¢+d. a+b (a+b+c+d) -
Cong (1) véi (2) duoc
a b LS d >

+ =
b+c c+d d+a a+b.

4(a +b? +¢2 +d? +ad+hc+ab+cd)
’ m+b+c+®

= 4B,

Céin chitng minh B > -%, bt déng thitc nay turong duwong véi

2B21¢2a+b* +c?+d® +ad+be+ab+od) 2 a+b+c+d)’
o +bi+ctrd®—2ac-26d20
<> {(a - r:}2 +- (I:-—d)2 = 0 ding.
Xay ra ding thic khi v chi khia=cvab=d. |
2 2

- 110. Bat—-#-y--a Binh phuong-hai v€ ta dugc Lo di2=42 Dé dang -
-y X > },2 X . y %
%2 y A : '
chiing minh i 22 néna” 24,dodéa=2hoicas -2 (1)
| yo X - :

Bét déing thic phai c:hfi’ng~ minh tuong duong véi

_a2—2+_4;:3a<::»,>a2»+3a+'2:?-{}@(a—1)(a—2)zﬂ

<.‘;:>a22hﬂdca<1 _ (2)
Tuf (1) suy ra (2). Bai todn duﬁc chu'ng minh, |
111. vn -+n I{m@ HO{}«::::JLJ —1>100. (1)

Va-va-1 J__



Dén day c6 thé giai bat phuong trinh (1), bang cach chuyén vé
vn~1>100- \/— binh phwong hai v€ va dua vé vn > SO 005 do do s

n > 2500, 5{}0025 Done Nva nho nhat nén n= 25{}1

Ciing c6 thé wéc luong € (1) dé thdy g _khoﬁng 50. Vé6i n < 2500 thi

Vi ++/n -1 < 42500 + /2499 < 100,

véin=2501thi n++/n-1=+2501++2500 >100.
Ta chon n = 2501. |

112.Xét bat déng thic @ +b*+c ) < n(a +b +c ) Bit dang thitc ph&l ding
véia=b=c, dodb (3a ) <n3a*nenn> 3. Xay ra duoc véi n = 3, vi bit
déng thitc (a° + b* + ¢%)? < 3(a* + b* + ¢*) 12 diing (ban doc tu chitng minh).

WVay gia tri tu nhién nhd nhét cta n 1a 3.

-_.a_;hdg—:aw;z@b.# (-5

2

113. Taco

(o) (a-b)

2 8b

Cin ching minh

W e b(va-Vb) <& ;b)z @.@(I\I/—‘@) <Az2

< 2Wab-2b<a-b<0<a+b-2vab .

mﬂi(\/_“\/a dungvé"la.‘.:b:a{]
Xw§ . e

114. Tac68=5+?+9+,..}x,g6m

_5+x(x-3)  x*+2x-15
. 33 4 “

+1= sﬁhan
b s ( g)

(1)

Giai S > 10000 < x* +2x-15>4000{}<:>(x+1) > 40016. vma so’tu

nhién nén x + 1 > 200 hay x > 199,

Do x 1a s6 1& nho nhét thod man x > 199 nén x = 201 Gla tn cha x duoc in

ra 1la 201.



115. Céch l.Dita =x>, b = y L, €= 20, Bﬁt dang thic phai ching minh

E-gﬂ > Yabe tuong duong véi
x> +y° +2°
3

Ta c6 hing ding thic

2 xyz hay X+ y3 g = 3x}rz z 0.

X 4y +2° ~3xyz = é—(ri +y +2D(x - y)? +(y~2)° +(z - x31.

Do a, b, ¢ >0 nén XY, 2 > 0; do d6 x° + _}r3 + 7 3xyz 2 0.

* Nhu vay —-:%iﬁ 3fabe

X4y ra dfing thitc khi vi chi khia=b=c
Céch 2. D3t a=x>, b=y, c=2>. Ap dung b4t déng thic Co-si véi hai
56 khong am, ta c6 |

{x +y}+(z +xyz) > 2 x}r ey xyz zﬁ'{xw?). (1)

Xy + 7 > Wxyz? = Zz\/}g;_ . " @)

Tux (1) va (2) suy ra

x° +y i +xyz>2\/_ 22\[_ 4xyz |
¥

“tic 12 X +y +27° >:3xyz.
| Vayf‘—%’iﬁz%}am.
2 2 .- ; A x: E
Xayradﬁngthfrckhw&cmkhi[ g, X=y=z&a=b=c
. : Xy =z° :

116. Tir gia thiét suy ra
b g ® d <1 ® _ 1 '
b+l c¢+1 d+1 =~ a+1 a+l




Ap dung bit ding thic Co-si cho ba 6 duong ta co

| b c d- _, bed.
> + + = 3. :
a+1 b+1 c+1 d+1 (b+Dic+Id+1)
fuﬁng t :h . - e ;
- b+1 (a+Dc+1xd+1)

o]
4

x 1 3‘?/_ abd :
1 @+ Db+DEA+1

-

1 ‘:_:—_'3.{/ o B *
d+1 (a+ Db+ Dc+1)

Nhén timg vé€ bon bat ding tiﬁi’c, ta dugc 1 = 81abcd nén abcd. < il

2 2 2

117, Goi A =5+ + 2,
< -

Ap dl.llng béﬁt'dﬁng thitc Bu-nhi-a-c6p-xki dugc

x2 y?' 72 X Yy z i
A= ey d+1+hz|—+=+—|. (D
Yy LA - y z X :

Ap dung bt d_ﬁng thfié Co-si véi ba s0 X, v, z khong am, ta duge:

-

N

pasy it s | (@)
x 2 X _ :

|

X
y
Nhan timg v& ctia (1) véi (2)

L e
m[mhﬂas[hiq AR YLE
- y % K y. z Xx) Yy z X

118. Cdch 1. (Diing bit dang thicc Bu-nhi-a-c6p-xki)

: : 2 ' o
Ta cé (mfl-—y2+y 1—;.;2) S 02+l =v* +1-%2).

Ditx’+y =mtaduoc °<m@2-m) = (m-1P°<0=>m=1.



Cdch 2. Theo gia thigt

K*\h"ﬁh}"z =-1“j’ 1'"K2

Binh phwong hai vé€ dugc

xz(l—-yz) =1~2yVl1 - +y2(1—x_2} = x° ﬂ1—2y\1__|1 g -i-yz
- .

- - | :3'0“( ﬂl—xz)x ::;vy B :>x2+y =1, o

119. Pat x =93+ 3B, y=P3 - Bmlry’=6. @

Xat hi¢u b3 g, duﬂc

b’ —a’ -24-(x+y) =24~ (x* +y’) = 3xy(x + y).
DU(I)nen

(x +y)——4(x +y)--(x +y)m3(x +y)
Dodé y m -
b ~a’ --3(x +y) 3x.y(x+y) 3(X+}’)(X "xy+y2 X}')“
“3(x+y}(x~y} >0(vix>y>0)."

Vayb3>a do d6 b > a.

120. a) Ki hiéu a, \/2 + \/2 3. +V2++2 (c6n ddu can)
Ta c6 - oap = V2 <2

ay=J2+a <2+2=2

ag=\2tay <V2+2=2

a100 =\/2+&99 {‘\/2-1-222
- b) Véi ki hiéu nhu cau a thi tir 12 2 — a;qp, miu 12
2 —agg =2 ~ (alpp—2) = 4 — a2y,

2-a _1
4-a’

Dit a4, = a, cdn chitng minh



Bién déi twong duong
2-a 1

—

>i<:>2+a-=:4<:ba-=:2 dung(theucaua)
4_a2 4 2+a

121. a) Bét déng thic ding véin=1. _

Véi n 2 2, theo khai trién (a' + b)ﬂE ta co

{HL] =141 n(n -1 1 n(n Do - 2) 1, ,n@-D.21 1
n, n

w3 T3 T el T
{1+14}(1 i+, -i)
21 ! n!
Dé dang chimg minh dugc |
-I—+.l+...+—1—£'~i~+~;-1—~+...+ s
21 31 n! 1.2 23--  {(n-Dn
ol Bl Lk bt S e
: & FeaB n—-1 n n
1 n
Dndé[1+—) < 3.
5 . I
b) Véi n'= 2, ta chitng minh. - ) : : '

: ' 6 6-
That vy, (1) & (33) > (V2)" & 32 > 2%, ding
Véinz 3, ta chiing minh < o I

WasmEYL @

. +1 1
That vay, (2) < (n+3f—*n S l)n(n ) < (%]H(Il_+ )
(n + )n |

<n @-(14[-1'] <n. ..{3)
n

<:::-(n+1) o _
e

Theo cau a) ta ¢o (H—lJ < 3, ma 3 £ n nén (3) dugc ching minh, do dé

(2) dugc chitng minh.



122, Xét higu o §

' (a+b+c)x+y+2z)—3(ax + by +c¢z) ol
=a(X +y+2)— 33X +b(X + ¥ +2) ~ 3by + (X + y +2) — 3cz
-a{y+z 2X)+b(X+2~ 29} +c(XAdy—22) . A
=al(y-x)— (x —2)] +b[(z~y) - (y — x)] + cl(x “-2) (z;'— 2l
=(y —x)(a~- b)+0v—ﬁ&wmﬂ+42~yﬂb~0)}ﬂ '

ﬁaab?*cvéx{y{z - . sk o :
123. Dat 0,99...9 =a. Ta 58 cht.mg mmh rang 20 c.hu' 58 thap ph&n ddu tién

x......_.v......_.-'
20chirs69 -

ctia v/a 1a céc chit s6 9. Muﬁn vay chi cdn chung mmh a<+a =1

That vay ta co

{}«—:aczlma(a—l)-::():::»a ma{(}ﬁazf:a

Tir a2 {a‘:lsuyraaf:s/aczl

Vay  40,99.9 = 0,99..9..

20 chit 56 9 20 ¢hi¥ 56 9
124. a) Dat A = (8 + 37 7). D€ ching mmh bai toan, ch1 can tim s6 B sao chu

_ 0<B<—~1— vaA+Blasdmnh1€:n

| 107 | |
Chqn_B:(8«3\/;1")7*Déthﬁ’y]3}0v18}3x/_ 7 (do 64 63). Tacé
. 8+3J7.>10= '1 =:>(8 SJ_) «:""_:,-'
x (8+3\F) BT | 10

3!

_Theo khai trién (x + y)" ta c6
A=(8+3\E}? ia—?bﬁ véia,be N;
B={8~~-3x/'_:‘)Tr =a—by7.

- Suy ra A+ B =2a, 1a 56 ti nhién.
Do 0<B < L3 va A + B 1a s6 ty nhién nén a ¢6 bay chir s6 9 lién sau

107
ddu phdy.

b) Giai twrong tu nhu cau a).



125. Ta thdy néu n la s6 chinh phuong thi Vo 1a s6 ty nhién, néu n khﬁng la
s6 chinh phucmg thi Vn 12 s6 vo ti, nén Jn khong cé dang .. s5. Do d6
ung vo6i mbéissne N cé duy nhét mot s& nguyen a, gin JE nha’t.

Quavzduédébal ta thay v6i n bing 1, 2, 3, 4, 5. 6, 7,.. . thi a_ béng

1,1,2,2,2,2,3,.. Ta s& ching minh rdng a, 14n lugt nhin céc gid tri ; hai
s0 1, bﬁ’n s0 2, sdu 86 3... N6i cach khéc, ta s& ching minh bat phuong trmh

[ - E <vx <1+ é- 6 hai nghi¢m nguyén du‘ﬁng
2 — % <Jx <2+ -;— co bdn nghiém nguyén du’ﬂng,
3 - —éc: Jx <3+ é- cO sdu nghié,m nguyén duung,

: téng quat: k- % < & <k+ é co 2k nghlém nguy&n du'fmg

That vay, bat dang thitc tr&n twong duong véi
B2 k4t <x<k®rk+t,
: 4 ' 4
RO rang bdt phuong trinh nay c6 2k nghiém nguyén dwong 12
ksl Poke 2, ek -

Do dé | | |
I % § 1 (1 1)[1 1 1 -1] (1 .1) -
mde—t b m b |t — = [ F | F L+

31 an 31930 x'_l 11 53 2 2 2 ._3 31

| %6 - 4ss . 636 n
+[-3~+.,.+-—1~‘- =244 = 88.

44 44 )

-8§s6
TIM CUC TRI

126. 2)min A =5-26 véix=0; maxAﬁém v6i x = +6 .

b) minB=Ovéix=1ix[§'; max B = /5 voi X = 1,



| 1Y 1. 1
127. a)A=(J'——2—] "'ZE"E;mmA:“

b) Dat VX — 2005 = y, min B = 20042 @y-%{:}x-ZOOS—-

128, Pat v2 - x =y20,t‘a_céy =2—_x;

129._ a) Tim gi4 tri 16n nh4t : Ap dung |a+b| < lal + [bl duoc -
| A<l +v2 ]y +1=6++2.
max A = 6 + /2 khi ching han x = -2, y = -3.
b) Tim gid tri nhd nhit : Ap dung |a — bl > Ia|~ﬁa| duoc
K’AE|K|-'J§+]}!|-—I=4?«/§
" min A =4 -2 khi ching hanx =2, y = 3.

130 ) A=k~ l+x -3l =lx -1l +13~xl. Apdungbaxdéngzhuc |MI>M
tacoAzZx—-1+3-x=2.

Cha y : C6 thé tim gid tri nhd nht ciia biéu thiic A bing d6 thi, xem Bai tap ?2
b) bat vx -1 =y 2 0. Riit gon B thanh 13!—1[ |y+1| Ta céd

B=|l-y|+ly+]21-y+y+1=2.
| (y20
- minB=2&4{1-y20 0yl 15xL2.
|y+120

e

) C=2-xl+[2x -3 +{4x - 1+ 10 - 5% > .
22-Xx+2x=3+4x~1+10-5x =8.



min C=8¢> 2-x20,2x~320,4x~120,10-5x20
«::bé.iixﬂ& |
2
Chii  : C6 thé gidi bai todn
bang cdch xét timg khodng: \ .

Fi:8

gid tri ciia x 16
- : B : 1 13 E
16 — 12x véi x <— | ;
4 .
|-4x + 14 véilﬂxﬂ:é | 8 M T E
e -4 2. 1 I |
.3 : T |
Svli —<x<2 | ! Eoa bk ey
2 i e L
12x-16 véix>2 @ - ol 1 1 ;3 2 3 x
- 4 -2
Dé thi ¢ia ham s6, xem hinh -
- Hinh 78

~78 (don vi trén hai truc toa
do dugce 14y khdc nhau d€ d€ quan sdt).

-

131 Cach 1. A% =2(x2 + 1+ vx? + %2 + 1) 4.
| min A =2 véi x = 0. "
Cdch 2. Ap dung b4t ding thitc Co-si (ding. k1én thite ctia §7) duac

A>2\j(x +x+1)(x —x+})“2\/x +x +1>2
min A=2v6ix=0.

132 a) Xét A> =2 +2v1~x2.

Taco  0<vi-x®<1=2<2+201-x?<4=2<A%<4

min A = @V(’nx"-!-l max A = 2vmx—ﬂ.
b) Xét 132_44-2\/(:,; 2)(6 - x) .
Ta;:oB._24,tudé.minB=2<::>x=2héacxr6,
'Ap dung bit ding thitc Z@Sa%b tacd
B4+ (x-2)+(6-x)=8.
Trdé -~ maxB=22¢x-2=6-xx=4.




133. a) Ap dung bit ding thic

Va2 +52 4?4+ 2 > \/(a +¢)? +(b+d)* (Vidu27)tacé

A = Vx2 1 a1 -x2 +22 2 +1-x% + (1 +2)2 =10

minA:mﬁi_X:ZﬁXﬂ%.
x ,

b) Gidi tuong tur cdu a ; min B = \/— 1 x= 16

134, Diéu kién x4c dinh :

{—xz Hax+1220 {(x +2)(6-x) 20

242K +320 x+DB-x)20

Xéthien  (=x%+4x + 12) — (=x° + 2x + 3) = 2x + 0.
Do(1)nén2x+9>0,dod6 A>0.

Xét A% = (Jx + 206 %) —J(x + DG —x)) . Hién nhien A% > 0 nhu‘ng
~dfiu "=" khong xdy ra (vi A > 0). Ta bién déi A* du6i dang khdc

= (X +2)(6 - x) + (x + DB ~ X) ~ 24/(x +2)(6 - OE+ DG - x)
=X+ DE-0+6-x)+x+2)B~x)~(3-x) ~

2Jx+ D6 -0+ 23 - %)

= (X + 1}(6 ~X)+ (x + 2)(3 — X) = 24/(x + 1}(6 X)(x + 2)(3 ~X) +3

= (J&+ 16 - x) - Jx + 2)3 - x))? +3.
A223.D0A>0nénmin.ﬁﬁwﬁ voi x = 0.
135. Xét-1<x<0thi A<O.

XétO<x <1t A= Jx2a=x2) < X "‘*’(I_x):i;
2 2

B D
@{x =]1-x . «fi

Do dé o max A =
| x>0 2

(S



136. Diéu kién x* <5,
a) Tim gid tri 16n nhﬁt Ap dung bét dang thitic Bu- nhi- a~cup xk1 duoc

2
A2 =(2x+1. 5—%2) < (22 +12)x _+S.mx2)=—j25:>A2 < 25.

X 5 xz0
2 ==NI=8 1 2
=085 wsd 2 Sx =45-x" ) x=2.
258 xzﬂﬁ

Véix=2thi A= 5Vﬂymax1—i 5 voix = 2.

b) Tim gid tri nho nhit : Chu y rang tuy tu A% 25 ta cé -5 % A < S
nhung khong xay ra A = ~5.

Do didu kién x4c dinh ctia A, tacé X2 S 5= —/5 <5 <45.

Dod02x>-2\/_ Talmcndi—x >{} nénA 2x+\f5—x ME\/_.

Suy ra min A = 2+5 vl X = /5.

137. Xét biéu thic phu [A] va ép dung céc bit dang thfrc Bu- nh1-a+06p-xk1 va
Co-si duge

Al = Ixl (/09 /09 +1~f101 ~x2)< I« J(99+ 1)(99+101 -2 ) -
=1x1.104/200 - %2 < 0% ”_203' < _ 1000.

[x2 <101

J_ r &Xﬂilﬂ
| 2=200-~x
Do d6 1000 < A < 1000.

min A =-1000 vé6i x = —10 ; max A = Iﬁﬂﬁvmx-ﬂ 10.
138. Céchf

Al =1000 <>

A=x+ym1.(x+y)=( h](x+y)-—a+ﬂ+}&+b
' : ' Xy X ¥



Theo bat ding thifc Co-si véi hai s6 duong

fi+bx 59 ’aybx 2\[-—
X Y XYy -

Suy ra Al‘*a+b+2\[&—(\f— Jb)?.
| fay _ bx | |
- s .
=a++ab
DDdéminA='(\/;+\/g)2vﬁi*E- Eml@ ree Ja_
_ Xy y:b-km
Xy >0 '

~ Cdch 2. Diing bét ding thic Bu-nhi-a-c6p-xki

(x+y)1—(x+y}[ ] (\/;+J;} _(JEM/_)

Tix do tim duge gid tri nho nhit cla A.

139, A:(x+y}(x+z}=x +XZ+ Xy +yz

='}-:(:-~:-1~y-i-z}+yz!“é 2 nyz(x+y+z)mz

min A = 2kh1ch2’1nghany z=1, X—\/_ 1.
140. Tir gia thiét suy ra
(*+ )2 —4(x? + y?) + 3 = =x? <0,
Dodé A*—4A+3<0¢> (A~ 1)A-3)<01<A<3.
mnA=1lox=0,y=%1.

max A=3 & x =0, y=i\f§.

4+x > 27 x2

Suy ra | x4+y +z4>xy +}?z+22

141. Tacﬁx4+y422x2y2*y4+z'422yz 32
(1)
Métkha’.c; dé chitng minh ring né’ua+b+c =1 thi aZ + b% + ¢? 2—;-. Do

do tir gia thiét suy ra



x* y +y Z* + 7% 2 % (2)

Tu (1), (2) suy ramin A zéc_-:: X=y=z= ii;i.
142. Tim gi4 tri 16n nhdt : Ap dung bt ding thitc (x + y + 7)? < 3(x? + f +2%)
‘ (xem Bai tap 91a), ta duoc (x + v + z)2 <9 nén
XYt 253, {1}

Ta c6 bat déng thitc :«y+yz+zx<x +y?+ 2 (ban d‘uc tu chitng mmh}
ma x” +y + 7" =3 nén |

Xy +yz + zx < 3.
T (1).va(2)suyra A <6. TacumaxA b x=y= z-l
‘Tim gid tri nh6 nhdt : Dat x + y + z=m thi

-m2=x2+y + Z +2(xy+y2%—2x}=3+2(xy+yz+zx).

%k

(2)

-3
Do @6 xy+yz+z};=m .Tacéd A =m + = nén

| 2A=m’+2m -3 =@+ 1)°-4> 4.
Suyra A= -2,

_ X+y+z= —1 : e W E R B
min A = -2 & 5 5 o . khichanghanx=-I,y=-1,z=1.
X4y +2z2° =3 | ] 2

- 143. A =[x ~y| 20, do d6 A 16n nhat khi va chi khi A” 16n nhat.

2 By ! R 1% 5 | B o 5
= (X - =ilx-=2 Sil+—=i(x"+4 = =
( 2 ( 2 }’] ' { 4}( _}’ ) 4
 (bat dang thitc Bu-nhi-a-c6p-xki).

2 s ey




144, a) Tim gi4 tri 16n nhat
Tir gia thiét

0<x<1 % o y? |
{ ' *:b{x > <:>x3+y3£x2+y?.=l

3 |
max A =1« < x=0,y=]1 hodcx=1,y=0.
y =y

-b) Tim gid tri nho nhdt -

{x+y)2£2(xz+y2)=23x+y£ V2 = XJ;&I.

y )(x s y)

2
0+ Y+ y) = (VX2 +(J_> % +(\f) >

3‘(\/_\/;4"(\/_) -(x +y}2
2 2

PRy

i4s. Tac:éa+1}0 a—3<0nén(a+1}(a-—3)50 suyrad ~2a—3<0,
do d6 a° < 2a + 3.

Tuwong _tgr, b’ <2b+ 3, c* < 2¢ + 3.

Do d6 x> + y 2 (x L4 Theo bit ding thic Bu-nhi-a-cGp-xki

i
min A = —--r,_

Suy ra . az+b2+c2£2(a+b+c)+9=li.
(a = —1 hodc a=3
|b=-1hodcb=3

min (a° + b° +¢%) = 11 < 4
¢ =-—1hodcc=3

la+b+c=1
@tmng a, b, ¢ c6 mot s6 bi‘ingB hai s6 bang —~1.
146. Trudc hét ta tim lién hé giita 2’ va a° véi dxéu klena::v- 1. Tacod
@+1)-32-1)=(a+ D@ -a+1)-3@—1¥a+1) -
=@+ 1)@ —a+l-3a+3)=(a+ 1)a°~4a+4) =(a+ D(a-2)2>0.



Do d6 a° ~ 3a® > —4. Tuong ty b° ~ 3b% = —4, ¢> — 3¢* 2 —4.

Suyra(@ +b +c)-3@ +b +c)z-12nc AB-362-12.
mnB=24 < asb=c=2.

- 147. Dt Vx = a,Jy = b, ta c6 a, b1 hai s6 khong am, a+ b= 1.
A=+ =(a+b)a®—ab+b%) =a’ —ab+ b’ = (a+b)>— 3ab=1 - 3ab.

| ‘Doabz0nén A<I.
_maxA=1<:>3=Oha$.cb'=ﬂ<::;‘ax:'0,y=l'h{}écx#l,yﬁﬁ.

2 S
Ta co abﬂ(a:h) =i—:{ab5i—=>1——3abal,

o

zﬁnA=lﬂéamb=%¢$x=y=m,

4
148. 2) A = (Wa +vb)2 < Wa +vb)? + (Wa —vb)? =2a+2b < 2.
maxAzQ@{J—z\/g@azb:l.
a+b=1 2

b)Taca(\/E+J—)4s(f+f) +(«/——J—) _2(3 +b2+6ab)
Tucmgtu; (J:;+f) <2(a +c: + 6ac)
Wa + V) < 2(a2 + a2 + 6ad)
Wb + o)t < 267 + 2 + 6bc)
I(Jg+ﬁj4£2(b2+d2+6_bd}
e +Jd)* < 2(c? +d? + 6cd).

Suyra  B<6(a’+b”+c”+d +2ab + 2ac + 2ad + 2be + 2bd + 2¢d) =
=6(a+b+c+d)?’<6.

max B=6 < 'I=Jgﬁf#ﬁ®&mbﬂc: xi.
a+b+c+d=1. 4



149, A=+t 2 1 . (x-1,.2 1,
2 x—-1 2 2 x—1

minA:%@x—lzZ@x=3¢

150. D& ching minh a® + b’ > ab(a + b) véi a> 0, b> 0. Do d6

53+b3+~1zab(a+b)+abcﬂab(a+b+c)~
1 1 | a+b+c

A< +. + = =1.
abla+b+c¢c) bea+b+c) cala+b+c¢) abca+b-+c)

max A=1l<>a=b=c=1.
151. a) Theo bit dﬁng thiac Co-si |

T B LN T o L
z X - - Yz x
Tlrﬂng.tuﬁ-bﬁzk-;ﬁ&*ﬁ}zh.
X Yy y Z

: 1
Suyra2A22(x+y+2z)=2;min A =1 vdi xﬁy=z-=§.-

b) Ta cé A2 = 4 +

Hay chimg to A2 3. |
R
3

‘min A =43 Vil X =y =z =

£ . . - : e + ¥ . = »
155, Bpdimg TEaw0gf 20— gretcpra S s MR OHE, o & ol ol
b+c c+a a+b 2

-

s0 duong ;-
mnA=3<&a=b=c=2.

a+b+c

153. a) Giai twong ty Vi du 29, ta duoc A 2 5 : -% 3, g s



+c+d 1.
b) Giai tudngiuViquQ,_taduqcBza+b2?: _—_-2- .

IMHBﬁl¢$a:b:C=d=i;
w2 ! 4

o 2 2
154, Xét A2 = & F yzz)
' (x —y)
Dox>ynéna-2>0.
R BT

2 . DE thdy
a-—2 : a—2

Datx’+y =athi k- = x4y -2y =a-2.

Al > 8 ﬂa.zh-S(a*.-_.ﬁ)% (a f_4)2:—’ 0 o

Do A =0 nén min A = z,j_ Lhi i ohi khi" :

| " s J5+f il w’_ x/_
&> K+y:i\/g 4 hoac

N g I e J‘
Y= 3"
L 2 L 2

155. Diénkien—-1<x<1. ' |
Cachd )
;:3:25 30x+9x (3 5x) +16>16 (chﬁyrﬁngl—x }0)

1-x% 1«»*3-(2
Tir d6 tim dugc gid tri nho nhét cha A. . !
Cdch 2. Dat V1 +x =a, \-"1# =b,tacéa>0, b> 0.

5 - 3x 1+x+4(1—x-)_a + 4b? }21/51 4132 _22ib

‘\/1 S - NS R TR

min A = 4 véi a® = 4b%, khi d6 x;%,

156. a) Dé chitng minh dugc

LT Ny 1522'216 2':3.
Xy X4y x4y 22X +yY)




w@
e

min A=2V2 & x=y=

~ b) Bién déi B:(x+iJ+[y+—£}+[i%l)+2.
: X ¥y y X

Tuy B 2 8 nhung khéng xdy ra B = 8 vi khong xdy ra déng théi x =y = 1 |
VX +y =1.Décéx=yvax>+y>=1thi2x* =1, tic a xzw;—.'ra
. . W

bién ddi nhu sau °

B=[x+.—l—]+(y+-l— oo L B B s
| 2x) U 2y 2 v}l ¥y %

‘D& thdy x+-1—2\5, y-a-—l-zx(’;_’, 24152 Con ~—l~+-]-3~./§
: 2K 2y y X 2x 2y

(xem ciu a). Do dé min B = 4 + 32 & x =y:«f§.
157. Ap dung bt ding thic Bu-nhi-a-c6p-xki

(@ + b°)(m? + %) > (am + 'bn)l

2A = M E%—;T .+ [J%}T.[(\[Z-—_x}i & (\/;.)2] > [\XZ f X.(Z —X) +\&JT

:}2A2(J§+1)2m3+2~/§.
| 2

min 2A =3+ 22 < %""x =
| g

< g &g ¢::>2x2=x2~4x_+4
(2—Xi" x

<:¢»x2+4x+4=8¢:>(x+2)2=8¢:>K:E\E—E (chi ¥ x > 0).
Vaymin A =15+2 & x =242 - 2.

1
2{“' 2 . 1
X

158. A =35 +3Y 22./353Y = 2435+ =234 15,
minA=18véix=y=2, |
159. Khong mdt tinh tdng quat, gid sira + b > ¢ + d. Tir gia thiét suy ra

Ea+b+c+d.

b+c :
2




b ¢ b+c ( ¢ ¢ ]
A= : = - - >
c+d a+b c¢c+d ‘\c+d a+b
,a+b+c+d (c+d _c+d
T 2+ d) c+d a+b)

Dita+b=x,c+d=yvéixzy>0,tacd

oy REY g+yzi+l_1+'i=(i+i]—%z
y

min A = \[5--54::}{1 0, x—y\f- b+ ¢ = a+ d; khi ching han

a=+2+1,b=42-1,¢=2,d=0.

160. a)Do1<a<b<c<2nén22b,a>1,suyra2a>b,dods %2%*
. a PR i :
- b)Taco —<1,laicé6 — 2 — (céu a)) nén
b b 2
aly(l a 22 a a°
2w—]—w~—)£{}:>l- ~—+—=x
b)l2 b b 2b p?
a2 _5a b a_5
2 l+—S - —+ =5 ——(chiahmvécha_)
2 2b a b 2 o

max A=2,5 <::>_b=2&€:-7~ a=1vab=2.
Nhdn xét : Méc du ta ¢d % < —E < 1, nhung ta da diing mot bat dang thic
_ . I a 5 ’ alfl a g g g
yéu hon",d61a — < —<2 ddn dén | 2 -~ — || — — — | £ 0 d¢ chitng minh
2 b b/t2 b
duge don gian vi }2—— va 2 12 hai s& nghich dio cha nhau.

Néu diing bt dang thiic (} - %)(% e EJ < 0 thi phai chitng minh nhu sau

T} .



1 a a a B 1 a a 3a
e s e L) D e e G e — = —
2 b 2b p? b2 2 b 2b 2b
Chia hai v€ cho - duoc b (D)
b - b - 2a 2 5
2 b I
Ta lai c6 — < 1. | 2)
' - 2a :
4 ; a b _ .
Tu (1) va (2) suy ra E+-——£2,5
a
c)Tacn—ﬂl,P-ﬂl,Ez_l,P—Elnen
C a b :
! a\r" b'\. _ : '
I-—|l1-=120 (xdy radang thitc véib=a hoicb =¢) ;
. bJL . ¢
£ Y. &) ] :
1 —===|[| 1 == =0 (xay ra dang thifc véi b = a hoac b = ¢).
| N a ji ] b; |
Suyra[1—5}(1—E]+{1—2J(1w£}20
b c, a b
dndéi+2+'3+5—£2+(3+5] nén-Bs.2_+[E+5J.
b a ¢ AT A .
Chitng minh nhuz cau a, ta dU{;rcx—a--i.-E'ﬂZ,S; Do d6 B<4,5.
'¢a . '
| e |
max Bad Sepip=2
' b=1hodcb=2
161. M=(a+b+c) (l+l+1] e P B B o Py BB Sy
: a b ¢ ¢ a c a
| [a. b b c] [a c]
e e e e e g R S
b a ¢ b c a
: @ B b a ¢
Theo Bai tap 160,tacé —+~+—+—<4,5 vi —+—- 52,5 nen M < 10.
b a ¢ b c a '



max M=10< { hozc Ny :
Jg g2 bEe=2

Nhdn xét : Loi giai trén dya vao két qua ctia Bai tap 160.

Mot cach khéc tim gid tri 16n nhdt ciia M ngdn gon hon, nhu‘ng c4ch bién déi

cé phén chua ty nhién va phai biét trudc gid tri 16n nhit clia M bing 10.

Dol<as<b=<c<2nén2<2a<2b<2c,dodéa<c<?2<?2ac<?2c, Tacé
ab + bc + ca

Miiﬂ@(a+b+) <10.
abc

Xét hiéu .
(a+ b+ c)(ab + be + ca) — 10abe
= (a+¢)[b(a + ¢) + ca] + b[b(a + c) + ca] — 10abc
=b(a + ¢)* + ac(a + ¢) + b*(a + c) - 9abe
= ac(a+c}+b {a+c)— b(a+c} +2b(a+c) «-9&13{:
= {a + ¢)(ac + b — ba — bc) + b(Za + 2:: — Sac)
=(a+c)b- a)(b c)+b(2a~c)a—-2¢)<0,

=p = =1
Vaymax M=10 < ) hoic : 5
. c = b=g=2

162. Ta 6 x < |x| (xdy ra d4u bang khi va chi khi x 2 0) nén ~4x > —4lx|. Do
d6 A>x* - 4lx + 1. |
Ap dung bit dng thitc Co-si véi bén s6 khéng am

X"+ 1+ 1+ 12 49x4 4!x|:>x—-4|x|+1>—2
min A = -2 & x* =lvax20<x=1.
163. VGix<2thiA=0 (1)

V6i2 < x < 4, xét —-A = x*(x - 2). Ap dung bit ddng thic Co-si cho ba 56
khong am

3
| < x |
e ~hrsoarfe e 3 '
“£=KE(K~Z){[2 ‘- ] =(2X -ZJ <8 (dox<4)
4 .2 2 3 3

| -—Aﬂ_BZ:}AEmﬁ.
min A = -32 véi x =4,




164. Diéukien: x*<9.

y L ;
; xz x2 R
_ Xz }{2 y | '?4'?4“9—*}(
A2 =x*9-xP)=42- 2 9-xH)< 4|22 —| =427
2 2 \ 3
max A = 643 vﬁix:i\/g.
165. Véi cdc s6 duong x, y, z ta ¢ bit ding thic
111 R S a b
(x+y+2z) —+—+4-—|29 (chi cAn 1am phép nhan va sir dung — +— > 2
. X y z ' b a
véia>0,b>0). Suyra
-1-+i+—1—29::>yz+xz+xyE9::=xy}yz+zx~9xyz-20
A S XVZ S <
= A 2 -3xyz. ) (1)
Mat khac c¢6
xyz < Ll B :l—ﬁén -3xyzl"——'1- | '(é)
N 3 27 9
_T‘Er{l}v&(Z}suyraAa+é.
: i : i
mnA=-—<& X=y=z==>_
9 3 | |
166. a) (h.79) Goi x 1a canh cla hinh vuéng nho, V 1a thé )% X7
tich cta hop. Can tim gid tri 16n nhét cha X1y 3-2% ': X
; . 1y
2 ' I i
V = x(3 - 2x)*, - 133_2,{ |
I} |
I |

Theo bét ding thitc Co-si véi ba s6 duong

T
4V = 4x(3 - 2%)(3 - 2%) £[4K+3'2K+3”2K)

=8
3 |

~ Hinh 79
max\’=2<::-4x=3—2x¢:>x=%.

- Thé tich 16n nhdt cha hop 1a 2dm’ khi canh cla hinh vuéng nhd bing
1
2



b) (h.80) Goi x 12 canh clia hinh vuong cét ra, P <
V 12 thé tich ciia hop. Cén tim gid tri I6n nhdt cda  [X T~ """3- %% "~ X
: : 2 I ;
V = x(8 ~ 2x)(5 ~ 2x) = 2x(4 - x)(5 - 2x). 15~ 2x :
L I
Theo bat ding thitc- Co-si véi ba s6 duon . S S A
3 g _- ba 5 7% "/
-2~V = 3x(4 - x)(5 - 2x) | B _ Hinh 80
: 3
< (3x+4—~§+5-—2x) g

fﬁde*IS@S'x—d x=5-2x&x=1.
Thé tich 16n nhét cta hop Ia 18dm° khi canh cua hinh vuong cétrala 1dm.
167. a)Tim gid tri 16n nhat :

Cdch 1.V6i 0< x <6 thi A =x(x>—6) < 0.
Véi V6 <x<3thi6<x><9 néen0<x’—6<3,
Suyrax{xz—fi)EQ;rnaxAva{‘:fix-—-B.

Cach2. A=x(x*-9)+3x. Taco6 x20,x* —~9<0,3x<9nén A<9:
maxAzQyﬁix=3. : :
b) Tim gi4 tri nho nhit :

Cachl. A=x"-6x=x +(22)° - 6x - (242)°
. =X+ W22 - 2/3x + 8) — 6x ~ 1632
= (x + 292)(x% = 242x + 2) +(x +2v2).6 - 6x - 16v2
| = (x + 2V2)(x = N2)? = 4\2 2 442 .
‘min A =42 v6i x=V2. | |
Cdch 2. Ap dung bat déng thitc Cﬁ—si.vﬁ‘i ba s6 khong am

x3+2\[2—+2\5>3%/x32\/_2\/_—6x

Suyrax mﬁx}—ﬁlw/ﬁ mmA —4\Evmxux/2_*

168. a) Gia st tich A = x]xz . X309 €0 gid tri nhd nhat. Ta sé chfmg minh rang
trong 30 s6 x4, Xy, ..., X39 DAY, khong ton tai hai s6 16n hon 1.




That vay, gia sir ton tai hai s6 a, bma 2 < a <b. Khi dé ta thay a bdia — 1,

thaybboib+ 1,tacé . E
(a—1)}b+1)<ab,viab~(a~ 1)b+ 1)=.bl—a_+1 >0

ta dugc tich méi nhé hon tich A, trdi v6i gia thiét tich A nhé nhat.

Vay tich A nhé nhat néu c6 29 s6 bang 1, s6 con lai bang 2003 — 29 = 1974.

Khi d6 min A = 1974. .

b) Gid sif tich A = x;X; ... X39 ¢6 gid tri 16n nhiit vA X; < X; < ... < x30. Tasé

chiing minh ring khong thé xdy ra X35 — X 2 2. That vay, néu X309 — Xq 22 thi

ta thay x5 bdi x34 — 1, thay X, boi Xy + 1, ta €6 (X3g — 1)(X[ + 1) > Xg0X;, Vi

(X30 = D(x; + 1) — X30X) = X39 — X1 — 1 > 0, ta dugc tich méi 16n hon tich A,

trai ! gia thiét tich A 16n nhat.

Nhu vay cdc s6 X{> X2, . » X309 chi nhén hai gid tri nguyén duong lién tiép.

Goi hai s6 d6 1a a vd a+ 1, gia sir c6 k s6 bang a + 1 vd 30 — k s0 bang a
v6i 0 < k < 30.

Khi dé A= aa...a {a+1)a +v1)...(a +1).
| 0-k s6 -~ ks6
< Ta c6 - a(30 — k) + k(a + 1) = 2003 = 30a + k = 2003.

. Do 0 <k <30 nén k 1a s6 du trong phép chia 2003 cho 30. Ta ﬁm dugc
-k =23, a=66.

maxA 66 6723 VOl X4 -xz— e = Xq = 066
XS—XQ—H i “-=X3ﬂ=67

Nhdn xét : Néu dé bai khong yéu cdu cdc s6 x, (1 <1< 30)1as6 nguyén
duong thi theo bét ding thitc Co-si v6i n s6 khong am, tich ciia chiing 16n

nhat khi va chi khi cdc s6 d6 bang nhau. Do cdc 6 x; phai 12 s nguyén
duong nén ta dy dodn rang d€ tich cha ching 16n nhat, cic s6 d6 phai "rit
sdt nhau”, ching chi c6 thé nhan hai gi4 tri nguyén duong lién tiép.

PHUONG TRINH vO Ti

169. a) Chuyén v€dugc VX +3=1+Vx-4."
Binh phutong hai v&€. Nghiém x = 13.



b) Chuyén vé& dugc VI5-x =6-+3-Xx.

Binh phuong hai v&. Nghiém x = —1.
¢) Binh phuong hai v€, Nghiém 1 va 6.
d) Nghiém x = 20 (chii ¥ rdng x = 0 khong 12 nghiém).
e) v/x —1 =2 ++/x + 1. V& phai 16n hon V€ tréi, phuong trinh v6 nghiém.

170. a) Chuyén véduge  Vx—2vx -1 =1++x 1.

Binh phuong hai vé. Nghiém x= 1.

b} Binh phuong hai v€. Nghiém —é— x<1
: — .3
¢) Binh phuong hai vé€. Nghiém 5= Zx <3
171. a) Dua vé dang
k-2l+B3-x=1. (1)
Ap dung bét déng thiic Al 2 A, taco Ix -2/ 2x-2, I3~ }d z 3~ X nén
x =2l +[3-xl>1. . ()

'Do(l)nénphmxéyradau“ "2, tclax-220val3-x=0.
Nghiém 2 <x < 3. | |

~ b) bt xf_-:y.Duavédang ly—21 + |3-uy| = 1.Ngﬁi¢m4£x59.
¢)Pat Vx +2 ='y. Dua vé dang |y - 2| + 13-yl =1.Nghiém2<x < 7.
d)Bdth—m“ V. Dlravédang|y 2|+|3 y| =1. Nghlém6<x<11.

172. a) Chuyén v€ duoc Jx +Vl=-x =1- x/_ i bmh phlr{mg hal vé’
Nghiém x = 0 (chd ¥ loai x = %—65).

25
b) Nghiém -—
) Ng 5

) V& trdi 16n hon X, v€ phai khong 16n hon x. Phuong trinh vo nghiém.
d) Diéu kién x 2 1 hodc x = —1. Binh phuong hai v€& roi riit gon

W2x + DP(x +3)x - 1) = x% 1 tac6



8(x + 1*(x +3)(x — 1) = (x + DXx = )* & (x + DHx = 1)(7x +25) = 0
X = -%:3: loai. Nghiém x =41,

e) V& trai
=X -7 +49 - x
:>A2—2+2\f(x O -%) S2+(x=7)+(9=x) =4, dodaA<2

V& phai B = (x - 8) +222, :

Theo dé bai, A=BnénA=B=2.Dodéx-T7=9—-xvax= 8 Vayx =8,
thoa mén phuong trinh di cho.

173. 2) Didu kien x > 2. ' m
Binh phuong hai v€ duoc |

IX—1+x~2+2V2x% —5x +2 =x +1 ¢¢-\/2x2-5x+_2:2—x3
Phai c6 x < 2. (2)

T (1) va (2) ta co x = 2. Gi4 tr1 nay nghlém ding phuong trinh da cho.
Nghiém x = 2.

b) Diéu kién x > -2.

Chuyén vé dugc VIS =Vx 42 +ax+ 17
Binh phuwong hai v€, xuﬁt hién diéu kien x € -2.
Do dé x = -2. Gi4 tri nay nghiém diing phuﬂng trinh da cho.

¢) Do x 2 1 nén v€ trdi 16n hon hodc bing 2, v& phai nhéd hon hoic bang 2.
Suy ra hai vé& bang 2, khi d6 x = 1, thod min phuong trinh.

d) Diéu kién x > -1, Bmh phm:mg hai vé xudt hién dléu klén X s-1.
Nghlem X =—1. ~'

174. a) Dat J2x+3+wfx+2-y J2x+2 Jx+2 =2 (1)
Ta cé y ~22 =1+ 2/x + 2 y+z*~l+2\/x+

Suyray - z=-"l Tudnz*m’x+2 | 2)
Tix (1) va (2) tinh duoc x. 5y
Nghiém x =2 (ch § loai gid tri x = —1).




b) D3t 2x° — 9x + 4 =220, 2x ~ 1.= b 2 0. Phuong trinh 1

Va +3vb = a + 15
Binh phuong hai vé& r6i riit gon ta duoc b = 0 hodc b = a. Nghiém Ia é— O

175. a) Diér:rkif‘;n 1-x20,2-x20nénx <1.Tacé.

J1-x +'J'(x—1)(x—2) =l=2l. i‘:; =3 .

@J X 4 A(x —1)(x —2) - J(x-1)(x- 2)=3
& Nl=-x =3, Nghlérnx"*——B

b) Diéu klé_ﬂ ; >0 x<-2hoicx>2.
. X - ' '
Dit (x—-2). Hz.ﬁy | ()
o X =2 g |
. thi - yP = (x = 2)(x +2). . - 2)

Tacé-y2+4y+3={}nénylm—l,yzr:'HB.D{)}?::Onéntfr(l}suy'ra
- o Ko 3
Vol y = —1, thay-vﬁn(Z)duﬂcxiwd—l Dox¢2nénX¥~~/§_.
me——3 thayvﬂo(Z)dmcx -4 =09, Dox{Znénx"—-\/ﬁ.
‘Nghiém la ~J5 1 13, o | e

176. a)i)iéukienﬂgxs;g;.nat V2 +x #a-‘_;{], QJﬁ:bzo,
Tac6 ab =4 —x,a’ + b’ =4. Phuong Ir‘i'n1h 1%11 | |

2 Z
g D svessllf

P +
_\/E+a 2 =B o .
=, 32«/5—~a%+b2ﬁ-+ab2 = \5(2~wb~/§+a\/5-—ab)

= v2(a® +b% — 2 + ab) — ab(a — b) = 2(a — b)

= +/2(2 + ab) = (a — b)(2 + ab) (chii § a + b= 4)



Do ab + 2 # 0 nén ahb—\E.h
Binh phuong hai v€ dugc

a’ + b’ —2ab=2=2ab= 2:>ab-1ﬁ»\(4 x = 1.
Tim dm;rcxh*i'}, thir lai diing.
b) Ta xét ;

X x(l J1+x) _
=-af1 -1,
1+V1+x. 1-(1+x) X

—2+(\/1+x- )-1+~J1+x

1+~¢'1+x
2 = Km:dl”-l-x%l...
n X 1+l +x .
1++1+x

'Cul?ii ct‘mg ta dugc V1 + x —1 =8, Nghiém x = 80,
177. a) Cach 1. Lap phuong hai vé, ap duﬂg hing déng thiic
| {a-ﬁ-b) =a% + b + 3ab(a + b),

ta dugce 2+ T Y x+3J(x+1)(7 x)2=8.

Pua vé (x + I)(‘? - X) = O duoc x; = —1, X, = 7, thoa mﬁn. pht.n:mg trinh
da cho. - "

Cdch 2. Dét%}x*f 1 =a, :\5/7 = b, Tacna+b Zvéa +b° =8. Dua
vé 3a” — 6a = 0. Nghiém x, = ~1, Xq =17,

b) Dat J25 + x =a, ¥3—x =b. Tacé‘a+b=4v€1_a3 b = 28. Pua vé
a’—4a+3 = 0. Nghiém x; = -24, x, = 2.

.c)i_['-)at Ix +3 =a, éfx%!{i:b.Tacﬁa—_b= 1 véaa¥b3=19.£)uavé
azﬂa'-ﬁmo.Nghiemxl=—11,x2m24. |

d) Cdch 1. Dﬁt\:‘ —-a J6-x =b. Tacba—b=1vaa +bu9
Duave (h—l}(Zh +5h+8) Odlmrcb-l Ngh1émx-5

Cach 2. %/x+'3 J6—x = I@v’x+ +3x - 6 =1,

Hay chung to ring X = 51a nghiém duy nhat.




178. 9 Dut Y24 1 x =2, V12— X =b.Tacéa+b=6,2"+b =36 véi b2 0.
Thay b =6 — a vao a” + b’ =36 va riit gon dugc a(a — 3)(a + 4)=0.

Véi a = 0 ta duoc x = —24. V6i a = 3 ta duge x = 3. Véi a = —4 ta duge
x = —88. |

b)Pat ¥2—x =a, Vx—1=b.Tacba+b=1,a +b =1v6ib=0.
Pua vé a(a~—i)(a+2) 0. Nghi¢m 1a 1 ;2 10.

c)Dat\/T—a Jx+1=b. Tacua+b 3, b --a =3 v6ib=0.
Pua vé (a-mlj(a +6) =0. Nghlemx 3

179, a) Lap ?hucmg hai v€. Nghiém 12 0 ; 'il/z_s—.
b)Df_it%!}cuki:a, Jx—1=b. Taed: _
a?+b’+ab=1 . : ; (1)

T (1) va (2)tacda~b=2, Thay b =a— 2 vao (1) ta dugc a = 1. Nghiém
X =tk ' ' '

c) Cdch 1. x = ~2 nghiém dang phuong trinh.
V6i x + 2 # 0, chia hai v& cho 3x + 2.

x + 1 X +3
_ g

~b. Giz?ii a® + b3 =2,a+ b =1, vo nghiém.
X+ 2 X+ 2 '

- Ppat

-Cdach 2. Dat \ﬂx+ =Y. Chuyenvé’%}y —1+ny +1 =y,
Lap phwong duge | |

P o147+ 14380 - 1(p = y® @y =y3° -1
\Fcﬂ y = 0, ¢6 nghiém x = -2, | | |

Véiy #0, co }' = 13,! = L4p phuong hai v& dugc y = y ~1,v0 nghiém.

Cdch 3. Ta thiy x = -2 nghiém diing phuong trinh. Véi x < -2, x > -2, ,
phuong trinh v6 nghiém, xem bang dudi day



X Yx +1 Yx+2 ¥x+3 V& i -

x-.-::—'z' F:wl 1 <0 <1 <0

x>-2 | ‘:»—-1 | e S T >0

"180 Dét%}?—#x—a, \!x“ =b. Tacoa +b3-2 a — b’ —12 Zx,dﬂr.ifi

3 3
=B . Phuong trinh da cho tr& thanh

Ve pha1 cua phuong trinh dd cho 1a 2

a—bwag’—bg’
a+b v/

Via® +b° =2 neén

a—>b ::'33—53
a+b a34p°

= (a - b)(a> + b°) = (a+ b)(a® — b).
Doa+b#0nén

 (a-b)@* —ab+b2) (a - b)(@* +ab+b)
Tira=b ta duge x = 6.
Tirab = Otaducicx***'?' ¥ =5

181 a)PDitl+x=a20,1-x=b20. T&co g o -
a+b_—2_ " YD)

Yo + 2 + o =3. B>
Theo bt din‘g_ thie Co-si vmn < L5 n._. ta c6 | |
3= \/J.;\/E + \/L\fa— + \}i.xfg < JEZJE + 1 +2\£ + 1+2J5
:JE+JE+1_«:I;H*;bfl:a;bw;a

Phai x4y ra dang thifc, tic laa=b=1. Do d6 x = 0.
b)Pat Y1 -x =a 20, ¥2-x = b > 0. Didu kién |
S B (1)



Tacod

at+b= \/a +b4¢:::(a+b) =2 +b4¢:>23b(2a +3ab+2b2)~. 0.

N@:’ua}{) b}OthlEa +3ab+2b >0.Dodbéa=0hoichb=0.

Suy ra x = 1 hodc x = 2. Loai x = 2 Vi trdi v6i diéu kién (1).
- Nghiém x = 1, | '

PHAN NGUYEN
182. Gidi twong ty Vi dy 61. | |
a) 1 <a,<2. Vay [a,] = 1.
b)2<a,<3.Viy[a;] =
¢) Ta thdy 44° = 1936 < 1996 < 2025 = 45 con 46% = 21 16
=1996 = 44 < a; < 45.
Hﬁy ching t6 ring v6in = 2 thi 45 < a, < 46,

Nhu vay v6i n = 1 thi [a,] = 44, v6in > 2 thi [a,] = 45.

183. a) Trong biéu thic a, thay s6 6 cudi ciing bm 6 9, ta dugc biéu thitc a'.
Déthiyzfrac:a =3 nén [a] =

'b) Trong biéu thiic b, thay s6 6 cudi ciing bdi s6 8, ta duge bléu thic b'. Dé
thiy I <b<b'=2nén {b] = 1.

) Tacé V6 + JE}24+18 4,2 > 4 1}04«:a+b<a+b"3+2 5
nén [a + b} =

184. 2)Taco (a+b) - (a- b)® = 6a°b + 2b°.
Thay a= \/_ b =2 ta dugc
| \ W5+2° -(5-2%=652+28=7.

Talalcoof:\/“ 2{1:1&110-::(«/_ 2)3<1V3y[{~/§+2)3] 76.
b) Ta cé (a+b) +{a— ) + 122%” + 2b*,
Thaya=~f§,b:2v_éudang thitc trén.

¢



Pdp 56 : (5 +2)* ]| = 321.

185. Cén tim s6 tu nhién B sao cho B< A <B+ 1. Lam giam va lém troi A dé
dugc hai s& tu nhién lién tiép

Ta c6  (4n+ 1}2 ¢;-16n2 +8n+3 <(4n + 2)3. 4

Liy can bachaiduge 4n+1< V1602 +8n+3 <4n+2,

Thém 4n° VAo hai'vé- ta co

4n +4n+ 1 <4n® + \/16112 +8n+3 <4n’+4n+2<4n”+8n+4

nén @2n+1)2 <4n® + V16n% + 8n+3 < (2n+2)%
L4y can béc hai :2n+1<A<2n -!-.2.
Vay [A]=2n+1.

186. Tacé 97 < A <98 (xem _Vi’ du 28), do d6 [A] =97

187. a) Yo +1)7 HQ/H_T’-‘ {%{%/ng —%((nr'—ll)z'
. . - ) n

& 3qn(n +1)% ~3n <2 <30 - 3¥n(@ - 17
=2 n+2>3nm+1* = gy
3n -2 > 3n(n - 1)* @)

Bat dang thic (1) chinh 12 bat dang thitc Co-si v6i ba s6 khong am n, n + 1
n+ 1. -

Bt dang thitc (2) chinh la bat dang thitc Co-si v6i ba s6 khéng am n, n- L
=
b) Tir cau a), dé dang chlrng minh duoc 3

§A<§{(ﬁ3 332{:36 %f-aﬁ 2=34nénA<51. (3)

%A > 363 + 12 - Y42 > Y632 - Y2 :36-?/’2_4 "




nén A > 36--?/_ 54 —~ ﬂ > 54 — %/“ 5 -4=50. ,(4)_*::--
Te@G)va@siyra[Al=50. e
188. Bién d6i («f?: + 42 )250 =5+ 2\[‘ )125 .Phan nguyén clia nf} Cﬂ chu 56'_.
tan cling 12 9. GlﬂltﬁﬂgtﬂVldu 63 - AT
189. Tir dé bai ta c6 {x} 1a s6 nguyén Ta 131 cO O *‘~‘-’ {x} < 1 nen {x} = 0 Suy-__";
ra X 12 s6 nguyén. Do dé [x 1=x% [x] = x. gy e R
Phl.rﬂng T,rinh di cha trﬂ thanh x + x =2, Dép scﬁ ; x_ = 1 x = -2 e
190. Dit [x] y e 7. Gidi phuﬂng trmh ' 20 i

3}r + Sy -~ 2 {}citmrcy-—2 y...—(lﬂal)

[x] = -2::>—2<:-;f:: -1 me,
191. Cong timg vé& cdc phuong trinh 43 cho dlI‘UCK+}’+Z—-33
Cfmg ting vé€ haz phmrng trinh ddudwoc - *~ k
'x+y+[z]+{z}+[y}+{x} 33
Suyra[y]+{x}—{](chufréng[z}+{z}—z}
Do d6 {x} 12 s6 nguyen, suyra{:{} 0. Vay [y} {}vaxw—[x]
T‘er+[y]+{z}m11vﬁ[y}—03uyrax+{z}mll
Dﬂﬂ{{ziﬁ:lvax*{x]nénxwl dﬂdﬂ{z}
Tuy+[z]+{x}“22va{x} {}suyray-i-[z]
TaIaicé[y] Dnén(}{:y-czl dudéy 02[31
Vﬁyzm{z}+{z 2,1, - . .
“ 4w o Bapsé’ x*l y 02 szi.‘_'
192. Tathﬁ'yxlaaﬁnguyén Datx-ﬁa-t—rtmngdéa rEZva{}‘irccﬁ |

| [x} [x] | [6a+r] [6a+r:| et s B
=+ | ==X o 6+r B R e
< S5a + [“] + [—}; ba+1r<a= ~r+{—} +[,_}._- P R

Lan luot cho r bing 0, 1, 2, 3, 4, 5 ta dugc




a 0 o 4 I =1 1 o 2

x 0 -5 | -4 | 3 | 2 | a7

B) PDatx=12a+r tr{mg' déa,reZva0<r<i12.

| T T T
Gidi tuong tw nhwcau aduge a =1~ || = |+| = [+|—|].
HalSHOng AERIN v -a dug 8= | [[2][3] L‘D

Dipsé:xe{0;4;6;8;9;10;13;14;15;17;19;23}. -

193. a) Ta c6 [x] + [3‘5-] + [i} = 224,
- ) - 2] L6l

Trudce het ta uée luong gid tri clia x.

Do [x] £ x nén

224 Sx+=+= =2x, suyra x 2 134,4, Y

&
2 6

L | tn

Dofx]>x~1nén

6

Do x 1a s6 nguyén nén tir (1) va (2) suyrax € { 135 136}.
Thir vao phuong trinh di cho, ta duge x = 135,

224 > (x —I}+(-§--l}+ [f:-— 1] :g}{ -3, suyrax < 136,2. (2)

- b) Cling udc lugng nhu ciu a ta dugce

1001 > x mi-+—1-+...+-1— - 10> x i+*-1~+-£+ : +—1~ —10
11 2! 1oL : . 1 2 6 24-12{}

= 1011 > -.1{%3;; = x <3588 (dox e Z)
= .fi,] =0
7! 10!

Do df}. . [x] +[-§]+[§J+[§%}+L:{J = IDOi

Do x £ 588 ma 6! =720 nén [é:’ = {i} =



Udc lugng theo céch tm:mg t D’ r;:au a dllfﬂ'{: 584 { X { 586 Sau khl thlr ta:
duwoc x = 584 thod mén bai tuan : : : X M

194, [42000] > 1 Y2000 > 2 2000 > 2" : “:\.i:*- ( 1)
Tacé 2'% <2000 < 2 nén sO tu nhlen n 1(:#:1 nhﬁt thna man (1) 1& n= 10
- 195, NéuO{K“[K]fZ%thl . RRERe
1k 0{2x~2[x]¢:1 nén [2}1] .2[2{]

Né&u %*ix-“_[ ]{1 tl'u o

] £2x ~ Q[K}{Zﬁ{}{E}L {2[x]+1)¢:1:>[2x] 2[x}+1

196. A = ([J—] V2] + [V3]) + (IVa] +. +[B]) T
| ([\/_]-i- +[~/_] ([J_]+ +[J—])

Theo cdch chia nhém nhu Irén, nhém 17 cé ba 56 nhmn 2 ¢co nam 56 nhnm
3 ¢6 bay s8, nhém 4 cé chin sﬁ 5 : -

Cdc 56 thudc nhém 1 béng 1, cdc so thuoc nhém 2 bﬁng 2, Cdc s6 thuﬁc
nhém 3 bang 3, céc 6 thude nhnm 4 bﬁng 4. . Srpi O Mar

Vay C U A=13425+3.7+49= 7{}
Chii y : Trm:ing hﬁp téng quét cin tfnh téng £ AR
A=13+25 + 3 7+, + n (2n + 1), e
ta tinh ﬂhu sau : . ; = ; .' i, B
A= (2. 12+ )+ @22%+ 2) + (2 3 +3)+ +(2n + n)_'-
=207+ 2%+ L+ nh + +2+ +n) ot
Sau d6 4p dung cong thiic 12 +2% + .. + nz. - -—n(n ¥ 1}(211 + 1}_. ity
(xem Vidu 14 chng cao va phdt trién Tmn 8 rap mdr} vﬁ

1+2+4 “(“;i)




a+15

- 197. a) Ta ¢6 xq = ;Do 1 <a<85nén 16 <a+ 15 < 100, do do

, 100
O0<x;<1. -
) a+15n . L. .. . s e mea
Xét cdc 86 x, = 100 Ctt moi 1an n tdng thém mot don vi thi. gid tri

cﬁa.x ting 0,15, do ﬂﬁ {xn'] §8 trai quﬁ tdt ca cédc gid tri i, 2 3,, dén mot
lGc nao do sé ca ['x ] = 06.
b) Do[xp] 96 nén 96 <X, < 9? tire 12

a -+ ISp
160
Viy hal chu' 56 ddu tién ciia a + 15p 1a 96.

¢) Gidsirs6a+ 15c6 kchitsd thi 105 ' <a + 15 < 10X nén

a-+15
10X

96 <

< 97 h&}; 9600 < a + 15p < 9?00

0,1< <.

a+15n

Dit x
| 101‘

n=

, tacé 0 < x; < 1. Cho n I4n Iugt nhan cdc gid tri 2, 3, ...

thi cdc gid trj cha x,, ting ddn, mdi lﬁn tang i (khong dén 1 don vI} dn
_ | 10X

dé [x,] s€ trai qua (4t ca cdc gid tri 1, 2, 3, ..., dén mc}t lic nao do s& cb
[xp] = 96. Ban doc ty giai ti€p bai toan. |



.§.1.

4.

PHAN HINH HOC

Chuong I - HE THUC LUGNG TRONG TAM GIAC VUONG -

Mut s0 hé thuc vé canh va du’dng cao trong tam glac vuéng

(h.81) Sapep = SaBc + Scpe + SBCE s B ;C) ' ; ' b; M

= b% + 2be + ¢ w2bc+a ::>b +c2wa2

Chii ¥ : Cach ching minh trén cia Gac- phlu (James Garﬁe!d 1831 —
1881} La gido su cd ngit, 6ng cling nghién citu. taén hoc w?x dm:ic bﬁu lam
tong théng Mi nam 1880. T e el sgh s Bl g

A b C ¢ DB o § B s
Hinh 81 Hinh 82

(h.82) a) Trong AAHC Vuﬁng HC% = CICA. Tir 46 tinh duel'u CI 4 cm.:
b) CK = 2CI = 8 < CA. DDdDKnamgManaA |
(h 33) Ke BH L AC. Ta o -

a’ = BH* +HC = BH? +(AH+AC) «BH +AH +2AH AC+AC

--r.:2+cb+b - A
B8
a
c >
120°
H A b c
. Hinh 83 | Hinh 84

(h.84). Goi AH, BK la cédc dudng cao cla AABC. Ta co

AC = BC.AH _BC.15,6 _ 1,3BC..
BK 12




bit BC = x thi AC = 1,3x. Theo dinh li Py-ta-go :
| | 2
AH? 4+ HC? = AC? nén 15,62 + [-;-] = (1,3x)*

ta tinh duoc x =13. Vay BC = 13cm.

5. -(hSS)Tac AB DB ?’S:énentﬁlhdu{;cAB=1{},Scmvﬁ-AC=14cm.
AC  DC 10 4

Nho bﬁﬁg thitc ah = be ta tinh duge AH = 8,4cm.
Nhd cong thifc ¢ = a.c' ta tinh duoc BH = 6,3cm nén HD = 1 2cm.

A A

B HD - B x  H C
Hinh 85 Hinh 86
6. (h.86) D3t BH = x, ta c6 AB” = BC.BH nén 20% = (x + 9).x.
Giai phuong trinh trén, ta duﬂc (x .~ 16)(x +25) =0 nén X = 16 (thfch hop).
| Tir d6 AH =12 cm.

7. (h. 37) Dé ching minh AB = BD. Dat AB =BD = x. Ta ¢c6 AB>= BCBH
nén x> x'= = 25(x ~ 6). Giai phu{mg trinh trén ta duge (x — 10)(x — 15)=0.

Ddp 56 : AB bing 10c¢m hodc 15cm.

Hinh 87 . ik ss -
8. (h.88) Goi G 12 giao diém clia BD va CE, Dat GD =x, GE = y tm GB 2x
GC = 2y. Xét c4c tam gidc vuong BGE, CGD dé ching minh rang X2+ y = 5.

k]

Bép sé BC = 2v/5 cm.



9. (h.89) Dit AB = x. Ta c6 AH” + HC? = AC? nén

3x xz' 2.
g1l =(12-x)
2(8-2) =22

- Giai phuong trinh trén ta dugc x = 5. COFE T |
Ddp s6 : AB = 5cm, AC = 7em.

| B ¢ H b C
Hinh 89 : Hinh 80
10. (h.90) Ta ¢6 he' = 54.2, hb' = 96.2 , ma = b'.c' nén h* = 124, suy ra h = 12.
2(54 + 96 ' :
Do dé ' BC = ( 5 ) = 25 (cm).

11. (h.91). AHCD c» ABM (g.g) ma AB = 2AM neén
HC = 2HD. P4t HD = x thi HC = 2x. Ta 6 .
DH” = HM.HC hay x> = HM.2x
= HM=0,5x; MC=2,5x ; AM=2,5x : AH 3%
Vay AH = 3 HD.

12. a) Goi b'va ¢' 12 hinh chmu clia c:si.c canh gnc vuong
b va ¢ trén canh huyen a. Ta c6 b = ab’, ¢? = ac' nén

. b 2 b' : ‘
(—] =—, Vay ti 50 phal tim bang K. - Hinh 91-
5 A

b) Ap dung cau a). de $6": 50cm va 32cm.
13. Ap dung Bai tap 12a) va tinh chét dudng phén gidc. Ddp s6:1: 9.
14. (hQZJBﬁtBC“thIAB*a" LAC=a+ L. DREHM K

* Ta thdy HB = MB — MH (néu B < 90°, h.92a),
HB = MH ~ MB (néu B > 90°, h.92b),

_ _ | N2
nén ' HﬁBzz(x“E) .
. B2



15.

16.

Hinh 92 _
Tacé AC? ~ HC2 = AB? — HB? (ciing bing AH?) nén

. Tl 2
2 a y, a
fres —— — -—1 — e — .
(a+1) [x-i—z) (a~1) (x_ 2]

Giai phuong trinhi trén, ta duge x = 2. |
(h.93) Ké AH L CD. Ta tinh dugc HD = 18cm, HC = 32cm, AH = 24cm,
AD = 30cm. Chu vi hmh thang bang 124 cm, dién tich hinh thang bang 768cm

\ ‘

D
Hinh 93 | : Hinh 94
(h.94) Goi 2m va 2n 1a d6 dai cdc dudng chéo ciia hinh thoi canh a. Ta c6
2 ' a2 C a3 a

2 2! LY & -
cmo+n=at va 2mn = —, T d6 ta tinh duocm + n = , M=N =—,
. . ; 2} s : .-.?2 J2

- Suyra

17.

_Do do m

_aB+D) | _alBoD)

Y Y

. .

m \j_+1 (JEJ—FI) =2 +43. | P

n -Ji--{ 2 o |
Vay B 1a cu trd 101 ding,.

V& dudng vuong goc véi AM tai A, cit CD & N
(h.95). Trong AANI vuong, ta cé

1=1;1" * P

AD? AN? A_IZ N D C I

sau d6 chiing minh ring AN = AM. " Hinh 95



18.

Pua vé phuong trinh

19.

20.

(h96) DatDE=x thiCE=1-xthiCF=CE=1-x, A B
AE* =x" + 1. "

T¥ CE? + CF? = EF?, ta c6 2(1-x) = x2 +1.

x> —4x+4=3(x-2=3e x=21£+3. n_ix E 1-x HC

Dox <1néntachon x =2 - \/“ ' - Hinh 96

EF—(l—x)J-_-(3-1N_ J_ \/"(dm)

Goi a, b, ¢ 12 ba canh cia tam gidc ¢6 dién tich S.

a)Tacéaﬂg—S- b-”zus-f c-zs,a::»b::-c
3 4 5

Do a* # b + ¢ nén tam giﬁc daﬁg x€t khong 1a tam gidc vudng.

b)Tama#g—%,b ZS zgwsw,'a}b:vc.
Iz 157 _20

Do a’=b>+c’ nén tam gidc dang xét l1a tam gidc vuong.
(h.97). Tir gia thiét suy ra "

Bi CI 1
= (1)
BD CE 2 :
Ta s& tinh céc ti s6 -]-3~I-, = theo céc canh ' |
" BD’ CE ' B a &
clia AABC. Hinh 97
, R .. Bl AB
bit BC = a, AC = b, AB = ¢. Theo tinh chat duong phan gidc ¢c6 — = ——
| - | " ID AD
BB e BB Poitiih Ao AD =l do 8
BI+ID AB+ AD c+a
Bg}m C'b _ ib =_c:.-||—a ' @
B B, i . at+b+c o
c+a c+a | |
Tuong t Y. . (3)
' ; CE a+b+c

" Tir (1), (2), (3), ta suy ra dugc a = b* + ¢, do d6 AABC vuong tai A.



21,

(h. 98) a) Goi O 1a trung diém cia BC.

DE=AH<AO=a; maxDE-—a@ﬂABCvuﬁngcan
tai A, _

b) Cach 1. Tacd S,pyp = AE.AD.

o e AR B _HO ¢
Ta lai ¢c6 AH” = AE AB nén AE = TAEM . Hink 98

A2
Tuong ty AD :ém}-{w._Do dé
G i

s. o AH' _ aHY AW _AQ & _a?
APHE™ ABAC  BCAH BC ~ BC 2a 2

a2

max SF’LDHE = "'é"‘" Lo ﬂABC Vuéng cétn tal A. .

| Cdch 2. SADHE = ZSHEA DE} do S}\DHE lﬂn nhﬁ't o SHEA 16n Hh&f

2 .
Ta thdy AHEA <» ABAC (g.g) nén %}4{% = ] . Do d6 Sypp 16n

( AH
BAC

BC

| nhat < AH Iﬂn nhét < H trung v6i O. Khi d6 AABC vuong can tai A,

2%

ta tinh (TIIGC SADHE = oe—

a2

7

Xét AABC ¢c6 BC=a, AC=Db, AB =  C. Goi c'.12 hinh chi€u cua canh AB
trén BC. Ta phai chin g minh :

Néu B < 90° thi b% = a2 + ¢2 ~2ac’ ;
Né&u B > 90° thi b? = a* + c2+ 2ac'.
a) N&u B{QOG (h99) thi b> = AH> +HC Chuyrﬁng néu C < 90° th
HC = a — HB (h. 99a) con néu C > 90° thi HC = HB-— a (h 99b), ca hai
trufjng hﬁp déu CGHC “*(a } Do do L

(r.: —HB)+(a HB} = ¢? —I{B +a’+HB? —2aHB=2%+¢ —Zac

a) Hinh 99 b)



23,

a) Chiing minh bing phﬁn chii’ng Gié sir B > 90° thi

b) Néu B > 90° (h.100) thi
b2 = AH? + HC? = (¢* - HB?) + (a + HB)®
=c? -~ HB*+a’ + HB” + 2a.HB

:f+§+%d

- theo Bai tap 22, ta ¢é b :=- a’ + c?, tréi véi- gia thlét Gia sur B = 90° thi theo

24.

25.

b)Keé CH L BI Ta c6 ACIH vuong can nén CH g J‘

__DatAD—x DC = yTacoAB 2}{ BC=2ynén

dmthytagntacéb =a +¢ tréwmgiﬁthlét |

Vay B < 90°.
b) ¢) Chiing minh twong tu nhu c&u al.
(h.101). Theo tinh chat dudng phén giac :

AB_TB _10¥5_, BC_BA _,
AD ID 55 CD. AD .

{x, + (207 = A5V5) - M B
(%) + (x +y)* = 2y)* @) i Himk 107
T (1) ta (Tucrc x = 15. 'Ihay vao (2) vé rat g{m dtmrc _ A

V2~ 10y 375 =0 & (y — 25)(y + 15) = 0.
Tit dé y = 25. Ddp s : 600 cm”.

(h 102) a) Ké CH L BI, CH céat BA tai D. MSCD
can nén CH = HD. Dit BC x thi AD X — 5 '

ACHI wéng can cé _ _ S N
P | %

c 6
CIH = 45° = CH = —= = —= => DC
A AR,
Xét AACD vuong c6 - '
AD?+ AC2=DC* = (x -5 +(x%2 - 25)=72. ' Hink ;r'oz

Rutgondudcx —5:( 36 = U<::>(x—9)(x+4) Uﬂapm BC = 9cm.
Vil J' 5 (em
\/‘




26.

27.

-a) Dé dang tinh duoc : BC = 10cm, DA = 3cm

Suy ra BH = 2+/5cm. Xét ABHC vuong :
BC”=BH” + CH’ = 20 + 5 = 25 nén BC = Scm.
K& IK L BC. Ta 6 IK.BC = 2Spc = BLCH = v5.45 = 5,

Suy ra lK = lcm.
Dé dang tinh dunfc BK = 2cm. Tir dé AB = 3cm, AC = dem.
(h.103). BI cat AC tai D.

DC= 5o ,
Do DC = MC = 5cm nén MMC = AIDC (c.g.c)

suy ra f =? = By + C} = 45°.

Hinh 103

Viy BIM = 90°.
b) Ddl BC=a, AC=b, AB c. Ta sé& bléu th1 avic theﬂb Trlmc hét ta cn

_az—cz-.b = E )

Do BIM = 90‘3‘ I, = 45° nén 12 = 45°, Ta ¢6 ADIC = AMIC (g.c.g) nén
DC = MC Do d6 a = 2DC, ¢ = 2AD (tinh chét dudng phan g:éc} Suy ra

a+c-2(DC+AD) 2AC = 2b. ' (2)
’I‘acéag—u;:z:b?,aﬂ—c=2b.Giﬁsi’ib_zc,_tadtr{_rcaz%:i, -_uzgf Do dé
a:b:c=u5-:1:§-=5':4:3.

4 4 .

Goi dé dai ba canh cha tam giéc vuong tir nho d&"n'lmz lax-d, x,x+ d Theo

diﬂh]f?}’t&-gﬂ(){*d} ox® —(x+d) nén x° —{x+d)-—{x d) = 4dx.
Suyrax=4d. . |

D0 dai ba canh chia tam gidc vudng 13 3d, 4d 5d. Ti s6 gifta ba. canh caa
tam gidc vudng d6la 3; 4; 5.

b) Néu x — d, x, x + d 1 cdc s6 nguyén duﬂng thi d 1a 36 nguyén ducmg
Theo cau a, do dai cdc canh clia tam gidc vuﬁng d6 1a bi cha 3, cha 4, cha 5.
Trong cdc s6 17, 13, 35, 41, 22, chi ¢6 35 1a boi cha 5, cdc s6 ¢on lai
khong chia hét cho 3, cho 4, cho 5. Do dé chi ¢6 56 35 c6 thé 1a d6 dai mat

~ canh clia tam gidc vuong d6 (khi d6 tam gidc vuong c6 ba canh 21, 28, 35). .



28.

(h.104). Pat DB = x, FC = y. Céc tam gidc
BDE va EFC déng dang nén % = g, suy ra ;\ E
_ | | y v
xy = 4. (D -' 2
e e 2 2, =
Ta lai c6 AB” + AC” = BC" nén A 2 F Y C

(x + 22+ (y +2)* = 45, (2) i ol

Tu(Z)suyrax +y° +4(x+y}w3'f Ditx +y = a, ké’thapvm(l)taduﬁc'
a’ —8.+4a—37<::>(a—5}(a+9)u{]nena=5.3uyray—5--x_. |

- Thay y béi 5 uxvéo(l}du?ﬂc

29.

30.

K& AH L BK. Pt IH = HK = x.

X2 -5x+4=0 (x~1)(x - 4) =0.

.me-lthiy 4khidDAB 3cm, AC = 6cm.

Véix =4 thiy = I, khi d6 AB = 6cm, AC = 3cm.

(h.105). Duemg vuong géc véi AB tai A cit BI A

K. Tacé K phu véi B;, AIK phu véi By,
B] = Bz,ﬂénK AIK.

Xét AABK vudng c6

AK? = KH.KB hay (245) = x(@2x +3).
Rit gon phuong trinh _ | | Hinh 105

2% +3x ~ 20 = 0 &> (2X — 5)(x + 4) = 0.
Nghiém dwong x = 2,5 thich hop. Suy ra KB = 8cm. Tix fif) AB = 2\/11cm.
(h.106). Goi E 1a diém déi xitng vdi H.qua BC. Ta c6 BﬁCE 14 hinh thoi,
AABE vudng tai B nén BE”=ED:EA. Dat DE = x. C6 hai trudng hap

a) BAC < 90° (h 106a). Ta c6 X(2x + 14) =
Ruit gnn phlmrn g trinh

X% +7x — 450 = G¢:¢-(xm18)(x+25} 0.
Nghiém duong x = 18 thich hop. Tir d6 AD 32cm. .



;:_.]} i ,b} .
Hinh 106 '
b) BAC > 90° (h.106b). Ta ch x(Ex - 14)

Riit gon phuﬁng trinh
x° ~7x-450=0& (x ~25)(x +18) = 0.
Nghiém duong x = 25 thich hop. Tir 6 AD = 11cm.

31. (h.107) PatBD =x, DC=y. Gid st x <y. .
Ta tinh dugc HD = 27cm. V@ tia phﬁn
gidc clia géc ngoai tai A, cit BCSE. Ta

¢6 AE L AD nén AD* = DE.DH. Suy ra

) | o _ . b
DE; =‘QI;}I:}}I - 425? =em _E H:}z}?}i’ T R
' Theo tmh chit dudng ph&n g:uic trong va ngaaz ctia tam gzéc
| DB _ EB:?,EH?S X '.(1)"
DC- EC. 'y 75+y _ _
Mt khéc  x+y=40. i 2)
- Thay y = 40 x vao (1) va rit gon duge EE
x>~ 115x + 1500 = 0 < (x — 15}(x - 100) =
Dox<40nénx =15,trd6éy = 25

Vay DB = 15cm, DC = 25¢m,

§2. Ti s8 lugng giac clia géc nhon -

32. a) tga = % =3 = o~ 71°34". Sai s6 ctia phép dung 12 0°26'.



Chii y : 360° 5 72°. Bai todn trén cho ta cach dutng géan dung mﬁt ngu |
gidc déu noi t16p trong duﬁng tron {(h.108). : 2

b) Sai 56 0“50' -

Hmk 109 | R e
33. V& du‘ﬂng cao AH (h. 109} Do AM AC nén CH HM = %(zpﬂdﬂ '

Hinh !t’)&‘

th AI—I AH CI-I T

NS .J A cosm oo Sln{l S pmel ol o
34. Chia ca t vimau cla : cho smﬂc ¢ {} ta du{rc ;__ R
cosS QL —-=smcx Yol A A
ccosoL .
+ 1.

coscL + SN ging cotga+1 Ly
cntgf1~1_ 2—1.___._.

T c:"dsla. ~8inc CUSEﬂ 1
sin o '

35, (h.110) Goi H la giao di€m cua AN va DM Dé dﬁng
ching - minh - dum: QADN QABM (c g. c} nén B

A1 = Aa, suyraAI—IJ_DM cuSI\m' if{ _.

D3t AB = AD = 2a. Ta tinh dige AM = AN'= aJ‘
Tir AD? = AH AN ta tinh dur.rc AH*I.L Do dé R L MRS
Jg © - Hinh HG b
'cosMAN = . == il s
N N i J’ (a J_ )

36. (h.111) Goi I 1a trung diém cta HE. Datﬂdi_ﬁ__aj;ﬁB bﬂu DI 2b EH 23
3 2 o N _
AH a | g e

HC = = —,




gED == =22, AR = =222
. IE "a H

Suy ra IED = HCE do dé IED + HEC = 90°.
Vay DEC = 90°.

 Hinh11l Hinh 112

37. (h.112): Xét AABC c6 BC = AC = AB, du{mg phan giac AD, dudng cao CH.
Can ching minh CH2 AD. " -

Ké DM L AB. Ta c6 :
AC:»AB:DC}DB:>BC>2BD::>CH>2DM )
Mt khéc do A 1 géc 16n nhat cia AABC nén A > 60°

= MAD > 30° :}sinMADzlﬂ%;E%:rZDMEAB. Q)

2
Tu (1) va (2) suy ra CH = AD.
38. Giai tuong tu nhu Vi du 4.

—\f_-ml.

Dap 56 : 1g22°30" =

\5+1

Cdch 1. Xét AABCc6 A = 90°, B = 22°30" 16i ké dudng trung truc chia BC.

Ea

Car,k 2. Xét AABCcé A = 9{}0 = 45° 16i ké dudng phan gidc BD.

Cach 3. Xét AABC cé A =00°, C = 22_“30' 10i ké .dmimg trung tuyén AM |
va duong cao AH.



39. Xét AABCc6 A = 90°, C=15° BC= 4 (h.113). Ké dudng trung tuyén AM,-

40,

- D,ABCD céntai C, AD=DC=CB = 1.

1
duﬂngcanAH Tac6 AMB = 30°, AM = ZnénM{*l Al = 1g30° = —,
HM NE]

suyralﬂvlmﬁ.DodﬁHCzHM+MC:;x@+2. Ta.co
AC?* = AH? + HC? |
=1+(\3+2)?% =8+43
= 42 +3)
nén AC =2 2+\/§. Do dé

HC  2++3 2+ ~J4+2\/“ J§+1 \/_+f

Hmh 113

cos15° = = = =
- AC o3 2 22 202 &
Ban doc uj chiing minh sin15° = M
N7
Ve AABC cén tai A, % 36 ‘BC =1 (h. 114) 'I‘hé’ thi -

B=C=72° V& du-:mg phan gidc CD. Ta ¢6 AADC can tai

Ke\ DH 1 AC. Piat AH = HC = x, Nhu vay

c0s836° = i = X.
T AD

Tacé AB=AC=2x, BD = 2x ~ 1.

Xét AABC véi dudng phan gidc CD S G
DAEAC*—“t' I :2x$4x2.—-ﬁx';1'='gf B A
DB CB  2x-1

2
:’;»(Zx—-—) =i:>2}{—l=i-£.
2 2
1+\/§_

1+J§
-

Do d6 cos36° = X =

Pé tinh cos72°, také CK L AB. Ta cé



DK 2x~1 1 1+45 1 5-1

o), s ws o i)
o DC 2 2 4 27 3

Chit-y : Ciing c6 thé giai bai todn bing cdch v& AABC can ¢6 B = C = 36°,
AB = AC = 1, 14y diém D trén BC sao cho BD = AB roi xét cdc tam gidc
déng dang ABC va DAC. Ban doc tu giai.

'§3. Mot sﬁ'hé thirc vé canh va géc trong tam giac vubdng
41. a) (h.115a). BH = h.cotgB, CH =h.cotg C
= BC=BH + CH = h.(cotgB + cotgC).

' 40 = 40 . 40
h = w ~ ~ 21 (cm).
cotg40® + cotg55° = L1918 +0,7002 1,892

_ Hinh 115
b) (h.115b) D3t MAH = o. Tac6 BH = heotgB, CH = hcotgC, MH = htg,
~  BH-CH=(BM+MH) - (CM - MH)HzMH |
= hcoth hecotgC = 2Zhtgo, .

cotgB — cotgC
2

= tgo = = (0,5774 - 0,1763) : 2 ~ 0,2006
= o~ 11°21

42. (h.116) Ké AH 1 BC. Pt AH = BH = x. Ta ¢6 HC = AH.1g60° = x+/3.

Do BH + HC = BC nén x + xv/3 = 4. Suyrax:J; 1:2(«/5—1)cm. -



Tt d6 AB = x+2 = 2(/6 — v/2)cm, AC = 2x = 4(/3 - em.

43. (h.117) Ké BH L AC Ta c6 AH 14 BH AB smﬁﬂ*" _ g, 'i"" s 14«!" L

HC =21, BCz.—BHZ-i-HC .._533+441..1029 'I‘udoBC ?J_lcm _
44, (hilS)DatDK--IC-xthlKI—MK*x\/_ 'I‘DfDK+KI+IC DC_:‘_
suy ra X(2+'J_)-—»l do d6 x =

1 =
. Tén dién tich clia b6n tam gidc

vudng c:ﬁn bi cét di bang

1
. | -_3 2«/_6
6+4v2 +2J" (m)

DX Ky 1 X C°

2x? =2

B 20 D oo 40 ] 4 ' '
. Hinh 118 CHink 119
45. (h. 119) Bét DE = AE = x, DF = AF y. Ké DI | AB, DK 1 AC. Ta tinh.

duge Bl = 10, DI = 10«/— tir do zip dung dinh If Py- ta—gu vau ADIE vuﬁng_--_'
ta tinh duo’c X = 28 |

Bing céch tuong ty, ta tinh duge y = s, 'Bié‘t'ALE_;ﬁé_;]AF' - 35? -
FAF = 60°, ta tinh dugc BF = 7¥31 (xem Baitap43). .~



. 46.

47.

48,

(h.120). Ta c6 DAN = DAM, NAB = MAC.
Theo Vi duy 6 tacéd :
BN ¢.AN

=3 : S = 4 [0
MC  DABN FPAMC = oo ()
BM _ "¢AM . . ... B _NDM  C
NG, CAMENANE TR L ” PR o
, BN BM ¢ Lo BN R
Nhan ttmg vE (1) voi )1 ——.— = Do BM MC nen — = <.
MC NC p? =, A NE hz
(hIZi) Gm O la giao diém hai duﬂng chen- w B
cha hlﬂh binh hanh ABCD. Bat OA = 0QC = X5 : '
OB=0OD=y, AD=a, DC=b, theodébﬁ1«~—:%
Y

Gid st a <b = C < Ay :>C1«:9{}°. Do a < b

'ﬁénxﬂy:b ]31-*:: ;\:1 :5131-{900. - Hinh 121

Theo Vi du 6 SADD = %aysm D1= Socp = }-bxsmCI ma

Sapo = SOCDr« ay=bx -
= sinD, = sinC; = Dy = & = AOD = ADC.
(h.122) | | |

a) Goi COD =o <90°, Ta ching minh

duge IBG = DOC, HFK = DOC nén

IBG = fIFK 1)
'Dé thdy EG = %AC, El = %BD nén
EG _ AC . |
Bl BD . (2}.- o, Hinh 122

Goi M la giao diém cha FK va AC, ta ¢6.
FK = FM + MK = AM cotga + MC cotga = AC cotga.



49,

| Suy ra

Tuong 1y FH = BD cdtga. Do dﬁ | o wl
| . FK_AC

kA .
Tir (1), (2) , (3) suy.ra AIEG e» HFK (c.g.0).
b) Sir dung cau a) va chi ¥ ring IE L HF

(h.123). Chimg minh bﬁng phan chung Gm S la --
dién tich AABC va k1 hzeu nhu hmh ve. |

$ 6 0 Hwmi2z

Ap dung cong thic Sxpc = é—_bcsipﬂ (Vi du 6) tacé:

S, _zb=y) S _x(c=2, S3_y@a-x

S be S . S ..ab .
_ S15953 _ :-c(é'-—x)"y'(h'-;;_,) Sl A

83 | 'az:" N l:r2 c?

X(a — x)

a®

Ta c6 54@& >4x(a x)<’:>(a—2x) >0

Yb-y) He-2)

bz cz_

Twong tu d6i véi

515,85,
3

< 62, mau thuin véi (1). Suy ra diéu phai ching minh. -

S =8 =8 = %s &a=2x b=2y,c=22¢ D,E,F la trung diém cdc

~ canh ctia &ABC

Chii y : Bai todn van ﬁung néu AABC c6 guc vuong hay goeth. e



Chuong IT - DU()NG TRON-

§4. Su xac dinh dmﬁng tron. Tinh chat doi xmg cua duong tron

©50. (h.124) K& duong cao AH. Ta tinh duoc AH = 32¢m. A
Do AH > HC nén tam O nam gifta A va H. Dit OH‘“K
Ké OM L. AC. Tacé .

AAMO o AAHC (g.g) T R X

; - 5
AO _AM _ 32-x _ 20 | \_/
amrar = g = & o

AC  AH 40 32 Hinh 124
Tir d6 x = 7em. |

51. (h.125) Ké dudng kinh AD thi ACD =90°. Ta ¢6 AC> = AD.AH nén

2 2 _ 2
AD = 46 = b . Bén kinh clia dudng tron bing P—*
' AH b o 2h

= . Hinh 12\-5. _
52. (h.126). a) Ta ¢6 -
 IC+IM=IA+IM>AM -
nen  IC+IM+ MC > AM + MC 1)
Ta chiing minh duoc : .
AM +MC>AO +OC=R +R = 2R '{2)'
T (1) va (2) suy ra chu vi AIMC 16n hon 2R

b) Chu vi .&IMC bang nia chu vi &ABC B
(v;l IC = A—C IM = ﬁ MC = -—) nén tir cau
2 25 2 :

a) suy ra chu vi AABC 16n hon 4R. . Hinh126




53. (h.127) Goi H 12 tryc tam cha AABC, I 1a trung diém cha AH. Ta chiing.
minh dugc AH = 20D, DOAI 1a hinh blnh hanh, suy ra DD' di qua trung
diém Q ctia OH.

Tuwong f EE', FE' cung dI qua Q (dlém Q Ia tﬁm dudng ron O—Ie clia MBC)

Hinh 127 - Hinh 128 .
54, (h 128) Goi DE 1a mot dudng kinh clia dm:mg tron (0) ta cH
DA + EA 2 DE = 2cm, -
B DB + EB > DE = 2cm,
| . DC+EC2DE=2cm. -

Suyra . (DA+DB+DC) + (EA + EB + EC) 2 6cm.

Néu DA + DB+ DC = 36&1 thi diém M phdi tim1aD.

Néu DA + DB + DC < 3cm thi EA + EB + EC> 3r.::m, diém M phﬂl tim la E.

§5. Bu’dng kinh va day cta dudng tron. P
l.ién hé gtu’a day va khoang céch tir tam den day

55. (h.129) a) AC 1a day cta dudng tron c6 dudng kinh la BD nén AC < BD.
" . b) AC=BD <> ABCD Ia hinh chir nhat. ' :

Hink 129 & i ' Hinh 130

'56. (h. 13{}) Céc diém A, H, E, K thuuc dudng tron ¢6 dubng kmh AE, ma HK .
1 day ctia dudng tron dé nén HK < AE. -

Trong dudng tron (0), tacé AE < AB. Do d6 HK < AB.



57.

| D{:r AK = %AB nén CK 1a dudng trung trye cha AB,

'"'-dn du CK di qua D Vay AABC can tai C

(h.131) a) Ké MH L AB Tam gidc vuong AHM c6 AM = li}cm MH 3cm,
nén AH = 6¢cm.

Ké CK L AB. Ta c¢é |
CK = 2MH = 16cm,
AK =2AH = 12cm.

Hinh 131
b) Dé tinh OC, ta chi ¥ dén cap tam gmc déng dang

~ OMC va AKC. Suy ra

38.

5 Ap dung dmh I{ Py-t&~go ta tinh dmfc OH 2 Scm

MC OC 10 OC

mmsees T e

KC AC 16_ 20

Dc‘ip 56" OC = 12,5cm.

Tinh khodng cdch tir O dén AB, duoc 3cm. Tinh khoang cdch tir O dén CD
dugc 4cm.

|  Ddp 56 : Tem hodc lem.
(h.132) | —
a) Pudng kinh AB vudng géc v6i day CD nén

CH— %I?- = 6cm (gza st HA < HB)

Do d6 HB =.9cm, HA = 4cm. ; IR z‘ﬁ |
b) Cdch 1. Ta tinh dugc | :
SeMuN = *(—:"I"I—- (xem Bai tap Zlb} nén. .

. 6.6.6 216

S & L 6-
TN T TS 1655 (cm?).

Céich 2. ACHN vi AABC déng dang nén

« cHY (6} 36
ScHN * Sapc =| o3 “l13) “1eo



60.

* Talai 6 " Bagn & %‘13.6 = 39(cm?)
36 108
S = 30, I e
= a6 13__ ;.
. . 216
Va S, =—= 16—
ay CMHN = 3 3 (em i
(h.133) a) Goi I 12 trung diém cla C]Z) ‘Hay

62.

truc clia day EN, do d6 O 1a tim ciia dudng tron

ching minh IH = IK va IC = ID.

b) Qua I k& dudng thing song sn;ig V{fﬂ AB, |
cat AH va BK ¢ E va F. Lan lugt chimg minh :

SAHKB = SAEFB o  Hink133
Sagrs = ABII, R |
Sagc + Sapp = AB.II' (k¢ II', CC', DD' vudng. gbc véi AB}
¢) Ta tinh dugce 10 = 12cm. Tl
Sanks = AB.II' < AB.IO = 30.12 = 360.

- max S,pkg = 360cm” <> I' = 0 < CD // AB. Khi'dé AHKB 1a hinh chif nhat. -
61. R

(h.134) Ké MM' L BC, NN' L AC, MM’ cdt NN
tai I. Goi H 12 tryc tam ciia AABC, O 1a trung
diém cta HI. Ching minh rdng O thuoc dudng
trung truc chia day DM, O thudc dudng trung

di qua sdu diém D, M, N, E, F, P; diém I 6613
xing véi H qua O.

o HmI
Ching minh twong tu, MM' c&t PP' tai I' ti I'
doi xtng v6i H qua tam dudng tron ndi trén. Suy
ral=I. VayPP'ciingdiqual.” _
(h.135). K& cdc dudng trung tuyén CM, DN cha
AACD, ching cit nhau & E. Goi G 12 giao diém
cua CD va AO, G la trong tdm cha AABC.

Ta co

CE=¢G=E=>EG;;AB
CM CD 3 i

‘Hinh 135



§6.

63.

64.

- ACla ti€p tuyén clia dudng tron.

Ta lai ¢6 OD | AB nén

EG.LOD. (1)
Ta ¢6 GO L. BCma BC f,f DN nén OG 1 DN, titc la |
OG L DE. 2)

Tix (1) va (2) suy ra G 12 tryc tam ciia AODE, do d6 OE L DG, tic 12 OF L CD.

Vi tri tuong déi ctia &u&ng thing va dudng trén.
D&u higu nhan biét tiép tuyén cha dudng tron

(h.136) a) Hinh thang ABCD ¢c0 AO=0B,OM // AD // BC nén M 1a trung
diém ctia CD.

b) Cing bang 20M.

¢) T gidc BCDE 2 hinh chi nhat.
d) Goi dién tich ABCD 1a S.

Ta ¢é

S = -?E;*Eili’..laﬁ — OM.BE < OM.AB = 2R

maxS =2R* < OM L AB. _ ; Hinh 136
(h.137) |

a) Goi O la tam cha dudng tron ngoai ti€p ABIC.Cdc
diém I va O thuoc dudng trung truc cia BC nén A, IO
thang hang va AO L BC. Ta ¢é )

OCI = OIC, ICA = iCB
nén - éﬁm%ﬁmﬁﬁ?+@=90c’.

b) Xét ACAH, CI 1 dudng phan gidc trong, CK la
duong phan gidc ngoai. Theo tinh chat dudng phén gidc

o cung b&ng et -
H KH CH
HI

Al
Suy ra = ;
AK HK



65. (h.138) Goi N 1a giao diém ctia BC vi AM. Tam gidc ABN c¢6 AO OB,
OM // BC nén NM = MA.

CH// AN = Gl [cﬁng bang -Elm] ma NM = MA nén CI = IH.
NM MA BM
X
N
C
M
I
A H O B
H!‘nh 138 o Hinh 139

66. (h.139) a) Goi 112 trung diém cta BC. Hay ching minh IM L AD.

'b) K& MH L BC. Hiy ching minh AABM = AHBM (chd ¢ B; = B2 wi
cling bing BMI). | "

67. (h.140) OC cét DE & K va cét duong tron (O) & 1.
Ta ¢6 ACEI vudng nén |

CE’ = CL.CK = 2CO.CK. (1
ACMK e~ ACOH (g.g)
=k _CM = L = CO.CK =CM.CH. (2)
CO CH = |
Do CH 2CM nén e . - ~ Hinh 140
CH? = 2CM.CH. (3)

Tix (1), (2), (3) suy ra CE = CH. Tir dé suy ra diéu
phai chitng minh.

68. (h.141)
Cdch 1. Ké OH 1 CD, DO cit d tai K. D& dang
chu’ng minh OK = OD, do d6 ACKD céan tai C,
Cz suy ra OH = OA. Vay H € (0). ViCD
v’uﬂnng goc v6i ban kinh OH tai H nén CD la tiép
tuyén clia dudng tron (O).. |

Cdch 2. Ké OH L CD. Goi M 13 trung diém cta o
CD. Hdy dung tinh chdt duong trung binh cha Hinh 141




69.

760.

41 1

hinh thang va dudng trung tuyén tng v6i canh huyén cha tam gidc vuong dé
ching minh Ci = C2 (cling bing COM).
Sau dé giai ti€p nhu & cich 1.

(h.142) Goi M 1a trung diém cha DE. Ké
MH . AB. Ta s& chitng minh MH = MD.
OM 12 dudng trung binh ciia hinh thang
ABED = OM // AD => S,0m = Spom

sy %OA.N[H = %OC.MD.

Do OA = OC nén MH = MD. Tir d6 suy ra

AB la ti€p tuyén ctia dudng tron (M ; MD). | Hinh 142
(h.143) a) Xét cdc tam gidc dong dang ABM B

vd ANO dé€ suy ra

'~ AMAN=2R%.
b) Cic do dai AM, AN la hai s6 duong cé
tich khong déi nén téng clia chiing nhd nhat
khi va chi khi chiing bing nhau. Khi d6 d

MN = 242R.

a) Khong mdt tinh téng qudt, gia sir B’ thudc
canh AB va C thudc tia d6i ctia CA (h.144).
biém H & bén trong AAB'C'. Qua H ké
dudng thang song song véi B'C' cét cdc
canh AB'va AC' & B, va C;. Dé thdy

Sagc, <Sapc: - (D

Ta lai co

SaBC < SaB,c, @) Hinh 144

(Thét vay, ké CK// AB (K thudc B,C,) thi SHBBl = Syck < SHCCI Yo

T (1) vA (2) suy ra Sype < Sagee

b) T cau a) suy ra trong cdc tam gisc ABC c6 A = va duong cao AH = h,

tam gidc can tai A c6 dién tich nho nhit.



§7. Tinh chat cta hai ti€p tuyén cét nhau

72.

73.

" song song cdch déu hai tia Ax, By (K thudc nita

(h.145)
a) ACOD vuong c6 OE la dudng cao. Ta c6
AC.BD = EC.ED = OE*=R?,

b) OM 12 dudng trung binh cfia hinh thang ACDB
nén OM // Ax // By. Diém M chay trén tia Kz

duong tron tam O).

O Sxcow= A2 - ongom > 0K 2R =282
min Sxceps = 2R” <> M = K. Khi d6 ACDB 1 hinh chit nhat.

(h.146) a) Tam O 1a giao d_iém cla céc'tia phan gidc cha cdc géc A vaB.

_b)ﬁ:goﬂ.

74.

¢) Goi C Ia trung diém clia AB. Ta ¢6 OM va ON cling vuodng géc véi OC.
d) HM = HN ¢ HO L MO & MAH = 90° < Ax L AB, By LAB.

Hinh 146 - Hinh 147

(h.147)
a) Ké IH L BC. Ching minh rang H € (I).
b) Hay chimg minh BIC = 90° dé suy ra
AB.CD = HB.HC = [H= a%.
- BH “BA BK

c¢) Theo tinh chdt cha ti€p tuyén va dinh If Ta-1ét ta c6 = = ;
_ | HC DC KD -

Suy ra KH // DC (dinh 1{ Ta-1ét dao).



75. (h.148) Goi F 1a giao diém ctia BD va AC. Ta cé
IE ID ( BI )
cling bang — |.
| AC CF BC
Hay chiing minh AC = CF.

F

Hinh 148

76. (h.149)
a) Ta co
——— e — Q
MON = }-HOK _ 180
Dodé MON=B=C=a.

b) ABMO o> AOMN (g.g)
AOMN < ACON (g.g).
c) QBMO vi ACON déng dang = ]{3;1 = (B; = BM.CN = BO.CO = a’.

d) Tich BM.CN khong déi nén téng BM + CN alid nhét kh1 va chi khi
BM = CN. Khi d6 ti€p tuyén MN song song vdi BC.

77. (h.150)

a) M, A, N thang hang. T glﬁc BMNC 1a hinh thang, SpmNe = ZSAEC Tfnh
AH dugc 30cm.

Ddp 56 : Spyne = 1950cm”.



78.

79,

b) Pat AK =x, KN = y.

Ta c6 AKNA «» AKHC (g.g)
- AK KN AN
CK .KH CH
e ] A = y = 2_,‘
y+45 x+30 3
Tir d6 suy ra x = 78cm, y = 72cm. : B H C
¢) Dap $6 : IM = 48cm, IB = 52cm. Hinh 150

(h.151) D& dang tinh dugc DE = Scm.
Taco | |
Sope = Sasoc ~ Sape — Sosp ~ Soce
Sopg = 36 ~ 6 — 6 — 9 = 15(cm®).
Ké OH L DE, tacé
OH = 2Sopg : DE =2.15 : 5 = 6(cm).
Tl d6 suy ra diéu phai ching minh.
(h.152) o

_ A a B
a) Chu vi ADMN bing 2a. 7,
b) MBN = 45°. M
¢) Ta c6 MN < DM + DN EJ
= MN + MN < DM + DN + MN = 2a (cau a)) [? N o
=>2MN-:2az;>MN{a. Hinh 152

Tacd MN > DM, MN > DN nén

2MN > DM + DN = 3MN > DM + DN + MN = 2a (c4u a))

:>MN>~;‘;—H.

(h.153) K& OH L BC. Goi ban kinh cta (O) 1a R. Ta c6 OH = 25 - R (néu
O thudc doan théng AC, h.153a) hodc OH = R - 25 (néu O thudc tia d6i
‘chia tia CA, h.153b). | |



R } R-25
e ]
l
|
A
| e
A D
a) b)

Hinh 153

- Goi I'12 giao diém clia (O) véi canh BC, ta ¢6 Ol = R, IH =R ~ 2. Trong

§8.

81.

82,

ﬁOHI vuﬁng
B ics + OH” = O nén (R —2)*+ (25 - R) 2=R%
Pua vé phuong trinh R? — 54 R + 629 = 0 < (R - 37)(R - 17) =0,
Vay R = 17cm (ing vi hinh 153a) hodc R = 37cm (iing v6i hinh 153b).

Pudng trén ndi tiép tam giac
(h.154) Goi 1 1a ban kinh clia dudng tron
noi ti€p AABC. Dé dang tinh dugc.
BC = 25c1ﬁ,
15+ 20-25

o= = J(cm).
——— = S(cm)

Al = Sﬁcm, AH = 12cm. | ' Hinh 154

Ké IK L AH. Ta tinh dugc AK = 7em, IK = lcm.
(h.155) a) Goi x la ban kinh cta dudng tron noi tzép

i Phucmg trinh (x + 5) + (x + 12) 755 T X = 3.

83.

Bap 56 : AB = Sc:m AC= ISCm BC«» 17cm.

b) Gid st AB=20cm. Th€ thi BD=BF =20~ 6= 14 (cm}
Pat CD = CE = x Phuung trinh 20% + (x + 6) (x + 14) ; X =15, .
Pdp sé AC=2lcm, BC= 29{::?1:1. '

(h.155) Xét AABC vuong tai A. Gia sit AB = 12cm. Goi r Ia bén kinh céia
dudng tron noi ti€p thi BC = 5r. Do d6



"84,

86.

Do dé :

2 = BC? - AB? = 25:% — 144. (1)

Ta c6 AB+ AC ~ BC = 2r, nén AC=BC + 2r~ AB = 7r — 12. (2)

Tir (1) va (2) suy ra (7r - 12)* = 251% ~ 144,
Thu gon phuong trinh duge

R w1220 S (r=-3)r-4)=0.
Vayr—Shﬂacr—d ' _
" Pdp s S = S4em? hodc S = 96cm>.
(h.155) Goi b, ¢ 12 cdc canh g6c vi:ﬁngfvh gidstt - a
b>c..
Tir be = 48 va b + ¢* = 100, ta tinhk duge (b + ¢)?,
(b~ ), (b+c), (b~ c). T d6 tinh duge b = 8,
c=60. a _ 3
Ban kinh cta duong tron noi ti€p bing
8+6—-10"
B

Hinh 155

= 2{cm)

. (h.155) Goi r 12 ban kinh cla dudng tron noi tiép. Dt BC ='a, AC = b,

AB = c. 56 do dién tich tam gi4c biing s6 do chu vi nén

(a+b+c}.~2~ =a+ b+,

Twdér=2.Tacob+c~a=2r.Dor=2vic=5néna-b=1.

Tira’—b’=25vaa~b=1,tatinh dugca =13, b= 12,
(h.156)

a) D& chiing Il'liﬂh Buﬁﬂg kinh clia du‘ﬁng tron noi ti€p tam gtéc vuﬁng
bang téng cdc canh guc vuf}ng trir di canh huyén.

2t = AH+BH - AB |
2= AH+CH AC

__ 2r-AB+}3C BC. _
Suyrar+r1+r2'~AH . | - .. Hinh 156




b) Céc tam gidc vuong ABC, HBA, HAC déng dang nén

SR - 1'1- _ I'Z
BC AB AC
; 2 2 2 2 2 2 2
Do dé T _ 1'1 _ 1'2 _ I'] + 1'2 1'1 - 1'2
| BC? AB®> AC? AB’+AC?  BC?
suy ra . 1 = rlz + 1'22.

87.

88.

89,

GG =1I'=r.
PatBC=2, AC=b, AB=c.

c) {}10% =(p - 1'1)2 +(n + r1)2 — 2{1’12 + 1'22) =212,

Talaic6 r= AB*"ZC__BC - 3+:"5 = I(cm).

Do d6 0,05 = 2, suy ra 0,0, = +2 (cm).

(b.157) Goi Py, P,, P; 1an luot 12 chu vi cha cdc tam
gidc nho, P 1a chu vi cha &ABC Cac tam gidc nho
dong dang véi L&ABC nén.

h+n+nR P +P+P.

B B P )
Nhung P; + Py + Py = P (d& df—mg chimg
minh) nénry +ry+13=r1. |

(h.158) Ké Ax // BC, cét DF & G. D& dang
chimg minh dwgc AE = AF = AG. :

Lan luot chitng minh
MN DM BE BD _EM EM
AG DA BA BA EA AG’

Suy ra MN = EM.

Vay M la trung diém ctia EN.

(h.159) Ké GG', II' vudng géc véi AC. 'Fa co

Do dé

Tacd2r=b+c—a, mac=3GG =3rnén

- Hinh 159



90.

91.

92.

a-b=r. - (1)
Ta lai ¢6 a” — b”= ¢’ = 9r” nén két hgp véi (1) suy ra
| a+b=9r. = | (2)
Tix (1) va (2) suy ra a = 51, b = 4r, do dé ¢ = 3r.
(h.160) Goi D la tiép diém ctia duong tron (1) véi B

AB. Ta tinh duogc
BC = 15cm,
A AB+?;C-BC _ 9+1§—I5 . (cm)_'

Goi N 1a giao diém clia BI va AC. Ta c6

. Hinh 166
HoE0. 52,500 g
BN BA O 3 BM
IG = ENM.
3 .

Lan lugt tinh AN =4,5cm ; AM = 6cm. Suy ra NMI-- I,5cm, do d6 IG = lcm.
(h 161) Ké BI, CK vuﬁng gbéc voi EF. Tam gidc AEF can tai A nén
BEI = CFK. ABEI e» ACFK (g.2).

L4n luot chimg minh Bl Bt HD . 1 dé suy ra ABHI e» ACHK (c.g.c).
: CK CF CD HK

‘Hinh 161 Hinh 162

(h.162) a) Ké duﬁmg cao AH. Ta tinh dugc AH = 32cm. Ap dung tinh ch&t
duGng phan gidc cia AAHC, tinh dugc IH = 12cm.

b) K& dudng kinh AD ciia dudng tron (0). Tir AC? = = AHLHD, tinh dugc

AD = 50cm. Do do OA = 25¢cm.
c) Pdp s¢ : Ol = Scm.



93. (h.163) Gc;ri (I) va (O) 1a céc dudng tron noi ti€p va ngoai ti€p AABC can tai A,
K¢é dudng kinh AD. Dé chiing minh DI =DB. Dat Al=x,ID =y,

Hink 163

K& IE L AB.Tacé X +y=AD=25 | ()
| Al IE IE x 6

= = = @

AD BD ID 25 y

T () va(@)suyrax=15,y = 10 hoic xl= 10, y =:15.

- Trudng hop thit nhét cho AB = 5v2Icm, BC = 44/21cm (h.163a).
Trudng hop thit hai cho AB = 20¢m, BC = 24cm (h.163b).

94. (h.164) Tinh OB trong AODB dugc OB = 2+/5 - |
Ké CM L BO. Ta c6 ABOD c» A BCM (2.8)
_BD _BO_OD _ 4 _2/5 - 2
"BM BC CM  BM 10 CM

Suy 1'& CM = 24/5, BM = 445. | o — _
Dodé OM =25, " Hinh 164

Vay ACOM vuong cin, COM = 45°. Do'd6 A = 90°. D& dang tinh duoc
AE = AF = OE = 2cm, AB = 6cm, AC = 8cm..

95. Goi a la eanh huyén, b va ¢ 1 cdc canh géc vuodng (gid stb>c), Rvarla
cdc ban kinh cia duong tron ngoai ti€p va ndi ti€p. Tacbé:

" a=2R - | | (1)

2= B @



96,

5 i cz'u :.-12 g L {3) : >

Cdn tfnh siB = 2, sinC = =, do dé dat E S M A '
a a’ S al o a

Tt 3)suyra = . 13fz-n+-(}--r~w-1::>1r112+n-““1

- el a?’ _ R

Tir (4), (1), 06, e
bhe_ 2 2 x. .1, UVESL
a a a 2R R 3 341 Jny

| '\lf—.-:“"‘ :a 1+ ‘\[— .

(m - n)*, m — nTudﬂm--\-g-. 1-'*
_ 5 e ﬂap sé B 60“ c 30"’* A 90
(h. 165} Q) PatOD=ON=r. Ta c6 z}.NOI o z}.DBO (g g) | '
_ NI _NO
DO DB : e
Tuﬁng tu NK DC = r Suy ra NI DB NK DC
N
H DB B - E E
b) Do IK // BC nén theo dinh Ii Ta-};f;t_ i TR -
DB DC ___,DBﬂ-Dc =BG o
NK NK o ,oon
Tir (1) va (2) ta c6 = —, do d6 FC = DB.
8 ()_ FC DB’ ~ e

i

= NL DB N(}DO = r

do do

Tir céu a) suy ra




97,

Lﬁﬂluﬂ't tinh SADGE! SMDN VA Chﬁ f;’ fﬁﬂg

98.

'Dit AB=AC=BC=3,AM=x, AN=y,MN =2z

(h.166). Goi r la ban kinh cta dudng tron (O), D
va E 1a ti€p diém trén canh AB va AC.

43

a) Tru6c hét tinh r, duoc r = e

Hinh 166

SAMN = SADOE ~ 25M0N
| Ba’p S %@ (cmz).

yv/3

b) Ké NH L AB. Ta cé AH=—;—, NH-'«M—-, HMu—x~§ Theo dinh 11
Py-la-go:

. Ne 2 PN |
MszNHE-i-HMz:{%——J +[x--?21) = x% +y2 - xy.

AM AN
MB NC

c) De thﬁ’y X +y+z=2AD = a. H¢ thitc phai chiing minh

tucmg duong voi

__x+yxl¢:>x+y=1
Tl A=Y y+zZ X+2Z

@x{x+z)+y(y+z}—(x+z}(y+z}
_ <:>x2+xz+y +yz xy+xz+yz+zzﬁx2+y -:»cje'—z2
Dang thitc cudi da duge chiing minh & cau b).
(h.167) a) Ta c6

m:ﬁz m [cimg bﬁng_Q{}D 4 %} |

AAMI <~ AAIB (g.g), AAIB <» AINB (g.g)
nén cic tam gidc AMI va INB déng dang.
Suy ra

M _ AM s
BN IN o Hinh 167




Do dé AM.BN = IM.IN = IM* = IN%.
b) bat AM =m, BN = n, IM = IN = x. Do AAMI vi AAIB dong dang nén

. 2
AM:AlﬁlAZ:AM.AB:m.cm-Ié—:E. (1)
Al AB _ be b :
2
Tuong tu Ll =2 | @)
ca a

Xét AMIC vuoéng tai 1, ta ¢6 IC = CM? - IM°. Do IM? = mn (clu a)) va
CM = CN nén

Isz(b-—m}(a~—n)~mn=ab—-bn—am+mn-% mn = ab — bn — am.

Do dé L. (3)
; ab a b

: ' 2 2 2
Tir (1), (2), 3) suy ra lﬁ-—%—m +IC w ],
bc ca ab

99. (h.168) V& dudng tron (I ; IO), ta sé ching
minh ring dudng tron (I) ngoai ti€p mot tam
gidc bang tam gidc ADE. V& cic day OM,
ON cta dudng tron (I) theo thit ty song song *
voi AC, AB.

Ta s€ ching minh AADE = AOMN.,
Ké OO, II' vuoéng goc véi AB. Ta co
ON=20T =2 (Al' - AO) =

=(AB+ AC-BC) - AB=AC~BC= AE. : 5
Tuong tw OM = AD. ~ Hinh 168
AOMN = AADE (c.g.c). Do do céc ban kinh ctia cdc dudng tron ngoai ti€p
hai tam gidc d6 bing nhau, tic 1a ban kinh ctia dudng tron ngoai tiép

AADE bang OL
100. (h.169) Gox b va ¢ 1a céc canh géc vuﬁng Taco
2r=b+c-2R

% PORLLL NN

Hinh 169



101. (h.170) Goi S 1a dién tich AABC thi S khong d6i, goi p 13 nira chu vi, r 13
ban kinh ctia dudng tron noi ti€p AABC, ta c6 S = pr. Do d6 r 16n nhit <> p
nhé nhét <> AB +AC nhé nhat. - |
D¢ dang chitng minh dugc tam gidc phai tim 12 tam gidc can tai A.

A i

ST 1

Hink 170  Hink 171
102, (h.171) Xét AABC vudng tai A ngoai tiép dudng tron (I ; r).
Ké AH, IK vuong géc véi BC. Ta c6 AH < Al + IK = 12 fr = r(\E + 1),

max AH = r(v/2 + 1) <> c4c dudng thing AL AH tring nhau <> AABC
vudng cén tai A.

103. a) (h.172) Dt BC = a, AC = b, AB=c. K& BB, CC' vuéng géc v6i Al
Taco cr =1ABB', br = [A.CC nén ' '

(b+chr=JABB+CC)<IAa= B Dte
T a
Tuﬂngtu-I—B-E a-t-{:’ ICEaer‘
T b T &

Cong timg v€ cdc bét ding thirc trén ta dugc

IA+.IB+IC E(EI+-9-)+(E+E)+(E_+E)E 6=IA+IB+IC>6r.
| T ' a b c b c a

Xay ra dang thitc <> a = b =c < AABC déu.

Hinh 172 Hinh 173



b) (h. 1?’3) Dé thay khuang céch tir O dén céc canh cua rﬂPQN bang E nén

O 1a tam clia dudng tron noi t:ép tam gzéc dé Then cau a)
OP + OQ + ON > 6._-% =3R. :

104. Tacéh,>2r=2=h, >3 (vih, € N). Suy ra | |
© 28=ah, 232 0 .5 ().
Gidsta=b=c,tacd | _ |
ZS-—"(a+b+c)'r=a+b'+c.:£33 R : (2)
Tir (1) va (2) suy ra 25 = 3a. Xay ra dau bdnga(?.) kht va Chl khib=a, ¢ =a,
titc 1a E},ABC déu. Khidoh, =h,=h.=3. : 3
105. Trudc hét ban doc tr chiing mmh bd dé sau

Néu a, b, ¢ duong 0 thi (a +b+ c)(_l_ + % + l) 29 © ek '-_..(1}
- D% Bk TR e ol

a)h&+hb+h¢=23+1s+23“23[1 :}+_1]2 St
- a c a - Ery

: =:1:(a~i*bvf-r:}(i
a

+—é~+~£~] zﬁr.-:' |
X4y ra ddu bing <_—.>‘a——b~c@m13c déu. o
b) Truéc hét chiing mmh h, + b + b7 2 —(h + hb + hc) sau do ip
dung két qué & cau a). |

Xay ra ddu béng < h, -hb—h vﬁa—b c@::‘.\.ABCdéu

§9. Pudng trnn bang tiep tam grac | |
106. (h.174). Goi O Ia tam chia dtmng tron bﬁng t1€p trung gnc A. Ta 6
| Soac + SOAB - SDBC = SABC =bRy+ R, ~aR, = 25 (-
a) T (1) suy ra ' : ' |

S = —+=Ry(p—a). | 2)



Tuong tu
S = Rb{_p —-b)= Rc(p - C),
b) Chitng minh dua vio cau a.
¢) Do Bhb = ch,= ah, = 28 nén tir (1) suy ra :
” bR, LRy 2R |
bhy,  ch, ah,

LI O I  Himin
_ hb h, _ ha R, .
107. (h.175). Goi H va P 1a cdc ti€p diém tén AC chia dudng tron noi tiép va
dudng tron bang ti€p trong géc vudng A.
Tac6 2AH = AB + AC - BC ; 2AP = AB + AC + BC.

Suyra AP—-AH=BC, tic ]ABC=R ~ 1.

!

| Ie—

' Hinh 175 . Hinh176
108. (h.176)

a) Ta c6 BE = CF (cling bang nita chu vi AABC). Trir di BC, dugc CE = BF.
b) CE = BF ma CE = CI, BF = BK nén CI = BK.

Ta lai c6 BI = CK (gia thiét) nén ABIC = ACKB (c.c.c), suy ra B = C.
Tuong tr C = A. Vay AABC I3 tam gidc déu. |



§10.Vi tri tuong déi cla hai dudng tron
“109. (h.177) Goi H 12 giao dlém ctia AB va CD. AOHB vuong nén
OB* _MOH +HB’ = R’= (R - 6) + 12_- =R =15 (cm) Ty B

Hinh 177 e Hmh I?S , ks
110. (h.178) Ké OH va O'K Vuﬁng gbc voi MN Ta: cﬁ QAOH QO'AK (canh:
huyén ~ gbc nhon) nén OH = AK. Ddp s6': AM” ¥ AN = 4R i s
111. (h.179) a) Céc td gife O,BO;L, O5I0A la -~ A
hinh thoi = O B 1 10'3, O B = 103, 103 f.r! OzA,' 4
103 = 02& — 01B /f 024"'5&, 01B = OEA e OIBAOE
14 hinh binh hanh = AB = 0,0,, AB // 0,0,. |
Chiing minh twong ty BC = - 0,05, CA = 0,0;.
Vay AABC = .&010203 (c.c.c). ;
~ b)Tac6 AlL 0:,:03 ma 0,0, // BC nén ALLBC.  Hink 179 -
Chimg mmh twong tu BI . AC Vay I1a trye tam cha &ABC

112 (h. 180) Ta m AOD COD (cing bcmg ADO } nén &OH]} ﬁOCD ({: g c)
| £l dn OHD = OCD = 90°. |
Suy ra DH 12 tiép ﬂtuyé’n ctia dudng tron (O).

ERKIRD s X e A CHinh 181

113. (h.181) OO’ cit AB, BC theo thit ty & I, M. Ta ¢6 IM 1a dudng trung bmh

cia AABC nén IM // AC. Ta lai cé OA O‘C (cung hang OB) Do do
ACOO' 1a hinh thang can. R



114. (h.182)

- a) Goi I 1a trung diém cha 00'. Ké
CD vudng goc véi IA tai A.

K¢ OH, O'K vuéng géc véi CD. D&
chimg minh AH = AK nén AC = AD.
'b) Ta ¢6 OAO'=90°, Op =0»
(ciing bing Aj).
AHOA «» AAOO' (g.8) - Hinh 182
= o = a8} =5 H = G = AH =2,4cm = CD = 9,6cm.
O'A 00 3 |
115.(h.183) a) Hai dudng trdn (A) va (B) ct nhau vi
|OA - OB|<AB<OA + OB.

b) Goi C 1a giao diém cta dudng tron (A) va tia
~Ox.Tacd

.~ OC=0A+AC=0A+0B=k= Cc6 dinh.
- Ké dudng vudng géc véi AC tai C, cit MN & K.
HAay chiing minh réng CK = k dé suy ra K 13

diém ¢6 dinh (chd § NKC va BAO ciing b véi |
BAC). | Hinh 183

116. a) (h.184) Trudc hét tinh BC, duge 23 cm. Ké dudng kinh BOD thi C, A,
D thiing hang B

Tinh BA that} cong thic L o & duﬁc BA 3em.

BA? BD, Bc2

Tit dé6 AC = +/3 cm.

Hinh 184 Hinh 185



b) (h.185). Dé dang tinh duge BC = 24cm. V8 O'K LAC, ta c6:Fnnin, Wiy
&O‘KCm.&CAB (g.g). Suy ra e e

ocC KC g B RT

CB AB 24 192

117. Goi x la bn kinh ctia dudng
tron (O,). Ki hiéu nhu trén
hinh 186. Tir cdc tam gidc
déng dang tacd |

= r —Qcm Tu{mg tuR- lﬁcm

x—a b-=xX
x+a x+b
Tudox—:\@ . Gty el h 18¢ _
118. (h.187) a) Theo tinh cht goc: ngﬂm TRCERR R
clia tam gmc _:_ 01 2]3 0*1 H-ZC ma

M

01 e 01 = 1890 I]éll B + C 900 Suy ra___-___-

R = 90°. Ta lai c6 D=E=90° nén tu'_ v
- giéc ADKE 12 hinh chif nh&t o

b) Al + Ay =Dy + D2 = 90‘~" nen I{A _I.BC Ty
Vay AK 1a tiép tuyén chung cia (0) va (0.
o) Ri+B =C+EKA=90° en MK LDE. =+
119.(h.188) a) Do tmh doi xing nén BD 100,
CE 1L 00" = BD )’f CE = BDEC 1a hinh -~ ./ - K;
thang. Do tinh d6i xing nén CBD = EDB, o
do @6 BDEC la hinh thang can. -
b) K& tiép tuyén chung tai A cit BC, DE &
M, N. Ta c6 MN = 2AM =BC = 2+/Rr (dé

chimg minh, ching han xem Vi du 20). _mﬁh i : o ‘

Ké dudng cao CH cua hinh thang, CH cat OB Iﬁ;l K
Xét ABKC vuf:ng :

BC? = KCHC:}4RI‘*(R+1‘) HC:::»HC— ;R"
‘R+r



Chi ¥ ring MN la dudng trung binh clia hinh thang BDEC nén
Sspec = MN.CH . %
= 2\‘;“— 4Rr SRI‘-&;“
_ R+r BoEg, o
120. (h.189) a) AB = 2+/Rr.
b) Goi H 1a tiép diém cha dudng
- tron (I; x) v6i AB.

X€t hai trudng hc;p
+ H thudc doan AB. Theo céch tinh
& cau a, HA = 24/ RX . HB = 2‘\/_-« Hinh 189
Ta c6 HA + HB = AB = 2JRx + 2x = 2VRr.
. Rr e e
Tir d6 ta tinh duge x = — . Thay s0 x = 4. Vay IH = 4cm.
WR+40)*

+ H zhuuc tia doi cla tia BA (H & vi tri H' trsn hmh ve) Khi d6 ta ¢6
H'A — H'B = AB. Ta tinh dugc I'H' = 36¢cm.

-Ddp $¢6 : 4cm hodc 36¢cm.

121. (h.190). Goi ABCD 14 hinh thang
cian (AB // CD), ti€p diém cla hai
dudng tron (O) va (O") 12 E. Goi tiép
diém cha (O") véi AB, AD 1a M, H.
Goi tiép diém chia (O) véi CD, AD
1a N, K. Tiép tuyén chung t.:-n E cat
AD &L

Xét AOIO' vuong

El*= EOZE0®=82=16
= FI =4 (cm).
Xét AO'AI vudng

“ O'H’ = IHHA = 4 =4.HA = HA = lcm.
Sujf ra AM = lcm. : |
Tuong tu, DN = DK = 16 cm.

Sagep = (AM + DN).MN = (I + 16).20 = 340(cm?).

D N .G
Hinh 190



122, (h.191) a). Goi K 1a nep diém ctia hai dudng
tron. Ta c6 A, O, O', K théng hang. Ké tiép tuyén . -
chung tai K cit AB, AC & D, E. Ta c6 AADE déu, =
O’ 1a giao diém cha cdc dudng phan gidc nén cling
1a giao diém cha céc dudng trung truc. Suy ra M, *
N 1a trung diém cta AD, AE. Ta lai ¢6 O 12 trung_ .
diém ctia AK nén M, O, N thang hﬂng i

b oEad 2R
3 3

'123 (h.192) V& tiép tuyén chung cua hai du’dng tTﬂII '
OK =OM = (AD+AE DE) 2 o o B
Dap 56 QR(J_ —1).: e

HmhIQZ : ' Hmﬁms

124. (h.193). Do tinh déi xiing nen CD g AB, EF I AB. Ta c 6 CAE EAB“ i
(cung bang O'EA EA) nén EC EL Suy ra- Cz “—'II, 131 c6 C1 = Il nén

C1 = Cp. Diém I Iﬁ giao diém ctia cdc dudng phan gidc cdc géc B vz’i C cua |
ABCD nén 14 tam c@a dtrcfng tron néi tiép tam gmc d{} | f_ 2wt e "

- Chu y - Bai tap 124 1a trudng hcp dic blét cua
" Bai tap 287 trong cuén Nang cao va phat rrzen
- Todn 9 tdp hai. -

125. (h.194). Goi A, B, C 1a tam cfia cdc dudng tron”
ban kinh r di cho, O 13 tam cha dudng tron tiép |
© Xtc véi ba dudng tron trén. O 1a tam ctia AABC

déu, OA = —2-1;




Xét hai trudng hop :
.+ Ba du;bng tron da cho ti€p xic trong v6i dudng tron (O ; R,). Khi d6
| | R;=0A+r. |
% Ba du’ﬁng tron da cho tiép xiic ngoai vdi du'ﬂng tron (O ; R,). Khi d6
R, =0A ~r.

, 2 (2
Papsé : Ry=r|—/=+1|, Ry=r|j—4==11
i [ﬁ 1) - L@- )

126, (h.195) K& IC L Am, KD L Bn, DK cit Amtai E.

Ké IH L AB, IH cit DE tai M. Ta c6 _ "
| KE-MKE=IME () chx D, .
Ta ico6  IK =X+, Eh—M— K,?, D
MK = 2R — x — Y, \
IM =CE=AC-BD

=2 JRx 2Ry (congthic A H G B
tinh doan tiép tuyén chung) | C . Hinh 195 .
| = 2JR(Wx ~ y).

Thay vao (1) dl.m‘c _
(x+y> ~(R-x- y)? —4R<f y)?
& 2R(2x + 2y 2R) = 4R(x +y — 2J_ )

> X+y—-R=x+y- EF @R 2\/—

127. (h. 196) Gid st ducmg tron (1) tiép xidc véi (0)
tai K va tiép xic v6i AB tai H. Tiép tuyén
ctia dudng tron (I) tai K cit OA & M, cit HI &

~ E.Tac6 MK'= MH, AMHE = AMKO (g.c.g)
= HE =KO = OC..Suy ra tir gidc HOCE 1a
hinh chi nhat, CE 1 CO.
Do d6 dudng thing CE tring v6i dwong  Hinh196
thang d. D& thdy IE = IO.
Vay I céch déu d va O.




128. (h.197) Goi x Ia ban kinh cita dudng tron (D). K& DH L OF. Ta c6
" OD? - OH? = CD? - CH?

: : 2 #)
nén (R ’ﬁ'x}z %P [B- + x) - [5 - XJ :
2 2 .

Tix d6 ta tim dm;)'c X = %

A 0 R B
| Hinh 19?

129. (h.198). Goi K Ia trung diém cta AC. K& TH L AB. Dé thdy OK = dcm.
Goi x 1a ban kinh ctia (I).

Diat OH =y. Ta cé . ' -7 s 7
I = 0P~ OH? = x*= (6 - )2~ y* (1) ‘ .
- 2

I =IK-KHA o - Ak coH .
Tacé KH =4+ y (néu O thude doan KH), ' Hinh 198
KH=4-y (né’u H nam gifra K va O).
Do dé x° —*(x+2) —(4:i:y) « {2}

Tu(l)va(2)tacé(6~—x) uy —(x+2) -(4+y) Tudoy 2X — 6
hoicy=6-2x. .
Thay vao (1) va rit gon duoc 4x(x —~3)=0.Suyra x =3 (va do dé6 v = 0).

| Pdp sé : 3cm.

130. (h.199) Tam O cha duimg trén ngoai tlep QABC Ia trung diém cua BC,
Goi x 1a ban kinh cta (0", tacé 00' = 5 - - x.'Ké OD, O'K vudng géc véi
AC ; OE, O1 vuong goc vm AB.

Dé dang tinh duoc OD = 3cm$ OE = 4cm,
OE cit O'K tai H. Ta ¢6 " -
OH=OE-EH=4-0T=4-x
OH=0K-HK=x-0D=x-3.
© Xét AOO'H vuong c6
@+ (x-3P=(5—x)2
Suy ra x = 4. L g Hink 199

Ddp 56 : 4 cm.



131. (h.200) Ta c6 BC = CD = DE. Ké OH, O'K vuong géc véi BE, O'M vuong
goc véi OH. | : B
Dit CH = DK = x thi CD = 2x, O'M = HK = 4x.. T
OM:OH—_MH=DH—O'K

= V81 ~x? -9 — x2.

TYOM’+ OM?=00%tac6 o
' (.x!Sl,—-xz mwf!}-xz) +16x> = 144. - Hinh 200

Rut gon ta duogc TR o R \/?29 ~90x” + x% . Binh phuong hai v€ (véi

§* 3 g;) roi rdt gon duoc 48;{2(,1(2 -6)=0. S_uy.ra x= 6.

| . Pdp 56 : BC = CD = DE = 2/6 cm.
132.(h.201) Goi R va r I bén kinh cia cfic dudng tron (O) va (O'). Ké OH L OA,
OKLOD. TacoR-r=0H,R+r=0K.
Tinh OH dugc 16cm, O'K = 60cm.
Tir d6 tinh duge R = 38cm, r = 22cm.

. Hinh 201 |  Hinh 202
133. (h.202) 2) AAOM > ABMO' (g.g). Chi ¥ ring
BT AOM = BMO' (do ciing phu v6i OMA).

b) Ta c6 MO L AE, MO' .L BF, ma MO L MO' (tia phan gidc ciia hai géc
ké b)) nén AE L BF. : o

¢) Goi I 1a giao diém cia OM va AE. Trudc hét ta chiing minh ring hai
tam gidc OIN va OMO' ddng dang. That vy, hai tam gidc AOM va BMO'



dong dang (cau a) c6 Al va BK la cdc dudng cao tuong ﬁ.‘ng nén

o = MK,I Ta lai ¢6 MK = IN nén o = i) . Suy ra AOIN v
oM MO . OM_ MO' - R
AOMO' (c.g.c). ' '

Do d6 TON = MOO'. Vay O, N, O' théng hang. -
134. (h.203) Goi R, r lan luot 12 ban kinh cta (0Q), (0'). Do tinh déi xiing cla
hinh qua dudng néi tam OO, ta c6 AB va CD cing vuong géc véi OO’ nén
AB// CD. Goi H, K theo thit tr 12 giao diém cia AB, CD véi OO',
Tacé AH = RsinAOH, ma
sinmm SINEQQ' = ——
o 00"

Rr Rr-
nén AH = ——, Tuong tr CK = ——.
| T 00"

Suy ra AH = CK, do d6 AB = CD. Tir

d6 dé dang chimg minh duge ABDC P20l
1a hinh chir nhat. 5
135, (h.204) K¢ OI L AD, ON L DE. DitDA=a,DB=b,
. DC = _C. . : A
- 2 2
: - O
Ta cd r2-=D12+DN2=[%] +(_¢2b} ; ' Iy R
f | - - B\ DNN_“E /C
B a)’ b+cy
R2=ON2+NC2=[HJ +[ ) | |
- 2 2 Hinh 204
o 3 42 3 '
Dodé R2+r° = 32 + B ;C ,suyraa2+b2+cg_=_2(R2+_r2).

136. (h.205). Ké OH L AB, OK L CD. Tacé

OH? + HA? = OK? + KD?
~ nén OH” - OK* = KD? -~ HA? = 122 - 5% =119,
Né&u O nim gitfa H va K thi OH + OK = HK = 7, do

d6 OH - OK = 119 : 7 = 17, vo 1i. Vay O ndm
- ngoai doan thdng HK v OH - OK = HK = 7.




Suyra ~ OH+OK=119:7={7.
Tir OH + OK = 17 va OH - OK =7, ta tinh dugc
o ~ OK = 5(cm). L
Bén kinh cta dudng tron (O) bing 13cm. | _
137. (h.206). K& OH L AB, OK L CD. Ta chiing minh  \  \_
'du{;chﬁm gitta H va K. ‘ | ' \}i’/

Pdp s6 : S5cm. Hinh 206

PUONG TRON VA PHEP VI Ty

_1_38. (h.207). AAID e» AAOC {g.g)
AD Al 1

—— L e T e ¢

AC A0 R
Chitng minh tuong tu, L = i.
BC R

AD ,BE g
Vdy — ='"—, do dé DE // AB.
4 AC BC’ /

180° — Oy , 180° - O
2 2

139. (h.208)a)  OAB+ O'AB =

360° —(61 + 51] |

I
—_—

'b) OB // O'B' do dé

R(R + R

Vay OK = e : ,
| - R-R S Hinh 208



¢) Goi CC' 1a tiép tuy€n chung

ctia hai dudng tron, K' 1a giao
- diém cha CC' va OQ'. Tuong tu

ciu b) tacd '

OK' = R(R'+R ) |
£ R Rq 5 %
“Suy ra OK = OK/, do d6 K' triing
K. VayCC'clingdiquaK. |t e :
d) (h.209). Goi G 12 trong tam * Hinh zog_.'-
cia AABB', AG cat BB & M. '

Truéc hét ta tim chuyén dong chia diém M. Gm N I trung dlém cua OO*"
R +R' R+R‘ i

thi MN =

nén M di chuyén trén du?jng trﬁn (N

la anh cla M trong phap vi ty tam A ti 36 -3— nén G chuyén dﬁng trén |
R+R'

_ ducrng trén (I Yyvér nam trén. dnan AN va AI i N - -
140. (h.210) Ta ¢6 E 1a anh ca A ~ |
trong phép vi tu tam K ti s6

RE nén OE' // OA (that vay,

ké OH va O'T vuong géc v6i
AK.Tacéd -
0l O'K O'D -O'E
OH OK. oC OAQ' !
= AOAH »» O'EI (canh huyén canh gﬂc vufmg)

= OAH = O EI = O'E ;’,/ OA)

O'F /| O = XE _ KO _KD Emf AC
| T RATRO KC. o 5

E)UNG HINH

141. (h.211). Du’ng C‘ déi xung v6i B qua A Dl:rng D1 dﬁl xu‘ng véi A qua B -
' GoiCvaD theo thit ty 12 giao d:lém cha cdc doan thing OC' va OD' v6i (0) e



o~ &

Cl f A\“-—-‘«—-/B : D‘ E

" Hinh 211 -  Hinh 212
142. (h.212) Dung DE la du&mg trung truc cua BC.

143. (h.213). Goi M la trung ::'I1ém cita AB. Qua A va qua B, theu thi ti dr.mg
cac dudng thing song ﬂ*{)ng véi MO.

A TN
/;hj_/ ( 5 ) -
8 R ot
Hinh 213 . . ' Hinh 214
144. (h.214) M céch O mét khodng a I canh huyén ctia mot tam gidc vuong
cd mot canh goc vuéng ban kinh ctia (0), mot géc nhon bing 65°.
145 (h.215) Gia str {ia dung dlIUL dd}" AB ¢6 MA — MB = a. Trén MA 14y N

sao cho AN = BM th€ thi MN = a. Hay dung diém N : diém N thudc
duong tron (O ; OM) va dudng Iron (M ; a). -

Né&u a = 20M thi bai todn ¢6 mot nghiém hmh Néu 0 < a < 20M thi bai
toén ¢é hai nghiém hinh.

A/\B
o,

Hinh 215 -  Hinh216 -

146. (h.216) K& O'H L EF. K& dudng vuéng géc véi AE tai E, cit BC & K. Ta c6
- DE =2EH nén BK = 2K0'. Diém K xdc dinh, tir d6 dung dugce diém E. -




147. (h.217). Gia st da dung duoc AABC vuong tai A,
cdc dudng trung tuyén BD = m va CE =ncitnhau
& G. Goi M'1a trung diém cta CE. Cic dieém G, M -
én CE xdc dinh dugc ngay. Di€m D thudc dutmg

tron ¢é dudng k._mh MC va dudng tron G )
A doi xfmg vOi C qua D.
148.(h. 218) Dung &ADI vuf)ng tai D c6 TAD = % |

ID = r. Dung dudng trén cb :iu&mg kinh AL Dung
~ cung (A ; h — 1) cat dudng tron trén-0 K. Trén tia AR
1y H sao cho AH = h. Tirdé dung duge tam giﬁc " 3

Bii todn c6 mot nghiém hinh néu h - r < AL . Hinh 233

149 (h.219). Phdn tich. Goi 1 12 tam cha duﬂng tmn noi- tlEp, E Ia tlép dlé 1+,
tren BC, EN la duong kinh clia dudng tron, F lét tiép dzém trén BC cua '
duong tron bang tiép trong géc A. Trudéc ; =
héttacé A, N, F thang hing {Vl du 24) "

Taco:

a+cCc—Db

BE = LER e,
BF Bp' = 2 + b.—l-'; S a +.b 2 W
Suy ra EF b c=d. '
 Cdch duyng + ot i . Ry
~ Dung eiNEF vuﬁng tai E EN b IR bt Bt
EF =d. - -' R W

Hinh219' " .
~ Dung xy Jf EF cich EF mét khoang h g S e m
(cling phia v6i N déi voi EF).

— Dung giao diém A cua Xy va tia EN.
— Duyng dudng tron (I) cé dm:mg kinh EN.
~ Dung ¢4c ti€p tuyén ké tix A véi (1), cat EF § B, C

150, (h.220) Phan tich. Ké céc dudng thing H'OH vi K'OK vuﬁng géc vcf; d :
~ Goi I ]2 giao diém cta ti€p tuyén chung ngoai phai. du‘ng va tlep myén :"__



chung trong. Khi dé I la giao diém cha
cac tia phan gide cha cic goc HOO' va
KO'O (hozc HOO' va K'O'0).

. Bién ludn. Néu OO' khong vuéng géc véi d
thi bai toan ¢6 hai nghiém hinh. Néu OO' L d
thi bai todn khong ¢6 nghi¢m hinh.

151 (h.221) Phdn tich. Gm d 1a ti€p tuyén
chung tai A cla hai dudng tron (I) va(0Q), -
K 1a giao diém ctia hai dudng thang d va m. Piém O pha1 ndm trén tia phan -
gidc clia géc tao bdi hai duong thing. -

Trén hinh 221, duong tron (0I ; O1A) ting véi cdch vé tia phan giac KOI,
dudng tron (02 ; O,A) tng véi cach vé t1a phén gidc KOZ

Hinh 220 "

Hink 221

Bién ludn. N6i chung bai todn cé hai
nghiém hinh. Riéng trudng hop IA L m d
bai todn cé mét nghiém hinh (h. 222) :
khi d6 thay cho dung tia phan gidc cha
goc tao bbi hai dudng thing d va m, ta
dung duﬁng thang song song cich déu
hai dudng thdng dy. -

Chit ¥ . D€ bai cho dudng thang m va
dudng tron (I) khong giao nhau dé dé -
bi¢n luan. Cich dung trén vin ding doi
véi cac vi tri khéc cha m va (I).

152. (h.223) Phan tich. Goi R 1a ban kinh
ctia dudng tron (I). Trén duong thing d

Hinh 223



(d L m tai C), dung diém E sao cho CE = R. Ta c6 ol = OE nén 0 nam"
trén duong trung truc cia IE. : R 2

Trén hinh 223, dudng tron (O, ; 0,C) tng v6i cach ch(m diém EI, du&in-:r_-
tron (O, ; OEC) ting v6i cdch chon diém Ey. ' - : "
Bién ludn. Bai todn c6 hai nghiém hinh.

Chii $.: Dé bai cho dudng thang m va dudng tron (I) khﬁng glaﬂ nhau dé dé
bién luan. Céch dung trén van ding d6i véi cac vi tri lchac cﬁa dun‘ng thﬁng m-:
va dudng tron (I). _ : e

153. (h.224) Goi AH, AK la khoéng cach tir A dén
cdc day BC, DE. Trén tia d6i cua tia AK lay. H'
sao cho AH' = AH. Cic diém K, H' 1a xdc dinh.

Ké dudng vuong goc véi AH' tai H', cat (A) &
B', C'. Tacé B'C' = BCnén B'C' + DE = 2k. |
Goi M, N la trung diém ciia BD, C'E thi MN =k.

Goi I 1a giao diém ctia MN va KH' thi I XAac dlnh 5. 2
(I 1a trung diém ctia KH) g i _ ~ Hinh 224

Cic diém M, N 1huﬂrc dudng vudng géé véi KI tai I IvaIM = IN = -g nén

"M, N dung duorc Duong vudng géc vl AM tai M cita ¢ D. Bubng tron‘- .
(A ; AD) la dudng tron phai dung.

154, (h.225) Lay C € Ox, D € Oy sao cho

OC U'D—E
2

Ta ¢6 C, D xdc dinh. Goi H 1 giao diém clia |
AB va CD. Ta sé dung diém H. R
VE dudng vuong géc véi OC tai C, v€ dudng
vuobng goéc v6i OD tai D, ching cat nhau tai I,
d6 1a diém xdc dinh. Tacé AC=BD. =
AICA = AIDB (c.g.c) suy ra IA = IB. Liy E d6i °
xtng véi B qua D thi AE // CD nén H la trung

diém ctia AB. Do d6 TH L AB. H 1a giao diém cia CD va dmmg tron dm:mg =
kinh IM.

155. (h. 226} Gia sir da dung .dugc AABC can tai A Gm D E M 13 ¢4c tié'p
diém cha dudng tron ndi tiép véi AC, AB, BC. K¢ DK .LBC.. . = o

H mh 225



Taco6CD=CM = -BZE nén dé chitng minh duoc

DK = —BZE = g
T d6 dung dugc ADEM, dung dudng tron qua D, E,M
réi dung AABC. | :
- 156. (h.227) Phan tich. Gia sit d.-zi dung dugc AABC thoa B M KC

man bai todn. Ta ¢6 BAH = C = MAC nén AD 1a tia

phén gidc cia géc HAM. Ke AE L AD thi AE la tia phﬁn gidc clia géc
ngoai tai A, nén

~ EH _ DH

EM DM

Do d6 dung duoc diém E (E chia ngoai doan HM theo t 56 2 : 3). T dé6
dung dugc cac diém A, B, C.

(cing béng fﬂ). R

c TECTTER THe D TR T
' Hinh 227 :
Cach ding f )
Dung diém E chia ngoai doan HM thec ti s6 2 : 3.
| Du‘ng dmmg tron ¢6 dudng kinh ED. _
Dung Llu{mg vuﬁng goc v61 HM tai H, cit du{mg tron & A
Dung cic diém B, C thute duong |
thdng HM sao cho MB = MC = MA.
157. (h228) D5t BC=2a, AC=b, AB=c.
- Gia st b > c. Goi F 12 ti€p diém
trén BC ctia dudng tron (E). Ta cé

EMF = — AMB = C B HDF M T ¢
2 : . Hinh228 |



— AFEM v AABC (g.2)
_ ME_CB

a
== «
“ MF CA b ()
Bay gid ta tinh ti s6 s L
| = MF
MD=CD~CM=212~¢ 8 Db=c 2)
2. % 2 2
'2MF = MH + MA — AH = CH —~ CM + MA - AH = CH - AH
b> bc bb-—c X
=2 -x_50b0) )

a a a
Tir (2) va (3) suy ra
' MD b-c¢ 2a

a
MF 2 ‘bB(b-¢) b
Tir (1) va (4) suy ra MD = ME.
Cdch dung

(4)

— Dung MHXx = 45°, dung dudng tron (M ; MD) cét Hx & E.
~ Dung tia My sao cho ME la tia phan gidc ctia gc HMy.
— Dudng vudng goc véi HM tai H cat tia My 6 A.
— Dé dang dung dugc BvaC.
Bién ludn. Diéu kién c6 nghiém hinh :

MD = MK (ké MK 1 HE)

@ma%.

Nz

158. (h.229) Dung A' d6i xing véi A qua xy. Qua X
A’ dyng ti€p tuyén A'B v6i dudng tron (O). A

~ Hinh 229

| Bai toan c6 hai nghiém hinh,
159. (h. 230) Dlmg dudng tron {01) do6i xing véi (0') qua Xy.

Dung tié€p tuyén chung cta hai dudng tron (0) va (O,).



Hinh 230 | Hinh 231

160. (h.231) Dung (O,) dtﬁ xing véi (0') qua xy. Giao diém cta (0;) va (0)
cho ta diém A.

161. (h.232). Goi hai day bi hai duong tron cat 1a AC, AD (gia st AC > AD,
chi § rang AC cé thé 1a day ciia (O) hoic (O"). Xét hai trudng hop:

a) C va D nam vé hai phia ctia A (h.232a)
Goi M 1a trung diém cia OO, E va F theo thif ty 12 trung diém ciia AC va
" AD. Trén EA 4y I sao cho EI = AF, thé thi Al = -;- DE chimg minh AMAI

can tai M nén dung duoc diém I (bing cdch dung A MAI biét ba canh). Bai
todn ¢6 hai nghiém hinh (vi ¢6 hai diém I va I' ndm vé hai phia cia MA).

: Hinh 232
b) C va D ndm vé mot phla cia A (h.232b): : |
| Dung (O,) d6i xing véi (O') qua A. Gia sit AC — AD = a thi AC — AD' = a.
(D' 1a giao di€m cha dudng thang CA véi (O,).
Bai todn duge dua vé trudng hop a).



162. (h.233) V& hinh binh hanh ACOK thi BDOK 1a hinh binh hanh. Piém X
1a giao diém clia cdc duong thing d; di qua O' vudng goc véi d va d, di qua
O song song v6id. | |

"Hinkh 233 Hinh 234
163. (h.234) V& hinh binh hanh BCOK thi D'DOK Ia hinh binh hanh. Ké O'E,
KF vuong géc v6i AD'. Piém K 12 giao diém cha dudng thing d; L d cich

O'E mét khoang % va d, di qua O song song v6i d.

164. (h.235) V& hinh binh hanh ODBK thi C'COK 13 hinh binh hanh. Ban doc
t gidi. | |

I:Hmfz 235 ' | Hmh 236& :

165. (h. 2363) B Ia dnh cia C trong phép vi tu tﬁm At 86 =2. Ban doc tu giai.
Bﬁl todn ¢6 0, 1, 2 nghiém hinh tuy theo OA < %, OA = —I;—_-, OA > —E— vOi

R 12 ban kinh cha (Q). -
166. (h.236b) C1a anh ctia D tmng phép vi tu tam A ti s6 % Goi bén kinh clia

“hai dudng tron lAR var (R > P Cla glan diém chia (O T) va {0‘ : %],

O la trung diém cia AO.



biéu kién c6 nghiém hinh la
r—l{—%ﬂrd-—r- ¢ r<Rs 3
2 12 e

Néu R = 3r thi bai todn c6 m6t nghiém hinh,
néu r < R < 3r thi bai todn ¢6 hai nghiém hinh.

167. (h.237) Dung dudng tron dudng kinh AB.
— Dung d // AB, cdch AB mot khoang bing a. -

~ Goi C 1a giao diém cha d véi dudng tron.
‘K& CH L AB.

Hinh 236b

5

2 .
b
LY
%
N
Kl
+
M]:r

o

O
o
o

m
Eromitte

B

A H B
Hinh 237 Hinh 238
168. (h.238) Dat a, b 14 hai day cta hinh thang, h Ia dudng cao.

Goi x 12 canh caa hinh vuéng. Ta cé x2 = (a + b)-g.

x'la trung binh nhan ctaa + b va g Céch dung dugc thé hién trén hinh 238.

169. (h.239) Goi a 12 m6t canh clia tam giac da cho,
h Ia dudng cao tuong tng. Goi x 1a canh ciia
tam gidc déu phai dung. Ta c6

x*v3 _ ah 2 h h
= = X = a.—= =a. ;
42 B Teos30°
| 2

Trude het dung d = . Sau d6 dung x Ia Hinh 239

cos30°
trung b‘mh nhéan clia a va d. Cich dung dugc thé hién trén hinh 239 trong

—

dé HAE =30° va CD = AE.



be

170. (h.240) K& DF // AB (F € AC). Dit DF = x. Hiy ching minh x =

“b+c
s - , 2bc |
~ Bai todn ¢6 moét nghiém hinh néud <2x & d< A
. +¢
o X A
a /\.
2
| y {5 |
B C
Hinh 240 Hinh 241 |
171. (h.241) Goi DE la doan thing phai dung. Dat AB = a, AD = x. Hay ching

2
- a‘ g = : & LY i %, a
minh x = 5 Dnan‘ thang x la trung binh nhan cua a va g

Céch dung duoc thé hién trén hinh 241, trong d6 AH = HB ﬂAHK vuong
can tai H, AK = AD.

172. (h.242) Goi MN 1a dudng thing phai dyng. AB = b, CD = a la hai day clia
hinh thang, h' va h theo thit tu 1 chiéu cao cla céc hinh thang ABNM va
ABCD.Dat MN =x,taco:

(x + b)h' (a+bh
SABNM = — 5 SABCD = ==
2 . 2
Do 46 (x+bh' - ,l (1)
' (a+b)h' 2
Qua B ké dudng thdng song song v6i AD, cit
MN va DC G E va F. Ta ¢é -1-1— = x-b nén
h a—b
(1) tré thanh | Hinh 242
3 13 -
3 bz .:% do d6 2x? =aZ + b2 hay xv2 = va® + b.
"b :

Céch dung dugc thé hién trén hinh 242,

173. (h.243) D& dang chung minh dugc ring néu ABCD 12 hinh binh hanh thi
EF 1a dudng trung binh.

Gia sit AD ¢at BC & O.



L. 0A OB OE
Ta co = =
OE. OF OD

Céch x4c dinh diém E dugc thé hién trén hinh 243,

suy ra OE? = OA.OD.

> ;
|
Fa
1/
T

L
Hinh 243 ank 2‘44
174. (h.244) Ké MH L BB, MK | AB. DPat MA = MH = x thi AK = 2R - x.

~Taco |
MA® = AB.AK = x* = 2R (2R — x) = x° + 2Rx = 4R’
= (x + R)* = 4R* + R%.

x + R 1a canh huyén cha mot tam gidc vuéng c6 cdc canh géc vudng bing
2R va R, ' '

Cich dyng do dai x dugc thé hién trén hinh 244,

TOAN CUC TRI
175. (h.245) Ta c6 ACE =90°— &1, AFC =90° - Ca ¢

mi C1 = C» nén ACF = AFC, dodé AF=AC

Tuong ty BE = BC. Suy ra | J
| " .

AC+BC=AF+BE=AB+EF. A E H OF B
- DitAC=x,BC=y,tac6 EF=x+y—-2R. - Hinh245 .

Tir bit déng thitc 2xy < x* + y2, cong x° + y> vio hai vé duoc
(x+ y ) S'Z_(xz + yz) =2(2R)* = 8R?

dodéx +y< 22 Rsuyrax +y~2R < (2v2 — 2)R hay EF< 2(v2 ~ I)R.



Ta lai ¢c6 CH < R nén
SCEF'T- ';‘*EFCH < (‘\}E - 1) Rz
max Scgpp = (\5 ~R?’ex= y <> CO 1L AB.

176. (h.246) Goi OH 1a khoing cdch tir O dén AB. Ta c6 OBA I6n nhdt'c>
sinB 16n nhit < % 16n nhét <> OH 16n nhit. .

Ta lai c6 OH < OA nén OH 16n nhat khi va chi khi AB vubng goc véi OA
tat A.

B *I'

| Hinh 246 : | Hinh 247
177 (h.247) Goi OH la khoang cich tir O dé’n BC Tacod
AB + AC (AH - HB) H (AH + HC) 2AH < 2A0
Do d6 max (AB + AC) = 2A0 < dudng thing phai dung 1a AO.
178, (h.248) K& OH L d, cit AB &1, OM cét AB & K. Tacé

" AOKI «» AOHM (g.g)
Ol OK |

= =
OM ~ OH .

Ta lai c6 OM.OK = OA® = R? nén OI. OH = R?,
do d6 d¢ dai OI khong déi nén I 1a diém c6 dinh.

Trong céac dﬁ'y di qua I, day vuéng géc véi OI tai M. " H d .
I ¢6 d¢ dai nhé nhét, khi d6 M triing vdi H. - Hinh 248

179. (h. 249) Ké OD L AB, OE L AC Ta co

= OLOH = OM.OK.

- - '5' ABAC = 5 2AD.2AE = 2AD.AE.



Dit OA =R, OA =1, AOD=0'AE = «
(o < 90°% ta ¢6 AD = Rsina, AE = rcosa.
Do dé

Sagc = Rr.2sin a.cosa. (1)

Ap dung bt ding thic 2ab < a® + b® véi _
f = sina fis cosa ta duge " Hinh 249

2sino.cosa < sin“o + cos’o = 1. (2}

Tur (1) va (2) suy ra Sypc < Rr. |

max S = Rr véi sino. = cosa, <> sina. = sin(90° ~ o) <> o = 90° — o <> o = 45°,
Céc day AB, AC phai dung sao cho OAB = O‘AC 45°, B va C nim cling
phia d6i véi O0O'.

Bai todn ¢6 hai nghiém hinh.
186. (h.250) Pat IC + KD = AC + DB = x. Dit
AB = a.

x(a i x)

Ta tinh dugc Scykp = . Hai s6 x va

a - x c6 téng khong ddi nén tich-clia chiing Itfm
nhitkhi vichikhix=a~x, tdc la x = %' -H;jnh 250

s
Khi d6 CIKD Ia hinh chit nhat, AC = CI = %, BD = DK = 3— T Eg- 7

181. (h.251) Goi IB, IC 1a cdc tiép tuyén
ctia (O) theo thit ty song song véi Ax,
Ay. Goi H, H' Ia hinh chiéu clia M
trén Ax, IB. Goi K, K' 1a hinh chiéu
clia M trén Ay, IC.

Ta ¢6 MH + MK nhd nhat khi va chi
khi MH' + MK' nhé nhat.
AIBC can c6 dinh. Pit IB = IC = a.

Dé thdy M phai thudc cung nhé BC.
Ta co :

: . _ 2SpvB 'ZSIMC -
ME:S MK = el Hinh 251




Do d6 MH' +'MK' nhd nhét <> Spyp + Spye nhd nhét
| & Spyc 16n nhat
<> M 1a giao di€m cua Ol vé6i cung nhé BC.
182. Ki hiéu nhu trén hinh 252, |
Pat Sygc =S, tacé

S = ABOH+-ACOK_AB AC >

> 24AB.AC > 2JABCI = N"*

$22V2S = $2 285 = § 2 8.

<> AABC vuéng cén tai A.
" Tir d6 suy ra cdch dung diém A : diém A thudc dudng vuong géc véi d tai
O va OA =2+/2 . Bai toén ¢6 hai nghiém hinh.

183. _(h.1253) a) V€ duong tron (K)~
noi ti€p AOCD, céc ti€p diém
trén OC, OD 1A E, F.

Ta chitng minh duge CD = EA
- (xem Vi du 23a).

- Do dé CD nhé nhit < OE 16n
nhét. Gm M va N theo thi tu
Ia giao diém ctia doan thing

KI v6i (K) va (I).

Tacd :

FHinh 253

OE _OK _KE _ OK+KE OK+KM OM

OA OI A OI+IA OI +IA TOI+IA°
Do d6 OE 16n nhat & OM I6n nhat. |
max OM = ON <> M = N. Khi d6 CD vuoéng géc véi IN tai N.

b) Dé thdy OC + OD + DC = OA + OB. Piat OA = p (hing s6) thi
OC + OD + DC = 2p, hay chu vi cia AOCD khong déi. V& dudng tron (K)




1ol ti€p AOCD, goi r 14 bén kinh cua dudng tron, ta c6 Sgcp = pr. Do p
khong déi nén Spep 16n nhit khi va chi khi r 16n nhat. Nhu vay cdn dyng
ti€p tuyén CD sao cho ban kinh clia duong trdn (K) 13 16n nhit.

- Goi E la tiép diém cha (K) véi OA, goi M va N theo thit tir 1a giao diém
ctia doan thing KI v6i (K) va (I). |

KE OK OK+KE  OM -
Ta cé . = = - = — .
| IA.° O OI+JA OI+IA
Do d6 KE 16n nhit <> OM 16n nhat. . |
max OM = ON <> M = N. Khi d6 CD vudng géc véi IN tai N.
184. a) (h.254) Phan tich. V& dudng tron (I) bang tiép
AOAB. Goi H, K 1 tiép diém trén Ox, Oy. Ta co

OH = OK = p. Lan lugt dung H, K, (I), r6i dung AB. /%ﬁ

Bitn lugr ).

— M nim bén trong phdn gach soc, bai todn cé hai ?E A j Y
nghi¢m hinh. H;k 254

— M e cung HK, bi todn c6 mot nghiém hinh. |
-M tﬁu@c phan con lai trong géc xOy, bai todn khong c6 nghiém hinh.
b) Giai nhu Bai tap 183b. '
185. (h.255) Qua M dung dudng tron (I) tiép
xtic v6i Ox, Oy. Goi ti€p diém la C va D.
Cach dyng dudng tron (I) : xem Vi du 25,
chd ¥ chon (I) sao cho M thudc cung nhd
CD cua (I). -
Ké dudng vuodng géc voi IM tai M, cit OC,
OD & A, B. Ta s& ching minh AOAB la O A EEC X
tam gidc phai dyng. : Hinh 255
That vay, xét dudong thing EF qua M va khong vuong géc véi IM (E € OC,
F e OD). K¢ ti€p tuyén E'F song song v6i EF va ti€p xtc véi cung CD.
Hién nhién chu vi AOEF 16n hon chu vi AOE'F. Nhung chu vi AOE'F
bing chu vi AOAB (ciing bing OC + OD). Vay chu vi AOEF 16n hon chu
vi AOAB. | '




~ 186. (h.256) Dit AH = HD = - a, Ta c6 QBDH -ua A e

AADC déng dang nén BD i DH, su y.ra- . el

BD.DC = AD.DH = 2a.a = ,{,3-;'. Jbmien

Do tich BD. DC khong aéi nén BD + DC nhaif"__ £, st
nh&t khi va chi khi BD DC < aJ- s

Ban doc tu néu cich dlrng | o §OR L ke el T s S iy
187. (h.257) Goi AD, AE 1a céc tlﬂp tuyé'n cua{" SEia i SRR
dudng tron (O ; R), ching cit dudng vuﬁng_;;_-_ e U G
géc véi OA tai Othec thu’tuUB véC Tacn | ’
SABC ZSAGB_AB OD (AD"'DB) R(l) .
AD+DB2 zm s (2')._'1 ool

Tix (1) vé (2) suyra SABC ‘P 2R
min SABC = 2R > AD = DB R ¢:> tu g:éc
ADOE 12 hinh vuong < A thuﬁc du(mg trﬁn (0 RJ_ ) B
188. Xét cdc tam gide c6 chu vi 2p khﬁng dél Gm a, b c 1& dﬁ dm céc canh; o
theo cong thifc He-rong ta’ o il --- . R i

Hmk 25:? SR

= P(P = ﬂ)(p - b}{p c) (S la dlén tich tam gléc)

Ap dung bét dang thitc C6- SI w’.‘n ba 36 dtrcmg p ~ a, p b p c ta c:é

> p-— a+p b+p~c‘)_ ot '.
(p .a)(p b)(F‘_ "){[ A L 27
3«/_

SuyraS {g nénS*’-

Dodomaxsnvf::bp a-p b-p--c:}a b“‘E

' Vay trong chc tam giﬁc cé cung chu w tam gmc déu co d1én tmh lurn nhat ;'.: :
189. (h. 258) a) Trén tia dﬁx ciia tia DC 1ay E sa0 chu DE BM Ta c6. o

ﬁABM &ADE (c g2.c) nén AM AE A1 Az



Ta lai c6 Aj + A3 = 45° pén As + Ag = 45°,
do d6 EAN = MAN.

AEAN = AMAN (c.g.c) = ENA = MNA.
K& Al L MN thi Al = AD = a,

AAIN = AADN (canh huyén — canh géc
vudng) => NI = ND. Tuwong tit MI = MB. Suy ,
ra NI + MI = ND + MB, tﬁ'déchuw&CMN E D N n C
- bing 2a. - Hinh 258

b)BatCM m, CN = n, MN = x Theocﬁuatacom+n+x—2a Cin tim
gia tri nho nhat cha x.

Sr dung bit ding thic 2_(m2 + nz) >(m+n)*ta co
2}{22{2&—:()2_:-:;\5 22a-x':>x(l +~2)22a

= x - =2a(4/2 - 1).
1+ J—
min MN =2a(v2 - 1) <&>m=nKhidsBM=DN, 3
MI = NI, cdc di€m A, I, C, thing hang, AM 12
tia phdn gidc clia géc BAC, AN la tia phan gidc
clia géc DAC (h.259). . M
. I
C) AMN cé dlrbﬂg cao Al = a, SAMN = %SABMND
nén khi MN nhd nhdt thi Sy nhd nhﬁt DN C

SAB‘VIND nhod ﬂhff{ suy ra SCMN 16n nhit, : ank 259
190. (h.260) Goi a 1a canh cfia hinh vuéng. Diat

BM = x, DN =y, Chd y rang giita X, y v hing
56 a ¢6 quan hé xy = a°. That vay BC // AN suy * 5
B"'l
raizinénx;sr:az. a
a ¥y a a
" Ta bién déi | " e
MN? = (2 + %)% + (a + y)? AE e YN
- %
e A Hinh 260

=24+ 2a(x + y) + (x2 + yz)'
=24+ 2a(x + y) + (x +y)° - 2xy = 2a(X + y) + (x + y)°.



Kh1x+ynhﬁnhat(changhanx+y b) thi MN2 “2ab+b2 Kh.l}{-i-}r'}b
thi MN? > 2ab + b2, ' e

Nhu viy MN? nhd nhit ¢ X + y nho nhat. _ |

Doxy = a2 (hing s6) nén x + y nhd nhﬁt khi va Chl khl X = }r

Do d6 MN nho nhét khi AAMN vudng can tai A tﬁ'c Ia MN L AC tat C

191. Dung duong thing vudng guc véi AC tai C, cét cdc canh clia g6c ﬁ tai M
va N. Ta s& chithg minh ring MN Ia dudng thang phii dung. Xét dm‘mg
thang di qua C va khéng vuong géc véi AC, cét cé4c tia AM AN Ia: E va F.
Cédn chiing minh EF > MN. Xét hai truﬁmg hop :

a) Truong hop E thudc doan th&ng
AM, khi do F thudc tia d6i cia tia NA
(h.261). Trudc hét ta thiy ME < NF.
That vay qua N ké dudng thing song
song véi EM, cit CF 0 H. Tacé

= T — __..--..__ e —————

NHF AEC:-»AMC '

. —ANC>AFH
:>NF:=-NH:>NF>ME

~ Trén NF 14y K sao cho NK = ME. Do ME < N'F nén K nam gn!a NwF -
D¢ dang chitng minh dugc EK > MN (bﬁng cach ke cdc dudng vudng goc tix E

va K dén W)VHEF}EK(W EKE > 90° }dﬂdﬂEF}L‘]N

b) Trudng hop E thudc tia dﬁI clia tia MA khl dé F thuﬁc dnan thﬁng AN
‘ching minh tuong ty. : : '

192. a) Goi ABC 12 tam gidc cén tai A. Xet L e
&ADE bat ki c6 goc DAE trung Vi gnc E
BAC va Sppg = Sppc (h.262). Gia st -
D thudc canh AC thi E phai thuoc tia

ddi cia tia BA. Ta s& chitng minh rﬁng
BC < DE.

" '."Hé}m'.?s;

That viy, do Sppe = Sppg nén trir di

SABD fa diﬂ:}'ﬂ , SCBD == SEBD’ suy ra

CE // BD. D€ so sénh BC va DE, ta -
v& them diém K sao cho EBDK la *"Hinh 262




hinh thang c4n c6 canh ddy BD. (Céch v& nhu sau : Trén nira mit phing

chita E ¢6 bg BD vé tia Dx sao cho BDx = DBE, Dx cit EC & K). Do d6
'BK=DE. )

Ta cdé AB > AD nén D] > B1, suy ra BDC < DBE do do BDC < BDK

Vi thé C niam gura E va K. Ta c6 BCK > CBE > 90° nén -
BK > BC. | (2)
T (1} vi (2) suy ra BC < DE.

Chii ¥ : C6 thé dung két qua cha BEI.] tap 22 va Vi du 16 dé giai cdu a)
nhu sau :

- Xét cac tam gidc ABC c6 dién tich S va s6 do géc A khong déi. Dat AC = b,
AB = ¢. Goi ¢' 12 hinh chiéu clia canh AB trén AC. Xét ba trudng hop :

- Truong hop A = & < 90° (h.263a). Theo Bai tap 22 ta c6
BC? =b? +¢2 - Zhe' = b* + ¢ — 2bccosa = (b — c)2 + 2bz(l - cosa).

Do 1 - cosa khong déi va be khéng déi [vi b 2 j nénBC nhé nhat

Sin o

khi va chi khi b = c.

Hinh 263
~ Trudng hop A > 90° (h.263b), dat o = 180° — A. Theo Bai tap 22 ta ¢6
BC? = b? + 2 +2be' =b? +c? 4 2bccoso: = (b= c)? + 2be(l + cosa).

Do 1+ 'c:::sa khi}ng déi va be khong déi [vi by ?‘S
. - . sino.

] nén BC nho nhéit
khi vachikhib=
-~ Trudng hop A = 90°. Ta c6

BC? =b% +¢2 = (b - ¢)? + 2be.



Do be =28 khﬁng dé; nén BC nhé nhat khi va chi kl:u b c. e
Vay trong cédc tam-gidc ABC c¢6 dién tich S va s& do goc A khﬁng dél, tam A
gidc c6 canh BC nho nhét 1a tam gidc can tai A: R e .

b) (h.264)_ Xét cic ‘tam ’gléc..M‘aN C‘_? MAN et ]
khong ddi, ciing c6 dién tich bng is ABC nen
tam giac ¢c6 MN nho nhﬁt 1a tam gléc cﬁn ta1 A'~ '
(theo cau a). e il M 281
Ta dung cic diém M, N sao cho AM CANE B T

SamN = ESABC bang Phlfﬂﬂg phap dm 6. Dat sl A R BN

AB=¢,AC=b, AM = AN X

x 1a trung binh'nh&n' cﬁa' -2*- V?c’t b. Céch dtmg duﬂ’c{hé hién trén hiﬁh-264.: :__ .'
193 (h.265) Pit AD = 2a; AB=b, OB = R.’Xét AOAB vu-ﬁng
1 _ OA? +AB =OB’= a +b2--R.2

RJ_

. maxS R? ﬁ-a-*b..-—-z—

Vay hinh chi nhat ABCD c6 dién tich 16n nhit béng R 'kﬁi“ﬁra' chi khi
AD = ZAB Cach dung hinh chu’ nhﬁt dé duoc thé hlén trén hinh 2653 tmng.._:_..a.
dé AOB 45 : W MW

M A 0 T DN ._ | ‘M : s il

Hinh 265



b) (h.265b). Ta ¢6 chu vi ABCD 16n nhét <> 2a + b 16n nhit < (2a + b)?
161 nhat. .
Dé dang chiing minh dugc bét déng thitc Bu-nhi-a-cop-xki
(mx +ny)® < (m? + 02).(x? + y?), x4y ra ddu bang khi 2 =2
| X |y
Do dé
(2a + b)? -(23+ 1.6)? < 2% + 1%)(a? + b )...5R

max(2a+b) R\/“e::-— -é-ma—uzb
a

Vay hinh chi¥t nhat ABCD ¢6 chu vi lcm nhit bang 2R+/5 khi va Chl khi
AD = 4AB. Cich dyng hinh chit nhat d6 duoc thé hién trén hinh 265b,
trong d6 OA' = 2A'B', OB' cit nira dudng tron & B.



