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Thi trudémg sach tham khao toan hién nay ¢6 qua nhiéu nhimg cudn
sach ticu de nhu "B d¢ thi Pai hoc”, “Cac chu dé 6n thi Dai hoc”, hay

Cac bai giang 6n luyén mon Toan™... ma da phan ndi dung khong khac
nhau nhiéu, thuong chi xoay quanh viée giai bai tap, con phuong phap va
cach dan dit rit so sai. Diéu nay khién cac si tir trude ki thi cang tro nén
kho khdn va mét moi hon trong viéc lwa chon mot cubn sach ha y cho
minh. Hiéu dugce phan nao tdm li ay, nha sach Hong An xin dugc chia sé
vai doc gia mot tin vui:

Neéu ban dang lo lang...Ban muon biét cau tric dé thi dai hoc nhitng
nam gan day ? Co qua nhiéu kién thiec, ban muon biét phan nao la trong
tdm ? Ban muon biét phdan nao hoc ton it thoi gian nhung kha ndng thi
cao nhat ? Ban muon hoc hoi kinh nghiém, nhitng “ki nang mém” trucc
khi buoc vao phong thi ?

Tat ca da ¢ trong cudn sach ma ban dang cam trén tay:

“Kién thirc va kinh nghi¢gm lam bai
qua cdc ki thi Pai hoc mén Todn”

Sau day, nha sach Héng An xin dugc ¢4 doi dong cam nhén vé nhom
tac gia Nguyén Phit Khanh — V5 Qudc B4 Can — Tran Qudc Anh.

e Nguyén Phii Khanh 1a sang lap vién (hién dang la admin) cua Dién dar
toan hoc Viét Nam maths.vn. Ong da lap ra mot hé thong thu vién tai lié,
cling nhu gido an online trén website noi tiéng nay voi uéc mo phd cij
kién thic toi nhlmg viing siu, viing xa cho gido vién, hoc sinh nghé
vuot kho va 1a tac gia nhiéu cudn sach hay, 6n thi Dai hoc hién nay.

e Vi Quoc Ba Can - Tran Quoc Anh, dugc vi nhu “Bic Kiéu Phong, Nan
M0 Dung” trong linh vuc bat ding thuc SO cap ¢ nudce ta. Trong thoi giar
qua, vd1 phong cach vidt “huong dbi trong”, “din dit 16i giai t nhién”
bo doi tré tudl niy da thuc sy tao nén h:eu ing bat dang thirc qua g
mudi ddu sach duoc xuit ban tai Viét Nam va ca trén thé gioi.

Ba ngwei thay — Mjt thong diép

Sur két ! hop iy di 20 nén mdt phorg cach viét “tré trung” va “giau kinh
inghiém”. chic chén s& lam hai 1ong ca nhimg doc gia ki tinh nhdt.

Nha sach Hong An
[rin trong zidi thiéu



M6t mua thi nira lai dang dén gan. ..

Thuc su, nhom tac gia chung t61 khong khoi chanh long khi nhin vao
thuc trang thi cu hi¢n nay. Hoc sinh cac tinh d6 don vé nhung thanh phd
lon dé hoc ° t,rung, tam”, con hoc sinh thanh pho thi “chay s6” khap “lo
luyén™ nay dén “16 luyén” khac. Phy huynh thap thom, dimg ngdi khong
yén, tinh du moi phuong an chon truong... Toan canh birc tranh nay c6 thé
tom gon trong hai cum tir: “bon chen” va “mat phuong huéng”.

Xin dimg nghi rang cir hoc nhiéu thoi gian hon ngudi khac, ban s& vuot
Ién.

Diéu nguoc lai hoan toan ¢6 thé xay ra. Pumg dé roi vao hoan canh “hoc
tai, thi phan™ ma hay “hoc ding cach, thi ding nang luc™.

Dung cach la thé nao ? Theo chiing 16i. dung cach ¢ day co nghia la:

Hoc vira du. hiéu qua cao. Vimg tam li, lam bai 101,

Vé&i muc dich truyén dat toi cac ban thi sinh ndi dung cu thé cua thong
“diép nay, nhom tac gia da ¢ ging bién soan cudn sach “Kién thirc va
kinh nghiém lam bai qua cac ki thi Pai hoc mon Toan”.

Ding nhu tén goi cua no, sach bao g gdm nhimg kién thuc can thiét, t6i
wu nhét dugc hé théng diy du qua nhimg chuyén dé ngan gon. Ngay sau
do, chung ta s& di vao thyc hanh. Phén dé thi nhitng ndm gan day va ca
nhimg dé tur luyén (kém dap an) s€ gitp thi sinh nam duogc rd cau tric dé
ciing nhu van dung thanh thao kién thire tir phan truée. Cudi cung, khong
kém phan quan trong la nhing chia sé cudi sach. Nhimg chia sé nay thuc
sir ¢a mang lai thanh cong cho nhiéu thi sinh qua cac mia thi, nay xin dugc
trai long cung ban doc.

Gio day ching t61 chot nhé t61 cdu danh ngdn cua dai thi hao William
A.Ward: “Nguai !huv trung binh chi biét néi, nguoi thay gioi biét cdch
giaithich, nguoi thay xudt chiing biét cdch minh hoa, con nguedi thdy vi dai
biét cach truyén cam himg "

Va ching toi thue su hi vong ring cudn sach nay s& tré thanh ngudn
cam himg ciing nhu tur liéu bo ich cho céc ban thi sinh trong ki thi Dai hoc
sap 0.

Théan mén



PHAN 1
MOT SO CHUYEN PE CHON LOC

O CHUYEN DPE 1

BAT BANG THUC VA CUC TR|

Chac hdn ban doc sé d(mg y rang nhiéu khi, néu ta ¢o thé giai qu)e
diroc nhitng van dé kho thi diéu do sé gop phdn cting ¢6 niém tin ciing nhie
sw tr tin khi giai quyct nhitng van dé binh thudng. Ddy chinh la li do khién
chiing 16i chon phan mo ddu la chuyén dé “Bat ddng thirc va cuc tri” chir
khong phai chuyén dé vé ham so nhue nhiéu sdch tham khao ciing loai khdc.

Nhic dén “bat ding thic”, da sb gido vién va hoc sinh déu lac dau
ngao ngan Clng dung thoi, khi ma khong it gido vién hi¢n nay khong
lam ndi cau bt ding thirc ¢ dé thi dai hoc thi hoc sinh “doc dé xong, gio
tay hang” au ciing 1a diéu d& hiéu. Xin chia sé mot chut, trude day, ching
t6i cling nhu cac ban, dén mua thi cling phai cb gang “chay s6”, di hoc du
hét cac trung tam uy tin, doi khi chi dé “bing ban bang be”. Nhung co
md diéu thd vi ma chung t6i nhan ra, d6 la nhimg “bac thay luyén thi”
déu co6 mot diém chung, ho thuong tu nhdn minh khong gioi bat ding
thire va tir choi day phan nay. Ciing ¢6 vai vi ma chung t6i biét kién thirc
tuy han ché nhung lai tuyén bd rat hung hoén “Téi 6 ~day cac em cung
khéng lam dugc, thoi thi khon,g> day nira”. Lai co6 mdt s it “béac thay cao
thu hon, d6 la thu sin, hay noi cach khac 1a hoc thudc vai bai bat dﬁng
thir: rdi di day lai cho hoc sinh ma khong hiéu duoc vi sao 16i giai lai nhu
vay. Va thé 1a chi con rét it ngudi giai thich, hé théng duoc cac dang bat
ding thirc va dinh hudng cho hoc sinh con dudmg tu nhién nhat dé dén
duce vai loi giai.

Thye ra, nghé thuat giang day chinh 14 cach bién nhimg van dé phirc
tap tré nén don gian. Va chung t0i 1a nhimg ngudi yéu nghé thuat. Cude
ham trinh kham pha chu dé “Bat ding thirc va cuc tri luyén thi dai hoc”
s& kit dau ngay sau day.




Dua vao kinh nghu;m tong hop va phan tich nhiéu nam, chung toi ¢o
thé khiing dinh gin nhw chic chin rang bai bat ding thirc (hoic cuc ttri)
trong cdc ki thi dal hoc luén luon chi roi vao mqt trong hai d.mg st duing
y twing “giam-bién” hoiic sir dung trure tiép cic bit ding thire ¢6 dién.

Trudce khi di vao chi tiét hai _dang toan nay thi ta can “trang bi” cho miinh
nhitg cong cu thdng dung nhét trong giai bat dang thire, tim cye trj (v y
khi di thi, cac ban hoc sinh duge ap dung ma khong can chimg minh lai ccac
két qua nay).

- Bat dang thirc Cdsi cho hai s6 va ba so vc'Jri cac dang:

)

P
3) Véi x,y,z20 thi x+y+2z23.{xz va \v_s(\+
\

1) Vé&i x,y=0 thi x>+ >2xy va x+y>2Jxy.

2) Véi x,yeR thi (x+y)’ 24xy va xys[ =

Lu—

),
- BAét dang thirc Bunhiacopxki cho ba sb.
Véi a,b,c,x.y,z batki, ta luon co:
(ax+by+cz)’ <@ +b +7)x" +y* +27)
Pay con goi la dang “nguyén thuy” cia bat dang thirc Bunhiacopxki.
- Bét dang thirc cong miu sb (he qua truc tiép cua bat dang thire
Bunhiacopxki).

Véi a,b,ce R va x,y,z>0, taludn co:

2 2 2 2
a b c a+b+c¢
P >( )

X y Z - Xyt

C6 nhiéu gido vién goi day la bat dang, thirc Schwarz (Svac). Nhung thge
ra, cach goi chinh xac theo chuan qudc té phai la Cauchy Schwarz. Truy
nhién, do tinh muc dich cua cudn sach nay nén chuang t0i s€ sur dung céach
goi don gian va dé nho la bat ding thirc cong mau so.

* Déc gia co thé tham khdo thém vé lich sir cdc bat dang thire trén troong
hai cuéon sach cung bé la
- Sir dung phirong phap Cauchy Schwarz dé chimg minh bat ddng thice.
- Sir dung phwong phdp AM-GM d@é chiing minh bdt dang thirc.
(Tac gia: Vo Quoc Ba Can — Trdan Quéc Anh, Nha xudt han DHS5P).

Ching t6i s€ khong lam mét thoi gian cua ban doc bang nhitng chimg miinh

cho cac bét dng thirc “co ban” trén, diéu da qua “quen thugc™ va “tran ngap)” &

cac sach tham khao khac. D& nhé va hiéu duoc img dung cua nhimg két cqua
trén, chiing ta sé budc vao phan bai tap minh hoa cho timg dang.



Dang 1. Nhirng bai toan sitr dung y twéng “giém bién”.

Thé giai bat dang thirc ton tai mot quy luat rat quan irong, do la “Trong
mot dang cu thé thi nhimg bét dan& thire cang nhiéu bién cang kho™. Diéu
nay cling dong nghia véi viéc khang dinh “Bai toan sé tro nén don g gian hon
néu ta dua duge mot bat dang thirc nhiéu bién vé dang it bién hon™.

Sau day, nhom tac ;:ié sé chia sé voi doc gia hudng giai quyét khi gap
phai dang toan nay, mau chdt chinh la: 'Qucm sdt, chon an, tim diéu kién
choan, va... quy an”. Cu thé. chung ta can lam ba budc nhur sau -

- Budc 1. Quan sat dé bai va cac dir kién da cho dé xem bai toan ¢o kha
thi dé dua duge vé mot bién hay khong, néu ¢o thi bién do phai la gi.

- Budc 2. Sau khi di du doan duogc, chung ta sé khai thac dir kién coa
bai toan, két hop vdi cac bat dang thic quen thude dé thiét 1ap diéu
kién cho bién do. Luu v: Bat diang thie thuomg dung nhét ¢ budc

~ nay 1a bt dang thuc Cosi.

- Budc 3. Su dung hang dang thirc, bat dang thirc phu va nhimg bién
doi twong duong dé quy nhimg dai luong cin danh gia theo 4n do
(chung t6i thuong goi vui la “quy an™).

Bai tdp 1. Cho hai s6 thuc khong am x,y thoa man x+y=1. Tim gi¢ tri
Ion nhét va gia tri nho nhit cua biéu thic

S =(4x” +3y) 4y’ +3x)+25xy
(Trich dé thi Pai hoc khéi D nam 2009)

Loi giai.
V6i nhimg bai toan doi ximg chira hai bién x va y (tte vai trd clia x va
y la nhu nhau), thi cach giai quyét tu nhién va nhanh chéng nhét chinh la
quy chung vé mot bién dé co thé két thiic bang vige khio st ham mét bién
hodc str dung nhimg danh gia don gian.
O vi du nay, dé thay véi x+y =1 thi,

S=12(x" + y*)+16x’y* +34xy =12(x + y)[ ¥’ —xp+ )7 | +16x°y" + 34xy.

=12(x+ p)[ (x+y) =3xy ] +16x°y + 34xy =12(1-3xp) +16x7y” + 34xy

r 1Y 191
=164xy) - 2xp+12 =] dxy—— | + .
(xy)’ —2xy ( y 4] 3

Tr do, ta c6 ngay ‘7>E’l

16



Dau dang thie ¢ day xay ra khi:

Jx+y: x+y=1 (x,_y)=(2+4‘13_ 2*4‘/3)
oo i ™l ™ 0 sl
| | (xy)—( A - )
Do dang thire ¢o thé xay ra nén ta ket ludn dugc gia tri nho nhat cua S 1a
191
"

B

Mat khéac, do x.y khong d&mva x+ y =1 néntaco 0Sx_v$(x+y) =-‘li-

Suyra: ——<4xy—-—<—
y i e

- 3 ’ 2

Tir d6 din dén: S=(4xy-——1—) +Jﬂ$(§) gl 23

4 16 4 6 2

X+y= l

Dau dang thire c6 thé xay ra khi ] ©x=y=—.

Xy =— 2

4
25

Vay ta két ludgn duoc gia tri [on nhdt cua S la —2~
Nhin xét. Ta ciing co thé quy bai todn vé viéc khao sat, tim cuc tri ceia ham

mét bién S = f(1)=161> =21 +12 trén doan [0, -ﬂ . FE=XY.

Bai tap 2. Cho hai sb thuc x,y thdaman xy #0 va xy(x+ y)=x> —xp + y*.
Tim gia tri 16n nhat cua biéu thie: 4= —'; + l;
X y
(Trich dé thi Dai hoc khoi A nami 2006)

Hudng dan giii

Bai toan nay c6 kha nhiéu cach giai. nhat la véi nhung hoc sinh chuyén
toan thi ho ¢6 nhiéu phurom;P phap, kinh nghiém hay noéi vui la nhitng “vi
khi hang nang’ * dé giai quyét van dé. Thé nhung cau hoi dat ra la 1am thé
nao dé mot hoc sinh trung binh kha (th:eu kinh nghlem thiéu cong cu, thiéu
ki ning) ciing c6 thé tim ra mot 10 giai that don g!an tu nhién choné ?

Céu tra 101 thue ra da duoc dé cép & ngay phén 1oi dén a dau chuong, d6
la: “Nhitng bai toan doi xirng hai bién rhmmg quy dwoc vé dang S, P (tiec
tong — tich) va sé tro nén that sie don gian néu chi con mot bién "',

Hay chiém nghiém cdu néi trén va dbi chiéu véi loi giai sau.

10




Loi giai.
Neéu dat S=x+y va P=xy thi tir gia thiét xp(x+y)=x"-xy+y’, ta
. Y i . & i s ; ke Rl

suy ra ngay P.S =5 -3P . D¢ thuc hién muc tiéu quy bai toan vé mot bien.
ta can tim ra mot phép th¢ 2 theo S hodc S theo P.

Tt h¢ thae P.S =S5 -37 . ta thay ngay néu rat /” thco S s¢ don gian
hon rat nhiéu.
3

Thét vdy, PS=8"-3P= P(3+85)=8"=P=- S
Ay

Mat khac. két hop véi gia thiét ta suy ra

gl o 1 X'yt () —xy+yY)
x' oyt Xy (xp)’

y T 5

_(x+Y)xp(x+y) S? = S? _(3+S)’ _( _3_]
(xy)’ P ( £ % S* S
\3+SJ

Vay dé tim gia tri 1om nhét cia 4. ta chi can tim gia tri nho nhit cua S
tuc gia tri nho nhatcua x+ y .
Tir gia thiét xp(x + y) = x* —xy + y* . sir dung bat ding thirc Cdsi bd hai sb,
xy(x+y)=x+y  —xy 2 2xy-xy=xy

Hay xy(x+y)zxy=>x+y21=> 8521

)

Suy ra A=(1+%] s(l+%) =16,

e ) 2

4 2 , ; X+y=Xx —Xxy+)y 1

Déu dang thuce xay ra < { ? PE ey y=—
X=y

a 2 % - L o « & o - 1 1 g

Vay ta két ludn dugc gia tri 1on nhét cua bi€u thirc 4=—+— 1a 16,
¥ oy
1

dat dugc khi vachikhi x=y= ;

*Nhdn xét. Ddy khong phdi cach lam ngdn nhdt nhung la cdch lam e nhién
va “dé nght ra” nhat, boi ké ca véi nhitng bai todn neong ne, bé ngoai
khdc mét chiit ta vdn hoan toan sir dung dwoc ¥ tuong “dinh hwéng tong
tich — quy vé mdt bién" nay.

11



Bai tdp 3. Cho x, y,z la cac so6 thuc duong thoa man x(x + y+z)=3yz.
Chimng minh rang
(x+y) +(x+2) +3x+ )y +2)(z+x) <5y +2)°
(Trich dé thi Dai hoc khoi A nam 20009)

Hudéng dan giii
Pay duoc coi 1a bai bat ding thace “kho nhat” trong cac ki thi dai hoc: ¢
nudc ta tir truoc dén nay. Chuang ta hay thu xem liéu 1an nay. y tuong “gisam
bién” con phat huy tac dung hay khong nhé.

Loi gidi.

Do tinh dong bac ctia bai toan nén ta hoan toan ¢6 thé gia sir x+ y+z=3.

- Khi dé. gia thiét cua bai toan sé tro thanh x = yz . Nhin xét ring tbat
ding thirc dé bai d6i ximg véi y va z. Quan sat ca dicu kién x = yz, mot
cach ty nhién ta s& du doan rang néu mudn quy bai toan vé mot 4n thi 4n (do6
chi c6 thé 1a x hodc yz. Do x = yz nén thuc ra ta chon an nao ciing la
twong duong. Tuy nhién, ta s& chon x véi li do nhin x “nho gon”, “dé vi¢ét”
hon so vai yz.

- Chon dugc an rdi, ta s tién hanh budc th hai. d6 1a khai thic céc «dir
ki¢n ciia bai todn, két hgp vdi cic bét ding thirc quen thude de thiét lap diiéu
kién cho an.

Pé y ring. sir dung bét dang thirc Cosi bo hai s0, ta co

X+y i (3-x)
= ZS =
S ( > ) 4

Tirdo suyra x <

(34) & (x=1)(x=9)20 (1)
Mt khac, x.y,z la cac sé thue duong va x + y+z =3 nén hién nhién
x<3<9. (2)
Két hop (1) va (2), ta da thiét lap duoc diéu kién cho an, d6 1a 0 <x <11,
- Budrc 3 1a sir dung hing dang, thirc va nhimg bién d6i tuong duong dé
quy nhimg dai luong trong biéu thirc theo 4n do.

Cu thé, & bai toan nay, trude hét ta s& “xir Ii” dai luong (x + y)' +(x+2)" .

Bing cich sir dung hang ding thic @' +b' =(a+b) —3ab(a+b) wéi
a=x+y, b=x+z két hop gia thiét x = yz,taco

(x+y)' +(x+2) =Qx+y+2) =3(x+ y)(x+2)(2x+y+2)
=(2x+y+z) =3[x(x+y+2)+yz|2x+y+2)
=(x+3) =303x+ yz)(x+3) =(x+3) - 12x(x +3)

12



Mit khac, (x+ y)y+zNz+x)=(x+y+z)(xy+yz+2zx)— X3z
=(x+y+ :)[x(y+ z)+ }a’:]«xyz = 3[){(3-—)c)+)r]—x2 =12x —4x’
Va 5(y+2z) =53 -x)
Suy ra bat dang thirc can chimg minh tuong duong vai
(x+3)" =12x(x +3)+3(12x —4x*) < 5(3 - x)°
Sau khi khai trién va phan tich thanh nhan tir, ta duoc
(x=6)(x=3)x-1)<0
(hién nhién dung vai 0 <x <1).
Bai toan dugc chimg minh xong. Dau dang thirc xay ra khi va chi khi
K= P
* Nhin xét. Trén cdc dién dan toan hoc Viét Nam, ton tai khoang hom 10 loi
giai cho bai toan nay. Tuy nhién, da s6 cdc 1o gidi ¢6 y twomg xuat phat
thiéu tw nhién, thuéng chi diea véao nhitng ki ndng cia mot so cd nhan
giau kinh nghi¢m. Trén ddy, nhém tac gia da trinh bay chi tiét mét loi
giai tw nhién va phit hgp voi moi doi tuwgng hoc sinh.
Dang 2. Nhipng bai toan sir dung trwe tiép cac bit dang thirc cd dién.
Bat déng thirc c6 dién la mang dé tai rong 16n va phong phi, gom nhiéu
bat ding thirc nhu Cosi, Bunhiacopxki, Trébusép, MincopxKki,..
Tuy nhién, trong chuong trinh pho thong va thi dai hoc, ta thucng chi sur
dung hai dang, do la bat dang thirc cong mau sb (hay con goi la Cauchy
Schwarz) va bat dang thirc Cdsi (hay con goi la AM-GM).

Bai tap 1. Cho x,y,z>0 va l+l+l=4.nmgiétri|6nn1ﬁtcaabiéumac
X ¥ Z

L e T o
2x+y+z 2y+z+x 2z+x+y
(Trich dé thi Pai hoc khéi D nam 2007)

P=

Léi gid.

a+b 4\a b

1 1{ 1 1 111 1f1 1
o S—|—4+=| —+-—
2x+y+z 2x y+z) 4|2x 4\y =z

1 11 I1(1 1
Syyra ———<—|—+—| —+—||.
2x+y+z 4{2x 4\y :z

Hoan toan tuong tu, ta cting co

PROEW TR : i(r 1y, .
St dung lién tiép bat ding thirc cong mau so dang l s—(—+~—),taco
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1 JRIATN Y 1 R LN ]
Y it [T Sl Rt S ) ,—-
2y+z+x 4[2}' 4\ z x,_)J 2:+x+y 4 2" x y)

- - e i B % . e i woem B F 4
Cong ba bat dang thure trén lai theo vé. két hop vor gia thiét —+ — +--=+4
X y 2z

1{1
tasuyral’<—-~(-+l+l =1.
Wx y z)

Diéng thirc xay ra khi vachikhi x=y=z=—.
D

Bai tap 2. Cho x,y.z>0 va xyz =1. Tim gia tri nho nhét cua biéu thirc

x(;+7) y( +r) "2(r+))
VAN TR ™

(Trzch de thi D.gu h()c khoi A nam 20007)

])_

Loi giai.
Véi nhitg bai toan ba bién ma x, y,z > 0, diu bang thuong chi xay ra khii va
chi khi x = y =z . Do do, ¢ bai toan nay, két hop dicu kién xyz =1, ta du dcoan
Min P =2 khi x = y = z =1. Sau day, ta s€ chimg minh nhdn dinh nay, tirc

X'(y+2) y'(z+x) Z(x+y) S,
Yy +2z \/_ \/—+2Y\/_ X x+2y\/.—

Str dung bét dang thire Cosi, ta ¢o
' 5

X (y+2) falye- - Tl  2xx

> =
y y+2:’\/; y y+22\/g y “_\[E ¥ y4-2zn/;

Thiét 1ap hai bat dang thirc twong tu va cong la,u, ta s€ quy bai toan vé wiéc
a b ¢
chimg minh + + ?_lvc'riu——-x\/;,b:y ,c=z\/;
< b+2¢ c¢+2a a+2b \/'
Qua thuc, bat dang thirc nay hién nhién dung theo bat diang thic ccdong
x A
mau s0.

5

b o a: b* c’
+ + = + + .,
b+2¢ c¢+2a a+2b a(b+2c) b(c+2a) c(a+2bd)

Dé y ring

suy ra
a ) c (a+h+c) | a+b +c .2
% $ > , =, —
b+2c c¢+2a a+2b 3(ub+hbc+ca) 3 ab+hc+ca 3
Vay ta két luan duge Min P =72 Ddu ddnz thic xayrm & ¢=y=z=1.

>

'_'JI;.—-
ik

142 o
3
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Bai tap 3. Cho a. b. ¢, d la cac s6 thuce dicong. Chieng minh rdang

e
a \/ b \/ ¢ d
e & + —[—— > .
hd e c+d+a d4a+b ua+b+c

SRS S e i s

Loi gidi.
T+

taco

S dung bat ding thire Cosi dang \Jxy <

J' a N a > (1 N Z(L

b+c+d \/:L(bql—(:q‘—d)ulﬁr‘ﬂ}‘{)-i’(jJr(i a+btc+d
v

Hoan toan tuong tu, ta ciing co

b i 2b ¢ , 2c
Ne+d+a  a+b+c+d Vd+u,+b ~“a+b+e+d
d > 2d |
\ja+b+c a+b+c+d

Cong bdn bét ding thirc trén lai theo vé, ta dugc

a b i d
+ + + =2,
b+c+d c+d+a d+a+b a+b+c

a=b+c+d

; s o b=ct+d+a
Pang thire xay ra khi va chi khi :
c=d+a+bd

d=a+b+c

’Thé nhung, hé nay khong c6 nghiém duong. Va vi vay dang thirc khong
thé xay ra dugc. Bai toan dugc chirng minh hoan toan.
Bai tap 4. Cho x,y,z la ba s6 thuc dwong thay doi.
Tim gid tri nho nhadt cua biéu thirc

(Trich dé thi Dai hoc khéi B nim 2007,
Huwomg din giii
Tru6e hét, ta sé phan tich bai toan. Du dodn ddu bang sé xay ra kh
xX=y=z.




(3 day, diu bing xay ra khi > st i
2 2R
Vay ta du doan Min P dat dugc khi x=y=2z=1.
Tir d6, dan dén 1oi giai sau.
Loi giai.
% ik ¥ g oh g0t 2 L2422
bé y rang: Padod T8 o2 TF T
2 xyz

5 % . @t 1 1
=(x"+y° +z*)(-—+—-—~—}
2 0z
=1(Jvc2 +y’ +z3)(l+L+—l——).
2 xXyz xyz
Téi day, sir dung lién tiép bat ding thirc Cosi bd ba s6 (sao cho diu bimg
duogc bao toan), ta co

L. a gy 1 1 1 3 3 1 9
P=—(xX*+y" +2)| 1+ —+—|2=9Yx’y’ 2’ 3| =—— ==
2( y )( } 5 y 5

Xyz  xyz :

Xyz
Bai tap 5. Xé1 mot hinh vuong va mét hinh tam giac. Néu ching c6 dién ticch
bang nhau thi hinh nao co6 chu vi lon hon?

- Loi gidi.
Ta chimg minh chu vi cua tam giac khong nhé hon chu vi cia hinh vudng.
Goi d¢ dai ba canh tam giic 1a a, b, ¢, dudng cao img vdi canh a la M .
Goi do dai canh hinh vu()ngllz‘i 2. Ta cén chimg minh
a+b+c >4z

ah ; . ;
voi 2“ = z°, hay ah = 2z’ (do theo gia thiét thi hai hinh nay cé diéén

tich bing nhau).
Ap dung dinh li v& quan hé giita duomg xién va hinh chiéu, dé thady
b>h,c>h nénsuyrab+c > 2h,.

Bai toan quy vé chimg minh: a + 2h > 4z.
Str dung truc tiép bat ding thirc Csi, ta cé
a+2h >2a-2h =2,/2ah =2V2-22" = 4z.

Pay chinh la diéu phai chimg minh. Bai toan dugc giai quyét hoan toan..
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O CHUYEN DPE 2

s0 PHUC.

Vi tinh tmg dung cao cho nhiéu nganh khoa hoc, sO phuc da dugc dua
vao giang day ¢ bac pho théng cua nhiéu nude trén thé gidi, tuy nhién no lai
la ndi dung méi d6i véi hoc sinh phd thong cua nudce ta. Vai ndm gin day,
s6 phirc bat dau xuat hién trong nhimg dé thi dai hoc va duoc coi la mot
trong nhirng cau “gd diém”. Chinh vi thé, dé dam bao sy * g0 diém” do mét
cach chic chin thi trong chuyén de nay, chiing toi s& dé cap diy du cac dang
toan lién quan dén so phuc bao gom:

- Giai phuong trinh phire (tim phén thye, phan ao cia mot sb phirc),
dua trén kién thirc vé z va |z|

- Tim tap hop diém trén mat phing phurc.

- Tinh can bac hai cia mot sb phurc

- Giai phuong trinh bac hai 4n phuec.

- Bét déng thirc va cyc tri lién quan dén sb phirc.

- Argument cua mdt sé phirc - dang lugng gidc cua sb phire do.
- Cudi cliing 1a “Ung dung cua cong thitc Moivre”.

Bii tip 1. Tim sb phirc z, biét 2* +]z| = 0

Loi gidi.
Giastr z = x + yi voi x,y € R, khi 46

zz+|z|=0<:>(x+yi)2+\/'x;:—;2=0

’ , o i X~y yx +y' =0
S x —y +yx +y |+2xyi=0<&

i?xyz()
- . —[XT—O
x =10 Jx=ﬂ | il
b0 b0 2]
y=0 y ={) [ ' |
; . x =0 {do!x|=~1>0
LLX +!x‘=0 L]x“l‘rlxi);U T:{O (( i g )
L&




i x=zlly =l
x=0y=1
=
x =0y =-1
y=0x=0

Vay co ba s6 phurc thoa diéu kiénla z = 0,2 = -,z = 1.

Bai tap 2. Xac dinh phan thuc, phan ao cua s6 phirc z biét

z=(1+i)*"

Loi gidi.
Péyrang (1+i)’ =1+i’+2i=2i.Suyra

2=+ = [(1+i)]
Mat khéC, i1006 s (i'_’)503 s (_1)503 .

Tir d6, d& thiy z = —22% = 7 = 22 = 2% 1 ()
_22006

1006
+\ 1006 1006 -1006
=2 =274

Vay phan thuc cia sé phuc z 1a , phan 4o ctia z bing 0.

* Nhdn xét: Ban doc hdy thi giai bai todn nay bdng cich dua z vé dang
lwong gidc, tiép do sir dung cong thirc Moivre (Moa vo ro) va cué'g' curng,
so sdnh hai cdch giai dé thdy dwoc vdi cach lam trén, ta da tiét kiiém
dwpc nhiéu céng doan tinh todn nhu thé nao.

Bai tap 3. Giai phuong trinh sau (trén tdp s6 phirc):
(z+2011-i) -4(z+2011-/)+8=0

Loi gidi.
Pit 1 = z+2011-1i, khi d6 phuong trinh d cho ¢6 thé viét lai thanh
P -4+8=0&(1-2) =-4=4i" =(2i)’
t=2+2i z+2011-i=2+2i z=-2009+3i
Suy ra R R . 8
t=2-2j z+2011-i=2-2i z=-=2009-i
z=-2009+3i

Vay phuong trinh co6 hai nghiém la ;
=B 5 i L=—2009—i

Bai tap 4. Giai phuong trinh: 2% +2011=0

Lai gidi.
bit z=a+bi (a,beR).

Khi d6, z° = (a+bi)’ =a> +b>i* + 2ab.i = a* —b* + 2ab.i
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Suyra = =a -b -2ahi. Flhivong trinh da cho tro thanh
a’ =h' = 2abi+2011=0¢> @’ —=b* +2011-2abi=0
- {u? ~h?+2011=0
-2ah =0
Dé thay o hé trén. b khong thé bang 0 (sé dan dén vo Ii vi «® =-2011).
a=0
h=+2011
Vay <6 phuc can tim la z = +2011.i

* Nhan xét: Co mot dicu kha tha vi néu ban doc dé y dé la

Vay chi ¢o thé xay ra truomg hop {

Véi z=a+bi(a,beR) thi 2 =(z) =a’-b* ~2abi

-

Bai tap 5. Tim phan thuc cia sé phuc z = (1+ i)n,n € N théa man

phuong trinh: log, (n — 3) + log, (n + 9) =3

Loi giai.
Piéu kién: n >3, ne N

Phuong trinh
log, (n - 3) + log, (n + 9) =3 ¢ log, (n - 3)(11 + 9) =3

(1;~3)(:11+9):43 @1‘12+6n—9:0<:>n:=7(do:n>3)

2=(1+1) =(1+ i).l(l 4. i)'z}3 = (141).2i) = (1 +1).(-8i) = 8 - 8

Véy phan thue cua s phirc z 1a 8.

Bai tip 6. Xac dinh tap hop cac diém trong mat phang phirc biéu dién céc
shphtrc z thoa man |z| = 1:2:— 2+ 31'[ :

Loi giai.

Gci s6 phirc z cAntimla z=x+yi (x,yeR).

Tudo, suy ra ngay z= x-yi.

Lu ¥ rang vi¢c xdc dinh tdp hop cdc diém trong mdt phing phirc dong
nghiavai vige thiét Idp mot biéu thirc quan hé gita x va y dua vao cdc dir
kién te bai toan.

Cuthé & day. ta co

»
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|2 =[z - 2+ 34| & |x + yi| =|x - yi -2+ 3]
olx+yil=l(x-2)+C-pileox’+y =(x-2)+3-y)
& 4x+6y=13
Vay tap hop cac diém trong mat phing phirc biéu dién cac sé phirec z
z-2+3i] 1a dudng thing 4x+6y =13.

théa mén |z| =

Bai tap 7. Tim can béc hai cua cac sb phic sau:
1) 8 + 61 2) 33 - 56i

Giai:
1) Giastr z = x + yi v6i x,y € R 1a mét can bac hai cua 8 + 6ituc &

(x +iy) =8+6i & x’ —y* +2ixy =8 +6i

X’ -y’ =8 x’ -y’ =8 ¥ =9 %= 5
o =y 2 ) = 2 =

2}(}’26 C1xX" +y =10 y =1 y:il

; X =-3
Vi b =6 > 0nén x,y cung dau do do6 crea hoic :

Véay 8+6i c6 2 canbic haila -3 -iva 3 +1.
2) Giasir z = x + yi voi x,y € R 1a mét cén béc hai cua 33 - 561 tiree 1a

(x+ iy)2 = 33— 56i & x” - y* + 2ixy = 33 - 56

x} -y’ =33 x’ -y’ =33 x? =49 x =7
... T 91, —
2xy = -56 X" +y =65 v =1b

—
—_—

p X
Vi b = =56 < 0 nén x, y trdi dau do do6 hoac
Y £ F=a

Viy 33 —56i c6 2 can bac hai la -7 +4i va 7 -4i.

Bai tap 8. Giai phuong trinh: z° +(1-3i)z-2(1+i)=0.
' Loi gidi.
Taco: A=(1-3i) +8(1+i)=2i=1+i* +2i=(1+i)*.
Tir 40 suy ra phuong trinh c6 hai nghiém la

z, =-}-}[~»1-r3i+(l+i)]=2i; ¥, =-}E[-l+3i—(l+i)]=-~1+i

g
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Bai tip 9. Giai phuong trinh sau trén tap s phire: =z-2i

Z 1

Loi gidi.
Diéu kién: z = i
Phuong trinh
<;>4z~3—7i::(z—-—i)(z—-2i)<:>z2 —(4+3i)z+l+7i:(}
7, > y 2
Tacod: A = (4 +—3i) —4(1+ Ti): § e ol =(2—i)
4 3. ’ 2 i T o (D _ .
5, 1 e + 3i + ( ‘):3+i:z2:4+31 (2-1)
2 2
K&t hop diéu kién, ta thdy phurong trinh di cho c6 hai nghiém
z, =3+1z, =1+2i.

=1+2i.

Bai tap 10. Tim céc s thuc «, hdé phuong trinh (4n z ) sau nhdn z=1+i

lam mot nghiém: z° +az+b=0.

L gidi.
P: 1+i la mdt nghiém cua phuong trinh z> +az+b =0, ta can c6
- avli=l  [a=-2
A+ +a(l+)+b=0a+b+(2+a)i=0 < =
2+a=0 b=l

Viy hai s6 thye can tim 1a (a,b) =(-2.2).

1—1m

, m € R. Tim gia tri nho nhét
l1—m (m - 2i)

Bai tp 11. Cho s6 phic z =

cta s thue k sao cho ton tai m dé Iz - ll <k

Loi giai.
; 1—m -1 l1—-m+1
Tacod: = ; = =>z-1=—-x
—i° +2mi—1m 1—m m-—i

pga bt B
|""“i| m? +1
k>0
=?|z—1|§k¢;> ln2—2m+2<k2.
m24+1
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e m* ~ 9 42
Xétham so f(mn) = : 3

wm’ +1
2(1‘112 —m -1 | o
Taco: () = , )ﬁfq(m):"-()@m :m_m_l o Vi.
IR :
m- 41
A > . A o : - 1 'E" | :-) . ’[:
Lap bang bién thién ta co nunf(m) = +2\[; g 2\* )

3

(V)
oy

bk B
. 13=4+5 51
>k >y |— ==

- 2 2

=> Yéu cdu bai toan < k? >

I

Vay k =

1a gia tri phai tim.

Bai tip 12. Cho s phic z thoa min [z -3+ 4i[ = 4. Tim gia tri 16n nhéat

va gia tri nho nhat cua l::l :

Loi giai.
Cich 1. Ap dung bit dang thirc tam giac, ta co
||z|-—l3—~4i§|§|24—(3——4i){=4:>—4+|3-4i <o < 4413 - 4i

==>1_<_|z|§9.

o |z =1¢>z=;———i::>nlinz::1
=
® lz'=9¢:>zrr:g;—§;§-iz¢-nmxlz|:9.
5 5

Cdch 2. bBat z:--x+iy=>z—3+4im(x-—3)+(y+4)i
Nén tir gia thidt = (x —3)* + (y +4)° =16
& x4y~ 3x—4y)+9 =0 (*)

Do (3-‘< s 4y) < ‘2-’3(:5 + yz) £ <Byx® +y° £ 8% — 4y <5yfx? + 3
X2 +y2 —10yx2 +32 +9<0

Nén tir (*) ta co: \
Ay 10y +y2 +9>0
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5 9
= I Lofx” 4 ¥° 59:>1§17~‘-<—9‘

l va max|z| = 9.

Z

Tuong tu nhur trén: min ;/‘ e

*Cha y: Ta co thé giai bai toan theo cach sau

Tr(x—32 +(y+4)° =16 = Ja € [():27:] sao cho:
X =3+ 4sinc;y = —4 + 4 cos . Khi do:

2 ‘ ;
I'/.f = (3 + 4sina)’ + (=4 + 4cosa)’ = 41 + 8(3sinc — 4 cos o)

)
Do —5 < 3sinc —dcosa < 5 = 1 gjzl <8l=1< [z] <9.

Bai tap 13. Tim mdt argument ctia s6 phirc z=1- cosz +i.sin—4— ;

Loi gidi.
Ta ¢o:

s S . 5 . T . gl .
z=1-cos—+i.sIn— =2sIn" — + 2i.siIn— oS — = 2SIn —| SIn — + i COS—
4 4 8 8 8 8

Tuy nhién, lvu y la dang luong gidc ciia mdt sé phirc z 1a r(cos@+isin8)
chir khong phai r(sin @ +icos@) . Vay nén néu & day, két ludn mot argument
, . T & o P 5 i 4R s .
cta z la — thi ta dd mic phai mot trong nhiing “sai lam thuong gap khi

giai toan”.
Dé thu dugc o1 giai dang, ta sé tiép tuc bién d6i nhu sau,

Y 1A A 2 3 T x)y .. (n «
z=281n-—(51n—~+tcos—-)=25m— cos(———]ﬂsm(——-—]
8 8 8 8 28 g8

AN P
¢l I 3B

=2sin—| cos— +isin—

8 8 8

*Nhdin xét: Y tuéng chu dao ¢ ddy la chung ta da sir dung cong thirc
“phu chéo” dé hoan d6i dang r(sin@ +icos@) vé r(cos@+isin@) mot cach

khéo Iéo.
Bai tap 14. Biéu dién s6 phirc z = tan-—s—g—ﬂ dudi dang lugng giac.
Loi gidi.
: o s, l ( - nj
Tacé: z=tan—+i= sin— +icos—
8 Sw 8 8

oS
8
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Luu v rang mot so6 phuc z ¢o dang leong giac la z = r(cos@ +1sin @)
voi diéu kién r > 0.

Vay nén ¢ bai toan nay,

5
(Sm—”i—lcoss—ﬂ-) khong phai daing
cos " 5 8

8

lugng giac cua z can tim bot néu the, r =

Sau day la 101 giai dang,

S ] ( S5r 511]
z=tan—+i=- sin == —jcos—
8 Sm 8 8

COS rayien
8

] ( 7 Sfr) 1 ( 137 137:)
= —Sin——1COS = sm-——-+:cos——-—
8 8 3n 8 8

37
cOs — cos —
8

(do sina = —sin(r +a) va cosa = —cos(r +a)).
Vay sb phirc z cdn tim duge biéu dién dudi dang lugng giac 1a

] [ . 137 13::)
2= Sin + i COS ——
8 8

: 6
Bai tip 15. Tim dang lugng giac cua sb phirc z = ( # J ,
1+iV3

Loi gidi.
Véi dang toan nay, diéu ta can lam 14 truc cin thirc & mau dé dua so phirc: z
vé dang dai s0 1a a + bi , tir d6 chuyén sang dang luong giéc.

s 4i(1-i3) 4i(1-iB)
l+i\/~_3“h12_,(i\/§)3” 4 =3+
=2(£+liJ=2(cos£+isin£).

2 6 6

2
Str dung cong thire Moivre,

6 6
T /4 6 5 3
cos——+|sm =2"(cosm +isIinx).
(1+I\/_) [ ( 6)]

Vay dang lugng giac cua sd phirc z can tim 1a z=2°(cosz +isin7).
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* Nhan xét: Y nghia cua cong thirc Moivre trong giai toan do chinh la ha
hac (tie do rut gon) mor biéu thiec phuec.

/ = A"
S 3 e pu R i 5 g A 5 I =1 v &
' Bai tap 16. V&1 s6 nguyén duong » nao thi s6 phic z = } 1a so

[ l—ﬁi

i

AN

thuan thuc ?

Loi gidi.

g, 5 alf=l {WY=ffle3 43 1, T ..

bé y rang = S = —+—J = c0S—+i.5In—
T {37 2 3 6 6

Tir d6, sir dung cong thirc Moivre, ta ¢6

N )
=i r .o\ nr . . nmw
=| cos=+i.sin—| =¢os— +i.sin—
6 6 6

I—3i 6
DE thay sb phirc z 1a sé thuan thue (tirc phan ao biang 0 ) khi va chi khi

sin-’lé’-x()@”—é”-:kn@n:ék(kez*)

O CHUYEN PE 3

PHUONG TRINH LWNG GIAC.

I. Cong thire lweng giac co ban.
o) Cong thirc cung nhdn doi, céng thirc ha bdc, cong thicc cung nhan ba.
sin2a = 2sina cosa ;

cos2a =cos’a ~-sina =2cos’a-1=1-2sin’ .
3 1-cos2a > 1+ cos2a
sin’ @ = ————; cos’a = ———

sin3a =3sina —4sin’ a ; cos3a = 4cos'a —3cosa.
b Céng thiec cong cung

sin(a + ) =sina cos f+sin B cosa

sin(a — ) =sina cos f —sin f cosa

cos(a + ) =cosa cos B —sina sin B

cos(a — ) =cosa cos f +sina sin B
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¢) Cong thuc bién tong thanh tich.

a+ —
ﬂCOSa ﬂ
2 2

cosa + cosf} = 2cos

. a+f . a-
cosa —cosff = -2sin 7ﬂsm £

5

a + &~
2)8(,‘03 ﬁ

sina +sin f = 2sin =

a+ﬂﬁna—ﬁ
2 2

d) Cong thirc bién tich thanh tong.

cos(a + B)+cos(a - f3)

sina —sin f = 2cos

cosa cosf = :
sina sin f§ = cos(a - ﬁ);cos(a +5)
sina cosf = sin(a + ﬁ);sm(a ~B)

e) Mt 56 cong thirc hé qua thong dung khic.

sina +cosa = Zsin(a T-{) = \/'_;cos(a-f-)
k 4, 3 4

sina@-cosa = \/isin(a —%) i xficos(a +%)

5+ 3cosdax
8
3 +cos4x

g ¥
sin® & + cos’a =1 -—?“:sm2 2a=

: ] s
sina +cos’a =1 —Esm' 2x =

Il. Cac phwong trinh lwong giac co ban.

x=a+k2r

sinX =sina < (keZ)
x=rm-a+k2r

cosx=cosa > x=xra+k2r (keZ)

tanx=tana < x=a+kr (keZ)

cotx=cota @ x=a+kr (kelZ)

* Mot s6 phicong trinh ddc biét (thirong gap):
sinx=0 < x=kz (ke Z)
sinx=1 < x=%+ k2n (ke Z); sinx=-1< x=-§ +k2m (keZ)

e
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cos x=0 <> x:—§+k;r (ke )

P
cosx=1x=k2x (ke Z) ; cosx=-1<= x=Q2k+1)nr (keZ)
Ill. Cos déi, sin bu, phu chéo.

Day co thé coi 1a cau than cha ~dom gian. dé nhd™ nhat trong luong gidc
nhung no lai dong vai tro la mét trong nhirng nhan t6 can thiét, hi¢u qua
nhat khi giai phuong trinh lugng giac.

Cos doi tiac lacos cua har goc doi nhau thi bang nhau, tic cosa = cos(-a) .

Sin bit tirc lasin cua hai goe bi nhau thi bang nhau, tic sina = sin(r — @)

Phu chéo tirc 1a voi hai goc phu nhau (c6 tong bang 90") thi sin goc nay
bang cos goc kia va nguge lai, tuc:

: (x - (
sin@ =co0S| ——a |; cosa =sin| ——a
\2 ) 2

2
_Ta hay thu dén voi vi du nho sau ddy dé thay duge hi¢u qua cia “cau
than cha™ nay.
* Giai phuong trinh luong gidc: sinx = cosa .
R& rang, & phan I1, ta chi biét cich giai cho phuong trinh sinx =sine,
vay con phuong trinh sinx = cosa thi sao ?
CAu tra l61 ¢ day chinh la ~phu chéo”, boi
x=Z-a+k2n

: . . X 2
SN X = oS <> SinX=sin| ——a | <> . (keZ)
2 T "
X=fa —na +k2r

=

x=£—(x+k2n’
& 2 (keZ)

x=%+a+k2’7r

Qua vi du nay, chéc hin néu trong bai thi gip nhimg phuong trinh dang nhu
sinx=cos(—7~r3— - x) , cac ban hoc sinh s& khong con cam thay ling ting nira.
Sau diy la mot sd cong thire tuong tu kha thong dung khac:
sin@ = —sin(—a) ; cosa = —cos(7 — )
sin( +7) =-sina . cos(@ + ) =—cosa

tana = —tan(-a) ; cola =—col(—a)
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Sau khi nim virng dwgc nhirng kién thirc & trén, cé thé néi ddc gia
da tr trang bi dwgc cho minh nhirg “hanh trang”, nhtrng comg cu
can thiét nhit d¢ buwéc vao con duong chinh phuc thé giéi mang tén
phwong trinh lwrgng giac.

Maiu chét cia viéc gidi phwong trinh lrgng gidc trong dé¢ thi dai
hoc 1a sir dung cic cong thirc va kién thirc co ban (trong muc I va
muc 1) dé dwa phuong trinh di cho vé mdt trong hai dang: phwong
trinh tich hoac phmmg trinh mdt an béc 2 hodc 3. Tir dé, ta se quy
bai todn vé viéc gidi nhimg phwong trinh lrong giic co ban da de cap
o muc I1.

Chung 16i viea chia sé vai doc gia mot cach 16ng quan vé con ducng tu
duy dé tim ra két qua cuéi cuing. Va trén con duang do, dé tranh bi lac
phuong hwdng, 1a sé co cdc ot méc cu thé nhir thé nao ?

Diéu nay sé dieoc mmh hoa rdt ro qua hai Y twong dinh hwong loi giai sau:

- andrc tién ta cin dit ditu ki¢n dé phuong trinh c6 nghia (néu
¢6). Piéu nay rit quan trong, vi cudi cung, khi tim dugc ho nghiém cua
phuong trinh hé qua, ta can két hop vai diéu kién d6 dé xac dinh dugc
nghiém cua phuong trinh ban dau. Théng thwong, ta sé dat diéu kié¢n
khi phwong trinh chira tana hodccota. Pé “don gian héa” mhimg
sina

bai todn nhw thé, hiay thay tana Bﬁng (twong tw véicota)

cosa
nhim muc dich dwa phwong trinh di cho vé quan h¢ giira hai gid tri
lwgmg gidac sin va cos ma thoi

- Véi phuong trinh xuat hién nhiéu cung khac nhau, ta s sur dung
cac cong thirc co ban dé dua vé mdt cung duy nhét.

Vi du. Giai phuong trinh:
\/icos(x +§—)+ sin(x +r)+cos2x+1=0

Pé y rang ba hang tir Jz-c'os(x + %) , sin(x+ ), cos2x déu cé thé
quy vé mot cung duy nhat 1a x. That vay,
JZ-cos(x +-Z—) = sinx-cosx ; sin(x+7)=—sinx; cos2x = 2cos” x-1.

Tiur d6, phuong trinh da cho tr¢ thanh
2cos’ x—cosx =0 <> cosx(2cosx-1)=0

e
cosx=0 xX=—+kn

= 1 © : (k,meZ)
cosx = 4
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Sau day. ban doc hay tham khao ki nhitng bai tip minh hoa sau dé hiéu
rd hon diéu chung toi mudn dé cap.
Dang 1. Nhirng phwomg trmh lwong giac quy vé phwomg trinh tich.
Xin dugc nhac lai diéu toi quan trong, do la: Mau chot cua viée giai
phuong trinh lugmg giac trong dé thi dai hoc la str dung cac cong thire va
kién thire co ban (trong muc I va muc I11) dé dua phuong trinh da cho vé
mdt trong hai dang: phuong trinh tich hodc phuong trinh mdt an bac 2
hodc 3. Tir do. ta sé quy bai toan vé viéc giai nhirng phuong trinh lugng
giac co ban da dé cap o muc I1.
Ngodi ra. theo tong hop cia nhom tac gia, trong dai da s6 cdc phmmg
trinh luong gidc thi dai hoc trong 10 nam tro lai day thi xdc sudt thi vao
dang phuong trinh tich la khoang 70% (tham chi trong 5 nam gan ddy
la 90%). Vi vdy, ching 16i sé wu tién dwa ra nhiéu bai tdp trong phdn
nay dé cdc ban hoc sinh co thé lam quen voi nhiéu thu thudt tach ghép,
chon thira s6 chung, ndng cao kinh nghiém va su tw tin khi lam bai.

Bai tap 1. Giai cac phuong trinh:

cos’ x.(cos X — 1)

n
D2sin|{2x +—{+4sinx =1 - .
) ( 6} 2) —2(1+smx).

Sin X + cos X

Loi giai.
1) D& thiy phuong trinh da cho khéng c6 diéu kién. Vi vay, mdt cach tu

.a ’ " A .. " o s ’ g T z
nhién, y tuong dau tién cua ta la tim cach dwa cung 2x + & vé cung x dé

bai toan trd nén don gian hon. Mudn lam duoc diéu nay, ta sé sir dung céng
thirc cdng cung va cong thirc cung nhin déi.

‘Zsin[Zx +-76-t—)+4sinx =]

3sin2x +cos2x +4sinx-1=0
& 2\/§sinxcosx —2sin’x +4sinx =0
& Q(chosx —sinx+2)sinx =0

Tm day, ta di dwa dwoc bai toin vé dang phu'tmg trinh tich. T d¢,
quy vé viéc giai cac phuwong trinh lwgng gidc co bin dé tim nghi¢m.

2(\[?; COSX — Sin X + 2)51;1 ¥ =1

[sinx =0 S =0

‘\/’ i ,) @ ‘ . . \/’i‘ S 5

L 3cosx—sinx+2=0 -i'%fn.\ ~ ~;’—-uosx =
L 2

i
«d



sinx =0 x=krm

= ( zrj = S (k.meZ).
sin| x—— | =1 x=—~g—+m2ﬂ

=

Vap phuong trinh ¢6 2 ho nghiém la x = kx va x = -’63 +m2n (k,meZ).

cos’ x.(cos X — 1)

2) :2(1+sinx).

SN X + Cos X
Diéu kién: sinx + cosx # 0
Phuong trinh trén tuong duong véi

(]. — sin? x)(cosx - }) - 2(1+ sinx)(sinx +cosx)
S (1 + sinx)(l +CcosX +sinx +sinx.oosx) =0

< (1+sinx)(1+cosx)(1 +sinx)=0

sinx = -1

< (thoa min diéu kién)
cosx = -1

T
X =—-2-+k27t (k,meZ)

X =T+ m2n

e

Bai tip 2. Giai phuong trinh: sin x +sin’ x+cos’ x =0

Lai gidi.
Thoat nhin bai toan nay, ta c6 cam gidac mudn quy né vé phuong trinh

mét 4n 1a sinx hodc cosx. Tuy nhién, ta khong thé thay sinx theo cosx,

va

cling khong thé bteu dlen cos’ x theo sinx, chinh vi thé, phuomg trinh

nay khong thé quy vé mot an. Vay chi con lai mdt lya chon, d6 chinh la quy

vé

phuong trinh tich. Tuy nhién, lan nay phép nhém khdng con h:en nhién”

nhu 0 bai tap 1 ma doi hoi su khéo Iéo, tinh té hon. That viy, dé y rang
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sin x +sin® x + cos® x = 0 < sin x(1 +sin x) + cos x(1—sin’ x) =0
<> sin x(1+sin x) + cos x(1 -sin x)(1+sinx) =0
<> (1+sinx)(sinx +cosx-sinxcosx)=0

sinx = -1 *)
< . "
sinx+cosx—sinxcosx =0 {**)

(*)¢$x=—§+k27r (keT)




Sau day, ta sé xét phuong trinh (**), tic
sinx+cosxy—sinxcosx =0
Day la dang phuong trinh lién quan dén tong va tich. Vi thé, ta sé ap
dung cach lam quen thudc la dat
; T =
I =SINX +COSX = \/—?:cos(x——)g (suy ra !t| £4f2).
. 4)
(sinx +cosx)’ —(sin’ x+cos’ x) 17 -1
2 S22
" s ] 1=1- vfi
Va (**) tro thanh !---————O<:>t -2-1=0¢&
2 I=1+~f§(loai)

Mt khac. khi do sinxcosx =

Suyra (**) < \Ecos[x—%) =] —\/5 & C‘OS(X*—-Z—) - _1:5‘/_5_

; /4 i1
Ta dat = cos@ thisuy ra cos(x——;} =cosf & x“z =+0+m2nx

<:>x=~;£ﬂ:t9+m27r (meZ,0<0<2m).
Vay phuong trinh da cho ¢ cac ho nghi¢m la

x=-—%+k27r (keZ)

X = -Z—+9+n?27r (meZ,0<0<2m), cos@zl——-—\-@

Bai tip 3. Giai phuong trinh: cos’ x + cos’ 2x +cos’ 3x +cos’ 4x =2
Loi gidi.
V6i nhimg phuong trinh ¢6 cdc hang tr bdc hai, ta thuong dung cong
thirc ha bac dé bai toan trd nén don gian hon.
Str dung cong thirc ha béc, phuong trinh da cho twong duong véi
l1+cos2x 1+cos4x 1l+cos6x 1+cos8x
+ + +
2 2 2 2
&> cos2x+cosdx +cosbx+cos8x =0
T&i day, ban doc hdy chu y ta s& ghép bon sé hang nay thanh hai cap sao
cho hiéu (hoic tong) cac cung cua chung bang nhau, tirc trong truong hop
nay s€ dé y 2x—4x =6x—8x. Tai sao lai phai ghép nhu vay ? Li do rét don

gian, chung ta cin nhimg “thira sé chung” dé nhom ra ngoai, dua bai toan vé
dang phuong trinh tich.

=2
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cos2x+cos4x +cos6x+cos8x =0
<> (cos2x +cos4x)+(cosb6x +cos8x) =0

& 2cos3xcosx+2cos7xcosx=0
<> 2cosx(cos3x+cos7x)=0

<> 2¢c0sx-cos2x-cosSx =0

( (
x=£+k7r x=£+k7r
cosx=0 2 2
& cos2x=0<:>12x=—§—~+k7r<:>< =—;£+—k2£ (keZ)
cosSx=0
/4 T km
Sx=—+knm X=—+—
| 2 | 10 5

Bai tap 4. Giai phuong trinh:

. . 3 i . : : 1
sin X + sin’ x +sin’ x + sin' x = cos x + cos® x + cos’ x + cos”’ x

Loi giai.
Véi phuong trinh doi ximg giira sinx va cosx, ta ludon dua dugc nod vé

dang phuong trinh tich véi mét nhén tir 1 sinx —cos x .

32

. ai . 3 . . ;
sin X + sin® x + sin® x + sin' x = cos x + cos® x + cos’ x + cos® x

o (sin X — cosx).[‘Z + Z(Sin X + cosx) + sin x.cosx} =1

sinx —cosx = (
Lo ; .
2+ 2(sm X + cosx) + sin x.cosx = ()

+ Vi sinx—cosx=0<:>x=~£—+k7t (keZ)

+Vh 2 + 2(sin X + cosx) + sin x.cosx = () (*), dat

t=sinx+cosx,te[*J§;J5].
; 1
Phuongtrinh(*)@t3+4t+3=(')c:>; 3:>t=—~1«

: ; s
t=-1l & sinx +cosx = -1 & \Qsm(x +Z) = -1

X = T+ man
=5 (m,n € Z)

X = =-=4+n2n
L 2



Vay phuong trinh da cho ¢6 3 ho nghiém:

s : T
v g 1 +kn, x =n+m2n va x = —~2—+n'21t (k,mune ).

Bai tap 5. Giai phuong trinh:
sinx+sin2x+sin3x=1+cosx+cos2x

Loi gidi.
Phuong trinh da cho tuong duong von
(sinx +sin3x)+sin 2x = (1 + cos2x) + cosx (*)
Pé y rang
(sinx +sin3x)+sin2x = 2sin2xcosx +sin 2x =sin 2x(2cosx +1)
va |
(14 c0s2x)+cosx =2cos’ x+cosx =cosx(2cosx+1).
Nén suy ra (*) tuong duong voi
sin2x(2cosx+1)=cosx(2cosx+1)
<> (sin2x—cosx)(2cosx+1)=0
<> (2sinxcosx—cosx)(2cosx+1)=0
= cosi(Zsin x=1)2cosx+1)=0

_ x=£+k7r _
2
cosx=0 i
: x=-’6i+k2n
o|sinx=— & (keZ).
2 Sn
xX=—+k27
1 : 6
COSX='-'-2'* 5
e cosx=i—3£+k27r

Bai tap 6. Giai phuong trinh:
tan x + cot x = 2(sin 2x + cos2x)
Lai gidi.
Thong thuwdmg, ta sé dit diéu ki¢n khi phwong trinh chira tanc
hodccota . Deé “don gian héa” nhimg bai todn nhw thé, hiy thay tana

. sina
bang
cosa

cho vé quan hé giira hai gid tri hrong gidc sin va cos ma thdi.

(twong tw véicota ) nhim muc dich dwa phuong trinh di
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ik sinx # 0
Diéu kién: {

< 2sinxcosx#0
cosx =0

<:>sin2x¢0<:>2x¢k7r<:\x¢-{(—ﬂ— (kel)

,
Phuong trinh da cho tuong duong véi
. v 2
sinx cosx : sin" x+cos" x .
+——=2(sin2x +cos 2x) & _ =sin2x +cos2x
Cosx sinx 2sinxcosx

==

=sin2x+cos2x <

- - =sin2x+cos2x
2sin xcosx sin 2x

< sin 2x(sin 2x + cos2x) = 1 &> sin 2x-cos2x = 1 —sin’ 2x

< sin2x-cos2x = cos’ 2x
< c0s2x(sin2x —cos2x) =0

@mst-ﬁ-sin(Zx-—%) =)

cos2x =0
e sin(zx—i’-)=o
4
=2tk x=%+££
=3 o 2 (k,meZ).
z T omx
2x~—=mx | XE—t——
P g . 8 2
Két hop voi diéu kién, ta suy ra: Phuong trinh d cho c6 hai ho nghiém la
n kmw

z+—5— ho#c x~—-—8—+——- (k,meZ)

Bai tdp 7. Giai phuong trinh:

sin2x+2tanx =3
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Lai giai.
Pidu kién: cosx 20> x# = +kx (keZ)
Phuong trinh d3 cho c6 thé viét lai thanh

(1-sin2x)+2(1-tanx) =0 *)
Mit khéc, dé ¥ ring

1-sin2x =1-2sinxcosx =sin® x + cos” x — 2sin x cos x = (cos x —sin x)



sinx cosx-sinx
l-tanx =1- =
COS X cos x

2(cos x —sin x)

Do do, (*) <> (cosx-sinx)” + =0

COS X

. : 2
<> (cosx—sIinx)| cosx—sinx+ ={
COS X

cosx—sinx=0 (1)
= : P
Cosx—sinx+ =4{ (2)
COS X
Xét phuong trinh (1), ta co

cosx—sihx=0¢:> \[i.cos(x+§)=0<:> cos(x+%)=0

¢:>x+%=—§+k;r<:>x=—j—+k7r (k€ Z) (thoa man diéu kién).

Xét phuong trinh (2), cosx—sinx+ =0
Cos X
= sinx =cosx+ (3)
COS X
Lai c6 sin’ x+cos’x=1 nénsuy ra
2
(cosx+ +cos’x=1¢e2cos’ x+———+3=0
COs X cos” x
Tuy nhién, diéu nay 1a vo li vi hién nhién: 2¢cos’ x + —+3>0
cos™ x

Do do, (2) vo nghiém.
Vay phuong trinh da cho chi ¢é duy nhat ho nghiém 1a

x=-Z-+k7r (keZ).

Dang 2. Nhirng phwong trinh lwgng giac quy vé phwong trinh mét an.
Bugc 1: Quan sat, dua vao nhimg cong thirc bién déi co ban dé chon an
phu hop.

Bugc 2: Sk dung y tudng tir Bude 1, bleu dién tat ca cac sd ‘hang trong

phuong trinh theo an d6. Quy bai toan vé phuong trinh mdt 4n duy nhét
(thuomg 1a bac hai hoac bac ba).

Buwgce 3: Giai phuong trinh tuong duong vira thu duge va suy ra ho
nghi¢m cén tim, luu y két hop di€u kién dé bai (ncu co). '
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Bai tap 1. Giai phuong trinh: cos3x —cos2x+3cosx+2sin’ x =3
Loi gidi.
Dé y ring cos3x = 4cos’ x —3cosx, cos2x=2cos’ x—1, sin’ x =1 — cos’x
nén ta sé quy bai todn vé phwong trinh mjt 4n Ia cosx .
St dung nhirng céng thirc co' ban trén, phuong trinh da cho cé thé viét
lai thanh

4cos’ x—3cosx—(2cos’ x—1)+3cosx +2(1 —cos’x) =3

<> 4cos’ x—4cos’ x =0 < 4cos’ x(cosx-1)=0

T
cosx=0 x=—+kn
>

Teosx =1

.2 :
Bii tép 2. Gidi ‘phirong trink: 2cos4dx + 6cos” x + 1+ 3cos2x _

COS X

Loi gidi.
Piéu kién: cosx # 0 & x ;tg--i-kn (keZ)
3 bai toan nay, néu ta tif":p tuc chon an duy nhg‘tt la cosx thi s& thu dugc
mét phuong trinh bac 4, rat khé co thé giai quyet tiep. Tuy nhién, sy xuat

hién ctia cos® x khién ta nghi t6i viéc sir dung 16i “tu duy nguoc”, ha béc

cos’ x dé quy phuong trinh vé dang mét an duy nhét, khong phai cosx ma
la cos2x.

That vay, phuong trinh d3 cho tvong duong véi
2(2cos2 2x — 1) + 3(1 + cos2x) +1+3cos2x =0

& 2c0s’2x —3cos2x +1=0

cos2x =1 x=1}1_’£

2 .
& &5 m,n € Z
cos2x=—1- n ( )

s ok 2a n
Thoa mén di€u kién x # — + km.

Véy phuong trinh da cho c6 ba ho nghiém la

T
x=m1t,x=ig+mt, mnez.
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Bai tap 3. Giai phuong trinh: sin” x + cos” x = 2cos’ x — 1

Loi gidi.
Pé y rang:

3
L 0 o P 2 3
SN X + cos x=(sm x) + (cos” x)

3
* 2 p ¥ = 2 2 L 2 “
- (Slll X+ C()Hz X) —3sin” xcos” x (Slll X+ C()S‘Z X)

3 1

=1 ~—-3—sin’z 2x = —cos’ 2xX + —.
Suy ra phuong trinh da cho tuong duong véi
%COSZ‘ZX%—%:COS'ZX<:>300522X—40082X+1=0 (*)

Pat t = cosx (-1 <t <1). Khi do,

Phuong trinh
cos2x =1 x=kn
¥l - 1 (kmeZ).
( ) cos'2x=-}); x=i%~+mn, cosa-—-g ( )

sin 3x — cos 3x
2sin2x -1

Bai tap 4. Giai phuong trinh: 7( - cos x) =4 - cos 2x

Vil X € (();n).

Léi gidi.
-

Pidu kién: sin2x ;a%@ . ¢ig-+k2n ™ ¢%+k2n (keZ)

Tacd: sin3x —cos3x = 3sinx —4sin” x —4cos’ x + 3cos x

— 3(sin X + cos x) - 4(sin X + cos x)(l — sin x cos x)
= (sin X + Cos x)(4 sin X cos X — l) = (sin X + cos x)(2 sin 2x — 1)

sindx —cosdx
Suy ra . = sinXx + cosXx .
2sin2x -1

Véy phuong trinh da cho tuong duong véi

T(Sinx + Ccos X —cosx) =4 - cos2x

& 7sinx =4—(1—2si112x)<:>'25i112x-—?sinx+3=()
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o
: 1 X = —+ m2n
SInx = —

Lo

g 2 & gt =
sinx = 3(loai)

(m,n e Z).

5911

1
2 X = — 4+ n27n
6

Dotacantim x € (O;n) nén suy ra chi co 2 nghiém thoa man dé bai la

T . om
X=—vVvax=—.
6

* Trén thuc té, ngoai hai dang trén, con rdt nhiéu dang phwong trinh
lwgng gidc khong mdau muc khdc nhu phwong trinh si dung dao ham, tinh
chat ham 16i, hay tinh chdt cia bdt dang thiecc. Tuy nhién, do tinh muc dich
ciia cuon sdach nén ching t6i khéng dé cdp tdi nhu'ng ngi dung nay. Chi xin
gidi thi¢u 16i ban doc mét vi du minh hoa don gian, thay cho phan két ciia
chuyén dé nay.

Vi du. Giai phuong trinh sin®™'" x + cos™''x =1

Lot gi.
Péyringdo —-1<sinx <1 tacd

2011

sin’x(1-sin®®x) 2 0 = sin™"' x <sin’ x

Hoan toan twong tu, dé dang nhan thay cos™''x < cos’x.

L) . LA < 2
Tir d6 suy ra sin®'"' x +cos™''x < sin’ x + cos’x =1,

[ 20 .
sin”'x=sin’x

2011 2011 2011

Vay sin®"' x+cos™"'x =1 & { cos™ 'x=cos’x

. D 2
sin“x+cos” x=1
\

@[smx=l | ——+k27r homel)

cosx =1
x=m27r
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O CHUYEN PE 4

PHUONG TRINH - HE PHUONG TRINH.

() cac dé thi tuyén sinh Dai hoc mén Toan, giai doan tir nam 2002 — 2005
(nhimg niam dau tién thi dé chung), déc gia sé bat gap nhitng bai phuong
trinh va hé phuong trinh rét co ban, ching dugc danh gia & mirc do “cau g&
diém”. Tuy nhién, nhimg nam gan day, dé thi ngay cang chira nhiéu dang
“khong mau muc”, di kém ca bién luan theo tham sb. Su thay doi nay da
gdy nén su lung tung: cho khong it hoc sinh bai da la “khong mau muc” thi
cang kho hé thong, phan loai. Chinh vi li do d6, & chuyen dé nay, nhim muc
dich tranh khong gay cho doc gia “su choang ngop”, chung tdi s&¢ khong
khai thac qua nhiéu bai toan ma chi tap trung dua ra nhimg “h¢ thong li
thuyet thuong dung nhat, dugc rut ra mot cach tong quan tir nhimg dé thi
gan day. Tin chic réng khi nim vimg dugc luong kién thirc t6i ru nay, kém
theo hudng giai quyét ap dung cho nhimg bai toan cu thé da thi, cac ban hoc
sinh s& tu dinh hudng duoc con dudng tu duy cho nhimg vén dé twong ty.

Bai tip 1. Giai phuong trinh: ¥3x +1 — V6 —x + 3x* —14x — 8 =0
Dé thi Pai hoc khdi B nim 2010.

Loi gidi.
o8l sl s es 1
DPiéu kién: 6 S0 ST 3=2>2x€e|——36
X< x <6 3

Cdch 1. Xét ham sé: f(x) = \/3x +1- \/6— x + 3x% —14x — 8 lién tuc

trén doan

1
——:0].
3

Tacof( )

+6x—-14,x € [«-—%;6]

7 ;
E;6] va f(5)=0.

%;6] phuong trinh f(x) = 0c6 ding 1 nghiém x =35.

f‘j

J—_
oxe|: ] (x)>0 =1

Do d6 trén

—

X ) dong bién trén
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® X E

1.7 11
et 3x+1-v6— AN g foms
33]=:>\/x+ V6 x<2~/§ \[3_

17
3'3}

Vay phuong trinh c6 nghiém duy nhit x = 5.
Cdch 2. Phuong trinh : 3x +1 —v6 — x +3x> —14x — 8 = 0

> (Vax+1-4)+(1-V6—x)+ 3x* —14x -5 =0
3(x —5)

X—9
& + +
\/3x+1+4 \/6—x+1
3 1
Si(x—5 + = +3x +1
( )\/3x+1+4 V6 —x +1

L
3

3x? —145cf8 <-3=f(x)<0,Vxe

(x—5)(3x+1)=0

=0 4

nén phuong trinh

Vi 2 + : +3x+1>0,x€
VIx+1+4+4 J6-x+1 ’

()& x-5=0ex=5.

Viay phuong trinh d4 cho ¢ nghiém duy nhat x = 5.

Ky hiéu K la m§t doan, m¢t khoang hoic mét nira khoang.
e Néu f(x)lién tuc trén doan {a;b]v& f(a).f(b) < 0 thi phuong trinh
f(x)=0 co it nhit mdt nghi¢m c € (a;b).
¢ Néu f(x)lién tuc va don di¢u trén K thi phuong trinh f(x) =0co
khéong qui mét nghiém trén K.

A

Tong quit:

Néu f(x) lién tyc va ting trén K, g(x)lién tuc va giam (hodc la
ham hing) trén K thi phuong trinh f (x) = g(x)cé khong qua mdt
nghiém trén K.

e Néu phuong trinhf'(x) =0 c6 nnghiém trén khoang (a;D)thi
phuong trinh f (x) = 0 c6 khong qua n + 1nghiém trén khoang (ab)

e Téng cua 2 ham ting trén K 1a mot ham ting trén K, tong cua 2
ham gidm trén K 1a mdt ham giam trén K.
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e Néu f(x)lz‘l ham tang trén K thi a.f(x)tz'mg trén K néu a > Ova

a.f(x) giam trén K néu a < 0.

Bai tap 2. Giai hé phuong trinh sau :

(4 +1)x + (y = 3)¥5 -2y = 0 (1)
4x* +y* + 23 -ax =7 (2)

(Pé thi PH khéi A nim 2010.)

Loi giai.

(4x* +1)x +(y-3)/5-2y =0

& (Ax> +1)2x+2(y—-3)J5 -2y =0

& (4x® +1)2x = (5 -2y +1)y5 — 2y o dang
f(2x) = f(/5-2y)

Xétham s6 £(t) = t(¢” + 1) lién tyc trén R

Cich I: Diéu kién: x < %,y <

[N

D& thiy f'(t) = 3t> +1> 0,Vt € R.

3
D<x <=
Do d6 f-(2x): f(\/f)*—?y) & 2x = b -2y & - :xz
d——
y:
\ 2

2

+2V3 - 4x = 7(3).

5 — 4x2

Khi d6 (2) viét lai 4x* +

Vix=0x= % khong la nghiém cua (3).

5 — 4x2

2
+2Vv3—4x -7

Xét ham s6: g(x) = 4x? +

lién tuc trén khoang [0; g]
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4

v3 —4x

nghich bién trén khoang [():-Z—] va g[%] = 0 = (3)co nghiém duy nhat

Taco g'(x):4x(4x2—3)— <O,Vx€{0;g]:>g(x\)

1
X E—2n yael,
9 ¥

*Chuy 1:
B o ng®

2

Tacc')thédat: 0= 2= Sg,v = J5—-2y.v20=>y=

2
Phuong trinh (1) = (112 + 1)151 . ;1

¢=>(u——v)(u2+uv+v2+1)=0¢>u=v=>2_x=\/5>—2y

v 1)

vivl+uv+vi+1>0vVuveR.
£2
vai t 20

*Chiuy2:Dat:\b -2y =t & y= e

£ 4 1

Khidé(l):(élxz-i—l)x: t o 8x>+2x =t +t

& (2x—t)(4x" +2Xt+t2+1)=0=>t=2x=>t€l0;g]
Phuong trinh (2) tro thanh
(5 ¢ )2

t2+—~——;1-——+2\/3—2t=.7©t4—6t2+8\/3——'2 -3=0

; 3
Xét ham: f(t) = t* — 6t> + 8V3 — 2t — 3 lién tuc trén doan 0;5]

\ 8 3
Ta cé: f'(t) = 4t — 12t — < 0,Vt € O;~—] va f(1)= 0 nén
trong doan 0;323- va £(t) = 0.c6 nghiém duy nhéit t = 1 = x =%.,y==2.
Cich 2.

Dt u=2x,v=45—-2y
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Tir(l):>(112+1)n—(\'2+1)v:0::>u::v
2x = 5 -2y

4x? +y? + 2V3 —4x = 7(2)
Voit=y—1lw=+v3—4x =V3-2u
u=+Vv3-2t>0 w =3~

2 41 = 80w = 1t = 3= 2w

kw=w/3~—21120 w? =3 —2u

Ta co hé:

1
u=t=w=1=> x_§
. 0 i
" . . 3 5
Cdch 3. Dicukién: x < — )y < =
4 2
2-5 i 2—-5
(1)<:>4x3+x: ;y + ;y®2x: 2 — by
O§x§§-
& | 4
y__'5—4x2
. 2
5——4x22
(2) & 4x? + |- - +2V3-dx =7

& 16x! —25x2 +8V3 —4x -3 =0
¢¢16x4-—~25x2+5+8(\/3—4x—1)=0

o {42 1) ) LR

V3—dx +1
sy 16 ]_
(2x +1)(4x* - 5) g +1] 0 (3)

ngsg:(2x+l)(4x2-5)<0

¢$(2x——1)

16
<
v3—-4x +1

= (2x + 1)(4)(2 - 5) —



Bai tip 3. Tim tham s6 thyc m dé phuong trinh x + V3x* + 1 = m ¢6
nghiém thyc .

Loi giai.
Xét ham s f(x) =x+43x*+1 vay=m
Ham sé f(x) =x+v3x*+1 liéntuc trén R.

V3x® +1 + 3x

5 4
TaC(): f' «":"-1+ ==
(X) V3xP +1 V3xi +1
: x <t
f'(x):04:> I +1=-3x & 52 1 el

x <0
=3 mil_iﬁﬁx:_f,f[_f]:f
Jo 6
J6

Lap bang bién thién va suy ra f(x) > 3 ma f(x) = 0.

Do d6, véi m > —gq thi phuong trinh da cho c6 nghiém thuc .

Bai tip 4. Tim tham sé thuc m dé bét phuong trinh

\/x" ~Ix+ 24 < x° — 2 + m c¢6 nghiém thuc trong doan {—4;6].

Lévi gidi.
Patt=Vx:—2x+ 24, Vx € [~4:6] = t € [0:5)]

Bai toin trd thanh tim tham s6 thuc m dé bat phuomg trinh
t’ + t —24 < m c6 nghiém thuc tE[();S]

Xét ham s f (t) = t* + t — 24 lién tuc trén doan [O; 5]
£'(t) =2t +1>0,¥t € [0:5] = £(t) lién tuc va ddng bién trén doan [0;5 ],
Viy bt phuong trinh di cho c6 nghiém thuc trén doan [0; 5] khi

maxf(t) <m & f5)<m& 6<me m>6.

lF}ﬂ:-’t‘;
i 1
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Chi y : Cho ham s6 y = f(x) xac dinh va lién tuc trén khoang (asb).
Dinh ly 1: Phuong trinh f(x) = m ¢6 nghiém thuéc doan

[;L:b} & miuf(x) <m e um;(f(x).

ach! 1achy

Pinh ly 2: Bat phuong trinh f(x) 2 11 ¢co nghiém thudc doan

[a;h] = maxf( )2 m.

far: bl

Pinh ly 3: Bit phuong trinh f (3\) < m co nghiém thudc doan

[n; b] s miuf(x) <m.

lahi
L
i

Pinh ly 4: Bit phuong trinh f(x) > m nghiém ding véi moi

o & < {a;b] o minf(x)Z m.

Lazhy
£~

Dinh ly 5: Bt phuong trinh f(x) < m  nghiém dung voi moi

X E[a;b] & ma,xf(x)gm.

E":hi

O CHUYEN PE 5
HAM SO VA CAC VAN DE LIEN QUAN.

Ham sb 1a bai toan ¢ ‘c dinh” va ciing la “thtr thach” dau tién trong dé thi
dai hoc moén toan, gom hai y 12 khao sat ham s va céu hoi phuy.

Phan khao sat ham s dugc coi la phin d& nhit trong dé va hiu nhu khong
thi sinh nao bo qua co hdi “an diém” nay.

Tuy nhién, & y tiép theo la cau hoi phu thi khong it ban lai “bo qua’ * dé lam
phan khac. Diéu nay thyc ra kha tu nhién bai 1€ cau hoi phu c6 nhleu dang
ngodi viéc phai nim vimg kién thirc co ban, dé dén dugc dap sd ding cudi
cung, né con doi hoi & ngudi glal su can than va nhanh nhay khi tmh toan.

Chinh v1 vdy, ¢ chuyén dé nay chung t6i khong dé cap dén vén dé “khao
sat ham s6” von da qua quen thudc ma sé tap trung giup cac ban giai quyét
van dé “kho khin” hon, do chinh la: * ‘Céc dang cau héi phu”. Vi du minh
hoa ¢ phan nay duoc chon loc, sap xép tir d& dén khé. Nhom tac gia da han
ché 6i da viéc sur dung phuong phap nang cao, thay vao do la nhimg y
tudng goi mo rat ddi tu nhién dé ban doc tu kham pha, tu d6 dan dan hoan
thién ki ndng tu duy ciia minh khi dimg truéc mdt bai toan.”
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Bai tap 1. Xét chicu bién thién cua cac ham so sau:

l)y:x+1—‘2\/x2+3x+3 2) yzx‘z—‘Zx—-Bl
Huéng déin giii
st 5% 49 z\/[x2+3x+23m(2x+3).
\/x2+3x+3 \/x2+3x+3

: : 3 g(x) >0
e Khi y‘=0,bé1toénduavédang:,/f(x) =g(x) < 54 4
f(x) = &*(x)

Pao ham y' xac dinh va lién tuc trén R,y' =0 tai diém x = —1, do

vdy trén khoang (—oo;—l),y' giir ddu khong doi va y'(—Q) > (0. Tuong ty
trén khoang (—1;+oo),y' gilr d4u khong ddi va y'(O) <0.

e Ngoai ra bai toan c6 thé yéu cau:
tim x dé v O(y’ <Oy Zhy'< 0)

Bai toan quy vé dang sau:

£(x)
t(x) > g(x) | ¢ H

()
A khi A>0
—A khi A<O

<

20
<0 \/f_(—)<g() g(x)
¢+ |

-

2) |A|=

Va sau ddy la loi gidi chi tiét,
Loi gidi,

1) y=x+1—2\/;(2+3x+3
Ham sé d3 cho xac dinh trén R.

2% + 3 -\&2+3x+3—~(2x+3)

Taco:y'=1— ———=
Jx2+3x+3 Vx: +3x+3

-
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_w,"-:{)<:>\/x"+3x+3 = 2K

3
K o
& 2 & x = —1

x4 3x 4+ 3 =(2x + 3)
Bang bién thién :

X —a0 -1 +a0

y + 0 -

4 / \

Ham s6 dong bién trén khoang (-—oo; -1 ) , nghich bién trén khoang (-1; +oo)

% D=8 khi-x€-1 Va>}
2) y=

x2m2x—3l: .
i’ 3% 38 khi ~1<ne

Ham sb da cho xac dinh trén R.

ek o 2x—2khi x<=1V x>3
T Y T ox +2khi ~1<x<3
Ham s6 khong c6 dao ham tai x = —1 va x = 3.

+ Trén khoang (-—1;3):y' =extel:
+ Trén khoang (—oo;—l):y' < 03

+ Trén khoang (3;+):y' > 0.

Bang bién thién:

X —00 -1 1 0 g +c0
!

oy = - ] + 0. = |+

Ham s dong bién trén mdi khoz'mg(—l;l) va (3; +oo), nghich bién trén

mdi khoang (—o0;-1) va (1;3).
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Bai tap 2. Xét chiéu bién thién cia ham s6 : y = 2sin x + cos2x,x € [0;7].

Huéng din gidi
e Néuham sb f lién tuc trén [a:b|va c6 dao ham f'(x) > 0 trén khoing
(a;b) thi ham s6 f déng bién trén [azb|.
e Néu ham sb flién tuc trén [a;b]vé c6 dao ham f ‘(x) < 0 trén khoang
(a;b) thi ham s5 £ nghich bién trén [a;b).
e Gia sir ham s6 f lién tuc trén doan [a;b].

* Néuham s f dong bién trén khoang (a; b) thi déng bién trén doan [a; b].

*

Néu ham s6 f nghich bién trén khoang f a; b) thi nghich bién trén doan
[a; b].
* Néuham sb f khong dbi trén khoang (a;b) thi khong déi trén doan

[asb].

Phuong trinh lugng giéc co ban:

u=v+k2n

COsSUu = COSV & )
u=-v+k2n

cosu = 0,cosv = 0
tanu = tanv &

u=v+kn

_ _ u=v+k2n
sinu = sinv & E
u=7n-v+k2n

sinu=0,sinv=0

cotu=cotv &
u=v+knrn

Va sau ddy la 16i gidi chi tiét.
Loi gidi.
Ham sb d3 cho xac dinh trén doan [0; n]

Tach: y' = 2cosx(1—251nx).
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Ta can tim nghiém cua phuong trinh y' = 0 trén khoang (O;n):

X e (();’n)

cosx = ()

vt g & — 5 8=

Dua vao bang bién thién suy ra : ham s6 dong bién trén cac khoang

O;E va -E;E)—E , nghich bién trén cac khoang E;E va —S—E;n "
2 6 6 2

6 6

Chu ¥: Ta c6 thé két luin: ham sé dong bién trén mdi doan [o;-’é]

| on

6

va zt-;éT—t- , nghich bién trén mdi doan B vadum],
2 6 6 2

B tip 3. Tim a 62 hamsb y =%x“ +ax® +4x + 3 dbng biéntrén R.

.

Hudng din gidi
‘Héms(iyzf(x,m) tﬁngtrénR@y'ZOVxER@miE y'>0
XE
*Harnséyzf(x,m) giam trén R@y'ﬁOVxeRﬁmaﬂ}t{ y'<0.
Xe
Chu y:
1) Néu y' = ax® + bx +c thi
[a=b=0 [a=b=0
le>0 le<o
* y'20VxeR & |} *x y'<O0VxeR & |;
a>0 a<0
la<o 1la<o
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2) Ham dong bién trén R thi n6 phai xac dinh trén R .
Va sau ddy la loi giai chi tiét.
Loi gidi.
Ham sb da cho xac dinh trén R
Taco y'=x*+2ax+4 vaco A'=a’—4
Béang xét ddu A'
a l —a0 -2 2 +00
AT . o = @ . %

+ Néu-2<a<2thiy'>0véimoi xeR.
Ham s6 y dong bién trén R.
+ Néu a = 2 thi y'=:(x+2)2 ,taco:
y':O{:}x:—Q,y'>O,X7-'~‘—2.
Ham sb y ddng bién trén mdi nira khoang (—oo;—2]v€1 [«-2;; +0) nén
ham s6 y dong bién trénR.
+ Tuong tynéu a = -2 . Hamsb y dong biéntrénR.
+ Néu a < —2 hogic a > 2 thi y' = 0 c6 hai nghiém phan bi¢t x ,x, .
Gia sir x, < x,. Khi d6 ham s6 nghich bién trén khoang (x,;x, ), ddng
bién trén mdi khoang (—-oo; X, )vé (x & +oo).
Do d6 a < —2 hoic a > 2 khong thoa man yéu cau bai toan .
Vay ham s6 y déng bién trén R khi vachikhi -2 <a <2.

Bai tip 4. Tim m € R dé cac ham sé sau :

1) y_mx+4
X+ m

2) y=2x"—2x* + mx — 1 ddng bién trén khoang (1;+00).

lun nghich bién trén khoang (—o0;1).

3) y = mx* — x> + 3x + m — 2 ddng bién trén khoang (-—3;0).

Loi gidi.

ot iy e e o (~o0s1).
X + 1

Ham s6 da cho xéc dinh trén khoang (—o0;1).
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2
e m° —4
Taco y' =— x = —m

2
(X + Hl)

Ham s6 nghich bién trén khoang (—oo;1) khi va chi khi

3"<0.‘V'x6(—m:1) m: =4 <0 —2<m<?2
. g ”
—m & (~rx.):1) —m ¢ (—o0;1) —m 21
—2 XM
4 - & o
< i &l & -2<m<-1

Vay : v6i —2 < m < —1 thi thoa yéu cau bai toén .
2) y = 2x" — 2x* 4 mx — 1 dong bién trén khoang (1;+oo).
* Ham so da cho xac dinh trén khoang (1; +oo) .
* Taco:y'=6x’ —4x +m
Cich 1. Ham sb da cho ddng bién trén khoang (1;+00) khi va chi khi
y'>0,Vx € (1;+oo) & g(x) =6x* —4x > —m,x > 1.
Xét ham sb g(x) = 6x’ — 4x lién tuc trén khoang (l;+oo), ta cd
g'(x)=12x —4 > 0,¥x > 1 ¢ g(x) ddng bién trén khoang (1;+o0)
va lim g(x)= lim (6x"‘ - 4x) =2, lim g(x) = +o0
* Bang bién thién.

X -1 +00

TEIME
T e

-2
Dua vao bang bién thién suyra2> —-m< m > —2

+00

Ciich 2. Ham s5 4 cho ddng bién trén khodng (1;+00) khi va chi khi

y' > 0,Vx € (I;+00) & f(x) = 6x* = 4x + m > 0,Vx € (I;+00)
Khi va chi khi hotic A'=2—6m$0¢)m2—1§(a)
hoic f(x) = 0 ¢6 hai nghi¢ém théa mén x < x, < 1(*).
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bitt=x—-1=>x=t+1,khido g(t)zf(t+l) :
Piéu kién (*) = g(t) = 6t* + 8t + 2 + m c¢6 hai nghiém khong duong,

A >0
ticla {S, <0 ¢ (b). Tir (a)va (b)suyra m > —2.
P, >0

3) y = mx* — x* + 3x + m — 2 dong bién trén khoang (-3;0).

Ham s6 da cho xéc dinh trén khoang (—3;0) .

Tacd: y'=3mx* —2x +3
Ham sb da cho ddng bién trén khoang (—3;0) khi va chi khi
y'>0, Vx €(=30).

Hay 3mx’ —2x +3 > 0,Vx € (—3;0) & m > 2’;—23,
X

Vx € (—3;0)

Xét ham sb g(i) =

lién tuc trén khoang (——3; 0), ta co

3x?
g'(x) = —ﬁx; f 18% <0,Vx € (—3; 0) = g(x) nghich bién trén khoang
X
() ol = )= o

Bang bién thién:
X -3 0
g'(x)| |-

s B

el B

d 4
Dyra vao bang bién thién suy ra m > 50

—0

Bai tip 13. Cho ham s6 : y = x* — 3x? +2 ¢6 db thi la (C). Viét phuong

. = : i e gt s F o e
maepmenctmdaﬂﬁ(c)biaﬁepmyénmquamemA[%—z].
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Hudng dan gidi
Hai duong cong (C) : f(x) va (C‘) 5l g(x)
tiép xuc nhau tai M (x”;y”)

khi diém M € (C)N(C") va tiép tuyén tai M cia (C)trimg véi tiép tuyén

tai M cua (C") chi khi h¢ phuong trinh sau: {;((x)‘(’"))::gé,?;)u) ¢6 nghiém x. .
Lo gii.

Goi M, ( ¥, ) (C) Phuong trinh tiép tuyén (d)c (C)tal M, la
— ¥, = ( )( x”) Y- (xg = 3x3 + 2) = (3xf} e 6x“)(x = x“)

Do (d)di qua diém A

E;——‘Z]nén
9

- e (xt‘f - 3)(?, +- 2) — (3)((, GX“)[293 o xu]

& 6x3 — 32x2 + 46x,-12=0

& 1% —2)_(3xﬁ - 10x, + 3)= 0e|xy=3=2>y=9x-25

Viy qua diém A

%‘3;—-2] ké dugc ba tiép tuyén dén do thj ham s6 da

5 61
chola: y= -2,y =9x -2,y = —x 4+ —.
¥ ) y 3 27

Baitip 5. Tim m € Rdéhamsd y = —2x + 2+ myx® —4x + 5 ¢d cuc dai.

Hurdng din gidi
: "x.)]=0

Ham s6 dat cuc daitai x =x, & : ( ")
y"(xu) <0

Va sau ddy la loi gidi chi tiét.
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Loi gidi.
Ham s6 da cho xac dinh va lién tuc trén R.

X —2 m

. yll: .
2 \ 3

Budc tiép theo, ddc gia c6 thé chon mét trong hai cach sau:
Cdch 1.
+ Néum=0thiy=-2<0 Vxe R nénham sé khéng c6 cuc tri.

Mitkhac,taco: y'= -2+ m

+ m = 0 vi ddu cia y"chi phu thugc vao m nén dé ham c6 cuc dai thi
truéchét y"<0e& m<0.

Khi d6 ham sb ¢ cuc dai <> Phuong trinh y' = 0 ¢6 nghiém (1) ;

Tacod: y' = 0@2\/(:(—2)’ +1=m(x-2) (2).
Dit t = x — 2 thi (Z)tr(‘rthénh:

mt:2~,/t2+l¢=>l

t<0 kst
1
| m* — 4
= (1) conghiém & m’*—-4>0s m< -2 (Do m <0).
Vay m < —2 thi ham s6 ¢6 cyc dai.
Cdch 2. Ham s dat cyc dai tai x = x,

(m2—4)t2=1® g2 =

©|Y’(Xu)=0 m(x, —2) i ﬁ5~4x“+5 o 0

y"(xu)<0®*\/"3“4xu+5 T e 2

m<0 m<0

Véi m < Othi (1) = x, <2.

Foay 4 m\/xﬁ“4x(,+5
Xét ham s0 f(xn) = (X, <2
X, —2
—4x, + 5
lim f(x,)= lim VX, X; = -1,
X—— X X—*—x XU —_—
2 —4x,+5
lim f (x,) = lim un O e i,
x—2 x—2 x“ e ‘2
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-2
(_x“ - ‘2)2 \/xf, —4x, +5

Taco f'(x,)= < 0,¥x, € (—o:2)

Phuong trinh (l)c() nghiém x <2 4 —!—; <-l&m<-2.

Bai tap 6. Cho ham s6: v =x* = 3mx’ + 3(111 + (i)x +1co do thi la
(C“_),m € R. Khi ham s6 co cyc tri, hdy tim tham s6 thuc m dé diém

A (3; 5) nam trén dudmg thang di qua céc diém cuc tri ctia dd thi ham s6 .

Loi gidi.
Ham sd da cho xac dinh va lién tuc trén R.
Tacd y'=3x* — 6mx + 3(111 + 6). Ham s6 da cho ¢6 cuc tri khi va chi
khi y'= 0 c¢6 hai nghi¢m phin biét
m < -2

¢:>A‘=.‘)(1112—111—6)>()<:> ‘
m >3

L lm <=2 ; - 3 2 et o o
Vi o3 (l) thi ham so ¢6 cuc tri va toa do cac diem cuyc tri cua do
m
thi ham s6 da cho 1a nghiém cua hé phuong trinh:
y=x"=3mx’ +3m+6)x +1
y'= 3()(2 - 2mx + m +6) =0
y =(x - m)(x’ —2mx +m + 6) +‘2(~m2 +m+6)x +m’ +6m +1

- 2
X =-2mx+m+6=90

=5 2(—1112 +1m + 6)x +m’ +6m + 1 (d ) la duong thing di qua

i

cac dém cuec tri cua do thi ham so.

‘ m=4
4 a, 2 _ 20—
DEm A(J,S) e(dm) < om' -12m-32=0¢ Tl _g (2)

Tu (l) va (2) suy ra m = 4 la gia tri can tim.
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Bai tap 7. Xac dinh gia tri tham s m € R dé ham sé:
y =x" - 6x° +3(m+2)x—mw6

dat cuc dai va cuc tiéu dong thoi hai gid tri cuc tri cing diu.
Huong dan giai

Giastr y'=ax’ + bx +c.

Ham s6 ¢ cuc dai, cuc ti€u khi y' = 0 ¢6 hai nghiém phan biét < A' > 0.

Goi A(xi;y]),B(xz;yz) la cac diém cuc tri cua d6 thi ham sb thi X)) X,
la nghi€ém ctia phuong trinh y' = 0.Theo baitoan : y,.y, >0

Viéc thuc hién tim y,,y, don gian béng cach ldy y chia y' ta duogc:

e %(x—2).[3x2 --12x+3(m +2)]+2(m -—‘2)x +m-—2.
Déthdy y' = 3x* —12x + 3(m +2) = 0 ham 55 ¢6 hai diém cyc tri A,B.

Khi d6 dudng thing di qua hai diém A,B la y = 2(m —2)x + m —2.

Ngoai céach ldy y chia y', ta ¢6 thé tim cu thé toa d0 A,B roi viét
phuong trinh duomg thing di qua hai diém A,B.

Néu X,,X, 1a hai nghiém cta phuong trinh : y' = ax’ + bx + ¢ =0 thi

c
X+ X, 52—y WX, wE =y
1 2 a ; a

Chi y: Goi A(x,;y,),B(x,y,)
la céc diém cuc tri cia d thi ham sb y = f(x).
o D& ham s6 ¢6 hai cyc trj ¢6 gid tri cyc trj cing ddu < y .y, > 0.
e Dé ham s6 ¢6 hai cyc trj nim vé 2 phia déi vi truc tung < y,.y, < 0.
e Dé ham sb ¢6 hai cyc tri niim vé 2 phiad("')ivéiu-uctmg & x,x, <0.
¥ 4ty =0

o Dé ham sb c6 hai cyc tri ndm trén truc hoanh <
¥, ¥; > U

ek ML A

e Dé ham sb ¢6 hai cyc tri nim dudi truc hoanh <
Y,¥, <0

e D& ham sb c6 cuc tri tiép xuc véi truc hoanh < y,y, =0.

Va sau ddy la loi gidi chi tiét.
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, Loi giai.
Ham s6 da cho xac dinh va lién tuc trén R
Tacé: y'=3x’ —12x + 3(m +2).
Ham s0 co cuc dai . cuc tieu khi y' = 0 c6 hai nghiém phan biét
& A':36—9(m+2)>() S2-m>0 m<?2
1

y= g(x —2)-[3X2 —12x + 3(1‘11 -+ 2)} 51—'2(1:1 —‘2)x +m-—2

V= %(x — ‘2).y'+ Q(m - 2)x +m — 2
Goi A(x.:y,).B(x,:y,) la cic diém cuc tri ciia do thi ham s thi x,,x,
la nghiém cua phuong trinh g(x) =3x’ - 12x + 3(11'1 + '2) =1

y'(x

=0

(m )3\ + i —~2
I,..%.( o) 9(x,) 5 2 (m—), =2
(xz):

=Yy, -2(m——2)x2+m—-2

Theo dinh ly Vi-ét,taco: x, +x, =4,xx, =m + 2
Theo bai toan :
¥y, > 06 [2(m - 2)x, +m —2|[2(m - 2)x, + m—2|>0

& (m-2) (2, +1)(2x, +1)> 0
2
& (m -'2) [4xlx2 +2(X| + x2)+ 1] =1

& (m-2) [4xx, +2(x, +x,)+1]> 0 & (m —2) (4m +17) > 0

£ pow ek vk i 5 & 17 ol e X %
Két hop vai dicu kién bai toan , vay ——Z<m<2 la gia tri can tim .
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Bai tdp 8. Tim a € R dé db thj cia ham s6 y = x* — 3x* +2 (C)co diém
cuc dai va diém cuc tiéu & vé hai phia khac nhau cua duong tron (phia trong
va phia ngoai): (C“) :x"+y® —2ax —day +5a° —1=0.

Huong dan gidi
Duong tron : (C) : (X o X,,)2 T ()’ B Yu)
kinh R

A(xl:y‘) va [A = \/(xl o X“)z +(.V, “.\,’;,)_

Néu A 1a diém nam trong duong tron thi 1A < R.
Néu A la diém nam ngoai duong tron thi IA > R .
Va sau day la 1oi giai chi tiét.

Loi gidi.
Ham s6 da cho xac dinh va lién tuc trén R.

2

= R* c6 tdm I(x,:v,) va ban

Ty L : x=0=y=2
Tael: vy'=8x"~0x; y'= 0+ ,
Xi=d=p y= =2

(C“) . (x — :1)2 + (y - Qa)2 =1 cotam I(a.; 2;1) vabankinh R =1

2

Taco: IB = \/(a - 2)_ + ('Za. + '2)2 = \/-")n2 + 4a + ¥

+§§2-9- 1=R = diém B nim ngoai (C)

¥
IB=,|5|la+—
AR

do d6 diém A nam trong dudng tron
(C.l)e A<l Ja’ +(2-20) <1

@5&2—-8a+3<0¢?%<a<1

L

o : 2 mx —4m+ 3 - ;
Bai tap 9. Cho ham s0 y = . ¢ho mhai gia tri m va m,.
X —m

Tim h¢ thic li€n hé gita m va m,dé mét trong hai duong cong

(C... ) va (C..._ ) suy ra tir dudong kia nho mot phép tinh tién.

Loi gidi.
mx —-4m+ 3 m?-4m+3
= =m+ % 21m
X —1m X — 1l
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Xéttruong hop m # I,m # 3.

Tinh tién hé truc toa d6 Oxy theo vec to Ol . cong thire chuyén hé toa do:
{x =X +1n

y=Y+m
Phuong trinh dutmg cong (C, )déi véi hé toa do IXY la:

2 ; 2 y
m°—4m + 3 ooom’ =4+ 3
Y+m=m+ hay Y = .

(X+m)—m X

mf - 4111l +3

Phuong trinh (C, ) ddi véi hé toa do XY : Y =

i voi 12 —4m
Phuong trinh (C,, ) d6i voi hé toa do XY : Y = = ;5 i

Mot trong hai dudng cong (C... )va (Cu.,) suy ra tur duong kia nho mét

phép tinh tién khi va chi khi: m; —4m, +3=m, —4m, +3

} " I =m,
= (ml -~ mz)(ml +m, — 4) = {) &> i, =
Khim =1=m, =1 hoic m, = 3.
Khim =3=m, =1 hofic m, = 3.
o LA . A 2x +1 . i . 5 ’ P A
Bai tap 10. Cho ham s6 y = — % Goi ((l) 1a dudmg thang co hé¢ so
o :

goc m va di qua diém B(-22). Tim m dé (d) cit (C)tai hai diém
phan bi¢t M ,M,. Céac dudng thiang di qua M , M, song song véi céc
truc toa do tao thanh hinh chir nhat . Tinh cac canh cta hinh chir nhat
d6 theo m € R, khi ndo hinh chir nhét nay tr¢ thanh hinh vuéng.
Loi giai,
(d) di qua diém B(—‘z;?.) c6 phuong trinh y = m(x + 2) 2
Dé (d) cit (C)tai hai diém phan biét M, M,khi phuong trinh
2x +1

x—1

m(x +2)+2r- co6 hai nghiém khiac 1, hay phuong trinh

mx’ 4+ mx —2m — 3 = 0 ¢ hai nghiém phan biét khc 1. tirc 1
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'm = () m =0 I' "

<A:mz+4m(2111+3)>()<::> [m<-i<=i> m<“§ (*)
. [

w2k mil — 9~ 3 =1 hm > 0 1 >0

Gia s M, (x,:y,). M, (x,:y, ). hai canh hinh chir nhit M PM,Q c6 dd

dai la

\/ 9 +12m

|lll|

MP = lxz - xll = MQ = |y2 - yll = \/9111"Z + 12m

Hinh chir nhat M PM,Q tr¢ thanh hinh vudng khi va chi khi

Vom? + 12m
Im|
Smi=1&m=1 ((lo(*))

MP=MQ<¢& = \[91112 + 12m

Bai tdp 11. Cho ham sb y = (x+1)(x* +2mx +m +2)co dd thi la
(C... ) m la tham s thuc. Voi gia tri ndo cia m thi do thi (Cm) cua
ham sb cét truc hoanh tai 3 diém phén bi¢t A(-1;0),B,C sao cho

dién tich tam giac KBC béng 2 (dvdt) véi K(5:1) .

Hudng din gidi
Nhdc lgi mjt s6 tinh chit cia ham sdy = ax” + bx” + cx + d(a # 0).
ax’ +bx’ +cx +d = (x - x“)(Ax2 +Bx + C) = ()(1)
X = x(l
e ; :
g(x) = Ax*+Bx +C= (}(2)
* Phuong trinh (1) c6 nghiém duy nhét khi d6 d6 thi cua ham s cit truc

Ox tai 1 diém.
—Ag <0

Cich 1. < (2)vo nghiém hogc (2) c6 nghiém kép x, < | |4, =0
g;(x“) =0

Cach 2. < Ham s6 luon don diéu hoac ¢o cuc dai. cuc tiéu ma y( e (1) >0.

L
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+ Phuong trinh (1) c6 ding hai nghiém khi do d6 thi cua ham s6 tiép xuc
vl truc Ox.

Cich 1. < (2)0(’) nghiém kép khac x, hodc (2) cO 2 nghiém va mdt

(A, =0

Lg(x”) # ()

A >0

&(x,) =0

Cach 2. < Ham s0 ¢6 cuc dai, cuc tiéu va y

P
nghiém x, <

P,

(c'n)y(vr) =1

*+ Phuong trinh (1) c6 ba nghiém phan biét khi d6 do thi cua ham sb cit
truc Ox ta1 3 diém phén biét.

Ag > ()

g(x“) £0

Ciach 2. < Ham sb ¢o cuc dai, cuc tiéu va _y((_ D)y((,,l,) <0.

Cich 1. <> (2)c6 2 nghi¢m phan biét khic x, <

Tré lgi bai todn:
Hoanh d3 giao diém cia dd thi (C, ) cia ham s6 va truc hoanh la

nghi¢m cua phuong trinh: (x + 1)(){2 +2mx + m + 2) = 0(1)

x+1=0
= g(x) =x'+2mx+m+2= 0(2)

DS thi (C,) cia ham sb cit truc hoanh tai 3 diém phan biét
A(-10),B,C khi va chi khi phuong trinh (1)c6 3 nghigm phan biét,

nghia la phuong trinh (2) c6 2 nghiém phan biét va ca 2 nghiém dét_l khéc

A'>0
-1 g(—l)#-()'

Cich 1. dt(AKBC) = —;—BC.d(K, BC)

Phuong trinh canh (BC): y =0 => d(K,BC)=1.
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BC? = (x, - x,) =(x, +%,) - 4x,x,
= (-2m)’ - 4(m +2) = 4(m’ - m - 2)

Tir dt(AKBC)=2=>m = ?.
Cdch 2.
+ Viét phuong trinh duomg thang (d') qua K va vudng géc voi (BC) = (d)
+(a') cat (d) tai diém H . Toa d6 diém H 1a nghiém cta hé (d') va (d).
+ d(K,BC) = KH
Dé}" ring,

+ Khoang cich giita hai diém A(x,,y, ), B(x,,v,) la:

AB = J(xB - xA)E +(yB —yA)
+ Khoang cach tir M(x,,, ) dén duomg thing (d):Ax+By+C = 0 Ia

2

27 leu i 3 Byu + Cl
,A'}.‘ 53 B'Z
+ Phuong trinh dudng thing

a3 e

d(M,A)

(AYL(A): Ax+By+C=0

=5 (A'): B(x - x”) o A(y - yu) =0.
MGé rjng bai todn: Tim tham sé m dé db thi ciia ham s cét truc hoanh tai
3 diém phan biét c6 hoanh d6 x,,x,,x, théa man: x7 + x3 +xj =17.

Theo bai toan: phuong trinh g(x) =0 ¢4 hai nghi¢m phan biét x,,x, va
A'>0

ca 2 nghie.m déu khic -1 & {g (_1) A

. : : : ; 2
Méxf+x§+x§=17¢>xf+x§=16¢>(x1+x2) -2xi.x2=16

: 2 . Y
& (-2m) -2(m +2) =16 <> m = 7,50 véi diéu ki¢n suy ra m cén tim.
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Dt ciu héi nguoc lai : néu phuong trinh bac 3dang ax’ + bx’ + cx +d =0
ma viéc tim nghiém x, phan tich vé dang (x - x, )(Ax’ +Bx +C) =0
nhu bai toan trén gap kho khan thi ta lam thé nao?.

+ Dé y phuong trinh: ax® + bx* + ex +d =0 (a = o) c6 ba nghiém

b
> M ok TR B T
cl
hi C
Xp; X,y Xy XX, + XX, 4+ XX = —
a
d
X K ¥, = e

a

* xf + xg + xi = (x] s "o x3)2 —2(}{lx2 b X, < xgxl)
Va sau ddy la loi giai chi tiét.
Loi gidi.
D4 thi (C,, ) ctia ham sb ¢t tryc hoanh tai 3 diém phén bi¢t A(-1;0),B,C
khi va chi khi phuong trinh
(x +1)(x* + 2mx + m +2) = 0(1) c6 3 nghiém phan biét hay

g(x) =x’+2mx+m+2= 0(2) c6 2 nghiém phan bi¢t va ca 2 nghi¢m

; m < -1
' A'>0 m =20
déu khac -1 & & & |2<m <3(3).
g(——l):#() 3-m#0
m>3J3

dt(AKBC) = %BC.cl(K,BC).
Goi B(x,:0),C(x,:0) la toa dd thoa mén yéu cdu bai toan, khi do
BC? = (x, - x,) = (x, +x,) - 4x,.x,
=(-2m)’ - 4(m +2) = 4(m’ - m - 2)
Phuong trinh canh (BC):y = 0= d(K,BC) = 1.

Ma dt(AKBC) = 2 —;-Z.JmQ DL
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m = —2

o m’-m-2=4
m- —1n g T (4)

Tu (3) va (4) suy ra m = —2 thoa man.

. ~ . . « X | A x A . ~ 2)( i :

Bai tap 12. Goi (d)la tiép tuyén cua do thi (C) £y == 5

.y

cac dudng tiém cén tai hai diém phan biét A,B. Tim toa do diém M

sao cho dudng tron ngoai tiép tam giac IABc6 dién tich nho nhét , véi
I 1a giao diém hai tiém cén .

tai M cat

Loi giai.

7o e 1

e BYg=— "3
Xy =2 (x - 2)

0

Goi M(x3,) € (C) = v, =

Phuong trinh tiép tuyén (d) cua (C) tai M :
- it 2x, —3
y=—-——*--—"§-(x——x“)+ : 9
(x“ s 2) Xo —
() cat hai dudmg tiém cén tai hai diém phén biét
A[?- 2x, —2

X, —2

,B(2x, - 2;2).
Dé thdy M la trung diém AB va I(2;2)1a giao diém hai duong tiém can.
Tam giac IAB vudng tai Inén dudng tron ngoai tiép tam gidc IAB c6

dién tich

2
S = xIM? = w(x, — 2)° +[£&:_§.,__2]

Xy — 2
=1t(xn—‘2)2+---—1—-—2— > 27
(%0 —2)
4 2 ; s A - \2 1 X():],:}y”-_—l
Dau dang thire xay ra khi (x" —2) e i
(x“ —*2‘) Xp = 3= Y= 3

Vay M(I;l) va M(3;3) théa man bai toan.




Bai todn c6 thé mé réng: Tim nhimg diém trén (C) cO hoanh d§ x > 2sao
cho tiép tuyén tai d6 tao vdi hai dudng tiém can madt tam giac co chu vi
nho nhat.

Huéng dan:
X : 2%, = 2
Tuong tu nhu trén, ta c6: A|2; ; ,B(2x, — 22) = IA,IB.
Xy —

Khi d6, chu vi tam giac AIB la

P=1A+1IB+ AB = IA + IB + VIA? + IB? > 2JIAIB + v2.IA.IB

Ping thirc xay ra khi va chi khi IA = IB.

Néu trudng hop tam gide AIB khong vuong thi P =IA +IB + AB, dé
tinh AB ta can dén dinh 1y ham s6 cosin

AB? = IA? + 1B’ — 2IA.IB cos (IA, IB).

P=1IA+IB+vVAB? > 2JIAIB + JIA'Z 4+ B2 — 2TA.IB cos (IA, IB)

=

P > 20JIAIB + \'/QIA.IB ” ‘21A.IBcos(IA, IB

Ping thirc xay ra khi va chi khi IA = IB.
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O CHUYEN PE 6
TiCH PHAN VA UNG DUNG.

Tich phén la mot dé tai kha rong, do khuon kho va tinh muc dich cua
cudn sach nén nhém tac gia s& chi dé cép ti nhimg vi du “dién hinh” cho ba
“dang” thuong gap nhat trong d¢ thi dai hoc, d6 la: tich phén timg pl}é‘m, tich
phan dung phép dit 4n phu va sir dung tich phan dé tinh dién tich, thé tich.

Bai tiap 1. Tinh tich phén:

1
I =fxexdx I :fln(‘2x+l)(lx I ﬂfkl—‘(—dx

Loi giai.
1
I = f xe dx
0
WX du = dx
bat: " s
dv = e"dx v=e

i 1 1 1

=1 = fxe"dx =(x.e")lu —fe"dx :(x.e")“ - e"lu =
0 0
1
= [In(2x+1)dx
_ u=ln(2x+1) U= - dx
Dc{ﬁ.[dv=dx e szx+1
1
=1, = fln(2x+l)dx
O pRED=1: 3 o
:x.ln(2x+1)|"—{ S dx—-—2-1n3 1

I-_fhﬁdx
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12 lnox 5 o _1,(1}(
bat: 1 X
dv = —dx : —
% X
. rlnx ( 1\
:;-I3 :f - i = ——-—lux +f—dx— m—nhlxl 2 { st
X X X
0 | 1
1 1
::—[wlncﬁlul]—[~—l :1-—2—.
e e e
Bai tap 2. Tinh tich phan: T = f oo,
? 1+coszx
Loi gidi.
Piat: x =n-t = dx = —dt,sinx = sin t,c:os'2 x = cos’ t
£ x=0=>t=mx
Poican :
e qeblesl
Khi d6 - Ir-j xsin§ dx:] 'nsint(it "”j‘ tsintclt
”1+cosx 14 cos“t 1+ cos“t
_ f 7 sin xdx f x sin xdx
1+ cos® x 1+cos X
TT
n 2 1 2 2
sin xd dt
=>21:«f—3‘—“-3‘—3‘—:ﬂf _21tfdx_l=>1=l.
£ 1+coszx 1+t 2 4

n

2
Bai tdp 3. Tinh tich phan: = [ 111[(1 Fia u{;—)ex]dx
0

Loi gidi.

: ;
1=f1n
0

2
Il-—-(f)‘ln

2
s ,
1= g + I, trong d6

2 3
1+ tani]dx +fxdx o }—x2 3
2 2 o

1+tan£]dx
2
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Bét)c:——t:}—)i—i—-t—#dx:—dt
2. 4 . 2
i x:O-—:'tzgE
Poi cén : 2
™
e e R )
‘ 2
0 2 l1-tan—
II=—f1n1+tan[————]]dt:fln1+ dt
al 0 l14+tan—
2
x x T
=fln t fln2dt—fln[1+tan ]dt
o l+tan— 0

2
=tln2! -1, =3251nz_~11 =1, =—}ln2=>l=%—+-3—ln2.

Bai tip 4. Tinh dién tich hinh phing giéi han béi d6 thj ham sé y = x°,
truc hoanh va hai duong thing x = —1,x = 2.

Loi gidi.
Dién tich can tinh 14 :
; ;. 2 x4” x“.2 17
S = |x3P == —x3|dx + Mx = —=—] +=— = —(dvdt).
s m ad g chodiry P R S

Bai tip 5. Tinh dién tich hinh phing gi¢i han boi cac dudng
) y=xy=x+2vix=-1lx=2

2) y=(x—6)2,y=6x—x2 vix=1lx=35

Lai gidi.
1) y=x2,y=x+2 vax=-Lx=2
Phwong trinh hoanh d6 giao diém x> = x+2 & x = —-1,x =2
Vay dién tich cén tinh la

3 2
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2) y::-(x—6)2,y:6x—x2 vi ¥ =2lx=h
Phuong trinh hoanh d¢ giao diém
(x ~6)2-(6x—-x2):()¢>'2x2-18x+36:0¢¢x:3,x:6

Viy dién tich can tinh la
6

S: :9

j(‘sz —18x + 36)dx
3

3
- [%— —9x? + 36x

3

Bai tip 6. Tinh thé tich vat thé sinh ra boi phép quay quanh truc Ox cua
giéi han hinh phang béi : y = ,/logz x,x+y=3y=0.

Loi gid.
Giao diém ctia dd thi ham sé y = ,/1og2 x va x+y=3laA(21)

2 3
Vo, = 'rrlflog2 xdx +f(3——x)2dx =V, +V,
1 2
2 2
oV, = 'Irflogz xdx = ﬁhl?flnxdx — I 1tln2.(21n2—— 1)
1 !

3
oV2=w[(3—x)2dx:...:§

Viy V,, = tln2.(2In2 - 1) +3‘3- (dvtt).

Baitip 7. Chimg minh rang;

o & (-1)'Ch  246..2n
. B =
5 2041 135..(2n+1)

,Vne N
3

Lai gidi,
(1~— x-z)" =1- Cflx2 + C.:;)-t4 +...+ (- 1)" C::x'z",\'/n eN’

= ]"(1 ~x*) dx = f {1 ~Clx? 4+ Ot 4+ (1) C'[:xz"]dx
0

0
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- . __IHC“
e fni] 4 ++(—~—-)_-+
s ¢ & 7 2n +1

= dx = - sin tdt

Mait khac , vl x = cost,t € I(),-:—;—
L =1

T

1

Taco 1, = [(1-x*) dx = j"sin'z"“ tdt

1] 0

u = sin®t du = 2nsin®! t(cos t)dt
bat : . =b
dv = sin tdt v = —cost
v n 2 y
= I“ = —cost.sin?" t|2 + 211fc032 tsin® ! tdt = 2n
()
& S
2 » »
= f(l — sin? t)sinz"“' tdt =2nl |, —2nl
{}
24,2 24.6..2
TR e — I, =1 -
Yoin41 3.5...(‘211 + 1) 1.3.-‘3...(‘211 o 1)
cloto . =1 2.4.6..2
Viy : 1—--~"-+—-—"—+...+( ) B g S8 il ,Vn €N
3 5 2u +1 1.3.5...(21. s 1)
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O CHUYEN PE 7

TO HOP VA XAC SUAT.

T6 hop va xac suat la nhitng dang toan thudng gap trong dé thi tot nghiép
va dbi khi cling “tinh ¢ xudt hién trong nhimg dé thi dai hoc, tit nhién véi
xac sudt it hon. Do viy. chiing t6i chi xin dua ra mot so bai tap dién hinh dé
minh hoa rd nét cho tirng dang toan.

Bai tiap 1. Giai phuong trinh :

i x!—-(x—l)! :_1_ 2 (x+1)!(x~1)! - i
(x+1)! 6 x!(x - 4)!
Lai gidi.
1)x!-—(x—l)!:l@)(x—l)!(x—l):_l_
(x+1)! 6 (x+1)! 6
c:>6(x—1)=x(x+])¢>x2—5x+6=0¢:> x:3
s ... |xeN*
2) Diéu kién: S

Phuong trinh da cho tuong duong voi

x+1)! (x=-1)!
( x!) ,Exﬁ-g!=144<:>(x+1)(x-—l)(x-~‘2)(x—-3)=144

Lai c6: VP =2.3.4.6 = (5+1)(5-1)(5- 2)(5 - 3)

Nén phuong trinh trén c6 thé viét lai thanh

(x+1)(x -1)(x-2)(x-3) =(5+1)(5-1)(5-2)(5-3).

T do suy ra x = 5 (thoa man diéu kién).

Bai tap 2. Giai phuong trinh :

| 1
l)x+8()=§ 7 e 94

! y!
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Lai gidi.
1) bBiéu kién xac dinh: x € N.
Phuong trinh dd cho < x.8!'+ 80.8! = x! & x!- x.8!-80.8! =0
Xét ham sb: f(x) = x!- x.8!- 80.8! véi x e N.
Nhan xét: x =10 la mét nghiém cua phuong trinh f (x) = (.

Pén day, do x € N, nén:
Néu x <10 thi f(x) <0,VxeN

Néu x > 10 thi f(x)>0,Vx e N
Vi vy, x = 10 1a nghiém duy nhét cua phuong trinh da cho.
ey ; x,ye N
2) Diéu kién xac dinh:
X>y
Phuong trinh da cho tuong duong vén
x(x - 1)...(y + 1)y!

y!
Mt khéc, khi phén tich thanh thira s5 tai vé phai thi :24 = 4.3.2.1 = 4.3.2

x =24 % =2
vl e {y=23'
Trwong hgp 2: VP =4.3.2 khi do6
{x(x-l)(x—‘2)=4.3.‘2 - {x =4
(y+1)(y+’2)(y+3)=4.3.2 y=1
Trwdmg hop 3: VP = 4.3.2.1 khi do
{x(x-l)(x-—?)(x~3) =1234 {x =4
(y + 1)(y + ‘2)(y + 3)(y + 4) =1,2.3.5

=24 & x(x —1)...(y+ 1) =24

Trudmg hop 1: VP =24 khi do {

p=u

Ty i 1oyl x! x! :
Bai tap 3. Giai bat phuong trinh : 61(x—0) * 1(x-5) s (x _5)!
Léi gidi.

x26

Piéu kién xéac dinh: {
xeN
B‘ . o X!(X"’S) 6.x! 2 6!
Al e 6!(x ~w5)! ' 6'!(x —5)! - 6!(x-—5)!
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Vi 6!(x - 5)! > 0,¥x € R nén bat phwong trinh da cho
&5 x!(x —5)+6.x! <6!

¢:>x!(x—5+6)sﬁ!<:>(x+1)!$6!<:>x+1$6<:>xs5

P6i chiéu diéu kién ta thay bat phuong trinh da cho v6 nghiém.

— ——

Bai tip 4. Tim s6 ¢o6 ba chir s6 abc, biét abc = al+bl+el.

Léi gid.

Tacé: abe < 999 = a'+ bl+ ¢! < 999 nén a,b,c <6 hay abc < 666.
Cho nén a'+ bl+ ¢! <666 suyra a,b,c <5 do do:

alt b4 ¢! <514 5451 = 360
Turdaytaco: a<3 =>albltc!<34+54+5!1=246=>a<2 (1).

Giastr: b=c=5 thitaco: abh =al+ 5!+ 5! = al+ 240 = abb
nén ta co: a > 2 (2)

Tir (1) va (2)suy ra a = 2. Thir lai ta thly: 255 # 21+ 514 5!

b<4

Cho nén mét trong hai s6 b hodc ¢ phai nho hon 5 hay L 2y

—_— a=1
Tudaytaco: al+ b+ c! <2+ 4+ 5!=146::»:11)(:'5146:»{l e’
b B
Bay gi¥ ta xét truomg hgp ca ¢ < 4, ta s€ ¢o:
abc =a+bl+ce!<1'+4'+ 4! =49 (voly,do ¢ ddy a = 0).
Dodo: a =5 vataco: 1b5 =11+ b!+ 5!

=100+10b+5=1+b!+120 < 10b =16+ b!(*)
b!=10b-16

Phuong trinh:(*) < 1:b<4
LbeN

Nhu vay b s& nhan gi trj trong tap hop sb {0,1,2,3,4}.

+ b=0=0'=0-16 = -16 ( khong thoa)
+ b=1=11=10-16 = -6 ( khong thoa)



+ b=2=2!'=20-16 =4 ( khdng thoa)
+ b=3= 3!=30-16 =14 ( khong thoa)
+ b=4= 4!=40-16 = 24 (ding. chon)

Nhuvdy b =4 . Thulai: abec = al+ bl+ ¢! = 1+ 44+ 5! = 145 | thoa man.

Vay s6 abe phai tim la 145.

Bai tap 5. Trong thu vién c¢6 12 b sach gom 3 bd sach Toan gidng
nhau, 3 bd sach Vit 1y gidng nhau, 3 bd sach Hoa hoc gidng nhau va
3 bd sach Sinh hoc giéng nhau duge xép thanh mét day sao cho khong
c6 ba bd nao ciing mét mon dimg ké nhau. Hoi ¢é bao nhiéu cach xép
nhu vy ?

Loi gidi.
Goi A 1a tap hop cac cach xép 12 bo thanh mét day tuy y
Goi A, 1a tap hop céc céch xép 3 b sich Todn dimg ké nhau
Goi A, la tap hop cic cach xép 3 bé sach Ly dimg ké nhau
Goi A, 1a tap hop céc cach xép 3 bd sach Hoa dimg ké nhau
Goi A, 1a tap hop cac cach xép 3 bé séch Sinh dimg ké nhau
Goi A’ 1a tap hop cac cach xép thoa yéu cau dé bai

UA

Taco A" = A\ UA = |A| = |A|- Ma [A] = 22 = 369600

(3')

; . 10! u_§3'_+u..__9_!__=’..--
lUA'I C(;j- +C; (3') C (3') C (3') 60936

= |A'| = 369600 — 60936 = 308664 .

Bai tip 6. Co bao nhiéu sb co6 8chir s dugc lap tir céc chir
s6:0,2,4,6,8,9 trong do chir sb 9 c6 mat ding 3 1in con cac chir )

con lai c6 mat dung 1 lan.

Loi gidi.
Xét s8 c6 8 chir s6 can tim c6 hinh thirc : 99902468 , c6 8!s0 .
Do hoan vi ba chir s6 9 nay thi s6 khong thay d6i va c6 3!cach hodn vi

: o pobas B!
nén so cac hoan vi nay la pr = 6720.




Trong céac so hoan vi nay ¢6 nhing so6 co chir so 0 dirng dau, vay so cac
T
hoan vi nay bang T = 840.

Viy cac s6 can tim ¢ tat ca la : 6720 — 810 = 53R0).

Bai tip 7. Xung quanh bo ho hinh tron ¢6 17 cdy cau canh. Nguoi ta du
dinh chat bot 4 cdy sao cho khong ¢6 2 cay nao ké nhau bi chat. Hoi
¢6 bao nhiéu cach thuc hién khac nhau?.

Loi gidi.

Chon 1 cdy bat ki trong hang céy, danh déu la cdy A. Co hai trudng hop
sau xay ra:

Triwong hgp I1: Cay A khong bi chat. Khi do xét hang cay gom 16 cdy con
lai. Ta s& chat 4 cay trong s6 16 cdy do sao cho khong c6 hai cay nao ké
nhau bi chit.

Gia sir di chat duge 4 cdy thoa yéu cdu néi trén, lic nay hang ciy con
lai 12 cay (khong ké cay A). Viéc phuc hoi lai hang cay la dat 4 cay da
chit vao 4 vi tri da chat, s6 cach lam nay bang voi sb cach dat 4 cay vao 4
trong s6 13 vi tri xen k& giira 12 ciy (ké ca 2 dau), nén:

S6 cach chat 4 cdy ¢ trudng hop 1 la: C!, = 715 (céch).

Truong hop 2: Cay A bi chat. Khi d6 hang cdy con lai 16 cdy. Ta s& chit 3
cay trong s6 16 cay con lai sao cho khong cé hai cdy nao ké nhau bj chit
( hai cay ¢ hai phia cua cdy A ciing khong dugc chat).

Gia sir da chat duge 3 cay thoa yéu cau noi trén, lic nay hang ciy con
lai 13 cdy. Do hai cay ¢ hai phia cdy A vira chat khong dugc chat nén ta
xét hang cdy gobm 11 cdy con lai.

Tuong tw nhu trudng hop 1, ta c6 sb cach chit cay la: C, = 220 (céch).

Suy ra: sd cach chit cdy thoa yéu cau dé bai la: 715 + 220 = 935 (céch).

Bai tdp 8. Mot t6 chuyén mén gém 7 thiy va 5 ¢ gido, trong do thiy P
va co Q 1a vo chdong. Chon ngdu nhién 5 ngudi dé 1ap hoi dong chim
thi vin dap. Tinh xéc sudt dé sao cho hdi ddng c6 3 thiy, 3 c6 va nhat
thiét phai co6 thiy P hodc ¢6 Q nhung khong c6 ca hai.

Loi gidi.
Két qua cua sy lua chon 1a mgt nhdm 5 nguoi tirc 1a mQt t6 hop chép 5
ciia 12. Vi vay khong gian mau Q gom:

C:, = 792 phan tur.

Goi A la bién ¢b cin tim xac sudt, B la bién cb chon dugc hoi déng
gom 3 thay, 2 c6 trong do c6 thay P nhung khong c6 ¢cd Q.
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C 1a bién cd chon dugc hoi dong gdbm 3 thiy, 2¢d trong dé co cd Q
nhing khéng c6 thiy P .

Nhuvdy: A=BnC va 1}(A) = n(B) + 11(C)

Tinh n(B):

e Chon thiy P, c6 1 cach.

e Chon 2 thay tir 6 thdy con lai, c6 C cach.

eChon 2 cd tir 4 ¢6, c6 C: cach.

Theo quy thc nhén: n(B) = C..C =90

Tuong ty: n(C) = 1.C;C} =80

n(A) > 170
ll(Q) 792

Bai tap 9. Goi a,.a,,a,,...a,, 12 cac h¢ sO trong khai trién sau :

Vay n(A)=80+90 =170 va P(A) =

10 ) ~ 3 e
(x + 1) (x + 2) =x"+ax" +ax"+..+a . Haytinhhéso a,

Loi giii.
e : 10 g 1 Lo ik 52 9 10
CachI.Taco(x+l) 20 x +0C % +...+me +C x+C

10 10 10 10

= (x + l)m (x + 2) = (C” x e O % % C';”xz T G 1 2 o )(x + 2)

10 10 10 10

S ) 1 1 1o I | g -2 U
-C'mx Y OX L3 Cox e Cx"+ 0 x

+2C) x" +2C, x" +...+2C] x* +2C, x +2C .
Do d6 a_ chinh 1a hé sb cua s6 hang chira x" nén ta c6
a, =2C! +C' =672.
Cdch 2. Ta c6 f(x) = (x + 1)m .(x + 2) = (x + 1)“ + (x + l)m
fx) = 11(x+1)" +10(x +1)’
= f"(x)=1110.(x +1)" +10.9.(x + 1)"...

£ (x) = 1110.9.8.7.6.(x +1) +10.98.7.65.(x +1)

C10) 1110.98.7.6+109.8.7.65
6! 1.2.34.5.6

=672.

=8
b
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! 3 .
Bai tap 10. Trong khai trién cua (x + a) (x — b)ﬁ, hé s6 x' 1a —9 va

khong c6 so hang chira x”. Tim a.b .

Loi gidi.
S& hang chira x” la: [c“ C2 (=) + ClaCl (=b) + c‘ga?c;;]ﬂ

S6 hang chira x* la: (C)C} (~b) + ClaCy )’
Theo yéu cau bai toan ta c6 hé:

15b° —18ab +3a’=-9 |a=2b [|a=2 |a=-2
—6b+3a =0 “ | i l v l '

O CHUYEN PE 8

PHUONG PHAP yiNH HOC TRONG CAC
BAI TOAN VE BA PUONG CONIC.

Khi giai mot bai todn c6 lién quan dén ba duomg conic, nhiéu hoc sinh
thuong co thoi quen su dung "phuong phdp gidi tich”. Do la phwong phdp
co ban, dé nghi nhung ndng vé tinh todn va dé bi nhdm ldn. Vi vdy, trong
bai viét nay, tdc gia muon trao doi véi cdc ban mét phuong phdp khdc, do
la "phwong phdp hinh hoc", nghia la ching ta s€ su dung dinh nghia vé ba
duong conic dé cé mot loi giai ngdn gon va it tinh todn hon cho mjt s6
dang toan lién quan den chu'ng minh tinh chdt, tim quy tich, dung hinh,
diém cé dinh, duong co dinh, ..

Kién thirc co ban cin nho:

1) Trén mat phing toa d9 cho hai diém cé dinh F,, F; véi FiF2=2c. Quy
tich nhimg diém M sao cho MF,+MF,=2a (a>c) 1a mét elip. Fy, F; goi 14 hai
tiéu diém cua elip, F\F,=2c goi 1 tiéu cy cia nod.

2) Cho hai diém F,, F, ¢ dinh trén mait ph«"mg, vai F\F=2c. Quy tich
nhimg diém M sao cho [MF,-MF,|=2a (a<c) goi la hypebol. F, F; goi 12 hai
tiéu diém, con 2c goi la tiéu cy cua hypebol

3) Tap hop cac dlem trén mat phﬁng cach déu mot dudmg thﬁng (d) cd
dinh va mot diém F cb dinh khong thugc (d) 1a mét parabol. F goi la tiéu
diém, duong thing (d) goi la dudng chuin.

Pé hiéu rd hon vé phwong phap nay, méi céc ban theo ddi mot vai vi dy sau:
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1. Chirng minh cac tinh chét hinh hoc.

Bai tap 1. Cho dlem M tuy y thudc Elip (E), vai Fi, F; 1a hai tiéu diém.
Goi t 1a tiép tuyén qua M dbi vdi (E). Chimg minh ring t la phan giac
ngoai cua goc FiMF..

Loi giai.
Trudc tién ta s& chimg minh mot bo dé:

B6 dé 1. Cho hai diém A, B cung nim vé mot phia d6i voi duong thing d.
M la mét diém chuyén dong trén d. Khi d6 MA+MB nhoé nhat khi va chi
khi M la diém thoa man d 1a phan giac ngoai cua goc AMB.

Chirng minh.

B

f

Goi A' 1a diém db6i ximg voi A qua d. M 1a giao cia AB véi d. M' 1a
diem bat ki trén d khac M.
Theo bét ding thirc tam gidc, ta ¢6
AM'+BM'=A'M'+BM">A'B=A'M+MB=AM+BM.
Do d6 M la diém thoa man MA+MB nho nhit. Hién nhién, d la phén giac
ngodi cua goc AMB.
Tra lai vai bai toan:
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Goi M' 1a diém bét ki khac M trén t. M'F; cét (E) tai K.

Ta cé M'FI+MF=MF 1 +MK+KF,>F K+KF,=F M+F,M.

Do d6 M 1a diém trén t thoa man MF,+MF; nho nhat.

Ap dung bo dé 1 ta suy ra t 1a phan giac ngoai cua goc FiMF,. (dpem)

Bai tap 2. Trén mat phan;_, toa do cho parahol (P): y *=2px. voi F la tiéu
diém. M 1a mét diém trén parabol. V& tiép tuyén A véi (P) tai M. Goi H
la hinh chiéu cua M trén dudng chuén d cua (P). Chimg minh A la phan
giac trong cua goc HMF.

Lai gidi.

N

Ga sir phén gidc | ciia goc HMF khong phai la tiép tuyén A cua (P) tai M.

Kai d6 1 cat (P) tai diém M.

Goi H' 14 hinh chiéu cia M’ trén duong chuan d.

T: c6 M'H=M'F. (1)

Mit khac do M' ndm trén phan giac | cia goc HMF va MH=MF nén
AHMM' = A FMM' (c.g.c).

Sty ra M'H'=M'F. (2)

Te (1) va (2) taco MH=M'H".

Tieo tinh chét dudng xién va hinh chiéu: M'H>M'H'" nén suy ra vé ly.

Viy A la phan giéc trong cua goc HMF (dpcm).
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2.Tim quy tich

Bai tap 1. Cho M la mot diém thudc Elip (E) co tam O, hai tiéu diém F,,
Fo. tla tlep tuyén qua M d6i voi (E). Puong thang qua O va vudng goc
véi t cit MF,, MF, lan luot tai M, M. Tim quy tich M;, M, khi M
chuyén dong trén (E).

Léi gidi.
i /\Y

Goi I 14 diém d6i ximg véi F| quat.

Theo bai toan 1 ta c6 I, M, F; thing hang.

MaOM, Lt, F|IL tnénFl//OM.,.

Do d¢6 OM; la duong trung binh cua tam giac FIF,.
B 1

Ta suy ra: F;Mz=2 Fol =2 (F,M+MI) = 2 (F,M+F M) =a.

Viy quy tich cia M; 1a dudng tron (F,,a).

Tuong tu, quy tich cia M, la duong tron (F), a).
(Déc gid tw chimg minh phan dao).

Biltng Choducmgn'ontamAbankmhavamotdlemBlﬂmngomduong
tron. Tim quy tich tdm M cua dudng tron qua B va tiép xiic véi (A,a).

Loi gidi.
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F

Trudng hep 1: (M, MB) tiép xiic ngoai vdi (A,a). Goi tiép diém 1a C.

TacoMA-MB=AC+CM-MB=AC=a (1)
Truwomg hgp 2: (M, MB) tiép xiic trong véi (A, a).

Goi C 1a tiép diém ta suy ra

MB - MA = MB - (MC - AC)=AC. ).
Tir (1) va (2) suy ra [MA-MBJ=a.
_ Véy quy tich tim M 1a hyperbol nhén A, B 1am hai tiéu diém va truc thuc

bang a.

3. Cac bai toan lién quan dén yéu té cé djnh

Bai tap 1. Cho parabol (P): y —2px va dudng thing a di dong di qua tiéu
diem F ciia parabol va cit (P) tai hai diém phan bi¢t M, N. Chung minh
rang cac dudmg tron duong kinh MN ludn tiép xtc véi mot dudng
thang c dinh.

Loi gidi.
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Goi I 1a trung diém cua MN; L, R, Q lan luot la hinh chiéu cua M, I, N
trén duomg chuan d.

Ta c6 ML = MF, NQ = NF nén MN = MF + NF = ML + NQ.
Do IR // ML // NQ nén IR la duong trung binh caa hinh thang LMNQ.

Suy ra lR=% (ML +NQ) = %MN

Do d6 R thugc duong tron duong kinh MN.
Suy ra dudng tron duong kinh MN luén tiép xuc v6i duong chuén d.
Tir d6 suy ra diéu phai chimg minh. '

Bai tip 2. Trén mit phéng toa do cho duodng tron (C) tam I(R, 0), bén
kinh R. M 1a diém chuyén dong trén mét phang sao cho MT=MH vé4i T
va H thir ty 1a tiép diém cua tiép tuyén ké tr M dén (C) va hinh chiéu
cua M trén Oy.

a, Chimg minh ring cac dudng tron tim M, ban kinh MT luén tiép xic
v6i mot dudmg tron cb dinh. Viét phuong trinh ciia dudng tron nay.

b, Chimg minh ring M nim trén mot parabol. Viét phuong trinh cua

parabol ndy.
Loi gidi.
N
y
4 H M
N
¥

2 ) >

J | X

a, Goi L la giao diém ctia IH véi (M, MH).
Do MT la tiép tuyén ctia (C) nén IT la tiép tuyén ctia (M, MH).
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TacoILIH = IT* = R* = 10°.
Ma tam giac IOH vuong tai O nén OL L IH.
Do d6 néu goi N la giao diém cua OL véi (M, MH) thi NH 1a duong kinh

cua (M). Suy ra M la trung diém NH.

Goi J la trung diém OI. Ap dung dinh ly Ta-lét ta suy ra I, J, M thing hang.
Vay (M, MH) luén tiép xuc véi dudng tron tam J 1a trung diém OI, ban

kinh bang «-{;- :

4,

2
Phuong trinh cua duong tron nay la [x ——1—{) +y = i

b. Goi d la duomg thang ¢ phuong trinh xz_—zki :

K 1a hinh chiéu cia M trén d.
Ta c6 MK=MH+HK=ML+ _fzi =ML+LJ=MJ.
Do d6 M nim trén parabol (P) c6 tiéu diém F, duomg chuén d.
Phuong trinh cua parabol nay 1a y*=2Rx.
Cac bai toan vé ding hinh

Bai tdp 1. Cho parabol (P): y2=2p>§. Hay dung duong tron (1) vira tiép xuc

vai tia Ox tai ti€u diém F vura tiép xuc vai (P).

Léi gidi.
AY
M
H
I
K / | 5
0 F %
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Gia sir ta ¢6 (I) tiép xuc véi Ox tai F va tiép xuc vdi (P) tai M.
Goi H la hinh chiéu cia M trén dudng chuén d.
Ké tiép tuyén t d6i véi (P) qua M. t cét Ox tai K.
Theo bai tdp 2 muc 1, ta c6 t la phan giac trong cua goc HMF.
Tac6 HMK = FMK . Ma MH//Ox nén HMK = MKF .
Do d6 tam giac MKF déu.
Suy ra OFM =60".
Vay M la giao diém cuia (P) v6i dudng thing qua F va tao véi tia Ox goc 60°.
Tir 46 x4c dinh dugc tim 1.
Bai toan c¢6 hai nghiém hinh.
5. Cac bai toan vé cyec tri

Bai tip 1. Cho mdt dudng thang d nim ngoai Elip (E). Tim vi tri céc
diém M trén (E) sao cho khoang céch tir M dén d 16n nhét, nho nhat.

Lai giii.

Tinh tién duo’ng thﬁng d dén hai vij tri di, d; tlep xuc voi (E) lan lugt tai
M,, Mz. Khdng mat tinh tong quat ta co thé gia sir d va (E) khéc phia so véi
d, d va (E) nam cung phia so véi d,.

Ké M{H, 1 d, M;H; | d. Véi méi diém M’ ndm trén (E) khac M; va M.

Ké M’H’ | d, cét d, tai K. MoH; cat d, tai J.

Do M’ nim trén phan mit phing giéi han béi hai duomg thing d, va d,
nén 0<M’K<M,J.

Suy ra MH,;<M’K+H’K<M,J+H,J hay M,;H,<M’H’<M,H,.

Vay M, Ia vj tri théa man khoéang céch tir M dén d nhé nhat, M, 1a vi tri
thoa mén khodng cach tir M dén d 16n nhat.
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Nhdn xét. Trong khi lam bai tap s€ cho biét phuong trinh dudng thang d va (E),
yéu cau tim toa do cua M. Ta biét dugc hé sb goc cua d; va d; nén dya vao
diéu kién tiép tuyén cua Elip sé dé dang giai quyét dugc bai toan.

Bai tip 2. Cho Parabol (P): y*=2px vdi F I tiéu diém. Mot duong thang d
bat ki di qua F cat (P) tai hai diém M, N. Tim d sao cho MF.NF nhoé nhat.

Loi gidi.

AY

‘Goi H, K 1&n luot 1 hinh chiéu cia M, N trén duong chuan d. I 1a trung
diém HK. ‘

Ta c6 MH=MF, NK=NF nén cac tam giac HMF va KNF lan luot can tai
M, N.

= HFO = MHF = MFH,KFO = NKF = NFK

Suy ra HFK =90" nen IH=IF.

= IHF = IFH , ta thu dugc IF vuong goc vai MN.
Mait khac , theo vi du 5, tam giac MIN vudng tai I nén ta c6
FM.FN=FI* 2 FJ*=p’,
Déu dang thirc xay ra khi va chi khi duong thang MN vudng goc véi Ox.
Cudi cing, cac ban hay thur gtal nhimng vi du trén va cac bai tap dudi day
bang ca phuong phap giai tich va phuong phap hinh hoc dé c6 thé so sanh
duoc lgi ich ctia mdi phuong phép.
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6. Bai tap.

9

Bai 1. Cho diém M tiy § trén Hyperbol (H): = — %__ =1. Goi (1) la tiép tuyén
a 3
qua M dbi véi (H). Chimg minh ring (t) la phan giac trong cta géc F\MF,.

Bai 2. Cho diém M tuy y thudc (H): .. ——i—:; =1 va (t) 1a tiép tuyén cua (H)

qua M. (t) cit truc tung tai N. Goi Nl N, la hinh chiéu vudng goc cua N
lén MF,, MF,. Chimg minh duong thang (N;N;) di qua mot diém ¢b dinh
khi M thay doi trén (H)

Bai 3. Cho Parabol (P): y’*=2px vé&i duong chuén d. I 1a diém bét ki trén d.
Tir I ké hai tiép tuyén IM, IN i (P). Chirng minh ring MIN =90".

2

Bai 4. Cho Elip (E): %}i;— = 1va duong thing (d): x+y+18=0. Tim toa db

cac diém M thudc (E) sao cho khoang cach tir M dén (d) 16m nhét, nhé nhét.

Bai 5. Cho Parabol (P): y2—4x véi tiéu diém F. Hai diém M, N chuyén dong
trén (P) sao cho M, F, N thing hang

a, Tim M, N sao cho MN nho nhat.

¢, Gia sir MN cit Oy tai K. Chimg minh ring KM.KM=KF*,
d, Chimg minh ring tich khoang cach tir M, N dén Oy la mot hang sb.

Bai 6. Cho Elip (E) voi hai tiéu diémF,,F,. M la dlem bat ki nim ngoai (E).
K¢ hai tiep tuyen qua M t6i (E), v6i X, Y 1 hai tiép diém. Chimg minh
ring F\M, F;M lan luot 1a phan giac cua goc XF,Y, XF;Y

Bai 7. Cho Parabol (P): y 2=72px. Ba diém X, Y, Z bét ki ndm trén (P) Ké
cac tiép tuyén téi (P) qua X, Y, Z. Chiing cat nhau tao thanh tam gi4c
ABC. Tim quy tich truc tdm H cua tam gidc ABC.

Bai 8. Cho hai dudmg tron (C,): (x+5)*+y’=441, (C2): (x-5)*+y*=25. Tim qu§ tich
tam céac duong tron (C) ti€p xuc trong vai (C)) va tiép xuc ngoai vai (Cy).

2 2

Bai 9. Trén mit phing cho Elip (E) c6 phuong trinh %ﬁig =1 ¢6 hai tiéu
diém F,, F> ; A va B la hai diém trén (E) sao cho AF;+BF,=8. Tinh
AF;+BF; ?

2 2

Bai 10. Cho Elip (E) c6 phuong trinh: %+-i-)—6- =1, hai tiéu diém F,, F;. M

la diém bat ki trén (E). Chirng minh réng tich khoang cach tir Fy, F, téi
tiép tuyén cia (E) di qua M ludn khong doi.
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Bai 11. Cho Elip (E) co phuong trinh: %+%=1 Piém M (1, 4‘f
thude (E). Tim difém M’ trén (E) sao cho tiép tuyén t&i (E) tai M’ song
song VoI tiép tuyen tdi (E) tat M.

Bai 12. Cho Hyperbol (H): i4_ ~y’ =1. M la diém tuy y trén (H).

a, Chimg minh réng tich khoang cach tir M dén hai tiém c4n 1a mot hang sb.

b, Ké tiép tuyen toi (H) qua M, cit hai tiém can tai A, B. Chimg minh
rang M 1a trung diém AB.

¢, Goi I 1a giao diém cuia hai tiém can. Chimg minh ring dién tich tam
giac IAB khong dbi.

O CHUYEN PE 9
THE TiCH KHO1 DA DIEN & GUNG DUNG.

Dé thi dai hoc thuong c6 mot cdu hinh hoc khong gian ma trong do, bai
todn vé thé tich khéi da d:en luén chiém mdt vi tri quan trong. Sau day,
chung 6i xin gidi thi¢u mot so ' phieong phdp tinh thé tich va dwa ra hai ung
dung ddc sdc cua thé tich khéi da dién la tinh khoang cach tir mjt diém dén
mot mdt phing va chirg minh ddng thire, bat ddng thire.

I. CAC PHUONG PHAP TiNH THE TiCH.
1. Tinh trye tiép.

Trong phuong phap nay, can xac dinh chiéu cao va d1¢n tich day cua
khdi. Viéc tinh dién tich day thuo'ng dugc thyc hién kha dé dang Vin dé
kho khan hon la tinh chiéu cao nén trong nhiéu trudng hop ta can sir dung
cic dinh Iy vé quan hé vudng goc d hoc & 16p 11, cac phép tinh lugng gidc,
dinh ly Pi-ta-go,... Céc bai toan thugc loai nay luon doi hoi vige tinh toén

cén than va chinh xac. Dé tim hiéu ki hon, chiing ta cling xem xét mdt sb bai
tap sau:

Bai tp 1. Cho lang tru ABC.4 BC' ¢6 d dai canh bén bing 2a, ddy ABC
la tam giac vuong tai 4, AB=a, AC =a~/3 va hinh chiéu vuéng géc
cua dinh A trén mat phing (4BC) la trung diém cla canh BC. Tinh
theo a thé tich khéi chop 4 .4BC .

(Trich @ thi Dai hoc khéi A naim 2008)
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Loi gidi.

A —p

Goi H latrung diém BC,suyra AH L (A4BC).
Mait khéc, lai do tam giac ABC vuong tai 4 nén

AH=-;-BC=%\/ABI + AC? =%\/a3+3a2 =a

Dodé AH>=AA* - AH* =3a*. Tudésuyra AH =a\3

3
1 a

Vay V, =-3—.A'H.S,,,,(. s (dvtt).

Bai tdp 2. Cho hinh chép S.4BCD c6 ddy ABCD la hinh thang vudng
taid va D; AB=AD=2a, CD =a. Goc gilta hai mit phang (SBC)
va (ABCD)bing 60°. Goi I 1a trung diém ctia canh 4D . Biét hai mat
phing (SBI)va (SCI) cing vudng goc voi mat phing (ABCD).

Tinh thé tich khéi chop S.ABCD theo a.

(Trich dé thi Dai hoc khéi A ndm 2009)

Léi gidi.
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Goi K l1a hinh chiéu cua / trén BC .

Do hai mat phang (SBI) va (SCI) cing vudng goc véi mat phing
(ABCD)nén SI 1 (ABCD) = SI 1 BC.

Ma IK L BC nén BC L (SIK) = SKI = 60"

Tatinh duge S,,.,, = 3a’ , tong dién tich cic tam giac ABI va CDI béang }—g_—

5

>
Tird6 suy 1a Sy =80 =S =5, -

(FS)

BC = \J(AB-CDY + AD’ =a\J5 = IK = 2;2*5' = 3‘{5"

—— 3\/1—30
5

= SI = IK .tan SKI =

1 3J_

Vay thé tich khdi chop V, =§Sw ST =—=a" (dvit).

Bai tap 3. Cho hinh lang tru tam gidc ABC.ABC c6 BB =a. Géc giira
duong thing BB va mat phing (ABC) bang 60°. Tam giac ABC
vudng tai C ¢6 BAC=60". Hinh chiéu vudng goc cia diém B’ lén
mat phang (ABC) trung voi trong tdm cua tam giac ABC . Tinh thé
tich khoi tr dién A4 ABC theo a.

(Trich dé thi Dai hoc khéi B ndm 2009)

Loi gidi.

Goi M la trung diém AC, G la trong tdm tam giac ABC.
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Ta c6 BG L (ABC) nén tam giac BB’G vudng tai G. Ma B' BG=60°

suy ra B'Gz%/—';i va BG=% = BM =—.

bat BC =x.Tacd: CM = ——A(

Theo dinh ly Pi-ta-go,

) 5 : 5 ,'2 3 2 5
BM‘=BC2+CM“¢:>2€—=x‘+}-—:>x“=—7a'.
16 12 52
1 x? 9\/—
Suyra S —(CB(CA=—= ———a dvdt
y ABC 2 2\/3 104 ( )
1 9

Do AB//ABnénV, . =V, —-BGS ——a’ (dvtt).
A ABC I ABC 3 ABC 208 ( )

2. Phan chia khdi da dién thanh téng hoic hiéu cta cac khédi co ban
hodc str dung ti sé thé tich (tinh gian tiép).

Trén thuc té, khong phai lic ndo ta ciing d& dang tinh truc tiép thé tich
khoi da dién theo phuong phap 1. Trong nhidu bai toan, ta kho c6 thé xac
dinh va tinh duoc chiéu cao hay dién tich day. Khi gap trudng hop do, thong
thudng ta c6 thé 1am nhu sau:

- Phan chia khoi can tinh thé tich thanh tong hozc hi¢u cia cac khoi co
ban ma nhing khoi nay c6 thé tinh dé dang hon.

- Sir dung ti so thé tich.

1) Cho hinh chép S.ABC, v6i 4 € 54, B € SB, C € SC . Khi do,

Fooas S48 sc”

Vi -S4 SBSC
2) Cho hinh chop da gide S.A A,...A,. Motdiém A’ bat ki trén S4, . Khi d6
VA‘.AP-'IZA,.. A _ AlA'
V.\'.A, Ay Ay A, SA,

Bai tip 1. Cho hinh chop S.4BCD c6 ddy ABCD la hinh thoi canh bing
J5(cm) , dudmg chéo AC' = 4(cm). Doan thing SO = 2v/2(cm) va vudng
goc véi ddy, ¢ day O la giao diém ciia hai duong chéo AC va BD.GoiM
1a trung diém canh SC. Gia sir mét phang (ABM)cét SD tai N .

Tinh thé tich kh6i chop S.ABMN .
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Loi giai.

A B

Ta c6 AB//CD suy ra AB//(SCD).

Do do giao tuyén ciia (ABM) va (SCD) la MN//CD (N e SD).
Vi M la trung diém SC nén N la trung diém SD.

1 1

Taco: Vx‘"‘mﬂ\ V‘ asv ¥ V\ BV = V\ ABN = 5‘“,_\'_.4;;1: = ‘“V_si.uﬂ D
Viwru SN SM SB 1 - 1
Voo ) SD SC S'B 4 = Vimm =7 4 Vemn = gV\, ARCD *

3
Y -IB.li\c 8 V.\' ABCD (l)
Miit khic géc AOB vudng nén OB = \/AB2 —A0* =\5-4=1.
| 8\/2

Suy ra Vs ABC f)""":";' SO. SAB([)—-:S— SO.— AC BD=—-— (2)

Suyra V.

Tu(l)va(2)suyra V; un = V2 (dvtt).

Bai tdp 2. Tinh thé tich khéi tir dién ABCD biét AB=a,AC=b,AD=c
va BAC =CAD = DAB = 60" .

(Trich dé Dur bi khéi A nam 2002 )

Loi gidi.
Trén AB, AC, AD lan luot ly cic diém B’, C’, D’ sao cho
AB = AC = AD =1.
Theo gia thiét, ta cé ‘B'AC'=(."AQ'= D'AB'=60° nén cac tam gidc
AB’C’, AC'D’, AD’B" déu va co canh bang 1.
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1 ’
Sgcp= z B'D'.(C""D'.sin60" = —‘?— (dvdt).

o
Goi O 14 tim tam giac B'C’D’ suy ra O 1a hinh chiéu ciia A trén (B’C’D’).
Tacé AO=+yAD*-0D" =‘—/_3 =¥ =§A().S,,-¢-°n- =-—]J—§

ARC D
NE]

V e ] ,'. ¥
Mg Varew _ 4B’ AC' AD' _ 1] =>Vm-,,=abc-—]‘/22(dwt)

c’

(dvtt).

Vi, AB AC AD  abc

Bai tdp 3. Cho hinh chép tam giac S.ABC c6 day la tam giac déu canh
bing a. SA=2a va SA vudng goc véi mat phang (ABC). Goi M, N tuong
img 12 hinh chiéu vuéng goc cua A trén SB, SC. Tinh thé tich khoi chép
A.BMNC theo a.

(Trich dé thi Pai hoc khoi D nam 2006)

Léi gidi.
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Taco VA.BMNC:VS.ABC"VS,AMN- Do SA L (ABC) va AB=AC nén SB=SC.
Theo h¢ thirc lugng trong tam giac vuong:
SN.SC=SA’=SM.SB suy ra SM=SN.

SB=SP+BA =3a = sy =34 _3a" _4a

R
, Veuw SM SN SM 16 16
Taco V\‘Am = SB ' SC ‘:( SB ) 25 S AMN =,)_SV\'.AB(' .
N_ABC n i P
9 9 1. 3, 3f
= VA BMNC E-S“VSAH(. :-2'-'5.5.20.-74—-8' = (tht)

Il. PNG DUNG CUA THE TiCH KHO!I DA DIEN
1. Tinh khoang cach.
Phuong phap nay rit hiru ich trong bai toan tinh khoang céach khi ta dé

dang tinh dugc thé tich mot khdi da dién va dién tich mot day. Vi€c tim cac

khoang cach nay dya vao cong thirc don gian: A= -‘}-V—

Bai tip 1. Cho hinh chép S.ABC, SA=a va SA tao véi mat phang day goc
60°. Biét hinh chiéu vudng goc cua S trén (ABC) tring véi trong tdm
tam giac ABC, BAC =90°, ACB =a . M la trung diém SC.

Tinh khoang cach tir M dén mit phang (SAB) theo a va a.

Léi gidi.
S
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Lai do AC=BC.cos®, AB=BC.sin& nén

SaBc= L AB.AC = l.B( " sina.cosa = l.sin 2a.?£; =sin2a. i (dvdt)
2 2 4 4 6
. 13 . . 94 &’3J3.sin2a |
B W g ES(:.S,,,,(. =§.——2——a.sm 2a. 16 3 (dvtt) (1)

Do M la trung diém SC nén d,,, ., = -;-d,w,,,.
Mit khéc, goi H la hinh chiéu cua S trén AB . Do AB1SG, AB 1 SH
nén theo dinh ly ba duong vudng goc,

GH1AB=> GH lCA —-!- }f- cosa'—g—.cosa

By

=>SH=\/GH2 \/—cosa+ --—-g—\/ cos’a +3

=580 --LSH.AB—l £ Jeos® a'+3 —.sina
Z 2 2
=— smas/cos a +3 (dvdt) (2)
: I P . ,
Vay d, s =—2-dt.fm‘,,,, =—24% vGi Vsapc va Ssag duge tinh theo
SAB
cong thire (1) va (2).

Bai tap 2. Cho hinh chop S. ABCD c6 day ABCD Ia hinh thang. Day Ion
AB=2a, BC=CD=DA=a. SA vudng goéc vdi mit phing day va goc tao
bai (SBC) véi day bing a . M la trung diém AD.
Tinh khoang cach tir M dén mat phing (SBC).
Loi giai.

S
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Goi N la trung diém AB.

Ta c6 AN//DC va AN=DC=a nén ADCN la hinh binh hanh.
Tir d6 NC=AD=a.

Suy ra NA=NB=NC=a hay ACB =90".

Do SA L (ABCD) nén SALBC.

Ap dung dinh ly ba dudng vudng goc ta suy ra SC L BC = SCA=a.
V3

Mait khac, tam giac NBC déu nén NBC = 60" = AC = £ AB =[3a.

= 3= A0 AN = \/ga.tana ¥

W3

Dé dang tinh duge S, = . a’ (dvdv).

Suyra V; ) = %SA.SA oy %.ﬁa. tan a.;\?—az = i—tan a.a’ (dvtt)

Kéo dai MC cit AB tai P suy ra M la trung diém PC.
1

Suy ra dA»//(.\'m') . ‘z—df'/(sm‘)
Mait khac, Spam=Scmp nén Sppc=Sascn, suy ra Vs apcn=Ve.sac -
= W m» Otanaa’ 9tanaa’  9sinaa
Py ™ s INCCD ; V3a . 23
‘cosa
9sin a.a
Vay dw/(SBC)=
43

2. Chirng minh dang thirc, bt dang thirc.

Bai tip 1. Cho hinh chop S.ABC. Goi G la trong tdm tam giac ABC. Mt
phang (P) bat ki cat cac tia SA, SB, SC, SG lan luot tai A’, B’, C’, G’.

SA SB SC SG

+ + :
S4' SB' SC' SG'
Loi gidi.

Chimg minh ring;

Do G 12 trong tam tam gidc ABC nén VS,ABG=VS_BCG=VS,ACG=§- Voie
V\‘.A'B'(" — SA' SB‘ SC’

Tacod = ; ’
Vi e SA4 SB SC

(1).
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I/.\'.( CA'G

Mitkhéc VSJ'B‘(" - l/.\'.A'B‘U' 8 V.\'.H'("(i‘ o
3 NAK VS.AB(' V.\'.AB(' VS.AB('
_1_ g V.\'.A'B'U' re V\',B'("(r" o V\'.("A'(:" )
3 X Vs..wu Vs,m'(; Vs.tm;
_l_fSA' SB' SG‘+SA' SG' SC'+SG' SB' SC')
3\.84 SB SG S84 SG SC SG SB SC
=1SA'.SB"SC'-SG'(SA'+SB'+ SC')
384 SB SC SG\ sS4 SB SC
Két hop véi (1), ta suy ra ngay diéu phai chimg minh.

Bai tip 2. Cho tir di¢n OABC c6 ba canh OA, OB, OC d6i mot vudng
goc vai nhau. Goi a, 8,y lan lugt 1a goc gitra mét phang (ABC) véi
cac mit phing (OBC), (OCA), (OAB) .

Chimg minh riing: cosa + cosf + cosy < V3.
' - (Trich dé Dy bj khoi B ndm 2002)

Loi gidi,
0
4),
C
A
c B




Ha OC* L AB. Do OA 1 OC, OB 1 OC nén theo dinh ly ba duomng vudng
6c suy ra ABLOC.

Ma OC’ L AB suyra CC’LAB:(ﬁz}/. Tuong tu véi a, 3.
04' OB' 0OC'

- -

A'A B'B C'C
_oa BC OB' AC OC AB S,,(X B O s
"~ A'A.BC BBAC CCAB S i

Ké OH L CC’.Do AB L (COC’) nén AB L OH. Suy ra OH L (ABC).

= cosa +cosf +cosy =

1 1 | R1 :
[acoS +S +S =3V, . ofe & : S — T 0.4BC '
BOCTOCOATOAOB 0.ABC ( J ABC= —===

Do d6 ta can chimg minh
1 1 ] Ji@(1+1+1)< 3

<
04 0B 0OC) OH

+ =
OA OB OC OH

Do tam gidc C’OC vuodng tai O nén
1 1 1 1 1 1

= + = - +
OH> OC* 0OC" 0C* 04> O0B*

Véy(l)@( 11+ 1 + 1 ] s3( 13+ 12+ 12).
OC 0A OB 0C? 04 OB
Hién nhién dung theo bat dang thirc BunhiacopxKki.
DAu ding thuc xay ra khi va chi khi OA=0B=0C.
Il. BAI TAP.
3ai 1. Cho hinh lang tru ding ABC.A’B’C’ ¢6 day la tam g}éc vudng ABC
tai B. Gia sir AB=a, AA’=2a, AC’=3a. Goi M la trung diém cua A’C’ va
I 1a giao diém cua AM va A’C. Tinh thé tich tir dién IABC.
(Trich d@é thi Dai hoc khdi D ndm 2009)
34i 2. Cho hinh chép S .ABCD c6 déy 1a hinh vudng ABCD canh a, mjt bén
SAD la tam gidc déu va nam trong mét phang vudng goc véi ddy. Goi M, N,
P 14n luot la trung diém SB, SC, SD. Tinh thé tich t&r dién CMNP.
(Trich dé thi Pai hoc khéi A ndm 2007)
Bai 3. Cho hinh chép S.ABCD d4y 13 hinh chir nhdt ABCD véi AB=a,

AD=2+2, SA=a va SA L (ABCD). Gia sir I la giao diém cia BM va AC.
Goi M, N lan lugt 1a trung diém AD va SC. Tim thé tich tir dién ANIB.

(Trich dé thi Pai hoc khoi B nam 2006)
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Ddal “l. A2 810 nll"lﬂ nop chu  fat ADU LA D U L) Uddy 1d HITHD VUONE Cd
bang a, chiéu cao AA’=b. Goi M la trung diém cua canh CC’. Tim t
tich tir dién BDA’M.

(Trich d@é thi Dai hoc khéi A nam 20(

Bai 5. Cho hinh chép S.ABCD day a hinh thoi ¢6 SO vuong goc voi day va
la giao diém cta AC va BD. Gia sit SO=2v2 , AC=4, AB=+/5. Goi M
trung diém ctia SC. Tinh khoang cach gitra hai duong thing SA va BM .

(Trich @ thi Pai hoc khéi A nam 20(

Bai 6. Cho hinh lap phuomg ABCD.A’B’C’D’ ¢6 canh bang 1. Goi M, N |
luot 1a trung diém AB, CD. Tinh khoang cich giira hai duong thiang A
va MN.

(Trich dé thi Dai hoc khoi A ndm 20(

Bai 7. Cho tir dién ABCD, cac miat (ACD) va (BCD) tao v&i nhau mét goc
Chimg minh ring; VM;CD% BN ""EIE%{ .

Bai 8. Cho tir dién ABCD. Goi d v& o 14n luot 1a khoang cach va goc gi
AB va CD.

Ching minh rang: V,, ., = %AB.CD.d.sina ;

0
(FV]



PRAN 2

CAC PE THI Mﬂ(l VA PE Td LUYEN
(CO KEM PAP AN) |

O PE 1

DE THI TUYEN SINH DAI HOC KHOI A NAM 2010

I. PHAN CHUNG CHO TAT CA THI SINH

O Caul: Chohamsd y = x* - 2x° + (1 » m)x +m (1) m la sb thuc.

1. Khao sat su bién thién va vé d thi cia ham sé khim = 1.

2. Tim m dé d6 thi cua ham sé (I)Cét truc hoanh tai 3 diém phan biét c¢
hoanh d6 x ,x,,x, thoa min diéu kién: X;+xo+x2 <4,

17

QO Cau ll:

(1 + sSInx + cos?x)sin(x + Fj
4 1

1+ tanx - \/ECOSX.
x - V/x
l—ﬁ(xz—xat-l)

b X a2 %
O Cau HI: Tinh tich phan: I = (X2 30y
3 1+ 2"

Q Cau IV: Cho hinh chép SABCD c¢6 ddy ABCD Ia hinh vuéng canh a
Goi M va N lan luot 1a trung diém cua cac canh ABva AD. Goi H [

giao diém cua CNva DM . Biét SH vudng géc véi mit phing (ABCD]

1. Giai phuong trinh :

2. Giai bét phuong trinh : 2 Kk

va SH = ay/3 . Tinh thé tich khéi chop SCDNM va khoang cich git
hai duong thing DM va SCtheo a.
Q Cau V: Giai h¢é phuong trinh:

(4x'-’ +1)x+(y—3)\/5-—2y =0

’ R).
4 +yP + 203 -4x =7 (xye )
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II. PHAN RIENG
Thi sinh chi duge chon Iam m{t trong hai phan (phdn A hodc B)

A. Theo chuong trinh Chuén
Q Céu Vl.a

1. Trong mat phing toa d9 Oxy, cho hai dudng thing i Ay \/gx +y=0
va d, : V3x —y = 0. Goi (T)la dudng tron tiép xic véi d, tai A, cit d,
tai hai diém B va Csao cho tam giac ABC vuédng tai B. Viét phuong
trinh cia(T), biét tam gisc ABCc6 dién tich bing l/;- va diém Aco
hoanh d¢ duong.

2. Trong khéng gian toa d9 Oxyz, cho duong thing A : > ; .

va mit phing (P): x -2y +2 = 0. Goi C la giao diém cva A véi (P), M Ia
diém thudc A. Tinh khoang cach tr M dén (P) ,biét MC = \/E :

Q Céu VILa: Tim phén 4o cia s6 phic z, biét
) 2
z=(\/§+i) (1—\[§i).
B. Theo chuong trinh Nédng cao

Q Céau VLb
1. Trong mit phing toa dd Oxy, cho tam gidc ABCcan tai A c6 dinh

A(6;6) , dudmg thing di qua trung diém cua cac canh AB va AC ¢ phuong
trinh x +y -4 = 0. Tim toa d9 cdc dinh B va C, biét diém E(1;-3) ndm
trén dudmg cao di qua dinh C cua tam giac da cho.

2. Trong khéng gian toa dd Oxyz, cho diém A (0-, 0; ——2) va duong thing
;X+2 _y-2 z+3

A
2 3 : ’
trinh mat cau tAm A, cit A tai hai di€m Bva Csaocho BC =8.

- [1- \/51)2

Q Céu VILb: Cho s6 phtc z théa man z =

. Tinh khoang cach tir A dén A. Viét phuong

o Tim mddun cua s6
-1

phic z + iz.
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O PAP AN PE 1

O Caul
1. Ban doc tu lam.
2. Phuong trinh hoanh d9 giao diém cua d6 thi va Ox

x:'—2x2+(1ﬁ-m)x+m=0<:>(x—1)(x2—-x—1n):0

o=

= x)!-x-m=0 (*)

Dé d6 thi cua ham s6 cat truc hoanh tai 3 di€ém phan biét cé hoanh 49
X, X,, X, thoa mén xf + \(j + xi <4

= (*) c6 hai nghiém phén bi¢t x ,x, khéc 1 thoa xf + xj +1<4

2 2 ‘ ra
< x, +x, <3 (giasrx, =1)

( 1
A=1+4m >0 m>“’“z m=#0
Nghiala: {m # 0 < im=0 <91
, -—<m«<1
(x,+x,) -2xx, <3 |1+2m<3
" 1 ; L .
Vay m € (—Z;l] \ {0} 1a nhitng gia tri can tim.
Q Caull
(l +sinx + cos'Zx)sin X + :
1. Giai phuong trinh : 2 ——l—cosx
. . . . 1+ tanx \[é
r T
. |cosx#0 x¢72’+k7‘
DPiéu kién: = ,kelZ
tanx # -1 /8
X #——+Kkn
y 4

Khi doé phuong trinh da cho tuong duong véi

(1 + sinXx + cos?x)\/gsin(x + -Z]

= CosX

sin X
1 s e
COS X
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COS x(l +sinx + cos'.!x)(sin X + COS x)
Lot : ~ = COS X
sin X + cos X

< l+smx+cos2x =1 (Do cosx #20)

& cos2x +sinx =0 2sinx-sinx-1=0
< sinx =1 (loai do cos x # () hoac

T
sinx = —E & . 6 thoa diéu kién
g i
X =— + k2n
L

Vay phuong trinh c6 hai ho nghiém:
X =-——16£+k21[, X =1é-r-+k‘2nvc'ri keZ.

Chau y: Phuong trinh cos2x + sinx = ()

m
% X =—+k2n
<> Ccos2X = —-SiNX =cos| X+— | & 2 ‘
2 i 2T
X=-—+k—
! 6 3

o | ) n . g
So vai diéu kién, suy ra x=-—g+k2n, X =F+k2nv01 keZ.

X —vVX

2. Giai bét phuong trinh : > 1
1—J2(x'2 -x +1)
ey x20
bicu kién:q _ , « x 2 0.
2x" -2x+2=#1

Cach 1:

, 2
Tacé:l—\/Q(xz-—x+l)=l— 2 x—l +i SI—\/E<()
2 4 2

Nén bat phuong trinh tuong duong voi

x—\/’;SI—\/‘Z(xz—x-bl)@ x+1—x2\/'2(x2—~x+1) (*)

Doa+bs< 2(a2 + bz) véi moi a,b va dang thire ¢6 khi a = 1 nén ta cé:

\/;i--(l—x)s\/'Z(x+(l—x)z) =J‘2(x2-x+1).




) = x°=3x+1=0 s
Dovay(*)f.:b\/le—xcb & X = ‘
U<x <1 :

Ik 21 =% 50
Chuy:
ay (*)@{2(“(1_}”1)4&”-)(

Jx+1-x20 [2dx 20 x <1 el
S = o 2 &P X =
\/;+l—x:(} \/;:i—'x x:(l—x) 2

Céch 2: Taco (*)©x+12\/‘§(x*’—x+l)-—\/;

)‘2 e PR o

/

<:>(x+1)2 22(){2—x+1)+x-—‘2\/‘2x(x2—x+1)

<:>2\/2x(x“’——x+1)2x2+x+1

Ap dung BDT Cési,tacd: VI <2x+x* = x+1=x"+x+1

3_+5

2

1 1
Cach3:Taco(*) = 2| x-1+— s——+1—\f£.
S

Dau"="xayrakhi 2x = x> —x +1 < x = (do0<x<1)

Ta thdy x = 0 khong thoa man, voi x # 0, dit t = - \/; ta dugc:

Jx

2(12 +1 1 - t=1 ]
: < . = —_—— =

Chi y: Dat t = Vx (t20)

Phuong trinh (*) = \[z(t‘ P+l <1-t 4+t

1~ £330
Lemm)

2(t"—t2+1)_<_(1—t;2+t)

2

Y .Yl



-t t20 1-t*+£20 {1—t.2+t20

t* +2t° —t* -2t +1<0 (t2+t—1)2,<_0 t*+t-1=0
(2t > 0 s
5-1
L= A =5 1=
t = liJg 2
. 2
:Ni:ﬁnl:”:s-\/}
2 2
Céch4:Tac()(*)<:>1-x2\/'2(x2—~x+1)—\/; (**)
Do\/é(xz-x+1)—\/;= 8 ok > ()
\/Z(xzax+1)+\/;
Dsx <1
Nén (**) & _ :
( ) xz—2x+122x2—x+2—2J2:(x2—x+1)
(0<x<1
& . |
2\/2x(x2-x+l)_>_x‘*+x+1
rOﬁX(yl D<%2l
& — | :
<8x(x2—x+1)2(x2+x+1)2 %' =Bz 4 1lx" =62 4+12D
'0<x<1 0<x<«l 3_\/3
~ 9 4 S X = —
(x —3x+1) <() x"=3x+1=0 2
Lx? +e* +2x%"
Q Céu lII: Tinh I = j ~ ~ dx
: - 1+ 2¢"
L x*(1+2e* )+ ¢ !
Iz‘[ ( ) dx = j-‘!dx+ dx
3 1+ 2" ? [,1+2e
s prd(1+2e 1 :
=_X_ " AW I_("—_)=l+1111’1+‘26" - +lln1+28
3, 24 1+2° 3 2 ! 2 3
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QCaulVv

r l
Taco: VS.('D.\'M - gSH'S\lT\IDC‘
Ma Sxmsc = S‘-\m*n - SL\A.\IN - S:x.\IBC‘

= AB’ -2 (AMAN + BCBM)
2

_”12_;_{2__&2 _5&2
8 4 8
. 1 ¢ Ba® 5\/5:-1"
INEtl. Ve =?3—a\/§. 5 = o (dvtt).
Lai théy:

DMCN =1(25K—f56) 1(21373—13?1'1):1313&2 D =0,

.
€ v

Viy CN L DM tudo SC L DM bai vay :

2S... SHCH SH.CH
d(SC;DM)zd(H;SC)z sé( e =\/SH2+CH2.

Yol o8 OO = QSA(-W, . Q(S,\ncn - SA,\.\ID - Sac-.\m) _ E

DM DM J5

Tr 6 suy ra: d(SC;DM) = 2a~—.
19
Chi y: Trong mit phing (SHC) ha SH L SC, khi dé:

AADM = ADCN = ADM = DCN = DM L CN = DM L (SHC)

= DM 1 HK = HK la doan vudng goc chung cia DM va SC.
Trong ADCN, ta co:
CD? CD’ 2a

N JoD'+DN' 5

CD?* =CHCN = CH =

Trong ADCN , ta cé:

1 1 1 5 HSHC avb7
~ = — +—— = HK :
HK®* HS* HC’

S Just+uc: 19

O Céu V: Piéu kién: x < g-,y <

N
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Ciach 1: Phuong trinh thir nhit tuong duong voi:

4x"+x=[ 2_“5}']‘+ ‘2;5"' <::>3‘<=——--~-—~—“5;‘zy

2

'r_:l‘,! ‘
&5 Px = Sy &5 ¥ = : 2\ : ()sti— thay vao phuong trinh

J +2V3-4x =7

2
0 —4x

thir hai ta ¢o: 4x” + (

& 16x' - 25x" +8Y3-4x-3=0

& 165~ 454+ 8(\/3 o B e 1) =B
16(1~‘2x)

V3-—4x +1
@(2x-1)[(2x+1)(4x’—5)-‘/B__I;S;H]ﬂ)@x:%:yﬂ.

(Do 0 = x S%:) (2x -4»1)(4:(2 —5) < 0 nén biéu thirc trong du[ | lubn am).

o (4x2 B 1)(4x2 - .5) + =0

Cich 2: Tir phuong trinh thr nhét d& dang suy ra x > 0.

5 — 4t
bit \/5 -2y =2t 20, tadugc y = - :

D

Thay vao phuong trinh dau ta co: x (4x2 + 1) = 1;(41;2 + 1)

Vi ham f(u) & 11(4112 + 1) dong biéntrén R* néntacé x = t,suyra

a 5 - 4x*
: 2
Thay véao phuong trinh thir hai ta dugc:
)2
. (5-4x)
A%? il Sy = T,

(5- 4}(")2

+2v3 - 4x cé:

Trong khoang (O. g}.ham s6 g(x) =4x’ +

g'(x) = 4x(43r:42 - 3) .

- <4x(4x’ -3)<0.



.i:
.‘)

i ws 1
luy nhat Ia x = 5" suyra y = 2.

e

Mat khac lai co g 7 vi vay phuong trinh g(x) =7 chi c6 nghiém

T E——
(W)

Vay he da cho co nghiém duy nhét

Chay:
1. (4}(2 + 1)x = (3 - )‘)\/5——‘23-'
& [(:2><)"Z + 1}2){ " {(\/5— 2},’)3 4 1}/5 2y o f(2x)= f( 5—2y)
Xét f(t) = (t"’ + l)t,t e R va f(t)d(")ﬂg bién trén R , do do
f(2x) = f(\/.s - 'Zy) o 2x =5 -2y
Ngoai cach phan tich trén. ta c6 thé dit u = 2x,v = \/5 -2y, v2>0
Phuong trinh (43(2 + l)x = (3 - )')\/5 = Y B9 o
= (u - v)(u2 +vi+uv+ 1)\' =0 u=v,

2.Pitu=5-2y,u20=2y=5-2°
Phuong trinh thr nhat bién dbi vé dang:

2(4x2 + l)x = [G —(5 - u’)]u & 2x[(‘2x)2 + 1] = (u’ + l)u

Dang f('2x) = f(u).
0 Cau Via
1. Vi AABC vuong tai B nén AC la duong

kinh cua (T)

2,

—

Goi EB =((ll,d2) =t taco

BAC=ASB =t
(g0c ¢d canh tuong g vudng goc).




Gia sir ban kinh (T) AR tacd:

G = BC.BA _ ACsin t;.zACcost L —

AABC 2
V3.3 +1.(-1)

Mt khéc: cost = 2 _ =%:>t=_;‘_
\/(J:?) B \/(Jg) +(-1)
V3
suyra S,,.. =R —2—— trdoco R =1.

Do Aed,Ced, nén A(a;—m/g)‘C(c:C\/g) thém nira vecto chi phuon,
ciad lau, (1;—\/5) c6 phuong vudng goc voi AC nén:

ACii, =0 c-a-3c+a)=0ec=-2a.
Mat khc

AC=2R =25 flo-a) +(V3(c+a)) =2

&2 \/— 2v1a,>0nena

Hah

w[@,

Tam duodng tron la trung diém cia AC la:
AdC \/_ a 3\/5& \/5 3
I (C—I) e = —— ==
2 2 2 6 2

2 2
Véy phuong trinh cua (T) la (x + —\-gi] +(y + -?3} =1,

Chu y:
(AB) diqua A va vudng goéc ( ) (AB) X + \/_y +2a =0

B)n(d,) = {}:B[_%;_afJ

(A
(AC) di qua A va vudng goc (d ) (AC) s = \/gy -4a=0
(

AB)n(d,) = {0} = C(-20:-203)
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AABC c6 dién tich ban 23 ——;— = %AB.CB

1 1 2
e . 7_5 =5 A[E;—IJ,C(——\/—E;—QJ.
Cach 2: Taco d, tiép xuc véi (T)c() duong kinh 1a AC nén AC L d,
Tir gia thiét ta c6 :
AOx = 60", BOx = 120" = AOB=60", ACB = 30"

B, ane =—1—AB.BC =—‘/—-‘:-))-AB"?:>-\l—§AB'2 =£ oy AR =]
) 2 2 2
Aed2:>A(x 3x)x>UOA-——\[—= =—\[2=:>A[—\/1=;—1J
3 3

OC = 20A = —~ (--3-;—2}.

ek
J3 3
2 3)R AC

Puong tron (T)du&mg kinh AC c¢: I(————‘— -

52
2 3 2
Phuong trinh (x+——) [y+—) =1.
iy~

Chii y:

1.d,,d, ciit nhau tai diém O va coq(AOB) = coq(d d. )—%
SAC=2.Ma S, =~ ABAC.sin(BAC)
2

ADBC

3
%(OA sin AOB )(OA tan AOB) sin BAC & 0A% =

a’ +(—a 3)2 = % —Da= -\/1—..- — A(—%;-—l},C(—%;—ZJ.
3

M(x;y)e(T) & MA L MC = MAMC =0

M(

Fo

)
;Y) € (T) & AMAC vudng tai M < MA® + MC? = ACH

b
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X=1+2st
2. Cach 1: Phuong trinh tham sb cua A : {y w ; telR.

z=-2—-1
M 4 Toa do diém C la giao diém cua (A) va (P
la nghiém cua hé :
[x =1+2¢ t=-1
y =% X = =1

K(“L—Ly b e c»<v=_1:>c(-1;—1;-1:
P :

L)(—‘.2y+z=0 z=-1
A .

Piém M e A & M(1+2t4-2-t)= MC= 6

2 2 2

o (2t+2) +(t+1) +(t+1) =6

1 1
t=0= M(10;-2 d{M;{P))=—

o o ( - ):’ ( ( )) 76 |
t=-2> M(—3;—2;0) = d(M;(P)) - T/%

Cich 2: Puong thing A ¢6 VTCP u = (2;1:-1)
Mt phiing (P)c6 VTPT n = (1,-2;1)

Goi H 14 hinh chiéu cia M Ién(P), suy ra cos HMC =

cos(;,a)l
d(M,(P)) = MH = MC.cos HMC = %.
O Ciu VILa

Ta c6: 2:(1+2J§i)(1—J§i)=1—\/§i+2\/§i-4i2 =5+ V2

:>z=5—~[2-i. Viy phén a0 cua z bing —Jé.
Q Cau VLb
1.Goid:x+y-4=0.
Vi BC / /d = phuong trinh BC co dang: x+y+m =0
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Lay 1(1:3) e d.taco: (I(I.BCI) = (I(A.d) = 42
e 'm + 4i =8=m=-=12.m =4

A
Vi A val ¢ cung phia so voi BC néntaco

m=4=BC:x+y+4=40. /\ d
Puomg cao ha tir dinh A ¢6 phuong trinh: \%\A
x—-y=0.

X~y ={

¢
o

Toa dd trung di¢m P cua BC: { P( -2 2

X+y+4=0
Be BC= B(b;—4 - b). P la trung diém BC suy ra C(—-4 - b;b)
AB J_CE:>(l>-—6)(b+4)+(b+l())(b+3) =0 b=0b=-6

Vay c6 hai b diém thoa yéy cau bai toan: B(0;-4), C(-4:0)hofic
B(—G;Z), C('Z;—-ﬁ).

Chuy:
AH diqua A vavuong goc MN = (AH):x -y =0.
I la giao diém AH va MN = 1(2:2) = H(-2;-2).

. X=-2+t
BC diqua H va vudng goc AH :>(BC): i _2_t,te R

e(BC)= B(-2+ -2 -t) vi B,C ddi ximg nhau qua H nén
C(-—2 -2+ t)
Vi E(1;-3) € (d), (d) 1a duong cao di qua diém C cia AABC nén
ABICE=ABCE=0& ..t -2t-8=0

A qua M(—-2;2; —-3)v2‘1 vicp
~ [5i3]
u=(232); d(A,4) = I_ =3
u

Goi H la hinh chiéucua A 1én A thi AH=3 vi
H la trung diém cia BC nén BH = 4.
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Vay ban kinh mit cdu la AB = VAH? + BH? =
Nén PT mat cau la x* + v + (z o+ 2)2 =95 .

Q Cau VIL.b
Cach 1: Taco:

'z'=l(1—\/§i)3(l+i)=.l(1-—3\/§i+3.1.3i2—3\/§i")(1+i)
=—(1-3\/_1 9+ 33i)(1+1) = -4 (1+i) = iz = -4 - 4i.

Do d6 [z + iz = |-4 - 4i ~ 4i - 4] = 8[1 + | = 8.

Ciich 2: Tac6 (1- 3i) = Q(COS(—-;EJ + isi'n(—gD
=(1- ~/§i)3 = 8(cos(~n) + isin(~n)) = -8

PR ="8(1+i)=-4-4i
1-1 2

= z+iz=—4-4i+i(-4+4i)=-8(1+i) = ‘z+1z

82 .

O PE 2

PE THI TUYEN SINH DAI HOC KHOI B NAM 2010

I. PHAN CHUNG CHO TAT CA THi SINH

DCﬁuI:Chohe‘lmsf)y----~2x+1
x+1

1. Khéo sat sy bién thién va v& dd thj ham sb da cho.
2.Tim m € R dé dudng thing y = —2x + m cAt dd thi (C) tai hai diém

c6 d6 thi 1a (c).

phén biét A, B sao cho tam gidc OAB c6 dién tich bing J3 (Ola gbc toa do).
Q Caull:

1. Gidi phuong trinh: (sin 2x + cos 2x)cos X +2cos2x —sinx =0.

2. Gidi phuong trinh: V3x +1-V6-x +3x* - 14x -8 =0 (x € R).
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Q Cau II1: Tinh tich phan: I = I X dx .

1 X (2 + In x)l
QO Cau 1V: Cho hinh lang try tam giac déu ABCA'B'C' c6 AB = a, goc
gitra hai mat phang (A'BC) va (ABC) béng 60". Goi G la trong tam

tam giac A'BC. Tinh thé tich khdi lﬁng tru da cho va tinh ban kinh mat
clu ngoai tiép tir dlen GABC theo a.

0 Cau V: Cho cac so thuc khong am a,b,c théa man: a+b+c=1. Tim
gia tri nho nhat cua biéu thirc
Pe= 3(a2b2 + b%c® + cza"?) + 3(ab + be + ca) + 2\/&2 +b2+ct.

II. PHAN RIENG
Thi sinh chi duge chgn Idm m@t trong hai phian (phan A hogc B)

A. Theo chugng trinn chudn

QO Ciu VLa
1. Trong mat phing toa @ Oxy, cho tam giac ABC vudng tai A, c6

dinh C(—4;1), phén gidc trong goc A c6 phuong trinh x +y — 5 = 0. Viét

phuong trinh dudng thing BC, biét dién tich tam gidc ABC béing 24 va
dinh A c6 hoanh d¢ duong.

2. Trong khong gian toa d0 Oxyz, cho cac diém A(l; 0;0),B(0; b;O),
C(O;O;c) trong d6 b,c duong va mit phing (P) :y—z+1=0. Xé4c dinh
b va c, biét mat phing (ABC)vudng goc véi mét phing (P) va khoéng

cach tir diém O dén mat phing (ABC)b&ng -}3—

Q Céu VILa: Trong mat phing toa dd Oxy, tim tap hop diém biéu dién cic
sb phirc z théa méan: |z - il = ‘(1 + i)zl .

B. Theo chugng trinn Nang cao |
O Cau VLb
1. Trong mit phing toa dd Oxy, cho diém A(Q;J-?: ) va elip (E) c6 phuong

2 2
trinh % + y? =1.Goi F,va F, la cic tiéu diém cia (E) (F, c6 hoanh d am),
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M a giao diém c6 tung do duong cua duong thing AF, véi (E), N la diém ddi
ximg cua F,qua M . Viét phuong trinh duong tron ngoai tiép tam giac ANF,.

2. Trong khong gian toa 40 Oxyz, cho duong thang A : % = 1{-1 = %
Xac dinh toa d¢ diém M trén tryc hoanh sao cho khoang cach tir M dén A
bing OM . _

log2(3y - 1) =X
Q Ciu VILDb: Giai hé phuong trinh : ~ (x,yeR).

4* + 2% = 3y’

O PAP AN DE 2

Q Caul
1. Ban doc tu lam

2. Phuong trinh hoanh do giao diém cua (c) va dudng thing

y =-2x + m la: 2::11 =—2x+mc>2xi+(4—1n)x+l—m§0(*)

(vi x = -1 khdng la nghiém)
Phuong trinh (%) c6 A=m’+8>0,Vm e R nén d luén cit (C)tai
diémA,B.

A(XA;yA)ed =5 A(x,\;yA =-2x, +m)
B(xB;yB) ed= B(xn;yB = =3x. + m)
Tacé: S, = \/5 2 %Ix,\yn _ xByA' o ‘/g

o le (—2::(B + m) =Xy (-~2xA + m)' — 2\/5

& lm(xA -—x,,)‘ = 2\/5 & mQ(xA ."xn)2 =12 & m? m24+8 =12

om'+8mP-48=0om’=4< m=12.
Q Cau ll.

1. Phuong trinh < (sin 2x + cost)cosx +2cos2x —sinx=0

ol cos?x(cosx +2) + sinx(20032 X — 1) =0

114



&> cos 2x(cos X + 2) +sinx.cos2x =0

L cos;’x(cosx + sin x +‘2) =0 cos2x =0

<:>2x=£+knc:>x—£+k£, keZ
Z 2
2. Diéu kién : —%SXSG
Cach 1:
Phuong trinh < V3x+1-4+1-V6-x +3x’ -14x-5=0

3x-15 X~9 (

& + +{x
V3x+1+4 1+V6-x
Z : 1
S ix-=-5 == +
( )(\/3x+1+4 v6-x +1

2 1

Vi +—-—-—-—-——-—+3x+1>0Vxe{-1—;6]
V3x+1+4 6-x+1 3

Nén phuong trinh da cho c6 nghiém duy nhéat x = 5.
Cich 2:

Xét ham sb: f(x)-——-\/3x+1-—\g-x+3x2--14x—8

—5)(3x+1)=0

+3x+1J=0

lién tuc trén doan ---:-13-,6‘
'y
T E* 6x — 14, ——,6
a co: () \/___ + X x€\ : ]
:
L ] (x) >0 ()aongblenuen 6] i) =o.

Do d6 trén %,6

phuong trinh f(x) = 0cé diing 1 nghiém x = 5.

e XE

)
,l;- S P3x+1-V6—x <22
)

11
3,
17
3’3)
5

1
3

3x* —14x -8 < -3 = f(x) < O,Vx €

Vdéy phuong trinh ¢6 nghiém duy nhit x =
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Q Cau IlI

bit u=Inx @>du= «-ludx.
X

Taco I = ————du-lj‘(.l - g -~ du
(2+u) t2+u ('2+u)

1
=[lnl2+ul+ : }l=[ln3+g)—(1112+1)=ln(—%)-—l.
2+u i 3 121 3

Chif Dt 11 = 24 i 25 du = —dx

Goi H la trung diém cua BC, theo gia
thiét ta c6

( 'Bc)n(ABc)= BC
A'H 1L BC
AH 1 BC

A

= (A'BC),(ABC) = A'HA
hay A'HA = 60".

AH—ﬁm‘C A'H =2AH = a3

2
By = - ;/5 va AA'= AH. t.a.uA'HA = ———-———Jg .tan60" = 3;
a’ , A
Vay thé tich khéi lang tra V, ... ;/5.3; 3 3a8J§ .

Goi I 14 hinh chiéu vuéng goc caa G trén (ABC) ,suyra I latrong tim

cua tam gidc ABC,suyra GI / /AA'=GI L (ABC)

Goi J la tim mat cau ngoai tiép tir dién GABC suy ra J 1a giao diém cua
GI v6i duong trung true doan GA. M la trung diém GA, ta co:
GMGA GA® Ta

GMGA=GJGI=R=GI = = =—,
GI 2GI 12
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QCauV

(a+b+c)2 1
Patt=ab+bc+ca=>0<t < : =§.

r . ’ ) 2 2
Khido: a“ + b +c¢”° >ab+ be+ca

= 1= (n, +b+ c) =a‘4+b 4+t 4 2(ah + be + c,a) 3(be + be + (‘(1)
3(:121)" + b’ + cza'“’) > (ab + be + Ca)z =3

al +b’+c’ = (a +b+ C)2 —2(;11) + be + ca) =1-2t
Cach 1:

Dodo:Pzt.f+3t+2\/1—2t:t2+3t+2(\/1-2t—1)+2
4 t“t+3)J1—2t+t—1]
=t[t+3——-—-—-—-—-—-——)+2= ki
J1-2t +1 1++v1-2t
Do (t+3)V1-2t23 1-- J3 51

t[(t+3)\/1—2t+t—1] 1 1
o — >0Vte[ ]SuyraP>2Vte{0 :l
1+1-2¢ '3 3

;
a+b+c=1

Piang thirc xdyra <> {ab+bc+ca =0

ab=bc=ca
\

& trong ba sb a,b,c c6 hai s bing 0, mdt s6 bing 1. Vay min P = 2.

Céch 2: Xét ham sb f(t) voi t € [():-;—:I ta co:

f'(t)=2t+3— :>f"(t)=2—-———-g-——-—<0, Vte[O;-l—]
1-2t (1 2t)~* , 3

Suyra f' ( ) la ham giam trén {()- } nén f (—13—} >0
::>fténg:>f(t) =2, Vte[ } Tirdé tacod dugc minP = 2.
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QO Ciu VLa

1.

Goi D la diém déi ximg voi C qua duom,
thing d: x +y -5 =0, ta tim duoc D(4;9).

Vi A thudc duong tron duong kinh CD né
A 1a giao diém cta duong thang d va duon,
tron duong kinh CD, suy ra toa do cua A |
nghi€ém cua hé:

c 2
x+y-9=0 y-95=-x ‘
x2+(y—5)2 =32<:> x2+(—x)2 232::>A(4,1)(v1 %, >0}
:>AC=8:>AB=23M=6
AC

B thugc dudng thang AD : x —4 = 0 = B(4:y)

y = -5 = B(4-5)

\ B o 2:
Ta AB=6=(y-1) 36:>{3r=7:>3(4:7)

Vi d la phén giac trong cua goc A nén AB va AD cung hudng suy r:
B(4;7).
Vay phuong trinh BC: 3x -4y +16 = 0.
Chu y: Phéan giac trong cua goc A ¢6 phuong trinh x +y -5 =0 (sony
song v&i duong phan giac phan tu thir I1) nén:
AC/[Ox =Sy, =y, =Lx;#&= A(54)

£

2. Phong trinh (ABC): % st l o

b ¢

Vi (ABC).L(P):?-‘I;H-l:O@b=c:>.(ABC):bx+y+z—b=C

'

= <:>b=—1—(dob>0).

2 .
3 St e R 2

Ma d(0,(ABC)) =
Viy b=c= % la gia tri can tim.
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QO Cau Vil.a
Goi M (x;y) la diém biéu dién cua s6 phirc z = x + y.i (x,y € IR)

Suy ra lz - i! = \/

z| = ’(l + i)(x + yi)' = \/(X - ,V)z + (x + y)z

2

%* ¥ (y - 1))

‘(1—1-1

—

Nen o= = |(1+i)z & x* +(y=1) =(x~y) +(x+y)
<:>x2+(y+l)2=2.

Vay tap hop diém M la duong tron: x° + (y + 1)2 =

Q Cau VLb
e . . . . x+1 y
1. Ta co: Fl(—l.()), Fz(l.()).Duorngthéng AF,: 3 = \/5
Toa d6 diém M la nghi¢ém cua hé:
¥l . ¥
3 B
2 2 ‘
LI : PR R IV P ) :>AM=MI~‘2=2—-\/-§~
13 2 : 3 3
Ly>0

Do N dbi ximg véi F, qua M néntacé MN = MF,
= MA = MF, = MN.. Suy ra duong trdon ngoai tiép tam gidc ANF, c6

tam 12 diém M, bén kinh R = MA = ?-3—3- nén né c6 phuong trinh

(x - 1);Z % {y -«?—~\.§-T

Chuy: ﬁﬁ =0 = AANF, vudng tai A. Do d6 dudng tron ngoai tiép
AANF, ¢6 dudng kinh F,N nén c6 phuong trinh:

-z 2W3) 4
=) (’TJ "3

—

3
-2
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2.ViMeOx = M(m;O;O)

Puomg thing A di qua N(0:1,0) c6 u = (21:2) 1a VTCP nén
[I\'M,u] 3 \/51112 +4m + &
i 3

d(M,A) =

\/-511‘12 +4m + 8

Nén d(M,A) = OM < ;

= lm' om’-m-2=0
Sm=-1, m=2.
Vay c6 hai diém M thoa yéu cAu bai toan: M, (~1;0;0), M, (2:0:0).
Q0 Cau VILDb

2" +1 ,
y = 3 241
Ta co hé d3 cho & ¢ (2, 1)2<:> I = 3
28 + AR x _
y=2"+1 il
=y 13 & 4. 1 langhiém cua hé di cho.

P = Ty

| 2

O PE 8
DE THI TUYEN SINH DAl HOC KHOI D NAM 2010

I. PHAN CHUNG CHO TAT CA THi SINH
Q Caul: Chohamsé y = —x* - x> + 6 ¢6 dd thi la (c).

1. Khao sat sy bién thién va v& dd thi (C) cuia ham s da cho.
2. Viét phuong trinh tiép tuyén cua dd thi (C ) , biét tiép tuyén vudng goc
e . 1

v@i dudng thing y = Ex -1.

Q Cau II: 1. Giai phuong trinh: sin2x — cos2x + 3sinx —cosx —1=10.

2X 4+ X+ X! 244/x+2 x +ax—
2. Giai phuong trinh; 42V%%2 425 = 427 L 244 (x ¢ R).
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Q Cau I: Tinh tich phan: 1 = j[-zx - f—]ln xdx .
X
|
O Cau IV: Cho hinh chop SABCD c6 day ABCD la hinh vuéng canh a .
canh bén SA = a, hinh chiéu vuong goc cua dinh S trén mét phang

(ABCD)Ja diém H thudc doan AC,AH = o

. Goi CM 14 dudng cao

cua tam giac SAC. Chimg minh M la trung diém cua SA va tinh thé
tich khoi tir dién SMBC theo a.
O Cau V: Tim gia tri nhoé nhat cua ham so :

= V=x? + 4% + 21 - ¥-x* + 3x + 10 trén mién xdc dinh cua no.
II. PHAN RIENG
Thi sinh chi dugc chon Iam m@t trong hai phan (phan A hogc B)

L. Theo chuong trinh Chuan
O Cau Vl.a
1. Trong mat phé_ng toa d0 Oxy. cho tam giac ABC c6 dinh A(:i;—?) ;

trye tam la H(3;-1), tim duong tron ngoai tiép 1a 1(~2:0). Xéc dinh toa
do dinh C, biet C ¢6 hoanh d¢ duong.

2. Trong khéng gian toa dd Oxvz, cho hai miat phing (P) :
x+y+z—-3=0 va (Q):x—y+z—l=(). Viét phuong trinh mat phing
(R) vudng goc vai (P)va‘l (Q)sao cho khoang cach tir O dén (R)béng 2
O Cau ViLa: Tim sb phirc z thod man || = v2 va 2 1a s6 thuin do.

B. Theo chuong trinh Nang cao

Q Cau VL.b

1. Trong mit phing toa dd Oxy, cho diém A(U:?)vé A 1a dudng thing
di qua O. Goi H 1a hinh chiéu vudng géc cua A trén A. Viét phuong trinh
duong thing A, biét khoang cach tir H dén truc hoanh bang AH .

2. Trong khong gian toa do Oxyz, cho hai dudng thiang

XxX=3+t 5 1
A iqy=t véA‘,:x_- o Pl
¥ Taop 1 2
z=t

Xac dinh toa do diém M thude A sao cho khoang cach tir M dén A, bing 1.
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Q Céau VILb: Giai hé phuong trinh :
X’ -4x+v+2=0

2log2(x —2) - logvz) y=0 (x,y 5 R)'

O PAP AN DK 3

Q Caul.
1. Ban doc tur lam

2. Goi dudmg thang (t)1a tiép tuyén cia dé thi (C).
Theo bai toan (t) vudng goc voi duong thing y = —(ls-x —1, nén duodng
thing (t) c6 hé s6 goc bang —6.
Cdch 1:
Goi I\-l(x“;y“) la toa do tiép diém cua (t) va (C)
Theo bai toén, ta c6 phuong trinh: y'(x”) =-06& —4)(3 - 2x, = —6
=3 (x“ - 1)(2:{'2, + 2%, 4 3) =) (*)
Vi 2xﬁ +2x, +3 > 0,Vx, € R nén phuong trinh (%)
& X =1 v, = y(l)y=4=3M(1:4).
Phuong trinh tiép tuyén cén tim 1a: y = —6(x — 1)+ 4 = ~6x +10.

Cdch 2: ,
Phuong trinh (t) codang y = —6x + 1

(t) tiép xic (C) tai diém M (x,:y,,) khi hé phurong trinh sau ¢ nghiém x,

“x: — xﬁ +6= -»Gxn + m

—4x3 —-2x, = —6

xuzl

co nghiém x, <
m =10

Phuong trinh tiép tuyén can tim la: y = —6(x —1)+4 = —6x +10.

Q Cau 1l
1. Phuong trinh da cho tuvong duong véi

' bt - » .., 3 4
28111 X COS X — Cos X ~(1 — 2sin x)-— 3sinx-1=0
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& (‘ZSiux — 1)(sinx + cosX + ‘2) = ()

1
@si11x=§(d0 SINX +cosX +2 = 25iu(x+%]+2>0 Vx e R)
\ ,

-

T 5%, .
¢:>x=6+k21t. x-—---G—+k2n von ke Z.

2. biéu kién: x > -2.
Phuong trinh da cho tuorng duong vai

2x+\fx+2 24vx+2 x* H~c 4 i x3
4 4 2 - 2 )

o 225 (2% ~16) = 27 (2 - 16)

0 3 2-|X = 16
(2‘* —-16)(2“‘“2 A '*) 2
22vx+2 - .2!«' -4
Phuong trinh thir nhit c6 nghiém x =1 (thoa).

Phuong trinh thir hai tvong duong vai 2vx +2 = x* -4

2(\/x+2—2)=x“-8@(x-2)(x2+2x+4_-;\[_—%-;—£]=0

Do x""+2x+4———-———2——---—-2x2 +2x+4—2=x"’+2x+3>0
VX +2+2 2
néntaco x = 2 (thoa).
Vay phuong trinh da cho ¢6 hai nghiém la x =1 va x = 2.
Chuy:
Xétham s g(x) = 2v/x + 2 - x* + 4 lén tye trén nira khodng [';'/Z;m).

Ta cé: g'(x) = ~3x’ < 0,Vx € [\/— +oo)::> g(x) nghich bién

trén nira khoang = (), do d6 phuong trinh g( ) 0 co

J__
Hove)

l'_""'ﬂ

nghiém duy nhét x =
Q Céu 111

Inx

Taco I = j’zx In xdx — 3 j—dx -]1n xd(x‘*)- 3]1u xd(Inx)
| |
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=x’In x|;‘ - ]xzd(ln x) - 3:[111 xd(ln x)
1

1

¢ i 2 2 'y
=ez—J‘xdx—éhlzx‘ =e’ — kol R =E———l
: 2 ! ? 1 2
Chuy:
¢ u=Inx
A = |xInxdx. Dbat
‘Ix st {d\' =.xdx
o u=lhx
B= j——-dx Dat 1
dv = —dx
X
Q Cau IV.

e Chimng minh M la trung diém SA

Ta co: AH = i_ SH i \/SAZ _ AHg - %l\£1—4
HC = ﬂ-‘-c = SC = VSH? + CH? = a2

Suy ra SC = AC = AACS cin tai C nén M la trung diém SA.
e Tinh V,

5. \IB(

Vi M la trung diém SC nén

1
Sey = 28 =5V

SMBC

V

r -x’+4x+21>0
O Cau V. Dicu kién: ; & -2<x<H
-x"+3x+1020
Cach 1:

Xéttrénmién -2<x <5,taco:
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Cich 2: Piéukién: -2<x<5.
Vi (—x" +4x +21) - (-x* +3x +10) =x +11>0=> y >0
=y =(x+3)T-x)+(x+2)(5-x)-2r(x+3)(7T-x)(x +2)(5 - x)

- (o 3) ) [k =2 (7)) +222

Suyra y > \/5 , ddu bang xay ra khi va chi khi
J(x+3)(5-x) - J(x+2)(7-x) =0
1

(x+3)(5—x) ( )(T—x)@3x—1=0<:>x=§.

Viy miny = \/_khl‘(—-

C.ol'—-'
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QO Céau Vl.a

1. Cach 1: Goi T(x: \) la trung diém cua BC . D la diém d6i ximg vai A
qua O .Taco BH/ /CD,CH / /BD nén ti giac BDCH la hinh binh hanh
nén T 14 trung diém BC

Tir d¢ e RN e s T T(-2-3
r d6 suy ra, = = 6:2(_)') o y=—3:> (_ ,_)

e

Pudmg thing BC qua T ¢6 AH(0:6) la vipt c6 phuong trinh 1 y + 3 = 0.
MalIA=IC o 5 + (~~-7’)2 = (a + ‘.7,)"Z 4 (-~3)2

& a?+4a-61=0e a =265 = C(-2+/65-3)
Ciach 2. Pudng tron ngoai tiép tam gidac ABC ¢6 tim I(—Z;O) va ban

kinh TA = \[’aphuo'ng trinh :(x + '2)2 +y' =T4.

Phuong trinh AH:x=3,do BCLAH=>BC:y=m (m # -7)
- Toa 49 B, C la nghiém cua phuong trinh :

: 2 2 2
(x+2) +m’ =74 & x* +4x+m* -70=0 (*)
Vi (*) c6 hai nghiém, trong 6 c6 it nhét mdt nghiém duong nén |m| < /70
Khi do: B(~—2 - N74 - m?* ;m), C(—'Z +\74 - m";m)
ViBH LAC= ACBH=0& m’+4m-21=0m=3
Viy C(\/Eg-—2;3).
Chu y:

1) Goi AD la dudng kinh thi BCHD 1Ia hinh binh hanh nén HD di qua
trung di€m M cua BC, khi d6 IM la duong trung binh cia tam gidc

DAH:Kﬁ:ZﬁCI::»M(-Z;S).
BC qua diém M vudng goc véi AH = (BC):y—3 =0

( 2
x+2) +y’ =74

T : - 5 i ( ) d x = V65 -2
Toa dd diém C langhiémcuahé: (y -3 =0 = g

y>0-

\

126



2) Co thé goi E 1a giao diém cua AH va (C),toadd E la nghiém ciia h¢:
l(" 4B Ayt =i {x =S o B(37)
x-3=0 =g
HE cit BC tai rung diém N cia HE = N(3;3)
BC diqua N vavudng géc AH = (BC):y-3=0.
2. Mat phang (P) c6 1 (1:1:1) la VIPT, mp(Q) ¢6 1, (1;-1;1) la VTPT.
Do {83 ‘i {g)) = mp(R)co 1i,, = %[ﬁl,,ﬁq] = (1:0;-1)1a VTPT
::»(R):x—z+m=0
11
Ta co d(O;(R)) =2 LS ‘ji_-|i-_0|Ti
Vay (R):x -zt 2¢2 = 0.

0 Cau Vll.a
Cich 1:

r P 14 ) ~ - —. Sy 2 2
Gia thiét z> las6thudnaonén z° +z2° =0 = (z+ z) —2|z| =0

=‘2¢:>m=i2\/§

z2+7%7 =2
2+7=-2

Mit khac ciing tir z° +;‘; =0 = (z —2’)2 + 2|le(3 =0

Z__l
=
Z —

Do d6 ta co cac sb phirc thoa man 14 :
z=1+lz=-1+1,z=1-i,z=-1-1.

21
-2i

Nl N
]

il

Céch 2: Dit z = a + bi = 22 = a’ — b? + 2abi vé|z|=~/a2+b"'

al=b? =0 {azzl

Tir gia thiét suy ra { : 2N
. d {aub*:‘z b =1

Viy cic s phic cantim: z=i+1,z=-1+i,z=1-i,z=-1-1.
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Q Céu VLb
. Goi H(a:b), taco: AH* =a? +(b-2)", d(H,Oy) =y
Suy ra: a’ + (b —2)2 = b?
Do H thudc duong tron dudng kinh OA nén: a’ + (b - 1)z =]

a’-4b+4=0

Tir 46, ta co: { : , gidi hé ta dugc

a’+b’-2b=0

H(?JE;\E 3 1) hodc H(—?JE;\E - 1)
Viy phuong trinh duong thing A 1a

(\/g—l)x-—‘z J5 -2y = 0 hoac (\/3—1)“2 g —
2. Puimg thing A; qua A (2;1;0) c6 viep Ia u = (2;1;2)

MeA = M(3+ t;t;t) =5 m(t+1;t—1;t)

= [Kﬁﬁ] - (t -2;-2;3 - t)

7]

-

=1

Nén d(M,A,) =16

u

& (t-2)2 +(--'2)2 +—(3—t)2 =9
t=1:>M(4;1;1)

S -10t+8=0 ;
t =4 = M(7;4;4)
O Cau VILDb Piéukién: x > 2,y > 0.

Phuong trinh thir hai c6 thé viét lai thanh: 2log, (x - 2) - 2log, y = 0
& x —2 = y. Thay vao phuong trinh thir nhit, ta duoc:

x'—4x+(x-2)+2=0x'-3x=0x=3 (do x>2)

Vay hé da cho c6 nghi€ém duy nhét (x,y) — (3,1).
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O DPE 4

PE THI TUYEN SINH DAI HOC KHOI A NAM 2009

I. PHAN CHUNG CHO TAT CA THI SINH

O Caul: Cho hamsd y = s (1) ;
2x + 3

1. Khao sat su bién thién va vé& do thi cia ham sb (1)

2. Viét phuong trinh tiép tuyén ctia do thi ham sb (l) , biét tiép tuyén do cét

truc hoanh, truc tung lan luot tai hai diém phan biét A,B va tam giac OAB
can tai goc toa dd O.
Q Caull:

ot (lm'Zsinx)cosx B
1. Giai phuong trinh : (1 e x)(l e x) = \/g (1) |

2. Giai phuong trinh : 2¥3x —2 +3V6 —5x —8 =0 (2)

2
Q Cau III: Tinh tich phéan: I = J‘(cos“ X — I)cos'z xdx .

0

Q Cau IV: Cho hinh chop S ABCD c6 day ABCD Ila hinh thang vudng
tai A va D;AB = AD = 2a; CD = a; goc giira hai mit phing (SBC)
vd (ABCD) bing 60°. Goi I la trung diém cua canh AD. Biét hai mat
phang (SBI) va (SCI)cﬁng vudng goc voi mat phing (ABCD), tinh thé

tich khéi chop S.ABCD theo a.
O Cau V: Chimg minh ring véi moi sé thuc duong x,y,z thoa

x(x +y+ z) = 3yz (*), ta ludn co:

(x +y)3 4 (x + z)3 + 3(x + y)(y 4 z)(z + x)s 5(y+ z)s.

IL. PHAN RIENG
Thi sinh ¢hi dugc chon lam m@t trong hai phdn (phdn A hodc B)

A. Theo chuang trinh Chuan
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0 Ciu Vl.a

1. Trong mit phang voi hé 1oa do Oxy cho hinh chit nhat ABCD ¢6 diém
I (6, 2) la giao diém cua 2 dudmg chéo AC va BD. Piém M(1; 5) thude
duong thing AB va trung diém E cua canh CD thuoc duomg thang
d:x+y 5=0.Viét phuong trinh duong thang AB.

2. Trong khéong gian voi hé toa do Oxyz. cho mit phing (P ) cO phuong
trinh: 2x-2y-z-4=0va mat cau (S) ¢0 phuong trinh
x*+y’ +22 —2x —4y —62z—11=0. Chimg minh ring mat phéng
(P) cit mat cau (9) theo mot duong tron. Xac dinh toa do tam va tinh ban
kinh cua dudng tron do.

Q Cau VILa: Goi z,,z, la hai nghiém phirc ctia phuong trinh:
|'2

: .2 2 2
2* + 22 + 10 = 0. Tinh gia trj cia biéu thic: A =|z,| +]z,| .

B. Theo chuong trinn Nang -ao |

Cau VIb (2,0 diém)

1. Trong mt phing vi hé toa 9 Oxyz cho dudmg tron (C') c6 phuong trinh :
x> +y2 +4x+4y+6=0 va dudong thing A : x + my —2m + 3 =0 v&i
m la tham s thyc. Goi I 1a tam cua (C‘) Tim m dé A cit (C) tai hai
diém phan biét A, B sao cho tam gidc IAB c6 dién tich lon nhat.

2. Trong khong gian voi hé toa d§ Oxyz cho mit phing (P) c6 phuong
trinh : x — 2y + 2z — 1 = 0 va hai dudng thing

x41 .y 34D d werl. ¥ode bl

s 1 6 M 1 ~2
Xac dinh toa d diém M thudc dudmg thing d, sao cho khoang cach tir M

dén duong thing d, va khoang cach tir M dén mat phang (P) bang nhau.
Q Ciu VILb (1,0 diém) Giai hé phuong trinh sau:

log,‘2 (x"2 + yz) =14 lug2 (xy)

5 5 (x,y € ]R).
i
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O DAP AN DE 4
U Caul

1. HS tu lam.

2. Bai toan thudc dang toan viét phuong trinh tiép tuyén. D€ giai bai toan
trén ta co thé di theo hai huong sau:
Cich 1: Goi M(x:y,) latiép diem.

Vi tam giac OAD cén nén duong thang AB (chinh la tiép tuyén) phai
vudng goc voi phan giac cua goc (chinh la phén giac hai tryc Ox, Oy va ¢6
hai phan gidc la y = x hodc y = —x) nén suy ra tiép tuyén phai vudng goc

véi mot trong hai duong thang v = x hodc y = —x. Tirc la: y (x“) = okl

Ma do y’(x“):————l—2<0 VX, z—g nén chi xay ra
(2x, +3) 2
2 2x, +3=1 x, = —1
Mg j==1% 2% +3) =1a| " =3 i
! (h“) ( "o ) 2y +3=—1 |X.= 2

* x, = 1=y, =1=>phuong trinh tiép tuyén: y = -—(x 3 1) IR P
loaivi A=B=0.

* x, = —2 =y, = 0 = phuong trinh tiép tuyén 1y = —x — 2
Viy y = —x — 2 la tiép tuyén can tim.
Cich 2: Phuong trinh tiép tuyén A c6 dang
1 ~1 X, +2
S | (X”)(X . xn) T ¥ = -——-——-—-—;—(X < xu)+
| (2x, + 3) G
[y =0
A=ArOx = A:/{ =] (X-X)'{" X“+2_
2 0 i
(2}(” + 3) '2x” + 3
x = 2x’ + 8x, + 6 .
& X = ax, X, = A(Qxf) + 8%, + 6;0)
ye=il
x =.0
B=AN0y=>B- -1 X, + 2
¥ y—_~_____.__2(0_x“)+20+3
(2x, +3) ¥y

131



[x =0
T
by - ‘in +8x. +6 = B ();Zx“ 8% j6 ,
s 2 ; Ly = |
ViABzO=2x +8x,+6=0& gl
T = -3
Tam gidc AOB vuéngcantai O < OA = OB
_ l‘2x;2, o e Gl
& [2x2 + 8x, + 6] = 2
(2)(“ + 3)
1 X“ =-1 (l) ‘% _
& 1= e 4 el (do diéu kién (*)).
(2x, +3) [Xo="2(0)
Vay phuong trinh tiép tuyén la: y = —x — 2.
QCaull
sinx = Ei
1. Diéu kién: -
sinx = 1

1) e (1 - 2sinx)cosx = \/3(1 + 2sin x)(l — sin x)
& CcosX — 28I XCoSX = \/3(1 + sin x — 2sin? x)

&5 CosX — \/gsinx = sin2x + \[écos‘Zx

= —l—cosx - ﬁsiux = lsin‘Zx -+ -—3-cos'2x
2 2 2 2

2x~—3=x+—1£+k27t
T T
& cos x+—:c052x——]¢$ " -
3 2x —— = —|x +—|+ k2=
3
T T 2T
@x=—2-~—k‘2ﬁ hoéc x=«--——+k—3—

Vay phuong trinh ¢6 hai ho nghiém : x = % =K% X = —-118 + 1{—2—33
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Déi chiéu voi diéu kién ta chi nhan ho nghiém: x = s s kgji

18 3
Bt cimwsn i R -
— . Dé giai bai nay ta co thé lam theo hai cach sau

-

2. Diéu kign: x <

S

!

Cich 1: Pat t =V3x -2 = x = : ;2 va t < 2 , thay vao phuong

=

trinh ta duoc

-)(t. +2) -
o = 3 6-——3———8:()¢:> 94, = 15t" = B2

2 2
%4 {t < —
s i & ~ s
2f‘1—-15t3:(8—‘2t)2 24— 15¢* = (8 - Zt)
2
o
& “{/E St=-2x==2

l)t 444 ~ 3264+ 40=10

Vay phuong trinh da cho ¢6 nghiém duy nhét x = -2,

5a° = 15x — 10
Cach 2: Dat a = Y3x —2: b =6 —5x, b>0= S e 1E

= 5a° + 3b° = 8.

oo 8 — 2a
20 +3b—~8 =0 e 3
Khi do ta co hé: . R 2
ha” 4+ 3b° =8 . (8 — 'Za)
ha” 4+ ————— =8
L 3
}):8—2n 1)28—'2%1
= 3 = 3

Ll-’)n"‘ 4402 320 4+40=0 (n - 2)(15a'2 — 26a + 20) » 0

a=-2

:~>‘l A @xz—’z,do15a12—26;x+20>0,V2x€R.
¥ ==

L

Cich 3: Phuong trinh <> 2(3x -2 + -2) i 3(\/6 5% - 4) <0
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Binh luan:

1. Phuong trinh da cho thudc dang phuong trinh luong giac khong mau
muc. Dé giai phuong trinh khong mau muc ta su dung cac phép bién doi
luong giac dua phuong trinh dd cho vé phuong trinh thuong gap'hoac
phuong trinh chi chita mét ham s6 lugng giac hoac phuong trinh tich. Trong
bai toan xuit hién V3 thi ta c6 thé lién wong 167 cach dua vé dang phuong
trinh bac nhat d6i véi sin va cos.

2. Diy la mot phuong trinh vé ti chira hai can léch bac. Vé nguyén tic
chung dé giai phuong trinh - bt phuong trinh chira can thirc thi ta phai tim
cach loai bo cin thire. Co hai cach ta thuong ding dé loai bo can thire d6 1a
luy thira hai vé va dat an phu. O phuong trinh trén ta khong thé luy thira hai
vé dugc vi trong phuong trinh chira hai can léch béc, do do ta nghi toi dat
mot cin bang t khi d6 trong phuong trinh chi chira mét can thirc va viéc luy
thira d& dang thuc hién dugc. Vi cach giai thir hai ta da 1am tang s an can
tim, phuong phap nay kha hiéu qua khi ta gdp cac phuong trinh chura cac
cin léch bac va cac biéu thire trong cin dé thiy mdi quan hé giai thoat an x.

Ta c6 duge dang tong quat: (u.p/u - f(x) + ',5.':1/1) + f(x) = ¢
Pé giai phuong trinh nay ta dat u = ,H/n - t'(x):v = /b + f(x) .taco hé:

oau+ 3v=c

w+v"=a+b
n (8
OCaulll. Taco: I = ((105" X — cos’ x)(lx = Icos'r' xdx - J.cos2 xdx

() 0

~ _—
W

Iy L)

= Qi N~ H

Tinh Il =7:Ditt = sinx = dt = cosxdx

Pdicin: Véi x =0 =t = 0. x=-§-—=>t=l

1

il

=1 ﬂl*tﬂi“==ﬂl—2€+tﬁdt=[t—§t”+éﬂj

u 0 g 0
2.0 B
2 LElec—F -,
3 5 15
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Tinh I2 = & IJ =

f(l +(:os‘2x)dx e l(\c +lsin'2xJ
L 2

i
:

e B o) iy
Viy I =— - =,
15 4

Binh luin: Day la bai tich phan luong giac kha co ban. Luu y khi gap tich phan
codang I = j sin™ (nx ;o }))Cos” (ux + h)(lx ta thuong xur li nhu sau:

* Néu m ¢ ta thuc hi¢n phép doi bién s6 t = cos (ax + b)
* Néu n lé ta thuce hién phép doi bién so t = sin (n,x + b)
Véi luu y: sin® (;Lx + l)) =1 — cos’ (ux + b)

* Néu m,n chan thi ta ha bac va bién déi tich thanh tong néu can.

Luu y: sin®a = lﬂ.cwz = 1+ cos2a
£ 2
Q CaulV
/ Vi hai mat phang (SBI) va (SCI)cﬁng vudng

géc voi mat phing (ABCD) nén giao tuyén
cta hai mat phang dé (SI) vuong goc voi mét

phing (ABCD)hay la SI L (ABCD)nén

1
Voapen = §SI'SAB(?D‘
AD(AB+CD) |
Taeh 18,0 = - = da°.

Goi H 1a hinh chiéu cua I xuéng BC = BC L (SIH)

= SHI = ((SBC).(ABCD)) = 60".

Tam giac BCI vudng tai I nén ta co:
2

= 2 I s 5

BC = yCI + B =av5 ; Sy, = ~iSaum =8
i _ _ e 2
= Sancr = Sapen (SAII)(,' SAAHI) D) a
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= SI = IH. tan 60" =
BC 5

sasep = 3OS pep = - ( dvtt).

ex TH == 25 AIBC s Ll-f 3;1\/5 .
3

T

Q Cau V.

Cich 1: Vi gia thiét va BDT (1) la nhimg biéu thirc dang cép dong thoi gia
thiét va BDT can chimg minh doi ximg doi vai y va z nén ta nghi tdi
cach diat y = ax;z = bx.

Khi d6 (*) tror thanh: x (x + ax + bx) = 3abx”
14+ a+b=3ab (**)va(l) tr¢ thanh:

(x + ax):! -+ (x 4+ l)x);{ + 3(x - nx)(nx#— bx)(hx -+ x) < 5(nx + bx):;

< (1 + n);; + (l -+ b):; - 3(1 “+ a)(l 5 b)(a - l)) < (a + }))3 (2).

Vi (**) va (2) la nhimg biéu thirc ddi xtmg d6i v&i a,b nén ta nghi ti
cichdit S=a + b;P =ab

T SER STI oT p:l:-;—s-
6i quan hé gitta S va P 1a £ o
1+8=3P I39 _45-4>0
p_L1tS
& 3 .
2
Khi d6 :
1+8S 4\1+8S
(1+a)(1+b):l+a+b+nh:1+S+ - — (3 )

(1 + a,)3 + (1 + }))3 g (2 +a + h):; - 3(] + ;1)(1 + I))('Z +a+ b)
—(2+8) —4(1+8)2+9)
Nén (2) & (2+5)' — 4(S? +35+2) +48(1+8) < 58’
28 ~38-2>06 (25+1)(S—2)2 0 luon dingdo S >2.

Vay bai toan da dugc chimg minh.
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Cach 2:
Dé thay : 1yz = (‘\’ . '1:)

i m(.\'—z)g < ()' o z_)3
Tur gia thiét:
x(_x +y+ /.) =3yz > dyz=x(x+y+z)+yz= (x +_v)(x 4 z)

:>(x+3)(\+/) (\ 4»/) = i(\+\)(\+/)(\ +z)$3(y+z)rg(1).

' . K H
Ta s& chimng minh (x+y) +(x+z) 2(\ +/) :
That vay :
(x+y¥) +(x+2)' =(x+v +x+z)[(x +v) (X +y)(x+2)+ (x+z)2]

8]

(x+s) +(\+/) (\(+_\f+x+z)[_v3+z3+2x(x+y+z)—4yz]
(x+3) +( /)‘ (\+\_‘+x+y,)[\'3+z"’+x(x+y+z)—yz]
(x+y+\+/(\ +2° 35z - \4) :

(x+s)‘1+(~<+/)‘ (~<+y+x+z)(y+z)2(2)

; : 2 2
Dé& dang chimg minh duoe: v +2° + 14yz = 4()’ ¥ z) = 3(y = z)

2

(x+y+x+2) =4 +ax(y +2)+(y +2) =dx(x+y+2z) +(y +2)
=4.3yz+(y+ z;)2

(x+y+x+z)z =ldyz+yv +2 = 1(\ +/) —3() -4) <4(3 +z)

::>x+y+x+z_<_2(_v+z)(3)

Tir (2)(&) suy ra (X + 3')3 +(x+ z)" < ‘2(_\' + z);‘(‘i)

Tir (1).(4) suy ra

(x+_\')3 +(x+z)3 +3(x+y (x+/)(y +4) .")(y+z)3.

|
(nen-9
(
(

G
Il

n=X%y
Cach3:Dat: <b=x+2z2 =«

oo
I

c=yV+u

N
i
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Tur gia thiét: X(X + vV + z) =Jyz=cl =a’+b' - n,h(l)

o= (u + l))‘l - 3ab > (n + h)g - %(u + l))z = %(n + b)L

2

Hay (;1 + |)) < (2(‘)3 = a+b< 2('(2)

Dang thirc can chimg minh <> a’ + h' + 3abe < 5¢”

&S (u + l))(nz 'l - ;11)) +/3a!)c < 25¢*
& (a+ D)’ + 3abe < 25¢* (do (1))
Hay & (a + l))c + 3ab < 25¢° (3)

Tir (2) = (a+ b)e < 2" (4)

AC: ! : 2 1y A ‘ 2(r
Mat khac: ab < -{I(L + h) £ I(zc) eab<ge ())
Tu (4) vé(-’i) = dpcm.
. fet =af + b =ch
Diang thire xay ra khi = X=y=2.
a=b=g¢
Chuy
n=X+Yy

Cich3: Dat: Sh =y +z«

cC=Z+X
Tirgiathiét: x(x+y+z)=3yz=> b’ =a’ +’ -ac

. pr- o D) la+c <21
:>l)22-;11*(ﬂ,+C) +:i-(n«-(:) = a:c _<_Ch2 :

Diéu can chimg minh suy ra:a* + ¢ + 3abe < 5b*

VT =a' +c" + 3abec = (n, + c)(n) Fopt o :1(') + 3abe = (a + 0)1)2 + 3abc

< (-zh)b‘-* +5b%b = VT < 5b* (dpem).
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0 Cau Vl.a

1.
AV ) — _ .
1 B o P \ . \
i : Vi Eed= lu(n::) k) = lli.:{\;lﬁf);g_ﬂ).
e L - ) Goi N la trung diém cua AB =1 la trung diém
D E v ¢ cua EN nén:
Ko 882X, X 22 12 =4
N:{ . . ::>I\7(12—:1:n-—l)

Yy = 'Zyl = ¥e S
:MN:@Mmm-ﬂNiELMNéMNEzO

- (11—El)(il—6)+(il“6)(3“21): 0 & ;_l B 6.

a =
*;12632\_;&:::(5:()):?[)t AB:y-5=0
*a=7=MN=(41)= pt AB:x—dy +19 =0,
2. Mt cau (S) cO tim 1(1:2:3). bankinh R =5.
PR-4-3-4

3
= mat phang (I")cz-"u mat cau (S)theo mét duomg tron. Goi H, r lan

=3<R

Khoang cich tir 1 dén (P): d(L(P))

luot 1a tdm va ban kinh duémg tron do= H 14 hinh chiéu vuéng géc cua I
Ién mat phing (P) nén toa do cua H 1a nghiém cua hé

X=142t .
et h—n H (3:0:2
+ <1y = 0= n(a2).
z=3-1t ' ( )
, ¥ ==

2x -2y —z—4 =)

Ban kinh r = VR? ~IH? =14,
QO Ciu Vll.a
. P 2
Tacd:z2 +224+10=0 «‘:b(erl) = —0 = (31)
=z, = -1+3iz,=-1-3i.

= |4 =|s| = V10 = A =10 + 10 =20.
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Q Cau VIL.b
1. Buong tron (C)c6 tam1(—2 - 2): ban kinh R = V2
G(:)i H la} hinh chiéu cua I uwén A,
bé A cat duong tron (C) tai 2 diém A.B phan bic¢t thi: TH < R
CIHY +HA® TA° R

KhidévS\“HL IHAB_IHH»\ = =3 |
S 2 2 2
= maxS,,,, =1 khi IH=HA =1<R
ll — 4ml r ) 5
& == ¢:>ll »—4111]: m +1«1-8m+16m° =m* +1
\/m +1
2 " 8
& 15m° —8m =0« m =0 hodc m = F
)
B Gt g 5w B " 8
Vay ¢o6 2 gia tri cua m thoa mén yéu cau la: m =0 va m = %
<)
R2
Chiy: S, ., = I\lBsm f\lB < —IA IB=S,; < 5 — 4|

Péng thirc xdy ra khi: sin AIB =1 hay AIB = 90" = AAIB vuony

cintai [ = (I(I:A) = —-[—{— =%an =8 hofcan = —8——

J2 ‘ 15

2. Cach 1: Gia su 7\[(& b: c Id diém can tim.

ViMeA =5 —=—=
i L 1 1 G ¢c=06b-9

Ll b oe$9 [n:b-l
Khoang céch tir M dén mp () la:
o —2b+2c -1 b - 20)

d:d(M:(P)): \/Ij +(m.))2 492 3

Goti (Q) la mp qua M va vudng goc voi A, . ta ¢o:

— -

nQ) = A, = () L v )—* (Q)_’(\ —;1)+ l(,\' - l))—?(z—c): 0

Hay (Q):2x +y =22+ 9h =16 =0
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Goi H la giao diém cua (Q Jva N, = Toa do H la nghi¢ém cua hé :
2X+v—-2.4+9b—-16 =0 |
x—1 y-3 z+1 =H{-2b+3-b+42b-3)
2 i =P

)

= MH? = (3b—4) +(2h 4} + (4b - 6) = 201 — 88b + 68
Yéu cau bai toan trer thanh: MY = o

(11h 2(1)"

& 29h7 — 88h + 68 =

& 261h% — 792b + 612 = 121h° — 440b + 400

ez 1
& 140b° = 352b +212 =0 35b° - 88b + 53 =0 & 53 .
b=—
Viy c6 2 diém thoa man la: l\I(():lzw )va M L —)-i L ;
3535 35

'x =]1—-t
Cich2: A :{y=t  .teR.MeA = M(1-t-9+6t).

z=-9+06t

A, diqua A(1:3:-1) vaco VTCP u, = (21:1)

[KIK-“]I L
d(M;A,) ='——---——1— V29t - 88t + 68, d(M (P)) = —-——-—llltB 20|

:
d(M;Az) = d(Mi(P)) & \20t* — 88t + 68 = M
< 35t% — 88t + )3—()<:>t—1t—-§~§:>1\,1_

0

O Cau VII b,

e

Diéu kién < xy > 0.

xy >0

Viét lai hé duéi dang:
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T RPN (x=v
Qi(’; .\) =10 4@{*2 -‘4@(:.;:_\-)-—-(2:2).(—2:*—2):th(‘)a man

diéu kign. Vay nghiém cia h¢ la: (x:y) = (2:2).(-2-2).

O DE 5
Dé THI TUYéN SINH DAI HOC KHOI B NAM 2009

1. PHAN CHUNG CHO TAT CA THIi SINH

OCiul Chohamsé y =2x' - 4x* (1)
1. Khao sat sy bién thién va v& do thi ctia ham s (1).

2. Véi céc gia tri ndo cua m, phuong trinh x’ lx2 - 2| = 1m co0 ding 6

nghi¢m thyc phan biét?.
Q Cau L.
1. Giai phuong trinh:

. BN - g ] <3
sin X + cos X sin2x + \/:?_cosdx = 2(cos4x + sin x).

xy+x+1="7y

2. Giai hé phuong trinh 5 ;
E e x’y* + xy +1 =13y’

(x,yER).

o
Q Cu IIL. Tinh tich phan I = j‘3 i

l (x - 1)2
Q Cau IV. Cho hinh lang tru tam giac ABCA'B'C' ¢6 BB'=a, goc
gitta duomg thang BB' va mat phing (ABC) bing 60°; tam gidc ABC

dx.

e —

vuong tai C va BAC = 60" . Hinh chiéu vudng goc cua diém B' 1én mat
phing (ABC) tring voi trong tam cua tam gidc ABC. Tinh thé tich
khéi tir dién A'ABC theo a.
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-~ ’ - ’ 4 ar % ~ 3
Q) Cau V. Cho cic so thue x. v thay doi va thoaman: (x + v)" + dxy > 2.
Tim gia tri nho nhat cua bi¢u thuc:
s o) i 2 2% il 2 L I
A= -“-‘3 =y & .‘Ig,\’ \“.Z(X + Y )«!»1.

II. PHAN RIENG
Thi sinh chi duge chon Iam mdt trong hai phan (phdn A hodc B)

A. Theo chuang trinh Chudn

O Cau Vla
1. Trong mit phing véi hé toa dd Oxy cho dutmg ton (C): (x —2)* +y* = -
. )
va hai duomg thing A, :x—-v =0, A, 7y = 0. Xéc dinh toa d0 tim K

va tinh ban kinh cua duong tron (( I ):blet duong tron (Cl)tlep Xuc voi cac
duomg thang A,. A> va tim K thude duomg tron (C) .

2. Trong khong gian vai hé toa do0 Oxyz cho tir dién ABCD c¢6 cac dinh
A(1:2:1), B(-21:3). C(2—11)va D(0:3:1). Viét phuong trinh mat
phing (P)di qua A. B sao cho khoang cach tir C dén (P) bing khoang cach
tir D dén (P) ;

O Cau VILa. Tim s phirc z thoa man: lz — 2 +1 ’ = ) va z22=28;

.B.
O Céu VLb.

1. Trong mat phang vai hé toa d6 Oxycho tam giac ABC can tai A ¢
dinh A(—l:"l)vil cic dinh B.C thudc dudng thing A: x —y —4 = 0. Xac
dinh toa d cac diém B va C , biét dién tich tam giac ABC bang 18.

2. Trong khéong gian voi hé toa do Oxyz ., cho mat phing (l’) ¢ phuong
trinh:x — 2y + 2z ~ 5= 0va hai diémA (~3:0:1), B(l:~1:3). Trong cc

Theo chuyong trinh Nang cae

duong thing di qua A va song song vdi (P) . hiy viét phuong trinh duong
thdng ma khoang céach tir B dén duong thing d6 1a nho nhit.
O Cau VILb.
Tim céc gia tri cua tham s6 m € R dé duong thang y = —x + m cit do
2

. . R s sl
thi ham so6 y:x tai 2 diém phan biét A,B saocho AB = 4.
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O DAP AN PE 5

O Caul.
1. Khao sat
e Tap xac dinh: D = K
e Sy bién thién | “ 2
* Chiéu bién thién: y' = 8x’ —8x: y'= 0 ¢ x = 0 hoic x = +1
Ham sb nghich bién trén (—-%:*1) va ((]:1);
dong bién trén : (—1:()) va (1:+m)
* Cuc tri: Ham s6 dat cuc dai tai x = 0, Yep = 03

dat cuc tiéu tai x = +1. Yerp =2

*Gidihan: lim y= lim y =+~

X——" X+

* Bang bién thién

X | —o | 0 1 +00
y' - 0.+ 0 - 0 +
+00 0 +o00
TN N\
-2 -2
* P thi:
A

------------------

-y
; —
%
-l

o Sy
el

//
|
e
~
St
[—
»\_\‘
) EENREE ¢

P rmrccccacamconme ==

-~V

By

2.Timm...

Ta c6: x* |x2 = ‘2| = m & 2x° |x2 - 2. des: 2001, %)
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Phuong trinh ¢6 ding 6 nghiém phan biét < duong thang v = 2m cat

do thi ham sé v = 2x° \xz — '21 tai 6 diém phan biét
Do thi duomg thang v = 2m va ham sO y = 2x° lx?’ s 2’

It — 4% khi % € —v2 Ty x> 42

£
3 . —('2,\"—4.‘:")) k]li—\6<x<\/§

%" 2‘ =

Khi d6 y = 'zx'-’lx2 —2‘ tring véi d& thi ham sé y = 2x" — 4x® khi

x<—V2 hodc x2+2 va déi ximg cia dd thi cua ham sb (1) khi

- ‘2<x<\/‘5.

Ta c6 do thi cua ham s6 y = 2x°

x* ——'ZI

[ R T S e

Dua vao dd thi (C') ta thiy yéu cau bai todn

S0<2m<2&0<m<l.
Q Cau Il
1. Giai phuong trinh ...
Phuong trinh dd cho tuong duong véi

(1 — 25in’ x)sin X + cos x sin 2X + \/3 cos 3x = 2cos4dx
& cos2xsinx + c;)s X cos2x + \[gcos 3% =2¢c08dx
& sindx + \/g cos 3Xx = 2cos4x & cos [3}( ~ -2—] = cos 4x
& 4x = 3x — % + k27 hodic 4x = —3x + —2 + k2
2T

Vay X = —— + k2= hodc x:—T—‘—+k— (kEZ)
6 42 #
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2.Gidi ke ....
Vi y = 0 khong thoa hé da cho nén hé da cho:

1 ]
TR -EWI X+ —1+ -
1
Y

1 -
Bata=x+—:l):£:>x ‘
y y y?

a+b=7T a+b=7 Ia,zll

Taco hé:q{ , &
a°—b=13

2 ~
a“+a—-20=0

3

X+‘;:4 X2—4X‘+‘3?——0 )(:]_:}}:l
~ -~
X=2J V=]

X = 3y

AR $1Y=0 L
hé vo nghiém.

X == ] 2y

Vay hé da cho c6 hai cap nghiém: (x; y) = [1;-15],(3; 1) :

Chuy: |
: xy+x+1=7y Xy +l=T7y-x
H¢dacho < , , iy M 2 ;
Xy +xy+1=13y (xy+1) =13y° - xy
2 ;
:>(7y—x) =13y* + xy <:>(12y—x)(3y—x)=0.
Q Cau Il
Tinh tich phan...
(1 =3+Inx du"g)i
: =
Bl g o 0K :
b " e
(X+ X 41
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|

%+ln\| dx 3+Iu3 3 dx T dx
ot 2
| + x ‘ ix(x-‘rl) 4 2 7 x vl

=] =-

—1n3

Hn' I I In *<+1| l l3+ln—2—7—
16

Q Cau IV.
Tinh thé tich hinh chop...

Goi D la trung diém AC, G latrong tim AABC

i

= B'G L (ABC) = B'BG = 60"

P

= B'G = BB".sinB' BG—_—a

e (1/

= B'G = BB'.sinB'BG =

a 3a

BG=—-=BD=—.Dit AC=x
2 4

Trong AABC, tacé: BC = ACtanCAB = x tan 60 = xy/3

=l - %BC.AC - -‘g—gxl

Al

2 5 |
BC? + CD’ = BD’ = = + 3¢’ G ol
4 16 52
2
= Spanc = 9(; i3 (dvdt) va B'G = BB'sinB'BG = —-—-a;/5

Thé tich khéi tir dién A'.ABC :

V =V (d tt).

A'ABC B'ABC

3 B G SA"\B(

Q Cau V.
Tim gia trj nho nhat...

(x + Jr‘)3 + 4xy > 2

Ta co: =>(x+y)3+(x+y)2--220

(x + )’)2 —4xy >0

= x+y=>1.
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A= 3()(l + v+ xzy'z)—Z(xz + yz) + 1

=3

(x"2 + y"e)2 —xzyzl— 2(:{2 + yz)+l

L

>3 (x"! + yz)2 e

= %(x"3 4 yz)2 —2(:\(2 +)f2) el
(x+)

Pitt=x*+y’> > étZ%véAz-i-tz-‘Zt%—l.

B | -

Xét ham sb: f(t)zgt2 941t 2% co

f'(t)zg—t-2>0 Vt2%=>f(t)2f

#Az%.f)ingth&cxdyra@x:y:%.

Vay gia tri nho nhat cua A béng i%

0 Céu Vl.a
1. Xac dinh toa d6 tam K ....

Goi K(a;h), K e (C) = (a ——'.2)2 + b= % (1)
(C,) tiép xtic véi A A, & d(K;A ) =d(K;A,)

|a.—b' . 'a— 71)' :

22 s 2

&~
Tur (1) va (2) ta co:

ls(a --2);2 +5b% =4 by l:(l i 2)"2 +5h =4 1)
)
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.'H;_——»Zz’."l‘l')::;
Hoac{’(‘ ) +5b° =4 (1)

Hla - l)) = —a +7h
b < 250" = 2Wa+16 =10 _ -
(I) = _—— | Vo nghiem.
%= 2 o )
I <45 -, <:>(:1:|)):_- Ei
25b° —40b +16 =0 2 D)
: 1:1‘ - b I 8 4 5.k
2 5 55 5

2. Viét phuong trinh mat phing (P)
Mt phang (P ) thoa man yéu cu bai todn trong hai trudng hop sau:

Truong hop 1: (P)di qua A.B song song vdi CD

iy

Véc to phap tuyen (l’) :;1 = {EE—ISI AB = (—3:—1;2), EZB = (-2;4',0)

= n= (-8:-l:m14).
Phuong trinh (P) A +2y + 72 - 15 =10).
Truomg hop 2: (I’) di qua A.B vacat CD = (P) cit CD tai trung diém I
cua CD.
FRSRNE Al = (0:=1:0).
Vée to phap tuyén ctia mat phing (I’) :;1 = [Kﬁ All = (2; 0;3).
Phuong trinh (l’) 2x+Jg—=H=4.
Vay (P): dx + 2y + 7z — 15 = 0 hofic (P):2x + 3z -5 =0.
Chii y: Goi (P):ax + by +cz+d =0’ +b" +c”" >0
[
Ae(P) (a+2b+c+d=0
<Be(P) & |-2a+b+3¢c+d=0

4

d(C:(P)) = d(D:(P)) Ra-b+c+ (l! _ |3b + ¢ + d
Jal+b +¢8 Val+bl+¢

\
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Tim sb phirc z ...
Goi z=x +iy, z—(2+1i)=(x =2)+ (v — 1}

[z- (2+i) = 1()<:>(x—2)2+(}'~1)2:14) (1)

25 (2)
X: \):(3:4). (5:0)

l\/

zz =25 < x? +y?
Giai hé (1) va (2) ta dugec:

Vay z = 3 + 4i hoac z =
Q Cau VLb

1. Xéac dinh toa do B,C...
Goi H la hinh chiéu ciia A 1én A = H la trung diém BC.

,——-__

\_,"l

AH = d(A,BC) = . BC = Zaae _ 4 fp

N3 AH

42
AB:ACx\/AH2+BC gl
1 2 |
07

(x+1)2+(yw—4)z =3
x—y—4=0

Toa dd B,C la nghiém cua hé:

11 3 3 5
2 thoac( )= ['z' ':2)']

Giai hé ta dugc (\ y)

Vay Bl | oldie 2 hage 8|2~ 21| L1, 21,
272 ) 22

2 2 2

Chay:
7]\ Tam gidc ABC cannén BH = CH = 22 va
A BeA.B(x”:y”).

BHC
7Y Ly o b

e Xg re = oEl Nyt~ =8 2
Ta co hé: 2 2 Pt 3
Xy =¥y =4 =0 =3

L

2. Lap phuong trinh duong thang. ..
Goi A la duomg thing can tim; A nim trong mat

3 phing (Q)dt qua A va song song voi (P)

}7‘ Phuong trinh (Q):x~2y+‘2z+1=0-



Goi K.H la hinh chiéu cua B trén A, (Q)

Taco BK > BH = AH la duong thang can tim.
Toa dd cua H la nghiém cua hé:

X~~1 ¥4l  2-~3F
i -8 8 :;*H[

Vay phuong trinh A : %6—% i A B

11 —2
Q Cau VILDb
Tim céc gia tri ciia tham sd m ...
g e ]
Toadd A.B thoar| « ~ ~ M
y=-=Xx+1m

2% —mx~-1=0, (x =0) (1

- (x=0) (1)
y=-xXx+1m

Ta thdy (1) c6 hai nghiém thuc phan biét x ,x, khéc 0 véi moi m.

Goi A(xI ¥ ) B(x,z:y_z), ta co:

5 _ 2 b 2
AB® = (>.| —xz) +(y‘ = )2) = 2(xl - x.z)
Ap dung dinh li Viet cho phuong trinh (1) ta dugc:

; 2
( ) ) 4 111
X, - X, X X,

AB* =2 =

2

AB=4<:>1—3-—+4:16®111=:E2\/6,
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O DK 6
DE THI TUYEN SINH DAI HOC KHOI D NAM 2009

L PHAN CHUNG CHO TAT CA THI SINH
Q Cau L Choham soy = x'  (3m +2)x* + 3m codd thila (C, ). mla
tham s6 thure.
1. Khao sat su bién thién va v& dd thi cia ham sé da cho khi m = 0.
2. Tim m dé dudng thang y = —1cdt do thi (C ) tai 4 diém phan biét
déu co6 hoanh do nho hon 2.
Q Caull.

1. Giai phuong trinh: \/gc:os HX —2sin3x cos2x —sinx = 0.

x(x +y+1)=3=0

2. Giai hé phuong trinh: 5 (x,y € R).

—— +1=0"
X

)

s+ ]

O Cau I1L Tinh tich phan: 1 = [— -

%

Q Cau IV. Cho hinh lang try dimg ABCAB'C’ ¢ ddy ABC la tam gidc
vudng tai B,AB = a, AA = 2a. A'C = 3a. Goi M 1a trung diém cua
doan thing A*C". I la giao diém cua AM va A’C. Tinh theo a thé tich
khoi tir dién IABC va khoang cach tir diém A dén mat phing (IBC).

Q Ciu V. Cho cic sb thuc khong am x, y thay doi va thoa midn x +y = 1.
Tim gia tri 1on nhat va gi tri nho nhit cua biéu thire:

GL (4>\-2 % 3)-)(43-2 +3x) + 2%y .

II. PHAN RIENG
Thi sinh chi duge chon Iam m{t trong hai phdn (phén A hodc B)

A. Theo chuang trinh Chun

Q Cau Vl.a

1. Trong mat phang véi hé toa do Oxy. cho tam gidc ABC ¢6 M(2: 0) la
trung diém cua canh AB. Duong trung tuyén va dudng cao qua dinh A lan
lugt ¢6 phuong trinh la 7x —2v - 3 =0 va 6x —y — 4 = 0. Viét phuong
trinh duomg thang AC.
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2. Trong khong gian voi h¢ toa do Oxyz. cho cic diém A(2:1:0).
13(1:2:2). C'(1:1:0) va mat phang.

Xac dinh toa do diém D thudc duong thang AB sao cho duomg thé’ing CD
song song v&i mat phing (]‘): x+y+z-—20=10

O Cau VilLa. Trong mat phang toa do Oxy. tim tip hop diém bicu dién cac

s0 phirc z thoa man dicu ki¢n !/ (3 — ~1-i)| 22,

B. Theo chugng trinh Ning cao
Q Cau VLb.

1. Trong mat phang vai hé toa do Oxy. cho duong tron (() co phuong

2 ; ;

ainh: (x — 1) +y* =1. Goi I la tam cua (C). Xéc dinh toa do diém M
thudc (C)sao cho TMO = 30",

2. Trong khong gian vai hé toa do Oxyz. cho. duong thing
e e D

Z : \
= vamatphang (P):x +2y—-32+4+4=0.
: = vamitp ¢ (P) )

Viét phuong trinh duomng thang d nam trong (P) sao cho d ciit va vudng

&

goc voi duong thang A.
Q Cau VILb. Tim cac gia tri cua tham s6 m dé duong thang
x° +x—1

X
A, B sao cho trung diém cua doan thing AB thudc truc tung.

y = —2x + m cét dd thi ham sb y = tai hai diém phan biét

O DAP AN DL 6

QO Caul
1. Khao sat...
Khim=0.y = x' —2x*
e Tap xdc dinh D = R
e Su bién thién:

* Chiéu bién thién: v' = 1x" —4x; y'=0 & x = +1 hodc x = 0.
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* Ham sb nghich bién trén (—rx): ~ 1) va ((); I) : déng bién trén

(ml:()) va (l;+ 'xJ)

7
* Cuc tri: Ham sb dat cuc tiéu tai x = £1. Yop = =1
dat cuc dai tal x = 0, yep=0

*Gigihan: lim y= lim y = 400

N ™ Ny

* Bang bién thién

X | —no —1 0 1 +00
' = 0. 4+ 0 ~ 0. %
+ 0
y
e Db thi:
2. Timm...

Phuong trinh hoanh do giao diém cua (C, ) va duong thing

y=-1:x" —-(3111 + ‘2)}(2 +3m = -1
Pit t = x%.t > (: phuong trinh tr¢ thanh:
¢ —(3m+2)t+3m +1l=0&1t=1holict=3m+1.
Yéu cdu bai toan twong duong
0<3m+1<4
3m+1=1

QCiaull
1. Giai phuong trinh...
Phuong trinh da cho twong duong:

41»#715—<m<1.mz()
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\/5(:05:’):( - (r-' iS4 sin x| —sinx = 0

-
o \/3 COs DX — sindHx = 2sinx

ﬁ 1 [ =

& —— CcOos DX — —Z-siu-").\' = BN 45 s;inl_—3 s % | 25 SIUX

T "
& ——0x = x + k2rhodc — - 5x =7 —x + k2=

e, L&

Viy x = — + k= hoic x = —— + k= (k € Z).
13 3 6 2

2. Giai hé phuong trinh...

3
Xx+y+l-==1
Hé da cho tuong duong : P 5"
(x+_\')——'-f-+1=()
o2
X
= s P ad VR .
Sl ~ 2410 |m——+2=0
X }\2 L X X
_1_# l:_ 5 X s
& 1x hojc {X 2 <:>l hodc 3
K e 1 y = X = ——
X+}——2 X+y=-— 2
2
. i et Vit 3
Nghié¢m cua hé : (.\':_\') = (1:l)va (x:y) = 12— -2— .
s - a . .. . - A - 1
Chiy: Dé don gian bai toan. co thé dit n = x + y,v=—
X

Cich khic: Véi dicukién x # Ou=x(x+y).v=x

H? da cho viét lai: ,

2 5 2 " N
X (x+y) +x° =5

2 2
u +v =9

x(x+_v)+x=3 u+v=3
o

0 Cau 111
Tinh tich phan...
dt

Biit=c"dx=—x=li=gx=Jdi= e’
t
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It [ 1)
I = 25 JEU | S R
J.t(t*]) JLt—l L)
i I 3 (e 4 .
= In|t - l!i — In| t' s 111 g +1)~2.
QO CaulVv
Tinh thé tich khéi chop...
PELTEIERE. | : HaIH L AC (H € AC)
. = [H L (ABC): IH la duong cao cua tir dién
2a A
SN IABC = IH/ /AA' = e :3-
A (o i ‘1.- ] C AA' CA' 3

:>1H.—:5A1\'--i‘-‘- AC =VA'CZ — A'A? = a5,

BC = VA C AT = 2.
Dién tich tam gidge ABC:S, /. = %AB.BC =¥,

Thé tich khi tir dién TABC: V = ~IHS, . =
STFPA

Ha AK L A'B(K € A'B).

Vi BC 1 (ABB'A') nén AK L BC = AK L (IBC).

Khoang cach tir A dén mat phang (IB(,‘) la AK

= 25\ " :'\A'.AB _ z;W’E

A'B - JA'AT L AR g

QCauV
Tim gid tri lon nhat. gia tri nho nhat
Do x+y=1nén:
8= l(ix"’y2 -+ I2(x3 = .\'3) +8xy + 25%y

= l(ix"'_\,"" + 12 i[(\ + \)‘ — 3xy (\ -+ )')
| ,

CA e o =
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Pat t = xv ., taduge:

) (X + '\')‘ ]
8 =16t =3t 4+ 130 < xv= ~-—1_— - _]:

=5 § et
L

Xét ham s f(t) = 16t° — 2t + 12 trén doan l(}: 11}

£'(t) =32t~ 2f'(t) = 0 & t =—:f(0) =12,

( "5
L]0 (1)
16 2

e 0)= 1] = o0 1 1| = 2

1 1 - o 16 16
ﬂ:] ?ll: I{
a el
S i - .25
Gia tri I6n nhat cua S bang 7
x+y=1 11
Khi ] (x:y) = [_:_ ;
Xy = — 22
4
aiowd il L : sk Y=
Gia tri nho nhat cua S bang . ; Khi
) xy-= 16

< (x: y) =

| 4

Q Cau Via.
1. Viét phuong trinh dudng thang...
Tx—-2y—-3=0

Toa dd A thoa man hé: .
0a dc 0 n he Be—iggep

=5 A(l;?)

B déi ximg véi A qua M, suyra B =(3;-2).
Puong thang BC di qua B va vudng goc véi dudong thing:
6x—y—-4=0
Phuong trinh BC:x + 6y +9 = 0.

2+3 2—J§]h : [2—»5 2+3
ik 0dc (x:y): :

157



Toa d¢ trung diém N cua BC thoa man hé: °
Tx—2y—-3=0

= N U:—é
X+06y+9=0 2

= AC = 2MN = (—4:— J)

Phuong trinh duomg thang AC :3x — 4y +5= 0

: ey
2. Xac dinh toa do diém D ...

x=2~t

AB = (—1;1;2), phuong trinh AB :{y =1+t

7 = 2t

D thujc duomg thang AB = D(2 — t:1 + t:2t) = CD = (1 -4 %2t).
Vécto phép tuyén ciia mat phing (P) . 1: = (1; 1;1)
CD//(P)@ﬁ.é?):%:»1.(1—t)+1.t+1.2t=0@t=_%.
Vay D[%;%:——i].

Q Cau Vlla.
Tim tap hop cac diém...

Datz=x+yi(x,yElR): z-3+4i:(x—3)+(y+4)i.

Tir gié thiét, ta co: \ﬂx “3) +(y+4) =26 (x-3) +(y+4) =4.

Tép hop diém biéu dién céc s6 phirc 2 la dudng tron tam I(3;— 4) ban
kinh R = 2.
Q Cau VIb.

1. Xéac dinh toa do diém M ...

Goi diém M(a,; b). Do M (n; h) thudc (C) nén
(a-1) +b2 =10€(C)=>10=IM=1.

Tam giac IMO c6 OIM = 120" nén
OM? = 10? + IM? —210.IM.cos120" & a? + b% = 3.

158



(;1—1}2+l);g == ]

Toa dg dicm M la nghiém cuahé: {7 = ~.
a’+b° =3 | ; \/3
) = + —
2
'{'— .
3 3
Vay M = {—:f vl
2 g

2. Viét phuong trinh dudng thang...
Toa do diém I cua A véi (P) thoa man hé:
e T A %

1 1 :_1:>I(—3:1;1).
X+2y—-3z2+4=0

Véc to phap tuyén cua (P) 1: = (1:2; —3); vec to chi phuong cua A:
| Lik—=1).
Puong thang dcan tim qua T va cé vec to chi phuong

:' = l;;i == (1:——2:-—1).

i

1

x=-3+4+1
Phuong trinh d :{y = 1 -2t
Z=]1=1

Q Cau VIIb.
Tim cdc gia tri cua tham sé m ...
Phuong trinh hoanh dé giao diém :
x2 +x—1
X
Phuong trinh ¢6 2 nghiém phan biét x ;x, khéc 0 voi moi m

= —2X +m & 3x* +(1—-11‘1)x—1=0(xz0).

R R e
2 6

m—1

Hoanh d6 trung diém 1 cua AB X, =

e f) & =1,

leOyex =0s

159



O PE 7

I. PHAN CHUNG CHO TAT CA THI SINH
QCaul. Choham sd v = x" +3x? + 4 ¢odd thi lz'i(.(f“).

. Khao sat sy bién thién va v& do thi (C) cua ham so.

2. Gia su parabol (l’) cv=ax? +bx +c¢ .(u # ())luén di qua cac diém cw
dai, cuc tiéu coa ham sé. Viét phuong trinh (P)dé parabol (P) ludn tiép xi
voi duong thang y = 2x.

Q Cau Il

1. Giai phuong trinh : 2sin” x + 4 cos’ x = 3sinx.

gk . D 1
2. Giai bat phuong trinh : 5\/: + <2Xx+—+5,
2Vx 2x
10 Y

Q Cau IIL. Tinh tich phan: I = I
5 K= 2vx -1

Q Cau IV. Cho tirdién ABCD co:

AB=C‘D=2X,(()<X<—\_/§-] vi AC=BC=BD=DA=1.

Tinh thé tich tir dién ABCD theo x. Tim x dé thé tich nay I6n nhét v.
tinh gia trj Iém nhat do.
Q Cau V. Cho cac s thuc duong a.b,c bit ki. Chimg minh ring:
(a? + bc)(b + c) (1)2 + ca)(c + n) (02 + ab)(a, + b) 3‘/5
g i > :
a(b2 + cz) l)(c2 + n'*’) c(n2 + 1)2)
IL. PHAN RIENG
Thi sinh chi duge chgn Iam mdt trong hai phdn (phdn A hodc B)
A. Theo chudng trinh Chuan: |
Q Ciu VLa
1. Trong mat phing voi hé truc toa dd Oxy cho dudng tron (C)

x> +y? = 1. Dudng tron (C')tﬁm 1(2:2) cat (C)tai cac diém A, Bsao ch

AB = \/E . Viét phuong trinh duong thing AB.
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2. Trong khong gian vai hé truc toa do vudng goc Oxyzcho A('Z; 5;3)

; ; ] y =1 © @-~2 " . .
va duong thang [d): % = l - e Viét phuong trinh mét phang
(Q)chl'ru (d) sao cho khoang cach tir A dén (Q) Ion nhat.

Q Cau VILa. Tim m dé phuong trinh: x* +mx +3i=0 ¢6 tong binh
phuong 2 nghiém bang 8.

B. Theo chuong trinh Nang cao

O Ciu VLb (2,0 diém)

1. Trong mat phing v&i hé toa dd0 Oxy cho hai duomng thing
dix—y=0.d:2x+y—-1=0. Tim toa d0 cac dinh hinh vudng
ABCD biét rang dinh A thugc d,. dinh C thufc d, va cac dinh B,D
thudc truc hoanh.

2. Trong khong gian Oxyz cho mat cau (S) :
2 2 2 P
(x +1) +(v+2) +(2+3) =14 vadiém M(-1;-3;-2).
Lap phuong trinh mat phang (P)di qua sao cho (P)cét (S) theo mot
giao tuyén la dudng tron c6 ban kinh nho nhat.
Q Cau VILb. Tinh: S=C', - C?, + C|, +...+ C; + C;

19 19

O DPAP AN DE 7
O Caul
1. Ban doc tu giai.

2. Theo cdu 1. ham sb dat cyc dai tai A (-2;0) va dat cyc tiéu tai B(0;4).

Vi parabol (P) ludn di qua cac diém cyc dai, cuc ti€u ciia ham so nén ta

. |4a-2b+c=0 b=2a+2 5
co hé o4 “ o :>(P):y=ax +2(a+1)x+4.

Parabol (P) ludn tiép xuc dudng thing y = 2x tai diém (xn;yﬂ) , khi hé
Jnxf} + 2(:@ + ])Xu +4 =2x,

phuong trinh @ 4,

l‘\nx; + 2(:1 + 1)x0 + 4)' i (2x0)' (*) P
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a=4

Khidé(*)c:,{x o lneq 2= (P)iy =% 4 10x 4,

[(I

Q Caull

G 3 3 G |
1. 2smm7" X+ dcos”’ x = 3sinx :.ismx‘sm‘ x+(-uszx,

2o o )
= Jsin” X + 3sin x.cos” X
a3 3 oy B 2 ‘ 3
& sin” X —cos” X +3sinx.cos” x —Jceos” x =0
e ; i ST 2
&> (sin X — cos x){sin° X + sin X.cos X + cos” X
+3cos X (sinx - cosx) =0

& (siu X — COS x)(ﬁiu2 Xx+sinx.cosx+4 Cos> x) = )

sinx —cosx =0 (l)
el B ; 2 .
sin X +sinx.cosx+4cos“ x=0 (2)

o Giai (1)c> tanx =16 x == +kn
4
o Giai (2)
* D& thdy cosx =0 & x = —g+ mn khong l1a nghiém phuong trinh (2)
* Vol cosx 20 x# -1-;- + . chia ca hai vé phuong trinh (2) cho cos? x
Khi d6 phuong trinh (2) tré thanh : tan® x + tanx +4 =0 ( ) phuong
trinh (3) vO nghiém, nén phuong trinh (2) vO nghiém .
i n
Vay phuong trinh da cho ¢6 mdt ho nghi¢m x = 7 + km.

2. Piéukién: x >0

1
Bét phuong trinh da cho viét lai : (\/: + ———) (x + -——] +95 (1)

nx
D.’;’lt:t=\/; > 2 (2).(10 x>0 .

2f_

1
Khidé(2)<:>t «—x+—-1-—+1:>\c+-——-—t ~1
4x 4x
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t

IA

1SS ™2

Phuong trinh (1)c> Ht sz(t" —1)+-’3 <2 -5t +32 ()c::‘»[

LL

v

Diéu kién t >

i
\/ it
)
Jig-tuan [EF-3/K4120
x 2

Khido (2) < 3%
x> x>0
’ ]
2 0<x <—
> 5 ﬁzl@ 4
o |
LX>0

Vay tap nghiém cua bt phuomg trinhdachola: T = {O;i] ) [1; +oo)
Q Cau lll

Pt x-1= 2 = x = t? + L.dx = 2tdt

Pdicin: x =5=>t=2x=102>t=3

3 ; 3 _ 3
Khidél:j sl =2j(—t—£dn=2jtll+ il
2

2(t2+1)—‘2t (t_l)z 5 b= (t——1)2

1 3ﬂ[(‘"?"}i}(o‘l)}=2[1n2+.;.)

=2 ln|t-~1‘-{i——}

—

- 2
( l 9
=2|In2+Ine? | = 21:‘1(2 e) = 111(‘2 e) = In 4e.
K
Q CaulVv
Goi 1,J14n luot 1a trung diém cla cac canh AB,CD
x .0 1 § 1
De thay Vinen = Vucn L [T P —B_AI'bI(‘D’ Vm(‘n = E;BI'SI(‘D

| . , 1
Hay : Voo =<5 (AI+BI), S, = 51CD
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Dé dang chirng minh dugc 1] la doan vudng goc chung cua AB,CD

Taco: 1 =CIF =CJ =1=2" Al =Bl = x

ICD

=58 : = %.IJ.C[) = % 1-2x°.2x = x.41 = 2x? (dvdt).

Vv =1 (AI+BI =—\f-2x (x+x)=z§i.dl-2;(dvtt).

ABCD T g Sien

2%x? . = <£ X°+x° +(1—2‘()“___2_
= 1 \/xx _;\/( ]_9\5

3

V3

Piang thirc xay rakhi: x* =x’ =1-2x" & x o

Vay max V. =—-%— khi x =—\/§.

ABCD 9 \[S 3

QCauV
bat x = a.(h2 +c2),y il l)(c‘) +az),z — 'c(az + 1)2). Khi do, bat ding

thirc can chimg minh chinh lz‘x:\/‘ijZ +\/z+x +\/x+y > 3\/5.
X y 2

Sir dung bt dang thirc Cosi bo ba s6, ta ¢o

\/m Z+ X \/}Ty>3\/\/y+z \/.H—x \[-f—y
y

Vaytacan chi ra duoc : (X i3 ) y L A)(L +x) >8
XYyZ

Piéu nay mdt lan nira lai dung theo bat dang thirc Cési vi
(x+y)(y +2)(2+x) _ 2xy-2)ya-2Vax
E Xyz

Xyz

o K

BAt dang thirc chimg minh xong.

Déu ding thirc xay ra khi va chi khi a = b =c¢ > 0.
Q Ciu VlL.a

1. Ciich 1: Puong thing OI ndi 2 tam cia 2 dudng trdn (C),(C')la
dudng phan giac y = x. Do d6, duomg ABvudng goc voi dudmg thing
y = x = hé sb goc cua duong thang AB bing -1.
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Vi ADB = \[2 = A. D phai la giao diém cua (C) vai Ox, Oy.

Sy A(Qzl).l_s(i;n)
A'(~l:(l).li’({):*l)
Suy ra phuong trinh (.f\B) y=-x~—Ly=-x+1.

Cdch khac: phuong trinh AB c6dang: v = —x + m.
Phuong trinh hoanh d¢ giao diém cua AB la:

XX+(-x+m) =1 2%’ - 2mx+m’ -1=0(1)

A '_— v 2 1 » - r‘ A o Ao
(1)co A'=2-m" . goi x,.x,langhiém cua (1) ta co:

AB =2 2(x, -x,) =26 (x,-x,) =1

/ !
@%—:IQQ«'][;Z:I@MJ:il.
a

Suy ra phuong trinh (AB) cy=-x-lLy=-x+1.
2. Gia str miit phéng (Q) ¢o phuong trinh dang :

ax+hv+cz+d=0a+b" +c° >0.
Cach 1: |
(d) cO vecto chi phuong 1a u = (2: 1:2) va qua diém N(l; 0; ’2), (Q) cod

vecto phap tuyén la = (n: b c-) £0. Mat phing (Q) chua (d) khi

NE(Q)Q Qa.z-i-b (1)

&3
a+2c+d=0 c=-

{;lla {2n+l)+2c—_—() d=a+b

Khoang cach tir A dén (Q):

2

a’+b® +| -~ 5

' 20+ 5b+ 3 LR +(a+b)
) |m+%+k+q_

do (1)
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Thu gon réi chia hai truong hop :
e b =0, truong hop nay khéng thoa dé bai .
e b # (. chiacatrvamaucho b.

Khoang cach tir A dén (Q) lon nhdtkhi a =1 b=-4=c=1Ld=-3

Mt phang (Q) X —4y+z-3=0.
Cach 2:
Goi M la hinh chiéu vuong géc cia A 1én duomg thang (d). khi d6

{Elf (dl = 1\-1(3;1;4).
AM 1L u

Gia sir (P) 1a mat phang tiy § chira (d). khi d6 M e (P).

Ké AH L (P).khidé AH < AM.

Mat phng (Q)chita () sao cho khoang cach tir A dén (Q) 16n nhit
chinh 1a mt phing chira (dl) dong thoi vudng goc véi AM .

. _|qua 1\1(3:1:4) 7 Iy
ks (Q)'{vtpt {}//Kl\*i=(1:—4:1)©(q)'x R

Q Ciu Vil.a
Theo bai ra ta co: x'f + xf = 8¢ (Xn + x?)g ~2 X, = 8(1) :

X F X iy

Theo dinh li Viet ta co { ‘ = (2)
Xx,x, =3

Tu (1) va (‘2)suy ram’-6i=8 <> m° =8+6i = mla mdt cin bac
hai cua 8 + Gi.

Goiz=x+ yi,(x.y € R) la mot can bac hai cua 8 + 6i nghia la

- 2 9 s 3
(x+iy) =8+06i &@x -y +2ixy =8+0i
x' -y =8 X' -y’ =8 %" =9 5% =4
= By gpdet . &
2xy =6 x +y =10 y' =1 y = 1
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{

v
I
|
L

; x=3 X
Do x.y cung dau suy ra J hodc J
E,\'zl 'lyz—i

Vay 8 +6ico 2 canbac haila 3+i1va -3 -1i.
Q Ciu VLb
L.ViAed = Att). A va C doi ximg nhau qua BD va
B,D € Ox = C(t;—t).
ViCed, =2t-t-1=0&t=1.Viy A(l:l).C(l;-l).
Trung diém cua AC la I(l:()).

A=lB=1

Vi I 1a tdm cua hinh vudng né ;
i I 1atam cua hinh vudng nén D= IA =1

B.D € Ox = B(1x0).D(:0) = b1 =1 lb=0,h=2

ld—l|=1<:> d=10d:=2

= B(0:0).D(20) hoae B(20).D(0:0)
Vay A(1:1).B(0:0).C(1:~1).D(2:0)
hoge A (1:1),B(2:0),C(1,~1),D(0;0)

2. Mit cu (S) ¢6 tdm I(~1:-2-3) vabinkinh R = V14.

Vi IM < R nén mat phing (P)cét mdt cau (S) theo mdt giao tuyén la
dudng tron .

Dé dudmg tron ¢ ban kinh nho nhit <> VR’ -~ IH* nho nhét (H la hinh
chiéu vuong goc cua T trén mat phang (P))

& IH 16n nhite M = H & IM =(0:1:-1)1a VTPT cia (P).

Viy (P)c6 phuong trinh 1a y -z + 1= 0.
Q Cau VILDb.

(1+1)" =(C + CLi +CLi" 4.+ Cl) + (CLyi + CLi* + ..+ C")

gt 1 19
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Phén thye 0 vé phii 1a: €y, + C1i* + CLi' +...+ C1 1)
Mait khac:

) e ) i
(1 " i)l' - I\/.E[COSE i iSi“‘_‘]% - (VE)I [CUH}_Q'.\“ P isil'll_(t)l)
! i \ 4 4 J

Phan thyc & vé phai la: —2"(2).
Tir (1)va (2) suyra C), + Ci° + Cli' +...+ C)) = —2' = =512

O PE 8
I. PHAN CHUNG CHO TAT CA THi SINH
QO Caul.Chohamsd y = x" + (1 - 211’1)}("I + (2 - m)x +m+2 meR.

1. Khao sat sur bién thién va vé& do thi (C) cua ham sb voi m = 2.

2. Tim tham s6 m € R dé do thi cua ham sé c6 tiép tuyén tao voi duong

: . 1
thang (d): x+y+7 =0 goc «.biét cosa = —.

) T

Q Cau Il

1. Giai phuong trinh: v3° \/1() -3 - \/1) 3'-50-9" =

2. Giai phuong trinh: 2 cos’ (—-1— - '2)() + \[5 cosdx = 4cos’ x - 1.

|
Q Cau IIL Tinh tich phan: 1 = J' b dx.

)

”(1+\/}+2x);

Q Cau IV. Cho hinh chop tam giac déu S.ABC ¢o canh bén bang a, goc &
day cua mit bén la . Ching minh :

V= £ Za’cos” o \Fin(u + 3(’)”)sin ((\ - 3()”) :
3
Q Cau V: Cho cic s6 thue duong a.b.c thoamidn a + b +c¢ = 6.

Chimg minh ring: (11+a’)(11+17)(11+¢’) + 120abe > 4320
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II. PHAN RIENG
Thi sinh chi dugc chgn lam mdt trong hai phan (phan A hodc B)

A. Theo chuang trinh Chudn

0 Cau Vla.

I. Trong mat phang véi hé toa do Oxy cho dicm ;\1(1.-.—1) va hai duong
thang d:x-yv-1=0.4d,:2x+y-5=0.Goi Ala giao diém ciia d va
d,. Viét phuong trinh duomg thing A qua N cét d vad, lan luot & B va C
sao cho ba diém A.B.C tao thanh tam giac ¢6 BC= 3AD.

2. Trong khong gian Oxyz cho 2 dudng thing

(x:?.t x=1
(dl)\_\' =1 ,(d_,): iy =3-~1.
Lz:4 Z 2= 1)

Viét phuong trinh mat phang cach déu 2 duong thing (‘11)’(‘12)'
Q Cau Vll.a.

Trén mét phing cho da giac 16i 10canh T = A A ..A_. Xét céc tam gidc c6
3 dinh cua tam gidac T. Hoi trong sO cac tam giac ¢6 bao nhiéu tam gidc ma
3 canh cua no déu khong phai la 3 canh cua tam giac T ?

'B. Theo chugng trinh Ndng cao

Q Céau VLb.
1. Viét phuong trinh duomg tron di qua hai diém A(2;5),B(4;1) va tiép

xuc véi dudmg thing ¢é phuong trinh 3x = v +9 =0 |

2. Tim trén giao tuyén cua hai mat phang (I’) 'Xx+4y-5=0 va
(Q) . 3x —y +7—2 =0 nhimg diém M sao cho khoang cach tir M dén
mit phing (b) :2x =2y — 7+ 7 = 0 modt khoang bing 2 7.
O Céu VILb. Tim cac gia tri x trong khai trién nhi thirc Newton:

( |

'23( ) 2 1 bit rang sO hang thtr G cua khai trién bang 21
va Cl +C =2C..
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O DAP AN PE 8

QO Caul
1. Ban doc ur giai

2. Goi k 1a h¢ so goce cua tgp tuvén

= Ue€p tuyén ¢o vécto phiap 1, = (k: —l)

Duong thang (d) ¢o vécto phap n = (i: l)

Ta co: cosa = ——-——l“!"l.]":l e b e |k - ll
' sl V26 BVK +1
o
& 12kF-26k+12=0 2
2
k, ==
L3

Yéu cau cua bai todn thoa min < it nhat mot trong hai phuong trinh:

y'=k (1) va y' = l\',(;)) ¢o nghiém x

-

Ix* +2(l —-2111).\’ +2 -1 = j(«l)
= 2" " ¢6 nghiém
3x* +2(1 —2111).\; +2-m = S(I))

™ 4 ™

- 1 1 1

A' 20 [8wm'-2m-120 (mS-om2- |JmsS-—
o A,">“¢:> i ‘3>U<:> 3 2 o 14

o AT R & n S—-i.lln >3 m 2—2—

Q Caull
1Dt t=v3 =5 +V10-3" (> 0)= ¢ =5+ 2153 =50 - 0*

Khi d6 tir phuong trinh da cho suy ra:

i t _
t'—2t-—3=()¢:>{ 1:@:3 thoa man.

Vi £ =3 e 3h s 54410 =3 :3(*).

Dity=3"y>0.
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Khi do (*) = 9= 5+ 215y =50 - v & 15y =50 - y* =2

3 % [ ;

/ i v =9 [5 Il x =2

oan I --i.».\‘+-’)1:()<::>i =3 ‘C::b
ly=06 3" =6

L .

x = log, 6
E
_— o 5 o [ : )
2. Phuong trinh da cho <» | + cos 5= AX [+ V3 cosdx =dcos" x =1

2% i % % \/.';(rus-l.\' = 2(2(:(»;“’ X — 1)

& . sl + ~— cosdx =co8 2%
/ i X = —T.t-—+k1t
&> cos| AN —— [ = cos2x & 12 ke R.
§ n kn
! p Y e
A 36 3

S . ‘ % 4.1
Q Cau 1L Tinh tich phan: | = J' = dx

)

”(l + \/l—:}:)

1; t2 — 9t
Dat t =1+ v14+ 2% = dt & ——= ndx:(t-l)dtvax: 22

v+ 2x

' "-21+) { - | Lt — -
Ta co l_i; . - ettty
i} 7 2 t
| ; 2 : ‘
=1[(r—3+i—‘-—3,—}1t gl L—-3t+.11n|t|+3 Ly
23 £ ) 21 t), 4
O CaulVv

Goi SH.SI lan luot la duong cao. trung doan cua hinh chép .

Theo gia thiét. goc o day cua mat bén la o« < SBC = a,SB = a

Tuy nhién goc gitra mat bén va mat day la SIA

1BC \/_ J3

V= 35\m SH =~ SH = -l—nc"su

ASBI vuong. Bl = HB.('().\‘(\ = a.cosa = BC = 2Bl = 2a.cosa

2 BCV3 2043
5§ -

ASBH vuong. BH = - :

COS (}
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SR £ 8PP — B = 53 ~ i aes 80 = g 2t &
3" | Vo3
1

V = —a” cox’ W3 — deos” o

.

9 l ; ?"..)_
Sl el v B B 2[1

— —cos2n | = 2((-(»: 60" — cos 2(1)
2 ",

L7 ‘_2_;1;' cos’ (x\/sin(u -+ Z‘}()'])Sill((\ . 3“”)

&

Q Cau V. Khai trién bit dang thie can chimg minh. ta thu dugce
121 (n2 +b° + ("‘)) +11 (:1.‘?1)"’ +bhle’ + (f’;l")) 0

+(n D'’ + 36) + 120abe = 3025
Str dung bt dang tthire Cosi. ta co: a’b’c’ + 36 > 12abc
Vay bai toan quy vé chimng minh
121(;12 #1074 )+ 10D+ e’ + ¢’ ) + 132abe 2 3025
o ll(n2 +b +¢f ) +a’h’ + be® +¢'a” + 2:11;0(:1 +b+ c) > 275
= 11.[36 =2(ab + be + cu)] +a’h’ +b’e’ +cfa’ +

+2abe(a+ b+ ¢) 2275

o1 - 22(:;1} + be + (:n) + (nh + be + c'n)z 2> ()

- (al) + be + ca - U)y 2 ()

Bit dang thirc cudi cting hién nhién ding. Chirmg minh hoan tat.
a+b+c=0

Déu bing xay ra khi a.b.c 1a nghiém cua hé: {abc =6
ab+bec+ca=11

Tir d6 suy ra a,b.c la 3 nghiém phén biét cua phuong trinh bac ba:

X! = 6X* + 11X = 6 = 0 (theo dinh 1i Viét dao).
& (u, b, c) = (1. 2 3)\';’1 cac hoan vi.
* Nhin xét: Mot bai toan hoan toan dbi xing nhung dau bang lai xay ra

khi 3 bién léch nhau va khong co bién nao bang 0. qua la rit dac biét phai
khong céc ban ?
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0 Cau Vl.a
1. Taco toa do dicm A la nghiém cua hé:

J\ v-l=0 [xz‘;‘ &84
|L. y—."):()Q::Mly:1::> ()

Lay diém }')(3:2) £ 1 ( I # \) Tatim tén d, diém F,F # A sao
cho EF = 3AE
DoFed =F ( )~)\)

Khi do: EF = 3AE & (x-3) +(3-2x) =18
[x =0 pF(():S)

©5x2—18x:()®{ 18 < F[18 11)
X = > :

3

BC =3AB I,I'*‘ AlS
Vi e e g
EF = %/—\F BC AB

F(O:S) = F“]“l*:(—«.ﬁ: 3) S ANIXxty=10

39
F(15§ —EJ LF(é —J}DA:7x+y—6=()

3 5 5

Vay c6 hai duong thang thoa man yéu cau dé bai la
A:x+v=0va A:7Tx+y-6=0.

2. Puomg thang (d,) di qua .-4\(():(}:4) va ¢d vecto chi phuong
i, =(2 1 0).(d,) diqua A(0:3:0) vaco vectochi phuong i, =(1; -k o).

(6, ] = (0: 0. - 3)

Taco:
AB = (0: e == 4)

:>[ A1 } AB=12#0 = (d,),(d,)chéo nhau .
Vi (d]),(d 2) chéo nhau nén mat phing (P) phai di qua trung diém

Icua MN la doan vudng goc chung cua 2 duong thing (dl),(dz).
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Giasy Me (d, ) =M{(2: t: 49)).Ne(d,) = N(t:3-¢0)
— MN = (t'—2t: J=tl=1t —4)

MN la doan vudng géc chung cua 2 dudng thang (dl ).(d))

(i

MN.i, = 0 {m il G bl )
= 9 .

sugeects &
MN.i, = 0 t'-2H-3+t'+t=0

(t=1= M2 1:4) |MN=(0:0; -4)
&~ 9 =p ; ; 5
e N(Z o U) ](2 12)

\

Mt phing (P) di qua trung diém Tcua MN va vudng goc MN nén c6 vecto

phap tuyén la MN = ((): (- 4).do d6 mit phang (P) cantim: z-2=0.
Q Cau VilLa

S6 tam giac phan biét ¢6 3 dinh la 3 trong céc dinh cua tam giac T la
C:, =120. Ung véi mdi canh ciia da gide T s& co 8 cach chon céc dinh con
lai dé tao thanh 1 tam giac chira canh nay .

Do d6 so tam gidc co it nhat 1 canh la canh cua da giac T la 80 tam giac .

Trong 80 tam gidc trén cd- 10 tam gidc ¢ 2 canh la 2 canh cua da giac
T duoc ldp lai 2 lan.

Viy s0 tam giac can tim dé thoa mén de bai la

(€5, = 80)+10 = 50 (tam gidc )

Q Céu VLb

1. Goi I(u; 1)) la tim duong tron ta co h¢

o =) +(5-0) ==a) +-1) ()
W=afie) o oony 220

(1) & a=2b-3 thé vio (2) taco

b2-12b+20=0 b=2vb=10
b=2::~u,=l.R.=\flT):::;»(C):(x—l)2+(y—2)2=10

b=10=a=17.R = v250 = (C) :(x - 17) +(v -10) =250



2. Giao tuveén cua har mit phing ( P).(Q) la

i,.\' = O - 41
i
((l):{‘\' 2= § 1e X
|7 = —13+ 1380
\

Me (d)= M(5-dun-13+13t). 1ek.
R -2() - (Fme )+ 7] Jao - 23

(Ms) 3 ) n
\/2’ +(-2) +(-1) :

d

Theo bai toan

o2y (30 - 23t =10
d. . =2c:>—-*—d=2<:>130—23t|=10z
(M) 5 30 -23t =-10
™ s TR
£ = é(—; M :g%):
< 10 > 40 )
L= —— Mii—;
23\ 23
Q Cau VIL.b
Piéu kién: n nguyén duong vi n >3
- t r
Taco C + (! =207 X RS T Wk

n-m+4=0=>n=7
S6 hang thr 6 :

C"'( ’21-_-(10—.!‘)} (\/ (_\ _»}z.;,:) _ 21 - 2].2lu(ln—.1‘}'2(x~2)la.i L 21

7

<~ lg(lU — 3‘)_*_ ]g 3ix—2?) = (} &> 10 3x.3(xrz) 2
& 3 -10.3° +9 = 0(*)
bat t =3t >0

t=l=3"=lezx=0

Phuong trinh: (*):> t' -10t+9=0¢& 4 3
t=0=3 =0=3"xs2
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O PE 9

1. PHAN CHUNG CHO TAT CA THi SINH

X -2

Q Céu 1. Cho ham s0: v = —— ¢6 o thi la (C)

X_..

1. Khao sat sy bién thién va vé dd thi (c) cua ham sb.

2. Lap phuong trinh duong thiang (d) di qua diém A(—;—g—) va cat (C)

tai hai diém M,N sao cho A thudc doan MN va AN = 2AM.
QO Caull.

1. Giai phuong trinh: x + Y. (x e R).

Vx’ =9

. wi B ¢ - R w @l B X
2. Giai phuong trinh: 1 + smEsm X - cos—z—smz x = 2cos’ (Z = E)

2

Q Cau II1. Cho hai ham s ;.{(\c) = 3= x.f(x) = (x - 1)

Tinh tich phan :]-min {{'(x),g(x)} dx .

O Cau IV. Cho hinh nén ¢6 dinh S, day la duong tron tam O, SA,SB la
hai duong sinh, biét SO = 3. khoang céch tir O dén mit phing (SAB)

bing 1, dién tich tam giac SAB bang 18. Tinh thé tich hinh nén di cho.
O Cau V. Chimg minh ring v&i moi sd thuc khong am x,y,z, ta luén cé:

(x + 2y + z)(x + v+ 2)2 = 4(x + y)(y+z)(z+x).

II. PHAN RIENG
Thi sinh chi duge chon Iam mdt trong hai phdn (phdn A hogc B)

A. Theo chuang trinh Chuan

Q Céu Vl.a.
1. Trong mit phang Oxy, cho diém A(1;3) nim ngoai
(C):x*+y* -6x+2y +6 =0.
Viét phuong trinh duong thing d qua A cét (C) tai hai diém B va C
sao cho AB = BC.
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2. Trong khong gian von hé toa do Oxyz cho A(‘2; 3;—-1) va mit phing
(a) :2x —y —z-5=10.Timtoadd B dbi ximg véi A qua mit phiang (a).
U Cau Vll.a.

Giai phuong trinh: 2" + (2 - 2i)* + (5 — 4i)2 — 10i = 0 biét phuong

trinh ¢6 nghiém thudn ao

B. Theo chuong trinh biﬁng cao:
Q Ciu VLb.
1. Trong mt phang véi hé toa do Oxy cho dudmg tron (C):

)

(x+1) +(y-2) =13 va duong thang (A): x ~ 5y -2 = 0.
Goi giao diém cua dudng tron (C)vc’ri duong thing (A) 1a A,B. Xac
dinh toa do diém C sao cho tam giac ABC vuéng tai B va ndi tiép dudng
tron (C)
2. Trong khéng gian Oxyz cho hai diém A(—l; 3; —’2),B(—3, 7,—18) va
mit phing (P):2x—y+ z+1=0.

Tim toa do diém M e (P)sao cho MA + MB nho nhét.

log, JX+y = 3logh,(\/x -y + 2)

Q Cau VILb. Giai hé phuong trinh: ‘
\/x'2 +y’ +1-\/x2-y2 =3

O DAP AN PE 9
QCaul
1. Ban doc tu giai

2.Giasr M| x:1- : N x5l = !
x, -1 x,~1

Theo bai toén, suy ra

U
'
—_

0;2),N(2;()) N (d) Ly =2-x
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Q Cau ll

o 5 'x>3
1. Piéukién: x° -9 >0 c:»{

X < —3 i

-

Néu x < =3 thi x + \/___ <0< 6y2 phuong trinh vé nghiém. .
x' =9

Néu x > 3, binh phuong hai vé phuong trinh

. Ox? 6x’ x! x?
e - +—= =72 ——+6.
X" =3 x’ -9 x -9 x’ =9

—.72 =0(*)

B&tz_ﬁ;- (t>()).phu0ngtrinh(*):>t"’+6t-72=0<::>t=6
x" -9

2

Vgit=6> =6 x'-36x>+324=0

x’ -9
& x2 =18 & x = 32 théa x > 3.

- i ‘ IE X
2. 1+8in—si1X —cos—sin" X =2¢cos” | — — —
2 2 4 2

i W s n -
S l+sin—sinx —cos—sin“x=1+cos|—-x|=1+smx
2 2 2
s i . X X
& sinx sm—z——cosEsxux-l =)

i X RS
& sinx| sin— —cos—.2sin—cos——-1|=10
\ 'y 2 2 3

/
oohX 9 X v X ;
& sinx| sin——=11 2sin” —+2sin—+1|=0
2 2 2

[sinx =0
x = kn x =kn
X
S lsin— =1 & e
2 -_)—;-=g—+k'21t [
2sin’ s +‘23ini +1 :
2 2

X =n+kdn

S x=knkelZ

178



J Cau 111
“ach 1: jmin{f (_x).:(.\')}rlx — "_5 ”(f(\) * :—i(\)) - 'f(x)“f-’{(x)!}‘ix
= _3 ]{(\’ ~3x + «i) HI.\" - X - ‘2[}(!:\'

i"(\: - 3\+4)(l"{-—](‘( - X - 2)1\(
+T(x1 e x—‘Z}lx == I(\ g —2)(1)( =¥

N[—-

“ich 2:

Xeét £(x)~g(x)=(x-1) -(8-x)=x -x-2=(x-2)(x+1)

mm{f(x),g(x)}=3—x khi xe[-2-1]u[23]

min{f(x),g(x)}=(x—l)2 khi xe{—l:‘Z]

atb-|a-b
T e

Suy ra

Bai todn dén day da don gian nhiéu: min {a;b} =

1 CaulV.

Goi E la trung diém cua AB, ta cé:
OE 1 AB,SE L AB,suyra

(SOE) L AB.

Dyng OH L SE = OH 1 (SAB)
vdy OH la khoang céach tir O

dén (SAB). theo gia thiét thi OH = 1.
Tam giac SOE vuodng tai O,OH

1a dudmg cao TR + :
OH*> SO OE’

1 1 1

o el i et

OE* OH® SsO?

9 3\/_

-—-§:>()E2 = OFE = —
9 8
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SE2=OE"+SO"=_+9—;_:>SE:

o) ) 4
2S :
S, =lABSE o AB=2m _ 36 _op
, SE 9
272
. . A : 2 Mr
OA? = AE? + OE! = (%AB] +OE" = (142) +%= 3“"2‘ - zg.)

265 3 - 265
-

Thé tich hinh nén da cho: V = %n.OAZ.S() = %n

Q Cau V.
Mot kinh nghiém ma chiing 6i muén chia s¢ & ddy, d6 la v6i hau hét ca
bat ddng thirc ba bien. nhat la trong ki thi dai hoc thi dang thirc chi xay ra khi
a = b =c holic abc = 0.

Piéu do ciing din téi phuong phap xac dinh diu bing don gian va hi¢
qua nhit la cho ba bién bang nhau hoic mét bién bing 0 .

Bt ding thirc nay chi dbi ximg voi hai bién la x va z.

Dy doan diu bang xay ra khi y = 0,x = z. Y tuong diu tién cua ta c6 |
la sir dung danh gia don gian y > 0 dé dua vé chimg minh bt dang thir
d6i ximg

(x+y+2) 24(x+y)(y+2)(z +x).

Nhung thit déng tiéc vi danh gid nay dem lai cho ta mgt bét dang thic s:
(chang han chicancho a = b = ¢ = L. tathayngay VT = 27 < VP = 32).
Sau day la loi giai dang.

Do vai tro cia x va z trong bét dang thice trén 1a nhu nhau nén ta hoa
toan c6 thé gia s x > z. Ap dung bat dang thirc Cési, ta ¢6

(x+y+z) > l\(\ +z.)

Sir dung danh gia nay. dé thiy chimg minh s& hoan tat néu ta chi ra dugc
x(x + 2y + z) > (x + y)((z + x)).

Bét ding thirc nay tuong duong véi y(x —z) > 0 (ding do x >z).

Bai toan dugc chimg minh xong.

: : g .
Pang thirc xay ra khi va chi khi x =z = 5 va v =1L
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Vhdn xét. Khi doc loi giai bai toan nay. hoc sinh thuomg hoi ching toi vi
sao lai su dung bat dang thiec (x + ¥+ z)! > -=1x(y + z) ma khong phai
la (x + vy -+ /) - .1_\,'('/, + x) hay (x + v+ z)z P 4z(x + y).

Cau tra 10i thue ra rat don gian. Néu danh gia (x +¥ + z)z > 4y (z + x)
thi déu ding thue s¢ khong duge bao toan.

1

Nén nh¢ dau bang xay rakhi x =z = 2.__\' = {J,

Mit khac. voi gia st x > 2 thi hién nhién la x(y + z) > z(x + y) nén
danh gid (x + v + 2] > 4x(y + z) khi d6 s& “chat” hon va hi¢u qua dem

lai chdc chan s€ tot hon,
Tat nhién. do vai tro cua x va z la nhu nhau nén né€u ta gia sur nguoc lai

la 2z > x thi khi do s¢ phii sir dung dénh gia (x +y + z)2 > dz(x +y).
O Cau Vl.a.

Goi B(x,:y, ) toa d¢ diém thude duomg tron (C). khi d6 ta co phuong trinh:

xf, + ,\,*fi =bx +2y,+h=1 (l)

Tir gia thiét AB = BC.suy ra BB la trung diém AC, khi d6

C(‘Zx” - 1:2y - 3).
Puomg tron (C) c6 tam 1(3:—1).bankinh R =2 va IC=R (2)
Toa ¢ diém B.C can tim 1a nghiém cua hé :

X +y, —0x, +2y +6=0 (l) x,—-2y,-1=0

(25, -4) +(2v,-2) =1 (2) = (2x, - 4) +(2y, -2) =4

1

3 ~
ox —22%x, +21 =8  ix
i 3] !

X, =3=>y, =
= - '":

)

1| =)

-
S| e

. va ngugec lai.

b 7.1

Vay B(3:1). C[—;f
)

Phuong trinh can tim la duomg thing (AB): x +y -4 =0.
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—

2. Goi A la dudng thang qua A va vudng goc VoI (a) — (‘2:—1:—1

X =242t
la vecto chi phuong. Phuong trinh duomg thang A la: {y =3 -t .

2w =l=%

Toa dd giao diém H cua A va (a) la nghiém cua hé:

(x =2+ 2t (x =3
y=3-t | 5 5
3 <‘:>‘_\.'=—i <:>H(3:~)-:—§-).
z=-1-t y 2 2 2
2x—-y—-z-H=1() z=--:-3-
\ L 2
Vi H la trung diém cia AB = B(4:2:-2).
Q Cau VLb

1. Toa do giao diém cua ((‘) va (A) [a nghiém cua hé phuong trinh:

v-2) =13 _ |[5(y-2)+13] +(y-2) =13
(x+1)=5(y-2)+13

r i X=3)
:zﬁ(y_;g)2 +l3()(y—2)+156={) o {::j:i@ {y:()
(x+1)=5(y——2)+13 *;=5\'+2 {x=-—3
Sl y = -1

A(2;0).B(-3:-1) hogic A(-3:~1).B(2:0).
Tam gidc ABC vuéng tai B va ndi tiép duong tron (C)suy ra AC |
dudng kinh cia (C). Hay tim O(-1:2) la trung diém cia AC.
Khi d6: A(2:0).B(-3:-1) = C(-4: 4)
A(-3:-1).B(2:0) = C(1:5)

2. Vi khoang cach dai sé cua A va B cung ddu nén A va B cung phi
vai (P)
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Goi A' la diém dbi ximg voi A qua (P). moi diém M e (P) déu thoa :
MA = MA'.dodo: MA + MB=MA'+MB > A'B.
Pang thire xay ra khi A'B cit mat phang (P) tai diém M.
c+1 o v=3 z+2

Phuong trinh A\': “—— = o2
2 ) 1

AA' cat (P) tai H,toadd H la nghiém cua:

2X —v+z+1=0
%41 ,\'—23“z+2:>H(1»2-‘1)

2 <] ]

Vi H la trung diém cua AA' néntaco:

2xpy =X + Xy,
Oy =¥y +¥ar= AY(3,1,0).
2y =2y iy,
Taco A'B = (—G.G.—IS) (cung phuong vai (1:—1;3))
S ¥y—-1 %

Phuong trinh duong thing A'B : x; = 1 = :

Vay toa do diém M 1a nghiém cua hé phuong trinh

2x - v+z+1=0
. 1\1(2.2,—3)

=g ¥Hi %
[ oo wdit <8
Q Cau Vll.a.
Gia sir z = xi 1a mdt nghiém cua phuong trinh.
Khi do, ta co:

—x*1 = (2= 21)x% + (5 — 4i)xi — 10i = 0
& (—2x? + 4x)+ (=x* + 2x* +5x = 10)i = 0

~2%° + 4x =0
& 3 § 5o S x=2
—x” 4 2% +B5x -10=1)

= x = 2i 1a mdt nghiém cua phuong trinh.
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Nén ta bién d6i phuong trinh da cho vé dang:

' %= I
(2“21)(4 +24+)|~*H¢H @'
!

z +2¢+5H =1

Q Cau VILb.
Piéukién: x +y > 0.x -y >0

(l(.}g.z Jx+y =3log, (2+ Jx = y)
M9 oy T
\/x“ + 9] —\[x‘ -y =3
JX+y =2+ J/x-y
& 4 . : . = (*)
\/xz+y2+1—\/x“~—y‘ =

=X+Yy \/H“\/_'=’2 (u>v)

Pt 4 7 khi Gohe [+
at. v=X-—-Y e L(): \/lll+\'2+2“

= 3
2
u+v=2J/uv+4 u+v=2J/uv+4 (1)
<> 2 2 i <= N2 ¢ TR
\/u +; +2—\/ﬁ?=3 \/(u+\)22u\+2‘m=3(2)

Thay (1) vao (2) ta dugc: \/u\' +3vuv +9 - \/1—1_\_ =3

c>m+8\/K+9 (3+\/u—\)<:>nv= ()
[t ey nv=1) 1——\ =1 2
Giai hé (1) va (3) {n+\':-1©{u_.4-—\ @{ {y 5

Vdy hé ¢ nghi¢m (x:v) = (2:2) :
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O DE 10

I. PHAN CHUNG CHO TAT CA THI SINH
OCaul.Choham so: v = —x —3x + (])
1. Khao sat su bién thién va vé do thi ham sb (i)
2. Vi gia tri nao cua m thi duong thiang ndi hai cue tri d6 thi ciia ham
? 2

sO (1) tiép xac vor duong tron (() : (x - 111)_ + (y -m - I) =5,

O Caulll.

I. Giai phuong trinh: x~ - 2(,\: + 1)\/3){ +1= 2\/2)(2 +ox+2-8x-9.

2. Giai phuong trinh : \/E(Z cos’ X + cosX — '2) + sin X (3 —2cos x) =i,

Q Cau IIL. Tinh gigi han : lim In (1 + cos zx)imhx

N~
|

O Ciu IV. Cho hinh chép SABC ¢6 day la tam gide can tai A, AB = AC = a,
(SBC) 1 (ABC) vd SA =SB = a. Tinh d9 dai canh SC dé ban kinh
mat cau ngoai tiép hinh chop biang a.

QO CauV. Cho x.y € R va x.y > 1. Tim gid tri nho nhat cua :

s AE P i=lCa]

II. PHAN RIENG
Thi sinh chi dugc chon 1am mét trong hai phin (phan A hodc B)

A. Theo chuong trinh,Chuan

QO Cau V6.

1. Trong mit phing véi hé toa do Oxy, cho hinh thang cin ABCD c¢6
dién tich la léi 6 day Ion AB gdp hai lan day nho CD. Biét ring diém
A(‘Z; ()). B(():-l)vil diém (' ¢6 hoanh d duong. Hay viét phuong trinh cua

duomg thang chira canh DD
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2. Trong khong gian vai he toa do Oxyvz cho hai duong thang dva d
Z+ D

Ve , x -2
: =zvad'i—=v-3=

lan huot ¢o phuong trinh:d @ x = - : :
-1 2 ]

Viét phuong trinh mat phang (« ] diqua d va o vl d' mdt goe 30
Tim so hang Khong chira x trong Khai trién

Vo [4CE 260
XVX +—==] . bift § T !
o | l 3¢ —18.C +RA° ) =

Q Céau VilLa.

S e w.,‘*"!‘{:ﬂf!‘" &

B. Theo chu’dng tnnh Nﬁng cao

Q Cau VLb
1. Trong mat phiang voi he toa do Oxy .
cta tam giac 4BC bidt truc tam H(l:(l). chan duong cao ha tir dinh B la

hdy vict phuong trinh cac canh

K((): 2). trung di¢m canh AD la ,\1(3: I).
' & : . 3 B
2. Trong khong gian Oxyvz cho duong thiang : (d) 1 TZE va mdt

phing (P) X —v+7-5=0.Viét phuong trinh tham s6 cua duong thang
(t) di qua ;"\(:S:-l: i) ndam trong (P) va hop vai («l) mot goc 15",

Q Cau VILb.

Tim s6 nguvén duong 1 thoa-min: »
. 7 121
g -( .
3 n+l " oap#d

O DAP AN PE 10

QO Caul
1. Ban doc tu giai
2. D6 thi ham so (l) cO cue ticu .~\(—2:()) . cue dai B(():-l). Phuong

trinh dudng thang nor hai cyue tri cua ham so (l) la

(AB):—-)—{*Jri— (\13} X—=v+d=0.
b2 4

((‘m) cotdm 1 (nem + 1) binkinh R = V5.
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Duong thang (:\B) tep xue vai dudng ron (( ) Khi

;Z(m}-im«rl)wtli -

= : = /= 5 | ; i o
(l(l“l"l\“” I{ <= ;‘.ﬁ_...m_,_r__&_._. LS o 1“1 + '3! 5
12 241
" \
r11|-§—3:.~3 fiy =9
= ==
i‘ln +3=-5 m = -8

Q Cau ll

3B & |
I. Di€ukign: x 2 ——

.

Phuong trinh da cho

o |:(x F1F = 2x + DV3x + 1+ (V3x + 1)] +

P |

S e () | o

@[(H D-v3x+1] +[( " +§)-(\/m”3 -
N ] ‘

V3x +1 =x+1| 1
Lo i e v TS N =
V2x +1 = \/x + 2
2. Phuong trinh da cho

g - b - S . i, 8 :
&= 2\:‘«{(1 — si .\) + Vv3cosy - 2\/3 +3.sinx —-2sinx.cosx =0

r~

o —'2\6 sin X +3.sinx + Vdcosx —2sinx.cosx =90

; 4 Ly Is .
=1 \/g.smx(——z.ﬂmx. + \,:%)+ msx(vd -—‘.Zsmx) = ()

o J3 =2sinx =0
¢::>(\[l‘—25inx)(€3.siux+('nsx):()¢:> ey
J3.sinx +cosx =0

. 3 . (= I ;
:-:mxz—Q—:Hl!l(;) .\:=(—1)£+1m ne
& l ai 3
(Tf) ol B R
tanx=—-—=tan| —— x=—-—+kn ke
L 3 L gl L 6
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J Cau 111
1

cosOx

Cach 1: D& thay In(1 + cos2x ) =

.lu(l + (:(,szx)

: i . P
! }—[ i - L
sinf - =2x ¢ Ini l+sm( - 2X |
5 % C L2 j
R R Tw,,___,m,ﬁ_' L ; \ 2l
cos 3 2x (n
N ( , sm( - 25;}

n
1 ‘.' e i X
('()s(2x) 111[ + sm[z Z\H

1('():\":(2.\')“3("“.\'(2.\1)‘ .‘-‘ill[n —22{]

ln(i +siu(n —‘.Zx]]
1 [ 2

1<-u.~<"(2>:)‘3. sill(n -*23\')

.

: lu{l + sin(g -'2x”
limln(l + cost)""""‘ = lim : L

S —

i o8 d oo’ ('.Zx) -3 I T 3
i | s — 2x

” L T[ T[
Cach 2 : Dat t:x—~l—.x-—+——<:>t.->{)

lim ln(l + (:ns‘ZX)""“"‘ = lim

WL o cos0x
1

P <1 Ot -0 (_smzt.) sin Ot

‘]n(l + (:0:4'2.\’)

(—sin‘Zt)_

hn!r-! + [ = =in 2t ] : 2t
= lim —= ( ) A o e
b (~sin2!) sin 6t 3
' Gt
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Q Cau lV.

Giasu H la trung dicm cua BC  taco AH L BC.

Vi (SBC) L (ABC)nén AH L (SBC)= AH L SH.

ASHA ,ABHA c¢6 HA chung va SA = BA = a nén ASHA = ABHA

Suyra: HA = HB3 = HC'. ASBC vudng tai S.

Goi O la tim mat cau ngoai tiép hinh chop SABC, khi d6 O la giac
diém HA va trung truc AB vé trong mat phang (ABC).

Giastr SC = x.

Goi I la trung diém AD. khi do tir giac OIBH néi tiép dugc nén:

, AB’
AOAH = ALAB = R = AO= — = :
2.AH B H
ASBC vudng. nén ¢o:
2, 2 0
BC? =SB’ +S(” =a’ +x’ = BH' = 2. 2% r
ABHA vudng. nén co: A

g 3 S )
a + X 3a” —x

AH’ =AB’ - BH’ =a’ - -

4 4
= AH:——'EI—;Z—W—E—.((¥<X <n\/§)
“d P P
B e e b o et e 5 AN E)
2 3! -5
v3a’ —=x’ =a
R=ao o X =a\/‘5

: Lo .
()<x<;|,\/§ ()<X<m/3

Vay: SC = a\/g
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A % : ; I
ICRMIV.Di t = % + v 157, Tachd B & —.
1

4

t' — 1% — xv (3t -2} .
ne ——. Do 4t ~2>0 va -xy 2 —— néntaco
Xy -t + | 1

N o | S,
A G ) K
Pz - B o
e o
e |
4
el £ ¥ g " — 4%
Xét ham so f(t.) = = { (t) - ’
§ sl / )
(2)

: It =0
f (t) Silwl-

Lap bang bién thi¢n ta tim duge min P = min f(t.) = f(4) el

(e x)

Ix¥y=4 X =2
dat dugc khi = :

xy =4 y=2
J Ciu Vl.a
1. Tacé AB = (-21) = ‘\Bl
¢ 1K
Chiéu cao hinh thang can ABCDIa L = = s \/'3
AB+CD 35

Phuong trinh duong thing CD (vecto chi phuong CD = (1; -‘2)) c6 dang

2x+y+c=10

| c=1

Tir do ta co6 hai phuong trinh 2x + v -9=02x+y+1=0.
Lai do diém C c¢o hoanh do duong nén dudng thing théa mén:
2x +yv-9=0.

. Puong thang d di qua diém M(0:2:0) va c¢6 vecto chi phuong u L~1;1
g g P

Puong thing d'di qua diém M (2 3 —)) va co vecto chi phuong u (2 ;- 1)
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Mp (‘u) phai di qua di¢m NI va co vecto phap tuyén n vuong goc vai u

\ - N | e I 1
va (:us‘n:n')i = cos060) =~
' i

i \ 4

bat n = (_,\; 13: (") La vecto phap tuven cua ((1).

{.‘\"1))+(‘:”

Theo bai toan taco: 1 2\ + 3 - (]

]
1 JoVAL + B + O 2

B=A+C

2341 = VEA + (A +C) + O

B=A+C [B:A+C
3 2 g £ e "\ (. 3
247 -AC-(" =0 |(A-C)(2A+C) =0

[A:(ns:z\
Lo

2A =-C.B=-A

A=CB=2A=x+2y+z2z-4=0A #0.

Me=-~-UBeAsxey~2z42=05421.
Q Cau Vll.a
Diéu kién n > |

f n—1})!
4C" 25C" < ... )—-(-——L— & 1“_ 25 nsld
n n '3|(“_'5)| 'Sf(“_hl)l n-3
dodo: 4<n<15 (1).

Diéukién n > 5
3Cﬁ4-—18(f ARAT =0

i

e 3(n=1)(n-1)-72(n-1)+528=0
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. :nx:'ll_’
I —-8in+612=0¢ | o (2)
b=

-

Ta(l)va(2)suvra: n=12.

N\ 12

ST, 1)
Khi do : (\\/\Jr — | =i xvVx +
\ g™ vx™ )
4 =4 ( 12 k) bk y “sml;h
= (:‘ X W *ZC" ( ) f
k=0 k=0
; - i ; lh—“-ii\-
S0 hang thir k + 1 ctia khai trién la: C},(x) °
£ . 2 . e s o e 16
So hang nay khong chira x khi va chi khi: 16 - —k=0ck=5
: J

Vay s6 hang khéng chira x trong khai trién la :C’;_z =T92.
Q Céau VLb.

1. Puong thing AC  vuong goc voi HK nén nhin HK = (—1; 2) lam
vipt va AC diqua K -

Nén (AC) X =2v+4=0.
(BK):2x +y-2=0. M
+Do A € AC. B e BK nén gia st

Al2a -4 a). B(1:2-21). c* 8
Mt khac M(3: 1)1a trung diém cua ABnén ta ¢ hé:

e {2;! + b =10 " a=4 - A(4; 4)

a—2b=0 bed B(z.‘_g)

20-4+b =06
a+2-2b=2

AB qua A vaco AD = (-2-6)=(AB):3x-y-8=0.
BC qua B va vuong goc véi AH nén nhan

HA = (3:1) = (BC): 3x + 4y +2 =0,
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2. Gol u = (u: b (").(a" +b' +c¢ 2 ()) la vecto chi phuong ctua duong
hang (t)

Vi (t) nam trong (P) nén i Lii, =(L-L1)ea-b+c=0 (1)

Pudmg thing (t) hop vai ((l) mot goc 45"khi

o 4 21 % 2] J2

\/n,!+l)"%+c"!.\/lT+22+‘2"’ B 2

& Z(n +2b + 20);' = U(n") 45" 4 cz)

cos (ﬁ: U, ) =

)

— '2(:1 + 20+ 2¢ + 2(:) =9a’ + (a + 0)2 +c’]  (do(1))

¢={
& 14’ +30ac=0 < 15a
c=-
7
Xx=3+t
-c=0::>a=h=l:>(tl): y==1+%
z=1
15 (x =3+7t
o G ;‘lznz?:>c=-—15;b=—8:>(t_2):< y = -1-8t.
z=1-15¢
Q Céu VILb.

Xét khai trién (1 + \) =" +C'x+Cx’ +...+ C'x"

LAy tich phan 2 vé can tir 0 dén 2 , ta dugc:

n+l s a2 o ‘ u+l
et W (R, R S
n+1 oo v 3" n+1 "
¢ a2 RY) n+l - n+l S
@Cﬁ+§Cf}+%Ci+...+———z C::=3 1@ 121 _3 1

n+l 2(n+1) n+1“2(n+1)

oS3 =243n=4
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O PE 11

I. PHAN CHUNG CHO TAT CA THI SINH

2x — | ; A
. (1). m la tham so thyc .
" ;

O Caul.Choham s6 : v =
1. Khao sat su bién thién va vé do thi cua ham sb (1)
2. Viét phuong trinh tiép tuyén cua ham sé (1) biét khoang cach tir diém
1(1;2) dén tiép tuyén bang 2.

Q Cau Il

1. Giai phuong trinh: x" — x = 2v1+16x = 2.
2. Giai phuong trinh :

S(Sin” X + cos’ x) + :3\/:; sindx = 3\60052,\( -9sin2x +11.

1

O Céu IIL Tinh tich phan: 1 = j

TX—=2vx -1

dx

Q Cau IV. Cho m{t hinh tru tron xoay va hinh vuéng ABCD canh a c6 hai
dinh lién tiép A.DBnam trén dudng tron day thir nhat cua hinh try, hai
dinh con lai nam trén dudng tron day thir hai cua hinh tru. Mat phéng
(ABCD) tao vdi day hinh tru goc 45°. Tinh thé tich cua hinh try.

- ‘ gl il . s ™ T

Q Cau V. Cho cic so thue x.y thoamén 0 < x < —_5,() LYys—.
Chirng minh réng: cosx +cosy <1+ cos(xy).

II. PHAN RIENG
Thi sinh chi dugc chon Iam mét trong hai phan (phdn A hodc B)

A. Theo chuang trinh Chuan
Q Cau Vl.a.
1. Trong mat phang toa dé Oxy cho dudmg thang (d)cé phuong trinh:

x—y =0 vadiém M(21).
Tim phuong trinh duong thang A cit truc hoanh tai A, cit duong thing
(d) tai B sao cho tam giac AMDB vudng can tai M.
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2. Tim tham s6 thuc w sao cho dudmg thang (d) IX = ‘2(y - }) =z+1
cit mat cau (9) X +Vv +72 +dx-6v+m=0 tai 2 diém phan biét
M. N sao cho dd dai day cung NN = 3.

Q Cau Vila.
Cho tap A = 0123 50w A o thé lap dugc bao nhiéu so tu nhién

gom 5 chir sO0 khac nhau. trong do nhat thiét phai ¢6 mét chirsé 0 va 37.

B. Theo chugng trinh Nﬁng cao

Q Cau VL.b,
1. Trong mat phing voi hé toa dd Oxy xét elip (E) di qua diém

M(—'Z:—~ 3) va ¢6 phuong trinh mot duomg chuan la x + 8 = 0.
Viét phuong trinh chinh tac cua (E)

2. Cho mat cau (S):x" +y’ +2° -10x + 2y + 26z- 113=0 va hai

: (+H v=-1 z+1.
dudmg thang ((ll)ih;)z'\ : =“f2 3,_

u—: = (3; -2 ()). Lap phuong trinh mat phang tiép xuc voi (S) va song song

véi (d,) va (d,).
Q Ciu VILb.

(dz) c6 vecto chi phuong

= ( khong

Chimg minh rang phuong trinh ln(x + 1) - In (x + 2) + =3
X

c6 nghiém thuc.

O PAP AN PE 11

QO Caul
1. Ban doc tu giai

2. Tiép tuyén cua ((f) tai diém I\I(x“;f(x”)-) € (C) c¢6 phuong trinh

y=f'(x,)(x=x)+f(x,) = x+(x, - 1)"’y—2x0" +2x,-1=0 (¥

L&}
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Khoang cach tir diém (I:Z)Gén tiép tuyén (*) bang \/E
’2 2X l

\/1+ \c —1

Cactiéptuyéncantim: x+y—-1=0 va x+y-5=0.
Q Caull

T 1
l. Diéukién :x > ——
Phuong trinh :

x? - x - 241+ 16x =2<:>x2-x=2(,/1+1(,-x+1) (%)

Pit V1+16x +1 =2y & y° -y = 4x (**),yZ%.
y' -y =4x
Phuong trinh (*) & < |
X' =x =4y
X =y

:>(x—y)(x+.Y+3)=0©|:x+y+3=() (loai)

x=0

Xz D

Khid()phuorngtrinh(**)<:>x2—x=4x<:>x(x—5)=0<:>[

So véi diéu kién bai toan, suy ra phuong trinh da cho ¢6 nghiém duy nhit
lAx=5.

2. Phuong trinh da cho

Tt 8[1 - :}sin2 2x] + 3\/5 sin4dx = 3\/5(3032)( -9Osin2x +11

& 343 sin 4x — 3v/3cos2x = 6sin’ 2x — 9sin2x + 3
& 3 sin 4x — v3cos2x = 2sin® 2x - 3sin2x + 1
= \/gcos2x.(2 sin 2x — 1) = (2 sin 2x — 1)(sin 2x - 1)
& (2sin2x - 1)(\/§cos2x_ - sin2x + 1) =0
2sin2x-1=0
[\/gcosbc -sin2x+1=0
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:_\’ = ~T.{—+k7r
2sin2x =l 12 (keZ)
'y = o+ kn
¥
. i 2
| x s e Y
sinn2x “\/3“»2\ = ] ¢:>! _% (ke Z)
(M
L\ =—+ kn
i 12

QCiulll. Pat x— 1=t = x = 1" + Ldx = 2tdt
Pdicin: x=0=>1=2x=10=>t=3
4

Khido I = J(t jtlflt_ - zj (lt —'2:: til +(t_11)2 dt

_ 2{1],|1 |- = l];z[[lu-z«%]-(o—l)} =’2(1112+%]

I-—2(lnz+lnc l ll(Zf)—l]l(Zf) = Inde

/ >
QCaulV C ";' io'-,-
Goi M,Ntheo thu wr la trung diém

cua ABva CD.
Khido OM L AB va O'N L CD.

Gia sur 1 1a giao diém cua NN va OO". :’}.:5::“"_?‘"?
Pat R = OAva h = 00" Khi do: M
AIOM vuong cin tai O ncn:
oM =0T =3 o B A28y X

2 23 2

2 : 2
Taco: R' = OA” = AN + MO’ =B) +[%/_§}

. . '2 v s :(Jl
='—l-+'—\-—:-3~'l——:>\.—7rRh—n ‘1.]’\/5=3\/5m (dvtt).
1 S S 8 2
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QCauVv
Theo BDT Co s1ta co :

0(\/"<\—{>\<~

Xy X ==y X Yy
COS X + cos v = 2 cos . COR ; < 2cos 2‘ < 2cos Xy

Ly
4

= COS XV > COs

v-'-F—"l

Nén ta chi can chung minh:
r-u_ .
15 Cos(x_v) >2cosyxy & 1+ cos(xy) —2cosyxy >0

& 14cost? —2cost >0 (1) \'(')fit:\j[;;-te():g‘}-

Xét ham sb f(t) == | 4 eodt? — 2 cost
Ta co: f'(t) = —2tsint? 4+ 2sint = 2(sint - tsintf) ;f'(l) = ()

*Néu t € {():1) = t>t’ = sint>sint’ > tsint? = f'(t‘) > ()

A T\'l ] . 5 ) " -
*Néut e 1:-5 = t<t’ = sint <sint® < tsint? = f'(t)< 0.

]

)

i’

4

>0

f(O) 0: f( ) = L—=qgosl > f{I;—] = COS

Lap bang bién thién = {'(t) >0 Vte [():g—l = dpcm.
l

Q Céau Vl.a
1. A nam trén Ox nén A (:1:()). B nam trén duomg thang x —y = 0 nén

B(b:b).M(2:1) = MA = (2~ 2-1).MB = (b -2:b - 1)

MAMB=0

Tam gidc ABM vudng cin tai M nén:
MA = MNB

e f(»;; ~2)(h=2)=(b- 1)5() |
N(u -2) +1= \/(h —2) +(b-1)
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fi
a b-1

. R _ ‘ A 2= l) %2
Vi b =2 khong thoa man nén ¢ b-2

(a-2) +1=(b 2] #(b=1}

11”2-: ,lJ#h
by w3
= l)m—l\l‘
- b =2 bh -1
(])_2/}_+ ( )+( )
(l“z—%‘—_‘.—ll)?ﬁ ﬁ“.=2
e B { St Ebzl
lt(})_) I)-“_ -]' =T 1= <§1=4
J| ) b =3

sl

a=2 ,
Voi: { duong thang A qua ADB ¢6 phuong trinh x + y -2 =0.

A =4 _
Vi {l 5 duong thing Aqua ABco phuong trinh 3x + y =12 =0.
y =
2.(S):x"+y 47z +Ix -Gy +wm =0
& (S):(x-2) +(y-3) ' +2 =13 -
¢6 tam 1(2:3:0). ban kinh R = IN = V13- m,m <13

Dung IH L MN = MH = HN = 4

= T = IN? = HY? = (13— nig=~16 = Yertv—Sim < <3

va TH=d,

((l) ludn di qua A (l): l:—'l) va co vecto chi phuong

i =[1: —1— 1J " é(z I z)

_i=(—2.2 1) {\l 111 (3:(3:——6)
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I[Al. "Jl - ‘JIJ, +63 +G.’ \/a

— 2 R " = = = 3.
(114)) !“l \/‘22 i % .58 ‘/6
IH = d(Hm = \fl:x -3=3=-m-3=9 1m=-12
Vay m = —12 thoa man véu cau bai toan .
Q Céu VIl.a

Cach 1: Goi s6 tu nhién co 5 chir s6 khac nhau duoc lap tu tap A la:

aaaan a #(0

86 cach chon & ¢6 5 cach .S cach chon ajn a . la s6 chinh hop chap
4 coa 5:A;.

Suyracod 5.A' =600 (sd).

Trong 600 s6 trén thi: S6 khéng ¢o chir sé 0 duoc lap tir tap

B= {1;2: 3: 4:5} la s6 chinh hgp chdp 4 cua 5: A_Lf =120 (s0).

$6 khong c6 chir s6 3 duoc Iap tir tdp A ={0;1;2:4:5}: S céch chon
a, # 0 co 4cach.

SH cach chon anaa la s0 hoan vi P

Suy ra: cé 4.P, = 96 (s0).

Vdy theo yéu ciu bai toan ta ¢ : 600 - (120 + 96) = 384 (sd)

Ciéch 2: S6 cach chon s6 tu nhién gom 5 chir sé khac nhau, trong d6 nhit
thiét phai co mat chir sé 0 va 3. chinh la s cach xép 5 chir sb tir tap A
vao 5 0 lién tiép nhau.

Vi nhét thiét phai c6 mt chirsé 0 va 3 néntachonsd 0 va 3 xép trudc
Vi s6 0 khong duoc dimg o vi tri dau tién nén c6 4 cach xép.
S6 3 ¢6 4 cach xép vao 4 vi tri con 1ai.S6 cach xép 3 sb con lai chinh

1 s6 chinh hgp chap 3 cua 1 : A”.

Viy theo yéu ciu bai toan ta ¢o : 44A7 = 384 (s0).
Q Cau VLb.

Y =1 (a>b>0).

. ~ Al ‘\;
1. Goi phuong trinh ( l) e ¢
a; )
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Gia thiét suy ra

4 9 : (
=gl 1 b RIS S—
Ja b e 4 Re (-(8—(:)
a ; 5 = y :
=¥ (2) ' =a’ —¢ =Re-¢' = ('(H - (')
&
2¢° = 17¢+26 =0
&
=c(8-¢)
g=2ma’ =168 =12 =(E): S IE -
16 12
- 13 , ; O9 - -
¢c=— =>a’ =52 b =3—:>(E):x—+—.\(—=l
! 4

1

—

u, = (3; -2; 0) '

(d )co véc to chi phuong u g, = (2: —3:2)\'&‘1 ((l‘,)cé véc to chi phuong

—

Do hai véc to u ,u, khong cdng tuyén, ma (d]) va (d.»,)song song vai

— ey

tiép dién (P)cﬁa (b) nén u ,u, la mot cdp véc to chi phuong cua (P)
Nghia la:
~3 2
-2 0

u= [ul,|12] =[

Khi d6 tiép dién (P)cé dang 4x + 6y +H2+ D =0

2 2
0 3

2. =
3 =2

L]

} = (4.6,5) la véc to phap cua (P)

Mat céu (S): (x-s)2 +(y+ 1)2 + (2 + 13)2 = 308 ¢6 tam 1(5:-1:-13)
va ban kinh R = V308

Mit tiép dién (D) tiép xiic véi mat cau (S) khi

20-6-60+D

Sk '=\/30zs & |D-

V£ + 62 + 5

Vay ¢6 hai tiép dién can tim:

4x +6y +hz2+200 =0,4x + 6y + 02 -103 = 0.

o[ D=20
S D= 103
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O Cau VILb.

. xac dinh va hén wc

Xét ham s6 : f(x) = hifx ~ t)~§u(.\'+2)+

X + 2
trén khoang (~1:+ 7 |
Ta co:

fl(x): l __*1____#_!__.__ - l — : > (),

x 41 x4 (.\;+2)! (x+l)(x+2) (x+2)z

Vx> =] = l‘(x)lién tue va dong bién trén khoang (~—1;+oo)
a limf{x)=-oc limf{x)=0.suyra f(x ! ~1.
va }1_21[(\) o }1}}1}(\) 0. suy ra i(\)<()4Vx> 1

Vay phuong trinh da cho khong ¢ nghiém thue.

O PE 12

I. PHAN CHUNG CHO TAT CA THi SINH

1

a § : 4 X
Q Caul.Chohamso v - ———
X

[ N

1. Khao sat sur bién thién va v¢ d6 thi (C)cua ham sé .

2. Viét phuong trinh tiép tuvén cua do thi ((.1) . biét tiép tuyén do cit tiém
can dimg tai A va cat tiém cin ngang tai B va tam giac IAB can, vai I 1a
giao cua hai dudmg ti¢m can.

Q Cau Il
x' - 8x = y' + 2y

gy £ ;';().: +l) (X,)'EIR).

1. Giai h¢ phuong trinh:

X ——

; e
2. Giai phuong trinh : 272 cos

b | =

]— 3cosx —sinx =0.

' ; tml.\'.]n((-os x)
Q Cau lII. Tinh tich phan: | = j —x .

COsSX
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Q Cau IV. Cho hinh hop dimg ABCD.A'B'C'D" cocaccanh AB = AD = a,

a3

AA' = ——~—~m B AD = 60". Goi M va N lin luot 1a trung diém cua
A'D' va A\ B
Chung minh AC" L (Bl’)_\l.\') va tinh thé tich khoi chop A.BDMN |

O Céu V. Cho cac so thuc duong a,b.cthoaman a’ + b’ ¢ =3.

4 . 2 a b ¢ y
Chimgminhrang: —+ —+—+a+b+c¢ >0
g &1 :
s H

II. PHAN RIENG
Thi sinh chi dugc chon 1am mdt trong hai phan (phan A hodc B)

A. Theo chugng trinh Chuén
Q Cau Vl.a.

1. Trong miat phiang Oxy. cho dudmg tron (() : (x — -l)2 +yv' =4 va
diém E (4:1). Tim toa do diém M trén truc tung sao cho tir M ké duoc hai
tiép tuyén MA,MB dén dudng tron (C) voi A.Bla hai tiép diém sao cho
duong thang AB di qua diém E.

2. Trong khong gian v&i hé truc toa do Oxyz. cho hinh vudng MNPQ co
M(5:3:—1). P(23~4). Tim toa d dinh Q biét dinh N ndm trong mat

phing (n.) X+ y=g=l=0.
0 Cau VILa. X4c dinh tép hop cac diém M trén mit phing phic biéu dién
cac sb phurc (1 + :\/—3)/ + 2, trong dé 17 = 1 <2.

B. Theo chuong trinh Nang cao

0 Cau VLb.
1. Trong mat phing v&i hé toa do Oxy cho duong tron (C‘) cO tim
[(3:2), ban kinh R = V13 va duong thing Az mx — 2y +m +3 = 0.
Tim m dé duong thing A cit dudng tron (C) tai hai diém A, B sao cho
4606

“tam gidc AIB c6 dién tich bang —
)
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2. Trong khong gian vai hé toa d¢ Oxyz cho (1’) X—v+z+1=0 va
ba diém A (L:1:1),B(0:1:2), C(-20:1).
Tim N € (P) sao cho S = 2NA’ + NB’ 4+ NC” nho nhat.

= ; - y 23 ..
Q Cau VILb. Giai phuong trinh nghi¢m phtc : 2 + — = ¥ - 6i.
7/

O DAP AN PE 12

QU Caul.
1. Ban doc tu giai

2. Goi A la tiép tuyén can tim va (x:v, ) la tiép diém cua A va (C).

Phuong trinh Aty = ——(x —x ) + 2

(X“ + 2); | Xa +2

. giao diém cua A va TCN
b o

]

Giao diém cua A va TCP la A[—z; al

la B(2x, +2:1).

Taco I(~21) = 14 = 1= " =2)s, +9]
X” + 2 lx“ 4 ZI
AIAB cén suy ra
IA=IB & :2|X|+2)¢$|x“+2l___2@x”:()
Ix“ * 2| 1 lx“ = ~4

Vaix, =0=A4 :1y=x-2

Voi x =-4=4,:1y=x+T.
Ca hai tiép tuyén déu thoa min
Q Cau Il
4 4 3 o et e it ‘
X' —=8x=y" +2y X ’H-\“-‘(-‘ 2}
l.

X —3=3(y" + 1) "l = 3(y° +2)
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2 .
5 e F e o i | P X
’ \' l'\V e vg[,\'-_
« =27|x - 2] 46 |26x - 426x* +1728 = 0
N '
N
ymtfe-¥
L
% o P e
ba

& (x;y) — (3:!):(\-»3:-1

13 13

! -lﬁ_ﬁ_ﬁ],[_«ﬁs, 78]

T

N — —] - Jcosx —sinx =0

2. Ta co: 2\/5 COs”

= \/‘Ecos x——:} = OOs K - Sl x =0

: \! : : .2 ;
& (sm X + cosx) — (5 COS X + =11 x)(sm X + cosz x) == ()
‘ ] : ) . 2 .
& —2cos' x +2c¢os’ xsiny = 0 & cos x(cosx -—Slllx) == {]

{ T{ -

cosx =0 |87 +kn

L=l .

tinx = 1 T
X :—‘;+kﬂ

Cha y: V&t cach dat t = x - —Jli dem lai lon giai dep.

Q Cau 111
Pit t = cosx = dt = —sin xdx
Tt
{-)01can\-():>t g =—=% =.....,
TR
|
"2

Todl T (2085 ij—t-
t’ 48

T m— 1

205



V2

[u:lnt Ly = l,m
bat | | o= !
ill\"—:'—‘;(h :\_ S ]_
' : 1
|
b, 7 h 2 1
i | :
Suyral=--lnt! | + I—-cit DU iy Y e xs/‘.}—1~———ln'2
L i P 2 = 2
id \/E
Q CaulVv.
o : ’
I : /,
\ /,
e '4 s
= \] \ N /I B
vy ’
! \ -
| \ s
L 4
Sz -c-X--F -~/
A S NS -
//// :‘\-,'
’}/ " e ™
5 N/
BD .l AC

- BD 1 AC'(1)

* Theo gia thiét ta co: |
R GO s 1 e

Goi E € A'B'sao cho A'la trung diém cua EN.
Taco: AE || BN.ALE = BN = a.

Theo gi2 thiét ta co ABD déunén suy ra AC = \/lga :

o2 2
Ja 15a

ACE = Al £ CC% =30 41 : :

19a’

EC” =B'E’ + B'C"-2B'"E'"B'C'.cos120" =

AE! + AC” = EC'" = AE 1 AC'= BN 1 AC'(2).
Tir (1) va (2) suy ra: AC' 1 (BDMN).
Goi L] lan luot la trung diém cua BD,MN va H = AC'N1J
Taco AH la duong cao cua hinh chop A.BDMN
Tir giac HICC ' ndi tiép
AC?  15a

= AHAC'= ALAC = AH = e
2AC" D
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Tir giac BDMNIN a hinh thany ¢an ta ¢o :

H
i
‘
|

13 = _[BN

\

Dién tich hinh thang BDMN S = 11(BD + MN) =

|

IEERAY Juks
{ 2 '

\/Ig?l ’

2 16
Thé tich khoi chop A.BDAIN |
1 | rl—'x "’TIV:‘\"" A
N e A”'Sl’l i P Lt : L i f—-—( d\/ll).
3 v 3 5 16 16

QO Cau V.

Ap dung bat dang thire cong mau so, ta co

a b ¢ a o . (ax+l)+c)2

it T o —

b ¢ a ab  be  ca ab 4 be 4+ ca
Pl

(u 4 b (,')

Vay chi can chimg minh +a+b+c>6.

ab 4 be + ca
5" £ W 4 ¢

Tuong duong vaoi o + b + ¢ + >4
abh + be + ca

Téi day, néu dat x = a + b + ¢ thi véi diéu kién a’ +b’ +c* =3, taco

X -3
ngay ab + be 4 ca - _T

Vi bét ding thire cudi tro thanh bt dang thirc mot bién don gian la

X + x”_z_ : =4 & (x + 2)(x - 3)) > () (luon ding véi moi x > 0).
Dau bang xay ra khi vachikhi a =bh=c¢=1.
O Cau Vl.a.

1. Buomg tron (C') ¢6 tam 1(1:0). ban kinh R = 2.
Goi M(0:m). gia su T(x:y) la tiép diém cia tiép tuyén v& tr M 16i
(C) = MT = (x:y =), IT = (x - 4:y).
T €(C ' 43" =8x +12=0

<:>

Taco: {— — , ;
MTIT =0 X 4+ Vv —4Ax —my =10
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= 4x —myv — 12 =0

= phuong trinh duong thang ADB :dx —my - 12 =0
=>ABdiquaE < 1l6-m-12=0&m=4.
Vay M(0:4) 1a diém can tim,

2. Giasu N(a:bic)e(a)=a+b-c=6=0 (1)

b

7 D

Goi I la tdm cua hinh vuong = | [é::}:—~ E]
INIM =0

Vi MNPQ la hinh vudng nén af
IN =M = -‘iﬁ

a+c—1=10 (2)
57 9
cH+—| =— 3
2] 2 3)
Tor(2)= ¢ =1-a thayvao (1)= b = 7 — 2a thay vao (3) ta dugc

-

(n_g] s 4

2 )
~

a-»—?— +(2n~4)‘)+i—«n =9—<:>‘2az-—15a+18=0
2 2 2

& a=06a=-—.

2

ta=06=b=-be=-5H= N(G:-—S;—S)

Vi Q va N ddi xtimg qua | = Q(l:ll:())

fa= = =bhe=die= N =N 13—;4;—-1— = Q(2;2;3).
2 2 2 2

Q Céu VIl.a. Dat w — (l +i\/§)z+2 thi z = W= ;
1+iv3

w—2
L+iV3
elw-2-1-iV3l <2l + i3l & |w -3 +i3) < 4.
Vay tap hop cac diém M 1a cac diém thudc hinh tron tim I 1a diém biéu
dién sé phirc 3 + iv/3. co ban kinh bing 4.

-1

Theo baira |z — ! < 2 nén <2
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Q Cau VLb.

: ! 8 g3
L Goi i = d(1L.2) =8, = ~hAB = hvR* - I’
e " i 2
o 3vH6 y 9 Y
e 3 - 1F =0 o i - AP 2 P 5
5 25 2 9
h = —
D
; ;lm li
Md h = (](l .A) B
m’ + 4
N 2 5 ;
THL: b ==& 5(lm-1) = 9(1:1“ + 4) & 7lm’ —40m — 31 =0
) g
31
&m=1 m=-——,
90 2 .
TH2: I’ = = & 5(im - 1) =56(m’ +4)
) 3
) 4
< 2dm -40m-129=0& m = M
12
31 10 e L
Viay =1 = f-——_—I:m = m:—ti;é—g—z—- 1a nhirng gia tri can tim.
7

2. Vi AABC vudng cintai A = AB® = EIZ—BC2 = 34

Bed=r B(~1+426-1+367-4t)= AB = (‘2t—6;3t-—-6;—4t+7)
= AB’ =34 & 20t - 116t +87T=0& t =3t =1.
Véy B(1:2:3). C(5:8:~5) la nhimg diém can tim.
2.Giasit N(whic)e (P)=a-b+c+l=0&a—-b+ec=-1 (1)
Taco: NA* = (n 1) +(b-1) +(c—1)

NB! =a’ +(h=1) +(c—2)

NC? = (a+2) + 1 +(c—1)
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=>S:3@M44f+cﬂ—6hauk+lﬁ

X

1 D 2

=6la+—=| +3|b—=| +3(c—1) —4(a-b+c)+4
3 3 ‘ ‘
T N P T
=6la+—| +3|b-= +3((r~41) +8 25
3 \ 3
2 " 1 5
Dangthucxayra<:>:1r:m7:l>:§:c-:i.

DE thiy b ba s nay thoa man (1)
1

w e

Vay M{— - :1] la diém cén tim va minS = 8.

0 Céu VILb. Giasir z = a + bi véi a.b € R va a.b khong dong thoi bang 0.

S @ . a — bi
Khidéz=a-bi; —= ) = l )l,.
z a-+h a- + b’
. - 95 25(a — bi)
Khi d6 phuong trinh Z+——:8~—Gi¢=>n-~hi+-—_z——l—_,—:8~61
Z & =0

afa’ +1° +25)=8(a’ +b*) (1)
& , i e

])(;L“' 4B <L 25) s 6(&1' -+ 1)') (2)

Léy (1) chia (2) theo vé tacd b = ii—n thé vao () taco a =0 va =4.

Vi a=0= b =0 (loai).
Voia=4=b=23.
Ta c6 s6 phitc z = 4 + 3i.
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O PE 13

I. PHAN CHUNG CHO TAT CA THI SINH
Q Can 1. Goi (() la do thi ham s6 v = —x" + (3111 4 l)x" —m -1

1. Khao sat su bién thién va vé do thi ham sé6 khi m =1

2. Tim m dé do thi (Cm) tiép xtc voi duomg thang  : y = 2mx — m — 1.
O Cau Il

1. Giai bt phuong trinh: (.\' + 1)()( s 3)\/—x2 bl b 3 Jee (x - 1)2

2. Tim nghiém trong khoang (U;’N) cua phuong trinh :

. 5 X 3 37
"-13111'% — \/Zg(:os'Zx =1+ 2cos’ {x - —4—\

.

Q Cau L Tim m dé dd thi (C) vy =x' —2mx’ + m + 2 cit Ox tai bén
diém phan biét va dién tich hinh phang nam trén Ox gidi han boi (C) va
Ox béng dién tich hinh phéng phia dudi truc Ox giéi han boi (C) va Ox.

Q Cau 1V. Cho hai dudng thang Ax va By chéo nhau, goc giira ching
bang 30". nhan AB =2 lam dudng vudng goc chung. Trén By lay C
sao cho BC = 2. Goi D 1a hinh chiéu cua C 1én Ax. Tinh thé tich cua

khdi chop ABCD.
Q Cau V. Cho a, b. ¢ la céc s6 duong thoa a + b + ¢ = 3.

. 1 1 1
Chirng minh: + + <1

& +bde Webkoda o dufh -
II. PHAN RIENG
Thi sinh chi duge chon Idam mét trong hai phan (phdn A hodc B)

A. Theo chuang trinh Chuan

0 Cau Vl.a.
1. Cho hai dudng tron:

(C):x*+y* =9 va (Cz):x2 +y =22y -~ 23=0.
Goi A,B la cac giao diém cua (Cl) va (Cz), viét PT duong thiang AB.

Chimg minh ring néuK € AB thi KI, < KI, (vi I;1, 1a tam cia (C, )
va (Cz) 1
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2. Trong khong gian véi hé toa dd Oxyz. cho hai duong thang:

A]:XW'I’:_\'*;}:zv—Q vélA,:x__B-_:‘\.*lf,Z—”l
1 2 1 ~7 2 3
Lay hai diém A,B thude A, sao cho x, = Tiz, =12

l o

Lay 2 diém C.D thugc A, voi y. = 1.
Tim toa do diém D sao cho thé tich cua tir dién ABCD la 1008 .
Q Cau VIl.a. Giai phuong trinh nghiém phirc:

2

25 (52 +2) +4(252+6) =0.

B. Theo chuong trinh Nang cao

Q Céu VLb.

1. Trong mat phfmg vai hé toa do Oxy, cho hinh chit nhat ABCD cé canh:
AB:x -3y +5=0, duong chéo: BD:x—y—-1=0 va dudmg chéo
ACqua diém M(—9:2). Tim toa do cac dinh cua hinh chir nht.

2. Viét phurong trinh hinh chiéu vuéng goc cua duong thing

A Xx—2 “ y+2:z—]
3 4 |
O Ciu VILb. Xéc dinh tdp hop cac diém trong mat phang phirc bicu dién

lén mat phang (P):x +2y +32—-4 = 0.

Z + 21

sO phirc z thoa mén diéu kién la mét so thue duong.

Z — 21
O PAP AN PE 13

Q Caul
1. Ban doc tu giai

2.(C, ) va (q) tiép xtic véi nhau tai (x,:y, ) khi va chi khi h¢ phuong trinh
—x'4+@Bm4+1)x’"-m-1=2mx —m—1 (1)

5 co nghiém x,

-3x"+2(3m +1)x =2m (2)

Khi d6 phuong trinh (1) =2 x”{xf) — (‘Zm + l_)x” + 21‘{1] = () ¢6 nghiém

X, = 0

X, & |x, = |
X =2m
| 0
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Vav h¢ ¢o nghi¢m thi it nhat mot trong cac nghiém trén phai 1a nghiém

cua (2) dicu nay wong duong von

{21;1 = () {m =1}
=3+ 2{3w + 1) = 2y - .
: : . ] ] ill[ = —
!"iim 21810 4 | hn = J - 1

O Cau ll

1. Bat phuong trinh <> (x* - 2x :3)\/ X +2x+3 <1 -x" +2x

Pat t = \/:\"’ +2x + 3.t > 0.

)

Taeh: 1t # =4t s+ 2%

¢:>(t '—l)(VIINth‘+2)>()¢‘> t> 14 \/Hx2+2x+3>l‘

<:>—xl+2.\:+.‘3>1¢¢»x3—2x—2<()¢:>1—\/§<x<l+\/§.

x_.__.
4

e n

37:]

. 5%
2. 48 - \/;rnsl?x = | 4+ 2cos’

&5 2(1 — COS ,\') \/g('(_)s 2X = 2 — sin2x

& V3 cos2x —sin2x = —2cos X

HT 2w
= . X = A 4+ kK —
& COS .’2\ -+ —*] = ('US (T( = X) e lh" -3
) 7T
: X = ——— 4 k2=
6

Ho nghi¢m (n) cho 2 nghiém trong (():7() la x,

DM

nghi¢m (l)) chi cho 1 nghiém trong (():’K) la x, = 5y

Vay phuong trinh ¢6 3 nghiém trong (():—.r) la:

51 17w 5%
X

T8 18 T 6
2 Cau I

- Phuong trinh hoanh d¢ giao diém cua (() va Ox:

- mix" i d+2=0 (1
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bat t = x*°, t > 0, ta cé phuong trinh :
t? —2mt+m+2=0 (2).

Yéu cau bai toan |

<> (2) co6 hai nghiém t > 0 phan biét

A'l=m?—-—m-2>0

& 48 =9m >0 &N D,
P=m+2>0

Goi t,,t,(0 < t, <'t,) la hai nghiém cua (2).

Khi d6 (1) c6 bn nghiém theo thir tr ting dan la:

XI:AJTZ:X?:“\/E:;X:‘:\/}:;XIZ\/Z.

Do tinh d6i xung cua (C) nén yéu cau bai toan

o xii(xl s 4 e $ 2)(1}{ = x;i-(—x' +I2mx” =m— 2)(1}(
{) \.‘
& —l{;‘— 4 2, o (m + 2)x" =0« 3*{1 = ]()n'nx“: + 15(111 = ‘2) =0
5

- e Qme +m+2=10

= x, la nghiém cua hé: ; 5
qu — 1()111x‘i B 1-5(111 + 2) =z ()

= 4mxf - 12(11) + '2) = e xf = M thay vao hé ta cé duoc
in
(m +‘2)2 . 3
Pregienrdis G(m + 2) +m+2=0& Q(m 3 '2)— Sm° =10
m

(dom>2)e5m -9Im—-18=0&m =3=>xX, =

% = 2]

x::t\/g.

Voim=3=>1)ex'-6+5=0s

Vay m = 3 la gia tri can tim.
QCaulVv

V&tia Ay'/ /By = xAy' = 30".
Goi M la hinh chiéu cia C lén Ay' = CM / /AB, CM = AB
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= AM = BC =2 va CM L (xAy')
= CM L Ax.Ma CD L Ax = Ax L (CDM) = Ax 1L DM

Trong tam giac ADN vuéng tai D
taco: DM = AM.sin30" = 1: AD = AM.cos 30" = /3
Goi H la hinh chiéucua D 1én Ay'= DH L (ABC)

AM 2
| , ! V3
Sy = oABBC= 2=V, .= ~DHS, o0 = — (dVIL),
2 3 3
QCauV

Péi voi bai toan nay. néu thuc hién phép khai trién va bién dbi tuong
duong. ta sé thu duge mot bat dang thire bac cao kha phuc tap.

Ngoai ra, cac mau thie ciing khong c6 mdt su lién hé nao gidng nhur céc
bai trude (ban doc c6 thé kiém tra thir).

Nhu vy, ta phai lam thé nao dé c6 thé giai dugc bai nay?

Cai khé & bai nay chinh 1a ¢ c¢hd cde mdu thire qud khdc nhau, chinh diéu
do6 da tao nén hdc cao khi khai trién, mot diéu ma ta khong hé mong muén.
Nhu thé, liéu ¢6 cdach danh gid nao gitp diwa cdc mdu thire tro vé giong
nhau hay khong? Day 1a cau hoi ma c6 18 mdi chung ta déu tu hoi sau khi
phan tich dén day. Va tir y tuong cia cau hoi ndy, ta tim dugc cach giai
quyét cho ca bai toan nhu sau:

Theo bat dang thirc Bunnhiacopxki, ta c6

1 o l1+b+c

.‘Z 0 3 . .
(d +|)+L)(1+I)+C)Z(<l+h+c) :>az+b+c—(h+b+c)2.
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Tuong tu

1 & 1+C+a‘ | ” l+a+b

2 po S S N = 2"
b +c+a (2l+l)+(.') C +<l+!) ‘;t—.‘-])—{-c)

Cong ba bat dang thire nay lai theo vé. ta duoc

1 1 1 34+2{a+b<+c)
3 e e g z
a’+b+ec b'+ec+a " +a+bh (a+b+c)
LBrdg
32

Péng thirc xay rakhi vachikhia=b=c = 1.
0 Cau Vl.a
X +y' =9
1. Taco M(x:y)e (C |N(C,) =1 , ’
: ( _y) ( ') (2) X +y —2x—-2y-23=

=>x+y+7=0.
Vidy phuong trinh AB:x+y +7 = 0.
Néu K € AB = K(a;—a — 7). tacé:

2

L(0;0).L,(11) = LK =l +(a +7) LK = (a—1) + (2 +8)

2

VILK® - 1K' =(a~1) +(a+8) —a’ —(0+7) =16>0
= LK > [ K (dpem).
2. Pudng tron (C) c6 tam la géc toa do. ban kinh R = 1.
Gia st M € A va tir M ke duoc hai tiép tuyén MA.MB (A.B la tiép
diém) toi (C) va hai tiép tuyén nay tao vdi nhau mot gée 60"

= AMO = 30". Trong tam giac vuéng AMO . ta ¢6:

OM 2

- = yéu cu bai todn «> A cit (Oir) tai hai diém phan biét
@(I(O,A)< r <==>|!—n—l « 2 Im] £,
1
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U Cau Vil.a.
Phuong trinh < (234 } !())' (’:')(li/. + l2i)’: 2 1

& (252" + 50z + 10 + 12i)(252" ~ 50z + 10 = 12i) = 0

e -y - o ) 2
2 iz W-I0=0 5 -5} = 364 21 ={1 461
1~ 11i ~1 i
4, = P B
& 5 o
| + 11 -1-i
Zlf = ~ :zl - ™~
{ 5 5

O Cau Vl.a.
1. Tacotoadd cua B 1a nghiém cua hé:
[X*3y+5:U

=1 Bl
X—y—=1=0 = '\_:34 (d)
BC LAB=BC:3(x~-4)+(y-3)=0&3x+y-15=0.

D e BD = D((l:d - 1) = phuong trinh AD:3x +y-4d +1=0.

3X+v—dd+1=10

D D

.‘“3+F:U c1 5
ﬂADmAB:Aw\ AR iArd‘gM+7

Got 1 latam cua hinh chir nhat

d+4 d+2
A

= 1 la trung diém cua BD = [{

Vi A, 1M thing hang nén ta c6:

=t ===—=b el — IR it /
IR R s SO o TR s S el el
d + 22 i~ 2

Yde=dz D (4:3) =1 loai

*dz—l:Dbh&)AkZQMlB%}¢d&ﬂ

Vay A(-2:1).B(43).C(5:0).D(-1:-2).
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2. Hinh chiéu cia duong thang A Ién wmp(P)la giao tuyén d cua

mp (n)vé mp(P) vOi (w)lé mat phang chira A va vudng goc vol mp(P).

Taco: u, = (3:_4:1).11p == (‘1:2:3)

. il i
Véc to phap tuyén cua mp(m) n = ’[”_\:“,.i = (l(l:—S:Z).

Phuong trinh mp(w) :Ox -4y +2z-19= 0.

Véc to chi phuong cuia duomg thing d : n, = “,.‘“u] — (28:‘28;-28)

Phuong trinh duong thang d i : =

Q Cau VILI.b
Giasrz=x+ yi (x.y € R)

cr2i x+(v+2)i [x+(v+2)illx - (v -2)i

Taco w= — = S 2
e TSRS

X! +y'—444xi X+y -4 4x ,
by 2 = 2+ ; 21'
x2+(y——2) x2+(y*2) x’+(y-2)

Do d6 w la mét s6 thyc duong thi (x: \,) thoa mén :

i : 3w {)
X +y'.—4>0
1y >2
4x =10
y <=2

Vay tap hop sb phirc z la truc Oy ' [~2:2].
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O PE 14

I. PHAN CHUNG CHO TAT CA THi SINH
Q Ciu I. Cho ham sb: y = x' +(m + l)x" +(m +2)x +2.¢co dd thi la
((L‘m ) m 1a tham so thue.

1. Khao sat su bién thién va vé do thi ham so khi mm = =2,
2. Tim cac gia tri cua tham s6 msao cho ham so dong bién trén nira
khoang [1;+oo).

Q Caull.
o - \/:\'—h\'ﬁ? x~}’:')\/)—'
I. Giai h¢ phuong trinh: \/: ) \/; B (x.) € R).

. . - 4 : ) ] &
2. Giai phuong trinh : sin x cos 2x + cos® X (tem X — 1) +2sin’ x = 0.

Q Cau IlL
Tinh dién tich hinh phang gioi han baoi do thi 3 ham sb
2 2 ‘
X X 3x
flx)=—+2g(x)=—-4dx va h(x)=-—+12.
()= X+ 2:5(x) = 2 (x)=-2
Q Cau 1V. Cho hinh chép tam giic déu SABC. day ¢o canh bing a. Goi
M,N lan luot 1a trung diém cua cac canh SA.SC. Tinh thé tich cua hinh
chép S.ABC biét BA vudng goc voi AN .
QO Cau V. Cho a, b, ¢ la cac s thue duong thoa aly + be + ca = 3.
1 1 ]

Chirng minh réng: : + — + — i
a+2 b 4+2 ¢ +2

IL. PHAN RIENG
Thi sinh chi duac chon 1am mét trong hai phdn (phén A hodc B)

A. Theo chudng trinh Chudn

O Cau Vl.a.
1. Trong mit phfmg v6i hé toa do Décac vuong géc Oxy, cho hai duong tron:
(C):x*+y" =10x=0,(C,):x’ +y" +4x =2y -=20=0
Viét phurong trinh duomg tron di qua cac giao diém cua (C1 ) ; (C_Z)vé co

tam nam trén duong thang x + Gy —6 = 0.
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2. Trong khong gian vadi hé toa do Oxyz. cho 3 di¢m
A(L1:0).B(0:2:0).C(0:0:2).
Viét phuong trinh mit cau ngoai tiép tir dicn OABC .

Q Cau VILa. Giai phuong trinh trong tap s6 phuc  z° + I/I =],

*B. Theo chuong trinh Nang cao

Q Cau VLb. _ '
I. Xac dinh toa d¢ cac dinh B va C cua tam gidc déu ABC | bict
A(:S:— -")) va trong tam G(l:l).
2. T'ro;lg khong gian voi hé toa do Oxyz. cho 3 diém A(l:():()),
B((}, 2 0).C((); () 3) . Tim toa d{ truc tdm cua tam giac ABC'.
Q Cau VILb. Ching minh hé phuong trinh sau c¢6 dang hai nghiém
X' +y' =29 (1)

log, xlog,y =1 (2)

O DAP AN DPE 14

Q Cau l.
1. Ban doc ty giai

2.0y = 3x? +2(m + l)x EFpiedss A= ~m—5

Bang xét ddu A:

111

= y'> 0,Vx € R = ham s6 dong bién Vx € R

l + 21

§)

1< 21 L+ 31
2 2

=>y'20,Vx e R.dz‘ing thirc xay ratai x =

= ham sd dong bi¢n Vx e R.
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1+\/['Z

ham s6 dong bién Vx € R .

Iw\/'i l+\/§-l~

Tuong tu: m =

Vay. ham so dong bién Vx € R khi —— <m £ —=ﬁ-——~(e1).
‘ 2
f,——-
1-v21 , 1421 .
m < ———— hodc m > > thi

y' = 0 c6 hai nghiém phan bidt x .x, (x, <x,).
Lap bang bi¢n thién. suy ra ham s6 dong bién trén hai nira khoang

(—oo:xl] va [x2:+oo). nghich bién trén doan [xi, x,)].
Do d6 ham s6 dong bién trén nira khoang {1:+oo) khivachikhi x <x, <1.
Pitt=x-1=>x=t+1_.khido
y'=3x"+ 2(111 - 1):\' +m+2= ()(*)

tré thanh 3t° + 2(111 - .1)t +3m+7= (}(* *).
Phuong trinh (*) cd nghiém x, < x, <1 khi va chi khi phuong trinh

(**) <6 hai nghiém t,.t, thoa

A>0 —%Slu<l—:—§\/-‘-2——l
b 25, B0t L. €U0 b.
AEEER A o )
t’l't’z >0 m > *“*“—2'“"“

: : 7 e it
Tu (n) va (b) suy ra —— < m thoa bai toan.
3
Chuy:
Voihamsd y =ax’ + bx’ +ex +d = y' = 3ax? + 2bx + ¢
Khi xét tinh don diéu cuia ham s trén nira khoang [a; +oo) , thitaluu y:
Xét a = () dé tim gia tri cua tham sO m saocho y'20,x € [a:+oo).

Xét a # (0, ta lap biét s6 A.

. ja>0 : :
Néu A <0 thi y'20,x e R = y dong bién trén R, nghia 1a ciing

ddng bién trén nira khoang [oa: +oo) :
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Néu A >0 khi d6 phuong trinh y'=0 c6 hai nghiém phan biét
x],xz(xl < Xz)

Lap bang bién thién. két hop yéu cau bai toan. suy ra ham s dong bién
trén hai mira khoang (—oo:x]] va [x,_,;+oo). nghich bién trén doan [xi,xz].

Do d6 ham s6 dong bién trén nira khoang [a; +oo) khi va chi khi
X, <X, <a.

Bai toan dwra nhiéu hudmg giai, gidi thi¢u ban doc hai cach giai phé bién:
(220
A>0
X, X, < 200
(xl - a)(x2 - a) >0
Cich2:Pitt=x-a=>x=t+a.

Khi d6 phuong trinh y' = 0 c6 hai nghi¢m phén biét x, < x, <a khi va

Cach 1: X, <X, £ 9

chi khi phuong trinh y‘(t + a) = 0 c6 hai nghiém phan biét

(ai()
A>0

hon B AR5 b, +1, <0
b, 20

Q Cau Il
l.Diéukién: Xx+y>0 x—-y>0,y>0

\/x+y+\/x—y=2\/;@2x+2\/x2—-y2 e 4y

2y —x 20 l2y——x20

Syt -y' =2y-x&
st Sl A [ y=0 V 5y = 4x

5y’ = 4xy

*y=0= x =9 khong thoa 2y — x > 0.
* 5y = 4x thé vao phuong trinh con lai ciia hé ta c6 :

\/;+2\/;=3©x=1=>y=%théa2y—x20.

Vay (X;y) =

l;é] 1a nghiém cua hé da cho.
J
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2. Diéu kién: cosx = 0

Ta co phuong trinh da cho tuong duong véi:

Sin X Ccos 2X + cos’ x(rem2 X — 1) +2sin'x =0
& sinxeos2x + sin® x —cos’ X +2sinfx =0
&> Sin x(l ~ D sin® x) Lt x -1+ %Win' g =10
S 2s5in" X +sinx—1=0

sinx = —1(loai) Ix = E + k2w

S| 1 & gﬁ , (ke z).
S’“ng x=—_+k‘21r
| O
Q Cau IIL
Hoanh do giao diém ctia d6 thi ham f va g 1a nghiém cua phuong trinh:
x2 2

—4-+2=i_‘§——4x<::>x‘~’-16x+28=0@x=2.x=14.
Hoanh dé giao diém cua d6 thi ham f va h 1a nghiém cua phuong trinh:
2
-}E-—+2=—%)-{~+1‘2¢:>x2+6x—40=()<:> x =-10,x = 4.

4
Hoanh d6 giao diém ctia d6 thi ham g va h 1a nghiém cuia phuong trinh:
2
—}%——4x——3—‘2§+12<:>x ~dx-G=0x==1x=6.

V& do thi f,g va h 1én hé truc, suy ra:

W FTRI _?-"- 5-7-_ .
b—![f(x) g(x)}iw<+4j[11(\) }m 4L =11 (dvdt)

Q Caulv.
Goi O la tam ctia ddy = SO L (ABC)
Goi E la diém ddi ximg véi C qua A ; F 1a diém d6i xtimg véi A qua B
= SE / /AN; SF / /BM = ESF = 90’
Ap dung dinh li ¢ sin cho tam giac EOC, ta cé:

OE? = CE? 4+ CO? — 2CE.CO.cos 30" = T

5
Tuong tr déi v6i tam gide OFC ta co: OF? = %‘— .

= SE? = SF? = SO + Tal

223



Ap dung dinh li ¢6 sin cho tam giac AEF ta co:
EF’ = AE’ 4+ AF? —2AE.AF.cos120" = 7a’
Ap dung dinh li Pitago cho tam giac SEF : FE’ = SE? + SF?

12 w .
= 7a? = 280 + 14; = S0 = 42 .

g,
MaS, . .= L ;/3 = thé tich can tinh la:
1 d.\/_ rlz\[— a \/—
V= §SO'S._\.\U( -:3- 5 : 1 (thl)
OCiuVv

Sir dung bét dang thirc Bunhiacopxki dang
(n2 + bz)(x2 + y"!) > (a.x + by)z, taco

h”+ﬂb+‘bzcy

>la+bte).

2
(b + c)
1 1 4+ 2 -
Tir d6 suy ra: — < 2

a” +2 —(a+h+c)2.

k+af h+bf

1 1+ ; 1 1+ T

Tuong tyr ta ciing co: — 2 2 e “E < =
b® +2 (a+h+c) c +2 (a+b+c)
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3 (n.+1>}2 +(b+c)z + (c +a)

] ! l D N i :2 - TR e
s :
a+2 b +2 ¢ +2 (a+b+c)

3+a’+b°+c¢ +ab+bec+ca

o (a+ b+ C)2

ab+bc+ca+a’+b°+c’+ab+bec+ca .
(a+b+c) R

3.

Tir d6 suy ra diéu phai chimg minh.
Diang thirc xay ra khivachikhia=b=c=1.
1 Cau Vl.a.
1. Toa do giao diém cua hai duong tron (C) ) va, (C 2) 1a nghiém cua hé:

X' +y —10x =0 x’+y*-10x=0

) 2 L
X +y +4x-2y-20=0 14x -2y —-2=0
y=7x-10 x=1=2y=-3
<1, =~
x =3x+4+2=0 x=2=pye=d

=5 (C]) va (C,z) cit nhau tai A(I:—S) va B(2;4).
Goi I la tam cua dudmg tron(C).1 € A
x+6y-6=0=1(6-yy) .

2

A’ =1B" & (5-6y) +(y+3) =(4-6y) +(y—4) &y=-1
= 1(12-1), R = IA = 5V5.

2

Vdy phuong trinh duong tron (C): (x - 12)-2 Gy (y + 1) = 129.
2.Goi (8):x* +y’ +2° —2ax —2by —2cz+d =0
Vi (S) di qua 4 diém O,A,B,C néntaco hé:

'd=0 ’a,=0
—2a—-2b+d=-2 bzl
—4b+d = -4 gz ]
—4c+d=-4 d=10

Vay (S):x2+y2+zg—‘2y-—2z=0.
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Q Cau VILa. Dit z = x +yi (x.y € R).khi do

z° +|z| =0ex -y +yx'+y  +2xyi=0
. X! =y +yx’+y =0
2xy =0 .
Giai hé ta dugc cac cap (x, y)lz‘a (():U),(U; 1),((): ~—1) :
Vay PTco6 3 nghiémla z, = 0,2z, =i,z = —i .
O Céu VLb.

1. Goi M la trung diém BC = MA = -‘23

Datx-—-AB=>AM=x;/§:xf:?n/ﬁ:-xz%/ga

GA = M(0:4)

=>BM=CM:-;-=\[3—O.

Gia sit B(a;b) = BM = V30 & BM = 30 & a* + (b~ 4)' = 30(1)

Mt khic AM 1 BM = AMMB =0 a —3b+12=0
= a = 3b — 12 thay vao (1) ta ¢6 duoc:
e TSl

2 %o g A
(3b-12) +(b—4f =30 (-4 =3&| _ .

Hai gia tri a, b tuong img la toa dg cua B,C.
Vay B(%;7), C(-9%1).

2. Phuong trinh mp(ABC): 31‘- +—_’21 +§ =1,

Goi H(a; b;c) la truc tdm cua tam giac ABC

a b
He(ABC)= —+-+2=1 (1)

Taco

K—ﬁ B (a. — 1;b;c),§ﬁ = (n;b - 2;(:),{36 == (();~—2;3), :X_Ci = (-1;0; 3
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oy AHBC=0 [-2b+3c=0
Vi H la true tdm cia AABC =5 4oy o .
BHAC=0 |~a+3c=0
Tu (1) va (2)tacod hé:
36
a=—
—a+3c=0 49 .
[1-2b + 3¢ =0 ﬁ'l)zﬁiH[iﬁ-:E;E]
49 49 49 49
6a+3b+2¢c =6 12
c=—
49

aru y: Tir dién OABC la .t dién vuong tai O, nén tryc tdim H chinh la
hinh chiéu cia O trén (ABC). Vi vy c6 thé tim toa d9 cia H bing
cach: Viét phuong trinh  duong thang A di qua O va vudng goc véi
(ABC)= H = AN (ABC).

1 Cau VILb
D& thiy néu (x;y) 1a mot nghiém cua h¢ thi x > 1,y > 1.
bit t =log, x,t >0 = x =3 va tr PT thir hai cia h¢ ta c6 y = 2%

1
way vao PT (1) tacé PT 9' +8' =17 (3).
Nhan thiy s6 nghiém cia hé bang s6 nghiém cua PT (3) :

Xét ham sb f(t) =9 + 8% trén (0;+oo).
1

Taco £'(t)=9'In9 — 228
t

1

2.8'In8
t:i

f"(t):g' 11129—I~-t-1TSs In’ 8 + > 0,Vt € (0;+oo)

Nén ham f '(t)déng bién trén (0; +oo).

Ma f‘[%]f'(l) = 18(1119 —In ‘22“")(111 27 — 11116) < 0 nén phuong trinh
"'(t) = 0 c6 nghiém duy nhét t, € (0:1).

Ta co f(tu) < f(l) =0 va limf(t) = +o00 nén phuong trinh f(t) =0

t-=s4

6 dung 2 nghiém duong do d6 hé ¢6 dung 2 nghié¢m.
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O PE 15

I. PHAN CHUNG CHO TAT CA THI SINH

O Caul.
2x + 1

1. Khao séat su bién thién va vé do thi cua ham s6 y = &
'X —

2. Véi cac gia tri nao ciua tham som € R . duong thang (d,,.) di qu
diém A(—»2;2) va c6 hé s6 goc m cat do thi (C) cua ham sb da cho tai h:
diém thudc hai nhanh cia (C).

Q Cau Il.
1. Giai phuong trinh: 23x —2 + 3J6 - 5x ~8 = 0.
2. Giai phuong trinh : 1 + sin X + cos X + sin2x + cos2x = 0.

Q Cau IIL Tinh tich phan: I = f i (tan X + cosx.e"” )(lx :
(

Q Cau IV. Cho hinh chép SABCD. Hai mat bén (SAB) va (SAD) cin

vudng goc voi day. bay ABCD la tir giac ndi tiéﬁp trong dudng tron tér
O, ban kinh r. Tinh ban kinh mat cau ngoai ticp hinh chop S.ABCI
biet SA = h.

& : i g : ' &g s
Céiu V. Chimg minh rang: sin2x + tanx > 2x vl moi x € (O—Z—J

II. PHAN RIENG .
Thi sinh chi dugc chon Iam mdt trong hai phan (phan A hodc B)

A. Theo chuang trinh Chudn

Q Céu Vl.a.
1. Trong h¢ toa d0 Oxy, cho tam giac ABC cén tai A c6 trong tai

4 \
G[E%] , phuong trinh dudng thang BC: x — 2y — 4 = 0 va phuong trin

dudmg thing BG : 7x — 4y — 8 = 0. Tim toa do cac dinh A,B,C.

2. Trong khong gian vdi hé toa d0 Oxyz, cho tam gidc ABC ¢
A(——l;-1;2), duong cao BH va trung tuyén CM lan lugt ndm trén h:
dudmg thing : '
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2 3 1

(d]):)(”i”l:}-_wl /*—4((1))‘(—*]:y+2“Z“—5

-3 1

Lap phuong trinh duong thang chira cac canh AB,AC cuatam giac ABC.

‘au VILa. Mot hop dung 9 tim the duge danh so tir 1 dén 9. Hoi phai rat it
nhat bao nhiéu thé dé xac suat co it nhat mot thé ghi s chia hét cho 4

5)

phai lon hon 5

B. Theo chuong trinh Nang cao
] Cau VLb.

1. Trong mat phang voi hé toa d6 Oxy, cho diém C(Z;O)va elip

3 2 -:) 7 ’ Y r
E): 3-;— % \T = 1. Tim toa dd cic diém A,Bthuoe (E). Biét ring A, Bdéi

(rng nhau qua truc hoanh va tam giac ABC la tam gidc déu.

2. Trong khong gian voi hé toa do Oxyz, cho mat phang (P):
Px =t
x+y+2z—1=0 vaduong thing d: {y = -2 + 2t.

z = —1t

Goi A = d(“.(P), viét phuong trinh duong thing Adi qua A, nim
ong (P) sao cho goc tao bai A va d bang 45",

‘au VILb. Tim céc gia tri cia tham s m dé dudng thing y = —x + m cit db

~!. tai 2 diém 'phfm biét A, B saocho 2 < AB < 2\/5.
X

thihamsd y =

> PAP AN PE 15

] Cau l.
1. Ban doc tu giai

2. Phuong trinh ctia duong thang (d ) la y = m(x +2)+2.

Puong thing (dm) cit do thi ((,) ctia ham s6 da cho tai hai diém thudc

ai nhanh cta (C) khi va chi khi phuong trinh Bk

=3 =1’n(x+2)+2 co

ai nghiém x va x, saocho x, <1<x,.
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Nghia la phuong trinh : mx” + mx - 2m -3 = ()(*) cO hai nghiém x
va x, thbamin x <1 <x,.
Cichl: x <l<x, & (xi —1)(:{__, = 1) <0 e x, x, —(x] + x3)+ 1<0

@[:?—l—li-_—;}-}—(—l)+ l «{) ——3»<():>u'1 > ()
m ' 111

Cach2: Datt=x-1=>x=t+1
Khi d6 phuong trinh (*) tré thanh : mt* + 3mt -3 = ()(* *)

Phuong trinh(*) co hai nghiém x va x, thoa mdn x <1l<x, ki

phuong trinh (* *) ¢0 hai nghi¢ém t va t, thoa man:

3
t, <0<t;2<‘::»t.t.t2 <) & -—<=>m>0.
111

Q Caull

(@]

1. Diéu kién: x £ —

C;“

4

Cé-chl:li){;ltt=\/"3><—:2:>x=t e

. 6 2
dUrxs—=t £-—.

5 4
5(t“+2)

¥
L8

Phuong trinh da cho tr¢ thanh: 2t + 3& & -8=0

24 - 15t =8 -2t & 5

rr <

& </§ & —‘_\/_:;

156" + 4t? — 32t + 40 = 0 (t+2)(1)t ~26r,+‘20) 0

&t = -2 < x = -2 thoa didu kién x <

\J‘lCD

Vay phuong trinh da cho c6 nghiém duy nhat -2 .
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Ha' =15x — 10

Cich2: Dat a = V3x-2. b=v6-5x. b20=1 |
3b° =18 - 15x

20+ 3b -8 =0

= Sa' + 3b° = 8. Phuong trinh da cho tr¢ thanh : e
5a” +3b° =8

.(I 5 — 2a ( %
j e &~ Li
- 3 = I3 = 3 i
B +(b_2“) _g 152 +4a’ =320 +40 =0
3
Jh: b—.QzL .
(a+2)(150° =261 +20) = =
=2 = §3x =2
& 4 =
4 = J6 - dx

Cach 3:
T3x—2+3G—5x~8=0@%f3x—2+q+(36m5x—m)=0
¢$2“Bx~2+2)+3(6—5;~4)=0

s 5, a5 ST ST:
& B 3x-2+2 +36 -4

(diffﬁf-zﬁsx—2+2* V6 - 5x +4

& (x+2) 5 6 i 15 = 0(*)
(¥3x—2) -2.4Bx-2+2 6-5x+4
Dé dang chimg minh dugc :

“ S
8 - L <vasg.

(V3x_2y~2f3x—2+22 Vo ¥4 5

Khi dé phuong trinh (*) & x ==2.

Ciach 4: X¢ét ham sb f(x) =243x -2+ 3V6-5x - 8,Vx < -g— g

2. Tacod: 1 +sinx + cosX + sin2x + cos2x = ()

=0
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&> (sinx + cosx) +2sinxcosx +2cos” x =0
= (sinx L cos x)(l + 2 cos \) = {}

[

l\

1
sinx + cosx = () }t:mx:—l PR [ |
& & =3 4 keZ.
14+2cosx =0 COSX = —— | 2T
‘2 ix == I——-—-‘f—l\h“
” . - sinx ‘
QCaulll: I = f (t.mx + cos x.e™ )cl\ =3 & dx ] cos x.e " *dx
ke 0 cosX Ju
]
"—[ In co.s.x)+ “‘§ ﬁ]ll\/§+0\v'2_1_
]
QO Can IV g

el

Vi (SAB) L (ABCD).(SAD) 1 (ABCD).
(SAB)N(SAD) = SA = SA 1L (ABCD).
Qua O dung dudng thing AL

A1SA=A1(ABCD) = A la tryc
ctia duong tron ngoai tiép tir giac ABCD .

Goi M Ia trung diém cta SA, (o) lamat 4
phing trung truc cia SA va I = AN ((\).
[€eA=TA=IB=IC=1ID, I€(a]

IS =JA=1S=]1A=IB=1C=1D B
nén I chinh la tim mat cau ngoai tiép hinh chop SABCD .

Ti giac MAOI la hinh chir nhit nén OI = AM = 52\ 321

S IA2=O0A’ +OP =T +-1—1—:>R—IAM E J—-

\

Ciu V Xét ham s6 y = sin2x + tanx - 2x xac dinh va lmn tuc trén nira
! 1:
khoang [O;E).

: —-2= . v-2(l~cos‘2x): :

COS X COs™ X CcoOs™ X

- 2
—-4sin° x

y'=2cos2x +
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e, T o
1 -sin"2x cos 2x .. ) n
= — - = — 20 vo1 mo1 x € —

cos” X COs™ X 2 J

" [cosdx =0
|
|

(
y'=0.x lu &5

r\;!.‘-i

\lc>x_:-—‘

$ {
jx | H:E 4
72

|
i

%, X i - 5 fEA X . ; T ¥ ;
Vi ham so xac dinh va lién tuc trén nua khoang |i():~;J:y' > () vO1 moi

=

n y o y ; OTR— SR ; £ a2 ik
X € [U:;) va dang thire xay ra chi tai diém x = — nén ham s dong bién
- .’11

—

trén nira khoang [():g]. Dodo v > y(()) vO1 Mol X € [U:g—}.

; ch Tt
Hay sin2x + tanx > 2x voi moi x € (();—J.

g
O Cau Vl.a
| Toa dd dinh B tanehiem caahe 1~ 2 =% L B(o 2)
- : = S’
oa dé di a nghiém cua hé Ix —dy —8 = 0 (

Vi AABC cintai A nén AG 1a duong cao cua AABC,

1

AG L BC = AG:: [w~§—]*l\*§]—() S2x+y-3=0

Goi H = AGN BC thi toa do diém H la nghiém cua hé

2x+y—-3=0

g i ll(2:~-1)

. Xe = 2%, — X, ‘
Vi H la trung diém cia BC = {~ - % = G{40).

Taco x, = %(xA g 0 x(.).y“ = %(\\ ¥+ y(‘) = A(0;3).

Vay A(0:3),B(0:—2),C(4:0).
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2. Phuong trinh tham s6 cua cac duong thang (<l,,) va (d,) la:

X = —1+ 2t % =14 28
((ll): y=143t . (riﬁ;): vy o= —2— 3t (t,sE lRi).
z = 4 + 4t 2 =0n4+x

ViBe(d )= B(2t - L3t + LAt + 1),
Ce(d,)= C(2s+ =35 — 215 + 5)
Ta co A(‘ ( s+ 21—3s — Lis + 3) toa do trung diém M cua ADB la

T\[[ 3 = § v B |
2

VTCP cia (d,): u,,

By

2(2:3:4).
vi ACu, =0= 2(25+2)+3(-3s— 1)+ 4(s +3) =0

& gill=leassllis C(‘ZT:——41:18).

b e B g
ViMe(d,)= 3t-2:2(—-—3$*~2):>t:-2- B|L.32
3 3 3
2t+3=5+0H
Do d6 phuong trinh AB : s ‘Y+3:Z*2,
2 9 7
f\c‘:x+l:_s'+3:z—2'
13 -19 8

Ciu VILa. Trong 9 the da cho ¢¢ hai tim thé ghi so chia hét cho 4 ( cac thé
ghi s6 4 va 8), 7 thé con lai ghi sd khong chia hét cho 4.

Gia sur rut x (1 LX< xE N) s6 cich chon x tir 9 thé trong hop la
CX

[ i

s6 phén tir cua khong gian mau 1a n (SZ) G -

Goi A la bién ¢d = Trong sé x thé rit ra, co it nhat mot thé ghi s6 chia
hét cho 4"

Sé cich chon twong (mg véi bién ¢b A 1a n (A) =C.

Taco p(K)“—'-E—j—-b ])(A)-I—%.

4 4

234



o
:

< l-—>
O

]

[

&gt = 1Tx+80< D

Do do p(A) o

L ’

S
oy

«::»5<:\'<12:>6§x{{5)(x€_1\¥)

Gia tri nho nhét cua x 1a 6. Vay sb the it nhit phai ratrala 6 .
O Cau VLb
1. Goi A (x“;y”). do A.Bddi xtrng nhau qua truc hoanh nén B(x“;—y“)‘

ABC la tam giac déunén AB = AC < 4y~ = (x“ - '2)2 +y,(2)
| Xll = 2

Tor(l)va@)taco: 7x,° —16x +4 =0 & 9
X —_—

7

0

Il

Voix, =2=y, =0=A=C loai

18 W3

Vai x, = % thay vao (1) ta duoc y“"') - 9 & X, = For—w

() 7
Viy A %3—7-‘@- 2 453

B B

2 a3
' 7" -

%j—ﬁ hodac A
7 7

7

N ——

2.Tacé A(1:0:~1), VICP cta (d):u = (1:2-1),
VTPT ctia (P):n = (2:1:1)

Goi u, = (a;bic) (2 + ' +¢* > 0) 1a VTCP cia (A)

Vi (A)Cmp(P)= um=0=2u+b+c=0 (1)

Goc giira (d) va (A) bang 45" suy ra

cos45" = ln ek Cl & Iu 3 2l = cl = \/3(9.2 o ] cz)(Q)

—\E+h2+cz\/6

Tur (1),(2) suy ra
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3la+ bl = [3(a’ + b7 + (20 + b))
& 3a’ + 6ab + 3b’ = 5a° + 4ab + 2b°

&2l —2ab—b =0« (V/I_in)‘ = (u of ]))2 &S bh=-—at \/ga
\

*Voib=-a+av3.chona=1=h= \/; ~1=c=-1—+3
*Véib=—-a—-av3.chopna=1= I)::—w/gwl—:}c:\/gwl
Tir d6 ta c6 hai duong thang thoa mén cé phuong trinh la

x—1 y z+1 . x—1 z+1

.
= = va = = .
R b giWy w31

4au VILb. A(xl;yl ),B(xg;)':,) la giao diém duomg thing ((l) ry=-X+m

2
i aX gk X = ; 4 i & y
A do thi (C) LW e cua ham so nén toa do A, Bthoa:
X
2
- 1 = ~X 4+ 1n 2}(2 —mx—1=0, ()& # U) (1)
A V= —-X+11
y=-X+m = E

Dé thay (1) ¢6 hai nghi¢m thuc phan bigt x . x, khac 0 véi moi m théa man:

m
X1+X2 BT
3 12 vay, =-X,+my, =-X,+m,
LXl.){2 —_-""é'
Khi do:
2 2 /) 2
ABzz(xl—-xZ) +(3|—-§,) =2(x‘—:\3) =21:(x‘+x2) -—4xlx2]
m’
<'—'>AB2=—5—+4.
Theo bai toan:
[ >0
2 e m # 0
2<AB<2V3 = 4<2 +4<12 <:>x22 < ;
2 1 -4 <m<4
5 <°
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O PE 16

; PHAN CHUNG CHO TAT CA THI SINH
O Caul. Chohamsd v = x* — ux — m ¢o do thi (C—m ) in la tham sb.

1. Khao sat su bién thién va v& do thi cua ham sé khi mn = 3.

2. Tim cac gia tri m dé do thi (C, ) cua ham s cit truc hoanh tai 3
diém phan biét.
Q Cau 1l
Jx—1-fF=8-%" (1)

(x~1) =y 2) (X,}’ER).

1. Giai hé phuong trinh: [

2. Giai phuong trinh : tan x = cot X + 4 cos’ 2x.

| |
Q Cau I Tinh tich phan: I = [[ 2P e vt }1){

4 — 3*
Q Cau 1V. Cho hinh chop SABCD c¢6 day ABCD la hinh vudng canh a
SA 1 (ABCD) va SA = av3 . Goi I 1a hinh chiéu ciia A 1én AC. Ti

I 14n luot v& cac duong thing song song voi SB,SD cat BC, CD ta
P, Q. Goi E,F lan luot la giao diém cua PQ voi AB,AD. Tinh th

tich cua khéi chop SAEF va khoang cach tir E dén mit phéng (SBD) :

1)

O Cau V. Cho céc s6 khong am a,b.c¢ thoa min a + 2b + 3¢ = 4.

Ching minh bat ding thire sau : ab — be + ca < 2.

IL. PHAN RIENG
Thi sinh chi dugc chon Iam mét trong hai phan (phan A hodc B)

A. Theo chuang trinh Chuén

O Céau Vl.a.
. 2 ;
1. Trong mat phing Oxy, cho dudng tron (C): (x — 4) +y =4 v
diém E(4;1). Tim toa d0 diém M trén truc tung sao cho tir M ké dugc he

tiép tuyén MA,MB dén duong tron (C) voi A,Bla hai tiép diém sao ch
duong thing AB di qua diém E.
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2. Trong khong gian véi hé toa dd Oxyz. cho hai duong thing
x+1 y-1 z-1 x~-1 y-2 =z+1 . _. .-
P = = e W = = ——— va mat phang
2 —1 1 ; 1 1 2
(P):x—y-2z+3=().

d

Viét phuong trinh chinh tic cua duong thing A, biét A nam trén mat
phing (P) va A cat hai duong thang d, . ds .
Q Cau VIlLa. Ching minh rang phuong trinh : (x - l)ex - (x + l)c'x =0
c6 hai nghiém.
B. Theo chuang trinh Nang cao

Q Cau VLb.
1. Trong mat phing voi hé toa dd Oxy cho duomg tron (C) c6 tim
1(3;2). bén kinh R =13 va duomg thing A:mx -2y +m+3=0.

Tim m dé dudong thang A cat duong tron (C) tai hai diém A,B sao cho

466

5 .

tam gic AIB c6 dién tich bing
2. Trong khong gian véi hé truc toa do Oxyz cho tam gidc ABC véi
A(1;2;5),B(1:4;3),C(5:2:1) va mat phang (P): x —y 2z~ 3 = 0.
Goi M 1a mét diém thay dbi trén mat phing (P).
Tim gia tri nho nhét cua biéu thie MA* + MB? + MC®.
0 Cau VILb. Giai bt phuong trinh log? x > log? ,/1 = 3‘;-

O DPAP AN DK 16

Q Caul
1. Ban doc tu giai

2.Tacod: y'=3x> =
Péy m<0=y'>0,Vx € R ham s dong bién véi moi x € R, do dé
dd thi ciia ham s cit truc hoanh tai 1 giao diém.

g ol s R /u ,m
Khi m > 0 = y' =0 ludn ¢6 hai nghi¢ém phén bi¢t x = — —31,}: = £y
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Lap bang bién thién va suy ra : ham so6 dat cuc dai tai :

( Y s d )
I | S 2111 f’]ll I - i "
X = —|—.y| - ——5:————| '— | —m va dat cuc tiéu tai :
3 3] 3 1\V 3 )

\/’l_!l_ [;; 2111( m

X = s I R it | g e o ETR
V3 3 KV 3

D6 thi cua ham sé cit truc hoanh tai 3 diém phan biét khi va chi khi:

(m > 0 (m > ()

( 2im({ [in 2( [n i
yi=J— >0 |—|./—|-m>0 &< |—I|>1em>—.
Y & 3 7 3 3 3 3 4
( i
y FB—)<O _%ﬂ( E]—m<0
Y 3 3 (V3

0 Cau Il.

gog %, 4
3

x 21

1. Diéu kién: [ "
y=0
Thay (2) vao (1) ta dugce: vx —1 —-(x ml)'2 =8 —x"

evx-14+x"=x*+2x-9=0
edx—1-14+x*-x*+2x-8=0

e X +
dx—141
1
= Ji=1 41

Vay (x;y) = (2:1) 1a nghiém duy nhét ha hé.

(x—2)(x2+x+4):0

+x+x+4|l=02x=2=y=1

2.Diéukién: sin2x =0 & x = lg—- (leZ)

Phuong trinh twong duong vai

3 i _ 2cos2 ;
cf)bx—smx +4cos’2x =0 & (‘:os X $4cos’2x =0
sinXx cosX sin 2x

& 2cos'2x[ - + QCos‘ZX] = ] > 2cos 2% (1. + sin4x) =0

' sin 2x
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T T

con2x =1 X = ‘__1'4'1{_—

1 & 2
sindx = —1 T

X = —"_'_'+k

o] 2

10 voi diéu kién= ho nghiém cua phuong trinh Ia :

T

Xx‘-+kf-
4 2 (kez).

™ T

.. 1
1 Can L I = = lJ’ml(c“) + ]M - ]e’*dx il =]

2() 0 2 4-)(2 2 M 20 o

2
e

2x
C

1 b )
4

1+\/§~2:ez+4J§_7
—

1
“hi y: jx.c“dx.
0

1

Patt=4-x°.

u=x
bit

: ~ I= I——L—dx
dv = e™dx : /4—-){2

d Cau IV

Trong tam giac vudng SAC, ta co:

12 .2
Gsc—aGio [C_AC | w2
SC_ SC' 2a’+3a 5
s P 2B Gl e LD = =
5 5 5 5
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Ap dung dinh li Talct:P—E = BI‘ =9 = BE = ECQ e 8
G PG 2 2 5
Tuong ur: DF = 3_“' = AK = AF = 54 o8 — é—‘-
5 5 5
. Lo ne  329°
= S = 5 AEAF = T
, I I 32 32°V3
Vay VSAEF = 5SA'S-_\.,\I-ZIT = 5’“\/‘; 25 e (dvtt).
A 5 N
Vot o s o cl(E.(SBD)) - éd(A,(SBD)).
DE 3 5

Vé duong cao AH cua tam giac SAO
Tacé: Al L (SBD) = d(A,(SBD)) i B a\/g
i

SO
3;:,\/5
35

Véy d(E,(SBD)) =

QCauV

Hién nhién 1a do be > 0 nén ta chi cén chimg minh a (b + c) < 8 la du.

2
Miit khéc, lai dé y rang theo bat ding thirc Cosi dang xy < ()(;tl—)i, thi
2
IV T

ab ) £ afbt20 | e pal byt _<_2-2 -

2 2 2 4

o (a + 2b + 3c)’ -
8

Bai toan dugc chimg minh xong.
Dau dang thire xay ra khi va chi khi

[a+b+c=4

bt == 1)

1ca = () <~ (?L, b,(‘-) = (2,1,0) E
L . B

_—= 1 —

|2 2
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QO Cau VLa
1. Budmg tron (C) c6 tdm 1(4:0). ban kinh R = 2.

Goi M(O; m) , gid su T( x; y) la tiép diém cua tiép tuyén vé tir M t&i

(C)=> —I\FI' == (x;y - m). ITI: x‘(x —4;y).

|Te(c) X' +y’ —8x+12=0
Taco: { — — @iy -
MTIT =0 X +y —4x—my =0

=>4x-my—-12=10

= phuong trinh duong thing AB : 4x — my —12 =0

= ABdiquaE©16-m-12=0&m=414.

Vay M(0;4) la diém cén tim.

2. Gia sur a(a; b;c) o 6 la mdt vecto phap tuyén ciia mat phang (P).
Phuong trinh mat phéng (P): ax + by +cz +2b = 0.

Duong thi'mg A di qua diém A (1; 3;0) va c6 mot VTCP\: = (1; I 4).

a(ai(p)) =4 |22 l__y

_ /a2+b2+c‘2

" Tir gia thiét ta c6

Thé b= —a —4c vao (2)tacod:
2

(a. + 50) = (2&2 #1704 8ac) &a’-2ac—8c =0

s2_4wl=-_2
C C

*Voi 2 =4 chona=4c=1=b=-8,
C

Phuong trinh mit phi’mg(P) 4x =8y +2z2-16=0.

*Vé6i 2= _2chona=2c=-1=>b=2.
C

Phuong trinh mét phéng (P): 2x + 2y —z + 4 = 0.

Q Céu VILa
Dé thdy x =1 khong la nghiém phuong trinh .
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X +1

Vai x # | phuong trinh (x - 1)0x —(x + l)b“‘ =0 e - =],
x-1
’ \ A Ty X+ l i . G .
Xéthamsé vy = ¢ - 1 xac dinh véimo1 x # 1.
x s

2
(1)

rén moi khoang (—oo:l) va (1: +oo).

2x

Taco: y'=2e >0 voi moi x # 1 nén ham so6 dong bién

Mait khac limy = -1, lilm y = 400 va limy = +00,limy = —0.

S X=¥tn x-—1 x—»1"
Lap bang bién thién, ta thdy phuong trinh da cho c6 hai nghiém phén
)igt, trong d6 mot nghiém nho hon 1 va mdt nghiém Ién hon 1.
J Cau VL.b

1.Goi h = d(ILA)=S,,,, = %h.AB = hvyR? — h?
5 .06
[ hz -
= hv13 —h? = 3‘/_ R L T 5,
T w9
5
4m —1
Ma h_d(I A)_-I———-l—
m’ + 4
2 9 2 2 2
THI1: b’ == 5(4m - 1) :9(m +4)<:>71m —40m - 31=0
5
31
Sm=1 in=-——.
TH2: b’ = -5-9 = 0(4111 - 1) - 56(1n2 + 4)
5
<24’ —40m—-129=0< m = I—(E:-I—Q—S—E-
Viym=1 m= —-:—i m == 19—#—13&—— la nhimg gi4 tri can tim.

2.D0 (8)/ /(o) =>(B):2x +2y -2+ D=0 (D =17).
Mgt clu (S)c6 tam 1(1:—2;3), bankinh R = 5.
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Pudng tron c6 chu vi 6© nén co ban kinh r = 3.
Khoang céch tir I t6i () 1a h = JR e o 5 — 9 =4,

2:1 422 ~3+D =
IH,"( ) 3l|:4@|_5+n|:12@|
42 + 2 +(=1) P

Vay (B)c() phuong trinh : 2x + 2y —2 -7 = ().

Do do

(loai)

x>0
Q Cau VILb. Diéu kién: « . eSlex<d.

2 : X 1 ( X 1
Péy:log J1-—=—=log, |1-—|,log x =—log, x.
y g,,\/ $=5 g,,t 4} 8, X =5 log,

Khi d6 bt phuong trinh da cho twong duong véi bat phuong trinh

2 2 2
1 1 X 2 X
(-ilog;; x) > [‘2‘1"&;(1 - ZH o (log“ x) > [log.‘ [1 - IH
& [log“ x — log, (1 - E—Hlﬁlogn x +log, [1 - z—ﬂ >0

< log, = .logxx(l - %) 20

%
4

Trwdmg hop 1: | = =1 & x =2,

4-x 4x 4
Trwome hop 2: & <1 S 0<x<—.
g x(4 - x) 14 —x 5
£ 4 )((4—)()51

[ 4

N

: T
Vay bat phuong trinh cho ¢ tdp nghiém la (O;—;] v {2 :
5
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O PE 17

I. PHAN CHUNG CHO TAT CA THI SINH

O Cau I. Cho ham sé y = x* — 3mx” + 4

1. Khao sat va vé& do thi khi m = 1.

2. Tim m € R dé phuong trinh x* — 3mx’ +4 = 0 ¢6 3 nghiém phén
biét va cac nghiém déu nho hon 4.
Q Cau ll

1. Giai bt phuong trinh : x* +3x +1 < (x + 3) x*+1.

}
: tan” X + tanx \/i .
2. Gidi phuong trinh: = —sin

tan’ x + 1 2

T
X + —|.
4

(A Cau HI: Tinh tich phan: 1 = J'

1]

sin 2xdx

3 +4sinx —cos2x

Q Cau 1V: Cho t&r dicn ABCD ¢6 cdc canh AB = BC = CD=DA=a,
AC = x,BD = y. Gia st a c¢0 dinh, hiy xac dinh x va y sao cho thé
tich t dién ABCD 16n nhat.

’ . ool . 1 % ’ ’ “ A
Cau V: Chimg minh rang phuong trinh : —x" + x* —=4x = 3 = 0 ¢6 nghiém
2 gp g .

duy nhit va nghiém do thude khoang (1:2).

II. PHAN RIENG
Thi sinh chi duge chon lam mét trong hai phan (phdn A hodc B)

A. Theo chuang trinh Ohuan

Q Ciu Vl.a.

1. Trong khong gian véi h¢ toa do Oxyz, cho 3 diém A(2;0;0),
C(0;4:0), S(0:0;4). Tim toa dd diém I thude mat phang Oxy sao cho tir gidc
OABC 12 hinh chir nhét. viét phuong trink mat cau di qua 4 diém O, B,C,S.

2. Tronp khong gian véi hé toa d§ Oxyz, cho M (5;2;—3) va mit phing
(P):2x +2y —z+1=0.Goi M, lahinh chiéucta M trén (P), xéc dinh
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toa d§ cia M, va tinh MM, . Viét phuong trinh mp(Q) di qua M va chia

dubngthéng(d):xglzyzl:3—6:).

Q Cau VIlLa. Tim can bac hai cua sb phic z = =l g

B. Theo chugng trinh Nang cao

QO Cau VLb.

2 2 i
1. Trong mit phang Oxy. cho elip (E) ; 1(8— + % =1 va duong thang

A:x—\2y+2=0.Gia st A cit (E) tai B,C. Tim diém A€ A dé
dién tich tam giac ABC I6n nhat.

2. Trong khong gian véi hé toa do Oxyz. cho cic diém A(l;();()),
B(0;1;0), C(0:3;2) va mat phang («): x + 2y +2 = 0. Tim toa ¢ ciia diém
M biét ring M cich déu céc diém A, B, C va mat phing (o).

Pl g O¥F L2 =0 . (D)
QO Cau VILb. Giai hé phuong trinh e ( 1 )2\--:

O PAP AN PE 17

Q Caul
1. Ban doc tu giai

. : 4 ;
2.Tacd x' —=3mx*+4=0 3m = i s =2 f(x)
X

Xétham s f(x) = x + 2 véi x € (—i0) U (0:4).
X

Tacd f'(x)xl—%,f’(x):()©x=2.

_lil}l f(x) = —oy, lim f(x) = %

X x x--0"
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Bang bién thién:
Ttir bang bién thién ta thiy PT ¢6 3 nghiém phén biét va ca 3 nghiém déu

. o 1
nho hon 4 khi vachikhi 1 < 1n < T:;—
Luu y: Co thé giai bai toan theo cach sau:
Yéu cdu bai todn « f(x)=x" — 3mx’ + 4 c6 hai diém cuc dai va cyc
f(xl)f(xz) <0
tiéu A 38 dong thoi X%, <4
f(4)>0

O Cau ll
1. Bt phuong trinh & x(x +3)—(x +3)\/x2 +14+1<0

@(x+3)(x—\/x—2:)+(my—x2 <0

& (Ve +1-x)e +1-3)<0. ™

Do m—x>\/;—x:|xl—x2()
SsMoedidtl<dox<s8e -2 <x<2V2.

Viy —2v2 < x < 242 1 nghiém cua bét phuong trinh d cho.

2. Pidu kién: cosx = 0 & x ¢§+k1t, keZ.

‘ : : kg,
Phuong trinh < cos’ x(tnn" X + tan x) = -_é-(sm X + cos x)

& 2(si112 X + sl X CO8 x) — (sin X + cosx) == )

sinx +cosx =0

& (sinx +cosx)(2sinx - 1) =0 b s T 2

3
¢$x=:—3+k1r: X=E+k2‘ﬂ; x=ﬂ+k2‘n
4 6 6

Két hop voi diéu kién ta co:
5
X = =t foms % e 2(;_ + k21 x = —)g— + k27 la nghiém ciua phuong
trinh da cho. |
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n

2
QCaulll. Taco: I = j

i S . *
Ssin” x +2sinx +1

sin x cos xdx

Dit t = sinx = dt = cosxdx

Pdican: x =0 =t = 0:x =

! Lt +1=1)dt
Khi do i1 = [— :j(- Pl

Q CaulV
Goi M,N lan luot la trung dém cua AC va BD.

Vi céc tam giac ABD,CDB la cac tam giac can nén (ANC) 1 BD.

; 1 :
Dodo: V = §BD,5M -

ABCD

Do AANC céan tai N nén Six = f;—MN.AC

~MN = VAN? — AM?
Ma

=/ AB% ~ BN* = AM?

1 1 2 ' 3
Suyra S, = ZMNAC = Zxx/‘l“ ~(x* +¥*)
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N
-
=

|

Dang thirc xay ra khi va chi khi x = y =

NE
X 2 2a
Vay miax Ve o 82— 8 X 2 Y = —=,

; . 2 ‘ :
93 V3

" ’ x - 1 3 % . - - [ -~

U Cdu V. Xéthaim s0 y = —x' + x* - 4x — 3 xdac dinh va lién tuc trén R.
5

X = —l,y(-l) = .

y=x'+3x" -4 y'=0 5

Lap bang bién thién, suy ra:
y < 0,¥x <1 = phuong trinh khong ¢6 nghiém khi x < 1.

2
Mat khéc y(1)= d--?- va lim y = +o0, do d6 phuong trinh da cho ¢6

,) X—»+7T

nghiém x > 1, hon nita y(‘z) = 1; >0 = _v(i)y('Z) < (0 = phuong trinh
5

1 T : v A . A A ’
~x" + x* —4x — 3 = 0 ¢6 it nhat | nghiém thudc khoang (1;2).
5

Dua vao bang bién thién, ta thdy y dong bién trén khoang (i+or) do do
ham s y cdt truc hoanh tai 1 giao diém c6 hoanh d6 x € (1;‘2).

Vay, plwong trinh : %—x +x* —4x -3 =0 ¢6 mdt nghi¢m duy nhat va
5

nghiém do thudc khoang (1:2) !

r - ’ " 4 1 13 2 ¥ ’ . . . A
Cha y: Xétham so y = =X+ x" —4x — 3 xac dinh va lién tuc trén R.
5

Taco: limy = —0 va lim y = +w.

X——w X—>4+

Do do6 ton tai mot s6 am o sao cho y(a) < 0 va ton tai mot sé duong P
520 cho y(B) > ().

Theo dinh ly vé gid tri trung gian cia ham sé lién tuc, phuong trinh
y = 0 c6 it nhat mot nghiém c e (a:B).
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Néu ta chimg minh dugc ham sb y dong bién trén khoang ((1;[5). Tu do
suy ra rang phuong trinh da cho c6 nghiém duy nhat thugc khoang (a;B) ;

Nhu viy. theo bai toan ta can chimg minh dugc y(l).y(‘z) < 0 va ham
50 dong bién trén khoang (1:2).
Q0 Cau Vl.a

L. Tit gide OABC Ia hinh chix nhit = OC = AB = B(24;0), vi 0,C
cung nhin SB dudi mot goc vudng nén trung diém 1(1:2;2) cua SB la tdm
ssilon vir b kinh | = %SB =35,

2

Vay PT mat cau (x —--1)2 +(y —~2)2 +(z —-‘2)~ =0,

x=5+2t
2. Phuong trinh tham s cuia MM, L (P) Ay =242t

7z=-3—t

M =MM N (P) nén toa do ctia M, 1a nghiém cua h¢ :

X =0+2t
2 42t stk
P & ly=-2= M, (5-2-1).
7=-3—t
{Z"—“—-l
2x+2y—-2+41=0

Suyra MM, = [(5-1) + (2+2) +(-3+1) =6

Puomg thing (d) di qua A(L15) va c6 VTCP u = (2,5-6),

mp(Q)di qua M va chia (d) nén cé VTPT n =|AM,u| = (2:8:2).
Véy phuong trinh (Q) x+4y+z-10=0.
Q Cau Vll.a.
B4 - -
Ta co: aad
1+1

Goi z = x + vi la can bac hai cua sO phirc 7 — i
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2 . y ) " . X"—\'2:7
=z =T—-1ex -y +2xXyi=7-1&1,

2xy = —1
& 2’5 . 2“5 el . 2%
x-’ﬁ__;:ﬁi ;\—-?___;:__i)- Ix' 4+ 5% =9 =0
x = =%l
adh 3
y =+
f 2

5 ol B i e e R 3. . 3.
Vay 7 —1i c6 hai can bac hai la: 14+ —i va =1 ——1i.

O Cau VLb.
1. Gia su A(x”;y”) = (E) la diém can tim.
Xp — Jg}ftl + 2'
\/E ;

Vi BC khong d6inén S, 16n nhét khi va chi khi AH 16n nhét.

Khoang cach tir A dén (A) 1d AH =

X _\/Eyn +2|S X, — \/5}'” +2= EES\/%;Z\/E‘F _% QJé +2

E-‘hlJri‘i +‘2:6::>AH_§‘2\/3.

. \/m
8

X5 - W
242 2 < =9
VaAH=23 & {x —\2y, >0 ' J—=>A(2;~J5)
x-z vz Yo =
8 4

Vay dién tich tam gidc ABC 16n nhét khi A (2; -2 )
2.Goi M (a;b:c)

=h m o= (n - l:b:c). Eﬁ = (n:h - lzc). (_:l\—i = (n;h— Je —'2)
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. MA® = MB*
Do M cachdéu A.B.C = 3 5
MB® = NIC*

= M (n:n:——a + 3).

—2a = —2b [n = b
<
¢

il il e 1. s a5

bt 1 - -
d(M, (o)) = Ma e M - \/(n —1) +a’+(a=3)

2

= M =3  —-8a+10 a=la= —23
D 3
*a=1= M(L1:2)

£ d S I8 1)

3 r, | 3

0 Cau VILb Dat u = 2" .u > 0, phuong trinh (l) tr¢ thanh
wru-2=0 <:>(11—l)(11+2):l)(3).

Viu>0=u+2>2>0 nén (3)¢:>n::l

Voin=]l=2" =212 ox~y=0hay x=vy.

2x-1
Khi d6 phuong trinh (2) tré thanh 27" + (é—} = .5(41)

bat v =2, v > (). phuong trinh (4) viét lai: 2v+==5
\P
5 | i
_ \—:1:32‘—2'1::)(:—:1-.3':#—
oW -vi2=0&| 2 2 2
% 1 1
vt el x s Yy =
L 2
i s . il i 1)(11
Vay hé phuong trinh da cho c6 hai nghiém la —‘—:—5 EE ;
[ N\ .
N i, T (2 + f_ -2=0
v - Iv—i ‘2‘\ 2\
Chay: { 1) =20 , :
27 4| = =9 2.(2\)‘* 23=5
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- ~ - ’ o C . \ - l
Hédagoiyditu=2"u>0vav=2,v>0hodc v=—.v >0

.')\

L

. . I
Néu dat u=2"u>0vav=-—,v >0, hédachotro thanh

(11\)+11\u2w() (v +uv-2=9

. 2 - V»i

20" ¥2v =5H (u+v) —2uv =
e X
u+v Y

I. PHAN CHUNG CHO TAT CA THI SINH

I r.‘..l:t

i

O PE 18

O Caul.

Chohamsé y = x* + (1 — 2111))»’{2 + (‘2 — m)x +m + 2 (1)

1. Khao sat va v& d6 thi khi m = 2

2. Tim m dé do thi ham s (1) c6 diém cuc dai. cuc tiéu va hoanh d9 ci
cac diém cuc tri d6 nho hon 1.
Q Cau L.

1. Giai phuong trinh:

X+2W7T—x =2 x——1+\/—-x2+8x—7+1‘ (XER).

2. Giai phuong trinh: (1 — tan x)(l + sin'Zx) =14 tanx.
O Cau III: Tinh dién tich hinh phing gi6i han boi cic dudng y = 0 v
x(l - x)
& ET
" O Caulv. Cho tir dién ABCD va cac diém M. N, P lan lugt thudc céc canl
BC, BD, AC sao cho BC = 4BM,AC = 3AP,BD = 2BN. Mit phin;

(MNP) cit AD tai Q. Tinh ty s6 %-g- va ty sd thé tich hai phén cua khd

y:

tir dién ABCD dugc chia boi mat phang (MNP).

Q Cau V. Chimg minh ring phuong trinh 4° (4x" + ]) =1 c6 dlng 3 nghiér
thuc phan biét.
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1. PHAN RIENG
Thi sinh chi dugc chon Iam mét trong hai phan (phan A hodc B)

A. Theo chuang trinh Chudn

d Cau VlLa.
1. Trong mit phing véi hé truc toa 46 Oxy cho parabol (P) ¢ phuong trinh:
2

X

y = x> —2x va elip(E) : —9— +y’ = 1. Chimg minh ring (P) giao (E) tai

t diém phan biét cuing nim trén mot dudng tron.
Viét phuong trinh duong tron di qua 4 diém do.

2. Trong khdng gian Oxyz cho diém A (5; 5: 0) va dudng thing

d:x+1:y+1:z—7

2 3 el
Tim toa do diém B,C thudc d sao cho tam giac ABC vudng cén tai A
/a BC = 2417 .

J Cau VILa. Tim gia ti cia tham s5 meR dé phuong trinh

log'fu X + Jl()log'f” x +90 = m c6 it nhat mt nghiém thudc doan [1;10].

B. Theo chuang trinh Nang cao

0 Céiu VLb.

1. Trong mat phéng vai hé toa dd Oxy, cho hinh chit nhat ABCD c6 canh
AB:x -3y +5=0, duong chéo: BD:x—-y—-1=0 va duong chéo
ACqua diém M(—9;2). Tim toa d9 cac dinh cua hinh chit nhét.

2. Trong khong gian Oxyz cho cac diém A (5; 4: 3),'B (6; 7;2)

va dudng théng d, :X;I = y;*z = Zis.Timdiém C thugc d, sao cho

tam giac ABC c6 dién tich nho nhét. Tinh gia tri nho nhat do.

Vx -3 +7-y =2

4logi X + Qlogi y =12log, x.log, y

Q Cau VILb. Giai hé phuong trinh {
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O DAP AN DK 18

O Ciu L.
1. Ban doc tu giai
2. y'=3x" + 2(1 -21r1)x + ('2 — m)~

y e () 63 3x? +2(1 ——211’1)){ +(2 - m) = 0(*)

P6 thi ham sb ¢o6 diém cuc dai va cuc tiéu dong thoi hoanh d6 cua ching

nho hon 1 khi va chi khi (*) ¢6 hai nghiém phén biét nhé hon 1.

Pat t =x —1,(*) tro thanh 3t — 4(m —2)t —5m + 7 = 0 (**)

(*) c6 hai nghiém phin biét nhé hon 1 khi va chi khi (**) c6 hai nghiém

m > —
(A'=4m’ —m—-5>0 *
lll<—1 H’l<—1
. e L 2(m — 2) .
amphanblt;t@«S:—-g———<0 & m<2 &g
P=-5m+7>0 1n<z
Q Cau ll
x—12>0
1. Diéu kién: {7—x>0 SlExLT..

£—x2+8x——720

Tac: x+ 20T —x =2x =1 + x> + 8x =7 +1
sx—1+11- -‘2\/x—-1~—\/(7—x)(x—-1)=0

@Jx—l(wal~2)m\/7—x(\/x—1—2)-_-0
¢=>(\/-x——_1—2)(\/;«——1-—-\/:)=0

x—1=2
it ee ] A=

2. Diéu kién: cosx = 0.
Ta co: (1 — tan x)(l + sin ‘2x) = (1 + tan x)

Il
= Gt

~ A4

X
X

2
<~ (COSX — Sln X)(COS X + sin X) = cosX +sIinx

—<m<—
4 5
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" : o \
< (cosx + sin x)(cosJ X — SIn° X — 1) = ()

cosX + sinx = () {t-;mx:~l ix:_f.+kﬂ
& < | 1 keZ
cos2x —1=10) jcos2x =1 S -
: ' L
Q Cau Il

x(l— x)

Phuong trinh hoanh d9 giao diém : ;
' x4 1

=0 x=0x=1.

o I . X (1 i x) ' X 1
Dién tich hinh phing: S = J——dx = )| -1+ + dx
0

Joxi+1 x* 1 x*+1

= (—x + é—ln(x2 + 1))

Dit x = tant,dx = (1 + tan® t.)dt

+I=—1+—;—ln2+l

0

Pdicin: x=0=t=0 x=1=t=—

_'}(tan'zt+1)dt i .
ﬁl-“,[ tan’ t + 1 =,;[dt=t e

0}

Viy S=—1+ %mz +§( dvdt)
Cau lV
Goi E 1a giao diém cia MN va CD. Khi d6 Q la giao diém cia PE va AD.

GoiGla diéxq thudc canh AC sao cho DG//PQ va F la trung diém cua BC
thi M 1a trung diém cua BF suy ra MN//FD.

A
Tacé:é-c-;--—-—l -P—(-}—=I+—~———2PG
AP AP PC
_1+2ED_1+2MF
EC MC
~_-__-1+_..2..:i)_
3 3
Suyra-AQ:AP-:é
Ab . AG: 5
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Goi 17 1a thé tich khoi wr dién ABCD. V,1a thé tich khoi da dién
ABMNQP. V 1a thé tich khéi da dién CDMNPQ.

Khidé V, =V -V .

Taco V, =V 4% R

Anvx ¢ AMPY APON T

BM 1 BN I S,  BMBN 1

DO-—-—_——:—-—-!__________ = o e : =i
BC 4BD 2 S, BCBD 8
§E‘_(_ — E'Sl‘m' _ }_
S“('D 8 Sl;(*i; 2
1 7 \/ 1 rox7 ]. 3 1
Vi =5 V- Vawr =5 V-V =55 Vione =7
; \Y
:>Vi:_7_' \/J:Ev __l_:_?_
20 20) V2 13
QCauV

Phuong trinh < 4° (4}{“’ + 1) —-1=0.
Xét ham s f(x) == " (llx“’ + l) —1,taco:
f'(x) = 4" (4x" In4 4+ 8x + 1114).

Dé thay f'(x) = 0 ¢o hai nghiém phan bit x =a;x =a,, a > a,

Bang bién thién

X — 00 X a +00

f' 4 ()| - 02 +
f / \ /

Dura vio bang bién thién, ta théy phuong trinh f(x) = 0 ¢6 nhiéu nhét 3 nghiém

1 27

ey 1
Mat khéc f(0) = f[ e 0:f(-1) = > 0,f(~3) = <l

Nén phuong trinh da cho c6 ding ba nghiém phan biét

% =x, = —%:x;, € (—1;—3).

1 2
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Q Cia VeLa
1. Hoanh d¢ giao diém cua (E) va (P) [a nghiém cua phuong trinh

x 2
9 +(Xg AZX) =1e 0’36 +37xX°=9=0 (%

Xétham s6: £(x) = 9x’ — 36x" + 37x" — 9

Taco: £(x) lién tuc trén R c6 £(—1)£(0) <0, £(0)f(1 ) <0,
f(1)f(2) <0, £(2)f(3) <0

suy ra (*) ¢é 4 nghiém phan biét. do do (E)cat (P)ai 4 diém phan biét.

y =x’ —2x
Toa d9 cac giao diém cua (F) v (P) thoa man h¢ : { 2

—+y' =1
9 y
8x’ —16x = 8y ; ,
5 ] =" + 9y —16x -8y -9 =0 (**).
X +9y =
8 4 161
(**) la phuong trinh ctia dudmg tron co tam [ = |—:—|, bankinh R = -

Do d6 4 giao diém cua (E) vil (P) cung nam trén dudng tron cé phuong
trinh (**).

2. Vi AABC \wbng chntai A = AB® = %BC2 =34

Bed= B(-1+2t:-1 + 3.7 — 4t) = AB = (2t — 6:3t — 6;—4t + 7)
= AB’ =34 & 20t — 116t + 87 =0 t =3t = 1.

Vay B(1;2:3), C(5:8:—5) la nhimg diém can tim.

0 Cau VIlLa
Pit u = logf” x20voi x € [1: 1():] =>0<log x<l>ue [();1].

Bai toan quy vé tim tham s6 m dé phuong trinh u + V10u + 90 = m ¢6
it nhat 1 nghiém u e [():l].

Xét ham s6 f(u) = u+ v10u + 90 xac dinh va lién tuc trén doan [();1].

258



DéE thay f'(“):”‘.—'—f—i———“’ voi moi u20=f'(u)>0 véi
V10u + 90

moi u € [(l: 1}. do d6 ham s6 f (_u’) dong bién trén doan [0:1].

Lap bang bién thién. ta thiy f(0) < f(u) < f(1).Vue[0;1]

hay 3\/?()_ g f(u) <lLVue [();1].

Vay: phuong trinh log’ x + \/ lﬂlogf” x +90 = m c6 it nhit mot nghiém

thuge doan [ 1:10] khi 3J10 < m <11.

Chuy: Bat u = \/l()logf“ x+90.

Dé y logf“ xz0= Jl() logf“ x+90 2 3\/5 hay u > 3\/5.

. | I
Tar = \/1() log’:“ x+90 = ]ogf” X = 0 0.
2 —
Vi x €[1:10] nén 0 < log, x <1.khido 0 < = P
10
90 <u? <100 = 3v10 <u <10,
g . £ 3 3 U2 -90
Bai todn trg thanh, tim tham s0 m dé phuong trinh +u=m ¢cb

it nhét mét nghiém 3v10 < n <10,
u’ =90

Déy thém +u =m la phuong trinh hoanh do giao diém giira

u’ - 90

+u voi 3\/1_0511£10véy=m,

hai dd thi y = f(u) =

Nhu viy dé phuong trinh da cho co it nhét 1 nghiém thuge doan [ 1;10],

2
-90 : £ o '
= +u = m co6 it nhat mdt nghiém 3\/Iﬁ <u<10.

tire 1a phuong trinh

u’ - 90

Noi khc hon 1a do thi y = f(u) +u va y =mco it nhit 1

i

giao diém thoa min 3\[16 <u<10.
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O Céiu VLb.
1. Ta cé toa d) cua B la nghiém cua hé:
[x-~3,\'+5:(1 {x:4

5. sl :>B(4:3).

y=3

BC_J_AB:>BC:3(x—~4)+(y—-3):()¢¢3x+3'f15:().

DeBD = D(d:cl - ]):bphucmg trinh AD:3x +y—4d +1 = 0.

x-3y+5=0 4
= ADMNAB = A: Sl .y 6d 4;2d+7
X+y—-4d+1=0 & 5
Goi I 1a tdm cua hinh chit nhit = 1 1a trung diém cua
BD=>Id:+4;d;2

Vi A,I,M thang hang nén ta c6:
7d—28 —d+4
d + 22 d—2
*d=4=D(4:3)=DB loai

Ezk.f\_ﬁ:’

td=-ld=4,

*d=-1=D(-1-2), A(-21)va 1[%%] = C(5;0)
Vay A(-21),B(4:3),C(5:0).D(~1:-2).

2. Tacé: AB = 11. Goi i la khoang cach tir C dén AB.
Lgn %h.AB = S.,.. nho nhat < h nho nht.
Putmg thing AB c6 VTCP: u, = (1:3;-1)

Ced = C(1+2t:2+3t:3+1t)=> AC = (2t~—4;3t—‘2;t)

=5 (u—:,A—C’ = (6t —2;—3t + 4:—3t + 10}

— —

u],AC]I = \/54t? — 108t + 120 = \/54(t ~1) 466 > V66
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U Cau VILb

[— ——

}n‘..‘\(’

a2 b = — ”2\/(_)?):\/(‘)
T

1
1

Dang thuc xayra < t = 1. Vay C(SS:S; l‘) la diém can tim.

[Vx-3+J1—y =2(1)

1--1 log; x +9log’ y =12 log, x.log_ .\'(2)

Pienkien: x 23 0<y <7.

)

Phuong trinh (2) =N ( 2log, x)2 -2.2.3log, x.log, y +(3log, y) =0

)

=5 (?.lugi x — J3log, y)L =0 2log,x=3 lop,’_zj y

< log,x=log,y @x=y.

Khi do phuong trinh (1) & Vx = 3 +V7 - x =2

S xR I Tex £ T =4 &5 2% 3T —x =0

V-3 =20=x=23y=3
>

7—x=0:>x=7,y=7'

Vay h¢ phuong trinh d3 cho c6 nghiém (x; y) = (3; 3),(7; 7).

O PE 19

1. PHAN CHUNG CHO TAT CA THI SINH

O Caul.Chohamsd: y = (m +:2)x3 +3x’ +mx -5, m la tham sb thuc .

1. Khao sat sy bién thién va vé dd thi cia ham sé khi m = 0.
2. Tim céc gia tri cua m dé cac diém cuc dai, cuc tiéu ciia do thi ham so
da cho c6 hoanh d¢ 1a cac s6 duong.

Q Caull
1. Giai phuong trinh: l+cos'2§=lsin'2 =,
4 3 2 2
5 4 6x — 4
2.Glalphu0ngtnnh:\/’2x+4—2\/‘2-x= , xeR.
x? +4
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n
4

Q Céu HL Tinh tich phan: 1= [— 20X 4y

x cos XxV1 + cos’ x

O Cau IV. Cho tr dién OABC co day OBC la tam gidc vuéng tai
0,0B =a, OC = /3,(a > 0) va duomg cao OA = ay/3. Goi M la trung
diém ctia canh BC . Tinh khoang céch giita hai duong thing AB,OM .

; - : x' —4x’ + Tx + 4 = 8y
Q Cau V. Giai h¢ phuong trinh : { | g ;
y -4y  + Ty +4 = 8x

II. PHAN RIENG
Thi sinh chi dugc chgn Iam mét trong hai phan (phdn A hogc B)

A. Theo chuang trinh Chuan

Q Céu VLa.
1. Cho ho dudng cong (C .) :x° +y’ —2mx +4my + 7m* —2 =0,

Tim tham sb thuc m dé diém A (l;—l) nim ngoai dudng tron (C... )

2. Trong khong gian Oxyz cho duong thing: (d) - §=L;‘_2_ =§ va mat
phing (P) : X =y +2—5=0. Viét phuong trinh tham s6 ctia duong thing (t)
di qua A(3; -1; 1) ndm trong (P) va hop véi (d) mét goc 45°.

Q Cau VILa. Giai phuong trinh: ? +2011 =0 trén tap so phic.

B. Theo chuong trinh Nang cao

Q Céu VLb.
1. Trong mit phing véi hé toa d6 Oxy cho dudng tron

(C):(x-1) +(y+1) =25 vadiém M(7;3).

Lép phuong trinh duémg thing (d) di qua M cit (C)tai A, B phin biét
sao cho MA = 3MB.
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2. Trong khong gian Oxyz cho diém A(l()::?:—l) va duong thang (d)

. vy X=1 ¥ z-1
c6 phuong trinh = =

2 ] 3
Lap phuong trinh mat phang (P)qua A . song song véi (d) va khoang

cach tir (d) toi (P) la 16m nhat.

6

Q Céu VILb. Tim dang lugng giac cua s6 phire z = ( . J :
iy

O DAP AN DE 19

QO Caul.

1. Ban doc tu giai

2. Ham sb da cho ¢6 céc diém cuc dai, cuc tiéu c6 hoanh dd 1a cac sb
duong khi va chi khi phuong trinh :

= 3(m + 2) x’ +6x +m = 0 ¢6 2 nghiém duong phan biét

(a=(m+2)=0

A'=9——3m(m+2)>0 A'=-m’-2m+3>0

m

AP o 5.1 <S<m<(
3(m +2) A+ %0
N = 3 > ()
{ m+2
-3<m«x«l
S <m<() & -3<m< -2
m < -2
Q Caull
y x
T Y. +cOS}, 1-cosx
l. —4+cos" —=—s1m"— << —+ =
: 4 2 4

<:>1+2+‘200s%}5=1——cqsx

& 2+ 2cos2 L = —cos 3 cix
3 3
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)
<:>‘2+2(20052[.£j \-=~ 4(‘0\ (
3 ) ) \ \

— 3cos (
L

< 2+ 4cos’ (—] 2 + 4 cos’ (l —BCUSL}:}ZU

)

c~|><
wi?ﬁ

3 \ 3 3
X x\ X 1
& cos| — || 4 cos’ + 4 cos (— ~31=0
3 3 3
Ly e
cos-)-;- = {) - W
> < COs 2 =0
X 1 ~ \3
\3) 2 X |
/ \ : COS - = COS—
cos| —|=—— (l) -
\3) 2
. = .
—=—+kn o O
i 3 2 s X = + k3r
Tl sl | ¥ =+ kBn
g

2. Diéukién: -2<x <2

- g i)
\/2x+4——2\/2—x= 6x -4 g 6x — 4 _ 6x

vt +4 \/2x+4+‘2~[2-—x \/;(2+4

1 1 ;
< 2{3x -2 - =0
( )(\/2x+4+2\/'2—x \/x2+4]

o
el 7
\f2x+4+2\12 x =vx' +4
2
Gt
o N ‘
4J2(2+x)('2—x)+(2—x)(x+4)=()
a2 23
— 3 &> %
2—)([4 ‘2(2+x)+(x+4)\/2—x}=0 x =2
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Q Cau 1

n T
I ; |
tanx tanx
[ = j ; dx = j ——lx
T cosXvVI1 + cos® x % !

. J
Teos  xytanix +2

|

Ditu=tanx = du=—-—dx..
CcOs™ X
ST s T
Péicin: x=—>2Du=—.x=—>Du=1
6 3 1

i i

D0 do 1~ [ -

}m3_\/:;
1

d \] 2):\/112+Qﬁ \/g

T C——

L {1 + 2
Vi ¥
2 3% ; 2 2 u
Dé don gian hon co thé dit t = \/n‘ 4+ 2= dt= du.
vu® +2
QCaulVv
Chon hé truc toa do nhu hinh vé.
Khi do: O(0:0;0), A(0:0:aV3 ), B(a:0;0), Iz
a3

C(0:av/3:0).! (a;i}_;o].

Goi N la trung diém cuia AC

:>N[O; aJ3__ a\/f‘;}

2 42
MN la duong trung binh cua tam giac
ABC = AB//MN
= AB//(OMN) = d(AB;OM)

= d(AB;(OMN)) =d(B;(OMN))
OM = (%?—‘ZEOJON (-33 a‘f—}

e

[(“)'M; Oﬁ]=[322 : azﬁ' azﬁ}—azf(ﬁ; I; I) fﬁ VOl n= (J-3_, I; I).'

4 " 4
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Phuong trinh mat phang (OMN)qua O vai vecto phap tuyén n la

\/,:)x+y+z::0.
I
;3a+0+d
Ta c6: d(B: (OMN))=" = = a‘f/gg:“‘gﬁ.
= v
Vay, dd(B; (OMN))= f‘-g’:rl_
QCauV

Xét f(t) =t' —4t’«+ 7t + 4 xéac dinh va lién tuc trén R.
Taco: f'(t) =3t -8t+7>0VteR = f(t) df")ng bién trén R .

Dodénéu x <y thi f(x) < f(y).ngh’falé 8y < 8x = y < x méau thuin.

Viy x =y.
Khi d6 h¢ phuong trinh da cho tuong duong vaoi hé:
{x:’ - 4x* +Tx+4 =8y

=3t —4x'—x+4=0
X=y

@x(xz—l)-—ll(xz 1) =0 (¥ —1)(x-—4)=0<:>x=i1,x=4.
Hé phuong trinh da cho c6 ba nghiém: (x;y) = (—l;—l),(l;l),(4;4).

Q Ciu VLa
1. (C...) x> 4y - 2mx +4my + Tin* -2=0

¢:>(C

Néu -2m’ +2> 0 < -1 <m <1 (a)thi (C, ) 12 dudmg tron tam

1

) . (x - m)z + (y + 211‘1)2 =2 - 2m?

m

I(111:-~2m). ban kinh R =2 — 2m?
Piém A (1;—1) nim ngoai dudng tron (C...) khi
IA>R < 7m’-6m >0 < m <0 hoic m > g (b)
-1<m<0
Tu (a),(b) suyra | g thoa méan bai toan .
—<mx«<l1
2. Goi i = (a;b;c),(a’ +b® +¢® # 0) la vecto chi phuong cia dudng

théng (t)
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Vi (t) nm trong (P) nén i L1i, = (L -1 1) <> a~b+c=0 (1)
Pudng thang (t) hop vai () mot goc 45" khi
i;i . 2}» ) ZL \/5

(:()s(ﬁ: 1‘1,,)! = e - = = —
U ya? +B el i e 2? 22 2

& 2(a+2b+2c) =9(a” + bt )

& 2(a+2a+2c+2) = 9[u2 +(a+c) + (.'2]

c=10
(do(1)) & 14¢” +30a.c =0 o 15a

oc=03a:b:1:>(t!):<y:-—l+t

7 o=
. (x =3+t
o c=- ‘_;“:>a=7:c=—15,b=—8:>(t2);< y = =1-8t.
z=1-15¢

Cau VIl.abat z = a + bi (a, be R).

- L &« . 2 > - P . . . .
Khi do, z° = (a, + bl) =a’ + b’ +2abi = a? - b? + 2abi

Suy ra z* = a’ — b’ — 2ab.i. Phuong trinh da cho tré thanh
a’-b’=2abi+2011=0<a’-b’>+2011-2abi=0
a’-b’+2011=0
=
~2ab =0
DE thdy & hé trén, b khong thé biang 0 (s& din dén v6 1i vi a® = —2011).
, a=0
Do do chi ¢c6 thé xay ra truong h .
4 S {b = +J2011
Viy sb phirc cén tim 12 z = +v/2011.
* Nhin xét: Co6 mot didu kha thu vi néu ban doc dé y dé 1a

Véi z=a+bi(a,beR) thi 2’ =(£)' = at b =TghL.
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Q Ciu VLb
1.(C) c6 tam 1(1:-1) vabankinh R =5 va IM > R = M nim ngoai
dudmg tron (C )
Mat khac: Py (¢, = 27 va
Pyjcy = MAMB = 3MB?
=MB = 3= BH =3
=R’ —BH’ = 4 = d[M, (1)]

Ta co: (d):a(x—— )+l)(}'—~3):(),‘(t +b*>0

a=70
: |—6a — 4b]
Jal + b? == —l—%b

Vay (d) 1y =3 hoge (d): 12x — 5y —69 = 0. ’

2.Goi H la hinh chiéu cua A 1én duémg thang (). khi do
H(3+2t2+6t:2 - t) va u(2:6:-1) 1a vecto chi phuong cia (d).

Khi d6 AHu =0 = H(3:2:2).

Xét tam giac vuong HAM ¢c6 HM =4, AH=3=> AM=5=R vdi R
la ban kinh mit cau thoa min yéu cau bai toan.

Viy phwong trinh mat ciu can tim: (x - 1)2 + (y - 3)2 + (z - 4)2 =25.

O Ciu VILb B o
V6i dang toan nay, dicu ta can lam la truc can thirc & mau dé dua so phirc
z vé dang dai so la a + bi, tir d6 chuyén sang dang lugng giéc.

g 4(1-i3) 4(1-i3)
= = :\/5+i
1+iV3 - (iv3) 1
= 2(—-[% +—l-i} = Z[CUS‘E $ isinﬁ)
27 6 6

Sir dung cong thirc Moivre

6O ()
b1 e ;
cos——-+1sm— =92%(cosmt +isinm).
(1+1\/—) {( GJ] ( )

Viy dang !wong gidc cua sb phirc z can tim 1a z = 2° (cosn + isin n).
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Phu luc.

pOI PIEU CHIA SE CUNG BAN PQC.

L. Kinh nghi¢m lam bai.

Bén canh viéc cung ¢o kicn thire thi kinh nghiém thirc 1é cho cdc ban thi sinh khi
budc vao phong thi la v cung quan v ong Hay nho rang khi vao phong thi, ¢6 nghia

“day khong phai la budi dién idp nita”. Chinh vi vdy, nhom tac gia da duc két lai
nhirmg kinh nghiém quy bdau. nhirmg loi ldmvcn bo ich trong phan cuéi cuon sdch nay.
Hay chui y:

Diéu du tién, vo cung quan trong: ban phai chac chin rang khi vao phong thi, dimg nén
dé y tGi gam thi hay nhimg thi sinh khac, hay tap trung vao bai lam cta chinh minh. Sy tap
trung s€ gitip ban tiét ki¢m thoi gian va nd chinh la cai ndi cua nhimg y tuong,

Txep theo, sau khi doc dé thi mot luot, hdy lam lan lugt nhig ciu tir dé den kho.
Nhu vay ban s& niam chac diém cua nhimg cau do va tao sy ty tin dé lam tlep nhirng
cau khé hon. Tao ra su thoii mai ban diu 1a mot yéu to rit quan trong dé giup thi
sinh hoan thanh tét nhét bai thi ciia minh.

Théng thuong thir tu tir d& dén kho sé la:

+ Khao sat ham s6 (y dau tién cua cau 1),

+ S6 phtrc (cau VILb).

+ Tich phan (cau 1)

+ Phuong trinh luong gidc (v dau tién cia cau I1).

+ Phuong trinh — hé phuong trinh — bat phuong trinh (y thir hai cua cau II).

+ Hinh giai tich trong khong gian, hinh giai tich trong mét phéng (céu Vl.a)

+ Cau hoi phu ham s6 (v thir hai cua cau ).

+ Hinh khong g,,ian (c&u 1V)

+ Cudi cung la bat dang thire (cau V).

Sau khi giai quyét tron ven nhimg cau de néu thay nhimg ciu con lai déu roi vao
nhimg dang la, lc do ban ciing dimg nén mat binh tinh. Hay thé siu, doc ki dé nhiéu
lan, tap trung nho lai nhirng kién thire lién quan da hoc, hay nhimg kinh nghi¢m, nhimg
dan do timg dugc nghe. chic chan ban s& c6 nhimg y tuong dé dén dugc voi 1oi giai.

Nhimg ltic cang thing hay lay lai sy tr tin bang cach tho sau va ty nhii ring: “Minh
6 thé lam duge!”

Vi nhu'ng ban hoc sinh trung binh kha, ching téi khuyén cac ban nén bd
nhimg cdu nhu hinh khong gian va dic bi¢t la bt dﬁng thirc. Boi néu khong c6
klen thirc that vimg thi xdc sudt ban lam duoc hai mang do g ;,an nhu bing 0. Tham chi,
néu nhur “thir tim van may™ véi chiing, chac chin ban s& mat mot khoang thoi gian vo
ich va dleu do s& chi khién tam li ciia ban bi dao dong, anh hudng khong tot tGi viéc
giai quyet nhimg phan con lai. Mat khac, hién nhién 1a néu *bo qua™ hai phan do thi
ban s& c6 thém kha nhiéu thoi gian dé nghi ra nhimg y tudng méi cling nhu kiém tra lai
cén than nhimg bai minh di lam.

Mot luu y nita, d6 1a khéng nén lam trieée vao gidy nhdp. Véi nhimg bai toan ma
thi sinh da dinh luram duge cach giai thi khong nén giai hoan toan trén gidy nhap roi
mai viét vao gidy thi. Lam nhu vay vira mat thoi gian vira dé sai sot. Boi khi giai truc
tiép bai toan la "viét ra nhiing i ¢ trong dau", ta sé rat chi dong. Con khi chep lai (ke
ca chép nhimg gi minh vira viét) thi sinh lai tro thanh thu dong vi vay rat dé viét nham,
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bo sét. Do do, chi nén sir dung giay nhap & nhimng phén can tinh toan. Co pang luyén
cho minh ki nang tinh toan linh hoat. boi tée d§ tinh toan 1a mot yéu td quan trong anh
hudng t6i thai gian cling nhu niém tm khi lam bai cua ban.

Chu y, vo6i nhung bai toan kho. néu chi lam duge mot phin ma chua lam dugc
tron ven thi ciing nén viét vio bai lam. Vi nhirng phan ban da lam dugc, néu ding
theo ba-rem cham thi van duoc diém.

Chung t6i xin dugc lay mot vi du don gian la ¢ phan cau hoi phu cua bai khao sat
ham so, chéng han deé bal hoi vé cye tri: ~Tim diéu kién cia m dé ham sb ¢6 cuc dai
va cuc tiéu théa man...”. Hay nhd rang ¢t nhdc dén cuce tri, ta phai nghi ngay dén ki
néang tinh nhanh cuc tri. Vd sau khi st dung ki nang nay, viét dugc phuun;, trinh duong
thing di qua cuc dai, cuc tiéu thi ban di nam chic duge mot nira s6 diém caa céu do.
Con viéc “thoa man™ mot diéu kién nao, néu dieu ki¢n do kho qua ban khong giai tiép
dugc, khdong sao ca. vi ching ta da c6 mot nira s6 diém roi. Hay coi day la mQt thanh
cong & muc chap nhan dugc.

Diéu cu01 cung, ¢ méi bai toin cic ban thi sinh nén ¢ mot phan két ludn. Co
thé 1a viét lai dap sb hodc tra 1o cau hoi cua dé bai dé nguoi cham thi biét duge thi sinh
da két thic bai do hay chua. Voi kinh nghiém nhiéu nam cham bai thi Dai hoc thi bo
phan két ludn 1a mot trong nhimg 157 kha phé bién caa cac thi sinh. Don gian chi thém
mot cau két luan nhung chic chin cac ban s& gdy duge cam tinh voi ngudi cham boi
tinh rd rang, mach lac trong bai lam cua minh.

IL Kinh nghiém chuiin bi tim li trude khi thi.

Tdm li chdc chan sé la van dé ma bt ctr thi sinh nao ciing déu phai trai qua. N6 c6
tam anh huong khong nho 1ci kit gua thi ma ban sé dat dege. Cdu hoi dat ra la lam thé
nao dé duy tri dirgc maot tinh than thoai mai va mot sue khoe 16t triece thie thach kho
khdn nay ? Sau ddy la mot vai kinh nghiém ma ching 16i muon chia sé. Nhing kinh
nghiém nay trén thyc 1é da mang lai s thanh cong cho nhirmg nguci biét ap dung
chung mét cach hop li.

- Trugc tién, hay nhd khong nén nap qua nhneu kién thirc trong giai doan nudc
rit. Do tam ly thi cir nang né nén nhiéu ban da gap rut on tap ba mén thi mot luc.
Nhung chinh qun&, kién thirc qua lon da khién ho roi vao trang thai stress va lam giam
hig¢u qua On tdp. DE tranh hi¢n tugng nay. cac ban can phai biét loai ra nhiing kién thirc
khéng can thiét. Noi cach khic. hav "t6i tru héa™ churong trinh hoc cia minh.

- Tiep theo, dimg quan tim dén nhirng thong tin “giy nhicu”.

Nhiéu théng tin * "gdy nhteu vao giai doan cudi ¢6 kha ning s& lam cho thi sinh mét
tap trung. Vi nhimg dan do vé chon truomg, cho doi ty 1€ “choi™ dé cham truomg dur thi,
hay cho dgi vao nhimg “tin vit™ Kiéu ~16 dé” trén mang... s& lam ban mét tap trung khi
on tdp. Do do can loai bo tat ca nhimg thong tin nay vdi niém tin minh sé triing tuyén.

- Cudi cing, hiy diu hoa ciam xic cia minh, gidm sirc ép “d6” - “trugt”

Strc ép nay sé& gay dau dau, ciang lh.mL .. anh hudng truc tiép téi tam 1i va sirc khoe
ctia ban trudge khi thi. Do do. ban cin xdc dinh muc tiéu “hoc hét minh thi hét suc
Bén canh dé, ban dimg bao gior nghi dén sirc ép cua gia dinh va nguoi than. Bai néu
khong may. ban ¢6 thi trirot. ho ciing khong bao gior trach ban vi ban di nd lyc hét
minh. V@i suy nghi nhu viy. ban s¢ ¢c6 mot tam ly thoai mai trude khi budce vao ki thi
chinh thirc.

1. Nhirng 101 khuyén chian thanh cia nhom tic gia.

MJdi con nguoi déu co mot cau chuvén nho cua riéng minh. Nhung hom nay, ching
t6i khong noi vé ching toi. Boi ngay hom nay. ¢6 mot cau chuyén chung cua cac ban
hoc sinh, mét cau chuyén ma ching ta khéng ngimg quan tam. D6 la cau chuyén vé
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ude mo, vé muc tiéu thuc su ban muon ¢o duge trong cude doi nay. Héy co gang lua
chon thét chinh xdc tnsomg dai hoe hay bat ¢ con duong nao ban mudn di. Boi néu
chon sai. do sé la su lang phi rat Ion cho ban thin. cho gia dinh va cho ca xa hoi.
Chang 16i 1ai nha dén nhumg phan tich cua chuyén gia tuvén sinh Tran Dinh Ly:

L3 ra. ve nguyén 1ac viée chon nganh. nghe cua thi sinh phai tir rat scm. nghia la
né mang tinh dinh huomg. chir khong phai ngay truoc ky thi tuyén sinh DH-CD.

Thie so sanh vé mirc do kinh phi cho viée dinh hieong ng/w nghicp dé thi va hoc
cung giong nine 3 mure do trong nganh v: phong benh, diéu tri va cap ciru. Néu lo 1
dong chi phi dir phong sé giam duoc 10 dong diéu tri trieée khi tranh dwoce 100 dong
cdp cuu.

Néu viéc chon lea xudt phat tir sor thich, nguyen vong cua ban thdn thi sé bén ving
hem. Viéc chon nganh khong phit hop anh hieong rat lom (theo hwang tiéu cuc) doi vai
vi¢c hoc hanh va cong vice cua cac thi sinh sau nay.

Hady nhé, Pai hoc khong phai la con diong duy nhat dé vao doi.

Néu xdc dinh nhie vay. cdc ban s¢ luon thoai mdi va tw tin vao chinh ban than minh. Voi
cdc thi sinh nép nhiéu ho so, cae ban can leong sire minkh dé chon ? truomg cho phu hop.

Vi sau khi cac ban da dua ra duge lua chon toi wru, hdy sin sang chién dau vi no.
Hay tu nhu rang “day 1a thir thach can phai vugt qua trén con dudng chinh phuc uée
mo ctia minh™,

Ban cam thdy stress vi ap lre qua lon ? Ban cam thiy mét méi vi 6n luyén qua
nhleu 7 Hay tip quén hét diéu dé di, vi thanh céng chi déa khs ta vugt qua thoi
khic khé khin ahit. Diéu do ¢ nghia 1a khi moi thir tro nén ti té, d6 thuong la
diu hiéu cho thay gié sip déi chiéu. Ban ¢5 biét riing gidy phat mit troi si'p xuit
hi¢n 1 lic man dém tré nén den t0i nhat ? Hiy nhé lgi nhimg b phim tirng xem
va ban ciing c6 thé nhin thiy hi¢n twong nay. Chi ngay truée cii két c6 hiu,
ngudi anh hung thuong phai trii qua mot giai doan cu‘c ki kho khin va vo vqng
Do 1a khi moi thir djt nhién xoay chiéu va bj phim két thic. Pé ciing 1a cugc song
Hay bam vao nhimg muc ti¢u ban di dy dinh, dimg bao git' quén né, dimg bao
gior lam tit di ngon lira dam mé ciia mmh dirmg dé bit cir ai thyre hi¢n wée mo cia
ban thay ban. Khi vugt qua dugc t.:t ci nhirng kho khin, nhumg ap luc thi thanh
cong sé dén thiat ngot ngdo. Co thé ban khong phai mot ving duong chéi lgi
nhung ban cé thé tro thanh mot vi sao l.|p lanh.

Mot lin nira, xin chic nhimg con nguoi c6 wéc mo sé som dat dugce thanh cong
trén con dwong minh da chon.

Thin mén

Caic tac gia
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