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Chirang i m t n n Q€. jf\p fiDP 

CtiLfOng n^y cung cd, md rdng hieu bî 't cua hpc sinh v§ 

Ll thuyet tap hop da di/pc hpc d cac Idp dudi; cung cap 

cac ki^n thfie ban dau v l Idgic va cac khai niSm 
sd gan dung, sai sd tao co scf de hpc tap tdt cac chuong 

sau ; hinh thanh cho hpc sinh kha nang suy luan co If, kha 

nang tiep nhan, bieu dat cac van 6i mdt each chinh xac. 



MfiNH Bt 

I - MENH DE. MENH DE CHUA BIEN 

1. Menh de 

'Sbdn^ kcuf/sai 7 

• 7t^<9,56 

'MU/<iud/! (5 
pSAiai/, mdtf/^iij tdi/ ?l 

Nhin vao hai bfie tranh d tren, hay dpc va so sanh cae eau 6 ben trai va ben phai. 

Cac cau d bdn trai la nhfing khang dinh cd tinh dung hoac sai, cdn cae 
cau d bdn phai khdng the ndi la dung hay sai. Cae eau d bdn trai la nhiJng 
menh de, cdn cac cau d bdn phai khdng la nhiing mdnh d .̂ 

Mdi menh de phdi hodc dung hodc sai. 
Mpt menh de khdng the vda dung, vda sai. 

Neu vf du ve nhfing cau la menh de va nhfing eau khdng IS menh de. 

Menh de chura bien 

Xet cau "n chia hdt cho 3". 

Ta chua khang dinh duoc tfnh dung sai cua cau nay. Tuy nhidn, vdi mdi gia 
tri cua n thudc tap sd nguydn, cau nay cho ta mdt mdnh di. Chang han 



Vdi n = 4 ta duoc mdnh di "4 chia hdt eho 3" (sai). 

Vdi n = 15 ta dugc mdnh dl "15 chia hdt cho 3" (dung). 

Xet cau •'2 + n = 5". 

Cung nhu trdn, ta th^y vdi mdi gia tri cua n thudc tap sd nguydn ta dugc 
mdt mdnh di. Chang han 

Vdi n = 1 ta dugc mdnh di "2 -I- 1 = 5" (sai). 

Vdi rt = 3 ta dugc mdnh dl "2 + 3 = 5" (dung). 

Hai cdu tren Id nhdng vi du ve menh de chuta Men. 

^ 3 
Xet cau "jc > 3". Hay tim hai gici trj thirc cOa x di tfi c§u da cho, nhan dfidc mdt 
mfnh 66 dung va mot m§nh de sai. 

n - PHU DINH CUA MOT MENH DE 

Vidu 1. Nam va Minh tranh luSn vi loai doi. 

Nam ndi "Deri la mdt loai chim". 

Minh phii dinh "Doi khdng phai la mdt 
loai chim". 

Di phu dinh mdt mdnh di, ta thdm (hoac 
bdt) tfi "khdng" (hoac "khdng phai") vao 
trudc vi ngfi cua mdnh di dd. 

Ki hieu menh de phu dinh cua 

minh de P Id P, ta cd 

PdungkhiP sai. 

P sai khi P dung. 

Vidu 2 

/*: "3 la mdt sd nguydn td" ; 

P : "3 khdng phai la mdt sd nguydn td". 
Q : "7 khdng chia hit cho 5" ; 

g : "7 chia hdt cho 5". 

V 



Hay phu djnh cac menh de sau. 

P : "n la mpt so hfiu ti" ; 
Q : "Tong hai canh cua mpt tam giac Idn hon canh thfi ba". 

Xet tfnh dung sai cua cae menh de tren va menh de phu djnh cua chung. 

Ill - MENH DE KEO THEO 

Vi dit 3. Ai cung bid't "Neu Trai Da't 
khdng cd nudc thi khdng cd su sdng". 

cau ndi trdn la mot mdnh de dang "Nd'u 
P thi Q", d day P la mdnh di "Trii Dit 
khdng cd nudc", Q la mdnh dl "(Trai 
Dat) khdng cd su sd'ng". 

Menh de "Neu P thi Q" dugc gpi Id menh de keo theo, vd 
ki hieu Id P ^> Q. 

Mdnh diP^Q cdn dugc phat bieu la "P keo theo Q" hoac "Tfi P suy ra Q". 

5 
Tfi cac menh de 

P : "Gid mua Odng Bac ve" 
Q : "Trdi trd lanh" 

hay phat bieu menh de f => Q. 

II Menh de P ^> Q chi sai khi P dung vd Q sai. 

Nhu vay, ta chi can xet tinh dung sai cua mdnh di P => Q khi P dung. 
Khi dd, nd'u Q dung thi P ^=> Q dung, nd'u Q sai thi P ^> Q sai. 

Vidu 4 

Mdnh de "-3 < -2 

Mdnh d l " >/3 < 2 ^ 3 < 4" dfing 

(-3)2 < (-2)2" sai. 

Cac dinh If toan hoc la nhiing mdnh dl dung va thudng cd dang P 
Khi dd ta ndi 

P Id gid thiet, Q Id ket ludn cua dinh li, hodc 
P Id dieu kien dd de cd Q, hodc 
Q Id dieu kien cdn deed P. 

Q-



Cho tam giac ABC. Tfi cae menh de 

P : "Tam giac ABC c6 hai gdc bang 60°" 
Q : "ABC la mpt tam giac deu". 

Hay phat bieu djnh if P ^ Q. Neu gia thiet, ket luan va phat bieu lai djnh If nay di/di 
dang dieu kien can, dieu kien du. 

IV - MENH DE DAO - HAI MENH DE TUONG D U O N G 

Cho tam giac ABC. Xet cac menh de dang P ^> Q sau 

a) Ne'u ABC la mpt tam giac deu thi ABC la mdt tam giac can. 

b) Ne'u ABC la mpt tam giac deu thi ABC la met tam giac can va cd met gdc bang 60 . 

Hay phat bieu cac menh de Q => P tuong fing va xet tfnh dung sai cija chung. 

II Menh di Q^> P dugc gpi Id menh de ddo cua menh di P ^> Q. 

Mdnh dl dao cua mdt mdnh dl dung khdng nhat thie't la dung. 

Neu cd hai menh de P => Q vd Q =^ P diu dUng ta ndi P vd Q Id 
hai menh de tuong duong. 

Khi dd ta ki hieu P <:^ Qvd dpc Id 
P tuong duong Q, hodc 
P Id diiu kien cdn vd dii de cd Q, hodc 
P khi vd chi khi Q. 

Vi dii 5. a) Tam giac ABC can va cd mdt gdc 60 la dilu kiln cin va du de 
tam giac ABC diu. 

b) Mot tam giac la tam giac vudng khi va chi khi nd cd mdt gdc bang tdng hai 
gdc cdn lai. 

V - KI HIEU V VA 3 

Vi du 6. cau "Binh phuong cua mgi sd thuc diu ldn hon hoac bang 0" la 
mdt mdnh dl. Cd the vid't mdnh dl nay nhu sau 

Vx G R : x^ > 0 hay x^ > 0, Vjc e R. 

Ki hieu V doc Id "ven moi". 



8 
Phat bieu thanh Idi menh de sau 

Vn e Z •.n+ I > n. 
Menh de nay dung hay sai ? 

Vi dii 7. cau "Cd mdt sd nguydn nhd hon 0" la mdt mdnh dl. Cd thi viit 
mdnh dl nay nhu sau 

3ne Z :n<0. 

Ki hieu 3 dpc Id "cd mot" (tdn tqi mot) hay "cd it nhd't mpt" 
(ton tqi it nhdt mot). 

Phat bieu thanh ldi menh de sau 
2 

3x e Z : X = x. 
Menh de nay dung hay sai ? 

Vidu 8 

Nam ndi "Mgi sd thuc diu cd binh phuang khac 1". 

Minh phu dinh "Khdng dung. Cd mdt sd thuc ma binh phuong cua nd bang 1, 
chang han sd 1". 

Nhu vay, phu dinh cua mdnh dl 

la minh dl 

P : "Vx6 R r x ^ ^ l " . 

P:"3xe R •.x^=r. 

10 
Hay phat bieu menh de phO djnh cCia menh de sau 

P : "Mpi dpng vat deu di chuyen dugc". 

Vidu 9 

Nam ndi "Cd mdt sd tu nhidn nmi2n= I". 

Minh phan bac "Khdng dung. Vdi mgi sd tu nhidn n, diu cd 2n t- I". 
Nhu vay, phu dinh cua mdnh dl 

P: "3«e N : 2 « = 1 " 



la mdnh dl 

J :"\fn& N : 2 n > l " . 

11 
Hay phat bieu menh de phu djnh cCia menh de sau 

P : "Cd mpt hpe sinh ciia Idp khdng thfch hpc mdn Toan". 

Bdi tap 

1. Trong cac cau sau, cau nao la mdnh dl, cau nao la mdnh dl chfia bid'n ? 

a) 3+ 2 = 7 ; b ) 4 + x = 3 ; 

c)x + y > l ; d ) 2 - V 5 < 0 . 

2. Xet tfnh dung sai cua mdi mdnh dl sau va phat bilu mdnh dl phu dinh 
cua nd. 

a) 1794 chia hit cho 3 ; b) V2 la mdt sd hiiu t i ; 

c)7i<3,15; d) 1-1251 <0. 

3. Cho cac mdnh dl keo theo 

Nd'u a vib cung chia hd't cho c ih\ a -\- b chia hdt cho c {a, b, c la nhiing 
sd nguydn). 

Cac sd nguydn cd tan cung bang 0 diu chia hit cho 5. 

Tam giac can cd hai dudng trung tuyd'n bang nhau. 

Hai tam giac bang nhau cd didn tfch bang nhau. 

a) Hay phat bilu mdnh dl dao cua mdi mdnh dl trdn. 

b) Phat bilu mdi mdnh dl trdn, bang each sfi dung khai nidm "dilu kidn du". 

c) Phat bilu mdi mdnh dl trdn, bang each sfi dung khai nidm "dilu kidn cin". 

4. Phat bilu mdi mdnh dl sau, bang each sfi dung khai nidm "dilu kidn can 
vadu" 

a) Mdt sd cd tdng cac chfi sd chia hdt cho 9 thi chia hit cho 9 va ngugc lai. 

b) Mdt hinh binh hanh cd cac dudng cheo vudng gdc la mdt hinh thoi va 
ngugc lai. 

c) Phuang trinh bac hai cd hai nghidm phan bidt khi va chi khi bidt thfie 
cua nd duong. 



Dung kl hidu V, 3 de vid't cac mdnh dl sau 

a) Mgi sd nhan vdi 1 deu bang,chfnh nd ; 

b) Cd mdt sd cdng vdi chfnh nd bang 0 ; 

c) Mgi sd cdng vdi sd dd'i cua nd diu bang 0. 

Phat bieu thanh ldi mdi mdnh dl sau va xet tinh dung sai cua nd 

a) Vx 6 R : x^ > 0 ; h)3n e N : h^ = n ; 

c)\/ne N •.n<2n; d) 3x £ R : x < - • 
X 

Lap mdnh dl phu dinh cua mdi mdnh dl sau va xet tfnh dung sai cua nd 

a) V« G N : n chia hdt cho n ; b) 3x e Q : x = 2 ; 

c) Vx e R : X < X + 1 ; d) 3x e R : 3x = x^ + 1. 

T A P HdP 

I - KHAI NIEM TAP HOP 

1. Tap hdp va phan tur 

S) 1 
Neu vf du ve tap hpp. 
Dung cac kf hieu e va g de viet cae menh de sau. 

a) 3 la mpt sd nguyen ; b) Jl khong phai la sd hfiu ti. 

Tap hgp (cdn ggi la tap) la mdt khai nidm ca ban cua toan hgc, khdng 
dinh nghia. 

Gia sfi da cho tap hgp A. De chi a la mdt ph^n tfi cua tap hgp A, ta vid't ae A 
(dgc la a thudc A). De chi a khdng phai la mdt ph^n tfi cua tap hgp A, ta vid't 
ai A (dgc la a khdng thudc A). 

2. Cach x^c djnh tap hdp 

2 

^Liet ke cac phan tfi cua tap hpp cae udc nguyen duong cua 30. 

10 



Khi lidt kd cac phin tfi cua mdt tap hgp, ta vid't cac phan tfi cua nd trong 
hai da'u mdc { },viduA= { 1 , 2 , 3 , 5 , 6 , 10, 15,30}. 

Tap hpp B cae nghiem cCia phuong trinh 2x - 5x + 3 = 0 dUpc viet la 

B=[x e R l2x^-5x + 3 = 0}. 
Hay Net ke cac phan tfi cua tap hpp B. 

Mdt tap hgp cd the dugc xac dinh bang each chi ra tfnh chat dac trung cho 
cac phan tu cua nd. 

Vdy ta cd the xdc dinh mdt tap hgp 
bdng mdt trong hai cdch sau 
a) Liet ke cdc phdn td cua nd ; 
b) Chi ra tinh chdt ddc trUng cho 
cdc phdn tu cua nd. 

Ngudi ta thudng minh hoa tap hgp bang mdt hinh 
phang dugc bao quanh bdi mdt dudng kfn, ggi la 
bieu dd Ven nhu hinh 1. 

3. Tap hdp rong 

Hay liet ke cac phan tfi eija tap hgp 
A={xe Ix +X+ 1 = 0 ) . 

Hinh I 

Phuong trinh x + x + 1 = 0 khdng cd nghiem. Ta ndi tap hgp cac nghidm 
cua phuang trinh nay la tap hgp rdng. 

II Tap hgp rong, ki hieu Id 0 , Id tap hgp khdng ehda phdn tu ndo. 

Nd'u A khdng phai la tap hgp rdng thi A chfia ft nha't mdt phin tfi. 

A ^ <Zi<i:> 3x : X & A . 

II - TAP HOP CON 

î 5 
Bieu do minh hoa trong hinh 2 ndi gl ve quan he gifia tap 
hgp eae sd nguyen Z v^ tap hop cae sd hfiu ti Q ? Cd 
the ndi mdi sd nguyen la mpt sd hfiu ti hay khdng ? 

Hinh 2 

11 



Ndu mpi phdn td cua tap hgp A deu Id phdn tit cua tap hgp B 
thi ta ndi A Id mdt tap hgp con cua B vd vidt A cB {dpc Id A 
ehda trong B). 

Thay cho A czB,Xa cung vid't fi Z) A (dgc lk B chfia A hoac B bao ham A) 
(h.3a). Nhu vay 

A c 5 <=> (Vx : X e A =?> X e 5). 

b) 
Hinh 3 

I Nlu A khdng phai la mdt tap con cua B, ta vi^t AttB. (h.3b). 

Ta cd cdc tinh chdt sau 

a) A c A vdi mpi tap hgp A ; 

b) Neu AczBvdBczCthiAcC (h.4); 

c) 0 c A vdi mpi tap hgp A. 

Hinh 4 

III - TAP HOP BANG NHAU 

Xet hai t$p hgp 

A = {ne N I n la bgi cua 4 v^ 6} 

B= {ne N j « la bdi cCia 12}. 
Hay kiem tra cae ket luan sau 

a)AaB; b)BczA. 

Nhu vay 

Khi A (Z B vd B d A ta ndi tap hgp A bdng tap hgp B vd vidt Id 
A = B. 

A = 5 <=> (Vx :xeA<^xeB). 

12 



Bai tap 

1. a) Cho A = (x e N | x < 20 va x chia hd't cho 3}. 

Hay lidt kd cac phin tfi cua tap hgp A. 

b) Cho tap hgp fi = {2, 6, 12, 20, 30}. 

Hay xac dinh B bang each chi ra mdt tfnh chait dac trung cho cac phin til cua nd. 

c) Hay lidt kd cac phin tit cua tap hgp cac hgc sinh ldp em cao dudi ImdO. 

2. Trong hai tap hgp A va fi dudi day, tap hgp nao la tap con cua tap hgp cdn lai ? 
Hai tap hgp A va 5 cd bang nhau khdng ? 

a) A la tap hgp cac hinh vudng 

B la tap hgp cac hinh thoi. 

h) A- {n e N | n la mdt udc chung cua 24 va 30} 

B = {n s N I n la mdt udc cua 6}. 

3. Tim ta't ca cae tap con cua tap hgp sau 

a) A= {a,b} ; 

b) 5 = {0 ,1 ,2} . 

CAC PHEP T O A N T A P H O P 

GIAO CUA HAI TAP HOP 

^Cho 

A = {n e N | n la Udc cCia 12} 

B= {n e N j n la Udc ciia 18}. 

a) Liet ke cac phan tfi cCia A va cua B ; 

b) Liet ke eae phan tfi cOa tap hpp c cac udc chung ciia 12 va 18. 

Tap hgp C gdm cdc phdn td vda thupc A, vda thupc B dugc 
gpi Id giao ciia A vd B. 



Kf hieu C ^Ar^B {phin gach 

cheo trong hinh 5). Vay 

A n 5 = { x | x e A v a x e B } 

X e A n fi o 
B. 

II - HOP CUA HAI TAP HOP 

Ar^B 
Hinh 5 

Gia sfi A, B lan lUpt la tap hpp cac hpc sinh gioi Toan, gidi VSn eua Idp IDE. Bie't 

A = {Minh, Nam, Lan, Hong, Nguyet) ; 

B = {Cudng, Lan, Dung, Hdng, Tuyet, Le}. 
(Cac hpc sinh trong Idp khdng trtjng ten nhau.) 
Gpi C la tap hpp dpi tuyen thi hpc sinh gidi cua Idp gdm cac ban gioi Toan hoac 
gioi van. Hay xac dinh tap hgp C. 

Tap hpp C gdm cdc phdn tu thudc A 
hoac thupc B dugc gpi Id hgp cua A 
vdB. 

Kf hidu C = A u 5 (phan gach 
cheo trong hinh 6). Vay 

A u fi = {x I X e A hoac X e B] 

X e A 
X e Ayj B <^ 

X e B. 

Ill - HIEU vA PHAN BU CUA HAI TAP HOP 

Gia sfi tap hpp A cac hpc sinh gioi cCia Idp 10E la 
A = {An, Minh, Bao, CUdng, Vinh, Hoa, Lan, Tue, Quy} 

Tap hpp B cac hpc sinh cua td 1 Idp 10E la 
B= {An, Hung, Tuan, Vinh, Le, Tam, Tue, Quy). 

Xac djnh tap hpp C cac hpc sinh gioi cCia Idp 10E khdng thupc td 1. 

Tap hgp C gdm cdc phdn tu thudc A nhung khdng thupc B gpi 
Id hieu cua A vd B. 

14 



Kf hidu C = A\B {phin gach 
cheo trong hinh 7). Vay 

A \ 5 = { x | x e A vax ^ B} 

X e A\B<^ 
\x €B. A\B 

Hinh 7 

Khi B c A thi A \ B ggi la phan 

biJ cua B trong A, kf hieu C^B 
{phin gach cheo trong hinh 8). 

Bdi tap Hinh 8 

Kf hidu ^ l a tap hgp cac chfi cai trong cau "CO CHI THI NEN", ^ l a tap hgp 

cac chfi cai trong cau "CO CONG M A I SAT CO N G A Y NEN KIM". Hay 

xac dinh <yt r\'S,c7l ^ <^,cyl\'S,'S\c^. 

Ve lai va gach cheo cac tap hgp A n 6, A u 5, A \ fl (h. 9) trong cac trudng 
hgp sau. 

AY 5 / \^y \^ 
a) b) c) d) 

Hinh 9 

3. Trong sd 45 hgC sinh cua ldp lOA cd 15 ban dugc xdp loai hgc luc gidi, 20 ban 
dugc xdp loai hanh kiem td't, trong dd cd 10 ban vfia hgc luc gidi, vfia cd hanh 
kilm td't. Hdi 

a) Ldp lOA cd bao nhidu ban dugc khen thudng, bie't rang mud'n dugc khen 
thudng ban dd phai hgc luc gidi hoac cd hanh kiem td't ? 

b) Ldp lOA cd bao nhidu ban chua dugc xe'p loai hgc luc gidi va chua cd 
hanh kiem tdt ? 

4. Cho tap hgp A, hay xac dinh A n A, Au A, A n 0,A u 0, C^A, C^ 0-

15 



* A cAc TAP HOP S 6 
wmL 

1 - CAC TAP HOP SO D A H O C 

' Ve bieu do minh hoa quan he bao ham eua cac tap hpp sd da hpc. 

1. Tap hdp cac so tir nhien N 

N ={0,1,2,3, . . .} ; 

N* = {1,2,3,...}. 

2. Tap hdp cac so nguyen Z 

Z ={ . . . , -3 , -2 , -1 ,0 , 1,2,3,...}. 

Cac sd - 1 , -2 , - 3 , . . . la cac sd nguydn am. 

vay Z gdm cac sd tu nhidn va cac sd nguydn am. 

3. Tap hdp cac so hOfu ti Q 

So hiiu ti bieu didn duoc dudi dang mdt phan sd — > trong d6 a,b e Z,b^O. 
b 

Hai phan sd — va — bieu didn ciing mdt so hiiu ti khi va chi khi ad = bc. 
b d 

Sd hiru ti cdn bieu didn dugc dudi dang so thap phan hiiu han' hoac vd han 
tuan hoan. 

Vidul. - = 1,25 
4 

— =0,41(6). 
12 
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4. Tap hdp cac so thirc R 

Tap hgp cac sd thuc gdm cac sd thap phan hiiu han, vd han tuin hoan va vd han 
khdng tuin hoan. Cac sd thap phan vd ban khdng t u ^ hoan ggi la sd vd ti. 

Vi du 2. a= 0,101101110 ... (sd chfi sd 1 sau mdi chfi sd 0 tang dan) la 

mdt so vd ti. 

Tap hgp cac sd thuc gdm cac sd hiiu ti va cac sd vd ti. 

Mdi sd thuc dugc bilu didn bdi mdt diem trdn true sd va ngugc lai (h.lO). 

•+-
v/2 

H M H 
- 2 - 1 0 

Hinh 10 

1 1 2 
2 

II - CAC TAP HOP CON THUdNG DUNG CUA R 

Trong toan hgc ta thudng gap cac tap hgp con sau day cua tap hgp cac sd 
thuc R (h.U). 

Khoang 

{a;b) ={xe 

( a ; + o o ) = {xe 

( -oo ;6)= {xe R \x<b}. 

Doan 

[a;b] = {xG R la<x<b]. 

Nfia khoang 

[a;b) ={xeR\a<x<b} 

I a < x < b} 

\a<x} 

{a;b] ={xe R \a<x<b) 

[a ; +°°)= {xG R | a < x } 

( - o o ; f o ] = {JCG R \x<b}. 

/ / / / / / / / / / / / / i ( ) / / / / / / / / / / » 

a b 

luimnmii 
a 

Hifinnnith 
a 

mminHHi 
a 

HHHfllffl/l\_ 

Hinh 11 

'iminiit> 
b 

^ 'ininiin* 

i ^ tiiiimn* 

~\HHIffl/fl» 

Kf hidu +°« dgc la duong vd cue (hoac duong vd cung), kf hidu -°° dgc la 
dm vd cue (hoac am vd cung). 

2 OAI SO i:i^A 



Ta cd the vid't R = (-00 ; -hoo) va ggi la khodng {-co ;+cx)). 

Vdi mgi sd thuc x ta cung vid't -c» < x < +00. 

Bai tap 

, Xac dinh cac tap hgp sau va bieu didn chung trdn true sd 

a ) [ - 3 ; l ) u ( 0 ; 4 ] ; b) (0 ; 2] u [-1 ; 1) ; 

c) (-2 ; 15) u (3 ; +00) ; 

e ) ( - co ; l ) u ( - 2 ; + o o ) . 

2. a) (-12 ; 3] n {-1 ; 4] ; 

c) (2 ; 3) n {3 ; 5 ) ; 

3. a ) ( - 2 ; 3 ) \ ( l ; 5 ) ; 

c) R \ (2 ; +00) ; 

d) -̂ •'I u [-1 ; 2) ; 

b) (4 ; 7) n (-7 ; -4) ; 

d) (-00 ; 2] n [-2 ; +QO). 

b ) ( - 2 ; 3 ) \ [ l ; 5 ) ; 

d) R \ ( - o o ; 3 ] . 

B A N C O B I E T 

CAN-TO 

Can-to la nha toan hpc Ofic gdc Do Thai. 

Xuat phat tfi viec nghien efiu cac tap hpp vd han va cac sd 
sieu han, Can-to da dat nen mong cho viec xay dUng Lf thuyet 
tap hop. 

Li thuyet tap hpp ngay nay khong nhfing la co sd eua toan 
hpc ma con la nguyen nhan cua viec ra soat lai toan bd cP sd 
Idgic cua toan hpc. N6 co mpt anh hudng sau sac de'n toan 
bp cau true hien dai cua toan hpc. 

Tfi nhfing nam 60 cua the ki XX, tap hpp dupc dUa vao giang 
day trong trUdng phd thong 6 tat ca cac nudc. Vi cdng lao to 

Idn cua Can-to ddi vdi toan hpc, ten cua dng da duoc dat cho 
Ludmg PluUpp Cantor ^ g , ^-^^ ^^j ,^a tren Mat TrSng. ' ' 

1H45-1918) 

G. CAN-TO 
(Georg Ferdinand 
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s o CAN DUNG. SAI SO 

I - s o GAN DUNG 

Vidu 1. Khi tfnh didn tfch cua hinh trdn ban kfnh 
2 

r = 2 cm theo cdng thfie 5 = Tir (h.l2). 

Nam lay mdt gia tri gin dung cua TT la 3,1 va 
dugc kit qua 

5 = 3,1 . 4 = 12,4 (cm^). 

Minh la'y mdt gia tri gin dung cua TI la 3,14 va 
dugc kit qua 

5 = 3 , 1 4 . 4 = 12,56 (cm^). 
Hinh 12 

Vl Tt = 3,141592653 ... la mgt sd thap phan vd han khdng tuSn hoan, ndn ta 
, • - - , 2 - ' 

chi vidt dugc gan dung kdt qua phep tfnh n.r bang mdt sd thap phan hiiu ban. 

H O 
1 
Khi dpc eae thdng tin sau em hieu do 
la cac sd dung hay gan dung ? 
Ban kfnh dudng Xfch Oao cua Trai Oat la 
6378 km. 
Khoang each tfi Mat Trang de'n Trai Oat 
la 384 400 km. 
Khoang each tfi Mat Trdi de'n Trai Oat ( , - - ' ' 
la 148 600 000 km." .•'̂ - - " " 

De do cac dai lugng nhu ban kfnh dudng Xfch Dao eua Trai Dat, khoang each 
tfi Trai Da't dd'n cac vi sao,... ngudi ta phai dung cac phuang phap va cac 
dung cu do dac bidt. Kd't qua cua phep do phu thudc vao phuang phap do 
va dung cu dugc sfi dung, vi the thudng chi la nhiing so gan dting. 

Trong do dqc, tinh todn ta thudng chi nhdn dugc cdc sd gdn dung. 

II - SAI s o TUYET DOI 

1. Sai so tuyet doi cua mot so gan dung 

Vi du 2. Ta hay xem trong hai kit qua tinh didn tich hinh trdn (/- = 2 cm) 
cua Nam (5 = 3,1 . 4 = 12,4) va Minh (5 = 3,14 . 4 = 12,56), kd't qua nao 
chinh xac hon. 
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Ta tha'y 3,1 < 3,14 <TI, 

dodd 3,1 . 4 < 3 , 1 4 . 4 < T r . 4 

hay 12,4 < 12,56 < 5 = Tr. 4. 

Nhu vay, kit qua cua Minh ginv6i kit qua dung ban, hay chfnh xac ban. 

Tfi bat dang thfie trdn suy ra 

| 5 - 1 2 , 5 6 | < | 5 - 1 2 , 4 | . 

Ta ndi kit qua cua Minh cd sai sd tuyet ddi nhd ban cua Nam. 

Ndu a Id sd gdn dung cua sddung a thi A^ = \d - a\ dugc gpi Id 

sai sd tuyet ddi cua sd gdn dung a. 

2. Do chinh xac cua mot so gan dung 

Vi du 3. Cd thi xac dinh dugc sai sd tuydt dd'i cua cae kit qua tfnh didn 
tfch hinh trdn cua Nam va Minh dudi dang sd thap phan khdng ? ~ 

Vi ta khdng vid't dugc gia tri dung cua 5 = Tt.4 dudi dang mdt so thap phan 
hiiu han ndn khdng the tfnh dugc cac sai sd tuydt dd'i dd. Tuy nhien, ta cd 
thi udc lugng chung, that vay 

3,1 < 3,14 <Tr< 3,15. 

Dodd 12,4 < 12,56 < 5 < 12,6. 

Tfi dd suyra | 5 - 12,56| < |12,6 - 12,56| = 0,04 

| 5 - 12 ,4 |< |12 ,6 - 12,41 = 0,2. 

Ta ndi kit qua cua Minh cd sai so tuydt dd'i khdng vugt qua 0,04, kd't qua 
eua Nam cd sai so tuydt dd'i khdng vugt qua 0,2. Ta cung ndi kit qua cua 
Minh cd dd chfnh xac la 0,04, kit qua cua Nam cd do chfnh xac la 0,2. 

Neu A^ = I a -a\<dthi-d< a -a<d hay a- d < d <a + d. 

Ta ndi a Id sd gdn dung cua d vdi dp chinh xdc d, vd quy 
udc viet gpn Id a i=a ± d. 

Tfnh dudng cheo cua mpt hinh vudng cd canh bang 3 cm va xac djnh dp chfnh xac 

cua ket qua tim dUpc. Cho biet V2 = 1,4142135 ... . 
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CHUY 

Sai so tuyet ddi ciia sd gan diing nhan dupc trong mdt phep do dac ddi 
khi khdng phan anh day du tfnh chi'nh xac ciia phep do dd. 

Ta xet vf du sau. Cae nh^ thien vSn tinh dugc thdi gian de Trai Oat 

quay mdt vdng xung quanh Mat Trdi la 365 ngay + - ngay. Nam tfnh 
4 

thdi gian ban do di tfi nha den trudng la 30 phiit ± 1 phiit. 

Trong hai phep do tren, phep do nao chi'nh xac hon ? 

>^**rvi^'" 

%9 ^^^' 

' 5 ' , - ^ , ^ ^ ' «v^ 

Phep do cCia cac nha thidn van cd sai sd tuyet dd'i khdng vUOt qua — ngay, 
4 

nghTa la 6 gid hay 360 phiit. Phep do eua Nam cd sai sd tuyet dd'i khdng vugt 
qua 1 phiit 
Thoat nhin, ta thay phep do cCia Nam chfnh xac hon cua cac nha thien van 

(so sanh 1 phiit vdi 360 phiit). Tuy nhien, - ngay hay 360 phiit la dd chfnh 
4 

xac cua phep do mpt chuyen ddng trong 365 ngay, cdn 1 phiit la dp chi'nh 
xac cua phep do mpt chuyen ddng trong 30 phiit. So sanh hai ti sd 

1 

4 _ 
365' 

= ^ — = 0,0006849... 
1460 

— = 0,033... 
30 

ta phai ndi phep do cua cae nha thien van chi'nh xac hon nhieu. 

Vi the ngoai sai sd tuyet ddi A^ ciia sd gan diing a, ngudi ta edn xet ti sd 

" \a\ 

5^ dupe gpi la sai so tuang doi ciia sd gan diing a. 
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I l l - QUY TRON SO G A N DUNG 

1. On tap quy tac lam tron so 

Trong sach giao khoa Toan 7 tap mdt ta da bid't quy tac lam trdn sd den 
mdt hang nao dd (ggi la hang quy trdn) nhu sau 

Ndu chu sd sau hdng quy trdn nhd hon 5 thi ta thay nd vd cdc 
chd sd ben phdi nd bed chd sdO. 

Ndu chu sd sau hdng quy trdn ldn hon hodc bang 5 thi ta cung 
ldm nhu tren, nhung cdng them mpt don vi vdo chd sd cua 
hdng quy trdn. 

Chang ban 

Sd quy trdn dd'n hang nghin cua x = 2 841 675 lax » 2 842 000, cua y = 432 415 

la y « 432 000. 

So quy trdn dd'n hang ph^n tram cua x = 12,4253 la x « 12,43 ; cua y = 4,1521 

la y « 4,15. 

2. Cach viet so quy tron cua so gan dung can cur vao do chinh xac 
cho trudc 

Vi dii 4. Cho sd gin dung a = 2 841 275 vdi dd chfnh xac d = 300. Hay vie't 
sd quy trdn cua sd a. 

Gidi. Vi do chfnh xac den hdng trdm {d = 300) ndn ta quy trdn a ddn hdng 
nghin theo quy tac lam trdn d tren. 

Vay sd quy trdn cua a la 2 841 000. 

Vi du 5. Hay vid't so quy trdn cua sd gin dung a = 3,1463 bid't 

d =3,1463 + 0,001. 

Gidi. Vi do chfnh xac ddn hdng phdn nghin (do chfnh xac la 0,001) ndn ta 
quy trdn sd 3,1463 ddn hdng phdn trdm theo quy tac lam trdn d trdn. 
Vay so quy trdn cua a la 3,15. 

I' ^Hay viet sd quy trdn cua sd gan diing trong nhfing trudng hpp sau 

a)374529 + 200 ; 

b) 4,1356 ±0,001. 
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Bai tap 

1. Bid't ^ = 1,709975947 ... 

Vid't gan dung \/5 theo nguydn tac lam trdn vdi hai, ba, bdn chfi sd thap 
phan va udc lugng sai sd tuydt dd'i. 

2. Chilu dai mdt cai ciu la / = 1745,25 m + 0,01 m. 

Hay vid't sd quy trdn cua sd gin dung 1745,25. 

j . a) Cho gia tri gin dung cua n li a = 3,141592653589 vdi dd chfnh xac la 

10~ . Hay vid't sd quy trdn cua a ; 

b) Cho b = 3,14 va c = 3,1416 la nhfing gia tri gin dung cua n. Hay udc 
lugng sai so tuydt dd'i cua b va c. 

4. Thuc hidn cac phep tfnh sau trdn may tfnh bd tui (trong kit qua lay 4 chfi 
sd d phan thap phan). 

a) 3^.Vi4 ; 

b ) ^ . 1 2 r 

Hudng ddn cdch gidi cdu a). Nd'u dung may tfnh CASIO/x-500 MS ta lam 
nhu sau 

An 00 7 X V 14 H 
An lidn tid'p phfm |MODE| cho dd'n khi man hinh hidn ra 

Fix Sci Norm 

1 2 3 

An lidn tid'p IT] [Tj dl la'y 4 chfi sd d phin thap phan. Kit qua hidn ra trdn 

man hinh la 8183.0047. 

Thuc hidn cac phep tfnh sau trdn may tfnh bd tui 

a) yfrn : 13^ vdi kit qua cd 6 chfi sd thap phan ; 

b) ( N/45 + Wf) : 14 vdi kd't qua cd 7 chfi sd thap phan ; 

c) [(1,23)^ + ^ / ^ ] vdi kit qua cd 5 chfi sd thap phan. 
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Hudng ddn cdch gidi cdu a). Nd'u dung may tinh CASIO/x-500 MS ta lam 
nhu sau 

An 0 SHIFT V" 217 » HHH 
An lidn tid'p phfm |MODE| cho dd'n khi man hinh hidn ra 

Fix Sci Norm 
1 2 3 

An lidn tid'p 111 IdJ dl lay 6 chfi sd thap phan. 

Kit qua hidn ra trdn man hinh la 0.000016. 

6 N TAP CHUONG I 

1. Xac dinh tfnh dung sai cua mdnh dl phu dinh A theo tinh dung sai cua 
mdnh dl A. 

2. The nao la minh dl dao cua mdnh dl A => fl ? Nd'u A => fl la mdnh dl 
dung, thi mdnh dl dao cua nd cd dung khdng ? Cho vf du minh hoa. 

3. Thi nao la hai mdnh dl tuang duong ? 

4. Ndu dinh nghia tap hgp con cua mdt tap hgp va dinh nghia hai tap hgp 
bang nhau. 

5. Ndu cac dinh nghia hgp, giao, hidu va phin bu cua hai tap hgp. Minh hoa 
cac khai nidm dd bang hinh ve. 

6. Ndu dinh nghia doan [a ; b], khoang {a ; b), nfia khoang {a ; b), {a ; fe], 
(-00 ; fe], [a ; +oo). Vid't tap hgp R cac sd thuc dudi dang mdt khoang. 

7. The nao la sai sd tuydt dd'i cua mdt sd gan dung ? Thi nao la dd chfnh xac 
cua mdt sd gin dung ? 

8. Cho tfi giac ABCD. Xet tfnh dung sai cua mdnh dl P => g vdi 

a) P : "AflCD la mdt hinh vudng", 

Q : "ABCD la mdt hinh binh hanh"; 

b) P : "ABCD la mdt hinh thoi", 

Q : "ABCD la mdt hinh chfi nhat". 
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9. Xet md'i quan he bao ham gifia cac tap hgp sau 

A la tap hgp cac hinh tfi giac ; D la tap hgp cac hinh chfi nhat; 

fl la tap hgp cac hinh binh hanh ; E la tap hgp cac hinh vudng ; 

C la tap hgp cac hinh thang ; G la tap hgp cac hinh thoi. 

10. Lidt kd cac phin tfi cua mdi tap hgp sau 

a ) A = { 3 ^ - 2 | A : = 0, 1 ,2 ,3 ,4 ,5} ; 

b ) f l= {xe N | x < 12} ; 

c ) C = { ( - l ) " | n e N } . 

11. Gia sfi A, fl la hai tap hgp sd va x la mdt so da cho. Tim cac cap mdnh dl 
tuong duong trong cac menh dl sau 

P : "x e A u fl" ; 5 : "x e A va x e fl" ; 

2 : "x G A \ f l" ; T:"xeA hoac x e fl" ; 

P : "x e A n fl" ; X: "x e A va x g fl". 

12. Xac dinh cac tap hgp sau 

a) (-3 ; 7) n (0 ; 10) ; 

b) (-00 ; 5) n (2 ; +oo); 

c) R\ ( -Qo;3) . 

13. Dung may tfnh bd tui hoac bang so dd tim gia tri gin dung a cua v l 2 (kit 
qua duge lam trdn dd'n chfi sd thap phan thfi ba). Udc lugng sai sd tuydt dd'i 
cua a. 

14. Chieu cao cua mdt nggn ddi lih = 347,13 m + 0,2 m. 

Hay vid't sd quy trdn cua so gin dung 347,13. 

15. Nhiing quan hd nao trong cac quan hd sau la dung ? 

a) A c: A u B ; 

b) A (z A n fl ; 

c ) A n f l c z A u f l ; 

d) A u fl e B ; 

e)AnBczA. 
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Bdi tap trac ngtiiem 

Chpn phuong dn diing trong cdc bdi tap sau 

16. Cho cac sd thuc a, b, c, d vi a < b < c < d. Ta cd 

(A) {a ; cyn {b ; d) = {b ; c) ; (B) {a ; c) n {b ; d) = [b ; c); 

(C) {'a; c) n [fe ; J) = [fe ; c] ; (D) (a ; c) u (fe ; J) = (fe ; d). 

17. Bid't P =^ Q la mdnh dl dung. Ta cd 

(A) P la dilu kidn cin de cd g ; (B) P la dilu kidn du dl cd 2 ; 

(C) Q la dilu kidn can va du de cd P ; (D) Q la dilu kidn du de cd P. 

BAI DOC T H E M 

HE NHI PHAN 

Cach ghi sd thudng dung hien nay (he ghi sd thap phan) do ngUdi Hin-du An Dp 
phat minh vao dau the ki iX. De ghi tat ca eae sd tU nhien, ngudi Hin-du dung 
10 kf hieu (sau nay ta gpi la 10 chfi sd) nhu sau 

cac sd dupc ghi thanh hang, ke tfi phai sang trai, hang sau cd gia tri bang 10 lan 
hang trudc nd. 

Cach ghi sd ciia ngudi Hin-du dUpc truyen qua A Rap roi sang chau Au va nhanh 
chong dupc thfia nhan tren toan the gidi vi tfnh Uu viet cua nd so vdi cac each ghi 
sd trudc dd. Cach ghi sd cd duy nha't cdn dupe dung ngay nay la he ghi so La Ma, 
nhung cung chi mang y nghTa trang trf, tUpng trUng. 

Trai qua nhieu the ki, 10 chfi sd cua ngUdi Hin-du dupc bien ddi nhieu lan d cac qudc 
gia khac nhau, roi di tdi thdng nha't tren toan the gidi la cac chfi sd 

0 1 2 3 4 5 6 7 8 9. 

Ngudi Hin-du ghi sd theo nguyen tac nao ? 

Ta hay xet mpt sd cu the, chSng han sd 2745. Ta ndi sd nay gom hai nghin, bay 
tram, bdn mUPi va nam don v|, hay cd the viet 

2745 = 2.10^ + 7.10^ + 4.10 + 5. 
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Tdng quat, co sd cho each ghi sd cua ngudi Hin-du la dinh li sau 

"Moi so tu nhien a^O deu viet dupc mdt each duy nhat dudi dang 

a = a„.10" + a„-, 10""' + ... + a,. 10 + QQ 

trong ddO< aj < 9, / = 0,..., n va a„ ^ 0". 

Khi a cd bieu diin nhUvay, ta vie't 

« = «„«„_!-01^0 • 

va ndi dd la each ghi sd a trong he thap phan. 

Tuy nhien,-dinh If tren vin diing khi ta thay 10 bdi sd nguyen g> 1 tuy y. Mdi sdtu 

nhien a^O deu vie't dupc mpt each duy nha't dudi dang 

a = a^g" + a „ - i / + ... + a^g + OQ 

trong dd 0 < a, < g - 1, a„ ?t 0. 

Khi a cd bieu diln nhu vay, ta viet 

va ndi dd la each ghi sd a trong he g - phan ; AQ, aj,..., a„ gpi la cac chfi sd cCia sd 

a. Vi 0 < a, < g - 1, nen de bieu diln sd tU nhien trong h i g - phan ta can dung g 
chfi sd. 

De bieu diln sd tU nhien a trong he g- phan, ta thuc hien phep chia lien tiep a va 
cac thUPng nhan dupc cho g. 

Vi du. Bieu diln 10 trong he nhj phan {g = 2). 

Ta cd 

0 

Viet day cac sd du theo thfi tu tfi dudi len ta dupc sU bieu diln ciia 10 trong he 
nhj phan 

10 = 10102-

Trong he nhi phan chi cd hai chfi sd la 0 va 1 va mdi sd tU nhien dupe bieu diln bdi 
mpt day kf hieu 0 va 1. Mpt day ki hieu 0 va 1 cd the bieu thj bdi mpt day bdng den 
vdi quy Udc bdng den sang bieu thj chfi sd 1, bdng den tat bieu thj chfi sd 0. 
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Dieu dd giai thfch vi sao he nhj phan dupe sfi dung trong Cdng nghe thdng tin. 

Bang dudi day cho sU bieu diln cac sd tfi 0 den 15. 

Sd trong he thap phan 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

Bieu d i ln nhj phan 

0 

1 

10 

11 

100 

101 

110 

111 

1000 

1001 

1010 

1011 

1100 

1101 

1110 

1111 

Bieu d i l n vat li 

O O O O 

o o o% 

o O * O 

O O * • 

O • O O 

O * o * 

o • * o 

o * • * 

* o o o 

• o o * 

• o • o 

* o • * 

* * o o 

* • o • 

• * * o 

• • • * 

Viec thuc hien cac phep ti'nh trong he nhj phan eung tuong tU nhu trong he thap 
phan nhung de dang hon nhieu vi bang cdng va bang nhan (cdng va nhan cac 
chfi so) trong he nhj phan rat dPn gian 

+ 

0 

1 

0 

0 

1 

1 

1 

10 

X 

0 

1 

0 

0 

0 

1 

0 

1 

De cdng hai sd bat ki trong he nhj phan, ta dat phep tinh nhu trong he thap phan 
va ehii y rang 1 + 1 = 10 (vie't 0 nhd 1). 
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W du. 
10 1 1 0 

10 11 

10 0 0 0 1 

Cdn dd'i vdi phep nhan ta chi can thUc hien cac phep dich chuyen va phep cdng. 

Vi du. 

1 0 1 1 0 
X 

1 0 1 

1 0 1 1 0 

0 0 0 0 0 

1 0 1 1 0 

1 1 0 1 1 1 0 

Nhu vay, cac phep tinh trong he nhj phan dupe tie'n hanh theo nhfing quy tac don 
gian, do dd d l "day" cho may thUc hien. Dd cung la If do de sfi dung he nhj phan 
trong Cdng nghe thdng tin. 

B A N C O B I E T 

HE GHI SO Al CAP 

Ndi den Ai Cap ta nghT ngay de'n cac Kim tU thap day huyen bf. 
Chiing ehfing td rang tfi thdi xa xUa d noi day da cd mdt nen van 
minh rUc r9. 

Tfi khoang 3400 nam trUdc Cdng nguyen, ngUdi Ai Cap da cd mpt 
he thdng ghi sd gdm 7 kf hieu, cd gia tri tuong fing nhu sau 

1 n V 0^ ^ t 
1 10 100 1000 10 000 100 000 1000 000 
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Kim tu thdp Ke-op 

lis 7 ki hieu tren cac sd dugc ghi theo nguyen tac cdng tfnh, nghTa 
la gia tri ciia mpt sd bang tdng gia tri cae kf hieu cd mat trong sd 
dd. Vf du 

tcr^^^^nii 
= 1 000 000 + 100 000 + 10 000 + 10 000 + 10 + 1 + 1 

= 1 120 012. 
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CiiLrong I fiflm sd efic nttfli 
\/f\ Gf\C f i f l l 

Trong chi/ong trinh mon Toan Trung hpc ca sd, hpc sinh 

da nam dLroc cac khai niem ham sd, ham sd bac nhat, ham 
so bac hai, ham so dong bien, ham so nghich bien. 

Chuang nay on tap va bd sung cac khai niem ca ban ve 
ham so, tap xac dinh, do thi cua ham sd, khai niem ham sd 
ch§n, ham sd le, xet chieu bien thien va ve dd thi cac ham 

sd da hoc. 



HAM SO 

I - ON TAP VE HAM SO 

1. Ham so. Tap xac djnii cua iiam so 
Gia sfi cd hai dai luong bid'n thiin x vi y, trong dd x nhan gia tri thudc tap 
sdD. 

Neu vdi mdi gid tri cua x thupc tap D cd rnpt vd chi mpt gid 
tri tuong dng cua y thupc tap sd thuc R thi ta cd mpt hdm sd. 

Ta gpi X Id bien sd vd y Id hdm sd cda x. 

Tap hgp D dugc gpi Id tap xdc dinh cua hdm sd. 

Vidul 
Bang dudi day trich tfi trang web cua Hidp hdi lidn doanh Vidt Nam - Thai Lan 
ngay 26 - 10 - 2005 vl thu nhap binh quan diu ngudi (TNBQDN) cua 
nudc ta tfi nam 1995 dd'n nam 2004. 

Nam 
TNBQDN 

(tfnh theo USD) 

1995 

200 

1996 

282 

1997 

295 

1998 

311 

1999 

339 

2000 

363 

?001 

375 

2002 

394 

2004 

564 

Bang nay the hidn sU phu thudc gifia thu nhap binh quan diu ngudi (ki hidu 
la y) vi thdi gian x (tinh bang nam). 

Vdi mdi gid tri x e D= {1995, 1996, 1997, 1998, 1999, 2000, 2001, 2002, 
2004} cd mpt gid tri duy nhdt y. 
vay ta cd mot ham sd. Tap hop D la tap xac dinh cua ham sd nay. 

Cac gia tri y = 200 ; 282 ; 295 ; ... dugc goi la cac gid tri cua hdm sd, 
tuong fing, tai x = 1995 ; 1996 ; 1997 ; ... 

a^ 1 
Hay neu mdt vf du thuc te ve ham sd. ' 

Cach cho ham so 
Mdt ham sd cd the dugc cho bang cac each sau. 

Ham sd cho bang bang 

Ham sd trong vi du trdn la mdt ham sd dugc cho bang banj 



Hay chi ra cac gia trj ciia ham sd tren tai x = 2001 ; 2004 ; 1999. 

Ham sd cho bang bieu do 
Vi du 2. Bieu dd dudi (h.l3) (trich tfi bao Khoa hgc va Ddi sdng sd 47 
ngay 8-11-2002) md ta sd cdng trinh khoa hgc ki thuat dang ki du giai 
thudng Sang tao Khoa hgc Cdng nghd Viet Nam va sd cdng trinh doat giai 
hang nam tfi 1995 dd'n 2001. 

Bilu dd nay xac dinh hai ham sd trdn cung tap xac dinh 

D = {1995, 1996, 1997, 1998, 1999, 2000,2001}. 

3 
Hay chi ra cac gia trj ciia moi ham sd tren tai cac gia trj x e D. 

H Tong sd cong trinh tham du giai thudng 

O long so cong trinh doat giai thudng 

141 
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Hinh 13 

Ham sd cho bang cong thutc 

Hay ke cac ham sd da hpc d Trung hpc cP sd. 

a 2 
Cic ham so y = ax + b,y=—,y^ax la nhiing ham sd dugc cho bdi cdng thfie. 
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Khi cho ham sd bang cdng thfie ma khdng chi rd tap xac dinh cua nd thi ta 
cd quy udc sau 

Tap xdc dinh cua hdm sd y = f{x) Id tap hgp tdt cd cdc sd 
thuc X sao cho bieu thdc f{x) cd nghia. 

Vi du 3. Tim tap xac dinh cua ham sd'/(x) = \Jx - 3 . 

Gidi. Bilu thfie Vx - 3 cd nghia khi x - 3 > 0, tfic la khi x > 3. Vay tap 
xac dinh cua ham so da cho la D = [3 ; +°°). 

5 
Tim tap xac djnh eua cac ham sd sau 

a) gU) = — r ; x + 2 

b) h(x) = VJcTT + Vl-x . 

CHUY 

Mdt ham sd cd thi dugc cho bdi hai, ba,... cdng thfie. Chang 
han, cho ham so 

r 

[ 2x + 1 vdi X > 0 
^ = 1 2 

[-X vdi X < 0 

nghia la vdi X > 0 ham sd dugc xac dinh bdi bilu th\icf{x) = 2x + 1, 

vdi X < 0 ham sd dugc xac dinh bdi bilu thfie g{x) = - x . 

6 

Tfnh gia trj cua ham sd d chii y tren tai x = -2 va x = 5. 

3. Do thj cua ham so 

I Do thi cua hdm sdy =/(x) xdc dinh tren tap D Id tap hgp tdt cd 
cdc diem M{x ; f{x)) tren mat phdng toq dp vdi mpi x thudc D. 

Vi du 4. Trong Sach giao khoa Toan 9, ta da bid't dd thi cua ham so bac nha't 

y = ax + bia mdt dudng thang, do thi cua ham sd bac hai y = ax^ la mdt 

dudng parabol. 
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- 2 -1 

y 
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1 

0 

- 1 

, 

1 2 X 
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\ 
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- 2 - 1 

y 

3 

2 

1 

0 

, 

• 0 ^ 

1 

y 
/ 

2 

/ 

/ 

/ 

/ 

/ 
' 

X 

Do thi hdm sdf(x) = x + 1 1 2 
Do thi hdm so g(x) = — x 

Hinh 14 

Dua vao dd thj ciia hai ham sd da cho trong hinh 14 

1 7 
y =/(x) = X + 1 va >> = g(x) = - x ^ hay 

a) Ti'nh/(-2-),/(-l),/(0),/(2), g(-l), g(-2), g(0); 

b) Tim X, sao cho/(x) = 2 ; 

Tim X, sao eho g(x) = 2. 

Ta thudng gap trudng hgp dd thi cua ham sd y =fix) la mdt dudng (dudng thang, 
dudng cong, ...). Khi dd, ta ndi y = f{x) la phuong trinh cua dudng dd. 
Chang ban 

y = ax + bii phuong trinh cua mdt dudng thang. 
2 •> 

y = ax {a^Q) la phuong trinh cua mdt dudng parabol. 

II - Sl/BIEN THIEN CUA HAM SO 

1. On tap 

Xet dd thi ham sd y =/(x) = x^ (h.l5a). Ta tha'y trdn khoang (-oo ; 0) dd thi 
"di xud'ng" tfi trai sang phai (h.l5b) va vdi 

xj , X2 G (-00 ; 0), Xl < X2 th i / (x i ) >/(x2). 

Nhu vay, khi gia tri cua bid'n sd tdng thi gia tri cua ham sd gidm. 

Ta ndi ham sd y = x nghich bien trdn khoang (-oo ; 0). 
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o 

a) c) b) 

Hinh 15 

Trdn khoang (0 ; +00) do thi "di ldn" tfi trai sang phai (h.l5c) va vdi 

Xj, X2 G (0 ; +CX)) ; xj < X2 thi/(xi) </(x2). 

Nhu vay, khi gia tri cua bid'n sd tdng thi gia tri cua ham sd cung tdng. 
2 

Ta ndi ham sd y = x dong bien trdn khoang (0 ; +00). 

CHUY 

Khi X > 0 va nhan cac gia tri ldn tuy y thi ta ndi x ddn tdi +00. 

Khi X < 0 va |x| nhan cac gia tri ldn tuy y thi ta ndi x din tdi -oo. 

Tdng quat 

Ta tha'y khi x dan tdi +00 hay -QO thi x dan tdi +QO. 

Hdm sdy =/(x) gpi Id ddng Men (tdng) tren khodng {a ; b) niu 

Vxj, X2&{a;b):xi< xj ^ / ( x i ) </(x2). 

Hdm sdy =f{x) gpi Id nghich Men (gidm) tren khodng {a ; b) neu 

Vxi, X2 G {a ; fe) : Xl < X2 ̂ / ( x j ) >/(x2). 

2. Bang bien thien 

Xet chiiu Men thien eua mpt hdm sd la tim cac khoang ddng bid'n va cac 
khoang nghich bid'n cua nd. Kit qua xet chilu bid'n thidn duoc tdng kit 
trong mdt bang ggi la bdng Men thien. 
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Vi du 5. Dudi day la bang bid'n thidn cua ham sd y = x . 

—00 0 +00 

+00 +00 

Ham so y - X xic dinh trdn khoang (hoac trong khoang) (-05 ; +00) va khi 

X din tdi +00 hoac din tdi -00 thi y diu dan tdi +00. 

Tai X = 0 thi y = 0. 

De diin td hdm sd nghich bien tren khodng (-00 ; 0) ta ve mui 
ten di xud'ng {td +00 den 0). 

De diin td hdm sd ddng bidn tren khodng (0 ; +00) ta ve mui 
ten di len {td 0 den +00). 
Nhin vdo bdng bidn thien, ta so bp hinh dung dugc do thi hdm 
sd{di len trong khodng ndo, di xudng trong khodng ndo). 

Ill - TINH C H A N L E C U A H A M SO 

1. Ham so chan, ham so le 

Xet dd thi cua hai ham sd y =/(x) = x va y = g{x) = x (h. 16). 

-2 -1 0 

Do thi hdm soy =x 

1 2 

2 
Do thi hdm sdy =x 

Hinh 16 
•J 

Dudng parabol y = x cd true dd'i xdng la Oy. Tai hai gia tri ddi nhau cua 
bil'n so X, ham sd nhan cung mdt gia tri 

/ ( - l ) = / ( l ) = l , / ( - 2 ) = / ( 2 ) = 4,... 

Gdc toa do O la tdm dd'i xdng ciia dudng thang y = x. Tai hai gia tri ddi 
nhau cua bid'n sd x, ham sd nhan hai gia tri dd'i nhau 

g(-l) = -g(l) ,g(-2) = -g(2),... 
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Ham sd y = x la mdt vi du vl hdm sd chdn. 
Ham so y = X la mdt vi du vl hdm sd le. 
Tdng quat 

Hdm sdy =f{x) vdi tap xdc dinh D gpi Id hdm sd chdn neu 
Vx e D thi -xe D vdf{-x) =/(x). 

Hdm sdy =/(x) vdi tap xdc dinh D gpi Id hdm sd le neu -
Vx e D thi -xe D vdf{-x) = -f{x). 

8 
Xet tfnh chan le cua cac ham sd 

a) >- = 3x - 2 ; h)y = - e) y = Vx . 

CHUY 
Mdt ham sd khdng nha't thid't phai la ham sd chSn hoac ham sd 
le. Chang ban, ham so y = 2x + 1 khdng la ham sd chan, cung 
khdng la ham sd le vi gia tri cua nd tai x = 1 va x = -1 tuong 
fing la 3 va - 1 . Hai gia tri nay khdng bang nhau va cung 
khdng dd'i nhau. 

2. Do thj cua ham so chan, ham so le 
2 Nhan xet vd dd thi cua ham sd y = x va y = x trong muc 1 cung dung cho 

trudng hgp tdng quat. Ta cd kit luan sau 

Dd thi cua mpt hdm sd chdn nhdn true tung ldm true ddi xdng. 

Dd thi cua mpt hdm sd le nhdn gdc toq dp ldm tdm ddi xdng. 

Bai tap 

1. Tim tap xac dinh cua cac ham sd 
3x - 2 . , X - 1 

a)y = b)y = 
x^ + 2x - 3 2x + l 

Cho ham sd 

[ X + 1 vdi X > 2 

[x^ - 2 vdi X < 2. 

Tinh gia tri cua ham sd dd tai x = 3 ; x = -1 ; x = 2. 

)y=V2x + l - V 3 - X . c)y 
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3. Cho ham sd y = 3x^ - 2r + 1. Cac diem sau cd thudc dd thi cua ham sd do khdng ? 

a ) M ( - l ; 6 ) ; 

b) A'd ; 1) ; 

c)P{0;l). 

4. Xet tinh chan le cua cac ham sd 

a) y = |x| ; 

b) y = (X + 2)^ ; 

3 
c) y = X + X ; 

d) y = X + X + 1. 

HAM SO y = ax + b 

I - ON TAP VE HAM SO BAC NHAT 

y - ax + b {a ^0). 

Tap xdc dinh Z) = R. 

Chieu Men thien 

Vdi a> 0 hdm sd ddng bidn tren R 

Vdi a < 0 hdm sd nghich bidn tren ] 

Bdng Men thien 

a>Q 

X 

y 

—00 +00 

^_,„^+oo 

—00 " " " ' ^ 

a < 0 

X 

y 

—00 +00 

+oo.̂ ,̂ __̂  

^~~~*- —00 
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Dd thi 

Dd thi cua ham sd la mdt dudng thang khdng song song va cung khdng 
trung vdi cac true toa do. Dudng thang nay ludn song song vdi dudng 

f h \ 
thang y = ax (neu b^Q)vi di qua hai diem A{t);b); B\ — ; 0 (h.l7). 

\ a J 

^ ^ 

a>0 
Hinh 17 

Ve 66 thj cCia cac ham so : y = 3x + 2;y =—x + 5. 

a<0 

II - HAM SO H A N G y = b 

Cho ham sd hang y = 2. 

Xac djnh gia trj cua ham sd tai x = -2 ; - 1 ; 0 ; 1 ; 2. 

Bieu dien cac diem 

(-2 ; 2), (-1 ; 2), (0 ; 2), (1 ; 2), (2 ; 2) tren mat phang tea dp 

Neu nhan xet ve dd thj ciia ham sd y = 2. 

Dd thi cua hdm sd y = b Id mdt 
dudng thdng song song hodc trung 
vdi true hodnh vd cd{ true tung tqi 
diem {0 ; b). Dudng thdng ndy gpi 
Id dudng thdngy = b {h.lS). 

Il l - HAM SO y = |x| 

Ham so y = |x| cd lidn quan chat che vdi ham bac nha't. 
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y=b 

X 
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1. Tap xac djnh 

Ham sd y = |x| xac dinh vdi mgi gia tri cua x, tfic la tap xac dinh D = R . 

2. Chieu bien thien 
Theo dinh nghia cua gia tri tuydt dd'i, ta cd 

. . f X nd'u X > 0 
y = |x| = s 

[-X ndu X < 0. 
Tfi dd suy ra 

Hdm sdy = |x| nghich bidn tren khodng (-co ; 0) vd ddng bidn 
tren khodng (0 ; +oo). 

Bdng bidn thien. 

Khi X > 0 va din tdi +oo thi y = x dan tdi +oo, khi x < 0 va din tdi -oo thi 

y = -X cung din tdi +oo. Ta cd bang bid'n thidn sau 

—00 0 +00 

+00- .+00 

3. Do thj (h. 19) 

Trong nua khoang [0 ; +co) do thi cua ham 
sdy = |x| trung vdi dd thi cua ham sd y - x. 

Trong khoang {-<o ; 0) dd thi cua ham sd y = |x| 
trung vdi dd thi cua ham so y = -x. 

CHUY Hinh 19 

Ham sd y = |x| la mdt ham sd chan, dd thi cua nd nhan Oy lam 
true dd'i xfing. 

Bdi tap 

1. Ve dd thi cua cac ham sd 

a) y = 2x - 3 ; b) y = V2. 
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c) y = X + 7 ; d) y = Ixl - 1. 

2. Xic dinh a, fe dl dd thi cua ham sd y = ax + fe di qua cac diem 

(3 ^ 
a)A{0;3)viB - ; 0 

v5 

b ) A ( l ; 2 ) v a 5 ( 2 ; l ) ; 

c ) A ( 1 5 ; - 3 ) v a 5 ( 2 1 ; - 3 ) . 

3. Vid't phuong trinh y = ax + b ciia cic dudng thang 

a) Di qua hai diem A{4 ; 3) va B(2 ; -1) ; 

b) Di qua diem A{1 ; -1) va song song vdi Ox. 

4. Ve dd thi cua cac ham sd 

2x vdi X > 0 r 
a) y = 

— X vdi X < 0 ; 
2 

b) y 
X + 1 vdi X > 1 

-2x + 4 vdix < 1. 

HAM SO BAC HAI 

Ham so bac hai dugc cho bdi cdng thfie 
2 

y = ax + bx + c {a^O). 

Tap xac dinh cua ham sd nay la D = R . 
2 

Ham sd y = ax (a ^ 0) da hgc d ldp 9 la mdt trudng hgp ridng cua ham sd nay. 

I - DO THI CUA HAM SO BAC HAI 

Nhac lai cac ket qua da bie't ve do thj cua ham sd 3; = ax 
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1. Nhan xet 

1) Diim 0(0 ; 0) la dinh cua parabol y=ax^. D6 la diem tha'p nhat cua dd 
thi trong trudng hgp a > 0 (y > 0 vdi mgi x), va la diem cao nhat cua dd thi 
trong trudng hgp a < 0 (y < 0 vdi mgi x) (h.20). 

, y 
\ 
\ 
\ 

\ 

0 

1 

/ f \ h 
1 '1 

/ "̂  

X 

a > 0 a < 0 
Hinh 20 

2) Thuc hidn phep bid'n ddi da bid't d ldp 9, ta cd the vid't 

y = ax + bx + c = a 

Tfi dd ta cd nhan xet sau 

x + 2a. 
- ^ - A , 2 

+ , VOl A = fe - 4ac. 
4a 

Nd'u X = thi y = — . Vay diim / ; — thudc dd thi cua ham sd 
2a 4a V 2a 4a J ' 

2 
y = ax + fex + c (a ^ 0). 

Nd'u a > 0 thi y > —: vdi moi x, do dd I la diim tha'p nha't cua dd thi. 
4a 

Nd'u a < 0 thi y < — vdi moi x, do dd / la diem cao nhat cua dd thi. 
4a ' 

Nhu vay, diem / 
'__b_ . -A^ 
V 2a 4a 

dd'i vdi dd thi cua ham sdy =-ax + fex + c (a T̂  0) 

ddng vai trd nhu dinh 0(0 ; 0) cua parabol y = ax . 

2. Do thj 

Dudi day (xem bai dgc thdm) ta se tha'y dd thi cua ham sd y = ax^ + fex + c 

chinh la dudng parabol y -= ax sau mdt sd phep "dich chuyen" trdn mat phang 
toa dd. 
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Dd thi cua hdm sd y = ax + fex + c {a ^ G) Id mdt duang 

parabol cd dinh Id diim / ; , cd true dd'i xdng Id 
\ 2a 4a) 

•fe - . ,-
dudng thdng X = . Parabol ndy quay be ldm len tren neu 

2a 
a > 0, xudng dudi ndu a <0 {h.2l). 

\ • ' ' ' 

0 

A 
Aa 

, 

\2a 

1 

1 ^ / + 

L+ h 
/ " 

/ ^ 
' X 

a>0 a<0 

Hinh 21 

3. Cach ve 

Di ve dudng parabol y = ax + fex + c (a t̂ 0), ta thuc hidn cac budc 

1) Xdc dinh toq dp cua dinh I 
2a 4a 

2) Vetruc dd'i xdngx = 
2a 

3) Xdc dinh toq dp cdc giao diem cua parabol vdi true tung (diem (0 ; c)) 
vd true hodnh (ndu cd). 

Xac dinh thdm mdt so diem thudc dd thi, chang ban diem dd'i xfing vdi 
diim (0 ; c) qua true dd'i xfing cua parabol, d l ve dd thi chinh xac hon. 

4) Ve parabol. 

Khi ve parabol can chu y dd'n dau cua he sd a (a > 0 b l ldm quay ldn trdn, 
a < 0 bl ldm quay xud'ng dudi). 
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Vi du. Ve parabol y = 3x - 2x - 1 

Ta cd 

D i n h / I - ; — 
.3 3 

True dd'i xfing la dudng thang x = - ; 

Giao diim vdi Oy la A(0 ; -1) ; 

Diim dd'i xfing vdi diem ^4(0 ; -1) qua dudng thang x = la A' - ; - l 

Giao diem vdi Ox la fi(l ; 0) va C 

Dd thi nhu hinh 22. 

2 
2 

Ve parabol )> = -2x + x + 3. 

^ 1 ^ -j;0 

Hinh 22 

II - CHIEU BIEN THIEN CUA HAM SO BAC HAI 

Dua vao dd thi cua ham sd y = ax + fex + c (a T̂  0), ta cd bang bid'n thidn 

cua nd trong hai trudng hgp a > 0 va a < 0 nhu sau 

a > 0 

X 

y 

—CO 

+ 0 0 

fe 
2fl 

\ -A y 
4a 

+ 0 0 

-|-oo 

X 

y 

—oo 

—oo 

a < 0 

fe 
2a 

-A 

y 4a\ 

+ 0 0 

—oo 

Tfi dd ta cd dinh li dudi day 
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DINH LI 

Neu a > 0 thi hdm sd y = ox^ + fex + c 

-fe 
Nghich bidn tren khodng -oo; 

Dong bidn tren khodng 
- f e 

.2a 

2a, 

; + 00 

Neu a < 0 thi hdm sd y = ax + bx + c 

-fe 
2a 

Ddng bidn tren khodng -co ; 

Nghich bidn tren khodng 
^ fe ^ 

00 
2a 

BAI DOC T H E M 

DUONG PARABOL 

Trong §3, ta da khang djnh rang dd thj cua ham sd bac hai >> = ax + bx + c (a ̂ ^ 0) 
la mdt dudng parabol. Dudi day ta se ehfing td dieu dd va cho thay dudng 
parabol nay dupc suy ra tU parabol y = ax^ nhu the nao. 

1. 06 thj cua ham 803' = ax +^0 

Xet hai ham s6f{x) = ax^ va g{x) = < 

Tai cCing mdt diem Xs R ta cd 

Y =f{X) =aX^ , g(X) = aX^ +yo = Y + y^. 

Do do, neu diem M{X; Y) thudc 66 thj cua ham sd y = ax^ thi diem N{X; K + ^Q) thupc 
^ 'y 

dd thj cua ham sd y = ax + >'o-
Ta tha'y neu djch chuyen (tjnh tien) diem M{X; Y) song song vdi true tung mpt 
doan bang [̂ IQI don vj (len tren ne'u yQ > 0, xudng dudi neu y^ < 0) thi dupc diem 

N{X;Y + yQ). 

46 



Vay 

Do thi cda ham soy = ax^ + yo nhan dupc tir do thi cda ham sd'y = ax 

nhd phep tinh tie'n song song vdi true tung ly^l dan vi, len tren neu 

yQ > 0, xud'ng dUdI ne'u yQ<0 (h.23). 

\ f̂  

\r̂  \ ' ^ \i I ^ 

\ l [ \ 
\ 1 ^ 

\ 1 *•--
\ 1 V 

\ i Y 

0 

^ ''' / 
II i'J 

^ / ! 1 / 
/ 1 /v 

' \ 1 ll 

•'t i/^ 
--T-m 

X X 

\ \ 
\ \ \ \ 
\ \ 
\ \ 
\ \ 

\ 1 \ 
\ 1 \ 

\ j \ 
\ 1 \ 

^ \ 
\ \ \ 
\ \ \ 

\ ' 1 

' • i 
\ — 1 — 

\ 1 

t 

J ' 

Y 

1 0 1 

1 

y 
'i 

1 1 

' 1 ' 

/' ' °̂ 
/ ' 'T 

\ ! ^ 

/ 1 i 
/ 1 ' 

-I(M\ I 
/' ,' 

1 / 

'X>' X 

/N 

y,>^ y,<Q 

2. Do thj ciia ham soj ' = a{x + XQ) 

Xet hai ham sd 

Hinh 23 

2 

2 , 2 
fix) = ax va g{x) = a(x + XQ) 

V d i x tuy y, ta cd 

J{X) = aX'^ , g{X- XQ) = a [ (X- XQ) + XQ^ = aX^ . 

NghTa la, gia trj cua ham sd/(x) tai Xbang gia trj cua ham sd g(x) tai X- XQ. Vay neu 

diem M(X; Y) thude do thj eua ham sdy = ax^ thi diem N{X- XQ ; Y) thupc do thj cua 
2 

ham so >! = a(x + XQ) . 
Ta tha'y, ne'u tjnh tie'n diem M{X; Y) song song vdi true hoanh |XQ| don vj ve ben 

trai ne'u XQ > 0, ve ben phai ne'u XQ < 0 thi dupe diem N{X- XQ;Y). 

Vay 

Do thi cCta ham sd'y = a(x + XQ) nhan duac tCr dd thi cCia ham soy = ax 

nhd phep tinh tien song song vdi true hoanh IxJ dan vi, ve ben trai 

neu XQ > 0, i/e ben phai neu XQ < 0 (h.24). 
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Hinh 24 
Xo<0 

3. Do thj cua ham so y = ax + bx + c 

ThUc hien phep bie'n ddi da bie't d Idp 9, ta ed the viet 

2 ^ ( b^ b" ( b^ -\ ..^ ^2 ^ 
y = ax +bx + c= a\ x + — + c = al x + — + — vOi A = i> -4ac. 

I 2aj 4a >. 2a ; 4a 
Ap dung cac ke't qua tren vdi XQ = — , yQ= — ta tha'y 

' 2 
Do thi cCia ham sdy = ax + bx + c duac suy ra tit do thi cda ham so 
y = ax trudc het nhd phep tinh tien song song vdi true hoanh b_ 

2a 

dan vi, ve ben trai neu — > 0, ve ben phai neu — < 0, sau dd nhd phep 
2a 2a 

tinh tien song song vdi true tung 
Aa 

dan vi, len tren neu — > 0, 
4a 

xudng dudi neu — < 0 (h.25). 
^ 4a 

a>0, — < 0 , — > 0 
2a 4a 

I fi 
\ \ 
\ \ 

s 
0 
A 

~Aa 

\ l 1 -^/f?/ 
* ' l^ ' 

\ A 1^ / / 
V \ 1 / / 
A ^'^ / \ A] / 

\ 2 a i / 
1 

/ ^ 
L^ 
1 

X 

Hinh 25 
a>0, —<0, ~<0 

2a Aa 
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Nhu vay, do thi cCia ham so bac haiy = ax^ + bx + c cung la mdt dudng parabol. 

Trong ddi sd'ng hang ngay chiing ta thudng gSp nhfing hinh anh cua dudng 
parabol, nhu khi ta ngam cac dai phun nUdc, hoSc chiem ngUdng canh ban phao 
hoa mudn mau, mudn sac. Nhieu cdng trinh kie'n triic cung duoc tao dang theo 
hinh parabol, nhu cay cau, vdm nha, cdng ra vao,... Dieu dd khdng chi bao dam 
tfnh ben vfing ma cdn tao nen ve dep eiia cdng trinh. 

Bai tap 

1. Xac dinh toa do cua dinh va cac giao diim vdi true tung, true hoanh (nd'u 
cd) cua mdi parabol 

a) y = X - 3x + 2 ; b)y 2x + 4x - 3 

c) y = X - 2x ; d) y = - x + 4. 

2. Lap bang bid'n thidn va ve dd thi cua cac ham so 

a) y - 3x - 4x + 1 ; 
2 

c) y = 4x - 4x + 1 ; 
2 

e) y = 2x + X + 1 ; 

b) y = -3x + 2x - 1 
2 

d) y = -X + 4x - 4 ; 
2 

f)y = -x + X - 1 . 

3. Xac dinh parabol y = ax + fex + 2, bid't rang parabol dd 

a) Di qua hai diim M(l ; 5) va A^(- 2 ; 8) ; 

3 

b) Di qua didm A{3 ; - 4) vi cd true dd'i xfing la x = — 

c) Cd dinh la /(2 ; - 2 ) ; 

d) Di qua diem B(-l ; 6) va tung dd cua dinh la — . 
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4. Xac dinh a, fe, c bid't parabol y = ax^ +• fex + c di qua diim A(8 ; 0) va cd 
dinh la 7(6 ; -12). 

6 N TAP CHUONG n 

1. Phat bilu quy udc vl tap xac dinh cua ham sd cho bdi cdng thfie. 

x +1 1 
Tfi dd hai ham sd y = va y = —r cd gi khac nhau ? 

(x + l)(x^ + 2) x^ + 2 

2. The nao la ham sd ddng bil'n (nghich bil'n) tren khoang {a;b)l 

3. Thi nao la mdt hkm sd chSn ? Thi nao la mdt ham sd le ? 

4. Chi ra khoang ddng bid'n, khoang nghich biin cua ham sd y = ax + b, trong 
mdi trudng hgp a > 0 ; a < 0. 

2 
5. Chi ra khoang ddng bid'n, khoang nghich bid'n cua ham sd' y = ax + fex + c, 

trong mdi trudng hgp a > 0 ; a < 0. 
6. Xac dinh toa dd cua dinh, phuong trinh cua true dd'i xfing cua parabol 

2 
y = ax + fex + c. 

7. Xac dinh toa dd giao diem cua parabol y = ax + bx + c vdi true tung. Tim 
dilu kidn de parabol nay cat true hoanh tai hai diim phan biit va viit tea 
dd cua cac giao diim trong trudng hgp dd. 

8. Tim tap xac dinh cua cac ham sd 

2 
a) y = + Vx + 3 ; 

x + 1 

b)y = V 2 - 3 x - . ^ ; 
V l - 2 x 

c)y 
vdi X > 1 

x + 3 

y2 - X vdi X <.l-

9. Xet chilu bi^thidn va ve dd thi cua cac ham sd 

a ) y = | x - l ; b)y = 4 - 2 x ; 

5 0 4.OAIS(5l0-B 



c ) y = ^ / ? ; d)y=|x + l|. 

10. Lap bang bid'n thidn va ve dd thi cua cae ham sd 

a) y = x^ - 2x - 1 ; 

b)y = - x ^ + 3 x + 2. 

11. xac dinh a, fe bid't dudng thang y = ox + fe di qua hai diem A{1 ; 3), 5( -1 ; 5). 

12. Xac dinh a, fe, c biit parabol y = ax + bx + c 

a) Di qua ba diim A(0 ; -1), 5(1 ; -1), C(-l ; 1); 

b) Cd dinh /(1 ; 4) va di qua diim D(3 ; 0). 

Bai tap trac ngtiiem 

Chpn phuong dn dung trong cdc bdi tap sau 

13. Tap xac dinh cua ham sd' y = Vx - 3 - Vl - 2x la 

(A)D = [hi 9 

(C)D = 0 ; 

14. Parabol y = 3x - 2x + 1 cd dinh la 

(A)/ 

(C) / 

f 1 2^ 
I 3 ' 3 j ' 

(i 2] 
' 3) 

» • 

(B)D = 
I 

^-oo;-

(D) D = R. 

r 1 2^ 

(D) / 
'I 
.3 

2^ 
'3J 

u [ 3 ; + oo) ; 

15. Ham sd y =t x - 5x + 3 

(A) Ddng bid'n trdn khoang 

(B) Ddng bid'n trin khoang 

f 5] 
- 0 0 ; -

V 2j 

(5 - ; + oo 
V2 

(5 ^ 
(C) Nghich bid'n trdn khoang — ; + oo 

(D) Ddng bid'n trdn khoang (0 ; 3). 
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Chuong 11.. 

ffUJDTIG TRlnH. 
f i t pfiLrcjnG TRl^f^ 

Chuong nay bd sung cac kien thfie ve phuong trinh ; 

dn tap va hg thdng hoa each giai phuong trinh bac nhat, 

bac hai mpt an ; phuong trinh va he phuong trinh bac nhat 

hai an ; dong thdi cung cap each giai he phuong trinh bac 
nhat ba an thdng qua vf du. 



DAI CLfONG vt PHUaNG TRINH 

I - KHAI NIEM PHLTONG TRINH 

^ 1 
Ndu vi du ve phuong trinh mdt an, phUOng trinh hai In . 

1. PhiTdng trinh mot an 

Phuong trinh dn x Id menh de ehda bidn cd dqng 

f{x) = g{x) (1) 

trong dd f{x) vd g{x) Id nhung bieu thdc cua x. Ta gpi f{x) Id 
vetrdi, g{x) Id vephdi cua phuong trinh (1). 

Neu cd sdthuc XQ sao cho /(XQ) = g{xQ) Id menh di dung thi 

XQ dugc goi Id mdt nghiem cua phuang trinh (1). 

Gidi phuang trinh {I) Id tim ta't ea cdc nghiem cua nd (nghia la 
tim tap nghiem). 

Neu phuong trinh khdng cd nghiem ndo cd thi ta ndi phuong 
trinh vd nghiem {hodc ndi tap nghiem cua nd Id rdng). 

CHUY 

Cd trudng hgp, khi giai phuong trinh ta khdng vid't dugc chinh 
xac nghidm cua chung dudi dang sd thap phan ma chi vid't gin 

V3 dung. Chang ban, x = — la nghidm cua phuong trinh 

' 43^ 
2x = V3. Gia tri 0,866 

phuong trinh. 
2 ; 

la mdt nghiem gdn dung cua 
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2. Dieu kien cua mot pliirong trinh 

Cho phuong trinh = Vx-1 . 
x - 2 

Khi X = 2 ve trai eua phUOng trinh da eho ed nghTa khdng ? V^ phai cd nghTa khi nao ? 

Khi giai phuong trinh (1), ta cin luu y tdi dilu kidn dd'i vdi in s6 xdi fix) va g{x) 
cd nghia (tfic la mgi phep toan diu thuc hiln dugc). Ta cung ndi dd la dieu kien 
xdc dinh cua phuong trinh (hay ggi tat la dieu kien ciia phuong trinh). 

Khi cac phep toan d hai vl cua mdt phuong trinh diu thuc hidn dugc vdi 
mgi gia tri cua x thi ta cd thi khdng ghi dilu kidn cua phuong trinh. 

3 
Hay tim dieu kien cCia cac phfiong trinh 

a)3-x2 = 
V ^ 

b)^— = J7^. 
x ^ - l 

.p 
3. Phirong trinh nhieu an 

Ngoai cae phuong trinh mdt in, ta cdn gap nhung phuong tnnh cd nhilu in 
sd, chang ban 

3x + 2y = x^ - 2xy + 8, (2) 

4x^ - xy + 2z = 3z^ + 2xz + y^. (3) 

Phuong tnnh (2) la phuong trinh hai ^n (x va y), cdn (3) la phuong trinh ba 
in (x, y va z). 

Khi X = 2, y = 1 thi hai vl cua phuong trinh (2) cd gia tri bang nhau, ta ndi 
cap sd (x ; y) = (2 ; 1) la mdt nghidm cua phuong trinh (2). 

Tuong tu, bd ba sd (x ; y ; z) = (-1 ; 1 ; 2) la mdt nghidm cua phuong trinh (3). 

4. Phirong trinh chura tham so 

Trong mdt phuong trinh (mdt hoac nhilu ^n), ngoai cac chfi ddng vai tro 
in sd cdn cd the cd cac chfi khac dugc xem nhu nhiJng hang sd va dugc ggi 
la tham sd. 
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Giai va bidn luan phuong tnnh chfia tham sd nghia la xet xem vdi gia tri nao 
eua tham sd phuong trinh vd nghidm, cd nghidm va tim cac nghidm dd. 

Chang ban (m + l)x - 3 = 0, 
2 

X -2x + m = 0 

cd thi duge coi la cae phuong trinh ^n x chfia tham sd m. 

II - PHUONG TRINH TlTONG Dl/ONG VA PHUtJNG TRINH HE QUA 

Cac phuong trinh sau cd tap nghiem bang nhau hay khdng 

a) x^+x = 0 va - ^ +x = 0? 
x-3 

b) x^-4 = 0va2+x = 0? 

1. Phirong trinh tuong dirong 

Hai phucmg trinh dugc gpi Id tuang duang khi chung cd cung 
tap nghiem. 

Vi du 1. Hai phuong trinh 2x - 5 = 0 va 3x = 0 tuong duong vdi nhau 

vi cung cd nghidm duy nha't lax = —. 

2. Phep bien doi tirong dirong 

Dl giai mdt phuong trinh, thdng thudng ta bil'n d6i phuong trinh dd thanh 
mdt phuomg trinh tuong duong don gian hon. Cac phep bid'n d6i nhu vay 
dugc ggi la cac phep Men ddi tuang duang. 

Dinh li sau day ndu ldn mdt sd phep bie'n ddi tuong duong thudng sfi dung. 

DINHLI 

Ndu thuc Men cdc phep bien ddi sau ddy tren mpt phuong 
trinh md khdng ldm thay ddi diiu kien cua nd thi ta dugc 
mpt phuong trinh mdi tuong duong 

a) Cpng hay trd hai vdvdi ciimg mdt sd'hodc cung mgt bieu thdc ; 

b) Nhdn. hodc chia hai vdvdi cung mpt sd khdc 0 hodc vdi 
cung mot bieu thdc ludn cd gid tri khdc 0. 
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CHU Y 

Chuyin vl va ddi da'u mdt bilu thfie thuc chat la thuc hidn phep 
cdng hay trfi hai ve vdi bilu thfie dd. 

Kl hieu. Ta dung ki bilu "<=>" dl chi su tuong duong cua cac phuong tnnh. 

5 
Tim sai lam trong phep bien ddi sau 

1 1 , 1 1 1 , 1 
x + = + 1 o x + = +1 <^x=l. 

x-1 x-1 x-1 x-1 x-1 x -1 

3. Phirong trinh he qua 

Ndu mpi nghiem cua phucmg trinh fix) = g(x) diu Id nghiem cua 
phuong trinh /i(x) = ^i(x) thi phuong trinh /^(x) = ^^(x) dupc 

gpi Id phuang trinh he qud cua phuong trinh fix) -g(x). 

Ta vidt 

/(x) = g(x)=>/i(x) = gl(x). 

Phuong trinh hd qua ed thi cd thdm nghidm khdng phai la nghidm cua 
phuong trinh ban diu. Ta ggi dd la nghiem ngoqi lai. 

Khi giai phuong trinh, khdng phai luc nao cung ap dung dugc phep bid'n 
d6i tuong duong. Trong nhilu trudng hgp ta phai thuc hiln cac phep bil'n 
ddi dua tdi phuong tnnh he qua, chang han binh phuong hai ve, nhan hai 
ve cua phuong tnnh vdi mdt da thfie. Luc dd dl loai nghilm ngoai lai, ta 
phai thfi lai cac nghidm tim dugc. 

Dd'i vdi phuong trinh nhilu in, ta cung cd cae khai nidm tuong tu. 

Vi du 2. Giai phuong trinh 
X+-3 3 2 - x 

+ - = -• (4) x(x -1) X x - 1 

Gidi. Dilu kiln cua phuong trinh (4) la x ;̂  0 va x 5̂  1. 

Nhan hai vl cua phuong tnnh (4) vdi x(x - 1) ta dua tdi phuong tnnh hi qua 

(4) ^ X + 3 + 3(x - 1) = x(2 - x). 

^ x-̂  + 2x = 0 

=> x(x + 2) = 0. 
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Phuong trinh cud'i cd hai nghidm la x = 0 va x = -2. 

Ta tha'y x = 0 khdng thoa man dilu kidn cua phuong trinh (4), dd la nghidm 
ngoai lai ndn bi loai, cdn x = -2 thoa man dilu kidn va la mdt nghidm cua 
phuong trinh (4). 

vay phuong trinh (4) cd nghidm duy nhat la x = -2. 

Bai tap 

1. Cho hai phuong tnnh 

3x = 2 va 2x = 3. 

Cdng cac ve tuong fing cua hai phuong trinh da cho. Hdi 

a) Phuong tnnh nhan dugc cd tuong duong vdi mdt trong hai phuong trinh 
da cho hay khdng ? 

b) Phuong trinh dd cd phai la phuong tnnh he qua cua mdt trong hai phuong 
trinh da eho hay khdng ? 

2. Cho hai phuong trinh 

4x = 5 va 3x = 4. 

Nhan cac ve tuong fing cua hai phuong tnnh da cho. Hdi 

a) Phuong tnnh nhan dugc ed tuong duong vdi mdt trong hai phuong tnnh 
da cho hay khdng ? 

b) Phuong tnnh dd cd phai la phuong tnnh he qua cua mdt trong hai 
phuong tnnh da cho hay khdng ? 

3. Giai cac phuong trinh 

a ) V 3 - x + x = V 3 - x + l ; b)x + V x - 2 = V2-X + 2 ; 

x2 9 
c) / = -f== ; d) x^ - V l - x = V x - 2 + 3. 

Vx - 1 Vx - 1 

4. Giai cac phuong trinh 

2 X + 5 ^^ ^ 3 3x 
a) X + 1 + = ; b) 2x + x + 3 x + 3 x - 1 x - 1 

, x^ - 4x - 2 I 2x^ - X - 3 fz 
c) j=— = Vx - 2 ; d) —, = V2x - 3. 

Vx - 2 V2x - 3 
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PHUONG TRINH QUY vfi 
PHLTONGTRINH BAC NHXT, BAC HAI 

I - ON TAP VE PHUONG TRINH BAC NHAT, BAC HAI 

1. Phirong trinh bac nhat 

Cach giai va bidn luan phuong tnnh dang ax + fe = 0 dugc tdm tat trong 
bang sau 

ax + fe = 0( l ) 
Hdsd 

a^^O 

a = 0 
fe^O 

fe = 0 

Kit luan 
L. 

(1) CO nghiem duy nhd't x = — 
a 

(1) vd nghiem 

(1) nghiem dung vdi mpi x 

Khi a ;̂  0 phuong tnnh ax + fe = 0 dugc ggi la phuong trinh bdc nhd't 
mdt dn. 

1 
Giai va bien luan phuong trinh sau theo tham sd m 

m(x - 4) = 5x - 2. 

2. Phirong trinh bac hai 

Cach giai va cdng thfie nghidm cua phuong trinh bac hai dugc tdm tat trong 
bang sau 

ax^+fex + c = 0(a7t0)(2) 

A = fe - 4ac 

A>0 

A = 0 

A<0 

Kit luan 

(2) cd hai nghidm phan bidt Xj 2 = 
' 2a 

(2) cd nghidm kep x = 
2a 

(2) vd nghidm 
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&• 2 

Lap bang tren vdi biet thfie thu gpn A". 

3. Dinh If Vi-et 

Ndu phuong trinh bdc hai ax + bx + c = 0 {a ^ 0) cd hai 

nghiem x^, X2 thi 
_ b _ c 

•̂ 1 + -'̂ 2 ' •̂ 1-̂ 2 ~ — 
a a 

Ngugc Iqi, ndu hai sd u vd v cd tdng u + v = S vd tich uv = P 
thi uvd V Id cdc nghiem cua phuong trinh 

x^ -Sx + P = 0. 

Khing djnh "Neu a va c trai dau thi phuong trinh (2) cd hai nghiem va hai nghiem 
dd trai diu" cd diing khdng ? Tai sao ? 

II - PHUONG TRINH QUY VE PHUONG TRINH BAC NHAT, BAC HAI 

Cd nhilu phuong trinh khi giai cd thi bid'n ddi vl phuong trinh bac nha't 
hoac bac hai. Sau day ta xet hai trong cac dang phuong trinh dd. 

1. Phirong trinh chura an trong dau gia trj tuyet doi 

Di giai phuong trinh chfia in trong dafi gia tri tuydt dd'i ta cd the dung dinh 
nghia cua gia tri tuydt dd'i hoac binh phuong hai vl dl khfi da'u gia tri tuydt dd'i. 

Vidu 1. Giai phuong trinh 

| x - 3 | = 2 x + l . (3) 

Gidi 

Cdch 1 

a) Nd'u X > 3 thi phuong tnnh (3) trd thanh x - 3 = 2 x + l . T f i d d x = - 4 . 

Gia tri X = - 4 khdng thoa man dilu kidn x > 3 ndn bi loai. 

2 
b) Nd'u X < 3 thi phu^Rg tnnh (3) trd thanh -x + 3 = 2x + 1. Tfi dd x = - • 
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Gia tri nay thoa man dilu kidn x < 3 ndn la nghidm. 

2 
Ket ludn. Vay nghidm cua phuong trinh la x = —. 

3 
Cdch 2. Binh phuong hai vl cua phuong trinh (3) ta dua tdi phuong trinh 
hi qua 

(3) => (x - 3)^ = (2x + 1)̂  

=> x^ - 6x + 9 = 4x^ + 4x + 1 

=^ 3x^ + lOx - 8 = 0. 

2 
Phuong trinh cud'i cd hai nghilm la x = -4 va x = — 

2 
Thfi lai ta tha'y phuong trinh (3) chi cd nghidm la x = — 

2 
Ket ludn. Vay nghidm cua phuong trinh la x = — 

2. Phirong trinh chura an dirdi dau can 

Dl giai cac phuong trinh chfia in dudi da'u can bac hai, ta thudng binh phuong 
hai vl dl dua vl mdt phuong trinh hd qua khdng chfia in dudi diu can. 

Vi du 2. Giai phuong trinh 

V 2 x - 3 = X - 2. (4) 

3 
Giai. Didu kidn cua phuong tnnh (4) lax > — 

Binh phuong hai ve cua phuong trinh (4) ta dua tdi phuong trinh hd qua 

(4) =^ 2x - 3 = x^ - 4x + 4 

=> x^ - 6x + 7 = 0. 

Phuong trinh cud'i cd hai nghidm la x = 3 + V2 va x = 3 - V2. Ca hai 
gia tri nay diu thoa man dilu kidn cua phuong trinh (4) , nhung khi thay 
vao phuong trinh (4) thi gia tri x = 3 - \ ^ bi loai (vl trai duong cdn vl 
phai am), cdn gia tri x = 3 + V2 la nghidm (hai ve cung bang V2 +-1). 

Ket ludn. Vay nghidm cua phuong trinh (4) la x = 3 + V2. 
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BAI DOC THEM 

if.^^feSsfe' PHLTONG TRINH BAC n 

Sach giao khoa bac THCS va THPT da trinh bay 
cdhg thfie giai phuPng trinh bac nhat va phuong 
trinh bac hai. Cdng thfie giai phuong trinh bac ba 
mang ten nha Toan hpc l-ta-li-a Cac-da-nd, tuy 
nhien Cac-da-nd chi la ngudi lan dau tien cdng bd 
cdng thfie dd trong cudn sach "Nghe thuat vT dai hay 
cac quy tac ciia Dai so hpc" xua't ban nam 1545. 
Tac gia ctia cdng thfie do la nha Toan hpc l-ta-li-a 
ten la Tac-ta-gli-a (Nicole Tartaglia, 1500 - 1557). 

Cdng thfie Cac-da-nd cho cac nghiem cua phuong 

trinh bac ba x^ + px + ^ = 0 la 

Sau khi Tac-ta-gli-a tim ra cdng thfie nay thi mdt 
hpc trd ciia Cac-da-nd la Phe-ra-ri (Ferrari, 1522 
- 1565) da tim ra cdng thfie giai phUPng trinh 
bac bdn, cdng thfie nay cung da dupe cdng bd 
trong cudn sach cua Cac-da-nd neu tren. 

Sau dd nhieu nha toan hpe da cd gang de tim 
cong thfie giai phuong trinh bae nSm, nhung phai 
de'n The ki XIX hai nha toan hpc tre tuoi la A-ben 
ngUdi Na-uy va Ga-loa ngudi Phap mdi ehfing 
minh dupe rang khdng the giai dupe bang cSn 
thfie phUPng trinh dai sd tdng quat bac cao hon 4. 

Trong qua trinh tim each giai phuong trinh dai sd 
tong quat bac 5 bang can thfie, A-ben da giai 
thfch tai sao cac phUPng trinh bac 2, 3, 4 cd the 
giai duoc bang can thfie, cdn Ga-loa tim ra dieu 
kien can va dii de mpt phuong trinh c6 bac da 
cho (cd Vni Idn hon 4) giai dupc bang cSn thfie. 
Cdng lao to Idn cua Ga-loa qua cdng trinh nay la 
da dat nen mdng cho Dai sd hien dai nghien efiu 
cae cau triic dai sd nhu nhdm, vanh, trudng,... 

G. CAC-DA-NO 
(Girolamo Cardano, 

1501 -1576) 

N. A-BEN 
(Niels Henrik Abel, 

1802 -1829) 

E. GA-LOA 
(Evahste Galois, 

1811 -1832) 
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Bai tap 

1. Giai cae phuong tnnh 

, x ^ + 3 x + 2 2 x - 5 ,,,2x + 3 4 24 
a) = ; b) = -^ + 2 ; 

2x + 3 4 x - 3 x + 3 j c 2 _ 9 

c) V3x-5 = 3 ; d) V2x + 5 = 2. 

2. Giai va bidn luan cac phuong trinh sau theo tham sd m 

a) m{x - 2) = 3x + 1 ; 
2 

b) /n X + 6 = 4x + 3m ; 
c) {2m + l)x - 2m = 3x - 2. 

3. Cd hai rd quyt chfia sd quyt bang nhau. Nlu l^y 30 qua d rd thfi nh^t dua 

sang rd thfi hai thi sd' qua d rd thfi hai bang — cua binh phuong sd qua cdn 

lai 6 rd thfi nha't. Hdi s6 qua quyt 6 mdi rd luc ban d^u la bao nhidu ? 

4. Giai cac phuong trinh 

a) 2x'̂  - 7x^ + 5 = 0 ; b) 3x'̂  + 2x^ - 1 = 0. 

5. Giai cac phuong trinh sau bang may tinh bo tui (lam trdn kit qua din chfl 
sd thap phan thfi ba) 

a) 2 x ^ - 5 x - 4 = 0 ; b)-3x^-I-4x + 2 = 0. 

c) 3x^ + 7x + 4 = 0 ; d) 9x^ - 6x - 4 = 0. 

Hudng ddn cdch gidi cdu a) : Nlu sfi dung may tinh CASIO/x-500 MS, ta 
a'n liin til'p cac phim 

Mô  SQ^ 0 0 0 [2] 0 esHeHH 
man hinh hidn ra Xj = 3.137458609. 

An tid'p 

r ^ man hinh hidn ra X2 = -0.637458608. 

Lam trdn kit qua din chfl sd thap phan thfi ba ta dugc nghilm gin dung 
cua phuong tnnh la Xj « 3,137 va X2 ~ -0,637. 

Giai cac phuong trinh 

a) |3x - 2| = 2x + 3 ; b) |2x - l| = |-5x - 2| ; 
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c) 
x - 1 -3x + 1 

2 x - 3 |x + l| ' 
7. Giai cac phuong trinh 

a) V5x + 6 = X - 6 ; 

c)V2x^ +5 =x + 2 ; 

d)|2x + 5| = x^ +5x + l. 

b) V3-X = Vx + 2 + 1 ; 

d) V4x^+2x + 10 = 3x + 1. 

8. Cho phuong trinh 3x - 2{m -i- l)x + 3/n - 5 = 0. 

Xac dinh m di phucmg tnnh ed mdt nghidm ga'p ba nghidm kia. Tfnh cac 
nghidm trong trudng hgp dd. 

PHl/ONG TRINH VA Hfi PHUONG TRINH 

BAC NHXT NHlfiu XN 

I - ON TAP VE PHUONG TRINH VA HE HAI PHUONG TRINH 
BAC NHAT HAI AN 

«' 1. Phirong trinh bac nhat hai an 

Phuang trinh bqc nhdt hai dn x, y cd dqng tdng qudt Id 

ax + by = c (1) 
trong dd a, b, c Id cdc he sd, vdi dieu kien a vd fe khdng dong 
thcri bdng 0. 

CSp (1 ; -2) ed phai 1̂  mdt nghiem cua phuong trinh 3x - 2>' = 7 khdng ? PhUPng 
trinh dd cdn cd nhfing nghiem khac nfia khdng ? 

CHUY 

a) Khi a = fe = 0 ta cd phuong trinh Ox + Oy = c. Nd'u c ^ 0 
thi phuong trinh nay vd nghidm, cdn nd'u c = 0 thi mgi cap sd 
(XQ ; yo), diu la nghidm. 
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b) Khi fe 9t 0, phuong trinh ax + by = c trd thanh 

a c 
y - — X H 

fe fe 
(2) 

Cap sd (XQ ; yg) la mdt nghidm cua phuong trinh (1) khi va 

chi khi diem M{XQ ; yg) thudc dudng thang (2). 

Tdng qudt, ngUdi ta chdng minh dugc rdng phUOng trinh bdc 

nhdt hai dn ludn ludn cd vd sd nghiem. Bieu diin hinh hpc 
tap nghiem cua phuong trinh (1) Id mpt dudng thdng trong 

mat phdng toq dp Oxy. 

Hay bieu diln hinh hpc tap nghiem ciia phuong trinh 3x -2>' = 6. 

(3) 

2. He hai phirong trinh bac nhat hai an 

He hai phuang trinh bde nhdt hai dn cd dqng tdng qudt Id 

ia^x + fejy = Cj 

[ajx + bjy = C2 

trong do X, y Id hai dn ; cdc chd cdn Iqi Id he sd. 

Neu cdp' sd (XQ ,• yQ) ddng thdi Id nghiem cua cd hai phuong 

trinh cua he thi (XQ ; y^) dugc gpi Id mdt nghiem cua he 

phuong trinh (3). 

Gidi he phuang trinh (3) Id ttm tap nghiem cua nd. 

a) Cd may each giai he phuong trinh 

J4x - Sy = 9 
|2x + y = 51 

b) Dung phUPng phap cdng dai sd de giai he phuong trinh 

3x - 63- = 9 
-2x + Ay = -3. 

Co nhan xet gi ve nghiem cCia he phuong trinh nay ? 
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II - HE BA PHUONG TRINH BAC NHAT BA AN 

Phfiong trinh bae nha't ba in cd dang tdng quat la 

ax + fey + cz = <i, 

trong do X, y, z la ba ^n ; a, fe, c, d la cac he sd va a, fe, c khdng ddng thdi 
bang 0. 

He ba phuang trinh bdc nhd't ba dn cd dqng tdng qudt Id 

ajX + fejy + CjZ = d^ 

<a2X + fe2y + C2Z = d2 (4) 

UjX + fe^y + CjZ = dj 

trong do X, y, z Id ba dn ; cdc chit cdn Iqi Id cdc he sd. 

Mdi bp ba sd (XQ ; yo ; ZQ) nghiem dung cd ba phuong trinh 
cua he dugc gpi Id mot nghiem cua he phuong trinh (4). 

Chang han. 
17 3 3 

la nghidm cua he phuong trinh 
4 2 

X + 3y - 2z = -1 

3̂  

2 

2 z = 3, 

4y + 3z = (5) 

con 
1_ 

'2 
5_ 

2 
la nghidm cua he phuong trinh 

1 
X + 2y + 2z = -

2 
(6) 2x + 3y + 5z = - 2 

-4x - 7y + z = -4 . 

Hd phuong trinh (5) cd dang dac bidt, ggi la he phuong trinh dqng tam gidc. 

Vide giai hd phuong trinh dang nay rat don gian. Tfi phuong trinh cud'i tinh 
dugc z rdi thay vao phuong trinh thfi hai ta tinh dugc y va cud'i cung thay z 
va y tinh dugc vao phuong tnnh dau se tinh dugc x. 

^Hay giai he phUPng trinh (5). 
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Mgi he ba phuong trinh bac nha't ba in diu bil'n ddi dugc vl dang tam 

giic, bang phuong phap khfi din an sd '. Chang ban, sau day la each giai 

he phuong trinh (6). 

Gidi. Nhan hai vl cua phuong trinh thfi nha't cua he (6) vdi -2 rdi cdng vao 
phuong trinh thfi hai theo tiing vl tuong fing, nhan hai vl cua phuong trinh 
thfi nha't vdi 4 rdi cdng vao phuong trinh thfi ba theo tfing vl tuong fing, ta 
dugc he phuong trinh (da khfi x d hai phuong trinh cud'i) 

X + 2y + 2z = -

y -\- z 

y + 9z 

2 
= -3 

= -2 . 

Tid'p tuc cdng cac vl tuong fing cua phuong trinh thfi hai va phuong trinh 
thfi ba cua he mdi nhan dugc, ta dugc he phuong trinh tuomg duong dang 
tam giac 

X + 2y 

y 

+ 2z 

+ z 

lOz 

= 

= 

= 

1 
2 

-3 

-5 

Ta dd dang giai ra dugc 

z = — , y = —. X : 
2 - ^ 2 

vay nghidm cua he phuong trinh la 

{x;y;z) = 
1 5 

2 ' 2 

(*) Phucmg phap nay do nha toan hoc Diic Gau-xo (Gauss, 1777 - 1855) tim ra, ntn cung 
con goi la phuong phap Gau-xa. 
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BAI D O C T H E M 

Trong kho tang v§n hoa dan gian Viet Nam 
cd bai toan "TrSm trau trSm co" sau day 

TrSm trau tram c6, 

Trau dCfng an nSm, 

Trau nam an ba, 

Lu khu tr§u gia, 

Ba con mdt bd. 

Hoi cd bao nhieu trau dfing, bao nhieu 
trau nam, bao nhieu trau gia ? 

Giai. Gpi sd trau dfing la x, sd trau nam 
la y, sd trau gia la z (x, y, z la nhfing sd 
nguyen duong nhd hpn 100). Ta cd he 
phuong trinh 

f X + J + z = 100 

|5x + 3>' + - z = 100. 

Day la he hai phUPng trinh bac nha't ba an, ne'u khdng tinh den dieu kien 
eiia an thi he phUPng trinh nay cd vd sd nghiem (ne'u khfi z ta dupc mdt phUPng 
trinh bae nhat cCia ha1 an 7x + 4v = 100). 

Tuy nhien, vi x, y, z phai la nhfing so nguyen duong nho hon 100, nen chi co mdt sd 
hfiu han nghiem, eu the d day cd ba nghiem 

X, = 4 

y, =18 

z, = 78 : 

2 

1>'2 11 

= 81; 

"x, =12 

= 4 >'3 

= 84. 

Bai toan dan gian d tren thudc loai phUPng trinh Di-d-phang (mang ten nha toan 
hpc CO Hi Lap la Diophante). 
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Bai tap 

1. Cho he phuong trinh 

J 7x - 5y = 9 
[ l 4 x - 1 0 y = 10. 

Tai sao khdng cin giai ta cung kit luan dugc hd phuong trinh nay vd nghidm ? 

2. Giai cac he phuong tnnh 

' 2 x - 3y = 1 ,^ f3x + 4y = 5 

6. 

a) 

c) 

X + 

2 
- X + 
3 
1 
— X -
3 

2y 

1 
—y 
2 
3 

-4' 

=.3; 

_ 2 

"3" 
_ 1 

" 2 

b) 

d) 

4x - 2y = 2. 

[0 ,3x-0 ,2y = 0,5 

l0,5x + 0,4y = 1,2. 

Hai ban Van va Lan dl'n cfia hang mua trai cay. Ban Van mua 10 qua quyt, 7 
qua cam vdi gia tiln la 17 800 ddng. Ban Lan mua 12 qua quyt, 6 qua cam 
hit 18 000 ddng. Hdi gia tiln mdi qua quyt va mdi qua cam la bao nhidu ? 

Cd hai day chuyin may ao so mi. Ngay thfi nhat ca hai day chuyin may dugc 
930 ao. Ngay thfi hai do day chuyen thfi nha't tang nang suat 18%, day chuyin 
thfi hai tang nang suat 15% ndn ca hai day chuyin may duge 1083 ao. Hdi 
trong ngay thfi nhat mdi day chuyin may dugc bao nhilu ao so mi ? 

Giai cae he phuong trinh 

a) 

X + 3y + 2z = 8 

2x + 2y + z = 6 

3x + y + z = 6 ; 

b) 

X - 3y + 2z = - 7 

-2x + 4y + 3z = 8 

3x + y - z = 5. 

Mdt cfia hang ban ao so mi, quin au nam va vay nfi. Ngay thfi nha't ban 
dugc 12 ao, 21 quin va 18 vay, doanh thu la 5 349 000 ddng. Ngay thfi hai 
ban dugc 16 ao, 24 quin va 12 vay, doanh thu la 5 600 000 ddng. Ngay thfi 
ba ban dugc 24 ao, 15 quan va 12 vay, doanh thu la 5 259 000 ddng. Hdi 
gia ban mdi ao, mdi quin va mdi vay la bao nhidu ? 

Giai cac he phuong trinh sau bang may tinh bd tui (lam trdn kit qua dd'n 
chfi sd thap phan thfi hai) 

' 3 x - 5 y = 6 . , f-2x + 3y = 5 
a) 

14x + 7y = -8 ; 
b) 

5x + 2y = 4. 

68 



' 2x - 3y + 4z = -5 f- x + 2y - 3z = 2 

c) I -4x + 5y - z = 6 d) j 2x + y + 2z = -3 

3x + 4y - 3z = 7 ; [-2x - 3y + z = 5. 

Hudng ddn cdch gidi cdu a) 

Nd'u sfi dung may tinh CASIO/x-500 MS ta a'n lidn tid'p day cac phfm 

HeSB 
tha'y hiln ra trdn maui hinh x = 0.048780487. 

i ^ tid'p phim \=] ta tha'y man hinh hidn ra y = -1.170731707. 

Lam trdn kit qua dd'n chfi sd thap phan thfi hai ta dugc nghidm gin dung cua 
hd phuong trinh la 

fx « 0,05 

[y « -1,17. 

Hudng ddn cdch gidi cdu c) 

Nd'u sfi dung may tinh CASIO/x-500 MS ta a'n lidn tid'p day cac phim 

MOM] SOM] Q 0 0 g e a H B H O S H 

SHma 
tha'y hidn ra trdn man hinh x = 0.217821782. 

^1 tid'p phim [=] ta tha'y man hinh hidn ra y = 1.297029703. 

An tid'p phfm [ ^ trdn man hinh hidn ra z = -0.386138613. 

Vay nghidm gin dung cua hd phuong trinh la (lam trdn kit qua dd'n chfi sd 
thap phan thfi hai) 

X « 0,22 

y « 1,30 

z » -0,39. 
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6 N TAP C H U O N G III 

1. 

2. 

3. 

Khi nao hai phuong trinh dugc ggi la tuomg duong ? Cho vf du. 

Thi nao la phuong trinh he qua ? Cho vf du. 

Giai cac phuong trinh 

a) \ / x - 5 + x = v x - 5 + 6 ; 

c) 
8 

v x - 2 v x - 2 

Giai cac phuong trinh 

3x + 4 1 4 

b) V l - x + X = Vx - 1 + 2 ; 

d) 3 + V 2 - X = 4x^ - X + v ' x - 3 . 

a) 

b) 

x - 2 x + 2 x 2 - 4 
+ 3 

3x - 2x + 3 3x - 5 

2 x - l 2 

c) Vx^ - 4 = x - l . 

Giai cac he phuong trinh : 

' -2x + 5y = 9 

4x + 2y = 11; 

2x - 3y = 5 

3x + 2y = 8 ; 

a) 

c) 

b) 

d) 

[3x + 4y = 12 

[5x - 2y = 7 ; 

[5x + 3y = 15 

14x - 5y = 6. 

6. Hai cdng nhan dugc giao vide son mdt bfie tudng. Sau khi ngudi thfi nha't 

lam dugc 7 gid va ngudi thfi hai lam dugc 4 gid thi hg son dugc — bfie 

tudng. Sau dd hg cung lam vide vdi nhau trong 4 gid nfia thi chi cdn lai -^ 
lo 

bfie tudng chua son. Hdi nd'u mdi ngudi lam ridng thi sau bao nhidu gid mdi 
ngudi mdi son xong bfie tudng ? 

7. Giai cac he phuong trinh 

a) 

2x - 3y + z = - 7 

-4x + 5y + 3z = 6 

X + 2y - 2z = 5 ; 

b) 

X + 4y - 2z = 1 

-2x + 3y + z = - 6 

3x + 8y - z = 12. 
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8. Ba phan sd diu cd tfi sd la 1 va tdng cua ba phan sd dd bang 1. Hieu cua 
phan sd thfi nha't va phan sd thfi hai bang phan sd thfi ba, cdn tdng cua 
phan sd thfi nha't va phan sd thfi hai bang 5 lan phan sd thfi ba. Tim cac 
phan sd dd. 

9. Mdt phan xudng dugc giao san xua't 360 san ph^m trong mdt sd ngay nha't 
dinh. Vi phan xudng tang nang suat, mdi ngay lam them dugc 9 san pham 
so vdi dinh mfic, ndn trudc khi hit ban mdt ngay thi phan xudng da lam 
vugt so san phdm dugc giao la 5%. Hdi nd'u vin tid'p tiic lam vide vdi nang 
sua't dd thi khi dd'n ban phan xudng lam dugc ta't ca bao nhidu san phdm ? 

10. Giai cac phuong trinh sau bang may tfnh bd tui 

a) 5x^ - 3x - 7 = 0 ; b) 3x2 + 4x + 1 = 0 ; 

c) 0 ,2x2+l ,2x- l = 0; d) ^^x2 + 5x + N/S = 0. 

11. Giai cac phuong trinh 

a) | 4 x - 9 | = 3 - 2 x ; • ' b) |2x + l| = l3x + 5|. 

12. Tim hai canh cua mdt manh vudn hinh chfi nhat trong hai trudng hgp 

a) Chu vi la 94,4 m va dien tfch la 494,55 m^. 

b) Hidu cua hai canh la 12,1 m va didn tfch la 1089 m^. 

13. Hai ngudi quit san. Ca hai ngudi cung quit san hit 1 gid 20 phut, trong khi 
nl'u chi quit mdt minh thi ngudi thfi nhat quit hit nhilu hon 2 gid so vdi 
ngudi thfi hai. Hdi mdi ngudi quit san mdt minh thi hit ma'y gid ? 

Bai tap trac ngtiiem 

Chpn phuong dn dung trong cdc bdi tap sau 

14. Dilu kidn cua phuong trinh x + 2 —, = la 
Vx + 2 x + 1 

4 
(A) x > - 2 vax? t - l ; (B) x > - 2 vax < - . 

4 
( C ) x > - 2 , x ; t - l vax< - ; (D) x ^ - 2 vax 5^-1. 
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15. Tap nghidm cua phuong trinh = 2 trong trudng hgp m^Oli 

(A) {-^h 
(C) R ; 

16. Nghidm cua hd phuong tnnh 

(B)0. 

(D) R \ { 0 ) 

f3x-5y = 2 
[4x + 2y = 7 

la 

(A) 

(C) 

39 . ^ 
26 '13. 

39 1 

.26 2. 

17. Nghidm cua hd phuong trinh 

(B) 

(D) 

I 13 

i-r 
if] 
17^ 
6 . 

la 

(A)(-10 ; 7 ; 9); 

^ 1 -9 5^ 
(C) 

V 4 2 ' 4 

3x - 2y - z = 7 

-4x + 3y - 2z = 15 

- X - 2y + 3z = -5 

( B ) | | ; - 2 ; ^ ^ 
\2 2 

(D) (-5 ; -7 ; -8). 
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Chifong IV BflTQfinG THLTC 
BfiTfULTDTIG TRlnH 

Hai ndi dung co ban cua chuong la bat dang thfie va 
bat phuong trinh. Cac van 6§ nay da dugc hpc tfi nhfing 

Idp dudi. 

Chuong nay se cCing cd va hoan thien cac kT nang ehfing 
minh bat dang thfie va giai bat phuong trinh. Ngoai cac 

phep bien ddi tuong duong, hpc sinh cdn dupc hpc each 
xet dau nhj thfie bac nhat va tam thfie bac hai lam co sd 

cho viSc giai cac bat phuong trinh va he bat phuong trinh. 



B A T D A N G THI/C 

ON TAP BAT D A N G THLTC 

Khai niem bat dang thurc 

1 
Trong cac menh de sau, menh de nao dung^ 

a)3,25<4; 

b) -5 > - 4 - ; 
4 

c) -V2 < 3 ? 

2 

Chpn da'u thi'eh hpp (=, <, >) de khi dien vao d vudng ta dupc mpt menh de dung. 

a) 2V2 Q 3 ; 

e) 3 + 2N/2 Q (1 + 42f ; 

d) â  + 1 [ ]^ 0 vdi a la mdt so da cho. 

Cdc menh di dqng "a < b" hodc "a > b" dugc gpi Id bdt 
ddng thiie. 

2. Bat dang thdrc he qua va bat dang thurc tiTdng difdng 

Neu menh de "a < b => c < d" dung thi ta ndi bd't ddng thdc 
c < d Id bdt ddng thdc he qud cua bd't ddng thdc a < b vd 
cung vidt Id a <b ^> c < d. 

Chang ban, ta da bid't 

a<bvab<c^'a<c {tinh chit bac ciu). 

a < b, c tuy y => a -\- c < b -\- c (tinh cha't cdng hai vl bat dang thfie vdi 
mdt so). 
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Ndu bd't ddng thdc a < b Id he qud cua bdt ddng thdc c < dvd 
ngugc Iqi thi ta ndi hai bdt ddng thdc tuang duong vdi nhau 
vd viet Id a < b <=> c < d. 

Chfing minh rang a <b<^a- b<0. 

3. Tinh chat cua bat dang thurc 

Nhu vay dl chfing minh bat dang thfie a < b ta chi can chfing minh a - b <0. 
Tdng quat hon, khi so sanh hai sd, hai bieu thfie hoac chfing minh mdt bat 
dang thfie, ta cd thi sfi dung cac tfnh cha't cua bat dang thfie dugc tdm tat 
trong bang sau 

Tinh ehdt 

Dieu kien 

oO 

c<0 

a > 0, c > 0 

ne N* 

A7 e N va 
a > 0 

a > 0 

Npi dung 

a<b <^ a -^ c <b -\- c 

a < b <;=> ac < bc 

a < b <=^ ao bc 

a<bvic<d=>a-^c<b-\-d 

a < b va c < d ^> ac < bd 

a<b^a^"^'<b^"^' 

a<b^ a^" < b^" 

a<b <^ 4a < 4b 

a<b <^ 4a <4b 

Ten gpi 

Cdng hai v l cua bat dang 
thfie vdi mdt so 

Nhan hai ve cua ba't dang 
thfie vdi mdt sd 

Cdng hai ba't ding thfie 
cung chilu 

Nhan hai ba't ding thfie 
cung chilu 

Nang hai ve cua ba't dang 
thfie ldn mdt luy thfia 

Khai can hai ve cua mdt bat 
dang thfie 

Neu vi du ap dung mdt trong cac ti'nh chat tren. 
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CHUY 
Ta cdn gap cac mdnh dl dang a <b hoac a>b. Cac menh dl 
dang nay cung dugc ggi la hit dang thfie. Di phan bidt, ta ggi 
chung la cac bdt dang thdc khdng ngdt vi ggi cac bat dang thfie 
dang a <b hoac a> bii cic bdt dang thitc ngdt. Cic tfnh ch t̂ 
ndu trong bang trdn cung dung cho hii dang thfie khdng ngat. 

II - BAT D A N G T H U C G I U A T R U N G BINH CONG VA 
TRUNG BINH NHAN (BAT D A N G THLTC C 6 - S I ) 

1. Bat dang thurc C6-sî *̂  

DINH LI 

f Trung binh nhdn cua hai sd khdng dm nho hon hodc bdng ^ 
trung binh cpng cua chung. 

4ab < ̂ -^, Va, b>0. 

a + b 

(1.) 

Dang thdc 4ab = xdy ra khi vd chi khi a = b. 

Chiing minh 

Tacd 4ab-^-^ = --{a + b-24^) = --{4a-4bf <0. 
2 2 2 

vay 4ab< a + b 

" Dang thfie xay ra khi va ehi khi {4a - 4b) = 0, tfic la khi va ehi khi a = b. 

2. Cac he qua 

HE QUA 1 

Tdng cua mot sd duong vdi nghich ddo cua nd ldn hon hodc 
bdng 2. 

a + - > 2, Va > 0. 
a 

(*) Augustin Louis - Cauchy, 1789 - 1857. 
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HE QUA 2 

Ndu X, y cung duong vd cd tdng khdng ddi thi tich xy ldn 
nhdt khi vd chi khi x = y. 

Chiing minh. Dat 5 = x + y. Ap dung ba't dang thfie Cd-si ta cd 

^ x + y S , .. ^ S^ 
xy < = —, do do xy < —• 

2 2 4 

Dang thfie xay ra khi va ehi khi x = y 

5 , S 
vay tfch xy dat gia tri ldn nha't bang — khi va chi khi x = y = — • 

4 2 

-Y NGHIA HINH HOC 

Trong td't cd cdc hinh chit nhdt cd cung chu vi, hinh vudng cd 
dien tich ldn nhdt (h.26). 

D 

H£ QUA 3 

B 

Icm^ 

1 

c 

E F 

H 

Hinh 26 

Ndu X, y cung duong vd cd tich khdng ddi thi tdng x + y nhd 

nhd't khi vd chi khi x = y. 

Y NGHiA HINH HOC 

Trong td't cd cdc hinh chd nhdt cd cUng dien tich, hinh vudng cd 
chu vi nhd nhdt (h.27). 
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B 

\cm^ 

D C H 

Hinh 27 

Hay chfing minh he qua 3. 

Il l - BAT D A N G THLTC CHUA DAU GIA TRI TUYET DOI 

6 
Nhac lai dinh nghTa gia tri tuyet ddi va tfnh gia tri tuyet dd'i cCia cae sd sau 

a )0 ; b) 1,25; c) - - ; 6)-K. 

Tfi dinh nghia gia tri tuydt dd'i, ta cd cac tfnh chat cho trong bang sau 

Dieu kien 

a>0 

Npi dung 

\x\ > 0, |x| > X, |x| > -X 

|x| < a <=> -fl < X < a 

|x| > a <=> X < - a hoac x> a 

lai - \b\ < la + 6| < |a| + 1̂1 

Vidu. Cho X G [-2 ; 0]. Chfing minh rang |x + l| < 1. 

Gidi 

X e [-2 ; 0] ^ - 2 < X < 0 

= > - 2 + l < x + l < 0 + l 

^ - 1 < x + 1 < 1 

^ |x + l | < l . 
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Bai tap 

1. Trong cac khang dinh sau, khang dinh nao dung vdi mgi gia tri cua x ? 
a) 8x > 4x ; .. b) 4x > 8x ; 

c) 8x^ > 4x^; d)8 + x > 4 + x . 

2. Cho sd X > 5, so nao trong cac so sau day la so nhd nhat ? 

5 5 5 X 

A=-; B=- + l; C = - - l ; D = - -
X X X 5 

3. Cho a, b, c la dd dai ba canh cua mdt tam giac. 
a) Chfing minh {b - c)^ < a^ ; 

b) Tfi dd suy ra a^ + 6^ + c^ < 2 {ab + ZJC + ca). 

4. Chfing minh rang 

x^ + y^ > x^y + xy^, Vx > 0, Vy > 0. 

5. Chfing minh rang 

x'^ - V ? + X - Vx + 1 > 0, Vx > 0. 

Hudng ddn. Dat 4x = t, xet hai trudng hgp 0 < x < l ; x > l . 
6. Trong mat phang toa dd Oxy, trdn cac tia Ox vi Oy lin lugt lay cac diem A 

vi B thay ddi sao cho dudng thang AB ludn tid'p xuc vdi dudng trdn tam O 
ban kfnh 1. Xac dinh toa dd eua A va B dl doan AB cd dd dai nhd nha't. 

CHI DAN LICH SC; 

Cd-si la nha toan hpc Phap. Ong nghien efiu nhieu ITnh vUc 
Toan hpc khac nhau, cdng bd hon 800 cdng trinh ve So hpc, 
Li thuyet so, Dai sd, Giai ti'ch toan hpc, Phuang trinh vi phan, 
GP hpe If thuyet, CP hpc thien the, Vat If toan. 

Cac cdng trinh eCia Cd-si cho tha'y ro nhuoc diem cua viec 
dua vao true giac hinh hpc de suy ra cac ke't qua te nhj cua 
Giai tich. Ong djnh nghTa mpt each chi'nh xac cac khai niem 

A. COS! gidi han va lien tuc ciia ham sd. 6ng xay dUng mpt each chat 
(Augustin Louis Cauchy, c^g Lf thuyet hdi tu cua chuoi, dUa ra khai niem ban kfnh hdi tu. 

1789-1857) 
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Ong djnh nghTa tfch phan la gidi han ciJa cac tdng tfch phan 
va chfing minh sU ton tai tich phan cua cac ham sd lien tuc. 
Ong phat trien ca sd cCia Lf thuyet ham sd bien sd phfic. Ve 
Hinh hpc, ve Dai sd, ve Lf thuyet so, ve Co hpe, ve Quang 
hpc, ve Thien vSn hpc, Cd-si deu ed nhfing cdng hien Idn lao. 

BAT PHl/ONG TRINH v A 
^ 

HE BAT PHLTONG TRINH MOT AN 

I - KHAI NIEM BAT PHUONG TRINH M O T AN 

I I Bat phircfng trinh mot an 

1 
Cho mpt vf du ve ba't phuang trinh mpt an, ehi rd ve trai va ve phai eua bat phUPng 
trinh nay. 

Bdt phuang trinh dn x Id menh di ehda bien cd dqng 

fix)<g{x) {f{x)<g{x)) (1) 

trong do fix) va g{x) Id nhung bieu thdc cua x. 

Ta gpi fix) vd g{x) ldn lugt Id vetrdi vd vephdi cua bdt phuang 
trinh (1). Sdthuc XQ sao cho / (XQ) < ^(XQ) (/(XQ) < ^(XQ)) la 

menh di dung dugc gpi Id mgt nghiem cua bc^phuang trinh (1). 

Gidi bdt phuang trinh Id tim tap nghiem cua nd, khi tap 
nghiem rdng thi ta ndi bdt phuong trinh vd nghiem. 

CHUY 
Bat phuong trinh (1) cung cd the vid't lai dudi dang sau 

g{x)>fix) {g{x)>fix)). 
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iCho bat phUPng trinh 2A; < 3. 

a) Trong eae sd ^ ; 2 - ; 71 ; /̂lO sd nao la nghiem, sd nao khdng la nghiem eua bat 
2 

phuong trinh tren ? 
b) Giai bat phuong trinh dd va bieu dien tap nghiem cCia nd tren true sd. 

2. Dieu l(ien cua mot bat phiTdng trinh 

Tuong tu dd'i vdi phuong trinh, ta gpi cdc dieu kien cua dn sd 
X defix) vd g{x) cd nghia Id dieu kien xdc dinh (hay gpi tdt Id 
dieu kien) eua bdt phuang trinh (1). 

Chang ban dilu kidn eua ba't phuong trinh 

73 -X + Vx + 1 < x̂  

l a 3 - x > 0 v a x + l > 0 . 

3. Bat phirong trinh chura tham so' 

Trong mdt bat phuong trinh, ngoai cac chfi ddng vaj trd in sd cdn cd the cd 
cac chfi khac dugc xem nhu nhimg hang sd va dugc ggi la tham sd. Giai va 
bidn luan bat phuong trinh chfia tham sd la xet xem vdi cac gia tri nao cua 
tham so bat phuong trinh vd nghidm, bat phuong trinh cd nghifm va tim 
cac nghidm dd. Chang han 

(2m - l)x + 3 < 0 

X^ - TOC + 1 > 0 

cd thi duge coi la nhi5ng ba't phuong trinh an x tham sd m. 

II - HE BAT PHUONG TRINH MOT AN 

6.0AIS6 10-A 

He bdt phuang trinh dn x gdm mdt sd bdt phuong trinh dn x 
md ta phdi tim cdc nghiem chung cua chung. 

Mdi gid tri cua x ddng thdi Id nghiem cua tdt cd cdc bdt 
phuong trinh cua he dugc gpi Id mpt nghiem cua he bdt 
phuong trinh da cho. 

Gidi he bdt phuang trinh Id tim tap nghiem cua nd. 

De gidi mpt he bdt phuong trinh ta gidi tdng bdt phuong trinh 
rdi Idy giao cua cdc tap nghiem. 
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Vi du /.Giai hd bat phuong trinh 

r3 - X > 0 

[x + 1 > 0. 

Gidi. Giai timg bat phuong trinh ta cd 

3 -x>0<=>3>x 

x + l > O o x > - l . 

Bieu didn trdn true sd cac tap nghidm cua cae ba't phuong trinh nay ta dugc 
3 

Tap nghi6m cua 3 - x > 0 ]/)'i'; y,(,«,«,(,',0'i '»'<'/V<'»V>V> 

T a p n g h i 6 m ciia jc + 1 > 0 ,>,<,«,«,'/,«j'»'iv.v,'i'»'iVi'/{] 

- 1 

Giao cua hai tap hgp trdn la doan [-1 ; 3]. 

vay tap nghidm cua he la [-1 ; 3] hay cdn cd the viet la -1 < x < 3. 

Ill - MOT SO PHEP BIEN DOI BAT PHUONG TRINH 

X , 

1. Bat phirong trinh tirong dirdng 

Hai bat phUPng trinh trong vf du 1 ed tuong duong hay khdng ? Vi sao ? 

Ta da bid't hai bd't phuong trinh cd cung tap nghiem (cd thi 
rdng) Id hai bd't phuang trinh tuang duang va dUng ki hieu 
"«>" de chi su tuong duong cua hai bdt phuong trinh do. 

Tucmg tu, khi hai he bd't'phuong trinh cd cung mpt tap nghiem ta 
cung ndi chung tuong duong vdi nhau vd dung ki hieu "<=>" di 
chi su tuong duong dd. 

2. Phep bien doi tUdng du'dng 

De gidi mpt bdt phuong trinh (he bdt phuong trinh) ta lien tiep 
bien ddi nd thdnh nhdng bdt phuohg trinh (he bdt phuong trinh) 
tuong duong cho den khi dugc bdt phuong trinh (he bdt phuong 
trinh) don gidn nhdt md ta cd the viet ngay tap nghiem. Cdc phep 
bien ddi nhu vdy dugc gpi Id cdc phep Men ddi tuang duang. 
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Chang ban khi giai he ba't phuong trinh trong vf du 1 ta cd thi vid't 

3 - x > 0 r3>x 
^ \ « * - l < x < 3 . 

X + 1 > 0 x > -1 
Dudi day ta se lin lugt xet mdt sd phep biin ddi thudng sfi dung khi giai 
bat phuong trinh. 

3. Cong (trir) 

Cong (trd) hai vecua bd't phuong trinh vdi cung mgt bieu thdc 
md khdng ldm thay ddi diiu kien cua bdt phuong trinh ta dugc 
mdt bdt phuang trinh tuong duong. 

P{x) •< Q{x) « P{x) +fix) < Q{x) +fix) 

Vi du 2. Giai bat phuong trinh 

(x + 2)(2x - 1) - 2 < x^ + (x - l)(x + 3). 

Phdn tich bdi todn 

Khai triln va nit ggn tiimg vl ta dugc bat phuong trinh 

2x^ + 3x - 4 < 2x̂  + 2x - 3. 

Chuyin ve va ddi diu cic hang tfi cua ve phai bat phuong trinh nay (thuc 
cha't la cdng hai ve cua bat phuong trinh vdi bilu thfie -(2x + 2x - 3) ta 
duge mdt bat phuong trinh da bid't each giai. 

Gidi 

(x + 2)(2x - 1) - 2 < x^ + (x - l)(x + 3) 
>»2x + 4 x - x - 2 - 2 < x +x - x + 3 x - 3 
o 2x^ + 3x - 4 < 2x^ + 2x - 3 
« 2x^ + 3x - 4 - (2x^ + 2x - 3) < 0 
» x - l < 0 
<=>x<l. 

vay tap nghidm eua bat phuong trinh la (-oo ; 1]. 

Nhdn xet. Nd'u cdng hai vl eua ba't phuong trinh P{x) < Q{x) +/(x) vdi bieu 
thfie -fix) ta duge bat phuong trinh P{x) -fix) < Q{x). Do dd 

P{x) < Q{x) +fix) ^ P{x) -fix) < Q{x). 
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Nhu vay chuyen v l va ddi dau mdt hang tfi trong mdt bat phuong trinh ta 
dugc mdt bat phuong trinh tuong duong. 

4. Nhan (chia) 
Nhdn (chia) hai ve cua bdt phuong trinh vdi ciing mot bieu 
thdc ludn nhdn gid tri dudng (md khdng ldm thay ddi diiu 
kien cua bd't phuong trinh) ta dugc mdt bd't phuong trinh 
tuong duong. Nhdn (chia) hai vd cua bd't phUOng trinh vdi 
ciing mpt bieu thdc ludn nhdn gid tri dm (md khdng ldm thay 
ddi diiu kien cua bdt phuong trinh) vd ddi.chieu bd't'phuong 
trinh ta dugc mdt bdt phuong trinh tuong duong. . 

P{x) < Q{x) <=> P{x).fix) < Q{x).fix) niu fix) > 0, Vx 

P{x) < Q{x) » P{x).fix) > Q{x).fix) niu fix) < 0, Vx' 

Vi du 3. Giai bat phuong trinh 

X + X + 1 X + X 
>.-

x^ + 2 x^ + 1 

Phdn tich bdi todn. Mau thfie cua hai v l ba't phuong tiinh la nhiJng bilu thfie 
ludn duong. Nhan hai ve cua bat phuong trinh vdi hai bilu thfie ludn duong 
dd, ta dugc mdt ba't phuong trinh tuong duong. 

Gidi 
2 2 

X + X + 1 X + x > 
x^ + 2 x^ + 1 
2 2 2 2 

<» (x + x + l ) ( x + l ) > ( x +x)(x +2 ) 
4 3 ^ 2 , 4 3 ^ 2 - ^ 

«>x + x +2x + x + l > x + x +-2x +2x 
4 3 2 4 3 2 

<^x + x +2x + X + 1 - X - X - 2 x - 2 x > 0 
< » - x + l > 0 < = > x < l . 

vay nghidm cua ba't phuong trinh la x < 1. 
5. Binh phirdng 

Binh phuong hai vd cua mot bd't phuong trinh cd hai vd khdng 
dm md khdng ldm thay ddi diiu kien cua nd ta dugc mpt bdt 
phuong trinh tuong duong. 

P{x) < Q{x) <^ P\x) < Q\X) niu P{x) > 0, Q{x) > 0, Vx 
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Vi du 4. Giai ba't phuong trinh 

Vx^ + 2x + 2 > Vx^ - 2x + 3. 

Gidi. Hai ve bat phuong trinh diu cd nghia va duong vdi mgi x. Binh 
phuong hai v l ba't phuong trinh nay ta duoc 

If 
<» 

<=> 

o 

(Vx^ + 2x 

x^ + 2x + 
4x> 1 

1 
X > — 

4 

+ 2) > 

2 > x2 . 

Wx^ 
- 2 x + 

- 2 x 

3 

+ 3 

Vayjighidm cua ba't phuong trinh la x > — 
4 

Chuy 

Trong qua trinh bid'n ddi indt ba't phuong trinh thanh bat phuong trinh 
tuong duong can chu y nhihig dilu sau 

1) KM bien ddi cdc bieu thdc d hai ve cua mpt bdt phuong 
trinh thi diiu kien cua bdt phuong trinh cd the bi thay ddi. Vi 
vdy, de tim nghiem cua mdt bdt phuong trinh ta phdi tim cdc 
gid tri cua x thod mdn diiu kien oua bdt phuong trinh do vd Id 
nghiem cua bdt phuong trinh mdi. 

Vi du 5. Giai ba't phuong trinh 

5x + 2v3 - X , X . 4 - 3v3 - x 
1 > 

4 4 
Gidi. Dilu kiln 3 - x > 0. 
Tacd 

5x + 2V3-X , X 4 - 3 V 3 - X 
1 > 

4 4 6 
5x v 3 - x , X 2 V3 - X 

<^ — + 1 > + ' 
4 2 4 3 2 
5x V 3 - X , X 2 v 3 - x 

<^ — + 1 + > 0 
4 2 4 3 2 

=> X — > 0. 
3 
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Kit hgp vdi dilu kidn cua ba't phuong trinh, ta cd nghidm cua bat phuong 
trinh la nghidm cua he 

1 ^ 
X - - > 0 

3 

3 - X > 0. 

He bat phuong trinh nay cd nghidm la - < x < 3. 

Ket ludn. Nghidm cua bat phuong trinh da cho la — < x < 3. 

2) KM nhdn (chia) hai ve cua bd't phuang trinh P{x) < gCx) 
vdi bieu thdc fix) ta cdn lifu y den diiu kien vi dd'u cua fix). 
Neu fix) nhdn cd gid tri duong ldn gid tri dm thi ta phdi ldn 
lu0 xet tdng trudng hop. Mdi trudng hgp ddn den mpt he bdt 
phuong trinh. 

Ta minh hoa dilu nay qua vf du sau. 

Vi du 6. Giai ba't phuong trinh > 1. 
x - 1 

Gidi. Dilu k i d n x ^ l . 

a) Khi X - 1 < 0 (tfic la x.< 1) ta ed < 0. Do dd trong trudng hgp nay 
x - 1 

mgi X < 1 diu khdng la nghidm cua bat phuong trinh hay ba't phuong trinh 
vd nghidm. 
b) Khi X - 1 > 0 (tfic la X > 1), nhan hai v l cua bat phuong trinh da cho vdi 
X - 1 ta duge bat phuong trinh tuong duong 1 > x - 1. Nhu vay trong 
trudng hgp nay nghidm cua bat phuong trinh da cho la nghidm cua hd 

J l > x - 1 
•. | x > 1. 

Giai he nay ta dugc nghidm la 1 < x < 2. 

Ket ludn. Nghilm cua bat phuong trinh da cho la 1 < x < 2. 

3) Khi gidi bdt phuong trinh P{x) < Q{x) md phdi binh phuong 
hai vethi ta ldn lugt xet hai trudng hgp : 
a) P{x), Q{x) cung cd gid tri khdng dm, ta binh phuong hai ve 
bdt phuong trinh. 
b) P{x), Q{x) cung cd gid tri dm ta viet 

P{x)<Q{x)<^-Q{x)<-P{x) 
rdi binh phuong hai ve bdt phuong trinh mdi. 
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Vi du 7. Giai ba't phuong trinh 

2 17 1 
X + — > X + —. 

4 2 
Gidi. Hai ve cua ba't phuong trinh cd nghia vdi mgi x. 

a) Khi X -\— < 0 (tfic la x < — ) , ve phai cua bat phuong trinh am, ve trai 

dfiong ndn trong trudng hgp nay mgi x < — ddu la nghidm cua ba't 

phuong trinh. 

b) Khi X + - > 0 (tfic la X > — ) , hai ve cua ba't phuong trinh da cho diu 

khdng am ndn binh phuong hai ve cua nd ta dugc ba't phuong trinh tuong 
2 17 2 1 

duong X +—->x +X + - . Nhu vay, nghidm cua bat phuong trinh da 
cho trong trudng hgp nay la nghiem cua he 

2 

2 17 2 1 
x + — > x + x + —. / 

4 4 
Giai he nay ta duge nghidm la — < x < 4. 

Tdng hgp lai, nghidm cua bat phuong trinh da cho bao gdm 

X < — va — < X < 4. 
2 2 

Ket ludn. Nghidm cua bat phuong trinh da cho la x < 4. 

Bai tqp 

1. Tim cac gia tri x thoa man dilu kidn cua mdi bat phuong trinh sau 

a) - < 1 r; b) -^ < — 
X x + 1 x^ - 4 x-̂  - 4x + 3 

c) 2 | x | - l + ^ / x - l < 2x 
x + 1 

d) 2VI-X > 3x + —^— 
X + 4 
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2. Chfing minh cac ba't phuong trinh sau vd nghidm 

a) x^ + Vx + 8 < - 3 ; 

b) Jl^i x-3)^ + JT-~. 2 3 
4x + X < - ; 

2 

c) Vl + x^ - V7 + x^ > 1. 

3. Giai thfch vi sao cac cap bat phuong trinh sau tuong duong ? 

a) -4x + 1 > 0 va 4x - 1 < 0 ; 

b) 2x^ + 5 < 2x - 1 va 2x^ - 2x + 6 < 0 ; 

c ) x + l > O v a x + l + > 
x^ + 1 x^ + 1 

d) V x - 1 >xva(2x+ l ) V x - l >x(2x + l). 

4. Giai cac bat phuong trinh sau 

^3x + l x - 2 l - 2 x 
a) --: r— < —:— 

b) (2x - l)(x + 3) - 3x + 1 < (x - l)(x + 3) + x^ - 5. 

5. Giai cac he bat phuong trinh 

a) 
6x + — < 4x + 7 

7 
8x + 3 

<2x + 5 

b) 
15x - 2 > 2x + 

2(x - 4) < 

]_ 

3 
3x-14 
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DAU CUA N H I THirc BAC N H A T 

I - DINH LI VE DAU CUA NHI THLfC BAC NHAT 

1. Nhi thurc bac nhat 

Nhi thiie bdc nhdt dd'i vdi x Id bieu thdc dqng fix) = ax -\- b 
trong dd a, b Id hai sddd cho, a^O. 

a ^ i 
a) Giai bat phfipng trinh -2x + 3 > 0 va bieu dien tren true sd tap nghiem cua nd. 

b) Tfi dd hay ehi ra cac khoang ma ne'u x lay gia tri trong dd thi nhi thfie/(x) = -2x + 3 
ed gia tri 

Trai da'u vdi he sd eua x ; 
Cung da'u vdi he so cua x. 

2. Dau cua nhj thurc bac nhat 
/ 

DINH LI 

Nhi thdc fix) - ax -h b cd gid tri cung ddu vdi he sd a khi x 
, ( b \ 

Idy cdc gid tri trong khodng — ; +QO , trdi ddu vdi he sd a 
\ a ) 

khi X Idy cdc gid tri trong khodng \ -oo; - -
aJ 

Chiing minh. Ta CQ/(X) = ax-\- b = a\ x 

h ' h I' h\ 
Vdi x > - — t h i x + — > 0 ndn/(x) = a x H— eung da'u vdi hd sd a. 

a a \ aJ 

b . . . 
Vdi x < t h i x + — < 0 ndn/(x) = a x + -

a a \ aj 

.\ 
trai da'u vdi hd so a. 
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Cac kit qua trdn dugc thi hidn qua bang sau 

X 

fix) = ax -t b 

b 
— 00 +00 

a 

trii diu vdi a 0 cung da'u vdi a 

Ta ggi bang nay la bdng xet dd'u nhi thfie/(x) = ax + b. 

Khi X = — nhi thfie/(x) = ax + Z? cd gia tri bang 0, ta ndi sd XQ 
a 

nghiem eua nhi thfie/(x). 

Nghidm XQ = cua nhi thfie chia true sd dianh hai khoang (h.28). 

la 

fix) ciing da'u vdi a 

fix) trai da'u v6i a 

Hinh 28 

Minh hoq bang do thi 

a>0 

y. 

_A. 

• z ^ " ^ 

^^y = ax + b 

X 

a<0 

y = ax + t>^^^ 

+ 

0 

_A 
+ \ a , 

3. Ap dung 

^ 2 

Xet dau cac nhi thfie fix) = l>x + 2, g{x) = -2x + 5. 

Vi du 1. Xet da'u nhi thfie/(x) = mx - 1 vdi m la mdt tham sd da cho. 

Gidi. Nd'u m = 0 thi/(x) = -1 < 0, vdi mgi x. 

Nd'u mitQ thi/(x) la mdt nhi thfie bae nhA cd nghidm x^ = —. 
m 
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Ta CO bang xet da'u nhi thfie/(x) trong hai trudng hgp m>0,m<0 nhu sau 

m>0 
X 

fix) 

- 0 0 

— 

1 

m 
0 ' + 

+ 00 

m<0 
X 

fix) 

— 00 

+ 

1 

m 
0 -

+ 00 

II - XET DAU TICH, THUONG CAC NHI THU'C BAC NHAT 

Gid sdfix) Id mpt tich cua nhdng nhi thdc bdc nhdt. Ap dung dinh li 
vi ddu ciia nhi thdc bdc nhd't cd the xet dd'u tiimg nhdn td. Lap bdng 
xet dd'u chung cho td't cd cdc nhi thdc bdc nhd't cd mat trong fix) ta 
suy ra dugc dd'u cua fix). Trudng hgp fix) Id mot thuong cung dugc 
xet tuong tu. 

Vi du 2. Xet diu bieu thfie 

fix) 
(4x- l ) (x + 2) 

-3x + 5 

Gidi 

fix) khdng xac dinh khix = --. Cac nhi thfie 4x - 1, x + 2, -3x + 5 cd cac 

nghilm vid't theo thfi tu tang la -2 ; — ; —. Cac nghidm nay chia khoang 
4 3 

(-00; + oo) thanh bdn khoang, trong mdi khoang cac nhi thfie dang xet cd 

da'u hoan toan xac dinh. 

X 

4 x - 1 

x + 2 

-3x + 5 

fix) 

1 5 
- 0 0 -2 — — +00 

4 3 

. - 0 + 

0 + 

+ + 

+ 

+ 

+ 

+ 0 -

+ 0 - 0 + -
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Tfi bang xet dau ta tha'y 

fix) > 0 khi X G (-00 ; -2) hoac x 
l 4 ' 3 

fix) < 0 khi X G - 2 ; 
1 

fix) = 0 khi X = -2 hoac x = 

hoac X e 

1 

+ 00 

fix) khdng xac dinh khi x = — (trong bang kf hidu bdi II). 

a^3 

Xet dau bieu thdc fix) = (2x - l)(-x + 3). 

Ill - AP DUNG VAO GIAI BAT PHUONG TRINH 

Giai ba't phuong trinh/(x) > 0 thuc chat la xet xem bieu thfie/(x) nhan gia 
tri duong vdi nhfing gia tri nao cua x (do dd cung bid't fix) nhan gia tri am 
vdi nhiing gia tri nao cua x), lam nhu vay ta ndi da xet dd'u bilu thfie/(x). 

1. Bat phirdng trinh tich, bat phirong trinh chura an d miu thurc 

Vi du 3. Giai bat phuong trinh 

1 
> 1 . 

1 -x 

Gidi. Ta bid'n ddi tuong duong bat phuong trinh da eho 

^ — > 1 o ^ — - ^ > 0 « ^ ^ > 0 . 
1 -x 1-x 1-x 

Xet da'u bieu thfie /(x) 

cho laO <x < 1. 
1 -x 

ta suy ra nghidm cua ba't phuong trinh da 

' Giai bat phUPng trinh x^ -Ax <0. 
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Bat phUdng trinh chura an trong dau gia tri tuyet doi 

Mdt trong nhihig each giai ba't phuong trinh chfia ^n trong dau gia tri tuydt 
dd'i la sfi dung dinh nghia de khfi dau gia tri tuydt dd'i. Ta thudng phai xet 
bat phuong trinh trong nhilu khoang (nfia khoang, doan) khac nhau, trdn 
dd cac bilu thfie nam trong da'u gia tri tuyet dd'i diu cd da'u xac dinh. 

Vi du 4. Giai bat phuong trinh 

|-2x + ll + X - 3 < 5. 

Gidi. 

Theo dinh nghia gia tri tuydt dd'i ta cd 

I ^ 11 - J "^-^ '^ ̂  ^^^ ~2x + 1 > 0 
l - ( -2x + 1) nd'u -2x + 1 < 0. 

Do dd ta xet bat phuong trinh trong hai khoang 

a) Vdi X < — ta cd hd bat phuong trinh 

.a 
2 hay 

(-2x + l) + x - 3 < 5 

1 
x < -

2 
- x < 7 . 

Hd nay cd nghidm la -7 < x < 1 

b) Vdi X > — ta cd hd ba't phuong trinh 

X > — 

2 hay 
1 

X > — 

2 
X < 3. (2x - 1) + X - 3 < 5 

He nay cd nghidm la — < x < 3. 

Tdng hgp lai tap nghidm cua bat phuong tnnh da cho la hgp cua hai khoang 
^ 

J 

f 
-1 

V 

r 
2. 

v M - ; 3 

Ket ludn. Bat phuong trinh da cho cd nghidm la -7 < x < 3. 
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Bdng cdch dp dung tinh chdt cua gid tri tuyet ddi (§1) ta cd 

the di ddng gidi cdc bdt phuang trinh dqng |/(x)| < a va 

/ |/(x)| > a voi a> 0 dd cho. 

Ta cd 

| / (x) |<a«-a</(x)<a 

|/(x)| > a o / ( x ) < -a hoac fix) > a. 
(a >0) 

Bai tqp 

1. Xet da'u cac bieu thfie 
a)/(x) = (2x-l)(x + 3);. 

c ) / ( x ) = - ^ - - ^ ; 
3x + 1 2 - x 

2. Giai cae ba't phuong trinh 
2 . 5 

a) < 
x - 1 2x - 1 

C ) - + -
X X + 4 

< 
x + 3 

3. Giai cac bat phuong trinh 

a) |5x - 4| > 6 ; 

b)/(x) = (-3x-3)(x + 2)(x + 3); 

d)/(x) = 4 x ^ - 1 . 

b) 
+ 1 (X -1) 2 ' 

, , x^ - 3x + 1 , 
d) X < 1. 

x^ - 1 

b) 
-5 

x + 2 
< 

10 
x - 1 

BAT PHUcnSTG TRINH BAC N H A T HAI A N 

I - BAT PHUONG TRINH BAC NHAT HAI AN 

Ta cung gap nhimg bat phuong trinh nhilu in sd, chang han 

2x + y-̂  - z < 3 ; 3x + 2y < 1. 

Khi X = -2, y = 1, z = 0 thi vl trai bat phuong trinh thfi nha't ed gia tri nhd 
hon vl phai cua nd, ta ndi bd ba sd {x ; y ; z) = (-2 ; 1 ; 0) la mdt nghidm 
cua bat phuong trinh nay. 
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Tuong tu, cap sd (x ; y) = (1 ; -2) la mdt nghidm cua b^t phuong tiinh thfi hai. 

Bd't phuang trinh bdc nhd't hai dn x, y cd dqng tdng qudt Id 
ax + by < c (1) 

(ax -\-by<c;ax + by>c;ax-\-by>c) 
trong dd a, b, c Id nhung sd thuc dd cho, a vd b khdng dong 
thdi bdng 0, x va y Id cdc dn sd'. 

II - BIEU DlfiN TAP NGHIEM CUA BAT PHUONG TRINH BAC NHAT 
HAI AN 

Cung nhu ba't phuong trinh bac nha't mdt ^n, cae ba't phuong trinh bac nha't 
hai in thudng cd vd sd nghidm va dl md ta tap nghidm cua ehung, ta sfi 
dung phuong phap bilu didn hinh hgc. 

Trong mat phdng toq dp Oxy, tap hgp cdc diem cd toq dp Id 
nghiem bd't phuong trinh (1) dugc gpi Id mien nghiem ciia nd. 

Ngudi ta da chfing minh dugc rang trong mat phang toa do Oxy, dudng 

thang ax -\- by = c chia mat phang thanh hai nfia mat phang, mdt trong hai 

nfia mat phang dd la miin nghidm eua ba't phuong trinh ax -\- by < c, nfia 

mat phang kigi la miin nghidm cua bat phuong trinh ax + by>c. 

Tfi dd ta ed quy tdc thuc hdnh bieu dien hinh hpe tap nghiem (hay bieu 

diin mien nghiem) cua ba't phuong trinh ax + by < c nhu sau (tuong tu cho 

bat phuong trinh ax + by>c) 

Budc I. Tren mat phdng toq dp Oxy, ve dudng thang A .• 

ax + by = c. 

Budc 2. Ldy mpt diem MQ(xQ;yQ) khdng thudc ^ (ta thudng 

Idy gdc toq dp O) 

Budc 3. Tinh UXQ + byQ vd so sdnh UXQ + byQ vdi c. ^ 

Budc 4. Ket ludn 

Neu OXQ + by^ < c thi nua mat phang bd A ehda 

MQ Id miin nghiem cua ax + by < c. 

Ndu CIXQ + byQ > c thi nda mat phang bd A khdng 

ehda MQ Id mien nghiem cua ax + by < c. 
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CHU Y 

Miin nghidm cua ba't phuong trinh ax + fey < c bd di dudng 
thang ax + 6y = c la miin nghidm cua ba't phuong trinh 

ax -\- by < c. 

Vi du 1. Bieu didn hinh hgc tap nghidm cua ba't phuong tiinh bac nha't hai in 

2x + y < 3 . 

Gidi 

Ve dudng thang A : 2x + y = 3. 

La'y gdc toa dd (9(0 ; 0), ta tha'y O g A va 
cd 2.0 + 0 < 3 ndn nfia mat phang bd A 
chfia gdc toa do O la miin nghidm eua ba't 
phuong tiinh da cho (miin khdng bi td 
dam trong hinh 29). 

a^1 

M 

^ 

0 

ym 

m 
w Bieu dien hinh hpc tap nghiem cCia bat phUPng 

trinh bac nha't hai an 
-3;c + 2^ > 0 . 

Hinh 29 

III - HE BAT PHUONG TRINH BAC NHAT HAI AN 

Tuong tu he bat phuong trinh mdt in 

He bdt phuang trinh bac nhdt hai dn gdm mpt sd bd't phuang 
trinh bdc nhd't hai dn x, y md ta phdi tim cdc nghiem chung 
cua chiing. Mdi nghiem chung dd dugc gpi Id mpt nghiem ciia 
he bd't phucmg trinh da cho. 

Cung nhu bdt phuong trinh bdc nhdt hai dn, ta cd the bieu dien 
hinh hoc tap nghiem ciia he bd't phuong trinh bdc nhdt hai dn. 

Vi du 2. Bieu didn hinh hgc tap nghidm cua hd hit phuong trinh bac nhat hai in 

'3x + y < 6 

X + y < 4 

x > 0 

y>6. . ' 
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Gidi. Ve cac dudng thang 

(d,) : 3x + y = 6 

(dj) : X + y = 4 

(d3) : X = 0 (true tung) 

(d4) : y = 0 (true hoanh). 

Vi diem MQ{1 ; 1) cd toa do thoa man 
ta't ca cac ba't phuong trinh trong he 
trdn ndn ta td dam cac nfia mat phang 

bd (^i), {d2), {d^), {d^) khdng chfia 
diim MQ. Midn khdng bi td dam (hinh 
tfi giac OCIA ke ca bdn canh AI, IC, 
CO, OA) trong hinh ve (h.30) la miin 
nghidm ciia he da cho. 

\ \ ' M 
c 
3 

1 

0 

. 

A\ 

--

1 2\ 

d\ 

4 \ X 

d \ 

Hinh 30 

KBieu diln hinh hpc tap nghiem cua he bat phuong trinh bac nhat hai an 
| 2 . v - >• < 3 ' 

l2-*+5v < 12x + 8. 

IV - AP DUNG VAO BAI TOAN KINH TE 

Giai mdt sd bai toan kinh te thudng dSn dd'n vide xet nhung he bat phuong 
trinh bac nhat hai an va giai chung. Loai bai toan nay dugc nghien efiu 
trong mdt nganh toan hgc cd tdn ggi la Quy hoach tuyen tinh. Sau day ta se 
xet mdt bai toan don gian thudc loai dd. 

Bdi todn. Mdt phan xudng cd hai may dac chiing Mj, M2 san xua't hai 

loai san pham ki hidu la I va II. Mdt tan san pham loai I lai 2 tridu ddng, 
mdt ta'n san phim loai II lai 1,6 trieu ddng. Mudn san xuat mdt tan san 

phdm loai I phai dung may M| trong 3 gid va may M2 trong 1 gid. Mudn 

san xua't mdt ta'n san pham loai II phai diing may Mj trong 1 gid va may 

M2 trong 1 gid. Mdt may khdng the dung de san xuat ddng thdi hai loai 
san pham. May Mj lam vide khdng qua 6 gid trong mdt ngay, may M2 

mdt ngay chi lam vide khdng qua 4 gid. Hay dat ke hoach san xuat sao cho 
tdng sd tien lai cao nha't. 

Gidi. Ggi x, y theo thfi tu la sd ta'n san pham loai I, loai II san xua't trong 
mdt ngay (x > 0, y > 0). Nhu vay tiln lai mdi ngay la L = 2x + l,6y (trieu ddng) 
va sd gid lam vide (mdi ngay) cua may M| la 3x + y va may M2 la x + y. 
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Vl mdi ngay may Mj chi lam vide khdng qua 6 gid, may M2 khdng qua 4 gid 
ndn X, y phai thoa man he ba't phuong trinh 

3x + y < 6 
X + y < 4 
X > 0 
y >0. 

(2) 

Bai toan trd thanh 

Trong cac nghidm cua hd bat phuong trinh (2), tim nghidm (x = XQ ; y = yo) 

sao cho L = 2x + 1,6y ldn nha't. 

Midn nghidm cua he bat phuong trinh (2) la tfi giac OAIC ke ca miin trong 
(ggi la miin tfi giac OAIC) xem vf du 0 mue III hinh 30. 

Ngudi ta chfing minh dugc ring bilu thfie L = 2x + l,6y dat dugc gia tri ldn 
nha't tai mdt trong cac dinh cua tfi giac OAIC (xem bai dgc thim). Tfnh gia tri 
CLia bieu thfie L = 2x + 1,6y tai ta't ca cae dinh cua tfi giac OAIC, ta thay L ldn 
nha't khi x= l,y = 3. 

Vay de cd sd tidn lai cao nha't, mdi ngay can san xua't 1 ta'n san phim loai I 
va 3 ta'n san pham loai II. 
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BAI DOC T H E M 
PHLTONG P H A P TIM CL/C TR! CUA BIEU T H Q C 

F = ax + by TREN MOT MIEN BA GlAC 

Bai toan. Tim gia tri Idn nha't, gia trj nhd nha't cua bieu thfie F = ax + by (a, b la 
hai sd da cho l<hdng dong thdi bang 0), trong do x, y la cac tea dp cua cae diem 
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thupc mien da giac A j / l j . . . A,v4,+,... A„. Xac djnh x, y de F dat gia tri Idn nha't, 
nho nhat. 

Giai (h.31). Ta minh hoa each giai trong 
trudng hpp « = 5 va chi xet trUdng hpp 
fe > 0 (cac trudng hpp cdn lai xet tuong 
tu). Gia sfi M{XQ • yQ) la met diem da cho 
thudc mien da giac. Qua diem M va moi 
dinh cija da giac, l<e cac dudng thing 
song song vdi dudng thang ax + by = 0. 

Trong cac dudng th ing dd, dudng 
th ing qua diem M cd phuang trinh 

ax-\-by = axQ + byQ 

va cat toie tung tai diem A' 0 ; 
axQ + by^j 

Vi fe > 0 nen OXQ + byQ Idn nha't khi va chi Hinh 31 

khi : ^0 + ^^n 

fe 
Idn nha't. 

Tren hinh Z'\,F = ax + by Idn nha't khi (x ; y) la tea dp cCia diem A j , be nha't khi (x ; y) 

la tea dp diem A^. 

Tdm lai, gia tri Idn nha't (nho nha't) eua bieu thfie F = ax + by dat dUpc tai mpt trong 
cac dinh cCia mien da giac. 

Bai tqp 

Bieu didn hinh hgc tap nghidm cua cac bat phuong trinh bac nha't hai in sau. 

a) -X + 2 + 2(y - 2) < 2(1 - x) ; b) 3(x - 1) + 4(y - 2) < 5x - 3. 

Bilu didn hinh hgc tap nghidm cua cac he bat phuong tiinh bac nha't hai an sau. 

a) 

X - 2y < 0 

X + 3y > - 2 

y - X < 3 ; 

b) 

3 2 
1 

X + - -
2 

-1 < 0 

2 
X > 0. 

Cd ba nhdm may A, B. C dung de san xuat ra hai loai san pham I va II. De 
san xua't mdt don vi san pham mdi loai phai ldn lugt diing cac may thudc 
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cac nhdm khac nhau. Sd may trong mdt nhdm va sd may cua tijfng nhdm 
can thid't de san xua't ra mdt don vi san pham thudc mdi loai dugc cho trong 
bang sau 

Nhdm 

A 

B 

C 

So may trong 
mdi nhdm 

10 

4 

12 

Sd may trong timg nhdm dl san xua't ra 
mdt don vi san pham 

Loai I 

2 

0 

2 

Loai II 

2 

2 

4 

Mdt don vi san pham I lai 3 nghin ddng, mdt don vi san pham II lai 5 nghin ddng 
Hay lap phuong an de vide san xuat hai loai san pham tren cd lai cao nhat. 

Hudng ddn : Ap dung phuong phap giai trong muc IV. 

DAU CUA TAM THLTC BAC HAI 

1 - DINH LI VE DAU CUA TAM THLfC BAC HAI 

1. Tam thurc bac hai 

Tam thdc bdc hai ddi vdi x Id bieu thdc cd dqng fix) = ax + fox + r, 

trong dd a, b, c Id nhdiig he sd, a # 0. 

1 

1) Xet tam thfie bac hai /(x) = x^ - 5x + 4 . Tinh/(4),/(2),/(-l),/(0) va nhan xet ve 

dau cua chung. 

2) Quan sat do thi ham sd y = .\~ - 5x + 4 (h. 32a)) va chi ra cac khoang tren do 

do thi d phia tren, phia dudi true hoanh. 
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3) Quan sat cac dd thj trong hinh 32 va rut ra mdi lien he ve da'u cCia gia trj f(x) = ax^ + fex + i 

(tng vdi x tuy theo da'u cua biet thfie A = h^ -Aac. 

a) 
2 

y=fix)=x -5x + 4 

b) 

y = x -Ax + A 

Hinh 32 

c) 

y = x - 4x + 5 

2. Dau cua tam thurc bac hai 

Ngudi ta da chfing minh dugc dinh li vl ddu tam thdc bdc hai sau day 

DINH LI 

Cho fix) = ax^ + bx -^ c {a^ 0), A = fo^ - 4ac. 

Neu A < 0 thi fix) ludn cung dd'u vdi he sd a, vdi mpi x e 

Neu A = 0 thi fix) ludn cdng dd'u vdi he sd a, trd khi x = it 
2a 

Neu A > 0 thi fix) cung ddu vdi he sda khi x < Xj hodc x > X2, trdi 

dd'u vdi he sd'a khi Xj < x < X2 tivng do x^, X2 (xj < X2) Id hai 

nghiem ciia fix). 

CHUY 

Trong dinh If trdn, cd thd thay bidt thfie A = fo^ - 4ac bang 

bidt thfie thu ggn A' = {b')^ - ac. 
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Minh hoa hinh hoc 

Dinh ll vl da'u cua tam thfie bac hai ed minh hoa hinh hoc sau (h.33). 

a > 0 

a < 0 

A < 0 

+ \ / + 
+ \ / + 

+ ^ ' — ^ 
+ j ^ 

0 X 

A < 0 

.V' 

0 

- / 

I 

y^ \ ^ 

A = 0 

+ N / + 

0 b X 
la 

A = 0 

Vi 

0 

-7 

b 
la 

^ \ - ' 

A > 0 

+ yx, X 2 / + 

0 - V _ y - X 

A > 0 

- - ^ 

'X\ - ^ 2 \ - X 

Hinh 33 

3. Ap dung 

Vidul 

a) Xet da'u tam thfie /(x) = -x^ + 3x - 5 . 

b) Lap bang xet dau tam thfie /(x) = 2x - 5x + 2 . 

Gidi 

a) fix) cd A = -11 < 0, he so a = -1 < 0 ndn/(x) < 0, vdi mgi x. 

2 1 
b) fix) = 2x - 5x + 2 cd hai nghidm phan bidt Xj = —, X2 = 2 , he 
sd a = 2 > 0. 

Ta cd bang xet da'u/(x) nhu sau 

X 

. fix) 

— 00 

+ 

1 

2 

0 

2 

0 + 

+ 00 
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Xet da'u cac tam thfie 

a) fix) = 3x2 + 2x - 5 ; ^^ ^^^^ ^ ^^2 _ ^^^ ^ j ^ 

Tuong tu nhu tfch, thuong eua nhfing nhi thfie bac nhat, ta cd the xet dau 
tfch, thuong cua cac tam thfie bac hai. 

Vi du 2. Xet dau bieu thfie 

f{x) = 
2x^ - X - 1 

x 2 - 4 

Gidi. Xet da'u cac tam thfie 2x - x - 1 va x - 4 rdi lap bang xet da'u fix) 
ta duoc 

X 

2x^ - X - 1 

x 2 - 4 

fix) 

-00 - 2 — 1 2 +00 
2 

+ • + 0 - 0 + 1 + 

+ 0 -

+ 

- - 0 + 

- 0 + 0 - + 

II - BAT PHUONG TRINH BAC HAI MOT AN 

1. Bat phi/dng trinh bac hai 

Bdt phuang trinh bdc hai dn x Id bdt phuong trinh dqng 
2 ' 2 - 2 

ax + fox + c < 0 {hodc ax + fox + c < 0, ax + fox + c > 0, 
2 

ax + fox + c > 0), trong do a, b, c Id nhdng sd thUc dd cho, a^O. 

2. Giai bait phirdng trinh bac hai 

Giai bat phuong trinh bac hai ax + fox + c < 0 thuc chat la tim cac 

khoang ma trong dd fix) = ax + bx -^ c cung dau vdi he sd a (trudng hgp 
a < 0) hay trai da'u vdi he sd a (trudng hgp a > 0). 

Trong cac khoang nao 

a) fix) = -2x^ + 3x + 5 trai da'u vdi he sd cua x^ ? 

b) g{x) = -3x2 + 7.V - 4 cung da'u vdi he sd cua x^ ? 
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Vi du 3. Giai cac bat phuong trinh sau 

a) 3x^ + 2x + 5 > 0 ; b) -2x^ + 3x + 5 > 0 ; 

c) -3x^ + 7x - 4 < 0 ; 

Gidi 

d) 9x^ - 24x + 16 > 0. 

a) Tam thfie/(x) = 3x + 2x + 5 cd A' = 1 - 3 . 5 < 0, he sd a = 3 > 0 ndn 
fix) ludn duong (cung dau vdi a). 

, 2 
Do dd tap nghiem cua bat phuang trinh 3x + 2x + 5 > 0 la (-oo ; +oo). 

2 5 
b) Tam thfie /(x) = -2x + 3x + 5 cd hai nghidm laxj = -1 ; X2 = —, he 

so a = -2 < 0, nen/(x) ludn duong vdi mgi x thudc khoang '-v.^' 

2 f 5 
Vay bat phuong trinh -2x + 3x + 5 > 0 cd tap nghidm la khoang | - 1 ; — 

2 4 
c) Tam thfie fix) = -3x + 7x - 4 cd hai nghidm laxj = 1; X2 = —, he sd 

a = -3 < 0, ntn fix) ludn am vdi mgi x thudc khoang {-<a ; 1) hoac 
\ 

U 
; + oo 

J 

Vay tap nghiem cua ba't phuong trinh -3x + 7x - 4 < 0 la 

(-<x';l)u — : + 00 

d) Tam thfie /(x) = 9x^ - 24x + 16 ed he sd a = 9, A' = 12^ - 9.16 = 0, 

4 4 4 
/(x) cd nghiem kep x = — nen /(x) > 0 vdi mgi x ^ — va/(x) = 0 vdi x = —. 

2 
Vay bat phuong trinh 9x - 24x + 16 > 0 nghidm dung vdi mgi x. 

Vi du 4. Tim cac gia tri cua tham sd m de phuong trinh sau cd hai nghidm 
trai da'u 

2x^ - {n? - m + l)x + 2m^ - 3m - 5 = 0. 

104 



Gidi. Phuong trinh bac hai se cd hai nghidm trai dau khi va chi khi cac he 
so a va c trai da'u, tfic la m phai thoa man dilu kidn 

2{2m^ -3m-5)<0 ^2m^-3m-5<0. 

Vi tam thdc fim) = 2m - 3m - 5 cd hai nghidm li m^ = -I, m2= — va he 

sd cua m duong ndn 

2 5 
2m - 3m - 5 < 0 <» -1 < m < —. 

2 
Ket ludn. Phuong trinh da cho cd hai nghiem trai da'u khi va chi khi 

Bai tqp 

5 
-1 < m < — 

2 

L Xet da'u cac tam thfie bac hai 

a) 5x^ - 3x + 1 ; b) -2x^ + 3x + 5 ; 

c )x^+12x + 36 ; d) (2x - 3)(x + 5). 

2. Lap bang xet dau cac bilu thfie sau 

a) fix) = (3x^ - lOx + 3)(4x - 5 ) ; 

b)/(x)= (3x2 - 4x)(2x2 - X - 1) . 

c)/(x) = (4x2 - l)(-8x2 + X - 3)(2x + 9) ; 

d) Ax). <^-'r>p--''>. 
4x2 + X - 3 

3. Giai cac ba't phuong trinh sau 

a) 4x2 - X + 1 < 0 ; b) -3x2 + -̂ + 4 > Q ; 

1 3 2 
c) - 5 < -^ ; d) X - X - 6 < 0. 

x^ - 4 3x^ + X - 4 
4. Tim cac gia tri cua tham sd m de cac phuong trinh sau vd nghiem 

. 2 a) (m - 2)x^ + 2(2m - 3)x + 5m - 6 = 0; 

2 
b) (3 - m)x - 2(m + 3)x + m + 2 = 0 
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6 N TAP CHUONG IV 

1. Sfi dung da'u bat dang thfie de vid't cac mdnh dd sau 

a) X la sd duong ; 

b) y la sd khdng am ; 

c) Vdi mgi so thuc a, \a\ la so khdng am ; 

d) Trung binh cdng cua hai so duong a va h khdng nhd hon trung binh 
nhan CLia chiing. 

2. Cd the rut ra kit luan gi vl da'u cua hai so a vib nd'u bid't 

a) afo > 0 ; b) - > 0 ; 
fo 

c ) a f o < 0 ; d ) - < 0 ? 
fo 

3. Trong cac suy luan sau, suy luan nao dung ? 

fx < 1 
(A) , ^ xy < 1 ; (B) 

fo < X < 1 ,.. , . 
(C) ^ xy < 1 ; (D) => x - y < 0. 

[ y < 1 I - . 

4. Khi can mdt vat vdi do chinh xac dl'n 0,05kg, ngudi ta cho bie't kit qua la 
26,4kg. Hay chi ra khd'i lugng thuc cua vat dd nam trong khoang nao. 

5. Tren cung mdt mat phang toa do, hay ve dd thi hai ham sd y =/(x) = x + 1 

va y = g{x) = 3 - X va chi ra cac gia tri nao cua x thoa man : 

a)/(x) = ^(x); 

b)/(x) > ^(x) ; 

c)f{x)<g{x). 

Kiem tra lai kit qua bang each giai phuang trinh, bat phuong trinh. 

6. Cho a, fo, c la cac sd duong. Chfing minh rang 

a + fo fo + c c -V a . ^ 
+ + > 6. 
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7. Dilu kidn cua mdt ba't phuong tnnh la gi ? Thi nao la hai ba't phuong trinh 
tuong duong. 

8. Ndu quy tac bieu didn hinh hgc tap nghidm eua bat phuong trinh ax-\- by < c. 

9. Phat bilu dinh If vl dau cua tam thfie bac hai. 

10. Cho a > 0, fo > 0. Chfing minh rang 

4.+-^>v^+Vfo. 
^ Vfo v « 

•> 2 2 

11. a) Bang each sfi dung hang dang thfie a - fo = (a - fo)(a + fo) hay xet dau 

f{x) = X* - x2 + 6x - 9 

va g(x) = X - 2x 
x^ - 2 x 

b) Hay tim nghidm nguydn cua bat phuong trinh sau 

x(x^ - X + 6) > 9. 

12. Cho a, fo, c la dd dai ba canh cua mdt tam giac. Sfi dung dinh If vl dau cua 
tam thfie bac hai, chfing minh rang 

fo2x2 - (fo2 + c2 - a2)x + c2 > 0 , Vx. 

13. Bilu didn hinh hgc tap nghidm cua he bat phuong trinh bac nha't hai an 

'3x + y > 9 

X > y - 3 

2y > 8 - X 

V < 6. 

Bai tqp trac nghiem 

Chpn phuong dn dung trong cdc bdi tap sau 

14. Sd - 2 thudc tap nghidm eua bat phuong trinh 

(A) 

(C) 

Zv + 1 > 1 - X ; 

1 

1 - x 
+ 2 < 0 ; 

(B) ( 2 x + l ) ( l - x ) < x ' 

(D) (-2 - x)(x + 2)2 < 0. 
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15. Bat phuong trinh (x + 1) Vx < 0 tuong duong vdi bat phUOng trinh 

(B) (x + l)V^ < 0 ; 

(D) (x + l)2V^<0. 

(A) V^(77o^<0; 

(C) (x + l)2V;^<0; 

16. Bat phuong trinh mx + (2m - l)x + m + 1 < 0 cd nghidm khi 

(A) m = 1 ; 

(C) m = 0 ; 

17. He bat phuong trinh sau vd nghidm 

(A) 

(C) 

1x2 _2x<Q 

l2x + l <3x + 2 ; 

x^ - 5 x + 2 < 0 

1 x2 + 8x + 1 < 0 ; 

(B) m = 3 ; 

(D) m = 0,25. 

(B) 

(D) 

x^ - 4 > 0 

1 1 
< x + 2 x + 1 

Ix-ll <2 
|2x + ll < 3. 
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Chirong V TfiQnG K £ 

so LLfONG GIA SUC 

Thong ke la khoa hpc nghien efiu cac phuong phap 

thu thap, phan tich va xfi If cac sd lieu nham phat hien cac 
quy luat thong ke trong tu nhien va xa hpi. Chuang nay 

giup hpc sinh nam vfing mpt sd phuong phap trinh bay sd lieu 

(bang bang, bieu do) va thu gpn sd lieu nhd cac sd dac trung. 



BANG PHAN B 6 T A N SO 
vA TAN SUAT 

I - ON TAP 

1. So lieu thong ke 

Khi thuc hidn dilu tra thd'ng kd (theo muc dfch da dinh trude), cSn xac 
dinh tap hgp cac don vi dilu tra, dau hieu dilu tra va thu thap cac sd lidu. 

Vidul. 

Khi dieu tra "Nang suat lua he thu nam 1998" cua 31 tinh, ngudi ta thu thap 
dugc cac so lidu ghi trong bang dudi day 

Ndng sudt liia he thu (tqiha) ndm 1998 ciia 31 tinh 

30 
25 
35 

30 
45 
35 

25 
30 
30 

25 
30 
40 

35 
30 
40 

45 
40 
40 

40 
30 
35 

40 
25 
35 

35 
45 
35 

45 
45 
35 35 

Bdngl 

Tap hgp cac don vi dilu tra la tap hgp 31 tinh, mdi mdt tinh la mdt don vi 
didu tra. Dau hidu dilu tra la ndng sudt Ida he thu ndm 1998 d mdi tinh. 
Cac so lieu trong bang 1 ggi la cdc sd lieu thdng ke, cdn ggi la cac gia tri 
cua da'u hidu. 

2. Tan so 

Trong 31 sd lieu thd'ng kd d trdn, ta thay cd 5 gia tri khac nhau la 

Xl = 25 ; X2 = 30 ; X3 = 35 ; X4 = 40 ; X5 = 45. 

Gia tri X] = 25 xua't hidn 4 lan, ta ggi /ij = 4 la tdn sdciia gia tri Xy. 

Tuong tu, «2 = 7 ; «3 = 9 ; «4 = 6 ; «5 = 5 Mn lugt la tan sd cua cac gia tri 

X2 ; X3 ; X4 ; X5. 
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II - TAN SUAT 

Trong 31 sd lieu thd'ng kd d trdn, gia tri Xj cd tan sd la 4, do dd chilm ti Id 

la — « 12,9%. 
31 

4 
Ti sd — hay 12,9% duge ggi la tdn sudt ciia gii tri x^. 

Tuong tu, cac gia tri X2 ; X3 ; X4 ; X5 lan lugt cd tin suit la 

— « 22,6%; — « 29,0% ;— « 19,4%; — ^ 16,1%. 
31 31 31 31 

Dua vao cac kit qua da thu dugc, ta lap bang sau ^ 

Ndng sudt liia he thu ndm 1998 cua 31 tinh 

' Nang suat lua 
(ta/ha) 

25 
30 
35 
40 
45 

Cdng 

Tan sd 

4 
7 
9 
6 
5 

31 

Tin suit (%) 

12,9 
22,6 
29,0 
19,4 
16,1 

100 (%) 

Bdng 2 

Bang 2 phan anh tinh hinh' nang sua't lua cua 31 tinh, dugc ggi la bdng 
phdn bd'tdn sdvd tdn sudt. 

Nlu trong bang 2, bd cdt tin sd ta dugc bang phdn bd'tdn sudt; bd cdt tan 
suat ta dugc bang phdn bd'tdn sd. 

Ill - BANG PHAN BO TAN SO VA TAN SUAT GHEP L O P 

Vi du 2. De chuan bi may ddng phuc cho hgc sinh, ngudi ta do chieu cao 
ciia 36 hge sinh trong mdt ldp hgc va thu dugc cac sd lieu thd'ng kd ghi 
trong bang sau 

Chiiu cao cua 36 hpc sinh (don vi : cm) 

158 
150 
164 

T52 
167 
159 

156 
-165 

163 

158 
163 
155 

168 
158 
163 

160 
162 
165 

170 
169 
154 

166 
159 
161 

161 
163 
164 

160 
164 

151 

172 
161 
164 

173 
160 
152 

Bdng 3 
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De xac dinh hgp If sd lugng quin ao can may cho mdi "kfch co" ta phan 
ldp cac sd lieu tren nhu sau 

Ldp 1 gdm nhfing sd do chilu cao tfi 150 cm dd'n dudi 156 cm, kf hidu la 
[150; 156); 

Ldp 2 gdm nhung sd do chilu cao tfi 156 cm dd'n dudi 162 cm, ki hidu la 

[156; 162); 

Ldp 3 gdm nhfing sd do chilu cao tfi 162 cm din dudi 168 cm, kf hieu la 

[162 T 168); 

Ldp 4 gdm nhfing sd do chilu cao tfi 168 cm dd'n 174 cm, kf hidu la 

[168 ; 174]. 

Ta tha'y cd 6 sd lieu thudc vao ldp 1, ta ggi «i '= 6 la tdn sd ciia ldp 1. 

Cung vay, ta ggi «2 = 12 la tan sd cua ldp 2, «3 = 13 la tin sd cua ldp 3, 

rt4 = 5 la tan sd cua ldp 4. 

Cac ti sd 

/l = ^ ^ 1 6 , 7 % ; / 2 = ^ « 33 ,3%; 

/ 3 = ^ = 36,1% ; / 4 = A . i 3 , 9 % • 
36 36 

dugc ggi la tdn sudt ciia cdc ldp tuong fing. 

Cac kit qua trdn duge trinh bay ggn trong bang dudi day 

Chieu cao ciia 36 hoc sinh 

Ldp sd do chilu cao 
(cm) 

[150 

[156 

[162 

[168 

156) 

162) 

168) 

174] 

Cdng 

Tan so 

6 

12 

13 

5 

36 

Tan sua't (%) 

16,7 

33,3 

36,1 

13,9 

100 (%) 

Bdng 4 
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Bdng 4 dugc gpi Id bdng phdn bd tdn sd vd tdn sudt ghep ldp. 
Neu trong bdng 4 bd cdt tdn sd thi se cd bdng phdn bd tdn 
sudt ghep ldp, bd cpt tdn sudt thi se cd bdng phdn bd tdn sd 
ghep ldp. 

I 
Bang 4 d trdn cho ta co sd dl xac dinh sd lugng quan ao can may cua mdi 
cd (tuang fing vdi mdi ldp). Chang ban, vi so hgc sinh cd chilu cao thudc 
ldp thfi nha't chiem 16,7% tdng sd hgc sinh, ndn sd quan ao can may thudc 
cd tuomg fing vdi ldp dd chiem 16,7% so lugng quSn ao can may. Ta cung 
cd kit luan tuong tu ddi vdi cac ldp khac. 

Nd'u ldp hgc ke trdn dai didn duge cho toan trudng thi cd thi ap dung kit 
qua dd dl may quan ao cho hgc sinh ca trudng. 

Cho cac sd lieu thd'ng ke ghi trong bang sau 
Tien lai (nghin ddng) cua moi ngay trong 30 ngay 

dugc khao sat d mdt quay ban bao 

81 
51 

37 

44 

74 

52 

65 

92 
31 

93 

63 

53 

58 

85 
82 
77 

67 

47 

77 

42 
63 
57 

46 

57 
30 

85 

53 

55 

73 

64 

Bdng 5 
Hay lap bang phan bd tan sua't ghep Idp vdi cac Idp nhu sau 

[29,5 ; 40,5), [40,5 ; 51,5), [51,5 ; 62,5), [62,5 ; 73,5), [73,5 ; 84,5), [84,5 ; 95,5]. 

Bdi tqp 

1. Cho cac sd lieu thd'ng kd ghi trong bang sau 

Tudi thp cua 30 bdng den dien dugc thdp thii (don vi : gid) 

1180 

1160 

1170 

1170 

1170 

1150 

1170 

1170 

1180 

1160 

1190 

1160 

1170 

1170 

1180 

1170 

1150 

1190 

1160 

1180 

1180 

1190 

1170 

1160 

115J3 

1170 

1180 

1170 

1160 

1170 

a) Lap bang phan bd tan sd va bang phan bd tan sua't. 
b) Dua vao kit qua cua cau a), hay dua ra nhan xet vl tuoi thg cua cac 
bdng den ndi trdn. 
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2. Cho bang phan bd tin sd ghep ldp sau 

Dp ddi ciia 60 Id duong xi trudng thdnh 

Ldp ciia do dai (cm) 

[10; 20) 

[20 ; 30) 

[30; 40) 

[40; 50] 

Cdng 

Tins6 

8 

18 

24 

10 

60 

Bui duong xi 

a) Lap bang phan bd tin suit ghep ldp. 

b) Dua vao kit qua cua cau a), hay ndu ro trong 60 la duong xi dugc khao sat: 

Sd la cd dd dai dudi 30 cm chiem bao nhidu phin tram ? 

Sd la cd dd dai tfi 30 cm dd'n 50 cm chilm bao nhilu phin tram ? 

Cho cac sd lieu thd'ng kd ghi trong bang sau 

Khdi lugng ciia 30 cii khoai tdy thu hoqch dugc d ndng trudmg T (dan vi: g). 

90 

81 

109 

73 

94 

108 

88 

96 

112 

99 

93 

87 

100 

95 

74 

102 

82 

91 

111 

90 

84 

96 

106 

97 

79 

103 

85 

93 

116 

92 

Lap bang phan bd tan sd va tin suit ghep ldp, vdi cac ldp sau 
[70; 80); [80 ; 90); [90 ; 100); [100 ; 110); [110 ; 120]. 

4. Cho cac sd lidu thd'ng kd ghi trong bang sau 

Chieu cao cua 35 cdy bqch ddn (don vi : m) 

6,6 
7,2 
8,0 
8,0 

7,5 
7,5 
7,7 
7,6 

8,2 
8,3 
7,8 
7,9 

8,2 
7,4 
8,3 
7,3 

7,8 
8,7 
8,6 
8,5 

7,9 
7,7 
8,1 
8,4 

9,0 
7,0 
8,1 
8,0 

8,9 
9,4 
9,5 
8,8 

8,2 
8,7 
6,9 
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a) Lap bang phan bd tan suat ghep ldp. v oi cac ldp sau 

[6,5 ; 7,0); [7,0 ; 7,5); [7,5 ; 8,0); [8,0 ; 8,5); [8,5 ; 9,0) ; [9,0 ; 9,5]. 

b) Dua vao kit qua cua cau a), hay ndu nhan xet vl chilu cao cua 35 cay 

bach dan ndi trdn. 

Bifiu B6 

I - BIEU DO TAN SUAT HINH COT VA D U O N G GAP KHUC TAN SUAT 

Ta cd thi md ta mdt each true quan cac bang phan bd t^n sua't (hoac tan 
sd'), bang phan bd' tin sua't (hoac tin sd') ghip ldp bang bilu d6 hoac dudng 
ga'p khuc. 

1. Bieu do tin suat hinh cot 

yi du 1. Di md ta bang phan bd t^n sua't ghep ldp (bang 4) trong § 1, cd thi 
ve bieu dd tdn sudt hinh cpt sau (h.34). 

Tdn sudt i \ 

1 150 156 162 168 174 Chieu cao 

Hinh 34. Bieu do tdn sudt hinh cpt re chieu cao (cm) cua 36 hoc sinh. 
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2. Dirdng gap khuc tin suat 

Bang phan bd tin suit ghip ldp kl trdn (bang 4) cung cd thi dugc md ta 
bang mdt dudng gap khuc, ve nhu sau. 

Trdn mat phang toa dd, xac dinh cac dilm(c- ; / . ) , / = 1, 2, 3, 4, trong dd c, la 

trung binh cdng hai mut ciia ldp / (ta ggi c,- la gid tri dqi dien cua ldp i). 

Ve cac doan thang nd'i diem {c-; f-) vdi dilm(c^.^j; /^^j), ' = 1, 2, 3, ta 

thu dugc mdt dudng ga'p khuc, ggi la dudng gdp khdc tdn sudt (h.35). 

Tdn sudt I 

-I—I . . . I — I — I — I — I — I — I — I — I — I — ( — I — I — I — I — 1 — 1 — I — ( — I — I — 1 — I — I — I — I >• 

150 153 156 159 162 165 168 171 174 Chieu cao 
C'V (c-oj (c^) (c^) 

Hinh 35. Dudng gdp lihitc tdn sudt ve chieu cao (cm) ciia 36 hgc sinh. 

1 

Cho bang phan bd tan sua't ghep Idp sau 
Nhiet dp trung binh cua thang 12 tai thanh phd Vinh tfi 1961 den 1990 (30 nSm). 

Ldp nhiet dp (°C) 

[15; 17) 

[17; 19) 

[19;21) 

[21 ; 23] 

Cpng 

Tan suat (%) 

16,7 

43,3 

36,7 

3,3 

100 (%) 

Bdng 6 
Hay rod ta bang 6 bang each ve bieu dd tan suat hinh cpt va dudng gap khiic 
tan suat. 
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3. Chu y 

Ta cung cd thi md ta bang phan bd tan sd ghep ldp bang bilu dd tin sd 
hinh cdt hoac dudng ga'p khuc tan sd. Cach ve cung nhu each ve bieu dd 
t^n sua't hinh cdt hoac dudng gap khuc tan sua't, trong dd thay true tan sua't 
bdi true tSn so. 

II - BIEU DO HINH QUAT 

• Ngudi ta cdn dung bilu dd hinh quat dl md ta bang co ca'u trong vi du dudi day 

Vidu 2. Cho bang 7 

Co cdu gid tri sdn xud't cdng nghiep trong nUdc ndm 1997, 
phdn theo thdnh phdn kinh te. 

Cac thanh phan kinh t l 

(1) Khu vuc doanh nghidp nha nudc 

(2) Khu, vuc ngoai qud'c doanh 

(3) Khu vuc dau tu nudc ngoai 

Cdng 

Sd phan tram 

23,7 

47,3 

29,0 

100 (%) 

Bdng 7 
Hinh 36a dudi day la bilu dd hinh quat md ta bang 7. 

[19; 21) 

[17: 19) 

[21 ; 23] 

[15:17) 

a) 

CHUY 

h) 

Hinh 36 

Cac bang phan bd tSn sua't ghep ldp eung cd the md ta bang bilu 
dd hinh quat, chang ban hinh 36b md ta bang 6. 
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Dua vao bieu do hinh quat cho d hinh 37 dudi diy, hay iSp b^ng cd cau nhU trong 
VI du 2. 

(1) Khu vuc doanh nghiep nhjl nudc 
(2) Khu virc ngoai qu6c doanh 
(3) Khu vuc dfiu tu nudc ngoai 

Hinh 37. Bieu do hinh quat ve ca cdu gid tri sdn xudt cong nghiep trong nudc ndm 1999, 
phdn theo thdnh phdn kinh te'(%). 

Bdi tqp 

Hay md ta bang phan bd tan sua't ghep ldp da dugc lap d bai tap sd 2 ciia 
§ 1 bang each ve bilu dd tin suit hinh cdt va dudng ga'p khuc tin suit. 

Xet bang phan bd tan sd va tan suit ghip ldp da dugc lap d bai tap sd 3 cua § 1. 

a) Hay ve bilu dd tan sua't hinh edt, dudng ga'p khuc tin suit. 

b) Hay ve bilu dd tan sd hinh cdt, dudng gap khuc'tSn sd. 

c) Dua vao bilu dd tan suat hinh cdt da ve 6 cau a), hay nlu nhan xet vl 
khd'i lugng cua 30 cu khoai tay duge khao sat. 

Dua vao bilu dd hinh quat dudi day (h.38), hay lap bang ca ca'u nhu trong 
vf du 2. 

(1) Khu vixc doanh nghiep nha nudc 

(2) Khu vuc ngoai qu6'c doanh 

(3) Khu vuc d^u tu nudc ngo^i 

Hinh 38. Bieu do hinh quat ve ca cdu gid tri sdn xudt cdng nghiep trong nirdc ndm 2000, 
phdn theo thdnh phdn kinh teCJf )-
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S6 TRUNG BINH C 6 N G 

S6 TRUNG VI. M 6 T 

Di thu duge cae thdng tin quan trgng tfi cac sd lidu thd'ng kd, ngudi ta sfi dung 
nhfing sd dac trung nhu sd trung binh cdng, sd trung vi, mdt, phuang sai, 
dd lech chudn. Cac sd dac trung nay phan anh nhfing khfa canh khac nhau 
cua da'u hidu dilu tra. 

I - SO TRUNG BINH C O N G (HAY SO TRUNG BINH) 

Vidul 

a) Ap dung cdng thfie tfnh sd trung binh cdng da hge d ldp 7, ta tinh dugc 
chilu cao trung binh x ciia 36 hgc sinh trong kit qua dilu tra dugc trinh 
bay 6 bang 3 cua §1 la J « 161em. 

b) Sfi dung bang phan bd tin sd va tan suat ghip ldp, ta tfnh gan diing 
chilu cao trung binh J cua 36 hgc sinh trong kit qua dieu tra dugc trinh 
bay 6 bang 4 cua §1 theo hai each sau 

Cdch 1. Siidung bdng phdn bd tdn sd ghep ldp 

Nhdn gid tri dqi dien cua mdi ldp vdi tdn sd cua ldp dd, cdng cdc ket qud 
Iqi rdi chia cho 36, ta dugc 

6x153 + 12x159 + 13x165 + 5x171 ,^^ , , 
a 162 (cm), 

36 
Kit qua nay cd nghia la chilu cao trung binh cua 36 hgc sinh kl trdn la 
X « 162 cm. 
Ta ciing ndi 162 cm la sd trung binh cpng cua bdng 4. 
Cdch 2. Siidung bdng phdn bd tdn sudt ghep ldp 
Nhdn gid tri dqi dien cua mdi lap vdi tdn sudt ciia ldp dd rdi cpng cdc ket 
qud Iqi ta cung dugc 

J « i ^ x 153 + ^ x 159 + ^ x 165+ i ^ x 171^162 (cm). 
100 100 100 100 

119 



Vdy ta cd the tinh sd trung binh cpng cua cdc sd lieu thdng ke 
theo cdc cdng thdc sau ddy. 

Trudng hgp bdng phdn bd tdn sd, tdn sudt 

X = -{n,x, + «2^2 + - + Vk) = /i^i + fi^i + - + flc^j llc^k 

trong do «,, fi ldn lum Id tdn sd, tdn sudt cua gid tri x,-, n Id sd 

cdc sd lieu thd'ng ke (n^ + n2 + ... + «;t ~ '''*• 

Trudng hgp bdng phdn bd'tdn sd, tdn sudt ghep ldp 

X = -{n,c, + n^c\ + ... + n.c.) = f,c, + Ac^ + ... + /^c '2''2 k'-k' ' M 72^2 Ik^k 

trong dd Cj, nj,fj ldn lU0 Id gid tri dqi dien, tdn sd, tdn sudt cua 

ldp thd i, n Id sd'cdc sd'lieu thdng ke {n^-i- n2 + ...+ nj^ = n). 

,Cho bang phan bd tan sd va tan suat ghep Idp sau 
Nhiet dp trung binh cua thang 2 tai thanh phd Vinh 

tfi 1961 den he't 1990 (30 nam). 

Ldp nhiet dp (°C) 

[12; 14) 

[14; 16) 

[16; 18) 

[18; 20) 

[20 ; 22] 

Cong 

Tan sd 

1 

3 

12 

9 

5 

30 

Tan suat (%) 

3,33 

10,00 

40,00 

30,00 

16,67 

100% 

Bdng 8 
a) Hay tinh sd trung binh cdng cua bang 6 va bang 8. 
b) Tfi ket qua da ti'nh dupe 6 eau a), cd nhan xet gi ve nhiet dp d thanh phd Vinh 
trong thang 2 va thang 12 (cua 30 nam dupe khao sat). 

11 - SO TRUNG VI 

Vi du 2. Diem thi Toan cudi nam cua mdt nhdm 9 hgc sinh ldp 6 la 

1 ; 1 ; 3 ; 6 ; 7 ; 8 ; 8 ; 9 ; 10. 

Diem trung binh eua ca nhdm la 3c = 5,9. 
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Ta tha'y hau hit hgc sinh (6 em) trong nhdm cd sd diem vugt diim trung 
binh va cd nhimg diim vugt rat xa. Nhu vay, diim trung binh x khdng dai 
didn dugc cho trinh do hgc luc cua cac em trong nhdm. 

Khi cac so lieu thd'ng kd cd su chdnh lech ldn thi sd trung binh cdng khdng 
dai didn duge cho cac sd lieu dd. Khi dd ta chgn sd dac trung khac dai didn 
thfch hgp hon, dd la sd trung vi. 

Sap thd tu cdc sd lieu thd'ng ke thdnh ddy khdng gidm (hodc 
khdng tdng). Sd trung vi (cua cdc sd lieu thd'ng ke dd cho) ki 

hieu Mg Id sdddng gida ddy neu sd'phdn td Id le vd Id trung binh 
cpng cua hai sdddng gida ddy neu sd'phdn tuld chdn. 

Trong vf du 2 ta cd M^ = 7. 

Vi du 3. Diem thi Toan cua bdn hgc sinh ldp 6 dugc xdp thanh day khdng 

giam la 1 ; 2,5 ; 8 ; 9,5. 

Trong day nay cd hai sd dfing gifla la 2,5 va 8. 

Khi dd, ta chgn sd trung vi la trung binh cdng cua hai so nay 

2,5 + 8 
K' , = 5,25. 

Trong bang phan bd tan so, cac sd lieu thdng ke da dugc sap thfi tU thanh day 
khdng giam theo cac gia tri cua chung. 
Hay tim sd trung vj cua cac sd lieu thd'ng ke cho d bang 9. 

So ao ban dupc trong mpt quy 6 mpt cda hang ban ao sa ml nam 

Cdao 

Tan sd 
(sd ao ban dupc) 

36 

13 

37 

45 

38 

126 

39 

110 

40 

126 

41 

40 

42 

5 

Cdng 

465 

Bdng 9 

III - M O T 

C) ldp 7 ta da bid't 

Mdt cua mot bdng phdn bd tdn sd' Id gid tri cd tdn sd ldn nhd't 

vd dugc ki hieu Id MQ. 

Nl'u trong bang phan bd tan sd cd hai gia tri cd tin sd bang nhau va ldn ban 
tan sd cua cac gia tri khac thi chgn mdt la gia tri nao ? Ta xet bang 9 d trdn. 
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Trong bang 9, ed hai gia tri la 38 va 40 eung cd tin sd ldn nha't la 126, 
trong trudng hgp nay ta coi rang cd hai mdt la 

M<"U 38, Mg^ = 40. 

Kit qua vfia thu dugc cho tha'y rang trong kinh doanh, cfia hang ndn uu tidn 
nhap hai co ao sd 38 va sd 40 nhilu hon. 

Bai tap 

Tfnh sd trung binh cdng cua cac bang phan bd da dugaiap d bai tap sd 1 va 
bai tap so 2 cua § 1. 

Trong mdt trudng THPT, dl tim hiiu tinh hinh hgc mdn Toan cua hai ldp 
lOA va lOB, ngudi ta cho hai ldp thi Toan theo cung mdt dl thi va lap dugc 
hai bang phan bd tin so ghep ldp sau day 

Diem thi Todn cua ldp lOA 

Ldp diim thi 

[ 0 ; 2 ) 

[2 ; 4) 

[4 ; 6) 

[6 ; 8) 

[8 ; 10] 

Cdng 

Tin sd 

2 

4 

12 

28 

4 

50 

Diem thi Todn cua ldp lOB 

Ldp diim thi 

[ 0 ; 2 ) 

[2 ; 4) 

[4 ; 6) 

[6 ; 8) 

[8 ; 10] 

Cdng 

Tin sd 

4 

10 

18 

14 

5 

51 

Tinh cac sd trung binh cdng cua hai bang phinp6 b trdn va ndu nhan xlt 
vl kit qua lam bai thi ciia hai ldp. 
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3. Dilu tra tiln luang hang thang cua 30 cdng nhan cua mdt xudng may, ta cd 
bang phan bd tin sd sau 

Tien luong cua 30 cdng nhdn xudng may 

Tiln luong (nghin ddng) 

Tan sd 

300 

3 

500 

5 

700 

6 

800 

5 

900 

6 

1000 

5 

Cdng 

30 

Hm mdt cua bang phan bd trdn. Ndu y nghia cua kit qua da tim dugc. 

4. Tiln luang hang thang cua 7 nhan vidn trong mdt cdng ti du lich la : 650, 
840, 690, 720, 2500, 670, 3000 (don vi: nghin ddng). 

Tim sd trung vi cua cac sd lidu thd'ng kd da cho. Ndu y nghia cua kit qua 
da tim dugc. 

5. Cho bil't tinh hinh thu hoach lua vu mua napn 1980 cua ba hgp tac xa d dia 
phuang V nhu sau 

Hgp tac xa 

A 

B 

C 

Nang sua't lua (ta/ha) 

40 
38 
36 

Didn tich trdng lua (ha) 

150 
130 
120 

Hay tfnh nang sua't lua trung binh cua vu mua nam 1980 trong toan bd ba 
hgp tac xa kl trdn. 

PHirONG SAI VA D 6 LfiCH C H U A N 

I - PHUONG SAI 

Vi du I. Cho bid't gia tri thanh phdm quy ra tiln (nghin ddng) trong mdt 
tudn lao ddng cua 7 cdng nhan d t6 1 la 

180, 190, 190, 200, 210, 210, 220, (1) 

cdn cua 7 cdng nhan d t6 2 la 

150, 170, 170, 200, 230, 230, 250. (2) 
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Ta tha'y sd trung binh cdng .v cua day (1) va sd trung binh cdng y cua day 
(2) bang nhau 

.Y = y=200. 

Tuy nhien, khi so sanh day (1) va day (2) ta tha'y cac sd lieu d day (1) gdn 
vdi sd trung binh cdng ban, ndn chung ddng diu ban. Khi dd ta ndi cae sd 
lieu thd'ng kd d day (1) ft phan tan ban day (2). 

Detim sd do dp phdn tdn (so vdi sd trung binh cpng) cua ddy (I) ta tinh 

Cdc dp lech cua mdi sd lieu thdng ke ddi vdi sd trung binh cpng 

(180 - 200) ; (190 - 200) ; (190 - 200) ; (200 - 200) ; (210 - 200) ; 
(210-200); (220-200). 
Binh phuong cdc dp lech vd tinh trung binh cpng cua chiing, ta dugc 

2 _ (180 - 200)̂  + 2(190 - 200)̂  + (200 - 200)̂  + 2(210 - 200)̂  + (220 - 200)̂  

« 171,4. 
2 , 

Sd .V| dugc ggi la phuang sai cua day (1). 
2 

Tuong tu phuang sai 2̂ cua day (2) la 

2 _ (150 - 200)̂  + 2(170 - 200)̂  + (200 - 200)^ + 2(230 - 200)̂  + (250 - 200)̂  
s 

• . 1 
* 1228,6. 

Ta tha'y phuang sai cua day (1) nhd ban phuang sai cua day (2). Dilu dd 
bidu thj do phan tan cua cac sd lieu thd'ng kd d day (1) it ban d day (2). 

Vi du 2. Tfnh phuang sai s ciia cac sd lieu thd'ng kd cho d bang 4, §1 
(cung ggi la phuang sai ciia bang 4). 

Sd trung binh cdng ciia bang 4 la .? = 162 cm. 

]Vldi sd lieu thd'ng kd thudc mdt ldp dugc thay the bdi gia tri dai didn ciia Idp dd. 

a) Phuong sai s cua bang 4 (bang phan bd tan sd va tan suat ghep ldp) 
dugc tinh nhu sau 

2 _ 6(153 - 162)^ + 12(159 - 162)^ + 13(165 - 162)^ + 5(171 - 162)^ 
36 

- 3 1 . (3) 
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He thdc (3) hiiu thi cdch tinh gdn dung phuong sai cua bdng 4 theo tdn sd. 

b) Tfi (3) ta cd 

s^ = A ( i 5 3 _ 162)2 + H ( i 5 9 - 162)2 ^ ^^^^^ _ ^^2)^ + A ( i 7 i _ i62)2 
36 36 36 36 

hay 

s^ * 1^ (153 - 162)2 + ̂ ( 1 5 9 - 162)2 ^ ^ ( 1 6 5 - 162)^ + ^ ( 1 7 1 - 162)^ 
100 100 100 100 

« 3 1 . (4) 

He thdc (4) bieu thi cdch tinh gdn dung phuong sai cua bdng 4 theo tdn sudt. 

CHUY 

a) Khi hai day so lieu thd'ng kd cd cung don vi do va cd so 
trung binh cdng bang nhau fioac xap xi nhau, nd'u phuang sai 
cang nhd thi mfic do phan tan (so vdi sd trung binh cdng) eua 
cac so lieu thd'ng kd cang be. 

b) Cd the tfnh phuang sai theo cac cdng thfie sau day 

Trudng hgp bdng phdn bd tdn sd, tdn sudt 

trong dd n,-, fi lan lugt la tan so, tan sua't cua gia tri x,- ; n la 

so cac sd lidu thd'ng kd {n = ny + «2 + ... + n̂ )̂ ' ^ '^ ^^ trung 

binh cdng cua cac so lieu da cho. 

Trudng hgp bdng phdn bd tdn sd, tdn sudt ghep ldp 

.̂=i ni(c, -xf + «2(f2 - A-)2 + ... + nj^{cj, - xy 

= fy{Cy - x)2 + /2(C2 - x)2 + ... + /^(c^. - J)2. 

trong dd Cj, nj, fi ldn lugt la gia tri dai diln, tan sd, tan suat 

ciia ldp thfi / ; /? la so cac sd lieu thdng kd 

{n - Hi + 112 + ... + nj.) ; T la sd trung binh cdng cua cac sd 

!iou thdiii? Ice da cho. 
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Ngoai ra, ngudi ta cdn chfing minh dugc cdng thfie sau 

s^ = x^ - {xf 

trong dd x la trung binh cdng ciia cae binh phuang sd lidu 
thd'ng kd, tfic la 

X^ = -(«|Jf? + «2^2 + - + "k^l) = /l-^? + /2'̂ 2 + - + fk^i Ik^k 

(ddi vdi bang phan bd tdn sd, tdn sudt), 

x^ = -{nfi + «2̂ "2 + ••• + "k4) = fA + /2'2 + - + fk4 

(ddi vdi bang phan bd tdn sd, tdn sudt ghep ldp). 

ay tinh phuong sai .cCia bang 6 (6 §2). 

II - DO LECH CHUAN 

Trong vf du 2 6 trdn, ta da tfnh dugc phuong sai cua bang 4 (d §1) bang 
2 , " 2 2 

s « 31. Nd'u dd y dd'n don vi do thi ta tha'y dan vi do cua s la cm (binh 
phuang don vi do cua ddu hidu duge nghidn efiu). Mud'n tranh dilu nay, co 
thi diing cart bdc hai cua phuang sai gpi Id dp lech chudn (ciia bang 4) va 
kf hidu la s. Vay 

= yfs^ ^ 431 ^ 5,6 {cm). 

9 7 V •» 

Phucmg sai s vd dp lech chudn s deu dugc dung de ddnh gid 
muc dp phdn tdn cua cdc sd lieu thdng ke {so vdi sd trung 
binh cpng). Nhung khi cdn chu y den don vi do thi ta dUng s, 
vi s cd ciing don vi do vdi dd'u hieu dugc nghien citu. 

Hay ti'nh dp lech chuan eua bang 6 (d §2). 

126 



B A I D O C THfiM 
SCr DUNG M A Y T I N H B 6 T O I CASIO/X -500MS 
OE T]M SO TRUNG BINH CONG VA 
DO LeCH CHUAN 

Vi du. Cho bang phan bd tan sd 

Khoi luang cda 30 con thiin ldn 

Khdi lugng (gam) 

Tan sd 

140 

2 

150 

3 

160 

5 

170 

9 

180 

8 

190 

3 

Cpng 

30 

Sfi dung may tinh bo tui CASiOfx-SOOMS, 
ta tim sd trung binh cpng .7 v^ dp lech 
chuan s eCia bang phSn bd da cho nhfi sau 

1. Chpn MODE cho phep tinh thd'ng ke : 

an I MODE I [Tl 
2. Xoa nhfing bai thdng ke cu 

an lan lupt | SHIFT | |CLR| [ T ] [ T ] . 

3. Nhapdfiligu 
an lien tiep 140 | SHIFT | [ T l 2 [ D T ] 

150 I SHIFT I m 3 [ D T ] 

Tuong tuddi vdi cac cdt 160, 170, 180, 190. 
4. Gpi ket qua 

a) De tim J . an | SHIFT| [S-VAR | m F ^ 

K^tqua la J =169 (gam). 

b) O l tim s, a'n | SHI.FTl fS-VAR | [ T | R ] 

Ket qua cho gia tri .v a n « 13,5 ; day ehinh la gia trj s can tim. 
5. Chu y 
a) Khdng can nhap dung thfi tU cGa sd lieu. 

Oe gpi dfi lieu (da nhap), an [±] hoSc [ T ] . 

Cd th i hieu chinh sd lieu hoac tan sd nhu sau 

Gpi sd lieu (hay tan sd) dd, roi nhap gia trj mdi va a'n[^ , gia tn mdi se thay the 

gia trj cu. 

Cd th i xoa mpt dfi lieu bing each gpi nd len, roi an | SHIFT | | CL | (eae 
dfi lieu cdn lai se tu dpng don sd thfi tu lai). 

b) Ddi vdi bang phan bd tan sd ghep Idp, ta sfi dung cac gia tri dai dien cua cac 
I6p va lam tuong tU. 
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Bai tqp 

Tfnh phuong sai va dd lech chudn cua bang phan bd tan sd da dugc lap d 
bai tap 1 va cua bang phan bd tan sd ghip ldp cho d bai tap 2 cua § 1. 

Hai ldp IOC, lOD cua mdt trudng Trung hgc phd thdng ddng thdi lam bai 
thi mdn Ngfi van theo cung mdt dl thi. Kit qua thi dugc tiinh bay d hai 
bang phan bd tan sd sau day 
Diem thi Ngd vdn cua ldp IOC 

Diem thi 

Tan so 

5 

3 

6 

7 

7 

12 

8 

14 

9 

3 

10 

1 

Cdng 

40 

Diem thi Ngu vdn ciia ldp lOD 

Diem thi 

Tan sd 

6 

8 

7 

18 

8 

10 

9 

4 

Cdng 

40 

a) Tfnh cac so trung binh cdng, phuang sai, do lech chuan cua cac bang 
phan bd tdn sd da cho. 

b) Xet xem kit qua lam bai thi cua mdn Ngu van d ldp nao la ddng diu hon ? 

Cho hai bang phan bd tan sd ghep ldp 
Khdi lugng ciia nhdm cd me thd 1 

Ldp khd'i lugng (kg) 

Tdn sd 

[0,6; 0,8) 

4 

[0,8; 1,0) 

6 

[1,0; 1,2) 

6 

[1,2; 1,4] 

4 

Cdng 

20 

Khdi lugng cua nhdm cd me thd 2 

Ldp khd'i lugng (kg) 

Tan sd 

[0,5; 0,7) 

3 

[0,7; 0,9) 

4 

[0,9; 1,1) 

6 

[1,1; 1,3) 

4 

[1,3; 1,5] 

3 

Cdng 

20 

a) Tfnh cac sd trung binh cdng cua cac bang phan bd tdn so ghip ldp da cho. 
b) Tfnh phuang sai cua cac bang phan bd tan sd ghep ldp da cho. 
c) Xet xem nhdm ca nao cd khd'i lugng ddng deu ban ? 

6 N T A P CHl/ONG V 

I. Chi rd cac budc dl 
a) Lap bang phan bd tan suat ghep ldp ; 
b) 1 .ifi bang phan bd tan sd ghep Idp. 
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2. Ndu rd each tfnh sd trung binh cdng, sd trung vi, mdt, phuang sai va do 
lech chudn. 

3. Kit qua didu tra 59 hd gia dinh d mdt vung dan cu vl sd con cua mdi hd 
gia dinh dugc ghi trong bang sau 

3 
1 
2 
0 
2 

2 
3 
2 
1 
1 

1 
0 
4 
3 
2 

1 
2 
3 
2 
0 

1 
2 
2 
3 
4 

1 
2 
2 
1 
2 

0 
1 
4 
4 
3 

2 
3 
3 
3 
1 

4 
2 
2 
0 
1 

0 
2 
4 
2 
2 

3 
3 
1 
2 
0 

0 
3 
3 
1 

a) Lap bang phan bd tan sd va tdn sudt; 

b) Ndu nhan xet ve so con cua 59 gia dinh da dugc dilu tra ; 

c) Tfnh sd trung binh cdng, so trung vi, mdt cua cac so lieu thd'ng kd da cho. 

Cho cac sd lidu thd'ng kd dugc ghi trong hai bang sau day 

Khd'i lugng {tinh theo gam) ciia nhdm cd thd 1 

645 

650 

645 

650 

650 

650 

645 

650 

645 

644 

643 

642 

650 

650 

652 

635 

630 

635 

650 

647 

647 

654 

650 

652 

Khd'i lugng (tinh theo gam) cua nhdm cd thd 2 

640 

640 

640 

650 

650 

645 

645 

645 

650 

650 

650 

650 

643 

641 

644 

645 

650 

650 

650 

650 

650 

650 

649 

645 

642 

645 

640 

a) Lap bang phan bd tan sd va tdn sudt ghep ldp theo nhdm ca thfi 1 vdi cac 
ldp la 

[630; 635); [635 ; 640) ; [640 ; 645) ; [645 ; 650) ; [650 ; 655] ; 

b) Lap bang phan bd tdn sd va tdn sudt ghep ldp theo nhdm ca thfi 2 vdi cac 
ldp la 

[638 ; 642) ; [642 ; 646) ; [646 ; 650) ; [650 ; 654] ; 

c) Md ta bang phan bd tdn sua't ghep ldp da dugc lap d cau a) bang each ve 
bilu dd tdn suat hinh cdt va dudng gdp khuc tdn sua't; 

d) Md ta bang phan bd tan sd ghep ldp da dugc lap d cau b), bang each ve bilu 
dd tdn sd hinh cdt va dudng gdp khuc tdn sd ; 
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e) Tfnh sd trung binh cdng, phuang sai va dd lech chudn cua cac bang phan 
bd tdn sd va tdn sudt ghep ldp da lap dugc. 

Tfi dd, xet xem nhdm ca nao cd khd'i lugng ddng diu hon. 

Cho cac sd liiu thdng kd dugc ghi trong bang sau 
Mdc luong hdng ndm cua cdc cdn bp vd nhdn vien trong mpt cdng ti (dan 
vi: nghin ddng) 

20910 

21410 

20350 

76000 

20110 

21130 

20350 

21410 

20960 

20060 

21360 

125000 

Tim mfic luong binh quan cua cac can bd va nhan vidn trong cdng ti, sd 
trung vi cua cac sd lieu thd'ng kd da cho. 

Ndu y nghia cua sd trung vi. 

Ngudi ta da tiln hanh tham dd y kiln cua khach hang vl cae mdu 1, 2, 3, 4, 5 
cua mdt loai san pham mdi dugc san xudt d mdt nha may. Dudi day la bang 
phan bd tan sd theo so phieu tin nhidm danh cho cac mdu kl trdn. 

Mdu 

Tdn so 

1 

2100 

2 

1860 

3 

1950 

4 

2000 

5 

2090 

Cdng 

10000 

a) Tim mdt cua bang phan bd tdn sd da cho. 

b) Trong san xuat, nha may ndn uu tidn cho mdu nao ? 

Bai tqp trac nghiiem 

Chpn phuong dn dung trong cdc bdi tap sau 

7. Cho bang phan bd tdn sd 

Tien thudng (trieu ddng) cho cdn bp vd nhdn vien trong mpt cdng ti. 

Tien thudng 

Tdn so 

2 

5 

3 

15 

4 

10 

5 

6 

6 

7 

Cdng 

43 

Mdt cua bang phan bd tdn so da cho la 

(A) 2 tridu ddng ; 

(C) 3 tridu ddng ; 

(B) 6 tridu ddng ; 
(D) 5 tridu ddng. 
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8. Cho bang phan bd tdn sd 

Tudi cua 169 dodn vien thanh Men 

Tudi 

Tdn so 

18 

10 

19 

50 

20 

70 

21 

29 

22 

10 

Cdng 

169 

Sd trung vi cua bang phan bd tdn sd da cho la 

(A) 18 tudi; (B) 20 tudi; 

(C) 19 tudi; (D) 21 tudi. 

9. Chodaysdl iduthd 'ngkd:21, 23, 24, 25, 22, 20. 

Sd trung binh cdng eua cac so lieu thdng kd da cho la 

(A) 23,5; (B)22 ; 

(C)22,5; (D)14. 

10. Cho day sd lidu thd'ng kd : 1, 2, 3, 4, 5, 6, 7. 

Phuang sai cua cac sd lidu thd'ng kd da cho la 

( A ) l ; ( B ) 2 ; 

(C) 3 ; (D) 4. 

11. Ba nhdm hgc sinh gdm 10 ngudi, 15 ngudi, 25 ngudi. Khd'i lugng trung 
binh cua mdi nhdm ldn lugt la : 50 kg, 38 kg, 40 kg. Khd'i lugng trung binh 
cua ca ba nhdm hgc sinh la 

(A) 41,4 kg ; 

(C) 26 kg ; 

(B) 42,4 kg ; 

(D) 37 kg. 

Bdi tqp tJiiic tianti danh cho cac nhdm hqc sinh 
(moi nhom tii 3 den 5 hoc sinh) 

Chgn mdt ldp hgc trong trudng rdi thuc hidn cac boat ddng sau 

Dilu tra va thu thap cae sd lidu thd'ng kd trdn ldp hge da chgn theo mdt ddu 
hidu nao dd do nhdm tu lua chgn (vf du nhu sd anh chi em rudt cua tfing 
gia dinh ; thdi gian danh eho hge Toan d nha cua mdi hgc sinh ; chilu cao 
cua mdi ngudi trong ldp ; diem kiem tra Toan cua tihig hgc sinh trong ki 
kilm tra gdn nhdt; ...). 

Trinh bay, phan tfch, xfi If cac sd lieu thd'ng kd da thu thap dugc. 
Rut ra kit luan va dl xudt cac kiln nghi. 
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Chuong VI CUnC Vfl GOC LyOTlG GiflC. 
cone TUD-C LUD'nG GIl̂ C 

LD 
d 
a 
LJ 

CJ 

LD 

LD 

u 
LD 

> 
LD 
CZ 
z : 
u 

Trong chuong nay, hpc sinh dugc cung cap cac khai niem 
ve dudng tron djnh hudng, cung va goc lugng giac (md 

rSng khai niem cung va goc hinh hoc) chuan bj cho vi$c 

xay dung khai niem cac ham s6 lugng giac d Idp 11. CQng 
trong chuong nay, hpc sinh dugc hpc cac cong thfie lugng 

giac eg ban nhat va biet van dung cac cdng thfie nay de 
thuc hien cac bien ddi lugng giac. 



w ^ 
CUNG vA GOC LL/ONG GlAC 

I - KHAI NIEM CUNG VA GOC Ll/ONG GIAC 

1. Dirdng tron djnh hirdng va cung liTdng giac 

Cat mdt hinh trdn bang bia cfing, danh ddu 
tam O va dudng kfnh AA. Dfnh mdt sgi day 
vao hinh trdn tai A. Xem day nhu mdt true sd 
it, gdc tai A, don vi trdn true bang ban kfnh 
OA. Nhu vay hinh trdn nay cd ban kfnh R=l. 

Cudn day ap sat dudng trdn, diim 1 trdn true 
it chuyin thanh diem Mj trdn dudng trdn, 
diim 2 chuyin thanh diem M2, ... ; diem -1 
thanh diem A^i,...(h.39). 

Nhu vay mdi diim trdn true sd dugc dat tuong 
fing vdi mdt diem xac dinh trdn dudng trdn. 

Nhqn xet 

a) Vdi each dat tuong fing nay hai diim khac 
nhau trdn true sd cd thi fing vdi cung mdt 
diem trdn dudng trdn. Chang han diem 1 trdn 

true sd fing vdi diem Mj, nhung khi cudn 

quanh dudng trdn mdt vdng nfia thi cd mdt 

diim khac trdn true sd cung fing vdi diim Mj. 

b) Nd'u ta cudn tia Ar theo dudng trdn nhu trdn hinh 39 thi mdi sd thuc 
duong t fing vdi mdt diem M trdn dudng trdn. Khi t tang ddn thi diim M 
chuyen ddng trdn dudng trdn theo chilu ngugc chilu quay c.ua kim ddng 
hd. Tuong tu, nd'u cudn tia Ar'*theo dudng trdn thi mdi sd thuc am t fing vdi 
mdt diim M trdn dudng trdn va khi t giam dan thi diim M chuyin ddng 
trin dudng trdn theo chilu quay cua kim ddng hd. 

Hinh 39 
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Ta di tdi khai nidm dudng trdn dinh hudng sau day : 

Dudng trdn dinh hu&ng Id mpt 
dudng trdn tren do ta dd chpn mpt 
chiiu chuyen dpng gpi Id chiiu 
duong, chieu ngugc Iqi Id chiiu dm. 
Ta quy udc chpn chiiu ngugc vdi 
chiiu quay cua kim ddng hd ldm 
chiiu duong (h.40). Hinh 40 

Trdn dudng trdn dinh hudng cho hai diim A va B. Mdt diim M di ddng trdn 
dudng trdn ludn theo mdt chilu (am hoac duang) tfi A dd'n B tao ndn mdt 
eung lugng gidc cd diim ddu A diem cud'i B. 

Hinh 41 cho ta hinh anh cua bdn cung lugng giac khac nhau cd cung diim 
ddu A, diim cud'i B. 

B B 

a) b) c) d) 
Hinh 41 

Ta cd thi hinh dung mdt diem M di ddng trdn dudng trdn tfi A din B theo chilu 
ngugc vdi chilu quay cua kim ddng hd, nd ldn lugt tao ndn cac cung td 
dam trdn hinh 41. Nlu diing lai ngay khi gap B lin ddu, nd tao nin cung td 
dam trdn hinh 41a), nd'u nd diing lai sau khi quay mdt vdng rdi di tid'p gap 
B lin thfi hai nd tao ndn cung td dam trdn hinh 41b),... 

Khi M di ddng theo chilu ngugc lai, nd tao ndn cung td dam trdn hinh 41d) 
nd'u nd dfing lai khi gap B lin ddu,... 

Mdi ldn diim M di ddng trin dudng trdn dinh hudng ludn theo mdt chilu 
(am hoac duong) tfi diem A va dimg lai d diem B, ta dugc mdt cung lugng 
giac diim ddu A diim cud'i B. Nhu vay 

Vdi hai diem A, B dd cho tren dudng trdn dinh hudng ta cd vd 
sd cung lugng gidc diem ddu A, diem cudi B. Mdi cung nhu 

vdy diu dugc ki hieu Id AB. 
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CHU Y 

Trdn mdt dudng trdn dinh hudng, ldy hai diem AviB thi 

Kf hiduA5 chi mdt cung hinh hgc (cung ldn hoac cung be) 
hoan toan xac dinh. 

Kf hidu AB chi mdt cung lugng giac diem ddu A, diim cud'i B. 

2. Goc luong giac 

Trdn dudng trdn dinh hudng cho mdt 

cung lugng giac 6b (h.42). Mdt diim M 
chuyen ddng trdn dudng trdn tfi C tdi D 

tao ndn cung- lugng giac CD ndi trdn. 
Khi dd tia OM quay xung quanh gdc O 
tfi vi trf OC tdi vi trf OD. Ta ndi tia OM 
tao ra mdt gdc lugng gidc, cd tia ddu la 
OC, tia cud'i la OD. Kf hidu gdc lugng 
giac dd la {OC, OD). 

3. Dirdng tron iircfng giac 

Trong mat phang toa dd Oxy ve dudng A'(-l; 0) 
trdn dinh hudng tam O hin kfnh R = 1 
(h.43). 

Dudng trdn nay cdt hai true toa dd tai 
bdn diim A{1 ; 0), A'{-1 ; 0), 5(0 ; 1), 
B'{0 ; -1). Ta ldy A{1 ; 0) lam diem gdc 
cua dudng trdn dd. 

Dudng trdn xac dinh nhu trdn dugc ggi la dudng trdn lugng gidc (gde A). 

II - SO DO CUA CUNG VA GOC L U O N G GIAC 

1. Do va radian 

a) Don vi radian 

Don vi dd da dugc sfi dung dl do gdc tfi rat lau ddi. Trong Toan hgc va Vat 
If ngudi ta cdn dung mdt don vi nfia dl do gdc va cung, dd la radian (dgc la 
ra-di-an). 
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Trdn hinh 39 ta thay do dai cung nhd A/Vfj bang 1 don vi, tfic la bang do dai 

ban kinh. Ta ndi sd do cua cung AM^ (hay sd do cua gdc d tam AOMi) bdng 

1 radian (vid't tdt la 1 rad). Tdng quat 

Tren dudng trdn tuy y, cung cd dp ddi bang bdn kinh dugc gpi 
Id cung cd sd do 1 rad. 

b) Quan he gifia do va radian 

Ta bid't do dai cung nfia dudng trdn la KR, ndn trong hinh 43 sd do ciia 

cung AA' (hay gdc bet AOA') la n rad (vi R=l). Vi gdc bet cd sd do do la 

180 ndn ta vid't 180° = TT rad. 

Suy ra 1 = rad va 1 rad 
180 

180 A° 

\ TC J 

Vdi 71 * 3,14 thi 1° « 0,01745 rad va 1 rad « 57°17'45". 

CHUY 

Khi vid't sd do cua mgt gdc (hay cung) theo don vi radian, 
ngudi ta thudng khdng vid't chfi rad sau sd do. Chdng ban cung 

— duac hiiu la cung — rad. 
2 • 2 

Bdng chuyen ddi thdng dung 

Do 

Radian 

30° 
n 
6 

45° 

n 
4 

60° 

K 

3 

90° 

Tt 

2 

120° 

2n 

3 

135° 

3n 
4 

150° 

571 

6 

180° 

Tt 

Sfi dung may tmh bd tiii de doi tfi dp sang radian va ngupc lai. 

Neu dung may ti'nh CASIO fx-500MS ta lam nhu sau 

a) Ooi 35°47'25" sang radian 

An ba lan phim [MODE | rdi an \2] de man hinh hien chfi[R~]. Sau dd an lien tiep 

[DRG000 
cho ke't qua 0,6247 (da lam trdn den bdn chfisd thap phan). 
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b) Ddi 3 rad ra dp 
An ba lan phim | MODE | roi an [T] de man hinh hien chfi [5]. Sau dd an lien tie'p 

3J[SHIFT|rDRG • i r i l P l I SHIFT | 0 

cho ke't qua 171°53'14" (da lam trdn de'n giay). 

c) Do dai ciia mgt cung tron 

Trdn dudng trdn ban kfnh R, cung nfia dudng trdn cd so do la n rad va cd 
do dai la nR. Vay 

Cung cd sd do a rad ciia dudng trdn bdn kinh R cd dp ddi 

I = Ra. 

2. So do cua mot cung lircfng giac 

Vi du. Xlt cung lugng giac AB trong hinh 44a). Mdt diem M di ddng trdn 

dudng trdn theo chilu duong. Khi M di ddng tfi A dd'n B tao ndn cung — 
4 

71 

dudng tron, ta ndi cung nay cd sd do —, sau dd di tidp mdt vdng trdn nfia 

(thdm 27T), ta dugc cung lugng giac AB cd so do la —I- 27i = —. 

Tuong tu, cung lugng giac AB trong hinh 44b) cd sd do la 
^ ^ ^ 971 
— + 271 + 271 = 
2 2 

Cung lugng giac AC trong hinh 44c) lai cd sd do la 
2571 
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Tfi cac vf du ndu trong hinh 44 ta thdy 

Sd do ciia mot cung lupng gidc Ml {A ^ M) Id mpt sd thUc, 

dm hay duong. - v 

Ki hieu sd do cua cung AM Id sd AM. 

Cung lupng giac AD (h.45) cd sd do la bao nhieu ? 

GHI NH(3 

So do cua cac cung lugng giac cd cung 
diem ddu va diim cud'i sai khac nhau mdt 
bdi cua 27i. Ta vid't 

sdAM= a-\- k2n, k< 
Hinh 45 

trong dd a la sd do cua mdt cung lugng giac tuy y cd diem ddu la A va 
diem cud'i la M. 

Khi diem cud'i M trung vdi diem ddu A ta cd 

sd AA = ^27:, kG Z; 

khijt = Oth i sd iA = 0 . 

Ngudi ta cung vid't so do bang do. Cdng thfie tdng quat cua sd do bang dd 

cua cac cung lugng giac AM la 

sd iy^= fl° +jt360°, k 

trong dd a la sd do cua mdt cung lugng giac tuy y cd diim ddu la A va diim 
cud'i la M. 

3. So do cua mot gdc lirong giac 

Ta dinh nghia 

Sd do eua gdc lugng gidc (OA, OC) Id sd do cua cung lugng 

gidc AC tuong dng. 
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^ 3 
Tim so do ciia cac gdc lupng giac {OA, OE) 
va {OA, OP) tren hinh 46 (diem E la diem 

chfnh gifia cCia cung A^', AP = -AB). 

Viet sd do nay theo don vj radian va theo 
dan vi do. 

CHUY Hinh 46 
Vi mdi cung lugng giac fing vdi mdt gdc lugng giac va ngugc 
lai, ddng thdi so do cua cac cung va gdc lugng giac tuong fing 
la trung nhau, ndn tfi nay vl sau khi ta ndi vl cung thi didu dd 
cung dung cho gdc va ngugc lai. 

Bieu dien cung lirdng giac tren dirdng trdn lirdng giac 

Chgn diem gdc A(l ; 0) lam diim ddu cua tat ca cac cung lugng giac trdn 
dudng trdn lugng giac. De bieu didn cung lugng giac cd so do or trdn dudng 
trdn lugng giac ta cdn chgn diim cud'i M cua cung nay. Diem cud'i M dugc 

xac dinh bdi he thfie sd AM = a. 

Vi du. Bilu didn trdn dudng trdn lugng giac cac cung lugng giac cd so do 
ldn luat la 

a) 
2571 

4 

Gidi 

h) - 765 ' 

, 2571 71 ^ ^ 
a) = - + 3.271. 

4 4 
257t 

vay diim cud'i cua cung la diim 

chinh gifia M ciia cung nhd AS (h.47). 

b ) -765° = - 4 5 ° + (-2).360°. 

vay diem cud'i cua cung -765° la diim 

chfnh gifia Â  cua cung nhd AB' (h.47). 
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Bai tqp 

1. Khi bieu didn cac cung lugng giac cd sd do khac nhau trdn dudng trdn 
lugng giac, cd the xay ra trudng hgp cac diem cudi cua chung trung nhau 
khdng ? Khi nao trudng hgp nay xay ra ? 

2. Ddi so do cua cac gdc sau day ra radian 

a) 18°; b)57°30'; 

c)-25°; d)-125°45'. 

3. Ddi sd do cua cac cung sau day ra do, phut, giay 

c ) - 2 ; d ) l 
4 

4. Mdt dudng trdn cd ban kfnh 20cm. Tim do dai cua cac cung trdn dudng 
trdn dd cd sd do 

a)^^; b ) l , 5 ; c)37°. 

5. Trdn dudng trdn lugng giac hay bieu didn cac cung cd so do 

a ) - ^ ; b)135°; 
4 

c ) i ^ ; d)-225°. 
3 

6. Trdn dudng trdn lugng giac gdc A, xac dinh cac diim M khac nhau, bid't 

rdng cung AM cd sd do tuong fing la (trong dd k la mdt sd nguydn tuy y) 

a) kn; h) k—; c) k— 
2 ' 3 

7. Tren dudng trdn luong giac cho diem M xic dinh bdi sd AM = a (0 < a <—). 
2 

Ggi M^,M2,M^^ lin lugt la diem dd'i xfing cua M qua true Ox, true Oy va 

gdc toa do. Tim sd do cua cac cung AMj, AM2,̂ A^3 • 
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^ 

GlA TRI LirONG GlAC CUA M 6 T CUNG 

I - GIA TRI LUONG GIAC CUA CUNG a 

^Nhac lai khai niem gia tri lupng giac cua gdc a, 0°< a< 180°. 

Ta cd the md rpng khai niem gia trj lupng giac cho cac cung va goc lupng giac. 

1. Djnh nghfa 

Trdn dudng trdn lugng giac cho cung 

AMc6 sd AM=a (con vid't /Ql=aJ 
(h.48). 

Tung do y = OK ciia diim M ggi la sin 
cua a va ki hidu la sina. 

sin or = OK . 

Hoanh do x = OH ciia diim M ggi la 
cdsin cua orva kf hidu la eosor. 

cos a - OH . Hinh 48 

Sin or Nd'u cos a ^ 0, ti sd 
eosor 

cdn dung ki hidu tg or) 

ggi la tang cua or va kf hidu la tan a (ngudi ta 

tanor 
sin or 

eosor 

eosor Nd'u sin or ^ 0, ti sd 
sin or 

cdn dung ki hidu cotg or) 

ggi la cdtang cua a va kf hidu la cot or (ngudi ta 

cot or eosor 
sin or 

Cdc gid tri sin or, eosor, tanor, cot or dugc gpi Id cdc gid tri 
lugng gidc eua cung a. 
Ta cung gpi true tung Id true sin, cdn true hodnh Id true cdsin. 
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CHUY 
1. Cac dinh nghia trdn cung ap dung cho cae gde lugng giac. 

2. Nd'u 0° < or < 180° thi cac gia tri lugng giac cua gdc or chfnh la 
cac gia tri lugng giac cua gdc dd da ndu trong SGK Hinh hgc 10. 

Ti'nh s i n — , cos(-240°), tan(-405°). 
4 

2. He qua 

1) sin or va eosor xac dinh vdi mgi ore R. Hon nfia, ta cd 

sin(or+^27i) = sinor, V/:G Z; 
cos(or+ k2n) = eosor, \/ke Z 

2)Ni-l< OK < I;-I < OH < I (h.48) ndn ta ed 

-1 < sinor< 1 
-1 <eos or< 1. 

3) Vdi mgi me R ma -1 < w < 1 diu tdn tai orva y^sao cho sinor = m va 
cos/? = m. 

7t 

4) tanor xac dinh vdi moi a ^ —I- 7̂i (^ E Z). 
• 2 

That vay, tanor khdng xac dinh khi va chi khi eosor = 0, tfic la diim cud'i 

M ciia cung Xh trung vdi B hoac B' (h.48), hay a = —-\- kn {k e Z). 
5) cotorxac dinh vdi mgi a ^ kn {ke Z). Lap luan tuong tu 4). 
6) Ddu eua cae gia tri lugng giac cua ^" 
gdc or phu thudc vao vi trf diim cud'i _ 

ciia cung AM = a trdn dudng trdn 
lugng giac (h.49). , 

Hinh 49 
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Bdng xdc dinh dd'u cua cdc gid tri lugng gidc 

^~~~~~-~--.,,^^^ Gdc phdn tu 

Gia tri lugng giac~~"̂ ~-~-~.„.,̂ ^ 

eosor 

sinor 

tanor 

cot or 

I 

+ 

+ 

+ 

+ 

II 

-

+ 

-

-

Ill 

-

-

+ 

+ 

IV 

+ 

-

-

-

3. Gia trj lirong giac cua cac cung dac biet 

or 

sinor 

eosor 

'' tanor 

cot or 

0 

0 

1 

0 

Khdng xac dinh 

71 

6̂  

1 

2 

2 

1 

4^ 

4^ 

71 

V2 
2 

42. 
2 

1 

1 

3" 

2 

1 

2 

4^ 

1 

71 

2" 

1. 

0 

Khdng xac dinh 

0 

II - Y NGHIA HINH HOC CUA TANG VA COTANG 

^ 3 

Tfi djnh nghTa ciia sinor va eosor, hay phat bieu y nghTa hinh hpc cua chung. 

1. Y nghTa hinh hoc cua tana 

Tfi A ve tilp tuyd'n iAt vdi dudng trdn lugng giac. Ta coi tid'p tuyd'n nay la 

mdt true sd bdng each chgn gdc tai A va vecto don vi / = OB. 
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Cho cung lugng giac AM cd sd do la a 

{a ^ — -\- kn). Ggi T la giao diim cua 

OM vdi true t'At (h.50). 
Gia sfi T khdng trung vdi A.WiMH II AT, 

. AT OA _. _ 
la CO — . lu uu suy la 

HM OH 
AT OA 

HM OH • 

Vi HM = sina, OH = cos a va OA = 

ndn tfi (1) suy ra 

sinor HM AT 

cos a OH OA 
= AT. 

Khi T trung Athi a - kn va tan or = 0. 

tanor 

1 

vay 

= AT. 

Hinh 50 

tan a dugc bieu diin bdi dp ddi dqi sdciia vecto AT tren true iAt. 
True t'At dugc gpi Id true tang. 

2. Y nghfa hinh hoc cua cot a 

Tfi B ve tid'p tuyd'n s'Bs vdi dudng trdn 
lugng giac va xac dinh trdn tid'p tuyd'n 
nay mdt true cd gdc tai B va vecto 

don vi bang OA. 

Cho cung lugng giac AM cd sd do la 
a{a^ kn). 
Ggi S la giao diem cua OM va true 
s'Bs {h.5l). 
Lf luan tuong tu mue trdn, ta ed 

cot or = BS. Hinh 51 

cot a dugc bieu diin bdi dp ddi dqi sd cua vecto BS tren true 
s'Bs. True s'Bs dugc gpi Id true cdtang. 

144 



Tfiy nghTa hinh hpc cCia tana va cot a hay suy ra vdi mpi sd nguyen k, 

lSin{a+k-!i) = tana, cot{a+kTz) = cola. 

Ill - QUAN HE G I C A CAC GIA TRI LUONG GIAC 

1. Cong thiirc lirong giac CO ban 

Dd'i vdi cac gia tri lugng giac, ta cd cac hdng ddng thfie sau 

2 2 

sin or + cos or = 1 
1 . 2 _ 1 

COS a 

.2 1 
sin a 

tan or. cot or = 1, 

TC 

or 9i —h kn, k e Z 
2 

a^ kn, k & Z 

a^ —, k e Z. 
2 

^ 5 
Tfi djnh nghTa cua sina, cosa hay chfing minh hang ding thfie dau tien, tfidd suy 
ra cac hang ding thfie cdn lai. 

2. Vl du ap dung 

3 n 
Vi du 1. Cho sin or = —, vdi — < or < TT. Tfnh cos or. 

5 2 
, 2 2 16 4 

Gidi. Ta cd cos a = 1 - sin Qr= —, do dd cosQr= + — 
25 5 

Vi — < or < Tt ndn didm cud'i cua cung or thudc cung phan tu thfi II, do dd 

cosar<0. 
vay cosa= - -

4 3Tt 
Vi du 2. Cho tan a = - - , vdi — < or < 27T. Tfnh sin a va cos a. 

5 2 
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Gidi. Ta cd 

cos or = 

eosor = 

J 1 _25 
1 + tan^ a i + i ^ 41 

25 
±5 

suy ra 

3n 9 , , 
Vi — < a < 2Tt ndn didm cudi cua cung or nam d cung phdn tu thfi IV, do 

dd cos or > 0. Vay cos or = 
41 

Tfi dd sin or = tan or. cos a = 
4 5 

5 V41 

Vi du 3. Cho a it--\- kn,k GZ. 
2 

^, , . , - cosa + sinor 3 2 
Chimg minh rang r = tan o: + tan or + tan or + 1. 

cos or 

Gidi. Vi a ^ —v kn ndn cos a ^ i), do dd ca hai vl cua ddng thfie cdn 

chfing minh diu cd nghia. Ta cd 
eosor + sinor 1 eosor + sinor 3 cos a cos or eosor 

= (1 + tan or) (1 + tanor) 
3 2 

= tan a + tan or + tan or + 1. 

3. Gia trj lirdng giac cua cac cung cd lien quan dac biet 
1) Cung ddi nhau : a va -or. 

Cae diim cud'i cua hai cung a = AM 

va -a= AW dd'i xfing nhau qua true 
hoanh (h.52), ndn ta cd 

cos(-
sin(-
tan(-
cot(-

-«) = 
-a) = 
-a) = 
-«) = 

cosa 
-sin a 
- tana 
-cot a. Hinh 52 
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2) Cung bu nhau : a van- a. 

Cac diem cud'i cua hai cung a= AM vi 
71 - a= Am' dd'i xfing nhau qua true tung 
(h.53), ndn ta cd 

sin (71 -

cos (71 -

tan (71 -

C0t(7I -

a) = 

- a ) = 

a) = 

or) = 

s ina 

- c o s a 

- t a n a 

- cot a. 
Hinh 53 

3) Cung han kem TT: avi{a-\- n). 

Cac diem cud'i cua hai cung ava (ar+ n) dd'i 
xfing nhau qua gdc toa do O (h.54), ndn ta cd 

sin(a+7i) = 

cos (a+ Tl) = 

tan(a+7i) = 

co t (a+ TC) = 

= - s i n a 

= - c o s a 

= tan a 

- cot or. 

4) Cung phu nhau: ava | a n 

n Cic didm cud'i cua hai cung a va a\ ddi xfing nhau qua phan giac d 

cua gdc xOy (h.55), ndn ta cd 

sm 
'n 
— 

\2 

(n 
cos — u 
tan 

(n 
— 

\2 

(n 
cot — u 

A 

- a 
J 
^ 

-a 
> 
^ 

-or 
y 

N 

- a 
y 

= cosa 

• 

= s ina 

= cot a 

1 
= tan a. 

1 
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a^6 

Tfnh c o s | - — J , tan — , sin(-1380°). 

Bai tap 

1. Cd cung a nao ma sina nhan cac gia tri tuong fing sau day khdng ? 

a ) - 0 , 7 ; b ) ^ ; c ) - ^ / 2 ; . | . 

2. Cac ddng thfie sau cd the ddng thdi xay ra khdng ? 

, . V2 . 43 
a) sin a = — va cos a - — ; 

3 3 
4 . 3 

b) sin a = — va cos a = — 

5 5 

c) sin a = 0,7 va cos a = 0,3. 

T l 

3. Cho 0 < a < —. Xac dinh dau cua cac gia tri lugng giac 
a) sin (a - Tl) ; 

c) t an(a+ TI) ; 

K̂  f3Ti b) cos a 
\2 

d) cot 
( n\ 

a -\— 
I 2J 

4. Tfnh cac gia tri lugng giac cua gdc a, nd'u 

4 Tl 
a) cosa = — va 0 < a < —; 

13 2 
15 . Tl 

c) tana = Va — < a < TI 

7 2 

5. Tinh a, bid't 

a) cos a = 1 ; 

c) c o s a = 0 ; 

e) s ina = - 1 ; 
148 

b) s i n a = -0 ,7 va TI < a < 
3TI 

3TI 
d) cot a = - 3 va — < a < 27i. 

2 

b) c o s a = - 1 ; 

d) sin a = 1 ; 

f) sin a = 0. 



C C N G THL/C LUONG GIAC 

I - CONG THLTC C O N G 

Cdng thdc cdng la nhfing cdng thfie bidu thi cos (a + b), sin (a ± h), tan {a ± b), 
cot{a ± b) qua cac gia tri lugng giac cua cac gdc a va b. Ta cd 

cos {a - b) ^ 

cos (a + ZJ) = 

sin (a - b) = 

sin (a -\- b) = 

tan (a - b) = 

tan(a + b) = 

- cosflcos/? + sinasinZ? 

= cosacosfe - sinasinZ? 

sinacos& - cosasinZ? 

sinacosZ? + cosasinZ? 

tan a - tan b 

1 + tan (3 tan b 

tan fl + tan Z? 

1 - tan fl tan b 

Vdi dilu kidn la cac bilu thfie deu cd nghia. 

Ta thfia nhan cdng thfie ddu. Tfi cdng thfie dd cd thi chfing minh dd dang 
cdc cdng thfie cdn lai. Chang ban 

cos(fl -hb)- cos[fl - {-b)] = cosflcos(-Zj) + sinflsin(-Z?) 

= cosflcosZ) - sinflsinfe. 

sin(fl -b) = cos 

cos 

Tl 

Li 
fTl 

-
\2 

- ( f l -b) 

\ 

- a 
) 

cost 

= COS 
YTI ^ 

fl + h 
_V2 J J 

. fn ^ 
- sin — - fl 

I 2 J 
smh 

- sinflcosZ? - cosflsinfe. 

Hay chfing minh cdng thfie sin(a + b) = smaco&b + co%a%\nb. 
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Vidul. Tinh tan 
13TI 

12 ' 

Gidi. Ta cd 

tan-
13TI 

12 
tan 

12 
+ 71 

Tl Tl Tl 

tan— = tan 
12 U 4 

V ^ - 1 
Tl 71 

tan tan — 
3 4 

71 Tl 1 + JS 
1 + t a n - t a n - ^ + V J 

3 4 
Vi du 2. Chfing minh rdng 

sin(fl + b) tan A + tan 6 

Gidi. Ta cd 

sin(fl - b) tan a - tan b 

sin(fl + b) sin a cos 6 + cos a sin 6 

sin(fl - b) sin A cos b - cos fl sin & 

Chia ca tfi va mdu cua ve phai cho cosacosft, ta dugc dilu phai chfing minh. 

II - CONG THtrC NHAN DOI 

Cho a = b trong cac cdng thfie cdng ta dugc cac cdhg thdc nhdn ddi sau. 

sin2fl = 2sinflcosfl' 

2 2 2 2 
cos2fl = cos fl - sin fl = 2cos A - 1 = 1 - 2sin a 

tan2fl = 
2tanfl 

1 - tan^ A 

Tfi cac cdng thfie nhan ddi suy ra cdc cdng thfie 

2 1 + COS 2A 
cos A = 

. 2 I - cos2A 
sin A = 
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2 1 - cos 2A 
tan fl = 

1 + cos 2A 
Cac cong thfie nay ggi la cac cdng thdc hq bdc. 

Vi du 1. Bid't sin A + COSA = —, tfnh sin2fl. 
2 

9 9 9 

Gidi. Ta cd 1 = sin a + cos a - {sina + cosa) - 2sinflcosfl 

= I — I - sin2fl. 

Suy ra sin2A = — • 
4 

T l 
Vi du 2. Tfnh cos—• 

8 

. , . , yj2 7̂  o 2 ^ 1 
Giai. Ta co — = cos— = 2cos 1. 

2 4 8 
^ 2 Tt , V 2 

Suy ra 2eos — = 1 H 
8 2 

vay cos' 
TC. 2 +V2 

8 

i,r '^ ^n - Tl V2 + V2 
Vi cos— > 0 nen suy ra c o s - = 

8 8 2 

III - CONG THUC BIEN DOI TICH T H A N H TONG, 
TONG T H A N H T I C H 

„' 1. Cdng thiirc bien doi tich thanh tdng 

cos fl cos ft = — [cas(fl - b) -\- cos{a + b)] 

sinflsinfo = -[cos(fl - b) - cos{a + b)] 

sinflcosfe = -[sin(fl - b)-h sin{a + b)]. 

Cic cdng thfie trdn dugc ggi la cac cdng thdc bien ddi tich thdnh tdng. 
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^Tfi cac cdng thfie cdng, hay suy ra cac cdng thfie tren. 

Vi du 1. Tinh gia tri cfia cac bieu thfie 

. . n 371 „ . 1371 . 571 
A = sin —cos—; B - sin sin 

8 8 24 24 
Gidi. Ta cd 

. 7 1 3TI 1 
A = sin—cos-— = — 

8 8 2 

71 3TC^ 
sin I 

8 8 

. f n 3TI 
+ sin — + — 

V8 § 

sin 
71 1 . 7 1 

— + Sin — V 2 ; 

. 13TI . 5TI 1 
B = sin s i n — = — 

24 24 2 

i f n 3TI 
= — cos c o s — 

2V 3 4 

cos 

_ J_ 
~ 2 

13TI 5TC 

^ 24, - cos 
13TI 5n 

+ 24 24. 

1_ 42] I + V2 
2 ̂  2 J~ 4 

> , ' . 2. Cdng thiTc bien ddi tdng thanh tich 

Bang each dat u = a - h,v = a + b, hay bien ddi COSM + cosv, sinw -1- sinv thanh ti'ch. 

Ta ggi cac cdng thfie sau day la cac cdng thdc bidn ddi tdng thdnh tich 

. M+V u-v 
COSM + COSV = 2C0S COS 

2 2 
- . M + V . M - V 

COSM - cosv = - 2 s i n — — s i n 

- . M + V u-v 
siUM + smv = 2sin cos 

2 2 
M + V . U-V 

smu - sinv = 2cos sin 
2 2 

Vi du 2. Tinh 

n 571 771 
A = cos— + cos— + cos—-• 

9 9 9 
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Gidi. Ta cd 

. I Tl 771 
^ = cos 1- COS — 

4TC 

^ 5TI 
+ cos 

5TI ^ ^n n 
= 2cos—cos cos Tl -

9 3 I 9 
471 471 

= COS C O S — = 0. 
9 9 Vi du 3. Chfing minh rdng trong tam giac ABC ta cd 

• ^ • u • ^ A^ ^ ^ C smA + s ine + sine = 4cos—cos—cos — • 
2 2 2 

Gidi. Trong tam giac ABC t acdA + fi + C = 7i. 

>i +_6 _ ^ _ £ 

~ ~ 2" 2 ' 
Tfi dd suy ra 

. A-\-B C . C A + fi 
Vl vay, sin = cos —, sin— = cos • 

2 2 2 2 
Bay gid ta CO 

• r, . ^ ^ . A + B A-B 
smA + s ine + sinC = 2sin cos 

C C 
h 2s in—cos^ 

2 2 2 
A-B . C^ 

= 2cos— cos h sin — 
2 I 2 2 
C( A-B A+B 

= 2C0S— cos h COS 
2 I 2 2 
A B C 

= 4cos—COS—cos—• 
2 2 2 

I 

Bai tqp 

1. Tfnh 

a) cos225°,sin240°, eot(-15°),tan75° ; 

. 7 7 1 f 71^ 1371 • 

b ) s m - , c o s ^ - - J , t a n - ^ . 
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2. Tfnh 

a) cos a + -
I 3J 

1 71 
, bidt sin a = —?= va 0 < a < —. 

43 2 
f 7 ^ 1 , - . - 1 . 71 

b) tan a , met cosa = — va — < a < 7c. 
V 4J 3 2 

c) cos(fl + b), sin{a - b), bid't 

4 sina = - , 0° < A < 90° va sin fe = - , 90° < fe < 180° , 

3. Rut ggn cac bieu thfie 

a) sin(fl + fe) + sin a sin(-fe). 

b) Gos| —h fl cos 
71 

A u 
1 . 2 

- I — s m A 
2 

c) cos A sin fe - sin(A - fe). 

4. Chimg minh cac dang thfie 

COS(fl - fe) COtflCOtfe + 1 
a) 

cos(a + fe) cot acot fe - 1 

b) sin(A + fe)sin(a - fe) = sin a - sin fe = cos fe - cos a. 

2 2 2 2 

c) COS(A + fe)cos(a - fe) = COS A - sin fe = cos fe - sm a. 

5. Tfnh sin2A, COS2A, tan2a, bil't 
\ • n ^ - 371 

a) sinfl = -0,6 va 7i < fl < — 

UN 5 . Tl 
b) cosfl = va — < A < Tl. 

13 2 
. . . 1 . 3TI 

c) sinfl + cosfl = — va — < A < TI. 
2 4 

Cho sin2A = — va — < A < TI. 
9 2 

Tinh sinA va COSA. 
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7. Bid'n ddi thanh tfch cac bilu thfie sau 

a) 1 - sinx ; b) 1 + sinx ; 

e) 1 + 2cosx ; d) 1 - 2sinx. 

sin X + sin 3x + sin 5x 
8. Rut ggn bieu thfie A 

cosx + COS3A' + cos5x 

ON T A P CHl/ONG VI 

1. Hay ndu dinh nghia cua sina, cosa va giai thich vi sao ta cd 

sin(a + k2n) = sin a ; ^ e Z 

cos(a + ^27i) = cos a; k e Z. 

2. Ndu dinh nghia cua tana, cot a va giai thfch vi sao ta cd 

t an (a+ kn) = tana, k e Z ; 

cot ( a + ^7i) = cot a, k e Z . 

3. Tfnh 

, . . V2 . 71 
a) sin a, neu cos a = va — < a < 7i; 

, 3 2 

b) cos a, niu tan a = 2-v/2 va TC < a < — ; 

,' • 2 . 3 T I -
c) tana, neu s i n a = — v a — < a < 2TI ; 

3 2 
j x .^ : 1 V 71 

d) cot a, neu c o s a = — va— < a < TI. 
4 2 

4. Rut ggn cac bilu thfie 

, 2 sin 2a - sin 4a 
a) r - r - ; 

2 sin 2a + sm4a 

b) tan a 
^1 2 

1 + COS a 

V sina 

- s m a 

sin 
c) 

Tl 1 , f l 
- a I + cos a 

s i n [ ^ - a ] - c o s [ ^ - a 
d) 

sin 5a - sin 3a 
2 cos 4a 
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5. Khdng sfi dung may tinh, hay tinh 

22TI 
a) cos ; b) sin 

23TI 

, . 25TI IOTI 
c) sm tan-3 3 

6. Khdng sfi dung may tfnh, hay chfing minh 

2 ^ • 2 "̂  d) cos sin —• 
8 8 

a) sin 75° + cos 75° = — ; 
2 

c) sin 65° + sin 55° = V3cos5° ; 

7. Chfing minh cac ddng nhdt thfie 

b) tan267° +tan93° = 0 ; 

d) c o s l 2 ° - c o s 4 8 ° = sin 18°. 

, 1 - COSJ: + cos2x 
a) = cotx ; 

sin 2x - sin x 

, 2cos2;c - sin4jc 91 i 
c) = tan X 

2cos2x + sin4x K4 

sin X + sm -
b) 

9 X 
-^— = t a n -

1 + cosx + cos— 
2 

d) tanx - tany = 
sin(x - y) 

cosXcosy 

8. Chfing minh cac bilu thfie sau khdng phu thude x 

a) A = sin —v x 
\4 , 

TC 

b) 5 = cos X 

- cos 

- sm 

Tl 

v4 

Tl 
+ X 

\ . 

c) C = sin X + cos 
71 

X 

V3 ; 
COS] — + X 

J- -̂  1 - cos2x + sin2x 
d) D = cotx. 

1 + cos 2x + sin 2x 
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Bai tqp trac ngtiiem 

Chgn phuang an dung trong cac bai tap sau 

477C 
9. Gia tri sin la 

(A) 
/̂3 

(B) 
42 

(D) 

45 3 
10. Cho COSA = vdi 7C< A < —• Gid tri tanA la 

3 2 
-4 

™^^ ( C ) -
V^' 

( D ) -
41' 

571 ;„2 11. Cho A = — . Gia tri cua bilu thfie COS3A + 2cos(7i - 3A) sin 
71 

1,5A la 
4 

( A ) - ; 
4 

(B) 
43 

(C) 0 ; (D) 
2-43 

i n . , 
2cos^ 1 

12. Gia tri cua bilu thfie A = 
1 o • 2 ^ 2 7̂  1 + 8sin — COS — 

la 

( A ) - | ; (B) 
-4^ 

(C)-
4^ 

(D) 
41 

»^ ^ 1 ^-^ • ' L-^ L ' ft 4smA + 5cosA 
13. Cho cotA = —. Gia tn cua bilu thue B = 

2 • 2sinA-3eosA 

la 

(A) _1_ 

17 
(B)f; (C) 13 ; (-)f-

14. Cho tana = 2. Gia tri cua bilu thfie C = sma 
3 3 

sin a + 2cos a 

la 

(A) ^ ; 
^ 12 

(B) 1 ; (C) - — ; 
11 

( D ) -
10 

n' 
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H CHI DAN LICH SQ 

Nhu mpi l<hoa hpc l<hae, LUpng giac phat sinh tfi nhu cau cua ddi sd'ng. Sfi phat 
trien cCia nganh Hang hai ddi hdi phai bie't xac dmh vi tri cGa tau be ngoai bien 
khoi theo IViat Trdi luc ban ngay va theo cac vi sao luc ban dem. Cac cudc chien 
tranh ddi hdi phai bie't xac dinh nhfing i<hoang each ldn va lap nhfing ban do. 
Ngudi ndng dan can bie't sU thay doi cua thdi tie't trong nSm de san xua't eho kip 
thdi vu, nen phai c6 lich, v.v... 

Cac nhu cau ke tren da lam cho mdn Lupng giac phat sinh va phat trien. Trudc 
he't cac nha toan hpc Hy Lap da gdp phan dang ke vao viec phat trien mdn 
Lupng giac va sau do 0-le la ngudi da xay dung Li thuyet hien dai ve Ham sd 
lupng giac trong cudn "Md dau ve Giai ti'ch cac dai lupng vd cijng be" xua't ban 
nam 1748. 

O-LE 

O-le la mdt trong nhfing nha toan hpe Idn nhat tfi xua den 
nay. Ong sinh tai Ba-lo (Thuy ST). Ong da phat trien ta't ca 
cac nganh Toan hpc, tfi nhfing van de rat eu the nhU 
dudng trdn O-le, cho tdi nhfing khai niem hien dai nhat 
nam d mui nhpn cCia tie'n bd trong thdi dai dng. 

O-le da tie'n hanh nghien efiu nhfing de tai khoa hpc ra't 
da dang nhu Co hpc, Lf luan am nhac, Li thuyet ve ban do 
dja If, Khoa hpc hang hai, cac va'n de ve nUdc trieu len xudng, 
v.v... Ong thudng bo sung, hoan bi nhfing li thuyet Toan 
hpc cu, va nghien efiu them nhfing li thuyet Toan hpc mdi. 

Trong cupc ddi minh, O-le da viet tren 800 cdng trinh ve Toan hpe, Thien van va 
Dja li. Ong da dat cO sd cho nhieu nganh Toan hpc hien nay dang dupe day 6 
bac dai hpc. 

O-le la ngudi rat say me va can cij trong 
cdng viec. Ong khdng tU chdi bat ki viec gi, 
du khd den dau. Chang han, de giai mpt bai 
toan thien van, ma nhieu nha toan hpc khac 
ddi hdi mpt thdi gian vai ba thang, thi dng 
da giai xong chi trong ba ngay. Do nhfing ed 
gang phi thudng dd dng da mac benh va 
hong ma't mat phai. Ve sau,'dng bi mu ca 
hai mat. Tuy the, dng van tie'p tuc lao dpng 
sang tao va khdng ngfing cdng hien xua't 
sdc cho khoa hpc trong sudt 15 nam cud'i 
ddi minh. 

Ten cua O-le dupc dat cho mdt mieng nui Ifia 6 phan trdng tha'y dupc cCia Mat Trang. 

L. O-LE 
(Leonhard Euler, 

1707-1783) 
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6 N TAP CUOI NAM 

I - Cau hdi 

1. Hay phat bieu cac khang dinh sau day dudi dang dilu kidn edn va du 

Tam giac ABC vudng tai A thi BC^ = AB^ + AC^. 

Tam giac ABC cd cac canh thoa man he thfie BC^ = AB^ + AC^ thi 
vudng tai A. 

2. Lap bang bid'n thidn vd ve dd thi cua cae ham so 

a) y = - 3x + 2 ; b) y = 2x ; c) y = 2x - 3x + 1. 

3. Phdt bilu quy tdc xlt ddu mdt nhi thfie bae nha't. Ap dung quy tdc dd dl 
giai bat phuang trinh 

( 3 x - 2 ) ( 5 - x ) ^ Q 
(2 -7x) 

4. Phdt bilu dinh If vl ddu cua mdt tam thfie bac hai/(x) = ax +fex + c. 

Ap dung quy tde dd, hay xac dinh gia tri cua m di tam thfie sau ludn ludn am. 

f{x) = -2x^ + 3x + 1 - m. 

5. Nlu cdc tfnh chdt eua bdt ddng thfie. Ap dung mdt trong cac tfnh chdt dd, 

hay so sanh cac so 2 va 3 

6. a) Em hay thu thap diim trung binh hgc ki I vd mdn Toan cua tfing hgc 
sinh ldp minh. 
b) Lap bang phan bd tdn so va tdn sudt ghip ldp de trinh,bay cac sd lidu 
thd'ng kd thu thap dugc theo cac ldp [0 ; 2), [2 ; 4), [4 ; 6), [6 ; 8), [8 ; 10]. 

7. Ndu cac cdng thfie bid'n ddi lugng giac da hgc. 

8. Ndu each giai he hai bdt phuong trinh bac nhdt hai an va giai he 

r2x + y > 1 

| x - 3 y < 1. 

II - Bai tap 

1. Cho ham sd/(x) = Vx^ + 3x + 4 - V-x^ + 8 x - 1 5 . 
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a) Tim tap xac dinh A cua ham sd/(x). 

b )Giasf i5={xe R | 4 < x < 5 } . 

Hay xac dinh cdc tap A \ 5 va R \ {A\B). 

2. Cho phuang trinh 

2 mx - 2x - 4m - 1 = 0. 

a) Chfing minh rang vdi mgi gid tri m 5>t 0, phfiong trinh da cho cd hai 
nghidm phan bidt. 

b) Tim gid tri cua m dl -1 la mdt nghilm cua phuang trinh. Sau dd tim 
nghilm cdn lai. 

3. Cho phuang trinh 

2 2 
X - 4mx + 9{m - 1) =0. 

a) Xlt xem vdi gid tri nao cua m, phuang trinh trin cd nghilm. 

b) Gia sfi Xj, X2 la hai nghilm cya phuang trinh da eho, hay tfnh tdng va 

tich cua ehung. Tim mdt hd thfie gifia xj va X2 khdng phu thudc vao m. 

c) Xdc dinh m di hidu cdc nghidm cua phuong trinh bang 4. 

4. Chfing minh cdc bdt ddng thfie sau 

5 4 
a ) 5 ( x - l ) < x - 1 < 5x (x -1 ) , n d u x - 1 > 0 ; 

5 5 4 4 ' -
b)x +y -X y -xy >0, bidt rang x + y > 0 ; 
c) V4A + 1 + V4fe + 1 + V4c + 1 < 5, 

bil't rdng a, fe, c cung ldn han — va a + fe + c = 1. 
4 

5. Giai hi phuang tnnh sau bdng each dfia vl hd phuang trinh dang tam gidc 

' X + 3y + 2z = 1 

> 3x + 5y - z = 9 

5x - 2y - 3z = - 3 . 

6. a) Xet ddu bilu thfie 

fix) = 2x(x + 2) - (x + 2)(x + 1). 
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b) Lap bang bid'n thidn va ve trong cung mdt he toa do vudng gdc cac dd 
thi cua cac ham sd sau 

y = 2x(x + 2) (Cl) 

y = (x + 2 ) ( x + l ) (C2). 

Tfnh toa do cac giao diim AviB cua (Cj) va (C2). 

c) Tfnh cac he sd a, fe, c di ham sd y = AX + fex + C cd gia tri ldn nhdt bdng 
8 va dd thi eua nd di qua A va B. 

7. Chfing minh cdc hd thfie sau 

l - 2 s i n fl 1-tanfl . , sina + sin3fl + sin5fl 
a ) - r - r — = t ; b) = tan3fl ; 

l + sin2fl l + tanfl COSA + cos 3A + cos 5A 

• 4 4 2 
^ Sin A - cos A + cos A 2 a _,, tan2xtanx . ^ 

e) ; = cos - ; d) = sin2x. 

2(1 - cos A) 2 tan 2x - tan x 

8. Rut ggn cac bilu thfie sau 

^ 1 + sin4A-eos4A , , 1 + COSA 2 « 2 
a) ; b) tan cos a ; 

1 + COS4A + sin4A I - C O S A 2 
^ cos2x - sin4x - cos6x 

c) 
cos2x + sin4x - cos6x 

9. Tfnh 
a) 4(cos24° + cos48° - cos84° - cos 12°). 
us r>£ f^ • ''^ '^ '^ ^ ^ 

b) 96v3sm—cos—cos—cos—cos— 
48 48 24 12 6 

c) tan9° - tan63° + tan81° - tan27°. 
10. Rut ggn 

^ X 2x 4x 8x . ^ . X - . 3x . 5x 
a) cos—cos—cos—cos— ; b) sin—h 2sin h s i n — 

5 5 5 5 7 7 7 
11. Chfing minh rdng trong mdt tam giac ABC ta cd 

^ ^ ^ j j 

a) tanA + tan5 + tanC = tan A tan B tan C (A , B , C cung khdc — ) ; 

b) sin 2 A + sin 2B + sin 2C = 4 sin A sin B sin C. 

12. Khdng sfi dung may tfnh, hay tfnh 

s in40°-s in45°+s in50° 6(V3+ 3tanl5°) 

cos40°-cos45°+cos50° 3 - ^ 3 tan 15° 
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DAP S 6 

CHUONG 1 

§1-

1. a) Menh dd ; 

b) La menh de chfia bid'n. 

c) La mdnh dd chfia bid'n; 

d) Menh dd. 

5. a) Vx e R : x.l = x; 

b ) 3 x e E :x + x = 0 ; 

c) Vx e M : X + (-x) = 0. 

7. a) 3« e N : « khong chia hd't cho n 
(diing) ; 

b) Vx e Q : x^ ?t 2 (diing) ; 

c) 3x e M : X > X + 1 (sai) ; 

d) Vx € -R : 3x9^x^ + 1 (sai). 

§2. 

1. a)A = |0 , 3, 6, 9, 12, 15, 18) ; 

b ) f i = | x e N |x = n(n + l), l < / 2 < 5 } . 

2. a)A<:zBvaAitB; 

b)A = B. 

3. a ) 0 , {a], {b},A; 

b) 0 , {01, (1) , [2], {0, 1}, {0, 2) , 
[1,2],B. 

§3. 

1. c ^ n ^ = {C,0,I,T,N,E} ; 

^ u ^ = {C, 0, H, I, T, N, E, 6, G, 
M,A,S,A,Y,K] • 

c^\'S= {//) ; 

'3\a^= \d,G,M,A,S,A,Y,K\. 

3. a) 25 ; b) 20. 

162 

4. / i n A = A ; A u / i = / l ; A n 0 = 0 ; 

A\J<Z) = A; C^A = <Z>;C^0 = A. 

§4. 

1. a) [-3 ; 4] ; b) [-1 ; 2] ; 

c) (-2 ; +c»); d) [-1 ; 2 ) ; 

e ) ( -00 ; +00). 

2. a ) [ - l ; 3 ] ; b ) 0 ; 

c) 0 ; d) [-2 ; 2]. 

3. a ) ( - 2 ; l ] ; b ) ( - 2 ; 1) ; 

c) ( -o) ; 2] ; d) (3 ; +oo). 

§5. 

2. / = 1745,3. 

3. a) A = 3,141592654; 

b) Vdi fe = 3,14, A^< 0,002; 

vdi c = 3,1416, A^ < 0,0001. 

4. b) 51139,3736. 

5. b) 0,0000127 ; c) -0,02400. 

On tap chi/dng I 

8. a) Diing ; b) Sai. 

9. EczGczBciCc^A ; 

EczDczBczCczA. 

10. a)A = {-2, 1,4,7, 10, 13) ; 

h)B= |0 , 1,2, 3 , 4 , 5 , 6 , 7 , 8,9, 10, 
11,12) ; 

c ) C = l - l , l ) . 

11.P<;::>T;R^S;Q-^X 

12. a) (0 ; 7) ; b) (2 ; 5) ; c) [3, +oo). 



13. A = 2,289; A„ < 0,001. 

14. 347. 

15. a) Dung; c) Diing ; e) Diing. 

16. (A). 

17. (B). 

CHU'ONG II 

§1. 

1. a ) D = R \ - 1 ; 

b) D = R \ {1 ; - 3 ) ; 

c )D = H-\ 
2. x = 3 ,y = 4 ; x = - l , y = - l ; 

X = 2, y = 3. 

3. a) M thudc dd thi; 

b) N khdng thudc dd thi ; 

c) P thupc do thi. 

4. a) Ham sd chSn ; 

b) Khdng la ham sd chan, khdng la 
ham sd le ; 

c) Ham sd le ; 

d) Khdng la ham sd chan, khdng la ham 
sd'le. 

§2. 

2. a) A = -5 , fe = 3 ; 

h)a = -l,b = 3; 

3. a) y = 2x - 5 ; 

§3. 

3. a)y = 2x^+x + 2 ; 

h)y = -^x^-x + 2 

c) y = x^ -4x + 2 ; 

c) a = 0, fe = - 3 . 

b)y = - l . 

d) y = x -3x + 2 hoac 

y = 16x^+12x + 2. 

4. a = 3,fe = -36, c = 96. 

On tap chuong II 

8. a)L» = [-3;+oo)\(-]) ; 

h)D= ( - » ; - ] ;c)D=R. 

11. a = -l,b = 

12. a) a = l,fe 

b ) a = - l , 

13. (C). 

14. (D). 

15. (B). 

CHU'ONG 111 

§1. 

3. a) x = 1 ; 

c )x = 3 ; 

4. a) X = 0 ; 

c) X = 5 ; 

§2. 

23 
1. a) x = - — 

16 
c ) x = - ; 

2. a)m^3 thi 

= 4. 

= - l , c = - l . 

fe = 2, c = 3. 

b) X = 2 ; 

d) Vd nghidm. 

b). = l ; 

d) Vd nghiem. 
^ 

; b) V6 nghidm ; 

d) x = - - . 
2 

• 2OT + 1 
nghiem la x = 

m-3 
m = 3 phuong trinh vd nghidm. 

b) »i ^ 2 va /n ?t - 2 thi nghiem la 

3 
Y = ! 

m + 2 
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m = 2 thi mpi x e R la nghidm ; 

m = -2 phuong trinh vd nghidm. 

c) m^ \ thi nghiem la x = 1. 

m = 1 thi mpi x € R la nghiem. 

3. 45 qua. 

4. a) Xj = 1 , Xj = - 1 ; 

10 
-. x.= — 

Vio 

b) X, 
1 

• , X'^ — 
1 

^'~V3' 2 - S' 

5. b) Xj*-0 ,387 , X2« 1,721 ; 

c) Xj = - 1 , X2~ -1,333 ; 

d) Xj ~ 1,079, X2 * -0,412. 

6. a) x = — , X = 5 ; 
5 

b) Xj = - l ,X2 = - - ; 

ll±%/65 C) Xj 
14 

d) X| =1, Xj = -6. 

7. a ) x = 1 5 ; b )x = - l 

c) Xj 2 = 2 ± A ^ ; d ) x = 1. 

8. w = 7 => X, = 4 , XT = — 
1 2 3 

w = 3 => X, = 2 , XT = — 
^ 2 3 

§3. 

2. a) 

c) 

n 5 
7 ' 7 

9 _ j _ 

8 ' 6 

b) 
9 7 

,11 11 

d) (2 ; 0,5). 

3. Gia mdi qua quyt la 800 ddng, gia 
mdi qua cam la 1400 ddng. 

4. Day chuydn thfi nha't: 450 ao ; 

Day chuyen thfi hai : 480 ao. 

5. a ) ( x ; y ; z ) = ( l ; l ; 2 ) ; 

•̂  114 2 l) 

6. Gia mdt ao la 98 000 ddng, gia mdt 
quin la 125 000 ddng, gia mdt vay la 
86 000 dong. 

7. b ) ( x ; y ) « ( 0 , l l ; l , 7 4 ) ; 

d ) ( x ; y ; z ) « ( -4 ,00; 1,57; 1,71). 

On tap chirong ill 

3. a) X = 6 ; b) Vd nghidm ; 

c) X = 2V2 ; d) Vd nghidm. 

4. a) Vd nghidm ; b) x = — ; c) x = — 

^ ^ / ^ I 37 29^ 5. a) (x ; y ) = — ; — 
'.24 12 

b) (x ;y ) = | 2 ; -

c) (x ; y) = 

d ) ( x ; y ) = 

34 J_ 
, 1 3 ' 1 3 . 

'93 30 ' 

, 3 7 ' 3 7 , 

6. Ngudi thfi nhat son xong sau 18 gid. 
ngudi thfi hai son xong sau 24 gid. 

7. a ) ( x ; y ; z ) : 
3 3_ 

• 5 ' 2 

13 

10. 

K^. ^ f l81 7 83 ' | 
b) (x ; y ; z) = ; — ; — . 

I 43 43 4 3 ; 

8. Ba phan sd do l a - , - va — 
2 3 6 

9. 432 san phdm. 
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10. Nd'u lam trdn dd'n chfi sd thap phan 
thfi ba thi kd't qua la 

a) X j * 1,520; X j* -0 ,920 ; 

b) Xj « -0 ,333 ; X2*-1,000 ; 

c) X j* 0,741; X2«-6,741 ; 

d) Xj «-0,707 ; x^ «-2,828. 

11. a) Vd nghidm ; 

b)Xi = - 4 ; x 2 = — - • 

12. a) Chieu dai la 31,5cm, chidu rdng la 
15,7m. 

b) Chieu dai la 39,6cm, chidu rdng la 
27,5m. 

13. Ngudi thfi nha't quet san mdt minh 
hd't 4 gid, ngudi thfi hai quet san mdt 
minh hd't 2 gid. 

14. (C); 15. (A) ; 16. (C) ; 17. (D). 

§2. 

1. a )x e R \ { 0 ; - l ) ; 

b ) x e R \ { 1 ; 3 ; 2 ; - 2 ) ; 

c ) x 9 t - l ; 

d ) x € ( - c o ; l ] \ { - 4 ) . 

4. a) x < ; b) Vd nghidm. 
20 

7 7 
5. a) x<— ; b) — < x < 2 . 

4 39 
§3. 

1 
2. a) — < X < 1; 3 < X < +00 ; 

2 

b ) x < - l ; 0 < x < l ; l < x < 3 ; 

c ) - 1 2 < x < - 4 ; - 3 < x < 0 ; 

d) - l < x < —; 1 < x < +00. 
3 

CHU'ONG IV 

§1-

l .d) 

2. sdc. 
3. a) HD. Vi a, h, c la dd dai ba canh 
tam giac ndn 

a + fe-c>0;fe + c - A > 0 ; c + a - f e > 0 . 

b) HD. Ap dung a) co {b-cf <(?, 

{c-af<b^, {a-bf <c^. 

Cdng tiJmg ve ba bat ddng thfie nay. 

4. HD. Xet hidu 

(x^+y^)-{x^y + xy\ 

6. HD. Gpi H la tie'p didm ciia dudng 
thang AB vdi dudng tron. Ta cd 

AB = HA + HB> 2ylHA.HB. 

3. a) x < — ; x > 2 ; 
5 

b ) x < - 5 ; - l < x < l ; x > l . 

§4. 

3. De cd lai cao nha't, xf nghidp cdn lap 
phuomg an san xua't cac san phdm I va 
II theo ti Id 4 : 1. 

§5. 

1. a) 5 x ^ - 3 x + l > 0 , Vx; 

•7 5 

b) -2x +3x + 5 > 0 k h i - l < x < - ; 

- 2 x ^ + 3 x + 5 < O k h i x < - l 

hoac x>— ; 
2 

c) x^+12x + 3 6 > 0 , Vx; 

d) (2x - 3)(x + 5) < 0 khi - 5 < X < 
2 
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(2x - 3)(x + 5) > 0 khi X < -5 ; x > - • 
2 

3. a) Vd nghiem ; 

b) - l < x < - ; 
3 

- 4 
c) X < - 8 ; - 2 < X < — ; 1 < x < 2 ; 

d ) - 2 < x < 3 . 

4. a) /n < 1 ; m > 3 ; b) — < m<-\.' 
2 

On tap chirong IV 

1. a ) x > 0 ; b ) y > 0 ; 

c) | a | > 0 , V a e H 

a + b 
d) >sfab, V a > 0 , fe>0. 

2. a) a, b ciing da'u ; b) a, fe ciing da'u ; 

c) a, b trai da'u ; d) a,b trai da'u. 

3. (C). 

4. Gpi P la khd'i lugng thuc cua vat. Ta cd 
26,35 < ? < 26,45. 

5. a) X = 1 ; b) X > 1 ; c) X < 1. 

6. HD. - + ->2. 
c a 

11 ^^. ^ ^ n - 1 - V l 3 -1 + Vl3 11. a)/(x) < 0 <:> < X < 

- 1 - V 1 3 
fix) > 0 <» X < : hoac 

x>-

2 

-1 + Vl3 

^(x) > 0 <^ X < 1 - V3 hoac 

0 < X < 2 hoac X > 1 + V3 ; 

g{x) <0<=> 1 - V 3 < x < 0 hoac 

2 < x < l + V3. 

b) Nghidm nguydn ciia bat phuong 

tnnh la X = 2 ; 3 ; 4 ... hoac 

x = -3; -4 . . . 

12. HD. Xet da'u bidt thfie 

A = {b'^+c^-a^)^-4b^c^. 

14. (B) ; 15. (C) ; 16. (C) ; 17. (C). 

CHU'ONG V 

§1. 

2. b) 43,3% ; 56,7% 

§3. 

1. 1170 gid; 31 cm. 

2. 6,1 diim ; 5,2 diim 

Diim trung binh cdng ciia ldp lOA cao 
hon, ndn co the ndi hpc sinh ciia ldp 
lOA cd kd't qua lam bai thi cao hon.. 

3. Cd hai mdt la 

M^̂ ^ =700 nghin ddng; 

M^^^ = 900 nghin ddng. 

4. Sd trung vi M^ = 720 nghin ddng. 

5. 38,15 ta/ha. 

§4. 

1. 5 j « 1 2 0 ; 5^«11 gid 

sl~S4; s^ « 9,2 cm. 

2. a) Day sd lieu vd diim thi cua ldp 
lOCcd 

J « 7,2 diem; 5^*1,3 ; s^ « 1,13 diim. 
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Day sd lidu vd diem thi cua ldp lOD co 

y « 7,2 did'm ; sj == 0,8 ; s^ ~ 0,9 diem. 

b) Diim sd ciia cac bai thi d ldp 
lOD ddng ddu hon. 

3. a) Nhdm ca thfi 1 cd x = 1 kg ; 

nhdm ca thfi 2 cd y = 1 kg ; 

b) Nhdm ca thfi 1 c6 si =0,042; 

2 
nhdm ca thfi 2 cd 5„ = 0,064 ; 

c) Nhdm ca thfi 1 cd khd'i lucmg ddng 
ddu hon. 

On tap chiTdng V 

3. c) X » 2 (con) ; M^ = 2 (con) ; 

M^ = 2 (con). 

4. e) Nhdm ca thfi 1 cd x w 648 (gam); 

s^«33 ,2 ; 5^ « 5,76 (gam), 

Nhdm ca thfi 2 cd y « 647 (gam) ; 

i 2 « 23,14; Sy « 4,81 (gam), 

Nhdm ca thfi 2 cd khd'i lugmg ddng 
ddu hon. 

5. X = 34 087 500 ddng ; 

M^ = 21 045 000 ddng. 

6. a) Mdt la mdu 1. 

7 . ( C ) ; 8 . ( B ) ; 9 . ( C ) ; 1 0 . ( D ) ; 1 1 . ( A ) . 

CHUONG VI 

§1. 

2. a) 0,3142 rad ; b) 1,0036 rad ; 

c) -0,4363 rad ; d) -2,1948 rad. 

3. a) 10° ; b) 33°45' ; 

c)-114°35'30"; d)42°58'19". 

4. a) 4,19 cm ; b) 30 cm ; c) 12,92 cm. 

r\ 7. sdAM, =-a + k2n,kG 

rv sd AM.y = n - a + k2n, k e 

r\ sd AMT^ = a + n + k2n, k GZ . 

§2. 

A s • 3Vl7 ^ 3 /̂T7 
4. a) sina = __ ; tana : 

cota = 

13 

4 

3717' 

b) cosa « -0,71 ; tana « 0,99 ; 

c o t a w l , 0 1 . • 

, • 7 . 15 
c) cosa = — ] = ; sina = /274 

cota = . 
15 

d) sin a = -

cosa 

1 

4io' 
3 

; tana = 
10 3 

5. a) a = k2n, k G Z 

b) a = {2k + l)n, k 

c) a = —+ ^7t, k 
2 

d) a = — + ^271, k € 
2 

e) a = — + ^271, k 
2 

f) a = ^71, ^ e Z . 
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§3. 

1. a) cos225° = - — ; sin240° = - — ; 
2 2 

cot(-15°)= -2-43; 

tan75°= 2+ 7 3 . 

. In 72(1 + 73) 
u) su 

1 • — 

12 4 

( n\ 72(1 + 73) 
cos = ; 

V 12; 4 
t an l^=2-73 . 

12 

2. a) -
2 I 3 j 

^, 9 + 472 
' '^ 7 

, , , 375+8 
c) cos(a + b) = ; 

15 
• . us 6 + 475 

sin(a - fe) = 
15 3. a) sina sinfe ; 

b)i< ;os a ; 

c) cosa sinfe. 
5. a) sin2a = 0,96 ; cos2a = 0,28 ; 

tan2a ~ 3,43 
. , . ^ 120 ^ 119 
b) sm2a= ; cos 2a = ; 

169 169 
tan 2a = 120 

119 

3 7? 
c) sin2a = — ; cos2a = — 

4 4 

tan2a = -
77' 

, . 2 + 7i4 2 - 7 l 4 , 
o. sina = , cosa = : hoac 

7 l 4 - 2 
sma = , cosa = -

6 

6 
2 + 714 

7. a) 1 - sinx = 2sin 
2( 71 X 

4~2" 

b) 1 + sinx= 2sin^ —+ — U 2 

c) 1 + 2cosx = 4cos - + - cos 
U 2) U 2) 

d) l-2sinx=4cos —H— sin 
U2 2) U2 2> 

8. A = tan3x. 

On tap chUdng VI 

77 
3. 

4. 

5. 

. ) - ; 

, 275 
'^^- 5 ^ 

a) tan a ; 

c) -cota ; 

a) - i ; 

> ^ c ) - - ; 

b ) - ; 

7l5 

b)2cosa ; 

d) sina. 

72 

. . ^ d ) - . 

9 . (D);10.(B);11.(C);12.(D); 

13. (C) ; 14. (B). 

ON T A P CUOI NAM 

I - Cau hoi 

3. x e 
2 ^ 

7 ' 3 
u[5;oo). 

17 
4. m> — 

r 32000 ^ 23000 

Vl 2 3 < 32 =^(23)1000< (32)1000 
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11-Bai tap 6. a)/(x)>Okhi x€(-oo ; - 2 ) u ( l ; oo) 

L a) [ 3 ; 5]. /(x) < 0 khi x e ( - 2 ; 1). 

h)A\B = [3;4], b ) A ( - 2 ; 0 ) , B ( l ; 6 ) . 

R \ (A \ B ) = (-00 ; 3) u (4 ; oo). c) a = - 2 ; fe = 0 ; c = 8 ; 

o u^ 1 -, u - -2 ^ 16 40 2. b) m= — , XT =7 . hoac a = — ; fe = — ; c = 3 2 • 9 ' 9 ' 9 

. . 3 , 8. a) tan2a; 
3. a) -<m<3. 

5 u ^ „ : 2 

b) 5 = Xj + X2 = 4m, 

5. ( x ; y ; z ) = ( - l ; 2 ; - 2 ) . 

b) sin a. 

c) tan(x-15°)cot(x + 15°). 

P = XjX2=9(m-l)2 ; 9. a ) 2 ; b ) 9 ; c ) 4 . 

9 (x j+X2-4) -16xjX2=0. s in— - „ 
10. a) 5_ ; b ) 4 s i n — c o s 2 - . 

13 16sin^ 7 7 
10. a) —̂ ; b)4sin—cos 

c) /n = l hoac m = — losin 
5 -̂  

1 2 . - 5 . 
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BANG TRA ClTU T H U A T NGCT 

Thuat ngur 

Bang bid'n thidn 
Bang phan bd t ^ sd 
Bang phan bd tan suat 
Bang phan bd tin sd va tan 
suat 
Bang phan bd tan sd 
ghepldp 
Bang phan bd tan suat 
ghep ldp 
Bang phan bd tan sd va tan 
sua't ghep ldp 
Bang xet dau 
Bat dang thfie 
Bat dang thfie he qua 
Bat dang thfie tuong duong 
Bat phuong trinh in x 
Bit phuong trinh bac hai 
mdt an 
Ba't phuong trinh bac nhat 
hai an 
Bat phuong tnnh tuong 
duong 
Bidn sd 
Bidu dd 
Bieu dd tan sd hinh cdt 
Bidu dd tan suat hinh cdt 
Bidu dd hinh quat 
Cdng thfie cdng 
Cdng thfie bid'n doi tfch 
thanh tdng 
Cdng thfie bie'n ddi tdng 
thanh tfch 
Cdng thfie ha bac 

Trang 

36 
111 
111 
111 

113 

113 

113 

90 
74 
74 
75 
80 

103 

95 

82 

32 
115 
117 
115 
117 
149 
151 

152 

151 

Thuat ngur 

Cdng thfie nhan ddi 
Cung luong giac 
Diem dau cua cung 
luong giac 
Diem cud'i cua cung 
luong giac 
Dieu kidn can 
Dieu kidn can va du 
Dieu kidn du 
Dilu kien cua 
ba't phuong trinh 
Dieu kien cua phuong trinh 
Doan [a; fe] 
Dd thi cua ham so 
Dd lech chu^n 
Do chfnh xac cua mdt sd 
gan dung 
Dudng gap khuc tin suit 
Dudng gap khuc tan so 
Dudng trdn dinh hudng 
Dudng trdn luong giac 
Gia tri cua ham sd/tai x 
Gii tri dai didn eua ldp 
Giai hit phuong trinh 
Giai hd ba't phuong trinh 
Giai va bidn luan 
phuong tiinh 
Giao (cua hai tap hpp) 
Gia tri luong giac cua cung 
Gdc lupng giac 
Hai mdnh dd tuong duong 
Ham so 
Ham sd bac hai 

Trang 

150 
134 
134 

134 

6 
7 
6 

81 

54 
17 
34 

126 
20 

116 
117 
134 
135 
32 

116 

81. 
81 
55 

13 
141 
135 

7 
32 
42 
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Thuat ngfi 

Ham sd bac nhat 
Ham so chan 
Ham sd cho bang bang 
Ham sd cho bang bieu dd 
Ham sd cho bang cdng thfie 
Ham sd ddng bid'n (tang) 
Ham so hang 
Ham sd le 
Ham sd nghich bid'n (giam) 

Ham sdy = |x| 
He bat phuong tiinh in x 
He bat phuong trinh bac 
nhat hai ^n 
He hai phuong tiinh bac 
nha't hai an 
He ba phuong tiinh bac 
nha't ba an 
Hidu (cua hai tap hpp) 
Hpp (cua hai tap hop) 
Khoang (a; fe) 

Kf hidu V va 3 
Mdnhdl 
Mdnh de dao 
Mdnh de chfia bid'n 

Mdnh di keo theo P^ Q 
Mdnh di phu dinh 
Mi6n nghiem cua bat 
phuong tiinh bac nhat hai an 
Mdt 
Nghidm cua ba't phuong 
tiinh 
Nghidm cua he phuong tiinh 
Nghiem cua phuong trinh 
nhieu in 
Nghidm ngoai lai 
Nhi thfie bac nhat 

Trang 

39 
37 
32 
33 
33 
36 
40 
37 
36 
40 

81 
96 

64 

65 

14 
14 
17 
7 
4 
7 
4 
6 
5 

95 

121 
80 

65 
65 

56 
89 

Thuat ngfi 

Nfia khoang 
Phan bu (cua B trong A) 
Phep bie'n ddi tuong duong 
phuong trinh 
Phep bie'n ddi tuong duong 
bat phuong tnnh 
Phuong sai 
Phuong tnnh bac hai 
Phuong tnnh bac nha't 
hai an 
Phuang trinh bac nhat 
Phuong trinh hd qua 
Phuong trinh ^n x 
Phuong trinh nhieu in 
Phuong trinh tuong duong 
Radian 
Sai sd tuydt dd'i 
Sai sd tuong dd'i 
So trung vi 
Sd trung binh cdng 
Tam thfie bac hai 
Tan so 
Tan so cua ldp 
Tan suat 
Tan suat cua ldp 
Tap hpp (tap) 
Tap hop bang nhau 
Tap hpfp con (tap con) 
Tap hop rdng (tap rdng) 
Tap xac dinh cua ham sd 
Tham so 
True cdsin 
True cdtang 
True sin 

Trang 

17 
15 
55 

82 

124 
58 
63 

58 
56 
53 
54 
55 

136 
19 
21 

121 
119 
100 
110 
112 
111 
112 

10 
12 
11 

11 ; 
32 
54 

141 
144 
141 

True tang j 144 
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MUC LUC 
• • 

Trang 

Chuang I. MENH DE. TAP HOP §1 
§2 
§3 
§4 
§5 

Mdnh de 4 
Tap hop 10 
Cac phep toan tap hpp 13, 
Cac tap hpp sd 16 
Sd gSn dung. Sai sd 19 
6n tap chuong I 24 

Chuang IL H A M SO BAG N H A T VA BAG HAI 
§1. Ham sd 32 
§2. Ham sdy = ax + fe 39 
§3. Ham sdbac hai 42 

On tap chirong II 50 

Chuang HI. PHU^ONG TRINH. H £ PHUONG TRINH 
§1. Dai cuong ve phuong trinh 53 
§2. Phucmg trinh quy ve phuong trinh bac nha't, bac hai 58 
§3. Phuomg trinh va he phuomg trinh bac nha't nhidu in 63 

On tap chuong III 70 

Chuang IV. BAT DANG THlTC. BAT PHUONG TRINH 
§1. Bat dang thfie 74 
§2. Ba't phuomg trinh va hd bat phucmg trinh mdt in 80 
§3. Da'u cua nhi thfie bac nha't 89 
§4. Bat phuomg trinh bac nha't hai in 94 
§5. Da'u cua tam thfie bac hai 100 

On tap chirong IV 106 

Chuang V. T H 6 N G Kfe 
§1. Bang phan bd tan sd va tan sua't 110 
§2. Bidu dd 115 
§3. Sd trung binh cdng. Sd trung vi. Mdt 119 
§4. Phuong sai va dd Idch chudn 123 

On tap chirong V 128 

Chuang VI. CUNG VA GOC LUONG GIAC. CONG T H U C L U O N G GIAC 
§1. Cung va goc lupng giac 133 
§2. Gia tri lupng giac cua mdt cung 141 
§3. Cdng thfie lupng giac 149 

On tap chirofng VI 155 
On tap cud'i nam 159 
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HUAN C H U P N G Hd CHI MINH 
VUONG MIEN KIM CLTONG 
CHAT LUpNG QUOC TE 

\l SACH GIAO KHOA LOP 1 10 / 

I.TOAN HOC 

•DAIS6IO •HiNH HOC 10 

2. VAT Li 10 

3. HOAHOCIO 

4. SINH HOC 10 

5. NGCF VAN 10 (tap mot, tap hai) 

6. UCH Si i 10 

7.D!ALilO 

SACH GlAO KHOA LCJP 10 - NANG CAO 

8. TIN HOC 10 

9. CONG NGHE 10 

10. GIAODUCCONGDANIO 

11. GlAO DUC QUOC PHONG -AN NINH 10 

12. NGOAI NGO 

•TIENG ANH 10 "TIENG PHAP 10 

•TIENG NGA 10 ^TI^NG TRUNG QUOC 10 

Ban Khoa hoc Ti; nhien : 

Ban Khoa hoc Xa hoi va Nhan van : 

• TOAN HOG (DAI S6 10, HiNH HOC 10) 

.VAT Ll 10 .HOA HOC 10 .SINH HOC 10 

.NGL)'VAN10(tapmpt, taphai) 

• UCHSCflO .OIA Li 10 

.NGOAI NGO (TIENG ANH 10, TIENG PHAP 10, 

Tie'NG NGA 10, Tie'NG TRUNG QUOC 10) 
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