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Chuong IIT
HE HAI PHUONG TRINH BAC NHAT HAI AN

§12. PHUONG TRINH BAC NHAT HAI AN

Phuong trinh bdc nhdt hai én 1a phuong trinh ¢6 dang ax + by = ¢, trong
dé a, b, ¢ 1a cdc s6 di biét (a# 0 hoac b # 0), x va y 1a cic 4n.
Phuong trinh b4c nhat hai 4n ax + by = ¢ luén ¢6 vé6 s6 nghiém. Tap nghiém
cua né duge bi€u dién bdi mot dudng thing :
-Khiaz0vab#0tacoy= --;1—):{ +E. dudng thang cat ca hai truc toa
do, d6 l1a dé thi cia ham s6 bac nhat.
—Khia=0vab = 0,tacd y = E duong thiang vubng géc véi truc tung,

d6 1a d6 thi cia ham héang.

~Khib=0vaa=#0,tacd x = E , dudng thang vudng géc véi truc hoanh.
Vi d. 530" Cho dudng thing ; |
| (m~2)x + (m - 1)y = I (m 12 tham s8). (1)
a) Ching minh rang dudng thang (1) luon di qua mot diém c6 dinh véi moi
gid tri cha m, .
| b) Tim gid tri cia m d€ khoang céch tir gdc toa d6 O dén dudng thang (1)
1a 16n nhat, '
 Gidi : a) Diéu kién can va di dé dudng thing (m — 2)x + (m -1y = 1di qua
diém <6 dinh N(x,, y,) v6i moi m Ia :



(m-2)x,+(m-1Dy,=1véimoim
< MXy — 2Xy + MY, = Yo — 1 =0 véi moim

< (Xy + Yo)m — (2x, + Yo + 1) = 0 v6i moi m

§'X0+y0=0 - X0=—_I
_ 2Xy + Yo +1 =0 Yo = 1
Vay cdc dudmg thang (1) luon di qua diém c6 dinh N(~1; 1).
b) Goi h 1a khoang cich tir O dén dudng thing (1)

Neum=2thiy=1,taco6h=1.(2)
Néum=lthix=-1,tacoh=1.(3)

v

Hinh I

Xétm = 1, m =2 (h.1) Goi A la giao diém ctia dudng thang (1) véi truc

. % ] F
tung. Vi x =0thiy = ——— do d6 OA = : .
m — | lm — 1|

Goi B 1a giao diém ctia dudng thang (1) v6i truc hoanh. VGiy = 0

do d6 OB = l :
m -2 lm - 2|

Ta cd : = i 4 l ={(m ~ 1} +(m — 2} 2m? — 6m +'5

h2  OA% OB?

thi x =

3 1.1
= [I’I’l—"z'-'] +E 2 Suyrah < 2. (4)
C eyt 3
T (2), (3), (4) suy ra max h = /2 khi va chi khim:-vz—

Vi du 67. Tim cédc diém thuoc dudng thang 3x —Sy = 8 ¢4 toa do la céc 56
nguyén va nam trén dai song song tao bdi hai ducmg thang y = 10 va y = 20
(phéan t6 mau xam trén hinh 2).

Gidi : Can tim cdc s6 nguyén X, y thoa man ca hai dicu kién

3x -5y =8 (l}l
10y <20 (2)

Truéc hét ta giai phuong trinh (1) v&i nghiém nguyén.



Cdeh 1. Rt x tix (1) ta dudc
5
x = }{+8 =
3 3

, 1
(1) ¢6 nghi¢m nguyén < l{— = Kk (k nguyén)

> y=3k-1,x=2C8k~1)+3-k=5k+ 1.
Nghiém nguyén ciia (1) Ia (5k + 1 ; 3k — 1) véi k nguyen.
Thay biéu thic clia x vao (2) duge '
0<3k-1<20«> 11<3k<2l ke {d;5;6;7).

k 4 5 6 7
X =5k + 1 21 26 3 36
y =3k I 1 14 17 20

. C6 bén diém thod man dé bai 1a A(21 ; 11), B(26 ; 14), C@31 ; 17,
D(36 ; 20) trén hinh 2. '

Céch2. 5y + 8 =3x chiahétcho3 => (6y +9) ~(y +1) i 3=>y + 1 13

. = y =3k - 1 v&i k nguyén.
Do d6 x = 5k + |. Sau dé giai ti€p nhu cdch 1.

y.ﬂ.

20

et
10

//

Hiul 2



| Bdi tGp
198. Xét cdc dudng thang d c¢6 phuong tririh :
- (2m + 3)x + (m + 5)y + (4m 1) = 0 (m 13 tham s6).
a) V& dudng thang d Gng v6i m = —1.
b) Tim diém ¢6 dinh ma moi dudng thang d déu di qua.
199, Tim céc gid tri chia b va ¢ dé cdc dudng thing
4x + by + ¢ = 0 va cx — 3y + 9 = 0 trung nhau. |
200. V& dé thi biéu dién tap nghiém cta phuong trinh x* - 2xy +y* = 1.
201. Dudng thang ax + by = 6 (v6i a> 0, b >0) tao v&i céc truc toa dé mot tam
- gidc c6 dién tich bang 9. Tim tich ab.
202. Cho dudng thang
(m + 2)x — my = —1 (m 1a tham s8). (H)
a)."[“]m diém c6 dinh ma dudng thang (1) ludn di qua.
b) Tim gi4 tri ciia m dé khoang céch tir g&c toa do O dén dudng thang (1)
12 16n nhat.

203", Trong hé truc toa do Oxy, 14y céc diém A va B sao cho A(1 ; 1), B(9; 1).
Viét phuong trinh ctia dudng thang d vuong gbéc véi AB va chia tam gidc
OAB thanh hai phin c6 dién tich bang nhau.

204. Tim cic diém nim trén dudng thing 8x + 9y = —79, ¢6 hoanh d¢ va tung
do 1a cdc s6 nguyén va ndm bén trong géc vudng phan tu IIL

205. Cho hai diém A va B ¢6 toa do A(3 7 17), B(33 ; 193).
a) Vi€t phuong trinh ciia dudng thang AB.

b) C6 bao nhiéu diém thudc doan thiang AB va c6é hoanh d6 va tung do la
cdc so nguyén ?

206. a) VEdothichaham sy = %x -+ %

b)" Cé bao nhiéu diém nim trén canh hoic nam trong tam gidc tao bdi ba
: 3 | '
duong thang x =6,y =0,y = Ex +% va ¢6 hoanh do6 va tung do la cac

sO nguyén ?



§13. HE HAI PHUONG TRINH BAC NHAT HAI AN

Hé hai phuong trinh bdc nhdt hai dn 1a hé phuong trinh ¢6 dang

ax + by =c¢
allx—;—bl}f‘:cl

trong d6 ax + by = ¢ v a'x + b'y =¢’ 12 nhitng phuong trinh bac nhat hai dn.

Vi du 68. Cho hé phuong trinh véi tham sé a :

(a+Dx—-y=a+1 (1)
X+(a-ly=2 | (2)_

a) Giai hé phuong trinh véi a = 2.
b) Giai va bién luan hé phuong trinh.
¢) Tim cdc gid tri nguyén ctia a dé hé phuong trinh ¢6 nghiém nguyén.

d) Tim cdc gid tri nguyén cha a dé nghiém ctia hé phuong trinh thod man
diéu kién x + y nho nhat.

Gidi : a) X = %,yz %.Bgn doc tu giai.

b)Rutytr(l):y=(a+ 1)x —(a+ |). Thay vao (2) duge
2

x+(az—1)x——{az-1)=2@a2x=a + 1. (3)
2
Pﬁha#ﬂmhw:a;4.KMGéy=a+l
_ , 2
a | a
a’ +-i a+ 1
Hé c¢6 mét nghiém duy nhat 5 5 |
a a

Néu a =0 thi (3) 1a Ox = 1, v6 nghiém. Hé da cho vé nghiém.

2 . 2 2
= l:ra=a=1=a=+1.

¢) Piéu kién cdn. Ta phai cé a>+1:a
Diéukiéndu. Véia=1thix=2,y =2,
Véia=-1thix=2,y=0.
Vay cdc tri nguyén cia a pﬁﬁi timla 1 va -1,

9.

c : 2

- +;+ =1+ -1—+ug_)— {(véi a = 0).
4a a°

d)Tacox+y=
a



I
bat —~=z,tacéd
a

:»:'+':~r'=l+z+2;:2=2[z.2 +E+i)+1=2(z+-—i—} +~§-:_>

5@1--.1

2 16 8

. L7 .
Vay min (x + y) = r khi va chi khi z = —-?}, tic la a = —4.

Vi du 69. Tim céc s6 nguyén a, b,c thoda man ca hai phuong trinh
2a+3b=6va3a+4c=1.

 Gidi : D€ khir a, ta bi€n déi cdc phuong trinh da cho thanh 6a + 9b = 18 va

Ga+ 8c =2, Suy ra9b —-8¢c = 16.-Dndé c::_?%ml.f’_zb—?_+-g-.

b va ¢ la cac s6 nguyén khi va chi khi % 142 s6 nguyén.

Datb=8k (ke Z)thic=8k -2 + k =9k - 2.
Thay vao 3a + dc =1 duoc 3a= 1 — 4(9k — 2) = -36k + 9, do dé a'= ~12k + 3.

Céc s6 nguyén a, b, ¢ phai tim c¢6 dang : a = ~12k + 3, b = 8k, ¢ = 9k — 2
vl k € Z.

Vi du 70°. Cho cdc dudng thing :

2x -3y =4, _ (d)
3x + 5y = 2. (d")

Tim trén truc Ox di€ém ¢6 hoanh do 12 s6 nguyén duong nhé nhit, sao cho
néu qua diém do ta dung dudng vudng géc v6i Ox thi dudng vudng géc 4y cét
cdc dudng thing d va d' tai cdc diém cé toa d6 1a cdc s8 nguyén.

Gidi : (h.3) Goi toa do ctia diém phai tim 12 (a ; 0) v6i a 12 s6 nguyén
duong nho nhét sao cho dudng thang x = a cit cdc dudng thing d va d' theo thit
tu tai A(a; b) va B(a; c¢), trong dé b, ¢ 1a cdc s6 nguyén. |

Nhu vdy cln tim s6 nguyén duong a nhé nhat sao cho ¢ cdc s6 nguyén b
2a -3b =4

va ¢ thoa man
- 3a+ 5¢c =2



8

.
o

Hinh 3

, (6a—9b = 12 I —c
Khtr a ta dugc J[ <

ba+ 10c=4

O+ 10c=-8=>b=—1—c+

b vacthuéc Z < : ;C = k (k nguyén) hay ¢ = — 9k + 1. Tu do tinh dugc

b=10k—-2vaa= 15k~ 1.

D& a 12 s6 tr nhién nhd nhét thod man a = 15k — 1, ta chon k = 1. Khi d6
a=14,b=28,c=-8.

Diém phai tim trén Ox 12 H(14 ; 0), dudng thang x = 14 cat d va d' theo thu
tu tai A(14 ; 8) va B(14 ; -8).

Vi du 71. Giai hé phuong trinh véi cdc 4n X, y, z va cdc tham s6 a, b, ¢
khac nhau déi mot :

a2x +ay +z=35 (h
<b2x+by+z=5 (2)
x+ey+z=5 . 3)

Gidi : LAy (1) trir (2) : (2> — b2)x + (a — b)y = 0.
Chia hai v choa—-b=#0duoc(a+b)x +y=0 (4)



Lay (2) trir (3) : (b* = ¢H)x + (b — ¢)y = 0.
~Chiahaiv€chob—c#0dugc(b+c)x +y=0. (5

Lidy (D trr (5) : (a—<o)x = 0.

Doa#cnénx=0 Tuadéy=0,z=S5.

Nghiém cita he 12 (0 : 0 : 5).

Bdi tap
207. Giai cdc hé phuong trinh :
I 1 3
3)(y - 5) = xy x'y 4
2) (X + 3 b) y
{(x =2)y +5) = xy o1 _2
- |6x S5y 15
208. Giai cac hé phuong trinh :
ri AN 4 y=35
y Y12 (x+y)=5X~-y)
a) < b)< 40 40
X __X_ 5 _ + - =9
ly-12 'y ’ g
209. Giai cac hé phuong trinh :
Ix =2+ 2]y —1| =9 X +y + x| =25
2 ly 1| b) y + x|
x4y =1 = -1 X =y +]y] =30

- 210. Tim cdc gid tri cia a dé hai hé¢ phuong trinh sau tuong duong :

2X +3y =8 3 ax — 3y = =2
v
3x -y =1 X+y=3

211. Tim cdc gid tri cia m dé nghiém ctia hé phuong trinh sau la cdc 6 duong :
X —y =2 | -
mx +y =23

212. Ching minh rdng tam gidc tao bdi ba dudng thing y = 3x — 2, y = —-;—x + g-

y= —2x + 8 la tam gidc vuong can,



213. Tim cdc gid tri cla m dé hé phuong trinh sau vo nghiém, vo s6 nghiém :
2m+ Dx +(m+2)y =m - 3
{(m+1)x+m}r | =3m + 7
214. Cho hé phuong trinh véi tham sé m :

mx + 2y = |
{3:{ +(m+ Dy = ~1
a) Giai hé phuong trinh véi m = 3,
b) Giai va bién luan hé phuong trinh theo m. _
¢) Tim céc gid tri nguyén ctia m dé nghiém ctia hé phuong trinh 1a cdc $6 nguyén.
215. Cho hé phuong trinh v6i tham s6 m - '
(m-Dx+y=3m-4
{x +{m-=1)y =m
a) Giai va bién luan hé phuong trinh theo m.
b) Tim céc gid tri nguyén clia m dé nghiém clia hé phuong trinh 14 céc
sd nguyén.
c¢) Tim céc gid tri cia m dé hé phuong trinh ¢6 nghiém duong duy nhat.
216. Cho hé phu’cﬁﬁg trinh véi tham sé m :
X +my=m+ |
{mx +y=3m-1
a) Giai va bién luan hé phuong trinh theo m.

b) Trong trudng hop hé c¢6 nghiém duy nhét, tim cédc gid tri cia m dé tich
Xy nho nhat.

217, Cac s6 khong am x, y, z thoa man hé phuong trinh :
4x — 4y + 2z = |
{8;{ +4y +z =8
a) Biéu thi x va y theo z.
b) Tim gid tri nho nhat, gid tri 16n nhét clia biéu thitc A =x + y — z.
218. Tim céc s6 nguyén a, b, ¢ thod man hé phuong trinh
2a+3b =35
1{3& ~4c =6



219", Tim trén truc tung cic diém c6 tung dé 1a s nguyén, sao cho néu qua
di€m d6 ta dung dudng vudng gbée véi truc tung thi dudng vudng géc ay cit
cac dudng thang x + 2y = 6 (d) ua 2x —3y=4 {d ) tai cdc diém co toa do la
cdc s6 nguyén.

220". Tim trén truc hoanh cac diém c6 hoanh do 12 s6 nguyén sao cho néu qua
diém dé ta dung dudng thang vudng géc v6i truc hoanh thi dudng vuong

goc 4y cat ca ba dudng thang sau tai cdc diém c6 toa do 1a cdc s6 nguyén :

K"’Z}" B(dl}x—3}r 2(6'})?‘{- y-—*‘?{d'ﬂ

Gidi cdc hé phitong trinh véi cdc dn x, v, z (tir bai 221 dén bai 225)

(X +y+z+t=4
X+y+z=1I

221. a) {2x -y +z=5 b) <
X+ 2y +2z =14

X+y=—-—2z—-1=8
X=-y+z-1=12
X~-y—z+t=106

_ -x+y+z=12 ax+y+z=a2
222, a) {ax + Sy + 4z = 46 b) {x + ay + z = 3a (a la tham s0)
S5x +ay + 3z = 38 X+y+az=2

(a +b}x+y)—cz=a-b
223. <(b+c)y+2z)—-ax=b~c (a, b,clathamsd,a+b+c#0)
(a+c)x+z)-by=c—a

224", Giai he phuong trinh véi cdc tham s6 a, b, ¢ doi mot khac nhau,a+b+c#0:

ax + by +cz =0 ax +by+cz=a+b+c
a) ybx +cy +az =0 - b) <bx +cy+az=a+b+c
cx +ay+bz=0 cx+ay+bz=a+b+c

x2+xy+xz:2
225, y2+yz+xy=3

22+xz+'yz:4



§14. GIAI BAI TOAN BANG CACH
LAP HE PHUONG TRINH

Vi duy 72. Biém trung binh cia 100 hoc sinh trong hai 16p 8A va 8B 14 7,2.
Tinh di€m trung binh ctia cdc hoc sinh méi 16p, biét ring s6 hoc sinh 16p 8A
gap rudi s6 hoc sinh 16p 8B va diem trung binh cua I16p 8B gdp rudi diém trung
binh cua 16p 8A.

Gidi : Goi diém tmng binh clia cdc hoc sinh 16p 8A 1 x, diém trung binh
ctia cdc hoc sinh 16p 8B la y. Diéu kién ctiadn la x > 0, y > 0. |

S6 hoc sinh 16p 8A bang 150% s6 hoc sinh 16p 8B nén téng s6 hoc sinh cua
hai 16p bang 150% + 100% = 250% s6 hoc sinh 16p 8B, ciing bang 100 hoc sinh.
S6 hoc sinh 16p 8B 12 100 : 220 = 40.
100
S6 hoc sinh 16p 8A 14 100 - 40 = 60.

Piém trung binh clia cdc hoc sinh 16p 8B gip rudi diém trung binh cua
16p 8A nén |

y =1,5x. (1)
Diém trung binh clia cdc hoc sinh ca hai 16p 12 7,2 nén
60x + 40y ~72. - @
100
Tu (1) va (2) c6 h¢ phuong trinh :
= 1,5x
60x + 40y - 7.2
100

Giai hé phuong trinh trén, ta dugc x =6 ; y = 9,
Trd loi : Diém trung binh cta cdc hoc sinh 16p 8A 14 6,0.
Diém trung binh ctia cdc hoc sinh 16p 8B 14 9,0.

Vi du 73". Gia sit ¢6 mdt cdnh déng co day nhu nhau, moc cao déu nhu
nhau trén toan bé cinh déng trong sudt thoi gian bd dn co trén cdnh déng ay.
Biét rang 9 con bd 4n hét ¢o trén cdnh déng trong 2 tudn, 6 con bod an hét

co trén.cdnh déng trong 4 tudn. Hoi bao nhiéu con bd dn hét ¢o trén cdnh dong
tmng 6 tudn ? (mdi con bd an s6 cd nhu nhau).



Giai : Bai todn khé & chd trong sudt thoi gian bd an cd, ¢o vin moc déu
trén canh ddng. '

Goi khéi lugng ¢ ¢é sén trén canh déng trudc khi bd an ¢é 1a 1 (don vi
khéi luong quy udc), khoi luong cd moc thém trén cdnh dong trong mt tuan 1a
y (v6i don vi khéi lugng néi trén), y-> 0.

Goi s6 bo phai tim la x con, x nguyén duong. Theo dé bai :

9 con bd an trong 2 tudn hét 1 + 2y nén méi con bd trong mot tudn 4n hét
1+ 2y

18
6 con bo an trong 4 tudn hét 1 + 4y nén mdi con bo trong mot tudn an hét
h+ 4y :
24 |
x con bd an trong 6 tudn hét 1 + 6y nén moi con bo trong mot tudn an heét
I + 6y '
6x
Ta ¢6 hé phuong trinh
1+2y 1+4y 0
18 24
l+4y 1+6y '
= (2)
24 6X

Phuong trinh (1) chotay = i . Thay vao (2) dugc x = 3.

Vay 5 con bod an hét ¢ clia cdnh déng trong 6 tuén.

Bdi t&p
226, C6 45 ngudi gom bdc si va luat su, tudi trung binh cha ho 1a 40. Tinh s

bédc s1, s& luat su, biét ring tudi trung binh ca cédc béc si 1a 35, tdi trung
binh cua céac luat su la 50,

227. Trong mot hoi trudong ¢6 moét s6 ghé bang, mdbi ghé bang quy dinh ngdi
mot s6 ngudi nhu nhau, N€u bét 2 ghé bang va mébi ghé bang ngdi thém 1
ngudi thi thém duge 8 chd. Néu thém 3 gh€ bang va mébi gh€ bang ngdi rt
di 1 ngudi thi giam 8 chd. Tinh s6 gh€ bang trong hoi trudng.



228. C6 hai loai quing sat : quang loai I chita 70% sat, quang loai [I chda 40%
sat. Ngudi ta tron mot lugng quing loai I véi mot lugng quang loai 1T thi
dugec hén hop quang chita 60% sat. Néu 18y tang hon ldc dau 5 tan quéng
loai I va lfiy giam hon lic ddu 5 tidn quang loai II thi duoc hén hop quing
chira 65% sat. Tinh khéi luong méi loai quang dem tron ldc déu.

229, Ngum ta cho thém | kg nudc vao dung dich A thi duge dung dich B ¢6
ndng do.axit 1a 20% (ndng do axit 1a ti sd cha khdi lugng axit so véi khéi
luong dung dich). Sau dé lai cho thém 1 kg axit vao dung dich B thi dugc

dung dich C c6 néng do axit 1a 33 % %. Tinh nong d¢ axit trong dung dich A,

230. Hai voi nudc cing chay vao mot bé trong 1 gid thi dugc 0 bé. Néu voi I

. . , ) AR s Sy TE
chay trong 3 gig, voi II chay trong 2 gio thi méi dugc r bé. Hoi moi voi
chay mot minh thi trong bao lau bé s& day ?

231", Liic 7 gid, An kh&i hanh tir A dé dén gap Bich tai B lic 9 gid 30 phit.
Nhung dén 9 gid, An dugc biét Bich bat ddu di tr B dé dén C (khong nam
trén quang dudng AB) véi van téc bang 3,25 lan van tdc cua An. Ngay lic

- d6 An ting thém van tdc 1 km/h va khi t8i B, An di di theo dudng tit dén

C chi dai b.?.ing — quang dudng ma Bich di tir B dén C, do dé An va Bich

dén C cling mot luc.. Néu Bich ciling di theo dudng tit nhu An thi Blch dén
B truéc An la 2 gio. Tinh van toc ldc dau cua An.

232", Mot canh déng co day nhu nhau, moc cao déu nhu nhau trén toan b
canh déng va trong sudt thdi gian bd dn c6 trén cdnh dong dy. Biét ring
75 con bd an hét co trén 60a dong co trong 12 ngay, 81 con bd dn hét ¢o
trén 72a déng co d6 trong 15 ngay. Hoi bao nhiéu con bd an hét co trén
96a dong co trong 18 ngay ? (la = 100m”)

Bai todn cua Niu-ton

233. Tim mot s6 ¢6 hai chit s6, biét rang néu ldy binh phuong ctua sé d6 trir di

binh phuong clia s6 gém chinh hai cht s6 ciia s6 phai tim vi€t theo thi ty
- ngugc lai thi dugc mét s6 chinh phuong.
234. Ba t6 cong nhan A, B, C ¢6 tudi trung binh theo thi tu 12 37, 23, 41. Tudi

trung binh cta hai t6 1a A va B 1a 29, tudi trung binh cua hai t6 B va C la
33. Tinh tudi trung binh ctia ca ba t6.



Chuong IV

HAM SO Y = AX?..
PHUONG TRINH BAC HAI MOT AN

§15. HAM SO Y = AX®

Ham sd y = ax’ (a # 0) xdc dinh véi moi x thuoc R. |
Néu a > 0 thi ham s6 nghich bién véi x < 0, déng bién v6i x > 0, bing 0
vai x = 0.

Néu a < 0 thi ham s& déng bién véi x < 0, nghich bién véi x > 0, bang 0
véi x = 0. '

D6 thi ciia ham s6 1a mot parabol di qua géc toa do va nhan tryc tung lam
‘truc déi xing.

Vidu 74

a) Cho parabol y = %xz. diém A(0 ; 1) va dudng thang d ¢6 phuong trinh
y = ~1. Goi M 1a mot diém bat ki thu¢c parabol. Ching minh rang MA bing
khoadng cdch MH tir diém M dén dudng thing d.

b) Cho diém A(0 ; a), goi d 12 dudng thing ¢6 phuong trinh y = —a. Chfrng
minh ring quy tich cia diém M(X ; y) sao cho khoang cich MH tir M t6i d
bing MA 1a mot parabol. '

Gidi : a) (h.4)

‘Ta ludn luén cé |
MH=y+1. (1)

Pé tinh MA, ta ké MI L Oy.

Ta c6 MI = |x

I, Al = |y - i| nén

MA? = MI? + AI” = x* + (y —1)°

=x2+y2—-2y+1.

Doy = %xz nén thay x° bdi 4yta dugc



MAZ =4y +y* =2y + 1 = (y + 1)°.
Do dé MA=|y+I1l=y+1(doyz0). | (2)
Tir (1) va (2) ta c6 MA = MH.

b) (h.5 ting véi a > 0) Theo cong thitc tinh khoang céch gifta hai diém M(x ; y)
va A(0; a)taco '

MAZ = (x ~ 0)* + (v — )

y4
=x2+y2wzay+az. I
Ta lai c6 MH = ly + a] nén /M{x, V)
MH® = (y + a)” =y + 2ay + a’. AJ |
2 2 rea? 0 . X
MA® = MH 5 = Hy=—a
«1:.‘:*){2+y2—2a}’+ag=},¢2+2£ty+a2
Hinh 5
1
c;wx?:x&ay«ﬁy: —x2.
Do dé qu¥ tich cua M la parabol y = ——l—xz.

4a

Chii y : Téng quat, cho mot diém A va dudng thang d khong di qua A,
quy tich cdc diém M sao cho khodng cidch MA bing khodng céch tir M dén d
a4 mot parabol. Khi d6 diém A goi 12 tiéu diém, dudng thing d goi 1 duong
chudn cta parabol.

B&i t&p

235. Thiét dién di qua truc ctia mot chiée Y4
guong cO dang parabol (h.6). Hay xdc dinh
phuong trinh clia parabol dé, biét ring do6

“sau OC = lcm va dudng kinh AB = 4cem.

-Hinh 6



236. Mot cong dang parabol ¢é kich thuéc duge chi
ra trén hinh 7 1a OC = 6m, AB = 6m. Vlet phuong
trinh cua parabol ay.

~ v

237 a) Xdc dinh hé s0 a cha parabol y = ax”, biét
rang pambol di qua diém A(-2 ; -2).
b) Tim toa do clia diém M thudc parabol néi trén,
biét rang khodng cdch tr M dén tryc hoanh gép
doi khoang cédch tir M dén truc tung.

| Hinh 7
238. VEdothichahamsdy = 5mlxi.
239. a) V& d6 thi cha ham s6 y = -%x?.
o as S oaa NN . I : ;
b) Goi C la mot diém tuy ¥ nam trén parabol y = mixz. Goi K {a trung

diém ctia OC. Khi diém C di chuyén trén parabol d6 thi diém K di chuyén
trén duong nao ? '

§16. PHUONG TRINH BAC HAI MOT AN

Phuong trinh bac hai mot 4n 12 phuong trinh ¢6 dang ax’ + bx + ¢ = 0,
trong d6 x 12 4n, a, b, ¢ 14 cdc hé s6 dd cho, a # 0.

1. Giai phuodng trinh bac hai mét an
Vi du 75. Cho phuong trinh
{mi—m 2)){ +2{m+i)x+1—{}(mlathamsé) (1)

d) Giai phuong trinh (1) véi m = L.

b) Tim céc gid tri cia m dé phi_rcmg trinh (1) c¢6 hai nghiém phan biét.

¢) Tim céc gi4 tri cia m dé tip nghiém clia phuong trinh (1) chi cé mot
phén tir.
- Giai : a) V6i m = |, phuong trinh (1) tr& thanh

—2x% +4x + 1 =0.



A" = 2% — (=2).1 = 6. Phuong trinh c6 hai nghiém la

_2-6 _2+46  _2+J6 _2-6

X4 X2
= 2 -2 _ 2_
b) Diéu kién d€ phuong trinh (1) cé hai nghiém phan biét 1a -
a=m’-m-2%0 (2)
Al=(m+ D> -m?’ -m-2)>0 - (3)

Giﬁi(z):mz—m—2¢0<:>{m+I){m—l)it:}c;:}{m :
m #* 2

Gidi (3) : (m + 1)” — (m”

Diéu kién phéi tim la : -1 <m # 2.

-m=-2)>03m+3>0&m> 1.

¢) (1) chi ¢c6 moét nghiém <> (1) 12 phuong trinh bac nhit hoac (1) la
phuong trinh béac hai ¢cé A = 0. Véi m = —1, (1) ¢6 dang 0x + 1 = 0, phuong
trinh v6 nghiém.

Véim =2, (1) c6 dang 6x + | =0, phuong trinh cé mét nghiém 12 x = —é .

Véim # -1, m # 2, (1) 1a phuong trinh bac hai, né cé mot nghiém (nghiém
kép) khi vachikhi A'=0 < 3m + 3 =0 < m = -1, trdi véi diéu kién trén.
Vay tap nghiém ctia phwong trinh (1) chi ¢6 mot phéan tir khi m = 2.

2. Piéu kién dé€ phuong trinh bac hai cé nghigm
Ta da biét phuong trinh bac hai ax? + bx + ¢ = 0 (a # 0) 6 nghiém khi va
chi khi A 2 0. Tir d6 suy ra phuong trinh dé c¢6 nghiém néu ac < 0. Do vay dé

ching minh phuong trinh bac hai ax>+bx +c=0 (a=0)cod nghiém, thudng cé
cdc cach sau :

Cdach 1. Chitng to rang 4 > 0.
Vi du 76. Chiing minh riang phuong trinh sau cé nghiém v6i moiavab:
(a+ 1)x*=2(@a+b)x + (b—1)=0. (1)
Gidi |
— Véi a # —1, phuong {rinh (1) 1a bac hai, né ¢6 nghiém néu
A=@+bP—(a+1)b-1)20.



Pata+l=m,b-1=n,tacéa+b=m+n. Khido

2 ) 2 ' n 31‘12
Al=(m+n) —mn=m +mn+n = rn+-é- +T:-zﬂ,

Vay (1) cé nghiém khi a = —1.
-~ Véi a = —1, phuong trinh (1) tr¢ thanh
- =2(b—-1Dx=—(b-1). (2)

Néu b # 1, (2) cd nghiém x = % Néu b = I, (2) vo s6 nghi¢m.

Két luan : Phuong trinh da cho ¢6 nghiém véi moi a, b.

Cdch 2. Chitng t6 rang ac < 0 (That vay, néu ac <0 thi A = b® — dac > 0)

Vi du 77. Chitng minh rang phuong trinh sau cé nghiém v6i moi m :
| x% - (3m% - 5m + 1)x — (m® = 4m + 5) = 0. (1)
Gidi : Xét tich ac = —(m” — 4m + 5) = —(m — 2)* - 1 < 0.
Vay phuong trinh (1) ¢6 nghiém v6i moi m.
Chi y

a) Néu ac <0 ma a # 0 ta cling ¢6 A = 0 nén phuong trinh ax’ + bx + c=0
c6 nghiém.

b) Chi véi diéu kién ac < 0, chura dam bao phuong trinh ax’ +bx +c=0cé
nghiém. Chf_mg han ta xét phuong trinh m?xZ —mx —~2=0, ta ¢6
ac = —2m? < 0, nhung véi m = 0 thi phuong trinh tré thanh Ox = 2, vé nghiém.

Nhu vay khi gap truong hop ac < 0, phai xét hai truong hop:a#0vaa=0,

3. Nghiém hiru ti ciia phudng trinh bac hai

Vi du 78. Cho phuong trinh x* +mx +n=0 (1) v6im,n la nhiing s6 nguyén.

a) Chitng minh ring néu phuong trinh (1) ¢6 nghiém hitu ti thi nghiém dé
Ia s6 nguyén.

'b) Tim nghiém hitu ti ctia phuong trinh (1) véi n = 3.

Gidi

a) Néu (1) c6 nghiém x = O thi ta c6 di€u phai chitng minh.



N&u (1) ¢6 nghiém hitu ti x = % £0véiacZ az0,beN,(lal, b)=1.

Thay vao (1) duoc

i
(E] + m..g, +n =0 nén 32 = —mab — rlbE ~b(ma + nb).

b
Suy ra a” ' b. Ta lai cé([a[,b)z lnénb=1. Do do x 1a sO nguyén.
b) V6in =3 thi (1) trd thanh

x? + mx + 3 = 0. . (2)

,Taﬁégﬁ:mg? 2.
(2) ¢6 nghiém hitu ti <> A 12 s6 chinh phuong, tic 1a
m?-12=k>(k e Ny m?> -k>=12 ¢ (m + k)(m - k) = 12.
Ta thdy m + k va m — k 12 udc cha 12, hiéu clia ching bang (m + k) ~ (m ~ k) = 2k
la-s6 chdn nén m + k va m — k phéi cling chin hodc cuing 1€. Do tich cia ching

la s6 chén (12) nén ching cung chidn. Chd § rang m + k =2 m — k nén chi ¢ hai
truong hop : '

m+k=6 = Im+k=-2
- {mukzl v {m—kz—ﬁ’
‘Truong hop dau cho m = 4. Phuong trinh (2) la x4+ 4x + 3 =0, n6 ¢6
nghiém x; = ~1, x, = 3. o

Truong hop sau cho m = —4, Phuong trinh (2) 14 x> —4x + 3 = 0, né céd.
nghi¢m x; = 1, X, = 3. |

Két lugn : Khi n =3 thi:

Véim = 4, phuong trinh (2) ¢6 nghiém hitu ti [a ~1 va -3,

Véim = .—4, phuong trinh (2} ¢6 nghiém hitu ti 12 1 va 3.

Vé&i m # +4, phuong trinh (2) khong ¢6 nghiém hitu ti.

Chi y : C6 thé giai phuong trinh (2) bing cdch st dung hé thic Vi-ét
(§17). Néu (2) ¢6 nghiém hiftu ti thi ching la sé nguyén (theo cau a)) va cé tich
bang 3, tdng bang ~m. Ta tim dugc cdc nghiém d6 1a —1 va -3 (khi d6 m = 4)
hodc 1 va 3 (khi d6 m = —4).



4. Nghiém nguyén cta phuong trinh bac hai

Vi du 79. Tim céc s6 nguyén n dé cdc nghiém ctia phuong trinh sau 1a céc
s nguyén : |

X% — (4 + m)x + 2a = 0. (1)

Gicfi:T&cé,&:{4+n)2—8n=n2+16::0. _ |

Néu nghiém ctia phuong trinh (1) la s6 nguyén thi n’ + 16 phai la s6 chinh
phuong.

Datn® + 16 =k* véik € N, ta c6 |

| n? —k? = —16 < (n + k)(n — k) = ~16.

Ta thdy (n + k) — (n — k) = 2k 14 s6 chdn nén n + k va n - k phai clng
chin hodc cing 1&. Do tich ctia ching 12 s6 chén (~16) nén ching cung chin.
Don + k =2 n -k nén ¢é céc trudng hgp :

n+k 8 2 4
n-k | -2 -8 4
n 3 3 |0

Véin = 3 thi phuong trinh (1) trd thanh x” - 7x + 6 = 0, n6 ¢6 céc nghiem
12 1 va 6. : '

Véi n = —3 thi phuong trinh (1) tr& thanh x* — x — 6 = 0, n6 ¢6 céc nghiém
3 —2 va 3. -

V6i n = 0 thi phuong trinh (1) r& thanh x* - 4x = 0, n6 ¢6 céc nghiém 12 0 va 4.
Vay véin e {3; -3; 0} thi phuong trinh da cho ¢6 nghiém nguyén.

5. Quan hé giilra cac nghiém cta hai phuong trinh bac hai

Vi du 80. Tim cﬁc gia tri cha a dé€ hai phuong trinh sau c6 it nhéit mot
nghiém chung : ' :
x>+ ax + 8 =0, | )
va 2+x+a=0. @
Gidi

Gia sir x, 12 nghiém chung cuia hai phuong trinh, the thi



2

}{0+ax0+8='0, - (1D
x§+x0+a=0._ | (2") '
Suy ra y (a—~ DX, +¥8—~a=0,

— Néu a1 thix, =

e f . Thay vao (2') va rit gon dugc
a - .

a®-24a+72=0 (a+6)@a ~6a+12)=0a=-6.
Véi a =6 thi (1) trd thanh x> — 6x +8 =0, c6 nghiém 12 2 va 4 ; (2) tr& thanh
x>+ x — 6 = 0, c6 nghiem 1a 2 va ~3. Do d6 (1) va (2) c6 mot nghiém chung 12 2.

— Néu-a = 1 thi {l}tmthanhx +}:+8—-{} {2} tré thanh x2 + x + 1 = 0.
C4 hai phuong trinh déu vo6 nghiém. :

Két lugn - V&i a = -6 thi (1) va (2) cé mét nghiém chung,

Bai t&p
Phuong trinh bac hai mot 4n
240. Cho phuwong trinh |
| rnx2+6(m—~2}x +4m —7 =0,
Tim cédc gia tri cia m dé phuong trinh da cho
ay C6 nghiém kép ;
b) C6 hai nghiém phan biét ;
c) Vo nghiem;
241. Giai cdc phuong trinh sau véi m 14 tham s6 :
a) x* = mx ~ 3(m +3) = 0; b) mx’ ~ 4x + 4 = 0.
242. Tim cic gid tri cia m, biét ring phuong trinh x> + mx + 12 =0 c6 hiéu

hai nghiém bang 1.

243. Cho c4c s6 duong a, b thoa man a + b =4 ~ab . Tinh ti s6 %.

244. Tim x va y bigt ring 2(x* + 1) + y* = 2y(x + 1).



Diéu kién dé phuong trinh bac hai c6 nghiém
245. Tim cdc gid tri cha m dé cdc phuong trinh sau cé nghiém :

a) (m? —m)x2 +2mx + 1=0: b) (m + 1)x%— 2% + (m — 1) = 0.
246. Chirng minh ring cdc phuong trinh sau ¢6 nghiém véimoiavab:

a) X(x —a) + x(x = b) + (x - alx —b) =

b) x* + (a+ b)x = 2{::112 — ab + sz = ()

247. Ching minh réng céc phuong trinh sau ¢6 nghiém véi moi a,bvac:

a) 3x2w2(a+b+c}x+(ab+bc+ca)=0

b)(x —a)x-b)+xXx-b)(x—-c)+(xX—-c}x—a)=

248. Ching minh ring néu a, b, ¢ 1a nhitng s6 khéc 0 thi ton tai mﬁt trong n:::c’l-::
phuong trinh sau c¢é nghiém : :

ax2+2bx+c:[},_bx2+2c;c+a:{),cx2+2é1}{+b:{}.

249, Chitng minh ring phuong trinh ax’ + bx + ¢ = 0 (a # 0) c6 nghiém, biét
rang 5a + 2¢ = b.

250. Cho a, b, ¢ 12 do dai cdc canh c@a mot tam gidc. Chitng minh ring phuong
trinh sau cd nghiém :
(% +b% = c¢?)x* —dabx + (a° +b* —c) =0
251. Ching minh ring phuong trinh ax’ + bx + ¢ = 0 (a # 0) c6 nghiém néu
26,44 |
a a - | |
252. Chitng minh ring néu bm = 2(c + n) thi it nhat mot trong hai phuong
~ trinh sau ¢6 nghiém : C |
x24bx+c=0vax’+mx+n=0.

Nghiém hira ti cia phuong trinh béac hai
253. Cho a, b, ¢ 12 nhiing s6 hu‘u ti, a=0va bl = la + ¢| . Ching minh rang céc
" nghiém ctua phuong trinh ax> +bx +¢=0 l%l nhiing sd hitu ti.

254, Chung minh rang phwong trinh ax’ + bx +c =0 khong cé néhlém hitu ti
néu a, b, ¢ 1a nhitng $8 nguyén {é.

255 Chimg minh rang néu abe 12 s6 nguyén té thi phun‘ng trinh ax” + bx + ¢ =0
khong c6 nghiém hitu ti.



256. Tim cdc gia [n:.ﬂguyén clia m dé nghi@m cha phu‘nﬁg trinh sau la s6 hitu ti :
mx? - 2(m - 1)x + (m — 4) = 0.
Nghiém nguyén cia phuong trinh bac hai |
257. Tim céc's6 nguyén n dé céc nghiém cha phuong trinh sau 1a nhiing s6 nguyén :
| x? = (0 +4)x + (4n - 25) = 0.
258. Tim s6 nguyén (8 p, bict rang phuong trinh x* + px — 12p = 0 ¢6 hai
nghiém déu 1a nhiing s6 nguyén. |
Quan hé g.ii"ra cac nghiém cua hai phuong trinh bac hai
259.Tim céc gid tri cia m dé hai phuong trinh sau ¢é it nhat mét nghiém chﬁng L
Ia}x2+2x+m=0vﬁx2+mxl+2-=0; |
b) x>+ mx + | =0vax'—x-m=0;
260.Tim cédc gia trl clia m d€ hai phuong trinh sau ¢ it nhat mdt nghiém chung :
| a)x2+(m—2)x+3:0v§12x2+mx+(m+2)=0; :
b)) 2x2 4+ (3m — 5)x ~9 =0 va 6x% + (Tm — 15)x — 19 = 0.

261. Tim cic gi tri cia m dé mot nghiém cla phuong trinh

2x% - 13x +2m = 0 W
gdp d6i mot nghiém cta phuong trinh | :
x> —4x +m = 0. (2)
_262. Cho céc phuong trinh :
ax> +bx + ¢ =0, | (1)
x> +bx+a=0. 2)

Biét phuong trinh (1) ¢é nghiém duong m, chimg minh ring phuong trinh -
(2) céd nghiém n saochom + n = 2.

~ Vidu : 108, 119 dén 123, 125, 127.

Bai tap : 349 dén 351, 368, 369, 371 dén 375, 378, 380.



§17. H-ia THUC VI-ET VA UNG DUNG

1. Hé thic Vi - |
Néu phuong trinh béc hai ax” +bx +c=0 (a # 0) ¢ nghiém {,ﬂ =z thi.
téng cdc nghiém bing —E, tich c4c nghiém bang E"
| Ap dung
a) Tinh nhim nghiém : Cho phuong trinh
) axz;l-bx+g:=0(a¢0) | (1)

~Néua+b+c=0th(1)céhai nghiem lax; =1 x, = —.
a
~Néua—-b+c=0th (1) cé hai nghiem 1a x, = ~1; X, = ——.
_ | "
b) X4c dinh diu cha cdc nghiém : Cho phuong trinh ax” +bx +c=0 (a = 0).

GoiS=-2.P=S Tacs:
a a

P<0O | Hai nghiém trdi diu

A>0 Hai nghié¢m S >0 : Hai nghiém duong

vaP >0 cung diu

S <0 : Hai nghiém 4m

2. Tim hai sé biét téng va tich
Mudn tim hai s6 blet téng ctia ching bang S, tich cua chiing bing P, L& chi
can gidi phuong trinh x> — Sx + P=0.

Vi du 81. Cho phuong trinh vdi tham sé m :-
mx? — 2(m + Dx + (m —4) = 0. (1)
a) Tim m dé phuong trinh (1) ¢cé nghiém.

b) Tim m dé phuong trinh (1) ¢6 hai nghiém trdi ddu. Khi d6 trong hai
nghiém, nghiém n&o c6 gié tri tuyét doi 1én hon ?



¢) Xdc dinh m dé chc nghiém x,.X, c@a phuong trinh (1) thoa man
Xy + 4xq = 3.

d) Tim mot hé thuc gifta x;, x, khong phu ihuéc vao m.

Gidi

a) Voim =0 thi (1) ¢6 dang —2x — 4 = 0, ¢6 nghiém x = ~2.

V6im # 0 thi (1) 1a phuong trinh bac hai, A' = (m + 1) = m(m - 4) = 6m + 1.
Phuong trinh (1) ¢6 nghiém khi \{5‘1 chi khi A' > O,taclam = F% . {

Két ludn - Vé&im = -g thi (1) ¢6 nghiém.

2(m + 1) pom-4

m m
Diéu kien dé (1) ¢6 hai nghiém trai ddu 12 :

b) Theo hé thitc Vi-ét,tacé S=

P<0) < m- <0 =0<m<4,

Im

Khi do, do O <m <4 nén S > 0, do d6é nghiém duong c6 gia tri Luyét daéi
I6n hon.

¢y Giai hé :
Xy +x, = 2XBFD 2)
m
X{X, = m-4 (3)
4 m . 4}
Xp +4x9 =3 (
m 2 - (5
“Tir (2) va (4) tinh duge x, = m--2? Xy = m+ 8
. 3m - 3m
Thay vao (3) duge S0~ 2)(52"" *8) _m-4
9m’ m

Giai phuong trinh nay duogc 2m® ~ 17m + 8 =0, do d6 m = & ;m = l

diéu kién (5) dugc thoa min.



Vay véim e [é 8} thi phuong trinh (1) ¢6 nghiém thoéa min dé bai.

_ | 4
d) Vaéi ma——l- thitacoOx| +X, =2+ ~2—,x1x2= - —.
6 m m

Thay Ed = X; + X5 — 2 vao biéu thitc clla XX, ta dugc X Xy = 1 = 2(x| + x5 — 2).
m | |
Va}’ K.] Xq = 5 - 2(}(] + Ki} \

Vi du 8§2. Cho phuong trinh mx? — 2(m — 2)x + (m ~ 3) = 0, Tim céc gia tri
cia m d€ cac nghiém x,, X, clia phuong trinh thod man diéu kién xf + x% =1.

Gidi : Diéu kién dé phuong trinh c6 hai nghiém (phan biét hoac nghiém
kép) lam =0, A" 2 0. -

A'=(m—2)"—m(m~3)=-m +4.
A'z0 e m<4

Vé6i 0 # m < 4, phuong trinh dé cho ¢6 hai nghi¢m x, x,. Theo h¢ thitc Vi-ét

. . 2(m - 2) m-—3
ta cO XKytXg= 7, X{Xp= —.
m m

4(m —2)>  2(m - 3)

m? m

Dodo | = x? +x% = (X +x2)2 — 2X{Xgy =

e m?=4m® - 16m + 16 — 2m” + 6m
e 0=m?~ 10m + 16 m=2hodicm=28, .

Gid tri m = 8 khong thod man diéu kién 0 # m < 4,
Vay m = 2 la gia tri cdn tim.

Vi du 83. Cho phuong trinh x? + ax + b = 0 ¢6 hai nghiém ¢ va d, phuong

trinh x° + ¢x + d = 0 ¢6 hai nghiém a va b. Tinh a, b, ¢, d, biét rang céc s6 dé
déu khac 0.

Gidi : Ap dung hé thitc Vi-ét vao hai phuong trinh d4 cho, ta dugce :
c+d=-a . (1), ed=b  (2)
a+hbh=-c (3), ab=d (4).



Tir (1) suy ra a + ¢ = —d. Tir (3) suy raa+c=-b.Dodob=d.
Tu(2),dob=d=0,tacéc=1, |

Tx(4)dob=d =0, tacda=l.

‘' Thay a = ¢ =1 vao (1), taduge d = -2, suyrab=-2. .

Vi du 84. Cho phuong trinh
x4+ 5% ~1=0. o (1)

Khong gidi phuong trinh (1), hiy lap mot phuong trinh bac hai ¢’ céc
nghiém Ia luy thira b4c bén ctia cdc nghiém ctia phwong trinh (1).
Gidi
Ta thay phwong trinh (1) ¢6 nghiém.
Goi x;; X, 12 cdc nghiém cia phuc:r'ng trinh da cho, ta ¢é x| + x, = =5,
x |X2 = ‘—l . "
Goi y;, ¥, la cac nghiém cta phuong trinh phai lap, ta duoc
' 4. 4 4.4
Yty = Xy + Kzl, Yi¥o = X1 X9,

Ta co | x‘]? +x% = (X4 +x2}2 —2XyXg = 25 +2 =27,

Dodé y; +y; =xX] +x5 = (xi +x3)* —2x3x3 =729 -2 = 727.

Yi¥a = (x;x2)4 = (- =1.
Phuong trinh phai lap ¢é tdng cic nghiém bang 727 va tich cic nghiém
bang 1 nén c6 dang y2 =727y + 1 =0.

B&i t&p
263. Tinh nhim nghiém cua cdc phuong trinh :
a)mx?—2(m~ Dx +(m—2)=0: b)Yy (M= Dx%+(m+ Dx +2=0.
264, Khong giai phuong trinh, xét ddu cac nghiém ctia phuong trinh (néu ¢é) : |
a)3x° ~Tx +2=0; ) SxP4+3x-1=0; |
) 2x> + 13x +8 =0 . d)4x® ~ 11x +8 = 0.



265. Xéc dinh gid tri cha m dé phuong trinh sau ¢6é hai nghiém phan bi¢t
cung diu : |

(m-1x2-2x +3=0.
266 . Giai phuong trinh x> — mx + n = 0, biét rang phu;:mg trinh ¢6 hai nghjém
nguyén duong phan biét va m, n la cdc s& nguyén to.

267. Goi x(, X, 1a céc ﬂghlem cua phuong trinh 2}{ ¥ _3x ~5=0.Khong glal
phuong trinh, hay tinh : .
o Llel e
XA
268 Cho phm:mg trinh
x* --2(m 2}x+(m +2m—3)=10

Tim cdc gid tri cia m dé phuong trinh cé hai nghiém x;, X, phan biét thoa
1 1 X1 + X
man + = ,2 .
X1 X 3

269. Cho phu::mg trinh x* + mx + n =0 ¢6 3m”> = 16n. Ching minh rang trong
hai nghiém cta phuong trinh, ¢é6 mot nghiém gdp ba lan nghiém kia.

270. Cho biét phuong trinh x* — (m + 2)x + (2m — 1) = 0 ¢6 c4c nghiem X, X,.
Lap mot hé thuc gzua Xy, %5 doc lap d6i véim

271. Tim hai s6, biét ring : _
a) Téng ctia ching bang 2, tich cha ching bang —1.
b) Téng cta chiing bang 1, tich cha ching bing 5.

272. Lap phuong trinh bic hai cé cdc nghié¢m bang :

2) V3 va 23 b)2 -3 va2+ 3.

273, Chung minh rang t6n tai mot phm:mg trinh c6 cdc hé s6 hitu i nhian mot
trong cac nghiém la :

BB Gl
vy By sy & 92443,

274. Lap phuong trinh bac hai ¢6 cdc nghiém béng :
a) Binh phuong cta cdc nghiém cua phuong trinh xF - 2x—1=0;

'b) Nghich dao cua cdc nghiém ciia phuong trinh X°+mx —2=0;



275. Xéc dinh cdc s6 m, n sao cho céc nghlém ctia phuong trinh x* + mx <+ = 0
cling la m va n.

276. Cho céc s6 a, b, ¢ khdc nhau doi mot, ¢ # 0. Biét ring céc phtmfng trmh
x>+ ax + bc =0 o | (D
va | ' _xz +bx+ca=0 L (2)
c¢6 it nhat mot nghiém chung |
~a) Tim cdc nghiém coOn lai cua hai phuong trinh.

b) Chitng minh riang cdc nghiém con lai dé 1a nghiém ciia phucmg trinh
x* + cx +ab =0,

2777, Cho cac phuong trinh :
| ax? +bx + ¢ =0, (1)
cx’+dx+a=0. (2)
Biét ring phuong trinh (1) ¢é cdc nghiém m va n, phuong trinh (2) c6 céic
nghiém p va q. Chitng minh rang m” +n” + p1 + q2 >4, '
278", Cho céc phuong trinh : |
ax® +bx + ¢ =0, - | (lj
cx? +bx +a=0. | 2)
Tim mot hé thie gifta cdc hé s8 a, b, ¢, biét rang céc nghiém x,, X, cla
phuong trinh (1) va céc nghiém x5, X, cia phuong trinh (2) tho4 min dang
thiic xf +:{% +x% +:{£2; = 4,

279. Cho phuong trinh x* + bx + ¢ = 0 ¢b céc nghiém X;, X, ; phuong trinh
x> — b’x + bc =0 ¢6 chc nghiém x5, X4. Bi€t X3 ~ x| = X4 — X5 = 1. Xac dinh
bvac. | |

280%*, Tim céc $6 a, b sao cho cac phuong trinh > +ax+6=0vax’+bx+12=0
¢6 it nhdt mot nghiém chung va la] + [bl nho nhat.

281". Goi x;, X, 1a cdc nghiém ciia phuong trinh x* — 6x + 1 = 0. Ki hiéu

Sy = X] + X5 V6in 1a s6 nguyén duong.

a) Tinh sy, 84, 85.



b) Tim mot hé thic gifta s, $,415 Spep-
c) Ching minh rang s, 1a s6 nguyén véi moi s6 n nguyén duong.
d) Tim s6 du khi chia s5q cho 5.

~ Vidu : 109,.124, 126.
Bai tap : 325 dén 358, 370, 376, 377.

§18. PHUGNG TRINH QUY VE PHUONG TRINH BAC HAI

[ - PHUONG TRINH DAI SO BAC CAO

Ta goi phiuong trinh dai s& bdc n 1a cac phudng trinh dua dugce vé dang
ax"+a . x" 4. +ax+a,=0,
trong d6 n nguyén duong, x 12 4n, a,, a,, ..., a, 1a cdc s6 thyc cho trude, a, # 0.

Phuong trinh dai s6 bac n thudng dugc giai bang cdch quy vé cdc phuong
trinh béc nhat va bac hai.

Sau day la mot s6 phuong phép thu’c:fng diing dé gIal phm:mg trinh bﬁc cao
hon hai.

~ 1. Pua vé phuong trinh tich
Vi du 85. Giai phuong trinh
x> +2x2 + 242 x + 242 =0.
Gidi
x3+2x(x+vf§)+\/2‘3={} |
= (x+\5)(x2 - X 2_+2}-1—2x{x+\5)={}
& X+ VDR + 2 ~V2)x +2] =
Phuong trinh x + J2 =0c¢é nghiém x = 2.
Phuong trinh x* + (2 — v/2)x + 2 = 0 v6 nghiém (vi A < 0).

_ Phuong trinh di cho ¢6 mot nghiém 12 x = —J/2 .



2. B3t &n phy

Vi du 86. Giai phuong trmh xfx +3x2-2=0.
Gidi

Viét phuong trinh dd cho dudi dang 2v2x +3.2x2 -4 =0. Pat y = x/2 ,
phuong trinh tré thanh |

= 1 X = V2
y3+3y2+4={}¢:»(y—1_}(y+2)2:0¢:wF < T2
y = —2 .
| 2L
o o N2
Két lugn : Phuong trinh ¢6 hai nghiém Y va —/2.
Vi du 87. Giai phuong trinh (x + )* = 2(x*+ 1).
- Gidi
Khai trién réi rit gon duogc
x* —4x® - 6x% — 4x + 1 = 0. | (1)

Chia hai v& cho x° (hién nhién x #0 vix =0 khéng 1a nghiém ctia (1)) duoc

2 X

:-(2—4}{-.-6~i+—-1-m0-¢:;-x2+-~1-——4(}{+}-}+—6=0. (2)
X X x* -

pat x#1=y - (3
X

thi x* + ——15 = y2 - 2. Phuong trinh (2) tr& thanh
) < ‘ _

33~2—4y~6#0¢¢f“4y~8=0¢by=2i2J5
VGI y 2+ 2+/3, thay vao (3) dugc

BT ___.---——E(E-f-\f—)x%1—0¢:}x"—1+\f_+1/3+2

| Vm y=2- ZI thay vio (3), phuong trinh vo nghiém.

| Xer Euan th:arng trinh da cho c6 ngh:ém x=1++3% 1(3 + 243
'fj;jCﬁay S

o a) Phu‘dng trinh (1) nm trén cé d&ng

SR ax4+bx +cx? +bx+& {}(a;t(]}



goi 12 phuong trinh d6i xing bac bon. P& giai phuong trinh loai nay, ta chia hai-
., . 2, e e 2 1 :
v€ ctia phuong trinh cho X (vixz0)réidatanphuy =x + —. Kh1 do
X
O, 1
yz :(x+—] =x2 4 —=+222+2=4,dodd lv] = 2.
X5 x°
Chd ¥ ring néu m 12 nghiém cta phuong trinh d6i ximg thi 1 cling 1a
m y
nghiém cua phuong trinh do.

b) Phuﬁng trinh d6i xing bac 18 (ching han phuong trinh déi xung bac nam

ax® + bx* + ¢x° + cx” + bx + a = 0) bao gid cling nhan —1 1a mdt nghiém. Do do
ta c¢6 thé ha bac dé dua vé phuong trinh ddi xting bac chan.

¢) Cédch chia hai v&€ cua phuong trinh cho x* # 0 ciing dugc sir dung d6i véi
céc phueong trinh c6 dang

' 2
d .
ax4+bx3+c};2+dx+e={}tmngdéE:[-—J .

a b
- . . R , | d
goi 1a phuong trinh hodi quy. An phy cO dang y = X + e
| X
Vi du 88. Giai phuong trinh

4(x + 5)(x + 6)(x + 10)(x + 12) = 3x2. Sy
Gidi -
Cach 1. (1) < 4(x% + 17x + 60)(x* + 16x + 60) = 3x°

@.4[x+17+@)[x+15+@):3(:ﬁ){ig}_ (2)

X X

Pbat x + 16_-1-@ =y thi (2) tré thanh
x

4y(y+1}=3<¢-4y2+4j’—3=0¢:}y-:éw;y=-—i~.
1 -15
me—-z— tacod2x° +31x +120=0 < x =-8 ; x-mém-.
~35 ++/265

foriy:—%tacéZx2+35x+120=G<:>x= .



Cdch 2. Dat _xz + 16,5x + 60 =y, tir phuong trinh da cho ta dugc yz =x°.

X€t hai truong hop y = x va y = —x ta duge bon nghiém clia phuong trinh.
Chi y

a) Phuong trinh (1) néi trén cé dang (X + a)x + b)(X + o)X + d}
trong d6 ad = bc. Ta phém

[{x + a)(x + d)][(k +b)x+¢c)l= mx?.

An phu cod thé diatla y = x + 22 {huac sai khdc mot hang s6 nhu cdch 1)
X

| hodcy = (x + a)(x 4+ d) (nhu céach 2).

b) Doi véi cac phuong trinh c¢é dang d(x + a)(x + b)(x + c) = mx (xem bai

290b) trong d6 d = % m = (d - a)(d - b)(d — c), ta dat 4n phu y = x + d.

Mot nghiém ctia phuong trinh lay = 0.
c) P61 voi cac phuong trinh ¢6 dang (x + a)(x + b)(x + c){x + d) = m trong
dé a+d=">b+c (xem bai 289a, b, ¢, d) ta nhém

[(x + a)(x + d)}{(x + b)(X + ¢)] =m,
tir d6 di dén cdch dat dn phu.

d) Doi véi cdc phuong trinh ¢é dang (x + 2)* + (x + b)* = ¢ (xem bai 291b,
| a+b -

¢, d) ta thudng dat an phu y = x +

3. Pua hai vé& vé luy thira cliing bac
Vi dﬁ 89. Giai phu{mg trinh x* = 24x + 32.
Gidi : Thém 4x° + 4 vao hai vé& dugc
x4 x4 =ax 4 24x + 36 |
x? +2=2x+6 )

ﬁ(x2+2)2={2x+652@ _
X% 4+ 2 = ~2x -6 (2)

Phuong trinh (1) c6 nghiém x = 1 & \E phm:mg trinh (2) v6 nghiém.
Két ludn : Phuong trinh da cho ¢6 nghiém x = | +5 .

Vi dugﬂ* Giai phuong trinh

x> +3x% - 3x + 1 =0.



Gidi @ : x3=~3x2+3x~1<:>2x3=x3—3x2+3x—1
1

1-32

e::}(xsf_)?’ }3<::>x 2=x-1&x-=

Viy phuong trinh di cho cé nghi@in X =

1 .
1-32
4. Dung bat ding thirc

a) Dung tinh déng bién hoac nghich bién cia ham so trén ting khoang
Vi du 91. Giai phuong trinh

x -8 +Ix - 9° = 1. | (1)
Gidi : Viét phu(mg trinh du6i dang | S
x - 8P +19 - xI° =1.
DéE thdy x = 8, x = 9 d€u 1a nghiém cia (1). Xét cac gid tri con lai cha x.

A Véix<8thil9—xI>1,19-x°>1, con Ix —8° > 0 nén vé trdi caa
(1) 16nn hon 1, (1) v6 nghiém.

b) Vai x";:- 9 thi Ix -8l =1, Ix _315 >1, con [9—K|6 > 0 nén vé€ trdi cia -
(1) 16n hon 1, (1) vo nghiém,
¢) Vai 8 <x <9 thi

Ut:xf-S{i:ﬂx—SF <|x -8 =x -8,

0<9-x<1=> |9—:>':|6 <9-x]=9-x.
VEtrdicta (1) nhéhonx -8+ 9 —x = 1 (1) vo nghzém
Vay (1) ¢6 hai nghlém x=8,x=9.
b) Dung diéu kién xay ra ddu "=" & bat ding thic khong chat
Vi du 92. Giai phuong trinh '

K2 —x+ 1l elx® —x-2/=3. (1)
2
Gidi : Taco xzmx+1m[x-—%) +%:}{}nén

Do 2 -x+1+2-x2+x0=3 e R2-x2+xl=2-x2+x



Ap dung bit déng thitc [Al > A, x4y ra déng thic v6i-A = 0, ta cé
2~x2+x20¢-(x+ NNx-2)<0 &= -~15x<2.
Vay nghiém cta phuong trinh 1a cac gid tri x thoa mén —1 € x < 2.

II — PHUONG TRINH CHUA AN G MAU THUC

Phuong phdp dat d4n phy dic biét cé hiéu qua khi giai nhiéu phuong trinh
chita dn & méu thitc, Néu khong dit n phu, sau khi dua vé dang nguyén, nhiéu
khi ta phai gidi cdc phuong trinh bac cao khd phic tap. Sau day 1a mot s& cach
bién doi thudng ding, | |

1. Chia tir va miu ctia phan thic cho x

Vi du 93. Giai phuong trinh

2x N Tx —1

3x2~x+2 3x% 4+ 5x + 2

Giai : Dicéu kién x = —1, x # 3 Ta thdy x = 0 khong 1a nghiém cilia

phuong trinh. Chia ti¥ va mau ctia mdi phan thiic cho x = 0 dugc

2 B 7 -1
X142 3x+5+2
X X
= 2 - 5 . 2— ?
bat 3x + 2 + — =y, phuong trinh tr& thanh - =1.
X y-3 y+3
biéu kién : y = +3. Ban doc ty giai tiép.
. —11 £ 97
Pap sé :x = e .

Chii y : Ta thudng diung phuong phép trén d6i véi cdc phuong trinh cé
dang sau : |

| mx nx
a) Dang 1 . 5 +— =p.
ax“ +bx+d ax“+cx+d
2 2
b) Dang 2 : axzfmx+c+ax2+px+c:g'
: ax“+nx+c¢ ax“+qgx+c
2 .
¢)Dang3 : S TIEIE, _PX g,

ax“ +nx+c¢ ax“+gx+c



2. Thém ciing mét biéu thirc vao hai vé dé tao thanh binh
phudng ding

Vi du 94. Giai phwong trinh

2
24— g2,
‘2 .
(x+2)
Gidi : Diéu kién : x # ~2. Thém -2.x. 23(2 vao hai vé& dugc
X +
| | 2
2 2 2 2 :
x——2X | oo B | X + 22 -0
X+ 2 X+ 2 X+ 2 X + 2
Pat zmy,taduqcy +4y — 12 =04 y =2 hodc y = ~0.
X + 5

Vé‘iy:Ztatduq’cxz=2‘x+4,cé nghiém la x = 1£45.
Vol y = 6 1a duoc x* = —6x — 12, vo nghiém.
3. D4t hai 8n phu rdi tim lién hé giita ching

Vi du 95, Giai phuong trinh

2 5\2 2 _
_zo[x 2) -—5(K+2) +48X =% o (1)
X + 1 x —1 %2 1
Gidi : Pidu kien x # +1. Dat 22 =y, X2 L, ta duoe
X + 1 X — 1
20y” — 52° + 48yz = 0. (2)

Cdch 1. Néu z =0 thiy =0, loai.

Néu z # 0, chia hai vé& cia (2) cho z° duoc

2 .
20[1] +48.Y _5=0. (3)
Z YA : .

. : 1
Pit ima,taduqc:ﬂL:w,a: -
- Z 10 2



2
. 3 ‘
Cdach 2. (2) < (10y —z)( 2y + 5z) = 0. Tir d6 tim duoc X.

T dé tim dugc y, z, X. Pdp s6 : x =3, x =

Iil —~ PHUONG TRINH VO TI

Phuong trinh v6.ti dd duoc néu & Ndng cao va phat trién Todn 9 tdp mét.
Sau day la mot s6 vi du khéc.

Vi du 96. Giai phuong trinh

X NA&x-1 5 (1)
Nadx -1 X ' _ .
. "1
Gidi : Diéu kién X > e (2)

Ta c6 bit ding thic "E"FE =2 _vc’ﬁ a, b > 0. Xay ra ding thic khi va chi
khia=b.

V{iix::é thi (1) & x = Vdx —1 < x> —4x+ 1 =0 x =2++/3 thoa
man (2). - |

Chii y : Ciing c6 thé dat

x
Jax—1

Vi du 97, Giai phuong trinh

J'I 1 .

X+ X +=+ Jx+—= =2,

. 2 _# P

.—,... e | § 1 . 2 1

Gidi : Biéu kién x 2 —— . Dat Jx+—=y20thix=y" ——.
: 4 4 4

Thay vao phuong trinh da cho va chd ¥ rang y > 0, ta duge

5 1 7 1 7 1 1
—— Foet Yy =2 Y ——ty =2
Y 7% \fy 377 VIR

¢

' | 12 )
<i:>y2+y+z=2¢:>[y+-—2-) =(~.5) .



Doya[)neny+— xf_daduy \f_u--

. 2 | |
Khidéx:[(-%] —i=2—ﬁ,thnémﬁndiéuki@nxEm-};.

Nghiém ctia phuong trinh 1a x = 2 - J2 1

Vi du 98. Giai phuong trinh

1 1
o

X ,fz_xz

Gidi : Didukién : x 20, —/2 < x < 2. (1)

Pit V2-%% =y>0 e

thi 2 ~ x* = y°. Khi dé ta cé
x2+y2=2vé~]—-+—1—:2.
| O
bit S=x + vy, P =Xy, cac diéu kién trén tr¢ thanh S*—2P=2vaS=2P.

Dé dang timdugc P=1,8S=2vaP= —%,S=-l.

= 2.

VéiP=1,S=2thix, ylanghﬁmcua}i -2X +1=0. 'Iadtrﬂc}{-i do
déox =1, yﬁlthaaman(l) va(2).

Véi P = —5, S=—1thix,yla nghiém cha 2X* + 2X — 1 = 0. Ta dugc

i+ - o
X = J_ Doy}{}nénx—-iwu\g.,yx-—ljﬁ.
2 2 2
Két ludn : Nghiém ctia phuong trinh 1ax = 1 ; x = :—L—;-—E

Vi du 99°. Giai va bién luan phuong trinh

Va-+a+x =x (ala tham s6).

Gidi : Dat Va + x =y, phuong trmh trd thanh +fa —y = x. Phuong trinh |
da cho tuong duong voéi hé : |




(x20,y=0, 1)

{x*=a-y, @
ky2:a+x. (3)

Khir a tir (2) va (3) duoc
Xz—yg=—(x+y)¢:>(x+y)(x-y+I)=0<:>y=—thicy=x+1.
a) Truong hopy=-x.Doxz20,y=20nénx =y=0.Khidéa=0.

b) Tmcmg hop y = x + 1. Thay vao (3) dugc
2

F+1)=a+xox +x+1-a=0. (4)
: - 1+ /42 —
(4) c6 nghiem x = ZLEY4a -3 o3
2 : 4
Do (1) ta loai X = ——— "‘243_3.
Giéi diéu kien —— *’;3‘3 >0 dugcaz 1.

Két lugn : Néu a = 0, phuong trinh ¢6 mot.nghiém x = 0.

~1 ++/4a -3

2 .

Néu a = 1, phuong trinh ¢é nghiém x =

Néu 0 # a < 1, phuong trinh vé nghi¢m.

IV — MOT SO DANG KHAC

Vi du 100. Tim cdc gid tri cia m dé€ ton tai cdc s6 x, y thod mén ci hai
phuong trinh :

- 4x -3y =7 (1)

va - 2x2 + 53:3 =m. 2)
Gidi : Rit x & (1), thay vao (2) va riit gon duge |
49)? + 42y + (49 — 8m) = 0, (3)

Tl (1) ta thady néu ton tai y thi cling ton tai x. Do do6 chi cdn tim dléu kién
dé (3) c6 nghiém. Ta phai cé



A20e21*-49(49 -8m) 209 - (49— 8m) 20 & m 2 5. |
Vay v6i m = 5 thi ton tai cdc s x, y thoa man ca hai phuong trinh (1) va (2).

Vi du 101. Tim céc cap s6 (x ; y) thoa mén ca hai phuong trinh
x* + yz = I% - (1)
va | | x+xy+y=3+4J§ - (2)
Gidi : Nhan hai v€ ctia (2) v6i 2 roi cong vdi (1) duoc
(x + y}2 + 2(x + y)='1? +82 o (X+y+ 1}|2 = (4‘_ +\E)2

- X+y=3+~2 (3) -
X+y=-5—2 4)

Tix (2) va (3) ta c6 xy = 3v2. Tirx + y = 3+ /2 vaxy = 3V2 ta tim dugc
hai c4p 6 (35 v2), (/25 3).

Tir (2) va (4) ta c6 xy = 8 + 5v/2 . Khi d6 -

(x-y)2=x2+y2—2xy= 11 - (16 + 1{)\5}-:: 0, vo li.
~ C6 hai cdp s6 (x ; y) thod man bai toan 1a (3; v/2), (v/2; 3).

Nhdn xét : M6i phuong trinh (1) va (2) néi trén déu khong déi khi ta déi -
ché x va y cho nhau. Trong trudng hop nay, ta thudng tim tich xy, téng x + y
réi dua vé giai mot phuong trinh bac hai.

Vi du 102. Tim cdp's6 (x ; y) thoa méan ca hai phuong trinh

3 1 L
X“+y+—=0 1
ARl o
| 5 1
va X+ y -+ -’-I = (. (2)

Gidi : Cdch 1. Trix timg v&€ (1) va (2) dugc
Xy ex+y=0 (X —y)x+y—1)=0.

2 .
Néu x =y, thay vao (1) dugce {x+—;—] =0.TacoHx =y= —%.

2

Néu x + y = 1, thay vao (1) duge x“ — x + 1% =0, vo nghi&m;



Cdch 2. Cong (1) véi (2) dugc

) 1 > Iy
X+ X+—1+ +y+—1=0
[- 4] [}’ ’ 4J

2 2 -
& x+1 + +i) =0 ox= = 2
S y 5 | y=-—7.

Thilal, x =y = ~—;- nghiém ding (1) va (2).

Nhan xét : Trong mbi phwong trinh (1) v (2) néi trén, néu dbi chd x va y
cho nhau thi phuong trinh nay tré thanh phuong trinh kia. Trong trudng hgp
~nay, ta thudng trir v€ vdi v€ hai phuong trinh va nhan dugc phuong trinh tich.

Vi du 103. Tim cédc ca@p s6 (x ; y) thod mén ca hai phuong trinh
xz—xy+5f2=1 (1)
va . 2% 3xXy + 43?2 =3, (2)
Gicﬁ' |
Cdch 1. Nhan (1) v6i 3 rdi trix di (2) duoc x> ~y> =0.Do dé y = + x.

Véi y = X, thay vao (1) duoc x? = 1. Tacé {1;1),({1;~1).

s X 1 (1 L 11
Véi y = —X, thay vao (1) duoc x? = :—3- Ta co (ﬁ, - \75-] , (-:"E"; ?—g}
Co bci.n cap s6 thoa mﬁn bai toan. | | | |
Cdch 2. Ta thdy x = 0 khong thod mén phwong trinh (1).
Xét x # 0, dit y = kx. Thay vao (1) va (2) ta duge

PP~k + 1) =1 va x2(4K% — 3k +2) = 3.
Khir x? ta duoc 3k — 3k + 3 = 4k% — 3k + 2, suy ra k = +1.
Véik = 1, ta duge x” = 1. Tirdé ta c6 (15 1), (=1 ; —1).

. I 1 1 1 1

Vi k = -1, ta duge x° = E.Tudota co (@ ; — @J, [—*——é-;- ﬁ}

Nhdn xét : Céc phuong trinh (1) va (2) néi trén cé dang

ax” + bxy + cyz =dvaax’+ b'xy + c'yz. =d",



Thuong gidi ching theo hai céch :

~ Céach 1. Dung phuong phép cong dai s& dé biéu thi moét 4n theo 4n Kkia,
sau dé thé vao moét phuong trinh. :

— Céach 2. Xét x = 0. Xét x # 0, dat y = kx, thay vao hai phuong trinh réi
khir x dé tim k.

Vidu 104, Tim cac s6 X, vy, z thoa méan ca hai phuong trinh

X+y+z=9 o (n
va %%+ yz ey : {(2)
Gidi _
Cdch 1. Bién déi (1) va (2) thanh
le-l- y2 +2° 4 2xy + 2yz + 2xz =81 va 3x% + 3y2+ 37° = 81.
Suy ra ' (x—y)2+{ymz)2+{z-x}2:{}.

Do d6 x =y =z = 3. Thir lai, ding.
Cdch 2. Ta ¢o

ﬁx+6y+6z=54v&x2+y2+32=27.

Suyra. x2+y2+12-—6xm6y—6z+2‘?=0

nén {x—3)2+(y~3}2+{z~—3)2m{]
Do d6 x =y =z = 3. Thir lai, ding.

¥iduy 105. Tim cdc bd ba s6 (x ; vy ; z) thoa mén ca ba phuong trinh

X+y+z=a, - ' (1)
x* + y'? +z° =a% | | (2)
x> +y +2° =2, @3

Gidi : T (1) va (3) ta cé
(K+y+z}3a—(x3+§3+z3}=0.
Ap dung hing dang thitc |
(x+y+z} m(x +y +z)"3(x+y)(y+z}(z+x}

ta duoc . 3X +y)y + 2}z +x)=0.
Xétx +y =0, thay vao (1) dugc z = a.



Thayz=avﬁn(2)duqcx2+y2=0,dodéx=y=0.Taduqc({};0;a}.

Tuong tw d6i véiy +z=0,z+x =0tadugec (a; 0;0) v (0; a; 0). Thix
lai, dung. :

C6 ba b6 s6 phai im 14 (0; 0 a), (a; 0; 0), (0: a: 0).

Vi duy 106. Tim cdc bd ba s6 (x ; y ; z) thod man ca ba phuong trinh

X+s=2, W
y
1 .

. Z '

Z 4= 2, . (3)
x

Gidi : Diéu kién x, vy, z déu khéc 0. Rut y tir (1) dugc L. 2 — X nén
y

(2—x}y=LDox#2(vix=2kh6ngthoémﬁn(1))nény=21 . Riit z
o — X
Byduge z =2~ =21
X X -
Thay cédc biéu thitc clia y va z vio (2) duge
S - )
2 —-X 2x —1

Gidi @) dugcx =1.Dodéy=1,z=1. Ddp s (1;1; 1).

Bai tép
Phuong trinh dai s8 bac cao
Gidi cdc phuong trinh (tir bai 282 dén bai 299) :
282. a)x3—3x2+x+1=0; b)x3—5xz+x+7:0;
¢y x> +2x —54/3 =0 dx>-x-+2=0;

€) (x 2 + (x + 1)’ =85>~ 1.



283.2) x' - 2x° —x* = 2x +1=0;
c}x4+xa—4x2+x+1=0;
) xt -7+ 14 - Tx+1=0;
284. a) x* = 3x% - 6x% + 3x+1=0;
c)x4+3x3——14x2-6x+4:0.
285. 6x° — 11x* ~ 11x + 6 = 0.
286.2) x* +9 = 5x(x” - 3) ;

287. a) (x% — 2x+ 4)(x° + 3x + 4) = 14x?;

b) (2x% = 3x + 1)(2x” + 5x + 1) = 9x°.
288. a) 4/2x° — 22x2 + 17’_\/2—13: -6=0;
b) x* — 12x% + 1642x - 12 =0.
289, a)x(x+ DX+ +3)=8;
OE+2DX+3NE—-TNx-8)=144;
e) (4x + 3)%(x + 1)(2x + 1) = 810 ;
290. 2) 46— x + 1) =2763 - 07
291. a) (x —2)° + (x -4y =8
c)(x+2}4+(x+8)4=272;

d) (X + V2 + (x+ DY =33+ 1242 ;

&) (x —2)° + (x — 4)° = 64.

292. a) (x* ~ 6x)% — 2(x — 3)* =81 ;
D) x*+ (x = DBx2+2x-2)=0; "
Oxt+(x+ DGXP-6x—-6)=0;

d) (x* + 1> + (x + 2)(3x° — 4x = 5) = 0

e) x2(x.— 1)* + x(x2 =1) = 2(x+ D)%

293, X° 4+ X2+ 2X + 2 =0.

b)x* - 10x> +26x2 - 10x +1 =03

Ot +x° - 11X +x+2=0:

| g}x4+x3—1{}xi+x+l:'{}._

) x* =35> +3x+1=0;

b) (% — 6x — 9)% = x(x* — 4x — 9).

by x(x—D{x+ I)x+2)=3;

D E+HE+6)(x+B)X+9)=40;
g) (6x + 5)°(3x + 2)(x + 1) = 35.
h) 3(x + 5}(}5 + 6)(x + 7) = 8x.

b) (x +2)* + (x + 4)* =82



294; a)x4mx2+2x*—I:0; b}x4—9x2+24x~_-16m0;
o) x*=2x*+8x +3; d) (x* - 16)* = 16x + 1 ;
.e)(x2—32)2=4ax+1; o g)x4=4xm3;

h) x* = 2x% - 12x + 8.
295", a) x = 4x 4+ 1; b) x* =8x +7;

)X ~3x24+9x-9=0" d}x3~x2—'x:%.

296. (x +2)° + (x + 3} + x + )* = 2.

297", (x =23 + (x +V3)° + (W2 =3 - 2x)° =

298", x° - 3abx +4’ + b’ = 0 (a, b 12 tham s6).

299", (a + b+ x)° - 4(a> + b’ +x°) - 12abx = 0 (a, b 12 tham s6).

300. Giai phuong trinh x> — (m - m + ‘?)x - S(m ~m — 2) =0, biét rang -1
1a mot nghiém chia phuong trinh.

301. Giai phuong trinh x° + ax” + bX + ¢ = 0, biét rang a, b, ¢ la nhung s0 hitu
tiva V2 1a mot nghiém cua phuong trinh.

302. Giai phuong trinh x> + ax> + bx? + 5x + 2 = 0, biét ring a, b Ia nhimg s6
hitu ti va 1 + +/2 12 nghiém ciia phuong trink.

303. Giai phuong trinh 4x* — 11x® + 9x + m = 0, biét rdng tén tai hai nghiém
X1, X, ciia phuong trinh thod mén x; + x 5, = —1, x; > x,.

a 3

304 . a) Ching minh rang néu x = %(a - -1—] thi 4x> + 3x = é—[f ~ “1_)
| | a

b) Ap dung -nhah xét trén dé gidi phuong trinh 4x> 4 3x = i— :
. 3 4
¢) Giai phuong trinh 4x” + 3x = 3

303. .Ta c6 dinh 1 Vi-ét d6i v6i phuong trinh bac ba nhu sau : Néu phuong
trinh béic ba -

ax3+bx2+cx+d=0(a¢{))



co cdc nghiém thuc x4, X5, X3 thi

b C d
X1+X2+X3=“‘;‘, XIX2+K2X3+K331=*‘;, xlx:zx:;ﬂ—‘—;.

Tim cédc nghiém cta phuong trinh x> — 9x? + 26x ~24 = 0 réi kiém nghiém
lai ching thoa man dinh 1i Vi-ét d6i véi phuong trinh bac ba.

Phuong trinh chira 4n 8 mau thic

Gidi cdc phuong trinh (1t bai- 306 dén bai 315) :

306. a) 1 + 2_ == 6 :
. X% =3%x +3 x> -3x+4 x°—-3x+5
b) . 1 - 1 _ ' 9 :
X“—=2Xx+2 x°-2x+3 2x° -2x+4)
6 | 8 |

-
>

c) + ——
T EADX A2 x=DE+4)

x1+2x+1+:-;2+2x+2_

2

d) -t = _
X 4+2x+2 X" 4+2x+3

7
2

2 | 2 |
307. a}x2+£§*m4{}; b}x2+J—-§¢15;
(x+9) (x+1)

4 2
) ’; +2X;1=2.
2x° +1 X

308. a) 4(}{3 +i)= 13[“—1-); b) x° LI 13{“3-].
x3 X }{3' ' X

309. a) 4x + X 1

4x% —8x + 7 4x> —10x+7-_
) .

b) . J{. N 213‘:»: -6
2x° - 5x+3 2XT+x+3

3x Tx
+— w= 4,
-3x +1 x+x+1

c)
. Kz



x* ~10x + 15 4%

310. a)— = ;
X“ —-6x +15 X —-12x + 15
by Xom3x+5 x2-5x+5 _ 1
x2 —4x +5 x> -6x+5 4 |
2 2
311. a)x2+“j—x-—-?:5; b}xz+~—5—§-a—=li.
' (x + 2) ' (X + 5)

2 2
312. a)("“lj +[”"“Ifj =40
X X — 2 9

2 A2 e 2
b)(mz +[x 2V _5x’-4_ o
X +1 x—1 2 x2 .

313‘a}m[x+3mxj=2; b)f—u(x+5_x]:6;
X +1 X + 1 - X +1 X+ 1
c)x.g*x[x—g“}‘}_:ls.
X —1 x—1
I VA SV S SR S S :

= : + )
X X+2 X+5 x+7 x+1 X+3 x+4 x+6

(1995 ~ x)° + (1995 — x)(x — 1996) + (x — 1996)* 19
(1995 ~ x)* - (1995 - X)(x ~ 1996) +(x — 1996)% 49

- 315,

Phudng trinh vé ti
Gidi phuong trinh (tlr bai 316 dén bai 321) :

316. a)x? —4x =8Jx —1 : b) X% +/x + 72 = 72.

317. a) 232x =1 =x° +1 ; b)) SVx® +1 =2(x% +2).
318. a)'xzmi-tr- xﬂ--?—=x; | b f};_i.;_ !1_l=
V 2N x2 | X X
319*.(3{“_1 X +3)+2(x~1) x+? =3.
K_

320. Vx~2a+16 —2vx —a + 4 ++/x = 0 (a 12 tham s6).



- 321,

VI+ X +41-X
VI+x —41-Xx

322. Tim cic s6 hitu i X, y v6i x >y = 0 thod man phuong trinh
Vx =y =2 -3

323, Cho (x +Vx% + 3y + yz +3) = 3. Tinh gid trj clia bidu thic A =X + .

= a (ala tham s6).

Mot sd dang khac
- Tim cde ¢dp 6 (x ; y) thod mdn cd hai phuong Ir:rzh (tlr bai 324 dén bai 329)
324, a)x +43«r +x=4xy+2y+2va.4x +4xy+y =2x+y+56,
| X+y X~y 26 | |

b) + = Va.xXy =6 ;
X—y¥ X+y 5 .

C)3x+5y=9+2xyva2x +3y =10 -xy;
d}xz—élxy-!-yg:lvhyz—-h}f:#.

325. a)x+y:1vﬁx2+yg=4l'; b)x—y='lvﬁx2—xy+y2=7;
c)x-—y=3v€1_};2+xy+y2=21; d)x¥y=2vﬁx3—y3=26;
e}x—y:avﬁk3uy3=19a3-v6ria:-:{}. |

326, a) x> +2y+1=0vay’ +2x+1=0
b)x2m3x=2yvﬁy2m3y:2x;
¢) 2x = y(1 — x%)yva 2y = x(1- y°).

327. a) 2+ (x+y)P=17vay? + (x +y)’ =25 ;
b}x2+2xy—2§rgzivﬁ2x2—3y+3y2=4.

328. a}szmyEmlvaxyﬁ-xz:Z'; | b}x2'+y2=5v§1x+ymxy:1.

329. ayx+y=4vaxt+ryt=82; by x +y+xy=8vax®+y'=32

330, Tim cdc bd s6 (x ; v ; z) thoa mén ca hai phuong trinh : |

: a}x +},f + 7° =12vaxy+yz+zx=12;
b)x +y +2° =3vax+y+z=3;

E
c_)x2+y2+22:lv?ax3+y3+z'3=1.



Tim cdc bo s6 (x ; y ; z) thod mdn cd ba phwong trinh (tir bai 331 dén
bai 333) : | ’
11 1 11 1

BLoa) s p—m =t Ly =L L =1
X y+z 3 y X+z 4 z X+y 5
b)x+y+z=28, Xy + yz + zx = 20, Xyz =16 ;
e X+ Xy +y =1, y+yz+z=3, Zz+zX+x=7;
d}x-—}n=1,_-- y—-lmzl, zwi=1.
Y | Z X .
2 2 2
332 Xy, 43’2=z, .
1+ 4x I+ 4y 1+ 4z
333. Vx(+y)=2y, . Jy(+z) =2z, V21 + x) = 2x.
334", Cho céc s6 x, y, Z thod min cidc phuong trinh :
3 -2 I 3 2 1 s 2 1
W=y —y== (), v —z —z== (2), zZ ~x"—-x=— (3
y -y=3 Dy TrE3 (_) ; &
a) Ching minh réng x, y, z > 0.
b) Ching minh ring x = y = z.
¢) Tim cdc s6 X, y, z thod man ca ba phuong trinh trén.
335", Cho céc s6 X, ¥, z thod mén cdc phuong trinh : |
x_gzy+1. (1), yzxz+l -(Ej,' P =x+1 (3)

a) Chitng minh réng x, y, z déu khac 0.

b) Chiing minh ring X, y, z cling dau.

c¢) Ching minh ring X =y = z.

d) Tim cdc sd x, y, z thoa mén ca ba phu{mg trinh trén.
336. Tim bon s6 duong sao cho mdi sé biang binh phwong ctia téng ba s6 con lal
337 . Tim bon s6 biét ring n&u cong tich clia ba s6 bat Ki véi s con lai thi méi

ké&t qua déu bing 2. ' -

~ Vidy: 110 dén 118.

Bai tap : 359 dén 367, 379.



§19. GIAI BAI TOAN BANG CACH LAP PHUONG TRINH

Vi du 107, Hai ba ra chg bén téng ctj}n.g. 100 qua tritng. S6 tring clia hai
" ngudi khong bang nhau, nhung s6 tién thu dugce lai bang nhau.

Ba thit nhdt ndi véi ba thi hai :
— Néu tdi ¢6 s6 tritng nhu clia ba, t6i s& thu duge 15 dong.
Ba thit hai no6i :

— Néu sd tritng ctia to61 bang s6 tritng cia ba, toi chi ban duge 6% dong.

Héi méi ba cé bao nhiéu qua tritng rang di ban ?
Bai todn cita O-le
Gidi : Goi s6 tring cla ba I mang di bdan 14 x (qua), X nguyén duong,
x.< 100, S6 tring cha ba II mang di ban 1a 100 — x (qué).

Gia tién mdi qua tring mang di bin cia balla

dong, chaba Il 1a

2 20 .
6— : x hay — dong.
3 Y 3x 8
S6 tién hai nguoi thu duge bang nhau nén cé phuong trinh

15 :2_0_ (100 -~ x).
1{](}--x 3x

Thu gon phuong trinh trén dugc X + 160x — 8000 = 0.

Giai phutmg trinh ta dugce x; = 40 (thod man cdc diéu kién)
| X9 = — 200, loai.
Vaybalcé 40 qué tritng, ba II c6 60 qua triing mang di bén.

Chu y : C6 thé giai bai todn trén bing phuong phép s hoc :

Goi ti s6 gid triing clGa ba I va gid tritng cha ba II 1a k. Ho bédn dugce s6 tién
bang nhau nén s6 trimg ciia ba Il mang di gdp k 14n s6 triing cha ba I mang di.

Gia sir trude khi bdn, ho déi tritng cho nhau, tdc 12 ba no ban triing clia ba
kia nhung bdn vdi gid tning cia minh. Thé€ thi sé trimg cda ba I bdn tré thanh
gép k 14n s6 tring cua ba II béan, gui triing cung gdp k lan gid tring cia ba II

ban, nén s& tién 15 dong gép k” 14n s6 tién 6 3 dong.



Dndék2=15:6%z45:20z9:4:>k.:3:2._

S6 trimg cua ba Il mang di ban gép -3— 1an s& tﬁ‘mg chia ba L.

DE dang tim dugc s6 tring cGa moéi ngudi mang di bén.

Bai tép
338. Trong cuing mat thoi gian nhu nhau, doi I phai dao 8 10m” dat, doéi II phai
dao 900m° dat. K&t qué doi I di hoan thanh truéc théi han 3 ngay, doi II
hoan thanh truéc thdi han 6 ngay. Tinh s6 ddt moi doi dd dao trong mot
ngly, biét ring méi ngay doi II da dao nhiéu hon doi I 13 4m”. o

339. Mot ngudi tha hon da roi xudng gi€ng, sau 1,5 gidy thi nghe thay tiéng d4
cham ddy giéng. X4c dinh thoi gian roi clia d4 (I1am tron dén 0,1 gidy) va
chi¢u sau cia gi€ng (lam tron dén mét), biét rang quang dudng s (mét) cla
mat vat roi tr do (khong cé véan t6c ban ddu) sau t gidy duge tinh theo cong
thitc s = 5t° vi van t6c cla 4m thanh 12 340m/s. |

340. C6 hai loai quang sat : quing loai I va quang loai II, khéi lugng tong
cong 1a 10 tan. Kh6i luong sdt nguyén chit trong quing loai I 1a 0,8 tin,
trong quing loai II 14 0,6 tdn. Biét ti 1& sit nguyén chit trong quing loai I
nhiéu hon ti 1& sit nguyén chdét trong quing loai II 12 10%. Tinh khéi lugng
ctia mdi loai quing.

341. 'Néu dudng kinh cua mot hinh tron ting 3m thi dién tich clia noé tang gap
doi. Tinh do dai dudmg kinh lidc ddu {Iam tron dén 0,01m).

342, Hai nguoi di xe dap cling kh&i hanh mf;t Iic & cing mot chd, ngudi thit
nhdt di vé phia bic, ngudi thit hai di vé phia dong. Sau 2 gid ho cdch nhau
60km theo dudng chim bay. Bi€t van tdc cla ngudi thiy nhit Ién hon van
toc cia ngudi thit hai 1a 6 kin/h. Tinh van t6c cha mdi ngudi. -

343, Hai voi nuéc ciing chay vao moét bé thi sau 6 gi ddy bé. Néu chay mot
minh cho ddy bé thi vai I cdn nhiéu hon voi II 12 5 gid. Hoi mdi voi chay
madt minh trong bao lau thi ddy bé ?

344", Trén quang duong AB dai 60 km, ngudi I di tir A dén B, nguoi IT di tir B
dén A. Ho khoi hanh cling mot lic va gap nhau tai C sau khi khéi hanh
1 gie 12 phit. T C, nguoi I di ti€p dén B v6i van téc gidm hon trudc



- 6km/h, ngudi II di ti€p dén A véi van t6c nhu ci. K&t qua ngudi I dén noi
sém hon ngudi IT 12 48 phut. Tinh van téc Iic ddu cia moi ngudi.

345. Mot clra hang mua x chi€c 4o hét d nghin dong. Cira hang ban 2 chi€c véi
gid bing mot nlra gid mua, ban nhiing chi&€c con lai dugce 1di 8 nghin dong
mdi chi€c. Tién 14i téng cong 12 72 nghin déng.

a) Tinh x, biét rang d = 480.
b*) Tim gia tri nhé nhat cla x, biét rang d 13 mét s6 tu nhién.

346 . Ban Long c¢6 dé choi 14 mot chiéc thuyén buém. Khi Long che thuyén chay
tir A dén B thi thdi gian thuyén di nhiéu hon so vé6i khi ¢é gi6 théi thuan chiéu
1a 9 giay. Khi bi gi6 théi nguoc chiéu thi thoi gian thuyén di tir A dén B 1a
84 giay. Tinh thoi gian thuyén di tir A dén B khi khong c6 gi6 théi.

347. Ba cong nhan cling 1am mot cong viéc thi 1am xong sém hon 18 gid so vdi
khi ngudi IIT 1am moét minh, sém hon 3 gio so véi khi nguoi I 1am mot
minh va bing nlra thoi gian so véi khi ngudi I lam mét minh céng viéc dy.
Tinh thoi gian mdi cong nhan 1am mot minh xong cong viéc 4y.

348 (Bai toan chia Xem Loéi-do (Sam Loyd, Mi, 1841 — 191 1).

Mot dién chit mudén cét ra tit mo6t manh dit hinh
chir nhat mot dai dat c6 chiéu rong khong doi
doc theo bén bd ciia manh dat (phén gach soc |

H PRI A LY
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trén hinh 8) sao cho dién tich phdn cét ra béng ;fﬁg ?’?g
dién tich phan con lai. ' ff‘f?

7
Trong cudn sdch ctia minh, Xem Léi-do dwa ra j 7 T ﬁg
cdch 1am cfia ngudi dién chil (nhung khong " Hinh 8

chitng minh) : Lay n&ta chu vi hinh chi nhat ban diu trir di dudng -chéo cia
no, réi chia cho 4, dé chinh 1a chiéu rong ctia dai dat duge cit ra.

Hiy chting t0 rdng cdch lam trén 1a ding.

CHUYEN DE

QUAN HE GIUA PARABOL y = ax”
VA PUONG THANG y = mx + n

Hnanh do giao di€ém cla parabul y = ax? (a # 0) va dudng thing y mx + n
(m # 0) la nghlém cla phu‘cﬁng trinh



ax® = mx + n. (1)
Néu phuong trinh (1) vo nghiém thi dudng thang khong giao v6i parabol.
Néu phuong trinh (1) cé hai nghiém phan biét thi dudng thang cét parabol tai hai
diém phan biét. Néu phuong trinh (1) ¢6 nghiém kép thi dudng thing cét parabol
tai hai diém tring nhau, khi d6 ta néi dudng thang ti€p xic véi parabol.

Vi du 108(16). Cho parabol y = %xz va dudng thang v = %x +3.

a) Xac dinh toa doé cac giao diém A, B cha
parabol va dudng thing da cho.
~ b) Xdc dinh toa d¢ diém C thudc cung AB
ctia parabol d6 sao cho tam gidc ABC ¢ dién
tich 16n nhét.

Gidi : (h.9)

a) Hoanh do¢ giao diém cta parabol

y = —i—xz va dudng thing y = %}( + 3 1a nghiém

ctia phuong trinh

: 1 » 1
Hink 9 5% =*2"K+3' (1)

Phuong trinh (1) ¢6 hai nghiém x = ~2 v&d x = 3, V6i x = ~2 thiy = 2, vii |

‘[ .
x=3thiy=4—.
Y 2

Giao d_iém clia parabol v6i dudng thiang 1a A(—2; 2) va B(ﬁ ; 4~—12- J .

b) Ta cén tim diém C thudéc cung AB va cdch xa AB nhit. Ta xdc dinh
dudng thing d song song véi AB va tiép xtdc vdi parabol, ti€p diém 1a diém C

 cén tim.

Dudng thiang d song song v4i AB cé dang y = %x + 1.
Diéu kién d€ d ti€p xic véi parabol 12 phuong trinh sau ¢6 nghiém kép
I » 1
—X° = —X + n. 2
> (2)

{2}¢:>xzmx~2n={}.



Phuong trinh (2) conghiémkép < A=0=1+8n=0=n= --é—.

Véin= —-% thi nghiém kép ca (2)lax = ?;:- Khi do

1, 1(1Y 1
y:—_}; TR ] e = —,
2" T 2\2) 8

Toa do ti€p diém C cia dudng thang d véi parabol 1a C(% ; %]

Moi diém C' khidc C {hu(’}c cung AB ciia parabol déu c6 khoang cach dén
AB nhé hon khoang céch tir C dén AB.

Vay AABC ¢6 dien tich 16n nhat khi diém C ¢6 toa do (é ; %J

Bdi tGp
349(16). Cho parabol y = %xz va duong thﬁ_n_g y = mx + n (d). X4c dinh céc

hé s6 m va n dé duong thing d di qua diém A (1 ; 0) va tiép xdc véi
parabol. Tim toa d6 chia ti€p diém.

350(16). Cho parabol y = x2. Tim diém A thudc parabol sao cho ti€p tuyén voi
parabol tai A song song v6i dudng thing y = 4x + 5.
351(16). Cho parabol y = x“va hai diém A, B thuoc paraﬁnl v6i hoanh do tuong

tng 1a ~1 va 2. Tim diém M trén cung AB clia parabc}l sao cho tam gidc
AMB cé dién tich 16n nhit.

352" (17). Cho parabol y = x?. . Chitng minh rﬁng v6i moi diém M thudc dudng
thing y = "1_31_ , c4c ti€p tuyén ké tir M véi parabol vuéng gdéc v6i nhau.

353 (17). Cho parabol y = x*. Goi A, B 12 cdc giao diém cla dudng thang

y = mx -+ 2 v6i parabol (m Za tham s6). Tim gi4 tri cta m d€ doan thang AB
¢6 do dai nhd nhat. Cho biét cong thic tinh khoang c4ch gifta hai diém

(X1:¥1) va (xp5y7) 1a

J(Xz ~ %)% + (y2 =y



PIEU KIEN VE NGHIEM CUA MOT PHUONG TRINH

I - DAU CUA CAC NGHIEM CUA PHUONG TRINH BAC HAI

Theo h¢ thifc Vi-ét, néu phuong trinh bac hai ax” + bx + ¢ = 0 (a = 0)

. : s o b C
co nghiém Xy, X, thi S=X; + Xy = ==, P = XX, = —.
a a

Do d6 diéu kién dé mot phuong trinh béc hai :

~ C6 hai nghiém duong1a A=z 0,P>0,5>0;

— C6 hai nghiém am 1A A= 0, P>0,S< 0

— C6 hai nghiém trdi ddu 12 P < 0 (khi dé hién nhién A > 0).

Il - SO SANH NGHIEM CUA PHUCONG TRINH BAC HAI Vo1 MOT SO

1. So séanh nghiém chia phuong trinh bac hai v8i s6 0

Trong nhiéu trudng hop, ta cdn so sanh nghiém cha phuong trinh béc hai
véi mdt s§ cho trude, trong dé cé nhiéu bii todn doi hoi tim didw kién dé
phuong trinh bac hai (a # 0) ¢é it nhat mot nghiém khong am.

Vi du 169(17). Tim céc gid tri cia m d€ phuong trinh sau c6 it nhﬁt mot
nghiém khong am :
x2+mx+(2m—4)=0. (1)
Gidi
Cich]l.A=m”>—42m—4)=(m—~4)*>0,P=2m -4, S=~—m.

Phwong trinh (1) ¢6 nghiém v6i moi m. Trude hét ta tim diéu kién dé
phuong trinh (1) ¢6 hai nghiém (phan biét hoac nghiém kép) déu am. Piéu kién

dola
P>0 2m -4 >0 m> 2
N <> = < m > 2.
S<0 —_m«-::U m>0 -

Viy diéu kién dé phuong trinh (1) c6 it nhét mot nghiém khong am lam < 2.
Céch2. A=m?-4(2m —4)=(m -4)>>0,P=2m -~ 4, S= - m.
Néu P < 0, uic 12 m < 2, thi phuong trinh (1) t6n tai nghiém khong am.



Néu P > 0 (d3 ¢6 A = 0) thi phuong trinh (1) ¢6 hai nghiém ciing dfu.
D¢ thod man dé bai, phai c6 S > 0. Giai diéu kien P > 0, S > 0 dwoc m > 2

va ~m > 0, khﬂng X4y ra.
Két lugn : m < 2. _
Cdch 3. Gidi phwong trinh (1) : A =m” — 4(2m — 4) = (m — 4)* > 0.

—m—{m—4)

Tacox; = > m ¥ (m - 4)

2

= —2.

=2-m,xX;=

Phidic6x; 20 2-m=20<> m<2.

2. So sanh nghiém cua phuong trinh bac hai véi mot s bat ki

Vi du 110(18). Tim cdc gid tri cha m dé phuong trinh sau c¢6 it nhit mot

nghiém 1én hon hay bing 2 : \
*4+mx—-1=0. (D
Giai
Cdch 1. Ddty = x — 2. Thay x =y + 2 vao (1) va rit gon ta dugc
) y2 4+ (m+4)y + (2m + 3) = 0. | 2)

Ta-cén tim m dé phuong trinh -(2) c6 it nhat mét nghiém khong am.
A=(m+4)" -4Q2m+3)=m’+4>0,P=2m+3,5=— (m +4).

Diéu kién dé phucmg trmh (2) c6 hai nghiém (phéan biét ho#ic nghiém kf:p)
- déuamla .

A= {} 3
2m+3 >0 m > —— 3
P}O@ <> 7 &S m> ——,
-(m+4)<-:0 ' 2
S <0

m > —4

Vay vl m < —%- thi (2) c6 1t nhit mot nghi@m khong am, tic 1a (1) co it
nh&t mot nghiém 16n hon hay bang 2.
Cdach 2. Giai phuong trinh (1) duogc
-m +Vym? + 4 ~-m ~vm~ + 4
X1 = - y K = .
: 2 2

Ta thdy X; > X, nén chi cin tim m dé x; > 2.




~m+Vm?® + 4

Ta cé 2 2 khi va chi khi

Vm?+4>m+4. (3)

Néu m < ~4 thi (3) c6 V€ trai duong, v€ phai am nén (3) ding.

Né&éu m > —4 thi (3) < m?2

+4>m? +8m+16 & mﬂé-%. Ta duoc.

3 3

—4 <m < ——.
3

Gopm<—-4va-4<m s;'m% ta dugc gid tri phai tim clam 12 m < —%. |

Vi du 111(18). Tim cdc gid tri cia m dé phuﬂng trinh sau c6 hai nghiém
phan biét nhé hon 2 : -

3x% — 4x +2(m — 1) = 0. (1)
Gidi : Cdach 1.Datx — 2 =y. Thay x =y + 2 vao (1) va it gon ta dugc
3}; + 8y + 2m + 2) = 0. . (2)

Cin tim m dé phuong trinh (2) ¢6 hai nghiém am phan biét. Ta giai
diéu kién

A'>0 10-6m>0
P>0 < <2m+2>10 <::>—1<mf:g~.

S«::_t} h.._.g..{()

.

Cdch 2. Xét phuong trinh (1). Giai diéu kién

A0 [A'>0 2)
X1 —2<0 < x -2)(xy —-2)>0 (3)
}(2“2<:U (E1—2)+(X2"'—2){0 o (4)

Giai (2) dugc m < %

2(111 1) 4

Giai (3) : xlxzwl(xl+x2}4 4>0 —— -2.—3-+4::=-0¢:>m>*i.



Gidi (4) : x4 +x2_4{0@%—4{0,lu0n6ﬁng.

Vay ta dugc —1 < m < -;

Cdch 3 . Giai phwong trinh (1) :
A'=4-6(m-1)=10~6m.

Néu A'> 0 (titc 1a m < %) thi phuong trinh (1) c6 hai nghiém phéan biét :

< 2 - 10— 6m < 2 ++/10 - 6m
1: " 2:“. — .
3 3

Do x; < X, nén diéu kién dé phuong trinh (1) ¢6 hai nghiém phan biét nho.
hon 2 1a '

X3<2& 2+4V10-6m <6 <VJI0-6m <4 < 10-6m< 16 < m > —1.

Vay taduge ~1 < m < g

11l - PIEU KIEN VE NGHIEM CUA MOT SO PHUONG TRINH QUY VE
PHUONG TRINH BAC HAI

Vidu 112(18). Tim cdc gi4 tri clia m d€ phuong trinh sau c6 nghiém :

X' +mx*+Cm-4)=0. (1)
Gidi | |
Dat iz =y = 0. Diéu kién dé phuong trinh (1) ¢6 nghiém 12 phuong trinh
yg +my + (2m - 4) = 0 ¢c6 {t nhat mot nghiém khong am

Theo két qua & vi du 109, cic gid tri cia m phai im lam < 2.

Vidu 113(18). Tim cdc gia tri cia m d€ phuong trinh sau ¢6 nghiém :

J2x2+(mw4)x+3=x-2. (1)

Gidi : V&i x 2 2 thi

2

(D2 +(Mm-4)x+3=x-dx+4d x> +mx-1=0. (2)



Diéu kién dé phuong trinh (1) ¢6 nghiém 1a phuong trinh (2) ¢6 it nhédt mot
nghiém 16n hon hay bang 2.

Theo két qua & vi du 110, cdc gid tri cha m phai tim lam < —-% .
Vi du 114(18). Tim cdc gia tri cia m dé phuong trinh sau c6 ddng hai
nghiém phan biét :
x> ~m(x + 1)+ 1 =0. (1)
Gidi | | |
. 9 X+1=0
(MM E+DET~-x+1-m)=0<& 5 _
' X =x+1-m=0 . (2
(1) c6 hai nghiém phan bigt néu:
a) Phuong trinh (2) ¢6 nghiém kép, nghiém dé phai khac —1.

ﬁ=4m—3.(}iéiﬂ=0duqcm:%.Khidéx=%—#—i.

~ b) Phuong trinh (2) ¢6 hai nghiém pﬁan biét, trong d6 mot nghiém la -1 :

A=>0 m::-3-
5 <> 4 <> m =3,
(-1 —-(-1D)+1-m=0 m = 3

Khidéx;=-1,%=m-1=2.
Két ludn : Véim = % thi (1) c6 hai nghiém 1a —1 va % Véim =3 thi (1)
c6 hai nghiém 1a —1 va 2.

Vi du 115(18). Tim cédc gia tri cua m dé tap nghiém cua phuong trinh

2

X~ Y1 —=x* =m (1) chicdémdtphin tir.

Gidi
X 2 m
' (*)

(1) x—m= 1-}{2@{ ,

(x—m)zmlmx

f{x3yz0

(*) Chi § rhng £(x)=+/g(x) < JL .
()] = g(x)



X=2m
Lo

2x2 —2mx+m? -1=0 (2
Do dé tdp nghiém cta (1) chi ¢é mot phan i khi va chi khi ¢é mot va chi
mot nghiém cla (2) thod man x = m.

Pat x —m =y, khi d6 (2) tr& thanh 2}!2 + Zmy +m’—-1=0. (3)
Cin tim m dé chi ¢6 m6t nghiém ctia (3) thoa min y = 0. C6 ba trudng hop :
a) Phuong trinh (3) ¢6 nghiém kép khoéng am .

AN=0 [-m?2i2-=

ey +2=0 Sm=—/2.
520 -m >0 |

b) Phuong trinh (3) ¢é hai nghiém trdi déu :
' 2

P<0o 1{0¢:}‘--lfim{1.

¢) Phuong trinh (3) ¢6 mét nghiém bang 0, nghiém con lai am :

m = —1
P=20
e edm=1] m=1.
S<0

—m <

Két ludn : m= -2 hoac-1<m<x<1,
Vi du 116(18). Tim cédc giad tri cha m dé€ phuong trinh sau ¢6 bén nghlém
phén biét :
x(x-2)(x+2}{x+4)=m. (1)
Gidi : {1) = (x + Zx){x + 2x —8) =
Dat X242 + 1 = y =2 0, khi d6 (1) tro thénh
(y=D(y-9=mey> 10y +(9-m)=0 (2)

V6i cdch dit 4n phu nhu trén, tng véi méi gid tri duong cia y c¢é hai gia tri
ctia x. Do dé6 :

(1) ¢6 bén nghiem phﬁn biét <> (2) cb hai nghiém du’ﬁng phén biét. Do dé
& (2) ta phai co
A'>0 25~-(9-m)>0
P>0 < 4¢9-m=>0 <= —-16<m <9,
S>0 10> 0

Két ludn : —16 <m < 9,



Vi du 117(18). Cho phuong trinh |
x* = 20m + x> + @m + 1) =0, W
Tim céc gid tri cia m dé phuong trinh (1) ¢6 bon nghiém x,, X,, X3, X4
(X{ < X, < X3 < X4) thod mén diéu kién x4 — X3 = X3 ~ X5 = Xy — xl'. |
| Gidi : Daty = x* 2= 0 ta cé phuong trinh |
o Y- 2m+ Dy +@m+1)=0. )
Gia st phuong trinh (2) ¢é hai nghiém duong a vab vé1 0 <a < b. Ta co
x1=~\f1_:; xg=—«/§ x3=\£ x4=~/l;. | |
T\Ix4—x3~xg—xgsu}frax/“ \Fmsf—“( x/—)nén b =3va. D6 dé
b = 9a. -
Cach I . Tir b = 9a va tir h¢ thifc Vi-ét d6i véi phuong trinh {2), taco

b= 10a=2m+2 - ‘
a+b=2m+2 = 5 =9 - 10a+1=0= 1
ab = 2m + 1 9a“ = 2m + 1 ﬂ-ﬂg.
y | . ' » | S . 4

Vgia=1 th1b=-9,mm4.\?ma=§ thlbzl,m=ﬂ-§-.

Cm,k 2. Ta thdy (bdng céch tinh nham nghlém} phuﬁng tfinh (2) c6 mot
“nghiém 1a 1, nghlém kia b:’-ing 2m + 1. :

Do b = 9a nén ¢6 hai trudng’ hc:fp |
—~Néua=1thib=9 Tu2m+ [ =9 ta dugc m = 4.

_Néub=1thia= .Ttr2m+1=%taduqcni=—

SN

1
9

Vi du 118(18). Tim céc gid tri cia m d€ tap nghiém cda phu-::mg trinh sau
chi ¢cé mot phén tir :

VX -5449-x =m, - (1)
Gidi : Diéu kién cdn. Gia sl a 1a nghiém clia (1) thi

Va—-5+9-a =m (@)



hay J4—a)-5+9~ (14 -2) = m, (3

chiing té6 14 — a ciing 12 nghiém cla (1.
DéE tap nghiém chia (1) chi 6 mot phén i, phdi cé a = 14 ~a <> a=7. Khi

dom=+2+v2=2v2. | | |
Diéu kién di. Giai phuong trinh

Jx—5+9-x = 242. (4)

Cédch 1. Dibu kién : 5 <x < 9. Binh phuong hai v€ chia (4) r6i rit gon dugc

\f—xz +14x — 45 =2 & (:M:—?'};l =0 e x=7,thoaman5<x <9,

Cach 2. Dat VX —5 =y, +/9 - x = z. Tir hai phuong trinh y + z = 242,
yz+z;2=4vﬁiy:‘-_={},zzo,taduqcyﬁzu @.Suyrax=?.

Chit y : Céch khdc gidi vidu 118 :

Diéu kién : 5 < x £9, m = 0. Binh phuong hai v€ cia (1) dugc

4+ 2N-x2 + 14x — 45 =m2 < 24-x2 + 14x 45 = m? — 4. (5)
Véi diéu kién m” = 4 thi (5) trd thanh
4(~x> + 14x — 45) =m® ~ 8m” + 16
<:::>4xz~56x+(m4—8m2+196) 0. (6)

Glal diéu ktén = 0 dé tap nghiém cua (6) chi c6 mot phin i, ta dugc
m (m -8 =0.Dom 2> 4 nén chicé m’ = 8.

Dom=z0Onénm= 2\fw Khi dé tap nghlcm clia (6) 1a {?} do cung la tap
nghiém cta (1).

Bdi tGp |
-354(17). Tim céc gié tri chia m dé€ tén tai nghiém khong am cta phl.m'ﬁg trinh
x2—2x+(m-—2}ﬁ
355(17)."13:11 céc gia tfi cla m aé phtrc_:rng trinh sau c6 nghiém :

x? 4 2mix 2| - 4x + m> + 3 = 0.

(*} Ta d3 ¢6 x; = a. Ta tim dugc Xy = 14 — a nhu sau : Tim x5 sa0 cho xp ~ 5 =9 — a va
9-x2-—a-—‘3 duge Xy = 14 — a,

-



356(17). Tim céc gid tri clia m d€ phwong trinh
(m — 1)x> — (m - 5)x + (m — 1) = 0 c6 hai nghiém phan biét 16n hon — 1.

357(17). Véi gi4 tri ndo cha m thi hai nghiém cha phuong trinh x“+ x +m = 0
déu 16n hon m 7

358 (17). Tim cdc gid tri cia m dé phuong trinh x* + mx — 1 = 0 ¢é it nhat mot
nghi¢ém nho hon hodc bang — 2.

359(18). Tim cic g1a tri cha m dé pharﬁrng trinh sau ¢6 ba nghiém phan biét :
X7 —(m+1}x +(m +mm3}x—m + 3 =0,
36{]{18) Tim cdc.gid trj cha m d€ cdc phuong trinh sau cé nghiém :
a)(m-—B}x ~ 2mx? +6m =0; b)x ~ 2mx? +(m+2)=0.
361°(18). Cho phuong trinh |
x* = 2(m —1)x% = (m - 3) = 0. )
Tim céc gid tri cha m dé€ tAp nghiém clia phuong trinh (1) ¢6
a) Bon phén tir; b) Ba phan tir ; ¢) Hai phén tir ; d) Khong cé phén tir nao.

362(18). Tim céc gid tri cia m d€ c4c phwong trinh sau c6 bén nghiém x,, X,,
X3, X4 (X} <X < X3 <X4) thod mén diéu kién x4 — X3 = X3 — X3 = Xy — X :
a) _mx4 ~ 10mx? + (m + 8) =0 ; b) _x4 - (m + ‘I")x2 +3m = 0.

363(18). Tim cdc gid tri cha m sao cho phuong trinh x* —40x* + 6m =0 c6 bén

nghiém, va khi biéu dién b6n nghiém d6 (tir nhd dén 16n) trén truc: s0 bdi
cdc diém A, B, C, D thi AB = BC = CD;

364(18). Ching minh rdng phuo’ng trinh sau ¢6 hai nghlém vGi moi gla tn
cliam :

| (41 = (m — D(x + 1 = (P —m + 1) =0.
365 (18). Tim céc gid tri cia m dé phuong trinh sau ¢é nghiém :
x*+m® + x% +mx+1=0.

366(18). Tim cdc gid tri cha m dé phuong trinh sau ¢6 nghiém:

2X — 4 = 34X - m.



367(18). Tim cic gid tri cila m dé€ tap nghiém ciia phuong trinh sau chi c6 mot
phén tir :

| a)\f4'+);2+\i{4wxz =m; - b) ~}6—x+v‘x+h =m. .

DA THUC BAC HAI VOI
BAT PANG THUC VA TOAN CUC TRI

I - DAU CUA PA THUC BAC HAI

Vi du 119(16). Cho da thic bac hai f(x) = ax’> + bx + ¢ (a = O).
Chiing minh rang : | | | | -
a) Néu A < 0 thi f(x) ciing déu véi a v6i moi gid tri cha x.
b

b) Néu A = 0 thi f(x) ciing ddu véi a véi moi gid tri clia x khdc ~5o '
, . ’ .

c) NEu A>0thi:
f(x) trai d&u véi a véi moi gid tri clia X ném trong khoang hai nghiém ;
f(x) ciing diu v6i a v&i moi gid tri cha X ndm ngoai khoang hai nghiém.

Gidi

f(x) o b c [ bjﬂ b? — 4ac [ h]z A
A e X e = [ X b | e = X+ ———

a ‘a a 2a 4a2 EET 422
a) Néu A <0 thi p{e) > 0, do d6 f(x) ludn cung dau véi a véi moi X.
a - . _
. f{}{) b 2 | .
b) Néu A =0 thi —= = [x + —J > 0, do d6 f(x) Iudn cung ddu vdi a voi
. | a a
moi X khac —~-tl~.
2a.
f(x)

c) Néu A > 0 thi —= = (x - X1 (X — X9), do d6 (gia st x| <X;):
a . _

f(x) trdi dfu v6i-a nfu x; < X < X4, f(X) cling ddu véi a néu x < x; hodic -

}L}KQ.



Vi du 120(16). Tim céc gid tri cha x dé * |
x> —2x - 1>0. | a
- Gidi
Cichl. (Deox*-2x+1>20x-11>2ax-1>2
@[x—1{~ﬁ®{x%1-—ﬁ
x—1>42 x::-1+\§'
Ccic:h.? (épdung vidu 119)
thmg tinh x> = 2x - 1 =0¢é nghiém x = 1+\/_

Nghiém caa (1) 1a cac gia tri cia X sao cho f(x) > 0, tic 1a f{x} cling dau
v&i hé s6 cna xz X4y ra d1éu nay khi X ndm ngoai khoang hai nghiém, tic la

o lx<1- \6
X>1+ \[2—
Vi du 121(16). Tim cédc gié tri chia m dé phuong trinh sau ¢6 nghiém :
mx2+(m-2)x+3~0 - (1)

Gidi : Khi m = 0, phuong trinh c6 nghlém X = %

Khi m # 0, (1) la phuong trinh bac hai, A = (m ~ 2)° ~ 12m = m* — 16m + 4.
Az0em’—16m+420.

~ Nghiém ciia da thite m” — 16m + 412 8 +24/15 .
m=<8-= QJE
m =8+ 2«{’_ |

Crifi tri m = 0 ciing thna man A > 0. Du dn cdc gid tri clia m dé (1) cé

ﬁgh:ém la
mgg—zJE hoicm > 8 + 2415

mmao@[

Il —~ CHUNG MINH BAT DANG THUC

_ Ta c6 thé van dung diéu kién c6 nghiém ctia phuong trlnh bic hai (A = 0)
dé chung minh b4t ding thiec.



Vi du 122(16). Cho ding thiic
xi__— X + yz — Y = XY. (1)

a) Ching minh rang (y - 1)2 < %, (x — 1) < g’-

b) Tim céc cap s6 nguyén (x ; ¥) thoa man dang thic (1).
Gidi | -

a) Viét (1) dudi dang mot phuong trinh hac hai v6i x 12 4n, y 12 tham s6,
ta dugc .

- xz—(y+1>x+(yg~y>=0. | @)

=(y+ 1)’ - 4@y’ - y) == 3y” + 6y +1.
P& phuong trinh (2) véi 4n x ¢6 nghiém, ta phai c6 A = 0, tic 1a
33’ —6y—1*~‘:0¢::-~3y —6y+3£4¢:>3(y-1) <4 <~:>(y—1)

<4
3
Vai trd ctia X va y trong (1) binh déng. Do d6 ta ciing c6 (X = 1) < g-

b) (y——l}2 E%,mﬁ y 14 s6 nguyén nény—1e {-1;0; 1}, tuong ing

ye {0;1;2}.
Thay'y={)vén(1}duqcx2-x=0nénx € {0;1}.
Thay y = 1 vao (1) dugc x* —2x =0 nénx e {0; 2).

Thay v =2 vAo (1) duqcxz— 3x+2=0nénx e {1 ;'2}. Thir 1ai1, ta ¢6 sau
cap sé thodméin (1)12(0;0),(1;0), (0; 1), (25 1),(1:2),(2;2).

111 — PHUONG PHAP MIEN GIA TRI CUA HAM SO
x2 - x +1

x2+x+1

Gidi : Biéu thiic A nhan gid tri a khi va chi khi phuong tnnh 4n x sau day
¢6 nghiém :

Vi du 123(16). Tim gid tri nhé nhét, gid tri I6n nhat cia A =

5 .
a___x2 x+1' | )
X“+x+1




D0x2+x+liﬂnén(l)@a}i2+ax+a:x2—x+l

S@a-Dxi+@+ Dx+@a-1)=0. | (2)
Tn{dnghopf Néu a = 1 thi (2) ¢6 nghiém x = 0.
Truong hgp 2. Néu a# 1 thi dé (2) c6 nghiém, cdn va dit 12 A > 0, tifc 1a
(a+ 1) —4@a-1)’>0 (a+1+2a-2)(a+1-2a+2)20

¢¢r{3a—1)(a.—3)£0<::>~%£353 (a=1).

~(a + 1) _ a+ll
2a—-1) 2(1—a)

Vdia= -:-13- hoidc a = 3 thi nghiém cta (2) la x =

. | . . .
Vma=-3~ thix=1,vdia=3thix=-1.

Két ludn : GOp ca hai truong hop 1 va 2, tacé :

minA=% khivachikhi x =1 ;max A =3 khi va chi khi x = -1.

Chit y
a) Phuong phdp glat nhu & vi du trén goi la phuong pkap mién gid tri cia
2 _
ham $&. Poan [-1~ ; 3] la tap gid tri cla ham 86 y = Kz X+ 1 .
3 X“+x+1

b) Cach khac tim gi4 tri I6n nhit cha A :

A 3x.2+3x+3—2x2~4x-2_3m 2(x +1)° s,

X* +x+1 | % +x+1

~ max A =3 khi vachikhix=-1.
¢) Cach khéac tim gié tri nho nhéat cha A

3x? —3x+3  x2+x+1 L2063 - 2x+ D)

A= T o2 2
3x“+3x+3 3x“+x+1) 3x“+x+1 .

2
:_}_+ 2(x - 1) E-l-;
3 3{x2+x+1} 3

min A = % Khi va chi khi x = 1.



x2+mx+n

Vidu 124?{1’?). Cho biéu thic A = . Tim c4c gid tri cha m, n
' X+ 2x+ 4

dé biéu thitc A ¢6 gid tri nhd nhat bang =3- , gi4 tri 16n nhat bang 3.

Gidi : Gm a la gid tri tuy ¥ cha biéu thiic A, Ta cn

x2+mx+n

5 = & @x2+mx+n=ax2+2ax-&¥4a
X+ 2x + 4 :

& (a— Dx? + (2a—m)x + (4a —n) = 0. o (1)
Theo di€u kién cla bai todn, gid tri a = 1 khéng 14 giad tri nho nhdt, khong
la gia tri 16n nhdt chia Anéntachi xéta= 1. Tir (1) tacéd
 A=(a-m)’ —4(a~- 1)(4a—n)=—12a" + 40— m + 4a + (m* - 4n).
Piéu kien dé (1) ¢6 nghiém (tic 12 diéu kien dé biéu thic A nhan gi4 tri a) 12
A>0< 122° + 4(m —n ~ 4)a+{4n—m2){{} (2)

Nghlem ciia bat phuong trinh (2) 1a a; < a < a,, trong d6 a; va a, la cdc
nghiém ctia phuong trinh

12a% + 4(m — n — 4)a+{4n—m) 0. S (29

Theo dé bai, ta phai cé ;— <a < 3. Nhu vay cdn tim m, n dé (2') ¢o hai

nghi¢m la a; = %, ap = 3. Theo h¢ thic Vi-ét doi véi phuong trinh (2')

N —4{m - n —~ 4) 1 3_4+n—m_
Ay = 12 _ §+ -3 N 4+n-m=10
J .
4n — m? 1. 4n-=m? 4n—m2:12
ajay = —3 = :
12 3 12

Thay n = 6 + m vio 4n — m® =12, ta dugc m” — 4m — 12 =0 nén m = 6
hodc m = —2. | | |

- 2
V@im =6 thin=12, khidé A = K;G’”lz ¢6 gié tri nhé nhat 1a — va
o X“ +2x + 4 3
gid tr1 Ién nhat 1a 3.
2
Véim=~-2thin=4,khidé A = xz 2x+ 4 c6 gia tri nhé nhit 1a ~1—,v£1
: _ X“ +2x+4 ' 3

gid tri 16n nhat 1a 3.



v - CUC TRI CUA BA THUC BAC HAI VGI PIEU KIEN RANG BUOC
CUA BIEN

© Xét da thiic bac hai f(x) = ax” + bx + ¢ véi a # 0. Ta c6
o 2 2
~ b
f(x):a[x2+kx]+c—a[x2+Ex+~?— + g ——
d

a. 4a2) 4a
[ b]z A
=aj|X+— | ——.
2a da

Néu a > 0 thi min f{xj = —.-%_ khi va chi khix = =£
4a - 2a

Néu a < 0 thi max f(x) = _A khi va chi khi x = -—E)-.
' 4a 2a

-

Nhu vay, khi bién x nhan moi gia tri thﬁi}c R thi da thitc f(x) dat cuc tri tai
b ) e
X = o Sau day ta s& xét cac trudng hop bién X khong nhan gia tr}, —-—;L .
a N a

Vi du 125(16) Tim gid tri nhé nhét cha btéu thitc A = (2}; - 3) — 7 véi
x <~1 hodc x = 3.

Gidi .
VD’IX:"3L‘1’H

2x—3>23-—3~3«:~(2}( 3) >0 A= {me?:} ~-7=2.
Véi x £ -1 thi
2% —3<2A~1)—3 =5 2x -3 = (-5)° > A = (2x 32 .7225-7=18.
So sénh hai truong hop trén, ta thdy minA = Zkhl va chi khi x = 3.

Chri y - Miac du A = (2x —3} ~ 7> -7, x4y ra dang I:h{rc-khi va chi khi x = 5

nhung gid tri nay khong thod man x < -1, khong thod méan x 2 3 Do do khong
thé két luan dugc gid tri nhd nhat clia A bang — 7.

Vidu 126(1?} Goi X4, X, 12 cdc nghiém cta phuﬁng Irinh sau, tim cdc gla

tri cia m dé x; + x% cé gid tri nho nhat :

a) x> —(2m - Dx + (m~2) =0} b) x* + 2(m ~2)x — (2m — 7) = 0.



Gidi
a) Xét phuong trinh x* ~ (2m — 1)x + (m —2) = 0.
A = (2m ~1)* - 4(m —2) = 4(m —-1)> + 5 > 0.
Phuong trinh di cho ¢6 nghi¢m v6i moi m.
Theo hé thic Vi-ét, tacd '

x%+x% = (X3 +x2)2 ~ 2X{Xn m(zmwl}z—Z(mw23:4m2-6m+5

. 2 2 I.]‘ 2 3
min (Xy + X5 ) =— vorms= —.
&y +x3) =~ 2

b) Xét phuong trinh x* + 2(m - 2)x —@m-T7)=0.
AN=m-22+2m-7=m’-2m -3 =(m~3)(m+1)
A'>0 <> m<—1 hoicm 2 3. |
Véim < —1 hodc m = 3 thi phuong trinh ¢6 nghiém.
Theo hé thic Vi-ét, ta c6
| x% +.x% = (xi + x2)2 — 2XyXy = 4(m — 2)2 ~2{=2m + 7)
- =4m?® - 12m + 2.

Ta cin tim gi4 tri nhd nhat clia 4m” — 12m + 2 v6i diéu kign m < — 1 hogc
m > 3. '

Taco 4m? - 12m + 2 = 2m ~ 3> — 7.
Theo vi du 125, min(4m? — 12m +2) =2 véim = 3.

Do d6 min(x} +x3) =2 véim =3.

Vi du 127 (16). Tim gid tri nhd nhdt cha

2 2y .
A=3 a—+P-— - 8 E+R :
bz 32 b a



a b ' a b ab |
Gigi : Patm = —+— thi m :(m-iw-—) > 4.=~.— = 4 nén m" =4, tac 1a
b a ' b a b a
iml =2,
A =3(m® - 2) - 8m = 3m” - 8m — 6.
Can tim gia tri nho nhdt cia A véim = 2 hodcm £ -2,

2
Cachl. A=3m-2] -3%
3] 73

Vdim=>2, tacd

3

4V 34 4 34
= 3Im-——| ~-—=23.—-"—=-~10

3 3 9 3

Voim< -2, tacod
2 .
m*ig_g_i:i{ m_i) 2199.
3 3 9

= B(m _i} S35 10 3o
3 3 9 3

Vay min A = —10 véi m = 2, khi d6 a = b.
Cdach 2. Ta co . : |
A=3m’-8m-6=m>-4+2m° - 8m+ 8 - 10
= (m® - 4) + 2(m - 2)* - 10.
Do m” >4, (m — 2)* > 0 nén A > -10.
Vay min A = -10 véim = 2, khi dé a = b.

Bai tap |
368(16). Ching minh ring néu co cédc sd X, y thod min dang thic

x+y+xy=(3+y)2thi —é_{-xﬂl;?——%ﬂyﬂl.



369(16). Chitng minh rﬁng néu ¢ céc 88 x, y thod min déng thiic .

x* =3(xy +vy - y)thl{}{y*’{ﬁi

3'?0(17} Chiing minh rdng néu c¢6 cdc s6 a, b, cthodA mina + b + ¢ = 5 va

7
ab+hc+ac¢81hlliiaf;%,Iﬂbﬂg,lﬂcﬂg.

371(16). Tim gi4 tri nhd nhdt cia A = x* — 4x> + 8x + 20.
372(16). Tim gia tri nho nhdt, gi4 tri 16n nhat cda :

. 2

2) A = zx.; | b)-B=2x Z4x+5;

X241 . x4+ 1

2 . 2 .

C)szz 2x+2; : 'd)D:K +22x+2‘

X° 4+ 2x + 2 X" +1
; - : . 2—xy+y

373(16). Tim gid tri nho nh4t, gid tri 16n nhit cha A = 5

X +xy+y

_ 2 2
374(16). Tim gid tri nhd nhat cia A = {-"‘— + P_,_J - 3[3 + E].

bg az b a

375°(16). Tim gi4 tri nho nhédt cha A = x + ng + L véix > 0.
. | ' X

sz+mx+n

:{2}1

376 (17). Tim céc 56 m, n dé biéu thic A = nhan gid tri nhé

nhdt bang 1, gid tri 16n nhat bing 6.

. ' 2 '
377(17). Tim gia tri nho nhat cha B = (xy + ~—1-] VOi X +y = 1.
_ - Xy .

5 .
+—voil0<x <.
1-x x°

378(16). Tim gid tri nho nhit cia C =

379(18). Cho phuong trinh x* + 2x? + 2ax + (a + 1) = 0.
Tim gid tri clla a dé nghiém cla phuong trinh d6 :
a) Pat gia tri nho nhat 'b) Dat gi tri 16n nhat.

380 (16). Cho phuong trinh X2 + ax + (@a—35)=0v6iaz~- 1. Tim gid tri Icm
nhédt ma ngh1ém clia phuong trinh d6 ¢6 thé dat duoc.



Bai doc thém |
- Phwong trinh dai s6 bac cao

| Bon nghin nam trudc déy ngudi Hi Lap da bigt cach Qlai c&c phuong trinh bac
nhat va bac hai. Trai qua nhiéu thé ki, cac nha toan hoc tim cach gidi téng quat cac
phuong irinh bac ba, nhung khong két qué

Mai dén nam 1526, nhé toan hoc i-ta-li-a Phe-ré (Ferro) mdi tim dugc cach qidi
phudng trinh bac ba dang x> + ax = b véi a, b > 0, nhung éng khéng céng bé phat
minh cla minh. Ndm dugc cach giai nay, thang 2 nam 1535, cac hoc trd cla Phe-rd
thach nha toan hoc co tiéng lic 46 & Tac-ta-li-a (Tartaglia) gidi phuang trinh bac ba
va ho tin rang minh ndm chac phén thang. Mot tudn trude ngay thi tai, Tac-ta-li-a da
tim dude cach giai t8ng quat phuadng trinh x>+ ax+b=0 vGi moi gia tri clia ava b.
Ong da giai dugc tat ca 30 bai toan cla déi phuong trong ngay do sdc, trong khi doi
phuong khong giai dugde bai nao trong 30 bai toan ma dng dua ra.

Theo 16i khdn khodn clia Cac-da-nd (Cardano), Tac-ta-li-a da truyén lai cach giai
ay, nhung yéu cau giltt bi mat. Nam 1545, Cac-da-nd céng Em cong thiic tim nghiém
clia phmcmg trinh bac ba trong mét cudn sach cda mlnh

| - PHUGONG TRINH BAC BA
Trude hét, phuong trinh bac ba nao ciing de déng bién ddi vé dang
y?+my® +ny +c=0. | | (1

Bang cach daty = x —%+ phudng trinh s8 ¢6 dang x° + ax + b = 0.

Bé giai phuong trinh _ _ _
| . x°+ax+b=0 (@
ta biu thi &n x thanh t8ng cila hai n U va v, tc 1a x = u + v. Nhu thé, v ¢6 thé chon
- gié tri tuy y. Thay vao (2), ta c6 :

(u +v}3+a(u+v}+b=_0 <> {u3+v3+ b) + (u+ v)(3uv +a) =

Chon v sao cho 3uv + a = 0, bai toan s& quy vé giadi hé phuong trinh

u +v° = -b w4+ vS = -b
hay 3

Uy = —E u3v3 - -E-
3 27

Nhu vay, u® va ve 1a nghiém ctia phudng trinh bac hai

33

2 | '
"+ pt - — =0. 3
27 (}



Gidi phudng trinh (3), néu (3) ¢6 nghiém thi ta dugc

u3=~%+\fﬁ,v3=-—g~-\/ﬁ (4)

' | 2 , 3
b a
t = | = -1 .
rong dé D (2} +(3]
Do d6 céng thirc nghiém cla phuong trinh (2) la
x= %f;-%wnﬁ—_%—m. | (5)

Phén tiép theo clia muc ndy lién quan dén sé phac hoc & 16p 12, dugc trinh bay
van tht dé ban doc tham kh&o. Ta cong nhan cé sd i ma i = -1, khi d6 VD ludn tén

tai, chdng han véi D = ~4 thi VD =v-4 =+v4i* =2i. Do d6 v6i D = ~4 va b = 6 thi

nghiém cfia phuong trinh (2) 1a x = Y3+ 21 + Y°3_2i. Cac s6 -3 + 2i va -3 - 2i 14 cac
s6 phic. - ' '

Vi cén bac ba ctia mét s6 phlc cé ba gia tri, nén cdng thitc (5) cho ba gia tri cla

u ciling nhy v, cac gia tri d6 dugce lua chon d_’e" thod man diéu kién uv = “% Ngudi ta
tim dugc ba nghiém cla phuong trinh (2) : |

Ky = Uq + vy,

1 A3
Xo = -E{u¢ +v1)+|?(u1 -~ Vq),

1 3 |
X3 = “E{'H +"-‘1}.“ l"-é"{LH =V4),

v@i uq la mot gia tri cla u va vq 1a gia tri tuong (ng cla v thod man (4) va diéu kién
. .

uv =——. -
3

Néu D > 0, trong céac nghiém ctia phuong trinh (2) c6 mét nghiém thuc. Néu D = 0,
trong cac nghiém clGa phuong trinh (2) ¢6 hai nghiém thuc, trong d6 c6 mot nghiém
kép. Néu D < 0, phai tinh can bac hai cia mdt s8 am, duge mét sé phite. Do db dé tim
u4, phai biét khai cin bac ba clia mot sé phic. D6 1a mot cong viée kha phic tap.
Didu’li tha trong trudng hop D < 0 14 phuong trinh ¢6 ba nghiém thuc. Thanh ra viéc
st dung ¢dng cu s phc lai gitp tim duge nghiém thuc cla phuong trinh.

Sau day la mét s6 vi du tim nghiém thuc cha phudng frinh bac ba.
Vi du 1. Giai phuodng trinh .
yS + 3y% + 12y - 16 = 0.



Gigi : Daty=x -1, tacd

(x ~1)° + 3(x =1)2 + 12(x = 1) - 16 = 0 <> x° + 9x -26 = 0.

2 3 . 2 ;a3
D = (9) +(E] =(—2—6 2] 2132433 210650 ;
2 3 2 3
3 b

ut = —5+ D =13+‘14=2?nénu1=3 suy ra vy = =1,

Phuang trinh x>+ Ox - 26 = 0 co mot nghiém thuc X = 3 - 1= 2 Do dd phudng
trinh da cho ¢6 mét nghiém thyc y = 1 :

Vi du 2. Gidi phuong trinh

2 3
Gidi: D = {_?,) _{._EJ =1-1=0:
2 3

ud = —%4-\;5 =1, nénuy =1, suyravy=1.

Phuang trinh ¢ hai nghiém thuc x; = 1+ 1 = 2 va xp, = x5 = -1
Vi du 3. Giai phuong trinh

x> _6x +4 =0,

2 3

4 -6
Gidi D=~ 2 —A_a . .
iaf [2] +[3J 4-8=-4<0:

D =2i;v3=-2-2i= —Jﬁ(%ﬂ;}) = -/8(cos45° +;sin45°}.

Ngudi ta chiing minh dugc rang mc-t trong cac can bac ba clia 88 phic r(cosa + isina)
la J_[cﬂsgﬂsma} Do dé mét gia tri clia v 1a

vy = —/2(cos15° +isin15°).

Ta tinh dugc cos15° zﬁ}‘é_ sin15° ;M

trong cudn Nang cao va phat trién Toan 9 tap mét) nén

Vq = —[2(c0815° +isin15°) = —/2 Jé*""'ri_i_i\fé*ﬁ _ _.~./§+1_i\/§_1
. .4 4 . 2 2 ’
Do d6 uqm*/iﬂﬂﬁg—{ -

- (xem bai 39 phan Hinh hoc




Phuong trinh ¢é ba nghiém thyc :
X{=uq+vq=~3+1 ;

1 /3 -
Xg = “5(“1 +V1)""“2—(U1 ~vi)=2 ]
Xz = —%—{u, +v1}—i3§—(u1 ~vy) =431,

Il - PHUONG TRINH BAC BON

Nam 1545, nha toan hoc -ta-li-a Phe-ra-ri (Ferrari), hoc tro clia Cac-da-n6, da
tim ra céch gidi tdng quat phuong trinh bac bén. Céch idi nay dugc trinh bay trong vi
du dugi day.

Vi du 4. Giai phuang trinh .
x*+8x° +15x2-4x -2 =0. . - (1)
Gidi : Chuyén ba hang tl cudi sang vé& phai réi-cong 16x2 vao hai vé, ta dudc
{xz + 4x}2_= X? + 4x + 2.

- 2
Pua vao mét 8n méi 1a y, cdng hai vé clia phuong trinh trén vdi {xz + 4x)y +-3’;—,
phudng trinh trd thanh o |
2 2 '
[xz +4x + %] = (1+¥)x% + {4+ 4y}x+(%%2} (2)
Lua chon y sao cho v& phai & mét binh phuong. Mudn véy, biét s6 A clla tam
thirc bac hai ddi véi x (& vé phai) phai bang 0, tic i .
. 2 YA
(4 + 4y)" - 4(1 +y}[I+2J =0
hay (1+y)[16(1 +y) - (y* + 8)] = 0.

Ta c6 ngay mét gia tri y = -1.
Thay gia tri nay vao phuong trinh {2), dudc

| 2 |
{xg+4x—-12—} =%. ] (3)

Phuong trinh (3) tuong duong véi hai phudng trinh x2 + 4x + 1= 0 va X2 + 4x ~ 2 = 0.
Giai cac phuong trinh bac hai @6, duge bén nghiém ciia phuong trinh (1) 1a :

X=-2 +J3 1 x=-2 +J6.



i — MOT SO CACH GIAI KHAC

Gidi phuong trinh bac ba va bac bén béng cﬁng thire t8ng quat kha phic tap. Tuy
vay, nhiéu phuong trinh bac ba va bac bén giai dugc dé déng béng phuong phéap ha
bac sau khi phan tich v& trai clia phuong trinh thanh nhan tr hodc dua vao cac &n mdi.

Chéng han, cac phudng trinh néu trong cac vi du 1, 2, 3, 4 ¢b thé bién déi thanh
(y = 1)(y° + 4y + 16) = |
(x-2) (x+ 12 =0,
(x — 2)(x? + 2x - 2) = 0,
(X% + 4% + 1)(x° + 4x ~ 2) =

Khi dé, viéc gidi phuong trinh bac ba va bac bén duge dua vé gidi cac phuong
trinh b&c nhat va bac hai.

IV — PHUONG TRINH BAC CAO HON BON

Tmng cac thé ki XVII, XVIH, cac nha toan h{}c da mat bap céng stic dé tim cach
giai tong quat cac phuong trinh bac nam, bac sau. Dén dau thé i XIX, van dé méi
dugc giai quyét bdi hai nha toan hoc thien tai A-ben ngudi Na Uy {Niels Henrik Abel,

1802 - 1829) va Ga-loa ngudi Phap (Evariste Galois, 1811 — 1832).

Cudc ddi clia hai nha toan hoc giéng nhau mét cach ki la. C4 hai ciing mat cha
nam 18 tudi, cing phai chat vat kiém séng dé ‘dam duong ganh ndng gia dinh. Ca hai
déu bi xa hdi bat cong vii dap, déu gap nhiéu bat hanh,dang cay. A-ben chét nam 27
tudi, con Ga-loa chét nam 21 tudi, sau A-ben 3 nam. Mot céng trinh 16n ¢ha A-ben vé
ham siéu viét, sau nay dugc danh gia ta dé lai céng viéc cho céac nha toan hgc nghién
clru 500 nam sau, dugc gli dén Vién Han 1am Khoa hoc Phéap, da bi Co-si lam thét
lac, mai sau mdi tim thay khi A-ben da qua ddi. Ga-loa cling gdi cac cong trinh cha
minh dén Vién han lam Khoa hoc Phap, nhung déu gap rdi ro, 18n thi Co-si danh mat,
{an thi Phu-ri-& nhan réi chét dét ng6t, 18n thi cac vién s khdng hiéu néi.

A-ben ' Galoa
La ngudi tich cuc chdng ché& dd phong kién, Ga-loa hai lan bi cam t vi hoat dong
chinh tri, cudi cung bi chét trong mdt cudc ddu sang do bon mat tham bd tri. Biét
minh kho thoét, hdom trudc cudc ddu, Ga-loa viét vdi 62 trang ban théo vé diéu Kién



e d cAc phuong tinh béng odn hllc rong 13 gi. Gerloa dé dua ra kndl miém
md rng phn 14 el da thc v& nhm el md ring ndy (m ta gof 14 nhom Garloa),
s el digc ¢l mot phuong trinh bing ¢4 thc uong diong v mt diw ién ma
nhom Garloa phd 0. Y tubng doc 40 va s phl tap olla vin g8 am cho céc nha
oé hoc diong thl Khing hiéu n, Myt b nim sau, cng rinh ol Gaoa
A ¢ong b3 rong mt cun séch ol Livn, nhung KhGig ai chd {6, Ml dén
nam 1670, Sau nhiu ém nghn o, Jordéng méi i uic cing trinh clla Garloa
v cho yuat b mt cud sach il thich 62 g bé the of dong vé sl fieh iy,

Cang fién cla Arben I3 da ching minh céc phuang trinh béc cao han bon d
dang {ng quat Knong i due bing can ti, notia 14 Khing thé bt duc
nohiém ol o phuang tinh d bang o phé tinh cong, i, nhé, chia, f i,
khal cén. Con Garloa dé chi 4 do dAu hiéu nhén bist mat phuong tinh béc cao hor
0 o hd i i g cin th ey khon bng m | thuyé | doic ddo sau nay
mang tén cng : i thuyét nhom. Hal ing 62 glat quyétcide motvén é todn oo bé
hng mély he K1 v i mn 56 phat i nhng budo néi
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Chuong I1I
GOC vOi BUONG TRON
1. LIEN HE GIUA CUNG VA DAY

Can cit vao s6 do ciia cung ma ta thiét 1ap quan h¢ bing nhau hoac khéng
bﬁng nhau gilta hai cung trong moét dudng tron.

‘DPé thist lap sy twong ng 1—1 giita cung va day cang cung, ta chi xét cic
cung nho6 hon hoidc bing nira dudng tron. Ta ¢6 trong mdt dudng tron :

— Hai cung béing nhau khi va chi khi hai ddy cing cung bing nhau ;
—Cung 16n hon khi va chi khi day cang cung 16n hon.
Quan hé gifta day va cung con duge thé hi%nﬁ céc dinh I
~ Hati cung bi chén giita hai day song song thi bang nhau ;

~ Dudng kinh di qua diém chinh giita cha mot cung thi vuong géc véi day
cing cung 4y va chia day 4y thanh hai phdn bang nhau ; |

~ Pudng kinh di qua trung diém cla mot day (khong phai 1a dudng kinh)
thi chia cung cing day &y thanh hai phén bing nhau.

Luu y : Khi néi cung AB ma khong chu thich gi thém, ta hi€u d6 1a cung
nhd AB. |

Vidy 31. Cho du{mg tr-fm tam O, day AB. Cic diém Cva D di chu}rén trén

. duong tron sao cho AC BD. Trong M
trudng hop nao thi day CD c¢o dé dal
khong déi 7

Gidi : (h 10)

. ol |
Xét hai trudng hop : A—H B
a) Truong hop cdc cung AC (theo \\4—/ \C\tyt{

chiéu tir A d&n C) va BD (theo chiéu tir C N

B dén D) 14 cing chiéu trén dudng tron a) b

(h.10a) : Hinh 10



— Xét C thudc cung nhd AB :
AC = BD = AC-+CB =CB+BD = AB = CD — AB = CD. DﬁyCDco
do6 dai khong déi.

— Xét C thudc cung 16n AB. Ching minh twong ty, day CD ¢6 do dai
khong déi. .

b) Truong hop cac cung AC va BD (then quy udc trén) 1a ngugc chiéu tren'
dudng tron (h.10b). .

Goi MN 1a duong kinh vudng goc véi AB. Ta cé ﬁ = ﬁH_B, PE = B#B nén
NC = ND. Do dé MN 12 dudng trung truc cha day CD, C va D déi xing véi
nhau qua MN. D6 dai day CD thay déi khi C vaDdi chuyén.

Viay day CD cé d¢ dai khong d6i khi va chi khi cde cung AC va BD (theo
chiéu tir A dén C, tir B dén D trén dudng tron) 1a ciing chiéu.

Bai tap
194. Tinh bén kinh cha dudng tron (O), bist rang diy AB cta dirﬁng trén co dé

dai bing 2a va khoadng céch tir diém chinh gitra cla cung AB dén day AB
bang h. -

195. Cho ﬁfz’a dudng tron dudng kinh AB 2 cm, day CD song song vGi AB

(C € AD) Tinh doé déu cdc canh clia hmh thang ABDC bié&t chu vi hinh
‘thang bang Scm.

196.Cho nira dudng tron tam O duﬁng kinh AB = 20cm. C 12 diém chinh giita cia
nira dudng tron. Diém H thudc ban. kinh OA sao cho OH = 6 cm . Pudng
vuong goéc v6i OA tai H cit nira dudng tron & D, V& day AE song song v6i
DC. Goi K 14 hinh chi€u cta E trén AB. Tinh dién tich tam gidc AEK.

197", Cho tam gidc déu ABC c6 dién tich S, noi ti€p dudng tron (O). Trén cdc
cung AB, BC, CA, ldy theo thi ty céc diém A', B, C' sao cho cic cung
TAY Pt A 4de g . O vt 2t A et g S , :
AA', BB', CC' déu cd s6 do bang 30". Tinh dién tich phan chung cua hai
tam gidc ABCva A'B'C'. |

198". Goi R va r theo th ty 12 ban kinh cha dudng tron ngoai tiﬁ‘.p va ducrng
trén nm ti€p mot tam gidc. Chiing minh rang R = 2r, '

~ Bai tap : 422,



§12. GOC NOI TIEP

Géc ndi ti€p 1a géc co dmh nim trén dudng tron va hai canh chu’a hai day
cung ciia dudng tron do.

S6 do clia géc ndi tiép bing nira s6 do chia cung bi chan. Cdc géc ndi tiép
ciing chin mot cung hodc chin cdc cung bing nhau thi bing nhau. |

. Néu hai cit tuyén AB, CD cta mot dudng tron cat nhau tai diém M (O bén
trong hodc & bén ngoai dudng tron) thi.ta cé hé thitc MAMB = MC.MD.

Vi du 32. Tam gifc ABC noi tiép dudng tron (O ; R) ¢6 AB = 8cm,
AC = 15cm, dudng cao AH = Scm (diém H ndm trén canh BC). Tinh ban kinh
chia dudng tron. .
 Gidi: (h.11) |
K& dudng kinh AD. Ta c6 ABC = ADC (hai géc
noi ti€p cing chin mot cung), ACD = 90° (gbc nodi
ti€p chin nira dudng tron). ' : ’

- Vay AAHB v»» A ACD (g.8)
A0 _AB 3 8 L R=12(m)
- AC AD 15 2R
Bén kinh ctia dudng tron (O) béng 12cm

Chii v : Néu diém H nam ngoai canh BC tavin ¢cO R = 12 cm (xem vi duy 33)

Hinh 11

Vi du 33. Cho tam gidc ABC néi ti€p dubng tron (O ; R), goi (I; 1) 1a
dudng tron noi tiép tam gidgc ABC, H l1a tiép diém ctia AB véi dudng trén (1),
D 12 giao diém clia Al véi dudng tron (0), DK 1a dufmg kinh cta dudong trén (O).
Goi d 14 d6 dai ctia OI. Ching minh rang :

a) Tam gidc AHI va tam gidc KCD déng dang ;
b) DI =DB =DC;
o IAID =R?-d;
d) d*> = R? - 2Rr (dinh li O-le).
Gidi : (h.12)

a) Xét hai tam gisc KCD va AHIL ta c6 A = Ay = K, AHI = KCD = 90°
nén AAHI v» AKCD (g.g). ' |



b) ﬁTB=§1+R1, I%=§2+§3. Ta co
ﬁl =_§2, Ei = Eg = E3 nén ﬁf} = ]%B.'Suy ra
DI = DB. Tuong tu DI = DC. Vay DI = DB = DC.

¢) Goi MN la duong kinh di qua I cfia dudng tron
(O). Theo hé thitc Iugng trong dudng tron, ta cé

IAID = IM. IN = (R — d)R + d) = R? — d°. (1)

1A IH '

d) Tir cdu a suy ra = né :

) Y S T Do ﬁ . Hinh 12
IA.DC = DK.IH = 2Rr.
Do DC = DI {cau b) nén ta cé

IA.ID = 2Rr. | 2
Tir (1) va (2) suy ra R — d* = 2Rr, tie 1a d® = R% - 2Rr.

| Bai tap
199.Cho tam gidc nhon ABC ¢6 BC = a, AC = b, AB = ¢ va noi tiép dudng tron
(0O R). Chiing minh rang ;a -0 ‘_c = 2R.

smA sin B smC

200. Cho dudng tron (O) c6 ciunrng kinh AB = 12cm. Mot dudng thing di qua
A cét dudng tron (O) & M va cit ti€p tuyén cta dudng tron tai B O N. Goi I
1a trung di€ém cta MN. Tinh d6 dai AM, biét ring AI = 13 cm.

201. Cho dudng tron tam O bén kinh R, cdc duong kinh AB va CD vﬁﬁng g{:tc
vGi nhaa. Goi I 1a trung diém clia OB Tia CI ciat dudng won & E, EA cit
-CD & K. Tinh d¢ dai DK.

202. Cho nua dudng tron dudng kinh BC. Cde diém M, N thudc nitra dudng

tron sao cho BI_I*}} = ﬁfﬁ = NC. Cic diém D, E thut}c duong kinh BC sao
cho BD = DE = EC. Goi A la giao diém ctia MD va NE. Ching minh ring
tam gidc ABC 1a tam gidc déu. .
203. Cho tam gidc nhon ABC noi ti€p dudng tron (O), cdc dudng cao AD, BE,
CF cét. dudng tron (O) theo tht ty & M, N, K. Chting minh ring
AM BN N CK
AD BE CF




204. Cho dudng tron tam O, dutng kinh AB c6 day CD vuong goéc véi AB.
Goi M 1a mot diém bat ki thudc dudng tron (MC khong song song véi
AB), E la giao diém ctia MD va AB, F la giao diém cta MC va AB.

EA FA
Ching minh rang e =

| EB FB

205", Qua diém A nim bén ngoai dudng tron (O) vé c4t tuyén ABC. Goi E 1
diém chinh gifta cha cung BC, DE 12 dwong kinh clia dudng tron. AD cit
dudng tron tai I, IE cét BC tai K. Ching minh rang AC. BK = AB. KC.

206. Cho nira dudng tron tam O, dudng kinh AB, ban kinh OC = R. Cic di€m
M, N theo thit tuy thudéc cac cung AC, CB. Goi E, G theo thtt ty 12 hinh
chiéu ciia M, N trén AB. Goi F, H theo thit tu Ia hinh chiéu cua M, N trén
OC. Chitng minh rang EF = GH.

207. Trong dudng tron ngoai tiép tam gidc ABC, vé cdc dﬁy AA' /I BC, BB' [/ AC,
CC' // AB. Trén cdc cung AA', BB, CC, ldy cac cung AD, BE, CF theo thit ty

bing -;7 cdc cung trén. Ching minh ring tam gidc DEF 1a tam gidc déu. |

208. Céc dudng cao BH, CK ciia tam gidc ABC cét dudng tron ngoai tiép theo the
tu & D, E. Tinh s6 do géc A biét ring DE 1a dudng kinh cha dudng tron,

209. Cho tam gidc nhon ABC néi ti€p duong tron (O). Goi H 1a tryc tam, I 1a
tam cia dudng tron ndi ti€p tam gidc,
a) Chiing minh rang Al 13 tia phan gidc cha g6c OAH.

b) Cho BAC = 60°, chitng minh ring IO = IH.
210. Tinh s6 do goc A clia tam gidec ABC biét ring khoang cdch tir A dén truc
tam cla tam gidc bang ban kinh clia dudng tron ngoai ti€p tam gidc.
211. Cho tam gidc deu ABC ndi ti€p dudng tron tam O bin kinh R. Goi M Ia
' mot diém bt ki thube cung BC.
a) Ching minh rang MA = MB + MC.
MD MD
MB MC

b) Goi D 1a giao diém clia MA va BC, Chlrng minh rang

¢) Tinh téng MA* + MB? + MC‘ theo R.

212. Cho tam gidc ABC c¢6 B = 54°, C = 18° noi tie‘p dudng tron tam O ban
kinh R, Ching minh ring AC — AB R.

213. Hai dudng tron tam O va O' cung ban kinh R cit nhau & A va B. Mot

| duding thing d song song véi QO' cét cdc duding tron trén tai céc diém C,’

D,E, Ftheothdtutrén d (C, E € (O) ; D, F € (O")).



a) Ching minh rang CDO'O 14 hinh binh hanh.- -
b) Tinh d¢ dai CD bi€t AB = a.

¢) Chiing minh rdng s6 do géc CAD khong phu thudc vao vi trf clia dudng
thang d (d luén luon song song véi OO, :

214. Cho diénr C thu6c nlta dudng tron dudng kinh AB, H 12 hinh chi€u ctia C
trén AB. Cic diém D, E thuoc nira dudng tron dé sao cho HC la tia phan

- gidc cha géc DHE. Chitng minh ring HC? = HD. HE.

215, Mot dﬁ{mg tron tam O di qua dinh A va céc trung d;ém D, E cta cdc canh
' AB, AC ctta tam g;ac ABC sao cho BC tiép xidc véi dtrcmg tmn tai K.

Chtmg minh ring KA = KB.KC.

- 216. Cho tam gidc ABC ¢6 AB =5, AC = 6, BC = 7. Ching minh ring tn tai mot
diém E thugc canh AC sao cho céc d¢ dai BE, AE, CE 1a nhiing s6 ty nhién.

217. Cho tam gidc ABC can tai A, diém M thudc canh BC. Chiéng minh ring
AB’ - AM? = MB. MC (bang cach v& duong tron tam A ban kinh AB).
218. Cho tam gidc ABC, dudng phan gidc AD. Chiing minh rdng

. AD? = AB.AC —-DB.DC
(bang céch v& giao diém E ctia AD v6i dudng tron ngoai ti€p tam gidc ABC).
2197, Hai duding tron (O) va (O') cét nhau & A vi B. Céc di€ém M, N theo thit tir

di chuyén trén cdc dudng tron-(O), (O') sao cho chiéu tir A dén M va tir A
dén N Irén céc dudng tron déu theo chiéu quay cua kim déng hd va cic

cung AM AN c6 s¢ do bang nhau. Ching minh ring dudng trung truc
ctta MN luon di qua mot diém cd dinh.

Hudng dan : MN di qua B.
~ Bai tap : 391, 401, 406, 409, 421.

§13. GOC TAO BOI TIA TIEP TUYEN VA DAY CUNG

Sé do ctia gbc tao bm tia ti€p tuyén va d&y cung bang nira s§ do cha cung
bi chin. |

Néu géc BAX ¢6 s6 do bang nira s6 do ciia cung BA nam trong géc dé thi
Ax la mot tia ti€p tuyén clia dudng tron chia cung AB.

Néu MT la ti€p tuyén va MAB la cat tuyén chia mot dmimg tron thi ta ¢ hé
thitc MT” = MA.MB. |



Vi du 34. Cho hai dudng tron (O) va
(O & ngoai nhau. Pudng ndi tam OO’ cét
céc dudng tron (O) va (O) tai cdc diém A,
B, C, D theo thif tu trén dudng thing. Ké tiép
tuyén chung ngoai EF, E € (0), F € (O).
Goi M 14 giao diém cta AE va DF, N 1a giao
1D diém ctia EB va FC. Chitng minh ring :

a) MENF la hinh chif nhat ;
b) MN vuong goc véi AD ;
Hinh 13 . ¢) ME.MA = MF.MD.
Gidi : (h.13)
a) Theo tinh chét géc ndi tiép :
A=t
2
Do d6 AMD = 90°.
 Talaicé MEB = 90°, MFC = 90°.
T gidc MENF cé ba gdc vuong nén 1a hinh chi¥ nhat.
b) Theo tinh chat hinh chit nhat : Mi = Ei.
Theo tinh chdt cia goc noi ti€p va géc tao boi tia tiép tuyén va day cung, ta
c6 A = ]:"';2.
| Suy ra M + ;{ = 90°. Do d6 MN 1 AD.
MF

¢) AMFE o» A MAD (g.g) = - ME . ME.MA =MF. MD:
MA MD

- 1..--.

O1,D = 50", ma O1 + 0" = 180° (Vi OE /OF)nén A + D = 90°.

Vi du 35. Tir diém A & bén ngoai dudng tron (0), ké cic ti€p tuyén AB,
AC véi duong tron. Gei BD 12 day cua dudng tron song song voi AC, E 12 giao
diém clla AD véi dudng tron, I 12 giao diém ctia BE va AC. Chiing minh ring I
12 trung diém cta AC. |

Gidi : (h.14)
- Cach 1 JICIa tiép tuyén cta dudng tron (O) nén
IC*=IEJIB. | (1)
Theo tinh chat clia goc ndi ti€p va goc tao bbi tia ti€p tuyén va day cung, ta
¢é EBA = Dy, ma D; = A1 (so le trong, BD // AC) nén EBA = A;.



AIBA v AIAE (g.g)

B _A2-EB @
IE IA
Tir (1) va (2) suy ra IA = IC.
Cach 2. K¢ ti€p tuyén voi (O) tal D, cét A 1 c M

H‘ h 14
AC & M. Hinh thang ABDM c¢6 DBA = BDM ”

nén 12 hinh thang can. Suy ra BAI = M va C 14 trung diém cha AM.
Goi K 1a trung diém cha AD, ta ¢6 CK la dudng trung binh cia AADM nén
MD AB AC -
2 2 2 |
" AABI vi ACAK c6 AB = AC, ABI = CAK (cing bing Di), BAI = ACK
(ciing bing M ) nén AABI = ACAK (g.c.g). Sty ra Al = CK.

Do CK = —%;mnénAI“-%E hay Al = IC.

CK =

e Bai tp |
220, Cho tafn gidc ABC. V& dudng tron (O) di qua A va ti€p xic véi BC tai B.
Ke day BD song song vl AC. (}01 I 14 giao diém cta CD véi dm:mg tron.
Chung minh ring IAB = IBC = ICA.
221. Cho dudng trdén (O") uép xdc trong véi dudng tron (O) tai A. Day BC clia

dudng tron 16n tigp xdc véi dudng tron nhod tai H. Goi D, E theo thit ty 1a
giao diém (khdc A) clia AB, AC véi dudng tron nho Ching minh ring :

a) DE song song v&i BC ;
b) AH la tia phéan gidc ctia géc BAC.

222. Cho diém B thuéc doan thing AC. V& vé mot phia ca AC cdc nira dudng
tron ¢6 duong kinkh AC, AB, BC ¢6 tam theo thit tir 1a O, O, O,. Goi EF la

ti€p tuyén chung cuia cdc ntra dudng tron (O() va (0,), E € (0y), F € (Oy).
Duong vuong goc véi AC tai B cit nlra dudng tron {O) & D. Chitng minh
rang BEDF 12 hinh chit nhat.

223. Cho dudng tron (O) du&mg kinh AB. V& dudng tron tam A cét dudng tron
(O) & C va D. Ké day BN ciia dudng tron {O), cit dudng tron (A) tai dzém_
E & bén trong dudng tron (O). Ching minh rang

a) CEN = EDN ; ~ b) NE* = NC.ND.



224", Tam gide ABC vuong tai A noi tiép dudng tron tam O dudng kinh Scm.
Ti€p tuyén véi dudng tron tai C cit tia phan gidc chia géc B tai K. Tinh d6
dai BK, bi€t rang BK cat AC tai D va BD = 4 cm.

225. Ti gidc ABCD c6 cdc dudng chéo cit nhau & E. Vé céc duong tron ngoai
ti€p cdc tam gidc AEB CED. Tim diéu kién cha tit gidc dé hai duﬂng trdn
ti€p xtdc nhau.

226. Cho tam gidc ABC ndi tié’p dudng tron (O). Tiép tuyén ta_i Acat BCé L
_ AB?
IC  AC?
~ b) Tinh IA, IC, biét rang AB = 20 cm, AC = 28 cm, BC = 24 cm.
227. Cho hinh vuéng ABCD c6 canh dai 2cm. Tinh bdn kinh ctia dudng tron di
qua A va B biét rang doan tiép tuyén ké tix D dén dudng trdn d6 bang 4cm.
228. Cho tam gidc ABC cin tai A, dudng trung truc ctia AB cit BC & K. Chtfng -
minh rang AB Ia ti€p tuyén cta dudng tron ngoai ti€p tam gidc ACK.

229. Cho hinh thang ABCD (AB // CD) c6 BD* = AB. CD. Chlmg minh ring
dudng tron ngoai ti€p tam gidc ABD ti€p xiic véi BC.

a) Chu‘ng minh ring

230. Cho hinh binh hanh ABCD, A < 90°. Pudng tron ngoai tiép tam gidc
‘BCD cat AC-¢ E. Chimg minh ring BD 1a ti€p tuyén cta dudng tron ngﬂal
ti€p tam gidc AEB.

231", Cho hai duéng tron (O) va (0*) cit nhau & A va B. K& ti€p tuyén chung
CC (C e (0), C € (0Y), ké duwong kinh COD. Gei E, F theo thit tu 12 gzao
diém ctia OO véi C D, CC'. Chitng mmh rang :

a) EAF = 90° (A, C, C' nam cling phia déi véi OQ)..

b) FA la ti€p tuyén ctia dudng trdn ngoai ti€p tam gidc CAC.

_ 232", Cho hai duong tron (0), (O) cdt nhau & A va B, trong do tié'p tuyén
chung CD song song vGi cét tuyén chung EBF, C va E thudc (O), D va F

thuoc (O'), B ndm gitta E va F. Goi M, N theo thit ty 12 giao diém clia DA
- CA véi EF, Goi I 1a giao diém cla EC vﬁ FD. Ching. minh ring :

a) AICD = ABCD.
b) IB 1a dudng trung truc ctia MN.

~ Vidu : 58.



§14. GOC CO PINH O BEN TRONG PUONG TRON
GOC CO PINH G BEN NGOAI PUOGNG TRON
'S6 do clia gbc ¢6 dinh & bén trong dudng tron bing nira tong s6 do hai

cung bi chin. S§ do cita géc ¢6 dinh & bén ngoai dudng tron bang nira hi¢u s6
do hai cung bi chan. :

Vi du 36. Cho tam gidc déu ABC noi tlép dudmg tron tam O. Diém D di

- chuyén trén cung AC. Goi E 1a giao diém ctia AC va BD, goi F 12 gian diém
ctia AD va BC. Chiing minh rang :

'a) AFB = ABD. |

b) Tich AE. BF khong d6i.
Gidai : (h.15)

~ a) Theo tinh chdt goéc c6 dinh & bén ngoai
dudng tron :

—r

m:%(sdﬁmsdéﬁ). ' )

Theo tinh chét géc ndi ti€p |
— '

ABD = Esﬁﬁﬁ - _i-(sde ~sdCD). ()

Tir (1) va (2) suy ra AFB = ABD.

b) AAFB va AEBA c6 AFB = EBA (ciu a), FBA = BAE = 60° nén chiing

déng dang, suy ra AB _ BE . Do d6 AE. BF = AB” (khong déi).
AE AB

Bdi tap

233, T gidc ABCD c6 céc géc B va D ti. Chitng minh riing AC > BD.

234, Cho dudng tron tam O ban kinh 2 cm, cdc bdn kinh OA va OB vuéng géc
v6i nhau. M 14 diém chinh giita ctia cung AB. Goi C 14 giao diém ctia AM
va OB, H 12 hinh chiéu cia M trén QA. Tinh dién tich hinh thang OHMC.

235", Tam gidc ABC noi tiép dudng tron tam O, céc diém M, N, P 11 diém

chinh giffa clia cdc cung AB, BC, CA. Goi D 12 giao diém ciia MN va AB,
E 1a giao diém cla PN va AC. Chitng minh ring DE song song véi BC.



236 . Cho tam gidc ABC noi tiép dudng tron (O ; R). Goi I 12 tam clia dudng -
tron noi tiép tam gidc d6 ; M, N, P theo thit twr 1a tam cla cdc dudng tron
bang ti€p trong cdc goc A, B, C. Goi K 1a diém d6i xing véi I qua O.
Chitng minh ring K 12 tAm cia dudng tron ngoai ti€p tam giac MNP.

~ Vi du : 62.
Bai tap : 388, 389.

§15. CUNG CHUA GOC

Cung chita géc o (0° < < 180° dung trén doan thing AB la cung ma moi
g6c ACB ¢6 dinh C thudc cung d6 déu c6 s6 do bang c.

Ap dung cung chita gbc vao chitng minh : Néu mot tir gidc co hai dinh ké
nhau ciing nhin canh chita hai dinh con lai dudi mét géc o thi bén dinh cua
1t gidc dy thudc cing mot dudng tron. |

Ap dung cung chita géc vao cac bai toan qu¥ tich va dung hinh : Xem cdc
- chuyén dé& Quy tich, Dung hinh. |

Vi du 37. Tir diém M & bén ngoai dudng tron tam O, ké cét uyén MAB di
qua O va céc ti€p tuyén MC, MD. Goi K 1a giao diém cha AC va BD. Ching
minh ring : | ' ' |

a) Bon diém B, C, MK thuq‘:é_cﬁng mot dudng tron.

b) MK vuong géc v4i AB.

Gidi : (1.16)

a) Dé dang ching minh AB L CD nén AC = AD, do )

—————

d6 ACM = ABD (goc tao bdi tia tiép tuyén véi diy va
gbc noi ti€p chin hai cung bang nbau), tic Ia

e

" KCM = KBM.

Tt gidc BCMK c6 cdc dinh B va C cling nhin KM
duéi hai géc bang nhau nén bén diém B, C, M, K
thudc cing mot dudng tron.

Hinh 16

b) Tir cau a suy ra BMK = BCK = 90°. Vay KM L AB.



B&i tap

237. Cho hinh binh hanh ABCD c¢6 A < 90°. Pudng tron tam A ban kinh AB
cit dudng thing BC & diém thit hai E. Dudng tron tam C bén kinh CB cat
dudng thing AB & diém thi hai K. Chimg minh ring :

a) DE =DK ;
b) Nam diém A, D, C, K, E thuoc cing mot dudng tron.

238. Qua diém M thudc canh ddy BC clia tam gidc can ABC, ke cic dudng
thing song song vdi cdc canh bén, chiing cdt AB, AC theo thit ty & D, E.
Goi 112 diém d6i xting v6i M qua DE. Ching minh rang :

a) Diém I thudc dudng tron ngoai tiép tam gidc ABC ;

b) Khi diém M di chuyén trén canh BC ‘thi du‘tmg thang IM di qua mot
diém c6 dinh.

239. Cho tam gi4c nhon ABC cé dudng cao AD, diém M nam gita B va C.
Dudng trung truc cia BM cit AB & E, dudng trung tryc cia CM cit AC &
F. Goi N 1a diém d6i xing véi diém M qua EF, I 12 giao diém cla NM va
AD. Chiing minh réng nam diém A, B, I, C, N thudc cing mot dudng tron.

240. Cho hinh thang ABCD (AB // CD), O 1a giao d1ém ctira hai dudng chéo.
 Trén tia QA 14y diém M sao cho OM OB. Trén tia OB lay fhém N sao
cho ON = QA. Chiing minh rang : :

a) Bon diém D, M, N, C thudc cling mot dm‘mg trOon ,
b) ACN = BDM.
241", Cho tam gidc ABC (AC > AB). Duﬁmg tron tam 1 ndi ti€p tam gidc do6

tiép xiic v6i AB, BC & D, E. Goi M, N theo thi ty 1a trung diém cha AC,
BC. Goi K 12 giao diém cha MN va Al Ching minh ring :

a) Bon diém I, E, K, C thud¢ cing mot dudng tron ;
b) Ba diém D, E, K thang hang. |
242", Cho tam gidc ABC, dutng cao AH, dudng trung tuyén AM (H, M phan biet
va thudc canh BC) thod méan BAH = MAC. Ching minh ring BAC = 90°.
~ Vidu : 49, 51, 54 dén 56, 61.

Bai tap : 356 dén 364, 370 372, 373, 377, 378, 383 dén 387, 390 392,
393, 395 dén 398, 411 dén 417.



§16. TU GIAC NOI TIEP

Mﬁt ta gléc c¢6 bon dinh ndm trén mot duong tron du*ﬂc goi 1a tir gidc noi
ti€p dudng tron (goi tat 1a 1 gidc noi ti€p).

Trong mot ti gidc ndi ti€p, hai géc d6i bi nhau.

P30 lai, n€u mot 1 gide ¢é hai géc dGi b nhau thi ti gidc d6 noi tiép duoc
dudng tron.

Vidu 38. Tam gidc ABC ni tiép dudng tron (O ; R) ¢ AB = 8 cm, AC = 15 cm,
dudmg cao AH = 5 cm (diém H nim ngoai canh BC). Tinh bén kinh ciia dudng tron.

Gidi @ (h.17)
Ké {im’mg kinh AD. Ta c6 ABCD la ut giéc noi nép

nén ADC + ABC = 180°. Ta lai ¢6 ABH + ABC = 180°.

Do d6 ABH = ADC .
AABH cn” AADC (g.g8)
Hinh 17 =>AH=AB :>-—5-ﬂ-§~—:>R:12(cm).
AC AD 15 2R

Chi: y : Néu diém H nam trén canh BC, ta vin ¢6 R = 12 cm (xem vi du 32).

Vi du 39. Chinmg minh ring chan cdc dudng vuéng goc ke tir mot diém
thuéc duong tron ngﬁal ti€p mot tam gidc d€n ba canh cha tam gidc &y nam
trén mot dudong thing.

Gidi : Xét AABC noi ti€p dudng tron (O), M la diém
bit ki thudc dudng tron, MH 1 AB, Ml L AC, MK L BC
(h.18).

Té gide MIKC c6. MIC = MKC = 90° nén 1a t
giac ndi ti€p, suy ra

MIK + MCB = 180°. (1)
ABCM la tif gidc noi tlép nén Hinh 18 |
MCB = MAH (cing bi véi MAB). (2)

Ta giac AIMH co AIM + AHM = 90° +90° = 180° nén 14 o gidc ndi
ti€p, suy ra

MAH = MIH. (3)



Tix (1), (2), (3) suy ra MIK + MIH = 180° . Vay ba diém H, I, K thing hang.
Ghi cha - Dli‘ﬁ?ng thang HIK trong vi du trén dugc goi la dudng thing
Xim-xon ctia di€ém M (Robert Simson, 1687 — 1768, nha todn hoc Xcot-len).

- Vi du 40". Qua diém A & bén ngoai dudng tron (O), ké cat tuyén ABC véi
dudng tron. Céc tiép tuyén cla dudng tron tai B va C cit nhau ¢ K. Qua K ké
dudng thang vuong goc véi AO, cit AO tai H va cat dudng tron (O) tai E va F
(E ndm gita K va F). Goi M 1a giao diém ctia OK va BC. Chitng minh ring :

-a) EMOF 1a tit gidc noi tiép ; _

b) AE, AF 12 céc tiép tuyén cha dudng tron (O).
. Gidi : (h.19).
a) AOCK vudéng, CM L OK nén
KC* = KM.KO.
KC 1a ti€p tuyén, KEF 13 cait tuyén nén
KC? = KE.KF. "
Suy ra KM.KO = KE.KF, nén

KM KF
KE KO | Hinh 19

Ta ¢6 AKEM o AKOF (c.g.c) nén M, = F, ti d6 EMOF la ti gidc
noi ti€p. - | I (1)

b) Pit M, =F =a. Ta ¢6 AOE = AOF = 90° — o, AME = 90° - a,
nén AOME la tif gidc noi tiép. - @) -

Tir (1) va (2) suy ra nam diém A, E, M, O, F thuoc cling mot dudng tron,
dudng kinh ciia dudng tron 12 AO (vi AMO = 90°). |

Do dé6 AFO = AEO = 90°, titc 1a AF vi AE 12 tiép tuyén clia dudng tron (O).
Bai tGp

243. Cho tam gidc ABC vuong tai A, AB < AC. Ldy diém I thuoc canh AC sao
cho ABI = C . Pudng tron (O) dudng kinh IC cit BI & D va cit BC & M.



Ching minh ring:

a) CI 12 tia phan gidc chia géc DCM ;

b) DA la ti€p tuyén ctia dudng tron (O). -
244. Cho tam gidc ABC vuong tai A, I 12 trung di€ém cta BC, D 14 diém ndm

gitta I va C. Goi E, F theo thi ty 1a tam ctha cdc dudng tron ngoai ti€p tam

gidc ABD, ACD. Ching minh ring E va F nim trén dudng tron rnigoai tiép

tam gidc AID.

245, Cho tam gidc ABC noi tlép ducmg tron tam O, dudng phén gidc AD. (301

H, K theo thit tu 12 tam cla cdc dudong tron ngoai ti€p cdc tam gidac ABD,
- ACD. Ching minh ring OH = OK.

246. Cho tam gidc nhon ABC, cdc dudng cao AD, BE, CF cit nhau tai H.
Ching minh réng :

a) BH.BE + CH.CF = BC* ;

AB? + AC? +BC2_
5 -

247. Cho tam gidc nhon ABC, duong cao AD, truc tam H. Goi AM, AN ]a céc
ti€p tuyén vdi dudng tron {O) duong kinh BC (M, N 12 cic ti€p diém).
Chitng minh rang :

a) AMDN la t gidc noi tiép ;
b) Ba diém M, H, N thing hang.

248. Cho tam gidc ABC néi tiép dudng tron (O ; R), dudng cao AH. Ch;j‘ng
minh rang :

a) AB. AC=2R. AH ;

b) § = %%E vgi BC=a, AC=b, AB= ¢, dién tich tam gidc ABC bang S.

b) AH.AD + BH.BE + CH.CF =

249. Cho tam gidc ABC noi ti€p c!u’ﬁng tron (O). C:-ic: tia phﬁiﬂ gidc clia Cfiﬂ goc
A, B, Ccat dudng tron (O) theo thit tu & D, E, F. Chitng minh ring :

yAD> ABFAC
_ . 2
b) AD + BE + CF 16n hon chu vi tam gidc ABC.

250 . Cho tam gidc ABC ndi ti€p duong tron (O). Tia phén gidc clia géc A cat BC
¢ D, cat dudng tron & E. Goi M, N theo thit tir 12 hinh chiéu cha D wén AB,
AC. Goi I, K theo thit ty 12 binh chiéu clia E trén AB, AC. Chiing minh ring :



a) Al + AK = AB + AC;
b) Dién tich tit gidc AMEN bang dién tich tam gidc ABC.

251". Cho tam gidc ABC noi ti€p dudng tron (0O), diém M thudc cung BC
khong chita A. Goi MH, MI, MK theo thi ty 14 cdc dudng vudéng gbc ké tir

M dén BC, AB, AC. Chiing minh ring BC _AB L AC

’ M_{—I MI MK

252. Cho tam gidc nhon ABC, cic dudng cao AD, BE, CF. Goi 1, X theo thit t
14 hinh chiéu cta B, C trén EF. Chitng minh rdng DE + DF = IK. -

253. Cho tam gidc nhon ABC, cic dudng cao BD, CE. V& & phia ngoi tam
gidc céc ntra duong tron ¢é duong kinh theo thi tv 1a AC, AB. Goi [, K
theo thd ty 13 giao diém cha BD, CE véi c4c nira dudng tron d6. Chiing
minh rang Al = AK.

254. Cho dudng tron tam O va hai diém B, C thu6c dudng tron, cdc tiép tuyén
v6i dudng tron tai B va tai C cét nhau & A. Goi M 1a mot diém thudc cung
nho BC. Tiép tuyén véi dudng tron tai M cit AB, AC theo tht v & D, E.
Goi giao diém clia OD, OFE véi BC theo thit tu 12 I, K. Chitng minh ring :

a) OBDK, DIKE la cdc tir gidc noi tiép ;
b) Cac dudng thing OM, DK, EI déng quy.

255, Tirdiém A & bén ngoai dudng tron tam O, vé céc ti€p tuyén AB, AC (B va
C 12 céc ti€p diém). Goi H 1a giao diém ctia OA va BC. Ké day EF bat ki di
qua H. Ching minh rang AO la tia phan gidc clia goc EAF.

256 . Tir didm A & bén ngoai dudng tron tam O, v& céc tiép tuyén AB, AC (B
va C 14 céc ti€p diém) va cit tuyén ADE. Pudng thing di qua D va vuong
gdc vai OB cit BC, BE theo thi ty & H, K. Chitng minh rang DH = HK.

257. Cho dudng tron (O). Qua diém K & bén ngoai duong tron, ké céc tiép
tuyén KB, KD (B, D 1a cdc tiép diém), ké cit tuyén KAC.

a) Chitng minh rang AB. CD = AD. BC.

b) V& dﬁy CN song song véi BD. Goi I 1a giao diém ctia AN va BD. Chlmg
minh ring I 14 trung diém clia BD..

258", Cho hai duong tron (O) va (0" ti€p xidc ngoiai tai A. Tl diém B thuoe
duong tron (0'), ké cdc tiép tuyén BC, BD véi duong tron (0) (C, D la céc
ti€p diém). Goi E, F theo thit tu 12 cdc giao diém thd hai cha CA, DA vdéi
dudng tron (O"). Ching minh ring AF. BE = AE. BF. ' ‘

Huéng ddn : St dung két qua & cau a ctia bai 257.



259. Cho tam gidc nhon ABC (AB > AC) noi ti€p dudng tron (O) dudng kinh
AD. Goi E 12 hinh chi€u cla B trén AD, H 12 hinh chiéu ctia A trén BC, M
1a trung diém clia BC. Chiing minh ring AMEH 1 tam gidc can.

260. Tu gidc ABCD c6 AB = AD + BC, canh AB v céc tia phan gidc clia cdc
géc C va D dong quy. Ching minh ring ti gléc ABCD la hinh thang hoic
tr gidc noi ti€p.

261. Cho tam gidc ABC Goi I'1a tam cta dudng trdn noi tiép tam gidc, K 1a tam
cta dudng tron bang ti€p trong géc A. Chitng minh ring ALAK = AB.AC.

262", Dudng tron (O) ngoai ti€p tam gidc ABC cit doan néi cdc tam B', C' ciia
hai du‘fmg tron bang ti€p trong cdc goc B, C tai t‘hém M (khiac A). Chiing
minh rang M 1a trung diém ctia B'C.

263. Mot hinh thang can néi ti€p duong tron tam O, canh bén dugc nhin tix O
dudi goéc 120° Tmh dién tich hinh thang, bié&t dudng cao cta hinh thang
bang h.

264. Cho hinh thang ABCD (AB // CD), AB = a, CD = b, a < b. Mot dudng
tron (O) di qua A va B, cat cdc canh bén AD, BC theo thit tr & M, N. Tinh
do dai MN theo a, b, bi€t ring cdc tit gidc ABNM va CDMN c6 dién tich
bang nhau.

265. Cho tam gidc nhon ABC, cdc dudng cao AD, BE, CF. Goi R 14 bédn kinh
chia dudng tron ngoai ti€p tam gidc ABC r 12 ban kinh cha dudng tron noi
‘ti€p tam gidc DEF.

a) Ching minh rang OA vudng géc véi EF. |
'b) Tinh ti s6 dién tich c4c tam gidc DEF va ABC theo R va r.

266 . Cho tam giac ABC vuéng tai A , C = 40°, duong cao AH, diém 1 thuoc

canh: AC sao cho Al = %AC diém K thusﬁc tia d6i ciia tia HA sao cho
1
HK = EAH . Tinh 86 do gic BIK.

© 267. Tam gidc ABC can ¢6 A = 100°. Piém D thuoc nita mat phing khong
‘chifa A ¢6 by BC sao cho CBD = 15°, BCD = 35° Tinh s6 do gbc ADB.

268. Tam gzdc ABC nhcm truc tam H. V& hinh binh hanh ABCD. Chiing minh
‘ring ABH ADH .



269. Cho tam gidc ABC. Piém I nim trong tam Ulén:: sa0 Chc::- ABI = ACIL. V&
hinh binh hanbh BICK. Chitng minh ring BAI = CAK .

270. Cho diém I nim trong hinh binh hanh ABCD sao cho IAB = ICB. Chiing
minh rang IBC IDC. o
271. Cho tam gidc déu ABC, diém M thudc canh BC. Goi D 12 diém d6i xing
- v6i M qua AB, E la diém d6i xing véi M qua AC. V& hinh binh hanh
DMEI. Chitng minh réng :
a) Bén diém D, A, I, E thuéc cung mot dudng tron ;
b) Al song song véi BC.
272. Cho hinh thang can ABCD (AB // CD), diém E nim giita C va D. V&
- dudng tron (O) di qua E va tiép xiic véi AD tai D. V& dudng tron (O') di
qua E va ti€p xdc véi AC tai C. Goi K 1a giao diém thit hai ctia hai dudng
tron d6. Chiing minh rang :
a) Nam diém A, B, C, D, K thu¢c cung mot dudng tron ;
b) Ba diém K, E, B thing hang,

273. Cho tam gidc ABC noi ti€p dudng tron (O), I 1a diém chinh giﬁa ctia BC
khong chita A. V& d.tzfmg tron (Oy) di qua I va ti€p xidc véi AB tai B, vé
dudng tron (O,) di qua I va tiép xic v6i AC tai C. Goi K 1a g1ao diém thit
hai cta cdc dudng tron (O1), (Og).

a) Chitng minh ring ba diém B, K, C thing hang.
b) Ly diém D bat ki thuoc canh AB, diém E thuoc tia d6i cia tia CA sao

cho BD = CE. Ching minh ring dudng tron ngoai ti€p tam glac ADE Iudén
di qua mot diém c6 dinh khdc A.

' 274. Cho dudng tron tam O duding kinh AB, diém C c6 dinh tr&n duﬁmg kinh
gy (C # O). biém M chuyén dong trén dudng tron, Dudng vudng goc vdi
AB tai C cét MA, MB theo tht ty & E, F. Chéng minh ring dudng tron
ngoai tiép tam gidc AEF ludn di qua mot diém c¢& dinh khéc A.

275. Cho géc vuong XAy, diém B c6 dinh trén Ay, diém C di chuyén trén Ax.

~ Dudng tron tam I noi ti€p tam gidc ABC tiép xtic v6i AC, BC theo thtt ty &
M, N. Chiing minh rdng dudng thing MN luén di qua mot diém ¢6 dinh.

276 . Cho dudng tron tam O dudong kinh BC, A 12 mot diém thudc dudng tron.

H 1a hinh chi€u cia A trén BC. V& dm:mg tron (I) ¢6 duu:mg kinh AH, cat
AB va AC theo thit ty 6 M va N.



a) Ching minh ring OA vuong géc véi MN. |
b) V& dudng kinh AOK ciia dudng tron (O). Goi E 12 trung diém cla HX.
Chimng minh ring E 12 tAm ctia dudng tron ngoai tiép ti gidc BMNC.
¢) Cho BC c6 dinh. Xdc dinh vi tri cug diém A dé ban kinh ctia dudng tron
ngoai ti€p ti gidc BMNC I6n nhat.

277", Cho tam gidc ABC vuéng tai A, dudng cao AH. Goi (P) , (Q) theo thi ty
124 duong tron nodi tiép hai tam gidac AHB va AHC. Ké tiép tuyén chung

- ngoai (khiac BC) cua hai dlr(mg tron (P) va (Q) nd cit AB, AH, AC theo

thit ty & M, K, N. Chiing minh rang :

a) Cac tam giac HPQ va ABC déng dang ;

b) KP // AB, KQ // AC;

¢) BMNC la tit gidc noi tiép ;

d) Niam diém A, M, P, Q, N thuéc cing mot dudng tron ;

e) Tam glac AED vudng can (D, E theo th ty la giac} diém cta PQ véi
AB, AC). . _

278. Cho dudmg tron tam O, day AB. Piém M di chuyén trén cung lén AB. Cic
duong cao AE, BF clia tam gidc ABM cat nhau & H.

a) Ching minh rang OM vuong géc véi EF.
b) Duﬂng tron tam H ban kinh HM cit MA, MB theo thit tu & C, D. Chiing

minh ring dudng thang ke tir M va vudng gbc véi CD luén di qua mot diém
¢d dinh.

¢) Chiing minh rang du’fmg thing ké tir H va vuong géc véi CD ciling di qua
mot diém cé dinh.

279", Cho tam gidc ABC néi tiép dudng tron (O). Mot dm“:mg tron tam I tuy v
di qua B va C, cit AB va AC theo tht ty & M va N. Dudng tron tdm K
ngoai ti€p tam gidc AMN cit dudng tron (O) tai diém tht hai D. Ching
minh rang : | -

a) AKIO 12 hinh binh hanh : b) ADI = 90°.

280. Dung ra phia ngoai mot ti¥ gidc ndi ti€p cdc hinh chit nhat ma mbi hinh
chit nhat c6 mot canh Ia clia ti gidc, canh kia bang canh d6i dién cla tit
gi4c. Ching minh ring giao diém cdc dudong chéo ciia bon hinh chit nhﬂt ia
céc dinh cua mot hinh chi nhat.



281. Cho dudng tron dudng kinh AC, day BD vuong goc véi AC. Goi E, F, G,
H theo thi ty 12 tam clha cdc dudng tron ngi ti€p tam gidc ABC, ABD,
ACD, BCD. Ching minh rﬁng EFGH la hinh vuong.

282, Cho dudng tron (O), day AB, diém M thudc duong tron. Gm Ax, By 1?1
cdc ti€p tuy€n cha dudng tron, H, I, K theo thit ty 12 chan cdc dudng vuong
goc ké tt M dén AB, Ax, By. Chiing minh rang :

a) MH” = ML.MK ; | b) MI + MK > 2MH.

283", Goi M l2 diém b4t ki thuéc dudng tron (O) ngoai ti€p ti gidc ABCD.
Khoang cdch tor M dé€n cdc duong thfmg AB, BC, CD, AD theo thi tu 1a
MH, MK, MI, MN. Chitng minh ring MH.MI = MK.MN.

284, Cho tam gidc ABC, dlﬁ?ﬂg trung tuyén AM, dudng phan gidc AD. Dudng
tron ngoai ti€p tam gidc ADM cat AB, AC theo thit twv & E, F. Chuing minh
rang BE = CE.

285", Cho nita dudng tron 1am (O) dudng kinh AB, diém C thugc ban kinh OA.
Puong vuéng géc véi AB tai C cét nlra dudng trdn & D. Dudng tron tam I .
ti€p xuc voi nira duh'ng tron va ti€p xuc véi cdc doan thﬁng CA, CD. Go1 E
1a ti€p diém trén AC ciha dudng tron (I).

a) Chiing minh rdng BD = BE. |
b) Suy ra cdch dung dudng tron (I) ndi trén.

286 . Cho tam gidc ABC cén tai A; AB = i6 BC = 24, dutmg caoc AE. Duong
tron tam O ndi ti€p tam gidc ABC tiép xuc véi AC tai F.

a) Chiing minh rang OECF la tr giac noi ti€p vﬁ BF 1a tiép tuyé’n cta dudng
tron ngoai ti€p tir gidc do.

b) Goi M 1a glao diém ctia BF véi dudng tron (O) Chu‘ng minh ring
BMOC 1a tit gidc noi tiép.

287. Cho duong tron (O') ti€p xtc trong véi duong tron (O) tai A. Céc day BC,
BD ctia duong tron {O) ti€p xdc voi duﬁmg tron (O") theo th twr tai E, F. Goi
I 1a giao diém cta EF véi tia phan gidc ctia goc CAD. Ching minh ring :

2) DAF = —DCB ;

b) DAF = TAE.
¢) I'la tam ctia dudng tron néi ti€p tam gidc BCD.



288", Cho tam gidac nhon ABC, céc dudng cao AD, BE, CF. Ldy di€ém M bt ki
thudc DF, ké MN song song véi BC (N thuoc DE). Lay diém I trén dudng

thing DE sao cho MAI = BAC. Ching minh ring :
a) Tam giac AMN la tam gidc cén ; '
b) AMNI la tif gidc noi fiép ;
¢) MA 1a tia phan gidc clia goc FML

289". Cho hai dudng tron (O) va(0Q') cit nhau 6 A va B. Ké ti€p tuyén chung
CD (C € (O), D € (O"). Goi H, K theo thi ty 1a hinh chi€u caa C, D trén
OOQ'. Chitng minh rang OAO' = HAK

290. Cho hai hinh vudng ABCD, AB'C'D' sao cho néu vé cidc dudng tron ngoai

ti€p cdc hinh vuéng thi chiéu tir A ldn lugt qua B, C, D va chicu tr A l4dn
lugt qua B', C', D' déu theo chiéu quay cta kim dﬂng h6. Goil la giao diém

ctia BB' va DD‘ Chlmg minh rang :

a) I thudc dudng tron ngoai ti€p mdi hinh vuong ;
'b) CC ciing di qua diém 1.
291". Cho t& gidc ABCD noi ti€p dudng tron tam O. Pudng vuong géc véi AD

tai A cit BC & E. Dudng vuong goéc véi AB tai A cat CD & F. Ching minh
ring ba diém E, O, F thing hiang. |

292. Cho tam gidc ABC. Pudng tron noi ti€p tam giéc ABC tiép xic véi BC,
AC, AB theo thit ty & D, E, F. Blet AABC en ADEF, chung Ii‘il[lh ring tam
gidc ABC la tam gidc déu.

293. Cho hai dudng tron (O) va (O") & ngoai nhau. Ké cé{; ti€p tuyén chung
ngoai AB va A'B', cdc ti€p tuyén chung trong CD va EF (A, A', C, E thuoc
(O): B, B, D, F thugc (O")). Goi1 M la giao diém cha AB va EF, N 12 giao .
diém ctia A'B'vaCD, H1a glao dlém ctia MN va OQ'. Chimng minh rang : l

a) MN vudng goc véi 00" ;, -
b) Nam diém O, B, M, H, F thugc ciing mot dudng tron ; ;
¢) Nim diém O, A, M, E, H thu6c ciing mot duu‘ng tron ;

d ) Ba dlém H, D, B thing hang ;
e j Ba diém A, H, C thf—ing hémg.

294", Cho dudng tron tam O, hai diém A va B & vi tri d6i xiing véi nhau qua
moét bédn kinh ctia dudng tron. Vé day CD di qua A, day EF di qua B. Cic



du‘cmg thang CE, DF cat dudng thing AB {hecr thit tu. & M, N. Ching minh
rang AN = BM.

295 Cho ABCD la t& gidc néi ti€p ¢ cac canh d6i khé'ng song song, F 14 giao
diém ctia AB va CD, E 1a giao diém clia DA va CB. Goi H va G theo thﬁ tu
la trung diém cua AC va BD. Chimg minh ring :

a) Tia phan gidc cua géc BED ciing 12 tia phan gidc cua géc HEG.

b) Céc tia phan g1ac cla cédc gnc BED va BFD gap nhau tai mot dlem nam
trén GH. .

296 . Cho tw giac ABCD. VEé bdn dudng trfm, moi dudng tron di qua trung
diém cédc canh ctia moét trong cdc tam gidc ABC, BCD, CDA, DAB. Chiing
minh rang bén dudng tron d6 cling giao nhau tai mot diém. _

297 . Cho tam gidc ABC, dudong cao AH. Ké ra ngoai tam gidc ABC céc tia Ax,
Ay theo thit tu tao véi AB, AC cac géc nhon bédng nhau. Goi I 14 hinh chi€u
cua B trén Ax, goi K 1a hmh chiéu ctia C trén Ay, M 1a trung diém cha BC.
Ching minh rang :

a) MI = MK ;
b) Bon diém I, H, M, K thuéc cling mot cll.rcmg tron.

298", Cho tam gidc ABC, truc tam H. Ké céc dudng thing AA', BB, CC’ sa0
cho cdc tia phan gidc ctia cdc géc A'AH, B'BH, C'CH song song v&i nhau.
Chitng minh ring cdc dudng thing AA', BB, CC' gip nhau tai mot diém
thudc dudng tron ngoai ti€p tam gidc ABC.

S dung vi du 39 (vé ducong thdng Xim-xon) dé gidi cdc bai todn ‘sau (ter
bai 299 dén bai 302) : '

299. Cho tam gidc ABC néi tié€p duong tron (O), diém M thuéc cung AC, Ax
la ti€p tuyén tai A. Goi H, I, K , N theo thit tu 14 chan cic dudng vudng gbc
ké tir M dén AB, AC, BC, Ax. Chfmg minh ring MH, MI = MK. MN.

300. Cho tam gidc ABC va cdc diém M, N thudc dudng tron ngoai ti€p tam
gidc dy. Biét cdc dudng thang Xim-xon cta diém M, ctia diém N vuong
g6c voi nhau. Chdng minh rang MN la dudng kinh cia dudng tron .

301. Cho ttt gidc ABCD noi ti€p dudng tron tam O. Goi H, I theo thi ty 12 hinh
chi€u ctua B trén AC, CD. Goi M, N theo thit tu 14 trung diém etia AD, HL
Chitng minh rang :

a) Cac tam gidac ABD va HBI déng dang ;
b’) MNB = 90°.



302", Cho tam gidc ABC, M la diém bt ki thuoc dudng tron (O) ngoai ti€p tam
gisc 4y. Goi D 1a diém d6i ximg v6i M qua AB, E 12 diém doi xing v6i M
qua BC. Chiing minh riing khi diém M di chuyén trén dudng tron (O) thi
DE luén di qua mot diém c6 dinh.

303. Ching minh ring trong mot ti gidc nodi ti€p, tich cia hai ducmg chéo b?xng
téng cé4c tich clia hai cip canh doi.

Dinh li Pt6-1é-mé (Ptolémée,thé i 11, nha toan hoc Hi Lap)

304. Van dung dinh If Pto-lé-mé (bai 303) d€ giai bai todn sau : Ching minh
ring téng céc khoang cédch tir tam cla dudng tron ngoai tié€p mot tam giac
phon dén cdc canh cha tam gidc bing tdng cdc bdn kinh ciia dudng tron
ngoai ti€p va dudng tron nél ti€p tam gidc do.

Dinh li Cac-né (Laza:e Carnot, 1753 - 2823 nhﬁ todn hnc Phip)

~ Vi du : 50, 52, 53, 57, 59, 60, 63 dén 65.

Bai tap : 365 dén 369, 371, 374 dén 376, 379 dén 382, 394, 400, 403 dén
405, 407, 408, 410, 418 dén 420, 424 dén 432.

§17. PUGNG TRON NGOAI TIEP,
DUONG TRON NOI TIEP PA GIAC

Puong tron di qua tat ca céc dinh cha mot da gide duge goi 1a dudng tron
ngoai tiép da giac, khi dé da gidc duge goi 1a da giac noi ti€p dudng tron.

Pudng tron tiép xdc véi tat ca cdc canh ctia mdt da gidc duge goi la duong
tron noi ttép da gidc, khi d6 da gidc duge goi Ia da gidc ngoai tiép dudng tron.

Diéu kién cin va dd dé mot i gidc ngoai ti€p dudng tron 12 téng cdc canh
d6i bang nhau.

ba giac déu nao cung c6 mot dudng tron ngoai ti€p, mot dudng trdn noi tiép.
Tam cta hai dudng tron nay trung nhau va duge goi 1a tam cua da giac déu.

Vi du 41. Chiing minh dmh 1 “Néu td gidc ABCD c6 tong céc canh doi
bang nhau AB + CD = BC + AD thi tff gidc d6 ngoai ti€p duge mot dudng tron”
bing céch chimmg minh cdc tia phan gidc cla bén géc A, B, C, D cing gap nhau
tai mot diém.



Hinh 20
. Gidi : Ta chi can ching minh céc tia phan gidc ciia ba géc A, B, D gap
nhau tai mot diém. Xét hai trudng hop : | | .

a).Néu AB = BC (h.20a) thi do gia thiét suy ra CD = AD, do dé BD la
dudng phan gidc cia cdc géc B va D. Goi O 1a giao diém cia tia phan gidc géc
A v6i BD. Thé thi BO, DO la céc tia phan gidc chia cdc g6¢ B, D.

b) Néu AB # BC (h.20b), gi4 stt AB > BC, th¢ thi DA > DC. Liy diém M
trén AB, diém N trén AD sao cho BM = BC, DN = DC. Do gia thi€t suy ra
AM = AN. C4c dudng phan gidc clia cdc goc A, B, D chinh 12 cdc dudng trung
truc cua ACMN nén ching gip nhau tai meét diém O.

Diém O 12 tam clia dudng tron noi tiep ti gidc ABCD.

Vi du 42. Céc dudng trung tuyén BD, CE ciia tam gidc ABC céit nhau tai L.
Cho biét ti gide ADIE ngoai ti€p duoc mot duong tron. Chitng minh ring tam
giac ABC 1a tam gidc can.

Gidi : (h.21) ,

Ching minh bang phéan chiing. |

it AD = b, AE = ¢, ID=m,IE =n. Ta cé
ADIE la tif gidc ngoai ti€p nén |

b+n=c¢c+m. {1)

Mat khdc dé dang ching minh dugc bd dé -
"Trong mét tam gide, dudng trung tuyén dng véi
canh 16n hon thi nho hon". Do dé : |

Néu b > ¢ thi n > m (theo b6 dé). Suy ra

b+n>c+m,trdi v6i (1).
Néu b < ¢ thi n <m (theo b dé). Suyrab+n <c + m, trdi véi (1),

Vﬁy b =c¢. Suy ra AABC la tam gidc can.

Hinh 21



Vi du 43. Cho mot luc gidec déu noi ti€p dudng tron ban kinh R. Ké cac
dudng chéo néi cac dinh cdch nhau mot dinh. Tinh dién tich lyc gl&::: c6 dinh 1a
giao diém cfia cdc dudng chéo do.

R Gidi —_—
A S K{ hiéu nhu trén hinh 22. Ta c6 AAMN déu (vi cdc
géc bing 60°), AANB can (vi A1 = By = 30°), AAMF
E ¢ cén, nén ' )
_ FM = MN = NB = AB R

) £ | 2sin60° /3

Hinh 22 MNPQRS 14 luc gidc déu (dé chitng minh) ¢6 dién
~ tich bang :
MNzﬁ ‘- EJ_ 2\/5
4 - 34 ° R

Bai tap
Tir giac ngoai tiép duong trfm
305. Hinh thang vuong ABCD (A = D = 90°) ngoai tiép dudng tron tam O.
Tinh dién tich hinh thang biét ring :
a) OB = 10cm, OC = 20cm ;
b) AB=b, CD = a.

306. Hinh thang ABCD ngoai tiép duong tron tdim O, ddy nho AB = 2cm, E la
ti€p diém cla duﬁng tron (OQ) trén canh BC. Biét ring BE = lcm, EC = 4cm
Chitng minh rang ABCD la hinh thang can va tim dién tich cua no.

© 307. Tinh cédc canh ¢tia mot hinh thang cén ngoai ti€p dudng tron (O ; 10cm)
~ bi€t khoang cich giita hai ti€p diém trén canh bén bang 16cm.

308. Puong tron tam O néi ti€p hinh vuong ABCD, tiép diém trén AB 1a M.
Mot tiép tuyén voi dudng tron {O) cit cdc canh BC, CD lan lugt 6 E, F.
Chiing minh rang : .

a) Céc tam gidc DFO va BOE déng dang ;
b) ME song song voi AF,
309. Cho ut gidc ABCD, cac dudng tron noi ti€p hai tam gidc ABC, ADC tiép

xtic nhau. Chitng minh rang cac du&mg {rén ndi ti€p hai tam gidc BAD,
BCD ti€p xtc nhau.



310. Cho tif gidc ABCD ngoai ti€p mot dudng tron. Chiing minh rang néu mot
dudng thing chia tif gidc thanh hai phin c¢é dién tich bing nhau va chu vi
bang nhau thi dudng thing d6 di qua tam cta dudng tron do.

| 311. Chu hinh thang ABCD (AB // CD) ngoai tiép dudng tron (O), ti€p diém
trén AB, CD theo thit tw1a E, F. Chiing mmh rang AC, BD, EF dﬁng quy.

312°. Chu‘ng minh rdng trong mot ti gidc ngoai ti€p dudng tron, céc dudng
thdng néi céc tiép diém trén céc canh ddi déng quy tai giao diém cédc
dudng chéo cha tit gidc.

313", Cho tt gidc ABCD ngoai ti€p dudng tron tam O. Goi I va K theo thi ty 12
- trung diém clia cdc dudng chéo BD va AC. Chiing minh ring :

“a) Soap + Socp = %SABCD ; b) Ba diém ILO, K thﬁng hang.

T giac noi ti€p va ngoai tiép dudng tron

314, Cho duOng tron tam O, cdc day AB, CD vudng géc véi nhau. Cic ti€p
tuyén vdi dudng tron tai A, B, C, D céit nhau ldn Itrcrt tai E, F, G H. Chiing
minh rang EFGH la tf gidc noi tiép. ' :

315. Tu giac ABCD ngnal ti€p dudng tron (O), déng thoi noi tiép mot dudng
tron khdc, AB = 14 ¢cm, BC = 18 ecm, CD = 26 cm. Goi H 1A tiép dlém cua
CD va duong tron (O). Tinh cdc d6 dai HC, HD.

316 . Tw gide ABCD ngoai ti€p dudng tron (O ; r), déng thdi nodi ti€p mot
dudng tron khic. Goi E, F, G, H theo thi tu 1a hinh chiéu ctta O trén AB,
BC, CD, DA. Chiing minh ring : - -

a) r* = AE.CG = BE.DH :
b) Dién tich t gisc ABCD bang +/abed véi AB=a, BC =b, CD = ¢, DA = d.

Pa giac noi ti€p duong tron

317, Cho luc gidc ABCDEF ndi tiép mﬁz. dudng tron va cé hai cip canh d6i
song song la AB // DE, BC // EF. Ching minh rang hat canh déi con lai
cling song song véi nhau.

318 Luc gidc ABCDEF noi ti€p mot duﬂng tron ¢6 céc canh AB, CD, EF biang

'ban kinh clia c.‘lu‘tmg tron. Chitng minh ring cédc trung diém cta ba canh con
lai 1a cac dinh chia m6t tam gidc déu.



Pa giac déu noi tié€p, ngoai tiép dudng tron
319. Tinh dién tich bat gidc déu canh a.

320. Cho da gidc déu 20 canh A;Az... Ay ndi ti€p dudng tron (O ; R). Goi M la -

moét diém bét ki thuoe dudng tron. Tinh dng MAT + MA3 + ... + MA5,.

321", Cho tam gidc déu ABC va hinh vuéng ADEG cling n6i ti€p dudng tron
(O ; R). Tinh dién tich phan chung cua tam gidc va hinh vuong.

~ Bai tap : 399, 433.

§18. PO DAI PUONG TRON

Do dai dudmg tron con duge goi 14 chu vi hinh tron va duge ki higu la C.
Goi ban kinh ctia dudng tron 1a R, ta ¢6 C = 2nR. |
Trén dt.ff)‘n.g trén ban kinh R, d6 dai [ cha mot cung n°” dugc tinh theo
cong thuc ' '
_ mRn
180

Vi du 44..Cho tam gidc ABC noi tiép duong tron (O). Do dai cdc cung AB,
BC, CA theo thi tu bang 3z, 4n, S7. Tinh dién tich tam gidc ABC.

Gidai : (h.23) Goi R la ban kinh ctia dudng tron (O). Ta c6
2rR =3n+4n+5nnén R = 6.

S6 do ctia cac goc AOB, BOC, COA tilé v6i 3, 4, 5 nén

AOB B(}C COA _ AOB + BOC + COA

3 4 5 34445
Hinh 23 o
_360° _ .0
12

Suyra AOB = 90°, BOC = 120°, COA = 150°. Ta cé



Dé ching minh : Néu mot tam gidc c6 hai canh bing a, b va géc tao bdi hai

- canh nay Ia géc tu o thi dién tich tam gi'é-:: bang %ab’ﬁin(l 80° — o). Do dé

sﬂoczlkzsmﬁa“ni QI 9V3,
2 2
- Scoa _%R sin 30° —-;46 %—9._
Vay Sapc = 18+ 9V3 +9=27 + 94/3.
B&i tap

322. Cho duwong tron tam O, cung AB bing 120°. Céc ti€p tuyén cta dudng
tron tai A vi tai B cit nhau & C. Goi (1) 12 dudng tron ti€p xic véi cac doan
thing CA, CB va cung AB néi trén. So sénh do dai clia dudng tron (1) véi
do dai cung AB ciia dudng tron (O). -

323, Cho hai duong tron dong tam.. Bi€t khoang cdch ngan nhit gilta hai diém
thuoc hai dudng tron bang lm. Tinh hiéu cdc d¢ dai clia hai dudng tron.

324. Cho hinh quat tron ¢6 cung BC bing 120°, tam A bdn kinh R. Tinh do dai
dudng tron ndi ti€p hinh quat dé (dudng tron nodi tiép hinh quat 12 dudng
trom ti€p xuc véi cung BC va véi cdc bdan kinh AB, AC).

325, Léy bon diém A, B, C, D theo thi tu trén ducmg tron (O) 520 cho
sdAB = 60°, sdBC = 90°, sdCD = 120° .
a) Tit gide ABCD 1a hinh gi ?
b) Tinh do dai dudng tron (O), bigt dién tich tt gidc ABCD bang 100m>

§19. DIEN TICH HINH TRON
Dién tich S chia hinh tron bén kinh R duoc tinh theo cong thiic S = nR”.

Vi du 45. Cho tam gidc déu cé tam O, canh 3cm. VE dudng tron tam O béan
kinh lem. Tmh dién tich phan tam gidc nim ngoai hinh tron.



Gidi : (h.24) .
Goi AH 1a dudng cao cua tam giac déu ABC, tacod :

3
3 2 |
Xét AOHD vuodng tai H, ta c6 |
Hinf 24 ' :
HD?=0D* - OH’ =1 - % =£ :>HD=§ cm.

Suy ra CD = 1 cm. Tuong tu CE =1 cm.
T gidc ODCE 12 hinh tho:! canh lcm, DCE = 60°. Do dé

ngx— _ vF 2

Sobce =~ me),

2 |
Dién tich hinh quat ODE bang 3’% = Z (em?).

Dién tich "tam gidc cong" CED (phin gach soc gidi han bai r::éc: doan thang
CD, CE va cung DE) hang

J

N2 X
2 6
Dién tich phai tim bang

= -é{sf ~ 7)) (cm?).

%{3@ - m).3 = %(Sﬁ ~ 1) (cm?).

Bdi tGp
326. Cho mot hinh thang ngoai ti€p mot dudng tron. So sdnh ti s6 giita dién

tich hinh tron va dién tich hinh thang vGi ti s6 gifta chu vi hinh tron va chu
vi hinh thang.

327. Cho mot hinh tron va mot hmh vudng cé cing chu vi, hinh nao ¢é dién
tich 16n hon ? )

328. Goi O 12 trung diém ctia doan thing AB = 2R. V& vé mot phia ctia AB céc
nira dudng tron ¢é dudng kinh theo tha ty la OA OB, AB. Vé ducmg tron
tam [ ti€p xiic ba nkra dudng tron trén.



a) Tinh bén kinh ctta dudng tron ().
b) Tinh dién tich phdn hinh tron Ién ndm ngoai hinh tron tdm I vA nim
ngoai hai ntra hinh trén nhé.

329. Cho hai dudng tron déng tam, dudng tron nhd chia hinh tron I6n thanh
hai phin c6 dién tich bang nhau. Ching minh ring dién tich phdn hinh
vanh khan gi6i han béi hai ti€p tuyén song song clia dudng tron nhd bﬂng
dién tich hinh vuéng néi ti€p duodng tron nho.

330. Cho da gidc déu n canh, do dai mébi canh bang a. V& cdc dudng tron ngoai
ti€p va nodi ti€p da gidc. -

a) Tinh di¢n tich hinh vanh khan gidi han b&i hai dudng tron. |
b) Tinh chiéu rong ctia hinh vanh khan dé.

331. Mot hinh quat c6 chu vi bing 28cm va dién tich bing 49cm? (chu vi hinh
qual: bing do dai cung hinh quat cong vé6i hai 14n ban kinh). Tinh ban kmh
cua hinh quat.

'332. Cho ba duodng tron cling ¢ bdn kinh r va ti€p xic ngoai déi mot.

a) Tinh dién tich "tam gidc cong" ¢é dinh 12 -::éc ﬂé’p diém cta hai trong ba
dudng tron dé.

b) Ké ba dudng thing, mbi duong thing ti€p xuc véi hai dudng tron va
khéng giao véi dudng tron thi ba. Tinh dié¢n tich tam gidc tao bdi ba duong
thﬂng do. '

333. Cho tam gidc ABC vuodng tai A, AB = 15, AC = 20, ciucrng cao AH. Vg
dudng tron tAm A ban kinh AH. Ké céc ti€p tuyé€n BD, CE véi dudng tron
(D, E la céc ti€p diém). Tinh dién tich hinh giéi han bdi cdc doan théng
BD, BC, CE va cung DE khong chita H chia dudng tron. |

334, Mot hinh vién phan ¢6 $6 do cung 90°, dién tich 27 ~ 4. Tinh d¢ dai day
cua hinh vién phan.

335. Cho tam gidc déu ABC c6 canh bing 2a. Goi (I) 1a dudng tron ndi ti€p
tam gidac. Tinh dién tich phdn chung ctia hinh tron (I) va hinh tron tam A
ban kinh a. '

336. Cho dudng tron (O ; R), cung AB bing 60°. V& cung OB ¢6 tam A bén
kinh R. V€& cung OA c6 tam B bdn kinh R. Ching minh ring dién tich hinh

gidi han béi cdc cung OA, OB, AB nho hon ?41: dién tich h"inh tron (O ; R).



3_3'?'*. Cho dubng tron (O ; R). Mot dudng tron (O) cat dudng tron (O) 6 Ava B
sao cho cung AB clia dudng tron (O') chia hinh tron (O) thanh hai phan c6
dién tich bing nhau. Ching minh ring do dé1 cung AB cha dudng tron (O")
1én hon ZR. |

338". Cho tam gidc ABC c6 dién tich S. Goi S; 12 dién tich hinh tron ngoai tiép
tam gidc, S, 12 dién tich hinh tron néi ti€p tam gidc. Chiéng minh rang
28 < §; + S,.

339. Cho hinh vien phan BC ¢ day BC = a, cung BC = 90°.
a) Tinh dién tich hinh vién phan.

b) Tinh dién tich hinh vuong DEGH noi ti€p trong vién phﬁn déo (DvaE
thuoc BC, G va H thuoc cung BC). .

' 340", Tinh bén kinh cta hinh vién phan BC ¢é day BC = 6cm, canh ctia hinh
vuong MNPQ noi tiép vién phan 4y bang 2cm (M va N thudce BC, P va Q
thuoc cung BC).

~ Bai tap : 402.

| Chuong IV |
HINH TRY. HINH NON. HINH CAU

§20. HINH TRU

Khi quay hinh chit nhat ABCD mdt vong quanh canh CD
c6 dinh, ta dugc mot hinh tru (h.25). Hai ddy cta hinh tru 1a
hai hinh trén bing nhau. Poan thing AB 12 mot dudng sinh,
DC 14 truc, do dai DC 1a chiéu cao clia hinh tru.

Diat DA =1, DC = h.

Dién tich xung quanh hinh try : S, = 27rh.
Thé tich hinh tru : V = rh.




Vi du 46. Mot chai ¢6 phia dudi 13 P
hinh tru chita mot lugng nuée cd chiéu cao [~ T
10cm nhu & hinh 26a. Ngudi ta lat nguoc

chai 1ai thi phdn chai khong chita nuée 12 - TTTN
mot hinh try c6 chiéu cao 8cm (h.26b). | |=——]
Tinh thé tich cla chai, biét ring dudng " - - -
kinh ciia d4y chai bing 10cm. ;_';{;]
Gidi : Thé tich chai bang tdng cic thé . <10cm >
tich ctia khéi nuéc hinh tru & hinh 26a va a) b)
phan chai khéng chita nuée & hinh 26b. Hinh 26

V = 1.5%.10 + 1.5%.8 = 251( 10 + 8) = 450% (cm’) ~ 1413 (cm”).

Bdi téip

341. C6 ba vat hinh tru bing chi, bing sit, bing nhom cing ¢6 khéi lugng
bang 2 kg va cling ¢6 dudng kinh ddy bang 10cm. Tinh chiéu cao ciia méi
vat, biét rang khéi ]u’dng riéng cha chi 2 11,3 kg/dm>, khéi luong rléng
clia sat 1a 7,8 kgidm kho6i luong r;éng cua nhom la 2,7 kgjdm

342, Mot bang gidy dai duge cudn chat lai 60 vong 1am thanh moét cuon gidy -
hinh tru réng. Bi€t dudng kinh ctia dudng tron trong cling bing 2cm, dudng
kinh ctia dudng tron ngoai ciing bing 6cm. Tinh chiéu dai ctia bang gidy
(lam tron dén 0,1).

343. Ngudi ta cdn cua mot than cay hinh tru ¢6 dudng kinh déy b?ing d dé
duge mot khic gb hinh hop chit nhat cé thé tich 16n nhat Tinh céac kich
thudce day ctia khiic go hinh hop chit nhat

344, Chii kién va giot mdt. Mot chi kién & vi trf A trén mat B
ngoai cia mét 1o thuy tinh hinh tru (khong cé nip), nhin
thdy mét giot mat & thing trude mit tai vi trf B & mat A
trong cua lo (h.27). Biét A cich miéng lo Scm, B cdch s
miéng lo 2Zcm va do dai clia dudng tron miéng lo bing S
48 cm. Tinh d6 dai ngin nhét dé chu kién bod duogc t6i
chd giot mat.

3457, Ching minh rang trong cédc hinh try cé cing thé tich, hinh tru cé dudng
cao bang dudng kinh cta ddy 12 hinh c6 dién tich toan phin nhd nhat.



§21. HINH NON

. Khi quay tam gidc vudng AOC mot vong quanh canh
goc vudong OA c6 dinh, ta dugc mot hinh nén (h.28).
Pdy cta hinh nén 12 hinh tron tdim O ban kinh OC.
Diém A goi 12 dinh, doan thing AC la mot dlm'ng mnh AQO
12 truc, do dai AO 12 chiéu cao ctia hinh nén.’

PatOC=1, AC=1/, AO = h.

Dién tich xung quanh hinh nén : S, = mrl. . | Hinh 28

Thé tich hinh nén : V = %ﬂrzh.

Vi du 47. Cho tam gidc OBC vuong tai O. Néu quay tam gidc dé quanh
canh OB ¢6 dinh thi dugec mot hinh nén ¢é thé tich 800x, con néu quay tam

- gidc d6 quanh canh OC ¢é dinh thi dugc mot hinh nén cé thé tich 1920%. Tinh
cac do dai OB, OC.

Gidai : (h.29) Thé tich hinh nén khi quay tam gléc
quanh OB :

-i;noc? OB = 800 (1

e e =

Thé tich hinh nén khi quay tam gidc quanh OC :

%«nOBE-.OC = 1920m. (2)

, . OC 5
Lav (1) chia cho (2) duoc — = —.
dy (1) chia cho (2) duge —= = =

Hinh 29

Thay OB = L2—O(L‘ vao (1) duge

%.ﬂ.OCZ %OC = 800,

suy ra OC> = 1000 nén OC = 10. Do dé

OBm%z-iO .24,



B&i tap

346. C‘iﬁg Tuén da udng rugu & mot coc ¢6 dang hinh nén.
Chi€u cao phan rugu con lai bang nira chiéu cao ruou lic
déu (h.30). Ong Tuén di uéng bao nhiéu phin céc rugu ?

A———; . Bﬁ; Cm—; D"—.
)3 ) )= )y

Hay chon cau tra 161 ding, _
- 347, M4t hinh nén dinh S c6 ddy 1a duong tron tam O, dudng Hinh 30

kinh AB, ASB = 60°. Qua trung diém I cta SO, ké |
dudng thing song song vdi AB, ¢it mit xung quanh cta hinh nén & CvaD.
Tinh thé tich hinh nén, bi&ét CD = 6cm.

348. Mot hinh nén ¢6 chiéu cao h. Hai dudng sinh vu{mg goc vdi nhau chia
mét xung quanh coa hinh nén thanh hai phdn cé ti s6 dién tich 1a 1 : 2.
Tinh thé tich hinh nén.

349, Tam gidc ABCc6 BC =a, , chiéu cao twong Ung bang h. Tinh thé tich hinh
tao thanh khi quay tam gidc mét vong quanh canh BC.

350. Hinh thang vuéng ABCD c¢6 A=B = 90°, céc tia phan gidc clia céc goc
C va D gép nhau tal trung di€m ctia AB. Bi€t AB = 8cm, dién tich hinh

thang bing 40(:111 . Tinh dién tich miat xung quanh cta hinh nén cut do
“canh CD tao thanh khi quay hinh thang moét vong quanh truc AB.

3517, Tinh s do ctia cung AB ctia mot hinh quat tam O bén kinh R dé khi cu{ﬁ&
hinh quat lai, ta dugc mét hinh nén ¢6 thé tich 16n nhat.

Hudng dan : Goi r 1a ban kinh cha dudng tron ddy cha hinh nén. Trudc hét

hay tinh ti 56 %{— dé hinh nén c6 thé tich 16n nhét.

§22. HINH CAU

Khi quay nira hinh tron tam O bén kinh R mot vong
quanh dudng kinh AB cé dinh, ta duge moét hinh cdu (h.31).

Diém O goi la tam, R 12 bédn kinh ctia hinh céu.
Dién tich mat cdu : S = 4nR?, '

Thé tich hinh cdu : V = g-?IR3 .

HI‘HE 31



Vi du 48. C6 15 qua bi-a hinh cdu dat nam
trén mit ban, sao cho ching dwgc dén khit trong
mot khung hinh tam gidc déu (h.32) cé chu vi
bing 858 mm. Tinh bén kinh clia moi qua bi-a.

Gidi : Goi r 1a ban kinh clia mdi qua bi-a.
Canh ciia tam gidc déu ABC bang

858 ¢ 3 = 286 (mm).
Xét AOBH vuong tai H, ta cf:

BH = OHtg60° = /3.
BC=BH+HK+KC=r 3+8r+_r\/‘ =2{4+Jé_}r, .

286 143(4 — +/3)
' 2(4 ++3) 13 ( ) (mum)

Ban kinh ctia mdi qué bi-a bang 25 mm.

Bdi tap
352. Mot qua béng hinh cau bédn kinh 13cm ndi trén mit hé, dinh cia qua

béng cao hon mit hé 18cm. Tinh do dai ctia dudng tron duge tao thanh béi
qua béng va mat ho. ' |

353. Mot qua bong hinh cau dat trén mat dat cé bong ctia né nhu trén hinh 33,
trong d6 do-dai 16n nhét chia béng 1a BC = 1m. Bi&t mot cot cao 1m lic do
¢6 boéng dai 2m, tinh ban kinh ctia qua bong. | |

b
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Hinh 33 Hinh 34

354, Hinh 34 mo ta mot hinh cdu noi ti€p mot hinh tru (tdc 12 hinh cau duoc
dat khit vao trong hinh tru). Hay chon cau tra 181 ding.



a) Ti s0 gilia dién tich mat cdu va dién tich toan phan hinh tru bing

1 ' 2 3 . 4
A) — ; . B) — ; Cy — ; D) —
)2_ ) 3 }4 _ )5
b) Ti s6 gifta thé tich hinh c4u va thé tich hinh try bing
1 2 3 4
A —-; B —-; C) —; D) —.
) ) )4 . | }5

-~

355. Cho hinh hép chu nhit ABCD.A'B'C'D".

a) Chitng minh ring tén tai mot hinh céu di qua tat ca céc dinh cla hinh
hop chit nhat.

b) Tinh thé tich ctia hinh ciu d6 biét cic kich thudc céia hinh hop chit nhat
- 1a 6em, 8cm 24cm.,

CHUYEN bE
QUY TICH

Céch giéi bai todn tim tap hop diém di duogc trinh bay & chuyén dé Tim tdp
hop diém trong cuén Ndng cao va phdt trién Todn 8 tap mot. Trong chuyén dé
nay, ching ta 1am quen véi qu¥ tich cung chita géc va di sau hon vé céch giai
‘bai todn quy tich. |

- I-QUY TICH CUNG CHUA GOC

Vi du 49(15). Cho cung AB ¢6 dinh tao bdi cac ban kinh OA, OB vusng géc
v6i nhau, diém I chuyén dong trén cung AB. Trén tia
OI ldy diém M sao cho OM béng tdng cic khoang céch
tir I dén OA va dén OB. Tim quy tich cdc diém M.

Gidi : (h.35)

Phdn thudn. Ké IH L OA, IK L OB. Piém M
thudc tia Ol ¢6 tinh chat

OM = IH + IK. (1)

o K B
Hirh 35



Ké BE 1. OI. Ta c6 AOBE = AOIK (canh huyén — gé¢ nhon) nén
- OE = OK =IH, BE = IK. . (2)
T (1) va (2) suy ra OM = OE + BE, do d6 EM = EB.

Tam gidc EMB vuéng can nén EMB = 45°. Diém M nhin OB c¢& dinh dué6i
géc 45° nén M di chuyén trén cung chita géc 45° dung trén OB,
Giéi han. Vi diém M chi ndm trong géc vuong AOB'nén M chi di chuyén

trén cung AmB, mot phidn clia cung chita géc 45° dung' trén OB (phﬁn cung
nam trong géc AOB).

Phan ddo. Lay diém M bat ki trén cung AmB néi trén. K& BE L OM, IH 1 OA,
IK 1 OB. Ta s€ chiing mmh OM =1H + IK.

That vay, cio OMB = 45° nén AEMB vudng can, suy ra EM = EB.

AOBE = AOQOIK (canh huyén ~ géc nhon) nén OE = OK = IH, BE = IK. Do
dé EM = IK.

Vay OM = OE + EM = IH + IK. .

‘Két lugn. Quy tich cdc diém M 1a cung AmB, mot phin ctia cung chia géc
45° dung trén OB (phin nim trong géc AOB).

Chil y :

a) Céc céch khdc dé chitng minh phdn déo : _

— Trén tia OM 14y diém E sao cho OE = IH, chiing minh ring EM = IK.

~ K& AF | OM, chitng minh ring OF = IK, FM = IH.

~ Trén tia OM l4dy diém F sao cho OF = IK, chiing minh rang FM =IH.

b) Téng quat, khi ching minh phén dao ctia bai todn quy tich, sau khi ldy
diém M bat ki thuoc hinh viva tim duge, ta phai chitng minh ring diém M c6 tinh
chit T néu trong dé bai. Tinh chidt T nay thudng dugce tdch lam hai nhém tinh
chét Ty va T,. Ta dung cdc di€ém chuyén dong con lai thod mén tinh chéit T, réi
chiing minh M va cic di€ém &y thod mén tinh chat T,. Nhu thé, tuy theo céch chia
nhém T; va T, ma cé nhiéu cich chitng minh dao déi v6i cling mot bai toan. |

c) Cung AmB & vi du 49 chinh 1a nita dudng tron dudng kinh AB. That w.réy,
OMB = OAB (ching bang 45°) nén OAMB 12 uf gidc noi ti€p, suy ra AMB = 90°.
Do d6 cé thé giai vi du trén bang céch dua vé qu¥ tich cung chita géc vuong :
Diém M nhin doan thang AB c6 dinh dudi géc vuoéng, tir d6 din dén quy tich clia
M 1a ntra dudng tron dudng kinh AB (nfta duong tron khong di qua O).




II - PHAT HIEN BIEM O PINH BE TIM QUY TICH

Vi du 50(16). Cho tam gidc ABC can tai A. Cdc di€ém M, N theo thit tu di
chuyén trén cdc canh AB, AC 5a0 cho AM = CN Tim qu¥ tich cdc tam O cha
dudng trOn ngoai tiép tam gidc AMN.

Gidi : (h.36)

1. Phdn thudn. Pudng tron (O) di qua mot
diém c6 dinh 13 A. Ta s& chitng minh ring (O) con
di qua mot diém cé dinh khéc.

Goi giao diém khdc A cha (Q) véi dudng cao
AH (c6 dinh) 12 K. Ta ¢6 AMKN 14 tif gidc noi tiép

nén AMK = CNK . Ta lai c6

Al = Ay = KM = KN => KM = KN. Hinh 36

Do d6 AAMK = ACNK (c.g.c) = A] = C1 = Az = C1 = K thuoc dudng
trung tryc cia AC. Vay K la di€m c6 dinh, d6 12 giao diém ctia cdc dudng trung
truc chia AABC. |

_ Duong tron (O) di qua hai diém cd dinh A va K nén O nam trén dudng
trung truc d ctia AK.

Gisi han. Khi M = A thi N = C, O = Q, giao diém cta d v6i dudng trung
truc cia AC. |

Khi M =B thi N = A, O =P, giao diém clia d vdi dudng trung tryc ciua AB.

Nhir vay O chi di chuyén trén doan thing PQ.

2. Phdn ddo. Ban doc tu ching minh.

3. Két lugn. Quy tich cia O 14 doan thing PQ nim trén dudng trung truc
clha AK (K I giao di€m ciia cdc dudng trung truc clia AABC). -

I ~ VAN DUNG CAC PHEP BOI XUNG TRUC, BOI XUNG TAM, VI TU
PE TIM QUY TiCH

Cac phép doi xung truc, d6i xiing tam, vi ty con dwge goi chung 12 phép
bién hinh. Trong nhiéu trudng hop, diém M phai tim qu§ tich 12 dnh ctia mot
diém N trong mot phép bién hinh f. Ngudi ta chitng minh duoc ring : Néu
quy tich cdc diém N la mot hinh H thi quy tich czic diém M 12 hinh H' 1a anh
ctia hinh H trong phép bién hinh néi trén.



Vi du 51(15). Tim quy tich truc tdm H cilia cdc tam gidc ABCc6 BC ¢6
dinh, A =d khong déi (dé cho gon, ta chi xét diém A di chuyén vé mot phia
cua BO). :

Mot sai ldm dé mdc

- Mot hoc sinh gidi nhu sau : Goi BD, CE la cac
dudng cao cia AABC (h.37). )

Ta c6 BHC = DHE = 180° —~ A = 180° — o.. Nhu
vay H di chuyén trén cung BmC chita géc 180° — o dung
trén BC (cung ndm cling phia v6i A déi véi BC). |

Loi gidi trén da k€ thiéu quy tich cha diém H trong
trudong hop o < 90°. That vay, gia sir ta 14y diém A & vi
trf A’ sa0 cho BCA® > 90° (h.37), thé thi diém H & vi trf H', khi d6 BH'C béng
o (cha l{hﬁﬁg bang 180° — «), diém H' khong thuoc cung BmC ndi trén. Vay
trong trudng hop a < 90° (h.38a), qu¥ tich ctia diém H 12 todn bé cung I'K'. Loi

Hinh 37

gidi trén ciing k¢ thira quy tich cha di€ém H trong trudng hop o > 90°. Trdng
trudng hop nay (h.38b), quy tich ctia diém H khong 1a toan bd cung BI'K'C
chita géc 180° — o, ma chi 1a cung 'K’
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Hinh 38
Goi y gidi bai todn trén bdng cdch vdn dung phép déi xing truc
Piém A di chuyén trén cung BnC chita géc o dung trén BC, cung chita goc
nay thuoc dudng tron (O) ngoai ti€p AABC (h.38).



Goi giao diém thit hai chia AH véi (O) 1a N. Ta ching minh duoc H déi
xu‘ng véi N qua BC, do dé H 12 anh ctia N tmng phep d6i ximg truc BC. Ké céc
dunng kinh BK, CI ¢da (O). :

Khi A di chuyén trén cung BnC.thi N di chuyén trén cung IK khong chita
A. Nhu vay quy tich cia H 1a cung I'K' d6i xing v6i cung IK néi trén qua BC.
(Hinh 38a v&i o < 90°, hinh 38b #ng véi o > 90°). |

Goi y gidi bai todn trén bdng cdch vdn dung phép doi xing tam

Ké dudng kinh AF ctia (O) (h.38). Dé dang ching minh dwoc H déi xu‘ng véi
F qua trung diém M clia BC, do d6 H 12 anh clia F trong phép d6i xiing tam M.

Khi A di chuyén trén cung BnC thi F di chuyén trén cung IK khong chita
A. Nhu vay quy tich cua H 1a cung I'K' d6i xing véi cung IK noi trén qua M.

Hoc sinh ty giai vi du 51 theo cdc goi y trén.

Chu $ : C6 thé gidi bai todn trén bing cdch van dung phf:p tinh tién duoc hoc &
16p 10.

IV — BIEN LUAN TRONG BAI TOAN QuUY TicH
Ta x€ét mot s trudong hop sau:

1. Hinh dang ctia quy tich thay déi theo cac truong hﬁp khéic nhau cia
yéu té cho trude. Khi dé cidn xét timg trudng hop cta yéu t6 cho trude.,

Vi du 52 (16). Cho ABCD la mot tf gide noi ti€p. Goi (I) 1a dudng tron bt
ki di qua A va B, goi (K} 1a dudng trén di qua C, D va tiép xttc véi duong tron

(D). Goi M 1& ti€p diém c:ua hai dudng tron (I) va (K). Piém M di chuyén trén
dudng nao ?

Gidi : (h.39)

— Xét trudong hop AB // CD (h.39a). Khi d6 ABCD 1a hinh thang can. Diém
I thudc dudng trung truc cia AB, diém K thudc dudng trung trizc cha CD. Cic
diém I va K thudc tryc d6i xiing d clia hinh thang can. Tiép diém M ndm trén
dudng noi tam IK nén thudc dudng trung truc ciia hai ddy nén ciing thude d.

— Xét trudng hop AB cit CD tai O (h.39b). G{}i ON la tiép tuyén cia (1), ta co
OA.OB = ON’, (1)
Mat khac ABCD la 0 giac ndi ti€p nén |
| OA.OB = OC.0OD, (2)



Hinh 39
To (1) va (2) tacd ON? = OC.OD. Suy ra ON la ti€p tuyén cta dudng tron
di qua D, C, N. Do d6 ON la ti€p tuyén chung cta hai dudng tron (I) va (K).
Hai dudng tron (I) va (K) ti€p xtic nhau tai N va M =N, :

PitR = vOC.OD, M di chuyen trén duong tron (O ; R). Cach dung duémg -
tron néi trén dugc thé hién trén hinh 39b.

2. Quan hé giiva diém phai tim quy tich véi cac yéu t6 c¢6 dinh cb sy
thay ddi tai cdc vi tri khac nhau ciia diém phai tim quy tich. Khi d6 cdn gidi
bai todn & tirng phén cia mit phﬁng réi 14y tdt c4 cdc tap hop diém tim duge,

“&fl du 53(16). Cho dudng trﬁm tam O va day BC c¢6 dinh. Diém A di
- chuyén trén dudng tron. Pudng trung tryc ciia AB cit
AC & M. Tim qu¥ tich cdc diém M.

sz (h.40)
Pat BOC = 2a.. Xét cée truong hop

a) A e BI (I thuoc cung 16n BC sao cho CI = CB).
Ta ¢6 BAC = o« = BMC =20 = BOC = B, O, M,’
C thudc ching mot dudng tron = M thudc cung BOC
chita goc 2o cta duding tron ngoai ti€p ABOC.

b) A & vi tri'A{ thudc cung IC thi M & vi tri M.
Hinh 40 Ta ¢6 BA|C =a = BM,C =180° - 2a = BOCM,




1a t¢ gidc noi ti€p = M, thuoc cung CK chita goc 180° — 2c clia dudng tron
ngoai ti€p ABOC (OK la dudng kinh cta dudng tron nay).

c) A & vi tri A, thudc cung CB thi M & vi tri M. Ta ¢6 BA,C = 180° - a-

= BM,C = 180° — 2a = BOCM, la tit gidc noi ti€p = M, thuoc cung KB
chira géc 180° — 20 clia dudng tron ngoai ti€p ABOC.

Két ludn : Quy tich cdc diém M gbém cé ba cung chita géc trén, dé 1a dudng
tron ngoai tiép ABOC.

Vi du 54(15). Tim quy tich cdc diém M ma tir d6 ta nhin mét hinh vuéng
cho trudc dudi mot géc vuong (diém M goi 12 nhin mot hinh vuéng dudi mot
géc AMB néu céc diém A, B thuoc canh clia hinh vudéng va hinh vuoéng thuoc
mién trong cta géc AMB).

Gidi : (h.41)

Xét hinh vuéng ABCD. Céc dudng thang chia M 2
canh cia hinh vuéng chia miat phing thanh 9 mién A B
nhu hinh veé. A

~ Xét M thuoc mién 1 : Qu¥ tich clia diém M a7 8 3
nira dudng tron c¢d dudng kinh AB, :

2
- Tuong ty véi M thudc cdc mién 3, 5, 7. 6 \__/ © 4
_ Xét M thuoc mién 2 : Quy tich clia diém M Ia 5

- Hinh 41

tap hop réng. Tuong tu v&i M thudc cdc mién 4, 6, 8.
— Xét M thuoc mién 9 : Quy tich clia di€m M ciing 1a tap hop rdng.

Két ludn : Quy tich clia diém M 1a bon nira dudng tron dung & phia ngoai
hinh vuéng va c6 duong kinh 1a canh ciia hinh vuéng.

Bai tap
'356(15). Cho nira dudng tron dudng kinh AB, C 1a diém chinh giﬁa clia nira
dudng tron. Diém M di chuyén trén cung BC. Goi N 14 giao diém clia AM
va OC. Tim qu¥ tich cdc tam I ctia dudng tron ngoai ti€p tam gidc CMN.

—

357(15). Tt gidc ABCD ¢6 AC c6 dinh, A = 45°, B =D = 90°.
a) Chiing minh rang BD c6 d6 dai khong d6i.



b) Goi E 1a giao diém chia BC va AD, F 12 giao diém cta DC va AB. Chiing

minh ring EF cé d6 dai khong déi. |

¢} Tim qu¥ tich cdc tam I cia dudng trén ngoai ti€p-tam gidc AEF.
358(15). Cho g6c xOy va mot diém I ¢6 dinh thuéc tia phan gidc cha goc dy.

Mot dudng tron tam { bdn kinh thay dbi cit cdc tia Ox, Oy theo thit ty & M,

N (M khong déi xing véi N qua OI). :

a) Tim qu¥ tich cdc tam O’ chia dudng tron ngoai ti€p tam gidc OMN

b) Pudng vuéng gbéc véi Ox tai M va dudng vudng géc véi Oy tai N cit
nhau & P. Tim qu¥ tich cic diém P. -

359(15). Cho tam giéc déu ABC. Tim quy tich cdc diém M nim trong tam gidc
" d6 sao cho MA? = MB? + MC*.

360 (15). Cho tam gidc ABC vuodng cﬁn tai A. Tim quy tich cdc diém M nim
trong tam giac dé sao cho

MB? — MC?
n .

© 361°(15). Cho M 12 mot diém thuoc dudng tron (O ; R). B}Fﬁng. tron nay lan
(khéng trugt) trong duong tron (O ; 2ZR). Tim quy tich céc diém M.

MAZ =

Phat hién diém cé dinh dé tim quy tich

362(15). Tim quy tich dinh C clia cdc tam gidc ABC c6 AB 0 dinh, ducrng cao
BH bang canh AC.

363(15). Cho hai duong tron (O) va (O') cat nhau & A va B. Mot dudng thing d
bat ki Iuon di qua A cit (O) va (O’) theo thi tu & C va D.

a) Tim qu¥ tich cdc trung diém M cta CD.

b) Cho biét ban ic:inh cua cdc duong tron (O) va O }1a 3cm va 2cm. Tmh ti
sé BC : BD.

' c} Pudng thﬁng d ¢6 vi tri nao thi doan thang CD c6 do dai 16n nhat (A
nam gitta Cva D) ?

364(15). Cho dudng.tron (O), diém A cé dinh trén dudng tron. Trén tiép tuyén
tai A 1dy mot diém B ¢6 dinh. Goi (O') 12 dudng trdn ti€p xic véi AB tai B
va ¢6 bédn kinh thay déi. Tim quy tich cdc diém I 1a trung diém cha day
chung MN cta (O) va (O").

365(15). Cho dudng tron (O) va mot diém A & bén trong dudng tron. Diém B di
chuyén trén dudng tron. Qua O ké dudng vudng géc véi AB, cit tiép tuyén
tai B cha dudng tron & diém M. Tim qu¥ tich cdc diém M.



366(16). Cho dutng tron (O), dudng kinh AB vuong géc véi day CD. Diém E di
chuyén trén dudng tron. Cdc dudng thing AE, BE cit dudng thing CD theo
thit ty ¢ I, K. Tim qu§ tich tam O' clia dudng tron ngoai ti€p tam gidc BIK.

367(16). Cho ba diém c6 dinh A, B, C thing hang theo thit ty d6. Mot dudng
tron (O) thay déi luon di qua A va B. K& céc ti€p tuyén CD, CE véi dudng
tron (D, E 1a céc ti€p diém)

a) Tim qu§ tich cdc diém D va E.
'b) Tim qu¥ tich céc trung diém K cha DE. |

¢) Goi MN la duong kinh clia dudng tron (O) vuéng géc véi AB, F 1a giao
diém ctia CM v6i dudng tron (O). Ching minh ring AB, DE, FN déng quy.

368(16). Cho dudng tron (O), day AB. Piém C di chuyén trén dudng thing AB
va nam ngoai dudng tron (0). Ké céc ti€p tuyén CD, CE v6i dudng tron
- (D, E 14 cdc ti€p diém). Tim qu¥ tich giao diém K cfia OC va DE.

369(16). Cho dudng tron (O ; R), diém A c¢6 dinh & bén ngoai dudng tron. BC
12 mot duong kinh thay déi.
a) Tim quy tich tam O, cha dudng tron ngoai ti€p tam gidc ABC.
b) Goi D, E theo thit ty 1a giao diém clia AB, AC v6i dudng tron (O). Tim
quy tich tam O, clia dudng tron ngoai ti€p tam gidac ADE. _
c) Goi F 1a giao diém khédc A ctia cdc dl{[}'ﬂg tron (O;) va {02) Chtmg minh
raing AF, BC, DE déng quy. :

370(15). Cho dudng tron (O) va day BC ¢6 dinh. Diém A di chuyén trén dudng
tron. Goi M 1a trung diém clia AC. Tim quy tich hinh chi€u H ctia M trén AB.

Van dung cac phép doi xiing trl_:c, doi xitng tam, vi tir d€ tim quy tich -

371(16). Cho géc vuéng xOy va mot diém A c¢6 dinh nim trong géc d6. Mot
gdc vuong dinh A cé hai canh thay déi cit Ox, Oy theo thit tu & B, C. Goi
M la diém déi xiing véi A qua BC.

a) Tim qu¥ tich cdc diém M.
b) Ching minh rang % 1a hing s6.

372(15). Cho dudng tron (0), diém A ¢6 dinh & bén ngoai dudng tron. Ké tiép
tuyén AB (B la ti€p di€ém). Mot cdt tuyén AMN luon di qua A. Tim qu¥
tich trong tam G cta tam gidc BMN.



373(15). Cho dudng trdon (O ; R) va mot diém H c6 dinh & bén trong dudng
tron. Xét cac tam gidc ABC noi ti€p dudng tron (O) va nhan H lam tryc
tam. Tim quy tich :

a) Chén cdc dudng cao cha tam gidc ABC;
b) Chan cac dudng trung tuyén cla tam gieic ABC.

. Cac bai toan quy tich c6 bién luan

3’?4(16) Cho dudng tron (O) va cdc dudng kinh AB, CD vuéng géc véi nhau. -
Céc diém E, F chuyén dong trén dudng tron (O) sao cho OE vuoéng goéc VGl
OF. Qua E ké dudng thing vubng géc véi CD, qua F ké dudng théng vuung
gbc v6i AB, chung cit nhau & M. Tim qu¥ tich cédc d1am M.

375 (16). Cho dudng tron (O) va day AB c6 dinh. Cic diém M, N di chuyén
trén dudng tron sao cho AM = BN. Tim qu¥ tich giao diém I cha cdc dudng -
thing AM va BN.

376(16). Cho tam gidc ABC can tai A. Tim qu¥ tich cdc diém M sao cho MA 1a
tia phan gidc cua goc BMC. |

377(15). Cho tam gidc ABC cén tai A. Mét dudng thang d thay déi luén di qua A.
Trén d 1ay diém M sao cho MC + MB nhé nhit, Tim quy tich céc diém M.

378(15). Tim qu¥ tich cdc di€ém M ma tir d6 ta nhin mot hinh ‘uuﬁﬁg cho trudc
duéi mot géc biang 45°,

379(16). Cho dudng tron (O) va day AB ¢d dinh. Biém M di chuyén trén dudng
tron. V& dudng tron tam M tiép xidc véi AB. Goi 112 giao diém ciia hai ti€p
tuyén (khdc AB) ké tir A va B v6i duong tron (M). Tim qu¥ tich clia diém L

380(16). Cho hai dudng tion (O) va (O') cit nhau tai A va B. Mot dudng thing
thay déi luon di qua A cét hai dudng tron (O), (Q') theo thit tu 6 C, D. Tim
qu¥ tich tam I cac dudng tron ndi ti€p tam gidc CBD.

381(16}. Cho hai dudng tron (O) va (O") cédt nhau tai A va B. Qiza A vE cét
tuyén ¢6 dinh CAD, C € (0), D e (O'). Mot duong thang thay ddi Iuon di
qua A cét hai dudng tron (O), (O') theo thit tw & M, N. Tim quy tlch giao
diém P clia cdc dudng thing CM va DN.

382" (16). Cho tam gidc ABC va diém D c@ dinh trén canh BC, Mot géc vuong
dinh D c6 cdc canh thay déi vi trf cdt cdc canh AB, AC theo thtt tv & M, N.
Tim qu¥ tich hinh chiéu H cta D trén MN.



DUNG HINH

Todn dung hinh di dugc gm’; thiéu trong cdc cudn Ndng cao va phat rrzen
Todn 8 tap mot, tap hai, Ndng cao va phdt trién Todn 9 tap mot.

1 - DUNG HINH THEO THU TUNGUGC

Vi du 55(15). Cho tam gixé,c ABC. Dung tam gidc déu DEF c6 do dai canh
‘bdng a cho trude, ba dinh ndm trén ba canh clia tam gidc ABC.

Nhdn xét : Cho trudc tam gidc ABC, cin dung tam gidc déu DEF canh a
sao cho D € BC, E € AC, F € AB. Ta xét ciach 1am sau : Cho trudc tam gidc

déu DEF canh a, dung tam gidc ABCsaochoD € BC,E € AC,F € AB. Tu do
¢6 cach giai sau, ta goi la dung hmh "theo thit ty nguoc”.

Hinh 42
Gidi : (h.42)
~ Cin dung ADEF déu canh a ¢c6 D e BC, E € AC, F € AB. Goi 4 =0,
C=y. |

Dé xdc dinh vi tri ca E trén AC, ta dung mot hinh khidc theo thit tu
nguoc lai: - S

— Dung AD'E'F' déu canh a.

— Dung ra phia ngoai AD'E'F' cdc cung chita goc ., y theo thit tu dung trén
cdc canh E'F, D'E'. ‘ '

~ Qua E', dung cat tuyén A'E'C' ¢6 do dai bang AC, cét cdc cung chita goc
o, ¥ theo thit ty & A', C' (ban doc tu gidi bai todn nay). .

Biét vi tri cua E' trén A'C', ta xdc dinh duge vi tri ca E trén AC. Tt dé
dung duoc Dva F.

Bii to4n cé thé c6 0, 1, 2 nghiém hinh,



Il - TIM THEM CAC DIEM CO DINH TRONG BAI TOAN DUNG HINH
Bai todn dung hinh nao ciing ¢ nhﬁ‘ng diém c6 dinh. Tir cdc diém c6 dinh
dé ¢6 thé tao ra nhiéu diém c& dinh méi, ching han :
~ Ly giao diém cfia hai dudng théng.
— Dyng hinh chi€u ciia mét diém trén mot dudng thing.
— Chia mot doan thing cho truéc theo mot ti s6 nao do.
— St dung phép bié’n hinh (dung hinh déi xitng qua mot tam, qua mot truc...).

Céch tao diém ¢ dinh méi 1a ¢é ich néu nd lam xudt hién cdc quan hé mdi
trong hinh v&. ' '

Vi du 56 (15). Cho tam gidc ABC va mot diém D ném trong tam gidc. Dung
dudng thing di qua D cét cdc canh AB, AC theo thit tu & E, F sao cho BE = CF.

Gidi : (h.43) |

Ta nh& lai mot bai todn mang tinh chdt mot b dé :
Khi cdc diém E, F thay déi vi i trén AB, AC ma
BE = CF thi duong trung truc cia EF lu6n di qua mot
diém c@ dinh, d6 1a diém chinh giita clia cung BC chita
A cta dudng tron ngoai ti€p tam gidc ABC.

That vay, goi K 1a diém chinh gifta cung BC néi
trén. Ta ¢6 AKBE = AKCF (c.g.c) nén KE = KF. B4 dé
dugc ching minh.

Hinh 43

Bay gid ta tinh KFE. Dat BAC = a (khong déi). Do AKBE = AKCF nén

EKB = FKC, suy ra BKF = BKC = BAC = o. Do d6 goc ddy KFE = 90° _%.

Diém F la giao diém clia canh AC véi cung chia géc 90° — {—; dt;mg. trén KD,
Chii y . Co thé thay diéu kién BE = CF bdi diéu kién téng quat hon :
BE — CF = a. D& giai bai niy, trén BA 14y B' sao cho BB' = a, va dua v€ vi du
56, trong d6 diém B duogc thay béi diém B'.
L - PHUONG PHAP DUNG PUONG TRON PHU

| - Vi du S’Z*{lﬁ)._Chﬂ dudng tron (O) va hai diém A, B & bén ngoai dudng
~ tron. Dyng dudng tron (O") tiép xdc véi dudng tron (O) va di qua hai diém A, B.



Gidi : (h.44) .
1. Phdn tich. Gia st dd dung ciu’cfc dudng tron (0’} di qua A, B va tiép xic
v6i (O) tai K. Ké ti€p tuyén chung Kx. .

Trudmg hop Kx // AB (khi d6 O thuoc
dlrcfng trung truc cta AB), bai man dugce
giai dé dang (ban doc tu giai).

Truong hop Kx cit AB. Goi I 1a giao
diém ctia Kx va AB. Ké dudng thing bat ki

qualcit(0)&C,D.

Ta c6 IAIB = IK> = IC.ID = A, B, D,
C thudc cung mot duong tron.

- Hinh 44

T do suy ra cach dung. - -
2. Cach dung
— Dung dudng tron (O;) bdt ki di qua A, B cit (O) 6 C, D.
— Goi 1 12 giao diém ctia AB va CD. Dung tiép tuyén IK véi dudng tron (O).
- Dmmg tron di qua A, B, K 1a dudng tron phéu dung.

3. Chitng minh. Ban doc tir giai.
4. Bién lugn. Bai todn cé hai-nghiém hinh.

[V.— DUNG HINH BANG PHUONG PHAP DAI SO

Dung hinh bing phuong phdp dai s6 da dugc trinh bay trong cudn Ndng
cao va phdt trién Todn 9 tap mot. Sau day 1a mot s6 vi du khdc.

Vi dy 58(13). Cho hai diém A, B nim v& mot phia cha dudng thing xy.
Dung dudng tron di qua A, B va ti€p xic voi dudng thing xy.

Gidi
X&t hai truong hop :
a) AB cét xy tai I (h.45a). Goi M Ia tiép diém, ta ¢6 IM> = IA.IB. Dung

dugc IM 1a trung binh nhan ciia IA va IB (ciach dung duogc thé hien trén h.45a).
Sau d6 dyng dudng tron di qua A, B, M.

C6 hai diém M ndm vé hai phia ctia I trén xy. B.’?u todn c6 hai nghiém hinh.



, b)
Hinh 45
b) AB // xy (h.45b). Dung dudng trung t_n;"c cha AB, cidt xy ¢ M. Dudng
tron di qua A, B, M 1a dudng tron phai dung.
Bai todn ¢é mdét nghiém hinh.

Vi du 597(16). Dung tam gidc ABC vuong tai A bi€t canh huyén BC = a,
dudng phin gidc AD = d.

| Gidi : (h.46)

Cdch 1. Phdn tich. Goi M 12 giao diém cta AD
v&i dudng tron (O) ngoai ti€p AABC. Dat MD = x thi
MA = x + d. V& duting kinh MN. Ta c6 ODAN la td
gidc ndi ti€p nén :

MD. MA = MO.MN

: 2
x(x+d):i.a = x2+xd:§—
2 2

it
+

= X“ +xd +

Nhu vay x + % la canh huyén cia mot tam gidc vudng cod cdc canh goc

. . a . d

vudng bang :/-_2“ va >
Cach dung
~ Dung dudng tron tam O dudng kinh BC = a.
— Dung M la diém chinh gitta ctia cung BC.



— Dung AMBE vuong tai B (dd ¢c6 MB = —3'2-) c6 BE = %

D

— Trén tia EM 14y F sao cho EF = EB.

— Duong tron (M ; MF) cat BC & D.

— MD cit (O) & A. N6i AB, AC.

Cdch 2. Xem bai 405. Cich dung ndy téng quét hon so véi cich 1.

Bdi tap
383(15). Cho ba tia chung g6c Ox, Oy, Oz. Dung tam gidc déu canh a cé ba
dinh thuéc ba tia trén. |

384(15). Cho gbc xOy. Dung doan thing AB = a ¢6 A thuoc tia Ox, B thuge Oy
sao cho OA + OB = m.

385(15). a) Dyng tam gidc vuoéng biét chu vi bing 2p va ban kinh cilia dudng
tron néi tiép bing r.
b) Dung tam gidc bi€t mot canh bing a, chu vi bing 2p va ban kinh clia
dudng tron noi ti€p bing r.

386(15). Dung tam gidc ABC biét A = o, dudng cao AH = h, dudng trung
tuyén AM = m.

387°(15). Dung tam gidc ABC biét A = o, AC — AB = d, bén kinh ciia dudng
tron noi tiép bang r. , - :

- 388(14). Dung tam gidc ABC biét ba di€ém 1, O, P theo thit ty 14 tAm cha cic
dudng trén noi ti€p, ngoai ti€p, bang tiép.

389(14). Dung tam gidc ABC biét canh BC = a, ban kinh r ciia dudng tron noi
ti€p, bén kinh R, clia dudng trén bang tiép trong géc A. '

- 390(15). Dung tam gidc ABC biét A = o, AB - BC =m, AC — BC = n.
391°(12). Dung tam gidc ABC biét BC = a, dudng cao AH = h biét ring dudng
phéin gidc AD bang trung binh nhan céa BD va DC.

392(15). Cho bén diém A, B, C, D. Dung hinh vuéng EFGH cé bén canh

(hodc dudng thing chia canh) di qua bon diém trén (méi dudng thing di
 qua mot diém). ' |

393(15). Cho tam gidc ABC va diém M nim trong tam gi4c. Dung dudng tron di
- qua A, M vacat AB, AC theo thit tu & D, E sao cho DE song song vGi BC.



394" (16). Cho dudng thing d va hai diém A, B ndm cang phia d6i véi d. Dung
diém M thud6c d sao cho AM + MB = a.

Van dung cic phép déi ximg truc, d6i xiing tam, vi tu d€ dung hinh
Doi xting truc

——— Fa

395(15). Dyng tam gidc ABC bi€t B — C = o, dudng cao AH = h, dudng trung
tuyén AM = m. '

—— oy

396(15). Dung tam gidc ABCbietBC=a, B — C = o, dudong cao AH = h.
397(15). Cho géc nhon xOy va'hai diém M, N nim trong géc d6. Dung diém A
thudc tia Ox sao cho tia phan gidc ctta géc MAN vudng goc véi Oy,
J98(15). Dung i gidc ABCD bi€t AB = a, AD = b (b > a), AC =
B — D = o sao cho AC]Ia tia phan gidc clia goc A. '

__ 399(17) Dung tit glac ABCD cé AB =a, AD = b, B = f) = [ biét rang tu
gidc d6 c6 thé ngoai ti€p dugc mot dudng tron. -

Doi xitng tam

400(16). Cho tam giac nhon ABC. Dung di€ém M ném trong tam gidc sao cho
néu 14y cdc diém d6i xing v6i M qua trung diém méi canh ctia tam gisc
ABC rh1 dugc ba diém thu¢c dudng tron ngoai ti€p tam gide do.
Vi tu |

401 (12). Cho géc nhon x(‘)y va diém M nam trong goc Dung dmmg tron (I) di qua
diém M, ciit Ox, Oy thanh cdc day AB, CD sao cho AMB = CMD = xOy

402(19). Dung hinh vudng ndi ti€p mot hinh vién phan cho trudéc (mot canh cua

hinh vuong thudc day ctia vién phan, hai dinh con lai ctia hinh vuéng thuﬁc
cung cua vién phan).

Dung hinh bing phuong phap dai sé

403 (16). Cho tam gide ABC vuong tai A (AC > AB). D 1a mot diém thudc
| canh BC. Pudng vuong géc v6i DA tai A cit cdc dudng vuong géc véi BC
tai B va tai C theo tht ty & M va N. Dung diém D sao cho dién tich tam
giac MDN gép do6i dién tich tam gidc ABC. :

4&4{16) Cho ABCD 15‘1 tif gidc noi ti€p. Dung diém E thuoc canh CD sao cho
DAE =-CBE.

405"(16). Dung tam gidc ABC bi€t A = «, BC = a, dudng phan gidc AD = d.



TOAN CUC TRI

Ciéch giai cdc bai todn cuc tri da duoc dé cap dén trong cdc cudn Ndng cao
va phdt trién Todn 8 tdp hai, Ndng cao va phdt trién Todn 9 tap mo6t. Sau day
la mét sé vi du khéc.

Vi du 60(16). Cho tam gidc nhon ABC néi tiép dudng tron (0). Piém M
chuyén dong trén dudng tron (O). Goi D, E theo tht tw 1a hinh chiéu cla diém
M trén cdc dudng thang AB, AC. Tim vi trf chia diém M sao cho DE cé do dai
I6n nhat.

Gidi 1 (0.47)

T céc t& gidc noi ti€p ADME va ABCM, ta ¢6
MDE = MAE = MBC, MED = MAD = MCB, do
DE ME
BC MC’

a .
lai c6 ME < MC nén DE < BC. -
Do dé max-DE = BC & ME = MC <> MC L AC k>i‘(/ '

<> M triing K (K déi xiing véi A qua O).

d6 AMDE <» AMBC (g.g), suy ra

Hinh 47
Chi y - DE < AM < AK nhung khong thé két -
luan max DE = AK vi khong xdy ra dugc DE = AK. That vay,
DE = AK < DE = AM - DE di qua trung diém cia AM (1)
. - |AM = AK AMdiqua O (2)

Khong dong thoi xay ra (1) va (2),.vi khi AM di qua O thi DE = BC, ma
BC khong di qua O, tic la DE khong di qua trung di€m clia AM.

Vi du 61(15). Trnng cac tam giac ABC ch BC = a, BAC = o, tam giac
nao co : :

a) Dién tich i6n nhat ? | b) Chu vi 16n nhat ?

Gidi '

Xét cac tam gide ABC cé BC = a, BAC = o.. Khi d6 A nim trén cung chira
goc o dung trén BC, '

a) (h.48a) Goi A' la diém chinh gifta clia cung chita géc néi trén. Ké AH,
A'H' L BC. Hién nhién AH < A'H', do d6 Sagc < Saee



Viy trong cédc tam gidc noi trén, tam gidc cén tai A cé dién tich 16n nhat.

" Hinh 48
" b) (h.48b) Trén tia doi cha tia AB 14y diém D sao cho AD = AC. Khi dé

BDC = —";— nén D di chuyén trén cung chda géc %; dung trén BC (c6 gi6i han
bdi tiép tuyén tai B).
Chu vi AABC 16n nhat <> BA + AC 16n nhit <> BD 16n nhat.

Chd ¢ rang tam ctia cung chita géc —3— 12 diém chinh gifta A' clia cung chita

g6c «. Goi giao diém cha BA' véi cung chia géc 5; 1a D' (khdc B). Ta luén cé

BD < BD' (duong kinh 1a day 16n nhat). Do d6 BA + AC<BA" + A'C.
Vay AA'BC cén tai A' 1a tam gidc cé {:hu vi 16n nhét trong cdc tam giic
ABC ¢6 BC = a, BAC = a.

Chii v : C6 thé glal cau b bang cach st dung dinh I{ Pto-ié-mé (ba1 303)
Goi E 14 diém chinh giita ctia cung BC khong chita A (h.48b). Dat EB=EC=m

(khéng ddi). Ap dung dinh i Pto-lé-mé vao nf gidc noi ti€p ABEC, ta c6

" AB.EC + AC.BE = AEBC, tir d6 AB + AC = AE.—~. Do d6 AB + AC 16n nhit
' m

& AE 16n nhét <> AE 12 dudng kinh <> AABC can tai A (c6 BC =12, A = ).

Nhan xét : Trong cdc bai todn cuc tri, thudng ¢6 cdc diém di chuyén trén
c4c hinh nhét dinh. Cdc hinh d6 c¢é khi dugc cho ngay trong dé bai, c6 khi phai
duoc tim ra béi mot bai toan quy tich.

Vi du 62(14). Cho dlfﬁrﬂg thang xy va hai diém A, B nim clng phia déi véri_ |
xy. Tim diém M trén xy sao cho AMB 16n nhit.




Gidi

Trudc hét ta xét bai todn phu : Dung dudng tron di qua hai diém A, B va
ti€p xuc véi xy. Cach dung dudng tron nay duge trinh bay & vi du 58.

- Xét hai trudng hop : |

a) Truong hop AB // xy, bai todn phu cé mot
nghi¢m hinh : ¢6 duy nhit mét dudng tron di qua
AB va tiép xuc xy tai M (h.49).

Khi d6 bai todn cuc tri cling ¢6 mot nghiém hinh
duy nhat 1a diém M ndi trén. That vay, 14y diém N

bt ki (khdc M) thudc xy, ta ¢6 AMB = %sdfﬁ Hinh 49

(goc ndi ti€p), con ANB < %sd;ﬁ (géc ¢6 dinh & bén ngoai dudng tron). Do dé

AMB > ANB.

b) Trudng hop AB cat xy tai I, bai todn phu.cé hai nghiém hinh : ¢6 hai
duong tron (O ; R) va (O'; R") di qua A, B va ti€p xic v6i xy theo thit tu tai M
va M' (h.50). | '

A
f
0 5 o'
%
B
1
Y X M I M Y
b)

Hinh 50
Tuong ty nhu trén, véi moi diém N (khdc M) thuoc tia Iy ta cé
AM'B > ANB, v6i moi diém N (khic M) thuoc tia Ix ta c6 AMB > NB

Bay gl{:r cén so sénh AMB vén AM'B dé chon ra gbc nao lén h{m Co hai
trudng hﬁ‘p .
— Néu R #R’, chéng han R > R' (h. (h.50a) thi OA > O'A nén AO'O > ACO'.

Ta lai c6 AO'O = AM'B, AQO' = AMB. Do d6 AM'B > AMB. Piém M' I
nghiém hinh ctia bai todn cuc tri, d6 1a tiép dlém trén xy ctia dudng tron (0" cé
bédn kinh nhoé hon.




- Néu R = R' (h50b) thi AAOO' can (khi d6 AB L xy), ta c6
AO'O = AOO’ nén AM'B = AMB. Bai todn cyc tri ¢6 hai nghiém hinh, dé 12
M va M. |
Tém lgi :

Néu AB // xy, bai todn c6 mot nghiém hinh dé 1a ti€p diém cha dudng tron
di qua A, Bva uép xuc vl Xy.

Néu AB L xy, bai todn c¢6 hai nghiém hinh, d6 1a hai tlé'p diém ctia hai
dudng tron dl qua A, B va ti€p xidc vdi xy.

Truong hop con lai, bai todn ¢6 mot nghiém hinh, d6 1a ti€p di€m cla
dudng tron c¢6 ban kinh nhé hon qua A, B va ti€p xic véi xy.

Nhdn xét : C6 nhitng bai todn cue tri ma tai méi mién clia mat phang lai ¢6 cuc
tri rieng, khi d6 ta cdn so sdnh ching véi nhau dé tim ra cyuc tri chung cia bai toan.

Bdi tGp B )
406(12). Cho dudng thing d va hai diém A, B nim vé hai phia cha d. Dyng

duong tron (O) di qua A, B sao cho nd cét d thanh mot day c¢6 do dax
nhod nhat.

407(16). Trong céc hinh thang c¢6 mot goc nhon (o) néi ti€p m{fnt dudng tron
~ cho trudce, hinh nao cé dién tich 16n nhat (o > 45°) 2

408(16). Cho diém I nam trén doan thang AB (IA < IB). Trén cling mot nira
mat phing b& AB, vé nira dudng tron dudng kinh AB va cdc tiép tuyén Ax,
By. Piém M di chuyén trén nla dudng tron dé. Duong vuéng goc voi IM -
tai M cat Ax, By theo thit tir'tai D, E.

a) Ching mmh rang tich AD. BE c6 gid tri khong déi.
b) Tim vi trf ctia diém M dé€ hinh thang ABED c6 dién tich nho nhﬁt
409(12). Cho tam gidc ABC vuong tai A. Tim vi trf cla di€ém M thuéc dudng
tron (O) ngoai ti€p tam gidc ABC, sao cho néu goi D, E theo thif tu 1a cdc
hinh chigu ciia M trén cdc dudng thing AB,AC thi DE cé do dai 16n nhit.
410 (16). Cho dudng tron (O) va day AB. Diém M di chuyén trén cung nho AB.
Goi I, K theo thit tu 12 hinh chi€u clia M trén céc ti€p tuyén tai A, tai B ctia
dudng tron. Tim vi tri cia M dé tich MI. MK c¢é gid tri 16n nhit.
411(15). Cho dudng tron (O) va day BC khong di qua O. Diém A di chuyén
trén dudng tron (O) sao cho tam gidc ABC 12‘1_. tam gidc nhon. Goi H la



truc tam cia tam gidc ABC. Tim vi trf cha diém A dé tﬁng HA + HB +HC
¢6 gid ir1 16n nhat,

412(15). Cho dudng tron (O) va day AB. Tim diém C thudc cung nhé AB sao
cho téng LIV S gi4 tri nho nhit.
CA B

413 (15). Cho tam gidc déu ABC néi ti€p dudng tron (0). Tim diém M thuoc
cung BC sao cho néu goi H, I, K theo thif ty 12 hinh chi€u clia M trén AB,
BC, AC, thi t6ng -

MA + MB + MC + MH + MI + MK c6 gid tri nhd nhat, 16n nhit.
414 (15). Cho tam gidc déu ABC. V& c4c tia Bx, Cy ctuing phia vGi A d61 véi BC
- sao cho Bx // AC, Cy // AB. Mot dudng thang d di qua A cit Bx, Cy theo

thit ty & D, E. Goi I 1a giao diém cta CD va BE. X4c dinh vi tri clia dudng
thang d @€ tam gidc BIC ¢6 chu vi 16n nhit.

415(15). Cho tam gidc ABC vuong can ¢6 AB = AC = 10cm.
a) Ching minh rang tén tai vo s6 tam gidc vuong can DEF ngoeai ti€p tam
gidc ABC (mdi canh ctia ADEF di qua mot dinh ctia AABC).
b) Tink dién tich 16n nhat cda tam gidc DEF. |

416" (15). Cho tam giéc ABC. Cic diém D, E theo tha tu* di chuyen trén cac tia
BA, CA sao cho BD = CE.

a) V& hinh binh hanh BDEM. Tim qu¥ tich c:—ic diém M.
- .b) Tim vi trf cha cdc diém D, E sao cho do dai DE nho nhit.

417(15). Cho dudng tron (0), M 1a diém chinh giita clia cung nhd AB, diém C
chuyén dong trén cung 16n AB, D 1a giao diém ctia MC va AB.

a) Tim qu¥ tich tam I clia dudng tron ngoai ti€p tam gidc ACD.
b) Tim vi tri ctia diém C dé do dai BI nho nhit.

418°(16). Cho tam gidc ABC. Piém M di chuyén trén canh BC. V& dudng tron

(O,) di qua M va ti€p xic vGi AB tai B. V& dudng tron (O,) di qua M va
ti€p xiic véi AC tai C. Goi N 1a giao diém thit hai ctia hai dudng tron.

a) Chitng minh riing diém N thuoc dudng tron ngoai ti€p tam gidc ABC.
-b) Chitng minh ring duong thing MN luén di qua mot diém cé dinh.
¢) Tim vi trf clia di€ém M d€ doan thing 0,0, ¢6 do dai nhé nhat.



419(16). Cho dudng tron (O ; R) va mot diém I ndm bén trong duong tron. Goi |
AB va CD 14 hai day bét ki cimg di qua I va vuong gdc véi nhau. Goi M va
N theo thit ty 14 trung di€ém ctia AB va CD. -
a) Chu*ng minh rang khi cac dﬁy AB, CD thay doi thi cdc téng sau khong
déi : OM” +ON AB? + CD?, AC? + BD?.

b) Xdc dinh vi tri cia AB, CD dé hinh chit nhat OMIN c¢é dién tich 16n
nhit ; ¢é chu vi 16n nhat.

¢) Xéc dinh vi tri cha AB, CD dé tfj"ng AB + CD 16n nhdt, nhd nhat.

d) Xac dinh vi tri ctia AB, CD d€ tit gidc ACBD c6 diéntich lcrn nhat ;
nhd nhat. |

420(16). Cho dudng trén (O) dudng kinh AB, duong théng d khong giao véi
dudng tron. Dung diém M thuéc d sao cho cdc tia MA, MB cat dudng tron
& D, E va d¢ dai DE nho nhat. '

421""(12). Cho nira dudng tron (O) dudng kinh AB, day CD. Tim diém M
thudc cung CD sao cho cdc tia MA, MB cat day CD & 1, K va IK c6 do dai
Ién nhét.

MOT SO BAI TOAN NOI TIENG

I — BAI TOAN "TAM GIAC CO HAI DUGNG PHAN GIAC BANG NHAU
LA TAM GIAC CAN"

Trong cac bai tdp & muc nay, ta duge sir dung dinh li : Néu hai tam giac co
" hai canh twong tng bing nhau timg déi mot nhung cdc géc xen giita khong
béng nhau thi cdc canh thit ba cling khﬂng bing nhau va canh nao doéi dién m:ﬂ
goc 16n hon 1a canh 16n hon.

Chitng minh : Xét céc tam gidc ABC va A'B'C' c6 AB = A'B', BC = B'C,
B > B' (h.51). Trén nita mat phing

| D | A chita A c¢6 by BC, v& diém D sao
E cho CBD = B' va BD = B'A". Ta ¢6
| ADBC = AA'B'C (c.g.c) nén DC = A'C.

4 4 Tia phéan gidc ctia géc ABD cat AC &

B C B’ - €' E, tacé AABE = ADBE (c.g.c) suy ra

Hinh 51 AE =DE. Do dé



AC=AE+EC=DE+EC>DC=A'C.
- Vay AC> A'C,

Vi du 63(16). Cho tam gléc ABC co6 cac dm:mg phan gidac BD, CE bang
‘nhau. Chiing minh ring tam gidc ABC can tai A.

Gidi :
~ Cach 1 (h52) Gid st B>C thi B, »Ci,
B, > Ez Xét ACBD va ABCE, ta ¢6 BC 12 canh chung,
BD = CE, > C1 nén | |

CD > BE. (D)
V& hinh binh hank BEKD, ta c6
' BE = DK. (2). Hinh 52
EK=BD=CE. (3)

Tur (1) va (2) suy ra CD > DK nén Kz > C3 Mt khac K1 = Bz }Cz Dnéﬁ
K1 + Kg > Cg + Cg.,m’c Ia EKC > ECK , suy ra CE > EK, mau thuin véi (3).

Gia st B < C, cling ching mmh tvong tu dan A
dén diéu vo H. _

Vay B = .C, do dé AABC cén tai A,
Cdch 2 (h.53). Goi K 14 giao diém ctia BD va CE.

Gia sit B> C thi KBE > C;, ta 14y diém I trén
doan thing KE sao cho KBI = Cl , theé thi BIDC 1a t¢ -
gidc noi tiép.-

Ta lai cé KBC:raz nén IZEI+KBC>61+62
mclax”éﬁpé..

Hinh 53

Ta chd ¥ ring IBC < 90° (vi 'fé“é_g

MEU:J}

<90°) nén tir IBC > C suy ra
CI > BD, do d6 CI> BD, din dén CE > BD, trdi véi gia thiét.

Gid st B < C cling dan dén diéu trdi v6i gid thiét.

Vay B = C, do d6 AABC cén tai A.



Cdch 3. Xem bai 228 & cubn Ndng cao va phdt trién Todn 8 tap hai.
Cdch 4. Xem bai 247 & cudn Ndng cao va phdt trién Todn 8 tap ha.
B6n cdch chitng minh khdc, xem céc bai tap 422, 425, 426, 427,

II - BAI TOAN "CON BUGM"

- Vi du 64(16). Cho duong tréon (O), day AB, cac diém C va E thudc cung
AB. V& cac day CD, EF di qua trung diém I ctia AB. Goi M, N theo thit ty 12
giao di€ém ciia CF, ED v6i AB. Chiing minh ring IM = IN.

Cdch 1. (h.54a) V& day E'F' d6i xtng véi day EF qua OL Ta ¢6 FCE'F' 1a
tit gidc noi ti€p nén
ECE' + F' = 180°. | (1)

Do F déi xiing vm F' qua OI nén OI L FF', ta lai ¢6 OI L. AB nén FF' // AB,
suy ra

T p——

| F' = MIE". 2)
Tix (1) va (2) suy ra FCE' + MIE' = 180° nen MCE' la 1 gidc noi ti€p. Do

do Eyt 61. Ta lai ¢c6 Ci =E (hai gbéc noi ti€p cung chin cung FD) nén

£ =E.
Dé dang chitng minh AMIE' = ANIE (g.c.g) suy ra IM = IN.
E E
- CA71\
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Hinh 54

Cdch 2. (h.54b) Dé di‘mg chung minh bai todn tr{mg trudng hop AB 1a
_duong kinh.

Xét truong hop AB khong la duong kinh. Goi H, K theo thi tu 1a trung
- diém cta CF, ED. Ta ¢6 ACIF o AEID (g.g), IH va IK Ia cdc dudng trung

tuyén tuong ng nén Hl = K; .



OIMH va OINK 1a cdc té gidc noi tiép nén Hi = IOM, K = ION. Suy ra
[OM = ION. o | |
AOMN cé dudng cac OI cling 12 dudng phan gidc nén IM = IN.
" Céch 3. Xem bai tap 430. |

II1 - BAI TOAN CHIA BA CAC GOC MOT TAM GIAC CUA MOOC-LAY

Nam 1899, nha todn hoc Anh séng & Mi la
Mobc-lay (Morley, 1860 — 1937) di phat hién ring
khi chia ba cdc gdc clia mot tam gidc thi ba giao
diém cla cdc dudng chia &y 12 dinh clla mét tam
gidc déu (h.55). Vi du sau day chiing minh diéu dé.

Vi du 65%(16). Cho tam gidc ABC. Dit A = 3a.,
~ ~ o R S Hinh 55
B =33, C =3y. Lidy diém K nam trong tam giic
520 cho KBA = B, KCA = ¥ . Goi D 14 giao diém cla cdc dudng phan gidc clia
tam gidc KBC. Ly diém E thudc doan thing KB, diém F thuoc doan thang KC
sao cho KDE = KDF = 30°. | '

a) Chitng minh rang tam gidc DEF la tam gidc déu.

b)Y Goi M, N theo th tu 1a diém déi xing v6i D.qua KB, KC. Chiing minh

rang MEFN 12 hinh thang can, tinh cdc goc cha hinh thang can dé theo .

¢) Ching minh rang nam diém A, M, E, F, N thugc cing moét dudng tron
va cac tia AE, AF chia gbéc A thanh ba gbc bang nhau.

Gidi : (h.56) '

a) AKED = AKFD (g.c.g) nén DE = DF. Ta
lai c6 EDF = 60° nén ADEF 14 tam giac déu.

b) KD 12 tia phan gidc cha géc BKC nén
dé& dang ching minh dugc DM = DN. Tam
gidc can DMN c6 DK la tia phan gidc cta géc
MDN nén DK L MN.

Tam gidc déu DEF ¢é DK 12 tia phan gidc p
cia géc EDF nén DK L EF. : Hinh 56




Suy ra EF// MN. Bay gio ta tinh céc géc & day MEF, EFN cta hinh thang
MEFN. Ta c6

MEF = 360° — 60° — 2DEB = 300° — 2DEB (xét céc goc tai dinh E) (1)
1:'515:%::3{}”+%B}7E‘:, o (2)
BKC = 180° — (2B + 2y) = 180° — 2(B + 7)
= 180° — 2(60° - o) = 60° + 2a.
Tu (1), (2), (3) suyra

(3)

MEF = 300° — (60° + BKC) = 300° — (60° + 60° + 200) = 180° — 2t

‘Tuong tu EFN = 180° — 2a..
Vay MEFN 14 hinh thang can cé cdc géc bang 180° — 2a va 2a. |
'¢) Ta ¢c6 ME = ED = EF nén AMEF 12 tam gidc can, do géc & dinh
MEF =180° — 20, nén géc & ddy MFE = o, (h.57).
Suy ra
..n--"-—-—: ————— ———— A.
MFN = EFN - MFE
= 180° - 2« -0 = 180° - 3a.
Mit khdc A = 3c. Do d6 MFNA 1a ti giac ndi -

ti€p. Hinh thang can MEFN ciing 1a ti gidc noi ti€p. M
Vay nim diém A, M, E, F, N thudc m‘mg mﬂt duong

tron. Do ME EF = FN nén ME EF FN suy ra E F
MAE = EAF st FAN. ' Hinh 57

Bdi tap

Lién quan dén bai toan "Tam giac co hal duimg phan giac bing nhau
la tam giac can" :

_422(11). Cho tam gidc ABC c¢o B = 2B, C = 20, cdc- dudng phan gi:ei¢ BD va
CE bing nhau. V& hinh binh hanh BDCK.
) Tinh c4c géc BEK, BKE theo a va B.
b) Chitng minh ring o = p. |



423{1}. Cho tam gidc ABC, dudng phan gidc BD. Goi d la dudng phan gidc clia
gbc ngoai dinh B. Goi M, Q theo thit ty la hinh chi€u cha A, C trén d.
Ching minh rang BD. MQ = 2S,p¢-

. 424(16).Chitng minh ﬁing.né’u mot t gidc ﬁf}i tiép ¢6 hai canh d6i bang nhau

| ‘thi hai canh déi kia song song va t& gidc dé 1a hinh thang can.

425(16). Cho tam gidc ABC. Goi d, d, theo thi ty ]a dudng phéan giic cua goc
ngoai tai dinh B, dinh C. Goi M, Q theo thit ty 14 hinh chi€u cia A, C trén
d,. Goi N, P theo thit tw 12 hinh chigu clia A, B trén d,.

a) Chitng minh r?ang:MN song song véi BC.

b) Chitng minh rang MNPQ 13 tf gidc ndi tiép.

c) Goi BD, CE la cic dudng phﬁn glac ciia tam glac ABC. Chu'ng minh
rang BD. MQ = CE. NP. .

d) Chiing minh ring néu BD = CE thi tam gidc ABC I3 tam gidc can.

426(16). Cho tam gidc ABC ¢6 cdc duong phén gidc BD CE bang nhau va cét
nhau tai I.

a) V& diém N sao cho NB = AE, ND = AC (N va A cing phl’a dé1 véi BD).
Chitng minh ring ANBD la tit gidc noi tiep

b) Goi NK la duong phan gidc ctia tam giac NBD Chu‘ng minh ring ANKI
12tk gidc noi ti€p.

¢) Chitng minh r&ng ANBD la hinh thang can.
d) Chitng minh ring ABC la tam gidc can.

?

427(16). Chiing minh rang néu hai tam gidc ABC va EPQ c6 BC = PQ, A =E,
cdc dudng phan gidc AD va EF bang nhau thi hai tam gidc d6 bang nhau.
Huéng ddrn : Dit cdc tam gidc ABC, EPQ sao cho PQ trung BC, A va E
nam cung phia véi BC va nam ciing phia d&i véi duong trung truc cua BC,

428(16). Cho tam gidc ABC, diém D thudc dudng phan gidc AL Cdc dudng
thing BD, CD cit AC, AB theo thtt tv & M, N. Chiing minh ring néu
BM = CN thi tam gidc ABC 12 tam gidc can. :

" Lién quan dén bai toan "con buém" :

429(16). Cho td gidc ABCD noi ti€p dudng tron (O), diém E di chuyén trén
cung AB. Goi M, N theo thit tu 12 giao diém cta ED, EC v6i AB.



a) Ching minh rang dm‘,ing tron ngoai ti€p tam giac EMC cét dudng thang
AB tai mot diém K c6 dinh.

b) Dt AM = a, MN = b, NB = ¢, chitng minh ring i‘g— ¢6 gid tri khong ddi.

430(16). Van dung bai 429 dé giai vi dy 64.

431(16). Cho duong tron (O), day AB, céac diém C va E thuﬁc cung AB (C
thuéc cung AE). V& c4c day CD, EF di qua diém I thuoc day AB. Goi M,
N theo thit tu 14 giao diém ctia CF, ED véi AB. Ching minh rang
P11 1.
et -
Al IN 1B IM "

Bai toan cua Na-pé-lé-ong (Napoléon Bonaparte, 1769 — 1821 H{}ang dé
Phép) :

432(16). Cho tam gidc ABC. O phia ngoai tam gidc ABC v& cdc tam gidc déu
BCD, ACE, ABF. Goi H, I, K theo thi¥ ty 12 trong tam cfa cdc tam gidc déu
&y. Chitng minh rdng tam giac HIK 1a tam gi:ic déu.

Bai toan trén con c,ci thé duoc dten dat nhuw sau .

Cho tam giac ABC. O phia ngoai tam gidc ABC, v& cédc tam gidc can BCH

ACI, ABK theo thit ty c6 canh ddy 1a BC, AC, AB va gbéc & ddy bang 30°,
Ching minh ring tam gidc HIK la tam gidc déu.

Bai todn ctia Pa-xcan {Pm.:,af 1623 — 1662, nha toan h{:icl va vat Ii hoc Phép) :

433 (17). Chiing minh rang néu mot luc gl{lc ndi ti€p dudng trdén co céc canh doi
khoéng song song thi giao diém cta cdc cip canh déi 14 ba dlém thang hang.

Bai doc thém
Rhirng diéu cé thé ban chira biét vé s6 «

1. 86 n cé bao nhiéu chir s6 thap phan ?

Ti sd gitta dd dal dudng tron va dudng kinh cha nd dugc nha tﬂan hoc Anh 1a

Gién-xon ki h:éu b&ng chir cai Hi Lap « vao nam 1?06 va ngay nay da tréd nén quen
thudc ngay ca véi cac hoc sinh tiéu hoc.

Trong chuang trinh Toan ciia ta, s6 = dugc gidi thiéu & 16p 5 véi gia tri gdn dang

ta 3,14. N&éu cén chinh xac hon, ta ldy n = 3,1416 va k& ra nhu vay d6 chinh xéc da
kha cao roi.



Khi biét rang gia tri 3,1416 cling chi Ia gia tri gan ding cla s =, ban doc wa tim
toi chéc sé dat cau hoi : Lay dén bao nhiéu chif s& thap phan thi dat dén gia trj dang
clla & 1 ? B cling chinh & vén dé dat ra cho cac nha toan hoc. | |

Nam 1761, nha toan hoc Blc Lam-be chiing minh dugc ring = 12 s8 vo i, tic 1a |
mot s6 thap phan vo han khéng tudn hoan : cac chit s6 thap phan clGa né kéo dai mai
ma khong bao gid 1ap lai theo chu ki nao, didu nay dugc nha toan hoc A Rap
An Ka-si du dodan tit thé ki XV. Hon nita, ndm 1882 nha toan hoc B¢ Lin-do-man con
chling minh dugc réng s6 n khdng phai 1a nghiém cGa bat ki phuong trinh dai s nao,
gidi quyét tron ven van dé do O-le néu 1&n tir thé ki XVIil.

Nam 1949, ngudi ta da tinh dudc, sé = v&i hai nghin chil s6 thap phan. Nam
1998, nha nghién clu tin hoc Nhat Ban Ka-na-da da tinh dugc trén 206 ti chir s6 thap
phan ctia s§ © v6i mot siéu may tinh chay trong 46 gid.

2. Lich strsd =
Bay gid ching ta cling nhau 1n gid lai nhitng trang lich s cda s .

T hang ngan nam trudc Cong nguyén, ngudi  cd Ba-bi-lon da tim ra

T 23% =3,125 . Trong cac ban di cdo dudc tim thay 8 Kim tu thap, ngudi Ai Cép cé

da biét tinh dién tich hinh tron ¢6 dudng kinh d bang céch tinh dién tich hinh vudng cé
_ 2 .
canh gd, nhu vay sé 7 dudc tinh bang [g) hay 3,16 (sai s6 1a 2%).

Vao thé k’f m trudc Cong nguyén, nha toan hoc ¢d Hi Lap Ac-si-mét da tim dugc

317% <M< 3; bang céch xét cac da gidc déu 96 canh ndi ti€p va ngoai ti€p dudng tron.

Trong viéc tim gia tri cla s8 =, ngudi Trung Qudc da dat l:]‘u-:;d nhiing két qué Ki
diéu. BAu thé ki II, Truong Hanh tim duge n =10 ~3,162. Pau thé ki Iil, Luu Huy
biéu thi = ~ 3,14 va sau d6 con tim dudc n = 3,14159. Dén thé ki V, Té Sung Chi da
tinh s6 « dung 16i 8 chit'sd : 3,1415926. _

Mai mudi thé ki sau, ki luc trén mdi bi pha bdi An Ka-si : 6ng xét cac da giac déu
6 3.10%% canh noi tigp va ngoai tiép dudng tron va tim dugc sé = dung véi 17 chir s6 :
3,141 592 653 589 793 2.

fﬁ_ nuéc ta, trong dan gian c6 luu truyén moét quy tdc xac dinh dudng kinh cla
hinh tron khi biét chu vi cda né "quan bat, phat tam, tén ngll, quan nhi" tlc 1a "chia
(chu vi) [am 8 phan, bd di 3 phan, con lai 5 phan, chia ddi". Theo quy tic nay, ti s6

ctia duding kinh va chu vi bang % , do d6 sé n bang jg— =3,2.



3. Mdt s8 cach biéu thisé

" Ngudi ta con bidu thi s6 = theo nhiéu cach khac, chdng han =2 +3 ~ 3,146,

Nha toan hoc Bic Lai-bo-nit (1646 — 1718) cling dua ra mot cach biu thj sé n bang
mot chubi s6 vo han rat dep -

V6i k = 5000, ta tim duge n ~ 3,1417.

4. Ban thir tinh gia tri cha sé =
Cudi ‘ihé ki XVHI, nha nghlen ctiu ngudi Phap la Buyp phéng (Buffon) ﬁa tinh gia

- tri chia 86 n bang cach tha nhiéu 1an chigc kim ¢6é do dai 5 l&n mat gidy c6 céc dong
ké song song cach déu cé khoang cach béng a. Gié s sau n 1&n tha kim, c6 m 1&n

kim cham vao dong ké, thé thi = =L Nam 1901, nha toan hoc IHa-li-a La-de-ri-nj
m ¥

(Lazzerini) da kién tri tha kim 3407 {4n va tinh duge nt = 3,1415929.

Ac-si-mét 1a ngudi dau tién tinh gia tri cla s6 = bang cach tinh chu vi cac da g:ac
déu ndi tigp va ngoai tlep mot dudng tron. B§ dai cla dudng tron nam lot ‘gitta hai gia
tr] trén.

Bay gid, ban hay dung bang luong giac (hoéc may tinh bd tm} dé tinh gia tri

clia s8 n bang cach Einh chu vi cla cac da giac déu 75 canh néij tiép va ngoai tiép
dudng tron.

Gidi : Goi R 1a ban kinh cla dudng tron. Chu vi da giac déu 75 canh ndi tiép
dudng trén bang :

| 75.2.R.sin ?f,gﬂ ~150R.0,0419",
rChu vi da giac déu 75 canh ngoai ti€p dudng tron bing .:
C 752R1g 189 | 450R 00410
Do dé dd dai dudng tron bang 150R. 0,0419.
Suy ra .- n = 150&;;;0419 = 3,1425 .

5. Mot vai cach nhé gia tri clia sé «
Ngu’m ta da dua ra nhiéu cach nhé sé n can cf vao sé chif cai trong cac chif cla
mot s6 cau van, cau tho.
Ngudi Anh ¢6 cau :
How I wish | could recollect, of circle round
The exact relation Archimede unwound !



Céc chit s6 clia s0 7 theo cau trén la : 3,141 592 653 589 7.
Tam dlEh Udc gi toi co thé tim lai duge mdi quan hé chinh xac trong dm:mg tron
da dugdc Ac-si-mét gidi quyét | -
Ngudi Phap co cau :
Que j'aime 4 faire apprendre un nombre utile aux sages !
Immortel Archiméde, sublime ingénieur
Que de ton jugement peut sonder la valeur !

Pour moi, ton probléme eut de pareils avantages.

Cac chit s6 clia s6 n theo cau trén 1a :
3,141 592 653 580 793 238 462 643 383 279 (31 chil s6)
Tam dich : _
Téi thich biét bao duge day mot con s6
fch Igi dudng nao cho nhiing ké khén ngoan !
Ac-si-mét bat tir, ngudi Ki su tuyét dinh.
Cach dénh gia s0 7 ca Ngudi hgp li lam sao !
N6 @3 giGp t6i vuon 1&n nhitng tdm cao.
Con trong tiéng Viét, nam 1943 Nguyén Ba Thai dua ra céu tho :
Céu O tuan y Cao-xa '
Ngén-giang 18 phugng dam-da béc ngang
-, Tung-bing nghénh-don co-nuong
Chang-Nguu vui t8 ndéi thuong-ai tran
Thudng la chuyén khoc khé can
Hoa-thanh mua I mién-man thang-ngay.
Cau 'néy cling gébm 31 ch{f 56 clla 86 = (chd y réng cac chit ¢6 gach ndi trong bai
coi nhu mét chi, chdng han Cao-xa biéu.thi 5, Ngan-giang biéu thi 9).
N&m 1994, tac gia clia cudn séch nay cling dua ra mdt cach nhd s6 = véi cau
chém ngén sau :
M¢t y nghi y tudng trong-séng
31 4 1 5 - 9 .
L& phuong huéng cho nhiéu hanh-dong cao-thugng.
2 6 5 3 5 8 9



LGI GIAL CHI DAN HOAC PAP SO

PHAN DAI s&

Chuong ITT — HE HAI PHUONG TRINH BAC NHAT HAI AN

§12. Phuong trinh bac nhét hai an
198. a) x + 4y — 5 =0. Ban doc ty v€ d6 thi.
b) Piém c6 dinh 1a (-3 ; 2).
var s ... 4 b ¢ .
199. Giai diéu kién — ='—3 = % ta duogc hai dap sd :
C e
c=6b=-2vic=-6b=2. |
x—-y=1
200. (x—y)2=1@]x—}'|=l<:>|: d
| X —y = ~l
D4 thi biu dién tap nghiém cta phuong trinh 12
hai duong thing y =x — 1 vay = x + 1 (xem
hinh 58). ,
201. (h.59) Goi A vi B 1i cic giao diém cta dudng
thing ax + by = 6 v6i truc hoanh va‘truc tung. Ta

tinh dugc OA:E, OB=E.
_ a b
Tu lﬁﬁ = 0, ta tinh dugc ab = 2.
2 a b

202. (h.60) Giai tuong tu vi du 66.

a) Piém ¢6 dinh Ia N[—l; - i}.
2 2

‘yi

=%




b) Goi h 1a khoang cdch tir O dén dudng thing (1)

. y4
‘Ta tinh dugce
—_—=2 maxh—*ﬁ.-:::::m“wl -4
| /0
203. (h.61) Goi H 1a giao diém clia AB va Oy, tacé NG -%
| | H
i 1 .
Soap =5 ABOH = —.8.1=4. BN
e .. | . Hinh 60
Goi giao diém clia d v6i AB, OB, Ox theo thit ty "
l2C, D, K. DitOK=avdi0<a<9,tacCB=HB-HC=9.— 2.
y)h. d
JH_A C B
D, —— :
Ol a— LK 9 x

Hinh 61

Di,_njng thang OB c6 phuong ty‘inh y = éx' Diém D ¢6 hoanh d6 OK = a va

nam trén dudng thang OB nén ¢ tung do KD =2 ‘Do dé

DC=KC-KD=1-2-278
. 9 9

B 1. 9-a (9-a)?
Spen = —~CB.CD = —(9 - a). - +
BCD ™ 5 ©-a) 9 18

1 (9 — a)
Do SB‘CD = ESG&B nén ————~——

=2,
18

Ta tim duge a = 15 (loai) va a = 3. Pudng thing phai tim ¢6 phuong trinh
x =3.

- 204. Ta can tim nghlém nguyén am cla phuﬁng trinh 8x + 93} = —79. Rét x t
phuong trinh, ta duogc :

.:.--—-—-—-—-_J;}y-_‘?9 m_-—-y—lﬁ‘l*-—-—-l_ﬁy.
8 8



Pit L=y =k (k e Z}thiyﬁ1-—8k.Tttdéti’nhdi_ch};=9k—11.

Giai diéu kién 9k ~ 11 < 0 va'l - 8k < 0 ta dugc %-::k {1*3—.]301( e L.

nén k.-—- 1. C6 duy nh4dt mot diém phai tim 1a (-2 ; =7).

205. a) Goi duong thing phai tim 14 y = ax + b. Ta tim dugc a= %, b = :53—
| | 88 3
‘Dudng than ha1 timla y=—x - —
8 8P YE5GEETy
88 3 - . :
b - = . : 1
)y = Itk 3 (1)
Cén tim s6 ngh:lém nguyén clia phuong trinh ma 3 < x < 33, Rat y tir (1),
ta dugc
_88x -9 :6}{_1_23“6 =6x_1_2(x-3}'
15 - 15 15

Datx — 3= 15k (k € Z) thi x = 15k + 3, y = 88k + 17.
Do3<15k+3<33nén0=sk<2.

C6 ba gié tri nguyén cia k (12 0, 1, 2). Tuong ing c¢é ba diém thuéc doan
thing AB c6 toa d6 la cdc s6 nguyén.

- 206. a) Xem hinh 62. .

. ) Y.ﬂ.
. , 37 .
_ b.) Dudng thing vy = -.z—x + rd (d) cat - 10%
dudng thing y = O (tryc hoanh) tai diém . . 10
¢6 hoanh 4o x = —ljé-. Duodng thing d

cit dudng thing x = 6 tai diém c6 tung
‘ 3
dé yv = 10—,

>y 4

.3 7 .
Xét ham s6 v :'E'x + :I: Lan lugt cho x

nhén cdc gid tri —1 ; 0 ; 1;2;3;.4;5;
6, ta dugc cdc gid tri twong Ung cha y la




'}n;13;'31;45;61;?—%;Ql;.IGE.DDdésﬁ'diémcémadQ
477474 T 0 T 7y g -

nguyén phai tim trén céc dudng thing x = -1, x =0,.x =1, x=2,x =3,
Xx=4,x=5,x=61ldnluotla 1;2;4;5;7:8;10: 11.
Tong s6 diém phdi dém : 1 +2+4+5+ 7+ 8 + 10 +.11 = 48.

§13. Hé hai phuong trinh bac nhat hai an

207. a) (12 ; 25%; | b)(2;4).
208. a) (144;36); b9 D.
209. a) Riit ly — 1] tir phuong trinh duéi, thay vao phucrng trinh trén va rit gon |
duge [x — 2| — 2% = 11. Hai nghiém : (=3 ; 3); (-3 ; -1).
x| +x + y = 25 (1}
b)
| +x —y =30 (2)

= Xétx <0, tr (1) duge y = 25. Thay vao (2) dugc x = 30, loai.
— Xéty = 0, tr (2) duge x = 30. Thay vao (1) dugc y = —35, loai.
— Xétx >0, y <0, ta tim dugc nghiém (16 ; —7). |

210. Giai heé phuong trinh dau, ta duge nghzém (1;2) Thay vao hé phuong
trinh sau, ta t1m dugc a = 4. - -

5 _3—ﬁm
m+1" m+1}

211. Nghiém cua he._phuﬂng' trinh la ( } Giai diéu kién

x>0,y >0, ta duoc —Ic:m-c:-g—.

212. (h.63) Goi cdc dudng thing di cho theo thi
ty la dy, dy, d3. Ta tim dugc giao diém cta d,
va dy 1a A(L ; 1), giao diém cta d, va dy Ia
B(2; 4), giao diém chad, va d, 1a C(4: 0).

Ta tinh duoc AB =+/10, AC =10, lai 6

dy L dyvi 3[—%}‘: —~1. Do d6 AABC vuodng

can tai A, | Hinh 63



213. Diéu kién cén d€ hé vo nghiém hodc vo s6 nghiém 12 ab' — a'b = 0. Glal
~diéu kién trén dugc m = 2 hodc m = ~1.

+dy = —
Véim =2, hé cé dang - Ox + 4y : vo nghiém.
_ 3x + 2y = 13
Véim = -1, hé ¢6 dang {y - v $8 nghiém : (x ; ~4) v6i x € R.
-y =4 . |
214, a) Nghiém (1 ; —1). _
mx + 2y = 1 (1)
b) |
3x + (m + 1)y = -1 @)

Rut y tir (1) r6i thay vao (2) va riit gon dugc (m — 2)(m + 3)x = m + 3.

Vc?im;eZvﬁ,ma&uSthih@cém@tnghiém.duynhﬁt( ! : = ]
m-2 2-m

Véim = 2, hé vd nghiém.

x+_1} Vé’ii e R.
2

Véim = -3, hé vd s6 nghiém : (x : >

3x + 1

¢) V6im = =3, hé ¢6 v6 s6 nghiém nguyén : (x J v6i x 18.

Véim # -3 vam # 2, hé c6 nghiém nguyén néu m — 2 1a udrc'c;ﬁa I, tic la -
m = 3 hodc m = 1. Khi dé cdc nghiém nguyén la (1 ; 1), (-1 ; 1).

Két lugn : Véim=-3, m=3,m=1, hé c6 nghiém nguyén.
3m -2 m “2]

E

213.a) Véim = 0, m # 2, hé ¢6 mot nghiém duy nhat : ( — -
Véim =0, hé v6 nghiém,
V6im =2, hé v s6 nghiém : (x ; 2 — x) véi x e R.
b) V6i m =l1 thi nghiém 1a (1 ; —1). V&im = —1 thi nghi¢m la (5 ; 3).
Véim=-2 thinghiém la (4;2). Véim=2thinghiém la (x ;2 - X) véix e Z.
¢)Pdp s6:m <0 hodcm > 2.

3m-2 m-2

(Chi ¢ rang x = = +2 =y +2nény>0sékéo theo x > 0).
m. m -




216. a) V6i m # +1, he c6 mot nghiém duy nhat : [3““ rl.m- I)

m+1 m+1
Véim = 1, hé vo s6 nghiém : (x : 2 —x) véix € R.
Véim = -1, he vo nghiem. |
b) Véim # +1, ta cé :
| L @Bm+D(m -1 3m? —2m —
(m + 1) {m + 1)

B 4m* -—(m2 +2m+1) 4m?

) m+1% - (m+ 1)
Két ludn : min xy = ~1 khi va chi khi m = 0.

' 3~z Z+ 2
217. a) x = , Y = )
) 2 y 4

b)Dox20,y20nén~2<z<3.Dozz0nén0<z<3.
Bidu thi A theo zfacé

~12-1.

3~72 7242 5—-4z
A=x+y-2z= + -7 = .
4 4 4
A nho nhét < 5 — 4z nhdé nhét < z 16n nhiat < z = 3. Khi dé6 x = 0,
5 7 '
==, A=——.
Y 4 4

A l6n nhat < 5 ~ 4z 16n nhét <> z nhé nhét < z = 0. Khi d6 x=§~,

218. Khir a ta duge 9b + 8¢ = 3. Tim nghiém nguyén ctia phuong trinh trén, ta
- dugc b = 8k + 3, ¢ = -9k ~ 3 (k nguyén). Tirdé a = 12k — 2.
219. (h.64) Gia sir dudng thing y = a cit d va d' theo thif tu tai cic diém
c6 hoanh d¢ b va ¢. Cin tim s6 nguyén a sao cho a, b, ¢ la cdc s6 nguyén
b+2a=6

thea min’
| {2{: ~3a =4



[ ———Y

N

i I Ty ———-

Hinh 64
Ta tim duge ¢ = 3k ~ 1,’b = 10 - 4k, a = 2k — 2 (k nguyén). Trén hinh 64,
tuong ng véi k bang 0, 1, 2 ta c6 a bang -2, 0, 2. __ :
220.(h.65) Gid st dudng thing x = a cit cdc dudong thing dy, d,, dj tai céc
diém c6 tung do theo thi ty 1a b, ¢, d. Cin tim c4c s6 nguyeén a, b, ¢, d sao cho
a—2b=3,a-3c=2;a—5d=-7. Mubn vdy, ta im s§ nguyén a sao cho :

a chia cho 2 thi du 1 | (1)
a chia cho 3 thi du 2 (2)
a chia cho 5 thi du 3 | (3)

Hinh E)r



BCNN(2, 3, 5) = 30. Goi a = 30k + 1 vi k, r nguyén, 0 <t < 30.
T (3)tacére {3;8;13;18;23; 28}.
Do(I)nénrlas6lé, dodére {3;13; 23},
Do (2) nén r chia cho 3 du 2, vay r = 23. Do d6 a = 30k + 23 (k nguyén).
* Tren hinh 65, dng véi k = 1 ta c6 a =7, tng véi k = 0 ta c6 a = 23.
221. a)(0;3; 8); | b) (10; -4 ;-2;0).

222. a)V{?ia¢2,a¢S,nghi¢ml‘a[ 2 : 2 ;12)
- 5-a a-35

Véi a =2 hé vo s6 nghiém, v6i a = 5 hé vo nghiém.

azma-l_za*}_i}
a-1 ~a-1""")

b) Véi a# -2, a# 1, nghiém la [

Vi a = —2 hé vo s6 nghiém, v6i a = 1 hé vo nghiém.,
c—b a-c | b—a.)

223. Cong tng v€. Nghiém [ ; 3
a+b+c a+b+c a+b+c

224, a) Cc}ﬁg timg v€ ba phuong trinh réi chiachoa+b+c#0dugcx +y +z=0.
Thay z = —(x + y) vao hai phuwong trinh ddu dugce |

(a-c:jx+(b—c)y=0
(b-ayx+(—~a)yy=0

| 2 e
Suy ra (a—-c)Yx+(M~c)a—-c)y=0
(b—-a)b—-c)x+(b-clc—a)yy=0
Cong timg v€ ta duoc [(a — ¢)* + (b — a)(b - ¢)]x = 0.
Biéu thitc trong ddu ngodc vuong béng

32+b2+c:2-ab—bc—ca= ~12-[(a~~l::ﬁ)2 + (b uc)z }(c—a)z} >0 nénx=0.

~ Nghiém : (0; 0; 0).

b) Viét hé dudi dang :
ax-D+bly-D+cz-1)=0
bx-D+cy-1)+a(z-1)=0
ex—-D+aly-1D)+blz-1)=0



Patx—1=X,y-1=Y,z~1=2, gidi nhucauaduge X =Y =Z =0,
Nghiém : (1; 1 1).
225. Cong timg v€ cdc phwong trinh duge

{x+y+z)2=9.

Véix +y +z=3,tatim dugc (%, ks %)

Véi x + y + z =3, ta tim dugc [m—i—; -1; - %]

'§14. Giai bai toan biing céach 1ap hé phuong trinh
226. Goi s6 béc s 1a x, $6 luat su 1a y. Hé phuong trinh :

X +y =45 Noie % =30
' iém
35K+50y=¢0 ghic y=15
45
S6 béac si 1a 30, s6 luat su la 15.

227. Goi 6 gh€ bang la X, s6 ngudi ngdi trén mbi gh€ theo quy dinh 12 y. Hé
phuong trinh : :

(x —2Xy + 1) = Xy + 8
(x+3)(y -1 =xy—38

. _{x =20
Nghiém :
' y=35
Dap 56 : 20 ghé bang.
228. Goi kh6i lugng méi loai quang I va Il dem tron ldc dau theo thit ty 1a x va
oy tﬁn Hé phuong trinh ! . .

'?0X+40y_ 60 x + )
Y =100 =20
<1{}0 100 zﬂo i Nghiém:{x 0
}.’m
t —(y ~ 5) = —(x +
LIO{}( >) 10{}@ N=100* Y

Khﬁi luong quing dem tron lic ddu loai I 1a 20 tan, loai 1T 1a 10 tan.

| 229. Goi khdi lugng axit trong dung dich A la x (kg), khoi lugng .mtéfc trong
~ dung dich A lay (kg). Hé phuong trinh :



-

X 20

+y+1 100 =1
2EY | Nghiém:{x

X +1 _}_ y =
x+y+2 3

1
3+1

= 25%.

Noéng do axit trong dung dich A la

230. Voil ché_y mot minh diy bé tmng 5 gio, voi I1: 10 gifﬁ.

231. Goi van tdc Iic ddu cha -
An 1a x (km/h) thi van t6c
cia Bich 14 3,25x (km/h).
Goi chiéu dai quang duding
tit BC la y (km) thi quiing <
dudng Bich da di tr B dén
C 1a 3y (km). Goi N 1a vi
tri ma An bat ddu ting v&n ' Hinh 66
toc (h.66). :

>

Quang duong NB ma An du dinh di trong ~1- gir 1a 0,5x (km). An di tr N
dén C (theo du{mg tﬁt} duge 0,5x + vy {km} véi vin tuc X + 1 (km/h) hét

- 4; Y (gi®). Trong thoi gian d6, Bich di 3y (km) v6i van t6c 3,25x (km/h),
X + |
- Tac6 phuong trinh :
- 0,5x+y 3y - (1)
X+ 1 3, 25x

Néu Bich di dudng tit tir B dén C thi chi hét ; ;5 (gi®), it hon so véi di
o ' X .

¥

theo dudng vong 2 gid, ta cd phuong trinh :

N Y o 2)
3,25 3.25x -

—_ 2y
Tir (2) suv ra =2 nénv = 3,25x.
(2} suy 325 y

3

-Thay vao (1) dugc 0,5x ++3125x =3 nén x = 4.
X

Van t6c cta An lidc ddu 12 4 km/h.




232. Giai tvong tu nhu vi du 73. Hé phwong trinh :

60 +12.60y 72 +15.72y _ 96 + 18.96y
75.12 81.15 18x

Gidi ra duge y = —IIE, x = 100. Ddp sé": 100 con bo.

233. Goi 86 phai tim 1a xy. Tacé

E;;Z—y'_xz = n* (DX, y,neN,0sy<x<0).

Bién d6i v& trai cha (1), ta duoc |
(10x + y)* = (10y + x)* = 99x? ~ 99y% = 32 1 L.(x + y)(x — ¥).

DE tich trén 14 s6 chinh phuong, (x + y)(x — y) phai chia hét cho 11, do d6
ton tai mot thira sé x + y hoac x — y chia h&t cho 11.

Do0<y<x<9nénl<x-y<9, 1<x+y<17,vivay thira s6 chia hét
cholllax+yvatacéx +y=11.Dodé (1) trd thanh

321 12.{): —~ V) =n’,

Nhu vy X — y ciing phai 12 s6 chinh phuong, va nhan gi4 tri 1, hoac 4,
hoac 9.

Xét cac hé phuong trinh :
(x —y=1 X—-y=4 x—-y=9
X+y=11 x+y =11 Xx+y=11
Heé thit nhét cho x = 6, v = 5. Thir 1ai : 657 — 56° = 33°.
He thif hai cho x = 7,5, loai. He thit ba cho x = 10, loai.

Vay c6 duy nhat s6 65 thoa mén bai todn.
234. Goi s6 ngudi chamdité A, B, Clax,y,z. Tacé:

37x + 23y - 979
X+Yy

23y + 41z _ 13
y+Z

Cin tinh m =

37% + 23y + 41z
X+y+z



. [ 3

— _ X ==Y

Ta cb - 37x + 23y = 29x + 29y - 8x = 6y N 4
23y + 41z = 33y + 33z 8z = 10y 5

Z=—
7Y

. Tir d6 tinh duge m = 34. Tudi trung binh cha ¢4 ba t6 12 34.

Chuong v
HAM SO Y = AX2.
PHUONG TR!NH BAC HAI MOQT AN
§15. Ham sé y = ax?

* | 1
235. Parabol y = ax” diquaB(2; 1)nén 1 =222 do dé a = -+ Phuong trinh cia

parabolla y = ixz. .
236, y = —-%‘xz. o ' '
3 ' . }'.- | -
237, (h.67 -l \ /
FRODW Y= 2y 4,
. ' S ! ;X
b) Quy tich cdc diém M c6 khoang cich dén : / / E
truc hoanh gip d6i khoidng cdch dén truc : :
tung 14 hai dudng thing y = 2x vd y = —-2x. i :
o [yeile fole i %
Gigihaihe:{° 2 va{’ 2. ; |
I I
| y =2x y =-2x oMM,
Viy c6 ba diém phai tim 12

0;0),4;-8) (45 “3)_- Hinh 67



238. (h.68) y = {°

1 X
——x2 viix <0
3
y 4 VA
K. § SRR . s
; X
:
-3 L,
0 3 %
a‘
fr e ~3
Hinh 68 ! ._ Hinh 69

239. a) Xem hinh 69,

b) Goi toa d6 chia diém C 12 (m ; n). Piém C thuoc pﬁrabo] y = —-%xg nén

1 » .
n=-—m 1
5 | (1)

Goi toa do chia diém K 12 (x ; y), ta cdn biéu thi y theo x.
K 1a trung diém ctia OC nén x :'QE. , Y = -g Suy ra m = 2x, n = 2y. Thay
véu‘ (1) ta duoc | |
2y = —L2x)2 = —2x2.
27 |
Dodoy= ~x?. Diém K di chuyén trén parabol y = —x2,
§16. Pﬁu’cmg trinh bac hai mét an
240. A’ =5m’ ~ 29m + 36 = (n — 4)(5m — 9).

<>
A'=0 m

I

Wl &

a)- Phuong trinh ¢6 nghigm kép <> {



- - im0 m > 4
b) Phuong trinh ¢6 hai nghiém phéan biét < = 9~ ..
S ' A'>0 m{;(m#ﬂ)

c¢) Xét m = 0, phuong trinh ¢é nghiém.

Xét m # 0, phuong trinh v6 nghiém © A' <0 & % <m <4.

Viay néu % < m < 4 thi phuong trinh v6 nghiém.

241. a) A= (m + 6)°.
Néu m = — 6, phuong trinh ¢6 nghiem kép x = 3.
. Néu m # — 6, phuong trinh ¢6 hai nghiém phén biét m + 3 va 3.
~b) Véim =0, phuong trinh c6 nghiém x = 1.
| Véi m =f: 0, phwong trinh 1a bac hai, A" = 4(1 —m).
—~ Néu m > 1 : phuong trinh v6 nghiém.
- Neu m = 1 : phuong trinh c6 nghlém képx =2.

2+ 2«!1-—

-NeuO=m<1: phm:mg trinh ¢6 hai nghiém

242. Goi x; VA X, 1 hai nghiém ciia phuong trinh X% + mx + 12 =0 vdi X > X,.
Tacéxl--xzml,matkhﬁcxl—xzm\E:«f_ m? — 48.. |

- Pdp s6:m==7.
243, Chia hai v€ cia a + b = 4/ab chob, taduqc%+1=4\f%.f)at\/§:k>o.
Giéiphuﬂngtr'inhk2+1m4kduqck=2i«f§.T€rdé%_:?i4\{§.

244, CaLhI (xml) +{x-*y+1) =0;x=1, y = 2.
Céch 2. Coi y 1a tham s& clia phuong trinh bac hai ¢6 dnlax:
2X2 - 2yx + (Y2 =2y +2) = 0; A' = —(y — 2)°.
Détﬁntalx phai c6 A' 2 0, tirc Ta y = 2. Khi dé x = 1.
Cdch 3. Coi x 1a tham s6 cha phucmg trinh bac hai cé dn lay.



245, a) V6i m = 0, phuong trinh v6 nghiém.

. | SR 1
Véim = 1, phuong trinh ¢6 nghiém x = —-2f.

Véi m # 0, m # 1, phuong trinh 12 béac hai, né ¢é. nghlem néu A' = 0, tifc la
m > 0. Do d6 phéi c6 m > 0. '

Két ludgn : V6i m > 0 thi phuong trinh c6 nghif?m.

b) Pdp s6 - ~J2 <m <2,
246, a) A’ =_a2 — ab + b? :(3-5

b) A=6(a%+b%)+3a—b)>20.

247. a)b) A’ m%[(a - 1:}}_2 + (b mc)z + (¢ — a)Z] 2 0.

248. Ay =b* —ac, Ay =c¢* ~ba, Ay =a’ —cb.
| Ching minh rang A’y + A’ + A'; = 0 nén tén tgi .mé‘rt tm.ng cdc biéu thitrc A4,
v Ay, Az Khong am. | |
249, A= b? ~4ac-{53+ 2c) —431::_.25& + 16ac + 4c? *(2::-1—43) +9a = 0,
250. Trudng hop a® +b” — ¢ # 0, tinh duoc
-(a+b+c)(a+b—c}(e+a—~b)(c+b—a):v0
Truong hﬂp a’+ b’ —c*=0thi x=0 (trtr{mg hop nay tam gidc vuéng tai C).
251. Né&u ac < 0, hién nhién phuong trinh c6 ngh1ém
Néu _ac >0: Ap dung bat déng thitc Co-si cho hai s6 du{mg- :

© 422 Ca- \f

2 { _
Theegmthlét—-[i}—-f«-fl éngm:‘-wl cgEg.gﬁ;hg_ﬂc:}
a a - a a a a at  a

_b = 4dac. Vay phuong trinh c6 nghiém.



252. Ching minh bang phén chitng. Gia sir ¢4 hai phwong trinh déu vo hghiém
thi b> < 4c, m* < 4n, dodéc>0,n>0va

bzmzalécn 44cn*:4(c:+n) {l}
Mit khéc, theo gia thiét bm = 2(c + n) nén . _
b’m? = 4(c + n)° . | (2)

mau thuan vdéi (1). |
Vay it nhat mot trung hai phuong trinh da cho ¢6 nghiém.

e,

Nghiém ctia phuong trinh 12 b ;& — <) , d6 14 s6 hitu ti.

254, Giastra, b, ¢ la cdc s6 nguy&n 1é. Do a # 0 nén phuong trinh 12 bac hai.
Xét A = b® ~ dac, ta s& chiing minh rdng A khong 12 s6 chinh phuong.

Doa,b,clénénb’=8A + 1, con ac = 2B + 1 (vG1 A, B nguyén), do do
o A=(8A+1)~4(2B+ 1) = 8A — 8B — 3, |
khong 1a s6 chinh phuong (vi s8 chinh phuong 1é chia cho 8 phai du 1).
255. Ching minh bing phan chtng. Gi4 si phuong trinh ax” + bx + ¢ = 0 ¢6
nghiém hﬁu ti thi A = b® — dac 14 s6 chinh phuong m? (m € N).
Xét  4a.abc = 4a(100a + 10b + ¢) = 400a% + 40ab + 4ac

= (202 + b)*> — (b* ~ 4ac) = (20a + b)? — m?
= (20a + b + m)(20a + b — m).
Tén tai mot trong hai thira s6 20a + b + m, 20a + b — m chia hét cho sd
~nguyén 16. abe . Diéu nay Ikhﬁng x4y ra vi cd hai thira s& trén déu nho hon
abe . That vay, dom < b (vi m? — b® = —dac <) nén :

20a+b-m<20a+b+m<100a+ 10b+c = abc.
256. Vﬁlm 0, phuong trinh ¢6 nghiém x = 2.

Véim # 0, ta phéi c6 A' = 2m+1laséchn1hphuﬁng,tl;{c132m+lw(2k+1}
(keN) Suy ram = 2k(k + 1).



Gop ca trudng hop m = 0, ta c6 cdc gid tri phai im cha m 1a Zk(k + 1) véi
mol k € N.

257. Tacéd A= (n+4)> —4(4n —25)=n>—8n + 116 > 0.

Diéu kien cén dé phuong trinh da cho ¢6 nghiém nguyén la n° - 8n+ 116
la s6 chinh phuong. -

Piatn® - 8n + 116 =k (k € N), déin dén (n - 4 + )0 — 4 — k) = —100.

Chi y ringn—4 +kvan~4 —k ciing chén, van —4 +k>n —4 ~ k nén :

n-4+k 50 | 2 10
n-4-k -2 | -50 ~10
k 26, 26 10
n-4 24 =24 0
n 28 ~20 4

Vi n = 28, phuong trinh da cho 1a x> — 32x + 87 = 0, c6 céc nghiém 12 3
va 29,

Véin = 420, phuong trinh da cho 12 x? +- 16x — 105 = 0, c6 cac nghiém la
-21 va 5. -

Véi n = 4, phuong trinh da cho 1a x* —8X — 9 = 0, b cdc nghiém 1a —1 va 9,
 Vayn e [-20, 4, 28}.
258. Phuong trinh x* + px — 12p = 0 ¢6 A = p* -+ 48p.
Diéu kién cidn dé phwong trinh ¢6 nghiém nguyén 1a : f.u. la s& chinh phtm’ng
< p(p + 48) 1a s6 chinh phuong <> p+48 :p < 48 : p. |
Uéc nguyeén t6 clia 48 12 2 va 3. |
Véip=2thi A=100= 10°. Hai nghiém cha phuong trinh la 4 va 6.
Véi p =3 thi A = 153, khong phai 1a s6 chinh phuong, loai.
Vayp=2

259. a) Goti x, la nghiém chung. Ta co x{z) + 2X, + m = (, xg

+mx, +2=0,
suy ra (m — 2)x, =m — 2.

Néu m = 2 thi c4 hai phuong trinh déu 12 x* + 2x + 2 = 0 nén cling v6 nghi¢m.



Né’um¢2th‘ixg=1.”[‘i)‘“démx—-é:

Véi m = -3, phuong trinh dau la x* + 2% — 3=0, c6 nghiém 1 va -3 ;
phuong trinh sau 1& x* — 3x + 2 = 0, cé nghiém 1 va 2. |

Két lugn : m = -3,

_ b)m =2,

- 260. a) m =-2.

b) V6i m = 4, phuong trinh ddu ¢6 nghiém 1 va -g, phuong trinh sau ¢6

nghiém 1 va h—l-g.
6

0 8 . e 3 . :

V61l m = 3’ phuong trinh dau cé nghiém > va ~3, phuong trinh sau cé

19. | | |

nghiém % va e

- Vaym =4 hodc m :-g.

261. Gia six (2) c6 nghiém x = a, (1) c6 nghi@m X = 2a.

- Thay vao céc phuong trinh d3 cho, réi khix m ta dugc 6a(a - 3) = 0.
Véia=0thim=0,(1)1a 2.?(2— 13x = 0, c6 nghiém O va 6% ; (2)1€1x2~4x=0,
cé-nghiémi}va 4, |
Véia=3thim=3, (i} 1a 2x° - 13x + 6 = 0, ¢6 nghiém 6 va % ;.(2) 1a
x% - 4x +3 =0, c6 nghiém 3 va 1.

Vay m = 0 hodc m = 3.
262. Do m la nghiém cta (1) nén am” + bm + ¢ = 0. Chia hai v€ cho m # 0 duogc
a+—?—_-+—%—=(} => c(f__] .+b(i}+a =0 = i la nghiém cua (2).
m m m

Tachon n = -1— Dé dang chitng minh dugcm + n = 2.
. m-



§17. Hé thdc Vi-ét va (ing dung | | |
263. a) Néum = 0 thi phu{mg trinh ¢6 mot nghiém x = 1. |
m-—2 -

—

Néu m # O thi phuong trinh ¢6 hai nghiém 1 va -

b) Néum = 1 thi phwong trinh ¢6 mot nghiém x = —1.
2 .
1—-m

Néu m # 1 thi phuong trinh ¢6 hai nghiém -1 va

264. a) A >0, P >0, S>0 : hai nghiém ciing dwong.
b) P <0 : hai nghiém trdi ddu. |
c)A>0,P>0,S<0: hai nghiém cing am.

d) A <0 : phuong trinh v6 nghiém.

265. Gidi diéukién :m — 1 #0,A>0,P>0.Pdpsé:1<m {%.

266. Goi x;, X, la cdc nghiém ctia phuong trinh da cho. Theo hé thic Vi-ét :
Xy + X5 = I, XX, = 0. Do n 12 s6 nguyén t6 nén x; = 1, X, = n (gia skt
X; < Xp). T X; + X, =m suy ra 1 + n = m. Do n-va m 1a hai s6 nguyén té
lién ti€p nén n = 2, m = 3. '
Khi d6 phuong trinh 12 x* ~ 3x + 2 = 0 c6 nghiem 1 va 2,

- 267. DE thdy A > 0 nén phuong trinh ¢6 nghiém. Ta ¢6

X1 + X mi'xx “—E'
e 2 21 142 2*
3.} 1+1211+K2ﬂ‘;gi E
K1 X2 XIKZ 5 i
iy 2
' 3 5 49
b) (X — X )% = (Xf + X»)* —4XyXy = | = | — 4| -2 =2,
) (Xp — %) = (%[ +X3) X2 (2) I( 2} )
: L\ 3 L
3 3 ' 3 3 5Y3 117
c) X7 + x5 =(X; +X — 3% XA {(Xy ¥ Xq )= —| =3 ——|.—=—,
) X + X3 = (X} +X3) 1Xp (X +X3) (2} [.2]2 T
268. Ta phaicé: (A'>0 : (1)
XXy # 0 | (2)
¥, i
1 1 X; + X
— 4+ — ==t 3)
L1 %2 :



Gii (1) dugc m < -g-. Gidi (2) duoc m # 1 va m % —3.

Xy + X Xy + X
Giai (3) duge =L-22 71 2

XX 5 X1Xa 5 _

=0 (xl"+.x2}( S i) = 0.
— Truong hop X, + x, = 0 cho tam = 2, tréi véi (1),
— Trudng hop x1X, = 5 cho ta
m”+2m-3-5=0< (m~-2)(m +4) =0 < m =2 (loai), m = —4.
Ddp s6': m = -4,
269. Tux, + Xy =—m, X;Xy =1, 3m® = 16n suy ra
3(xy + };2}2 —16x1X, =0 & 3x12 - _iﬁxlxg + 3}{% = D
| < (X — 3%x)(3%; - X5) =0
Suy fa X1 = 3X5 hodc x, = 3x,. | | |
270. Khit m 0 x; + X, =m + 2 VA XX, = 2m — 1 ta duge X X, = 2(X{ + Xy — 2) ~ 1.
Do dé 2x + 2x, — xyX, = 5.
271. a) Gidi phuong trinh x*> - 2x = 1=0. Pdp s6: 1+ 2 va 1 -+/2 .
b) Giai phuong trinh X“ =X +5=0. Ph-ircrng trinh vO nghiém.

o 272, a) x2—3\f§x+6—~0; b)x2—4x+1=0.
5
273. a) x = -4 ++/15. Chon x, = —4 —+/15.
RN 2
Ta cd ?"-1 + Xy = -8, ;X3 = 1 nén x4, x, 12 ngmém cia phuong trinh
x> +8x+1=0. '
NP

b) % = = Nt 2V6. Chon x, = ~5 + 246 .

Pdp s6: x>+ 10x + 1 =0.
¢) Truéc hét lap phuong trink bac hai nhan (\E +/3)? 3)" lam mot nghiém
Chon nghiém kia I («f“ \/_) . Dap $6": x' - 10x*+ 1 =0.



274. a) Goi x,, X, 1a cdc nghiém cha phuong trinh x* — 2x — 1 = 0.
Goi yy, vy, 12 cdc nghiém cta phuong trinh phai 1ap.
Cdch 1. Tinh Xy, X,, tit d6 tinh y,, y,.
Cdch 2. Tinh X, + X5, XX, tit d6 tinh y, + v,, y1¥,.
Vay phuong trinh phai lap la yz -6y +1=0.
b) Goi x4, X, 12 cdc nghiém cua phuong trinh x” +mx —2=0.
Ta co x; + Xy = —m, X1Xg = —2.
Goi j;q, ¥, 1a cdc nghiém ciia phuong trinh phéi 1ap. Ta tinh dl,lr{grc
Y1 +¥2 _='§—~ Yi¥o = 5
Vay phuong trinh phai 1ap 12 2y* — my — 1 = 0.
© 275. Diéu kién: m” — 4n = 0. Ta c6
m+n=-m | (0
va o mn = n | (2)
Giai (2) duge n = 0 hoic m = 1. Slr dung (1) dé giai tiép.
- Ddp aﬁ’ m=0.n=0, phﬁdng_frinh Bx2=0 ;.
m = 1; n = -2, phuong trinh lax?+x—2 =0._
276. a) Goi x, 1a nghiém chung cua (1) va (2). Ta cé

x§+ax0+bc:{};x§,+bx0+ca={}.

Suy ra. (a — b)x, =c(a—b). Do a# bnén Xo =€

Got nghiém cf}ﬁ.lgi cia (1) va (2) theo thit tur 12 x4, X,.

Theo hé thic Vi-ét: x x; =bc, x,;x,=ca. Dox,=c#0nénx; =b, x, =a.
Nghiém con lai cia (1) 1a b, nghiém con lai cua (2) 1a a.

b) Dob,clanghiémcua(l)nénb+c=-a,suyraa+b=—c.

Vay a va b 12 chc nghiém cua phuong trinh

x* ~ (a + b)x + ab = 0 hay x* + cx + ab = 0.



277. Céc phuong trinh (1) va (2) déu c6 hai nghiém nén a, ¢ = 0.

Ta c6 m? +n? > 2|m.nf = Z’E , p2 +q2 b 2|p.qf m_2‘~a—|.
Suy ra m2+n2+p2+q222(£+ EJ22.2=4.
| . a C |

278. Céc phuong trinh (1) v (2) déu c6 hai nghiém nén a, ¢ # 0. Do dé c4c
nghiém cia (1) va (2) déu khéac 0. -
Goi m 1a nghiém ctia (1), ta c6

2 .
am” +bm+c=0= a+-l-j-+i=0 = c[l] +b[-1—)+atﬁ
m mz m ' m .
= L 12 nghiém cta (2).
- - r 2 - k) i 1
Khong mat tinh tong quét, gid st x3 = —, X4 = —.
X1 X9

Dé dang chiéing minh dugc

1 1
xlz+x%+x%+xi =x%+x%+—§-+—234.
X1 X
o , . . I 5 1
Theo dé bai, xay ra dang thitc, do dé };12 =5 x% =5, thc la xy =+ 1,
: . X1 }{2_
. szi 1.
Xét ba truong hop :
a) (1) c6 nghiém kép x; = x, = 1. ’I"he;{} hé thic Vi-ét :
—2=2, Ezi nén ¢ =a, b= -2a.
. a a

b) (1) cd nghi.ém kép x; =Xy =~-1. Ban doc tr tinh'dugc : c =a, b = 23
¢) (1) ¢éd nghiém 1 va —1. Ban doc tu tinh duogc : b= 0, ¢ =—a.
279. Theo gia thiét, x5 = x, + 1, X4 = X, + 1. Theo hé thitc Vi-ét :

(X) + X3 =~b (D)
X_IIE- =C {2)
Xy + D+ (x5 + 1) = b? (3)
(X + D(xy +1) = be G



T () va3): > +b-2=0=(b—-1)(b+2)=0=>b=1hoich=-2.
Tix (4) : XyX, + X; + X5 + 1 =bc. Do dé

| c—b+l=bc (5)
V6i b = 1, (5) luon ding. Khi d6 phuong trinh x” 4+ bx + ¢ = 0 tré thanh
%% 4'-.:»‘: + ¢ = 0, c6 nghi¢m néu A =1 -—'-40 2 0 ¢ 5 % ; phuong tr‘in}i

x> — b%x + bc = 0 tr& thanh x~ = X + ¢ = 0, cling ¢6 nghiém néu ¢ < i‘

V6i b = —2, (5) tr& thanh ¢ +.3 = —2¢ = ¢ = —1. Khi d6 phuong trinh
X% +bx +c=0trd thanhx*~2x - 1 =0, c6 nghiém 1+ V2 5 phuong trinh
2 —b%x + bc = O trd thanh x% — 4x + 2 = 0, ¢6 nghiém 2 + /2.

Két lugn :b=1, {:5%{ ;b=-2,c=-1.

280. Goi nghiém chung cta hai phuong trinh 12 m, ta ¢6 :

m2+am+6={}'vém2+bm+ 12 =0,

Suy ra _ 2m2+{a+b)m+ 18={} (1)
- P& tén tai m thi (1) phai cé nghiém, tic 1a
A20< (a+b) ~ 14420 < la+bl > 12
Ta cé lal + Ibl = fa + bl 2 12,
| ab>0

min (lal +1bl) = 12 <
- _ la + b =12

Véia+b=12, (l)lam +6m + 9 =0, cunghlémm-"-—B Dédangtmh |
duoca=5,b=7.

Véia+b=-~12, (1) la m? — 6m + 9 = 0, cé ngluem m = 3. Dé dang tinh
dum:a——s b=-7. | .
- 281, a) Ban doc ty tinh dugc 51 =6, $, = 34, 53 = 198.

n+2 n+ o+l - n | n .
b) 8h42 = Xy *f'}i.z (Xi +X2 )(Kl "1"3;2)—"}{1}(2(}(1 +K2 )ﬁﬁsn_ﬂ.—‘ 8-

c) Tirs; =6, 85 = 34 v 8,5 = 68,1 — s, Suy ra s, la s6 nguyén vé6i moi s
nguyén duong n.



d) Theo ciu b ta ch'syyy = 68,4 — 8,,. Chiing minh twong tu Spe3 = 0850 — 8,41
Do dé

Spa3 = 6(65ﬂ+1 - %n} = Sppp = 358,44 =38, —

Suy ra s, +sp,3 ¢ 5, tuong tu s 3 + Snt6 - : 5.Do dé s, va s, c6 cung 56
du khi chia cho 5. Nhu vay ss, va s, ¢é cling s6 du khi chia cho 5.

Do s, chia cho 5 du 4 nén s chia cho 5 du 4.

§18. Phuong trinh quy vé‘-_phucmg trilnh bac hai
282, ) (x— (X~ 2x ~1)=0. Ddp s6 - 1: 1 £/2.
b)Y (x + DX ~6X +7)=0. Ddp 56+ ~1: 3+/2 .
c) x3l-— 33 +2x —243 =0 & (R~J§}(X2,+X\f§+5} EO.Dépsﬁ”:'xE.

)X =22 -x+3¥2 =0 (x~V2)KZ +xV2 + 1) = 0. Ddp 56 2.
e) 2x — 1 12 nhan tir chung cla hai v&. Pdp 56 : é ;1 =2,
283. Cac phuong trinh trong bai 14 phuong tr‘inh déi xﬁng bac bdn.

Chia hai v& cho x2 # 0 rcn dat dn phu y = x + - ([y[ = 2) hoiac phan tzch vE€

trai thanh tlch ctia hai da thitc bac hai,

a}Duavé:y —2y-3=0;y=-1 Iuai;y=3chok=3i2\/§.
' : -
b) 3£+/8 ; 2+4/3 : - c)l;3_2£.
-3+ f 3+4/5
d)2; 2E+3; .
) 2_ 2 €) 23 2
g) 325 s 2443,

2
284.. Cdc phuong trinh trong bai la phuong trinh héi quy.

Chia hai v& cho x° # 0 réi dat v = x — 1 hodc phin tich v€& trdi thanh tich
X

cha hai da thic bac hai.



~1+5

a}y2—3y-4=0.Vériy:—ltaduqc x=——-é~—~,V6iy=4tadu¢c
1x=ﬁi\/§. .

. . &4
b)li\_{iiliz\[gi C)1+\/— 5\[_“

285, Phuong trinh d&i xitng bac nam. Bién d6i phuong trinh thanh
(x + D(6x* = 17%° + 17x> = 17x + 6) = 0.
Nghiém : ~1; 2 -;-

3+ /21

2

286. a) Chia hai v€ cho x> Dap s6:3 ;-1

- 9 |
b)Chiahaivé’chuxiduqc (x—ﬁmgj ﬂx--f-l*?_-.
. X X

{):azx—Smgzy,dl.I(}(:y:ﬁ,y:S,Dépsﬁ'.:9;--1; >
X .

.. 4
287. a) Chia hai vé€ cho x*réidat x +—~=y,dugcy =4,y = -5.
X ]

Ddp s6':2;-1; 4.

-3+47 2+«f
2

2

b) Chia hai v€&€ cho x° r6i dat 2x + 1. y.Dap s6°:
X ;
. 238. a) Bﬁt Kﬁ =Yy fiu{;fc (2}? — 1)(}12 — 5}; o 6:] —

Pdp s6

:C;\/g;i{%_
ERANE

b) Pat x/2 =y duoc (y + 6)(y — 2)° = 0.
Ddp 56 : 'vf_ 2.
289. a) (x + 3x}(x + 33: +2) = 8. Dat dn phu y = x* + 3x + 1. Tim dugc y = 3.

__3\(—

Pap s6 :



C-1+413

2 -
, + /153
c) Daixzmjxw 19=9 dugcy=+13. Dapsd :6; -1 ; §———
d)Patx>+ 14x +45 =y, dugc y = 5, y = —8. Pép 56 : ~10 ; —
&) (4x + 3)%(4x + 4)(4x + 2) = 810.8. |
Paty = 4x + 3, din t6i y* — y* - 6480 = 0. Tim dugc y = 9.

- " 3 .
Pdap 86 - — ; =3.
PS5

~5++/21
g) ——.

6
290. a) Dat x> — x =7y, dua vé (dy + 1)(y — 2)2=0. Ddp s6 : ~1: 2 %
b) Phuong trinh cé dang 9(x + 5)(x + 6)}(x + 7) = 24x, trong do

. 5+g+7 =9, vA(9-5)09—6)9~7)=24.Dity=x +9. Dua vé

y(3y° =27y + 70 =0 & y = 0. |
- Ddp s6 :x=-9.
Cdch khdc. Datx +6 =y. | | '
291. a) Patx — 3 =y duoc (y - 1)y +y +4) = 0. Pdp s6 : 4.
b) Pat x + 3 =y dugc (y* ~ 4)(y” + 10) = 0. Ddp 56 : =1 ; 5.
c)Datx +5=y,dugcy =+1. Ddpss:—4; -6

d) x =1 1a mot nghiém. Véi x > 1, v&€ trdi 16n hon v&€ phai. Véi x <1, v€
" trdi nho hon v€ phai. Vay x = 1 12 nghiém duy nhit.

'a}Datx-—S ydum:y + 15y* + iSy -31=0

| f)at }' =z 2 0 duge (z = 1)(z° + 16z + 31) = 0. Chﬁ ¥ rﬁng phuong trinh
z* +162+31ﬁ0v6ngh1émwz}{} Dap 56 :x=2,x =4.

292. a) (x* - 6x)” ~ 81 = 2(x — 3)* & (x” — 6x + 9)(x* — 6x — 9) = 2(x — 3)°
@(x“?y) (x wﬁx-ll)q().f?apsé,?;,S:I:Zf.



) xt+ (x — 1)2x% + (x - DZ+2x ~2) =

@x(x + 2X — 2)+(x-1)(x +2x—2)=0

~1+
<::>(X +2}(*~2}(X +x—1)=0.Pdap 56 : —'iiﬁ;——l-—;-'-{gn

c) Cci_ch I.x* + 5% + 1) — 6(x + 1)? = 0.

+
Pt X = y, X + 1 =2z duge (y — 2)(y + 6z) =0. Pdp s6': ! _2\8 7 —3 i\@.

Cach 2. x* = x2(x + 1) + (x + 1)(6x% — 6x ~ 6) = 0
& x2x2-x—D+6E+DEEF—x -1 =0
e (X2 < x - DE2 +6x +6) = 0. |

d) Ca,c,h.f (x +1) +(x+2)[3(x +1)—4(x+2)]—{} bat x% +1*-~y,
x+2—zduﬂc(y—2)(y+43) 0. '

Ddp 56 :

1++/5
o

Cach 2. X2+ 1)+ (x +2)(3x% = 3x =3 —x = 2) = 0
o)+ @+ -3 -3) - (x+2)°=0
SEEFT X +DET+ T =x=2)+ (x> =x— DBx +6) =
S -x - DEE+4x+9) =0
e) Cdch 1.Datx — 1 =y, x + 1 =2z duoc |
xzyz + XyZ — 27° =0 & (xy —z)(xy+2z)=0.Ddp sé: 1 J2.
Cdch 2. Khai trién r6i bién ddi thanh (% = 2% = 1)(x% + X +2) =0,
293. Chi ¥ rang phuong trinh ¢é nghiém ~1. Bién déi |
KRB = 1) 4203+ x + 1) =0, dua vé (x% + x + D(x + 1)(x% = 2% +2) = 0.
| | Dap 6 : 1.

. —1+4/5
P

294, a)x* = (x - 1)% Ddp s6



Phuong trinh X% — (a + b)x + (a2 + b> —ab) = 0c6 A = —3(a—b)’ 2 0 véia=b.
Khi dé x = a. | |
Két lugn : Néu a # b, nghiém la —a — b. Néu a = b, nghiém 1a a va —2a.
299. Pita+b=m,a—b=nthi4ab=m" - n’,

N 2 » m?in®) 3 2
4(a” +b’)=4(a+b)[(a—b) +ab] = 4m|n +T =m" + 3mn”.
Phuong trinh tr& thanh

(m + x)°.— (m® + 3mn?) - 4x° — 3x(m> - n®) =0

2+t112:n;—mng={}«::wl»{l:n—:-()(Ju:+n}l(}{—n}=li}.

— —K3 + mx
\ Da‘fpsﬁ’:aﬂ-b,a—b,_b—a.
300. x> —(m*—m+7)x —3(m*>-m—-2)=0. (1)
Thay x = -1 vao (1) duoc m® —m = 6.
Thay vao (1) duoc x° — 13x — 12 = 0.
Giai phuong trinh trén véi chd ¥ x = —1 1a mot nghiém, ta ¢6 :
X>+1-13x-13=0& (x+ D> -x - 12) =0.
Ngoai nghiém -1, hai nghiém con lai 1a -3 va 4. |
301 x*+ax® + bx +c =0. )
Thay x = V2 vao (1) duoc v2(b +2) = ~(2a + c).
Do a, b, ¢ 14 cdc s6 hitu ﬁ nénb + 2 =0, do dé 2a + ¢ = 0.
Thay b = -2, ¢ = —2a vao (1) duoc (x” — 2)(x + a) = 0.
Céac nghiém cua (1) 12 +\2 va -a.
302. Lén luot tinh : |
A+2)? =3+242,
(1+~2) =B+ 2¥2)1+2) =7+ 5V2,

(1+~2) = 3+ 242)(7 +5v2) = 41 + 292 .



Thay x =1+ V2 vao phuong trinh da cho va it gon dugc
(34 + 52 + 2b}/2 = —48 — Ta - 3b.
Suy ra 34 + 5a + 2b = 0, do d6 7a+ 3b + 48 = 0.
Tiu d6 a = — 6, b = ~2. Phuong trinh di cho la
x> —6x%° - 2x* +5x +2=0 & (X2 ~1)(x + 2)(x* —2x — 1) = 0.
Cac nghiém cuia phuong trinh : £ 1, -2, 1 & V2. :
303. Thay x; vi X, vao phuong trinh, réi trir ting v& duoc

4xf = x5) = 117 = x3) + 9(xq — %) = 0.

- Chia hai v€ cho x; — x5 # 0 va chud ¥ rang x; + X, = ~1 dugc

AxE+x5) +11+9=0=>x] +%x5 =5

Do xy>Xonén tr Xy + %, =—1 va x% + X% =5, dé dang tim duge x; = 1,

Xn = -2, . _
Phuong trinh da cho 1a
47— 117 +.9x -2 =0 & (x — )(x +2)(2x — 1)* = 0.

, g
Paps6-1:-2: —.
P 2

304. a) Zxﬂaﬂwlﬁj::‘;x&x?’ :33__13'_#3(3,“[_)

a a9 d
:.:-8x3+6x:a3——-}5—_3(3—-11-%3(3-—}-]=a3~—%.
a~ a a a
o 3 . 1 I
b) Viét — dudi dang —{ 2 — — .Batam%ﬁ.
4 2 2
Theo cau a néu x=l %/Em—l- thi 4x3+3ﬁ=l 2—~1-]:~%.
2 2 2 2). 4.
. . 1 1 o X
Dicu do ching 10 x, = 5 I2 *—%—E— 1a mot nghiém cua phuong trinh

3 3 . _
4% + 3x = —. i
| 2 (1)



Bay gid ta ching minh (1) ¢c6 nghiém duy nhét. That vay néu x > x, thi

4x° > 4%, 3X > 3X, nén 4%° +3x > 4}{@ + 3%, = % : iu’ﬂﬁg tr néu X < X,
. .3 3
thi 4x~ +3x < —.
4
Vay x, 1a nghiém duy nhdt cta (1).

.1 1
¢y Giai tuong ty nhu céu b. Pdp s6 : -2{%[_ — —H—r—] :

I3
305. Phuong trinh dd cho c6 ba nghiém 14 2, 3, 4. Ta cé
X1+ X+ X379, XXy + XpX3 + X3%) =26, X XpX3 =24,
306. a) Datx° —3x +4=y.Ddpsd:1; 2.
b) Pat x° - 2x + 3 =y. Ddp 56 : 1.

3+73

c) Dit x2+3x'—~1=y.£)cipscﬁ!:{};-—3; >

) Patx’+2x +2=y. Ddp 56 : 0 ; 2.
2

307. a) Cong —2.){.9—}; vao hai vé. Dat =y Ddpsé:1+ V19
X+ S

X+ 9

2 - z + -5+
2% vao hai v€, Dit = =y.Dc‘z’psé':3_m,-_5__£.
X + 1 ' X+1 : 2 2

4 | - _
=y.Tim dugcy = 1. Ddp s : +41 ++/2.

b) Cong —

c) Pat 5
: 2x° +1

308. a) Chia hai v€ cho x + - # 0. Ddp s6 : +2; j:%—

X
b) 2++/3 ; 243,
309.a) Chia tir va mau clia mbi phan thitic cho x r6i dat y = 4x + 7 dugcy =9
X
1 7
vay=16.Pdp sé : — ; —.
y | D 55
Ciing c6 thé dat 4x* ~9x + 7 = y, tim dugc y = 0 hodc y = 7x. Tlr d6 tim
duoc Xx. '



b) Chia tir va méu clia moi phan thic cho x réi diat y = 2x + 3 dugc y = 1
- - X

11 . 3
VAay =—. Ddpsb:2: =,
Yy > ap 8o 2

¢) Chia tlr va miu ctia mdi phén thitc cho x réi dat y.= x + 1 duoc y = -3
K N

" 5 - - ]. —3i 5
vay=—.BDdpsé:2;—; ~—~——\/~:
2 2 2

310. a)Pat y =X +E dlrﬂcy=_8;y-= 18. Ddp 56 :3;5; 9+ 66
X ' :

byDaty = x + = dugcy=2:y=8. Ddp s6: 4+ 1.
X .

vao hai v&. Ddp s6 : ~1; 2.

1 £+/21

vao hai v€. Ddp s . e

311, a) Thém -2x.

X+ 2

b) Theém ~2x.—>

X+35
| { + +f
312. a)Patx~l=y, dugcy=22; y== %.Bépsd’:3;-l;~ll—_ﬁ-f—)§—.
X+2 X -2
b) Bt =V, =z, dugc (y — 2z)(z - 2y) = 0.
ybat ——— =y, — Je (y — 2z)( Y).
.. 3117 31417
Dap so : s .
’ | 2 2
4
313. a}D%ty.:x—ﬁ—i—ﬁ, zzx~+3"7:{,tacé'yzzly+3m3.£)cipm“:1.-
X +1 X +1 _ o
b)Daty=m,z:x+5_}"‘,tacayz=6,y+'z:5.£}a’pm’;1;2.'
: x+1 x +1
c}D&iymM,ZZX—SHX,tacéyz=15,'y+25=8.
x+1 e |

34420 5+4/37

Ddp s6 ; —— :
P . 5




314. Nhém hgp 1i cédc phan thite ta duge :

2x + 7 2% + 7 2% + 7 2X +7
T T T3
X*+7x x2+7x+10 x +7Xx+6 X +7x+12
¢:>(2x+'?)-%- S SEN Ovtﬁrl}r x> +7X.
y y+10 y+6 y+12

Phuong trinh 2x + 7 =0c¢é n ghiem X = m% .

i1 1 1 1 6 2

y y+6 y+10 y+12 y°©+6y  y° +22y +120
= jrg + 18y + 90 = 0 : v6 nghiém. Ddp 56 : x = m%.
315, batx — 1995 = y. Giai phuong trinh

¥y =br - , duge 4y” — 4y — 15 = 0,
y? +3*(y-~1)+(:~*--1) 49

Tim duoc yy = 2,5 ; y, =—1,5. Pdp s6 : 1997,5 ; 1993.5.

316. a) Cdch 1. Diéu kién : x > 1. Binh phuong hai vé (diéu kién x = 4), dua vé. |
x* - 8x” + 8x% + 8x% — 64X + 64 =0 > x2(x* ~ 8% + 8) + (x>~ 8x +8) =0
| e (x7 + 8)(x” —8x +8) =0
| Ddpsé:x=4+2/2.
Cdch 2 biéu kién:x > 1. Tacéd
2

- |
%_:xw\/x-l @%z(\fx—nl)z.

anz-_lné‘:n;—:ﬂxml-t-l. Dat v‘x—I:yE{)thix:yzmi-l.

2 :
Ta c6 % 2+1=y+1nény=l+~f§. Tir d6 x = 4 + 24/2.

b) Cdch 1. Pat VX +72 =y 2 0 thiy* — x = 72. Vay tac6 x> + y = y° — x.
Pravé (x +y)(x—-y+1)=0



Truong hop x + y = 0 din t6i y = ~ 9 (loai), y = 8. Khi dé x = 8.

1-+285 _ . 1 ++/285

Truong hopx —y+ 1 =0dan téi y = —5 (loai), y = —————, Khi

. 2
 —1+/285
St

do x =

Cach 2. Diéu kién : x = —-72. Ta ¢b x2 =72 - VX + 72 . Cong x +% vao

hai v&, dua vé
N2

(3] -]

317. ) Pat 2x —1=y. Tux® + 1 =2y vay° + 1 = 2x, ta duoc
(x~y)(x2+xy+y2+2):0¢:>x=y-
| i -1+
Padp .s‘cf:l;m}ir—{i-

b) Cdch I. Pidu kign : x> +120 ¢ x 2 -1. Dat Vx+1=a20,

sz ~x+1=>b=0. Phuong trinh 12 5ab = Z(a?' + b?‘J. Riit gon dugc
(2a—b)(a— 2b) = 0.

Pap s6.: x =

5+/37
==,

Cdch 2. Didu kién : x = —1. Binh phwong hai v€ cha phmmg trinh, dua vé
(41{2-5}{ +3}{x2- 5% 43) = |

318 a) Diéu kién : x4 =17, x> =T Chuyén vé& : { __% ’ 2 .
X

Binh phuong hai v€ réi thu gon duge x = 2x ,x —— < l = { iz
X

Binh phuong hai v& roi dua vé (x-2}{4x +7x + 14) = SX =2,
b)f)].éuluén uifix<:{}huacx>*l Pat xm}wh =0, lvizbzﬂ.
X X

Tac6a+b=x,a b =x—1.



x -1 miﬂl.Dod(} 2‘z1:;1¢+1—l:a2
X X X

Suyraa-—-b= +1l=a=1.

1+4/5

2

Ddp s6 : X =

319, Diéu kién : x < -3 hozc x > 1. bat y = (x — 1), {K—t% , phuong trinh trd
thanh y? + 2y =8, tadugc y =2,y =— 4.

— ? = 2. Binh phwong hai v€ (di€u kién x > 1)

Véiy=2,tacd (x—-1)

ta duqd x% +2x =7 =0.Loai x =—-1—- J8 (khong thoa méan x > 1), chon

Kﬁ—1+\f§.

Vi y = —4, tacéd (x~-1) X+3

= —4. Binh phuong hai vé (diéu kién

x < -3) ta dugc x2 + 2x — 19 = 0. Loai x = ~1 +-2~f‘_5' (khong thod mﬁn

x <-3), éhqn X x?l - Z\E. | '

:  Papssi-1+8, -1-245.

320. Diéu kién : x> 2(a—8), x 20, x > a— 4. | S

Chuyén vé: Vx —2a + 16 ++/x =2Jx—a+4.

~ Binh phuong hai vé& r6i thu gon duge \{xz ~2ax +16x =x —a.

: 2
Véi x = a, binh phuong hai v€ réi thu gon duge X = % .

Giai diéu kién x = a duge a < 0 hodc a 2 16. _
Giai diéu kién x = 2(a — 8) duoc (a — 16)2 > 0, ding.

2
 Két lugn : V6ia<0hoic a> 16 thi x=%.Vﬁi{)<a< 16 : v6 nghiém.

1+41-x2

X

321. Diéu kign : -1 < x < 1, x =0, a=0. Rit gon v& trdi, ta dugc

Pua vé V1 —x2 =xva ~1.



2v/a
a+1

Binh phuong hai v€ (diéu kién xvJa = 1), ta di dén x = , didu kien

Xva =1 dﬁnd_é’n-azi 1.

Piéu kién x < 1 thoa min (theo bét ding thitc Co-si).

vGia=>1.

) el ’ - - 2’
- Két ludn : Nghiém 1a x = -~
a+1

322. Binh phuong hai v& dugc
};+y~2\/x_'=_2—@=>x+yu2:2mhﬁ (D)
| Binh phurong hai vé ctia (E)-(vffi;{+y22ﬁ4xy23): |
- (x+y—2)2:4xy+3_;4m.
Suy ra 3xy 1a s6 hiru Ei.. Pat H —m. Tir (1) suy ra

(x+y-2n3 =23xy -3 = x +y-2)V/3 = 2m - 3.
. 2m -3 : , 2: 1y
-Néux+y—2at0thi\@=--——.,v6H(vétréuﬁsé’vﬂti,vé’phaila
X+y-—2 -
80 hiru ti). _
Vayx +y—2=0. T (1) suy ra ZJX_:JE,tﬁc-laﬁ}xy:&

,-thod

Tirx + y =2, xy :%, v6i chid ¥ rang x > y ta dugc x =%, y'z_%

man cac diéu kién da dat.
323. Nhan hai v& clia

) | | -(x+4x2+3)(y+\1y2+3)#3 - (1)

theo thif tu v6i cdc biéu thiic lién hop 1a x — Vx? +3 va y —/y% + 3

duoc ; 3y + y2+_3)=3(x— X% +3) ' 2)
~3(x+\.4'x2.+3}:3(y— y2+3)_ ﬂ -(3}_

Cong (2) véi (3) theo timg v€ dugc 6(x + y) = 0. Vay A =x + y = 0.



324, -a} T phuang trinh diu, ta tinh duge x — 2y = ~2 hodc x — 2y = 1. Tix
phuong trinh sau, ta tinh duge 2x + y = 8 hodc 2x + y = ~7.

de de s (2?8 : 254)5 (-352 : 056): {3:4 s 1'-12'): ("—216 + _118}3

b) Pat =Y — 7. dwgc z =5, 2 =é.£)&p $6 (3 2), (=3 ; -2).
X""'y '

c) Khir xy duge x = 29-:?—-—1—11 Thay vao phlrcrng trinh thi hai, ta c6

ily - 28y + 12 =0 duoc y = 2, y—,% Qapsé (1; 2)}[%3_.%)

d) Ddp s6 : (1;4), (-1 ; ~4).
325. aYPdp sé : (—4;5),(5;-4).
bRty tlrx —y = lrélthayvénx -—}{y-i-y =7, dtm'cx —x—6 0.
- Pdpsd:(-2;-3),(3;2).
c) Ddp s6 : (-1 ; —4), (45 1). |
d)Puavéx —y=2vax’+xy+y = 13. Pdp s6: (-1;-3), 3; 1).
e) Ta c6 X + Xy + yz = 19a”. Thay v = X — a vao phuong trinh trén va thu
gon dugc x% — ax — 6a° = 0. Dap 56 : (3a; 2a), (—2a ; —3a).
326. a) Cdch 1. Trir tiing v€ hai phuong trinh, du@c X-y)x+y-2)=
| |  Pdpsé i (~1;-1).
Cach 2. Cong ting v€ hai phuong trinh, dugc '(x_ + 1)2 +(y + l)2 =
b) Bdp s6:(0;0),(5;5),2;-1),(-1;2).
¢) Trit ting v& hai phuong trinh, duge (x — y)}(xy + 3) = 0.
Pdp 56 : (0 0), (W35 =/3), (—/3;/3).
327. Giai twong tu vi du 103,

a) Cdch 1. Nhéan hai v€ clia phuong trinh dau véi 25, clia phlmng trinh. sau
véi 17, réi trix ting vE€ hai ph:_.r{:rn g trinh, dua vé

(3x — y)(11x + 9y) =
11

C‘achz Paty = kx din t6i 9k% ~ 16k — 33 =0 dugc k = 3, k——g.

. -11Y} (-9 11
Pap s6 : (1 ;3), (-1 - —=; —= |-
pas LD (f f‘) Z%)



. ~11 2 -2
PYBPdp sé (1 1), (~1;~1), [Tg;-, @J, [«/_ \/6_9]
328. a) Tir dé bai suy ra xy + x° = 4x° — 2y°. Dua vé (x — y)(3x + 2y) =
Ddp s6':(1; 1), (-1; ~1).
D) Pitx+y=8xy=P. TuS~P=1,5 -2P=5dugc S=3, P =2 va
S==1,P==2.Pdpsé:(2;1),(1:2),(=2;1),(:-2).
Cdch khdc. Bién d8i x +y —xy = 1 thinh (x — 11 -~ y) =0
329. a) Cdch 1. f)at-xy =a, Ta cé |
;{2+y2:{x+y}2—2xy= 16-—2a.Phﬁicéaﬂl8.
x* + y4 = (x2 + yz)z — szyz_ = (16 - 2:1)2 ~ 2a”,
82 = 256 — 64a + 2a2 < (a ~ 29)(a — 3) = 0. Vay a = 3.
' Pap sé:(3; 1), (13;3).

Cdch 2. Ditx =2 + a, y = 2 — a. Thay vdo x" + y* = 82 duoc phuong trinh
tring phuong déi véi a.

b) Ta sé& ching minh X + y + Xy < 8.
Xét xy, ta co x* + y4 = '2;:2}-"?’ = 32> 2}&23,*2 = Xxy<4 (1) |
Xétx +y, 4p dung bit ding thitc (a + b)® < 2(a” + b%)
'(x2 + yz}2 < 2(}:4 +y4)= 64 = x> + y2 5 8.
Dodéo x+y)Y <2x*+y)<16=>x+y<d 2)
Te(l)va@)suyrax+y+xy= 8. Xay ra dang thiic véfi X=y=2.
330. 2) Pdp 56 :(2:2;2), (=2 -2 : =2). |

b) Nhén hai v&€ cha phuong trinh diu véi 3 binh phuong hai v€ clia phucmg
trinh sau, réi trir ddn dén .

=y + -2 +@-x)’=0.
Suyrax=y=2z Pdpsé (1:1;1). '
~ ¢) Trir tirng vé& hai phuong trinh dugc
(1 =x) +y(1 -y +22(1 ~2) =0, (1)



Ta s& chimg minh 1 ~x, 1 —y, 1 — z déu khong am. That vay, gia st 1 —x <0
p 2 2 e e 2 2 2

th'ix:}inénxz‘::lsuyrax +y +z2°> 1, tral vei X" +y "+ 2" = 1.
Dol-x,1-y,1—zKkhong &m nén tir (1) suy ra

| x2(1 = %) = y2(1 — y) = 2%(1 — 2) = 0.
Do d6 méi s6 x, y, z hodc bing 0, hodc bang 1.

Loai cic truong hop : ba s6 bing 0 ; ba s6 bing 1 ; hai s bing 1, mot s6
béng 0.

Két ludn : Trong ba $6X,vy,zco hai s6 bang 0, mot s6 bang 1.

331. a) Piéu kién : X, v, 2z, X + ¥, ¥ + 2, X + z khdc 0. Tir cdc phuong trinh da
cho, ta co

Xy +Xz2=3(X+y+2),Xy+yz=4(X +y +2),XZ+yz=3(X +y +2).
Tir dé | XY + XZ + YZ = 6(X + y + z).
Suyrayz=3(X+y+2),Xz2=2(X+y+2),Xy=X+Yy+2Z
Dndéy:x=3:2 z:y=2:1

Datx 21{,}.»* 3kz 6k(k$ﬂ}tathnduﬁckn-ljﬁ-1- Pdp s6 : {%% 11]

b) Riit y + z & phuong trinh ddu dugc y + z =8 — X,
Riit yz & phuong trinh cudi dugc yz = 16 (do x = 0).
. X 8

Thay vao phuong trinh con lai duge
x>~ 8x% 4+ 20x ~ 16 =0 > (x — 2)° (x — 4) = 0.
| Ddp s6':(2;2;4),(2;4;2),(4;2;2).
¢) Tix cac phuong trinh da cho, ta c6 |
(x+Iy+ D=2, (y+1)¥z+1D)=4, (z+ 1}(x+ 1) =28
Nhan titng v€ cic phuong trinh trén. Ddp s¢': (1; 03 3), (=35 ~2;-5).

d) Diéu kién : x,.v, z khdc 0. Riit y tit phuong trinh déu, rit z tir phuong trinh
cubi rdi thay vao phuong trinh con lai duge ! - % [ = 1 (dé thidy do
X - X +

x‘-*}wxi nénr x # 1, do z--»1-—=1 va z # 0 nén x # —1). Gidi phuong trinh 4n

y ' X
1+5

S.Ba’pm’":xwymzx >

e 1+
X noil trén ta duge X =




332. Tir cdc phuong trinh da cho, ta ¢6 x, vy, z déu khéng am. Néu mot tmng
cac s0 X, y, z bang O thi hai s6 kia bing 0.

Néu x, y, z déu khdc O, ta nhéan timg vé& ca ba phuong trmh duogc

(1 + 4x2 W1 + iiy ¥(1 + 4z° )—-64};};2 (1)
Mait khdc 1 + 4x” 2 4x > 0, 1 +4}r >4y >0,1+4z° >4z > 0 nén
(1 +4x*)(1 + 4y*)(1 + 42%) = 64xyz. ®)

’I‘H(l)v&(Z)suyraZx=2y=2321,t1’1’ciax%yﬂz:—é.
Ba 86 :(0;0;0), L1
P 2 2°2)

333. Dicukién:x,y,220. Neux=0thiy=0, z =0, Tuong tu d6i véi y va z.
Néu xyz # 0, hién nhién x, y, z > 0. |

Tir phuong trmh dau suy ra Vx = I - y < \[_ \/—

'I‘ucmgtuﬁ{\/_ \E{\F Suyrax=y=2z.
Xay ra ddu "=’ '¢cicbitdang thictrén véix =y =z = 1.
Baps6:(0;0;0),1;1;1).

' . 3 2 1 1 1

33, a)Th (Dsuyra x” =y* +y+—={y+=| 4+— >0,

' 3 2 12

Suy ra x > 0. Tuong tu dugc y > 0, z > 0.
b) Gid sir x 12 6 16n nhét (x >y, x = z).
Lay (1) trir (3) duoc

33-33+x2—}rz-+x—y=0‘ (4)
Ddxzz::{},xzybﬂnénijz?’ x2>y2,d0d6 |
x> —7° + x7 ~—y2+x-y}{} (5)
Tu{4)va(5)suyrax =y =2z '
s 3 2 i 1 ..
¢) Giai x° —xX“ ~x =~ duge x = (xem bai 295d).
- - 3 Ya -1

_ . 1
Dapsé:x=y=z= :
¥4 -1



2 2

335. Gid st x 12 s6 16n nhit (x = y, x = z) thi tir dé bai suy ra z° = x°, -

z > yz.

a) Ban doc tu chitng minh.
b) — Néu x < 0 thiy <0, z < 0, chitng minh xong.

~Néux>0thix+1>1,do(3)nénz>>1dodéz>1 (chi ¥ ring z < ~1

trdi voi (2)). Talai cé x 2 znén x > 1, suy ra x> l,do(I)nény+1>1,
vayy>0. |

2 2

¢)—Néux,y,z>0thitx z
x=z,do(2)vai(3)nénz=yvy,

= X“ ¢b z = x, lai ¢6 x 2 z (theo gia sir) nén
. N - 2 _ .2

~Néux,y,z<0thithr z- 2y“ cé6z<y,do(l)yva(2)ynény <X, suyra

y 2 X, lai ¢6 x 2 y (theo giﬁsi’r)‘nénx=y, do (1) va (3) nén x = z.

Vayx =y =2z | |

[+5

d)x=y=z= .
) y 5

336. Goi bdn s6 phai tim la x, y, z, t. Ta cé

x—y=(y+z+t)2-(x+z+t}2=(y~x_)(x+y+22+2tj

S (X~ Y)X+Y+22+2t+1)=0=>x=y.

Tucmgtgx——:ymz:t:%.
337. Goi bon s6 phditim lax, y,z,t. Tacé:
o Xyz +t =2, | (1)
Xyt + 2z =2, o (2)
XZt +y = 2, (3)
Yzt + X = 2, (4)

Trudc hét ta thdy X, y, 2z, t 20 viching han x =0 thiy =z = t = 2, trdi véi (1).
Nhan hai v€ cua (4) véi x dugc
xyzt+x2ﬁ2x=> - 2x+x°=1 — Xyzt = (1 ux)zz 1 — xyzt.

Tuwongtutacd !l —xl=1l —yl=Il1l —zl=11 —tl=1 — xyzt.



Gidsrx <y<z<t Xét nim truong hop :
a)x<y<z<tgl. Tacol - x=1l-y=1-2z=1-1t
Suyrax=y=z=t,do()nén x>+ x=2 (x - D +x+2) =02 x = 1.
Taconghiém (1;1;1;1).
byx<y<z<l<tTacél-x=l-y=1l-z=t—l.
Suyrax=yzz,t:2—};,do_(l}nénxg+2,-x=2.<::>x3'—x=0.an¢{}
nén x = *1. '

—~ Néux=-1thiy=2z=-1,t=3. Ta coé nghiém (-1 ; -1 ; -1; 3).
—-Néux=1thiy=z=t=1,
c)xsy<lszstTac6l-x=1l-y=z~-1=1- l.JSuyraJ{:y,

z:tm2w};,d0(1)n&nx2(2-—x)+(2-x)=2<::>x(x—1}2zU.Dox¢O
nénx=1.Suyray=z=t=1. |

d)x<l<sy<szgtTacdl —x=y-1l=z-1=t- 1
Suyray=z=t, x=2-mt.Ttr(4}tacét(tzﬂ'l}zﬂ.Dqtl_‘*lnént=i.8uy
rax=y=z=l. | |

e)lsx<y<z<t. Tamx—l*y—l-z-l—tml TrG vé trudng hop a
cOx=y=z=t=1.

Két ludn : Bon s6 bang 1 hodc mot s6 bing 3, ba s6 bang ~1.

§19. Giai bai toan bing cach lap phudng trinh .
338. Goi s6 dat doi I da dao mot ngay 1a x (mS), diéu kién x > 0.
Phuong trinh ; 810 900 =6—3 < x°+ 34x — 1080 = 0.
X X+ 4

Giai ra duge x; = 20 ; x5, = —54 (loai).
boi I dao 20m° mot ngay, doi II dao 2£-’1Lm_3 mot ngay.

339. Goi thoi gian roi ciia hon d4 tir miéng giéng dén ddy giéng I t (giay) diéu
kiégn 0 < t < 1,5, thoi gian am truyén tr ddy giéng dén miéng g1€ng la
I,5~t (glay} Phuong trinh : -

5t* =340(1,5 — 1) <> * + 68t — 102 = 0.
Nghi¢m duong la : t = 1,5. Giéng sau 11m.



340. Goi khéi lugng quang loai I 12 x (tén), diéu kién O < x < 10. Phuong trinh :
0,8 0,6 10 '

 x 10-x 100
Giai ra duoc x, = 20 (loai), x, = 4.
Khéi lugng quang loai I 12 4 tan, khoi luwgng quang loai I11a 6 tén,
341. Goi bén kinh ciia hinh tron lic déu 12 x (mét), didu kién x > 0. Phuong trinh
27x? = 1(x + 1,5)% < x> — 3x — 2,25 = 0.

3+ 342

Nghiém duong : x = — Dlrtrng kinh lic déu la 3(1 + JZ_ ~ 7,24 m.
342. 24 km/h va 18 kmm/h.
343. Goi thoi gian voi I chdy mot minh ddy bé 1a x (gi¢), diéu kién x > 5.
1 1 1 |

Phuwong trinh : — + =~ <> %%~ 17X +30=0.
X x—-3 6

Gidi ra duge x, = 2 loai ; X, = 15.

Voi I chay 15 gid ddy bé, voi II chay 10 gid ddy bé.
344.(h.70). Téng van t6c lic dau cua hat nguol A o

1a A -

o]

60 : — = 50(km/h). .Hinh 70

Goi van téc cﬁa ngudi I hic ddu 1a x (km/h), d]ﬁu kién 0 < x < 50, thi van
t6c cua nguoi II 11 50 — x (km/h).

Quing dudng CB dai %(SG — X} km, quang duong CA éiiii wg-x(km).

Ngudti I di quing dudng CB véi van t6c x — 6 (km/h) hét —65((50—";)) gio.
| | X —
Ngudi II di quang duong CA véi van t6c 50 — x (km/h) hét am—qx———) g
: - X

Phuong trinh :

6x '_6(50_};)=ﬂ-_¢¢:x2+85x-3450ﬂ0-
5(50-x) 5(x-6) 5 -

Giai ra duge xy = 30, x5 = —115 (lﬂai)_.
Vin téc ldic ddu ctia ngudi I 12 30 km/h, van t6c cta nguoi IT 1a 20 km/h.,



345. a) Gid mua moOt chiée 40 1a 480 (nghin déng), diéu kién x > 2. Phuong trinh :
% ‘ :

R 242__55,_{2 x mz)[iig{]

8) = 480 + 72
X

X

< 8x% — 88x = 480 <> x* ~ 11x = 60 = 0.
Nghiém duong 1a x = 15.

b) Gid mua mét chiée do ia d (nghin déng). Ta cé
X

2.-51—+(x—2)(2+8de+72
2X X

< 8x2 - 88x =d < 8x(x — 11) =d.
Do d va x la cdc s0 nguyén duong nén x > 11.
Gid tri nguyén duong nhé nhét ctia x 1a 12.
346. Goi thoi gian thuyén di tir A dén B khi khong cé gi6 1a x (gidy), diéu kién
x > 9. Thai gian thuyén di tir A dén B khi gi6é théi thuan chiéu 1a x — 9

(giay). Khi khong cé gid, trong mot gidy thuj:én'di dugc 1 (quang dudng
x

AB). Khi gié thoéi thuan chiéu, trong mét giay thuyén di duoc

Xx—-9
(quang dudng AB). Khi gié théi nguge chiéu, trong mot giay thuyén di

| dugc 8_ {quang dudng AB).
Ta biét rdng van t6c cha thuyén khi khong cé gi6 bang trung binh cﬁng clia

van téc thuyén khi gié théi thuin chidu v van téc thuyén khi gié théi
ngugc chiéu. Do do :

l:[ L 1)) e x®—93x+ 1512 =0.
X x -9 &4 .

Giai ra duge x; =72, Xy = 21, |
Thoi gian thuyén di khi khong 6 210 %a 72 giay hoic 21 giay.

347. Goi thoi gian nguoi I, I, IIT 1am mdét minh xong cﬁng viéc theo thit tu ia
X, ¥, z (gi0), diéu kién x, y, z > 0. Trong mot gid, mdi ngusi I, I1, 11 lam

i
, — (cong viéc), ca ba ngudi lam dugc L + ! + 1 (cong viéce).

1
dugc —, —
X Vv z X v oz



Thoi gian ca ba ngudi cling lam xong cong viéc 1 1 i T Ta co
| e i
X y z
1 I
=z-18=y-3=—=x
L 2
Xy z
« 1 1 1
nén = I N
1 -18 y-3 x y =z
2
X + 36 X+6 ..

LT

Biéu thi z theo x, dugc z = . Bi€u thi y theo x dugc y =

d6 din dén phuong trinh x* + 14x — 72 = 0. Nghiém duong 12 x.= 4. Tir d6
y=5,2z=20.
Thoi gian nguoi I, 11, I 1am moét minh xong cong viéc theo thit t 1a 4 gio,
3 gio, 20 gid.

348. (h.71) Goi a, b 1a céc kich thu6c cha hinh = a —
chit nhat (a 2 b), x 1a chiéu réng cia dai dit.
Ta co . X < g_ | S (D)

Dign tich manh ddt ban dau la ab, dién tich
phén con lai 1a (a - 2x)(b — 2x).

Tacé  2(a—2x)(b—2x)=ab. . Hink7I

Thu gon duﬂc 8x* — 4(a+b)x + ab~ 0.
= 4(a + b) e SHb = 4(& + b? ) = 4d? (véi d 1a do dai dudng chéo cﬁa

hinh chit nhat). Giai ra duge x; = ij_lmj:_u_d ; Ko = %ﬁfﬁ_
Ta thay x, > ar b Qf %,'tréi véi (1), loai,
Con x, {E@i%:ﬁd%@aub{d,dﬁng.

| * # = - d = _u H - = s %, e
- Chi cé nghiém x = HJ:—* thoa mén bai todn. Vay cidch lam trén ia ding,.



Quan hé gifta parabol ¥ = 3ng va duong thing y = mx +n

349, (h.72) a) Tir diéu kién dudng thing y = mx + n di qua diém (1 ; 0) ta tim
dugc n = —m, |

Gii diéu kién dé duong thing y = mx — m y 4

2

- ti€p xiic véi parabol vy = -%x , ta duge

-

my=0;m, =2,

Vé6i m = 0, dudng thing 12 y = 0 (trye

hoanh), toa do ca ti€p diém 12 (0 ; 0). 2 feneee
V6i m = 2, dudng thing la y = 2x — 2, toa
d6 cha ti€p diém 1a (2 ; 2). - 0 /‘l
350. Tim n dé phuong trinh x* = 4x + n ¢6 -
nghiém kép, duge n = — 4, Tiép diém A c6 /
toaddla(2;4). Hinh 72
351.Gii tuong tu vi du 108. Ddp 56 - M@ : %J .

352. (h.73) Trudc hét 14p phuong trinh dudng
thing y = mx + n di qua M(){O;F%J dugc

1
= mx — | mx, +—|.
R G

Giai diéu kién phuong trinh

. _ .
. - : 3
T v
| : =1
c6 nghiém kép, duge m® - dmx, — 1 =0. Hinh 73

Hai nghiém my, mzl cua phuong trinh nay c¢6 tich mym, = —1 (theo hé thic
Vi-ét) chitng té rang hai tiép tuyén v§i parabol ké tr M vuodng géc
v@i nhau. '

353. (h.74) Goi toa d6 clia A va B-theo thit tw 14 (%, ; y1) V& (X5 ; ¥,). Céc diém
A, B thudc parabol y = x” nén ¥, = xi?', yg = K% Ta co



AB? = (g — %)% + (¥2 = ¥1)°. - | v

Do A, B 1a giao diém ctia parabol y = x? va dudng
thang y = mx + 2 nén x|, x, la cic nghiém cfia

phuong trinh x? = mx + 2, tic 12 x2 —mx — 2 = 0.

Glfl Sf]’ Xl {Xz thi . ' _ A
m—-vm?2 + 8 m + Vm? + 8 70

}{1: ? s XE: 2 . .

_ - ' - Hinh 74
Khidé Xp —X; = Vm? + 8, |

Xg + Xy =m,

yz—y1=}{%—x12:m- m? + 8.

Suy ra

AB” = (m? +8) + m*(m? +8) = (m? + 8)m? + 1) = m* + 9m® +8 > 8.

Do d6 min AB= 22 < m =0,

| Dieu k:;én vé nghiém ciia mot phu{mg tr‘inh

354. A 20 m< 3. Téng cdc nghiém cta phuu’ng trinh bang 2 nén phm:mg
‘trinh bao gid cling c6 nghiém dmmg chp $6 ' m < 3.

" 355 I}at Ix — 2=y thl x* —4x + 4 = 3-" Phuong trinh da Ch(} tr& thanh

y + 2my + m® - 1 = 0. Cén tim m dé phuong trinh nay c6 it nhat mot
nghi¢my 20.Ddp s6:m < 1.

356. Ddp sé:-3<m< 1.
337. Pdp 56 : m < -2.

. ‘ . _ 2
358. Nghiém nhé cta phuong trinh 12 Xy = .m Zm +4

. Giai bét phwong

trinh Xy < -2 duoc m > %



359. (x — 1)(x* —mx +m’ ~3)=0
Cén tim m dé phuong trinh x% — mx + m? — 3 = 0 ¢6 hai nghiém phan biét |
 khic 1.Pdpsé:2<m<-1,~-1<m<2.
360. a) Dat X% = y. Cin tim m dé€ phuong trinh |
(m—3)y” —2my +6m=0" (1
¢6 it nhat mot nghiém y = 0. |
Giai theo cdch 2 cta vi du 109,
- V6im =3 thi (1) cénghiémy = 3.

2
me#?) tatmhduﬂc& m(18 — S5m}, P“——ﬁ-nl-, S-"minm— A=0

m —3 m-23
= 0<m=<3,0.

Néu 0 <m < 3 thi P < 0 nén phuong trinh (1) ton tai nghiém khong am.
Néu3d<m<3,6thiP>0vas> 0 nén (1) c6 hai nghiém duong.

Vay diéu kién dé (1) ¢6 nghiém khéng am, tic 1a dé phuong trinh da cho
¢6 nghiém, 13 0 <m < 3,6.

' b) Bdp 56 : m £ -2 hodcm = 2.

361 Patx’=y=0,tacé  y —2m-y—(@m—-3)=0. @)
*=(m-1)2+(m—3)=ﬁ12-—'.m-2=(m+1.)(m~2).
P=3-m,S=2(m-1).

a) (1) c¢6 bén nghiém <> (2) ¢6 hai nghiém duong < A>0,P>0,8> {}
Ta tim dugc 2<m<3.

b) (1) c6 ba nghiém <> P = 0 vd $> 0. Ta tim dugc m = 3.

¢) (1) ¢6 hai nghiém néu xay ra mét trong hai truong hop :

+ (2) ¢6 nghiém kép duong. Tir A' =0 va S> 0, ta duge m = 2.
+ (2) ¢6 hai nghiém trdi dau. T P < 0, ta dugc m > 3.

d) (1) vé nghiém néu xay ra mot 'tmng'hai trudng hop :

+ (2) vo nghiém. T A' < 0, ta duge -1 <m < 2. |

-+ (2) ¢6 hai nghiém (kép hoic pha‘n biét) am. T A' 20, P> 0, S < 0 ta dugc
m < ~1.

Do dé (1) vo nghiém néu m < 2.



362. Giai twong ty vidu 117. |
a)Patx> =y =0, tacd my” — 10my + (m +8)=0. . )
Goi a, b 1a nghiém cta (1), giastO<a<b. '

-I’I_Trb=9a,a+b=10, ab=m ,taduqca_:l,bzg,mzl.?huung

m
trinh @4 cho 12 x* — 10x” + 9 = 0, c6 céc nghiem 12 -3, -1, 1, 3.
b)Batx =y =0, tacﬂy ——{m+7)y+3m 0.Pdp s6:3; 439
363. Ta thdy néu k 12 nghiém cira phuong trinh |
x* - 40x* + 6m = 0 M
thi —k cling 12 nghiém ctia phuong trich do. A B O C D
Do dé, trong bén nghiém cta phuong trinh 72 g
- . . . - . -3n  -n f 3n X
. (1), c6 hai nghiém duong va hai nghiém
Hinh 75

am. Goi nghiém duong nho nhét cta (1) 1a .
n. Do AB = BC = CD nén hoanh do cla cdc di€ém C, B, D, A theo thi ty 1a

n, -, 3n, ~3n (h.75).
Pat X2 = y 20, tacé y2 — 40y + 6m = (. (2)
Phuong trinh (2) ¢6 hai nghiém dwong 1a n” va 9n”.

Tir 0% + 9n® =40 va n>.9n’ = 6m, ta fim dugc n = 2 (chd § ring n > 0), do
doé m =24,

Phuong trinh (1) 1a x* — 40x” + 144 = 0, ¢6 cdc nghiém —6, -2, 2, 6.
364. E)at{x+1) =y=0.Tacé | |
Y om-Dy - -m+ D=0, W
DoP= —(m2 —~m + 1) <0 nén (1) cé hai nghiém trai dédu.

Gm nghiém duong 12 a. T (x + 1) = a, ta dugc X = —1£+/a, d6 12 hai
nghiém ctia phuong trinh di cho.

- 365. Phuong trinh x* + mx® + x? + mx + 1=0 (1)

14 phuong trinh d6i xing bac bdén. Chia hai v& cho x° = 0 roi dat an phu

- 1 3 .
X +— =vy, (1) tro thanh
x .



y* +my — 1 =0. | {2)
Pé phuong trinh x + L y (v6i y 12 tham s6) c6 nghiém hay phuﬁng trinh
X

x> = yx + 1 = 0 ¢6 nghiém, ta phi c6 y* ~ 4 > 0, tdc 14 y > 2 hoc y<-2.

Do d6 dé (1) c¢6 nghiém thi (2} ph&l ¢0 it nhat mf)t ngluém thoa man y =2
hoac y < -2,

Diéu kién dé ton tai nghiém ciia (2) thod mén y > 2 1a m < ~—-§ (xem vi
du 110).
:Diéu kién dé ton tai nghiém ciia (2) thoa min y<-21am 2—% {(xem bai
L 3 3
tap 358). Ddp s6: m < ) hogc m = 5"
366 Datw‘x—— y>0 ta co . |
2" +m)—4 =3y = 2y* -3y + @m—-4)=0. ()
Can tim m dé (1) cé nghiém y > 0. Gidi A > 0 duge m < —:% Khi d6 téng
hai nghiém y, + y, = % > 0 nén luén t6n tai nghiém duong.

. Bapsd m{fﬂ

16

367. a) Néu a 1a nghiém cda phucmg trinh thi ~a ciing 1a nghlém Do d6 a phai
bang 0, khi d6 m = 4. Dé ding giai phuong trinh

xf4+x +\f4 x% =4 , dugec x =0,

b) Tlmrng tw nhu vi du 118, néu-a 13 nghu%m clia phuwong trinh thi 4 — a ciing
12 nghiém. Bap 56 :m =4, nghiem ctia phuong trinh 14 x = 2.

Ba thire bac hai v6i bat dang thide va todn cuc tri
368. Viét ding thitc da cho duéi dang mot phuong trinh bic hal doi véi x

x” +(y—1)x+£3f -y)=0

Giai dicéu kién A = 0 duoc —%ﬂyﬂl.Tmmgt;r—%ﬂxﬂl. |



369. Viét dang thic da cho dudi dang mot phuwong trinh bac hai ddi véi x, 16i
giai dicu kién A 2 0. | |
370. Tacéb+c=5-—a,bc=8—a{b+c}=8—a{543).
Suy ra céc $6 b va ¢ 1a nghiém clia phuong trinh

}cg—{ﬁ ma)x+{az—'53+8)='0.'"

,lﬂci-?—.
3

w =

Giai diéu kién A = 0 duoc l'ﬂaﬂ%.l‘umg ml<bs<

371. Viét A dudi dang A = (xz - 2}()2 — 4(}12 — 23{) + 20. |
Détxz—Zx =y, ta cd A=}r2-4y+ 20 ="(y - 2)* +16 > 16.
TacominA=16y=2& K=li~/§_. -

372. Dung phuong phép mién gid tri clia ham s0.

ﬁ) min A = -?15 vl X =1 ; max A-:% vl X = 1..

b)minlevéfixz—E;maxBxﬁvﬁix:}i-
¢)min C=3-242 véi x =2 ; max C = 3 + 22 v6i x = —/2.
d}minli):g“\/gvﬁix=:~l_:i§—;méxD=3+J§w_?ix:\/gwk.
| 2 2 2 2.
373. Viét A duéi dang sau (v6iy #0) :
ff‘-)zufiﬂ
A=Y Y a_—atl (dat = = a)
f’xf X a®+a+1 Y
-1 +—+1
Y y

Giai nhu vi du 123, dugc %EAﬂB.C@n voiy =0thi A=1.

Dodc‘jminA=%vc?i}c:y;maxA-:BV{’rix:—y‘



- 374. Giai tuong tu vi du 127.

| a b i e .\ .
Dat mmg+—th‘1k=m2-3m-—2. Cén fim gid tri nhé nhét cha A véi
a o

diéu kién |m| = 2.
TatimdugcminA=-4 < m=2<a=h.

375. Bi€u thiic A nhan gi4 tri m khi va chi khi phuﬁng trinh 4n x sau day
cb ngh1ém

A

: 1
m =X + x2+}-<:>m—x: x2+-.- _ (1)

X X
Véim = x > 0, (1) twong duong véi

mz—me+x2=x2+~1— & 2mx —m*x +1=0. ‘ (2)
X

G (2), do m # 0 nén (2) 13 phuong trinh bac hai. Giai didu kien A > 0 va
chd y rang m > 0 ta duge m > 2.

' 1 2 e s i
m-=2<:>:-:=-§,thﬂamandléuk1¢n0{x£m.

Vay min A = 2 v6i x =:—;~.
376. Goi a la gi4 tri tuy ¥ cha A, din dén
(a—2)x>~mx + (a—n) = 0. (D
Xét a # 2, tim diéu kién dé (1) ¢6 nghiém, ta s& duoc
4a” = 4(n +2)a + (8n - m?) <0 2)

Giéi tuong ty vi du 124, ta tim dugc n = 5, m =+ 4.

- 2 ' 2 '

. — 4

v&yszx ;4x+5hoacA_:2X - x+5_‘
X +1 X< +1

377. Ap dung b4t ding thic a2 + b2 > 2ab, ta c6

2
B'_=[xy+—'~i—J =x2y2+ 212 2>2xy-i—+2 4.
Xy Y Xy



min B = 4 < xy=i— va x + y = 1. Giai diéu kién nay, ta duoc
_ Xy )
L++/5 1-+/5  1-+/5 1++/5
X = , Yy = va X = , Y = .
2 2 2 2

X, 5-5x+5x X +5(1—x)+522\f X _‘5(_1—;;)%5
I+ x X I —x X ¥I—-x X

= 5+24/5.
Xay ra dang thic khi va chi khi

.x _ 5(1—:{}’ %)
I —x X

378. C =

Giai phuong trinh (1), ta dugc

5445

. 5-5
> 1 (loar), = .
4 1 (loar) X9 4

Vay min C = 5+ 245 vc?ix=§—;:£.

379. Goim la nghiém cta phuong trinh (1) dé cho thi

X1

m* +2m* +2am +a’+2a+1=0." (2)
Viét (2) du6i dang phuong trinh bac hai véi dna:
| 22+ 2(m+ Da+ (m* +2m%+ 1) =0, (3)
D€ tén tai a, phai c6 A' 2 0. Gidi diéu kién nay duge
mm-1)£0<0<m=<sl1. -
a) Nghiém ctia phuong trinh dat gi4 tri nhé nhdt 14 0 véi a - —~i.
bj Nghiém cta phuong trinh dat gid tri 1én nhat1a 1 véi a = -2,
380. Tacé A =a’ — 4a + 20 > 0. Nghiém 16n ciia phuong trinh 12

: -a+\/a2~4a~+—20 ' :
X = . ()
2
Ta du doan nghiém d6 c6 gid trj 16n nhat khi xdy ra-ddu "=" & diéu kién
-a = -1 ciia d¢ bai, tirc 1a véi a = —1. Vi a = ~1 thi x = 3. Ta sé& chiing minh

voi a > —1 thi



—a+\fazm4a+2{}

5 < 3. ‘ - {2)

@) & Va? -4a+20 <a+6
& a’—4a+20<a’+ 12a+ 36 (chi ¥y ring a + 6 > 0)
< —1 < a, ding.

Viy gid tri 16n nhit ma nghiém cia phucfn g tnnh da cho dat duge 1a 3, khl
va chi khia = ~1.

PHAN HiNH HOC
Chuong I - GOC VOI PUGNG TRON |

811. Lién hé gilra cung va day
194, (h.76) Goi C la diém chinh giita clia cung AB, H la
giao diém ctia OC va AB. Ta ¢6 OC L AB. biit OB = x.
Ap dung dinh i Py-ta-go vao QOHB ta tinh dugc
a? + h® , ' . ,
2h

X =

195. (h.77) Ta c6 CD // AB = AC =BD = AC = BD.
it AC=BD =x thi CD =3 - 2x. '
Ké DH, CK vuong gbéc v6i AB. Ta cé

AB-CD _2x -1
2 2

ADAB vudng nén Hinh 77

DB’ = AB.HB = x? = 2. 2“?" :

HB = KA =

:x2w2-x+1:_0;:>x=1.

Vay AC = BD = lcm, do d6 CD = lcm.



AK.EK (10 + OK)EK
= (1) D

196. (h.78) Sipp = ~ .
(h.78) Sk 2 2 E

DC // AE'ﬂ.ﬁ:&:mzﬁaﬁ. Ta lai c6

Cﬁé:@ (do OC // EK) nén AOD=0OEK. A H O KB
Suy ra AOEK = ADOH (canh huyén vi géc nhon) — Hinh78
néﬂ_ EK = OH ———6{}]1}, OK =DH = 8cm. . -

Thay vio (1) duge Sypg = 54 cm?. -

197. (h.79) AAOB = AA'OB' (c.g.c). Do A1 =30° nén Aj = 30°. Ta lai ¢6
AOA' = 30° nén . |
A'B' // AO. | (1)
Tuong ty OB' // AB (2). Tix (1) va (2) suy ra AIB'O
12 hinh binh hanh (I 12 giao diém clia AB va A'B)).
Do d6 Al = OB' = OA.

R3

Dat OA =R thi AB = R+/3, BH = —=,

Bl = AB — Al = Ry/3 =R = R(/3 — 1).
Goi K 1a giao diém cha A'B’ va BC. Ta ¢6 :

6 s =[E}Z=R<ﬁ_—ng'_%
BIK * PBAH = | 75 RY3 | 3

nén Spix : Sgac = _2 ;\E . Goi dién tich phan chung 12 §, ta c6
§_.=SMBSB{K:1 3(2 \/_) \/’5_2

| S S
Vay S'= (3 -DS.

198. Xét AABC noi tiép dudng tron (O ; R). Goi (I ; r) 12 dudng trén noi tiép
tam gidc (h.80). Ta v& AA'B'C' ngoai ti€p dudng tron (O : R) va déng dang

vGi ABC bang cdch v& cdc dudng thing song song voi cac canh cia AABC
va tiép xtic vdi cung ctia duong tron ngoai ti€p chita dinh d6i dien.



AABC ngoai ti€p dudng tron (I ; 1),

AA'B'C' ngoai ti€p dudng tron (O ; R)
ma AA'B'C' w» ;:&ABC nén
R B'C

— = —— 1
I BC (1

Bay gi® qua mdi dinh clia AABC, v& cdc
dudng thang song song v6i canh déi dién,
ta dugc. AAB,C; déng dang véi AABC va

BC = %BICI. @

T (1) va (2) suy ra
R B'C B'C' 2B'C’

—

r BC éalcg BCy

Ta lai ¢6 B'C' = B;C, nén R =2,uclaR =2r.
| r

Chii y
a) C6 thé dung két qua cha bai 248 dé giai bai todn trén.
Goi a, b, ¢ 1a cdc canh clia AABC, S:1a dién tich, p 12 nira chu vi. Ta cé

R =EI£ {(xem bai 248) va r = E nén
48 p
R22re 206, 45 mébc(wbm)amsz.
a+b+c

Ta lai ¢6 S = p(p — a}(p b)(p — ¢) (cﬁng thitc Hé-rf)ng) nén
168 = 2p(2p — 2a)(2p — 2b)(2p — 2¢)
=(a+b+c)yb+c—a)a+c—-b)}a+b~-c)
DodoR=z2r<zabc=(b+c—a)a+c—b)a+b-~-c).

Chiing minh b4t déng thitc trén : xem vi du 99 phan Da1 s§ trong cudn
 Nang cao va phat trién Todn 8 tap hai.

b) Tu dmh 11 O-le (xem vi du 33), ta cung suy ra 2 2Rr {) nén._
R = 2r. .



§12. Géc ndi tiép
199. (h.81) K& duong kinh BD. Ta ¢c6
- BC = BDsinD = 2RsinA

a
sin A

nén = 2R.

Ching minh tuong ty _b = 2R, .C
sinB sinC

200. (h.82)Pat AM=x, MI=IN=y (0<x,y < 13).

Tirx+yﬂ-13 véx(x+2y}- 12%, tatinhdum:x~18 (loai), x =8
Pdp 56 : AM = 8 cm.

= 2R. Hinh 81

N | c
y
1
v/
M
A O] N\ S
A o B K
0 E
D
Hinh 82 Hinh 83
201. (h.83) AAEB c6 EI la du&mg phan gidc nén EA _ 1A = 3.
"EB 1B -
AAOK ¢» AAEB (g.g) nén OA = EA =
| OK EB
Do dé OK =%o& =§.vay DK =-§—R.
202. (h.84) Goi O 12 tam cba nira dudng tron. Dit ) N
OB = OC = a. Dé thay MOCN 12 hinh thoi canh a. Do
DE // MN nén _ 0
2 2 2 B\ D\ [E /¢
DE:MN= —;— a=3= AD = EAM':mD:zDM.
Ta lai c6 DC = EDB nén AADC «x» AMDB. |
Suy ra AC = 2MB = 2a. Tuong tu AB = 2a. Vay A

AABC déu. : - Hinh 84



203. (h.85) Goi H 12 trye tam cha AABC. K{ hiéu Sype = S.
Dé& chitng minh DM = DH. Ta ¢6

AM AD+ DM

AD  AD
:I+£@_=1+9_}i:]+ﬁﬁ£_
AD AD S

| | S
Tuong tr o = 1+ SaHC CK _ | Saup
E S CF
Cong timng vé ba ding thitc trén, ta dugc diéu phai chilng minh.
204. Gia st M thuoc cung 16n CD (h.86). Ching minh rdng MB 14 dudng phan
gidc trong, do d6 MA 1a dudng phan gidc ngodi ciia AMEF. Ap dyng tinh
chit dudng phan gidc trong va ngoai clia tam gidc.

Truong hop M thuéc cung nhé CD, ching minh twong tu.

' E
Hinh 86 Hinh 87
N oL . KB 1B
205. (h.87) IK 12 dudng phan giac trong cua AIBC nén KC = c
| | AB IB
IA 1a dutng phan gidc ngoai ctia AIRC nén — = —
| g phan gidc ngodi'c hen T E T I
Suyra <B . AB 40 46 ACEK = ABKC.
KC AC '

206. (h.88) Khong mdt tinh tdng quét, gia sir
AOC <BOC. Cic diém O, E, M, F thuoc
duong tron dudng kinh OM = R. Céc diém O,
G, N, H thudc dudng tréon dudng kinh ON = R.
Trong hai dudng tron bing nhau dé, cdc géc

- noi ti€p EOF, GNH bang nhau (ciing b v6i A

g6c GOH) nén EF = GH, suy ra EF = GH. - Hinh 88




207. (h.89) Gid st A=2B>C. Pat sdBC =m, AD, A
sdiﬁ(}:n,‘. sd;;\B=p.Tacém+n+p:35{}°5
-sdAT*=n.—p, sd?B’=m—p, sdCC' =m —n.

G
— ~— B
— F 1 F

=2{“_;F’l+?+m;”,__m+j+p=1ggﬂ_ Hinh 89

sdDE = 39248 | (qap 4+ 8988 _n-p

+Ip_{_m—.-p=_mm+n-1-;3
3 3 : 3 3

Suy ra DF = DE = EF . Vay ADEF déu,
208. (1.90) Néu BAC < 90° thi H thuoe tia AC (h.902, b).

= 120°.

ABH = ACK => AD = AE. |
Ta lai c6 sdAD +sdAE = 180° nén sdAD = sdAE =90°, do dé
ABH = 45°, BAH = 45°. Tac6 BAC = BAH = 45°.

Hinh 90

Néu BAC > 90° thi H thuoc tia d6i chia tia AC (h.90c). Ban doc tu ching
minh réing khi d6 sdAD = sdAE = 90°, ABH = 45°, BAH = 45°, do d6
BAC = 180° ~ BAH = 135°. .

209. (h.91) a) Goi K Ia giao diém ctia Al va duong tron. Ta cé E{ = 3:; vi

cung bdng K.



b) V6i AABC ndi ti€p dudng tron (O), ta chiing minh
dugc AH gdp doi khoang cach OM tir O dén BC. Ta

lai ¢6 BAC = 60° nén KOC = 60°. do dé

OM =Loc =Loa.
> 2

Suf ra AH = AO.
AATH = AAIO (c.g.c) nén IH = 10, : - Hinh 91

210. C6 hai ddp s : A = 60° hodc A = 120°. |

211. (h. 92) a) Trén MA lay 1 sao cho MI = MB. Tam gidc MBI déu, suy ra
IBM = 60°, do d6 Bj = Bo. |
AABI = ACBM (c.g.c) nén Al = MC.4I'r d6 MA = MB + MC.

b) AMCD ¢» AMAB (g.g) nén MD _ MC, MD _MB 1y do
| MB MA  MC MA

MD MD MC MB MC+ MB
MB MC MA MA MA

C)DQtMAzx,MB=y.T&co : : A
MA? + MB? + MC? = x2 + % + (x — y)?

= 1 {theo cau a).

= 2(x% + yz —-xy). (1)

K& BH 1 AM. Do BMH = 60° nén A H C
nér D
2 2
_y 2 _2 (¥ 3y M
fv'ﬂ'i—z, BH =Y (2] = 4 . ' Hmh?E

T (1) va (2) suy ra MA? + MB? + MC? = 2AB>.

Ta lai c6 AB = R+/3. Do d6 MA? + MB? + MC? = 6R2.

212. (h.93) Tren AC ldy I sao cho Al = AB. Hay chiing minh ring BICO I
inh binh hanh (con 12 hinh thoi). - |



Hink 93 Hinl. 94
213. (h.94) a) (O) va (O') ddi xitng nhau qua AB, mad J AB nén C déi xung

vGi F qua AB, Ci=F= ODFE = OC // O'D. Ta lai c6 CD // OO Suy ra
CDO'O 12 hinh ‘binh hanh.

'b) OO cét AB tai H. Ta c6 OH = OH =%\MR2 ~a% .

Do d6 CD = 00" = V4R? —a? .

‘¢) Ké dudng kinh BOM thi M 1a diém c6 dinh. Ta c6 AM = CD (cling gdp
d6i OH), AM // CD nén AMCD la hinh binh hanh, suy ra AD // MC, do dé

CAD = ACM. Vay sd CAD = %sdm.
214. (h.95) V& ca dudng tron dudng kinh AB. Goi C, E' theo thd tu la giao
' diém cta CH, EH véi dudng tron. Ta c6
| HD.HE = HE'.HE = HC.HC' = HC.

C__E
D ' ' A
. ﬂ :\:o, : }
El
CT ] X E K . C
Hinh 95 Hinh 96

215. (h.96) Dé ¢6 mot tam gidc nhu d€ bai, chi can v& dudng tron (O), ti€p

 tuyén xy, K 12 tiép diém. Ldy mot diém A tdy ¥ trén (O), v& dudng thing

song song voi xy va cidch xy mot khoang biang mét nira khodng cdch tir A
dén xy, dudng thang nay cat (O) tai D va E.



Goi I 1a giao diém ctia AK va DE. Dt IA =IK = a.
~ Tix hé thic IAIK = ID.IE dé dang suy ra

a? = ID.IE = 4a” = 2ID.2IE = KA” = BK.KC.

216. (h.97) V& dudng tron (B ; BA), cit AC & E,

' cét canh BC & F va cat tia d6i cta tia BC 6 K.
Ta cé BE = 5. Ta tinh duﬂc AE =2, CE =4 dua
vao hé thitc CE.CA = CE.CK. Diém E 1a mot

- diém thod mién bai todn.
217. Ké dudng kinh EF di qua M (h.98a). Ta cé
MB.MC = ME.MF = (AE — AM)}(AF + AM) = {AB - AM)(AB + AM)

= AB® - AMZ.

Hinh 97

a) - . b}y
Hinh 98

Chu y - Cach giai sau khéng diing dén kién théc vé géc ndi tiép : Ké dm:rng
cao AH. Gia sit BM < MC (h.98b). Ta ¢c6

AB® - AM? = (AH? + BH?) - (AH? + MH?) = BH? ~ MH?
= (BH + MH)(BH — MH) = (CH + MH).MB = MC.MB.
218. (h.99) AABE v AADC (g.g)
AB  AE
e =
AD AC
= AB.AC = AD.AE = AD(AD + DE)
= AD” + AD.DE = AD? + DB.DC.

Suy ra AD? = ABAC-DBDC. . Hinh99



219. (h.100) K& cdc dudng kinh BOC, BO DthiC, A, D thang hang, CAD 12
cét tuyén chung c6 dinh. - :

Trucmg hop M thuoc cung BC khong chda A (h.100a) : ABN = ACM,
ACM bi ABM nén ABN bu ABM do dé M, B, N thing hang.

Hinh 100

Trudag hop M thuoc cung BC chita A (h.100b) : ABN = ABM nén M, B,
N thang hang. -

Trong ca hai trudng hop, ta c6 CM va DN cling vuodng goc véi MN. Do dé
dudng trung truc cita MN di qua trung diém I cha CD, d6 12 di€m c¢6 dinh.
§13. Géc tao bdi tia tidp tuy&n va day cung

———

220. (h.101) Lan luot ching minh BC = [AB = IDB = ICA .

Hinh 101 Hinh 102

221, (h.102) a) K& tlé'p tuyén chung Ax ciia hai duﬂng tron, Ta c6 B = ADE
(cung bédng CAx y nén DE // BC.

—— i

by DE // BC ma BC L OH nén DE 1 O'H Suy ra HD=HE, do do
BAH = CAH. Vay AH 12 tia phan gidc clia géc BAC.



222. (h.103) AE céat CF tai D'. Ching minh rang BED'F 1a hinh chit nhat va

D'B L AC dé suy ra D' 1a giao di€m cua dur.mg vuoéng goc vai AC tai B va
nira duong tron, do dé6 D' tring D.

Hinh 103 . Hinh 104
223. (h.104) a) CEN = ECB + B; = Dy + D = EDN.

J o NE NC '
b) Ta lai c6 N1 N2 nén ACEN w :}.EDN (g g), suy ra o - NE Vay

NE? = NC.ND. d
224. (h.105) Goi M 12 giao diém ctia DK véi nira dudng

tron. Dé thdy ACDK can. it DM =MK =x > 0.

Ta c6 BM.BK = BC?,

nén X +4)2x +4) =

Riit gon dugc 2x% + 12x — 9 = 0. Hinh 1?5

Ng.hiém. duong ctia phuong trinh 13 X = 3—\/32;6-
Do d6 DK = 3v6 ~ 6 (cm), BK = 3v/6 — 2 (cm).

225 (h.106) Goi EM la ti€p tuyé€n cla dudng tron
ngoai ti€p AAEB, EN la tiép tuyen cua dudng
tron ngoai ti€p ACED.

Hai duﬁng tron uép xdc nhau < M, E N thing
hang < AEM = CEN.

Talai c6 AEM =B, CEN = Dj nén

"AEM = CEN « B; =D; < AB//CD. ~ Hinh 106



226.(h.107) a) Ta ¢6 BAI = C, ABAI v AACI (g.8)

AB IB AB? 1B?
T ez — )
AC TA  AC? 1A%

‘N T P
Ta lai ¢6 1A? = [B.IC nen 2. - 1B~ _IB
| . AC2 IBIC IC
b)PatIA =x,IC=vy. Tacd

Al BI AB

ABAI 0 AACI (g.g) = 22 = BL _AB _x y-24 20 5
| | CI Al CA |y  x 28 7
| Tx = 5y = 35
Giai hé phuong tinh {2 duge 47
15% = 7(y — 24) y = 49

Ddp s6 : 1A =35 cm, IC = 49 cm.

227. (h.108) Ké dudng kinh BOF thi F, A, D thang hang. Goi DE 14 ti€p tuyén |
ké th D. Ta cé '

DE? = DA.DF = 2(2+ AF) = 16 = 2(2 + AF) = AF = 6.
Pdp s6: OB = 10 0 (cm).

Hinh 108 Hinh 109

-

228. (h.109) Céc tam gidc can ABC, KBA c6 chung géc & diy B nén
CAB = AKB tic 1a CAB = AKC. |

Ta cé6 SdCAB = %3&@, tir d6 AB 12 ti€p tuyén clia dudng tron.
BD CD

229, (h.110) BD? = AB.CD = .
BD




— ]

- Ta c6 ADBC w» ABAD (c.g.c) = DBC = BAD = SdDBC—m—SdBmD.

Ttr'c‘lé BC 1a tiép tuyén chia dudng tron.

Hinh 110 . : o _ Hinh 111 :
230. (h.111) Goi I 1a giao diém hai dudng chéo clia hinh binh hanh. Ta ¢

IE.IA = [E.IC = IB.ID = IB>.

Ta cé AIBE o AIAB (c.g.c) nén IBE = IAB.
Tir d6 suy ra diéu phai chitng minh.

231. (h.112) a) Goi R, R' 1a bédn kinh

clia cdc dudmg tron (0), (O). Diém
E chia trong OO', diém F chia

ngoai OQ' theo cing mot ti 56 %
Do d6 AE la duong phan giac
trong, AF 1a dudng phﬁn gidc ngoai _ :
cia AAOO". Suy ra EAF = 90°. | -~ Hinh 112

b) K¢ bén kmh O'K song song va cuing chiéu véi OA. Gm F' 1a giao diém

~cua AK véi OO0 Chlmg minh F' chia ngoai 00‘ theo ti 50 -]%- dé suy ra -

F' =F. Tacé COA =C'O'K nén C'CA =C'AK. ’[?.r d6 AF 1a tlép tuyén.
ctia dudng tron ngoai ti€p tam gidc CAC'.

ey

232, (h, 113) a) Ta cé BCD E = ICD ’I‘ucmg tu BDC ]}DC Do dé

.f_"sICD ABCD (g.c.g).

b) Tixr cau a, . da dang chimg mmh duge CD 12 dudng trung truc chia IB Ta
lai ¢6 CD // EF nén ' . '



IB L EF. (1) - L

Goi K 1a giao dlém cia BA va CD.
Ta co

KC KD AK
c bing —

BN M Cnebang S
Ta lai ¢6 KC = KD (cung bang E KL

VvKA.KB) nén
BN = BM. (2)

Tir (1) va (2) suy ra IB la du{mg - : Hinh 113
trung truc cia MN, - ~

§14. Géc cé dinh & bén trong dudng tron.
Goéc ¢6 dinh & bén ngoai dudng tron

233. (h.114) Ta ¢6 ABC > 90°, ADC >90° nén Bva .
D & bén trong dudng tron ¢é dudng kinh 14 AC. Dé
dang chiing minh dugc BD < AC (vi BD nhd hon p
diy chita n6, con dudng kinh AC 14 day 16n nhéb).

234, (h.115) V& dudng kinh BOD.

90\0 _ 450 203{}' Hlﬂk 114

C = '-%(sdﬁi ~ sdMB) =

Talaicé  MAB = 22930
Dodé BC=AB=OBv2 =22.
Suyra - OC=2+22.
AOHM vuéng can nén

OH = MHH«-QI-S'{%-M V2. Hinhlls

V2 2

Tir dé6 tinh dwgc Soppce =3 + V2 (cm?).
235. (h.116) Cdch 1. BP cit CM tai I. Ta ¢6 A, I, N théng hang.
PIC = PCI (xét cung bi chin) nén PI = PC,



Tudng ty NI = NC. Do dé PN 1a duong trung tryc
ctaIC=IE=CE = 61 =i1.

Talai c6 Ci = C2 nén Iy = C2, do d61E // BC.

Chfmg' minh tuong ty, ID // BC. Suy ra D, ILE théng
hang va DE // BC.

Céch 2. (khong ding dén diém I)

NE 1 dudng phan gidc cha AANC . Hink 116
. _ AE_AN W
EC NC |
 ND la dudng phén gidc cia AANB
— AD _ AN‘ @)
DB NB |
D& dang ching minh duge NB = NC. | (3)
AE AD -
T (1), (2), (3 a = , do d6 DE // BC.
(1), (2), (3) suyr EC DB ‘ |

236. (h.117) Goi D la giao diém ctia AM véi
dwong tron (O). Ching minh cdc-tam giac .
DBI, DBM cén suy ra

- DI=DM.
Do dé OD la duong trung binh cha AMIK,
suy ra :

KM =20D =2R.
Vay M thuoc dudng tron (K ; 2R). Tuong
tu d6i v6i cdc diém N va P.
Chit y - Pudmg tron (O) di qua chan ba
duong cao cha AMNP nén 1a dudng tron |
O-le cha tam gidc d6. Theo tinh chét chia dudng tron O-le, trung diém H
chia NP thuoc dwong tron. Tir dé suy ra "Trung diém ciia doan ndi tam
hai dudng tron bang ti€p tam gidc nim trén dudng tron ngoai ti€p tam
gidc d6" (bai 262). ;- -

Hinh 117

;

§15. Cung chira goc

237. (h.118) a) Céc tam gidc can ABE, CBK c6 B = Bz nén Aj = Ci. Talai
co ;‘:2 = Ez nén DAE = KCD. ‘



ADAE = AKCD (c.g.c) nén DE = DK.
b) ADAE = AKCD nén ﬁ; = 121, ma 51.: E]
nén K1 = Ej. Suy ra |

D, E, K, C thudc cing mot dudng tron. (1)

Mit. khic Ci = A; nén A, E, K, C thuoc

cling mot dudng tron., (2)
Tix (1), (2) suy ra nam diém A, E, K, C, D Linh 118
cung thudc dudng tron di qua E, K, C.
238, (h.119) .
a) Pat BAC=o. Ta c6 BD = DM = DI nén I e (D ; DB), do dé géc
ndi ti€p

BIM = ~BDM = &
2 2

Chitng minh tuong tu,

] ——

MIC = —~MEC = 2,
2 2

Do dé ﬁf@rﬂ."f‘alaﬁcé w=a.5uyra
I, A, B, C thudc cing mdt dudng tron.
b) BIM = MIC nen IM di qua diém chinh i 170
gita cua cung BC (khong chia A) cla
dudng tron ngoai ti€p AABC.
239. (h.120) Tacé
FC =FM = FN

nén dudng tron (F ; FC) di qua C, M, N. Géc CNM
l1a géc noi ti€p cua duong tron (F) nén |

CNM = F1 = Aj.
“ Do dé A, N, C, I thudc cung mot dudng tron.

Chitng minh tuong tu A, N, B, I cung thudéc mot
dudng tron. Vay nam diém A, B, I, C, N thudc ciing
mot dudng tron. " Hinh 120




240. (n.121) a) AOMN = AOBA (c.gc) nén OMN =OBA. Ta lai c

OBA = ODC nén OMN = ODC. Do dé bon diém D, M, N, C thuoc ciing
mot duding tron (dya vio cung chita géc).

b) Suy ra tir cau a.

h Hinh 121
241. (h.122) a) MN // AB = Ki =A] = Ao

Hinh 122

= KM = AM = MC =

AKC = 90°. Ta lai ¢6 IEC = 90°. Suy ra I, B, K, C thuoc dudng tron c6
duong kinh IC,

b) Tir cau a suy ra

CEK = CIK = As +Cy = Azcz_%“ —~_—§- (D

~ =

Mat khdc, ABED can => BED = 90° —% = c“"éﬁ = 90° + .2., C(©)
“Tir (1) v2 (2) suy ra CEK + CED = 180°, do dé D, B K th&ng hang.
242. (h.123) Goi E 1a trung diém clia AB. Tacé

HI: =AzmM1

nén bon diém A, M, H, E thudc cling mét dudng
tron.

Suy ra AEM = AHM 90°. Do EM // ACnén g
- BAC = 90°,

§16. T giac ndi tiép

243. (h. 124) a) ABCD la tr giéc m‘.‘u tlé’p nén ACD = ABD. Theo gia thi&t
ABD = ACB. Suy ra ACD =



b) ABCD la tid giac ndi ti€p nén

ADE = ACB.
Ta lz;;i'.c:é | ACB = ACD (cAu a)
nen  ADB - ACD, _
do dé DA 1a ti€p tuyén ctia dudng tron (O). " Hinh 124

244. (1.125) Goi M, K, N 2 trung diém cha AB,
AD, AC. Cic diém E, F 14 giao diém cta IM, IN va dudng vudng goéc véi
AD tai K. | -

AKE = ANE = 90° => AKNF Ia tif gidc noi
ti€p = AFK = ANK . |

Ta lai c6 ANM = AIM (ANIM I2 hinh chi
nhat), tic 1o ANK=AIE. Suy ra _
AFK = AIE tic la AFE=AIE. Do 46 Hinhl125
AEIF 12 t gidc noi tiép. ' -

‘Do EIF = 90° nén EF 1a dudng kinh clia dudng tron ngoai tiép o gide
- AEIF. Do D d6i ximg v6i A qua EF nén D ciing nam trén dudng tron do.
245. (h.126) Theo tinh chét chia hai dudng tron cit nhau : o
OH 1a duong trung tryc cha AB nén di qua trung
diém I cha AB, HK 12 dudng trung truc clia AD nén
di qua trung di€ém M ctia AD, OK Ia dudng trung tryc
ctia AC nén di qua trung diém N ciia AC. 12—
Ta ¢6 AIHM, AMNK 12 cdc tf gidc noi tiép va U
A1 = A2 nén chitng minh dugc OHK = OKH. Do
d@66OH=0K. = = . | S - Hinh 126
246. (h.127) a) Tircéc ti gidc nodi ti€p va cdc tam gidc déng dang, ta co
BH.BE + CH.CF = BD.BC + CD.CB '

 =BC(BD + CD) = BC?,

b) Tuong tu ta cé
CH.CF+ AH.AD = AC%,
AH.AD + BH.BE = AB%.
Ban doc tu giai ti€p.

Hinh 127



247. (h.128) a) A, M, D, N ciing thuéc dudng tron A

dudmg kinh AO. | 1, \
'b) Goi BE Ia dudng cao clia AABC. Theo hé thic A%
luong trong dudng tron (O) ta ¢b HY
%
2 \
N’ = AE.AC. -
| A .A c | B D O C
Do DHECla ur glél’.‘. noi ilép nén _ Hinh 128
‘ AE.AC = AH.AD. |
Suyra AN? = AH.AD, do d6 2 = iﬁ .

Tir d6 AAHN o AAND (c.g.c) suy ra AHN = AND.

Chitng minh twong ty AHM = AMD. Suy ra

AHN + AHM = AND + AMD = 180° (do AMDN 12 t& gidc noi tiép).
Vay M, H, N thing hang. | |
248. a) K& dudng kinh AD. Trudng hop B va C 12 géc nhon, ching minh

tuong ty nhu vi du 32. Trudng hegp B hoac C Ia goc ti, chimg minh tuong
.ty nhu vi du 38.

b) S = 2BC.AH = ~BC.ABAC a5 20¢
2 2" 4R

249. (h.129) a) Ké DI L AB, DK’ L AC . Hiy c¢hing minh BI = CK, tir d6
| ' AB + AC = Al + AK < 2AD.
b) Cong ting v€ cdc bt ding thiic :
, AB+AC AB + BC

AC + BC
:=-—--——---—-—-~2 .

AD

, BE > CF

Hinh 129 i Hinh 130



250. (h.130)
a) Trudc hét-hay ching minh BI = CK.

b) Do DM // EI nén Sayz = Sapy.
Do DN // EK nén Syng = Sapk. Suy ra

SAHEN = SAQ{ + SADK = ";—(AI + ﬂK)DM = %(AB + AC)DM = SHBC‘

251. (h.131) Gi4 sit AC > AB. Ta c6
AB AC _AI-BI AK+KC _Al AK

= . - . 1
MI MK | MI MK MI - MK ()
(MBI = MCR = cotg MBI = cotgMCR = —r = L&y
MI MK

Do Aj = Cq nén cotgAj = cotgCl, suy.ra
Al CH

MI MH' (2)

;‘;z = ﬁ} nén cotggz = cntgﬁ1 , Suy ra
" AK BH |
MK MH 3)
o Hinh 131
Tu (1), (2), (3) suy ra
AB AC CH BH BC
M MK MH  MH  MH

252. (h.132) Ta ching minh duoc B, C 1a tam cha cac
dudng tron bang ti€p cita ADEF. Theo tinh chat
ciia ti€p tuyén ke dén cac dudng tron :

2EI = chu vi DEF, (1)
2FK = chu vi DEF (2)
Tu (1), (2) suy ra
chu vi DEF =EI +FK °
= DE.+ DF + EF = (IF + EF) + FK

- DE + DF = IK.

Hinh 132



253. (h.133) AI° = AD.AC = AE.AB = AK? nén Al = AK.

Hinh 133 . Hinh 134

254, (h.134) a) DBK = DOE (ci‘mg. bang nira s6 do cung BC) nén OBDK 'l‘a L
gidc noi tiép. '

ADBI vi ADOE c¢6 DBI = DOE, BDI = ODE nén BID = OED suy ra
DIKE la t&t gidc noi ti€p.

b) OBDK Ia tit gidc noi ti€p (cau a), ma OBD = 90° nén OKD = 90°, do
dé DK L OE. Tuong ty EI L OD. Ta lai c6 OM L DE. Vay OM, DK, EI
dong quy. '

255, (h.135) Lan lugt chitng minh : HO.HA = HB.HC = HE.HF. Tir d6 AEOF 12
it gidc ndi ti€p. Ta lai ¢6 OE = OF nén AQO la tia phan gidc ca géc EAF.

| Hinh 135 . - Hinh136 |
256. (h.136) K& OM L DE. Cic diém B, C, M thugc dudng tron dudng kinh
AO nén C; = A1, Talai c6 A; = D; nén Cj = Dy. Do dé6 CDHM 1 tif
gidc n0i ti€p. Suy ra C2 = HMD: Ta lai c6 Co = E nén AMD = B, do d6
MH // EB. Dé dang chiing minh DH = HK. |
257. (h.137) -

_AD
KD DC°

a) AKDA «»» AKCD (g.g) =



D>
Hinh 137

Tuong ty R4 _ ;g Do KD = KB nén
AD = AB, do dé
DC BC
AB.CD = AD.BC. - .
Al AD
b) AAIB ¢n AADC (g.g) = — = ——,
) o (g.8) T~ Be
Tlrcmg tu ﬁ = —-@
S ID  BC
Do AD = AB (cau a) nén Al = E, suy ra IB = ID.
DC BC IB ID -

Chu y : T cau a cua bai todn trén, ta suy ra : Néu mot ti giac ndi ti€p co
céc ti€p tuyén cha dudng tron ngoai tiép tai hai dinh d6i dién déng quy véi
dudng thang di qua hai dinh cdn lai thi tich cdc cép canh d6i cha tit gidc d6

bing nhau,

Bing phéan ching, ta cﬁng'chﬁ’ng minh dugc bai todn dao : Néu mot i gide
ndi ti€p co tich cdc cap canh d6i bang nhau thi cdc ti€p tuyén cla dudng
tron ngoai ti€p tai hai dinh d6i dién déng quy véi dudng thang di qua hai

dinh coén lai.

258. (h.138) Goi K 1a giao diém thi hai
ctua BA v6i dudng tron (O). Theocau a -

ctia bai 257, ta cé
| ADKC=ACKD (1)

Dat % =k, ta dé dang chitng minh

dugc AF = kAD, BE = kKC, AE =kAC,

BF = kKD nén tir (1) suy ra K - E
KAD.KKC = kKAC.KKD,; Hink 138
tic1a AF.BE = AE BF.
259. (h.139) AHEB Ia tif gidc noi tiép -
= BHE = BAE. (D

OMEB la ti¥ gidc ndi tiép

= BME = BOE = HME = AOB. 2)



T (1) va (2) suy ra AHME w» AAOB (g. g} Do : = A
AAOB can nén AHME can. |

Chii y : BO di€u kién "cdc g6c nhon, AB > AC", bai

todn van ding. | O
. : _ M _

260. Goi I 1a diém déng quy clia c4c tia phan gidc cdc géc B g

C, D va canh AB. Liy diém E trén AB sao cho '

AE = AD. The thi EB = BC. X¢ét hai truong hgp : D

-~ ~ ~ Hinh 139
a) E trung I (h.140). Ta c¢6 I, =Ci =C2 nén
CD // AB.

ABCI) 1a hinh thang c6 ddy AB.

D - C
>
: | M 1 )
A TIE T B
Hinh 140

DIC = 180° — —— = S (1)

AADE va ABCE can nén

s ’ - o —

" " oA o :
E1+52:18{} A+18{} B::ISOG'«-AJFB
2 2 '
Suy ra ﬁg = A;B (2)
Tu (1), (2) ta ¢6 DEIC 1a td gidc noi tiép.
Do do Efﬁ=ﬁ3.
o Dm.—-"‘"ﬁ N N
Suyra§=1802 B‘D{JdéB+D=IBOG-

Vay ABCD la tdr gidc ndi tiép. |
Két ludgn - ABCD la hinh-thang hodc tir gidc noi ti€p.



261. (h.142) BICK la wt gidc noéi ti€p dudng tron
(O) dudong kinh IK. Trén tia AC 14y diém D sao
cho AD = AB. Ta ¢c6 AOAB = AOAD (c.g.c)
nén OB = OD. Do d6 D thudc dudng tron (O).
Dé& dang chitng minh

ALLAK = AD.AC = AB.AC.

- 262. (h.143). Cdch 1. Goi I 1a tam ciia-dudng tron
ngi ti€p AABC. Ta ¢6 B, I, B' thing hang. Goi E
la giao diém ctia BB' va (Q).

Dé chitng minh E 12 trung diém cta IB'. (1)

Hinh 142

Tacé Mi = B) (ABEM la t gidc noi tiép),
B; = C'| (AIBC la ttf gidc noi tiép).

suyra My = C'; dodé ME//CL | 2)
Tir (1), (2) suy ra M 12 trung diém cha B'C'.

_ Hinh 143
Cdch 2. (khong st dung tit gide noi tiép)

Goi D 1a giao diém chia tia phan gisc goc A v6i (O) thi M, O, D thing hang
va MD vudng gdc vdi BC tai trung diém N caa BC. _

K¢ CH, BK vuong géc véi BC. Ta c6 CH = BK (cing bing nira chu vi
AABC) nén CK = BH. Do dé N 14 trung diém cta HK.

Hinh thang B'C'HK ¢é HN = NK, NM // BK nén M 14 trung diém ciia BC'.



Chii y : Tix bai todn nay suy ra ménh dé :
Trung diém clha doan néi tam cha hai
dudng tron bang tiép tam gidc ndm trén
dudng tron ngoai ti€p tam gidc do.

Mot cdach khdc ching minh ménh dé dé :
xem bai 236. Mot cach khac ni¥a (h.144) :
'Goi M 1a trung diém cta B'C. ACCB ¢6 - Hinh 144
CM la duong trung tuyén dng véi canh

huyén nén

Ci = —CMB' (D)

AIBC’ la ti gidc ndi ti€p -nén
Ci=B, = %M. o @

T (1), (2) suy ra Eﬁﬁ = ;‘:ﬁé = ABCM la ¢ g_ia’c noi tié’ﬁ = M Ifm@c

~ dudng tron ngoai ti€p AABC.
263. (h.145)

AOD = 120° = ACD = 60°.

h/3

AAHC ¢6 HC = hc:Ut_gGOﬁ = 3

Do HC bang duting trung binh ciia h?lﬁh thang nén dién

2
tich hinh thang bang h f :

- 264. (h.146)
Goi I 1a giao diém ctia AD va BC.
Piat MN = x > 0. Ta ¢6 Ny =D (cling bang Iﬁ),
| S a)?
AIAB »» AINM (g.g) = —AEB. - (- g
. SINM X
. Sipc _(b"
AIDC ¢ AINM (g.g) = —IR2C = [ 2|
St \XJ Hinh 146




Pat S 12 dién tich mbi tt gidc ABNM, CDMN. Ta cé

212 -+ b2 _ SI.F-"!.B + SICD
x% Sinm
_ (SINM — S) + {SINM 4 S} =

Sinm

2 2
Suy ra :x::,,!_a' ;b :

265. (h.147) a) K& tié tuyén Ax. Tacé Ay = F, (cing bing ACB) nén Ax //
EF. Ta lai ¢6 Ax 1. OA nén OA 1 EF.
b) Tuong ty ciu a, ta ¢cé OB LDF, OC LDE.-

2.

Sapc = Sar0F + Sppor + ScpoE

=922 gr 1+ 2B pr . O€ pE
2 2 2
R
= < (EF + DF + DE). (1)
D& ching minh ~ Spgg = —%(EF + DF + DE). 2)

Tir (1) va (2) suy ra SDEE _ T
| asc R
266. (h.148) K& IE L AH. Tacé .

AE*—-*-;-AH=HK

nén AH = EK. Ta ¢6

BI? = BA? + A" = (AH” + BH?) + (AE + EI) |
= (AH? + EI®) + (BH? + AE?) |  Hinh 148
= (BK? + ED) + (BH? + HK?) = IK? + BK?. |

Suy ra BKI = 90° . Tw giac ABKI 1a tt gidc néi ti€p nén
BIK = BAH = C = 40°.



267. (h.149) Xét ABCD ta tinh duoc D =130°. V&
duong tron (A ; AB), 1dy M bt ki thudc dudng tron

doé (M va A eling phia d6i véi BC). Do BAC = 100°

nén BMC = 50°. Do d6 MBDC 1a tit gidc noi tiép,
tirc 1a D thudc dudng tron (A).

© AABC cén tai A nén

~ ADB = ABD =40° +15° =55°. -
© 268. (h.150) D& thdy B, =Cj. Hay ching minh
AHCD la td giac ndi ﬁé’p dé suy ra 61 = f}l .

B C |
Hinh 150 . Hinh 151

269. (h.151) V& hinh binh hanh AICH. Ching minh ring AKCH 1a t& gidc
noi tiép. |

270. (h.152) V& hinh binh hanh IABE. Ta ¢6 Ci = A = E; nén BICE Ia
tl gide noi ti€p. Ban doc tu giai ti€p. | |

Hinh 152 | ~ Hinh 153

271. (h.153)
a) DAE va DIE ciing bing 120°.

b) Tir cau a suy ra JAE = D . Goi K 1a giao diém ctia ME va AC. Ta ¢é



.

1D]] z-ﬁl :ﬁl :m

nén IAE = MAB.
Ta lai ¢6 KAE = KAM.

Tir (1) va (2) suy ra CAI = CAB = 60° . Tir d6 Al // BC..

272. (h.154) - | |
a) Chimg minh ABCD va ADKC la cdc f gidc noi tiép.
b)Tﬁp&uasuyraEﬁzCﬁ.Talaicé |
CKE = ECA = CDB.
Suy ra CKB = Cﬁ . dé d6 K, E, B thing hang.

Hinh 154 Hinh 155
273. (h.155)

a) ABI + ACI = 180° = B, + C2 = 180° = K; + Ko = 180°

= B, K, C thing hang.

b) AIBD = AICE (c.g.c) nén IDB = IEC.
Td gidc ADIE 1a t¢ gidc noi ti€p. Piém cb
dink 1a L.

274. (h.156)

Goi K Ia giao diém ciia duong tron di qua
A, E, F v4i AB. Ta s& ching minh K 12 diém

¢ dinh : Ta cé 'ﬁl = fﬁz (cing bang E], do
do K dé6i xung véi B qua C,

(1)
(2)

5



275. (h.157) L4y giao diém chia MN véi tia Al
8 dinh, ta dugc diém H. Ta c6 BNH = BIA B

-

(cing bang 90° +~(22). Suy ra BIHN Ja

gidc néi ti€p. Ching minh ti€p BH L AI gé |
suy ra H l1a diém cé dinh.

276. (h.158)a) AMN = A; = C = As.
Talaic6  AMN + ANM = 90°. .
nén A2 + ANM = 90°.
Vay OA LMN, . -
b) D& thdy BMNC Ia ti gidc noi tiép. EI 1a
dudng trung binh cla AKHA nén EI // KA.
Ta lai ¢6 OA 1. MN (céau a) nén EI 1L MN. Ta
cé EI la dudng trung truc chia MN, EO 1a
dudng trung truc cuia BC nén E 13 tam cha | o
dudng tron ngoai tiép tif gidc BMNC. . HimhI5§
¢) Lén lugt ching minh : EB 16n nhit < EO 16n nhét < AH 16n nhdt <
H tring O. Khi d6 OA L BC. A S
277. (h.159) a) P va Q 1a tam cha dudng trdn noéi ti€p cdc tam gidc dong dang

AHB va CHA nén HP _ AB . Do d6 AHPQ <> AABC (c.g.c).
HQ - AC | .
b) T cau a suy ra HQP:E, ma |
6 = ;{1 nén _
HQP = A;. W)

Tt gific HPKQ ¢6 PHQ = PKQ = 90°
nén la t gidc noi ti€p, suy ra
HQP = HKP. (2) | | |
Tix (1) va (2) suyra A; = HKP, do d6 KP // AB. Chiing minh twong v, KQ// AC.
- ¢) Ta dd ¢6 C = HKP = MKP. Hiy chiing minh MKP = M (sir dung két
qua & cau b). | | | " |

Hinh 159



d) Ta c6 Aj = Mj (cing bing C) nén KM = KA. Tuong ty KN = KA. Ta™ -
co ;*:z = Kaf{ (cing bang ;{3) nén KQ = KA. Tuong ty KP = KA. Do dé
nam diém A, M, P, Q, N thuoc dudng tron (K ; KA).

e) Cdch 1. T cau a suy ra ﬁa?’ = C nén HQEC 1A td gidc noi ti€p, do dé

QEA = QHC = 45°. Tam gi4c vuong ADE c6 E = 45° nén la tam gidc -
vudng can. N :
Cdch 2 (khong dua vao cau a). Chiing minh BP L AQ, twong ty CQ L AP,
suy ra AO L PQ (O 1a giao diém clia BP va CQ). Tam gidc ADE c6 AO la
tia phan gidc ctia géc A va AO L DE nén la tam gidc can, do d6 Ia tam
gidc vudng can. :

278. (h.160) |
a) Ké tiép tuyén Mx véi (O). Ta c6 Mi = A = MEF nén Mx // EF. Do d6
OM 1 EF. -
b) FE 12 dudng trung binh cia AMCD nén FE // CD. Suy ra MO 1 CD.
Piém cd dinh 12 diém O. |
¢) Lay K d6i xing véi O qua AB. Ching mink MHKO 1a hinh binh hanh.
Piém 6 dinh 12 diém K.

Hinh 160 : : Hinh 16}
279. (h.161 vng v6i cdc di€m M, N theo thit tu thudc cde canh AB, AC; cac
trudng hop khdc chiing minh twong tu).
a) D& chiing minh OA L MN (twong tu ciu a bai 278), IK L MN (dudng ndi
tam vuong géc véi day chung). Suy ra OA // IK. -
Ching minh twong tg KA // 10. Vay AKIO 14 hinh binh hanh.



~ b) Goi E la giao diém c4c dudng chéo cha hinh binh hank AKIO, ta ¢6

EA =EL (1)
Ta lai c6 du&mg ndi tAim OK 14 dudong trung truc clia AD nén _
EA = ED. | (@)

Tix (1) va (2) suy ra ADI = 90°,

280. (h.162) Trudc hét chu’ng minh EFGH
Ia hinh binh hanh.

AEBF = AGDH {c__.g.c)_suy ra EF = GH.
Tuong ty FG = EH. Vay EFGH Ia hinh
binh hanh.

Bay gid ta xét tdng hai géc d6i cha
hinh binh hanh dé.

-=ﬁ1+ﬁ4+ﬁ3+ﬁ2 E H
~ 180°. Hinh 162

Suy ra EFG = EHG = 90°. Hinh binh hanh EFGH 12 hinh chif nhzu
281. (h.163) Theo tinh chit clia tam dl.rcmg tron noi ti€p

AFD = 90° + -;—A_BD,

,@;900+%m,

ma ABD = ACD nén AFD = AGD . Suy ra
AFGD la tr gidc noi tiép.

Tuong ty cdc i gide ABEF, BCHE, DCHG ciing
noi tiép.

Hinh 163

Ta c6 Iﬁﬁﬁﬁ1+ﬁzﬂﬁ+ﬁa{=90°, lem=900:2=450,
twong tu Fg = 45° nen EFG = 90°.

Chitng minh tuong ti, EHG = 90°. Tt giac EFGH c6 ba géc vudng nén la
hinh chit nhat, lai ¢6 #i;.i = Fz nén 1a hinh vuéng.



282. (h.164)

a) Tir cdc tr gidc ndi tiép, ta cd f:ll = R1, 121 = El ‘ma :3;1 = B, nén

ﬁi :EL’I&Iﬁngw ﬁz :f-i.

AMHI v» A MKH (g.8) = MH ML e
- MK MH

b) MI + MK = 2MIMK = 2MH.

= MILMK.

Hinh 164
283. (h.165) Tir cdc ti gidc noi ti€p, ta cé

Hinh 165

MHN = MAN = MCD = MKI,

MNH = MAH = MCK = MIK.

Do d6 AMHN ¢ AMKI (g.g), suy ra N[H = MN.
. MK  Mi

Vay MH.MI = MK.MN.

284. (h.166) BE.BA = BD. BM nén BE = —E—Q .BM

CF.CA = CM. CD nén CF = -g-g— CM

Do BM = CM, BD = €D
BA
phan giac) nén BE = CF.

285 (h.167)
a) AABD vubng nén

(tinh chidt dudng B

D? = BC.BA. (1)



Goi K 1a ti€p diém cia (I) va (0). K& IH L CD. Cic D

tam gidc can IKH va OKB ¢ géc & dinh bang nhau
———— —— - K
nén IKH = OKB do d6 K, H, B thang hang. =
BE la ti€p tuyén, BHK la cit tuyén cia dudng tron (I) >d\_k ~
nén BE? = BH.BK. Nhung BH.BK = BCBA (do # E €O B
. s e Hinh 167
AKHC Ia tit gidc ndi ti€p) nén . ,
BE® = BC.BA. (2)

Tu (1) va (2) suy ra BD = BE.
b) Suy ra tir cau a. '
286. (h.168)
a) Ta co
BE = EC = 12,
AB=AC= 16,
CF = CE = 12, |
" dod6 AF=AC-CF=16-12=4, Hinh 168

Dé thay OECF la tit gidc noi tiép. PE ching t6 BF la ti€p tuyén chia dudng
- tron ngoai ti€p ti gidc do, ta s& chiing minh

BF” = BE.BC.
Ta co | | BE.BC=12.24 = 288. (D)
D€ tinh BF?, ta ké FH L BC nhim tao ra tam gidc vuéng BFH.
Tac6 FH//AE = — =L .3 L ey-3cp-o.
CE CA 4 4 .

Suy ra " BH=BC-HC=24-9=15.
Ta c6 BF” — BH” = FH? = CF? — CH?

= BF* ~ 15% = 12% - 92 = BF? = 288. 2)

Ti (1) va (2) suy ra BF® = BE.BC. T\t d6 chitng minh dugc BF 12 tiép tuyén
cta dudng tron ngoai ti€p tam gide ECF, tic 1a dudng tron ngoai tiép t@
gidc OECF. |

b) Tir cau a suy ra (ﬁtﬁ=@ﬁﬁ, ma OFM = OME nén
OCB = OMEF . Suy ra BMOC la t&f gidc noi tiép.




287. (h.169)
a) Goi N la giao diém cha AF véi dudng’
trdn (0). Ta ¢6 O'FA = N nén OF // ON.
Ban doc tu giai ti€p.

b)Pat B = « Tacéd

CAD = 180° — o,

IAD = IAC = 90° - %
Tam gidc BEFcannén |  Hinh 169

By = Fy =90° - =,
2

Ty T — Eal

Do dé IAD =IAC = E1 = F.

- Ta lai cé ‘éﬁ:% Fi (cing ¢6 s& do bang nwra sO dr:; cung EF) nén
IAD = EAF. Cung tru di IAF duoc DAF = IAE. |
c) Do IAC = E; nén IACE 12 t& gi4c noi ti€p, suy ra IAE = ICE. Két hop
voi k€t qué clia cau a va cau b suy ra ICE = %Iﬁ do dé CI la tia phan

gidc clia goc DCB. Tuong tu DI 1a tia phan gidc cna géc CDB. Vay ['1a tim |

ctia dudng tron ndi ti€p ABCD. o
288. (h.170)

a) D& chimg minh D1 = D2 va DA L MN nén AAMN can tai A.

b) Ta c6 INM = IDB (do MN // BC), IDB A
bu BAE (do ABDE la td gidc ndi ti€p),
E"E“E:m nén INM bi MAI. Vay S
- AMNTI Ia ti gidc néi tiép. | 2 EI
c) Goi Ix 1a tia d6i cta tia ID. Do AMNI 1a
td gidc nodi ti€p nén Tl = AMN . Do AMNI J N
13 tf gidc noi ti€p va AAMN can nén M 1
1, = ANM = AMN. ‘ £ .

Suy ra Jil = TE' Hinn 170



ADMI ¢6 DA 1a dudng phan gidc trong, IA la dudng phan gidc ngoai nén
MA 1a dudng phéan gidc ngoai, tic 14 MA 12 tia phan gidc clia géc FMI.

289. Truong hop CD // OO, d& o

chitng minh.
- Gida sit CD cat OO tai I
(h.171). Goi E, F la giao
diém cia IA véi (O), (O).
Ta co :

IA.IE = IC? = IO.IH. N . Hinh 171
Ta chitng minh dugc AEOH la tit gidc néi ti€p nén
AHK = E = OAE. - (1)
Ching minh tuong tu AFKO' la t¥ gidc ndi ti€p nén |

AKH = AFO' = O'AF. (2)
Ta lai c6 OAO' = 180° — OAE - O'AF, (3)
| HAK = 180° — AHK - AKH. (4)
T (1), (2), (3), (4) suy ra OAO' = HAK .
290. (h.172) B
’ I
a) AADD' = AABB' (c.g.c) nén ching minh A D 5
dugc DD’ L. BB'. N
. . I 1
BID = 90° nén I thuéc duong tron ngoai ti€p < T“
hinh vuéng ABCD. ‘ ‘1\
—— ' i
B'ID' = 90° nén I thudc dudng tron ngoai tiép \
hinh vuong ABCD'. D C
b). Suy ra tir ciu a). ' Hinh 172

291. (h.173) Ta c¢6 EAF = ECF (ciing bl véi BAD). Cic dinh A va C lai & hai

phia cia EF. D€ "lat phia" nhdm sif dung diéu kién hai géc bing nhau, ta vé K
doi xing véi A qua EF. Ta cé EKF = EAF (doi xing) suy ra EKF = ECF
=> ECKF la it gidc noi ti€p = Ci = E;. Ta lai ¢6 E; = E» (d6i xing),



E> = DAK (cing phu véi EAK ). Suy ra C1 = DAK B
=» ADKC |a tit gidc noi tié€p = K € (O).

Vay EF la duong trung truc cla day AK, suy ra
E, O, F thing hang. |

292. (h.174) Gia st B> C. Ké FH L BC. Goi K 1a diém D\_F r9C
doéi xung voi B qua H thi ™~ K
BH < HD va FKB = B. Hinh 173

T gidc DEFK c6 FKB = DEF (bing B) nén 12 tif gidc ndi tiép. Nhu vay
dudng tron (I) ndi tiép AABC ¢6 hai diém chung phan biét K, D véi BC, vo 1.

. B

Vay khong thé B > C, tuong ty khong thé C > B, dodé B =C.

e

Ching minh twong ty B = A. Vay AABC la tam gidc déu.

Hinh 174 | Hinh 175

293. (h.173) |
| 2) Do tinh d6i xting qua OO’ nén MN L OO'.
b) Nam diém ciing thudc dudng tron cé dudng kinh O'M.
¢) Nam diém ciing thuoc dudng tron cé duong kinh OM.

d) Do tinh déi xting nén O'HD = O'HF . Do cau b ta c6 O'HB = O'HF.

Vay O'HD = O'HB. Suy ra H, D, B thdng hang. " .
e) Do tinh doi xing CHN = EHM . |

Do cau ¢ ta ¢6 EHM = AHM . Suy ra CHN = AHM. Dé dang chitng minh
A, H, C thiang hang.




294, (h.176) K& céc day CC, DD
song song véi AB.
Do tinh d6i xing nén C', B, D'
thang hang. Ta c6 |

N; = Dy = FC'D'

= Ny = BFC. (1) |
Ta lai c6 BEC' = C'CE = M. 2)

Tir (1), (2) suy ra N2 = M = CC'N = C'CM = CN d6i xing v6i CM qua
~ dudng trung tryc cia CC' = N d6i xing v6i M qua dudng trung truc ctia CC
= AN = BM. -
295. (h.177)
a) AEBD o AEAC (g.g) nén ti s6
cac dudng trung tuyén tuong ung
bang ti s6 déng dang, suy ra
EG BD
EH AC
Hai tam gidc trén dong dang con
suy ra HEC = GED, do dé tia
phan gidc clia géc BED ‘ciing la

()

tia phan gidc cha géc GEH. | Hinh 177
b) AGEH c6 dudng phan gidc EI chia GH theo ti s6
EG |
== 2
EH (2)

Tt (1) va (2) suy ra I chia doar thang GH theo ti sﬁ‘i-l-é—.
. Chitng minh twong tu, tia phan gidc cla géc BFD ciing chia doan thing GH
theo ti s8 —f% titc 12 ciing di qua diém 1. |

296. (h.178) Goi E, F, G, H, M, N theo thtt tu 1 trung diém caa AB, BC, CD,
DA, AC, BD. V& dudng tron ngoai ti€p cdc tam gidc EMF vi MHG, chiing
cﬁt_ nhau & K. Ta s& chiing minh ring EHNK, FGNK la céc td gidc noi ti€p.



Ta cod

EKM = EFM = Ay,

[ \E C
MKH = MGH = Az, B 7
suy- ra
EKM + MKH = Aj + A2 = A, > I TG
—— -~ / g
titc La BKH=A. (O -/ S
Ta lai ¢6 2 4
L A ~H D
ENH = A. (2) Hinh 178

Tu (1) va (2) suy ra EKH = ENH, do d6 EHNK l1a tf gla::: noi ti€p. Vay
dudng tron ngoai ti€p AEHN di qua K.

Chiing minh tuong tu, dudng tron ngoai ti€p AFGN cling di qua K.

297. (h.179) A |
" a) Goi E, F theo thit ty 1 trung diém YAIAN K_Y
ctuia AB, AC. Ta cé « 1 1:11 E .
1 .
IE = 1AB=MF, $ 3
2 . S
1 ’ B H M C
EM = EAC - FK_’ Hinh 179
IEM = I'v’.[FK

nén AIEM = AMFK (c.g.c) suy ra MI = MK. |
b) Ta s& chitng minh [HK = IMK . Dat BAI = CAK = «. .
Tacéﬁﬁ}:ﬁi = o, EI”—I?{:EEE:H; nén
HK = 180° — 20 1 .
- Xét AIEM co ﬁ; = 20, nén 180° — 2a =.ﬁ2 + fﬁ] + ?l' |
Talaic B2 = Ma (sole trong, AB//MF), T, = M3 (do AIEM = AMFK) nén
180° — 20, = Ma + M + M3 = IMK. - 2)
Tix (1), (2) suy ra THK = IMK . Do d6 I, H, M, K thude ciing mot dudng tron.



298. Gia sir ta ¢6 hinh v& nhu trén hinh 180 Y} A z\
(cac truong hop khiac ching minh tuong '
tr). BB' cat CC' & K. Do By // Cz nén dé
dang chimg minh duoc

HBy + HCz = BHC (1)

B'By+C'Cz=BKC (2)

Tu (1) va (2) suy ra BI-IC:ETI:(_(H:._Tacé A\ a
BAC + BHC = 180°, | Hinh 180

nén  BAC + BKC = 180° .
Vay K thudc dudng tron ngoai tiép AABC.

Ching minh tuong tu, BB' cit AA' tai K' thuéc dudng tron ngoai i€p
AABC. Do dé6 K trung K'. '

—————— e

299. (h.181) Tac6 H, I, K thing hang, MNI = MHI, MKI = MCI = MAN = MIN.
Do d6 AMHK > AMNI (g.g). Tir d6 suy ra diéu phéi ching minh.
Cach khdc (khong doi hoi chiing minh H, 1, K thing hang) : Ching minh
AMHK o AMNI (g.g) |

Hinh 181 Hinh 182

300. Trén hinh 182, ta c6 HI va DE theo thit tu 1 cdc dudng thing Xim-xon
coa M va N. Ta cé |

H; + D; = 90° = Ho + D2 = 90° = Aj + ﬁl = 9(°

‘= CM + CN = 180° => MN la dudng kinh.



301. (h.183)

a) D] = 61 (goc noi tiép cing chin mot cung),
BHIC 1 t& gidc noi tipnén 1, = C1.

Suy ra fﬁl = TI.TUUng tu ABD = HBI.

Vay AABD o> AHBI (g.g).

b) Ké BK | AD. Ta thdy I, H, K thudc cing mot
dudng thing (dudng thing Xim-xon).

Hinh 183

AABD ¢ AHBI (cau a) = BMA = BNH = BKMN Ia tt gidc noi tiép

(theo cung chita géc). Ta lai ¢6 BKM - 90° nén BNM = 90°.

Chii '3} : Céch gidi cau b khong diing dén dudng thing Xim-xon : AABD va

AHBI dong dang, ¢é BM va BN la cdc dudng trung tuyén tuong tng nén
BM  BA

BN  BH )

‘Ta lai ¢6 ABM = HBN (cap gbc tuong tng cha hai tam gidc déng dang) nén
ABH = MBN (2)
Tir (1) va (2) suy ra AABH v AMBN (c.g.c). | '

Do d6 AHB = MNB. Ta lai c6 AHB = 90°  Pw

T~ H
nén MNB = 90°. | "‘x\ A M
302. (h.184) Goi N la tryc tam cta AABC, AN cét y '
(0) ¢ F. Goi H, I, K theo thit ty 12 chan cac T

dudng vuong géc ké tir M dén AB, AC, BC. e
Theo vi du 39, ba diém H, L, K thing hang. ! :

N
| B = JC
Lan lugt ching minh - \ / '
I'_'

——

ﬁ1=alm?=ﬁ1=E |
dé suy ra NE // HK. Tuong tu ND // HK. | E
Vay DE luén di qua truc tam N cha AABC. | Hinh 184

303. (h.185) Goi ABCD Ila uf gidc ndi ti€p, cin
chimg minh '

AC.BD = AD.BC + AB.CD.



Xét AABC, ta tao rasmot tam gidc méi déng dang
v6i AABC bing cdch 14y diém E trén dudng chéo
BD sao cho DAE = CAB.

| AD _DE

AC BC _

= AD.BC= AC.DE. (1)

ADAE «» ACAB (g.g) =

Hinh 185

Tuong tu

ABAE o ACAD (g.g) = — = 28 _ AB.CD = ACBE. 2)
CD AC

T (1) va (2) suy ra _
| AD.BC + AB.CD = AC.DE + AC.BE = AC(DE + BE) = AC.BD.
304. (h.186) Xét AABC nhon noi tiép dudng tron (O ; R). A
Goi OD, OE, OF theo thit tu 1a cdc khoang cdch tir O

dén BC, AC, AB. Dit BC=a, AC=b, AB=c, OD =x,
OE=y,OF =z

Ap dung dinh 1i Pto-le-mé vao ti gidc noi ti€p g

AEQOF,tacé - v

OA.EF = AF.OE + AE.OF = R.% - %.y + E.z Hink 186

= aR = cy + bz.

Tuong tu bR = az + ¢x, cR = ay + bx.
Sl]}’lfi’:l‘ R(a+b+c)=a(y +2z)+bxX +2z)+c(X + y). (l)_
Goir 12 ban kinh ctia dudng tron noi tiép AABC, ta c6 |

r(a+b+c)=2S,pc=ax + by +cz. (2)
Tir (1) va (2) suy ra
| (a+b+c)R+1=ax+y+2)+bx+y+2z)+c(X +y +2)
nén (a+b+c)R+r)=(@+b+c)(x+y+2z).
DodoR+r=x+y+2z |
Cha y : Theo bai 198, ta ¢6 R = 2r nén tir dinh 1i Cac-né, ta con suy ra

OD + OE + OF 2 3r. |



§17. Budng tron ngoai ti€p, dudng tron nédi tiép da giac
305, (h.187)
a) Tinh BC, dugc 10v/5 . Do dé

OB.OC
OH = =445 .
BC

Tgnghaidéy '
AB +CD = AD + BC = 85 + 1045 = 185 .

- Hinh 187

_ Pdp sé:S= 360cm?.
b) K& BK L DC, dat BK = h. Ta ¢6 KC = a ~ b, BC* = BK” + KC’ nén
(a+b-—h)’=h"+(@-b)".

Tuw dé h aﬁ, S = ab.
a +b

306. (h.188) OE* = BE.EC = 1.4 = OE = 2 (cm).
Goi tiép diém ciia (O) véi AB I1a M. D& dang tinh dugc BM = BE = lem |
nén M 12 trung diém cta AB. Do d6 AAOB cén, suy ra rﬁ‘(‘j =MBO va '
DAB = CBA . Vay ABCD la hinh thang can,

S = (MB + NC).MN = BC.MN = 5.4 = 20 (cm?). -

307. Ki hiéu nhu trén hinh 188. AM_B
Goi tiép diém cia (O) véi AB, CD 1a M, N. y =
Goi I 1a giao diém clia MN va EF. 0
Dé dang tinh dugc IF = 8cm, OI = 6¢cm nén
MI = 4cm. D N - C
Do IE // NC nén . Hinh 188

BE_MI_4 1 (1)
EC IN 16 4 '
Ta lai c6 ~ BE.EC = OE? = 100. 2)
‘Tt (1) va (2) suy ra BE = 5cm, EC = 20cm. Tir d6 AB = 10cm, CD = 40cm,
AD =BC = 25cm.



308. (h.189) | - A . M a B

- — 1
a) Dé dang ching minh EOF = 45“"_. Ta lai ¢é
Di = 45°. Do d6 AOFE v ADFO (g.g). Tuong tu O N\ -
AOFE o ABOE (g.g). Suy ra ADFO «» ABOE. I\, c
A

b) Pat BM = a. Tir cau a suy ra 2 DIy ‘

DF _DO _ DF a«f _DF_2a P C

BO BE  av2 "a BE -

= ;)Iui = DA = ADAF v ABEM (c.g.c)

— AFD = EMB.

Ta lai c6 AFD = FAB nén EMB = FAB, suy ra ME // AF.
309. (h.190) Goi tiép diém trén AC clia cic duong g

‘tron noi ti€p AABC va AADClaM vaN. Tacé :
2CM = AC + BC — AB |
2CN = AC + CD — AD.

Suy ra 2(CM — CN) = (BC + AD) — (AB + CD).

Theo dé bai M = N = BC + AD = AB + CD =

ABCD ia tl gidc ngoai tiép.

Goi M, N' 1a ti€p diém trén BD cita cdc dudng

- trén noi ti€p ABAD va ABCD. Chitng minh tuong tu ta dugec M' = N'. Suy
ra diéu phai chitng minh. : :

310. (h.191)

Goi (O ; 1) 1a dudng trén ndi ti€p t& gide ABCD, S 1
dién tich t gidc, p la nra chu vi. Goi M, N 12 hai
diém ndm trén canh clia ¥ gidc va chia ti¥ gidc ra hai
phan ¢6 chu vi bang nhau.

Hinh 190

Khong mdt tinh tong qudt, gia sit M thudc canh AB, A D
N thudc canh CD (chii ¥ ring khong nhét thist M va Hinh 151

N thudc hai canh déi ctia 1 gidc), gia su‘ O ndm trong t& glac hoic nidm
trén canh cua tit gidc BMNC., Ta cod :



| 1
SBM_NC = SMGE + SB'DC + S‘C{)N + SMON = ET(MB + BC + CN) + SM{"]N

T .
=2+ Smon - M

2

. ' 1 :
SamMnD = Spoa + Saod + Spon — Smon = -ir(MA + AD + DN) — Syon

= % — SMON | | 2

Do Sgyne = Samnp Nén i (1) va (2) suy ra Syon = 0. Vay dudng thing
MN di qua O. '
Chi y-

- a) C6 thé khong ching minh dang thiic (2) ma nhan xét ring cong thic S = pr

ding véi tit gidc ngoai ti€p, do do % :_lg--, nén tr (1) suy ra Sy;on = 0.

b) Bai todn trén vin ding néu thay "t gidc ngoai tiép" bdi "da gidc ngoai ti€p”.
311. (h.192) Goi H 14 tié€p diém cta BC va dudng tron '
(O ; 1). Ta 6 BE = BH, CF = CH, BOC = 90° nén

| BE.CF = BH.CH = 1*.
Tuong tw AE.DE = 1%, Suy ra BE.CF = AE.DF, do d6

A_E B

s

BE _ AE b F
Goi I 12 giao diém ctia BD va EF. Ta ¢6 BE = E Suy ra AE = E Tir dé
DF IF CF IF

AAIE »» &CIF_ (c.g.c), dé'd_ﬁng chitng minh A, I, C thang hang. .
Chii y : Téng qudt bai todn nay, xem bai 312. -
312. Ki hiéu nhu trén hinh 193. Goi I 12 giao di€ém clia AC va EG. Trudc hét ta
chimg minh F, I, H thing hang. -
Qua A vé dudng thing song song véi CD, cit EG & K. Ta ¢6 EKA = AEK
IA. AK AE

= = tic 14 I chia
IC CG CCG

(cting bang %} nén AE = AK. Do d6

trong AC theo ti s& %2



Goi I' 14 giao diém ctia AC va FH. Chitng minh
'l;l.m‘ng tu, I' chia trong AC theo i s6 _AC%
Nhung AE = AH, CG = CF nén I va I' chia
trong AC theo cling mot ti s6, dodo I=1'. Vay
F, I, H thang hang; do dé6 AC di qua giao diém
cua EG va FH. |

. Chitng minh tuong ty, BD ciing di qua giao
diém trén.

313, (h.194)

Hinh 194
a) Goi r 1a bdn kinh ctia dudng tron (0), S1a dién tich ¥ gidc ABCD.

Ta ¢6 SoaB + Socp = -;—(AB + CD)

' r
SOF\D + SOBC = E(AD + BC}
Do AB + CD = AD + BC nén

1
SoaB * Socp = SoaD t+ Soc = ES'

b) Gia sit cdc tia AB va DC cat nhau tai E (truong hop AB // CD, ban doc
tu chirng minh). . -

"Dén" cdc doan thing AB va CD vé phia E : 14y G trén tia EA, 14y H trén
tia ED sao cho EG = AB, EH = CD.

) 1
Ta co ~ Sogg *Soen = SoaB * Soch =_'2"S

o 1
nén SDHG =ES—SEHG. (1)



Dé thay cédc diém I va K cling c6 tinh chat
| 1, 1
SiaB * Sicp =55, SkaB +Skep = 75
nén twong tu nhu trén ta cling c6
1

SG = 55 ~ SEHG ' (2)
1 ' . - _
SKHG = 5 ~ SEHG- | &)

Tir (1), (2), (3} suy ra Sopg = Sia = Sxug do dé ba diém I, O, K thang hang.

Chii y : K&t qua néu & cau b 1a ndi dung cua dinh I Nju-ton : Trong mot tf
g:[éc ngoal ti€p dwdmg tron, cdc trung diém r:,ua hai duﬂng chéo thang hang
v&i tam clta dudng tron noi tiép.

314. (h.195) Trudc hét ching minh AD + BC = 180°. Suy ra
;‘:1 + ﬁi + ﬁ.l + E,'l = 180°,

dodé F + H = 180°. Vay EFGH 12 ti gidc noi tiép.

Hinh 195 | | Hinh 196a
315. (h.196a) Goi I, K, M la ti€p diém ciia dudng tron (O) trén BC, AB, AD,
: r {4 ban kinh ctia dudng tron (O).

Dit CH = CI = x, DH = DM =y, Bl = BK = t, AK = AM = z. Ta tinh dugc
AD =22 cm. ' '

ABCD 1a tf gidc 00i tiép nén B + Dy = 90°, tird6 B, = HOD.
Ta ¢6 AEBO ¢v» AHOD (g.g) = LI =1 = yt. Tuong tu % = xz. Suy ra
roy

v

xz=yt.Dﬂééi=1: 18 —x

y z 22—y

. Tir d6 ta duge 11x = 9y.



Talaic6x +y=26.Tatinhdugcx = 11,7 vay=143. - -
Pap s : HC = 11,7cm, HD = 14,3cm.
316. (h.196b) ”
a) Ki hiéu nhu trén hinh v€. Ching minh 2 =xz = yt
nhu & bai 315.
b) Goi S 1a dién tich tit gidc ABCD, p 1a nira chu vi.

Ta ¢6

S=pr=(a+c)r(via+c=b+d)
nén §* = (a+ «:)21'2 Hinh 196b --
Mait khac,

abed =(z + t)(t + X)(x + Yy + 2)
= (2t + Xz + t* + XO(Xy + XZ + y* + yZ)
={zt + yt + 2+ X)Xy + yt + y* + yz) (do xz = yt)
=t(z+y+t+xX)y(X+t+y+2)
=yt(X +y + 2z + t)?
=r%(c + a)* do 1* = yt.

Do dé S§* = abed, vay S = +/abced
317. (h.197) AB//DE nén AE = BD,

BC // EF nén CE = BF.
Suy ra

360° — (sdAR + sdCE) = 360° — (sdBD + sdBF)

Hinh 197

tic 1a ;‘.E = fﬁi

Suy ra ADC = DAF, do d6 AF // CD.
Chi y : Téng qudt ta chitng minh dugc : Néu mot da gidc ndi ti€p 6 4n + 2
canh, trong d6 n cap canh doi song song thi cdp canh d6i con lai ciing
song song. - |

318. (h.198) Goi G, H, I, K, M, N theo thit ty 12 trung diém ciia AB, BC, CD,
DE, EF, FA.



Céc day BD, AC bang nhau va tao véi nhau
géc thi biang 120° nén HI = HG va
'GHI = 120°. Tuong ty KI = KM va
- IKM = 120°, NM = NG va MNG = 120°.

V& cédc duong tron (H ; HI) va (K ; KI), ,-GA

chiing cit nhau & P. Do GHI = IKM = 120° |

nén IPG = IPM = 120°, do d6 MPG = 120° .

Tir dé ching minh duge P thudc dudng tron

(N ; NM). Do doé PI, PM, PG vudng gbéc vGi
- ¢éc canh cia AHKN. Ta lai cé

IPM = MPG = IPG = 120°
nén céc géc cia AHKN bing 60°.
319. Pdp s6 - 2a°(2 +1). |
- 320. Lan luogt tinh

-

Hinh 198

MA?] + MA?, = 4R?, MA% + MA}, = 4R?, ..., MA%, +_m§0 = 4R?.

321.(h.199) Goi H, I 14 giao diém ctia OE, DE véi BC. Ta co

Dap s6: 40R%.

OH:HE:%-, T, =Dj = 45°
nén m-ne-R propu-m-RB _R_R. 5z

2 2 2
K

In

60° |4 h 45%
B. K .
b)
Hinh 199 -

Trudc hét tinh dién tich AKBI (h.199b).



Goi dudng cao KK' =h. Ta ¢é BK' + K'T = BI nén %+h :%(\E ~1).

R/3

o | 2
T d6 tinh dugc h = T(x@ - 1)2 Skpr = Em('} S\/_) cudi cuing dién

tich phai tim béng :

3R*V3  R? |
SaBc ~ 2Sgp1 = — 7O 5~/_ (8\/5

§18. B dai dudng tron

322, (h.200) Goi R, r theo thi ty 12 bdn kinh cla céc
duong tron (O), (I). Goi ti€p diém ctia dudng tron ()
v@i cung AB va v6i canh CA theo thit tv 138 M va H.

AOAC vuong tai A, AOC = 60° nén
OC=20A =2R
va CM=0C-OM=2R -R =R. (1)

ATHC vuong tai H, HIC = 60° nén IC = 2IH = 2r. Do d6
MC = MI +IC=r + 2r = 3r. )

Hinh 200

T‘ir(l)vﬁ(z)suyrar=£;~.

211:R

D¢ dai cung AB cua (O) bing

Pé dai ducmg tron (I) bang 27nr = ~2nTR

Vay d¢ dai dudng tron (I) bang d¢ dai cung AB clia dudng tron (O).

323. (h.201) Goi A 1a di€m bat ki thuoc dudng tron
(O ; 1), B 1a diém bdt ki thudc dudng tron (O ; R)
voi R >r. Vi moi A vaBtacd

AB>OB-0A =R -r.
Viymin AB=R ~r.Dod6R -r=1,
Hiéu c4c do dai chia hai dudng tron bing

21t(r + 1) — 2ntr = 27 (m). " Hinh 201



324. (h.202) K& i€p tuyén chung tai tiép
diém H, cat AB, AC & D, E. Dudng tron.
(O) noi ti€p hinh quat 1a dudng tmn noi
ti€p AADE.

Ta tinh duoc AH = R, AD = 2R, DH = Rv/3.
Sau do tinh OH theo tinh chat dmmg
phan gidc cha AADH, duge

OH =R(2+/3 - 3).

Hinh 202

Ddp 56 : 2023 - 3R
325. (h.203) |

a) ABCD la hinh thang can.

b) Goi R 1a ban kinh cta (O), EF la duﬁmg cao di qua O
ctia hinh thang. Ta ¢é :

ppo 2100 _ 200 "

AB+CD * R(3 +1)

EF = OE + OF = B.(\/g + 1. (2) Hinh 203

=103 = 1).

T (1) va(2)suyra R =

J 3 +1 |
Daép s6: Do dai dudng tron bing 20(v3 — Hrm.

§19. Dién tich hinh tron

326. Bang nhau. |

327. Goi a 12 canh clia hinh vudng, dién tich hinh vuong bang a”. Chu vi hinh
vudng va chu vi dudng tron déu bang 4a.
4a 2a

Bdn kinh ca dudng tron bing — = —.
2n =

2 2
N 4
Dién tich hinh tron bang = [—231) =
| | i T

2

Ta cé iﬂ%— >aZ. Vay dién tich hinh tron 1én hon dién tich hinh vuéng.



328. (h.204)

a) Goi M, N theo thif ty 12 trung diém cia OA, OB. G}c_:.i x 12 ban kinh ctia (I).
Xét AION vuoéng, ta cé :

10 + ON? = IN?

2 : 2
= (R -x)* + [EJ = [B + }c]
- 2 2

:}R(R—-Sx):{}:vR:Bx:x:%.

.5 | 9
b) Dap sé : —nR*.
)Y Dap sé 36 T
329. Ki hiéu nhu trén hinh 205. Goi R, r theo thit tu 1a
ban kinh ctia hai dudng tron (R > 1). Ta ¢é

- nR?=2m’ = R = rv2 = AOHC vudng can,

. nR?
Dién tich hinh vanh khan bing

Dién tich phan gach soc ctia hinh vanh khan va dién

Hinh 205

tich hinh vuéng déu bing R* (ban doc tu giai). -
330. (h.206) Goi AB la canh ciia da giac déu. |
2 A I B
. . s . Ta
a) Dién tich hinh vanh khan béng T .
b) Chiéu rong hinh vanh khan bing 0
HI = AHtgIAH. | Hink 206

o
Pap 56 : Etggg—.
2 " n

331. (h 207). Gid slr hinh quat dd cho ¢6 ban kinh R, df) dai cung la m,
dién m:h S.
mR
Ta co TN =S = 49 nén
mR = 98. ()
Talaicom + 2R =28 nén m =28 — 2R. Thay vao (1) duoc

(28 ~2R).R =98 = (R -~ 7)* =0 = R = 7(cm).



m .
Hinh 207 Hinh 208

332. (h.208)

a) Dién tich tam gidc cong GHI bing hiéu clia Spgp (bing r*\/3) va dién
_ . | 5 .
tich ba hinh quat béan kinh r, 6 do cung 60° (bang S.Et-;—- ).

2
Dap s& -':’-2—(2«/5 - 7).

b) Ta ¢6 BM = NC = 1V/3 ; MN = 2r nén BC = 2r(~f§+1}.

Ddp s6:Sppgc = 2r {2\@ + 3).

333. (h.209) Dé thay D A, E thang hang. Lan luot tinh
duoc BC = 25, BH = 9, HC = 16, AH = 12. Tir dé6

tinh dll‘U'C SﬁBC = 150 SBDEC = 300.
BDdp 56 300 + 72n.

334. Pap 56- 4.
338, Dién tich S phai 6im (phan gach soc trén hinh 210)

Hinh 209
bing téng dién tich clia hai hinh vién phan (S=S; + S,). :

— Hinh vién phan bdn kinh AD = AE = a, cung 60°
cé dién tich

2 -
slz%(znmsﬁ.

— Hinh vién phéan ban kinh ID = IE =

s

—=, CUn
\@i g

12Q° cé dién tich Hinh 210




2
a2
Sq = —(4 -—3\/3.
2 .36('“5 )

2
Ddp 56 %(Sﬂ: —6./3).

336. (h.211) Goi S 1& dién tich hinh giéi han bdi cdc cung
OA, OB, AB. Dién tich nay biang hiéu clia ba lan dién
tich hinh quat 60° ban kinh R vi hai 14n dién tich tam

. gidc déu AOB. Ta tinh dugc

s=R(z_A).

2

Hinh 211

2 2
Hay chitng minh ﬂ}: — RZ (ﬂ:—\@) > 0.

337. (h.212) Cung AB cuia (O') chia hinh tron
(O) thanh hai phédn c¢6 dién tich S1= S,
bang nhau nhw hinh v&, Ké dudng kinh

" AOC. Ta thay :

— Pudng kinh AOC ciit cung AB cta (0"
tai mot diém D khdc A va B (vi néu dudng
kinh AC c¢hi cét cung AB d6 tai A hodc -

cét cung AB d6 tai A va B thi S; # S,).

— Piém O thudc doan thing AD, vi néu trai
lai thi qua O c6 thé ké dugc mot dudng kinh khong cit (0" dén t6i S, < S,.
Ki hi¢u / 1a d6 dai cung, ta co

fﬁ:l +Iﬁ}AO+DD+DB>AO+OB 2R.

H:‘nh 212

338. Goi R, r theo thit ty la ban kinh clia dm:mg tron ngoai-ti€p, ndi 1ép AABC.
Tacéd:

2S=(a+b+c)r,maa+b+c<6RnénS<6Rr. (1)
Mait khic

S, +S, = 24S;S, = 2vaR2.ar? = 27Rr > 6Rr. (2
Tir (1) va (2) suyra28<S; +S,.



339. (h.213) a) Goi A la tam ciia dudng tron
chita cung BC. Ta ¢6 BC = a nén

a
AC = —=,
| V2
Ta tinh dugc dién tich cia vién phén bang

32

S = “g“(“_ -2). | : Hinh 213

b) Goi DEGH 1a hinh vuéng ndi ti€p vién phan, goi x la canh cila hinh vuéng.
Ké AI L BC, cat GH ¢ K. Xét AAKG vuong ta cé

2 2 2
AK? + KG? = AG? = (% + x) r [i] = (i) (chi ¥ AG = AC).

17 N

Rut gon duogce 5x% +4dax —a’ = 0. Viay x =%.

340. (h.214) Goi O 1a tam cla dwong tron chia 0
cung BC, MNPQ la hinh vuéng noi ti€p vién B /! | c
phﬁn Dé thﬁy ;‘ : _..-*"'## .
BM = MN = NC = 2 (cm). N
Do dé ziBMleu&n an. B = 45° a i
- gean, B =457 Hinh 214

AQMC vudng nén
QC? = QM? + MC? = 4 + 16 = 20,
suyra QC = 2~/§ :
G6c noi tidp B = 45° nén géc & tam COQ = 90°.
ACOQ vudng can nén |

OC = 3(_: 21}/_— J_{cm}.



Chuong 1V — HINH TRU. HINH NON. HINH CAU

§20. Hinh tru -
341. Thé tich cha cdc khéi chi, sit, nhom theo thit tu bang :

2 3 2 3 2 3
Vi =——(dm”), V;, = —-(dm”), V» = -"—(dm"),
L= 3 Vo = o2 dm), Vs 57" | )
Chiéu cao ctia cic khai chi, sit, nhém theo thi ty bang :
hy = — 2 5 = 0,23dm ~ 2,3cm.
11,3.1.0,5 _ :
) |
hy = 5 ~ 0,33dm ~ 3,3cm.
7,8.1.0,5 o
_ ) |
hy = 5 ™ 0,94dm ~ 9,4cm .
2,7.7m.0,5 o '

342, (h.215) Goi / 1a chiéu dai ciia bang gidy,
chiéu dai dé bang téng d¢ dai cha 60
dudng tron c6 bdn kinh ry, Iy, ..., Igg, trong
dé r; = lem, rgy = 3cm. Ta cé '

=271 + 1) + 13 + ... + Tgp)-

Goi d 1a do day cta t& gidy thir, =1, + d,

" Hinh 215
I33T2+d, cans rﬁﬁ:r59+d, - L -
Do dé
Iy +Xgp =T + Tgg = T3 + Fgg = ... = I3g + 1'3i = 4cm.
Vay I = 211.30.4 = 240n (cm) ~ 7,5m. |
- 343. Hay ching minh ring trong cdc hinh chit nhat néi ti€p mét dudng tron
cho trudc, hinh vudng c6 dién tich 16n nhat. T d6, néu day cta khiic gé 1a
mot hinh vudng c6 dudng chéo bang d thi khic g6 c¢6 thé tich 16n nhat.
344. (h.216) Gia thiét ring lo thiy tinh 1am | B!
"bang bia", ta trdi m4t xung quanh cia lo M C/-""]N
thanh mot hinh chit nhat ¢6 chiéu dai bing , T~
do dai clia dudng tron miéng lo (48cm). A .,___..uh____..,_____;tfl'H
Goi AM, BN la cdc’'dudng vuéng géc ké
tr A, B dén miéng lo thi MN = 24 cm. Hinh 216




Chd ki€n mudn t6i B & phia trong lo phédi vuot qua miéng lo, titc 1a phai di
tr A t6i MN, r6i t6i B. Nhu vay, chd phai "giai" bai man Tim diém C trén
MN sao cho AC + CB ngén nhit.

Dé dang tinh dugc AC + CB = AC + CB' = AB' =25 cm.

345. Goi S 12 dién tich toan phdn, r 1a bdn kinh cta ddy, h la d:mrng cao cla
hinh tru. Ta cé -

S = 2nrh + 27 = 2n(rh + rz).
S nhé nhat khi va chi khi th + r> nhd nhat.
Goi V 12 thé tich clia hinh tru (V 12 hiing s6), ta c6 V = nr?h nén
2V 2V Vv 2

th+r1" = —+1° = + +re.
e 2ar  27r

e ) , , V -V ) :

Theo bét dang thitc Co-si, ba s6 duong —, —, r“ c¢é tich khong déi
2nr - 2mr :

V? ' -

(bang 5 } nén téng ctia ching nhd nhat khi va chi khi ba s6 ay bang
o 4n
nhau, tie 1a =
| Y
=12 & = 2 <> h=2r

§21. Hinh nén
346. Cau tra o1 D) la ding.

347. (h.217) Pép s6 * 72n3em’.

Hink 217 Hinh 218

348. {h 218) Goi SA, SB la hai dudng sinh vuﬁng goéc. Do SA, SB chia mit
xung quanh ctia hinh nén thanh hai phin cé ti s8 dién tmh lal:2nén A, B
chia dudng tron (O) thanh hai phin ¢6 ti s6 do dai1a 1 :



Do d6 AB = 120°.
Dit OA=OB=r.
Xét AAOB, ta ¢6 AB = 2rsin60° = /3.

Xét ASAB vubng cén, ta cé AB = SA~2 . Tird6 SA? = —;—rg*
- , 12 2
ASOA vuong nén h? = SA% — 1% = 5 suyra r* =2h% Trdé V = a—nh3.

349. (h.219) Gid st B = C. Néu B = 90° thi hinh tao thanh I2 hinh nén cé
ban kinh ddy bing h, chiéu cao bang a (h.219a).

a) b) I
Hinh 219 )

Néu B < 90° thi thé tich hinh tao thanh la téng thé tich hai hinh nén
(h.219b).

Néu B > 90°thi thé tich hinh tao thanh la hiéu thé tich hai hinh nén
(h.219¢).

Trong cé ba trudng hop, thé tich hinh tao thanh déu bang %ﬂthza )

350. Ddp s6- 100x (cm ).

351. (h.220) Gm r 12 ban kinh ctia dudng tron ddy ctia hinh nén, h ta chiéu cao
~cia hinh nén.

Tacd V = %mzh nén V 16n nhat khi va chi khi rh 16n nhat.

3



Do h? = R? — * nén ta
bién déi :
V 16n nhét

& 1"h? 16n nhat

& 11 (R? - %) 16n nhat ” o
42 ) a) b)

&r{(2R7— 21'2} 16n nhat. . Hinh 220

Theo bét dang thic Co-si, ba s6 duong t?, 12, 2R? — 2% ¢6 téng khong déi
_(bling 2R?) nén tich cha ching 16n nhat khi va chi khi ba s6 dé bing nhau,

titc 12 . |

2
P=oR>-2% & 3P=R? e =2 o L Y6,
RZ 3 R 3
Do dai cung 16n AB bang 2nr. Do dai dudng tron (O ; R) bing 2nR.
S6 do ciia cung 16n AB bang

J6

T 360° = 5-360° ~ 294°.

2nR

§22. Hinh cau

332, (h.221) Goi r 12 ban kinh cba dugng tron duoce tao thanh béi qua béng va
mit ho, ta tinh duoc r = 12 cm. Pdp 67 247 (cm).

_ B 1 C
Hinh 221 ' . Hinh 222

- 353.Goi R 12 ban kinh ctia qua béng. Trén hinh 222, tia sdng tiép xiic véi dudng
tron (O) tai E, A la giao diém ctia BO va CE, Ta tinh duge - -

AB=05m, AC aﬂ"'fm

AAEO v» AABC (g.g) nén 2: = (ng . T dt’):wtfhh duge R = J5-2 (m).




354, a), b) Cau tra 1oi B la dung.

355. a) Ching minh ring b6n dudng chéo I::ua hinh hop chit nhat cat nhau tai
trung di€m cha méi dudng chéo.

8788 3

b) Dap 6 : nem”,

QUY TICH

356. (h.223) Tacé CMN = NCA (ciing bing 45°) nén ching minh dugc CA 1a
ti€p tuyén cia dudng tron (1).

‘Quy tich cta I 14 doan thing CK (K 1a trung diém cta CB).

: Hinh 223 ' Hinh 224

357. (h.224) | .
a) B, D thuoc duong tron (O) duﬂng kinh AC c6 dinh. Bat AC = 2a. D(}
BAD = 45° nén ABOD vuong can, |

BD = OBV2 =a+/2.
b) AC cit EF tai K, ,&FDE AADC (g.c.g) nén
EF = AC = 2a. |

¢) Do BAD = 45° nén
AEIF vuéng cﬁn

EF
IA=IE=IF= —= = 22 = a2 .
N sf_

Goi P, Q 12 diém chinh giita chia cdc cung AC, ta c6 IA = PA. Quy tich cha
“I'la cung PQ clia dudng tron tam A bén kinh av/2.



358. (h.225) a) IMx = INO nén OMIN Ia t& gidc
noi tiép. O' cdch déu O va I, Qu¥ tich cha O
la doan thing AB nam trén dudng trung truc
cua OI (IA 1Oy, IB L Ox). .

b) M, N thuoc dudng tron dudng kinh OP.
Piém I ciing thuéc dudng tron dé (vi OMIN
12t gidc noi ti€p) nen OIP = 90°. Quy tich
cia P 1a doan thang A'B' vudng géc véi Ol tai
I (O, A, A’ thing hang ; O, B, B' thing hang).

359. (h.226) V& ABMN déu (N khéc phia C déi

v6i BM).

ABNA = ABMC (c.g.c) nén NA = MC. Ta ¢é
- MA? = MB? + MC? = MN? + NA?

nén MNA = 90°. Suy ra BNA = 150°, do dé

BMC = 150°. |
Qu¥ tich cia M la cung chia géc 150° dung Hinh 225

trén BC, trir cac diém B va C.
B

i

Hinh 226 Hinh 227
360. (h.227) V& tam gidc MAD vuong can tai A (M va D khéc phia d6i voi AC).
ABAM = ACAD (c.g.c) nén BM = CD. Tacé :

2MA? = MB? - MC? = 2MAZ + MC? = MB® = (MAV2)? + MC? = CD?
= MD’ + MC? = CD? = DMC = 90°.

Suy ra AMC = 135°. Quy tich ciia M 12 cung chifa géc 135° dung trén AC,
trit cdc diém A va C.



361, (h.228) Xét mot vi tri ctia (O") khi (O tlép Xuc

362. (h.229) K& AD vuong goéc va bing AB. Ta

Chit y : Néu di€m M nidm ngoai AABC, ta chitng minh dugc qu¥y tich

ctia M 1a cung chita géc 45° dung trén AC (cung nam khéac phia véi B d6i

MB? — MC?
5 .

Do d6 n€u khong han ché dlém M nam trong AABC thi qu¥ tich cha M 1a
mot duong tron.

véi AC). Néu diém M tring A ho#c C, ta cling c6 MA2

voi (O)tai M,khido M=C € (O),con O' =1, 1a
trung diém chia OC. K& dudng kinh COD.

Bay gio xét (O") & vi tri bat ki : (Q') ti€p xdc véi
(0) ¢'B, O' ¢ vi tri I'. Goi A la giao diém clia OB
v6i dudng tron (I ; IM). Pat COB =a thi
CIA = 20, AI'K = 20.. Ki hiéu / 12 d6 dai cung,
taco: - Hinh 228

_ 2nR2a  7nRo

I~ = l—~ =

MA EK 36{}0 900 ?
2n2R.o nRo

i'f"‘x: =

CB  360°  90°

Suy ra g,ﬁ\ = fﬁﬁ = fﬁ Do dé khi (0" lan c

tr C dé’n B thi ban kmh IA di chuyén dén vi
tri I'B (do ."ﬁﬁ = EEE)_, con M di chuyén dén H

vi tri K (vi fm = IEE ). Vay diém M di
chuyén trén dudng kinh CD ciia (O).
Ban doc ty chitng minh phén déo.

chiing minh dugc ACD = 90°. Quje‘" tich cta
C la dudong tron dudng kinh AD (cé hai D’
duodng tron.vé hai phia cia AB), trir diém A. . Hinh229

363. (h.230) a) V& dudng kinh AOE,' AQO'F thi E, -B, F thing hémg. Goi N la

-giao diém cia EF véi duong trung truc cia CD. N 12 diém cé dinh
(trung diém ctia EF). Qu¥ tich ctia M 12 dudng tron duﬁmg kinh AN (duong
tron nay di qua B). :



b) ACBD v AOBO' (g.8), tir d6 ching minh
dugc '

CB_ OB 3

BD BO' 2
¢) Khi d // OO' thi d6 dai CD 16n nht.

364. (h.231) Ching minh ring MN di gua trung
diém C ctia AB. Piém I di chuyén trén dudng tron dudng kinh OC (phan ndm
trong dudng tron tam O). g '

Hinh 230

| Hinh 231 Hinh 232
365. (h.ZSé) Ké MK L OA. Pat OB =R. Ta ¢6 OA.OK = OH.OM = R” nén K
12 diém c& dinh. Qu¥ tich cha M 12 dudng vuong goc vai OK tai K.
366. (h.233) Dudng trdon ngoai ti€p ABIK cét AB tai H (khdc B). Léan luot
chiing minh HIK = ABK = AIK . Do dé H d5i xfmg véi A qua CD. |
Quy¥ tich ctia O' 12 dudng trung truc cha BH.

N E
Hinh 233 _ Hinh 234

367. (h.234) a) Quy-tich cta D, E 1& dudng tron (C ; VCA.CB), trir giao diém
v6i dudng thang ABC. B



b) Chlmg minh rang DE cit AB tai mot diém I cd dinh. Gm H la trung
_.diém ctia AB. Ta cd

CLCH = CK. CO = CD? = CA.CB

nén I 1a diém c6 dinh. Qu¥ tich cha K 1a
dudng tron dudng kinh IC, trir diém C.

¢) Goi I' 1a giao diém clia FN va AB. Chiing
minh ring CI' = CI dé suyral' = L

368. (h.235) bat OD = R. Ké OH L AB. Goi F
14 giao diém cha DE va OH. Ta ¢é

OH.OF = OK.OC = OD? = R?
nén F la diém 6 dinh.

Quy tich cta K 1a cung AOB clia dudng
tron duong kinh OF, trir c4c diém A, O, B. Hinh 235
369. (h.236a tng véi trudng hop D va E ndm khéc phia d6i v6i BC, h.236b ting -
vGi trudng hop D va E nam cung phia doi véi BO).

Hinh 236

a) Goi I la giao di€m ctia AO vdi (Oy).

Tacé OA.OI = OB.OC =R’ nén1cé dinh. Qu¥ tich O, la dudng trung truc
cua Al



b) Goi N 12 giao diém ciia AO véi (O,). Tacé: ABC = AED = AND =
BDNO 12 tif gidc noi ti€p => AN.AO = AD.AB = AT” véi AT la ti€p tuyén
ctia {O). Do d6é N ¢ dinh: Quy t-fchfc_ﬂa O, la dudng trung truc ciia AN.
¢) Goi K 1a giao diém cla BC va DE. Goi giao diém khdc A clia AK vdi
(O1), (O,) theo thu ty 1a Fy, F,. Ta co

KA KF, = KB.KC = KD.KE = KA.KF,

nén F| = F,.

370. (h.237) Trudc hét tim quy tich cia M, do 1a dudng tron
dudng kinh OC (tam I, trung diém ctia OC). HM cat (1)
& K. (I) cit BC tai trung diém D cta BC. Hay ching
minh ring D, I, K thing hang va K 12 diém cé dinh.

Qu¥ tich cua. H 12 dudng tron duong kinh BK.
- 371. (h.238) a) Cach 1. A, B, M déu thudc dudng X
- tron duong kinh BC, ta lai ¢d CA = CM nén '
COA = COM . Do dé M thuéc dudng thing
déi xing véi OA qua Oy (gidi han : doan
thing DE).
Cdch 2. Goi H 12 giao diém cia AM va BC.
Trude hét ta tim quy tich ctia H, d6 1a doan
thing PQ (P, Q la hinh chi€u cla A trén

Ox, Oy). D¢ chiing minh diéu nay, ta ching | B
minh BHP = CHQ dé€ suy ra P, H, Q thang Hinh 238
hang. M 12 anh ctua H trong phép vi tu tam A ti 80 2.

AB

b) 22 = (o ACB = tgAOX , 12 hing s6.
)AC g g g

372. (h.239) Goi H la trung diém cltia MN.
- Quy tich ciia H 1a cung BOC cta dudng
tron tam I dudng kinh AO. G 1a éanh cua

. | , . 2 ;
H trong phép vi tu tam B ti s0 —é— . To do,

quy tich ctua G la cung BD ‘cha dudng
tron tam K ban kinh KB véi K thuoc BI Hinh 239



va BK=%BI (D thu¢c doan thang BC, trong d6 AC la tiép tuyén cha

- duong tron da cho).

373. (h.240).a) AH cét BC & D va cit (0O) ¢ K. Dé dang
chiing minh DH = DK. S& dung phép vi tu : Qu¥ tich
cua Kla(O; R) D 1a anh cha K trong phep vity

tam H ti s6 E Chitng minh truc ti€p : Goi Q 1a

trung diém cia OH. Ta c6 QD = E’;E R Quy tich

chaDIa duﬁng'trﬁn (Q; 1—;—). o Hinh 240
b) Goi M 1 trung diém ctia BC, AM cit OH & G. D& thdy G chia trong OH
theo ti 6 1 : 2 nén G 12 di€m c6 dinh. M la anh cha A trong phép vi tu tam
G ti s6 ———%—. Qu¥ tich cua M chinh 1a dtrt‘rng tron (Q) ¢ céu a (dé la dudng
tron O-le ctia AABC).

374. Xét E € AC, F e AD (0.241). Do OA //ME va R~ 5 [oso—=>
OEMEF 1a tit gidc noéi ti€p nén

AOM = OME = OFE = 45°. Bl
‘Do d6 M thugc tia phan gidc cha géc AOC. |
Gidi han : M thudc doan thing OK chia tia phan gidc
dé6 (OK 1a duong chéo ctia hinh vuéng AOCK). et |
Tuong tu déi véi cdc vi tri khic cia E va F trén Hinh 241
dudng tron, ta duge quy tich ctia M 12 hai dudng |
chéo ctia hinh vudng cé canh ti€p xtc véi dudmg tron (O} tai A, B, C, D.

375, Xét hai trudng hop: |
a) Cic cung AM, BN ngugce chiéu (h.242a). Ta cé

P e

~ AN =BM = BAM = ABN = IA = IB.
Qu§ tich clia I 1a dudng trung truc chia AB.

b) Céc cung AM, BN ciing chiéu (h.242b). D4t AOB = 2. Ta ching minh
bén diém A, O, B, I thudc cling mot dudng tron bing cdch ching minh :



|

a)
Hinh 242

— Néu 1 va O cing phia d6i v6i AB (trudng hgp nay 'L’mg v6i M e BE trong
dé E thudc cung 16n AB cia (O) sao cho AE = AB) thi AIB = 20&

— Néu I va O khdc phia doi véi AB (tmn‘ng hop nay tng véi cic vi tri con
lai cia M trén dudng tron O) thi AIB = 180° — 200

Qu¥ tich cna I 1a dudng tron ngoai ti€p AAOB.

376. Truéc hét ta c6 nhan xét : D€ MA la tia phan
gidc clia goc BMC thi tia MA phai cat canh BC.
Do d6 M phai ndm trong géc A (nhung khong
nim trong AABC) hoic M ndm trong goéc doi B
dinh véi goc A, tic la M thudc phén gach SQC
trén hinh 243. Hinh 243

V& dudng tron (O) ngoai ti€p AMBC. Xét hai trudng hop :

Hinh 244 | Hinh 245
a) Puong tron (O) khéng di qua A (h. 244} Gm N 12 giao diém cha tia MA

v&i duodng tron. Do My = Mz nén BN = NC suy ra BN = NC. Ta lai c6



AB = AC, do d6 NA la dudng trung tryc cia BC. Biém M thude phz’m
dudng trung truc cua BC khong ndm trong AABC.,

b) Buong tron (O) di qua A (h.245). Khi d6 dudng tron (O) xdc dinh vi né
chinh 14 dudng tron ngoai ti€p AABC. Moi diém M thuoc cung BC khoéng
chita A déu théa min bai todn. Moi diém M thudc cung BC chita A khong
thdéa man bai todn (do nhan xét néu & trén).

Keét {udn : Quy tich cha M gém phédn dudng trung truc ctia BC ndm ngoai
tam gidc ABC va moét cung nhu trén hinh 245,

377. (h.246)

-~ Xét duong thang d, cat canh BC : Piém M nim
trén canh BC.,

— Xét dudng thing d, khong cit canh BC : Diém
M nam trén cung BAC cla duong tron ngoai ti€p
AABC. N P
Quy¥ tich cia M 12 doan thing BC va cung BAC h_h"‘-"ﬂ %
ctia dudng tron ngoai ti€p AABC. - Hinh 246
378. Quy tich cia M gém tdm cung nhu trén hinh 247. Cung PQ i mdt phin
clia cung chita géc 45° dung trén AD (cling 12 cung phin tu dudng tron.
ngoai ti€p hinh vuong ADPQ). Cung FG la mot phin cda cung chua goc
45° dung trén AC (ciing 12 cung phén tu dudng tron tam B bén kinh BA).

- E —— F
I | M’
i H
Ql____i 459 _
f A B o
|
M _4_5f D C___...I
P , 1 H
I 1
I |
K ~——"1 |
Hinl 247 Hf}?f_z 248

379. Quy tich cha Il la duirrig tron ngoai ti€p AAOB (h.248).



380. Goi E, F 1a diém chinh gifta clia cdc cung AB (phén cung clia dudng tron
nay nim trong dudng tron kia). Ta cé O, O, E, F thang hang. Qu¥ tic;hlcfla
I 12 dudng tron ngoai ti€p ABEF (h.249).

Hinh 2¢9I : Hinh 250
381. Quy tich cta P 1a duong tff:nn ngoai ti€p ACBD (h.250).
382. (h.251, 252, 253). Goi E, F theo thit tu 14 hinh chiéu ctia D trén AB, AC
thi E, F ¢6 dinh. Ta tinh EHF |

e | DHE + DHF néu DHE + DHF < 180° (h.251, h.253)
360° — (DHE + DHF) néu DHE + DHF > 180° (h.252)

Trudc hét tinh fﬁﬁﬁ + DHE. Do D, H, M, E thuéc cung maot dudng tron,

D, H, F, N thudc cung mot dudng tron nén DHE = IM DHF = DNC
suy ra

DHE + DHFE = DMB + DNC =360° — (AMD + AND)

= MDN + A = 90° + o (dit A = o).
Xét cac truong hop :

a) o < 90° (h.251),: EHF = 90° + c. Quy tich cua H la cung chita géc
90° + o dung trén EF (cung phia véi A d6i v6i EF). '

Hinh 251 ' . Hinh 252



b) o > 90° (h.252) :
EHE = 360° — (90° + o) = 270° ~ o

Quy tich cta H la cung chita géc 270° - o
dung trén EF (khédc phia véi A d6i véi EF).

c) o =90° (h.253). Ta cé

90° + o = 180°.
Céc diém E, H, F thing hang. Quy tich ctia H
12 doan thing EF, | . | Hinh 253
DUNG HINH

383. Dung theo thif ty ngugc.
384. Dung theo thit tw ngugc.

385. a) (h.254). Dat BC = a. Trude hét tinh a theo p va r dwoc a = p — r. Dung |
BC = a. Sau dé6 dung L.

Hinh 254 Hinh 255
b) (h.255) Gia s& BC = a. Ta ¢c6 ID =1, ta tinh dugc AD = p — a, do d6

dyng duge géc IAD, nén dung duge BIC = 90° + IAD. Hay dung ABIC,
sau d6 dung A. A

~ 386. (h.256) Dung AAHM. Dung E d6i xiing véi A qua M.

Dung cung chtta géc 180° — A dung trén AE.
Diém C 1a giao diém clia HM véi cung chita géc trén. B HM m

O

‘ E
Hinh 256



387. (h.257) Goi I 1a tam cda dudng tron ndi tiép
| AABC, M 1a trung diém cta BC. K& IH L BC,
ID L AC, IE L. AB. Taco

AC — AB =CD — BE = CH — BH
= (CM + MH) — (BM — MH) = 2MH

Do dé HM = g. Dung dugc ATHM.

Hinh 257

Ta c6 BIC = 90° + -Ozi Dung duge ABIC theo cach dung & bai 386. Sau d6

d;;mg A.

388. (h.258) Dé chiing minh giao diém K ctia dudng tron ngoai ti€p va doan
ndi tam I cha dudng tron noi ti€p véi tam P cha duong tron bang ti€p 1a

trung diém cia IP.
Cdch dung
— Dung trung diém K cua IP.
— Dung dutmg tron (O ; OK) cit KI & A.
— Dung dudng tron (K ; KI) cat (O) ¢ B, C.
Diéu kién ¢6é nghiém hinh 12
(O ; OK) cit (K ; KD (L)

{I & bén trong (O ; OK) (2)
(1) <> KI- OK < OK <KI + OK

< KI-0OK <OK

- (2) < Ol < OK.
Gop (1) va (2) ta c6 OI < OK.
389. (h.259) )
~ Dung BC = a.
— Dung d;, d, song song véi BC (ndm vé hai phia
ctia BC) cach BC khodng cichr, R,.
~ Dung dudng thing d song song céch déu dy, d,.
~— Dung giao diém K clia d v6i dudng trung tryc clia BC.

— Dung dudng tron (K ; KB), catd; & L.
— KI cit dudng tron ngoai ti€p ABKC ¢ A.

i

|
K\ i1_ d

:

|

\
y d2

=
Hinh 259



Goi H 1 trung diém ctia BC. Diéu kién c6 nghiém hinh 1a duong tron (K ; KB)
c6 giao diém véi d,, ttie 12 KB 16n hon hoac bang khoang cich tir K dén d;.
R,—r

| 5

(chi v ring K, H 1 trung diém hai dudng chéo cta hinh thang ¢ hai day
bing R, var) -

Ta_ ch ' KH =

az ‘R -—r2
KBzzBH2+KH2=[E] +[ “2 )

C s R, +r1
Khoang cach tir K dén d; bang —2

. Do dé diéu kién c6 nghiém hinh la

2 2 2 -
(—3—] +[R.a2‘_‘ r] E[Ra;r] <> az 2R, ,trong d6 R, > r.

390. Liy D € AB, E € AC sao cho BD = CE = BC. Thé thi
AD = m, AE = n, AADE x4c dinh ngay. }

Cdch 1. (h.260) Goi I 12 tam cha dudng tron nﬁn tép
AABC, ta cé

rﬁ‘é:ﬁé:%%%; 1?15:1%’1?::90‘@%

suy ra DIE = 90° -—%{E—.

© Hinh 260
Piém I théa man hai diéu kién :

~ 1 thudc tja phan giac cua goc A,

— 1 thuoc cung chita géc .90 ~ -3; dung trén DE
(khdc phia v6i A d6i voi DE).

Piéu kién cé nghiém hinh : o < 60°.

Cdch 2. (h.261) Ldy D, E trén AB, AC nhu céach 1. Lay

M e BD, N € CE sao cho DM = EN. Ké MK song song
v6i BC, cat DC 6 K. Ta ¢ :

DK$DMmEN nen KN // DE. . B
DC DB EC ' Hinh 261




Mat khac, bM = ME nén DM = MK..
DB BC

Di€m K thda mian hai diéu kién :

— K thuéc duting thang di qu::l N va song song véi DE.

— K thuéc dudng tron (M ; MD).

Giao diém ctia DK va AE cho ta diém C, tit dé dung dugc B
391. (h.262) Phdn tich. Goi E 1a giao diém ctia AD véi -

dudng tron (Q) ngoai tiép AABC. Ta ¢6

AD.DE = BD.DC = AD” nén DE = AD.

Goi M 14 giao diém ctia OF va BC, ta cO ME = AH h

Cédch dung |

~Duyng BC = a.

“Hinh 262

— Trén dmﬁrng vufmg goc vai BC tai trung diém M ctia
BC, ldy E va F sao cho ME = MF = h.
— Dung dudng tron (O) ngoai ti€p ABEC.
— Dudng thang di qua F va song song véi BC cét (O) & A.
392. (h.263) Xét A va B thuoc hai canh ké ctia hinh vuéng :
— Dung duong tron dudng kinh AB réi I o o
dung diém chinh giita I chia cung AB. e /“::\B | F
) . . - N ¥ N o . f:. B
— Dung dudng tron dudng kinh CD réi N . ; T
dung diém chinh gitta K cta cung CD.. . N H
— Pudng thing IK cét cdc dudng tron trén AN R ?G' .
tai E va G, Trd6 dung duge FvaH. | __-___IF‘.__ “yETIe
Bién ludgn EAYA W
C o b ALY
Trong céch dung trén (ung véi A va B DANE VI
thudc hai canh ké ctia hinh vuéng), c6 hai G S 4 K
L DT

- cé4ch chon diém I, c6 hai cdch chon d1ém
- K, ta duge bon nghiém hinh... -~ . o Hm}r ?6?

Xét A va C thudc hai canh ké ctia hinh vuong, ta ciing’ tiu*{:fc bén nghlem
hinh. Cling vay v6i A va D thudc hai canh ké ctia hinh vuéng.

Vi méi nghiém hinh ndi trén duge tinh tring nhau hai 14n nén néu I khong
- trung K thi bai todn c6 sdu nghiém hinh. : :

Riéng trudng hop I tring K, bai todn cé vé s& thléi’l’l hmh ™~



393. (h.264) Chting minh ring AME = ABC..

Hinh 264 . ' o o : Hmk 265

394. (h. 265) Phdn tich. Lay A’ ddl :mng v6i A qua d. Trén tia doi cia tia MB
- lay K sao cho MK = MA. Ta cé BK = a. Du’ng dudng tr{m (B a) dﬁcrng .
tron nay va A' la c¢d dinh.

Ké tiép tuyén ctia (B) tai K cit AA' & P. D€ dung M, can du‘ng K mué’n vay |
~ cén dyng P. -

V& dudng thing bt ki di qua P, cat (B} &EvaF. 'T‘a cé
PA"PA = PK? = PE.PF

nén A, A, E F thuoc cﬂng mot dm:rng tron. Su},r ra ceich du’ng nhu‘ sau :

Cach dung

— Dyng A’ déi xtmg véi A qua d

— Dung dudng tron (B ; a). o .

-~ Dung dudng tron phu (O bdl’. ki dl qua A Vi A‘ cat (B) G E F
- Gm Pla glaﬂ diém cha AA' va EF, chmg ti€p {uyén PK VGI (B)
~MIla giao dlém cia BK va d. ' ' o '

Chitng minh. Ta c§_

PA'PA = PE. PF PI«:2

i d6 PK la tiép tuyén cuia dudng tron di qua A A*. K T&m ctia duﬁng fron

nay chinh 2 M (vi MK L PK tai K vaM e d la Irung truc cha AA') Vay
MA =MK, do dé o

BM + MA = BM+MK BKH'a |
Bién dudn

Né&u BA' < a thi bﬁl todn cé hai nghlém hmh {du‘ng dli’UC hai tlé‘p tuyén P
véi (B), trén hinh vé 14 PK va PK'). . S )



Né&u BA' = a thi bai todn ¢6 mot nghiém hinh.
Néu BA' > a thi bai todn khong ¢6 nghiém hinh.

395. (h.266) Cdch 1. Dung AAHM vuong tai H. Qua M dl
du’ng d // AH. Dung A' d6i xting véi A qua d. Ta cé A Al

ABA' = B —-C=¢ nén dung B 14 giao diém cha HM

véi cung chita géc o dung trén AA'. | . @

Cédch 2. Goi O 1a tam cia dudng trdn ngoai ti€p AABC. B\ H M

‘Ta ching minh duge B — C = HAO sau dé ta dung

- —— Hinh 266
AAHM vuong tai H, Dung HAX = o (Ax va AM cung
phia d6i véi AH). Dung dudng vuﬁng gdc véi HM tai M, cat Ax & O. Tir dé

dung dugc tam giac.
396. (h.267) Ldy E d6i xdng véi A qua dm:mg trung tuc  p -

cta BC thi ABE:Bm(i:cL,Lﬁdef}lxungva ?v\

qua AE thi B, C, D xdc dinh va ADE = o A E

el bl — . I | ._
» G . . A N
Ta c6 ADEC 12 hinh binh hanh nén E Vo
: _ ! i '

DAC = 180° — ADE = 180° — a.. B | c .
Hinh 267

Tir d6 dung duoc dinh A.
397. (h.268) Ldy M' d6i xéng véi M qua Ox. Ching minh ring

- M'AN = 2(90° — &) v6i XOy = o

Hinh 268

398. (h.269) Ldy E d6i xing v6i B qua AC. Ching minh réing DCE = o.. Suy .
ra cdch dung :
— Dung ED = b — a. Dyng cung chita géc o dung trén ED.
— Trén tia DE 1dy A sao cho EA = a.



— Dyng dudng tron (A; m) cit cung chita goc o ¢ C.
~ Dimg B déi xting véi E qua AC. o
399. (h.270) Goi 0. la tdm cna dﬁ%mg tron nodi ti€p gidc.
Gid st i::._ > a. Ldy E d6i xdng véi B qua AO. Thé thi ED = b — a,
OEA = OBA = % Truée hét dung AOED (g.c.g).

Hinh 270 Hinh 271

400. (h.271) Goi D, E, F theo thit tu 12 truﬁg diém cha BC, AC, AB. biém M
phai thudc cdc cung déi xitng véi cung BC qua D, d&i xing véi cung AC
qua E, d6i xitng v6i cung AB qua F. Diém M 14 tryc tam chia AABC.

401. (h.272) Pat xOy = «. Ly I' bat'ki thuc tia phan gidc cla goc xOy. DE

dang dﬁng dugc dudng tron phy (I') cat Oy & C'D' sao ‘cho C*TI?D_'.-} -2
Ban doc tu giai ti€p bai todn. ' ' :

A B

\ ;J' h
\\A' By
7
: .
v,/

D D'IC' C .

| | Hinh 272 " Hinh 273
402. Céach dung du{jb thé hién trén hinh 273.

403. (h.274) Ta c6 AMD = ABD, AND = ACD nén
AMDN o ABAC (g.g).
DE Sypn = 2Spac th 1 56 ¢dc dudng cao tuong ting DA va AH phai bing /2.
Nhu vay D thuéc doan thing HC sao cho HD = AH. |



Y
M j \\\

H—
B H D C

Hinh 274 C Hinh 275

404. (h.275) Ta c¢6 D+ B + B, =180° (ABCD la tt gidc noi ti€p) ma

f}+ ;‘:1 + ]?:1 = 180° (xét &Af)E) Vi Eu = B] nén gz = EL
Gié st AB cit CD tai I (trudng hop AB // CD bai todn duoc giai dé dang).
" Tacé B, =Ei nen IBE = IBA. Do'd6 AIBE »» AIEA (g.g)nén
IE” = IA.IB = IC.ID.
Céch dung IE duoc thé hién trén hinh 275 tfong dé IE = IK va IK la tiép
tuyén clia dudng tron ngoai ti€p tr gidc ABCD.

405. (h.276) Dung BC = a. Duyng cung chita géc o
dung trén BC. Goi O 14 tdm cta dudng tron chira
cung chita géc trén, M 1a diém chinh gifta cla
cung BC khong chita A. Pit MB =n, MD =x. |

MA MB

MB MD

AMAB »v» AMBD (g.g) =

= MDMA = MB? = x(x +d) =n°

| s 2 2 © Hinh276
= x2+xd+£l--m§—-+n2 = x+£1 = d +n°. -
4 4 o 2 2

x 4 ) " - . x d‘
X + g 12 canh huyén clia mét tam gidc vudng c6 canh géc vudng bang >

" van. Céch dung dugc thé hién trén hinh 276.



TOAN CUC TRI

- 406. (h.277) Goi M la giad diém cta AB va d. Ta ¢ tich MC.MD khéng déi
nén CD = MC + MD nho nhét khi va chi khi MC = MD. Tir d6 suy ra cach

dung : O la giao diém clia dudng trung tryc cha AB va dudng vuong goc
vai d tai M.

Hinh 277 Hinh 278 |
407. (h.278) Xét cdc hinh thang ABCD (AB // CD) ¢6 D = o _n@ri'tié'p duong
tron (0O), d6 12 c4c hinh thang can cé do dii AC khong d6i. Pat AC = a.

Ta ¢6 Sppcp < %AC.BD (d€ chéng minh) nén

2 o
maxS:i“E < BD 1 AC < ACD:z;s“.

Cich dung nhu sau': Dung AOC = 2a. Dyng day CD sao cho ACD = 45°.
Dyng day DB vuéng géc véi AC., -

408, (h.279) a) Do cdc tf giic nm tiép, ta c6 X

‘vh 11, Mz--I2 Do \‘11+M2—90° nén D1 "M !

Il+12:9{]ﬁ,suyr'a D}zlz. \ E

AADI o ABIE (g.2) N |
= ‘:f: Al :;»AD.BEmAI.BI. Hinh 279

b) Do AB khong d6i nén dién tich hinh thang ABED nhd nh#t khi vi chi
khi AD + BE nho nhét. Tich AD.BE khong dm nén AD + BE nho nhat khi
va chi khi AD = BE, khi d6 IM L AB.

409. (h.280) ADME 12 hinh cht nhat. Ké duong kinh AK, ta ¢6 DE = AM < AK.
Do d6 max DE = AK <> M = K. Khi d6 DE = BC.



Hinh 280 Hinh 281
410. (h.281) Ching minh ring MI. MK = MH” v6i H 12 hinh chiéu cia M trén AB
(xem bai 282). Do d6 diém M phai tim 1a diém chinh giffa cia cung AB.
411. (h.282) V& dudng kinh AOK, goi M 1a giao diém ciia HK va BC. Ta c
HA =2 OM khong déi, HB + HC = KB + KC. Do d6

HA + HB + HC 16n nhét <> KB + KC 16n nhat.
V& cdc duong kinh BB', CC'. Khi diém A di chuyén trén cung B'C' thi di¢m
K di chuyén trén cung BC. Téng KB + KC 16n nhdt khi va chi khi K 1a
diém chinh gifta ctia cung BC (xem vi dy 61). Khi d6 A ]a di€m chinh giita
ctia cung lén BC. |

Hinh 282 Hinh 283
412. (h.283) Dt CA=x, CB=y. Tacé

1 _x+y, 4
X

y Xy X4y

1 1 ] ’ ) - a ¥ - . 7
Do dé — + — nhd nhit < x + v 1én nhat <> C la diém chinh giita cua cung
X y |

AB (xem vi du 61).



413. (h.284) Pat MA + MB + MC = d,, MH + MI + MK = d,, d =d; + d,.
Chiéing minh ring

d, = 2MA, d =-1—(2S + 48 ) voi AB=BC=CA =a.
P 2 = 2 {&SaBC MBC _ A=

d nho nhét khi M = B hoze M = C (khi dé ca d; va d; déu nhé nhat).
d 16n nhat khi M & chinh gita cung BC (khi d6 ¢4 d, va d, déu 16n nhit).

Hinh 284 _ Hinh 285

414. (h.285) Ta c6 DB _AC ., DB_B

Tm  ————

nén —— he
| e BCCB |
Tir d6 ADBC » ABCE (c.g.c) suy ra Cj = E;. Do dé
BIC = ICE + E; = ICE + C; = 120°,
Tam gidc BIC ¢6 BC c6 dinh, BIC khéng déi nén chu vi ABIC 16n nhit khi
va chi khi ABIC can tai I (xem vi du 61). Khi déd//BC. |
415. a) Goi D la dinh géc vuong. Gia sir canh huyén EF di qua A. Ta thidy D

thu¢c cung chita géc 90° dung trén BC, E thudc Cu'n'g chita géc 45° dung
trén AC (h.286a). Dé dang giai ti€p bai toén. R ERIEAA

Hinh 286



b) Xét hai trudng hop :
~ Canh huyén EF di qua dinh géc vuéng A (h. 286a). Goi I, K 1a tam cha cdc

cung chita géc 90° va 45° néi trén. Ta tinh duge IK = 10 ¢m, DE < 2IK = 20 ¢m
(xay ra ddu bing khi va chi khi DE // IK). | |

— Canh huyén EF di qua dinh géc nhon, chéng han di qua C (h.286b). Ta
tinh duge 1K = 5v5cm, DE < 21K = 104/5.

Ta thdy 10v/5 > 20. Do d6 dién tich 16n nht ciia A DEF bing
%{10\/5)2 = 250cm?.

- 416. (h.287) a) AEMC can tai E nén

e

%:QO“—@_%D_%

Quy tich ctia M 1a tia Cx, trong d6 ACx = 90° — -‘3 :

- Cx va B nam cling phia déi véi AC.
b) DE nho nh4t <> BM nhé nhat
< M=H(®BHLCx).
Khi d6 E & vi trf E', D & vi tri D' v6i BHED' 1a Hinh 287
hinh binh hanh.
417. (h.288) a) Goi MN la duong kinh cta duong trﬁn (O).

Duong trung tryc cia AD cat AN ¢ I. Ta s& chiing
minh ring I 12 tam clia dudng trdn ngoai tiép AACD.

That vay, dat ACM = ANM =a thi AlH = o
(H la trung diém cha AD) nén AID = 2c.. Do

l ———m—,

ACD = EAID nén dudng tron tam I (¢6 bdn kinh

IA, ID) di qua C, tic 12 I 12 tam cla dudng tron
ngoai ti€p AACD. -
Quy tich clia I 1a doan thang AN, trir cdc diém A va N.

b) BI nhé nhidt < I = K (BK 1L AN). V& dm’mg tron (K, KA) cit (0) & C,
dé 1a vi tri phéi tim cta diém C.

Hinh 288



418. (h.289) | A K

b
a) BNC = BNM + MNC = ABM + ACM A
. LY

—— —— \
nén ~ BNC + BAC = 180°, /o N\
suy ra ABNC 12 tir gidc noi tiép. | 4N © ‘\1
b) Goi K 12 giao diém cia NM va duong B --';{:.1 WM C
trdn (O) ngoai ti€p AABC. Ta c6 « T 70 )

KAC = KNC = ACM . N

nén AK // BC. Piém K la diém c6 dinh,
¢) Ké O{H va O,1 vudng géc véi BC. Ta ¢
| BC

Hinh 289

0,0, > HI =

Xay ra 0;0, = HI khi va chi khi 0,0, // BC. Goi D 1a giao diém cta BOI
va CO, thi AD la auesﬁg kinh clia dudng tron (O) nén D 1a diém c6 dinh.’

Do 0,0, // BC va 0,0, = ~B?C nén 0,0, la dui’mg tmng binh cla QBDC

dé thdy khi d6,M 1a chan dudng vuong goéc keé tir D dén BC
419, (h.290) a) Pat OI = d (hing s6). Ta c6 ;

OM? + ON? = OM? + MI? = O = d°,
AB? + CD? = 4BM? + 4DN* =

= 4(R? - OM?) + 4(R* - ON?)
= 8R? - 4(OM? + ON?%)
= 8R” = 4d” = 4(2R”* - d*).

V& dudng kinh AE. D& chitng minh CBED la hinh thang cﬁn BD CE.
Do dé

Hinh 200

AC? + BDE =AC’+CE’= AE’=4R”.
b) Ban doc tu chitng minh hinh chi nhat OMIN cé dién tich (chu vi) 16n
"nh4t khi né 12 hinh vuong. Khi d6 c4c tia IB, ID tao véi tia IO cdc g6c bfmg -

45° (h.291a).



418. (h.289) | A K

——— e e e e

a) BNC = BNM + MNC = ABM + ACM

nén BNC + BAC = 180°,
suy ra ABNC 13 tif gidc noi tiép.

b) Goi X 1a giao diém ciia NM va dudng BRS
tron (O) ngoai tiép AABC. Ta cd
KAC = KNC = ACM
nén AK // BC. Piém K la diém cé dinh.
¢) Ké O;H va 0,1 vuong géc véi BC. Ta cb

0,0, > HI = %.

Hinh 289

Xay ra 0,0, = HI khi va chi khi 0,0, // BC. Goi D la giao diém cia BO,
va CO, thi AD 12 dudng kinh céia dudng tron (O) nén D 12 diém c6 dinh.

Do 0,0, /f BCva 00, = % nén 070, 1a dudng trung binh cta QBDC

dé thdy khi d6. M 12 chan dudng vudng goc ké tir D dén BC.

419. (h.290) a) Dit OI = d (hing s6). Ta ¢ : h
LS .
OM” + ON’ = OM” + MI” = OF* = &%, AL i—)B
AB? + CD? = 4BM? + 4DN? = | NEOSS,
= 4(R? - OM?) + 4(R* - ON?) | R E
= 8R% — 4(OM? + ON?) D
' ' ' Hinh 290

= 8R” ~ 4d” = 4(2R” - d%).

V& dudng kinh AE. Dé chﬁng minh CBED 1a hinh thang can, BD = CE.
Do dé

AC? + BD2 = AC? + CE? = AE? = 4R%.
b) Ban doc tu ching minh hinh chit nhiat OMIN ¢é dién tich (chu vi) 16n

‘nhét khi n6 1a hinh vudng. Khi d6 céc tia 1B, ID tao vdéi tia 1O céc goc bang -

45° (h.2912).



¢) Tacd
(AB + CD)? + (AB ~ CD)*
= 2(AB* + CD?%)
= 8(2R2 — d%), 12 hing s6.
Do dé6 AB -+ CD 16n nhét -
& (AB + CD)? 16n nhat
¢ (AB — CD)* nhé nhét < AB = CD.

Khi dé6 OMIN la hinh vuéng, cédc tla IB va ID tao v6i tia 10 cdc goc bing
45° (h.291a).

AB + CD nhé nhit <> (AB + CD) nhé nhét < (AB — CD)? lén nhit <

AB — CD Ién nhat (gia st AB = CD). C6 kha nang xay ra dong thoi AB I6n
nhat va CD nho nhat, dé 14 khi AB la dudng kinh, CD la dﬁy vuf:ng gbc voi
ABtai I (h.291b). |

| d) Cé6 thé chirng minh dua vao cau ¢. Sau day la chitng minh tryc tiép :

Hinh 291

Tacé .  Sacpp = %gﬂ@) — 45% = AB?.CD?.

Do d6 $? 16n nhdt (nhd nhat) <> AB2.CD? 16n nhat (nhé nhat).
Xét hing dang thdc : |
4AB?.CD? = (AB? + CD?)? — (AB® — CD*?

Do AB? + CD? 12 hiing s6 (c4u 2) nén AB2.CD? 16n nhat < (AB® — CD%)?
nhd nhdt <> AB = CD. Khi d6 céc tia IB, ID tao v4i tia 10 céc géc bang
45° (h.2914).

AB?.CD? nhé nhét < (AB? — CD%? 16n nhidt < AB® — CD” 16n nhat (gia sir
-AB = CD). Xay ra dugc déng thoi AB 16n nhat va CD nhé nhat (h.291b).

420. Ta biét rang day DE nhd nhét khi va chi khi gé¢ noéi tiép chidn cung DE 13
nho nhét. Xét ba trudng hop :

a) D nim gifra M v A (h. 292a) : Ta c6 DAE = 90° — AMB nén
DE nhé nhit <> DAE nhd nhdt <> AMB 16n nhat.

b) D tring A (h. 292b) : Ta c6 DE nhé nhat <> DBE nhd nhit <> AMB
16n nhat.



b)
Hinh 262
c) A nam gifta M vi D (h. 292¢) : Ta ¢é
DBE = 90° — AMB
nén DE nho nhat <> DBE nhé nh4t <> AMB 16n nhat.

* Ci ba trudng hop déu dua vé dyng diém M thuoc d sao cho AMB 16n nhat,
xem vi du 62. : '

421. Céch 1. (h.293) Ké day AE // CD thi AE v
la day c¢6 dinh. Ké dudong vubdng gbéc vdéi
MB tai K, cit AE tai N. Ta cé

IK = AN = AE — NE.
Do d6 IK 16n nhat <> NE nho nhdt.
- AENB vuéng tai E ¢cé _cz_mh goc vuodng BE

¢6 dinh nén NE nhd nhét khi va chi khi BN Hinh 293
nhd nhat. :
Goi G 1a trung diém cta BN. Ta cé
| BN = 2GCK,
do d6 : BN nho nhédt <> GK nhé nhit < GK L CD.

Goi OH 1a khoang céch tir O dén CD thi OH c§ dinh. Dat OH = h. D& th&y
GK = OH = h nén BN = 2h. |

Suy ra cach dung :

— Dung day AE song song véi CD.

— Dung dudng tron (B; 2h), cat AE & N. |

— Ldy trung diém G ctia BN, dung GK L CD.
— BK cit nira dudng tron & M, MA. cdt CD & 1.



Cach 2. (h. 294) Goi P, Q theo
tha tir 1a hinh chiéu ca A, B trén
CD, ta c6 P va Q ¢6 dinh.

Do PI + IK + KQ = PQ (hing s6)
neén :

IK 16n nhat <> PI + KQ nhd nhit.
Pat AP = a, BQ = b. Pt PI = x,
KQ=y. |

AAIP &> AKBQ =

PI AP  x
= ey —
BQ KQ b

Do do X + y nho nhat khi va chi khi x =y = /ab .
Cdch dyng do dai PI dugc thé hién trén hinh 294.

MOT SO BAI TOAN NOI TIENG

422. (h.295) a) ACEK ¢6 CE = CK nén la tam gidc can, suy ra

- —~~ D....._ —_—
Ey = Ko :_180 L B 900“5_
2 2
Ta.c6 BEC = 180° — ¢ — 2B nén
Ei =BEC - Fp =000 -2 _ 38
. | 2 2
Ta cé BKC=180°W2&-53 nén
o~ = 3a B
Ki = BKC - Kz =90° - == - £
| %2 5 5
b) E; =(9{)“—%—~§)~B Hinh 295

Ki = 90‘)—E-E — .
2 2

Néu o < B thi Ep < E} nén : . :
BK < BE . (1)



Mit khac, AECB va ADBC ¢6 canh BC chung, CE = BD ECB < DBC nén
BE < CD = BK, méu thuﬁn véi (1).

Néu o > B , tuong ty cling dan dén diéu vé Ii.
Vay a=f. |
423. (h.296) BD.MQ = BD.BM + BD.BQ = 2S,pp + 2Scpp -

= 2(Sapp + Scap) = 2Sapc:

Hinh 296 | - Hinh 297
424. (h.297) Xét t& gidc noi tiép ABCD c6 AD = BC. Ta ¢6 AD = BC nén
61 = EL suy ra AB // CD. |
Hinh thang ABCD 14 tit gidc noi ti€p nén 12 hinh thang can.

425. (h.298) a) Goi M', N' theo thit ty 12 giao diém clia AM, AN véi BC. D&
thay MN 12 dudng trung binh cia AAM'N' nén MN // BC.

Hinh 298

b) BCPQ la td gu‘ic ndi tiép, ma MN // BC nén d¢ dang chu‘ng minh dugc
MNPQ 12 tf gidc noi tiép. '



¢) Theo bai 423, BD.MQ = 2S,5c, CE.NP = 25, 5¢ suy ra
BD.MQ = CE.NP.

d) Néu BD = CE thi tlr cau ¢ suy ra MQ = NP.

T gidc ndi ti€p MNPQ cb MQ NP nén MN 1/ PQ va N[NPQ 12 hinh thang

can (xem bai 424), suy ra_M1 = N] . Do dé CBQ S BCP (do MIN // BC). Tir

d6 ABC = ACB. Vay AABC can tai A.

426. (h.299) a) ANBD = AAEC (c.c.c)

= BND = EAC = ANBD Ia tif gi4c noi tiép.

b) Al 14 tia phan gidc cha géc BAC, dé thay
N] Ta co

AIK+ANK=(A1+H)+(ANB—FII}

= ADI + ANB = 180°

(vi ANBD la tit gidc ndi tiép). Do d6 ANKI 1a  Hinh 299
t gidc noi tiép. ' -

¢) ANBD = AAEC (cau a) nén cac duﬁng phan gidc twong tng NK, Al
bing nhau.

T giac ndi tiép ANKI cO NK = Al nén AN // IK. (xem bai 424). Suy ra
. AN // BD.

‘Hinh thang ANBD lai la tt gidc noi tlép (cau a) nén la hinh thang cén.

d) ANBD 14 hinh thang cin nén ND = AB. Ta lai ¢c6 ND = AC (gia thlét}
nén AB = AC. Vay AABC cén tai A.

427. (h.300) Dat cdc tam gide ABC va EPQ nhu

" huéng din. Do BEC = BAC nén b6n diém B,
E, A, C thudc cing mét dudng tron.

Goi N 12 di€ém chinh gitta cha cung BC, cdc ’
duong thing AD, EF déu di qua N. Ta sé& ANy "
chitng minh rang E tring A. Gia st E khéng w
tring A. Khoéng mit tinh téng quét, gia sir N

E ¢ AB. Thé thi NE < NA nén NE < NA. i 300
Ta lai ¢6 EF = AD nén NF < ND, vo Ii.

Vay E tring A, tic la AABC = AEPQ.




Chii y
a) Bai 427 1a mot bai todn thi hoc sinh gmi Toé4n toan
quoéc nam 1979, '

'b) Tur k&t qua chia bai 427, ta cé6 mot cdch giai cho bai
toan "Tam gidc c¢6 hai dudng phin gidc bing nhau la
tam gidc can". _

That vay, xét AABC c¢6 cac dudng phan gidc BD va CE
bing nhau, chiing cit nhau tai I (h.301). Ta c6 Al 14 tia
phan g:ac clia géc A. AABD va AACE c6 BD = CE,

BAD = CAE Al la dudng phan gidc chung chia hai tam gidc nén
AABD = AACE (theo bai 427).
Suy ra AB = AC. Vay AABC la tam gmc can.
428. Cdch 1. (h.302) Gia sir AB < AC, Trén canh AC iﬁy K sao chﬂ AK = AB,
ta ching minh duge BD = KD. Ta ciing ching minh dugc K] > Cz nén

DC > DK. Suy ra DC > DB, do do EI > E‘El,

Hinh 301

AMBC va ANCB c6 canh BC chung, BM = CN, B, > C1 nén MC > NB.

V& hinh binh hanh MBNE, ta ¢6 MC > NB = ME
nén E1 > 63 Ta lai ¢cé ﬁz = ﬁz = Eg > 62 nén
NEC > NCE suy ra CN > EN Do d6 CN > BM,
trdi voi gia thlét

Gia sir AB > AC ciing dan dén diéu tréi voi gia thiét.

Vay AB = AC, |

Cdch 2. Str dung két qua cua bai 427, Hinh 302
Chii y - Bai 428 t6ng quét hon so véi vi du 63,

429. (h.303) a) CKM = CEM = CED, c6 s6 do

khong déi nén K 1a diém c6 dinh. /7“
' A .4

b) Xét duong tron (O) ta cé
AN.NB = EN.NC.
Xét duding tron ngoai tiép 1k gidc MEKC, ta ¢é
| MN.NK = EN.NC. _
Suy ra Hinh 303




AN.NB = MN.NK = (a + b)c = b(c + BK)

= ac = b.BK = a—; = BK (hing s6).

430. (h.304) Pat AM =a, MI =b, IN = ¢, NB = d.

Theo két qu:éi cla bai 429, ta ¢6 céc ti s6 ———=

v (a + b)d
c

bang nhau.

Talai cé a+ b =c +d (viIlatrung diém clia AB).

a d a+b c+d- PP
Suy ra E:“(:_'DG dé b . . Ta lai cé Hinh 304

a+b=c+dnénb=c. , _
431. (h.305) Theo két qua clia bai 429 va bai 430, ta c6
AM.IB ALNB
Ml IN
batiA=a,IM=m,IN=n, IB=btaco
(a-mb _a(b-n)
m n

= bn(a — m) = am(b - n) -anh 305
=> abn -~ bmn = abm - amn.
Chia hai v&€ cho abmn duoc
I 1 1 1 1 1 1 ¢ - 1 I 1 - 1

= + = — + .
m a n b a n b m IA. IN IB IM
Chii y : Bai todn 431 téng quét hon so v6i bai todn "con budm".

432. Cach 1. Ta v€ hinh trong truong hop géc 16n nhit cia AABC nhd hon
120°. Trudng hop con lai, ban doc ty ching minh. (h.306) V& cdc dudng
tron tam I, K ngoai ti€p cac tam gidc ACE, ABF, chiing cit nhau tai N
(khdc A). Ta c6 ANB =120°, ANC =120° nén BNC =120°. Suy ra N
nam trén dudng tron ngoai ti€p ABCD.

Ta ¢6 NA L IK, NB L KH va ANB =120° nén K = 60°. Tuong fu
1 =60°. Do dé AHIK déu. | |



Hinh 306 | Hinh 307

Cdch 2. (h.307) V& diém G sao cho AKG = BKH va KG = KH (G va H
nam khdc phia dé6i v6i AK). Ta cé AAKG = ABKH (c.g.c), suy ra

- AG =BH va KAG = KBH = By + 60°.
Ta lai c6 KAI = A1 + 60° nén |
IAG = 360° — (B1 + 60° + A1 + 60°) = 240° — (A1 + B1)
= 240° — (180° — C1) = 60° + C; = ICH.
Do d6 AIAG = AICH (c.g.c), suy ra IG = IH.
AIKG = AIKH (c.c.c), suy ra IKG = IKH. Talai c6

IKG + IKH = HKG = BKA = 120° nén IKH = 60°.
Ching minh tuong tu, KIH = 60°. Suy ra AHIK déu

Cha ¥ : Cé thé trinh bay cdch 2 dudi dang mot bai todn "cit gidy". Ta cét
rieng luc gidc AKBHCIL. Cit to gidy theo HK réi quay AKBH quanh K mét

- gbée 120° nguoc chidu kim d&ng hé thi B tring A, con H dén vi tri G. Cit
gidy theo HI r8i quay AICH quanh I mot géc 120° theo chiéu kim déng hé
thi C tring A, con H tring G (i IA = IC, IAG = ICH va AG = CH).

Ban doc ty chitng minh ti€p.



433. Xét luc gidc noi ti€p ABCDEF c¢é G 1a giao di€m clia AB va DE, H la
giao diém ciia BC va EF, K 1a giao diém chia CD va FA (h.308). Ta phai
chiing minh ba diém K, H, G théng hang. | -

Hinh 308

V& dudng tron ngoai ti€p ABGD va dudng tron ngoai ti€p ADFK, ching cat
nhau & I (khdc D). Trudc hét, ta chimg minh bon diém B, I, H, F thuéc
ciing mét dudng tron. :

Eal

Tacd gF=11+T2=§1+a1,

K| = sd(AB + BC — FE ~ ED)

2Gy = sd(EF + FA - BC — CD)

B e e

- 2FHB = sd(FA + AB — CD - DE)

nen FHB = By + Gy = BIF. Vay b6n diém B, I, H, F thuoc cling mot
duong tron. -

Tacé BIG = BDG (hai goc noi ti€p cing chan cung BG),

BDG = BFE (vi BFED Ia ti gidc noi tiép) nén BIG = BFE.
Ta lai c6 BFE +BIH =180° (vi BIHF Ia ti gidc noi ti€p) nén
BIG + BIH = 180°, suy ra ba diém H, I, G thing hang.



Chitng minh twong t, ba diém H, L, K thing hang. Do d6 c4c diém KHLG
thng hing. -

Chii y |

a) Bat todn 433 vin diing néu thay luc gic noi tiép ABCDEF béi sdu diém
A, B, C, D, E, F thudc cling mot dudng tron : Néu séu diém A, B CDEF
thude cing mot dudng tron va G, H, K theo thit ti 13 giao diém cha AB va
DE, BC va EF, CD va FA (n.309) thi ba diém G, H, K thuoc cling mot
dudng thing (goi [a dudng thing Pa-xcan).

Hinh 309 Hinh 310

b) Dic biét héa bai todn 433 khi B= C, E=F, ta ¢6 bai todn : Néu ABDE
la tir gide noi ti€p dudng tron (0) ¢6 cde dudng thing chia canh d6i cat
nhau tai G va K, cdc ti€p tuyén tai B va E cdt nhau tai H thi ba diém G, H,
K thing hing (h.310).





