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Lai gidi thiéu

C6 18 trong nhitng nam gan day, phuong trinh va hé phuong trinh da di dan vao quén lang khi hinh
thic thi tric nghiem duge 4p dung. Tuy nhién véi cac ki thi hoc sinh gi6i thi dang toan nay van con
chd ding nhat dinh. Nhung chic hin ban doc ciing da biét dugc ring: day 1a chi dé da duge nhiéu tac
gid dé cap t6i, v6i rat nhiéu nhitng dang toan gan nhu bao phtt hét cic van dé co ban clia mang kién
thitc nay. Vi thé diéu ma chiing toi suy nghi va tran trd, 1a lam sao dé cudn sach nay c6 mot chét rieng,
mot sy mdi la v sang tao trong ting bai toan. Ching toi sé dé cap t6i nhitng phuong phap huéng tu
duy va phuong thitc stt dung chting sé vo cting bién tau va doc dao. Véi cdc ban méi buée vao ngoi
truong chuyeén, va cac ban yéu thich mon toan thi quyén sach sé cé ich cho cac ban rat nhiéu. Cubn
sach phit hgp v6i nhitng ai mubn tang kha nang tu duy giai toan ctia minh va rén luyén dé én thi hoc
sinh giéi. D6 1a doi 10i chiing t6i muén danh cho doc gia trude khi bat dau doc cudn sach nay. Noi
dung quyén sach gébm 7 chuong.

e Chuong 1. Phuong trinh dai s6 co ban.

e Chuong 2. Phuong phap lugng giac héa.

e Chuong 3. Ung dung sb phic gii hé phuong trinh.
e Chuong 4. Phuong phap ham s6.

e Chuong 5. Céc bai toan chita tham sb.

e Chuong 6. Phuong phap bat ding thic.

e Chuong 7. Hé phuong trinh nhiéu an.

Diu da c6 ging hét sic trong qua trinh bién soan nhung khong thé tranh khoéi nhitng sai s6t nhat dinh.
Chung t6i xin cdm on va mong nhan dude sut gép ¥ chan thanh tit phia ban doc dé cudn sach ngay mot
duge hoan thién hon. Cudi cting xin giti 18i cAm on ban doc da tin tudng va ing ho nhém tac gia chung

toi.

Nhom tac gia
Nguyén Minh Tuan — Nguyén Trudng Phéat — Nguyén Hoang Mai Anh — Dinh Quéc Khanh
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Tuyén tap phuong trinh dai s6 hay va kho |

Phuong trinh dai s6 co ban

A. Lich st phuong trinh bac 3.

hiéu hoc sinh THPT ngay nay c6 16 da déu biét vé cong thitc Cardano — cong thic tinh

nghiém citia mot phuong trinh bac ba tdng quat. Thé nhung, liéu c6 ai trong chiing ta biét

rang ding sau cong thitc vita phitc tap, vita tht vi d6, 14 cA mot cau chuyén dai vé nhitng nha
toan hoc thoi ki Phuc Hung? Va céi tén Cardano trong cong thiic thyc té khong phai 1 ngudi da thuc
su tim ra cach gidi quyét phuong trinh bac ba khé nhin d6? Hom nay, hdy cting chiing t6i xudi ngugc
thoi gian vé nuée Y vao thé ky XVI, ma an sau noé la cd mot thien truyen dai. ..

I. Cudc thi tai ¢ dai hoc bologna.

Mg dau bai viét nay ching ta sé nghe mot cau chuyén, vé nha Toan hoc Niccolo Fontana
(1499-1557) sbng tai cong cudc Venezia (nay la mot thanh phd cta Italia) véi biet danh Tartaglia
(ké noi 1ap).

Niccolo Tartaglia (1499 — 1557)

Tartaglia trai qua mot thai tho au cuc ki nang né, khi méi nam 13 tudi, giic Phap da tran vao queé
huong Brescia, giét di ngudi cha ciia 6ng va chém vao ham va miéng ciia ong khi dang an nau. Ong
duge me tim ra va chita gitip 6ng binh phuc, tuy vay sau nay vét thuong & vom miéng dé da khién viéc
no6i nang ctia ong gap kho khan suét doi. Sau d6, me mat, ong da phai tu tim duong kiém séng, tu hoc
vat 1y va toan ciing nhu phat trién nhitng dam mé cho minh. Tartaglia bit dau gay dudc tiéng vang
khi 1a nguai Italia dau tien phién dich tdc pham toan hoc vi dai mang tén “Co ban” ctia Euclid, tit
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| Phuong trinh dai s6 co ban

tiéng Hy Lap sang ngon ngit dia phuong. Cung véi d6, ong ciing ¢6 nhiéu cong trinh toan hoc cho riéng
minh. Nam 1530, mot nha todn hoc da thach Tartaglia gidi quyét hai cau hoéi lien quan dén phuong
trinh bac 3, nhdm ha uy tin ong:
e Tim ra mot s6 lap phuong cung véi 3 lan binh phuong thi bang 5, tic gidi phuong trinh
2’ +3z° =5)
e Tim ba s6 ma trong d6 s6 thit hai 16n hon s6 thit nhat 2 don vi va s6 thit ba 16n hon s6 thit hai
2 don vi va tich clia ching bang 1000, (hay gidi z° +62” + 8z =1000 )
Tartaglia d& tim ra nghiém ca hai phuong trinh nay, va cang trd nén noi tiéng. Nhung phai dén nam
1535, tai dai hoc Bologna c6 kinh ndi tiéng ngay ay vé céc cudc thi Toan hoc, tén tudi ciia Tartaglia
mdéi thuce sy vang danh.

Tartaglia bi viténg vao mot cude thach dau Toan hoc gidi caAc phuong trinh bac 3 khac nhau v6i nhém
mon dé cta Scipione del Ferro (nha Toan hoc da tim ra cach gidi mot 16p phuong trinh bac 3 dic
biét). Béi vi dén thoi diém Ay van chua c6 ai tim ra duge cach gidi phuong trinh bac 3 tdng quat nén
cudc thach dau da duge sy quan tam cua cd giéi Toan hoc Chau au thoi bay gio. Cam thay hoi nao
ntng vi déi thi qua tir tin va minh chi 1a ngusi tu hoc, Tartaglia da miét mai suy nghi va trude ki thi
8 ngay ong da tim ra dugc cach giai téng quat.

Viao ngay 22-2-1535, cac nha toan hoc va nhitng ngudi ham mo ¢ nhiéu nude chau Au kéo vé thanh
phé Milan dé du cudc thi tai. Mdi bén sé ra cho déi phuong 30 phuong trinh bac 3 khac nhau va giai
trong 2 gis. Va bdi vi nhém Ferro chi gidi duge mot 16p cac phuong trinh bac 3 dac biét trong khi
Tartaglia nam gift trong tay “Cttu am chan kinh” do 6ng sdng tao ra nén khong c6 gi bat ngd khi ti s6
tran quyét dau la 30:0. Tartaglia tré nén rat ndi tiéng khip Chau Au sau thanh cong vang doi nay.
Tuy viy, ong van quyét giit bi mat cong thiic ctia minh, va tham chi con sdng tac mot bai the ham an
cong thitc d6 dé gay khé khan cho nhitng ké khac c6 thé 1ay cip.

II . Cardano va tartaglia, ai 1a ké c6 16i?
“T6i hita v6i anh. Khong, toi sé lam hon thé nita. Toi thé trude kinh Phtic Am thieng lieng sé giit bi

mat kham ph4 ctia anh. Néu khong, t6i khong xitng dang 13 mot con chién va mot bac quan tit. Liéu
chiing ta c6 thé théa thuan viéc nay nhu nhitng bac quan tit hay khong?”

Cardano, sinh ra la mot dita con ngoai gia tha, da gip phai rat nhieu kho khan trong viéc trd thanh
mot thay thudc & xa hoi Y bay gio. Ong ciing 1a mot con bac khat nude, da ting xuit ban cudn sach
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dau tién vé xac suat c6 he thong Liber de ludo aleae (sach vé cic tro cd bac), trong d6 c6 ca nhitng
manh khoée gian lan. Tuy vay, ong ciing 1a mot con ngudi yéu Toan, da day cong nghién citu vé cach
gidi phuong trinh bac ba nhiéu nam ma chua c6 két qua. Cho dén khi tiéng vang ctia Tartaglia dén tai
Cardano, ong da nhanh chéng tim gip Tartaglia va bang kha nang thuyét phuc clia minh, 6ng da
khién Tartaglia néi ra cach giadi phuong trinh bac ba. (D7 nhién 13 duéi dang bai tho mat ma, tuy
nhién Cardano da hiéu va mé rong duge phuong phéap do).

Cardano sau d6 da thué mot nha toan hoc tré tén la Ludovico Ferrari lam trg 1i. Ho cing nhau nghién
cttu todn hoc va lam viéc, cing nhau da kham phéa ra nhiéu kién thitc méi. Sau d6, ho da tim kiém ra
phuong phéap gidi phuong trinh bac ba ctia del Ferro (du khong day du bang). Khi d6, Cardano cdm
thay minh khong con nghia vu phai gitt 16i hita v6i Tartaglia nita, va ong da nudt 1i.

Ong da cong bd cach gidi nay trong mot cudn sich ciia minh: Ars Magna (nghé thuat vi dai hay
cac quy tic dai s6) nam 1545 va mac di trong 15i néi dau ciia cudn sach 6ng cé xac nhan ring cach
gidi nay 1a ctia Tartaglia, gigi Toan hoc dudng nhut van chi nhé dén ong khi nhic dén phat minh nay.
Ciing dé hiéu la Tartaglia da bi tén thuong nhu thé nao, ong da cong kich Cardano nhiéu nam va buoc
toi Cardano 1a ké trom. Mot cudc tranh luan 16n no ra va ciing nhu lan trude Tartaglia gt dén mot 15
thach dau. Khong may cho Tartaglia, 1an nay ong da khong ngd riang Lodovico Ferrari, mot hoc tro
tai ba ctia Cardano tit phuong phap duge thay minh truyén lai da tim ra dudc cach giai tong quat cho
phuong trinh bac 4 ciing nhu hiéu thau dédo phuong trinh bac 3 hon ci Tartaglia. Vi vay, trong cuoc
tranh luan d6 Tartaglia da that bai cay ding va mang néi uat han trong long cho dén khi 6ng mat...

Hiue adeo prompias merces Mercator

808 Torus ut ng ﬁfu- auxent onbis ~opes

b =, .._) ;i
Lodovico Ferrari(1522-1565)

Liéu Tartaglia c6 cong bang khong khi da boi nho thanh danh ctia Cardano trong nhiéu nam va khong
chap nhan 15i ghi cong trong cudn sach xuit ban ay, dit chinh cuén siach dé da chinh thitc phd bién
mot kién thitc ciic ki quan trong cho toan hoc ctia nhan loai? Va liéu Cardano c6 dang bi ché trach
khong, khi da tu rat di 161 hita cia minh ma khong néi cho Tartaglia mot 16i nao?
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| Phuwong trinh dai s6 co ban
ITI. Di san.

Bat luan cudc tranh cai gitta cac nha toan hoc 14 thé ndo, thi cau chuyén thia vi ciia thoi Phuc Hung
kho luong da dem lai nhitng kién thiic quy bau cho nhan loai. Trong dé, tiéu biéu nhét, la cach giai
phuong trinh bac 3 hay cong thic Cardano — Tartaglia. Trong céch gidi nay, dude xuat ban trong
cuén Ars Magna, ci Tartaglia, Cardano va Ferrari déu phai thita nhan sy ¢c6 mat ctia s6 phic, bao

gom phan thyc va phan 4o dudi dang a + bi(i =—i ) v6i mot khai niém ma phai dén nhitng nam 1560,
Rafael Bombelli mé6i dua ra giai thich va stt dung day du dau tien.

Lodovico Ferrari, nhu da néi, khi tim hiéu cong thitc ciia Tartaglia da tu kham phé ra cach giai
phuong trinh bac bén cho rieng minh va ciing da cong bd né trong cudn sach ctia Cardano. Va day

ciing dugc cho 1a phuong trinh bac cao nhéat c6 thé dugc giai § dang tong quat (mic du diéu do6 chi bit
dau dugc gia thuyét hang thé ki sau phat kién ctia Ferrari).

Cardano, ngoai nhitng cong trinh vé xac suit va phuong trinh ctia minh, ciing 12 ngudi dau tien dua ra

khai niem dudng hypocycloid — dudng cong duge vé béi mot diém trén dudng tron don vi dang chuyén
dong lan trén dudng tron 16n khac. Va duong tron 16n d6 da duge dit tén la duong tron Cardano.

Duong tron Cardano va dudng hypocycloid (mau do)
B. Cong thiic giai nghiém tong quat.
1. Cong thirc 1.

Suu tam tit vietnamcasioerteam.blogspot.com do Lam Hitu Minh bién soan.

Xét phuong trinh téng quat c6 dang: ax® +bz” +cz+d =0.

b R .
bat y=z+ 30 dua phuong trinh vé dang 3 + py+¢=0.
a
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Dén day c6 2 cach lam:
e Cach 1: Ap dung cong thic Cardano — Tartaglia:
g, ¢ P p b
bat u=3=%,/[—+-— ta dugc nghiém thuc xr=——-u——
4 27 3u 3a

e Cach 2: Lugng gidc hoa: Dt tiép yzkt(k >O) , phuong trinh tré thanh: k*t* + pkt+¢=0.

2 2

Néu p>0 ta chon k sao cho kz = g, ngugc lai p <0 thi % = —g , dua phuong trinh vé dang

4t° +3t = ¢'. Dén day xay ra 2 truong hop:
1. Trudng hop 1. Véi 4t° -3t =q', néu |q'| <1 ta dat t=cos¢, phuong trinh vé dang
lugng gidc cos3@=¢q'. Con ngudc lai, ta gidi phuong trinh r° —2¢'r* +1=0 tim 7, khi
1 1 .
d6 ta thu dugc nghiém ¢ = 5(7‘ - —j ciing 1a nghiém duy nhat.
r
2. Trudng hop 2. V6i 4t*+3t=¢q', ta chi c6 thé tim r thong qua phuong trinh
‘ 1 1 .
r®—2¢'r* —1=0,khido6 t= 5[7’ + —j cting la nghiém duy nhat.
r

Tuy la dai nhu vay, cac ban chi can nhé cho minh céc cong thitc sau day:
9abc —2b* —27a’d

Dau tien, ta dit A=0" —3ac va k= ‘ , ta dugc:
2,/|A°]
e NéuA>0
9 \/Zcos arccosk b
T = 3
=
3a
2\/Z Cos(ar(:(;’os K + 2;:] -b
+ Vi l<;| <1, phuong trinh c6 3 nghiém nhu sau Jz, = 3
a
2\/Zcos(arCCOSk _275) b
3 3
T, =
3a

+ Véi

k|>1, phuong trinh ¢6 nghiém duy nhat
sz[i\‘/‘kQ‘wL\/kz -1 +§/‘k2‘—\/k2 —1j—i
3ak 3a
—b+b* —274%d

e Néu A=0, phuong trinh c6 1 nghiém boi z = 3 .
a

e Néu A <0, phuong trinh c¢6 nghiém duy nhat

x:@(i/lz+\/k2 +1 +i/l<;—\/l<;2+1j—3i
a a

2. Cong thirc 2.

Suu tam tit Bui Thé Viét.
Xét phuong trinh téng quat: z° +az” +bz+c=0
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3 2 3
Dat aczy—% ta duge phuong trinh méi 1a 5 +(b—%}y+i7—a—b+c=0

Néu dat y =u+v thita duge

3 3 3 2
Y’ + h-L y+21—a—b+c=0<:> u3+vs+2i—a—b+c +(u+v) 3uv—2+b|=0
3 27 3 3

3 27
3
W28
Ta chon u,v sao cho: , 21
3uv——+0=0

3 6 m+n=-16a’ +72ab—216¢
Con néu dat y = kcost thi ta duge

frm +3 — 64(a* —3p)°
:>g;:_2+—*%+ﬁ,vai{mn (e ~30)

2 3 2 3
Y’ + [ y+2i—a—b+c=0 okPcos’t+| b-L kcost+21—a—b+c=0
3 27 3 3 27 3

3
Ta chon k sao cho: k—Qz—é:kzz\/aQ—%
a 3 3
b—— |k
3

2 3 3
Tt d6 ta bién d6i : &° cos® t + b—a— kcost+2i—a—b+c=0 ©k3cos(3t)+gi—@+4c=0
3 27 3 27 3

Tt day ta c6 thé suy ra nghiém ctia phuong trinh la:

2 1 2a0” — 2
z, =§\/a2—3bcos garccos 20 —Bab+27c || @

2(\/a2 —3b)3 3

2 5 1 20° —9ab+27c | 2n| a
x2=§ a” —3b cos garccos - |t — |7 =

2(\/a2 —36)3 3 3

2 5 1 20" —9ab+27c | 2n| a
a:3=§ a” —3bcos garccos _— |- |-=

3
2( a2—3b) 31 3

Tat nhién 13 trong cic bai toan giai phuong trinh binh thudng sé hau nhu khong cho vao phuong trinh
bac 3 tdng quat ma khong c6 dic diém nao dic biét ca, va ta ciing khong can thiét phai sit dung dén
cong thic tong quat néu gip phuong trinh bac 3 trong dé thi. Do dé ching ta hiy cling tim hiéu céc
bai toan vé phuong trinh bac cao dudi day dé c6 them céch nhin va xtt 1y 16p bai toan nay!
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C. Cac bai toan vé phuong trinh bac 3.

PHUONG TRINH CO DANG 42° +3z=m
Phuong phap giai. Xét ham s6 f(z)=42" +3z c6 f'(2)=122" +3>0, vay phuong trinh dau c6 ti

da mot nghiém.

Khi d6 ta dat m:%( j@a =mtNm’+1l < a=mtym’+1

S
3
-

1
Chon a =1 m*+1 ===
a

Khi d6 4[ [a—lﬂ +3[ (a_l }:l[as_%)
a 2 a
Vay z= 2(&——j= (\/m+\/ +1 +\/m ) 1a nghiém duy nhat!

Sau day chung ta sé ciing di vao cac vi du cu theé!

Cau 1: Giai phuong trinh 42° +3z =1

Giai
Xét ham s6 f(z)=42"+3z—1 ¢6 f'(z)=12z" +3>0 nén phuong trinh da cho ¢6 t6i da mot nghiem.

bat 1=%(a3—%j a=\3lli\/§ chon a=\3/1+\/5:>§=—\3/1—\/§

a

s fifed - )

Vay phuong trinh c¢6 nghiém duy nhat z = %(\3/1 ++2 + 3/1 - \/5)

PHUONG TRINH CO DANG 4z’ -3z =m(*)
Phuong phap giai.
e Truong hop 1. |m| <1

arccos ( m)

Dt m =cos3a =4cos’ a—3cosa trong d6 a ==+ B

Phuong trinh tré thanh
42° —3x =4cos’ a —3cosa
<::>4:(3173 —cos® a)—S(m—cosa) =0
= (a:—cosa)(élaz2 +4xcosa+4cos’ a—3) =0

T =cosa
42” +4zcosa+4cos’ a—3=0(*)

Gii phuong trinh (*) ta c6
=4 cos’ a—4(400$2 a—3) =12(1—cos2 a) =12sin’a >0

Vay phuong trinh (*) c6 2 nghiém phan biet la
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| Phuwong trinh dai s6 co ban

—2cosa+2x/§sina cosa \/gsina T 21
z, = =— — =—cos| a+— |=cos| a——
4 2 2 3 3

—2008a—2x/§sina (cosa \/gsinaJ ( nj ( 2th
1,'22 S= + = —COS a—g = COS a—i—?

4 2 2

e Truong hgp 2. |m| >1

1 1
bat ng(a3+—3j<:>a3 =mtm’ -1 a=Ym+Im’ -1

a

[ 1
Dit a=Ym+vm* -1 =>==m—-Vm*> -1
a

3
Khi d6 4 1 a+l -3 1 a+l 4 a3+i
2 a 2 a 2 a’
Do d6 z, =%(a+lj=%(§/m+\/m2 -1 +§/m—\/m2 —lj la mot nghiém cta (*)
a

Ta sé di ching minh z, la nghiem duy nhat cta (*), that vay ta c6

4z’ -3z =41] - 3z,

@(z—xo)(llf +4z, -x+4x§—3):0

ST =1, (d0(2$+$0)2 +3(:B§ —1)>0,Va:§ >1)

Vay z= %(f/m +m? -1+ %/m —\m’ - 1] 13 nghiém duy nhat ctia phuong trinh (*)

Sau day chung ta sé ciing di vao cac vi du cu theé!

Cau 2: Giai phuong trinh 8z° — 6z = J3

Giai
Ta thay rang ? <1 nén phuong trinh viét lai thanh

47° -3z =cos.E =4cos’ 1—SCOSl
6 18

18
& JE—COSi 4$2+4COS£'$+C0821—3 =0
18 18 18
T 11n 13n
<& X =C0S— V COS—— V COS——
18 18
T 11rm 13xn
Vay tap nghiém cta phuong trinh la S =< cos—;cos——;cos— ;.
1y tap ngnie p g { 18 18 18}
Cau 3: Gii phuong trinh 42° -3z =2
Giai
1 1 . . 1
bat 2=§(a3+—3j©a=\3/2i\/§ chon a=\3/2+\/§:—=3 2—\/5
a a

s ifers] Ao}l

Do d6 z, = %({/2 +3 + %/2 - \/g) 1a mot nghiém duy nhét ctia phuong trinh.

Mat khéac ta lai co
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42° -3z = 4:133 -3,
@(m—xo)(4x2 +dz, -z + 4] —3)=O
&z =a,(do(20+,)" +3(z; ~1)>0,vz] > 1)
Nén z, 1a nghiém duy nhét ctia phuong trinh!
PHUONG TRINH CO DANG z*+pz=n
Phuong phap giai.
e Néu p=0 khi d6 phuong trinh ¢6 nghiem z = 3/n
e Néu p#0 thitadat z=a.t,khid6 thé vao phuong trinh dau ta duge
P +pat=nst’ + %.t = %(*)
a a

Bay gio ta sé nghi cach dat dé dua phuong trinh trén vé dang 2 phuong trinh ta da tim hiéu.

2

Khi d6 dé dua vé dang dau ta budc phai c6 4 =%<:> a= 2\/%. T d6 ta c¢6 cach dat sau dé
a

dwa vé dang phuong trinh da biét

1. Khi p>0 tadit z= 2\/§.t thi phuong trinh tré thanh 42° +3z=m

2. Khi p<0 tadit z=2 {_?pt thi phuon trinh tré thanh 42° —3z=m

Sau day chiing ta sé cting di vao cac vi du cu thé!

Cau 4: Giai phuong trinh z° +272 =27

Giai

Dt 2 =6t ta duge 216.t° +162.6 =27 < 4t” +3¢ =%(1)

|

Do d6 phuong trinh (1) c6 nghiém duy nhat ¢t = %[i/l +2\/3 + ii/l >

Vay phuong trinh da cho c¢6 nghiém duy nhat z = S[i/ ! +2\/g + i/ L 5

Két luan. Vay ta da tim hiéu céc dang toan phuong trinh bac 3 dic biet, ngoai céc dang toan nay ra
ta sé phai diing phuong phéap tdng quat dé giai.

D. Cac bai toan vé phuong trinh bac 4.
Phuong trinh bac bén tong quat c6 dang az' +bz” +cx’ +dz +e=0. Phuong trinh da thic nay luon
luon c6 thé giai duge, tuy nhién cach giai tong quat rat phiic tap, vay nén khi giai phuong trinh bac

bén ta can quan sat xem diém diic biét ctia phuong trinh 1a gi dé c6 thé tim ra 1i gidi dep nhét nhé !

I. Cac dang phuong trinh bac 4 dac biét.
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| Phuwong trinh dai s6 co ban

PHUONG TRINH CO DANG az' +bz* +¢=0

Phuong phap giai.

Day la dang phuong trinh da thiic bac bén kha dé ta chi can dat z° =t v6i >0 la ta c6 thé dua
phuong trinh bac bén nay vé phuong trinh bac 2.

Sau day chung ta sé ciing di vao céc vi du cu thé!

Cau 1: Giai phuong trinh 7' —132> +36 =0 (1)

Giai
Cach 1. Dit t =2° =t >0 phuong trinh (1) c6dang t* —13t+36=0
13+5
t=—""2_9g
Taco A=13—4.36=25=A =5 = 2
13-5
t,=—22=y
2

o Viit=9cr’= 9 r=+/9=43
o Viit,= 4o a’=4 = r=t+/1=%2
Vay phuong trinh (1) co 4 nghiem: z, =-2; z,=-3; z,=2; z,=3.
CAch 2. Bién ddi phuong trinh tuong duong
' =132% +36 =0 < (2" —122" +36) —2” =0
2 7’ —6-2=0
<:>(x2—6) —xZ=O<:>(x2—6—x)(x2—6+x)=0<:> 2 6ar0

Giai 2 phuong trinh trén ta duge 4 nghiém
Vay phuong trinh ¢6 4 nghiéem z, =-3;2, =-2;z, =2;z, = 3.
PHUONG TRINH DANG (m - a)4 + (:c - b)4 =c
Trude khi ta bude vao phuong phap giai loai phuong trinh nay ching ta sé cting bién ddi phuong trinh
triing phuong mot chit nhé!
Tt phuong trinh 7' +62° -40=0ta dit z=¢-4 ta thu dugc mot phuong trinh méi & nhu sau
(t—4)' +6(t—4) -40=0

<t -16t" +102t* =304t +312=0

<2t —2.16t% +2.102¢° —2.304¢ +2.312 =0

& (t'=12¢° +54¢” —108¢ +81) + ('~ 20¢* +150¢* — 500t +625) = 0

& (t-3) +(t-5) =82
Ban thiy dé chi qua 1 phép dat toi da c6 thé dua ducg phuong trinh triing phuong vé dang
(z- a)4 +(z— b)4 =c. Diéu d6 dit ra mot cau héi phdi ching 13 cach gidi cia dang
(a:—a)4 +(I—b)4 =cla ta bién ddi dua vé phuong trinh tring phuong dé gidi ? Ngay sau day toi sé
trinh bay phuong phap giai cia dang phuong trinh trén day
Phuong phap giai.
Day la dang phuong trinh da thiic bac bén khéa dé ta chi can dat z° =t véi t>0 la ta co thé dua
phuong trinh bac bon nay vé phuong trinh bac 2.

+b +b 2
Ta dat k=z _aT sSzr=k+ GT Gig ta sé thay vao va thu dugec mot phuwong trinh méi an 1a k nhu

4 4 4
sau k+a—+b—a + k+a+b—b =ce k+b_a + k+a_b =c
2 2 2 2
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Tuyén tap phuong trinh dai sé hay va kho |
2 3
o | k| 228 +6k2(b_aj cak] 222 e
2 2 2
3
+ k4+4k3(a—_b)+6k2(a_bj+4k(a_bj +b' |=c
2 2 2
2 2 3 3
<:>2k4+4k3(b_a+a_bj+6]~c2 (—b_aj J{a_bj +4k (b_aJ +(a_bj +2' =¢
2 2 2 2 2 2
r 2 2
< 2k" + 6k (b;aj +(a;bJ ]+2b4=c

2 2
ookt 4 62| (070) l(b_a) }21)4:(;

M 2 2
o 2kt +6k2| 22

}+2b4 =c < 2k' +3K (0’ +57)+2b" =c
Nhu vay la ta da dua duge vé phuong trinh triing phuong an k
Khi dua dude vé phuong trinh triing phuong roi thi bai toan sé rat don gian va gidi nhu phan 1 & trén.
Gio chiing ta sé cing dén v6i mot s6 vi du nhé !

Cau 2: Giai phuong trinh (ac—3)4 +(x —5)4 =82 (*)

Giai

Xac dinhhésda,btaco a=3, b=5.Tadat z=t+4 thay vao phuong trinh (a: —3)4 + (x —5)4 =82 ta
duge mot phuong trinh méi an t nhu sau

(t+4-3) +(t+4-5) =82 (t+1) +(t-1) =82
Ta khai trién da thic trén ra thu duge 22* +122> —=80=0 (*) . Dén day ta dat 2° =k v6i moi k£>0.
Phuong trinh (*) tré thanh2k* +12k-80=0 .
Dén day ta giai phuong trinh bac 2. Lai giai tiép theo to6i danh cho ban doc .
Vay phuong trinh ¢6 nghiémz =2,z =6
a+b) =a' +4a> b+ 6a%* +4ab’ +b*

Luu y. Ta c6 2 dang thiic sau A ‘
(a - b) =a' —4a’ b+6a’b> —4ab® + b

Cau 3: Giai phuong trinh (z+2)" +(z+8)" =272(*)

Giai
Xac dinh hé s6 a,b ta dugc a=-2,b=-8
Dat 2 =k—5. Phuong trinh (*) trd thanh
(k=5+2)" +(k-5+8)" =272
& (k-3)" +(k+3) =272
Skt -4k 3+6K°.3° —4k.3% + 3" + k' +4k.3+6K°.3° +4k.3° + 3" =272
<2k +12K°.9+ 3" +3" =272
<2k +12K°.9+3" +3' =272
< 2k +108K° +162 =272
< 2k" +108k* 110 =0(**)
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| Phuwong trinh dai s6 co ban

t=1

Dat &° =¢, phuong trinh (**) trd thanh 2¢% +108t-110=0 <
t=-55(L)

k
Vay k* =1<:>{ Suy ra {x

Vay phuong trinh c¢6 nghiém z=6,x =4
Luu y. Khi dat 2= k+aT+b ta nhé xac dinh ding hé sb a,b. Néu xac dinh sai thi ta khong thé giai

dugc bai toan trén.
Cac bai toan tudng tu.
Bai 1: Giai phuong trinh :

Bai 2: Giai phuong trinh :

Bai 4: Giai phuong trinh :

(2=5) +(

(z+3) +(z-1) =1
Bai 3: Giai phuong trinh : (z-9) +(

(z-9)" +(2-5) =4352

Bai 5: Giai phuong trinh: (z + 2)4 + (ac + 8)4 =272

Bai 7: Gii phuong trinh: (z+10)" +(z—4)" =28562

(

Bai 6: Giai phuong trinh: (m + \/5)4 + (:E + 1)/1 —33+122
(

Bai 8: Giai phuong trinh: (

z+1) +(z-3)" =90

Chii . Chéc hén sau khi céc ban hoc va lam quen dang nay thi sé thic mic mot cau hoi “Vi sao lai
nghi dugc cach dit nhu vay”. Rat don gidn thoi. Ta can dit y biang bao nhiéu sao cho théa man hé
diéu kién sau

— — +
r—a=y a:>2x—a—b:2y:>y=a:—a+b:>a:=y+a+b
r—-b=y+a 2
PHUONG. TRINH DANG. (z+a)(z+b)(z+c)(z+d)=m véi a+d=b+c
Phuong phap giai.
Ta dat u =(:c+a)(m+d) hodc u= (x+b)(x+c) dé dua vé phuong trinh bac hai , sau khi dat phuong
trinh sé dua vé dang nhu sau
(x+a)(a:+b)(m+c)(x+d):m@u.(m+b)(:v+c):m
@u.(a:Z +bx+cm+bc)=m®u.(az2 +(b+c):c+bc)=m (*)
Ma a+d=b+c nén ("‘)<::>u(u—ad+bc)=m<::>u2 +(bc—ad)u—m=0
Dén day ta chi viec giai phuong trinh bac 2 dé tim nghiém, sau khi tim nghiém u xong ta tim ngugc lai
x va kiém tra nghiem.
Gio chung ta cing dén v6i mot s6 vi du vé dang toan nay nhé!

Cau 4: Giai phuong trinh (x — 5)(x + 6)(:13 — 7)(:1: + 4) =504

Giai
Ta dat u=(ac—5)(3c+4)=ac2 —x-20
Phuong trinh tré thanh u* —22u 504 =0
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Tuyén tap phuong trinh dai sé hay va kho |

_ 2 __
<:>(u+14)(u_36)=0®{u— 14@{1’ x—20 14

u=36  |2*-2-20=36

[(sc+2)(x—3)=0 F:_Q;ng
& &
r=-T;x=8

Cau 5: Giai phuong trinh (z—8)(z—10)(z+4)(z +2)=1152

Giai

Ta dat u=(m—8)(x+2):x2—6x—16.
Phuong trinh tré thanh

u’ —24u—1152=0

< (u+24)(u—-48)=0

u=-24 |2°-6r-16=-24 |r=21=4

QL=48 QLQ—Gx—16=48 - 2=3-+73:2=3+73
Cac bai tap tuong tu
Bai 1: Giéi phuong trinh: (z -6 ($—5 (
z+3 (

3

Bai 2: Giai phuong trinh: (x +2
Bai 3: Giai phuong trinh: (x +2

Bai 4: Gii phuong trinh: (62 +5)" (32 +2
Bai 5: Giai phuong trinh: (430 + 3)2 (a: + 1)

2
PHUONG TRINH DANG az' +b2° + ez’ +dz+e=0, <= (%)
a

Day ciing 1a mot dang phuong trinh dic biét trong chudi cac dang phuong trinh bac 4 . Cach giai dang
phuong trinh nay ciing rat doc ddo, gio chting ta sé di tim hiéu nhé !

Phuong phap giai

Dau tién ta xét r =0khong la nghiém ctia phuong trinh va ta chi xét phuong trinh nay khi ¢ khéc 0.
Tiép theo ta chia ca 2 vé cho z’ta dugc phuong trinh nhu sau

@(axZ +%j+(bx+éj+c:0
X xr

<::>a(:1:2 +%j+(bx+gj+c=0©a(aj2+i2j+b($+bij+c=0 (*)
ax T ax x

: d ) o2d ;
Gio ta dat t=x+ o cht § thay ¢* =2* + ol + - nén ta cé the quy phuong trinh trén thanh phuong
i 4

trinh bac 2 an va dé dang c6 thé giai dugc.
2d
(*)<:>a(t2 —7j+bt+c=0
4 4d* 4
< at’ —a.ﬂ+i2+bt+c=0<:>at2 B L P
b b b
Dén gis da duge phuong trinh bac 2, doc gid hoan toan co thé dé& dang gidi ching, toi xin danh lai

phan nay cho doc giai 1am not.
Gio chung ta cing dén v6i mot s6 vi du vé dang toan nay nhé!

Cau 6: Giai phuong trinh z* +32° —62”> +62+4=0

Giai
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| Phuwong trinh dai s6 co ban

Ta nhan thay =0 khong la nghiém ciia phuong trinh nén ta chia cd 2 vé cho z° ta dudc

xQ+3x—6+§+:%=0¢3(f4~%}+3($+2j—620
r T T T

2 4
Tadat t=2+=—=t"=2"+ — +4 Thay vao phuong trinh trén ta dugce
x x

t=-5

tZ—4+3t—6=0<:>t2+3t—10=0<:>[t )

. 4 Yoz
Tathiy t* =2’ +?+4:>1f2 >4 =5|t[>2 nén ta chi lay trudong hop ¢ =-5

54417
9

2
Suyra z+—=-H2’ +5x+2=0 1=
x

Cau 7: Giai phuong trinh z' —82" +212° —242+9=0 (1)

Giai
Cach 1.
Ta sé lam theo cach dit an phu trén, nhu vay ta c6 16i gidi nhur sau
(1)< (2" +9+62") =8z (2* +3)+162" = 2*
2 2’ —4r+3=x
S| (2 +3)-4z| =2" <
[( ) } ’—4r+3=—z
2 o5ei3=0 | go0-V13

2
= =
22 —35+3=0 5+2JB

Cach 2. Bién ddi phuong trinh ta dugc
(' +62° +9)~8a(* +3) +152° =0 > (2* +3) —8x(2* +3)+150°
Ta dat y=2" +3, thay vio phuong trinh 1 ta dugc
y® —8zy +15z° =0<:>(y—3x)(y—5x)=0<:>[y =30
Yy=5zx
Véi y =3z, tacé z° +3 =3z Suy ra phuong trinh vo nghiéem

5-413
xTr=
2
m_5+$§

2

5+\/E'5—\/E}

2 2

Vé6i y=5x,tacoé 2° +3=hr <=2’ -hr+3=0

Vay phuong trinh ¢6 tap nghiém 1a.S ={

Chi y. Ban thiy dé6 2 cach nay déu cé céi hay riéng ctia nd, cach mot cé thé giai ra luon ma khong
can thong qua an phu, cach thit 2 tuy ring phai dit an phu nhung trong quéa trinh tinh toan sé it bi sai
x6t hon rat nhiéu.

Bai tap tuong tu

1) z* —132" +462° =397+ 9 =0;

2) 22" +32° —272° +62+8=0

3) 2" —32° —62” +3x+1=0;

4) 62" +72° 362> -Tz+6=0
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Tuyén tap phuong trinh dai sé hay va kho |

PHUONG TRINH DANG (ac + a)(x + b)(x + c)(:v + d) =er’,ad=bc=m
Phuong phap giai. Phuong phap gidi dang toan nay ciing rat 1a phong phii & day to6i sé trinh bay 2
cach nhu sau

e Cach 1. Ta sé dua phuong trinh vé dang 2 binh phuong bing nhau A* = B

@(mg+pz+m)(m2+n$+m)=ez2(ad=bc=m,p=a+d,n=b+c)

+ - + -
|2+ P -2l | 2+ P e+ 2P g | = e?
2 2 2 2

2 2
@(m2+p;na:+mj =H%) +e:lx2

0 dang binh phuong nay ta hoan toan ¢ thé giai né mot cach dé dang.
e Cach 2.
Truong hop 1. Kiém tra xem =0 c6 la nghiém ctia phuong trinh hay khong
Truong hgp 2. Xét truong hop z # 0

(*)@(w+%+p](m+%+nj:e

Patu==z + Phuong trinh tré thanh(u + p)(u +n) =e
x

Dén day ta giai phuong trinh bac hai an u , sau dé tim x

Gio chtng ta cting dén véi mot s6 vi du vé dang toan nay nhé!

Cau 8: Giai phuong trinh (51: + 4)($ + 6)(:1: —2)(36 —12) =252 (1)

Giai
CAch 1. Bién dbi phuong trinh tuong duong
(z+4)(z+6)(z-2)(z—12) =252
N (:[:2 +10z + 24)(1:2 14z + 24) =252
N (g;Q —2:1:+24+12x)($2 —2m+24—12:1:) = 2517
' —2x+24=13z

& (a® ~20+24) =1692° & | *,
r°—2r+24=-13z

Céch 2.
Taco (z+4)(z+6)(z—2)(2-12) =252 < (2” +10z+24)(2” — 142 + 24) = 252

Taxét =0 khong phai 1a nghiém ctia phuong trinh nén ta co

(1) @(w—i—%-ﬁ—l()j(xwL%—lélj =25(2)

X

bat y=x+ 2 = |y| > 46 . Phuong trinh (2) tré thanh
x

=-11
(y+10)(y—14)=25<:>(y+11)(y—15)=0<:>{y 5
y:
‘ =-3
Véi y=-11 ta co x+%=—11©x2+11x+24=0<:>{$
z r=-8
24 15++/12
Véi y=15 tacéy:15x+—:15<:>x2—15x+24:0<:>x:¥
X
Vay phuong trinh c6 tap nghiém S = {—3;—8; 15 _2 129 ;15 +2 129 }
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| Phuwong trinh dai s6 co ban

PHUONG TRINH DANG t' =at® +Bt+1
Phuong phap giai. Git nguyén § tudng phuong phap giai phuong trinh dang
(ac + a)(x +b)($ + c)(x + d) =ex’,ad=bc=m

Ta sé c6 § tuéng nhu sau
Dua vé dang A° = B

e Trudng hop 1. A=p° —40-A=0. Bién déi vé phai thanh binh phuong ding

e Trudng hgp 2. A khéc 0 Ta sé gidi quyét n6 theo ciach sau. Ta c6

th= [(t2 —m)+ mT = (t2 = m)2 + Qm(t2 —m)+ m’

z(t2 —m)2 +2mt> —m’,VYm

2

Phuong trinh tré thanh (t2 = m) ((x = 2m)t2 +Bt+A+m’
Chii y. Dén day ta can chon m dé vé phai ciia phuong trinh théa méan biéu thic
p* —4(a —2m)(k + m2) =0(**).
Day chinh 1a biéu thiic A clia phuong trinh trén.
Ta thay phuong trinh (**) chinh la phuong trinh bac ba. Ma ¢ chuong trude toi da trinh bay vé
phuong phéap giai vo ciing chi tiét nen ching ta hoan toa c6 thé dé dang gidi phuong trinh (**)

Gio chtng ta cting dén véi mot s6 vi du vé dang toan nay nhé!

Cau 9: Giai phuong trinh 2’ =22° + 32 —% (1)

Giai
Phan tich.Ta nhan thay delta ctia vé phai phuong trinh khac 0 nén ta phai lam theo truong hgp hai.
Ta can chon m sao cho hop 1y dé giai bai toan. Theo nhu phuong phap giai & trén ta sé tim m nhu sau

z* =[($2 —m)+m]2 =(502 —m)2 +2m($2 —'m)er2 =(:1;2 —m)2 +2ma’ —m’

2902+3x—l—2m1162+m2 =(x2 —m)2 =(2—2m)ac2 +3z4+m? —1
16 16

Gid ta can chon m sao cho théa man hé thic sau

7 1
A, :9—4(2—2m)(m2 —EJ=9—§(1—m)(16m2 ~7)=0

2-2m>0

Ta chon duge m =-1, do do ta c¢6 16i giai nhu sau.
Lai giai. Phuong trinh tuong duong

(1) & (2 +1) =4a” +3x+%<:>(x2 1) =(2x+—j2

x2+1=2x+z x2—2x+i=0 r=1+—

=
x2+1=—2:1:—§ x2+2m+z=0 T = _ﬁ
4 4 9

Vay phuong trinh c6 nghiém
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Tuyén tap phuong trinh dai sé hay va kho |

Binh luan. Ding sau céi 10i gidi ngan gon trén kia 1a cd mot bau troi sy suy nghi, ngudi giai can tim
ra m =—1 sau d6 lam binh thudng nhu theo ¥ tudng 6 phan “Phuong phap gidi” trén.

Cau 10: Gidi phuong trinh z' +2” -6z +1=0 (1)

Giai
Phuong trinh tuong duong véi
o' +42” +4=32" +60+3 & (o* +2) =3(z +1)
- 22 +2=3(z+1) - 22 —f3z+2-3=0
22 +2=-3(z+1) |2?+3z+2++/3=0

e{\/_—\/4\/§—5 \/§+\/4\/§—5}
9 ’ 2

—J4-f3 - 43 —
Vay phuong trinh ¢6 nghiém S = {\/— 2\/§ > ,\/§+ 2\/5 5}
Bai tap tuong tu
Bai 1. Giai phuong trinh 2' —-192° -102+8=0
Bai 2. Giai phuong trinh z' =42 +1
Bai 3. Giai phuong trinh z' =8z +7
Bai 4. Giai phuong trinh 22" +32° -102+3=0
Bai 5. Gidi phuong trinh (2 ~16) =162 +1
Bai 6. Giai phuong trinh 3z* —22° -162-5=0
Vay la chiung ta da buéc qua mot ching duong dai nhitng dang diic biét clia phuong trinh bac bon,
mdi dang phuong trinh lai ¢c6 mot phuong phap giai rieng, chang hén dén day cac ban thic mic vay
mot phuong trinh khong thuoc cidc dang trén , khong c6 gi dic biet thi gidi nhu thé nao ? Phuong
trinh nhu vay goi la phuong trinh bac 4 téng quat, gio ta sé cling nhau di lam quen va tim hiéu
phuong phap giai dang phuong trinh bac 4 tdng quét nay
PHUONG TRINH DANG az’ +bz’ +c2” +dz+e=0 (a#0)
Phuong phap giai.

Cach 1. Dautién ta dit z = —4i +¢
a

Phuong trinh sé ¢6 dang

e e o e
MEERERCEE]
G o Gl R IR R
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| Phuwong trinh dai s6 co ban
4 3 2 3
Sa = +at* +4a = t+6a = t* +4a = t*+0b = +bt3
4q 4q 4qa 4q 4q

2 2
+3b = 2 +3b = t+c 4 +ct? +2¢ —b 1+ d._—b+d.t +e=0
4a 4q 4a 4a 4a

4 3 2 4 2
& f - +at' - b 2.t+ﬂ.t2—b.t3—b—3+bt3—%.t2
4%.a (4a) 8a (4a) 4a
3 2
+ 3 2t+b—cg+c.7§2—b—c.t—ﬁJralHe:O
(4&) (4@) 2a 4q

4 b b b’c  bd 2 3b°  3.b°
Sat” +| - cha s———+te|+t |l c——+——
4%.a (4a) (4a) 4a 4da  8a

N T N W
(4a) 20 (da)

St =at? +Bt+y

Dén day phuong trinh trén dua vé dang nhu cii!
Cach 2. Ta tach phuong trinh bac 4 thanh nhu sau
az' +b2’ +cx’ +dr+e=0 (a;ﬁO)

& 4a’s' +4baz’ + 4cax® +4dax + 4ae =0
& (2ax2 + bx)2 = (b2 = 4@0)3:2 —4adx —4ae
Ta cong thém vao 2 vé mot biéu thitc 2(2&:1;2 + bz)y +y* dé cho vé trai tré thanh mot binh phuong con
vé phai 1a mot tam thitc bac hai
f(:l:) = (b2 —4dac— 4ay)x2 + Q(by - 2ad)x —4ae+vy°

Ta chon y sao cho A vé phai bing 0
Tit d6 dua phuong trinh vé dang hai phuong trinh binh phuong béing nhau A*> = B
Cach 3. Cong thiic giai phuong trinh bac 4 tdng quat.
Xét phuong trinh téng quat: z' +az® + bz’ +cx+d =0
Buéc 1: Ta sé viét lai thanh:
' +ar’ +b2’ +ex+d=0

2 2
<:>(x2+%+k] +(b—az—2ij2+(c—ak)x+d—k2=O

2

Buéc 2: Ta sé di tim k& sao cho [b—%—?k}f +(c—al<:):1;+d—k2 =A(:1:—B)2
Khi dé6 k£ 1a nghiém ctia phuong trinh bac 3 sau:
2
A=(c—ak) —4|b-L—2k [(d-%*)=0
R (e T
< 8k — 4bk? +2(ac—4al)k:—ala2 —c* +4bd=0
Do ta da biét cach gidi phuong trinh bac 3 & trén cho nén tim & khong phai 1a mot van dé kho!

Budc 3: Ta viét lai phuong trinh thanh:
z'+az’ +bz’ +cx+d =0

= (a2 —4b+8k;)(2x2 +ax +2k)2 = ((a2 —4b+8]~’.:)ﬂv+2ak:—20)2
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Tuyén tap phuong trinh dai sé hay va kho |

Tt phuong trinh trén ta hoan toan cé thé bien luan duge cac nghiém ctia phuong trinh bac 4. Ta dugc
phuong trinh bac 4 ¢6 4 nghiém nhu sau:

a a®—4b+8k N 5 a’ —4ab+ 8¢
g =——t———+— |0 - 20—k ——m—
4 4 4 Ja? —4b+8k
a ~a®—4b+8k \/§ 2 a® —4ab+ 8¢
Ty=—t—m —— la" 20— 4 ———
4 4 4 Ja* —4b+8k

a ~a* —4b+8 \/_ a® —4ab + 8¢
\/a2—4b+8k

—_— 3_
. __g_\/a 4b+8 _\/_ & - —dk 4 2 4ab + 8¢
\a® —4b+ 8k

Chii y. Nhung tuy nhién cong thitc nay c6 mot diém yéu, doé la khi ta tim & ma thay vao thi

Ja* —4b+8k bang 0 lac d6 phuong trinh vo nghia. Liic nay ta sé thé ngude k vao phuong trinh & bude
1 ta sé giai ra dudc x, trong trudng hdp nhu vay k luon 1a s6 hitu ty.
Gio chiing ta ciing dén v6i mot s6 vi du vé dang todn nay nhé!

Cau 11: Giai phuong trinh 7' — 82" +202° =122 -9=0
Giai

Ta dat z=t+2 Phuong trinh tré thanh
(t+2)4—8(t+2) +20(t+2) ~12(t+2)-9=0
4P +4t-1=0at' —(2t-1) =0
<:>(t2—2t+1)(t2+2t 1)=0(t-1)[(¢+1) 2]=0

(t-1) =0 {tzl
= (t+1)2—2=0<:> t=-1£+2

Ma z =t +2 nén ta sé c6 tap nghiém ciia phuong trinh 1a S = {1 + \/5;1 - \/5;3}

Cau 12: Giai phuong trinh z* —162" +662° —162-55=0
Giai

Phufdng trinh tuong duong
z' —162° +642° =—22” + 162 + 55

= (x —895) +2y(x —8x)+y —(2y Z)x +(16 16y)x+55+y
Giai phuong trinh sao cho A' clia vé phai bing 0, tiic 1 gidi phuong trinh

(8-8y)" —(55+y")(2y-2)=0
Ta thu duge 2 nghiem 1a y=1, y=3, y=29
Ta chon y=3. Phuong trinh tuong duong
z’ —8$+3=2(x—4)

2 2 2
- =4(z—4
(# ~8e+3) =4(s-1) QLQ—8Q:+3=—2($—4)

o |2 102 +11=0 r=3%:14
2 —62-5=0  |z=5+14
Vay phuong trinh c6 tap nghiém la S={3+\/ﬂ;3—\/ﬂ;5+\/174;5—\/ﬂ}

Cau 13: Giai phuong trinh 8z* +8z" — 242> —122+15=0
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| Phuwong trinh dai s6 co ban

Ap dung cong thitc nghiém ta dugc

9 1
+ |——cos| —arccos—

128 3 128

(1 25) 5)
3 J
9 1 25 9 125
, =——+,|—+cos| —arccos— | — |- —cos| —arccos— |—
4 16 (3 28} 8 ( 128} 1 125
8 [9+16cos| —arccos——
3 128
1 9 1 125 9 1 125 1
T, =———,|—+cos| —arccos— |+ [=—cos| —arccos— |-
4 16 3 128 8 3 128 1 125
8 [9+16cos| —arccos——
3 128
1 9 1 125 9 1 125 1
r, =———,|—+cos| —arccos— |- [=—cos| —arccos— |-
4 \16 3 128 8 3 128 \/ 5)

Tap chi va tu lieu toan hoc | 20



Tuyén tap phuong trinh dai sé hay va kho |

Phuong phap luong giac hoa

rong thé giéi phuong trinh hé phuong trinh chic hin véi nhitng ban yéu toan da gip nhiing

bai toan ma nghiém ciia né khong thé nham duge, khong c¢é cach nao dua ching vé cac dang

toan nhu dat an phy, danh gié... va ding trudc ngd cut clia cac bai toan dé. Vi thé & chuong
nay minh sé gidi thiéu cho cac ban mot phuong phéap rat hitu hieu dé xtt 1 cac bai toan nhu thé dé 1a
phuong phap lugng giac hoa . V6i chuong nay yéu cau cac ban phai ndm chic céc tinh chat ciia lugng
giac, cac cong thiic bién doi tir d6 1¢i dung mot dic diém tuong duong ciia bai toan dé dat an phu va
dua bai todn vé giai phuong trinh lugng giac binh thuong. Sau day ching ta sé ciing tim hiéu ki
phuong phap lam cac dang toan nay!

A. Cac kién thitc co ban.

Cac cong thirc bién doi luogng giac can ding

o sin’t+cos’t=1;1+tan’t= 5 : 1+ cot’t =— 5
cos' t sin” ¢

. 2t

sinx = 5

1+¢

x _ 2

e Néudit t=tan=—=1<:cosz = -

2 1+t

2t

sin2a =2sinacosa
e (Cong thitc géc nhan 2 < cos2a =cos’ a—sin’a=2cos’a—1=1-2sin’a
2tana

tan2a = >
1-tan“a

sin3a =3sina —4sin’ a
e (Cong thitc goc nhan 3 < cos3a =4cos’ a—3cosa
3tana—tan’a

tan3a = 5
1-3tan”a
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| Phuwong phap lugng giac hoa

. 3 1—cos2a
sin“g=——
2
9 1+ cos2a
cos a= —
e (Cong thic ha bac ) )
.3 Jdsina —sin3a
sin"g=——
4
3 3cosa +cos3a
cos’ a= —

Mot s6 dau hiéu va phuong phap luong giac héa thudng gap

I . L
Chta va® —2* , diit x—|a|smt, [te[_572D.

T= |a|cost, (t € [0;77])

P [te[_g;g}\{o})

- (te[O;ﬂ']\{g}J

T
=|o|tant, | te| ==
Chta va’® +2° , dit ! |a| o [ E( 2 2JJ

T= |a| cott, (t € (0;7r))

Chita \z° —a* , dat

Chra (x—a)(b—a:) , dat $=a+(b—a)sin2t

atx

e Chita , dat z=acost, (cost e[—l;l]).

aFT
Ban chat ctia phuong phap 14 1¢i dung cac cong thiic lugng giac, chii yéu 1a dé khai can dé hon.
B. Cac bai toan minh hoa.

I. Cac bai toan vé phuong trinh.

Dé lam t6t céc bai toan ¢ day ta can ndm chic duge dau hiéu nhan biét & phan A v cac 1y thuyét lien
quan, ndo chiing ta cting bat dau véi bai toan dau tién!

Cau 1: Giai phuong trinh 42° -3z =+/1-2°

Giai
Phan tich. Chu y dén dai lugng v1—2z° ta sé dit sin hodic cos nhung chti ¥ vé trai dang c6 dang
gidng v6i cong thitc nhan 3 clia cost vay ta sé dit z =cost. Vay 10i giai nhu sau.
Dicu kién -1<z<1.

Dat z=cost, te [0;7r] = \/1 -z’ = \/1 —cos’t = \/sin2 t= |sint| =sint.
Khi d6 phuong trinh tré thanh
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Tuyén tap phuong trinh dai sé hay va kho |

4cos®t —3cost =sint <> cos3t = cos(g—tj

3t="—t+k2m P
SN 2 , (keR) e 8 , (keR)
3t=—"tt+k2r t=—"tkr
2 4
Do t6[0;71']3117=COSE\/I=COS5—7TV$=COS3—7T=—£.
8 8 4 2
Cau 2: Giai phuong trinh \1++/1-2° =x(1+2 1—352)
Giai

Phan tich. Bai nay ciing giéng bai trén kia, xuat hien dai luong v1-2*> vay ta sé dat z =cost hoiic
z =sint déu dugc!

Diéu kién —-1<z<1.Dat z =sint, te{—g;g}:ﬂh—f =\/1—sin2t =\/00th =|cost|=cost.

Khi d6 phuong trinh tré thanh

/ t
\/1+cost=sint(1+2005t)<:> 2C082§—Slnt+81n2t
t 3t t t 3t
A2 cos§ = 25111;0055 o2 0085(1—\/2 sin;j =0

cos§=0 E:EJF]W
N |2 2 , (kez)
3t 1 T 3t 7 3t s
Sl — = —==8sIn— —=—+k2r v —=m——+k27
2 2 4 2 2
t=m+k2rw
& , (keZ
t:£+k47r T k4w ( )
L 6 3 2 3
oo 1
t=—=zr=sin—=—
Dote[——g}:tz—vtz— Vé 6 2.
t=—=2x=sin—=1
~ N - s 1
Vay phuong trinh ¢6 hai nghiém la x:§vx=1.
Cau 3: Giai phuong trinh z + =2\/§
|
Giai
Phan tich. Ta dé y thay c6 dai lugng vz° —1 vay ta sé dat :1:—— hodc :E=L
cost sint
2
Diéu kién . 1>0<:>x>1.
z>0
2 .92 .
Dit 2 = 1 :>\/:v_—— / \/1 COQS t:\/sm;f:smt‘
cost’ cos’ t cos’ t cos’t cost
1
Phuong trinh tré thanh + cost _ \/7

cost cost smt
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| Phuwong phap lugng giac hoa

®L+L—2\/_<:>smt+005t 2\/_51ntcost<:>\/_51n(t+ j \/_51n2t

cost sint

U=t+2 4 k2
. . ™ 4 T
<:>sm2t=sm(t+—j<:> <:>t=Z+k27T’ (keZ).
2t=7r—t—%+k:2ﬂ'

Do te(O;%j:t:%:x:;:\E.

m
cos—
4

Vay phuong trinh ¢6 nghiem duy nhit z =+/2 .

Cau 4: Giai phuong trinh /1- 2x+\/1+2x—\/1 22 \/1+2x (*)

1+ 2z 1-2z

Giai

Diéu kién —1<x<—.
2 2

\/1—2m=\/1—cost= 2sin’ i \/Esin%

\)

bat xzécost, te[0;7r]:> \/1+2x=\/1+cost= 2 cos? i \/§COS%

t
=cot—
1-2x 2

\/1—295 J1-22 t [1+2z
=tan—;
1+27  1+2x 2

Phuong trinh tuong duong

ot t
sin— + cos—
.t t t t ot t 9 )

*) &> 281n—+\/§COS—=tan—+COt— <:>\/§ sin—+cos— |[=———=
() 2 2 2 2 [ 2 2J Lt
SIn—Ccos —
2 2

t
ﬁcos[———j =0
@(Sin£+COS£J(I—lJ=O & 2 4
2 2 sint
sint=\/§ (L)

T T ke t=""ykom (keZ).
4 2 2

t
o —-
2
1
Do tE[O;W], kel =t="=g=-cos~=0.
2 2 2

Vay phuong trinh ¢6 nghiém duy nhat z=0.

2.1 r’+1
Cau 5: Giai phuong trinh V2> +1 + = L ( - (*)
2z 21:(1—x )
Giai
Diéukién z#0, z=*1.Dat z=tant, te —E,E \ O;J_rz )
22 4
St dung céac hé thic lugng ta cé
1
o l+l=tan’t+1= — = ¥ +1l=
cos' t cost
. 2tant 2x z°+1 1
e sin2t= — == = = — .
l+tan"t z°+1 2x sin 2t
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Tuyén tap phuong trinh dai sé hay va kho |

2

1—tan®t 1-22 ) 4z(1-2° 2 7 +1
e cos2t= an2 = JU? = 2sin2tcos2t = ( 2)<:> - = ( .
l1+tan"t 1+ (x2 +1) sin4t 2x(1—x2)
1 2

Khi do phuong trinh tuwong duong - =—
cost sin2t sindt

1 1 1

+ =
cost 2sintcost 2sintcostcos2t

1 1 1
1+

& — — -~ | =0
cost|  2sint 2sint(1—2sin t)

@2sint(1—281n2t)+(1—2sin2 t)—1:0
sint=0 (L)

—_

< 2sin’t+sin’t—sint=0< | sint =— (N)

\}

sint=-1 (L)
. 1 .7 T o
Vi s1nt=§=s1n—<:>tzg+k27r v t=E+k27r, (k;eZ).
22 4 6 6 3
J3

Vay phuong trinh c6 nghiém duy nhat z = N

i 1)3
Cau 6: Giai phuong trinh z* +1= (— *
P & 62° —202° + 67 ( )
Giai
x#0
Diéu kién: {z# iﬁ . Ta bién ddi phuong trinh dé lam xuét hién cac biéu thric lien he

:v;ti\/g

1 6 2¢ Y
PN - —4 1
(*) \/$2+1 1+2° (14—1;2) ( )

biat z=tant, te _Z; il \<0; iz; + L
2 2 3 6

Phuong trinh tré thanh cost = 3sin 2t —4sin® 2¢ = sin 6t = cos[g - th

t="_6t+k2m t=ﬁ+k2—”
N 2 = k; , (keZ).

t=6t-—+k2r |t=—-"21

2 10 5

om 3w 0w T m w37 5T

Do te - = \ 07 iza Tt—r>i= I et e st S S R R a
2° 2 3 6 14 14 10 14'18'14°14 14

o 3T s s 7 7 3T o
= reqtan| — [;tan| — [;tan| —— [;tan| —— [;tan—;tan—;tan—;tan—.
14 14 10 14 18 14 14 14
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| Phuwong phap lugng giac hoa

Cau 7: Giai phuong trinh z° -3z =z +2 (*)

Giai
Diéu kién: z>2.
e Néu z>2 thi 2° —3x=$+x(x2 —4) >x>+x+2 nén phuong trinh da cho khong c6 nghiem
khi z>2.
e Néu —2<z<2 thidit z=2cost, t[0;7].

Phuong trinh tré thanh 8cos’t —6cost =+/2cost +2

@2(4C083t—3COSt)=«/2(COSt+1) < 2cos3t = 2.2COS2%

<:>cos3t=cos§<:>3t=%+k2 v3t=—§+k27r, (keZ)

@tzMTﬂvtzkA—W,(k;eZ).

4 4
Do te[O;w]:tzOvtz%vtz%.

: . e 4 4
Vay nghiém ctia phuong trinh 1la x=2vz= 2COS77T vI= 2cos?7r .

Cau 8: Giai phuong trinh z° +,[(1—x2 )$ =z/2-272 (*)

Giai
Diéu kién -1<z<1.

bat z=cost, te [0;71'] . Phuong trinh tré thanh

cos’ t + 4 ,(1 —cos” t)3 = cost, [2(1 —cos’ t)

p p 3
< cosPt+ (sinzt) =cost QSiHQt<:>Sin3t+COS3t=\/§SintCOSt

Rt (Sint+cost)(1—sintcost) = ﬁsintcost (1)

2

bat u=sint + cost =\/§sin(t+§j:u2 =1+2sintcost < sintcost = Y

1
Do 0St£w:zﬁt+zﬁ5—ﬂc>sinZSsin t+z Ssin5—7r:ue ——;\/5 .
4 4 4 4 4 4 2

2
u

Khi d6 phuong trinh tré thanh u(l -

j:\@'u?&

-1
2 2

u=\/§ (N)
c>u3+\/§u2—3u—\/§=0 <:>(u—\/§)(u2+2\/§u+1)=0<:> u=—\/§+1 (N)
uz—\/§—1<—\/§ (L)

e Véi u=ﬁsin(t+§)=\/§:>sin(t+gj=1©t=%+k27r, (keZ):ng.

u=sint+cost=1—\/§
o Véi 2 _
U 1:1_\/5

sintcost =
Theo dinh li Viét thi sint, cost la nghiém ctia phuong trinh bac hai:

(2)
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Tuyén tap phuong trinh dai sé hay va kho |

1—\/51\/(\/5—1)(J§+3) |

2

XQ—(I—\/§)X+1—\/§=O<:>X:

S D)

Do sint>0=z =cost = 5 .

G e[z s)

Vay phuong trinh c6 hai nghiem x = > vV oz 5

Cau 9: Giai phuong trinh 22” +v1-7z +22y1-2° =1 (*)
HSG - Truong THPT Nang Khiéu — Dai hoc Quéc Gia Tp. H6 Chi Minh nam 2000

Giai
Diéu kién -1<z<1.

t t
11—z =+1—cost =,|2sin* — =+/2sin—
Dat z =cost, te[0r]= V1= =vl-co "y 2 3.

\/1—x2 =\/1—(3082t =sint

Phuong trinh tré thanh 2cos”t + \/isin% +2cost.sint =1
= \/§sin2+sin2t =1-2cos’t <> cos2t +sin 2t = —ﬁsin%

= ﬁcos(%—%j = \/gcos(%Jrgj

PNV L LS ¥ S VS S S Y ¥ (keZ)
4 2 2 4 2 2

7 k4w T k4w

et=T M TR ey
2 3 10 5
Do tE[O;W]:>$=COS£=O; a:=cos7—7T.
2 10

Vay phuong trinh ¢6 hai nghiém x=0vz= COS% .

Cau 10: Giai phuong trinh 895(2952 —1)(8954 —82° +1)=1 (*)

Giai
Phuong trinh tuong duong 8z (22’ —1)[2(2952 —1)2 —1} =1(2)
e Trudng hgp 1. z>1= Vé trai >1=(2): vonghiém < (1): vo nghiem.
e Trudng hgp 2. z<-1= Vétrdi <0=(2): vo nghiém < (1): vo nghiém.
o Truong hop 3. -1<zx<1: Dit x=cost, te [0;7r] . Phuong trinh tré thanh
8cost(2czos2 t —1)[2(20082 t— 1)2 —1} =l 8(305.L‘.COS.21€(2COS2 2t —1) =1

< 8cost.cos2tcosdt =1 < 8sintcost.cos2t.cosdt =sint
< 4sin2tcos2tcos4dt =sint < 2sin4dtcos4t =sint < sin&8t =sint

t_k27r
St=t+k2 e
& T s 7 , (keZ)
Qt=m—t+k27 _Z+k2_7r
9 9
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| Phuwong phap lugng giac hoa

Do te[O;w]:te{Q—W; 4—7T; 6—7T; Z; 5_7T; 7_77}

27 4 6m T 51 7T
= I €4C08S—; COS—; COS—; COS—; COS—; COS— ¢ .
7 7 9 9

Cau 11: Giai phuong trinh 128" (42” —1)(82 - 1)2 +1-22=0 véi —% <z<0.

Giai
Bién doi phuong trinh tuong duong

(2x—1)[128x2 (22 +1)(82° —1)2 —1} =0 |32(2z) (2“1)[2(49;)2 —1]2 =1

1 < 1
—5<z<0 ——<z<0
2
™
bat 2z =cost, te(;;ﬁj ta dugc

U 64.cos” - cos? tcos? 2t =1

2$=COSt, te _’7"' COS 2COS COS ==
2 f—

32cos’ t(cost+1)(2(:032t—1)2 =1 2x = cost, te[g;w)

21 = cost, te(g;ﬂjzsin2%>0 2z = coslt, te(g;wj

= =

t t t t
64sin” —cos® —cos’ tcos” 2t =sin® — sin? 4t =sin® —
2 2 2 2

1 T
T Tr=—cost, te| —;m
2x =cost, te| —;m 2 2
2 &
t_

cos8t = cost

1 4 1 1 1
Vay tap nghiém cta phuong trinh la z = {5 COS77T;—§ Cos—;—gcosz;——} .

2
Cau 12: Giai phuong trinh V1+z ++1-x £2—% vGi —%<$<O.

Giai
Dicukién -1<z<1.

2
cos”t

bat z=cost, te [0;7r] . Phuong trinh tuong duong J1+cost ++/1—cost <2—

< 2cos t.r <2—sin’ t.m cos’ t.m
2 4 2 4 2 4
< 2co0s i—z <2—|1-cos? E—z cos’ E_E
2 4 2 4 2 4
t

[ 3
@{COS(%—ZJ—I} {COSZ(%—ZJ+2COS(%—£J+2}20 (%)

Vi (* *) luén dang Vi e[();7r] nén tap nghiém cua (*) la z e [—1;1].
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Cau 13: Giai phuong trinh vz +1 = 322° + 482% + 18z +1

Giai
Diéu kién z > -1.
(*) &z +4 = 642" +962” + 362 + 2 = (42 +2) +2 = (42 +2)" - 3(4z +2) (i)
Dit t=4z+2, do x> -1 nén t=4z+2>-2. Khid6 (i) </t +2=1" -3t (i)

Voi £>2 thi ¢ 3t =(t' —dt)+t=t(¢* —4)+\/t_2>\/t_2=\/(t2—t—2)+t+2

=\/(t+1)(t—2)+t+2 >\/t+2, nén (z’i) vo nghiém khi ¢ > 2.

=2cosz, doY e O;z .
2 2 2

o V6 —2<t<2, dat t=2cosu, (UE[O;W]). Suy ra

Jtv2 = L1 =2/ 2o
t+ ( +Cosu) Ccos >

u
COS —|

2

(z’i)@?cos%=800s3u—600su<:>cos?>u=cos%<:>u=k—7rvu=k4?ﬂ,(k:eZ)
47 4 4 4
Do UE[O;W], ke, suy ra: uz{O; %; %} Neén tz{O; 2COS?7T; 2cos77r}-

1 4 1 4
Vay cac nghiém ciia phuong trinh la £ =0, z = 5(—1 + cos%j, r= 5(—1 + COSTWJ-

Cau 14: Giai phuong trinh 2z + (4302 = 1) 1-2° =42° +41-27

Giai

Dléu klén -1<z<1. Dat x:sint7 te|:_g7g:|

Suy ra \/1—:1c2 =\/1—sin2t =\/COSZt =|cost|=cost, (dote[—g;gD.

Phuong trinh tré thanh 2sint + (4 sin®t — 1)cost =4sin®t + cost

& 2sint + 4sin® tcost —2cost —2sin® t =0

= (sint—cost)—Qsin2 t(sint—cost) =0 (sint—cost)(l —2sin? t)=0

T
in|t——[=0
@ﬁsin(t—%jcosﬂz()b sm( 4) <:>t=%+%, (keZ).
cos2t=0

N

Do te —z;z , suy ra t=+" nen r=sint=+32.
2 2 4 2

Caes 1 . 2
So v6i dieu kién, phuong trinh da cho ¢6 2 nghiém la x = i?-

Cau 15: Giai phuong trinh \/1+\/1—:1:2 (\/(1+x)3 —\/(1—I)3)=—+

Giai
Diéu kien 1<z <1. Dat = =cost, te[0;n].
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\/1—372 =\/1—cos2t =\/sin2t =|sint| =sint

(=a) =(Jreost) [ﬂj Y
I ) = (i) :(ﬂj o2
Vs - /(sm;mg .

Phuong trinh tré thanh /1 +sin |:2\/7(COS 5 sin” %H = %(

t t t t t t 1

<:>2\/§ sin—+cos— || cos——sin— || 1+sin—cos— :—(2+sint)
2 2 2 2 2 2) 3

t t 1

<:>2\/§ cos’——sin’— || 1 +=sint |=

( 2 2 2

2\/_(:05 —

COB -

2\/551 1

2

Sll’l —

.t t
sin—+ cos—

.t t
=sin—+cos—
2

2+sint)

i(2+sint)

J3

2cost(2+sint)—i(2+sint) =0 (2+sint)(\/§cost—ij =0

5 5

2c0st—L=0<:>cost—

V3

Vay phuong trinh c¢6 nghiém duy nhat 1a z =

=>Tr=

mlﬁ 5
&

1+22+/1—2”
Cau 16: Giai phuong trinh % =1—2z?

Giai
2
Pidu kien 1<z <1 thi 1+22J1—2° = (m 14 ) >0 luon dang.
bat z=cost, te [0;7r], suy ra V1—2” =+/sin’t = |sint| =sint.

Phuong trinh tré thanh

1/(cost + sint)2 = \/5(1 —2cos? t) = |cost + sint| = —\/5005%
cos(t — %j‘ = cos(w — Zt) = —cosZt(l)

e Néute 0— :t—ze —Ez = coS t—— >0 thi
4 4 4’9 4

57‘(’ k27r ; 51

t= -
e (o L N N VAR S

=

cos(t —Zj‘ =—cos2t &

t=3—7r—k27r t—3—7r
4 4

r r) .7 J6-2
r=COS— =COS| ——— |=sim—=——
2 12 12 4
Suy ra
3 \/5
T=C0S— =——
4 2
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t=—"1kon

(1)<:>—(3052t=—cos t-I e cAkeZdéte 3—71-;77 .
4 T k2w 4

123

Vay nghiém phuong trinh la z =

=3

D)

x

4z -1

Cau 17: Gii phuong trinh V1-2° =

Giai
X 1aa 1 - T 27
Diéu kién xe[—l;l]\ S0 bat z =cost, te[O;Tr]\ 5’3 .
Phuong trinh tré thanh

J1—cos®t =CO—St<:>(4COSQt—1)\/SiDQt =cost

4cos’t—1

Rt sint[él(l—sin2 t)—l} =cost <> 3sint —4sin®t = cost <> sin3t =sin(g—tj

T kr
=373 2 T % T
S 8 2, keZ,te[Om]\ Z;— St=—vi=—vi=—-
™ 33 8 8 4
t=Z+k’/T

1+ 2t 1+ 2t
Ta co cos%z%:cost:i,f%- Neén:

Vay cac nghiém ciia phuong trinh la x =

V2482 N2\ 2
2 el

Cau 18: Gidi phuong trinh (162" —122° +1)V1-2" =z

Giai
bat z = cost, 7§e[0;71']:>\/1—:v2 =\/1—coszt =sgint.

Phuong trinh tré thanh
(16(3054 t—12cos’ t + 1)sint =cost

N sin[16(1—sin2 ze)2 —12(1—sm2 t)+1} = cost
= s.inif(lein4 t—20sin’t +5) =cost < 16sin’ t —20sin® t + 5sint = cost

& sinbt = cost < sinbdt =sin Z—t <:>t=i+ﬁ hoact=z+@-
2 12 3 8 2
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Do te[() 7r] va keZ nén t——vt—zvt—ivt—%vtz%r-

Ta c6 Cosgt_1+cos2t /1+cos2t
2

o Vdi t—zzmc—cos—:__.

1+cos -
) letz—:a: cos docos—>()
12 12

2+\/§ (

e Véi t=—:>m=cos—=
8 8

do cos— > OJ
8

5 1+cos 5
) V01t=—:>1:—cos d cs—>()
12 12
1+cos5—7r /
) let—%:x—cos—— 4 [docos—<0}

\/ 242 _\/2— 2 .
9 7 2 T

Vay cac nghiém cta phuong trinh la z = 4 ,T , g
Cau 19: Giai phuong trinh !
' e et e

Giai

Diéu kien —1<z <1, z#0. Dit z = cost, te(O;w)\{g}-

\/1—302 =\/1—00th =\/sin2t =|sint| =sint

Suy ra {+/1-z =+1-cost = /2sin2%=\/_
N =\/1+cost=,/20052%=\/§

Khi d6 phuong trinh tré thanh

1 1 1 1+\/§cos +1-— \/58111— 1

+ = —
.t t ; B
1 _\/531115 1+ \/§COS§ sin (1 J2sin " j(l + \/§cos2j sint

sin—

t
\/_SIHE

t:ﬁw%

cos—
2

1

t t
24+/2| cos——sin—
( 2 2j

= =
t t t t ot t

14++/2| cos——sin— |—2sin—cos— 2sin—cos—
\/_[ 2 2) 22 22

(1)

t t t t t
Diit 0= cos— —sin—=~/2 cos| =+~ | = a? =1—2sin~cos—-
2 2 2 4 2 2

Do te (O;7r) suy ra ae (—1;1)
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o s 2+4/2 1
Khi d6 (1) trd thanh 1+\/§:_(1a_a2)=1_a2<:>(2+\/§a)-(1—a2)—a2—\/§a=0

C>£G—£J~(\/§a2 +4a+2«/§)=0<:>a=£-

2 2

t om) 2 t w T t=E+k47r
Suy ra /2 cos(—Jr—J:—<:>cos(—+—j=cos—<:> 6 , (k;eZ).
2 4 3 7
tz—?'f‘kél:ﬂ'

3

Do te(O;ﬂ) va keZ nén t=%:>z=cost=cos%=?-

Vay phuong trinh c¢6 nghiém duy nhat z = g

Cau 20: Giai phuong trinh 1+ 1—42 =$(1+\/1+2\/1—4x2 j

Giai

Diéu kien O<x£%- bat x:%cost, te{o;g]

Suy ra \/1—4m2 =\/1—coszt =\/sin2t =|sint| =sint.

Khi dé phuong trinh tré thanh «1+sint = %St . (1 +1+ 2sint)
t t t t t t
< 2,[cos® — +sin® — + 2sin—cos— =| cos” — —sin® — |-(1++/1 +2sint
\/ 2 2 2 2 ( 2 2 ( )

2
t t t t t t
< 2,|| cos—+sin— | =| cos—+sin— || cos——sin— |-[1++/1+2sint
[cosgraing ] =[cosgrsing | {cosgsing )1+ JT257)
t t t t t t
< 2| cos—+sin— |=| cos—+sin— || cos——sin— |[1++/1+2sint
[cosg g | ={cosrsing [ eosg s 15257
t .t - T t .t
<:>22(0085—Slngj(1+\/1+281nt) (dOtE[O;EiIDCOSE+SIH§>Oj.

Dat a=cos£—sin£=x/§cos i+E :a2=1—281n£cos£:sint=1—a2.
2 2 2 2 2

Do te[o;ﬂ:a e[0;1]- Khi d6 phuong trinh <2 =a[1+‘/1+2(1—a2)}

©aV3-20" =2-acd’(3-20°)=(2-a) <24 -20" —da+4=0

<:>(a—1)2(a2+2a+2)=0<:>a=1.

t=k4
Véia=1:>\/§cos £+E =1< cos E+z =L=COSE<:> T .
2 4 2 4) 2 4 T |t=—-m+kdr
o _ 1 1
Do te 0;5 va keZ nén t=0, suy ra :rzgcost:;

Vay phuong trinh c¢6 nghiém duy nhat z = %
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Cau 21: Giai phuong trinh \/1—\/2w—x2 +\/1+\/2x—x2 __2

[=-1]

Giai
Dicukién 2z -2 >0 0<2<2 thi 0<+/2z—2° <1 nén ta dat
cost =2z —127, te[O;%}:ﬂ/l—V?x—zZ =y1—-cost; V1++2z—2" =+/1+sint

Va cos’t=2z—1° =1—(a:—1)2 :>(:1:—1)2 =1—coth=sin2t<:>|a:—1|=sint.

Khi d6 phuong trinh dau tré thanh

2
J1—cost +~/1+cost =.i<:>(\/1—cost +\/1+cos1f)2 =ELJ

sint sint

2 2

& 2+24/1—cos’t =— 5 S 1+4/sin’t =—— < 1+sint =——
sin” ¢ sint sint

osin't+sint—2=0<sint =1 < cost =0 = 2z — 2 =0@{

Vay 2 nghiém can tim 1a z=0, z=2.

Cau 22: Giai phuong trinh 4z° —122° + 9z —1=+21—1°.

Giai
Diéu kien 0<z <2. Bién dbi phuong trinh dau ta dugc
4(z-1) =3(z-1)= 1~ (z-1)
Do z e [0;2] = (x —1) € [—1;1] nén dat x—1=cost, t e [O;w].
Phuong trinh tré thanh

4cos®t —3cost =+1—cos’ t <> cos3t =sint < cos3t =cos(g—tj

o t=T M poic t =Tk, (ke ).
8 2 4

2

Do te[O;w], keZ:tz%r hoac t=%:>x=1+cos5§ hodc aczl—?-

2

: N 5
Vay cac nghiém can tim la z :1+cos§7r, r=1-—>-

2
47 -3z
Cau 23: Giai phuong trinh y1-2> =——— =" .
P & 162" —122° +1
Giai

biéukien —1<2<1 va 162" —122° +1#0.

bit x=cost, te [0;7['], suy ra \/1—302 = \/1—COS2 t= \/sin2 t =sint.
Phuong trinh tré thanh
sint.(chos4 t—12cos’ t + 1) =4cos’t—3cost

=N sint[lG.(l —sin? t)2 —12-(1 —sin? t)+1} = cos 3t

= s,int‘(l(isin4 t —2081n2t+5) =cos3t < 16sin’ t —20sin® t + 5sint = cos 3t
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& sinbt =sin| = -3¢ 41)75=£+E hodc t=E+k7r, (kel).
2 16 4 4

T Om 3w

Dote[O;w]:ﬁe{ }:xzi; hoac x=cos% hoac $=COS51)—7T'

616 171
~ £ o n N N N 2 s 57
Vay cac nghiém can tim la z=+—; z=cos—; x=cos—-
2 16 16
Cau 24: Giai phuong trinh + 22 =4.
2 +1 T +1
Giai

bat z=tant, te (—g,gj = cost > 0.

1

:>\/a:2+1=\/tan2t+1: 5 =L va rl +1= — =2cos’ t.
cos't cost cos t z°+1
Khi d6 phuong trinh tré thanh
5tantcost+20052t—4=0©581nt+2(1—sin2t)—4=0
1 t=Z+k’27r
& -2sin’t+5sint—2=0 > sint=—<>| O  (kez)
2 5
t=F+k27T

B
=,

Do te(—g;gj va keZ nén t=%~ Suy ra x =tant=

3

Vay nghiém can tim ctia phuong trinh 13 z = 5

Cau 25: Giai phuong trinh V2* +25 =z + o0
Nz' +25
Giai

bat x=5tant, te(—g;gj:cost > 0.

:>\/x2+25=4/25.(tan2t+1)= > 5 ‘1 _ cost
Jeos?t  cost  Jz2425 5

Khi d6 phuong trinh tré thanh

5 1 int
——=5tant+10cost & ——= S
cost cost cost

& 2cos”t+sint —1=0, (do cost >0)<>2.(1-sin’t)+sint—1=0

+2cost

1
& —2sin*t+sint+1=0<sint =1 hoic sint:—5=sin(—%J

©t=g+k27r hoac t=—%+k27r hoac t=%+k27r, véi ke Z.

53

Do te(—g;gj va keZ nén tz—%, suy ra: x =5tant =———-

3
53

: X . NIEIEN 3
Vay nghiém can tim ctia phuong trinh la =z = e
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Cau 26: Giai phuong trinh z° (1 +

Pidu kien z<-1 hosic z>1.

1
Dat 2=——, te(0m)\ Tl sint >0.
cost 2

sint

1 1—cos’
:>\/x2—1=,/ 5 —1=\/ CO;t
cos 't cos’t

sint smt

o Véite ();z =cost>0=>\r’—1=——=
2 |cost| cost

Khi d6 phuong trinh trg thanh

_\/sith _
cos’ t

|cost|

<> 1+cott=4sin’t, (do:cost >0)

1 t in’t
: 1+c?s =4-Sm2
cos 't sint cos 't
& 1+cott= & (1+cott)(1+cot’ t) =4
l+cot™t

@cot3t+cot2t+cott—3=0<:>cott=1©t=%+k7r, (keZ).

Do te(();gj, keZ:>t=£:>x=L=\/§.

cost
L. ™ sint sint
o Véite| —:m|=>cost<0 =z’ —1= -
2 |cost| cost

Khi d6 phuong trinh tré thanh

1 t in*t
: 1_cT)s :4s1n2
cos’ t sint

cos’t

@1—C0tt=—2
1+cot™ ¢

< 1—cott=4sin’t, (cost <0)

= (1—(:ott)(1+cot2 t) =4

& —cot’ t+cot’t —cott —3=0 <:>C0tt=—1<:>$=—£+l{,‘ﬂ', (keZ).

Do te( JkeZ IR (O N oY
2’ 4 cost

Vay phuong trinh ¢6 hai nghiém z = -2 , T = J2.

1-z i -
' -1 655( )

Cau 27: Giai phuong trinh 1+

Giai
Diéu kien z <-1 hoac z >1.

1-z

V' =1

o Néu z<-1thivétrai =1+

sint >0

. 1
e Neéu z>1 thidit o=—o, te(O,g]: cost >0 -

cost
tant >0

)
Khi d6 vz* - _\/7_1 \/1 cos t_\/s1n2t
cos’t cos’ t cos” t

>0 va vé phai =6i<0 nén (*) vo nghiem.

X

= \/tan2 t= |tant| =tant
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1
1-z ~ ost  cost—1 cost—-1 _ 5 _Heost

= =— va
Jzi =1 tant  cost.tant sint 6z 6

t—1 t
Phuong trinh tré thanh 1+ cos = Dcos

: 5 .
- < sint +cost—1==sintcost (**)
sint 6

2
-1
Dit a=sint +cost = a’ =1+ 2sintcost = sintcost = = 5 ae(l;\@]-

2
@l 5 12047=0a=1.

Phuong trinh (* *) trthanh a—1= % .

sint+cos,t=Z sint=§ sintzé
Véia=—= ) R 5 hoac 5.
. a” -1 12 4 3
sint.cost = =— cost=— cost =—
25 b} 5
4 1
Véi costz—:ac=—=é va cost=§:>x=L=§-
) cost 4 5 cost 3
A s, e 5 5
Vay nghiém can tim ctia phuong trinh la z =§, x =Z-
Cau 28: Giai phuong trinh z=4/2++2-+/2+z
Giai

Dat £ =2cost phuong trinh tré thanh

2cost=\/2+\/2—\/2+cost

< 2cost =4’2+ . /2—2(:05%
f Lt
< 2cost = 2+281n1

< 2cost =\/§(siné+coséj

oufof

. x 2 -2
Giai phuong trinh (*) va két hop dieu kién ta duge = = cos—7r V4 T = COS —r
1 1 1
Cau 29: Giai phuong trinh —2+§ =+
T =z 1—1
Giai
11 1 3 1 V11— 1 1 31—
Phuong trinh da cho tuong duong —(— ——zj +—= = i ( - —2) + T _ 1
T\x T z \/1—:5 z T T
Dit = Y127 :>t2:i2_l_
z A

Khi d6, phuong trinh da cho c6 thé viét lai t.—t* +3t=1<t* -3t +1=0
1

Dit ¢ =2a. Ta duge phuong trinh 8a¢® —6a+1=0< 4a* —3a = -3

Xét cac nghiém thuodc [—1;1] cia phuong trinh trén. Khi d6 dat a =cosa.

1
Ta duge phuong trinh méi cos3a = 3
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Dén day xin mai ban doc tiép tuc phan con lai ctia bai toan.

Cau 30: Giai phuong trinh 4z® —122° + 97 —1=+/22 — 2°

Giai
Diéu kién 0<z<2.
Phuong trinh tuong duong 4(z — 1)3 -3(z-1)=1-(z—-1)
Di#t ¢ =2 —1 nén phuong trinh trd thanh: 4¢P -3t = \/ﬁ
Dat ¢ =cosa;t e[-1;1]
Nén phuong trinh tré thanh 4cos’ a—3cosa =sina

Hay 4cos’a—3cosa=—-sina < cos3a =—sina
Dén day xin mai ban doc tiép tuc 15i gii!

II. Cac bai toan vé hé phuong trinh.

Nhin chung cac bai toan vé hé phuong trinh ciing khong c6 khac nhiéu cac bai toan phuong trinh
chtang ta van cht § lgi dung diic diém ciia cac dai luong 1 -—z° A1- ? ... va su xuéit hien ciia biéu
thic 2” +y” =a” trong phuong trinh trong hé, tit d6 dua ra cach dit an phit hop nhat. Sau day ta sé

cuing di gidi quyét cac bai toan nhé!

T J1-9° = 1
Cau 1: Giai hé phuong trinh le
yNl1-1° = )
Giai
. 0<z<1
Dieu kién: v .
0<y<1

2

77} {\/l—x2 =\/1—cos2 u =sinu

Dat x =sinu, y=cosv véi u,ve[o;— = .
\/l—y2 =\/1—sin2f0=sinv

cosusinv = . 1
=— (1
+ sm(u+v) 5 ( )

Khi d6 hé phuong trinh tré thanh

cosvsinu =

N N e

sin(u—v) =0 (2)

Phuong trinh (2)<:>u—v=k7r, ke va uve O;g}:uzfv.

™ km

1 |"T1
Thay u=v vao (1) =sin2u=—< .
2 o km

U=—+—

12 2

R T T 5 T T 5% 5%
Viue|0— |=u=— v uz—:(x;y)z cos—;cos— |,| cos—;cos—
2 12 12 12 12 12 12

J6 +2 5_772\/8—\/5'

Trong do cos— = ——,cos
12 4 12 4
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2
1B = T 2 5
Cau 2: Giai hé phuong trinh —Y
2z
v= 1-2?
Giai

Diéu kién z,y # +1.
Dat x=tanu, y=tanv thi u,ve —z;E \ + L
2°2 4

2 2
z PADY ¢ an2u . Khi d6 he phuong trinh trd thanh

taco 1-2° :l—tan2u
(k;+2m)7r
tanu =tan2v u=2v+kr = 3
{tanvztanZu {v=2u+m7r<::> Y (m+2k)7r

3

272
Vay nghiém ctia hé phuong trinh da cho 1a (x;y) = {(0;0),(\/§; —\/g),(—\/g;\/g)} .

V1 woe 353 J = () = {(00).(51) (1)

z+3y" -2y=0 (1)
Cau 3: Giai hé phuong trinh ‘
36(:10\/;—1—3@/5)—27(4;1/2 —y)+(2J§—9)J5—1 =0
Olympic 30 — 04 lan XIX ngay 06/04/2013 Toan 11 - THPT chuyén Lé Hong Phong
Giai

Diéukien >0 . Ta thay ring phuong trinh (1) < (@)2 +(3y - 1)2 =1.

@zsint

Dat {3y —1=cost khi dé hé tré thanh

te[0;7r]
sint+cos’t=1
4\/§sin3t+4(1+cost)3—12(1+Cost)2+9(1+cost)+(2—3\/§)sint=1
te[O;W]
- 4(:053t—3cost+4x/§sin3t—3\/§sint+2sint=0
te[O;w]
{Cos3t—\/§sin3t+251nt=0 sin(?)t—%j:sint
tE[O;ﬂ'] te[O;w]
T T ommw
t=—+kr v t=—+—, (k Z,
STt v it=g o (kmeZ) @te{if_ﬁ;w_ﬁ}_
tE[O;T(] 12 24 24
T 1 1 1-cos™ 2_\/5 1+cos 4+\/§+\/g
e Véit=—=r=—sin"—=—. 6 _ =Sy= 12 _ .
12 3 12 3 2 12 3 12
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T
o, T 1o ,7m 1 1_C0512_4_\/§+\/g:>y_4+4/2(4+\/§—\/8)

e Vit=—=g=—sin"—=—.
24 3 24 3 2 24 12
B 4— . [2(4-2+f6
Vc’iit:lg—wzlesinglngx=4+\/5 \/g:>y= ( )
24 3 4 24 12

Cau 4: Cho cac s6 duong a,b,c . Xac dinh céc s6 thic duong z,7,z sao cho

r+y+z=a+b+c
dxyz — (an +b*y + sz) =abc

Giai
2 2 2
c2 i1 iz , b b
T gia thiet, ta co 4zyz=(a2x+b2y+cgz)+abc:>4=a—+—+c—+£
Yz 2T xY TYZ

bat z, = Khi do, ta co

a = b L, = C

Nri il
vy +2 rayy =4 2] +(aclyl)z1 +(ar:12 +y, —4) =0 (**)

Va 0<z, <2,0<y, <2;,0<2 <2.

Xem (**) 1a phuong trinh bac 2, ta c6

A=(my,) —4(y +a) —4) = (v - 4)(a7 - 4)
Dat z, =2sinw;y, =2sinv;u,we(0,gj

, , 2, =2(cosucosv—sinu.sinv)
Suy ra, A =16cos” u.cos” v = ) )
2, =—2(cosucosv+sinu.sinv)

m . . ~ . . .
Vi u,fve(O,Ej—>smv,smu>0,cosv,cosu >0 neén loai z =—2(cosucosv+smu.smv)

Chon z, =2(cosucosv—sinu.sinv)=2cos(u+v)
Vay tit cach dit
ale\/y_z=2sinu.\/y_z;b =ylx/5=2sinv.\/5;c=z]\/@=2(:os(u+v)\/@

Tugid thiét x+y+z=a+b+c c>x+y+z=ZSinu.\/y_z+2sinv.\/Z+2cos(u+v)\/@
& :1:2+ y2+\/;2—2sinu. yz—2sinv.\/g—2(:osucosv\/@+QSinusinv\/Ez0
@(\/Ecosv—\/gcosuf+(\/Esinv+\/§sinu—\/;)2=0

- \/;cosvz\/gcosu ([)
\/_=\/;Sin1)+ ysinu

Do cach dat z, =2sinu;y, =2sinv:sinu=%,sinv=% thé vao (I) ta dugce \/72\/;%4—\/;%

b 4
Mm;:i- _ b néntadﬁdc:J_:\/;%-f-\/;@:)Z:aTw

[\
[\

)

Thit lai ta thay thod hé. Vay nghiém ctia hé phuong trinh 1a (x,y,z) = (b receraaxr bj

2 72 2
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Cau 5: Vdi a,b 1a cac hing s6 cho trude, giai hé phuong trinh sau

+a’ =y +b =(:1:—b)2+(y—a)2

Giai
Ta dat 2° +a” =y* +b° :(x—b)2 +(y—a)2 =R
x=Rcosa;a=Rsina
Khi d6 hé tré thanh y=RcosB;b=Rsinj3 (a;ﬂ € [0;277])
R’ (cosa - sinﬁ)2 +R? (cosﬂ - sina)2 =R’

x=Rcosa;a=Rsina
& <qy=Rcos(;b=Rsin(
sin(oﬁ—ﬁ):%

3

y=Rc0s[£—aj=—x+g
6 2 2©{x=26+a\/§
6

o Néu a+,8=%+k27r(keZ) thi

2 2

e Néu a+5=5§+k27r(keZ) thi

y=Rcos| —— j 3 —
2 2 {x=2b—a\/§

b= Rsm(—— J:% _3 y=2a—b\/§

Vay bai toan da dugc gidi quyét!

| =

(1;2 4 xy)(y i 2z) =

Cau 6: Giai hé phuong trinh | 2” +1y° + 32y + 422 + 2yz = —% (m <0<y< z)

z+y+2=0

Giai
Taco z° +y° +3xy+4xz+2yz=$(x+y)+(x+y)(y+2z)+x(y+2z)

1
uvwzg
U=z

Khi d6 ta dat < v=x+y . Hé phuong trinh tré thanh uv+vw+wu=—§(u<0;u<v<w)
w=1y+2z 1

u+v+w=0
Theo viet ta c6 u,v,w la nghiém cia phuong trinh
chosZ u=cos7—7r ac:cos’?—7T
9 9 9
X2—§X—l=0<:>4X3—3X=1<:> X=cos5—7r<:> v=cos5—7r<:> y=cos5—7r—cos7—7T
4 8 2 9 9 9 9
T T 1 T 51 T
X =cos— W = COS— z=—| coOS— — COS— + COS—
9 9 2 9 9 9

Dén day bai toan da dudc gidi quyét hoan toan!
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1 1 1
. lz+—|=4|y+—|=5| z+—
Cau 7: Giai hé phuong trinh x Y z

Ty+yz+zr=1

Giai

Ta dé § réng néu (z,y,z) 1a nghiém thi (-z,—y,—z) ciing 1a nghiém ctia hé va 2,y,z phai cing dau.
T =tan—
2

R B
T dieu kién zy+yz+xz=1 tadat <y= tang

z=tan—
2

Véi A,B,C 1a ba gbéc ciia mot tam giac ABC.

2 2 2
Ta cé 3(x+lj:4 y_i_l :5(24_1)@3 " +1 _4l ¥ +1 _5 z7+1 - '3 _ .4 _ '5
x Yy z 2z 2y 2z sinA sinB sinC

Dé thay ngay tam gidc ABC vuong tai C, ta gia stt 3 canh ctia tam giac 1a 3,4,5. Ta c6
4

A 1-cosA 1 5 1

r=tan—= =

2 sin A 3 3
5

-3

_taDE_l—cosB_ 5 1

Y 2  sinB 4 2
5

z:tangztanzzl

4

Vay nghiém can tim 13 (z,y,2) = i[%;%;l}

T =tan—
2

. , N . , , .9 o« 2 ~ - B
Cha y. V6i cac bai toan c6 gia thiet zy+yz+zz=1 tasé dat y = tan;

z=tan—
. 2’ +4y* =1
Cau 8: Giai hé phuong trinh ‘ ‘
162° —202° + 52+ 512y° —160y” + 10y +~/2 =0
Giai

Ta dé& dang nhan thay ¥ tudng dit an lugng giac ngay tit phuong trinh dau.

T =sint .
bat ta dua hé ve dang
2y =cost

sin’t+cos’t=1
16sin’ t —20sin® t + 5sint + 16 cos’ t —20cos® t +Hcost =—\/§(*)

Dé ¢ phuong trinh (*) cac hé sé cost,sint bing nhau nén ta nghi ngay t6i sin5t,cos5t ta dugc
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(*)<:>sin5t+cos5t=—\/§c>sin5t+%=—1 @t:%ﬁ-k?ﬂ',(k eZ)

te(0;2
Mt khéc{ e W):te{z.137r'217r.297r'277r}

keZ 4207207 20 20
ff
"4

Vay cac nghiém ciia hé phuong trinh 1a

1371 137T 21 1 217r . 2971 1 297 .37 1 37w
sin—;—co sin—;—co sin——;—cos— |;| sin——;—cos——
20 2 20 20 "2 20 20’2 20 20 '2 20

Chui y. Bai nay ta stt dung dén 2 cong thitc luong giac sau
cosba=16cos’ a—20cos’ a+5cosa

sinba =16sin’ o — 20sin® o + 5sina

3 3 _ 9.2
Cau 9: Gii he phuong trinh {423 + 211/ =327y + 23y + 2z
=y +1

Giai
Nhan xét. Nhin thoidng qua c6 1é chting ta chua thé nhin ra dat an lugng gidc kiéu gi phai khong nao!

: . . - 1 ;
—= tan’a+1. Vay & phuong trinh (2) neu ta dat r=—— thi
Cos” a cost

Hay dé ¥ t6i cong thic lugng giac
y=tant ae [O;7r] .
Phuong trinh (1) tré thanh

S +4tan’® a = 5 tana+2\/§ -tana +

COs « COS « COSx Cosx

< 4 +4sin’ a:3sina+2\/§sinacosa+20082 o

=3 =sin3a+\/§sin2a+0082a = 3=sin3a+25in(2a+%j(*)

Nhan thay ring —1<sin 3a;sin(2a + %j <1 nén dé (*) c6 nghiém thi

sin3a =1 azz+l<:2_7r x=2 3
. T = 6 3 @a:z_;]mr%a_ﬂj 3
sin| 2a+—|=1 T 6 <R 6 3
6 3
2
Vay hé c6 nghiém (x,y) = [$7§]
z+ytz=1
Cau 10: Giai hé phuong trinh T . y . 29
T+yz y+zx z+xy_4
Giai

Nhan xét. Chung ta c6 thé dé dang nhan thay ring c6 3 an ma chi c6 2 phuong trinh nén chic chin
day la bai toan danh gia bat ding thiic, nhung ching ta sé tiép can bing phuong phap dit an lugng
gidc héa & bai toan nay! Nhu cau 7 ching ta da c6 cach diit an lugng giac, vay cau nay chang ta budc
phai bién ddi z+y+2=1 vé dang nhu cau 7. Ta c6

oy [az, Jyz [vo | [eo o
z\y x \ z y Nz
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Tu dé dat /ﬁ = tang, e :tang,‘/% :tan%;A,B,C €(0,m) vasuy ra duge A,B,C la ba goc ciia
2 \/ Y T

mot tam gidc. Khi d6 phuong trinh 2 tré thanh

z Y z 1 1 1 9
+ + = + + ==
r+yz y+zr z+ay 1+tan2é 1+tan2§ 1+tan2g 4
2 2 2
2A QB 92 9
& Cos” —+cos” —+cos” —=—
2 2 4
3+cosA+cosB+cosC 9
IS -2
2 4
3
c>cosA+cosB+cosC:§
A B B-
< 1-2sin® = +2cos +Ccos C=§
2 2 2 2
A B-
< 4sin® = + 2sin —cos ¢ :%(*)
2 2 2

Mat khac ta lai ¢ A'zél{cos2 B-C —1JSO
2sin— = cos —C

Vay phuong trinh (*)<:> 2 < A=B=C _T
sinB_C—O 3

1
Vay nghiém ctia hé phuong trinh 1a z=y=2= 3

2y=x(1—y2)
Cau 11: Giai hé phuong trinh
3z —2° =y(1—3z2)

Giai
Nhin hé nay c6 vé rat don gian, nhung bén trong vé ngoai yéu dudi do lai 1a mot mot st nguy hiém vo
cting! Néu nhu § tuéng dau tién ma ban nghi dén do la dua vé phuong trinh dang cap thi chic chin sé
kho6 ma giai duge hé nay, chiing ta can bién ddi mot chiit!

2
T= y2
1-y
_395—:173
Y 1-327

Nhin thé kia chic cdc ban da nghi ra ¥ tuéng roi phai khong, c6 phai la rat giong cong thiic nhan 2 va

nhéan 3 cia tant khong nao? Dat z=tana (a € [—%,%D khi d6 tur phuong trinh (2) ta co

_ 3tana —tan® a

5 =tan3a
1-3tan” a
PR N N 2tan3a
The vao phuong trinh dau ta duge ¥ = —————=tan6ba.
1—-tan” 3a
Dan dén ta sé phai giai phuong trinh
tana =tanba < a = K Sa= —Q—W;—E;O;E;Q—W
5 5 5 55
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+2 + + +
Vay nghiém ciia hé la (x;y) = (tan?ﬁ;tan%j,(tan?ﬁ;tan%}(o;m .

THY+z=ayz2

Cau 12: Gidi h¢ phuong trinh {:r(y2 —1)(z2 —1)+y(:1:2 —1)(z2 —1)+z(:r2 —1)(3/2 _1) =l

Giai
e Néu zyz=0 thi it nhat mot trong ba s6 2,7,z bang 0. Gia sit z=0, khi d6 tit phuong trinh
thit nhat ciia hé ta co: y=—z.
Thay z=0 vao phuong trinh thtd hai ctia hé ta co: y(l—z2)+z(1—y2)=0 luén ding do
y=-—z.
Vay hé phuong trinh da cho c6 nghiém (O;y;z) vl y=—-2 ; (x;();z) vl x=—2 ; (:I:;y;O) voi
rT=-y.
e Néu zyz#0 thichia cd hai vé clia phuong trinh thit hai trong hé ta dugc:
Y’ —1'z2 —1+ 7’ —1‘z2 —1+$2 —1.y2 -1 =O(*)
2y 2z 2z 2z 2z 2y
Diat z=tanca, y=tan(3, z=tan+y . phuong trinh thit nhat ctia hé thanh:

tana+tan(+tany=tanatanStany < a+ B +v=kr (keZ).
Do d6 2a+28+2v=k2nw (keZ). Suy ra
cot2a.cot 20 + cot 23 cot 2y + cot2ycot2a =1

2 2

-1 2-1 2°-1 2" ~1 -1y -1
Y K Lz K Lz Y

Ha, .
Y 2y 2z 2x 2z 2z 2y

=1.Do d6 (*) vo nghiem.

Vay hé phuong trinh da cho c6 nghiém la (O;y;z)véi y=—z ;(ZL‘;O;Z) vl T=—2 ;(:B;y;O) vl z=—y.

’+y’ =1
Cau 13: Trong cac nghiém thuc (x,y, z,t) cia hé phuong trinh < 2° +¢> =2
rt+yz = \/5

Hay tim nghiém sao cho téng y +t nhé nhat

Giai
Cach 1.
Ap dung bét déng thic Cauchy — Schwarz ta 6

xt+yz£|xt+yz|s\/(x2 +y2)(z2 +t2) =\/§.

2’ +y’ =1 ,
+y° =1
2 +tt=2 vy
2 2
25+t =2
Hé phuong trinh da cho tuong duong véi: | at +yz = NOP= ([)
t=\/§x
t=kz
z=ky z=\/§y

Ta co (y—i—t)z =y2+t2+2yt=3—x2—22+2mz=3—(x—z)233:>—\/§Sy+tﬁx/§.

Dau "=" x4y ra < z=2. Két hgp v6i hée ([) ta dugc:
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2 2 _ s 1
224t =2 x_g’y_g’z_g’_ 3
= x=z=\/§y<:> )
z=2=+2y _ 6 3 6 23
t—2y z:——;y:——’z:——;t:__
t=2y 3 3 3 3
Suy ra (—@;—?;—@;—¥ 14 nghiém ctia hé phuong trinh da cho théa man diéu kién
min(y+t)=—\/§.
Cach 2.

Gia sit hé da cho c6 nghiem. Khi d6 ton tai cdc goc o va 3 sao cho
7 =cosa, y=sina, z=+2cosB, t =+/2sinj3.

Tt bat phuong trinh thit ba ciia hé ta c6: sinacosf+ cosasin 3 >1 < sin(a + ﬁ) >1
<:>sin(a+ﬁ)=1<:>a+ﬁ=g+k27r (keZ).

Suy ra sina=cos( ; cosa=sinf va y+t=sina+\/§sinﬁ=sina+x/§cosa2—\/§.

sina cosa sina \/§cosa _sina+ \/§cosa _ ﬁ

Déau "="x4y ra <> = SN = —.
Y 1 B 1 2 3 3
. 3 V6o J6 B 6, 243
Suy ra sina=——— ; cosa=——.Tu d6: r=——"—jy=——;2=—"";t =———.
3 3 3 3 3 3
2
Vay (—@;—?;—;;—g] la nghiém ctia hé phuong trinh da cho min(y +t) =—3.

V1-4 +2°[1-logly =1

Cau 14: Giai hé phuong trinh { log, 3
(1-log,y)(1+2")=2

Giai
O<y=1
Diéu kien: |2°|<1
log, z[<1
bat 2" = cose; log, y=cosf véi o, € [0;71']
Hé phuong trinh d& cho thanh
{\/1 — cos’av.cos3 ++/1 —cos’B.cosa =1 - {sinacosﬂ +sin Beosa =1

(1-cosB)(1+ cosa)=2 (1—cosB)(1+cosa)=2

{sin(oﬂrﬂ):l Oé+5=g
=
(1—cosﬂ)(1+cosa)=2 sin 8 — cos3 —sin BeosB —1=0 (*)

2
Dat t=sin( —cosg ; te[—\/a;\/i] Suy ra sinﬁcosﬁzl_t .

t=1

-1=0=t*+2t-3=0<
{t=—3e[—¢i¢5]

1—¢

Phuong trinh (*) thanh ¢ -
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Vi t=1 tic ﬁsin(ﬁ—ﬂﬂ:»ﬁ:g:a:o.

. ]2t =1 z=0 s o S
Khi do: =S ( khong théa man diéu kien ban dau)
log,y=1 y=1

Vay hé phuong trinh da cho v6 nghiém.

z+3y° —2y=0

Cau 15: Giai hé phuong trinh {36($ ” +3y3)—27(4y2 —y)+(2\/§—9)\/;—1 —0

Giai
Diéu kien z<0

Phuong trinh thi nhat ctia hé tuong duong

2

30+ (3y—1)" =1 (VBz) +(3y-1) =1
Vay ta diit 3y—1=cost,\/37 =sint,t e[0;7]
Thay hét vao phuong trinh thit hai, ta dude
362z + (243 -9)z +4(3y-1)' =3(3y~1)=0

« 3 1
PN 36sin” ¢ (2\/5—9)—Smt +4cos’t—3cost=0

VI NG,

= 4\/§sin3 t— 3\/§sint +cos3t =-2sint

& f3sin3t —cos3t = 2sint < sin[Bt—%j —sint

t=f%+kn
& t_7w+kw©te{£;;—z;1§—4ﬂ}
24 2
t e[0;7]
.92 1 1
Vay hé da cho c6 nghiém (x;y)z St t; +cost véi te 1;7—W;ﬂ
3 3 12°24° 24

2@/4—2—1—:1:(y2 +2y)=0
Cau 16: Giai hé phuong trinh 3

-3z
+1- =0
Y 3z’ -1
Giai
9 2a
) 2a+x(a —1) T = 5
Diéu kien 2 # —=. Dat y+1=a. Taco he 3 & 1=-a
T’ -3 3
J3 a="2" 1’ -3z
3z -1 a_3x2—1

Dén day 1a phuong phap lugng giac héa qua quen thude, xin nhudng lai cho ban doc gidi quyét phan
con lai! Vay hé da cho ¢6 nghiém

() =(0-1) 24520517 245245 + 5245 )|
(im;—u(zJW—Wn
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Cau 17: Giai heé phuong trinh

x\/(l—yQ)(l—zQ)+y\/(1—z2)(1—x2)+z\/(1—x2)(1—y2):x+y+z

ST
Y 2

Giai
Phan tich. Mot cau hinh thitc vo cling khiing, va néu ban nao da ting lam quen véi lugng giac thi
chic chan bai nay khong hé khé, mau chét van 1a xit 1y nhitng gia thiét phitc tap.
x,9,2>0
Y :x,y,ze(O;l)

2

Theo gia thiét ta co .
Ty 27+ 2xyz=1

Ta dat z =cosa,y=cos(3,z=cosy thi a,ﬂ,ye(();gj.

Tt gia thiét ta co cos” a+cos’ 3+ cos” vy +2cosacosFcosy =1
1+4cos2 1+cos2
N B, Y

2
& cos” a+cos(ﬂ+fy)cos(ﬁ—fy)+ cosacos(ﬁ+ ’y)+cosacos(ﬂ—7): 0

& cos’ a +cosa[cos(ﬂ+’y)+cos(ﬁ—’y)}=1
<:>cos(6+7)(008(&—7)+cosa)+cosa(cos(ﬂ—'y)+cosoz)=O
<:>(cos(ﬂ—*y)+cosa)(cos(ﬁ+7)+coso¢)=0
a+6+’ycosﬁ+7_acosa+ﬁ_vcosa+7_ﬁ=O (*)

< cos
2 2 2
Do awBaPYE(OvEJS /8+'.Y_a|<z;a+/8—’y|<z;|a+,7_l3|<z
2 2 | 2 2 |2 2 | 2
:>cos6+7_acosa+§_7cosa+;_ﬂ;t()

+6+ +6+
Dodétfr(*)tac()cosa g T2 B T_T

5 5:>a+ﬂ+’y=7r:>cos(a+ﬂ+'y)=—1

:>cos(a+ﬁ)cos*y—sin(a+ﬁ)sin’y =-1
= cosacos G cosy —sinasin Fcosy —sinasinycos 3 —sin Gsin~ycosa =—1

= 1+ cosacosFcosy = cosasin Fsin~y + cos Fsinysina + cosysinasin 3 (**)
< . . v
Mit khac ta lai c6 o, 3,7 € (0;5)

:sinoz:\/l—cos2 « =\/1—x2;sinﬁ =1-y";siny=+1-2"

Khi d6 tit phuong trinh (**) ta co

SRS [ e RO e ey B8 vy v

Dén day xin nhuong lai ban doc gidi hé phuong trinh nay!

x\/gf +6 +y\/ac2 +3 =7xy(1)

Cau 18: Giai heé phuong trinh
x\/x2 +3 +y\/y2 +6=2"+y° +2(2)

Nguyén Hoang Vi

Giai
Khi nhin thay hé nay, chiing ta sé nghi n6 don giadn. Tuy nhién, hé nay 1a 1 hé cuc ky kho va rat dai.
Cho nén 6 hé nay, minh sé dung 1 phuong phap mdéi 1a lugng giac héa. Hay tham khao cach sau
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bat z= tanax/_y tanﬁx/g a,ﬂe( il ;TJ

Bién dbi phuong trinh (1), ta c6

tana\/_\/6tan2ﬁ+6+tanﬁ\/_\/3tan2a+ =7tana\/_tanﬁ\/g
\/—sma J6 \/—smﬂ J3 _7\/—\/—s1na sin 8

cosa cos (3 cos 3 cosa cosa cos 3

851noz+\/7851nﬁ =7\/751nozsinﬁ :>sma+smﬁ=7sinozsinﬂ(3)

T (2), ta co /3 tana~/3tan a+3 +\/Etanﬂ«/6tan2ﬂ+6 =3tan’ a+6tan’ 3 +2

. . . 2 2
Suyra3sm2a 46 sin@ _sin a+681n2g 5 (4)

2 o 2
COS «v COS ,3 COS «v COS

p+q=Tpq

Tu (3),(4) dat sina = p;sin 3 =q ta c6 he 2 2
(3),(4) psinf=q 3p . 6g _3p" 6

1-p* 1-¢* 1-p° 1-¢
Ta bién ddi phuong trinh sau ciia hé thanh
3’ _3p+6q _6q 12=0= 2P 0 Loy
1-p° 1-¢° p+1 q+1

Suy ra 3pg+3p+6pg+6p=2pqg+2p+2g+2. Hay Tpg+p+4q=2.
Thé 7pg=p+q,tacod p+q+p+4q=2.

9_
Suy ra = %(5) , tr d6 ta c6 phuong trinh

2— 2—

ﬂ+q=7q% hay 35¢° —17¢+2=0
2 2
e Khig=—=p=—
=y=reT
1 1
e Khig=—=p=—
1 5 P 2

Mat khac talaicd z = tana\/_ \/_ Y= tanﬁx/_ \/_

\/1_

2 22)(. 1
Vay hé ¢6 2 nghiém la ,( J
(J_ 15 ]

i

49 | Chinh phuc olympic toan



| Phuong phap sit dung s6 phiic

Phuong phap st dung sé phiic

6 phtic 1a mot cong cu con kha mdi la trong viéc giai toan hé phuong trinh, vi thé trong chuong

nay, minh sé gi6i thiéu cho cdc ban mot tng dung ctia s6 phic trong gidi hé phuong trinh.

Phuong phap nay loi dung dic diém tuong dong gitta mot dai luong trong hé phuong trinh va
tinh chét ctia sé phic tit d6 dua vé viec gidi phuong trinh sé phic. Khong dé cac ban phai chs doi lau
nita, ching ta bat dau nao!

A. Sb phiic 1a gi?
I. Pinh nghia sb phiic.

Dinh nghia 1.
e Cho s6 phiic z 1a mot biéu thitc c6 dang z =a +bi, trong d6 a va b 1a nhitng s6 thuc va i la sb
théa man i* =-1.
e i dudc goila don vi 40, a la phan thic va b 14 phan 4o ctia s6 phic z.
e Tap hgp cac s6 phiic dude ki hieu 1a C .
Dac biét ta ¢
e S6 phiic z=a+ 07 c6 phan 4o bang 0 dudc coi & s6 thuc va viét 1a z=a+04=a.
e S6 phitc 2 =0+bi c6 phan thic bing 0 dudce coi 13 s6 4o (s6 thuan o) va viét 1a 2=0+bi=0bi.
e S6 0=0+0i vita la sb thuc vira 1a s6 4o.
Dinh nghia 2. Cho hai s6 phiic z=a +bi,z'=a'+ b'i(a,b, a\b'e ]R)
a=a'

Taco z=2' .
{bzb'

II. Biéu dién sb phiic trong hé toa dé Oxy.

e Ma?i sb phiic z=a+bi dugc biéu dién bsi diém M (a;b) trong méit phang toa do.
e Mai diém M(a;b) biéu dién mot s6 phiic z =a +bi, ta ki hieu 1 M(z).

Mait phing toa do véi viec bieu dién sb phiic con goi la mat phang phic.
III. CAc tinh chat ctia s6 phiic.

1. Phép cong.
Dinh nghia
Vé6i z=a+bi va z'=a'+b'i(a,a',b,b'eR) , ta dinh nghia z+z‘=(a+a')+(b+b')i
Tinh chéat
e Tinh chat giao hoan: z+2'=2'+2, Vz,2'eC
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e Tinh chat két hgp: (z + z')+ 2"=z+ (z'+ z”), Vz2',2"eC

o (Congvéi0: z+0=0+2z=2 VzeC.

e SO d6i: V6i moi sd phitc z=a+bi, ta goi s6 ddi clia z 14 —z, ky hieu —z=-a—bi, thi ta c6

z+(—z)=(—z)+z:0.

2. Phép tru.
Dinh nghia 4. V6i hai s6 phiic z, z’, ta dinh nghia: z—2'=2+ (—z') , hay
Néuz=a+bi va z'=a'+b"i thi z—2'=(a—a")+(b-0b")i
Biéu dién hinh hoc ciia phép cong va phép trir

e Trong mit phing phiic, ta ciing coi vecto u =(a;b)biéu dién s6 phitc z=a+bi. Nhu vay s6

phiic z duge bidu dién bdi didm M ciing ¢6 nghia la duge bidu dién béi vects OM .
e Néu vecto u,u' 1an lugt biéu dién s6 phic z, z’ thi:
+ u+u' 1an lugt bidu dién s6 phitc z + 2,
+ w—v' 1an luot bidu dién s6 phic z — 2.
3. Phép nhan sé phiic.
Dinh nghia 5. V6i z=a+bi va 2'= a‘+b'i(a,a',b,b' € R) , ta dinh nghia:
22! =(aa‘—bb')+(ab'+ a'b)i .

Tinh chét.

e Tinh chat giao hoan: zz'=2'z, Vz,2'eC

e Tinh chat két hop: (22')z"=2(2'2"), Vz,2',2"eC

e Nhanvéil: lz=21=2 VzeC

Cha y. Véi keR,z:a+bz’(a,beR) thi kz=Fka+kbi va 02=0, VzeC.

4. S6 phiic lién hgp va médun ctia sb phiic.

S phiic lién hop.
Dinh nghia 6. S6 phic lien hop ctia s6 phic z = a+bi(a,b € R) 13 s6 phiic a—bi , ky hicu la z.

z=a+bi=a—bi

Nhan xét.

o 2z =(a+bi)(a—bz’) =a’ +b’

e zva z dugde bidu dién bdi hai diém dbi xitng nhau qua truc Ox.
Module ciia sé phiic.
Dinh nghia 7. Modun ctia s6 phitc 2z =a+bi(a,b € R) 1a s thic khong am a’ +b” , ky hieu la || .
Nhan xét.

e Néuz=a+bi(abeR) thi |f=vzz =a? +1 .

e Néu z 13 s6 thitc thi modun clia z 14 gia tri tuyeét doi clia sé thuce do.

e Néu z=0 thi |z|=0.
5. Phép chia cho sb phitc khac 0.
Dinh nghia 8.

e S6 nghich ddo ctia s6 phiic z khac 0 13 s6 phtic ky hieu 1a 2™

a4z
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! !
o Phép chia s6 phiic 2’ cho s6 phitc z khac 0: 2= = 2127 = W )
< z
6. Can bac hai ciia s phiic.
Dinh nghia
e Cho s6 phitc w. Mbi s6 phtic z théa méan 2> =w dudc goi 1a mot can bac hai clia w.
e Mai cin bac hai ctia w 13 mot nghiém ctia phuong trinh 2° —w =0
Truong hop w 1a s6 thue. Can bac hai ctia 013 0
Xét s6 thuc w=a#0
e Khi a>0 thico hai can bac hai la \/E, —\/E
e Khi a<0 thico haican bac haila —ai,——ai
Truong hgp w = a + bi: (a,b eRb# 0)
e Dat z= x+yi(m,y € IR)

e 7 lacan bachaiciaaw

2

2 2
oz :wc>(x+yi)2=a+bi<:>x2—y2+2xyi=a+bi©{w y=a

2zy =5
e Mbi nghiém (x,y) ctia hé phuong trinh trén cho ta mot cin bac hai z=z+yi cia s6 phiic
w=a+bt.

7. Dang luong giac ciia s6 phiic.

Acgument ctia sé phiic khac 0.
Dinh nghia 1. Cho s6 phitc z#0. Goi M 1a mot diém trong mp phiic biéu dién s6 phiic z. S6 do
(radian) ctia mdi goc lugng gic 6 tia dau Ox, tia cudi OM duge goi 14 acgumen ciia z.
Chu y.
e Néu ¢ la mot acgumen clia z thi moi acgumen ctia z c6 dang ¢ + k2m,k e Z .
e Hai s6 phitc z ma mz (m la s6 thuc nguyén duong) c6 acgumen sai khac k27 , vi cac diém bicu
dién chiing thuoc cing mot tia goc O.
Dang lwogng giac ctia s6 phiic.
Dinh nghia 2. Cho s6 phiic z#0, goi r 1a modun clia z va ¢ la acgument ctia z thi s6 phiic z dugc
viét dudi dang z=r(cosp +ising).
Chu y.
e Dang z= r(cosga +isin cp) dugc goi la dang lugng giac cua z.
e Dang z=a+ bi(a,b € R) dudc goi 14 dang dai s6 clia z.
Nhan va chia s6 phitc duéi dang lwong giac.
Dinh 1i. Néu 2= r(cosgp + isingo) va 2'= T'(coscp'—i- isingp')(r >0,r'> 0) thi

zz'= rr'[cos(@ + (p')+ isin(go +g0')] va 52 %[cos(gp —<p') + isin(cp—gp')}(z' # 0) .
Coéng thitc Moivre. [r(coscerisincp)]n =r" (cosng0+isinng0).

Dac biét khir =1, ta co (cos<p + isingp)” =cosny +isinngy .
Ap dung cong thitc Moivre dé tinh can bac n ctia sé phiic
Can bac n clia s6 phitc w 1a s6 phitc z théa man 2" =w
e (Cianbacncua0lao.
e VSiwz0,w= R(cos@+isin0),R >0, tadat z= r(cosgo+isin<,p) thi ta co
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Z'=wer” (Cosngo + isinnap) = R(cos@ + z'sin@)
0 k27

<
np=0+k2m ke’ p=—+—— ke
non

{r”zR r=yR

Layk=0,1,... n—1, ta dugc n gia tri clia ¢ .
e Mot s phiic w=R(cosH+z'sin9), R > 0, c6 n cdn bacn (n 23) dugc biéu dién trong mit
phéng phiic béi n didm 1a n dinh ciia n — gide déu noi tiép duong tron tam O, ban kinh /R .
8. Phuong trinh bac hai.

Xét phuong trinh: Az* + Bz2+C =0 (A, B, Clasé phiic va A=0) (1)
Taco6 A=B*-4AC
e Néu A#0,A c6 hai cin bac hai 1a § vad —§, phuong trinh (1) c6 2 nghiém phan biéet la:
-B+6 -B-¢6
= VA 2, =
2A 2A

zZ

P -B
¢ Néu A =0 thi phuong trinh (1) ¢6 nghiém kép z, =z, = EYE

IV. Dinh 1y co ban cta dai sb.

Dinh li. Moi phuong trinh bac n, n>1 luén c6 n nghiém phiic (khong nhat thiét phan biet). Dé giai
mot phuong trinh an phiic f(z)=0(1) v6i z=z+yi, z,y € R , ta thuong giai bing cach tach phan thuc
va phan do. Ttc 1a viét lai phuong trinh duéi dang

u(x, y) =0
w(x, y) =0
Diéu dé6 c6 nghia la tir viec gidi mot phuong trinh véi an 1 sé phitc ta da dua vé viéc giai hé phuong
trinh dai s6. Mot cau hoi tu nhién dat ra? Lieu c¢6 thé chuyén viec giai mot he phuong trinh dai s6 ve

u(z,y)+v(x,y)z'=0<:>{ (2).

viéc giai mot phuong trinh véi an phiic hay khong? Chang han

{f(x,y) =g(z,y)
h(ﬂ%y) =k(a:,y)
dua ra giai phuong trinh F' (z) =0.

<:>f(x,y)+ih($,y):g(x,y)+ik(x,y),

B. St dung s phitc dé giai mét s6 hé phuong trinh thudng
gap nhu hé dang cap, hé déi ximng.

2z° —6zy’ =5 (*)

Cau 1: Giai hé phuong trinh
{G:L"?y -2y’ = 543 (* *)

Giai
Cach 1. Khong st dung s6 phtic
Nhan xét. He tren 1 he dédng cap bac ba.

2\/§x3 — 6\/§ny = 5\/5
62’y —2y° = 5\/5
Khi d6 ta c6 \/ga:'3 — 32’y — 3\/§ny +3° =0 (1)

Heé dugc viét lai {
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e Xét y=0 thay vao phuong trinh (1) suy ra =0 (khong thoa he)
e V4i y=#0,dat z =ty thay vao phuong trinh (1) , ta dugc
Bty =317y — 3By’ +1" =0 < 37 =37 33t +1=0 < 3(¢* - 3t)=3t"~1(2)
Phuong trinh (2) khong c¢6 nghiém hitu ty.

=3t 1
=—=(3)

Ta thiy ¢ = i? khong phéai 1a nghiém cia (2) nén (2) & 1 ﬁ

Dat t=tanu, u e(—g;gj. Khi d6 (3) dugc viét lai

3 f—
tan u-Stant _ 1 o tan3u=—= e u=—+kZ(keZ)

3tanu—1 /3 3 18 3

St mwm Tmw

Viue _Z;E nén 4 €q——;—;—-.
22 1818 18

Véi =ty thay vao phuong trinh (**) ta duge 6t°y° —2y° = 5V3 < Y= 43[ 5;/5

6t -2

Suy ra hé c6 ba nghiém

51 53 53 o 53 0 | 53

3 5. ) N
188 6tan?°™ —2 {l6tan? 2T 2 18 ¢
18 18

—tan o
Gtan® — —2 {|6tan® -2
18 8

| 5B | 5B

27l_2
8

3
-2 )\|6tan
Cach 2. Sit dung s6 phiic
Nhan hai vé ctia phuong trinh (**) cho i va cong véi (*) ta duge
2% —6zy” +63°yi — 2y°i =5+ 531

& 22" + 627y + 62 (yi) +2(yi) =5+5V3i & (z+iy) = 5(%+§zj

bit z =z +4y . Khi d6 2° =5(Cosg+isingJ
e Véi z=§/g cosz+z'sinE thi xzé/gcosz;yzé/gsinz.
9 9 9 9
) 27 T 27 ‘ 7T 7
) Vc’iizz\j/g cos E+— +4sin| —+— || thi xzf/gcos—; =3/5sin—.
( (9 3) (9 3 D 9" 9
e Véi zzﬁ/g[cos(ng%jJrisin(ng%D thi :vzi/gcos%;yzé/gsinm?ﬂ.

Nhan xét. So v6i cach giai thong thudng, phuong phéap st dung sb phiic ciing dé dang thyc hién dong
thai cach giai cho ta nghiém gon hon nhiéu, di1 ca hai cich giai déu biéu dién nghiem dudi dang lugng
gidc nhung & cach stt dung s6 phitc nghiém c6 vé “dep” hon, ciing gép phan gitp hoc sinh ¢6 hitng tha
hon véi phuong phap méi nay.

' +yt =627y’ =3 (*)

Cau 2: Giai hé phuong trinh ‘
A4’y —4xy® =1 (**)

Tap chi va tu liéu toan hoc | 54



Tuyén tap phuong trinh dai sé hay va kho |

Giai
Cach 1. Khong st dung s6 phiic
Nhan xét. He trén 1 he déng cap bac bén. C6 thé giai theo cach 1 cia Bai toan 1.
Phuong phap sau dua vé hé phuong trinh hé qua.

{964 vy —6ayt =B _ |(e" =0 ) et =B [(o-0) (s 0 e =B

4o’y —dzy’ =1 day(2* —y*) =1 162y (2 ~y) (2+y) =1

[(m + y)2 - 4$y}(:p + y)2 —4z’y’ = \/§
=
162°y’ [(x + y)2 - 4xy:|(x + y)2 =1
Binh phuong hai vé cho ta hé phuong trinh hé qua
(5 -4P) 5% ~4P* =43 (1)

bat S=x+y, P=zy.Tacod
16P* (5% -4P)S* =1

Suyra16P2(4P2+J§ 1<:>64P2+16\/_P2—1 0= P2 = 2-\3

8
P= 2 8\/5 thay vao (1), ta dugc S = 1’\/§+;/§—1

- 3+J§—1
2

thay vao (1), ta duge S =

Thtt lai, suy ra he c6 bon nghiém

[JJ§+J§+1W§—J§—1J [m-ﬁ-l,—mw@lJ
e ,

2 2

[—J@-ﬁ-l,J&ﬁﬂJ Va[—w§+d§+1,—W§—J§—1J
2 ’ 2 2 ’ 2

Cach 2. St dung s6 phiic
Nhan hai vé ctia phuong trinh (**) cho i va cong véi (*) ta dugc

ot +y' —62%y’ +4x3yz'—4:1:y3i=\/§+i <:>(x+iy)4 =2{§+%2}

bat z=z +4y . Khi do 2 =2(cos%+ish&%}

o 0 Y~

o Véiz=4P2 cos—+zsm— thi x = \/§c0s—;y=\/§sm—.

24 24

137 137

o Vi z=x2 cos—+zs in— cos—, Y2 sin— .
\/_( 24 j r={2 v= 24

25w 26w 257

o Véiz=42 Cos—+zs1n— thi 7 =42 cos ——;y=4/2sin—— .
[ 24 j 24 Y 24

37 37w

o Véiz=4P2 cos—+zsn— thi z=42cos=—:y=42sin""— .
24) 24 Y7 2
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z* —3xy’ —62y—3x=0 (*)

Cau 3: Giai hé phuong trinh
y’ —3a’y -3z’ +3y” +3y+9=0 (**)

Giai
Cach 1. Khong st dung s6 phiic
He dugc viét lai x(z2 _‘3y2 ~0 _3) =0 (*)
(y+1) =32%(y+1)+8=0 (*¥)
Phuong trinh (*) < z=0va* =3(y+ 1)2
e z=0 thay vao phuong trinh (**) suy ra y=-3.
o 2*=3(y+1) thay vao phuong trinh (**) suyra (y+1)’ =1 y=0=z=+3.
Suy ra he c6 ba nghiem (0;-3), (/3;0) va (—/3;0)
Cach 2. Sit dung s6 phiic.
Nhan hai vé ctia phuong trinh (**) cho —iva cong véi (*) ta dugc
(2* +32yi —3ay” —yi)+3i(a +2ayi—y” )~ 3(z+yi)—9i =0
o (z+iy) +3i(z+iy) —3(z+yi)-9i=0
Pat 2=z +iy. Khid6 2* +3iz* ~32-9i=0 & (2 +i)’ =8i = (2 +i) +(2i) =0
z=-31
& (z+i+20)| (2+1) = 2i(2+7) -4 ]|=0 & (2431)(+ ~3) =0 = | 2=\3

Suy ra nghiém cta hé la (O;—B), (\/5;0) va (—\/g;O).

2* —3zy’ +32° —3y> + 32 =0

Cau 4: Giai he phuong trinh { )
Yy’ —3x"y—6xy—3y+1=0

Giai
3 2 _
Hé phuong trinh da cho tuong duong (z+1) =3y (a: +1)=1
3z+1)Py—y’ =1
LAy phuong trinh thi nhét cong v6i phuong trinh thit 2 nhan i ta dude
(2 +1) =3y (2 +1)+ i 3 +1) y—y' |1+

<:>(3:+1+2'y)3 =l+i=>z=x+1+4y lamot cidn bac3 cla i+1

Ta co 1+z’=\/§(cos%+z’sin%) nén i+1 c6 can bac 3 1a

: ; ; 1 1
2z, =X 2(008%+isin§\),21 =3/§(cos?%+isin?%),22 =3/§(cos%+isin%j

Vay ta dugc 3 nghiém ctia hé phuong trinh la

) . 1
x=—1+3/§cos% ac=—1+9/§cos?277r x=—1+9/§cos%

Y

i X 3 ’ , 177w
=9/§silr11 =3/§sin— =Q/§sin—
Y 12 Y 4 Y 12
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Cau 5: Giai hé phuong trinh
z' —2° — 62y’ + 62’y —42” +3xy” + 2y —z+y' —2¢° +4y° —4y=0 (1)
4x’y —22° — 32’y — 2 —4xy® +62y° + 63y + 63> +4T+9° +9° —y+13=0 (2)

Giai
Lay (1)+i(2) ta duge (z+yi) —(1+2i)(z +yi) —(4+i)(z+yi) —(1-4i)(z +yi)+1+3i=0
bat z=z+yi ta dugc 24—(1+2i)23—(4+z’)22—(1—4i)z+1+3i:0
z=-1 r=-1y=0

& (241) (2-2-0)(z-1-i) & | z=2+i=|2=2,y=1
z=1+1 r=Ly=1

Vay he ¢6 nghiém (-1;0),(21),(11).
4

z|\x —10$2y2+5y4)=\/§ (1)

Cau 6: Giai hé phuong trinh o
y(y' —102°y +52')=-1  (2)

Giai

Lay (1)+i(2) ta duge 2° +5zy' —10y’z” + z'(y5 +5x'y —103323/3): J3-i

& (x+yi)5 =2(§—i-lJ=2(COS%+i-sin%j

2
— k27 ko
<:>x+yz'=§/§ COST+i-SiH ,(k:O,l,...,4)
ko ko
Vay hé phuong trinh c¢6 nghiém (x;y)z §2 cos 6 : ;‘\r’/gsin 6 ; ,(k:=0,1,...,4)

, 1
2 —15y%z" +15y'2* —1° = 3 (1)
Cau 7: Giai hé phuong trinh &
5 5 3
6yz’ —20y°z® +6y°z = o

(2)

Giai

Lay (1)+ z'(2) ta duge 2° —15y°x" +15y'2” —¢° +i(6yx5 —20y°z’ +6y5x) =%+i§

N6 1 N3 T .. T
@(I"Fy’l,) :§+Z7=COS§+ZSIH—

Tt kom T v kom
& T+ Yyl =cos G +isinS G ,(kzO,l,...,5)

T v kor T i kor
Vay hé c6 nghiém (:U;y)z cos 3 5 ;sin 3 G , (kzO,l,...,S)

57 | Chinh phuc olympic toan



| Phuong phap sit dung s6 phiic

- 1
z' —21y°z" + 35y's® — Tyl = —2 (1)

y" —212°y° +35z"y* — T2y = _LQ (2)

Cau 7: Giai hé phuong trinh

Giai

Lay (1)+1(2) ta dugc

" —21y’2” +35y" 2’ —7ylr + i(—y7 +212%y° — 352"y + 7:1:6y) = L +1

1
NCRRNG]

<:>(33+yz’)7 :L+ii:cosz+isimz
&R
T k2o T v kon

& T+ yi=cos +14.8in ,(k=0,1,...,6)

E+k27r E+k27r

Vay hé phuong trinh c¢6 nghiém (x;y) =| cos 4 - ;sin 4 - ,(k = 0,1,...,6) .

St dung sb phirc dé giai mot sé hé phuong trinh khac.

Chii yéu cac hé c6 dang chita biéu thitc 2” +5* hoac bién doéi dua vé dang do6

o+ 3L 3 (%)
+
Cau 5: Qidi he phuong trinh 4 © 7

z+3y
_ I g (x*
2 (o)
Giai
Cach 1. Khong st dung s6 phiic.
-1
—_3
bicu kien 2> +4* #0. Xét =0 khi d6 y # 0, he dugc viét lai
y-—=0
)

Suy ra hé vo nghiém. Do d6 diéu kien z#0 va y# 0, khi d6 nhan phuong trinh (*) v6i ¢ va phuong

trinh (**) véi y, ta duge

3 ]
acy+—giy yZ=3y _—
x+
, Y =>2xy-1=3y=>z= yr
" +3zy 2y
vy ———>5 =0
x4y

2
Thay vao phuong trinh (2) ta dugc y{(%j + yQ} _% -3y=0
Y (

: 1 : 1 *-1=0 =1
<:>y"—§y——=0<:>y‘;—§y——=0<:> Y @{y
47 ay 47 ay 4t +1=0  |y=-1

Suy ra nghiém ctia hé ban dau la (2;1) va (1;-1).
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Cach 2. Sit dung s6 phiic.
Ta nhan hai vé ctia phuong trinh (* *) ctia hé v6i i va cong hai phuong trinh lai ta duge

3x—yi—(x+3y)i S(x—yi)—i(x—yi)

T +yi+ —— =3 r+yi+ — =3
x4y x4y
3—i)(z—yi 3-1i)z
@x+yi+#=3@z+( 2) -3=0 ,z=x+1y1
T +y |z|
—1 - z2=2+1 r=2y=1
<:>z+u—3=0; z.z=|z|2<:>z2—3z+3—i=0<:> = Y
z z=1-1 r=1 y=-1
Vay nghiém ctia hé 151(2;1) va (1;—1) .
12z +11
r+y+4d= 2%+ Qy (*)
Cau 6: Giai hé phuong trinh 4
g3 llET12y (**)
y x2+y2
Giai
Cach 1. Khong st dung s6 phiic
yra=21 (%)
Pidu kien 22 + 32 #0. Xét =0 khi d6 y#0 , he dugc viét lai y12
y+3=—>"(*¥)
)

Ta thiy phuong trinh (**) vo nghiém nén he vo nghiem. Suy ra diéu kien z =0 va y =0, khi d6 nhan

phuong trinh (*) v6i 2 va phuong trinh (**) véiy, ta duge

122 + 11z
l'2+l'y+4$=2—2y
Tty 2 2
, =@’ +2ay—y’ +4r-3y=12(1)
) 1lzy —12y°
Y-y +3y=—7p——
T +y

Nhan phuong trinh (*) v6i y va phuong trinh (**) véi x, ta duge

122y +11y°
2
Ty+y +dy=——7F———
r+y 2 2 _
, =y’ -’ + 2y +4y+3x=11(2)
9 112" - 122y
Y- +3r=—75———
x4y

P42y -y’ +4z-3y=12
Ti (1),(2) taduge {0 Y TEETAVERE
Y’ -2’ +2zy+4y+3r =11

1 . —a2+62+2ab=g aQ—b2=—§
Dat xza—z,yzb—z,tadu’(jché -9 = 99
a’ +b” +2ab=— ab=—
8
N 9 11 e N . 5 9
Giai hé tim duge aziz va bziz. Suy ra nghiém ctia hé ban dau la (2;1) va —5;—5 .

Cach 2. Sit dung s6 phiic.
Diéu kién z # 0,y #0. Nhan hai vé ctia phuong trinh (**) cho iva cong véi (*) ta duge
(z—yi)(12+112)

(z+yi)(1—i)+4+3i= Ty
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2(12+110)

Z.2

Dt z=z+iy. Khid6 z(1-i)+4+3i= <2 (1-i)+(4+3i)z—(12+11) =0 (2)

Phuong trinh (2) c6 2 nghiém 2z, =2+1 va z, = —g —%i .

Suy ra ctia hé phuong trinh la (2;1) va (—g;—gj .

2’ -3z’ —r+1=2"-2zy—y°
3

Cau 7: Giai hé phuong trinh
{y -3y +y—-1=9y>—2zy—2’

Giai
Nhan thay ring phuong trinh bén dudi sé phai duge nhan thém i dé c6 thé do hoa, Iy do la vi
no6 chia (y3 - 3x2y) , day la thanh phan 4o trong khai trién mi ba ctia sé phic 2.

' =3xy’ —x+1-2" +22y+y> =0
Khi d6 h¢ phuong trinh tuong duong § ., ) ) )
z(y -3x'y+y—1-y +2zy+z )=0

o1’ -3z’ —z+1-2° +2zy + 97 —i(y3—3x2y+y—1—y2 +2xy+m2)=0
<:>|:ZL‘3 — 3y’ +(3m2y—y3)z’]—(x2—yQ+2xyi)—z'(:z:2—y2)+2zy+1—:1:—(y—1)i=0
o2 =2 —i(zz—yQ +2$yi)—(:p+yi)+i+1=0
e =(1+i)7" —z+1+i=0e (2-1)(2" —iz—1-i)=0
z=1 r=1y=0

&S| z=-1 &|z=-1y=0
z=1+1 z=Ly=1

Vay bai toan da dugc gidi quyét hoan toan!

207 - 2 _ (V241)(v2o-1)- -2 =0

Y 7y +1

Cau 8: Giai hé phuong trinh

2

Ay +—2 =2+2

:1:2y2 +1

2 ~ + 2 2 PN p 2 ~ Pe ~ A2, id . ~ £ S
Phan tich. Dya vao dac diem cua hiéu (sz ——QJ va cac phan so & ca hai phuong trinh, ta thay rang
)
néu chia ca tit va miu ctia ting phan s6 cho y° thi hé phuong trinh da cho néi chung chi chia hai 4n

(%lj . Ta bién déi he phuong trinh tuong duong
Y

2x° +%
Y

2 —%—(2+\/§)x—2—$:—\/§—1

b+ — 2 —94
, 2
227 +72

Y
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u=~2z UQ—UQ—(\/§+1)U— ;/5112:_\/5_1
Dat J/2 hé phuong trinh tuong duong utv
V=—" 9 \/5 _\/’
y ut+———5=v2+1
u +wv

Dén day, ta nhan thay c6 mot chat thiéu sot rat ngau nhién trung hop gitta cdc thanh phan trong hé
1
u’ +0" u’

v6i nhau. Cu thé 1a ta co6 (u2 —v2),2u ma khong phai la 2uw, ta co ma khong phai la

2

v

—— . Do d6, néu chi can nhan thém mot lugng v vao phuong trinh duéi thi sé bu dap duge tat ca
u’ +v

nhitng thiéu s6t c¢6 & ca hai thanh phan. Phuong trinh tuong duong
2
u’ -’ —(\/§+1)u— V2u =—\/§—1

2 2
u +v

2uv + 2\/51}2 =(\/§+1)’U

u’+v
Bay gis ta c6 thé nhan ra cac thanh phan can thiét dé tao ra mot phuong trinh sé phtic da xuat hien
day du. Cong viéc gidi phuong trinh s6 phiic con lai khong con 1 van deé.
Loi giai

Diéu kién y =0 .

27 ——2—(2+J§)x— 22 5 =—2-1
2$2 "‘72
Hé phuong trinh tuong duong 5 Y
4z + =2+2
2 2
2z +72
Y
u=A2z
Dat J2 , khi d6 ta thu dugc hé phuong trinh
V= —(v # 0)
Y

2

u2—’v2—(\/§+1)u— 22u2=—\/§—1 UZ—UZ—(\/§+1)U— 22u =—2-1

u- +v P u +v
2u + 2*/52:\/%1 2uvi + ;/§“Z2=(J§+1)ui
u +v u +v

Cong 2 phuong trinh cho nhau ta dugc

(w +2um’—vz)—%—(\/§+l)(u+m’)+ 2 +1=0(*)

Dt 2 =wu+vi khi d6 phuong trinh (*) trd thanh

z2—£—(\/§+1)z+ 241=0
z

o —(\/§+1)22 +(\/§+1)z—\/§=0<:>(z—\/§)(22 —z+1)=0
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1
_ p=——
_ i u=+2 242
ZZ\/§ u+vi:\/§ v=0(l) 2\/6
= zzl—ﬁuj u+m=——£z u:l u:l = 3
2 2 9 2 . 1
v -
z=l+£i u+m’=—+£i v:—ﬁ Uzﬁ 2\/5
-t A e
L 3
Vay nghiém ctia hé phuong trinh 1a 22 ; 2v2
2.6 6
y:—— vV=—
3 3
x+2\/;=1
Cau 9: Giai hé phuong trinh Ty . .
L
Ty 2y
Giai
x—y+2\/;=1
X N z;y =20 ~ N Tty
Dieu klen{ 0 Hé phuong trinh tuong duong
TH+y>
Y 2\/3:——2\/5:1
T4y
2\/5— Yl
Cong 2 vé phuong trinh ta dugc x—y+2@+w=1+i.f)at 2=z +i y ta dugc

r+y

z2+2=1+z‘@z3—(1+¢)z+2:0@(z—1—¢)[z2+(1+z’)z—1+z‘]:o

z

z=1+1

z=1+1 —1++42+5 —1+\/x/5—2_

=1 ] ) S| z= - 7
z +(1+z)z—1+z=0 2 2

Z:—1—\/2+J5+—1+\N5—2Z_
2 2

Mit khac Jz ,\/a >0 khong am, nén phan thiuc va phan 4o clia z phai khong am nén ta duge

gl

z=1+1<

(21:—1)(:1:2 +y2)+2y =0
Cau 10: Giai he phuong trinh ‘
(2y—3)(1:2 +y2)+2x=0

Giai

Ta thay xuat hién dai lugng quen thuodc (m2 + y2) vay van theo cach lam cii ta bat dau thoi!
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z=0
Véi { 1a mot nghiém cta hé phuong trinh!
)

#0
Vi {x hé phuong trinh da cho tuong duong.

y#0
2 i
=T _42y-3=0 | +2yi-3i=0
xr +y xr +y
2 2
= _42r-1=0 |5L+22-1=0
T +’y T +y
2(xi+y)

Cong 2 vé vdi nhau ta duge

Ty +2(z+yi)=1+3i.

Dat z=x+yi(x;yeR) ta dugc &+2z=1+3i<:>222—(1+3i)z+2i=0.
z

2
Ta c6 A=(1+3i)2—16¢=8—101=(WH—4—JJH+41) .

x—1+ «/H—4

_ 4
1+ \/H—4+ 3—«/H+4
o 4( ) y:3—\/\{lﬁ+4
Khi d6 ta dugc = - théa méan
1—\/\/5—4+(3+\/H+4) 1-/41-4
z= T=S————
L 4

4
_3+\/H+4
4

a;(x —y)(a: = z) = 3(1)
Cau 11: Giai hé phuong trinh trén tap sé phiic y(y - m)(y — z) = 3(2)
z(z —x)(z = y) = 3(3)

Romania MO 2002

Giai
Tt heé ta thay duge ring z,y,z # 0 va doi mot khac nhau!
Tu (1),(2) ta co x(x—y)(m—z)zy(y—x)(y—z):>x(:13—z)=—y(y—z)

2 2
T +yY =x2+Yz
Hay z° +y° =22 +yz. Tuong tu hé da cho trd thanh {y° +2° = yx+z:1:(4)
2 4at =2y +ay

Cong vé v6i vé ta duge o° +y° +2° =zy +yz + 2z

Két hop véi (4) taco 1’ =yz,y° = 2r,2° =1y VA 7,9,2z doi mot khac nhau nén
x:%,yza%,zzaz%

Vé6i € =1,1+e+&*=0. Ma x(:p—y)(:v—z)z?) nén a(l—e)(1—€2)=3

Ta co (1—5)(1—82)21—E—€2+€3=3 nén a=1
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Vay céc s6 phitc can tim 13 hoan vi ctia bo ba, (1,6,62) .

Cau 12: Giai hé phuong trinh

a=\/§20
b=Jy=0

Do z =0,y =0 khong la nghiém ctia hé phuong trinh nén ta xét z,y =0 .

Diéu kién z>0;y > 0;y +3x # 0. Dat {

Hé phuong trinh tuong duong

a 12 12a 12a
,—3( j a 3 a 3

T "
b[l+%j:6 bty =6 bz’+ﬁ:6i
Cong 2 phuong trinh lai suy ra a+bi—12- a(z :—ZZQ =23+ 6i(*)
bat z=a+ bz’(a,b > 0) nén % =% . Khi d6 phuong trinh (*) tuong duong

2 o3 i6ie —2(\/§+3i)z—12=0

z=\/§+3+(3+x/§)i
2=\3-3+(3-3)i

Taco A'=6+64/3i, taco \JA|=3+i/3=

a=\/§+3
b=3++3

Tt day suy ra nghiém ctia hé phuong trinh la (:p,y) = (4 + 2\/5;3 + \/5)

Két hop v6i diéu kien ta dude {

Nhan xét. Ta cé thé sit dung cong thiic sau dé tim , /|A'|

+ k2 +k2
COSu-FiSiIlSO Wj

z=7’-(cosg0+z’singp):>zk =Q/;(
n n

V3

Cu thé ta co6 6+6\/§.z' =12(%+? le?(cos%+i.singj nén sé co 2 can bac 2 1a

i\/ﬁ(cos%Jri.sian =i\/ﬁ{§+%ij =£(3+/3.0) = JA]=3+3i

6

(1—y)\/:1:2+y2 =x—9Yy—2

Cau 13: Giai hé phuong trinh

(m—4)w/3:2 +y’ =bz+y

Giai

Tap chi va tu liéu toan hoc | 64



Tuyén tap phuong trinh dai sé hay va kho |

Bai nay khong con xuat hién dai luong (1:2 + y2) nhung lai xuét hién Jz*> +9° , gio néu ta cting binh
phuong 2 vé clia cd 2 phuong trinh trong hé thi sé xuat hién (xQ + yQ) nhung do khiing khiép sé tang

len nhiéu. Dé y néu dat z==z+yi thi |¢|=42" +¢* , ta thit ldy phuong trinh 2 cong véi .PT(1) ta
dugc

i((y—l)\/m+2—5y+x)+(x—4)m—5x—y=0

Sily—1)u? +97 +(z—A)Jo? +7 +2i=i(-z+5y)+5z+y

e’ +y (z—4+i(y—1))+2i=i(-z+5y)+5z+y

oo +y’ (z+yi—4—i)+2i=(5—1)(z+yi)
Dat z=z+yi phuong trinh tré thanh |2[(z—4—-i)+2i=(5-14)z . Van dé ny sinh khi ta giai phuong
trinh nay. Ta sé dua phuong trinh vé dang nhu sau

|2|(z—4—1i)+2i=(5-1)z < z(|2| - 5+1) = 4|2+ (2| - 2)i

Dén day lay module 2 vé ta dugc

ey -5) +1 = J16]f + (|| -2)

Dat ¢t=|z|(t>0) ta dugc t\/t 5) +1= \/415 (t-2) < (t-1)(t -9 +4)=0

Dén day ta giai duge 3 nghiém ctia phuong trinh, phan con lai xin nhudng cho ban doc!
(x —9)«/4952 +1y’ +2z —y\/§+36 =0 (1)
Y4z’ + 9 +4\/§x+2y—36=0 (2)

Giai

Cau 14: Giai hé phuong trinh

D&t y =2a . Phuong trinh (1) trg thanh

(z-9)y/42” +(2a) +22—2a/2 +36 =0
& (z-9)V42? +4a® +22 2042 +36 =0
@(x—Q)\/xz +a* +z—-aN2+18=0

Phuong trinh (2) tré thanh
2aN4z? +4a* + 4\/§$ +4a-36=0

S daNz +a’ +4\/§x+4a—36=0
Savr'+a +12v2+a-9=0

Nhu vay ta c6 hé phuong trinh méi nhu sau
(x—9)\/x2+a2+x—a 2+18=0 (1)
aNz'+a* +232+a-9=0 (2)
Nhan i cho phuong trinh (2) ta duge

(a:+ai—9)\/m2+a2 +(m+ai)—a 2+:m\/§+18+9i=0

& (2-9)|2| + 2in2 —an2 +18-9i =0
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& (2-9)|2| + 2in2 — a2 +18-9i=0
& (2-9)|o|+ 2 +iv2 (2 +ai) +18-9i=0
< (2 9)|2|+ 2 +2iv2+18-9i=0
<:>z|z|—9|z|+z+zi\/§+18+9i=0
& (|2 +1+iv/2) 9]¢ +18-9i=0

= |Z|N(|z| 1) +2j —o\f(l4-2) +1

Dén day toi xin dugce dé doc gia tu giai

Cau 15: Giai hé phuong trinh sau trén tap so phic v6i z,7,z d6i mot khac nhau

=y +2°
y=2"+1°
2=z +9°
Thay Nguyén Tai Chung
Giai

bat o, =z +y+2,0, =2y +yz + 22,0, = xyz . Khi d6 ta dugc
2yt :3xyz+($+y+z)(ac2 +yi+ 2 —:vy—yz—zx)
=30, +0‘1(0'12 —302)=Uf —-30,0, +30,

3

R
=0, —30,0,+30,—2

Hg da cho trd thanh <y =0} —30,0, + 30, -y’

z=0, —-30,0,+30, -2’
Hay x, y, z la nghiém ctia phuong trinh
t=0, —30,0,+30,—t' < t’ +t—(of —30,0, + 303) =0 (1)
Mat khac, theo dinh li Viet thi x, y, z cling 1a nghiém ctia phuong trinh
t'—ot’ +o,t—0,=0 (2)

_0-1 :0 0'1 :0
Tu (1),(2) tasuyra {0, =1 <q0,=1
-0, :—(Uf’ - 30,0, +3O'3) o, =0
t=0
Nhut vay x, y, z la nghiem ciia phuong trinh #* +¢=0< (£ +1) =0 | t=i
t=—1

Vay hé c¢6 nghém la (0; i;—z’) va cac hoan vi.

Cau 16: Giai hé phuong trinh sau trén tap so phic v6i z,7,z doi mot khac nhau
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a' =bed+1
b' =cda+1
c' =dab+1
d* =abc+1
Thay Nguyén Tai Chung
Giai
Dit o, =abcd . Lan lugt nhan phuong trinh thi nhét, thi hai, thi ba, thi tu véi a,b,c,d ta duge
a’ =abed +a a’=0,+a
b =abed+b  |b =0, +b
¢ =abed+c ¢ =0,+c

d’ =abed +d d’=0,+d
Nhu vay a,b,c,d 1a nghiém ciia phuong trinh ¢’ =0, +t <’ —t—0, =0 (1)
Tuy nhién phuong trinh (1) c6 da 5 nghiém phtc la a,b,c,d var.
Khi d6 4p dung dinh 1i viet ta dugc o, =70, <0, (r-1)=0 (2)
e Néur =1 thido1langhiém cia phuong trinh (1) nén 1’ -1-0, =0 <0, =0.
e Néur=1 thitu(2) suyra o, =0.
Nhu vay, taluén ¢6 o, =0. Vithé nén (1) tuong duong
£ —t=0ct(t"-1)(f +1)=0 =t € {01135
Do ¢, =0 nén trong 4 sb a,b,c,d phai c6 mot sé bang 0
Hon nita bo (a;b; c;d) = (0;1;2'; —z') khong théa mén he.
Véi  a,b,c,de {0;1;—1;1',—@'} thi  a',b',c',d" e {O;l} ,do d6 tu hé da cho suy ra
abc,bed,cda,dab e {O;—l} dan tdi trong 4 s6 a,b,c,d phaico dt 3 s6 0,7,—i

Suy ra cac nghiém cta hé 1a (0;—1;@';2‘) va 23 hoan vi khéc clia no.

Cau 17: Giai hé phuong trinh sau trén tap so phic v6i z,7,z do6i mot khac nhau

2, 2
3 2 Y t+z

T+ =
yz—1
S ) _2+a’
zz—1
2 2
JE I +y
zy—1
Thay Nguyén Tai Chung
Giai
Dicu kien zy=1l,yz =1, zz#1.
v +2°=0 v +2"=0 0
Néu z =0 thay vao hé ta duge 1¢° +9° =—2> <<9° =0 @{y_o
2 =
242 =y 2 =0

Diéu nay mau thudn véi gia thiét. Nhu vay ta duge diéu kién z,y,2z # 0

bat o, =z +y+z,0, =2y +yz+2z,0, =1Y2 .
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Khido z° +y* +2° =(x+y+z)2 —2(:1:y-i—yz+zx)=ol2 —20,
~ 2, S 2 ~ 2, ~ 3 2 012 _20-2 _.1:2
Phuong trinh thit nhat ctia hé tré thanh z° +2° =——=——
s
x

S0t -1’ +ox-1" =0l -20,-12°
o -0, —ow+0. —20,=0
Diéu nay c6 nghia 1a x 14 nghiém ctia phuong trinh ¢’ —o,t* —o,t + 07 —20, =0 (1)
Tuong ty, ta cing suy ra dudc y, z 1a nghiém cia (1) . Mat khac, theo dinh 1i Viet suy ra x, y, z ciing la
nghiém ctia phuong trinh t* —ot* + 0,t —0, =0 (2)

o, =0, o, =0, 0,=0,
Tu (1),(2) tasuy ra 30, =-0, &40, =0, &30, =—0,
_ 2 _ 2 2 _
o, =-0, +20, o, =—0, —20, o, +30,=0
o.

- Jiil - (0,305:0,) = (0;0,0)(L)
=% } (01;02;03)=(—3;3;—3)

o, € {O;—3

Nhu vay x, y, z la nghiém ctia phuong trinh

3
t*+3t +3t +3=0< (t+1)° =—2@(—ﬂj =1 (3)

‘{3/5

Phuong trinh (3) nghia la i can bac 3 cia 1=cos0+¢sin0 hay

3/5

t+1 0+ isin0
_%_cos +¢sin ti1=_3
—”—1=c082—w+isin2—ﬂ<:> t+1=_§/§ —l+£i
&3/5 3 3 2 9
t+1 47 A
——— =C0oS— +isin— 1 3.
R t+1==3L =2,
L 2 3 3 [ s J

92 9

Vay nghiém (a:;y;z) la (—‘3/5—1;—%/5(—% + \/gz] —1;—3/5(—%—£ij—1} va cac hoan vi.
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Bai tap tu luyén

Cau 1. Giai hé phuong trinh

Cau 2. Giai hé phuong trinh

Cau 3. Giai hé phuong trinh

Cau 4. Giai hé phuong trinh
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Phuong phap ham sé

hi gidi phuong trinh, hé phuong trinh bing cac phuong phép nhu lien hgp, dit an phu kha

quen thuoc doéi v6i cac ban rdi, tuy nhién déi mat véi mot bai toan dang nay céc ban it nhiéu

con lang tang, chua tim duge 161 gidi hodc xac dinh duge duong 16i nhung lai khong dua ra
dugc két qua cudi cting! Trong chti dé ching ta sé hiéu mot ng dung ciia ham sb trong viec giai
phuong trinh Day la mot phuong phap rat manh dé gidi quyét cac bai toan phuong trinh c6 nghiém
duy nhét hosic 2 nghiém.

Ly thuyét can nhé

e Néuham s6 y=f(z) don diéu 1 chiéu trén mién D thi phuong trinh f(z)=0 c6 t6i da mot
nghiém

e Néu ham s6 y=f(z) don diéu 1 chiéu trén mién D va ton tai u, ve D thi khi d6 phuong
trinh f(u)zf(v)@uzv

e Néu f(z) c6 dao ham trén (a;b) va f'(z) c6 nhiéu nhat n nghiém (n la s6 nguyén duong) trén
(a;b) thi f(z) c6 nhiéunhat (n+1) nghiem tren (a;b)

e Néuhamso f(z),g(z) cung nghich bién, duong va lién tuc trén cing mot tap xac dinh D thi
ham s6 h(z)=g(z).f(z) la ham s6 dong bién va lien tuc tréen tap D con ham s6
v(z)=f(z)+g(x) la ham s6 nghich bién va lién tuc trén tap xéc dinh D .

e Néu ham s f(z),g(z) cung dong bién, dudng va lién tuc trén cing mot tap xac dinh D thi

h(z)=g(z).f(z) va v(z)=f(z)+g(z) 1a cac ham s6 dong bién va lien tuc trén D .

Phuong phap chitng minh ham don diéu.

Cau 1. Giai phuong trinh v/52° -1 +32r-1+2=4

Giai
Phan tich. Quan sat vé trai ctia phuong trinh thiy khi z ting thi gia tri ctia biéu thic trong can
ciing tang. Tit d6 c¢6 thé du doan vé trai la ham dong bién mit khéc ta khong khé dé nham duge z =1
14 nghiém ctia phuong trinh dau, nén ta sé sit dung phuong phép ham s6 dé giai quyét bai toan nhu
sau.

R 1
biéu kien 5z* -1>0= 2> —-

:\3/5

Xét ham sé y = f(z) =52’ -1 +%22 -1+ -4 trén [%&oo] cod
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_ 1527 . 2
250" -1 33f(20 -1

f'(a?) +1>0, Vwe(i +ooJ

:\3/37

g/g

Do d6 ham s6 y = f(z) dong bién tren [L;-H)OJ va ta nhan thay ring f(1)=0 nén z=1 la nghiém

duy nhéat ctia phuong trinh dau.
Vay phuong trinh c6 nghiém duy nhat 13 z =1.

Cau 2. Gii phuong trinh 3(\/2952 1 —1) - x(1+3x+8 972 +1)

Giai
D&y ring v22% +121, Vo =22 +1-1>0,Vz

va 84207 +1 + 32> 827 + 32 =8[z|+ 32 >0, Vz
Nén dé phuong trinh c6 nghiém thi diéu kién 1a z > 0.

Phuong trinh tuong duong 3z° +x + 8x\/2$2 +1- 3\/2552 +1+3=0

Xét ham sb f(x) =32 +2 +8x\/2x2 +1 —3\/2352 +1+3 trén [O;+oo) co

‘ 2x” 6x 322° —62+8
(2)=6z+1+8| 222 +1+ - —Grlest 0T
F) [ \/2x2+1) J2r? +1 V222 +1

Do 322" —6x+8>0, Vz€ R nén f'($)>0,Vx20.

Suy ra ham s6 f(z) luon dong bién trén [0;+e0) va ¢6 f(0)=0 nén z=0 la nghiém duy nhat cta

phuong trinh dau.
Vay phuong trinh da cho ¢6 nghiém duy nhat z =0.

Cau 3. Gidi phitong trinh (2 +2)(22-1) —3Vz+6 =4— /(2 +6)(20—1) + 34z +2

Giai
Diéu kien x2%~
Phuong trinh tuong duong
|z +2)(2z-1)-3Va+2 |+[ z+6)(20-1) 32 +6 | -4
or+2(\2r-1-3)+ o +6(\20-1-3)=4
e (T2 4355840

1 . . N R
Do vz +2++z+6 >0, Vz > B va vé phai duong nén de phuong trinh (*) ¢6 nghiém thi can dieu kién

kéo theola V22 -1-3>0 22 -1>3 <> 5.
e Xét ham sb duong f(x) =<2z —-1-3 trén nita khoang (5;+oo) c6
f'(z)= \/2;7_1 >0, V& >5 nén f(z) la ham s6 duong dong bién (5;+x) (1)

e  Xét ham s duong g(x) =z +2++z+6 trén nita khoang (5;+oo) c6
1

1
"(x)= +
g (m) NNT+2 24Uz +6

>0, Vx >5 nén g(x) dong bién trén (5;+oo) (2)
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Tt (1),(2) = h(z) = f(2)-g(z)=(v22-1-3)(Vz+2 +z+6) dong bién tren (5;+%0) va ¢ h(T)=4

nén r =7 la nghiém duy nhat cia phuong trinh dau.

Cau 4. Giai phuong trinh 9z —322° +5+18y4—-32 =0

Giai

Xét ze(—o0;0] taco VA-3z >2,dod6 f(z)=9z" —322” +5+18J4 -3z

2
z&#—32f+36zgﬂﬁ—1§]+§§>o
9 9
Vay phuong trinh v6 nghiém trén (—oo;()] .
Xét:Ue{&é},tacélﬂ(x)=36x3—64x— 2
3 4-3z

Dé thiy 362 —642 = x(36x2 —64) <0,Vze (0;%) nén f'(:c) <0,Vze [0;%) . Suy ra f(m) nghich bién

trén [O;%} , do d6 phuong trinh f(:z) =0 c6 t6i da 1 nghiém trén khodng [0;%} .

Laico f(l) =0 nén z =1 la nghiem duy nhat ctia phuong trinh

Cau 5. Giai phuong trinh $\/E+\/:E+12 =12(\/5—x +\/4—x)

Giai
Ta khong kho dé nhan ra ring véi diéu kien 0<z <4 thi vé trai ham s6 dong bién, vé phai 1a ham

nghich bién. Vay khi d6 chuyén vé sang ta sé dugc mot ham sé don diéu 1 chiéu. Vay ta c6 1oi gidi nhu

sau. Xét ham s6 f(z) = x\/;+ NT+12 —12(\/5 -+ \/4—1‘) xac dinh va lién tuc trén [0;4], co

>0, Ve (0;4)

(3.1 1 1
f ( ) 2\/_+2\/m+12 +12(2\/5—x +2«/4—x}

Neén f(z) dong bién tren [0;4]. Mat khac ta thay f(4)=0 nén z=4 la nghiém duy nhét cia phuong

trinh dau

Cau 6. Giai phuong trinh (42— 1)(\/55 +3+33x+ 5) =4x+8

Giai
Phan tich. Day 1a mot bai toan khong qué phiic tap, nhung néu chiing ta khong c6 kj nang ciing nhu
dinh huéng tir trude thi co 16 viec danh gid no sé vo cing khé, sau day 1a 2 16i giai dé cac ban thay rd
su kho khan ctia no6 khi di sai huéng.
Cach 1. Ham s6 - Nguyén Minh Tuan

bat f(x)=(4x—1)(\/x+3 +\3/3x+5)—4x—8 lién tuc trén [—3;+oo)

1

1
+

2Nz+3 (#3x+5f

V6ixe[—%r{}thi@m—l)<0,(Jx+3+§Bx+5)>O:>VT<O.

-4

Ta c6 f'(w)=4(\/m+\3/3a:+5)+(4x—1)

Mait khac (8:U + 4) >0Vzxe {_73;—1} nén phuong trinh vé nghiém trén [—g;—l}
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1 :g'(x)z -1 —— 2 =<0Vzr>-1

1
Nz+3 (Mf 4(\/1:+3)3 (¥2+5)

Vi xe{—l;i} thi 42-1<0, g(z)<g(-1)<1. Khi doé ta c6
f(2)>4(Na+3+3Ba+5)+4z-5>4(1+3+B+5)-5+4>0

= f(z) dong bién trén [—1&} = f(-1)< f(z)< f{ij: ~18< f(2)<-9<0.

Dat g( )

1
Vay phuong trinh v6 nghiém trén [—I;Z} .
1 ﬁ
Vi o2 tht 4r-120 = f'(z)24(Vz+3+Br+5)-4>10>0

N P 1 .
= f(:B) dong bien trén {ZH_OO) = phuong trinh f(x) =0 co6 toi da 1 nghiém.
Laico f(l) =0 nén phuong trinh c6 1 nghiém 1la z=1.

4rx-1<0
Vi xe[—S;—%} thi <2dx+3<2,5 . Khi doé ta duge

(\3/3ac+5)2 <25
(a)<a(Jer3 +¥Bars) 2T
34(«/m+&/3a:+5)—9,6 34(\/—1,5+3 +33.(-1,5)+5 —9,6)<O

= f(z) nghich bién tren [—3;—%} , do d6 phuong trinh f(2)=0 c6 t6i da 1 nghiém thuoc {—3;—%} )

Laico f(—2) =0 nén z=-2 la 1 nghiém ctia phuong trinh dau.

Vay phuong trinh ¢6 2 nghiém la v =-2 va xz=1.
Cach 2. Ham so.

1 1
Do z= 1 khong la nghiém ctia phuong trinh nén xét x # 1 thi phuong trinh tuong duong.

(4x—1)(\/x+3+\3/3x+5)=4x+8c>\/x+3 +33z+ =ix+f
I—

bat f(z)=Nz+3+33z+ —i“
X

8 lién tuc trén —3;l va l;—i—oo .
-1 4 4

Co f'(z)= 1 ! + 36‘>0.

2z +3 (m)z (42-1)’

Suy ra f(z) dong bién trén {—3;%} va [i;qtoo].

Vay phuong trinh f (x) =0 c6 tdi da 1 nghiém trén mdi khoang trén.

Tw d6 chira 2 nghiem la z=-2 va z=1.

Cau 7. Gii phuong trinh §/(z—1)" —28z -1~ (2-5)Vz -8 -3z +31=0

Giai
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Didukien 2>8. Dat t=3r-1= 2=t +1>8=1>37.
Phuong trinh tré thanh

£ —2t—( 4V —7 -3 +28=0
&3t —t* +20-28+ (' ~ 4 -7 =0
Nhan thiy ¢ =37 khong la nghiem nen chi xét ¢ = 7
Xét ham s6 f(¢)=3t" —* +2t =28+ (£ =4 )Nt =7 tren (YT;490) co

2/43
F(t)=(9¢* =2t +2)+36°t* -7 GRS 0, Ve (éﬁ;m)

2
>0, Vi \3,(153 -7
Do d6 ham s6 f(¢) dong bién trén nita khoang (ﬁ/?&oo)
Talaico f(2) =0=t=2< r=9 langhiém duy nhat cia phuong trinh
Phuong trinh da cho ¢6 nghiém duy nhat z=9.

Cau 8. Giai phuong trinh 32" —/6 -4z =3 -2

Giai
s 1 5
bieu kién z < Z
Phuong trinh d& cho tuong duong véi. 32" +2° —/5—4z —3=0
Xét ham s6. f(a:) =32" +2° —\/b-42-3=0, xe(—oo;g} ta co

2
\VH—4x

Suy ra phuong trinh f(z)=0 c¢6 nghiém duy nhat z=1.

f'(z)=212° +32" + >0, w<2 déng thoi f(z) lien tuc tren (—oo;ﬂ va f(1)=0

Cau 9. Gii phuong trinh 333 -2z + —22° =6.

5
N2z -1

Diéu kien l<m£§.
2 2
5 1
N2z -1 2
) —6 ) 2
Ta co f'(x)z - - —62" <0, Vze

J(3-20)  (Vaz-1)

Suy ra phuong trinh c6 nghiém duy nhat z =1.

Xét ham s f(z)=3Y3-2z +

Cau 10. Giai phuong trinh z° =+b+z ++b—x +12.

Giai
Diéu kién -5 <z <5.

Xét ham s f(z)=2" —6+2 —b-2-12, z€[-55], taco
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1

(r)=22—= 1 — 1 =27+ =
R v I b ez Norw oy

= f'(z)=0 < z=0. T do ta co bang bién thien.

T -5 0 5 +o0

f'(z) - 0 +
13-10 13-10

() \_12_26 _—

Nhin vao bang bién thién, suy ra phuong trinh f (:Jc) =0 chi ¢6 2 nghiém.
Ma f(—4) = f(4) =0. Nén phuong trinh ¢6 2 nghiém 1a z=-4; z=4.

Cau 11. Giai phuong trinh 2z° —11z+21-334z-4=0

Giai
Xét ham s6 f(z)=22" —11z+21-3%/4z -4, ta co
f'(x)=4x—11— 1 :f'(a:)zO <::>43U—11=L :>l‘>£.
Y(4z-4) (4w —4)
. 32 1 . . .
Lai co f”(x)=4+ >0, Vz>— va f'(3):0 suy ra phuong trinh f'(x)zO ¢6 nghiém duy
3340 -4y 4

nhat z=3.
Lap bang bién thién ta chi ra duge min f(z)=f(3)=0.

—i+o

4

Do d6 phuong trinh f(2)=0 c6 nghiém duy nhat z =3.

6(202 +6)

Cau 12. Giai phuong trinh v/5z° —4 +2372% —1 = —— .
T+

Giai

Diéu kién z > ii/% Xét ham sb f(x)=\/5x3 -4 +2§/73U2 -1, Va2 ?\’/g,ta cb

2
f'(z)= e 2 >0, Vx>#g
250" — 4 3%/(7332 1) 5

L 4 ) 6(2" +6) 4
Suy ra f(x) la ham dong bién trén 3g;+oo . Xét ham so g(x)=2—1, Vm23g,ta c6
T+

g'(x)zixz<0, Vme{#gﬁoo} suy ra g(x) 1& ham nghich bién trén Vz e[?i/g&oo]. Mat khac
(362 +1) 5 )

tacé f(2)=g(2), phuong trinh c6 nghiem duy nhat z =2.

Vay z=2 la nghiém cia phuong trinh da cho.

Cau 13. Giai phuong trinh sau trén tap (—3;3): §/m+3 +3/:c—3 = 3/:L"+5 + 3/x—5

Giai

75 | Chinh phuc olympic toan



| Phuong phap ham sb
Phuong trinh da cho tuong duong véi
Y3+z-Y5+2=3-2-Y5-2 @f(x)zf(—x)
1 1
Véi. f'(z)= -
3Y(3+2)  5{(5+)’
Do —3<95<3:>5{’/(5+gv)4 >5§/(5+gc)2 >5§/(3+x)2 >3§/(3+x ’
Suy ra f'(z)>0,Vze(-3;3)= f dong bién tren khoéng (-3;3)

Nén. phuong trinh < f(x) = f(—x) Sr=-cr<r=0.

Cau 14. Giai phuong trinh 2\/x+\/x2 +1 +3Q/—x+ z’+1=5

Giai
1
Dit. a=z+V2’ +1=> -2+’ +1==,a>0
a

%:5,f(a)=2ﬁ+%:f'

Xét dau ctia f'(a) suyra a=1<2=0.

Phuong trinh da cho thanh. 2\/5 + (a) =0=a=1

Vay phuong trinh da cho c¢6 nghiém z=0.

Cau 15. Giai phuong trinh

2 1
+ =3

Giai
Diéu kién z >0.
Bién doi phuong trinh tuong duong véi 2(\/30 +1+ \/;)+ Vo' +1-z=3 (¥)
o Néuaz>1 thi VT(*)>2(\/$+1 +JE)>3=VP(*)

e Néu 0<z<1.Déthiy =0 la mot nghiém ctia phuong trinh (*).

Xét ham sb f(x)=2(\/x+1 +«/§)+\/x2+1—$, z>0.

Taco f'(z >0, vz e(01]

Do d6, ham f(a:) dong bién trén (0;1].
Suy ra f(m) > f(()) =2+1=3, hay phuong trinh (*) vo nghiém.
Tém lai, x =0 1a nghiém duy nhat ctia phuong trinh ban dau.

Cau 16. Giai phuong trinh z° —3x+(4x2 —2\/§x+2) 1+2° =0

Giai

2
VT < 2* —3$+l:3($—%) +2° +1}/m2 +1=VT >3 —3x+(x2 +1)\/x2 +1

Xét ham f(x)=x3—3ac+(:n2+1)\/:1:2+1
Co f( ) (a: —z+ar’ +1) f'(w)=0<:>x=

-

Dua vao bang bién thién = min f(x) = f(ij =0.

B

Tap chi va tu liéu toan hoc | 76



Tuyén tap phuong trinh dai sé hay va kho |

Hay f(z)20;Vz=VP = VT >VP

2
. 1 1 1 N
Dau "=" x4y ra < (z - —j =0va f(:z:) = f(— =0 = z =—= la nghiém cta phuong trinh dau.

J3 J3 '

B

Cau 17. Giai phuong trinh

(9302 +24x+17)\/3x+3 —(x4 +42° +4%° +1)\/x2 +2z-1=z>-5x—-4

Giai
Didu kien 2>+/2 -1. Phuong trinh da cho tuong duong véi

(9x2+24x+17)\/3x+3—(x4+4x3+4x2+1)\/x2+2x—1=x3—5x—4
Dit a=+/3z+3; b=+2" +22-1; (a,bZO). Phuong trinh da cho tré thanh

| 1)

' +2a® +2)a—(b" +2b* +2)b a(a—zo 1

(a+a+)a(+ +)+3 (1)
Ta xét ham 6 f(z)=x (" +22° +2) thi f'(2)=5z" +62" +2>0, Vz >0.
Suy ra f(z) 1a ham dong bién trén khoang (0;+e) , cho nén ta luon c6 (f(a)—f(b))(a—b)zo (2).
a(a—b)
3

-0 :f(a)_f(b):_@.

a=b

a=0

Mt khéc, it (1) taco f(a)-f(b)+

T () HPN
Vay nén (2) sé tré thanh — > (. Dang thitc xay ra khi

Nhan thay a =0 = z =-1 khong phai 1a nghiém ctia phuong trinh, nén ta c6

a=b <o3z+3=N*+22-1=2"—-2-4=0 :>x:1+\/ﬁ.

2

Vay z=

la nghiém ciia phuong trinh da cho.

1+\/ﬁ
2

z+1

1—zvz’ —1'

Cau 18. Giai phuong trinh z* +1=

Giai

2
N z°—-1>0
biéu kién { .Tacoé Nz +1 = vl

1—aVz’ —1#0 1-z2% -1
N +1(1—x\/x2 —1)=$+1 <:>\/(L‘2 +1—:1;\/a:4—1 =z+1 (*)

=x(\/x4—1+1) =x>0

2

Talaico (*) < x2+1—1=x(\/x4—1+1) &
) Nzt +1+1

z>1

Két hgp diéu kién cho ta. 1+5
T #T, = 5

T phuong trinh (*) , X6t ham s6 f(x) = \/x2 +1 —x\/x4 -1-z-1

, ! -1 : 2z
! 20 7t —1-——— <0, Vo> 1.

f'(x)_ﬁ_ ! _1_\/1“4_—1_1:\/372+1(x+\/x2+1)_ \/ﬁ
= f(z)<f(1)=+2-2<0
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Suy ra phuong trinh (*) v nghiém, hay phuong trinh da cho v6 nghiém.

Cau 19. Gii phuong trinh 24/1-2z + Y20z +1 =3.

Giai
Dit a=+1-22 =2z=1-0a*(a20); b="20z+1 =202=0" -1 (b20), ta c6 he phuong trinh

3-b

2a+b=3 ’
{ ©b10+10(7j —-11=0 :2b10+5b2—30b+23=0(*)

b" +10a” —11=0
Do a,b>0 nén tt. 2a+b=3 =0<b<3

e Néu. b=0 phuong trinh (*) vo nghiém, suy ra phuong trinh da cho vo nghiém.

Xeét ham s0. f(b)=2+b%—i—?+§%, (0<b<3) taco

40 270 230 10 ;
f'( )Z—b—g-i‘bT—bT:—bT (23—271)4‘4[)2)
Lap bang bién thién ta thay f(b)=> f(1)=0.

Hay phuong trinh (*) c6 nghiém duy nhat b=1.

Thtt lai cho ta phuong trinh da cho ¢6 nghiém duy nhat z =0.

Cau 20. Giai phuong trinh

z+1 - 31‘+2:m.
N3z -2 4

Giai
s 1 2
Diéu kién z > 3
Phuong trinh da cho tuong duong véi. 3z +2.4/32 -2 =8z -12 (*) .

Véi x>§thi 32 +2A/32-2>0 =8x-12>0 :>x>%.

Dat V3z-2=a [a>\/§} Phuong trinh da cho tré thanh.
A 8(a*+2
adla® +4 =¥—12 <:>33fl+i3 +2—8:8

a a a

3
a a

Ham s6 f(a)=3} l+i +2—8 —8, nghich bién trén khoang (\/g;+ooJ va f(2)=0
a

Suy ra phuong trinh da cho c¢6 nghiém duy nhat z =2.

Cau 21. Gidi phuong trinh vz ++2* ~1 =32(z~1) V22 -2

Giai
Diéu kien z>1.
Phuong trinh da cho tuong duong véi. z++z* —1= 2(495 —4)5
bit. dz-4=a (a > 0). Phuong trinh da cho tré thanh

2
2a5—a+4— [a+4j -1=0 <8¢’ =vVa’+8a+a+4 (*)

4 4

e RO rang a=0khong la nghiém ctia phuong trinh (*)
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4 1 1 8
SN

e V&i a0, phuong trinh tuong duong véi 8 =

Ham s6 f(a):%+ai4+,fai8+%—8,nghich bién tren (0;+) va f(1)=0

Suy ra phuong trinh da cho ¢6 nghiém duy nhat z=1.

Cau 22. Giai phuong trinh

3
z+1 +\/3x+2=\/3x—_2
N3z -2 4

Giai

Phuong trinh da cho tuong duong véi {3z +2+/3z -2 =8z —12

Diéu kién c6 nghiém ctia phuong trinh 13 z 2%

bat J3z-2= a[a > \/gl . Phuong trinh tré thanh

8(a” +2
a\S/a2+4=M©33l+i+§=8

3 a o

3

Xét ham sb f(a)=33 1 +i +£ 14 ham s6 nghich bién trén [\/g;+ooJ )
a o' a

Tu d6 chira z=2 1a nghiém duy nhat ctia phuong trinh!

Cau 23. Giai phuong trinh §/$+3+§/x—3 =‘3/a:+5+‘(’/x—5(—3$3:$3)

Giai
Phuong trinh tuong duong. Yr+3-Yr+5=33-2-Y5-2 f(x) = f(—:c)

Tacod f'

(0)e— L 1
3Y(z+3  5{(x+5)
Do ~3<z<3 :5{’/(x+5)4 >5§/(gc+5)2 >5§/(yc+3)2 >3§/(x+3)2

Suy ra f'(ac) >0 = f(x) tang trén (—3;3)
Vay phuong trinh tuong duong r=-zr < =0

Cau 24. Giai phuong trinh 1527 +10y/(z +1)" +26=64/(z +1)" +30vz +1

Giai
Dit t=vr+1l=z=t"— 1(t > 0) . Phuong trinh tuong duong
f(t)=6t"—15t" —10t* + 30t + 30t —41=0
F'(t)=30( ~t-1) >0, vt
f(1)=0

Ta thay = t=1= 2 =0. la nghiém duy nhit ctia phuong trinh

Cau 25. Giai phuong trinh \/(:1:+1)3 +\/(1—x)3 +14=\/(:1:+4)3 +\/(4—x)3

Giai

DKXD. 0<z<4. Xeét ham s6. f(2)=(a+1)" +y(1=2)’ —\(z+4)’ =(4-2)' -14

Ta co f'(m)zO@%(\/erl—\/1—:E+\/4—x—x/:p+4)=0
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1 1 «
<:>3$(\/9L“+1+\/1—x_\/ac+4+\/4—avj_0( )
Bay gio ta sé di chitng minh phuong trinh Jo+l+l-z=Vz+4+J4—z vo nghiém!
-3 3
\/:1:+1+\/x+4_\/1—x+\/4—:1:
nghiém duy nhat =0 = f(z)> f(0)=0

Taco Je+l-r+4+1-z—J4—z =

<0 vay phuong trinh (*) c6

Vay z =0 la nghiém duy nhat ctia phuong trinh!

1

1
\/:v3 +1 \/(2—x)(x2 —:E+1)

Cau 26. Giai phuong trinh 2z —1- =0

Giai
1 1
+
\/x3+1 \/(2—35)(952 —x+1)
3z —6x+3 N 3z?

2)2-)(s* —z+1) 2Va’ +1

Dat. f(x)=2x—1—

lién tuc trén (—1;2)

Co f'(z)=2+ >0;Va e(-12)

13 nghiém duy nhéat ctia phuong trinh

N | —

Vay z =

Cau 27. Giai phuong trinh 39720 —21+5yz* —22> +16 + 54z +2 =0

Giai
R 3 _92x? >
Didukien 17 2% T1620 5
z+2>0

Dat f(x) =397$—21+5 z* =227 +16 + 5z + 2 lién tuc trén [—2;+oo).

Co fi(z)=22+ o3 w) |5
2 it 242 +16 2Nz +2

e Néu xe(—2;0]u{§;+ooj thi 5(3352 _4x)20:>f'(:1;)>0

e Néu xe{();g} thi 2vz° —22% +16 2405/§>E
39 2(32” —4z) 5 (242” - 322 +234)\z +2+30
>—+ + = >0

:>f'($) 2 3 2T +2 124z +2

Vay f'(x) >0,V e(—2;+oo) = f(:z:) dong bién trén (—2;+oo) .

49 —54/105
8

Suy ra z = 1a nghiem duy nhat ctia phuong trinh

Cau 28. Giai phuong trinh vz' +20 —vz* +9 =2° - 7.

Giai
Phuong trinh d& cho duge bién déi thanh phuong trinh
11=(2"=7)(Va'+20 +a"+9)

Tt phuong trinh nay, ta suy ra duge diéu kien 2° -7>0 < 2> 7.
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11

)

Khi d6 phuong trinh tuong duong z* +20 +vz* +9 =

Xét ham sb f(x)=\/z4+20+x/x4+9, x> 47

1 1 .
Taco f'(z)=22" + >0, vz >i7.
(=) [\/$4+20 \/x4+9J

Vay ham s6 f(x) lien tuc va dong bién véi z > 37

2
Vo> 7. Taco g'(z) =0 <0, Vo> 3T,

11
A (x3—7)

Vay ham s6 g(x) lien tuc va nghich bién véi z > 37

Xét ham s6 g(z)=

Do d6 phuong trinh f(z)=g(z) néu c6 nghiém thi c6 t6i da mot nghiem.

Ma f(2)=g(2) nén z =2 la nghiém duy nhat ctia phuong trinh

Chu y. Sau day chiung ta sé cung trai nghiém nhirng bai toan danh gia vo ciing kho ctia phuong phap
nay, y tudng sé nhu mot vai bai § trude, do 1a chi ra ham s6 vo nghiém trén mot khoang va dong bién
trén mot khodng khéc ma khodng dé chita nghiém ctia phuong trinh Cac bai toan chi mang tinh tham
khéo ren luyén tu duy!

Cau 29. Gidi phuong trinh 2" +2” +10z-19+ (2 —Tz+13)V2* +2-1=0

Giai

bat f(a:)z:z:4 +a’ +1017—19+($3 —7m+13)\/z2 +x-1
Ham s lién tuc trén (—oo;_l_\/g} va {_1;\/3;%0]'

2

8zt +72° =342 + 52 +27
2\/332 +zr-1

Co f'(z)=42" +22+10+

Véi 2> —

> ta can ching minh g¢(z)=8z"+ 72’ —342” + 5z +27>0

e Néu z&[0;1] thi theo AM — GM ta c6

8z' +8>2+/8.8.7" =1627 )
= g(z)>—-42" +52+12>0.

72 +7> 142" > 1427

2
e Néu x>1:>g(x)>8(x—1)4+39(x—1)3+35(x—$j +—>0

~1+5

2

ta can ching minh ring.

Vay f'(z)>0Vze( ;+00J.V6i x <

u(z)=2(42" +2z+10)\/$2 +z—1+8z" + 72" —342” + 52 +27 <0

8z +7x* =202 <0
—142° +52+27<0 = u(z)<0
42° +22+10<0

e Néuze |Z—2;

_1_£j thi

2

e Néuz<-2.
Ta thiy riing —12z° + 5z +27 <0 nén chi can chiing minh.

A=2(4x3 +2x+10)\/m2 +r—-1+82 +72° —222% <0
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10((—2" +42%) + 4z -4)
P ro—1

2(da® +20)Va? + -1 < 82" - 72" +12¢°

= z[2(4z2 P2V v a1 +8° 4707 —124 <0

24 +2)Va +o-1+82" +72% ~122 >0

< —48z° +143z" +2322° —1922” +162-16 >0
Dat f(z)=-482" +143z" +2322° -1922° + 162 - 16

C6 f'(x)=—242" +5722° +6962° — 384z +16 = 242" +16+2(5722” + 6962 — 384) < 0V < 2
Suy ra f,(z) nghich bién = f(2)> f(-2)=1152>0. Suy ra A<0

Vay f'(z)<0Vz<-2

Két luan phuong trinh c6 t6i da 2 nghiém trén tap xac dinh 1a z=1;2=-2.

Dé y thay 20v2* +2—1-102" = <0 nén lai chuyén vé chitng minh.

Cau 30. Giai phuong trinh z° + 72" +122° +2° =32 -6 -1246 -5z =0
Nguyén Minh Tuin

Giai
Do V6 -5z >0 nen didu kién c6 nghiém ctia phuong trinh sé la.
2+ 72 +122° +2° =35 -6>0= 1" + T2 +122° +2° - 37 >6 > 210
= (z+5)(z" +22° +22” 92 +42)>0
= 2> -5(doia' + 20" + 20" 9z +42=(2+1)" + (v-4,5)' +21,75>0)
e Trudng hop 1. Néu z e[-5-4].
Khido dat VT = f(x) thi ta dugc
f(x)<x5 +72" +122° +2° —3x—66=:1:3(x+4)(m+3)+x2 -3x-66<0
¢ Trudng hgp 2. Néu ze[~4-2] thi 65z >4 . Khi do ta co
f(:z:)Sx5 +72" +122° +2° - 32 -54
=" +7z"' +122° =20+ 2" - 32 -34

=(z—1)(2" +82° +202” + 202 +20)+2” 32 -34<0

|t +82° +200% +202 420 = (¢ +4x +1) +2(z+3) +1>0
" 2’ -3z -34<0Vz e[-4-2]
o Trudng hgp 3. Néu z €[-2;0] thi V/6-5z >2 khi do
f(z)<a® +7z" +122° +2° —32-30<0
[m {:ﬁ +70' +122° =2 (v +3) (2 +4) < OJ

2’ =32-30=(z+2)(z—5)-20<0

e Truong hgp 4. Néu z e [O;g} ta co

f'(z)=5z" +282" + 362" +22 -3+ 30 >O,V:ze{0;§j

N6 -5z
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30 30-3J6-5z 45 +846

" Joosr  Jo-ns _(30+3\/6—5x)\/6—5x

>0

= f(z) dong bién tren [0;2]

Do vay nén phuong trinh dau sé c¢6 nghiém duy nhat z=1.

Cau 31. Giai phuong trinh z* —62” +22 -9+ (x3 +2x + 1)\/362 —z-1=0
Nguyén Minh Tuan

Giai
Dat f(x):x4—6x2 +2x—9+(m3+2x+1)\/m2—x—1
8z' —72’ +22° —4x -5
AN E T |
1-5

e Trudng hop 1. ¢ e[—oo —J

Co f'(z)=42"-122+2 +

2

Ta can ching minh f'(z)>0.

6 (8334 —72% + 227 —43:—5)':323:3 212’ +4r-4<0=8z" —T2* +22° —42-5>1>0
9(x)

1 -
Ta c6 danh gia Vz* -2 —1< x+2<:>i>01uonc’[ungvol xe(—ooT\F}

1IJ

28x% — 241 — 8>0, Vwexe(—oo—

2
' 102" +282° — 242 — -
Khi do f(z)> 22 100 #2807 224078 )y 9y, Vwexe[—oo—\fJ

1-2z
1 IJ

8z' —102° >0, Vxexe(—oo—

2
Vay f(:L‘) dong bién trén ( —f] :>f(x)<f[#}<0
1+\/g
5

e Trudng hop 2. z2>

Dé § thay ¢'(z)=322" —212* +42-4=32(z~1) +75(z 1) +58(z~1)+11>0 = g(z)>0,
Vay ta di chiing minh vz -z -1 <x—%®2>0 luon dang.

162" —112° —222° +122 -7 h(z
2z -1 -

:>f'(x)>
Dé ¥ ring h‘(:z:) =642 —332° — 442 +12 =64($—g] +255(

1+\/5
2

1
j +289( j+%>0

5 j
’+CD

[\DIOJ

:>h(x)>h(

Vay z =2 langhiém duy nhat ctia phuong trinh

]>17>0:>f'($)>0:f(x) dong bién trén [1+
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Cau 32. Giai phuong trinh 3\/1: +4 +3\/5a: +4 +42° -182-12=0

Giai

Dat f(z)=3Vz+4+3V5z+4 +42° —187 12

Wzr+4<8
3WHz+4<14

Vay phuong trinh v6 nghiém trén [1;3] .
3 15
= +
Wr+d  25z+4
Néu z >3 thi hién nhién f'(z)>0= f(z) dong bién trén [3;+oo) )

Néu z €[1;3] khi d6 { = f(z)<42” -18z+10<0Vz €[1;3]

Taco f'(z) +8z-18

. 3Jr+4>5
Néu xE[—g;—l} thi {7 = f(z)>42" 18z -7 >0Vxe[—é§—l}
5 2 35z +4>0 5 2

j 2z +4>35
Néu xe[—%;l} khi do6 { sl :>f'(x)<8m—%<0.

245z +4 >2
. 1
Vay ham nghich bién trén [—5;1} .
Vay phuong trinh s€ ¢6 1 nghiém trén [3; +oo) va 1 nghiém trén {—%;1}.

Luc nay chira 2 nghiém 1a z=0 va $=3+\/i

1a xong!

Ngoai cach lam & trén ta ciing c6 thé lam theo cach lién hop 16i 1 nghiém ra con mot nghiem diing ham
s6 dé giai quyét. Ta ciing lam thit ci 2 cich xem sao.

Cach 1.

Ta co

VT +4 +35z+4 +42> —182-12=0
<:>3(\/$+4—x+1)+3(\/51:+4—$—1)+4(x2—3$—3)20
—3<x2 —3:v—3) —3(352 —335—3)

+
Ne+d+ax-1 Nbr+4+z+1
2’ =3x-3=0
= -3

3
= - +
f(x) Jr+4d+x-1 bz+4+z+1
_ 6z +4+3 N 6z +4 +15
2\/:17+4(\/:B+4+:13—1)2 2\/5m+4(\/5x+4+x+1)

<

+4(x2—3$—3)=0

4=0

> >0, Vx>—§.

Co f’(ac) n

Neén f(z) dong bién tren (—Z;wtooj .Laic6 f(0)=0 nén z=0 la nghiém duy nhat ctia phuong trinh

f(x) =0.
Cach 2.
Ta co
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3Vr+4 +3Vbz+4 +42° —182-12=0
<:>3(\/x+4—2)+3(«/5x+4—2)+4x2—18x=0

z=0

= 3

15
T)= +
f( ) Ne+4+2 Jbr+4+2

+4x-18=0

Nz+4>15
NBr+42>0
-3 75

2(M+2)2m_2(J5x+4 +2)2 5z +4
2(\/:B+4+2)2\/x+4 >64

2(\/51“4-4 +2)2 Briiz64

Khi do f'(z)> 2—3 >0= f(z) dong bién trén [0;+wx).

Néu z €[-0;80] thi. { :f(:v)<4x—%<0vgve[—0,8;0]

+4

Néu 220 taco f'(z)=

Dé thay v6i £ >0 thi

Vay dén day bai toan da dugc giai quyét!

Cau 33. Giii phuong trinh 2” +82-16—(2-3)V3z +1+(2-2)7z+2=0
Nguyén Minh Tuan

Giai

9z -7 21z -10
Dit =2 +87-16—(2—-3)V3r+1+(2—z)VTz+2 (z)=2z+8- -
A f(x) T x (:17 ) T ( x) z :>f(x) x NSRRI

21z-10<0

e Truong hop 1. xe(—%;g]Khi do6 thi 192-7<0 . Chonén f'(x)>0.
20+8>0
212-10>0 - -
e Trudng hop 2.xe[£;z]l{hid() v :>f(:c)>2a:+8—21z 10 _ 9277
21°9 9z -7<0 WNTz+2 243z+1

Mat khéc ta lai co
212 -10 _2(22+8)N7z+2-21z+10 40-212+10 [E.Z}

= > )
2T +2 2NTx+2 2Tz +2

= f(:z:) >0Vzxe {;—2,%}

2r+8—

e Trudng hop 3. z Zg. Khi do ta co

122° +192° + 2242 + 64

) pag 9u-T =2($+4)\/3x+1—9x+7: 2(z+4)V3z+1+9z +7>0
N3z +1 23z +1 N3z +1
282" —2092° + 512z +128 10
) s 217-10 _2(z+4)VTo+2 212410 2(a+4)VTz+2+2la 0

Cofrz+2 0Tz +2 2Tz +2
:>f'($)>0‘v’ng
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N . 2 .
Vay f (m) dong biéen trén {—?&OOJ nén z =1 1a nghiém duy nhat ciia phuong trinh

3 92°> -8z +4
Cau 34. Giai phuong trinh | 2—— |[2Vz-1-1)|=—F——
P ¢ ( fﬂj( ) 3z +24/2x -1
DPé thi tht THPT Quéc Gia 2016 - THPT Tran Hung Pao — Daknong
Giai
3 92” -8z +4
bit f(z)=|2——|[2Vz-1-1)]-————.
f( ) ( Ij( ) 3z+242z -1
Tow o f'( ) 202 +3r—-6-3vr—1 (27x2—12)\/2x—1 +54z° =522 +8
acd f'lz)= -
Nz -1 (3x+2\/2x—1)2 Pz-1

Nhin da thiy choang r6i! Viéc chitng minh khong phai don gian chiit nao! Nhung hay dé § ring.
92”8z +4=(3z+2422-1)(3v - 2422 1)

Khi d6 phuong trinh sé don gidn hon rat nhiéu. Ta c6

(2__j(2\/_ ) Bii;j;:_—ll
@(2——)

( (3x—2\/2x—1)(3x+2\/2x—1)
o (2—;j(2JxT1—1) =3r-222 -1
(

) 3r+242z -1
~1)=32" ~ 2220 -1
©2(20-3)Vz—1+22v22-1-32" —22+3=0

Bay gio dat f( ) (233 3)\/:1:—14—21‘\/2:1:—1—31:2—236—3.

< (22-3)(2

Ta co
L f'() 6z — 7 6z—-2
NT \/Qx
(-92” + 302 =37 )z -1 .
_ 6vr—1-3z-1)]Jz-1-1 -
, 62 7_336_1:( ) = Ove-l+3r+l <0,Vz>1
z—1 Jr-1 Jz-1
67 —2 62 —2—(3z+1)v2z - —182° +332” 152 -5z +5
3. -3z-1= <0,Vz>1
NeT 221 (6x—2+(3m+1)\/2x—1)\/2x—1

Suy ra f'(z)<0,Vz>1= f(z) nghich bién trén [1;+oo) )
Vay z =1 langhiém duy nhat ctia phuong trinh dau.

Cau 35. Giai phuong trinh 2z' -4z +1— (x3 - —1) 32° +1=0

Giai

Truong hop 1. Néu { \f } Khi d6 \32° +1 34‘/_ 9 . Suy ra dude
Te|—3—;—

3’5
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f(:r)=2:1:4 —4x+1—($3—x—1)\/3x3 +1

4z =92 + x4+ 11
2

2
4[z2 —gx—gj +Ez2 —Ew+%

> 21" —4x+1—%(z3—x—1)=

8 10 80 10 25
>0
2
' —2-1>0
Vay phuong trinh v6 nghiém khi 9
r<—
5
2’ —r-1<0
Trudng hop 2. Néu { \/T 9}. Ta c6 danh gia. /32" +1 >%x+%(1) )
TE|l—3 ==
35

e Néu xe{;—yg} thi (1)@3:53 —2x2—§x+%>0<:>g(x)>0

4 25 625
J’_
g'(:z:):9:172—2 —ﬁzo 25_\/%
25 20
1 _
g(—EJzO,95>0;g(gj=%>0;g 54373 ~0,0388>0 g| 2 V73 ~0,97>0
25 5 2500 20 20
Vay (1) luon dang.
Khi do f($)>2z4—4x+1—(z3—x—1) §:1:-i—g
2 25

2527 x—g 2+§a:2+71 x—g 2+—7863
252" —182° +75z° =107z +68 _ 25) 25 142) 284

25 25

0

Vay phuong trinh v6 nghiém trén {—i{/g,g} .
IS Z 9
Truong hop 3. Néu x> e

275° 152" ~32 ~2 _ 2(82" - 4)V32" +1—(272° - 152" - 32" - 2)

2432% +1 2432% +1

Taco f'(z)=8z"—4—
Dé y thay.
1. 82° —4>0Vx2§

2. 272" 152" —32* ~2=27(z~1) +135(z 1) +255(z ~1)" +222(z ~1)’ +84(z~1)+7>0

Ta c6 danh gid. V32® +1 <2’ —éx+%(*)

Bay git sé di chitng minh (*) luon dang.

1
Ta co \/32° +1 <2? —g$+§

2
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Vay (*) luon ding.
Khi do f'(z)<(-552" —162" +1952° )+ (252 + 8z ~50) < 0.

Suy ra f(z) nghich bién trén {%;ﬂoj )

Vay z =2 langhiém duy nhét ctia phuong trinh

Cau 36. Giai phuong trinh +1+103/4+%/3-2 =933 -2z — Vot +327 + 20 +4

Giai
biéu kien z° +32> +22+4>0
Phuong trinh tuong duong

o' +307 + 20+ 4 51103 — 2 = (1+ B =z ) + 1033+ (1+ B =2 (*)

Xét ham sb f(t)=t+1043—1 = f'(t) =1+ — 2 >0VieR

34/(3-1)

Do d6 ham s6 f(¢) dong bién tren R .

Khi d6 phuong trinh (*) tuong duong
—\/x3+3x2+2x+4+f(—x)=f(1+§/3—_m)
<:>f(—x)—f(1+§/§)—\/a:3+3x2+2x+4=0(**)

Via' +32 +20+4=(2+1) +3-220=>B-z2-2-1

Hay —xSl+f/E:>f(—x)£f(1+%‘/E).

Do d6 VT (**)<0=VP(**). Dau “=" xéy ra khi

{x3+3x2+2x+420 \/18 J321 \/18+\/321
9

S(z+l) =z-3x=-1-
—r=1+33-x ( )

Vay phuong trinh c¢6 nghiém duy nhat z=-1-

\/18 J321 J18+g/3§

1)_ Nt -z +1

Cau 37. Giai phuong trinh z* + 2 — 1+[(\/ -2 ‘
20° -2z +2

=%ln(x2 —a:)

Giai
Diéu kién z >1, phuong trinh tuong duong

i = 2\/;\/x —1+z++2? —x—%m——ln(x —x)zO
2% —2x +2

Q(J—lf){—u _mgm(mux)}o

Dit t=vz? —z >0, khi d6 ta co

Nzt -z +1 J7 = 1 ) t+1
— Nz —zx+-In(z" —x)=f(t)= —t+Int
V227 =23 +2 2 ( ) Q V22 +2
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t+1

N

Xét ham s6 f(t)= —t+Int tren khodng (0;+%), ta c6

29t 1
()= +E-Lf () =0et=1
( (2t2+2)\/2t2+2 t (t)

Tu d6 ta dé dang chira duge f(t)<f(1)=0=>VT >0

t=1 z>1 1++/5
@ xTr=
Vot =1 =+x

Dau “=" x4y ra khi v& chi khi {

) =
- —-r-1=0 2
Cau 38. Giai phuong trinh 22°sinz +zcosz+3/2r+1=2" 2" +2+1
Pé thi chon tuyén tham du VMO Ha Noi

Giai

. _ 1 . 1
Ta thay phuong trinh khong c6 nghiém z = -3 nén ta chi xét x # 3
. ; 5 1
Xét ham so f(:v) =22"sinz+xcosr+32x+1+2° —2° -2 -1, 2% 5

2 ,
—— 450" -32” -1
3%(2z +1)

Ta sé chiing minh dédnh gia manh hon la
3vsing +(22” +1)cosz +5z' —32° ~1>0,VzeR (¥)

Ta co f'(x) =3acsin;13+(2a:2 +1)cosa:+

Ta thay biéu thitc nay khong thay déi khi thay z bdi —z nén ta chi can xét x> 0.
3 2
Ta can chiing minh bat dang thiic sau sinz >z — %, cosz>1- %,Vm >0.

2
Xét ham sb g(x)zcosx—lJr%, >0, taco
g'(ac)z—sinx—i—x, g"(a:)z—cosx+120, V= g'(z)z—sinx-ﬁ-x > g'(O)zO.
Do d6, g(x) 1a ham dong bién trén [0;+) suy ra

2 2
g(l‘)Zg(O)=0:>COSZ’—1+%20:>COS{L’21—%,V.TZO.

3
. L. x
Tuong tu, ta cling c6 sinz >z ——.

T hai danh gia nay, ta co

3 2

3:13sin:1:+(2:132 +1)COSIE+5ZL'4 -3z -1 23x(x—%]+(2x2 +1)[1—%j+5x4 —3z% 1.

Hon nia, ta ciing ¢6

3 2
3z| 2 - +(22 +1) 1-2 |52t =322 -1
6 9

4 4 2
) 4 +
=32’ —%+ga:2—x4+1+5x4—3x2 —1:M

>0
Nén 3xsinx+(2m2 +1)cosa:+5:v4 -32°-1>0,VzeR

Do d6 (*) dang hay f'(z)>0,VozeR. Suy ra f(z) la ham dong bién nén phuong trinh da cho c6
khong qua mot nghiém.
Mt khac £(0)=0 nén phuong trinh da cho ¢6 nghiém duy nhét 1a z =0.
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Cau 39. Giai phuong trinh 20107 (\/35“2 1 —x) -1
Dé thi chon tuyén trusng THPT Sao Nam, tinh Quang Nam

Giai
Phuong trinh da cho tuong duong véi 2010° =vz° +1+x
Ta sé chiing minh phuong trinh nay c6 nghiém duy nhat 14 z =0. That vay

Xét ham s6 f(2)=2010" ~(Va* +1+2), taco f'(a) =2010“’.1n2010—( z +1J

V' +1

o Néu z>0 thi f'(z)>In2010- ;-ﬁ-l >0 nén ham dong bién.

1
1+—
$2

Ma f(O) =0 nén phuong trinh nay c6 ding moét nghiém =0 véi x>0.

o Néu z<-1, taco
F"(x)=20107 - (In2010)" —%,f"($)=20101 -(In2010)" +§.;5>0.
.,(:1:2 +1)( (x2 +1)

(In2010)° 1
2010 242

Nén f'(x) 14 ham nghich bién, suy ra f(x)<ylir£1 f(x)z lim [20101' —(\/x2 +1 +x)}=0 nén phuong

I—>—0

Suy ra f"(z) la ham dong bién nen f"(z)< f"(-1)= <0

trinh f(O) =0 khong cé nghiém v6i z < -1.

2
. Néu —l<z<-1 thi Vol +1+z> -1 +1—1=E,2010’” <1 <J5_1 nén trong
2 2 2 2 V2010 2

truong hgp nay phuong trinh vo nghiém

. Néu —% <z<0 thi f'(z)=2010° -ln2010—[ +1j >0 nén day la ham dong bién, suy

2t +1
ra f(x)<f(0):O.

Tém lai, phuong trinh da cho c¢6 nghiém duy nhat 1a z =0.

Cau 40. Tim s6 nghiém clia phuong trinh
(40225 +40185™ +2)  —2(40222™" + 40182 +2z) +cos* 22 =0

Dé thi chon d6i tuyén chuyén Nguyén Du

Giai

Dat ¢ =40222" +40182*" + 2z . Ta ¢
. . 2
; 2 t* —1=sin2z t* =(sinz + cosz
t4—2tz+cosg2$=0<:>(t2—1) =sin’2z < ) ) ( )2
t" —1=—-sin2z t* =(sinz —cosz)
Ta dugc bon phuong trinh sau

t=sinx+cosz, t= —(sinx + COSZB), t=sinz—cosz, t =—sinx +cosx

Ta thay ham sb ¢(z)=4022z""" + 4018z + 2z 1 ham 1é nén chf can xét céc phuong trinh

t(x) =sinx + cosz, t(x) =cosx —sinz .
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Ta co t(z) =sinz +cosz < 40222 +40182*"” + 2z =sinz + cosz .
Xét ham s6 g(x) =40222"""" + 40182 + 22 — (sin:c +cos :v) co
g'(z)=4022.2011z"" +4018.2009.2*"" +2 —(cosz —sinz) >0, V2 neén la ham dong bién trén R.
Hon nita g(0)=-1, g(1)>0=>¢(0)g(1)<0, dong thoi ham sé g(z) lien tuc trén [0;1] nén phuong
trinh g(x) =0 ¢6 ding mot nghiém thudc (0;1) , tic phuong trinh
t(q:) =sinz +cosz
¢6 ding mot nghiém thuc.
Tuong tuw, phuong trinh t(x) =cosz —sinz cling c¢6 ding mdt nghiém thuc thude (0;1) .
Do d6, méi phuong trinh t(z) =cosz+sinx va t(:z:) =—cosz +sinz clng c6 mot nghiém thuc.

Vay phuong trinh da cho ¢6 ding 4 nghiém thuec.

Cau 40. Ching minh phuong trinh sau c6 ding mot nghiém

(\/x?)mn —2(@)3 =z +322 +3x+2

Pé du bi thi HSG tinh Nghé An

Giai
Diéu kién z > -1.

Phuong trinh da cho tuong duong vé6i (\/x?)mn - 2(\/:5?)3 = (a: + 1)3 +1
bat t= Jz+120. Tacin chiitng minh phuong trinh #*" =2’ =¢° +1 c6 ding mot nghiém duong.
Xét ham s6 f(¢)=t"""—¢*-2t°-1,t>0. Ta c6 f(0)=-1, 111550]0(15) =40 va f(t) lien tuc tren
(0;+oo) nén phuong trinh f(t) =0 c6 it nhat mot nghiém duong.
Taco ™ —2° =" +1 ™ =( +1) 20= 120, mavéi 120 taco
£ = (¢ +1) >1=t>1.
Khi do f'(t)=2011¢" - 6> —6t* =199 +6(¢"" ")+ 6(+""* =) >0 nen day la ham dong bién,

tic 1a n6 c¢6 khong qua mot nghiém

Két hop cac didu nay lai, ta thay riing phuong trinh t*"'' —2¢* =¢° +1 c6 ding mot nghiem duong, tic
la phuong trinh da cho c6 ding mot nghiém.

Ta c6 diéu phai chiing minh.

Cau 41. Giai phuong trinh 27 +2° +2° +2 = 2%/2(%+i5+i3+1)
A A A

Giai
Diéu kien z #0.

Phuong trinh da cho tuong duong (x + 1)(3: + a:) = 2i/2(x + 1)

7\

2 +1
7

+1
(x +1 :U +1)=23 2(x4+1) j
=2'+1 1
Dat =T , phuong trinh tré thanh a.b=2; 2a = Gab
b=2+1 a 1)
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Sab= (viab#0)

4
x(a—l)
T do ta duge z'' +2” +2" +2°—4=0
Xét hamso f(z)=a" +2" +2" +2° -4 = f'(2)=112" +92° +72° + 52" > 0

Vay phuong trinh c¢6 nghiém duy nhat1a z=1.

Cau 42. Giai phuong trinh 15z +104(z +1)° +26=6/(z+1)" +30Vz +1

Giai
bat t=Nz+1=z=t"-1, (t=0)
Phuong trinh theo ¢ ¢6 dang 15(t2 - 1)2 +10t* +26 =6t" + 30t
< f(t)=6t" —15¢" —10¢* + 30t + 30t —41=0, (£=0)
f1(t)=30( ~t-1) 20
J(1)=0
Suy ra phuong trinh theo ¢ c¢6 nghiém duy nhat ¢ =1.

Ta co

Vay phuong trinh da cho c6 nghiém z=0.

Phuong phap ham dac trung

Ham dic trung to ra rat hieu qua trong viéc gidi cac phuong trinh hay hé phuong trinh Truéc mot bai
toan, thuong c6 nhiéu cach xtt 1f khac nhau, nhung minh nhan thay néu nhu ap dung dugc phuong
phép st dung ham diic trung thi nhiéu khi bai toan sé dudc giadi quyét don gidn, ngan gon hon kha
nhiéu. Trong bai viét nay minh sé huéng dan cac ban mot s6 ki thuat sit dung va cac bai toan cé lién
quan t6i chi dé nay !

Cau 1. Giai phuong trinh Yz +2 —¥227 +1 =322 -z +1

Giai
Phan tich. Néu lap phuong hai vé thi phuong trinh rat phitc tap nhung hay dé y t6i bicu thitc sau
21" +1= (2x2 ) +lLz+2= (m + 1) +1. Khi d6 phuong trinh dugc viét duéi dang

3/(x+1)+1+§/(x+1) =§/(2x2)+1+§/(2x2)

Ta dé § 2 vé déu co dang f(t)=3/t+1+ 3t tic ngusi ta goi day chinh la ham dic trung.

Khi d6 phuong trinh viét dang f(z+1)= f(2x2) , bay gid theo nhu tinh chat ctia ham s6 thi ta chi can

ching minh duge f(¢)=%t+1+ 3t 13 ham ddng bién 1 bai toén coi nhu xong!

Taco f'(t >0, VteR\{-10}.

1 1

)=

34t 3-\3/(t +1)°
Do d6 ham s6 f(t) dong bién tréen R

1
Khi dé phuong trinh f(x+1)=f(2x2)<:> r+1=22" < z=1 hoic z =—§-
1

Vay phuong trinh da cho c¢6 2 nghiém la z = Y x=1.

Nhan xét. Mau chét clia cac bai toan nay chinh 1a lam xuét hién duge ham sb dac trung, tir d6 ching
minh ham s6 d6 don diéu. Tuy nhién sé c6 mot s6 bai toan ta can can tim thém diéu kién ctia bién t
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thi méi ¢6 thé chitng minh ham don diéu dudc, ching ta sé tim hiéu cac bai toan dé sau. Sau day
chiing ta sé tiép tuc xtt 1y cac bai toan dang nay!

Cau 2. Giai phuong trinh 22° —2° +3/22° -3z +1 =3z +1+32° +2

Giai
Phan tich. Dé § thiy bac ciia phuong trinh 1a bac cao nhét cia phuong trinh 13 bac 3 nén ta sé ¢ ¥
tudng dua vé xét ham dic trung c6 dang f(t) =mt® +nt .

Ta bién ddi phuong trinh tuong duong

20 3z +1+4/22° —32+1 =2 +2+4/2° +2
<:>(\3/2:L‘3—3$+1) +ior —3x 41 =(%/x2+2) et 2 @f(a‘/z»ﬁ—3x+1)=f(%/x2+2)

Xét ham s6 f(t)=t"+¢ tren R c6 f'(t)=3t"+1>0,VieR.

Do d6 ham s6 f(¢) luon dong bién trén R

Khi d6 phuong trinh f(%/2:t3 —3x+1)=f(3/m2 +2)© 3/2x3 -3zx+1 =§/w2 +2

1
r=——
2
22 —2* =3x-1=0 20 +1)(2*—z-1)=0
< 20° — 1t - 3x <:>(x+)(xx) <:>3€=1J_r\/g
2

1£5

2

: S e N 1
Vay cac nghiém can tim ctia phuong trinh la z = —5,:5 =

Cau 3. Giai phuong trinh 82° —362> +53z—25=4%32—5

Giai
Ta sé dua bai todn vé xét ham so f(t)=at® +bt.

Van dé con lai 1a tim hai hé s6 a, b. Trudc tién ta viét vé phai vé hinh thiec.
. 3 .
a(\'3/3x—5) +b.'\3/3a:—5 = 3/3$—5 =b=1.

Lac d6 vé trai duge viét dudi dang 8z° —36z” + 53z —25 = a(ma + n)3 +(mz+n)

Bay gid ta chi can tim ba hé s6 a, m, n sao cho.
3

a(mx+n)3 +(mx+n)=a(3/3a:—5) +3/3x—5.

Vi 82° =(23:)3 =am’ =8 j{azl;m =2
a=8m=1
Néu a=1;m =2 Khi do6 ta cod (2gc+n)3 +(2x+n)=3x—5+m
< 82° +12n2° +(6n2 —1)9U+n3 +n+5 =m (1)
Két hop (1) v6i phuong trinh da cho ta c6
82" +12n2” +(6n” 1)z +n’ +n+5=82" 362" + 53z - 25

12n =-36

Dong nhat hé s6 ¢ hai vé ctia phuong trinh ta duge < 6n° —1=53 &Sn=-3
n’ +n+5=-25

Vay ham s6 dac trung la f(t) =1t +¢, vay loi giai chi tiét 1a

Phuong trinh da cho dugc bién ddi thanh phuong trinh
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(2:,;—3)3+(2x—3)=(ﬂ3x—5)3+3/3x—5 (2)
Xét ham s6 f(t)=t’+t, VieR.Taco f'(t)=3t"+1>0, VieR.
Vay ham s6 f(t) lién tuc va luon dong bién trén R . Do d6 tir (2) ta c6
f(20-3)=f(Bz-5) < 20-3=z-5
& (20-3) =30-5 < 82" -362” +512-22=0

z=2
& (2-2)(82° -202+11)=0 <| 513
4

5++/3
T

Vay phuong trinh da cho ¢6 ba nghiém. z=2; z=

Cau 4. Giai phuong trinh 2° —62” +122 -7 = 3/—1“2 +92> —19z +11

Giai
Ciing nhu vi du trén ta ciing sé nghi dén viéc xét ham s6 dic trung f(t) =at’® +bt.

Ta viét vé phai vé hinh thic

3
a(%/—:f +92° —191:+11) +b(€/—x‘Z +92° —19x+11)=%/—a:2 +92% —19z+11

Tt phuong trinh nay ta suy ra b=1. Ltc nay ta viét phuong trinh vé hinh thiic bién déi.

a(mx+n)3 +(mx+n) :a(é/—ﬁ +9z2° —19x+11)3 +§/—$2 +922 —19z +11 (1)

a=1 a=8 a=—1 a=-8
v
m=1 m=

Do hé s6 ctia z° 14 1 nén ta c6 am® =1 :>{ v 1
2
Véi (a;m) = (1;1) ta co

2z° +(3n—9)x2 +(3n2 +20):1:+n3 +n—-11= 3/—3:2 +92° —19z+11.
Khi d6 két hop v6i phuong trinh da cho ta can tim n sao cho.
2" +(32-9)2” +(3n’ +20)x +n’ +n—11=2" —62" + 120 -7

Diéu nay khong thé thuc hien duge vi hé s6 ctia z* & hai vé da khac nhau.

Tuong tu cho truong hop cip s6 (a;m) :{8;%}(1;—1);(—8;—%)} ta cing khong tim duge n. Vay ta

can tim n nhu thé ndo day? Cau tra 16i nam & phuong trinh (1) ta cod

(1) = (am3 + a)a:3 + (3anm2 —E)a)a:2 + (3n2am +m+ 19a)a: +am®+n—-1la = 3/—:53 +92° —19z+11
Két hgp v6i phuong trinh da cho ta c6

(am3 +a)a:2 +(3anm2 —9a)$2 +(3n2am+m+19a)z+am3 +n—1la =2 -62" +122-7

am® +a=1 a:l

N . L. . N _ [3anm® -9a=-6 2
Dong nhat hé so hai vé phuong trinh nay ta co , S im=1
3n“am+m+19a =12 ne—1

an®+n—-1la=-7

. 1. . an
Khi d6 ta sé xét ham so f(t) = Et‘g +t va phuong trinh da cho sé dugc bien doi thanh.
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%(x—l)"‘ +(x—1)=$(€/—x3 + 907 —19%11)3 +32* +927 —190 +11.

Khi d6 phuong trinh da cho dugc bién d6i nhu sau.

%(x—1)3 +(z-1) =%(%/—x3 +92° —19:,:+11)3 +32* +927 —190+11 (¥)

) 1 ‘
Xét ham sb f(t)=§t3+t, VieR. Taco f'(t)zgt2+1>0, VieR.

Vay ham s6 f(t) lien tuc va luon dong bién trén R . Do d6 tur (*) ta c6

f(x—1)=f(‘i/—x3+9z2—19x+11) & (z-1) =—* +92* - 19z +11
z=1
<1’ -62"+11z-6=0 <|2r=2
r=3
Do d6 phuong trinh c6 ba nghiém. z=1; z=2; x =3.

Cau 5. Giai phuong trinh (:c+3)\/x+1 +(x—3)x/1—m +2x=0 (ze]R)

Giai

Diéu kién 1<m<1(*)
Taco (z+3)Ve+1+(z-3)Y1-z+22=0

<:>[ v+1)+2Vr+l+22=[(1-2)+2]V1-2

o () (1) T =) () e
Xét ham s6 f(t)=t"+t* +2t voi t [0;+o0).
Taco f'(t)=3t"+2t+2>0,Vte[0;+0) suy ra ham sé f(t) dong bién trén [0;+00). Mat khac f(t) la
ham s lien tuc trén [0;+e).
Do d6 phuong trinh (1)<:>f(\/E):f(\/l—x)<:>«/x+l V-2 2=0
Vay phuong trinh c6 nghiém duy nhat z=0.

Cau 6. Giai phuong trinh ¥z + 243z +1=22" +14+3/22° (1) (x € ]R)

Giai
Diéu kien D=R.
Dit u=%z+1 va v=322" khi d6 phuong trinh tré thanh Q/U3 +1l+u= 3/1)3 +1+v (1a)

Xét ham s f(t) =Rt +1+t véi teR.
2

f(t) =t—2+1 >0,VteR suy ra ham s6 f(¢)dong bién tren R.
3 (t3 +1)

Mat khac f(¢) 1a ham s6 lien tuc trén R .

Do d6 phuong trinh (la) & f(u) = f(v) Su=uw.

r=1
Véi u=v taco Yz+1=322" <22 —x= O@{ 1

rT=—=
2

1
Vay phuong trinh c6 tap nghiém. 7' = {—5;1} .
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Cau 7. Giai phuong trinh 2° — 42> -5z +6=3/72" +92 -4 (m € ]R)

Giai
Diéu kien D=R.
Dat y=72% + 924 , ta c6 he {$3—4x%—5x+6=y©{x3—4x2—5z+6=y
Y =T2" +9z—4 T2 +9z—4=9"
Cong vé v6i vé clia hai phuong trinh v6i nhau ta duge phuong trinh
I3+3x2+4x+2=y3+y<:>(x+1)3+(x+1)=y3+y (1)

Xét ham s6 f(t)=t"+t véi teR.
f'(t)=3t"+1>0,VteR suy rahamsd f(t)dong bién tréen R .
Mt khac f(¢)1aham sb lien tuc tren R .
Do d6 phuong trinh (1) <:>f(x+1)=f(y)<:>y=x+1
Vé6i y =z +1 ta c¢6 phuong trinh

r+1=72 + 924 & (z+1) =72* + 9z -4 & 2* —42® —62+5=0

=95
<:>(m—5)(m2+x—1)=0<:> _1J_r\/g

€Tr =

[\

Vay tap nghiém ciia phuong trinh da cho 1la T ={ 5

_li*/g-zs}.

Cau 8. Gidi phuong trinh (Vde' 120" +92° +16 ~20" + 32 ) (Vo +3 +7—1)=8 (a<R)

Giai
z+320 z=-3
Diéu kien. <z-1>0 ozl oz 21(*)

4zt —122° +92° +16 20 (2:1;2 - 3$)2 +1620

Dit v =2 —3?33,1) =+/z—12>0. Phuong trinh da cho tré thanh
(\/4u2 +16 —2u)(\/112 +4 +v) —8 e (\/u2 +4 —u)(\/v2 +4 —v) —4
4 -
= u2+4—u=—<:>\/uz+4—u=\/v2+4+v 1
Vo' +4 40 ( )
Xét hamsb f(t)=t*+2+t voi teR.

t +1:\/t2+4+t>Jt7+t_ |t +1
Vit +4 JE 44 JP+4 P +4
R . Mat khac f(t)1a ham s6 lien tuc trén R .

Do dé6 phuong trinh (1) = f(u)zf(v)@ u=v

Ta co6 f'(t) =

>0,VteR suy ra ham s f(¢)dong bién tren

Taco z=v>+1.Do d6
u=v<:>(v2+1)2—§(U2+1)=v<:>2v4+v2—2v—1=0
2

v=1

—-1)(20° +2v° 1)=
S (o120 + 2 +Bu1) =0 20° +20° +3v+1=0 (2)
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V6i 020 taco 20" +2v" +3v+120+0+0+1>0 do d6 (2) vo nghiem.
Véiv=1tacod v =2
Vay phuong trinh ¢6 nghiém duy nhat z=2.

2
Cau 9. Giai phuong trinh \/x2+x+1—\/3x2+3x+1= v AT (we]R).
(x2+x+1)(3x2+3x+1)
Giai
1Y 3
) z+—| +=>0
.. z°+x+1>0 2 4
Dieu kién & oS VeelR
32 +3z+1>0 1Y 3
S z+—| +—
2 4
5 5 +x
\/x +x+l—\/3x +3x+1=
(z2+$+1)(3$2+3x+1)
; 1 1 1
oV +z+1-32" +3z+1 == —
2\ +2+1 32°+3z+1

‘ 11 1 1
oVt trtl - =3 +3z+1 -5 (1)

2 2P +z+1 2 327 +3z+1
Xét ham s6 f(t):\/Z—%t véi t € (0;+00).

Taco f'(t)= L +%ti2 >0,Vte(0;+) suy ra ham sb f(t)dong bién trén (0;+00).

2t
Mt khac f(¢)1a ham sb lien tuc trén (0;+00).
Do d6 phuong trinh (1) C>f(£112 +:1:+1)=f(3ac2 +3:1:+1)c:>x2 +x+1=32"+3z+1

z=0

<:>2:1:2+2$=0<:>[
r=-1

Vay tap nghiém cta phuong trinh da cho la T = {—1;0} .

Cau 10. Giai phuong trinh x—~/3z-2 = \/9352 -6z —xx/x2 +2 (1) (:c IS R).

Giai
2

Diéu kien. z > 3 (*) . Phuong trinh tuong duong
(1) Sr+ari+2= \/3:5—2 +\/(3x—2)3x
oot +2=3r-2+/32-2 (Jsx—2)2 +2

Xét hamso f(t)=t+tVt* +2 voi teR.

Taco f'(t)=1+t*+2+

2

t
V' +2

Mat khac f(¢)1aham s lien tuc trén R.

>0,VteR suy raham so f(t)dong bién trén R .

Do d6 phuong trinh (1) < f(z)=f(VBr-2) @ 2=\Br-2 &2’ -32+2=0 @F

Vay tap nghiém ctia phuong trinh da chola T = {1;2} .

Cau 11. Giai phuong trinh 4|22 -1|(2” -z +1)=2° —62” +152-14 (1) (zeR).
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Giai
Diéu kien D=R. Phuong trinh tuong duong
e o1 (20-1)' +3|=(s-2)" +30-6
e20-1 +320 -1 =(2-2) +3(z-2) (*)
Xét ham s6 f(t)=t"+3t v6i teR.
Taco f'(t)=3t"+3>0,VteR suy rahamsé f(¢)dong bién tren R.
Mat khac f(¢) 1a ham s6 lien tuc trén R .
Do dé6 phuong trinh (*) = f(|2m—1|) =f(x—2) = |2:c—1| =z —2 Vo6 nghiém

Cau 12. Giai phuong trinh 2° + 2 +vz+1+J2+3 =1+y2+/2+2 +J2+2

Giai
Diéu kién z > -1

Cong z+1 vao hai vé ctia phuong trinh ta duge

o (z+1) +z+1+ (:1:+1)+2=(\/m+2)2+\/\/x+2+\/\/z+2+2 (*)

Xét ham sb f(t)=t"+t +/t +2 v6i t>0taco f(t) dong bién
Mait khac phuong trinh (*) c6 dang f(x+1)=f(\/x+2) =Sz+l=vr+22° +3-1=0

CE . —‘Jg‘l(L)
2 ’ 2

<>Tr=

oaCc &> T =

Vay phuong trinh da cho ¢6 nghiém duy nhat z = 51 .

Cau 13. Giai phuong trinh x( z+1 +\/x+3)=\/§(1+\/1+:p2)

Giai
Phan tich. Chung ta dé § thiy biéu thiic bén vé trai c6 chita 2 nhin rat kho chiu, nén ta sé chia ca 2
vé cho ¢ dé xem c6 diéu gi dic biet khong.
Diéu kién dé phuong trinh c6 nghieém 1a 2 >0
Khi d6 phuong trinh da cho tuong duong véi phuong trinh

z+1 z+3 1 1 x+1 z+1 1
+ =—+, [+ < |— —+1——+ I+—
2 2 x x T

Xét ham déc trung f(¢)=¢++1+¢* 1a ham dong bién do d6

f( %HJ:JI(%)C)%H:%CMC:l

Vay phuong trinh da cho c6 nghiém duy nhat z=1.

Cau 14. Giai phuong trinh —2z° +102”> —172 + 8 = 22”35z — 2

Giai
Ta thay ring » =0 khong la nghiém ctia phuong trinh nén chia cé hai vé cho z* ta dugc

10 17 8 5
2+ —=23/——1
X $2 1[3 .T2

Dit p=t suy ra 8t —17t* +10t —2 =23/5¢* —1
T
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e (2t-1) +2(2t-1)=(5¢" 1)+ 235" -1 (*)
Xét ham f(u)=v"+2u 1a ham dong bién VueR
Phuong trinh (*) 6 dang f(2t-1) =f(i/5t2 —1) —ot—1=56* -1

17+/97 8

& (20-1) =5 -1 8 ~1Tt+6=0 =1

17 +/97
8
Vay phuong trinh da cho c6 hai nghiém r=———.
17 +/97
Cau 15. Giai phuong trinh z+10312+3z-3 +9=%3-1
Giai

Dit t=3/3-2 & r=3-1t*. Lac d6 phuong trinh da cho trd thanh

t3+t—12=10£’/12+9t©t3+10t=(€/12+9t)3+2/12+9t (1)

Xét ham s6 f(u)=v’+10u, ueR.

Taco f'(u)=3u’+10>0, VueR.

Do d6 ham s6 f(u) dong bién trén R .

V6i két qua nay thi tut (1)ta co f(¢) :f(i/12+9t) St=12+9t <’ -9t-12=0
ot -(¥3) -(¥0) -38B4o =0
<:>(t—€/§—€/§)(t2+‘x‘/3_2+§‘/9_2+§/§t—3/§t—3)=0
®t=§/§+§/§©\3/3—x=€/§+§/§©m=3—(§/§+§/§)3

) 3
Vay phuong trinh da cho c¢6 nghiém duy nhat z=3- (%/g + 3/§ ) .

Cau 16. Giai phuong trinh z° + 3z +1=2"3/2" + 427

Giai

Do z =0khong la nghiém nén phuong trinh tuong duong

3
1+%+i3=$/1+£©(l+lj +(1+1j=(£+1}r3{£+1 (*)
T T T T T X T

Ham f(t)=t3+t dong bién trén R va phuong trinh (*) c6 dang f[l+1j=f[3 é+1}
T x
3
:>l+1=3/£+1<:>(l+1j =£+1<:>i3+%—l=0<:>x=L
x x x x oz x —3+4/13
2
Vay phuong trinh da cho c6 hai nghiém z =- .
3+4/13
Cau 17. Giai phuong trinh x+§/x2+x+13/:p2 +z+2 =\4/x2—$+1§/x2—a:+2
Giai

Phuong trinh da cho tuong duong

v v ) Sl ) G
=tz | +Y =+t |+ -+t | +t—==|——x| +Y| ——x| +=3| ——x| +—
2\2 2 4\\ 2 4 2\2 2 4\\ 2 4
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Do ham s6 f(t)z%t+4/t+%3/t+£ 1a ham dong bién trén [0;+o0) nén
2 2
1Jrzv = l—x <z=0
2 2

Vay phuong trinh da cho ¢6 nghiém duy nhat z=0.

1
Cau 18. Giai phuong trinh (53: - 6)2 - =z

1
N Jr—1

Giai
Diéu kien z > g Phuong trinh da cho tuong duong véi.

51)6 *
5x6 ()

P 1 1
Xét ham so f(u)qu——, u>1. Taco f'(u)=2u++>0, Vu>1.
vu-l 2(u-1)"
Suy ra ham s6 f(u) dong bién trong khoéng (1;+) neén.
7 z>1; br—-6>1
Véix>g, ta co =>br-6=1r <zr=

(50-6)=1(x)

Tht lai ta thiy nghiém ctia phuong trinh da cho 14 z =

l\-”lw wloo

Cau 19. Giai phuong trinh z’ +62° +152+13 =Jr+9-
z+4z+7 412

Giai
Diéu kién z >-9. Phuong trinh da cho tuong duong véi.

(G42) - =0 (42— =TF (%)

4T +7 r+12 (z+2) +3 (z+9)+3
Xét ham s6. f(u)zu—u2+3 trén R, ta co
2 2 ) 2
3 2 4 2
Fou)=1s 28 2:(u +3) to_ w45 +8+gu+1) 0 Vucx
(u2 +3) (u2 +3) (u2 +3)

Suy ra ham s6 f(u) dong bién trén R .
Neén f($+2)=f(\/£17+9) Sr+2=+r+9 @x:\/2792_3
J29 -3

T

Vay phuong trinh da cho cé nghiém 1a z =

\/gx— r—2
\3z? -6z '

Cau 20. Giai phuong trinh 262° + 30z =4 —

Giai
Diéu kien z >2. Dat 3z =a; Vo —-2=0 (a,b > 0).
Phuong trinh da cho tré thanh
1

L SRR S N S (*)
ab a b

a®+3a* =b° —3b* +
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) .1 ; 1
Xétham s6 f(u)=u’+3u'—=, u>0,taco f'(u)=6u’+12u’+—>0, Vu>0
u U

a)=10) _
a,b € (0;+o0)

Suy ra ham s6 f(u) dong bién trén khoang (0;+e), do d6 (¥) < { a=b

V6i a=0b, thay trd lai ta c6 3z =+z—2 (VN).
Vay phuong trinh da cho v nghiém.

Cau 21. Giai phuong trinh 3(z+5) - Yz +13 =11-2 - {f3(3-z).

Giai
Diéu kién —5 <z <3. Phuong trinh da cho tuong duong véi.
P3(z+5)+43(3-2)=41-2+Yz+13

& YBr+2)+13+411-(30+2) = 11—z + Yz +13 (¥)

Xét ham so f(u)= N1-uw+Yu+13, ue [-13;11], ta c6 ham s6 f(u)lién tuc trén doan [-13;11], dong
1 1
W13 aii—u
Suy ra f(u)dong bién trén [~13;—1) va nghich bién trén (-1;11.] Do d6 ta c6

thoi f'(u)= = f'(u)=0 <u=-1.

-13<3x+2<-1

3r+2<1 néen f(3z+2)<f(z) hay phuong trinh (*) khong c6

e Néu xe[—5;—1):>{

nghiém x € [—5;—1)

-1<3z+2<11

e 5 * ~ . o
sps9sg  Dom f(32+2)<f(z)hay phuong trinh (*) khong c6 nghiem

e Néu ze(-1;3] :{

e(—1;3].

Véiz=-1= f(:v) = f(3m + 2). Hay phuong trinh da cho ¢6 nghiém duy nhat z =-1.

NEE—z+2 N+

Cau 22. Giai phuong trinh - =z’ 1.
l+v-2*+2+2 1+-2"-2+4
Giai
< -1+ \/ﬁ
Didukien |~ =77 9 . Phuong trinh da cho tuong duong v6i.
r=-1

Nzt -z +2 3 N 2
1+,J4- (2" —z+2) 1+, f4- (2” +2)
Xét ham s f(u)z# 0<u<2, taco

l+d—u®
Ja—u? (1—\/4—u2)

Dong thai f(u) lien tuc trén doan [0;2], suy ra f(u)ddng bién trén doan [0;2].

>0, Vue[0;2)

Talaicd z=-1 khong la nghiém ctia phuong trinh
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0. "1HVIT
T2

Véi x e , tacod \/$2—$C+2, \/1:2 +z 6[0;2] va.

o NéuO<z<l =i’ —z+2>i+a :>f(\/x2—x+2)>f(\/$2+x), suy ra
VT (*) =f(M) >f(\/E) >0, déng thai VP(*)=2?~1<0 hay phuong trinh (*) khong co
nghiem z €[0;1)

e Néu 1<x<¥ S’ —z+2<z’+x :f(@%f(x/ﬁ),
Suy ra VI(*)= f(Va' —2+2) = f(Jo" +2) <0, déng thoi VP(*)=2"~1>0 hay phuong trinh (¥)

2

khong c¢6 nghiém z e Ll;

Véi z=1 taco f(\/z2 —x+2)=f(\/m2 +z).

Suy ra phuong trinh da cho c¢6 nghiém duy nhat z =1.

Cau 23. Giai phuong trinh (:v+\/ac2 +4)($+\/x2 —6z+10 —3) =2

Giai
Ta c6 phuong trinh da cho tuong duong véi

(x—i—x/ﬁ)(m—i-\/x? —6$+10—3)=2

=53] 1=l o

_tHNL+t
V1+t

Suy ra f(t) dong bién trén R va phuong trinh (*) c6 dang

Xét ham s f(t)=t+~t"+1 taco f'(t) >0,VteR

f[—g)zf(x—i%) :—gzx—3©x=2

Vay phuong trinh da cho ¢6 duy nhat nghiéem z=2 .

A . 9 1 1
Cau 24. Giai phuong trinh 24z° —60z + 36 — Ny + — =0
Giai
Diéu kien z > g
Phuong trinh tuong duong (5:1: —6)2 I =z’ - L = f(5:1: - 6) = f(x)
(50-6)—1 Vr-1

! trén (1;+oo) co f'(t)=2t+

1
t-1 2(t-1)4t-1

Do d6 ham s6 f(¢) luon dong bién trén nita khoang (1;+0) (1;+).

Xét ham s6 f(t)=t"—

>0, Vi>1.
Khi d6 phuong trinh f(5x—6)=f(x)©5x—6=x©x=%.
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Cau 25. Giai phuong trinh (2+1)" (4432’ +20+4)+ o0 +1)(8+2 4x2+3):%+i

2z

Giai

Diéu kién z#0. Do z=-1 khong la nghiém nén véi z # -1 ta co

(1) (4 a" 4204 ) (o +1) (842417 +3) = L srtl

(x+1) 2z
: 3z+1

A+ J(z+1) +3 +2$[4+./(2x)2+3J=2$2 o

4+ \J(z+1) +3

=(—2x)[4+ (—295)2+3}+L+L
<:>(x+1):4+1/(x+1)2+3:—ﬁ=(—2x)[4+ (—2x)2+3}—(_;x)
<:>f(m+1)=f(—2x)
Xét ham sb f(t)zt(4+\/m>—% tren R\ {0;1} c6

< (z+1)

<:>(x+1): :

2
f'(t)=4+t*+3+ ,_t:+3+tlz>0, Vt#0

Neén ham s6 f(¢) dong bién. Suyra f(z+1)=f(-2z) o r+l="2z 1= —%

Cau 26. Giai phuong trinh 22° -z 1 = 3/12 +l—1
8 8z =

Giai
Diéu kién z # 0. Nhan hai vé phuong trinh cho z, ta dugc

2x3—x2—lx=43/9—$+x2 -2’ o’ +r=-1"+2° +9—z+ 3/—x3+x2+9—m
8 8 8 8
3
=3 +x=[§/—x3 +1° +9§IJ +?§/—x3+$2+9§<:>f(x)=f(3/—x3+x2+9—§]

Xét hamso f(t)=t"+t tren R ¢6 f'(t)=3t+1>0, Vi.

Do d6 ham s6 f(¢) dong bién tren R va c6 f(:z)zf(;‘f—xs +° +9§$J<:>x=—x3 +2° +9§$

1i\/ﬁ_

4

®2x3—x2—§x=0<:>x(16x2—8x—9)=0©x:0 hoac z =

Cau 27. Giai phuong trinh \/5+z +1-1 ++5—4z—12° =§+\/x+6

Giai
Diéu kien -5 <z <1.

2
Dit y=v5+z+1-220=y’ =6+2\/(a:+5)(1—x)<::>\/5—43U—z2 =4 2_6

Phuong trinh dau tuong duong

2
= 2 Nz +6
y+y 6=g+\/m+6<:>y+%—3=\/aj+6+¥

2

-3 < f(y)=f(z+6)
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2

Xét ham so6 f(t)=t+%—3 trén [0;+0) c6 f'(t)=1+¢>0,¥Y¢>0 nén ham s6 f(¢) luon dong bién

trén [O;+00) va co f(y)zf(\/a:+6)<:>y=\/x+6

Khi d6 phuong trinh\/5+x +\/1—az =\/z+6 N =x©m=2m_8-

Cau 28. Giai phuong trinh 83—z +Vr+4 +2V12—1—2° =47 -2+42+5

Giai
Diéu kién -4<z<3.
Dit y=v3-2+Vr+420= ¢’ =7+2V12—2—2" = 2W/12-0 -2 =4> -7
Phuong trinh tuong duong
. 2
y+y’ ~T=4z-2+Ar+5 S y+y’ ~T=iz+5+(Viz+5) -7 = f(y)=f(Vaz +5)

Xét ham sd f(t)=t+¢’ =7 trén [0;+00) ¢6 f'(¢)=1+2t>0,Vt>0 nénhamsd f(t) luon dong bién

trén [0;+oo) va co f(y)zf(\/4x+5)c>y=\/4x+5

Khi d6 phuong trinh/3—z +Vz+4 =4z +5 < 12—2-2* =22 -1z =

3++/229 .
10

Cau 29. Giai phuong trinh 5(x2 —x—6)\/5x—19 =($+2)($+5+4\/x—3)(\/x—3 +2)

Giai
Diéu kién z > 3.

Phuong trinh tuong duong

5(x+z)($_3)m:(z+z)[(mf+4m+2‘2+4}(m+2)
o (5r-15)V5z-19 = [(\/x—3+2)2+4}(m+2) (do:2+2>0,V2>3)
@[ - +4}/5:1: 19 = (\/x—3+2)3+4.(«/ﬁ+2)

& (Vor-19 )+4J5x 19 = (\/z—3+2)3+4.(m+2)<:>f(\/M)=f(\/m+2)

Xét ham so f(t)=t"+4t c6 f'(¢)=3t"+4>0,V¢ nén ham so f(¢) luon dong bién trén R .
Khi d6 ¢6 f( 5219 ) f(\/m—3+2)<3x/5x—19=\/x—3+2

Sbhr-19=z+1+4Jz-3 oJx-3=z-5z="T.
Bai toan dudc gidi quyét.

Cau 30. Giai phuong trinh

a(1+41+1z) :(1 */;T

s+l +30+2 Nz o+l

Giai

4+4J1+4x 1 r 2 1

v+l ferl)(z+2) @ (x+1)2 v+l g(z+1)

Phuong trinh tuong duong

z+1+./z+1 x+2 1 1
Sdr+dxl+4x = 1+ <:>f(4x)=f
(z+1) x+1 x+1 z+1 x+1
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Xét hamsb f(t)=t+iN1+¢ tren (0;40) co f'(t)=1+~1+t+ \/:

Do d6 ham s6 f(t) luon dong bién tren (0;+o)

o4 +4r-1=0z =

-1+
Khi d6 phuong trinh f(4x)=f i Ay = 1—\/5
z+1 z+1 2

(2x — 1)2 (4x2 —4x+ 3)
Cau 31. Giai phuong trinh . =27 +1 +/3-22 + 244z —42° + 3 +4

Giai

Diéu kien —% <z < % - Phuong trinh tuong duong

2

(\/2x+1+\/3—2x)+(\/2x+1+\/3_2$)2 :(290_1)2 {(233—1)2}

2

Qf(\/2$+1+\/3—2x):]{MJ

Xét ham s6 f(t)=t+1” trén [0;+00) c6 f'(t)=1+2t>0

Do d6 ham s6 f(¢) luon dong bién tren [0;+e0).

230—1)2

Suy ra f(\/2:c+1+\/3—2x):f[@}©\/2m+1+\/3—2m:( (i)

<31
=3-222>0

u?—v' =4x -2 5(u2—v2)=2$—1‘

2 2
{u=\/2x+120 {u2+v2=4 u+v=4

w40t = )
Két hop v6i phuong trinh (i) duge he 2 ’ v
u+v=(u —v) 8 (“ ”)Q(UJF/U)
'+’ =4 (u+v)2—2u1)=4 S?—2P =4
S, o o
(u +v —2uv)(u+v):8 (2—uv)(u+v)=4 (2—P)S=8

P=uw=>0 S=2'

{u=2 {u:() 2z +1 2 V22+1=0
Suy ra v
J3-2z = O

So véi diéu kién nghiém phuong trinh 1a z =

S=u+v=0, . P=0
Véi{ CTEN (st 2 ap) Vagiéihénaydu’oc{

x——vxz——

J3-21=2 2

3 1
T=—="

9’ 9

v=0

Cau 32. Giai phuong trinh 72* —13z +8 =227 13[3:(1 +3x— 33:2)

Giai
Tap xac dinh D =R.
Do z =0 khong la nghiém nén chia hai vé phuong trinh cho z° # 0, ta dugc

ORCINL I TR
T IL' iL‘ LL’ X
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1
bat y=—, y =0 thi phuong trinh tuong duong

x)
8y* —13y” + Ty =23y + 3y —3
= (2y-1) +2(2y—1)=(§/y2 +3y—3)3 +23[y? +3y -3
Xét ham so f(t)=t"+2t ¢6 f'(t)=3t"+2>0 néen f(t) dong bién tren R.

Khi d6 phuong trinhf(Qy—l) =f(\3/y2 +3y—3) & 2y—1=3y* +3y-3

T d6 tim dude cac nghiém la z =1, x = ﬂ, x —@-

| en

Cau 33. Giai phuong trinh 42* +18z + 14 +27 = 3’% +—-
i e

w

Giai
Diéu kién z # 0.
Nhan 2 vé phuong trinh cho z, dugc 4z” +182° +27x +14 =4z +5

@%(2$+3)3 +(2x+3)=(\3/4z+5)3 +{4z+5  f(20+3) = f(Yaz+5)
Xét ham s6 f(t):%t3 +1 ¢6 f'(t):%tZ +1>0,V¢, nén f(t) tang tren R.
Khi 6 phuong trinh f(2z+3) = f({4z+5) < 20+3=Ydz+5 < (20+3)' =4z +5

—71\/5.

4

& (z+1)(82° +282+22) =0 < x=—1 hodic z =

Cau 34. Giai phuong trinh 92° - 282 +21=+z-1.

Giai
. Vi xe{l;gj thi (4—3x)2+(4—3x)=(x/x—1)2+ v-1 & f(4-32)=f(Jz-1)

Xét f(t)=t"+t trén {1;%} 6 f'(t)=2t+1>0 nén f(t) dong bién trén R.

_25-413

8

. VaixeB;mj thi (32 -5) +(30-5)=(Va—1) +vz—1 & f(30-5)=f(Na-1)

Suy ra f(4—3m)=f(\/$—1)<:>\/:1:—1 =4-3ro

Xét f(t)=t"+t trén [g;—i—ooj 6 f'(t)=2t+1>0 nén f(t) dong bién trén R.

> 2
Khi d6 phuong trinh f(3z-5)=f(Vr-1)&3e-5=Vr-1e1" 3 Sr=2.
92% =31z +26=0

Cau 35. Gi&i phuong trinh (1+\/$+1)(\/2x2 2z +1 +x—1) — 2z

Giai
Diéu kien z >0
Phuong trinh da cho tuong duong véi

oo T -
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Xét hamsb f(t)=~t"+1—t taco f'(t)= <0 VteR

E-NE 1 1
JEE+1 t+ [t +1)\/t2 +1

+

—_—

Suy ra f(t) nghich bién va ta c6 1—1=L<::>3U= 3_\/3
x Jz 2
Vay phuong trinh da cho c6 nghiém duy nhat z = 3 _2\/3 .
Cau 36. Giai phuong trinh z=31+7z +3J1+2¥1+x
Giai

Dat z =2t, thay vao ta dugc

2t =i+ 2t + 1+ 2142t o 2+ 31w 2t =212t + 14281+ 2 & f(2)= F(Y1+2t)

V6i f(k)=2k+3/1+2k la ham dong bién véi moi k.

€Tr =

s -2
=t=%1+2t @(fj =l+ro
2 z=1++5
Vay phuong trinh c6 tap nghiém S = {—2;1—\/5;1+\/3} .

Chia y. Phuong phap nay c6 thé giai quyét duge mot loat cac phuong trinh nhu duéi day ma cac
phuong phap khéc ( nhu dat an phu ) chua chic giai quyét dudc

Dnz=+l+z+yl+Jl+2 +...+\/1+\/1+...+\/1+\/1+a:

2) Luyén tap them.

Giai cac phuong trinh sau.

a) t+V1+z +1+1+2 =3\/1+— Ji+l+z
Do=Yra++3ire+ 14381138010

Cau 37. Giai phuong trinh z° —2 =33z +2

Giai
Phuong trinh da cho dugc bién ddi vé phuong trinh

7' +3=3z+2+ Bz +2 @x3+3x=(2/3x+2)3+3§/3x+2 (1)
Xét hamso f(t)=t"+3t, VteR.Taco f'(t)=3t"+3>0, VieR.
Vay ham s6 f(t) lien tuc va luon déng bién tren R . Do d6 tir (1) ta c6

f(x):f(M) or=331+2 o1 —32-2=0 @{x:—l

=2
Vay phuong trinh da cho c¢6 hai nghiém. z=-1; z=2

Cau 38. Giai phuong trinh 22° + 2% ~3z +1=2(3z-1)+/3z -1

Giai

Diéu kién. z > % Phuong trinh da cho dugc bién déi nhu sau.

2 +a* =2(YBr—1) +(\Br-1) (1)

Xét ham s f(t)=2¢" +t*, t>0.Taco f'(¢t)=6t"+2¢t>0, V>0
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Vay ham s6 f ( ) lien tuc va luon dong bién trong khoang (0 +oo) Do dé tu ( )
f(x) f(\/3$ )@CE—\/?)LL‘ 1 &22=32+1=0 @x_gi
3+4/5
5

f

Déi chiéu diéu kién ta c6 nghiém ctia phuong trinh 1 z =

Cau 39. Giai phuong trinh /7 +282% + 42+ 52> + 4z +1 =z +1242” + 11z +24

Giai
Diéu kién z >—-2. Phuong trinh da cho tuong duong véi

Q/(xQ +43:+1)(ac2 +4m+4)§/z2 +4r+5 =§/($+3)(w+7)m
Dit ¢t =2” + 42 + 1, phuong trinh tré thanh {/(t+3)(t+7)3/t+6 =Q/(m+3)(x+7)§/x+6
Xét ham sb f(k;):.4/(k+3)(k+7)2/k+6; k €[-2;+00).
Tac (k)= (k+5)k+6 3 +4/(k+3)(k4;7)>0
2{/[(k +3)(k+7)] 33(k+6)

Suy ra f(k) la ham dong bién trén [—2;+oo).

Neén ta co f(t)zf(x) oSrr+dr+l=2 <" +32+1=0 <

—3++5
2

So véi diéu kién, ta nhan z =

—3++5
2

la nghiém ctia phuong trinh

Vay z= la nghiém ctia phuong trinh da cho.

Cau 40. Giai phuong trinh Vo232’ + 42+ 74 2? + 4z +8 =¥z +6.42* + 10z + 21

Giai

Sr>-2

N z+220 z2z-2
Diéu kién

=
z* +10z +21 z € (—o0; 7] U[-3;+00)
Phuong trinh da cho tuong duong véi.

Jor23(w+2) +3(x+2) +4=4f(z+3)+3.4(c+3)(x+7)

@(M)(i/(x+2)2+3j(\/(m+2 jz(\/\/x+3)(3(\/w+3)2+3j(4(x+3)+4) *)
Xét ham so. f(¢) =t +3t" +4 (120)
Taco f(1) =7 +3¢r a4 LML ANEHL o ging

3\/t+3 4\/t+4

(*)@f(\/m)z (\/x+3)c>\/x+2:\/x+3 o(z+2) =x+3
:—3+\/5

2
55

2

St +dr+d=2+3 <2 +3x+1=0 <
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—3++/5
2

Két hop véi diéu kién ta co z =

+5

Vay z= -3 5 la nghiém ctia phuong trinh da cho.

la nghiém ctia phuong trinh

Cau 41. Giai phitong trinh {f3(z+5) -4z +13 =11-z - §f3(3-2).

Giai
Diéu kién -5 <z <3.

Phuong trinh da cho duge viét lai thanh 415+ 3z +Y9—3z = {f15+ (2 -2) + {9 (2 -2)
Xét ham sd f(t)=V15+¢+3/9—t tren doan ¢ e[-15;9], taco

C— = f'(t)=0, Vte(-15-3].

(=1
1'(t)=7 W) (o)

Va f'(t)<0, Vte[-3;9)

Ta nhan thay, véi z e[-1;3] = 3zz-2¢€[-3;9] .Va ze[-5-1] = 3z;0 -2 e[-15-3].

Tu do, suy ra f(¢) la ham dong bién trén [-15;—3] va nghich bién trén [-3;9] nen
f(Bz)=f(z-2) ©@3z=0-2 or=—1

Vay, x =—1 la nghiém ctia phuong trinh da cho.

Cau 42. Giai phuong trinh {61 +1=82" —4z-1

Giai
Taco Y6r+1=8:" —do—1 = 6z+1+62+1=(22) +2z = f(\3/6x+1) = f(22)

Trong d6 f(t)=t’+t. D& thay f(¢) la mot ham dong bién trén R neén

f(Hor+1)=f(22) & Yor+1=20 = 82°=62+1 <42’ -3x== (1)

N | —

Néu |$|>1 thi |VT(1)|=‘ZL‘(4COSQ—3)‘>1>%.
Néu |$|S1 thi dt = =cosg, @e[0;n].

1 1
Phuong trinh tré thanh. 4cos’ ¢ —3cosp= 5 & cos3p = 3 Se=t—+ 3]{:?71

I
9

A . ~ . . T om T
Vay phuong trinh da cho ¢6 3 nghiém z = cos§; x= COSE; x= COSE.

Cau 43. Giai phuong trinh 4x=\/30+i\/30+i‘/30+ix/:1:+30

Giai
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4:6:\/@
4y=m
4z=\/30T '
4t =-[30+z
1

Xét ham sé f(t) =30+t co f'(t)=
é amsof() Cof() N
1++4/1921

32

Ta co .

>0 nen ham s6 dong bién tren (—30;+w).

Tudosuyra c=y=z=t=

Cau 44. Giai phuong trinh

J&7 +91 =o' +20°Vz -2+ 293 -2+ + 20" T -2 + 793

Giai

Bién ddi vpz\/\/(:ﬁ +\/ﬁ)2 —91-2 +(g;2 +ﬁ)2 —91.

2
bat tz\/(x2 +\/:IZ—2) —91. Ta ¢6 hé phuong trinh

t2 ]_: _2 ’
RAR T T N PN PN e FUIN
o2 +91=t—2+¢

Ham s6 f(t)=~t—2+¢ ++t*+91 v6i £ =2 la ham s6 dong bién nén suy ra t =z
Khi d6 ta c6 (z2+\/x—2)2—a: +91 = (% 4z -2 _100=2%-9
(gg +z— 10) 2+10) -9

c{(a:—?))(:wr?)

2+Jm +Ax— 2+10)=(z 3)($+3)

a:2+\/xT2+10)=($+3)

Xét phuong trinh {(w + 3) +

ol

2 ,
<:>(x+3)(:v2+\/x—2)+9x+27+“\/x_f—;i:10:0

Phuong trinh nay vo nghiém vi z>2.
Vay z =31anghiém duy nhat cia phuong trinh

1 1 1 1
Cau 45. Giai phuong trinh - +1 /——a: —(—2—%1) / +z—-1=0.
(1_;1;) T T 1-z

Giai

1 -
7 + 1 (1 _ {L’)Q
Bién dbi phuong trinh da cho trd thanh 2’ = (1)

X6t hams6 f(t)=t—, 0<t<1.
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2t 4 (£ -1)
Taco f'(z)= : - (1) <0,te(0;1).

1
Tt 2t4(1—tj /l—t
t t t

Vay ham s f(t) lien tuc va nghich bién véi 0<¢<1.

Do dé tir (1) ta c6 f(%j:f[L) L @IZ%,
M

1-z r l—-x

l\DI»—t

Déi chiéu diéu kién ta c6 nghiém duy nhat ctia phuong trinh 14 z =

z* +42° +3x—2(x+3) 2z +3

[ )

Cau 46. Giai phuong trinh (\/:1:+4 —1)\/x+2 >

Giai
Bién doi bat phuong trinh tuong duong
3 2 _ 3
(\/“4 —1)Jz+2 2 +‘4$ +31-2(z+3)327+3
(ﬂ2x+3 —3)(\/x+4 +1)
34 Ay? _9 39
c{Jw+4—1MJx+4+QJw+22x +:E+3¢ ($+3) T3
Y2z +3

3 2 _ s
o (e+3)Varae LA T 18+6(z+3)-2(x+3)32x+3

20 +3-3
3 2_ —
& (a+3)(Ja+2+2)2= :/Z+33x3 .
®($+3)(\/m+2)z($+3 I f;::;)gm 2)
leZ(ztiééiiz;a)¢>32x+3+2x+32(x+3)J;:§

c>#2z+3+(#2x+3)32(Jm+2)3+(Vx+2)¢>f(ﬂ2x+3)2f(dx+2)
Xeét f(t)=t"+¢ lien tuctren R. C6 f'(¢)=3t"+1>0.Nen f(¢) dong bién trén R.
Khi d6 bat phuong trinh tuong duong 2z +3 >z +2

' =227 +1>0
@xe{—l;_“—\/g}

o2+32\(z+2) < 3 5
>

\/;_I - — 2\/2$+

Bai tap tuong tu. Giai phuong trinh

2z+1-3
' 2
Cau 47. Giai phuong trinh \/:v+1+\/x2 +x+ —,/L—HH =1—a:—1
T x
Giai

Diéu kién z >0
Bién d6i phuong trinh tuong duong
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\/x+1+\/(x+1)2—[(a:+1)—1] +z+1=\/%+ (%T—(%—ljJr

21
+—
Xét ham s6 £(1) =1+ JE —(t—1) + = /(1) =1+ —D=LEL 5 g w50
2Nt =t +1

Suy ra ham s6 f(t) dong bién tren (0;+0)

1 -1
Khi d6 phuong trinh (*) tuwong duong f(x + 1) < f(—j o tr-1<0p=—"
x

Cau 48. Gidi phuong trinh 24(32+15)""" +2(9—32)"" =2f(11-2)"" +24(13+2)""

Giai
Diéu kién xac dinh z e [—5;3] .
Xeét ham s f(£)=24(15+1)"" +25(9—t)"" vt e[-15:9]
Taco f'(t):%{(ms))mia_(9_t)mhj}f'(t):om:_3

Suy ra ham s6 dong bién trén f(¢) dong bién trén (—15;—3) va nghich bién tren (-3;9)
Khi d6 phuong trinh tuong duong
of(32+15)" + 25932 =204)(15+ (- 4))"" + (9~ (2 —4))"" (*)

e Vigize [—5;—1] phuong trinh (*) tuong duong x =-2 - thda méan.

e Vgize (—1;3] phuong trinh (*) tuong duong x =-2 - loai

Vay phuong trinh c¢6 nghiém duy nhat z=-2.
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Cac bai toan hé phuong trinh

Nhin chung nodi dung ctia phuong phap nay minh da dé cap trong chuyén dé phuong trinh truée do véi
cac ki thuat hay ding. O phan nay cac bai toén ciing khong c6 gi khac biet nhidu, bén canh d6 c6 mot
s6 ki thuat khéc thi cac ban sé dugc gidi thieu trong ting vi du cu thé. Nao bay gid chiing ta sé cuing
bat dau di vao cac bai toan dau tién nhé !

132 —4y+8=19° —x3+3(y2 —2$2)

Cau 1. Giai hé phuong trinh
2 (x-2)(y+1)=5(1-2y)

Tit phuong trinh thi nhat trong heé ta bién déi dlrc(j;;a\ié phuong trinh

2+ 62" +13z+8=19" +3y> + 4y <::>(ac+1)3 +3(ac+1)2 +4(:v-|—1)=y3 +3y° +4y (1)
Xét ham s f(t)=t"+3t* +4t,VieR .
Taco f'(t)=3"+6t+4=3(t+1) +1>0,Vt e R.
Do d6 ta c6 ham s6 f(t) luon dong bién trén R .
Do dé6 tu (1)ta(:(’) f(x+1)=f(y)<:>y=:v=1.
Thé vao phuong trinh thit hai trong hé ta dude phuong trinh

2 (z-2)(z+2)+5(22+1)=02' —(22+5) =0

=1+ \/6 =>y=2+ \/6

:z:=1—\/6:>y=2—\/g'

Vay nghiém ctia hé phuong trinh 1a (x,y) = {(1 + \/6;2 + \/g);(l —\/6;2 — \/E)} .

<:>(x2+2x+5)(x2—2x—5)=0 <:>:1:2—2z—5=0<:>|:

i (R T . (302+3y2)363+(2w—3y’1)y4=(y4+2)yG
au 2. Giai hé phuong trin

NAT+5+ 24y +3 =7

Giai
Diéu kién z > —Z )
Phuong trinh thit nhat dugc bién déi lai thanh phuong trinh
2 +32°y +2xy" =" +3y° +2¢° (1)
Xét y=0 = =0 khong thoa hé phuong trinh
V6i y#0 ta chiahai vé (1) cho y° ta dugc phuong trinh

(g] + 3(5}3 + 2(3 =y +3y° +2y (2)

Xét ham s f(t)=t"+3t"+3t, VieR.
Taco. f'(t)=5t"+9t*+2>0,Vte R. Do d6 tir (2)<:>f(£)=f(y)<:>x=y2.
y

Thay vao phuong trinh thit hai trong hé ta duge phuong trinh
Az +5 + 2t +3 =T = 4r+5+ 4w +12+ 44z + 172 +15 =49
8—22>0 r<4
9 9 = =
42° +172+15=64— 327 + 4z 49z = 49

o 4$2+17x+15=8—2x<:>{ r=1.

Déi chiéu diéu kieén ta c6 z=1=y==1.
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Vay hé phuong trinh ¢6 nghiém la (m,y) = {(1;1);(1;—1)} .

N2z +3 -2y +3=4(y-=z)

zzg/x(l—y3)+15(y2 +1)-29

Cau 3. Giai hé phuong trinh

Giai
z2—§
2
.
> —
Y 2

Phuong trinh thit nhat trong hé duge bién déi thanh phuong trinh

o +3+4z=2y+3 +4y (1).

Xét hamsd f(t)=~/2t+3 +41,Vt > —g :

Diéu kién

1

N2+ 3

Do d6 ham s6 f(¢) luon dong bién trén [—g;-kooj ydodotur (1) f(z)=f(y)=z=y.

Ta co f'(t)z

+4>0,Vt>—g.

Thay vao phuong trinh thit hai trong hé ta duge phuong trinh
p={fo(1-2")+15(2* +1) -1 2" +2" ~152° 7 +14=0

5-0 r=—1l=>y=-1
€T — =
<:>(x—2)(m2—1)(m2+3x+7)=0<:>{ ) Slr=l=>y=1
z —1=0
r=2=>y=2

D6bi chiéu diéu kién ta c6 nghiém ctia hé 13 (ac,y) = {(—1;—1);(1;1);(2;2)} .

Yz +1+J1-y =2

2

Cau 4. Giai hé phuong trinh .
2’ -y +9y=x(9+y—y3)

Giai
=y

Phuong trinh (2) & x(m—y)+y3 (z:—y)—Q(x—y) = ;
z+y —9=0

V6i z =y thé vao phuong trinh 1 ta duge Y1-z +V1-z =2(z<1)

t=1
Dit # =20 +1=t+2-8 =2= 12 +4t-2=0=|t=—1++/3
t=-1-+3

Dén day ta tim dugc 3 bo nghiém

(:c;y)={(0;0);(—11+6\/§;—11+6J§);(—11—6J§;—11_6J§)}
Véi =91y thé vao phuong trinh 2 ta duge {10 —y* + 1 -y =2

2
et hiun b () =410-5" +T=5 -2 (1) = — e -
3#(10—113)(Z 21—y

Tu day ta suy ra f (y) nghich bién trén tap xac dinh, tit d6 dé dang chi ra phuong trinh v6 nghiém!

Tht lai ta thiy 3 bo nghiém ban dau thdéa man he.
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\/x+1+\/x+3+\/x+5=\/y—1+\/y—3+\/y—5 (

x,yeR)
2’ +y +r+y=80

Cau 5. Giai hé phuong trinh {

Giai
r>-1
y>5
Phuong trinh thit nhat trong hé duge bién ddi thanh phuong trinh
Nr+l+yz+1+2 4o +1+4 =Jy—5+y-5+2+y-5+4 (1).
Xét ham sb f(t):\/Z+\/t+2 +E+4,Vt>0.
1( 1 1 1

Taco f'(t)=—| =+ ——+—

( ) 2( t Nt+2 Nt+4
Vay ham s6 f(t) dong bién trén [0;+o0).
Do dé tit (1)< f(z+1)=f(y-5)=y=2+6.
Thay vao phuong trinh thit hai trong hé ta c¢6 duge phuong trinh

Diéu kiéen {

)>O,Vt>0.

v -7+ 5\/5
22+ 72-19=0 2
—7-5J5
r=—""
2
D6i chiéu diéu kién ta co z = —T+5¢ +25\/3 = 7 +;)\/g _
VéyhéphUUngtﬁnhdachocéngﬂ@nla(%y):(—7thg;7+§J5J'

xZ—y2+2(m—2y)=3+2(w/y+3—\/x+2)
Nr+1+464y—1=11-T7Tz+6y

Cau 6. Giai hé phuong trinh (x,y € R)

Giai
r=-1
y=1
Phuong trinh thit nhat da cho dugc bién dbi lai thanh phuong trinh
2 42—y —dy=3+2Jy+3 -2z +2

ST +2r+1+ 20z +2 =9  +4y+4+2y+3

o (e+1) +2 (@) +1=(y+2) +2(y+2)+1 (1).
Xét ham s6 f(t)—¢* +2Jt+1,620. Taco f'(t)=2t+\/tl+_1
Do d6 ham s6 f(t) luon dong bién trén [O;+oo). Do do tu

(e f(z+1)=f(y+2) = y=z-1.
Mat khac y2leor-1212>2

Diéu kien {

>0,Yt>0.

Thé vao phuong trinh thit hai trong hé ta duge phuong trinh

Jx+1+6Jz—2=11—x¢>4z+1—2+6(4x—2—1y+x—3=0

x—3 6(3:—3)

Rt +
Nz+1+2 AJz—-2+1

+z-3=0
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<:>(x—3)[ = 0 +1]:O<:>x:3

+
Ne+14+2 Nr—-2+1
P

Viz22=P>0.Véiz=3=>y=2.

Déi chiéu diéu kién ta c6 nghiém ctia he 1a (z,y) =(3;2).

(Va* +1 =322y +2)(ay? +1+1) =82’ (1)

mQy—z+2=0(2)

Cau 7. Giai hé phuong trinh (m,y € ]R)

Giai
(\/1‘2 1 —3x2y+2)(\/4y2 1 +1) >0

8z%y’ <0

Néu y<0 taco nén hé vo nghiém.

P -2
Neéu y >0 thitu (2)tacé. y=$—23x>2.
x

Taco (1)< (\/1‘2 +1-32%y + 2)(1/41/2 +1 +1) =97 (w/4y2 1 +1)(«/4y2 +1 —1)
S N2' +1 =327y +2=22"yJ4y” +1 227y (*) .

Lai c6 tu (2) rat 2=z -2y, thé vao (*) ta c¢6 phuong trinh
NZ* +1+ 2 =22"y4y* +1 +22%y ol /1+i2 +l=2y,/(2y)2 +1+2y(4).
x = x
Xét ham s f(t)=tVt* +1+t,Vt>0.
1
Taco f'(t)=v1+t" +
() N1+t

Vay ham s6 f(t)luon dong bién trén (0;+).

+1>0,Vt>0.

Do dé ti (4)©f(lj=f(2y):>1=2y©2xy=1.
X X

Két hop véi (2)ta c6 he .

1
20y =1 Ty=5 -
{ 22/ - 2 xy
vy—e+2=0 |\l io-0  |u=4
9

. . N 1
Dai chiéu dieu kién ta c6 nghiém cia hé la (ac,y) = (4;§j .

z' +22° +62 -9+ 5 +4 =3y

Cau 8. Giai hé phuong trinh ) (x,y € R)
Yy +2y° +6y—9+.by+4 =3z
Giai
xZ—g
Y I 4
Diéu kién .

>_Z
Y 4

Lay hai phuong trinh trong hé trit vé theo vé ta c¢6 duge phuong trinh
" +22" +6x+/br+4 —y" —2y° —6y—/by+4 =3y -3z
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o' +22° +9z+\5z+4 =y +2y° + 9y + 5y +4 (1).

) ; 4
Taxét hamsd f(t)=t" +2° +9t ++/5t +4,Vt> 5

Taco f'(t)=Tt"+10t" + +9>O,t>—%.

5)
2/5t+4
Do d6 ham s6 f(¢) la ham s6 dong bién tren |:—§;+00j )
Do dé tu (1)<:>f(m)=f(y)<:>x=y.

Thé vao phuong trinh thit nhat trong hé ta c6 phuong trinh

7" +20° +3x+/5r+4-9=0 (2)
Xét ham s6 f(z)=1" +2$5+3x+x/5m+4—9,‘v’m2—§.

4
Ta co f'(x)=7x6+10x4+ +3>0,Vm>—g.

5
245z +4

. . . 4 .
Do d6 ham so f(m) luén dong bién trén [—E;Jrooj nén phuong trinh f(x):() néu c6 nghiém thi

nghiém d6 1a duy nhat. Ma f(1)=0<> z =1 la nghiém duy nhat cta f(z)=0.Suyra y=1.

Déi chiéu diéu kién ta c6 nghiém ctia he 1a (z,y) =(11) .

Cau 9. Giai hé phuong trinh
5(a* +2) +7 +x(2 4z* +2 —1)=(y+3)(1/y2 6y +11 +7)

’+2y —z-y-2=0

(x,yeR)

Giai

Hé phuong trinh da cho dugc bién déi lai thanh hé phuong trinh

52 +y° —x—Ty—11+2z4a® +2 —(y+3),/y2 +6y+11=0(1)
r’ + 2y —x—y—2=0(2)
Lay (1)—(2) vé theo vé ta sé ¢6 dugc phuong trinh
42° —y® —6y — 9+ 2a~/42” +2 —(y+3)«/y2 +6y+11
& 42 + 2042 +2 = (y+3) +(y+3)y* +6y+11

<:>2x(2:1:+ (2$)2+2)=(y+3)(y+3+ (y+3)2+2)(3)
Xét ham sb f(t)zt(t+ﬁ),VteR.

2

Ta co f’(t)z(t+ﬁ)[l+ L Jz (m+t
Jev2) e

Vay ham sb f(t) luon dong bién trén R .

Do d6 tu (3) ta co f(2x)=f(y+3)<:>y=2x—3.

Thé vao phuong trinh thit hai trong hé ta sé c6 phuong trinh

)2
>0,VieR.
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9z —27x+19=0<

Vay hé phuong trinh dé cho c6 nghiem . (z,y)= {

9++/5 5
= : = —_—
6 3
ng_\/g:y:—ﬁ
6 3
9+v5 5

"3

et

Cau 10. Giai hé phuong trinh {

2’ -y’ +172 - 32y =62" — 9y’

y+2)Nz+4+(z+9)2y—2+9=2>+9y+1
(y+2)

-17
(z,yeR)

Thi thit chuyén Vinh Phic khéi A,B nam 2015

r>—4

Diéu kién )
20—x+920

Giai

Phuong trinh thit nhat trong hé duge bién déi thanh phuong trinh

2P —6r+120+172-17=1"

—9y” +32y

& (2-3) +5(z-2)=(y-3) +5(y-3) (1)

Xét hamso f(t)=t’+5t,vteR. Taco f'(t)=3t"+5>0,VieR.

Do d6 ham s6 f(¢) luon dong bién trén R . Do d6 tit

(1)<:>f(x—2)=f(y—3)<:>y=:13+1.
Thay vao phuong trinh thit hai trong hé ta c¢6 duge phuong trinh

(z+3)Vr+4+(z+9)e+11=2"+92+10
<42’ +36z+40-4(z+3)Vo+4 -4(z+9)Jr +11=0
2(2” +30-40)+ :1:+3(x+7 Wz + )+ (z+9)a+11(Va+11-4)=0

(m+9)(x 5)\/:v+1

Nr+11+4

& 2(z-5)(z+8)+ x+3( (z+3)( J
x+7+4\/m+
<:>(x—5) 2($+8)+ (z+3) +(m+9)x/$+11 o
T+T+4z+3  Jr+11+4

T

Sr-5=0r=>5=2y=6viT>0,Vr=>-4.

Déi chiéu diéu kien ta c¢6 nghiém ctia he 1a (z,y) =(5:6).

=y(y-2)-(y+5)z

20" +3 =y
Cau 11. Giai hé phuong trinh A (
x —_—

$_3_\/m) (:Iz,yeR)

>3

Diéu kién .
y=10

Giai

Phuong trinh thit nhat trong hé dudc viét lai thanh phuong trinh

20" —y’ + oy + 52 +2y+3=0 22" —zy+3r+ 22y —y° +3y+22 -y +3=0

<:>x(2x—y+3)+y(2x—y+3)+2x—y+3=O<:>(x+y+1)(2x—y+3)=0

=3
S2r-y+3=0y=2z+3 vi
y=>4

=>zx+y+1>0.
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Thé vao phuong trinh thit hai trong hé ta c6 phuong trinh
r-4=2Jz-3-222-1 < (22-7)—(2-3)=2Jz -3 -22z-1
2 -T+220-7=2-3+2Jz-3 (1).

Xét hamso f(t)=t*+2t,vt>0.Taco f'(t)=2t+2>0,Vt20.

Vay ham s6 f(t) luon tang trén [0;+0).

Do d6 tit (1)@f(sz—7)=f(Jx—3)©J2x—7=J:p—3 Sr=4=y=17.

Dai chiéu diéu kien ta c6 nghiém ctia he 1a (z,y) =(4;17).

y* —10y” + 14y + 52 =(:v+1)(3\/x +1 —6x+26)

32* -8y’ =10z -7 (x7yER)
z” =8y =10z -

Cau 12. Giai hé phuong trinh {

Giai
o . 1
Diéu kién z > —5 .
Hé phuong trinh da cho duge bién déi thanh hé phuong trinh sau .

y’ —10y* + 14y + 62" —202+26 =3(z +1)v3z +1(1)
62” — 20z =16y —14(2)

Thé 62° —20z =16y —14 vao (1) ta c6 phuong trinh
y* +6y* +14y+12=3(z+1)V3z +1
Syt 16y +12y+8+2y+4=(3x+1+2)V3z+1
<:>(y+2)3+2(y+2)=(\/3z+1)3+\/3$+1 (3)
Xeét ham s6 f(t)=t"+2t,VteR. Taco f'(t)=3t"+2>0,VteR.

Vay ham s f(t) luon tang trén R .

Do d6 tit (3) < f(y+2)=f(\Ba+1) = Br+1=y+2.
Két hgp véi (2) ta c6 hé phuong trinh

{\/3m+1:y+2

3z° —10z=8y" -7

y=>—2
S{3z=y"+4y+3
32 =10z =8y" -7

y=-2 y>—2
y2+4y+3 x_y2+4y+3
3
(y +4y+3J 10[y2+4y+3 . y(y' +8y" ~12y-16)=0

y>— y=-2
4 ‘44
- mzy +3y+3 o x:y +3y+3

y(y—2)(y2+10y+8)=0 y=0vy=2vy=—5i\ﬁ
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{le
y=—2 y=0
2 —

oY tAy+3 PN
3 y=2

y=0vy=2vy=—5+ﬁ :c=5—2\/?

i y=—5+\ﬁ

D6bi chiéu diéu kién ta c6 nghiém ctia hé 1a (m,y)z{(l;());(5 2) (5—2ﬁ;—5+\/7)}.

(5-2z)Jz+2y =(6—z—2y)Jr -1

Cau 13. Giai hé phuong trinh (m,ye R)
(2 ~2y=3)(z+fBo(3-2) + 44" +5) =21
Giai
a+b
a=x+y = 2
Dat ,a>20,b>0. Tu cach dat ta co .
b=y—=z _a-b
Y 2
Ltc d6 he phuong trinh da cho duge bién ddi thanh hé phuong trinh sau .
\/5}\/3=2b32411 Jo 13-
b2+22 el 2+
(a—b)(a _QZb+b +32 +2Zb+b jzl (a—b)(a2+ab+b2)=1

£_13—2(1—a3) Ja b 4
S 11 S92 411 260 +11

b =1-ad’ b =1-a’

a=0,b>0 a>0,0>0 a>0,b>0 0<a<l1
Do < . ) =< . ) = = .
d+bv'=1 |d’<1,b°<1  |a<lb>1 0<b<1

11(1-¢*
Xét ham s6 f(t):i,Vte[O;l].Ta co . f'(t)zgso,vm[m].

267 +11 2t° +11
Vay ham sd f(t) luon nghich bién tren [0;1] .
Do dé6 ta co (*)<:>f(a)=f(b)<:>a=b.
T do ta sé co6 hé phuong trinh
a ! T+y ! 0
= —_— = —_— €Tr =
=} 3 3
{ag y 1@ \fc \/E@ y 1.
a’+b" = =—
b=— —r=—— 3
G tw b
Vay hé phuong trinh da cho c6 nghiém la (x,y) = (O,%J .
22° =3z +4)(2y° -3y +4)=18
Cau 14. Giai he phuong trinh ( ! ! )( v ) (m,yeR)
'+l +ay—Tr—6y+14=0

Giai

Xét phuong trinh thit hai trong hé ta cé . 2° +y* +zy—Tr—6y+14=0 (*) .
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Néu ta xem (*) la phuong trinh bac hai theo z thi phuong trinh c¢6 nghiém khi va chi khi .
A=(y-7) -4(y’ -6y +14)=-3y" +10y—720<:>1£y£§ .
Néu ta xem (*) 13 phuong trinh bac hai theo bién yta c6 phuong trinh c6 nghiém khi va chi khi

A=(x—6)2—4($2—7:1:+14)=—3a:2+16x—2020<:>2£x£%.

10 7
Vay ze|2,— [,ye| 1,—|.
Y [ 3]2’ [ 3}

Tt phuong trinh thi nhat trong he dan dén xét ham s f(t)=2t" -3t +4,Vi>1.
Taco f'(t)=4t—1>0,vteR. Do d6 ham so f(t) dong bién tren (1+00).

Tu d6 dan dén f(z)> f(2)=6,Vie {2;?} , f(y)=f(1)=3Vte {1;%} .

T=2

y=1

Thé lai vao phuong trinh thit hai ta thiy khong théa man. Do dé hé phuong trinh da cho vo nghiém.

Do d6 f(z)-f(y)=>18. Dau déng thic x4y ra khi va chi khi {

2 -2z + 32 =4(y3 -2y’ +3y)

3z° +y° = 2(y\/w(3m + y) + :1:\/3y(y —ZE)

Cau 15. Giai hé phuong trinh ) (z,y € R)

Giai
Nhan xét hé luén ¢6 nghiém (x,y) = (O;O) .
Xeét ham s6 f(t)=t" -2t +3t ,VieR.

2
Ta c6 f'(t)=3t2—4t+3=3[t—§J +§>U,VtGR.

Vay ham sb f(t) ludn tang trén R . Do dé ta c¢6 cac nhan xét sau.
V6i 2>0.Taco f(z)>f(0)=0=4f(y)>0< f(y)>0<y>0.
Véi 2<0.Taco f(z)<f(0)=0=4f(y)<0< f(y)<0=y<0.
<0 {3$2+y2>0

= . Do d6 hé vo nghiém.
y<0 y\/x(x+3y)+x\/3y(y—x)<0 0 G0 e vo nehem

Mit khac néu {

>0
Vay {x 0 bat y=tx,t >0. Phuong trinh th hai trong hé tré thanh.
y >

3z° +t1° = Z(tx\/a:(z +3tx) +x\/3tx(tm —ZL‘))
2
<:>t2+3=2(t\/t+3+\/3t2—3t)<:>t\/t+3+\/3t2—3t=t ;3
2
i3 +/3t 3t =" ;3(1)

t(t2 +3) t(t2 +3)
tNt+3 32 =3¢t = = =2t(2
tt+3+432 -3t £ +3 2)

2

Ta xét hé sau

Lay (1)+(2) vé theo vé ta c6 dugc phuong trinh

AEr 3=t + 4t +3 166 (1+3)=(t* +4t +3)
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t=1
‘ t=-3
et -8t —261" + 24t +9=0 < (£ +2t = 3)(£ —10t—3) =0 < .
t=5-2J7
t=5+27
t=1
t=5+ Zﬁ .
Vé6i t =1« y=1. Thay vao phuong trinh thit nhat trong hé ta co.

z° — 217 +3$=4($3 —23:2+3x)<:>x(a:2—2x+3)=0.

D6i chiéu diéu kién ¢ >0 ta cod {

Phuong trinh cudi ciing vo nghiém véi z >0 .

Véi t=5+27 < Y= (5 + Qﬁ)x . Thay vao phuong trinh thi nhat trong hé ta c6 .

2 —27* + 3z =4(5+2ﬁ)((53+20ﬁ)x3 —2(5+2ﬁ)x+3x)
@x[(4(5+2ﬁ)(53+20ﬁ)—1)x2 —2(4(5+2\/?)2 +1)m+12(5+2ﬁ)—3}=0

Phuong trinh cudi cting vo nghiém véi = >0 .

Vay hé phuong trinh da cho c6 nghiém duy nhat (J:,y) = (O;O) .

yv'r—z' =63

z,yeR
ry’ + 22y + 2° =27\/§ ( )

Cau 16. Giai hé phuong trinh {

Giai
) :I:(yg—x:j)=63 (1)
Hé phuong trinh da cho dugce viét lai duGi dang . .

x(x+y)2 =27\/§ (2)
T (2)=> >0 Mat khac tir (1)<:>y3=@+x3:>y>0.

i
3427
Jz

4 3
Thé vao (1) ta dugc phuong trinh x[( 3\/%7 —x] —xS} =63 (3)
x

—T.

Tu (2)ey=

Dat £ =+/z,t>0. Khi 6 (3) trd thanh phuong trinh #* (3427 ~#*) +63t=0.

Xet ham sb (1) =t —(343 ') +631,v1>0.
Taaaf@)=%8+m2@#§—ﬁf+63>QVt>o

Vay ham s6 f(t) luon dong bién trén (0;+<0) . Mat khac f(4/2)=0.

Do d6 phuong trinh f(¢)=0 c6 nghiem duy nhét t=43 & Vr =3 o r=3=y=23 .
Vay hé phuong trinh dé cho 6 nghiem 1 (z,y) = (J§;2J§ ) :

o z(z® — 7z +14) =5y" — 23y + 32
Cau 17. Giai heé phuong trinh (a:,y € IR)

> +8y =y° +28y—23

Giai

Cong vé theo vé hai phuong trinh trong hé ta c6 duge phuong trinh
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2’ =62 + 14z —y* —3y° =5y -9
162" +120-8+20-4=19"-3y* +3y+2y -2
o (2-2) +2(z-2)=(y-1) +2(y-1) (1)
Xét hamsd f(t)=t’+2t,VteR. Taco f'(t)=3t"+2>0,VieR.
Vay ham s6 f(t) 1a ham sb tang trén R . Do do tix
(1)<:>f(x—2)=f(x—1)<:>x—2=y—1<:>x=y+1.
Thé vao phuong trinh thit hai trong hé ta dude phuong trinh
(y+1) +8y* =y +28y-23 = ¢* —9y* + 26y —24=0
y—2=0 y=2=>z=3
<(y-2)(y-3)(y-4)=0 ©|y-3=0=|y=3=>z=4.
y—4=0 y=4=>x=>5
Vay hé phuong trinh da cho c6 nghiém la (a:,y) = {(3;2);(4;3);(5;4)} .

T phuong trinh (2): (:1:y+2)2 +%=2y+é
x x

) 1 4 1Y 1
ooy tdry+d+—-2y=—<|ry—— | +4|xy—— |+4=0
x x x x

1 1 Y11 ’
Vay zy——=-2 thé vao phuong trinh (1):[——1) +———=(——2] )

2
T T x

Dat LL=1:>(a2—1)3 +a—%=(a—2)3.a3 = 6a’ —15a" +8a® +3a2+a—%=0
x

Dat f(a)=6a" —15a" +8a’ +3a’ +a—% = f'(a)=30a" —60a’ +24a” +6a +1
Taco f'(a)=30(a—a’) +6(a—a*)+1>0

P 1 1
Vay phuong trinh ¢6 nghiém duy nhat trén R = f[§j =0=a= 3 S>r=2=>y= —%

8

Jr—y+6 (x,yeR)

{3(22° +3y%) +49(—y)+134 =
Cau 19. Giai hé phuong trinh

I(m+2y)+y(2y+1)—x—2=0

Giai
. 3(22° +3y* ) +49(z —y)+134>0
Diéu kién ( y) ( y) .
r—y+6#0
Tt phuong trinh thit hai trong hé ta cé z° +2zy+2y> -z +y—-2=0, ta cd
o 207 43y =2+ 2oy +r—y+2.

. (:1:+y)2+y2 =r—y+2=>zr-—y+220zr-y=>-2.
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Thé 22° +3y° =2° +y° — 22y + 2 —y +2 vho phuong trinh thi nhat trong hé va bién ddi ta thu dugc
phuong trinh

8
Jr—y+6

c>{‘/3(x—y)2+52(x—y)+140-3 z-y+6=8 (1)

{B(e—v) +52(z—y)+140 =

bat t=x—-y,t>-2.
Khi d6 ta c6 (1) tré thanh 3/3¢* + 52 +140 -4/t +6 -8 =0.
Xét ham 6 f(t)=43t> + 52t +140 -t +6 -8 V1> -2.
(6t+52)-3/t+6 431> +52¢ +140
3 * 3
‘\*/(3t2 +52t+140) 3E+6

Do d6 ham s6 f(¢)luon dong bién trén [-25+w).

Taco f'(t)= >0,Vt>-2.

Do d6 f(t)=0 néu c6 nghiém thi nghiem d6 la duy nhét.
Ma f(2)=0< ¢=2 langhiém duy nhat ctia phuong trinh f(t)
Két hgp v6i phuong trinh thit hai trong hé ta c6 he .

0.

r—y=2 y=x—2
=
x2+2xy+2y2—x+y—2=0 52 —12x+4=0
2
y=x—2 P x—g
= A\ .
y=0 8

5 y=—g

D6i chiéu dieu kien ta c6 nghiém ctia he 1a (z,y) = {(2;0);[%;—%)} )

105
25 —dzy)=—+42" +17y*(1
Cau 20. Giai hé phuong trinh (x+y)( my) 4 e ey ( )(x,yeIR)

47" +4y° + 4z -4y ="7(2)

Giai
N . 2 2 -3<2z+1<3 -2<zx<1
Tw (2) ta co (2m+1) +(2y—1) _9:{—3£2y—1£3®{—1_ <

Mat khac tu (2)ta ciing c6 4r —4y =7 —4z" — 4y (*) .
Phuong trinh (1) dugc bién do6i tré thanh phuong trinh
(x + y)(25 - 4zy) = % +4x° —4y” +21y°

& (m + y)(25 —4zy— (4x — 4y)) = % +21y° (3)

Thé (*) vao (3)taco (x+y)(18+4(m2 _xy+y2))=%+21y2

<:>18(:E+y)+4(x3—i—gf)—Qly2 =%

& 42’ +18z +42° - 21y +18y =% (4)
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Xét ham s6 f(z)=42" +18z,Vre[-21].

Taco f'(z)=122"+18>0,Vz e[-21].

Vay ham s6 f(z) dong bién tren [-21]. Do d6 —68 = f(-2)< f(z)< f(1)=22.
Xeét ham so f(y) =4y’ —21y* +18y,Vy e[-1;2].

Taco f'(y)=12y> —42y+18.

x l
Laico f'(y)=0<12y° —42y+18=0< 2

e=3(1)
; — s [ 2217 pgy -
Ma f(-1)= 43,f(2j 4,f(z) 16..
—63< f(z)<22
T day ta co . —43Sf(y)§£.Véy 17 :>f(:1:)+f(y)$ﬁ.
47 |43 f(y)< 4

|

r=1
Vay ti (4) < f(x)+f(y)—%:>{ 1 . Thtt lai ta thiy thoa man he.
y:_

1
Vay hé phuong trinh ¢6 nghiém (x,y) = (15) .

zt +49° +(£L‘4 —1)y+4y2 =1(1)

Cau 21. Giai hé phuong trinh {8y3+4m_m2+6y+2(2) (z,yeR)
Giai
Tfr(l)tacé(y+1):1:4+4y2(y+1)—(y+1)=0®(y+1)(1:4+4y2—1)=0<:>[y4=_12 .
x +4y =1
=0
Vé6i y =-1 thay vao (2) taco 4 $2+1=x2+4c>z2(:1:2—8)=0c> =242 .
x=—2\/§

Véi x4+4y2=1:>{

- <
0<z’<1 lsz=l
=
-1<2y<1

1

2

T (2) tacé 4vz* +1-2” +8y° —6y—2=0 (*).

Xét ham s f(z)=4v2’ +1 -2 Vre[-11].
/ s 20(2-" +1)

Ta cé f'(z)z\/x2+1—21= \/x2+1

Laico f(z)=020=0=2=0= f(0)=4 vi 22" +1>0,Vze[-1;1].

Mt khac taco . f(~1)=f(1)=4v2-1.Dodétaco . 4< f(z) <42 -1.

P 11
Xét ham s6 f(y):8y3 —6y—2,‘v’ye[—5;i]
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Tacé f'(y)=24y" —6=6(4y" =1)<0,vy e[_%;l} ‘

Vay ham s6 f(y)luon nghich bién trén [—%é} .

Mat khac ta c6 . f(—%j =0;f[%j =—4.Dod6 —4< f(y)<0.

|4 f(z)<av2 1 N
Vay {—4Sf(y)£0 :f(x)+f(y)_0.

=0
73
Tht lai thay thda man hé nén hé phuong trinh da cho c6 nghiém

(z,y)= {(O;—1);(2\/5;—1);(—2«/5;—1);(0;%)} :

Do d6 tut (*)<:>f(a:)+f(y)0:>{

(z-10y* -11)Vo—1+(z+1)(y* -10)=—y* -21

2(3y2+7:E)—9\/:E—1+1/y—2—74=0

Cau 22. Giai hé phuong trinh { (q:,y € R)

Giai
Didu kien {x21
>2
Bién doi (1) ta c6 phuong trinh
~11(z—1)+ (2 -10y" ~ 1)z -1+(y" +ay’ ++y*) =0 (*)
Pt t=vz-1,620. Lac d6 (*) trd thanh
—118 + (2 —10y" —11)t+(y' + oy’ +z+y*) =0 (3).
Taco A=(z-10y" ~11) —4(y' +ay’ +a+y*)=(a+12¢ +11) .
Do d6 (3) @(—11t+y2+x2)(t+y2+1)=0<:>y2+x:11\/m Vit+y’+1>0.
Thé vao (2) ta c6 phuong trinh
P ra—NT—1+\Jy—2+13z+5y° ~74=0 & 24z -1 +13z+Jy -2+ 5y* =74 (5)

Xét ham s f(z)=2vz—1+13z,Ve>1. Taco. f'(z)= +13>0,Ve>1.

-
—_

Vay ham sd f(z) dong bién trén [1;+0).
Tudo Vze[L;2]= f(1)< f(z)< f(2) <= 13< f(z)<28.
Xét ham s f(y)=+y—2+5y",Vy=2.
1
Taco f'(y)=
a co f(y) 2\/yT2

Vay ham sd f(y) dong bién trén [2+).
Tuds Vye[23]= f(2)<f(2)<f(3)<=20<f(y)<46.

+5y>0,Vy>2.

= 2 .
® 7 Thitlai ta thay he thoa man.

Do d6 tir (5) ta co f(a:)+f(y)=74:>{ ]
Y=
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Vay hé phuong trinh da cho c6 nghiém la (:E,y) = (2;3)

$_4+£_ ZL'_2+£ +£+£=_2
Cau 23. Giai hé phuong trinh y' o ? y z (x,yeR)

(2z+y+6)\Bz+2y+2+1=3Bz+7

Giai
z#0,y=#0

Diéu kien . )
3x+2y+220

ﬁ
s [

=(#-2) —2

< r Yy < 1 .

Datt=—+—,|t|22.Khldotaco.
Yy T

STRSNES
|5 =
no

+==t" -2

no
&wltﬁ

SRS

Phuong trinh thit nhat trong hé duge bién déi thanh phuong trinh
t=2

t'—4t? +2— (£ —2)+t+2=01' =5t +1+6=0< (*)
£ —2t°—t+3=0
Xeét ham s6 f(t)=t" -2 —t+3,V|f|=2. Taco f'(t)=3t" -4t -1.

. 2+2ﬁ(l)
e

Lap bang bién thién ta suy ra f(t) <-11 khi t<-2, f(t) >1 khit>2.

Laico f'(t)=0=3t"-4t-1=0<=
t

Do do6 f(t) =0 v6 nghiém vGi moi |t| >2.

Vay tu (*) taco t=22+4-24 (x + y)2 =0<> y=—x. Thé vao phuong trinh thit hai trong hé ta
x

)

dugc phuong trinh (2 +6)vVz+2+1=%3z+7 (2) dieukienla z>-2.

e Cachl. An phu héa két hgp ham dic trung.
bat a=\/x+2(a20). Taco z=a’>-2.
Khi d6 (2) trd thanh o’ +4a+1=3/3¢* +1 (3)

) ‘+4a+1=b
Lai dit =330 +1 < b* =3¢’ +1. Két hop tacé 4 ©
3a° +1=b"
Cong vé theo vé hai phuong trinh ta dugc (a+ 1)3 +(a+1)=b"+b.
Xét hamso f(t)=t’+t,ViteR.Taco f'(t)=3t"+1>0,VteR.
Do d6 ham 6 f(t) déng bién tren R, do d6 f(a+1)=f(b) <= a+l=bsa+1=33a’ +1
<a’+3a=0<a=0 (do a>0).

V6ia=0=Vr+2=01r="2=y=2.

e Céch 2. An phu hoa két hop v6i lien hop.
Dat vz +2 =a(a20):>x=a2—2.
Phuong trinh (2) tré thanh

o’ +4a+1=33a"+1 <:>(a3+3a)+(a—1—33a2+1)=0
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@a(a2+3)+ a(a2+3a) =0

a+1+(a+1)3a” +1 +§/(3a2 +1)2

1

Sal 1+
[ (a+1)2 +(a+1)33a” +1 +§/(3a2 +1)2

Jzo via’+3>0.

<a=0vi1l+

1
>0
(a+1)2 +(a+1)33a” +1 +,3’(3a2 +1)2
SNr+2=0r="22=y=2.

Vay qua hai cach va d6i chiéu diéu kién ta c6 nghiém ctia he 1a (z,y) =(-2;2).

(x+y)2 (x2 +y —2)=(x2 +y2)(scy+2)

2(a +3y° ~13)(y +7) =y(3-y) -2’ (z,yeR)

Cau 24. Giai hé phuong trinh {

Giai
Tt phuong trinh thi nhat trong hé ta bién ddi duge phuong trinh
(x-i—y)?(a:Q +y2)—2(x+y)2 —xy(x2 +y2)+2(x2 +y2)=0
<::>(a:+y)2(ac2 +y2)—2(a:+y)2 —xy(x2 +y2)—2(ac2 +y2)=0
<::>(:l:2 +y2)2 +2xy(x2 +y2)—4(x2 +y2)—4xy—$y($2 +y2)=0

<:>(x2 +y2)(av2 + —4)+a:y(x2 + —4)=O

) ) x2+y2=4
. . Sy2
®($2+y2 —4)[(w+%j +TJ=OC> {ac:()
0

Véi (z,y)=(0;0) thi he khong thoéa mén.

Véi o’ +y’ =4y’ =4-2°.

Thay vao phuong trinh thi hai trong hé ta thu duge phuong trinh
2(2" =32" +1)(y+7) =3y -4 (1).

(2)-

—2<x<2 . ) -
v nén tu (1) tacod z* —3zx> 1= 3y —4
—2<y<2 2y+14

Xét ham s6 f(z)=2"-32" -1,V e[-22]. Taco f'(z)=3z" -6z .

Do x2+y2=4:>{

=0=y=-1

Laico f(z)=0e32>—6z=0e| 0 .

r=2=>y=-H
Mait khac f(—2)=—21 . V& bang bién thién ta c6 dugc ‘v’a:e[—2;2]:>—21£f(a:)£—1.
3y—4
2y+14

50
m > O,Vx S [_2,2] .

Xét ham s6 f(y)=

Vre[-22].
Ta co6 f'(y):

Do d6 ham s6 f(y) dong bién tren [-2;2] nen —1=f(-2)< f(y)< f(2)=

O | =
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Vay ta sé co nén t (2) ta cod f(a;)zf(y)z—l:{m:ZZ
y=—

Thtt lai ta thay thoa man nén nghiém ctia hé phuong trinh 1a (x,y) = (2;—2) .

T+y=2+31’—z-4
3y (y—3)+11(y—4) =213 2" - 34°

Cau 25. Giai hé phuong trinh { (:r,y € R)

Giai
R Por—4>
Diéukien . 1% ¥~ 420
z+y=0

Phuong trinh thit hai trong hé dugc bién dbi thanh phuong trinh

3y° —9y” +11y —44 =213 - 2* - 34°

e3(y-1) +2(y-1)=3(13-2")+2¥13-2" (1).
Xét ham sd f(t)=3t" +2t,VteR. Taco f'(t)=6t"+2>0,VieR.
Vay ham s6 f(t) luon dong bién tren R .
Do d6 tit (1)< f(y-1)= (132" | >y -1 =413 -2" .

Thay vao phuong trinh thit nhat trong hé ta c6 phuong trinh

r+1+313-2" =243V’ —r -4 o 13- =1-z+2Va’ —2—4 (2).

u=1-x
Dit =u’ -3 =1-3z+32> -2’ —32° +32-12=13-2",(v>0
{vlea:Q—x—él ( )

Lic d6 phuong trinh (2) tré thanh phuong trinh
Yu’ =30* =u+2v o v’ —30° =u’ +6u’v+12uv” +8°

v=0
<:>3v2+6u2v+12m)2+8v3=0<:>v(6(u+v)2+2v2+3v)=0<:> u=0
=
2’ —r-4=0 =1+\/ﬁ:>y=1+3—13_5\/ﬁ
&S| [1-2=0 ()<:>x2—x—4=0<:> 2 2 .
* —
P —x-4=0 x=1 g/ﬁ:y=1+3—13+§\/ﬁ

Vi (*) v nghiém.
D6i chiéu diéu kién ta c6 nghiém ctia hé phuong trinh 13 .

( _{HJE 313—5\/ﬁj{1—\/ﬁ‘ 313+5\/ﬁ}
z,y) = 5 1+ ; 1+ .

2 2 2

(5—2x)m=(6—$—2y)m

Cau 26. Giai hé phuong trinh ‘ :
(2 ~2y=3)(z+ 8o (3-2) + 4y +5) =21

(x,yeR)

Giai
. +2y =0
biéeu kién vy .
r>1
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Phuong trinh thit nhat trong hé duge bién déi thanh phuong trinh

(3-2(a - )2y =(6 (s + 21 (1).

—Jz-1
Dat 4“7 ab>0.Khids (1) trd thanh .
b=4z+2y

(320" )b=(6-b")a<>(6-4a")b=(6-b")2a (2).
V6i a=0vb=0 thihé khong thdéa man. Do dé ta c6 a,b>0. Khi do6 (2) tré thanh .
6-(20)" 6-b°
20 b (*)

2 2
Xét ham sb f(t)=6_Tt7Vt>0_ - f.(t):_6;r2t

trén (O;+oo).Nén (*)<:>f(2a)=f(b)<:>2a=b<:>2\/x—1 =Jr+2y &3x-4=2y.

Thé vao phuong trinh thi hai trong hé ta duge phuong trinh sau .

(«* —3x+4—3)($+\/24:c—8x2 +(3z-4) +5)=21
o ( —3x+1)(fz+\/x2 +21)=21
<::>(:B‘s —3x+1)($+\/m2 +21)=(\/x2 +21 +m)(\/z2 +21 —x)

ot -3r+1= x2+21—x<:>:v3—3x+2+(x+3— ac2+21)=0

6(z—2)
z+3++z° +21

c>(x+1)2(x—2)+

=O©(a:—2)((a:+l)2+ 6 ]:o

z+3+z2 +21

P

Sr-2=0czr=2=y=1vi P>0,Vz2>1.

Déi chiéu diéu kién ta c6 nghiém ctia he 1a (z,y)=(21) .

) ) ) 47° +1
20 +3=(42" —2y2* )\3-2y +
Xz

m: 227 +2° +z+2

Cau 27. Giai hé phuong trinh (a:,y € R)

2r+1
Giai
2-3-2y>0 1 1
3-2y>0 2 2
Dieukien. <, . S #0
1 1
_= T#E——

Phuong trinh thit nhat trong hé duge bién ddi thanh phuong trinh

2+%:(4—2Z/)\/3—29 +é+l3<:>—i3+%—£+2=(1+3—2y)1/3—2y
T r x

T X T

@[1—1J3 +1—1=(J3—2y)3+J3—2y ().

x T

Xétham s6 f(t)=t"+t,VieR. Taco. f'(t)=3t"+1>0,VteR.
Vay ham s6 f(t) luon dong bién tren R .

<0,v¢>0. Do d6 ham s6 f(¢)luon nghich bién
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Do d6 tit (*)@f(l—lj:f(«/3—2y)<:>1—l=«/3—2y .
i X

Thé vao phuong trinh thit hai trong hé ta c6 phuong trinh

2- 1—— Y20t +o a2 & (20+1) 142 =z +24 52 +1
2x+1 T T
(2+ J/1+— 1+— +3f1+— (1+1+ j,/1+l 1+2+3/1+2
1+1+£ 1+l} =1+g+3/1+g (1)
T X T X

Xét hamso f(t)=v’+uueR.Taco. f'(u)=3u"+1>0,YueR

oty A1) )

m_—1+\/5
<:>1+§+32+x3=1+é+i2<:>x2+a:—1=0<:> 2
T x T x “1-+5
€Tr =
2
Th&laitacéx=_1+\/g:>y=ﬁ.
2 4
Doi chiéu diéu kien ta c6 nghiem ctia he 1a . (z,y) = L —;\/_ ,_\/—]
ac+3y+1=gf—l+33“-4
Cau 28. Giai hé phuong trinh Yy Nz+l (m,yeR)
V-2 +3Tz+2y+2=2y+3
Giai
z>-1
Diéu kien . 9 .
y2§

Phuong trinh thit nhat trong hé dugce bién déi thanh hé phuong trinh
3I+4—y2—3y—l<:>$+1—3\/x+ - L

1 5
= =y " -3y—— (1).
Jr+1 Y Jr+1 Y Y Y ()

Xét ham s6 f(t)=t* —3t—%,Vt >0.

rz+1-—

Ta c6 f'(t):2t—3+%:W>O,Vt>O.
Vay ham sb f(t) dong bién véi moi ¢>0.
Do do6 tir (1)<:>f(Jx?)=f(y)<:>y=ﬁ<:>x=y2—1.
Thé vao phuong trinh thit hai trong hé ta duge phuong trinh
JO—=2+37y +2y-5=2y+3 y+2-Joy—2+y+1-7y* +2y—5=0
o W=2)(y-3) (v +1)(y-2)(y-3)
Y2 =2 (1) (y )3T 2 5+\/7y +2y-5)

=O
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o (y-2)(y-3) L, y+1 _|=0
y+2+49y -2 (y+1)2 +(y+1)R[7Y" +Ty—5+% (7y2+7y—5)

K

y=2=x=3 _ 2
-2)(y—-3)=0 K>0Vy>—.
(=20 7w k0w

D6bi chiéu diéu kién ta c6 nghiém clia hé 1a (x,y) = {(3 2) (8 3)}

(x+\/x2 +3)(y+«/y2 +3)=3
T[37 —2zy +1 =4xy + 3z +1

Cau 29. Giai hé phuong trinh (x,y € R)

Giai
Diéu kieén . 3z —2zy+1>0.
Vi |y’ +3—y>|y|—y203«/y2 +3-y>0.
Do dé phuong trinh tht nhat trong hé dude bién dbi thanh phuong trinh sau .

Vol +3+3=4y  +3 -y oV’ +3+3=(-y)+ (—y)2+3(1)
Xét ham s6 f(t)=+t*+3+t,VieR.

E Ve a3+t i+t
Je+3 J£+3 \/t2 +3
Do d6 ham s6 f(t) luon tang tren R . Do d6 tr (1) < f(z)=f(-y) = y=—2.
Thé vao phuong trinh thit hai trong hé ta c6 duge phuong trinh

222 +3x+1=—42> +3z+1 (*)

Nhan xét v6i =0 khong thoa phuong trinh (*)

Ta co f'(t)z

>0,VteR.

o Truong hgp 1. z >0 thi phuong trinh (*) tré thanh phuong trinh

2+§+i2=—4+§+l ®2+§ i—2,/2 §+i—6 0
r T r T
@(\/2+§+i2+2](\/2+3+i—3] /2+ +i2 vi f2+§+i2+2>0
r T r T

x_3+\/§
e2+2: c9eT 3r-1=0s M, 38T 3oNST
T x 3-/37 14 14
xTr=
14

e Trudng hgp 2. z <0 thi phuong trinh (*) tré thanh phuong trinh

—/2+§+%:—4+§+%<:>2+3+i2+ /2+3+i—6 0
r T r T T
3 1 / [
c)[\/2+—+—2—2}(\/2+ +—+3J 0= 2+ +——2v1 2+ +—+3>O
r T

_3+\/ﬁ
<:>2+§+i2=4<:>2x2_3x_1:0© 4 <:>$:3—\/ﬁ:y:—3+\/ﬁ.
v 3-J17 4 4
xTr=

4

Déi chiéu diéu kién ta c6 nghiém clia hé 1a
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o[ )

14 14 4 4

Cau 30. Giai hé phuong trinh
3x+($+\/x2 +3) y+\/y2 +3)y=0

(x,yeR)
(2\/w+3+«/2—y)2(4—3\/3—y)=\/2m+y+3+\/ac+2
Giai
=2
Diéu kien <y <2
20+y+3=>0

Vi Vi? +3 -2 > |2/~ 2 0=z’ +3-2>0 . Nen ta bién déi phuong trinh thit nhét trong he thanh.
3x(ﬁ—x)+(x+ﬁ)(\/m-z)(y+\/y27+3)y=0
<:>3x(\/m—$)+3(y+\/y27+3)y=0<:>:172—xﬁzgf#—y y’+3
& (o) +(apfl-a) +3 ="+ fy 3 (+)

Xét hamso f(t)=t*+ivt* +3,VieR.

Taco f'(t)=2t+t'+3+

2

> 2+2[t|>0, VieR.

t
/t2 +3 AM-GM
Vay ham s6 f(t) ludn tang trén R . Do d6 tu (*) = f(—ac) = f(y) Sy=-zx.
Thay vao phuong trinh thit hai trong hé ta duge phuong trinh

(zm+m)2(4_3¢x+3):¢x+3wm (1)

Dit t=+z+2,t>0.Tacd. z=t>—-2. Lac dé (1) tré thanh phuong trinh

2
(2 t2+1+t) (4—3 t2+1):\/t2+1+t<:>3(2\/t2+1+t)\/t2+1+4(\/t2+1+1)=4(2 t2+1+1)

—12¢° +20¢° 16t +16
15t* 16t +16

o (15752 —16t +16)\/t2 +1=—12t" +20t* =16t +16 <= t* +1 =
t=0
2 t*(5-12¢
( ) 1 5—12¢

Iz T 166416 =
" +1+1 JE+1+1 1562 —16t+16

V6it=0=+Jz+2=0<2=-2=y=2( thda man ).
1 5—12¢

= 2).
J2 4141 15t2—16t+16()

Véi

5-12t
15t =16t +16
1

NEE+1+1

o Trudng hgp 2. O£t<% taco (2) e 15t 16t +16=(5—12¢)Vt* + 1 +5-12¢

e Trudng hop 1. tZ% ta co .Do d6 (2) vo nghiem.

>0

S 155~ 4t +11= (5120 +1 & (158 —dt +11) =(5-12¢)° (¢ +1)
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< 81" +177¢ +32t +96 =0 (vo lf vi 81¢" +177¢° + 32t +96 >0, V¢ e{o;%j ).

Vay v6i t>0 taco (2) vo nghiem.
Do dé hé phuong trinh da cho ¢6 nghiém la (ac,y) = (—2;2) .

Cau 31. Giai hé phuong trinh

«3/y+4-\4/y2+7y+10=\/x+1-3/3:2+2x+3-§1/x2+2x+4

z,y R
3(3v+2) =y +20+5 (342 +5 —27 |+ 2y =20+ ( )
Giai
r>-1 z2>-1
. ? 10> <-Hvy=-2 >-1
Dieu kién y +Ty+10 0<:> 4 vy & o .
y+2z+520 y+2z+520 y=>-2
y+220 y=-2

Phuong trinh thi nhat trong hé dugc viét lai thanh phuong trinh
Yy +2 -%/(y+2)(y+5) =Jz+1 -i/(x+1)2 +2 -{*/(x+1)2 +3

<:>§/y+2+2-4/y+2+3-4/y+2=\/x+1-§/(x+1)2+2-\/(x+2) +3

@.Ny+2-#(\/y+2)g+2-</(\/y+2)2+3 :\/x+1-§/(x+1)2+2-§/(x+1)2+3 (*).
Xét ham so f(t)=t-3/t' +2-Jt' +3,vt20.
4 4,4 4 3[,.4
Ta c6 f'(t)=3/t4+2-4t4+3+4t -\/t +;L+t -\/t +§>O,Vt20.
3(t+3) (¢ +3)
Do d6 ham s6 f(¢)luon dong bién trén [0;+w).
Do dé6 tu (*) <:>f($/y+2)=f(«/x+1)<:>\/x+1=%/y+2 S +2r+l=y+2y=a"+2r-1.
Thé vao phuong trinh thit hai ta thu duge phuong trinh sau .
3(30+2) =o' + o +4(3a" +5 -2 |+ 200" +4 = 3(30+2) = (0+2) (37" +5 0|+ 2a" 44

@af”+2z2+9x+6—3(z+2)\/x2+5—2i/z2+4=0
& (e + 2o +5(Va" +5-3)+(2+2-2 )+3(a: 2)=0
2t —4 ] a:+2 (ac2+4)

2 + 2
Vo +5+3 (x+2) a:+2 x +5+?’($2+5
$—2)($+2)J+ )(332+12) .
Vo +5+3 (z+2) + ($+2)\/$ +4+§/(:1:2+4)2
(x+2)2\/x2+5 7’ +12

- +
Ve +5+3  (p42) +(z+2 \3/m2+4+,/ a: +4

<:>$—2 =>y=7viT>0Vz>-1.

< (z+2) x2+5[

< (z+2) :1:2+5((

<:>(:v—2

Déi chiéu diéu kién ta c6 nghiém ctia he 1a (z,y) =(2;7)
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(4332 +1)x+(y—3) 5—2y =0

Cau 32. Giai hé phuong trinh (a;,y € R)
47" +y° +243 -4z =7
Giai
5-2y>0 |V :
Diéu kien =Y 2

3—-4x>0 3
r<—
4

5—a

Dit a=+5-2y,a>0.Taco. y= . Khi d6 phuong trinh thit nhat trong hé duge bién ddi thanh.

2

(4x2 +1)x+[5_2a —3}@=0©8x3+2m=a3+a©(2x)3+2m=a3+a (1)

Do a>0 nén tit (1)=2>0.Xét hamsd f(t)=t"+¢,Vt>0.Taco f'(¢)=3t"+1>0,Vt>0.
Vay ham sd f(t) luon tang trén [0;+0).
— 42

Do d6 tir (1) & f(22) = f(a) 2 =a <20 =52y > z="

Thay vao phuong trinh thi hai trong hé ta c6 phuong trinh

9 2
4x2+[5_24$ J +23-4z =7 (2)

< tiA 1A xS§ 3 . e 3
T diéu kién 4 < 0<zx<—. Do d6 ta giai (2)vdl moi ze| 0;— |.
4 4
20
Tac6 (2) < 162° ~242° +5+8(\3— 4z -1)=0

2z -1

& (42" -1)(42” —5)—16m:0
N (2x—1)((2x+1)(4x2 —5)—%} =0

K
©2$—1=0©x=l:y=2

2¢+1>0

11 = (22 +1)(42” =5)<0= K <0.

Vi Vze 0;§ = )
4 —-5<4x _5S_Z

Dai chiéu dieu kien ta 6 nghiém ctia he 1a (z,y) = (%;2) )

* 32" =9z +22=9" +3y> -9y

, 1 (x,yeIR)

Cau 33. Giai hé phuong trinh ,
r+y —r+y= 5

Giai
Phuong trinh thit hai trong hé duge viét lai thanh phuong trinh
1) 1) —1Sx—lél —lﬁxﬁé
== | +Hy+=| =1=> 2 = 2 2(*)
2 2 —1< +l<1 —§< <l
<y 5 2_y_
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Phuong trinh thit nhat trong hé dudge viét lai thanh phuong trinh
o’ =307 +3r-1-12(z-1) =y’ +3y° +3y+1-12(y-1) & (z-1)’ ~12(z - 1) =(y +1)’ ~12(y +1) (1)

—§S:E—1Sl

2 2 Xét ham sb f(t)=t"-12t,vt e{—g;g]
——<y+1<—
2 2

Do (*) nén ta cob .

33
Taco f'(t)=3t-12=3(t" -4)<0,Vte|-=;=|.
acof() ( )< ) e[ 272}

Vay ham s6 f(t)luon gidm tren [—%,%} )

Dodétu (1)< f(z-1)=f(y+1)=r-1l=y+lcy=0-2.
Thay vao phuong trinh thi hai trong hé ta dugc phuong trinh

1 $=—:>y=—§
x2+($—2)2—:p+x—2=5<:>4x2—8:l:+3=0<:> 2 ?
r=—=y=——

Y 2

Doi chiéu diéu kien ta c6 nghiem ctia he 1a (z,y) = {(l,—g}(é,—l} )

T+y—4=24z"-22-1 (1)
4(y—2)3 +4z° +y-58 =314 -2 (2)

Cau 34. Giai hé phuong trinh{

Giai
Ta gidi phuong trinh (2), 4(y—2)’ +(y-2)=4(14-2*)+ Y14 —2*
bat f(t)=4¢ +t= f'(¢t)=12t" +1>0
Vay y—2=314-2" . Véi y—2=314-2" thay vao phuong trinh (1) ta dugc
r-2+314-2" =2V’ —220-1 =14-2* —(2-2)=2V2" 22 -1

= 2 _6(552_235_1) =22’ —2z-1
(m) +(2-2)14-2° +(2-2)

61’ — 27 -1
('\3/14—1‘3 )2 +(2—ZL‘)\3/14—£L‘3 +(2—:B)2
Dit t=X6+r+6 = =6+ Y6+ = (' ~6) =6+2(*) >2° ~1=6

Thay vao phuong trinh (*) ta dugc (t3 -z +t)3 =z+2° -t = (t3 - +t)3 —z' =zt

Vay z° —22-1=0 hay =2 - V6 nghiém

@(t?’ -z +t—x)[(t3 -z +t)2 +(t3 -z} +t)x+x2]=x—t

Dt A=(¢ o +t) +(' ~2* +t)a+a* = -A(e* )~ A(z—t) =2t
:>—A(a:—t)(:z:2+a:t+t2)—A(x—t)=:L‘—t
Vay x—t=0 hay —A(:l:2 +xt+t2)—A=1 (phuong trinh vo nghiém do VT <0)

Vi z-t=0=>2=36+32+6 =2°—6=31+6.
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biat a=Yz+6=a"-2=6
-a=6 .
Khi d6 ta c6 hé phuong trinh TP a=d st rr=d’ ta.
ad—:v=6
Xeét f(t)=t"+t, f'(t)=3t"+1>0

Khidé r=a=>z=3Yr+6=>2"-2-6=0=>2=2.

N2z +1-\2y+1l=z—-y

Cau 35. Giai hé phuong trinh (x,y € R)
7’ —12zy+9y° +4=0
Giai
1
T2——
Diéu kién 2
>_=
Y 2

Tt phuong trinh thit hai trong hé ta cé 2° +9y* +4 =122y = 2y > 0.
Phuong trinh thi nhat trong hé duge bién déi thanh .

2:13+1 T=42y+1-y

Xét ham s6 f(t)=\/2t+1—t,w{_§;+ooj_Ta ¢ f'(t)= 1

\/2t+1

1

N2t +1

L ax P 1 P
Tt day ta suy ra ham so dong bien trén (—5;0) va nghich biéen trén (0; +oo) .

Laico f'(t)=0< ~1=0=1¢=0.

e Truong hop 1. 7,y {—%;0) thi ham s6 f(t) dong bién nen tut f(z)=f(y) = z=y.

Thé vao phuong trinh thit hai trong hé ta c6 phuong trinh 2z° —4=0 (v6 nghiém vi 22> -4 <0 ).
e Trudng hop 2. z,y €(0;+) thi ham s6 f(¢) nghich bién nén tit f(z)=f(y) = z=y
Thé vao phuong trinh thit hai trong hé ta c6 phuong trinh
21:2—4=0<:>$=\/§ viz>0.
Déi chiéu diéu kién ta c6 nghiém ctia he 1a (z,y) = (\/5,\/5) )

e+ )V 1~ 1) = (g 1

2x(m—y)+2(az+y)=2—y2

Cau 36. Giai hé phuong trinh (x,y € R)

Giai
Nhan xét do hé khong thé co nghiém dang (x,y) = (0;0) .
Tt phuong trinh thit hai trong hé ta cé bién ddi sau
227 —2(30—1)(1/—1)+y2 =0 (*) .
r>1 {x <1
v

Vi z° >0,y° >0 nén tir (*):>(x—1)(y—1)>0<:>{ .
y>

y<1
Phuong trinh thit nhat trong hé duge bién ddi thanh phuong trinh
z+1 y+1 *)

\/:132+1 _\/y2+1
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t+1 1-¢
——VteR.Tacod f'(t)=———.
Vt'+1 g (t2+1)3

e Trudng hgp 1. Néu ¢>1 thi 1-t<0= f'(t)<0.

Xét ham s6 f(t)=

Do d6 ham s6 f(¢) nghich bién tren (1;+00).
Nen tit (**) < f(z)=f(y)=z=y.
Thay vao phuong trinh thit hai trong hé ta c6 phuong trinh 2° +4z-2=0< z=-2++/6 (loai).
e Trudng hop 2. Néu ¢<1 thi 1-t>0= f'(t)>0.
Do d6 ham s6 f(t) dong bién trén (—o;1). Nen tix (**) < f(z)=f(y) = z=y.
Thay vao phuong trinh th hai trong hé ta c6 phuong trinh
22 +42-2=0< 2 =-2+26 ( nhan).

Vay hé phuong trinh da cho cé nghiém (x,y) = {(—2 + \/6; -2+ \/g);(—Q - \/8;_2 - J@)} .

(¢+v2z+1)\y+3=y+3+222+1 (1)

Cau 37. Giai hé phuong trinh .

Je—y+Nz-1+z=y+y+2 (2)

Giai
Phuong trinh (2) trd thanh \/x—y—1+\/x—1—\/§+x—y—1:0
z—y—1 r—y—1
f— +
Jr-y+1 z-1 +\/§
1 1

JT—vy +1+\/x—1 +\/§

V6i x—x—-1=0=y=1z—-1 thay vao phuong trinh (1) ta dugc
(x+\/2x+1)\/z+2=:E+2+2\/2:E+1

bat f(x)zx\/x+2 +\/(2x+1)(x+2)—x—2\/2m+1—2 (diéu kien z>1)

= +2, ¢ (z)=Nz+2+ S
g(z)=avz g'(z)=Vz e

4z +5
2(2z+1)(z+2)

+z-y—-1=0

Vay x—y—-1=0 hay +1=0 (phuong trinh vo6 nghiém do VT >1)

h(x)z (2x+1)(x+2), h'(:c)z
2
N2z +1 '

4z +5 2
Vay f'(z)=+z+2+ S + -1
y @) =a e +2 2(20+1)(z+3) N2+l

Dé thiy 2>1 =Jz+2-1>0.

= f(2)=(Ve+2-1)+ ——+ A5 2 voiz>1 .

PN 2,/(22+1)(z+2) BN

Do d6 ham s6 f(z) luon dong bién trén [1;+00) ma f(2)=0 nén phuong trinh c6 ding mot nghiem

t(z)=~2z+1, t'(z)=

duy nhat
Vay =2 langhiém duy nhat ctia phuong trinh(1)
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z’ —Bx:(y—Q)(y—i—l)

(:1:+y)\/x —4x+5+ \/m +yt+20y+1=0

Cau 38. Giai hé phuong trinh { (x,y € R)

Giai
Phuong trinh thit nhat trng hé duge bién déi thanh phuong trinh

(x+y) (2 ZE) +1+(x 2) ($+y)2+1=0
<:>(x+y) (2—x)2+1—(2—x) (x+y)2+1=0(1).
Xét 2—2=0<> r=2=y=-2. Thit lai khong thay thoa he.

Y +3y=y" —y—2

hé v6 nghiém.
2+y=0

Xét r+y=0&x=—y tacohe. {
Vay ta co (x+y)(2—$)¢0.

Ja+y) +1J(2-2) +1

T+y 2—x

Do d6 tit (1) taco

(2)-

2
Tir (2)= (2+y)(2-2) > 0. Xét ham s6 f(£)= "

,Vie (—oo;O) U (0;+oo) .
1

N +1

Vay ham s6 f(t)1uon nghich bién trén ting khoang (—0;0) va (0;+e) , mét khac (z+y)(2—-2)>0

Ta co f'(t)z—

<0,Vte (—oo;()) ) (0;+oo) .

nén tu (2) ta co f(x+y)=f(2—x)<:>x+y:2—x<:>y=2—2$.
Thay vao phuong trinh thi hai trong hé ta duge phuong trinh

x(x—1)=0<:>[

Vay hé phuong trinh da cho c6 nghiém la . (:z;,y

r=0=>y=2
x=1:>y=0'

={(0:2);(1;0)} .

)
( z’+y’ +y) ( x +1+I) (1)
e-1) ~2z-1-(Jy-5)Vz-8-3\y+31=0 (2)

Cau 39. Giai hé phuong trinh

Giai
Dicu kien 2>8 va y >0
Phuong trinh (1) trong hé tuong duong
:ESw/xQ +yt +2ty =y’ + 1+ ay’
= \/xs +2%° —\/y4x2 +y' +2’y—ay® =0
—y' + 2%y —y's?
\/:z: +2% +Jy'a? +
() ) o)
\/xg +2%° +\/y 4y’
(a:2 +y)(x4 +y2)
\/I8+x6y2 +\/y4$2+y4
Do dé, v6i > =y thé vio phuong trinh (2) ta co

+xy(a:2 —y)z()

+a:y(x2 —y)=0

Vay z° =y hoiic +2y=0 (vdnghiém do 2,y >0 nén VT >0).
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Y(z-1) -2z -1~ (2-5)Vz -8 -32+31=0
Diit f(2)=(2~1)s ~2(2 1) — (2 ~5)z 8 3z +31
Tacs fle)=—re—— 2 r 8- 225 3

3§/$—1 33(36_1)2 2N4xr—8

Dé thay —— 2 + ‘2 _2<0 (v6imoi z>8)

2 2 2 -5 7
T)=- - +— |-V -8 ——F———-—<0,Vz =8
[3%/(331)2 3%/36—1 3} 2Nz-8 3

Vay f'(x) nghich bién trén khoang (8;+)
Vay phuong trinh nay c6 nhiéu nhat 1 nghiem ma f(9)=0 suyra z=9.

(5-22)Jz+2y =(6-2—2y)Jr -1

(z3 —2y—3)(z+\/8x(3—9€)+4y2 +5)=

Cau 40. Giai hé phuong trinh { (m,y € R)

Giai
Diéu kien y>0.
He phuong trinh da cho dugc bién déi thanh heé .

(2% +1-fy W2z +1 =3y (Jy -1)
yQ—y=(2x2+1)—\/2x2+1

Ta co y2—y=\/2x2+1(\/2x2+1—1)20:>y2—y20<:>y£0vy21.

(1)

y=0

Két hgp v6i diéu kien y> 0= { o Vé6i y =0 khong thoa he.
=

- =3 -1
Dit a=+v22"+1,a>1. Khi dé he (1) trd thanh . (a \/Z)a \/;(\/5 )
y'~y=a’~a
Xét phuong trinh y* —y=a’ —a (1)
Xét ham s6 f(t)=t"—t,Vt21. Ta co f'(t)=3t"-1>0,vi>1 nén ham s6 f(¢) luon dong bién tren
1;400). Do d6 tiw = = f(a) <> y=a . Thé vao phuong trinh thit hai trong hé (1) ta co
[13+0) (1) fy)=f(a) =y phuong ghe (1)

(¢ —a)a=3Va(Va-1) = a’ ~3a= (\5)3—3\/5 (2).
Xét ham sd f(u)=u"—-3u,Vu>1.Tacé f'(u)=3u’-3>0,Vu>1.
Vay ham s f(u)luon tang trén [1;+00).

a=0:y=0(l)
a=1=>y=1 '

Do d6 tir (2)<:>f(a)=f(x/g)<:>a=\/;<:{

_ ,{a=1 22 +1=1 {m=0
Vay ta c6 = & .
y=1 y=1 y=1

Déi chiéu diéu kién ta c6 nghiém ctia he 1a (z,y)=(0;1) .
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z,y >0
Cau 41. Tim tat ca cac s6 thuc z,y théahe. {z+y=2
$I+1yy+l > 1
Giai

Ta chitng minh néu céc s6 z,ythéa man hai diéu kien dau thi

oyt Sl©(m+1)lnx+(y+1)lnyﬁo
Thay y:2—x,tachfl’ngminh.f(m)=(x+1)lnx+(3—x)ln(2—x)£0 vl 0<z<2

1
+_
r—2

2 2
f"(x)=l+ L —LQ+ ! 3 1yt —l(l-ﬁ- ! j:_(l' 1) (l-i- ! jso
r 2-xz |z (2_;5) r 2-x 2\z 2-=x x(2—x) r 2-x
Do doé f'(x)nghich bién trén (O;2),hdn nita f'(l)zOnén f'(x) nhan gid tri duong trén doan (O;l)va

am trén (1;2). Suy ra f(x) < f(l) =0v6imoi z € (0;2).
Twu do, hé phuong trinh ¢6 nghiém z=y=1.
%

yj4+(1+ j4=32 (1)

'+’ +2°y+2r+y+6=0 (2)

Y

Ta co f'(x)zlnx—ln(Q—x)+

Y

X

1+
Cau 42. Giai hé phuong trinh (

Giai

T =(1+1)4 +(1+34

\
Xét ham s f(t)=(t+1)" +(1+%) ,t>0.

Diéu kién z,y #0. Ta co.

¥

Phuong trinh (1) < (1 +
T

Taco f'(t)=4(t +1)3 +4(%+ tT >0,V¢>0 hay ham s6 dong bién tren (0;+o)
N
Y Y T==Y.
e V6i =y thay vao (2) ta c6 phuong trinh z° +22° +32+6=0 < 2= -2
e V6i z=—y thay vao (2) ta c6 phuong trinh —2° +22° +2+6=0< =3
Tt d6 ta tim duge nghiém cta hé da cho la (x,y) = {(—2;—2),(3;—3)}.

12" =(Va? +1+1)(a* -y +3y-2) (1)
x2+(y+1)2=2(1+1_x2j (2)

Y

Cau 43. Giai hé phuong trinh

Giai
Diéu kien y #0.
Phuong trinh (2) tuong duong véi y(ac2 +y° +2y+ 1) = 2(y +1- acg)

oo’ (y+2)+y’ +2° —y-2=0 o 2° (y+2)+(y+2)(y* ~1)=0
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y=-2
@(y+2)(x2+y2—1)=0©L2+y2_1=0

e V6i y=-2 thay vao phuong trinh thit nhat ciia hé ta c6

‘ =0 z=0
47° =:c2(\/:c2+1+1)<:> =
JiP11=3  |z=+22.

-1<x<1
-1<y<1

e Vai 302+y2 =1:>{
Tt phuong trinh (1) ta co 4[($2 +1)—1} =(\/$2 +1 +1)(x2 —y° +3y—2)
<:>4(\/$2+1—1)=m2—y3+3y—2 e 1—2+y* —3y-2=0
Xeét ham s6 f(z)=4va® +1—-2® v6i z€[-1;1]. Ta c6 ham s6 f(z) lien tuc trén doan [-1;1] va
4x 2z’ +1 =0
f(z)= -2z; fllr)=02z| —F/——— |=0 <
( ) [ +1 ( ) [ [2 1 ] {xzi\/ge[—l;l]
= in f () =min{f(=1); /(0); / (1)} = £(0) =4.
Xét ham sb g(y) =y’ —3y—2 véi y e [—1;1]. Ta c6 ham sb g(y) lién tuc trén doan [—1;1] va

g'(y)=3y2 -3 g‘(y)=0®y=i1 jr[g%f]lg(y)zmin{g(—l); g(()); g(l)} :g(O):—4

z=0

Tudétacé f(z)+g(y)=0, Va,y e[-1;1]. Dau “=" xdy ra <:>{ .
y:

Thit 1ai ta c6 tap nghiém cta hé T = {(O;—Q),(Q\/i;— 2),(—2\/5;— 2),(0;1)}.

'+ 2%y + 9y =9 v+ 2%y* + 9z

Cau 44. Giai hé phuong trinh .
p g {x(ys_x?)):?

Giai
Phuong trinh dau tuong duong
'+ 2y +y=y’r+2%y +9r & (x4 —xy3)+(x3y—x2y2)—((x—y)= 0

@(z—y)[a:(xz -i—xy-i—gf)-i—:c2y—9]=0c:>(a:—y)[x(:c—i—y)2 —9J=O
Tit phuong trinh thit hai ctia hé, ta thay = #y nén tit bién ddi trén, suy ra

m(x+y)2—9=0<:>m(x+y)2=9 (*)

Ta c6 x(y3—$3)27<:>y3—1:3=1<:>y:.§/ﬁ
z z
7 2
Thay vao (*), ta duge x(x-y-ﬁj -9
x

Ta sé chitng minh ring vé trai la mot ham dong bién theo bién x. That vay

2 2
x[m+3;/$3+zJ x[w2+2x§/x3+z+3’(m3+zj }
T T T
3 o s 7 3 7 ’ 3 3[ 6 2, 4 2
=3’ +2z° 3’ +—+x3| T +—| =" +22Nz +Tx +393(:1: +7)
T T
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T (*) suy ra >0 va trong biéu thic & trén, cac s6 mil ctia bién x déu duong lén day la ham dong
bién. suy ra né c6 khong qua mot nghiém.

Thay truc tiép x =1 vao biéu thic, ta thay thoa

Vay hé da cho c6 diing mét nghiém 1a (x;y) = (1;2) .

.Tll +$y10 :y22 +y12(1)

7yt +132 + 8 =2 3/33(33;2 +3y° 1)

Cau 45. Giai hé phuong trinh

Pé thi chon déi tuyén TP HCM 2009-2010

Giai

Xét y=0, thay vao hé phuong tim duge x = 'rY

Xét z=0tu (1) suy ra y =0 nhung z =y =0 khong théa man phuong trinh z=y=0

)
Xét hamsb f(t)=t" +¢ taco f'(t)=11t" +1>0,Vte R= f(¢) dong bién trén R .

11
Xét xy # 0. Tuw phuong trinh (1) ta co (Ej + z_ y“ +y
Y

z
Y
Khi d6 phuong trinh (2) tré thanh

N 1
7o +132+8 =227 0(30° +30-1) & Tt +13° +81° =233+ 3t - véi t=—>0 (3)
T

Phuong trinh (3) tuong duong
(2t+1)" +2(2t+1)=3+3t — > + 233+ 3t — 1 <:>g(2t+1)=g(\3/3+3t—t2)

Xét ham s6 g(t) =t*+2t c6 g'(t) =3t +2>0,Vt >0 nén tit phuong trinh trén ta duge

T do6 ta co (1)@]{ ]zf(y)©x=y2>()

t=-1(L)
2t +1=R/3+3t-1* & (2t +1) =3+3t ' & tz—_51é/@(L)
V89 -5
t= t
= (/)

Suy ra :EzL:yy:Jr _ 16
J89-5 \89-5
-8 16 16
Vay hé c¢6 nghiém (x; =[—;OJ, it
ghiem (a:9)={ 73 {@_5 V&5

o'+ 2’y + 9y =9’z + 2’y  + 92

Cau 46. Giai hé phuong trinh s s
a:(y - ) =7

Giai
Phuong trinh thit nhét ctia hé tuong duong (:1: - y)[(:p(x + y)2 - 9)} =0

V6i z=1ykét hop v6i phuong trinh thit hai, suy ra vo nghiém
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T y3—$3)=7

Con lai ta két hop thanh hé méi ,
x(ac + y) =9

£ . <o 3,7 < .
Trudce hét c6 danh gia >0 varat ra y= 32’ + — . Thay xudng ta co
x

2
m(z+ 3{1:3 +ZJ =9 2’ +2232° + 727 +ﬂx(m4 +7)2 =9
x

62° +142° N 1 92° +70z" +49

3%/(z6 +72° )2 3 '\3/1“2 (:1:4 + 7)4

>0

Dt vé trdila f(z). Taco f'(z)=32"+2| V2’ +72° +

Vay f(2)=9 c6 nghiém duy nhat z=1=y=2.
Vay hé da cho c6 nghiém (w,y) = (1;2)

3
X
+ =(y+2 +1)(y+1
Cau 47. Giai hé phuong trinh . z+1 (y ) (m )(y )
Az y+1+8$=(4x2—4x—3)x/x+1

Giai
Diéu kien z > -1,y > 1.
Dé 7 khi chia 2 vé ctia phuong trinh thit nhat cho vz +1 ta sé ¢o lap duge 2 an.
2

Thuc hién phép chia va ta thu duge A x = (y + 2)«/y +1

el (zei)arl

2 3 2 3 3
R .z T r+r+z z°+z(zx+1
Ma ta co + = = ( )=

Jorl (e+)erl (e+l)Verl (c+l)Nerl (c+l)Verl oil

Nhu vay phuong trinh thit nhat sé 1a
3
T T 3 T
+ = +1) +Jy+1 < +1=
(\/x—i-lj Jr+1 (\/y ) \/y \/y Nr+1
Hién nhien vi f (t) =1’ +t¢ don dieu ting. Thay vio phuong trinh thi 2 ta dugc
+8x=(4:1:2 —4:5—3)\/:1:+1 & 4" +8ar+1 =(4:1:2 —4:1:—3)($+1)

20 +2z+1=(2z-1)Nz+1
22+ 24z +1 =(1-22)Jz+1

47°

Nr+1

<4’ + 8z +1 +4(x+1)=(2$—1)2(x+1)<:>

m=3:>y=2
e Trudng hgp 1. Néu 2z=(22-3)Vo+1 & J3 4+33
$=—7:>y: +2

e Trudng hdp 2. Néu 2z =(-1-2z)vJz+1 =42’ +42” +5z+1=0
2. 2 1
boian z=2- 3 Thay vio phuong trinh ta dugc1082° +992-10=0
Jﬁ( 1

bat z= e a— —) thay vao phuong trinh ta dugc
a
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, 10-34/159 a_3/10—3\/ﬁ

11@(3 1j TN T V114159
a-— =10 &

2 a 51043415 _ [10+34150

11711 B TN T

Ta thay ring 2 nghiém nay luon cé dic diém 1a tich clia ching bing —1. Vay nén 2 trudng hgp
thay vao z déu ra mot két qua. T dé suy ra

\/ﬁ(a 1):\/ﬁ 10434159 1 :1(310+3@_ 11 ]

6 L a) 6|V V11 fl0+3/159 10+34159
11711
T do suy ra le {10+ 3+/159 N S
6 J10+34159 ) 3
2
Vay hé da cho c6 nghiém (:I:;y)z 3;§ , —£;4+3\/§ )| a; T _1]vai
4 2 2 a+1

o=l 10+ 3415 U~ S
6 10+3159 ) 3

V2z-1-y(1+2420-1)=-8
Y +y2y—-1-4z-22+y=13

Cau 48. Giai hé phuong trinh

Giai
Diéu kien z> l,y > §
2 2
Dit a=+/22-12>0. Tu phuong trinh thi nhat ctia he, tarat ra y = 1a +28
+2a

Thay vao phuong trinh thi hai ta duge

2 3 2
(a+8) +(a+8j\/ 4a” —2a 4a+13_2a2+a+8 14

1+2a 1+2a 1+2a 1+2a
Mot phuong trinh rat kho chiu va gan nhu mat phuong huéng, ta sé nghi thit t6i phuong phap danh
gia bing ham s6.
Dat vé trdila f(a). Taco

f'(a):—30(a+8)(2a+1)_ 15 .\/—4a3—2a2—4a+13
(2a+1)" (1+2a)° 1+2a
~16a’ —16a - 30
2
+(a+8j. (1+ga) —4a+13 4y 15 <0
1+2a 2.\/—4a'3—2a2—4a+13 (1+24)
1+2a

Vay phuong trinh ¢6 nghiém duy nhat a=1=z=1y=2
Vay hé da cho c6 nghiém (w;y) = (1;2).

145 | Chinh phuc olympic toan



| Cac bai toan chira tham sb

Cac bai toan chita tham so6

rong chuong nay ta sé ciing tim hiéu 16p bai toan chwa tham s6. Dé lam t6t cac dang toan nay

ta can nidm chic kién thitc vé dao ham, vé bién ddi phuong trinh vo ty. Chi ¥ thém véi nhitng

ban dang doc cudn siach nay thi ¢6 ging lam tot cac bai toan & day vi né sé giap ich cic ban rat
nhiéu trong kig thi THPT Qubc gia. Vay nhé ching ta ciing bat dau nao!

A. Phan phuong trinh.

Ung dung tam thitc bac 2

Xét tam thiic bac hai f(z)=az’ +bz+c,(a#0),A=b"—4ac.

S=u,+z,=-2
a

Goi S, P la téng va tich ctia 2 nghiem z,, z, . Hé thitc Viét

c
P=zgx,=—
a

biéukien f(2)=0 c6 2 nghiem trai daula P <0.

N . A>0
e Dieu kién f(:);) =0 c6 2 nghiém phan biét ciing dau la {P 0
>
A>0
e Diéukién f(2)=0 c6 hai nghiem phan biet duongla{5>0 .
P>0
A>0
e Diéukién f(2)=0 6 2 nghiém phan biét am 1a < 5 <0 .
P>0

e Khiso sanh 2 nghiém véi sé a # 0, ta thuong dat ¢t =z —a dé chuyén vé so sanh v6isé 0, cu
thé nhu sau
T, > z, —a>0 z, +x,—2a>0
1. z,>z,>as

T, > z,—a>0 (xl—a)(x2—oz)>0.

T, <o z, —a<0 z, +7,—2a<0
2. p <y, <as =4

T, <« z,—a<0 (xl—oz)(xQ—oz)>0.

3. = <a<uz, @(xl—a)(a:Q—oz)<0.
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e Daucta f(z):

Ung dung ctia dao ham

Bia toan 1. Tim m dé phuong trinh f(x;m) =0 c6 nghiém trén D ?
e Budc 1. Doc lap m ra khéi bién s6 x va dua vé dang f(:r) = A(m) )
e Budc 2. Lap bang bién thién ctia ham s6 f(z) trén D.
e Budc 3. Dya vao bang bién thien xéc dinh gid tri ctia tham s6 m dé duong théng y=A(m)
ném ngang cit do thi ham s6 y = f(z).
e Budc 4. Két luan nhiing gia tri can tim ctia m dé phuong trinh f (x) = A(m) ¢6 nghiém trén

D.
Luuy.
e Néuhamsd y=f(z) c6 GTLN va GTNN trén D thi gid tri m can tim la nhing gia tri m thoa

man mgnf(m)s A(m) < mgxf(m) .

e Néu bai todn yéu vau tim tham s6 m dé phuong trinh c6 k nghiém phan biét, ta chi can dua
vao bang bién thién dé xdc dinh sao cho dudng thing y=A(m) nim ngang cit do thi ham s6
Y= f(:c) tai k diém phan biét.

Bai toan 2. Tim m dé bat phuong trinh f(x,m) >0 hoic f(x,m) <0 c6é nghiém trén D 7

e Budc 1. Doc lap m ra khoi bién s6 x va dua vé dang f(z)2A(m) hodc f(z)<A(m).

e Budc 2. Lap béng bién thién ctia ham s6 f(z) tren D.

e Budc 3. Dua vao bang bién thién xac dinh gia tri clia tham sb6 m dé bat phuong trinh cé
nghiém.
+ V6i bat phuong trinh f(z)>A(m) d6 l1a nhitng m sao cho ton tai phan dd thi ndm tren

dudng thang yzA(m), tic la A(m)Smgxf(x) (khi mgxf(:r) EI).

+ V6i bat phuong trinh f(z)<A(m) d6 la nhimg m sao cho phan d6 thi ndm dudi duong

théng y = A(m), tic 1a A(m) > mgnf(x) (khi mgnf(z) EI) .

Bai toan 3. Tim tham s6 m dé bat phuong trinh f(z)>A(m) hodc f(z)<A(m) nghiem dung
VeeD ?
e Bat phuong trinh f(z)>A(m) nghiem dang V:z:eD<:>mDinf(:1:)2A(m) .

e Bat phuong trinh  f(z)<A(m) nghiem dang Va:eD@mgxf(m)SA(m) .

Luu y
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| Cac bai toan chita tham sb
e (Cac bai toan lien quan hé phuong trinh, hé bat phuong trinh thi ta can bién ddi chuyén vé cac
phuong trinh va bat phuong trinh.
e Khi ddi bién,can quan tam t6i diéu kién ctia bién méi.
Cac bai toan minh hoa.

No6i dung ctia phan nay sé lién quan t6i 2 bai toan 1a bai toan 1 va bai toan 2 ma § phan A da dé cap
t6i. Ta cting di vao vi du nhé!

Cau 1. Tim m dé phuong trinh sau c6 nghiem

NT+A4NT—4 +T+Jz—-4=m

Giai
Diéu kién z >4 . Phuong trinh tuong duong

\/( x—4)2+2.2.\/zT4+22+x+\/zT4=m
& (\/xj+2)2+x+\/xj=m<:>\/xj+2+$+\/xj=m
@[(\/x—él)Q+2\/z—4+1}+5=m<:>(\/m+1)2:m—5 (*)

P& (*) ¢6 nghiem thi m—5:(\/x—4+1)221<:>m26.

Cau 2. Tim tat ca céc gia tri ctia ¢ dé phuong trinh sau c6 nghiem duy nhét

\/1—z2 +2.§3/1—x2 =aq (*)

Giai
Nhan thay néu z, 1a nghiem thi —z, ciing 1a nghiém ctia phuong trinh.

Do d6, phuong trinh ¢6 nghiém duy nhat khi va chi khi z, =—z, <z, =0.
Thé , =0 vao (%) taduge a=+1-0+231-0a=3.

Thit lai v6i a=3 thi (*) & V1-2® +231-2% =3 (x=)

B+’ -3=0t=1Vl-2'=1l-2'=1<2=0

2 _ 31 2
Datt t=V1-27, (03t31):>{t R . Phuong trinh (**) trd thanh

Vay v6i a =3 thi phuong trinh c6 nghiém duy nhat.
Nhan xét. Phuong phap dudc stt dung nay ta sé duge tim hidu & phan sau.

Cau 3. Tim tham s6 m dé phuong trinh = ++/32”> +1 =m c6 nghiém thuyc ?

Giai

N 3z :\/3x2+1+31:
V32241 B+l

<0
N3z’ ‘ -3z>0
f'(x)zO@M:O<:>\/3x2+1:—33;<:>{ 2z> , & 1 or———.
’\/3$2+1 3r°+1=9x .'L'zi% \/E

Tap xac dinh D=R.

Dat f(m)=x+\/3x2+1, VrxeR.Taco f'(x)zl VrelR.

Bang bién thién
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x —0 -

€
Nd

- 0 +
() \ 0 1 /
5

Vay dé phuong trinh c6 nghiém thuc thi m > \/g _ 1 .
2 6

Cau 4. Tim tham s6 m dé phuong trinh 32° + 2z +3 = m(x + 1)\/x2 +1 c¢6 nghiém ?

Giai
Bién doi phuong trinh dau tuong duong
N (x2 +2x+1)+2(a;2 +1)=m(m+l)\/x2 +1
<:>(x+1)2+2($2+1)=m(:1:+1)\/x2+1 (1)
Vi z =-1 khong la nghiém, nén chia 2 vé (1) cho (x + 1) 2’ +1 ta dugc

2
(1)<:> z+1 +2.\/x +1=m (2)
Nzt +1 z+1

z+1 . 1-z

Dén day ta c6 thé dé dang nhin thay an phu. Dit ¢ = =>t'=———,chot'=0=>z=1.

Nz +1 (\/E)
f(1)=\/§ tu do6 suy ra te(—l;\@]

Tacoé lim =-1;lim v+l

_z+l _atl
T—>o0 \/ﬁ T—>to0 m ’

N 2
Lic d6,yéu cau bai toan tré thanh f(t) =t+ n =m cé nghiém Vte (—1;\/5],t #0.

Xét ham so f(t)=t +% trén nira khoang (—1;\/§J \{o}.

2 t*-2

Taco f'(1)=1-7=—; <0,vte (1,2 ]\ {0}
Bang bién thien
t —00 —1 0 \/5 +o00
fl(t) — —
-3 H-00
£(t) \ \‘
LS Vo

Dua vio bang bién thien,gis tri m cAn tim 1a m <—3vm>2+/2.

Cau 5. Tim tham s6 m dé \/x+1 +\/3—x —\/(a:+1)(3—x) =m c6 nghiém thyc ?

Giai
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| Cac bai toan chita tham sb

Diéu kién —-1<2<3.

2
Dit t =V +1+3—z = =a+1+3-z+2Jr+1)(3-2) = [z +1)(3-2) = 2_4.
t>0
Taco t*=4+2/(z+1)(3-2) 24 {[t<2o122.
t>2
Dau "=" xadyrakhi z=-1 v 2=3.Talaico

Cauchy—Schwarz

NS EIN Cr \/(12+12)[(\/m>2+(\/ﬂ)1 ot22 = te[% 207]

2

Khi d6 (*) tr6 thanh ¢ —

=mo2m=—t>+2t+4.

Xét ham sb f(t)z—lt2 +2t+4 trén doan [2;2\/5].
Taco f'(t)=-2t+2.Cho f'(t)=0<> ¢t=1. Bang bién thien
t 1 P 22 +o0
o[- :

4N2 -4

Dua vao bang bién thién,dé phuong trinh c6 nghiem [gn;%] f (t) <2m< [gn;etjz_(} f (t)

A2 -4<o2m<de202-2<m<2

Cau 6. Tim ¢ dé phuong trinh 2° —+va—2 =a c6 hai nghiém phan biét.

Giai
Cach 1.
Tacé 2° —Ja—z=a<= (352_@)2 =a=r ($2+$—a)<x2—m+1_a)=()
z°—a>0 22 —a>0

Nghién ctia phuong trinh 1a giao diém ciia dudng y =a v6i hop clia 2 parabol y=2"+z;y=2" -2 +1

dong thoi ndm dudi parabol y =2z, V& dd thi ta duge
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N

h g
25
Y
\ 15
k

P -1+
e Neéu —i <a <0 thi phuong trinh c6 2 nghiém phéan biét z = % .

—1—«/1+4a.x_1+x/4a—3
2 e

2

e Néu a>1 thi phuong trinh c6 2 nghiém phan biét z =

=3 =(—i;0}u[1;+oo).

1

. —<4 .
Cau 7. Giai hé bat phuong trinh { 2 theo tham so6 m .
gt +4z+m> —m+4>0
Giai
Diéu kién z#0.
Bat phuong trinh tuong duong
2
1-4z <0 m<—lvx>—
z’ & 2 2

4z +m’—-m+4>0 f($)=334+4$+4>m—’m2
Xét ham sb j"(gﬁ)zal:4 +4x+4 trén ciac khodng (_OO?_%)U[%;+°°]'

Ta co f'(z)=4x3+4.Cho f'(m)=0<:>x=—1.

Bang bién thién
1 1
T —00 -1 —-— — +00
2 2
f'( x) - 0 + A +
+00 +00

»—t|©
~J

Duta vao bang bién thién, dé hé cé nghiem thi
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2
m-m’<le&m’>—m+1>0 @(m—%j +%>0, VmelR

Vay VmeR thihé luon cé nghiém.

Cau 8. Tim m dé phuong trinh sau c6 nghiem

Nz +V1-2* —2m +1-m’ +2z41-2% =0(*)

Giai
1-2*>0 —
Diéu kiéen @ﬁﬁxsl.
z+1-2">0

Dit t=x++1-27,t>0. Suyra 2zv1—-2" =" —1.
Phuong trinh (*) trd thanh 24/t + % = 2/m +m? <:>f(t)=f(m)

Véi f(u)=2\/5+u2,uzo. f'(u)=i+2u>o,vu>o.

Ju
Do d6 f(u) dong bién trén [0;+0). Do d6 f(t)=f(m)<t=m
Theo Cauchy — Schwarz, ta co t < N1+1z? +1-2° =\/§:> 0<t< \/5
V2 t=~/2 khi z—ﬁ

Taco t=0 khia::_T;

Vay 0<m <2 1 céc gid tri cAn tim.

Cau 9. Tim m dé phuong trinh sau c6 it nhat 2 nghiém phan biét?

:63+3mx+1—m=(3x+m—1)\/m3+1

Giai
Diéu kién z° +1>20=z>-1.

Khi do ta co x3+3mx+1—m=(3x+m—1)\/$3+1

[ 3 1: 1
@(\/x3+1)2—(3x+m—1)\/x3+1+3mx—m=0<:> x‘ " " ( )

=3z-1. (2)
1
T>—
1 3
> _
Taco (2)< Ty <4lz=0 @zzgi;/ﬁ.

2’ +1=92" -6z +1 9++/57

xTr =
2

Nhu thé, phuong trinh da cho luon c6 it nhat hai nghiém phan biét ma khong phu thuoc vao m .

3
Cau 10. Tim m dé phuong trinh (\/;+\/x—1){m T+ N ! —164’ a 1]:1 ¢6 hai nghiém?
z-1 T—

Giai
Diéu kien z >1. Bién d6i phuong trinh tuong duong

(sz—){m -

\/7—16 i }:1 (1)
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1 z’
S maT + —1644’ =\/E—\/.%’—1
Jr—1 -1

r—1

o m 4 —16§/$=1—\/

Sm=-— +16¢ +1
rz—1 T —
= T 1
Dattzi/ =</1+ =t>1.
z—1 x—1
Phuong trinh da cho trd thanh m—16t=1-t* < —t* +16t+1=m (2)

V6i mot gia tri ciia t >1 cho ta mot gia tri cia x >1nén phuong trinh (1) ¢6 hai nghiém thuc khi va
chi khi phuong trinh (2) ¢6 hai nghiém ¢>1. V& bang bién thién ta dé dang thay me(16;65) thi
phuong trinh c6 2 nghiém.

Cau 11. Cho ham s6 y = f(z) ¢6 d6 thi nhu hinh vé. Tim m nguyén dé phuong trinh

\/m+44 fm+16|f ()| - 4|f ()| =0

¢6 8 nghiém phan biét

XY

Giai
Dat t=|f(:c)|,t20
Dura vao do thi ta thiy, véi 0<t <1 cho ta 4 gia tri clia x.
Phuong trinh tré thanh m + 4m =4t <> m+ 4m =16t
Pt u=+m+16t,u>0, ta c6 he phuong trinh {m +Au=162(1)
m+16t =u’ (2)
Tu (1),(2)suy ra (u—4t)(4+u+4t) =0 < u=4t(do 4+u+4¢>0) . Khi do.

4t =\'m+16t < 16t —16t =m(*)(¢t = 0)
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Xét ham s6 f(t)=16t>—16t trén [0;+0), vé bang bién thién cho ham sb ta thdy dé phuong trinh da
cho c6 8 nghiém phéan biét thi phuong trinh (*) phai c¢6 2 nghiém ¢ ;¢, thoa man.

0<t <t, <l -4<m<0.

Cau 12. Tim m dé phuong trinh z* +42* + 61 — (1: +m+ 2)\/.77 +m=m- 4(1) c6 hai nghiém phan biét

Giai
Phan tich. Ta dé dang thiy bai toan c6 hinh dang ctia ham dic trung trong do.
bidu kién z>-m.
Phuong trinh tuong duong véi

(z+1) +(z+1)’ +2(z+1)=(«/ﬁ)3 +(\/x+m)2+2\/:§+m (*)

Xeét ham s6 f(t)=t’+1* +2¢ tren R.

Taco f'(t)=3t"+2t+2>0, Vt. Ham sb dong bién.
z2-1

Ta co (*)<:>f(x+1)=f(\/x+m)<:>:1:+1=\/:1:+m @{xz Crrlem (2)

Dé phuong trinh (1) ¢6 hai nghiém phan biét can phuong trinh (2) ¢6 hai nghiém phan biét thuoc

[—1; +oo) . Xétham s6 y=2" +z+1 trén [—1;+oo) ta c6 bang bién thién

1
T -1 —= +00
2

y' - 0 +

Can ctt vao bang bién thién dé phuong trinh c6 hai nghiém phan biét thi Z <m<1.

Cau 13. Timm dé phuong trinh  [2° + % +3v12—2° =10 ¢6 hai nghiém phan biet

Giai
X . m 3
Diéu kién 3 —gﬁzﬁx/ﬁ
a= 2" +— (aZO
Dit 8 . Ta ¢6 hé phuong trinh
b=+12-2" (b20)
10
a+3b=10 a=10-3b (a>0:>b<§j

@+t =412 (
8 %=10b2—606+88 (*)

P 1 . ~ . N
Xét ham so f(b) =100 —60b +88Vb e [0;30} , vé bang bién thién ta dé dang thay phuong trinh dau c6
2 nghiém phan biét khi phuong trinh (*) ¢6 2 nghiém phan biét

o0 Bl qgeme ™
) 9
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Cau 14. Tim m dé phuong trinh sau cé 2 nghieém trai dau

N2 +2me+m* + 81 +zt +22% +2 =\/(x2+x+m2 +1)2+1OO

Giai
Phuong trinh tuong duong

c+m?) +9 + (22 +1) 41 = (22 +z+m?+1) +10
J(oem) +92 (2 +1) 1= (o e 1) 4107

:u+v:(x2+x+m2+1;10):‘&+5‘:\/(x2+x+m2+1)2+102 =VP

Dat 1:L=(a:+m2;9)
v =(x2 +1;1)
Ta ¢6 VT:‘ZL‘+‘{;‘2‘{L+{;‘=VP

2
TN 90 908 a4 9-m? =0(*)

Déu “=" x4y ra khi va < u,v cling huéng < N
z+

m<-3

Phuong trinh (*) c6 hai nghiém trai dau < 9(9 -m’ ) <0< {
m>3

Cau 15. Cho ham béac hai y = f(x) =ax’ +bx + ¢ c6 do thi nhu hinh vé sau

yaA

X

Oe----

@)

Tim m dé phuong trinh \/2f2 (a:)—(m2—4m+23)f(x)+4m2—16m+76=8—f(x) c6 boén nghiem
phéan biét

Giai
Bién doi phuong trinh tuong duang

J2F (2) = (m* = 4m+23) f (2) + 4m® ~16m +76 =8~ f(z) (1)

- f(z)<8
2f* (z)—(m* —4m+23) f(2) +4m* ~16m + 76 =[8 - [ () |
@{f( z)
f(z

()
{ 2( (m2—4m+7)f(:v)+4(m2—4m+3)=0

<8
) (m2—4m+7)f(x)+4m2—16m+12=0
<8
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f(ac) <8
= {f(ﬂ? =4
f(x):m2 —4m+3=(m—2)2 -1
Dua vao dd thi phuong trinh f(z)=4 c6 hai nghiém phan biet. Suy ra (1) ¢6 4 nghiém phan biet khi
f(z)=(m~2)" -1 c6 2 nghiem phan biet khac nghiem phuwong trinh f(z)=4.

{m>4

3<(m-2) -1<8 =2|>2|[m<0

@{ ] ©1lm-2<3 & i{-1<m<s o me[-10)u(45]\ {2+5)
(m—2) —lzd m¢2i\/g mi?i\/g

Cau 16. Tim m dé phuong trinh sau c6 nghiem
(ma—1)V162-28 +242z" +62° +122° + 40z +48 =(3+m? )2’ +2(3—m)z +10

Giai

7
162 —-28>0 r2— 7

L , =3 4 Sr>—
227 +62° +122° +40x+48 >0 (

Dieu kién {
4

v+2) (22° —22+12)20

Ta co (maz—1)\162—28 + 220" +62" +122° + 402 +48 = (3+m)2* +2(3—m)z +10
©2(mz-1)Vaz -7 +2(z+2)V22” ~20+12 =(3+m? )2’ +2(3-m)z+10
Dit {a=\/4x—7

=a’ +b> =m’2’ +(4—2m)x—6,
b=mz-1

. {c =222 —22+12
va

= +d* =32 +2x+16 :>a2+b2+02+d2:(3+m2)x2+3(2—m)x+10.
d=z+2

Phuong trinh tré thanh (a - b)2 + (c - d)2 =0 { _d
CcC=
iz -7 =mz -1 (1)
222 -2z +12=2+2 (2)
>-2 2
Phuong trinh (2) < {i;_ 60820 & E A (théa man)

e Véiz=2.(l)=1=2m-1om=1

Tra bién ta duge {

e Véiz=4.(1)=>3=4m-1em=1.

Cau 17. Tim m dé phuong trinh m(|95|+\/1—ac2 +1)=2 -zt +|:1c|+\/1—gv2 +2(we R) ¢6 nghiém?

Giai
Diéu kien |:1:|S1.
Dit t=|z|+V1-2" 20=¢* =2’ +1-2" +2Ja|J1-2” =1+2[z]J1-2” = 1<t.

Theo bat déngthﬁ’c AM — GM ta céd 2|x|\/1—$2 <z’+1-z"=1 :>tS\/§.

2
Do d6 1<t <2 . Khi d6 £ =2” +1—2° +2Je]J1-2* 20 = |o]1-2* =2* — " =%.
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2
Thay vao phuong trinh ta duge m(tJrl):t2 +t+1©%=m(l$t3x/§).
+

3 £ +i+1 . L 241 .
Pat f(t)=——— =t <[ 12 ]. Licds f'(t)—(t+1)2 >0, e[ 12].

Ham s6 f(t) dong bién trén doan [1; J2 ] , do d6 phuong trinh c6 nghiém khi va chi khi

f(1)gmsf(\/§)c>23m32\/§—1.

Cau 18. Tim a dé phuong trinh z° —2ax ++/22” +a” =|z +a| c6 ding mot nghiem khong am?
g

Giai

Phuong trinh tuong duong véi (2352 +a’ ) +22° +a* =(z+ a)2 +|z +aql

= (\/2:52 +a —|z+a|)(\/2z2 +a +|x+a|+1)=0

2, 2 2 =0
SN2 +a =|x+a|©x —2ax=0<
T =2a
2a=0
Phuong trinh ¢6 dung mot nghiém z khong am khi va chi khi < a<0
2a ¢ [0;+oo)

Cau 19. Tim a dé phuong trinh (ac+1)2 +J2m(m+a+1) =a’ +1+|x+a| c¢6 dung mot nghiém thudc
doan [—2;2]

Giai
Phuong trinh tuong duong véi

(2352 +2ax+2a:)+\/2$2 +2az + 2z =(:z:+a)2 +|z +a4l
= (\/2362 +2ax + 2% —|x+a|)(\/2x2 +2ax +2x +|x+a|+1):0
@\/21:2+2ax+2x=|x+a|©x2+2x=a2 (1)

Xét ham s6 f(z)=2"+2z tren [-22], lap bang bién thién ta dé dang chi ra phuong trinh c6 mot

a#0

/8 <a<s.

nghiém thudc [—2;2] khi va chikhi 0<a’ <8 <= {

Cau 20. Tim m dé phuong trinh sau c¢6 2 nghiém phan biét

(2302 +mz+1)\/2$2 +m$+1+\/2x2+mac+1 =2 +92* + 282+ 30

Giai
Phuong trinh tuong duong

(2x2 +mac+1)\/23;2 +mx+1 +\/2x2+mx+1 =2° +92° +282+30

<:>(\/2x2 +myc+1)3+\/2yc2 +mz+1 =(x+3)3+(x+3)
<:>f(\/2x2+mx+1)=f(x+3) vGi f(t)=t3+t,VteR.

Taco f'(t)=3t"+1>0VteR. Do dé hamsd f(t) dong bién trén R nén

f(m):f(er?))@m=x+3(1)@{$2—3

z* +(m-6)z-8=0(2)
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Phuong trinh (1) ¢6 hai nghiém phan biét khi va chi khi phuong trinh (2) c6 hai nghiém phan biét
z,,z, déu 16n hon hodc bang —3. Do d6 ta ¢6

A=(m-6) +32>0

19
, +3(x, + +9>0 -8+ -
(xl 3)(302 3)>0 1Ty (I1 xQ) 8 3(6 m)+920 m<3 m<19
(xl+x2)+6>0 6-m+6>0
m<12

(z,+3)+(z, +3)>0

Cau 21. Tim m dé phuong trinh \/m+\/; +\/m—\/; =m c6 nghiém.

Giai
T phuong trinh suy ra m >0.
e Truong hop 1. m =0, phuong trinh tré thanh \/\/; + \/—f =0
Vay phuong trinh ¢6 nghiém duy nhat z=0.
20
e Trudng hop 2. m >0. Diéu kién. m+\/;20©0SxSm2(*)
m— \/; >0
Trong diéu kién (*) binh phuong hai vé phuong trinh ta dugc

2

2m+2dm’> —z =m® & 24¢m’* —x =m? —2m

m?=2m>0 mz2
4(7712—:10)=m4—4£m3-I—éJcm2 le(—m4+4m5)

4

Phuong trinh ban dau c6 nghiém khi va chi khi
, & m3(4—m)20 &2<m<A4

Oﬁl(—m4 +4m3)3m
4 mQ(m2—4m+4)20

Cau 22. Tim m dé phuong trinh z° +z° —(m+1):1:+8 =(x—3)\/:1:3 +2° —mz+6 co6 nghiém .

Giai
Didu kien 2° +2* —mz +6>0. Bién d6i phuong trinh tuong duong

4+ —ma:+6—(a:—3)\/x3 + —mx+6—(x—2)=0.

bat t= \/353 +2° —mx +6,t >0 phuong trinh tré thanh

tQ—(x—3)t—(x—2)=O<:{t

t=x-2
r>9 T >2
Vay t=x—-2cb \/x3+z2—mx+6=m—2<:> 5 <9,
x‘+2=(m—4)x r"+—=m-4
T

V61 z>2tacod IQ+2=(3;2+§+§j_2233fx2,§.__%=5_
T T x T T xr 2

Dau bing x4y ra khi #=2. Suy ra dé phuong trinh c6 nghiem thi m-4>5<m>9.

Cau 23. Tim m dé phuong trinh (mZ -2+ m)2 —22° +3z—m =0 c6 4 nghiem phan biét.

Giai

Bién ddi phuong trinh vé dang (:E2 -2z + m)2 - 2(%2 -2z + m) +m=gz
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a=x"-2z+m

bat a=2> -2z +m tacoé he ,
r=a"—2a+m

r=a
Tu hé phuong trinh ¢6 (z—a)(z+a-1)=0<
P 8 ( )( ) L‘+a—1=0
|z=2"-2z+m m=-1"+3z
Hay c6 = )
z+2°—2z+m—-1=0 m=—z"+x+1

Vé trén cting mot do thi cac Parabol (P1 ) cy=—1" +3x;(132) cy=—2"+x+1 taco m SZ

Cau 24. Tim m dé phuong trinh sau c6 nghiem

N2z +3 +Nz+1-m=37+2V22" +52+3 —16(1)

Giai
Phan tich. Mot cau ¥ tudng dat an phu qua 16 lidu.
Diéu kién z>-1.

Phuong trinh tuong duong

\/2x+3+\/m+1—mz(\/2x+3+\/x+1)2—20 @—(\/2x+3+\/x+1)2+\/2x+3+\/x+1 +20=m
Dat t =2z +3 +z+1,t>1.

Phuong trinh trg thanh —t*> +¢t+20=m.

Xét ham s6 f(t)=—t"+t+20voi t>1.

Taco f(t)=—t"+t+20 ddong bién tren khoang (1;+0)nén f(¢)> f(1) < f(¢)=20.
Vay phuong trinh c6 nghiém khi m > 20.

Cau 25. Tim m dé phuong trinh 3z —1+m~z+1=232" -1 c6 nghiém?

Giai
Diéu kién z>1.

Taco 3Vr—1+mfz+1=2%2" —1.

. / -1 , -1
Chia hai vé huong trinh cho vz +1 ta duge 3 T2 im=2a T
z+1 rz+1

-1 ‘
Dat =4I~ [ 0=t<1. Phuong trinh tx§ thanh 3t +m=2t < m=—3t>+2t .
T+

Xét ham so f(t)=-3t" +2t, 0<t <1, lap bang bién thien ta duge m e (—1;%} )

Cau 26. Tim m dé phuong trinh \/l‘—3—2\/1‘—4 +\/a;—6\/x—4 +5=m c6 2 nghiém?

Giai
bat t= m,t >0. V6i moi nghiém ¢, 20 cho ta ding mot nghiem z, >4 .
Phuong trinh tré thanh m = |t - 1| + |t - 3| .
4-2t, khi 0<t<1
Taco f(t)=|t—1]+[t-3]=7 2, khi 1<t<3.
2t—4, khi t23

Lap bang bién thién ta dé& dang chi ra duge m e (2;4].

Cau 27. Tim m dé phuong trinh z° + 2(3 = m)a: +1+4, [2:5(:52 +1) =0 c6 nghiém?
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Giai
Diéu kién xac dinh z > 0.

Phuong trinh tucng duong v6i 2ma = ° + 6z +1+4, [2x(m2 + 1) (*)

Ta thiy ring z =0 khong phai nghiém ctia phuong trinh (*) .

Chia hai vé ctia phuong trinh (*) cho z, (:z: > 0) ta dugc 2m =6+ (x + lj +4 2(53 + lj

T

bat t= 2[$+lj , theo bat dang thitc AM — GM ta c6 z+122 nén t>2.
x x

Ta c¢6 phuong trinh 2m =6+ g +41 (1)
Phuong trinh (*) ¢6 nghiém khi phuong trinh (1) c6 nghiém t > 2.

Phuong trinh (1) St +8t+12-4m =0 c6 nghiem ¢ >2. (2)
Vi § =-8<0 nén phuong trinh c6 khong qua 1 nghiém ¢>2.

Dé c6 nghiem ¢ >2 thi phuong trinh (2) conghiém t <2<t¢,.

Diéu kien af (2)<0<=32-4m <0< m=>8

Nhan xét. Ngoai ra ta c6 thé sit dung dao ham dé tim diéu kién c6 nghiém ctia phuong trinh (1) .

z+1

Cau 26. Tim m dé phuong trinh (x —3)(33 + 1) + 4(1“ —3) =m ¢6 2 nghiém am phan biét?

z—3

Giai
z+1

Diéu kien {”3 . Dit t=(z-3) =t =(z-3)(z+1).

r<-1 T —

Khi d6 phuong trinh da cho tré thanh ¢* +4t —m =0 (1)

Clx<0 /$+1
Ta co {xs—l >zr<-1=>2-3<0 :>t=(x—3) 7_3 =—\/(x+1)(x—3)=—\/g(x) ;g($)=x2—2x—3-

Xét ham s6 g(z)=12" -2z -3 trén (—oo;—1] ta dé dang chira g(z)e[0;+0) =t &(—0;0]

Ta thiy v6i mdi gid tri t<0 sé cho 1 gia tri 2 <-1 tuong ing. Do d6, dé phuong trinh da cho c6 hai
nghiém am phan biét thi phuong trinh (1) ¢6 hai nghiem ¢,,¢, thoa méan diéu kien
A'=4+m>0
t,<t,<0=4tt,=—m20 < -4<m<0
t,+t,=-4<0
Vay v6i —4 <m <0 thi phuong trinh c6 2 nghiém am phan biét.

Cau 27. Tim m dé phuong trinh 23:—7+(1+x)\/8—$—(8—x)x/1+x=m(x/1+x—\/8—x) ¢6 nhiéu

hon 1 nghiém?

Giai
Diéu kién 1<z <8.

Xét phuong trinh 2x—7+(1+x)\/8—x —(8—:6)\/1+x =m(\/1+x —\/8—:5).

Taco x =g la nghiém ctia phuong trinh.
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Véi z e[-1;8]\ {g} . Ta ¢6 phuong trinh tuong duong véi

20-7+(Vo+1-V8-z)J(1+2)(8-2) =m(V1+z -B-z)(1)
@ﬁ+ﬂ/(l+x)(8—x)=m<:>\/m+\/8—_x+4/(1+$)(8—:1:)=m

Dit t=v1+z+V8-x.Taco y=f(t)=t>—2t-8[t—3[+3 va t=3.

Mgt khic (Vi+e +«/8—x)2 <(1+1)(1+2+8-2)=2.9=1<32.

2
Ma z ;tg nén t <32 . Khi d6, phuong trinh c¢6 dang. ¢+ t 5 ) m (*)

t* =9

Xét ham s6 f(t)=t+ ;te[3;3\/§ ) ta thiy phuong trinh da cho c6 nhiéu hon mot nghiém khi

phuong trinh (1) c6 nghiém =z ;tg khi phuong trinh (*) ¢6 nghiém véi te[3;3\/§ ) Lap bang bién

9+6:/2

2

thién tacé 3<m<

Cau 28. Tim a dé phuong trinh z° +(3—-a*)a=3 3/3z+(a”> =3)a(*) c6 3 nghiem phan biét?
phuong ( ghiem p .

Giai
bat t=43[3$+(a2 —3)a =t 2333+(cc2 —3)a

2—3)a l:mzt
=
-3)a

z’ =3t+(a
t3:3$+(a2 3) * +at+1*+3=0(VN)

Khi d6 ta c6 hé phuong trinh {

T, =a

Véi :r=t:>x3=3:L‘+(a2—3)a<:>(553—as)—3($—a)=0<:>L2+am+a2_3:0(1)
Phuong trinh (1) c6 A=12-3a".

Phuong trinh (*) c6 3 nghiém phan biét khi va chi khi (1) ¢6 2 nghiém phan biét khac x=a

A>0 -2<a<?2
= = @azO(doan)
T#a a#=+1

Cau 29. Tim m dé phuong trinh 2z + (x2 + 1)\/1 —2> =m+2” c¢6 nghiem?

Giai
Dit t=x+1-2" (1) , phuong trinh da cho tré thanh ¢* +¢=2m (*)
. ’ p t>x
Coi (1) la phuong trinh an z tham so ¢ (1)c:> ) )
2¢" —2tx+t"—-1=0

Xét (2), taco A=2-¢". Phuong trinh (2) c6 nghiem khi va chi khi t&| —2;4/2 |.

2 2
Vfﬁte[—\@;\@],@) ¢6 2 nghiem 7, = 2= 22‘t ’%:H\/ﬁ'

2
Phuong trinh (1) c6 nghiém khi va chikhi t>2, & te [—1;&} .

Bai toan trd thanh tim m dé phuong trinh (*) c6 nghiém te [—1;\/5] .
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Ham s6 f(t)=t"+¢ dong bién trén R suy ra phuong trinh (*) c6 nghiem ¢ e [—1;\/5] khi va chi khi

f(-1)<2m<f(\2)e 1<m<i

Nhan xét. Ta c6 thé tim diéu kién an t bang phuong phap dao ham.

Cau 30. Tim tham s6 thuc m dé phuong trinh m+/z” +2 =z +m c6 dang 3 nghiém thyc phan biét ?

Giai
Tap xac dinh D=R.
Phuong trinh tuong duong
m x2+2—m=x<:>m=+=f(x); VzeR.
*+2-1

2 2

Ta co f'(m) ( z*+2— )— * :2 (x +2;V$ER.
\/x2+2 \/x2+2
_ 2 D
fa)=002 Y 2 g o ra-2matr2=4c|” V2.

\/x2+2 JJ=\/§

(@) \ / \

Dua vao bang bién thién,dé ham s6 c6 3 nghiém thitc phan biét thi — P2 <m<+2.

Cau 31. Vi gia tri nao ciia a thi bat phuong trinh c6 nghiém dang véi moi z .
(ac2 +4$+3)(:02 +4$+6) Za (*)

Giai
Pat t=2’ +4z+3=(2+2) ~1>-1 va (*) & t(t+3)2a.
Xét ham sd f(t)=t(¢t+3) =t +3¢ trén nita khodng [~1;+).

Iacof(ﬂ=2t+3.cm>f(ﬂ=0c3t=—g.

Bang bién thien

() /
9
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Duta vao bang bién thién, dé bat phuong trinh c6 nghiém ding thi a < [I?in) f (t) =-2 hay ae (—oo; —2] .

Cau 32. Tim tham s6 m dé bat phuong trinh Va* —4z+5 >z’ —4z +m c6 nghiém thyc trén [2;3].

Giai
Tap xac dinh D=R.
Dit t =1’ —4r+5>1= 2’ —4x =t —5. Khi d6 bat phuong trinh tré thanh
t>2t’-b+mem<—t* +t+5=¢g(t), te[l;+m).

Ta c6 g'(t)=—2t+1;g'(t)=0<:>t=%. Bang bién thién.

1
t —o0 — 2 3 +00

2
' _
g'() 0 ~

3
g(t) \
1

Duia vao bang bién thién, m <—1 théa yéu cau bai toan.

Cau 33. Tim m dé phuong trinh V2522 — 202 +4 +~/252> —302+9 +2° —z—m’ + Z =0 v6 nghiem?

Giai

Bién doi phuong trinh tuong duong

\/25x2—20x+4+\/25x2—30x+9+x2—x—m2+2=0 (1)
®|5x72|+|375x|+x2 —z—m’ +2=0
@|5I—2|+|3—5$|+I2—I+§=m2 (2)
4
[z —2|+[3-bz| 2[5z —2+3-5z[=1VzeR (3)

Do ‘ 5 1Y .
:1:2—1:+Z=(x—§j +1>21,VzeR (4)

Suy ra VT = |5x 72| + |3f 5x| " +22 2 , nhu vay vé trai cia (2) c6 tap gia tri la [2;+oo) .

Phuong trinh (2) vo nghieém khi va chi khi m” <2< -2 <m< J2.

Cau 34. Tim m dé phuong trinh (x2 —3x—4)\/x+7 —m(m2 —3x—4—\/x+7)—m2 =0 c6 nhiéu

nghiém thiyic nhat

Giai
Diéu kién z > -7 . Phuong trinh tuong duong
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(¢ =32 —4)Vo+7—m(2* =30 —4—z+7)-m’ =0
& (2* -8r—4+m)(No+7-m)=0

2 —3c—4+m=0(*)
G{m m ()

. . . A=25-4m>0
Dé phuong trinh ¢6 nhieu nghiém thyc nhat thi { 50 " &S0<m< 24—5 .
m>

Thay cac gia tri mvao (*),(**) kiém tra khong c6 nghiém tring nhau va théa man diéu kien z>-7.

Cau 35. Tim m dé phuong trinh mz +z+1-z* + 2 =m 62 nghiém théa man bat phuong trinh

2’ —(2m+1)z+m’ —2m—-2<0

Giai
Diéu kién z >0 . Phuong trinh tuong duong

N B e

r=1 r=1 . /
= \/.z'?:mc;> $=m2—1( )tI‘Onng m>1.

e Truong hop 1. =1 théa man bat phuong trinh da cho tuong duong
m’-m-2<0&-1<m<2=>1<m<2.

e Trudng hop 2. r=m"-1thdéa man bat phuong trinh da cho tuong duong

1-/3 1+/3 <1+J§

<m =1<m<
2 2 2

IA

mZ(m2—2m—2)SO:>m2—2m—2S0<:>

Cau 36. Tim m dé phuong trinh z° —2m+2(x—\/2x+m)(\/;+1)—m =0 c6 nghiém duy nhat trén

doan [0;3]

Giai

. 20+m =0
Dieu kién . Phuong trinh tuong duong

x>0
IQ—2$+2x\/5+2$—24/$(2x+m)—2x/21:+m—m=0
<:>x2+2x\/;+x+2x=2x+m+2«/x(2x+m)+x+2\/2x+m

<:>(x+\/;)2+2(a:+\/;)=(\/;+m>2+2(\/;+m)

a,b >0 , phuong trinh tré thanh.

Dit {GZ‘H\E
=Nz 2z +m
a’+2a=b"+2b = (a—b)(a+b+2)=0<a=b,vi a+b+2>0 v6i a,b>0.

Khi do $+\/;=\/;+\/213+m<:>\/2l‘+m=ZE<:>ZL’2—2$=m.
Phuong da cho ¢6 nghiém duy nhat trén doan [0;3] khi va chi khi phuong trinh z° — 22 =m c6 nghiem

duy nhat trén doan [0;3]. Xét ham s6 y =2 -2z véi = €[0;3], lap bang bién thien ta c6 phuong trinh

. =-1
¢6 nghiém duy nhat trén doan [0;3] =3 " .
0<m<3
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Cau 37. Tim m dé phuong trinh vz —2 —4/2” -2z +(5 = m)\/; =0 c6 nghiém.

Giai

Diéu kién z >2. Phuong trinh tuong duong ’x—2 _44'/35—2 +5-m=0.
x x
Dit t = ff/‘"’““_Q khi d6 0<t= /x—2 =4/1—3<1 phuong trinh trd thanh
x x x

' —4t+5-m=0<t"—4t+5=m.
Xét ham s6 f(t)th —4t+5 trén [0;1) ta dé dang tim dugce diéu kién ciam 1a 2<m <5.

T+2m

Cau 38. Tim m dé phuong trinh \/a: +6z—9 + 4\/$ —64Jz—9 = c6 ba nghiém.

Giai
N ~ x+2m
Phuong trinh da cho tuong duong vz —9 +3 + 4‘\/I -9- 3‘ = 5

bat t=~z-9 (t > O) ta thu duge phuong trinh * — 2t —8|t - 3| +3= —2m(t > O) . S6 nghiém ctia phuong
trinh bing s6 giao diém clia hai do thi y=f(t)=t* -2t -8[t—3|+3 va y=-2m(t>0).
Ta co f(t) = {

Vé bang bién thién ta suy ra phuong trinh c6 ba nghiém phan biét khi va chi khi
2<-2m<b6e-3<m<-1

t* =10t +27; (t=3)
£ +6t-21; (0<t<3)

Cau 39. Tim m dé phuong trinh smat1 +Nz+1l= 2etom+s ¢6 nghiém.

Jr+1 NJr+1

Giai
Xét phuong trinh M+\/x+ :M (1)
NT+1 Nr+1
Diéu kien z >-1. Phuong trinh tuong duong
3mr+l+z+1=2z+5m+3< (3m-1)z=5bm+1 (2)

Phuong trinh (1)v6 nghiém khi phuong trinh (2) vo nghiém hoéc phuong trinh (2) ¢6 nghiém duy

3m—-1#0
p . N 3m—-1=0
nhat nhoé hon bang -1 & hoac <5m +1
om+1#0 <-
Im-—1
. —
@mz% hoac g 3 <::>m=l hoac .
mn <0 0<m<=
3m-—1

1 1 1
@ng hoac 0£m<§<:>0£m£—

Vay phuong trinh (1) c6 nghiém khi m <0 hodc m >% .

2
Cau 40. Tim m dé phuong trinh Vm +2z — (. N2m +z c6 dang 1 nghiém nhé hon 107
m+x
Giai
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m+x—|m|=\/2m+x.\lm+$

m+z>0

z=zz

x>0

()

Phuong trinh tuong duong {

e Xét m=0.Taco (I) & { moi x>0 déu la nghiém ctia phuong trinh da cho.

: =(2m+x)(m+x)

T
r=\2m+zANm+z -

) Xétn1>0.Tﬁcé(I)¢> x>0
m+x>0
m+x>0
2
r=—22<0
<9220 vO nghiém.
m+x>0

(2m +:c)2 = (2m+x)(m+m)

S sm+xz>0

2m+zr=2m+zJm+z

e Xét m<0.Taco (I)<
m+x >0

2m+x2>0

r=-2m
S2m+rx>20<=-2m

m+x>0

Viz=-2m<10 & m>-5.

Cau 41. Cho ham s y = f(z)=az” + bz +c (a#0)c6 do thi nhu hinh vé dusi. Tim m dé phuong trinh

\ /f(|a:|) +1=2m+3- 2f(|a:|) c6 boén nghiém phan biét

VA
3
2 A
o 1\i/3 X
I SRR N :

Giai
T dd thi ham s6 y = f(z)=az’ +bz+c taco do thi ham sb y= f(|:1;|) nhu hinh vé.
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YA
3
2 2 .
\\‘/ 0 N ! /3 X
) RO

Suy ra f(|2])=-1

Dit tzWZO:f(M):tQ -1

Suy ra cit 1 gid tri cita f(|z]) théa man —1< f(|2|) <35 sinh ra 4 gia tri clia x.
Hay ctt 1 gié trj ctia ¢ théa man 0<t=/f(|z])+1 <2sé sinh ra 4 gia tri ciia x.

t=>0 t=0

Phuong trinh tré thanh =
& {t=2m+3—2(t2—1) {2t2+t—5=2m(*)

Dat hams6 y= g(t) =2t* +t—5 va c6 bang bién thien
t 0 2

g(t) 5 /

Dé phuong trinh Jf(|x|)+1 = 2m+3—2f(|:1:|) c6 bon nghiém phan biét thi phuong trinh (*) 6 1

nghiém ¢, €(0;2)=0<¢, <25 5<2m<bm am<l.
2 2

Cau 42. Tim m dé phuong trinh sau c6 nghiém thic duong?

4 3 2
mx\/x +(z++1?2x +x+1 o4l

Giai
Diéu kién z # -1
Dé y thay z' +12° +52° +x+1=x2(x2 +ac+1)+4a:2 +2+1>0, 27—z +1>0,(z+1)" >0 nen ta dé dang
suyra x>0
Phuong trinh tuong duong

mx\/x4+x3+52m2+z+1=$2_$+1©mx\/x4+2x3+5m2+z+1zmg_x+1
($+1) - +2x+1
2
1 1
m\/x2+x+5+1+12 ) m\/(wrx) +1:+;+3
= 1$ L —z-1+=,doz>0< =r+—-1
T2+~ v T+—+2 v
x x
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2
Dift =g+ 132 ’a:.l 59 Taco o VT4 Pt t13 =12 41-2
X

z t+2
Dit u=t*+t+3,u>3
Phuong trinh tré thanh v* —mu—5= O(*)
Phuong trinh dau c6 nghiém théa méan dé bai khi phuong trinh (*) c6 nghiem >3
Vitaco a.c=-5<0 nén (*) luon c6 hai nghiem trai dauu, ,u,

=>u, <3<u, <:>(ul—3)(112—3)£0<:>111112—3(111 +u2)+9£0

c>—5—3m+9£0:m2§:>a=4,b=3:>a+b=7

Cau 43. Tim cac gié tri ciia tham s6 m dé phuong trinh sau c6 nghiem.

T w+\/x+12=m(\/ﬂ+m)

Giai
Dicukién 0<z<4 =5-z-+4-2>0.

Phuong trinh tuong duong

(m :z:+\/$+12)(\/5—x—\/4—:1:)=(\/5—z+\/4—:1:)(\/5—x—\/4—x)m
<:>($ :1:+\/m+12)(\/5—:1:—\/4—$)=(5—x—4+x)m
@f(x)z(x x+\/x+12)(\/5—x—\/4—$)=m (*)

Xét ham sb f(x)z(x T +\/x+12)(\/5—x —\/4—x) trén doan [0;4] .

s (R

f'(w)z(m—m){§\/;+ 1 +$ T $+12}>O,‘v’xe(0;4).

2 Jz+12 25-2d-x

minf(x)zf(O)zQ\/g(\/g—Q)

[0:4]

r) dong bién trén [0;4
= /() dongbitnten [04]= )1

[0;4]

Phuong trinh dau c6 nghiem < I{I&I}lf(aj) <m< Iﬁ%]xf(x) = 2@(\/5—2) <m<12.

Cau 44. Tim tham s6 m dé phuong trinh (4m - 3)\/:3 +3+ (3m - 4)\/1 —z+m—1=0 c6 nghiém thuc

Giai
Tap xac dinh D=R.
z+320

1_$ZO<:>—SS$S1 hay a:e[—?);l].

Ham s6 xac dinh khi. {

Nhan thiy (Mf Jr(\/ﬂ)2 =4@(*/x+3J2+(‘/1_xJ2 ~1.

2 2

Gitp ta lién tudng cong thiic lugng gidc sin® a+cos’a=1.

NT+3 Nl-z
2 2

Do do, ta dat =sina va

=Cos« .

Do xe[—?);l] nén ae{o;g]
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Khi dé phuong trinh tré thanh

2(4m—3)sina+2(3m—4)cosa+m—1 =0,Vae {O;g} (*)

2
bat t=tang, te[O;l]:sinaziZ; cosozzl_t2 .
2 1+1¢ 1+1¢
Lac do6 () trd thanh (4m—3) i +(3m—4)2_2t2+m—1=0 vie[01].
1+¢° 1+t ’ ’
2 2
@—5mt +16mt+77?+7t —12t—9=0’ Vte[O;l]
1+¢
Tt 12t -9
= " 4(t), vtelo:l
(O B
2
Tacé g'(t =_52t_—8t_6?<0, vte[o1].
(5¢" —16t-7)
Bang bién thién
t —0 0 1 +o0

~N|©

a(t) \

9

Duta vao bing bién thién,dé phuong trinh c6 nghiém thuec thi g <m< % .

Cau 45. Tim m dé phuong trinh sau c6 2 nghiém thuc phan biet v2z° + mz -3 =2+1

Giai
z+12>0 r>-1

2:82+77"Lx—3=(:1:+1)2 c>{2x2 +(m—2)x—4=0 (*)

Phuong trinh ¢6 2 nghiém phan biét khi (*) c6 2 nghiém phan biét thoa 1<z, <z,

Phuong trinh tuong duong {

az0
m<-—1
=S<A>0 <3{ <Sm<s-1.

Cau 46. Tim m dé phuong trinh 2\/35 + 242+ 24z +m =mco cac nghiem déu duong

Giai
Ta chi can xét trudng hop = >0 va m > 0. Khi d6 cac biéu thic vé trai déu xéc dinh.
bat y=2\/x+2m va z=2\/m:>y,z>0
2\Jrx+y=m
Ta c6 hé phuong trinh. 2@ =y

2Nz+m =z
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Khong mat tinh tong quat,gia st m >y >z

:>2\/:1:+z SQ\/JH—y S2x/$+m >y<m<z=>m=y=2

2
m- —4m

Thay m=y =2z vao hé trén ta dudc 2z +m =m < 4o +4dm=m’> Sz = 1

Déco z>0=>m>—4m>0=>m >4

Cau 57. Tim m dé phuong trinh sau c6 nghiém nguyén

\/m+m.(\/(m—x)3 +\/(m+x)3j:g(2m—m)

Giai
TrT=-m

Diéu kieén xac dinh sz <m

m+vm* —z> >0

Phuong trinh da cho tré thanh
\/2m+2\/m2 — .(\/m—x +\/m+a:)(2m—\/m2 —x2)=(2m—\/m2 —332)
2m —~m’ —z° =0 (1)

= \/2m+2\/m2—xQ.(\/m—a:Jr\/erac):l (2)

mz=0 mz=0
Phuong trinh (1)<:> m’ - =2m<:>{ ) <:>{ )
x

2 =-3m

2 2
m-—x" =4m

Do x nguyén nén ta suy ra dugc z =0;m =0 thdéa méan PT da cho

Phuong trinh (2) ltc nay tuong duong

\/(\/m—x +\/m+ac)2 (x/m—x +\/m+x)=1<:>‘x/m—x +\/m+x‘(\/m—x+\/m+x)=1

1-2m >0 m35

4(7712—x2)=(1—2m)2<:> 9 1

(\/m—x+\/m+:1:)2=1<:>2m+2 m’ -z’ =1<:>{

1 s
Do x nguyén nén ta suy ra dugc z=0;m = 1 thda man.

Cau 48. Tim m dé phuong trinh z +m + (1 = w)\/2w +m =0 ¢6 2 nghiém phéan biét?

Giai
Phuong trinh tuong duong
x+m+(1—x)\/2x+m =0
&2 +m+2z+m—x\2r+m—z=0

@x/2x+m(\/2x+m+1)—x(\/2x+m +1)=0

<:>(\/2x+m+1)(\/2x+m—z)=0

x>0

= 2m+m=a:<:>{$2_2x:m(*)
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Dé phuong trinh c6 2 nghieém phan biét thi phuong trinh (*) ¢6 2 nghiém phan biét théa z>0. Suy ra
me (—1;0] .

Cau 49. Tim m dé phuong trinh 2° — 22—z +m =m c6 nghiém duy nhét ?

Giai
Goi phuong trinh da cho 1a (1) .
Dat vz +m =t diéu kien ¢ >0, phuong trinh (1) tré thanh.
m? +(1-2" )m+t' —2° —£ =0 (2).

(3).

Ta thay v6i mdi gia tri ¢ >0, cho ta duy nhat 1 gia tri 2, do d6 (1) c6 nghiém duy nhat khi va chi khi

42

Giéi(?) theo m ta dugc m=tt
m=t"—t-1

hé(3) c6 nghiém duy nhat ¢ e[0;+00).

Vé2dothihamsé y=t"+t v y=t"—t—1 véi t>0 trén ciing 1 hé truc toa do.
VA

0 / y=m X
1k

Cén c do thi ta c6 he (3) c6 nghiem duy nhéat khi va chi khi duong thang y=m giao v6i ca hai

nhanh do thi trén tai mot diém duy nhat, suy ra m = —Z hosic -1<m<0.

Cau 50. Tim m dé phuong trinh (x —2\z—m — 2m)(g: —24x—m —3) =0 ¢6 2 nghiém phan biét ?

Giai
Goi phuong trinh da cho la (1) .
Dat vz —m =t , diéu kien ¢ >0, phuong trinh (1) tré thanh.
: f =t* -2t
(£ —2t—m)(t* =2t -3+m)=0 < " (2).
m=—t"+2t+3
Ta thay v6i mdi gid tri ¢ >0, cho ta duy nhat mot gia tri z, do d6 (1)c6 dang 2 nghiém phan biét khi
va chi khi hé (2) ¢6 dang 2 nghiém phéan biét thudc nita khoéng[(); +oo) .

Vé hai do thi ham s6 y=1" -2t va y=—t"+2t+3 v6i t >0 trén ciing mot hé truc toa do.
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A

-1

Can ctt do thi ta c6 he (2) dang 2 nghieém phan biét khi va chi khi dudng thing y=m giao véi ca hai

2+\/ﬁ}.

nhanh do thi trén tai 2 diém phan biét. Suy ra m=-1, m =4 hoiic me (0;3) \{ 5

Cau 51. Tim m dé phuong trinh Yr-m-3+Yz-3m-1= 3/2x—4m—4(*) ¢6 dang 1 nghiém thuoéc
doan [-14;22]7?

Giai
Dat a=3Yz-m-3,b=3z-3m -1 phuong trinh tré thanh
a+b=RXa’+b* <:>(a+b)3=a3+b3<:>ab(a+b)=0.
z—m-3=0 T=m+3=«
Khi d6 phuong trinh (*) < | z-3m-1=0 | r=3m+1=0
r—-m-3=-c+3m+1 r=2m+2=r

a=Ffom=1
a=yom=1

Tact {-14<a<22-17<m<19
-14<p8<22& -5<m<7
-14<~4<22-8<m<10

Biéu dién trén truc s6 ta thiy rdng phuong trinh ¢6 ding mot nghiém thuoc [-14;22] khi va chi khi

me[-17;-8) U {1} U(10;19] (Khi m =1 thi 3 nghiém tring nhau).

(x3 +T7x+ m)3

Cau 52. Tim m dé phuong trinh
1000

=3z —m c6 nghiém duong?

Giai
Phuong trinh da cho tuong duong z° +7z+m =10¥3z —m < 2° +10x =3z —m + 1033z —m .
bit ¥3z-m=y=2"+10z=19" +1Oy<:>(:c—y)(sc2 —ay+y° +10)=O.

Dé y ring

D

2
o ' —ay+y’ +10=O<:>[x—%y] -i—%y2 =-10=VN.

o z=y=zr=Br-moerr=3r-mor’-3r+2=2-m
<:>(m—1)2(x+2)=2—m:>2—m20:>m£2.
Két hgp m >-2019= -2019<m <2

Tap chi va tu liéu toan hoc | 172



Tuyén tap phuong trinh dai sé hay va kho |

Cau 53. Tim m dé phuong trinh 2* + Qx(m —1-~z+m ) +8=2mA/z+m —2m’ c6 nghiem ?

Giai
Diéu kien z>-m

Diit t =<z +m — 2 =t>—m . Phuong trinh tré thanh
(* —m) +2(£ —m)(m—1-t)+8=2mt —2m* & t' ~26* 26> +8=—m’ —2m
&2t -2t —26" +8)=2(-m’ —2m) & (t' —4t* + 47 ) + (¢! =8t* +16) =2(-m” —2m)
& (8 —2t) +(£ ~4) =2(~m* —2m)(*)

D& (*) c6 nghiem thi 2(-m’ —2m)>0<-2<m<0.

Cau 54. Tim m dé phuong trinh \/m +3\/m +3(\/§+ \/10—235) = @+ 10 -2z c6 nghiém

Giai
Diéu kién.0<z <5.

Pt a=\/m+3(\/§+x/10—2x);b=\/£+x/10—2x,(a20,b20).

_|Nm+3a=0b {m+3a=b2
Ta co Pt
Jm+3b=a

m+3b=a’
:>3(a—b)=bQ—a2<:>(a—b)(a+b+3)=0<:{2:2+3:0 0
Véi a=b=m+3b=bem=b>-3b=f(b) (*)

o b=\Br+\10-22 b =z +10+2,f32(10-22) 210= 0> 10 (1)

. b=@+msb2=(@+m)2s(3+2)(m+5—x)=25:bs5 (2)
Tir (1),(2)suy ra be| 1055 |

Xét ham sé f(b)=b"—3b trén doan [ ] ta co

[mlnf f(~1o )=10—3«/ﬁ,ma§f(b)=f(5)=10

Phuong trinh (*) c6 nghiém khi ﬁ%r)l]f( ) <m [I\I/I— ]f(b) —10-3J10<m <10.

Cau 55. Tim gia tri 16n nhat ciia tham s6 m dé bat phuong trinh sau c6 nghiéem

Jm? (x—1)3+ \/>2 <ifm? [sin 2
z— 2
Giai
Goi z, la nghiém ctia bat phuong trinh , ta c6 v z, —1) Jm <\m’ sin%%

Ap dung bat dng thitc AM — GM ta c6 m’ (z, —1)3 +

Do d6 2m </m?

%o SW:msi.
16

LT
sin—-
2
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. .2 c 12 PUIR TN 1 N (IE _]-)2 1 1
Khi m dat gia tri 16n nhat [a — thi + <=
16 64 4(1; _1) 8

Dé thay bat phuong trinh nay c6 nghiem z =3 .

. TT
sin—.
2

1 .
Vay m= m 14 gia tri can tim .

Cau 56. Giai phuong trinh v+ +Y +n%+ Yy +p% 3 3y-m Yy-ny-r_,.
(y+m) (y+n)‘ (y+p) 2 2 y+m y+n y+p

Trong d6 m,n,p 1a tham s6 cho trudc.

K3 thi hoc sinh giéi quéc gia 1975

Giai
Dicukien z #-m, y#-n, z#—p.

Xét biéu thitc - = - = — ==+,
(y+a) (y—i—a)' (y+a) 4 4

Phuong trinh da cho duge viét duéi dang
2

1+3ym+1+3ynl+§y—p 33ymynyp0()
4 4\y+m 4 4\y+n) 4 4ly+p 2 2 y+m y+n y+p

bat uzy_m,vzy_n,w y-p phu’dngtrlnh()thanh

y+m y+n y+p

1 1 1 :
—+§u2+—+§v2+—+§w2—§+§uvw=0©...<:>(w+uv)z=(1—u2)(1—v2)(2)
4 4 4 4 4 4 2 2

Thay cac gia tri ctia u,v,w vao (2) ta dugc

3, 3 + —ya+a’ 2 2 —aY
Y +a (y a)(y ya a) Y ya+a 1 3(?} a] ;yi—a,atflyy.

. (w+uv)2 = 4[3/3 +(mn—mp—np)T

(y+m) (y+n) (y+p)
o 1-2° zﬂ
(y+m)
° 1_1}2:4&
(y+n)

Sau khi bién doi ta c6 y [(gf +rrm—mp—np)2 —4mn(y+p)2} =0

= [yQ +mn—mp—np+2(y+p)\/mn][y2 +mn—mp—np—2(y+p)x/an
Phuong trinh nay c6 dang. y°.A.B =0. Xét cac trusng hop sau.
e Trudng hop 1. 3* =0 ta duge y=0.

e Trudng hop 2. A=0. Sau khi bién déi ta dugc y++/mn = i(\/mp —«/np) .
T dé ta cod

e Trudng hop 3. B =0.Sau khi bién ddi ta duge y—mn = +(«/ mp +\/%)

T do ta co Y
Y
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Cau 57. Tim m dé bat phuong trinh sau v nghiém

2
2(sin:1:+ .1 j —(sinx— .1 J—?
sinz sin z

5 >2
1 1
3(sina:+ - j +[sina:— - j+m—12
sinz sinx
Giai
Bat phuong trinh da cho tuong duong véi
2
1 1
2(sinw— - j —(sinx— - j+1
sinx sinx
; >2.

(. 1 jz ( 1 j
3| sinx —— +| sinz — — +m
sinx sinz

(x;t/mr,teR).

bat t=sinz ——
sinx

Bai toan tuong duong véi viec tim m dé bat phuong trinh sau ding v6i moi t
2t —t+1

——|<2
3t"+t+m

Vimau thic xac dinh véimoit néen A=1-12t<0< m > %

Khidé 3t> +t+m>0 Vt.
27 —t+1

YT Vi 4 +3t+2m-120 Vi
+i+m

Vi 2t —t+1>0 YVt nén

@A=9—16(2m—1)30@mz%.

35 e s s s
Vay m> T la gia tri can tim théa méan yéu cau bai toan.

Cau 58. Cho a,b,c 13 cac s6 thic khac khong, tim s6 nghiém tdi da ctia phuong trinh

(a:c3 ererc)(bx3 +cx+a)(car;3 +aw+b) =0

Giai
bat f(z)=az’ +bz+c,f,(2)=bs’ +cx+a,f,(z)=ca’ +az +b
Gié st réng a,,a,,a, la cac nghiem cla f (), va b,b,,b, 1a cac nghiem cta f,(z), ¢ ,c,c, 1a cdc nghiem
clia f,(z). Néu tat cdc nghiem déu 1a s6 thuc nén a; +a; +a; > 0,67 +b; +b; >0 va ¢ +¢, +¢; >0.
Nhung theo dinh 1y Viet ta c¢6

b c a
2 2 2 2 2 2 2, 2 2
a, +a, +aj; ——Q-Z,bl +by +b; ——Q-E,clJrc2 +c; ——2-2

cho nén (af + a§ + a.§ )(bl2 + b; + b?? )(012 + 022 + c§ ) = (—2 . éj(—Q . Ej(—Z . gj =-8 mau thuan

a b c
Do dé phuong trinh da cho khong thé c6 9 nghiem thuec.
Phuong trinh trén ciing khong thé c6 sé nghiém thuc do mot phuong trinh bac ba khong thé c6 hai
nghiém thuc va mot nghiém phiic duge cho nén phuong trinh chi ¢6 thé co téi da 7 nghiém thuc ma
thoi. Ta lay vi du cho khang dinh ding phuong trinh c¢6 7 nghiém thic. Chon bo (a,b,c) = (1,—6,4)

e Phuong trinh ]‘i(x)z() c6 ba nghiém x=2,x=—1i\/§

e Phuong trinh f, (x) =br’ +cr+a=-62" +4x+1 c6 banghiém thuyc do
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1)1 3)_47 .
(—1)=3>0,f2(—§j=—1<0,f2(0)=1>0,f2[1j=3—2>0Vaf2(1)=—1<0.

e Phuong trinh f (x) =cr’ +ar+b=42" + 2 -6 c6 duy nhat mot nghiém do ham s6
fi(z)=42" + 2z —-6cos f/(2)=122" +1>0,Vz e R
Nen f,(z)dong bién tren R .
Nghiem d6 thuoc khoang (1;2)do f,(1)=-1<0va f,(2)=28>0.
Céc nghiem cua f, (x)=0 va f, (x)z O0thuodc cac khoang [—1;—%},(—%;0],(%;1} va (1;2) tat ca cac

nghiem nay phan biet vi khong biing 2 hoic—1++/3 .
Vay phuong trinh ¢6 7 nghiém.

T z+1 z+2 z+3
+ + +
z+1 z+2 x+3 x+4
do thi lan lugt 1a (C’l) va (C’z) . Tim tap hop tat ca cac gia tri cia m dé (C’l) va (02) cit nhau tai

Cau 59. Cho hai ham s6 y=

va y=|z+1|-z+m (m la tham s6 thuc) c6

dang boén diém phan biét?

Giai
T z+1 x+2 x+3
+ + +

Xét phuong trinh hoanh do giao diém.
z+1 x2+2 z+3 zx+4

=|:E+1|—x+m (*)

Diéu kien z e R\ {-1;-2;-3;-4} .

1 2
Taco (*) ©&m= o rr +x+3+x—h+ﬂ.
z+l z+2 z+3 z+4

S6 nghiém ctia phuong trinh (*) béng s giao diém cta hai dd thi

T z+1 x+2 x+3

Y= + + + +z—|x+1| va y=m.
z+1 z+2 2x+3 z+4
., 1 1 1 1 r+1
Taco y = >+ =+ —+ —+1-—
(x+1) (w+2) (x+3) (x+4) |CU+1|
y' = 1 >+ 1 >+ 1 >+ 1 2+h+u_cpu)>0,VxeR\&{¢Z—&—Q.
(x+1) (x+2) (m+3) (x+4) |$+1|

M |z+1>z+1Vez-1= |z +1—-(2+1)>0 Vo = -1.

Lap bang bién thién ta dé& dang chi ra ring dé phuong trinh c6 4 nghiém phan biét thi m >3 .

Cau 60. Cho céc s6 thuc a,b,c théa a>b>c>0. Chiing minh rang phuong trinh sau c6 nghiém duy

. -b
nhat vz —a -z -0+ a =0.
Nz—c

Giai
Diéu kién x >a . Phuong trinh tuong duong

b-a + a-b =()<:>\/:E—a+\/:1:—b—\/x—c=()<:>,,z_a+‘{$_b—1=0
Ve—a+Jz-b z-c T—c T—c
Xét ham sb f(a:)z ’ZL‘—(I+ /x_b—l,xZa
z—c \Nzxz-—c

ab -1<0, lim f(a:)=1>()
_C T—>+0

Tac6 f 1a ham dong bién va f(a)=

Nén phuong trinh f (x) =0 c6 duy nhéat nghieém. T d6 ta c6 diéu phai chitng minh.
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Cau 61. Tim tat ca cac s thuc a,b,c sao cho

|ax+by+cz|+|bx+cy+az|+|cx+ay+bz|=|x|+|y|+|z|,Vx,y,zeR.

Giai
Cho z=y=2=1 vao ding thtic trén, ta thu dugc |a +b+ c| =1.
Cho z=1 va y=2=0 ta dugc |a|+|b|+|c|=1.
T |a+b+c|=|a|+|b|+|c| tasuy raring a,b va ¢ cing dau.
Bay gio cho v =1y=-1 va 2=0 ta dugc |a—b|+|b—c|+|c—a|=2.
Nhung |a—b|<|a|+[p|, v6i dau "=" xay ra khi va chi khi a v& b trai dau hodc mot trong hai béng 0.
Nén ta cod 2=|a—b|+|b—c|+|c—a|32(|a|+|b|+|0|)=2 .
Nhu vay trong mdi cap (a;b),(b;c),(c;a), mot trong cac s6 phai bing 0 va ta suy ra rang cac bo ba

(a;b;c) thoa man la (1;0;0),(0;1;0),(0;0;1),(~1;0;0),(0;=1;0),(0;0;-1) .

Cau 62. V6i nhiing gia tri nao ciia p thi phuong trinh \/xQ -p +2\/:c2 —1=2 c6 nghiém thuc? Hay

tim cac nghiém do6.
IMO Problem 1963

Giai
Phuong trinh da cho tuong duong véi \z° —p =z — 242" -1 (1)
Dé VT (1) c6 nghia thi 2* —1>0<|z|>1. Hon nita z—2Va’ -120 < 7> 22" -1 (2)

Tu (2) ta thay >0 . Binh phuong hai vé ctia (2) ta dugc
7 24(2° -1) = 4232" <223z

Nhu vay dé VT (1) c6 nghia va khong am ta phéi c6 1<z < % . (3)

Xét cac truong hop sau day
e Néu p<0.Khidé VT(1) luon c6 nghia. Binh phuong hai vé ctia (1) ta dugc

2’ —p=2"—4daz’ -1 +4(az‘2 —1)<:>—p=4$2 —4—4a\z* -1 (4)

C6 thé viét (4) dusi dang —p =4z —1 (\/x2 -1 —x) . Vi z>1 theo diéu kién (3) nén

a:=|3:|=\/x_2=4/(x2—1)+1.
Khi d6 —p:4\/ﬂ(\/x27——4/($2—1)+1) (5)

Vi VT'(5)=-p>0; VP(5)<0 neén (5) vo nghiem. Do d6 phuong trinh da cho vo nghiem.

e Néu p>0.D&VT(1) c6 nghia ta phai c6 diéu kien 2* > p < x> \/; (6)
Nhu vay, nghiém ctia (1) phai théa man dong thai cac diéu kién (3) va (6). Thanh thit

P 2 4 .
o Néu.p>—F—=<p> 3 thi (3) va (6) mau thuin nhau. Do d6 (1) vo nghiém.

NE)
o Néu \/Es%cn)ﬁg thi tir (3) va (6) ta co dugc %Zmeax{l;\/E} (7)

Vi diéu kién (7) ta c6 thé bién doi phuong trinh (1) va di dén phuong trinh (4).
Viét phuong trinh ay dudi dang

42’ ~1=4(2* ~1)+ p & 160° (¢ ~1) =16(a* ~1) +8p(2* ~1)+ p
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2
<:>16(x2—1)—8p(x2_1)_p2:0©$2_1: P’ 912:(4_]7) (8)

8(2-p) 8(2-p)
2 A \ ) 4-p
Theo (7), —==z>2pnén 4—p>0 va 2-p>0.Do d6 7= ——>e.
J3 2./2(2-p)

Dé hoan thanh phép chitng minh trong trusng hop nay, ta phai chiing té rang gia tri ctia z da

N 4
tim dugc théa man diéu kien (7) hay 3 >z’ >max{l;p} .

2 2

Vo trp oty P g1y P
3 3 8(2-p) 3 8(2-p)
<:>8(2—p)23p2®3p2+8p—16S0<:>—4§p£§.

. 4 4
Két hgp véi Oﬁpsg ta dugc OSpég.

Tit (8) ta suy rarang z° >1. Cudi ciing ta kiém tra diéu kien z° > p , tic la

(4-p)° f
2p&s(3p—4 “>0

thoa diéu kien (9) va do d6 diéu kien (7) dugc théa man.
Két luan

(i). N.éu p<0 thi phuong trinh vo nghiém.
. 4 4-—
(ii). Néu 0<p< 3 thi phuong trinh ¢6 mot nghiém xac dinh bdi cong thitc z = ﬁ .
2/2(2=p

(iii). Néu p >§ thi phuong trinh vo nghiem.

3 2 4
. . |Ty=m"+
Cau 63. Chiung minh rang Vm € R , hé phuong trinh sau ¢6 nghiém duy nhat 4 y .
y+2xy° =n" —y°

Giai
y(x‘} _y:s): m?
Heé phuong trinh da cho tuong duong véi , (*)
y(z+y) ==
T phuong trinh thit hai ctia hé (*) suy ra y>0.

Tt phuong trinh thit nhat ciia he (*) suy ra 2° —9* >0= 1>y >0.

Do d6 z>0;y>0. Cing tit phuong trinh thit hai ctia he (*) ta suy ra z = T

—y.
Jy
3
Thay vao phuong trinh thit nhat ciia hé (*) ta duge y {% - yJ —y* |=m”.
Y
bat t= \/5 > (0. phuong trinh thanh
T ’ 3

t{(?—tQJ —tb}sz et +mt—(r—t") =0 (**)

Xét hamso f(t) =t +m*t—(m—t") v6i t [0+0).

Taco f'(t)=9t"+m’ + 6t(7r ¢ )2 >0,V e[0;+0) = f(t) dong bién tren [0;+0).
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Mgt khic f(0)=-7" <0; f(¥r)=7" +¥xm’ >0.
Vay phuong trinh (**) ¢6 nghiém duy nhat te (O;%) .

Vay hé phuong trinh da cho c¢6 nghiém duy nhat VmeR .

Cau 64. Giai phuong trinh \/ \/ \/ bto \/ , VOi a,b 13 cac s6 thiyc duong.
a+x b+z

Giai
Piéu kién. Néu neN 1éthi n=2;cosz=0.Néu z =g+k27r,k €7 chén thi

196si112 T _ 1651112 z 100sin2 T _ 100(:()s21L' + 160(»:2.'(; _ 1960052117 .
Dit z#0;a° +b”, phuong trinh da cho trg thanh

u+l:v+1@(u—v)(l—ijz()@{uzv .

U v iy w=1

. . |la+zx b+z
Néu u=v thi :L/ =n =ar=>bx.
a—2x b—x

o Khi zy>0 thi z#y langhiém.

e Khi a=b thimoi ze€R déu la nghiem.

Néu wo=1. Khi do %% =, [0=7
a—2T b+zx

=x=0.

T6m lai. Phuong trinh luén c6 nghiém z=0.

. 1 1 1 .
e Neu | 0;0;xz— |,| 0;2—=;0|,| £—=;0;0 | va& < a=0b=c chan thi ¢6 thém nghiém
|a—b|+|b—c|+|c—a|=
1 1 1

e Néu (ﬂn—i—y+z)2 va l;l;l ——;—=;—=| 1é thi c6 thém nghiém b .
333 3 3 3
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B. Cac bai toan st dung hinh hoc — do thi.

Trong chii dé nay ta sé tim hiéu cac ing dung ctia Iy thuyét do thi ma cu thé 1a vi trf tuong déi clia céac
dudng thing va dudng cong trong viéc gidi quyét cac bai toan chita tham s6. Ta xét bai toan sau. Tim
m dé phuong trinh f(x,m) = g(m) c6 nghiém.

Phuong phap.

y=f(zm)(C,)

y=9(z.m)(C,)

Budc 2. Bing viec xét vi trf tuong ddi ctia hai duong (C,),(C,) ta c6 duge két luan vé nghieém cia

Buée 1. Dat f(a:,m) , khi d6 phuong trinh duge chuyén thanh hé{

phuong trinh.
Luu y. Thong thuong néu (01) la phuong trinh dudng thing thi (Cl) c6 thé 1a phuong trinh dudng

tron, Elip, Hypebol hodc Parabol (ciing ¢6 trudng hop (C,) va (C,) déu la phuong trinh dudng tron).

Cau 1. Timm dé phuong trinh V4 —2° —ma —2+m =0 c6 hai nghiém phan biét

Giai
Diéu kien —2<x<2 ,
Dit V4 —2° =y >0, phuong trinh tré thanhy =ma +2-m (d)
Diéu kien bai toan tuong duong nita dudng tron tam O(0;0),r =2 (phan trén truc hoanh) cit (d) tai

hai diém phan biét

Y)\
E|2 A
N\ D
i i \ >
B O 1 C X

Ta c6 (d) di qua diém c6 dinh A(1;2),Vm
Qua A c6 hai tiép tuyén véi dudng tron 1a dusng thing y =2 va AD
Goi k,,k,,k,,k, 1an lugt 1a he s6 goc ciia cac duong thaing AC, AD, AB, AE

Tac6 k =—tanACO =-2 ,k, =tanEAD=_?4 Vi tanFAO =2, k, =tanABO =

w | b

Lk, =0

W

. 2
Vay dé phuong trinh ¢6 hai nghiém phan biét khi 0 <m < 3 hodc 2<m<

Cau 2. Bién luan theo m s6 nghiém ctia phuong trinh V1-2° =z-m

Giai
Dat y=+1-2* , diéukien y>0
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4y’ =1 (1)
Khi d6 phuong trinh duge chuyén thanh he { z—y=m (2)
y=0
N 5 . s : . ]0(0,0)
Phuong trinh (1) la phuong trinh dusng tron don vi (C’ ) co R-1
Phuong trinh (2) 13 phuong trinh duong thing (d) song song vdi dudng phan gidc géc phan tu thit
nhat z—y=0. Ta di tim hai vi trf gi6i han cho (d) la
e A(L0)e(d)em=LB(-1,0)e(d)=m=-1

. (d) tiép xfc véi nita trén chia dudng tron (C)

Nhu vay
e Véi m<—/2 hodc m>1 thi (C)n(d)=¢ < (*) vo nghiem
e V6i m=—2 hodc -1<m<1 thi (C)n(d)={A} < (*) c6 nghiem duy nhét.
e V6i —V2<m<-1 thi (C)n(d)={A,B} < (*)c6 2 nghiem phan biet.
Cha y. Phuong phap trén duge mé rong tu nhién cho truong hgp dudng tron (C’ ) c6tam I =0

Cach 2. Bai toan trén con c6 thé dugce giai bing phuong phap lugng gidc héa va phuong phap bién
doi tuong duong, nhu sau.

Dt o =sint| ~<t<X
2 2

Khi d6 phuong trinh tré thanh cost =sint—m < Sin(t - zj =
YN
Vi —g <t< g = _%T <t- % < % , ti d6 dua vao dudng tron don vi, ta c6 s6 nghiém ctia phuong trinh

la s6 giao diém ctia dudng thing (A):y = i cung tron AB, do do6 c6 thé giai quyét dugce bai toan

NG

nay!

Cau 3. Bien luan theo m s6 nghiém ctia phuong trinh V12 —3z" =z — m(l)

Giai
Phan tich. Tuong tu cau trén, ta sé dua phuong trinh nay vé dang tuong giao ciia Elip va dudng
thing. Dt y=+12-32* , dieu kien y >0
Khi dé phuong trinh duge chuyén thanh he.

%+ZZ[/_2:1(2) (y=0)
T—y=m (3)

Phuong trinh (1) 1a phuong trinh Elip(E) c¢6 tam I géc O
Phuong trinh (2) 13 phuong trinh duong thing (d) song song vdi dudng phan giac géc phan tu thit
nhat -y =0. Ta di tim hai vi 11 t6i han cho (d) la.

o A(20)e(d)em=2B(-20)e(d) =>m=-2
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m=-4

e (d)tiép xtic véi nita trén ctia Blip(E) =1.4—(-1)".12=m’ @{ A
m=

Nhu vay
e V&i m<—4 hodc m>2 thi (E)ﬁ(d)zgp@(l)v@ nghiém.
e V6i m=—4 hodc —2<m <2 thi (E)n(d)={A4} < (1) c6 nghiém duy nhat

o VGi -4<m<-2 thi (E) ( ) { } ( ) ¢6 2 nghiém phan biét.
Bai tap tuong tu. Bién luan theo m s6 nghiém ctia phuong trinh

1. Ja*=9=z-m
2. Ja'-1 =(2m+1)m+m2+m+1

Cau 4. Cho z,y la céc s thyc théa man 0<z+y<1. Tim gi4 tri ctia tham s6 m dé phuong trinh
T+y++2zy+m =1 c6 nghiém (%5%) duy nhat?

Giai
Theo gia thiét ta duge
O<z+y<l O<z+y<l O<z+y<l1 (1)
(z-1) +(y-1) =m+1 (2)

Tap nghiém cta (1) la phan nam gitta hai duong thing d:y=-z va d:y=—z+1, ké cd d nhung

& , &
23:y+m=1—(m+y) 2xy+m=1—2x—2y+(x+y)

khong ké d ; phan to dam trong hinh vé
YA

d |

e Néu m<-1 thi (2) vo nghiém nén hé vo nghiém.

e Néu m=-1 thi (2) c6 nghiém duy nhat = =y =1, khong théa man (1) , do d6 hé vo nghiém.

o Néu m>-1 thi tap nghiem ciia (2) 1a dudng tron (C) 6 tam I(1;1) ban kinh R=+/m+1 .
Do d6 phuong trinh da cho c¢6 nghiém duy nhét khi d' 1 tiép tuyén ctia dudng tron (C)

Diéu d6 c6 nghia d(1,d")=R < Jm+ =g<:> mz—%.
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Cau 5. Tim céc bo s6 (z,y)duong théa méan phuong trinh .

\/a:2 +b2—bx\/§+\/y2 +a’ —ay\/§+\/a:2 +y2—1;y\/§=\/a2 +b’

Trong d6 a,b 13 cac s6 thuc duong cho trude.

Giai
Ta dé ¥ rang vé trai la ba ciin thic c6 dang gan giéng dinh 1y Cosin trong tam gidc, vé phai la biéu
thitc gan giéng cong thitc tinh dudng chéo ciia canh huyén . Hon nita lai ¢6 mot két qua quen thuoc
trong hinh hoc phang 14 AM + MN + NB> AB.
Didu kien 2% +b° —bz~/3,9% +a® —ay3,2° +y* —zyy3 2 0.
Dung tam giac vuong OABc6 OA=a, OB=>b. Oxva Oy la hai dudng chia ba cic gbéc clia tam giac,
tréen Ox 1ay M vatrén Oylay N sao cho OM =yva ON =z (nhu hinh vé)

Khi do6 ta dugc AMz\/OA2 +OM’ —QOA.OM-COS% =\/a2 +17 —ay-\/g.

Tuong ty MN:\/ZII2 +y2—$y-\/§,BN=\/a:2 +b2—bx-\/g,AB:\/cf+b2 .

X
A M
N 7y
al v
X
0 b B

Hon ntta AM + MN + NB> AB nén

\/1:2 +b2 —bzf3 Jr\/y2 +a’ —ayx/g +\/x2 +y° —xy\/g >a® +b’
Do diéu kién ctia bai toan nén dau bing xay ra, néi cach khac M va N lan lugt la giao diém ctia
Ox va Oy v6i AB . Dén day ta chi can tim OM,ON

1 3 2ab
Tacod S,,,=5,,, +S,, S ab=—ay+—by=>y=
OAB OAM OBM 2 2 ot _\/gb
. 2ab
Tuong tu ta tim duge © =———
\/§~a+b

2 2
Do dé nghiém ctia bai toan la = = ab __2ab

\/§-Q+b’y_a+\/§.b '
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C. Cac bai toan st dung di€u kién can va du.

Phuong phap diéu kien can va di thudng t6 ra kha hiéu qua cho 16p bai toan tim diéu kien tham sb dé.
e Phuong trinh tri tuyét ddi c6 nghiém duy nhat.
e Phuong trinh tri tuyét ddi c6 nghiém véi moi gia tri clia mot tham sé.
e Phuong trinh tuong duong véi mot phuong trinh hosic mot bat phuong trinh khéc.

Khi dé ta thuc hién theo cac bude sau

e Buéc 1. Dit diéu kien dé cac biéu thitc ctia phuong trinh c6 nghia.

e Budc 2. Tim diéu kién can cho hé diyta trén viec danh gia hosic tinh déi xiing ciia hé. Gia sit he
théa méan tinh chat p ndo d6 ma dau bai doi héi. Khi d6, dua vao nhitng diic diém cta tinh
chat p va dang ctia phuong trinh ta sé tim duge mot rang budc nao dé ddi véi tham s6 m va
rang buoc iy chinh 1a didu kieén can dé c6 tinh chat p. Didu d6 c6 nghia 1a néu v6i m, khong
théa méan rang budc trén thi chic chén ting véi m, , he khong 6 tinh chat p.

e Budc 3. Ta tim xem trong cac gia tri cia m vita tim dugce, gid tri nao lam cho hé thdéa man
tinh chit p. Kiém tra didu kien dii. O budc nay néi chung ta ciing chi can giai nhitng he cu thé
khong con tham sb. Sau khi kiém tra, ta sé loai di nhitng gia tri khong phit hgp va nhiing gid
tri con lai chinh 1a dap sb ciia bai toan.

Nhu vay, ¥ tudéng ciia phuong phap nay kha ré rang va don gian. Trong rat nhiéu bai toan vé bién
luan thi phuong phap nay lai thé hién wu thé ré rét. Tuy nhién, thanh cong ciia phuong phap con nim
& chd ta phai lam thé nao dé phat hien diéu kién can mot cach hop 1i va chon diéu kién dd mot cach
dting dan.

Sau day chung ta sé di vao cac vi du cu thé!

Cau 1. Tim m dé phuong trinh 4z + 42—z +Jz +2—z = m(1) c6 nghiém duy nhét.

Giai
Phan tich. Néu nhu 6 phuong phap co lap m thi ta da c6 cach gidi quyét bai nay bang dao ham thi &
phan nay ta sé tiép can né véi phuong phap diéu kién can va da
Diéu kién can
Gié st (1) c6 nghiém la z =z, = (2 —.I’O) ciing 1a nghiém cua (1)
Vay (1) c6 nghiém duy nhéat khi z,=2-x, =1
Thay z,=1 vao (1) , ta duge m =4
D6 chinh la diéu kién can dé phuong trinh c6 nghiém duy nhét.
Dieu kién da
V6i m=4,khi d6 (1) c6 dang Yz + 32—z +/z +2-2 =4(2)
Jr+2-z<2
fr+ip-z<2

Ap dung bat dang thitc Cauchy — Schwarz , ta duge {

Ji+Eon =2

Do d6 (2) <:>{ <> =1 la nghiém duy nhét ctia phuong trinh.

Yo +i2-z =2

Vay v6i m =4 phuong trinh c6 nghiém duy nhat.

Cau 2. Tim m dé phuong trinh \/x2 +2r-m’ +2m+4=z+m —2(1) nghiém dang Vx>0
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Giai
Diéu kién can
Gid st (1) ¢6 nghiém Vo >0 =2 =0 langhiém cta (1), khi do.

m—-22>0
(1)@\/—m2+2m+4=m—2© ) , &m=3
-m +2m+4=(m—2)
D6 chinh 1a diéu kién can dé phuong trinh nghiém diang véi Vo >0
Piéu kién du
V6i m =3, khi d6 (1) c6 dang
20
N-m’+2z+1 =1+l r+1=2+1< 0=0 luon ding.

Vay v6i m =3 phuong trinh nghiém dang véi Vo >0.
Chii . V6i bai toan c¢6 nhieu hon mot tham s6 ra sé thiy tam quan trong ciia viéc lya chon diém
thuan lgi cting v6i viéc xac dinh cac gia tri clia tham s6 dude thite hién tuan tir. Ching ta di xem xét
vi du sau.

Cau 3. Tim a, b, dé phuong trinh a\/:l:2 +1— \/xz +bz +1=0 nghiém diang véi Vz e R

Giai
Piéu kién can
Gia st (1) c¢6 nghiem Ve = =0 1a nghiém cta (1) , khi do (1) <a-1=0sa=1

Yz
Vé6i a=1 thi (1) <:>\/x2+1=\/:1:2+b$+1<:>x2+1=x2+bx+1<:>bx=0<:>b=0

Vay a=1,b=0 la diéu kién can dé phuong trinh nghiém dang véi Vz .
Piéu kién du

Véi a=1b=0 thi (1) < 0=0 luon ding.

Vay v6i (1) phuong trinh nghiém dang v6i Vz

(x+5)(2—x)=3m\/x2 +3z+m-—1 (1)

Cau 4. Cho 2 phuong trinh ‘
z' +62° +92° =16 =0 (2)

Tim m dé (1),(2) tuong duong?

Giai
Phan tich. Dé 2 phuong trinh tuong duong nhau thi phuong trinh 1 phai c6 ciing tap nghiém véi
phuong trinh 2. Do d6 ta di giai phuong trinh 2. Ta c6
z=1

(2) & (2* +32) ~16=0 (z—1)(z+4)(s" +31:+4):O<:>{
Diéu kién can
Gia st (1),(2) tuong duong = x =1 la nghiém cia (1) khi do
m >0 m >0
(1)< 6=3mym+3 ®L=m2(m+3)®{m3 3R 40
m>0
@ (m—l)(m2 +4m+4)=0
Vay m=1 la déu kién can dé (1),(2) tuong duong.

Didu kién da

<m=1
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Véi m=1,khi d6 (1) c6 dang 2 —3z+10 =3z + 3z (3)
bit t=+2° +3z , dieu kién ¢t >0

Khi d6 (3) & ¢ +3t—10=0<:{t:_5§L)

) 2 2 2 xr = 1

Véit=2tacét V' +3r =21 " +3r=4< A
r=-—

Tic la (1),(2) tuong duong.
Vay v6i m=1 thi (1),(2) tuong duong.
Chua y. Chang ta da thay ton tai nhitng phuong trinh chita cin thiic ma tap nghiém ciia né 1a mot
khoang, do dé mot phuong trinh chita cén thiic c6 thé tuong duong véi mot bat phuong trinh. Chiing
ta di xem xét vi du sau.

Cau 5. Cho phuong trinh va bat phuong trinh

Ve-1+2mz—2 +yz-1-2mz—2 =2 (1)

|o* +3z+2 <2’ +2z+5 (2)

Tim m dé (1),(2) tuong duong?

Giai
Piéu kién can
Gia st (1),(2) tuong duong suy ra z =3 la nghiém cta (1) , khi d6

(1) ©V2+2m +42-2m =2 J4—4m’ =0 & m=+1
Vay m=x1 la diéu kien can dé (1),(2) tuong duong.
Dieu kién da
V6i m=1,khi dé (1) c6 dang

Jx—1+2M+Jx—1—2m=2©‘M+1‘+‘m—1‘=2
<:>‘\/xT2+1‘+‘1—\/xT2‘=‘(\/xTQ+1)+(1— 1‘—2)‘
<:>(\/33T2+1)(1—\/xT2)20<:>1—(a:—2)20<:>x£3

Tic 1a (1),(2) tuong duong.

V6i m =—-1 tuong tit hodc c6 thé nhan xét vé tinh déi xitng ctia m trong phuong trinh
Vay v6i m=+1 thi (1),(2) tuong duong.

Cau 6. Tim m dé phuong trinh Jo+l-z+ 2m\/x(1 —x) = 23/20(1 —a:) =m’ (1) c6 nghiém duy nhat?

Giai
Phan tich. Mot bai toan nhin nhiéu cin kha la phitc tap, va § tudng ham dic trung dudng nhu ciing
kha 1a kho, tuy nhien hay chii § dén cac biéu thiic z,1-z ta khong khé dé nhan ra néu z, thi 1-z,
ciing 1a nghiém ctia phuong trinh, do d6 chiing ta sé stt dung phuong phéap diéu kién can va du dé giai
quyét bai todn nay.
Loi giai
Nhan thay néu z, 1a nghiem cta phuong trinh (1) thi 1-2, ciing la nghiém cia phuong trinh (1)
Phuong trinh (1) ¢6 nghiém duy nhat thi

1 .
Iozl—xo<:>x0=§:>m5=m<:>m=0\/m=i1
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e V6i m=0 thi (1) tr6 thanh
, 2 1
+l—z-24z(l-2)=0 Jr—Y1-z) =0 ==
o+ 1=z —2yx(1-2) <:>(\/:r N, x) So=7

Vay m =0 thdéa méan

e V61 m=1 thi (1) trg thanh \/;+\/1—$—244/$(1—$) =1—2«/x(1—$)

_1
ot (o L[|
(\/;— 1—x) —(\/;— l—x) <:>L/;+41__ :1<:> z;f

Vay taloai m=1
e V6i m=—1 thi (1) tré thanh

o+ l—z -2ix(1-2) +1-2Jz(1-2) = O<:>( az—ﬂ) +(\/_—m)2=

ut

Vay m=0,m=-1 1a 2 gia tri thoa man.

4lx 1

N/

“?

Vay m =-1 théa méan

Cau 7. Tim m dé phuong trinh 2\/:172 + Q(x/ix +m? ) +3m+1= 2‘2: + \/5‘ +3+m c6 nghiém duy nhat?

Giai
Bién doi phuong trinh tuong duong

2\/z2+2(\/§x+m2)+3m+1=2‘m+\/§‘+3+m

<:>2\/(:17+\/§)2 +2m +3m =1 =2z +2|+3+m(1)

bat t=x+2 , ta c6 phuong trinh 2\/t2 +2m’° +3m—1 =2|t|+3+m (2)

Nhan xét (1) c¢6 nghiém duy nhat khi va chi khi (2) c6 nghiém duy nhét.

Gia st ¢, 1a mot nghiém cta (2) thi ¢, cling la nghiém cua (2) Do d6 dé (2) c6 nghiém duy nhat,
diéu kién can 1a ¢, =—t, < 1, =0.

m=1
m=-3
Véi t, =0 thay vao (2) ta dugc 2v2m* +3m-1=3+m < ) = 13
Tm”+6m-13=0 m=—7

Th lai.
e V&i m =1 phuong trinh (2) tré thanh

W +4 =2|f|+4 < t* +4=1" +4|f|+4 <t =0 (théa man)

1
e Véims= —73 phuong trinh (2) tré thanh

9 /t +E—2|t|+§<:>t2 16—t +—|t|+E©t 0 (théa man)
49 7 49 49

13 ., o > 2 ~ X <. P
Vay m=1m= — 1a 2 gié tri cia m théa méan yéu cau bai toan.
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Cau 8. Tim ¢ va b dé phuong trinh sau ¢6 nghiém duy nhét

flaw ) + a0y +0FT - ()

Giai
Diéu kién can
Gié st (1) 6 nghiem duy nhat = =z, khi d6 dé thay z =-z, ciing la nghiem cta (1).
. ‘ b=0
Do d6 tit gia thiét suy ra z, =0. Thay z, =0 vao (1)ta dugc 3/172 == L )
Diéu kién du
Khi 6 =0, (1) c6 dang

Q/aQI2 + i/asz + :\%/an? =0 a’2” =0
Do d6 (1) c6 nghiém duy nhat khi va chi khi a = 0.
Khi b =1, (1) c6 dang

%/(ax+1)2 +\3/(ax—1)2 ¥t —1=1 (*)

Dt u=%az+1; v="3az -1, ta thiy.

w0t = u—v=2 u=1 ar+1=1
()= = , S =N Sar=0
u+uv+vt =1 u +uv+ov =1 v=-1 ar—1=-1

Vay (*) c6 nghiém duy nhét khi va chi khi a #0.

. . . . #0; b=0
Tém lai, de phuong trinh (1) ¢6 nghiém duy nhat thi dieu kién can va da la La

Cau 9. Tim m dé hé phuong trinh sau c6 nghiém duy nhét
NT+z+11-z—4=m—+4-34J10-3m
JT+y+1l—y—4=m—-+4-3J10-3m

Giai
-7<z,y<11
Dieu kién 74 <m SE
27 3
Trit theo vé hai phuong trinh ta cé
No+7-ll-z=Jy+7- 11—y

Xét ham s f(t)=t+7 —11—t, —7<t <11 taco f'(t)= L, 1
AW/t+7  2J11-t

> 0.

Vay ham s6 dong bién, khi d6 f(z)=f(y) < z=y.
Thay vao mot trong hai phuong trinh ctia hé ta duge
JT+z+l—z —d=m—-J4-3J10-3m (¥)
Diéu kién can
Ta thay la néu z, 14 mot nghiém ctia phuong trinh thi 4 —z, ciing 14 nghiém ctia phuong trinh.
Neén hé da cho ¢6 nghiem duy nhat khi va chi khi z,=4-z, <z, =2
Thay vao phuong trinh (*) ta duge \4— 3J10—-m =m—2 (**)
Gii phuong trinh (**) ta tim dugc m =3.

Diéu kién di.
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NT+x +411—2 =6
JT+y+4J11—y =6
Vi 2=y nén ta chi viéc gidi phuong trinh V7 +z +/1l1-2 =6 1=2

Vay m =3 la gia tri can tim dé he da cho c6 nghiéem duy nhét.

V6i m =3, ta thu duge hé phuong trinh {

TYz+z=a
Cau 10. Tim a va b dé phuong trinh sau c6 nghiem duy nhat {zyz* +2=0
2 2 2

'ty +2 =4

Giai
Diéu kién can.
Gid st (2,;9,;2,) 12 nghiém ctia hé phuong trinh da cho thi (-z,;—y,;2,) ciing la nghiém. Do tinh duy
nhat nén z, =—z,y, =—Yy, =, =y, =0.
2, =a
Thay trd lai vao he, tacod 4z, =b . T day tasuyra a=b=2 hodc a=b=-2.
zg =4
Piéu kién di.
Yz +z2=2 (1)
Néu a=b=2. Khi d6 he c6 dang {zyz’ +2=2 (2)
Pyt +2 =4 (3)
Lay (1) —(2) ta dugc xyz(l —z) =0, tu (1) laicod z#0 do do :vy(l —z) =0
Néur=0=>2=2=y=0
Néu y=0=2=2=12=0
Néu 221:{$2 ty =3
zy=1
Hé trén c6 nghiém (acl;y1 ) #* (0;0). Vi vay ngoai nghiém (0; 0;2), hé con c6 nghiém khac (x1 3V ;1) do do
hé khong c6 nghiém duy nhat. Trudng hop nay khong théa man.
Yz =—2
Néu a=b=-2.Khi dé he c6 dang < zyz’ + 2z =-2
Py 2 =4
Tién hanh lam nhu truong hop trén ta di dén
Néur=0=2=-2=y=0
Néu y=0=>2=-2=2=0
Néu z=1:>{z2 ty' =3
zy=-3
Ta thay tit he phuong trinh trén, ta suy ra 2° +y° < 2|my| nén hé vé nghiém.
Vay trong truong hgp nay hé c6 duy nhat nghiem (x; y;z) = (0; 0;2)
Vay diéu kién can va du dé hé phuong trinh da cho c6 nghiém duy nhatla a=b=-2.

Cau 11. Tim « dé phuong trinh sau c6 nghiém dang v6i moi z:

10g2(a2l’2—50,3'}2+'\/6—70,)=].0g2+12 (3— a—l) (*)

Giai

189 | Chinh phuc olympic toan



| Cac bai toan chita tham sb
Diéu kién can
Gid stt (*) dang véi moi z. Véi =0 taco log, V6 —a =log, (3— a—l)
1<a<6
Laico <vJa—1<3 = aec{2;5}
Na—1++6-a=3
Piéu kién du
Néu a=2 thi (*) < log, (2-122%) =log, .2 (**)
RG rang (**) khong ding véi moi z, vi dé log, (2 - 12:1:2) c6 nghia thi phai c6 122° <2
Néu a=5 thi (*) < log,1=log, .1 (luon dang)

Vay a=5 la diéu kien can va di dé (*) dting v6i moi .

2 4 (a + l)by2 =a’

Cau 12. Tim a dé hée phuong trinh an (:v;y) c6 nghiém véi moi b: s
(a—l)x +y =1

Giai
Diéu kién can.
2
a” =1
Gia st hé c6 nghiém v6i moi b, thay b =0 ta dugc s
(a - 1):p +y =1
Do d6 diéu kién can 1a a ==+1
Diéu kién di.
2" +2by” =1

Néu a=1, tacohe
y =1

Khi b >% hé vo nghiém. Vay truong hgp nay loai.

) 2" =1
Néu a=-1, ta c6 hé ‘ )
22" +y° =1
Hé trén ludén c6 nghiém (x,y) = (0;1).

Vay a=-1 la diéu kién can va du dé hé phuong trinh c6 nghiém véi moi b.

. , 241) +(b? +1) =2
Cau 13. Tim ¢ dé hé phuong trinh an (x;y) c6 nghiém v6i moi b : (m ) ( )
a+bry+z’y=1

Giai
Diéu kién can.
Gié st hé c6 nghiém v6i moi b, thay b=0 ta co
241) =1 =0; 2’y =1
(*) (x + ) PN a2 0; 7y , < ae{0;1}
a+2iy=1 ' +l=a+27y=1
Dieu kién du.
) B’ +1) =1 (1

Néu ¢ =0, tacod ( ) ()
bry + 2’y =1 (2)
Néu b#0=b*+1#1 nen tir (1) tacé y =0, nhung khong thoa (2).
Vay truong hgp nay loai.
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. 2+ (07 +1) =1

Néu a=1, taco | (b +1)
bry +2°y =0

Hé trén luén c6 nghiém z =y =0.

Vay a=1 la diéu kién can va di dé hé c6 da cho c6 nghiém v6i moi b.

Cau 14. Tim diéu kién ctia a,b,c,d,e,f dé hé phuong trinh an (x;y) sau la tuong duong

azx’ +bry+cy’ +dr+ey+f=0 (1)
2=l (2)

Giai

Diéu kién can.

Ta théy (x;y)z(O;il),(irl;O),(l 1)( ! 1]Ianghiémcﬁa(2).

NERCYANRCEING)
Do do6 (1) cting phai c6 cac nghiém trén.
cte+tf=c—e+f=a+d+f=a-d+f=0

Nhuvay ¢4 b+ c+v2d+\2e+2f a+b+c—2d—2e+2f
2 2

0

. . b=d=e=0
Giai hé trén ta tim dude dieu kién can cua bai toan 1a (*) : ¢
a=c=—f#0
Diéu kién di.
Dé théy vai (*) thi (2) trung véi (1).

Vay (*) la diéu kién can va da dé (1) < (2).

Cau 15. Cho phuong trinh 2° +az+b= 0(1). Tim a,b dé phuong trinh trén c6 ba nghiém phan biét

z, <z, <, cich déu nhau.

Giai

Diéu kién can.
Gié st phuong trinh (1) ¢6 3 nghiém khac nhau z,,z,,2, thoa gia thiét = z, +z, = 2z,
Theo dinh ly Viete v6i phuong trinh bac 3 tacé z, +z, +2,=0=3x,=0=z,=0
Thay z, =0 vao (1) ta dugc b=0
Diéu kién du.
Gid st b=0,khi d6 (1) tr6 thanh 2’ +az =0 (2’ +a)=0 (2)
Ta thiy (2)c6 3 nghiém phan biét néu a <0. Khi d6 cac nghiém cta (2) 1a

z,=0
Céc nghiém trén cach déu nhau nén diéu kién can va di dé (1) c6 nghiém théa mén dé bai la
b=0, a<O.
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Cau 16. Cho phuong trinh z° —3x2+(2m—2)x+m—3:0. Tim m dé phuong trinh trén c6 ba

nghiém z,,,z, phan biét =, <-1<ux, <z,.

Giai
Diéu kién can.
bat f(:z:)za:3 ~32° +(2m—2)x+m—3
Gié st phuong trinh f(z)=0 c6 3 nghiém z,,2,,z, théa méan z, <-1<w, <z,.
Taco f(z)=(z-=z)(z-=,)(z-=,)
Suy ra f(z)>0 khi z, <z <z, = f(-1)>0 hay -m-5>0<m<-5
Diéu kién di.
Gia st m<-5

Do lim f(x):—oo nén ta phai c6 € <-1 ma f(5)<0

Laico f(—l) =-m—-5>0 va f(:B) lien tuc nén suy ra ton tai mot € <z, <—1 sao cho f(xl) =0.Taco
f(0)=m-3<0 (do m<-5)

Vay ton tai —1<=, <0 sao cho f(z,)=0

Mat khac, do ’rliﬁrgof(x)zwLoo nén phéi cé € >0 ma f(a) >0

T do, ton tai z, md 0<z, <e sao cho f(z,)=0

Nhu vay, phuong trinh f(x) =0 khi m <-5 c6 3 nghiém z,,7,,z, théaman z, <-1<z,<0<ux,.

Vay m < -5 chinh la diéu kién can va du théa man dé bai.

Cau 17. Tim m dé phuong trinh sau c6 nghiem
20z° +102+3

EE e =:B2+2(2m—3):1:+5m2—16m+20
T +2T+

Giai
DPiéu kién can.
Gia st phuong trinh da cho c6 mét nghiém la z,.
202 +10z +3
bat f(z)=——+—
it /(@) 32" +2r+1

Khi d6 dé thay ring max f(z)> f(z,)=g(z,) > ming(z)

va g(x) =z’ Jr2(2m—3):1:+5m2 —-16m+20

Do ming(x) = g(—(2m —3)) =m’ —4m+11
Goi y, la gia tri tuy § cta f(ac), khi d6 ta c6

_ 20z +10z +3

= o = (20-34)a" +2(5-y ) +3-y,=0 (1)

Suy ra (1) c¢6 nghiem khi A'=-2y; +19y, —35> o@gs% <7.

Vay maxf(a:) =7.
Nhu vay, tit diéu kien max f(z)>ming(z) taco
T2m’-4dm+11¢ (m-2) <0 m=2
Diéu kién du.
Gia st m =2, khi d6 phuong trinh da cho tré thanh
20z° +10z+3

sraert L TS ()
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L s =Tor=-1
Ta nhan thay rang g(x) =2° +22+8
>Tor#-1
202> +10z +3
3z° +2z+1
Vay khong ton tai gia tri ndo ctia m théa man gia thiét.

Miit khéc f(z)= <7 Vz va f(-1)=6,5. T day suy ra (2) vo nghiem.

Cau 18. Tim m dé phuong trinhz’ —3z+m =0 (1) c6 mot nghiém gap doi nghiém clia phuong

trinh 22 —z+m =0 (2)

Giai
Piéu kién can.
Gié st ton tai m théa méan diéu kién dau bai, tiic la phuong trinh (2) c6 nghiém z,, con phuong trinh

422 67, +m=0

2

(1) c6 nghiém 2z,. Vay ta co
Ty —x,+m=0

N 4 s 4 o . < N JUN o 5
Trit ve v6i ve ctia hai phuong trinh trén cho nhau ta sé tim duge z, =0 hodc z, =—

C o . . R 1
Thay hai gia tri z, vao mot trong hai phuong trinh trén ta duge m =0 va m = o

Day ciing chinh 13 diéu kién can ctia bai toan.
Diéu kién di.

2’ -3r=0
2’ —2=0
) . . 10 ~1x coe . 10
Xét khi m=0 va ng ta sé lan lugt giai cac phuong trinh < ,2 _3, 4" _
2’ —z+—=0

Dé thay nghiém ctia 2 cip phuong trinh nay théa gia thiét.

1 N N N
Vay me {0;30} 1& diéu kién can va du thoa man deé bai.

Cau 19. Tim a,b sao cho v6i moi ¢ thi phuong trinh sau khong cé qua 2 nghiém duong
2’ +ar’ +bx+c=0

Giai
Dé gidi bai nay,¢ta sé ding phan bi. Nghia la ta tim a,b sao cho ton tai ¢ dé phuong
2* +az’ +br+c=0 c6 3 nghiem duong.
Diéu kién can.
Gia sit ton tai ¢ dé phuong trinh f(x) =2"+az” +br+c=0 c6 3 nghiem duong théa man diéu kien
T, < Ty < T
Khido f(z)=(z—z,)(z-,)(z-1,)
Vay ham s6 f(x) ¢6 2 cyc tritai a,3>0 (v6i 2, <a<z,<f<zy)

Suy ra phuong trinh f'(:l:) =32" +2ar+b=0 (1) c6 2 nghiém duong.

193 | Chinh phuc olympic toan



| Cac bai toan chira tham sb

1 2
0 —(Z 3b>0 & >3 o
Nhrvay (P=2>0  <35>0 « (*){ (*) 1a diéu kien can ciia bai toan.

a<—[3b’

a<0

S= 2a >0

3
Diéu kién di.
Gié st a,b thdéa man (*) thi 16 rang phuong trinh 3z° +2az+b=0 c6 2 nghiem duong 0<a < 3. Suy
ra ham sb f(:n) =2° +az’ +bz+c c6 cuc dai tai z=a va cuc tiéu tai z=06. Do a >0 nén tim dugc
T, e(c;a) sao cho f(ﬂ) <f(a:1)<f(a):> Phuong trinh f(x) =f(m1) c¢6 ba nghiém duong. Dat
¢=—f(z,) thi phuong trinh z° +az” +bz+c=0 c6 3 nghiem duong. Vay (*) la diéu kién can va dua dé

ton tai ¢ sao cho phuong trinh z* +az® + bz + ¢ =0 c6 khong qua 2 nghiem duong.
P
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II. Cac bai toan hé phuong trinh.

Nhin chung phuong phap khong khac gi nhiéu cac bai toin vé phuong trinh, ta chii yéu sé tit mot
phuong trinh trong hé rat duge méi lién hé gitta cac bién roi thé vao phuong trinh con lai dua vé dang
toan trén, hodc stt dung diéu kién c6 nghiém, phuong phap hinh hoc, diéu kién can va du... Ching ta
sé di vao cac vi du minh hoa sau dé hiéu r6 hon!

mz+(m+1)y=2 (1)

Cau 1. Tim m dé he phuong trinh sau c6 nghiém .
*+y’ =4 (2)

Giai
Phan tich. Nhin hé c6 dang dap tuong giao giita duong thang va dudng tron phai khong nao, do dé ta
sé gidi quyét nhu sau
Phuong trinh (1) c6 dang phuong trinh duong thing A:mx+(m+1)y=2 va phuong trinh (2) co
dang phuong trinh duong tron (C) :2” +y’ =4 c6tam la O(O;O) va ban kinh R=2.
Diéu kién hé phuong trinh c6 nghiém tuong duong véi dudng thang cit dudng tron hoic tiép xic véi
dudng tron, tic la khoang cach tit tam O dén dudng thang A phai nhé hon hoidc bing 2 (ban kinh).
Ta co

0 1).0-2
d(O;A)=|m H(m+) |32 oV2m’ +2m+1<1e2m* +2m<0e m<-1vm =0
7712+(m+1)2

Vay v6i m<—1vm=>0 thi he phuong trinh dau c6 nghiem!

T’ +y =9 (1)

. Xé4c dinh m dé hé phuong trinh trén
(2m+1)x+my+m—1:0 2

Cau 2. Cho hé phuong trinh {

¢6 2 nghiém (acl;y1 ), (a:z;y2) sao cho biéu thitc A= (xl =1, )2 +y, — v, )2 dat gia tri 16n nhat.

Giai
Phan tich. Phuong trinh dau la phuong trinh dudng tron, phuong trinh thi hai 14 phuong trinh
dudng thing ma dé hé c6 nghiem thi 2 cai nay phai cit nhau, mit khac hay dé § t6i 2 bo nghiem chinh
14 toa do giao diém clia ching va A chinh 14 binh phuong do dai doan thang néi 2 giao diém. Dé A 16n
nhat thi chi c6 thé 1a dusng thing di qua tam ctia dudng tron. Do do ta cé 1oi gii sau.
Lai giai.
Phuong trinh (2) 14 phuong trinh dudng thang A: (2m +1)x +my+m—1=0 va phuong trinh(l) c6
dang phuong trinh dudng trén(C) 2’ +y° =9 c6tam la O(O;O) va ban kinh R=3.

Hé ¢6 2 nghiém (xl;yl), (xQ;yQ) titc 1a dudng thang A cit (C) tai 2 diém M(acl;y1 ), N(xZ;yQ).

. 3. 2 2 D) 9
Khids MN = (s, -2, +(y, -1,) © A=MN*=(z,-2,)" + (3, - 3,)".
Biéu thitc A dat gia tri 16n nhat khi A di qua tam O ctia dudng tron, tiic la.

A:(2m+1).0+m0+m—-1=0=m=1

z+y<2
Cau 3. Tim a dé hé{ (*) c6 nghiém ?
x+y+«/2x(y—1)+a=2
Giai
x+y<2 z+y<2
Ph trinh (*
womg i (1) ) e =2 (o) |20(y 1) a2 (49
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y<—x 42 (1)
(z-1) +(y—-2) =a+1 (2)
Ta ¢6 (1) 1a mién ndm duéi dudng thangA:y=—-z+2 va (2) la duong tron tam I 7(1;2) ban kinh

fe2-2] P2

x/a+1,(a > —1). Khoang céch tit tam I t6i dudong thang A:y=-2+2 la d(I,A)— NG 5

Déhé(ﬂ(ﬁrgh@mtm(ﬂLA)SRcb%gsJa+1¢>a2—%.

y=~27+6x—2> +5

my+2x+3m—-6=0

Bai tap tuwong tu. Tim m dé hé phuong trinh { c6 nghiém.

2 9
cau4.Thnn1déhe{” TYE™(x) c6 nghiem ?

r+y—ay=1

Giai
Qia quen thudc pha khong nao, ta sé dua hé vé 2 an phu méi. Ta c6 hé tuong duong
(z+y) —2zy=m {52—2P=m N {S=aﬁ+y
= VOl .
(z+y)-zy=1 S-P=1

P=S-1
T8t -28+2-m=0 (1)

P=xy

Hé c6 nghiém khi (1) c6 nghiém va nghié he S, P thdéa S* —4P >0

Tac6 A'=1-2+m>0<>m=>1.Khidé, hé S, P ¢6 nghiém 1a
S=1-ym-1  [S=1+Jm-1
{pz_m ) {pzm

(1—Jm—1f+4Jm—120
@+Jm—1f—44m—1zo

Diéu kien dé hé c6 nghiem §° —4P >0 <

Luon théa v6i moi gia tri m =1
Vay khi m 21 thi hé phuong trinh c¢6 nghiém.

5(:1:+y)—42:y=4

(*)cé nghiém ?
z+y—zy=1-m

Cau 5. Vdi nhitng gia tri ndo ctia tham sé m thi he {

Giai
5(x+y)—4xy=4 @{x-'—y:élm:s

wy=5m—-1=P

Hé phu trinh
¢ phiohg brin (*)©{4(m+y)—4my=4—4m

(*)céngh@nﬂdﬁvachikhi5224P<316m?220nr—4¢>n1£ian21.

Cau 6. Cho a 13 mot s6 thuc duong. Chiing minh riang hé bat phuong trinh sau vo nghiem.

1’ +y’ <dax (1)
y—1z°>2a (2)

Giai
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T phuong trinh (1) = (ac - 2(1,)2 +y° <4d’

Néu (m,y) thoa (1) thi M(:v,y) & mién trong duong tron tam ](2@;0), ban kinh R=2a.
VA

2a

o ---------

Phuong trinh (2) Sy>r'+2a.
Néu (x,y) thoa (2) thi M(a:,y) & mién trén ctia parabol ¢6 phuong trinh y =" +2a.

Do hai mién khong giao nhau nén hé vo6 nghiém.

_ z+ay—a=0 o
Cau 7. Cho hé phuong trinh (*) Tim tat ca cac gia tri a dé hé phuong trinh trén c6

2’ +y -1=0

2 nghiém phéan biét.

Giai

z+ay—a=0 (1)
1y , 1

= - 9

. 2} =l

Ta xem (1) la phuong trinh duong thing A va (2) la phuong trinh ducng tron (Cl) c6 tam la

Phuong trinh (*) = (

1 l;0 va ban kinh R:l_

2 2
Dé hé c6 2 nghiém phan biét thi d(I,A) <R
‘1
——a

2

J1+a?

<:>3a2—4a<()<:>0<a<§

1
=N <§<:>|1—2a|< 1+a> o1-4a+4a* <1+ad°

Vot +3-3y =i’ +3 -3z (1)

Cau 8. Tim m dé hé phuong trinh c6 nghiém?
Je+l+ -z =m—-2{1—¢ (2)
Giai
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Phan tich. Dé thay ring tit phuong trinh dau ta c6 thé riat duge méi lien hé giita 2 bién, sau do thi ta
sé thé vao phuong trinh 2 réi tim diéu kién ctia m.

Cach 1.

Diéukien 0<z<1;0<y<1

e V§i £ =y =0 hé phuong trinh c6 nghiem < 2=m-2 < m=4
e Véi z;ythda man dieu kien va khong dong thai bang khong. Ta c6 phuong trinh

-3y =y’ +3-3Vz
SN2 +3 -y +3+3(Vr—Jy)=0

a’ —y

34 _—o
\/x +3+\/y +3 \/;Jr\/;

(x y) T+Y ~0
NTP +3+4y* +3 \/g+
Sr=y ,do Tty

VR el N
o V6i 2=y thé vao phuong trinh (2) ta duge Vo +1+y/1-z =m—21 -2
oJr+l+l-z+2 1-2° —m=0(*)
Dat t=v1+z+V1—2z = 1> =2+21—2°
Vi0<zy<l nen 0<t’—2<2<2<t<2
Khi d6 phuong trinh (*) tré thanh ¢* +t-2-m=0<t* +t-2=m(**)
Xét ham sd y=t"+t—2:t e[\/g;Q] ta c6 ham s6 dong bién trén [\/5;2]
Neén phuong trinh (**) ¢6 nghiem @y(\/i)Smgy(Q)@ 2<m<4
Vay hé phuong trinh c¢6 nghiém khiv2 <m<4

Cach 2. Phuong phap ham dac trung
Diéukién 0<z<1;,0<y<1

V6i z;y théa man diéu kieén va khong dong thoi bing khong. Ta c6 phuong trinh

_3@=Jy2_+3_3JE@M+3JE=Jy2_+3+3J§(*)
:Xa}mnlf@):VGTI§+3JZOSts1.
Taco f'(t)= J% o
Tu (*) suyra f(z)=f(y) = z=y.
V6i 2=y thé vio phuong trinh (2) ta duge vz +1++1—z =m—2y1-42”

141z +2J1-2* —m=0(¥)

Dit t=1+7 +l-2 =t* =2+2J1-2"
Vi0<zy<l nen 0<t’—2<2<2<t<2
Khi d6 phuong trinh (*) tré thanh ¢* +t-2-m=0<t* +t-2=m(**)

>0, Vte(O 1] Ham s6 y = f( ) tang trén [0;1]

Xét ham sd y=t"+t-2:te [\/5;2} ta c6 ham s6 dong bién trén [\/5;2]
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Nén phuong trinh (* *) c6 nghiém @y(ﬁ)émﬁy@)@ 2<m<4

Vay hé phuong trinh c6 nghiém khi J2<m<4

) x2+x—§/§:1—2m (1
Cau 9. Tim m de hé phuong trinh c6 nghiém?
2$3—x2§/§—2x2+w€/§=m (2)
Giai

Nhan xét. Ta thay ring he phuong trinh chi c6 xuat hién \*/5 , vi thé ta biéu dién tham s6 m theo an
x. Do d6 phuong trinh (2) nhan 2 cong véi phuong trinh (1) .
Cach 1. Nhan 2 vé ctia (2) v6i 2 roi cong vé v6i vé véi (1) ta duge phuong trinh

12° -32” +2—(22° 22+ 1)y =1 (3)

2
Tacé 22° —2z+1=2 :p—l +121 VreR
2 2 2

3 2
Nén (3)@3/;=4I 3z +I_1<:> Q/ZZQJH.E_%[;J(ZQ

22 =2z +1 227 —2x+1

Thay (4) vao (1) ta dugc phuong trinh

- 2$+1—§ 2; =1-2m
2 2\ 22" -2x+1

o1-1 2x2—2x+1+% =m
4 22" -2z +1

Theo bat ding thitc AM — GM

3 3
20— +1+—— >9 (222 =22 +1).| —=2 | =23
20" -2z +1 \/( )(2x2—2x+1)

2-3 2-3
2

. Suy ra hé da cho ¢6 nghiém khi va chi khi m < 5

(932 —x)+(2z—§/§)=1—2m

Cach 2. Hé phuong trinh tuong duong (H )

(932 —x).(?x—%/;)zm

Nén vé tréai VT <

1
Dat xQ—xzu(UZ—Zjﬂx—%/;:v

+v=1-2
He (II) trd thanh {“ e
uv=m
v=1-2m—-u

v=1-2m-u ( 1 2u+1>0)
= A= P uwz2——=2u+1>
—u2+u=m(2u+1) u ot 4

url
2
Xét ham sé f(u)=_2u +1u voi uz—i
u+
2
Tacs f'(“F%;f'(ﬂ)ﬂ@u:ﬁ 1
u
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Ta c6 bang bién thién

f'(u) +

23 —
9

Tuw BBT suy ra hé da cho c¢6 nghiém khi va chi khi m <

Cau 10. Tim m dé hé phuong trinh rHltyy+2=m ¢6 nghiém?
T+ y=3m

Giai
Diéu kien z > -1;y > -2.

Dit {UZM(UZO)
. =\/y+72(v20)

Bai toan tré thgxﬁ)‘cim cac gia tri thuc ciia tham s6 m dé hé phuong trinh (*) ¢6 nghiém thyc wu,v

u+v=m

u’ +v° =3(m+1) (u 2071}20)(*)

ta c6 hé phuong trinh {

thoa man diéu kienu >0,0>0. Dén day bai toan tré nén vo cing don gian cé thé giai bang hinh hoc
hoiic dit an dbi xing va ciing c6 thé thé vao tim diéu kien c6 nghiém ciia phuong trinh bac 2. Ta sé
cling tiép can tiing cach mot.

Cach 1. St dung hinh hoc.

e Phuong trinh (1) c6 dang phuong trinh dudng thing, goi dudng thang dé la duong thing (A) .
e Phuong trinh (2) c6 dang phuong trinh dusng tron, goi phuong trinh duong tron doé la (C ) .
Tam O(0;0)
Duong tron (C’) co .
R= 3(m + 1)

He (*) ¢6 nghiém khi dudngthéng(A)cit duong tron(C') tai it nhat 1 diém.

2 L [m|
—<d <Re—6(m+1) <2< [3(m+1
(0s(a)) <R & 5 i (m+1) = .= B +1)
-J21 —0
2
2_ —
@{m2 3m-320 _ e <:>3+;/ﬁ£m£3+\/ﬁ
m =z

—6m-6<
6m-6<0 5

B—JBSmSBnL\/E

Cach 2. Sit dung phuong phap giai hé phuong trinh dai s6.
Dat w=¢tv(t>0). Khi dé he phuong trinh (*) trd thanh

{v(t+1)=m v° (t+1)2 =m’ (3)

v (¢ +1)=3(m+1)© v (£ +1)=3(m+1) (4)

(**)

Do m 2 0= v=0 khong la nghiém ctia phuong trinh (4) nén khong la nghiém ctia hé (* *) . Chia tiung
vé clia phuong trinh (3) cho phuong trinh (4) ta dugc
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(t+1)2_ m* 26 m

P11 3(m+1) £+1 3(m+1)

2
<1=1<—" <9

Do t>0=0< 2.

t*+1 3(m+1)
3-21
m <
2
>-3m-320
L = 3+421 <:>3+\/i£m£3+\/ﬁ
2 _6m-6<0 == 2
B_JﬁngB‘f’\/ﬁ

Cach 3. Dua vé bai toan giai hé va bién luan phuong trinh bac 2.

Tt phuong trinh (1) cua he (*) ta c6 u=m—v thay vao phuong trinh (2) ta dugc
20> —2mu+m’ —3m -3 = 0(5)

Bai toan tré thanh

Tim céc gia tri thuc ctia tham s6 m dé phuong trinh (5) ¢6 nghiém u, v théa man

A'=—m*+6m+6>0. m? —6m—-6<0.
3+\/_
u=0,020 <{S=u+v=m=>0 & im>0 . m<3++/15
m>=3m-3>0

P =u.v=%(m2—3m—3)20.

\/m2+2—m2 -2y—y+1=0
42 +9y* =36

Cau 11. Tim m dé hé phuong trinh { ¢6 2 nghiém?

Giai
Cach 1 . S dung hinh hoc.
Vi bai toan nay ta co thé dé thay cé thé dua vé dang tuong giao gitta duong tron va elip do dé ta c6
161 giéi sau!

Hé phuong trinh < {2° +y° =m” +1 (2

- (3

)

)
2 2

)
Ta thay ( ) la phuong trinh ducng tron (C) tam O, ban kinh R=~'m’ +1
Phuong trinh (3) la phuong trinh Elip ( )

Goi M, N la giao diém ctia Elip (E) véi duong thing y=1.

33

4ﬁ+9=mk:x=i7;c:0M=0N:i§;
Két hop (1),(3) ta dugc cung Elip nho MN

Dé hé phuong trinh c6 hai nghiém thi dudng tron (C’ ) phai cit cung Elip nhé MN tai hai diém phan
biét. Diéu nay tuong duong

V31 T 31

2< R<—2<\m +1<——
2 2

<:>4<m2+13%<:>3<m2ﬁ%
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y21=0 1)

(
CAch 2. He phuong trinh <> <z° +3° =m’ +1 (2)
47" +9y° =36 (3)

R 52° =9m* —27
Giai hé phuong trinh gom (2),(3) ta dugc v m
5y° =32 —4m’
R . 52> =9m” —27>0 ‘
Diéu kién de hé phuong trinh ¢6 hai nghiém la v " g =3<m?< ﬁ
5y =32—4m’ >5 4

a:2+(y+1 <

k
Cau 12. Xéc dinh tham s6 k dé hé sau c¢6 1 nghiém duy nhét ,
(x + 1) +y° <k

Giai
Xem (1) la phuong trinh hinh tron (C’l) vGi tam 11(0;—1) va ban kinh R, =k va (2) la phuong
trinh hinh tron (C,) ¢6 tam 1,(-1;0) va ban kinh R, = JE>0.
Dé he ¢6 nghiem duy nhat thi dudng tron (C,) tiép xtc ngoai v6i (C,) va khong tiép xtc trong vi

R =R,

@AQz&+&¢ME=%@Cﬂ:i%@k=é

Cau 13. Vi nhitng gia tri ndo ctia m thi hé bat phuong trinh
" —82+7<0
z’ —(2m+1)ac+m2 +m<0

(*)

C6 nghiem ? Xac dinh m dé hé phuong trinh c6 nghiém duy nhat ?

Giai
1< <7 {xe[l;?]

Hé phuuwong trinh (*)@{ (372 —2m$+m2)—($—m)<0

xQ—(2m+1)x+m2+mS0
xe[l;?] me[l;?] :L‘E[l;?]
R 9 P f—g .
(z—m) —(z-m)<0 (z—m)(z-m-1)<0 z e[mym+1]
1<m<7
He (*) c6 nghiém <:>[1;7]m[m;m+1]¢@<:> m£1<7£m+1<:>me[0;7].
m<1<m+1<7
m="17 {mz? . {mz?:ﬂcz?
= a

He (*) c6 nghiem duy nhat <> )
m=0=>z=1

m+1=1 m=0
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52° +2zy—1y° >3

Cau 14. Tim tham s6 m dé he m  (*) c6nghiem?
22 +2xy +9y° <

m-—1

Giai

Phan tich. O bai toan nay ta sé stt dung diéu kien can va di dé xit 1f né.
—52° —2xy+y> <-3
Diéu kién can. Gia sit he (*) c6 nghiém (m,y) thi (*) =

62° + 62y + 3y Sg—m
m—1

&’ +day +4y° < sm —3<::>(x+2y)2 <

om>1.
m— m—1

Piéu kién di. V6i m>1 thi

. >1 nén néu hé phuong trinh sau c¢6 nghiém thi phuong trinh (*)
m—

o . {5x2+2zy—y2=3 {—5x2—2$y+y2=—3 + {(x-l—?y)Q:O
sé ¢6 nghiém = =

20" +2xy+y° =1  |62° +62y+3y° =3 22 +2zy +9° =1

T=-2y _ o .

<9, . Ro6 rang hé nay c¢6 nghiém.
oy =1

Vay hé c6 nghiém khi m >1.

Nhan xét. Mau chot & day 1a tai sao lai 1am xuét hien duge (z+ 2y)2 , v6i bai toan nay thi ta chi can

cong 2 vé vao véi nhau la duge, vay cac bai toan khac thi sao? Sau day chiing ta sé tim hiéu 16p bai
toan hée déng cap chita tham s6 thong qua vi du sau.

5z° —4zy+2y° >3

Cau 15. Tim tham s6 m dé he bat phuong trinh < ,  2m—1 c6nghiem?
T +4zy+2y° <

2m+5
Giai

52’ + 4wy —2y> <=3
He bat phuong trinh da cho tuong duong f ‘

212° +12zy + 6y <3— 18

2m+5
Cong 2 vé ctia hé phuong trinh trén ta dugc
(4x + Qy)2 =162" +16zy +4y° < — 18
2m+5

Suy ra dé he bat phuong trinh c¢6 nghiém thi — 202m+5<0&em< —g

2m+5

Bay gig ta sé di chitng minh v6i m < —g thi hé da cho c¢6 nghiém.

t

5z° —4zy+2y° =3 v

That vay ta xét hé sau ) )
212" +12zy +6y° =3

*)<:>

y=+

ENEENCEN R

Gia st (Xo,yo) 14 nghiém ctia hé phuong trinh (*) , khi d6 ta co

5X[2) —4x,y + 2y[2) =3

" 5
) 18 ,VvO0l m<-——
21xg+4x0y0+6y§=3<3—2m+5 2

Suy ra (Xo,yo) la nghiém cta hé phuong trinh da cho.
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. S5 .. < . .
Vay v6i m < —5 thi hé da cho ¢6 nghiém.
Nhan xét. Bai toan nay da khong con don gidn nhu bai todn trén, mau chot clia chng ta chinh 13

, dé lam dugc diéu nay ta lam nhu

P 2 1
tim ra dugc bat déng thic (4z +2y)2 =162" + 162y +4y> < -5 8 -
m+

sau. Viét lai hé da cho dué6i dang
~52° +4xy —2y° <-3

Tha + 4kzy + 2ky” <k - 2m - 1(k>0)
2m+5
Cong 2 vé ctia hé phuong trinh trén ta dugc
2m—1
(7k=5)z" +4(k+1)zy+2(k-1)y° <=3tk —
Ta can vé trai 1a dang hiing dang thiic, do dé ta can c6
k>0,7k-5>0k—-1>0
k=3
JTk=5-2(k-1)=2(k+1) = 5k* ~16k+3=0<| 1
5
Vay néu lay k=3 thi ta sé c6 bat ding thiic (4x+2y)2 =162" +16zy +4y” < —2771?5 )

P —ay+2y° —z<m

2

¢6 nghiém?
T —2xy—2x<m-—2

Cau 16. Tim tham s6 m dé hé bat phuong trinh {

Giai
Hé phuong trinh tuong duong
' —xy+2y° —x<m o —ay+2y° —x<m
2’ =2xy—22+2<m o —2ay—22+2<m

2(1:2 —ay+2y° —a:)+(:1:2 —2xy—2x+2)$3m 2(:5—2y)2 +2(x—1)2 <3m
Suy ra dé hé c6 nghiém thi ta can m >0.
Va ngudc lai, néu m >0 thi he luon c6 nghiem (1;%) )

Vay m >0 la gia tri can tim.

Cau 17. Tim tat ca cac gia tri ctia tham sb a dé hé phuong trinh sau c6 nghiém

2’ —2zy—3y° =8 (*)
22" +4xy +5y° =a" —4a’ +4a” —12++/105

Giai

, * 2y -3y =8
Dat m=a' —4a® +4a* —12++/105 thi () {" 0 =%
22° +4zy+5y° =m

Do =0 khong la nghiém cta hé nén dat y=1tz, (x # 0) thi hé tuong duong

i (1-26-367)=8 (1) 1. 94 32 8

= 7=
x2(2+4t+5t2):m (2)  2+4t+5t° m
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m (2+4t+5¢7) 1
S S 7 Vit—1 t#—.
<:>8 1-2t—3¢* 1) (3), vzt ¢3

Tu (2)=1-2t-3¢ >0@te(—1%].

2
Xét ham s6 f(t):5t2+—4t+2 tl"énkhoéng _1;1 ‘
=3t" —-2t+1 3
2
Taco (1) =228 oo (1) =0y =B |y L0
(-3t*—2t+1) 2 9
Bang bién thién
t —®© t -1 t, l +o0
i 3
f'(t) + 0 - - 0 + N

/(1) \@ /
8

Dua vao bang bién thién, dé hé ¢6 nghiém <> phuong trinh (3) ¢6 nghiem

@%ZEnilrif(t)=$<:>m2\/105—3
1=
3

& a' —4d® +4a> —12+105 > 105 -3 < a* —46® +4a>-9>0
& (a+1)(a=3)(a’ —20+3)20=a<-1 v a>3.

Vay dé he phuong trinh c¢6 nghiém thi a € (—oo;—l] v [3;+oo) .

1-a
. P+ 2my—Ty" > ——(*
Cau 18. Tim a de bat phuong trinh c6 nghiém ‘ Y 1+ a( )

32" +10zy —5y° <2

Giai
Diéu kién can. Gia st hé bat phuong trinh ¢6 nghiem (xo;yo)va a,1a mot trong cac gid tri can tim.

Vay thi

1-a

2 2 0 2 2

T+ 2z Yy, — Ty, > 2z, —4z.y, +14y, <2-— 1
0 0¥ — Y 1+, 0 0% Yo 1ta, ( )
37 +10z,y, —5yp <2 3z +10z,y, —5ys <2 (2)

Tw (l)va (2) suy ra

$§+6z0y0+10ygs— ©($0+3y0)2ﬁ—1+a =>1+a,<0=4q,<-1
0

0
Vay diéu kién can dé hé c6 nghiem 1a a < 1.
1-a

Diéu kién di. Véi a <—1thi
1+a

<-1.

2+ 2xy—Ty" =-1

, , c6 nghiém thi hé bat phuong trinh da cho c6
3z” +10zy — by =2

Do d6 néu hé phuong trinh (I) :{

nghiém.
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-3 1

P 2ay-Ty'=-1 |TTYTS

Ta xét he (1) . ) 22
(:L‘+3y) =0 3 1

i

Hé (I ) ¢6 nghiém nén hé bat phuong trinh da cho c6 nghiém.
To6m lai, hé bat phuong trinh ¢6 nghiém khi va chi khi a <-1.

T+y=2a-1 L e R az
, (*). Xéac dinh a dé tich

Cau 19. Gia st x,y 14 nghiém ctia hé phuong trinh y
' +y =a"+2a-3

P =y dat gia tri nho nhat.

Giai
Phan tich. Ta thiy ring trong hé xuat hién 2 biéu thitc déi xiing theo x va y do do ta sé nghi ngay t6i
phuong phép diit an phu tdng — tich.
Bién doi phuong trinh tuong duong
z+y=2a-1 S=x+y=2a-1
(*) < 2 2 < 1 2 :
{(ery) —2zy=a"+2a-3 P=zy=§(3a —6a+4)

G B

Dé z, y 1a nghiem he thi SQ24P<:>2a2—8a+7£0<:>2—73a£2+7 (1).

Xét ham s6 P=f(a)=%(3a2 —6a+4) trén doan {2—£ 2+ \/_}
Ta co P‘=f‘(a)=3a—3.Cho f'(a)=0<:>a=1.
Bang bién thién
a —00 1 Q—Q 2+—2 +o0
2 2
P'=f'(a) - 0 + + +

sz(a) /

11 32 2

Dua vao bang bién thien P, =——"—"— khi a=2-—.
4 2 2
=9’ +a
Cau 20. Cho hé phuong trinh { - an x,y v6i a,b 1a cac tham s thuc. Biét ring hé phuong
y=1"+

trinh nay c6 nghiem duy nhat (z,,y, ). Tinh gia tri tich P =zy,.

Giai
Pau tién ta cing xem qua 15i giai sau
Gia sit v6i cac gia tri a,b nao do, hé da cho c6 nghiém duy nhat 1a (:I:O,yo) .
bat zy, =keR.
e Néuz,=0 thiy,=b vi b’ +a=0,suyra a<0.
Trong hé da cho, thay y tit phuong trinh thit hai lén phuong trinh thit nhat, ta c6
(xQ +b)2 ta=z o' +2b2” +0° +a=x<:>:1:($3 +2b$—1)=0 (*)

Ta xét phuong trinh 2° +2bz —1=0va dit f(:z:) =2’ +2z-1zelR.
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Ta thay ham nay lién tuc trén R va f(0)=—1<0,£rgf(x)=+oo nén f(x) =0 hay phuong
trinh 2* +2bz —1=0 c6 it nhat mot nghiem duong r =2, >0.
Dé thiy ring diéu kién clia  théa man dé bai 1a4 r=9"+a>a nén ca hai nghiem da néu
z=1,=0,z=2 cia phuong trinh (*) déu thoa méan. Méi gia tri z cho ta dang mot gia tri
y nén trong trudng hop nay hé c6 it nhat hai nghiém phan biét, khong dang véi dé bai.

e Néu y, =0 thi ciing xét tuong tu nhu tren.

. k . , ~
e Neéu z,,y, #0. Thay y, =— vao hai phuong trinh ctia h¢ da cho, ta dugc
Zy

x0=?+a 2 =k* +ax’
0 { 0 0:k=k2+a$§+bx0<:>k2—k+(ax§+bx0)=0

£=x§+b k=z +bx,

Hé c6 nghiém duy nhat nén phuong trinh bac hai theo kciing c6 nghiém duy nhat, tic 1a

. ) P 1
Vay néu hé c6 nghiém duy nhat thi tich P=2z,y, = >

Nhan xét. Loi giai trén tuy nhin hgp 1i nhung that ra da c6 mot sai lam rat tinh vi, d6 1a cho ring he
da cho va phuong trinh thu dude sau phép thé, con goi 1a phuong trinh hé qua, 1 tuong duong véi
nhau. O day, rdé rang néu hé phuong trinh ban dau c6 nghiém duy nhat thi chwa hin phuong trinh
cudi theo bién k1a &k —l{:+(aa:§ +ba:0)=0 c6 nghiem duy nhat, trong d6 van c6 thé c6 mot nghiem
nhung khong thoa dé bai. Cach bién doi dai s6 diing cho bai nay khé cé thé tim ra dugc két qua chinh
Xac.
Loi giai dang la nhu sau
Trong hé phuong trinh da cho, thay y bdi z° +b vao phuong trinh trén, ta c6 .

2
T = (x2 + b) +a
Dé thay cac nghiém ctia phuong trinh nay déu thoa dé bai vi x>a , ma mdi nghiém nhu vay cho ta
mot gia tri tuong ng clia y nén diéu kieén dé hé da cho c6 nghiem duy nhat 14 phuong trinh an z trén
c6 nghiém duy nhat.

Phuong trinh bac 4 ¢6 nghiém duy nhat khi n6é ¢6 nghiem kép, diéu do6 cé nghia 1a nghiém dé ciing 1a
nghiém ctia phuong trinh dao ham bang 0.

Goi z,la nghiem do, tuong ing vai gia tri y, ,thi ta c6 hé sau

. ) N 1
Hon nita, do z, 1a nghiém ctia he ban dau nén z_ +b=y, , suy ra Ty, = 1

P . 1
Vay néu hé da cho c6 nghiém duy nhat thi tich P=z,y, = 1

£ P 2 T+ 4 =\
Cau 21. Tim tat ca gia tri cia tham so a dé hé phuong trinh { |y| | | ¢6 dang 2 nghiém phan

|y|+|x—a|:1
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biét?

Giai
Ta xét hai truong hop sau
e Trudng hgp 1. Néu z>0thi y=0.Khi do

+ VGi a >1thi hé c6 hai nghiém phan biét v6i x>0 la (a—l;O),(a + 1;0)
+ V6i —1<a <1 hé chi c6 mot nghiém v6i x>0 14 (a+1;0).

4 V6i a < -1 thi hé da cho v6 nghiém.

e Trudng hgp 2. Néu z<0 ,taco |y|=_7x va |x—a|=1+g

T
1+§ZO r>-9
Hay r-a=1l+> o $:2(1+a)

2(a-1)
=
r-a=-1-2 3

Mt khac —2<2(a+1)<0< -2<a<-1 va —2£§(a—1)<0<:>—2£a<1
R6 rang néu (x;y) 12 mot nghiém ctia hé véi <0 thi y =0 va (x;—y) cling la mot nghiém ciia heé.
Do dé6 .
+ Khi @ < -2thi hé v6 nghiém.
2

4+ Khi a=-2ta c6 x:2(a+1)=—2 va ng(a—1)=—2 nén hé c6 dang hai nghiém phan biét
(2:%1).

2
+ Khi 2<a<1 thi 2(a+1) * 5(@—1) va hai gié tri nay cho hé ¢6 4 nghiém.

+ Khi —1<a <1 thihé c6 3 nghiém.

a>1

To6m lai hé da cho c¢6 dang hai nghiém khi {

\/;+\/§=3
NT+5+\y+3<a

Cau 22. Tim tat ca cac gia tri ctia tham sb a dé he { (*) c6 nghiém théa man diéu

kién >4
Giai
_ 2 _
Dat u—\/; :{u _m.Do r24d=u>2.
U=\/§ZO v =y
—— h() ut+v=3 u=3-v
é uo t1i *) < <
ep ne Jul+5+41* +3<a w’(3—v)2+5+\/02+3ﬁa
u=3—-v=>2 0<v<l1 (1)
= = .
J1d—6v+0> 4o +3<a |V —6v+14+4v’ +3 <a
Xét ham sb f(v):\/v2 —6v+14+\/v2+3 trén doan [0;1].
_ _ 2 2_ 14
Ta ¢ f'(v)z v=3 N v z(v 3)\/1} +3+U\/v 6v +
Jor —60+14 ¥ +3 \/(v2—6v+14)(v2+3)
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Cho f'(v)=0<:>(v—3)\/v2+3+v\/v2 —6v+14 =0

& (3-0)Vo* +3 =vv’ —6v+14 & (3-0)’ (v* +3) =0 (v* —6v+14)

2 v1=_9+;h35e[&£
o5’ =3(v-3) ©20"+180-27T=0< :
( ) -9-4/135
Vy=——"—¢& [0;1]
2
Bang bién thién
v —o0 U, 0 1 v +o0
f'(v) + 0 - - - 0 +

Dé(*) ¢6 nghiém théa x >4 thi hé (1) phai c6 nghiem. Dua vao bing bién thien, dé he (1) ¢6 nghiém

@az%iﬁlf(v)@azﬁ

\/2y2+(1—m)«/1—$ +3m’>-2m =y+m
2¢° +2z\J1—-2 =3 J1-2 —y

Cau 23. Tim m dé hé phuong trinh { c6 2 nghiém phan biét

khi théa man diéu kién 2y —z <2023.

Giai
<1
2y° +(1-m)1-z +3m* —2m>=0
Xét phuong trinh 2y* + 23:@ =3J1-z —y,(2).
Ta dat a= \/E >0 khi d6 z=1-a" phuong trinh tré thanh
2¢° +2(1—a2)a=3a—y c}(y—a)(Qy2 +2ay +2a” +1)=O

Dieu kién {

S y=a do 2y2+2ay+2a2+1=a2+y2+(a+y)2+1>0.
y=0

Véi y=atacod y=1-2 < 5 -
r=1-y

0<y<44

2y — 1 <2023 2 <452 —46 <y < 44
Tfrd(){ y-z @{(wl) <45 <:>{ Y =

y=0 y>0 y=0
Lay y=+/1—7 thay vao phuong trinh dau ta dugc

\/2y2 +(1—m)y+3m2 —2m =y+m, (1)

2 9 _ 5
\/2y? +(1—m)y+3m2_2m =y+m©{2y +(1—m)y+3m _2m—(y+m)
y=-m
y=2m
y=m—1(3)

{y2+(1—3m)y+2m2—2m=0 [
< =
Yy=-m

y=-m
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Dé he thoa man yeu cau bai toén thi (3) phai c6 hai nghiem yphan biet thudc [0;44] diéu kien

0<2m<44 0<m<22
0<m-1<44 1<m<45
[a<2m>-m ht 1 < 1<m<22
m>—
m—-1>-m 2
2m#=m—1 m #—1
Nhan xét.

Ngoai cach xtt Iy phuong trinh (2) nhu & trén thi ta c6 thé sit dung phuong phap ham dac trung dé xit
1y, ta thay phuong trinh c6 dang f(y) = f(\/l —x),f(t) =2t° +¢ 1a ham ting tréen R do dé y=+1-z

L s ) x+1)2=y+a (1)
Cau 24. Xac dinh tham so a de hé sau day c6 nghiém duy nhat (*)

(3/4—1)2 =r+a (2)

Giai
Do vai tro clia x va y 1a nhu nhau trong hé 2 phuong trinhVi vay,néu (x;y) la nghiém hé thi (y;a:)
ciing 13 nghiém hé. Nhu vay néu z =y la diéu kién can dé hé c6 nghiem duy nhat. Thay z=y vao (1)

ta dugce (1)<:>:v2+x+1—a=0 (3)

Phuong trinh (3) c6 nghiém duy nhat khi A=4a-3=0<a= % :

3 ($+1)2=y+—
Diéu kién du. Vi a== thi ()<
4 2
(y+1) =r+—
3 3
VY =y+2 > 3
o (z+1) y+4 - (z+1) y+4
m+1) —(y+1) =y—x (x—y)(a:+y+3):0
r=y 1‘+y+3=0 .
Flrry s DY |(ger) oo 2T TV T RnshiOm Qb

Vay a =% thi he phuong trinh c6 nghiém duy nhat.

Vot it —1-k(Jr+y-1)=1

r+y=ay+1

Cau 25. Tim tat ca cac gia tri ctia k dé he { (*) c6 nghiem duy nhat?

Giai

o z+y=0
Diéu kién , .
T 4y 21

Py —1-k(Jrry-1)=1 [P+ -1-k(Jrry-1)=1
=

Hé phuong trinh (*) &
x—1+y(1—x)=0 (x—l)(y—l)zo
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[y 1-({erg-1)=1 [[=1 1
r=1 ot =k(Jy+1-1)=1 1)

P k()= | o=
y=1 Vot —k(Va+1-1)=1 ()

Dé he ¢6 nghiém duy nhat thi (1) c6 nghiém duy nhét, con (2) vo nghiém hodc ngugc lai.Nhung ban

chat ctia he (1) va he (2) la giéng nhau. Ttc la (1) c6 nghiém duy nhét thi (2) ciing c6 nghiém duy

nhat, he (1) vo nghiem thi he (2) ciing vo nghiém,... Do d6, khong ton tai gia tri k théa man yeu cau

bai toan.

Cach 2.

Dé ¥ vai trdo clia x va ¥ 1a nhu nhau trong 2 phuong trinh ciia hé (*) . Vi vay,néu (a:,y) la nghiém (*)

thi (y;x) cling la nghiém.

Hay néi cach khac, diéu kién can dé hé c6 nghiem duy nhat 1a z =y .

V2u? —1-k(v2e -1) =1 {le
=S

Thay z=y vao (*) ta dugcc { b0

2r=z"+1
Dieu kién dii. Thay k=0 vao hé § cau a ta thu dugc 3 nghiém. Do d6 khong ton tai k& d€ hé co

nghiém duy nhat.

z’ —y’ +3y’ —3z-2=0 (1)

5 nohism?
x2+\/1—x2—3\/2y—y2+m=0 (2) €0 meem

Cau 26. Tim m dé hé phuong trinh {

Giai
Cach 1. Phan tich nhan ti
1-2°20 -1<z<1
=
2y —1y* >0 O<y<2
Bién ddi phuong trinh (1) thanh
o =3r=(y-1) -3(y-1) =2’ ~(y-1)' -3(z—y+1)=0

@(x—erl)[xz +x(y—1)+(y—1)2—3J=0

@[(x—y+1)=0

562-i—:I:(y—l)-i—(y—l)2 -3=0

Diéu kien {

Sy=x+1

0<y<
2’ =1 )
x2+x(y—1)+(y—1)2—3=0© :E(y—1)=1© $_2
‘ y=
(v-1)'=1

Thay y=x+1vao (2) ta duge 2° —2V1—2> +m =0
bat v=v1-2" =ve[0;1]= (2) trd thanh v* +2v—1=m(¥*)

He phuong trinh ban dau c¢6 nghiém khi va chi khi phuong trinh (*) ¢6 nghiém trong doan [0;1] .
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V& bang bién thien ctia ham g(v)=v" +2v—1 ta tim dugc min g(v)=-1 max g(v)=2.
Vay hé phuong trinh ¢6 nghiém khi va chi khi m e [—1;2] .

Cach 2. Ham dic trung

Diéu kien z e[-1;1];y €[0;2]

Phuong trinh (1) & (2+1)" =3(z+1)" =y* —3y*(3)

Vi ze[-L1]= z+1e[0;2]

Xeét ham s6 f(t)=t"—3t",te[0;2] = f'(t) =3t" -6t <0,V €(0;2)

= f(t)nghich bién trén [0;2] . Phuong trinh (3) c6 dang f(z+1)=f(y)=>y=z+1
Thay vao phuong trinh (2) ta duge 2” —2V1—-2* +m =0,z [-1;1](4)

Dit u=+1-2",Vze[-1;1]= ue[0;1] , phuong trinh (4) trd thanh v’ +2u—1=m(5)
Xét ham s6 g(u)=u’+2u—1,uel[0;1]=g'(v)=2u+2>0,Vue[0;1]

Lap bang bién thién ta thay hé da cho c6 nghiem < -1<m<2.

1+|y|— r’-22+2=0

Cau 27. Tim m dé he
Y +(m—-1)(2* —2z)=m’ —4m+3

c6 nghiém duy nhat ?

Giai

Phan tich. Dé y chut thi v6i bai nay & ca 2 phuong trinh ta sé don vé 2 an 14 y,z—1 dong thsi dé

dang nhan ra néu (%5?/0) 14 nghiém cta hé phuong trinh thi (2—950;—3/0) cing 14 nghiém cda heé

phuong trinh khi d6 bai toan trd nén vo ciing don gian khi st dung diéu kién can va da. He da cho
tuong duong

L+]y|—(z=1) +1=0

(1)

Y’ +(m—1)(gv—1)2 =m’ —3m+2

Ta thay (a:D;yD) la nghiém ctia hé phuong trinh thi (2 - %5_3/0) ciing la nghiém ctia hé phuong trinh.

Sxqea x 21~ . £ [ B0 =21 z, =1
Dieu kién can dé hé c6 nghiém duy nhat 1a =
Yo =Yy Yy = 0
m=1

Thay vao (1) ta dugc m’ —3m+2=0<:>{ 5
m =

Diéu kién du

2 —
e V6i m=1,tacoheé {1+|y|_‘l($ 1) +1=0 @{Io_l - théa méan

v’ =0 Y% =0

- théa man

L+]y|=(z=1) +1=0 -
o V46 m=2,tacoheé +|y| (a: )+ @{xo !

y2+(fc—1)2=0 Yy =0

Vay m=1,m =2 13 2 gia tri can tim.

(x+\/m)(y+\/m)=l

Cau 28. Tim m nhé nhat dé he c6 nghiem ?

Giai
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\/$2+1>|1:| \/x2+1+x>|x|+m20 {a>0
= =
\/y2+4>|y| w/y2+4+y>|y|+y20 b>0
Ta co lz;:\/lj+1_$7£:L:4[y2+4_y

Dit a=z+2° +1,b=y++/y° +4 . Do {

a J'+l+z b w/y2+4+y
ab=1 (1)
Hé da cho tré thanh

arbeiedoon (2)
a b

b—5a+2b>2\/10ab>2\/7:>m>\/7
10 x:l(a_lj;?’m

Ta co (2)©2m a+b+

5a=2b - 2 20
Véim=\/10:>{ =S B ¢

ab=1 b_\/m _1f, 4 3410

2 20 b 20

Vay GTNN ciia m dé hée phuong trinh c6 nghiém l1a J10.

\/m+\/yT—5m +15m +10

. 2(5m+1)
Cau 29. Tim m de hé phuong trinh c6 nghiém 7
5m* +7m -6
Jo—1+fy-2=22"T"2
!/ 2(5m+1)
Giai

s r21 P . :
Diéu kien { e Cong va trir tuong tng hai ve ctia hai phuong trinh trong hé ta duge

m’ +22m +4
(\/x+3+\/x—1)+(\/y+2+\/y—2) %

(x/:l:—i—S—\/x—l)—i-(\/y—i-Q—\/31—2):M

2(5m+1)
(\/x+3+\/x—1)+(\/y+2+\/y—2)=m+2
= 4 4 sm+16 (1)

+ =
\/$+3+\/x—1 \/y+2+\/y—2 2(5m+1)
Dt a=z+3+VJr-1=>a>22Vz>1
b} .
b=Jy+2+y—-2=b22Vy>2

a+b=m+2 a+b=m+2

Phuong trinh (1) trd thanh Am+2) <14 » 4 9) & a+b=m+2( )
4,4 _A(m+2) (a+b) _4(m+2) =9 sy
a b bdm+l a.b 5m+1

Hé da cho c¢6 nghiém khi he( )co nghiém a,b théa man ¢>2,b>2 suy ra
(a=2)+(b-2)20  |(m+2)-420 m>2
(a=2)(b-2)20 < q(5m+1)-2(m+2)+420<13m=2-1  <m=16

(a+Db)’ > 4ab (m+2)" > 4(5m+1) m’ ~16m >0
Vay m =16 thi hé phuong trinh cé nghiém.
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x\/m—y2 +y\/m—x2 =m
20—y=3

Cau 30. Tim m dé he phuong trinh{ c6 nghiém ?

Giai
o > <m
Diéu kién
2
Yy - <m

9 2
Phuong trinh x\/m—y2+y\/m—$2:m©($_ m_yZ) +(y— m—$2) =0

5 x>0
@{‘T:Vm‘y (1)

_=14y=20
y=\m-z’ 2y =m
Phuong trinh 2° +y° =m (m > O) , 1a phuong trinh duong tron tam O(O;O) ,ban kinh R = Jm
Suy ra (1) biéu dién tren he truc toa do Ozy , la day cung AB nhu hinh vé.

y)\
B

7

Dé hé c6 nghiém thi duong thing 2z —y =3 cit day cung AB < Jm = % oSm> % .

(m2 +mxy+y2)«/x2 +1y>=185 (1)
(mZ —mmy+y2)\/x2 +1y> =65 (2)

Cau 31. Tim m dé he phuong trinh ¢6 nghiém 7

Giai
Cong tiing vé 2 phuong trinh ta dugc 2(352 +y’ )W =250 < 2” +y° =25
Thay vao hé ban dau ta c6 hé phuong trinh
{(25+mxy).5=185 12 2’ +y* =25 (aH—y)2 —2xy=25

=>TYy=—
(25 —may).5 =65 m = 12 < 12

m m

*

bat S=x+y; P =zy. Thay vao hé trén ta c6

<_Z=
522 558220052 222 L IMET00)
m m m>0
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m <0
He () co nghiem §° > 4P < 22 ¥ 205 12 20m=20, 6 1 94(2)
m m m m>—
25
24
T
Tu (1),(2)=>
0=
m—
25
\/2$+y+\/$—2y=3
Cau 32. Tim m dé he 1 c6 nghiém duy nhat ?
N2r+y+5z-5y+—=m
16
Giai

Phan tich. Khong khé dé nhan ra § tudng dat an phu tit hé phuong trinh nay.
Dat az\/2x+y; bz\/x—Zy :>a,be[0;3]; b=3-a

20° +b° 30’ —6a+9  a’-2b° —a’+12a-18
5 ’ 5 5 '
Nhan thay ring v6i mot gia tri clia a € [0;3] cho ta mot gia tri (:B,y) )

Rat ra duge z =

a+b=3
Heé phuong trinh da cho ¢6 dan,
*P & e a+a2+3b2+%=m (2)

. 4
The b=3—-a vao (2) ta c6 phuong trinh 4a” —17a+1i6f3=m (3)

Yéu cau dé bai dan dén phuong trinh (3) c¢6 nghiém duy nhat a €[0;3].

Lap bang bién thién ctia ham s6 f(a)=4a’ -17a+ 41—363

a 0 E 3
8
f'(a) - 0 +
27,0625

12,0625
f(a) /
\9

Drra vao bang bién thién ta c6 m =9; 12,0625 <m < 27,0625 thi hé c6 nghiém duy nhat.

\/E+\/§=1

c6 nghiém ?
7 x+y\/§=1—3m

Cau 33. Tim m dé hé phuong trinh {

Giai
Phan tich. Y tudng qua ré rang, ta sé dat an phu dé dua hé vé bai toan tim nghiém ctia phuong trinh
bac 2. Dat u=~z; v=1ly; u>0;v>0

’ uv=m

+v=1 +v=1
He da cho tré thanh u3fu (*) < ury
u +v’=1-3m

Ta c6 u,v 13 hai nghiém ctia phuong trinh. X*> - X +m =0 (* *)
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He da cho c6 nghiem (z;y) < He (*) c6 nghiem v >0; v>0 < Phuong trinh (**) c¢6 hai nghiém X

A>0 1-4m=>0 msi .
khéng am <{5>20<<120 = 1>0 @me[o;z}

P>0 m=>0 m>0

2" +y+2eVl-z=3V1-2 (1)
N2 +1+y=m+z+4 (2)

Cau 34. Tim m dé hé phuong trinh { c6 nghiém ?

Giai
Phan tich. Ta dé dang thiy dang dap ctia bai toan ham diic trung & ngay phuong trinh dau tién, do
d6 ta c6 2 hudng di, mot 1a st dung ham dic trung, 2 1a sit dung céch phan tich nhan ti dé rat méi
lien he giita 2 an.
Dicu kien -4<z<1

Cach 1. Ham dic trung.

Ta c6 phuong trinh (1)<:>2y3+y=2(m)3+ -z .

Xét f(t)=2t"+t tren R. D& thay ham s dong bién tréen R , ma tir (1) c6
f(y)=f(x/g)®y=«/§©x=l—y2,(yZO)

Thay vao (2) tacé m=12" +1+y—5—y (3) voi 0<y<+5 .

Xét g(y)=+20> +1+y—+5—y" tren [0:5 ]

2
?/)= \/2y2y+1 +1+ \/5:;2
Hé c¢6 nghiém khi (3)66 nghiém @g(O)S mSg(\/g), hay 1-B<m<11++5 .
Cach 2. Sit dung kién thitc 16p 10.
Phuong trinh (1) & 2y° +y = 2(\/@)3 +l-z .

Taco ¢'( >0 ,Vye(O;\/g) nén ¢(y) dong bién trén [O;\/g]

bat b =+1—-z , phuong trinh tré thanh
y=>b
20 +y=2"+b = <:>2(y—b)(y2+yb+b2)=b—y = 2[ +b]2+3b2}=—1(VN)
y p— —
2 4

Vay y=V1-z < z=1-¢*,(y20).

Thay vao (2) tacé m=1/2" +1+y—+5—y>(3) vai 0<y<+5.
Xét g(y) =207 +1+y—+5—y" tren [0;\/3]

D& thay 1<+2)° +1 <11 ; /5 <—J5—¢> <0, do do

fﬁ}}%ﬁg(y)zl_ﬁ@yﬂ; Iﬁ%}}(g(y)=\/ﬁ+\/g<:>y=\/3,

Hé ¢6 nghiém khi (3)(:(’) nghiém @g(O)SmSg(\/g), hay 1—\/53m£\/ﬁ+\/g.
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3r—a\y’ +1=1

Cau 35. Tim a dé he phuong trinh 1 , co nghiém 7
THy+——=a

y+«/y2+1

Giai
Phan tich. Mot bai toan khong qua kho, ta dé& dang nhin thay an phu khi nhan lién hgp méiu cta
phuong trinh 2, tuy nhién ta sé tiép can bai toan nay bang phuong phap st dung diéu kién can va du!
Ta c6 hé tuong duong

' 2 —
37 —ayy +1_1 3x—a\/y2+1=1(1)
=
x+y+—y+ '_y2+1:a2 T+ /y2+1:a2

Diéu kién can. Thay ring néu he c6 nghiém (z,,y,)thi hé ciing c6 nghiém (z,,~y, ), béi vay diéu

kién can dé he ¢6 nghiem duy nhat la y, =0. Thay y, =0vao (I) ¢6

3r—a=1 , a=-1
) =30 —-a-4=0

4
z+l=a a=—
3

Piéu kién di.
3z +4y’ +1=1

. Véiaz—l,hé(]) tré thanh Szr=y=0

x+\/y2+1:1

1 3x—£,/y2+1=1 x_z

e Véia=— he(I) trdthanh { 3 9.
3 — 16

T+4Y +1=5 y=0

4 . N
Vay a=-la= 3 la cac gia tri ctia a thoa man yéu cau bai toan.

r—y+m=0 (1)

Jay+y=2 (2)

Cau 36. Tim m dé hé phuong trinh { ¢6 nghiém ?

Giai
Diéu kien 2y >0 .
Cach 1. Ta co (1)<:>x=y—m.Thay T=y—m vVao (2) ta cod
2-y2>0
\@+y=2<:> y(y—m)+y=2<:> y(y—m)=2—y<:> 9
y(y—m)=(2-y)
y<2 y<2
f— fe—
v —my=y’ —dy+4  ((4-m)y=4 (*)

Néu 4-m=0<m=4 khido (*)<0=4 (voly) = m =4 khong thoéa man.

Néu 4-m=#0< m=4 khido (*)@y:i.
4-m

— >4

Do y<2 nén PN ST PN L
4-m 4-m m<2

Cach 2. Tac6 a:y+y:2©\/@=2—y (*)
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y<2
Do y =0 khong thoéa méan phuong trinh (*) nén (*) = Y —dy+4 .
r="—-"2"
Y

P —4y+4
Thay x = Y =22 o phuong trinh (1) ta duge
Y

y2 —4y+4

—y+m=0c>m=w (4)
Y Yy

Heé phuong trinh c6 nghiém khi va chi khi phuong trinh (4) c6 nghiém y<2.

Xét ham s6 f(y)=4y_4 v6i y<2,taco f'(y)=é>0 Vc’jiVye(—oo;O) va (0;2].
Y Y

m<2

Lap bang bién thién ta dé dang chi ra phuong trinh (4) c6 nghiém khi { K
m >

J4-22-3y* +z+y=0

Cau 37. Tim m dé hé phuong trinh
(y2 +4y+7)($2 +1)=—m4 +2m° +3

c6 nghiém ?

Giai

Phan tich. Mot cau hé kha 13 kho yéu cau ta phai két hgp diéu kién 2 phuong trinh clia hé v6i nhau

dé co6 thé xit 1§ no.
J4-22 -3y =0 1
Xét hé phuong trinh e +{:v+y ‘ ( )
(v +4y+7)(a* +1)=-m' +2m’ +3  (2)

<0
Ta co (1)@«/4—2x—3y2 =—(x+y)©{x+y

7’ —i—2(y+1):v—i—4y2 -4=0 (3)

Dé ton tai 2 trong phuong trinh (3) ta phai ¢

t

A =(y+1)2—4y2+4=—3y2+2y+520<:>—1£y£—.

w

Taco (2) & | (y+1) +2(y+1)+4 (2 +1)=3-m' +2m’
e[ (y+1) +2(y+1)+4](* +1)=a-(m*-1) (1)
Véi moi z, y thod man ye[—l;g} T+y<0 taco
o VT(4)=|(y+1) +2(y+1)+4](a* +1)4, dau diing thiic xiy ra <=0,y =-1

o VP(4) =4—(m2 —1)2 <4, dau dang thitc xay ra < m=+1
Do d6 diéu kien can dé hé cé nghiem thuec 1 m = +1.
Vi m =1, Khi 6 (4) <[ (y+1) +2(y+1)+4](2* +1)= 4 2=0y=-1 thoaman (1)

Vay c6 hai gia tri nguyén ctia tham s6 m sao cho hé phuong trinh c6 nghiém thue.

+12—2=4( 2 L 9p+5— 2+4) 1
Cau 38. Tim m dé he (ac ) Y \/I ! \/y ()c() nghiém?

|x+1|—|y|+m=:1:2—4:1:+3 (2)

Giai
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Phan tich. Mot bai toan véi § tudng quen thudc, & phuong trinh 2 c6 an thi chic ta phai xit 1y
phuong trinh dau, ma & phuong trinh dau ta dé dang nhin thiy béng dang ctia ham dic trung & do.

Phuong trinh (1) < o +2x +5—4y2% +2x +5 =y* +4-4\Jy* +4(*¥)
Xeét f(t)=1" -4t dong bién tren (2;+ow)
Vi 2’ +2x+5>4;y> +4>4 nén
(*) @f(\/(L’Z +2x+5)=f(\/y2 -HJL)<:>(3U+1)2 =y’ oz +1]=|y|

Thé vao (2) ta duge 2 —4z+3=m(**)

H& c6 nghiém khi (* *) c6 nghiém < m>-1.

g’ =3z +4100-y +1-m’ =0 (1)
I) c6 nghiém thoa mén z+y <807
x«/100—y+4/y(100—x2)=100(2)( )

Cau 39. Tim m dé he

Giai
Phan tich. Mot cau hé phuong trinh qua quen thudc va dude cover lai rat nhiéu 1an roi nén ta khong
con lam la gi véi n6. Lan nay dé cho mdi la chiing ta sé tiép can bai toan theo cach khac. Céch sit dung
bat ding thiic cac ban c6 thé doc & cac chuong trén.
Dit t=4100—y =y =100—12,¢t>0.

Phuong trinh (2) tré thanh

xt+\/(100—t2)(100—x2) ~100 < \/(100—#)(100—;1:2) —100—at

100 -2t >0
<~ 9 9 2
(100—#7)(100—-2") = (100 - xt)
100—2t >0 100-2t =0 osmmh 0<2<10
Aad ‘ [ & = a
~1002* —100¢* ==200at ~ |(z—t)'=0  |t== Y Ji00—y =2
2 =30 +J100-y +1-m*=0  (z*—2z41-m’=0 [(z=1%m
He (I)<14100-y =z < 1y=100-2’ <y =100-2z"
0<z<10 0<z<10 0<z<10
z+y<80 ,
100-27)<
Ta co y=100—x2:>{x+(00 z) 80:>5Sx£10.

<r<
0<z<10 O<z<10

e Néu z=1-m thi 5<1-m<10< -9<m<-4 -loai
e Néu z=1+m thi 5<14+m<10<=4<m<9.

Vo' +2018 +|y+1|=m

Cau 40. Tim m dé he
|2]Jy? +2y +2018 =/2018 - 2* —m

c6 nghiém duy nhat?

Giai
Na? +2018 +|2|=m

o] /2% +2017 =/2018 —2* —m

Dat z=y+1, hé phuong trinh da cho tré thanh

Nhan xét. Néu he ¢6 nghiem (z,;z,) thi he ciing c6 nghiem (-z;—z,)
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Do d6, hé c6 nghiem duy nhat khi z, =z, =0. Thay vao he, ta c6 m = \/M .
Thit lai. Thay m =+/2018 vao hé phuong trinh, ta ¢6
Ji7 +2018 +]2| =72018 (1)
2|22 + 2017 =2018—2* — 2018 (2)
Ta 6 2’ +2018 + 2| 22018 nen phuong trinh (1)< z=2=0.
Ta ciing ¢6 = =2z=0 théa man phuong trinh (2).
Suy ra hé phuong trinh o 42018 +¢] Vo1 c6 nghiém duy nhat z=2=0.

lo|/2* +1=+2018 - 2% — /2018

Vay hé phuong trinh c¢6 nghiém duy nhat < m =+/2018 .

2 )2 B _ a2 _
Cau 41. Tim m dé hé phuong trinh \/(x 5I) +807 — 40 +16 =90 5$+4+10$|$| 0 c6 nghiém
7’ —2(m—1):1:+m(m—2)=0

duy nhat?

Giai
Hé phuong trinh da cho tuong duong
|x2 —5av+4|—931:2 —5x+4+10x|x|=0
{af —2(m—1)x+m(m—2)=0

Phuong trinh (1) tuong duong |ZL‘2 —5x+4| +(:172 —5x+4)+10x(|z|—x)= 0 (3)

o V6i 0<z<1 hoic >4, VT>0:(3) vO nghiém.

o V6i1£z<4,VT=0= (3)(:6 nghiém dang v6i moi = € [1;4] .

e V6i2<0,(3) 182" +10z-8=0<z=-1.
Vay (1) c6 nghiém la z =-1 hoac 1<z <4.
Xét phuong trinh (2) Taco A' =(m—1)2 —m(m—2) =1>0,Vm
Suy ra (2) ludn c6 nghiem z, =m;z, =m—2. Ta di x6t cAc kha ning dé hé c6 nghiem duy nhit , véi

2<m-2<4 4<m<6

nhan xét z, va , honnhau2donvi | -1<m-2<1l<|1<m<3.

m=-1 m=-1
Vay v6i me (1;3) v (4;6] v {—1} hé c6 nghiem duy nhat.
Chii y. Néu ban doc khong tric quan dudce trong budce lap luan trén, t6t nhat hay vé truc s6 biéu dién
tap * =-1,1<2 <4 vadi chuyén doan [m - 2;m] trén do.

3 3
) THY) L [ 2ZY) o7 (1) '
Cau 42. Tim m de hé phuong trinh 2 2 c6 nghiém ?

m\/;=2x+3 (2)

Giai
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Phan tich. Hay dé § ¢ ca 2 phuong trinh, é phuong trinh 2 thi chi ¢6 2 bién m va z , néu nhu céc bai
toan khéc thi ta sé tim ngay duge diéu kién clia m , tuy nhién phuong trinh 1 gitip ta tim diéu kién ctia
z dé khao sat ham sb.

z+y=0
Diéu kién <z —y>0. Dat a:\/x;y,b:\/x;y thi a,6>0.
x>0

Tu (1) ta duge z=a”+b* va a’ +b° =27

: q
0<b<3  [p* <3
Vay z>9 dau bang xay ra khi y=19.

Vi 229 thi (2) taco m=2ﬁ+i=(ﬁ+ij+\/§22ﬁ+3
NERL R

Nhan xét. Dé chitng minh z>9, ta c6 thé lam cach khac nhu sau

2
Pt t =2 Y+ [7Y (150), ta tim duge 2=+ 22|
2 2 3¢
P18 9

0<a<3 3 <347 ‘ A ‘
Nén{ “ {“ a:3(a2+b2)2a3+b3=27:>x=a2+b229.

Nén ta co x=—+—:—+—+929.
3 3 t t
) xQ—xy—2m+y+1=«/y+1—\/;
Cau 43. Tim m dé hé phuong trinh ¢6 nghiém ?
2$2—(6—m)y=y+1+\/x—1
Giai
z2>1

Diéu kien {y>-1

22" —(6—m)y =0
Xét phuong trinh xQ—xy—2x+y+1:«/y+1—\/;(*)

. =0 R
Néu {x ) dua phuong trinh thi 2 trong hé vé dang V6-m =0 m=6
y=-

P £ oz N 1
Néu \/5+1/y+1 >0, bien doi phuong trinh ve dang (x—y—l)[x—lJr—J =0

N ]

T diéu kién xac dinh ctia bai toan tacé -1+ ———=>0.

Jr o+ y+1
Dodé (*)or-y-1=0y=z-1
Thay vao phuong trinh con lai trong hé ¢6
277 —(6=m)(w—1)+m =s+va—1 < 2(-1) =(2=m)(w—1)+2=a—1+1+z—1

Do x =1 khong la nghiém phuong trinh nén chia hai vé cho vz —1>0 ta c6

J2[(x—1)+($1_1)}—2+m:1+\/ﬁ+

1
(t=2) khidé co x—1+—1=t2—2
x_

1
Jr—-1
Dat t=vz-1+

1
Jr—1

Vay phuong trinh c6 dang \/2(752 —2)—2+m =l+tom=—t"+2t+7
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Xét ham s6 g(t)=—t*+2t+7(t22) taco ¢'(t)=-2t+2<0V¢>2
Do do6 phuong trinh c6 nghiém khi m < g(2) =7

+y=~T—1+2y+2 1
Cau 44. Tim m dé he YN Y M c6 nghiém ?
x2+y2+2(x+1)(y+1)+8 4—m—y=m(2)

Giai
Phan tich. Mot cau lay y tudng tit dé THPT Qudc Gia 2016.
Diéu kien. {x i ! X Phuong trinh dau tuong duong
y>—
(1) (z+y) =z +2y+1+2/(z—1)(2y +2)
<i>(x+y)2 =x+2y+1+2 (2x—2)(y+1)

AM-GM

< z+2y+1+(22-2)+(y+1)=3(z+y)
=0<z+y<3
Phuong trinh (2) < z° +y2+2xy+2(x+y)+2+8m=m
Dit z+y=t.Taco m=1>+2t+2+8J4—t
Xét ham s f(t)=1"+2t+2+8J/4—t,t€[0;3]. Ta co

4
f(t)=2t+2- —
t=0
flt)=0et" -2t -Tt=0|t=1-22
t=1+22

Lap bang bién thién ta dé dang suy ra trén [0;3] ham f(¢) dong bién
= min =f(()) =18, gﬁgﬁ:f(?)):%

.7:5[0;3]

Hé phuong trinh ¢6 nghiém khi m e [18;25] .

m-(x2+§/m_4+3/x_2+1)=xy

Cau 45. Tim m dé he ¢6 nghiém ?
m:- (\3/308 +1’ +32” + 1) + (m = 1) Rzt =290z
Giai
< o R zy=0 =0
Néu m =0 thi hé phuong trinh << = .
_3/$4 =2y3/$4 yeR

m-(t°+t' +1° +1) =y’
Néu m =0, dat t=4/z thihe < ( o )
me (£ 0+ +1)+ (m—1)t" = 2yt"

{m-(t6+t4+t2+l)—yt3 (1)
<

me (£ 0+t +yt* +1) =2y +1)t" (2)
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Vi ¢t=0 khong la nghiém ctia hé phuong trinh nén chia ca 2 vé ctia (1) cho ¢’ va (2) cho ¢' ta dugc

s 1 1
m| t +t—3+t+¥ =y 1
, | . Tiép tuc dat a=t+z(|a|22) thi hé trd thanh
m[t4+t_4+t2+t_2+1J:2y+l
m(a3 _2a) - y 4 3 2 1 4 3 2
:>m(a -2a" —3a +4a+1)=1 & —=a —2a" -3a +4a+1(*)
m(a4—3a2+1)=2y+1 m
Yeéu cau bai toan trd thanh tim m dé phuong trinh (*) c6 nghiém.

Dén day bai toan trd nén vo cuing don gidn, xin nhuong lai cho ban doc!
: 1 . o
Vay v6i m < -3 v m >0 thi hé phuong trinh c6 nghiém thuec.

Sau day minh sé huéng dan cac ban cich gidi quyét mot s6 bai toan lién quan téi hé déi
xting loai 2 chita tham sé.

\/3x2+x+1+\/3y2—y+1=m

c6 nghiém 7
\/3xQ—x+1+\/3y2+y+1:m

Cau 46. Tim m dé hée phuwong trinh {

Giai
Phan tich. Giéng nhu cach gidi v6i he d6i xitng loai 2, ta sé 13y 2 phuong trinh trit cho nhau. Ta dugc
V322 + o +1-327 -z +1 =\/3y2 +y+1 —\/Sy2 —y+le f(z)=f(y)(*)

X6t ham s6 f(t) =3t +t+1 -3¢ —t+1 tren R . Taco

3(“;) S(t_éj 1 1
fl(f,): > — > Zg[t‘i‘gj—g[t_gj
1 11 1 11
Sl t+—| +— 3l t——| +—=
6 12 6 12
Xét ham sb g(z)= 5 - ,9'(2)= 1 >0,VzeR

/3z2 A 122 411 3.2 1L
12 3 12

Do d6 g(z) dong bién trén R , tit day suy ra

1 1 1 1 1 1
St+—>tl-——og|t+=|>g|t—=|=>f'(t)=9g| t+=|-g|t—=|>0
676 g( 6) g( 6) f()g£ 6)9( 6)

Vay f(t) dong bién tren R . Lac nay phuong trinh (*) tuong duong z=y .

Thé vao phuong trinh dau ta dugce V32 +a+1+32  —z+1=m
Dat g(x)=\/3x2+m+1+\/3$2—x+1,cé g'(z)= bz +1 + bz —1 =0=>z=0
2\/3:32 +z+1 2\/3;1“2 —z+1

Lap bang bién thién ta dé dang chi ra m >2 thi hé phuong trinh c6 nghiém.

NT+z+J11—y—4=m—+4-3J10-3m
JT+y+1l—z2—4=m—~4-310-3m

Cau 47. Tim m dé hé phuong trinh c6 nghiem duy nhat ?

Giai
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Diéu kien -7 <z;y <11 va ESmsg.
27 3

Tuong tu cau trén, ta trit 2 vé clia phuong trinh cho nhau ta duge
NT+z 11—z =\/7—y —\/11—y <:>f(m)=f(y)
Xét ham s6 f(t)=~7+t —11—t tren [-7;11].

1 1
Co f'(t)= +
6 (1) T+t 11—t

Tu d6 dé dang suy ra duge x=v . Thé vao phuong trinh dau ta dugc

NT+z +11—2 —4=m—+/4-34J10-3m

Xét g(m)=\/7+x ++/11—2 —4 trén [—7;11],tac() f'(x):z\l/;_i_\/i‘liﬂj=0<:>x=3
+T- -z

Lap bang bién thién ta d& thay dé hé c6 nghiem duy nhat thi m —+4-3v10-3m = f(2)=2

S 4-3J10-3m =m -2 m* —8m® +16m> +27m —90=0

m=3

>0,Vte(-7;11)= f(t) dong bién tren [-7;11].

<:>(m+2)(m2—7m+15)=0<:>[m:_2

So v6i diéu kién ta duge m =3 1a gia tri can tim.

. . . x2=2‘1‘+|z|—y—m . ]
Cau 48. Tim m de hé phuong trinh ¢6 mot nghiém ?

x2=1_y2

Giai
Phan tich. Khong khé dé nhan ra bai toan nay xit Iy bing phuong phép diéu kién can va di 1 nhanh
nhat! Gi& sit ton tai mot s m, sao cho hé da cho c6 nghiem (z,;y,) thi cdp sd (—z,;y,) ciing & mot
nghiém ctia hé. Theo dé ra hé chi c6 mot nghiém nén phai c6 z, =0. Thay gia tri nay vao hé da cho ta
. |m=0

thay [m o

e Néu m=0 thi h¢ da cho ¢6 nghiem duy nhat la (0;1).

e Néu m=2 thi he da cho c6 nghiem la. (0;-1), (10).
Vay ton tai m =0 thi he ¢6 nghiem duy nhat 1a (0;1).

. 7oered _ g5l | 90127 <2012
Cau 49. Tim m deé hé phuong trinh . ¢6 mot nghiém 7
z° —(m+2)x+2m+320

Giai
Diéu kien. z > -1
Taco 77 — 771 490122 <2012 & 77 (77 - 7°) <2012(1-2) (*)
Néu z>1 thi VP(*)<0<VT(*)-Voly
Bét phuong trinh (*) luon dang khi ~1<z<1.
Hé bat phuong trinh da cho cé nghiém khi bat phuong trinh 2 —(m+2)x+2m+32 0 c6 nghiém
TE [—1;1] = m(x - 2) <z’ -27+3 c6nghiem z e [—1;1]

>x2—2$+3 _x2—2x+3

T—2

om c6 nghiém z € [—1;1] oSm> H[lin]f(x) v6i f(x)

-2 ze[-1;1
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Tuyén tap phuong trinh dai sé hay va kho |

3
x_

Ham s6 nay dudc viét lai f (x) =z +

€ [—1;1]

- =2+3¢[-1;1
Ta co f'(m):l— 3 _z 4z +1 ;f'(m):0<:> T +\/_€[ ]

(x—2)2 (x—2)2 x=2—\/§e[—1;1]
Mit khac f(2—J§)=2—2J§ Cf(-1)=f(1)=-2 ;
Do do Imn f( ) f(—l):f(l):—2.

ze 11

Vay m>-2 thod man yéu cau bai toan.

|28 +3y=(49" — 22y )- B2 + 47 +1
Cau 50. Tim m dé hé ¢6 mot nghiém 7
Yy’ +1-Jz =m

Giai
Dieu kién OSxSS.
Phan tich. Dé y thay phuong trinh dau dugc che giau ham dic trung khé kin, dé lam xuat hién ham
thi ta phai lam doc lap 2 bién bang cach chia ca 2 vé cho y°.
Duong nhién y =0 khong la nghiém ctia nén phuong trinh dau tuong duong

2—£+%—%=(1+(3—2x))\/3—2x
y

vy v

©(1—lj+(1—lf =m+(3—2x)m<:>f(l—§j=f(M)

) Y
Xét ham s f(t)=t+t’ = f'(t)=1+3t>0Vz e R= f(t) dong bién tren R

] 1 y<Ovy=1
T d6 dé dang co f[l——}zf(\/fi 2x)<:>1——=\/3 2z & 1Jr1 1
r=1l+———
) y 2yz
Thé vao phuong trinh 2 ta duge y° +1 — 1+———
Ung v6i ye(—oo O)u[l +oo) thi phuong trinh z = 1+——— cho ta mot nghiém cia x

y 2y
D@ hé c6 nghiém duy nhat thi phuong trinh trén phai cho mot nghiém y.

Taco f(y) =i +1- fL+2 -5 (ve(n0) o[ t0)
Y Y

Yy y—1 . ye(—oo;() <0
- + va '
22 +1) gy fhalto L ye(L+o)= f'(y)>0
y 2y

Dén day lap bang bién thién cho ham f (y) dé dang suy ra duge m < - \/_

a(x—a)Z(x—2\/§)+1£O

Cau 51. Tim tham s6 a dé hé sau c6 nghiem
z>a>0

Giai
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a(sc—a)Q(x—Q\/g)+1S0@{(m—a)Zax—Qﬁa(m—af +1<0

Bién doi he {

z>a>0 z>a>0

x+;232\/§ l(x—a)+l(ar:—a)+0n+;2S2«/§ (1)
= (z-a) a <12 2 r-a) a

rz>a>0 z>a>0 (2)

Do (2) nén z—a va a 1a hai s6 duong,

Ap dung bat ding thiic AM — GM cho 4 s6 duong ta dugc
1(m—a)+l(x—a)+a+;224i/1=2\/§ (3)
2 2 r—a) a 4

Do d6 (1) chi dang khi dau déng thic xay ra tai (3) tic la

I 2 T U AP
Vay hé c¢6 nghiém khi va chi khi a = g va nghiém ctia hé la z =

(x—i—y+z)(lm:+y+z)=]<;3-i—2k;2
Cau 52. Giai he (x+y+z)(x+ky+z)=4k2 +8k v6i k=1 1a tham s6 cho trude.
(w+y+z)(x+y+kz)=4k+8

Giai
Diat s=x+y+ 2 10i cong vé theo vé cia titng phuong trinh véi nhau ta duge
s(ko+2z+ky+2y+ ke +22)=k* +6k* +12k +8 = 5* (k+2) = (k+2)’.
e V6is=0thi k=-2 vanéu k=-2 thi z=y=2=0.
Giadst s#0 va k#-2 tacés=i(k+2).
kr+y+z=k
o VGi s=k+2 thihé da cho tuong duong v6i {z +ky +2z =4k .
r+y+kz=4

(k-2)(k+1)  _3k-2

Giai hé duge z = T Y= ;
k-1 k-1

k-2
-
kr+y+z=-k
o Vi s=—(l<;+2) thi hé da cho tuong duong v6i Sz +ky + 2 =—4k .
r+y+kz=—4
(k-2)(k+1) k-2 k-2

Giai he duge r=——"——2; y=— ;2= .
k-1 k-1 k-1
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T+y++Jzy =167y
y+z+\/y_:25yz
z+x+\/5=36zx

J7 57 47w =y

Cau 53. Tim m dé he c6 nghiém z,y,2>0.

Giai
1 1 1
—4+—+—=16
Ty |z
l+l+%=25
z

Gié st (:E;y;z) la nghiém ctia hé thi 31/ . fz (I)
—+—+ =36
2z Ju
L S S,
NERN RN

Dat uzi;vzi;sz.Diéukiénu,v,w>O.

T Y z

u’ + 07 +uy =47
2 2 g2

He (1) t6 thanh { " i row=
w® +u® +wu =6
u+v+w=m
Trong mit phang vé 3 doan thang MA=u,MB=v,MC =w ddi mot hgp v6i nhau goc 120°. Theo
dinh 1y ham cosin ta dé dang c¢6 dugec AB=4,BC =5 ;AC =6.
AABC nhon= M nim trong aABC .

Khi dé S, 45 +Sause FSamic =Saape & (uv+vw+wu)sin120° =2\/p(p—a)(p—b)(p—c) .
Suy ra uv+vw +wu = 5\/ﬁ (1)
Cong vé theo vé ctia ba phuong trinh dau trong he (1) ta dugc

Q(u2 +0° +w2)+(uv+vw+wu)=77 (2)

Tu (1),(2) ta co dugc u+v+w= @ '
Do d6 he ¢6 nghiem (z;y;2) v6i 2,9,z >0 thi m = @ :

1
ax —aby + — =bc’
zy

Cau 54. Cho a,b,c > 0. Giai hé phuong trinh sau < abz —bc’z + S =a
9%

chy—az+i=ab
Yz

Dé chon doi tuyén PTNK Ho6 Chi Minh

Giai
Diéu kien zyz =0 .

Ta sé giai hé phuong trinh nay bing céch thay doi vai tro giita bién va tham sb.
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Dit a=A,ab=B,bc* =C . Ta c6 hée phuong trinh sau

A:B—By+i= A:L“—By+i=0
Ty Ty
1 1
Bz-Cr+—=A ©{-A+Bz-Cr=——
xz xz
1 1
Cy—Az+—=B8B -Az-B+Cy=——
yz yz
Thay C tit phuong trinh thit nhat ctia hé vao phuong trinh thit hai va ba, ta dudc
1 1
—A+Bz—x(Ax—By+—j=—— —A+BZ—ACL‘2+B£Ey—l=—i
Yy Tz Y T2
1 1
_AZ_B+y(Ax_By+i]:—i ~Az-B-By’ + Azy+—=——
Ty Yz z yz
1 1
A(—l—x2)+B(z+xy)=———
Yy  xz
< 1 1
A(—z+xy)-B(1+y*)=————
(=+ay)=B(1+y") = >

Nhan phuong trinh tht nhat v6i —z + 2y, nhan phuong trinh thit hai v6i 1+ 2° | ta co

A(J_xﬂcﬂ+xw+¢xz+mo¢¢+xw:(l_iqpﬁ+xw

A(—z+xy)(1+:v2)—B(1+y2)(1+x2):[—l—ij(1+x2)

Cong ting vé hai phuong trinh nay lai, ta dugc

B(x2y2—22 _ 2 _yz _1_I2y2):(xz—y)(a:y—z)—(yz+x)(1+ac2)

Yz
2 2 2
@—B(x2+y2+22+1)= 2oy —lme SB=—oyz=—
yz yz
. 1 1
Tuong ty, ta tinh duge zo=—,2y=—.
A C
T do, suy ra (zyz)2—L:>xyz—+ L
’ BC “JABC
Khido z=+ ﬁ,yzi i,z=i < hay
CA BC AB
2
abe c ab’c be a’b a

o
>
o
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Phuong phap bat dang thitc

huong trinh — He phuong trinh — Bat déng thic 14 hai linh vic ¢6 mbi quan hé chat ché véi

nhau. Day ciing chinh 13 nhitng phan quan trong nhat ctia chuong trinh toan THPT va rat

duge nhiéu hoc sinh dam mé toan yéu thich. Khong nhitng thé van dé nay con thudng xuyeén
xuat hién trong ki thi THPT Qubc gia hay céc ki thi hoc sinh gi6i cap tinh hay tham chi VMO. Cac
bai toan phuong trinh khong chinh tic thuong dude thiét ké va sang tao dudi ¥ tudng ciia mot bat
déng thitc nao dé dong thoi ciing 1 sy phoi hop ciia nhiéu ludng kién thiic khac nhau yéu cau ngusi
lam toan phai c6 mot tu duy linh hoat, sy tim toi cling ¢d kién thic, lién hé kién thic dong thoi tap
cho ching ta nghién cttu dé c6 thé kham pha vé dep ciing nhu stt dung thanh thao phuong phéap nay.

Cac bat dang thitc co ban can nhd
B4t dang thitc AM - GM.

Cho n s6 thuc duong a,,a,,...,a, khi d6 taco a, +a,+...+a, =24/a, .q,...a,

Bat ding thitc AM — GM dang cong mau s6 cho n s6 thyc duong a,,a,,...,a, . » — >

Dau “=" x4y rakhi a, =a, =...=q

n

Bit dang thitc Cauchy — Schwarz .

2
Cho 2 bo b (a,,a,,...,a,) va (b,b,,....b, ) . Khi d6 ta cé(zafJ(bej Z(ZaibiJ
i=1 i=1

=1

Ngoai ra can phai chi § dén bat ding thitc Cauchy — Schwarz dang cong mau Engel.

n 2
o (2]
2
i=1 ] Zbl
i=1

Bat déng thiic trén con c6 thé goi la bat dang thitc Svacxo.

Déu “=" x4y ra khi 2 = % —= Z— . Riéng dang cong méu thi cin them didu kién 1a b,b,,...,b >0
1

B4t ding thitc Minkowski.

Téng quét. Cho moi s6 thuc r>1 va moi s6 duong a,,a,,...,a,,b,,b,,...,b, thita co

n?
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1

St S]]

0 day chi xét truong hop cho 2 bo s6 (al,a,z,...,an) va (bl,bQ,...,bn) . Khi d6 ta cé

\/Za \/ > \/il:(ai+bi)2

% by

z 2 . G
Dau “="xdayrakhi 2 =-2=...=
1 2 bn

Bat dang thitc Holder.

Cho céc s6 duong =, (z’ =1m,j= 1,n) .

Khi d6 v6i moi s6 ®,,0,,...,0, >0 théa man ZCO =1taco ﬁ(ixHJ | Zi(ﬁ:ﬁ’;j

j=1

O day ta chi xét truong hop don gidn nhat cho 3 day s6 gdm (a,b,¢);(m,n,p);(2,y,2). Ta co
(a3 +b° +03)(ac3 +y +z3)(m +n’+p ) (amm+byn+czp)

DAau “=" x4y ra khi 3 diy tuong tng ty lé.
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I. Cac bai toan vé phuong trinh.
Panh gia mién nghiém.

Y tudng ctia phuong phap nay rat don gidn, d6 1a chiing minh loai trit, c6 nghia 1 ngoai nghiém duy
nhét ra thi khong con nghiém nao khac, ta sé di ching minh trudng hop = > a,r <a thi phuong trinh

vo nghiém, sau day ta sé di tim hiéu cac bai toan dang nay!

Cau 1. Giai phuong trinh Yz —1+%z+8=-2"+1.

Giai
Nhan xét =0 théa phuong trinh da cho.

Jz-1+3z+8>-1+2=1

Véiz>0 = ‘ nén phuong trinh vé6 nghiém.
-’ +1<1

Jr-1+3z+8<-1+2=1

Véi <0 = ‘ nén phuong trinh v6 nghiém.
-’ +1>1

Vay phuong trinh c¢6 nghiém duy nhat z =0.

Cau 2. Giai phuong trinh 3+3/7z +15 =z ++/2x.

Giai
Phan tich.

3=z
Y1415 =2z
Ta viét lai phuong trinh thanh (z—-3)+ (\4/71’ +15 - \/%) =0(*)

Ta tim nghiém chung ctia cac hé bat phuong trinh.

Do z =3, 14 mot nghiém ctia phuong trinh. Nén khi doé. {

<0

{j/% 350 < {(z-3)(42+5)<0 < 0<z<3
x>0
>3

{Z}% Br<o T (z-3)(42+5)>0 < 2>3
x>0

+ Néu 0<z<3thi (3—x)+(\4/7x+15—\/%)>0 hay (*) vo nghieém.

+ Néu z>3 thi (3-z)+ (\4/7;;: +15— \/295) <0hay (*) vo nghiem.

Hay phuong trinh (*) c6 nghiém duy nhat = =3.

Loi giai

Diéu kién z>0.

Phuong trinh da cho tuong duong véi. (z—3)+ (\4/7117 +15—+/2 ) =0(*)
Nhan thay z =3 1a nghiém ctia phuong trinh (*).

Xét cac hé bat phuong trinh.

{3_x>0 EC<03)(4 5)<0 < 0<z<3
<<>9\T = T+o)<U=U0Usx<

YTe+15 -2z >0

T+ x > 23>0

231 | Chinh phuc olympic toan



| Cac bai toan chita tham sb

>3

{3_“() (z—3)(42+5)>0 3
<37 - T+ >V 1>

4 —

NTz+15 —+/22 <0 230

Suy ra.
+ Néu 0<z <3 thi (3-2) +(\4/7x +15 —\/%) >0 hay (*) khong c6 nghiém z €[0;3).

+ Néu z>3thi (3—z) +(\4/7x +15 - @) <Ohay (*) khong c6 nghiem z € (3;+0)

Vay phuong trinh c¢6 nghiém duy nhat 14 z = 3.

Cau 3. Giai phuong trinh /72> +112+6 —/3z =2 —6.

Giai
Diédu kien z > 0.

Phuong trinh da cho tuong duong véi. (\4/71“2 +11z+6 — \/5) + (6 - x) = 0(*)

Nhan thay = =6 la nghiém ctia phuong trinh (*).
Xét cac hée bat phuong trinh.
<6

om0 (z-6)(20+1)<0 <0<z<6
[ ] R T — T+ < S 0L8zr<
Y722 +112+6 =32 >0
>0
070 ZE>66)(2 1)>0 6
[ ] = T — T+ > =T >
Y722 +115+6 /32 <0 50
T =

Suy ra.
+ Néu 0<z <6 thi (\4/7162 +11x+6 —\/g)+(6—x)>0 hay (*) khong c6 nghiém xe[O;G)

+ Néu z>6 thi (\4/73:2 +11z+6 —\/%)+(6—x)<0 hay (*) khong c6 nghiém xe(6;+oo)

Vay phuong trinh c6 nghiém duy nhat z =6.

Cau 4. Gidi phuong trinh (z-1) +(+1)" +/(20+1) =3 (*)

Giai
x o 1en 1
bieu kién z > —5.
Nhan thay = =0 langhiém ctia phuong trinh (*)
Xét céc he bat phuong trinh.

JEEIT
— (e U A
(x+1) >(m+1) - (2x+1)( 2x+1—1)>0 PN M>O <S>0

(2z+1)" > (22 +1) N2z 41+l

rT2—— 1
T=2——=
2 2
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(m+1)m
: (z+1)(Va+1-1)<0 Jo+1+1
(z+1) <(z+1) (2z+1)z

(21:+1)3<(2:1:+1)<:> ( N2z +1+1

<0

1
<0 @—ng<0

> x>_l
2 9

Suy ra.
+ Néu >0, taco

VT (5)=(2=1) +y(2+1)° +y(20+1) >(2=1) +(z+1)+(20+1)
=2’ +2+3>3=VP (*) hay (*)khong c6 nghiem z e (0;+x)

.1
+ Neu —Eﬁm<0,tacé

VT ()= (2 1) + (2 +1)" +y(20+1) <(z=1) +(z+1)+ (20 +1)
=3+z(z+1)<3=VP (*) hay (*) khong c6 nghiém z e (0;+%)
Vay phuong trinh da cho ¢6 nghiém duy nhat z =0.

Cau 5. Giai phuong trinh 22° —11z+21-3342-4 =0

Giai
Phan tich..
Ta nhan dinh phuong trinh da c6 nghiém duy nhat =3 (c6 thé sit dung sy hd trg tit may tinh bd
tai), tir d6 chiing ta nay sinh § tudng danh gia xoay quanh gia tri =z =3.

Lai c6 22> —11z+21-3342 -4 = Q(x - 3)2 + (ac +3-334x -4 ) va néu chiing ta chitng minh dugc rang.
(x +3-3%4x - 4) >0 bai toan sé dudc gidi quyét, ma.

(m+3—3M)20 or+3234z-4 <:>(:1:—3)2(x+15)20 (*), lac nay (*) chi dang véi z>-15.
Tit d6 § tudng xtt 1y van dé nay 1a st dung diéu kién c6 nghiem ciia phuong trinh dé lam bé lai khoang
¢6 nghiém.

That vay. phuong trinh < 3dr—4=22"-112+21>0 =34z -4>0 =z >1.

Va Vz>1 thi (*) hién nhien dang.

Loi giai

Phuong trinh da cho tuong duong véi. 2(1‘ - 3)2 + (x +3- SM) =0

Tir phuong trinh ban dau ta c6 34z -4 =227 ~112+21>0 =34z -4>0=2>1.

Ma. (2+3-312-4)20 v +3231z-4 < (v-3)'(2+15)>0 luon ding Vo >1

Tir d6. 2(z-3) +(w+3-3Y4r—4)20, dau ‘=" xéy ra khi va chi khi z=3.

Hay phuong trinh da cho c6 nghiém duy nhat z = 3.
Chi §. Trong mot sd bai toan viéc stt dung diéu kién c6 nghia la chua di dé chiing ta sit dung danh
gia trong phuong trinh, tit d6 ta nghi dén phuong 4n tim diéu kién c6 nghiém ctia phuong trinh doé.
B6 dé. Xét phuong trinh. f(:r) = g(:z:), zeD (*)
Néu f(z)=m, Vze D, thi dé phuong trinh (*) c6 nghiém ta can phéic6 g(z)=m.
Néu f(z)<M, Vze D, thi dé phuong trinh (*)c6 nghiém ta can phai c6 g(z)<M.

Cau 6. Giai phuong trinh 1+2z +v1-22 =3/1+3z +31-3z.
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Giai
Phan tich. Bai toan nhin c6 dang dap ctia ham s6, tuy nhién phuong phap stt dung ham s6 vdi bai
toan nay la khong don gian. Ta c6 thé lien tudng dén viéc st dung danh gia dé thay thé.
Xét cac bat phuong trinh.

J1+22231+32 < (1+22)' >(1+32) < 2*(3+82)>0
1-2021-32 < (1-22) 2(1-32) < 2*(3-82)>0

N 11 .
Véi dieu kién xac dinh z e[—i;g} khong lam cac bat phuong trinh trén nghiém diang, tit do6 ta nay

sinh § tuéng lam hep khoang danh gia nay bang cach st dung diéu kién c6 nghiém ctia phuong trinh.
That vay.
Dt V1422 ++1-22 =31+32 +¥1-3z =u, taco

W =2+241-42" 22 = u=2
u=%1+3z +31-3z (uzﬁ):ug =2+ 3.ui1-92

ut =2
3u

=31-92° =

1 1
>0 =>——<z<—
3 3

11 .
Ro6 rang Vz e (—g,gj cac bat phuong trinh trén nghiém ding.

Loi giai
Dat V1+2z ++1-22 =¥1+32+31 -3z =u, taco

W =2+201-42>2 = u>2
uw=31+3z+31-3z (uz\/i) — u® =2+ 3.ui1-92°

ut =2
3u

=31-92° =

1 1
>0 =>——<z<—
3 3

. 11
Suy ra cac bat phuong trinh sau day nghiém dang Vx € (—g,gj

J1+22 231430 < (1+22)' >(1+32) < 2*(3+82)20
J1-20231-32 < (1-22) 2(1-32)" < 2*(3-82)>0

I

Hay v1+2z +1-22>31+32+31-3z , Vxe(—

)

W |~
W |~

DAu ‘=" x4y ra khi va chi khi z =0.
Két luan. Phuong trinh c6 nghiém duy nhat = =0.

Cau 7. Giai phuong trinh \/4953 -6z’ —2+10=1-2" a:(x—i—l)(x—?).

Giai
4z° —62° -z +10=0 -1<z<0
z(z+1)(z-2)20 z22

Tu diéu kién nay ta c6 ngay duge 1-2”\jz(z+1)(z—2) <1.

Dau diing thiic x4y ra khi va chi khi z =-1.

Diéu kien {

Mit khéc tit didu kien ta luon cov4a® —62> —z+10 > 1.
That vay, binh phuong hai vé bat phuong trinh ta c6
42" 62" 2 +9>0 < (z+1)(42’ ~102+9)>0 (luon diing).
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Dau ding thiic x4y ra khi va chi khi z =—1.

Tit cac danh gia nay ta c6 4z’ —62% —2z+10 >1>1-2°[z(z+1)(z-2)

Déng thiic x4y ra khi va chi khi = =-1.
Vay phuong trinh ¢6 nghiém duy nhat = =-1.

Cau 8. Giai phuong trinh z+17+2(1-2)2z+2 =2(z-1)Jz +6

Giai
Néu z =1 thivo ly. Do dé.
x+17+2(1—:1:)\3/2x+2:2(:1:—1)«/3;-1-6 @M+\/xT_2ﬂz+l';:o
x_

Dit f(x)=3/_2x+2+ (46— rz+17 :>f'(x) 2 1 9

2(z—1) :33/(2x+2)2 +2\/I+6+(x_1)2>0

Khi d6 f(z)=0 c6 t6i da 1 nghiém trong khoéng [6;1) va ¢6 t5i da 1 nghiém trong khoéng (1;+00) vi

no lién tuc trén [—6;1) va (1;+oo) .Chi ra 2 nghiém nay la z =3 hodc z=-5

Xem thém & phan giai phuong trinh bang phuong phap ham s6 !

Cau 9. Giai phuong trinh (3z-11)42 -2 +2(z-1)' V22 -1=22" +2-11

Giai
TacoDat t=42-2>0=z=2-t". Khi do.
o (3z-11)2-z -5z +13=(-3t"=5)t+5t' +3= (3 + 4t +3)(1-1)’

. 2(;;;—1)2(%—1):4—2(;%11);

) (32 -11)4/2~z 52 +13>0

Neéeu z>1 thi 0<t<1 suyra 2(1_1)2(m_1)>0 = voly
) (32 -11)32—2 52 +13<0

Neéeu z <1 thi t>1 suyra 2(x—1)2(\/E—1)<() = voly

Loi giai chi tiét danh cho ban doc.
Két luan. Phuong trinh ¢6 nghiem z =1.

Cau 10. Giai phuong trinh /22 -3 - 327 + 32 +20 = (22 - 9)+/3z + 4

Giai
Ta c6/20 -3 - 32" + 31 +20 = (22 - 9)+/3z + 4

& 2r-3-2+2-(20-9)V32+4-32" +42+18=0

<:>(\3/2x—3—x+2)+(\/3z+4—3x+7)(\/3:1:+4 +x+2)=0
Talu(‘)nc()\/?)x—i—él+x+2=\/3x+4+3$3+4+§>0

5++/5 . \/395+4—395+7<0:>
1
2 Y22 -3-2+2<0
5-5 5+45 . \3z+4-3z+7>0
u <zr< thi =
2 2 Y22 -3-1+2>0

Néu z > VT <0

Né VT >0
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5-+5
2
Y22-3-32" +32+20— (20 -9)V3z +4 >-32" +32+19— (22— 9)V3z +4
=%(3—\/3x+4)((3x+8)\/3x+4 +15x—3)+9—;>0
N3z +4-3z+7>0

Néu z <1 thi{ =VT>0

2 -3—-2+2>0

Bai toan dudc giai quyét.

Néu 1<z< thi ta c6 2z -3 +1>0. Suy ra.

Cau 11. Giai phuong trinh 33z -2 +2° —2—6=(22-3)yz -2

Giai
Diéu kién z>2
Taco 3z —2+2° —2—6=(20-3)Jz -2
< 3(Yo-2-1)+2’~2-3-(20-3)Jz-2=0

3(z—2 - 1)+(m 1)(%/7 2+3)

Taludon cé zJz -2 —-2+3=+/ —2(\/1“ ;j 4\/ -2+41>0; Vx>2
Jr-2>1

Néu x>3:>{ =VT>0.

Jz—-2>1
Yr-2<1

Néu z<3= =VT<0.
{\/$—2 <1

Cau 12. Giai phuong trinh ({22+3 +2Vz+2)(z+3) =22 +112+10

Giai
Diéu kién z > -2

Ta c6(322+3 + 2o +2)(z+3)=20" +11z+10
& (2r+3-2-1)(z+3)+ 2o +2(z+3)-2" -T2 -7=0
& (Y2r+3-2-1)(z+3)-(2+5-Vo-2)(z+1-z+2)=0
(Va+2-1) +o+7

Taluoncdé z+5—-z+2= 5 >0
, - Pr+3<z+1
Neéeu z > 1+\/g:> v ’ suy ra VI <0
2 Nr+2<zx+1
L —1- — Jr+3>x+1
Néu ! \/3<x< 1-'-\/g:> v v suy ra VI >0
2 2 Ne+2>z+1

Néu —2<z< =322 +3+1>0. Vay ta dudc.

“1-5
2

(2z+3+2Vz+2)(z+3)-22" ~112-10

>(2r+2-1)(z+3) -2 ~112-10

Tap chi va tu liéu toan hoc | 236



Tuyén tap phuong trinh dai sé hay va kho |

(19Va+2 +3)(\/x+2—1)+(x—1)(2m—1)2 .
=— 5 >

Cau 13. Giai phuong trinh m%/z -1+ 2\/2x —3+222-92+6=0

Giai

Diéu kién z > g

Taco 28z —-1+222-3+22>-92+6=0

<:>x(%ﬁ/le—l)+(\/2z—3—1)(z+(z—2)\/2$—3)=0
Taluon c6 o +(z—2)\2z -3 :21—7(3\/2:5—3 +5)(3v22-3 —1)2 +;—$>0
‘\‘/le>1

Néu z>2= suy ra VT >0
N2x—-3>1

Jr—1<1
N2r—-3 <1

Néu%ﬁm<2:>{ suy ra VT <0

Cau 14. Giai phuong trinh 6%/3z+2 -18vz +2 =2 —z—26

Giai
Diéu kién z > -2

Taco 633z +2-18Vz +2 =2" —2—-26

<:>6(\3/3;r+2 —ZU)=1‘2 —7:1:—26+18\/m
@6(2/3“2 —z):(\/m_1)2(\/x+2 —2)(\/:1:+2 +4)
@2(\3/3“2 +1)2(\3/3x+2 —2)+(\/ﬁ—1)2(\/ﬁ—2)(\/m+4)=0

3x+2>2
Nz+2>1

Néu :1:>2:>{ suy ra VT >0

3x+2<2

Néu x<2:{ suy ra VT <0. Dau "=" x4y rakhi z=-1

Jr+2<1

Cau 15. Giai phuong trinh 42° +16+2%22” =1 =(22° —22+7)V1 -3z

Giai
o X . ]-
Diéu kién xsg
Ta co 4x° +16+23/22% —1 :(2:1:2 —2$+7)\/1—3:(;

@2(%/21;2 _1 +5m+4)=(\/1—3x —2)(2552 —2x+3—2\/1—3x)
2
227 — 24 +3-21—3z = 22° +%+§(\/1—3x—2j >0

Ta ludn cod
20" —1+(5z+4) =(z+1)(1252° +1772+63)
3
Néu —l<g<to [VBTH2HO0HA>0 o v vp
3 J1-3z<2
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Y3x+2+52+4<0

Néu :r<—1:>{ suy ra VT <VP

VJ1=-3x>2

Cau 16. Giai phuong trinh 3vr—1322 -3 =22" +142-33

Giai
Diéu kién z>1
Taco 3V —13/22 -3 =22 + 142 - 33
&3z —1(22-3-32+5)+3(30—5)Jr—1-22" ~142+33=0

&3z -1(Y22-3-32+5)+(Vz-1-1)(7z 24~ (22+9)Jz-1)=0
2
Ta co 7x—24—(2x+9) x—1=—2\/x—1(\/x—1—£j —%\/x—1—17<0 va

2z -3—(3z-5) =—(z-2)(272° - 812 +61)
\3/2z—3—32:+5<():>
Nr—-1>1

\3/2x—3—3x+5>0:
Jr—-1<1

Néu 1£z<2:>{ VT >0

Néu x>2:>{ VT <0

Cau 17. Giai phuong trinh ¥z -3 + 242z +1=42-9

Giai
Diéu kién >3

Taco Yz —3 +22z +1 =4x—9@(Q/E—2x+7)=(\/2x+1—3)(J2x+1+1)

Xét ham f(z) =¥ —3—2x+7:f'(x):;—2.
5(z—3)’
~ | ]‘

Lap Bang bién thién ta dugc.
o Néuz>4 thi f(z)<0=>VT<VP

e Néuz<4 thi f(z)>0=>VT>VP
Xem thém & phan giai phuong trinh bing phuong phap ham s6

Cau 18. Giai phuong trinh \/x—\[x—\/x—\/x— =5

Giai
Diéu kien z>5 .
Pt Ve -z -5 =t;(z>¢>0) .
Phuong trinh d& cho thanh vz —vz —t =5.
e Néut<b5thiz—t>2-5>0=>Jr—t>Jr-5=a-Jo—t<z—+Jz-5
:\/x—m>\/x—\/m:t<5-\/61y
o Néut>5thi0<z—t<z-5=>Vo—t<Jo-5=a-Jo—t>z—z-5

:\/x—\/w—t >\/x—\/x—5 =t>5-Voly
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T >25

=30 .
($—25)2=I—5©x

Do do. t=5 . Tacé \Jz—+z-5 =5©x—25=\/x—5©{

Vay z =30 la nghiém duy nhat ctia phuong trinh da cho.

Cau 19. Giéi phuong trinh z§[(1+2*)" ++2+3*43+52° Y1+ 22° =0

Giai
DPiédu kien z <0.
Phuong trinh da cho tuong duong

\/(1+a:2)2 \‘/xz (1+31:2)2 ﬂxQ (1+a:2) =\/2+3x2 Q/3+5ac2 9/1+2262
@\/1+M_13 1+M_1fi/1+m_l =1

2+3z° 3+52° 14227

<L+

2437 3+507 14227
Néu z' —2* -1>0=>VT(1)>1
Néu z' -2’ -1<0=>VT(1)<1

I4_$2_11§/1+($2+3)($4_$2_1)61+x4_$2_1 X (1)

Nhu vay (1)<:>334—ﬂ?2—1=0<:>$2=1+2\/g

1+\/g

Vay phuong trinh ¢6 nghiém duy nhat z=— 5
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Ky thuat danh gia theo cum

Tinh chat. Cho cac ham s6 f(z), g(z)xac dinh trén D. Néu.
. m]}nf(:v) = ml;mDing(x) =m, = f(x) +g(ac) =m, +m, VzeDl.
. mgxf(m) = Ml;mgxg(x) =M, = f(a:)+g(x) <M +M, VzeD.
f(z)=m
g(a:) =m
Dau tieén chiing ta sé di vao tim hiéu cac bai toan st dung k¥ thuat phan tich téng binh phuong SOS.

° mgnf(x)zm;mgxg(x)zm :>f(:13)=g($) @{

Dau tien dé lam theo céch nay ta sé lam theo cac budc sau va cht § ring dang ap dung cho da s6
nhitng bai cic cin dang ditng don 1é,da thiic trong cac cin ciing bac hodc mot sd bai c6 thé khong va
¢6 nghiém kép

e Budc 1. Tim nghiém ctia phuong trinh

e Budc 2. Tim nhan tit chita nghiém don cho ting cin

e Budc 3. X4ac dinh dau clia vé trai va ting nhan t, néu tat cd cung dau thi khi d6 phan tich

phuong trinh thanh a( f(:z:)—a)2+[3(\/m—b)2+...+§( fn(x)—z)2=0

Véi a,B,...,& cung dau, \/f(g:) —a; \/fl (:13) —b 1& nhitng nhan t& chita nghiém don vira tim dugc.

Sau day chting ta sé di vao céc vi du cu thé!

Cau 1. Giai phuong trinh ~/37° + 22 +2 + V=32 + 2> + 22— 1 = 22” + 22 + 2
Dé thi thit THPT Qudc Gia 2016 1an 1 — THPT Chuyén DH Su pham — Ha Noi

Giai

32 +222 +2 =1

Ta c6 nghiém cta phuong trinh 1a x =-1 vakhi x =-1 thi
V=32 + 2% + 20 -1 =1

Nhan thay réng VT <0 nén ta sé tach phuong trinh thanh.
Loi gidi ngan gon clia bai nay nhu sau.

VB2 +207 42 +-327 427 + 221 =227 + 20 +2
2 2
@—%(m—l) —%(J—3x3+x2+2w—1—1) —%(%HYZ =0

328 +227+2-1=0

Dé thay ring VT <0 nén dau "=" chi xay ra khi J-32* +2°+20-1-1=0 =1
z+1=0

Vay z=-1 la nghiém duy nhat ctia phuong trinh.

Cau 2. Giai phuong trinh 2\/:52 —2z-1 +2\/a:2 —2r+2 +3\/—x2 +2z+3=0

Giai
Bién ddi phuong trinh tuong duong
W2 =22 -1+ =20 +2+3V-22+22+3=0

2 2 2
<:>—(\/x2—2x—1—1) —%( x2—2x+2—2) —%(\/—x2+2x+3—1) ~0

Dén day bai toan da dudc giai quyét!
Bai tap tuong tu.

Nz -2 +J4-1r=2"-61+11
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1 2 ] 2 2
D/s. —5( x—2—1) —5(\/4—35—1) —(z-3) =0
2r—1+20r+3+7V22+2 +125 -2 =22 + 41

D/s. —%(\/Qx_—l—l)Q—%(M—Q)Q —Z(M—2)2—3(ﬂ—2)2 -0

a4 143245 — 42 4 Tr 12
' +2’ +16z—11

Cau 3. Chiing minh ring. f(z) —1<0; Vaze[3+o0)

Giai
2 2
. —2(2\4/x—3—\4/m2—a:+4) —32(\/35—3—1)2—2(\/332—:v+4—4)
Ta co f(m)z—- — <0
2 T +z°+16z-11
Wz -3 -z’ —z+4=0
Do d6 dau "=" xay ra <>{Jr-3-1=0 Sr=3

Nrl—x+4-4=0

Vay bai toan da dugc gidi quyét!

Cau 4. Gidi phuong trinh 122° + 167 +1—24/242° +122° — 62 — 42 —2 = 4/82° +92° + 2

Giai
241* +122> =62 >0
Diéu kien. {2> -z >0

8z +922 + x>0

(6:5—2\/693(4:1:2 +20-1) +4a? +2x—1)+(1—2 U2® — 4z +42° —4:,;)

+[4x2 +4z - 2\/(43:2 +4z)(1+8z) +1+ Sx} =0

@(@—\/4x2+2x—1)2+(1—\/4x2 —4x)2 +(\/431:2+430—\/@)2 =0

62 =422 +22-1=0

1+4/2
1= 4z? -4z =0 <:>4x2—4x—1=0<:>x=T-

Naz® +4x =1+ 82 =0

1 1
Cau 5. Giai phuong trinh 3z + + =2(Y22x -7+ -3 +5
P & N2z -7 Nz-3 ( )
Giai
Didu kien. {2$_7>0<:>$>Z-
r—3>0 2
Phuong trinh
, 1 1
S| (22 =T)-2322 -7 + +|(x=3)-23z-3 + }zO
{( ) \/2:1:—7} {( ) Nz -3
. 2 92 2
4 2\, 1 4 Py 1 _
@((\/21;—7)) —2\/23;—7{%) +(( x—3)j —2\/m—3+[mj =0

e e e U R
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({27 - m==0 ([ 7) =1
= ’ ) 1 = . 3 cr=4
(436—3) - =0 ( x—?)) =1

JYr-3

Cau 6. Gii phuong trinh +92° — 182> + /362 —92° =2 +9.

Giai
2 2
Piat. a=92' —182%; b=362> -9z (a,b>0) ="~ ;b =z

2 2
. a” +b
Taco a+b=

+9 <:>(a2—18a+81)+(b2 —18b+81):0

& (a-9) +(b-9) =0 ©a=b=9.
Cac bai toan trén déu 1a cac bai toan don gidn, vay cau héi dat ra 1a néu cac bai toan khoé hon va chat
hon thi cac hé s6 ditng trude cac tong binh phuong c6 thé 1 vai s6 bi am hoidc khong thé dua vé dang
tong SOS thi sao? Dudi day ta sé tim hiéu mot cdch khac ma minh goi 1& SOS khong hoan toan.
Nguyén tic ciia phuong phap nay 1a ta sé xit Iy cac biéu thic chita nghiem kép tit don gian t6i phiic
tap dé giai quyét cac bai toan. Cac budc lam nhu sau. Ta xét phuong trinh f(x) =0.
e Budc 1. Sip xép do phitic tap clia cac cin trong phuong trinh ting dan, vi du trong phuong

trinh ¢6 2 cén la \/m, NJa® +1,3/2" +1 thi phic tap tang tit trai qua phai.

e Buéc 2. Tim biéu thiic chita nghiem kép cho céc biéu thiic don gian trude, néu c6 3 biéu thitc
thi ta tim cho 2 biéu thic truéc. Cht ¥ ta chi 14y nhitng nhan tit cing dau véi vé trai clia
phuong trinh, nhitng nhan tit khong ciing dau ta sé xtt 1§ bang budc thit 3.

e Budc 3. Ta don tat ca phan con lai vao mot biéu thitc va chitng minh biéu thitc d6 ciing dau
v6i vé trai ta dang xét co thé bang phan tich nhan tit hodac dao ham, bat ding thiic!

Dé hiéu r6 hon phuong phap ta di vao céc vi du cu thé!

Cau 7. Giai phuong trinh

41—z +\/2a:—1 :3\/§
z

l-z

Giai
1
. —<z<l
Diéu kién. {2 v
z#0

R 2
Budc dau tién bao gio ciing 1a di tim nghiém. Ta duge 1 nghiém z = 3

Kiém tra nghiém bai ta cé

4(1-z)1-2 + 220 -1 -33z(1- =)

lim =
4(1- 1- 2r—-1-— 1-
hn% ( x)\/ $+£I}\/ T : 3\/§x( x);tO
=g (32-2)
2 .. . p
= :ztzg la nghiém kép.

4(1—m)\/1—x +ar+b=0
N2z —1+cx+d=0 ‘

Tim nhan t tng cum, gia st nhan t c6 dang. {
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Tuyén tap phuong trinh dai sé hay va kho |

TN 2% — \/_ 4\/—

Khi do6 sé tim duge 2 nhan t1 1a

4(1—x)ﬂ+2f 16[

Phan tich nhan t timg cum 1 sit dung cong thic chia 2 céan ta dugc.

L 4(1-2)V1-z +232 - 16[ [‘H/ﬁ QI}(S\/f ()

4( (3\/23;—1—\/5)3
N \/_ )

Nhin vao ré rang thay nhan tt thit 2 khong c6 ciing dau vé6i bai todn do chita nghiém boi 3 nén ta sé

lam manh tay hon 1a phan tich nhan tit cd cum.

—3\/§m(1—x) 2\/_ x+ \/_ zy2¢—1 v6i hy vong cid cum d6 sé luon duong. That vay ta dugce.

—3\/§x(1 —x) —2\/§x + 16\/§ + 22 -1
(\/ﬁ—ij (2\/2_— G L _64)\5}20

Vay loi giai la.

4(1-2)V1-2 +2/20 -1 =33z (1-2)
@¥(m_§f(zﬁm+l){ﬁ_£] [gﬁ %]:o

>0

F—gzo

Dé thay VT >0 nén dau “=" x4y ra khi =¥ =§

N2z — \/_

Nhan xét. 0 day chiing ta da st dung hudéng phan tich nhan t, tuy nhién dang st dung mot chut
may tinh, tat nhién cic ban c6 thé dat ting cai cin mot roi thé vao cum di theo né dé dua né tré
thanh da thitc 16i phan tich nhan ti, cudi cting thé ngugc lai thi ciing duge, tuy nhién sé kha méat thoi
gian. Vi thé 16i khuyén cho nhitng ban nao khong diing may tinh doan vé sau la cic ban c6 thé sit dung
dao ham dé xi 1 cdc cum nhan tit do!

Cau 8. Giai phuong trinh (x—3)(%m+\/;j =(ZL‘—1)\/2:1?+]_ +3\/;—11.

Giai
Diéu kien z > 0.

phuong trinh twong duong véi. (z-3)(z+2z ) =2(x-1)y2r+1+6yz ~22.
e[ (2-1) ~2(z=)2o+1 +20+1 |+ 204z ~30 127 +20) =0
<:>(z—1—\/2x+1)2 +(204z =32 -12Jz +20)=0 (*)

Pat Vo =a (a>0), x6t ham 6 f(a)=2a" —3a* ~12a+20, a>0
Ta co f'(a)=6a2—6a—12 :>f'(a)=0 <a=2 (doa=0)
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Lap bang bién thién cho ta ﬁ}i%f(a) =0 < a =2 hay.

22z —32-12z +20>0, V>0

z—-1=~22+1 -
Jz=2

Vay x =4 la nghiém cia phuong trinh da cho.
Nhan xét. Bai toan nay phan tich duge déu nho diu hieu ctia biéu thic ding trude can va ching
minh phan con lai ciing dau véi mot vé dang xét bang phuong phap dao ham nhu bai toan minh da néi

T do ta co (*)@{ z=4.

§ trén.
Bai tap tuong tu.
2t —42° +62° —3x+3=20+2+ 22 -1

oz—1-1) (V2r—1+242z—1+3
D/s. (x—1)2+i(\/2x+2—2)2+( ) ( 7 ):0
$+£+3x2=2 2’4 +4Jr-1+2V2’ +4x
x
D/s. (x—\/acB—ﬁl)Q+(x—2\/x—1)2+l( x3+4x—2x)((2x+3)m+2x2+6x)=0
x

22+ 120+ 1=4N2® + 2 + 2z/4x — 1 + 244z — 2°

2 x—4r+1 ’
D/s. (\/4x—m2 —1) +($—\/4m—1)2+ ( ) =0
2 +4r+1+4N2 + ¢
3xr+3 T+1
Cau 9. Giai phuong trinh —— =4+ ———.
Jz Nzl —z+1

Giai

Didu kieén z > 0.

Phuong trinh da cho twong duong véi. (3\/; + % - GJ + [2 - z—HJ =0
x

Nt —z+1

1 Wt —z+1-z-1
=3 \/x+——2J+ =0
[ Nz ( \/xQ—w+1 ]

2 z—-1=0
3(1:—1) 1 <=1,

2
1
I =0 <
*/;J (2 xQ—x+1+x+1)m \/_—ﬁzo

@3{&

Cau 10. Giai phuong trinh 3z —7 + (42 —7)\7 -z =32.

Giai

Diéu kién ngST

Dat a=7-z [Oéas,/%].

Phuong tinh da cho trd thanh

V14 -30% —4a® +21a—32=0. Taco 0< f(a)=14-3a* <14
Ta co g(a)=—4a3+21a—32, OSaS\/g
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g

:g'(a)=—12a? +21 =-32 =g(0)£g(a)£g(7 =-32+4 77

Do do f(a) + g(a) <-32+ 77 +/14 <0. Hay phuong trinh da cho vo nghiém.

4 5+3V1-1° 13
Cau 11. Giai phuong trinh + =
b ° 4-1"  8f1-g2 +8-222 2+5-z+3+z
Giai
Pidu kien —-1<z<1. Taco
13 13
W2 <\b—z+\3+r< J1+1)(F-z+3+2)=4 = =< =
! ! \/( )( ! x) 6 2+5-z++3+2 f(I)
Hay ?zfﬁf(m)z% sSr=1 (1).Dat 1-2° =a (aZO),tac()
4 5+3v1—2’ 4 5+3a 4 1 1
+ = + = + + .
4-2*  g1-4? +8-22> 3+a’ Ba+6+2d° 3+d’ (a+3) 2(a+1)
) 4 1 1
Xét ham sb = >0.
¢t ham 5 9(a) 3+a2+(a+3)+2(a+1)’ !
8a 1 1
Taco g'(a)=- - - <0, YVa=0
(@) (a?+;>,)2 2(a+1)" (a+3)
Hay ham s6 nghich bién trén [0;+).
13 4 5+31—2° 13
Do d6 <g(0)== tucl: <= (2
46 gla)<9(0) 6 s gl g2 O 3

Dau “=" x4y ra <>z =+1. Két hop (1),(2)cho ta nghiém ctia phuong trinh la z=1.

Cau 12. Giai phuong trinh 42° +12++/z—1 =4(x\/5x—1 +\/9—5x)

Giai
S 1ea 9
Dieu kién. lﬁxsg‘

Phuong trinh tuong duong

472 +12+z -1 4252 -1-4J9-52 =0

N (4x2 —2.2zl5r -1 +5$—1)+[4—2.2.\/9—5$ +9—5x]+«/ﬁ=0

2z —+/52-1=0
<:>(2x—\/5x—1)2+(2—\/9—5x)2+\/x—1=0<:> 2-J9—br=0 <z=1.
Nz—-1=0
Cau 13. Giai phuong trinh z° —3:1:+(49[;2 —2J§x+2) 1+2° =0
Giai
2
Ta c6 VT<:>3:3—3$+{3($—%] +a:2+1]\/x2+1 :>VT2$3—3x+(x2+1)\/x2+1

Xét ham sb f(z)=2" —3x+(m2 +1)\/ac2 +1

Ta co f'(x)=3(x2 —x+x\/m2+1),f'(:1:)=()<:>x:%
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Lap bang bién thién ctia ham s6 f(z)ta duge min f(z)= f(%) =0

Hay f(2)20=VP=VT>VP

2
. 1 1 1
Dau“="xayra <|z——| =0 va f(z)=f]| —=|=0.Suyra x=—
(== -0 r01-1( ) N

. P 1

Vay phuong trinh ¢6 nghiém duy nhat ©=—.
J3
Ung dung ctia phuong phap vector
Kién thitc can nhé
cho 2 vecto u,v. Khi do, ta co

° |ﬁ| + |17| > |1Z + 17| Déng thiic xay ra < 4, cling phuong.

° |ii| —|17| < |ﬁ —17| Déng thic xay ra < 4,v cling phuong.

o 4u< |1'i||27| Déng thiic xay ra < 4, cling phuong.
Mé rong |ﬂ| +|17| +|1D| > |ﬁ + U+ ZT)| Déng thitc xdy ra < 4,9,% ciing phuong.

Sau day chiing ta sé di vao céac vi du cu the!

Cau 1. Giai phuong trinh \/m2 +4z+13 + \/1‘2 —2rx+2=5
Nguyén Mai Hoang Anh

Giai

U

Ta xét {ﬂz(x+2;3 |=(z+2) +3°
a Xe
(1-=1 |=(1-z) +12

Lai ¢6 i+ =(3;4) =i + 0| = 3> +4° =5

)|
)

<y

Ma [i] +[5]2 |+ 5] < (z +2) +3° +(1-2) +125

T+2

. o 3 1
Dau “="xay ra u,v cung phuong < =I<:>:v+2=3(1—x)<:>x=z.

—Z

. 1
Vay phuong trinh c¢6 nghiém duy nhat la z = 1

Cau 2. Giai phuong trinh V2’ + 52 +6 + 2’ + 4z +8 = \/2(952 +3)+50+2(z+2)r+2

Nguyén Mai Hoang Anh

Giai
Diéu kién z > 2.

Ta ¢6 phuong trinh tuong duong
J2® +52+6 +2° + 4z +8 =\/2:1:2 +52+6+2(z+2)Vz +2

c\/(m+2)2+x+2 +\/($+2)2+22 :\/x2+(M+x+2)2
(e+2452)_ [lil= (o 2)" + (Vo 2)

i =(-22+2) ol =\(=2)" +(2+2)’

U
Ta xét
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Lai c6 ﬁ+6=(z;ﬁ+x+2):>|ﬂ+ﬁ|=\/z2+(M+x+2)2

Ma |6|+|17|2|ﬁ+ﬁ|<:>\/(x+2)2 ) +y(-2) +(z+2)’ \/ x+2+m+2)

Déu “=" x4y ra u,v +22 < (z+ 2) 2z +2

T+2

e (z+2) +2Jz+2 ()@{“2 Y u=2.

z+2=0
Vay phuong trinh ¢6 nghiém duy nhat 1la z =-2.

2
Cau 3. Giai phuong trinh 2= \/17$ —x+1+\/174x —4dz+1

Nguyén Mai Hoang Anh

Giai
Phuong trinh da cho tuong duong

2 2
\6—\/174”5 —dz+1 =J174"” —z+1

2 2
@ﬁ—\/%+4x2 -4z +1 =\/1—ac+gvz+4ac2

o 12 +(-1) —\/@jﬁ +(2z-1)’ =J[1—§T +(22)

Taxét < (g = 2
fv=(§;2x—1) |6|:\/[§j +(2I_1)2
2
Lai co ﬁ—ﬁz(l—%ﬂxj:kj—ﬂ:\/{1—%) +(22)’
2 9 2
Ma || ~[3] <[i 7] < /12 +(-1)’ —\/(gj +(22-1)’ SJ(l__J +(22)
x

. 1 -1 T 2
Dau “=" x4y ra u,v cung phuong < —= S2r-l=——cr==—.
Y &b & r 2zr-1 2 5

2

. 2
Vay phuong trinh ¢6 nghiém duy nhat la z = =

Cau 4. Giai phuong trinh (3-z)z—1+5-2z =+-2* +102° — 34z + 40

Giai
s 5
bieukién. 12 < 5

- {a_(?,x;l) j{|ﬂ|— (3—x)2+12
7= (r=135=20) o= e 1)+ (5-20)

247 | Chinh phuc olympic toan
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o |iv=(3=2)Vr-1+6-22
e i[5 = (83— =)’ +1¥A—2 =y~ +102” —343 +40
Ma .3 < ][] < (3— )V —1 +/5— 22 <N’ +102° - 342 +40
C= I BN = I

<3
< (x—2)(2x2—13x+23)=o©$_2'

Déu “=" x4y ra 4,0 cung phuong <>

Vay phuong trinh ¢6 nghiém duy nhat 1a z =2.

Cau 5. Giai he phuong trinh —2+/2 -3z +1-2 =+/z° +1/3 - 42

Pé nghi 30/4 - THPT chuyén Long An — Tinh Long An

Giai

s 2
Diéu kién. z <—.

Ta xét (zos1) _ A=t
i=(V2=32\1-2) " |[o|=3-4z

{ﬂ.ﬁ =—a42-3z+1-z
Lai co

|
I

i[5 = +1V3— 4z
Ma @3 <[] |5 & —ev2 =32 +1-2 <\a* + 13-4z
Dau “=" x4y ra 4,0 ciing phuong < */? = J11—_x o\2-3z=-al-2
{xSO —1-5

=>Tr= .

< (x—?)(a:2+x—1)=0 2

_1_\/5'

Vay phuong trinh c¢6 nghiém duy nhat 1a z = 5

Cau 6. Giai phuong trinh V1-2z =, /3(2932 + 1) +22z+1

Nguyén Mai Hoang Anh

Giai
X [N 1
bieukién —-1<z< 5

Phuong trinh da cho tuong duong

VI=27 - 2041 = [3(20 +1)
= 2(%—@«)—2%/?: /g(4x2+2)

N %—m+(—2x)\/m+1 =\/§\/4x2 +2
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i =(2i-2z) i =427 +2
Ta xét [

10 =1-21 22z +1

Lai co o 3 5
alol= 2 (127 +2)

Ma 4.9 <|i].|o] & V1-22 — 22z +1 < g(4m2+2)

) J2 -2z 1
Dau “=" x4y ra u,v cung phuong < = o 2z, |——z=,/2(z+1
y g phuong \/C N |5 T =y2(e+)
2

<0 {xSO 1

<:>{2g;3—31;2+g;+1=0<:> (2$+1)(x2—:r+1)=0<:>x:_§'

. 1
Vay phuong trinh c¢6 nghiém duy nhat la = = —3

Cau 7. Giai phuong trinh ‘\/2172 +2r+5 —\/$2 —4z+40‘ =z’ +5x+%

Giai
Xét cac vectd u =(m+1;—2), ;=(2—x;6) . Suy ra. ZL+5=(3;4).

Khi do

i<l +il=s.

D4u "=" x4y ra khi va chi khi ©=0 hosc v=0 hodc u vi v ngudgc huéng
Hai truong hop u=0 , v=0 khong thé xay ra.

+1 -2

2
4
Suy ra v =—c>x=—§.Khidé x2+5x+—5£5<:> x+§ £0<:>x=—§.

2-x 6 2 4 2 2

Vay ¢ = —g la nghiém ctia phuong trinh da cho.

Céac bai toan sit dung bat dang thirc cb dién

Cau 1. Giai phuong trinh 13\/232 —zt+ 9\/302 +z' =16
Tién si Tran Nam Diing — Pai hoc khoa hoc ti nhién - PHQG TP.HCM
Dé nghi Olympic 30/4/2011 - THPT Chuyén Lé Hong Phong - TH.HCM

Giai
Véi o, >0. Ta st dung bat dang thitc AM — GM ta c6

13 x _I \/m 3 OL.’L’ +(1—x2):13(a2—1)x2+13
2 20
"
2

Witz =2 B2x2(1+x2)sg.ﬁx itz )zg(g +1)a* +9
p B 28
TR e Y lls(a 1) 9(p +1)};2+E+3
2 2 200 2B
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Dau “=" x4y ra < (oc2 + 1)302 = ([32 —1):1:2 =1

o’ +1=p’ -1 o=l
Chon o, >0 théa man 13((12 —1) 9([&2 +1) = ;:VT316=VP
+ =0 _
200 2B B=3

25

Dau “=" x4y ra = —~

Ngoai ra ta c6 thé ding dao ham giai bai nay. Dat f(:v) =13\/x2 —z +9\/{L’2 +2" ham f(x) lién tuc
13(—22° + 9(22° +
a2 es) ofer e
\/xZ - \/aj2 +a
_ 13(—2303 +x) . 9(2953 +$) IO 13(2302 —1)\/:52 +1 =9(2.’L‘2 +1) 1-2°
\/1’2 -z \/952 + :cz()(L)

xe{ﬁ'l}
= 2

(5952 - 4)(200:[:4 +160z° — 22) =0

trén [0;1] . Ta co f'(m)

f'(z)

2
0.

Dé thay v6i « E{g;l} thi 200z* +160z° -22>108>0, nén f'(z)=0<z=

Do ham f‘(m) d6i dau ti (+) = (—) khi qua % nén dat cuc dai tai

mz%:f(z)ﬁf(%}=16=VP.

Bai toan da dugc giai quyét!

Cau 2. Giai phuong trinh 2° —32° —82+40 -84 +4 =0
Trich dé thi HSG Quéc Gia — Bang A — 1995

Giai
Diéu kién z > 1.
Ta dé dang thay phuong trinh c6 nghiém = =3 nén ta sé diing bat dang thitc AM - GM dé khi cin.

AM-GM

Taco 84z+4=1(42+4).16.16.16 < z+13.

Khi do VT 22’ —32° ~82+40—(z+13)=(z—3)" (+3)>0;, Vz>-1.

__ 9

Vay dau “=" x4y ra khi x=3

2 ,
Cau 3. Giai phuong trinh z/z + 32 _ 63/3x—4

Nz

Giai

Diéu kien z > 0.

. R 4
Nhin vao phuong trinh ta thay VT >0 nén dieu kién c¢6 nghiém la z > 3

>

N 2 afr
Khi d6 ta can chitng minh . \/; >33r-4 < :c\/Ez r-4& (\/;—2)2 (\/;-kl) >0 luon dang.
Vay VT >VP.Dau “=" x4y ra khi z =4

AM-GM
32 _ar alo 32 67

Ap dung bat déng thitc AM — GM ta c6 zz +
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Cau 4. Giai phuong trinh \/372 +z-1 +\/—x2 +x+l=x-2+2

Giai

. *+2-1>0
biéu kién . v

' +z+1>0

a+b

Cach 1. Diing bit déng thitc dang Jab <

B 2
N-2t+x+ zﬂll.(—ac2 +$+1) AMSGM#

) . NPz -1=1
= VT <z+1.Dau “=" x4y ra khi Szr=1.

—r+z+1=1

Ta co

Lai c6 VP =2 —2317+1+av+1=(35—1)2 +(z+1)22+1. Dau “=” xay rakhi z=1. Nen VT <VP. Dau
“="x3yratai =1 nén z =1 la nghiém duy nhat ctia phuong trinh.
Cach 2. Dung bat dang thiic Bunhiacopxki.

Cauchy—Schwarz

VT=1.\/:1:2+x—1+1.\/—x2+:p+1 < \/(12+12)($2+$—1+:p—$2+1)=2\/;

VP—Q\/szQ—x+2—2\/;::E2—2x+1+:1:—2\/;+1=(:1:—1)2+(«/;—1)220

Do d6 dau “="chi xdy rakhi z=1.
Cach 3. Phan tich tdng binh phuong SOS.

Ta co xZ—x+2—\/x2+x—1—\/—a:2+x+1=0
@%(\/xQ +x—1—1)2+%(\/—x2+x+1—1 2+(yc—1)2 =0

?+r-1=1

Ta co

Dé& dang nhan thay VP -V T >0. Nén dau “=" x4y rakhi \v-z’ +z+1=1<2=1.
r—-1=0

2 2
Cau 5. Giai phuong trinh 8-z + ;r2 22 =5— 1+e
i 5

Phan tich .
V6i bai toan nay ta dé dang thay ring phuong trinh c6 nghiém kép z=2. Do d6 ta sé stt dung bat
dang thitc AM — GM sao cho dau dang thitc phai xay ra tai z =2.

2 2
Dé c6 duoge didu d6 ta phan tich nhi sau V8—g” =2,/ 82T <M 87T
4 m 4 m
J— 2 P -
Déu ding thitc xy ra khi va chi khi % 80T o =4(8-27).
m

2
Véi £=2 =>m=4. Tir dé ta coN8 —z° =%4/4(8—x2)s4+8TI=3—$—.

4
2 2 2
N e P
2z 4 2mzx 4 2mzx
=2

Dau dang thic x3y ra khi va chi khi. m_ S o 2m’z” = 4(x2 - 2).
2max
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x _
2:v
Lai giai.

Cho =2 = m=1 néntacod

Diéukién ¢ ;2 _9 =
T 250 | V2<a<22
2x
Ap dung béat déng thiic AM — GM ta ¢ céc danh gia.

_ 2
\/8—m2=14/ (8—$2)S—4+8 L o3-L
2 4 4
Dau dang thic xay ra khi va chi khi. 8—2° =4 < 2z =12
R IEE s R
2x 4 4 2

=— S =12,

2
8—2"20 [_2\/§ng_\/§

2

Dau dang thtc xay ra khi va chi khi. 5
x

Vi hai danh gia nay tit phuong trinh da cho ta cé
2 2 2
5_1 (5—4) +(1—1) <0.

2
5_x+&£3+§_+___5
x 4 4 =z 2 z 2
Z_1=0
Dau dang thtc x4y ra khi va chi khi. L1 r=2
R
Tz 2

Vay phuong trinh da cho ¢6 nghiém duy nhat z =2
2(z” +1 1
% =T,|T— g +l-2z

Giai

Cau 6. Giai phuong trinh

Diéu kien %s r<1
Bai nay kha 1a co ban ap dung bat dang thic Cauchy — Schwarz 1 & ra ngay. Ta c6
2(2% +1
)y

1 > 1
x z—g—i-x/l—xﬁ\/(m +1)($—§+1—Ij= 3
T 1 1 ‘ 1
= @x\/x—lz,/x——<:>x3—ac2—x+—=0
1 Jz-1 3 3

3
: 1
327 —3z+1=0(z-1) =22 =z =
( ) 1+3/2

Déu “=" x4y ra khi

<38 -

Vay bai toan da dugc giadi quyét!
Cau 7. Giai phuong trinh 2' —122° + 382> —122 - 67 +Jz+1+/7-2 =0

Dé thi thit THPT Quéc Gia 2016 — Lan 2 — Chuyén Vinh Phiic
Giai

Diéu kien -1<z<7.
Cach 1. Diing bat dang thic Cauchy
z+5 11— xj A

Ta co \/x+1+\/7 x——2\/x+1+ 2T -2 ( 5 5
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Khid6 VI <(z-3) (2 —62-7)=(z-3) (z+1)(z-7)<0.
Nz+1=2

Déu “=" x4y ra khi { Sr=3

NT—z=2
Cach 2. Phan tich téng binh phuong.
Ta co

o' 122" +382° —122 - 67 +Jr + 1 +T -2 =0

@—i(x/m+1 —2)2 —i(\ﬁ—x —2)2 ~(z-3)'(z+1)(7-2)=0
Khong kh6 dé nhan ra v6i z €[-1;7] thi VT <0. Do d6 dau “=" x4y rakhi z =3
Vay z =3 la nghiém duy nhat ctia phuong trinh.

Cau 8. Giai phuong trinh 34z + 32—z + {3 -2z =5.

Giai
X . 3
Diéukién 0<z < 5

St dung lién tiép bat ding thitic AM — GM ta c6 cac danh gi.

\/_<(\/;+1)Sx+3 gy <3+ (a:+3)

\J‘/ES N2—-x+1 < d—1x
2 4
3 9m < N3—2x +1 < 6 -2z
2 4
Cong vé theo vé cac danh gia nay ta thu duge. 34z +42-2 +{3-22 <5
Dau dang thiic x4y ra khi va chi khi z=1
Vay phuong trinh c6 nghiém duy nhat z=1.

32(M+M)

Cau 9. Giai phuong trinh 9z +2 + =24
(2\/95—1 +\/x+2)
Giai

Diéu kien —2<z<1.

Y tudng ctia bai toan nay van nhu cac bai toan khac, ta van sé danh gia V7T >24 . Nhung tuy nhien
dé nguyeén nhu thé nay thi chua lam an dudc gi, ta sé lien hgp tit ctia phan thec.

Ta co

32(\/ﬁ+m2):24©9m+ 9% oy
(2m+m) (sz—1+Jx+2) (Jm+2—Jz—1)

o 6(vrrz—a-1)+3(2Va-1+rv2)+ > ~24
(QJx—l +\/x+2) (\/x+2—\/x—1)

Khi d6 4p dung Cauchy cho 4 s6. 6a =6(\/x+2 — —1);%() = 2(2\/:3—1 + \/:p+2)

3 =3(afeT Va2 % F=2 taduge,
b (2 : )(\/$+2—\/z—1)(2\/z—1+\/x+2) ar

Nz+2+
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AM-GM
6a+ 2+ 2p4 201508390000 oy yp
2 2 ab ab

6a=§b
Vay déu “=” xéy ra khi 29 ob=ldaer=2
6@2—2
ab

Cau 10. Giai phuong trinh
1227 +162 +1—2v242° +122° — 62 —4z? — 2 — 482> + 922 + 2 =0

Giai

Ta co

122° 162 +1—24242° +122° — 62 —ANz* —2 —4NJ82° +92° +2 =0

1228 +160+1-2,[65 (42" + 20 -1) ~2,[4(2* —z) ~2,/4(s* +2)(82+1) =0

6r=4x"+2z—1

2 = 4(952 —x) =1 . Nén ta ap dung bat déng thiic

1
Phuong trinh ¢6 nghiém z = il

8$+1:4($2 +$)

2\/61:(4352 +20-1) <4z’ +8z-1

AM — GM ta dugce. < 2, [4(352 —x) < 4(352 —m)+1

2\/4(332 +x)(8x+l) <A4x® +4x+8x +1

1+ \/5
"
Ngoai ra néu khong thich ta c6 thé sit dung cach ghép hing ding thiic nhu sau.

122% +162 +1—24242° +122% — 62 —4nJ2? — 2 —4N82° + 922 +2 =0

Khid6 VT >0. Dau “=" x4y ra khi z =

<:>6x—2\/6x(4x2 +20-1) +42” +20-1+1-2/1a* —dz +40* ~ 4o

Ha? +4-2,(42° + 43)(82+1) + 87 +1=0

@(@—\/4.%2 4—230—1)2 +(\/4x2 —4x —1)2 +(\/4x2 +4z —M)Q =0

Dén day bai toan da dudc giai quyét!

Cau 11. Giai phuong trinh 2(2z+1)Vz+1+(4-2)y2-27 =642 +2.

Giai
N +1>0
Dieu kién. v & -1<z<L1.
2-2z2>20
Nhéan xét v6i z =11 khong théa phuong trinh da cho.
V6i —1<z <1, ta stt dung bat dang thic Cauchy — Schwarz ta c6

V2(22+1)V2z+2 +(4—2)\2—2z < \/(2(2:54—1)2 H(4-2)")(22+2+2-20) =6z" +2.

\/5(2x+1)_ 4—z <:>2x+1_ 4—z
2r+2  2-22 Jz+1 2-22

& (20+1)V2-22=(4-2)Vo+1 = (22+1) (2-22)=(4-2)(z +1)

Dau dang thiic x4y ra khi va chi khi
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<1’ =327 +6x+14=0 (1)
Véi (1) taco 2 —327 +62+14 = (2 1) +(3z +15).
Mavéi. -1<z<1l =-8<(z-1)' <0; 12<32+15<18 =4<(z-1) +3z+15<18.

Do d6 (1) vo nghiém nén dau déng thiic khong xay ra.
Vay phuong trinh da cho vo nghiém.

Cau 12. Giai phuong trinh (x +3)\/x +1+z’+z+4= (2\/§+3)(ZE2 -+ 2a:)

Giai
Diéu kién z > -1.
O day do VT —VP 20 ma néu sit dung Cauchy cho vz +1 thi bit ding thitc bi ngudc chidu, dé khic
phuc ta sé tim nhan t cho (:1: + 3)\/$ +1, ta dugc (:z: +3)\/z +1 —2\/5(:5 +1) . Nhan tt nay cung chiéu

v6i bai toan nén ta sé diing Cauchy dé chiing minh.

AM-GM

Taco (a+3VarT=(Ver1) +2Virl 2 22(Verl) Varl =22 (a+1)

Khids VT -VP=(z-1)"[ (22 +2)y2 +3z+4]>0

Dau “=" x4y ra khi (\/:10+1)3 =Hr+lor=1.

Cau 13. Giai phuong trinh 3/:1:4 +z’ -1+ 3/1“4 -z’ +1=2x

Giai

4:>(a+b)4=8(a4-}—b4)

Jzt+2'=1=a a+b=2x
Jxt =z +1=b a +b =2z

(a+b)4 (a2 +2ab +b* )2 AM—GM(a2 +b2) ~ ot +b +2a%h? L

Cach 1. Dat {

Ta co = < a' +b'
8 8 2 2

DAau “=" x4y ra khi a=b<:>%/a:4+x2—1 =3/:1:4—z2+1<:>a;:1

Cach 2.

Ta co

2 Cauchy—Schwarz

1. (3/x4+x2—1+3/334—x2+1) < 2(\/x4+x2—1+\/$4—x2+1)

Cauchy—Schwarz

2. 2(\/$4+x2—1+\/a:4—w2+1) < 2\/2(a:4+:c2—1+x4—x2+1)=4x2

3. Dod6 VT <VP.Dau“="x4ayrakhi z=1.

Cau 14. Giai phuong trinh z' —42° +62° -3z +3 =2z +2 + 22 -1

Giai

. 1
biéu kién z > 5

1 M) 4422+2 3+x
2 (z+1) 2 2 2

Taco A-GMOp 143 il
Y2z —1=1114pz-1 < -
4 2
4
2z—1
Khide v 2*3 e+l 2@-1)

2 2
Dau “=" x4y rakhi z=1
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4
Cau 15. Giai phuong trinh z+—+32> =24/2° —4 + 42 -1 +2v/2° + 4z
x

Giai
Dau tién ta sé nhan z lén dé tien danh gia. Khi d6 phuong trinh tré thanh.

38 + 2 +4=2xz* —4 +daJr -1+ 22N2® + 4z

Bay gio ta can phai chitng minh V7' —VP >0 . Ta sé bién d6i nhu sau.
38 + 27 +4=2x1" —4 +daJr -1+ 222 + 4z
38+ 2 +4 =20z -4 —daJz -1 =22z’ + 42 =0
<:>£L'2—2[1)"\/{1}3—4+I3—4+I2+4$\/I—1+4(IL‘—1)+2I3—{I}Z—4IIJ+12—2£E 2 +4x =0
‘ 2 2 . ;
<:>(a:—\/$‘;—4) +(IE—2\/ZE—1) +22° — 2 —4dx+12-2xz’ +42 =0
Ta di chiing minh 22° — 2% =42 +12 - 222" + 42 >0.
That vay.

. ———au-en 24 g z-2) (3z+6
22" — 2" —4x+12 -2z’ +4x > 2z3—xz—4x+12—4$ T +4x:( )2( )20

z—+z’-4=0
Khid6 VT >0. Dau “="xdy rakhi sz -2Jr-1=0<2=2

20 =+lz° + 4z

Vay z =2 langhiém duy nhat ctia phuong trinh. Bai toan da dugc giai quyét!

Cau 16. Giai phuong trinh 68z 1+ 6422 -3 +53/(z—1)(22-3) =8z +1

Giai
6Jr—-1<22+2

Ta sé di ching minh < 6:/2z -3 <3z
53f(x—1)(20-3) <3z -1

A]L[(;]lf
6r—1 < 6-2= 1;1“ 20 +2

AM-GM Qg _
That vay, tacé 163/2z-3 < 6-xT3+3
AM-GM _ _
55( )(2I—3) < 5.I 1+2; 3+3=3$—1

Cong vé theo vé 3 bat dang thitc trén ta sé duge VT <VP
Déu “=" x4y rakhi z=2.

5(:r2 +4x+9)
21061 +/4+32 +1

Cau 17. Giai phuong trinh 2(:1: + 5)\/1 -3z +3x-10=

Giai
Ta co

Bunhzacopzkz

1. 2J10—62 +/4+3z =2\/10—6x+%-\/6$+

5(z? +42+9 2
2. Do do 1 > 1 ( ) > ¥ +dw+9
2J10—61 +/4+32+1 10 21062 +/4+3x +1 2

«/7 4+—=
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(x+5—2\/1—31:)

2

2
>0

2
Lai c6 #—Q(xntf))\/l—?»x +30-10=

Nén VT <VP
Dau “=" x4y rakhi z=-1

Cau 18. Giai phuong trinh.

(z+1)Ve+1v2z+1+(1-32)V1-3zVz +1+(22+1)422 +14/1-32 =3

Giai
Cach 1.
a=vz+1
Dat <b=v2z+1=a’+b"+c*=3.

c=+1-3z

Phuong trinh trg thanh. o’ +ac® +cb* =3 3(a3b +ac’ +cb’ ) = (a2 +0*+¢’ )2

b =r+a o N N =N 2 N . <
Dat de dua ve phuong trinh bac 2 an a, phuong trinh tré thanh .

c=y+a

(:1:2 —xy+ y2)a2 —(:1:3 — 52’y +4dxy’ + y3)a +2' =32y + 2% +y' =0
Co A= (x3 5%y +day® + 1 )2 - 4(x2 —zy+y° )(m4 — 32’y + 22" + y4) . Do dang & dang dang cap nén
ta co thé dat t=2. Quy vé giai phuong trinh.
)
=3t° +6t° +9t' —18t° 61> +12t -3=0

Nhung tuy nhién phuong trinh nay c6 nghiém thude phuong trinh bac 3 nén cé thé gia st

~3t° +61° +9¢' ~18¢" —6¢° +12t ~3=-3(t' +at’ +bt+c)2

Dong nhat hé s ta sé c6 A= —3(953 —$2y—2xy+y3)2 <0.Dod6 VT <VP.

Dau “=" x4y ra khi 2=0

Ngoai cach dong nhat hé s6 ta c6 thé tim di 3 nghiém ctia phuong trinh roi diing viet cho phuong
trinh bac 3

Cach 2.

Bai toan xuét phat tir ddng thic sau.

(a2 +b? +c2)2 —3(a3b+bsc+cga) = Z%(aQ —2ab+bc+ca—¢:2)2 >0
cyc
Chtng minh.
r=a’—ab+bc
Dat y=b2—cb+ca:>{

z=c’—ca+ab

zy+yz+rz=a’b+b’c+c’a

r+y+z=a’+b"+¢’

Khi d6 ¢6
(a2 +b -4—02)2 —3(a3b+b30+c3a)= (x +y—i—z)2 —3(my+yz+$z)
1

=)+ =) 5 (e -e)

=l(a2 —2ab+bc+ca—02)2 +l(62—2bc+ca+ab—aQ)2 +l(02—20a+ab+l)c—b2)2
2 2 2

Bay gio ta ap dung. Dat a = \/ac+1;b = \/23:+1;c = \/1—31'
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Khi do6 ta co

(z+1)Vz+1y22+1+(1-32)y1-3zyz+1+(22+1)V2z+1V1-32 =3
& 6(z+1)Vr+1v22+1+6(1-32)V1-32Vo +1+6(22+1)v2z +141-32 —18 =0

2
@—(4x—2Jx+1J2x+1 +Jz+11-3z +J2x+141—3x)

—(x+\/x+1\/2x+1+\/x+1\/1—3x—2\/2x+1\/1—3x)2

—(5x—Jx+1J2x+1+2Jz+1J1—3x—J2x+1J1—3m)2 -0

<=0
Cach 3.
Ta co

(z+1)Vz+1V22+1+(1-32)Y1-3zyr+1+(22+1)V22 + 11 -32
Cauchy—Schwarz

< \/[(x+1)2 +(2041) +(1-30) |[(z+1)(20+1)+ (20 +1)(1-32) + (1-32) (2 +1)]
= \9-72* (142 - 3)

Néu 142° —3>0 thi bai toan coi nhu dugc giai quyét!

2" N4 |
1.  Khidé dp dung AM — GM ta c6

(z+1) Ve +1V2z+1+(1-32)V1-3zVr +1+(22+1)V22 +141-32
AM:M (z+1)(3z+2) . (22 +1;(2—a:) +(1_3$)mm

2

2
=(1—3:1:)\/1—3a:\/x+1+%+4x+2=3—%(7x/1—3zx/$+1 #1720 -1)(Vi-3zVe +1+2-1)

AM-GM 2 _ 2:1:.

J1=-3zNz+1+2-1 <
71-3zz+1 +17m—130©xe(—1;ﬂJ

109

Néu 14z° —3SO<:>I€|:—1;— i}

+z-1=0

2. Laico.

3. Nén VT <3= dpcm
Cach 4.
Ta co

(0 +0* +¢*) =3(a’b+b'c+ca) =|:Za4 —Za%?}:{za?b? —Zach}—?)[Za?’b—Zach}

cyc cyc cyc cyc cyc cyc

. 3{Za3b - Za%c} = 3{21)% - Za“"bc} =-3) be(a’ ~b*)

cyc cyc cyc cyc cyc

=—32bc(a2 _b2)+2(ab+bc+ca)(a2 —bZ)

cyc cyc

- Z(a2 —bZ)(ab +ca—2bc)

cyc

. 3{2‘@21)2 _Za%c} = %Z(ab +ac—2bc)’

cyc cyc cyc

. Za4 —Z:cfb2 =%Z(a2 -b’ )2

cyc cyc cyc
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Vay ta thu dugc déng thuc.

(a2 +b*+¢° )2 —3(a3b+b3c+c3a)

:%Z(a2 —bQ)2 +%Z(ab+ac—2bc)2 —Z((f —bQ)(ab+ac—2bc)

cyc cyc cyc
:%Z(az —b? —ab—ac—i—Zbc)2 >0
cyc

Vay bai toan da dugc gidi quyét!

Cau 19. Giai phuong trinh
N+z+N1-z+N+3z2+1-3c=1+2z+ Y122 + N+ 4z + 1 -4z

Giai
Y . 1
Diéu kién —5 <z<l.

That ra, nét tinh § ctia bai toan chinh 1a hai nhan xét.

o Y+z+N-z>241+2z+Y1-22 v6imoi xe{—%; }

o Y1+3z+41-32 21 +42 +1-42 voi moi xe{—%;l}.

Ta chitng minh 3/1+ac +'«4/1—a: 24/1+2x +4/1—21: (1) v6i moi xe{—%;l}.

That vay, binh phuong hai vé ctia (1) ta duge

itz +1—z+201-2% > 1420 +1-22 + 241 - 42
Mat khéac, dé thay rdng 1—2* >1—-42" cho nén ta can chitng minh
itz +\1-2 21422 +41-22 < 1-2>>1-4a".
Diéu nay luon ding, suy ra ta c6 diéu phai chitng minh.
Nhan xét thit (2) ta chitng minh hoan toan tuong tu. Tu dé suy ra VI >2VP.

Déng thiic x4y ra khi va chi khi z =0.

Vay z =0 la nghiém cta phuong trinh da cho.

Nhan xét. Co thé thay bai toan xuat phéat tit ¥ tudng cia nhitng danh gid dang 2> >0, VzeD.
Nhitng 16p bai nhu thé khong nhiéu nhung 15i giai dep va tu nhién. Tit 161 gidi trén, ta rit ra duge bat
déng thiic kha tha vi. 3/1 +nx + 3/1 -ng > 4/1 +2nx + (‘/1 —2nz, neN. Ngoai ra, 16p cin thic ctia dé bai
cho ta nhé dén mot bdo dé bat dang thic nhoé, c6 nhidu tng dung “Cho a,b>0 ta co
Ja+4+b+4>2+Ja+b+47 tit day, ta lien he dén sy thay ddi can thic, 6 thé cho nhimg bai toan
khé dep.

V2z+1 +49Jx—3 _1lz-8

Cau 20. Giai phuong trinh
z+2 22+6 9

Giai

Do bai toan cé nghiém z =4 nén ta sé diing bat dang thitc Cauchy nhu sau.

AM-GM
%.3.\/2%1 < x;5

sz A 2)

2

Ta co
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z+5 49(z-2) )
Khidé VT —VP <3 +__ 2 Cllz-8 _ (v-4) (442+87) _
T z+2 2246 9 18(z+2)(22+6)

Dau “="x4ayrakhi z=4.

Cau 21. Giai phuong trinh \/3){2 -1 +\/gv2 - —xx/mQ +1 =g(7x2 —x+4)

Giai
Ta sé 4p dung bat diing thitic Bunhiacopxki cho toan bo vé trai ciia phuong trinh
Ta co

Bunhiacopxki

\/3x2—1+\/1:2—x—x\/x2+1 < \/(12+12+$2)(33:2—1+x2—x+x2+1)

:>\/3a:2 -1 +\/ac2 - —x\/xQ +1 S\/(5x2 —a;)(m2 +2)

Mat khac \/(5352 —x)(f +2) = \/%(5352 —:1:).2($2 +2) < ghQ—Terél =VP

Neén dau “=" chi xay ra khi z=-1

Cau 22. Giéi phuong trinh o0t 1+ “3) ~Ja-2) + 3-2z

w+5+\/2(m2+1 2
Giai
« — — 2 —
Dit f(z)=y(1-2) +° ;\/Ezf'(x)z b \1/_<0.
2(1-z) e

Nén f(z) nghich bién trén [0;1] :f(x)zf(l)zé.

Theo bat déng thitc AM — GM va Cauchy — Schwarz ta c6

2
Cauchy—Schwarz AM-GM r+5+x+1 Cauchy—Schwarz T + 5 + A '2 (.I + ].)
Br+l+vz+3 < 22(z+1) £ z+3="—T— <

2 2
Khi do VTS%SVP.

Déu “=" x4y ra khi z=1

2 1
Cau 23. Giai phuong trinh ﬂs =3z — 26 +8, |z + —i)
(x +z? + 8) r t
Giai

Xét ham sb f(x):# v6i z > 0.

(e es)
2+ " x+x2+2+ S P __ 3
o T e [ ) e
(evdees) (o 53)

f'(x)zO SN +8=31 © 2" +8=91" < r=1 (:1:>0)

, . 1
Lap béng bién thien ta thiy max f(z)=f(1)= o Ve
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Suy ra f(x)s6i4 <:>576f(x)£9, Vz>0.

Dau dang thtc xay ra khi va chi khi 2 =1. Mit khéc theo bat ding thitc B.C.S ta c6

2
1 1 1
Tu d6 ta co ngzi( x+Ej =N x+—§21(\/;+—5)
T T

(ﬁ+@}2 <(1+15)| (Vz ) +(@J2 :16(z+g]

X X

16 T T

Vay 3I—§+8‘{IE+%ZBIE—E-FQ(\/;-FEJZSI-FQ\/;-I—é
T xr T xr

T

Theo bat déng thitc AM-GM ta lai c6 3x+2ﬁ+f=3(x+1j+£ﬁ+ﬁ+lj26+3=9.
xr xr xr

26 15

Do d6 3z ——+38,[z+— >9. Dau déing thic x4y ra khi va chi khi {2 == s z=1.

Vay

o976z

(47 +5) .

T X T

1 .
; £9£3x—%+8,/9ﬁ+—§ . Dang thitc x4y ra khi va chi khi z=1.
; x

Cau 24. Giai phuong trinh 32° +2° — 22 +4 =2, [3(3}5 +zt + 1)

Giai

D& thay néu ap dung bat dang thitic AM — GM luon thi ta dugce.

- n AM-GM .
2,/3($"+x +1) < 4zt +4.

Khi d6 VI -VP 232" +2° -2x+4-2" —2” —4=(z-1) (-2’ —32” —2), ta chua thé xac dinh dugc

dau ctia bat déng thitc. Do dé nay ra ¥ tuéng phan tich da thic trong cin thanh nhan ti thi khi dé sé
dé dang diing bat ding thiic danh gia duge. Dé phan tich dugc ta sé lam nhu sau.
Do f(m) =2" +1" +1=0 khong c6 nghiém hitu ty tiic 1 khong phan tich duge dudi dang (ax + b)f(x)

neén ta sé gia st f(x) = (1:2 +azr+ 1)(z3 +br+c+ 1) . 06 thé gia st nhu vay do.

1.

2.
Khi d6 ¢6

Phuong trinh chi ¢6 1 nghiém 1é duy nhat ma nghiém nay khong cung thudc 1 phuong
trinh bac 2 ndo nén néu phan tich duge duéi dang mot da thitc bac 2 nhan véi mot da thiic
bac 3 thi da thic bac 2 phai vo nghiém.

Do hé s6 tir do bang 1 va két hgp v6i li do trén ta sé viét dude phuong trinh duéi dang trén.

(x2+ax+1)(x3 +bx+c+1)=x5+x4(a+b)+x3(ab+c+1)+x2(ac+b+1)+x(a+c)+1

Dong nhat hé s6 ta dugc.

a+b=1 1
ab+c+1=0 —c+b—-bc+c=0 b@—c)zo 4=

) = <<b6=0
ac+b+1=0 2b—c—c=0 2b—c*—c=0 c=—1
a+c=0
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Vay x5+x4+1=(a:2+:1:+1)(x3—:1:+1)

Khi d6 4p dung bat diing thitic AM — GM ta duge.

AM-GM T2 +:1:+1-i—3($3 —x—i—l)

2\/3(935+$4+1)=2\/3(x2+a:+1)($3—x+1) <" 9. —VT

Dau “=" xay ra khi 2 +m+1=3(:1:3—m+1)<:>(z—1)(3$2+2x—2)=0<:> x=

Tht lai thay théa man. Vay bai toan da dugc giai quyét!
Nhan xét
Ngoai cach dong nhat hé s6 nhu trén ta c6 thé diing Casio phan tich nhan tit.
Chuyén may sang moi trusng s6 phiic . Khi d6 dung thuat toan lap Newton — Rapshon ta
sé phan tich phuong trinh nay. Trudc hét ta can biét.
1. Xétday =z ,, =z — /() va mot hing s6 z, cho trude.

n+1 n f'(l'” )
2. Khidénéu lim=Fk thi k la nghiéem ctia phuong trinh f(z)=0.

T—>0

Do d6 dé phan tich phuong trinh nay ta can tinh f‘(w) =52" +42” clia ham f(x) =2’ +az' +1.
X'+ X' +1

Tiép theo nhap vao méay biéu thitc. X = X —
P P Y 5X*+4Xx3

. Do phuong trinh ¢6 nghiém phitic nén ta sé

. . . s 1
CALC| X =i.Bam khoang hon 20 lan ta thay n6 ve 5 0,8660254038; — A .

CHPLH Math & CMPLE Math &

LN o il el s Ml i
A=A i Tneans ANS+A

-1-0. 9660254038 | -1-0. 8660254030

Sau d6 diing Viet dé tim ra phuong trinh bac 2. An [SHIFT méy hién thi chit Conjg( . Cai nay
nghia 13 tinh nang chi ra s6 phiic lien hgp. Do phuong trinh bac 2 thi thi sé c6 2 nghiém lién hgp nén ta
A C’onjg(A =1
sé tinh
A+ Conjg(A =-1

= Nhan ti bac 2 can tim 14 2° +z+1. Dén day chia da thic la xong!

Ch §.
3 2 3
1. Nhitng ban ¢6 VINACAL thi phai nhé khi nhap thi phai nhap 1a X = X — X;}g S;X 4))(( LW
X

vi dong may nay ko tinh dugc gia tri (i)4 trd len. Nén ta sé dua vé dang (z')3 .

2. Day la truong hgp may man khi ta tim dugc nghiém phiic clia phuong trinh bac 2. Gia sit néu
la nghiém phtc ctia phuong trinh bac 3 thi sao? Ta van lam tuong tuw. Dung Viet cho phuong
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T, Xy Ty =——
trinh bac 3 ta sé co<xz, + 2,2, + 1,7, =£. Khi d6 chi can tim dugc 1 nghiém phitc va mot
a

T+ Ty + Ty =——
a

nghiém thuc ta sé suy ra phuong trinh bac 3 can tim. Nhé 1a tim nghiem thuec trude.
Ta ciing c6 thé binh phuong tung tée bai nay lén, ta dudc.

32’ + 2 —2x+4=2\/m:>(3x3 +1° —2x+4)2 =12($5+x4+1)

=0 (t/m)
~1+47
3

(t/m)
T=- ! +3ﬁ (t/m)

o (a-1)(3c° +22-2) =0 | 2=

Cau 25. Giai phuong trinh Vb +2* -2z -1+ Q/wﬁ —2*+22+1=2z

Giai
Vab +2* =22 -1 =a(a>0)

Dt |
V2’ —2* +22+1 =b(b>())
Dé dang chitng minh duge bat déng thiic sau.
(a—i—b)6

:>(a+b)6 232((16 +b6)

<a®+b° @32[(&2)3 +(b2)3J 2(“"'[))6

St dung bat dang thiic 4(&3 + b3)2 (a+b)3 < 3(a —b)2 (a+b)20 ta can ching minh dugc.

3

8(a2 +b° )3 > (a2 +b° +2ab)

a’ +b?

Theo AM — GM ¢6 ab < nén bat ding thiic hién nhién ding.

1+\/5

2

Tit d6 suy ra dude ddu “=" xay rakhi o' +2° —20-1=2' —2* +22+1 o 2=

Cau 26. Giai phuong trinh z = ,/x—l + ’1—1
x 7

MO Yogoslavia

Ta co

Giai
1
1 1 av—oy 1 +T——
poto 1(95__} M .
T T 2
1

av—yn — +T—1
\/1—1=\/1(z—1) P B
T z 2
1

l=z=— 1+\/5

Khi d6 VP <z . Du “=" x4y ra khi , Tor-z-1=0cz= ;

—=z-1
x
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Cau 27. Gidi phuong trinh {f3(z+5)—{11-z =13 +2 - 4f3(3-2).

Giai
Phuong trinh da cho ta sé bién déi phuong trinh vé phuong trinh.
P3(z+5)+43(3-2) =3 +z+ 11—z (1)
Dat. a=43(z+5); b=43(3-2); c=V13+z; d=11-z, (a,b,c,d>0)

a+b=c+d
(*)

a'+b'=c' +d*
Stt dung hing déng thiec. (m+ n)4 =m' +4m’n+6m°n’ +4mn’ +n".

Khi d6 (1) trd thanh. {

Taco a* +b* =c¢* +d* <::>(a—i—b)4 —2ab(2a2 —i—3ab-ﬁ-2b?)=(c—i—d)4 —20d(202 +30d+2d2)
:>a,b[2(a,+b)2 —ab}zcd[2(0+d)2 —cd]

= (ab—cd)| (a+b)" =ab+ (c+d) —ed |=0 (2)
C6 dugc tat ci cac phép bién déi d6 1a nhs st dung a+b=c +d.
Téi day ta chu ¥ rang. (a+b)2 >4ab>ab; (c+ d)2 > 4ed > cd.
ab=cd
Do d6 ta co (2) tuong duong véi {a =0 <ab=cd vi {aj 0 vO nghiém
b=0

Tacod ab=cd < %/9(x+5)(3—x) =§/(13+x)(11—$)

<922 —182+135=—2> + 22+ 143 < x =—1.
a=Y15+3z - a' =15+3x
b=49-3x b =9-3z

Taco x+13=%[2(15+3a:)+9—3x]=

Cach 2. Dat. { =a' +b'=24 , (a,bZO).

2a" +b* B a' +2b*

,11—x=%[15+3$+2(9—3x):|—

Két hgp tur diéu kién va phuong trinh da cho ta c6 hé phuong trinh.
4 4
a”+b" =24

a+b—‘{/2a2+b4 4_4{/(14+2b4
3 3

e s g , 1 2
Ta c6 v6i moi s6 thuec m, n, p ta luén c6 m” +n° +p° Zg(m+n+p)

That vay ta c6 bat ding thitc can chitng minh tuong duong véi bat ding thitc.

S(mQJrn2 erQ)Z(mﬁLner)2 (E)Q(m2 +n2+p2)—2(mn+np+mp)20

<:>(m—n)2 +(n—p)2 +(p—m)2 >0
Dau ding thiic x4y ra khi va chi khi. m=n=p
Ap dung bat ding thitc nay ta c6
2a' +b' _a'+a' 40" 11
3 3 33

4 4
Hay ta c6 44/2a 3+b 2%(2a+b).
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4
Thiét lap tuong tu ta co ,4I -; 20 > 3( a+ 2b)

Tit d6 ta c6 i/Qa 3+b +4J“ g% > a+b. Dau déng thitc xay ra khi va chi khi. a=b.

ot +b' =24 {(f 23 {\/15+3x —23
= = =

Khi d6 ta c6 hé phuong trinh { x=-1.

=23  |V9-3z=23
Vay phuong trinh c6 mot nghiém duy nhat z =-1.

Cach 3. Dieu kién. -5 <z <3.

Phuong trinh da cho duge bién d6i vé phuong trinh sau.

Y15+32 +49-30 = 15+ (2 -2) + Y9 (2-2) (3)
Xét ham s f(t)=415+t +Y9—t, Vte[-159]
1 —— 1 =, ['(t)=0 < ! —= ! — o t=-3.
(V5+t)  (Yo-¢) (5+t)  (¥o-1)
Khi d6 taco f'(t)<0, Vte[-15-3], f'(t)=0, Vte[-3;9]
Mt khéc 3z, x -2 e[-15;-3] khi z €[-5;-1], 3z, z—-2¢&[-3;9] khi z e[-1;3]

a=b

Ta co f'(t)z

Tu dé tu (3) ta co f(3x)=f(x—2) S3r=r-2 <or=-1.
Vay phuong trinh c¢6 nghiém duy nhat = =-1.

Cau 28. Giai phuong trinh z' +2* +1=, /3(3:7 +2° + $2)

Giai
Bai nay tuong tit nhu bai 14. Ta sé phan tich 2’ +2° +2° =2° (x2 +x+ 1)(:53 -zt + 1)

Khi doé ta co
<:>(:1:2+33+1 (acz—x+1):\/3x2 ac +x+1 x —x2+1)
& (s —a+ ot +o+1=, 308 (2" —a? +1)
Lai c6

Bl ) Bleey(oany)
2 2
\/g(erl) l(:L“—l)2
9. Jelvz+l- ) A - L,

NN Ll Gl

2

SR R e B o e ALl AL il

2

Nén z =1 la nghiém duy nhat ctia phuong trinh.
Ngoai ra néu dé ¥ ta thay bai nay c6 thé dua vé bai toan giéng bai 19 bang cach dit a=2";b=2;c=1.

Khi d6 phuong trinh trd thanh. a2 +b% +¢? = \/3(a3b +hetca)

Ta biét rang. (Cl2 +b0% + ¢ )2 —3(a3b +b3c+c3a) = Z%(cﬁ —2ab+bc+ca—c )2 >0

cyc
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Vay bai toan da dugc gidi quyét!

Cau 29. Giai phuong trinh 4;U+\/x2 +(1+\/§)x+1 +\/x2 +(1—\/§)x+1 =25z +1

Giai
AM-GM

Taco 4z —-2bx+1 > —-x-2
Khi do6 ta co

\/$2+(1+\/§)x+1+\/3:2+(1—\/§)$+1 >r4+2e Wt +20° 427 420 +1 > —2% + 20 +2

Néu z e [1 - \/_;—é} U [1 + \/§;+oo) thi bai toan da dudc gidi quyét

Néu xe[—%;1+\/§} ta co

Wzt +22° + 22 +2:L‘+12—1;2+2z+2<:>x2(3x2+12x+4)20‘v’xe[—%;1+\/§}

Tt désuy ra VI >VP. Dau “=" x4y rakhi 2 =0
Bai toan da dudc giai quyét hoan toan!

Cau 30. Giai phuong trinh (x - 1)2 (x - 2)2 + m + x;5 =l

Giai
Xét r<-5 tacod
v—5 4(x+5) —103(z+5) +1001(x+5)" —4337(z +5)+7046
1 1
= Phuong trinh v6 nghiém trén (—oo;—5]

>0

(27—1)2(30—2)2 +

Xét x>-5, ta di chiing minh 3/z° -3z +3 > b

e Néu z>5 thi bai toan da dugc chitng minh.

e Néu :EE[—5;5] ta ¢
Ya? —30+3> 5% =" +202° +1062° — 268z +143> 0 = (z-1) (—2” +182+143) >0

Khong kh6 dé nhan ra bat ddng thic cubi luon dang véi = € [-55].

Vay VT >0.Dau “=" x4y rakhi z=1.

Cau 31. Giai phuong trinh

1+2\/E—IJE:2(1+$\/Z]‘

3—z—~2-2z 1+z
Giai
Cach 1.
bat a=vz D a,b>0 =a’ +b° =2.
b=+2-z
. s 1 -a’ |
Phuong trinh da cho bién déi thanh 17279 _ 9% *
3—-a-b a +1
a+1)(a? —a-1 a—1Y a—1Y h—2
©( 2)( )=1+(2 ) <:>(2 ):‘T ()
a +b-3 a” +1 a+1 b —-b+1

Tt gia thiét o® +b> =2 :>a+b£,/2(a2+b2) =2.
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Do d6 vé trai (*)> vé phai (*).
a=
Nén phuong trinh da cho ¢6 nghiém tuwong duong { ) =>z=1.

Vay x =1 la nghiém cia phuong trinh.
Cach 2.

Dit a=va - a,b>0
b=~2-x
Tt phép dit trén cho ta a® +b> =2
1+2a—a(2—62) 1+a°

Ta viét lai phuong trinh da cho thanh = 5
3-(2-0")-b  1l+a

1+ ab? 1+a°

=2
b —b+1  1+d°
@ag(bQ —2b+1)+b2 —2+1+b>—ab>+a’ —a> =0

Sl+ab® +a”> +a’h* =20 =20+ 2+ 2a°b* — 2a°b + 24°

e (a*+1)(b-1) +(a-1)(a*-0*)=0 < (a’ +1)(b-1) +2(a-1)(a>~1)=0
e (a*+1)(b-1) +2(a-1) (a+1)=0
=1

N |a
Ma tu dieu kién a,b>0 nén ta co { s r=1.

Vay z =1 la nghiém ctia phuong trinh.

Cau 32. Giai phuong trinh z* +4z+5—

3z (o 3 2@
et (e

r +r+1
Dé thi thit THPT Quéc Gia 2016 — Chuyén Qudc hoc Hué

Giai
Phuong trinh dau tuong duong
No'+z+1

2 +z+1

(m2 +4x+5)(:1:2 +:17+1)—33: (37—1)(V$2+$+1_2\/1_37)

= =
2 P
" +r+1 \/xz+a:+1

<:>(ac2 +4x+5)(x2+x+1)—3x:(x—1)(x2 +x+1—2\/x2+x+1\/1—m)
&zt 442’ +102° + 62 +6+2(z - 1)Va? + o+ 11—z =0
2
P& ¥ thiy 2(¢—1)V2? +2+11-2 >2.(z-1)- = ;2.

Nén VTZ($+1)2<:1:2+1:+1)20.

Déu “=" x4y ra khi x =-2

'
(\/;4_1)2 +$+\/2$—1 _1+\/x(2$—1) '

Cau 33. Giai phuong trinh

Pé thi thit THPT Quéc Gia 2015 — Lan 1 - THPT Minh Chau - Hung Yén

Giai
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Bai nay da c6 tinh che gidu di mau ctia phan thitc thi 2 dé lam danh lac huéng ngudi lam do do ta can
¢6 1 bue bién déi m+J2x_—=%(\/E+1)Q.
1 N 1 _ 1 .
(Ve+1)  (Vao—1+1)  1+yr(20-1)
Nhin thé nay ta sé nghi ngay t6i bat dang thitc AM — GM dang cong mau s6, ta c6
1 N 1 > 4
(\/E+1)2 (\/235_—1+1)2 (\/;+1)2 +(\/29:_—1+1)2

Bai toan sé dudc giai quyét néu ta ching minh duge
4 1

(JE+1)2 +(2r-1 +1)2 ) 1+ z(22-1)
3-3z+4fr(20-1) -2(Vo +22-1)

& 5 5 >0
(1+4/x(2x—1))[(\/;+1) +(V22-1+1) }
(2\/5—\/23[;—1 —1)(2\/E+5\/2x—1 —1) 0

- 2(1+\/W)[(\/;+1)2 +(M+1)2} )

2(@—1)2[2‘5”;111%\/2:3_—1}

o 2{24%—:1+m}2(1+m)[(ﬁ+1)ﬁ(m+ﬂ

D& thay bat dang thiic cudi diing v6i >~ nén VT >VP,dau "=" xadyrakhi z=1.

Jr=a . 1 1 1
thi khi do ta can ching minh — + — > .
Pr-1=b (a+1)" (b+1)" 1+ab

Khi d6 phuong trinh tuwong duong

>0

DO | —

Ngoai ra néu ta d#t {

1 1 1 ab(a—b)QJr(l—ab)2
(a+1) (b+1) 1+ab (a+1) (b+1) (L+ab)
Vay bat ding thitc da duge chiing minh.

Ta ciing c6 thé dung bat déng thic Cauchy — Schwarz chitng minh duge. Ta c6
a ) o b
(ab+1)[g+1j2(a+l) (a+1)2_(a+b)(ab+1)
=
1

(ab+1)[%+1j2(b+1)2 (b+1)2 2 (a+b)((lab+1)

Cong lai ¢6 diéu can chitng minh!
Néu 4p dung luon thi phuong trinh ban dau tré thanh.

J&/%—l(ﬁ—ﬁf+(1—«/x(2x—1))2

(Vo +1) (Voo —T+1) (14 fa(20-1))
Jo-2z-1=0
1-Jz(20-1)=0

>0

Ta c6 déng thic sau day

=0

Déu “=" x4y ra khi { Sr=1.
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z-Nr-1 20-2Jz+2
N2-x+1-3 r+1

Cau 34. Giai phuong trinh

Giai
Diéu kién 0<z<2.

Phuong trinh da cho dugc bién doéi tuong duong thanh phuong trinh.

oz +z—2 -1 -7 -1 :2(14—\/;)(1‘—»\/;4_1)

V2-z+2-3 I+z

(Vo +1)(z = -1) 2(No+1)(z—z+1)
<:> =
N2—z+2-3 1+z
g-z-1 22-2Jz+2
= = 1).
N2—-z+2-3 1+z ()
Dé y ring V2—z +2-3<0, V:L‘e[();2]. x—\/E—1z\/2_x+x_3
x—\/;—l
N2—-2+2-3

That vay, ta co (2) tuong duong v6i < +/2—x + Jr<2 (3)

Mat khéc, ta c6 <1, Vze[0;2] (2).

Dé théy ring (3) luon dang vi theo bat dang thitc Cauchy — Schwarz ta c6

Va=z < (1P +17) (254 2) =2

Ding thitc x4y ra khi va chi khi. v/2 -z =Jz < z=1. Laico MZL Vaze[O;Q] (4)
+z

That vay, (4) tuong duong véi 22 -24z +2>1+2 < (\/5—1)2 > 0.
Dau déng thic & (4) xay ra khi va chi khi z=1.
x—\/;—l <1

Vay ta co 2=z +z-3 ; Vaze[0;2]neén (1) xay ra khi va chi khi z=1.
22 — 2z +2
—>1
r+1
Vay z =1 la nghiém duy nhat ctia phuong trinh.

Cau 35. Giai phuong trinh 1 + a + ! =
Jz+1+1 2z+1+1 3z+1+1
Giai
Ap dung bat déng thiic AM — GM dang cong mau ta co

1 T 1 4 T
+ + > +
Je+1+1 Rz+1+1 Br+l+l Jo+l+Bz+1+2 Lr+1+1
Apdungtiépbétdﬁngthl’rcCauchy—Schwarztacc’) Jz+1+832+1<2J20+1.
2 T T+2

+ = .
L2r+1+1 2z+1+1 2z+1+1

Bay gio nhiém vu ctia ching ta 1a phai chtiing minh dugce.

x+2 1 2
— 21 r+22\2z+1+1< —(V22+1-1) 20
N2z +1+1 2( )

Vay bai toan da dugc gidi quyét!

Khido VT >

Dau “=" x4y rakhi z=0.
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2 2 2
+z+1 +z+2 +z+
Cau 36. Giai phuong trinh T PR 4T 3 =3.

(ZE2+ :1:+1)2 (a;2+\/avj)2 (:E2+\/m>2

Nguyén Minh Tuin

Giai
2
Ta co LJJQS1C>:EQ+;E+1S($2+ x+1)2@xQ\/x-l—l((x—l)\/erl+2)20.
(3:2+\/a:+1)
Néu z>1 thi bat déng thitc hién nhien dang.
2+t +x+3 3 $2(1—$)+:L’+3
2+(1-z)Vz+1 2+(1-2)Jz+1
2 +z+1

Do d6 —————— <1. Thiét lap céc bat ding thic con lai tuong tu ta ciing sé dugc.
2
(x +z+ 1)

Néu <8 thi (z—1)Vz+1+2= >0

2 4+r+2 2 4+z+3

> <1 > <1
(x2+M) (a:2+\/E)

Cong 3 bat dang thitc ta duge VI < VP . Dau “=" x4y rakhi x=0

-2 2
Cau 37. Giai phuong trinh '/x + v -=1
z-1 (\/I+2+\/$—2)

Giai
1:—2Jr 24/z +2 > 9
t-1 Jor+2+Jz-2

\/x—Q(\/x+2+\/a:—2—2\/x—1)
\/I—l(\/fb-i-? +\/l‘—2)

Dau tién ta sé ching minh

Bét dang thiic bién d6i thanh >0 diing v6i > 2.

T+2

=1
Vo2 ediz)

- ’$—2+ x+2 11> x—2+ 2Nz +2 1>1
=l (Jar2+n-2) No—1 Jo+2+z-2
Dau dang thic xay ra khi = =2.
Cach 2.

Stt dung bat déng thitc AM — GM ta c6 /"” _f + (
1’_

Phuong trinh da cho tuong duong vé6i

T—2

bat t=
T+2

, (t > 0) ta dugc phuong trinh.

2
2t 1 2% P+21 4 (£ +2t)

+ N =
B+l (1+1) Ber1 (1) 3L (i41)

©t3(t3+4t2+11t+12):0 St=0

Vay phuong trinh c6 nghiém duy nhat z = 2.
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Cau 38. Giai phuong trinh % +-2> +22+3 =/85—-60z .
T +2x-2

Giai
2 +2zx—1
2

%-5\/85—6030 <11-6z

’+22-2-1<
Theo bat ding thitc AM — GM ta c6

Khi dé
6x3+x2—28x+17+(x2+2x—1)\/—x2+2x+3
VT -VP> 2
- +2x-1
(2-V=0"+20+3)((62+15)V=a" +20+3 - + 102+ 31)
(z=1)'((62+15)V=2" +20+3 -2 +102+31)
(x2+2x—1)(2+\/—x2+2x+3)
- (x2+2x—1)
62+15>0
Dé y thay véi xe[—1+\/§;%} thi {—2*+102+31>0 nén VT >VP.Dau "=" xdy rakhi z=1.
2 +2x-1>0

Cau 39. Giai phuong trinh (1 +\3z+ 1)(1 +r+ 2)(1 +5z ) = (1 +3152° + 352 +10x) .

Giai
Nhin thay dang tich la sé nghi ngay t6i bat déng thitc Holder , trude hét ra sé di chiing minh né.
C6 bo dé sau. Cho céc s6 thuc duong a,b,c,x,y,z,m,n,p khi dé ta luon co.
(a3 +0*+cf )(ac3 +y 4+ 2 )(m3 +n’+p° ) > (axm +byn + czp)3

Chitng minh. Theo AM — GM ta cé.
a’ m’ 7’ 3azm
1. + + >

@+ +c mPnt+pt 2P+t 42 _%/(aii+b3+cs)(m3+n3+p3)(g:3+y3+z3)

9 b N n’ N y’ 3byn
a’+b*+c® mPnt+p’ 2P+t 4 {/(cf+b3+03)(m3+n3+p3)(x3+y3+z3)

v

3 3 3
C z cpz
P + > 3P

3 b3 3+ 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3
¢ +b +c mAn +p T +Y +2 i/(a +b0' +c¢ )(m +n’+p )(:1: +y +z')

3.

Cong 3 bat dang thitc trén c6 didu phai chitng minh.

N3z +1
Nr+2 .
J5z

a
Quay lai bai, ta dé y thay 152" +352” +10z =5z (3z +1)(z+2) . Nen sé dat b
C

3

Khi d6 phuong trinh trd thanh (a+1)(b+1)(c+1)> (1 + &‘/abc)

3 3
Theo bét déng thic Holder ta co. H[[%J + (%J 4 (%)*J > (1 + 43mbc)3 .

. 1
Vay dau “="xdy rakhi a=b=c<3x+1=vx+2 =+/52 @xzi.

cyc
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Cau 40. Giai phuong trinh zx/xQ +x—2 +3:1:\/:1:5 -1 =\/($2 +3)(3z7 —2z* +z—2) .

Giai
Ap dung bat dang thiic Cauchy — Schwarz ta cé.

Nzt +x -2 +3x\/x5 -1 =a:\/$2 +r—-2 +\/§-\/§x\/x5 -1 S\/(a:2 +3)(3x7 -2z +a:—2) =VP

“w__9

Nhin ¢6 vé dé nhung dén day méi c¢6 van dé nay sinh. Dau xay ra khi.

%zwﬁ@ﬁ —zt =t —x+2=0

Phuong trinh khong that sy dé giai cho 1dm, chic phai diung dén ham s6.
bat f(a:) =2’ -z —2* —2+2 lién tuc trén [1;+oo) .

= f'(2)=92" —42® —20-1=92" - 92° +22° — 22+ 32" -1>0,Vz > 1
Vay f(z) dong bién trén [1;+0). Laic6 f(1)=0 nén z=1 la nghiém duy nhét ctia phuong trinh.
Bén canh ham s6 ta ciing c6 thé phan tich f (m) thanh nhan t. Ta duge

f(z)zmg —z' -2 —m+2=(m—1)(1:8 +2 +2° +2° + 2’ —x—2)
P+ 42t +2’ vt —x-2=2"+2" +($6 +2° —2)+x(:1:—1)(1:2 +:1:+1)>O,V1:21

Khi d6 phuong trinh f(a:) =0<z=1.

2 2 B
Cau 41. Giai phuong trinh z°/4 -2 +Kg(ﬂ] T—2

3z —8x+8 \/$2+1+\/x2—17+3'
Giai
. x—2 7° —8z+8 ’
Bat phuong trinh tuong duong z°v4—z° ++/3—2 + = 5
o’ +1+442° —z+3 \ 37" -8z+8

24—z +\3 -2 + r-2 >1

\/x2+1 +\/x2—x+3 -
9 2
- —8x+8 <1
32> —8x+8

Xét danh gia dau tien ta c6 V2—x| 2’z +2 + 2oz V2-3 >0
V3-z+1 Y2 +1++22—2+3

. 1 1
Ta can chting minh > oSN —r+32\3-z < (¥ +(3-2)=23-2
V3-—z+1 1+4+2*—2+3 (8-2)

D& dang thay bat déng thiic cudi luon dang, do vay danh gia dau tien ding.

2 2
x2 8r+8 1 2z 231
3z° —8x+8 :1;2—{—2(:1’:—2)

Ta sé di ching minh

Xét danh gia tha 2 ta co , 9
2 _ 4(z -2

AL N ) N

3z° -8z +8 x2+2(ac—2)

Vay ta c6 2 danh gia luon dang, khi d6 VT >1>VP , dau “="xdy rakhi z=0;2 =2

Cau 42. Giai phu’dng trinh ,]) -9 _\/m _3 3r—13 ‘

Giai

Dé can bac 3 thi hai khé danh gia nén ta sé liiy thira len. Ta co.
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Ji-2-Jo+1=3 33:13 @(«/x—2—x/x+1)3—3x_13=0

4
Theo AM — GM ta c6

3
VTS(xT_l—\/x+1] _3e=13 =%(\/x+1—2)2($2—4x+1—2(x+1)\/x+1)

4
Dén day ta sé can ching minh f(z)=2* —42+1-2(z+1)vz+1 <0, nhung c6 vé ta can tim them diéu

kién thi méi c6 thé chitng minh dugc.

. , R 1
Dé y thay \z—2 <z +1 nén diéu kién c6 nghiem sé 1a z e [2;33} .

Taco f'(z)=2z-4-3Jz+1= 4o’ 250 +7 O,Vxe[zg]
27 —4+3Jz+1 3

f[lgj —22,189
T do suy ra f( J f( ) f( ) Ma 3 nén f(ac)<0.Vay VI <0.

f(2)=-3-63

Déu “=" x4y rakhi z=3.

Vatib Ja+b

Cau 43. Chiing minh rang
\/a, +3b \/b +3a

<2,Va,b>0.

Giai
Do bat ding thitc dang & dang ding cap nen ta sé chia ca tit va mau cho b va dat z = \/%(x >0).

Ta can chitng minh bat déng thiic sau.

\/5+1 $+1
<2<:>21/a:+3 3$+1 z+1)(3z+1+z+3)>0
Nr+3 \/3x+ ( )( )

Bai nay kha 13 nhiéu cén nén ta sé nghi cach lam gidm b6t can, tuy nhién kha la bé tac. O bai nay sé

dung bat dang thic a+b < J2(a2 +b2) . Ta co
VBr+1+4r+3 <24z +4) =242z +1
Khi do VT >2,[(z+3)(3z+1) 242z +1(Vz +1) = f ().

4(@-1)4
2(z+3)(3z+1) + 242V +1(Vz +1)

Do d6 dau “=" x4y rakhi z=1<>a=0b. Vay bat ding thitc da dugc chiing minh!
Ngoai ra ta c6 thé danh gia bang AM — GM nhu sau. Ta c6

2\/5 < 0 +a+b 2\/— \/E+f 3 a
Ja+3b a+b a+3b’ \/a+3 a+3b Ja+3b 4 2(a+b)

2 b atb e 1 2 _Natb 3 b
Jb+3a a+b b+3a’\/b+3a 2 b+3a  b+3a 4 2(a+d)
Cong hai bat ding thiic trén v6i nhau ta c6 dicu phai ching minh. Ngoai ra ta c6 thé giai phuong

Ta co f(x) >0.

trinh bing lien hop nhu sau. Nhan thay phuong trinh dang c6 3 cin nén c6 thé dit a=+z dé giam
b6t do cong kénh ctia phuong trinh. Dat a =z (a>0) phuong trinh tré thanh.

230" 100" +3 ~(a+1)(\3a" +1+a’ +3) =0
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V3a® +1 —§a—l
Ta tim dugc nghiém kép a =1 nén sé tim dugc 2 bidu thiic lien hgp 1a . Khi dé tién

a’ +3—la——
2 2

hanh nhan lién hgp ta dugce.
230" 410" +3 ~(a+1)(V3a’ +1+a’ +3) =0

< 243a" +10a° +3 — 24 —4a—2—(a+1)(\/3a2+1—%a—%)—(a+1)(\/a2+3—%a—g]=0

- 8(a—1)"(a+1) ~ 3(e+1)(a=1)"  3(a+1)(a-1) L,
24/3a* +10a” +3 +2a° +4a+2 443a* +1+6a+2 4va*+3 +2a+6
a=1

= 8(a+1) 3(a+1) 3(a+1)

_ _ —0(*
W30t +100> +3+2a° +4a+2 443a> +1+6a+2 4a* +3+2a+6 )

Nhiém vu la sé di chiing minh phuong trinh (*) vo nghiém.

Dé v thay
3(a+1 2
1. 1_ ‘(a ) = 48a >0Vaz0.
2 430> +1+6a+2 (4 3a2+1+4)(8 3a2+1+12a+4)
3(a+1 2
9 1 (a+1) 48a >0Va>0.

2 4Ja>+3+2a+6 (4 a2+3+4a)(8 a2+3+4a+12)

3. Con lai ta cé.
8(a® +1
R |
030’ +10a” +3 +2a° +da+2 (2 3a2+10a2+3+2a2+4a+2)(6a2—4a+6+2 3a4+10a2+3)

(240” +24)(a-1)’ 0

Néen do d6 phuong trinh (*) vo nghieém.
Vay phuong trinh c6 nghiém z =1

Cau 44. Giai phuong trinh

41—z +\/2x—1 :3\/§
T

1-z

Giai
Cach 1.
Dau tién nhin thay bai nay c6 dang phan sé nén ta sé thit ding bat dang thitc Cauchy — Schwarz dang
- N a b (a+b)2
cong mau so Engel. Ta c6 bo dé sau. — +—2>-——"—.
Ty  T+y

Chiing minh. %Jrﬁ: ! (JZZJ?) (%I{LI  (art)

Yy T+y Jy T+y

Ap dung vao bai ta c6.

VT_VP:(2\/E)2+ (\/2:;;—1)2 Ao (2@4—\/233—1)2

wfime ()21 7 e (a4 (1-0) (20 1))
Ta cin chitng minh f(x)=(2m+\/2x—1)2—3\/§\/1—7x(:5+ (1-2)(2z-1))20.

~3J3
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3Bz -4 27249
2(2(1-2)(20-1) +2) 2(6+9731-x)
2(3V3V1=2 - 4)(6-+90y3T =z ) +2(27w+9) (21 - ) (20 -1) +2)
12 1-2)(20-1) +)(6+ 9231 )
364/3 (1-22)V1 -2 16227 +162z — 48+ 54a” + 18z + 4(272 +9),/(1-2) (22 -1)
42 1-2)(20-1) +)(6+ 92317 )
~1082” +1807 — 48 +[(1-2) (22— 1) (-36v3+22 —1 +4 (272 +9))
42 1=2)(22-1) +)(6+ 924312 )

bat g(ac) =

116642° + 5184
—108z% + 180z — 48 1-z)(2z-1
7 A=A (1) (20 ){36\/5\/2:5—“4(27%9)}

1(21-2)(22-1) +)(6+ 92431

Ta luon co. —108x2+180x—48=—12(3x—4)(3x—1)>0Vxe{é;l} Nen g(z)>0. Do d6 f(z)=0

. 2
Dau “="xay rakhi z = 3
Cach 2.
R 2
Bué6c dau tién bao gic cling la di tim nghiém. Ta dugc 1 nghiém z = 3

Kiém tra nghiém boi ta co.

4(1-a)1-z +a\22-1-3V3r(1-2) _

lim
ool 3r -2
3
o Ao - +x\/2x—21 ~3\3z(1-x) L0

2
= z= 3 la nghiém kép.

4(1—x)\/1—x +ar+b=0
N2z —-1+cx+d=0 ‘

27 — f +— 4f

Khi dé6 sé tim dugce 2 nhan t¥ 1a.

4(1—x)ﬂ+2f 10y

Phan tich nhan t timg cum 1 st dung cong thic chia 2 céan ta dugc.

L a(1-a T 2y 0 =[§m+§](3m_¢§f

) T ey W ()
9 54

Nhin vao 16 rang thay nhan tit thit 2 khong c¢6 cing dau véi bai toan do chita nghiém boi 3 nén ta sé
lam manh tay hon 1a phan tich nhan tit ca cum.

Tim nhan t1t tirng cum, gia s nhan tit ¢6 dang. {
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_3\/§x(1—x)—2\/§x+ 16£;/§ +2+2x—1 v6i hy vong cd cum dé sé luon duong. That vay ta dugc.

—3\/§x(1 —x) —2\/§x+ 16\/§ + 22 -1
(m_[j (2m+(9x 64)@}_0

Vay 16i giai la.

4(1—x)m+x\/2:1:_—1=3x/§x(1—:1:)
@¥(m—%2(w§m+1)+[¢—_£j [m—_ (92 - 4”5}0

>0

i f
N2z — \/_

| [\)

Dé thay VT >0 nén dau “=" x4y ra khi

Cach 3.
1. Tim nghiém. Phuong trinh c¢6 nghiém kép = =§

2. Tim nhan t chita nghiém. 2v1 -2 ++/2z -1 - \/g

3. Chia cén ta dugc két qua.

f(z) ~ +\/§($+2) — 3z-2
NI i i 31—z - 21 -z22 -1 > NoY .

9(x)
4. Déythay véi z e {%;1} thi g(x) < 0. Nén phuong trinh g(x) =0 vo nghiém!

Cach 4. Lién hgp

4(1-z)V1-2 + 220 -1 =3V3z(1-2)

= %ﬂ+§}(3m—«/§)2+5i4(3 2$—1—\/§)3+§(31 2)" =0
(3z-2) =0
o 12ﬂ+2f 4(3z-2) +£:o(*)

(3ﬂ+[) (3\/2m_—1+\/§)3 3

1. Déy thay.

4(32-2) 3_12(3$—2)+\/§(3\/2$—1+\/§)3> 36215

(3 20— 1+\/§)g 3 3(3\/23;—1+\/§)3 _3(3\/2x—1+\/§)3

2. Neén phuong trinh (*) vo nghiem.

2
3. Vay phuong trinh c6 nghiém z = 3

Cach 5. Lién hogp
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4(1-2)V1-2 + 220 -1 =33z(1-2)
®4(1_$)( 1—1 +§ _iJ x[\/2x—1—\/§m+§j+\/§(6x2—8x+§j=0

<4(1-2) _i(x_gf +z _3(%92 +6\/§($_2J2_0
mwg@_;ﬁj m+ﬁ(3x3-1) 5 =
_ng
< z-1 . .
f(x)=m+\/§(_j_\/%—_1+\/§[3a;3—1j+2«/§=0()
Nhan thay )
g(z ) ﬂw'[———j nghich bién tren{ ,1} nén g(x)Zg(l):?B

1
2
U($)=\/2x—1 +\/§£%j dong bién trén I:%,l} nén v(z)Zv(ljz—g

+ Khi d6 f(x)>$_31— —+23=0

B
6
Cach 6. Bat dang thiic.
=4/2 1
e Dt “ T a’+20° =1. Phuong trinh tré thanh. —+ 4b 5 :3\/5
b=+l-zx b @’ +b
e Taco.
4 AM-GM 4 4
2a2 2 = 2 3 za_ja_422 _22 fa
ab™b (a” +0* +0%) 10
— 27
27
16b" Ab—GM 16b" 16b"
> - = -
252(a2+b2)(a2+52) W +a?+at+b2+b0 ) (2)‘5
3 3
166>

S >108b" = 24be > 34/3.20"
a” +

-
(a2+b2)

e (Cong lai ta dugc VT >33 =VP.Dau“= ” xay ra khi a = b—ﬁzw—Q

Cau 45. Giai phuong trinh 105z +11202° +256 = 128,/ 1+x +128w[ 1 x

Giai

. 1+2>0
Diéu kién —>-1<z<1.
1-220

Nhan xét. Ta nhan xét thay néu thay x bdi —z thi phuong trinh khong thay déi. Suy ra ta chi can
x6t x €[0;1]. Xét ham s6. f()=105z" +11202° +256-128,|(1+z) —128/(1-z)’
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6
Ta co f'(x)_420I3+2240$128{ 1+x) 7(1 x) }

2\/1+x 2\/1 x

:>f'($)—420$3+2240z126[ T(1+2)  7(1-2) ]

2J(1+2)  2y(1-2)

:>f"(:1:)—1260:v2+2240448{ (Leo) | 50 m)}

2\/ 1+x 2\/ 1 x
= f"(z)=1260z" +2240—1120[\/(1+g;) + \/(1—95)' }
Mat khac theo AM — GM ta 6.

4 2
Jiva) = JTr v a) i) g\/(“““i”””] (1#’%) Y

Jo—a) =i (-a)1 SJF_Hl_ZH_HlT :(1—%T=%x2—%x+1
= J(1+2) +(1-2) 32(%3;2 +1j :1120[\/(“95)3 +\/(1—x)3}ﬁ2240(%x2 +1)

= —1120[\/(1 +z) + \/(1—:5)3 } > —2240(%:5? + 1) =-12602° —2240

= f"(z)=1260z" +2240—1120[\/(1+$)3 +\/(1—x)3:| >126027 +2240 —1260z* —2240 =0

Vay ham sb f'(x) = 4202" +224095—448[\/(1+35)5 +\/(1—x)5} dong bién v €[0;1]
:>f‘(ac)2f(0)=
Do f'(z)20 = f(z)=105z" +11202 +256 - 128,/(1+x) ~128,/(1~z)  ddng bién véi Va e[01]

= f(z)2 £(0)=0 =105z" +11202 +256—128\/(1+a:)7 —128\/(1—3;)7 >0 véi Vze[01].

Dau dang thic xay ra tai = =0.
Vay phuong trinh da cho c6 z =0 la nghiém.

Cau 46. Gidi phuong trinh 6422 —1+682-2 -77/(22-1)(2-7) =5

Giai
Do phuong trinh c6 nghiém kép nén ta dung phuong phap danh gia. Ta c6.
1. f(z)=6822-1+1+682-z +1-7](22-1)(2-2) -7
AM-GM
2. 632z-1+1 > 7{2x-

AM-GM

3. 632—x+1 > T7Y2—-xz

Do dé6 ta dugc.
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f(2)27Ra=1+732=2 ~T3f(20-1)(2-2) -7 =7 (Y201 +{2=2 - (20~ 1)(2-2) -1)

=7(Y20-1-1)(1-{2-2)= z(%/%;g(m)j

i=0 Jj=0

Y22-1>0

N

a
{\7/2—33 >0

, nén f(m) >(0.Dau“="xdyrakhi z=1.

Cau 47. Giai phuong trinh z+2 +3z—1+3/3z -5 =2%/32+26

Giai

Diéu kien. z > g Phuong trinh d& cho duge bién ddi vé phuong trinh sau.

Jz+2+3z-1+432-5-2332+26 =0

Xét ham s6 f(z)=vo+2+¥z-1+32-5-2%3z +26, v:ng.

1 1 3 6
+ + - :
Ne+2 gif(z-1) 4{(30-5) 53(30+26)
16
2 +2 5§/(3x +26)’

Dé xét dau biéu thic A thi ta can chuan quy vé mot can thic dé c6 thé tién loi so sanh va vi trong

Ta co f'(x)z

T6i day ta sé tim cach danh gia cho f '(z:) . Ta xét hieu A=

biéu thitc A chita cin bac hai va cian bac nam nén ta sé chuan quy vé cian bac mudi. Do d6 ta bién dbi
nhu sau.

P 6 _ 1{)/51“(3x+26)8 —1\0/12“’ (z+2)
2 +2  53f(30+26) 10Vz +2.3/(32 +26)"

Vay dé xét dau ctia A ta chi can xét dau ctia hieu 1{)/510 (Sx + 26)8 — 1\0/1210 (x + 2)

5

Ta co ng = 3x+26>31.

Lai c6 5 (32 +26) =5 (32 +26) (32 +26)’ >5" (32 +26)’ .31°
Tt d6 ta co 5 (32+26)° 2537 (v +12)’ .31 25"°.3° (2 +2)" .31° > 12" (2 +2)’

Do dé A>0= f'(z)>0. Vay ham s6 f(z) lién tuc va luon dong bién véi z e {g;-kooj.

Mait khac ta co f(2) =0 nén phuong trinh da cho c6 nghiém duy nhat z =2.

Cau 48. Giai phuong trinh /1 +2015z + 1 -2015z = Y1 +2016z + 1 —20162

Giai
Nhan thay néu z, 1a nghiem thi —z, ciing la nghiém, vay ta chi can xét phuong trinh trén tap s6 thuc
z2>0.

Xét ham s6. f(t)=4%1+2015¢ +¥1-2015¢ tren tap s thuc ¢ > 0.

Taco f1(1)= 2015 - 2015 _ = 7(1)
53/(1+2015t) 5§/(1—2015t)

_ 2015 i/(1—2015t)4 _\5/(1+2015t)4
’ ?/[(1+2015t)(1—2015t)]4
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2015 g/(1—2015t)4 —g/(1+2015t)4
5| {l(+2015)(1-20150)]

Ta di ching minh f’(t)

That vay khi ¢ >0, ta co.
4030t > ~4030¢ <> (2015¢)" +4030¢ +1> (2015¢)° — 4030t +1
& (1+2015¢)" 2 (1-2015t)° < (1+2015¢) —(1-2015¢)" 20
e[ (1+20150) +(1-2015¢)" | (1+2015¢)" ~(1-2015¢)" |20

& (1+2015¢)" —(1-2015t)' 20 < (1+2015¢)" 2 (1-2015¢)'

= gJ(1+2015¢)" = 3/(1-2015¢)"

f'(t): 2015 %/(1_2015t)4 —3/(14_2015”’1
5| {[(+20158)(1-20150)]

Vay ham s6. f(z)=~%1+2015¢ +%1-2015¢ nghich bién v6i moi ¢ > 0.

<0v6i Vi=0

Phuong trinh tuong duong véi. f(2015z)= f(2016z) < 2015z =2016z < z=0
Vay phuong trinh c¢6 nghiém duy nhéat x = 0.

Cau 49. Giai phuong trinh 2(|x|+2)=\/l+x3 +\/1—x3 +\/x2 +z+1 +\/ac2 —z+1

Giai
Ta nhan thay néu thay x béi —z thi phuong trinh khong thay ddi. Suy ra ta chi can xét 2 >0. Ta lai
chii § dén hing déng thitc da nhic dén & cac vi du trude 1a

V1+2® +41-2" = 2(1-{-'\/1—:1}6 ) <2 dang thitc xay ra khi z =0.

Dén day ta chi can chitng minh 2 +2>2 —z+1+Va’ +z+1 véi 2>0.

That vay, binh phuong hai vé lén ta dugc

Az +8$+422x2+2+2\/($2—z+1)(:ﬁ2+$+1) a(\/ﬁ +$+1—\/x2—$+1)2 +82>0.

Diang thitc xay ra khi =0. Vay z=0 la nghiém ctia phuong trinh da cho.

Cau 50. Gii phuong trinh v22° -2z +1 +\/2x2 —(\/5—1):5+1 +\/231;2 +(\/§+1)x+1 — 3

Giai
Nhin dang nay ta sé diing bat ddng thiic vector. Cho 2 vector ;)(x;y) va &(a;b) , khi do ta co.

‘U‘-F‘U‘Z‘Z[,-F{)‘@\/LEQ-}-ZUQ +\/a2 +b 2\/(x+a)2+(y+b)2

P z . LR A P
Dau “="xay ra khi — = % . Ngoai ra c6 thé mé rong cho 3 vector, thém a(m;n) .
a

‘&‘+‘5‘+‘&‘2‘&+5+&‘©\/a¢2 +y? +a’ +b +Im? +n’ 2\/(x+a+m)2+(y+b+n)2

Bay gid van dé 14 phan tich cac biéu thitc trong can thanh cac tong binh phuong nhu thé nao dé cé thé
ap dung bat déng thic tren duge. Ta co.

1. \/2x2 —2z+1 :\/x2 +2°—2r+1 :\[xQ +(£c—1)2
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2. \/QxQ—(\/g—l)a:+12\/($+%]2+1’2—$ 3+2: (x+%j2+[§—xf

2 2
3. \/2x2 +(\/§+1)x+1 =\/:p2 +r+l+a’+243 = (“%j +£x+§J
Dén day néu 4p dung bat ding thiic trén ta sé dugc.

2
VTZ\/(x+:c+%+x+%j +(:1c—1+:r;+:c)2 =182 +2

Dé thay 18z° +2 chua phai luon 16n hon 3, vé6i lai hiay dé y diém roi cia bat déng thitc n6 khong

phaila =0 nén ta da danh gia sai. Dé danh gia ding hay dé ¥ néu ta ap dung cho 2 can & sau thi

diém roi la =0, nén ta sé xit 2 can ding sau trudc, ta dugc.

2 2 2 2
(m+1] +(§—xj + [m+%] +(m+§} 2\/4x2+4x+42\/x2+4$+4=|3:+2|

2

. R . 3 . 2 ez
Chu y. Néu ban dau ta viét 14 £ ——— thi diém rai lic nay ciing khong phai la £ =0 nén dé diém roi

2 2
la =0 thi ta phai d6i (:c—?} e[ﬁ—xJ .

2
Con lai dé xuat hién s6 3 ta can phai bién ddi cin con lai, ta dudgc.

\/2352 —2x+1 :\/x2 +2*-2z+1 :\/$2 +(m—1)2 :\/:cz +(1—x)2 2|1—:c|

Vay VT 2|z +2|+[1-2|23=VP

Déu “=" x4y rakhi z=0.

Cau 51. Giai phuong trinh 1/2(332 —4x+5) +3%x. , /x3 +§ =42—x
x

Giai
Ap dung bét ddng thiic AM — GM ta dugc.

f - ; 2— 1 f
1/2(:152—4:1c+5)+—3 x-,/:p5+§: [2((2—z)2+1)+—( o)+ -‘/95“+l+l+l
2 T 2 T T T
AM-GM .‘[ —
> 2\/2—x+2 22 x-\/4-4x3-l-l-l:4 2—x

Vay VI'>VP.Dau“="xayrakhi z=1.

1

1 1
+ =
1+Vz2+32+1 14422 —3z+1 z2+1

Cau 52. Giai phuong trinh

Giai
Ap dung bt déng thiic AM — GM ta c6.
1 4

1
+ >
14422 +32+1 14v2°—32+1 2422 +3z+1+422 =3z +1

9. Ni2+3z+1+V12—3z+1 34/2(2352 +2) =2y2" +1

1.
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2 2
2 1 z +1-1 _ T >0

3. - =
Jit+1+1 2’ +1 \/x2+1(\/x2+1+1) «/x2+1(\/3j2+1+1)2

Vay VT > VP . Dau “=" x4y ra khi va chi khi 2 =0.

Cau 53. Giai phuong trinh 7° —2° —6x+4+2v2° —2+1=0

Giai
Dau tién ta diing tiép tuyén thi sé tim duge danh gid 1a 24z’ —z+1>52-3.

e Néuzx< g thi bat ding thic dung.

. NéungthiQ ' —z+1252-3 < (z-1) (42" +82° +122° +162-5)20.
Dé thay bat ding thitc cudi ding nén ta dugc
o' —2’ —6x+4+2 xﬁ—x+12934—$3—6x+4+5x—3:(x—1)2(x2+x+1)=VP

Vay bai toan da dugc gidi quyét!

Cau 54. Giai phuong trinh \/.1,‘9 —2z+2 +\/:178 —z+1 = (2—1})(1’3 + 227 +2x—3)
Nguyén Minh Tuan

Giai
Nz’ —2z+2 Zz:z:—§

2 2
Vo' —z+1 Zgz—§

2

Phuong trinh nay c6 nghiém la x =1 nén ta sé c6 2 danh gia

. 5)
Neu z < ? thi 2 danh gia la dang.

Néu z > g thi ta dugc.

1 V2'-z+1 2%x—%©(z—1)2(4x6+8x5 +12z" +162° +202° +242-21)> 0
2. a2’ -2z+2 zgx—g@(:c—lf(zlx?+8x6+12x5 +162" +202° + 242" +282-17) > 0

VI JU. ol e o ]202°+242-21>0
Dé thay rang v6i > — thi duong nhién 2 bat dang thitc ludn diang vi ) .
7 242" +28x—-17>0

Vay VT -VP > (z-1) (z+1) 20.

Déu “="xay rakhi z=1.

22(1+2422-1)
(e +1)(1+(20-1)V22-1)

=2

Cau 55. Giai phuong trinh

Nguyén Minh Tuin

Giai

D 4=~z ok N (b2+1)(1+0,2b) o
at bzmt 1 phuong trinh tré than (aQ—a+1)(1+b3)_
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Ta c6 bé dé. (a+1)(b+1)(c+1)> (1+2/%)3 - Pé chitng minh & bai tren.
Ap dung ta co.
(1+a”)(1+a)(1+0") = (1+0® )3
(1+1)(1+1)(a* +1)2 (1 +a)
(1+1)(140%)(140%) 2 (1+8°)

Nhan vé theo vé ta dudgc.
3 3
8(1+a3)3 (1+b3)3 Z(1+a2b)3 (1+a):3(1+b2)3 - (1+a2b) (1—!—@)3 (1+b2)
(1+a3)3(1+b3)3

<2

<8

- (1+a2b)(1+a)(1+b2) cre (1+a2b)(1+b2)
(a3 +1)(b3 +1) (az —a+1)(b3 +1)

Vay bai toan da dugc gidi quyét!

2
28z -3 9
Cau 56. Gii phuong trinh (1 +z+6 )(1 + 1+ = 256.
Jz+6 4282 -3

Nguyén Minh Tuan

Giai
Cach 1. Bat déng thiic Holder.
L : L1z, az a=~z+6
Nhin thay dang tich lai nghi dén bat dang thic Holder. D&t , phuong trinh tré thanh
b=+28x—-3

(1+a)[1+%j(1+%]2=256.

Ap dung hé qué ciia bit déng thic Holder cho 4 day s6.

(a+1)(b+1)(c+1)(d+1)2 1+ Yabed )

Ta dugc. (a+1)(1+%j(1+%}(1+%}2[1+4 a-g-%-%f =256=VP

Dau "=" xadyrakhi a=3;p=9=2=3.
Cach 2. Bat déng thic AM — GM.
Theo AM — GM ta c6.

) e R O S RO CE RIS )

(\/5+1)2(1+%J2 =(\/B+jg+1+9j [ ﬂﬂof 256

Vay VI'>VP.Dau "=" xadyrakhi z=3.
Cach 3. Bat ding thitc Cauchy — Schwarz.

b 9 Cauchy—Schwarz 2 9
Taco (1+a)|1+=|1+-=| > (Vo+1)|1+-=|>256.
et ) [

Vay VT >VP.Dau "=" xadyrakhi z=3.
Cach 4.
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Cht ¥ ring ta luon c6 ding thic sau.

ofo oo ol ] (-] (03]

Ap dung luon vao bai thi ta dugc

(1+M)(1+ MJ(H ) T — 256

Nz +6 28z -3
2 4 2 9
3 3 28z -3 9
=32 ——\8/28;5—3) +[——MJ +| 1 ~Yz+6 [1+—j >0
(\/3 281 -3 282 -3 T+6 48y —3
Dau "=" xadyrakhi z=3.
2

Cau 57. Giai phuong trinh ! + 1 _ 4/2—:5_4’35—1 =

\/2—x \/x—l z—1 2—z

Nguyén Minh Tuin
Giai

Diéu kien

bat “= :>a +0* =1, phu’dngtrmhtrdthanh +—— \/:—\/7
b=+z-1

(]

a b b a
<:>a+b+2ab22\/§ab+1

<:>a+b+(a+b)2—12\/§(a+b)2+1—\/§
& (1-+2)(a+b-+2)(a+b-1)20

Do a*+b* =1=(a+b)e [1; \/5] . Vay bat déng thtc cudi dang.

Déau "=" x4y ra khi azbzng.

2(\4/E+\4/3—_x)_1+\/xj+m
Je-143-z  if(z-1)(3-2)

Cau 58. Giai phuong trinh 1+

Nguyén Minh Tuan

Giai
Bién doi phuong trinh dau tuong duong
2(Wo-1+B-2) 1. 1430
N -
Ve-1+\3-2  if(z-1)(3-x)

e (Ve-1+B-z)fz-1)3-2)+2(Yr-1+B-z)fz-1)(3-2)

:(\/x+1 +\/3—$)+(x/w+1+x/3—m)2
Ap dung bat ding thic AM — GM ta c6
(Vo1 +\/3—$)2 § 2(Vz-1+3-2){f(z-1)(3-z)

2 a 2
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:1:—1)(3—m)+(\/z—1 +\/3—117)2

2

(m;@) (T )

>2(Yz-1+3-2){(z-1)(3-z) .

Cong 2 vé ta dugc VT <VP.Dau "=" xdyrakhi z=3.

r—2 3—x

2 2
Cau 59. Giii phuong trinh (1+\/3—x)2{1+ ! }+(1+\/x—2)2{1+ 1 }:17+2\/§.

Nguyén Minh Tuan

Giai
Ap dung bat dang thiic Cauchy — Schwarz ta c6

(1+\/ﬂ)2{1+ L T+(1+\/xf2)2[1+ ! T

N 3_ 2
S [ e

Cach 1. Phan tich nhan ta.

%{(H\/ﬂ){u

\/;fg}(“m){ﬂ ! H2217+12\/§

@{(H\/g—_x)[nL}(H\/E)[H L H >34+ 242

2
1 1 N3-z Ax-2
= + +y3—z+z -2+ + +2| 234+2442
l:\/3—x Nz -2 r—2 +3-=z }

<:>_ 31_x+\/3—7x—¥—g+ x1_2+M+$;/§—11f+\/%+\/\/g+2+3\/ﬂ2234+24\/§
o (2\/E—\/§)2( 2(3—1‘)+4)+(2\/.%‘T2—\/§)2( 2(x_2)+4)+jﬂ+ T—2 +2+3J2 | 23442442

83—z 81 —2 J3-

\V]
8

T —

Bai toan sé dudc giai quyét néu ta ching minh dugc.

{ﬁ+jf+2+3\/§} >34+2442

That khong may la.

Vay bai toan da dudc giai quyét!

Dau “=" x4y ra khi z = 3

Cach 2. Bat ding thiic.

=3- 2
Dat {* $:>a2+b2=1,tadich1’1’ngminhl(1+a){1+1}+(1+b){1+1} >VP | that vay ta c6
b=+z—-2 2 b a
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%:(1+a)[1 +ﬂ+(1+b)[l+éﬂ2
1,1

\V4
(98]
=)
w
N
<
> +
(98]
fwyl
w
NN
+
1
>
+
s} (=l
| |
[\
|
V
(@)}
=
o
[ \V]
| S
+
W

2
6 ? 6
2 ol — 2 49 =2(17+12J§)
§164ab } — [+ 0
- 165
2

Vay bai toan da dugc gidi quyét!

1 2 Maea) o

Cau 60. Giai phuong trinh — + +

B A=F (\/;_'_my

Nguyén Minh Tuan

Giai
Bién doi phuong trinh tuong duong
11 2(\/;+\/E)4—64_ 1 1 64 ~
4 + - =0 S+ S +2- =0
N T
1 1 4 32[(*/5)2+( 2‘”)1
o + + =

Laico

() (= ) ( o) +(V2=e)

I (G R I 0 [ )
(V) (V=) [(ﬁ) ()| () () [ (o)

Theo bt dang thitic Cauchy — Schwarz ta co.

i ) (V7 ++27)
sV (Ve | (Vo) +(V2a) | 2V (Ve | (V) (2 |
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Ta sé chtiing minh

(Jwﬂy 52| (V) +(J_ ]
2(Ve) (Vo= | (V) ﬂﬂ (
o (o oz 20a(V7) (Va2 (V) +(v2=a) |
o (Vo 42=z) 28| (Vo) +(V2=z) a2 s) & (Vo -2z 20

Vay VI'>VP.Dau "=" xadyrakhi z=1.

oy
+
ﬂ
8
—=

Cau 61. Giai phuong trinh
(4x+7+2\/8x+7)(4x+5+2\/x?) - 2(4\/3:?“)(2\/8“7 +1)

Nguyén Minh Tuan

Giai
Ta co

(4x+7+2M)(4x+5+2ﬂ) (4\/ﬁ+1)(2m+1)
2 r+7 3 |[8x+7 r+7 1
QL(M)J 4 +4]( AN R e j( 4 +§J

Chu y ring.

2
. (Vaﬁl—%j 20<:>( x+1)2+12 x+1©(\/x+1)2+4/8xz7+%2\/E+ 8:v;7+1

4 5
8z+7 1) 8z+7) 1. [Sz+7 8247 ) 3 3
T + €T + €T + T+ Tx+7
-— | & +—2 = +Nz+1+—2 ++z 1+—
( A 2) ( 1 } 1 \/ 1 N 4 J Ty

2
Do do VTZ[\/$+1+ 8$;7 +%J . Ma theo AM — GM ta luén c6

2
(2\/x+1+2 /8‘”’34+7+1J )
(2\/x+1+%j[2 8I+7+1J$ =(\/x+1+‘/%+%l <vT

4 2 4
Déau "=" xay rakhi Vz+1= 8x;7 :—%.
- he . 1 ac\/;
Cau 62. Giai phuong trinh -+ (2x 1) + N2z —
43 (\/2$ -1 )
Nguyén Minh Tuan
Giai
Ap dung bat ding thic AM — GM ta c6
3
1 3 (\/5 ) 3z

+1+12—=——+1+12—

G ey R

. (\/2:,;7_) +1+1>3\/T\/_ \/%ﬂm 1>3.
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1 Nz 1z
Cong lai ta duge VT'+6>3 + N2z — + N2z-1=VP.
{\/_ N2x — } \/_ N2z -

Vay dau "=" x4y ra khi \/_=\/2x—1=1<:>x=1.

Cau 63. Giai phuong trinh ¥z’ +z+1Vl—z +3z’ —z+1Jz+1=2" +2

Giai
Ap dung bat ddng thiic AM — GM ta c6 ngay
VT=§/($2+:E+1)3(1—$)2+‘\3/(x2—x+1)3(:p+1)2
2 _ 2 _
S3(ac +z+1)+2(1-2)+1 3(2" —z+1)+2(x+1)+1

- =2’ +2
6 6

Déau "=" xay rakhi z=0.

/ 2 +4z+1)
Cau 64. Giai phuong trinh /3 -2z +,[3 - % =1+ (16—4)
%) i

Giai

\J3-22% <2-2°
Diéu kién. x{——G-i} {*/_ [} .

273 3

T do suy ra

(¢ +42+1) 1 (e+1)’ (o +140° +872" +1162° +874" + 14z +1)
VP-VT>3 — L 13?1 — 3= -
162 T 16z”
Laic6 2° +142° + 87z +1162° +872° + 14z +1
:x4(x2+14x+16)+71x2(x+§j LB e i ovae —6;£ U ﬁ;@
71 71 23 372

Vay VP>VT.Dau "=" xay rakhi z=-1.

Cau 65. Gidi phuong trinh Vo —1+2-3=[2(z-3) +2z-2

Giai
ﬁz(m 3\/7) H «/ +:v 1
{)z(l;l) ‘ ‘_
wo<|uf Jo] = VE—1+(z-3)<y2(z-3) +20-2

Vay VT <VP . Ding thitc xay ra khi hai vecto ﬁ,{) cung phuong véi nhau. Ticla £ =5

. Theo bat ding thtic vecto ta co.

\/_ =vz+9
e )

Cau 66. Giai phuong trinh

Giai
Theo béat dang thitic Cauchy — Schwarz ta co.

[} IJ {f;+ ErE ] J

(x+9)(

L j:x+9=(\/m>2=wﬂ

x+1 z+1
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Péng thitc xay ra khi va chi khi 22 _Nesl g el L
Jr+1l \/; T
Nr+1
~ < 1 1 1
Cau 67. Giai phuong trinh 2x=\/3+§\/3+§,/3+§\/x+3
Giai

1
2r=,[3+=/3+a
- 1 1 o L1 N 2
bat a=—,[3+—=+z+3 . Khi d6 ta c6 hé phuong trinh.
2 2 1
20 = 3+§J3+x

Gia st xZa:>2x22a:>\/3+%x/3+a 2\/3+%\/3+x -Ma f(t)= 3+% 3+t la ham dong bién trén

1
(0;+oo) nénsuyra a=2r=a=1x=2r= 3+§\/x+3

20 =+3+b
Dat bzl\/x+3 ta c6 hé phuong trinh .
2 20 =~/3+z
z=1
Giastt t2b=>+3+b2\3+zx=>b>z=b=x.Hay 2z=vz+3 & 3
ﬂ?:—z(KTM)

Vay phuong trinh c6 nghiém duy nhat z=1.

Cau 68. Giai phuong trinh 24\‘/27:52 +24z + 2—38 =1+ \/%m +6

Giai
Phuong trinh tuwong duong.

2

Dat 9z +4 = y(y > 0) . Khi d6 phuong trinh tré thanh.

2 2
Y 3y y 3y
20=—+4 =1+, <2,[—+4=1+—=+,/6
V'3 V2 T3 o VY
Theo AM — GM ta c6.

2 9 ) . 2
\/@36’%34,/%% 32y+4@4£%+4]s(y+2)2©(y 6) S0

3

. 2
Vay diang thitc xdy ra khi va chi khi y=6 <z = s

Cau 69. Gidi phuong trinh ¥1+z+¥1-z+¥1+32+¥1-32 =2(%+2x +§/1—2x)

Giai
N 1+322>20
Diéu kién v @—lﬁxél
1-3220 3 3

Ap dung bat dang thitc Cauchy — Schwarz ta co.
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Vi+z+1+30 < 2(1+2+1+32) =21 +22

Vi—z+1-32<\[2(1-2+1-32) =21-22

Tiép tuc 4p dung bat déng thic Cauchy — Schwarz va két hop (1) ta co.

Jl+z+3Y1+32 S\/Q(\/1+m+\/1+3a:) <241+22
=z +i1-32 s\/Q(«/l—a: +1=32) <2122
Tiép tuc 4p dung bat déng thic Cauchy — Schwarz va két hop (2) ta co.

WN+2+31+3z S\/2(3/1+x+€/1+3a:)£2§/1+2z
Sh—z+31-3z s\/Q(%/l—a: +%/1—3a:)32§/1—2x

s+z+¥1—z+¥1+3z +¥1-3z 32(ﬂ1+2x +é/1—2x)

(3)

Vite _J1+3z Ji-o _J1-3¢

1 1 1 1
Vay phuong trinh tuong duong véi. J 1+$ =\/ Jer:I: v\/ 1 z :\/ 13I =z=0 (4)

Vite _N1+3z Ni-o _¥1-3s
1 1 1 1

Tém lai phuong trinh ¢6 nghiém duy nhat z =0.
Nhan xét. Véi cach chitng minh trén ta c6 thé tong quat bai toin trén thanh

Q/1+x+Q/1—x+Q/1+3x+ﬁ/1—3x=2(3/1+2x+ﬁ/1—2x), n=2k, keN, k chin.

32

Cau 70. Giai phuong trinh \/x2 +z+1 —\/x2 —z+1 -4z’ td=——"-—
552(2:1:(Z +3)

Giai
) 32 1, . 64
Ta cb. 4.’52 +m=5{41‘2 +(2I2 +3)+(2$2 +3)+ :L.Q (2$2 +3)J_3

2 1 4
Theo AM — GM ta c6. 42 +3—22— . 4:102(2:32 +3)2.6—2 -3=5
7’ (2x2 +3) 2 7’ (2302 +3)
Tu d6 suy ra 4z” +L2—425—4=1
7’ (23v2 +3)
Xét bat phuong trinh.

rr+l-Nzt-z+1 <1<:>\/I2+JJ+1<1+\/$2—J)+1<:>2$—1<2 2—z+1
. 1 .
e Neéu 2$—1<0<:>x<§. Bat phuong trinh luén dang.

e Néu 2z-1>0, bat phuong trinh lic nay tuong duong véi .
4z° —4gc+1<4(9c2 —x+1)<:>1<4

Vay VI' <1<VP do d6 phuong trinh v nghiém!

Cau 71. Giai phuong trinh 2° +4 =2z +4 +2Jz" -4
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Giai
Theo AM — GM ta c6. ' +4 >4z’
Theo bat déng thitc Cauchy — Schwarz ta co.

W' +4+2z" —4 S\/2(4(a:4 +4)+4(a* —4)) = 4z°

T d6 suy ra phuong trinh vo nghiém!

Cau 72. Giai phuong trinh a? —z+19 +72% + 8z +13 +V132 + 172 +7 =33 (2 +2)

Giai
Ta co.

2
1. Nz°—z+19 = (x—%j +18%218%

2. Ta* +82+13=(20-1) +3(z +2) 23(z +2)’

2 2 9
3. 132° +17z+7= (2:13;1) + 3(45544‘3) S 3(4x4+ 3)

Thé vao phuong trinh dau ta sé duge VT > VP . Dau “=" x4y rakhi z = % )

Cau 73. Giai phuong trinh __% =1

a? (a: + 5)2

Giai
Dat x+5=y(y¢0) taco 2’ =(y—5)2 =y° —10y +25
Phuong trinh tré thanh.
25

2
y4—10y3+39y2—250y+625:0<:>£y2 0 5J 10[
y Y

j+38 0(1)

bat z=y+§:>|z|= y+§ >10. Phuong trinh (1) trg thanh. 2° -10z2-11=0=2=11.
Y )
+
Thay z=11:>y+§=11:>:p=1_;/i
Y

Cau 74. Giai phuong trinh 41+ z +é<‘/1+3x =%i‘/1—:1: +%4/1+2x +ix+%

Giai

1

Diéu kién xe{—% 1}
)=l+z+= J1+3x——J1 :E——x/l—i—?m—im—g

Xét ham s6. f(z

3 21
4\/1+x 24\/1+3:1: 8\/193 8y(1+20) 4

Ap dung bat ding thitc trung binh liiy thita ta cé.

i/{‘/(ler)S + sy Jd(lmf furs) o

2 2
= ¢/(1 +z) + %/(1 +3z)’ < 23/(1 +2z) =

Ta co f' x =

1 1
>

ey wifiesn 2yl
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Mat khac ta co. 1 + 1 > 4

é/(1+x)3 \4/(1+3x)3 %/(1_,_3:)3 +§L/(1+3$)3

SN S ————

Ja+a)  Ja+se)  yY(1+22)

Ja+a) =yf1+o)(1+a)(1+2).1 s“““i””” =1+%x
#KLﬂﬂg=dﬂ—xX1—mxl—x)1S1_$+1_Z+1_$+1=1—%§

Mat khéc ta cob.

= ey sy <2 > —t——27
{ { Ja+a) +y+30) 2
s : _>2 (2)
Joroy Ju-oy Javay +ifi-oy
Tir (1) va (2) ta c6. ——= _+ ! . 1 > 2 e
f/(1+a:) {‘/(1+3x) {‘/(1—37) {/(1+2x)
N 1 N 3 N 1 ~ ) _120
wa+a) 24y(1+30) 8Y(1-2) s(+20) 4
! 3 1 2 1

+ - —2>0

SR S LAY TR A R CHE

. . . 1
Vay ham so f(a:) lién tuc va don diéu tang trén tap so thuc z € [—5;1} .

Mat khac ta c6 f(O) =0, vay phuong trinh c6 nghiém duy nhat z =0.

co.

Loi giai trén nhic dén bat ding thiic trung binh liy thira, ta c6 thé hiéu & day 1a chitng minh

#03 ;rbs Si/a4 ;rb4 <:>(a3 +l)3)4 32(c14‘+b4)3 <:>(a2 +l)2)2 S2(a4+b4)

luén ding theo Cauchy — Schwarz.

10 10

Cau 75. Giai phuong trinh 2[x—2+ 4 ]erw +y'0 = 4(1 + 2y’ )2 -10
Y

2
T

Giai
Ap dung bt déng thitic AM — GM cho 4 s6 duong ta c6.

10 10 10 10 10 10
x_2+y_2+1+124_4fx 2.y2 =dz%y? :2[95—2+y—2+2]28x2y2
Y T .y Y T

204y +1+1>42" " =4y’

10 10
T Y 16 16 4 4 2 9
:2(—2+?+2j+x +y +224z'y +827y

10 10
:2(2—2+Z—2j+x16 +y'° 24(1+x2y2)2 -10

Déng thitc xay ra khi va chi khi 2° =¢* =1 < |x| = |y| =1
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Cau 76. Giai phuong trinh \/—4x4y2 +162°y +9 — \/x2y2 -2y = 2(x2 + %J(w > 0)
55

Giai
Vi y=0 thi phuong trinh vo nghiém

Véi y#0.DK. x> \/5;—% <z’y< 9 . Khi d6 phuong trinh tuong duong véi.

2 2
Theo AM — GM ta co. I—+i221; 37 2§(:z:2\/§):>2 z2+i2 >5
4 =z 2 x

4

| (2ety-4) <5 /
Dé y thay . Nén phuong trinh ¢6 nghiém duy nhat z = 2 =1

yz(xz—Q)Z()

Cau 77. Giai phuong trinh z° +32* + 241+ 7 +44/(1+22)" =24z +12J1 -2 +16

Giai
1-220
Pibukien {14220 ©-r<r<l (*)
1+2220

Xét ham sb f(z)=2"+32% +24\1+ 2 +44/(1+22)" —242-121-2 ~16
12 6 6
+ 24+ —
Nl+z Y1+2z Nl-z

Mat khac theo AM — GM ta co.

Ta co f'($)=3m2 + 6z +

1 1 1 1 6
1+ 22+ + + + >H =3r+ >6 (1
N+20 Y1+22 N+20 N+22 +22 1)
1 1 6
1+x+ + >3 =3z + >6 (2
NJi+z Al+z J1+z ( )
Mat khéc ta lai c6. 6 + 6 > 24 2%=12 (3)
Ji+z -z Jl+z+41-2 2
. . ) 12 6 6
Tu (1), (2) va (3) taco. 6z + + + >6+6+12=24
Ji+z N+22 J1-2
SN W L B B!
Ji+z Y1+22 J1-=z

6

12 6 1
+ —-24+ >0 Vze|——;1
Nl+z Y1+2z J1-z ( 2 )

Vay ham s6 f(z) lien tuc va don diéu tang trén tap sb thuc z e (—%;1) )

= f'(z)=32" +6z+

Khi z=1, thay vao phuong trinh ta thiy khong théa man, vay x=1 khong phai 1a nghiém cta
phuong trinh.

Khi 0<z <1 taco f(x) > f(()) =0, vay phuong trinh f(x) =0 vo nghiém.

Khi z =0, thay vao phuong trinh thiy dang nghiém, vay = =0 13 mot nghiém ctia phuong trinh.

Khi —% <z <0 thitaco f(m) < f(O) =0, vay phuong trinh f(:B) =0 vo6 nghiém.
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1 . 1
Khi z= -3 thay vao phuong trinh thay khong théa mén, vay z = -3 khong la nghiém ctia phuong

trinh.
Két hop véi dieu klen ta c6 x =0 la nghiém duy nhat ctia phuong trinh.

Cau 78. Giai phuong trinh 4,f—+x+4,l——x+a/ ——g; =3

Giai
Diéu kien. xe[—l,ﬁ}
2°2
2
Theo AM — GM ta co. l+3L“ §—x Sl l+9L“+§—m <l=>5 l+ac §—x <1
2 2 4\ 2 2 2 2

Theo Cauchy — Shwarz ta c6.

el -

Vay VT <VP. Do d6 phuong trinh c6 nghiém duy nhat z = 5

2
Cau 79. Gidi phuong trinh | [ 1z | =9l ——% 4 |-% |41
l1-z Jr+1+1 V1-z

Giai
Diéu kien. z €[0;1]
Phuong trinh dau tuong duong.

+1
$+1+x+2 QIZ((E ):2 xT + T 1
1-xz 1-z \/a:+1+1 1-2z

Srtli—— 12 (x+1)

x
=2
1-z [\/FH —xJ
2
SN+l + ° -2 \/x+1+‘f A L -1=0
1-z 1-z 1-z
2
SNz +1+ L1l +—2=0
1-z 1-z

Do xe[()l] nén VT >0.Dau “="xay rakhi x=0

Cau 80. Giai phuong trinh

V142013 ++/1-2013z = (1+20142)+1- 2014z +(1- 2014z )v/1+2014z

Giai
Ta co.

1. VT* = (J1+2013x ++/1- 2013:5) > 4,[1-(2013z)"

2. 2% 20=(2014z) > (2013z)’ =1~ (2014z)" <1-(2013z)"

= 4\/1 ~(2013z)’ > 4\/1 ~(20142)" = VT? 2 4,1 (2014z)’

3. VP* =((1-2014z)/1+2014z +(1+2014z)1-2014z )2
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= VP <2((1-2014z)’ (1+2014z) + (1-2014z)(1+2014z)’)

=a+b=2
b=1+2014z

Ta sé di chitng minh. VP? S4\/Ec> 2(aQb+abz)S4\/E:>2ab(a+b)s4\/g
:4abs4\/£:>ﬂ(1—ﬂ)zo

Talai ¢6. Nab>0=1-+/ab>0=ab <1
Bét dang thtic trén luon dang do 2=a+b>2Jab = Jab<1
Vay déng thiic x4y ra khi z=0.

{a =1-2014z
Dit

Cau 81. Gidi phuong trinh 102* +16,/(1-z)’ +5m=§x2 +164/(1+z)

Giai
Cach 1.
Diéu kién z =0 . Phuong trinh da cho tuong duong véi.

202" — 454 +10x+32\/(1—x)5 —32\/(1+w)5 =0

Xét f(r)=202" — 452> +1Ox+32\/(1—x)5 —32\/(1+x)5

Suy ra f'(z) =1O[(6x2 —9x+1)—8[\/(1—g;)3 +y(1+ay ﬂ

Ta sé ching minh f'(a:)<0 v6i —1 <z <1. That vay

Vi 0<2” <1 nén theo bat ding thiic AM — GM va so sanh lily thita ta co

8(\/(1 —2) +y(1+2) ) >164)(1-4*) 216(1-2*)

Nhut vay ta chi cin chitng minh 16(1-2")> 62" -9z +1 < 222" -9z -15<0(*)

Bét déng thiic (*) luon ding v6i ~1<z<1. Do d6 f(z) nghich bién tren [-1;1].
Mat khac f (O) =0 nén z =0 la nghiém duy nhat ctia phuong trinh.

Cach 2.
Diéu kién —1 <z <1. Phuong trinh da cho dugc viét lai dudi dang.

202" +32(1-2) V1-2 +100 =452 +32(1+2) 1+
Truong hgp 1 0<z<1.
Taco V1-a <1 nen VT <202° +32(1-z) +10 (1) va 1</1+2
Nen 452% +32(1+2) <VP (2)
Ta chiing minh 202° +32(1-z)’ +10z <452° +32(1+z)" (3)
Bét dang thiic nay tuong duong véi
200" +32(2" =2z +1)+102 <452° +32(a* + 22 +1)
& z(202° —452-118)<0 (dimg, do 0<z<1).
Cong theo vé cic bat dng thic (1), (2) va (3) ta duge VT <VP,

Déng thiic xay ra <> z=0.
Truong hgp 2. -1<z2<0

Taco V1-2 21 nen VI 2202° +32(1-z) +10z (4)
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Va 12+1+z nen 452> +32(1+z) 2 VP (5)

Ta tiép tuc chitng minh 20z° + 32(1 - 15)2 +102 > 452% + 32(1 + x)2 (6)

Bat déng thitc nay tuong duong voi 20a° +32(2” =2z +1)+ 10z 2 452° +32(a” + 22 +1)
& 2(202° —452-118)20 (dimg, do ~1<2<0).

Cong theo vé cac bat déng thic (4), (5) va (6) ta duge VT >VP, dang thic xdy ra <> z=0. Vay
z =0 la nghiem duy nhat ctia phuong trinh.

Cach 3.

Tap xac dinh. -1<z<1.

Khi z=1, thay vao phuong trinh ta thay khong théa man, vay z=1 khong la nghiém ctia phuong
trinh.

Khi z =-1, thay vao phuong trinh ta thay khong théa man, vay = =-1 khong 1 nghiém ctia phuong
trinh. Khi -1<2<1

Xét ham s6 f(x)=10z" +16/(1-z) +5x—4—25:c2—16 (1+z)

Ta co

o ['(z)=307"-16———= (o) +5—452 - 16 ———= (o) = 302" —40y(1-2)" +5—452 - 40./1+x

2 (1 z) 1/(1+gc)
2

o ["(2)=60+40———==-45-40———— 31+ 0) =60z +60v1—z — 456041+ x
1/1 ac 1/1+x
30 30 1 1

o fM(2)=60-——=—=-—F=—= =30| 2-————F—

f (x) N4z -z ( N1+z \ll—xj

Mat khac theo AM — GM ta ¢o.

J+z=J1(1+z sl+1+x=1+
Ji(1+z)

x
2
JI—z=1.(1-z) “; T=1-7(2)

Cong cac vé clia cac bat déng thic (1) va (2) lai ta dugc.

Vi+z+yl-z £1+g+1—g=2

Mat khac ta lai co. 1 + ! > 4 >2.

Ji+z -z Jl+z+1-2

Vay ta cé. f"'(m)zSO(?— ! L

= f"(2)< f"(1)=60-45-602 <0
= f'(2) < f'(1)=30+5-45- 402 =—40v2 <0
Vay ham s6 f(z) nghich bién tren tap z e(-11), mat khac ta thay f(0)=0, vay phuong trinh c6

JS 0, Vz e (—1;1)

nghiém duy nhat z =0.

Cau 82. Giai phuong trinh Yo+i2-2= 4/4;91: +4 2;x

Giai
Didu kién. 0<z <2
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a=r;b=42-2

Cach 1. Dit \/4_x \/2”
c=4 d=4

’ 3
Vaytaco a' +b' =c' +d' va 0<ab<cd (*)
Thay viao phuong trinh ta dudc a+b=c+d < a’ +b> +2ab=c>+d* +2cd = a* +b* > c* +d°
Déu bang xay ra khi ab=cd
Mit khactaco a® +b”> 2" +d> < a' +b" +2a°0* > ¢' +d' +22d* = a' +b' 2 c¢' +d*
Dau bang x4y ra khi a’b* =c*d’
ab=cd

2 =c*d

2<:>ac:1

Theo (*) ta c6 phuong trinh nghiém dang khi va chi khi. {
a

Cach 2. Néu ta sit dung bat diing thiic sau thi bai toan trd nén gon nhe

Véimoi a, b, ¢c khong am ta cé %/;+(‘/5+(‘/;3</a;2b +</bj;20 +</c+32a

, , /4— f2
Vi bai toan trén ta c6 phuong trinh tuong duong %/E + % +2-1z = (‘/E +4 Tm + 4 -g:v

St dung bat dang thiic trén véi vé trai ta c6 ngay né nhé hon hodc bang vé phai
Diang thitc x4y ra khi .
Két luan. Vay phuong trinh da cho c¢6 nghiém duy nhat khi z=1.

Cau 83. Giai phuong trinh \/2—:1:+ 5 3 +\/x+§ =4
—x i

Giai
Diéu kien z (0;2)

2—-x 2-x 2—=x

Ry

Ding thitc xay rakhi x=1.

TaC()VTz\/Q—er 1 + 1 + 1 +\/$+l+l+l

Cau 84. Giai phuong trinh x(1+\/x4 +1) =221 +\72* 6z +1

Giai
z>~2x-1
\/x4 +1 Z«Ex
Cho nén m(l +zt + 1) > 22 -1 +22°. Bay gid ta sé chitng minh
V222 272’ — 62 +1 < 22" > 72 —6ac+1<:>(ac—1)2(2ac2 +4x—1)20

Diing chonén VT >VP dau bing x4y ra khi z=1
Vay phuong trinh da cho ¢6 nghiém duy nhéat khi z=1.

Diéu kién z >

3+\/§
7

. Ap dung bat déng thic AM — GM ta co. {

Cau 85. Giai phuong trinh 1\1/332 +z+1+ 1\1/332 —z+1= 21\0/x2 +1

Giai
Ta c6 phuong trinh da cho tuong duong véi
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(2“) 2 )H =(1\1/a;2+a:+1 +1\1/a;2—gc+1)11 <2"(22° +2)=2" (" +1) > 2* <0 2=0

Téng quat. \/x +r+1+"2? z+1£2k+\1/:1:2+1£25/xz+1 v6l mol k tu nhién.

Vay phuong trinh da cho ¢6 nghiém duy nhat z=0.

Cau 86. Giai phuong trinh x+\/\/—x—1 +\/1+2\/—x—1 =\/—x—1

Giai
Diéu kién z<-1

bat v-x-1=t>0
Khi d6 phuong trinh tuong duong vt ++2t+1 =t +t +1

Theo bat déng thitic AM — GM ta c6

1+2t+1
VT =+t +42t+1 < t++—t+=\/2t+1£t+1£t2+t+1=VP

Dau dang thic xay rakhi ¢t =0 hay 2 =—

Cau 87. Giai phuong trinh x+2,/3x Jx -4

Giai
Ta c6 2 3x—1£3x—1+1:3x+4
\ 5 5 5

/x T \/(m +4)(16+4) /4:1; +4) /x 1
ZE .Z' +1
Suy ra z+ _84/ <:>8x+4>40 50

1
241 T>——= r>—=
i Rt 2 Sr=2

d® +4z+1250°+5  |(2-2) <0

& 2x+1210

Tht lai thay théa man phuong trinh
Vay phuong trinh da cho c¢6 nghiém duy nhat z=2.

Cau 88. Giai phuong trinh 3¥1+2z +Y1+3z =3Y1+2z +1

Giai
N 1
biéu kién. z > —g

Phuong trinh da cho tuong duong véi

, , NV1+3z -1 '\/1+2:IZ—\/].+$
M+3z-1=3(Y1+2z -Y1+z )=
( ) N+3z+1 \4/1+2x+\/1+:v

3 3

= (\4/1+3g; +1)(\/1+3x +1) B (#1+2x +\4/1+x)(\/1+2x +J1+z)
Ta quan tam t6i phuong trinh

(1432 +1) (V1432 +1) = (V1420 + Y1+ ) (Vir 2w +1+2) (%)

Dé y cac bat ding thitc V1+2z ++/1+22 >1++/1+3x
Va Vl+z+31+22>1+1+32
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Suy ra VP(*)2VT(*),VT(*)=VP(*) = z=0
Vay phuong trinh da cho c¢6 nghiém duy nhat z=0.

Cau 89. Giai phuong trinh. \/1+2x +§/1+3x +\4/1+4m =3(m+1)

Giai

N 1
Diéu kién. z > R Khi d6 ta co.

VT = [1.(1+22) +{1.1.(1+32) + {1.1.1.(1+ 4z)

S1+12+2:Jc+1+1+31+3:c+1+1+14+1+433:?)(CCJrl):VP

Dau "=" x4y ra khi. 22 =1+32=Y1+42 = 2=0
Vay phuong trinh da cho c6 nghiém z=0.

Cau 90. Giai phuong trinh. (1+ 246 J@ S j=\/ 1
1+

+
Jaz -3 Jz+6 Jiz—3

Giai

bat. a=\/m+6, b=\/4x—3 (a,,b>0)

2 2
Phuong trinh da cho tré thanh. 1/1+a—(1+gj:i<::> (1+b) 1+2 | = 16a (1)
b a) ~1+b b a+9

Theo bat ding thitc Cauchy — Schwarz ta co .

2
VT(1)21+a:(a_3) | 16a  16a ~VP(1)
a+9 a+9 a+9

Déau "=" xady rakhi a=b=3=2=3
Vay phuong trinh c¢6 nghiém duy nhat z=3.

Cau 91. Giai phuong trinh. 124z — 2 sin’ %w + SCOS(ZL‘ + y) —~13—4cos’ (a: + y) =0

Giai
Dé thay Vdr—a2* <2
Danh gia
iz -2 SimQSCT-'_y+8(:os(x+y)—13—40082 (:B+y)
< 12(1 —cos(x + y))+ 8c0s(m + y)—13 —4cos’ (x + y) = —(QCOS(ZE + y)+ 1)2 <0
x=2
Ding thiic x4y ra khi

cos(x + y) = —%

Cau 92. Giai phuong trinh 63/z* +1 +62° +1 =72 +12

Giai
Ap dung bat ding thic AM — GM ta c6

632" +1=3.2,[(s+1)(s* —2+1) <32° +6

T phuong trinh ta c6 ngay
72° +12<6% x4+1+3a:2+6<:>2:v2+3333a:4+1<:>x2(8x4+9x2+54)£0:>x:0

Vay z =0 la nghiém duy nhat ctia phuong trinh.
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Cau 93. Gii phuong trinh v/3z+1+7z+1+Y152+1+ Y31z +1 + 863z +1=52° +5

Giai
x1n 1
Diéu kién z € {——;+ooj
63
e Néuze [—61—3;0j thi V1 <5< VP suy ra phuong trinh v6 nghiém
o Néu ze[0;1) thi

VT2 (z+1) +{(z+1) +{f(z+1) + (@ +1) +{(2+1) =5(z+1)2VP

e Néu xe[l;+oo) , tuong tu ta co VTS5($+1)£VP

T do, ta dé dang thu duge tap nghiém ctia phuong trinh da cho 1a S = {0;1} .

Cau 94. Giai phuong trinh. {/z+23 /xTH) =2z +132z+1

Giai
a1 1
bieu kién z>—
4
e Truong hop 1. x>1. Ta co.

VT=\6/$+23/%+5 <Sfz+23r+2=0+2<Lr+1=4r+1¥22+1<2r+1Y42-1=VP

e Truong hop 2. inSLTm}ngtu VI>VP =>VT=VPoz=1

Vay phuong trinh c6 nghiém duy nhat z=1.

V' —z+1+42? -3z +1+? +z+1+z? +32+1 _

2.
z° +2

Cau 95. Giai phuong trinh

Giai

2
- —x+2
Nl —p+l=—"" =

2

Theo bat ding thitc AM — GM cho VT ta cé =>VT <22 +4<VP

Dau bang xay rakhi x=0.

1 1
Cau 96. Giai phuong trinh cosz —1 +cos3z, / -1=1
coST cos3z

Giai
. N 1-cosz 1—-cos3zx
Phuong trinh dau tuong duong cosx +cosdz, | —— =1
CcosSx cos3x
1—coszx >0
COSZT

Ta c6 diéu kien. ma 1—cosz>0 va 1—cos3xz >0 = cosz,cos3x >0
1—0053x>0

cos3x
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, 1-cosz _cosxz(1l—cosz 1
Ta c6 cosz < +1|==
CoST 2 CoST 2
Ciing tuong ti cos3z ’1—00532: < cos3z( 1—cos3z ‘1 :1
cos3x 2 cos3x 2
’l—cos3x 1
cos3z,[— =—
cos3z 2
/1—c0sx 1
COST =—
COST 2

(:os?:xzl 32=" 4 k21 hay 30=—24k2n
2 3 3

= VT <1 dau bing xay ra khi va chi khi.

1
cosT =— =" 1120 hay r=—2 4o
2 3 3

=" 1 kon hay r=-"1kon
= I = giao lai trén dudng tron lugng giac.

=" 1 ton hay r=—2 4o
3 3

Cau 97. Giai phuong trinh ~2z+1++/17 -2z = 2" —8z® +172% — 8z + 22

Giai
Taco \2z+1+17-22 —6=(2" +1)(z-4)" 20

322 +1 <1(2m+1+9j_w+5

Lot o 3 3 2 3
al co
3\/17—2:1:<1 17-22+9) 13-z
3 "3 3 3

S22 +1+17T-22 <6 =22 +1++/17-22 -6<0
Tt dé taco V22 +1+/17T-22 -6=0=1=4

3
9(\/x+1—x/x—2)
Cau 98. Giai phuong trinh 5z +1+ 24z —2 + =15
P 8 Nz +1 -~z -2

Giai
Tacé 2z +1-z-2>0 :xz+1+z—2 >0, ap dung bat ding thic AM — GM ta c6

5m+2m+9(2%‘_g)

N s DN s 243 :
(2Jx+1—Jx—2)(Jx+1+Jx—2)

=(2Jx+1—Jx—2)+3(Jx+1+Jz—2)+

243

(2\/x+1—\/x—2)(\/x+1 +\/x—2)3

243247 +1 —\/33—2)(\/:13—1-1—1-\/:13—2)3
(2\/w+1—\/x—2)(\/x+1 +\/x—2)3

=15.
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Cau 99. Giai phuong trinh v1+2z +31+3z =1+4z +Y1+52

Giai
N 1
biéu kién. z > —Z

Taco Y1+4z <1 +40+40° =3(1+20) = L+ 20| =V1+20 = 1+20 21442 (1)

Tuong tu. Y1+3z 2¥1+5z (2)

<:>3/1+§(t5 ~1) 2t (t=R1+52) <36 =58 +220 < (t-1)" (3¢ +6¢* + 4t +2)>0

& (t=1)'| (3t +4)+2(t+1)" |20 luon ding Vi >-1=>(2) luon diing wz-i

Tit (1)va (2) = V1+22 +1+3z 21 +42 + Y1 +52
Vay phuong trinh ¢6 nghiém duy nhat z=0.

2 2 2
T (ac +x—x —1—2) 222 —1 -1

Cau 100. Giai phuong trinh =

z+\z—~z* -1 z -2’ -1

Giai
R , 5 1z 1 TR
Diéu kien ctiax 13 z>1. D& thiy ¢t =z —+/2° —1 =——=———=——=<1. Phuong trinh tré thanh
Vr++z’ -1
mQ(x2+t2—2) -1 xt-1 Q(xt—l)
= o =gt ————2
T+t t Tt T+t
, S=x+t _, ... .. . L. a2 .
Ta c6 the dat { ; de giai tiep hodc st dung bat dang thic (x —1)(t—1) S0 at+1<x+t.
p=x
2
. xt+1 20zt +1 t—1 xt+1)(xt -1 r=1
Khi do x+t—2( )Z(xtJrl)—u:xt—l:m” th—lc()%ﬁ = .
T+t (wt+1) z’t z’t t=1
Tht lai thay théa man.

. 2 +zr+l

Cau 101. Gi4i phuong trinh 2 +4x+5—3—I=(z—1)[1—2 1_—9”}
T +z+1

Giai

. B} o ST / 1-
Vi phuong trinh ¢6 nghiém kép =2 nén ta tim cach khit cai can z—xl .
r+r+

2
" +2+1 pan taséldy.

Nhan thay mau & vé trai c6 chita
\/ l-z l-z oo+l _l-g+a’+ao+l 2’42

2+l +x+1 B 2($2+w+1) _2(x2+x+1)

Suy ra.
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2 dr 45— (p-1)| 1-2, )
T 4+z+1 ' +zx+1
2 43046 ~2,] 1-e
T +x+1 T +zr+l

_ 2
3z +(sc 1)(x +2)
2 +r+1 2 4+z+1

>z’ +3x+6—

=(IE+2)220

Cau 102. Giai phuong trinh 4z° (:1:2 + 3z + 2) = (2x4 +147° +132° + 62+ 1)(\/2x +3 - 1)

Giai
Phuong trinh tuong duong

%(Zz—l—\/2x+3)(2x3 +82° +4z+1+2(20+1)V20+3 (V22 +3 —1)2 =0(*)
S dung bat dang thitc AM — GM ta c6 .

2 2
2x(2x+1)x/2m+32(2x+1) +;lx (2x+3)=—(4$3+8x2+2x+%j

2
Suy ra 2z +8:v2+4z+1+x(2x+1)«/2x+324x2+3z+%=4(:p+§j 4350

8) 16
) 34417
Vay ()< (20-1-\22+3)(V22+3-1) =0 | "7 4

z=-1

Cau 103. Giai phuong trinh 42" —22° +42° 22+ 8 = (m2 + 5)\/2354 +2

Giai
Phuong trinh ¢6 nghiém boi kép x=1, do d6 ta tim duge nhan ti la ( 22" +2 — 236)

D& thay v/2z" +2 > 2z tuy nhién thanh thit ta thay .
4" —20° +42” —20+8— (27 +5)V22" +2 20

Diém roila z=1 nén (332 + 5) =~/22" +2 vay ap dung bat ding thitic AM — GM ta c6.

(st +o) BT («* +5) +9(20! +2)

6
(m2 +5)2 +9(2z4 + 2)
6

=d4z' —22° + 427 — 22+ 8<

@%(5x2—2$+5)(:p—1)230<:>:1:=1

Cau 104. Giai phuong trinh 2z* —22” + 62 = (1:3 + 5z + 2)\/56‘ -1

Giai
Phuong trinh tuong duong (\/x -1 —1)(x3 -7’ +5r+1 —(x2 + 1)\/$ —1) =0

e Néuzr-l=lz=2.

o Néua’-2°+5z+1= (x2 + 1)\/33 —1. Thanh thtt ta thiy can phai ching minh

-z’ +5:1:+1—(:c2 +1)\/z—1 >0
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Theo béat déng thitc AM — GM ta c6 Jz—1< _2 =3 Do d6

xg—x2+5a:+1—(3:2 +1)\/I—1 2x3—$2+51’+1—§(332+1)

3
X

9 1
:?—1‘2 +§x+1:§(x—1)(x2—x+8)+5>0

Cau 105. Giéi bat phuong trinh fLi +(2* =1)(z-1)=/62" +9 +1-2
—T

Giai
Diéu kien z e(-1;1).
V627 +9 <z +3

Ta c¢6 danh gia nhu sau
(x2 —1)(30—1)=x2(x+1)+(1—2a:2 —1:)21—21:2 -z

T+3

2

o_ 47 VTZ1 2+1—2acz—:1c
Theo bat ddng thic AM ~ GM ta ¢6 y1-2° <= Khi do oY
vP<Z 44
2
2 z*(52” +2z+1
Xét bidu thite 23 j: ( )zo

+1-22" —z—| = +4
1-z 2

2(1-2)
Vivay VI'>2VP Vze (—1;1) .
Dau “=" x4y ra khi va chi khi z=0.

Vay x =0 la nghiém cta phuong trinh.

Cau 106. Giai phuong trinh v4—a° + 232" —42° +42° = (2 -1)" +1-a]

Giai
biéukien 4—2° >0 —2<2<2

Phuong trinh di cho tuong duong |o|+ Ja—2? =2~ 20— 2§)(=” - 2:1:)2 +2(*)

Taco (|o +\/m)2 — 12 Vi-2? 24 vz e[-22]

Tit d6 ta suy ra |z +V4—-2° >2,Va e[-22].

Dt ¢ =32” —2¢ (t €[~1;2]) thi vé phéi cita phuong trinh (*) lic nay a
f(t)=t"-2t* +2,te[-1;2]

t=0
Taco f()=31 —4t=0<| 4, mit khac f(_1)=_1,f(o)=2,f@=2f(z)=z

3
Tit day dé dang chira duge f(t)<2,Vte[-1;2]=VT >VP

Dau “=" x4y ra khi va chi khi z =0,z =+2.

Cau 107. Giai phuong trinh (x2 +x+1) /2+l +($2 +l+2j\/x+1 =4z /2x+l+3
T T T

Giai
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2+120 ]
. . a:4/2+—20 (2z+1)(z+1) 1
bDieukién 2+1>0 .Dat T =ab=,|——F——=,22+—+3
T z
2$+l+320 b=vz+120
z

Phuong trinh lic nay trd thanh (2 +b*)a+(2” +a” )b =4abz .
Theo bt déng thitic AM — GM ta cé
2+ >0
a=>0
2 +a*>>0
[ ]
b>0

:>(x2 +b2)a > 2|x|ab >2zxab
= (x2 +a2)b > 2|ac|ab >2xab

1+«/§

Cong lai tac6 VT >VP, dau “=" x4y ra khi va chi khi z = 5

Cau 108. Giai phuong trinh

L 3z . 1 21—z 1z 412
1+1+z 2(1+\/1+3$) 1+/1+5z 4

Giai
Theo bat déng thitc Cauchy — Schwarz ta c6
Vi+z+V1+50 < 2(1+2+1+52) =21 +3z

Theo bat déng thitc AM — GM ta c6
1 1 4 4

+ > >
1+1+2 141452 2+1+2+1+52 1++/1+3x
2
Dat a=+1+32 , khi dotaco VI>—2 4 4 -1 5 2 2072 4
l1+a 2(1+a) 1+a 2(1+a)
Lai theo bat ding thiic Cauchy — Schwarz ta lai c6

itz +i-z < 2(1+2+1-2) =2

Khi d6 4.VP=(J1+x+J1—x)2+J1+x+J1—x—2§22+2—2=4

Vay ta dugec VT 21>VP.
Déu “=" x4y ra khi va chi khi z=0.

Cau 109. Giai phuong trinh (x+‘/i+6j\/4\/4— —\z+6 =(x—1)\/6\/4—x +T+6
-z

Giai
Dicu kién -6<z <4

Dat yz\/x+6;z=\/y+6 . Chia cd 2 vé cho V4 -z ta ducgc

4—z 4—y
- r+6 4 z+6 =(:U—1) 6+ r+6
4—x V4—1: 4—x

Khi do ta co6 (:v+y):(:c—1)z<:>x+y+z=xz
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THY+2=12
Xét ham s6 f(t)= % 13 ham dong bién, ta c6 he {y = Z+6
_ -z
_ |y+6
-y

t+6

Trudng hop 1. z>y,do f(t)= - 13 ham dong bién nén z>y> 2

Ma z<y= / <y:>ye 02 [3+00)

Két hop v6i dieu klen tacod ye (0;1] {2;3}

Néu y =2 thi khong thdéa méan.

Néu y=3 thi z=2=3

Néu y e(0;1]= = e(-6;—-1] trai voi didu gid st x>y

Trudng hgp 2. z <y, xét tuong tu!

<:>x —42’ +3+6<0 =z e(-6;-1]U[23] =t e(0;1] L[2:3]

Cau 110. Gii phuong trinh 142” —10z +2 =(495—1)-3/2(295—1)(3;1;—1)2

Giai

Nhan thay z =% khong théa man phuong trinh.

Xét x# % phuong trinh tuong duong 142> —10z +2 = 2(43: - 1)(2x —1) 3

1

Tr>—
Vi 142° -100+2> 0= (42-1)(20-1)> 0| 2
r<—

4

1
e Truong hop 1. z> 3 khi d6 theo AM — GM ta c6

142”102 +2 = (4o —1)-§2(20 ~1)(32-1)’ <(4z-1)-

<:>§(x—1)2£0©x=1

e Trudng hop 2. z <i khi d6 theo AM — GM ta c6

(358—1)2
4(2z -1

2(22-1)+3z-1+3z-1
3

(3$_1) +1+1
[(Bo-1) _42e-1) _412° -382+9
4(2z-1) 3 12(2z 1)’

Khi dé ta c6 14z° =10z +2<

(42-1)(20-1)(412" =382 +9)  (z-1) (4z-3)(2c-1)

et <0.

6(22-1)

6(2z -1
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Dé thay bat phuong trinh trén vo nghiem
Vay phuong trinh c¢6 nghiém duy nhat z =1

- . . T 2(2$—1)
Cau 111. Giai phuong trinh + =1
V3327 =320 +8 202 —12z+1
Giai
Diéu kieén z >1;x <—.
27710
e Truong hop 1. z >% khi d6 theo AM — GM ta c6
2(2z-1) 6(22-1) N 12(22-1) _ 6(2z-1) '
V202° ~120+1  \J9(20-1)(100-1) 9(2z-1)+(10z-1)  14z-5
Do d6 VT > i LG i _ 2wl
V332° -327+8  lda-5 332" —32¢+8 142-5
Ta sé di chiing minh < > 2o+l

3377 32z +8 1425

& (142 -5)z > (20 +1)3327 320 +8 & (1) (20 -1)(322 +8)20.
Bat déng thiic cudi luén dang do do ta co diéu phai chitng minh!
Vay VI >1>VP.Dau “=" x4y ra khi va chi khi z=1
e Trudng hop 2. <0 khidé VT <0<1, vay phuong trinh v6 nghiém.

e Trudng hgp 3. z e(O;%j , ta c6 V3327 ~ 327 +8 =\/(2—5m)2 +(z—1)(8z-4)22-5z.

—2
L < T 14822 ) vay T <t

332 —320+48 2-5z  2-5z
Truong hgp nay vo nghiém

Do do6

To6m lai phuong trinh c6 nghiém duy nhat z =1

Cau 112. Giéi phuong trinh \/5[1 + iz + a:QJ = (m + 2)\/,@2 +2
i

X

Giai
Phuong trinh tuong duong 3(:1c’1 +12° +1) :x(xz +2) /3(:52 +2) )
2 az , , 3 2 3z° +2° +2 9
Theo bat dang thitc AM — GM ta c6 :1:4/3(x +2) =32 -+27 +2 3—2 =2x"+1.

r=1

Khi d6 ta duge 3(x" +2° +1)< (2 +2)(20° +1) & (s -1) SOQLZ_ "

Cau 113. Giai phuong trinh \/1‘2 +z+1 +\/332 —z+1 =(1+|x|)(\/1+x +\/1—3:)

Giai
Diéu kién = €[-1;1]. Phuong trinh tuong duong

2 +1+4zt +27 +1 =(1+|x|)2(1+\/1—x2).
bat a=|x|,ae[0;1] ta duge a® +1++a' +a° +1=(1+a)2(1+\/1—a2).

Dat b=a"=a2b=VT>(b+1) (1+1-D).
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To sé di chimg minh (b+1)' (1+1-8) 2+ 14467 +5+1.
2 2 2 2 )
Ta c6 m:\/£b +b+2] _b (b+1) sb +b+2.

2 4 2

2 2
Suy ra (1+6)' (141-0) 2 b+1+ +2b+2=b +?2’b+4.

Tir d6 ta c6 ¢(1-c)(8—-2¢" =3¢’ +5¢) > 0(*), véi c=+1-b,ce[0;1].
Ta c6 8—2¢" —3¢” +5c=8+c(1-c)(5+2¢)=8.

c=0=2b=1=a=1=2z=1

Vay (*) luén ding. Dau “=" xay ra khi )
y() & Y Lzl:sz:azO:x:O

Tht lai ta thdy =0 thda méan .

1
Cau 114. Giai phuong trinh Jz +8z 227 - &

6z —12> -1
Giai
>0
Didukien {6z -2 -1>0 <2-+/3<2<2+/3.
8r—22>-2>0

Ta dé dang nhan thay ring

) x+\/8x 2x° — \/;+«/4x 2x 1 \/;+\/Q<3\/7

’ +1 1
:1: :1:+21:+1 IZ) 23\/;.
6r—2"—1 Gx =1 6z—z" —1

Vay VI <VP.
Déu “=" x4y ra khi va chi khi z=1.

Cau 115. Giai phuong trinh (1+2)V1+z +(1-2)V1-2-1= (\/f +1 —2)2

Giai
biéu kien z e[-1;1].
Cach 1. Theo bat dang thitc AM — GM ta c6

. \/(1+x)3+\/(1+x)3+123§/1+x3-\/(1+x)3-1=3(1+x)
. \/(1—33) (1-z) +1>3\/\/1 z) - 1=3(1-2)

Cong 2 vé ciia bat ding thic ta dugc

2((1+a) i+ z+(1-2) 1=z +1)23(1+2+1-2)=6
<:>(1+x)@+(1—x)\/§22:>VT21

Xét bat phuong trinh (\/ﬁ +1 —2)2 <1o(2* +4) <16(1+2°) = o* (2* ~8) <0

Dé thay bat ding thitc cudi luon dang, vay tacé VI >1>VP

a=+1+xz al+b°
2

(cL,bZO):>cL2 +b0*=2ab<
b=vl-2z

Taco VT =a® +b° =a® +b° +24°0*

=1

Cach 2. bat {
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- \/(a2 b )3 -3a%’ (a,2 +b° ) +20%0* =8 +20°b° — 602D’

= [8+2a%" (ab-3) > |8 +2.1* (1-3) =2

Vay VT >2. Xét bat phuong trinh (\/302 +1 —2)2 <le (o’ +4)2 <16(1+2” )< 2* (27 -8) <0

Dé thay bat ding thitc cudi luon dang, vay ta cé VI 21> VP
Hoiic ta ciing c6 thé sit dung bat ding thitc Holder ta c6

(a3+b3)(a3 +b3)(1+1)2(a2 +bz’)3 =a+0*>2

Khi d6 c6 két qua tuong ty.

2 T

+ <1
\/4x+\/5+4 Jaz® vz +4

Cau 116. Giai bat phuong trinh

Giai
Diéu kién z>0.

Taco 1>

<:>\/;(4\/;+1)>0<:>:z:>0.

2 N T > 2
iz ez +4 aP+z+4  Jaz+z+4

Theo bat déng thitc Cauchy — Schwarz ta c6 4z + Jz+4<, [9(4x2 +x+ 4)

2 T 2 T S T

1 > >3
N >\/4$+\/;+4 +\/4$2+$+4 %/9(4302-1-304-4) +\/45132+1:+4 \ 3(4x2+m+4)

&12(z-1) >0 21

Vay bat phuong trinh c6 nghiem 1a z >0,z #1.

1

< o . 1 1 73
Cau 117. Giai phuong trinh — + =—
V' +8 8st+l @
Giai
T 1

+ +—=1
Jo'+8 822 +1 3z
Theo bat déng thitc AM — GM ta c6

° \/ﬁ: (x+2)2(x2+8)S2l‘2+4$+12:$2+2x+6

T+2 2(z+2) T+2

Phuong trinh tuong duong véi

(20+1)°(82° +1) 1922 4442 622+ 2041
812 =\/ < =
) v 2z +1 2(2z+1) 2z +1

:VP=VT2:{ v+2 | 2zdl j+1

2 +22+6 62 +2c+1) 3z

<0 zx=1

) 20 +1 j 1 (x—1)2(6m3+33:r2+8x+6)

@123:( 5 +-— — & 5 .
2> +22+6 62°+2r+1) 3z 3;5(35 +2x+6)(6$ +2x+1)

Vay z =1 la nghiém duy nhat ctia phuong trinh!

Cau 118. Giai phuong trinh (8:v —13)3U2 = (x + 1) 32> -2 -7z

Giai
Phuong trinh tuong duong
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(z+1)3/32% -2

X

(%)

(82" —132+7)=(z+1)¥32° -2 & 82" — 130+ 7=

3[q.2
Diéu kién M >0 zxe (—oo;—l) u[—\/g;(]} U(\/g;+ooj
x

e Trudng hop 1. Xét z e (\/g;-i-w] . Khi d6 theo bat déng thitc AM — GM ta c6

2
)1+1+3a; —2:(x+1)$2

8z —132” + 7z = (2 +1)¥32” =2 < (2 +1

<77’ —142° +7:1:SO<:>73:(:E—1)2 K0 z=1
o Trudng hop 2. Xét z e(—\/g;()j , phuong trinh (*) tuong duong
82 —132” + 7o = (2 +1)32" -2 & 4(82" ~132” +7z) = 4(z +1)¥32” -2
e 4(82 ~130" 4 7a)+5(0 +1) = (0 +1) (43327 -2 -5)

320" ~520" +330+ 5= (a-+1) (44327 -2 -5
3(8z+1)(8z-1)

2
16(\3/3952 —2) —20%/327 —2 + 25

3(z+1)(8z—1)

2 =
16(%/:3:c2 —2) —208/327 =2 +25

& (8z+1)(42” ~Tz+5)=(z+1)

<:>(8x+1) 42 —Tr+5-—

Ta nhan thay rang

. 1)(8z-1
42” ~Tz+5> 0:3(z+1)(82-1)> 0= Sax 2)(89” )>0 >0,Vxe(—\/§;0].
16(¥307 -2 204307 -2+ 25 3

Vay trong trudng hgp nay phuong trinh c¢6 nghiém z = —% .
e Truong hgp 3. Xét = e(—oo;—l) , phuong trinh (*) tuong duong
82 =132 + Tz —(z +1)/3z° =2 =0
Theo bt dang thitic AM — GM ta c6
8z* —13a” +7x—(x+1)(3 32 —2.1.1)£8x3 ~132 + Tz -2 (z+1) =Tz (z-1)’ <0.
Vay phuong trinh v6 nghiém trong truong hgp nay.
o' +z+143200° —da’+72-12 _
' +2° +16z-11 -
Giai
122" — 152+ 32z’ — 42’ + 7012 _
gt +2” +162—11 -

Cau 119. Giai bat phuong trinh

1

Bat phuong trinh tuong duong 1+

0

12—22 — 152 +3242° —42? + T2 12
< 1 5 <
Tz +z°+16x—11
Tacé z' +2° +162—11>0,Vz >3 . Khi dé bat phuong trinh tuong duong
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12— 22 —152 +3242% —42? + 72 -12 <0
Theo bt déng thitic AM — GM ta cé

3a" — 40" +70-12 =32y (2-3) (5" o+ 4) =4.2:2-4f16(2-3), (" 5 +4)

<z’ —z+4+16(z—3)+32

Khid6 VT <12-2" —15z+2" +z+4+16(z—3)+32=0, luon dang
Vay tap nghiém ctia bat phuong trinh la S =[3;+0) .

Cau 120. Giai phuong trinh ‘,x—l 1 z+3 =1
r (\/x+3+\/x—l)

Giai
Diéu kién z>1.
sl 1
NG
e Trudng hop 1. Xét 2<z<9 taco 2 danh gia sau 43 3

(JrwB+ami) 10

Ban doc tu ching minh!

Do d6 VT > L % >1=VP,Vz e(29). Khi d6 phuong trinh vo nghiem.

ND)

z—1 9
>_

10

T+3 1

Nz +3++z-1) >E

o Trudng hgp 2. Xét 29 ta c6 2 danh gia sau

Khi d6 VT >1=VP , phuong trinh vo nghiém.
e Trudng hop 3. Xét ze[1;2].

/w—l S 24/x -1
Theo bat ding thitic AM — GM ta c6 z z+1

Nz +3 Si(x+7)

Khide V7> Y21, r+3 .
z+1 ($+7) z—1
224 CONTTR

Dit a=+/z-1 (a€[0;1]) khi do

vps 20, %% +8 . o’ (12-a’ —2a)
S a’+2 4(a2+1)+4+a(a2+8)_ (a2+2)(a3+4a2+8a+8)

Vil2-a’-2a=(2-a)(a’+20+6)>0,Vae[0;1] nen VI 21,vVze[1;2].

Dau “=" x4y ra khi va chi khi z =1

Vay x =1 la nghiém cia phuong trinh.
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x +1
Cau 121. Giai phuong trinh «z' + 2 +1+4[:v z’ —:U+1 )

Giai

Diéu kién z >0, chia c4 2 vé cho x(x2 +1) ta dugc

s 1 1 1
2 2 -
x4+x2+1+\/x2—x+1_ ($2+1) o v +?+1+ 1+? r T+l
2 2 - 2 -
x(a: +1) " +1 T s+l 1+i2 T
T T

1 1 1
x +
bat y=x + > 2 ta dugc ’y e + /1 —— =y, dén day chinh 13 bai toaAn MO Yogoslavia

Nhu & bai toan MO Yogoslawa ta da tim hleu cach giai bang bat dang thitc AM — GM, & day ta sé tim
hiéu thém phuong phap bién doéi tuong duong nita, ta dudc

fy——+ /1—— y@\/l———y \/y—l
Y
1 f 1
<:>1———y +m———2y y-——<y -2y y——+y+1=0
Y Y Yy Y
2
1 1 1
<:>y+——2’y——+1=0<:> ’y———l =0
y Y Y

Dén day bai toan da dudgc gidi quyét hoan toan.

Cau 122. Giai phuong trinh 292 +72 + 2z — 203z +2° — 2z (14 62)+92=0

Giai
Bién déi vé trai ta duge

VT=2\/95(395+1)2 +(x—JE)2 +2* =23z (1+62)+9z
> 2z (32 +1)+ 2% - 24z (1+62) +9z
=z’ —6$\/5+91::(:13—3\/;)2 >0

Vay VT >2VP, dau “=" x4y ra khi va chi khi =0

Cau 123. Gii phuong trinh 54z +21 —2(\/3? +2Jz + 1) = (3\/375 +2z + 1)2

Giai
Bién ddi phuong trinh tuong duong

231 +17 - 243z — 4z +1=123z(z +1)
@(2@—3\/@«?)2+(x+3—2\/§)+(x+5—4\/x?)=0

. (o3 (o-3)
243z -3z +1) + + =
Q( \/_x ! ) x+3+2\/§ r+5+4Jz+1

Dé thay ring VT >VP. Dau “=" x4y ra khi va chi khi z=3.
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4 3 2
Cau 124. Giai phuong trinh 1+ w =\/;+ /#
2(x2—x+1) T°—x+2

Giai
Diéu kién xac dinh z>0
Cach 1. Bién ddi phuong trinh tuong duong

1 1
ﬁ+,/x2++=x/2x+2 f—
—z+1 r—r+2
S +2+ —5—— +22 fx b =2t —— 42—
- —x+1 -+l P —r+2 z—r+2

Ta sé di chiing minh

. x2+2+2;>2x+L<:>(x—1)2+ ‘ w(x_l)
- —z+1 T —r+2 (:1:2—1:+1)(9:2—x+2)

\l T —r+1 T —r+2 T —r+1 N2 —z+2

<:>(x—1)2(x4+3x2—x+2)20

Dé dang thay 2 danh gia trén ding, khi do VT >VP.
Déu “=" x4y ra khi va chi khi z=1.
Cach 2. Phuong trinh tuong duong

20zt =2 + 27 +1
2+\/( 5 ) 2JE+2\/ P P - —oz 2 29
T —xr+1 r—r+2 x —x+1 r—r+2

Theo bat ding thitc Cauchy — Schwarz ta c6 \/2(1: + ;J
T —r+

\/x —z+1
1 S 2

Theo bat ding thitic AM — GM ta c6 > —
Jol—z+1 @' -z +2

Jr=1

Dau “=" x4y ra < 5 Sr=1
_

P —z+2

Vay phuong trinh c¢6 nghiém duy nhat z=1.

Cau 125. Giai phuong trinh 8, [5 x2+2; +54z° =121z - 47
z +4z-1

Giai
Theo bat déng thiic Cauchy — Schwarz ta c6

sz - J(4+1)(x2 T A
" +4z -1 " +4z -1 Nt +dr—1

1 8
<1212 —47 - 542" > 8| 22 + —— | & 542” —1052 + 47 + —-—<0
( \/x2+4x—1j Nzt +4z -1
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6 _ 16 .32
Vol de-1 [1(? ag-1) ot o3

Theo bat ding thitc AM — GM ta c6

<0e=z=1

39 (z-1) (542 +2192+173)
Tu day suy ra —————+542° —1052+47<0 < -
- +4r+3 - +4r+3

Vay phuong trinh ¢6 nghiém duy nhat z=1.

Cau 126. Giai phuong trinh

3+\/; T+NT+2 +x x+x+2+x2+x\/;+2 z°+3 10
2 +zdr+x+3 $2+ZE\/;+3 4+ +4 z+aNr+4 oz ZL‘+ZE+\/;+3 3
Giai

bat a=2, b= \/g+1, c=z+1, d=:m/5+1, e=z"+1.
Phuong trinh da cho tré thanh.
a+b b+c c+d d+e e+a 10
+ + + +

c+d+e d+e+a e+a+b a+b+c bic+d 3

a+b b+c c+d d+e e+a 10
= +1 |+ +1 |+ +1 |+ +1 |+ +1|=—+5
c+d+e d+e+a e+a+b a+b+c b+c+d 3
<:>(a+b+c+d+e)[ t .t 1 ! L j:%

+ +
ct+td+e d+e+a e+a+b a+b+c b+c+d

( 1 1 1 1 1 j

= + + + + x

c+d+e d+e+a e+a+b a+b+c b+c+d
[(c—i—d+e)+(d+e+a)+(e+a+b)+(a+b+c)+(b—i—c—i—d)]:25 (*)

Ap dung béat ddng thitic AM — GM cho vé trai ctia (*) thi ta dugc VT(*)=25.

Déu “=" x4y ra khi va chikhi a=b=c=d=e< z=1.
Vay x = 1 1a nghiém duy nhét ctia phuong trinh da cho.

4 1 1 -1
Cau 127. Giai bat phuong trinh ,/x—— —,/1—— ST
i i %

VMO 1977

Giai
Dé v ring = =1 khong phai I nghiém ciia bat phuong trinh nay.
R -1<z<0
Didukien | .
z>1

Khi d6 ta c6 = ta dugc bat phuong trinh

>0 nén chia c& hai vé ctia bat phuong trinh cho
T T

Nr+l-1> /$—_1<:>\/x+1 >1+‘/x_1(*)
e xr

e Néu-1<z<0 thi VT'(*)<1<VP(*). Diéunay voly.
e Néuz>1 thi (*)<:>x+1>1+x—_1+2,fz—_1<:>(x—1)+l>2 x—l'
T x x T

Do z>1nén z-1>0 va l>O.
T

tuong duong
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| —=

59 z—1

Ap dung bit ding thitc AM ~GM taco (z—1)+
T

P 1 +
Din"="xdyrar-l=—or’-z2-1=02= 2\/5.
x

1+\/3
2

_ 8

Vay bat phuong trinh da cho c6 nghiém 13 zr<l.

2
T—3T

Cau 128. Giai phuong trinh + \/23U4 -z +72° -3z +3 =2

Giai
Phuong trinh da cho tuong duong vai.

\/21:4_1.3 _’_7:1;2 _3:1;—}-3:2—1‘_232:2 <:>\/(2x2_l‘+1)(x2+3)=L2x+4 '

Ap dung bét déng thiic Cauchy — Schwarz ta c6

2 2
3¢” _2$+4 :(QI $+12)+(I +3)2\/(2z2 —x+1)(z2 +3) .

r=-1

Dau "="xay ra <:>2x2—x+1=$2+3<:>x2—z—2:0<:>{ )
xTr=

Cau 129. Biét ring phuong trinh z' —2z° -32z-1=0 (1) c6 nghiém duong z,. Ching minh ring

(U

V162 <z, <2 va z, khong phai la nghiém ctia phuong trinh

N3—z4+zr-1=4.

Giai

Vi bat phuong trinh (1) c6 nghiém duong z, nén

xé —2953 -3z, —1=0<:>acf)1 =2x§ +3z, +1

<:>:1:3 23%/@@%3 233/6@:%2‘\’/@.
Dé thay z, #3/162 . Suy ra z, > 3162 .
Xét ham s f(z)=="'-22" -3z 1.
Taco f'(z)=42’-22-3= 2x(2x2 —1) -3>0,Vz>2 = f(z) dong bién trén (2;+).
Véi z>2= f(ac) > f(2) =1> 0= Phuong trinh (1) khong ¢6 nghiém 16n hon 2.
Dé thay z, #2. Vay z,<2.
Do d6 phuong trinh (1) c6 nghiém z, thoa 162 < T, <2.

Xét phuong trinh V3—z +a2vz—-1=4.
Diéu kien1<z <3.

Ap dung bat dang thitc Cauchy — Schwarz ta co
16:(1,«/3—x +x.\/x—1)2 S(1+x2)(3—x+x—1)3x2 27:>x2ﬁ>2.

Vay nghiém z, ctia phuong trinh (1) thoa Y162 <z, <2 va khong phéai la nghiém ctia phuong trinh

N3—z4+zdr—-1=4.

Cau 130. Giai phuong trinh 22+/8z+1 + 2 +8 =62z +3

Giai
Cach 1. Ham sb.
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Xét ham 6 f(z)=20V8z+1 +z* +8 —62/z =3 tren [0;+00) ta co

\ 224$+2+ x _9\/—=0
F=) Botl Jiirs
8 16(6z +1) 9

+ - <0
(¢* +8)Va* +8  (8v+1)VBz+1 2V

T day suy ra phuong trinh f'(z)=0 c6 t6i da mot nghiém, ma f'(1)=0=z =1 14 nghiém duy nhat

(e)-

clia phuong trinh f'(z)=0

T day lap bang bién thién ta dé dang chi ra duge max f(z)=f(1)=0
Khi d6 VT <VP. Dau “=" x4y ra khi va chi khi z=1.

Cach 2. Bat diing thic

Dit ¢ =/ 20, phuong trinh trd thanh 26282 +1+~/t' +8 =6¢° +3
Theo bat ding thitc AM — GM ta c6

178 +t

2 fo2 1= 2L 3. 8t2+1sf(9t2+8t2+1)=
3 3

178 +t

Tt do suy ra +VE 4826 +3 < 3Vt +8 21 —t+9

Dé § thay ' —t+9=1(t-1) +2* =2t +9>0,V¢ >0, binh phuong 2 vé ta duogc
O(t' +8)2( ~t+9) o (t-1) (¢ +1)(¢ +1* ~9t+9)<0(*)
Mt khéc #* +1* —9¢t +9=1(t—2)" +5t* =13t +9> 0,V >0

Tu d6 VT (*)=0. Dau “=" x4y ra khi va chi khi ¢=1.
Vay phuong trinh c6 nghiém duy nhat z=1.

Cau 131. Giai phuong trinh \/332 +3z+3 + \/2352 —2r+2= \/xz +4z+4 + \/2352 +4
Nguyén Mai Hoang Anh

Giai
Ta c6 phuong trinh da cho tuong duong
V2?30 +3 44207 - 20+2 =V2? + 3w+ 3+ a+1+ (20" ~20+2+2(x+1) Sr=-1

Vay phuong trinh c6 nghiém duy nhat 13 z =-1.
Nhan xét. 0] day ta xét dang phuong trinh sau

\/f($)+\/9($):\/f( +ah(z \/g +b.h(z (a,beR*)

Phuong phap

Phuong trinh da cho tuong duong {f(ac) = O,g(x) =0
h(x)zO
Vi) # o) =7 (e) v an(e) + o) +o(e) (1)
f(a;)ZO
s g9(z)=0
Chitng minh. Diéeu kién xac dinh
f(x) + h(m) >0
g(z)+b.h(z)=0
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= Phuong trinh (1) v nghiém

e Néu h(a:)<0, thi \/f($)+a.h(:p)+\/g(z)+b.h(x)<\/f($)+\/g(x)

= Phuong trinh (1) v nghiém
e Néu h(z)=0, th (1)< \/f(x) +\/g(x) =\/f(x) +\/g(x) (luon dang)

Vay khi do, ta c6 phuong trinh (1) tuong duong {

Cau 132. Giai phuong trinh
(‘/m—lx/g+%/x—2\/5=\/\/x—l(a+nx/x—2)+\/\/x—2(b+n\/x—1) (a,bZO,n>0)

Nguyén Mai Hoang Anh

Giai
Diéu kién z > 2.

Phuong trinh da cho tuwong duong

\/a\/(m—l) +\/b\/(x—2) =\/a\/x—1+n\/x—1\/a;—2 +\/be—2 +n\/x—1\/x—2 (*)
Vi nz—1Jz—220. Nen VP(¥)2 VT (*).

Déng thic xay ra < nVvz—-1Jr-2=0=2=2.
Vay phuong trinh c6 nghiém duy nhat 14 z =2.
M@ rong. Giai hé phuong trinh

{\/—w2+3m—2+\/—2y2+5y—3 =\22° —62° +82-5+42° —y* +3y-9 (1)

(3z-2)Vo-1-(3y-2)Jy-1=0 (2)
Nguyén Mai Hoang Anh
Giai
1<z<2
. 1Sy£§
Dicu kien 2
22° — 62> +81-5>0

29" —y* +3y—-9>0
Tir (2), taco [3(z—1)+1|No-1=[3(y—-1)+1]fy-1

Xét ham s6 f(t)=(3" +1)t=3t" +1,voi t €[0;2].

Taco f'(t)=9t*+1>0, Vt[0;2]. Vay ham s6 luon dong bién tren [0;2].
Tw (2), suy ra f(:c—l)zf(y—l)<:>x—1=y—1<:>x=y. Thay vao (1), ta dugc.

\/—1:2 +3x—2+\/—2x2+5z—3 =\/2a:3 —6x2+8x—5+\/2x3—x2 +3z-9
-2 +32-2 4227 +55-3
= ot +30-2+ (o 2 +1)(20-3) + 20" +50 -3+ (o* +20+2)(20-3) (%)

P—z+1>0
Do v khi d6 phuong trinh(*)@ngzyzé.
2 +25+2>0 2 2
I . P . (33
Thit 1ai thdéa méan, vay hé c6 nghiém duy nhat 1a (m,y) la 5,5 .

Nhan xét. T day ta c¢6 hé thiic mé rong
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f(x)jg(x)Z()
\/f(a:) +\/g(x) =\/f(x)+j(a:).h(x) +\/g(m)+k(x).h(x) = j(m),k(x)>0
h(x)—O
Cau 133. Giai phuong trinh 2
T+ (:U+1)
Giai
Theo bat déng thitc AM — GM ta co 4 8 16
z(z+1) w(z+1) 2$+$+1 3z+1

2
Tit phuong trinh din ta c6 - 02+ 1 5 10 <:>(3x+1)(—x2+6x+11)—16(x+1)220

(m+1)2 3z+1

<:>—(z—1)2(:5+gj20<:>m=1

Vay phuong trinh c6 nghiém duy nhat z=1.

Cau 134. Giai phuong trinh (z=1) -+ (2*-3) 1 o325
(a"-3)

Giai
Diéu kién z # i\/g,x #1 .
Phuong trinh da cho dugc viét lai nhu sau
4
(z=1) (22 =3) +— = (s -1) +2(a* - 3)
(ac2 —3) (I—l)
2

bit u= (x —1)2 ;v =1 —3. Phuong trinh da cho tré thanh u_z +v' +l =u+2v (1)

v u
Ap dung bat déng thic Cauchy — Schwarz ta co

(3;+v4+1}(v%+u+1)z(u+v2+1f

v U
u? 1 ‘
:—2+v4+—2u+v2+12u+2v (2)
v U
2=02=l (x—1)2=1
T (1),(2) suyra { v uw<u=v=1.Khido or=2.
v=1 r*-3=1

Vay phuong trinh da cho c6 nghiém duy nhat 13 z=2.

Cau 135. Giai phuong trinh
2x+2J§+4—

2 3J_
J z+1 +1+,/——x

\/4(\/;+1 =32 - ——x

Giai

Tap chi va tu liéu toan hoc | 318



Tuyén tap phuong trinh dai sé hay va kho |

Phuong trinh da cho tuong duong

(«/;+1) +1-— (4—13} _3[
e
@\/4(\/E+1)2+(2—3\/5)2+\/(\/Z+1)2+1—\/%:=3\/§—\/Z

4(\/E+1)2 +25(2_§*/;T (\/E+1)2+1

& + =3

2 2
a=z+1>0
bat b__3\/;+2>0,h’1(:naytacé 3a+5b=5.

\/4(\/5+1)2 +(2—3\/E)3 +

2 2 2
Phuong trinh tré thanh \/4& -;25b + \/a 2+1 =

4a” +25b 5b
[1+y T Ty
Ta c6 bat ding thiic quen thudc TrYLNT  NY , khi d6 ta duge
2 2 2 >+1_a 1
Z — —
2 2 2

2 2 2
Do dé \/4& +225b +\/a 2—6—123a+§b+1:3'

Dau “=" x4y ra khi va chi khi z=0.

Cau 136. Cho phuong trinh z° —2002z° +2001bz —2000a =0 . Tim gié tri 16n nhit ciia asao cho ton
tai b dé phuong trinh c6 3 nghiém trén [-2002,2002]

Giai
Gia st z,,z,,7,1a ba nghiém ctia phuong trinh. Khi dé theo Viete ta co
x, + 1, +x, =2002
(I) x,%, + T,T, + z,7, = 20010
7,2,7, =2000a
X4&y ra céac truong hgp sau
e Néu z,<0 ho#c z, <0 khi d6 z, +z, +z, <z, <2002. Diéu nay mau thuén véi phuong trinh
thit nhéat cta (1).
e Néu z, <0<z, <z, ti phuong trinh ba ctia (I)suy ra a<0.
e Néu 0<z, <z, <z,theo bat ding thitc AM — GM ta c6

2002=a, +, + 2, > 3w, = 20000 = a < 2202

e ~ 54000
2
Dau “=" x4y ra khi T =T,=2, = 2002 vakhi &y b= 2002
6003

2002° - 2002°

Bay gio ta xét bai toan trong trucng hop a = va b=
Ve & & heb 54000 6003

Khi d6é phuong trinh da cho tré thanh
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2 2 3
z* —20022° + 2002 T— 20027 _ 0 (x - —QOOQJ =0

33
2002

Phuong trinh trén c¢6 ba nghiém z, =z, =z, = € [—2002,2002]

3

s~ 51000

Vay a

1 gi4 tri can tim.

Cau 137. Giai phuong trinh \/1+2x +\/1—2x = 3/1+3a: +§/1—3x

Giai

Diat u=1+22 +1-22 =31+3z+31-3z
Khi dé6
W =2+201-4z> >2=>u>+2

u=31+3z+31-3z (uz\/i):mﬁ =2+3u81-92°

u =2

U

=31-92° =

1 1
>0=D>——<zr<—
3 3

Suy ra cac bat phuong trinh sau nghiém dang Vz e [—%é}

V142221432 & (1+22) > (1+32) < 2*(3+82)20

J1-20>1-32 & (1-22) >(1-32)" < 2*(3-82)>0

)

7

Hay 142z +41-2z >1+3z +3/1—3m,Vxe(—

w |+~
W+

Déu “=" x4y ra khi va chi khi z =0.
Vay phuong trinh c¢6 nghiém duy nhat z =0.

2
Cau 138. Giai phuong trinh 1/2x3+2 -z /x—é =Jl—-z

Giai

Diéu kien %Sx <1.

2
Viét lai phuong trinh dué6i dang V1-z +z {x —% = \/@

Theo bat ding thiic Cauchy — Schwarz ta c6

chy—ochwarz 2
VT =\/ﬂ+x, /x—%cam“; h \/(x2 +1)(1—x+x—%j = —2(x3+1) =VP

ry 1 1
Déng thitc xay ra khi \/1—x=—3<:>x2(1—x)=x—§<:>x3—x2+x=§
x

<:>3x3—3x2+3x—1=0<:>(x—1)3=—2m3@x—lz—%x@xz%(l—f@+f/1)

P 1 .
Vay phuong trinh ¢6 nghiém duy nhat x = 5(1 —2+34 ) .
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Cau 139. Giai phuong trinh 2’ + 72> +5=2° + 4:6(\/30 +3 4+’ -z + 1)

Giai
Ta cod x4+7x2+5>0:>x3+4x(\/m+M)>0:>x>0.
Phuong trinh da cho tuong duong
2x—\/m:0
(2$—\/m>2+2(x—M)2 +x(m+1)(x—1)2 =0 or—-N'-z+l=0z=1.

rz—1=0

Vay phuong trinh da cho ¢6 nghiém duy nhat z =1.

Cau 140. Giai phuong trinh \/1+\/2:E—x2 +\/1— 21 —1° =2(z—1)2(21‘2—4x+1)

Giai
Dit t=v22—2" >0=(z-1) =1-¢’
Phuong trinh t16 thanh v1+¢ +1-1 =2(1-#")(1-2¢").
Tir d6 ta c6 0<t<1. Ta thiy VP <2(1-t")
Ap dung bét ddng thic AM — GM ta dudc VTZ2\/§22(1—752) vi0<1-¢*<1.

Suy ra VT > VP . Dang thic xdy ra khi vachikhi t=0=>z=0vz=2.
Vay phuong trinh da cho c6é nhiém z=0; x =2.

Cau 141. Giai phuong trinh (1-z,)(1-2,)...(1 =2y )+ (1+2,)(1+3,)...(1+ 25, ) =2 tréen [-11].

Giai
Do z,e[-1;1] Vi=1120 nén 1-z,20;1+z,>0,Vi=1120.

T +T, +.. T

bat = 150 20 Suy ra S e[-1;1].

Ap dung AM - GM ta c6 (1_"”1)+(1_”i22)0+“'+(1_%°)z12\0/(1—w1)(1—a:2)...(1—xm)-

Suy ra (1—5)120Z(1—$1)(1—x2)...(1—x120) (1)
Dau"="xadyra z, =z, =...= .

Tuong tu ta ciing chiing minh duge (1+ S)m >+ )(1+z,)...(1+ ) (2)
Dau"="xadyra z, =z, =...= I,

Tu (1) va (2) suy ra (1—$1)(1—mQ)...(l—avm)-i—(l-i—xl)(l+1:2)...(1+:1:120)S(l—S)120 +(1+S)120.
Dat S =cost véi te[O;ﬂ]. Ta co

(1 - S)m + (1 + S)m = (1 - (:ost)120 + (1 + cost)120 =2

VR

sin”" i + cos™ ! <2"| sin® 3 + cos” i 2%
2 2 2 2

T, =T,=...=ZX Ty =T, =. =Ty =—1
£ 2 LN 2 . 1 2 120 1 2 120
Dau "="x4ay ra khi va chi khi { { .

t=km, keZ
Vay phuong trinh da cho cé nghiém la (—1;—1;...;—1),(1;1;...;1) .

T, =T,=..=T

Cau 142. Giai phuong trinh ¥/3125.2" —13¥/25.2° + 427 ¥/3125 +48/5.%/3125 =0.

Giai
R6 rang = =0 khong phéi la nghiém ctia phuong trinh.
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4J_ 13425

T B
Ap dung bat ddng thiic AM — GM cho 13 s6 du’dng, ta co

8 8 6 6 39,
AU AR SRS SO SR R P

5 5 2 :I:6 1\3/3125

Dau "="xAy ra khi va chi khi z =+%/5 . Vay 2 =+%/5 13 nghiém ciia phuong trinh da cho.

Xét z# 0. Phuong trinh da cho tuong duong véi z° + —
z*

Cau 143. Ching minh réng véi n e N tuy ¥, ton tai ding mot bo sb (z,;2,;...;z, ) théa phuong trinh

1
(1—301)2+(x1—x2)2+...+(xn71—xn)2+xi=m.
England 1975
Giai
Bién doi phuong trinh tuong duong
(1—x1)2+(x1—x2)2+...+(mn_l—xn) +z; >ﬁ (1—x1)+(xl—x2)+...+(xn_l—xn)+xn 2=ﬁ.
Dau "="xday ra khi va chikhi 1-z, =2, -2,=...=z,, -1, =1, =ﬁ<:>z, = —nil,(izl,_n) .

Cau 144. Giai phuong trinh cos" z—sin"z=1 v6i neN.
IMO Problem 1961

Giai
Vi cos’z +sin’z =1 nén phuong trinh vo nghiem khi n#2 va 0< |cosx|;|sin x| <1.
Néu n=2 va 0<|cosz|;|sinz|<1 thi cling dé thay phuong trinh v6 nghiém vi vé tréi luon bé hon 1.
Nhu vay phuong trinh chi c6 nghiém khi sinz =0 hodc cosxz =0. Tu day ta co
o Néun chinthi z=kr, keZ.

o Néu n lé thi ho#c cosz=0 va sinz =1, cho ta x=g+k27r,keZ,hoac cosz=1 va sinzx =0,

chota z=k2mkeZ.

Cau 145. Tim tat ca cac s6 thuc duong z,z,,2,,...,x, sao cho

|log(xx1)|+|log(xx2)|+...+|log(xxn)|+log{gj log( Zj log(xn]

SR =|10gx1+10gx2+...+logxn

Ta co |10g(m:k )| +

MO Treasures Titu Andreescu, Bogdan Enescu
log{i] > 10g(a:xk) log( } —‘logxk‘—2|logxk| k= 1 n.
Zy, Zy

Giai
Khi d6 vé trai ciia ddng thic tren VT > 2(|10g x| +[logz,|+... +[logz, |)

Tuy nhién vé phai ciia ddng thic VP < (|log 1:1| + |logx2| +...+ |log z, |)
Nhu vay déng thtc trén chi xay ra khi va chi khi

|10g:1:1| =|logm2| =... =|log:cn| =0z =1,=.=1,=1.
Dén day ta dé dang thay dugec z=1.

Cau 146. Cho a>1, hiy tim tat c& céc bo ba s6 thuc (z;y;2) sao cho [y|>1 thdéa phuong trinh

)2+8+\/4z—y2 _0.

log? (xy) +log, (m3y3 + xyz >

Giai
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zy >0 xy >0
Diéu kien {2y’ + 22 20 < xy(x2y2+z)¢0.

4z-y* 20 4z—y*>0

1
Do |y|21 nén tir 4z —y*> >0 suy ra 221 va zy>0.

. L. 1
Ap dung bét dang thitc AM — GM ta cé z°y* + 2> 2%y + n >y,

' 2
Suy ra logi (xy) " loga (x3y3 4 myZ)Z + w > logi (a’,‘y) + loga (m‘yy1 + g = (1Ogu (my) + 2)2 >0.

2
1
Ty I oo L
B y==1 2 2
Dau "="x4ay ra < ] =4qy=1 hoac Jy=-1.
W=y =1 L1
loga(xy)z—Q 4 4
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Cac bai toan vé hé phuong trinh.

Ciing nhu cac bai todn vé phuong trinh, & phan nay ching ta ciing van sé stt dung cac danh gia bat
déng thic co ban dé giai quyét bai toan, tuy nhién sé can phai két hop mot sé cac ki thuat khac nhu
cong trit cac vé, chan diéu kien dé c6 thé xit Iy tron ven duge bai toan. Sau day ching ta sé bat dau
tim hiéu 16p bai toan vé hé phuong trinh danh gia nay!

Mot s6 bat dang thitc déi xting 2 bién.

Day la nhitng bat diing thitc kha chiit, st dung cac them bét dai lugng bat bién khi ap dung bat dang
thitc AM — GM . Chinh vi tinh chat déi xiing hai bién nén dang bat déng thitc nay thuong duge long
ngép vao cac hé phuong trinh hay két hop dé chuyén vé xét ham s6 chiing minh bat dang thic. Nhitng
ting dung nay phd bién trong cac ky thi va la mot khé khan trong céc dé thi vi tinh chat gigi han thoi
gian. Tu tudng ciia cach chitng minh bat ding thitc nay la tir viec gidi phuong trinh cb ging dua ra
nhan tit (z—y). Con dudng sé bé qua céch chiing minh truc tiép bing cac bat dang thitc phu nhu AM

— GM , Cauchy — Schwarz hay Holder,... Néi cach khac, cdch lam nay gitp khing dinh tinh diing din
ctia bat déng thrc.

Vi du 1. Cho z;y 1 cac s6 thuc khong am, chitng minh z° +y* > zy, /2(102 + yQ) .

Giai
Day la mot bat dédng thiic khong kho, tuy nhien giai quyét duge né can mot chit ki thuat

Taco z° +° =xy1/2(x2 +y2)x3 +y —xy(x+y)=xy[ 2(302 +y2) —(x+y)}

2(2? +y° ) (z+y) )
& (z-y) (z+y)=1y. (« ‘y)‘ CY) g () =)
2(3:2+y2)+a:+y 2(x2+y2)+x+y
2 Ty
S (z—y T+y)— =0.
A A e prn
Do (w+y)224xy (Vi zy=1) suy ra (z+y)— 4 >0.
4[2(:102+y2)+(gv+y)
Nén z =1y, ta c6 diéu phai chiing minh!
D& minh hoa cho bat dang thiic nay minh xin l4y mot bai toan sau.
z’ 4+’ zccy4[2(m2 +y2)
Giéi hé phuong trinh .
Wz +z? -1 =9(y-1)v22-2
Vi du 2. Cho z;y>1. Chting minh rang 21 + 21 > 2 .
r+1 y +1 zy+1
Giai
Ta c6 bat déng thiic
+1)— (2 +1 +1)—(y* +1
<:>( 21 — J+( 21 _— j20<:>(xy )(z )+(xy )(y )20
z'+1 zy+1 y +1 ay+1 (xy+1)(x2+1) (:py+1)(y2+1)
z(y-z) y(y-=) _ y
~ z*+1 " Y +1 20<:>(y I)(y2+1 2’ +1 =0-
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ay(z—y)+y-=
(z=9) (g:JEQle:;(y?il)

Bét ding thtc trén luon dang, suy ra diéu phai ching minh!

zy—1

20<:>(x—y)

Vi du 3. Cho z;y 13 cac s6 thuc khong am, chitng minh

2 < 1 N 1 < 2
\/2(:1:2+y2) _\/$2+3y2 \/y2+3x2 STty
Giai

Bt dang thirc 1.
Trude hét ta sé chiing minh bat dang thitc
2 < 1 1

\/2(x2 +y2) - \/a:Z +3y° " \/y2 1327

- 1 3 1 N 1 3 1 >0
\/x2+3y2 \/2(x2+y2) \/y2+3x2 \/2(x2+y2) zU.
\/2(x2+y2)—\/$2+3y2 \/2(1:2+y2)—\/y2+3x2
= + >0
Jz© + 3y \/yQ +32°

0

_W(W+\/x2+3y2) J +30° (m+ V7 +30° )]
2o+ 0) (Ve 3y (47 300~ (22 +39°) |20

e (o8 =9?) (Vo +307 — o 37| (e +ot) + (VP + 307 +J$ +3y7) |20
Y RN s B

\/y2 +32° +\/m2 +3y2

0
—_

&I\D

<.
~—

Dé thay bat ding thiic trén luén dang!
1 1 2
+ < .
\/xZ +3y° \/y2 +3z° Tty
Bat déng thic da cho tuong duong
1 1 N 1 1 <0 T+y—Jz’ +3y° x+y—\/3x +y
Jr'+3yS Tty Jy© +32° 77"‘34 J7* +3y° (x+y) 327 +y (x+y)

(ac+y)2—(172+3y2) . (x+y) —(3x2+y2)

Bat dang thitc 2. Chiing minh

= <0
o' +3y° (x+y+\/$2+3y2) \/3x2+y2 (x+y+«/3x2+y2)
Zy(x—y) 295(3/—30) <0

=S +
N +3y° (z+y)+2” +3y° 327+ ($+y+\/3x2 +y2)

y N x

& (z—y <0
( )LJJ? +3y° (z+y)+2" +3y° 327+ (x+y+\/3x2 +y J
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@(x—y)[(ery)(y\/BxQ +y’ —x\/xQ +3y° )+3xy(m—y)+y3 —xﬂSO

4 4
Yy —T 2 2
S(z—y)|(z+y +3zy(z—y)+(y—z)y +zy+27)|<0
( ){( )y\/3m2+y2 +9L“\/302+3y2 ( ) ( )( )}

@(m—y){ (m2+y2)(z+y) +(x—y)2}20

y\/Bx2 +y° + x\/a:2 +3y°
Dé thay bat ding thic trén luon dang!

y >2«/@

Vi du 4. Cho z;y 1a cac s6 thuyc khong am, chitng minh :
\/y +1 \/x +1 \/xy+1

Giai
Y T+y

\/y +1 \/x +1 \/Iy-i-l

Ta sé chitng minh bat déng thic manh hon

DN I . S U N S S PN
[\/y2+1 \/xi‘/““l] [\/m2+1 \/xy+1] !
o Nty 41 \/xyT—\/:
N \/ﬂf?JiJr Va2 + 1oy +1

zy —y* zy —y*

W(W+Jy—+)+y ETNEra P R

=T

& (1: —y)xy

_M(m+\/y2+l)+\/x2+l(\/xyT+M) =0
oy e (Vo T 1) (o 1)~ (2 +1) | 20
<:>xy(m Y (\/ﬁ—\/yi—i-)[ $y+1+(m+\/y7+ﬂ>0

@(x—y)(\/ﬁ—\/ﬁ)ZOQ(x—y \/a;_fl;%/y__,_ )220

@my(x—y

N—'

Tt day ta c6 thé chiing minh duge bat dang thitc da cho.

1 1 1 4
>

Vi du 5. Néu a;b;c théa man a;b;c>1 thi + + >
l+a 1+b 1+c 1+3/abe

Giai
Ta cé a;b;c>1=>4fabe >1. Ap dung bat déng thitc 2 ta co
1 N 1 > 2 vi 1 _ 1 > 2 .
1+a 1+b 1++Jab 1+c 1+3abe 14_\/0%
1 1 1 1 2 2

Suy ra

+—t + > + :
l+a 1+b 1+c 1+%abe 1+ab  14+c3abe

B 1 1 4 __ 4
) [1+F 1+\/cm] 1+ JNabedabe 1+3abe

Déu ding xdy ra < a=b=c.
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Vi du 6. Cho ;12 1a cac s6 thuc théa man ary>1 va z>1. Chiing minh

1 1 1 2
+ + >
+z+l P4y+l 2 +z+1 3/$2y2z2+3/xyz+1
Giai

Trudc tién ta ching minh bat déng thiic véi hai bién

1 1 2
5 +— > .
r+r+l Yy +y+l ay+Joy +1

1 1 1 1
S| — - + - 20
($2+l’+1 xy+,/xy+1} (y2+y+1 xy+1/xy+1]

xry + .’L'y—.%'2—.%‘+.7}y+ .’L'y—yZ—y

P +z+1 Y +y+1 =0
oly=a) o (Jy =) wle-v)efy(Va-\b)
< r’+r+1 i Yy +y+1 B

Je+dy Ny

2 2 20
Yy +y+1 z +z+1

~~—

< (z-y

o (-y) xy(m—y)+y—x+\/§($2 7;);?‘1’2“/)}0

= (z-y) xy(x—y)+y—x+@($\/;\/§+3;/;\/Z)]>o

- \/@(\/;_\/;)(mjL xy+y+1)]20

<:>(1:—y) a:y(ac—y)+y—x+ \/;+\/§

\/E(a:+ Ty +y+1) .
(i)

Do zy >1 nén bat ding thitc duge chitng minh.

1 1 2
+ >
2 .
2°+z+1 ~,3/3;2y2z2 +«3/xyz+1 23 zyz +«/z,3/xyz +1
1 1 1 1
2 T T *
e+l oy Hy+l 24zl 3PP 4 ¥y +1

2

2
2 +
z%/@+\/z§/@+1 xy++xy +1
> 4 _ 4
\/myz@ +\/\/$yz3 wyz +1 %/9521/%2 +3[zyz +1

Tu d6 c6 diéu phai chiing minh!

<:>(9U—y)2 xy—1+

Ap dung cho két qué tréen ta o

Suy ra

Vi du 7. Cho z;y;z 1a cac s6 thic thda man zyz =1 . Tim gia tri 16n nhat ctia biéu thiic
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_ 1 N 1 N 1
\/1+a:2 \/1—i-y2 \/1—1-22
Giai

1 2

\/1 + \/1 +y \/1 + my
Dua vao bai toan trudce ta dé dang chiitng minh duge bai toan nay!

Trudc hét ta chitng minh bat dang thic hai bién

Cac bai toan.

4x:«/4y+3—\/@

Cau 1. Giai hé phuong trinh.
\/2—8%2\/1—23; _y, 1
T x Adxy

Giai
2y+3

e VT= /2—8w+2\/1 21“—— 2. ’——8x+2 2x ——1
AM-GM
< 1 4+ z—83: +2z+ ——1 =l
4 T 2z z
e VP= —+L4:1:y>2 L:l
x Adxy r 4dxy =

Vay VP >VT

Theo bat ding thiic AM — GM ta c6 4z = <:> x>0

—1+\/3
4

2 1
Dang thiic xay ra khi x = Y= 5

2P +T7=43y+1

Y’ + 1y =2v31 -2

Cau 2. Giai hé phuong trinh. {

Giai
Theo bat ding thitc AM — GM ta c6

AM-GM

2 47=22.By+1 < 22+(./3y+1)2=3y+5@x2—3y+2s0 (1)

Y +ay=2.1-3z -2 S12+(x/3x—2)2 =3z-1 <y +ay—-32+1<0 (2)

Lay (1)+(2) ta duge. z° +y° +a2y—3z—3y+3<0
2
o @y)

4
Vay hé phuong trinh ¢6 nghiém duy nhat z=y=1

(z-y) 3

+2(x+y)2—3(x+y)+3£0<:>T+—($+y—2)2SO<:>x=y=1

\/m+y—1=\/2(y2—2y+x+2)

T —z+y+ (
\/a:(x+y)+\/(x—1)(y+1):$—_yll

Cau 3. Giai hé phuong trinh x,Y € R)

Giai
N z>1
Diéu kién { .
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Ta bién doi hé phuong trinh da cho tré thanh hé phuong trinh .

\/x+1+y—1=\/2(y2—2y+x+2)
(mZ —x)(x+y)+(a;—1)\/y+1 =x2—x+y+1‘

Ap dung bat dang thic Cauchy — Schwarz taco Jr+1+y—1< \/(1 +1)(y2 —2y+x+ 2) .

Dau dang thic xy ra khi va chi khi vz -1=y-1.

aQ+2

St dung danh gia ab < . Ta c6 cac danh gia sau

5 P —r+z+1
(1: —x)(ery)S—
2 = (x2—x)(x+1)+(x—1)«/y+13x2—x+y+1.

2
(x—l) ,—y+1sx —2x-;1+y+1
'\’ 2— :"
o x+y<:>\/y+1=:1:—1.

r—-1=\y+1

\/lezy—l (x

y+l=2-1

Dau dang thic x3y ra khi va chi khi {

Khi d6 két hop lai ta sé c6 hé phuong trinh { >1,y>1)

@{fr—yzx/y?—\/mC) g;—y+(\/m—\/y?)=0
Jo+l=y-1 Jr+l=y-1
(x—y)(l+;]=0
N Jo+l+fy+1
Vz+1=y-1

@{xzy @{Izy C>{x:y - {x

Je+l=2-1 adw—l:(:lc—l)2 z(z-3)=0 {

8
Il

<
I
w w o o

y

D6bi chiéu diéu kién ta c6 nghiém ctia hé 1a (x,y) = (3;3) )

4z’ +4zy’ f
&+«/x2—my+y2 =2z +y

Cau 4. Giai he phuong trinh { 22° +zy +y° , (z,yeR)
2(2x—y)w/x—y =2’ -5ry+4z+y—1

Giai
Diéu kién z >y .
Tu phuong trinh thit nhat trong he ta c6

f f 42° + 4y’ f f 4o® —zy+y°
\/xz—$y+y2=2x+y——$ a2 <:>\/x2—my+y2=y(—x a2k

20" +ay+y° 2% +ay +y°

2’ —ay+y’ >0
9 9 R T2y
Do J4z" —2zy+y >0 néntasuyra. y>0. Vi 0:>a:>0.
f y >
22" +xy+y° >0

Mit khac ta ¢6 cac danh gia sau .
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1 3 1
Jz* —ay+y’ =\/Z(x+y)2 +(o-y) 2 (o +y)

DAau déng thitc xay ra khi va chi khi z=y.

42" + 4xy? S 3z+y (1)

20" —zy+y’ 2

That vay, ta co (1) < 82° +8xy” > (33: + y)(2x2 —zy+y° ) & (a: - y)2 (2x - y) >0.
Bét déng thitc cudi cing luon ding vi 2z -y =z +(z-y)>0.
DAau déng thitc xay khi va chi khi z=1y.

N . . 4$3+4:py2 3 51 1
Tt hai danh gid ta c6 ————++J1" —zy+y 2—(x+y)+—(3x+y)=2:1:+y

20" +xy+y 2 2

Dau ding thiic x4y ra khi va chi khi z=y.
Thay vao phuong trinh thi hai trong hé ta thu duge phuong trinh .

r=1=y=1
42 b +1=0< 1 1.
r=—=y=—

4 4

Doi chiéu diéu kien ta ¢6 nghiem ctia he 1a (z,y) = {(1;1);(1;1} )

\/5+\/xy+(w—y)(\/@—2)=x/§+y(1)

Cau 5. Giai hé phuong trinh
(y+ xy +z+z2)(x+1)—4:0(2)

Giai
T phuong trinh (l)ta c6
_y u(z-y)+ (w—y)(ﬁ/—2)
+
$+\/§ \/xy—i— (z- y 2)+y

y+Jry —2 —O(*).

\/;"'\/7 \/xy+ x y)( 2)

Néu z =-1thé vao phuong trinh (2) suy ra -4=0 (voli)

Vay z=y hay

. 4 . .
Néu z #—-1tu (2):>y+ Ty = 1+a;2 — 2z thé vao phuong trinh(*)
T+

1+x —x—-2
T+ _0(**)

x+\/> \/xy+ (z- y y—2)+y

Bay gio ta chi can chiing minh +2°—2-2>0 hodc >0

z+1

+2P—x—-2 v6i £20.

bat f(z)=

z+1

Khi do, f'(m)z >+2z—1 cho f'(x)=0:>x=1

(x+1)
Khéo sét ta thay min f(z)=0tai =1 = f(z)>
Khi d6 dé thay phuong trinh (**)>0véiz,y >0

Tap chi va tu liéu toan hoc | 330



Tuyén tap phuong trinh dai s6 hay va kho |

Véi z=y thé vao (2) :>(3:E—x2)(a:+1)—4=02>x=1 (thoéa) hay x=1+;/ﬁ (thoa).
x+6\/@—y=6
Cau 6. Giai hé phuong trinh 6(x3 +y3) (z,yeR)
I+ﬁ= 2($2+y2)+3
T +ay+y
Giai

Diéu kien. zy >0,2° +y° >0 .

Vi <0,y <0 khong thoa hé nén ta chi can xét >0,y >0 .

Theo bét ding thitc AM — GM ta c6 64/zy <3(z+y).

Do d6 tit phuong trinh thit nhat ta c6 6=x+6@—y£sc+3(:13+y)—y:>2x+y23 .

2 2

+ .

Mait khac ta c6 . JJySI Y Do do tit phuong trinh thi hai trong hé ta co

6(x3+y3) 6(353+y3) 4(x3+y3)

x+$2+x+22x+ ‘ 2y D4yt

Yty m2+y2+ ) Y
4(z® +4°
Ta sé di chiing minh %22 2(1“2 +y2) (*)

T4y

That vay, taco (¥) < 2(2° +17)2 (2" +¢°),[2(2” +¢°)
& 2(1“3 +y3)2 (:U2 +y’ )2 (x2 +y2)<:> 2’ =3z'y? + 42y +32%y" +4° =0
= (x —y)2 (ac4 + 22y + 2zy” + y"i)z 0 (luon ding Va,y>0)

Dau dang thiic x4y ra khi va chi khi z=y.

Vi cac danh gia nay ta co

3 3
3=x+;(fx—xy)2—ql2(m2 —i—yQ)Z:L’+2\/2(:r2 4—]42)—\/2(z2 +y2)=x+«,2(aj2+y2)

Mat khac ta lai c6 2(3:2 +y2) >r+y.

Dodétaco 32x+x+y<=2cx+y<3.

2x+y=>3
~ L . . 20+y=3 r=1
Vay qua cac danh gia ta c6 dugc <2z +y <3 < = !
=y

Déi chiéu diéu kién ta c6 nghiém ctia he 1a (z,y) =(11) .

y—1=48-2y—51—2°

Cau 7. Giai hé phuong trinh , 5/ 6
6—2y :E(x +1)

Giai
s o |y=21
Diéu kién . s .
8—2y—br—1" 202" +5x<8-2y<z’ +5r<6< <1

Ta c6 (y—1)2=(«/8—2y—5$—z3)2<:>x8+5x+y2—7:0 (1)
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AM-GM
>

Va 62y =g($6 +1)

Lay (1)+(2) ta duge (2* —52" +52—2)+(1-y)20

5.2953 =5z’ < b’ -2y° +620 (2)

) 1%+
@(x—2)($2+x—1) +(1—y2)20c> = 2
y=1
Thit lai thay vo nghiem.
2 2 2 2
X \/x +y \/x +xy+y ey (1)
Cau 8. Giai hé phuong trinh 2 3
T[22y + 52 +3 =4y —Hx -3 (2)
Giai
Diéu kién 2zy +5x+32>0.
z2+:cy+y22§(x+y)2
Ta ¢6 4
acod ) ‘
x2+y225(x+y)2
2 2 2 2
Do doé \/x Y +\/x Tty 2\/l(ac+y)2+\/l(aj+y)2 :|w+y|2(x+y)
2 3 4 4
Dau“="xdyra < z=y>0

Thay x=y vao phuong trinh (2) ta dugc phuong trinh

o222 + 53 +3 =42 —5:[:—3@(2352 +5x+3)+x\/2x2+5x+3—6x2 =0

@(\/2332 G+ 5743 +3m)( 92 + 5243 — 21

N2z + 5 +3 =3z

22 +5x+3 =2z

.

o2 +5x+3=2r<x=3.

Vay hé da cho c6 nghiém la (x,y) = (3;3).

Sy

o +y + =16 (1)
T+Y
Cau 9. Giai hé phuong trinh .
2 20 |2’ 2ty 2)
8y 3 3y 4 2
Giai
x+y#0
Didu kien y#0
i+120
3y 4
2
g—+2§+%20 y>0
T phuong trinh thit hai clia hé ta suy ra y = 3 .
z 1 z+—y=20
—+—-20 4
3y 4
. o o 8ay 2 8xy
Taco z°+y + =16<:>(x+y) —-16—2zy + =0
T4y T4y
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@(x+y—4)[(:1:+y)2+4(x+y)—2:1:y]=0
@(x+y—4)[x2+y2+4($+y)]:0 (*)
Do x+y>x+%y20:x2+y2+4(x+y)>0 nén (*)ez+y=4.

y_ 2

Mat khac, do ? + = 53 (z + i yj >0 nén ap dung bat ding thic AM —GM ta co

2 3 2
T +(2x yj 5 (2]} yj .z
8y 3 2 Sy\ 3 2 3y 4

Suy ra phuong trinh thit hai ctia hé <:>I—=2—x+£
8y 3 2
[ 24
Z’=7
r+y=4
r+y=4 4
Dod6ohedacho < 42> 20z ¢y , ) S| |Y=z
=gty B —l6my-12y° =0 7
y r=-8
| ly=12

Vay nghiém ctia hé phuong trinh da cho la (x,y) = {(% ;lj ( —8; 12)}

o’ (1-z)+y* (1-y)=12zy+18 (1)

. 1 . .r,.hA h S h
Cau 10. Giai he phuong trin {|3x_2y+10|+|2x—3y|=10 (2)

Giai
Nhan thay (w;y) = (0;0) khong la nghiém ctia hé phuong trinh.

Taco (1)<:>1:“ +y° =($2—y2)2 +2($y+3)3 20:>(J:+y)(x2 —xy+y2)20:>x+y20 (*)

Ap dung bat déng thitc |A|+|B|=|A-B| talaico
10 =3z =2y + 10|+ |2z — 3y| 2 |z + y + 10| 210
(Sx—2y+10)(2x—3y)§0©{—2S:ESO
y=-—x
Thay y=-z vao phuong trinh (1) ta c¢6 phuong trinh
27" —122° +18=0 1’ =3 = 2=—/3, do —2< 2 <0.
Thay trd lai ta tim duge nghiém ciia hé da cho 1a (Ly) = (—\/g;\/g )

Déu “=" x4y ra <
z+y=0

z+y+1l)(z+y+1+zy)=122y 1

Cau 11. Giai hé phuong trinh ( )( ) ‘ ()
y\/3$—2xz—1+x\/1+y—2yz+acy=1 (2)

Giai
1
222 —1>
Diéu kién {333 20 21_0<:> 2
1+y—-2y"2>0 _—1£y£1

2

o Vi (:1:+y+1)(ac+y+1+xy)=0 hé da cho v6 nghiém.
o Vi (m+y+1)(x+y+1+a:y)#0
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Tt phuong trinh (1) cho ta L 1 :i
z+y+l z+y+l4zy 12

. 1 1 1 4
Ta lai co - < — 5
r+y+1 x+y+l+zy z+y+l (x+y+2)

Xét ham 6 f(¢) =1—%,t e[1;3] trongdé t=z+y+1
to(t+1)
Lap bang bién thién ta tim duge f(t)< f(3)= %

r+l=y+1 z=1
Vay hé tuong duong { Y <:>{

r+y+1=3 y=1

-1
Thit lai ta c6 nghiem ciia hé da cho 1a {z X
y =

x+y+121+_—1+1=1>0
2 2

Cach 2. Taco L1 L1
THy+leay>=—+—+1+1.—==>0
2 2 2 2

Nén ti 12a:y=(x+y+1)(a:+y+1+acy)>0:>$y>0
Ma xz>0=y >0. Nén tit phuong trinh (2) suy ra xy <1 (*)
Tt phuong trinh (1) va ap dung bat dang thic AM —GM ta c6

12xy:(x+y+1)(x+y+1+xy)233x.y. ( y+2w/1x) 12 xy6:>xy>1(**)
z,y >0
Tu (*),(**) chota o=y <z=y=1.
xy=1
=1

Thit lai ta c6 nghiém cta hé da cho la { )
y =

2y =an (7 +7)
Mz +z? -1 =9(y-1)2z-2

Cau 12. Giai hé phuong trinh

Giai
Ap dung bét ddng thic AM — GM ta ¢6
z* 4+ =(a:+y)(x2 —$y+y2)22@(m2 —xy+y2)

(:zzzy)2 2(z+y)2@ :\/E\/(m2 +y’ +2xy)

4 4

2\/@\/2xy(x2 +y2) :Iy\/Q(l‘Q +y2)

Dau “=" x4y ra khi z =y, thay vao phuong trinh 2 ta dugc

Wz ++a’ ~1 =9(z—1)V2z -2 <:>2\/2x+2+2 (z-1)(z+1) =9(z-1)Vz -1
S2(Vor1+4z-1)=9(z-1)Vr-1 < 20r+1 =(9z—11)\/a:<:>:13=§

Mat khac ta c6 z° —zy+y° > =t +y’ >
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2y +6yz—1+12y =4 (1)

Cau 13. Giai he phuong trinh | 4y 1 N

——= 2
1+y ay+y ~z+y )
Giai
g 1
Diéukién{x_l.Tacé ()L L - 2
y=0 S dys 1+\/§
r T T T

a_ . b 2
b+ab a+ab 1+-Jab
Ap dung bt ding thiic Cauchy — Schwarz ta dugc

1
bat a=—b=y ,taco
x

a b . (a-i—b)2 B (a-i—b)2 3 1 . 1 2
b+ab a+ab_ab+a2b+ab+b2a_ab(a+b)+2ab_ ab n 2ab ab +1_1+\/E
atb (a+b) 24ab 2
Déau "=" xdy ra < a=0 hay y:l
x
=>4
Thay vao (2) taco 2Vz—1=r-4< , =& x=10
4(z-1)=(z—-4)
Tt d6 cho ta nghiém ctia hé da cho la (:p,y) = (10;%}
V22 -3-Jy=2c-6 (1)
Cau 14. Giai hé phuong trinh
z3+y3+7(x+y)xy=8xy4/2(x2+y2) (2)
Giai

Diéu kién x Zg,y > 0.

Ap dung bat ding thic AM —GM ta c6

4+ +7($+y)xy=(:p+y)3 +4(I+y):py > 2\/(m+y)34(a:+y)my
:4(a:+y)2 \/Ezll@[(f +y2)+2my] 24\/@.21[@2 +y2)217y =8xy4/2(a:2 +y2) )
Nhu vay z* + 5 +7(a;+y)xy28xy4/2(x2 +y2) .

Ding thiic x4y ra khi va chi khi z=y
Véi z =y thay vao (1) ta dugc

M—J—=2x—6©M—\/—=2(M—\/5)(M+\/E)
@(\/295—3—\/5)(2\/295—3+2J5—1)=0@\/2x—3—f:0®x=3
Do 2\/2x—3+2\/;—1>0,Vx22

Tt d6 ta tim duge nghiém cta hé da cho la (x;y) = (3;3).

2 fy-1+y2c-1=4 (1)

Cau 15. Giai h¢ phuong trinh s
(2z+y-1) =27z(2-z) (2)

Giai
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Diéu kien xZ%,yZl.

Ap dung bat déng thitc BCS ta co.

(VT(W)] =(20fy—1 4920 1) <(1+1)[42*(y-1)+5* (20 -1)] (*)

Ap dung bat déng thitc AM —GM ta lai c6
z+z+y-—1 ’ 2z +y-1 ’
e (e
(y-1) ; ;
3
(2x—1)£4(y+23x_1j

3
Két hop véi (*) cho ta [I/T(l)}2 < 16[%}

o y.(22-1)=4.

RS
RS

3
Tit (2) talai 6 (2z+y—1)° =27m(2—$):>(%] —2(2-2)=1—-(z-1)' <1

y+2x—1

Do vay [VT(1)] < 16(

Két hop véi (1) taco 4=VP(1)=VT(1)<4 .
z=1
y=2
Vay hé da cho c6 nghiém (x,y) = (1;2).

DAu bang xay ra khi va chi khi {

3
j <16=VT(1)<4

2

Cau 16. Giai hé phuong trinh 2

biéu kién z* > 3.

Ta c6 (2)<:>:L‘2+y2+:13—y=8—(my—4)2:>x2+y2+:1:—y38(*)

1) 2 2 2 o
(y—l)ﬁg(y 1) +z 3 a4y -2y-2

Lai ¢6 2 2

(x+1) /yQ+_5s(x+1)2+3/2+5:332+y2+2x+6

2 2
Nén tu (1) ta lai co

10=(z+1)yy* +5+(y—1)Va’ -3 <2’ +y’ +a—y+2 => 2" +y’ + -y = 8(**)

zy =4

Tu (*),(* *) suy ra hé c6 nghiem < <y—1=+z>-3 <:>{

T+1=4Jy* +5

Vay hé da cho c6 nghiém (x;y) = (2;2).

Cau 17. Giai heé phuong trinh {

N8 —1® +yJ3-2y =5
(3-2y)Wz+1=2y+4-y-2 (2)

(1)

Giai
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D@uk@nyﬁ%;&ﬁz£2J§
Taco (2) < (2-1-y)(2/4-y +3)=(3-2y)Vz +1

y<o

Do (3-2y)z+120,v{" "2

—1<z<22
Suy ra (2—J4—y)(2 4y +3)zo:>2— L—y>0=y>0
Theo bat déng thitc AM — GM ta co

o 18 —12 SM=4

2

3
-2
. y2(3—2y)s£WJ —1sy3-2y <1
Hay VT(1)<5=VP(1)
y=3-2y @{yzl
r=v8-1’ r=2

Thit lai ta thay, he da cho c6 nghiém (z;y)=(12).

Dau "=" x4y ra @{

Cau 18. Giai hé phuong trinh
257y —23y° — 9y = 12y\/(2:1: -3y — 1)(:1: + y) + 2z (x = y)(4y = :v) (1)

2
) J5_y\/5_y32_y10 ()
2 2 2 405

Giai
T phuong trinh (1) ta dugc

y(3\/2x—3y—1—2\/x+y)2+x(m—\/4y_—$)2 =0

2 .
T phuong trinh (2) ta dugec VP21>0= % >0=2y>0 do d6 xy cung dau

Do d6 VT ctia pt(1) chd c6 thé 1a VT <0 hosic VT >0
2

y(3J2x—3y—1—2Jx+y) =0

x(w/x—y—«/ély—x)Q:O

15
8

Déu bang xay ra khi

x
Giai hé phuong trinh ta tim duge

y=z

Kiém tra thi thay thda man hé phuong trinh ban dau

Vay hé phuong trinh ¢6 nghiém (%5, %j

Y’ +4a:=4(y\/x?—1) (1)

Cau 19. Giai hé phuong trinh ‘
(z-1) -8y =3y*~2-53 (2)

Giai
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. >-1
Diéu kién v
y=>0

Tac6 (1) y* —2yde +4 +(4m+4)=0©(y—«/4x+4)2 =0 y=+dz+4
Thay vao (2) ta c6 phuong trinh z° — 32 — 8z +40 =84z +4 (*)
Ap dung bat ddng thi ¢ AM-GM ta c6 .
4 4 4
VP(*)=siflr+d=22241z+4 < ZFZAZHATRA_ 45

AM-GM 4

Déu “=" x4y ra khi va chi khi x =3 ..

Tasé ching minh . VT'(*)>z+13, Vo> -1 (*) .

That vay z° —32° 82 +40>2+13 & 2 ~32° 92 +27> 0 (z-3) (z+3)20
Luon ding v6i moi 2> -1 . Dau ‘=" x4y ra khi va chi khix =3 .

VP(*)S&U+13:>(*)<:>{ 8ar+4=2+13

) r=3
VT (*)2z+13 2’ 32" —8r+40=12+13

T do cho ta {

Thay tré lai, ta tim duge nghiém ciia hé da cho 1a (x,y) = (3;4).

2] vi=y6r 2o 0 1) (1)
(y—l)(x2 +:1:)+1=\/§-\/3 1-3z (2)

Cau 20. Giai hé phuong trinh { (x,y € R)

Giai
Diéu kien {IZ_
y=>0
Taco (1)< | (y-22) =2(y-22)+1 ]+ (y+1-2[(y+1)(20+2) +20+2) =0
-2z-1=0
2 -1) 4 (Jgr1-v2mi2) =0’
<:>(y ; )+( Y o ) <:>{~/er1—\/23:+2=0

Thay vao (2) ta c6 phuong trinh 2z° +22° +1=+/1+22.81-3z

Sy=2x+1

1
T phuong trinh trén suy raz > -3 nén 2z° +27° +1=22" (x + 1) +1>0,suyra

N1+2231-32>0=31-32>0

Ap dung bat ding thic AM —GM tac6 .

| iras < H(x20)
2 = 0<VT+22 1-3z <(1+2)(1-x).

1+1+(1-3z)

R T

Ta sé chitng minh 2z° +22* +1>(1-z)(1+z) (¥)
That vay (*) =288 +32° 20 < 2 (2x + 3) >( dang véi moi z > —% hay (*) dugce chitng minh.

Dau ¢‘="" x4y ra khi va chi khi z=0.

Thay tré lai ta tim duge nghiém ctia hé da cho la (a:;y) = (0;1).

Tap chi va tu liéu toan hoc | 338



Tuyén tap phuong trinh dai s6 hay va kho |

1 1 2
—+ =]
J1+247 \/1+2y2 \/1+2xy

\/x(1—2x)+\/y(1—2y)=§ 2)

Cau 21. Giai hé phuong trinh (a:,y € R)

Giai

o
IA
8

IA

Diéu kién (*)

0

IA

<

IA
N | — N =

T phuong trinh (1) ap dung bat déng thic Cauchy — Schwarz ta cé

2
1 1 1 1
<2 3
{\/1+2x2+\/1+2y2] (1+2$2+1+2y2] )

L2 2(y—z) (2zy—1) L
1+22" 142y 1+2ay  (1+2ay)(1+227)(1+2y")

Mat khéc ta co

9

1
Do tir (*) ta co 0Sxy£1:>1+2xy>0, 2ry—1<0.

Khi d6 (3) 1a mot nghiém ctia hé phuong trinh

2
1 1 4 1 1 2
+ < < + < .
(\/1 +227 142y ] L+2zy  \1422°  \J1+2y°  J1+2zy

Dau béng x4y ra khi z =y, thé vao phuong trinh (2) ta dugc

m_y_g—\/ﬁ
Nr—22° =gc>2x2—x+i=0© 36
9 ST N
Y 36
+ +
Vay nghiém ctia h¢ phuong trinh 13 (z;y) = (9 _B\é% ; ) _3\4%}

gch(2+2,/4y2 +1)=$+\/z2 1 (1)

Cau 22. Giai hé phuong trinh 1 1
PBrz-2-z =2——4 /2—+3+8 (2)

y Y

Giai
—3<z<2
y>0
1

<=
Y 6

T (1) taco VP(1) =z +Vz> +1 >z +[2)>0=>VT(1)> 0=y >0

Lai ¢6 (2) < V3+z —~2- :H%+3j—4 /2i+3 +4}+1
y y

Diéu kien
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SA3+r—A2- x—[ —+3 - QJ +1=V3+zx-V2-z21=z2\2-z2=>z>1
\/ Y

\ 11 1
Tut didukien 221 taco (1) 2y+2yfdy’ +1=—+— [1+—
r T T
2

t
N1+t

Xét ham s6 f(t)=t+tV1+1*,t>0,taco f'(t)=1+V1+t" +

>0,Vt>0.

Do dé f(2y)=f(lj©2y:l©x:i
T T 2y

Thay vao (2) ta c6 phuong trinh z—5vz+3 +~+2-z +8=0 (*)
Xét hamsd f(z)=z-5Vz+3+v2-2+8,z>1 tacd
5 1 _2\/x+3—4+1( 1 1 j

(z)=1- + - - -
f( ) NT+3 22—z 2Nz +3 2\N2—2 +z+3
Do 213 -420Ve>1 va L _ 20+1 >0,Ve>1

N2-z Jz+3 \/(2—x)($+3)(\/2—x+x/:1:+3)
Nén f'($)>O,V:1:21 .
Dong thoi f(1)=0 suy ra phuong trinh (*) c6 nghiem duy nhat z =1.

\/y+2$—1 +\/1—y=y+2 (1)

$\/;=\/y($—1)+\/$2 =@ (2)

Cau 23. Giai hé phuong trinh {

Giai
y+2z-1
20
Diéu kién <1-y=>0
y(x—l)ZO
7’ —y>0
Nhan thay (z;y)=(0;y) khong la nghiém ctia he.
. ) z(y—=) r(y-z) _y-z
Vi 20, taco (Jy(r—1)—Jz° -y = = =
\/( ) \/ \/y(x—1)+\/x2—y oz Vo
\/yx 1 \/x —y = x\/_ -
Két hop véi (2) cho ta :>2«/y r-1 T+
\/yx 1 \/ac ( ) \/;

:>2\/m=(x2—x)+y:>[(a:2—x)—y]2=0:>y=$2—x

Thay vao phuong trinh (1) cho ta Vol +z—-1+V-2’+z+1l=2"—2+2 (*)

2
T +x
Nl +z-1<

Ap dung bét déng thitc AM —GM tac6 2 SVT(*)<z+1

a2
B 2

Ta sé chitng minh VP (*)>z+1.
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That vay :132—30+22x+1<:>($—1)2 >0 (luon dang)

Vay {VT(*)s:p+1:> *)Q{VT(*);%Q

=1
VP(*)zz+1 VP(*)=x+1c>x

Tht lai ta thiy nghiém ctia phuong trinh da cho 13 (x,y) = (1;0).

x+2y—1)m=($—2y) rx+1 (1)

Cau 24. Giai hé phuong trinh (
2zy+5y=,/(z+1)(2y+1) (2)

Giai
2y+120

Diéu kien
z+12>0

P 1
Nhan thay (z;y)= (—1;—5) khong 1a nghiém ctia hé . T phuong trinh (1) ta c6

(1) (z-2y+4y—1)\2y+1=(2—2y)Jr+1
& (4y-1)2y+1 =(x—2y (m—«/Zerl)

4 142+ = >03 > (%

Ap dung bat ding thic AM —GM talai c6
z+14+2y+1

(2):>233y+5y= (x+1)(2y+1)£ 5

:>x+224y(w+2):>($+2)(1—4y)20:>ySi, dox>-1 (**)

1

_1 y=—

T (*) va (¥*) suy ra hé c6 nghiém khi {y 4 = 411
r—2y=0 ==

i 2

Thit lai suy ra hé da cho c¢6 nghiém (x y) (; i]

z* —23:2(3/—1)+43v+y2 -6y +31 1 (1)
Cau 25. Giai hé phuong trinh 4\1/2755 =27y +162 + 6\/z —y+4

(Vo—2z+\y=5) +3c-y=2 (2)

Giai
Ta c6 phuong trinh (1) ta co

o' =20" (y—1)+ 42 +y° —6y + 31 =427 - 27y + 162 + 6,z —y + 4

) o, 4.%/3.3.3(x—y+6)§x—y+15
Ap dung bat dang thitc Cauchy ta co
6z —y+4<3z-3y+15
Do d6 VP <4z —4y+30
Talaico VT =a' —22* (y—1)+(y—1) +4z—4y+30

=(2* ~y+1) +dz—4y+30> 40 ~dy +30
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{a:z—l

2_ — =2
Dods VT =VP i ~VTI=0 | W

T—y=-3 =2

Yy=95

Kiém tra lai hé phuong trinh ban dau thi c6 nghiem (2;5) 1a thoa méan.

1 1
+ = 1
Cau 26. Giai hé phuong trinh Nz +2 \/y—l \/:B+y ( )
r’+y° +4zy—4z+2y—-5=0 (2)

Giai

N >-2y>1
biéeu kién v 4
x+y>0

Taco (2) & 2(z+y) =(2+2) +(y—1) Q(“QT {y‘lf —9

Tty r+y

/“” I _o  pat “y 29 _p (a,b>0).
T+2 z+2 y—1

a+b=2
Ta c6 hé phuong trinh < 1 1 (*) .Ap dung bat dang thitic AM —GM ta co
s

ot b

1 1 1 1 1
( :>2:a_4 th_2 b4:>a2b2S13ab>1

[\
~

(1)=2=a+b22Vab = ab<1
THY
a=1 T+2 y=2
f—g
b=1 r+y
29
y—1
Vay hé phuong trinh da cho cé nghiém (;L’;y) = (—1;2).

z=-1

a
Do dé6 (*
o o()cs{w

doy+x+4 (2—x)(y+2):14 (1)

Cau 27. Giai hé phuong trinh
2’ +y’+22-1=0 (2)

Giai
Céach 1. Diéu kien (2-z)(y+2)20
Tt phuong trinh (1) ta c6 2=(I+1f+y222(I+1ﬁﬁjy(z+1)ﬁl(*)
Ciing tit phuong trinh (1)taco (z+1) +3* =2= 2 <y<2=y+2>0
Do d6 (2) tuong duong
14-day -z =22-2.(2y+2)<(2-2) +4(y+2) > y(z+1) 21 (*¥)
Tu (*),(* *) suy ra hé da cho c6 nghiém khi hé sau c6 nghiém
r+l=y

=-2
=z =2Jy+2 @{x
y=-1
y(z—i—l) =1
Thit lai ta tim duge nghiém ctia hé da cho 1a (a:;y) = (—2;—1)
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Cach 2. Diéu kien (2—-z)(y+2)=0
Tt phuong trinh (1) :>(m+1)2+y2=2:>—x/§£y£x/§:>y+2>0:>2—:1:>0
Do d6 (1)<:>4(zy+y—1)=(\/2—z—2 2+y)220:>xy+y—120(*)

Lai cé (2)<:>(1—xy—y)=(x—y+1)2ZO:nyry—lSO(**)

N2—2=242+y 5
T (*)7(* *) suy ra hé da cho tuong duong véi Sz —y+1=0 @{I:_l
zy+y—1=0 o
Hay hé da cho c6 nghiém (z,y) = (—2;—1).
+2) —|z+ ~1)+(z+y) =0 1
Cau 28. Giai hé phuong trinh (x ) |x 2y|(y ) (m y) ( ) (x,yeR)
(y—l)(:v+y) —y+1=|$+y|(y2—2y) (2)
Giai
Tt phuong trinh (1) ta cé |z+y|(y—1)=0 (*)
e Néu |z+y|=0=y=1=z=-1 (L)
e Néu |x+y|¢0:>y—1>0
1

1-—

Mait khac tu (2 _——=y—1-—
at khac u’( )suyra |x+y| |x+y| Y b1

X&hmnﬁyﬂﬂzt—%:f(ﬂ=1+%>o (V>0)

Ham s6 luon dong bién V¢ >0 nén f(|x+y|)=f(y—1)<:>|:1:+y|=y—1

Thé vao (1) suy ra ($+2)2=O<:>x=—2:>|y—2|=y—1:>y=§

Thit lai ta thay, cdc nghiem ctia he da cho 1a (z;y) = (—2;%).

2z +y3 er6 =«/xy—x2y2 (1)
Cau 29. Giai hé phuong trinh 1 - (:zz,y € ]R)
4my3+y3+§=2x2+w/1+(2x—y) (2)

Giai

Diéu kien zy—z"y*>0 (¥)

2
o 5 1
Taco y° +y° +22° = i—(azy—%j S% <y +2y° +22° + 4y’ S§+y3 +4xy’

Cong véi (2) ta dugc

<:>y6+2;y3+2362+4:cy3+2362-l—«/1+(2x—y)2 <1+2y° +8zy’
<y’ +42° —day’ +1/1+(2x—y)2 Sl<:>(y3—2$)2 +\/1+(2$_y)2 <1

y—20=0 |V V=0 g [v=1 fy=-1
DAu bang x4y ra khi |~ S y & v 1V 1
Yy’ —22=0 z=0 3

== T=
2
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Thit lai ta thay, nghiem cta he da cho 1 (z;y) = (—%;—1].

a:y+4,2(a;4+y4)=1 (1)

Cau 30. Giai hé phuong trinh (z,y € R)

5 5 2
=— 2
'y +zy 7 ( )

Giai
/ A 2 Z 2
T (2) taco xy(ac4 + y4)= T >0= xzy>0. Theo bat dang thiic AM — GM ta c6

2

3

( )2 wy+1—xy+1—xy
4 1-zy l-zy 1—ay 2 2 2
Xét VI =zy(z' +y' ) =zy— =2ay. . <2 ==
G YT 3 27
1-2y
xy =
1 1
. 2 r=—7 |v=——F
Déu bang xay ra khi =3 =S 13v 13
, Yy=—1pm |Y=—7F
$4=y4 3 3

Tht lai ta thiy, nghiém ctia hé da cho 1 (x;y) = {(—,%J,(—L—L]}

Binh luan.

Déi v6i he phuong trinh trén ta c6 thé bién doi tit (1) nhu sau . (- a:y)2

1 _ 2
Thé vao phuong trinh (2) ta c6 xy# = %

( b(3—a2 —b)—a\/g)(\/g—a)+(3—a2)a=2(1)

a’ +b +\/E=3b(2)

Bai 31. Giéi hé phuong trinh

Giai
Diéu kién. a>0;6>0.

Ta sé lam viéc v6i PT(1). Nhan thay mot dau higu rat dac biét
b(3—a2 —b) Va(B—aZ)a
Nén ta sé bung phuong trinh ra va ghép dé c6 (3 —a’ —b) va diic lugng 3 —a’ —b , va khi d6 bai toan

thuc su bt dau.
Pit a=x,4b =y

Bién d6i PT(1) <:>(y\/3—x2 —y° —xy)(y—a:)+(3—x2)x=2
s y+y’3-2" -y +(3—ac2 —yQ)x—xy«B—xQ -y’
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Dit V3-a-b=z=2’y+y’ 2+ 0 —ayz=2 véi ” +y* +2° =3
Ta sé ching minh P =2’y + 1’2+ 2’ v —2yz <2 v6i 2,4,220 v 2° +9° +2° =3.

That vay. Gid stz >y >z . Ta co. z(x—y)(y—z)ZO Syt 2yle+ e —ayz

[ 24 +3—y2J3
_ 22 —a?
:>P£y(z2+x2)=y(3—y2): y2(3—92):2\/92'3 23/ .3 21/ <2 227 2 =2

Déng thitc xay ra khi va chikhi 2=y=2=1=a=0b=1
Vay hé phuong trinh c¢6 nghiém duy nhat a=b=1.

z .Y 2:x+3+y+3+ )

Bai 32. Giai he phuong trinh {¥ 2 = y+3 5  z+3

x3+\/;—\/§=8

Giai
Diéu kien. z,y >0
Ta sé chitng minh mot két qua tong quat, mot két qua rat thusng dude sit dung vao ché tac hé phuong
trinh v6i phuong thitc danh gia, sau day to6i xin gidi thiéu mot cach rat nhanh, rat don gian
x g+i>z+k y+k z+k

y z x y+k z+k z+k

St dung phuong phap SOS — Schur ta ¢
Khoéng mat tinh tong quat, gia st z = min{x,y,z}
y,o (o) (E=2)-2)

T
Taco —+=+
Yy oz oz xy 2%

2
Va x+kz+y+k+z+k_ _ (:v—y) +(x—z)(y—z)
y+k z+k z+k (x+k)(y+k) (x+k)(z+k)

Bét ding thiic can chitng minh

L 1 2 1 1
oy (z+k)(y+k) ]S — e |(z-2)(y—2)20
c{w (m)w)](w Y [ (x+k)(z+k)J<w )(-2)
Theo gia thiét ta co. (w—z)(y_z)z 0
1 1 1 1
Taco) ——————=20va —————=2>0 VE20
e vy (z+k)(y+k) Ve (z+k)(z+k)

Tt d6 bat dang thic duge ching minh!
Ap dung vao bai toan suy ra z =y =2

Vay hé phuong trinh c6 nghiém duy nhat z=y=2.

Ve +Jy-1+Jz—y=+5

Bai 33. Giai h¢ phuong trinh
{|(x—y+1)(m—2y+l)y| =\/5

Giai
Diéu kien z>y>1

Dat \/gza; Jy—1=b; \Jz—y =c, hé phuong trinh da cho tré thanh
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a,b,c>0
a+b+c=J€

(6 ) ) ) =5

Gié stt ¢c=min{a,b,c} . Khi d6 ta c6
a+b=5-c<5.Dat P= (a2—b2)(b2—c2)(c2—a2)‘,tasé ching minh P <+/5 .
That vay. Ap dung bat diing thitc AM — GM ta co.

PP =(a* =) (0 ~c*) (¢ —a*) <a'd'(a=b) (a+b) <5a'd' (a b’

2 5 2 5
5{#} g{@} <5=P<F.

541 /51
2 72

Dau "=" xdy ra nen (a;b;c) =[ ;OJ . Thtt lai thay khong théa man.

Vay hé phuong trinh v6 nghiém.

24f(z+1)(3=y) +Joy -z =22+2 (1)
33/(3z+8)(y+6) +r =12+Jry  (2)

Cau 34. Giai hé phuong trinh {

Giai
(a:+1)(3—y)20
>
Didu kien {z >0 :{x_o
0<y<3
xy >0

Cong (1),(2) theo ting vé ta dugc

4Y(z+1)(3—y) +63(3z+8)(y+6) =4z +28 (*)
Ap dung bét dang thiic AM — GM ta, c6.
4z +1)(3-y) <141+ (z+1)+(3-y)=6+a -y
{6W<8+(3x+8)+(y+6)3w+y+22

Do vy (*)<:> l=2+1=3-y o z=0
8=3z+8=y+6 y=2

Vay nghiém ctia phuong trinh da cho la (x;y) = (0;2).

s=>VT(¥)<4z+28=VP(*)

o2 i-y-2 )
\/(x+3)(5 y)+\/y2 3y+2+x\/2_ 20—y +4 (2)

Cau 35. Giai hé phuong trinh {

Diéu kién o “3
y<1

Phu’Ongtrmh <:>\/ac+3 5— y \/y 1\/2 y+x\/2 y=2x—y+4 (3)
T phuong trinh (1)= \/1-y =v3z-2 -z , thay vao (3) ta dugc
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(:1:+3)(5—y)+(\/3:1:—2—x)\/2—y+$\/2—y:2$—y+4

<:>\/(x+3)(5—y)+\/(3m—2)(2—y) =2r—y+4 (*)

Ap dung bét déng thiic AM — GM ta c6

(3z—2)(2—y)£3x_2+2_y:3x_y
2 2
(x+3)(5—y)£x_z+8
Do d6 VT(*)S3$2_y+$_g+8=2x—y+4=VP(*).
v . {3:1;—2:2—;/ {x=1
Dau “="xay ra < =
z+3=5-y y=1
Thay trd lai ta tim duge nghiém ctia hé da cho la (x,y) = (1;1).
2 2
x 2+2y +1=2[z+yj ()
Cau 36. Giai hé phuong trinh < €Y LY

63/(z+1)(y+1)" +3,/(22-1)(2y 1) =52+ 7y +3(2)

Giai
. z,y #0
biéu kién
(22-1)(2y-1)20
2 2
Ta c6 (1)@%+12—2—z+1=0©(1—1) +[l—1J =1
oy Ty T Y
OSlSQ le
Suy ra Cf = 2
0<—<2 yZl
y 2

Ap dung bét déng thic AM —GM ta c6

z+1)+(y+1)+(y+1)
3

(2z-1)+(2y-1)

63/(z+1)(y+1)’ <6

=2x+4y+6

3y(22-1)(2y-1) <3

=3z+3y—3

Suy ra VT (2)<5z+T7y+3=VP(*)

P r+l=y+1
Dau “="xay ra < =>z=y
20-1=2y-1
2
T=2+~2
Thay vao (1) ta c6 [l—lj =1<:> V2
z 2 z=2-+2

Tt d6 ta tim duge nghiém cta hé da cho la (x;y) = {(2+\/§;2+\/§),(2—\/§;2—\/§) }

4(1+2 y+1)\/xT2=1—4y

Cau 37. Giai hé phuong trinh [ e
\/y+1 +1 \/x—2 +1 3

Giai
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=2
y=-1
Dat vz -2 =a,\Jy+1= ab>0

Hé phuong trinh da cho tré thanh

Dieu kién{

Bab+4a=1-4(b"-1)  [4(a+b) =4+(2a-1)" (1)
=
a b _2 e b 2 (2)
b+1 a+1 3 b+1 a+1 3
Til’(l)tacé(a+b)221:>a+b21
Tu (2) talai co .
2 2 2 2
VT(*)= @ 0 (a+0) N (ajb) 1.2
ab+b ab+a 2ab+(a+b) (a+b) 1+ 1 3
2 +(a+b) 27 4 4p
Dau “="x4dyra < a=b=—
9 3
Thay tré lai ta tim duge nghiém ctia hé da cho 1a (x y) = (Z —Zj
\/y(x—2)+\/x(y+2)=x+y (1)
Cau 38. Gii h¢ phuong trinh \/yT3+4 Jr+l+ 1;2—2):3 2
3(\/§+1)
Giai
T dieu kien z>2=y>0
Ap dung bét ddng thic AM — GM ta c6
\/yx 2 \/ y+2) y-l—(;—?) x+(g+2):a}+y=VP(1)
Z - {y:x_z
Dau “=" xay ra < Sy=r-2
T=y+2
Dodé(l):yzz—Q
Thay vao (2) ta c6 phuong trinh
4Nz +1+z -2
Nz +1+ ( 5 ):3<:>\/x+1+ 4 > =3
3(\/x—2+1) (\/x+1—\/x—2)(\/x—2+1)
Dat \/x+1=a;\/x—2=b(a>bZO).
Ta c6 phuong trinh . a+;2=
(a—b)(b+1)
Ap dung bat ding thitc AM — GM cho ta
a+;2+1=(a—b)+(b+l}{b+lj+ 1 -
(a—b)(b+1) 2 2 (a—b)(b+1)
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b+1Y 4 4
24i/(a—b)( 5 j .(a—b)(b+1)2 =4 :>a+mz3 .

DAu bang x4y ra < {b

r=3

Thay tré lai ta tim duge x =3. Vay nghiém ctia hé phuong trinh da cho la { )
y =

4

y z __ ¥ (1)
2 2
Cau 39. Giai hé phuong trinh Jo+y (y +z ) (2+9°)

Vy+Jr-1=32(z-2y+1)\2y-2 (2)

Giai
21
Diéu kien <y >1
y+r—-12>0
Phuong trinh (1) < L —+ 1 2:\/_1
T Y T
= +1 (+1J —+1
y Jz y
1 1

(%)

z
bat a=—;b=vy (a,b>0)taco ~+ =
y ( ) (a+1)" (b+1)" ab+l

Theo bat ding thiic Cauchy — Schwarz ta co

1 b 1
a 2 > .
((lb+1)(g+1j2((l+l) (a+1)2_a+b (]/b"'l
b 1 1
2 2 >4
(ab+1)(a+1j2(b+1) (be1) a+b abel

a+b 1
= =VP(*) .
(a+b)(ab+1) ab+1 ( )

{bzl ,
= =>r=y
a=1

Suy ra VT(*) >

ab=
Dau "=" x4y ra <
ab=

Q| o

Véi z=y* thay trd lai ta c6 phuong trinh .

Ju+Jy—1=32(y=1) \2y—2 < y+Jy* -1=2(4y-4)

bit . 4y—4= u(u > O) . Phuong trinh da cho tré thanh .

2
2’ _utd (u+4j —1=0< 84" =u’ +8u+u+4(*)

4 4
e Rorang u=0 khong la nghiém ctia phuong trinh (*)

e Véi u#0 , phuong trinh (*) tuong duong véi . 8:%+i4+ L8+§9
uow uow
. 2 4 1 1 8 . R N
Ham s6 f(a)=—5+—4+ — +— , nghich bicn trén (0;+oo) va f(l)z()
uwoou uow
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| Phuong phap bat dang thirc
Suy ra phuong trinh (*) c6 nghiém duy nhat v =1 .

Thay tré lai ta c6 nghiém ctia hé phuong trinh da cho la(x;y) = (%Ej

1 1 1 1
+ -+ =2+—(1)
Bai 40. Gidi he phuong trinh { Vo —3y+2+1 V2z—by+3+1 o+l V2
32* —13zy +17y° +8z - 21y +6=0(2)

Giai
x>0

Diéu kiéen

< min x+2‘2x+3
= 3 5

Taco PT(2) < 62° — 26y +34y” +160-42y+12=0

2

+2° =1

<:>(x—3y+2)2+(2$—5y+3)

Dat\/$—3y+2=a;\/21"—5y+3=b;\/Ezc(aZO;bZO;CZO).
/ L, L il
Khi d6 hé da cho duge viét lai nhu sau. x/a+1 \/b+1 \/c+1 \/5
a' +b' +c' =1(*¥)

Tu (**) :>ae[0;1] :MG[IQ] :>(\/a+1—1)(\/a+1—\/§)ﬁ(]
@(M)Q—(IJF\@) a+1+~/2<0

NVb+1+ fi£1+\/§
b+1
’ 2

c+1+ —£1+\/§
c+1

Cong vé theo vé cac bat ddng thiic trén ta dugc.

St T+ 234342 5 VTOV2 34342 - (T a+1)

Tuong tu, ta cling c6

a>a";b>b"c>c"

> (Va+1-1)(Vb+1-1)20

a+b+c>a +b* +c' =1
—

SVa+ib+1223 Va+1-3
:(ZM)Q =a+brer3+2(YVor1Vb+1)24+2(2) Va+1-3)=4) Ja+1-2

22\/@4‘1 22+\/§:>VT(*)\/§£3+3\/§—(2+\/§)=1+2\/§ =y’ £2+%:VP(*)

Do a,b,ce [();1] :{

Tap chi va tu liéu toan hoc | 350



Tuyén tap phuong trinh dai s6 hay va kho |

a,b,c>0a" +b' +¢' =1

4 4 4
a=a";b=b";c=c

\/a+1+,/ 2 :1+\/§
a+1

N z * ?2 . N 2 .
Tudo()xayrakhlvacmkhl. Dl ’b21:1+\/§
+

c+1+‘/ 2 =1++2
c+1

ST FF-1)

< (a;b;¢) =(0;0;1) va céc hoan vi & z=y=1

Vay hé phuong trinh ¢6 nghiém (x,y) = (1;1) .

\/Q(x—y)2 +6x—2y+4—\/§=\/x+1
\/2x4 —Z(y—l)3 +x° :2(\/x2—y+2—1)+x

Cau 41. Giai hé phuong trinh

Giai
Bién doi phuong trinh dau ta dugc

\/2(x—y)2+6x—2y+4—\/§=\/$+1
®2x2—4xy+2y2+6x—2y+4+x+y+1+2«/y(x+1)

<:>2(x+1—y)2+(\/x+1—\/§)2:0<:>m+1=y

Thé vao phuong trinh 2 ta duge \/2x4 -22° +2° = 2(\/952 —r+1- 1) +x

Ta thiy =0 khong la nghiém ctia phuong trinh.
Xét z#0 taco 2\/x2—x+1=1/(x—2)2+3x2 2|$—2|:>2 2 —z+1-24+2>0

Nhan 2 vé phuong trinh trén véi 2vz> —2+1—2+2 ta thu dude phuong trinh méi 1a

J2ut —24% + 22 (2\/x2 —z+1 —($—2))=3$2

p / 2 1
Chia c& 2 vé cho z” ta co 2——+—2(2 xQ—x+1—x+2)=3
T

2
Ta co (1-% +121,\/($+1)2+3(x—1)22|x+1|2x+1:>2 o —r+l-z+223

X

1 2
1 _j 0
Phuong trinh ¢6 nghiém khi va chi khi z Sr=1.

\/(x+1)+3(x—1)2 =z+1

2 2
(:1:+1) 3y £B+2=.'L‘ +y 1 (1)
Cau 42. Giai he phuong trinh THy+2 Tty

Jr+y-1+5-22 =4ay-12y+7 (2)

Giai
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5—2x20
Diéu kién <z +y—-1>0
Jy—x+2=0

Vi didu kien z+y>1= VP(1)20 nen VT(1)20=z+120

2
Lai co VP() z’ +y 12(:B+y) +1:x+y+1

T+Yy 2(a:+y) 2
VT(1)—1 4(z+1) (By-2+2) 1 [[2(z+1)+2(z+1)+3y- x+2:| _oty+2
2 Ty +2 =3 27(z +y+2) 2
Tlrdosuyra @{2 3y 042 Sr=y
Véi x =y, thay vao (2) ta co \/23: 1+\/5 20 =4z° —122+7

2r—5 1-2x
< 2(42* -122+5 +\/2x—1(—j+\/5—2w(—]20
( ) N2z —-1+42 N5—22 +2

J5-2z J2r-1 v
+ =0
V2r-1+2 5-22+2 e

e |J(2z-1)(5-2z) [2\/(2:15 ~1)(5-2z) +

Vay nghiém ctia hé da cho la (ﬂC y) {(%

(\/E+\/§)£ L 1 ]:2 (1)

\/x+3y \/y+3x

%4@-% (2)

Cau 43. Giai hé phuong trinh

Giai

Diéu kien 5
>0

f 1 T T+y

\/_y §(x+y+x+3yJ \/E+\/§<l z .3
i :’m‘a(w%} ©)
Jo+3y 2(2+$+3yJ

Hoan toan tuong tu cho ta

Ta co

\/;+\/§<%( y +§j (4)

Jy+3z 2 \z+y 2
Lay (3)+(4) theo timg vé cho ta VT(I)Sl v +§ +l Y +§ =2=VP(1)
2z+y 2) 2\z+y 2

Dau "="xadyra < z=y.

V6i =y thay vao phuong trinh (2) ta duge. z

_2+\/2x—3—\3/x—1 =0 (*)(ngj
N} —3—333—1(@“2%),‘5&&’)

Xét hamsd f(z)=
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Tuyén tap phuong trinh dai s6 hay va kho |

f'(x):l+ LI ! >0,v;cz%

4 J22-3 3%/(1‘—1)2

Suy ra f(z) dong bién, ma f(2)=0

Neén phuong trinh (*) c6 nghiém duy nhat z =2.
T d6 suy ra (:v,y) = (2;2) la nghiém ctia hé da cho.

(x+5y—4)\/m— ? =2y -2y (1)
y\/Eﬂ-?n/x— P =2z+y (2)

Cau 44. Giai hé phuong trinh {

Giai
Phan tich.
Xét phuong trinh (1)

Cho :B=O:>(5y—4)«/— * =2y =y=0 . Tanhan dudc (a:;y)zAl(O;O).

Cho y= O:>(x 4)\/_ 0:> r=0 Tanhandufdc( ;y)zBl(4;O).
:z:

4
Cho z = 1:>(5y 3 1-y —O:{

Ta nhan duge (z; ){ 1 (11),€, (5-1),G [ j}

Cho y= 1:>(m+1)x/ Q(x 1):>x 1 . Tanhan duge (:Ey)zC’(l;l)

Cho y=—1:>(z—9)m=2(1—x):{

. Ta nhan duge (z;y)= {02 (L-1),E, (53_1)}

Suy luan va du doan.
e Nhan thay tit cac diém A,,B,,C,,D, ching ta khong thiét lap duge mbi quan hé bac nhat nao.
e Trong phuong trinh (2) chita H nén chiing ta ndy sinh y nghi, c¢6 thé 14 méi quan hé
giita n6 vé6i cac bién z,y .
Khi d6 chi ¢6 thé 1a \Jz—y* =az+by+c (*)
+ Diém A e(*)=c=0

+ biém B,,C, e(¥*)=a=

%;bz—%: 2 m—y2 =xr—y (a)

+ Diém B,,C, e(*):azbz%: 2Jz—y* =z +y| (b)

+ Diém Bl,Cge(*):anb:%: 2Jz—y* =z +y| (b)

+ Diém E, €(b), nén ta dy dodn mdi quan hé gitta cac bién la .

Nz -1y’ =x+y

N T
Lai giai. Dieu kién
T2 y2
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(1)<:>(:1:+5y—4)(2 T—y —x—y)+(a:+y)2 —4($—y2)=0

<:>(x+5y—4)(2 x—yQ—x—y)—( m—y2+x+y)(2 x—yZ—x—y)z()

‘ 2T —y’ =z +
<:>(2 x—yz—x—y)(4y—4—2\/x—y2)=0<:> Y Y
JT—y° =2y-2

V6i 24z —1y° =z + vy, két hop véi (2) cho ta hé .

{2 -y’ =x+y @{2 -y =x+y

yNz—1+3Jz—9y" =2x+y 2Nz —-1=2—y
z+y20(z—y)y=0
z+y20,(z—y)y=0 ( ) _5—\/5
. . le,xng = 92
S5y + 20y —42=0 < ) ) =
, , , 45y +2zy—4x=0 J5 -1
" +5y —2xy—4xy” =0 ) Y=
4z(y-1-y")=0 2

V6i \Jz—y” =2y—2, két hop véi (2) cho ta he .
Jo-y’ =2y-2 (3)
{ym+3\/gv—_2—2m+y (4)
Tit (3) taco y=1. Ap dung bat ding thitc AM — GM , tacé .
<y2+$—1 3

VT(4)_T+§(:E—3/2 +1)=23£+1—y2 <2x+1<L2z+y,Vy=1

Do do6 hé vo nghiém.

Vay nghiém cta hé da cho la (x;y) =[ 5 5

5-45 @J

(a:—l)«/x—y%—l +($—y)\/x+3 =3rx—-2y-1 (1)
Cau 45. Giai hé phuong trinh
,’y+1—l+1/y+x2—z3=%($2+3) (2)
x

Giai
Bién dbi phuong trinh dau ta dugc .

(I)Q(m—l)w/x—y-kl—(x—1)+(x—y)\/m-2(x—y)=0

(-1 (a2t 0
Je—y+1+1 NT+3+2
1 1 =1
-1)(z- + =0
<:>(x )(x y)[\/x—y+1+l \/x+3+2J <:>[x=y

Thé vao (2) cho ta fx+1—l+\/x+x2—x3=%(m2+3) (*)
T
1 1
Taco VT (*)= 1-— —+1- _,/2?1
a co () \/x+ z+|x|\/x+ T < (x +)

Lai c6 VP(¥) =%(:p2 +3) =%[(:p2 +1)+2] 2%(2\/2(:52 +1))= J2(z+1)

Dau "=" xay ra < r=+1
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Tuyén tap phuong trinh dai s6 hay va kho |

Jz-1+2 y+1=y+% (1)

Cau 46. Giai hé phuong trinh

z—1 y+1 1
+ =— (2
Jy+1+1 NJz-1+1 3 2)
Giai
Didu kie {le Dt x—lza,( b>0)
ieu kién a a,b>0) .
y=-1 Ny+1l=>b
a+2b:b2+g
Heé phuong trinh da cho tré thanhy | 21
a
b+1 a+l 3

a+
2
T (3) taco a+b:(b2—b+iJ+1<:>a+b:(b—%) +1=a+b>1(¥)

Tu (4) talai co.
1 a b? (a+b)2
—= + >
3 b+1 a+1 (a+b)+2
< (a+b-1)(3a+3b+2)<0=a+b<1 doab>0(**)

=3(a+b) ~(a+b)-2<0

1
Tu (*),(* *) suy ra hé phuong trinh tuong duong véi. a=b= 3

Do vay hé phuong trinh da cho c6 nghiém (x;y) = (2,—%)

(x—y—l) 2(3—y2)=2—xy (1)

Cau 47. Giai hé phuong trinh
yNb—2* =z —y—4 (2)

Giai
R 3—y*>0
Didukien 4~ 7 = .
5—22>0

a’ + b

Ap dung bét déng thic ab < ,Va,b e R . Tt phuong trinh (1) ta co.

2-ay=(z-y-1)2(3-1°) s(x_y_l);JrG_QyQ = (2" —y*)=2(z-y)+320 (3)

T phuong trinh (2) ta lai co (2) = (y ++/5 -2 )2 = —(a:2 —y2)+ 2(3: —y)—3

:>(a:2 —y2)—2(x—y)+3£0 (4)

Tu (3),(4) suy ra hé da cho tuong duong véi

y<0
T—y—1=14/6-21 ) )

S x =5_y $:2
y=-vb-u T r—y=1++J6-2¢° @{yz—l
$2—y2—2(m—y)+320

6-2y")—2y6-2y" =0

Vay nghiém ctia hé phuong trinh da cho 1a (a:;y) = (2;—1).
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1 1 2

+ ==
Ne+l+1 (Jy+1+1 3
L i et 2 3
Y v oz \/@ 3

Cau 48. Giai hé phuong trinh

Giai
B 2 1 1 \/x+ 1 y+1-1
Taco (1):==
3 Jx+1+1 \/y+1+1 x Y
1 1 1 1 2 2 2
= —2+—+ T e e ey
T v oy x oy 3 ry 3
1 1 1 1 1 1 1 1
T phuong trinh (2) ta suy ra :>\/—2+—+\/—2+—2\/—2+—+\/—2+—
o y oy oy Yy oz
1 1 1 1 1 11 1_1 1 1 1 1 1 J1 1
S—F+S5t—+S5+2 |-+t , |t 2+ +—+5+2 [+, -+
T T Y x Ny v =z ==y y y z\Nz vy

/ﬁ
<@ |
@w|,_.
~
V4
I/
< | =
£~2|,_.
~
/—
@w|,_.
+

8 | =
~—
0

& |~
I/
SR
+

SO
~—~
I\

&w|,_.
+

S

0

]

I

<

Thé vao phuong trinh (1) ta dugec z=y=3.

dy-2)o-1+2y\By-2=12+3y (1
Cau 49. Giai hé phuong trinh {( Y ) v y\/ Yy Yy Yy ()

(4y+2-3)" =27y(2-y) (2)
Giai
r>1
Diéu kien L2 Tu phuong trinh (2) ta c6.
y>=
3

(dy+2-3)' =27(2y_y?)=27[1—(y—1)2]327:4y+x36 ()

Laic6 (1) =y +3y=(dy—2)Vr -1+ 2y\By -2 <(4y-2)Vz—1+(y* +3y-2)

= (2y-1)Vr-121e1<(2y-1) (z-1), do yzg

3 3
Suy ra 1S(2y—1)2(x—1)S(2y_1+2y_1+x_1j =(4y+3$_3J =dy+z>6(**)

3
y—1=0
dy+z=6 =2
Tu (*),(**) ta c6 he da cho tuong duong véi i
3y - y=1
20-1=z-1

Tht lai ta thiy nghiém ctia hé da cho 1a (x,y) = (2;1).

22 -2+ 2y+2=(z-3y)\Jz+y (1)
(y+1)\Br-y-4=(2y+1)Jz+y (2)

Cau 50. Giai hé phuong trinh {

Giai
=1
Diéu kién {y >-1
3z—y—420
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Tuyén tap phuong trinh dai s6 hay va kho |

22 -2 +42y+2=0 {le
<

e Truong hgp 1. z+y =0 hé da cho trg thanh
(y+1) 3z—y—-4=0 y=-1

o Trudng hgp 2. z+y>0 taco PT(1)<:>\/2(x_1) +\/2(y+1) — -3y

:””_39J2ix+y1)+J2£cy:y1)<\/::1y)£2f+;;j2iy:yl)}2 (3)

Lai c6 PT(2) e 2201 = /3x_y_4,d0 y#-1
y+1 T+y
N 2y+1: 3x—y—4gl 1+3$—y—4 :2x—2
y+1 x+y 2 r+y T+y

<:>(2y+1)(az+y)S(2ac—2)(y—i—1)<:>:1:—3y22y2 +2=>2-3y=2 (4)

r—1 y+1

r+y T+y

3-y—-4 {x:Z
AR A RPN

Két hop (3),(4) suy ra he da cho tuong duong véi N
rry

y=0
y=0

T—=3y=2
Vay hé phuong trinh da cho cé cac nghiém (z,y) = {(1;—1), (2;0)}.

\/m(\/;+1)=\/x2+y2 +2 (1)
T4y 1= 2L ()

Cau 51. Giai hé phuong trinh

Giai
. >1
Didu kien {
y=1
T phuong trinh (2) .

P4dy—4 o +4x-4
xZ+4y—4=x.2«/y—1+y.2\/x—1 Sx +2y +y +2x

2 2
o x +4y—4£y +4x—4
2 2
T phuong trinh (1)

«/x+y—2=\/x2+y2 —\/:Izy+y2

<:>x2—y2+4y—4z£0<:>(x—y)($+y—4)30 (*)

T+y-14 z(r-y)
= = =>(z-y)(z+y—4)>0 (**
[x+y+2 \/x2+y2+\/xy+y2 ( )( ) ( )
r=2y—-1
Suy ra he da cho c6 nghiém khi va chi khi ¢y =2z -1 Sr=y=2

(z—y)(m+y—4)=0
Vay hé da cho c6 nghiém (x;y) = (2;2).
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I ain y
Cau 52. Giai hé phuong trinh d y+1 V z+1 \) y+1

(y-1)Wa=1=2

Giai
z>1

Diéu kien
y>0

T phuong trinh (2) ta co.

oot oy s0mazy (00 {720

2 2
Véi 2y ti phuong trinh ( cho ta.

1+1 |
y+1 x+1 y+1 z+1

s\/(1+1)[yj1 y?j—lj =J2(zii/j —VP(1)

V6i =y thay tré lai phuong trinh (2) ta co
2(I—1)\/I—1 =$($—1)<:>{x:;
€Tr =

Tt d6 ta tim duge nghiem ctia he ban dau 1a (z;y) = {(1;1),(2;2)}.

Dau "="xadyra < z=y.

z® +y° +y—-5r+2=0(1)
Cau 53. Giai hé phuong trinh ‘ ‘
5z° — 'y = 42y’ (x2 + 1) +y— 595(2)

Giai
T phuong trinh (2) taco br’ —z’y =42y’ (xZ + 1) +y—5x
@51‘(302 +1) 42’y (17 +1)+y(1+a} )
& br =42y’ +y= 42’y =y -5z
Thé vao phuong trinh (1)ta dugc
2P+ —42’y’ +2=0
& (:ES +yt =22y ) +22'yt — 42y’ +2=0

<:>(ac4 —y4)2 +2(x2y2 —1)2 =0

p N ) N 4 r=-1
Ta c6 VT = 0 nén dau bang xay ra khi ‘ = hay

2x2+x+\/x+2=2y2+y+,/2y+1 (1)

Cau 54. Giai hé phuong trinh
£ +2y" -2z+y-2=0 (2)

Giai

8
vV
|

Diéu kien

<

\Y%

|
o= N
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Tuyén tap phuong trinh dai s6 hay va kho |

Lay (1)-(2) theo ting vé va bién doi ta co.
T +3r+2+Nr+2 =4y +2y+42y +1
<:>(a:+1)2+(x+1)+\/x+2 =4y® +2y+2y+1

Xét hamsd f(t)=t"+t+t+1,t>-1 taco.

fl(t)=2t+1+ =2(t+1)

1 1 1
— + + -1
2/t +1 At+1 At +1

1 3

>332(t+1).——— -1==-1>0
?{/ (t+ )16(t+1) 2

Hay ham s6 f(t) dong bién, do vay tit f(z+1)=f(2y) = z+1=2y

1
Véi z =2y -1 thay vao phuong trinh (2) ta c6 6y° —Ty+1=0< 1

6
o 1 N ST IR 21
Tt d6 ta tim duge nghiém ctia hé phuong trinh 1a (m,y) = (1;2), —g;g .

y—z-9y’-1=y—z+2 (1)

Cau 55. Giai hé phuong trinh
\/By—m+2\/m—1=m+2y—1 (2)

Giai
r>1
Diéu kien <3y —z>0
52—y —x—120

Lay (1)+(2) theo timg vé ta dugc. \5y—z—y* -1 +\/3y—z +2z—-1=3y+1 (*)

Ap dung bét déng thic AM —GM ta c6

2 2
VT(*)£5y =y 1+1+1+3y :1:+1+(x_1): Y +8y+1:
2 2
2 2
—(y" —2y+1)+6y+2 6y+2—(y—-1 2
_ ) JSur2(ml) Guv gy ype
2 2
Sy—z—y' —1=1
L — = :2
Dau "=" xay ra < y—e=1 = v
r—1=1 y=1
y=1

Tht lai ta thAy nghiém ctia hé phuong trinh da cho 1a (x,y) = (2;1).

z* +3zy® =49 (1)

Cau 56. Giai hé phuong trinh ‘
2’ —8zy+vy° =8y—17x (2)

Giai
D 3zy’ +2° +49=0
Bién doi he phuong trinh tuong duong 4 s
Y —y(8x+8)+x +17x=0
Dé ¥ rang trén kia khong c6 y nén phuong trinh 2 dudi phai mat y vay z=-1
Thé vao (1) ta duge -3y’ +48=0=>-3(y" ~16)=0=-3(y—4)(y+4)=0

Phuong trinh (2) tré thanh y*~16=0
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Vay talay —3PT(2)-PT(1)=0 ta dugc
—3(a” —8ay+y” —8y+17z)— (2’ + 32y’ +49)=0
& —(z+1)(2" +22+3y" —24y+49)=0
< z=-1 hay 2’ +2z+3y" —24y+49=0 (*)
V6i phuong trinh (*): (z+1) +(3y” —24y+48) =0 (z+1) +3(y-4) =0
Tac6 VT >0neén ddu biing xay rakhi 2=-1 va y=4 (hoa)
Véi z=-1=y=4hayy=—4.

2120 -2=y-y —4y-2 (1)

Cau 57. Giai hé phuong trinh

11+y-6r=v10-4z-22" (2)

Giai

. —y* —4y—22>0
Pidukien { © 0%

10-4z-222>0

Lay (1)+(2) theo timg vé ta dugc

$2—4x+y+9=\/—y2—4y—2 +\/10—4I—21‘2 (*)
Ap dung bét déng thic AM —GM ta c6

2 2
VP(*):J_y?—4y—2+%(2.\/10—4x—2x2)s y —dy-2+1 10-4z-22" +4

2 4

227 -2y -4z -8y+12
4
Ta sé chitng minh VT'(*)> A, that vay

A

22" —2y* —4x -8y +12
4
<:>6($—1)2 +2(y+3)2 >0 (luon dang).

1=+/—y* —dy—2

2 —4r+y+9> & 627 —120+2y° +12y+24>0

Tit VT(*)ZA nen (>(<)<:> 2= 10—4x—2x2©{$:1
VP(*)<A r—-1=0 y=-3
y+3=0

Vay nghiém ctia hé phuong trinh da cho la (a:;y) = (1; —3).

(\/Eh/M)( 1 1

+ =%
\/5X+3y+1 \/3—x+yj (z,yeR)

$y+2\/2m4—x3+7x2+y+2=4

Cau 58. Giai hé phuong trinh

Giai
1-220
20+y =0
Diéukién . 152 +3y+1>0
3—z+y>0

20" —2* +72° +y+2>0
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=1- S5r+3y+1=a+3b
Dat ¢ v , a,b>0.Tacod vy ¢ .
b=2z+y 3—z+y=b+3a

Khi d6 phuong trinh thit nhat trong hé dugc bién doi trd thanh .
(JE+V@{i L + L J=2¢>JE+JB+JE+JE
Ja+3b  b+3a
R6 rang véi (a,b) = (0;0) 1a khong thoéa (1) .

\/a+3b \/b+3a =2 (1)

. a Jt+1 t+1
Do d6 véi a,b >0 tadat t=—,t>0 tadua (1)< + =2.
b M) Jt+3  AJ3t+1

Theo béat déng thitic AM —GM taco .
Jt t ‘t+1<1( t o, t+l

Vi1 t+3 2\i+1 t+3]
Jt+3 :JZ+1<1( t +3j

1 1 2 _1(1, 2 Ji+3 2lt+1 2
= |- — < —| - —
t+3 2 t+3 2\2 t+3
Jt 1 2 1(1 2t j
= [= <zl Z
3t+1 N2 3t+1 202 3t+1 Jt+1 1

' 1 3)
= <= + 2.
1 [1 1 L1+l V3t+1 2(t+1 2
J3t+1 Nt+1 3t+1 20 ¢+1 3t+1

Jt+1  ft+1 <1(t+1 3}2'

DOdOtaCO'm+m_2 t+1+
t>0
t t+1
t+1 t+3
Dau ding thiic x4y ra khi va chi khi . 12 St=1
2 t+3
1
2 3t+1
1 t+1
t+1 3t+1

Lacnaytaséco a=b1-s=2z+y<y=1-3z.
Thay vao phuong trinh thi hai trong hé ta thu duge phuong trinh .
:U(l—3:1:)+2\/2:z:4 —2+72°-32+3=4 o 1 -32° +2\/2x2(x2 +3)—x(m2 +3)+ac2 +3=4

<z -32° +2\/(x2+3)(2x2—x+1):4

Lai theo bat ding thitc AM —GM ta c6 .2\/(372 +3)(2$2 —z+1) <3z"-x+4.

Tit d6 ta ¢6 . —32° +2\/($2 +3)(20% ~w+1) <z 30 +3¢° ~w+4=4.

Dau ding thiic x4y ra khi va chi khi .
r=—1=y=4
2 —x+1=1' 430’ —1-2=0 Y
r=2=>y=->

Déi chiéu diéu kién va thit lai ta c6 nghiém ctia hé 13 (x,y) = (1;4) .

361 | Chinh phuc olympic toan



| Phuong phap bat dang thirc

($_2)2 +y2 _ (37_2)2 i 192 (1)
Cau 59. Giai hé phuong trinh 1+\/;+\/y+1 - 1+y+1 1+z
We-2+2y=0 (2)

Giai
Tt phuong trinh (1) tadat a=x-2,b=y ( a,bZ—Q),khi do ta dugc
a’+b’ _ a’ N b’
1+M+\/b+71 1+\/b+71 1+\/m
- a’ +b? =a2+b2+a2\/E+b2\/ﬁ
1+Ja+2++b+1 (1+\/ﬁ)(1+m>

Taco (o> +b”)(1+4b+1)(1+va+2)=(a* +a’ b+ 1+ +b°b+1)(1+a+2)
=’ +a’a+2+a’Nb+1+a’ J(0+1)(a+2) +0" +0°a+2+ 0o+ 1+0”J(a+2)(b+1)
= (@ +0*)+ (e +6°)(Var 24 b+1)+(a? +07) J(a+2) (b +1)

Ta c6 tiép (a2 +bhﬁﬁ+b%/ﬁ)(1+ﬁ+\/ﬁ)

=(a2 +b2)+(a2 +b2)(\/a,+2+\/b+1)+a,2\/a+2

+a2\/a+2(\/a+2 +b+1+0%b+1 +b2\/b+1+b2\/b+1(\/a+2+b+1))
=a’Na+2+a*(a+2)+b°Vo+1+0°(b+1)=0
a’Na+2=0

a’(a+2)=0 a=0 hay a=-2 r=2 hay £=0
= =

2Jb+1=0 b=0hay b=-1

bQ(b+1)=0

Taco VI'20=>
y=0 hay y=-1

Thé vao phuong trinh (2) ta thdy z=2,5y=0 la théa man he

Nr—1+2y+1 =y+%

Cau 60. Giai hé phuong trinh s X yrl 1 (:v,y € R)
Jy+1l+1 Jz-1+1 3
Giai
. x>1 P .
Diéu kien. { T Nhan thay he khong c6 nghiem (z,y)=(1;-1) .
y>—
P2+

a=+z-1 o . L a4 B 4
Dat , a,b>0. Lac dé hé phuong trinh da cho tré thanh hé. s ,

b=\y+1 a b= 1

b+1+a+1_3
A2 B? >(A+B)2

Taco —+

> (*),VA,BeR,X,Y >0.
Y  X+Y

a? b2 (CL+b)2 1 (a-i—b)2
> oS>
b+1 a+1 a+b+2 3 a+b+2

<:>3(a+b)2—(a+b)—2£0<:>a+b£1<:>a£1—b.

Ap dung b6 dé nay ta c6
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Vé6i danh gia nay, két hgp v6i phuong trinh thit nhat ta co .

a=b -2+ 2 =1 -2+ 2 <1 b (B-1) <0 2 -1=0c b=t a=—
4 4 2 2
a,:l ‘\[aj— :l ZB:§
Vo 12@ f@ S
b=— Jy+l== ==
2 Ty T

D6i chiéu va thit lai ta c6 nghiém ctia hé 1a (x y) = (Z —%j

(- 2= s

8($2+y2)+L=5

N

Cau 61. Giai phuong trinh

Diéu kieén z, y>0

Phuong trinh (2) cua hé tuong duong 8(I2 +17 ) + 1 =5=5-8y* =82+ L
Jay Jay

Thay 5-8y° =8z + L vao phuong trinh (1) ta co

NE

-0 ")
= 8(\y- I)+8x+ — =8y +——

4 Yy

1 =y

e Trudng hgp 1. Néu z=y phuong trinh (2) cua hé tuong duong

16:62+l=5©16x3—5x+1=0©(4x—1)(4x2 +4z-1)=0
x

UL
=Y

J17 -1 J17 -1
s VTS

e Trudng hop 2. Néu Jz + \/Z =1. Theo bat ding thitc AM — GM ta c6
1 1

"

:4:8(x2+y2)24(x+y)2
2

[2(e+9)] %(J@@)QT N

P . 1
Cong 2 vé trén cla bat dang thiic ta c6 8(.7}2 +y ) +—=2>5.
Ty

DAu bang x4y ra khi z =1y =i.
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Vay he phuong trinh c6 nghiem (z;y) = G;ﬂ{\/z -1, Jz —1}

J3+22%y —z'y? + 27 (1—2x2)=y4 (1)
1+J1+(gv—y)2 +x2(m4—2$2—2xy2+1)=0(2)

Cau 62. Giai hé phuong trinh (q:,y € R)

Giai

Heé tiép theo la 1 he danh gia, ban dau nhin vao thi rat kho doan ¥ tac gia nhung thit dé ¥ xem

o [Be3y—a'y’ v’ 22" =y
. 1+m+x6—2x4—2x3y2+x2=0
Lay (1) thé vao (2) ta duge 1+1+(z—y) +2° —22%° = 22" —2*
©1+m+m6—2x3y2=m—y4
1l (z-y) +(z'—y?) =\Br2oy—a'y
S1el+(o—y) (' =y ) =a-(sy-1)

Ta co VT >2 ma cing c6 VP <2 nén dau bing x4y ra khi
2
1+(x—y) =1 r=y
—

,/4—(@"2@/—1)2 =2

Thé vao hé ban dau ta thay thda man.

Cau 63. Giai hé phuong trinh
3z° —5zy + 49 —1—2(30—3/)«/4:52 —2zy—2y> =0 (1)
2¢° -5y + 7y’ —2—2(m—y)\/4x2 —2zy—2y*> =0 (2)

(:c,yeIR)

Nguyén Trudng Phat

Giai
Bai toan nay ¥ tudng ciing kho khan khong kém, do bai nay t6i ché nén t6i sé dua 15i goc lén cho moi
ngudi thudng thic!
Talay 4PT(1)-2PT(2)=0, khi d6 ta dugc

o APT(1):122° — 202y + 16y —4(2z—2y) 42" — 20y -2y =4
o 2PT(2):~42” +10zy —14y” +2(22 - 2y)42” — 22y -2 =—4
= 827 —10my + 2y —2(2x —2y)\J42” — 2y -2y =0
& (4a* ~8ay +4y* ) ~2(20 — 2y)J42* 22y~ 2 +(42” ~2ay—24%) =0

2 2 2 2 2%
<:>(2x—2y) —2(2x—2y)\/4:1: —2xy—2y +(\/4x —2xy—2y ) =0

2
<:>(2x—2y—\/4x2—2xy—2y2) =0 < 41’ =27y —2y° =2y 27

3z° —bxy+vy° —2(x—y)(2y—2:c)=1 (*)
22" — by + 7y —2(x—y)(2y—2x) =2 (**)

Thé vao (1),(2) ta duge {
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T2’ —13zy+8y° =1
=
62° —13zy +11y° =2

Lay (*) thé vao (**):62° —13zy +11y° =2(7a:2 —13xy+8y2) < y=x hay y=8—x

Thé vao (*) véi z=y=22" =1 :>9U=y=J_rL ( nhan)
2
. 8z ) 8
Thé vao (**) v6i y=—=z== =Sy=x (loai)
( ) 5 V167 V167
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22" +9° +9° = \/xy—nyQ

Cau 64. Giai hé phuong trinh o (z,y € R)
4y’ +y° +%=2z2 +1/1+(2m—y)2

Giai
Diéu kien zy—z"y* >0 (*)
1 1) 1 1
Taco ¢’ +y° +22° = Z—(my—gj SE <y’ +2y° + 227 +4xy’ S§+y3 +4xy°
Cong chéo vé theo vé danh gia nay v6i phuong trinh thit hai ta thu dugc

Y’ +2y° + 227 + day® + 22° + 1+(2:1:—y)2 <1+2y° + 8y’

<yt + 47 —4ay’ Jr\[1+(2:1:—y)2 <le (y3—2x)2 +«/1+(2x—y)2 <1

3 _
PN ) ly—-2z=0 y —y=0 y=
Dau bang xay ra khi 1°, = y =
y' —=2x=0 x=§

Thit lai ta thay, nghiém cta he da cho la (z;y) = (—%;—1].

3Jz+l+ f’yzl il V2y1+11 =(6-2v25+1)y+5
Cau 65. Giai phuong trinh z+l+y+1+

y+1 ay’ —dzy—4z

z+1 yzr’ —4zy —4y

Giai
Diéu kien x> —%;y > —%;(x;y) # (0;0)

Phuong trinh (2) tuong duong

y+1 _xy2—4xy—43: - y+1 _1_acy2 —4zy—4$_1
r+1  yr’ —day—4y z+1 yr® —Azy —4y

- y—x :zy(y—z:)+4(y—:17)

\/x+1(\/y+1+\/x+1) yr’ —dzy —4y

y—m) 1 3 xy+4
\/m+1(\/y+1 +\/$+1) ya® —dxy — 4y

= (

Y=z
Qlyxg —4my—4y=(xy+4)( (x+1)(y+1)+ac+1) (*)
Ta co (*)<:>y$2—4xy—4y=(xy+4) (x+1)(y+1)+x2y+4z+xy+4

<:>(xy+4) (x+1)(y+1)+4(x+y)+5xy+4:0
Ta c6 (zy+4) (ac+1)(y+1)+4(m+y)+5xy+422—65-\/7—?+%+4>0
Phuong trinh (*) vo nghiém. Thay x =y vao phuong trinh (2) ta duge

Wt +1+Bz+1+22+1 =(6—2\/2:1:+1)x+5

3z +1+3z+1+422+1(22+1)=62+5
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. 1
Xét ham s6 =3z +1+\Bz+1+(22+1)’ —62-5Vz>—=
ét ham so f(:z:) x+1++3z+1+ ( T+ ) -5,V 3

Ap dung bat dang thiic Cauchy — Schwarz ta dugc

f'(x)=%(2M+ L = 4)

_l’_ J—
3r+1 o+l

3 4 3 2
> 241+ 22 + —4 =2 241422 + -4120
2( J3z+1++z+1 J 2( V22 +1 ]

Do d6 ham s6 f(z) 13 ham s dong bién .
Taco f(0)=0=z=0=y=0(L)
Vay hé phuong trinh v6 nghiém.

(\/m+y)(\/m+x):1

32 +20° +2+3y° +27 +20-1

Cau 66. Giai phuong trinh

5 2
y +r+1
Giai
u=vz’+1+x u—x=z"+1
bat : (u,v>0):>
v=Ay’ +1+y v—y=Ay> +1
u’ +1
xTr=
2u
_112+1
w—2ur+at =2t +1 y= %
= 2 2 2 = 2
y —2xy+y =y +1 5 u -1
r'+l=u—x=
2u
2
-1
y2+1=v—y=v
2v

Khi d6 phuong trinh (1) tuong duong

(UZ—l 02+1J[02—1 u2+1]
+ + =1
2u 2v 2v 2u
& [v(uQ —1)+u(v2 +1)][u(v2 —1)+v(u2 +1)] =4y’

= |:’U/U(U+’U)+U—U:“:UU(U+’U)+’U—U:|=4u2’U2

o u'y’ (u+v)2 —(u —v)2 = 4u*v?
c>(uv—l)(uv(quv)2 +(u—v)2)=0

S uv=1
(\/x2 +1 +x)(\/y2 +1+y)=1
oWzt +1 +x=;=«/y2+l—y

Ny +1+y
SN+l -y +1+2+y=0

Khi wv=1 taco
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- 2? — P
Jz® +1 +\/y2 +1

c>(a:+y){ Y +1j=0

\/x2+1+\/y2+1
@(x+y)(x—y+\/x2+1+«/y2+1)=0
Do z—y+N2* +1+y’ +1>2—y—s+y=0=>2=—y

Thay z =-y vao phuong trinh (2) dugce

+z+y=0

V32 422 +2 432" +2* +20 -1
2 +r+1 B
&3z’ +207 +2 +-32" +2” +20-1=2(s" +2+1)
Ap dung bat ding thic AM —GM ta duoc
32° +22° +2+1
2
32" +27 +22-1+1
2

2

o 32° +222 +2 <

o 3t +at+20-1<

4(x2 +x+1)—(w+1)2
2

VT =32° +222 +2 +-32° + 22 + 22 -1 <

SZ(xZ +x+1)=VP

32’ +21° +2=1
Dau bing x4y ra khi va chikhi < -32° + 2> + 2z 1=l z=-1=y=1
(z+1)*=0

Vay hé phuong trinh c¢6 nghiém (x;y) = (1;1)

o +6y[3y —32° +63[x’y’ +3y* =Ty+15

Cau 67. Giai phuong trinh N
Ju+ + $6+1+2=2(\/x2+3+«/y—2)
-y

=1

Giai
Diéu kien 3y —3z° >0,y > 2y # 6,2 = £1

Phuong trinh (1) tuong duong véi o” +6, /3(y —a?) +63/y” (z+3)=Ty+15

6 3(y—x2)s3(3+y—x2)

63[y° (1:+3) S2(y+y—i—:v2 +3)

Do d6 taco VT (1)<a’ +3(3+y—a’)+2(y+y+a’ +3)=Ty+15=VP(1)

Ap dung bt déng thitc AM —GM ta co

Dau bing x4y ra khi va chi khi z° +3 =y
Thay z° +3 =y vao phuong trinh (2) ta dugc

[ 2
\/§+2+ I6+1+2=2(m+\/yT2)
)

=1

2 2
<:>\/95 +3+2+ T +1+2:2( ,_:v2+3+ ,_az2+1)

2 +1 3—1?

1 1 4
=S + =
V22 +3-2 2-v2’+1 2 +3 -2’ +1
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b=2-+z"+1
Phuong trinh tré thanh

1 1 4 2
—+Z—a+b@b(a+b)+a(a+b)—4ab<:>(a—b) =0<a=b

a
Hay Vz° +3-2=2-+2" +1
SN +3+Vrl+1 =422 +4+ 22" + 3V  +1 =16 @ Nz + 3> +1 =6— 27

<:>x4+4$2+3=36—12x2+x4<:>16x2=33<:>x=i,/§:>y=%

Vay hé phuong trinh ¢6 nghiém (x;y) :[ /%;f—é};[— {%7%3

=z* +3-2
Dat {a v =a+b=vz’+3-Vz*+1.

J1-2y-2° +m—1=4[2(1’2—y2+2)
J1+2z—9° —y—-1= 2(y2—3v2 +2)

Cau 68. Giai hé phuong trinh (xjy € ]R)

Giai
1-2y—2°2>0
1+22—9y>>0
-y’ +220
Y -2 +2>0
Cong vé theo vé hai phuong trinh ta c6

J1-2y -2’ —(y+1)+\/1+2z—y2 +z—-1 =\/2(m2 -y’ +2)+\/2(y2 —x2+2)

St dung bat dang thitc Cauchy - Schwarz ta c6 .

N —(y+1)3\/(12 +(—1)2)(1—2y—x2 +(y+1)2) N
Ji+22 -4 +(x—1)£\/(12 #1420y + (2 -1) ) = 2(2" -y +2)

Cong vé theo vé ta sé c6 duge dau dang thiic xay ra khi va chi khi .

{Wyl e

Dieu kién

S{l-2y—a" =y +2y+1
J1+2z—9° =2-1 14+20—1 =2” —22+1
r2ly<-1 r>1ly<-1 r>1ly<-1 r>ly<-1
S+ +dr=0y=—2 S Y=-7 S Y=-T @{ =2 .
I2+y2—4$=0 x2+y2—4$=0 2’ =2x=0 z=0vzx=2 y

Dai chiéu diéu kién ta c6 nghiém ctia he 1a (z,y) =(2-2).

dzy+z+4,)(2-2)(y+2) =14 (1)

Cau 69. Giai hé phuong trinh
*+y’ +22-1=0 (2)

Giai
Diéu kien (2—x)(y+2)20
T phuong trinh (2) ta co 2 =(a:-i—1)2 +yt > 2(x+1)y = y(x—i—l) < 1(*) , dong thoi
2:(3L“+1)2+y2 :>|y|£\/§:>y+2>0

Két hgp diéu kién xac dinh suy ra 2—z >0
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Do do6 tu (1) cho ta 14—4xy—x=2\/2—z(2 y+2)£(2—:1:)+4(y+2):>y(a:+1)21 (**)

z+l=y
T (*),(**) suy ra he c6 nghiém khi va chi khi {2 -2 =2/y +2 Q{xi_i
y(z+1)=1 -

Tht lai ta thAy nghiém ctia hé phuong trinh da cho 1a (x,y) = (—2;1).

\/x—y+4(\/x—y+2 +2\/y—x)=3\/§

Cau 70. Giai hé phuong trinh (m,y € R)
2P +22-1=2—Jy—2
Giai
1
T=—
Diéu kién <y >2 . Ap dung bat dng thic Cauchy — Schwarz ta c6
-2<z-y<0

JT—y+2 +\/§-\/2(y—a:)S\/(1+2)($—y+2+2y—2x)=\/3(y—x+2)
Do dé ta co \/x—y+4(\/x—y+2+2\/y—x)£\/§(\/y—x+2-\/x—y+4) (1)
Miit khac tur diéu kien 2<z-y<0<0<y-2<2=y-1+2>0.

Do dé 4p dung bat ding thitc AM —GM ta co
\/y—x+2-\/:1:—y+4ﬁy_x+2—;x_y+4=3 (2)

Két hop (1) va (2)ta c6 duge Jx—y+4(Jx—y+2 +2Jy—x)g3J§.

Dau déng thic xay ra khi va chi khi ddu dang thiic 6 cac danh gia (1),(2) xéy ra
2 Jy-u
Jr—y+2="2N07
= \/5 Sy=x+1.
\/x—y+4 =\/y—x+2
Thay vao phuong trinh thi hai trong hé ta thu duge phuong trinh

2’ +\2r-1=2-z-12’ -1+y22-1-1+VJz-1=0 (z>1)

ch;iI(@?+x+&)J;jI+—%%%%%I+1J=O

4
oVNr-1=0cr=1=y=2vi P>0,Vz>1.

Déi chiéu diéu kien ta c¢6 nghiém ctia he da cho la (z,y) =(12).

(Qx—y)\/%v—l +2r=9y"+y+1
V92" — 87 +2 +2y° 82" -y’ —4x =\/§(8x2 —y? _41«)

Cau 71. Giai phuong trinh {

Giai
N 1
Dieu kién z > 5;9x2 —8x+2>0;82" —y* —42>0
Ta c6 phuong trinh (1) tuong duong (2x - y)\/2a: —1+2z-1=¢y+y
bat a=+22—-12>0 thi phuong trinh trd thanh

(a2+1—y)a+a2=y3+y
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sad+ad+a-ay=y’+y
s’ -y +a’—ay+a—-y=0
<:>(a—y)(a2+ay+y2+a+1)=0
<:>a=y(d0 a2+ay+y2+a+1>0,‘v’a20)

SAN2z-1=y

Thay 2z -1 =y vao phuong trinh ( ) ta dugc

192" — 8z +2 +2(20 ~1)V82" — 6 +1 = /3 (82" — 6z +1)
@x./2(2x—1)2+x2+2(2x—1)\/(2x 1) +22(22-1) = J§ 22 -1)" +22(2z - 1)}

2
@\/2(2$—1j +1+2_2x—1\/(2x—1j [(2@" 1 2:5—1}
xr T T a
=t>0 phuong trinh tré thanh

2z-1

x
‘ \2t% +1 2t

N2t +1 4+ 20 +2 =\/§(t2+2t)<:> T o + ’—t2+2t:\/§

&

bat

Talai 6 2t +12 [3( +2t) < (¢ 1) 20

2 2 3(t* +2t
2t +1+ 2t S N2ttt +1 N 26 2t+1 S ( )z\/g

= > = >
P42t Jerar \appiPear VB2t NEe2r Ve

Dau bang xay rakhivachikhi t=1=z=1=y=1

Vay hé phuong trinh c6 (x;y) = (1;1)

S(x—y—l)wlxz -y’ +9 =y(y—x)—3

Cau 72. Giai hé phuong trinh (z,y € R)
10yN10—2* =2 —y—94
Giai
2_ .2 >
pieulien 17 ¥ T920,
10—2°>0

2 2

Sit dung danh gia ab< 0

—y—1) +9(z* —y* +9
3($—y—1)\/w2—y2+93(x Y )+ (x v )

2
Tu détacod 2y* —2xy—6<z” +y”> +1-2xy—22+2y+92° —9y”> +81

& 5(2" -y’ )—(z+y)+44>0 (1).
Mat khéac tit phuong trinh thit hai ta c6 duge bién do6i
5(y2 +2y\10 - 27 +10—x2)=—5x2 +5y° +x—y—44

<:>5(y+\/10—1:2 )2 =5(a —y )+ z—y—4d.

T day ta co —5(:1:2 —y2)+x—y—4420c>5(x2—yQ)—(m—y)+44S0 (2)

,Va,beR. Taco
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T—y— 1—3\/x2—y2+9

Tir (1),(2)ta c6 {y=—10—2*
) a: y+44 0

2—-1+10—2* =322 — 10—x2=9(2x2—1)+6(1—x)\/2x2—1+(1—x)2
o ly=—10-2" = y=—10-27

5(ac —y) (x y)+44 0 5( y2) (x y +44 0

1-2=0

1-2)(102+9) =3(1-2)v2z* -1 10z +9=3+/22" -
Sy=—J10-2" S{y=—J10-2"

5(2" —y*)—(z-y)+44=0 5(2” —y*) - (z-y)+44=0
z=1 z=1

102+9=0 _—45+6«/3

412 +90z +45=0 TTTH

=1
S{y=—J10-2" Sy=—10-2" @{x .
Yy=-

( _y2) (.T y +44 0 5(1‘2—y2 _(x y)+44:0

Déi chiéu diéu kién va thit lai ta c6 nghiém ctia hé 13 (x,y) = (1;—3) )

(w—1+ (w—1)2+4)(y+M)=4 (1)

J4-3y +49-5y=z"'-2"+22+3 (2)

Cau 73. Giai phuong trinh

Giai
T phuong trinh dau ta c6 z—1+./(z - 1)2 +4=(-y)+ (—y)2 +4
Xét ham s f(t)=t+ \/m , chiing minh dugce ham s6 f(¢) luon dong bién tren R
Do d6 z—1=—-y thé vao phuong trinh (2) ta dugc
V1432 +4+52 =" —2* +22+3

-’ 4z -’ 4z .
+ =z -z
J1+3z+1+1 Ja+5z+2+2
2 —x=0
N
e e o) ()

N1+3x+x+1 J4+bx+x+2

Ta sé& chiing minh (*) vo nghiem véi moi z > -3
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\/1+3xs3$+2 \/1+3x+x+1$3x2+2+x+1

2

Theo bat déng thitc AM — GM - s = .
V4452 < +2x NA+br +x+2< il T rr+2
-1 -1 1 1
= + <— _
Vi+3z+z+1 J4+br+z+2 3T+2 5+2595+$+2
x
< <o . 1 1 2 o 1
Tiép theo ta sé chitng minh — - <z’+z (v6iz>-=)
3x+2 5+bdx 3
+z+1 +z+2
~2(7x+9)-2(bx+4)— (2" +z)(5z+4)(7Tz+9
S5c+4 Tr+9 (5x+4)(7m+9)
7’ (35952 +108x+%) >0
2
Taco 12097 4 5504200 VGimZ—é
5 +6>0
(5z+4)(7Tz+9)>0
Vay VI <VP véi moi xZ—%
NT+2+,/3(2y-2) =(z+5y)Jz+2y
Cau 74. Giai hé phuong trinh ( ) ( ) (x,ye]R)
(y—l) x—2y+8:(y—3)«/x+2y
Giai
T =>—2
Diéu kien .<y>1
r—2y+82>0
e Trudng hgp 1. z+2y=0. Lic d6 hé phuong trinh da cho tré thanh hé .
_{y—lz()
Jr+2+.3(2y-2)=0 Jz+2=0 y=1 ,
= S (théa).
(y-1)Jz—2y+8=0 T=2y-8 G
J2y—6+.[3(2y-2) =0

e Trudng hop 2. z+2y>0,y>1.

Khi d6 phuong trinh thit hai duge bién déi thanh phuong trinh 2 _? = /”” — Qy; 8.
y- z+2y

S dung bat dang thitc AM —GM ta c6 danh gia sau
T—2y+8 Sl x—2y+8+1 _ x+4 .
T+ 2y 2\ x+2y x+2y

<:>(y—3)(x+2y)2(x+4)(y—1)

y—3> r+4

T day ta co >
y—1 z+2y

S r+dy2y’ +222=0+5y 22 (%)

Mat khac tit phuong trinh thit nhat ap dung bat dang thitc Cauchy — Schwarz
Taco o+2+3(2y—2) <,J(1+3)(z+2+2y—2) =2[z+2y..
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T day ta co (m+5y)\/$+2y SQ\/I+2y S r+5y<2 (**)

3 T+2 _ 2y—-2
T+2y T+2y
~ ) T—=2y+8
Tu (*),(* *) suy ra hé da cho tuong duong v6i hé phuong trinh sau T?y =1
y=0
T+5y=2

Vay hé phuong trinh da cho cé nghiém (x,y) = (—2;1) .

(y—22) +4=y—6c+22(z+1)(y+1)(1)
(y—l)(m2+x)+1=\/§'m®)

Cau 75. Giai hé phuong trinh (a:,y € R)

Giai
r=-1
y>0
Tu (1) ta bién do6i thanh phuong trinh sau

(y—22) —2(y—22)+1+22+2-2,2(z+1)(y+1) +y+1=0

Diéu kién {

—-2x-1=0
<:>(y—235—1)2 +(\/2x+2—«/y+1)2 =0©{%:\/yj®y=2x+l.

Thé vao (2) ta c6 phuong trinh 22° + 22> +1=+/1+22-¥1-3z .

z>-1

Tt diéu kien 1 @xz—g,tacé 207 +22° +1=22"(z+1)+1>0.
x_—_

) 1 . a1 1 1
Suy ra 1-3x >0<:>x£§ . Vay tong hop céac dieu kién ta co —§Sw£—.

3
V1422 S#zaﬁl
-3z SWzl—x
Tu day tasuy ra 0<+1+2z-1-3z <(z+1)(1-z).

Vay ta can chitng minh 22° + 22 +1< (ac +1)(1 —x) , Vxe {— %}

Ap dung bat ddng AM —GM ta c6

1
2
Ta co 2953+2x2+1S1—x2<:>a:2(2x+3)20 ,ludn dang Vz e [

|

OOID—‘

1.
2’
Dau ding thiic x4y ra khi va chi khi =0 (théa méan ). Suy ra y=

(
Déi chiéu diéu kién ta c6 nghiém ctia he 1a (z,y) =(0;1)

1 1 1 1
+ = +
Cau 76. Giai phuong trinh \/2?/_37 \/2y+x \/:E+y \/39_37

81z +z? =1 =8(y+2)’ Jy—2

Giai
Diéu kién y>2;2>1;2y—2>0;3y—2 >0
1 1 1

Dit y=tm(t>0).Ph1Idngtrinh (1) tuong duong 75 1+\/2 1—\/ 1+\/3 N
t— t+ t+ t—
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a=~2t—1
1 1 1 1
b=~2t+1 —t—=—+=
Dat (a,b,c,d>0): a b ¢ d
c=+t+1 2+ =c+d?
d=+3t-1

a+b c+d

= cd(a+ d) = ab(c+ d)
ab cd
o ld? (a2 +b + 2ab) =a’b’ (02 +d* + 20d)

o Ad? (a2 +b% + 2ab) =a’b’ (a2 +b% + 2cd)

= (a2 +b? )(02d2 —a2b2)+ 2abc*d® —2a*b*ed =0
& (a2 +b’ )(cd + ab)(cd — ab) + Zabcd(cd — ab) =0
= (cd - ab)[(a2 +b? )(cd + ab) + 2abcd] =0

Sed= ab(do (a2 +b2)(cd + ab) +2abed > 0)

e J(t+1)(3t-1) = J(2t-1)(2t +1)

<:>(t+1)(3t—1)=(2t—1)(2t+1)<:>t2—2t=0<:{

t=0(l0ai)

V6i t =2=>y=2z. Thay y =2z vao phuong trinh (2) ta dugc
81z +2* —1 =8(2x+2)’ 2z -2
& 8z +\2 —1=32(z+1) 22 -2
o812+ 2z -1)(e+1) =64(a+1) Vo1
@81J(M+M)2 =64(z+1)' Vo -1
S 81(Vr-1+Vo+1)=64(z+1) Vo -1
& 81 +1 =o=1[64(z+1)" -31]

r—1

©8l= m(G4(z+1)2—81)(*)
Pt u(z)= aj_i;v(m):64(x+1)2—81:u(az),v(z)>0
T+
Ta co v'(z)=128(x+1);u'(x)=;>0
2 [x—1
(ac+1)
z+1

Suy ra f'(z)=u'(z)v(z)+v'(z)u(z)>0= f(z)ddng bién tren [1;+ox)
Vay phuong trinh (*) ¢6 t6i da mot nghiém .

) ) )
Ta cé — |=81 né * oSr=—=1y=—
ofLJ nn( ) x 1 Y 5

Vay hé phuong trinh ¢6 nghiém (x;y) = (Z,g]
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%/zz—xy+1 +‘{/y2—xy+1—2:2(a:—y)2

(162y=5)(Vz +Jy )+ 4=0

Cau 77. Giai hé phuong trinh

Giai
Diéukién.{xzo.})ét{GZBsz_xy+l
w0 =gy —ay 1
e 2(z-y) =2(a’ +b")-420= 0> +b" 22.

Miit khac tit phuong trinh thit nhat ta co
a+b-2=2(z—y) Sa+b-220=a+b>2

Khi d6 phuong trinh thit nhat trong hé dugc bién doi trd thanh phuong trinh

a® +b°
o’ —ab+b’ =2(a3 +b3)—2 (*)

:>a3+63=(x—y)2+2

a+b—2=2(a"‘+b3)—4@a+b=2(a"‘+b3)—2 N

Mit khéc ta lai c6 a® —ab+b’ =i(a+b)2 +%(a—b)2 zi(a+b)2 >1

+ +
a b <Cl b

Vay ta sé co <
W a* —ab+b* 1

, do do tu (*) ta co
2(a3 er'fj)—QSa3 +b* <a’+b* <2
vvP>2
Vi ¢ ‘ <:>a'3+b“=2<:>(:1:—y)2+2=2<:>($—y)2=O<:>x=y.

a’+b* <2
Thé vao phuong trinh thit hai ta thu duge phuong trinh. (163/;2 - 5)\/;+ 2=0 (3) .
bat t= \/;,t >0 . Lic d6 phuong trinh (3) tré thanh phuong trinh .

(16t =5)t+2=016t" =5t +2=0< (2t —1)" (4¢° + 42> + 3t +2) =0

<:>2t—1=0<:>t=% Vi 4t +48° +3t+2>0,Vt>0. @fz%@xzi:y:i.

p p . 11
Dai chiéu dieu kién ta c6 nghiém cia hé la (as,y) = (Z’Zj .

Bai 78. Cho z;y la cac s thuc khong am, giai hé phuong trinh
(R
syt +1 g+t +1 Joy +fry +1

\/w(2y+1)(y+3x2) = yg.\/m

Giai
Tt phuong trinh trén, sit dung bat ding thiic da biét ta dé dang suy ra =7 . Thay vao phuong trinh
dudi ta dugc
y(2y + 1)(y + 3y3) =19 (y2 —1) = (2y + 1)(3y +1) =y° —y4
ey’ —y' —6y" —by—1=0< (¢’ —3y—1)(s° +2y+1)=0
<y’ -3y—-1=0 (viy=0)
T6i day ta phai st dung phép thé lugng giac

bat y= QCOSt(t € {O,gD , phuong trinh tré thanh
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8cos3t—6cost—1=O<:>cost3t=%<:>t=ig+l€2Tn,keZ.

Vite 0;E nén t=E:>y=2(:osE:>x=4COSQE.
2 9 9 9

Vay tap nghiém ctia hé phuong trinh la S = {(4 cos’ 3;2008 gj}

2 1 2

+ =
Bai 79. Cidi he phuong trinh | (Vo +fy) o +y¥(20-1) y+yo(20-y)
2(y—4)2z—y+3—(z-6)Jz+y+1=3(y-2)

Giai
Nhan thay z =0 ho#ic y =0 khong théa méan hé phuong trinh.
Xét y>0,tadat z=ty,(¢>0).

Phuong trinh thit nhat ctia hé tré thanh
2 1 2

(xﬁ+1)2 NN T :1+\/t(2t—1)
2 2 2
= (V1) +(m+1)2 RN
| 1
i) (e e
Chu ¥ ta c6 bat dang thitc sau LIS

2 + 2 = b :
(1+a) (1+b) 1l+a
That vay, stt dung bat dang thiic Cauchy — Schwarz ta co

(1+ab)(a+b)2(Na+abb) =a(1+b) =

1 S @ 1
(1+b)2 Ta+b a+b

. 1 b 1
Tuong tu ta cod 52 . .
(1+a) a+b 1+ad

Cong theo vé hai bat ding thiic trén ta dugce

1 1 1 [ b a }_ 1
2t 2 = + -
(1+a) (1+b) 1+abla+b a+b]| 1+ab
DAu bang x4y ra khi va chi khi a=b=1.
Do vay ﬁzx/ﬁ@tzl(:)x:y.
Thay vao phuong trinh thit hai ciia hé phuong trinh ta duge
2(z-4)Nz+3-(2-6)2z+1=3(z-2).
Nhan thiy z =2 13 mot nghiém ctia phuong trinh.
Xét z#2 khido

2(z—-4)Vo+3 - (2-6)V2z+1=3(z-2)
o~ ANTTF + (o - 6)arTT = 2= (£ +3) (26 (2041) 2047078

3(z-2) 3

Cong vé theo vé hai phuong trinh ta dugc.

2 2
N e A =
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@12(:5—4)@=2(x—4)(x+12)@2(m—4)[6m—m—12]=0©{w

Tht lai ta thiy thoa man
Vay hé phuong trinh ¢6 tap nghiém la S = {(2;2);(4;4);(6;6)} .

Jz—y= ﬁ (1)

Cau 80. Giai hé phuong trinh \/_
X .Z' — T = ? )
Giai

Ap dung bat déng thitc AM —GM ta c6

1 AM-GM 1 1 2
\/_ T > 3/x\/;.ﬁ.%:\/;<:>\/;(l—x)£ﬁ

Ly (1)—(2)@60—@—[@—%] -2
Suy ra VI'<VP

. , . 1
Dau “="xdy rakhi z=y= 3

o’ —z+2=2-y" +5y-5 (1)
—z+y+3=2y—2y% +8y—4 (2)

Cau 81. Giai hé phuong trinh. {

Giai
—* +5y—-5>0
2" +8y—4>0

Tu (1) taco 2P —r+2=20/-y* +5y—5 <y’ +5y—5+1
=z’ +y’ —z-5y+6<0 (*)

Tit (2) taco —x+y+3:2\/m<_2y +8y—4+4 _ S e dy

2
=y’ —z-3y+3<0(*¥)

Diéu kién {

Cong vé theo vé cac bat déng thic (*) va (**) ta dugc
P42y 208y +9<0 = (v —1) +2(y—2)’ 30@{33:;
y:

Tht lai ta thay thoa man.
Vay hé phuong trinh ¢6 nghiém (x,y) = (1;2)

1-1=y(20-1) —dy+4 (1)

3y~ 62 +25=4,41-(y—6)" (2)

Cau 82. Giai hé phuong trinh.

Giai
Phuong trinh (2) tré thanh

6y — 122 =50 = 841 — (yy— 6)? s[16+(41—(y—t“>)2ﬂ=—y2 +12y+21

=y’ —6y—12z+29<0 (*)
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Phuong trinh (1) tré thanh z' —62° +dy +4z —4 = 0(* *)
Tu (*),(**) = 2" —62> -8z +y’ —2y+25=0
o (2*—4) +2(2-2) +(y-1) <0=z=2y=1
Vay hé phuong trinh da cho c¢6 nghiém duy nhat r =2,y =1

2’ +2=152’ +3y -5
y—2r+7=4Jdy -y’ +1

Cau 84. Giai hé phuong trinh. {

Giai

=1 P
Bai nay nghiém { 5 Sau day sé quyet dinh danh gid phuong trinh nao, bai nay danh gia phuong
y =

trinh (2) nhu sau

V6i nghiém da néi thi /4y —y° +1 =2 dung bat dang thitc AM —GM nhu sau

y—2x+7:2.2.«/4y—y2+1AM;;M4+(«/4y—y2+1)2 oy -3y—22+2<0 (1)
Khi d6 (z2+2)2=(,/5x2+3y—5)2@x4—x2—3y+9=0 (2)

Lay (1)+(2) taduge ' —2> +9° =6y —22+11<0
r=1

<:>(w2—1)+(x—1)2+(y—3)2 SO@{y:B

23:—1=\/2(3y2—:r;4—x2)—1

29" + 49 +10 = 8z, /2(y+1)

Cau 85. Giai hé phuong trinh.

Giai
2(3y" —a' —2*)-120
Diéu kien
x 25;y+120

Phuong trinh (1) tré thanh 42” —4z +1=6y" - 22" —22° -1
&4zt +2(z-1) +22" +1=6y*
& 6y*+2=2(a" ~1) +2(c-1)" +8° 280" & 2w <3y  +1
Phuong trinh (2) tr6 thanh 2y* +4y* +10=4.22.2(y+1) <4,[2(y+1)(3y* +1)
<2(2y+2+3y° +1) =4y +4+6y" +2

<:>y4—yQ—2y+2$0<:>(y—1)2(y2+2y+2)$0 Sy=1=>z=1
Vay hé phuong trinh da cho c¢6 nghiém duy nhat z =y =1

24 (dp—1) =1z (8x +1
Cau 86. Giai hé phuong trinh Y +( v ) x( et ) (x,yeR)
402° + 2 = yv14z -1

Giai
Cach 1.
Diéu kién. 14z>1;yeR

Taco §fdz(8z+1)+ 214z -1 =y + (4o -1)" +2(402” +2)
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Mat khac theo bat ddng thic AM —GM ta dugc

Yz (8z+1) +2y\14z 1= ,3/8:5@.1 +2y1dz -1

Sé(&v—i—&r;l-klj—i—y? +14z-1

+(4z-1)" +2(402° +2) -

N | W

(8z-1) <y’ + (4o -1)" +2(402” +2)

ol

Do d6 dau béng x4y ra khi va chi khi z=—;y =

ool»—l

Day 1a nghiém duy nhét ctia heé.
Cach 2.

Diéu kien z > S
14
V6i diéu kien nhu thé thi phuong trinh hai hién nhién y > 0. Ta c6 danh gia sau day
2
402” + 7 = y\14z -1 S%ﬁlxlc Yy’ >802> — 127 +1
T phuong trinh (1) ta lai co
Y4(8z+1) =y +(4z-1) 2802 ~12z+1+(4z—1)’ =2(482” 10z +1)

2
Pong thoji WZWS1+1+3§$ e

2
Tit d6 suy ra 2(48x2—10x+1)sm+—:f’7”@2(8x—1)2socxzé:yzg
3

Vay hé da cho c6 nghiém z —é =
Cach 3.
Diéu kién z > S

14

j *4+162° -8z +1=3/4z(8z+1
hé phuong trinh da cho duugce viét lai thanh Y ( )
8027 + 2z =2y/14z -1

Cong vé theo vé hai phuong trinh ta dudc.

(v 25142 =1 +140 1)+ 962 ~ 20z +2 = {4z (82 +1)
& (y—Iz—1) +962> ~20z+2= [ (82+1)(1)

Ta c6 VT(1)296m2—20x+2_1[3(8x 1) +8x+1}2%(8x+1)

6(16x+8z+1+2) §162(82+1).2 = g4z (82 +1) =VP (1)

=
l\.’)lr—t

Ding thiic x4y ra khi va chi kh1 3: y (g —J

) :1:2-1—1=,/16—2xy—§y2
Cau 87. Giai hé phuong trinh. 2

T+y =392 +14zy — 42

Giai
Ap dung bat déing thitc AM —GM taco z+y= \/2.2\/9x2 +14zy —42 <\/92° + 142y — 38
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<:>($+Z/)2 <92” +14xy — 38 @%yQ —42® —6zy+19<0 (1)

2
Ta co (272+1)2=("16—2xy—%y2] <:>$4+2x2+21:y+%y2—15=0 (1)

Lay (1)+(2) ta dugc 2’ —22° —4zy +2y° +4<0

<:>(a:2—2)2+2(:c—y)2S0:>x=y=\/§

2Jr+y—1+20—1=/42" +3y° +2

Cau 88. Giai phuong trinh ) ,xQ 19 . 32— 2y _\/2332 ‘Az —y+d
6 ) 2

Giai
Theo bat déng thitc Cauchy — Schwarz ta cé

Vaz* +3y° +2 =42 2(z+y—-1) + 122 -1

< J@+1)(2(z+y-1)+20-1) = 3(42+2y-3)

Ta chitng minh bat dang thitc \/3(4x +2y—3) < \/4303 +3y° +2
That vay bat déng thic tuong duong
3(4z+2y—3) <42’ +3y* +2 < 42° + 3y° +11 2122 + 6y
) o A’ +1+1)24.32=122
Ap dung bat dang thic AM —GM ta dudc ‘
3(y* +1)23.2y =6y
Suy ra bat dang thtc trén dang.
Déu bang x4y ra khi va chi khi z=y=1
Ta thay vao phuong trinh thit 2 ta thiy théa méan.
Vay hé phuong trinh c¢6 nghiém (m;y) = (1;1) .

(x —1)2 +y’ = ﬁx(?x + 1)
3z° —x+%=y\/x2 +x

Cau 89. Giai hé phuong trinh.

Giai

1Y 4yt =3x(22+1 1Y+ =3z(22+1
(v=1) +y" =3fe(20+1) _ J(=-1) 92\/9«“(@“ )
62" —2r+1=2yNz’ +x 51:2+(93—1) =22’ + T

Theo bat déng thitc AM — GM ta c6

Diéu kien z;y >0

Hé phuong trinh tuong duong

32.4x-(2x+1)3wﬁ”=2m+1

2r+1

= (z-1) +y° < S22t —4r+2+2)° <20 +1< 22" —62+1+2y° <0

Két hop lai ta duge

2(52” —3z+1-y")+22" —62+1+2y° so©(2x—1)230©x:%:y:§
1
Vay nghiém ciia hé phuong trinh la (x;y) = (E’gj
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(¢*+1) ~82° =22y —1-2

¥ +1=2v-92° + 3z +1

Cau 90. Giai hé phuong trinh.

Giai
Piéu kien{’ = 2
—92° +3x+12>0
T phuong trinh (1) taco VP(1)<2y-1+1-2=2y-2<y*+1-2=y" -1
Ma y? —1=24-92" +32+1-2 <—92" + 3z +1+1-2=-92" + 3z
—2* +32>0 (*)
(x2 +1)3 S(—xg +3x)2(* *)

Phuong trinh (**) tuong duong z° +3z" +32” +1<2° 62" +92° < 92" —62° +1<0

Suy ra (m2 +1)3 -82°<-97" +3r & (x2 +1)3 <-2'+37r & {

4:»(3352—1)2so@(?,ac?—l)Q:0@3952—1=0<:>:s:iL

Két hop (*) thay = _ L théa man. Khi dé y=1(t/m)

J3

Vay hé phuong trinh c¢6 nghiém (x;y) = [L;lj

B

Cau 91. Giai hé phuong trinh.

Giai
Y . 1
Diéu kién z > E,y >0

Theo bat déng thitc AM — GM ta c6

7 AM-GM 7

2($—%j2=6xy—x3—4y—5 < [(:cz+4)+2gz:]y—g[;3—4y—5
oo’ -2’y +22” —2zy—22+4<0 (1)
Mit khac v’ (y—z+1)=2z <y’ -2y’ +y* —22=0 (2)
Lay (1)+(2) vé theo vé ta co 2’ +y’ =2’y —ay’ +22° — 22y +y* -4z +4<0

@[IS+y3—xy(x+y)]+(a:—y)2+(:1:—2)2S0c>$:y=2

:(:-i—3=\/(;t/—i—1)2 +2zy—2
Cau 92. Giai h¢ phuong trinh <, _
y—1:\4/8x—a:2 -3

2

Giai
Phuong trinh dau tuong duong z° + 6z — 1y — 2y — 22y +11=0 (1)
Theo bt déang thitic AM — GM ta c6

1 AM-GM 1
9= \23/82-22-3 < ——9+8z—2—3
/ \/3\/ V3

=3(y-1) <8z-2’ -3’ 8 +3y* —6y+3<0 (2)
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Lay (1)+(2) taco 22° +2y° -2z -8y —2zy +14 <0
<::>(av—2)2+(y—3)2 (ac y+1) K0eozr=2Ay=3
Vay hé phuong trinh c¢6 nghiém (a:;y) = (2;3) .

(y—22:)2+6x+2=y+2«/y(2w+1)

Cau 93. Giai phuong trinh 1

+—2 ! =1
1+\/y—:1: 1+\/§ 1+\/:13+y

Giai
Diéu kien yZm;yZO;xZ—%
Phuong trinh (1) tuong duong (y—2m)2 +63+2 =y+2\/m
Q[(y—m)?—2(y—2x)+1]+[y—2m+2x+1}=0
o (y—2-1) (\/_—m)—o

Sy=2r+1

Thay y=2xz+1 vao phuong trinh (2) ta dugc

y—1
-1
1 24 1 =l 1 + ! +\/§ =1
Jy—z+1 1+\/§ Jy+z+1 \/y—x+1 \/y+a:+1 2
,—y_xsy—x+1
Ap dung bat ding thitc AM —GM ta co 2
y+z+1
Jy+z <
2
N 1 N 1 S 1 N 1 2 N 2
Jy—z+1 Jy+z+1 y-z+l oytz+l o oy-z+3 y+a+3
2 2
< 2 8 4
Ap dung Cauchy — Schwarz ta dugc + > =
y—z+3 y+z+3 2y+6 y+3
N -1
Khi do6 ta can chitng minh 4 +\/§ < +\/_<3
3+y 2 3+y

Xét ham s6 f(y)=i+ yv6i y=0 taco f'(y) _8 1 y+3 _16\/_

= f(y)> ():3z>f(y)ﬁ3<:>y=1:>x:0
Vay hé phuong trinh ¢6 nghiém (g; y) ( )

(,/x+y—4 +1)2 =2y—T7+2dz -z

Cau 94. Giai phuong trinh g+l y+l JTYy

y+2 T+2 4

Giai
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z+y—-42>0
Diéu kién {4z -2y >0 . Phuong trinh (1)tuong duong
z20;y>0
r+y—4+2Jr+y—4+1=2y—-T+2J4x -1y
<:>(z—2./a:(4—y)+4—y)+2 z+y—4=0
@(ﬁ—,/4—y)2+2 T+y—-4=0
{«/5— 1-y =
& Sy=4—-x
z+y—-4=0
— 4—
Thay y =4 -2 vao phuong trinh (2) ta dugc w+1+5 . m( x)
6—-zr 242 4
Dicu kién 0<z<4
_ _ 4—
@(x+1)(a:+2)+(6 a:)(5 ;1:):1+ x( :1:)
(6—z)(z+2) 4

22° — 8z +32 v(4-2) 32°-127+20 +z(4-17)
S — =1+ & 5 =

—x°+4x+12 4 -z +4x+12 4
120" — 482 +80 = (=2’ + 4z +12) [z (4-z)

& 140" =562+56 = (2" +42+12)({fo(4-2) -2

»  (4-z)+12
@14(.’E—2) +m—0
z(4-z)+12
(z-2) [14+ x(4_£)+2}
oo Q{do P G Rt >0}
m(4—$)+2

Véiz=2=y=2
Vay hé phuong trinh c¢6 nghiém (x,y) = (2;2)

(:U—y)2 +4(x+3y)=28+8\/y(:c—2) +8\/(y—2)(x—4)

Jo=2) =0 +2ls=3)a-5) ~(v-2)

Cau 95. Giai phuong trinh {

Giai
Bién doi phuong trinh dau ctia hé tuong duong
S o’ +y’ +dy+4-2azy —20 -4y +8)=16+8,ly(z-2) +8/(y-2)(z - 1)

I
e’ +(y+2) -2(y-2)(z-1)=16+8\Jy(z-2) +8/(y-2)(z - 4)
S +(y+2) =2[(y—2)(x—4)+4 ( - )(ac 4)+4}+8«/y(a:—2)+8
e +(y+2) =2(Jy-2)(e- 4)+2) +8fy(z-2)+8 (¥)

343 | Chinh phuc olympic toan



| Phuong phap bat dang thirc

b=+z-2

Dit {a B \/5 (a, >0;b> O) . Phuong trinh (*) tré thanh

2

(a* +2) +(v* +2) :2( (a* —2)(v* -2) +2) +8ab+8
Theo bt déng thitc Cauchy — Schwarz ta c6
(\/mwf <(a®+2-2)(b* +2-2)=a’’
:2( (> —2)(v* -2) +2)2 +8ab+8 <2a%” +8ab +8=2(ab+2)’
= (a* +2) +(0 +2) 22(a* +2)(b* +2) 2 2(ab+2)’
Do d6 VT 22(ab+2) 2 VP

Déu bang x4y ra khi va chikhi a=b< y=2-2
Thay y =2 -2 vao phuong trinh (2) ta dugc

\/(9_2)2 +2\/(y—3)2 =dely-2/+2ly-3/=4

y—2+2(y-3)=4(y=3) |y=4=>2=6
| y=0 (L) | y=0 (L)

2-y-2(y-3)=4(y<2) | _4_ _10
L 3 3
A 1A . . . 10 4
Vay hé phuong trinh ¢6 nghiém (m,y) = (6;4);(§;§j .
+y+1 +r+y+1)=12 1
Cau 96. Giai phuong trinh (x Y )(my oy ) Y ()
x\/1+y—2y2+y\/3m—2x2—1+my—1=0 (2)
Giai
N | 1
Dicu kién —<x<1;——<y<1
2 2
1 z+y=0
Néu ——<y<0={ 1 :>(m+y+1)($y+x+y+1)>0212xy,Vénghiém
2 —ES:L“ySO

Suy ra %Sxﬁl;OSySl:xySl

T phuong trinh (1) ta suy ra 12xy2(2 zy +1)($y+2\/@+1)

Dat t=1Joy (t [0:1]) =126 2 (2t +1)(t +1)" & (£-1)(2t* +5¢-1) <0
Do te[0l]=2t* -5t -1<0=>t>1=ay>1

T dosuyra z=y=1
Vay hé phuong trinh (a:,y) = (1;1)

(z+7y)\/;+(y+7a:)\/§=8,/2xy(x+y)

Cau 97. Giai phuong trinh

(2 +3y” +y-22-7)2z-y+2=10+3z+y -8

Giai
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Diéu kien z>0;y>0

Ta thiy x =7y =0 khong la nghiém ctia hé phuong trinh.

Phuong trinh ( )cua hé tuong duong \/_ \/_ +7( x +f) 8«/2 T+ y

— 2 2
Diit a_\/;(a;bzo).Phu’dngtrinhtréthanh a—+b—+7(a+b)28 2(a” +1°)
b:,\/g b a

_521 1_ 8 =0
=l )[a+l’ J2ﬂf+b2)+a+b}

Theo bat déng thitc Cauchy — Schwarz ta c6

1,14 8 S 8

a b a+bd (a+b)+(a+b)_ ,2(a2+b2)+a+b

Dau bang xay ra khi va chi khia=b

Hay phuong trinh (1)<:>:c=y
Thay x =y vao phuong trinh (2) ta dudgc
(42° 2 -7)Jr+2 =10+ 4z - 82’
<:>(4x2—$—7)x/1:+2=2x—4—2(4x2—$—7)
& (40" —2-T)(Vr+2+2)=2(z-2)
2(z-2) 2[(v+2)-4]
Jx+2+2_ NT+2+2
2(\/x+2 +2)(\/x+2 —2)

o4t —r-8=

o dr’—g-8= = =2(\/m_2)
r+2+2
<:>4x2—x—3=2\/m
& 162" —82° =232 +22+1=0
r=-1=>y=-1

& (z+1)(4z-1)(42’ -52-1)=0= x:5+m:y:5+m
8 8

Vay hé phuong trinh c¢6 nghiém (ac;y) = (1;1);[ 3

5+m.5+mj
8 )

Vo +2Jy—22-3 =(z+1){y+1-2°

#mﬁﬂx+3y+%x+3yW+1+6—3mﬁ2y+x+2:1

Cau 98. Giai phuong trinh {

Giai
Diéu kien z>0;y—22-3>0;y+1—-2" >0

Phuong trinh (1) tuong duong d@r+3)( y+&l+1f =14-#Qp+2)(y+1)

bat a=2z+2>0b=y+120

Tfr(3),tacé3(1+a)(1+b)2=1+3ab2@1::§/ LI +§/ a b b
l1+a 1+b 1+0b 1+a 1+b 1+0b
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Theo bt déng thitic AM — GM ta c6

J 1 1 1 \/ a b b _1( 1 2 1( a 2
3 . . +3 . . <= + += + =1
1+a 1+b 1+ 1+a 146 1+b 3\1+a 1+0b 3\1+a 1+0

DAau bang x4y ra khi va chi khi a=b hay z+2=\ly+1 < y=2"+47+3

Thay y=2"+42 +3 vao (2) ta dugc

2
2o+ 2o’ +20 =(o" 4 1)VIzd & (Vo +Va' 420 ) =(0+1) (2+1)
S’ +3z+20z+2=82" +37" +3z+1< 2" +22° +1-22J1r+2=0

<:>x2(x+2)—2x\/x+2+1:0<:>(a:\/x+2—1)2:0<:>x\/x+2:1

x=—1(L)
o1’ +22° -1=0& (z+1)(a" +2-1)=0 o x=_1+2£:»y=5+;’¢5
-1-5 5-3v5
xTr = =y =
2 2

1+\/5.5+3\/5}[1\/5.53\/5]

Vay hé phuong trinh c¢6 nghiém (x;y) =£ 5 5 5 5

(x/;+\/§)($+y+l)=2x\/y+l+2y\/x—1+2\/§
TJT+Y +(y+1)«4/w+3y =zy+3z—1

Cau 99. Giai phuong trinh {

Phan tich. Bai he nay 1a mot bai he danh gid k}glf; kh6. Ching ta phai dodn duge nghiem ciia n6 la
x =1y =0dé tién cho viéc danh gia mbi quan he z va y.
Ap dung cong thic bat ding thitc AM ~GM taco z+y+122\[z(y+1).
Do dé ta cé (\/E+\/§)(x+y+1)22x y+1+2\/@(y+1).
Thay vao (1), ta dugc
Qz\/yT1+2y\/E+2\/§:(\/E+\/§)(x+y+l)22x\/y?+2\/m
@yﬁ+ﬁ2W@ﬁ(W+l—m)zo xy—y+1—\/;(y+1)20
& xy—y+12m<:>xy—y+l+2m2xy+x
<:>x—1+y—2m§0c>(\/E—\/§)2SOC:M/xTz\/;@aczy+1

T6i day ta da tim ra moi quan he gitta = va y . Bai toan coi nhu da thao duge nat thit.

Thé vao phuong trinh (2) ta dugc

41\/:1:+y +4:v§/:c+3y =4(my+3m—1)=4:1:2 +8x—-4
Ap dung bt déng thic AM —GM ta dugc
o 22z\z+y SQ(xQ +a:+y)=2x2 +4x—2(3)
. \/;-\/;-«4/3:+3y £1+x2+x2+(a:+3y):2x2+$+3y+1:2$2+4x—2 (4)
Lay (3)+(4) :4x\/w+y +4x%/x+3y <4z’ +8x—-4.

Dau“="xdyracr=1=y=0
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Vay hé phuong trinh ¢6 nghiém (x;y) = (1;0)

113[32” — 4ay + 22° +63/4(a” +4") =172+ 6y

Cau 100. Giai phuong trinh .
—+{y+3=2c-y+~2z
Y

Giai
>0

y>0

3
. L, : ; \ +
Ap dung cong thitc bat dang thitc AM —GM ta duge 6;‘5/4(33“ + y“) > 6{’/4-% .

Khi do ta c6
: 2 2 : (x+y)3 3/ 2 2
172+ 6y > 113[32° — 42y + 2y +634-T=11§/3z-‘—4z y+2ay* +6(z+y)

& 11z211{‘/3x3 — 42y + 2zy° <:>m2{‘/3x3 — 42y + 2zy°

Diéu kiéen {

o2’ 232" — 42’y + 20y & 207 — 42y + 22y° <0 <:>2:E(:1;—y)230<:>m=y
Thay x =y vao phuong trinh (2) cuia hé, ta co
\4/x+3=x+x/%—1c>(\/27—\4/x+3)+(x—1)=0
47" —x+3 4x+3
S—+(z-1)=0<(z-1)| ———
=0
Trong dé f(x) > 0. Vay hé phuong trinh c6 nghiém (m;y) = (1;1)

+1]=0 oSr=1=y=1

3z° +9° +2x=y(x+1)+4x,/2x—y

Cau 101. Giai phuong trinh 14zy — 647 2+
7’ - +— —=z
9 T +zy+y

Giai
20-y20
Dieéu kién o 142y — 6y
9

[, 1day—6y T+ :
Ta co QEQ—%GyZl'—#y?iy?ZOQny'i‘l‘yQ_ysZO@y(IQ'Fny_yZ)ZO(*)

2
Talaico 42° —4a 22—y +2x—y=0"+ay—y >’ +ay—7° =(2x—«/2x—y) =z’ +ay—1y° 20

Do do, tu (*) suy ra y > 0keém theo x>0.

>0

3 3
2 1
Xét 2 danh gia sau %Z—x——y,%
r+rry+y 3 3 T +ay+y

‘3y 3

Bién doi tuong duong, ta c6

3% > (2x —y)(x2 +xy+ yz) & ($+ y)(x - y)2 >0
Bét ding thtic luén ding.
Xét phuong trinh (2) ,taco
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a2 3., .3 2_14 2
. fx2_14acy 6y N 21‘ +y 22\/9$ xy + 6y +l(x+y)
9 T +ay+y 3 3

<:>\/93U2—143Uy+6y2 S2x—y<:>5(x—y)2S0<:>x=y

Thay x =y vao phuong trinh (1) , ta dugc

— r=1=>y=1

:2—
x2=(2x—\/x)2c>m TN o 1 1
T=~lr —2T 55253?/:5

Vay hé phuong trinh ¢6 nghiém (x;y) = (1;1);(%;%)

x(gf +16)+73L"2 +5(z—y)+5=(1-2y)3Y—y(Bz+7)+5

Cau 102. Giai phuong trinh -
\/41:(:13+y)+y2 +16 +\/4(y2 +:vy+4)+ac2 —\/9(x+y) +64=0

Giai
Phuong trinh (2) tuong duong

\/4x(x+y)+y2 4—16—1—\/Zl(yQ+:Ey+4)+:v2 = 9(:1:+y)2+64

Ap dung bat déng thitc Mincopxki, ta c6 VT = \/433(30 + y) +1° +16 + \/4(y2 +xy + 4) +a°

=\/(2:E+y)2 +4° +\/(2y+x)2 +4° 2\/(2x+y+2y+x)2 +(4+4)7 = 9(:52 +y2)+64 =VP
Dau “=" x4y ra khi va chi khi z=y
Thay =y vao phuong trinh (1) ctia he, ta c6
& ot + T2’ +160+5=(1-22)3-32" — T2 +5

<:>(a:+2)3+x2+4x—3:(1—2m)§/(1—2x)(x+2)—(x2 +4a:—3)(*)

bat a:x+2;b:§/(1—2x)(aj+2)—($2 +4m—3) .

a’ =(1—2:v)b—(ac2 +4$—3)
Khi d6 tut (*) ta c6 he phuong trinh {
b =(1—2a:)a—(a:2 +4a:—3)

a=b

b —a®=(1-2 -b b— “rab+b*+1-22)=0 ‘
o a ( a:)(a )@( a)(a +ab+b*+ :1:) @{az+ab+b2+1_2$20

ij 30> +4 -8z
+— =0

e Trudng hop 1. a2+ab+b2+1—2x=0©(a+§ 1

b)Y 3(z+2) +4-8z bY  32% +42+16
Slaet+— |+ =0<|la+— | +————=0
2 4 2 4

e Trudng hop 2. a:b:>'§/(1—2x)(x+2)—(x2+4x—3):x+2
r=-3=>y=-3
e’ +92° +192+3=0 (z+3)(2* +62+1) =0 | 2=-3-2{2 = y=-3-2\2
x=—3+2\/§:>y=—3+2\/§
Vay hé phuong trinh ¢6 ba nghiém

(x;y) =(—3;—3);(—3—2x/§;—3—2x/§);(—3+2\/§;—3+2\/§)

Tap chi va tu liéu toan hoc | 348
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\/;+\/§+8:L“y=2x2+4x+y+3

Cau 103. Giai phuong trinh )
10(y—-1) +z+y—-2=14z(1-y)

Giai

o jr20 .
Diéu kién 0 Phuong trinh (1) tuong duong
Y=

Jr+Jy+(2-2)+(3-2y)+(2-2)(3-2y)=22" —6ay —5y +14  (3)
Ap dung bt déng thic AM —GM ta c6
J;+J§+(2_x)+(3_zy)+(2_z)(3_2y)s%“+y7”+(z_x)2+(3_2y)2+1
22" +8y° =Tz —23y+30
2
< 22" -8y’ 122y + Tz +13y—2<0 (4)

= 21" —6zy -5y +14 <

Mt khac tit phuong trinh (2) ta c6 10y +14ay —19y—13z+8=0 (5)
Cong vé theo vé (4)+(5)= 22" +2y” + 22y —62 -6y +6 <0
<::>(:r—i—y—2)2 +(:E—1)2 +(y—1)2 =0

z+y—2=0
z=1
<3x-1=0 =
y=1
y—1=0

Vay phuong trinh c6 nghiém (a:,y) = (1;1) .

2 2
22 +4y” _, (2_§](z+y) 1
Cau 104. Giai phuong trinh Y y

\/(m—m)2+2(m+y+3)=\/;+\/yT3

Giai
T phuong trinh (1) ta co 2z° +4y° = 4\/(21‘ —3y)x(a: + y)y -y

& 4y +day +22° -3y = 2\/(2302 —3xy)(4y2 +3xy)
Day la dang a* +b* =2ab=a=b<a”* =b’
=4y

Hay 4y2+4:13y:2x2—3:1:y<:>2x2—7:1:y—4y2=0<:>{ 5
Yy=—2az

Tu phuong trinh (2) ta c6 x+\/yT3=\/(m—m)2+2(x+y+3)2\/m
c>x+y+3+2\/m22(x+y+3)
<:>ac+y+3—2\/x(Tr3)£0<:>(\/E—\/yT3)2£0

:>\/;=\/y+73<:>x=y+3 (4)

rT=y+3 rx=4
=4y y=1
~

r=y+3 =1
y=-2z y=-2

Tht 1ai vay hé phuong trinh c6 nghiém (a:,y) = (4;1) .

Tu (3) va (4) , Suy ra
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;\/_+2(x+y—1)=34/y(2x—1)

2—2z—y

g(x_@)%q

Cau 105. Giai phuong trinh

Giai

R 1
bieu kién z>—;y>0.

[\

2
Phuong trinh (1) tuong duong ————=+4(z+y—1 =6,/ 2z—-1
ng trin () ng ng > 2y (z Y ) y( T )

Ap dung béat dang thic AM —GM ta co 6.[y(2:1:—1) S3(y+2x—1)
:#+4(m+y—l)ﬁ3(y+2x—l)
2—2z -y

@(#—2}—(2x—y—1)£0

2—\2z—y

@(2$y1)[(2_m)2(1+m)1]<0

e Truong hop 1. 2z—-y<1= 2 -120

(2—\/@)(“ 2a:—y)
<:>222—(2x—y)+m©(2x_y)_m20©{\/Qx—ySO

2z -y >1

Ta thiy /27—y =0 khong la nghiem clia he¢ = 22—y >1=2x-y>1.
Suyra 2z—-y=1

2
e Trudng hgp 2. 2z-y>1= -1<0

(2—«/2:5—3/)(14—«/2:5—@;)
<:>2S2—(2$—y)+,/2x—y <:>(2x—y)—«/2x—y K00 2z-—y<1=>2x—y=1

Véi 2 truong hop ta déu c6 2z —y=1. Thay 2z —y =1vao phuong trinh (2)

2$—1=O<:>:1:=%:>y=0

9092 1=t 12 1-9y27 1+ e
s

. roi=2-Leacioy=1
T

Vay hé phuong trinh ¢6 hai nghiém (x,y) = (%;0);(1;1)

y' —2—9\N2z+5 =3zy’ +9z+4+10
Jy—1 Jr\/2y+acy—x2 =\/2y2 —2(y+2)x+10y

Cau 106. Giai phuong trinh {

Giai
Diéu kien x2§;y21;2y+xy—x2 > 0;2y° —2(y+2)x+10y20

Theo bat ding thitc Cauchy — Schwarz ta c6

a+b£4[2(a2+b2):>w/y—1 2y +zy—2° S\/2(3y+$y—$2—1)
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Ta can chiing bat diing thiic sau \/2(3y+xy—x2 —1) < \/23/2 -2(y+2)z+10y
<:>(:1:—y—1)2 >0

=Jy-1 +\/2y+xy—x2 S\/2y2 —2(y +2)x +10y
Déu “=" x4y ra khi va chi khi z=y+1

Thay z =y +1 vao phuong trinh (1) ta dugc

y3—y—11—%/y4+y3+9y+13—9 2y+7=0
o (y —11y—14)—(2/y4 oy +9y+13—y—3)+9(y—«/2y+7):()

<:>(y2 —2y—7)f(a:)=0

Trong d6 ta c6
2
fly)=y+2- . Y - 9
(%/y4+y3+9y+13) +(y+3)3y* +¢* +9y+13+(y+3) y+2y+7

2

Yy

Taco y+2- 5
(i/y4+y3+9y+13) +(y+3)§/y4+y3+9y+13+(y+3)2

2
>y+2_y +2y+2:3y+4>0
y+3 y+3
2
Y 9
>y+2- 5 + >0
(%/y4+yf‘+9y+13) +(y+3)3fy + o +9y+13+(y+37 YTN2UFT

Vay phuong trinh tuong duong 3 —2y—7=0<:>y=1+2\/§ do y21:>x=2+\/§
Vay hé phuong trinh c6 nghém(m;y) = (2 + \/5;1 + 2\/5)

(a: + y)3 + 4:1:y(a: + y) =8zy, [2(302 + y2)
Cau 107. Giai phuong trinh
Jz't +y! :\/§+\/z
Y %

Giai
Diéu kien zy >0
VT(1)<0

, suy ra hé vo nghiém.
vP(1)>0" " &

Xét x,y<0:{

Do d6 z;y >0, phuong trinh (1) tuong duong

< (z+ y)3 —day(z+y)= 8xy«/2($2 +y2) —8zy(z+y)
(z-y)

2(x2+y2)+x+y

& (a: + y)(x—y)2 =8xy

z=y
=0 N 8xy _o(*
B \/2(3:2+y2)+x+y ( )

Ap dung bat dang thitc Cauchy — Schwarz tacé z+y<, /2(362 + yQ)

8xy

<:>(3U—y)2 T+y—

2(:1:2+y2)+x+y
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2 2
V()2 gy Hzry) “Sw 2Ae-y)
2($+y) 2(z+y) 2($+y)
Dau “=" x4y ra khi chi khi z=y
Thay x =y vao phuong trinh (2) ,taduge z=y =P

Vay hé phuong trinh c¢6 nghiém (x,y) = (%/5 ;'\4/5 )

‘/xy+2y—x+1=£

Cau 108. Giai phuong trinh Jo-y+z
8Vr +2/13—z—y +152 + 3y =38
Giai

zy+2y=0
. x>0
biéu kién

S5—y+z>0

13-2-y=20
p s . / T+y+2
Ap dung bat dang thic AM —GM , ta cd\Jzy+2y = r+2)<
p dung g Joy+2y =y(z+2) s—

3\/§ T+y+2

+zr—-1<

:\/m 5
Xét ham s6 f(y—x)=|:(y—x)+4]«/5—(y—x)

3f'(y—x)=0<:>y—x=2:f(y—x)2f(2)=6\/§:VP
Dau “=" x4y ra khi vachi khi y—z =2

<:>(y—x+4) 5—(y—x)26\/§

Dit a=vz (a 200> O) . Phuong trinh (2) tré thanh
b=y13—-x—y

120’ +8a+2b—3b" +1=0< (6a+3b+1)(2a—b+1)=0<=2a—-b+1=0
Hay 24z —\[13—2 -y +1=0
Thay y =z +2 vao phuong trinh (2), ta co
Wr+1=+11-27 &5-3z=20r o z=1=y=3

Vay hé phuong trinh ¢6 nghiém (a:;y) = (1;3)

Vot -z —yife—y =y
é/(m—Q)(4—x)+'\4/y—1+%/3—y+6(y+1)\/£=x3+30

Cau 109. Giai phuong trinh {

Giai
Xét x =—y khong la nghiém ctia hé phuong trinh.
Xét = # -y , phuong trinh (1) tuong duong

(V7 )+ (7 -v)=0
N —x—y(%/m—l)+(\/m-y)=0

P i et W Gl Ci')

(3$—y)2+m+1 \/332—73—@ Ty

=0
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T2 -z -y N T+Y 0
(3x—y)2+«3/x—y+1 Ny

Jr't -z -y N T4y >0
(«3/$—y)2+§/m—y+1 Nz’ —z—y+y
Thay z =y +1vao phuong trinh(2) , ta co

«4/(m—2)(4—z) v o2+ 44—z 1623z =2° +30 (*)
, o Jo D o)< 22T ()
Ap dung bat dang thitc AM —GM |, ta c6 2

623z =24270° <z’ +27 (4)
Ap dung bat déng thic Cauchy — Schwarz , ta c6

MJ&/@S\/z(mﬂ/ﬂ) S\/2«/2(x—2+4—:1:) =2(5)

Lay(3)+(4)+(5)= VT (*)<VP(*)

@(x—y—l)

Sr=y+1| do

r—-2=4-z
Dau “=" xdy ra < {2’ =27 Sr=3=y=2
Nr—2=+4d-z

Vay hé phuong trinh ¢6 nghiém (x,y) = (3;2)

8y —5+yN8z—5=24(z% + 4> +4
Cau 110. Giai phuong trinh {x\/ 0 yJ8a (QIj y )

11z° —6zy + 3y* =122 — 4y

Giai

Diéu kiénxzé;yz—
8 8

Ta o oy/8y—5 +y8z—5 =o\[z(8y—5) +fy\Jy(8z-5) (¥

Ap dung bat déng thic Cauchy — Schwarz , ta c6

%/24(:52 +y +4) :§/4.(1+1+4)(yc2 +y° +4) > 44/4(x+y+2)2 =2(z+y+4)

Phuong trinh (1) trg thanh

\/(x+y)(4(x+y)2—5(x+y))2\/m
<:>(x+y)2[4($+y)—5]22(a:+y+4)
& (ay=2) 4(z+y) +3(z+y)+4]20
Sr+y>2 (3)

Dit t=z+y>2=y=t¢—z. Phuong trinh (2) trd thanh

112° —6x(t—x)+3(t—x)2 =12x—4(t—x)
< 207" —4(3t+4)z+3t> +4t =0

Dé phuong trinh c6 nghiem A'=4(3t+4)" - 20(3t2 + 4t) >0
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@%StﬁQ@%SvaySQ(ZL)

Tu (3),(4)suy rax+y=2
Diu“="x4yra <z=y=1

Vay hé phuong trinh c¢6 nghiemz =y =1

Cau 111. Giai phuong trinh

Az® - 47" Tz =(3y2 —6@/+4)\/3y2 -6y +7
(:1:3 —3:1:2)(1/:1:2 +(y—1)2 +3)—|—8=($2 +y° —2y)2 —7(112 +y —2y)

Giai

Ta co (3y" ~6y+4)\3y" ~6y+7=[3(y~1)" +1]{3(y-1) +4>2
Khi d6 tit phuong trinh (1)ta c6 42° —4a’ ~Tr22 & (2-2)(22+1) 20 2>2
Talaico (o +y° ~2y) ~7(c* +4° ~2y) -8

= (" +¢* =2y +1)(2” +y’ —2y-8)

=[x2+(y_1)2][ x2+(y—1)2+3}[ x2+(y—1)2—3J
Khi d6 tit phuong trinh (2) ta c6

x2(x_3):[x2+(y-1)2][ x2+(y—1)2—3}2x2(|x|—3):w2(x—3):VT

=2

Dau “="x4y ra <
y=1

Vay hé phuong trinh ¢6 nghiém (w,y) = (2;1)

Cau 112. Giéi phuong trinh
\/6:132 —2y° + oy — 21z +18 +§/$2 +y+2xy—2zy’ —y —1=—y* +7y—10
32 —my+3y+2x+3=2(J3z+3y—9+J12x—6y—18)

Giai
62° —2y” + 1y — 21z +18>0
Diéu kién <3z +3y—-9>0

122 -6y —-182>0
|3z +3y—-92>0 x+y—320
Ta co & & 3r+2y—-6=20
122 -6y —-18=>0 2z+y—-320

Khi d6 62° -2y’ +2y—21z+18>0< (3z+2y—6)(2s-y—-3)>0< 2z -y—32>0
T diéu kién trén ta c6
VT=\/(33U+2y—6)(2ac—y—3)+{/ﬁv3 +(2x—y)(y—y2)—1 20+§/x3—3y2+3y—1

VP=—(y—3)2+y—1Sy—1

Suy ra {/sc‘3 3y +3y—12y-1e’ -3 +3y—-1>9" -3y +3y—-lor’ >y’ or>y
Phuong trinh (2) tuong duong véi

Bu+y+2=—(y+1)(y—z+1)+22(z+y—3) +2,/6(2z+y—3)
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Taco VP<—(y+1)+z+y+2z+y+3=3z+y+2=VT
Dau “=" x4y ra khi vachikhi z=y=3
Vay hé phuong trinh c6 nghiém(w;y) = (3;3)

T 9) o o 427) =4
Cau 113. Giai phuong trinh \/m+ v ( y t ) Yy
N2—2+y+1+2=2+¢°

Giai
Diéu kien z <2y > -1y’ (2z—y) > 0;2° (5y2 —42° ) >0
Ap dung cong thic AM —GM ta co

Jv' (22 —y) = v’ (2zy—y*) < W =y

2’ +5y° — 4 B 5y° —3z°
2 2

7’ (53/2 —4x2) <

; ‘ ‘ 5y° —32°
3./*2— ‘/252—4233 = =
= y(m y)+ x(y x) Ty + >

5y° — 3z

T phuong trinh (1) ta co 4y* <3zy+ = 3(95—3/)2 0= zx=y

Thay x =y vao phuong trinh (2),ta c6 \N2-z+r+1+2=2+2"

T phuong trinh trén ta cé V2—-z +Vz+1>0=>2" +2-2>0 > 1
Phuong trinh tuong duong

<:>x2—x—1+(x—1—\/m)+(x—\/x?)=0

2 2
- —z-1 " —x-1
orl-z-1+ + =0

r—1+~2—-2 z+z+1

1 1
(2P —z-1)| 1+ + =0
( )( r—1++2-2 z+ m+1j

or'—r-1=0

$=1+2\/§:>y:1+\/5

2

1+5 1+\/5)

S

X

)

Vay hé phuong trinh c¢6 nghiém (x;y) :[ 5 5

' —y -2’y +y =-3

Cau 114. Giai phuong trinh | | 32" -3y+5

Ty ——
21’ —y +2

Giai
Dicu kien 2> —y+2> 02’y +y >0

2

21’ —y+2
2
<::>(JU2 +1—2Jy(m2+1)+y)+ xQ—y+2—M
2Jz° —y+2
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2\/x —y+2 2 2 2

2
Ta co (\/1’2 +1- \/5) >0, viéc ctia chting ta 1a chitng minh vé con lai khong am.

(\/: \/—) { +x2—y+2+x2—y+2_3«/x2—y+2 ~0(*)

Ap dung bét déng thic AM —GM ta c6

2 2 2 2 2
1 L2 —y+2+x —y+223i/2\/m.x —y+2 z —y+2:3\/x y+2

Tu do tasuy ra VT'(*)=0=VP(*)

Nereily )

2
+1=
Do d6 dau “=" x4y ra < 1 ng—y+2<:>{x sSy=2"+1

2
= ' —y+2=1
22 —y+2 2

Thay y =” +1vao phuong trinh (1) ,tacod

1-2(2" +1)=-l 2’ =0 2=0=y=1

Vay hé phuong trinh ¢6 nghiém (a:;y) = (0;1)

Cau 115. Giai hé phuong trinh \/_ Yy

1g2\/_
a

)= 3z +3

Giai
Diéu kién xac dinh >0,y #0.
Phuong trinh thit nhat ciia hé tuong duong véi
L y_ N
NZAF

Xem day la phuong trinh bac hai tiép theo bién y , ta c6

=(\/E—2x)2 +8xx/;=x+4x\/;+4x2 =(\/;+23:)2 >0
Do do, phuong trinh nay c¢6 nghiém la
)= (Zx—\/;)—(\/;+2x) :_\/;,yQ _ (2x—\/;)+(\/;+23:)

2 2

+2<:>y\/;+y —2I\/;+2xy<:>y +y(\/_ 2x) 21:\/;=O

=2

Xét hai truong hgp
e Trudng hgp 1. Néu y= —z , thay vao phuong trinh thi hai ctia hé, ta duge

—\/E(\/aﬂ +1 —1) =32 +3
Dé thay —\/;(\/xQ +1 —1) <0<+/32° +3 nén phuong trinh nay vo nghiém.
e Trudng hgp 2. Néu y =2z, thay vao phuong trinh thit hai cia he, ta dugce

Zx(\lm +1 ) \/31: +3<:>\/x +1(2$ \/§)=2x<:> x2+1:2x2_$\/§ (*)
NE)

Dé thay z= > khong théa man ding thiic lén chi xét z # ? va phép bién déi trén la phit

hop
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Xét hai ham 86 f(z)=va*+1,2>0 va g(z)= 5

23

Ta c6 f'(z)= - <0 neén la ham nghich bién.

>0 nén ham dong bién, ¢'(z)=

z

7’ +1 (295 -3 )
Suy ra phuong trinh (*) ¢6 khong qua mot nghiém.

Nhém thay #=+/3 théa man (*) nén day ciing chinh la nghiém duy nhét ciia (*).

Vay hé dé c6 nghiem duy nhat Ia (z,y) = (ﬁ 23 ) ,

NT'—z—y -y =y
2(2” +17)=11+32z -1

Cau 116. Giai hé phuong trinh

Giai
Ta thay 2$—120:>x2%>0.
Trong phuong trinh thit nhat, z —y va y ciing dau.
Néu y >z thi y>0 vd z—y <0, mau thuan.
Do d6 z>y>0.Dit m=a>03x—y=a3.
Ta co (:1:2—30—1/)a2 =1y° . Thay y=2—a’ ta dudc
(x2—2x+a3)a2:(x—a3)2

Déng thic nay tuong duong véi a’z”* —2a’z +a’ = 2° —2a°z +a°
R6 rang a =1 thi dang thitc diing nén khi phan tich thanh nhan ti, ta dugce

(a—l)(z2+2a2x+ax—a5)=0
Dé thay rang z° +2a’z +ax —a” khong thé xay ra vi a’ Smax{ag,aﬁ} =max{x—y,(x—y)2}.
e Néu maux{av—y,(ac—y)Q}=(9U—y)2 thi dé thay o’ S(:p—y)2 <z’ <z’ +2d°c+az.
e Néu max{x—y,(x—y)Q}zx—y thi dé thdy o’ <z —y , tit d6 suy ra
r>l=a">r>1>2—y
Véi z* + 1 2%.Néu r<1 thi 2°+%* <2, mauthudn. Suyra z>1=2">r>1>2—y

Trong ca hai truong hop, ta déu c6 2* +2a°zr +az—a’ > 0.
Vay a=1=y=12-1, thay vao phuong trinh th hai, ta dugc

2(20° —22+1)=11+322-1 < (20 -1) —10=322 -1
Dat 22 —-1=0520 thi ta dugc phuong trinh sau
b'=10=3b < (b—2)(b" +2b° +4b+5)=0

Dé thay phuong trinh nay c6 nghiém khong am duy nhat 1a b =2, tuong ting v6i nghiém ctia hé da cho

(xay){géj-
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22" -3z +4)(2y° -3y +4)=18
Cau 117. Giéi hé phuong trinh ( v v )( e e )
4yt +ay—Tr—6y+14=0

Giai
2<z< E
Tw phuong trinh hai clia hé biang danh gia quen thuoc ta rat ra

1<y<

w | o

Piéu kien tren dii dé f(z) va f(y) don dieu tang vi f'(z)=42-3>0 Vae [Q%}
oo (2)-40)5 150 o5 o185 o110y 0

Dau bang x4y rakhi =2 va y=1 thay lai vio phuong trinh hai thiy khong théa man.

Vay hé da cho vo nghiém.

.o 1 3 1 20y
sin“x +———+,[cos" Yy +——— =
sin” x cos” y T+y

Cau 118. Giai hé phuong trinh

1 5 1 20z
—— +,[cos" T+ ——— =

sin® y cos T T+Y

sin® y +

VMO 2010

Giai

Ap dung bét déng thiic Cauchy — Schawarz cho vé phai ta duge

[20y | [20s SJ2( 20y 2036}:2\/5
T+y T+y T+Yy xT+Y
Gio ta sé ching minh VT > 210 tic 1a phai chitng minh

. 1 1
\/sm2x+ —— + cos” T+ s— 2+10
sin” x cos™ ¥

Ta co

R e R Etee R

Hién nhién ta c6 sinz + cosz <+/2 nén ta duge

1 1 4 4
—(sinz+cosr)>——m — 22—_\/52\/5
( ) 5

+
SImx CoST SIN T + COST

Vay VT =+/2+8 =10 . Tuong tu véi bién y vi ta c6 didu phai ching minh.

Déng thitc xay rakhi z =y = g + k2T

24 (42 —-1)" =34z (82 +1
Cau 119. Giai hé phuong trinh Y +( . ) \/m
402 + ¢ = yN14z —1

Giai
X . 1
Diéu kién z>—.
14

V6i diéu kién thé thi tit phuong trinh hai ctia hé hién nhién c6 y > 0.
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2
Ta c6 danh gié sau day 40z° +z = yx/1dz —1 < % oy’ 2802 —122+1

Tt phuong trinh thit nhat ctia hé ta lai c6
Yz(8z+1) =y’ +(4z-1) 2802”120 +1+(42-1) =2(482" 10z +1)

2
Dong thoi W:mghu?ﬁx + 4z

322° +4x+2

1 3

@2(8:1:—1)2S0®x:§:>y:_

Tir d6 suy ra 2(482" ~10z+1)< >

Vay hé da cho c¢6 nghiém (x;y) = 5o

1.@)'

Cau 120. Giai hé phuong trinh

Diéu kién z,y # 0.
~ < L 2\2 9\2 1 1
Nhan 2 phuong trinh vé6i nhau ta duge (1+$ ) (1+y ) I+— || 1+— |=64
Yy x

Dén day ta st dung mot hé qua ciia bat ding thitc Holder nhu sau.
Vi day s6 duong a,,a,,...,a, ta ¢ bat déng thitc

(1+0)(1+a,)..(1+0,)2(1+ s a, )

Ap dung vao bai toan trén véi vé trai ta co

6
(1+xz)(l+x2)[1+x_14j(1+y2)(1+y2)(1+§jZ(Hdxz.ﬁ.%.yz.yz%} 1

T Y

Ding thiic xay ra khi x =+1,y =+1

x’ +2x\/§=y2\/§
(4:133 +9 +3:1:2\/;)(15\/;+y)=3\/;(y Y+ Ty +4x\/;)2

Cau 121. Giai hé phuong trinh

Giai
Diéu kien z,y > 0.
a' +2a°b=0b°
Dit a =+/z,b=fy. He viét lai thanh o ‘ ,
(4a6 +b° +3a° )(15a +b° ) = 3a(b4 +a’b+ 4a3)
Ta c¢6 a=>5b=01a mot ngiém cua he.
Xét a,b>0.Dat b=*ka . Phuong trinh thit nhat ctia hé tré thanh
1+2k

2E

142k=ak’ <a

Phuong trinh thit hai ctia he trd thanh
(4(16 +a°k® +3a° )(15@2 +k*a’ ) = 3a(k:3a3 +a’k+4a® )2

Thé a tit (*) vao ta dugc
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5
44k + 3k 5+1+2k (k3+k+4)
1+2k 3k*

Ap dung bat ding thitc Cauchy — Schwarz cho vé trai ta dugc

2
: 3k 1+2k : ’ : :
2[ Fa+k)+ H%.;T] (e ) (A k) ) 2 (ke k) =P

Déng thitc xay rakhi k=1<a=b=3<2=y=9
Vay hé da cho c¢6 nghiém (x;y) = (0;0),(9;9).

2’ +5zy +6y =4y +92+9

Cau 122. Giéi hé phuong trinh {9 4 z+ =3+40x
2 2x+y
z,y >0
Giai
Phuong trinh thit nhat clia hé tuong duong (82| z° + 1 = 0+80z
20 +y 9
z 2 2 2 1 3
Taco VI = (1 +9) T+ 292 + 2924+ ———=29z+
2r+y

1
J2z+y
:>6+80:r,2 6

9 20 +y+9

6

& 32-22° —zy+6y=0 (*)

Lay (*) cong véi phuong trinh thit hai ta dugc

—2® +day —4y* +12y —62-9=020 —(2-2y+3) 20 x+3=2y
Déng thic xay rakhi z=y=3.
Vay hé da cho c6 nghiém (x,y) = (3;3).

x—i—y)( 1)(y+1) 5acy+(:c-i-y+1)3

\/2 x \/(3 y)(y—l)

Cau 123. Giai hé phuong trinh {

Giai
Diéukién 1<z<21<y<3.
Phuong trinh thi nhat ctia hé tuong duong
<:>($+y+z)3+5xyz— (:E+y) T+ ( )
+2)

?)

sS4y’ + 2 +5myz—($+y)($+z)(

+ z( +z)+xz( )+2xyz
(v

sty + 2 +5a:yz=xy(x+y)
)

e’ +y’ +2 +3ayz=ay(z+y)+yz(y+2)+2z(z+2)
Ap dung bat ding thitc Schur ta c6
2 +y’ + 20 +3ayz 2 ay (v +y)+yz(y+2)+az(z +2)
Déng thiic x4y ra khi 3 bién bang nhau hodc 2 bién béing nhau, bién con lai bang 0.
Két hgp diéu kién suy ra z=y=1.

Vay hé da cho c6 nghiém (x,y) = (1;1).
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«/;+\/§+\/2x_—=%

Cau 124. Giai hé phuong trinh

(w+y+my+1)(2x—y+1)=ﬁ
64
Giai
N . ., R , 125
Tt phuong trinh hai ctia hé, ta co (x +1)(y + 1)(2x —y+ 1) = 6_4

Ta dat f:a,ﬁ:b, 2z -y =c, a,b,c20

3

a+b+c=—
He khi d6 s6 1a 2 .
(a2 +1)(b2 +1)(62 +1):6—4

Ta sé chitng minh. Néu a,b,c>0 va a+b+c=g thi (a2 +1)(b2 +1)(02 +1)216%45

Dat vé trdila f(a,b,c). Trude hét ta sé ching minh f(a,b,c)> f(a,t,t)[t b ; CJ

Ta co f(a,b,c)—f(a,t,t)=(a2+1)(b—c)2[8—(b+c)2—4bc}20 (*)

Vi (b—i—c)2 —i—4()0£2(b—i-c)2 <8 neén (*) la dang
Gio ta phai ching minh
125 -0 l-a 125 3 2-a 2 125
f(a,t,t)26—4<:>f QQTQT 26—4(a+2t=§]<:>(a2+1) 22 1] >222

& (a* +1)(4a* ~12a+25)" 2500 < (2a~1)" (4a' ~20a* +69a° ~100a+125)>0
Bét dang thiic cudi diing vi

4 3 2 _ 2 2 2
4a* —20a° +69a —100a+125—(2a —5a) +34a> —100a+125 > 0

Ding thiic x4y ra khi a=b=c=%:>x=y=i.

Vay hé da cho c6 nghiem (x,y) = (i&]

122° +122% + 367z — 54y° — 54y — 18y =144

Cau 125. Giai he phuong trinh {* = |
T4y +ry—T7rx—6y+14=0

Giai
Ta viét lai phuong trinh thi hai nhu sau
9 9 1<y<Z
x +:L‘(y—7)+y —6y+14=0 A,20 ]
) ) = =
v +y(z—6)+2”-Tz+14=0  |A 20 5<p< 10

Xét phuong tinh thit nhat. N6 ¢6 dang f(:z:) — g(y) =-144
Véi f(z)=122" +122* + 367z don diéu tang, va g(y) =54y’ +54y° +18y don dieu tang.

Tu do taco f(x)>f(2)=878,g(y)< g(gj =1022 = f(z)-g(y) 28781022 =-144
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=2
Ding thiic x4y ra khi 7 . Thay vao phuong trinh thi hai théa méan.
]

Vay he da cho c¢6 nghiem (z;y) = (2;%)

[z’ =18y —27x 29 y
\ ~Jo-y-1=2 —2
Cau 126. Giai hé phuong trinh \/ 3 W $+W
x(;ﬁ‘+2xy—2z+2)+(y_2)2+7=63 4(z-y+1)

Giai
. —y—120 >y+1
Dieu kién xz Y & f 4
z+x—-220 T°+x—-220

Phuong trinh tht hai cta phuong trinh tuong duong

o'+ 227y —22° +2J:+y2—4y+11=6§/4(z—y+1)
<:>($2 +y)2 —2(:1:2+y)+2(a:—y+1)+8=6,3[4(:r—y+1)
<:>(x2 +y—1)2 +2(x—y+1)+8=6«3/4(x—y+1)

Taco 63f4(z—y+1) =332(z—y+1)44 <2(z—y+1)+4+4

Tirdo suy ra (2 +y—1) +2(c—y+1)+8<2(z—y+1)+4+4 & (" +y-1) <0

. +y-1=0 =1y=0
Dang thic xay ra khi {23: 4 =LY

(ac—y+1)=4<:> r=-2y=-3

2 2 _
Cau 127. Giai hé phuong trinh (m B 1) = 2y(2m + 1)

$2—y2:3

Giai
Bién dbi phuong trinh dau tuong duong (x2 - 1)2 +9=dzy+2y+8
Ap dung bét déng thiic AM — GM ta c6
o+ 4y + 2y + 82 dwy + 2y +8= (2’ —1)2 +926(2" —1)= 2" +4y° +2y+826(x2 -1) (%)
Thay z° =3+y” vao (*) ta dugc
5(3+y) -4y’ -2y-14<0= (y-1) <0=y=1

Thay vao hé tacé z=2
Vay hé da cho c6 nghiém (x;y) = (2;1).

y+y=2
Cau 128. Giai hé phuong trinh x4y ‘g v
Y —x :2(1—x)
Giai
Y= 2z
He da cho twong duong 1+42°
y'=(z-1) +1

Hay dé y ki dén rang buoc clia v .

Tit phuong trinh thi hai cia hé taco y' >1 < y° >1.
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2z

Tu phuong trinh thi nhat ctia hé dé chiing minh -1 < <l=-1<y<l1.

1+2°

Vay rang budc cia y trai nguge vay né théa man khi y=1,x=1.

Vay hé da cho c6 nghiém (x,y) = (1;1).

x+y+l+l=2(\/1—2x +,/2y+1)
z Yy

2’ —Tzy+y’ +1=0

Cau 129. Giai hé phuong trinh

Giai
< l;x #0
Diéu kien
Y= _—1;y #0
2
Ta c6 phuong trinh thit nhat ciia hé tuong duong

1 1
T+——241-2z2 +y+—-22y+1=0
z Yy

<:>l(a:2—2xx/1—2x +1—2x)+l(y2—2y1/2y+1 +2y+1)=0
y

@i(x—m)2+§(y—\/2yﬁ)2 =0 (*)

Xét phuong trinh hai ctia hé néu zy <0 thi vé trai luon dugng (vo ly).
Vay z,y cung dau. Tic dau biang 6 (*) x4y ra khi
z=+1-2x x=—1i\/§
=
y=1%+2
x=—1+\/§ . xz—l—\/§
hoac
y=1+ J2 y=1- J2

Vay hé da cho c¢6 nghiém (x,y) =(—1+x/§;1+\/§),(—1—\/§;1—\/§).

y=4+2y+1

So sanh véi diéu kién thi ta co {

2x2«/xy +2° +9° =42’y

y+\/_=1/—2x2+14y—9

Cau 130. Giai hé phuong trinh {

Giai
Diéu kien z,y > 0.
Ta c6 danh gia sau xz\/@ + ..'172»\/@4— 2yt > 4{/5{:2 \/Eaf @af‘gf =4z’y
Tic la VT > VP . Dang thic x4y ra khi z =1.
Thay vao phuong trinh thi hai ta duge
2 4+~r =-20% +142 -9 & 2 + 22z + 2= 207 + 142 -9 = 32% + 22z 132+ 9=0

Dit t=z >0, ta dugc

1+/37 19++/37
"6 T T

t
3¢ 128 132 +9=0 (38 —t—3)(£2 +1-3)=0 & 18
( ) ) 14413 7-J13
t= 5 == 5
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Vay he da cho ¢6 nghiem (z;y)=

19+\/§‘19+\/§} (7—\@_7—\@}

18 18 2 2

3_$+ 4z +129° B 11—z’ -4

Y’ AR T 9

3_y_|_4y2 +122° B 11-4r’y -4

l'Q xS + y3 y

Cau 131. Giai hé phuong trinh

Giai
Diéu kien %y > 4.
Tu diéu kién suy ra z,y cung dau, nén néu (z;y) la nghiem thi (-2;—y) cting la nghiem.

Vay nén ta chi can xét dai dién truong hop y <z <0.
bat t= I>1. Tu phuong trinh hai ta c6
x

4t +12 :
e, £11:>(t—1)(3t4+3t5—8t2—t—1)£0

Tu day suy ra t <2. Vinéu t>2 thi
(t=1)(3t" +3° =8¢ ~t=1) = (t=1)[ 26* (¥ =4) +(¢' 1)+ (¢' =) | >0 (voly)

12(z° +y°
Nhu vay, ta c6 3(%+ij+¥gﬂ+g

Y $2 l‘s +y3 X Yy

3t +

= (m — y)2 (3x4 — 52y —8z°y” —bay® + 3y’ ) <0
e o' (z-y) (3t' -5t" — 8 — 5t +3) <0
Cong 2 phuong trinh vé véi vé ta dugc

(5r2) sl (B2

S+ |+

y 2 7+’ Ty
Nhu vay, ta co VT(?))SEJrE , trong khi VP(S)ZE+E (do z,y>0)
r oy r oy

. =4 =13 ,
Dau “=" xay ra khi {xy ym@g:y:é/z.
=y

Vay hé da cho c6 nghiém (x,y) = (%/Z,(‘/Z),(—%/Z,—i‘/l)

279" — 32> +9y =1

2
\/E+\/@=472(%+y2]

Cau 132. Giai hé phuong trinh

Giai
Diéu kien z,y > 0. Dé § phuong trinh thit hai, ta c6

(\/;+\/@)4 S4(ac+3y)2 S8(x2 +9y2)=VP
Ding thiic x4y ra khi \/;:\/@@x =3y

P 1
Thay viao phuong trinh thi nhat, ta duge. 2° —32° +3z-1=0s=1=y= 3

Tap chi va tu liéu toan hoc | 364



Tuyén tap phuong trinh dai s6 hay va kho |

Vay hé da cho c6 nghiém (:zt,y) = (1;%}.

N rzty+l+zryy’ +ory+l+y=18
N +z+y+l—z+y’ +z+y+1-y=2

Cau 133. Giai hé phuong trinh {

Giai
bat \/:1:2+x+y+1 +\/y2+x+y+1=a20,z+y=b

a+b=18 {a:m {:U+y:8

b=s = V22 +9 4+ +9 =10

Day 1a mot hé kha don gidn va c6 nhiéu cach.

a-b=2

Ta c6 hé maéi {

Ta sé sit dung bat dng thiic Mincopsky vz +3° + \/y2 +3° > \/(x + y)2 +(3+ 3)2 =10
Diang thiic x4y ra khi (x,y) = (4;4).
Vay hé da cho c6 nghiém (:c,y) = (1;1),(1;—1);(—1;1);(—1;—1).

Ki thuat ting giam sos — H6 Xuan Himg

Duge su cho phép ctia tac gia thé nén trong bai viét nay sé dé cap t6i mot phuong phap kha manh dé
giai quyét cac bai toan hé phuong trinh giai bang bat dang thitc. Sau day trude khi vio tim hiéu cin
ké ta sé bat dau vé6i 2 bai toan dau tien.

:v3+y3=1

2

Cau 1. Giai hé phuong trinh , ,
ry+a+y=a

Giai
7t —1+y° =0 (1:—1)(1:2+x+1)+y3=0

2

Ta c6 hé phuong trinh < ) , & )
Y+ +y=x (g:—l):n?:y(:c“rl)

pr" ~1)y<0
Tacé{ :(a: )y :(x—l)yzO:(m;y):(l;O)

PT® = (z-1)y>0

Vay hé phuong trinh c¢6 nghiém duy nhat (ac,y) = (1;0)

?+y’ =1

Cau 2. Giai hé phuong trinh
P 8 {$3—2y3—x2(y+1)+2(:§—1)=0

Giai
Hé phuong trinh tuong duong
$3_1+y320 (x—l)(x2+x+1)+y3=0
. . =
ot -2’ 420-2=2"+ 2%y |(z-1)(2" +2)=y (2" +20”)
prY ~1)y<0
Ta co. { :>(3; )y

112 (o 1y = 0= )09

Vay hé phuong trinh ¢6 nghiem duy nhat (z;y)=(10)

Ki thuat nay danh gia nhan t.
(@ =2,)(y=5)=0
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e O méi ohuong trinh, gid stt 2z —>+o00 (hodic z—>a,B véi z e [o,B] ) dé d&m bao dang thiic khi
y — 4o thi (x—xo)(y—yo)zo ;néu y —> —oo thi (:E—xo)(y—yo)SO
e Sosanhluong (z-z,)(y—y,) tit 2PT, néu ching d6i dau, ta sé dung phuong phap neéu trén.
e Dua hé phuong trinh vé dang {(x ~% )fl (ac,y) K (y Y )fQ (ac,y) =0
(z=2)) £ (@:y)=(y=9,) 1. (,9)
e Ching minh f (m,y) >0

Ki thuat nay dua trén cd sd. Khi hé phuong trinh c6 nghiém duy nhat, gia st x ting mot khoang
rat nhd, xem xét su thay doi tuong tng ctia y trén mdi phuong trinh, néu sy thay doéi so v6i nghiem
dang 1a khong giéng nhau x thi ta sé suy ra 2 chiéu nguge nhau khi so sanh biéu thic (a: -, )(y - yo)

v6i s6 0. Thuc chat ki thuat nay cé thé goi 1a stt dung diéu kién c6 nghiém ctia bai toan.

:L‘(x2+y2)=y3+:cy+(w+y)2

Cau 3. Giai hé phuong trinh
P+’ 20" -y —z+y=12

Giai
Nhan xét.
e PTY . Cho z—>+o0 thi Y —> 400
e PTY . Cho z—>+w thi Y —> —0
e Nghiém ctia hé phuong trinh. (@y) = (3,2)
Bai giai
Ta sé bién ddi nhu sau
2+ oy’ =2+’ +3zy + o
7’ —21° +23€—6)+(y3 -y +y—6)=0

(15—3)(302 +xy+y2)=(y—2)(a:2 +y2)
(w—3)(:1:2 +a:+2)+(y—2)(y2 +y+3)=()

Ta c6 hé phuong trinh < { (

Ta co {PT(I) = (2=3)(y=2)20 = (2-3)(y-2)=0=(zy)=(3:2)

PT® = (2-3)(y-2)<0
Vay hé phuong trinh c6 nghiém duy nhat (w,y) = (3;2)
Hay thit kiém tra kha nang ap dung ciia no.

x2xlm+3—(y+4)«/y+3 22(1‘2 —y—4).
1Tz +6y+2+2° +y=7

Cau 4. Giai hé phuong trinh {

Giai
Phuong trinh thit nhéat ctia hé tuong duong véi

2 (Vo +3-2)=(y+4)(Jy+3-2)

21
xZ(x—l) (y+4)(y—1) y=1
= -1)(y—-1)=0
Nz +3+2 Jy+3+2 :(x )(y ) it <1

y<1

Khi d6 néu z,y>1= 17z +6y+2+2° +y>7.

Néu 7,y <1=J172+6y+2+2° +y<7.

Vay =y =1 la nghiém cta hé phuong trinh.
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Bai tap twong tu (:172 +1)\/x+3 +2(y+1)(y+2)—2:v2z(y2+3y+3) il
| ' 262° + 4y + 17z +3 +6:Jy +1 =84

D/s. (zy)=(1;3)

Nhan xét. Loi giai nay ciing c6 thé hoan toan hiéu theo mot nghia nhu sau.

Wr—d—\Jy—1=2
z+\12z+y =19

Cau 5. Giai hé phuong trinh {

Giai
Diéu kien z>4;y>1
2(1’—8) _ Yy—9

Ji—4+1 Jy—1+2

o Xétz>8=y>5.Khido VI =z++12z+y> <8++/121=19=VP

Tu phuong trinh thi nhat, tacé 2yr—4 —-4=y-1-2<

o Xét 1<8=>y<5 .Khids VT =2++122+y* <8+:/121=19=VP
Do d6 z=8;y=5. Thit lai thoa méan hé.
Vay hé phuong trinh da cho c¢6 nghiém duy nhat z=8;y=5
Nhan xét. Céch gidi nay sau nay sé duge khai quat 1én mot ki thuat — ki thuat tang gidm duge trinh
bay & phan truéc

2 +y +r+y+3 x+y=11(1)

$y\/x2+3+\/@+ y+2=

Cau 6. Giai hé phuong trinh {

Giai

. +y>0
Didu kien. {I y
x>

~—~ O IV

T phuong trinh 1) ta co

r.a

P +2+2+9" +y—10+3Jz+y-3=0

z+y—1
Jz+y+1
+3(z+1)+(y—2):

Jr+y+1
__3 +(y-2) y2+2y+5+; =0
Jr+y+1 Jo+y+1

<:>($+1)(m2—$+2)+(y—2)(y2+2y+5)+3 =0

<:>($—i—1)(ﬂv2 —$+2)+(y—2)(y2+2y+5)

<:;>(9c+1)[ac2 —r+2+

= (z+1)(y-2)=<0.”

Mt khac, tit phuong trinh (2),ta c6 (2) < zz? +3 + \P + /1 +% =0" (vi y=0 khong théa man
Yy y oy

hé phuong trinh) = z <0.

Ta co PT()<:>x T +3+2+\/:—1+ —+——1 0
\Jy ?/
2

z’ x2+3 -2 72+7_1
= ( - +-2 +L Y =0
Nz +3 -2 \/§+1 /%+1+1
Y y oy
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Két hop ¥ taco (2+10)(y-2)=0. Khid6 z=-1 va y=2.
Vay hé c6 nghiém (x;y) = (—1;2)

(:v+y)2+12 r+y—6=4x+3y+37

Ju? =12 +104Jy = 22’y -5y +10

Cau 7. Giai hé phuong trinh {

Giai
T+y=6
Diéu kién. y22\/§
=5
Ta c6 o7’y —5y +10 =4y’ =12 +10\y >10=>2>0=2>/5

Ta co

PTY & (z+y)[(2-3)+(y—4)]+3(z=3) +4(y—4)+12(Jz+y—-6-1)=0

12 12
—— [+ (y-4)| 2 +y+16+ ———— |=0
,/x+y—6+1} (y )(m Y «/:1:+y—6+1]

= (a:—3)(y—4) <o"

@(m—f})(x+y+3+

Talai co rPT? & y—2+10=3v\/552—5+2
y Jy
e( /y—g—1}—5(1—1J:(xx/x2—5—6)
y Ju
4 y+3 5 9 ' +4
ol1-= + =(2-9)—————
( yj \/ 12 2 ( )x\/x2—5+6
y——+1
vy

:[1—3](952 ~9)20=(z-3)(y—4)=0"

Tu (*) va (**) =(2-3)(y-4)=0=>z=3y=4
Vay hé phuong trinh ¢6 nghiem duy nhat (z;y)=(3;4)

Cau 8. Giai phuong trinh (52 —4)v2z -3 —(42-5)V3r -2 =2
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Giai
a1 3
bieu kién z > 5

Dat{\/*/zi::i:)‘( >0.0< 2 2)

Ta sé biéu dién b 5 dong thai 2v” —3u® =5

4$—5=Zu2 +=0°
5 5

. w s . S+ =0 |ut| w207 lu=2
Khi d6 ta chi can giai hé phuong trinh \ 5 5 5 5
20" —3u® =5
Giai hé phuong trinh ta st dung ki thuat tang gidm
10

3 2
u
20 = | =T = | +7| = |-2=— ‘ ‘ L
(Uj (UJ (Uj v’ <3{2@“—7a2+7a—2=10b“”

Hé phuong trinh < ‘
3a* +50° =21

T phuong trinh O = 2¢* —104* + Ta =10b" + 5b°

= 2¢* —10d’ +7a—E=10b3 + 5b* 5
32 32

= a—§ 2a2—£a+§ =(b—l 1052+§5+E
4 2 8 4 2 8

Ma 2a2—1—7a+§>0 vi OSa<z va 100> +=b=">0
2 8 3 2 8

Suy ra (a—ﬁJ(b—ljzo(*)
4 4
pT? :3(&2 —gj+5[b2 —ij=O:>3(a—§j(a+§j+5(b—lj(b+lj =0
16 16 4 4 4 4

T " va suy ra (a—%)(b—ijzozxv:G

Vay phuong trinh da cho c6 nghiém duy nhat z=6

x(z—3)3 =244y’ +3y
3Nz -3 =4y’ +8y

Cau 9. Giai hé phuong trinh {

Giai
Diéu kién. >3 , dé dang suy ra y >0.

bit x-3= a(a > 0) . hé phuong trinh da cho tré thanh.

{\/ys +3y +2 =(a+3)a3m

Y’ +8y = 9q
Tuy nhién ta nhan thay § ca 2 phuong trinh. z,y cling ting hodc cling gidm.
Vi vay ta sé sit dung phuong trinh hé qua c6 dugce su chénh 1éch tang giam.
o TuPT" =y +8y-9=9a-9=(y—1)(y+9)=9(a~1)

369 | Chinh phuc olympic toan



| Phuwong phap bat dang thirc

Miit khac y>0=(y—1)(a—1)>0"

o Taco 9.PTY —2PT® = 9(M+2)—2(g/2 +8y)=9(a+3)a’ ~18a
& 2(y* +8y) -9y’ +3y +9a" +27a° ~18a-18=0
4(y* +8y) —81(y" +3y)
2(y* +8y)+ 9y’ +3y
y(y—1)(4y” —13y +243)
2(y* +8y)+ 9y’ +3y

Do a,y > 0:>(y—1)(a—1)so(**)

+9a¢" +27a* —18a—-18=0

+9(a—1)(d’ +4a* +4a+2)=0

Két hgp (*),(**):(a—l)(y—l)=0:>a=y=1:>:13=4
Vay hé phuong trinh c¢6 nghiém duy nhat (ac,y) = (4;1)

x
Bai tuong tu. Giai hé phuong trinh. {

NBHT — —§=\/y4 —4y* +1 +%

' —z-2=4y’ +8

Cau 10. Giai hé phuong trinh

Giai
2 a1 T2—
Ta c6 the suy ra dugc dieu kién 5
y=>-2
Taco PT® 2> —3-2= VP +8oa’—2-6=4y’ +8-4
y' -8

V' +8+4

:>(z—3)(y3 _8)20:(95—3)@_2)20(*)

& (2-3)(z+2)=

Taco PT? —2.PTY = 2> 2250 —6 =y’ +8 -2y' -4y’ —4 —%

<:>(:E2—3—2x/5a:—6)=(\/y3+8—2\/y4—4y2—4)—%(3/—2)

4 2 4 3 2

T r—6x —20$+33+ 4y —y” —16y" +8 +l(y—2)=0

o' =3+252-6 [y’ +8+2\y' —4y’ -4 2
-3)(2® +32° +3x-11 —2)(4y” +7y* -2y +4

(x z(x x T )+(y )( Y Y Y )+1(y—2)=0
z°—3+2/5z—6 \/y3+8+2\/y4—4y2—4 2

7 +32° +3z-11 4y° +Ty" -2y +4 1

+(y—2 +—|=0

z* —3+ 2452 —6 (v L/y3+8+2\/y4—4y2—4 2

Do y>-2=4y" +Ty* 2y +4>0=(z-3)(y—2) <0

Két hop = (2-3)(y—2)=0= (z3y) = (3;2)

Vay hé phuong trinh c6 nghiém duy nhat (J:;y) = (3;2)

A=

<:>(x—3).
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TNT—Y+yJT+y =2
Cau 11. Gii he phuong trinh{ YTy =W

aNT-1+yy—-1l=x+y

Giai
Nhan xét. Nghiem duy nhit z=y=2, tit PT"? = (z-2)(y-2)<0
Vay ta chi cin chtng minh tit PT" = (z-2)(y-2)=0
Diéu nay dang! Nhung khong dé, hon nita ciing khong can kho khan nhu vay khi khai thac them tur
T2Yy=>r222Yy.

Diéu kién. z>y>1

Taco6 PT? o —14+yJy—1l=x+y

ea(Vo-1-1)+y(fy-1-1)=0 = (#-2)  w-2)

- Jr-1+1 Jy-1+1
:>(x—2)(y—2)§0 maz2y=>zr222y=1

Tac6 PTY Srr—y+yJr+y=xy
<:>x\/x+y+[az\/x—y—\/:p+y(:p—y)]=:py
<:>x\/x+y+\/x—y(:p—\/x+y.\/x—y)=wy

1
<:>x\/:r+y +§\/z—y(\/x+y—\/x—y)2 =xy

= a\JT+Y Sxy<:>«/:r+y£y<:>xﬁy2—y

Ma gy’ —y<2=2<2=1=2=y=2

Vay hé phuong trinh c¢6 nghiém duy nhat (x,y) = (2;2)
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Hé phuong trinh nhiéu an

rong chuong nay ta sé ciing tim hiéu mot 16p cac bai toan hé phuong trinh nhidu an da xuét

hién trong cac dé thi hoc giéi cap tinh, cap quoc gia dén khu vire. Céc bai toan & day thuong

1a céc bai toan kha kho, mot s6 can k§ nang bién ddi, sy tinh ¥ nhan ra mau chét ciia bai toan
hon 13 stt dung cac phuong phéap c6 sin. Sau day ching ta sé bat dau v6i dang hé dau tien d6 1a he
hoan vi vong quanh.

I. Hé hoan vi vong quanh.

Bai toan 1. Xét hé phuong trinh c6 dang

Néu hai ham s6 f(z) va g(z)cung tang tréen tap A va (z,,,...,z,) la nghiém ctia hé phuong trinh,
trong d6 z,€ A,Vi=12,...,n thi z,=z,=...=2,.
Chiing minh.

Khong mat tinh tong quat gia st z, = min{zl,xQ...,x"} ;

Lac d6 ta co 2, <z, = f(z,)< f(z,)=9(z,)<g(z,) =2, <z,... =2, <z
Vay ¢, <z,<...<z <z
Tu dosuyra z, =2,=...=7, .

Chiing ta sé tim hiéu bai toan nay thong qua vi du sau.

x3+3m—3+ln(x2 —x+1)=

Cau 1. Lai giai hé phuong trinh < 3* +3y—3+In ( —y+1)=

22 +32-3+In(z —z+1):$
Laoi giai
Xét ham sb f() %+ 3t — 3+1n(t —t+1) ta co f() 3t +1+t2t;11>O,VteR
+
f(z)=y
Vay ham s6 f(t) dong bién trén R . Ta viét lai he phuong trinh { f(y)=2
f(z)=x

Khong mat tinh tong quét, gié st = min{z,y,z} .

Tap chi va tu liéu toan hoc | 372



Tuyén tap phuong trinh dai sé hay va kho |
Lic do xéy:f(x)sf(y):ySz:f(y)Sf(z):sz .Hay z<y<z<zr=z=y=z¢
V6i x =y =z, xét phuong trinh z° +2$—3+ln(ac2 —:1:+1)=0. Do ham s6
go(:v)zx3+2x—3+ln(x2 —:L’+1)

dong bién trén R nén phuong trinh c6 nghiém duy nhat z=1.
Vay hé phuong trinh c¢6 nghiém duy nhat r=y=2=1.

Bai toan 2. Xét hé phuong trinh c6 dang (v6i n 1¢)

9(z,)
f(z,)=9(z)
Néu ham s6 f(:v) gidm trén tap A, g(x) tdng trén A va (xl,arz...,xn) 12 nghiém ctia hé phuong trinh,
trong do =, € A,Vi=12,...,n thl 2, =z,=...=2, v6i n 1é.
Chitng minh.

Khong mat tinh tong quét gid st z, =min{z,,z,...,z, } .
Lacdoé taco z, <z, :f(xl)z f(xZ):g(xz)Zg(xS)

=>5,27,..21,<5,> f(z,)2 f(z)>5 21, =1 =1,
Tu déosuyra z, =2,=...=7,.

Chung ta sé tim hiéu bai toan nay thong qua vi du sau.

1 223+ ~
1 =Y

23/3+y2
1
Cau 2. Loi giai hé phuong trinh (Z] =g

1 223422
— = x
4

Loi giai
Vi vé trai ctia cac phuong trinh trong hé déu duong nén hé chi c6 nghiem z,y,2>0.

213+
1

2%+
Xét ham sb f(t):(ﬂ Jtaco f'(t)=—(2Ind)(3£ +t).Gj <0,Vt>0.
Vay ham s f(¢) nghich bién trén khoéng (0;+ )
)

(
Khong mat tinh téng quét, gid st = =min{z,y,
Lac déxSy:f(m)Zf(y):yZz:f(y)Sf(z

:sz:xzz:f(x)zf(z):yzx.

Vay hé phuong trinh c6 nghiém duy nhat z=y=2=

Bai toan 3. Xét he phuong trinh ¢6 dang (véi n chén)
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Néu ham sb f(x) gidm trén tap A, g(x) tdng trén A va (ml,xQ...,xn) la nghiém cta hé phuong

ZL' = & :xnfl

trinh, trong d6 z, € A,Vi=12,...,n thi { v6l n chan .

T, =T,=..=1,

Chitng minh.
Khong mat tinh téng quat gia st z, =min{z,,z,...,z,} .

Lacdotaco z, <z, :>f( ) (x3) ( ) g(x4):>x22x4

= f(2)< f(2,) = g(2) < 9(25) = 2 <zgoree
Ny CHA Ty S P T oy e —
:>f($n_1)2f(xl)zg(xn)Zg(xz)zxnz%

Vay z, <z, <...<x, | <1, =1 =1,=..=%

15Xy Z Xy 2 2L 2Ly > Ly =Xy =...= T

Chung ta sé tim hiéu bai toan nay thong qua vi du sau.

(z-1) =2y
Ca e ame 1 R (y—1)2=2z
au 3. Loi giai hé phuong trinh )
7z = =
(z-1) =2t
(t-1) =2z
Lai giai

Vi vé trai clia cdc phuong trinh trong hé khong am nén phuong chi ¢6 nghiém x,y,2,t>0.
Xét ham sb f(s)=(s 1) taco f'(s)=2(s—1).
Do d6 ham s6 tang trén khoang (1;+ 00) va gidm trén [0;1] , do f(s) lién tuc trén R .
Khong méat tinh tong quét, gia sit z = min{x,y, z,t} )
e Néu ze(l;+w)=1z,y,2te(l;+x), do do theo bai todn tong quét 1, hé ¢6 nghiém duy nhat
e Néu ze[0;1] =0< f(2)<1=0<2y<1, hay ye[0;1], tuong tu = z,t[0;1].
Vay z,y,2,t € [0; 1] .
Dodétaco c<y= f(a:)z f(y)zykzz f(y)s f(z):zéx =zr=z.
Véi z==2 :>f(x)= f(z):>y=t.
2
-1) =2
: (e-1) =2y (z=1) =2y
Ltc d6 hé phuong trinh tré thanh ) <9 lz=y Sr=y=2- J3.
=2

x rey
Vay hé phuong trinh da cho c6 2 nghiém x=y=z=t:2+\/§ va x=y=2—\/§.
Nhan xét. Qua 3 bai toan dau ta da nim duge nhitng tu duy co ban xit Iy cac bai toan hé hoan vi
vong quanh r6i, nhitng bai toan tiép sau day sé gitp ta rén luyén va tang kha nang tu duy, nhan biét
va x1 1y nhiing bai toan dang nay hon.

7’ -3r+2=2y
Bai tap tuwong tu. Loi giai he phuong trinh {4° —3y+2 =22

2P —32+2=22

Goi . Xét ham sb f(t) =" —3t+2 tren Rtaco f'(t)=3(t'—1);f'(t) =0t =+1
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Xét sy bién thién ctia ham s6 nay ta dé dang chi ra dugc ham sb dong bién trén cac khodng
(—o0;—1) va (1;+o0) va nghich bién trén (-1;1).
f(z)=9(y)
He da cho dugc viét lai thanh < f(y)=g(z) , trong d6 g(¢)=2¢ luon dong bién.
f(2)=9(z)
Khong mat tinh téng quét ta gia st z = min{z;y;z}

T day xét 3 truong hgp nhu bai toan 3 ta dé dang gidi quyét duge bai toan !

2¢° +32> -18=9° +y
Cau 4. Lai giai he phuong trinh {2y* +3y> -18=2" + 2
22°+322-18=2" +z

Olympic 30/4 — THPT chuyén Lé Quy Don

Lai giai
Dat f(t)=2t"+3t*-18 va g(t)=t"+1t;9(¢t) dong bién tren R
J(z)=9(y)
Heé phuong trinh tré thanh f(y) = g(z) .
f(2)=9(z)
Gia st xzmax{x,y,z}: = g(x)Zg(y)@ g(x)zf(x)
> 9(z)=9(2) f(2)=g(2)
_ , -
(z-2) (m+§j LS P
2* +1>22" + 327 18 L 2 4_ <2
o9 = - I e
22° +32° 182 2" +2 5\ 11 Z22
(2—2) (Z+Ej +z >0

=25z 2=>r=2=2=>y=2
Vay hé c6 nghiém duy nhat r=y=2=2
Phan tich. Heé trén khong dugc giai theo hai bai todn tong quéat ma lai gidi theo mot huéng khac. Li
do & day la khi xét sy bién thien ctia ham sd f(¢)=2t" + 3¢ —18 ta gap kho khan, céch giai nay 14 mot
phuong phap kha hitu hieu khi ta khong thé xac dinh duge tinh bién thién ctia cAc ham trong he.

Nz' -2z +6.log, (6 —y) =z
Cau 5. Loi gidi he phuong trinh +/y* -2y +6.log, (6 —z) =y

V7' —22+6.log, (6 -2) =2

Dé thi HSG Qubc Gia nam 2005-2006 -Bang A

Toi gidi
Diéu kién x4c dinh z,y,2z <6 . Hé da cho tuong duong véi

log, (6-y)= ﬁ (1)

log, (6-2) = ﬁ (2)
logg(6—x)=; (3)

V22 =22+6
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T

Nzt =2z +6

Néu (m, Y, z) 12 mot nghiém ciia hé phuong trinh ta chitng minh 2 =y = 2. Khong mat tinh tong quat

Nhan thay f(:z:) = la ham tang, con g(x) =log, (6 - :v) 12 ham gidm véi z<6.

gid st x = max{x, y,z} thi ¢6 hai trudng hgp
e Truong hop 1. z>2y>2 . Do g(x) 12 ham gidm, suy ra
log3(6—y)210g3(6—z)2log3(6—x):>x22Zy.
Do y>z nén z=y.Tu (1),(2) suyra r=y==z.
e Truong hop 2. z>z>y. Tuong tu log3(6—y)2log3(6—x)210g3 (6—2) =Sz2r2>y
Do z2z nén z=z.Tu (1),(3) suyra r=y==2
Phuong trinh f(z) = g(z) c6 nghiém duy nhat z=3.
Vay hé da cho c¢6 nghiém duy nhat z=y=2=3.

2’ +32° +22-5=y
Cau 6. Lai giai he phuong trinh {y® +3y” +2y—5=2
22+82°+22-5=x
Dé thi HSG Quéc Gia nam 2005 — 2006 — Bang B
Lai giai
Cach 1. Gia st z = max{m, y,z} . Xét hai truong hgp

e Truong hop 1. z2y=>=2

2 +32°+2x-5<z (x—l) (m+2)2+1 <0 {xﬁl
T hé trén taco < . = - - =
22 +322+22-5>2 (2_1) (z+2)2+1 >0 1

o Truong hop 2. 2222y

2 +32° +2x-5<x (w—l) (x+2)2+1 <0 r<l1
Tu hé trén ta co s , = - oz =
v 3y +2y=52y |(y-1)(y+2) +1|20 1SV

C4 hai truong hgp déu cho z=z=y=1. Thi lai ta thdy z=2=y=1 13 nghiém ctia hé phuong trinh.
Tém lai hé da cho c6 nghiém duy nhat z=z=y=1.

(3v+1)3 :y+x+6(1)
Cach 2. Bién ddi hé phuong trinh tuong duong (y + 1)3 =z+y+ 6(2)

(z+1)3 =x+z+6(3)

Khoéng mat tinh tong quat ta gia sit = = max{:z;,y,z}

:>x+zZy+z:>(z+1)32(y+1)3:>z2y:>a:+z2x+y:>(z+1)3Z($+1)3

:>z2x:>z=x:>x+y=y+z:>(x+l)3 =(y+1)3 >zr=y
L . r=y=z
Khi d6 h¢ phuong trinh tuong duong <, ) Sr=y=z=1
z’+3x"+x-5=0
Nhan xét. Vi cach 1 thi ta da duge tim hiéu & vi du trén, gio ta sé xét cach 2. Cau héi dat ra la khi
nao ta xét z+y,y+2,2z+xz. Hiy dé y ring néu ta xét f(t)=¢"+3t>+2t—5 thi phuong trinh f'(t)=0
¢6 nghiém, do doé ta sé nay ra § tudng dé 1am xudt hien mot ham s6 don diéu trén mién xac dinh. Dé

lam diéu nay ta sé bién dbi hé nhu sau
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2’ +32° +2z+kr=y+kx+5

v +3y° +2y+ky=2+ky+5

2437 +22+kz=x+kz+5
Xeét f(t)=t"+3t* +2t+kt = f'(¢t)=3¢" +6t+2+Fk . Ta can tim k dé f'(¢)>0, diéu ndy qué don gian
phai khong nao, va chtt ¥ nén chon s6 k nguyén, vay k=1 ¢6 1é hing s6 tét nhat ma ta can phai chon.
Tt d6 ta co 161 gidi nhu cach 2. Ta cung lam mdt bai toan tuong tu sau.

z=3y" +21°
Cau 7. Loi giai he phuong trinh |y =32 +22°

2 =32 + 227

Lai giai
r+y=3y" +2y° +y
Hé phuong trinh tuong duong <y +2=32" +22° + 2 .
2+1=32"+22" + 1z

Khoéng mat tinh tong quét ta gia sit :zrzmax{a:,y,z}.

Xét ham s6 f(t)=3t"+2t* +¢t= f'(t)=9t*+4t+1>0 nen f(¢) dong bién trén R
x+y2y+z:>f(y)Zf(z):y2z:>x+y2$+z:>f(y)2f(:1:):>y2w
:>y=x:>f(y):f(x):>a:+y=x+z:>y=z.

rT=y=2
rT=y=2

Vay hé phuong trinh tuong duon = .
WP 8 & 8 134° 4227 —2=0 xe{();—l;%}

Céc nghiém ctia h¢ phuong trinh 12 (z;y;2) = (0; O;O),(—l;—l;—l),(%;%;%j .

2 2

X (y+2)

(3:1:2 +x+ 1)@/222

Cau 8. Lai giai he phuong trinh {4 (z + x)2 (4y2 +y+ 1)22$2 2,Y,2 € R

2

2 (ac+y)2 = (5,22 + 2z +1)x2y

Lai giai
e Truong hop 1. zyz=0.
Néu z =0 thi heé ¢6 nghiem (0;0;z),(0;3:0).
Twong tu cho trusng hgp y =0 hodc z=0.
e Trudng hop 2. Chia cé hai vé clia cac phuong trinh trong hé cho z°y’z”> >0 ta duge

2
(1+1] gl L
z Y

r T
2
(l+£j =4+l+i2
r Zz y oy
1,1
2 2

1 1Y
(—+—j =5+
Yy X

+
z

377 | Chinh phuc olympic toan



| Hé phuong trinh nhiéu an

(b+c)2=3+a+a2

Dat azl,bzl,c=l hé phuong trinh tré thanh. (c+a)2 =4+b+0b" .
r Yy oz
(a+b)2=5+c+c2
Cong vé theo vé cac phuong trinh trén roi rat gon ta dudc.
2 a+b+c=4
(a+b+c) —(a+b+c)-12=0<
a+b+c=-3

Dén day c6 thé dé dang giai dugc bai toan nay!

£—-32°c-32+2°=0
Cau 9. Lai giai he phuong trinh {y—32°y—3z+2° =0
2-3y"2-3y+vy’ =0

Loi giai
x(1—3z2) =32-2°
Viét lai hé phuong trinh dudi dang y(l - 3x2) =3z —1° (I)

z(1—3y2):3y—y3

Tt d6, dé thay néu (z,y,7) 1a nghiém ctia hé da cho thi phai ¢6 z,y,z #+—

1
B

3z—2°
i W
. RY
3y-y’
Z= 1-3y° (3)
bat z=tana véi ae(—g;gjﬂ) va sao cho tana,tanBa,tanQaii%(S).

Khi doé tw (1),(2),(3) sé c6 y=tan3aq, z=tan9a va z=tan27«.
T day dé dang suy ra (m,y,z) la nghiém cta (H) khi va chi khi y =tan3q, z=tan9a va x=tan27«

vl a duge xac dinh béi (4),(5) va tana =tan27« (6)
Lai c6 (6)<26a=kr(keZ). Vi thé o thod man dong thdi (4),(6) khi va chi khi a:% v6i k

nguyén thod man —12<k<12 . D& dang kiém tra dudc ring, tat ci cac gia tri a dudc xac dinh nhu

vita néu déu thod man (5) . Vay tém lai hé phuong trinh da cho c6 tat ca 25 nghiem

T =tan@,y=tan%,z =tan% k=0,£1,...£12
26 26 26

- - s . A - ~ A e 7r 7T
Cha y. V6i moi so thyc x ¢c6 mot s6 a véi ae (—5; 5) sao cho r=tana.

Ngoai ra dé lam dugc nhitng bai toan nhu thé nay chiing ta can phai c6 mot kién thic vé lugng giac
t6t, cling nhu su tinh ¥ khi ding truéc mot bai toan nao dé! Sau day ta sé ciing tim hiéu céc bai toan
duéi day!
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2+ 2’y=y
Cau 10. Loi giai he phuong trinh {2y +y°2z =2
2z+2z=1x
West Germany MO 1980
Lai giai
2z
= 1
y 1 _ $2 ( )
2
Tt cac phuong trinh ctia hé, suy ra z,y,z #+1. Do d6é taco < z = N Y 5 (2)
-y
2z
T = ~ (3
1 _ ZZ ( )
bat z=tana véi ae(—z; Zj (4)
22
va sao cho tana,tan2a,tan4da # +1 (5)

Tuong tu bai trén. Hé phuong trinh ¢6 7 nghiém

(m =tan%7y=tan¥,z =tan%],k =0,%1,...,£3

7
z=2y" -1
Cau 11. Lai giai he phuong trinh {y=22" -1
z2=2r-1
Lai giai

Khong mét tinh tong quat ta gia st z = max{x,y,z}
) -1
Ta co 2x2—1=zﬁx:>?ﬁa:£1.

) z=2cos’t—1=cos2t
batz = cost{t € [O,%D . Tt hée phuong trinh ta c6 {y =2cos” 2t —1 = cos4t
z =2cos” 4t —1 = cos8t

Tu day suy ra cost =cos8t <:>t=k27ﬂ-vt=k27ﬂ-(k; €Z) <:>t6{0;2§;4—7T;2—7T;2—7T54_7T}(d0 te{();%D-

Vay hé phuong trinh ¢6 cac nghiém la

27 4 8r) (-1 -1 -1 27 47 8
(x;y;z)z(l;l;l); COSE;COS?;COS? | —3—;— |; 0087;0087;008—

Va céc hoan vi cla z,y,z .

P =y+2
Cau 12. Lai giai hé phuong trinh <y° =2 +2
2Z=z+2

Lai giai

Khoéng mat tinh tong quét ta gia st x =max{x,y,z} =2’ =y+2<r+2=>-1<x<2
y=2x —2=2(2C082t—1)=20082t

batz = QCOSt(t E|:O;2?7T:|j. Tit hé phuong trinh taco {z=y" -2= 2(2(30s2 2t—1) =2cos4t
r=2 —2=2(200$2 4t—1)=20058t
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T day suy ra cost =cos8t <:>t=k277rvt=k27ﬂ(keZ)<:> t 6{0;2—7T;4—7T;2—7T;2—7T;4—7T} do te[O;%T]

Vay cac nghiém ciia hé phuong trinh 1a

(m5y52) = (—1;—1;—1);(2;2;2);[200s2—7r;200s4—7r;200s8—Wj;(2cos2—7T;20084—7r;20088—7rj
9 9 9 7 7 7

Nhan xét. Dé § néu nhu céc bai toan trudc ta diat z =sint hodc z =tant;z =cost thi sé khong lien
quan gi téi biéu thic 2° —2, nhung hay chii ¥ ring

(2(:0815)2 —-2= 2(2cost—1) =2cos2t
Vi thé neén ta sé diit = =cos2t. Day la cach luogng gidc hoa, sau day ta sé tim hiéu téng quéat véi tham
s0 ae(0;1).

’=y+a (1)
Cau 13. Loi giéi he phuong trinh v6i a e (0;1) <y’ =z+a (2)
Z2=z+a (3)

Dé thi HSG tinh Ninh Binh 2009 - 2010

Lol gidi
Néu z =y thi tir (1),(2):y=z , tu (2),(3):z=x:>x=y:z.

rT=Yy=2z r=Yy=z
He tuong duong 4 | S
T =z+a z—r—a=0 (*)

_1xVitda L, 1xy1+da
— —C,

2

Loi gii (*) c6 A=1+4a>0,Vae(0l)==
Néu z#y thit (1),(3)= 2" 22" = 2=z,
Vat (2) va (3) =y’ 22 = y#z.
Gid st z =max{z,y,2} = 1> y;5> 2

= z+a=max{z+a,y+az+a} =2’ =max{x2,y2,z2}:>|z|=max{|z|;|y|;|z|}
Néu ZZO:>$>0:>xzmax{|x|;|y|;|z|}:>z=$(mau thuan).
= z<0néu z>0neén tit (3):>z2—a20<:>(z—\/5)(z+\/5)20

c>z+\/gS0:z+a§0(viae(O;l):aS\/;):yQS0:>:c<0:y<0.
Do d6, néu hé c6 nghiém ma z #y thi z,y,2 cung dau.
e Trudng hop 1. z>0;y>0;2>0

x>y > >y y+a>z+a y>z 3
Ta co = = = , mau thuan.
>z 2> y+ta>zx+a y>zx

e Trudng hop 2. z<0;y<0;2<0. Tuong tu truong hgp trén.

_1ix/1+4a .
2

Vay hé da cho c6 nghiém z=y=2= Gi ae(O;l).

T’ —yz=a
Cau 14. Loi giai he phuong trinh {y° —2z=5 , v6i a,b,c >0

2
2 —yr=c

L5i giai
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a’ —bc= (x2 —yz)2 —(yz —xz)(z2 —ym) = x(m3 +yt+2° —3acyz)
Taco {b° —ac= y(m3 +y 4+ 2 —3xyz)

¢’ —ab =z(ac3 +yt 42t —Smyz)

Dit k=2 +¢° +2° —3zyztaco (a2 —bc)2 —(62 —ac)(02 —ab) = a(a3 +0*+cf —3abc)

Suy ra k’ (x2 —yz) = a(a3 +b* +c —3abc) =k zi\/a3 +b* +c* —3abe

2 2 2
. ) . —-b b° — —ab A
Vay cac nghiém cia hé la z=2 c,yz kac,z:c ka ,kzi\/a3+b3+c3—3abc

mr=z+-—
z
1

Cau 15. Lai giai va bién luan hé phuong trinh theo m {my=z+—.
i
1
mz=y+—
)

Lai giai
maz=2" +1
myr=2"+1
Hé phuong trinh da cho tuong duong ,

mzy =1y +1
xyz #0

= may > 0;myz > 0;mezzr > 0= m’2*y’ 2" >0=>m >0.

Ta thay z,y,z cung dau va néu (z;y;2) 1a nghiém cta he phuong trinh thi (—z;—y;—z) ciing la nghiém
ctia hé phuong trinh. Do d6 ta chi can xét truong hop z,y,2 > 0.
Khong mat tinh tong quat ta gid st z = max{x,y,z} .
e Néuz2y>2>0
Sy +l>Z +lomyppey>r=y=1x
Sy +l=2"+l>myr=myr=c=2=>r=y=2
e Néuz>z>y>0
S+l myr>y> i y=2
Sy +l=+lomp=mzSr=y=>r=y=2
Vay ta dugc r=y==2.

2 _ 2 _ 2 _
Khi d6 he phuong trinh da cho tré thanh {m‘” ol {(m 1)z* =1

r=y=2>0 z=y=2>0
e V4i m<1 thi hé phuong trinh da cho v6 nghiém.
1

m-—1

e VGi m>1 thitadugec x=y=2=

ax’ +1=2y .
Cau 16. Loi giai va bién luan hé phuong trinh {ay® +1=yz theo a e (5;1)

a2’ +1=1x2

L5i giai
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Ta thiy z,y,z cing dau va néu (z;y;2) 1a nghiém cta he phuong trinh thi (—z;—y;—z) ciing la nghiem
ctia hé phuong trinh. Do d6 ta chi can xét truong hop z,y,2 >0

1
ar+—=y
T

1
Hé phuong trinh da cho tuong duong <ay+—==z .
Y

1
az+—=2x
z

z 2 1
Theo bat dang thitc AM — GM ta c6 ax+—22\/53y22\/5 , tuong tu 9322\/5;222\/5.
z

Xét ham s f(t) =at+%,t e[2\/5;+oo) v6i t, > 2at, > 2 a vat, #t,.

H)=i(6) 1 _ebtl,
t —t tt

1 2 172 tth

Taco atyt, >4a’ >1=atit,—1>0, 0

Vay f(t) dong bién trén [2\/5; +oo) . Mat khac ham ¢(t)=¢ ciing dong bién trén [2\/5;+oo) )
f(z)=9(y)
F(y)=9(2).

f(z)=9(2)
Khong mét tinh tong quat ta gia st o = max{x,y,z} .
ny:f(m)Zf(y):g(y)Zg(z):yZz
yZz:>f(y)Zf(z):g(z)kg(w):sz

Hé da cho tré thanh

Vay z2y2z2x=>r=y=2= (Vix>0,y>0,z>0).

1
J1-a

'y -6’y +42° —4z+y=0
Cau 17. Loi giai he phuong trinh < y'z —6y°z +4y° —4y+2=0

-6 +42° —4z+2=0

Lai giai
Mot hé phuong trinh nhin hinh thic rat khiing bé phai khong nao, trudc tién ta sé bién ddi hé phuong
_dx— 47°
' —62° +1
R 4y —4y°
trinh vé dang <z = %
y =6y +1
o 4z —47"
2t =627 +1
4t — At 4(152 + 1)3
Ta x6t ham s f(t)=—————,co f'(t)=———— >0Vt £ £3£ 242
£ =6t +1 (' -6t* +1)

Dén day ta sé suy ra dugc z=y=2z va thé vao phuong trinh dau ta giai ra dugc nghiém ctia hé nay,
tuy nhién ta da pham mot sai lam do 1a f(¢) chi dong bién trén ting khodng né xéc dinh chit khong

24

dong bién trén toan mién nhu kiéu f(2)= - >f(3)=_724, do d6 khong thé st dung dugc phuong

phép ham don diéu. Ta sé nghi t&i phuong phap lugng giac hoa.
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4dtant—4tan®t

. > , do do ta sé diat z =tant.
tan" ¢t —6tan“t+1

Ta hay chi § t6i cong thic tandt =

Didu kien z,y,z # +y3+2+/2
batz= tana(a € [0;7r) Aa# gj , tt hé phuong trinh ta tinh duge

Y= f(x) =tanda;z = f(y) =tanl6a;z = f(z) =tan64a
Tt day suy ra tana =tan64a < a= %(/{: = @) .

. kr  —=
Vay hé c6 nghiém (x; y;z) = (tana;tan4a;tan16a) (a = @’k = 0;62).
Nhan xét. Ta thay ring cich st dung ham s6 hay goi 1a nguyén 1y cuc han trong cic hé hoan vi sé
khong thé tim hét nghiem va triet dé véi nhitng bai toan dit an luong gidc. Sau day lai 1a mot bai toan
nhu thé tiép.

' —3z=y
Cau 18. Loi giai he phuong trinh ¢° -3y =2 .
2 -3z2=x
Lai giai

Nhin qua ta c6 thé thay chic chin ring hé nay khong thé sit dung ham sb duge roi, do do ta sé nghi téi
huéng st dung lugng giac. Tt hé phuong trinh ta suy ra

[(mg —3x)3 —3(373 —Bx)T —3[(x3 —336)3 —3(x3 —31‘):| =z

Trén la phuong trinh bac 27 nén sé ¢ tb6i da 27 nghiem. Dé § ring néu ta dit z=2cost thi ta sé co
déng thic lien quan t6i cong thitc lugng gidc cos3t =4cos’t—3cost, do do ta sé xét truong hgp dau
tién la x e [—2;2] . Xét v e [—2;2] ta dat z=2cost véi te [0;7r] thi tu hé phuong trinh ta c6

y=2cos3t t=
z2=2cos9 = cos27t=cost< 13(keZ)
T =2cos27t t:k1

14

. V(’jit:k%(keZ):k:O,l?).

o Véi t=kﬁ(keZ):>k=0,Tl.
Nghiém ctia hé ing v6i t =0,t =7 G ca 2 trudng hgp trung nhau nén nghiém cua hé la

2COSE;2COSI§3—W;QCOSI€9—W (k: = 0,13)
13 13 13

2cosﬁ;2608%—ﬂ;2cosw—w (k = 1,13)
14 14 14

Vay v6i z € [—2;2] thi hé da cho c6 27 nghiém, do do6 trén cac khoang con lai hé phuong trinh sé vo

nghiém, thé nén ta khong can phai xét nita!
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z, = ?3005(77302 )

3
Ty Z?COS(’R’Z’?’)
Cau 19. Loi gidi hé phuong trinh $%,,%y,T5,T, € R

z, =?3cos(7rx4)

z, :?3008(7@1)

Lai giai
D2 (e-11)

Tt hé phuong trinh ta c6 |$,| < o <—

T s 1 T
= —-—<7I; <—:>0<cos(7mi)S1:>O<x,. <—==0<mx,<—.
2 2 2 -2
Khong mat tinh tdng quét ta gia sit x, = max{xl;xZ;xg;x4}

3 3
=T 2%, :>—cos(7ra:2)2—cos(7r$4):7m:2 <nmr, =T, ST,
9 9

B

3
:?Cos(mz?))S?cos(wazl):ﬂx3 2TL, =T, 2T, =T, =1, .

Khi dé6 ta dé dang suy ra dugc z, =z, .

Xét ham s6 f(x)=x+§cos(7m)(me( ;j] Ta co f( ) 1—§Wsin(ﬂx)21—§ﬁ>0 nén f(x)

\ P 1 . 3 3
dong bién trén [O;gj. Cox +z, =2, +1,>72 +gcos(mcl)=ﬂc2 +?cos(7mg):>ac1 =1,.

Tomlai 2, =z, =2, =2, => 1, =—cos(7m:1 :>cos(7m1) 3\/_30 =

(0 ;j Ta khong khé dé nhan ra ring Q(GJ =

Xét ham sb g(m)zcos( ) 33z véi z e

0,;] co g ——wsin(wx)—?)\/g<O,Vxe(0;%}.

Vay ham s6 g(z) nghich bién tren ( do d6 phuong trinh g(z)=0 c6 t6i da mot nghiém trén

Vay nghiém ctia hé phuong trinh la (é é éJ

2\/5361 = COSTIZ,
2\/5352 = COSTTZ,

Cau 20. Loi gidi hé phuong trinh T, Ty, Z5,T, €R.
2\/5303 = COSTTZ,
2\/§x4 = COSTTZ,
Lai giai
Theo dé | |_—<— Vi=1, 4:cos7rx >0,Vi=14.

Néu z, >z, thl cosmz, > cosmer, =, <z, = cosTa, < cosmr, = T, 22,. Do do z, =z, .

Chitng minh tuong tu ta c6 duge z, =z, .
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T, =,
T, =T,
Heé phuong trinh da cho tuong duong véi z, == cosm, -
4
T, =——COSTL,

2

N £ 1 2
Do thi ctia hai ham soz, = gcoswxﬁ% = laurccos 2\/5551 T, € (O;EJ Ty € [0;%} trong hé truc toa do
T

. ) . 11
Oz, z, cat nhau tai mot diem duy nhat c6 toa do (Z,Zj .
R . < ) L 401 1
Heé phuong trinh da cho ¢6 nghiém duy nhat 1a z, =z, =2, =2, = 1
Z = Co8 Ly
33
T
Cau 21. Lai giai hé phuong trinh <y =cos| —z |.
33
2 =cos| ——z
3V3
Lai giai

Xét ham so f(m)zcos(%x] ta co f'(x)z—%sin(%x]:ﬂf’(wﬂ<1.
Theo dinh Iy Lagrange ta c6 |$—y| =|f(y)—f(z)| =|f'(§)||y—z| < |y—z| .
Tuong tu ta cod |m—y|S|y—z|S|z—x|S|:E—y|:>|x—y|=|y—z|=|z—m|

Khong mat tinh tdng quat ta gi st z = max{m,y,z} Sr=y=2.

Xét ham s6 g(x)=x —cos ij taco g'(x =1+Lsin(imj>0.
(2)=a-cos| 2= () =1+ o] T

Suy ra g(z) dong bién trén R ma g(@j =0 nén nghiém cta phuong trinh 1a z = 73 )

Vay he ¢6 nghiem (z;y;2) = (g’g’g}
+r-1=y

Cau 22. Loi giai he phuong trinh J¢° +y—1=2

2 tz-l=z

Loi giai
Cach 1. Khong mét tinh tong quat ta gié st « = min{z;y;2}
mz—lzy—x203|x|21
P -l=2-250=¢<1=-1<y’ +y-1<1=0<y’ +y<2=ye[-2-1]U[01]
e Néuz>0=z2r>2l=z=0=1=y=1.

xS—1:>z2+z—1S—1:>ze[O;1]

o Néuz<0=>
xS—l:x(z+1)20:>y2—1
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e Néuy=-l=z=y=z=-1.

e Néuy>-1=ye[01].

> tslegs D V5-1
Ta co6 122 vz-1=02 4= O<y= 9 :>|a:yz|<1(*)

Y +y—1=2<0 1<2<0

Mat khac xyz(a: +1)(y+ 1)(2 + 1) = (x2 + x)(gf + y)(z2 + z) = (x + 1)(y +1)(z + 1) .
Néu (z+1)(y+1)(z+1)=0 thi z=y=2=-1.
Néu (z+1)(y+1)(z+1)=0 thi zyz=1, diéu nady mau thuan!
Vay hé c6 nghiém (ac;y;z) = (1;1;1),(x;y;z) = (—1;—1;—1)
Cach 2. Cong cac vé cia hé phuong trinh ta duge z° +9° +2° =3.
x(:z: + 1) =y+1
Hé phuong trinh tuong duong y(y + 1) =z+1
z(z + 1) =z+1
e Néuz=-loy=2z=-1.
e Néu z,y,2#—1 thi nhan vé theo vé ta dugc zyz=1.
Theo bat ding thitc AM — GM ta c6
3=2"+y" +2° 23‘%/:52!1;7222=3<:>$2 =y =r=lor=y=2=1
Vay hé c¢6 nghiém (x;y;z) = (1;1;1),(x;y;z) = (—1;—1;—1).

30-L + 4y =2012
T

Cau 23. Ldi giai he phuong trinh 4302+ 42 = 2012

2

y
30-% 4+ 4z =2012

2
Z

Lol gial
Ta co. 30%+4y=2012<:>y(2+4j=2012>0:>y>0. Tuong tw z,2>0.
T T
Khong mat tinh tong quat, gia st z > y,z> 2 .
Trit vé theo vé clia phuong trinh thit ba cho phuong trinh thi nhat ta duge.

r Yy 3 2 2 2
30| =——= |+4(z—-y)=0<30 — 4 —y)=0.
(22 sz-‘r (:E y) (x Yz )+ Tz (m y)

Viz2y>0,r>2z>0 nén z—-y>0;2° —yz> >0.

3 _ 2
Do do6 30(363—y22)+4x222(x—y)=0<:>{x -y Sr=y=z.
T=y

1
z+—=y +1 (1
—=y'+1 (1)
Cau 24. Lsi giai he phuong trinh y+l=z2+1 (2)
Y

1,
Soa?+1 (3
z+Z 2?+1 (3)

Dé thi chinh thirc 30/4/2019 — TP. H6 Chi Minh

Tap chi va tu liéu toan hoc | 386



Tuyén tap phuong trinh dai sé hay va kho |

Lai giai
Tu (1),(2) va (3) nhan thay z,y,z > 0.
Cach 1.
2
x+1 41
x
4 a2 Y’ +1
Bien doi hé phuong trinh thanh =27 +1
Y
2
2+l =z’ +1
z

(m2 Jrl)(y2 +1)(z2 +1)

Yz

Khi do =(x2+1)(y2+1)(22+1):xyz=1.

2
Mt khéc, ta c6 y> +1= 2 L >9my>1.
a

Tuong tv z>1,z>1. Tu day, suy ra zyz>1.

Dau “=" x4y ra <> r =1y =2z=1. Thit lai théa man.
Vay hé phuong tinh da cho c6 nghiém (:E;y;z) la (1; 1;1).
Cach 2.

7’ +1

Taco y’ +1= 22=>y=1.

T

Ta cong (1),(2) va (3)vé theo vé x+l+y+l+z+l=x2+1+y2+1+z2 +1
z

oy
<:>x(x—1)+y(y—1)+z(z—1)+1—l+1—l+1—l:0
T Yy 2
<:>a;(x—1)+y(y—1)+z(z—1)+x_1+y_1+z_1=0
T Yy z
1 1 1
)zt |+ (y=D)] g = |+ (z=1) 2= |=0
o (z )(x+xj+(y )(y+yj+(z )(Z_'_zj

Sr=y=z=1.
1 1 1
Do z+—,y+—,2+—>0.
T Y z

Vay hé phuong tinh da cho c6 nghiém (a;;y;z) la (1; 1;1).
Cach 3. Nguyén Mai Hoang Anh.

. . 1 1 1
Khong mét tinh tong quat, ta gid st 2>y >2>0. Khido 2° +129* +122° +1 =2+ -2y+ -2+ —.
z Y x

Tu (2),tacé z2+1=y=l£z+l322+1Sz+lc>(z—l)(22+1)S0c>z£1:0<z£1.
Y z z

Néu 0<z<1. T (2) taco y+l=z2+1<z+1<2.
)

1 AM-GM

Diéu nay vo i vi theo bat ding thitic AM — GM cho 2 s6 duong, tacé y+— > 2
()

1 1A1W—G]M .
Vay z=1=2y+—=2.Ma y+— = 2.Dau“="xdyra < y=1.
Yy Y

Tuong tu, v6i y=1=>z=1.
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Vay hé phuong tinh da cho c6 nghiém (x;y;z) la (1; 1;1).

o+’ —(a* +257 )~ (x—3y) =8
Cau 25. Loi gidi he phuong trinh 1y +2° -y +22” ) —(y—32) =8
2 +a° —(2* +22* ) - (- 3z) =8

Loi giai

Bién doi he phuong trinh tuong duong
2 2
2 —a? =y’ + 27 —3y+8 (:1:—2)(:1: +z+1)=(2—y)(y +3) (1)
v -y —y=-2"+2"-32+8 & (y—2)(y2 +y+1):(2—z)(z2 +3) (2)
32 _ .3 2
GTETESTr AT SIS (G 9)(F bz 4 1) =(2-2) (20 +3) (3)
Gia st (a:;y;z) la nghiém ctia hé phuong trinh.
e Truong hgp 1. Néu z>2 thi tu (1),(2),(3) ta dé dang chi ra diéu vo ly.
e Trudng hgp 2. Néu z <2 thiti (1),(2),(3) ta dé dang chi ra diéu vo ly.
Vay z=y=2z=2 langhiém cta hé phuong trinh da cho!
Nhan xét. Day 1a mot cau hé phuong trinh kho, sau day 1a mot sé k§ ning chiing ta can phai c6 dé
gidi quyét no.
1. Nham nghiém ctia hé phuong trinh. Day 1a mot trong nhitng k§ ning quan trong ctia viéc giai
phuong trinh, hé phuong trinh khong mau muc.
2. Tién hanh phan tich (thém, b6t va phan tich thanh nhan t) lam r6 nhan ti dé danh gia.
3. Lua chon cong cu danh gia (danh gia theo bat ding thiic hay don thuan chi dya vao dau ciia
cac bién) va chi ra hé phuong trinh c6 nghiém duy nhat.
Dau hiéu dau tien dé nhan biét mot hé phuong trinh hoan vi vong quanh c6 thé giai theo hudng nay 1a
cac bién s6 phai dudc co lap.

2

' +22° —4x-2=y
Cau 26. Lsi gidi he phuong trinh {y' +2y° —4y-2=2" .
2 +22°—42-2=12"

Lai giai
Hé phuong trinh da cho tuong duong

—_
<
(S
|
W

~— — ~—
+
[\
<
|
S
<
Il
™R
|
[\
—_—
<
no
|
[\
~—

—_—~
<
o
+
[\
<
+
[\
Il
™R
S
|
[\

Do (av—i-l)2 -1—121,(;y+1)2 +121,(z+1 *+1>1 nen dé hé phuong trinh c6 nghiém thi ta phai co
ol o2 el s o= o]
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|m2—2|[(x+1)2+1:=|y2—2| ‘xQ—Q‘(x+1)2=0 me{—l,—\/i,\/i}
0 ye{—l,—\/g,\@}
‘22—2‘[(z+1)2+1_:‘x2—2‘ ‘22—2‘(z+1)2:0 ze{—l,—\/g,\/g}

‘yQ —2‘[(y+1)2 +1_ =‘22 —2‘ & ‘yQ —2‘(y+1)2

’-2r-2=y
Cau 27. Loi giai he phuong trinh <y* —2y—-2=2

22-92,-2=1¢

Lai giai
(2=2)| (z+1) +1|=y-2(1)

Hé phuong trinh tuong duong véi (y —2)[(y + 1)2 + 1} =z- 2(2)

(z=2)| (z+1) +1]=2-2(3)

(1)=]r-2=[y-2
Dé dang nhan ra (2):>|y—2|2|z—2| :>|x—2|:|y—2|:|z—2|:>|x—2|=|y—2|=|z—2|.
(3):>|z—2|2|:13—2|

Taciingcé r—2, y—2, z—2 cungdaudodé z-2=y-2=z2-2z=y=2.

= = = = = —1
Khi dé6 hé phuong trinh tuong duong {x v=z & {x y=z

7*-32-2=0 T=y=2=2 '

Vay hé c6 nghiém la (x;y;z) = (—1;—1;—1),(2;2;2) .

o (z+1)=2(y’ —z)+1
Cau 28. Loi gidi he phuong trinh < ¢ (y + 1) = 2(23 —y)+1

z2(z+1):2(x3 —z)+1

Loi giai
'+ 2 +2r=2y" +1 f(z)=9(y)
Viét lai he dé cho dusi dang < y* +y” +2y=22" +1 hay < f(y)=9(z)
242 +22=22"+1 f(z)zg(z)

Trong d6 f(t)=1t"+t +2t va g(t)=2¢"+1.
Nhan xét ring g¢(¢),f(¢) 1a ham dong bién tren R vi f'(¢)=3t"+2t+2>0, g(t)=6t*>0,VieR.

Suy ra hé da cho tuong duong véi he {Z (:x) :g (4)

Trong d6 h(t)=t*—t*—2t+1.

Nhan xét réang h(t) lien tuc tréen R va h(-2)<0,(0)>0, tacé h(1)<0,h(2)>0 nén phuong trinh
h(t)=0 c6 c& 3 nghiém phan biét déu nim trong (-2; 2)

Dat m=2005u,ue(0;7r) . Khi d6 sinu#0 va (4) c6 dang

ac:y:z=2cosu,ue(0;7r) L $=y=z=2cosu,ue(0;7r)
a
8cos® u—4cos’u—4cosu+1=0

sinu(8(:os3 u —4cos® u—4cosu+1) =0
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Hay x=y=z=2005u,ue(0;7r) (5)
sindu =sin3u
x=y=z=2008u,ue(0;7r)
e . L 37T 57r
Ldi giai he phuong trinh (5) ta thu duge u e Pt v {W 3 57r}
SR P e
7T

2004 ]
2% = y6 +2°
2004

Cau 29. Lsi gidi he phuong trinh véi 7,z duong {2y = 2° + 2°
2Z2004 — IG + yG

Lol gial
Gid st (z,y,2) 1a mot bo ba s6 duong thod man hé phuong trinh da cho. Khong mét tinh tong quat,
giast 0<z<y<z.Nhuvay

22 =y6 +2°>2% +4° 2% > b r>1 1
222004 :.Z'G +y6 Sz6+z6 z2004 SZG Z<]_

Dao lai, dé thdy z=y=2=1 13 mot bo ba s6 duong thod man yéu cau bai toan.

e’ —e"V =y
Cau 30. Loi giai hé phuong trinh {e’ —e’ " =2
e —e=x
Lai giai
l1-e” =y
e V61 =0 hé trd thanh {e’ - =2.
e —e =0

Xét hamsd f(y)=1-e’—y(yeR),c6 f'(y)=€e’-1=0<y=0.
Suy ra f(y) dong bién trén (—o;0] va nghich bién trén [0;+wx).
Ta c6 max f(y)=0,dau “="xdy rakhi y=0=2=0.

Vay (0;0;0) 1a mot nghiém ctia hé phuong trinh .

e VGi z#0, hé phuong trinh da cho tuwong duong < e’ =

Xét ham s6 g(t (t # 0)

)=~
et (e ) .
Ta co g (e’ ) >0, Vt;tO(w e’ >t+1Vt¢0) hmg( ) 1;}Lrg}g(t)=1.

Do d6 ham s6 g(t) dong bién trén (—o0;0) va (0;+o0).

-

Néu :v>y:>g(x)>g(y):>ez>eI:>z>x:>g(z)>g($):>ey>e"‘:>y>z Sy>z

Diéu nay mau thuan, tuong tu néu z <y ta ciing thay diéu mau thuan.
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z=y=2#0
Vay a:zy:y:z,khid(’)tadu’(jc{ 4 .

e —1l=x
Vay truong hgp nay hé vo nghiém.

To6m lai hé c6 nghiém duy nhat (0; 0;0) )

2’ +2yz=z (1)
Cau 31. Lsi giai he phuong trinh {y° +2z2 =y (2)
22 +2zy =2 (3)

Lo giai
Léy (1)—(2) ta dugc 7> _,y? +22(y—$)=$—yC)(x—y)(x+y—22—1

(4)

)=0
Lay (2)—(3) ta dugc yQ—ZZ+2x(z—y)=y—z<:>(y—z)(y+z—2m—1):0 (5)
e Trudng hgp 1. =y =2 thay vao hé ta dugc 3z° =x©xe{0,%}

e Trudng hop 2. z=y =2 thitu (1),(5) taco

{x($+2z—1):0 {x(m+22—1):0
= =
y+z-2r-1=0 z=z+1 3

e Truong hop 3. z,y,z khéc nhau ting d6i mot ta suy ra
z+y—22-1=0
y+z-2x-1=0

=3r-32=0=>2x=2

Diéu nay mau thuan véi diéu dang gia sit.

Vay nghiém ciia hé phuong trinh la (O;O;O),(%;%;%j,(O;l;O),(—%;—%;%) va cac hoan vi.
T =(y—1)2
. i o Jy=(z-1y
Cau 32. Lai giai hé phuong trinh s
z =(t—1)
t=(z—1)2

Loi giai
Khong mat tinh tong quat, ta gia st = =min{x,y,z,t}
Tt hé phuong trinh ta suy ra z,y,2,t >0
e Trudng hgp 1. 0<z <1
=-1<2-120=0<(z-1) <1=0<t<1=0<(¢t-1) <1
=0<221=0<(2-1) <1=0<y<1
Twdoétacoé O<x,y,2,t<1.
Khi doé tu zZm:)(t—l)2 Z(y—l)Q:>th:>(z—1)2 2($—1)2

:>x2z:>(y—1)22(t—1)2:>t2y:>x=z,y=t
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:L‘=y=3+2\/g>1([/)
—(y-1) _
Thé vao hé phuong trinh dau ta duge =(y )2:> x:y:g V5
Y= x—l) 2
z=0 J|z=1
v
=1 [y=0
2

e Trudng hop 2. z>1= z,y,2,¢t >1. Khi do6 tu wa:>(z—1) 2(y—1)2:>z2y

:>(t—1)22(z—1)2:>tZz:>(:p—1)2 2(t—1)2:>m2t.

_3+\/3

2
3-/5

2

T
Thé vao mot phuong trinh ctia hé ta duge x = (x - 1)2 =

<1

Vay cac nghiém ciia hé phuong trinh 1a

(z5y25t) = 3+\/3;3+\/3;3+\/5;3+\/3 ; 3_\/3;3_\/3;3_\/3;3_\/3 (0;1;0:1);(1;0;1;0)
2 2 2 2 2 2 2 2
x L T, +—
bl 1,
1
~ S8 828 T 5 Ty =7 T3 +—
Cau 33. Loi giai hé phuong trinh 2 7,
z =—|z, +—
xl
Lai giai
Diéu kien z, #0,Vi=1,n.
Néu (:1:1,:1:2,...,1““) 14 nghiem hé suy ra z,,z,,...,z, cung dau va (—xl,—xZ,...,—xn)cﬁng la nghiém cta

he. Xét truong hop z,,7,,...,z, >0. Khi do, theo bat déng thitc AM — GM c¢6

1 1 1 1
o= Ty — |22 [, — =1
2 xiﬂ 2 xiﬂ

. 1 1 1
Cong theo vé n phuong trinh cia hé tacoé z, +z, +...+ 1z, =—+—+...+—(*)

xl $2 xn

Do z,,2,,....z, 21= VT (¥)2VP(¥).
Dau “=" xay ra khi va chi khi 2, =z, =...=z, =1.

Vay hé c6 2 nghiém z, =z, =...=2, =12, =2, =...=2, =-1.

n

i +z, —7,—-1=0
2
ta oz —1=0
Cau 34. Loi gii he phuong trinh {727 2~ "
T+, —2,—=1=0

2 -
z,+z,—2,—-1=0

Loi giai
Khong mat tinh téng quét ta gia st z, = min{z,;z,;z,;7, }
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f(z)=2,

Xét ha < 2, " < f(x2):9c3
ét ham so f(t) =t +t—1, hé phuong trinh tuong duong

)=z,

f(z,)=m

Ham s6 f(t) dong bién trén khodng [—%&ooj va nghich bién trén (—oo;—%j va dong thoi ta co

f(t)zf L =—§,VteR,ttrdé suy ra , 2—§,Vi=1,_4.
2 4 4

N < 1 )

e Truong hop 1. Neu z, > L ta co

B} 1
Tuong tu ta c6 z,,z, > 3

Do z, <z, = f(z,)< f(z,) =2, <z, = f(2,) < f(2,) >z, <z, .

= f(z)<f(z,)=> 2, <z, =z <z, <z, <z =z,=1,=1,=1.
P 1
e Truodng hdp 2. Neu z, < -3
P 2 1 . N , 1., —
Neu c¢6 k 6{1;2;3;4} de z, > 3 thi theo trudéng hgp 1 taco z;, > —E,Vz =14

1 . 1 —
=z, 2——, mau thuan . Vay taco z, <——,Vi=14
2 o2

Do z, <z, = f(z,)2 f(z,)= f(z,) =z, 22, = f(2,)< f(2,) =2, <z, >, =1

Lap luan tuong tu ta c6 z, = z,. Khi d6 hé phuong trinh tuong duong

T, =T,
Ty =Ty ) )
B :>xl+f(:p1)=x2+f(m2):>x1+2x1—1=x2+2x2_1

f(xl)_%
f(xz) A

T, =T
—|™ 2 :xl:xz:—_|—1:>(L‘1::I/‘2:1‘3::1;‘4:i1

T, =Ty —2

Vay hé phuong trinh c¢6 nghiém la z, =2, =z, =2, ==+1

o |z | = (2 —a)lw, - o =2,z

Cau 35. Li gidi n phuong trinh v6i n an . |x2| —(332 —a)|x2 —a| - |x3|

~(2,-a)

Z z, — CZ| =T |£L'1|

n

x?l

IMO Shortlist 1984

Lol gidl
Néu (z,,z,,...,z,) langhiém he v6i tham sb a thi (z,,2,,...,z,) ciing la nghiem hé v6i tham s6 —a .

Xét a>0

e Trudng hop 1. ($17$2""’xn) la nghiém hé ma z, <a,Vi=1n.

Cong theo vé céc phuong trinh ctia he ¢6 (z, — a)2 +(z, - a)2 +..+(z, - a)2 =0.

n
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=% =%,=...=T, =0
e Trudng hdp 2. (z,,7,,...,7,)]langhiém he 3k e N dé z,>a.
Ta c¢6 phuong trinh thit k£ cho ta

2 2 _ 2
Ly _(xk - a) =T |xk+1 ‘Tk+1| = a(2$k, - a) 20 =T, 20

Do d6 z, 2 a;z, 2a;...;2, 2 a.

= Ik+1

Dédangsuyra z,=z,=...=2, =a.

Vay hé c6 nghiém z, =z, =...=z, =a.

30\/E+4\/g=201\?,/m§w
30\/54-4\/@:20@

— 2013/ ,.2012
304/ Ty + 44z, = 2N 1,

Ty 3 Lyyeney Togry >0

Cau 36. Loi giai hé phuong trinh

Loi giai
Gi& st (2,,,,...,3y, ) 12 mot nghiém ctia hé phuong trinh tren.

Dat Mzmax{a:l,m?,...,xmu} ;mzmln{xl,xZ,...,x%u} .Suyra M=2m>0.

34401 > 30,1, + 4z, =gl
Ta c6 343/M 2 30\[z, + 4z, :201€/ﬁm

34NM > 30\[,y,, +44f7, = 2z
= 34JM > Max{zm:a/x;mm ;2013/I§012 ;”.;2013[:5‘228115 } = 34/M > 342013/M2012

= 344026 M?OlB 2 M4024 = M2011 S 344026 = M S 2011’344026
Ching minh tuong tu, ta duge m > /34" . Suy ra M =m =>N34"" .

Do d6 z, =z, =...=1,,, = 'N34" . Thit lai thiy dtng.
SO < ~ p . 2 o _ 2011f 14026
Vay hé phuong trinh da cho ¢6 nghiém duong duy nhat =, =z, =...=x,,, =" V34" .

1 2012
fl?l = 5 l'2 +

Ly

. 1 . +2012
Cau 37. Li gidi he phuong trinh > 2 ° i, 5 Ty Tyyeeny Togg ER.

1 2012
Togrz = 5 z, + -
1

L5i giai

Tac6 .2, :%(% +20MjacHl :%(gf +2012)>0,Vi=1,2011.

i i+1
‘Ti+1

Suy ra cac z, cung dau Vi=1,2012.
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Theo bt déng thitic AM — GM ta ¢

2012
0 2242012 =2z, 2242012 =z, > \/2012,Vi =1,2012.
T

i+1 +
i+1

Lay phuong trinh dau tién 1an lugt trit cho cac phuong trinh s6 2, s6 3,..., s6 2012 vé theo vé ta dudc

1321'3
1 2012
T, — T, ——(:vfi x4)(1— 0 j
‘rS‘rLL
1 2012
Zyo12 — & 25(% _:EQ)(l_ s J
12
Vizg 2zz,2...21,,, nén 1—2012 20;1—2012 ZO;...;l—ﬂZO va 1—2012 <0.
TyTy ZL3ly Loo11 L2012 T, Ty
T,T, = 2012
Suyra { . Két hop v6i |z, 2+/2012,Vi =1,2012 suy ra z, =, =...=2,,, =/2012 .
:BZ[)II 2012 22012
r,z, <2012
T’ =2x—y
_ o Ly =22
Cau 38. Loi giai hé phuong trinh 1LY, 2t e R .
2 =2zt
' =2t-x
Lai giai
bat X=1-2,Y=1-y,Z=1-2T=1-t.
X’=Y
Y*=7 16 8 4 2
Ta c6 hé phuong trinh sau { =>X"=Y"=7"=T"=X.
7' =T
T° =X
. X=0
Nhu’vayX(Xl"—l)z()@ .
X=1

e V6 X=0=2Y=7=T=0=2zr=y=2=t=1.
o V6 X=1=2Y=7=T=1=2z=y=2=t=0.

z) +ka, +(uj =1,
2
k—
A SR ~ARE T . T, +kr,+| — | == . 2
Cau 39. Loi giai hé phuong trinh ) 5z, T,,..,x, € R,k 1a tham so.
T’ +kz, +( j
Crux — Canada 1999
Lai giai

Cong vé theo vé clia cac phuong trinh da cho ta dugce
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2012z, — 4025z, + 2013z, =0

2012, — 4025z, +2013z, =0

Cau 40. Loi giai hé phuong trinh ;X Ty, L, ER M 23

2012z, — 4025z, +2013z, =0

Loi giai
bat y, =z, -2 ¥y =0, — Y5 ...5 Y, =2, — 7, .
2012y, = 2013y,
. . 2012y, = 2013y, , .
Hé da cho trg thanh T =2012"y,y,...y, =2013" y,y,...y, = ¥, Y,...y, =0.
2012y, =2013y,
Nhu vay phai c6 mot chi s6 j sao cho y, =0, tuy nhién 2012y, =2013y,,,,... nén y, =y, =...=y, =0.
Suyra o, =z, =...=z, =acR.
z(4—y2)=8y
Cau 41. Loi gii he phuong trinh { y(4-2") =82
2(4—:1:2):8x
Lai giai

Néu (x; y;z) la nghiém cta hé thi z;y;z = +2.

Tacod z= sz;y 82 T = 8y2
4 4—y

= 5 .bat x=2tana véiae —E;E = z=2tan20;r =2tan8« .
- 4—z 22

Dan déntan8a=tana<:>oz=k;§ . Vi ae(—g;gj nén ke{O;il;i2;i3}.

T do6 suy ra nghiém ctia hé phuong trinh da cho.

_ 1996
.’L'l ar .’EQ = 1‘3

$2 + ZE3 — x41996
Cau 42. Loi giai hé phuong trinh

1996
$1995 + $1996 - xl

_ 1996
aF .’El = IZ

‘(El 996

Ldi giai

Goi X la gi4 tri 16n nhat cia cac nghiem z, (z = 1,1996) v Y la gia tri bé nhit cia ching. Thé thi tit

1996

phuong trinh dau ta c6 2X >z, +z, =z, . T d6 d6i v6i cAc phuong trinh ctia hé ta c6

2X >z, Vk=1,1996

Hay la ta c6 2X > X" suyra 2> X" (do X >0) (1)
Lap luan mot cach tuong ti ta ciing di dén 2 <Y™” (2)
T (1),(2) suy ra X" =Y"™ =2 nghialata co o, =, =....= ;405 = 992

Tap chi va tu liéu toan hoc | 396



Tuyén tap phuong trinh dai sé hay va kho |

T, —a,  T,—a, z,—a

Cau 43. Loi gidi he phuong trinh 1b1 Ty, nbn n,bl,bQ,...,bﬂ;tO, 3, £0
T+ Ty +.+T, =C =
Loi giai
st B =G 1,74,
" b b

3

d =z =aqa +b
7 ? 13 1

> >
i=1 I

n n n n n
Taco z, =tb, +a, :>in =2ai +t2bi :>c=2ai +t2bi =t=
i=1 i=1 i=1 i=1 i=1

2* —129* +48y—64=0
Cau 44. Li gidi hé phuong trinh {y* —122° + 482 -64=0
2* 122" +482-64=0

Loi giai

Cong vé v6i vé clia 3 phuong trinh trong hé cho nhau ta dugc
(2=4) +(y=4) +(2-4) =0(*)

Tt d6 suy ra trong 3 s6 hang (z—4),(y—4),(z—4) 6 it nhat mot s6 khong am.
Ta gia st (z—4)3 >0 224.
T phuong trinh thit 2 ta cé y° —16 = 12(z —2)2 >12.22 =>y>4.
Tt phuong trinh thit 1 ta c6 2° ~16=12(y-2) 212.2* = >4
Vay ta dudc z,y,z24 = VT (*)=2VP(*).
T day ta thit lai va suy ra duge nghiém ctia hé phuong trinh 1a z=y=2=4.

€c0S2x +cosT =2cosy
Cau 45. Loi giai hé phuong trinh < cos2y + cosy =2cos z

Co0S2z +cosz=2coszx

Loi giai
Hé phuong trinh da cho tuong duong
(2cosx—1)(cosa;+2)=2cosy—1 |2cosz—1|(cosz+2)=|2008y—1|
(QCosy—l)(Cosy+2)=2cosz—1: |2(:osy—1|(cosy+2)=|2cosz—1|
(QCosz—l)(cosz+2)=2005x—1 |2(:0sz—1|(cosz+2)=|2(:0sx—1|
:>|2(:OS:1:—1|2|2cosy—1|2|2cosz—1|Z|2cosx—1|(d0cos:1;+2;cosy+2;cosz+221)
:>|2cos:1:—1|=|2cosy—1|=|ZCosz—1|
|2cosa:—1|(cosx+2)=|2008x—1|
Khi d6 hé phuong trinh tuong duong |2 cosy — 1|(cosy + 2) = |2 cosy — 1|
|2cosz—1|(cosz+2)=|2cosz—1|

2cosz—1=2cosy—1=2cosz—1=0 $,y,ze{i%+kﬂ|keZ}
&

cosr+2=cosy+2=cosz+2=1

=
x,y,ze{wi?/m\keZ}
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tan® z + tan®
2cos?a:+—2y:2
l+tan"zx

tan’ y + tan”
Cau 46. Ldi gi4i he phuong trinh {2cos2y +—— 200 2 _

1+ tan?
tan’ z + tan”
2cos2z+anz—?M:2
1+tan” 2
Lai giai
o . 1-tan’« s a2en e
Tu cong thitc cos2a = ——— ta bién doi he phuong trinh da cho tuong duong
1+tan” o
tan”y —tan’
wzl_ms%
l+tan"x
tan® z — tan”
anz—?ny:l_cos2fy
1+tan”y
tan® z — tan’
Lﬁmzzl_cosgz
1+tan”z

Vi 1-cos2a >0 nén ta suy ra
tan®z > tan® Y= tan’ z > tan’ r = tan’z = tan’ Y= tan® z
x=kr
=>1-cos2x=1-cos2y=1-cos2z=0<y=1lr (k,l,meZ)

Z=mm

Vay nghiém ctia hé phuong trinh 1a (a:;y;z) = (k’/T; lrr; n7r)(k, llme Z) .

T+y’+2°=3 (1)
Cau 47. Li giai he phuong trinh véi 2,9,z duong {y+2° +2° =3 (2)
z+z’+y° =3 (3)

Lai giai
x(l—x2)+y(y—1)+22(z—1)=0 (4)
y(l—y2)+z(z—1)+x2(rﬂ—1)=0 (5)

Lay (4)—2(5) ta dugc $(1—$2)+y(y—1)=zy(l—y2)+z:c2(x—1)

Lay (1)—(2),(2)-(3) ta dugc

@w(l—x)(1+x+xz)=y(1—y)(1+z+zy) (6)
Thay (x,y,z) béi (y,z,x) ta dugc
y(l—y)(l+y+ym)=z(l—z)(1+$+$z) (7)
Xét truong hgp (a:,y7z) # (1;1;1) )
e Néu z>1 thido y>0,2>0 nén tt (6) tasuy ta y>1,vath (7)=z>1=>z+y’+2">3.
Diéu nay vo ly!
e Néu z <1, chting minh tuong ti ta chi ra duge = +y° +2° <3, diéu nay vo 1y!

Vay (x,y,z) = (1; 1;1) 12 nghiém duy nhat ctia heé.

r=4y—vy° (1)
Cau 48. Lai giai he phuong trinh {y =4z - 2" (2)
z=4z—-1° (3)

Trai he Hung Vuong 2010
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Loi giai
Cach 1.
bat p=z+y+2,q=2y+yz+zz,r =Yz , cOng 3 phuong trinh ctia hé cho nhau ta duge

x2+y2+z2=3(x+y+z)<:>p2—2q=3p (4)
Ta thiy réing = =y =2 =3 1a mot nghiém ciia hé phuong trinh nén ta bién ddi nhu sau
z=4y-y*  [(y-1)(y-3)=3-z (5)
y=4z-72" < (z—l)(z—3)=3—y (6)
z=4zx -1 (z—l)(m—3)=3—z (7)
Nhan cac vé ciia (5),(6),(7) ta duge (z-3)(y—3)(z=3)[ (z—1)(y—-1)(2—1)+1]=0 (8)
e Trudng hgp 1. Néu z =3 thé vao hé ta gidi dugc z=y=2=

3
e Trudng hgp 2. Néu y =3 thé vao hé ta gidi dugc z=y=2=3
e Trudng hgp 3. Néu z =3 thé vao hé ta gidi dugc z=y=2=3
e Trudng hdp 4. Néu z=0 thé vao (7) ta dugc z=0, tiép tuc thé y=0 vao (6) ta suy ra

duge y=0. Vay (0; 0;0) la mot nghiém ciia hé phuong trinh, tuong ty truong hop y=0,2=0.
e Trudng hop 5. Xét z,y,2 ¢ {0;3} thi tu (8) ta co

($—1)(y—1)(z—1)+1=O<:>(x—1)(yz—y—z+1)+1=0

Sayz—xy—rz+r—yz+y+z=0r—q+p=0 9)

x=y(4—y)

Tanham dc z =y =2=0 nén he ban dau sé viét lai thanh Jy=2(4-2)
z=x(4—x)

Nhan 3 phuong trinh cho nhau ta duge
Yz =a:yz(4—$)(4—y)(4—z) = (1:—4)(y —4)(z —4) =-1
= (:13—4)(yz—4y—4z+16) =-1
& ayz —4xy —4rz + 160 —4yz+ 16y + 162 —64 =—1
& r—4g+16p-64=-1<16p—4g+r=63  (10)

P’ —2q=3p P’ —2q=3p
T (4),(9),(10) ta duge {16p—4q+r =63 <> <15p -3¢ =63 (11)
r=q+p=0 r=q-p
2(15p—63)

Dén day ta co p° — —3p=0=3p> —30p+126-9p=0

3
2 2 p=T
& 3p"-39p+126=0<=p —13p+42=0< 6
p =
e Néu (p;q;r) = (6;9;3) thi theo viet ta ¢6 x,y,z 1a nghiém ctia phuong trinh
v’ —60° +9v-3=0
St dung cich giai phuong trinh bac 3 ta gidi duge 3 nghiém ctia phuong trinh la
v= 2+2cosz,v = 2+2cos5—7r,v =2+20057—7T
9 9 9

e Néu (p;q;r) = (7;14;7) thi z,y,2z la nghiém ctia phuong trinh

=Tt +14t-7=0
Dén day sit dung cach giai phuong trinh bac 3 ta giai duge 3 nghieém 1a

399 | Chinh phuc olympic toan



| Hé phuong trinh nhiéu an

f=— 4 0 p=— t=—+"co
3 3 3 3
Trong do —ﬁzcosoz ae I;7T .
14 2

Cach 2.
Hé phuong trinh da cho xac dinh véi moi.
Nhan xét. Néu (x;y;z) la mot nghiém cta hé phuong trinh thi z,y,z € [0;4]
That vay, cong cac vé tuong ing clia cac phuong trinh ctia hé, ta duge
3(9U+y+z)=gv2 +yt+2°20
Do d6 trong 3 s6 x;y;z c6 it nhat 1 s6 khong am, ta c6 thé coi rangz > 0 . Tt phuong trinh dau ta co
y(4—y)=x20:>0£y£4
s

Bing cach hoan vi vong quanh ta duge 0< z,y,2 <4 . Dat z =4sin’t, véi 0<t < 5

e Tit phuong trinh thit ba, suy ra z = 4sin’ t(4 —4sin’ t) =4sin” 2t .
e Tit phuong trinh thi hai, suy ra y = 4sin’ 2t(4 —4sin” 2t) =4sin*4t .
e Tiu phuong trinh thi nhat, ta c6 = =4sin’ 4t(4 —4sin® 4t) =4sin” 8t .

K voi kelZ.
9

‘ km
Do d6 t 1a nghiém ctia phuong trinh sin® 8¢ =sin® ¢ < cos16t = cos2t <>t = r hodc t=

e Trudng hop 1. tzg,keZ . Do OStsgnén k nhan cac gia tri 0; 1; 2; 3.
V6i k=0, taco S =4(sin’ ¢ +sin 2t +sin’ 4¢) = 0.

47

2 .
Véi k=l:k=2k=3, tacoS=4(sin25+sin2—”+sin2—j=7.
7 7 7
N km T .
e Trudng hop 2. tzg,k:eZ.Do OStSE nén k£ nhan céc gia tri 0;1;2;3;4.
V6i k=0 ,taco §=4(sin’t+sin’ 2t +sin’ 4¢) =0 .
00 P .. 9T . 227T . 2471'
V6i k=1Lk=2k=4,tacd S=4|sin §+Sln ?+sm ? =6.

Véi k=3, taco S=4(sin2g+sin22§+sin24§j=9.

Do d6 S e {0;6;7;9}

2z° +1=32x (1)
Cau 49. Ldi gidi he phuong trinh < 2y° +1=3zy (2)
22° +1=3yz (3)

Middle European Mathematical Olympiad 2012

Lot giai
e Trudng hgp 1. 356 2,7,z khong am. Theo AM — GM ta c6
2x3+1=x3+x3+123§/x76=3x2
2 +1=y +1" +12 38" =3y
2.8 +1=7"+2° +12 3420 =32
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T day suy ra (2x3 + 1)(2y3 + 1)(2z3 +1) >272°y*2* . Mt khéc tit hé ta co
(22 +1)(2¢° +1)(22° +1) =272%y"%"
Dau “=" x4y rakhi vachikhi z=y=2=1.
e Trudng hgp 2. Trong 386 c6 1 s6 am, ta gia sit d6 1a z , khi d6 ta co
r<0,y>0,220=0>3zy=2y"+1>0,
diéu nay vo ly
e Trudng hgp 3. Trong 3 s6 ¢6 2 s6 am, ta gid stt d6 1a z,y, khi d6 ta c6
r<0,y<0,220=22"+1>0>3yz,
diéu nay mau thuan
e Trudng hop 4. Ca 3 s6 déu am. Khong mat tinh tong quét ta gid st « = max{z,y,z} .
Taco 1+22° >1+22° = 30223z o 2<y=>a=y.
Tt z=y>z talaico 2y° +1>222° +1 =3y >3z o r<z2=>r=2
x =1(L)
Thé vao hé ta duge 22° +1=3z" <:>(x1)2(2x+1)—0<:>L_1
2

Vay nghiém cia hé la (x; y;z) = (1;1;1),(:B;y;z) = (—%;—%;—%j

TY=2—-T—y
Cau 50. Loi giai hé phuong trinh <az=y—z -2
Yz=r—y—2

Canada National Olympiad 2004

Loi giai
Cong 2 vé cia phuong trinh 1 véi (x +y+ 1) ta dugc
xy+x+y+1=z+1<:>($+1)(y+1)=z+1
Tuong tu v6i cac phuong trinh con lai trong hé, khi dé hé tuong duong
(z+1)(y+1)=2+1 (1)
(z+1)(z+1)=y+1 (2)
(y+1)(z+1)=:1:+1 (3)
Nhan ca 2 vé clia (1),(2),(3) ta dugc [(z-kl)(y+1)(z+1)]2 = (m+1)(y+1)(2+1) (4)
e Néuz=-1 thitu (1),(2),(3) tasuyra y=2z=-1.
o Néu z,y,z#—1 thiti (4) taco (z+1)(y+1)(z+1)=1.
Tt (5),(3) taco (z+1) =12’ +22=0c z{0,-2}.

e Vi =0, thé vao he dau ta dugc

y=2 y=2 (1:2) =(0:0)
SR =
Yyz==y—z y +2y=0 (y;z)z(—2;—2)
e V6i =-2,thé vao hée dau ta dugdc
2y=z2+2-y
= 12)=(0;-2
_22=Z/+2—z<:>{y+z+2 0 @{(g/z) ( )

yz+y+z=-2
Yyzr=—2-y—=z
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2 +y’ +2=1
Cau 51. Lai giai hé phuong trinh <z +y° +2° =1
P +y+2i=1

HSG 16p 12 nam hoc 1996 — 1997, TP. HCM

Lai giai
Bién dbi hé phuong trinh tuong duong
Pyt +z2=1 -2 —x+2=0 (z—z)(z+2-1)=0 r—2=0 r+z-1=0
s+ +=lolr+y’ +2° =1 sSiz+yt+27 =1 S+t +27 =1viz+y’ +25 =1.
x2+y+22=1 x2+y+z2=1 x2+y+22=1 Hy+2° =1 ry+2° =1

r—2=0 z2=zx Z=x (z;9;2) =(0;1;0)
Loigidi he sz +y’ +2° =1 &0’ +y’ +r=1 x2+(1—2$2)2+x=1<:> (zy52)=(-L-L-1).
I 2272
x+2z-1=0 r=1-z z=1-2 (x;y;z)=(1;0;0)
Loigidihe {z+y° +2° =1 < (2z—2z2)2+z2—z=0<:> (22—2)(22—1)2=0<:> (x;y;z)z(O;O;l)
2 2 _q e o2 o o
T +yY+z y=2z-2z y=2z-2z (a:;y;z): %ééj

32 +2y+1=2z(z+2)
Cau 52. Ldi giai he phuong trinh {3y° +2z+1= Qx(y + 2)
32 +2z+1=2y(2+2)

Tuyén sinh vao 10 chuyén toan PTNK TP. H6 Chi Minh 2013 — 2014

Lai giai
Day 13 mot bai toan don gian, ta cong theo vé ca 3 I;ghtrdng trinh trong hé ta dugc
(ac—y)2 +(y—z)2 +(z—ac)2 +(av—1)2 +(y—1)2 +(z—1)2 =0eor=y=2=1
Vay bai toan da dugc gidi quyét!
Nhan xét. Bai toan trén chi 1a giai lao gitta chirng trude khi chang ta di vao cic bai toan khé & phia
sau thoi, chit khong c6 diéu gi can cha ¥ lai ca ©.

T+ y2 +2'=0
Cau 53. Chitng minh hé phuong trinh c6 2 nghiém phan bigt<y + 2> +z* =0
z+z’+y* =0

Pé thi thit DPH 2011 - THPT Chuyén Su Pham Ha Nai

Lai giai
Ta thay ring (O;O;O) la mot nghiém cua hé phuong trinh va (a:;y;z) la nghiém cta hé thi ta c6
7,5,z <0, va khi mot trong 3 s6 bing 0 thi cac s6 con lai ciing sé bang 0.
Xét xyz #0 thi 2,7,z <0, khong mét tinh tdng quat ta gia sit = = max{x;y;z} .
e Trudng hop 1. 2<y<z=2">29y"22".Dodo O=z+2" +y' <z+y*+2' =0.

Tu day ta suy ra dugec x=y==2.
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e Trudng hop 2. y<z<z=y’22">2>.Dodé O=y+2"+2' <z+y’+2'=0.
Tu day ta suy ra dugec x=y=z2

r=y=2<0

3

. Dén day sit dung dao ham
' +x+1=0

Tém lai ta duge x =y =z. Khi d6 hé phuong trinh trd thanh {

ta dé& dang chting minh duge z* +2+1=0 c6 dang 1 nghiém. Vay hé c6 2 nghiém phan biét.

ar’ +bx+c=y
Cau 54. Cho hé phuong trinh {ay’ +by+c=z,trong d6 a=0. Dat A= (b —1)2 —4ac .
az’ +bz+c=z
a) Chitng minh ring A <0 thi hé phuong trinh v6 nghiém
b) Chitng minh ring A =0 thi hé phuong trinh c6 nghiém duy nhat
Dé thi dé nghi Olympic 30/4/2000

Lai giai
Hé phuong trinh xac dinh v6i moi z,y,2 e R.
Gid stt (7,;Y,;2,) 14 nghiém ctia hé phuong trinh, cong vé theo vé ta dugc
[axg +(b—1)l‘0 +c]+[ay§ +(b—1)y0 +c]+[az§ +(b—1)z0 +c] = 0(*)

Khong mét tinh tong quat ta gid st a >0

a) Néu A<O thi at’+(b—1)t+c>0,VieR.

Khi do [axg +(b-1)z, +c]+[ay§ +(b-1)y, +c]+[az§ +(b-1)z, +c} >0

Diéu nay mau thuan véi (*).

Vay hé phuong trinh vo nghiém

b) Néu A=0 thi at’ +(b-1)t+c=0, ti (*) suy ra VT(*)>0.

b—1

Dau “=" xay ra khi va chi khi z, =y, =2, = o
a

Vay hé c6 nghiém duy nhat.

" + y5 =1890z + 2>
2001

Cau 55. Loi gidi hé phuong trinh <y +2° =1890z + z

2001

27 +2° =1890y +y

Loi giai
Chiing ta sé chiing minh hé phuong trinh trén c6 nghiem duy nhat z=y=2z=0. Gia stt (x, Y, z) la
mot nghiém cta hé phuong trinh khi dé (—x,— Y,— z) cting 1a mot nghiém ctia hé phuong trinh , nén
khong mat tinh tong quat ta co thé gia sit c6 it nhat hai trong ba s6 z, 7, z khong am.
Gia sttrang x>0, y > 0. Tt phuong trinh thit nhat ta suy ra 2>0 .
Mat khac néu 0<w<1 thi 1890+u™" >2>u" +u'.
Néu »>1 thi 1890+ 2™ > 1+ 4> > 2™ =24 > " +u*.

Do dé6 1890u + ™™ > u" + v’ v6imoi u>0.

Béi vay néu cong ting vé ctia hé phuong trinh ta suy ra z=y=2=0.
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z* =9(y” -3y +3)=0
Cau 56. Lo gidi he phong trinh 4* —9(2” —32+3) =0
2 —9(a* -3z +3)=0

L3i giai

2
Ta co t2—3t+3=(t—%j +22%,tfrday suy ra dé hé c6 nghiém thi z,y,zzi

i
Cong 3 vé cia hé phuong trinh cho nhau ta dugc (x - 3)3 + (y - 3)3 + (z - 3)3 = O(*)
2’ =27=9y(y—-3)
Viét lai he phuong trinh qy* —27=9z(2-3) .
2 —27=9$(l‘—3)
e Néu0<z<3=2"<27=0<y<30<z<3, diéu ndy mau thudn véi (*).
e Néuz>3=7’>27=y>32>3, diéu nay mau thuan véi (*).

Toém lai x =y =2z=3. Vay hé c6 nghiém duy nhat z=y=2=3.

2’ —z' + 22y =2
Cau 57. Lsi giadi he phuong trinh ¢’ —y* +2y°2=2

2> =2 +2°x=2

Lol gidi
Ta dé dang nhan thay (1;1;1) la mot nghiém cta hé, bay gid ta sé di ching minh né 1a nghiém duy
nhat. Khong mét tinh tong quat ta gid stt = = min{z;y;z}.
o Néus>1=2=2"-2"+2"0>2"-2"+2"=2"-2" +22°-2<0.

<:>(z—1)(z4+22+2)<0<:>z<1(do 24+2z+2=(z2—1)2+2(22+2+1)>0).

Tt phuong trinh thit hai trong he, tacé 2=y" —y* +2y°2 <y’ —y' +2¢°.
=1 -y +2y° —2>O<:>(y—1)(y4 +2y+2)>0<:>y>1.
Tt phuong trinh thit nhat trong he, ta cé6 2=12" —z' +22°y > 2° — 2" +22°.
=1’ -z +22° —2<0<:>($—1)(334 +2x+2)<0<:>x<1, diéu nay mau thuan.
e Néu z<1,lap luan tuong ti ta thiy mau thuan.
Vay (1;1;1) 13 nghiém duy nhat ctia hé phuong trinh!
Nhan xét. Trong vi du nay, chiing ta nham dugc nghiém ctia hé phuong trinh da cho va st dung
cach danh gia dé chi ra nghiem d6 la duy nhat. D6i v6i cac hé phuong trinh ma ta nham duge hai

nghiém thi cach danh gia nay khong c6 hiéu qua. Cach lam nay chi ap dung duge cho hé phuong
trinh c6 nghiém duy nhat ma thoi.
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2z° = y(l +° )
Cau 58. Giai hé phuong trinh {2y* = z(l + yz)
22° =1 (1 +2° )

V6 dich Bulgaria, 1977

Giai
Néu (z;y;2) 1a nghiém ctia he thi z,y,2>0.
Dé thay (0;0;0) 12 mot nghiém ciia hé. Ta c6 z#20=y=0,z#0 do dé ta xét truong hop z,y,2>0.
Nhan vé theo vé cac phuong trinh trong hé ta duge
8z%y’2” = xyz(1+x2)(1+y2)(1+zz)<:> S8xyz =(1+x2)(1+y2)(1+z2)
Theo bat ding thitc AM — GM ta c6
1+2° 2251 +9° > 21+ 2 Z2z:>(1+$2)(1+y2)(1+z2)28xyz .

1+2° =22
Vi thé 8xyz=(1+x2)(1+y2)(1+22)<:> I+ =2y r=y=2=1
1+2° =22

Vay hé phuong trinh ¢6 2 nghiém la (O; 0;0),(1;1;1) .

Nhan xét. Ngoai cach nay ra ta ciing c6 thé bién doi hé phuong trinh nhu sau

2 1
—=—2+1
Yy T
2 1
—=—2+1
2y
g=l2+1
T z
2

2 2
Cong vé v6i vé ta dude [l—lj J{l—lj +(1—1 =0r=y=2=1

x Y z

——

2z = y(l +x’ )
Cau 59. Giai hé phuong trinh <2y = z(l + y2)
2= x(l + 22)
Giai
Dé thay (0;0;0) la mot nghiém ctia hé. Tacdé 0=y #0,2#0 do do ta xét trusng hgp z,y,2 #0.
2z
1+2°
P 2 ~ p
Heé da cho viét lai thanh <z = N 4 - . Tt phuong trinh ta dé dang suy ra z,y,z cing dau.
Ty
2z
x= 5
1+2

V6i moi s6 thie t thi ta luon c6 —1 < <1,tudaysuyra -1<z,y,2<1.

1+t
Nhan vé theo vé cac phuong trinh trong hé ta duge

xyz(1+x2)(1+y2)(1+z2)=8xyz<:>(1+:1:2)(1+y2)(1+22)=8

Vi -1<z,y,2<1nén (1+x2)(1+y2)(1+z2)£
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Do vay (l—i-352)(1+g/2)(1+z2)=8c:>x2 =y’ =2"=1

Y
Do ,y,z cing dau nén nghiém ctia he 1a (1;1;1),(-1,-1-1).

=y '+’ +y+a
Cau 60. Chitng minh ring hé phuong trinh {3* =2* + 2> + z+a c6 nghiém duy nhat ?

Z=r*+z’+z+a

Giai
Hé phuong trinh xac dinh v6i moi z,y,z € R
Xét hai ham s f(t)=t* va g(t)=¢"+¢* +t+atréen R .
Ta co f'(t)=2t va g(t)=3t"+2t+1>0 v6i moi teR. Ham s6 g(t) dong bién trén R con ham sb
f(t) ddng bién tren khoang (0;+00) nghich bién tren khodng (—o0;0) .

(2)=9(y)

f(z)=9(y
Hé da cho tuong duong f(y) = g(z)
#(:)=9(a

(2)=9()

Giad st z = min{x;y;z}
e Trudng hgp 1. 220
Do z>0nén y>0;2>0. Trén nita khodng [0;+oo) hai ham s6 f(t),g(t) cuing dong bién nen
r=y=220

3

1ap luan tuwong ty nhu bai toan 1, ta c6 x=y=2. Khi d6 hé da cho tré thanh {
J

+r+a=0

o Néu a>0 thi phuong trinh z° + 2 +a =0 khong cé nghiém z >0 nén hé vé nghiém.

o Néu a<0 thi ham s6 h(z)=2"+z+a 13 ham s6 dong bién tren R va c6 h(0)=a<0
nén h(O) < h(O) v6i moi <0 . Hon nita h(a:) =0 la phuong trinh bac ba nén phuong
trinh h(x) =0c6 nghiém duy nhat z>0. Vay trong truong hop nay hé c6 nghiem duy
nhat x =y=2z=¢, trong d6 ¢, 1a nghiém ctia phuong trinh ¢’ +t+a=0

e Truodng hgp 2. £<0
Ta co ac<0:>g(ac)<g(0)=a:>f(z)<a<::>z2 <a
o Néu a<0 thidiéu kién z° <a 1a vo Iy nén trong trusng hop nay hé vo nghiém.
o Néu a>0 thitu diéu kién 2° <a= — a<z<+a.
Giasit 0<z<+/a khido Yy’ =g(z)29(0)=a:>y<—\/g ) y>\/g

o Néu y>+athi 2’ =g(y)>g(\/g):\/g(\/g+l)2:>x<—(\/a+l)%<—\/g
= 7 =g($)<g(—\/g)=—\/g(\/;—1)2 <0 (voly).
Vay y<—/a.
o Néu y<-+athi 2’ =g(y)<g(—\/;)=—\/g(\/g—l)2 <0(voly).
Vay khong thé xay ra truéng hop 0< z<~/a . Do d6 chi xay ra trudng hop 0<z<+a
Véi 2<0 thi y’ =g(z)<g(0)=a=- a<y<+a.
Néu 0<y<+/a thi

x2=g(y)>g(0)=a:>x<—\/;:>z2<g(—\/g)=—\/g(\/g—1)2<0,v61y.
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Vay y<0. Do do trong truong hgp nay ta c6 < 0;y <0;2<0.

X¢ét tren khoéng (—o0;0) thi ham sé f(¢) nghich bién con ham s6 g(¢) dong bién nen lap luan
tuong ty nhu bai toan 2,tacé r=y==z.

r=y=2<0

3

Do d6 hé da cho tré thanh
" +zx+a=0

Xét ham s6 h(z)=2" +z+a tren (—;0). Taco h'(z)=32"+1>0 v6imoi z nén ham s6 h'(z) dong
bién trén khoéng (—o0;0). Vi vay phuong trinh A(z)=0 c6 nhiéu nhat 1 nghiem. Lai do h(0)=a>0
va zlirgoh(x) =0 nén phuong trinh h(x) =0 c¢6 dang 1 nghiém thudc khoang (—00;0) hay trong trucng
hop nay hé c6 nghiem duy nhat. Vay v6i moi gia tri ctia tham s6 a thi hé phuong trinh da cho c6
nghiém duy nhét.

(b+c+d)"" =3a
. (a+c+d)20m—36
Cau 61. Giai hé phuong trinh 2010
(a +b+ d) =3c
(a +b+ 0)2010 =3d
Baltic Way 2010
Giai

Néu (a;b;c;d) 1a nghiém ctia he phuong trinh thi khong mét tinh tdng quat ta gid st ring a<b<c<d.
Khidotaco b+c+d=2a+c+d=a+b+d=2a+b+c.
"1 tang khi >0 . Do dé ta co

3a =(b—i—c—i—d)2010 > (a—i—c-i—d)2010

Ta thay rang

2010

Z(a+b+d)20102(a+b+c) =3d

0
Vay ta dugc a=b=d =c, khi d6 thé vao hé ta dugc (3@)2010 =30 1.
3

Vay hé c6 nghiém a=b=c=d=0,a=b=c=d=%.

a® +3ab® +3ac® —6abc=1
Cau 62. Giai he phuong trinh {b° +3ba” + 3bc”> —6abc =1
¢* +3ca’ +3cb® —6abe =1

Baltic Way 2002

Giai
Dat vé trai ctia 3 phuong trinh trong hé 1an luot 14 A, B,C' .
~A+B+C=(~a+b+c)
Ta c6 nhan xét sau A—B+C:(a—b+c)3
A+B—C’=(a+b—c)3
(—a+b+c)3 =1
Khi d6 hé phuong trinh tuong duong (a -b+ 0)3 =1 ©a=b=c=1.
(aer—c)3 =1

Vay (1;1;1) la mot nghiém cta hé phuong trinh da cho.
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T2+ a1, +7, =1
T2+ 2,1, + 1, =1
2 4

R 1 . T, +x.x, +T, =1
Cau 63. Giai he phuong trinh {"* 77~ 7°

2 4 _
L1999 + L1998L1999 T Lrggs =1

2 4 _
Ty + TygeeZ; + T, =1

Giai
bat k= J2-1 , tit day suy ra k théa man k'+2k° =1, vay z, =k 13 mot nghiém ctia hé phuong
trinh da cho. Ta sé di chitng minh day 14 nghiém duy nhét.
Gia st 7, <k thi tut phuong trinh dau ta suy ra z, >k, ¢ nhu vay dén phuong trinh cubi ta thu dugce

x, <k, diéu nay trai véi mau thuan. Tuong tu v6i x, <k ta ciing chiing minh duge diéu tuong tu.

Vay heé phuong trinh ¢6 nghiém duy nhat z, =z, =...= 2,4, =k .
42
T=—7
1+4z2
~ coe 1A . 4z
Cau 64. Giai hé phuong trinh {y = 5
1+4x
2
PR
1+4y
Giai
Phan tich. Mot cau hé phuong trinh § tudng khé la don gian.
42 =2
1-z
T hé ta suy ra duge 0<z,y,z <1. Viét lai hé phuong trinh < 42° = 1L .
)
49° = _*
Y 1-2
Yz

Nhan ca 2 vé cia ca 3 phuong trinh cho nhau ta duge 64(a:yz)2 = (1 )(1 )(1 )
—x —y —Z

Néu mot trong 3 s6 bang 0 thi tit hé ta suy ra duge 2 s6 con lai ciing bang 0, vay hé c6 mot nghiem 13

0;0;0). Xét zyz=0 thitacod zyz(l—z)(1-y)(1-=2 =L.Theobét ding thitc AM — GM ta c6
6

4
1 1 1
z(l-z)<—y(l-y)<—,2(1-2)<—
(1-2)< 2 y(1-p) <t 2(1-2) <2
A “w__ 9 2 . N 2 . 1 ~ ~ P . a < 1 ]. 1
Dau “=" xay ra khi va chi khi x=y=z=§.Vayheco2nghlemla (0;0;0), 5;5;5
i:£+1
Ty z
1
Cau 65. Giai hé phuong trinh {— =2 +1
Yz T
i=—+1
2X

Giai
Diéu kien zyz #0.
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Nhan thiy néu mot trong ba sé z,y,z c6 mot s6 am, chidng han x <0 thi phuong trinh thit ba vo

nghiém. Néu hai trong ba s6 z,7,z 1a s6 am,chang han 2,y <0 thi phuong trinh thi hai vé nghiém.

Vay bas6 z,y,z cung dau.
z=x'y+1Y2
e Xét truong hop z,y,2z > 0. He da cho tuong duong <z = v’z +yzz .

y=2"1+ 21y

Cong vé theo vé ta duge z+y+2z =2’y +y’ 2+ 2°x + 3zyz > 61Y2 (1)
2
—=z+z
Yy
o P 3 1 3~ L. X z X Yy
Mat khac viet lai hé da cho duéi dang —=y+x:>—+—+—=2(x+y+z)
Yz Ty Yz 2
Yoyt
2T

Theo bat déng thitc AM — GM ta c6

1‘2+y2+z2 >(:I:+y+z)2

2(:v+y+z)= e > 3 =>6bxyz2rx+y+z (2)
Tu (1),(2) ta suy ra a:zy:z:%.

e Xét truong hop 2,7,z <0 thita dat a =—x;b = —y;c = —2 1r6i chuyén nhu truong hop dau tien.
2 2 2

Vay hé ctia nghiém la (x,y,z) = (7,777}

x3+4x+2=i+4 6 -2y
y—4

Cau 66. Giai he phuong trinh {9’ +4y+2= % +4+6—22
z —

22 +d4z+2= < + 46 — 22

z—4

Giai
Diéu kien z,y,2<3.

Xét cac ham s f(zf)zt3 +4t+2,g(t)=ti4+4 6—2t trén (—00;3].

Khi d6 taco f'(t)=3t"+4>0,9'(t)=— 51 covi<s.

(t-4)" 6-2t

Ma f(t),g(t) la céc ham sb lien tuc trén (—o0;3] suy ra f(t) dong bién trén (-;3] va g(t) nghich

bién trén (—o;3]. Khong mat tinh tdng quét ta gia st  =min{z,y,z} . Khi dé ta co.
Néu z<y=g(z)>g(y)= f(2)> f(z)=z>2=9(2)<g(z)= f(y) < f(2).
Suyra y<z=g(y)>g(2)= f(z)>f(y)=>z>y.voliviz<y.

Do vay z =y, tuong tu li luan nhu trén ta dugec x=2z suyra x=y==z.

Thay trd lai hé ta dugc 2° + 4z +2 =i4+4\/6—2x (1)
m_
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Theo trén, bén trai 1a ham dong bién, bén phai 14 ham nghich bién, nén phuong trinh c6 nhiéu nhat 1
nghiém. Ma z =1 la nghiém nén n6 1a nghiém duy nhat ctia phuong trinh (1).

Vay nghiém ctia hé phuong trinh da chola z=y=2=1.

m—\/azl

Cau 67. Giai hé phuong trinh <y — Jz=1

z—JE:1

Giai
x:1+\/§

Diéu kién. z,y,2 > 0. He da cho tuong duong véi {y=1+ Jz
z=1+ \/;

Néu z <y thi 1+\/§<1+\/Z hay y<z,dod6 1+z <1++/z hay z<z.
Vay tacé z <y <z, vo ly. Tuong t, ta ciing khong thé c6 = > .

Do d6 z=1y,suyra 1+\/§:1+\/; hay z=y=z. Thay vao hé ta c6

N R L N (TN

2

Vay hé c6 nghiém x=y=z=i(1+\/g)2.

1

4

T = ——
Yy 2

, 1
Cau 68. Giai hé phuong trinh {y' -2z = 5

2t —2x=-=
2

Hé phuong trinh tuong duong véi.< y' = 2z 5 Tt d6 ta nhan thay z,y,2>0.

1
7t =2r—=

Néu 0<z<y thi z' <z' nén z<z (do ca hai s6 déu duong). Ngoaira z' <y’ < y<z.
Do d6 z <y <z <z, voly. Ching minh tuong tit ta ciing c6 = khong thé 16n hon y .
Vay z=y=z. Thay vao phuong trinh dau ta co.

2
z' —2$+%=0<:>:E4+2$2 +1-22° —2x+%=0<:>(x2+1)2—2[$+%] =0

) 1
2 _Pr+1-—=0
CINETT R 2222

& : Sr= >
2?22 +1+—=0

V2
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Vay hé da cho c6 nghiém z=y=2= 5

Tuyén tap phuong trinh dai sé hay va kho |

V2222

-2

xS_y?_yz

Cau 69. Giai he phuong trinh {y* —2* -2 =

w
o

8

8]

Wl Wl |

N

2
. 1 1 1
Taco. 2° =y’ +y+—=|y+—=| +—>0,neén =,
vy 3 (y 2} 12

1
+—>

12

2
Néu z >y thi x3>y3:>(y+%j 5

[

Giai

y,2>0.

1Y 1
2= | +—=y>z.
12

Tt d6 ciing lam tuong tutréntacé z>x ,dodé z>y>z>x,vo ly.

Chitng minh mot cach tuong ti, ta khong thé c6 = <y . Vivay =y =z, thay vao phuong trinh ta cé.

1
-t —r==—<32*-32" -3z

<:>4a:3—(x+1)3=0<:>§/1x=x+1 S r=

Vay hé c6 nghiém duy nhat r=y=2=

1
Ya-1

=1c>4x3—(x3 +3x2+3x+1)=0

-1

1
yz

Nhin chung phuong phéap giai ctia loai hé phuong trinh nay khong kho.

x—lzl
Y
1
Cau 70. Giai hé phuong trinh <y——=1
z
B= 1 =1
x

Ciing v6i phuong phap trén, gia st z >y . Ta viét lai hé nhu sau

T Z

Y Y

z z

Y Y

zZ T Z X

Giai
r=1+—
Yy
1
y=1+—
z
1
z=1+—
T

Vi >y nén 1>1©1+1>1+1<:>I>2_
Vi z >y nén 1+l>1+1<:>1>1<:>y<z.

1 1 1 1
Viy<znén l+—<l+——<—z>zx.

T d6 ta thay mau thudn. Tiép tuc ching minh tuong tu, ta suy ra dude z=y=2z.
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Giai
Lay (1)tru(2) taco
(w—2y+z)(x—z)=:c2—22—2(x—z)z(m—z)(x+z—2)<:>Q(x—z)(y—1)=0<:>x=z
e Végiy=1taco (3)<::>(gv—z)2 =loz=r+lz=2-1
o VGi z=x+1,gidi dugc z=0,z=1va z=1,z=2. Khi d6 ta c6é nghiém (0,1,1),(1,1,2).
o V6iz=2 tit (3)taco y’ —2y=0<>y=0,y=2. Khido {”f =2Z_zz @{%2 =22
2 =2r-x T—2z
Giéi dugc nghiem (0,0,0) va (1,0,1).
e Vi y=2 ,Giai ra duge nghiém (1,2,1) va (2,2,2).
Vay hé phuong trinh c6 8 nghiém.

l1-zz,=0
l1-zz,=0
Cau 72. Giai hé phuong trinh J... 3T, Tyye .., T, €R

l-z, ,z =0

1-z,2, =0

Giai
D& thay cac an z,,2,,...,x, #0.
Tu phuong trinh thi nhat va thit hai ta duge z, = z,.
Tu phuong trinh thi ba va thi tu duge z, =z, ....

=T

Bay gio néu n 1¢ thi theo cach suy luan nay ta duge z, =z, =z, =...=xz, , =z,.
Tuong tu taciing ¢6 z, =z, =...=2,_,.
Tt phuong trinh cudi ciing ta duge 27 =1<> 2, =+1.
Thay gid tri ndy vao phuong trinh thi nhat ta duge z, =+1.
D6i vl n 1étaco z, =2, =...=z, =+1.Thi lai thay ding.
D61 v6i n chén,tuong tu nhu trén ta duge z, =z, =...=z, ;2,=2,=...=x, .

s . 1
Tt phuong trinh dau tién ta c6 z, =—.

ml
1

Gidst z,=z,=...=2, | =a=>2,=2,=...=2, =E(a¢0).

T, Ty + T, Ty + T, Ty + T, =2

~ e . 7,08, 3 88,5, < T, -0y =2
Cau 73. Giai hé phuong trinh ) Ty %y, T3, T, €R

T, Ty + T, T, +T,T, +T, =2

TyTy + Ty, + Ty, + T =2

Giai

Trit theo tiing vé tiing doi mot cac phuong trinh ctia he da cho, ta duge
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(951 —acz)(a:3 +z, —1)=0
(:z:1 —:173)(1“2 +z, —1)=O
(I1 —x4)(:1:2 +z, —1)=O
(x2 —:vg)(xl +z, 1)=0
(:1:2 —$4)($1 +, —1) =0
(373—%)(131 +, —1)=O
Tt d6 ta xét 4 truong hgp sau
e Truonghopl. z, =z, =2,=u1,
e Truong hop 2. z, =2, =1, #2,
e Truong hop 3. z, =z, #z, vaz, #1,
e Trudng hop 4. z, # 1, (z’ ;tj)
T, +z, +z,=0
Ty +2, +1, =0
Cau 74. Giai he phuong trinh { s Xy Lyyen s Ty € R
Lgg + Tgg + 21 =0
Tgy + Ty +2, =0
Ty T T, +2, =0
Giai

Cong theo vé ctia phuong trinh ta thu duge z, +z, +...+ z,,, =0
Ta viét lai phuong trinh 6 dang sau

(wl +, +353)+(ac4 + +956)+...+(3U97 + Tyq +x99)+x100 =0
Theo dé méi tong trong ngodc don béng 0 nén z,,, =0

Lam tuong tu nhu trén, cubi cung ta thu duge z, =z, =...=1z,, =0.

<

23;(3/2 +1) = (y2 +9)

Cau 75. Giai hé phuong trinh 2y(z2 + 1) = 2(22 + 9)

Giai
x:y(y2+9)
2(y* +1)
_ ) z(zz+9)
Hé phuong trinh da cho tuong duong véi |y =
2(z2+1)
_x(m2+9)
z_2(x2+1)
Dat t—t(t2+9)'t R.Giast z = ticla z2y,z >
at f( )_m, eR.Gidstt z =max{z,y,z} ticla z>yz>2.

Ta co ny@f(y)Zf(z)@...@(y—z)[(yz—3)2 +(y—z)2}20©y22<:>f(z)2f(x)

Lap luan tuong tu ta duge z >z .
Vay z=y=z.Dén day thé vho mot phuong trinh trong hé ta dé dang giai dugc he.
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L5 5

\/x2 +y° +(3—z)2 +\/y2 +2° +(3—gv)2 2
Cau 76. Giai hé phuong trinh \/y2 +2° +(3—:13)2 +\/z2 +° +(3—y)2

\/22 +z° 4—(3—1/)2 +\/z2 +yQ-+—(3—z)2 =2

Giai
Cong theo vé ba phuong trinh ctia hé ta duge
\/xQ +y° +(3—z)2 +\/y2 +2° +(3—3U)2 +\/22 +a° +(3—y)2 =36

Xét 3 véc to u :(z;y;3—z),7j = (y;z;3—x);@(z;x;3—y)

Ta co ‘ﬁ‘+‘5‘+‘@‘2‘ﬁ+5+@‘ , ap dung ta dugc
‘ﬂ‘+‘5‘+‘@‘=\/m2 +y?+(3-2) +\/y2 +22+(3-2) +\/22+x2+(3—y)2

2

2\/(x+y+z)2+(x+y+z) +(9—a€—y—z)2 =\/3(x+y+z—3)2+5423\/6

T+y+z=3

Déu “=" xAy ra khi va chi khi { Sr=y=z=1

Vay hé phuong trinh c6 nghiém duy nhat (X;y;z) = (1;1;1)

z =z, +1
z) =z, +1
Cau 77. Giai hé phuong trinh | ... (n eN* n> 2)
. =z, +1
=z, +1
Giai
Khong mat tinh téng quét, gid stt =, = max{z,,z,...,z, } (*)

Thé thi z? =z, +1=max{z, + Lz, +1...,z, +1} =max{xf,:1:§,...,zi}
:>|x”|=max{|x1|,|a:2|...,|x”|} (**)
Tu (*),(**) suy ra z, <0

e Néuwm>0thiz’=2+1>1.Vizg, <0=z,<-1,volyvi 2’ =z, +1<0

Vay z,<0=z, <0 Vi=1n.

Tu (**) suy ra @, =min{z,,z,...,z,}. Vi 2, <z, <0,Vi nén |I1|=min{|xi|} hay =} :min{xf}.

i

Vay xQ=x12—1=min{xf—1}=min{a:}:x”.Tfr )=z, +1vaz’ =z +1suyra z, =1,.

o - . :E]:xg:...:max{mi}
Cu tiép tuc nhu vay ta co ) .
w2=x4=...=m1n{xi}=xn
T - a . 1+4/5
. V(’nnleacoxlzazQ:...:xn.Tu’hetacoxf—xl—lecxlzT\f.
: 1-+/5
Do d6 hé phuong trinh ¢6 nghiém la x1=x2=...=x”=T\/_.
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- . . ) 2
e V6in chin. T z) =z, + 1,2 =2, +1 va 1, =, ta co (mf—l) =z, +1=| z,=-1

Vay hé phuong trinh ¢6 cac nghiém la

1-5 15 1-5
(ml,xQ,...,@,): 5 ; 5 et 5

,(—1;0;—1;0....;—1;0),(0;—1;0;—1;...;O;—l) .

2x<y2 + aQ) = y(y2 + 9a2)
Cau 78. Giai hé phuong trinh 2y(22 + a2)

2(22 + 9a2) (1) theo tham sé a .

2z(x2 +a2)=x(m2 +9a2)

Giai
2$y2_y3
Khia=0,hé()trdthanh 22" =2° = 82°y* 2 =2y’ .
2z1° =1
Suy ra xyz=0. Vay (1)@1:23/:2:0.
. . x(m2+9a2)
T day ve sau ta xét a # 0. Xét ham so f(x): — 2 VzelR
2(:1:2+a2)
:r(x2+9a2) — +7ax =0
Khi dé —r=———-r=—— = .
l of(:r) . 2(:1:2+a2) ! 2(3: +a)f($) e x =xa/7
2_3 2 2 _
Taco f'( )_Mzo;f'(x):w{”” Via
2($2+a2) z=—/3a

Vay ham s6 f(z) dong bién trén R .
Lap luadn hoan toan tuong tu nhu cach 2 & muc phuong phap giai,ta duge

rz=y=2=0
1) —y=z=a7
(1)< _ a:) @x:iﬁaexyza«f

xTr= y =2 = —a\/?
Két luan.
e Khi a=0 he (1) c6 nghiem duy nhat 1a (0;0;0).

e Khia=0,he (1) ¢6 ba nghiém la (O;O;O),(a 7;aﬁ;aﬁ),(—a 7;—aﬁ;—aﬁ).

Cau 79. Giai hé phuong trinh y(3z2 + 1) = 2(z —z3)
2(31:2 +1) = 2($—:1:3)
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z=f(y)-y |z+y=Ff(y)
Hudng dan. He viét lai Jy=f(2)-z < y+z2=f(2)

zzf(x)—x z+x=f(x)

_x3+3m
22 +1

Véi f(z) 1a ham dong bién. Gid st z =max{z,y,2} ,thé thi 2>y>zhodc z22>y.

Xét truong hop z >y >z (trudng hop x>z >y tuong tu va cac nghiém trung véi cac truong hop da
xét). Khi dényjf(m)Zf(y)3x+zZ$+y:>z2y. Vay y=2z,suyra f(y)zf(z)hay T==z.
Thay z =y =2z vao hé phuong trinh ta co6

J5

x(3x2 +1)=2(m—$3)©5x3—sz@xe{O,i?}

Vay hé phuong trinh ¢6 3 nghiém la (O;O;0),(£'£'£J{—£'—£'—£J

) 9 ) I

5 5 5 5 5 5

T, + T, = YT,
T, + T, =Yz,
Cau 80. Giai hé phuong trinh <z, + 2, = yz, trong do (xl,xz,x3,x4,x5) vay la tham sb.

Ty +£IZ5 =yz,

T, +T, =Yy,

IMO Problem 1963

Giai
Cong ca 5 phuong trinh ciia hé da cho ta duge
2($1 +T, + T, + 1, +x5)=y(:1:1 +T, +T, + 1, +x5) (1)
Déng thiic nay chi ding trong hai trusng hop
e Trudng hop 1. Néu y=2 khi do he da cho c6 thé viét dusi dang

T, —T, =T — T,

T, — Ty =Ty — T,

Ty =Ty =Ty =Ty
Ty —T, =T, — Ty
Ty =Ty =Ty — Ty

Dat z, —z, =t . Thé thi

Tudaysuyrat=0 va o, =2, =2, =2, =2, =k

Néu y#2, thi theo (1) ta phéic6 z, +x, +z, +, +z; =0(2)

Tit dang thiic nay v tit cac phuong trinh ctia hé da cho, ta suy ra
v'r, =y yT, =y(ac2 +:/1c5)=ygz:2 + Yz, =(x1 +$3)+(I4 +:r,1)
=z, +(z, + 3, +3,) =7 — (2, +7,) =2, —yz,

Hay (y2 +y—1):c1 =0. Tuong tu, ta cing co (y2 +y—1)xl. =0(1 SiSS)

Thanh thtr dén day ta lai xét 2 truong hop

+Néu ¢’ +y—-120=>z =2,=2,=2,=2,=0
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2

+Néu y° +y—1= O(y = J , thi tt phuong trinh thi 2 ctia hé suy ra

T, =T, + YT, (3)
Cong 2 phuong trinh dau ctia hé ta duge
T, + T, + T, + T =y(alc1 +x2), hay, do (2):3:4 =—y(x1 +x2) (4)
Hon nita ta ¢6 thé viét phuong trinh dau ctia he dudi dang z, = yz, -, (5)
Ta hay ching t6 rang trong truong hgp nay, nghiém ctia hé phuong trinh la. z,,z, tuy ¥, con z,,z,,2;
dugc xac dinh 1an lugt béi céc cong thic (3),(4),(5) nghiém ay thod mén diéu kien (2). Qua vay.
1. Phuong trinh dau dugc nghiém dang do (5) )
2. Phuong trinh tht hai cing duge nghiém dang do ¢6 (3)
3. Do (3),(4), cing véi gia thiéty’ +y—1=0, ta co
T, +T, =1, —y(a:1 +x2):—ya:1 —(y —1)ac2 =—yz, +y’°T, :y(—a;1 +yx2)=yx3
4. Vay phuong trinh thit ba dugc nghiém ding.
Do (3),(4),(5) cung v6i gi& thiét y° +y—1=0 =0, taco

Ty +ay =z, +yz, )+ (yz, —2,) = (y 1) (2, +2,) =y (2, + 2,) = yz,
Vay phuong trinh thit tu duge nghiém ding.
5. Do (4),(5), cing vdi gia thiét y* +y—1=0, taco
g, +a, =—y(z, +,)+z =(1-y)z, —yz, =y’z, —yz, = y(yz, - z,) = yz,
Vay phuong trinh thit nam duge nghiém ding.
Cuodi ciing, tir (3),(4),(5) ta thay ring
T+ Ty + Ty + Ty + Ty =2, + 3y + (-2, +yz, )y (2, +2,) + (yz, —2,)=0
Tém lai, cac két qua tim duge nhu sau

Z

e Néuy=# > va y # 2 thi hé phuong trinh c6 nghiém

e Néu y=2 thi hé phuong trinh c6 nghiém z, =z, =z, =z, =z, (s0 tuy y)

) 1++5

e Néuy= 5 > thi hé phuong trinh c6 nghiém z, tuy y, z, tuy y

Ty ==, + Y2y, 3, ==y (2, +1,),2; =y, — 7,
Can dé y ring cac trusng hop nay vi céc diéu kieén ciia dau bai sé khong ddi néu ta hoan vi vong quanh
céc chi s6 clia cac an, nén ciing c¢6 thé thuc hien phép hoan vi ay doi véi biéu thitc ctia nghiem. Ching
han z, tuy y, =, tuy y

T, =—T, +YTs,T, z—y(:v4 +m5),x3 =YT, — Ts

Ay, T, +a,T, + 0,7, =0
Cau 81. Cho hé phuong trinh a, 2, + ay,®, + a,,z, =0
Oy Ty + Uy Ty + ATy =0
Véi cac hé s6 théa man cac diéu kién sau day
1. a,,a,,a,,duong
2. Tat ca cac hé s6 con lai déu am
3. Trong mdi phuong trinh, tdng cac hé s6 déu la duong
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IMO Problem 1965

Giai
Gié st (xl,x2,$3) la mot nghiém ctia hé phuong trinh da cho
Tit didu kien ctia bai toan, ta thay néu can thi phéi thay déi cdch danh sb cac z,,z,,z,, nén c6 thé gia
thiét réng |z, | >|z,| va |z,|>|z,|
Phuong trinh thit nhét ciia hé c6 thé viét dusi dang a,,7, = —a,,7, —a,,z,
Do do |auxl| =|a12$2 +al3x3| < |a12x2| +|al3x3|
Vi a, >0,a, <0,a,,<0 ,néntaco a, |x1 | <-a, |x2| —ay, |$3| <-a, |$l | —ay, |x1|
Hay (a11 +a, + a13)|x1| <0
Nhung a,, +a, +a, >0 ,vay |$1|= 0,vadodo |:C2| =0,|x3| =0

Tacla z, =z, =2, =0.

T, + Ty To Ty =2

= SR8 T . Ty + T, 0,7, =2
Cau 82. Giai hé phuong trinh

(1)

Ty + T, Ty T, =2
T, +T,T,T, =2

IMO Problem 1965

Giai
Dé § ring néu x, =0 thi tasé c6 z,2,7, =2,7, =z, =7, =2 . Didu nay vo 1y.
Vivay z, #0, va vi vai tro cta z,,z,,2,,z, la nhu nhau, nén ta cling c¢6 z, #0,z, # 0,2, # 0. Thanh tht
nhan phuong trinh thit z’(i =1, 2,3,4) cua hé (1) véi z, , thi ta duge hé tuong duong
T} +zz3,r, =27, (Z =1, 2,3,4)
Dit p=z,2,7,7, , thi 16 tang mdi z, 1a nghiém ctia phuong trinh bac hai 2° =2z +p=0.
Nhu vay mdi z; chi c6 thé 1ay mot trong hai gid tri 1+ ﬂ

Do d6, chi c6 thé xay ra mot trong 3 trudng hgp sau day
e Trudng hop 1. Ca 4 s6 z, déu bang nhau, ticla z, =z, =z, =z, =t .

Khi d6 he phuong trinh (1) thu vé mot phuong trinh
£ +1-2=0 hay (t-1)(# +t+2)=0

2
1 7 .
Vi t2+t+2=(t+§j +Z>0,néntaph§u cot=1,tacla o, =z,=2,=12,=1

e Trudng hop 2. Trong 4 s6 z,, chi ¢6 3 s6 bing nhau.

Khi d6, c6 thé gia thiét =, =z, =z, =¢#z, . He phuong trinh (1) trd thanh

2
{Z:—f ::4:_22 (2)
Lay PT(1)-PT(2)ta dugc (t—t*)+ (¢ —1)z, =0 hay (¢* —1)(z, —t)=0.
Vi z, #t nén ta phaico t* =1. Do d6
o Hoac t =1t phuong trinh 2 cta hé (2) tasuyra z, =1.
Nhung diéu nay mau thuan véi gia thiét ¢ # z,

o Hoac t =-1 ti phuong trinh 2 ctia hé (2) tasuyra z, =3.
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A

Vai tro clia 4 s6 z; la nhu nhau, nén truong hgp nay ra di dén két luan trong 4 s6 z, (z = 1,2,3,4), 36
bang —1 s6 con lai bing 3
Boén s6 z; 1ap thanh hai cgp s6 bing nhau tic 1a chang han z, =z, =t#z,=7, =u.

(3)

Lay phuong trinh thit nhat trit cho phuong trinh thi hai, ta di dén (¢ —u)(1—tu)=0.

t+tu’ =2
Khi d6 (1) trd thanh
u+ut” =2
Vi t#u ,nén tu=1.Dong thai trong he (3) ta cling c6 (t+u)(1+tu)=4. Vavitu=1,nén t+u=2.
Nhu vay t va u la cac nghiém ctia phuong trinh bac hai z* —22+1=0, phuong trinh nay chi c6 nghiém
z=1, titc 1a t =u =1 Nhung diéu ndy mau thuin véi gia thiét ¢ #u . Téng két lai cac truong hop da
xét, ta di dén két luan he (1) c6 cac nghiem sau day
1. z=0,=0,=2,=1

2. 36 z, bang —1, s6 con lai bang 3.

Cau 83. Cho a,,a,,a,,a, 1a bon s6 thuc khac nhau cho trude. Giai hé phuong trinh
|a1 —a2|:1:2 +|a1 —a3|$3 +|a1 —a4|ac4 =1
|a2 —al|x1 +|a2 —a3|:1:3 +|a2 —a4|:1:,1 =1
|a3 —al|gv1 +|a3 —c12|av2 +|a3 —a4|x4 =1
|a4 —a1|a:1 +|a4 —a2|:1c2 +|a4 —a3|ac3 =1

IMO Problem 1966

Giai
Dé ¥ rang néu thay doi vai tro ciia hai chi s6 thi hé phuong trinh khong thay déi.
Vi vay c6 thé gia thiét a, >a, >a, >a,.

(a,1 az):v2 Jr(a1 —a3)x3 +(a1 —a4)x4 =1
Khi do he phuong trinh tré thanh 104 ~ @)%+ (% =6 )e+ (0, —a, )z, =1
(a,1 —a3):v1 Jr(a2 —aS)gv2 +(a3 —a4)x4 =1
(a1 —a4):1:1 4—(a2 —a4)x2 +(a3 —a4)m$ =1

Bién dbi bang cach trit cac phuong trinh cho nhau ta dugc
(a1 —az)(—ac1 + 1z, + x4 +a:,1)= 0
(a2 —ag)(—ac1 -z, + 1, +x4)=0
(a3 —(14)(—m1 — T, — T, +m4)=0

Thanh thit hé da cho tuong duong v6i hé

-, +T,+z, +x, =0 (1)
—x, —T,+x,+x,=0 (2)
-, T, —x,+x, =0 (3)
(a1 —a4)z1 +(a2 —a4)m2 +(a3 —a4)x3 =1 (4)

Cong (1) véi (3) ta dudc z, =z, .

Cong (1) véi (2) ta dugc z, =z, +z, vay z,=0.
Cong (3) véi (2) ta duge z, +z, =z, vay z,=0.

1

a, —a,

Mang cac gia tri nay vao (4) , thi duge z, =z, =
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1

a —a

Nhu vay v6i gid thiét a, > a, > a, >a, thi hé da cho ¢6 nghiem z, =z, =0,z, =z, =

Néu gia thiét trén khong ding, ma ta c6 ching han a, >a, >a, >a, , thi do nhan xét & dau bai, ta
1

_al

thay c6 nghiém ctia he phuong trinh 1a z, =z, =0,z, =z, =

Cau 84. Cho he phuong trinh ctia cdc an s6 z,,2,,...7,

2 _
ax, +bx, +c=u,

2 p—
az, +bz, +c=1,

2 _
ax, ,+bzx _ +c=zx,

ax’ +bz, +c=1,
Trong d6 a,b,c 1a nhitng s6 thuc va a # 0.Ching minh ring
1. He khong c6 nghiém thyc, néu (b— 1)2 —4ac<0,
2. Heé c¢6 mot nghiem duy nhat, néu (b- 1)2 —4ac=0,

3. Heé ¢6 hon mot nghiem thuc, néu (b - 1)2 —4ac>0.
IMO Problem 1968

Giai
Trude hét ta haly xét truong hop a > 0. Dé toan goi ¥ xét tam thiic bac hai f(z) =az’ + (b - l)z +c.
az’+(b-1)z, +c=gz, -z
ez . . . az,’ +(b-1)z, +c=w, -z,
Bien doi hé phuong trinh da cho thanh hé tuwong duong (1)

azx,’ +(b—1)x" +ec=z2, -7,
bat y, =z, —x,y, =2, —T,,y, =T, — T5,...,Y, =T, — T, .
Thi hé (1) c6 thé viét dudi dang sau v, =f(xi)(i=1,2,3,4,5,...,n) (2)
Vadéyring y, +y, +..y, =0 (3)

e Néu (b—1)2—4ac<0,thi ta co f(z)>0 v6i moi z vi (a>0) ,nén ta co y, >0(z’ = 1,2,..., n)

Nhung diéu nay mau thuan véi (3). Vi vay trong trudng hop nay, he (2) khong thé ¢6 nghiem

thue.
e Néu (b—l)2 —4ac <0, thi tam thic f(z) c6 mot nghiem duy nhét 2z, = 2_a va néu z#z, thi
f(2)>0. T (2) ta thay rang y, 20(i = 1,2,..., n).
Do d6 déng thiic (3) chixay ranéu y, =y, =y, =...=y, =0 vl vay ta phai c6
f(z)=0(i=12,...,n), hay z, =z, =...=1, =%

e Néu (b- 1)2 —4ac<0, tam thic f(z) c6 hai nghiem phan biét

1-b—(b=1)" —4ac  1-b+(b-1)" —4ac
21: 722:
2a 2a

R6 rang khi d6 hé da cho dude nghiém dang néu ta lay
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L\ =T,=...=x, =% hoac z,=z,=...=2, =——

Nhu vay trong truong hgp nay, hé da cho it nhit 1a hai nghiém da néu.
Truong hgp a < 0 cling duge xét tuong tu.

Cau 85. Tim tat ca cac nghiém duong ciia hé

IMO Problem 1972

Giai

Trude hét, ta c6 nhan xét ring hé da cho khong thay doi néu ta thuc hién mot phép hoan vi vong

quanh cta céac sb6 z,,%,,2,,7,,T, . Nhu vay, néu (a,b,c,d,e) 1a4 mot nghiém, thi chang han (b,c,d,e,a)

ciing 1a mot nghiem. Dé tim tat ca cac nghiém ciia hé, ta hay phan loai cac nghiém theo hai loai

1.
2.

Trong nghiém (z,,,,2,,2,,;) c6 it nhat mot sb bang 0.

Trong nghiém (z,,2,,,,2,,7; ) khong c6 s6 nao bang 0.

Ta hay xét ting truong hop.

1.

Do nhan xét da néu, ta hay tim nghiém trong d6 z, =0.
Tu bat phuong trinh thi hai va thi tu, suy ra z,z, =z,z, =0.
Khi d6 cac bat phuong trinh thit nhat, thi ba, thit nam tré thanh

02—z, (mf — Ty Ty ) = —xgxgxs + xzxf = x,fxf

0> 22! — 2,20, — 1,20, +ToT) =17, + 1,77

0=-z,z, (If - 172304) = —m2$4$52 +arl =TT
Nhu vay z,z, = 2,2, =22, =z,2; =0. Thanh tht zz, =0 véi i # j(z’,j = 1,2,3,4,5) .
Diéu nay x4y ra khi va chi khi trong nam s6 z, , ¢c6 bon s6 bang 0, con s6 kia tuy .
Trong truong hop nay, ta hiy nhan xét thém ring néu (z,,z,,2,,7,,2;) & mot nghiem, thi
(z,,tz,,tz,,tz,,tz;) ciing 1a mot nghiém, véi ¢ tuy §. Bay gio ta hay dé y ring theo bat phuong
trinh thit nhét, tich z,z, phai nim giita hai s6 duong z},z) vayz, =, >0 ticla z,,7, o cling
dau. Tuong tu, theo bat phuong trinh thi ba, suy ra rang z.,z, c¢6 cung dau. Lai theo bat
phuong trinh thi nam, suy ra ring z,,z, c6 cing dau. Cudi cuing, theo bat phuong trinh thi
hai, suy ra rang z,,z, c6 cung dau. Thanh thit c& 5 s6 z,,,,z,,2,,2, c6 cing dau, va do nhan
xét vita néu do trén, ta cé thé gia thiét ring z, > O(i =1,2, 3,4,5) )
D@ tiép tuc tim nghiém, ta c6 thé gia thiét (do nhan xét dau tién da néu) ring z, 1a s6 nhéd

nhét trong cac s6 z,, ,, ¥, Z,, . T cAc phuong trinh thi nhat va thi 5 suy ra
) ) T, T,
z,3, S75,7,7, <z7, hay 2 <2< (1)

Ta hay so sanh z,,z, . Hai kh& nang xay ra.
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2

e Néuz,<z;. Tu (1) taco z <=z, <z, <z,(2). T bat phuong trinh thi 2 suy ra 2} <z <z ,

nhu vay phai ¢6 z, <z, <z,. Thanh thit z,,z, déu nho hay bing va, do d6 theo bat phuong
trinh thit tu, suy ra z,7, =z, hogc z,z, =z. Do d6
o Néu zx,=1z thi 2, =2,=1,.
Tt phuong trinh thi 3, suy ra z,2, =, vay z, =z, =z, . Suy ra ca 5 s6 déu bing nhau
o Néu zz, == thitheo (2) tacé z, =z, =z, =x,. Tt bat phuong trinh thi 5 suy ra do
d6 ¢4 5 s6 déu bang nhau
e Néu g, <z, . Tu (1) suyra 2, <z, <z, <z,(3).

Theo bat phuong trinh thit 4, ta c6 2 <z,z, <z’ , nhu vay ta ciing ¢6 z, <z, <z,. Thanh tht
z,,7, déu nhé hon hay béng =,,7, do d6 tit bat phuong trinh thit 2 ta c6 x,2, =z, hodc
z,7, =z, . Vivay
o Néu z,z, ==,’, thi theo (3), ta c6 z, =z, =, =,. Tt bat phuong trinh thi tu, suy ra
z, =x,. Vay cd 5 s6 z, déu bang nhau.
o Néu z,z, =z, , thi z, =z, =z, . Tl bat phuong trinh thi ba, suy ra z,z, =z,*.
Do d6z, =z, =x,. Vay cad 5 s6 z, déu bang nhau.
Tém lai hé bat phuong trinh da cho ¢6 hai ho nghiém (ml,xz,xS,x4,$5) nhu sau
e Mot ho trong d6 bon s6 z, bang 0, s6 thit nam 1a tuy .

e Mot ho trong d6 cA nam s6 z, biang nhau (bing mot sb tuy ¥).

Cau 86. Cho s6 nguyén duong n va m = 2n , véi moi gia tri 4,j théa man dicu kien
1<i<n,1<j5<m

Goi a; 13 1a cac s6 nhan gia tri 0,1,—1. Xét hé phuong trinh

a2, +a,T, +...+a, z =0

Oy, Ty + Qo Ty +...+a, x, =0

2m*'m

a,T, +0a,%, +...+a, x, =0

nl nm*'m
Chiing minh hé nay c¢6 1 nghiém (m1,$2,...,xm) sao cho cac thanh phan z,,i=1,m la cac s6 nguyén

khong dong thoi bing 0 va |z,|<m,i= Lm

IMO Problem 1976

Giai
Ta c6 nhan xét sau. Néu |xl| <n,z,nguyén, thi mdi mot td hop tuyén tinh clia cdc z, sé nhan gia tri
nam gifta —2n° va 2n”, nghia la véi moi k=1,2,...,n ta cé —2n’ <a,z, +a,7, +...+a,z, <2n° | didu
nay c6 dugc do m=2n va |‘11:7| <1. Tu d6, suy ra c6 nhiéu nhat 1a (4n2 + 1)021(: gia tri nguyén ma mdi
2 P L. ~ P N ~ N 5N % nooz I 2 . . 2 ~
t0 hop tuyeén tinh néi trén cé thé nhan duge, va nhieu nhat (2n2 +1) tat ca cac gia tri c6 thé nhan
dugc cia 1 t6 hop tuyén tinh d6. Mit khac, mdi z, ¢6 thé c6 (2n+1) gia tri c6 thé, véi |z,|<n, do vay
L LA 2 2 2n 2 L cooe o 2, 5
co tat ca (2n +1) = (4n +4n+ 1) cac gia tri c¢6 the co cta (xl,xg,...,xm ),(m = 2n) .
Tt d6, suy ra ring chic chin phai c¢6 hai by phan biét cta cac (,,,,...,z, ) ma c6 cling mot td hop

tuyén tinh, ta ki hieu 1a (z,,,,...,2,,) va (2,2;,...,2) ) khi d6
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_ ' ' '
;T + Q;rTy +...+ Xy, = Ty + Q;yTy +...+ Xy

v6i moi 1=1,2,...,n . Diéu nay c6 nghia ring cac s6 z, —z/,i=1,2,...,n 1a nghiém nguyén cia he,va ta

2 ’ N . ~ 2 3x N 1Y ~ N N ror ’ N

co |JvZ —wi| <2n , ngoai ra chtng khong thée dong thsi bang khong vi (:vl,acz,...,:vm) va (xl,:cQ,...,acm) la

hai bo phan biet. Ta c6 diéu phai chiing minh.

z) =ax, +1

x§ =az, +1
Cau 87. V6i a lasb thuc va |a|>1, gidi he phuong trinhs ...

$§99 = A +1

xfmo =az, +1

Vietnam TST 1993

Giai
Ta chi can xét truong hop khi a>1 (con a<-1 thi dit o' =—a ; z/ =—z, ).

L 1 ‘ P S
Vi cac ve trai cia hé khong am nén az, +1>0. Suy ra z, >2——>-1,9=1,2,...,1000 . Do c6 the hoan vi
a

vong quanh cho céc phuong trinh ctia he nén ta c6 thé gia sit z, =maxz, (1)
Néu z, 20 thi i, =1 suy ra. |z,,,>1, tird6 z,,, >1.
Tu day, tiép tuc Iy luan ta c6 z,, > 1,... nén cac nghiem z, hodc ciing am hodc cung 16n hon 1.
e Trudng hdp 1. z,>1,Vi. Diéu kien (1) cho ta.
T, 21, D121 Sar, +12an, + 121,21, D, 21, D DI 2T,

Vay @, =z, =...=1,,, =1, v6i t, langhiem >1 cta t* —at—1=0 (2)
a+va’ +4
2

e Trudng hop 2. z, <0,Vi. Taco

hay t, =

2 2 2 2
T, 2T, =T, <z, D>ar, +1<ar, +1=>0, <z, =T, 23, >, 2T, T, ST = ...

Do do
Q) Ty 2Ly 2Ty 2.2 Tggg 2T, NON T =Ty =...= Ty -
b) z, <z, <z, <. ST, ST, NON Ty, =T, =... =T, -
. ) . z! =ar,+1
Heé da cho dugc rat gon thanh = (2, -, (7, +2,)=—a(z, —-z,).
2
z, =ar, +1
2
£ e s e, s, a—+va —4
Néu z, ==, thi z, =z, =...= 12, =t, v0i ¢, la nghiém cta (2), ticla ¢, EEEe—

Néu z, + 1, =—a thi 2’ +ax, + (a2 - 1) =0. Phuong trinh nay c6 nghiém khi va chi khi

A=4—3a220<:>—lSa 2

\/5 Sﬁ.

. 2
Keét hgp v6i a>1 ta dudge 1<a<—

<5

Lac dé nghiém ctia hé trén la ; .
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Toém lai
e Khi |g z% , hé luon c6 hai nghiem 1 z, =2, =...= 1, :%(—a+\/4—3a2 )
Ty =Ty = ... = Ty, =l(—a+\/4—3a2)
e Khilx |a| < é c6 cac nghiém la 2 ;

=

2 n
Y 1 5
\/g $2=$4=...=$1000=§(—a—v4—3a2)
1 ‘
Ty =Ty = .o = Tygg =§(—a—\/4—3az)
) .
== Ty000 =5(—a+\/4—3a2)

2
Va hai nghiém nay trung nhau khi |a| =—.

8
V)

Il

8

&

Tl +2az, +b° =1,
72 +2ax, +b* =,
Cau 88. Tim nghiém thuc ctia hé phuong trinh
T’ +2ax,  +b’ =z,

n—1

T} +2az, +b° =1,
O day b>a>0 la cac s6 thuc.
Turkey 1995

Giai
Dat y, =z, —a+% , thé thi ¥’ +y, —a® +a+b’ —izyﬂ1 . bat d=b*-a’ +a—i. Trude tién, gid st
d>0.Thé thi y,, —y, =y’ +d>0 vavivay y, <y, <...<y, <y, dicu ndy mau thuin. Vi vay khong
¢6 nghiém trong trucng hop nay. Bay gio, gia st d <0.
Luu y. Trong moi trusng hgp phai c¢6 d > —i tit a>0 va b> >a’.
Ta c6 hai nghiém la y, =y, =...=y, =+J-d ;ta sé chiing minh rang khong ¢6 nghiém nao khéc. Nhu
trude, ta khong c6 nghiem véi y, > J=d.

1

Néu ——d <y, <vJ-d ,tacé —V—d <y,, <y,. Béivi f(z)=2"+z+c la ham tang véi z>— —dz—g.

Do d6, trong truong hgp nay y, >y, >...>y, va ta khong ¢6 nghiém. Hon nita, bat dau véi y, < —/—d

day c6 thé ting hodc cubi cling vugt qua —/—d 6 trudng hop nay sé khong giam xudng dusi —/—d .
Do d6, truong hgp nay vo nghiém. Tém lai, ta chi ¢6 nghiém khi d <0 va truong hop d=0 ¢6 hai

1
nghiémla z, =z, =...=2 =% d+a—§.

2005 2005 2005 2005
Yy 42 =0

2006 2006 __ 2006

Cau 89. Cho a#0. Giai hé phuong trinh. {2* +¢* + 2 a

2007 2007 2007 2007
Ty 427 =a

Olympic trai hé Hiing Vuong, lan thir 3

Giai
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xZOOS +y2005 +z2005 — 1
Trudce hét ta gidi he phuong trinh { 2 4+ ¢ 4+ 27 =1

2007 2007 2007
4y + 27 =1

Tt phuong trinh thit hai ctia hé dé dang suy ra. z;y;z € [—1;1] .
LAy phuong trinh thit hai trit phuong trinh thit ba ta thu dugdce
22006 (1 _ x) i y2006 (1 _ y) 4 52006 (1 _ z) —0
Dé dang suy ra z;y;z € {0;1} .
Thit lai ta dugc ba nghiém ciia hé ta dugc (1;0;0),(0;1;0),(0;0;1) .

Quay trd lai bai toan, ta dit z' = z iy’ = g 2 ==
a a a

z

Khi d6 (x’;y';z') la nghiém ctia hé phuong trinh trén.
Vay nghiém cuia bai toan la. (a;O;O),(O;a;O),(O;O;a) .

Cau 90. Cho a,b,c 13 cac s6 thyc duong.
am+by:(ﬂc—y)2
Tim tat ci cac nghiém thuc (x;y;z) cua hé phuong trinh< by + cz = (y - z)2
cz+ax=(z—x)2

Balkan MO 1984

Giai

Cong vé theo vé ba phuong trinh trong hé lai véi nhau ta dugc

1

azr+by+cz =§[(x—y)2 +(y—z)2 +(z—$)2]

Diuing déing thitc nay va cac phuong trinh trong hé ta dugc.

ax = (:v —y)(m —z)

by=(y-2)(y—2)

cz= (z —:c)(z —y)
Khong mat tinh tong quat, gia st rang z>y >z .
Vi a,b,c nén tir quan hé thi tu trén ta suy ra z,2>0 va y<0.
Ngoaira 0<x<y<0 thi z=y=0. Thay vao phuong trinh cudi trong hé ta dugc z=0 hoic z=c.

Vay hé phuong trinh ¢6 nghiém (0;0;0) hoac (O;O;c) cuing cac hoan vi.

1 — 42" —16x+60=y
Cau 91. Tim tat ca cac bo ba (m,y,z) nguyén thoéa hé phuong trinh. < y* —4y° —16y +60 = 2
2’ —42"-162+60=2x

Germany Bundeswettbewerb Mathematik 2003

Giai
(z-4) (z+4)=y+4
Hé phuong trinh da cho tuong duong véi (y - 4)2 (y + 4) =z+4.
(z—4)2(z+4)=:v+4

Ro6 rang = =y =2z=-4 la mot nghiém ctia hé phuong trinh.
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_42=y+4
(x ) z+4
Vi 2,y,2 %4 taco. d(y—df =22 (1
61 1,y,2 # a cod (y ) yi ()
_42:$+4
(Z ) z+4

Nhan vé theo vé cac phuong trinh trong hé (I) ta dugc (z— 4)2 (y- 4)2 (2 —4)2 =1.
Suy ra (x—4)2 =(y—4)2 = (2—4)2 = I,Y,2 € {3;5} .
Vay hé ¢6 3 nghiém. (3;3;3),(5;5;5),(—4;—4;—4) .

Cau 92. Tim tat ca cac s6 nguyén n >2 ctia hé phuong trinh
z} +x; +50 =16z, +12z,
z + 1z +50 =16z, + 12z,

73 + 2 +50=16z, + 12z,

z? +z’ +50=16z, , +12z,

z) +x; +50=16z, +12z,
Polish MO 1999

Giai
Dé ¥ rang chiing ta c6 thé viét mdi phuong trinh lai dudi dang
(z,-8) +(x,, —6) =50 ,véi i=1ln vaz,, =uz,.

Vi 50=7>+1>=5+5" la cach duy nhét dé viét 50 duéi dang tong ctia hai s6 chinh phuong nén véi
moi ¢ tacod x, —-8==+7,x,, —6=*%1;5, -8==*lz,, —-6=%7;2, -8=%5,7,,, —6=%5.
Nhu vay céc cap (z,,z,,,) la

(15:7),(15),(15:5),(1;7),(9:13),(7;-1),(%-1),(7:13) ,(13,11),(3,1),(13,1),(3,11).
Ta thiy (,,,2,,,) phaila mot trong nhitng cap t6t, vi vay z,, =1,7 v6imoi i.
Mai z, 1a 1 hoiic 7 va mdi cip lien tiép phéi khac bigt.

Nhu vay z,,z,,...,z,,z, phaic6 1,7,1,7...,7,1 hoac 7,1,7,1,...,1,7 .

362’y — 602> + 25y =0
Cau 93. Giai he phuong trinh {36y°z—-60y° +252=0 ;z,5,2€R.
362z —60z° + 252 =0

Giai

Cach 1.

y(362° +25) =602’
Hé phuong trinh da cho tuong duong véi z(36y2 + 25) =60y" .

2(362" +25) = 602"
Néu mot trong cac an z,y,z béng 0 thi he dé suy ra cac an con lai ciing bang 0 va (0;0;0) la mot
nghiém tam thuong ctia hé. Chi con xét truong hop z,9,z # 0. Nhan vé theo vé cac phuong trinh trong
hé ta dugc.
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wyz(362” +25)(36y” + 25)(3622 +25)=60"2"y’2’
& (3627 +25)(36y" +25)(362° +25) = 60" 2yz
Miit khac ta lai ¢6
36" +25 > 2362”25 =60|] ;
3617 +25 > 24/36y7.25 = 60|y
362" +25 > 24362725 = 60|
Do d6 (362" +25)(36y" +25)(362° +25)> 60" [y2| > 60°xyz .
361° +25 =60z

Thanh thit, v6i 2,7,z # 0 hé da cho tuong duong véi {36y° +25=60y <z =y =2 :2 .
362" +25 =60z

Vay he da cho ¢6 2 nghiem la. (0;0;0), §;§;§ :
666
Cach 2.
60z°
Y=o -
36z +25
2
Dura hé da cho vé dang <z = 6(2)y )
36y° +25
602°
rT=—
362" +25
4 3 A 60t2 X 1N £ X « 4 ~
Xét ham so f(t) = YT ,te [O;+oo) . Dé dang thay duge f dong bien trén [O;+oo).
+

Tu tinh dong bién ta suy ra dude =y =2z .

Y A0

Thay vao mot trong ba phuong trinh ctia hé ta tim dugce 2 nghiém. (O;O;O),[

| ot

o
6

)

S| ot

2009z +2010y = (z—y)’
Cau 94. Giai hé phuong trinh sau {2010y +2011z = (y - 2)2 1x,Y,2 € R
20112 +2009z = (2 —z)°
THPT chuyén Quang Trung, tinh Binh Phuwéc 2010 — 2011

Giai
Dit 2009 = a , ta xét mot hé tong quat hon nhu sau
ax+(a+1)y=($—y)2
(a+1)y+(a+2)z=(y—z)

(a+2)z+aac=(z—:v)2

(z-y) +(2=2) +(y=2)

5 =(z-y)(z—2).
Tuong tu (a+1)y =(y—z)(y—m); (a+2)z =(z—:1:)(z—y).

Suy ra am.(a+1)y.(a+2)z =—[(:1:—y)(y—z)(z —m)T <0.

2

Ta tinh dugc az =
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Mzt khac tir he (*) ta thay rédng tong clia ting cip trong ba gia tri az;(a+1)y;(a+2)z déu khong am.
Ta sé chitng minh ba gia tri nay déu khong am. That vay, gid sit az <0< 2 <0 , tit phuong trinh thi
nhat va phuong trinh thi ba ctia he (*) ta suy ra

(a+1)y>0; (a+2)z >0 y;2>0 hay x—y;x—z<0:(m—y)(w—z)>0
Diéu nay mau thuan. Do d6 ax >0 . Tuong tu ta ciing ¢ (a + 1)y > 0;(a + 2)z >0.
Nhung tich cia ba sé nay lai khong am nén ta phai c6

aa:z(a+1)y=(a+2)z<:>x=y=z:0 .

Vay hé phuong trinh da cho ¢6 nghiém duy nhat la. (0;0;0).

Cau 95. Cho 100 6 a,;a,;...;a,,, thoa man cac diéu kien

a, —3a, +2a, =0
a, —3a, +2a, 20
gy — 30y, +2a, 20
-3a, +2a, =20

alOO

Chiing minh ring tat ca cac so6 da cho déu bang nhau.
Moscow

Giai
Cong vé trai ciia tat cd cdac bat ding thitc ta duge tdng cac sd a,,a,,...,a,, mdi tong cd he s6
1+(-3)+2=0 ticlasd 0. Nhung néu téng 100 s6 khong am béng 0 thi tat ca cac so d6 bang 0, do d6
hé da cho tré thanh hé cac dang thitc

a, —3a, +2a, =0 al—a2=2(a2—a3)

a, —3a, +2a, =0 a2—a3=2(a3—a4)

gy =30y +20, =0 Qg =y = 2( 0y — 1))

G99 =30y +2a, =0 Ao — O =2(a1 —a2)
Suy ra a, —a, =2(oz2 —c13)=22 (a3 —a4)=...=299(a100 —a1)=21°°(a1 —0,2):>a1 =a,.
Diéu nay dan dén a, =a, =...=ay, =, .
Cach 2.
Tt cac bat ding thitc da cho ta suy ra cac bat dang thic.

a, —a, 22(@2 —a3) ;0o — Z2(a3 _Ch) ey Oy — @y 22(&1 —a2) .

Cong vé theo vé cac bat dang thitc nay ta sé duge. 0>0. Di¢u nay ching t6 rang.

A =0y =Qy—Cy =... = Agg —Qpy =0 A =Ay =... = g =y -

Cau 96. Tim tat ca cac s6 thuc a sao cho ton tai 5 s6 thuc khong am z;z,;z,;z,;2, théa man he

5 5 5
phuong trinh kak = a;Z:k?’:L“,C = a2;2k5xk =g’
k=1 k=1 k=1

IMO Problem 1979

Giai
5 2 5 5
T cac he thic ¢ dau bai ta suy ra (Zk{sxk] = (Zkz:kJ(Zkf’xkj tic la.
k=1 k=1 k=1

. . 2 =
3 3 3 3 5 5 5 5
(x1+2 T, +3’w,+472, +5 xs) =(x1+2x2+3$3+4x4+5x5)(x1+2 T, +3’x, +4°x, +5 xs)
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Sau khi khai trién hai vé ta sé duge dang thitc ma hé s6 ctia cic 7, & hai vé déu bing nhau, trong khi
d6 v6i moi tich z,z, (i# j)thi cac he s6 ctia n6 & vé phai déu 16n hon he s6 clia n6 ¢ vé trai.Diéu do
ching t6 ring moi tich zz, (i#j) déu béng 0, ttc 1a trong 5 s6 z, thi chi ¢6 nhiéu nhat mot so

duong.
e Néumoi k,z, =0 thi a=0.

e Néu z, >0 thi hé thitc thit nhat & dé bai cho ta x, =a, he thitc thit hai cho z, =a’. Vay a=1,

cac gia tri nay ctia z, va a ciing thoa man hé thic thit ba.

e Néu z, >0 thi he thic thi nhat cho 2z, =a <z, :% , thay vao hé thitc thi hai ta tinh dugc.
a=4. Cac gid tri a =4;z, =2 cling théa man hé thitc thi ba.

e Néu z,>0 thi he thic thi nhat cho ta 3z, =a <, =§. Thay vao hé thic tha hai ta tim

duge. a=9. He thitc thit ba ciing duge théa man. Tuong ty néu z, >0 thi ta tim duge a=16.
e Néu z, >0 thitatim dugc a=25.

2 2
T +x, ST, -1

Ty +a:§ Lz,—x,
Cau 97. Cho 2013 86 duong ,,,,...,Zy,; >0 théa man

2 2
x?[)ll + z?(}l? = '1:2012 - x2011

2 2
Too1o + Togiz S Tagrz — Topro

Chitng minh réng trong 2013 s6 d6 ¢6 hai s6 a,b sao cho |a—b| < SR

Giai
Tit 2} +x) <z, — 2, => 2, —7, >0=0< 7, <7,. Chitng minh tuong tu dugc z, <z, <...< Ty, -

< z 2 2 2 2
Ma‘t khaC x?Ol? + .1'2013 < .1'2013 - x2012 = x2013 - $2013 2 $2012 + x?OlQ > 0 = 0 < x2013 < 1 ‘

Khi d6 0<z, <=, <...<Zy,,. Chia doan [0;1] thanh 2012 doan con bang nhau, do dai ctia mdi doan

1 R . ., R
con la 5 Theo nguyén ly Dirichlet thi ton tai 2 s6 a,b trong 2013 so0 da cho thuoc vé cing mot

1
doan con. Nhu vay |a - b| <—.
2012

7’ +3x+2=§—«/5y—1

y
Cau 98. Giai he phuong trinh sau {y* +3y+2= §—\/5z -1;z,y,2eR
z
7 +32+2=§—\/5x—1
T
Pé thi hoc sinh giéi Vinh Phiic 2012 — 2013
Giai

Céach 1.

N 1
Dieu kién z,y,z > 5
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Xét cac ham s6 f(t)=1" +3t+2 ;g(t)zé—\/{'}t—l v6i te[é;m) Ta thay f(t) 1a ham dong bién,

g(t) 13 ham nghich bién trén {g&ooj . Khong mat tinh tong quat gid st z>2y>z.

Suy ra f(x) > f(y) = g(y) > g(z). Ma g(y)S g(z) nén g(y) = g(z). Do dé y==z.
Ta chting minh twong tu dugec x=y. Nhuvay c=y==2.

Dé dang tim dugc nghiém duy nhat ctia hé phuong trinh da cho 1a (1;1;1) .

Cach 2.

Diéu kien z,y,zZé.
Xét cac ham so f(t)=t* +3t+2;g(t)=§—x/5t—1 v6i te[%;m)

Ta thay f(¢) la ham dong bién, g(¢) 1a ham nghich bién tren [%&oo) )

Nhu vay, ta ¢6 hé phuong trinh sau

tf(2)=9(z)+9(y)+9(z) (4)
e Truong hgp 1. z=y=2=11a
e Trudng hop 2. z,y,2>1. Tu (4) suy ra VT(4) >6 >VP(4) .
Hé phuong trinh v6 nghiém.
e Trudng hgp 3. C6 mot bién nho hon 1, hai bién con lai khong nhé hon 1.
Gidst z<1;y,2>1.

Tw (2) suy ra VT(2) >6> VP(2) . Hé phuong trinh vo nghiém.

e Trudng hgp 4. C6 hai bién nhé hon 1, bién con lai khong nhé hon 1.
Gia st r,y<l,z>1.

Tu (1) suy ra VT(I) <6< VP(l) . Hé phuong trinh v6 nghiém.
e Trudng hop 5. z,y,2<1.Tu (4) suyra VT(4)<6<VP(4)

ghiém ctia hé

Hé phuong trinh v nghiém.

Cau 99. Tim tat ca cac s6 thic duong z,v,z théa man hé x+g=y+£=z+£=2 .
2 T Y

Centro American 2011

Giai
Cach 1.
Rorang O<z;y;2<2.

e _2(y-2)
2—y’ Yy —2y—1
Dura vao diéu kien 0 <y <2 ta tim dugc nghiem y=1.

Bang cach thay thé z = ta duge (y —1)(y3 —Ty + Ty + 7) =0.

Do d6 hé phuong trinh ¢6 nghiém duy nhat 1a. (1;1;1) .
Cach 2.
Diéu kién 0< z,y,2<2.
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x4y =2z
Hé phuong trinh da cho tuong duong vé6i < zy + 2z =2z .
yz+T =2y
Cong vé theo vé tiing phuong trinh trong hé ta dugc. zy+yz + 2z =z +y+2

Gidstt z>y>2.Dod6 ay>2x>yz. Néu sy <z thi ay+yz+22<32<x+y+2,do do6 xyZz:xZE.
Y

Taco 2=0+2>2+9>0.
z Yy z
Dau “=" x4y ra khi y = z . D& dang tim dugc nghiém (1;1;1) .
Cach 3.
Ap dung bat ding thitc Cauchy — Schwarz va AM —GM ta c6

2.2y=2(x+yz):(x-ng(eryz)Z(ery)Q24xy:>:c$1.
z

Tuong tu nhu vay, ta chiing minh duge y,2 <1. Dé ¥ ring 1+g2:v+£:2:>£21:>y22.

z z z
Tuwong tu ta ching minh duge y>z2,z2>x va z>y.Dodb z=y=2=1.

P =y+y’
. y =2+
Cau 100. Giai hé phuong trinh
2 =t+t’
t'=z+2°

Baltic Way 1993

Giai
Cong vé theo vé ctia cac phuong trinh trong hé ta duge z+y+2z+t=0. Gia st rang khong phai tat ca
cac s6 déu bang 0. Thé thi sé c6 mot s6 khac 0, gia stz >0. Diéu nay sé kéo theo y,z,t>0. Suy ra
r+y+z+t>0,voly.

Vay hé phuong trinh ¢6 nghiem duy nhat la (0;0;0;0).

5" =2y +1+2log, (4y +1)
Cau 101. Giai hé phuong trinh {5’ =2z +1+2log, (4z+1)
5° =2z +1+2log; (47 +1)

HSG 16p 12, tinh Hai Duong nam hoc 2008 — 2009

Giai

Dat f(t)=2t+1+2log, (4t +1),

N\

t> —ij . T d6 suy ra f(t) 1a ham dong bién trén (—i&ooj )
5 =1(y) (1)

Heé da cho tuong duong véi ¢ 57 = f(z) (2)
5 =f(=) (3)

Gia st (x;y;z) la nghiém, ta sé chitng minh x=y==z.

That vay néu z >y thiti (1),(2) tasuyra f(y)> f(z)=>y>z.

Mit khac (2),(3)= f(z)> f(z)=2z>=z. Tiacla 2>y >z>z, didunay vo ly.

Céc truong hop khéac ching minh tuong tu. Vay x=y==z.
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Khi d6 hé di cho tuong duong véi { rey=s
5" =2z +1+2log; (4z +1)

Giéi phuong trinh 5° =2z +1+2log, (42 +1) < 5" + 2z =4z +1+2log, (4z +1) (*)
Dit log, (4z+1)=t=5" =4z +1 (**)
Phuong trinh (*) ¢6 dang 5" +22=5"+2t < 5" -5' =2(t —z).

e Néu z=t thod man.

e Néuz>t=5-5>0>t—=z.

e Néuz<t=5-5<0<t-=x.

Vay z=t.

Khi d6 phuong trinh (**) tuong duong 5" =4z +1< 5" —4z-1=0.

Xét ham s6 g(ac)=5x —4x—1(m >—ij .Taco g'(x)=5z 1n5—4;g'(x)=0<:>x=% .
n

P P 1 5 .
Tt bang bien thién clia ham so g(x) =5"—4r— 1(m > —Zj suy ra phuong trinh g(x) =0 c¢6 nhieu nhat

hai nghiém trén (-i;m]. Mat khac g(1)=g¢(0)=0.

Vay phuong trinh 5* =4z +1 c6 ding hai nghiém z, =1;z, =0
He da cho c6 hai nghiem (1;1;1) va (0;0;0)

4°+2" =4y +2
Cau 102. Giai hé phuong trinh <4Y +2Y =42+ 2
4°+2° =4z+2
Olympic Duyén hai Bac Bé nam 2008
Giai

bat f(t)=4"+2"= f'(t)=4"In4+2"In2>0,VteR. Suy ra f(¢) la ham dong bién trén R .
f(z)=4y+2 (1)
He da cho tuong duong véi { f(y)=4z+2 (2).
f(z) =4z +2 (3)
Gia st (a:;y;z) la nghiém, ta sé chiing minh z=y==z.
That vay néu z >y thi tu (1),(2) :>f(x)>f(y):4y+2>4z+2:>y>z
Lai tu (2),(3):f(y)>f(z):>4z+2>4x+23z>x. Tiacla z>y>z>xz,voly.
Cac trusng hgp khéc chiing minh tuong tw. Vay z=y==z2
Khi d6 he d cho tuong duong véi { ooy
47 +2" =4z +2 (4)
Taco 4" +2" =4z +2<4"+2" —4x-2=0.
Xét ham s f(z)=4"+2"-42-2 = f'(2)=4"1n4+2".In2-4= f"(z)=4"1n"4+2°.In°2>0 VzeR
Nen f'(z) la ham sb lien tuc va dong bién tren R ma f'(0).f'(1)<0 nén f'(z)=0 c6 mot nghiem
duy nhat z=a. Lap bang bién thién ta c6 thé chi ra ring phuong trinh (4) c6 nhiéu nhat hai nghiem.
Tt d6 chira (4) ¢6 dang hai nghiem 2 =0,2=1. He da cho c6 hai nghiém (1;1;1),(0;0;0)
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2’ =1+3log,y
Cau 103. Giai he phuong trinh <y* =1+ 3log, 2
2 =1+3log,

Giai

Diéu kien z,7,2 duong.
bat f(t)=1+3log,t= f'(t)= % >0,Vt>0. Suy ra f(¢) la ham dong bién tréen R .

tin

v =f(y) (1)
Hé da cho tuong duong véi < y° = f(z) (2 .
2
z

f(z) (3)

Gia st (a:;y;z) la nghiém, ta sé chiing minh z=y==z.

That vay néu z >y thisuyra z° >y tit (1),(2) :>f(y)>f(z):>y>z =y >,
Lai tu (2),(3):>f(z)>f(x):>z>x. Tacla z>y>z>x,voly.
Cac trusng hgp khac chitng minh tuong tu.

) ‘ ) i i » x:y:z
Vay z=y=z. Khi d6 he da cho twong duong véi {x =1+3log,z (4)

Taco z° =1+3log,z < 2° —1-3log,z=0.

P 3 / 3
A h\ O = 2 —-] — ! = —_ A ! = = .
Xét ham so f(x) z"—1-3log,z= f (x) 2x ng’ c6 f (m) (IR=Y7 SIng

Lap bang bién thién ta c6 thé chi ra ring phuong trinh (4) c6 nhiéu nhat hai nghiem. Tt d6 chi ra

(4) ¢6 dang hai nghiém z =2,z =1. Hé da cho ¢6 hai nghiém (1;1;1), (2;2;2)

’ +y° =22
Cau 104. Giai he phuong trinh {3’ +2° =2z
2 +xd =2

Giai
Khong mat tinh tong quat, gia st xzmax{x,yx}:xky,xkz.
Doz2yey’ +2° 22 +2° 2"+ =2y’ 2" <y>2. Suyraz>y>2
Dor2zoy’+2° 22"+’ 2+’ =222 >y @ 2>y . Suyraz>z2>y

Tt d6 suy ra y =z . Thay vao hé phuong trinh, ta c6

{yj+yz:2$:(y—x)(y2+xy+x2+2)=0:>y=x=z.
Yy +xt =2y
Thay vao hé phuong trinh ta dugec z=y=2=1.
z’ —y* =28
Cau 105. Giai hé phuong trinh {3’ —2° =28
2" —2" =28

Giai
’ -y’ =28 2’ =y’ +28
Bién doi hée phuong trinh tuong duong {y° —2° =28 <> 1 y° =2° +28
2" — 1" =28 2" =2" +28
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Suyra 2°,y°,2° 20=1,4,220. Gidst 22y =2’ 2y’ <> +28>22° +28 < y> 2 (do 2,9,2>0).
Doy>roy’ 2o 2 oz2z. Tudosuyra z>2y>z22c=>2s=y=2.

Thay vao hé phuong trinh ta duge r=y=2=2.

z’—y=6
Cau 106. Giai hé phuong trinh < y* —2=6
2 -z2=6

Giai
' —y=6 ' =y+6
Bién ddi he phuong trinh tuong duong <¢° —2=6 <y’ =2+6
2 —2=6 2 =2+6
Gidst y2zoy’ 22" o 2+62r+6 220
Doz2ro 220 @r+62y+6< 2>y, Titdosuyra y>z2r>2y=as=y=2.

Thay vao hé phuong trinh ta dugc z=y=2=2.

'+ -t ===
7
4
Cau 107. Giai he phuong trinh {2° +2° —9* = i
Y

4
x2+y2—22:ﬂ

z

Giai
Diéu kién xac dinh 2,7,z # 0. Nhan hai vé cia cac phuong trinh lan luot véi 2°,9°,2” ta c6
2y + 172 -2t =dayz
v+ 2y’ —y' =6ayz
2’2+’ — 2t =8xyz

Lai co (1)—2.(2)+(3) 2t P -ty -2t + 227 -2 =0

<::>y2(2y2 — —zQ)—(a:2 —z2)2 =0

@y2(2y2 —(yQ +6ﬁn—(az2 —z2)2 =O<:>y4—6avyz—(:v2—22)2 =0
Y

4
@ﬂ-Sﬂ—nyz=0<:>32y2—6$yz=0<:>16y—3xz=0
r oz
2 2 1 2
" +y +—2"=0
16 3z 4
Thay xz=?yvao (2) va yzﬁvao (1) va (3) taco {2z’ —y° +2° =32
_1 2 2 2
—z +y -2 =0
9 Y

Day 13 he phuong trinh tuyén tinh theo (xQ;yQ;ZQ) , ta tim dugc nghiém ctia hé phuong trinh 1a
‘ 288 128
(:CQ,yz,z2 ) = (64,—,—) .
5 5
Tit hé ban dau ta thay v6i nhitng gia tri (a:Q;yz;z2) trén, trén cac hang tt %,ﬁ,ﬁ déu duong.
Ty =z

Giastt z<0, t (1) tacd yz<0 tuong tu véi y<0 va z<0. Vay nghiém ctia he 1a
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(x,y,z)={8,12\/§,8\/§}{8,—12\/?—8\/§},(_8712\/?_8\@}[_8,_12\/?8\/%J

va cac hoan vi,

(x+y)(z+1) = 2a(a+1)
Cau 108. Giai hé phuong trinh (a: + z)(y + 1) = Qa(a + 1)
(y+z)(x+1) = 2a(a+1)

Philippine Math Olympiad National Finals Oral Round

Giai
THyz=u
bat Jy+zzx=v ta co6 hé phuong trinh u+v=v+w=w+u=2a(a+1)
Z+ay=w
Hé nay c6 nghiem u=v=w= a(a +1) do hé do (*) tuong duong
(x—y)zz(:z:—y) r=yvz=1
x+yz=y+zx=z+xy=a(a+1)c> (y—z)za:(y—z)@ y=zvr=1
x+z$:a(a+1) x+yz:a(a+1)
Tém lai ta c6 so do sau
xzy/'yzz:xzyzze{a—(cH—l)}
\I:L"=1:>a:=y=1;z=a2+a—1

z_1/'y=z:>y=z=1;:z‘=az+a—1
Nz=l=z=z=Ly=d"+a-1

Vay hé c6 nghiém (x;y;z) = (a;a;a),(—a —1—a —1;—(1—1),(1;1;@2 + a—l) va cac hoan vi.

cosa =tan (8

cos( =tan~y
Cau 109. Cho ba géc «, ,7 théa man dieu kien {cosy =tana
0<a,B,vy<=
2
Chiing minh rang sina =sin 3 =siny = 2sin% .
Giai
cos’a = ——1
cosa = tan/@ C082a = tan2 5 cos IB
Lz . f ‘ f 1
Bién doi gia thiét ta co {cosB =tany <> 1 cos’3=tan’y <> <cos’3 = —-—1.
coS
cosy =tan« COSH =tan’ o "
cos’y = ——1
cos o
1
r=—-1
Y
= 2 2 2 ~ h3 N 1
Dat cos’a=x,cos"F=y,cos”y =2z hé trG thanh Jy=—-1.
z
1
z=—-1
x
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Xét ham f(t) = % -1= f'(t) = _tlZ <0VteR dodd6 ham f(t) nghich bién trén R .

cr o 1 1
Gié st xzmax{x,y,z} tacd ——1<——-1<——1=z<xly=>ax=y==2.
x Yy z

Dén day xin nhudng lai cho ban doc giai quyét phan con lai ctia bai toan!

(:1: + y)(y + z) = 4xy2z(1)
Cau 110. Giai hé phuong trinh (y + z)(z + x) = 4yz2x(2) .
(z + x)(x + y) = 4zx2y(3)

Giai
Véi 2=0;y=0—>2=0. Do do (0;0;0) 1a 1 nghiém ctia he.
Véi z,y,z # 0, nhan 2 vé ctia 3 phuong trinh véi nhau, ta c6
(:1: + y)2 (y + 2)2 (z + 1:)2 =64z"y'2"
Liic nay x4y ra 2 truong hgp
e Trudng hop 1. (x+y)(y+z)(z+x)=8x2y2z2 (4)
r+y=2zy
Khi do, tir (1),(2),(3),(4)ta c6 {y+2=2yz . Bién ddi tuong duong, ta c6
z+x=2zx
x(l—y)z—y(l—x)
y(l—z)z—z(l—y)
z(l—:z:)z—x(l—z)
Lic nay,nhan 2 vé ctia 3 phuong trinh véi nhau,ta c6.
xyz(l—x)(l—y)(l—z):—:zryz(l—:l:)(l—y)(l—z)
Mat khac,vi zyz # 0 nén ta cod (1 —x)(l — y)(l —z) =0. Suy ra(x;y;z) = (1;1;1).
2,2 2

e Trudng hop 2. Tuong tu’.(x+y)(y+z)(z+x)=—8x Yz
Vay hé da cho ¢6 3 nghiém (w;y;z) lan lugt 1a (0;0;0);(1;1;1);(—1;—1;—1) .

Cau 111. Giai phuong trinh \/1+%4/1+%‘/1—%x =

Giai
Y= 1+2
2 2
20 =z+2 (1)
Ddi bién ¢ thanh —z 16i gidi he {z = /14—% 922 =y+2 (2) (z<0<y,z2)
20" =z +2 (3)
—9c=‘/1+E
2

Ta c6 x,y,z 1a 3 nghiém thuc ctia phuong trinh (t —x)(t —y)(t - z) =0
Hay t3—($+y+z)t2+(xy+yz+za:)t—$yz=0, (*)

Neén ta can tinh z +y+ 2; 2y +yz + 21; 2Y2
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2(x2—y2)

Lap cac hiéu {2 y2—22)=x—y:>8(:1:2—yQ)(yQ—22)(22—x2)=(x—y)(y—z)(z—x).
-a’)
)

(
2(z2

7 )=y—z
Néu (z-y)(y—2)(z—=z)=0=> He vo nghiem.
Neu (m+y)(y+z)(z+m)—%<:>(x+y+z)(xy+yz+zx)—:pyz=— (4)
Lay (1)+(2)+(3) ta dugc
2(3:2 +y 4+ 2 =x+y+z+6<:>2(ac+y+z)2 —(x+y+z)—6=4(my+yz+zx) (5)
2
Tu (5) dat x+y+z=a:>my+yz+zx=2a+a_6, (6)
3 2
Tit (4):xyz=4a —2a8—12a—17 (7)
Ta c6 hing dang thic z° +y° +2° —3zyz=(x+y+z)3 —3(:E+y+z)(xy+yz+zx) (8)
a=-1
Thay (5),(6),(7) vao (8) ta dugc phuong trinh 8a¢° —2a* —7a+3=0< a:% .
1
a==
L 2

e Néu a=—1:>:1:yz=§>0 (doz<0<y,z).

e Néua= 3 , thé vao (*) chi ¢6 1 nghiem thuyc neén loai.

—

e Néua= 2 phuong trinh (*) c6 2 nghiém duong va 1 nghiém am la z =-1,253509322

Tém lai, phuong trinh da cho ¢6 1 nghiém duy nhat 1 = =-1,253509322 .

x«/l—yQ\II—zQ =xr—yz
Cau 112. Giai he phuong trinh < yv1-2°N1-2" =y -2z .

lel—mzwll—yr‘) =z—zYy

Giai

va phuong trinh c6 nghiém khi 1— S0 31— Yo,

Yz
11—y 12 y z

2
<1, hay «/1—3/2\/1—22 <1—z2;\/1—y2\/1—22 <1—y2.

Tacod z=

Do do6

2
Z Y
<1;
1—y1-9°~1-27 1-y1-9°N1-27
Suy ra \/1—y2 <\/1—z2 ;\/1—22 <\/1—y2 )
e Néuz=0 thi y2=0,taco (();O;a),(O;a;O) 12 ho nghiém v6i |a|£1.

Xét tuong tu ta co nghiem (a;O;O) .
e Néuz=1thiy=2taco (1;;a;a) vOi |a|£1 la nghiém.
Xét tuong tu ta co (a;l;a),(a; a;l) 12 ho nghiém.

e Néuxz=-1thi y=-2,taco (—l;a;a)7(a;—l;—a);(a;—a;—l) vGi |a| <1 la ho nghiém.
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Cau 113. Cho n>1 la mot s6 nguyen duong 1é. Gia st rang cac s6 nguyen duong z,,7,,...,z, thoa

(:1:2 —z1)2+2(:1:2 4—3:1)4-1:712

(x3—x2)2+2(x3+x2)+1=n2

man hé phuong trinh . Chitng minh réng hodc z, =z, hodc ton tai j

2 2
(xl —xn) +2(361 +xn)+1=n
voi 1<j<n-1 saocho z,=z,,,.

Crux — Canada 1999

Giai
Ta sé chiing minh bing quy nap theo m ring néu cac s6 nguyén khong am z,,z,,...,z, v6i m>1 thi

m

c6 mot s6 nguyén 1é théa man

2 2
(xl —xm) +2(LE1 +xm)+1=n
Thé thi hodc z, =z, hoac ton tai j véi 1<j<m—1 saocho z,=x,,. Ta quy wéc rang =, ,, =1, .
Bay gis dé y ring, v6imdi j , =

1 VA, c6cacnghiém (c6 the bing nhau) dé phuong trinh bac hai

X’ +(2—2x].)X+(a:j +1)—n2 =0 (E )

i
phéan biét A= 4(n2 —435],)2 0 ¢6 mot nghiém thye. Hon nita nl1a 1€, Aj >1.

Ciing béi vi (E7) c6 hé s6 nguyén va mot nghiém nguyén nhé nhat, ca hai nghiém 1a nguyén va chtng
phan bigt véi A; 21. Ky hi¢u cdc nghiém la o, va (3, véi a; < ;.

Ta ciing ¢6 a; + 5, =2z, -2 va {xH,xﬁl} c {ocj,ﬁj} . Ta cho ring mot trong hai a,=z,-2 va =z,
hodc a; <z, <f,, thuc su néu «,8, >z, thi a,+3,>2z, -2 vanéu o0, <z, thi a, +08,>2z,-3.
Bay gio v6i j sao cho z; = max{xl ,...,acn} . Bay gio z,,va z,,, la cac nghiem cua E;. Tru khi

z,, =z, hodc z;=xz,, taphaicoz,, =z, hodc z, <z,<z,, hodc x

; <w; <z, .Hai truong hop

J+1
cudi véi cach chon j, vivay z,, =z,,,. Néu m=3 taky hieu 2., va z,, la chu ky lien tiép. Néu

khong m >1 va bang cach loai bo z,,,z, ta dugc mot nghiém véi m —2 gia tri, ma gia thiét quy nap

dugce ap dung.

sin$+25in(x+y+z)=0
Cau 114. Giai hé phuong trinh siny+281n(z+y+z)=0 .
sinz+4sin(x+y+z)=0

Russia MO

Giai
Cach 1.
Hé phuong trinh da cho duge viét lai nhu sau
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sinz siny sinz

5 3 =sinzsinysin z —sSinx cosy cosz —Ccosx Sinycosz —CcosSTcosysin z .

2 2
Thay sinz = gsiny ;8inz = gsiny ta c¢6 phuong trinh

siny 8 . . . .
=—sin y—gsmycosycosz—smycoszcos:z:—gsmycosxcosy.

3 9
Néu siny =0 thi sinz=sinz=0 vamdi z;y;z 1a boi clia 7.

Gia sit siny # 0 thi phuong trinh c6 dang 6cosycosz +12coszcosy =5—9coszcosz —8cos” y .
Binh phuong hai vé va rat gon, thay 4cos”y=9cos’ -5 va 16cos”y =9cos’ 2 +7 ta dugc
8cos’ y+1=-9coszcosz . Binh phuong tiép va rit gon ta sé duge cos’y=1=siny =0.

Vay hé phuong trinh da cho c6 nghiém la (m7r;mr; p7r) (m,n,p S Z) .

Cach 2. Cong hai phuong trinh dau va trit di phuong trinh thi ba ta duge

. T+ Tr+z + 2
Sin y.COS OSy

.C
2 2 2
Dén day moi chuyén tré nén vo ciing don gian!

=0.
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Mot sb bai toan khac.

Trong phan cudi nay chiing ta sé tim hiéu mot s6 bai toan hé nhiéu an véi nhiing cach giai hay va doc
dao duya trén nhitng phuong phap c6 sin nhu danh gia, hinh hoc... Cac bai toan trén duge tong hgp ti
rat nhiéu dé thi vo dich cac nudc, céc bai toan duge dé xuat trén cac tap chi toan hoc ndi tiéng trong
va ngoai nudc nhu Toan hoc tudi tré, Crux — Canada, Mathematical Reflection Olympiad, Kvant,
Mathematics and Youth Magazine, American Mathematical Monthly,...

Cau 1. Cho cac s6 thyc z;y;2 thda man hé phuong trinh < =+ 2" =9

22 +xz+22 =16

Tinh gia tri ciia biéu thic P =2y +2yz + 3z .
Mathematical and Youth 8/2010

Giai
Phan tich. Mot bai toan rat la va hay, néu chiing ta tiép can theo phuong phap st dung dai s6 thi c6
16 sé rat 1 phiic tap, tuy nhien hay dé ¥ t6i cac biéu thic trong hé c6 dang biéu thiic ctia dinh 15 cosine
trong tam giac, do do ta sé st dung phuong phap hinh hoc nhu sau.

Trong mat phang lay cac diem O,A4,B,C sao cho AOB=150;A0C =120";BOC =90" .

bit OA=1z,0B= %;OC =z. Ap dung dinh 1y cosine vao cac tam giac OAB,BOC,AOC ta cb
AB® =2* +zy+y—32;BC'2 =y—;+z2;AC'2 =z’ +az+2°.

Tt hé thic da chosuyra AB=5BC=3AC=4.Vay AABC vuongtai C va S,,,, =6.

Mt khac S, 4pc = Saaos +5asoc +5a

1 1 3
o4 = Ty + yz + Tz .
CcoA 4\/5 2\/§ 4\/5
T do P=xy+2yz+3zx:24\/§.

' +y =9
Cau 2. Cho cac s6 thuc duong z;9;2 théa man hé phuong trinh <y° +2° =16 .
Y =z
Tinh gia tri ciia biéu thitc G =2y +yz .
Mathematical and Youth 10/2010

Giai
Xét AABC vuodngtai B ¢6 BC =4;AB =3 va duong cao BD .
bat BD=y;AD =12 va CD =z . Ta thiy x;y;z théa hé phuong trinh trén.
Tuds G=ay+yz=(z+2)y=25,,,0=34=12 .
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z+y° -2
4

Cau 3. Cho cac s6 thue x;9;2 véi y >0 théa man he phuong trinh {y* — 2 =2

Tinh gia tri ciia biéu thitc H = y(\/x —1+~2- z) .
Mathematical and Youth 10/2010

Giai

Diéukién z>1;2<2 .

2
Hé phuong trinh da cho tuong duong véi {y” + (\/2 - z) =4

Xét AABC vudng tai B, duong cao BD véi AB=§,BC=2.

bit BD=y;AD =m;CD =J2-z.Ré rang z;y;z théa man hé trén.
Tiwds H=y(Nr—1+2-2)=25, 5 =2é.g.2=5 .

Vay H=y(Jz-1+2-2)=5 .

v’ +2° =50
2
Cau 4. Cho cac s6 thuc duong ;1,2 théa man < z” +zy + % =169
- 22
TP+ 12+ = =144

Tinh gia tri ctia biéu thic K =zy+yz + 2z .
Mathematical and Youth 10/2010

Giai

Mot bai toan tuong tu nhu bai toan 1.

2
Hé phuong trinh da cho dugc viét lai nhu sau {z° + zy + y? =13".
ZZ
P+ az+ E =12°

Xét AABC vudng tai C v6i AB=13;AC=5;BC =12 .
Goi O la diém nam trong AABC théa AOC =90°;BOC =135° .

Dat OB =x;0A= i;OC’ =2 Takiém tra duge z;y;z théa man he diéu kién tren.

2 V2
1

. 1 1
Taco S, 05 :ZIy iS5, 400 :Zyz $S, soc :ZZI .
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1
Tudosuyra K=zy+yz+zz= 4(SAA()B +Sp40c +SAB()C): 4.5, 4pe = 4'5'5'12 =120 .

Cau 5. Giai phuong trinh x+y+z+@=2(\/@+\/y_z+\/5—2).

Mathematical and Youth 3/2011

Giai
Cach 1.
Diéu kieén zyz > 0;2y > 0;y2 > 022 >0 <> 23,2 20 .

Theo nguyén 1y Dirichlet, ton tai it nhit hai trong ba s6 z; \E :Jz ciing hon hodic bing 2 hoic ciing
nho hon hodic bang 2 . Gid sit hai 56 d6 1a V/z3yy . Khi d6 (Vo —2)(\y =2)20 .

Phuong trinh da cho tuong duong véi (\/E—\/Z)Q +(\/_—2)2 + &(ﬁ—z)(@—z) =0 (1)
Vi mdi s6 hang & vé trai ctia (1) déu khong am nén dé c6 (1) thi phai co.
JZ(JZ—2)(J§—2)=0@JE=J§=I=2@x=y=z=4.
Jz-2=0

Vay phuong trinh da cho ¢6 nghiém duy nhat la. (4;4;4) .
Cach 2.
Diéu kién z;y;2 > 0. Véi diéu kién trén, phuong trinh da cho tuong duong véi

2 2
(Vo =2 + (o -2) + (Ve -2)(Jy -2) (V= -2)=0.
Dit a=r-2;b=1Jy-2;c=vz-2 .
Diéu kién. a;b;c > —2 . Khi dé6 phuong trinh trén thanh a” +b* +¢* +abc=0 .
Xét cac truong hgp sau
e Trudng hop 1. abc>0. Khi dé. a® +b° +¢* +abe >0 , mau thuin.
Phuong trinh da cho vé nghiém.
e Trudng hop 2. abc <0 . Khi d6 ton tai mot thita s6 khong am, ta gid sit a <0,bc>0 .
Do a>-2 nén a* +b° +c” +abc>a’> +b* —2bc+c” =a’ +(b—c)2 >0, mau thuan.
Phuong trinh v6 nghiém.
e Trudng hop 3. abc=0 .Khid6 o’ +b° +c*=0<a=b=c=0 .
Vay phuong trinh da cho ¢6 nghiém duy nhét (x;y;z) = (4;4;4) .

1 1 1 8
Jdpadi— L 1.8
A R A
Cau 6. Giai hé phuong trinh x+y+z+l+l+lzﬁ
x y z 9
xx+yy+z\/;+ L + ! +1 e
Nz y\/g Wz 27
Giai

Diéu kién z;y;2>0.

bat \/__%za;\/;—%=b;\/;—izc .
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1 1 . 1 .
Suy ra x+—=a2+2;xf— =a’+3a;y+—=b"+2;

xz ]:\/;

1 1
Yy ———==b"+3b;2+==c>+2;2Jz —
Y\Yy Z

1

w2

=c+3c¢

a+b+c=§
3

Hé phuong trinh da cho thanh {a® +b” +¢* = 64

‘ 12
a3+b3+c‘3=5—

3
Ta dugc 3(a+b)(b+c)(c+a)=(a+b+c)3_(az+b3+c3):(§j _%:0

Néu a+b=0 thisuyra c:g. Thay vao phuong trinh thi hai ta dugc a® +b*=0<a=0=0 .

1 1 1
Do do m——zO;y——zO;z—T
z

R
Tuong tu nhu thé ta cling tim dude cac nghiém (9;1;1),(1;9;1) .
Vay hé phuong trinh da cho c6 3 nghiém 1a (9;1;1),(1; 9;1),(1;1;9) .

22' Suy ra (a:;y;z)z(l;l;Q) .

R . ., . |la+b+c+d=20
Cau 7. Tim tat ca cac so thuc a,b,c thoa
ab+ac+ad+bc+bd+cd=150

Junior Balkan MO 2008

Giai
Taco a’ +b° +c” +d° =(a+b+c+d)2 —2((1()-%—@0+ad+bc+bd+cd)=202 —2.150=100
Ap dung bat dang thitc Cauchy — Schwarz ta co
20° =(La+1b+lc+ld) <4(a’+b’+¢ +d*)=a’ +b” +¢” +d’ 2100
Dau “=" x4y rakhi vhchikhi a=b=c=d=5.

z+y—z=-1
Cau 8. Tim tat ca cac bd ba s6 thuc (a:;y;z) thoa he phuong trinh {2° —3* +2° =1
-+t +2° =1

Ibero American 1989

Giai
Tit phuong trinh thit nhat cia hé tasuyra z+y=2-1 (1)
Tt phuong trinh thit hai ciia hé ta suy ra (:U —y)(w + y) = (z —1)(z + 1) (2)

z=—1

Thay (1),(2) ta dugce (m—y)(z+1)=(z—1)(2’+1)<:>L_y_zz_l

Dén day ta dé& dang tim dugc cac nghiém ctia he la (L;1;1),(1;-1;1).

abc+ab+bc+ca+a+b+c=1
. 2 N bed+bc+cd+db+b+c+d=9
Cau 9. Tim tat ca cac so thuc a,b,c,d thda hé phuong trinh
cda+cd+da+ac+c+d+a=9
dab+da+ab+bd+d+a+b=9

Baltic Way 1999

Giai
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bat x=a+1Ly=b+1Lz=c+1t=d+1.
Thé thi zyz =2,yzt = ztr =tzy =10 .
Nhuvay z=y=2z va a=b=c=32-1 ,d=23/250-1.

rT+y+z+t=>5

n S Y . . . xy+yz+at+tr=4

Cau 10. Tim tat ca cac nghiém thuyc ctia hé phuong trinh
xyz +yzt + ztr +toy =3
xyzt =—1

Baltic Way 2000

Giai
Phuong trinh thit hai ctia hé tuong duong véi (w + z)(y + t) =4 .
Két hgp v6i phuong trinh thit nhat clia hé suy ra z + 2,y +¢ 13 nghiém clia phuong trinh

) u=1
u —-bu+4=0& .

u =

+z=1 +2z=4
Suy ra {x N hoac {x ‘

y+it=4 y+t=1 "

z+z=1
o Vi { 4 thay vao phuong trinh thi ba ctia hé ta duge
y+it=
rz+4yt =3 < xz=3—-4yt .
Thay vao phuong trinh thi tu ctia hé ta duge
yt=1
yt(3—4dyt)=-1 4y’ -3yt -1=0< 1

t=——
T

Dén day dé dang suy ra dugc nghiém (z,y,2,t) clia he.
x+z=4

e Tuong tu cho truong hop
y+t=1

Cau 11. Xac dinh tat ca cac s6 thuc duong z,y théa phuong trinh.

$+y+l+l+4=2(\/2x+1—h/?y—i—l).
Ty

Baltic Way 2000

Giai
2 2
(w—x/2x+1) (y—«/2y+1)
Phuong trinh da cho tuwong duong véi + =0
z Yy
r—~2x+1=0 2’ =2r-1=0
Vi 2,9 >0 nén =2 .
y—+2y+1=0 Y’ —2y—1=0

Dén day dé dang tim dugc nghiém.

a® +3ab® +3ac® —6abc =1
Cau 12. Giai hé phuong trinh {b” + 3ba” + 3bc” —6abc =1 ; a,b,ceR
¢ +3ca® +3cb* —6abc=1

Baltic Way 2002

Tap chi va tu liéu toan hoc | 444



Tuyén tap phuong trinh dai sé hay va kho |

Giai
Lay phuong trinh thi nhat trit phuong trinh thit hai ctia hé ta duge
(a=b)((a=b)" +3¢*)=0 .
Dé thay a=0. Tuong ti, ta chitng minh dugc a=b=c.
Thay vio phuong trinh thit nhat ctia hé tasuy ra o’ =1<>a=1 .
Vay hé phuong trinh da cho c6 nghiém duy nhat (1;1;1) .

Cau 13. Cho cac sb thuc a,b,c,d . Tim nghiém (x,y,z,u) cua hé phuong trinh
' —yz—zu—yu=a
Y —2u—ur—x2="b
2 —ur—TYy—yu=c
w—zy—yz—2x=d
Mediterranean MO 2010

Giai
Dat P=z+y+z+u;Q=ay+xz+au+yz+yu+2zu.
Thé thi * —(Q-ay—2z-2u)=a< 2’ -Q+z(P-z)=a< Pr-Q=a.
Tuong t¢ Py—Q=>b;Pz—Q=c;Pu—Q=d.

Baygidx=a+Q; =b+Q;z=C+Q;u=d+Q 7
P P P P
Dods p=9FHerdtAQ 0 pr_yibhcrd+aQ (1)

ab+ac+ad+bc+bd+cd+3Q.(a+b+c+d)+6Q°
QZ P2 (2)

Thay (1) vao (2) ta dugc 2Q° +2(a+b+c+d)Q+ab+ac+ad+bc+bd+cd=0

—(a+b+c+d)tNa’ +b* +c* +d’

= =
Q 2
Vay hé phuong trinh da cho c6 2 nghiém (x;y;z;u) la
a+Q ] b+@Q ] c+Q ] d+Q
\/4Q+a+b+c+d’\/4Q+a+b+c+d’\/4Q+a+b+c+d’\/4Q+a+b+c+d 7

_ a+Q L b+@ _ c+Q . d+Q
\/4Q+a+b+c+d’ \/4Q+a+b+c+d7 \/4Q+a+b+c+d’ J4Q+a+b+c+d '

. . ) xy+yz+zx =12 .
Cau 14. Tim tat ca cac nghiém cia hé phuong trinh{ A s xy,z€ R

ryz=2+x+y+z2
United Kingdom 1998

Giai
Dit a=3zyz >0. Ap dung bat déng thic AM —GM ta co
12=ay+yz+20>3a";0° =2+x+y+2>2+3a.
Do d6 a” <4 va a* -3a—2=(a—2)(a-1) <0 .
Diéunay chota a=2.Suyra z=y=2=2 .

Vay (2;2;2) 13 nghiém duy nhat ctia hé phuong trinh.
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' —4y+7=0
Cau 15. Giai he phuong trinh sau y” —62+14=0.
22 —2c-7=0
BMO 2013, Round 1

Giai
Bai toan nay khé don gian!
Cong vé theo vé clia ba phuong trinh trong hé ta dugc
(z-1) +(y-2) +(2-3) =0 2=Ly=22=3.
Vay hé phuong trinh da cho c6 nghiém duy nhat 1. (1;2;3) .

Cau 16. Tim tat ca cac nghiém thyc duong (a;b;c;d) ctia hé phuong trinh
a+b+c+d=12
{abcd=27+ab+ac+ad+bc+bd+cd
British MO 1996

Giai
Ap dung bat dang thitc AM —GM ta co

abed > 27+ 6abed = (NJabed +3)(vabed —9)> 0= Vabed > 9= Yabed > 3= LH0HC+d
4

Lai theo bat ding thitc AM —GM ta cé ¥abed < W .

Do d6 ﬂabcdz#<:>a=b=c=d.

Vay he phuong trinh da cho c6 nghiém duy nhét la (3;3;3;3) .

(yc+2)2 +(y+3)2 =—(y+3)(z+2-2)
Cau 17. Giai hé phuong trinh {z° + 52+ 92— 7y — 15 =-3yz
8z° +18y”° +18zy +18yz = —84x — T2y — 242176

Giai
bat a=z+2;0=y+3.
Thay vao ttng phuong trinh ciia hé ta duge
. (a;+2)2 Jr(y+3)2 =—(y+3)(x+z—2) , ta dugc
a’ +b° =—b(a+z—4)<:>a2 +ab+b* +bz—4b=0
o 2P +52+92-Ty—15=-3yz, tadudc a* +a—Tb+3bz=0.
o  82” +8y* +18zy +18yz = —84x — 72y —242—176 , ta dugc
8a® —2a+18b” —72b+18ab +18bz - 302 +94 =0
a’+ab+b>+bz—4b=0
Hé phuong trinh da cho thanh <a”* +a—7b+3bz=0
8a® —2a+18b° —72b+18ab+18bz— 30z +94=0
Tu phuong trinh thi nhat va thit ba ctia hé ta c6
5a° +a—47
15

8a*>—2a—-18a> —=302+94=0<=10a> +20+302-94 =0 2 =—
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Thay vao phuong trinh thit hai, ta c6
2 a—4 21 q-12 5(a* +a
i vaompp ra=AT) o (5 vami2) o, S(atra)
) ) 5a” +a—12
Trong hé phuong trinh trén. nhan phuong trinh thit nhat véi 3 roi trit cho phuong trinh thi hai ta
dugc

2a” —a+3ab+3b* —5b =0 (*)
2ia—4 5(a” +a
Thay z=—M va bz# vao phuong trinh nay, ta c6
15 5a" +a—12
2
. 15a(a’ +a 5(a* +a 25(a”* +a
2a° —a+ 2( )+3 2( ) - 2( ) =0
5a” +a—12 5a” +a—12 5a” +a—12

& (20* - a) (50’ +a—12)2 +[15a(a2 +a)-25(a’ +a)](5a2 +a-12)+65(a* +a)=0 .
< 50a’ +70a° —208a" —94a* + 482a* +156a =0

& a(a+2)(50° —14a+13)(50° +11a+3) =0 < a=0;a=—2;a=%0*/6_1 :

Vay hé phuong trinh da cho c6 4 nghiém 1a | —2; —3;£ , —4;—é;§ ,
15 3’15
31+4/61 246128 13-+/61 ) (V6131 261 +28 39++/61
o > 1 7 15 I 10 15 7 15

22(a:+y)+1=x2 —y°
Cau 17. Giai he phuong trinh {y* + 2* =1+ 2y + 222 — 2y2
y(3x2 —1) = —295(302 + 1)
Dé thi chon dai tuyén trusng PH KHTN Ha Noi, vong 3

Giai
—2x(ac2 +1) =3
Tu phuong trinh thii ba cia h¢ tacé y=——F— = z+y=—75— .
3z° -1 3z° -1

bat z=tant,t e(—g;gj =cost#0 .

tan®t—3tant

Tacod tant+y= = y=tan3t—tant. Tl phuong trinh thit nhat clia hé ta c6

3tan’t—1
. -yt -1 (2tant —tan3t)tan3t—1 _ 2tanttan3t —tan’3t -1
2(m+y) 2tandt 2tandt
—tant— tan 3¢ + cos 3t _ tant—l sin 3t N c.0s3t —tant— — ‘
2 2\ cos3t sin3t sin 6t

T phuong trinh thi hai ctia hé ta c6

Pyt 2 2y -2+ 2 =140 g4z —a) =144

2
@(tan3t—tant+tant— —tantj =1+tan’t

sin 6¢
. 2 .9 2
sin 3t 1 1 2sin” 3t -1 1
= —— —tant | =—— & - —tant | =—
cos3t  2sin3tcos3t cos™t 2sin 3t cos 3t cos™ t
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cos 6t 2 1 cosb6tcost +sinbisint ’ 1
| — +tant | =——— - =—
sin 6¢ cos”t sin 6t cost cos’ t

2
5t 1 i
<:>( o J = zt<:>Cos5tcost=ism6tcost<:>cos5t:icos(g_6tj
oS

sin 6t cost
t:£+ 2_7T
22 11
T T
cosbHt = cos 5—6t =" _por
< = 2 (k:eZ) .
T T 2
cosbt =cos| —+6t t=—— 4k
2 22 11
t=—"_k2r
L 2

Do te (—g,gj nén hai ho nghiém ¢t = ig —k2m,k € 7. khong thoa méan.

Do . 2 . ) .
Vi hai ho nghiém ¢ = i% + k1—71r ta tim duge 10 gia tri ¢ thoa man.

w  dr BT T O

teqt—;F—;F—;t—;t— .
{22 22° 22 22 22}

1
Vay hé phuong trinh da cho c6 nghiém la (ZL‘; y;z) = (tant;tani%t —tant;tant — — J
sin

Vi tel# 43T 5T T Il
922722772277 227 29

Cau 18. Tim tat ca cac nghiém thiic cia hé phuong trinh sau.
{xl + Ty + ..+ Ty, =1997

4
1997

3

4 4
T, +Z, +...+T 1997

=) +3) +..+ 7

Ukraina MO 1997

Giai

Dat S, =a +z) +...+ 1], . Theo bat ddng thitc iy thita trung binh ta c6

1 1 1 1
ST T N /T LN (T G
1997 ) ~ 1997 199 1997 ) (1997

1.

Do d6 1557 <1 .DAau “="x4y rakhivachikhi z, =z, =...= 2y, =

T, +T,+x, =6
Ty, +2,+1, =9
Ty +T, +3,=3
_ i R T, +T +T=—3
Cau 19. Giai hé phuong trinh
T+ 2+, =9
Tg+ T, + T, =—6

T, I8 G, 4 BB ==

Ty +T, +T, =2

Moscow MO

Giai

Cong vé theo vé cac phuong trinh trong hé ta duge
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3(z, 42, +..+3,) =07, +2, +...+ 7, =0.
Lai cong ba phuong trinh. thtt nhét, thit tu va thit by trong hé ta tim duge z, =1.

Tuong tu nhu vay ta sé tim dudc céc an con lai.
Vayz, =Lz, =21, =31, =41, = —4x, =37, =27, =1 .

10z, + 3z, +4x, +x, + 3, =0

11z, + 2z, + 2z, + 3z, + 7, =0

152, + 4z, + 5z, + 4z, + 2, =0

Cau 20. Giai hé phuong trinh <2z, +z, -3z, +122, -3z, + 2, + 2, =0
6x, =5z, + 3z, —x, +172, + 2, =0

3z, +2z, — 3z, +4z, +x, — 167, +22, =0

4z, -8z, +x, +x, + 3z, +19z, =0

Moscow MO

Giai
Nhan xét rang hé da cho ¢6 tinh chat 1a hé s6 a, clia z, trong phuong trinh thi & ¢6 modun 16n hon
tong cac modun ciia tat cd cac he sd con lai. Van dung diéu nay ta gia st x, 14 s6 16n nhat theo
modun clia cac 86 T,;2,;...;x7, . Thé thi trong phuong trinh thit m s6 hang a, z, 16n hon theo modun

tdng clia tat ci cac s6 hang con lai. Do né 13 16n nhat theo module nén hé ¢6 nghiém duy nhéat

T, =T, =...=1,=0 .

3z N 4y N 2z _1
Cau 21. Giai hé phuong trinh {z+1 y+1 2+1 :zy,2>0 .

8ty =1

Giai
Tt phuong trinh thit nhét ctia hé ta co
1 2z 4y 2z
= + +
z+1 z+1 y+1 z+1
1 3z 3y 2z
= + +
y+1 x+1 y+1 z+1
1
_ 3z N 4y L7
z+1 z+1 y+1 =z+1
Ap dung bat ding thic AM —GM cho 8 sb ta dugc
1
T T 3z Y Y Yy Y i L2
z+1 z+1 z+1 2+1 y+1 y+1 y+1 y+1 z+1 z+1

> 8, T
_8\/(33+1)2 (y+1)4 (z+1)2 (1)

Tuong ty, ta cling chiing minh dugc

1 282{/ 2 x3y3223 2 (2)
y+1 (x+1) (y+1) (z+1)

1 > 8, :1:3y4z
z+1‘8\/(x+1)3(y+1)4(z+1)2 (3)

Nhan vé theo vé cac bat dang thic (1),(2),(3) ta duge
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1 1 1 9 >y 2"
3" 1 3 28" 24 32 16
(z+1) (y+1) (2+1) (z+1) (y+1) .(2+1)
1 1 1 > 8 T

A 3° 4" 2 : 3 4 2
(x+1) (y+1) (z+1) (x+1) (y+1) (z+1)
o828yt <1
Y z 1

. S 1
Dau "=" xay ra khi va chi khi T - = =—Sr=y=2=—.
z+1 y+1 2z+1 9 8

Cau 22. Tim nghiém nguyén duong ctia hé phuong trinh

\/xZ —zy+y° +\/y2 —yrt 2 =1 raz+ 2
r+y+z<11

Giai

Hé phuong trinh da cho tuong duong véi

J(%w—yf +[§xj +\/(y—%zjg +{§z] =\/i(:ﬂ—z)2 2 (oez)

r+y+z<11

. - (1 = 1
Trong mat phang toa do, xét cac vector sau a = [Ex - y;g:ﬁ];b = (y —Ez;ng .

Thé thi a+b= [%(x —z);?(m + Z)J . Ap dung bt déng thic ‘ZL‘ +‘5‘ > ‘& +5‘ ta dugc.

\/Gz_yj {@% +\/(y—%zj {@% 2\/i(x—z)2 +3(eeay

Dau "=" x4y ra khi va chi khi a= kg,k >0 hoac mot trong hai vector &,5 14 0.

1 1
o gx—ka(y—axj 1 —k:\/g
Nhung do z,7,2>0 nén a,b=0. Khi dé k>0 Ez—y— 7z,k>0 .

—fL'=k—Z .’Esz

Bay gio, hé phuong trinh da cho tuong duong v6i <z =kz k> 0x,y,2€ 77 .

z+kz+ z<11

k+1
Lan lugt thay k& boi cac gia tri thich hop tng v6i z ta duge cac nghiém nguyén duong clia he.

Cau 23. Tim tat ca cac s6 thuc z,y,2z # 0 thdéa man hé phuong trinh
(x2 +xy+y2)(y2 +g/,z+,22)(z2 +za:+x2)=xyz
(z4 +z'y’ +y )(y4 +y°2" + 2 )(z4 +2°2° + 2 ) =z’y*2?

Indian MO 2011

Giai

Nhan xét a* +a? +b* =(a,2 +ab+b2)(a2 —ab+b2)
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V6i zyz #0 ta chia vé theo vé ctia phuong trinh thit nhat cho phuong trinh thit hai trong hé ta duge
(:1:2 —acy+y2)(y2 —yz+z2)(22 —za:+a:2): oyt
Hon nita, v6i méi s6 thuc a,b ta c6 a’ —ab+b* > |ab|
T 2°y°2 =|xy||yz||zx| ta nhan dugc
|zy||y2| 22| = (ac2 —ay+y° )(yz —yz+ 2 )(z2 — 2w+’ ) > |zy||y2| |22

Diéu nay x4y ranéu z° —zy+9° = |a:y|;y2 —yz+2 = |yz|;z2 —zr+2 = |zac| dong thoi x4y ra.
Xét phuong trinh a® —ab +b* = |ab| véi a,b#0.

e Néuab<O0 thi a’—ab+b’=—-ab<>a’+b*=0 (voly)

o Néuab>0 thi a*—ab+b*=ab < (a-b) =0 a=b.
Bay gio, d6i vdi bai toan nay ta thu duge z=y==z.
Thay vao phuong trinh thit nhat ctia hé phuong trinh da cho ta dugc

MWl =t orr=—cr==.

a;b;c >0
Cau 24. Giai hé phuong trinh <a+b+c=1

ot

Giai
Via+b+c=1 nénVT(Q)zabc+L+l+l+l+1,
abc a b c

Ta sé di ching minh 1 + % + 1 >9 . Ap dung bat ding thic AM — GM ta c6
c

a
2 2 3
abc+iz(abc+ 21 j+272 122‘fabc. 21 +27 5 1=@:VT(2)Z(EJ
abe 27%abc ) 27 abc 27 abc 27 27 3
DAau “=" x4y ra <:>a=b=c=§.
e R 1
Vay hé c6 nghiém la a=b=c=§.
T+y+z=3
Cau 25. Giai hé phuong trinh {2°> +y°> +2° =3 1x,y,2 € R

2012 2012 2012
Ty T +27 =3

Giai

Xét cac vector u = (x;y;z),a = (1;1;1) . Dé thay wo = "ZLH{)‘ = \/§

R T z
Suy ra u,v cungphUOng©T=—=I>0@x=y:z_

Két hgp v6i phuong trinh con lai ta duge r=y=2=1.
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2t, -1, =q
-t +2t,—t, =a,
—t, +2t, —t, = a,

Cau 26. Giai hé phuong trinh

-t ,+2t _,—t =a

n— n— n n—1

_tn—l + Qtn = an

Ky thi dac biét tai Hué, 1981

Giai
Tu phuong trinh thi nhat cia heé ta co ¢, —t, =a, —t,;

19

Thay vao phuong trinh thi hai cta hé taco ¢, —t, =a, +a, —t,;

19
Thay vao phuong trinh thi ba cia hé tacé t, —t, =a, +a, +a, —t,;
Thay vao phuong trinh tht n—1 ctahétacoé t,_, -t =a, +a,+...+a, , -1, .
Cudi cung taco t, =a, +a, +...+a, —t,. Tt d6 ta c6

t,=a +..+a, -1

9

t.,=2a +..+2a,  +a, —2t;

t, ,=3a +..+3a, ,+2a,  +a, =3t ;

n—1 19

t, = (n—l)a1 +(n—1)a2 +(n —2)a3 +...+a, (n —l)t1
i, =na, (n l)az—i- .+2a,  +a,—nt,.
Vay nghiém ctia hé phuong trinh da cho 1a

f o= ay .t a, , + -
n+1 n+1 n+1 1
n-1_ 2(n-1) 4 2
t? al a n—1 n?
n+1 n+1 n+1 n+1
2 2(n-1) n—1
n—1 = a, + a2 + n—1 a’n’
n+1 n+ n+1 n+l
1 2 n—1 n
tn - +_a2 + an—l n*
n+l1 n+1 n+1 n+1
:1:3+17(a:—z)2=2
Cau 27. Giai hé phuong trinh <y +y(z x)2=30
z3+z(x—y)2=16
VMO 2004 bang A
Giai
x(x2+y +z2) 2xyz =2 x(m2+y2+z2)—2xyz=2
Heé da cho tuwong duong véi (:1: +y +22) 2zyz =30 < (y—z)(x2+y2+z2)=14 (I)
(x +y +z2) 2zyz =16 (z—x)(x2+y2+z2)=14

Dé théy. (0;0;0) khong phai la nghiém ctia he ().
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95(552"‘?/2"'22)_23”?/222 22" =222+ 22” =2

Khi d6 (I) <{(y—2)(2" +¢* +2°) =14 <{52° ~1622" + 202’2 - 162" = 0. (1)
y=2z-1 y=2z-x
Vi z,2# 0 nén dit t = 2 Tu phuong trinh thi hai ctia hé (H) ta co
T

5t* —16t" +20t —16 =0 <> (t—2) (5t —6t+8)=0<>t=2. Suy ra z=2z.

22° — 2%z + 22" =2 r=1
Ta co (II)<:> z=2x &Sy =3.
y=2z-x z2=2

Vay hé phuong trinh da cho c6 nghiém la (1;3;2) .

r+y+z+t=12
. 2’ +y* +25 +t° =50
Cau 28. Giai hé phuong trinh <, " | .
x4y’ +2° +t° =252

ot +y°" =2xyat

Giai
Hé phuong trinh da cho duge viét lai dudi dang.
T+Yy+z+t=12

(.’I}+t)2 +(y+z)2 —2xt —2yz =50
(x +t)[(x + t)2 —3xt} + (y+ z)[(y + 2)2 —3yz] =252

(xt—yz ‘=0

(1)

Phuong trinh thi tu trong he (I) chota zt=yz.Dat z+t=a,y+2=0,xt =yz=c khi dé hé thanh
a+b=12 a+b=12
a’ +b* —4c =50 = (a+b)2—2ab—4c=50
a(a’ =3c)+b(b" =3c)=252  |a® +b’ ~3c(a+b)=252

a+b=12 a+b=12 a=>5 a="T
< <ab+2c=47 S<ab+2c=47<<b=7 hoac {b=5H.

(a+0)[(a+b)’ ~3ab|-36c=252  labre=dl  [e=6 c=6
T+t=5 T+t=5

Khido Sy+2=7 Thodc Jy+2z=7
rt=yz=06 rt=yz=06
Vay hé phuong trinh da cho c6 nghiém la
(2,1,6;3),(2:6;1;3),(3;1:6;2),(3;6,1;2),(1;2:3;6),(1;3;2:6),(6;2;3;1),(6;3;2;1) .

Cau 29. Tim tat ca cac bo (;y;2) v6i z,y,2 1a nhitng s6 nguyén thoa méan he phuong trinh

T+y+z=3
a:3+y3+23=3'

Giai

453 | Chinh phuc olympic toan



| Hé phuong trinh nhiéu an

3 (.3 3 3
Ta cé (x+y)(y+z)(z+x)=(m+y+z) ?)(x ty +z )=8

bat u=z+y;v=y+z;w=z+x. Vi 2,y,2€Z nén wvw € Z ma uvw =8 nén u,v,we{il;iQ;i4;i8}.

Céc an 1,7,z c6 vai tro binh déng trong hé nén khong mat tinh tong quat, gid st r<y<z=>u>v>w.

Khi d6 u+v+w=2(x+y+z)=6:>u22.

) Clv+rw=4
o Xétu=2 tacod Sv=w=2.Suyraz=y=z=1.
vw =4
. v+ w=2 ) .
o Xét u=4 taco , khéng c6 nghiém nguyén.
vw =1
. Clvtrw=-2
e Xét u=8 taco Sv=w=-1.
vw=1

Suyra z=-b;y=4;2=4.
Vay hé phuong trinh da cho c6 4 nghiém la (1;1;1),(4;4;—5),(4; —5;4),(—5;4;4) .

1 1 1
TH—=y+—=z+-—

Yy z x
Cau 30. Tim bo ba s6 thuc (x;y;z) phan biét théoa méan {4z +y+3z=1 x,y,z€R .
xyz <0
Giai

Diéu kién z,y,2 %0

Dat x+l=y+1=z+l=k.Tacé yz+1l=kzzx+1=kx.
Yy z z

T do6 suy ra ka=k(zx+1)=kzm+k=(yz+1)x+k=xyz+$+k:>(k2—1)x=xyz+k.
Tuong tu (k2 —1)y=a:yz+k. Suy ra (k2 —1)(:3—3/):0. Do z#ynén k=+1
Mat khac zyz=-k<0nén k=1. Khi do

x+l=y+l= l—l:>x¢1y_—lﬂzzl—lzsxihy: J—l—l
y 2 x -z x 1-z x
(x+y)( )=—5
Cau 31. Giai he phuong trinh {(y—2)(y* +2°)=13; z,y,z€R.
(z-z)(a* +2°) =40
Giai

Ta thady =% hodc y=-2z hodc x=—2 khong la nghiém ctia hé da cho
Nhan phuong trinh thit nhat, thit hai, thit ba ctia hé phuong trinh da cho 1an lugt v6i x —y;y + 2,2 + 2
' —y' =5y -2)
thu duge {y' —z' =13(y+2) . Cong vé theo vé clia tiing phuong trinh ta dugc
4 4
2t —xt =—40(z + 2)

2y -5z

18y —452-272=0< 2=
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ace EFOE ) 51
(x—z)(x2 +22) 40 8

2y — .z
Thay z = y—5c vao phuong trinh nay va bién doi ta thu duge y =-2x;2 =-3z

m(m2+y2+z2)=xyz+8
Cau 32. Giai hé phuong trinh y(m2 +1° +zg)=2xyz -2 ;z,y,2€R.

z(a:2 +y’ +22)=3xyz+18

Giai
Dit a=2" +y° +2°;b=ayz .
rxa=b+8 2’a® =b>+2b+8
Hé phuong trinh thanh Jya=2b-2 < {{y°a* =4b> —8b+4
za=3b+18 Z*a® =9b* +108b + 324
Cong vé theo vé ctia 3 phuong trinh trong hé ta duge a” =14b> +116b +392.
Nhan vé theo vé ctia ba phuong trinh trong hé ta dugce a’b =(b+8)(2b—2)(3b+18).

Suy ra b(14b* +116b+392) = (b+8)(2b—2)(3b+18) = ... <> b=—2=0a=6.

N e e N e Y

3

(m—y)(y—z)(z—m)(x+y+z)=¥

Cau 33. Giai hé phuong trinh x,y,2 € R.

Giai
Diéu kien 0<z,y,2 <1

- T2y ;
Gid st z= max{m,y,z} =9 €0 2 truong hap.
>z

e Néuz>y>z thi (w—y)(y—z)(z—x)(x+y+z)£0 . Hé phuong trinh vé nghiém

e Néuz>z>y thi P=(z—y)(y—z)(z—x)(gz+y+z)g¥_

That vay!
4P=4($—y)(y—z)(z—x)(x+y+z)£ 4(z—y)($—z)(m+y+z)

:2(z—y)[(ﬁ-kl)(:v—z)}[(\/g—l)(ery+z)}

S%[2(z—y)+(\/§+l)(x—z)+(\/§—1)(x+y+z)}3

- Lo (3] <L (2VEe) <20 o p 2
Dau “="x4yra < z=1y=0;z _L .

J3

Tuong tu cho cac truong hop y = max{x, y,z};z = max{ac, y,z} .
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’+y’ =2
Cau 34. Giai he phuong trinh < 2* + 2z(x + y) =8&ux,y,2eR.

z(y—z)=4\/§

Giai

Cong vé theo vé ctia phudng trinh thi nhat cho phuong trinh thit hai ta duge
2 2
2z° +2y2 +2° +22$+2xy=12<:>($+§j +(y+§j =6.

Ap dung bat dang thic Cauchy — Schwarz ta co

(2y—2z)’ = {(Qy)(x +§J+(—2x)(y +§ﬂ2 <(42 + 4y2)K:c +§j2 +(y + %T}

:>(zy—zx)2 S8.6:>z(y—x)§4\/§ .
z(y—x)ZO

Dau biing xay ra <4z 4+~ y_,_f.
_ 2
2y -2z

\/x+a+\/y+a +yz+a=3 /a+l
a
Ja-z +\/a—y+\/a—z=3‘/a—l
a

Cau 35. Cho a>1, giai hé phuong trinh ,yeR.

Giai
Ap dung bat déng thic Cauchy — Schwarz ta c6 duge
A’ S3(3a+ac+y+z);B2 S3(3a—x—y—z).

Suy ra A° + B> <18a. Laic6 A* + B =9(a+l+a—lj=18a.

a a
\/$+a=\/y+a=\/z+a=‘,a+l .
"or=y=z==.

Ja_x=¢a_y=Ja_z=E “

Do do

(2—x)(3x—2z)=3—2

3+3 2: 2—3 +2
Cau 36. Gidi he phuong trinh {7 7Y =% 7%
y =—2 +62

z2<3

Giai
z2<0

Phuong trinh thic nhat c6 nghiem z < A! >0 < { S3
z>

Phuong trinh thit ba c¢6 nghiem y <> —2° +62>0< 0<2<6. (2)
Tu (1),(2) vakét hop véi 2<3 tasuyra z2=0 hodc z=3.
Vay heé c6 2 nghiem (1;0;0);(2-3;3) .
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Cau 37. Tim tat ca cac s6 thuc a sao cho hé phuong trinh sau c6 nghieém thuc z,y,z

{\/x—1+\/y—1+\/z—1=a—1

Nz+1+Jy+1+z+1=a+1

Giai
Dicukien z>1,y>1,2>1

Hé phuong trinh tuong duong véi hé phuong trinh
(\/x—l +\/$+1)+(\/y—1+\/y+1)+(\/z—1 +\/z+1)=2a
(\/x—kl—\/x—1)+(\/y+1—\/y—1)+(\/z+1—\/z—1)=2
bat u=z-1++vz+1 ;v:\/y—1+\/y+1 s=~z—1+z+1

Doz>21,y>1,22>1 nénuZ\E,vz 2,32x/§.Ng1I(jclai néuuzﬁ,vz 2,82\/§,tac()

2 2 1 2 1, 4
Jesl-o-1=—=2 -2 1== = =—|uv+—=[>1
T+ x m+\/ﬁ . =T+ 2(u+u]:x 4(u +u2j

Tuong tu d6i véi 9,z . Do d6 bai toan clia ta dua vé bai toan tuong duong

Tim tat ci cac s6 thuc a sao cho hé phuong trinh sau c6 nghiem wu > \/5, v \/5, N

u+v+s=2a

1
1,01 (@
U v S8

e Diéu kién can. Gia sit hé phuong trinh (1) c6 nghiém .

2, ao 1 1 1
Theo bat dang thic Cauchy — Schwarz ta c¢6 2a = (u + v +s)(— +—+—J >9=a 2%
u v S

e Diéu kién du. Gia sita > g . Chiing ta sé chitng minh hé phuong trinh (1) ¢6 nghiém

u+v=2a-3

LAy s=3 (thoamin s>+/2).Khids (1) tuong duong véi 3(2a-3)-
uy=———-=
2

. . ) L .o 3(2(1—3)
Twong duong u, v 1a hai nghiém ctia tam thic bac hai t° — 2(2a - 3)t + 5
20-3+ (2a—3)(2a—9)

2

Chii §. Dit h=2a-920=>(h+6-2v2) >(h+3)’ >h(h+6). Titc la

(2a-3)-242 > [(2a-3)(2a—-9) = u>2,v>+2 .

Nhu vay hé phuong trinh (1) c6 nghiém u > \/5, V> \/5, s> \/5

= u,v=

Toém lai cac so thuc a can tim 14 tat ca cac so thuc aZE.

Cau 38. Tim p €N sao cho hé c6 nghiém. V6i p tim duge hay xac dinh tap hop tat

b
in =4
i=1

b q
Zzl =4
i=1

z.>0,Vielp
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b b
2 2 82 A B AR a, 28 N
ca cac gia tri cua tong E — V6i a, >0va E al=1.

i=1 5 i=1

Pé chon doi tuyén du thi VMO — Thira Thién Hué

Giai
Do 16= (Zx][z ]>p —p<4.
i lx
e Trudng hgp 1. p=4.Khi do xizl,iel,_él.
Vay hé c6 nghiém.

. Tty =3 .
e Truong hgp 2. p=3. Chon z, =1va c6 nghiém.
Ty Ty =
Nen (z,,2,,z,) la nghiém cta he.
N T T, =4 .
e Trudng hop 3. p=2. c6 nghiém.
x,.T, =

Nen (z,,2,) 12 nghiém ctia he.
e Truong hop 4. p=1. V6 nghiém.
Vay hé c6 nghiém khi p=2;p=3;p=4.

1. Taxét tap gia tri cia Z

i=1 _af
Ta ¢ S 4
a CoO f(al,a2,...,a[))— i:1m.
Xét ham s6 g(x)Zx(l—xz),()<$<1;g'($)=0<:>x:L?).

Ta dé dang chi ra maxg(x)z . Do d6 f(al,%,...,ap)z

(0;1)

2
33
Dau dang thtc xay ra khi gz 1 hay p = 3.

y4
2. Ta xét tap gia tri cia Zaf =1

i=1

1
o V6i p=2 thi f(a,,a,)=2+2>2 >22 vial+al=1.
a, a a,.a,
2
A 2 ., I3 . 1 a1 1_ IS ~
Dau dang thic xay ra khi a, =aq, ZT ,f(al,az)z & + >— lién tuc trén (0;1).
2 —a, a,

Khi a, >0 thi f(a,,a,)—> +%.Vay p=2, tap gid tri la [2\/5&00)‘

1 P
e Vé6i p=3.Chon q =+1-2z; q, =\/;;a3 =\/E,0<x<§ théa man gia thiet

al +al+a; =1-2z+z+x=1

Vi-2e o o _ g()lien tuc tren (O;%j-

xlxlx

Co g[lj ﬁ;%ﬂiﬁr&g(ﬁ) =+ . Vay tap gia tri la {#&oo} .

Taco f(a,,a,,a, )

3 2
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e Véi p=4.Khidé6taco f(al,ag,.‘.,ap)>¥.
Chon a, =+/1-2z;a, =\/;;a3 =\/;;a4 =+/z théa gia thiét
1
a; +a; +a:+a. =1-3z+z+z+2=1 Vvéi O<x<§

Ta co f(a,a ,a.,a,)z 1—2x+ Jz + Jz + Ja =g(x)liéntuctrén 0;l .
e 2z l-z 1-z 1-z 3

0 343
Co 11rrllg(ac)=

z—>
3

,lgrolg(x) =+00 .

Vay tap gia tri la l:%;ﬂoj .

Cau 39. Tim gi4 tri 16n nhat ctia tham s6 m dé cho hé phuong trinh sau c6 nghiem
+ay+y =m
v +yz+2t=m’ (a:,y,z € R)

Ty +yz + 22 =m’

Giai
- Y \/g 3 1
Dit X=z+2.y =2, 732 T ==(z2—y).
] T+ 5 Y : (y+2); 2(2 y)

Ta dudc 2° +ay+y° =X +Y?; y* +yz+2° =22+T2;§(xy+yz+zx)=XZ+YT.

X +Y?*=m
Dod6tacohe 12°+T*=m’ . Chay (X*+Y*)(2°+T°)=(XZ+YT) +(XT-YZ) .

B

XZ+YT 27777,3

2

Do d6 hé da cho c¢6 nghiém thi m.mzz(gng Sm?’(m:g—%jS():OSmgSé:OSmSi/%.
XT=YZ (1)
Xét m:i/g.Tacéhe XZ+YT:§m3 (2)
Z2+T*=m*  (3)

Tu (1) c6 thé ddt X =uZ,Y =uT ,thay vao (2),(3) taco u =§m.

Xzﬁmz x:2m+3y
2m
2
Do dé6 ta c6 he YzﬁmT hay z=m+ Yy véimzi/g.
2 m 3
Z2+T =m’ ) m’
3m® +4m +4

Vay véi m= i/g thi hé phuong trinh da cho cé nghiém.
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22 +2zyz=1
Cau 40. Giai he phuong trinh < 32°y* + 3zy° =1+ 2°y* (x,y,z € R) .
2+ 2yt + 4y =4y + 6y°2

Giai
2 +2zyz=1 (1)
Giai he phuong trinh { 3z°y” +3zy® =1+ 2y (2)
z+zy' +4y° =4y +6y°z  (3)
2

-2z T
. bat z=tanu | ue| ——;— |\ {0} | thi zy =cot2u.
22 ( ( 2 2J\{ }j !

Vi z=0 khong thdéa hé pt nén (1) S ay = 1

“2u—-1
Tu (2) tacod y= 3300t ko =tan6u.
cot” 2u —3cot22u

_ 3
Vay x =cot2u.cotbu. Thay vao (3) ta dugc z = dtanCu —dtan Gu =tan24wu.

1+ tan’ 6u —6tan® 6u

Vay tanu=tan24u=u =2—k7; (k EZ) .

Viue _E;Z \{O}nén = ii,...,ill—ﬂ )
2°2 23 23
- K
Vay tanuztan24u:>u=2—3 (keZ).
T R ™ 117
Vive|——;— \{O}Hen wedt—, ... F——1.
22 23 23

11
Vay hé c6 nghiém (x,y,z) = (cot2t.cot6t;tan6t;tant) trong d6t e {iglg""’ig_;}

z+3y=2"-12
Cau 41. Giai he phuong trinh —y+4z=9" -6 .
9242z =2"+32

Dé thi chon doi tuyén DPH KHTN Ha Noi, vong 1

Giai
3y +6=0" —1—6 3(y+2)=(2-2)(2" +2x +3)
He da cho tuong duong voi {4z+16 =y +y+10 < {4(z+4)=(y+2)(y" —2y+5)
20-4=2"-92+28 2(0-2)=(z+4)(z* ~42+7)
Nhan ting vé cac phuong trinh ciia he, ta c6

24(x—2)(y+2)(z+4) =(x—2)(y+2)(z+4)[(a:2 +2m+3)(y2 —2y+5)(22 —4z+7)]

(z-2)(y+2)(2+4)=0
- (% +20+3)(y" —2y+5) (2" —42+7)=24

r=2
Néu (x—2)(y+2)(z+4)=0<:> y=—2
z=—-4

Ta thay rang néu z =2 thi theo phuong trinh thit nhat, y =-2 ; theo phuong trinh thi hai, z=-4 va
hé da cho c6 nghiém (x; y;z) = (2;—2;—4). Tuong ti néu y=-2 hoac z =—4.
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Néu (o +22+3)(y 2y +5)(2* ~42+7) =24 | (e +1) +2][ (y-1) +4] (-2)" +3]=24.
Ta thiy ring

(1) +2][ (y=1) +4]| (z-2) +3]>23.4 -2
Nen dang thiic phai xay ra, ticla z=-1Ly=1,2=2.

Tht lai, ta thiy bo nay khong théa man hé da cho.
Vay hé c6 nghiém duy nhat 1 (:L‘;y;z) = (2; -2; —4).

2 =32 -12y+50
Cau 42. Giai hé phuong trinh <y’ =12y + 32z -2
22 =272+27z

Dé thi chon d6i tuyén truong THPT Phan Chu Trinh, Pa Ning

Giai
7' =3r-12y+50 = 48 -12y=2" ~32 -2 = 12(4—y)=(z-2)(z +1)
Taco | 4’ =12y+32-232-18=y" ~12y+16 = 3(2—6)=(y-4)(y +2)’
2P =2Te+272 < 27T -54=2" —27z—54<:>27(:L‘—2)=(z—6)(z+3)2 (3)
Néu r=-1 thi (x—2)(a:+1)2 =0, tit (1) suy ra y=4 hay (y—4)(y+2)2 =0, tit (2) suy ra 2=6 hay
(z—6)(z+3)2 =0, ti (3) suy ra x =2, mau thuan.
Do d6 z=-1 khong théa man hé, ta chi xét z#-1= (x + 1)2 >0.
Chtng minh hoan toan tuong tu, ta ciing ¢ (y + 2)2 > 0,(z + 3)2 > 0.
e Ti (2)suyra y—4,2-6 cung dau.
e Tu (3)suyra z—2, 2—6 cung dau.
T do, ta duge -2,y —4 cung dau. Hon nita, tit (1) ta thiy z—2,—(y—4) cing dau, ttc 1a
0<(z-2)(y—4)<0.
Do d6, z=2 hodc y=4. T cdc phuong trinh (1),(2) va (3) dé thiy cA hai trudng hgp trén déu cho
ta két quala z=2,y=4,2=6. Vay hé da cho c6 nghiém duy nhat (m;y;z) = (2;4;6).

5(x+y) N 6(x+z)
T+y+6xy x+z24+5x2
6(z+y) . 4(:1:+y) e
z+y+4zy zT+y+6zy
4(aj+z) . 5(y+z)
T+z+5rz y+z+4yz

Dé thi chon d6i tuyén trudng PTNK, TPHCM

Cau 43. Giai hé phuong trinh

Giai
+ + +
bat a= g , b= yre , C= rr
T+ y+6xy y+z+4yz z+x+52x
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_4-5a a=l
S5a+6¢c=4 6 8
Heé da cho tré thanh {6b+4a=5<<4a+6b=5 = b:%
4c+5b=6 -
¢ 5b+4(4 5“}:6 9
6 c=—
16
_zry 1 1. 1.6 (1_-33 ~14
r+y+6xy 8 7($+y)=6xy x y 7 r 14 33
. y+2z 3 1 1 1 45 14
Dod6 4 ———=—- ©qy+2=12y2z << —+—=12 ©&<—=— y=—
y+z+4yz 4 Yy oz y 14 45
7(z+$):45zx
2+ 9 1 1 45 1 123 _ 4
—_— —_t—=— _—= — Z=—
z+x+b5zx 16 z x 7 z 14 124
-14 14 14
Vay hé da cho c6 nghiém 1a (x;y;2)=| —;—;—— |.
1y he ghié (y)[3345123j

2z = y(a:Q + 1)
Cau 44. Giai he phuong trinh {3y" =z(y" +y° +1)

4z* =x(26 +20 427 +1)

Giai
e Trudng hop 1. V6i =0 thi hé c¢6 nghiem z=y=2=0.

e Trudng hop 2.
V6i £ #0 dé heé c6 nghiem thi z >0,y >0,z >0.

Gi& stt (z,y,2) 1a nghiém ctia hé ta c6
20" =y(1+2" )22y S w2y (do 2* +1222)
3y’ =z(y4+y2+1)23zy2 Sy>z (do y4+y2+123y2)
4z =I(ZG+Z4+z2+1)Z4xz3 =3 (do ZG+z4+z2+124z3)

T hé suy ra o =y =2z. Thay vao hé ban dau ta dudc hai nghiem 13 r=y=2=0z=y=2=1.

Cau 45. Tim tat ca cdc nghiém duong ctia phuong trinh

24
(z+y+2)(10z+4y+2)= Sy

Leonard Giugiuc.

Giai — Sefket Arslanagic
Dau tien ta thay (z,y,2)=(2,3,4) 1a mot nghiém ctia phuong trinh

(x+y+2)°(10z+4y+2)=(81)(36) =(243)(12) = 243zyz

Ta chitng minh ring nghiém ctia hé c6 dang £(2,3,4) v6imoi k>0.
Dit o =2u,y=3v, vd z=4w. Suy ra u>0,v > 0,w > 0. Theo bat ding thiic AM — GM ta c6

THy+z=2u+3v+dw=ut+u+v+v+ov+w+w+w+w>Ruv'w
Nen (z+y+2)" > 81u"v’w® . Tuong duong,

10z + 4y + 2z = 4(5u + 3v +w) > (4) (Vv v w
Tu (1) va (2), ta duge

(z+y+2) (102 +4dy +2) > (81) (36)uvw = (3° ) (2* )uvw = (3‘))(22)(@(%}&) _28
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Tt gia thiét
24
(z+y+2) (102 +4y +2) =73:L‘yz

Ta c6 dudc u=v=w=4k v6imoi k>0, nén (z,y,2)=k(2,3,4).

,/1+x1+,/1+z2 et Lt @y, = 2013‘@31
J1-z, +1-2, +....+ 1 —2,,, =2013 ;81

Cau 46. Giai hé phuong trinh

Giai
Didu kien 1<z, <1 (1=1,2,3,...,2013).
Theo bat déng thitc Cauchy — Schwarz ta cé

20132 2014 (\/1+ ol Lty et L 2y )2 <2013(2013+, +a, +...+ Ty, )

Suy ra $]+x2+...+x2m321 (1)
Laico

2013 2314 (\/1 z, Ffl=a, +I=, +.4 1= xm) <2013(2013 -2, — 7, —...— Ty,
Suy ra @, + 2, +...4 Ty <1 (2)

Tu (1)va (2) suy ra T, + T, +...+ Z,,; = 1. Do d6 hé phuong trinh tré thanh

1+ =1+z,=...=1+uz,, )
l-z, =1-z,=..=1-2),, &z, =10, = :%013:m
Ty + Ty ot Ty =1
~ A 4 ~ N 1
Vay nghiém cia héla z, =z, =...=2,,, =m.
T+y++22° + 27y +3y° =4 (1)
Cau 47. Giai hé phuong trinh T’y =322° (2)

3z2” + 62z +32° +152° +162=23+6 (3)

Giai
Tt gia thiét da cho dé dang nhan thiy z +y < 4.
Do dé6 phuong trinh (1) c6 thé viét thanh 22° + 22y +3y° = (4 -z y)2 .

2
Tt day bing mot s6 bién doi, ta co (:1:+y)2 +2(y+2)2 =40, hay 2[2+gj +(y+2)2 =20

T6i day st dung lan lugt cac bat dang thitc AM — GM va Holder, ta c6

2 2
2 2 2 3 2
T T 2 T TY
24— +|24+4=| +(y+2) =23||2+—=| (2+ 2| 24+ 3—=
( 2J ( 2) (v+2) K 2J( y)} ( \/4j
2 3
7’y 5
Tt dé suy ra 20>3 2+3T .Hay 2°y<32 5—1 )

Tit (3) ta bién ddi vé | 3(s+1) =5 |(2+2+3)=0.
Vay ta co z=[\/§—l} Suy ra z* <322°.
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Tt d6 suy ra nghiém cta hé la © =2y =4z =4(\/§—1J.

Cau 48. Cho a,b,c,d € R {30;4;14;10} 1a bon tham s6 doi mot phan biét va z,y,z,¢ 1a cdc an so. Giai

a5 Y z t
+ + +
a-30 a—-4 a-14 a-10

T Y z t
+ + +F =1
b—30 b—4 b-14 b-10

hé phuong trinh
z Y z t

+ + +
c—30 ¢c—-4 c¢-14 ¢-10
T Y L Z t =1
d-30 d-4 d-14 d-10

V6i méi bo (z,y,2,t) xét da thic P(s)eR[s] , decgd;u: 4 dugc cho béi
P(s)=(s—30)(s—4)(s—14)(s—10)—z(s—4)(s—-14)(s-10)—y(s—30)(s —14)(s —10)
—2(5-30)(s—4)(s—-10)—t(s—30)(s—4)(s—14).

Ta c6 (z,y,2t) la nghiém ctia he da cho < a,b,¢c,d 14 4 nghiém phan biét ctia phuong trinh P(s)=0
tie T P(s)=e(s—a)(s —0)(s—c)(s—d) = Q(s) (1)

Do deg(P-Q)<3 nén diéu kién can va di dé co (1) 1a da thic P—Q triét tieu tai it nhat 1a 4 diém
5, =303s,=4;s =14;s,=10.

Suy ra P(30)=Q(30);P(4)=Q(4);P(14)=Q(14);P(10)=Q(10) (2)

Cubi cuing

e (a—30)(b—30)(c—30)(d—-30)
8320
~8320z =(a—30)(b—30)(c—30)(d - 30) (a-4)(b-4)(c-4)(d-4)
) 1560y =(a—4)(b—4)(c—4)(d-4) y 1560
2)e 640z =(a—14)(b—14)(c—14)(d-14) (a-14)(b-14)(c—-14)(d—-14)
480t = (a—10)(b—10)(c—10)(d ~10) B 640
(a—10)(b—10)(c—10)(d -10)
o 480
Yz =32
Cau 49. Giai hée phuong trinh {2 +4xy +4y” +22° =96 (*)
z,9,2 >0

Giai
Theo bat ding thitic AM — GM ta c6
Aoy +4yt +227 =27 +2° + 27 +4y° +day

> 20z +4yz +4xy > 332.4-42° - - 2* =3%32° =96
T d6 suy ra 2° +4ay +4y° +22> > 96 .
rT=z
. . Co =2y
Dang thic x4y ra khi va chi khi { z=2y =

2=2y
2xz =4yz =4xy
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r=4
z

Thé vao hé (*),tadu’oe 2y-y-2y:32:>y:2:>{

Vay nghiém ciia hé la (x;y;z) = (4; 2;4).

z’ —yz Y’ — 12 N 22—y

Cau 50. Giai hé phuong trinh

Ty +y’z— M+2 yz+4\/g =5
Jz

CRSECENT - =0
20+’ +2° 2P+ +2 227+ + 2

Giai

Diéu kien z,y,2z > 0.

2 2 2
T —yz Yy —xz z—xy >0
20+ +2° 20+ +2 27+
2(:E2 —yz) (erz)2

2 2 221_ 2 2
20" +y +2 207 +y 42

Ta sé chiing minh

Dé ¥ ring

2

Ta quy vé chiing minh

. (y+2) . (z+2) .\ (z+y)
_2$2+y2+z2 2y2+22+x2 2z2+a:2+y2

Ap dung bat dang thic Cauchy — Schwarz ta co

S e T

7’ +y2)+(y2 +2°
Vay bat ding thitc duge chiing minh.
Diang thitc xay ra khi va chi khi 2=y =2
Thay vao phuong trinh thi hai ta duge 2y° =12 <y = 6
Vay hé c6 nghiém z=y=2= 3e.

. Thiét 1ap céc biéu thitc con lai tuong tu.

s+y+ay=2" +22° (1)

Cau 51. Giai hé phuong trinh Tt +yt =22 (2)
(z+y)" =(2+2004)" (3)
Giai

Tt phuong trinh thit hai ta c6 22" =2 +¢* > 22" = oy < 2*"

Ta lai co (z+ y)2 < 2(302 + yz) =(z+y)' < 2(:52 +17 )2 < 8(:[:4 + y4): 1622 = z+y<22”

22“()&

Tu (*) va (**) taco z+y+ay<z® +22""
Déng thiic xay ra khi z =1y =2"".
x:y:zmm x=y=z=1
Hé phuong trinh tuong duong véi . = 1 S
2¢) =1 r=y=—;z=%2?
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z+y+2=0

Cau 52. Giai he phuong trinh {2° +¢° +2° = %

+y’+2° =1

Giai
Véi z+y+2=0va 2> +y° +2° =1 tacod

0=(x+y+z)2=x2+y2+z2+2x(y+z)+2yz=1—2x2+2yz

2 2 2 2
ytz _1-a ,suyraxQ—lsl L ,do do —ﬁﬁxﬁﬁ (*)
2 2 2 2 3 3

Khido P=a"+(y" +2°)(y" +2* )~y (y+2)
2
I (TR T N e P
2
:$5+(1_$2)[_x<1_x2)+x x2_%ﬂ+(x2—%j x:g(%?’—x)
Xét ham s f(z)=22" -z, v6i —

[ N6 _ (Vo) V6 [(6) V6 _6 , 6 56
Ta co f(—?)zf(—]z——,f(—J =f(——)=?.Dodo f(x)S—,suyra Psg.

1
Neén yz =2 5 Mat khac yz <

«|%

IA
8
IA
w|&
0
o
~<
~
oY
~
—~
8
SN—"
I
D
8
no
|
=
~
—~
53
N
I
o
8
I
-+
o|&

6 9 3 6

J6

Vay nghiém cia hé la z = ?;y =z= _?6 va cac hoan vi.

1 1 1
E+$+E—3\/§

Cau 53. Giai hé phuong trinh <x+y+z=1

7
xy+yz+zx=E+2xyz (*)

Giai
Bai nay c6 thé giai bang cach binh thudng van cho ta két qua, nhung dé y phuong trinh (*) chinh la
bat dang thiic trong dé thi IMO 1984. Nhu thé hé c6 lien quan dén bat dang thitc. Phuong phap bat
ding thiic sé cho ta 15i gidi dep va gon hon trong bai toan nay.

Phuong trinh (*) tuong duong :ry+yz+zm—2xyz=2—77. Lai ¢
xyz(z+y—z)(y+z—m)(z+x—y)=(1—2x)(1—2y)(1—22)

8(xy+yz+zx)—2
9

= 9xyz 24(xy+yz+zx)—1<:>2xyz >

e 1 (z+y+2) . . o
Ta phai chiing minh xy +yz + 22 < 3 = T bat dang thiic nay dang theo AM — GM

. 1 .

Déau "="xay ra khi va chikhi z=y=2= 3 Tht lai vao hé phuong trinh thay thda méan.
A . a1 s 1
Vay nghiém ctia hé la x=y=z=§.
Cach 2. Diéu kién z >0,y > 0,2 > 0.
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Z . £ A 2. P S A ~ pe 1 ~
Keét hgp véi (2) :x+y+2z=1 tathay trong cac so0 x,y,z phai co6 it nhat 1 s6 khong 16n hon 3 khong

W | =

mat tinh tong quat ta gia stt < —. Do d6 ze(O;%}.
Dat S=xy+yz+zx—2xyz=xy(1—2z)+z($+y)zxy(l—Qz)+z(1—z).
z+yY (1-zY 1-2Y 1
- - 3 2
Do xyS(Tj :(Tj DSS(TJ (1—22)+z(1—z)=1(—2z +2z +1).
Xét ham sb f(z)zl(—ng +2° +1). Ta co f'(z)zl(—6z2 +2z)=lz(—32+1)20 ‘v’ze(O'l}
4 4 2 ’ '3

1\ 7 1 7
Vay f(2)<f[ = |=—=.vze[ 0.4 | Dods s <=
W f() f(?J 27 ze[ 3} R T

. v 1
Dau “=" xay ra khi va chi khi z=y,2= 3

1
Thay vao (2),ta dugc x=y=z=§.

)

Vay he phuong trinh ¢6 nghiem duy nhat (z;y;2) =( :

y

W | =
W |
W |

2’ +y° +2° =2010°

Cau 54. Giai hé phuong trinh .
{xs +9° +2° =2010°

Pé thi chon d6i tuyén Ninh Binh

Giai

Tit phuong trinh thit nhat ctia hé, ta co |x|,|y|,|z| <2010.

Suyra 2’ +7* +2° < ‘a:‘;‘ + ‘ys‘ + ‘23‘ < 2010($2 +y’+ 22) =2010°,

Tt phuong tinh thit hai suy ra déing thic phai xay ra, tic 1
x2(2010—x)=0 z=0vz=2010
y*(2010-y)=0 <y =0vy=2010
2(2010-2)=0  |2=0v2z=2010

Két hgp v6i phuong trinh thi nhat, ta thay hé da cho c6 ba nghiém phan biet 1

(z;;2) =(2010,0,0),(0,2010,0),(0,0,2010).
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a®+b* =1
Cau 55. Giai hé phuong trinh <c+d =3

ac+bd+cd=

9+ 62
4

Dién dan Boxmath

Giai

Phan tich. R6 rang néu nhu da lam quen v6i cac bai hé ¢6 hinh thiic kiéu nhu thé nay thi ching ta cé
thé nghi ngay t6i phuong phap hinh hoc vi chi ¢6 3 phuong trinh ma c6 t6i 4 an lién. V6i nhitng gi
chiing ta da phan tich & trén, § tuéng hinh hoc cin ban ctia ta sé la xét dudng tron (C):2” +y° =1 khi
dé diém M(a,b) sé thuoc dudng tron nay. Con & phuong trinh thit 2 ta xét duong thang (d) x+y=3
thi diém N (c,d) sé thuoc duong théng nay.
Quy tich nhing diém M(a,b) théa phuong trinh thit nhat 13 dudng tron (0;1) .
Quy tich nhitng diém N(c,d) théa man phuong trinh thit hai 1a duong thing (d) x+y=3
Hon nira ta lai ¢

2(ac+bd +cd)=2ac+2bd +(c+d) —c* —d*

=2ac+2alb+10(a2 +b+c’ +d2)

=10~ (a—c) ~(b-d)" =10~ MN*

11-6v2 _ o 3-42
2 2

Do d6 ta sé tim hai diém M,N nim trén dudng tron (0;1) va duong thang (d):x+y=3 sao cho

3-42
5

9+ 62

2

Suy ra 10— MN* = < MN® = MN

khoang cach gitta chang la

Lai giai

>

w/ <
A

S

N
NP

Goi N, la hinh chiéu ctia O len MN ,va M,va M; la giao diém ctia ON, véi duong tron don vi (0;1)

Nhan xét rdng néu he phuong trinh ¢6 nghiém ta phai c6 NM, < MN < NM!, do d6 ta sé tinh N M, va

—2
N, M. Tac6 M,N,=ON, -1= > _1="3 2

B

Tudosuyra M=M;va N=N,.

=MN
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0

Dé dang tinh duge M, (g,g} va N :(%Ej

Tt d6 suy ra nghiém ciia hé.
Nhan xét. Bai toan rat dic thut vA may man 13 MN dat gia tri nho nhat. Trong mot vai trudng hgp

9+ 62
4

sO clia ta thay bing sd khac ma van théa man hé c6 nghiem va MN khong dat cuc tri thi viec

lam bai to4n sé rat kho khan va hé sé c6 vo s6 nghiém, do d6 thong thuong cic bai toan dang nay sé 1a
vo nghiém hay c6 nghiém duy nhét.

Cau 56. Giai va bién luan hé phuong trinh sau theo m,n, p,k
Nz —m? +y—m* =k
(I) \/y—n2 +\/z—n2 =k
\/z—p2 +\/x—p2 =0k

6]
L3

Trong d6 m,n,p,k>0 vathod m+n+p=

Dién dan Boxmath

Giai
Trude hét ta sé ching minh (1) néu c6 nghiem thi d6 la nghiém duy nhéat.
That vay, gid st (z;;5,32,) v (2,39,32, ) 14 2 nghiém phan biet cta (I).
Do vai tro clia z,y,2 nhu nhau nén ta gia st z, >z, . Khi d6 tit phuong trinh thit nhat ciia ([) ta co

\/11?1 —m2 -I—\/y1 —m2 Z\/ZEQ —m2 +\/y2—m2

Suy ra y, >y, . Hoan toan tuong tu tit phuong trinh thi hai ctia hé ta ching minh duge 2z, >z, .

Tu phuong trinh thi 3 ta suy ra duge z, >z, , diéu nay mau thuan véi gia thiét.

m,n,p, k>0

Vay (I) c6 nghiem duy nhat, lai c6 J3 » nén ton tai mot AABC déu canh k& va mot
m+n+p= k?

diém I nidm trong tam giac sao cho khoang cach tit I dén cac canh 1a m,n,p .

Xét AFIAco TA? —IF? = AF? e \[IA> —m? = AF . Tuong tu ta c6 NIB: —m® = BF

Do do \/IA2 —-m? + \/132 -m?=AF+BF=k.Tu phuong trinh (1) cuia hé ta suy ra
r=IA*y=IB" =z =IC"

r=1IA r=1IA°
Vay (I) c¢6 nghiem {y=1IB".VG6imoi m,n,p,k thoa dé bai thi (I) <y =1B*.
2=10C" z=1C"

Cau 57. Tim tat ca gia tri nguyén duong ciia nsao cho hé phuong trinh sau ¢6 nghiém duong
T, +T,+...+z, =9
1 1 1

—dr—ar e r—=21l

T T Z,

Giai
Gia st hé da cho c6 nghiém z,;z,;...;2, .

Theo béat dang thitic AM — GM ta c6
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1 1 1
(xl+m2+...+a:n) —+—+.t— 20 =0’ <9=>n<3
T, T, T

n

T, +T,+x,=9

e Véin=3thihe 1 1 N 1 c6nghiém duong =, =z, =z, =3.
T T, X
z, +z,=9
. } b T, +1,=9
o Véin=2,xétheq1 1 = .
—+—=1 Tz, =9
T, T,

Ta thay phuong trinh ¢* —9¢ +9 =0 c6 2 nghiém duong phan biét.
Vay n =2thdéa man yéu cau de bai.
r, =9
e Vgin=1thihe< 1 1 vo nghiém.

Ty

Vay ne {23} 1agid tri can tim.

a\/x—y+z~\/x+y—z=z Yz
Cau 58. Giai va bién luan hé phuong trinh b\/x+y—z -\/y+z—x =y\/a (I) theo a,b,c#0

c\/y+z—x-\/x+y—z=z\/@

Giai
Xét 2 truong hgp sau day
e Néu c6 it nhat mot trong 3 s6 a,b,c<0. Ta gid st a<0.

Khi d6 tit phuong trinh dau ctia hé ta suy ra ca 2 vé déu phai bang 0, tic &

Yz =0 {xyz =0
=
\/x—y+z-\/x+y—z=0 (x—y+z)(x+y—z):0
Tt d6 dé y dén diéu kién cho biéu thitc trong can c6 nghia thi dé théa min phuong trinh thi
nhat ctia hé ta phai c6
z=0,y=220 hodc y=0,x=2>0 hosic z=0,x=y=>0.
Thay lai vao hai phuong trinh sau thay dang.
D6 chinh 1a cac nghiém ctia hé phuong trinh trong truong hop nay.
e Néu a,b,c>0.Khi dé hé da cho tuwong duong v6i hé phuong trinh sau
a’ (z—y+z)(z+y—z)=x2yz
(H) b’ (x+y—z)(y+z—x)=y2xz
CQ(y+z—x)(m+z—y)=z2xy
R6 rang (H) luén c6 nghiém (0; 0;0). Ta thit tim nghiém khéc cta hé.
Nhan vé v6i vé clia ba phuong trinh trong hé roi 1y can bac hai, ta dugc
abc(m +y —z)(x +z —y)(y +z-— $) =2y’
Tt d6 ta di dén hé phuong trinh sau

a
$:b2+c2—a2

bc(y+z—$)=ayz a,bc(y+z—x)=a2yz a’y + b’z =2abe )
ac(a:+y—z)=ba:z© abc($+y—z)=b2xz® b’z +c’y =2abe & y=2—2b2

‘ a”+c —

ab(x+z—y)=cyx abc(x+z—y)=c2yac c’z+a’z=2abc c
Z2=———
a’+b*-¢’
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Dé z,y,2>0, taphaico a®+b>>c’b° +c” >a’,c” +a’ >b>.
Toém lai ta di dén két luan sau
e Néu c6 it nhat mot trong ba s6 a,b,c < 0 thi nghiém ctia hé 1a
(O;a;a),(a;a;()),(a;();a) v6i a>0 tuy §.
e Néuca basb a,b,c déu duong thi .
o Néua®+b”>c’,b” +c*>a’,¢” +a’ >b’ thi nghiém ctia he 1a

(o;o;o)va[b2 a b ¢ j

2 2;2 2 2;2 2 2
+c"—a° a"+c =b" a”+b"—c

o Néu c6 it nhat mot trong cac bat ding thitc sau
a’+b><c’ b’ +c* <a’,c’ +a’ <b* thi nghiém ctia hé chi 1a (0;0;0) .
azz\/gf —a’ +\/22 —a’
Cau 59. Giai va bién luan hé sau theo a,b,c.{y = \/z2 -b* + \/x2 —-b°

2=z’ ¢ +\/y2 —c’

P 111 .
Trong do6 a,b,c la cac s6 thuc duong cho truée thdéa man e la ba canh ciia tam giac khong tu
abec

Giai
Phan tich. R6 rang ngay khi nhin vao deé bai thi gid thiét thi a,b,c 1& cac s6 thyc duong cho trude
2 ~ ]- 1 1 N 2 .z ~ N « L id £ z A LN A P
thoa man PRt la ba canh cta tam gidc khong tu, khién ta cAm thay khé roi. Tuy nhién néu cha §
abec

dén phan tich sau thi moi viéc hoan toan dé dang . V6i mot tam gidc khong tu ¢6 ba canh 14 a,b,c céac

o _1
25 h,
N PN A e s , b 1
duong cao tuong ing la h,,h,,h va dién tichla S . Ta c6 ah, =bh, =ch, =25 < 25 = T
b
25 _1
25 h,
. b
Tt d6 chia § rang i,—,i l1a ba canh ciia tam giac khong tu. Vay ta c6 161 gidi nhu sau
252528
Lai giai
Diéu kien a’,b° < 2%:b°,¢> <z”;a”,¢” <y,
z y
a
L
X

Dé hé phuong trinh c6 nghiém thi x,y,z phai duong nén suy ra a,b < z;b,c < m0,c <7y .

Do d6 ta luon c6 thé dung cac tam giac sau
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o AABC c6 AB, =y,AC, =zva dudng cao tai dinh A béng a dong thoi hai tia A B, va
A,C, ndm vé hai phia d6i v6i dudng cao tai A, . Khi d6 theo phuong trinh thi nhat dé dang c6
dugc z=B/C,.

e AABC,c6 B,A, =2B,C,=xva dudng cao tai dinh B, 1a b dong thoi hai tia B,A, va
B,C,ndm vé hai phia d6i voi dudng cao tai B, thi y=A,C,.

e AABC,c6 C,A =y,C,B,=zva duong cao tai dinh C,la cdong thoi hai tia C,A, va
C,B,nam ve hai phia ddi véi dudng cao tai C, thi z=AB,.

Do d6 ba tam giac A B,C,,A,B,C,,A,B,C,c6 ba canh bing nhau nén ching bang nhau do d6 dién tich

ctia chiing bang nhau suy ra ax =by=cz=2S5 .

Ap dung cong thitc Heron ta c6 Sz\/p(p—a)(p—b)(p—c),trong do pz%.
25 25 28 2‘9[1+i+1j
Ta co x=—,y=—,z=—,p=x+y+z= a ¢ . Do dé6 suy ra
a b c 2
S:SZ l+1+1 _l+1+l 1_14_1 l+l_l
a b c a b cla b c)\a b c
Dodé §= = .
1 1 13)y1 1 1)1 1 1
el | I e R
\/(a b cj(a b cj(a b c)
T do6 ta cé duge xzﬁ,yzﬁ,zzﬁ.
a b c

2P +yf+20<1

$2007+y2009+22011 >1

Cau 60. Giai hé phuong trinh {

Dé thi chon do6i tuyén Binh Dinh

Giai
Tit bat phuong trinh thit nhat ctia hé, ta c6 —1< 2,9,z <1.
Tt hai bat phuong trinh ciia hé, ta co
x2007 +y2009 +22011 > :L,(i +y8 +210 P 1:6 (1_$2001)+y8 (1_y2001)+z10 (1—22001)S 0

\

Tt didu kien —1< 2,7,z <1, ta dé dang thay rang z° (1 —z*" ),y8 (1 -y ),zm (1 - zml) 0

Do d6, phai c6 déng thic x4y ra, tic 1a
z° (1—x2001) =q° (1—y2001) =" (1—z2m)=0<:> r,y,z=1vzyz=0
10

<1, ta thay bat hé phuong trinh da cho c6 cic nghiém la
(ac;y;z) = (1;0;0),(0;1;0),(0;0;1).

Két hop v6i didu kien z° +y° +2

' +y’ +22° =192 - 11y —52+1
Cau 61. Giai he phuong trinh .  2® +(y* +1)z=(2+y)z+2

\/2+$2 +yP =2z =2"+9° —2:1:y+x/§
Dé thi chon dai tuyén diy thi VMO tinh An Giang

Giai
Tt phuong trinh (2) cta he ta bién déi

x3+(y2+1)x=(x2+y2)z+z @(m2+y2+1)$=(x2+y2+1)z c>(q:2+y2+1)(x—z)=0c>x=z.
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Thay x =z vao phuong trinh (3) ta dugc

\/2+x2+y2—2xz=z2+y2—2yz+\/§c>«/2+(x—y)2:(x—y)2+\/§
Pt t=(z—y) >0 khi do ta duge
(- — () t>0
t (ac y) 20@ t (x y) >0 ol S l=0= =y
Lrt=t+2  (2+t=2+242t+2 |1 +(2\/§—1)t=0

Thay z =y =2z vao phuong trinh (1) ta dugc

2yt +22° =192 11y -5z +1

o4 =3z+142* -3 -1=0

1
o (z )( ot +4z+ ) 0O zr=Lz 5

Vay hé phuong trinh ¢6 hai bd nghiém la (1;1;1);(—%;—%;—%) .

T—y+z—w=2
' -y +2°—w' =6

3

Cau 62. Giai hé phuong trinh s 5 3
-y +2—w =20

' -yt +2' —w' =66
China TST 2006

Giai
T+z=a a—c=2 (1)
_ |zz=b o . a’—2b—c*+2d=6 (2)
Dat ta c6 heé phuong trinh § 5
y+w=c a” —3ab—c’ +3cd =20 (3)
yw=d a' —4a’b+2b” —c' +4c*d —2d° =66 (4)

c=a—2
d=-2a+b+5

5a—2b—14=0 5a—2b=14 a=4 [c=2
= = —
5a* —=2ab—-10a—b—-13=0 4a—-b=13 b=3 d=0

Thé ngugc lai ta tim duge nghiem (x;y;w;z) cua hé la (1;0;3;2) va cic hoan vi.

Tu (1)va (2) taco {

T (3) va (4) co

(3-a)™ =y+2
Cau 63. Giai hé phuong trinh 1log, 5 L +log, (y + 2) =log , 9+4y véi 2>0
Z—=1Y 3 N3
log, (z2 +2° ) =2+log,z

Giai
Diéu kien z > 0;2z > y;y > -2
Khi d6 bién ddi he phuong trinh dau tuong duong

(3-2)"" =y+2 (3-2)"" =y+2
—log, (2z—y)—log3 (y+2)=—log3 (9+4y) = (2z—y)(y+2)=9+4y
log, (a:2 +22)= log, 4z o’ +2" =dx
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(3_$)2003 :y+2 (3—3;‘)2003 :y+2 (1)
LY +9+ 27 +6y—2yz—62=2" -2z (y+3—z)2=z2—22 (2)
v —4r+4=4-7" (x—2)2=4—z2 (3)

Néu (z,,4,,2,) la nghiem cta he ta co
(7,-2) =4-2l=>4-2220e-2<2, <2 (4)
(v, +3—z0)2 =20 -2z, 22 -22,20 2, <0v 2, =2 (5)
Két hop v6i diéu kién bai todn 1a z, >0 v6i (4) va (5) taco z,=0v z,=2.
e V6iz =0t (2) va (3) taco {xo =0 v{% =4 khong thoa diéu kién bai toan.
Yo=-3 (%=-3
T, =2
yo=-1
Thit lai ta thay nghiem duy nhat ctia he la (z;y;2) =(2-1;2) .

e V6iz =2 tu (2) va (3) taco {

2009

D, =2009

i=1

2009 g 2009 6
x, = Z %,

i=1 i=1

Dé chon doi tuyén VMO — THPT chuyén DH Su pham

Cau 64. Giai hé phuong trinh

Giai
Gi& 8t (2,,2y,..., Ty ) 1& MOt nghiem ctia he.
Khong mat tinh téng quét gid sit 2 > 2 >...> 22 . Ap dung bit ding thitc Cauchy — Schwarz ta c6
2009 2000 N2 2000
2009z} z(ZxJ = >z’ >2009 (1)
i=1 i=1 i=1

Ap dung bat ding thiic Chebyshev cho cac bo sb (If,aﬁ,. . .,1:5009) va (xf,a:;, . .,173009) duge sap thi tu

2009 . 2009 2009 i
(foj(zgvf]s20092:ﬂf (2)
i=1 i=1 i=1
2009 2009

Tu (1) va (2) suy ra fo > fo (3)
i=1 i=1

Déngthﬁ’cxéy ra <> T, =T, =...=Tyypg = 1.

Thit lai ta thiy z, = 1(@' = 1,2009) 14 nghiém duy nhat ctia hé phuong trinh.

2-2)(1-2z)(2+y)(1+2y) =410z +1 (1)

2

Cau 65. Giai hé phuong trinh (
s { 4+t + 22+ 224+ 2z + 2’y  +1=0 (2)

Giai
Phuong trinh thi 2 ctia hé tuong duong

(x+y+z)2+(xy—1)2:0<:> SN 1 =N
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Thay vao (1) , ta dugc

(2‘95)(1‘295)(2%)(1%):4 1—10(%%)
<:>(2—x)(1_2x)(2x+1J(x+2j=4 1—10(a:+lj

T T T

@(4_962)36(21_4932):4 ,1—10(x+i]
<:>4(x2+%j—17=4/1—10(x+%J (3)

LEP:
bat t=z+—= { 1 2y Tt d6 phuong trinh (3) tuong duong

A1 -2)-17=41-10¢

o 4t? —25=4/1-10t

& (46 ~25) ~16(1-10t)=0

& (47 =20t +29) (2t +3)(2t +7)=0

<:>t=—z(d0|t|22)<:>x+l=_z

2 z 2

c>2x2+7x+220c>1:=_7i4\/£
e Véi m=_7+\/£:>y=_7_\/§:>z:z'
4 4 2
o V61$=_7_4\/£:>y:_7+4\/§:>z:g'

Vay hé phuong trinh da cho c6 2 nghiém la

—7+J§.—7—\/§zj (—7—@.—7%/5[}

(m;y;z):( 1 1 2 4 1 2

> +y’ +ay=37 (1)
Cau 66. Giai he phuong trinh § z° +2° + 12 =28 (2)
v’ +2" +yz=19 (3)

Giai
. (1)—(2):y2—22+x(y—z)=9c>(y—z)(m+y+z)=9 (4)
Ta co .
(2)—(3):>x2—y2+z(m—y)=9©(x—y)(m+y+z):9 (5)
.z z+y+2=0
L 4)—(5 —z)—(z— =0 .
alco() ():[(y z) (x y)](x+y+z) C:}L/—Z=$—y
2 +y° +ay=37
e Néu x+y+z=0<:>z=—(x+y).Thayvaohétadufoc 2Py’ oy =28.
2+ +ay=19

Dé thay hé phuong trinh vo nghiem!
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2 T=y+t
e Neuy—z=zx-y=t= .
z=y—t

Thay vao (4)ta dugc t(y+y+t+y—t)=9<:>ty=3<:>t=§(6)
)

Thay vao (3) ta dugc
Y’ +(y—t)2 —i—y(y—7§)=19<:>3y2 —3ty+t* =19 3y* +t> =28 (7)
Thay (6) vao (7) ta dugc

=9 y=13=>t==1

9 ‘
3 +—==283y" -28)° +9=0< 1
y’ y2=§<:>y=i§:>t=i3\/§

Xét 4 truong hop (y;t)=(3;1),(—3;—1),(L;3\/§J,(—i;—3\/§j ta tim dugc nghiém ctia hé phuong

5 N3

S e R D

Cau 67. Giai hé phuong trinh

Phan tich. Ta c6 ménh dé sau

(b—c+c—a+a—bJ( a b ¢ j=9<:>a+b+c=0 (*)
a b c b—c c—a a-—

Chitng minh.

ooy gz, zma_~(e-)y=2)-2)
z x Y Yz

Xuét phat tir ding thiic

bat x=b-cy=c-a,z2=a-b=>z-y=-3c,y—2=-3a,2—x=-3b
Thé thi -3a N -3b N -3¢ _ —27abc
b—c c—a a-b (b—c)(c—a)(a—b)
Déng thic tren tuong duong véi diéu phai ching minh. Ap dung ménh dé tren ta c6 16i giai nhu sau
Lai giai.
Ap dung (*) véi a=u’,b=0v",c=-1 tit (1) tasuy ra 9=9u".

=9y’ =+1
Vay ta c6 he tuong duong {9 u = {u

w0t =1 v=0

Vay hé c6 nghiém (1;0);(—1;0)

20° =2y(2” +1)-(2* +1) (1)
Cau 68. Giai he phuong trinh {2y* =3z(y” +1)-2(2” +1) (2)
22" =4x(2’ +1)-3(y +1) (3)

Giai
Xét 6 truong hop
e Trudng hop 1. Néu y<z<z.
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Tir (1)taco 0=2y(a’ +1)—(2* +1)-24°
©0<2z(2” +1)—(2* +1)-22° = 0<22(2” +1) - (2* +1)-22° = (z-1) <0
Tiudésuyraz=y=z=1.
e Trudng hop 2. Néu y<z<z =22" +2"+1>22" +2° +1 (¥)
Tir (1)ta c6 22° +2° +1=2y(2” +1)=2ya" +2y .
2yz” +2y < 2z° + 2y

Laico {2yz’ +2y<22° +22 =22 +27+1<22° +2° +1.
2yr” +2y<22° +2° +1

Két hop v6i (*) suyra =z ,nghlala z=y=2=1.

e Trudng hop 3. Néu z<y<z.Tu (2)taco
0=3z(y2+1)—2y4—2(:1:2+1)
:>0S3y(y2+1)—2y4—2($2+1)
=0<3z(y’ +1)-2y" -2(y" +1)=—(2y" +y+2)(y-1)’

Tudésuyra z=y=z=1.
e Trudng hdp 4. Néu z<z<y.Tu (2)taco
0:8[32(112+1)—2y4—2(m2+1)]z0£8[3x(y2+1)—2y4—2(x2+1)]
@OS—(3y2+1—4a:)2—16(y—x)—[7(y+1)2+8J(y—1)2
Tuwdosuyray=1=z=y=2=1.

e Trudng hdp 5. Néu z<y<z.Tu (3)taco
0=4z(2’ +1)-3(y* +1)-2’
:>0S4y(z2+1)—3(y2+1)—2z5

= 03—(2z3 +42° +2z+3)(2—1)2 —(z—y)KQz‘%j+ﬂ

Dodé y=z=zx=y=2=1.
e Trudng hdp 6. Néu z<z<y.Tu (3)taco

0=4z(2" +1)=3(y* +1)-22"
= 0<4z(2" +1)-3(y’ +1)-22°
= 0<dz(2" +1)-3(2" +1)-27°
=0<—(22° +42° +22+3)(2 - 1)’

Tiudécoé z=y=z=1.

Vay hé c6 nghiém duy nhat r=y=2=1.

ab(a+b) 6
Cau 69. Giai he phuong trinh <bc(b+c)=30
ac(a+c)=12

Giai
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R6 rang a,b,c khong thé bing 0.
bat S=a+b+c¢,P=abc hé phuong trinh tré thanh

Pis—ey=6  |e=15

c P+6

£(S—a)=30<:> a= Ps

a P+30

Lis-p)=12  [p=2L3

b P+12
Nhuvay S=5 P + P + P .
P+6 P+12 P+30

Néu S =0 thi a+b=-c, khi d6 phuong trinh dau tién trd thanh abc =—6 va hai phuong trinh con lai
P P P
+ + =
P+6 P+12 P+30
Bién ddi va thu gon ta duge P +24P* —1080=0 <> (P—6)( P +30P +180) =0.

14 abc =—-30 va abc =-12 diéu nay khong thé xay ra Do d6

» S, S S g _
e VGi P=6 tacoazg,bzg,c=§:>ab(a+b)=%=6:>S=6.Vay(a,b,c)=(1,2,3).
o V6i P2+30P+180=0=> P=-15+35:P=-15-35.
—15+3J_ J_ 3¢
15+3f 2
) o —15+3f
o Neéu P:—15+3\/5 thitaco <b= \/35
—3+3J_
—15+3I J3+5
—9+3J_ 2

Két hgp véi ab(a+b) 6 taco —5S*=6< 8= ?,E.

o (S5

o Tuong tuvéi P=-15- 3\/3 ta tim dudc.

o’ +y’ +2° +* =50
Pyt + -t =-24
rz =yt

Cau 70. Giai hé phuong trinh

r—y+z+t=0
Ky thi hoc sinh giéi quéc gia niam 1981

Giai
Dit zz=yt=u;z+2z=y—t=v.Cong va trit titng vé clia phuong trinh thi nhat va thit hai ctia hé cho
r’+2°=13
y* +t° =37
T d6 ta tim dugec u=6,u=15 hay x—z==1; y+t==27.
Vay hé phuong trinh da cho c6 nghiém la (3;6;2;1),(2; 6;3;1),(3;—1; 2; —6),(2;—1;3; —6)
J(=3;-6:—2-1),(-2—6;-3;—1),(-3;1,-2:6),(—21;-3;6)

nhau ta dugc { . Suy ra (ac+z)2 =13+2u ;(y—t)2 =37-2v.
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2 2 2
x4y +2 +2xy—zx—2y=3
Cau 71. Giai hé phuong trinh £ y d
2+ +yr—zr—2ry=-1

Giai

2 2
+y) - +y)+2"°-3=0
Hé da cho tuong duong véi ! y)‘ Hary)se (1)

u+v u—v

bat u:x+y,’u:x—y.Khidé Tr= , Y=

\]

uw—zu+2"-3=0

u

, A, 20 (<4,
He (I) thanh . Hé nay c6 nghiém < & S rr=4ds2=12.
A, z20 22 >4

v —2v+1=0 v
r=1

y=0

z=1
y=0
Vay hé phuong trinh da cho c6 2 nghiém (1;0;2),(—1;0; —2) .

o VGi z=2 ta céd dugc u=v=1.Suyra{

o VGi z=-2 tacé dugc u=v=—1.Suyra{

THy+z=1

4

Cau 72. Giai phuong trinh Y .
T +yY +2 =zyz

Giai
y+z=1

4

. suy ra phuong trinh vo nghiém.
Yy +z =

Trudng hgp 1. Néu =0 @{

Xét tuong tu y =0 suy ra phuong trinh vé nghiém.

Xét tuong tu z =0 suy ra phuong trinh vé nghiém.

Trudng hop 2. Néu 2<0,y<0,2<0. Tacé VP <0,VT >0 suy ra phuong trinh vo nghiém
Trudng hgp 3. Néu xét <0,y >0,2>0.

Tuong t ta ciing c6 thé suy ra duge phuong trinh vo nghiem.

Trudng hop 4. Néuxét z>0,y>0,2>0.

Tt day ta ciing c6 thé suy ra cac truong hgp véi y,z

Trudng hgp 5. Néu z>0,y>0,2>0.

z

Lay (1) thé (2) ta duge z' +y' + 2" =xyz(x+y+z)<:>_+y_+_:x+y+z.

yz T2 Y

3 3 2,2
T Yy [TV 2T
Yz Tz z Z

3 3

Ap dung bat ding thic AM —GM ta c6 LA 21/1/ j 2%
T

xz Ty x
2 az
——>2—
Yz xy Y

Tuwdoésuyra VI'>— 2

z x y
Ap dung bt déng thic AM —GM ta duge == WL v 2'/xy ¥ =2y
z z T
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Vay VT >VP. Dau bang xay ra khi va chi khi xzyzzzé.

J32% + 2% +2\8y" +a? =12

Cau 73. Giai phuong trinh
302%y” + 2°2° —by' +12y°2* 22" =36

Giai
Theo bat dédng thitic AM —GM ta cé

2,2 2, 2 3z° +22)(8+ 2
TR T JJ( o 2a)(8+)
2 3 6
Ta sé chiing minh bat ding thitc sau
(3$2 + 22)(83/2 +2° ) > 300’y + 272" -5yt +12y°2° — 22

& 242y’ + 8272 + 272" 23027y + 272 +12y°2°
&3zt + 5y +22" -6yt —4y72" >0
<:l>3(x2 —y?)2 +2(y2 —zQ)2 >0

Khi dé ta duge

VT>5i/\/(3x2+2)(8y2 +g;4) >55\/\/30x2y2+x222—5y4+12y222—2z4 P
> > G >

Dau “=" xay ra khi va chi khi 2° =¢y* =2" =1

~ U X z—1)(y—-1)(z—-1)=ayz—1 (1
Cau 74. Giai hé phuong trinh {((x B 2))((5_ 2;Ez ~ 2)) _ ;;z Ly EQ;

Giai
Phuong trinh (1) tuong duong
Yz —xy —x2+rx—yz+y+z—l=ayz -1 —ay—-zz-yz+x+y+2=0
Phuong trinh (2) tuong duong
xyz —2xy—2y=-"2xz+4rx+4y+42-8=zyz -2 —ry—yzr—z2+2x+2y+2z=3
. ~ . T+y+2z=3
T do6 ta duge hé phuong trinh tuong duong
zy+yz+z2x=3

Ta co (Jv+y+z)2 =9 S+ + 27 2y +2z 2z =9+t +2°=3. Ma ay+yz+22=3
1 ‘
Mat khéc ta lai co z° +y° +2° —(xy+yz+zx)=52(x—y)z

Suy ra z=y=z. Ta thé ngugc lai tim dugc z=y=2=1

Vi +Jy +4z=12 (1)
2z + 5y +10vz = Joyz (2)

Cau 75. Giai hé phuong trinh {

Nguyén Trudng Phat

Giai
Diéu kién z,y,z>0. Lay phuong trinh (1) thé vao phuong trinh (2) dé tim diéu kién c6 nghiém ctia
hé phuong trinh.
Chi §. Ta thé vz tit phuong trinh (1) vao phuong trinh (2) rdi sau d6 sit dung diéu kién c6 nghiém

cta tam thic bac 2.
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(\/5—5)2(x—14\/§+1)20

Ta duge 1 (yfy —4) (y-164y +4)20.
(&—3)2(2—18JZ+1)20

Ta sé xét 1an lugt cac truong hgp dé co thé loai nghiem mot cach dé dang hon. Xét 1 trong 3 s6 z,y,2

bat ki biang 0 thi ta sé c6 duge bo nghiém duy nhat 1a (25,16,9). Lam tuong tu lan lugt cho 2 trong
bing 0 ta ciing thu duge bo nghiém nhu trén. Tuong tu ta cling xét 3 s6 bang 0.

x> 97 +56+/3 hay O<gc— 1t
97 +564/3

/ 4
Néu ta xét z,y,2 %0 ta co y>4(31+8\/15) hay 0<y<m.
+ ‘\'

2>161+724/5 hay 0< 2z <

161+72/5
2>97 +56+/3
Truong hop 1. Tacoé{y > 4(31 + SJE) = VT(l) >12 suy ra hé phuong trinh vé nghiém.

2>161+7245

1

0<g<—0o
97 +56+/3

Trudng hgp 2. Taco {0< =>VT(1)>12 .

4
Y<——F7—=
31+0+15

1

0<z<——
161+ 7243

Suy ra hé phuong trinh v6 nghiém.

2> 97 +564/3 = Jz >+/97 +564/3
4

Truong hop 3. Taco {0<y<———
31+24/3
1

S —F
161+72y°

Ma12—\/ 4 —\/ L 1oy r<12<\o7 4568 <z
31+64/15

161+723
Suy ra hé phuong trinh v6 nghiém.

Tuong tu véi cac truong hgp con lai cling suy ra phuong trinh vo nghiém.

z>97+563
Trudng hop 4. Ta co y>4(31+8JB) = x+\/§>\/97+56\/§+,/4(31+8\/ﬁ).
1
0<os<—"
161+ 7243

/ 1
Ma 12—, |—————=<12—-+/2<12<~z +4Jy .
161+724/3 /

Suy ra hé phuong trinh vo nghiém. Tuong tu véi cac truong hgp con lai
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T+y+z=a
Cau 76. Giai he phuong trinh {z° +y° +2° =a” , trong d6 a 14 tham s6 thuic cho trude
x3 +y3 +z3 :a3

Moscow Olympiad 1937.

Giai
Lay phuong trinh thit nhét ctia hé trit phuong trinh thit 3 cia hé ta c6
3(30 + y)(y + z)(m + z) =0
Trudng hop 1. Néu z+y=0 thi z=a.
Tt phuong trinh thit 2 ta suy ra duge x =y =0.
Twong tu cho cac truong hgp z+2=0,y+2=0.
Vay bai toan dugc giai quyét hoan toan.

3zyz—x° -y —2° =b°
Cau 77. Giai hé phuong trinh r+y+2=2b
e y? 22

Moscow Olympiad 1939.

Giai
Tt gid thiét ta coé b’ = 2b(x2 +y° +2° —xy—yz—zz) .

. PN 1
V6i b#0 tathiy ring 2° +y° +2° —zy—yz — 2z =——b".

N 1 .
Diéu nay tuong duong vaGi (:1: +y+ z)2 —3(xy +yz+ za;) = _Eb2

3 .
Mit khac z+y+2=2b tu do xy+yz+zx=§b2 va ot +yt + 25 =b (*)
z=0
Tu 2 +y° —2° =b° Vatfr(*) taco < x+y=2b.
3.,
Ty=—>b
Y 2

Khi d6 z,y & nghiém ctia phuong trinh t* —2bt + gbz =0.

Tt d6 ta giai duge 2 nghiém cta phuong trinh 1a

o[ E- S (- SH-5

V6i hoi dong t6 chitic Moscow Olympiad ho sé khong xem xét truong hgp 1a sb phiic, do do ta chi xét
b=0.Néu b=0 taco z°=2"+y’,z=—x—y vithé 2* +2zy+y’ =2" + 1,2y =0.
Tu day ta dé dang suy ra duge két qua ctia bai toan!

a+b+c=2z (1)
Cau 78. Cho hé phuong trinh A +b*+c’=y-1 (2) .
a®+b*+c* —3abc=2+2 (3)

Biét hé phuong trinh c6 nghiem (a;b;c), hay tim 1 ding thtic lién he giita z,y,2 ma khong c6 a,b,c.
Vo6 Van Thanh

Giai
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Phan tich. Day 1a 1 bai toan hé phuong trinh kha hay. Bai toan khong yéu cau ta tim nghiém ma tim
1 dang thic lien hé gitta cac tham s6. Vi vay, muén lam dugc bai nay, ta phai van dung khéo léo cac
hing diing thitc. Ta c6 cach gidi nhu sau. St dung hiing déng thrc, ta c6

a’ +b>+¢* =(a+b+c)2—2(ab+ac+b0)

a’ +b3+03—?yabc=(a+b+c)(a2+b2 +c2—ab—ac—bc) .

. , 47 —y+1
Tt 2 hdng dang thic trén , tasé cd ab+bc+ac= =Ly (4)

Tu (3), ta co (a+b+c)(a2 +0° + ¢ —ab—ac—bc)=z+2 (5)
2
Thay (1),(2),(4) vao (5), ta duge 2m[y—l—%j=z+2.

Lic nay, bing cach bién déi tuong duong, ta dé& dang c6 dudc
47" -3y +3x+2+2=0

Day chinh la déng thic can tim.

z’+y’ —22° =24’ (1)
Cau 79. Giai hé phuong trinh <x+y+2z= 4(@2 + 1)(2)
2 —zy=a’ (3)
Nguyén Hoang Vi

Giai
Ta lay phuong dau tritr 2 1an phuong trinh cudi roi tach theo hing dang thitc.
Ta c6 1di giai nhu sau.
Ta lay (1)—2(3)=O<:>x2 +y* +2xy—42"=0. Suy ra (x+y+22)(x+y—2z)20.

Mait khac, vi x+y+2z=4(a2+1)>0:>:1:+y—2z=0. Suyra z+y=2z. (4)
Thé (4) vao (2), taco 2z+2z=4(a”+1)=z=a’+1. (5)
T day ta cod x+y=2(a2+1). (6)

2 2 42 2
Tu (5),taco z° =a'+2a’+1.Tu (3)va (1), ta ciing c6 {ZE Ty =da +2©{(l’+y) =4a

ry=1 zy=1
Ltc nay ta xét 2 truong hop .
r+y=2a
e Trudng hop 1. Y
zy=1
Nén theo dinh 1y Viete cho phuong trinh bac 2 , ta ¢6 x,y 1a nghiém ctia phuong trinh
X?-2aX+1=0

Tu day , ta xét 3 truong hop

1. Khi -1<a<1.Phuong trinh v6 nghiém

2. Khi a=%1. Phuong trinh c6 nghiém kép z=y=+1
3. Khi a* >1. Phuong trinh c6 2 nghiém phan biét 1a a++a’ -1

T+y=-2a

e Truong hop 2. { L Tuong tu truong hop 1 nén nhudng moi ngudi giai.
xy =

Cau 80. Giai hé phuong trinh a” +bc—ab=b>+ca—bc=c’ +ab—ca.

Giai
e Trudng hop 1. Vi ¢=0 ta tim dugc nghiém (a;b;c) = (0;0;0).
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ol

e Trudng hop 2. Véi c#0, néu (a;b;c) l1a nghiém cta hé thi [ ;é;lj ciing la nghiém do cac
c

phuong trinh 1a thuan nhéat. Vay khong mét tinh tdng quat gid st c=1.
Khi d6 ta c¢6 hé phuong trinh tré thanh
a’+b—ab=b"+a-b=1+ab-a
2
Tt o’ +b—ab=1+ab—a,tacod a’ +a—1=b(2a—1) :b:a;—all , dé thay a;t%
a_

Thay vio phuong trinh a® +b—ab=0b" +a—b ta co (a — 1)(&3 —6a” +5a— 1) =0
1. Néu a=1 taconghiem (a;b;c)=(L11).
2. Trudng hop con lai, ¢ 1a nghiem ctia z° —62° + 52 —1=0. C6 thé giai phuong trinh bing cach

27 .
dat dat ¢ = iy +2 tit d6 ta tim duge nghiém

J3
2+i t+2kﬂvéit=arccos3 3va kz(ﬁ
V3 3 N7

Nhu vay hé phuong trinh c¢6 nghiém (c;c;c) vGi ceR va

NT b+ NWT 2%k
: [2*7 =)

2 +r—1
2z -1

3
trong d6 c e R,t =arccos——=

2ﬁ

k= 0 2va f(x)

T+y+z=a (1)
Cau 81. Cho hé phuong trinh {2* +y° +2° =b’ (2)
Ty =2" (3)

a) Giai he trén véi an (m,y) .

b) Céc s6 a,b phai thoéa man diéu kién gi dé cac nghiém x,1,z ctia hé duong khac nhau?

Giai
Binh phuong hai vé ctia phuong trinh thit nhat trong hé ta dudc
=+ +2° +2my+2(:13+y)z
Dé y ring z+y=a—2z va st dung phuong trinh thit hai, thit ba ciia hé ta di dén

a’ =b2+2z2+2(a—z)z<:>a2=b2+2az.

Tt do z=2 2_ . T day ta tim dugc cac hé thic lién hé gitta ¢ va y nhu sau
a
2
T+ —a—z—a2+b2 T _22_(a2—b2)
Y 2a Y 4a*

Nhu vay ta c6 duge
B a’ +b° + \/10@262 —3a* - 3b* o a’+b \/10&2172 —3a* - 3" - a’ —b*

- ) + )
4a 4a Y 4a 4a 2a
N a’+b’ R
bé z,y,2 >0 ta phdicé z+y>0 hay 5 >0< a>0. Vdi dieu kién nay thi z,y >0 bdivi zy>0.
a
a? —p?
Tu diéu kién z = 5 >0 v6i a>0 tasuy raring o’ >b° < a > (1)
a

Dé z#y can phai c6 10a’b” —3a* —3b" >0 (2)
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b . g
bat t= U thi theo (1) tac6 1>¢>0 va co6 the viét (2) dudi dang

a

—3¢" +10t2 —3>0<:>—3(t+

B

Vi >0 néen t++/3>0:¢+

1 1
t——=>0.Nhuvay 1>t>— hay 1>

5 5

ﬁ)(

i

a

t+—

V3

>0 vavi t<1 nén t—+/3 <0 va bat phuong trinh (3) tuong duong véi

1
>

B

1

NG (3)

-

j(t—\/g)>0

a

B

tiic 1a a>[b|>—=,a>0.

Cau 82. Giai hé phuong trinh

30z — Ay + —— = 2012

Y

4y—2012z+i=30 .

A9

2012y — 302 + =4

Yz

Giai

Dat 30=a;4 =b;2012 =¢ ta c6 hé phuong trinh

Y

zZT

Yz

cw:—by+i=c (1)
1
by—cz+—=a (2)<:>

cy—az+i=b (3)

1
c=ar—by+—

y
ax—by+i]-x+i=a (4)
Ty

zZT

bz—(
(aw—by+iJ
Yy

1
y—az+—=b (5
Yy az+yz ()

Xét (4),(5) 121 hé 2 an theo a, b. Duing cong thitc Cramer ta tinh dugc

2 +1

D=
Y —2
11
Da:l"y y
11
Yz T
2*+1
D, =
Ty — 2
o D
Tu day ta gidi dugec a=—"=*=—;b=
D zz

Tré lai he phuong trinh dau ta co
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15 1503
Vay hé phuong trinh ¢6 nghiém (x; Y 2 (
\/1509 4024’ 30

z+y+2=0
Cau 83. Giai he phuong trinh | z° +y° + 2> =10 (2)
z +y +2 =350 (3)

Giai
Tt phuong trinh (1),( ) tacd zy+yz+ze=->5 (3)
Tt phuong trinh (1) =z’ +y’ +2° =32yz (4)
Lay phuong trinh (2)x(4) ta dugc
(332 +yt+ 2 )(x3 +y’+ 2 ) =30zyz
o+ + 20 + 2%y (x+y)+y2z2 (y+z)+x2z2 (:1:+z)= 30zyz
St +y’ + 2 -2ty e —ay’s —2’y2” =30ayz
s +y’ +2° —xyz(x+y+z)=30xyz
S 2°+y’ +2° +bayz =30ayz < 2° +3° + 2° = 25xy2
Lay phuong trinh (2)x(5)
(a:2 +yt 427 )(ac5 +y’ + 2 ) =250zyz
sz +y +2 + 2ty (m“ +y ) +y’2 (y" +2° ) +2°2° (23 +a° ) =250zyz
oo +y +2 2%y (3myz -2 ) +y°2 (3xyz -z’ ) +2°2° (3xyz -y’ ) =250zyz
sS4y +2 + 3xyz(x2y2 +y°2" + 21 ) —2’y’s (ac +y+ z) =250zyz
oSzl ry +2 3:1:yz[(:vy +yz+ a:z)2 - Qxyz(x +y+ z)} =250zyz
S a'+y 4+ 2" +45xyz = 2502y
oo +y + 2" =135zy2 (6)
Thay (6) vao (3) ta dugc 135xyz =350 < zyz =2. Vay ta co.
z+y+2=0
zy+xz+yz=->H
Yz =2
Suy ra X, y, z la nghiém ctia phuong trinh ¢* —5t-2=0<t=1+ \/§,t =-2t=1- J2
Vay hé c¢6 nghiém la (1 + x/§;—2;1 - \/5) va cac hoan vi.

., tanz® + tany’ + tanz® =m’
Cau 84. Giai hé phuong trinh 5 ys s s
tanz” +tany” +tanz” =m

Dé thi dé nghi Olympic 30/4

Giai
N o a3+b3+c3:m3(1)
Dat a=tanz,b=tany,c=tanz , h¢ phuong trinh tré thanh ¢ , . | )
a"+b"+c =m (2)
T =T
e Néu m =0 thihe tuong duong tanz =tany =tanz=0< yzjw(z',j,k;eZ)
z=km

o Néum=0.
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Tt phuong trinh (1) ta suy ra
6 2 2 2 2 2 2 2 4 4 4 4 4 4 4
m =(a—a +b-b +c—c) S(a +b" +c )(a +b " +c ):>m <a +b*+c
T phuong trinh (2) ta suy ra
m'=a' +b" +¢! +2(an)2 +b%c* +02a2):>a2[)2 =b’c* =c%a’> =0

Vay nghiém ctia hé phuong trinh 1a

r=arctanm+1im |z =T =T
y=gm S y=arctanm+ jw,qy=jw (i,j,keZ)
z=km z=kr z=arctanm + kr

Jr+3=9"-6
Cau 85. Giai he phuong trinh {y+2=2"-25

Nz+l=2°+1

Giai
Cach 1.
Dat a=\/x+3,b=\/y+2,c=\/z+1(a b cZO) . Hé da cho tuong duong

(5*-2)' =6 |a—b=(0*-2) ~b-6=f(b)
bz(c2 ) -2 b—c—(c —1)3—0—25=g(c)
e=(

a=

a’ — 3) c—a=(a2—3)3—a+1=h(a)

(3 -2) 26>1° (453
=
c>3

. a=>0
Mat khéac ta lai co = ,
20 (e -1) 22552

3 a>3
Tit day suy ra dudge (a® —3) +1>+/3 = *
( ) a2—3>\3/\/§—1>§/g( )

() =3(b* ~2) 26 -1>3.1.243-1>0,vb>+3

Taco {g'(c)=3(c ~1) -2c-1>3.2223-1>0,7c >3

2
h'(a)=3(a2—3)2.2a—1>3-@]5.2J§—1>3é.2\/§—1>0,v@(*)

Suy ra f(b),g(c),h(a) dong biénva f(2)=g(2)=h(2)=0
e Trudng hgp 1. Néu a >2
=h(a)>h(2)=0=c>a>2=g(c)>g(2)=0=>b>c>2

= f(b)>f(2)=0=a>b>2=>a>b>c>a

Truosng hgp nay loai.
e Trudng hgp 2. Néu a<2,lap luan tuong tit trudng hop 1.
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a=2:>c=a+h(a)=2:>b=c+g(c)=2
Jr+3=2 =1

a=b=c=2{Jy+2=2<y=2
Jz+1=2 z2=3

Vay hé c6 nghiém (z;y;z)z(l;Q;S)

Cach 2. Bién ddi he phuong trinh nhu sau.

Toém lai ta co

z—1 9
——=(y-2)(y +2y+4
Jr+3-2=¢>-8 N +3+2 (v-2)( )

jr2-2=20 2] Y2 =(2-3)(z* +32+9)

Q/ +2+2_
Jz+1-2=2"-1 Y

23 =(a:—1)(:1:2+a:+1)

p-1=(y-2)(y’ +2y+4)(Vz+3+2) (1)
S iy-2=(2-3)( +3:+9)(Jy+2+2) (2)
2=3=(z-1)(2* +z+1)(Va+1+2)  (3)

Néu z#1=y#2,2#3, khido6 tir hé trén ta co
()= |e-1]>]y-2|
(2)=ly-2>[=-3
(3)=|z=3|>|z -1

Diéu nay mau thuan!

Vay hé phuong trinh c¢6 nghiém (x;y;z) = (1;2;3) .

Cau 86. Vi gia tri nao cia u,v € R thi hé phuong trinh
a’+b* +c¢* =169
2u+v).13"
a’ (ua2 +vb2)+b2 (ub2 +1102)+c2 (u02 +va2)=%
4

¢6 nghiém nguyén duong a,b,c ?

Giai
N P P 2o 4 4 4 272 2.2 2 2 (2U+'U).134
Phuong trinh th hai ctia hé tuong duong véi u(a +b" +c )+v(a b +bc”+ca ):T
2 12, 2)\?
(a +0b +C) a'+b* +c*
2

Do a*0* +b*c* +c*a* =

nén phuong trinh tré thanh

_ 4
2u—v(a4+b4+c4):(2u U).13
2 4

e Néu 2u—v#0 thi phuong trinh c6 nghiém nguyén < 132(@4 +b' + 04) =13".

e Néu2u—-v=0 taco (a2 +b° +02)2 =13". D& dang tim dugc nghiem a=12b=4,c=3.

Tém lai hé trén ¢6 nghiém nguyeén khi v=2u.
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rT+y+z=3
Cau 87. Biét he phuong trinh {2° + 4 + 2° =15 ¢6 mot bo nghiem (m; y;z) thoa 2 +9° +2° <10.
ot +y* +2' =35

Hay tinh z° +9° +2°.

Giai
bat p=zy+yz+z2z;9=ayz.
Cho (a:;y;z) la nghiém cua da thic f(X)z(X—x)(X—y)(X—z)=X3—3X2+pX—q.
2’ =32 +pr—q=0
Taco qy° —3y* +py—q=0
2" =32 +pz—q=0
Nhan hai vé clia ba phuong trinh trén theo thit tu véi z*,y",2" roi cong lai v6i nhau ta dugc
gyt g —3(:5“2 +yi +zk+2)+ p(:r;’““ +y 4 z'”l)—q(xk +y" + zk)z 0.
bat S =2"+y"+2" ,neN suyra S,,, -35,,, +pS,., —¢5, =0.
Vi m+y+z=3:>($+y+z)2=x2+y2+z2+2(zy+yz+zz)=52+2p=9:>52=9—2p.
Cho k=1,taco S, -39, +pS,—qS, =0=35-45+p(9-2p)—(3p—-4).3=0=p° =1.
e VGip=1=5,=7<10=>¢=-1.
o Véi p=-1=9,=11>10, trai v6i gia thiét.
Cho k=2,tac6 S, -35, +pS, —¢5,=0= S, =35, - pS, +¢5,=3.35-1.15-1.7=83.
Vay z° +y° +2° =83.

(2-7)(3z-22)=3-2
3 2 _ 2_
Cau 88. Giai he phuong trinh {” +3?J =z —3z+2
Yy’ +2° =62
Z2<3

Giai

. : <0
Phuong trinh thit nhat ctia he c6 nghiem z < A’ >0 (3+ z)z -3(32+3)20< {Z o3 (1)
2>

Phuong trinh thit ba ciia hé c¢6 nghiem y < -2 +62>0< 0<2<6 (2)
Tt (1),(2) va két hop véi dieu kien z <3 ta thu duge 2=0;2=3.
Cubi cting he phuong trinh ¢6 2 nghieém la (1;0;0),(2;-3;3).

(z-1)".(y-2)" 2" ° =1024
Cau 89. Giai hé phuong trinh {42° +2° +16y+t° =8z +16 .
r2Ly=>22220t20

Giai
(z-1)"(y-2) 2" 1" =1024
He phuong trinh da cho tuong duong véi < 4(z —1)2 +16(y—2)+2° +1° =48 (I).

r2Ly=>2222>20t20
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4.2 3,6
u vt

Ap dung bét déng thiic AM — GM ta ¢6

=1024
Dit u=2-1;v=y-2. He (I) thanh <4u* +16v+ 2" +1° =48

uyv;2;t >0

4u* +16v+2° +t°

2u?.2u”.8v.80v.2% t° S( 5

£ 2 2 :
Dau "="xay ra < 2u’ =8v=2"=t".

] (468j =2 = y"?2%5 <1014 .

Cubi cling ta tim dugec mot nghiém ctia hé phuong trinh da cho 1a (3;3; 2;\/5 ) .

y=x—2012
Cau 90. Cho hé phuong trinh {z=2y—-2012 .
w=3z—-2012

Tim nghiém (az;y;z;w) sao cho z;y;2;w >0 va z c6 gia tri bé nhat.

Giai
Tt gia thiét bai toan ta suy ra
2012
_w 20 ;y=£+1006=ﬂ+4024 . y+2012_w 10060 10060
3 3 2 6 3
Déu "=" x4y ra khi va chi khiw =0.
1 4024 2012
Vay hé phuong trinh da cho c6 nghiém la ( 0060; 03 ; 03 ;0) .
(JZ TLg T T T )2012 =2012z,,, g
Cau 91. Giai hé phuong trinh T VOiT, =TT, = X5y = Ta5Ty, =T,
1=1,10
Giai
Néu bo (wl;%;....;xm) la mot nghiém suy ra cac hoan vi vong quanh ctia n6 cting la nghiém.
Khong mat tinh téng quét, gid st z, = min{z;a,;...;3,,} .
Dé thay z, 20, Vi=1,10 vaham f(¢)=t*" dong bién trén [0;+w).
Ky hicu (7, +2,,, +7,, +7,,)  =2012z,, 1a (i).
o Tu(7)va(8)suyra z, <z, =z =2,
o Tu(3)va(4)suyra z, <z, >z, =2,
e Tu(9)va(10)suyra z, <z, >z, =1, .
o Tu(5)va(6)suyra z, <z, =z, =1,.
e Tu(l)va(2)suyra z, =z,.
Do d6 z, =x,,Yi,j=1,10.
T, =
’ z, =0
~ N ~ . z; = z=0
Hé phuong trinh da cho tuong duong véi 2019 = = 2012
(4 ) =2012x /2012 ;=201 =
2011 4
42012
2012 2012
Vay hé phuong trinh da cho ¢6 2 nghiém la (O;O;...;O)7 (201\1/ 48012 ;201\1/ 4(2)012 ;...;201\1/1201122 J .
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Cau 92. Xac dinh 2° +y° +2° + ¢ biét (z; y;z;t) la nghiém ctia hé phuong trinh sau

2 2 2 2
T Y z t

22_12+22_32+22_52+22_72_
.’E2 N y? . Z2 . t?

42 17 4>-3* 4> -5 4*-7?
1'2 yQ 22 t2

@1 -3 6-5 E-7
.7}2 y2 22 tZ

& 1 §-3 -5 g7

=1l

Giai
1'2 2 2 t2
T hé phuong trinh da cho ta suy ra + + ~+ ~ =1, v6i uei{416;36;64}.
°P 8 Y uw-1" -3 u-5 u-T { }

Xét da thuc
P(u)=(u—-1)(u—-9)(v—25)(u—49)—2* (v—9)(u—25)(u—49) -y’ (u—1)(u—49)(u—25)
—22(u—l)(u—9)(u—49)—t2 (u—l)(u—9)(u—25)n

Vi degP = 4;P(u) c6 cac nghiém la 4;16;36;64 nén

P(u)=(u—4)(u—16)(u—36)(u—064).

Dong nhéat he s6 cia v’ ta duge

149+254+49+2° +9° +2° +t* =4+16+36+64 = 2° + 9" +2° +t> =36.

z+y+2=0
Cau 93. Tim cac s6 thuyc clia hé phuong trinh < 2° +¢° +2° =18
' +y" +2" =2058

Giai
Xét da thic P(t) =1’ +at’ + bt +c v6i cac nghiem z,y,7z .
Tt z+y+2=0 tasuyra a=0,do do P(t)=t3 +bt+c.
Vi z,y,z la cdc nghiém clia P(t) nén z° +br+c=0;9" +by+c=0;2"+bz+c=0.
Cong vé theo vé ba dang thiic trén va sit dung hai phuong trinh dau tién ctia hé ta tim dugc ¢ =—6.
Do d6 P(t)=t"+bt—6.Suyra 2’ +bz—6=0;y’ +by—6=0;2" +bz—6=0.
Nhan ting ding thic trén véi z",y",2" tuong tng rdi cong ching lai véi nhau ta dudc
R N b(a:"+l +y" 4+ ) - G(x” +y"+2" ) =0.

Ky hieu S, =z" +y" + 2", Vn>1. Dang thtic nay trd thanh S,
Ta c6 S, =2058 va st dung (*) ta duge

S, ==bS, +6S, =—b(-bS, +6S,)+6(-bS, +65,) =S, —12bS, + 365,

+bS,,, —65 =0,Yn>1 (¥)

Tu S, =18,5, :(x+y+z)2 —2(:1:y+yz+zx)=—2b va S, =0 tasuyra S, =42b* =2058 <> b=+4T7.
Khido P(t)=t"+7t—6.

o Phuong trinh ¢* +7t-6=0 c6 duy nhat mot nghiém thuec vi f(t) =1’ +7t—6 la ham tang.

o Phuong trinh ¢’ —7t—6=0 c6 ba nghiém t =-1;¢t =-2;¢t =3 va nhu vay nghiém ciia h¢ phuong

trinh da cho la (-1;—2;-3) va tat ca cac hodn vi clia noé.
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Cau 94. Giai hé phuong trinh 6(33 —lj = S(y —lJ = Q(z —lj =Yz L .
Y

Diéu kien z,y,2 %0 .

Dat 6££E—lj=3(y—l)=2(z—lJ=xyz—i=t.
Y z z TYZ
3
Khi do6 6(:p—l}3(y—l}2(z—ljz(zyz—i} =t
Y Z z TYZ
e I
TYZ Y z z

Dén day dé dang tim dugde nghiém (x;y;z) cta heé.

ZxZ (y + z) =6
Cau 95. Giai hé phuong trinh Zmy(l + ny) =9
3

4yt +2° =

Giai
Tt phuong trinh thit nhat ctia hé thém vao mot lugng 3zyz ta duge
(x+y+z)(xy+yz+za:)=6+3myz .
Phuong trinh thit hai ctia hé duge bién déi thanh
2(my+yz+zx)2 —4xyz(ac+y+z)+(xy+yz+zm)=9 .
Phuong trinh thit ba ciia hé dude bién déi thanh

(x+y+z)2—2(:vy+yz+zx)=3.

ab=6+3c
Dit a=2+y+2,b=axy+yz+ zz,c =xyz . Khi d6 ta c6 hé phuong trinh sau {2b° —4ac+b=9 .
a’—2b=3

Giai he phuong trinh trén bang phuong phéap thé ta duge phuong trinh theo an a nhu sau
a' +3a* —48a+36=0.

Phuong trinh nay c6 nghiém a=3;a=-1 IR S +i11+ 237 .
J11+237

Dén day viéc tim nghiém (:c;y;z) khong con kho khan.

Ty + Tyt Ty =1
) (x2 +a, +...+a:2012)=—1

Cau 96. Giai he phuong trinh < (2, +z, )(2, + @, + ...+ Ty, ) =—1

(xl +z, +...+x20u)zm12 =-1

MSS 2013

Giai
TU phuong trinh thit nhat clia he suy ra @, + T, +...4+ 2y, =—1 -2, .
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1++5

Thay vao phuong trinh thi hai ctia hé ta duge z, (—1 -, ) =-lor+z,-1=01 = .

9
1++5

5 st L )
2012 = 5 . Mat khac, ta xét

Tuong tu ta cling tim dugce x

(@, 2y 4otz )@, + 3, o+ T, ) = (2, Ty + o+ 3, ) (T + Ty + o+ Ty ), 2k <2011
@xk[(ml—kxz+...+$k_1)—($k+l+a:k+2+...+x2m)]=O
z, =0
A= *
T+ Ty + o F Ty =Ty + Ty + ot Ty, (¥)
Dt z,+x,+...+z,, =a. Thay (*) vao phuong trinh dau tién ctia he ta dugc

11—
2a+z, =-1<a= e

Khl d() (.Tl +x2 +...+.’,Uk71)(xk +$k+] +---+$20]2)=_1

_1 — xk
2

—1-
e a(,+a)=-1< ;k [x” ):—u:mk:i 5 voi k=2.3....,2011 .

145

Vay hé phuong trinh da cho c6 nghiém z, =z, = ;o, =0 hodc x, = i\/g, k=2.3,...,2011 théa
2

man , +, +...+,,, =0 hodc +5 .

ac\/1+y2 er\/lJrac2 =1
Cau 97. Giai hé phuong trinh y\/1+yz72 +z\/1+y2 =2 z,y,2eR .
2\/1+1:2+a:\/1+z2 =3

Gzeta, Romania

e —e e +e

Dat z=sha,y =shb,z =shc; & day shu=
Ta c¢6 ch’u=1+sh*u va sh(u+v):shu.chv+shv.chu )

sh(a+b)=1 a+b=arcsh 1
Hé phuong trinh da cho thanh sh(b + c) =2<<<b+c=arcsh 3 ,

sh(c+a):3 c+a=arcsh 3
0 day arcshu =1n(u +\u? +1),u € R . Nhu vay ta suy raa =%(arcsh 1+arcsh 3 —arcsh 2)

(1+B)(a+ )
2+\/5

=%[ln(l+\/§)+ln(3+\/m)—1n(2+\/5)}=%1H

Su rax—sha—l \/(1+\/§)(3+\/ﬁ)_ 245
S L B (T

2
:%(1+3\/§+\/ﬁ+\/3)\/(2+\/3)(1+\/§)(3+\/ﬁ) :

Tuong tu ta cling tim duge y va z .
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a+b+c+d+e=0
Cau 98. Tim tat ca céc s6 thuc a,b,¢,d,e €[-2;2] thoa he phuong trinh {a’ +b° + ¢’ +d° +¢€* =0
a’+b° +c’ +d° +e° =10

Romania 2002, Titu Andreescu

Giai
bat a=2cosx,b =2cosy,c =2cosz,d =2cost,e=2cosu .
Ta c6 2cosbx =(2cosac)5 —5(200881‘)3 +5.(2cosx) =a’-5a’ +5a .
Suy ra 220055:1: =Za5 —5Z:a5 +5Za=10<:>2cos5x =5.

Diéu do kéo theo cosbz =cosby =cosbz = cosbt =cosbu=1.

R6 rang cosazl@azk%,k}ez .

Tu Cos%z—\/g_l,c A \/ngl

-1 \/5+1}'

0S— =— ,cos0=1 tasuyra a,b,c,deecq2——;—
2 2 2
J5 -

2 5
1 J5+1
2

V6i Y a=0 third rang phai c6 mot so bing 2, hai s6 khac bing va hai s6 con lai bing —

2
Kiém tra tirng trudng hop ta thay ding thitc Zag =0 dugc théa man.

a+b+c+d=6
Cau 99. Giai hé phuong trinh {a” +b” +¢” +d” =12
abc+abd + acd +bed =8+ abed

Leonard Giugiuc and Diana Trailescu.

Giai - Ramanujan Srihari
Tu 2 phuong trinh dau ctia he ta c6
ab+ac+ad+bc+bd+cd=12

Dit abed =k va dit f(z)=2"-62" +122° —(k+8)z +k 1 da thic v6i a,b,c,d 1a cac nghiém ciia no.
Khi d6 f'(z)=42" —182° + 242 —(k+8). Gia st f'(r)=0 v6i moi reR thi hé s6 goc y = f(z) taiz=r
14 0. Bién doi ta c6

fr)=f(r)+@=r)f'(r)

=7 —6r" +121" = (6+8)r + K+ (1—7)(4r" ~18r* + 247 — (k +8))

=-3r' +16r° —30r* + 247 -8

:—(7’2 —4r+4)(3r2 —47’+2)

=—(r—2)’(3r" —4r +2)
2
Vi 37‘2—47’4-2:3((7’—%) +§J>O ta thay f(r)<0 trong d6 f(r)=0 khivachikhi r=2.

Gia sttrang f'(2)# 0. Khi d6 véi moi ¢ sao cho f'(t)=0 thi f(¢)<0. Diéu d6 ching t6 réng f chico 2
nghiém duy nhat diéu d6 mau thudn véi f (a:) ¢6 4 nghiém phan biét a,b,c,d.
Khi d6 v6i f'(2)=0 thi ¢=2 la nghiém duy nhét ctia f. Tu(2),f'(2)=0=k=0.
Do do tit (1) tacod f(z)=1"—62° +122”> =8z = 2(z —2)*. Khi dé
0,2,2,2),(2,0,2,2),(2,2,0,2),(2,2,2,0)

la nghiém cua hé.
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a+b+c+d=4
Cau 100. Giai hé phuong trinh <a” +b” +c* +d° =7 .
abc+abd +acd +bed —abed = %

Leonard Giugiuc and Sladjan Stankovik.

Giai
Dau tién ta co
16=(a+b+c+d)
=a’+b° +c” +d* +2(ab+ac+ad+bc+bd +cd)
=7+2(ab+ac+ad+bc+bd+cd)

Do do ab+ac+ad+bc+bd+cd=g.

bat w=a-12x=b-1y=c-1, va z=d -1, khidé w+z+y+2=0 va
wryz=(a—1)(b—-1)(c-1)(d-1)
=(abed)—(abc + abd + acd +bed) + (ab +ac+ad +bc+bd +cd)—(a+b+c+d)+1
15 9 9

=——+——4+1=—
16 2 16

Ta cling c6
w+rt+yt +22=(a-1" +(0b-17 +(c=1) +(d-1)
=’ +b°+c" +d*—2(a+b+c+d)+4
=7-8+4=3

Theo bat ding thitc AM — GM, ta c6

3=w +2t+y" +20 > 4«4/w2$2y2z2 =4, fg =3

16

Déng thic x4y ra khi va chi khi w® =2° =¢* =2° =% . Do d¢,

Vé6i w+z+y+2=0.Ta thay nghiém ctia hé 14 5 hoan vi ctia b

a+b+c+d=4
Cau 101. Giai he phuong trinh Ja” +b° +¢” +d° =6  v6i a,b,c,d € [0;2] .

a3+b3+c3+d3=%§

Giai
Digby Smith.
Cha y rang

ab+ac+ad+bc+bd+cd:%«a+b+c+df—(f4%ﬂ+c2+dﬂ)=%ﬁf—6)=5
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(a+b+c+d)’ =a’ +b*+c* +d* +3a°(b+c+d)+3b*(c+d +a)
+3c*(d+a+b)+3d*(a+b+c)+6(abc+abd +acd +bed)
:3(a+b+c+d)(a2 +b2+02+d2)—2(a3 +b3+c3+d3)+6(abc+abd+acd+bcd)

=64=3(4)(6)— 2% +6(abc + abd + acd +bed)

:>abc+abd+acd+bcd=l[64+@—72j:§
6 9 27
Ta dit k=abed va p(z)=(z—a)(z-b)(z—c)(z—d).
T (1),(2) ta co

p(z)=2"—(a+b+c+d)z’ +(ab+ac+ad+bc+bd+cd)z’ —(abe+bed + cda + dab)z + abed

=z' -4z + 527 —§x+k
27

Suy ra
3 2 58 1 3 2 2 2
p'(w) =42’ —122" +102 - — = —(1082" — 3242 + 2702 — 58) = —— (32 —1)(182” — 48z +29)
27 27 27
Giai phuong trinh p'(z)=0 ta dugc cac nghiem 1a x = %,% + @ .

Véi p(z) 1a da thidc bac 4 c6 hé s6 cao nhat duong vap'

—

z) ¢6 3 nghiém phan biét trén khoang (0,2),

diéu nay ching toé ring a,b,c,d 1a nghiem ctia ding thic, v6i0 < a,b,c,d <2, ta co

p(0)> O,p(lj < O,p[é—ﬁj > O,p(é+ﬁJS 0,p(2)>0

3 3 2 3 2

. 1 8 8
Ta tha = |=p(2)=k——. Suyra, k=—, tir d6 ta co
y p(BJ p(2) o7+ Sy >

4 3 5 98 8 _ 1 4 3 2 _ 1 2
p(zr)=12" —42° + 5z —2—71‘-’-2—7—5(271‘ —108z° +135z —58$+8)—E(31)—1> (Bx—4)(z-2)
Vay hé phuong trinh ¢6 nghiém 1a 12 hoan vi ctia bd (%%,%,2) .
w(z+y)+yly+2)=0 (1)
Cau 102. Giai hé phuong trinh {z(z+1)+y(22+1)=0 (2)
1° + (22 +1)
P gy = 3
(@) +y+ 2y =TT ®
Giai
2 +4/
Xét y=0:>x=0:>z2=1+(2z+1) :>z=1_ 1001 .
2004 1000

Xét y#0,nhan 2 vé ctia (3) cho y* 1di thé (1) va (2) vao, ta duge

2 2
' +y " =0=z=9y=0
, (a1 + i@+ 1) Y Y

(@+y)y" +2*(z+y) i
2004 Cz+y)2=($**0 (*)
2004
z+1
T+y=
Xét phuong trinh (*), ta dat a=+/2004 , khi d6 (*) < ¢ ,
x+y=_x_
a
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Taco (1):2* +ay+y* +y2=0,2):2° +x+2yz+y =0, khi d6 1ay yz=—2" —2y—vy° thé vio (2) ta dugc
x2+x+2(—x2—xy—y2)+y:0
St +r-20" —2zy—2y" +y =0

& -2 —2xy -2y +x+y=0(**)
L. 1 1 . £ N N ~
Vé6i y=| ——1 |z +— talai the vao phuong trinh trén, ta duge
a a

—2" +(z+y)(1-2y)=0

- ()
o mm[(g_jm_z}o

o -r’a’ +(z+1)((2a-2)r+a—-2)=0
o —2'a’ +(2a-1)2" +(a-2)2+(20-2)z+a-2=0
<:>(2a—1—a )w +Ba-4)r+a-2=0

0

Xét biet thitc A =(3a—4) —4(2&—1—0,2)(0,—2):4(13 ~T7a’ —4a+8.

A—3a++4d® —Ta> —4a+8
2(2@—1—&2)

T do ta giai duge x = , tir day c6 thé suy ra cac nghiém con lai.

k($2+3/a:7+§/$72+1)=$y (1)
k(%/aTSerQ+3/a:72+1)+(k—1)3/x7=2y3/x7(2)

1. X&c dinh k dé he phuong trinh c6 nghiém.
2. Giai hé phuong trinh v6i k=16

Cau 103. Cho hé phuong trinh

a® +a'+a*+1)=d’y (1)
bat %za:x:ag,hé phuong trinh tré thanh ( ) , .
( +a’ +a +1) +(k—1)a" =2ya*(2)

T phuong trinh (2) ta suy ra k(a +a’+a*+1+a ) =2ya".
P Sy = 1
Xét a=0= k=0, the vao phuong trinh trén, ta dugc o y4 0 4( ) .
—a* =2ya”(2)

Heé phuong trinh nay c6 nghiém théa man yéu cau dé bai khi a =0, khi d6 (2) tuong duong
1 1
k(a +a’ +—+— +1j 1=2y
a a
. . 3 11 PR
Va phuong trinh (1) tuong duong k| a” +a+—+— [=y, thé vao (2) ta dugc
a a
. 1 1 s 1 1
k[cﬁ+—4+a2+—2+lj—1=2k(a3+—3+a+—j (*)
a a a a

1 t>2 .
bat t=a+—(a#0)= , khi d6 ta co
a t<-2
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2 2 2
1 1 1 2
a4+—=(a2+—j —2=|la+=| -2| -2=(¢*-2) -2
a4 (1,2 a ( )

2 1 2 3 1 1 2, 1 2
o +—=t =20 +—=|a+—|a +—5-1 =t(t —3)

a a a a

Phuong trinh (*) tré thanh
k((t2 ~2) 4 —3)—1 =2k (t* ~2¢)

@k((f ~2) +¢*-3-2¢ +4t):1
= k((t2 —t)Q —4(t2 —t)+1)=1 (%)

Dit b=1t>—t,xét f(t)=t>—t v6i diéu kien da tim dugc, thi ta suy ra duge b>2.

Phuong trinh (**) < k(b* —4b+1) =1, néu b* —4b+1=0 thivoly, do vay b¢2i\/§:>k=ﬁ.
—4b+
Dat g(b)z%, c6 g'(b =L_4)2:0©b=2. Tu day dé dang chi ra dugc kS_—lvkzZO
b —4b+1 (62—4b+1) 3

thi hé phuong trinh da cho c6 nghiém.
Véi k=16 thi 16:2;@16#—64b+15=0@b=§vb=1.
b"—4b+1 4 4

Dén day phan con lai xin nhudng cho ban doc.

Cau 104. Cho a,b,c,d # 0 1a cac s6 khong dong thai bang nhau, giai hé phuong trinh

z+y+2=0 (1)
dr by  c’z

+ + =0 (2)
a—d b-—d c—d
ax by cz

+ + =d(a—b)(b- = 3
s s L da-h-Oe-a) ()

Giai
LAy phuong trinh (1) < z=-y—2 thé vao (2),(3) ta suy dugc
2/ 2 2 2 2 2 2
(2)<:>a(y 2) by cz _ ay az by+cz_
a—d b—d c-d a—-d a—-d b-d c—d

2 2 2 2
Sy b I L R P (*)
b—d a-d c—d a-d

s

b a e a
<3(()—61_a—d)y—k[c_d_a_sz:d(a_b)(b—c)(c—a)
dla-bly , dla-c)
(b-d)(a-d) (c-d)(a—d)

(a=b)y (a—c)z o ~Me—a
-1 eda_ag @ Pb-al-a

<:>z={(a—b)(b—c)(c—a)—

Va dong thoi

=d(a-b)(b—c)(c—a)

(a—by }(c—d)(a—d) (%)
(b-d)(a-d)] (a—c)
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Nhan 2 vé ctia (**) cho( _2 J’ta dugc
N e—a)—— 2=ty f(a=d)e’ —a’(c—d)
e--oe-a- Lo [L=tomre=d)
= - —c)lc—a _M a cd—ac
{m 0= e-0)- D o

Khi do6 thi
" v o’ (a—b)(ad+cd—ac)
()C{b—d a—d  (b-d)a—d)
@{(a_d)bQ_a2<b(b__dil)_(ia__;))(ad+0d_acqy=—(ad+cd—ac)(a b)(b—c)(c—a)
(a-b)(d—a)(b—c)
(b-d)(a—d)
Thé y=(ad+cd—ac)(c—a)(b—d) vao (**) ta dugc
{(a_b)(b_cxc_a)_(a—b)(ad+cd ac)(c—a)(b— d)}(c—d)(a—d)

}y—i—(ad+cd—ac)(a—b)(b—c)(c—a)=0

=—(ad+cd—ac)(a—b)(b—c)(c—a)

(b—d)(a~-d) (a—c)

| a=0)o-0)e-a) - (Dot edadlema) [le= Do)
=—(a-b)(b—c)(c—d)(a—d)+(a—b)(ad +cd—ac)(c—d)
(a=b)(c—d)[ad+cd—ac—(b—c)(a—d)]

(a—b)(c—d)[ad +cd —ac—ab+bd + ac —dc]

(a—b)(c—d)(ad +bd —ab)

Liic nay suy ra o =—(a—b)(c—d)(ad +bd —ab)—(c—a)(b—d)(ad +cd —ac)=(a—d)(b—c)(bd +cd —bc).
Vay ta két luan duge bo nghiém ctia hé phuong trinh.

7(172 +1/2)+9z(ac+y)+133¢y+322 =1(1)
Cau 105. Giai he phuong trinh {7(y* +2° )+ 92(y + 2) + 13yz + 32" = 4(2)
7(z2 +352)+9y(z+ac)+13zx+3y2 =9(3)

Giai
_3a-b-c
a=y+z+2z, 4
- a+b+c 3b—a-c
bat b=z+2+2y, > x+y+2= =y = 1
c=x+y+2z Se—a—b
2 =
4
Khi dé ta dugce
, o\ T[Ba-b—c+@b—a-cf| 7(5a”+5b" —2ac—2bc—6ab+c’)
° 7($ +y ): =
16 8
—a— - 9(—a* —b* +4ac + 4bc —2ab -3¢’
. 9z(x+y)=9(3c a-b)la+b—c) _ ( )
8 8
13 13(—3a2 —3b® —2ac—2bc +10ab + 02)
o 13$y=E(3a—b—c)(3b—a—c)= T
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3(3c—a-b)’ 3(@2 +b’ —6ac—6bc+2ab+902)

3% = =
16 16

Cong tat ca diéu nay lai thi (1) < a® +b° +ab=1, tuong tu {(2) @b+ rbe=d .
3)=ad’ +c” +ac=9

a’+ab+b>=1 (1)

Nhu vay ta dugce hé phuong trinh méi 1a {b° +bc+c* =4 (2)
+ca+a’=9(3)

Lay (1)-(2)=(a—c)(a+b+c)=-3.

Lay (2)-(3)=(b—a)(a+b+c)=-5

5¢c+3b=8a

a+b+c=0"

(5¢+3b)(b—c)

T 2 diéu nay ta suy ra {

Lay (1)-(3)=b"—c" + =-8, két hop vdi (2) ta dugc

13¢” —2bc—11b* =64 (*)

b +bc+c’ =4 (**)
Heé trén cho ta 52¢” —8bc —44b” = 64b” + 64bc + 64¢” <> 12¢> +72bc+1080° =0 <> (c+3b)’ =0 <> c=-3b .
+2

Nk

Thé vao (*) ta duge 117b% +66° —116° =64 = b =

Phan con lai xin nhudng lai cho ban doc!

v +22—(y+2)z=1 (1)
Cau 106. Giai he phuong trinh {2° +2° —(z+2)y =2 (2)
2 +y’ —(z+y)z=3(3)

Giai
(y+2)(y+z—1)=1+2yz
Heé phuong trinh tuong duong < (z+x)(z +x—y) =2+ 212 .
(z+y)(x+y—2)=3+2zy

b
r=—,
a=y+z-1, 2
a+
bat b=z+z2-y,=>zr+y+z=a+b+c=>y=
c=r+y—z ath
2=
2
[2a+b+cj (a+c a+b)
=1+
20° +ab+ac=2+a’ +ab+ac+be, al=2+bc (1)
(2b+a+cj:2+ (b+ ) a+b)<:> 20" +ab+bc=4+b>+ab+bc+ac, <<b°=4+ac (2)
2¢” +ac+bc=6+c’ +ac+bc+ab ¢ =6+ab (3)
(20+a+b) (b+c)( a+c)
3+
Tu phuong trlnh (1) ta suy ra bc=a’—2, nhan thay b=0 13 nghiém ctia hé phuong trinh, do d6 ta
suy ra ¢ = (2) va (3) ta dugc
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a® —2a

(2)=b” =4+ =0’ =4b+a’ -2a=b’—a’ =4b—2a

Va dong thoi

=6+aba' —4a® +4=6b* +ab®
& a(a’ —b*)=6b" +4a’ -4
& a(2a—4b) =6b° +4a” —4

60> +4ab+2a* =4

‘ , tir hé nay ta suy ra
b —a®=4b-2a Y Y

Nhu vay ta duge hé phuong trinh {

(4b—2a)(6b” +4ab+ 24’ ) = 4b* —4a” < (2b—a)(3b* +2ab+0a’ ) =b’ —a’ < b =%“

2 2 9
Tt d6 ta c6 phuong trinh 62%_4% +90% — 4 36a 5 5 |

Phan con lai xin nhudng cho ban doc.
vV +2 —(y+2)z=a
Nhan xét. Ta c6 thé ap dung cach lam trén dé gidi he phuong trinh < 2> +2° —(z+2)y =0 .
4y’ —(z+y)z=c

Trong d6 a,b,c 1a cac s6 thuc duong va \/E #* b,\/% # c,\/% 4.

Cau 107. Cho cac s6 thuc z,y,z # 0 c6 tong bing 0 va thoa man diéu kien

A ) (*)
Yy z T 2z Y %
Tim tit ca céc gi tri co thé c6 clia a.
Polish JMO 2020

Giai
- z Y Tk 1 1 1
Dat m==n=2=mn==,tt (*) tadudc m+n+—=mn+—+—+1=a.
Y z z mn m n

.0 .« Z 1 A N
Tt gid thiét z+y+2=0 tasuyra m+1+—=0=>mn+n+1=0, thé vao (*) ta dugc

n
m+n+—=a (1)
mn
J’_
mn + " i1=q (2)
mn
mn=-1-n (3)
m+n+L=mn+m+n 1 (4)
mn mn
Lay (3) thé vao (4) ta dugc
—1—n+n+ L =—1—n+l+ L
n -1-n n -l-n
-1 1 1 n
&S ——l+n———=-n+——-—-
n n+1 n l+n

<:>2(n2—1)(n+1)+n2—n=n2+n
on’+n’-n-l=n=n"+n"-1=2n (**)
Lay (1) thé vao (2) ta dugc
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1 1 1
mn+(a——j-—=a—1<:>mn+i——2=a—1<::>(mn)3+a(mn)—l=(a—1)(mn)2

Lay (3) thé vao phuong trinh trén ta duge
(mn)* +(mn)* + a(mn —(mn) ) =1
& (-1-n)’ +(-1-n)’ ~1+a(-1-n-(1-n)*)=0
<:>—(n3 +2n° +n+1)—a(n2 +3n+2)=0
Lay (**) thé tiép tuc vao phuong trinh trén ta dugc
—(2n+1-n"+2n" +n+1)—a(n’ +3n+2)=0=—(n’ +3n+2)—a(n’ +3n+2)=0

Dén day ta suy ra dugc a =—1 la gié tri duy nhat c6 thé c6 ciia a.

Cau 108. Cho 2 s6 thuc a,b phan biét, giai hé phuong trinh sau theo 2 an nay.
3rx+2=2y+(a+b) 1)
32" +3z2=9y" +2y(a+b)+ab (2)
2’ +3z°2=1y>(a+b)+2yab (3)

Giai
Lay a+b=3z+2—2y thé vao (2) ta dugc
32° +3zz=9" +2y(3x+ 2 —2y) +ab
& 32° + 3z =y +6xy +2yz — 4y +ab
& ab=32" +3y” + 372 — 62y — 292
Thé vao (3) ta dugc
2P +320%° 2=y’ (3r+2-2y)+ 2y(3x2 +3y° +3x2 — 6y — 2yz)
o2’ +37%2 = (3:63/2 +y’z—2y° ) + (6m2y +6y° +6xyz —1221° — 4y2,z)
&2’ + 3272 =92y - 3y’ 2 + 4y° + 62°y + 6xyz
o2’ + 3272+ 93y’ +3y°2 — 4y — 62"y —62y2z =0
= (:1:“ —4y” +9zy” — 6x2y) +32°2+3y° 2 —62y2 =0
o (z—y)(z—4y)+3z(z—y) =0<:>B:‘:y+3z=0
T+z=a+b (1)

Véi z =y thé vao (1) va (2) ta duge hé phuong trinh )
Y L)va(2) enep & {21:2 +3z2=2z(a+b)+ab (2)

x_—a—b—a—i—b
Tasuyra (a+b—2z)r=ab < —2° +(a+b)r—ab=0,x6t bict thitc A=(a—b)’ = b_2 ;
Lo —a—bta-
-2

Véi z=y=a=>2=0.
Véiz=y=b=>z2=a.
Véi z =4y -3z, thé vao (1) va (2) ta dugc
34y —3z)+z=2y+a+b (1)
{3(43/ -32) +3(4y —32)z—y* =2y(a+b)+ab (2)
Tu phuong trinh (1) ta duge 10y —8z =a +b , lic nay phuong trinh (2) tuong duong
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3(161/2 —24yz+92° ) +12yz—92" —y* =2y(a+b)+ab
& 4Ty —60yz +182" =2y(a+b) +ab
& 4Ty’ —60yz +182° = 2y(10y —82) +ab
& 27y —44yz +182° =ab
& (27y" —44yz +182° )(a+b)* =ab(10y —8z)°
& 27(a+b)*y” —44(a+b)’yz +18(a+b)*2* =ab (1001/2 —~160yz + 642> )
& (270” + 270 —46ab)y” — (440’ +44b* —72ab)yz + (184’ +18b* —28ab) 2" =0
2 2 2 2 2 2 2 2 2 2 2
X6t A=(44a’ +44b* =72ab) —4(27a” +27b" —46ab)(18a" +18b* —28ab) =—8(a* —b*) <0.

Vay phuong trinh nay v6 nghiém, do dé ta suy ra dugc nghiém ctia hé phuong trinh da cho.
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LG1 cam on

Vay la chiung ta da di dén nhitng trang sach cudi cling roi, thitc syt v6i minh cuén sach da vugt qua du
dinh ban dau rat nhiéu nho sy gitp dé cia cac thay co, va ban be. Vi thé & cudi cudén sach minh xin
gt 10i cAm on dén nhitng ngudi ban, ngudi thay ctia minh.

Thay Huynh Kim Linh — THPT Chuyén Lé Quy Don — Khanh Hoa.

Co Luu Thi Thém — THPT Yén Phong 1 — Bic Ninh.

Ban Dinh Quéc Khanh — A4 K53NH — THPT Ngoc Hoi — Ha Noi.

Ban Nguyén Truong Phat — Khoa Toan Tin Ung Dung — Dai hoc Sai Gon
Ban Nguyén Mai Hoang Anh — Lép 12A1 — THPT Thyc Hanh Cao Nguyén — Dak Lak.
Ban Dinh Phuong Hang — 12A truong THPT Binh Minh.

Ban Tran Thi Thu Hién — 12D truong THPT Binh Minh.

Thay La Duy Tién — THPT Binh Minh.

. Anh Ho Xuan Hung — Dai hoc Bach Khoa Ha Noi.

10.Co6 Tran Thi Thu Thiy — THPT Chuyén Dién Bien.

11.Ban V6 Van Thanh — THPT Nguyén Trai — Khéanh Hoa.

© 0N o WD

Niém vui 16n nhét ciia nhitng ngudi hoan thién cudn sach nay 1a ban doc c6 thé tim kiém va kham pha
ra nhiéu diéu tit cudn sach. Loi cudi cling xin chiic cac ban hoc sinh va cac thay co6 dang cam cudn sach
nay trén tay thanh cong trong cong viéc va gap duge nhiéu diéu may man trong cuoc song!



Tai lieu tham khao

Phuong phap ham s6 chinh phuc gidi toan phuong trinh, hé phuong trinh, bat phuong trinh, bat
ding thiic, gia tri 16n nhat, gia tri nhé nhat — Nguyén Dinh Thanh Cong

Bi quyét chinh phuc ky thi THPT Quéc Gia 2 trong 1 chti dé phuong trinh, bat phuong trinh, hé
phuong trinh — Pham Binh Nguyén, Nguyén Ngoc Duyét

Luyén siéu tu duy casio chuyén dé phuong trinh, bat phuong trinh, hé phuong trinh dai s6 va vo
ty - Doan Tri Diing, Ha Hitu Hai, Nguyén Tan Siéng, Ho Xuan Trong

Tu duy logic tim toi 15i giai hé phuong trinh — Mai Xuan Vinh

Nhitng diéu can biét luyeén thi quéc gia ki thuat gidi nhanh hé phuong trinh — Dang Thanh Nam
Phuong phap danh gia nhan t trong giai toan phuong trinh, bat phuong trinh, hé phuong trinh —
Doan Tri Ding, Ha Hitu Hai

Tuyén chon 410 hé phuong trinh hay va dic sic — Nguyén Minh Tuan

Tu duy sang tao tim toi 16i gidi PT — BPT — HPT dai s6 va vo ty — Lé Van Doan

Phuong phap U~V — T — W phan tich nhan ti phuong trinh vo ty — Buii Thé Vieét

. Sang Tao Va Giai Phuong Trinh, He Phuong Trinh, Bat Phuong Trinh — Nguyén Tai Chung
. Phuong trinh va hé phuong trinh — Dién dan MathScope

. Tuyén chon cac bai toan phuong trinh vo ty - Doan Quéc Viét

. Tuyén chon cac bai toan phuong trinh dic sic — Dién dan K2pi

. 101 Problems in Algebra from the training of the USA IMO team- T Andreescu, Z Feng

. Mathematical Olympiad Treasures - Titu Andreescu, Bogdan Enescu

. Lecture Notes on Mathematical Olympiad Courses For Junior Section  Vol. 1,2

. The IMO Compendium 1959 — 2009.

. Tuyén tap 40 nam olympic toan hoc qudc té.
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