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A. DAT VAN BPE
I. Ly do chon dé tai

Phat trién tu duy va lap luan cho hoc sinh 13 mot trong nhiing yéu cau cua gido duc phd
thong mon ToanHién nay d6i méi giao duc dang 13 van dé dugc toan xa hoi quan tam. Voi
muc tiéu ddo tao con ngudi Viét Nam phat trién toan dién c6 tinh ning dong, sang tao dap ung
yéu cidu mdi trong bdi canh hoi nhap qudc té. Trong gido duc can phai doi méi ndi dung va
phuong phap gido duc. Pinh hudng d6i méi phuong phap day hoc dugc dé ra trong Luat Gido
duc (2019) l1a: “Phuong phap gido duc phai phat huy tinh tich cuc, tu gidc, chu dong, tu duy sang
tao cua nguoi hoc; boi dudng cho nguoi hoc nang lyc tu hoc, kha nang thuc hanh, long say mé
hoc tap va y chi vuon 1én”. [18]

Mon Toan 1a mon hoc cong cu, co nhiéu co hoi dé rén luyén va phat trién tu duy sang tao
cho hoc sinh. Day hoc ndi dung toa d6 trong mit phing cé nhiu co hoi dé phat trién tu duy sang
tao cho hoc sinh. Phuong phap toa d6 13 mot phuwong phap nghién ctru hinh hoc. Dé giai mot bai
toan hinh hoc thong thuong bﬁng phuong phap toa do ta co thé ¢6 nhiéu cach lya chon hé toa d6
khac nhau; c6 cach dan dén 16i giai dai dong phirc tap, ¢6 cach dan dén 101 giai ngén gon. Pidu
nay phu thudc vao sy linh hoat va tinh sang tao cia méi ngudi. Hon nita, mdi bai toan hinh hoc
c6 thé c6 nhiéu cach suy nghi, giai quyét vin dé, din dén c6 nhiéu co hoi dé hoc sinh sang tao.

Mait khac, nho phuong phap toa dd ma tor mdt bai toan, chi can thay ddi toa do, phuong
trinh trong bai toan, ta c6 thé sang tao ra nhiing bai todn méi; cling c6 khi c6 dugc cach giai doc
dao, sang tao.

Vi vy dé rén luyén tu duy sang tao cho hoc sinh t6i xay dung dé tai” rén luyén tw duy
sang tao cho hoc sinh théng qua mot s6 bai toan hinh hoc phang dién hinh”

11. Muc dich nghién ciru

Muc dich cta luan van 13 d& xuat mot s6 bién phap day hoc chuong phwong phap toa do

trong mit phang theo huéng phat trién tu duy sang tao cho hoc sinh.
II1. Déi twong nghién ciru

Déi twong nghién ctru 1a nhitng bién phap day hoc chuong phwong phép toa do theo hudng

phat trién tu duy sang tao cho hoc sinh.
VI. Pham vi nghién ciru

- Pham vi n6i dung: Nghién ciru cac bai toan vé toa do trong mit phang trong chwong trinh
toan 16p 10.

- Mau khao sat: Gido vién va hoc sinh mét sé 16p 10 THPT TP Ha Noi.

V. Phwong phap nghién ciru

- Phuong phdp nghién ciru Iy lugn: Nghién ctru va phan tich tai lidu li luan vé tu duy, tu
duy sang tao, cac cong trinh nghién ctru da cong bd lién quan dén dé tai. Dong thoi dé xuat mot
s6 bién phap day hoc toa do trong mit phang theo huéng phat trién tu duy sang tao cho hoc
sinh.

- Phuwong phdp diéu tra quan sat: Khao sat tinh hinh day va hoc phuong phép toa do trong
mat phang theo hudng phat trién tu duy sang tao cho hoc sinh & truong THPT trudc va sau thyuc
nghiém.



B. GIAI QUYET VAN PE
I Co soly lugn

o Tinh mém déo( flexibility)

Tinh mém déo thé hién & nang lyc thay doi dé dang céc trat ty cua hé théng tri thire, ¢6
kha ning chuyén tir géc d6 quan niém nay sang goc d6 quan niém khac hay dinh nghia lai sy
vat hién tuong, c6 thé xay dung phuong phap tu duy méi ciing nhu tao ra sy vit méi, thong
qua chuyén d6i mdi quan hé dé nhan ra ban chat ciia sy vat va diéu phan doan. Tinh mém
déo trong qua trinh tu duy con lam thay d6i mot cach dé dang cac thai do da ¢ hiru trong
hoat dong tri tu¢ cua con nguoi.

Tinh mém déo cua tu duy c6 mot sb dic trung ndi bat sau:

- Biét van dung linh hoat céc thao tac phan tich, téng hop, so sanh, triru tugng hoa, khai
quat hod, dic biét hoa cung véi cac phuong phap suy luan nhu quy nap, dién dich, twong tu.

C6 thé dé dang chuyén tir hoat dong tri tué nay sang hoat dong tri tué khac.

- Khong suy nghi rap khudn cling khong ap dung mot cach may moc nhitng kinh nghiém,
nhitng kién thtre, k§ ning da c6 vao hoan canh méi ma trong d6 dé c6 nhiéu yéu tb thay d6i va co
kha nang thoat khoi anh hudng kim ham cia nhitng cach suy nghi, nhitng kinh nghiém hay nhiing
phuong phap da co tir trude. ..

- Nhén thay nhirng vin dé méi trong diéu kién quen thudc hay c6 thé nhin thiy chirc ning
moi cua dbi twong quen biét.

Vi vay tinh mém déo ciing 1a mét trong nhing yéu té co ban cia TDST, do d6 dé rén
luyén TDST cho HS ta c6 thé cho cac em giai mot sb bai tap.

D6 1a nang lyc thay dbi dé dang céc trat tu cua hé théng tri thuc, c6 kha nang chuyén
tor goc do quan niém nay sang goc do quan ni¢ém khéac hay dinh nghia lai sy vat hién tuong,
c6 thé xay dung phuong phép tu duy mdi cling nhu tao ra sy vat méi, thong qua chuyén do6i
mbi quan hé dé nhan ra ban chét cua su vat va diéu phan doan. Tinh mém déo cua tu duy c6
mdt s6 dic diém ndi bat sau:

- Biét cach ap dung linh hoat phan tich, téng hop, so sanh, triru tugng hoa, khai quat hoa,
chuyén mén hoa véi cac phuong phap suy luan nhu quy nap, giai thich, twong ty. Ban c6 thé dé
dang chuyén tir hoat dong tri tué nay sang hoat dong tri tué khac.

- Khong rap khuén hay ap dung mot cach may moc nhitng kinh nghiém, kién thirc va ky
ning hién c6 vao mot tinh hudng méi, trong d6 c6 nhiéu yéu té thay ddi va c6 thé thoat khoi anh
hudng han ché ctia cach suy nghi, kinh nghiém hodc phuong phap da c6 tir trudc ...

- Nhén thay nhitng vin dé méi trong diéu kién quen thudc hay c6 thé nhin thiy chirc ning
moi cua dbi twong quen biét.

Vi vdy tinh mém déo ciing 1a mot trong nhiing yéu td co ban ctia TDST, do d6 dé rén luyén
TDST cho HS ta c¢6 thé cho cac em giai mot sd bai tap.

Vi du 1.3 Trong mit phang toa do Oxy cho tam giac ABC cén tai A c6 dién tich 1a 18, dinh
A(-1;4), hai dinh B,C thudc duong thang d : x — y —4 = 0xéc dinh toa do céc dinh B, C.( Dé

thi THPTQG 2009 khéi B)
Phan tich
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Vi bai toan nay dé tim toa cac dinh cua tam gidc, ngoai viée sir dung cong thirc khoang
cach, hoc sinh can linh hoat 4p dung thém céng thirc ctia dién tich tam giac dé d& dang giai quyét
dugc nut that cta bai toan, qua do bai toan s& dugc giai quyét ngan gon hon cach thong thuong.
Cu thé nhu sau:

Goi H 1a hinh chiéu ciia A trén BC ta c6 BH = CH = BC _2.5AABC _2.5A4BC _,
2 AH d(4,d)

Tuedétacdo AB=AC =~ AH* + BH* :g.

Tir d6 ta c6 toa d6 hai diém B,C 1a nghiém hé phuong trinh:

2 2 97 )C=é )C=E
() +(v=4) =", )" 2 " 2
x—y=4 y=—é y=z

2 2

2 2) (272 27 2) 22

o Tinh doc dao(originality)

La kha nang tim kiém va quyét dinh cac phuong phap la va doc ddo. Tinh doc déo thé hién
qua céc dic trung: Kha nang tim kiém két hop véi nhirng lién tuéng mai nhat, kha nang tim moi
quan hé trong cac su kién bén ngoai duong nhu khong lién quan, kha nang tim giai phap la mac
du da

biét c6 nhitng giai phap khac.

Ba yéu t6 co ban néi trén c6 quan hé mat thiét voi nhau, bd sung va hd trg cho nhau. Ngudi
c¢6 kha nang chuyén tir hoat dong tri tué nay sang hoat dong tri tué¢ khac s& tim dugc nhiéu giai
phap trén cac goc do va tinh huéng khac nhau. Tir 6 dé xuat duge nhiéu phuong an giai khac
nhau va c¢6 thé tim ra duoc giai phap la, dac sic. Cac yéu td nhu tinh mém déo, tinh nhuan
nhuyén, tinh doc dado c6 quan hé khang khit véi tinh nhay cam van dé, tinh hoan thién. Tt ca
cac yéu td dic trung néi trén ciing gop phan tao nén TDST 1a hoat dong tri tué cao nhét cua con
nguoi.

Vidul.4

Chimg minh rang cac duong thang c6 phuong trinh dang: 26x +(1—¢2)y +1+¢* =0 (t1a tham
s0) déu tiép xtic véi mot duong tron cb dinh.

Néu giai quyét bai toan theo cach nghi thong thuong ta goi 1a tim dudng tron 14 7(a;b)ban
kinh R. Khi d6 hé phuong trinh ctia duong thing va dudng tron phai c6 nghiém kép véi moi ¢,
rit x theo y tir phwong trinh ¢ thé vao phuong trinh dudng tron rdi im diéu kién dé phuong trinh
bac hai 4n y c6 nghiém kép. Bién ddi didu kién A =0, V¢ sip xép da thic theo ¢ cho cac hé sb da
thirc béng 0 s€ duoc a, b, R.

Mot cach nhin khéac cai tién hon thay cho viéc gidi h¢ 1a cho d(/;d) =R moi ¢. Tuy nhién

con mot cach doc dao hon nhu sau:
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-Cac hé sb 21,1—¢*,1+¢* trong phuong trinh dudng thing gin giii véi cong thic

2t R
=sina,—— =cosa .
1+¢

2t -7
2 X+ 2
t+1 1+¢

- Phuong trinh 2tx+(1-£7)y +1+£ =0 < y+1=0

bat ¢ = tan% , phuong trinh nay twong duong véi phuong trinh xsine + ycosa +1=0.

Cac dudng thang nay ludn tiép xtic voi duong tron tim 7 (x,;¥,) ban kinh R khi va chi khi
khoang cach tr 7(x,;y,) dén cac duong thang nay déu bang R, tic 13
|x,sina + y, cosa +1
1
duong thang di cho ludn tiép xuc véi duong tron don vi trong mit phing toa do.
Ngoai 3 ddc tinh co ban trén ngudi ta con quan tam téi 2 dac tinh sau cia tu duy sang tao

= R,V a. Diéu nay xay ra khi va chi khi x, =0, y, =0,R=1. Vay cic

la tinh nhay cdm va tinh hoan thién.

o Tinh nhay cam

Do 1a kha nang phat hién nhanh cac van dé, xung dot, sai sOt va su bat hop ly, véi su tinh
té clla cac co quan cam giac, vdi kha nang cam nhan tryc tiép, giau cam xic, nhay cam, co thé
doan biét duoc chinh xac cam xuc cua nguoi khac. Piéu nay con duoc thé hién théng qua viéc
thich ing nhanh chéng va linh hoat. D6 nhay cam ciing dugc biéu hién trong diéu kién khé khan
va cAp bach ma véin tim ra dugc nhing giai phap phu hop nhét.

e Tinh hoan thién

Tinh hoan thién 13 kha nang phéi hop cac ¥ nghi va hanh dong, lap ké hoach nham phat
trién ¥ tudng sau d6 kiém tra va kiém ching ¥ tudng.

Nim yéu td co ban cua tu duy sang tao néu trén biéu hién kha 1& & hoc sinh néi chung va
dac biét rd nét ddi v6i hoc sinh kha, gioi. Trong hoc tap toan ma cu thé 1a trong hoat dong giai
toan, cac em c6 kha nang di chuyén tir hoat dong tri tu¢ nay sang hoat dong tri tué¢ khac, biét str
dung khéo 1éo giita phan tich va tong hop, biét phdi hop giit khai quat hoa, dic biét hod va tuong
tir h6a. Nhung diéu quan trong nhit 1a gido vién phai c6 cac phuong phap day hoc thich hop dé
c6 thé bdi dudng va phat trién tot hon ning luc sang tao cho hoc sinh.

1I. Thuc trang cua hoc sinh

Céc em hoc sinh ciing c6 nhan xét kha twong dong véi cac thiy c6 & chd: Phuong trinh
duong thang, phuong trinh dudng tron 14 ndi dung khong dé hoc (66/80 em), cac em ciing chua
thdy dugc tam quan trong cua ndi dung kién thirc & chuong nay (72/80 em).

Qua trao d6i tryc tiép véi cac thay co day Toan & truong THPT Ngo Sy Lién, tac gia thay
mot s6 thay cd con chua quan tim nhiéu dén viée rén luyén tu duy sang tao cho hoc sinh. Ban
than cac em hoc sinh ciing chua quan tdm nhiéu dén céc thanh t6 cua tu duy sang tao, cac em
chi quan tdm dén con diém trong bai kiém tra ma chua thuc su dé ¥ dén viéc bai toan co thé tu
duy theo nhiéu huéng dé c6 nhiéu cach giai.
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II1. M{t 56 bign phdp rén luyén day hoc toa dp trong mdt phéng I6p 10 cho hoc sinh
theo huwéng phit trién tw duy sdng tao.
Bién phdp 1: Thiét ké va sir dung hé thong bai todan nham rén luyén va phdt trién tinh
nhudn nhuyén trong sir dung cdc kién thirc va ky nang gidi todn toa dp trong mdt phing.
Hé thong bai toan nhdm rén luyén va phat trién tinh nhuan nhuyén trong sir dung céc kién
thirc va k¥ nang giai toan toa do trong mit phang. Bién phap nay gitip cac hoc sinh cting ¢d kién
thirc co ban, khic sdu kién thirc. Pay 1a bién phap quan trong gitp hoc sinh bude dau duge rén
luyén tinh nhuan nhuy&n khi lam bai.
Céc kién thirc va k¥ nang dugc rén luyén va phét trién & hoc sinh thong qua bién phap nay
la:
- L4y duoc diém, VTCP, VTPT khi biét phuong trinh dudng thing.
- Viét phuong trinh dudng thang khi biét cac yéu 6 xac dinh duong thang dob.
- Str dung céc biéu thirc vé khoang cach: hai diém, mot diém dén mot duong thang...
- Léy toa do tam, ban kinh duong tron.
- Viét phuong trinh dudng tron khi biét cac yéu té xac dinh cua no.
No6i dung cu thé duoc trinh bay qua cac vi du minh hoa sau:
Vi du 1 (A — 2011). Trong mit phang toa do Oxy, cho dudng thang A:x+ y+2 = 0va dudng

tron (C):x* +y° —4x—2y =0.Goi/la tim cta (C), M 1a diém thudc. Qua M ké céc tiép tuyén
MAva MB dén (C)( A4, B la céc tiép diém). Tim toa do diem M , biét t&r gidc MAIB c6 dién
tich bang 10.
Phan tich
Diém M thudc duong thang A dya vao hinh v& ta thdy hai tam gidc MAIva MBI vudng
tai 4,B vadién tich tam giac MAI bﬁng 5, ma hai lan dién tich tam giac MAI1a 10 chinh la tich
Arx+y+2=0 A

cia MAvAIA, tix d6 ta xac dinh dugce diém M nhd diém M nam trén duong théng A va co
khoang cach tir diém 7 ¢6 dinh t6i M 1a mot hang s6
Loi giai:
Med:x-y+3=0,S,,=2S,, =BIL.MB=+/5-MB=10
1(2;1)
R=IB=+/5
+viMA, MBIa cic tiép tuyén ( 4, B1a cac tiép diém).
=28, = IAMA=5MA=10 = MI = MA* + I4*> =5

MAI

+ Ta co: (C):x2+y2—4x—2y:0:>{

= SMAIB



+Goi M (t;—t—2)eA
+Khi do: MI =5 MI* =25 (1-2) +(~t-3) =25 +1-6=0
& = :

t=-3 | M(-31)
Vi du 2. Trong mit phang toa d6 Oxy, cho hinh vuéng ABCD, ¢c6 BD nam trén dudng thing c6
phuong trinh: x+y-3=0, diém M(—l;2) thudc duong théng AB, diém N(2;—2) thudc
duong thang AD. Tim toa d6 cac dinh ciia hinh vuéng ABCD biét diém B cé hoanh do duong.

A(D) M(-1;2) i
B(?)
N(2:-2) H
i
D(?) .

Phén tich:

% Trong dit kién ctia bai toan ta nhan thiy diém co loi chinh 1a diém B, boi phwong trinh
BD d3 biét va diém B ¢6 hoanh d¢ duong.

< Ta da biét toa d¢ hai diém M (~1;2)va N(2;-2) nén ta tinh duoc do dai doan thing
BM hoic BN ta s& tim duoc toa do diém B nhd bai toan quen thudc thong qua khoang cach tir
M hogc N dén BD.

% Khi tim duoc toa do diém B ta sé& viét duoc phuong trinh 4B, ADta sé& tim duoc toa do
cac diém con lai nho tinh chat trung diém va giao diém hai dudng chéo.

Loi giai
Y SR A [-1+2-3|
Goi H 1a hinh chi€u vuong goc cua M trén BD = MH =d (M,BD) = ﬁ -2
I"+1

Tam gidc MBH vuong can tai H nén BM = BH J2=2

Goi B(#;3—1), (#>0) khi do:

BM? =4 & (t+1) +(t-1) =4 =t =1 hodc t =—1 (loai)= B(1;2)

+A4B di qua B va M nén c6 phuong trinh y =2 = 4(2;2)
x=2

x=2
+ Toa do D la nghiém cua hé{ { .
y =

<~
x+y-3=0

+ Toa d¢ C thoa man DC = 4B = C(1;1)

= D(2;1)



Vay 4(2;2),B(1;2),C(1;1),D(21)
Vi du 3. Trong mit phang Oxy, cho tam giac ABC vudng tai A(l;—\/§ ) va goc ABC = 30"

, duong thing A : x — y +2 =0 1a tiép tuyén ctia duong tron tai B ctia dudng tron ngoai tiép tam
gidc ABC . Tim toa d6 cac diém B va C biét hoanh d6 Bla s6 hiru ti.

Phén tich:

O day, B dang thugc duong th?mg Ava A 1a diém d3 biét toa do. Do d6, néu tinh duoc do
dai doan AB ta s€ chuyén duoc vé bai toan tim B € A biét BA, H ¢d dinh. Tt day ta dua vao dir
kién bai toan dé tim toa d6 diém B, dé dang viét duogc phuong trinh BC va AC dé suy ra toa do
diém C.

Loi giai:
+ Goi H 14 hinh chiéu vudng goc ctia A trén d, suy ra:
1++/3 + 2| 3+4/3
NG

Tam gidc ABC vudng tai A nén dudng tron ngoai tiép tam gidc ABC nhan BC 1a duong
kinh.

Mit khac: Ala tiép tuyén tai B cia duong tron ngoai tiép tam giac ABC nén A L BC.

Khi do: ABH = 60° va xét tam giac vuong ABH ta co:

AB = 'A?0° _ 3+ﬁ V62
sin \/523

AH =d(A4,A) =

+ Goi B(t;t+2) voi t € Q, khi do:

AB* =8+43 & (=1 +(t+2+3)" =8+43

S +1+3)t=0<1=0 hoic t=—1-/3 2 Q (loai)

Suy ra B(0;2).

+ Khi d6 BC di qua B(0;2) va c6 vecto phap tuyén 7732 = LTA =(1;1) nén c6 phuong trinh :
x+y-2=0

AC diqua A(l; —\/5), co a = BA= (1;—2—x/§) c6 phuong trinh:
x—(2+B3)y-4-23=0
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+Vi BC " AC ={C} nén toa d6 diém C la nghiém ctia hé:

xX= 2+i
x+y—-2=0 NE) 2 2
= =>C2+—=;—=)
x—(2+3)y-4-23=0 1 BB
3

Vi du 4. Cho hinh thoi ABCD ngoai tiép duong tron(C):x” +)° —2x+2y—18=0. Biét
AC=2BD, diém B c6 hoanh d6 dwong va thudc dudng thing A:2x—y—5=0. Viét phuong
trinh canh AB.

(@

Phan tich:

+ O day B thudc dudng thing Ava I 13 tdm ciia duong tron (C ) d3 biét toa d6 do d6 néu
tinh dugc do dai doan BI ta sé€ chuyén duoc vé bai toan tim toa do mot diém thude duong théng,
biét yéu t6 khoang cach. Liic ndy ta s& cat nghia dit kién cua bai toan dé lam diéu nay ( cu thé ¢
loi giai).

+ Khi d4 tim dugc diém B ta chuyén vé bai toan viét phuong trinh dudng thing AB di qua
diém B di biét toa d6 va cach diém I cho trudc mot khoang khong ddi R.

Loi giai:

+ Duong tron (C) co tam 1(1;—1) va ban kinh R =24/5.

Goi H 1a hinh chiéu cua I trén AB, suyra [H=R= 2\/§ .

Vi ABCD la hinh thoi va AC=2BD nén Al= 2BI, khi d6 xét tam giac vuong ABI ta co:

1 1 1 1 1 1

t— = e Tt—— = > < BI=5
Al- BI° HI 4Bl- BI (2\/5)

+Goi B(1;2t—5)e A v6i t >0, khi do:
Bl =5 BI’ =25 (t-1) +(2t-4) =25
& 57 —18t—8=0 <>t =4hoic t:—%(loai) = B(4;3).

+Goi VTPT cua AB 1a 7, = (a;b) v6i a’ +b* >0, khi d6 phuong trinh AB ¢6 dang:
a(x—4)+b(y-3)=0=ax+by—-4a-3b=0
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Ta co: d(I;AB) =R < a=b—4a-3b_,
Ja* +b
& (3a+4b) =20(a’ +b*) & 11a’ —24ab +4b> = 0
2

2
o2 —24%4-=02%=2hoac =2
b b b b1l

+ Vi %=2 chon a =2,b =1 ta c6 phuong trinh AB la: 2x+y—-11=0

Voi %:% chon a=2,b=11 ta co phuong trinh AB la: 2x+11y—-41=0.

Vi du 5: Trong mit phing toa do Oxy, cho hinh thang can ABCD c¢6 hai dudng chéo vudng

godc voi nhau va AD=3BC. Pudng thang BD c6 phuong trinh x +2y —6 = 0va tam giac ABD

c6 truc tam la H(-3;2). Tim toa do cac dinh C,D.
B c)

Phan tich:

Véi yéu cau cua bai toan, ban dau s& cho ta duge chim cac ciu hoi va cac hudng phan tich
sau: V6i C va D ta wu tién tim diém nao trude? D dang thudc duong thing BD da biét phuong
trinh, C thudc duong thing AC ma ta hoan toan c6 thé viét dugc phuong trinh (AC di qua H va
vudng géc v6i BD). Khi d6 giao diém AC N BD = {1} hoan toan x4c dinh. Ta can thém nhing
dir kién “c6 191” cho C va D. Do ABCD 1a hinh thang cdn nén /B =IC = BCI = 45° suy ra tam
gidc BCH cén tai B suy ra I 1a trung diém cta HC. Nghia 1a ta s& tim duuocj toa do diém C trude.
Luc nay cac dir kién chua dugc khai thac 1a BC song song v AD va AD= 3BC, tir day ta nghi
t61 dinh 1y Ta- Lét va suy ra duge DI=3BI=3IH khi d6 viéc tim toa do diém D duoc dua vé bai
toan tim 1 diém thudc dudng thang va biét 46 dai doan thang ¢ dinh.

Loi giai:

+ Vi AC L BD =1, =iy, =(2;-1), nén AC c6 phuong trinh la:

2x+3)-(y-2)=0<=2x—-y+8=0

Goi AC " BD ={I}.Khi d6 toa d diém I 1a nghiém cua hé:

x+2y-6=0 x=-2
= = 1(-2;4)
2x-y+8=0 y=4

+ Do ABCD la hinh thang can nén IB = IC = BCI = 45° suy ra tam giac BCH can tai B
suy ra I 1a trung diém ctia HC= C(-1;6)
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+ Ap dung dinh Iy Ta- 16t voi AD/BC ta cé:
D _AD _
B BC
+Goi D(6-2t;¢) e BD, khid6 ID =35 < ID* =45

3= ID=3IB=3IH =35

=1 [D(41
<:>(2t—8)2+(t—4)2=45<:>t2—8t+7=0<:{l c{( )

t=7 | D(-87)
C(-16 Cc(-16
Vay ( ) hodc ( )
D(4;1) D(-87)

Nhén xét:

Khi bai toan yéu cu tim hai diém tr& 1én thi thir tu tim diém thudng uu tién theo cac du
kién sau: Piém can tim c6 lién quan t6i hé thirc vecto, diém thudc dudng di biét phuong trinh. ..

Vi du 6:Trong mit phing véi hé toa d6 Oxy, cho hinh vudéng ABCD cé phuong trinh
duong théng chtra cac canh AB va CD lan luot 1a x — y+4=0va x—y—-4=0.Xdac dinh toa do

cac dinh cta hinh vudng biét tAm ctia hinh vudng thudc duong thang A:2x—y—1=0.

AT B(N x—-y+4=0
| —— A2x—y—1=0
] I
x—y—4=0
D(?) )

Phén tich:

O bai toan nay AB//CD va déu di biét phuong trinh, vi vdy ta hoan toan c6 thé tinh duogc
d6 dai mot canh cta hinh vudng ( khoang cach giira hai duong thing AB va CD). Khi d6 khoang
cach tir I t61 AB hoac CD la hoan toan tinh dugc, nghia 1a ta hoan toan tim duoc diém L. Song &
bai toan ndy, dé tranh khong phai loai bot nghiém ta co6 thé sit dung ludn hé thuc
d(I,AB) = d(I,CD)d tim toa d6 diém I. Khi im dugc diém I ta d& dang viét duoc phuong
trinh duong théng AD va tim dugc toa do diém A, B, C, D.

Loi giai:

Goi [(¢;2t—1) € Ala tam cia hinh vuéng ABCD.

=2t —1)+4| _ [t —(2t—1)—4| -

75 75 t=5|=lt+3|=t=1

Taco: d(I,4B)=d(I,CD) <

= I(L;])
Vi AB L AD, nén phuong trinh AD c6 dang: x+ y+m =0
Ta co: d([,AD):d(I,AB)<:>M=i
NCRNG)
{mzZ [AD:x+y+2:O
= =

m=—6 AD:x+y—-6=0
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+Voi AD:x+y+2=0,toadd diém A 1a nghiém cua hé phuong trinh:
x+y+2=0 x=-3
& = A(-3;1)
x—y+4=0 y=1
Toa d6 diém D 1a nghiém cua hé phuong trinh:

x+y+2=0 x=1
& = D(1;-3)
x—y-4=0 3

Do I(1;1) 13 trung diém cua AC, BD nén ta suy ra C(5;1), B(1;5).
+Voi AD:x+y—6=0, toa do diém A 1a nghiém ciia hé phuong trinh:

x+y—-6=0 x=1
= = A(L;5)
x—y+4=0

Toa dd diém D la nghiém cua hé phuong trinh:

{x +y—-6=0 {x =5

= = D(5;1)
x—y—-4=0 y=1

Do I(1;1) 1a trung diém cua AC, BD nén ta suy ra C(1;-3), B(-3;1).

Vay A(-3;1); B(1:5); C(5;1); D(1;-3) hodc A(1;5), B(-3;1), C(1;-3), D(5;1).

Nhén xét:Néu bai toan trén viée tim I ta sir dung dang thic d(I, AB) = 22 (trude do ta
di tinh d(4B,CD)=d(M,CD) = 42 véi M € AB ) s& cho ra hai diém I, khi d6 ta phai c6 budc
thr lai d(/,CD)= 22 Song & bai toan trén thay vi lam thé, ta sir dung dang thuc:
d(I,AB) = d(I,CD) gitip ta tim duoc duy nhat duoc diém I thoa mén bai toan. Tong quat ta dugc
bai toan: “ Tim toa dd diém M e A va lién hé véi mot duong théng khac qua hé thuc cé yéu tb
khoang cach”.

Vi du 7:Trong mat phang véi hé toa dd Oxy, cho hinh chit nhat ABCD c¢6 diém C thudc
duong thang d : 2x+ y+5=0 va A(-4;8). Goi M 1a diém d6i xting cta B qua C, N 13 hinh chiéu
vudng goc cua B trén duong thing MD. Tim toa do cac diém B va C, biét rang N(5;-4).

A(—4:8) B(Y)

i c(?)

Lhd:2x+y+35=0

NG M

Phan tich:

Do C thudc duong thang d nén ta nghi ngay t&i viée tim diém C trude bang cach tham sd
hoa toa d6 diém C(t;—2t—-5)ed .

Luc nay ta can thiét 1ap mot phuong trinh £(r) = 0. Trong bai todn ¢ 2 yéu té diém
turdng minh 13 A(-4;8) va N(5;-4). Khi d6 ta nghi ngay t&i viée gan két cac diém C, A, N dé tao
mdi lién hé. Ta dat cdu hoi: “ tam giac CAN c6 gi ddc biét?”. Bang kién thuc hinh hoc phang
ta d& dang tra 101 dugc cau hoi bang viéc chimg minh tam giac CAN vudng tai N.
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Loi giai:
+Goi ACNBN ={H}.
Do ACMD Ia hinh binh hanh nén AC // DM hay CH // MN.
. . CH 1 BN
Suy ra CH la duong trung binh trong ABNM = =
HB = HN
d6i xtmg voi N qua AC.
Khi d6 ANC = ABC =90 hay AN L NC(*)
+Goi C(1;-2t—5)ed = NC =(t—5;-2t —1)vata co6 AN =(9;-12)
Khi do (*)<:> NC AN =0 9(t—-5)-12(-2t-1)=0
<33t-33=0<t=1=C(1;-7).
— x=1+t¢
+ Taco AC =(5;—15) =5(1;-3), suy ra phuong trinh AC: { .y
y — ) —
Goi H(1+m;—7—3m)e AC = NH =(m—4;,-3m-3).
NH 1 AC< NH L AC=0< m—4-3(-3m—-3)=0
Do —
< m= L =H l,l
2 22
\ ¥ , A Xp=2x, —xy, =—4
+ H 1a trung diém ctia BN nén suy ra = B(—4;-7)
Vs :2y1-1 —Vy =7
Nhan xét:

Khi bai toan tim diém M(z) dang thiéu di mot yéu t6 (can dé lap phuong trinh chira t) thi ta
s& can khai thac cac dit kién con lai cua bai toan. Cu thé: néu bai toan cho biét toa d6 mot diém,
ta nghi t6i viéc tinh khoang cach tir M téi diém d6. Néu bai toan cho biét phuong trinh mot
duong thang, ta nén tim cach tinh khoang cach tir M tdi dudng thiang d6. Néu bai toan cho biét
toa do cua hai diém (nhu vi du 7) ta s& gan két M voi hai diém d6, bang cach tra 1oi cau hoi: «
ba diém nay tao thanh tam giac gi dic biét?” , “ néu ba diém nay thang hang thi chung c¢6 mdi

lién hé gi qua h¢ thic vecto?”.

Vi du 8:Trong mit phang v6i hé toa d6 Oxy, cho dudng tron (C): (x- 1)2 +(y- 1)2 =4 va

duong thing A:y—3=0. Tam gidc MNP ¢6 tryc tim tring vé6i tdm cta (C), cac dinh N va P

thudc A, dinh M va trung diém cua canh MN thudc (C). Tim toa do diém P.
M

[ ]

Az y=3=0

N H—I P(7
Phan tich:
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Mot cau hoi quen thudc khi dung trude bai toan hinh hoc Oxy: “ Vi nhitng dir kién ban
dau, ta c6 thé tim duoc ngay toa do cta nhitng diém nao trudce?”. Trong bai todn ndy cu tra 10
la diém M. Boi ta nhin thay ngay diém M véi MI=R=2 va M thudc duong thang di qua I vudng
g6c voi A.

Néu biét trung diém K cta MN ta s& suy ra dugc toa do diém N va tim duogc diém P. Cu
thé: PeAva NI L MP.Nhu vay luc nay ta can tim toa do diém K.

Loi giai:

Puong tron (C) ¢6 tam I(1;1) va ban kinh R=2.

Ta co MI di quaI(1;1) vuong goc voi A : y —3 =0 nén MI ¢6 phuong trinh: x—1=0.
m=-1 MQ;-1)(TM)

- [M(l;—3>(L>

Goi K 1a trung diém ciia MN, do A tiép xtic v6i (C) tai H nén IK 13 dudng trung binh cua

tam gidc MNH = /K //A, suy ra phuong trinh IK 1a: y—-1=0.

_ s oy 2 K(-L1)

Goi K(t;1)e IK ,khid6 KI' =R* & (1-1) =4 &

K(3:1)

Véi K(=1;1) = N(=3;3); K(3;1) = N(5;3)( vi K 1a trung diém ctaa MN).

Goi P(a;3) e A= MP=(a-1;4)

Véi N(=3;3)= NI =(4;-2),khiddé NI L MP < 4(a-1)-2.4=0< a=3= P(3;3)

Vi N(5;3) = NI = (—4;-2), khi 46 NI L MP < —4(a—1)-2.4=0< a=-1= P(-1;3)

Vay P(3;3) hodac P(-1;3).

Chi y: Vi dit kién dic biét cia bai toan: A tiép xtc véi (C) tai H, khi d6 ta c6 thé tim M
theo cach nhin I 14 trung diém ctia MH.

Vi du 9. Trong mit phing vé6i hé toa do Oxy, cho dudng thang A:x—y =0. Pudng tron
(C) co ban kinh R = J10 cét A tai hai diém A B sao cho AB = 42 Tiép tuyén cua (C) tai A
va B cit nhau tai mot diém thudc tia Oy. Viét phuwong trinh duong tron (C).

F

Goi M(1;m), khi @6 MI* =R’ <:>(m—1)2 :4<:>{ ;
m:

AB=4.12
I4=.f10

M Arx—y=0

Phén tich:

Ta nhén thiy dé giai quyét duoc yéu cu bai toan, ta can tim toa d6 tdm I cta dudng tron
©. q ‘ ,, 7

Van mot tu duy quen thudc khi di tim hiéu, ta s€ can tim ra cac yéu to dinh tinh (diém I
nam trén duong thang nao da biét phuong trinh?) va yéu té dinh lwong lién quan t6i diém I (diém



16

I ¢6 cach mot diém cb dinh nao d6 mot khoang tinh dugc khong? C6 cach mot duong théng cho
truéc mot khoang khong d6i khong?). Bé co duge diéu nay ta can khai thac cac dir kién ma bai
toan cho.

Néu goi H 1a giao diém cua IM va A (véi M 1a giao cua hai tiép tuyén) ta s& d& dang tinh
duoc IH =~/2 hay d(I,A)=+2.

IM 1 A, néu biét thém toa do mot diém thudc IM ta s& viét phuong trinh IM va s€ tim
duoc diém M. Luc ndy voi dit kién M thudc tia Oy, dinh huéng ta di tim toa d6 diém M.

Véi s6 lieu R =+/10va AB = 4+/2 gitip ta tinh dugc MH =42 hay d(M,A) = 44/2 tir d6
tim duogc M.

Loi giai:

Goi I 14 tam ctia duong tron (C); M 1a giao diém cua tiép tuyén tai A va B cta (C), H 1a
giao diém cua AB va IM.

Do M thuéc tia Oy nén goi M(O;m) vé6i m=>0 va H la trung diém cua

AB = AH = ATB =22
Xét tam giac IAM, ta co:
1 1 1 1

1 1 1 1
= + o —= +— =— & AM = 2410
AH®  AM* AI° 8 AM* 10 AM? 40

Suy ra MH =~ AM* — AH? =42

im|  [m=8(TM)
— =
V2 T m=-8(L)

Ma MH =d(M,A) < 42 =

Do do M(0;8).
Puong thang IM qua M va vudng goc v6i A nén c6 phuong trinh: x+ y—8=0

Khidé 1(£;8—1), suy ra: IH =~/I4* — AH® =J2 < d(I,A) =2

t—(8—t t=5 1(5;3
= EE )| :ﬁc{t:f{]é;s;
Kiém tra didu kién IM =~I4> + AM? =542, ta dugc 1(5;3)
Vay duong tron (C) c6 phuong trinh (x - 5)2 +(y- 3)2 =10.
Vi du 10. Trong mit phing toa do Oxy cho hinh chit nhat ABCD c6 B(1;-2) va trong tim G cua
tam gidc ABC ndm trén duong thang d : 2x — y+1=0. Trung diém cta CD la diém N(-1;2). Tim
toa d¢ cac dinh A,C,D. Biét G c6 hoanh d¢ nhé nhét.

A(2) \ B(L:-2)

G

c(?)

d:2x—y+1=0

I
D() N1 2)\
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Phén tich:

Trong tim G thudc dudng thing d nén ta nghi t&i viée tham sé hod G(t). Ta nhan thiy D
c6 méi lién hé véi G qua hé thirc vecto BD=3BGvaN Ia trung diém ciia DC. Nghia 14 ta ciing
suy ra dugc D(t) va C(t). Ma BCD la tam gidc vudng tai C nén ta hoan toan tim dugc C va D.

Khi d6 viéc tim diém A s& trd nén don gian nhd hé thic BA=CD.

Loi giai:
Goi G 1a trong tdm tam giac ABC. Do G ed = G(t;2t+1)
Taco: BG =2 Bl = . BD = BD=3BG

x, —1=3(t-1 x, =3t-2
:{ b =1 @{ P = D(3t—2;6t+7)

v, +2=32t+3) v, =6t+7

Do N 1a trung diém ctia DC
X.=2x,—X X, =-3t

:{ c TwTe @{ ¢ = C(-3t;-3-6t)
YVe=2Vy=Vp Ve =—3-0t

— CB=(3t+1;6¢+1);CD = (6t —2;12¢ +10)
Vi tam giac BCD vuong can tai C nén ta co:
CB.CD =0 (3t +1)(61—2)+ (6t +1)(12¢+10) =0

f=-=
452 +36t+4=0 < 3

t=——
25
T S 2 D(-4;3)
Do G c6 hoanh d0 nho nhatnén ¢t =—— =
3 C(2;1)

. [ — {xA—1:—6 {xA:—S
Mat khac BA=CD = & = A(-5;0)
y,+2=2 v,=0
Vay A(-5;0); D(-4;3); C(2;1).

Nhan xét:

Khi chung ta gép bai toan tim diém, ma cac diém nay ching ta khong chi ra dugc no6 thudc
duong nao da biét phuong trinh. Luc do giai phap 1a tim mbi lién hé thong qua cac diém c6 thé
tham sb hoa dugc (nhitng diém thudc duong théng dé bai da cho hodc viét duoc phuong trinh).
Cu thé & vi du trén ta ¢6 moi lién hé gitta D va G; C va D ma G tham s6 hoa duoc theo an t do
thudc dudng thing dé bai cho va tim cach tao ra phuong trinh chua t.

Bién phdp 2: Rén luyén tinh mém déo, linh hoat cho hoc sinh thong qua cdc bai todn cé thé
nhin theo nhiéu phwong dién khdc nhau.

Nhitng bai toan lién quan dén phwong phép toa do trong mit phing, c6 thé nhin theo nhiéu
phuong di¢n khéac nhau, dugc thé hién qua su chuyén hoa trong mot ) dang toan sau:



18

- Dang toan c6 su chuyén ho4 giita phuong phép toa do va phuong phap hinh hoc thong
thuong;

- Dang toan ¢6 sy chuyén hoa tir Pai s6 ( phuong trinh, bat phwong trinh...) sang toa do
trong mat phang;

- Dang toan chuyén hoa tir s6 phuc sang toa do trong mit phang...

Thong qua cac dang toan ndy, tinh mém déo, linh hoat trong tu duy sang tao ctia hoc sinh
s& dugc rén luyén va phat trién.

Sau day la nhitng vi du minh hoa cho mdi dang toan trén.

1. Dang todn cé sw chuyén hod giiva phwong phdp toa dé va phwong phdp hinh hoc
thong thwong.

Vi dy 1: Cho dudng tron (&) tam O(0;0) ban kinh R =2va duong thing d : x=—4. Tir
diém M trén d keé hai tiép tuyén MA, MB t6i dudng tron véi A4, B 14 hai tiép diém. Ching minh

rang duong thang AB ludn di qua diém cb dinh.
M

d: x=-4

Phan tich: Thong thuong ta goi M (—4;a) e d va viét phuong trinh tiép tuyén qua M , sau
do6 tim toa do tiép diém A4, B rdi viét phuong trinh dudng thang AB.Tur d6 ching minh 4B di
qua diém c6 dinh.

Theo cach nay viéc viét phwong trinh duong thing AB 1a khong hé d&, khong kha quan
ddi véi hoc sinh.

Néu linh hoat trong cach nghi, ta ¢ thé str dung cach nghi & 16p 9 THCS nhu sau: diém cb
dinh can tim phai lién quan dén nhimng yéu t6 ¢ dinh da cho trong bai toan. O day, yéu t6 cb dinh
da cho 1a duong thing d va (I; R). Phai chiang d6 13 giao diém F cua d véi duong thing OH L d .
bay la mot du doan dang.

That vay ta co:

+ OF OH = OE.OM = OB’ = R’ = F ¢6 dinh.

+ OF OH =R’ =4= OF =1 tir d6 ta xac dinh duoc vi tri diém F .

Mot cach nhin khac AB 14 truc ddng phuong cua hai dudng tron dudng tron (§ ) va dudng
tron dudng kinh AB, tir d6 d& dang viét duoc phuong trinh duong thing AB.

Ta s€ giai bai todn trén theo hai cach suy nghi trén.

Cach I:
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+ Goi H 1a hinh chiéu vuong goc cua O trén d ; ABNOH = F ta co:
Tam gidc OF.OH = OE.OM ( tinh chét t&r giac noi tiép)

2

=OB’=R’=OF = R
OH

=1

Taco H(—4;0), OF :%OH = OF =i@ =(~1;0)

= F(-1;0) hay dudng thang AB luén di qua diém F(—1;0) cb dinh khi M di chuyén trén
duong thang d
Cdch 2: Puong thing AB 1a truc dang phuong clia hai duong tron dudng tron (&) va duong

tron duong kinh 4B,
Tacd M ed = M (—4;m) tir d6 ta c6 phuong trinh 4B

X'+’ —4:x(x+4)+y(y—m) S 4x-my+4=0

Dudng thang nay luén di qua diém cb dinh £ (—1;0), bai todn hoan thanh.

Vi dy 2: Cho dudng thing d :x—3y—5=0, diém A(1;2),0(0;0). Tim toa do
diém M thudc dudng thang d sao cho MA+ MO nho nhét.

Phin tich: Theo cach nghi thong thuong ta s& goi M thudc duong thang d
dung cong thirc khoang cach tinh MA + MO sau d6 di tim gi tri nho nhat.
Néu sang tao hon trong suy nghi, ta thay hai diém 4,0nim cing phia v6i duong thang d , tir
d6 goi C 1a diém d6i xtmg véi Aqua d khi d6 ta co:
MA+ MO =MO+MC =>0C

“dau béng xay ra khi O,M,C théng hang hayM =0Cnd”
Trong viéc tim diém C ddi xing véi 4 qua d ta c6 3 cach 1am voi 3 cach nhin khac nhau.
+ Cach 1: Viét phuong trinh dudng thing AC, tim giao diém sau d6 suy ra toa d6 diém C.
+ Céch 2: Tim toa d6 hinh chiéu cia 4 1én d1a H nho biét H ndm trén d va AH 1 d, tir d6
c6 toa do diém Cnho H la trung diém AC.
+ Cach 3: Goi C d6i xtmg v6i Aqua d khi d6 c6 hai yéu té tim toa do C1a AC L d , trung diém
AC nam trén d .
Ta tién hanh giai bai toan trén.
Cach 1:



20

Med:>M(3m+5;m)

Khi d6 MA+MO =|(3m+4) +(m=2) +(3m+5) +m’

= J10m? +20m + 20 +10m> + 30m + 25
Ta co

J10m? +20m + 20 +10m> +30m + 25 =\/ﬁ(\/m2 FOm+2 + /m2 +3m+%]

2
\/m2+2m+2+‘/m2+3m+§ :,/(m+1)2+1+‘/(%+mj +%

Xétdiem P(-11), Q( 3,_1j N (m;0)

Khidé PN + NQ = «/m+1 +1+ +m +— >PQ—\/7

“dau bang xay ra khi m = ? Khi d6 diém M (1 ?]

Cach 2:
Xét F(x,y)=x-3y-5 Tacoé F(0,0).F(1,2)=50>0 suy ra hai diém 4,0ndm cung phia
v6i duong thing d ,
Goi C 1a diém d6i xtg v6i Aqua d khi do6 ta co
MA+ MO =MO+MC >20C
“dau bang xay ra khi 4, M,C thang hang hay M = AC~d ™
Trong viéc tim diém C ddi xing v6i 4 qua d ta c6 3 cach 1am véi 3 cach nhin khac nhau
Loi giai:
+ Cach 1:
Viét phuong trinh dudng thang AC, tim giao diém cia ACva d sau d6 suy ra toa d¢ diém C.
Goi A' la duong thang di qua 4 va vudng goc voi duong thing d khi d6 phwong trinh
A':3x+y-5=0
Goi H = A'nd khi d6 toa d6 diém H la nghiém cua hé phuong trinh:
{3x+y—5 =0© {x =2 = 1 (%)
x-3y-5=0 y=-1
Do A4 va C ddi xing nhau qua duong thang d nén H 1a trung diém ciia AC = C (3;—4)
+ Céch 2: Tim toa d6 hinh chiéu ciia 4 lén d 14 H nhd biét H nam trén d va AH 1 d, tir d6
c6 toa d6 diém Cnho A 1a trung diém AC.
Hed= H(3a+5;a);ﬁ =(3a—4a-2)
3a-4 a-2

AH 1 d =

=a=-1=H(2;-1)
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H 13 trung diém cua AC = C(3;-4)
+ Cach 3: Goi C(x;y),ACr\d =H, C dbi xung vo1 Aqua d tacod

AC -Ly-2 . _ _9_
(x—Ly )va AC.ud:0<:> 3(x—1)+y-2=0 @{x:3 - c(sa)

Khi 46 MA+ MO = MO +MC >0C =5
“dau bang xay ra khi O, M,Cthang hang hay M =OC nd”
Phuong trinh dudng thang OC : 4x +3y = 0. Toa d6 M 1a nghiém hé phuong trinh

x=1
4x+3y=0
ey & 4:>M(1;—ij
x=3y=5 y:—g 3

Vi du 3. Chimg minh rang cac duong thiang d c6 phuong trinh ( véi t 13 tham sd)
d:2tx+ (1 —t )y +1+#* =01udn tiép xuc voi mot duong tron ¢ dinh.

Phén tich:

Céch 1: Néu giai bai toan theo cach thong thudng ta goi duong tron (C) c6 tdm 1(a;b)
ban kinh R khi d6 ta xét giao diém cua dudng thang va duong tron. Pé duong thing 1a tiép
tuyén cua dudng tron thi phuong trinh toa do giao diém phai c6 nghiém kép voi moi gid tri cia
¢t tr do ta thu duoc a,b,R.

Cach 2: sir dung diéu kién tiép xtic cua duong thing va duong tron thay cho viée giai
phuong trinh toa dd giao diém: c6 nghia 1a dudng thang d 13 tiép tuyén cua duong tron (C ) khi
d(1,d)=R(Vt).

Cach 3: Chu y quan sét thi cac hé s 2¢,1—%;1+¢* rat gan giii véi cac cong thirc luong giac
biéu dién sinx, cosx, tanx theo cong thue ¢ = tan% tr d6 dat ¢ = tan ta c6 101 giai thir 3 cta bai
toan. Ta di gidi bai toan theo ba cach trén

Loi giai:

Cach 1: Goi duong tron (C ) tam [ (a;b) ban kinh R 1a duong tron c¢d dinh ludn tiép xtic
v6i duong thing d tacé (C):(x - a)2 +(y —b)2 =R’

Ta c6 toa d giao diém cta dudng thing va dudng tron 1 nghiém cua hé:

{2tx+(1—t2)y+1+t2=0(1)
(x=a) +(y=b) =R*(2)

1+t2—(1—12)y
2t

1+£ —(1-1%) y
2t

Tir (1) taco x = thé vao (2) :{

—a] Jr(y—b)2 =R’
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2
o 2Ty ay -

2
- 1+t2_2a;t—(1—12)y +(y—b)2 _R

& (1-2) y +2y(1-2)(1-2at + 22 )+ (1-2at + ) + 40> ()* —2by + b*) = 4R*F*
o (1+2) y+2p[(1-2)(1-2at+22)+ 47 [+ (1-2ar + 1) + 45> + 4> 4R’ =0(*) (C)
1a duong tron cb dinh tiép xuc véi duong thing d khi d6 phuong trinh (*) phai c6 nghiém kép
vo1 moi gia tri cua ¢
S A= [(1—;2)(1 —2at+t2)+4t2]2 —(l+t2)2 [(1—2at+t2)2 +47°b + 41 —4R2t2} =0,Vt
a=0
=+<b=0.
R=1
Néu suy nghi theo cach don gian hon thi do dudng tron ¢b dinh ludn tiép xtc véi dudong thing
d voi moi gia tri cua rnén duong tron d6 phai tiép xuc v6i 3 dudng thiang
y=-Lx=-1;4x-3y+5=0 12 3 canh clia mdt tam giac dé dang tim dugc tim dudng tron ndi

, q 2.0+(1-£2).0+1+2
tiép tam giac la diém 0(0;0) va khi d@6 ta tinh d(O,d) = \/ - ( )2
(21) +(1-7°

thdy ho duong thang ludn tiép xtc véi duong tron tim 0(0; O)bén kinh R=1.

=1Vr tir dota

Cach 2. Puong thing cl:2tx+(1—t2)y+1+t2 =0 ludn tiép xuc véi dudng tron cd dinh
(C):(x—a)2+(y—b)2=R2khi d(],d)zR,‘v’t dit u=x—-a;v=y-b=>x=u+a;y=v+b
khi d6 duong tron (C)tr¢ thanh dudng tron tim O, duong  thang
d:2au+(1-t) v+2at+(1-b")t+1+1> = 0khid6 d latiép tuyén ctia (C) <> d(0,d) =R, V1

<:>‘2at+(1—t2)b+1+b‘:R

\/(21)2 +(1—t2)2

& (1-b) +(2at) +(1+b) +4a(1-b) +2(1-5°)* +4a(1+b)t =R*(1+£) vt

(1-b) =R

4a(1-b)=0 =0
= . , , & b=0.

4a +2(1—b )=2R Rl

(1+b)2:R2
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Tir d6 suy ra duong thang d ludn tiép xtc voi dudng tron c6 dinh tim O(0;0) ban kinh R=1.

Cach 3. Chi ¥ quan sat thi cac hé s6 2¢,1—¢*;1+¢* rat gan giii v6i cac cong thirc lugng gidc
<R 1:% . A , [ 2R TR ,
biéu dién sinx, cosx, tanx theo cong thuc ¢ = tanE tur d6 dat 1 =tan ¢ ta c6 101 gidi thu 3 ctua

bai toan.
2
2+ (1-12) y+1+ =0 litt2x+i+;y+1:0.

bat t =tana tacd x.sin2a+ y.cos2a+1=0.

Céc duong thing nay luén tiép xuc voi dudng tron tdm [(a;b) khi va chi khi
|asin2a +bcos2a + 1|
1
Tir d6 suy ra duong thang d ludn tiép xtc voi dudng tron c6 dinh tim O(0;0) ban kinh R=1.

= R,V diéu nay chi xay rakhi a=b=0 khi d6 R=1

Vi du 4. Cho tam gidc ABC c6 phuong trinh duong thing chira cac canh lan luot 14
AB:y=1,AC:x—y+3=0:BC:2x+y—12 =0. Tim toa d6 cac diém M, N nam trén canh AB
, Qném trén canh AC, P nam trén canh BC sao cho tir giac MNQP 1a hinh vudng.

AI1 1 M N B

Phén tich.

Cich 1. Theo cach nghi thong thuong ta sir dung phuong phap toa d6 hoa goi diém M nam
trén duong thang AB sau do viét phuong trinh dudong thang MQbiét toa o M va cd quan hé
vudng goc v6i duong thing BC . Sau d6 tim toa d6 Qla giao diém ciia OM voi dudng thing
AC , tlr 36 viét duoc phuong trinh duong thang PO di qua diém Qva song song véi BC . Tim
toa 40 Pla giao diém cia PQ va BC . Do ti gidc MNPQ 1a hinh vudng nén ta c6 MQ = PQ r6i
tim toa do cac diém con lai.

Cach 2: Dé dang tim duoc 4 diém IJKL c6 toa do 1a 4 dinh cua hinh vuong voi 1,L € BC
, [ € AC @é tir giac IJKL1a hinh vuong (1ay I € BC,J,L lan luot s& la giao diém ciia duong
tron tim / ban kinh 4 v6i dudng thing AC, AB) khi d6 ta c6 tam gidc AALJ va tam giac
AACP ddng dang, tir d6 ta co ba diém A, K, P thang hang. Tir d6 bai toan dugc giai quyét.

Loi giai
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Cich 1. DE thay A(—2;1),B(%;1j,€(6;3).

Do M € BC= M (m;1) [m S (—2;1—21)]. Puong thang MO vudng goc voi duong thang AB

nén phuong trinh duong thing MQ:x—m=0.
O=MQON AC =tga dd Q thoa man hé phuong trinh:

xX=m xX=m

& = Q(m;m+3).

x—y+3=0 y=m+3
Puong thing PQsong song v6i dudng thing BC nén duong thing PQ c¢6 phuong trinh
y=m+3.
P=PONBC=t0ad) P théa man hé phuong trinh:

y=m+3
y=m+3 9O—-m
& 9_m=>P|——;m+3|.
{2x+y—12=0 x:T ( 2 )

Do tir giac MNPQ 1a hinh vudng nén ta ¢c6 MQ = PQ < MQ’ = PQ’

2
& (m+2) =(9_3m) & 5m* —70m+64=0
m=1
== 64 =>m=1.
m=?

Tu do taco M (1;1); P(1,4),0(4:4),N(4:1).
Céch 2. Chon ttr gidc IJKLvéi I(-1;0),L(0;0),J(-1;2),K(0;1) khidé I,L € BC, I € AC dé
tir giac IJKL 13 hinh vudng. Do hai tam gidc AALJ va tam gidc AACP dong dang nén 4,K,P
hay P=AK n BC . Phuong trinh AK :x-4y—-4=0.
P=A4K N BC =toa do P thdéa man hé phuong trinh:
{x_4y+4= ' o {y =Y P(4:4).Tir d6 taco M(L1): P(1:4),0(4:4), N (4:1).
2x+y-12=0 x=4
2. Mt s6 vi du siv dung hinh hoc toa d¢ dé lam cdc bai todn dai sé.
Vi du 1. Giai hé phuong trinh:
3xy—10y :3(1)

JE=2) +(y=4) + (x5 +(r—8) =5(2)

Nhan xét nhin phuong trinh (1) 6 thé rat dugc an ytheo an xrdi thé vao phuong trinh (2)

khi d6 bai toan quy vé viéc giai phuong trinh mot 4n nhung s& rat phuc tap, néu quan sat tir
phuong trinh (2) ta nhan thay déy 1a hai cong thirc khoang cach trong hinh hoc toa do, diéu
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dic biét trong bai toan nay 1a st dung duogc bat dang thic trong tam gidc nén 101 giai theo cach
2 dé dang hon.

Gidi: Goi A(2:4),B(5:8),M (x;¥) khi d6 ta co MA =,J(x—2) +(y—4),

MB=\J(x-5) +(y-8)", AB=5, véi ba diém 4,M,Btly ¥ ta ludn c MA+MB> AB =5

diu bang xay ra khi x_i :y—_i<:>4x—3y+4:0 tir d6 ta c6 h¢ phuong trinh:
xX— Y-
7
4x-37+4=0 X=—
3w-10y=3 2
xy =10y = y=6

=1+ [y =1=1(1)

, c6 nhiéu nghiém nht.
X +y =a(2)

Vi du 2: Tim a dé hé phuong trinh {

Phén tich:

Néu nhin bai toan dudi goc do dai s ta co thé dung dinh nghia gia tri tuyét ddi trong 4
truong hop rdi giai bién luan hé phuong trinh, nhung khi d6 bai toan tré 1én phire tap quan sat
dudi goc do hinh hoc ta thdy phuong trinh (1) 1a biéu dién 4 canh cua hinh vudng, phuong trinh

(2) 1a biéu dién cia duong tron tim Obén kinh R = Janéu a>0.Khi d6 yéu ciu bai toan sé

tr& thanh quan sat khi nao thi duong tron va hinh vudng s& c6 nhiéu giao diém nhat, ta di giai
bai toan theo hudng nay.

o —

Oy 1 O
Loi giai:
Khi a < 0hé phuong trinh v6 nghiém.
Khi a > 0 phuong trinh (2) 14 biéu dién cita duong tron tim O ban kinh R =+/a
Tur phuong trinh (1) pha déu gid tri tuyét ddi ta thu duge phuong trinh bén doan thang tao
thanh hinh vuéng ABCD, Khi d6 yéu cdu bai toan s& tré thanh quan sat khi nao thi dudng tron
va hinh vudng sé& c6 nhiéu giao diém nht.
Quan sat hinh v& ta thdy hé phuwong trinh c6 nhiéu nghiém nhit khi

0H<R<0Dc>¥<a<\/§.
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Vi du 3: (thpt qudc gia 2003 khdi A):

,1,2>0 I
Cho: {x »z Ching mlnhre“lng\/x2+%+\/y2+i2+\/zz+i2 >4/82.
x+y+z<I X y z

Pt a=G_x;ﬁj;;{l_y;ﬁ];v:(l_z;ﬁj |

b4 z

z

Khi d6 \/x2+L2+\/y2+L2+\/zz+L2 :|ﬁ|+|;|+|7v|2|&+;+7v|2@.
X y

. s L — 1
Dau bang xay ra khi u,v, weung phuong< x=y =z =§.

Vi du 4: Cho 4 sb thyc a,d,c,d théa mana® +b> = > +d* = 5. Chimg minh rang
J5—a—-2b++5-c—-2d +~J5—ac—bd < 3\/2%.

Loi giai: Xét cac diém M (a,b), N (c, d ) ta théy hai diém M, N nim trén duong tron tam O ban

kinh /5, khi d6 bit ding thtrc cin ching minh tré thanh

\/(a—1)2+(b—2)2 +\/((;—1)%(61—2)2 +\/(a—c)2+(b—d)2 _330
2 2 2 T2

< MP+PN+MN <315

& sin NMP + sin MNP + sin PNM < % , luén dang, diu bang xay ra khi tam giac MNP déu.

3. Vin dung phwong phdp toa dé trong mit phang ¢ mét sé bai todn vé cuc tri vé modul
ciia so phikc.
Viéc tim mot sb phirc trong chuwong trinh thpt c6 thé quy vé tim toa do cua diém biéu dién sd
phuc d6 trén mat phang, tir d6 ta c6 thé van dung mot sd bai toan ciia hinh hoc dé tim 101 giai
cho bai toan lién quan dén s phtc.
Vi dy 1: Xét s6 phirc z théaman |z +2—i|+|z—4-7i|= 6+/2. Goi m, M 1an luot 1a gia tri nho
nhét va gid tri 16n nhat cia P =|z —1+1i|. (D& Tham Khao 2017).

Loi giai:
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Phan tich: Goid(x;y) 1a diém bicu dién sé phic khi do6|z+2—i|=A4E,E(-21),
|z—4-7i|= AF,F(4;7) va EF =6J2ta thiy AE+ AF =632 = EFva P=|z—1+i|= AN,.
N (1;—1) Tir d6 ta c6 thé giai bai toan ndy nhd phuong phap toa d6 trong mit phang.

Goi 4 1a diém biéu dién sb phie z, E(-2;1), F(4;7) va N(L;-1).
Tit AE+AF =|z+2~i[+|z—4-7i|=632 va EF =62 nénta co A thude doan thing EF .

Goi H 1a hinh chiéu cia N 1én EF ,taco H(—é;ij .

22
5x/§+2\/ﬁ

2

Vi du 2. Cho s6 phiic z thoa man |z + E| + |z - ;| = 4. Tim gia tri 16n nhat va gia tri nho nhat ciia

Suyra P=NH + NF =

P=|z-2-2i.
Nhin xét. Ta thdy néu goi z=x+ yi(x,y € R) khi d6 z+2z=2x;2—z=2yi

Va |Z+Z|:2x,

z—;| =2|y|khi d6 tap hop cac diém N(x;y) biéu dién sb phic zthda man:
|z+2|+|z—;| =4 c6 mdi lién hé gitra x,y 1a |x|+|y| =2 nam trén 1 hinh vudéng. Xét diém
1(2;2) khi d6 P=NIvéi N thudc canh cia hinh vudng, nén ta c6 thé giai bai tap nay nho
phuong phap toa d6 trong mit phing.

Loi giai:
Gid sir: z=x+yi,(x,y € R)= N(x;»): diém biéu dién cta s phtrc z trén mit phang toa do
Oxy .

Ta co: |z + E| + |z —;| =4 |x| + |y| =2= N thudc céc canh cta hinh vuong BCDF (hinh v¢).

yA

e P=|z=2-21= P=(x=2) +(y=2) = P=d(I;N) voi 1(2:2).
T hinh ta c6: E(L;1).

V2.

M=P, =ID=#+2" =25 vam=P, =IE=/(2-1) +(2-1)
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Vé'y Pmax = 2\/3 Pmin = \/5 *
Vi du 3: Xét cac s0 phirc w, z théa man |w +i| == v Sw=(2+i)(z—4). Tim gia tri 16n
nhat ciia biéu thirc P =|z—2i|+|z—6-2i.
Phén tich:
A 4 . 3\/§ 4 . <\ 7 A A ¥
Ta c6: 5w=(2+i)(z—4) thay |w+z|:? ta co |z—3+2i|=3 tir d6 ta thiy tap hop dicm

M biéu dién s6 phirc z nam trén 1 duong tron
P= |z - 2i| + |z -6 —2i| = MA +MB,A(0;2),B(6;2). Tu d6 ta c6 thé st dung phuong phép toa

do6 trong mit phang dé giai bai toan trén.

A

1
z\

(3:-5)

Loi giai:
Ta co: 5w=(2+i)(z—4):>w=% thay vao |W+i|=¥ ta c6

(2+i)(z—4)

5

= @(2—4+ Rl J

2+1

= +1i
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5

S |z-3+2i]=3.

Khi d6 P =|z—2i|+|z—6—2i|= M4+ MB, A(0;2), B(6;2)
2 2 2 ABZ 2 2
P=MA+MB£\/2(MA +MB ):\/2(2MH = j:\/4MH + AB* .

Do AB c6 dinh nén P16n nhat khi MH 16n nhat v6i H 13 trung diém cua AB. Suy ra, MH>
dat gia tri 16n nhatkhi M = M'= P> <232 = P =2/58.

e r , A ’ 5 ~ 2 .12 \ , A ’ 3
Vi du 4. Xét cac sO phic z théa man |z, —2[ —|z, +i] =1 va cac so phuc z, thoa

|z2 —4—i|:\/§. Tinh tri nhé nhét cta P:|Z1 —zz|.
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Loi giai:
Taco: |z, -2 |z, +i =l [(x=2)+y" |-[x*+(r+D)’]=1
& 2x+y—1=0= Tap hop biéu dién s6 phirc z, 1a dudng thang d.
Ta lai c6: |22 —4—i| =5 |(x—4)+(y—1)i| =45
& (x—4)” +(y—1)’ =5 Tap hop biéu dién z, 1a duong tron (C) c6 tam I(4;1), ban kinh

R=A/5.

B

Khi d6 |z, —z,| 1a khoang cach tir 1 diém thudc d dén 1 diém thude (C).

_3Vs

5

Suyra: P

min

=MN=|d[1,A]—R|=i—\/§

Vi du 5. Cho hai s6 phtrc u,v théa man 3|u —6i]+3|u —1-3i = 5410,

v—1+2i| =|\_z+i| Tim tri
nho nhét ctia P = |u —v| .
Phan tich:

Goi M 1a diém biéu dién sé phirc uta c6 :
5v10
3
= M thudc Elip c6: 4,B 1a céc tiéu diém, d6 dai truc 16m .
5710 5v10
— > a=—".

3 6
Phuong trinh dudng thang AB: 3x+ y=6.

MA+ MB =

> AB vdi A(0;6),B(1;3).

AB =2a =

Goi N la diém biéu dién s phirc v
|v—1+2i|:|;+i|<:>|(x—l)+(y+2)i|:|x+(l—y)i|
<:>(x—1)2+(y+2)2 :xz+(1—y)2 S x-3y=2
P=|u—v|=MN.

Nén bai toan trén co thé giai bang phuong phép toa do trong mat phang.
Loi giai:
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Bai toan tré thanh tim M thudc elip, N thudc duong thang x—3y =2 dé MN nho nhét. Dé
MN nhé nhatthi M, N ¢6 vi tri nhu hinh v&.

5v10

Ta co: MA+MB——MA MB=AB =10 = MA=""

4\/_

4(0;6),N(2;0)= N4 =2410.

Jio- 4J— 2@_

3
2410
T

Suyra: MN = NA—-MA=2

Tir d6 ta c6 gid tri nhot nhat ctia P la:

Bién phap 3: Phat trién tw duy sing tao cho hoc sinh bang cach tao co hdi cho hoc
sinhphat trién, mé rong bai toan.

Vi du gbc 1: Trong h¢ toa do Oxy duong thing d va diém P(3;3). Viét phuong trinh
duong théng d diqua diém Pcit truc toa dd Oxtai Acit d tai B sao cho O4:OB=2:1.

Budérc 1:

Gido vién: néu cau hdi vdi hoc sinh 1a bai toan cho cai gi? Hoi cai gi?

Hoc sinh: Bai toan cho duong thing d , cho P e AB va O4:0B=2:1.
Buérc 2: Lap ké hoach giai bai toan.

Ciach 1: Goi 4(a;0),B(b;2b),ba diém A4, B, P thang hang tir d6 tim dwoc toa d6 hai diém
A, B.

Cich 2: Goi véc to phap tuyén cta duong thang can tim 1a Z(a;b).

Do dudng thing d qua Ptird6 tacod d:a(x—3)+b(y-3)=0.

Tim giao diém ciia d NOx = A, d N Oy = Bva giai diéu kién OA4 =20B dé tim mbi lién
h¢ gitra hai dai luong a,b.

Céch 3: Ly C(1;2)ed, taditim D eOx théaman OD:0C =2:1.
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D(2+5;0)
= 0D =20C=2/5= :
D(-245;0)
Nhan thy duong thing d ludn di qua P nhan CD 1a véc to chi phuong:

L y=2x

Truwong hop 1: D(Z\/E;O) ta co C—D(2\/§—l;—2) = 71(2;2\/5—1) 1a véc to phap tuyén cia d
. Ta c6 phuong trinh dudng thing d : 2(x—3)+(2\/§—1)(y -3)=0.
<:>2x+(2\/§—1)y—3+6\/§=0.

Trudng hop 2: D(—2\/§ 0) = 65(—26 —1;—2) - 71(2; 25 —1) 1 véc to phap tuyén cla

d . Ta c6 phuong trinh dudng thang
d:2(x-3)=(25 +1)(y-3)=0.
& 2x—(25+1)y-9-65=0.

Nhin lgi cdch gidi 3 ciia bai todn ta c¢é thé mé réng vi du goc thanh cdc bai tgp sau:

Bai tap 1. Trong hé toa 0 Oxy duong thing d va diém P(3;3). Viét phuong trinh duong
théng d diqua diém P cét hai truc toa d0 Oxtai Acét d tai B saocho OA4:OB = p:q voi p,q
1a mot cap sb bat ky.

Cach gidi: nhu cach 3.

Bai tap 2. Trong hé toa 40 Oxy duong thang d va diém P(3;3) . Viét phuong trinh duong
théng d di qua diém P cét hai truc toa d0 Oxtai Acit d tai B sao cho OA+ OB =c véi P.q
1a mot cap s6 cung diu bat ky.

Cach giai: 0A+OB=c:>OA=p:>OB=c—q:>OA:OB:p:(c—q).

Bai tap 3. Trong hé toa 0 Oxy duong thing d va diém P(3;3). Viét phuong trinh duong
théng d diqua diém Pcit hai truc toa 30 Oxtai Acdt d tai B sao cho OA.0B =c véi p.q la

mot cap s6 cung ddu bat ky.

Cich gidi: OA0B=c=04=p=0B="=04:08="1.
P C



32

Bai tap 4. Trong hé toa 0 Oxy duong thing d va diém P(3;3). Viét phuong trinh duong

théng d di qua diém Pcit hai truc toa d Oxtai Acit d tai B thoan min dién tich tam giac
OAB=p.

. , 2
Cach giai: Ta c6 goc ciua duong thing d va truc hoanh 1a « :sina = ﬁ

nén S,,,, = %OA.OB.sina = §OA.OB = 04.0B=A/5p .

Bai tap 5. Trong hé toa 0 Oxy duong thing d va diém P(3;3). Viét phuong trinh duong

théng d diqua diém P cét hai truc toa dd Oxtai Acit d tai B thoan mén tam giac OAB vuong
tai B.

. 2
Cach giai: tacd ala géccua d va Ox:sina = TS = OB =cosa.0A4

Bdc biét héa vi du goc 1 cho d la Oy ta co:

Vi du goc 2: Trong hé toa &6 Oxy, cho diém P(3;3) . Viét phuong trinh duong thang d
di qua diém Pcéat hai truc toa do Ok, OytaiAva BvoiA,B khong trung Osao cho
OA:0B=2:1.

Budc 1: Gido vién dat cau hoi cho hoc sinh bai toan cho gi, yéu cau tim gi?

Hoc sinh: Hoc sinh: Bai toan cho 4 € Ox,Be Oy A,B khong trung O, cho Pe AB va
OA:0OB=2:1.

Buwdc 2: Lap ke hoach giai bai toan.

. Do AP \ . 1
Cach 1: Goi ala goc cua d véi chieu duong truc hoanh ta c6 tana = 5

Tir d6 phuong trinh dudng thang d : y = i%(x -3)+3.

N

41

Tir d6 ta c6 cdc vi du c6 thé phat trién tir vd sé 1 dén sé 4 twong tw bai todn goc s6 1.
Bai tap 1. Trong h¢ toa dd Oxy, cho diém P(3;3). Viét phuong trinh duong thang d di
qua diém P cét hai truc toa do O, Oytai Ava B v6i A, B khong trung Osaocho O4:OB=p:q
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Bai tip 2. Trong h¢ toa dd Oxy, cho diém P(3;3). Viét phuong trinh duong thang d di
qua diém P cét hai truc toa do O, Oytai Ava Bvdi A, B khong trung Osao cho OA+ OB =c.
Bai tip 3. Trong h¢ toa dd Oxy, cho diém P(3;3). Viét phuong trinh duong thang d di
qua diém P cét hai truc toa do O, Oytai Ava B sao cho OA.OB =c.
Bai tap 4. Trong h¢ toa dd Oxy, cho diém P(3;3). Viét phuong trinh duong thang d di
qua diém P cét hai truc toa do O, Oytai Ava Bsao cho dién tich tam gidc OAB1a p.
3 3

Cdch 2: A(a;0),B(0,b)khi d6 phuong trinh d : X +% == +E =1
a a

a =2}

Huréng nhin s6 2: P la diém co dinh ciia dwong thang d nén ta cé thé hudng dan hoc sinh nhin
mot so bai toan cuc tri qua viéc ket hop voi mot so bat dang thvec co ban.

Bai tap 1. Trong hé toa d6 Oxy, cho diém P(3;3). Viét phuong trinh dudng thing d di qua
diém P cét hai truc toa dd Ox, Oytai Ava B voi A, B khong trung O sao cho khoang cach tr O
dén d 1a nho nhat.

Cach lam: Khi d6 d(O,d )= OP hay OP chinh 1a véc to phap tuyén cua dudng thing d.

Bai tap 2. Trong hé toa &6 Oxy, cho diém P(3;3). Viét phuong trinh duong thing d di qua
diém Pcét hai tia Ox, Oytai Ava B sao cho dién tich tam gidc OAB nho nhéat.

Céch giai.

1 1

Taco Od=a,0B=b(a,b>0), S5, =2 0OA0B=_ab.

AOAB —

Taco 1=>+336 /i:abz% dau bang xay rakhi a =b.
a b ab

Bai tap 3. Trong h¢ toa d Oxy, cho diém P(3;3). Viét phuong trinh duong thing d di qua
diém Pcat hai tia Ox,Oytai 4va B sao cho chu vi tam gidc OAB nho nhat.

Céach giai:

OA+ OB+ AB = OA+ OB+~ OA* + OB* > 2JOA.OB +~J204.0B .

Bai tap 4. Trong h¢ toa do Oxy, cho diém P(3;3). Viét phuong trinh duong thing d di qua
diém Pcét hai tia Ox,0Oytai Ava B sao cho OA+ OB nho nhat.

Céch giai:

OA+OB:a+b:(i+§j(a+b):9+%+3—az15.
a b a b

IV. Két qua dat dwoc.
* Po6i véi hoc sinh:

- Hoc sinh yéu thich mon toan hon vi biét ty kham phé va tu duy nhiing bai tdp méi ma
hoc sinh cho 14 kho. Biét tu duy logic va lién két cac kién thirc véi nhau dé giai bai toan theo
nhiéu hudng khac nhau.
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- Hoc sinh tuwong tac tbt va rat hing thi voi nhitng bai toan lién quan dén hinh hoc. Dic
biét 1a hinh hoc lam bang phuong phap toa do.

- Hoc sinh biét cach phan tich va dinh hudng cach lam tir bai thir 2 tré di. Biét cach phan
tich dau bai va dat cac cau hoi dé dan dat hudng di cho bai lam. Tao ra théi quen tot khi giai
toan, diéu ma trudce day phén 16n hoc sinh chua lam duoc.

- Hoc sinh biét cach dat cac cdu hoi nguoc dé din dat giai quyét cac bai toan, han ché
cach 1am bai dap khudén may moc.

* Poi véi gido vien

- Tao ra mot huéng méi trong day hoc phat trién tur duy cho hoc sinh, 1am thay d6i thoi
quen day hoc thu dong. Gido vién co diéu kién phat huy niang lyc ctia ban than va c6 hudng mo
rong nhiéu chuyén dé khac. Tao cam hung trong day va hoc.

- Sang kién kinh nghiém 13 mot tai liéu tham khao t6t cho dong nghiép. Do cé su dong
gop vy kién cua ddng nghiép, qua trinh trao d6i chuyén mén gitp déng nghiép gian két hon. Lam
phong phu tai liéu tham khao cho t6 chuyén mon.

* Két qua dat dwoc ciia hoc sinh:
1. Thi hoc sinh giéi nim 2021-2022: 3/3 hoc sinh thi HSG cap Thanh Phd dat giai khuyén
khich.
2. Thi hgc sinh giéi nam 2020-2021: 5/5 hoc sinh thi HSG cép Cum dat giai Nhat, nhi ba.
3. Ap dung cho phan cac cau héi van dung van dung cao trong ki thi THPT Qudc Gia dem lai
su htirng tht va yéu thich mon toan cho cac hoc sinh 16p 12
2. Két qua ap dung d6i véi l6p 11A1 va 11A6:

- Két qua khio sat hirng thi ciia hoc sinh sau khi 4p dung SKKN:

- Két qua khio sat théng qua bai kiém tra 30 phiit.

Két qua Mirc d6 hiéu bai Mirc d6 yéu thich mén toan
Hiéuva | Hiéunhung | Khong | Rétyéu Binh Chua co
biét cach | chuabiét | hiéubai| thich thuong | hung tha
van dung cach van
dung
Tilé 44% 27% 29% 53% 18% 29%

C. Phan két luan va khuyén nghi

Két ludgn va ddanh gid co ban.

Sau khi t6 chiic day hoc theo phuwong phap dé xuat trén & cic 16p 10A1 n=45 hoc sinh, 16p
10A1 n =50 hoc sinh, 16p 10A6 n=49 hoc sinh (HS)

Qua céc s0 liéu trén ta thiy khi day hoc sinh c¢6 cdi nhin khai quat hoa dang toan cuc tri
hoc sinh hiéu bai va van dung 1am bai tap tot hon, dién hinh Ia dau diém cao ciing nhiéu hon.

Noi dung ciia SKKN nay duoc tdc gia viii cong nghién ctiu trao doi thong qua qua trinh
hoc cao hoc, giang day tai trudng THPT Yén Lang va su trao doi gidp d& ctia déng nghiép ban
be, str dung mot s6 kién thiic toan hoc cao cap nhu giai tich 161, cdc phuong phéap tim cuc tri cia
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ham nhiéu bién dugc tng dung vao giai todn THPT va kién thiic todn hoc so cap. Va da mang lai
mot sO két qua tich cuc dang khich 1é.

Noi dung ctia séng kién kinh nghiém da trinh bay mot cdch ¢6 hé thong kién thiic cu thé
chi tiét nhitng dang todn co ban vé cdc phuong phap tim cuc tri & chuong trinh toan THPT.

Thong qua SKKN nay hoc sinh da tu tin hon rat nhiéu khi hoc todn tir d6 tao tinh ham
hoc, sdng tao trong qué trinh hoc va tu duy toan.

2.Khuyén nghi:

Can nang cao tu duy hoc toan cta hoc sinh thong qua cac phuong phap giai c6 tinh hé
thong.

Can giup hoc sinh c6 cac nhin khai quét nhat thong qua cac phuong phap giai, dua ra cac
nhan xét ¢ tinh chinh xac, phtt hop tir d6 hinh thanh nén tinh tu gic, tich cuc, chu dong hoc tap
cua hoc sinh.

Can xay dung hé thong cac phuong phép giai, cdc dang bai tap tuong tng.

Kién thuc trén chi dugc dp dung cho hoc sinh kha gioi. Giang day & cac 16p miii nhon cta
truong.

SKKN nay c6 thé duogc ap dung rong rai dé boi dudng hoc sinh gidi toan, luyén thi DH,
Cb.

Chuing ta da biét cac bai toan tim cuc tri 1a cac bai toan rat phong phu va da dang. Doi hoi
van dung kién thiic mot cach linh hoat vi vay day 1a noi dung rat dang lo ngai ctia nguoi hoc toan
va 1am todn.Trong SKKN nay t6i dd dua ra mot s6 cong cu dé giai quyét bai todn tim cuc tri clia
s6 phirc . Mic du bai to4n cuc tri c6 rat nhiéu phuong phap gidi nhung do khuon khé clia SKKN
va do nang luc cua ban than con nhiéu han ché€ nén SKKN ctia t6i van chua néu hét duoc day du
va hé thong cdc phuong phép dé giai ching .

Toi kinh mong cdc dong nghiép déng gép y kién dé SKKN ctia t6i dugc hoan thién hon .
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