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LOI NOI PAU

Cudén sich “Cdac phuong phap dién hinh gidi toin nguyén ham,
tick phan va @ng dung” tép thé cic gido vién da va dang day céc truong
chuvén, 16p chon tham gia bién soan. Vi vay cudn sach khong nhiing 1a tai
liéu tham khdo can thiét cho hoc sinh dang hoe chii dé nay, hoc sinh é6n thi
cac ld thi quée gia, cdc ki thi vo dich todn ma con la tai liéu tham khao bd
ich :ho gido vién, phu huynh hoc sinh, sinh vién cdc truong su pham quan
tdm nghién ctu chi dé nguyén ham, tich phan. Cuén sdch trinh bay céc
kiér thife co badn, ndng cao va cdc ting dung da dang cia cdc kién thic
nguvén ham, tich phéan trong gidi toan trung hoc pho théng.

Cudn sach gobm ba chuong.

Chuong I. Nguyén ham.

Chuong II. Tich phéan.

Chuong III. Ung dung cia tich phan.

Mbi chuong gém cdc muc (§) ¢6 cdu tric chung nhu sau :

A. Kién thitc c¢d ban. Trinh bay cdc khai niém, dinh li, tinh chat co
ban va ning cao ma hoc sinh cAn phai hiéu va ghi nhé.

B. Cic dang toian dién hinh. Trinh bay cdc dang todn, phuong phép
gidi kém theo c4c vi du minh hoa. Trong cdc vi du khé cdn néu goi y vé
c4ch st dung kién thic va quy trinh giai truée khi néu l&i giai.

C. Toan tu luyén. Gidp hoc sinh luyén ki ning gidi cdc dang todn néu
& phan B va céc bai todn ning cao danh ddu “*”.

D. Dip s6 va huéng din giai. Trinh bay cdc goi ¥ vé cdch gidi va két
qué cia cdc bai todn tu luyén & phan C.

Viéc st dung cudn sach nén thuc hién theo trinh tu sau :

Sau khi doc k¥ kié€n thidc co ban cdc em nén TU MINH gidi cdc vi du
theo chi ddn phuong phdp cia dang todn tuong dng. Néu giap khé khén
c6 thé tham khdo 181 gidi méu. Tiép theo nén danh thdi gian dé gidi cdc
bai tdp tu luyén. Khi gidi cdc bai tdp nay cdn chd y xdc dinh dang va
phuong phép gidi phi hgp. Cudi cang nén tu minh téng két lai cdc kién
thic va phuong phdp dic trung cAn ghi nhé khi gidi cdc bai tdp trong
muc tuong Ung.

Céc bai todn dugce lua chon theo tidu chi “hay va khé”, trong d6 nhiéu
bai todn 1a dé thi dai hoc, d& thi v6 dich todn Qudc gia va Qudc t&. Vi vy
cdc em sé gip khong it khé kh#n khi gidi cdc bai todn dé, tuy nhién tinh
“dic trung” caa phuong phép gidi lai duge biéu 1§ rd rang hon bao gi hét &
chinh cédc bai todn nay.



Mic du duge bién soan cin thén, nhung chic chi&n khé trdnh khéi
nhitng khiém khuyét, cdc tdc gid rdt mong nhan dugc sy gép y cla cac bic
phu huynh, cdc thdy c6 gido vA c4c em hoc sinh d€ cuén sdch duge hoan
thién hon trong 14n tdi ban sau.

Moi v kién d6ng gép xin giti vé dia chi : Ong Nguyén Vian Loc 229/85
Thich Quang Pdc, Phudng 4 Quan Pha Nhuan —-Thanh phé Hé Chi Minh.
Pién thoai NR: (08) 38476771.

Xin trAn trong cAm on!
Cac tdc gia



CHUONG I. NGUYEN HAM

§1. Khdii niém nguyén ham va ede tinh chat

A. KIEN THUC CO BAN.

1. Khai niém nguyén ham.

a) Dinh nghia.

Cho ham s6 f xdc dinh trén K. Ham s6 F duge goi 14 nguyén ham cua f
trén K réu F'(x) = f{ix) v6i moi x thudc K.

Chuy. f

1) T-ong trudng hop K = [a; b], cde ddng thic F'(a) = fla), F'(b) = fib)
gugehigila  lim T =@ L de) v Tl =) ey
x—a’ X—-a x—b Xx—Db

2) Cho hai ham sd f va F lién tuc trén doan [a; b]. Néu F 1a nguyén ham
ctia f tréa khodng (a; b) thi ¢6 thé chitng minh dugc ring F(a) = fla) va F'(b)
= fib), de d6 F cing 12 nguyén ham cda f trén doan [a; b].

b) Dinh 1i 1.

(3id « ham s0 F 1a mdt nguyén ham ciia ham s6 f trén K. Khi d6:

a) Vei mdi hdng s6 C, ham 88 y = F(x) + C ciing 12 mét nguyén ham cta
ftrén K

b) Nauge lai, véi mdi nguyén ham G cia f trén K thi tén tai mét hdng
s6 C saocho G(x) = F(x) + C v6i moi x thuge K.

2. Nguyén ham cia mdt s6 ham s6 thudng gip.

1)f0dx:C, fdx:fldx=x+c;

o+l

X

2) fx“dx: +C (awm=1 :

O
) [lax= ;
5 J;dx—ln|x|+C -

4) V¢i k 1a hang s¢ khéc 0.
cos kx

al‘.

d)fa"dx-__— =

+C (0 <a=1);



5)8) [ L At

cos“ x

b) f-l—dx:~cotx+c.
sin? x

3. M4t s6 tinh chit cd ban clia nguyén ham.
Dinh I 2.

Néu f, g 1a hai ham sé lién tuc trén K thi:

a) [[£(0 +gldx = [foodx + [goodx ;

b) Véi moi s& thuc k = 0 ta cé: f kf(x)dx = k f f(x)dx .

B. CAC DANG TOAN PIEN HiNH.

DANG 1. TIM NGUYEN HAM CUA MOT HAM SO
BANG CACH DUNG PAO HAM

Phuong phap.

St dung dinh nghia nguyén ham:
f f(x)dx = F(x) + C & F'(x) = f(x).

Vi du 1. Tinh dao ham cia F(x) = (x> - DIn |1 + x| - x*In|x]

2

14 x
X
Giai

Tacé F(x) = x* - DIn|1 + x| - x%n| x|

. |

Suy ra nguyén ham cta fix) = xIn

:::F’(x)=2xln|1+x|+ —2xInlx]| - x

+ X
=2xIn|1 + x| = 1 - 2xIn|x| (1)
(vorx#0vax+1)

2
1+ x =xln1+x
X X
= 2x(In|1 + x| - Inlx])
=2xIn|1 + x| - 2xIn|x| (2)
Tu()va(2)tachd: fx)=Fx +1
=>ff(x)dx=fF'(x)dx+f1dx:F(x)+x+C

=(x*- Dlnl|1 + x| - x*Inlx]| +x+C
2

la:

2

Ta c6: flx) = xln = 2xIn

X

1+x‘

14x
X
F(x) = (x* - 1)1n11+x| -x21n|xi + x4+ 0

Vay nguyén ham fix) = xIn




Vi du 2. Cho y = e*(2x® — 3x). Chiing tb ring y” — 2y’ + y = 4e”. Suy ra
rang 4e* + 2y — y' 1a mét nguyén ham cuaa y.

Giai

vx e R: y' = e*(2x" - 3x) + e*(4x - 3) = e"(2x* + x - 3)

y” = e"2x” + x — 3) + e*(4x + 1) = e*(2x® + 5x — 2).
Viy: y” - 2y +y = eX(2x® + 5x — 2) - 2e*(2x* + x — 3) + e*(2x* — 3x)
=4e* (dpem) (1)

Dat F(x) = 4¢* + 2y — y’. Ta chitng minh F'(x) = y

That vay: F'(x) = 4e* + 2y’ - y”  (2)

Nhung theo (1): y" -2y +y=4e" < 4" +2y-y" =y

Nghia l1a & (2) ta ¢6 F'(x) = y (dpem).

Né61 cach khéc 4¢* + 2y — ¥’ 1a mdt nguyén ham cia y.

Vi du 3.

Tinh dao ham cda ¢(x) = (ax + b)e* rdi suy ra nguyén ham cia y = —xe’.
Giai

Tir gid thigét:  ¢(x) = (ax + b)e*

= ¢(x) = (a + ax + b)e”.

Via=-1,b=1 thi ¢x =(x+1e"; ¢'(x)=-xe"

Vay nguyén ham cta y = —xe* 1a F(x) = (-x + 1)e* + C.

Vi du 4. Cho fix) = va g(x) = x’In E ; (x>0)

1) Chitng t réing f(x) = %g"{x) - %x.

2) Suy ra m{t nguyén ham F(x) cia f{x).
Giai

1) gx) = 2x1n[§ +x (dox > 0)

—=-2xln[ = g'(x) - x:»xln%

S X
—HEE(K} =

Vay flx) = Eg‘fx)-% (*)
2) Tu (*) ta c6:
fftx}dxz }-fg'(x)dx—lfxdx

2

X
2 4.6,
4] i

1 1 x* 1
= — —=—+C==x"In
g{x} 272 2

Vay mot nguyén ham cia f{x) la:
2
F(x) = = x*In|=
0= 5% [4

e 0,

4




DANG 2. TiIM HAM SO BIET NGUYEN HAM CUA HAM SO po
Phuong phap.

Dung tinh chat %( f f(x)dx) = f(x).

That vay: f f(x)dx = F(x) + C & F'(x) = f(x)
Ta cé: d(F(x) + C)=d F(x) = F(x)dx
& d( f f(x)dx) = f(x)dx & — ( f f(x)dx) = f(x)

Vay: a( [ £xdx) = £x)

Vi du 1. Hay xdc dinh ham sd f{x) biét ring:

a) ff(x =ﬁ—+§1-+C

b) ff(x)dx:smx.cosy+0
c) ff(x)dx:e"+e"+0

Giai
%+};+C]':#§x—®f(x) —~3—.
¥y X X

b) ( f f(x]dx)‘ = (sinx.cosy + CY <« f{x) = cosx.cosy

a) Ta cé: (f f{x)dx)' =

c) (f f{xjdx)* =(e"+e'+C)Y o fx)=e".

Vi du 2. Hay xdc dinh fix) tit nhitng d&ng thic sau:
a )y’ +2y°+y+C= ff{y)dy
1

i
b) F+;—3—+C=ff{y)dy

¢) sinucosv + C = f f(u)du
d) e'+e? +C= ff(v)dv.
Giai
d
a) Ta co: EE( f f(y)dy) = f(y)
ﬂ%(ys-JrEy Ly +O) =f(y) =3y +4y +1, Vy

=5 ﬂx)=3x2+4x+ 1.
b) Tuong tu:




d |1 1 d 3 =
EF+F+C]=E§(IF(YMY} If{Y)'=—-—T nenﬂx):——d—.

s I d
c) al;(smuco-svﬂr(l)-:E(ff(u}du):f{u}

=cosveosu = f(x) =cosveosx.

d u 2v - d —
d) @ +e" +0) = -d—v(ff{v]dv) = f(v)
= 2e¥ = f(x) = 2e™.
DANG 3. PUA HAM SO VAO DAU VI PHAN PE TINH NGUYEN HAM

Phuong phap.

St dung tinh chat:
Né&y f f(x)dx = F(x)+ C thi f f(wdu = Fu) + C.

Vidu 1. Tinh a) [xcostx)dx ;  b) [(x*—8x+1)"(2x - 3)dx ;
dt .
4 " Jainx .
c) f(lnt) = | d) fe cos xdx ;
2 : sin x
e) [cos xdx f fsinx+cosxdx'

Giai
a) fxccsfx”)dx = %fcos(xa}d{xz} = -;—sin(xz) +C u=x%
b) f (x* — 8x + 1)"°(2x — 8)dx = j (x? - 3x + D" d(x? —3x + 1)

_ (x* — 3x + DM
11
(Int)®

+C (u=x2—3x+1)

(4t 4 - .

o) fUnty' === [nt)'ddnt) = +C ;
2minx v 1 Jeinx s _ 1 dsinx el 2 i

d) fe msxdx-ﬁ—éfe d{331nx)—§e +C (u=3sinx);

e) {ét fr.:ﬂs?xdx. Do coszx=£i-(—:29§g£ nén:

fros” xdx:%f(lﬁ-coszx)dx:%fdx +—%fc032xd.x

=%fdx+—;-%fc032xd(2x)=%x-&-%sian-i—C (u = 2x)

Sin X
Sin X + CoS X

fHXetl= [ dx.Dat J= [—2C —dx

sin X + cos X
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Ta c6: 1+J=f“f“"+"°‘°’"dx=fdx=x+c (1)
SINX+Ccosx

SIN X — COS X d(sin x + cos x
s f . s dx=—f {_ + )
sin X + COS X sin X 4+ COs X
= —1n|ainx + cusx| +C (2

Gidi hé gém (1) va (2) ta duge:

I= —E(xwln|sinx+cosx])+0

J = Z(x+1njsinx + cosx]) + C.

Vi du 2. Tim ho nguyén ham cua:

2x :
a) f(x) = ———; b) g(x) = cosx.cos2x.sin4x.
R |
Giai
ﬂ 2
a) f{x) = = = Spx-—vx - 1) = 2x% — 2xVx*-1.

X +vx? -1 x}—(x*-1

Suy ra ho nguyén ham cua f{x) la:
1
ff(x)dx = f(2x2 ~ 2xVx? — 1)dx = 2f x2dx — f(x2 —12d(x® -1)

3
=§x3—§(x2—1)"’ +C=§x“—§(x2—1)\fx2—-l+c,

b) g(x) = cosx.cos2x.sin4x = cnsx.—%(sinﬁx + 8in2x)

|

%cosx,sinﬁx + %cosx.sini.'x

%.%(sin?x + 8inbx) + %.%(sinSx + 8inx)

= %[sin’i’x + 8inbx + sin3x + sinx].
Vay ho nguyén ham cta g(x) 1a:
fg(x)dx s if[sin?x + sin 5x + sin 3x + sin xJdx

= %‘ f % sin 7xd(7x) + f % sin 5xd(6x) + I % sin 3xd(3x) + f sin :xdx

1

4

cos'Tx L cosbx cos3x
7 5

+ C.

+ COSX




DANG 4. CHUNG MINH HAM SO F(x)
LA MOT NGUYEN HAM CUA HAM SO fix)

Phuong phap.

-- Chung minh F'(x) = fix), Vx € D.
-~ 8t dung tinh chét ctia nguyén ham va da thic dong nhat.

Vi du 1. Chdng minh ring: F(x) = tan’x + 3x - 5 12 1 nguyén ham cda
fix) = 4tan®x + 4tan’x + 3.
Giai
F(x) = tan’x + 3x - 5
- F(x) = 4tan®x(tanx) + 3 = dtan’x(tan®x + 1) + 3
= 4tan’x + 4tan’x + 3 = fx)
Véy: F(x) 1a 1 nguyén ham cta f(x).
Vi du 2. Ching minh rdng ham sd: f(x) = ZHHET SER%
esinx +deosx
ham dang: F(x) = Ax + Bin ¢ sinx + d cosx| + K.
Giai
Pidu kién t6n tai ham s flx) 12 ¢ sinx + d cosx # 0.
Ge X 1a mién xac dinh ham fix). Didu kién hién nhién la ¢® + d® > 0. Khi db,
ta sé& caling minh ton tai cic 80 A, B sao cho F'(x) = fix), v6i moi x € X.
Taols e 4 ¢ pEo0uE T ColK
¢sinx + d cos x
__ Acsinx + Adcosx + Beccosx — Bdsinx

csinx +dcosx
_ (Ac - Bd)sinx + (Ad + Be)cosx
B esinx +dcosx '
Viy F(x) 12 1 nguyén ham caa f(x) néu va chi néu:

¢6 ho nguyén

F(x)

AC_dea (véi d® + ¢ > 0)
Ad+Be=b
a —d c a
b ¢ ac + bd d b be - ad
Gl hé nay ta duge: A = = — B = = :
e by ‘ e =gl o¥ued? ¢ +d* ¢?+d?
d ¢

Nii cdchi khéc, v6i fix) = annx + beosx v6i ¢ + d% > 0, thi fix) ¢6 ho
csinx +dcosx

nguyén ham dang: F(x) = Ax + Bln|c sinx + d cosx| + K v6i A, B duge chon
nhu t-én va K tay y.
V: du 3. Cho 2 ham sé: fix) = 3x* + 10x — 4
F(x) = mx® + (3m + 2)x* - 4x + 3.
Pnh m dé€ F(x) 14 nguyén ham cia fix).

11



Giai
Ta c6: F'(x) = 3mx” + 2(3m + 2)x — 4.
DPé F(x) 1a 1 nguyén ham cua fix) thi:
F'(x) = f(lx) & 3mx® + 2(3m + 2)x — 4 = 3x* + 10x - 4
3m =3
<sms= 1.
2(3m + 2) =10
Viay: m = 1.
Vi du 4. Cho 2 ham s6: F(x) = (ax® + bx + ¢). vx* — 4x..
fix) = (x - 2).Vx? —4x.
Pinh a, b, ¢ dé F(x) 1a 1 nguyén ham cuia f(x).
Giai

Ta c6: F'(x) = (2ax + b). vx* —4x + (ax’ + bx + ¢). “__—_f't_z
X" —4x

g 3ax" + 2(b — 5a)x” + (¢ - 6b)x — 2¢
vx? —4x
DEé F(x) 12 1 nguyén ham cta flx) thi:
3ax” + 2(b - 5a)x® + (c — 6b)x — 2¢ o 2)(x* - 4x)

Fx) = flx) &
vx? — 4x vx? —4x
< 3ax® + 2(b - 5a)x® + (¢ — 6b)x — 2¢ = x° ~ 6x° + 8x
1
3a=1 =8
2(b — 5a) = -6 4
= =1{b=-—
c—6b=28 3
~2c =0 x=0

DANG 5. TIM NGUYEN HAM CUA HAM SO
THOA PIEU KIEN CHO TRUGC

Phuong phap.

— Dung bang céng thitc dé tinh ho nguyén ham cia ham s6 f(x) c¢6 dang:
Fx)+C (1)

— Dung diéu kién da cho dé tim hing sé C.

— Thay C vao (1) ta duge 1 nguyén ham phai tim.

12

Vi du 1. Tim 1 nguyén ham F(x) cda ham sé:

3
a) fx) = X221 high rang F(2) = 5.
X
b) fix) = 2x(x” + 1)° biét riing F(-1) = 3.
4 2
¢) )= X =5% +3%75 \ust rhing F(0) = -
(x-1) 2




Giai

3
x"+2x-1 2 13
of Bl TRER TS b
x° x* x
Fid=x-24 140 5P2a2-14 L 4 CabeCa 22
X 2% 8 8
2 1 49

Viy F(x) = x——+ - .
¥Rl x 92x* 8
b) fix) = 2x(x® + 1)? = x> + 2.2 + 1y

F(x) = M+C = F-1)=4+C=83sC=-1.
Vay: F(x) = M—l.
= f(x)zx:‘—3x*+3:»:—5=(:a:—l)l”‘—éi:x_lm 4
(x —1)? (x - 1) (x —1)?
F(x}=£;——-x+xi1+c :F(0)=~4+C=—% &C= %
Vay: F{x)=§-*x+xil+%.

Vi du 2. Tim 1 nguyén ham cta ham s6:
a) flx) = sin2x + 3x° biét rang F(0) = 2.
2
_ X X
b) = |sin— —
filx) [sm 3 + cos 5

bigt rang F|Z|= =,
2 2

c) fix) = 2-::05[3- — -g—] biét rang F(0) = 0.

Giai
a) fix) = sin2x + 3x°
Flx) = —2082X +x3+0=>F(0}=-—;-+C=2aC=

b | O

Vay: F(x) = —%cost 204 g

2

b) f{x) = x=.r»i1'1§~+-m::sE =1 + sinx
2 2
F(x) = x - C=Flaleliouel &0=0,
(x)=x-cosx + C = [2] 2+ 2@
Vay: F(x) = x - cosx.
X
Jx)=2 —— -
c) fix c052 -

- I " w 1
F(x}-4sm[§——-é] +C :F(U)-431n[—-é}+0-0¢:>4[——2-]+0—0

13



e i= 2,

Viy: F(x) = 4sin|~ - 5|+ 2.
ay: F(x sm2 5

DANG 6. TIM NGUYEN HAM TRUC TIEP

BANG PHUGNG PHAP PHAN TiCH
Phuong phap.

— P& tinh f f(x)dx, ta phan tich ham s§ dudi ddu tich phan thanh

tong dai sd c4c ham sd rdi 4p dung cong thic tim nguyén ham caa cdc
ham sd co ban.
Cén chii ¥ hai tinh chat: [ Cf(x)dx = C [ f(x)dx
f [f(x) + g(x)dx = f f(x)dx + f g(x)dx.
DPic biét caAn chd y mét s6 diém:
— Néu gap phén s dang -ln ta viét thanh x™.
. X
— Né&u gip cin s0 ta chuyén vé dang mi phdn theo céng thue
p
Yx* = x% (q#0vapbitky e R).
— Né&u gip mdt phan sd hitu ti ¢6 bac & tf s6 16n hon & méu s, ta lay

ti 88 chia cho miu s§ d€ dua vé dang tdng s6 rdi 14y tich phan cha téng
88 dé6.

Vi du 1. Tim ho nguyén ham cta ham sg:
4

o) T iot . b) £(x) = —
x' —x X' —-x
(Pai hoc Ngoai thuong HA N6i — 1998, chuyén ban)

Giai

a) Phan tich ham sd f(x), ta cé6:

f(x)zx‘—2_x‘—x2+x2-—1—1=xz(x2—1)+{x’*1]—l
x? - x x(x? - 1) x(x% ~1)
2 2
::H_lﬁ 1 —_ i = §l=x e 1 x +}__
x x(x-1Xx+1) x x(x—1(x+1) ¥ =1 =
e =2 1 X 1
Tacé,I—fxa_ dx—fx+;—x2_1 —|ax
dx xdx dx
i = b
o 1 pdx*-1)
—Ex +2IH|XI—§fﬁ"+C

14



I= ,1.3(2 +21n|x‘—%lr‘.lx2 —-1\+C.

2
b) Ta cé:
2 2
dit % 4 '"f ;{+ o ﬁxz_l—dx
x X x(x® — x(x* ~ 1) ®(x? 1)
B xdx B d(x*
_f(xg—l}_ w-———f *lnlx\—kc

I:%lmix2 Fll— ln]x]-i-C.
1

J2x+ R e
(Pai hoc Kinh t&€ Qudc dan — 1999)
Giai

1
dx
V2% 4+ 1+ 42x—1

sin xdx J2x+1 —V2x—1
f_

o 1 s ,
_fmnxdﬁf\fzmpu\/ﬁx—ldxkf cosx
:f-dmsx+if\/2x—+—ldx—%fx/2x*—idx

COS X

Vi du 2. Tinh nguyén ham cta ham s6: f(x) = tanx +

tan x +

Tacé:l:f

dx

1 1
= -in{coax| f(2x+1}ﬁ %d(2x+1)_-;~f(2x—1)ﬁ%d(2x ~1)

3 2
= —In|cos x| +E(2x+1}2 -—E(Zx -1)? +C.
Vay ho nguyén ham cia ham sd f{x) la:
3 3
(2x +1)* —(2x - 1)?

I=—ln|cosx|+-é +C

Vi du 8. a) Tim ho nguyén ham ctia ham s8 f(x) = cos’x.cos3x.
b) Tim ho nguyén ham cia ham s& f(x) = cos®x.cos2x.
(Pai hoc Ngoai thuong co sé& II — 1998, khéi D).
Giai

a) Ta ¢6: cos’x.cos3x = %(Bcosx + c083x)cos3x = %(3cos3xcosx + c08%3x)

1 -g-(cos 4x + cos 2x) + %{1 + cos6x| = %(3(:034:{ + 3c082x + 1 + cos6x)

f cos® x cos 3xdx = f —1~(3c054x + 3c082x + 1 + cosbx)dx

[351114){ +-2—sm2x+ x+%sm6xl+c

-::J:iln-l
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Ho nguyén ham cha ham s6 f(x) la:

F(x) = B[x -i-gsm 2x + -2-51114}; 4 %smﬁx +C.
b) fix) = cos’x.cos2x = 1+—?—25 s2x = —;-cos 2% + 1 1_“"_‘35_33’5

1 1. X
= —cos2 — + —cos4x.
i B

_ 2 _ ¥l 1 1
Ta c6: fcos x.cos 2xdx = facos2xdx+zfdx+1fcos4xdx
—isin2x+lx+isin4x+0
4 47 16 '

Ho nguyén ham cGa ham sd cos’x.cos2x 1a:

1 E ; ]
F(x) = —x+—s8in2x + —sin4x + C.
1 T 160X

Vi du 4. Tinh ho nguyén ham: I = f H_d_x__
g" = 4e™
(Pai hoc Quéc gia Ha Noi — 1999, khéi D).
Giai
dx
Tacs: I =
f e* —4e"
Bt Wl et R e B ey g (1).

¥ —de® ¥ o 2P0t o w D)
Biét de* = e"dx nén tir (1) ta suy ra:

dx e*dx 1 1 1
I= — = — _— (!
fe’~4e"‘ f(e‘—Z)(e"+2) 4f[e"—2 e“+2}ﬂa}|

d(e* — 2) d(e* + 2) 1
S e o et
1, (e +2
==In + C.
4 |e* -2
Ho nguyén ham cda f—~—— 1a: lln g ps + C.
e’ —4e" 4 |e" -2
C. TOAN TU LUYEN.
Bai 1. Chiing minh réng ham sé: F(x) = x| - In(1 +/x)1a1 nguyén ham
X

trén R cha ham s6: f(x) = ——.
1+ ‘x|
COS X + SIn X.CoS X
2+ sin x '
(Pai hoe Ngoai thuong TP.H6 Chi Minh - 1997)

Bai 2. Tim ho nguyén ham cia ham sé: f(x) =

16



In{ex)

Bai 3. Tim ho nguyén ham cia ham s6: f(x) = ———.
3+xInx
(Hoc vién Quan hé Qudc t&€ — 1996)

i ]’12 x2 &
Bai 4. Chung té ham s6: F(x) = - . Koz 12 mét nguyén ham

0 khix =0

cia ham s6: fix) = xInx kh.l x3l
0 khix=0

(Pai hoc Y duge, TP.HCM - 1994)

D. PAP SO VA HUGNG DAN GIAL

Biti 1. - V6i x > 0: FG0 = x = In(1 + %) ; £ = - £
-+ X
Tacd: F'ix)=1- : s = f{3x),
l1+x 1+x
—VGixc:O:F(x):—-x——ln(l—x};f{x)=1x .
— X
1 X
L | - = Fl),
(x) +1_x T— (x)
Fio=lm Xm0 Doy G0N o e beaf(oh.
wn— X x— X
F(O)=lipm=X=10-0 _ _, Q-0 _ .. 5 _ o0
x—+{) X x—t} X

= F(0") = F(07) = f{0). = F'(x) = fx), vx € R.

Vay: F(x) 1a 1 nguyén ham cta f(x) trén R.
COSX + sinX.coex 2cosx + SIN X.COSX — COS X

Bai 2, Ta c6: f(x) = - .
24s81nx 24+sinx
cos X(2 + sin X) — cos X Cos X
= - = COS X — - ———
24+s81nx 24 s8Inx
cos X CoS X
Do dé: | f(x)dx = cosX — ——-——ldx = | cosxdx - | ————dXx
f ) f 2 +sinXx f f2+sinx

= f cos xdx — f die Famx) = sinx - In(2 + sinx) + C.
24+ s8nx

Ho nguyén ham cia ham s6 f{x) 1a: sinx — In(2 + sinx) + C.
Bai 3. Ta ¢6: In(ex) = Ine + Inx = 1 + Inx

VAT el = | frer b Sop i il i,

X

I1+Inx [d(3+ xInx) d(3 + xInx)
¢ f(x)x Jﬂ3+:-:1n:n: 1+Inx ] f3+x[nx

=1n|3 + xInx| + C.
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Bai 4. Ta phdi ching minh: F'(x) = fix) v6i Vx 2 0.

3(2

2
Truong hop 1: Khi x > 0 thi F(x) = %inx—?.

Do d6: F'(x) = xInx + 3“5 = xInx = f(x).

Truong hop 2: Khi x = 0.
Dung dinh nghia tinh dao ham:

(Ax)? (Ax)?
(B%) 1 Ax - 8x)
PO lim FO+A0-FO _ .. 5 :
Ax—0" Ax Ax—0* Ax
= Tim 2 AxlnAx =0 = £(0).
Bx—0*

Vay: F'(x) = f(x) vdi ¥x 2 0 nén F(x) 14 mft nguyén ham caa flx).

$2. Mt 56 pluiong phdp tim nguyén ham

A. KIEN THUC CO BAN.

1. Phuong phéap ddi bién sé.

~ Cd 88 cha phuong phap déi bién s 14 dinh li sau day.

Pinh I 1.

Cho ham s8 u = u(x) ¢6 dao ham lién tuc trén K v ham s6 y = flu) lién
tuc sao cho flu(x)] x4c dinh trén K. Khi d6 néu F 12 mdt nguyén ham cua f,

tire 1a f f(wdu = F(u) + C thi f flux)u'x)dx = Flux)]+C (1)

Chu y. Trong thuc hanh, ta thudng viét tit Flu(x)] 1a F(u), flu(x)] 1a flu)
va coi du 12 vi phén cda ham 88 u = u(x) (nghia la du = du(x) = V(x)dx). -
Khi d6, cdng thie (1) duge viét nhu sau:

f flu(x)]u (x)dx = f flu(x))du(x) = f f(u)du

= F(u) + C = Flu(x)] + C (2)
Ta n6i da thuyc hién phép d8i bién u = u(x).
2. Phuong phap ldy nguyén ham titng phan.
Co s& cia phuong phép 14y nguyén ham timg phén 12 dinh 1i sau day.
Binh li 2.
Né&u u, v 12 hai ham s8 ¢6 dao ham lién tuc trén K thi:
J utav ' (0dx = uGxvx) - [ viou'(dx.

Cong thic trén goi 1A cong thdc 14y nguyén ham timng phén (goi tit 1a
ebng thdc nguyén ham ting phén) va duge viét gon du6i dang

fudv-—-m'-fvdu.
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B. CAC DANG TOAN DIEN HINH.

DANG 1. TIM NGUYEN HAM BANG PHUGNG PHAP
POI BIEN SO DANG 1

Phuong phap.

1. bBat u=¢x) = du=oxdx
2. Tina x theo u va dx theo du. Biéu thi fix)dx theo u va du, gid st
fix)dx = g(u)du

3. Tima fg(u)du = G(u)+C
4. They u theo x vao G(u) ta duge nguyén ham phdi tim.

Vi du 1. Tinh:
: x’dx xdx
a) .= , b) K= .
f5_,_xﬁ f,‘x-l__l
Giai
a) Pat: u=x* = du=3xdx = &—3"=x2dx
1, do 1 1 |
= J=— = — +C
i B 2l
+C
ef \/_
dx
b) 7inh K = o
f\fx‘—l
bat u= x2 = du=2xdx = %:xdx
(-1 J_——lnlu-r\/u - ;+c +1I+c.
S ¢

Vi du 2. Tim ho nguyén ham cta ham s6 fix) = X
' l R x® +4x' +4x* + 1

Giai
x® —x
3
Ta:6: 1= | f(x)dx = &
4 f ( f b +4x* +4x? +1
KB
Fealt2 it
-—.f X dx:f . dx
K l 1 3 1 1
X"l d Sy Xt ==t dqd x~+—}
X X X X
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i
Q-—.:
w
B
L~

it gl &
X X
bat 1'..-x+l #dt_l——%dx
X
_ t’+1) - 1t
I"ft*"’n”f t(t”+1} f{t ERE
=f f tdt dt 1 d(t? +1)
2 +1 Jt 2 t? +1
1
= 1m[t|~§1n|t2 +1|+C=1Injt|~In[t* +1[* + C
= In lt[ +C.
Jt? +1
X+ -
=I=1In ’: +C.
X+~| +1
X

X

Vi du 3. Tim ho nguyén ham cla ham s6: flx) = (1)

Wx +1
(Hoc vién cong nghé B.C.V.T - 1999, co sd 2)
Giai
Tac6: f(x) = —— (1)
Wx+1

X
Tinh dx

f‘ﬂx-ﬁ-l
Pat: t= Yx+1 = t°=x+1 hay x=t"-1
Suy ra dx = 10t%dt

Dodé: [ f(x)dx = f
=10 (t"® —t*)dt =1 [ﬁ--—-}w 2)

Thét=Yx+1 vao (2) ta duge:
[ fodx = 10[%(%@)‘9 —%(‘ﬁ)g

Vay ho nguyén ham ciia ham sé fix) la:

0 _
-1y ot0dt

+C




10[:1— Wex + 1) — -1~ Wix+1)P°|+C

Vi du 4. Tinh: f

cos KS!H K

(Cao ding Giao thong — 1999)
Giai
Ta cé:I::f dxl ; =f cos xdx cos xdx
cos Xsin’ X cos® x sin® x (1 sin® x)sin® x
gf . 4d{smx% : N
sin® x{1 - sin” x)
Pat t = sinx, tir (1) ta suy ra:
1 1 1 1+t
= = dt = —-=—-—+=In|——|+C
[t"(l f t? t“ 1:2] t 8t 2 j1-t
- .1 B 1 11 1+anx+c'
sinx 3sinx 2 |1-sinx
1 1 1 1
Chi ¥: = — + 5
deg e 2[1_1; 14t
Vi du 5. Tim ho nguyén ham cta ham sg: f(x}:m——l_—.
1+ sin2x
(Pai hoc Ngoai thuong co sd II TP.HCM — 2000, khéi B)
Giai
fix)=_,,___:.l:____
14 s81n2x
Paitt = tanx = dt = (1 + tan®)dx = dx = 1‘“;2
+
_dt
. 1 1+t dt dit +1) 1
Do d6: | ———dx = — - it +C
v -fl+sin2x 1+_gt f(t+1}2 f(t‘.+1)2 t+1
144
1]+ tanx sin X + COs X
Vayho nguyén ham cia ham s6 fix) la: F(x) = ——————— +C.

Sin X + COS X
cos? xdx

Vi éu 6. Tim ho nguyén ham: I= f
sinx + v3cosx

(Hoc vién Ngén hang - 1999, khéi D, K)
Giai

2
T [ TR
sin X +v3cosx
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Biét cos’x = }-M

2
3 ™
sin —
va sinx + \(gc08x=sinx+ COS X
it
r:aosg
= 2|sinxcos = + sin—cos x| = 2sin|x + —
. ; 3 3 3
Do dé: I=lfﬂimﬂdx (1)
4 : T
: sin x+§

Pat t=x+-§— thi dt = dx

va cos2x = cos {Zt - -2:—;5

= cos 2t cosﬁ + sin 2tsin§-
3 3
= —%cos2t +—?sin2t = —%(1—25in2 t)+lj2_§g'm2t

nén 1 + cos2x = -;;+sin2t+--§isin2t.

Khi d6 (1) trd thanh:

V3

+sm t+-——-sm2t

sint

- ..f'—+—fsintdt+£f<=0$tdt
_f_[in_]_- v

—cust+—smt+C
4 4

t
tan —
2
2 ;‘—%cos[x-f-zs]-i-c

I= —ln

ta
8 n

Vidu 7. Tinh: 1= f_}.fl“i.n}_dx
SINXCOSX

Giai
Intan x

Tacé: I= f——dx
sin X €08 X

Pat u=lIntanx = tanx =¢"

cotx = ! =e ' =>dtanx = de
el]



1
cos” X

= dx = de” = dx = cos®xde",

Dodé: 1= IM = fucothe" =fu,e-1u.e“du = fuduz %u" +C

SIn X cos X
= 1= %(lntan x)? +C

DANG 2. TIM NGUYEN HAM BANG
PHUONG PHAP POI BIEN SO DANG 2

Phuong phap.

1
2
3.
4

. Dis: x=pt) = dx =¢"(t)dt.
. Biéu thi fix)dx theo t va dt. Gid sit flx)dx = g(t)dt
Tich : f g(t)dt = G(t) + C
. Thay t theo x ta dugc nguyén ham phai tim.
x'dx
Vi du 1. Tinh nguyén ham: I= "
) guy i T
Giai
DPa: x = sint 0<t<%=¢~dx=mstdt,1—x"’=1—sin2t=coszt.
Dads: T f __fsm"tcostdt
' (125 (cos® t)°
" IM - ftan tdt(tan t) = — tan® t + C
cos’ tcos®t 8
t X
Tirh tant: tant = sin i
¥ s cost ,’1 i Iz
1 x®
Viéy: B F:
4 8 (1 - x*)*

Vidu 2. Tinh: I = f—(’i\[%

Giai
(1)

xdx
TBCG 1= fﬁ;

Pit x® = sinu [u € [0-, %]]

= \/1 —x' = Jgosau = cosu = 2xdx = cosudu
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(1) :&sz_z—-=éf di =%fd(tanu}:%tanu—'—0

2
C053 u cos u

1. X

~8 1 s o

Viy 1

Vi du 3. Tim ho nguyén ham: I = f

dx
Xyl + X’

Giai
Pat x = tant [te 0;32‘-]
1 2
dx = = dt = (1 + tan® t)dt
cos“ t
dt
2 dt t
e P T RO R oies Pt Yot e B (1)
e w 2
cost cost
¢ 21::!J.nE
TinhtanE: tant:———rz—t
1L tant
2
t
2tan -
X = tant = 2t=121-l2
1+tan2~2r i

- ux+x=2u0 = x*-2u+x=0

g 1rV1-x
X

(2)

1-+v1-x*
U= —
X

(loai)

£0

14+41-x*
X

Thé (2) vao (1) ta duge: I = Inftan

4

2
Vi du 4. Tinh 1=f X dx
X
Giai
Pat x = 2tant = x° = 4tan’t

Dodé: 4+x2=4 + dtan’t = 4(1 + tan’t) = 4 —

cos’ t

Vi phan: dx® = d4tan’t



2xdx = 4.2tant & dt
cos“ t
ix = 4tant .ldt:4tant 12 : . dt = 22 dt
cos t X cos“t 2tant cos‘t
Tacs: 1= [Y2EXg ‘”" f 22 dt
cost 2*’ sin’ t | cos” t
cos® t
o cos® tdt f{:os tcost
gt sin® t " 16 sin® t
_ (1 — sin® t)d(sin t)
16 sin® t

il

rll—ﬁf{sin 6 td(sint) — %fs.in"'1 td(sint)

T sin™®t 2 sin®t N
16 (-5) 16 (-3)
1 1 1 f

e oy o ey +C
80 sin°t 48sin”t
1 1 3
> [=—— - (2)
0 sin®t sin® t
T'inh sint:
4

Tir (1) ta c6:  cos’t =

4 + x*

:,*-sint-*\ﬁ— x’ —J 3 e
4+x* Va+x*  [Jaix

Do dé tir (2) suy ra:

e, B 1 |s__.3 |_J@a+x 1P [ 34 +x0)]
S 240 X x? 240x° g
Ja +x | l4+x*)]
_ @+ % (x* - 6)
120x°
x* -8
Vidub. Tinh: I= [~——dx
X
Giai
Bign déi (x* — 8) d& c6 thé dua ra ngoai diu can
bat x= -i_a—z‘:«»c::.st:E (v6i cost #0val<t< —)
cost X 2
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8 8(1 —cos’t) 8sin’t

2_8= -8 = —
= cos® t cos’ t cos’t
Vi phan: dx = ‘/Es;“tdt
cos" t
2
va sint = V1 — cos’ =J1--8?=J; .
X X
ng—g Jgf%t—tsintdt
Tacé): I= | ——dx= o
f x.x° ‘f 88
cos’t
. 2
=fsu; tdt=%fsin2tcostdt=-18—fsin2td(sint)=%%$iﬂat+c
cost
[z 3
=>I:-—1———-——(x ~8) +C
24 x?
dx
Vidu. Tinh: 1= [——
fx4 ’xE_B
Giai
2—
bat x = v tE[D;T-] =>cost=-[:-3—=>sint=\.‘l=coszt:= Sl
d cost 2 X X
e
tant = ant X = J3tant = vx% — 3
cos t J3
X
Ta c6: dx = ___J5311:tdt
cos“t
Jgﬂint
1 1
I = cos’ t == | cos’tdt
e 90 f 9 sint Qf
cos't cost
= %f(l—Esinz1:)(:4::.0,i;r.11:=%f{1—sin2 t)dsint
- . | P— 1Vx*-3 1 J(x*-38)°
sl s i s ST T S NE TR
gmnt 27mn + 9 = o7 3
3 2
. x‘ —-3(2x +3)+C

27x°



dx
Vi dll e T‘inh I — e
f Jy@? + x?)?
Giai
Tacé: I= f

dx
Ja® + x*)?

Pat x=atant |[te [o;%]] L gy — 2dt

 cos’t
\/xz—i-az:Ja:"-;-a?tan?t:_a_
cost
adt
2
o Fonatt K
Do dé: I= f_a"’ _;-ffcostdt
cos®t
1 . ! g
= — [ d(sint) = —=sint + C
a?'f a?
2 L 2
Biét sint = dl—coa%:J - 23. - =J2x S
a? +x a?+x
1 X
> l=———=+C
a® Ja% + x?
8
Vi du 8. Tinh: I=f—-———-de
X
Giai
Bt 2icking Sl o el Lty e
cosu
*d"=“‘aﬂl‘*a“‘
4x” cos“u
1 du
Dodé: I= f_m._d“l"'m’ﬁx___fcosu 4:E:c052u
X X
1 du 1 cos udu
-4I{0053 u)x'® 4f . sin‘u
cos* u—;
cos*u
" lefcosudu _}_fds'mu _1sinu
4J gin*u 4V sin‘u 4-4+1
1
s —endell (g
12sin’® u

Tinh sinu:  sin’u = cos’u(tan®u) = -
1+x

= sinu =

<3

x-i

Vv1+x*
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g A3
v +x%) e

12x'
DANG 3. TIM NGUYEN HAM BANG PHUGONG PHAP

LAY NGUYEN HAM TUNG PHAN

Tu(l)suyra: I =

Phuong phap.

DE tinh f f(x)dx bing phuong phdp 14y nguyén ham ting phéan ta

thuc hién cdc budc sau:
Buédec 1: Phén tich fix)dx = udv
Nén chon u sao cho du don gian, quen thudc.

Nén chon dv sao cho ¢6 thé tinh duge: v = fdv va fvdu

Bude 2: Tinhdu=Jv(x)dx ; v= fdv

Bude 3: Ap dung céng thirc f udv = uv - f vdu

* Cach sit dung céng thic tinh nguyén ham ti¥ng phan:
Dang 1. fp{x}e‘dx : fp(x}sin xdx , fp(x) cos xdx

bat u = p(x)

Dang 2. [ p(x)Inxdx. Pat dv = p(x)dx

Dang 3. f e™ sin bxdx , f e cos bxdx

Ding cdng thdc tinh nguyén ham ting phan hai lan v6i u = ™.

28

Vi du 1. Tinh nguyén ham cGa cdc ham s6:

a) fix) = (x* + 2)e™ (Pai hoc md Ha Néi — 1997)
b) fix) = (2x* + x + 1)e* (Pai hoc Hang hai — 1999)
Giai

a) Tinh I = f (x? + 2).e™dx

u=x>+2=du=2xdx

bat:
' dv=e2"dx::»v=le2"
2
== %(xz b DV fx.ez“dx (1)
u=x =du=dx
Lai dat:
SR dv:ezxf.*V:leh

:—fxez‘dx 2xe‘~—%fe“‘dx




1. ; 1 . 1.
Thay vao (1): I = =(x* +2).e® ——xe® +=e* +C
ay vao 2:-: +2)e 2xe +4e +

1

2
b) Tacé: J = f(2x2 + x + De*dx

| e

% e® +C (C la hang s8 bat ky)

Biét e*dx = de* nén J = f(2x2 + x + 1)de”

Pat u=2x"+x+1 = du=(4x+ dx

dv = de” = v=eg

J = uv - fvdu = 2x%+ x + 1) — fe"(4x+1}dx

=2kt s x+ 1) — f(4x + Dde®
=e"2xi + x4+ 1) — (4x + 1)e* + 4f e*dx

=eM2x% § X & 1) - (4% + 10" + 46" 4C
=2 + e x + e~ de*x — ¥ + 46* + C
=(2x> - 3x + 4)e* + C
Vay: J=(2x"-3x +4)" +C
Vidu 2. Tinh: a)I= [ -2x+3)sinxdx b)J= [(x*-3)e'dx

Giai
i 2 Sk = &
a) Dat: u==x | 2% + 3 = du= (2x - 2)dx
dv = sin xdx = v = -C08X

= I=-(x*- 2x + 3)cosx + I(EX — 2)cos xdx
Tinh A = f (2x — 2) cos xdx

Pat: u=2x-2 =:»duz.2dx
dv = cosxdx = v =sinx
= A=(2xw-2)sinx—~2fsinxdx

= A= (2x - 2).sinx + 2cosx + C
= [ = —(x* - 2x + 3)cosx + (2x — 2)sinx + 2cosx + C
Vay: I=-(x*- 2x + 1)cosx + (2x — 2)sinx + C

b) Tinh J = f (x? — 3)e*dx

u=x>-3 = du=2xdx

bat:
|dv —e'dx = v=¢"

= J = (x®~3)e* - f2x.e"dx
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u=2x = du = 2xdx
dv=e'dx = v=e"
=;~f2xe‘dx = 2x.e* —2fe"dx = 2xe* —2e* +C

Lai dat: [

=dJ=(x*-3)e" +2xe* —2e* +C
Vay J = (x> +2x-5).e*+C
Vi du 3. Tinh: a) f:lcct‘.a?.n2 xdx b) fxcos” xdx
Giai
a)Tacé: 1= fxtan” xdx
= fx(1—+—tan2x—1}dx=fx{1+tan2x)dx-—fxdx

=fxdtanx—%xz+c (1)

Tinh f xd(tan x)

u=x ldu:dx
=

Pat
[dv =dtanx

v=tanx

fxdtan)z:xtanx—ftanxdx+C=xtanx—-ln|cosxl+C (2)

Thé (2) vao (1) ta duge: I = xtan x — In|cos x| ——;-x“ +C

b) Tacs: J= [xcos’xdx = fﬁ%

. Efxdx+§fxcos2xdx=1x2+%xd(ain2x)+C

i—x” +i—xsin2x—ifsin2xdx+c
=J= 1 + l:r.ain 2x — 2 cos 2x +C
4 4 8
Vidu 4. Tinh 1= fxsin\/:_zdx
(Pai hoec M6 — Dia chdt — 1998, phan ban)
Giai
Cach 1.
Tacé: 1= fxsin&dx

Xét: d(cosvx) = —(Vx)'sin Vxdx = _E\IT sin Vxdx
X

Suy ra: sin J;dx = —E&dx(cos \/I_{)
Do dé: I = f x[—Z\/;d(oosJ:_t) = f *2(\/;)3[d(cos\/:_c]]




u= —2(\/;}3 = duy = —3(\/;)dx
dv = d(cos \/;} =%y =pO8 \/;

I=uv- fvdu = ~2ﬁcns£+f3{\/;)cosﬁdx.
= —2Vx? cos Vx + [ 6xcos Vxdvx = -2V’ cos Vx +6J
J= [xcosxdVx = [ xd(sinVx)
= xsinyx - fsin\/;dx

Ta c6: d\/;z-—-l-—dx nén dx=2\/;d\/;

2vx
Do db: o soxsiide = f o PR LT e f oJxd(cos V)

=xsin\/;+2\f:_:cos\/;—2fcos\/;d&
= xsinVx + 2Vx cosVx —2sinVE +C  (2)

Dat:

Thay J & (2) vao (1) ta c6:

I =—2\/x_3c05\/;+6xsin\/:_£+12\/;cos X —-125in\/;+C
Cach 2:

bat: t = Jx thi x=t? ; dx = 2tdt
Dodé: I= fxsin Vxdx = ft” sin t(2tdt) = f2t3 sin tdt

.. _ 2
Dt u=t = du = 3t°dt
' dv =sintdt = v = —cost
=2 f t? sintdt = 2(—t’ cost + f 3t? cos tdt)
3
= —2t%ost + 6 f t2d(sint) = —2(&) cosdx +8F  (8)
Tinh J: J = ftzdsint

B u=t! = du = 2tdt
' dv =dsint = v =gint

Ta c6: J = t'dsint — f ot sintdt = xsinx + 2 f td(cos t)
= xsin\/; + 2(tcost — fcos tdt)
= xsinvx + zJicosJE—zfd(sint)

J = xsinVx + 2Vx cosvx — 2sinVx (4)
Thé J & (4) vao (3), ta cb:

I=-—2\/Fcos\/:_c +6xsin\/; +12\,J_£CDS\,; - 12sin& +C
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Vi du 5. Tinh: a) I = f sin x In(tan x)dx b) J = f sin(ln x)d:x
Giai
a)Taco: 1= fsinxln(tan x)dx

1+tan®x 2dx
u = In(tan x) du="""" "(dx =
Dat , % e sin 2x
dv = sin xdx
vV =—COSX
dx
Dods: I=uv- fvdu=—cosxln{tanx)+f -
sin x
CDSEQdE
= —cosxIn(tanx) + f 2 2 ¢
2 sin = cos? =
2 2
X X
=— In{tanx) + t—d|tan=|+C
cosxIn( fco 5 [ 5
= ] = —cosxIn(tanx) + In t.an% +C

b) Ta ¢6: J = f sin(ln x)dx

" = sin(ln x) du = cos(ln X)E
B&}.t = X
dv = dx

v=1X
Do d6: J = uy — fvdu = xsin(lnx) - fcos{ln x)dx +C (1)
Tinh f cos(ln x)dx

} u=-cos(lnx) |du= —sin(n 1|r:)E
bat = %
dv = dx

V=X
= fcos(ln x)dx = xcos(ln x) + fsin(ln x)dx+C (2)
Thé (2) vao (1) ta duge: J = xsin(Inx) — xcos(lnx) - J + C

= J :% x[sin(ln x) ~ cos(ln x)] + C

Vi du 6. Tinh a) f]nxdx; b) [ xlnxdx
Giai
a) [Inxdx

dx
Dat u-lnx:b-du—?

dv=dx=>v=x



Ta c6: flnxdxzfudv:uv—fvdu
:xlnx+fdx:xlnx——x+(l

b) fxlnxdx
1
u=Inx=du=-—dx
Dat %
. x2
dv = xdx = v=—
2

I= fudv:uv—fvdu=§lnx—f%dx

2 2
R o R
9 4

Vi du 7. Tim ho nguyén ham cta ham sé: fix) = e **cos3x
(Pai hoc Ngoai thuong — 1996)
Giai
Ta c6: d(sin3x) = 3cos3xdx

nén: cos3xdx = %d(sin 3x)

Do dé: I= f e ** cos 3xdx = % f e **d(sin 3x)

e ol e -2
Dit: u=e N du = d{e ™)
) dv = d(sin 3x) v = sin 3x

I= % *sin3x - = fﬂln 3xd(e %)
= -;; *8in 3% + — f “2% sin 3xdx
— % *sin3x — ?—} fe"z‘d(cas 3x) = %e"z‘ sin 3x —-g-J (1)
Tinh J:
J = f e >d(cos 3x) = e * cos3x — f cos 3xd(e )
J = e P*cos3x + 2I (2)
T (1) va (2) suy ra:
= le.-‘*" sin 3x — 2 e cos3x — iI
3 9 9
13 1

=" sin3x—ge‘2‘c033x
9 3 9
131 = 3e *sin3x — 2e *cos3x

[ = Tlge‘z“ (351n3x —~ 2co083x) + C
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" Vi du 8. Tinh:

xe”
a) I=f(x+1)2dx . b)J:fx.ln(x-i-l}dx.
Giai

u = xe* = du = (" + x.e")dx
a) Pat
o dv=——1—2d.x = V= :

(x+1) x+1

xe* (x + 1e*
=]=— s dx =

x+1+f x+1
Vay: I = —Xp 5 ;
Ay x+1+e +C

b) Tinh J = j x. In(x + 1)dx

u=In(x+1) = du= 1 dx
Dat: x +1
. o |
dv=xdx =v=
2
i
e B = 1 1--+ dx
= nlx +1) fxi—l
2
s 1n(x+1)——2- f (x — 1dx
§ 2
Viy: J = 2 1.1n(x+1]~—%[%—x]+0
Vi du 9. Tinh:
a) I=fln(x+J1+x2}dx : b) J= f‘“{s‘”}dx
sIn X
Giai
a)ﬁnh1=f1n(x+J1+x2)dx
1
u=In{x+41+x*) =du= dx
Dat: ( ) s g
dv = dx = G

:>I~xln(x+ 1+x) Xax
V14 x?

Lai dat: u=1+x*= du=2xdx

X LA el 40
I a3 g T O
Vay: I=xin(x+1+x* |- 1+ +C



B f ln{sm x)

sin’ x
A CoS X

u=In(sinx) = du-= dx = cot xdx
Dat: sinx
dv = dx == v = ~cotx

sin® x

= J = -~ cot x. In(sin x) +fcot2 xdx

Jw-cotxln(smx)-l-f —1i{dx

sin® x
Viy J = —cotx.In(sinx) — cotx — x + C

z ? dx
Vi du 10. Biét f =ln(x+dx2+3)+0.
' vx% + 38

Tim nguyén ham F(x) = f x? + 3dx.

(Pai hoc Y khoa Ha N¢i — 1999)
Giai

Ta c5: f\g%u—_ln(x+\!x2+3)+c.'1‘im F(x)=f x* + 3dx

Patu= Vx* +3dx = du =

dy;dv=dx=>v=x

x* +3
[V ¥3dx =~ [vdu=x/x* + 3 f_——dx x/x* +3 -
— xJx? +3 fﬁdx+3f
ﬂ.f\/xz_-;-_de=1m+31n(x+J;ﬂ2—+3)+C
fWde=%xe2+§+gin(x+ x2-1-3)+0

Ho nguyén ham F(x) la: F(x) = %lxv‘xz +8+3 ln(x +Vx® + 3)] +C

fo%S ]
mdx

C. TOAN TU LUYEN.

Bai 1. Tinh:
sin’® x — cos® x sinvx + cos \/_
a) A= [5 dx ; b) [
sin® x 4 cos® x Jx.sin 2Vx
Bai 2. Tinh:

By Jw xdx

dx
YI= : .
: f(xz + 4)J(4x® + 1) f(l,_ x* )g
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Bai 3. Tinh:

xdx ;
a) A= ¥ b) B = | sinx. In(cos x)dx .
fCOSEK f mx X
Bai 4. Tinh:
a) fe“sinxdx; b) fe"cosxdx :
) in x In(cos x)dx ; d)
) | e J o™

D. PAP SO VA HUGNG DAN GIAL
Bail. a) A= f —C0s 2x f — cos 2xdx _ f 2 cos 2xdx.

iy w2
1 - 2sin? x cos? x I—Esm . sin” 2x — 2
Piat: u=sin2x = du = 2cos2xdx
uw\/—

= A=

‘fu -2 2\/- u+\/_

1 sin2x~\/§

= 11'1 +C
2\/_ sin2x+~f—

sin Vx + cosvx
») B=I2J;sms/_cos = f2&cosf+‘[2\/;smf

bat: u= Jx = du=

2&
u = u
= B= = Injtan— + —| + Injtan—={+ C
fcosu fsmu l 2 4 2
Jx b
= In{tan|-— + — ||+ Inj{tan —{ + C
2 4 2
Bai 2. a) bat 2x = tant te[O;%]
= J1+4x® =1+ tan’t =
cost
Va dx= —Ob
2cos" t
2 « 2 -2 2
3y de tan t+4= sin“ t +425111 t+1§icos t
4cos’t 4cos°t
: dt
2 costdt
D dé' I = 2cos” t -9
° fsinzt-t- 16cos®t 1 fsin2t+16~165in2t
4 cos’t cost
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Bai 3. a) Dat 1

dsint dsint
flG—lE:sin‘t f155in2t'——42

dsint
= -2
f (\/E sint)? — 4%
2 f d(\/15 sin t) 2 \/—Esmt 4
J15 Y (V15 sint)? — 4? SJ_ 15sint +4
: sin’t 9
Tinh sint: ¢6 2x = tant = — = 4x
cos“t
2
= sin®t = 4x*(1 —sin’ t) = sin®t = 22 = sint = X

1+ 4x° V1 + 4x*
J_ 5x — 21 + 4%

1+ 4x?

b) Pat x* = sinu (0<u£n)

1-x*=1-sin%u = cosu

3 3
1 -x*)2 = (cos® u)? = cos’u

Vi phan: dx® = d(sinu)

Vay: 1=

< 2xdx = cosudu & xdx = %cos udu

- cos udu 1

d 1
“I2cos u =-fcos‘:u=§fd(tanm

Ta c6: J = f

3
(lax')2

Tinh: x®=sinu = x* = sin®u = 1 - x* = cos’u
4 2
T = tanu =
1-x 1 p?

Do d6 ti (1) ta suy ra;
I=—

2J1-x*

u=x = du = dx

= tan®u =

+C

dv = dx = v=tanx

cos? x

sin X

= A = xtanx — ft.anxdxzx.tanx—f——-dx
COS X

(cos x)'

cosSx

Vay A = xtanx + In|cosx| + C

dx

= x.tanx +
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b) Tinh B = fsin x. In(cos x)dx

sinx
Dat: u = In(cos x) #dun-msxdx
dv = sin xdx = V= —CO08X
@-B:—cosx.ln(cosx)hfsinxdx

Vay B = —cosxIn(cosx) + cosx + C
Bai 4. a) f e* sin xdx
Dat u=e. = du = e'dx
dv =sinxdx = v = —¢cos X
I=uv- fvdu = —e" COB X +fe" cos xdx
- |

dJ

Jd = je'cosxdx
Dat u=e =>du=|.edx
dv =cosxdx = v =sinx

J = e*sinx — f e* sin xdx
Jd =esinx -1
Ta c6: 1= —e"cosx + e*sinx - I

Vay I= %e‘(sinx - cosx) + C

b) Tuong tu ta c6:
I=e*sinx—d
J = —e*cosx + [

= I = e"sinx + e*cosx ~ |

Vay I = %e"{sinx + cosx) + C

c) f sin x In(cos x)dx

sin x
i = -
Dat: u = In(cos x) = du i dx
dv=sinxdx = v=—cosx

I = —cosxIn(cosx) — f sin xdx

1 = —cosxln(cosx) + cosx + C

& [—= _dx
f (x + 1)
u = x.e* = du = (e* + xe*)dx
bat 1 1
= dx = v=-—
(x +1)° x+1
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= ;fxl +fe"dx

—Xe
= +e"+C
x+1

§ . (nang cao) Jim nguyén ham bang edeh lien két

A. HEN THUC CO BAN.
14 sif cAn ldy nguyén ham cia ham s6 fix) ma gap khé khdan. Néu tim
dug: m§t ham s g(x) sao cho ¢ thé 14y nguyén ham cda cdc ham sé:
* fix) + g(x) * fx) - g(x)
hi ta sé 14y hai nguyén ham nay va bing cach gidi hé phuong trinh sé
suyra nguyén ham caa fix).

B. (AC DANG TOAN PIEN HINH
DANG 1. LIEN KET CAC HAM LUQNG GIAC

Phiong phap.

' Chon ham lién két thich hgp.
' Tim nguyén ham cta téng va hiéu cdc ham lién ké&t.
* Gidi hé phuong trinh dé€ xdc dinh nguyén ham cdn tim.

Vidu 1. Chol= [ . a J= _Co8 X0x
SiIn X+ ¢cosXx SInX 4+ CO8 X
MnhI+Jdval-J SuyragidtrichalvaJ?

Giai
L fﬂ‘““c"“dx:fl.dx =x+C

S5inX 4+ CcosS X

8inX — cOS X —(cosx + sin x)' :
I—-J=f . dxzf ( - dx = ~In|cosx + sinx| + C,
COSX 4 sin X coOSX + sin x

= 2 = x—ln|cosx+sinx]+C, +C,

9J = x + In| cosx + sinx| + C,-C;

Vay: 1= %[x-—lnlccsx +sinx|]+c

J = %[x+1n|cosx+sinxn+0

Vi du 2. Tinh

I = f cos® x cos 2xdx ; e f sin® x cos 2xdx
Giai

Ta c6:
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Tk e fcoszxdxz%sin2x+cl (1)

I-J= f(0052 x — sin® x) cos 2xdx = fcosF 2xdx

I-dJd= %f(l-i—ms4x}dx=% x+§sin4x +C, (2)
I-t--]=%sin2:»:+lcl (1)
Tu(l) va(2) = 1 1
I—J=-é- X +—sin4x|+ C, (2)
1 . 1. .
I:-—[x+sm2x+——sm4x +C
" 4 4
1 . 1
J:-Z X —sin2x +—sindx|+C
2
Vidus.’l‘inhl=fc°sxdx
cos 2x
Giai
.2
Pat J = fsm xdx
cos 2x

cos’x  sin’x 1
Tacd: [+d = dx = dx
chos 2% b cos 2x] f

1 T
= Eln t;r:u1[x+:{H+C1

2 3o
I__szcos X — 8in deZICOSZxdx =f1dx=x+02

cos 2x €08 2x
Suy ra: 2l = x+—21';1n tan x+%l +C, +C,
% - 1 T
Vay: I= —+—In|tan -1 +C
ay 2+(4 n [x+4]+

DANG 2. LIEN KET HAM MU VA LOGARIT

Phuong phap.

St dung phuong phédp 14y nguyén ham timg phan két hop v6i phuong
phéap lién két,

Vidu 1. Tinh: I= fe“.cosbxdx va J= [e™. sinbxdx
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Giai
Hnh I
= —
1

Dat.:
v =cosbx = v= —Esinbx

= | :%e“.sinbx—%fe“ sin bxdx

= 1e"".sinbx-—-%J (1)
by T 5 b
b0=a" =1 =ae"

bat: _ 1
v':smbx:}»v=w~b-cosbx

s o] = —%e“.cosbx+%fe“coshxdx

= ~%e”.coshx +-—E I (2)
1 « a 1 a
Th 13 = =a"t . P
ay (2) vao (1) be sin bx b[ be cosbx+bI

e (a cos bx + b sin bx)

Vay: 1= L +C
Tuong tu thay (1) vao (2) ta duoc;

Fis " (a sin bx — b cos bx) .

a? + b?
Vidu2.Chol= [S%_ g [£74
e +e e +e
TinhI+Jval-J. Suyragidtriciaal vad,
Giai

e e”

L = [1dx=x+C
e +e™ e"+e""}h f :

—X

e

Ta c6: I+J=f

e!
I-Jd=
f e +e* e +e*

L [,
e +e e +e
=In(e*+e™) + C,
= 2l=x+In(e*+e™) + C; + Cs
2J =x - In(e* + ™) + C; - Cg

Vay: 1= -i; x + In(e* + )| +C

dx
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Jd = %[xnlnie" +e*)+C’
Vi du 3. Tinh:
I= f cos(ln x)dx ; Jd = f sin(ln x)dx

(PH Téng hgp TP.HCM, khéi A/1976 — 1977)
Giai
Pé tinh I = f cos(Inx)dx ta ding phuong phap tich phan ting phin

sin(ln x)

Wi clkeh Ak u=cos(lnx)=du=- " dx
dv = dx =y = X
Tacé: I= fcos(ln x)dx = x cos(In x) + fsin{ln x)dx = xcos(lnx)+ J (1)
Tuong tuy, bing cdch dit: u = sin(lnx); dv = dx
ta lai tinh duge: J = xsin{lnx) — I (2)

T (1) va (2):
I= %x[cos{ln x) + sin(ln x)] +C,

I=xcos(lnx)+d (1) =
Jd=xsin(lnx)-1 (2)

Jd= -;:x [sin(ln x) — cos{ln x)] +C,

C. TOAN TU LUYEN.

]
Bai 1. Tim nguyén ham cia ham s§: fx) = ——— %

cos* x + sin* x
Bai 2. Tinh I = f{a cos® wt + bsin® wt)dt (*)
D. PAP SO VA HUGNG DAN GIAL
LI |
Bai 1. V6i g(x)= ——2 X

cos* x + sin* x
tach: flx)+gx)=1
va fix) - glx) =

cos'x—sin‘x _ cos2x
cos'x +sin'x

i 5

e 2
9 SN &x
2c0s2x _ (sin 2x)'

2 -sin’2x 2 -sin’2x

F(x) + G(x) = x+C,

Va i
Yy Sy i 1 ln|\/§+sm2x+cz
22 |\/§—sin2x
1 \E+Sin2x
5 Fx)==+—=In +C
2 4\/5 \E—sinh
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Ba 2 Pat J= f(bcos“wt+asin"’ wt)dt . Ta cé:
I+J= [@+bidt=(a+b}t+C, (1)

A 1—J=f(a—b)coszwtdaza'bsin2m+02 2)
W

a+b

LT S5

W
>ha y: Ta cé thé tinh truc ti€p I bang cich bién déi:
cos® wt = }_'F_Cf;i?_‘ﬂ va sin’wt = l_—_ucnzs__gﬂ roi thay vao (*) van

datdugc k&t qua.

Mr()va(2 =1I1=2

TOAN TY LUAN ON TAP CHUCONG |

A. {IEN THUC CO BAN
* Khdi niém nguyén ham,
* Nguyén ham ctia mdt s6 ham s6 thudng gap.
* C4c tinh chAit cia nguyén ham.
* Phuong phép d6i bién sé.
* Phuong phép tim nguyén ham timg phan.
* Tim nguyén ham bing cdch lién két.

B.3AI TAP,
Ba 1. Tinh cdc nguyén ham sau day:
8x* 41 Tx + 10
i e et ®) f:i(x—E}(‘x—ﬁ)_ *
Giai

a) Ta cé:

P(x) _ 3x* +1 _ 8x +1

Qx) (x—1x+2Dx-3) (x-1(x+2)x—23)

__A B 8]

x-1 x+2+x~3
_Alx+2)(x - 3) + B(x - 1)(x - 3) + C(x — 1)(x + 2)
- (x—1)(x+2)(x-3)
So s4nh hai v&, ta c6:
Ax+2)x-3)+Bx-1Dx-3)+Cx-Dx+2)=3x"+1

Chox =1 taduge —6A =4 =>A=-_§.
13
Chox =-2 ta duge 15B = 13 :}BIE
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Chox =3 taduge 10C = 28 :;,(3:353

2 13 14

Vav ] = 8 4. 18 o 5
i fx—l x+2 x-3

— ——ﬁ—lnlx—1|+%1n|x+2!+}5£1n|x—3|+0

f 7x + 10 ’
X(x - 2)}x - 5)
ta cb: P(x) 7x + 10 é_{_ B 5 C

Q(x)_x(x-2)(x—5)=x x-2 x-5
_ A(x - 2)(x - 5) + Bx(x — 5) + Cx(x ~ 2)
a x(x — 2)(x — 5)

So sanh hai vé& ta c6:
Ax-2)x-5)+Bx(x-5)+Cx(x-2)=Tx+ 10
Chox=0 tacé A=1
x=2 tac6é B=-4
x=06 tach C=3

1 4 3
Vayl= [|=- dx
* fx x-—2+x—5]
I=In|x| —4ln|x-2] +3Inlx-5| +C
2
i g e (2R PRA
(x - 2)(x* +1)

Giai
2x* +2x +13
(x - 2Xx* + 1)
Chu ¥ ring trong trudng hop nay c6 thira s6 (x® + 1)°. Ta phén tich bing
2x’ +2x+13 A  Bx+C Dx+E
x-2(x*+1° x-2 x*+1 (x*+1)

Quy déng miu s6:

2x% + 2x + 13 = A(x® + 1) + Bx + O)x* + 1)(x - 2) + (Dx + E)}x - 2)
=(A+Bx*+(C-2B)x"+(2A +B-2C +D)x<* +

+(C-2B-2D +E)x + (A - 2C -2E)

A+B=0 [ Az

C-2B=10 B=-1

Péng nhat cdc hé s6tacé: {2A+B-2C+D=2 = {C=-2

—-2B+C+E-2D=2 D=-3

LA—2(3—2E=13 E=-4

Tru6e hét cAn phan tich thanh nhimg phén thic don gian.

cich dait:
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va, 2% +2x+13 1 x+2 3x+4
ay 2 T T e P
(x-2)(x +1) X-2 x*+4+1 x*+1)

J' +2:-;+132 o dx _f x2+2 i '"'f 3;1+42 dx
(x -~ 2}x* +1) X-2 x“+1 (x* +1)
3x* +3x+3

2= 8y 0

a) ¥dc dinh A, B,C dé choy =

Bai 3. Cho ham sé y =

< B " C
(x-1) x-1 x+2

b) Tim céc nguyén ham cua y.
(Pai hoc Y duge TP.H6 Chi Minh — 1996)

Giai
3x2+31+3= A M "
x?-3x+2 (x-1* (x-1) ((x+2)

_Ax+2) +Bx-1)x+2) +Cx 1)
B (x - 1%x +2)
B+ O)x* +(A+B—20)x + 2 + Clx - I}

a)Taco: y=

x!-3x+2
B+C=3 A=3
Do 16, suy ra: A+B-2C=3 ={B=2
2A-2B+C=3 O=1
3x* +38x+3 3 2 1

Va = + -
W et E-1F E-D G+D

b) Tim cdc nguyén ham cia ham s6 y

3 2 1
Ta :6: +
" f(x 1) (x—1]+(x+2}

3f (x - 1)*dx - 1}+zfd'5x gl

X+ 2
S(x~—1)*H

+21n|x—11+1n|x+2‘+0

1

-2+41
_1)?
o 2 +2In|x~1|+Injx+2/+C = B BTl
x—1 x-1 |x+2|
Nguyén ham cta ham s6 y la: ~:3—+21n(x 1’ +C
x—1 |x+|
Bai 4. I'inh cdc nguyén ham sau:
a) : b)
f1+3x"+ f(x+1) x> +38x+2
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3x® —x dx
) dx ; d) ;
¥ fv‘x2+2 e fdl—?.x—f

Giai

Ee i f x*dx

14 ¢x* +1
Pat u= Yx* +1 = u=x"+1

= 3uldu = 4x°dx = x%dx = -i-uzdu

d 3 -1+1
=3y 2 pe =t

I=_f[u” u+1]d

P———u-i-ln‘u-i—ll

3
4
3’
% (x +1 Ix* +1+1njR

X +1+1|

b)I= S
f(x+1}\}x”+3x+2

x+1=l=>t== .
t X+l

bat x+ 1=

x=l_1sdx=-tat
t t

Truonghgp 1. t>0 = x>-1

Ta ¢6 I'=—fJ§t_1:¢2Jt+1+C
+

I=-2 1 + 148 =5 [=-2 x+2+C
dx+1 x+1




Trudng hgp 2. t<0 = x<-1
X+ 2

Taco: 1 =2 +1+C
X
P S
C)I=f\/.x_+‘
3 4+ —-5—86
I= —dx
f vx? + 2

1=3 x2+2dx~%f xox

_____ﬁf_._d_x__
VX© +2 Vx? +2
I=3[-E\fx2+2+ln|x+\/x2+2i —Jx2+2—61nlx+dx2+2|+{3

gy T BB 2\/ 31n|x+\/x + |+c

d)I=
f\;‘l 2x — x°
I“3f 2x +1 1 dx
X +x+2 . 1¥ 7
+o| ++
* 2] 4
I=34x2+x+2—%1nx+%+\1x2+x+2

Bai 5. a) Tim nguyén ham cta ham s& f(x) = cos’xsin8x
(Trung tam Dao tao va Béi dudng cdn bd y t& TPHCM - 1993)

b) Tim nguyén ham cia ham s8: f{x) = sin[x - E] (2 + sin 2x)

+C

(Pai hoc Qudc gia Ha Né6i — khdi A - 1996)
Giai
a) Ta bift cos3x = 4cos’x — 3cosx = cos’ x = %(3 cos X + cos 3x)
Do d6 fix) = i-[Ssinchosx + 81n8xcos3x]

Ap dung cdng thdc: sinacosb = %[sin{a + b) + sin(a — b)]

Tacs: fix)= % g(sin 9% + sin 7x) + %(sin 11x + sin bx)

- g(sin 9x + 8in 7x) + %{sin 11x + sin 5x)

Vay nguyén ham cén tim:
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+C

ff{x)dx = _%{cosgx + COSTX}_ 1 [COS 11x 4 cos 5x

9 7 8| 11 5

b) Ta ¢6 thé viét:

i o 2 5 5 i
fix) = sin|x — —[(2 + 8in2x) = 2sin + sin sin2x

L
X — —
4

T
p
4

Ap dung cdng thic: sinasinb = %[ws(a —b) — cos(a + b)]

\

Ta c6: sin|x — —|sin2x = —l-cns
4 2

o m
4

- }*cos[Sx = E]
2 4

2+ L ——lrcos £
4) 2 4

Do d6: f{x) = 2sin x--}] + %cos

L

Vay nguyén ham cén tim:

(
ff(x)dx-——-Zfsin x—-}dx+%fcos x+‘—:—dx—%fcos[3x—ﬂdx
L3 F,
-——2“::(;'5’:-1—E +-1—5in :1c+E ~isin e, W
~ 4) 2 6 4

sin3x.sin4x

Bai 6. Tim h én ha ja ha i =
ai 6. a) Tim ho nguyén ham cia ham s6 f(x) tan x + cot 2x

(Pai hoc Ngoai thuong Ha N6i — 1997)

- N dx
W= f\t"' sin® x cos® x
(Pai hoc Tai chinh Ha Noi
Giai
sinx co082x
G (i
cosX sin2x
cos2xcosx +8in2x8inXx _ cos(2x — %) _
cos X 8in 2x cos x sin 2x

a) Ta biét: tanx + cot2x =

Do d6: flx) = sin2xsin3xsindx = %(cosx — cosbx)sindx

-1 sin4xcosx — l cosHxsindx
2 2
| i ) ;
= E{sme + 8in3x) — Z(smgx — 8inx)

_ -E(sinx T WL S 5
Vay ho nguyén ham F(x) cia f{x) la:

F(x) = i- —ccsx—%cosSx—%cusSx+%cosx +C
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1 1 1 1
ha F(x) = -~|cosx + —cos3x + = cosH5x — —cos9x|+ C
y - C 3 X 5 s Hx 9c X

b) Ta cé thé vié’t
Jsm X cos® x f\/tan x cos® x

-1,
o dx dx
: f cos” xm f (tan x) ; )* cos® x

3 li
] = f(tan x) ‘d(tan x) = (tar;x) =4ytanx + C
4
Bai 7. a) Tim ho nguyén ham cGa ham s6: f(x) =

cosX + sin x cos x
2+sinx
(Pai hoe Ngoai thuong TPHCM - 1997)
b) Tim ho nguyén ham cia ham s8:  fix) = cos’x.cos3x
(Pai hoe Ngoai thuong khéi D — 1998)
Giai

a) Ta ¢6 thé viét:
cos X +smxmsx 2cosxX + SIn XCOSX — COS X

fix) =

2+s8mx 2 +8inx

cos X(2 + sin x) — cos x

24 s8inx
= COSX — _ios_-x__ (Do 2 + sinx = 0)
24 s8inx
Do dé: f(x)dx = | cosxdx - oo M

f( f JE-L—sinx

_smx_fd(smerZ} —sinx-—ln]sinx+2]

sin x + 2
Vay ho nguyén ham cén tim: F(x) = sinx - ln|sin X+ 2’ +C
b) Ta biét cong thic: cos3x = 4cos®x — 3cosx

3 COsS X + cos 3x
4

= cos’

Do d6: f(x) = cos® xcos3x = 5(3 oS X cos 3x + cos® 3x)

i

1|3
= —|—(cos4x + cos 2x) +
fix) 2 2( ) 5

J

flx) = %[3{:034:: + 3c082x + cosbx + 1]

Ap dung cdng thic:
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cota Bl S atae S e
a

Ta c6 ho nguyén ham tim:

F(x) = %{%sin4x+-§s£n2x+%5in6x+ x|+ C

Bai 8. a) Goi F(x) = f dx . Bing phuong phdp thém bét vawo t s6

x3+x

hay tinh nguyén ham cta F(x) trén.
(Pai hoc Y Ha Noi1 — 1997)

b) Tim nguyén ham F(x) cda ham s6 fix) = 2sinbx + Jx +—§— sao cho dob

thi cia ham sé fix) va F(x) ¢4t nhau tai mot diém nim trén truc tung.
(DPai hoc Qudc gia Ha Noi — khoi B — 1996)
Giai
a) Ta c¢6 thé viét:

—x* 4
F(x) =
(x) fx +x° fx(l+x)
(1—x")(1+ x*)+x* 1-x* x

= dx:

f (14 x*%) f[ x -le-xz]‘bc

4 1 [_3 1]‘“ 1 pd(x*+1)

e d . il [ A
f[x x+1+x S +2f xPap]

xl

——2—1n|.x|+—-ln(l + x%)

, 2
=ln\/l+x2—ln|x|—F=ln LT — l +C
X

lxl 2x?

i

1
b) Ta ¢c6 flx) = 2sinbx + J;+%225in5x+x2 +%

" Do 46 nguyén ham
3

2 2 - 3
F(x)=-—=cosbx +—-x*4+—-x+C
e s

2x\r 3

5
P4 thi cia ham sd f(x) va F(x) cAt nhau tai 1 di€m trén truc tung nén
3 3 2

2
=0 F = —— C: = (== -=1
X = F(0) = f{0) = 5+ 5 5+5

2x\/;
3

x+C

F(x) = —%m&ﬁx +

V4y nguyén ham cdn tim: F(x) = - % cos 5x + 4 g x+1
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Bai 9. Tinh

a}I=fxsinxdx ' b)K:fx”sinSxdx.
Giai
a) Pat U=y eody = dx
dv =sinxdx = v = —cosx

I= fudv :w—fvdu=—xcosx+fmsxdx

= —XcosX + sinx + C

u = x% = du = 2xdx

b) bat 1
dv =sin3xdx = v = —gcos:}x

K fxfsinaxdxzfudxr:uv—fvdu
= ﬂ%xg cos3x+§fxcos3xdx ()
u=1x=du=dx

Lai dat: 1
dv = cos3xdx = v = 55in3x

fxcosSxdx == fudv = uv-—fvdu
= l:msin.‘h:—lfsin:?ﬂn:dx = l:r;s:'mtBJat+1.::t:1133:t|:-+-(3
3 3 3 9 A
Thay vao (*) ta duge:

1 21 . 1
K=—§x2 cos3x+-é 5xsxn3x+§cos3x+01]

K= -——;-x’ c033x+§xsin3x+—2%c033x+c

2
& 2;3}{ c053x+§xsi113x+0
Bai 10. Tinh
a) f e* sin xdx b) f e®* cos 3xdx
Giai
a) Dat u=e ‘:»du:edx
dv = sinxdx = v=—cosx

fe‘ sin xdx = —e* cos X + fe' cosxdx (¥

Lai tich phan timg phdn mdt l14n nita dé€ tinh f e* cos xdx rdi thay vao
(*) ta duge:

Két qua: f e* sin xdx = %e"(sin x—cosx)+C
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u = cos3x = du = -3 sin 3xdx
b) Dat:

dv =e¥dx = v = %e”‘

b f e cos 3xdx = %ez‘ cos 3x + g fez" sin3xdx (%)

Lai tich phéan timg phén l4n nita d€ tinh f e®* sin 3x dx bing cdch dat:

lu = 8in 3x

s roi thay vao (*) ta duge:

dv=e
2x

f e cos 8xdx = % (2cos3x + 3sin3x) + C

C. TOAN TU LUYEN.

Bai 1. Tim nguyén ham ciia ham s5: y = —2 -
(x +1)

(Pai hoc Ngin hang TPHCM — 1991)

Bai 2. Tinh I =

f dx
Jx-2-vJx-1
" (Cao déng Su pham Ky thuit — 1998)
Bai 3. Tim ho nguyén ham cta ham s6: fix) = _loiex)
l4+xlnx
(Hoe vién Quan hé Quée té — khai A — 1997)
Bai 4. Tim ho nguyén ham cia ham so:

flx) = sin®xcos3x + cos’xsin3x
(Hoe vién Quan hé Qudc té€ — 1398)

D. PAP SO VA HUGNG DAN GIAL
Bai 1. Ta c6 thé viét:
1 2
_ 3x+1 TR x+1-—§_ 3 2
(x+1° (x+1)° x+1® x+1? x+1»°
m+1
Rl hitc: may — BXHDT
p dung céng thic f(ax+b) dx a(m+1) +C

Vay nguyén ham cén tim: f}’dx = 3f T f (x + 1)J

=3f(x+1)‘2dx—2f(x+l}""dx
~1 _2
_gx+D7 G+ 3 . 1

- +

-1 -2 x+1 (x+1)?

f dx z‘]‘\lx-—2+\[x~—~1dx
i S ] (x-2)-(x-1

Bai 2. Tinh I =
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—f!v/x—-2+x/x—1]dx

r)odé:1=_f -

2 3 3
5()[—2)2 +§(X'—1)2 +C

! !
(x—2)% +(x - 1)2]::1;( = -

=f-~§—l\/(x—2}3 +J(x—1)3]+C

Infex) Ine+Inx 1+Inx
l1+xlnx 1+xlnx . 1+ xlnx

Ba 3. Ham s6 da cho c6 thé viét: flx) =

Ngoai ra ta biét:

y =1+ xlnx :>y‘:0+1lnx+x.-1ﬂ=1+1nx

X

=>dy = (1 +1Inx)dx

1y d(1 + xInx) = (1 + Inx)dx

Jo dé: ff(x)dx=f 1+1nx fdu Py ln|1+xlnx|+C
1+x1nx 1+ xlnx

Jay ho nguyén ham cdn tim: F(x) =In|1 + xlnx| + C
Ba:4. Cong thic lugng gidc:
sindx = 3sinx — 4sin’x ; cos3x = 4cos®x — 3cosx
Jo d6 bién ddi:
f(x) = sin’xcos3x + cos’xsin3x
= sin x(4cos X — 3COSX) + cos’x(3sinx — 4sin®x)
= 4sin®xcos’x - 3cosxsm x + 3sinxcos®x — 4cos xsm X
= 3sinxcos’x — 3cosxsin’x = 3sinxcosx(cos’x — sin’x)

= E sin 2x.co82x = —:—3— sindx
2 4

’ay ho nguyén ham c4n tim: F(x) = %[Hicos 4x] = _Hl% cos4x +C

CAU HOI TRAC NGHIEM ON TAP CHUONG |

A. (AU HOI TRAC NGHIEM.
1. Toh dao ham cta xsinx rdi suy ra nguyén ham cla xcosx la:

A) xsinx + C ; (B) xcosx + C ;
2
C) %—cosx +C; (D) xsinx + cosx + C.
tan? X
2. Tm mot nguyén ham cda 1 +4. 2 - biét nguyén ham nay bang
tan? i
Y

3khi x = E Nguyén ham la:



1

2

1

i!:ClS-‘2 X

(A) +3; (B)

+3 ;

sin“ x

S. Him sy = In | sinx — 3cosx | 12 mot nguyén ham cda ham s§ nao sawu day ?

(A) y = cosx + 3sinx ;

_ —cosx-—3sinx

C) y=—
sinx -3cosXx

4. Tim nguyén ham F(x) cba flx) =

2

(C) tanx + 2 ;

_sinx-3coSX |
 cosx+3sinx
_cosx+3sinx
sinx-3cosx

(B) y

(D) y

biét F(3) = 1. F(x) bang:

X+
AP s 3 By Bey=258
X+ 2 X+2
() Fx) = Yy P =22,
X+2 xX+2
5. F(x) = x + In| 2sinx — cosx| 1a mét nguyén ham caa:
(A) sin x —~ cos X (B) 2c08X +8SINX
3cosx +s8inx 2sinx - cosx
() smx—co'sx ’ D) 33:}nx+cosx.
3co8x +8Inx 2sin X - cOS X
2
6. F(x) = b 12 mft nguyén ham caa:
-X
e 2
(A) ‘E‘x_‘l‘f ; (B) "_f_?;‘_%_z. :
(1-x) (1-x)
-2x% + 4% ox? —4x +1
C) —— ; (D) )
(x-1)72 (x -1)°

7. Nguyén ham cda 2x(1 + 3x°) la:
A) *x+x) +C;

C)2x(x +x)+C;
e B = i
8. Nguyén ham cua — -x" -~ la:
X 3
(A) _M.;.Cc
3x ’
-8x-x*
0 i
(C) =
9. Tim A va B sao cho f-x =—é+ B ’
x*+2x x x+2

(A)A=2vaB=-1;
(C)A=1vaB=2,;

B) x*(1 + 3x%) + C ;

3
(D) x“[l+%-)+0.
(B) —x—3+l—3+C :
3 x 3 ¢
3
@ -2-% c.
X

B)A=2vaB=1;
D)A=1vaB=-2

10. it A = [sin’ xdx va B = [cos’ xdx. Gid tri A~ B bang:
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(A)A-B = %sin2x+C;

(C)A-B =‘—;~sin2x o

vax +Jx

x*
20x - 1)
+C ;
Jx
2 -3V
Jx

12. _[(9)(2 - 6x + 1)’dx bing;

11. dx bing:

(A)

(C) +C ;

3 o2 5
(A) (3x 35x + x) +0

(©) %(3};—1}5 i

tan2x + tanx

2
13. F(x) = _{[(1 ~tan x. tan 2x] N l}dx biing:

(A) F(x) = %coth +C;

(C) Flx) = _;-tanzx g

14. F(x) = J'(S cos%— 4 cos’ %]dx bang:

(A) F(x) = sin—;- ~gin* -g» +C

(C) F(x) = —cosx + C ;

(B)A-B= %cc}szx+c;

(D)A-B= -—%cos2x + C.

2(f+1}
1+2\/_

(D)

5

3 2
(B) [32{ —ix +x] iC

D) -135(3:;_1)%0.

(B) F(x) = —%coth +C;

(D) F(x) = —%taan e

(B) F(x) = Ssin—g— - % s P
(D) Py = —sinix & O.

15. jl{:w:3 - 3x% + 8x - D(x* - 2x + 1)*dx blng:

1 3x? X
(A E_.,__ 3 gl R B
)[4 s 2 x][S *

(©) [—i—x +3x}(x—3—x2J+C .
4 3
1

1
(2 - 3x)?

(C) E:;-ln}2—3x| +C :

(A) +C ;

(x-1)*

5 (B) +C ;

(x -1)°
51

D) - +C.

3
(2 - 8x)?

(D) --;—ln13x— 2|+C.

B) - +C ;
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17. Tinh dao ham cua x(Inx — 1), tir d6 suy ra nguyén ham F(x) caa

flx) = Inx + % bang:

(A)F(x)=(x + Dlnx - x + C;
C)Fx)=x+x+Dlnx +C;

— 3 . .
18. Bist sin®x + cos®x = 1 — Zsin?2x va sin’x =
4

(B)F(x):lnx—-—l;+C;
X

(D) Fix) = Inx + — + C.
X
2 1-cos2x
e

F(x) = jcas“" xdx + Isin“" xdx bing:

(A) F(x)=§x-%sin4x+c :

(§:9) F(x)=—2—x—~%sin4x+c d

© F(x)=—§—x+isin4x+c . (D) F(x)m-g—x+-g~sin4x+c.

32

19. Ho nguyén ham [—
1+¢*
(A)x-In(e*+1)+C;

@ x*+Ine*+1)+C;

dx bing:

(B) In(e* + 1) + C;
(D) Két qud khéc.

20. Ham s6 F(x) = sin’2x 12 mot nguyén ham cia ham sé&:

(A) fix) = cos’2x ;
(C) f(x) = 4cosdx ;

(B) filx) = 2sindx ;
(D) f(x) = sindx.

2,1 2
21. Nguyén ham cia [x : ] bing:
X
x3 13 2
. —+X —+X
(A) 3—+C; @ |3 —|+C;
X X
o 2
3 3
© X +lioxac; ) R I
3 x 3 X

29, IZ sin 4x. cos 2xdx bing:

(A) —[%cosﬁx " %cos Zx] +0

(C) %cﬁsﬁx+ %cost +C :

23, jtz* - 4%)dx bing:
2* @Y

A
( )ln2 In2

+C ;

' 56

(B) %c033x+cosx+(} :

(D) -[%cos.‘ix + COS x} +C.

o* |
1-2"Y+C ;
2{ ) +

(B)

In



25 4! 2!
(C 1- € 3 D 1 =247,
)mz[ 1n2]+ o) 21n2( it

2
24 '}-{3" —?3};-} dx bang:

2 - 3
(m[3 B APTT a2 L | s
n3 3 3lIn3 3 In3
9" 1 1 1
(C - _2x+C; (D e Wl (SR §
) Jins 29" n3 ()21113( +9*) =

25 Ho nguyén ham Ixe‘dx bang:

(A) —12~x2ek+C; (B) (x - 1e* + C;
(C)(x +2)e*+C; (D) (x + 1)e* + C.
26 M¢ét nguyén ham ctia ham s6 fx) = Inx la:
(A (x+ Dinx; (B) & : (C) (x — Dinx ; (D) x(Inx ~ 1).
X

2% I‘[caj “*dx bing:

: . 2 i 3e ' e
(A el_3,+C ;  (B) : +C ; (C) —E:J—X-+C ; (D) H—SE;-hC.
e [l v
21" IP?_M ng.
5 5 es:~2 eﬁl
(A eMlJrC 3 (B)—92_5:+C; (C) - 5 +C; (D) 5~9$+C.
_ In* x
24 H¢ nguyén ham I : dx bing:
3
(A 3ln’x + C ; (B) 1n3 2 4. :
5 4
(o X 6, iy it
3(. IHc nguyén ham I = —dx bang:
cos® x
V- T 44 (B) e“™ + C ;
(C) 26 + C (D) —;-e““" o)

B DAP AN.

Céu 1. 2l 8 ba b B LB LT L8 L8 1D
Papdn | (D) [(©C) [ (D[ (C)| (D) |(C) | (D) |(A) ]| D)]|(C)
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Cau | 11 |12 |13 |14 |15 ] 16 | 17 | 18 | 19 | 20 |
Papsan (A | M| @@ ® [ @A ©] @] B

Cau | 2122 (2324252627 28] 291 30|
Papdn M)A | ® @@ ||| m|©] B

C. HUGNG DAN CHON DAP AN.
1. (xsinx)’ = sinx + Xcosx = (—cosx) + xcosX = (Xsinx + cosx) = Xcosx.

Vay nguyén ham cta xcosx la xsinx + cosx + C. Chon (D).
2

tan? = 2tan = 1
2. fx)=1+4 2 =1+—-2—- =1+tan®x = s,
2 2

Nguyén ham cta fix) 1a F(x) = tanx + C.
Ta c6 F(E)=3¢m§+0=3¢0=2.
Véy F(x) = tanx + 2. Chon (C).

COSX + 38INnX
sinx - 3cosx

3-Y=1n18inx-3cosxl =S¥ =

Vay y = In|sinx — 3cosx| 12 mdt nguyén ham s6 y = i +33m"4
sinx — 3cosx

Chon (D).
4. F(x) = - +C ma F(3) =1 nén - +C=1C=2.
X+2 3+
Viy Fx) =——+2=232"1 o101 (0.
X+ 2 X+2

,(2sinx-cosx)’ , Z2cosx+sinx _3sinx +cosx
2sinx — COS X 2sinXx -cosx 28in X - coSX

Vay F(x) 12 mdt nguyén ham ciaa 33{“ TP Chon (D).
28InX —Cco8X
-2x% +4x  -2x° +4x
1-x?  (x-1)7
-2x% + 4%

Viy F(x) 12 mt nguyén ham cia (—1—)2—~ . Chon (C).
x —

6. Tacét F'(x) =1

6. Tacéd F'(x) =

3
7. _[2x(1+3x3)dx = J(2x+6x‘)dx = x° «»,gxIs +C= x“[l +§-g—-J+C.

Chon (D).
3 4 2
8. %——x*—-;-)dx=-3£-%-§+c=_i_%’;;_’i+c. Chon (A).
X

58



I M

i =é- - S (A+BxX+2A=-x+2
x x(x+2) x x+2
+

B=-1 A=1
2 D).
= ¢>{B=+~2 hon (D)

i

o [
9.;5

PM

{

!

10. A-B= J{sin2 x - cos® x)dx = I{—- cos 2x)dx = -%sin 2x + C. Chon (C).

1

iy, P By ;[f f] [ oxt a2

e

L

X X

2

2 2(x - 1)
B0 22T L0 Thon (&),
Jx Vx
1 (3% -1)°

12. [(¢x* - 6x+1)*dx = [(3x - 1)'dx = ~ +C. Chon (D).

13. F(x) = [(cot? 8x + 1dx = j Fi —%cnt S G

sin? 3x

Chi 3: tan3x = tan(2x + x) =
tan 2z + tan x 1 1 - tan x.tan 2x

- =5 00t 3X = = . Chon (B).
1-tarx. tan2x tan3x tan2x +tanx

14. F(x) = J- cos xdx = ~sin x + C. Chon (D).

x-1)°

15. j(:ﬂ - 3x% + 3x - (x? - 2x + 1)dx = j‘(x ~1)dx =

1 1
16. | _ﬂsxdx =-3Inf2-3x+C=-f3x-2+C
(Cati §: |Al = |-A|, VA € R). Chon (D).
17. Ixtax — 1) = Ik - 1 + x[lJ = Inx = [x(Inx - 1)+ Inx]' = Inx + <.
X X
Véy nguyén ham caa Inx + & la F(x) =x(Inx - 1)+ Inx + C
X
Hzy F(x) = (x + )Inx - x + C. Chon (A).

3 [1 - Ccos4x

18. sit®x + cos®x = 1 - -g-sin22x =]~ Z 5 ] = %+ %cos 4x.

+ C. Chon (B).

é . 5 3 b .
Viéy F(x) = f(cos x +sin® x)dx = j(g+§cos4x]dx = §x+—§-§sm4x +C.
Chen (C).
19. T: . [1 = de fdx- jd(" P il i
1+e*
Clon (A).
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20. Ta c6: F'(x) = (sin“2x)’ = 2.2c0s2x.sin2x = 2sindx.
Vay F(x) = sin®2x 12 m6t nguyén ham cia ham s6 fix) = 2sindx.
Chon (B).

Lr¥ & 3

21. [x +1]dx=j[x+—]dx-}( +—1—2+2)dx=x—-«1—+2x+(3.
; b'e X X 3 x

Chon (D).

22. [2sin 4x.cos 2xdx = _[(sin 6x + sin 2x)dx

-—[%*cos 6x + %cos 2x] + C. Chon (A).

b x x X2 X
o A 2 @ s

2 nd -~ W2 2m2 ~ Ing2

23. j (2% - 4%)dx =
Chon (B).

24, J’(a - -;—T {9* o 2}

" 9* 9*
9* 4+ 9" -2dx =
-[( W i 1n9 In9

-2x + C. Chon (C).

)+ C.

_ 9 1
“2In3 29%In3
25. Pat u = x va dv = e*dx ta duge du = dx va v = e”.
Ap dung cong thic tinh tich phén titng phén:
Ixe"dx = xe* - Ie"dx =(x -1)e* + C. Chon (B).

26. Ta tinh Iln xdx .

Pit u = Inx va dv = dx, ta duge du = i—dxvév:x

Ap dung cong thidc tinh tich phan titng phén:
[Inxdx = xInx - [dx = x(In x-1) + C. Chon (D).

27. je"a’dx = __:1;&1-3: +C = ’"_?EE“ + C. Chon (D).

e
" 1 g eﬁx
5 2dx=geﬁ 2+C=592
5
29. In”x X +C. Chon (C).
t.nnx )
30. Ta cb: J = Ie““"d(tan x) = e*"* + C. Chon (B).

COS X
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Chuong II. TICH PHAN _H |

e e e

§7. Khdi niém tich phan va ede tinh chdt

A. KIEN THUC CO BAN

L. Khai niém tich phin

Pinh nghia

Cho ham s6 f lién tuc trén K va aq, b 12 hai sd b4t ki thudc K. Néu F la
mot nguyén ham cda f trén K thi hiéu s6 F(b) — F(a) duge goi 1a tich phan

h
ctia f tir @ d&n b va ki hiéu 12 jf(x)dx.

h
Trong trudng hop a < b, ta goi I J(x)dx 1la tich phén cha f trén doan [a; b).

b

Ngudi ta con dung ki hiéu F(x)| dé chi hiéu sé F(b) — F(a). Nhu vay

a

h
a

h
néu F' la mdt nguyén ham cha f trén K thi _[f(x}dx = F(x)

Vi _[f(x)dx 12 m6t nguyén ham bat ki caa f nén ta ¢é
] ]
Jf e = (If(x)dx)’ .
Chi §
Péi v6i bién s6 14y tich phén, ta c6 thé chon bat ki mét chir khéc thay
cho x. Chdng han, néu sif dung chif ¢, chif u, .. l1am bién s8 14y tich phén thi

h ]
I_f (H)dt , jf (u)du , .. déu la mot s va s6 d6 bing F(b) — Fla).

2. Pinh 1i 1
Cho ham 88 y = fix) lién tuc, khéng &m trén doan [a; b]. Khi d6 dién
tich S cua hinh thang cong gidi han bdi d6 thi ham sé6 y = flx), truc hoanh

]
va hai dwng thdngx=a,x=b1a S= j f(x)dx .

3. Tinh chAat cda tich phan

Pinh li 2

Gid sif cdc ham s& f, g lién tuc trén K va a, b, ¢ 12 ba s8 bt ki thudc K.
Khi d6 ta c6
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B.

a

D [f(x)dx =0;

2) [/ (xdx == [/ (x)dk;

3 [f(x)dv+ [f(x)dx = [f(x)dx;

O (/) +g®)ldx = [f()dx+ [g(x)dx;

b
5) [kf (x)dx =k [f(x)dx v6i keR.

a

CAC DANG TOAN DIEN HINH

DANG 1. TINH TiCH PHAN BANG CACH DUNG GIOI HAN

Phuong phép

Cho ham s6 fix) xdc dinh trén [a ; b]
BuGe 1. Chia déu doan [a ; b} bdi cdc diém :

s les . ~*=x3+-;—.1',..., X, =b

n
b-a

n

M; =X X T

Bu6c 2. Tinh téng tich phan : Y f(x,).Ax,

i=]

Bu6e 3. Tim lim Z f(x).Ax,

Budc 4. Ta duge j f(x)dx = lim Y f(x)Ax,
H-I"i'ﬂ:'i =1

o Ghi chd : Ta thudng ding céc tdng :

if__ n(n+1) ; ZEZ _ nn+1)(2Zn+1)
1 - 6
2 n
Z: “ (”+1) ; > C=nC (Cla hling s6)
i=1

i=1
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]
Vi du 1. Ding gi¢i han dé tinh tich phén J.xzdr .




Giai
~ Phép phan hoach: Chia doan [0; 1] thanh n phidn bing nhau. D3 dai
Lo va cdc diém chia la:
n n

0 S e B R e R

H
h R 1

méi doan la Ax, =

- = 1vachon &§ =

l
‘X = : T
H

3 r vy

H

n s N
- Téng tich phan: Tacé S, = Zf{fj)ﬂxt_ = Z[L) .:; = _]3,2
n =1

f=1 =]
- Gidi han: Theo dinh nghia
Pa2t s en

j}"(r)dx— lim Zf(é’)ﬂx = lim S, = lim ;
0

n-—»x =0 n

n(n+ I)(2n +1) _ 1

3

= lim

o 6n

w |

n(n+1)2n+1)

Chiy. Y i’ =1"+2"+..+n' = :
i=1

3
Vi du 2. Dung gi6i han tinh tich phan I(2x+1)dx.
0

Giai
— Phép phan hoach: Chia doan [0; 3] thanh n phin bing nhau. P9 dai
3 3
mdi doan 1a Ax, =x, ~x,_, = 2 va cdc diém chia: x, = 0; x, = ;; X = 2.;;
n
, 1,=L1: : X, =9
n
- Téng tich phén: Chon £ =x, = i'—?’*
n
3 .6
Tad: f(§)=25+1=2—-+1=i—+]
n n
3 18. 3 3 18,
= Ax, = —4] | == —fjt—=|=n—+ ) —i
Ti ¢6: S, Zf(g‘) Z(: ]n Z[nz n] - ,Z::ﬁ
- 18 ¢ — 18n(n+1) [+_1_}
n
- G4 han:

—pa0

k) n 1
Ta ¢ j(2x+1)dx= lim > f(£)Ax, = lim§, = llm[3+9[1+;]] =12
0 H--)HDJ,:I

Ch . Z.: = ”(”; b
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b
~ dx
Vi du 3. Dung giéi han tinh tich phan [ (0 <a <)
=

Giai
Céch 1
— Phép phén hoach: Chia doan [a; b] thinh n phin béng nhau DP§ dai
b—
mbi doan 13 Ax, =x, —x_, = ? va céc diém chia la:
n
b-a b—a b—a
X =a; X= 07 =2 e g X Bl +a;
n n n
X, =n b—a +a=b
n

— Téng tich phén: Chon & = ,/x,.x,, (hién nhién x,_, <& <x, ).

1 1
Khi dé: )= =
% S (& ) X1+

i n C— [ 1
va S, =3 f(€)Ax, = Z%"— = Z( —;J
1=1] =1 1

f=1 =] i=1

1 1 1 1 1 1 I 1 1
Al et o b W Mo Lo o g o ] W7ol o o i
xﬂ X 1 x] xZ xn-l xrl xl xﬂ a b

b
2 . i 1) 1
— Gi6i han: Ta ¢6 J'% = lime(cj.)Ax,. = lim$, = hm(l_};} - E_%

H—=x

Cdch 2

Ta gidi bai todn bing cdch chon mdt phép phan hoach khic.
— Phép phén hoach:

Ta chia doan [a; b] b&i cdc diém chia tao thanh cdp 88 nhén:
X,=a;x,=aq; x,=aq ,., x,=aq’;., x,=aq" =b

véi: Ax, =x,—x_ =aq' —aq"” =aq"'(g-1)

trong dé: g = & = [P—)n
a a

— T8ng tich phin

i 1 1
Chon g.: :xi o aq H] t'a CG: f(é::) = (é)g = (aq_.-)g
T‘dé:S=" .ax:n : ]
ir d6: S, ;f(é,) ; Z o (g-1)

o | 2 _ =l 1
_Zawl(q 1) a un-l

i=1 i=1
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g-1{ 1 1 l g-1 1 1 1
2 el ey | e 2
a \q ¢ g a ¢'\ ¢ q

1
q 1__l
q
11 I“(lJ I 1
Dol [, =t e\ :_[I*L"J .
a ¢ 1 ag\ ¢ aq aq
q
] ] 1 ]
= "— H_+! ~— l— I+|
of ) ) )
ajl - a) — ay — a) —
a a a a
s . : 1 ] , 1 g 1
- Gi6i han: im S, = lim e — | = lim ~ Tt} e
n n [ b );: (b ];4.; n—bon [[} J; =3m [b Jh;
a - a e a — a Lo
| \a a) | a a
.-
a b
b
vay: 211
x a b

* Nhan xét. Qua bai todn trén ta thay rd 12, bing hai cdch phan hoach
khac nhau ta vdn dat duge két quéd nhu nhau. Piéu nay cang lam rd thém
rang tich phin (xdc dinh) cia mdt him flx) trén doan [a; b] theo dinh nghia
hoan toan khong phu thuje vao viéc chon phép phéan hoach va cac diém £,

b
Vi du 4. Dung gi6i han tinh tich phan _[sin xdx (0 <a<b).

Giai
— Phép phan hoach: Chia doan {a; b] thanh n doan bing nhau. Pj dai
mdi doan Ax, = = =h va céc diém chia la: x,=a; x; = a + h;
n

X a4+ 5 =4+, . X, =arhh=b;
~ T8ng tich phan: Chon & =a+ih (i=1,2,.,n),tach f(&)= sin{a+ih)
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Va s, = Zf(é’,)&x 251n(a+!h)h S ZZsin(aHh)sinﬁ
i 2sin 2 151 &
2

- Zeg{eole(-5p)-orlor{eo3p)

| co{as34). e L)
ate{edt)oele (3]

h
= lim§, = llm—z—{cos[a+ hJ cos[a+nh+%hﬂ = cosa-cosb

h—+0
sin — b
2

b
Vay: Isin xdx = cosa—cosh.

|
Vi du 5. Dung gi6i han tinh tich phan j’e‘dx.

Giai
— Phép phén hoach: Chia doan [0; 1] thanh n phédn bing nhai. Bd dai

mdi doan 1a Ax, =x,—x,_, = 5 va cdc diém chia 1a:

n
1 2 n
L T A x,=i;..., X, #==1
n n n n
— T8ng tich phéin: Chon & =x, = L1 (t=1,.,n),tacé
n

f(€)=é"=e"(i=1,.,n).
L 2 £ LT

S Zf({,)&x Ze ..1_=..1_( "+8"+...+€"] i '}‘f" e] 1
i=] n n n Lt
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i 1 2 n 1
: A B r Lo
=e'(e-1)—2— | Vie"+e" +...+e" =" —

e —1 e" —1

)
(T8nz cac s& hang cla cdp s6 nhan c6 cong bdi g =e” va sd hang dau
1
u] = e!’l )

1
; s
~ Gidi han: Ie‘dx = lim$, = (e-)lim—2— =e-1.
" e” -1
1
Chu y. lim—2— = 1.

e” -1

DANG 2. TINH TICH PHAN BANG CACH DUNG NGUYEN HAM
Phidng phap

b
« Tinh [f(x)dx
e Tim mét nguyén ham F(x) cia ham s6 Ax)
h
St dung cong thitc : [f(x)dx = F(b)— F(a)

Vi du 1. Tinh tich phén: a) [ = I+1' b) J= I
x

Giai
- (x+1)— 1
a) /= -[x+1 j i J(l-»«-—-—] x ln|x+1[)

0
=1-1n2 ~ G+1n1-—1-—ln2

x+2

__] i g d(I +2) |I +2|
Ax7+2 2_l x*+2
- 2 [in(e* +2)-In3] —-m"’ L
Vi cu 2. Tinh tich phén:
bk 2 ’ ¥ X+l ‘
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Giai
}x3+23—23 _ ’I(x+2)(x2—2x+22)—23
x+2 x+2

dx

|
2j(.-:c2 ~2x+&)dx - j

: x+2
i . 2 8 1

= | —-=x"+4x —81n|x+2| =——4+4+8-—+1-4-8In4+8In3
3 i I 3 3

= E+81n—3—
3 4
e 2‘“ ¢ 2_ - e =i

b) J = Ix 3x+5a‘fx _ Ix 3x-4+9 _ (x+D(x 4)+ 9 }i’c

£ X+l : x+1 : x+1 x+1
e 2 e

= j(x—-ét»-!»—g—--]dx = [x——4x+91n|x+l|]
i x+1 2 |
e’ 1 5

7
~de+9ln(e+1)-=+4-9In2 = 9ln(e+1)—9!n2+%+5.

x

2
Vi du 3. Tinh tich phén: I = _[(cos’ X +sin’ x)dx .
0

(Pai hoc An ninh - 1998, khéi A va D)
Giai
Cdch 1. Ta c6:

n K =

2 Z 2
1= I(cos’ X +sin’ x)dx = Icos’ xdx + Isin’ xdx
0

E

[

cos’ X cos xdx + J'sm X sin xdx

X

0
2 . L.

I
i 1-sin’ x)d(sin x) + _f[l cos’ x)(-d cos x)
Jd

2 2 2
(sinx) - Isinz xd(sin x) - jd(cosx) + Icos’ xd(cosx)
0 0 0

n

2 4 —cos’ X
0

L x x
= sinx|? ——sin® x|2 —cosx 2
o 3 0 0




= sinE~5in0]—l(sin3 E—sinz'0}—[c05£——cosﬂ)+l[cos3ﬂ - cos’ 0)
v 2 3 2 2 3 2
1 1 2

1 1
s (1=0)==(1=0)=(0=D#=(0=1) & |=c¢l=2 ==
) 3( J51 )+3( ) e 3

= =
3
Cacl 2. Biét: cos3x = 4cos’ x—3cosx; sin3x = 3sinx—4sin’ x
1 , u
Suy -a: cos’ x = E(3cosx+cos 3x); sin’ x = E(3smx—sm3x)
z

2
Tacy I = I(cossx+sin3 x)dx. = % j(3cosx+0033x+3sinx—sin3x)dx
| 0

1 3 1 2
= smx+—sm3x-—~—cosx+—c053x 2
2 4 12 0
= E 51n£—sm0}+—l— sm3—ﬂ-sm{}]—§—(cos£-cosOJ+—1*(0 cos0)
4 2 12 2 4 2 12
3 3 3 1.3 1
==1-0 +—-— 1-0)-—(0-D+—(0-1) = ———+—=—
4 ) (1-0) 4( sk ( ) 4 12 4 12
= I= =
3

2
Vi éu 4. Tinh tich phén: ICGSI xcos4xdx.
0
(Pai hoc Ngoai ngit — 1998, chua phédn ban)
Giai
Biér d6i lugng gidce, ta cé:

: 1 +cos2x |
sin’xcosdx = ————.cosdx = = (cosdx +cosdx cos2x)

= l[cos4x+%(cosﬁx+c032x):l = %cos4x+%cos6x+i—c0521

Do é6:

x

2 2
I = jc{)s2 xcosdxdx = I(lcos4x+ 1«::(:»sifnw--l-cnr:lsb:)‘:ix
3 2 4 4

= -l—sin 4x+ﬂ-l—sin6x+-!-sin Zx)
8 24 8

.
2
0
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= -é—(sin2:r—sin{})+%(sin 3z —sinO)«-%(sinn -sin0)=>71=0

Vi du 5. Tinh tich phidn f(1)= I[flcos“x—%]dr ti d6 gidi phuong
0

trinh: fit) = 0

70

(Pai hoc Su pham Ha Noi — 1995, khéi A)
Giai
* Ta ¢6: 4cos' x = (2cos’ x)® = (1+cos2x)? =1+ 2cos2x +cos’ 2x

= I+2c052x+%{] +cos4dx) = %+2coszx+%cos4x

f q ! i
Do dé: f(1) = [[3+2coszx+icos4x-§]dx= f2cos?x¢ix+lfcos4xdx
0 2 2 2 0 20

i i

= (2.lsin 2x +l.lsin 4x
2 2 4

= [sin2x+-l-sin 4x) = sin 2t +—]—sir
8 8

] o

* Gidi phuong trinh: fit) = 0 < sin 2:+-;-sin 4 =0

& s‘mZ:(Hi—cusZr] =0

Suy ra sin2t = 0; cos2t = ~4 (v6 nghiém vi cos2¢ = -1)

Do d6 phuong trinh c6 nghiém s8: 2t =kn &t = %’i

Vi du 6. a) Cho hai ham s6: f(x)=4cosx+3sinx
g(x) = cosx+2sinx

Tim céc s8 A, B thdoa man g(x) =Af(x)+ Bf '(x).

x

4
b) Tinh tich phén: jg(x)dx

0 f(x) |
(DPai hoc XAy dung — 1998, chua phan ban)

Giai
a) Ta c6: f(x)=4cosx+3sinx; f'(x) =—4smx+3cosx
Do d6: g(x) = Af(x)+ Bf '(x)
cosx +2sinx = A(4cosx +3sinx)+ B(~4sinx + 3cosx)

= 4Acosx+3Bcosx+3Asinx-4Bsinx
= (44+3B)cosx+(34-4B)sinx

44+3B=1
Suy ra:
3A-4B =2



.
- _ tedx _ 1A/ (x)+Bf (x) 4 %f‘(x)
Witkess Jf(x) I =f (%) B Anj H?ijf(.uc)"’!’r
<l a8« 5-o)o

= A%+ Blnl4cosx+35inx|

z 1[ W2 J 7 1 T2
= Zee| i =mind|= Z——n

10 5{ 2 10 5 8
T2

Ve s Bt lie.
¥ % 5 8

ko |

Vi du 7. Tinh tich phan: [ = J.(e"'“ +C0S X) cos xdx .
0
(Pai hoc khéi D - 2005)
Giai
4

ol
2 =e+—-1.
0 4

I= dx_ sinx

B
= d(sin )+ j-1+c052x
[

1 + ! [x +lsm 2;:]
2 2

0

L= ——

1
Vi du 8. Tinh tich phan: / = J’(::Jr +4") dx .
0
Giai

1 I
Taw: [= [(3"+4)dr = [[(37)+2.3°4" +(4) |dx
0 0

1]

1
Is?:h +2.12" + 4% )dx
0

1 o 212‘+1 4%
2'1n3 In12 2 In4lo
3 24 8 ] 2 1

+ + - -
2in3 Inl12 In4 2In3 In12 2In4d
2 ] 15

+ + \
112 In3 2In4
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|r|21_ x

Vi du 9. Tinh tich phan: /= [——dx.
3 E4e
Giai
2 J; In2 x In2 In2 x
I b= [ J&- J
: : +e - 1+
In2 ln2
J d(l1+e" )dx
i : 1+ ¢

In2

+2In?2 = 31n2—2lnr1+2’"2

» 1n2—21n11+21“2

= x—21n|1+e’
]

DANG 3. TICH PHAN LIEN KET

Phuong phap

Cho tich phdn B ghép véi tich phédn A sao cho tinh dugc A + Bva A - B,
tir d6 suy ra tich phén cin tim A.

: i
Vi dy 1. Cho 2 tich phan: /= [cos' xdx va J = [sin®xdx. Tinh: [ + J
0 0

val-J Suyragidtricial va J.
Giai

I ’ I l |
I+J= I(cos x+sin* x)dx = j{] 2sin” xcos’ x)dx = J.(l-—-;jﬁlri1 Zx)dr
0

T

: _ % / =
= l-i(l-MJ & = I(E+lcos4x)dx = -3—5-+-l-sm4x] ‘= 4
d 20 2 Na"3 (2 16 T
: : :
I-J= Jl(cos‘x—sin" x)dx = J.(ccszx—sin" x)dx = |cos 2xdx
0 0
= lsin2:1r -
2 0o 2
[+J = -31—%’- I= ?;—’2%7}
Ta cé hé: s | — 3 |
[—J= = R
( 2 i 32 4
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E . B~
e dx e "dx

Vidy2.Cho /= [———— va J= [-.——— . Tinh: I+ J val-J.Suy
e +e Jet+e”
ra g1é tricaa I va J.
Giai
iy _r+ -z i 1
I+ = |55 |dx = [lar=x] =1
o\€ te 0 0
g™ (et +e ) :
I—J:j : Ny J‘ﬁdx = In(e" +e*)| = In(e+e')-In2
shetde™ ;e +e 0
e+1
- 2
= In—2 = |nZ -
2e
I+J=1
Ta c6 hé: Ly
Fg e +1
2e
2 .
iy Tt il s 2t 3L
2 2e 2 2 2 2
Vi du 3. Cho hai tich phan sau:
: :
T _[tms2 xcos’ 2xdx J = ‘[sinzxcos2 2xdx
0

0
a)TinhI+Jval-J
b) Tinh I va J
(Hoc vién Ngin hang (Phén vién TP.HCM - 1998))
Giai
a) Tinh I +J

ax =

l1+cosédx ?_1_
2 32

2
fad e J.{::os2 x +sin® x)cos’ 2xdx =
0

= (£+lsin4x)
2 8

T

I+J=— 1
=% 2 (1)
TinhI-J

.1‘ I

3
dx + [1 cos 4xdx
2

e F —

2= (sin 2z —sin0)
0

mIH

-p-lki

1-J= I(cos x —sin® x)cos’ 2xdx = Icos 2xdx =

1
1 I 3cos2x +cosbx)dx
4,
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X

I 2 11
— +—_—5
2 o 46
= I-J=0 (2)
b) Tir (1) va (2) ta c6 hé phuong trinh:

i1
]+J_Etaauyra: 2I:%vaI=J
I-J=0

w
Vay: I =J = —
1y 3

3

sin2x sin6x|? = —(sin7—sin0)+ —2% (sin3m —sin0)

W

2 wjn

= =]

sin xdx

Vi du 4. Tinh tich phén: —.
Cosx+smnx

e S

Giai

sin xdx
COosXx+sinx

cos xdx

Xét I = va J =

cosx+sinx

e e ]
) . I S—C

Tacé: [+J COSIcE

dx o I+J=x

FNER SR
)

PR

COSX+Sinx

m-lhg__‘wi'-‘q
ooy RERE

r
2
Jcosx +sinx
4

va I-J

dx =-1n|casx+sinx|

= In2 = %mz

FYERTIE

T

Tsinx-cosx
S COosSX+sinx
4

I+J

Ta c6: < = I=—§+Eh12
In2

1=

T
74_ r 1
1

! 2

DANG 4. TINH TICH PHAN HAM CHUA DAU TRI TUYET DOI
Phuong phap

» Xét ddu flx) 48 tim nhitg doan trén d6 fix) > 0, Aix) < 0, dé bd tri & tuydt 161
e Ap dung tinh chét : Va, b, c € (a; B

[ e+ [y = [ xy
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3 2
Vi du 1. Tinh céc tich phén sau: a) I|x~2|dx b) _ﬂxz -l’dx.

Giai
3
2 ﬂx-—2|dx
3
x | -3 2 3
x=2 | | = 0 + |
3 2 3 x2 2 x? i
‘ay: _ﬂx-—2|a'x = I(—x+2)dx+ I(x—z)dx = {-—+2x} +[-——2x)
=3 -3 2 2 -3 2 2

B . _2_5 +2_6 2-4) =2+ 2—1—2 +2 =13.
2 2 s 2

) ]]x’ ~1|dx
0

2
x|
2
Tay: J]x?—1|dx j(-x +1)dx+](x ~1dx = ( "—3-

ERIRIR

2
7 du 2. Tinh tich phan / = [|x* —x|dx

(Pai hoc khéi D - 2003)

gl o
+ — e st
0 [3 2]

Giai
l"acé x'-x<0 @051:51 suy ra

I-—j(x x)dx+j(x —X)dx = [—i-f-)

= 1.
2 3 I
Vi du 3. Tinh céc tich phéin
x
2 x
a) 4= j 2(1 - cos 2x)dx b) B= le +cos 2xdx
:
Giai
: : ;
a) IJ_ (1-cos2x)dx = ]‘\!4&1&:2 xdx = 2 ||sinx|dx
3

LETR |

n.rril'—'-ﬂ-'
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T T

s 0 it

a ‘ 2 2

sinx | I = 0 % |
0 % 0 n
Vay: 4=-2 [sinxdx+2 [sinxdx = 2cosx| , —2cosx|?
x ; 3 0

2

= 2[0050—005[—£ﬂ—2[c05£~c050] = 4.
2 2

b) B= IJ1+cos2xtit = J.\.&o::fc}s2 xdx = ﬁﬂcosx[dx.
0 0 0

x ‘ 0 g— i
cosx | T s B8 = |
% T b T
Vay: B= ﬁ_[cosxdx—ﬁ[cosxdx=ﬁcosx 2 2 cosx " =2ﬁ.
0 x 0 2

2

C. TOAN TU LUYEN

n

| 2
Bai 1. Tinh tich phan: I = J’sirﬁ xcos® xdx .
0
(Pai hoc Quéc gia TP.HCM — 1998, khéi A)

2 x
Bai 2. Tinh tich phan: I = I(l{}" —sin ;rdex.
=2
(Pai hoc Giao théng Van tai — 1998)
Bai 3. Tinh cdc tich phén sau:

: 7
a/ [l = J‘(ezJt — 7 sin T x)dx b/ I = Ilsinx'dr.
0 o
2
(Pai hoc Dén l4p Van Lang TP.HCM - 1997)

Bai 4. Tim hai s5 A, B d& ham s8 A(x) = —5“1—2-"-‘-—1 ¢6 thé bidu didn duge duéi
(2+sinx)

(-]

Acosx . BOSX s vnkadiphanf = |k,

dang: h(x) =
gl ) (2+sinx)’ 2+sinx ;i
(Pai hoc Bach khoa Ha N§i — 1999)

o
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D. PAP SO VA HUGNG DAN GIAI
Bai 1.

Tacs: I = |sin® xcos® xdx

G‘t_-_lh.i[:i

Bi&t: cosxdx = d(sin x)
9 B s i 2 a2 .2
SIn”~ XxCcOS™ x = SIn” xCo0s” xcosx = sin” x(1—sin” x)cosx
Dc dé:
P ~

z
2

2 2
=5 J‘sin2 xcos® xdx = jsin2 x(1—-sin’ x)cos xdx = ‘[(sin2 x —sin® x)d(sin x)
0

=]

LR ]

x
2
0

LA |
2 _—sin’ x
o 5

2
= _[31112 xd(sin x) - Isin" xd(sinx) = -:l;-sin3 x
1]

l(sm f—smoJ I(Sm’-’i—sin{}J —(1 0)——(1 iy bt
3 2 5 2 35

Tacb: I = ]‘[104 —sm;rx}dx Jl()‘dx jsmrrxdx

-2
£

-

2

104
= |4——+—cos7x
Inl0 =» 2
—_—— |+ — (5052:: cos(-2x)) = 3610
111]0 Jl_n 10In10

_ 18410
5In10
Bai 3.
I | !
a/ Tacé: I = j-(e’hr —msinax)dx = jehdx— 4 Isin 7t xdx

0

[ - ‘
- ——COSTX
0 b4

1, 1
x —(e? -1 =Py b el
2(3 )H=1=h 2 5

= —¢€
2

0

1 2
:>]=""€'_5

&l



f

|

a

b/ Tacé: I = “smxldx I«—smxdx-iufsmxdx COS X

T

2

= [cosomcos(—%ﬂ—[cos%—cosﬁ] =1-0-0+1=2

Cdch khdc. Vi |Sinx| 12 ham 86 chfin nén ta cé:

0
. —COSX

2

= raa

.S
2

T

%. 2 n
I|sinx|dx = Z_fsinxdx =_2co08x|? =——2(cos%-—cos()] w
L 0 ?

HELA, Bl = s = Acosx - Beosx
(2+sinx)* (2+sinx)? 2+sinx
_ Acosx+Bcosx(2+sinx) (A4+2B)cosx+ Bsinxcosx

(2 +sin x)? - (2 + sin x)?
- A+2B=0 (5 _,
uy ra
Y .}.B = A —
; 2
Tinh tich phén I

I—Ih(x)dx _[ ~4cosx +2co.sx i
(2+sinx)* 2+sinx

3 E
* 1] .
_ _4J-d(2+smx)+2 Id(2+?mx)
¢ (2+sinx)’ ~ 2+sinx

2 2
0

0
4 [(2+sinx)?d(2+sinx)+2In(2 +sinx)|

2

2

4 . 0
= —+2In(2+sinx)| , =2In2 -2
2+8inx -=

= I =1n4 - 2.
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$2. Mit 56 phutong phdp tinh tich phan
A. KIEN THUC CO BAN

1. Phuong phap déi bién sé
Co sé ctia phuong phdp ddi bién s6 1a cong thie sau day.

u(h)

[Flu@)uea = | fadu @)

ula)

Trong d6 ham s8 u = uf{x) c6 dao ham lién tuc trén K, ham s6 y = flu) lién tuc
va a0 cho ham hop f [u(x)] xéc dinh trén K; a v b 1a hai s8 thudc K.

Céng thite (1) duge goi 1a cong thie déi bién sé.
Phuong phép ddi bién s6 thugng duge 4p dung theo hai cdch sau day.

b
Cdeh 1. Gia si ta cén tinh jg(x)dx. Néu ta viét duge g(x) du6i dang

b u(b)
Su(x)]u'(x), thi theo cong thire (1) ta c6 Ig(x)dx = f f(u)du .

ula)
uib)
Vay bai todn quy vé tinh j f(u)du . Trong nhiéu trudng hop viéc tinh

u{a)

tich phan mdéi ndy don gidn hon.
B
Cach 2. Gia sif ta cAn tinh jf(x)dx. Datx = x2(t) ¢t € K) vi a, b e K thoa

i b
man & =x(a), f=x(b) thi cong thic (1) chota [f(x)dx = [f[x(O)}¥()d .

b
Vay bai toén quy vé tinh [g(1)di (& 46 g(r) =fTx(1)].X(1)). Trong nhiéu

trudng hgp, viée tinh tich phdn méi nay don gidn hon.

2. Phuong phép tich phan titng phin

Tuong tu nhu phuong phdp 14y nguyén ham ting phén, ta ciing c6
phuong phép tich phén timg phén. Co sd cia phuong phdp nay la cong thic

s jv(x)u'(x)dx 2)

sau day: J-u(x)v'(x)dx = (u(x)v(x))

Trong d6 cdc ham s8 u, v ¢6 dao ham lién tuc trén K va a, b 12 hai 88
thufc K.
Céng thitc (2) goi 13 cdng thic tich phan timg phin va cdn duge viét

b kb
dud¢i dang _[udv = (uv) - Ivdu.
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B. CAC DANG TOAN PIEN HINH

DANG 1. TINH TiCH PHAN BANG PHUONG PHAP
POI BIEN SO DANG |

Phuong phéap

Tinh : [/lp(x))p'(x)dx .
bat : r; @(x).
b )
Khi d6 : [flp(x))p(x)de= [ f()dt

Chi y.1) ¢ = @(x) = dt = ¢'(x)dx .

(b

pla)

2) g(t) = p(x)= gt)dr = ¢'(x)dx .

80

g‘l

Vi dy 1. Tinh tich phan [ = [ —"2%
S x2Jx?+4
(Pai hoc khdi A — 2003)
Giai
Pat r=Vx'+4 = dr = L vax’ =1 -4,

vxl+4

Véi x=+5 thit =8, véix = 2J3 thit=4.

Khi d6 1=2 4[ dr__ 1] ———L]dr
}x -\fx + ] u 4 4 I 2 f+2
| 4
LY T Lint” | R SV
4 1420/ 4 3
Vi du 2. Tinh cdc tich phén sau:
1 |
a) 1= [x*(1-x")dx; b) J = [£(1-x")dx.
0 0
Giai

1
a) Tach: [ = Ix3(1—x3)6x2dr

0
Pat: t = 1 - x> = dt = -3x%dx
béi bién
x=0 =

t=]
x=1 =2t=0



l R ¢
=—§f(1—r)r d J‘(r —1")dr = —5[-———}

b) J= jx-‘(l—xz)-‘dx
0
Dat: t = x° = dt = 2xdx.
Déi can
=0 = t=0
x=1 e t:l

1 I |
= s 1 x (7 1 2 3 4
- jx (1-x?) dx 2 [1(1=1) .t = Enj(r-s,r +36 —1).dt

0 0

_1fe s ey =1(J_.+§_1J=1L:L
21 2 4 S5)o 22 4 5) 220 40
i 5
Vi du 3. Tinh tich phén: I=f : xﬁ dx .
s x(l+x")
Giai

1 i
I _Ix(!—x)dx
. (l+x) x([+x)
Pat: u ==x :>du=5x4dx
Déi can
x=0 = u=0
=1 =2 u=1
| |
Fmd g 1= =l L 1 J‘[l..__,...z )dn
50u(l+u) <7 u(l+u) Sﬁ u l+u

(ln|u| 21r1|1+u|)

m——mz
5

L.nl—*

Vi du 4. Tinh céc tich phﬁn sau
| 2 i
a) [ = okt x b)J=jx3\H——xzdx.
0

0 ‘JIJ +2
Gidi

a) Pat: 1 =Vx’+2 = t* = 2° + 2 = 2dt = 3xdx
Dé§i can

x=0 = t= \/E

x=1 = t_.

=2 55{3-=2J[a':-2:

2(\3-+2)
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b)Pat: t=Vl-x? =2*=1-t* = xdx = —tdt

Déi can
x=0 = t=1
X=1 = t=0
0 ! 3,5\
S | 1 1 4
Suyra: J=— |[(1-YWdt= |-t =| === ===
{[( ) !( ) 3 SJle¢e 2 5 15

|
Vi du 6. Tinh tich phén: J = Il

0

et

(Pai hoe Qudc gia TP.HCM - 1996)

Giai
Dat: t=1+e " =dt =—e"dx
Péi can
x=0 = t=2
x=1=t=14+¢"
|+¢‘_._ 2 2
Suyra: J= [ %= I£=ln|tf = In2-In(l+e )-1n—2‘i.
P 4 e e L+e
In3 dx
Vi dy 6. Tinh tich phan: /= [—————.
S %l =3
(Pai hoc khéi B - 2006)
Giai
InS In§ r
Tacé I = I =~
e +2e me ~3e"+2

Bgtt=e‘=:-dt_edx,
Vdix-—1n3th1t-3;v6ix—-ln5thit=5.

5 5
(= = a2
(- l)(t 2) (-2 -1 |£=1 2
Vi du 7. Tinh tich phan: [ = j'(”“:”“)l“"dx
X

(Pai hoc khéi B — 2004)
Giai

/= IV‘“jlnﬂnxdx
X

Pat t=Vl+3lnx = =1+3Inx = 2df = 3-‘#—.
X

x=1=t=Lx=e=t=2.



(Pai hoe khéi A — 2004)
Giai

2
X
I_————dx.Bat Vr-1=t =>x=1+1=dx =2t
"1+vx-1

s=l=tel t=2=8=1.

1 l .3 |
Tt = j‘ +12d:=j’ +‘d:=2[[ﬂ-r+2-—2—]dr
3 5 Ll g 1+1

1

1

1
9, —ﬁ—342+2r-2mp+u :
3 2

= 2|:——l+2—2h12] = u—4Ir12.
3 2 3

X
2
Vi du 9. Tinh tich phén: / ISln 2x S
g l+cosx
(Pai hoc khéi B — 2005)
Giai
.4
2
e § = 2Ismxcos X i
l+cosx

Pat t-l+cosx::>dt = —sin xdx .

x:O::.t—_-Z,x=-g-:>I=].

PPERLY: 2 0. 2
[ =2 (¢ ;1) (-.d!)=2'[(rm2+}Jdt=2(£~2-—2I+ln|r|)
| |

—

%D (2—4+In2)—[%—-2ﬂ = 2In2 - 1.

x

sin 2x + sin x

\/1+3cosx

Vi du 10. Tinh tich phéan: [ = j

(Pai hoc khdi A — 2005)
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Giai

4
B ]- (2cosx+1)sinx
0

dx .
1+3t:osx
]
CosSXx =
Piat 1 = V1 +3cosx =4 )
i 3Isinx i
: 2\J1+3cosx

x=01=2 x=2==1.

i 3 2 3
I= 2L—1+1 (—-Z-Jdr= —2—I(2r2+l)dr = % 2i+r
3 3 3 9 9% 3
2 [16 "—J*(E“J 34

2L\ 3 3 27"

.
2

2

|

Vi du 11. Tinh tich phan: / = | BNZE e

d\Jcos? x +4sin’ x
(Pai hoc khéi A - 2006)

Giai
i f
Ta c6: I=I sin2x dx=_[ stx

dJeos? x+4sin x Ji+3sm x

Pat ¢ = 1+3sin’ x = df = 3sin 2xdx .

Véix=0thit=1,véi x=% thi ¢ = 4.

1 edtr 2
Suyra: [ = — ——--\/::
3!47 3

4
|

STE RSN S

Vi du 12, Tinh tich phén: [ = Ie"i"z” sin x cos’ xdx.
]

(Pai hoc Kién tric Ha Nji — 999)
Giai

Sll'l x

Tacd: = |e sin x cos’ xdx

' . ; ]
Pat ¢ = sin’ x thi df = 2sin xcos xdx = sin xcosxdx = —idt



irx=0:>.'=0
Khi - T

| x=—=t=1

L a2

" x

2 2
3 . 2 ¥
Khi d6: I = je“‘" *sin x cos’ xdx = Je’““ * cos” x(sin x cos xdx)
0

ll 11

= — |le'(1-Ddt = = |(1-1de'

20( ) 20[( )
Patu=1l-t=>du=-dt;dv=de =>v=2¢

[ E—[(lﬂ)e'] I +-l—|e'dr =—l+l(e—~l)
2 2 2 2

0 0

1
= [=—(e-2
2( )

DANG 2. TINH TiCH PHAN BANG PHUONG PHAP POI BIEN SO
DANG 2

Phuong phap

+ N&u ham s8 ¢6 dang Va® —b*x” thi dat x = i;—sim

+ Né&u ham s& ¢6 dang va’x* -b* thi dat x = b ;
acos
+ Né&u ham s6 ¢6 dang va’x® +b* thi dat x = £J'-tal'n'

a
+ N&u ham s6 c6 dang x(k—x), (k > 0) thi dat x = ksin’¢

+ Néu ham sd c6 dang thi dat x = ksin¢

k2_x2

L thi dat x = ktan/
x“+k

+ Néu ham s8 c6 dang

2
Vi du 1, Tinh tich phén: [ = J(xz ay
Giai
Pat x = 2tan? = dx = 2(1 +tan’ t)dt
P6i can
x=0 =>t=0
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n

XxX=2 = t=—
4
2 +tan’ndr 1Y di
Suy ra: f—ﬂj 41‘&]12!4-4 - EJM = —ICOS tdt = —-I(1+(.-03521')1
1[ 51112!]5 1[5? IJ T+2
= —|t+ = oe| —p— | = —
16 2 Jle 164 2 64
Vi du 2. Tinh céc tich phédn sau:
!
I 2
dx dx
) ; b)
2 Jl»{-xz ‘;[x2+x+l
Giai
a) Pat x = tant = dx = (1 +tan’ 1)dt
Péi cén
x=0=>t=0
x=1 = t= E
4
% 2 -E x
Do d6 f 1 J'Htanzrd jdr=r & s
51+ al+tan”t : 0 4
i 1 1
2 2 2
dx dx dx
bj o o= | 1 3
p® TARL St edeg gl B x+l +§,
4+ 4 2) "4
bat: .vH-l =\[Etant::> dx = —Ji(lﬂan’r)dr
2 4 2
Déi can
x=0 = ‘t‘,::--."E
6
x=1=> ‘|;='|‘E
3
E\/E 2 x
Suyra-f—i[?(]”an )t _2 3?5# yNE) %_2\/5(;?1' AN NK|
. - "'"'_"' T i G T _‘“_"JI_""""'_
2 3 2!‘+— - ¥ 313 6, 9
6 4 4 6
|
Vi du 4. Tinh tich phan: jx* J1=x?dx
0

(Pai hoc Dén 14p Pong D6 — 199¢, lkhai A)



Giai
1
Tacé: [ = Ix3 1-x’dx

0

Pat x = sint, le[D ,gu] = dx = costdlt

x=0=t=0
Khi T
x=1l=t=—
2
Do dé:
x r X X
E E' . 2 2 1-2_ ) 15
[ = jsinzfcosr(cosfdr) = |sin‘ fcos” tdt = r J'sm 2tdt = % I(]—cus 41)dt
0 0 0 0

1 1 £
= —|f——sind4r ||?
81: 4 }u

= J = —

16
G
Vi du 5. Tinh tich phan: [ = jx’Jl +x dx
0

(Pai hoc Giao théng ~ 1996)
Giai

NE]
Ta ¢6: | = Ixs 1+ xtdx
B

Pat t2 = 1 + x° thi 2tdt = 2xdx = tdt = xdx
_{x=0::>r=l
i

X = \/5 =>t=2
N N;] 2 2 :
Do dé: I = jx5J1+x1dx = j'x‘~11+x1xdx = _{(r*-—l)’f.(rdr)= _[(r‘ ~1)*rdr
0 0 | I

’ 4 2 Id 7 6 4 2 d l 7T 2 5 1 3 .
= =2t + 1D t°dt = =2t +t ==l ——1 +—1
II( ) ;'.( ) t? 5 3 Jl
8
] =8—
=17 %0s
V2
2 x!
Vi du 5. Tinh tich phan: J = _[ = dx
0 l1-x

(Pai hoc Tai chinh K& todn Ha N§i - 1997)
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Giai
. n
Pbat x = sint [0<:<-—2—J

1-x* = cos’t = dx = costd!

x=0=>t=0
Khii 3
I= __.___.32‘: i
2 4
2 x s x
2 2 q = 2 q 4 ;
Tacs: I = [———dr= [ feogial_ sin’ rar = ij(l—coszr);d;
2 ]t s  cost Zi
i i L %
= l_[df—-l— Icos2fdt = -lmr * -—]-[lsian] 4
23 20 g 2%2 0
= l(g—ﬂj—l[sinﬁ—sin()}
2\ 4 4 2
. S
Vay: [ = = ——
RS T A

DANG 3. TINH TICH PHAN BANG PHUONG PHAP TiCH PHAN
TUNG PHAN

Phuong phap

o

1. Céng thiic tich phén tirng phan

Néu u =u(x) vd v=v(x) la hai ham sd ¢6 dao ham lién tue trén dan
b

(@ ; b] thi | [udv = uv

a

b - f:f*l-’dm

[

_ du = £ (x)dx
Ghi §. Dt : {u f(x) { u=f'(x)

=

dv=g(x)dx  |v= jg(x)dx =G(x)+C
Ta thudng chon C = 0 = v = G(x).

2. Cac dang co ban : Cho P(x) 12 mdt da thiic

a) Dang 1 : .'P(x) sin{ax + b)dx . Pat : {:v =P§fr3(ar+b)dx.
u = P(x)

dv = cos(ax +b)dx.
u = P(x)

dv = ™ di.

b) Dang 2 : :P(x}cns(a.x + b)dx . Dat : {

¢) Dang 3 : _'P(x)e"‘"bdx. Pat : {
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u = In(ax+b)
d) Dang 4 : [P(x)In(ax + b)dx . Dt :

dv = P(x)dx.
e) Dang 5 : _[e‘“”' sin(a'x + b")dx hoac Ie‘“*"’ cos(a'x + b")dx .

Dung tich phéan titng phan hai 14n véi u = ¢“*" .

1

1
Vi du 1. Tinh tich phan 7 = {Vx +ldx.
0

(Pai hoc Su pham Vinh - 1999, khéi B)

Giai
I
Taco: /= [Vx* +1dx
i
Pat u =Jx’+1 = du = =dx=v=x

J_

]:“uv; }vdu =X x+ _[ ..J_ I%‘
“("“‘ﬁ]
= I = ﬁ I+I\/:¢:>2!=ﬁ+;[\/%=ﬁ+.f

dx

Tinh: J =
Y

dt x=1=1=2
Pt x = tant = dc = ——  Khi 4
il x=0=1=0
= 1 x x x
4_‘“-3" 4 4 4
. e jc ! “-cus.rcit J- dsint :“I"J( I' .\ ]‘ ]a’sint
s b sl-sm*t  §l= sin’t 2\ 1+sint 1-sint
cos!
_ lm1+sinr 2
2 |1-sinft|o
Y2 1. [1+sint||Z J_
=T 1 —1 3w
2 4 |l-sint|lo i n(\/_ y
- _
= = E[Jinn(\/é +1)]
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3
Vi du 2. Tinh tich phin sau: / = sz sin xdx .
0

(Pai hoc An ninh — 1999,

Giai
x
2
Tach: [ = Ixz sin xdx
0
3=t => du = 2xdx
Pat ,
dv=sinxdc=v=-cosx
x x x
x = 2 2
= | =uv|? - J“"du =—x*cosx|2 +2 |xcosxdx = ZIxcosxdx
0 9 0 0 0
U=X =du=dx
bat: .
dv = cosxdx = v =sinx
r 2 L] w0 "
I=uv|?- Ivdu =xsinx|? - Isinxdx = (-—-sin—-—{})+cosx 2
6 3 o 2 2 0

E-|-[cvz:vs.£—r:,cns{ll) = j’-r—+((f!—l) = = s
2 2 2 2

2
Vi du 3. Tinh tich phén: I(xz +1)sin xdx .
0

(Vién DPai hoc M& Ha N§i - 1997, kis1 A)
Giai

2 2 3 x
Tacé: I = I(x1+1)sinxdx = _[chsinauwixwL Isinxdr = J+(~cosx)|?
0 0 0 L

= J—(cosz—cos{)]
2

I=J+1

S
Tinh J: J = sz sin xdx
0

Pit u = ¥’ = du = 2xdx; dv = sinxdx = v =—cosx

L3
r 2

Ty _[Zxcosxdx
0 3

L4
r 2
Do d6: J =uv|? - _{vdu = —x’COSXx
0

0




2 2 2
= {%-cos%-0]+26"xd(sinx) = Eﬁfxd(sin x)

Pat:=x =>du=dx; dv=dsinx=v = sinx

K

2 - Jsmxdr = 2}:—51n4+2c05x
2 2

—

2= :r+2(cos%—cosﬂ°] =x-2 (2)
[

= anx

TharJd 2)va(l)tacs: [ =x-2+1=|]=nx-1].

x

2
Vi éu 4. Tinh tich phén: J = Ixcos xdx .
0

(Pai hoc M& TP.HCM - 2000, khéi A, B)
Giai

2
Ta &: J = Ixcosxdx
0
Pt u = x = du =dx; dv= cosxdx=>v = sinx

. g x
L % o s 7 = ;
J =uv|? —Ivdu=xsmx 2 -—Ismxdx= —+cosx|? = —-1
- o} 2 0 2
T
Va}'.J:E"—l.

Vi du 5. Tinh tich phan: |xcos’ xdx.

Gt_...t-llh

(Pai hoc Bé-h khoa TP.HCM - 1995)
Giai

(x+xcos2x)dx

n x
2

Taz6: I = Ixcnsz xdx = Ix[E'_COSJEJ
0 0

2

N | —

2

x°|? +— |xcos2xdx

=BT

| =

nq___‘uih cq___'ulh

-n~|-—-

2
= -l-j —]- xCcos 2xdx =
23 23

LR ]

*MnhJ: J = Ixcnstcfr
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1
Pat u =x = du =dx; dv=cos2xdx =>v = —2-sin2x

Do dé:

L=

3 e 3

z _ . ;
jvdu = —51112 £ _l'*l- sin 2xdx = E(sm;'rfsm 0%)+—cos 2x
- T 4 4

= u:lﬂ

1 5 1
= 0+—(cosmt—-cos0’)=——= (2)
4( ) 2

1 1 1
Thay J & (2) vao (1), tacé: | = —+ =] = —(n*-4).
ay J & (2) vao (1), ta c 7 2( 2J 16(9'1‘ )

Vi du 6. Tinh tich phan: [ = j'(x—z)e“dx.
0
(Pai hoc kh&i D - 2006)

Giai

: " u=x-2 [ .5
I= I(x-*Z)e “dx . Dat - mdu=dr,v=—e
dv = e“dx 2

| 1 2 1 . T

h-(x ~2)e™ l[“dx——e—ﬂ—l g ol
v 23 2 4 0 4

1
Vi du 7. Tinh tich phén: / = J'xe*dx

(}?)ai hoc Qudc gia TP.HCM - 1998, khdi D)
Giai

Ta c6: I = ]Ixexdr
Batu=x:1du=dx;du=_e”:>u=e"
] - IJ‘vdu = xe" | - l_fe‘dx =e—(e") :]

¢ o 0 9

=e—-(e—-1)

Do d6: I = uv

=1l
Vi du 8. Tinh tich phén: / = ]'ln(x’f ~x)dx .
2 (Pai hoc khéi D - 2004)
Giai
dx

2x -1

k] - Z d =
I=Iln(x2—x)dr.Bat {Zv h;ix J5)-—-} o
3

vV=X
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2 3 sz_l _ i 1
I = xIn(x* = x) —j‘ =dv=3In6-2In2- [ 24— |ax

¥ 3 X - x=]

3
I-= 3ln6~21n2—(2.r+ln|x—l|)‘
2

I=3n6 - 2In2 - 2 - In2 = 3In3 - 2.

£

Vi du 9. Tinh tich phan: / = [x’In” xdx.
|
(Pai hoc khdi D — 2007)

Giai
g 4 _ 2Inx X!
Paitu=Inx,dv=xdx = du = dx,v-?-
5 5
x" 2 0 L 1 34 11: 3
Tacé: | = —.In"x| —= |x 1nxdx=——-jx In xdx
4 ¥ 23 4 2;
4
Batu=lnx,du=x3dx=adu=é,v=%.
X
¢ 4 e £ ] ¢ 4
Tacs: [¥lnxdr=nx| -+ [Pde= & x| =221
: 4 4 4 16 | 16
S¢* ~1
Vay [ = .
1y 32

| =

4
Vi du 10. Tinh tich phén: [ = Iﬁe’ sin 2xdx .
- 0

(Pai hoc Su pham Ha N6i 2 - 1997)
Giai
T x E

4 4 4
Tacé: [ = ISe‘ sin2xdx = 5 J'e; sin 2xdx = -;—I = Ie‘ sin 2xdx
0 0 0

Pat u = sin2x = du = 2¢cos2xdx; dv=de* =>v=¢"
x L

x4 = 4

4 Ivdu =e*sin2x(% =2 |e* cos2xdx

0 9 0 0

:11=uv
5

T T

- éz g sin%—ﬂ—-z.} =gt 57 )

. %E
Tinh J: J = Ie' cos2xdx = _{cos 2xde”
0

0
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94

Diat u = cos2x=>du=-2sin2xdx; dv=de" =>v=¢"

o x

4
- J'vdu =¢" cos2x
4]

T 4

4 4+2 |e"sin2xdx
0
Q

J=uy

L=

o J= [e“cosg-—e“ c030°]+21 e J=-1+2]
T (1) ta suy ra: é! =gt =-2(=1+21)
@ﬂl=ej’—+2=> I=i et +2|.

5 21

3
Vi du 11. Tinh tich phan: je‘ cos? xdx.
4]

(Pai hoc Thay lgi — 1996)
Giai

3 2
Tacé: [ = Ie‘ cos” xdx = jcosz xd(e*)
] ¥

Pat u = cos’ x = du =—2cosxsinxdx =—sin2xdx; dv=d(e’)=v =¢

r r T

2 x 2 r 2
I= Ics:)s2 xd(e")=uv|? — |vdu = e"cos’ x|? + .[e‘ sin 2xdx
0 6 5 I
x P )
1= (ezcoszg—eocoszﬂﬂ +J==1+J (1)
/

% .
Tinh J: J = Ie’ sin 2xdx
]

Pbat u = sin2x=>du=2cos2xdx; dv=e'di=>v=¢"

X x

. 2 2
—= J=uv|? + |vdu = e" sin 2x/|?2 —ZIe‘cos2xdx
0 g 0 0

B
< J=0—2J'e’c032xdx=0—2.f, (2)
Q

2
Tinh Jy: J, = Ie‘ cos 2xdx
0



Dat u = cos2x=>du =-2sin2xdx; dv=e'dc = v =¢"

r 1 x 2 z
J, =ecos2x|? + I&?xsinzxdf=*—€2 *1+2je“’sin2xdx=—e? ~142J (3)
L 0

The J, & (3) va (2) ta co:
b =0-2{-e3 -l+2JJ =22 42-4J & 5] = 2(95 +1)
. 2f &
& = ] el +1](4)
5(8

/

Thé J & (4) vao (1) ta duoc: [ =—1+§[ei +1J =-%+-§e5

Vay [ = %[25 —3}.

C. TOAN TU LUYEN
|
Bai 1. Tinh tich phan: / = J’(Ji-x’ )de_

0

Bai 2., Cho ham s flx) lién tuc trén tip s6 thuc R, véi moi x€ R déu cé:
ir

7
flx + f(=x)=v2-2cos2x . Tinh: I = j'f(x)dx.
in

(Pai l'zupc Su pham Ha Ngi II - 1998)
Bai 3. Tinh tich phén: :sz sin—;-dr.
ﬂ (Pai hoc Bach khoa Ha Néi — 1997)
Bai 4. Tinh tich phén: cjms(ln x)dx .
| (Pai hoc Su pham Quy Nhon - 1995)
D. PAP SO VA HUONG DAN GIAI
Bai L. Eat: x = sin/ v6i Oirﬂ-g-:bdx = costdt

Péii n
g i) o Ll

1 = & T
X =: e T
2
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X

x r

2 3 2 2 2
I= I(vl sin r) costdt = Icos tcosidt = |cos' tdt = J‘(1+c;s2rJ dt

0 0

nin

E

0
lg-’E 1% 1%
= —J'(l-}«2::0:«;2:+cm:>~s2 2r)dr=—jd3 —IostdH J'Zcos 2tdt
40 4{} 20
3
LI s'“2’ l‘[l+cos4t)dw—— }-(HS‘“‘“] 3w g B
42 2 030 8 8 4 Jlo 8 16 16
3.1 '.'rx
Bai 2. Tacé: [ = j' f(x)dx = j F(x)dx + j' f(x)dx
2 2
x=0=2t=0
Dat x = —¢ thi dx = —d¢. Khi I In
I

L oL

[ 7Gx = [ fenxedy= | reoxdn = | 7o
Do df 2

ix Jx SJr 3Jr 31'

zj f=x)dx + j f(x)dx = j[f(x)+ f(=x))dx = j J2-2cos 2xdx = j 2(1- cos2x)dx

J-Jr

= _{2|Slnx'¢£r IZStnxdx IZsmxdx = -2cosx

1:

+2cosx
0

k. 4

—2(cosn—cosﬂn)+2[cos%{—cos:ar] =-2-1-1+20+1)=>1=6

r
Bai8. Tacs: /= [x sin%cﬁc

0

Patu=2*=>du=2xdx; dv= sinidx::s v= —Zcus-;—

2z 2 1x
I =uv Ivdu = -2x?cos’=| - I4xcos —dx
o 5 0 2

= —2[4n’ cos’ - 0]+4 Ixcus-;—-dx
0
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=5 [ = <8 #4101
Tinh J; J = J‘xc:}s-{dx
2

1]
X . X
Patu=x=>du=dx; dv= cesadx = v=251n§

-2

2= 2 ¥4

r
- . X
-~ Jvdu = 2xS8In—
{

J =uy
210

T ir
5 J‘sinfdx = 2{_2n.sim—0)—2[—2cosi)
372 2

0 g

= 0+4(cosz —cos0°) = -8(2)
Thé J & (2) vao (1) ta duge: T = —87 + 4(-8) = [ = —8(x* +4).

Bai 4. Ta c6: Icos(ln x)dx
|

Pat u = cos(Ilnx)=>du = _—lsin(ln X)dx tdv=dx=>v=x
x

L e'

- _[sin(ln X)dx = ¢" cos(lne”)—1cos(In1) +.J

& ¢
g

- Ivdu = [xcos(ln x)]

! I
= e cosm—lcos0’+J = —-¢"-14+J (1)

[ =uv

Tinh J = Isin(lnx)dx
i

pat u = sin(lnx) = du = lr.:i:r's{ln X)dx ;dv=dx=>v=x
X

e et

~ fvdu = [xsin(ln x)]

1 I

J=uv - fcos(in x)dx =" sin(ine”) ~ Isin(In1)~ 1
| i

J=e"sing-0-1 =-I
ThE J = -Ivao (1), tacé: [ = —-¢" -1-1.

Suy ra: [ = %(e”+l).
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§3. (ning cao). Todn chuing minh ddng thite, bt

ddng Hute tich phdin, tieh phin truy héi, tim gidi han

trong phép tinh Heh phan.

A. KIEN THUC CO BAN

98

1. Chitng minh dédng thic tich phin
b c ]
— Dung tinh chat: Vee[a ;b]: _{ f(x)dx= I f(x)dx+ jf (x)dx

Chu §. Vx,t,ue[a;b]: j F(x)dx = J’ f(dr = jf(u)du

2. Bat ding thic trong tich phan
1) Néu £, g 12 hai ham 88 lién tuc trén doan [a ; b] va flx) < glx)

Vxela;b] thi: [f(x)dx < [g(x)dx

2) Né&u f lién tuc trén [a ; b] thi:

b h
[fax < [|£(x)|ax
3) Néu flién tuc trén [a ; b] va m< f(x)<M, Vxe[a ;b] thi:

b
m(b-a)< [f(x)dx < M(b-a)

3. Tich phan truy héi

2
Dang 1. I = J-sin" xdx (n e N)

0
u=sin""x=u'=(n-1).sin"? x.cosx
bat: )
V=sinx=>vV=—Cosx

r

24(n-0(U,_,~-1) (1)

H

= I, = —sin"" x.cosx

x

- 2
Dang 2. J = Icos" xdx (n e N)
0

u=cos" x=>u= ~(n-1).cos" x.sinx
bat: _
V= cosx=>V=sinx

T

2y (n-D(J,,-J,) (2)

= J, = cos"" x.sinx ¢
0




|
Dang 3. /, = [x"e%dx (n e N)
0

u=x"=u=nx""
Pat:

V=e' =y =¢"

-nl_, (3)

0

o »n 4
= l'ﬂ =g

T

.
Dang 4. [/, = Itan” xdx
0

- n+ n H 1
Phan tich: tan”™? x = tan” x.tan’ x = tan’ x( : -1
cos’ x

1
Suyra: I, +1 =—.
o n+1

=
2

2
Dang 5. I, = jx" cosxdx va J, = jx” sin xdx
0 ]

u=x"=ou=mx
bat: :
V= CosXxX=v=sInx

n=1

n

- [-—-] -nJ,, (1)
2
Tuong tu: J, =0+nl, _, (2)

T (1) va (@) = I, +n(n-1)1,_, = (;i]

| _.n 1

Dang 6. /, = Ix dx hay | = Ix".e"dx

I

0 0
u=x"=>u=nx""
Pat: .
Ve ' Dy= —¢™
i
= L= =x"g"| +nl,
' 0

Dang 7. I, = Iln" xdx (n 1a s6 nguyén duong)
|

.
u=In"x=>u=nn""x.—
pPat: x

vV=1=2>v=x
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4. Tim gidi han trong phép tinh tich phin
Bai todn tim giéi han trong phép tinh tich phan thudng xuat hién duéi
hai dang:

Dang 1: Tim lim J' f(x)dx v6it 1a tham s5 thuc va £ > a
V]

Péay 1a bai todn tich phdn md réng (mdt cdn & vd cuc) — Péi véi chwong

I
trinh Trung hoc phd théng ta chi viée tinh I f(x)dx phu thudc theo ¢ va
0

dung céc dinh i vé gidi han dé€ tim d4p s6.
b
Dang 2: Tim lim j f(x,n)dx trong d6 ham f con phu thudc vao sd tu

b
nhién n va ta thudng dat: [ = J. f(x,n)dx va ta dugc mot day (Z,) goi la

day tich phan, néu day (I,) ¢6 gi6i han hitu han khi n — +oo thi day (J,,) goi
1a hi tu, trudng hgp nguoc lai goi 1a phan ky.
Bai todn thudng chi yéu cdu tim lim(J,) nh& dung cdc dinh li vé gidi

X—yad

han sau dé tim két qua:
¢ Day (I,) tang va bi chin trén thi hi tu
¢ Day (I,) gidm va bi chén duéi thi héi tu.

B. CAC DANG TOAN PIEN HINH
DANG 1. TOAN CHUNG MINH DANG THUC TiCH PHAN
Phuong phéap

- Dua vao sy lién hé giita c4c cin tuong Ung cla céc tich phén trong hai vé&
dé€ ddi bién sd.

Vi du 1. Cho ham sd flx) lién tuc trén [a ; b] va théa: fla + b - x) = Ax),

Vxe[a;b].
. . ’ a+b’
Ching minh: |xf(x)dx = &S I f(x)dx .

Giai
Pat u=a+b-x o x=a+b-u=>dx= -du
Khi x=a=u=b;x=b=>u=a
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] a a
Tac6: [xf(x)dx = [(a+b-u)f(a+b-u)-du)= - [(a+b-u) f(w)du
a b b

b

= j(a +b—u) f(u)du

a

h b
= (a+b) J'f(u)du — [uf (u)du

o [xf(x)dx = (a+b) j’ F(x)dx - Ixf(x)dt

i1

a+b

Vay [xf(x)dx = jf( ) .

T
2

=J' mdx

(Pai hoc Giao théng — 1996)

Vi du 2. Cho / : . Chitng minh ring:
5 \sinx ++/cosx
x
2
- fE w2,
3 cosx+\/smx 4
Giai
& | x=0:>!=%
Pat x = ——f = dx = —dt. Khi
2 W
2

n

]

2 Jsin xdx . L2
Taeh: [ = J - j
0Jsmx+\ﬂ:03x . :r
3 sm w—-f + cos 5

i
SRR ]

J veostdt j- JJeos xdx
s Necost + sm: Jcosx+\/sinx

2 Jsin xdx P Jcos xdx

J“—\Einx +\/C<;; ) .:;[Jsinx ++/cos x

X x

% Jsin xdx ]‘ Jcos xdx

Do dé: 21 = I

J\sinx +yJ/cos x

Vay: 1 =

sinx ++/cos x
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iy :
=I 1nx+\[cosxdr=]‘dx
. Jsinx ++/cosx -
=x§=£—0=£
0 2 2
T
Vay: [ = —,
ay 2
tana

Vi du 3. Ching minh ring: _[ j =1 (tan a > 0)
J1+x? l+ X
(Pai hgc Luat Ha Néi — 1999)

Giai

anda cot a
Ta can chitng minh: }- de2+ j dx} =1 (1)
i i x(1+x7)

Do dé: - :
Jx(l-u’) :‘1(;+l) A+)  J1+7 214X
¢ L
tang cota
Tu (1) suyra: | "d"2+j Ll
D l+xt ] x(1+x7)
" oxde ¢ oxdx  poxde  1%d(1+x?) 1 ¢
= - = = — |—S===In(1+x")|, =
lj.mc2 mJ;sz Jm:2 2! 1+ x? : 1)5
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DANG 2. CHUNG MINH BAT PANG THUC TiCH PHAN
Phuong phap

¢ Mudn chiing minh mét bat déng thdc xay ra giita hai tich phan, trudc hét
ta can xét xem gitta hai tich phdn d6 da ¢6 cAn giéng nhau hay chua?

- Néu gitfa hai tich phan trén da c6 can giéng nhau roi thi ta chi cdn ching
minh bat ding thic xdy ra gita hai ham du6i d4u tich phan rdi 4p dung
tinh chat bat ding thidc tich phén.

- Néu hai tich phén trén khéng c6 c4n giéng nhau thi ta ddi bién sd, tim
cdch lam cho cdc cdn gidng nhau réi sau dé ching minh b4t ding thic x3y
ra gita hai ham dugi d4u tich phéan.

e Trong trudng hop gap mot bai todn udc lugng tich phan hay chiing minh’
mt tich phan bi chin, ta chi cAn khdo s4t ham dudi ddu tich phan, xét
xem tinh bi chan cta hai hAm nay réi sau d6 4p dung tinh chat bt ddng
thac tich phén.

Vi du 1. Ching minh ring néu flx) va g(x) 1a hai hAm s6 lién tuc, xdc
b 2o b
dinh trén doan [a ; b] thi ta cé: I:I f (x)g(x)dx] < I ‘a 2(x).dx._"gl(x)d.nc

(Hoc vién Quan y — Ha Nai — 1995)
Giai
Véi moi 1€ R ta ludn viét duge.
[ (x)+ ()] 20 2 f2(x)+2f (x)g(x)+ g*(x) 20
T d6 ta 14y tich phan trén doan [a ; b)

b b b

& _[fz (x)dx +21 If(x)g(x)dx + Igz (x)dx =20

Xem vé& phdi 14 mdt tam thic bac 2 theo ¢ thi ta phai cé A’ < 0 cho ta:
b LR b

A= [ j f(x) g(x)dx} - j FH(x)dx. j' g} (x)dx <0

2

Vay: Uf (x)g(x)dx] < h[f 1(Jnf)ﬂbcf]'g2 (x)dx .

Vi du 2. Ching minh ring: & <%

=
NE) . jsmx
4 < x

3
(Pai hoc Néng nghiép I — 1993)
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Giai
Ta xét ham s6 f(x) = 22w vl £ £ .
X 63

Ta tim gid tri 16n nhat va nhé nhAit cia ham sd flx) trén [% ,—:-] :

Tinh dao ham f '(x).
Ta c6: f'(x) = (sinx)x—sinx(x') _ xcosx—sinx

2
x2 X

Xét ham 83 ¢(x) =xcosx—sinx ¢6 dao ham
@'(x) =x(-sinx)+cosx—cosx = —xsSinx

Véi Vx e [% —j«] thi (p’(:r} luén ludn cé gid tri Am, nén ¢(x) gidm trén

I:: g] do d6 ham s§ /'(x) <0 va ham s§ fix) 14 ham nghich bién.

o sin - 3
VAay gi4 tri 16n nhat cia f(x) =f[—-] = D B
6 E T
6
sin =
Va gi4 tri nhdé nh4t cda flx) 1a f[EJ = L - 3‘/5‘
3 i 2r
3
Ta cé: VIE[E,E th; smxgi_
6 3 T
f 5 b S
Do dé: —-—B-dtijs d’fﬁjidx
e 27 g X LI
6 6 3
o :
3\(_[5__5] jsmxdx— (f_“g) ﬁﬂjsmxdxg—l-
s X 3 6 4 J x 2
6 : z
Ph4 d4u béng: Ldy x, = — th 3‘5 sinx, 3
2r X3 =
\/3 Jsinx 1
Do dé: < dx <— = (dpecm)
4 EIx T
L]
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DANG 3. TICH PHAN TRUY HOI
Phuung phap

- Thigt 14p mdi quan hé gita I, va I, _, (hoac I, _ o).
_ Van dung cong thdc lién hé nhidu 14n, lui dén tir I, cho dén I, (hodc I,)
dé tinh duge I,.

1
Vi du 1. Tinh; [, = J'(]—xz)”dx T
0

(Pai hoc Phap ly TPHCM - 1992)
Giai
x = sint = dx = cosltdt

DPAu tién, déi bién sd, dat:
x=0=2r=0x=1=1=

NN

T x

2 2
Do d6: [, = J‘(l—:-:in2 t)" costdt = Icosz"“ tdt
0 o

Ap dung edng thic tich phé4n ting phén, dat:
{u = cos’™" ¢t {du = —2ncos’™ tsintdt
=

dv = costdt v = sin{

k4 L3

" 2 2
2 4 2n |cos™ ! t.sin’ tdt = 0+ 2n _[c:{:tsz"'l t(1~cos’ t)dt
0

X

Do d6: I, = cos™ sint

o 0
:
= 2n j(cosz"" t —cos™™ t)dt
0
2n
L =2 _—-1L)=1I= .y 1)
= n ( n=| l'l) n 2H+l n-1
2n 2n-2 2
Céng thic qui nap (1) cho ta: I, = 2!1{:-]' 21_] ..... 5‘!0
E‘I 1 1
Veéi I, = I(l—x’)ﬂdr= jdx =Kl =1
0 0 0
2n 2n-2 2
Vay: I = : RO
T el 213
T
dx
Vi dw 2. Véi mdi s6 nguyén ty nhién, xét: [, = J’-"—'ls-”—x——-
§5-4cosx
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Ching minh: I, = =/ -1 _, (Vn>3).

n

(Pai hoc Kinh t& TP.HCM - 1986)

Giai
Vé6in taco: I, = IM
a3—4cosx
T jcos(n—2)xdx .
;s S—4cosx

x

I cos nxdx J-ccs(n ~2)xdx _ ']cos nx +cos(n—2)x dx
S5—4cosx 5-4cosx

Suyra I 41 5

S5—4cosx

0 0 0

m+(n—2)xmsm—(n-2)x
2
5 1
2 cos(nwl)x[ﬁ _E(S ~4cosx)]d»:

Biét cosmx+cos(n—2)x = 2cos = 2cos(n—1)xcos x

2.cos(n—1)xcosx e
5-4cosx - 5-4cosx

nén / +1 _,= :J.

. Icos(n —1)xdx

’]cos(n ~1)xdx
5 S—d4cosx

2
2
=%In!—

5

2

)

sin(n-1)x

2An-1)

0

1 : ;
i 1) [sin(n—1)x —sin(n—-1)0]

5

= L = - -

=01, = ‘if-.“‘fn_; (Vn23) = (dpem).

n

r

Vi du 8. Tinh tich phan |cos” xcos(nx)dx (n 1a s6 nguyén duong)

0
(Pai hoc Néng — Lam TP.HCM - 1995, kh6i A)
Giai

Tac6: I = Icos" x cos(nx)dx
i)

Dat u = cos” x= du = —ncos™ xsinxdx ; dv = cos(nx)dx = v = -I-sin(nx)
n

T Fi 4

] L] r x - L]
=5 L =] = Jvdu = [—- cos” xsinnx || — Icos” ' x sin xdx
0 3 h 0

= 0+ Icns”" x[cos(n—1)x —cos(n+ 1)x]dx
0

e
2
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T

e cos"! .rcos(n—l)x—% _[cos""x(cos nX COS X — Sin nx sin x )dx
0 0
= In: l!n-lnl!:r+l‘{n = In:lln-—l'
2 2 2 7
Tt I = I! = ]I s
udﬁsuyra. IH—:?—' "_IHE o '“"ZT_I"fl(l)
Tags: I = jcosxcosxdx a Ic052 xdx = j.mdx =1 J'dx+v1+ cos 2xdx
0 ] 0 2 2 fl 2 0
= 2 —-l—sinzx = f——ﬂvl(sinz::r—sinﬂ)
0 0 2 4
7
= I, = — (2)
' 2

i 1 T
Thé& I, & (2) vao (1) ta duge: I = T s W e b i
1 0 2#—1 I 2[3—! 2 231

DANG 4. TIM GIGI HAN TRONG PHEP TiNH TiCH PHAN
Phuong phap

* Trugng hop 1: Tinh tich phdn da cho sau d6 dua vao két qua tim duge
dé lay gi6i han.
* Truyng hop 2: Néu khong tinh duge tich phan da cho ta dung nguyén
ly “kep” sau:
c,fa,<b, '
Cho day s (a,), (b,) va (c,) thoéa : « . - _, thi lima, =L.
lime, = limb, =L n-se

A= A=

|
Vi du 1. Tinh gi¢i han: lim [x"sin(zx)dx (neN).
]

(Pai hoc Ngoai thuong — 1995, khdi A va D)
Giai
Tacé:vx e [0 ;1] nén 0L x" sinax<x".

n+l

| !
Suy ra: 0 < _[x” sin(7x)dx < Ix"a!x o 021, S{x ]
V] 0

n+l
fo 1
st lim - =0,
nso\ 14+ n

Dodb: I, s—— nien 1imf,,gﬁm[-i—].
+n n—o n—=n 1+n

' 1
0 l+n
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Vay: lim/, =0 (neN).
1
Vidy 2. 8) Cho /, = [x"sinxdx (neN). Ching minh: lim/, = 0.

n=so
0

{Pai hoc Ngan hang TPHCM - 1992)
= 0.

1 n
b) Ching minh ring: lim J'x
nso 4] 4 x
(Pai hoe Kinh t& TPHCM - 1993)
Giai
a) Ching minh lim/, =0

=

0<x"<1 vlivxel[0:1], neN
Ta c6: : )
0<sinx<1 vé1 Vx € [0 ; 1]

= 0<x"sinx<x" v6ivx e [0;1], neN

1 ! I !
= jﬁdxs Ix”sinxdxﬂ J'x"dx= = = 0&r s-—l— (1)
. : - n+llo

n+l

el

ma lim-~1—— =0 (2)
n—+ep+]

Tu (1) va (2) cho ta lim/, = 0.

f—so

n

Ta ¢6: Vx € [0; 1] thi 0< X <x"

1+x

Iﬁdx< I———dx< Xde =2

n+lle

n+l |1

gid
1

ool
Ma lim—]— = 0. Vay lim A
nso 4| no 814 x

= 0.

C. TOAN TU LUYEN

Bai 1. Cho fix) 1a hAm s6 lién tuc trén doan [0 ; 1]. Ching minh ring:

']xf(sin X)dx = %j f(sin x)dx

(Pai hoc Luat TP.HCM - 1995, khii A)

B |

Bai 2. Cho tich phan /, = |xtan” xdx (n 12 s nguyén, duong b4t ki)

=]



a) Tinh I, khi n = 2.

n+2
b) Chiing minh ring: / > : (EJ :
n+2\ 4

(Pai hoc Bach khoa Ha Noi1 — 1997)
D. PAP SO VA HUGNG DAN GIAI
Bai 1. Ham s6 fix) lién tuc trén [0 ; 1] nén flsin x) lién tuc trén [0 ; 7z], do
dé ham sd xflsin x) cling lién tuc trén [0 ; 7.

Taco: I = jxf(sinx)dx.
0

r==ht=n¥

Dat t=rm-x=dt = -dx.Khi{
x=nm=t=10

Do dé:
0 0 X A

I= f(r—0)flsin(r—1)(~dr) = ~ [(x—1)f(sin)dr = [/ (sins)de - [if (sinr)d
" x ¥ y

[= ;‘F] 1 (sin x)dx - [xf (sin x)dx = ;r]’ f(sinx)dx~1I

0

2] = frj-f(sinx)dr
0

] f(sinx)dx.

0

Vay I =

b )N

Bai 2. a) Tinh

x

1 7 )
]'x(tan‘* x+1-1)dx = J'x(tan’- x +1dx - j'xa'x
0 0 0

Il

F: 8
4

I, = Ixtan2 xdx
0

2
T

R

2
A-=-|% =4
2

= nn

T

4
Tinh 4= J'x(tanzx—b])dx.
0

Ap dung cdng thife tich phén timg phén, dat:

u=x du = dx
=
dv = (tan® x +1)dx v = tanx
:
S

[tan xax = Z +In|cos ]
o 4 4

V2 V3

Do d6: A=xtanx PRSP o L, DRI T L
0 4 2
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V2 2

Vae d 5 8
& 2

n+2
b) Ching minh / >—lﬁ(i’-)
+2\ 4
Ta biét v6i xe[D;-z—-] thi tanx=2x=tan" x> x".

x

Dodé: I, = :':[x tan” xdx > Tx.x”dx =
]

H+2
vVay: [ > ! (E) :
n+2\ 4

TOAN TU LUAN ON TAP CHUONG II

A. KIEN THUC CO BAN
e Khdi niém tich phén.
» Céc tinh chét cda tich phan
¢ Cac phuong phép tinh tich phan

» Pidng thic, bat ddng thic tich phﬁn tich phén truy héi, tim giéi han
trong phép tinh tich phén.

B. BAI TAP.

1
Bai 1. Tinh: J = jJ4x2 —4x+1dx .
0
(Pai hoec Dén lap Héng Pidc — 1998)

Giai
Ta cé thé viét:

1
I= ]'J4x’ ~4x+1dx = ]'\/(Zx—-l)zdx = I_ﬂZx—IIdx = j]2x+1|dx+ ]]2xr1’dx
0 0 0 0 !
2

Bang xét ddu:

1
xLU - 1
2
lzx-lm - 0+ NN\

Dodé: I = ]'(I—Zx)dx+ J(Zx—l)cbc = (x-x)|2

|
+(x* —x) 1 —12—

2

—_—
=S

2
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|
Bai 2. a) Tinh: [ = j'x |x — % | dx.

0

(Pai hoc Dan lap Phuong Pong — 1996)

b) Tinh: / = Idl+cos2xdx.
]

(Pai hoc Thuay lgi — Ha Noi — 1997)
Giai

1
a) Tinh I=[x|x—-1|dx.
: 2

5
-
P 3
pim
&

|
I z3
Ta c6 thé viét: | = Ix |x - l |dx = _{x[—’-—x]
0 2 0 2

b) Tinh [ = IJHCDS 2xdx
0
Ta c6 thé viét: [ = IJI+C052xdx = |V2cos® xdx
0 0

2 Jihcos x|dx = J2 ?cosxdx -~ ]cosxdx
0 0 T

2

;]=2JE

2

= \E [|sin x|

L3
z -|sin x|
0

2
Bai 3. Tinh tich phén: [ = J'x2 4-x'dx.
0
(Pai hoc Thay lgi — 1997)
Giai
Cdch 1. Dat x = 2sint (Oe:r <%) = dx = 2costdt

Suy ra: x* = 4sin’f va 4-x* = 4(1-sin’*t) = 2cost
B b



|2

£
2

flﬁsm tcos’ tdt = j16 —sin? 2¢dt

1-cos 4r
2

E—2(-1—-s.in4.f)
0 4
=I=nx.

Cdch 2. C6 thé dat x = 2cost (0-({-:%]

4.

cos 41dt

GL_..MIH

a

2

2(1-cos4)dt = j
0

il
S T

= 2t

Il
S A Ot A

= 2(£~0J-~(sin 27 —sin0°)
2 2

Suy ra: x* = 4cos’t va 4—x? =4—-4cos’t = 2sint va dx = — 2sinw

n

=y X

T e
x=2=1=0

2 0
Taco: [ = [x'V4-x'dx= [4cos’r2sint.(-2sintdr)
0

2
2 e
2

2
2 jlssin2 tcos’ tdt =4 j sin? 21dt
0 0
3
= 2[(1—cos4r)d! =I=nx
0

3
Bai 4. a) Tinh: ] = j’xcos2 xdx.
0
(Pai hoc Béch khoa TP.H3 Chi Minh ~ Khéi 2 — 195)

2
b) Ténh: 1 = j'l'”"
| X
(Pai hoc Hué — 198)
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, 2 g 2 2 2
Ta ¢6 thé viet: | = j‘x-icgs—xdx 2 2 = jxd.x+ x cos 2xdx
0 ] 0
2| 2
I ok T (RS
2 o 8

X

2
Tinh 4= Ixcos 2xdx bing céng thic tich phan tiing phédn, dat:

du = dx

u=x
= 1 .
{dv = cos 2xdx V=g sin 2x

: 2 .
Do d6: A= |:—xsm2x} 2 Istx 1[-_‘:052"] § et
6 .3 2 2 0 2
2 2
Vay: 21 = P e [ - ﬁ——l
8 2 16 4
b) Tinh ] = IMdr
| X
Ap dung cdng thde tich phan ting phén, dat
[u = Inx du = ~dﬁ
X
dx = 3
‘ldV"“— G'I -3
e o |
Do dé:
i IF 7 % 1 1 1 1 ] 1
=—~Ix| + |5=-—Ihx| ~—| =|-=In2+-In] |~ =-1 ——*ln2+—
J X . ; X : JCI X [ 2 1 ) [2 2

Vay [ = —;—(1-1n2).

l
Bai 5. Pat J(1) = J'[ A

1

J() <2, Vit > 1,

) dx v6i t > 1. Tinh J(¢) theo ¢, tif d6 suy ra ring:
x

(Pai hoc Quéc gia TPHCM - 1996)
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Giai
Tinh J(¢) theo ¢

Ta ¢6 J(t) = [[l“x] dx vit > 1
X
1

Ap dung cong thitc tich phan timg phén, dat

u=lIn’x du =21 In xdx

1 = g
dv=—2d.'x - 1
X e
; " 2

Do dé: J(¢) = ——l-lrl x| +2 «m—{dx= ——ln X +2(——lnx——1—J

X 1 t."-." x* 1 X X /|

= —lhlzr-zlnf——2-+2 = —l[ln:+l]z—-1-+2
{ ! 4 t {

Vay: J(t) = 2-—-%[([&1!-&-1)1 +1].
Suy ra J(#) <2 khit¢ > 1.

C. TOAN TU LUYEN

!
Bail.'rmh;hjfi" .
e #l

(Pai hoc Qudc gia Ha Noi — 1998)
2
Bai 2. Tinh: [ = [x’ 1n(1+l]dx.
X
1
(Pai hoc Cdn Tho - Khéi D — 1997)
Bai 3. Tinh dao ham f’(x) cia ham s f(x) = In 3 :

- va gidi b4t phuong

L sin? Ldr
trinh: (%) >= |
xy Tt

(Pai hoc Bach khoa TP.HCM — 1996)

D. DAP sO VA HUONG DAN GIAI

Bai 1. Tinh I =
e +1
1 1 x
'].".Enl.a'i(?:’t:I=J‘fiJt =Ix€:ir
sl gelet+])
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dit =e'dx
Pibién s, dat:t=e"+ 1= {x=0=1=¢"+1=2
x=1=>r=ce+1=e+1
Do dé:
g [l e c]”[LJ}dz - |[|n|r-1|-m[.ﬂ”ﬁl = [Ine~In(e +1)]~[In1-In2]
S=1y s$xr-L 1 2
2e

= Ine—In(e+1)~-0+In2=In2e~-In(e+1) = ln—1
e+l -
Bai 2. Ap dung céng thifc tich phan timg phén bing cach dat:
' 1

1 = =TS
u=In|l+— 1 I [ 1]
g e +— x| x+-
% %
dv=x2dx 3
X
v= —
| 3
3 2 - S 11' 1
Do dé: I=Lln[1+lJ LN j[x—n-—)dx
3 x /M 3,x+1 2 31 x+1
{2 2
= §ln§—lln2+-l- 3"-——.vasa-ln[:c—+-l|
3 2 3 3% 2 |
(
- §Ini—llr12+l ln3+l—ln2]
3 2 3 3 2

Vi [ w5l gk,
Gl

Bai 3. Tacé: f(x)=In 3 : = & =3~ X)

Piéu kién x < 3

Pao ham f'(x) = :
3—-x

(x < 3)

3 6xsin2%dr

Do d6: ['(x)= —>— (1)
° /) -X .ﬂ'ﬁ[ x+2
o
xSin° —dit x x
'_[‘inh:E - =£. 1 -[(1+cosr)dt=_ii‘ l (t—sin?)
Xy xtd xR Xxt2)] 2 T ox+2 0
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3 : . _ i
= [(m -sinm)—(0~sin0)] i

3 3

T (1) ta suy ra: > ;
3-x x+2

Giai ra, ta duge: x < -2 va -%-—:x-::?,.

CAU HOI TRAC NGHIEM ON TAP CHUGNG IX

A. CAU HOI TRAC NGHIEM

x

J{4sin3£—35in~;-)dr = -——% (x 124 dn so va 0 < x < 2.

0

1. Giai phuong trinh

Ta c6 nghiém:

T T /4 T
(A) x=—; B) x=—; (C) x=—; (D) x= —.
x c X i X 3 X 5

1
2. Tinh [ = I\szdx, ta dugce:
o

(A)I=2; (B)I:%; (C)I=3; (D) I =-3.
Ina 2x i 2
8.Cho A= |- “lae @>1va B="%"Y caunao sau day ding ?
P8 o
B
(A)A =2B; (B)B=2A; (C)A=B; (D)A=;.
3
4. Tinh m dé I(x1+m)dx = 15, ta duge:
0
(AAm=1; B)m=-1; Chm=-2; (D)m=2.
B. Tinh A=J‘Jl—cosxdx,tadugc:'
0
2
(A)Aﬁﬁ; (B)A=~—J§; ©) A=22 ;(D)-A=—-i——'+l.
1)1
6. Tinh 1 = [(H_)[_-x)a, —
1 XNz
11 11 10 10
A [=—; B) I=-——; C)Il=—; D) I=-——.
(A) 6 (B) 6 3 3
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g:
16

7. Biét |xcosxdx =xsinx+cosx+C.Tinh | = Icostixdx, ta duoc:
0

Ry Pt Bp=-E20,  @r-TE e EEE
2 2 4
8. Tinh 4 = j(4x3 —6x°).In xdx , ta dugc:
i
12 11 5 6
AyA=23 @MA4=—23 (C) A==; D) A= —.
11 12 6 5
5
9. Tinh [ = Ix.sin xdx , ta dugce:
1]
T x T
Ai=—-1,; B Il=—=+1; CIr=1; O I=1-—.
2 2 2
2
10. Tinh J = Ix.e“’dx, ta dugc:
1
(A)J = e (B) J = 2¢ : C)J=¢e%: (D)J=2e%

¥
i

2
11, Che 4= _Hl—Zsinzl;—.sinxdx. Bing cach dit ¢ = /cosx thi tich phan
0

A t:6 thanh
I 1
(A) A= _[Izdt . (B) 4 =2]'r2dr .
0 1]
1 . |
(©) 4= [ur ; (D) A=2 .
0 0
; 1
12. T4na | = |——=—==2dlx, ta duge:
;[ xvJ1+Inx
(A) ] =22 ; B) I=22-1);
©1I1=2V2-1; (D) DPép sb khéc.
12
13. j;‘--—%itl—dx bing:
X g d
108 1
(A) ln—]? : (B) In77 - In54 ; (C) In58 ~ In42 ; D) In—.

2
14. Che I = [2xx’ - 1dx. Khing dinh nao sau déy sai ?
1

55
12
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3
@A) 1= [Vudu ; (B) I = %Jﬁ ;
0

313
(C)I=§t1‘ ; D) I1>33.
0
1
16. Tinh [ = IJ_ 1dx, ta duge:
o{/;+1
WI==; @I=-1; ©I=1; mir=-1
5" 5° 4~ 3
€ " 2 2
16. Cho A= lnx+3dr s B= dex L= Ixzdx.Cﬁu nao sau day dang ?
1 X 0 J
(A)A=2B;: (B)A=2C; (C)A=B8: (DYA =C.
% 2 2
17 (4tan” x 42tanx+l) dr bng:
: cos” X
1 2 4 1
(A) - ; B) —-; C) - ; (D) -.
5 3 5 3
1 rr]1
18. [——adx bing:
A% -]
1 1( 2
(A) —(In2-1) ; (B) —|In3-=|;
4( ) L2 R 3]
(©) —l-(l-ln2)' (D) —1-(1n3—l)
6 ' 3\ 3

7 b
19. Bing c4ch dat 1 = ¥x+1, hay bién a6i: = [Yx+1(x+2)dx = [f()ds
2 2 ’ ’
(A) = [(*+)dt ;  ®B) = J@+yar
| i

3 2
©) I= 3](;’ +2dr; (D)1 =3j(:° +£)dt .
1 1
In2

20. Tinh [ = je‘de‘ —1ldx
0

b | —

(A) I % : B) I= ©) I ] MI=1.

L.
3 )
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B. DAP AN
Céu 1 2 3 4 5 6 T 8 9 10

I ) .

| Papda | (C) | (A) | (C) | (M) [ (C) | B) | (C) | (B) | (C) | (A)

iy

Cau_ | 11 [ 12 [ 18 [ 14 [ 15 | 16 | 17 | 18 | 19 [ 20
_ Pdpan | B) [B) | B) [ M [ ®) [ B | @A) [ (© | @D | @A

C. BUGNG DAN CHON DAP AN

X f ) ! X ; x
- I(4si13~—351n—}d: = - Is:nrdf = ¢cost| =cosx—-1= -—l & COSX = l
- 3 3 : 0 2 2

[

= & % vi xe(0 ;7). Chon (C).

I ] 1 0 i

2. 1= [2x]de = - [2xdx+ [2xdx = -x*| +x’| =2 Chon (A).
-1 0 -1 0

Inx Ina
3. A= (e =eF)dx=(e"+e*)| =€

: 0

{

a’-2a+1 _ (a-1)
= = = B. Chon (C).

a a

3 3
4. J(x -m)dx = [——+nrx} =0+3m=15 & m = 2. Chon (D).

5. A= H251n —dx I\/-sm— =jﬁsin£dx=—2\/§cos£ =2\/5.
- 2 2o
Choa (C).
27 3 2 l
o1= e (L2 -1
X x 3 Jh 6
o 1* = 4x = 2dt = ddx
7. Pat (= ax = 7’ 3
ex=0=f=0;x=—=2t=—
16 2
*Vay 1= Ejlcosr—]-rdr = l?:cos:dr = —I-[rsin!+cosr]% o e Chen (C)
' 2 2 23 2 0 g '

8. u= .le::vdu“-fd-x— s dv=(4x’ -6x*)dx = v =x* - 24°
X

2 2 4 2
- Jr*-2x )a&——("——z ]‘ =2 Chon @®).

*Viy A=(x"-2x").In
e A 3 i 13
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Qu=x=>du=dx; dv=sinxdx=>v= -Cosx

I

r 2 "
*Vay I = —xcosx|? + Icosxdt= sinx{? = 1. Chon (C).
& 3 0
10, u=x=>du=dx; dv=e""dx=>v=¢"
1 2 2
* Vay J=xe*'| - je“‘dx= (2e-1)—¢*'| =e¢ . Chon (A).
i 2 I

T

2
11. A= Idcosx.sinxdx (vi cosx =l~2sin2g-)
0

o 1 = cosx = 2tdt = —sin xdx

Pat 1 = yJcosx (t20) = po
-x=0=>£=1;x=-i-:>!20

1] 1
* Vay A= [t(-2tdr)=2 [r'ds . Chon (B).
l 0

el =l+lnx=2dt = e
12.Pat t=vl+Inx = 7
-x=l=>£=1;x=e=>t=wﬁ
Jil 2
*Vay [ = j ;.2t.dr=2 j dt = 2(\2-1). Chon (B).
1 |

L 2x+1

18. /= [—————akx
,£x2+x—2
o dt = (2x+1)dx
Pat 1 =x"+x-2,tac6 { oy | 10 12
t | 108 154
154 dt 154
Vay I = IT= Inff| =In154 - In108 = (In2 + In77) - (In2 +In54) =
108 108

In77 - 1n54. Chon (B).
2

14. | = _[23:\}}:1 —1dx
1

o du = 2xdx
*Patu=x"-1,tacé

e X | |
uIO 3
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3
e Vay [ = [Vudu (Cau(A) ding)
L

3 3 3
::»I=Juzdu=f—- =2 u =g-.'
: 3 3 o 3
2

e

F - %\/ﬁ (Cau (B) va (C) dong)

o= ?‘E =23 <33 = Cau (D) sai. Chon (D).

o' =x=dv=4rdt

15. Dat 1 = Yx (¢t 20) = {e Jx =1

oex=0=21=0;x=1=t=1

Tl

| t : i . rs fd
*Vay [ = || —— |4Pdr =4 -)d1 = 4| ———
¥ J(LH] J( ) {5 4)

[- = Inx+3=2dt = —
16. Pt =JInx+3 = X

i
= ~—l. Chon (B).
0 5

dx

1-x=1:>.t=\/§;x:e::>r=2

2 2 2
*Vay A= jr.zr.dr =2 jz%ﬂ =7 Ixzdx =2C . Chon (B).
J3 J3 NE)

} 2 2 % . 4
17*1___‘[(4tan X -flztanx+1) dr:I(EtanJ: 1) dx
3 cos” x 5 cos'x
2
o e=cely
CosS X
Pats=2tanx—1, ta c6 = x‘ﬂ n
4
i b 1
Va izl]:“dz:iﬁl :i(1+1'):_1- Chon (A)
=l 10 |2 10 g R
| i1 1 6 _5
X x .xdx
1 i j =] aEr:
8 '[x6+1 Ix"-ﬂ

0 0

Pitr =x"+1,tace Jox’ =1-1

o dt =6x°dx=> x°dx = %dt

-110
r|1

121



"= %(I-ln 2). Chon (C).

1
e P GG S W Y T R
i ;[ { 6![ !)r 6(f HM)

o =x+1=>3dt = dx
19.Pat 1= Yx+1 = Jex =1 -1
ex=0t=1,;x=T=t=2

2 2
*Vay | = jr(:3+1).3.-'~’dr = 3](:ﬁ+r3)dr . Chon (D).
1 |

S S "

oex=0=2u=0;x=In2=u=1
; 1 A L

Vay I = |u2udu =2 |u’du= =u'| == .Chon (A) .

s 1= fune=2an= 2 -2 on

0 0

Chuong III. UNG DUNG

CUA TiCH PHAN

§7. Ung dung tich phin dé tinh dién tich hinh phidng

A. KIEN THUC CO BAN

e Néu ham sd y = flx) lién tuc trén doan [a ; b] thi dién tich S =G:a hinh
phéng gi¢i han bdi dé thi ham s6 y = flx), truc hoanh va hai dudng thing
x=a,x=01la

b Y4
S= [|f]de (@ y = flx)
» D€ tinh dién tich S cta hinh phing @)\ Yy
gi6i han bdi d8 thi cdc ham s6 y = flx), ¥y ~O a D %
= glx) lién tuc trén doan [a ; b] va hai
dutrng thing x = a, y = g(x)
x = b, ta c6 cong thuc sau: b
= xX=aQa X=
S= [|fx)-gldx @

e Chi y
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Tuong tu (bing cdch coi x 14 ham cha bién y), dién tich S cda hinh
phéng giéi han bédi cde dudng cong x = g(y), x = h(y) (g va h 1a hai ham lién
tuc trin doan [c ; d]) va hai dudng thdngy =c,y =d la

d
S = [len-hxydy @)

B. CAC DANG TOAN PIEN HINH
DANG 1. DIEN TICH HINH PHANG TUA TRUC Ox
Phuong phap

e Dién tich hinh thang cong giéi han béi dutng y
cong y = fix), (fx) 2 0) trén [a ; b], truc Ox va y = flx)
c4c duing thdng x = a, x = b (hinh 1) la: NN
b ' -
S = [fldx Of & & =
a Hinh 1
e Néu fix) < 0 trén [a ; b] thi dién tich hinh
thang zong (hinh 2) la: "t 4 b
o \s\W F

S= —e]-f(x)dx

e Diér tich cia hinh gigi han bdi hai dubng

cong y = filx), ¥ = falx) (folx) 2 filx)) va hai
dudng thing x = @, x = b (hinh 3) 1a

b
S = [(f,(x)- f,(x)dx

y = fax)
Hinh 3

Vi du 1. Tinh dién tich hinh phéng gi6i han bdi truc tung, dudng thing
y =x + . va dudng cong y = 6.3, Ay
Giai
Ta tm toa d§ giao diém clia dudng thing va
dutrng cong.
Muéda vay ta gidi hé phuong trinh

y=x+1 x=1
==
{y=6.3“’ {y=2

1 1
VayS = [6.37*dx~ [(x+1dx
0 0

1 x? 1
- —+ X
0 2

6
o il ‘3“
In3

0




4 3
= ——— —— E— d 5
O (dvdt)
Vi du 2. Tinh dién tich hinh phéng gi6i han bdi c4dc dudng y = 0,

y=x"-2¢* +4x - 3 va ti€p tuyén vdi dudng cong c¢6 hoanh do x = 2.

(Hoc vién Quén y — 1997)

Giai
1) Ve dé thi (C) chbaham sy = 2° - 2¢% + 4x - 3
Daoham:y =3x"-4x+4¢c6 A =4-12=-8<0=19" >0, Vx
Suy ra ham s6 ludn luén ting

" 4 2 25
Y=6x-4=29y"=0&6x 4-Dax-3:ay- o7
= diém ubn I[-z—,-zéJ
3 ai &

Ngodirax=0=y=-3vay=0=x"-2x"+4x-3=0
S-Dxt-x+3)=0cx=1 5---/A
Phuong trinh ti€p tuy&n v6i (C) tai di€m A c6: x4 = 2 9 i
‘:-b_jr'A=5 )
1Ay — ya =9'(2)x - x4)
> y-50=8x-2)
e 8-y-11=0
Hoanh d¢ giao di€ém cda (C) va tigp tuyén la

nghiém phuong trinh
-2+ 4x-3=8r-11’-2%"-4x+8=0
-2 +2)=0 Bl.. | 97

- [x=2:>y=5:>A(2;5)
xX=-2=y=-27T= B(-2 :-27)

Vay dé thi (C) tiép xic ti€p tuyén tai A va cdt nhau tai B.

2) Goi S 12 dién tich hinh phing cin tim:

Ta cé: Vx € [-2; 2]: yic) = yue

2 '
Do d6: S = j(f ~92x® +4x -3 -8x+11)dx
-2

2 4 3
S = I(13—2x2—4x'+8)dx = ['—r-—vgx—2x2+8x]
4 i 3

=2

Vay: S = 5;; (@vat).

Vi du 3. Tinh dién tich hinh phéng giéi han bdi dudng thdng y = sinx

va hai tiép tuyén clia dudng cong vé tai hai difmx=0vax = x
Giai
Ta tim toa dé giao cla dudng cong véi cdc dudng thdngx =0vax =1
0(0 ; 0), A(x; 0)
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Phuemg trinh tiép tuyén véi dudng cong tai hai diém trén la:
eTaidiemx=0y=1x-2)+yoy=1lx-0) +sin0 <> y=x
eTaidifmx=my=-1x—n+sinzr(doy =cosx) >y =-x + 7
Ta tim toa d6 cia giao diém hai

dudmg ttdng trén: Y4
[_}' =X - 2 E ______
1_‘? =—Xx+7 - -;23 : A R
x
Ta e B|Z.Z ¢ 2 ﬂ\
2’2 2

Ky hiéu dién tich hinh phéng phai tim la §. Mat kh4c, do tinh d6i xing

4

2 e ” 72
néntacb:S=2_[(x-sinx)cix=2—+cc-s:c 2 = =2,
: 2 0 4

Vi da 4. Tinh dién tich hinh phing gi¢i han béi cac duting
y=~—x2—2x+4,y=—x2+4x+ l,y=5
Giai
T hnh vé ta ¢6

1
3 2

NS g _{(—;:c2 - 2x + 4)dx - I{—x2 +4x + Ddx
8 | 1

2

ol 1 3 2
s 6| T e dale | ol wiep O , = 15~6E—6—3— = 2-1- (dvdt)
3 4 | 3 4 8 8 4
Vi
B 5 C y=D5
4 E
TN
| 213 |
y A ¢ :
AI 1l |D
. . l >
-3 -2 -10|112 3 :
2
Vi cu 5. Tinh dién tich hinh phdng giéi han bdi cdc dudng c6 phuong
trinh: ——ﬁ+§{—zvéy—7_x
SR x-3

(Hoc vién Cong nghé Buu chinh Vién théng TPHCM - 1998)
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Giai

7 2 B8x 7 T-x
1DVaddthi(Pry= -2 +2_ L va(HD: y =
) B YE gty —g W=
: 8 7 2x 8
SVA Dy =Bl el g D
e (P)ry 3+3 3:}' 3+3

¥ =0=x=4=y=3= dinh parabol (4 ; 3)
o V& (H): (H) ¢6 hai dudng tiém cén: y
Tiém cln ding x = 3
Tiém cdn ngangy = -1
e Toa A6 giao diém clha (P) va (H): 3

[0;-%} . (4:3)va (7 0)

2) Goi S 1a dién tich tim. =

Taco:Vx e [4; 7 v 2 ym 7
7 3 o)
sia gt L L% g
i & 3 8 x-=3]
7 3 i 3 2 7
=> S = I &x—+§"£——t~1———é— dx = -i+éx—-i'3—4ln|x-3‘
iL 3 3 3 x-3) 9 3 3 s
Viay: § = 9 — 8In2 (dvdt).
Vi du 6. Tinh dién tich mién phing gi¢i han bdi dé thi cla cdc ham s6

sau trong mat phdng toa dd Oxy: y = x*—gx+1 vay= —-x* +~g-x+1

(Pai hoc Dan lap Thang Long — Ha N§i — 1997)
Giai .
1) Ve dd thi (Py): y = 2* ——:-;r+1 W Py = <t +.3.x+ 1

O(Pl):y=tx2—%x+1 =y = 2x—g,y’=0:bx= g =>y= —-—1%
5 9
DPinh — jm—
" A‘[4 16]
o (Pyy= —x3+gx+1 =y = —2x+g,y'=0:>x= % y= 12-—5-
Pinh A’[%’%EJ y

e Phuong trinh hoanh d6 giao diém cta (P;) va (Py)

x?—%x+1=—xg+-g~x+1

ox*-2x=0 il
tr=2=>y=0
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2) Goi S la dién tich cén tim, ta c6: Vx € [0 ; 2]: y,,, 2 ¥,

. g z 3 2 5
Do d6: S = f—ﬂ: g ot el lax
3 2 2

G 2x°
= J[~23:2 +4x)dx = (—? + QxEJ
]

2
=(—1—6—+8 —0=§-
0 3 3

Vay S = % (dvdt).

DANG 2. DIEN TICH HINH PHANG TUA TRUC Oy
Phwong phap

e Dién tich hinh thang cong giéi han béi duding VA
cong

x = @ly), Ky) 2 0 trén [e ; d], truc Oy va céc S%}{ =y
dutng thing y = ¢, y = d (hinh 1) 1a . >
d Hinh1 *
S = [p(y)dy
c y‘-
o N&u @(y) £ 0 trén [e¢ ; d] thi dién tich hinh d
thang cong (hinh 2) 14 X = tp(y)m c
d ‘-“—"X
S = - [p(y)dy Hinh2 Y

» Dién tich gi¢i han béi hai dudng cong x = @i(y),
x = @(y) (aly) = @y(y)) va hai dudbng thdng y = ¢, x = gi(y)

d
y=d (hinh 3) 14 8 = [(p,(5) - p,(y))dy

Vi du 1. Tinh dién tich hinh phéng gi6i han b&i dd thi: y = Inx, truc Oy
va 2 dudng thdngy =1vay = 3.

Giai va
Llaeby= Inxeyxnel g y=1h%
3 L ®
Dién tich cho bdi: § = _ﬂe"dy (@ >0,Vye R) 2R
1 1
_’
3 3 x
=>S=Ie’dy=e’ =e' -e O/l
7 1

Vi du 2. Tinh dién tich hinh phing giéi han bdi c4c dudong: y = (x + 1)°;
x=sin(my) v6i0<y<l;y=0 '

Giai
y = (x + 1)® gdm hai nhanh. Xét nhénh dng v6i x > ~1, ta cé:
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:c+1=\/;c:>x=£+1

1
Vay: S = _'[sin(.«ry:n . 1)]dy
1]
1

:[sin(}ry} -~ J; + 1} dy

0

Lo

3 1
= wlcos(xy}~£—+y %
T 3 0
L 2
1 2 1 2 1
= Z-—+l+— = —+=
T 3 n T 3

Vi du 3. Tinh dién tich hinh phéng giéi han bdi dé thi (C): y = 2%, truc
Oy va 2 dudng thdngy =2 va y = 3.

Giai
1
y=2"¢x=log2y= %8,y _Ilny
log,2 In2
Iny i
Dién tich hinh phéng: S = f = —2—!]11*1 y|dy 3’3 y=2°
lIny = 0<:>y 1¢(2;83) E
1
S= — j]nydy Ul >y
1:1
: u=lIny dus =
Tinh I = J'ln ydy . Dat: { ta c6: y
i dv =dy
v=y
3 3 3
I=ylny —Idy = 3ln3-2In2-y| =3ln3-2In2-1
2 2 2
= S= - (3In3-2In2-1).
In2

Vi du 4. Trong mat phdng Oxy cho dudng tron (C): 2+ y= 3va
parabol (P): y* = 2x.
Tinh ti s6 dién tich cta 2 phdn hinh tron do (P) chia hinh tron (C).
Giai
Phuong trinh hoanh d§ giao diém:

2+2%=83x+2%-3=0c x=1
x=-3
*)x=1::-y2=2=>y=:p\/§

Nx2+y'=8=2x"=8-y"2x=3y3-»°
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. ¥ =
) 2:2.::.'-___'__ :
e 21:-
Dién tich hinh phang la:

V2 By ar q J2 - \-'r'lz y
S, = I \/S——yz——y‘ dy = I\IBmy‘*d_}le-y‘dy=I—lJ
-3 2 J2 2 2 2
_ 22 { 2\/5] _ 42

J2 3
Xét:I= [ y*dy = 2
& 3

s
Xét: J = j V3 - y'dy
2

Dat:y = ﬁsint,dy: Jacost.dt v6i ~—E—St$£

«'2
& a4 {3 3

2
Déi hién
x| -2 J2
T T
= -—;0 t = 0;—
5] e
i g i)
s [Ja—asin“t.\/ﬁ costdt = 3 jms2 tdt = gI(cos2£ +1)dt

g3 ;
- E{ﬁ~cx+§(5m2ﬁ'~sm2a)]

= g[t -]f-sin Qt]
2 2

Si1=1 —%J = g{ﬂ*af+%(sin2ﬁ—5in2a)}—-—~+2f
S = 7R* _Sl = FJ.?F—SI = 3;1'~-—Sl
Ti s¢ dién tich hai phan hinh tron: -S—‘ -

' £ & BB

2 1

DANG 8. DIEN TiCH HINH PHANG GIG1 HAN BOI PO THI HAM SO
CHUA GIA TRI TUYET BOI
Phuong phap

Bifn @i biéu thic trong diu gi4 tri tuydt ddi, phan khodng chuyén vé bidu
thic kidng chita ddu gi4 tri tuyét ddi, tinh tich phén trén cdc khoang.

Vi du 1. Tinh dién tich hinh phing giéi han béi cdc dudng:

12 T
y=1l+—x ;x= —
n 2

¥

O
y = L~2sin®* = ;
' 2

Giai
Tao:y= ll ~ 2sin? %‘ = Jcns.‘ixl.
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2
S = I[1+———|c033x[de = (x+§"—] ﬂcos.?ax\dx
. n
% x Ya
r 3r 2
= §+?- ﬂcosax]dx— ”cosSxIdx y=14+ Lz_x
] T 7 w
6 /
x r )
6 2
= “ICOSSde—J‘(—Cds:aI)dx /0 };‘/f/\/\ > x
0 r / _\‘E
. 6 6 2
sin 3x | = sin 3x |2 : S VR |
= 27 - 6 ¥ ] = B = 2r-1
”[3 0J+[3 g] "33 3T
Vi du 2. Tinh dién tich hinh phdng gi¢i han bai dd thi cha cdc ham s&
3
y=2—‘2~x| vﬁy=1-;|-
Giai
Ta tim hoanh dd giao diém cia hai dé thi. Mudn vay ta giai phuong trinh
2-(2—.1:}:—-:-3-
3 x
x <0
s« & o |20 2
M 0<x<2
' 3
2_ =) = = —H_|7
(2D 3-24| ofg2 3> "
_x22 S
& x=‘f§
x=3

Ti hinh vé ta thdy dién tich hinh phdng cdn tim d6 1a dién tich tam
gisic cong ABC, trong d6 A(2 ; 2), B(/3 ;+/3), €3 ; 1).

Du¥ng thdng AB c¢6 phuong trinh y = x (do 2 — x > 0),

Pudng thdng AC ¢6 phuong trinh y = 4 — x

(do2-x<0Othiy=2-(x-2)=4-1x)

? 3 ! 3
VﬁyS:} x—-— dx+f 4 -x-—|dx
- x 3 x

2 2
= (lxg—Slnx] +[4x—x——31nx}
2 5 2

3

2
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! J3

g N A,
g PO

i

DANG 4. CUC TRI DIEN TiCH
Phudng phap

3ln— = 2+31n— (dvdt)
3 3

o Sif dung tich phén d€ tinh dién tich hinh phéng.
e Khio s4at ham sd thu duge theo tham s6.

Vi du 1. Tim tit ci gi4 tri cia tham sd (a 2 1), sao cho v§i mdi gia tri
trong cdc gia tri d6, dién tich cha hinh phing nim trén nita mat phing x >
0 va gigi han bdi cdc dudng thdng y = 1, y = 2 va cdc dudng cong y = ax’,

y = %ax” se ¢6 gid tri l16n nhdt. Tim dién tich S nay.

Giai

Ta tim toa dd céc giao diém do thi cha cdc ham s& da cho véi dudng
thdng y = 1. Goi cdc giao di€m 46 124 A, D. Mufn vAy ta gidi cdc hé phuong

y = ax’ y= = ax
trinh:{ 2
yhg y=2

Suy ra A ——L;l o \/g;l .
Ja a

Cdc ham s6 da cho c6 dé thi cit dudng thidng y = 2 tai hai diém B va C.
Toa dd chia hai diém la nghiém cia hai hé phuong trinh

y=1 ,'}":1
2 2
Din dén B J:;Q ,C[—»—;2J.
[“ ] Ja

PE€ y thdy ring diém B va D c6é cung hodnh d@, bdi vay dién tich hinh
thang cong ABCD (ky hiéu 1a S) 1a t6ng dién tich hai tam gidc cong ABD
(ky higu la S,) va BCD (ky hiéu 1a S;). Nghiala § = S; + S;

A

Sh = I(ax -1)dx, S; =

J’J

}[2 ~ -l—axi)dx
; 2

YA

B/Q

\\
A\

V/k

|.1]:

3 2 3.2
S=51+Sg=(£+xJ "+(2x-—q—x—-J$
3 % 6 J\\s N\

0

1 'I

i

SEECRR)

ﬂlw

131



Xét ham sd fla) = l(léq - 2\!5)

a

Vé6i tdp xdc dinh a > 1 ta thdy ham s6 don diéu gidm. Bai vay trong tap
xdc dinh nay dt d€ ham s§ dat gi4 tri 16n nhét khi a = 1.

Vay Spax = 1_;—2\/5-

Vi du 2. Tim t4t ca gid tri cGa tham s6 a (a > 0), sao cho v6i mdi gi4 tri
trong cdc gid tri d6 dién tich hinh ph&ng duge gi6i han bdi parabol
2 2
yim i + 2ax + 3a” va dudng thdngy = 2—%
____1 +at l+a

Giai
Tru6c hét ta tim hoanh do giao diém cia parabol va dudng thang da

x? + 2ax + 3a°

58 ¢6 gid tri l6n nlhét.

y:

4
cho. Muén vAy ta gidi hé phuong trinh: i
a -ax
" 1+dt
Tiu hé trén ta cé %% + 3ax + 2a° = 0, suy ra x; = —a, x3 = —2a.
2 2
Khi d6 y, = e Y Y2 = o4 . D4n dén dé thi cha hai ham sd cit nhau
1+a’ 1+a
2 2
i:afxihla.idiémB—a;2':I ,C-—2aa;,3a&l ;
1+a l+a

Dién tich hinh phfing cdn tim thé hién trén hinh v&, d6 12 hinh phing
C.B..
Véi —2a < x < a, ta tinh dién tich hinh phéng, ky hiéu 12 S(a)

-af 2 2 2
Sy J-[a a:c_x +2ax4+3a de
Sa\ 1+a° l+a
1) az—a.x '}l‘ 2 2 3‘12
1+a* /_9},= X + &x-:-
l1+a
N7
Dz -a 0~ px

= -1 - _J- (x* + 3ax + 2a*)dx
1+a” 3,
-1 {x* 3ax? i " a®
= —+ + 2a°x = =
1+g*l 38 2 35 6(l+a”)
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Ta can tinh gid tri cta a (@ > 0), sao cho
vdi gid tri d6 S(a) nhan gia tri 16n nhAt.
2 4 S 2 4
Ta 6 Sa) = 1‘31:1 (1+a”)—-4a’.a _a 3-a’)
6 1+a*y 1+a")?
(3ia1 phuong trinh S(a) = 0

2 i a=0
Hagd3=a)=0 {I:%
Do a > 0, nén loai gid tria = 0.
Dé y thay rang v6i 0 < a < 3, ta c6 S@) > 0, cdn voi 43 <a<+o, ta
c6 S'(a) < 0.
Dén dén ham s§ S(a) déng bién trén khoang 0 <a < 3 va nghich bign trén
khodng 43 < a < +. Nghia 1a véi a = ¥3 hinh phéng c6 dién tich 16n nhit.

C. TOAN TU LUYEN
Bai 1. Tinh dién tich hinh phéng giéi han béi hai dudng:
Cry=sinx va Cy:y = cosx vGi x € [0 ,g]
Bai 2. Tinh dién tich mién phéng gi6i han b&i: 0 < x < 7, 0 < y < sin®x.
Bai 3. Tinh dién tich gidi han bdi cdc dudng y = |x’ —4x+3f, va y = 3,
trong mat phéng toa d6 Oxy. i
Bai 4*. Tim gi4 tri cia a (a = 0), sao cho v6i gid tri d6 hinh duge giéi han
- e 2
bdi cdc parabol y = ax -2 vd y = ——— c6 dién tich 16n nhét.

1+a® 1+a’

D. DAP SO VA HUGNG DAN GIAI

Bai 1. Xét sinx -cosx = \Esin[x..EJ véi x !:g ’%] 5
1

x 0

]
¥

s 11N S

e no N

sin x — cos x | -1 -
Dién tich S:

0] T M

2

X

= S——S

T

2 2
S = ”sin X - COS :r‘ dx = (—(sinx —cosx)dx + I(sm x — €08 x)dx

0 X

4
T x i

4
1 Fl 2 2

- J'sin xdx + _[cc:s xdx + J sin xdx - Icos xdx
0 [} x x

4 4
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n
4 —(cosx +sinx)
0

a JE_I_1+J§ = 2(\/5—1} (dvdt)

= (cos x — sin x)

il opoim

Bai 2. Goi S 1a dién tich hinh phéng, ta

) i 2 2
S=Isinzxdx=fﬂ —1[ ljoszxdx ¥4
0 0 20 20
1F-=
=T ~1-1n2 2 =£+l{sinx—sinﬂﬂ)=£ S :
210 4 0 4 4 4 —r 0 n =
2
::-S=-;5{dvdt)

Bai 8. Goi S 1A dién tich cdn tim, dua vao dé thi ta c6:
1 3 [

S= |[8-(x*-4x+3)|d 3-(-x*+4x-3)|dx+ ||3-(x? -4x+3)|d
[}[[ x X+ ] x+;ﬂ: x" +4x ] +I[ x x+ )] x

3

1 a 4
_[(—:c2 +4x)dx + I(Jc2 -4x +6)dx + J'(-x?‘ +4x)dx

] 3 A
x:i 1 xﬂ 3 xil 4
o [ e e - e D
[ 3+ Jﬂ+[3 2x2+6x]1+[ 3+2.1:J3d /
l (]
1 64 B (5
= | —-=y2 9-18+18 -—+32+9-18 '
(3+ J+( + )+[ 3+ + ] _][&Tm.f'aq. i
= 8(dvdt)
Bai 4. Ta tim hoanh d9 giao diém ctia hai parabol. Mudn vay ta gidi hé
B 23/;—12
phuong trinh | 12*’ a’
x
hy- 1+a®
Tir he trén ta tim duge cic giac diém clia hai parabol: O(0 ; 0), B[J_ Ya? 3}
1+4G
Gi4 stf dién tich hinh phdng phéi tim 12 S(a) ta c6
Yalg3f — .2 2
S(a)=j-2v’a_xax_x3dx= a
il l+a l+a 31 + a®)
S'(a}-}ll"’a - 3a° 1 1-2a° . .
3 (1+a" 3 Q+d’f . % 2¥ax - 5
i 1+4®

- 1+a
Sl(ﬂ)=0<31—2aa=0¢:>a= #%

0 Ya

Tu dé6, ta tim duge tai a = 3\‘/% , hinh phéng c¢6 dién tich 16n nhAt.
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$2. Ung dung tich phan dé tinh thé tich vat the

A. KIEN THUC CU BAN

1. Cho ham sd y = flx) lién tuc, khéng 4m
trén [a ; b). Hinh phing giéi han bdi dé thi
ham sé y = flx), truc hoanh va hai dudng
thang x = a, x = b quay quanh truc hoanh tao 0
nén mot khéi trdon xoay. Thé tich V cha né
duge tinh theo cong thie

YA

b
V= xffg(x)dx (1)

i

2. Cho dutng cong cé phuong trinh x = gly),
trong d g la ham s6 lién tuc va khong 4m trén
doan [¢ ; d). Hinh phéng gi6¢i han bdi dudng
cong x = g(y), truc tung va hai dudng thing
y = ¢, 3 = d, quay quanh truc tung tao nén mjt
khoi tn xoay. Thé tich V cia né duoc tinh
theo ¢d1g thic

d
V= ﬂj'gz(y}dy (2

B. CAC DANG TOAN DIEN HINH

DANG 1. THE TICH KHOI TRON XOAY TAO BOI
MIEN PHANG QUAY QUANH Ox

Phuong phap

Trong mit phdng (Oxy), mot hinh phing gi6i N
han: ki cac dudng y = fix), x = a, ¥y = 0 quay

y = fix)

xung quanh Ox tao thanh vat thé trdn xoay, l
b
thé ti:h dugce tinh béi Vp = :rj[f(x)]2 dx 0 aiel% =

—

Vi du 1. Tinh thé tich vat thé tao nén khi quay xung quanh truc Ox
hinh gifi han bdi dudng cong 2y = x* va dudng thing 2x + 2y - 3 = 0.
Giai
Truic hét ta tim hoanh dé giao diém cha
dudong ‘hdng va dudng cong

2 —
T‘a:62y=12¢:;y=§2~ S2xr+2y-3=0y= 5 22::

Dig: day ta gidi phuong trinh x* = 3 - 2x
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<:>x2+2:c—3=0¢:>{x=1

Dé th4y toa d6 céc diém A[-—S '%J ;

1
B|l;=]| :D(-3:;0).
( 2} -3;0)

Tavé V= Vl - Vs, 4] dﬁy Vi, Vs lan
lugt 14 thé tich tao nén khi quay xung
quanh truc Ox cédc hinh thang cong DABC
va DAOBC.

Lf r 2 61
Vy = Jr'[— dx = —. — = —7

HE 45]s 5
Vay V = 9;” *6:'? - 21752” (dvit).

—

Vi du 2. Cho D 1a mién gi¢i han bdi cdc dudng: ¥ = Vcos' x +sin’ x

y=0,x= %, x = . Tinh thé tich khdi trdn xoay tao nén do ta quay mién D
quanh truc Ox.
Giai
Goi V 12 thé tich khéi tron xoay, ta cb:

x 2 x
V= ﬁj(\/cus‘ x + sin* x) dx = ;rf{cos‘ x+sin*x)de (1) y

2 5
Biét sin® x + cos* x = (sin® x + cos® x)* - 2sin® xcos® x

1(1-cosdx 3 1 4 x
=]l-—|——m—| = —+=cosdx e
2 2 4 4 2
Do d6 tir (1) suy ra:
Ve :rf 2 +2cosdx |dx= = Ide+Icos4xdx =z 3x+—1-sin4:r :
- 4| b 4 4 3
2 2 2

136



Vi du 8. Tinh thé tich cia khéi tron xoay khi quay quanh truc Ox hinh

yimxe’
phdng S gigi han bdi {x =1,0<x <1
y=0
Giai
Xet hAmsdy =x.e",0<x <1
¥Y=e +xe =e(l+x)
¥Y=0=>x=-1€¢[0;1]
x 0 1
, +

y
| 1]

V= x}(x.e’}z = :r}’xz.ez’dx
0 1]

e 3 du = 2xdx
Pat: ¢ ,., tac L J’T
dv = e““dx g
2 e
2x |1 1 2
V= .?rxz.E— _:rjx.ea‘dx = ﬂ*mj
2 ] 0 2 1“
+
1 0 0 X
Két: J = Ix.ehdx
o
S du = dx
Bﬂt:{ - ., tach o
dv = e"'dx = —
2
il A & & Mol & # 1 @ 12
J= ,c -_—— 2—rd = —_— - — 2x = ———— = — 4 —
I202J9x2[4024444
T

Vi du 4. Cho hinh phing D gi6i han béi cdc dudng y = tanx, x = 0,

T

x=-,y=0

3
a) Tinh dién tich hinh D.

b) Tinh thé tich cia vt thé trdon xoay duge tao bdi hinh D khi quay

quanh truc Ox.

(Pai hoc Néng nghiép I Ha N1 — 1997)

Giai
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V& do thi ctia him s8 y = tanx theo bang gi4 tri trong nita khoang [0 ,%J

n T 3
0 e i) et
= ' 4 3 2
y=tanx | g 1 1,73 ||
a) Tinh dién tich hinh phing D.
Goi S 1a dién tich cAn tim thi: y4
% T e
S= jtan xdx = ~1n ]cﬂs x| 3 ka2 '
0 0 1k- .
= —{111[(:03 g—]uin(cos 0}} 0} =7 |z e
4 3 2

= —[111%— In 1} = —[Inl - In2 - In1]

Vay: S = In2 (dvdt).
b) Tinh V khi D quay quanh truc Ox sinh ra mot vat thé trdn xoay nén
c¢6 thé tich:
§

3 3
V= :rjtanzxdx = ;rf(tanzxdrl—-l}dx = r(tan x — x)
Q 0

- |[wn-5)-o] - L4

i

Viy: V= JT[\[_—EJ (dvtt).

0

Vi du 5. Tinh thé tich cGa khéi trdn xoay tao b&i hinh phing gi6i han
bdi hai dudng congy = 2%, y = Jx quay quanh truc Ox.
' (Hoc vién Quén y — 1997)
Giai
Goi 8 thi (Py): y = 2% va (Po): y = Vx
Ta ¢6 toa do giao diém cia (Py) va (Py) 12
B el et anli®e T B {x: 0=y =0= goc 00 ;0)
¥=1= =148 ;1)

Do d6: vx € [0 ; 1) Yoy 2 ¥y

Got V 12 thé tich khéi tron xoay do mién gidi han bdi (P;) va (Pg) quay
quanh truc Ox thi:

1 Y4
V- EI[(‘J;)? __(xi)z}dx = x][.‘t—x“]dx (Pl) (.1---" (.Pz}
0 0 1 1
I 0 ilﬂx
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X X2\ | T 37
= ] — = — = | ———| =
= 5 Jlo 2 5 10

ar
Viy: V= — (dvtt).
% T ke

DANG 2. THE TiCH KHOI TRON XOAY TAO BGI MIEN PHANG
QUAY QUANH Oy

Phuong phap

XAt dudng cong x = gly) trong dé gly) la méot
ham lién tuc trén doan [a ; b].

Néu hinh gigi han bdi cac dudng x = g(y), y = a,
y = h va x = 0 quay xung quanh truc Oy thi thé
tich V cia vat thé sinh ra dugc tinh bdi cong

b
thuc: V= ;rj'xzdy

Vi du 1. Tinh thé tich vAt thé tao nén khi quay xung quanh truc Oy
hinh gi¢i han bdi dudng cong y* = 4 — x va dudng thing x = 0.
Giai
Ta tim toa d giao diém cGa dudng cong va dudng théng.
Ta c¢6 A0 ; 2), B(O ; -2).
Mat khdcy’ =4 —x o x =4 - 3* y

2 2
Din dén V = JTII2dy= rrj(tl—yﬂ)gdy y=vVd-x
2 2

2 g a X
= 27 I(lﬁ— 8y* + y*)dy _;N
0
3 5 B

2
= 21;[16y—%+%] = 51—152;&' {dvtt)
0

Vi du 2. Cho (D) 14 mién kin gi6i han bdi cdc dudng:
y = \:‘r;,y=2—x,y=0.
a) Tinh dién tich mién (D).

b) Tinh thé tich vat thé trdn xoay duge tao ra khi ta quay (D) quanh
truc Oy.

Giai Ay
a) Tinh dién tich mién (D)
Ta ¢6 toa do giao diém cha y = Jx va
1 2
Sipy = _[(\/; - 0) dx + J(ﬁ - x - 0)dx
1

0

ol .




-

J\de + ?’(2 - x)dx = g.r

o

= g+2—-2+1 = z(dvdt}.
3 2 6 4

b) Tinh thé tich vat thé trdn xoay dugc tao ra khi ta quay (D) quanh
truc Oy.

Vs ]':r.(HB"’ - HAY)dy = ]#.[{2 s} e y*']dy = zrlj(tl + 3% - y' - dy)aly
] 0

o
1
= n{4+%——;-—2] — J[[2+—2-'] = E&T‘r‘(d\rdt)

3 5
b 4 2
= rldy+L -2 2
[y 3 5 y]o 15) 15

Vi du 3. Cho hinh phing D gi6i han béi céc dusng y = (x - 2)° va y = 4.
Tinh thé tich vat thé tron xoay sinh ra bdi D khi quay né quanh:

a) truc Ox.
b) truc Oy. — Ay y = (x - 2y
a) Quay D quanh Ox: /
; “ [ L
V., = In’42dx - J.ﬂ'{x -2)'dx = 64rn —l: :l 1Y
0 0 o J )
I |
= Bdr-Z@+2) = 3% avir) B
: i g1a
b) Quay D quanh Oy: y = (x - 2)° = x = 2i\/;

4

o+ 6 -2~ &) Jas

0

4 4
Vy= [xIM* - IN*)Ydy = z [(x}, -x3)dy = =
0 0

= 7[8Jydy = 8r.

0

4
o 167 o _ 1287 4oat)

0 3 3

mrw"‘i,,u

C. TOAN TU LUYEN
Bai 1. Tinh thé tich vat thé nhan duge khi quay xung quanh truc Ox hinh
gi¢i han bdi cdc dudbng y = X y=x+2
Bai 2. Cho hinh phing (H) gi6i han bdi cdc dung:y =4 —x° vay = x° + 2.
Quay hinh phéng (H) quanh truc Ox ta dugc vat thé (K). Tinh thé tich
vat thé (K).
2 2

Bai 8. Tinh thé tich hinh elip (E): % + y? = 1 quay quanh truc Ox.

D. PAP SO VA HUGNG DAN GIAI
Bai 1. Ta tim hoanh d% giao diém cda hai dudng da cho. Mudn véay ta gidi
phuong trinh
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r2=x+2c:»x2-x—2=0c>[x=_1
Xo= 2
Tt hinh vé ta cé
2 2
V= ;r(_[(x+2)zdx- jx"a’x}
o] 1
4
= :r_[(.r."’+4x+4—x“}dx
-1
x°  4x® &S 2
= | —+ — —— + 4x = 14,47 (dvtt)
3 2 5 1

Bai 2.

= i[JIJdeI- l.[n'.IM"’dr
3 -

1 1
I:r.(4 - x*)dx - In.(x2 +2)dx
-1 -1

1
= :rf(x“ - 8x% +16 - x* - 4x? - 4)dx 5 =—x2+¢i
)
| S\
= ;rj'(-12x2 +12)dx = lZ:r[xE] = 167 (dvdt)
-1 -1
Bais Tacs: Lo+t =159 =920a=38 y
: 9 4 *=4=b=2 o 2___,
a a 2 3|3 | \ ;
- 2y = iy - el : >
V= :r'!:y dx = N-J;4[l g}dx = 4:{1‘ 27J " - ' “_:3 x
= 47(3 = 1) - (-3 + 1)] = 167 (dvdt) -2

§3 (nang eao). Alng dung tieh phdin trong giai todn
dai 56, gidi tich va té hop
A. KIEN THUC CO BAN
1. Ki€n thic dai s6

Pinh 1f 1. Cho hai 88 thuc a, b trai ddu (a < 0 < b) va fix) 12 mot ham sd
lién tuc, khong Am (c6 thé bang 0 tai modt s§ hitu han diém) trén [a ; b). Khi d6,

x

trong la ; b], phuong trinh F(x) = If (£)dt = 0 c¢6 nghiém duy nhét x = 0.
u]

Chitng minh
Ta thdy F(x) = If(t)dt 14 mdt nguyén ham cta flx) trén [a ; b].
0
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0 .
~ Néu x = 0 thi F(0) = [f(#)dt = 0. Vay x = 0 12 nghiém cia phuong
0

trinh F{x) =0

— Néux # 0 va x e [a; b], thi tir gid thiét Ax) = 0, ta suy ra F(x) dong
bién trén [a ; b] va F(x) # F(0) = 0, tic phuong trinh F(x) = 0 khéng thé& c6
nghiém x # 0 trén [a ; b].

Vay phuong trinh F(x) = 0 ¢6 nghiém duy nhdt x = 0.

Pinh Ii 2. Gia st ham s6 y = flx) x4c dinh va lién tuc trong [a ; b] va
gia st F(x) 12 mot nguyén ham cta né. Khi dé, néu tdn tai cdc sd thuc x,, x,
e [a ; b] véi x; < x5, sao cho F(x;) = F(xp), thi phuong trinh flx) = 0 ¢6
nghiém trong [x; ; x2].

Chitng minh

Gia st phuong trinh flx) = 0 khéng ¢6 nghiém thufc [x; ; x2]. Vi Alx) lién
tuc nén suy ra: hoéc flx) > 0, Vx e [x; ; x2], ho#ic flx) < 0, Vx € [x; ; x2].

Néu fix) > 0, Vx € [x; ; x2] thi ham s8 F(x) ddng bién trén doan [x, ; x.l.
Suy ra F(x;) < F(xy), trdi v6i gia thiét.

Né&u flx) < 0, Vx € [x; ; x2) thi ham s8 F(x) nghich bién trén doan [x; ;
x2]. Suy ra Flx;) > F(x,), trai véi gid thiét,

Nhu vay, trong cd hai trudng hdp, ta déu c6 F(x;) # F(xp), diéu nay trai
v6i gid thiét: F(x,) = Flxg).

Vay phuong trinh flx) = 0 ¢6 nghiém trong [x; ; x2].

2. Kién thaic gidi han

— Phén tich va dem tfng vé dang: S, = ) f (i)%

i=l

— Xét ham s flx) lién tuc trén doan [0 ; 1].

— Dung phép phén hoach doan [0 ; 1] va ldp téng tich phan:
i

S, = ¥ e 5,0 = 3 Fle) > vei % = 2
EuA i=1

n
— Ding dinh nghia ho#c dung cong thiic Newton — Leibnitz dé tinh gi6i

1

e

1
han cia téng trén: lim S, = _[f(x)dx = [F(x)]
0

0

3. Kién thuc té hgp

t
~ Cong thirc td hgp n chap r: C! = i

T—'-n—ﬁ viin!=123.nvAvVn,re N
ri(in-r)!

— Céng thitc khai trién nhi thic Newton:
(@+d) =Cla" +Cla"'b+C2a" " +...+ Cla""b" + ...+ C)lab" ' + C ¥

fil
— Tinh tich phén _[f(x)dx : khai trién va phan tich réi dua vé dang nhi

thdc Newton.
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B. CAC DANG TOAN DPIEN HINH
DANG 1. CAC BAI TOAN PAI SO

Vi du 1. Giai phuong trinh 4x® + 12x - 8 - cos 3x + 9cos x = 0 trong [0 ; +x).
Giai
Pat F(x) = 4x* +12x — 8 — cos3x + 9cos x. Ta ¢6 F(0) = 0 va

Flx) = ‘[(4.*,"‘i +12¢ -8 - cos 3t + 9cost)dt = I(12t2 +12 + 3sin 3¢ - 9sin t)di
i 0

1
= lzj[tz Y Sln3t;381nt}dt — 12’[(:2 +1‘+3in3 f}df
0 0

Ta tkay, ham s Af) = 12(¢* + 1 + sin®t) lién tuc va khong am véi moi £ >
0, nén theo Pinh li 1, phuong trinh 4x° + 12x -8 —cos3x+9cosx = 0 ¢6
nghiém duy nhat x = 0.
Vi du 2. Giai phuong trinh sin x + cosx + JBx1 =0
Giai

Pat Fx) = sinx +cosx + v2x — 1. Khi d6 F(0) = 0. Ta c6
F(x) = [(sin t +cost+ \/Et -1dt = j(cost —-sint + @Jdt 1
0 1)

Nharn thiy ring, ham s8 ) = cost - sinf + V2 lién tuc v khong &m Vi € R,
nén thec dinh Ii 1, phuong trinh sinx +cosx + V2x -1 =0 ¢6 nghiém duy
nhét x =0.

Vi du 3. Chitng minh rang phuong trinh

(3*In3+2°In2 -5 1n5)tanx+§-f—27“—§’— =0
COos X
¢6 nghiém thude (0 ; 1).
Giai

3" +2° - 5"

cos’x

Ta ttdy, flx) lién tuc trén [0 ; 1] va c6 mdt nguyén ham la

Flx)= (3" + 2" -5")tanx.

Ta cc F(1) = 0, F(0) = 0, nén F(1) = F(0).

Vay,theo Pinh li 2, phuong trinh da cho ¢6 nghiém trong (0 ; 1),

Vi da 4. Ching minh riing phuong trinh 2(x* - x - 2)cos 2x = (1 - 2x)sin 2x
¢6 it nhét 3 nghiém phén biét trong (-1 ; 2).

Giai

Vigt ohuong trinh da cho du6i dang 2(x* - x - 2)cos 2x - (1 - 2x)sin2x =0

Ta tidy, ham s8 fix) = 2(x* - x-2)cos2x ~ (1 -2x)sin2x la mét ham
lién tuc :rén R va c6 mdt nguyén ham F(x) = (x* — x - 2)sin 2«

Xét kam 88 fix) = (3" In3+2'In2-5"In5)tanx +
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Ta cé6 F(-1) = 0, F(0) = 0, F(2) = 0, F[%} = 0, theo Pinh li 2 thi trong

moi khoang (-1 ; 0), [0 ;E], (E ;2], phuong trinh da cho déu c6 it nhat

2 2

mot nghiém.
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Vay phuong trinh da cho c¢6 it nhat 3 nghiém phén biét trong (-1 ; 2).
3 5

Vi du 5. Chitng minh b4t ding thifc sinx < x - 3 + f‘ﬁ ,X>0
Giai
Ta bi&t réng khi x > 0 thi sinx < x

x X 2 2
g ¥ %
Suy ra _[smxdxr.: de.x = 1—cosx<? &> 1—?<cosx
0 1]

x 2 £ 3 x 3 x
o j 1_3:_ dx < fcosxdx o x~x—<sinx <> j‘x—fm dx < Isinxcix
O 2 0 6 0 6 0

2 4 2 4 x x 2 4
@f——i<1-cosx @cosx‘:l*_'iar‘x— 3 Icosxdx<j1~i+x— a
2 24 2 24 N2 2

3 5
) x x
& sinx < x-— +— (dpem
g T1op OpE)
Vi du 6. Chimg minh rang véi x >y > 0, thi

l+x
usil B 2]
(x y)[z (:c+y)] <2In—

(1)

Giai
Ta viét lai (1) du6i dang 2(x - y) - (x* - y*) < 2[In(1+ x) - In(1 + »]-

1
S 121
:>t--ﬁ;.
¥ 2.1*

Nhan xét riing, v6i moit € R* thi e >1-t.
+

Vay nén, khi 0 <y <t <x,tacod j%::- I(l—t}dt hay In|1 + ¢
¥ ¥

1+x x* -y
Vay nén 1 - y) -
Ay nén n1+y>(:r ¥) 5
5 1+x
Tir d6 ta thu duge 2]111+ >(x-2-(x+ ).

Y
i P x" :

Vidu?.Chox}U,hﬁychftngmmhe‘>1+x+a+§i+...+;—',‘dnal.

Giai
Quy nap theo n.
n=1Tiue >1v6it>0suyra Je‘dt>jdt haye*-1>x=¢" >1+x
0

0

Gid st véin = k c6:



2 h
# SRR he e B s |
! k!’
r 1( xz x
=% Je"dx:> J- l+x+—+ ... +— dx véit >0
SR UM TR )
2 3 kel
::e’—lyr+5_+£—+...+ ;
2 3! (k+1)!
h b i x2 x.ﬁ«-l
Thay tbdie " coe* >l +x+—4..+
Y 2 k+ 1!
Vi du 8. Tim gia tri l6n nhat cia ham s6
F(x) = 2% + 32 +62* -11x,x € [0 ; 1].
Giai
Ta c6 g(¢) = t° + £ + ¢t 1a ham lién tuc va ddng bién trén [0 ; 1].

= dpcm.

x 1
Do d6, vt € [0; 1], ta ¢6 j'(f + £ 4+ 0dt < x[(t‘" + £ +Hdt,
0 ]

6 4 2

p AN . - .. Q.43

hay —+—+—s5x| —+—+—|.
v 6 4 2 [ ]

Suy ra 2x° +3x* +6x® -11x < 0.

Vay, gi4 tri 16n nhit cia ham so:

y = flx), x € [0; 1] bdng 0, khi x = 0 hoac x = 1.
Vi du 9. Tim gi4 tri 16n nhat cda ham sé

flx) = \,@xﬁ —1:[4\,@ —51n{1+~/§)}-5ﬁ1n{1+x},x € [0 ,\5}
Giai
Ta thdy g(f) = ~t' + ?41—_1 1a hamn lién tuc va nghich bién trén [0 ;\/5],
nén vt e [0;2], thi
2
sz( ~t! +-—_)dr>xﬂj[ +der

5

> \6[—% + In(1 +x)] zx[-i;/—im+ln(l+\[§}}

‘/J+\f-1n{ +1)2 - fx+x1n(1+\/5)
s J’x -I[4\[§—-51n(1+\[é}]-‘5\f§h’l(l+x)£0.

Viy, gi4 tri 16n nhat cta fix) bing O khix = 0, x = 2.
Vi du 10. Tim gi4 tri nhé nhat cGa ham s6

&y =

fix) = (xg—1)ln(1+x)-x2{%+ln2]+x,x20.
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Giai
Xét hai ham s8 sau g(¢) = #° va h(t) = ¢ . Ta thdy g(¢) va A(f) 1a nhing
ham lién tuc, khéng 4m va ddng bién V¢ 2 0.

2 x
; dt+2j: In(1 + )dt .
1+¢ H

1
Ta cé x21n2sj
0

2 1

1
T c4c déng thde _[——tz—dt= [E——t+1n{1+t} In2 -
g1+t 2

=
b | -

2 z
{t” ]n(1+t)~-t~2-+t-ln(1+t)

0

[tin(+ode =
0

D= o]

x2
len(1+x)~—2—+x—ln(1+x)

2
ta thu duge x”lnz£1n2—%+x21n(1+x)—%+x—1n{1+x)

hay (x* Hl)ln{1+x)—x2[-;-+ln2]+x2-;—-lnz.

V4y, gié tri nhé nhdt cda fix) bing %- ind khiz w1,

Vi dy 11. Tim gié tri nhd nh&t ciia ham s6
flx) = (3+2In2)x-2""-In2.x%, x € [0;2].
Giai
Ta c6 g(t) = —-2' — t 12 ham s6 lién tuc va nghich bién trong [0 ; 2], nén
vt € [0 ; 2] thi

x 2 x 2
-2 j(z*‘ +8)dt 2 -x [ (2 + t)dt < 2](2' + 8)dt < xj‘(z' + t)dt
0 (4] 0 0

27 b e T B

In2 In2 In2 In2

e 2 4 4’ In2-2<4x+2xIn2-=x

& (3+2In2)x -2 -In2.4% 2 -2

VAy, gia tri nho nhit cia Ax) bdng -2 khix = 0, x = 2.
DANG 2. TOAN TiM GIGI HAN CUA DAY 86

1 1 1

Vidul.Cho S = + ..+ .Tinh lim S ?
" n+l n+2 n+n nyex
Giai
Xét ham sd: flx) = —1—1 x4c dinh trén [0 ; 1].
X+
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Chia doan [0 ; 1] bdi cédc diém: x0=0,x1=l,...,x,—:—1~,...,x,._=1
n n
1 1
:§'u1=xt"xi'—i:_:>ﬂxi}3 :
n i
—+1
n
21 1 S | 1 1 1
= ( mx = = + + ...+
lefx ,;n £+1 ~i+n n+l n+2 n+n
n
1 1
=> lim§, = dx:ln\x+1| = In2.
T =+ n-"rT. D 0

A 2 a
Vi du 2. Tinh: 1imi[en P e“).
R )
Giai
Xét ham s6: flx) = e" xdc dinh trén [0 ; 1].
Chia doan [0 ; 1] béi céc diém:

x{):D:xI— T -':xf—ln_lrxi=i:'-°:xn=1
n
1 :'
:?Ax:':xi"x:’-]" — = fla) = e"
=> Zf(x}zkx Z—e" = —{ +et 4. +en
iel l-l n
1.3 2 " 1 1
=> lim——(e" +e" +... +e"} 2 l1me(.r)Ax je“dx.-:e’ =e~1
H =il ?l H-—l‘:l:. H 0
n n n
Vi du 8. Tinh lim S, biét: S = + = e
) At 1-4n* 4-4n® n® - 4n®
Giai
Tacé: S = 2 zer & 2+...+—2—n~-'r1—;
" 1-4n°* 4-4n n® —-4n
1 1 1 1
= 1 + ) S gp '|‘n2 E
— =4 —-4 — 4
n? n® n®t ]

Xét ham s8 Aix) = lién tuc trén [0 ; 1].

147



148

Phan hoach déu doan [0 ; 1] thanh n doan nho bdi cac diém:
Y=L €€ .. X3 € . Ex, =1

Tacé:x;—x;_ = l vli x; = .t
n n

Trén [x; _; ; x;] chon diém (o =x = i, tacod: flx) = —
n

Lap t6ng tich phan: S, = > f(&)x, ~x, ) = i '”“*-1-——*1‘“
i=1

2

ist{ n
—| -4
n

) Y dx 1 x=2|1 ) O
Vay: lim S = = =1 = SR,
L O ,5[1:2—4 4| M2 e 4 3
Vi du 4. Tinh '}im S, , biét:
1’ g K n?
S = + it —m———— o —
2t g (2k)° + n® 2n)® + n’
Giai
2 2 2
Tacé: § = 21 — + 32 3+...+-——~-Jg’-——3
* T P aent 4Pen (2n) +n
i 93 n’ 1
= + i ==

{]
+
S| =

Xét ham s6 flx) = lién tuc trén doan [0 ; 1].

8x +1

Phan hoach déu doan [0 ; 1] thanh n doan nhé bdi cdc diém:
X201 KX € € X1 X X5 1

1 . i
Tach:xi—x;_1= — Véix;= —
n n



22
-
Trén [x; -1 ; %) chon diém & =x = *, tacé: flx) = — i

n ,_[3
8l | +1
n
2

B
Lap téng tich phan: S, = Y f(&)x, - x, )= D ———

i =1 ) 1 =\
o ' 3[1] 1
It

- ' oxtdx 1 g ' In8
Vay: ,.1.123 S = 5[8.1’3 T ﬂ[in‘Bx +1H . M9
Vidu 5. Véiméin e N!
datS — -]; 1 + 1 +_'_+_,__1_._
L i o . 2 . km
1+sin— 1+sin— 1+sin—
n 2n 2n
Tim lim S, .
(Pai hoc Quéc gia Ha Noi — 1995, khéi B)
Giai
Ta ¢é: Su — Exg— ) 1
e T Y
2n
Téng nay 1a tdng tich phén cda I:
4 W &
x T Fogy £ ogrt. 2
[..Ezj dx ___2_? d(2 x) 2% d(“ 2)
h:r01+sinx_ t 2 b3 :rg T X
1+cos| ——-x l+cos2|~——-—
2 4 2

T 1 3
2 = —?—[tan{)-—tanf—J -
0 n 4 n

4 2
4 2
; 2
Vay: limS =1= —
i —»x x

DANG 3. CAC BAI TOAN TG HQP
: :
Vi du 1. a) Tinh tich phan [x(1-x)"dx.
0
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0
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4 3 21
IJS(lw.x:)]gdx; {CO ¥ g . ]

¥ 1 1 1 1 1 9
b) Rit gon téng: S = EC&, ~§Cl‘9 +ECfg —t %CI‘;‘ ﬁEIC;,J.
(PH Noéng nghiép I Ha N§i — 1999)
Giai

1
a) Tinh jxa - x)"dx
0

Pat:t=1-x>-dt=dx=>x=1-1
Déi can: {x:ﬂ@[t:l

Tl =0
Vay I = 1[a:(l - x)¥dx = !](lut)t'g(—dt} = lj(.ar“’ - t?)dt = [tj‘i Hfi] j s
: / , J 20 21|[s 120
b) Theo nhi thic Newton ta c6:
x(1 - %) = 2(C, ~ Clx + CLx? - ...+ Cigx'® - Cigx™)
= Cox—-Cix® + Cpa® — ...+ Cpx™® - cix”

E g 1 1
le o, 1w 1
LT greTgte Ty e T e

19£

Vi du 2. Cho n 1a mjt s6 nguyén duong
1
a) Tinh tich phan I = I (1+x)"dx.

0

b) TinhtﬂngsﬁS=C°+EC’+102+...+ L on
2" 38" n+l "
(PH Su pham TPHCM, khéi D, E ~ 2000)
Giai
2 n+l |1 nel
a) Tacé: I = ]'(1 +x)'dx = (1_+.1'r_)r___ = : 1 (1)
- n+l |g n+l

b) Tacé: (1+x) =C° +Clx+Cix* +..+Cix"

2 3 n+l 1
| OV QA o B E i a0
n n 2 » 9 LS| i
0 1 1 1 2 1 n
= —C +=C+.. Cc" (2
Cﬂ+2 ﬂ.+3 H+ +n+1 H{)
¢ ) 2n+1_1
Tir (1) va (2) tacé: S = p
n+l

1
Vi du 3. a) Tinh tich phén: I = Ix{l -x*)dx,ne Z°.
0



b; Ching minh ring: 2C* -2t +20t=lepy o S on o 12
o = e g 2n+2 ° 2(n +1)

(PH Bach khoa HN - 1997)
Giai
a)Patu =1 - 2° = du = ~2xdx
Khix=02u=1;x=1=2u=90

1 [y n+l 0
Ta c6: 1 = jxil—xﬂ}"dx :ulj‘u"du =-—1r o = 1 e 1
& 2 2in+1||y 2(n + 1) 2n + 2

b) Ta c6: x(1 - x*)" = x(C)1-Cx*+Clx* - Clx® +..+(-1)"C'x*)
= Clx-Cx* +Cx"~Cx' +.i+(-1)"Clx®!

L&y tich phan 2 vé trén doan [0 ; 1], ta c6:

1 2 1 8
fx{: —x*)dx = C° 2

(i}

| 2a+2 |1

1 6
X
+ G2

o ' 6

I-C‘ﬁ
o 4

—C:"i +...+(-1)"C" oz
"2 o 8o " 2n+2
1 _la_

sl loile lesy SV o
2n+2 2 n 4 " G n 8 h 2n+2 n
Vi du 4. Chitng minh rang:

1 1 1 1
200—‘—6122 _0223_“‘ _1 i anml - 1 _1n
Giai

i n+1

5 (-1 1 1 1
= - - = 1-(-1)*"
0 [n+1 n+1} n+l[ =1 ]
1

- - +1[1+(—1)"j (1)
» Lai xét I = i:[(1 - x)"dx = ?[Cf" ~-Cx+Cx’ —...+(-1)"C:x"]dx

0 0

= |C’x - }FCIxQ + -]lcha — ..+ (-1 —l—C"x""
n g 3" n+l ®

0

Vay

2 _ n+l
X1 Ja-grde o022

2

0

= 300 = % Cl2? + %0323 et (-1 Llc;; g )
n+

Tu (1) va (2) ta duge:
1 1 1 1
2CD_ ‘—Cl 22 _C223 - -1 *‘*_*_C" 2u+1 - 1 1"
2" T3 = }n+1 " n+1|: * )]
Cha y. Vi cdc sd hang ¢6 dang C'2*' nén cln trén cta tich phén ta

chon 1a hai (théng thudng cdn dudi caa tich phéan 1a 0).

C. TOAN TU LUYEN
Bai 1. Choa 2 1, b 21. Chitng minh ring ab<e" ' +blnb.

Bai 2. Tim gia tri nhd nhat cia biu thitc A =e? +b(lnb-1),1<b <e.
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. ) = - |5} 25 35 - 5
Bai 3. V6i mbi sd nguyén duong n, dat: S = P iel ~ o A

i

lim S .
TE —k 40 '

Bai 4. Cho n 12 s8 tu nhién 16n hon 2.
1
1. Tinh tich phén I = [x*(1+x")'dx.
4]

n

R+l
2. Ching minh ring: lC“+lC'1 N T : o i
3" 6" 9 " 3n+3 " 3(n+1)

(PH Mé& Ha Né1 - 1999)

D. DAP SO VA HUGONG DAN GIAI
BailXéthaimsdy=Ilnxvédix21. Tacox=¢.

Goi S; 14 dién tich hinh gi6i han bdi cAc dudngy =0, x =0,y = a - 1,
x = ¢ va goi Sy 12 dién tich hinh gidi han bédi cdc dwdng y =0, x = b, y =
Inx. Khi d6, ta thidy b(a — 1) chinh 12 dién tich hinh chir nhit giéi han bdi
cicduongx=0,y=0,x=b,y=a- 1.

Vay nén (trong cd hai truong hgp Inb 2(a - 1) va Inb < (@ - 1))

S +8,z2bla-1 (1)

a-1

a-1
Tacs S, = [e'dy=e’| =e""-1
0

0

b
=blnb-5b+1

1

b
va S, = Jlnxdx =(xlnx-x)
1

Thay S; va S, vao (1), ta nhan dude e*' +blnb-b > bla - 1)
hay ¢*' +blnbd > ab

Bai 2. bat g— =qa, thi ab = e vd ¢ > 1. Ham s8 fix) = " lién tuc, kl6ng am

va don diéu tang trén (0 ; +) ¢6 fI0) = 1 v ¢6 ham ngugc bangy = Inx,

nén ta co

&
>ab & e -1+blnb-b+12a
1

4 +(xIlnx - x)
0

e’ +b(lnb-1)zab=e.
D4u ddng thie x3y rakhi b = fla) hay b= e, tird6, tacéa =1, b= e.
Viy, gi4 tri nhd nhat cda biéu thirc A b&ng e, khia=1,b =e.
Bai 3. Xét ham s6: fix) = x° x4c dinh trén [0 ; 1]
1

; : 1
Chia doan [0 ; 1] bdi cdc difm: 2y = 0, x; = ;,...,x,—: 4w ¥n =1

Te‘dx + !]‘ln xdx 2 ab & e*
0 1

ol
= A =x -x | = = flx) = [iJ
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=

" " 1 aD 5 5 " | .
=Y fla)Ax, = Z—[i] _ B2 s P

e S iR\ n n®

: n 1 xﬁ 1 1
> him S” = lim Z f(xi)Mi . Ixsdx = — = —
I - #+ H--hfr,j g 3 6 |[] 6

. . . d :
Bai4 Dat:u =1+ x° = du = 3x%dx = C2 _ xdx

Péi can: {x:ﬂ@{uzl
x =2

2 1|:2n‘l _1} _ 2:1.-1 _1

i

2 ;
1 1 @

I = = |u'du = = = (1)
n+1 3Hn +1)

3 _ 3n+1), 3
Mit khac ta ¢6: (1+2°)" = C) + Clx® + C2x° + ..+ Cl'x™

) 2
Suy ra: x*(1+2%)" = Clx* + Cix® + C2x® + ...+ Clx™"*

1 x3 1 ' IG 1 dn+d |1
= [P+’ de=C | +C —| +..+C, .
0 3 Q (3] 0 3n+3 o
s Lpooodom R, o B 2)
3 n 6 n 9 n 3n+3 m

50 sdnh (1), (2)

n+l
LT THCRIR. R ki
6 " 3n+3 " 3(n+1)

Ta cé: < C’ +
3

TOAN TU LUAN ON TAP CHUONG III

A. KIEN THUC CO BAN
» Ung dung tich phan dé tinh dién tich hinh phéng.
» Ung dung tich phan dé tinh thé tich vat thé.
e Ung dung tich phan gidi toan dai sd, gidi tich va t8 hop.

B. BAI TAP
Bai 1. Trong mat phéng v6i hé toa do truc chudn Oxy, D 12 mién gidi han bdi
2
cae dubmg c6 phuong trinh: y =x% 5y = %— Lo EI Tinh dién tich cta D.
x
(Pai hoc M — Bia chat Ha Ngi - 1998)
Giai
. 3R : ) xz 27
Goido thi (Py):y=x";(Pa):y = = va (H): —
x

Ta tim duge toa dd giao diém cha cdc dudng cong:

2 —
e (P)N(Py) e x* = -’25;5 o 27  =x* & 26x° = 0 => {x_g = 00 ; 0)



e (P)n(H) < 2% = %c?-c:ax3=27=>{x=z=>£l{3;9)
y:

2
'(Pz)ﬁ{m@% L

X

= {"’=9 = B(9 ; 3)
y=3
Goi S 1a dién tich cia mién giéi
han D
Ta c6: vx € [0 ; 3]: Yy 2 Ve,

axzzi—
27 X
vx € [3 ;9% ylmaym,)@_;?'ﬁ
3 2 2 3 3||s 3 1|9
Dod6: S = [l -Zldes [BL-Elae = |2 X |I" )| 27mn]d- X
: 27 slx 27 3 3|l 3 |la
3 3 3 3
-2 _3ll2mme-2 |- [27m3-L
3 3 3! 3

= 9—%]+[541n3—9—271n3+ﬂ = 27In3

Vay S = 27In3 (dvdt).
Bai 2. Cho hinh thang cong giéi han bédi cdc dudng y = 0, x = a (a > 0),
y = x°. N&u cit hinh thang cong bdi ti&p tuyén véi dudng cong y = x° vé

tot ifm e 33‘_1 ta duge mot tam gide. Hoi ring khi d6 t§ s6 dign tich

gita hinh thang cong va tam gi4dc b&ng bao nhiéu ?
Giai

a 4 la 4

Dé thdy dién tich hinh thang cong la J'(x"‘ - 0)dx = %— = %.
8 0

Béy gitr ta 14p phuong trinh ti€p tuyén vdi

) : _ 2a A
dudng cong y = x° tai ® 7 P
Ta c6 y’ = 3x*
2aY(_ 2) (2) 4a’(_  2a) 8a° A

y=a3 1 1¥ 3t 8] "2 ¥ 5 e >x
o gt B, C

D6 12 phuong trinh ti€p tuyén tai A[?" %}

Gia sl ti€p tuy&n cdt dudng thing x = a tai D va cit Ox tai B. Ta cén
tim toa d9 cta hai diém dé.

164



2 3 3
Ds thdy xp = a, suy ra Yp = ﬂ(a__zﬁ}_f_ 8a _ 20a

yH:G-'_*——u——x

3
Din dén D|a ;200, , B an 0|, Cla ; 0).
27 9

D&n diy ta tim d6 dai doan thdng CD va BC. Ta cb6:

DC = [?Ei]z = 200’ . BC = (a—é—aT = 5_a
27 27 9 9
1 1 20a® 5@  50a*
San = g DCBC = 509 = 23
Vay S, _ 91:50&4 _ 243
Y S, 4243 200
x? - 2x

Bai 3. V& (C): y = fl(x) = . Tinh dién tich S cta hinh phing gi6i
X — ;

han béi (C), dudng tiém cAn xién cla (C) va hai dudng théng x = a va
x=2avlia> 1.

Giai
2
x° -2x
VE(C) y=f(x) = y
y =i x-1 4
2--
Ta cb:y= 2 ok =x-1- :
x-1 x~-1
(C) c6 dudng tiém cAn ding la 0

dix=1vatiémeidnxiénladiy=x~1

? -1
¥y = Mﬁ >0 (vx#1)
(x -1)°

Suy ra ham s6 luén dong bién.

S chinh 1A dién tich phédn gach soc

& hinh vé bén.

Do d’ & phia trén (C) khi x € [a ; 2al.
2a 2a i

S= Hytm"y:d'l|dx= I{:(x—l)—[xﬁl— dx =

s x-1

Eadx
=== In|s-1

a

2a
o

= 1n!2a-—1‘-~lnla—1i = In

a-1

Bai 4. Tinh thé tich vAt trdn xoay duge tao nén do ta quay mién D dugc
gigi han béi cde dudng: y = Inx, ¥y = 0 va x = 2 quay quanh truc Ox.
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Giai
Thé tich vat trdon xoay do mién D quay quanh

2
truc Ox 1a: V = frj.(lnx)zdx r4
1
1 ........
Pat u = (Inx)? = du = 2lnx(~]1dx] /:/’-E— >
x 0 /1 3o F
dv=dx=>v=x
2 2 2 . 2 2
V= n[uv - Iudu} = 7x.Inx ~2:r_[1nxdx = 7(2In*2) - 2x(xlnx - x)
1 1 1 1 1

= 271n*2-272(2In2-2+1) = 22[In*2-(21n2 - 1)]
= V = 27(In2 - 1)* (dvtt)
Bai 5. Tinh thé tich cha khdi tron xoay tao nén béi hinh trdon 2% + (v - b)° < a®
(0 < a < b) quay quanh truc Ox.
(Phan vién Bdo chi va Tuyén truyén Ha Ngi — 1995)
Giai
Goi dudng tron (C) ¢é tAm X(0 ; b) va ban kinh R = a.
(C):y=b+Va® -x°
(C,):y= b-+a® -x
Goi: ¢ V; ]2 thé tich sinh ra béi hinh thang cong A'’AFBB’ quay quanh truc Ox
o V; Ia thé tich sinh ra béi hinh thang cong A'’AEBB’ quay quanh truc Ox
e V 12 13 thé tich sinh ra bgi hinh trdn (C) quay quanh truc Ox
Tac6: V=V,-V,

V=ni[[b+-da2~—x2]2dx-n‘][b- a2~x2:|2dx
= fr]tib\}a“ - xldx = 4b;r]u'02 ~-xidx

Ta c¢6 phuong trinh (C): x? +(y-b)* =a® & {

Dé6i bién s6 tich phan A = j Ja? - x'dx

vy A
dx = acos tdt _
I
Bat:x=asint=><x=-—a::>sint=_1:>t_—._% A 5 B
x=a=:’51nt=11:}t=£ A.ls C2]'B,
. 2 ! Bl I —bx
L n -a O a

2 2
Do d6: A = _[Ja"' —a’sin*tacostdt =a ”cos t!acos tdt

2 2
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1

N

)

a?
= —n
2

(SRR

2
a’ I(:t:us2 tdt (Do cost > 0 v@i Vt e (..
E

2

2 N

. J(1+cos2t)d.'t= 9 “_stt

2 = 2 2
i

o
2

3
2
Vay: V = 4{»:.%;: = 27%a%.

Bai 6. Trong mat phéng toa d6 Oxy cho parabol (P): y* = 4 — x. Tinh thé
tich ca vat thé tao nén do sy quay quanh truc Oy ca hinh phing duge
gi6i han béi parabol (P) va truc tung.

Giai
{P}:y2=4—xc>x=4—y2=ﬂx)
Phuong trinh tung dé giao diém cha (P) va Oy:
4-y' =0 y=1+2
Hinh tron xoay sinh ra khi cho quay quanh Oy 13)nh thang cong gi¢i han

s a‘m
s v 2
bdi cdc dutrng: <

x =10 0 4
x = flx) = 4-y*

»x

Ta duge:

g 2 2 '
V= ;rI(4_y2)“dy - 2:1'_[(4 -y )dy = 2:1'_[(1»‘53»'ﬂ-S;y2 + y*)dy
0 0

23
2
= zfr[lsy—g-ya +5yﬂ] - zx[sz;ﬁ_gﬁ_z.} _ 52,

5 0 3 5 15
512
= — vit).
Vay V T n (dvtt)
C. TOAN TU LUYEN

Bai 1. Tinh dién tich hinh phing gi6i han bdi cac dudng cong ax = y° ; ay = x°
(a > 0 cho trude).

(Cao ddng Su pham TP.HCM - 1996)

y=x"-3x+2
Bai 2. Tim dién tich hinh phdng giéi han bdi cdc dudng: y= .:c) -1

X =

x =2
Bai 3. Tinh thé tich cGa hinh trdn xoay sinh ra khi cho quay quanh Ox

y2=(x-1)
x=2

hinh phéng gidi han bdi cdc dudng: {
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Bai 4. Tinh thé tich vat thé tao nén khi quay xung quanh truc Ox hinh
thang cong duge gidi han bdi cac dudngy =x*-4x +5vay =x + L.

D. PAP S6 VA HUGNG DAN GIAI
Bai 1. Goi d8 thi (Py): ax = y* va (Py): ay = x°

Doa>0= x>0,y >0 nén (P, va (P;) chi cdt nhau ¢ géc phan tu tha
nh4t chia mat phdng (Oxy). Toa d§ giao diém cia (P,) va (Pj) la:

—, (Py)
Yy = vax 22 § i 5 y‘ 2
2 DVax= — oadx=x oSx(x*—a’)=0
y= — a ia
a .
- x=0=y=0:Géc 00 ;0
x=a=y=a:Diém Ala ;a) 5

Goi S 12 dién tich c4n tim, ta cé: Vx € [0 ; al: ¥, 2 Yy

D

0dé: S = j = j
x" ||° a®

s idamedr=Se |l = = (dvdi

[JEstE &Jo = (dvd)

Bai 2. Tac6: S = 1j|(a:= ~3x+2) - (x -1)[dx
0

b 4
Ta lap bang xét ddu:
fx)-glx) =(x*-3x+2)-(x-1) =x>-4x+3 4
x __lo 1 2
fx)-glx) | + 0 - x
Suy ra:

8= ][(xz —3x+2)—(x—1)]dx+?[{x—-1)+(x2—3x+2}]dx
0 1

1 z
- j{xa -4x + 3)dx + I(~x2 +4x - 3)dx
1

1 8 4 2 4
— —-—— et . = — = — - t
[3 2+3]+( 3+8 GJ [3+2 3) 5 3+3 2 (dvdt)

2

Bai3. V= Jrj’yzdx = JII(I -1)%dx
i i

2

=

(x-1)* 4
ﬂ S
1 4

4

V=
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Vay V = g (dvtt).

Bai 4. Ta tim toa dp giao diém cta dudng thidng va dudng cong. Mudn vay

.
ta gidi hé phuong trinh: {y S
g siapag |
D& thay A(1 ; 2), B4 ; 5).
TU hinh vé ta ¢6 V = V; — V,, & day V 1a thé tich vat thé cdn tim, cdn V|,
V, la thé tich vAt thé tao nén khi quay xung quanh truc Ox hinh thang

ABCD v hinh thang cong ABCD. Bdi viy ta c6:

e x.’! 4
Vi=nx J(.\: +1)°dx = E[E + 2+ x) = 397
1

1

4
Vo= x '[(.r:g ~4x + 5)%dx
1

4

A 3
x 26x
= ?T['E“'z.xq-F

-20x* + 251:]

1

o

2_
i
= 15,61 /_0

Viy V = 397 - 15, 6:: 23,4 7 (dvtt).

CAU HOI TRAC NGHIEM ON TAP CHUONG III

A. CAU HOI TRAC NGHIEM
1. Dién tich: hinh phéng gi¢i han bai parabol y = —2x* + x + 8 va tryc hoanh bang:

125 125 125 125
A , B S“' —— , C S: _—
(A) S = Ty (B) = (C)S = 7y (D) =
2. Dién tich hinh phéng gi¢i han bdi cdc dudng y = Inx ; y=0;x=ebhng:
(A)S=1; (B)S=2; (C)S=e; (D)S:%.
3. Dién tich hinh phéng gi6i han béi c4c dudng y = sinx, y = 0, x = 0, x = 7béng:
(A)1; (B) 2; (C) 3; (D) 4.

4. Dién tich hinh phdng gi¢i han béi dudng cong y = x* — x va truc hoanh,
vA hai duyng thing x = 0, x = 2 béng:
(A) 3 ; B)2,;
C)1; (D) K&t qua khAc.

5. Biét didin tich hlnh phéng giéi han bdi cdc dung y = x x| iy =0;2=-2;

x=a>0laS= -3— (dvdt). Gia tri a 1a:

(AJ)a=1; Bla=2; Cla=—=; (D)a=3

o | On
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6. Goi D 1a hinh phing gi¢i han béi hai dwongy =x* -avay= -x° +a
(@'> 0), Biét dién tich cia D12 S = g (Aot Bha i aln

(A)a:%é-; (B)a:x@; (C)a=3\/§; M)a=23.

7. S6 do dién tich cta hinh phing giéi han bdi hai dudng y = x> - x va
y = 3x bang:

32 16 14
(A) 3 (B) 3 (C) g 5 (D) 32.
8. S§ do dién tich cia hinh phing gi6i han bdi hai duong y = x° - x va
y = 3x bing:
(A) 4; (B) 8; (C) 16 ; (D) 32.

9. Dién tich hinh phdng gi6i han bdi dudng cong y = x° — x° va duong thing
y = 4x — 4 bang:
_ 19 17 61 71

A B Se .. Digs o,
A)S="2;  BS=—; ©8§="—; @MS=—

2

10. Biét mot nguyén ham cha xlnx 13 ._1:__(2 Inx-1). Dién tich hinh phéng

gidi han bdi céc dr.r?mgx-l x=e,y=0vays= xlnx béng:
e’ e’ +1 e’ +1

(A)S-E; B)S = ol (C)S-E; (D) 9

11. Cho dudng cong (C): ¥ = vsin® x + cos® x . Goi D 1a hinh phéng gi6i han
béi (C), hai truc toa dd vi dudng thing x = % Thé tich vat thé sinh ra

khi cho D quay xung quanh Ox bing:
11x? O’ 711' br?
A) V= s BYV=—"—; C) V= ; D)V=—
) 16 = 16 - 16 & 16

12. Cho dudng cong (C): y = Jx . D 1a hinh phing tao béi truc Oy va dugng
thdng y = m (m > 0). Cho D quay xung quanh Oy ta dugc mdt vat thé

tron xoay c6 thé tich V = e (dvtt). Gi4 tri m bng:
(A)m=1; BYm=2; (C)m=3; D)m = 4.

2

13. Cho hinh phing (H) gi6i han béi cdc dudng y = -—% y=2,y=4,x=0

Thé tich khé&i tron xoay duge tao thanh khi quay (H) quanh Oy bing:
(A) 127; (B) 10r; (C) 8r7; (D) 6.
14. Cho hinh phéng (H) gi6i han béi cdc dudngy = Inx, y =0, x =1, x = e.
Thé tich cta khéi tron xoay duge tao thanh khi quay (H) quanh Oy bang:
2
(A) m; (&) ﬂ(e; 7
(C) 4m? ; (D) Két qua khic.
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2x +1
x+1
Cho H quay xung quanh Ox. Thé tich vat thé tao thanh bing:
(A) V = n(4 - 3In2) ; (B) V = n(4 + 3In2) ;
(C) V=23 - 4In2) ; (D) V = x(3 + 4In2).
16. U 1a hinh phing gi¢i han bdi dudng cong y = 1 — x° va hai truc toa dj.
Thé tich vat thé sinh ra khi cho D quay xung quanh truc tung bing:

15. Goi H 1a hinh phing gi6i han béi cdc dudngy =0 ;y =

- x =0,

(A)V=§£; (B}V=4—H; (C)V=r; (D)V=§-£.
5 5 5
17. Cho hinh phing (H) giéi han béi cdc dudng y = cosx, y = 0, x = 0, x = g.

Thé tich cta khoi trdn xoay duge tao thanh khi quay (H) quanh Ox bang:

i n(r+2)
)3 B

2
() 4*1 ; (D) K&t qua khéc.

18. Cho hinh phé&ng (H) gi6i han béi hai dudng y = 0, y = x — x°. Thé tich
cta khai tron xoay duge tao thanh khi quay (H) quanh Ox bang:

A) = ; B) — ; (o) R .
(A) o ®) © - D) -

19. Goi D 1a hinh phing gi¢i han bdi cdc dudng: x = 0 ; ¥y = e va y = €,
(Bi&t mot nguyén ham cda Inx 1a xln’*c — 2x(Inx — 1)). Thé tich vat thé
sinh ra khi cho D quay xung quanh truc tung bing:

(A) V=omnle+2); (B)V=nle-2);
(C)V=mnle+1); (D) V= nle - 1).

20. Goi D 12 hinh phng giéi han bdi cdc dudng: y =x° ;y = 1 ; x = 0. Thé

tich clia vat thé sinh ra khi cho D quay xung quanh truc tung bing:

A)V=r; (B)V:‘%"; (G)V=§5i; (D)V=%”.
B. DAP AN

Cau i 2 3 4 5 6 7 8 9 10
 Ddpdn | (C) {(A) | B) | (C) | (B) | (A) A | @B | D] M

[ cau [ 11 [12 1314 15[ 16 [ 17 ] 18] 19 [ 20
' Pépén | (D) [ B) | (A) | B | (©) [ A | ®B) | (A | B | (D

C. HUGONG DAN CHON DAP AN
1. Parabol y = -2x®* + x + 3 cit Ox taix = -1 va x = -g—

.
3 A

- - oﬁ?j
Tacd S = _jl-l_gx +x+3|dx=_]1-{w2.r +;+3)dx y=1nx




(vi-2¢*+x+320khixe [-1;—2—])

3
2 = % (dvdt). Chon (C).

-1

2
Vi S w =2 E e
3¥ "3

2. DPuong congy = Inx cit Ox taix =1valnx20khix e [1;e]

u=lnx=u=-—

Vay S = J'lnxdx x
: dv=dx=>v=x
S = xlnx| - [+% =e-(e-1)=1(dvdt). Chon (A).
1 1 X
8. Tir gia thiét ta c6:
E 2 x i T
S = ﬂsinx'dx = Jsinxdx— Isinxdx =-cosx|? +cosx| = 2. Chon (B).
0 0 r 0 2
2
4. Phuong trinh hoanh d§ giao diém cha dd thi
ham s8 y = x° — x va truc hoanh: x> - x = 0 ¥a
S x=0hodcx=1) y:xz-x
Ta c6:
: 2z r 2 ! 2
S = ||x* -x|dx =- |(x* -x)dx + [{(x* - x)dx
- i - | oA
2 2 (2 2} 1l L 2
= - - —~-"—"—|| =1. Chon (C). i
[3 2]0+[3 2}1 (@ 4
Q a
5.8 = [2dx+ [x'dx y4
2 0
2L1° x
= —| +—
3 -2 3 x
8 a 16
= e o m— DD —
3 3 3
< a=2:. Chon (B).
6. Do tinh d6i xing cta hinh vé ta c6:
Ja x‘.’i Ja xﬂ—a
S=4I(a+x’)dx=4[ax—m)
0 3 Jlo
f a\/_ ___Sa\/§
3
-
Vay Sa’/§=-§-¢:>a=-‘{-;?i.0honu&). O
7. Phuong trinh hoanh d6 giao diém clia 46 thi hai hAm s§y =x* —x vy = 3
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.rg—.rziix@xzw-4x=0<:>(x={)hoacx=4]

Tac: S = ]i{x"’ -Xx) - 3:r|dx = hxz - 4x| dx = ?(4x - x°)dx
a 0 1

= | 2x° —ﬁ\
| 3

8. Phuong trinh hoanh d4 giao diém cta dé thi hai ham s6y = x* ~ x va
y = 3x:
P -x=3x e xx®-4)= 0 <> (x =0 hodcx =2 hoacx =-2)

Do dé dién tich cia hinh phéng 1a:

4
= %g Chon (A).

0

S = JI{I —x)—3x|d.r.— 'x —4x|d:r- ”x —4x|dr+ﬂx —4x|dx

o 0

L.~

1 i
S = j(xﬂ—dx)dx+ j(x3—4x)dx = {i-@xg} +[f——2x2] = 8.
-2 0 4 -2 4 ]
Chon (B).
9. « Phuong trinh hoanh dé giao diém cta hai dé thi la:
xa—x2=4x-4-:::-x2{x—1)—4{x~1}=0¢>]:x=1
v =432
1 1
e S = ”(x"‘-xﬂ)«(flxrriﬂdx: I(x3-12~4x+4)dx
¢ 2
= x | - -2 1 2 +00
13—x2—4x+4l - 0 + 0 - 0 4
1 2
il J’(a:3 -~ x? - dx +4)dx + j(—xa +x° +4x - 4)dx
-9 1
1 4 3 1
o j{x“—x2—4x+4)dx= {-x—-x—2x2+4x] = 2
9 4 3 -2
2 4 3 2 7
. !hr.:' 1-:«:2+r=1J|z:~-4]u:b:={—:"-T£,:—+1‘:3;-+2.1r:2—«&Lac]1 kT
45 . 7 71
Vay S = — + —.= — (dvdt). Chon (D).
ay 1 +12 & (dvdt). Cho )
[ 2 P oal 2 1
10.S = [xlnxds = = @nz-1| =S @-1-2©-1)= 2. Chon ()
1 4 1 4 4

. :
11.V = :rjyzdy = s'rj{si.nl‘i x + cos’ x)dx = :r-{(l - ::i—sin2 2x]dx
0 0 0

5’

%5 3 B % . E
= n![g+§m54x dx = 7 -8-x+—3-§sm4x e 16 (dvtt). Chon (D).

163



5|m

12. V= r (2*dy = = y“dy=ﬂ,-‘?—
e e

0

5
" ’”; s 3?’" 5 v 3, Chisn (B),

2
13. Phuong trinh y = 52_ viét lai x® = 2y

q
= 127 Chon (A).
F

4 4
Tach: V= :rszdy = Ex]'ydy = my’
2 2

14. Tacoy=lnx > x=¢ (x € [1;e]

<yel0; 1) &

+ V) la thé tich khdi tron xoay khi cho hinh Y y=1 g y = Inx
phéng gi6i han bdi cdc dubngx =e,x =0,y =0, 1
y = 1 quay xung quanh truc Oy. A 7 / H il

(V) chinh 12 thé tich khéi tru ¢6 ban kinh O /1 e
ddy R = e va chieucao h = 1)

+ V3 1a thé tich kh6i tron xoay khi cho hinh phdng gidi han bdi céc
dudng x=¢,x=0,y =0,y =1 quay xung quanh truc Oy

Thé tich khdi tron xoay sinh bdi (H) 1a:

= (e’ +1)

1
V=V,-Vy= :r.e”.l—nf(e’ﬁdy = e’ - %ez” . Chon (B).
a 0
o ° (2% +1Y g i T
% = i — = - dx
15. V :r_!ydx Jr_[[x*_lex ;vr_[[2 x+1}
"2 2 E-;
0
=EI[4"' - - 2) 4y
- x+1 (x+1)
- 'W%’/d
0
=K 4x+41n|x+1j~ - ] 4 e
x+1 ~3 '—1‘ 0
= 23 — 4In2) (dvtt). Chon (C).
1 1 2
16.V = 7z [x’dy = x [(1 - y)°dy -
0 0
5|1
= —~3£(1wy)3 = S (dvtt) 1
5 0 5 & 1 X
Chon (A). ol \

'y 4
17. Tac6: V = :frj'ccxs2 xdx = % I(l + cos 2x)dx
a 0

T sin 2x
= —| X+
(2]

P w228 Gies B
. 8
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18. Goi (C): ¥ = x — x°. Phuong trinh hoanh dé giao diém caa (C) va truc
hodnh: x - x*=0 < (x = 0 hodcx = 1)

1 1 3 4 5 1
Do dé: V = nj(x~x2)2dx = ;r.r_[(:c2 <Oyt il = gl T 2o E N -
: 3 3 2 6 Jlo 30
Chon (A).
19.V = ?ril-xzdy = HJ(lnz y)dy Y4 y=e
: —7L
= 7|lyln®y-2y(ny-1) =e :
[y y—-2y(ny } ; y S, | .
= e —2) (dvtt) o] 1 x
Chon (B).
1 1
20.V = ;rszdy = xj(%/;)zdy 3{" €.y iy
0 0 3’%,
1 2 5104 =1 |
2 27 2 27 : » X
= ﬁjyﬂdy = _____yz = — (dvtt). : 01
: 57 5 - i |
Chon (D).
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